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‘Abstract

This thesis presents a development of the theory of
Tchebycheff approximations by polynomials with imposed
boundary conditions and the theory of_Tchebycheff approx-
imations by general spline functions. Existence and char-
: acﬁerization theorems are given along'w;th computational

procedures and examples.




1. Introduction

A problem encountered repeatedly in scientifiec research
is the fol}owing: '
" Given a function f(x), a norm i|- |}, and a class
S of admissible approximeting functions, find a
function P(x) e S such that ||f(x) - P(x)|| is a
, minimum. '
The function which is to be approximated may be given in many
different ways. For example, the function may be a con%in-
uous function defined by a slowly converging power series or
it may be a discrete function defined as the numerical 501~
iution of a differential equation. The qharactéristics of f
the function f(x) and the intended use of the approximation
influence the choice of the norm and the class of admlssible
approximafing functions. ' .: |
A desirable norm in many applications.is the Tchebycheff
norm (called the f_norm in the discrete case, the uniform
‘norm in the continuous case) described by

[1%*]] = Sup (|X* (x)|)
xel

where I is some glven set of points. Tchebycheff [12] and

de la Vallée Poussin [8] developed much of the early theory
associated with this norm. In the past few years E. K. Blum
[3], P. C. Curtis, Jr, [7],9 E. W. Cheney [5], A. A, Goldstein
[5], C. W, Clenshaw [6], J. C. C. Nitsche [10], and many

others have made contributions to the advancement of this
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theory. Also in a recent publication [9] C. L. Lawson pre-
sents cha#gcterization theorems and solution procedures
_associated with the problem of partitioning an interval such
_that the largest eryor incurred in approximating a continuous
function by separate polynomials or rational forms on each
subinterval is minimized. This type of approximation, i.e.
one in which differené approximating functions are used on
different subintervals of the argument domain, is called a
segmented approximation. If the end points of the subin-
tervals are not specified, the problem of finding the "best”
segmented approximating functlon is more complicated than
the standard fixed interval approximation problem due to the
- added difflculty of finding the optimum sef of end points
for the subintervals. However, the increased precision of a
k segmented approximation ofteh'justifies the additional work.

A logical extension of Lawson's type of approximation
ié to require that the approximating function be continuous
or have derivatives up through some ordertat the end points
of the subintervals. One class of functions of this type
is the class of general spline functions.

_Definition 1.

Let v;,vg,..;,vk be noﬁ-negative ihtegers'and

61 = 6p g..;. g oy be a set of péints in [a,p].
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A function s, (x) which satisfies the conditions:
i) s, (x) 1s a polynomial in x on each subinterval
(05611 [6ps6p47)s * = 1525000 ,k=1, and [y, 1];
ii) sk(x) is continuous on [a,B],
1i1) s, (x) has derivatives up through order v, at
650 r = 1,254..,K,

is called a general spline function. The points

8138050438y are called the join points of sk(x).

For a definition of a spline function and other assoclated
definitions see [1], [2] "and [11].

The purpose of this thesls is to present characteri-
zatiop theorgms and soiution procedures associated with
Tchebycheff approximations where the class of approximating
functions is the class of general spline functions. Basic
to the theory of Tchebycheff approximatioﬁs by general spline
- functions is the theory of Tchebycheff approximations by
polynomials wlth imposed boﬁndafy conditions. "Consequently
‘this theory is de&eloped first. It should be noted that all
polynomials used in the following discussions ére real

polynomials,

2, Tchebycheff Theory With Imposed Boundary Conditions

In order to simplify the notation, the zero derivative

of a function shall be used to designate the function itself.




Lemma 1. (Existence Lemma)
Léi f be a continuous real valued function defined on the
nonndegenefate:interval [a,p]s and let f héve derdvatives
‘up through some order v = O at some fixed point § in [a,B].
Lef n be a non-negative integer such that n 2 v. Then there
ekists a polynomial P, (x) which has the same values for its
detivativeé‘up through order v as f has at 5, is of degree
 . less than or equal to n, and is a best appfoxiﬁation in the

.sense.of the'Tchebycheff norm relative to thé conditions

. imposéd on the derivatives at §.

~ Proof:

Let P (x) be given by

n
P (x) = .xj
n(*) jé% 3
and let

' max '
Oy hgseersng) = |1F = Byl| =g x5 8|r00) - 2,00

The polynomlal Pn(x) must satisfy the conditions

A

Pém)(ﬁ) = f(m)(6>: m= 0,1,2,...,v

where in general f(m)(x) denotes the m'? derivative of f(x).:
. If one sets 50 = 1 even when 5 is zero, and f(m)(d):= C,s

then this system of equations can be written in the form

n .
-l, .
. J"'a;
Z o >\,-6 = C o = O l veeasV
Pt (J G)l J a? PRy s




' 5
. In this system of equations, the coefficient matrix A of
xo,xl,..;,xv is upper ﬁriangular and has non-zero elements
‘on its diaéan&l, Such a mabtrix is non-singular. Conseguently
this system of (v'+ 1) equatlions can be used to express
‘ko,xl,...,xv as continuous functions of the remaining xa's
That is

P (x) = a5+ ax+ ... +a x A, 41X Vil oA xn :

. where from ﬁhe form of A it follows that each aj can be

written in the form
n

Z 5306 ¥ £=ZJ+1 ST J = 05ds000,V

Here each ka'is a constant. Thus each ay is also of the

form n

ay =Ky + 13=%’+1 kohys 3= 0,1se00,v

where each»K:j is a constant.

Consider the function P defined by n

7!’(7\-\,_*_1;7\\,_’_2;...,?\ )= Hf(x)—JZ‘, a x ..j___%{*_ A’,j JII (1)

First it will be shown that ¢ is a continuous function of
the vector argument A = <Av+1’kv+2"“"x ).

B9 (0] = }chx>-2 i 3, gl
. J=v+1

- Hf(x)-L ajx) - A Jul

J=v+1




. Hence

vV n .
|‘23 <a5~a.>x~’" + _Z ROEWET

3 .
5 [ é - k h "')\' X.
v+lgizn {Ia aj' | 1 i} Z 1l '

Each aj is a continuous function of Kv+l’xv+2""’xn' Thus

ftA

‘ Iﬁe//(w4>~x(>»)!

#A

‘a3.+ aj, j=0,1,...,v, as 3! - A. Furthermore each I‘XJll’l
J =0,1,...,n 1s bounded. This completes the proof that (1)
is a continuous function of x,. Compare this proof with that
oﬂ page 130 of [13].

Now either v 1s equal to n or v is less than n, Con-

sider first the case where v is equal to n. Then
. v .
P (x) = ), a.x
n j=0 9

where each a; is ﬁniquely determined. Consequently there is

" one and only one polynomial which satisfies the given con-

ditions, and for this case the lemma is seén to be true.
Next let v be less thén n. It follows from the contin-

ulty proof given above that for the continuous function

v

j=o

: v .Y .2 .
¢ = || Z, K.x9- Z, . K~ x.xJ[;
j=0 9 =0 4 g=vi+1 Y

o %9
A,xY - 2, A
§=0 g=v+1 9474 J=v+l aal




is a continuous function of N. The shell
L2 L .2

) >\,V-}_1+on.’r)\.n—1
is a bounded, closed (compact) set in ordinary (n-v) dimen-
sional space, and on it the continuous function ¢ must assume
a minimum o. Since a norm by definition is always greater
than or equal to zero, ¢ 2 0. The functions l,x,xz,... are
linearly independent., Thus, if at least one of the xj's
J =v+l,...,n is not zero, then o # 0. "It follows, by the
homogenelty of ¢, that for any (kv+l’xv+2""’xn) with at

least one non-zero component,

2 2
¢ 20 \/Xv-!-l + s +>‘n> 0

Let p be the lower bound of y()\). Then it is true that
.p Z 0. Now one only needs to show that this bound is
attained., That is, one only needs to show that there exists
a A* such that | '
y(A¥*) =p , (2)
Assume that ' -
- : v
j_;ﬂx R=(p +1+||f(x) - ,J;O kx| ])/o

Then "

p(A) = || £(x) - Y ajxj - Z, X %9

§=0 : J=v+l J
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- 3 J_. Vv J
) = Ilﬁ(x Z; (K +’z=gL1kJﬂlﬂ>x. :J—v+1)\Jx X
2 11~ g% z-gilkjﬂxﬂ = gﬁ * XJ‘|-|lf(X)- EIK lel
v v

2 o(p + 1+ |[£(x)- L KxI||)/o-| [ £(x)- L Kyxd
3=0
=p + 1

‘Hence the lower bound of ¥(x), for all-a, is the same as the

lower bound when ) is restricted by / Z, x £ R. Since
, Jw+lJ

this sphere is closed and bounded, the lower bound is
~attained, and the existénce of A% is established.

This lemma can be generalized to include the case where
the derivati#es up through order v, are given at one point
61 € [a,B] and up through order Vo at a second point
6o € [asP]s provided the degree n:of the poiynomial sétisfies
. the relation n 2 vy + Vo + 1. The only modification required
'is that the argument associated with the matrix A must be
applied twice, first at s; (if zero is involved, set 5, = 0)
and secorndly at 65> where the form of ﬁhe matrix is slightly
© different. In fact this lemma can be generalized to include

any finite number of points at which conditions are imposed.

" Also one could allow the constants, Cb’cl""’cv’ to be




) 2 . .
chosen arbitrarily rather than being chosen equal to deriv-
atives of the function f. This last generalization would
require nolchanges in the proof of the lemma.

When the conditions on the derivatives are imposed at
;)ah end point of the interval [a,B], then the imposed condi=-
~tions shall be called boundary conditions. In the case of
boundary conditions, the next two lemmas give a charactefi-
zation of tﬁe solution whose existence was established in

lemmg 1.

. Definition 2.
Let f(x) be a continuous function on [a,p], n be a
non-negative integer, Qn(x) be a polynomial of degree
less than or egual to n and let = . | 3

max
asxsp |t - oy < oq (2)

Consider a set of points
subject to the conditions that

1) J£(xg) - Qu(xy)] = an(f), i=1,2,...,V
and

_ii) f(xi)"Qn<xi)?;[f(xi_l)”qn(xi;1)]g 1 =.2,35...,V.
The maximum number of points Xy which can be made to

satisfy these two conditions is called the oscillation

number of (f(x) - Q,(x)) and is.designated V(f - Q).
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If ﬁhe number of Xy can be made large without bound,
then one writes

V(£ - Qn) = o

’Leﬁma 2.
.Let n, vy and Vo be non~negative integers with n = v1+v2+}.
'Lef Pn(x) be a polynomial of degree n.or less with presdriﬁed-
values for its derivatives of order less than or equal to
.vl at a and Vo at p. If no values are prescribed at a(p)
éet vl(vg) equal to -1. Let v = v, + v, and let
| a < X Xy £ Xg £ ... = X ., <P |
be (n-v) ﬁoints in the interval (a,p). (When v, = -1 include
,aiin the interval and when v, = ~1 include B.) If the dif- o
‘ferepde |
g(x) = £(x) - P (x)
has the values ¥
g(xi) = e(»l)i"lyi, vy > 0, i=1,2,...,n-v, and
e = 1 if g(kl)> 0, or ¢. = =1 if g(xl).< 0,
then for any polynomial Qn(x)'of degree n or less with pre- ;

scribed values for all derivatives up thréugh vy at o and up

through Vo at B,

v

PQn(f) min (71372""”Yn—v)
" Proof:
Assume the lemma is false. Then there exists a poly-

nomial r,(x) of degree n or less which satisfies the given
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'boundary conditions and such that
max

Xy £ X8 xn_v‘f(x)wrn(x)l < min (71’72""’Vnrv)
Consider tﬁg polynomial '
a(x) = r (x)-P (x) = (£(x)=Py(x)) = (£(x)~r,(x))

At the (n-v) points, XqsKpse e sX the sign of A(x) is the -

n-v°
same as the sign of f(x) - P (x). Thus A(x) has (n-v-1)

. zeros in the interval (a,B) (possibly including a and/or f).
Furthermore A(x) has a zero of order (vi+l) at a and (v,+l)

at p. Consequently A(x) must have (n+l) zeros in the inter-

val [a,B], which is a contradiction.

Lemnma 3.

Using the notation of (1) and (2) introduced in the
proof of lemma 1, let

p(A*) =p

and let n, vy and Vo be non-negative integers such that
vy t vy, =v £ n-l, Assume there exists a polynomial Pn(x)
of best approximation of degree less than or equal to n with
’ prescribed values for its derivatives of each order less
than or equal to v at o and less than or equal to Vo at B,

and such that if p > 0 and v, 2 0, it is true that

[ £{a) ~ Byla)] < p (3)
and if p > O and v, 2 O, it is true that
|£(8) - 2(B)] < p )

Then P (x) is unique and is completely characterized by the
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- property that the osqillation number satisfies the inequality
V(£(x) - By(x)) 2 n-v.
‘Proof: |
.AssumeNV(f(x) -~ B(x)) 2 n-v. If pEn(f) is zero, then
Pn(x) is certainly a polynomial of best approximation. If

an(f) is not zero, then in lemma 2 let

Y1 ¥ Pmn(f)

Yo = Pp (f)

Y-y T Pmn<f)

Then it follows that for any polynomial‘Qn(x)
pg (£) 2 pp (f)

: Q By

Thus

) =
p En( P

Assume V(f(x) - B (x)) S n-v-1 and that P, (x) is a poly-
nomial of best approximation felative to the conditions

" imposed on the derivatives. There are only two possible
cases: either f(x) is a polynomial of degree 1es§ than or'
equal to n with the prescribed values for its derivatives or
it 1s not.

Case I

Let f(x) be a polynomial of degree less than or equal to

n having the prescribed values for its derivatives. For
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this function p = 0. In order for V(f(x) - B (x)) to be less
than n-v , En(x) cammot be identically f(x). Thus |

pp (£) > p
n A

| - and B (x) is not a polynomial of best approximation.

- case II
Assume f£(x) is not a polynomial of degree less than or
~equal to n having the prescribed values for its derivatives.
In this case p # O.

| Suﬁdivide the interval from o to B into the intervals

[uO’ul]a fulaug]:

so small that the oscillation (maximum minus the minimum) of
[f£(x) - B, (x)] in each subinterval is less than or equal to.

% pp (f). (This is possible in that a function which is
0 _ ;

confinuous on a closed, bounded set is uniformly continuous
there.)
If | £(x) - B (x)] = pEn(f) in the interval.[uk,uk+l},

the interval,[uk,uk+l] is called a distinguished interval.
- Label each such interval + or - according as (f(x) - En(x))
"is positive or negative respectively.

Label the distinguished intervals D> D2,..... in
.order. Without 1oss of generality assume Dl is +. Startingl
with Dl proceed fhrough the distinguished intervals until

the first - distinguished interval is encountered. Call
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this group'of + distinguished intervals group 1. Starting
with the first encountered =~ distinguished interval proceed
until the next + distinguished interval is encountered.

Call this group of - distinguished intervals group 2, and
conﬁinue in this fashion. Since V(f =~ En) is £ n-v-l, the

‘total number of groups, T, is less than or equal to (n-v-1).
Construct a polynomial r(x) of degree n which is negative ih'
the intervals of group l, positive in the intervals of group

2, etec., and such that the derivatives of r(x) are zero at
a up to order vq and at B up to order Voo .

| Consider the polynomial

Qy(x) = By(x) - e r(x)

‘for an arbitrary € > 0. If e is chosen sﬁfficiently small,i
Q,(x) is a better fitting polynomial than En(x), and also
satisfies the conditions imposed at the boundaries. This
contradicts the assumption that En(x) is a best fitting
polynomial.

To prove fhe uniqueness of the best approximating poly-
nomial, assume there exist two polynomials of best approx-
imation En(x) and QX(x). Consider the polynomial

o(x) = B[R (x) + QX(x)]

p(x) is also a pélynomial of best approximation, and satisfies

the boundary conditions. Thus from'the first part of tﬁis

lemma, it must have an oscillation number z (n-v). From
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this it follows that B (x) = QX(x) at (n-v) interior points.
| Fhrthermore they have the same (v+2) conditions imposed upon
thelfr derivatives at the boundary points. This implies that
R (X) = Q¥(x)
Thus the solution is unique.
If a boundary condition is imposed at a boundafy point
6 such that
[£(6) = By(s)] =p
then the polynomial of best approximation En(x) may not be
“unique. For example if
£(x) = ~x> ,  xe [-1,0]
and if a first degree approximating polynomial must have the
value 10 at x = 0, then any polynomial of the form
By(x) = cx +10, 1.0gcs 21.0

ié a polynomial of best approximation relative to the im-
.posed conditions. See figure 1.

It should be noted that This ‘non-uniqueness can never
occur when the boundary conditions require the approximating
polynomial to have the same value as the given function at
the boundary points. For in this case either p = O or con-

ditions (3) and (4) of lemma 3 are satisfied.




16

Lines of best
approximation

Figure 1. Family of lines of best approximation
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3. Spline Function Approximation with the Join- Points Given .

Theorem 1. |

Let NysMNysees sl ANd v ,Vpsee,Vy be non-negative in-
tegers with ng z vy, N,z v, + v, 4+ 1, r = 1,2,...,k-1, 'and
n 2 Vice Let f be a continuous real valued function on the
non-degenerate interval [a,8] with (bounded) values for its
. derivatives up through order VsVopseeasVy at the respective
fixed Jjoin poiﬁts a =47 < 6o <'..a < 6 = B. Let S be the
class of general spline functions which have the same values
for their derivatives as f at 67280300420 and are of degree
less than or equal to ny on [a,57], to n, on [65’5r+l]’
r=1,2,...,k=1, and to n, on [ak,a]° Then there exists an
s (x) e 8 which makes the Tchebycheff norm ||f(x) - s,.(x)][]|
a minimum. Furthermore, if it is required that sk(x) be a
best approximation on each sublnterval, then sk(x) is unique
and is completely characterlzed by the property that the
oscillation number V(f(x) - s,(x)) 1s at least as large as
n, =vy+tlon(asl, n,=v, =v,, on I:51".¢‘5Jc'+1]’
r=1l:2,...,k=1, and n = vy + 1 on [ak,ﬁ].
Proof':

| The direct application of the generalized form of lemma 1

and lemma 3 to each of the intervals [a,éij, [51,52],...,[5k,5]

proves the theorem.
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Corollary 1.

‘Let NpsNyseeeshy and VisVoseeesVy be non-negative in-

r
Let £ be a continuous real valued function on the

tegers with Ny 2 vy, D, Z vV, + v,y + 1, r=1,2,...,k-1, and
Dy 2 Vo
- non~degenerate interval [a,p]. Let S be the class of general

~ spline functions which have the same prescribed values for
their derivatives ﬁp through order vl,vg,...{vk.at the res-

: pective.fixed Join points o = 67 < 6p < vee K 6 S B, and are

" of degree less than or equal to n, on [a,al], to n, on '
'r,{dr’ar%l]’ r=1,2,...,k-1, and to n_ on [g,sp]. Then there
‘exists an s, (x) e S which makes the Tchebycheff norm

H1£(x) - s, (x)|| a minimum. Furthermore, if it is required
~that sk(x) be a best approximation on each. subinterval, and
if the maximum value of |f(x) - s,(x)| on each subinterval
[Gr;5r+1] does not occur at either of the join points ¢, or
641, then sk(x) is unique on the interval [§,s6,,7] and
completely characterized by the property that on [5r’5r+l]’
V(£(x) =~ sp(x)) 20, = v, = v, 3, r=1,2,...,k-1. If the
maximum value of |f(x) - sk(xﬁ on [a,6q] does not occur at

61s then sk(x) is unique on [a,5;] and completely character-
ized by the property that on [@s691, V(f(x) - sk(x)) = no-v1+l;
"Also if the maximum value of | £(x) - sk(x)] on [g,,8] does

not occur at 6ys then sk(x)kis unique on [5k,ﬁ] and completely
characterized by the property that on [ok,ﬁ],
V(£(x) - 8, (X)) 2 my = v, + 1.
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L, Spline PFunction Approximations With Variable Join Points

Theoren 2.

Let f be a continuous real valued function on the non-
degenerate interval [o,p] and let f possess bounded values
" for its derivatives up through some order v on [a,B]. Let
A“l’uE”"’“k and no,nl,..,;nk.be finite sets of non-negative

 integers with

max
l) i I-Li =V
max
2) ngz iRy
max )
3) P E by
' 4) max
. n ; i}j (U-' + u + l)_’ r = l,g,lauu’k"ln

Let VisVoseoesVy be an arbitrary permutétion‘of ul’”z""’“k;
Let S = S(vl,vg,...,vk) be the class of all general spline ‘
functions which (a) have Jjoin points 6713603505 arbitrarily
selected from the interval [a,B] and labeled such that

£ 6p 5 e0e = Oy (v) have the same derivatives as f up

01
through order VysVosesesVy at the respective join points

673003+ 4+38)s and (c) are of degree less than or equal to Ny
on [a,51]5 to n, on [5r’5r+l]’ r = 1,2,...,k-1,and to n, on
[5k’5]‘ Then among all functions in S there is at least one

function s such that |[£ - s, || 18 a minimum. Furthermore,.
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'émoﬁg all possible permutations of ey sHos e e sk there exists
" at least one ﬁermutatidn which makes this Tchebycheff norm
& minimum., ¥

| It ghould be noted that in this theorem the norm

bl £ - skll is a function of the join points 1,655+« sy

the permutation VisVose stV the function f, the interval
[asf] and the coefficients of the general spline function By o
Proof': |

Let an arbitrary general spline function 81 be described

by /no
oo : ' ’ 3 .
n
< T :
Sk(x) = ' o J;O Xr’JXJQ (Sr S X = 6yl (5)
E A -x‘j | 6, S X=PB
j=o "k,d7 7 Tk ==
In order to simplify the notation, let 6o = s 6,43 = Bs
n = max: (n,.)and let %, be defined by:
Osrs=sk r J _
?&rhj when 0y = X = 041 J = 03132:--'3nr
.o r = Oglgnot,k
?\-.j = (6) '

0 when 6, 2 X2 610 J = D yysesesh

A

r=0’1’o¢.,k
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- It should be noted that for each fixed value of r, X, is
ﬁniqpe. However; for x = §,, T = 1,2,..:,k; there are at
least two possible choices for id which are consistent with

(5). Using this notation one has

n

s, (x) = Z; 5 .xd
A 5=0 J

' The'sk(x) must satisfy the conditions:

(my ) (mi)

Sk (Gi) = f (di) s = 0,1,2,...,\;i

ml'
i = l)2,..l,k

For 1 = 1 this system of equations is of the form:

) y
A

J _ J
‘jg-."o 7\.0%}161 = f(ﬁl): ,3;0 Kl,jél = f(él)

— no ‘ ' nl
i Pogel” =) el = ) ()

n
0 :
‘o vy (vq)
B T Y0 < ()
=1 |
gl

(Vl)

S L J=Vi _

A similar set of equations exists for i = 2,3,...,k.
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Thls complete system of equations can be used to elimin-.

'ate 2 + 1 of the KO 23 's, vy + Vo +2 of the *1 J s,...,

Va1 * V¢ 2:of the_xk-l,j ¢ and v). + 1 of the xk,J . Thus
8 (%) can be written in the. form
n
= r

6I‘§x§6r+l’ I‘=O,l,...,k

. where each a,. 3 is a rational function of the remaining Xr;J'
Bl |
. coefficilents and the Join points 6p and §,., 7+ Because of

the form of the system of equations and the coefficient
matrix (See the description of matrix A in lemma 1,) it is

) easy to show that each ar,j is also homogeneous of degree

6ne, in the A J's that appear, with the exception of one
. - 3
term which is only a function of the join points. That is

~ ng

o+ )k

. j =0 l P e
O}J zwl_}.l O.’J’.Zxo)ﬂ’ J =2 ,vl.

80,3 =L o
‘ XO,J s ,j=Vl+l, Vl+2,-..,n0
Ny
K. . + . +1
T2 A=y by, :JsB r, 0290150 VotV pn?
a, - =
r,j.

A'Iv"j, J = vr + 'Vr+1 + 2,.5.,1’11,_

fOI' r = 1,2,6!0,}{."1} a«nd
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Ry
)k

. j = O 1 c-;‘i
R SRR

e,9 =
xk,‘j » !j :Vk’i‘lQVK ""' 2,.;.,1’1}{

where each Kr,j and each k = 031,2,...,3, is a

r,3,4° F _
rational function of d and §y.4 only. Using the notation
. previously introduced im (6), s, (x) can be written
T . 0
. .
sk(x)‘é'.Z: 8y x9

Now let the function y bé deflined by

V0o,u 4120 oo, ny 2t Meyu 4100t oM, 2010000 261)=

HE(x) = s (x)]]

Define w to be the vector with n components (x03v1+1,...,5k)
‘and ®w’ the vector with n components (X’O,vl+l""’6’k)' Then
the continuity of i will be estgblished if it can be shown
that |y(0’) - ¢(@)]= 0 &8 ||o’ - || - O (Tchebycheff norm).
Two cases will now be examined: Case I, the case 'in ,
which no two Join points 612 634 are equal, and Case II, the
case in whieh at leaét two joih points are equal.' If Case I
is true, then a = ai < 6p < ove < 8y 2 B. - In the limit as

 osw, it must be ‘ti‘ue that 6’ — 6,5 ¥ = 1,2,...,k. First
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for an arbitrary r, assume Sp Z 6,0 Let |6p21 = 6p-1ls

".;]5; - 6, and |6,07 = 6pq1) 811 be so small that 6, < 6,472

dp < Spyy 80d 6,05 < &y Next deslgnate the general spline
" function associated with the vectors o and o’ by s, (x) and,

'sﬁ(:_c) respectively. Then for any X e [51.,5;.]

n Ry .
s, (x) = 3 ij‘j = ) a. Jxa
J=0 j=o0
n ,nr-l )
se(x) = ), arxd = Y, &’ %9
k .j=0 J .j=0 r-lsd
Dy
. For fixed w, Z a, J.xJ is a continuous (polynomial) function
j=0 M '

" of %X, Thus it follows that

Dy Ny .
. J- - - ! ] J' + —
L 8,3 ,j—z-:o ar,a(ar) T €y

J=0
where 'é'r + 0 as X -5, Similarly
Neo1 Dyl
d = 7 ( J *
Z B, 4 XY = a.._ 5.)° + €
520 r-1,J 5=0 r-1,3 °r/ r

where e¥ - 0 as X - 5.+ Bub

n n -
r-1

, .
;- ;
Lo, glox)? = PILSEIRICN
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‘Thus for x ¢ (5,567

n Dy Dyl
Liad = Lag = L R
a.xy = a XY = 3 €
4=0 J 4=0 ] 5=0 r wLlsd x v
n Dy )
Y oEpd - L gy g9
a.x a X
J=0 J 3=0 r=1,]

When 5; < 6, and [|lo” - o|| is sufficiently small, one 'obtair'ls.

for x ¢ [656,]

n r-1 r p _
* (4 =
S xd = Z J - Z - e R
a.xv = a XY = a XY 4+ € €
5= J 5=0 r-l,J 5= r,J r r
n Ny
oA, d
2, a.jx'J = Z a;‘ Jx‘]
j=0 j=o 3

e « *¥e ‘ .
wherg €, 0 and ex¥* - 0 as g, 6y

Now for x e [max(s,.;s6p.1)>min(6,567)]

n Dpod _
; E xJ ,J):’O ar-l,ij
n L R
=, ,j - ’
,j;Oa‘jx = 3';0 ar-l,.jx

il
e
m\[-
W
<
i
1
oL\/J »—ss
g’\
5
[N
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Furthermbre, from the propertiés of a norm it follows that

[w()=vt)| = |11l | = [1E-syd 1] 5 [1sgmsl|

UPNCEENE

Thus for all x € [a,B],

n
_ J max| _ - _ J
Z;(a a x| s 125,378, 5 Jgéllx lt
+ 2 mix (maxdgﬂjeﬁuzJJe¥A})
Each a’ . is a continuous function of its arguments. Thus in

rsd

the limitas ®” - w, each a/ ' , «» a Also each e_, e¥, e
r,J - Y r r

r,j*
and e¥* approaches zero as o’ - w. This shows that w(&)lis_.
a continuous function of w on a subspace E of Euclidean
T-space in Case I.

Now consider Case II. If any two or more of the Jjoin
points 61300500050 are the same point §, then in a suffi-
. ciently small neighborhood of § the continuous spliné.
functions s, (x) and 8y (x) satisfy the relafion

£(5) = s, (x) + ey = sp(x) + ¢e;

where €; -~ 0 and Eé'» 0 as x - 5. Let Ei,gé,...,g% be the
components of « which are equal to g, and let Ei,gé,...,gé

be the corresponding components of w'. If x e'[mingg,mgxgi];
1
then Ei and Eé can be made arbitrarily small by making

' mgxlE; - 5| sufficiently small. But this implies that
5 LheLet ;

.




- as ﬂ)’—rm,.

max l

X € [min 51’ max @ ‘1l s ‘ - O
i :

Thus the continuity of y(w) is not destroyéd at a point
| where two or more join points are equal., Case I covers all
" . the other points x in the interval [o,8]. Consequently w(&)
- 1s also a continuous function in Case II.
. Recall E is the subspace of Euclidean n-space such that
" if w ¢ E, thena 5 67 S 6, 5 +++ £ 6 £ P. Let p be the
lower bound of ¥(w) for w ¢ E, Then p. -z Q.  Now one.only
needs to show that there exists an w* ¢ E such that y(w*) = p.
The following two cases will be discussed in order:
(1) All coefficients Ay, ore determined by the
Join conditions.
(i}) There is at least one My coefficient which
is not determined by the join conditions.
-In the first case y(w) is only a function of the join
points 5i’52’°"’5k' As each ., r = 1,2,...,k, satisfies
,‘a S 6p.1 S 6y S 5r+i < B, it follows from the continuity of

P(w) that there exists a set of joln points 61%560%s 058"
such that ¥(61%365%,.+4561*) = p. .
In the second case define Xgs Apse+s.sh) @s Follows:

-2 _ ., 2 § .2 : -
A’O ""A xou’vl"*«l'-{ LI I + XO.’nO E ifno g ‘Vl +’l

."X’ a ._:_.. O ’ . I f .f - .
o = ‘ : if ny < vy # 1
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- o 2 . '
)\.l bt )\.l,vlwe_{_z " «s.w + lenl lf nl g ‘Vl .-l: Vz ": 2
-2 _ ,
-2 _ 2 2
Mo = My Bt if ng 2 ov + 1
.2z 0 ifn, < v, + 1

k 7 Kk k

 Let N be the set of integers r such that X, # O. Note N is
not empty. Now o = 64 sER, r=1,2,...,k. It follows that

. on the union of. the closed shells

X =R, rekhN, R a positive constant,

A = 0, rég N
the continuous function y(w) attains a minimum value p(R)
where
| p(R) z p
One 1ls now faced with the problem of showing that there

2 > R for any r,

exists some finite R, such that when X,
r = 0,1,2,...,k, and for any arbitrary set of Jjoin points
8136030428, 1t is also true that y(w) 2 p(R). If this can .
be shown, then the lower bound of y(w) for all @ is the same
as the lower bound when w is restricted by'i}z é R,

r = 0,1,2,...,k. Let the non-eliminated KT,J coefficients

be broken into two types. Those coefficients which are

associated with polynomials evaluated at only one point shall
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be called type I coefficients. (This happens when two join
points are equal.) Those coefficlents which are associated
~f'with polynomials evaluated on & non-degenevate inteirval shall
~ be called type II coefficients.
. At the Jjoin points; the general spline function fits
the function f exactly whenever the system of equations (7)
_1s satisfied. In this system of equations, each xr,j coef~
ficient, which has not been eliminated, appears‘in a linear
equation with finite coeffipients. (Note that 613603+ =30
are arbitrary but fixed.) Such an equation always has a
finite solution. Thus there e;ists & positive constant Ry
such that the value of (f(x) - s,(x)) 1s zero at each join
point x = bps T = 1;,2,...,k, and '

-2
lr = RI s

In fact here RI can be taken to be zero. As the coefflcients

r o= 0,1,2,...,1{ .

of type I only influence (f(x) - s,(x)) at a join point, it
follows that nothing is to be gained by having any type I
coefficients satisfy ' S

~

Ar > Ry
for any r. Consequently if there are no coefficients of

type II, then there must exist an w* on the closed domain
2 . .

A
ftA

described by A, B,

S Rpy = 0,1,0000k 0 56,0 S 6y 5 644

r= 1,2,...5k; such that y(w*) = p.
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Next assume there i1s at least one coefficient of type II. |
Let 51,52,.;i,5k be an arbitrary sét of fixed join points,
and let ®(x) be the function obtained from s, (x) by setting
all non~eliminated My,y coefficients equal to zero, B(x) is
.a continuous function on [a,8]. It has been proved that
.||f(x) - 85, (x)|| is a continuous function of w. Thus it

 follows that | 1's(x) - sk(x)|] 1s a continuous function of w.

On the closed shells

the continuous function ||s(x) - s, (x)|| attains a minimum
" value 0. On any closed interval [ar’5r+1] which has an

.associated non-eliminated . . coefficient. of type II; the

rsyg
" independence of the functions 1, X, Xa,r-. .implies that '
max l—- .
s(x) » 8 (x)| =0,.> 0 . . :
X € (6,564 K | r”

. Thus _
|s(x) - 8 (x)|]] 2020,>0, 'rel
The homogeneity in the X, 5'5 of the expression.(s(x) - sk(x))
B ) v ’
implies that for any vector w with fixed 51’52’;"’5k’

L] — I * - . .

||s(x) - 5 ()] 2 or\/xr s reN
~ Thus when ' ‘

V2 > Ro=(p 41 12(x) = ()] )/

- . for any r ¢ N, Lt follows that:
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112(x) = s, (x)[] = || £(x) - B(x)+5(x)~5, (x)]]
1500 = s (0[] = 11(x) = 5] |
2 o, L(pHie ] | £(x)-F0)| )] =1 £(x)=5 ()]
=p + 1

i

)

v

- Hence the lower bound of y(w)s for all w with fixed
.61’62”"’5k is the same as the. lower bound when w is.re=--:

stricted by

>
A
f2s

II h] r'::o,l,tlo’k

where
_ max.
II = re NN

R
It will now be established that Rip is a continuous function
of the join points 6138050030 It has already-been estab-
lished that y(w) = ||f - s, || is a continuous function of
the join points. This implies for any general spline function

S s that ||s is a continuous function of the join points.

il
Let 5.(x) be defined by:
B8(x) - 8 (%), %x.e [6,36p4]
5.(x) =
o s X £ (6,356,047
It is easily shown that 5,.(x) is a general spline function.
Consequently ||5,.(x)|| is a continuous function of the join
péints;‘yNow
||s (x)|| - Em?g :6r+1]lS(X) - sk(x)l
Thus . is a continuous function of 6790090 56)"
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FromAthis it follows that R, is a continuous function of
613605038 and consequently Ry is also. The join points
satisfy the relation:
@S5y E6p5 o0 S6F P
l-On this closed subspace the continuous function-RII attéins
a maximum value. Call this value R. It now foilows that
the lower bound of p(w), for all w ¢ E is the same as the
lower bound when w ¢ E is restricted by
Vﬁf;é £ R, r = 0,1l,..,.,k

This completes the proof of the existence of a spline
function of best approximation in the sense of the Tchebycheff
norm for the permutation VysVosesssVy. There are only a
finite number of pefmutations of Hgotos e ooy .Thus out of
all possible permutations, there must exist at least one
whiph makes the norm a minimum.
Theorém 3:

Let £ be a continuous real valued function on the non;
degenerate interval [a,B]. iet‘“l’“E""’”k and NosNyse e sty

be finite sets of non-negative integers.with

. max

nl‘.:i ui E] r=O’l,ooo,k

Let VisVoseeesVy be an arbitrary permutation of “i’“a""’ﬁk‘
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. Let § = S(vl,vg,...,vk) be the clasgs of all general spline
functions which, (é) have Jjoin points 51’52;""6k’ arbi=
trarily selected from the interval [a,p] and labeled such
that 61 € 65 8 <0 £ 65y (b) have derivatives up through
order VisVoseessVy at the respective join points 6136538y
and (c) are of degree less than or equal to ny on [a,5q]s to
n, on [5r’5r+l]’ r=1,2,,..,k-1 and to n, on [5k,s]. Then
among all functions in S there is at least one function Sy
such that ||f = sk|\ is . a minimum. Furthermore, among all
possible permutations of Mg sibos e e s shy theye exists at least
one permutation which makes this Tchebycheff norm a minimum.

The proof is similar to the proof of theorem 2.

5. Characterization of Best Spline Approximations

'If the join points are not fixed, the best fitting
general spline function may not be unique.' For example

.consider the function f(x) defined by

a(x) - h(x) , x<-%
5 ke 1 . 11'
f(x) =40 > "5SS XEF
1
g(x) +h(x) , %< x
where .
1 1 .
. , 5lx - [x]| - § when [x] is even
e(x) = . : .

L [x+1] - x| - § when [x] 15 odd
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- and
n(x) = %2 - %
.'Here [x] is the greatest integer function., The graph of this
function is given in figure 2.

If one wants to fit f(x) on the interval [-4,4] using a
. generéi spl;ne‘function which agrees with £(x) at one join -

»\-point 5 and is of degree 2 on [=l,5] and also on [s,4], then
a best fit is given by ' .

“(xF - F) ., Hsxcs
Sl(x) =
(x2 - %? p 5 s.x s 4
with
6=t 5
For each of these two valués of §, the maximﬁm érror”is %.

It will now be shown that this fit cannot be improved.
On the interval {-4,-1],
V(£(x) + (k% - §))= 4
From lemma 3, -(x2 ~-%) is a best fitting quadratic of f(x)
on [-4,-1]. Similarly (x° - §) is a best fitting quadratic
of £(x) on [1,4], Furthermore, | |

X em?fug-l] |£(x) + (x° - %)l = %
x em?f,u]v[f(x) - (x? ~"%)| =,%
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Figure 2.

-10
=12

-14
-16

Ill&stratlon of a non-unique solution
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" This implies that for any join point § e [;4,4],

| EG) = 510 = 0 " 4y 120 = 0] 2
Thus there are at least two optimum join points, and the
best general spline approximation is not unique. Neverthe-
. less, it is still true that once g is detefmined, lemma 3
qhéracterizes the best approximation on each of the subin-

: tervals,

6. Computational Procedure

When computing a best approximation on an interval, it
is often desirable to replace that interval by a finite set
of points and to seek an approximation which is optimum on
that set. Because of the continuity of the function being
approximated, it .seems reasonable to expect that i1f this
finite set of points leaves no wide gaps, then an approxima-
tion obtained in this way will be acceptable.’ The process
of replacing fhe continuum by a discrete set is called
discretization. It is shown in [4] that when the approxima-'
_tion family satisfies the Haar condition, fhen the approx-
imation obtained by discretization does indeed approach the
best approximation as the discrete set "fills up" the inter-
val,’i.e. as the length of each subinterval of the partition
approaches zero. The family of functions 1,x,x2,x3,...
satisfiés this Haar condition. Consequently, best general

spline function approximations can be obtained.approximately:
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using discretization whenever the Jjoin points are known.
Furthermore, the fact that ||f(x) = 5,.(x)|| 1is a continuous
function of the join points insures that discretizatlion can
be used to find a near optimum solution even when the Jjoin
lpoints are arbitrary.

The number of posgible choices for the join points be-~
comes extremely large as the discrete set "eills up" the
interval in such a way that no large gaps are léft. For thils
reason an improved method for obtaining a near optimum set
“of join points would be very desirable., When computing gen- -
~eral spline function approximationé, it 1is helpful to notice
that sometimes the norm is an increaéing function of the
lengths of the associated intervals. Unfortunately, however,
this is not always the case. For example if the function
being approximated is a general spline function, then the

- norm may decrease as'phe length of a subinterval is increased.

7. Examples
It is obvious from the definition of a general spline

function that a general spline function approximation with
no imposed boundary conditions is at least as good as a

polynomial approximation if all of the pelynomials used are
of the same -degree. The following examples show that even
-for the "smooth" function e*, x ¢ [0,1], the maximum error

of the best fitting quadratic is about six times as large
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as the maximum error for the best fitting general spline
. function composed of polynomials of the same degree and
having éne Join point § = .53. (See Table I.) Admittedly,
it is true that a digital computer must test to determine
whether x 1s larger or smaller than the join point:.in order

to properly evaluate the general spline function, but thils

" is a small price to pay for an answer with an error bound

which is % as large as that of the single quadratic., Fur-
thermore, the second degree general spline function which is
forced to fit eX and its first derivative at x = .53 has an
error bound which is less than half as large as the unre=~
Stricted single quadratic polynomial approximation.

The oscillation numbers associated with thé examples in
Table I indicate that the approximétions obtained are nearly
optimum for the given Jdin points. However, the only Jjoin
'point which 1s nearly optimum 1s the join point § = .53,
Figure 3 shows the graphs of three érror curves. The graph
labeled II shows a good fit of both e* and its derivative
for x near .53. This of course is expected in that the
spline function associated with this error curve was made
to. agree exactly with both e* and its derivative at the
point x = .53. | | |




Table .I. General Spline Function Approximations of e® on [0,1]

s(.7)

e .

Description of the Join Maximum error in | Oscillation .
"general spline Point(s) | absolute value number (s) Coefficients of the
function S(?) ) by interval by interval general spline function
A0 i M
I. One none .0089 4 1.008616, 0.855103, 0.845964
quadratic.

II. Two quad- «5 .0031 2 1.002900, 0.934583, 0.714117
rati;s with .0045 2 1.065232, 0.685171, 0.963529
s{8) = e6 anc;l
s ) = &%

" 52 .0035 2 1.003400, 0.928001, 0.724999
.0040 2 1.071351, 0.666653, 0.976295
" .53 .0037 2 1.003612, 0.924829, 0.730256
.0038 2 1.074616, 0.656839, 0.983029
" .55 .0041 2 1.004021, 0.918690, 0.740564
_ .0034 2 1.081293, 0.637689, 0.996010
III. Two quad- .55 .00145 3 1.001225, 0.960166, 0.673333

ratics with s(x) .00145 3 1.120575, 0.523166, 1.073333 .

continuous.
~IV. Three quad- 3.7 .0003 3 1.000185, 0.989571, 0.587142

ratics with *.0009 2 1.026275, 0.82975%, 0.829999

s(.3) = e.3 and .0004 .3 1.187701, 0.363142, 1.167142
.7

6¢
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Figure 3. Error curves
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