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Abstract:

In this thesis the results of investigations on a cellular bulk transfer system from the viewpoint of its
logical capabilities have been presented. The model adopted for the bulk transfer system consists of an
input array, a mapping device, an output array and an output logic. The influence of such factors as
flexibility of the mapping device, flexibility of output logic and parallelism of operation has been
determined. The main results obtained are: the bulk transfer system can be made logically universal
with a proper combination of output logic and maps. In realizing arbitrary logic, a trade-off among the
number of mapping operations, number of independent maps and amount of logical flexibility in the
output logic is possible. A least upper bound on the number of necessary transposition maps is derived
for an output logic consisting of a flexible cellular cascade. The possibility of a set of bulk transfer
units operating in parallel has been studied and the functions realizable in this manner have been
characterized. An algorithm for test-synthesis of realizable functions has been presented.
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ABSTRACT

In this thesis the results of investigations on- :a- cellular bulk -
transfer system from the viewpoint of its loglcal capabllltles have
been presented . ‘The model adopted for the bulk transfer system -
consists of an input array, a mapping dev1ce an output array and an -
output Iogic. The influence of. such, factors as flexibility of the-
mapping dev1ce flex1b111ty of. output loglc and parallellsm of operatlon
has been determined. The main results obtained are: the bulk o
transfer system can be made logically universal with a proper
" combination of output logic and maps. In realizing arbitrary logic,
a trade-off among the number.of mapping operations, number of
independent maps and amount of logical flexibility in the output logic -
is possible. A least upper bound on'the:number of necessary :
transposition maps is derived for an output logic consisting of a flexible
cellular cascade. The possibility of a set of bulk transfer units '
operating in parallel has been studied and the functions realizable
in this manner have been characterized, An algorithm for test-
synthesis of realizable functions has been presented.




Chapter 1

INTRODUCTION




1.1 Introduction
A cellular array is some'geometrical.arrandement of cells
in on'e,‘ two or three dimensions. Each cell in a cellulaf. array has some,
logical property and it may also have some storage capability. The. cells
of an array have- a ﬁniform interconnection structure. Because of this,
the logic designer is féced' with a new kind of constraint in rea’lizing
arbitrary logic functions. With existing techniques in cellular logic(u) |

it is necessary to use either a complicated interconnection pattern among

cells or a very large number of cells to realize arbitrary logic.

The idea of.a bulk t;ansfer of data originated from thé problems’
of realizing arbitrary logic'c functions with cellular arrays. With a view
to avoiding the complicated interconné(:tion pattern, ‘it has been proposed
to transfer the data from one cellular array to another by some kind of
transferring device. The advantage in doing this is that necessary
interconnections can be realized by suitably transferring the inputs in
the second array. qusuing this line, a cellular bulk transfer system
can be conceived whicﬁ consists of two cellular arraySwhich. may be
referred to as input ahd‘output arrays. Each of these arrays is capable
of containing data and possibly performing logic on it. Between the two

arrays there is a data-transfer device which may transfer data,

L
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accompanied by some kind of tfans“formation. An example of a simple type
of transformation is a permut;ati‘on of the variables on the array. If neces-
sary, the device may have the Capabiiity for more complex transformations
This device may be glven the general name 'mapping device'.

The mapping may be applied in reverse direc\tion and can be i.terated a
limited number of times.. Data may be logically proéessed using the
built-in logic in the cellular arrays, maps in the mapping dévice and

if required, by a separate logic device.

A study of the characteristics of this syste‘m reveals tﬁat logical
universality can be achieved by a suitable coml:;ination- of map and logic. -
This leads to many interesting questions regarding its efficiency,
effect of variation in structure and cohstmction, capability, and
practicality as a computing system and so on. The model of the
bulk tr{:msfer sysjtem is related to the pérceptron system studied by
Minsky and Papert(13) but the major interes’; in-the system is based
on a realization that it may have an important place in future digital |
systems because of a possibility that improvement in the computing
power may be achieved through a mode of operation in wﬁich the
advantages' ot in'creased para'llelism of operations, greafcer

homogeneity of the hardware structure, intermixture of storage,
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arithmetic and control opérations have been combined.

The -generality of the system and its potentiai capabilities may be
visualized by considering the basic .sclzhemets ;)f the pérallel processérs
éuggested recently and attempting ;co mirror their functions into the bulk
transfer ;ystem. Most of these machir_les have utilized the basic concepts
of two distinct parallel processor or.g,aniza"cion proposed by Unger'( 17) and

7

Holland . These machines.will be briefly discussed in order to bring

out functional similarities between these and the bulk transfer system.

1.2 The Bulk Transfer System ,in.Relation to Some.Parallel

Processors

“Unger Machine

In 1958 Unger described a stored prégram computer oriented
toward spatial problems. The particular problem illustrated with
this machine was pattern detec’ribn. The computer consists of a master
control and.a rectangular array of logical modules each of which can
communicate with its nearest neighbors (Pigure 1.2.1). The master -
céntrol contains a clock, decoding circuits and a random access
memory for storing instructions. It reads 6ut instructions from memory, .
decodes: them and sends out appropriate commands ;Nhi_Ch go simulta-

neously to all the modules. Each module contains a one-bit




' Module
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Figure 1.2.1 The Unger Machine

accumulator, some storage and associated logic and works in parallel
with the remaining modules. With the use of an elementary instruction
. set Unger has described programs to detect certain local and global

features of patterns on the two dimensional field.

To reflect these features of the Unger machine in the bulk transfer
sys~tem, let us regard the field consisting of the modules as the input
array and assume that the resulting confi:gu.ration of the field on
execution of one instruction will be o.n the output array. The instruction
can bé described by a proper combination of mapping With iogic. >Th‘us,
an iterated procedure of mapping with logic may constitute a program for
the determination of some particular feature of a pattern. It appears

that the bulk transfer system can be potentially fndre powerful 'in some
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respects than ’;ﬁe_ Unger machiné in view of the fact'that ..suitabale,qhoice
of maps in the mabpi"ng deviée I'na;y er}able the bulk transfer system to
process a ‘larger part of the field than fhé group of immediate neighbors;
Furthermore, some operations can be p:onveniently exeéuted by a sim'ple.
mapping where it may take ,sevérai instructions in the. Unger machine to
do the s,ame.' On the other hand, there may be certain features in the -
Unger machine w-hiéh may be diffipult to implement by_mapping in th_e
bulk transfer system, but can ge' -inc,orporatéd thrOugh. ;che buiit¥in

logic of the input and output arrays.

Holland Machine °

Th'é Holland machine consists of a two-dimensional array of
modules. Each moaule is a small general purpose computer and can
. be-active or inactive at a given» time. When active, a m'oduIe treats
the contents of its storage register as.an instruction. After determining
the location of the op.erandl, a path is built to-access thé data. The
instruction in the module is then executed and the activ_e ‘status is
transferred to one of th_e four nearest neighboring modules in the array. .
Instructions can be arranged s‘pa'tiall'y. throughout the array of modules |

- with an arbitrary number of these executed at the same time:
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Reflecting oﬁ the B.T. 'system, it appears that, thougﬂ any data‘
transformation possible in the Holland machine can be d;me by performirqg .
suitable mapping, a modificiation of tﬁe structure of the mappﬁng device
may Be more suited to perform the kiﬁd of parallel corr_lpﬁtatioﬁ that the
' Holland machine is able to do. Let the input array be the proper
configuration containing data and instructioné. The mappiné device _

.may be divided into many separate elements, each having.the' capability

of scanning a limited area of any région in the input array. The

gxecution of ah instruction may consist of a transformation of data, first by
mapping and then by the built-in logic _of the arrays. Ifthe operand’

of an inéfmction belongs to an.area different from that scanned by a
mapping element, a séquence of mapbing-operations may bé undertaken to
.bring the data into the proper area, thus s'imulatip‘g t}_le‘path'—_bu-ilding and
data-access procedure in the Holland machine. There could be other

variations of this simulation procedure including a global mapping.

Two~dimensional Computing Technique

The bulk transfer system is structurally orie_nted toward parallel
computation in the same manner as the two-dimensional iterative network
computing technique of Hawkins and Munsey( 7) . The computing

machine devised by these authors consists of two data planes,
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called the input plane and resultant plane (Figure 1.2.2). There is an
intervening plane called the mapping mask. Data on the input plane can
be processed through the use of the mask and projected onto the resultant
plane. Using optical techniques and linear threshold logic to process
spatially distributed data on the input plane, the authors have shown
that the system is capable of recognizing certain tiny objects against

the background of other large objects.

Input Mask Resultant

l

Figure 1.2.2 Optical Summation System
(x's are input variables, g's are transmittances)
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From the above d_iscuslsions it should be apparent that giyen the
proper. technelogical background, the bulk fransfer system has the
" potentialities of becoming an improved, economic and versatile-data-
processing device. The techn.ological advance in the field of b;‘:ltch
fabrication technique has made it possible to produce reliable and
economiéal érrays of logic cells on a mass scale (11) . Current research(!)
on the use of optical techniques for data transfer on a large sc_ale points

to a direction in which the practical realization of a bulk transfer

system may seem feasible.

With these aspects in view, a study on the logical capabilities
of the bulk transfer system has been proposed in this thesis. The

contents and organization of the thesis is given in the following section.

1.3 Organization of the Remaining Chapters

Chapter 2 discusses the logical capability of a simple
bulk transfer system. The results obtained in this chapter form the
basis of further development on this topic in Chapter 3. In this

— - /

chapter the effect of limited flexibility in the output logic is studied

and results on bulk transfer with cellular cascades are reported.
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Chapter 4 deals with the characterization of realizable functions
using paralle! bulk transfer technique. It contains an algorithm for the
test-synthesis of functions using parallel_ bulk transfer on the-assumption
that the partioning of tﬁe input array is fixed. In Chapter 5 a-similar
aléorithm on the assumption of flexibility in the paritioning of the input

array has been developed.

Chapter 6 gives a summary of the foregoing chapters followed by

a discussion -about the scbpe of further research work in the area.
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" Chapter 2

LOGICAL CAPABILITY OF A BULK TRANSFER SYSTEM
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A Bulk Transfer System

[\
et

An idea of the possible function of a bulk transfer sysfem has
been given in the previous chapter. Such a systeﬁ will be described in
this chapter and then investigations into its logical capabilities will
" be made. A block diagram of the system.is shown in Figure 2.1.1. The
block called Input Arrz;z may be conceived as ‘a rectangular plane
divided into many rectangular cells. Each cell is a storage device
which can take -oh one of the two input values, 1 or 0. Correspénding
"to each input .cell there is a binary variable and an assignmeht of
input values to all the cells represents one of 2 possible input

configurations, where n is the number of cells in the input array.

Input Array Mapping Device Output Array Output Logic

Figure 2.1.1 A Bulk Transfer System
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A second component of the bﬁlk transfer system is the block .
called fhe Output Array: it is a plane identical fo the input‘ array.
The contents of the input cells are mapped (transferred) onto the cells
of the output array. For éxamz:;le, a stored bit in a cell (i,j) in the

input array may be mapped into a cell (m, k) in the output array.

The third component is called the Mapping Device: it implements’

the mapping operation between the input and output arrays. The
mapping may include logic (Figure 2.1.2) or méy not. A mapping is
. called logic-free if the value of an input bit is not changed during

mapping. For the present discussion, such a mapping is always

‘one-to-one; that is, each output cell gets a signal from: at most one

/ Logical Element

Y

|

Input Array - Mapping Device - Output Array .

Figure 2.1.2 Mapping Device with Logic
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input cell. (Note that all mappings have been assumed to be onto, that
is, an output cell gets a signal from at least one input cell'.) A

-

logical mapping is one that involves transformation of the input bits

during mapping (for example, complémentation). Besides being one- °

to-one, a logical mapping may be many-to-one, where a number of

input bits combine with some logic to produce a binary signal which

is then mapped into an output cell.

After one mapping, the output array can be identically mapped
‘back into the input array for a second mapping from input array to
output ér'ray,. Assume that the previous assignment of switching
values to the cells in an array is automatically cleared when a new
mapping to the array is performed.  Also, assume that.a mapping from
the ipput array to the output array can be fepeated any number of times
by identically mapping back from the output array to the input array
after each mapping from the input array to the output array. Hence-
‘forth, 5y "mapping" the mapping from input array to output array will
be meant, unless otherwise specified, because the reverse mapping

is assumed always to be the identity mapping. .

The mapping device is capable of producing a limited number
of independent mappings, none of which can be produced by any

' composition of other mappings that the device implements.

[
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The final component of the bulk transfer s_ystefn is called the

Qutput Logic: it is a device that performs a logical function on the
outpx\lt array to produce an output value. Assume that during composite
mapping this device does not operate until the end of composition.

The logié of the device may be flexible so that different functions

of its inputs can be obtained.

Note that an assignment of values to the input array of n cells
represents a minterm of n variables which is converted into another
_minterfn in the output array after mapping. Consider the set M of al;
‘minterms of n 'yariables. Clea;ly, the mapping device cén produce
a mapping from M'into M. Let a minterm mj after a mapping ¢ be
changed to ar_iother minterm re.presented by ma . Thé same minterm
when subjected to the map « twice, is changed to.a minterm
-represenfed as my 0 2 . If m, o 2 is different from mj & and the
" values of the output function for the two ‘minterms are different, then
evidently, a new function _(i.e. , @ function different from that
obtainable after single mapping) is generated at the output by one
repetition of the o -map. B

'}’.‘he bulk transfer system may be loo_ked upon as a.device for

produciné different logical functions of a set of input \}aria,blés,
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using a set of maps (« . ak) and an output logic device. We

1e% geee
shall study the logical capébilities of the system under different type's

of mapping and output logic. In this connection, some of the basic

ideas and terminology of Group Theory(.3 ) will often be used.

N
N

logical Capability of the Bulk Transfer System

Permutation Maps

Let the set of 2™ minterms be arranged in some order as
(ml,mz, . .mzrz . If it were possible to produ;e all possible permuta-
tions of the set of minterms with the help of the limited number of
indeper.dent maps of the bulk transfer (B.T.) system, then, with an outﬁut
logic device of very limited 'flexibili.ty, an extremely large number of  -----
functions could be generated, because, by permuting the set of minterms
a different function could be obtained at the output without changing
the output function of the output device_. So the attemptin the follc)v;ring
is directed toward this goal. Theorem 2.2.1 is a result of the fore-

going discussion, and so is given without proof.

Theorem 2.2.1: A one-to-one map of the input array in a bulk

transfer system produces a permutation of the set of minterms.

A logic-free mapping of the input array is effectively a geometrical

repositioning of the input bits. This type of mapping has limitations
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in the matter of producing arbitrary permutations of the set of minterms

as tTe following theorem will show:

Theorem 2.2.2: With all possible logic~free one-to-one mappings

of the input array, it is not possible to produce all permutations of tﬁe

set of minterms.

Proof: A logic~free mapping cannot map a minterm of index number i
(number of 1's in the minterm) into a minterm of index number j, where
i #3j. Therefore, such a mapping cannot produce all possible

permutations. Q.E.D.

The types and the total number of permutations that all logic-
free one-to-one maps produce will be given under Theorem 2.2.5.
Suppose the set of minterms is identically mapped aﬁd the fun.ction
'produced by the output logic (fixed) is f. Can a different function
be produced at the output by resorting to a different permutation of the
set of n-ninterms.? Consider a permutation of the set of miﬁte-rms
where two minterms m:,l and mj are mapped one into the othe.r while
the rest are mapped identically. If the outpﬁt logic is such that 'botl-l

m;

and m are trﬁe or both false, then, with this permutation, no new

function can be produced. The condition for producing a new function

is given in the following theorem.
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fheorem 2.2.3: let f bga the function produced with identi;cy
ﬁapping bv a bulk tra‘r.lsvfer system having a fixed output logid. Then
with any mapping of the input array which produces a permutation of
. the set of minterms, ;‘Lt is possible to produce a new function at the
output if and on.ly if the corresponding permutation of the éet of
minterrr;s maps at least one true (false) minterm into a false (true)

minterm.

Proof: The proof follows easily from earlier discussions and so is

omitted.

Theorem 2.2 .4 gives the maximum number of functions realizable by

a bulk transfer system with a fixed map and a fixed output logic.

Theorem 2.2.4: A bulk transfer system with a single one-to-one

map and with fixed output logic can realize at most k functions where

k is the order of the corresponding permu'tati'on of the set of minterms.

Proof: Since with repeated applications of the map, only k different
permutations of the set of minterms are produced, hence, .if every

permutation generated a new function, at most k functions could be

produced. Q.E.D.
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According to_this' theorem, 6&‘5 of 256 functions of three variables,

at most 15 functions may be realized by a bulk transfer system with a

single map and output logic. If there is no restriction about the number

of logic-free maps that the mapping device can implement, then the
maximum number of functions that a bulk transfer system with fixed

output logic can realize, is given by the following theorem:

Theorem 2.2.5: A bulk transfer system with a fixed output logic
and capable of producing all logic-free one-to—one maps can realize

at most

n
TT()
- i> . functions
i=0 N\t
where ’ n = number of input cells,

i = index number of a minterm,
ai= number of true minterms in the

output logic function that have

- n
index number i, where 0= aié( )
i

Proof: Let the set of 21 minterms be diyided into subsets such that
é subsef'Gi contains all minterms of index number i. There will be
(n+1) -such subsets, i ranging from 0 to n. A subset G; will contain

n . .
(i) ‘members. Ifthe output logic is such that only ay minterms of
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n ' .
fchese <1) minterms are true, then the number of possible combinations of

. n

\ : . ; . . .

these ai minterms is . (Ela) . Now, in logic-free mapping, the
i

permutation of the set of minterms is restricted so that a minterm

_of index number i is mapped to another minterm of same index

number. If we assume all possible permutations within the subset
of minterms of same index number then the number of different
functions that can be generated by permutations of the subset Gi is

n - .
(i) . Now each of these ways of generating a function can be

3
linked with each way of generating a function by the members of a

different subset Gj . So the maximum number of functions possible

isﬁ (?) . Q.E.D.

. a
i=0 i

* It has been seen that the set of all logic-free one-to-one maps
cannot_ produce all permufations of the set of 'mi-nterms . With a set o_f
logical maps, however, it is poss:ible to produce all pennutatioﬁs.
Gi\‘zenv all possible permutations of M, it is still not possible to realilze

all functions of n variables unless the output logic is sufficiently

“flexible, The flexibility of the output logic is an essential factor in
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the realization of arbitrary logic with a bulk transfer system capable
of producing only permutation maps. The following theorem states

thisy

Theorém 2.2.6: In order to produce al;bitfafy functions of in-put
variables, a bulk transfer system haviﬁg t'h’e means to produce all
permutations of the set of minterms rﬁust havé. an output logic of
sufficient flexibility so that at least (2‘1'1 + 1) different functions can

be produced by the output logic device.

Proof: Let fr be the function produced by the fixed output logic
device of a B. T. system uﬁder identity map where r is number of true
minterms. With all possible permutations of M, the total number of

r
of maps to produce all permutations of M, it is not possible to change

1 ,
functions realized is 2 > . With the fixed output logic and a set

r, the number of true minterms.

So in order to realize arbitrary functions, the 6utput logic must
be flexible and capable of producing each function I, 1= 0,1,...20,
These functionsﬂare listed below:

(1) f0 = false for éll minterms

(2) f1 = true for only one minterm
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(3) fz = true for only two minterms

° . n » . . . . . -« . ° . . . . v . . . . - .

’.(Zr + 1) fzr = true for only 2¥ minterms

2% +1) f,n = true for all minterms

The total number of distinct functions that can be realized by the B.T.

n
system in this case is Qn) + <2n> +. .+ <2n> +, .t (2“): 22 Q.E.D.
0 1 r n

According to this theorem, the number of functions required of the’
output logic has been reduced to (2™ + 1) from 22" for systems without
using _bulk transfer, a value proportional to the logarithm of the
original number. We can further improve upon this and drastically
reduce the number of required functions Qf the output logic with the

use of a special map to be discussed now.

Many-to-one Map

The preceding discussion was concerned with permutations of
the set of minterms and, 'therefore, involved only those mappings of
‘the input array that produced permutations. Consider the many-to-one

logical maps that map the set of minterms onto one of its proper sub-

sets. In a special case, a sufficient number of repetitions of such
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‘a map may result in a situation in which all the minterms will be mapped

onto-a single minterm. Let # be a mapping such that a minterm m, is

mapped into m g except the last minterm m -
2

itself. The mapping ﬁk, k = (2%-1) (i.e., # is repeated k-times)

n which is mapped into

maps (k+1) minterms onto mzn.

If the mapping device of the bulk transfer system is capable of

producing # along with arbitrary permutation, and the output logic is

fixed and produces only the function fl where fl = true, only when mzn
is true, then every function listed in the proof of Theorem 2.2.6

except the zerd function can be produced with the use of a suitable

number of repetitions of the f-map. For example, £ applied thrice

will generate the function f4 (the function is true for four minterms).
Therefore, the required flexibility of the output logic comes down to
two functions:

1) f. (zero function)

0

2) f1 (function is true.for only one minterm, .mzn) .

It has béen seen that to produce all possible permuté’;ions of the
set of minterms, logical maps must be used. The follbWing lemma
gives the minimum number of independent logical maps necessary to

achieve this.
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Lemma 2.2.1: The two permutations (ml,m‘z), (ml,mz, ey, : jm-zn)

can generate all permutations of the set of minterms.
Proof: It is a well-known result in Group Theory. Texts on Group Theory( 6)
may be seen for proof.

Incorporating the preceding results, we have:

Theorem 2.2.7: A bulk transfer system with a mapping device

capable of producing two permutations (m1 ,mz), (m1 ,rhz by, .mzn)

and the map #, and a flekib‘le output logic capable of producing two

and f., can realize any function of n variables.

functions, fo 1

Proof: The proof-follows from r)receding theorems and remarks.

Note that the flexibility of the output logic is.not necessary
here: the output logic might be made fixed to produce only the function
fl . In this case, another § map, mapping each minterm onto a false

minterm is necessary for realizing the zero function,

2.3 A Simple Design of the Bulk Transfer System
A design for a bulk transfer system capable of arbitrary
logic realization will be given here. The first step is to arrange the

set of minterms in some order. The follbwing order (Table 2.3) is
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convenient for the cascaded circuit we use here. For convenience,

the number of variables is confined to three.

Table 2.3 Three-variable Minterms

m, m,, mq my mg m e m, mg
X 0 1 0 1 0 1 0 1
X, 0 0 1 1 0 0 1 1
Xg 0 0 0 0 1 1 1 1

The design depends on the chosen order of minterms. Hence the
sequence { My My, .. .mzn } is always with respect to a particular system,

This sequence is referred to as minterm sequence.

Figure 2,.3.1 shows the circuit for generating the permutation
cycle (m1 ,m'z, ...m n) . Fach logical unit is a 2-input, 2-output
. ) 2 .
device. The logic used for computing the next state of a variable
' X designated by x;l is given by
RVR o . [ S x
xj = x5 %y = KO 2
Fornz 3, x' =X
n

% X
n-1"n . -

: o
n-1 (Xn~1® Xn) *

The circuit to generate g uses séme additional logic with the previous

circuit. Figure 2.3.2 shows the circuit. 'The logic equations are:
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AR A =S

Figure '2.3.1 The Circuit for CGenerating the Permutation
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Cilreult as in Figie2-3 .1

e

.-

S

e .

Figure 2.3.2 The Circuit for Generating the Map #
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=X o+ XX ,.X.X_ X' = (x

: . + Xy K
1 71 1525 Ty ) @ %)t XXy XX

1 n

Ko oXKie oK

" R B ] ' +. ' g
For nz 3, x X1 (Xn'.—l@%cn) R R R RREC TS

n n- n-1

The derivation of these equations are given in Appendix A.

The circuit for generating the permutation (ml,mz) is given in
Figure 2.3.3. The oufput logic is built up of a cascade of AND gates
(2-input, one output) except the last gate which is flexible.and can

produce the zero function besides the AND -operation .

2.4 Determination of the Necessary Mapping Operations

In order to realize an arbitrary_switching function, the
mapping op_erations on the input that will be necessary to generate
the function must be known. The following is a systematic
procedure fo:r determ;‘ming the necessary maps. It is assumed here

that the function is available in truth table form:

Step 1: Note thé number of true minterms. If it is the zero
function, then set the output logic to produce the zero function (fO)

and 'do no more. In this case, any mapping of input array will

produce the zero function.

.Step 2: If the hﬁmber of true minterms is k (¥0), then the map

Jif (k-1) (application of # (k-1)-times, in sequence) is to be employed
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Figure 2.3.3 The Circuit for Generating the Permutation (ml ,mz)
( o indicates complemented input).
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at the end of all other mapping operations.

Step'3: Note the sequence of minterms which has been used in

designing the system. List the truth values of the function to be

realized against each minterm in the sequence. With the help of the

available maps, the permutation that will rhap the subset of k true

minterms into the last k minterms of the minterm sequence, will

have to be produced. This permutation can be decomposed into

available maps as follows: Note how many of the minterms in the

. m . m m
truncated minterm sgquence { 2n_k+1, Zn_k+2, ey 2n } are

true.

If all of thém are true, then apply the # (k-1) ma.p of
step 2 and then go on to Step 4.
If some of the minterms in the truncated sequence are
not true, check if the subse’; of k true minterms form a
consecutive sequence within the minterm sequence
assuming the' last minterm to be adjacent to the first.
If so, then use the map for cyclic permutation
(m.,m _,...m ); the number of times.it should be
1" 2 oT
employed is equal to the distance (measured by the number

of minterms in between) between the last minterm in the
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minterm sequence and the last true minterm down the
biock of true minterms.

If the subset.of true minterms is intérspersed with false.minterms in

the sequence, then use the map for.cyclic permutation a number of

“times ‘so that a maximum number of true minterms are m.apped into

thQ lower positions of the fruncated sequence. For each of the

.} can be

remaining true minterms, transposition maps such as (mi,mJ

used, Where'mj is a false minterm situated within the truncated

‘m ...m and m, is a true minterm outside of
sequence { oD-k+1 T } i
this truncated séequence. If nrii,mj are adjacent, then (mi.,mj) can be
decomposed (6) as

n .
)2 +1-i m
n

¥l )
2 ' . VA
If mi,mjA are not adjacent, then (mi,mj) can be decomposed into a

(mi,-mj) = (ml,mz, co.m (ml,mz) ‘(ml,m

gt
number of other transpositions, each one of them being expressible
in form (A). For instance, (m3 ,m5) can be decomposed as

(m3,m5) = (m3,m4) (m4,m5) (m3,m4) . Each component of the

righthand expression can now be e){pressed in form (3).

Step 4 Set thé output logic device,to produce fl in all cases

except when the zero function has to be produced (cf. Step 1).
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.Example 2.4: The following function given in truth table form

is to be realized.

X, ‘xz : x3 F
0. O 0 0
0 0 1 1
0. 1 0 1
o 1 1 1
1 0 0 0
10 1 1
11 0 0
11 1 1

The ordering given in Table 2.3 is used here.

Minterm F
: m1 ' 0
m, 0
‘m, 1
m4 0
mg 1
m6‘ 1
m, 1
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Step 1: The number of true minterms = 5.

\ Step 2: ﬂ4 is to be used after all other maps.

Y

Step 3: (m3,m4) is to be produced.

2

— 6 '
(m,,m)=(m_,m ,...m8) (ml,mz)(mlmz,...m8)

3" 4 172

Step 4: The output logic is to be set to produce fl.

Note that a total of 13 mapping operations are needed to é1"0duce the
function. Such a high number of mapping'.operations are necessary
becausé only two maps are available in the machine to generate all
possible permutations. Suppose, the maps (ml,rhz) . (mz,m3), ceos

(m ,mr) , .., (m m ) are available in hardware. It is known

r_.l Zn_l ’ Zn
from Group Theory that with this set of transposition maps, all
possible permutations can be generated. Then, in the above case,

nine mapping oberations to produce (_m3,m ) can be replaced by a

4
single map. Further, the @ maps can be completely eliminated if the
output logic is sufficiently flexible So that the (2'n+1) functions,

“listed in the proof of Theorem 2,2.6 are generated by it. Thus there is a

way of reducing the number of mapping operations by increasing the

‘mapbing hardware and the flexibili’;y of the output logic.
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Nofe'that mapping of the input is necessary because the
function to be realized is not available in the output logic. Thefefore,
the extent to which the output logic is flexible determines in how many
of the cases mapping has to be employed, the latter number being in
inverse proportion to the former. Since the flexibility of the output
logic is limited_, some maps have to bé used. The larger the number
of maps available in hardware, the lesser the number of mapping
operations-to be needed, in general, for the realization of a switching
function and, theréfore, faster is the whole operation. Thus the
numberl of maps that should be available in hardware must be
determined b.y speed requirements ‘and cost. A trade-off betwéen
flexibility of the output logic and additional maps is also possible

and the proper balance should be arrived at on the same basis.




Chapter 3

BULK TRANSFER WITH CELLULAR CASCADES
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w
et

Transposition Maps

It has been mentioﬁed in Chapter 2 that the set of transposi—.
tion maps { (mi, mi+1) I i=1,2,..., 201 } are sufficient to produ.ce
arbitrar.y permutation of the set of minterms.. Similar set of sufficient
rhaps can be { (ml,mi_) | i=2,3,. 20 g .. If the mapping device of a
B.T, system is assumed to be capable of directly implementing any
transposition (mi,mj) , a quesifion may be asked: What is fhg rﬁaximum
number of transpositions necessary to realize a function, given that fhe
outpu;c logic is of known flexibility? The total number of different
possible transpositions is ( zn ). If the oufput logic is assumed to be
flexible enough to produce just the (2™+1) functions as ‘obtained in
Theorem 2.2.6, then tie maximum number of transpositions that may
be necessary to realize an arbitrary function ié pn-1 . One way in
which the output logic can bé made flexible is bfy‘ using a Maitra

12, ‘ :
cascade( .') In the next section a measure of the flexibility of Maitra

cascade in relation to bulk transfer system will be obtained.

Output Logic with Maitra Cascade

<

Maitra( 9) has introduced a type of one-dimensional
graph format for representing switching functions and with its help, -
characterized the cascade-realizable functions. These ideas will be

’

used to prove a theorem bounding the number of trén'sposition maps
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‘required for realizing a logic function in a. bgik transfer éystem with a
Maitra cascade in the outbut logic. The one—di‘menlsi(')nal graph’
format is shown in Pic:;ure 3.2.1 forn= 3. In constructing the graph,
at first an ordering of the variables .is assumed (as in the above

case: Xz, Xy, X ). A horizontal line is divided into two equal parts

1
‘in\ which the last variable Xq is eqﬁal to 0 over the right-half portion
and is equal to 1 over the ;eft—half portion. Thé region over which .
X3 = 0 is again divided into two parts, of Which, the right-half
portion has the next variable,. X9 equal to 0 and the left-half portion,
X9 equal to 1. The values-of X, over the original left-half portion,
where X3 = 1, are a mirror image of those in the right half. In'_ the -
same manner, the rightmost region over whiéh Xog = 0 is divided into
two parts, with the right and left portions having X, = 0 and X, = 1

respectively. The values of Xl' in the region next to the left, having

0 1 1 0 0 1 1 0 e X3

Figure 3.2.1 One Dimensional Graph Format for Three Variable Functions
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xz = 1, are a mirror image of those in the right. This pattern is-
continued in the.left-half portion having x; = 1. Each black dot on the
horizontal line represents a different combination of values of the :
variables and therefore, stands for a minterm. A fuﬁction may be

plotted on this graph with upward vertical lines from the dots representing

true minterms and downward vertical lines false minterms.,

A function is _célled even Sy;mmetric if the true terms in one
half of the o.neA—dimensional graph occup'y the same minterm positio'ns
.with respect to thé centre as the true terms on the other half. A function
is odd symmétric if the true terms of one half of the graph occupy the
same minterm positions with respect to the centre as the false terms
on the other half. A function is one side flat if the true terms (false

terms) are confined within one hélf of the graph.

A Maitra cascade is a one~dimensional array of two-input one-
output cells where each cell can produce any logical function of two
variables (Figure 3.2.2). If a function f(xn,xn_l, ...X%y) can be

realized by a Maitra cascade, then-it is called Maitra-realizable (MR).

XZ -X3 . Xn--l' xn .
o |
S T

Figure 3 22 The Ma_itra Cascade
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An MR fﬁnétion is realized With éome ordering of inputs (in Fig.

3.2.2, the ordering is xn,x P 'Xl) and anpears with some characteristic

n-1

pattern when plotted on'a one-~dimensional graph with this ordering of
variables. The folloWing property has been studied by Maitra but will

be discussed iﬁ a modified form for subsequent reference.

Theorem 3.2.1 Let f(xn, . 'Xl) be an MR function with the drdering:
X, Xy q....%;. If it is plotted with this ordering, then f must be

either i) odd symmetric or ii) even symmetric or iii) one side flat.

Proof: The three cases mentioned in the theorem exhaust all possible
situations for two variable functions. Any_ cell in the Maitra cascade
has only two .inpt_lts. Considering the last cell of a cascade which
realizes f, it is seen that f can be éxpressed as a function of two
variab'les—'—xn and some function fl(xn~1 ree .xl) .‘ Hence' the property

must be true. Q.E.D.

Referring to Theorem 3.2.1, consider two possibilities. If
case (i) or case (ii) is true, let fl (Xn~1' . e .Xl). be the function in one
half of the one-dimensional graph. If case (iii) is true let fl(xn_'1 e .Xl)

be the function in the non-flat side (both sides flat is a trivial case).

Since £ Iis MR with ordering X, X _q.-- .xl',' hence f~1 must be MR,
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To see this, note that f can be expressed as f = f] * x| where * is one
of the sixteen two-variable functions. Thefefore, ‘either fl of f_1 must
be the output of the last but one cell in the Maitra cascade realizing f.
It is known that c_omplementar? of an MR function is MR. Thus, _fl muét
be MR. Therefore, fl must satisfy Theorem 3.2 .'1. In a similar mannerA,
f2 can be formed from fl . f3 from f2———fk from fk—l f(_)r k=2,3,...n-3

and each must satisfy Theorem 3.2.1. This result gives a test procedure

for MR function with an assumed ordering.

Theroem 3.2.2 There exists a Maitra—realiza/lble function with

k minterms true for every k such that 0= k.= 27,

Proof: The proof is obtained by constructing an MR function of any given
- number of true minterms. A function with no minterms true is a trivial
MR function. Consider the one-dimensional graph for n variables.

One side flat MR functions of different size can be constructed by taking

one minterm, two minterms, three minterms, etc. from one end as true

terms. : } Q.E.D.

This theorem shows that the Maitra cascade has the necessary
flexibility as stated in the proof of Theorem 2.2,6. Theorem 3.2.3 gives an
upper bound on the number of necessary transpositions required by

a Maitra cascade in order to realize an arbitrary function.
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Theorem 3.2.3 To convert any given function into an MR fqnction,

at most (Zn_2 -1) transpoéitions are necessary.

Proof: This propérty may be easily verified for 3—variab1e-func;ci§ns b§./
using Maitra's one-dimen'sional graph and considering'fL-mctions of up
to 4 1;rue minterms (because complementary of an MR function is also

' MR). According to the statement bf the theorem,. we need to use at
most one t‘ranspositioﬁ for conversion. Consider tﬁree cases for the

3-variable graph (Figure 3.2.1):°

i) Two true minterms on each side of the origin.
if) One true minterm on one side, Two tI’L.le minterrﬁs on the
other.
iii) No true minterm on one side.

Case (iii) is MR (one side flat). Case (ii) can be converted to MR
function by interchanging the single true mintérm on one side with a
false minterm on the other. There may be three possibilities for

case (i). The function may be odd symmetric or even symmetric

and therefore MR. If none of these, there must be one pair of true
terms which are mirror symmetric and 6ne pair which are not. Clearly,
a single ;cransposition can make the function either odd or even
symmetric and therefore MR. The -other possible cases. can be dealt

with in @ manner similar to one of these three cases.
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Let us now consider n_—variable functionsr. Assume that the
thg_orem is true for (n-1)-variable functiops. We shall then need
consider only functions having m true minterms for 2n~2 < _m.é on-1,
For those functions having m = 2n—2, one of the halves of the graph

will contain at most 2n~3 true terms. These can be interchanged with

~the false terms on the other half. When all of them are interchanged,

at most 21-3 transpositions will have been used. The resultantA
function will be' one side flat and the.other side--a functionAof
(n—-1) variables which need, according to the theorem, at most
(Zn“3 -1) transpositions for conversion. In totai then, (2072 -1)

transpositions can do the job.

Next we consider thg special case when each half contains
272 {rye terms. >One of these will reqﬁire at most (213 -1)
transpositions for conversion into MR function. After one half has
been converted into MR function, there will be on the other half at
Jeast 2™7° true terms which will be a mirror image of the same
number bf true terms on fhe first half or at least the same number

which will not be a mirror image'.' Therefore, at most pn-3 transposi-

tions will be necessary to get odd or eveu symmetry. Thus the

total number of transpositions will be at the most (2n~2 -1).




din P N ) L L0 L) LI b

;43_
Next consider the case -wh_ere one half (to be referred as A) contains

(2n-2 -K) true terms and the other half (B) contains (21=% ~1) true terms,-

where K z L for K, L either zero or po-sitiv’e'. fThe ca'sé oflnegative L will

be disCussed afterwards . Let p. be the smallest 1nteger such that zp z (K+L).

The one- d1mens1onal graph is d1v1ded into Zn b blocks of 2P terms. If :
we mark these as 1,2 ,3 P .from one end, there .will be some s-th block.
(to be referred as-8) of 2P terms in,B, which will contain at most," c

T 2n-2 L\ . = . z"fp_l - L true terms.
2n'—p—l J . AN , 2-n—p—l_. - .

The number of false terms in this. block is-at least

9P . sz 1 ' L' > _ (L denotes the base value)
. -1

20-p
lf all of -(20-2 —K) true terms of .Bl.are inte-rchan'ge‘d with the false termsin»
B, there will be (K + L) false terms in vB'.» Let.this int'erchahoe be _cl‘one in
such a way that the 2P terms-of S are not disturbed before other false _téffné
in B have been exhausted. After this has. b‘ee’n done, the allowable humber
of transoositions remaining = 2n-2 _1 -'-(2'1'1‘.2 ‘—-K) = K -1, The ,interchange.
ma§ result in two possible situations.
Case I But for the s-th block, B is full of trt1e terms.
In this oa.se. the fu.nctiontiln. s -.can be tran»sformed hinto an MR_‘-functi‘on by’
at most (K-1) ihterchange:s , as K » 2p-2 By .this, the over-all function
will also be MR. |

Case II . There are some false terms-in B outside S.
. 1 . ' - .
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Let 2P-2 + f= Nﬁmber of trﬁe terms in S, where f < 2P-2,

(@) If K = 2P~1, then all true terms of § may be.interchanged with false
terms —.a sufficient number of these wifh all the false terms in B but
oﬁtsi‘de S and the remaining true terms with the false terms within S 2

in a manner such that a one-side flat MR function in S results. The
over-all function is also MR in this case.

() Let K=2P2 4+c=1 where' c< 2p-2 . Values pf K different from L'
will be considered later._ Consider the following sub-’caséé.‘

(i) c>f. Asin (@), all trﬁe ’terrﬁs in S can be interéhanged with false
terms and an MR function may be obtained. |

(ii) c<f. Expresscas c= alzp-3 +ag 2p-4 4 a32p"5 +.. ,.where.
a fori=1,2,3,... 1s é binary valued variable, beincj either O or 1.
Then K = 2P~2 + alzp"3 + &y 2p=4 1+ ... . Consider the terms in S:
There will be one half of the s—fh block containing less than 2P=2 trye
terms. With at .most 2p-2 _j interchanges, these are mapped (as many as
needed) into the false terms in B outside S and the remaining in the rest
of the s—th.b.lc.)ck. Next, choose the sub-~block of 2P~2 terms in the
other half of the s-th block; containing a lesser number of true terms.than

the other sub-block. If each sub-block of 2P72 terms in this half contains
more than 2p—3 true terms, then since the total number of true terms in S

is less than Zp-‘l, hence in the preceding stage of the interchange, a

correspondingly lesser number than 2p-2_7 interchanges were used.
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Use this difference of interchanges to get a sub-block. of 2P~2 terms, con- -

taining 2’_p"|3 tru<:a terms or less. If a1=;1,' then use at most Zp'.':3 inter-

: c‘héng_es to clear fhe- .sub—block of ail true ferms . T'He, true '.te'rms-'can be:
mapped into the falée terms in B oqts_ide S, or if there is none, into‘ the’

‘ faise térrhs in-S but-outsid‘e-tﬁé half alr.ea‘diy freed f;orri true terms. If

Ay = 0, do-not clear tﬁe sub—biock of true terms. If :a2: =" 1, cho‘osé that:"
-'half of the’ sub-block oflzp'2 terms, 'W_hiCh contains a lesser p-'umbe-r 6f -
true. térms and proceed-in the manner stated before. Finally, an MR
function with one side flat at éa’ch.vstage ofits fdrmafion is obtfaine‘d.

If K is greater than L, then the number of interph‘ariges ne‘cess’afy to

transfer true terms of A into B is reduced. .Later in-the process, the___ _ .

nurr.lberlof interchanges may-be increased btit the increase will'be, at
most, to the same extent as the reduction earlier.‘

The case _of negative L may: be considered.now If A and _'B- contain_
. Zn"z'—K-and an-2 4, tr'ue‘ terms respectively, with Kz L,_then, 'ir:1t’¢r—‘
changing as before, and then bringing all false terms-into S, the allbwable

number of interchanges remaining can be shown as

=x-1 - lxk-1) -f2p- | op-1 L A  _ p-1 L :
_K'l IEK'L)'- {gp | (2P- +2n_p_1)ﬂ _z’p_+L_1‘ L(zp. +2n_p,_1)_‘

This number is greater than Zp"z-l, needed to convert the function in S

into MR. : : ' , ; . - Q.E.D.

There exist functions which need at least 2072 -1 transpositions to be MR.
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An example is F = Sz(Xl'XZ'XS ,x4) . Where S2 indicates that P'is.
true ifland: only if two variables out of four are true. It shows that-
the bound on the required nﬁmber of transpositions is the least upper
bound. It also shows tﬁat resorting to different ordering of variables

cannot improve the bound, because the function is symmetric.

Determination of Necessary Transpositions

i

The proof of Theorem 3.2.3 gives a method of finding the :

necessary maps to realize an arbitrary function with a bulk transfer
system having its output logic made up of a flexible Maitra ¢cascade.
Given a function, plot it on a one-dimensional graph. Next,
determine the transpositions necessary‘to convert the function into
MR function in the manner described. llﬂder Theorem 3.2.3. Now

set the mapping device to produce the composite map made up of

the determined transpositions and set the output logic to produce the

MR function into which the given function has been transformed.

An example of converting a non-Maitra-realizable function into

MR function is worked out, giving the different steps.
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Example 3.3 F= SZ(X4'X3'X2’X1)

Step 1. Plot the function on a graph (Figure 3.3. i)

iym1 | =0

x3=0 -x3=1 x3=1 x3=0

>

2=0 x2=|1 X2=l XZ:;O X =|O|,x =]|lx

R | [ R B AP I RO
0 11 00611 00611 00 11 0~<~x1
Figure 3.3.1 Plotof I = S,2 (xq‘,x3 Xy 'Xl) in One~dimensional Graph.

Only true terms are shown by upward vertical line. There are 3 such

terms on each half.

Step 2. Determine which of the cases in the Theorem 3.2.3 apply,

n-2

i.e., the special case of 2 true terms on each side or the more

general case.

General case; K=1, L=1. True terms of any side can be
mapped into ‘the false terms of the other. Choose the right half true

terms for this.

Step 3. Determine p from 2Pz x + 1.

- We have 2Pz 2. Thus the lowest value of pis 1. . .
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Step 4. - Mark the blocks of 2 terms starting from the left-most term
to find a klock containing minimum number of true terms.

Third block from the left. It contains two false terms.

Step 5. Interchange true terms of the right-half with-the false
- terms of the left-half, kéeping the false terms of the third block

unchanged as long as there are other false terms in the lefi-half.
Except for third block, all other terms are now true in left-half,

Step 6. ' Interchange the false terms of the left-half excluding

the third block with true terms of the third block.

Step 7. Convert the function in the third block into MR function by
the remaining interchanges.
Steps 6 and 7 do not make any modifications. The resultant function is .

shown in Figure 3.3.2,

x4—l x4~0
X3=0 Xa=1 _x3=1 x3=0
 Xo=0xp=11x,=1 %,=01%y=0 x,=11%y=11x,=0
T O B S B S IV RNCHY I SPSPSRUR BT S .
011001100110 01.1 O-ﬁi-——x1
Flgure 3.3.2 The Function F = 4 %g1 % 1) after Application of

Suitable Transpos.lglons
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The required number of transpositions obtained in this example is
the minimum number pos siblé. But this is not neceséarily true in all
cases. S(_)metimes a simple inspection may reveal fewer transpositions
to.make a function Maitya—realizable . The required number of
trénspositions in a particulér case may be applied from the input
array to the output array with the help of a flexible mépping device
caiaable of implementing any transposition in accordance with the .
scheme described in section 2.1 of Chap’ger 2. An alternative is to
place an array éf'mapping elements between input ar_1d output array,
each element being capable of impleme.nting any tl.*ansposition. Such
a flexible mappiﬂg element is shown in Eigure 3.3.3. The pair of
cascades with flexible logic cells, shown in the center of the
Figure, are used to detect the occurrence of the pair of minterms
betwéen which an interchange is'necessary. This is done by
setting the cell functions ton produce complementation in proper
variables and gating the outputs of the cells through an AND block
which produces a true output only if the desired qombination of inpﬁts
to the cascade is present.- The outpuf of the OR gate is true when

anyone of the pair of minterms is present; it is false otherwise. A

true output from the OR gate is used to complement proper variables in

-the topmost cascade, with the cells there having been set earlier to

produce suitable functions of their inputs.
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__flexible

Figure 3.3.3 Flexible Mapping Element for Transposition Maps
(3-variable)

With the type of mapping element just discussed, it is simple to
produce many-to-one maps of the set of minterms. First, define a
function with the group of minterms, all of which are tp be mapped
onto one minterm. Next, realize the function employing any suitable
network and use the output from this network in the same manner as

the output of the OR gate in Figure 3.3.3. Many-to-one mapping of
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the set of minterms can be less complex than permutation of the set

"~ and may require lesser number of mapping cperations in suitable casec.

Example 3.3 is an instance of such case. Using only permutation
maps, it was shown that three interchanges were necessary to convert
the given function into an MR function. When many-to-one maps are

allowed, it is possible to augment the given function by including

* . the minterms --- x.xX x.%x, and X1XgXaX, -~~~ so that an MR

1727374

function is obtained. The output logic is set to realize this
augmented function. To produce the desired logic, however, mapping
device can be set earlier to map these two terms to some false term,

such aS-§i§2X3X4 of the function realized by the output logic.

Bulk Transfer in Cascades

w
1aN

Consider the Maitra cascade shown in Figure 3.4.1.a.
One may regard the set of direct inputs { Xy X o .xn} along with

the set of cell outputs { ay.85,...8

n—l} as a new set of variables

which can be treated in the same manner as the variables of the input
array of a bulk 'transfer system discussed earlier. Similarly, the
output array may be another array cons‘isting of the direct inputs

{ Yy ,yz,‘. . .ym} to a nﬁmber of ceils either in the same cascade or in
a différent cascade along with the outputs { b1 ,bz, ‘e ‘bm-l} of those

cells. The mapping device fnay consist of a mechanism for

J
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e *n Yoi .. Yg i
: e
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i —3 e et Yoo e o
ajy ag a__. an_l JT)I Jbz bm_ bm—l
(a) (b)

Figure 3.4.1 (a) Input Cascade (b) Output Cascade

repositioning of the variables so that only logic-free maps as
discussed previously can be implemented. The set [yl Yoee- + ¥
mapped into the output array is a subset of the set of variables

{ XqeeweXpe Q300 .an_]} and is transformed in the cascade to produce
a new set of dependent variables {bl, N ,bm__l} . The mapping back
from the output array into the input array need not be identity mapping.
For mapping from one array into another, a proper subset of the set

of independent and dependent variables may take part. A proper
subset is necessary because the number of direct inputs in a cascade
is always less than the sum total of the independent and dependent
variables. The mapping is assumed to be one-to-one in the sense

that each member of the subset is mapped to a different (direct) cell
input. Any one of the cascades may serve as the output logic

device. The cascades may be logically flexible and can be reset

after each mapping or may be logically fixed. The final output function
is obtained as one member of an array at the end of a suitable number of

mappings. It is clearly possible to have several output functions appear
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in the different membérs of the final array. Further, one may have

more than oné cascade in one array.

Let us consider a simple and specifid case., Let the input array
consist of the variables { I T LI "an—l} and the output
array of the variables { Yyreo Yoo bl Lo 'bm~1} . Let the mapping

be logic-free and the output logic consist of the input and output

cascédes . Let these cascades be logically flexible.

One may show that such a system has logical universality if the
input and output cascades contain at least one extra direct cell input
in addiﬂ;ion to the total ﬂumber of original inputs { x; R YRR }

To see this, consider any function of n variables. A term of thé
function may contain, at most n literals‘and cén be realized in a
cascade of (n-1) cells, each realizing either‘ an AND(OR) or a
NIMP(IMP) function. Let the term réalized be represented by a .
After réalizing the term in the input cascade, a mapping may be
performed such that the v.ariables { XieXg o .xn} are map_ped
identigally into thé output cascade array while the variable a, is
mépped té ti’xe e};tra ceil input Y1 placed ét the end‘ é)f the 6utput
cascade. By setting the proper cell funcfﬁions.in the output cascade,

a second term of the function may be realized and combined with the
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first term by having the last cell in that céscade perform an OR(AND)
function. Wapping back now, one may r{ea]ize.a_ third term and in_this
manner the procedure may be continued until “all the terms have been

realized.

This type of B.T.' system has an equivalent in the Two-rail Cascade
of Short (16 . While an exlra arterigl connection is used in the
Two-rail Cascade to px;opagate the partially—forméd ful.mti'on, an
extra cell input is used here to represent the partially-formed function
and combine it to the newly—forméd term. As possible in the Two-rail
Cascade aléo, one may realize a suitable collection of terms in
~one cascade at a time, so that the number of times mapping has to-

be used can be reduced to an extent depending on how the given function

may be decomposed into cascade-realizable functions.

No use has been made in the above argument of the intermediate
cell functions ai(or bi) for i< n. It is possible to have extra cell
inputs where_necessary to represent and use them in forming a part
or the whole of the function in a more efficient m;m'ner. In the
Iollowing; an example of re_alizing a given function using bulk

transfer in cascades is worked out.
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Example 3.4 F= xl(x2 -+ x3) -+ (xz +x,_+ };4) Xe + Xy Xg X

3
This function may be realized in accordance with the procedure

suggested earlier by realizing one term of the function in a cascade,
mapping the output to the other cascade and combining with the next

term realized in that cascade, mapping back and so on. Figure 3.4.2

X X3 X4 X X(_‘

il T O
e ‘?;’Wr }?“ ':‘;;' g ( _Jifs”L-_J‘J‘G“"“ 2

b |

. ( W i SN ,.L ]m-{ " }* ,,L ]”__.p (1)
by | b, I R TN B e T

Figure 3.4.2 (a) Input Cascade (b) Output Cascade

shows the two cascades. The cell inputs { ¥i.e¥ 4 .y6]are the same

i
asthelnputs&ﬁfxz,...x63 . Thccxﬂl1nputy7==a66nnlx7=:b6. The
cell functions in the input cascade are initially

a1==x1x2

o el Sl B
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. To realize the second term, map the input array into outpﬁt array as

specified. The cell functions in the output cascade are initially

by =y, =%
b, = byys =xy%,
b =b, =by =b,

=b_ +vy,.= +
b6 b5 Vg = X%, xlxz. |
To realize the next term, change appropriately the cell functions in

the input cascade and map the output array back as specified above.

The cell funé’i:ions in the input cascade are now

1 2
ag=a2=a1
a4=x5a3 = XX,
a5=a4

86 = X7 + 85 = X1X3 + X1X2 + XSXZ

In this manner, to realize the function, five mappings are necessary.

To illustrate that suitable use of intermediate functions can reduce
the number of mappings to a considerable extent, anotherrealization
will be given below. The input and output cascades are shown in

Figure 3.4.3.a and 3.4.3.b.
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Figure 3.4.3 Array Configuration on Mapping for the Realization of
I‘=>H(X24-X3)+(X2'*X3'FX4)X5'¥X2X Xg-
(a) Input Cascade Array (b) Output Cascade Array
(after a mapping) (c) Input Cascade Array (after two
mappings) .

Let the cell functions in the input cascade be set to produce the

following functions (Figure 3.4.3.a):
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a1=X2
B, TXy X3

83 =X2 +X3 +X4

LAy FXg (x2+‘x3+‘x4)

1
Y259
Y3 = X9
Yq %3
Ys. ~*6
Yo ay

17 %Y,
bz - Y3 e XZ
by =¥,v, = Xg¥g

b5 = b, + Yo = ¥g¥3¥g + X (xz + %q fx4)
 fet xi be the variable mapped back for the first time to the previous

input position x;. Use suitable map (Figure 3.4.3.¢C) so that
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x' =b, =x_ (x, +x
} =Py = byt

xy = b5 = XpXaX o + Xg (X2 +xg + x4)

Other variables are no longer necessary. Now, set the cell function

such that

al =xt b x =%, (X X

+x ) +
1 ) 5 1 ‘Xs) X

+ xg (x2 + % -I-X4)

2 2%3%6 3

=F
It is possible to realize the above function in several other wa'ys.
An efficient realization is largely dependent on a suitable decomposi-

tion of the function.




Chapter 4

PARALLEL BULK TRANSFER SYSTEM
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Parallel Transfers

It has been shown in Chapter 2 that arbitrary logic can be
realized using bulk transfer technique. To do this, complex maps of
the input array are sometimes required and composed out of a limited
number of basic maps available in the mapping device. As it is a
lengthy and time-consuming process, it is necessary to consider a
serio-parallel approach to the problem. One may divide the data on the
input array into smaller sub-arrays and then, on these sub-arrays
bulk transfer technique can be applied in parallel. The general
nature of the system in this scheme can be visualized as a multi-

level B.T. system with a tree-like structure (Figure 4.1).

Mapping and Logic

Input Array Output

Figure 4.1 Multi-level Bulk Transfer System
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To investigate the characteristics of this type of parallel
B.T. systern,._ we face the following ﬁroblems: Suppose we are given
an input array of variables. We partition the array into a set of
disjoint or partially joint sgb—arrays and realize arbitrary functions
on the variables of each of the subjarrays to get a smaller array of
outputs which we subject to the same treatment as before and then
répeat the process until a singlé function is realized. What kind of
functions can be produced in this manner? Given a function, how do
we set up the system to realize it? If all functions are not realizable,
how do we test for the realizability of a function? These q_uestions‘
generally pertain to the subject of decomposition of switching

functions.

The subject of decomposition of switching functions has been

(4)

studied in detail by Ashenhurst( 2)_ and Curtis However, the
type of decompoéition to be considered Here, though restricted,
presents a formidable problem because of sheer size when these
me’éhods_ are sought to be applied. These are chart methods .f01'" the
purpose of general decomposition. The problem associated with

- decomposition of a large array int.o. joint or disjoint sub-arrays of

" known size and geometry and study of the realizable functions seems

impossible to handle in terms of decomposition charts and needs some

¢
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sort of algebraic approach. Roth and Karp(ls) have used this kind of
approach in déaling with the problem of mirimization of Boolean graphs.

The following matter will be developed along the latter line.

A bulk trénsfer system may be,‘ comparéd with respec£ to logiéal
universality with the recently proposed Universal Logical Moaule( 5)
or ULM‘l. The term "ULM" will be used in the following for a bulk
transfer system or any other device having logical uni.vers.al.ity, because
the theoretical development is independent of how the device is
implemented. Consider the input array of the B,T. system in P'igure 2.1.1.
Let us assume that the array of cells is divided into s disjoint subsets
where each subset does not nécessarily contain the same number of
cells. Also assume that.there are a set of ULM's each of which can
realize arbitrary logical functions on the variables of each subset and,
further, the outputs of these ULM's are similarly (;s in the original-
array) féd as input to nex‘t higher level ULM's and the process is
repeated until a. single function.is realized. {(Note that the inputs to
an ULM at any level come from a disjoint set of ou£puts of the previous
level and these sets‘ need not be of the same size). Clearly if the

logical functions performed by each ULM is known, the ultimate

1According to conventional terminology, an n-variable ULM has, in general,
m inputs where m=z n. Since we are not concerned with the structure of
the ULM, we shall mean, by n-input ULM, a ULM of n variables.
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function can, be determined in térms of the original variables. by tracing - -
back from the output to the input. But the reverse problem~--~given a
function, to decide if it .is realizable by such a sch.eme, and when
realizable, t‘o find the functions to be perférmed .by each ULM--~is
not so simple. ' To know the realizable function;c, we must fi.nd a
criterion for realizability. Realizébility tests .for a multilev_el system,
where each level contains a number éf multi~-input ULM's will therefore
be déveloped here. The algorithm to be pfesen;ced has some advantaées.
because of the fact that it is applicable to the sum-of-prime-implicants
form of a function so that the vast number of minterms of the function need
not be considered. The sum-of-prime-implicants form is assumed to
be obtained from an original disjunctive-form expression by some
standard procedures such as the method of consensus(lo) . Further,
the algorithm combines ;:he advantages of algebraic method with those
of tabular techni‘que. Finally, the ;émplexity of the algorithm 'does
.not increase with the size of subsets into which the arraﬁz is originally
partitioned. II—Iowever, computations increase with the number of

inputs of a ULM.

The .case where the pérfitioning of the array is such that the |
resultant sub-arrays are not disjoint will be considered in a later

section. As may be guessed, this case is more complex, particularly
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because of the fact that there are more than one way of realizing
certain functions at any level and not all of these may ultimately

lead to a realization.

4.2 Disjoint Decomposition

In this section we shall start by considering simple cases
of disjoint decomposition and gradually build up more complex case.

A general algorithm for testing realizability will be given at the end.

Figure 4.2.1 Two-level Network with Two-input ULM at the Last Level
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Consider the following simple case:‘ An array A is partitioned

into disjouiut subsets A, and AZ (Figure 4.2.1). U1 is any arbitrary

1
function on Al and .Uz on Az and U3 is the fi-nal output function. Lgt
F be a given func;tion expressed as a sum of prime implicants. If F
can be realized by the network of Figure 4.2 .i, then I can be
expressed as:

P=;13(U1, Up)=Usl U Gy %y, eexy)s Uyl e X))
As the decomposition is disjunctive, the occurrence of the v;ariables
Xys X -« .%) in F must be accounted for by .the function ‘U; and the
occgrrénce of the variables x

17 X corXo by the function U2 .

k-+ k+2"°

Therefore we can make a decompositioh table (Table 4.2.1) with two

columns héaded by Al and Az .

Table 4.2.1 Decomposition Tabie

Fach prime implicant (PI) of F occupies a distinct row in this table.

Those literals of the PI that are formed of the variables of A, are placed
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“under Al and those formed of the variables of A, are placed under A

2 2!

both parts occupying the same row. For notation, a subscript 1 will

be used for a product term under A

1 such as Pl’ Ql etc. Similarly,

a subscript 2 will be used for a product term under 4_, such as P

2 2/

Q, etc. In general, therefore, .PI's of F will be represented as
2 ;

Pl’ Q1 appear under A, and

PP Ple, QlQZ etc. where P 1

lzl 1I

P2 ,Q2 , Qz appear under AZ'

We shall assume U3 to be 8 non-degenerate function of U1 and
UZ' as otherwise, F musi‘ be independent of the variables of one or
both of these functions. We shall consider here a linear array of
sub-arrays, but there is no loss of generality because, whatever be
the dimension of the original array, ' since the decomposition is
disjunctive, the sub-arrays can always bé arranged in‘a linear form.
First, a few theorems wili be proved on which the algorithm will be

based. The theorems are irue for any realizable function F.

Theorem 4.2.1 ‘ Let P'le be a prime implicant of F, Then Pj is a PI

of e'ither‘Ul or U

and P, isa PI 6f either U orE .
1 2" 9 2

Proof: Let PlP be.a PI of F. We shall firsi prove that Pl is either in

2

U1 or'in U1 and P2 is either Uz or in UZ'




~-68-~

The following are the possible inclusion situations for P1 and PZ"

LR (—; oy
ii) Pl U1
iii) Pl%’ Ul' P’l§Z El and there exist minterms Ml'and M,

such that Mlg U M,S —ﬁ .

contained in P 1° 9 1

1
. B. For Pz'

in

1) P2 U2

ki
2 Y2
3) PZ 57!'U2, P2¢ U2 and there exist mm’terzms‘l\/[3 and M,

in

2) P

M, U,.

contained in P, such that I\/I‘gg U2' 4 9

2

Contrary to our assertion, assume the following is true:

Case I iii) is true for P1 and 3) is true for PZ' Assign values to

the inputs (:><:1 P ,xn) such that the following truth table is obtained.

Input Assignment U1 U-Z F
=1, M. =1 |
Ml 1 3 | 1 1. 1
M =1, M =1 ' :

1 4 1 0 1
M2=1, M3=-1 | 0 1
M2=1,AM4=1 -0 0 1

F is seen to be a constant function which contradicts the hypothesis

that F is non-degenerate.
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Case II i) is true for Pl’ and 3) is true for P2 .

Assign values to the inputs such that P1 = 1 and hence U1 =1.
Since Pz = 1 whenever 1\/I3 =1 or M4 = 1, this means that T is true
whenever U, = 1. Hence F = U1 + S(U1 . UZ) where S(Ul’Uz) is some

function of U, and U2. But Plg Ul' therefore

1

Uu. =P + P for some function g{x,,...,X
T glx, xk) | ' g(xy k)

F = P1 + g(xl,.. .. ’Xk) + S(Ul,Uz)

This implies that P1 is an implicant of F. This contradicts the

. assumption that P1P2 isa Piof F.

Case III ii) is true for P1 and 3) is true for P2.

Arguing as in case II, we can show that F = P1+h(xl,...,x ) +

k

R(Ul,U ) which gives a contradiction.

2

Case IV and V, as stated below, are analogous, since we shall arrive

at the contradiction that P2 is an implicant of F.

Case IV iii) is true for P1 and 1) is true for PZ'

Case V iii) is true for P1 and 2) is true for PZ'

The remaining four cases conform to the theorem.




Case VI P.cU and P c U .

Case VII ‘P gﬂ‘ .and P.c U .

cl

- Case VIII P. U and P c

<l

Case IX P U and P.c

The theorem will be proved if we can show that in these last

four cases P1 is a PI of Ul orfj—l and P2 is a PI of UZ or E; In case VI,

r= Ule + G(U1 UZ) .

since P. P isa Plof F, and G(U.,, U

1 Py . Y 2) is some function in U1 and U,2 ]

Suppose Pl’ is not a PI of Ul' Thus there exists a PI of Ul' say Pl*

*x - * = =
such that PlC P1 . But when Pl | 1, P2 1 we have Ule 1,

that is F = 1. Thus P1P2 cannot be a PI of F. A contradiction. Hence

P must be a PI of U1 . In a similar way, we can show that P2 is &

/
PI of-Uz. In an analogous fashion we can prove that in case VII, P1

is a PI of Ul’ P2 is a PI of Uz, in case VIII, P1 isa PI of U1 and P2

is a PI ofE; and in case IX, P, is a PI of?fi and P, is a PI of'il—z.

Hence the theorem. o _ Q.E.D.

) ' X " £ (N -
Theorem 4.2.2 If P1Pz anq Qle are two PI's of T and if P2 Q2

then Q€ U (U ) if P.c Ul(Ul) and further, P. and Q, are PI's of

1

— c .
c Ul(Ul)' then Qle_ F if Plet_:

1€

Ul(Ul). Conversely, if Pl’ Ql F.
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Further, if Plland Ql are PI's of Ul(—ﬁ;‘) and P

?

P, is a PI of F, then

172

Ql‘P is a PI. of F.

Proof: First Part: Let P, P_ and Q1Q2 be two PI's of T such that P2=Q2l.

172

Further, WLOG, let Plg U1 and PZQ U2° If possible, let ng 8]

7

Consider the input conditions such that P1P-2 is true. Then,
F=0U,(0_,U_}=1.
3(U,.U)

Expressed in terms of Ul, U,., and U3,

2/

when U, =1, U =1..... (i)

1 =1, thenU

2 3

Change the input conditions as hecessary to make Ql true. Since
P2 = QZ' we have now Qle true and consequently F = 1. Expressing
in terms of Ul' Uz, and U3 .

when U; =0, Uy =1, then U =1... (i)

2 3

From (i) and (ii), we can write F = U_ + T‘whefe T is some

2
expression involving, in general, Ul and UZ- Also, since
P2 c UZ' UZ = P2 + S where S is some surﬁ of product terms of the

original variables. Therefore,

P=P2+S.+T.

It follows that P, P, is nota PI of T. Contradiction.

172
Therefore if Plg Ul . then Qlc_:- U1 . Similarly it can be shown that if
= c U. ' U,) ws -
P1§ U‘1 then Ql U1 . That Pl and Q, are PI's of U_1(‘U1) follows

R S WL S
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from Theorem 4.2.1.

Proof of the converse: Let Pl' Q c U, and PlP
. 1 :

1 < F. Assume

2

zg 2 Pzis

WLOG, P 1

U,. Consider th-e input conditions such that P
true. Therefore,
F= U3(U1,U2) =1,

Expressing in terms of Ul' U, and U3 , therefore, we may write,

2

F=U,U,+T

where T is again some expression invélving U1 and UZ'

Now change the input conditions as necessary to make Q1 true. The

true condition of P, need not be changed for this purpose. As

U, =1, U, =1, hence from above, F = }. Therefore QqP, c Fif,

1 2

P,P,< F.

Jet P .ahd Ql be PI's of U. and P

1 le.a PI Qf'F. T_herefor‘e,

1
Q1P2 cF. If Q1P2 is not a PI, let Ql*Pz,* be a PI of F where

Q< Q%

- *
and P2 < P2

such that at least one of the implication relations is proper.

Let Q& Ql*. We then have Qlec: Ql*P2 ¢ F. Then, using

first part, Q1*§ Ul.- Therefqre' Q1 cannot be a PI of U1 . Contradiction.
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= * *
So Q1 Ql . Let PZC P2 . Then,

T * B + * My
Ple P1P2 c T (since Q1P2 c F).

So P1P2 cannot be a PI of F. Contradiction.

Hence P2 = Pz*. That is, with the given conditions, QIPZ isa Plof F.

Q.E.D.

Corollary 1.. The set of PI's of U, and f)’: obtained under A. completely

1 1

define U, and El' Similarly the set of PI's obtagined under A2

1

completely défine U2 and E-I;

Proof: If the original expreé sion for F is a complete sum of PI's then the

corollary follows from the converse of Theorem 4.2.2. When U3 is not

unate, in say, U, or :J ‘then all PI's of U. and —ﬁl will appear under Al'

1 1’ 1

If U3 is unate, in, say Uj, then the PI's of —Ul can be obtained from U,

by complementation.

c U. be a minterm

Iet F be not a compléte sum of PI's, Let M 1

1

that is not included in the PI's of -Ul occurring under A Let

1"

'Plpz be a PI of F such that P, U, . Then, by Theorem 4.2.2,

" M,P,c F. Hence, M,P, must be included in some PI's of F, By

172~ 1"2

assumption P, is not a PI of F. Hence 7@ under Al such that

M_P.c Q P . It follows that M_c Q
172 1 2

1< Q- By Theorem 4.2.1, Ql




74~

is a prime implicant of Ul' Thus, the assumptioﬁ 1\/[1 e Ul’

but not included in a PI of U1 appearing under Al is false. Similarly,

it can be shown that fj—; is completely défined by the terms under Al

and U2 and E; are completely defined by the terms under AZ.

Q.E.D.

Theorem 4.2.3 Let Ul(X'l, e ,xk) and.Uz(ka, - ,Xn) be twq
Boolean functions defined on disjoint subsets of variables. If Ul
and U2 are expressed as a sum of prime implicants like
= + tooe, = + +..., T
U1 P1 Ql, and Uz Pz Q2 then each resultant
product term when
FX ,...,x)=U U =(B, +Q. +...)(P +Q_ +...
&, J = U U, = (B Q)+ (B, +Q, k)

is written as a sum of products is a prime impiicant of F.

Proof: With the conditions given in the above theorem, let P1 P2 and

' Qle_be two distinct product terms _of.F-. From the definition of
prime implicant .it follows that among the product terms of F, if a
relationship is found between a pair of terms such that (i) 'one term is
of the form in and the other term of the form S;{_i where R and S are
products of literals not involving X5 and either RS Sorsc _bR or,

(ii) one térm is subsumed by the other, then and then only, all terms

of T do not represent prime implicants.
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As Ple and Qle can be any two general terms of F, we need

to show that case (i) and (ii) cahnot occur between Ple and Qle.

Let us suppose, case (i) is true. WLOG, let X, € { %10 -

and P P =x,P *P
11 1

1 2 2
Ak
Ql = Xin where P

and Qle = xin*Q2 with P1 = XiP * and

1* and Ql* are the products of literals remaining

after deletion.of X and Ei from P. and Ql respectively. " Also assume,

1

WLOG, that Pl*Pzg Ql*Qz. Now, {Pl,Ql} and {PZ’QZ}' are

defined on disjoint sets of variables. Therefore, we must have,

*C *
Pl Ql

o
and P2 QZ

It follows that Ul is not a sum of prime implicants because case (i)
is satisfied between P1 and Ql . This is contradictory to the assumed

conditions. Therefore case (i) cannot be true about Ple and Qle .

To prove that case (ii) cannot possibly occur, it is.sufficient to

show that there exists at least one minterm in P1P2 which does not

occur in QlQZ and vice versa.
| Since P1P2 and Qle are distinct, ei‘cher.P1 # Ql’ or P, # QZ or
both. WLOG, assume Pi # Ql' As P1 and Ql are PI's of Ul’ one is

not subsumed by the other. Therefore
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j 1

where Xi’ X:i are products of the literals: of some variables in-

{ Xy fee o, X It follows therefore that

k}'

PlXiPZ%V : QlQZ and

X, PP .
Q JQ2 < 1%,
Therefore case (ii) also cannot occur. Hence the theorem,

Q.E.D,

The following theorem can be proved very simply for the two-variable -

case. However, for ease in generalization, it is proved in somewhat

detail.

Theorem 4.2.4 U, is unate in Ul(U ) or —I.J:l(ﬁ—;)' if and only if the

3

sum of the terms under AI(AZ) is not equal to 1.

2

, _ i ‘
Proof: First Part: WLOG, let U3 be unate in Uy and let ¥ Py = sum of
. i
the terms under Al = 1., where P; represents some general term under

'A‘l' We shall show a contradiction in this assumption. We have

U, = f(xl, e e 0 Xy) #1 or 0 (as F is'non-degenerate) and
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The first condition implies the presence of some product of the literals

of the variables of A, .in at least one PI of F The second condition

1
implies that there must be at least a pair of these products so that
the sum may be 1 and further that the products must belong to
complementary functions as Ul # 1 or 0. It follows that there exists

1
< U

at least a pair of PI's of F, p P, and Qle such that P.s U, and’
1 2 9 At first, conhsider ng UZ' When

PyP, is true, then Uy =1, Uy =1 and Ug=1. When Q;Qy is true,

ng . WILOG, let-P

then U, =0, U, =1, and Uy = 1. Therefore,

2

1

where T is some expression involving Uy and Uz in general. But

U2 = Q2 + P2 + 8 (from earlier assum;btion)

when S is some expression involving the original variables.
{ Ky re o ,xn} . Therefore,
U3=Q2‘+P2 +84+T

It {ollows that P1P2 and Qle are not Pi's of ¥, Contradiction.

Next, consider ch_: UZ-' Arguing in a similar manner as before,

we can show

U3 = U1U2 + Ule + R

“where R is some function of Ul and UZ' Further, using the same

arguments as in Theorem 4.2.2, we can show U1U2 and .T_;—flI_J—z are
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PI's of U3 . That is, U3 is not unate in Ul' Contradictioh.

Therefore, the conclusion is that if Ug is unate in Ul' then the

sum of the terms under A, cannot be equal to 1.

i
Proof of converse: Let 3 Py # 1 and assume U3 is not unate in U1 or

. 1

Ul . We shall show this assumption to be contradictory. According

1 3
o Let Qle be_

to assumption, both U, and El occur in the PI's of U,. WLOG,

let P.P. be a PI of F such that P.c U, and P.¢ U

c
172 1 2

another PI of I’ such that ng U.. That Ql c U1

] should be present

. follows from the assumption U, is not unate in U, or U.. For, if

3 1

z Pi = Ul , then using Theorem 4.2.2, we could write
i

= * 7T
U3 Ul

where * is one member of the set | -,'+} and T is an expression free of
Ul' We could thus show U3 to be unate in U1 , contrary to original

assumption.

By the Corollary to Theorem 4.2.2, the Pi's necessary to define

U1 and U. must be present under A, . The sum of these PI's will be

1 1
equal to (U1 + :J;) or 1.- This contradicts the given cond:}\tion
5 Pll #1. Hence U, is unate if T Plare Q.E.D.
i i
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Theorem 4.2.5 If a funétion contains two PI's of the form P1P2

amd.'Ql (or Qz) , fhen it is not realizable.

Proof:'Supf)ose\ there exist two PI's like Py P2 and Ql in F. Assume,

© WLOG, that P1§ Ul' If possible, let Q1 alsoc Ul' When Q1 is

true, U. = 1 and irrespective of what U,, is, F = 1. -Therefo‘re,

1 2

F= U1 + T where T is some expression involving U1, and U2 in general ..

But

u-t"}l = Pl +Q + S (by assumption)

where S is some expression involving the original variables. Therefore
F=P1 +Q] +S+ T

That is, Ple is nota PI of F. Contradiction,

Hence, P, and Ql must belong to complementary functions. So let -

1

ng _.._. Also, WLOG, let ch_: U When PlPZ is true, we have

y
Up=1,Up=1,andUz=1. . . . ... ... Q)

1

When Ql is true so that Ul = 0 and input conditions are such that
U2 =1, then we have, since Q1 isa PIof F

U, =0,U,=1,andU,=1. « « « « « o ... (2

1 2 3
Therefore . F = U3 (U1 , Uz)

=U,+R e . . .Jrom (1) and (2)

1 and Ug in general. But
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Uy =P, +Q
where Q is some.expréssibn involving the original Variabléé
{ Xk+1"""Xn} Y Therefofe, |
F=Pp, +.Q + R
That is, PIPZ is not a PI o;f . Contradi‘ction..
Hence, the function cannot be realizable. )
Q.E.D,
These theorems establish thc_e basis of & proceduré {or te‘sti'ng
realizability of a function with disjdinﬂy decomposed structure,
Theorem 4.2.1 states that'if we divide the PI's of T in
the manner of Table 472 .1, we get the PI"S of the cons;cituent functions

Uk and :Jk fork = 1,2. By the corollary to Theorem 4.2.2,

it has been shown that the PI's of U}; (6;) obtained in this méhner
completely define Uk(a:;) . Theorems 4.2.2 and'4.2 4 also

clearly indicate how to distinguish a PI of Uy, from a PI of EI.]: .
However, if all PI's of F are not present in the function specification,
it méy need a little more effort to determine whether a PI under, say

. Al' belongs to Ul or ‘T:I—i The first PI may be assigned ar_ioitrarily

to U 1 ©F U1~ while the others are to be compared with the previous

"ones to skee if the conditions of Theorem 4.2.2 are directly applicable.

Otherwise, using comparison, if a PI Qq is seen to have a minterm
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common with another PI, already assigned to, sczly Ul ‘ ’then.ng 'Ul’
(by the proof of Theorem 4.2.1). As convenient, this> comparison may
: aléo‘ be done with the second part P, of:a PI Pl,P'z .‘ Let P’le2 and
QlQ2 be two PI's of F. Then, if it 1s found that P2 has a minterm
co‘rﬁmon with 'Qz, then assign Q1 £o-U1 if Plg Ul' The proof of this
.statement follows from simple arguments similar to ones given
before--to show that, if in this case, Q14 Ul’ then Q, and P2

must be PI's of F, contrary to original assumption.

The theorems are easily seen to apply inh cases where the-original
array is divided into more than two sub-arrays. The generalized
theorems are being stated without proof here. The proofs will be

found in Appendix B.

¢

Let A be a set of binary variables { Xy eXpiee ,xn'} , partitioned

A ,...,A . LetU UZ""'Us be arbitrary

into s disjoint subs'ets A, 2 s “1

switching functions on the variables of Al 'AZ fe e ,AS respectively and

v X))

_ U be any switching function on Ul,U2 s eee, U gt =

g Let 'F(:x:1 /X

be a function of n variables,.realizable as U.

Theorem 4.2.1' Let PP ...P....P, beaPlof F. Then P, is &
ab i k i

PI of either Ui or _ﬁi for i = a,b,..i,..k.
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Theorem 4.2,2’ Let P X and QiY be two PI's of F where X and
e

Y represent products of literals of the variables of any subsets
other than A,. IfX=Y, and P.c U, (—[—I.) , then Q,c U, (—[—f.) and
' 1 1 1 1 1 1 1

both P,, Q. are PI's of U, (_ﬁ.) . Conversely, let P,, Q.c U, (—fI_,)
. i i 1 i 1 i 1 1
and PXc F.' Then QX< F. Further, if P,, Q, are PI's of Ui(_ﬁi)

and PiX is a PI of F, then QiX isa PI of F.

Corollary 1' The set of PI's of Ui and Ei obtained from F with

the use of Theorem 4.2. 1'r‘comp1etely define U; and Ei for all i.

Theorem 4.2.3" Let U_l(xl,'. Ce Xy Uz(xk+1 e .xm) ;..U Xy o e Xp)

s

be s Boolean functions defined on disjoint‘s.ubséts of variables. If

Ul’ UZ’ .. .US are expressed as a sum of prime implicants, such as

Ui = (P, + Qi + R, +...), then each resultant product term when
i i

F(Xl,...,xk) = Ule, .. 'Us,

is expressed as a sum of products in a prime implicant of F.

Theorem 4.2.4" U is unate in Ui or ii for any i, if and only if the

sum ¥, Pi of the terms of the variables of Ai obtained from F is not

J
equal to 1.

Theorem 4.2.5' If a function contains two 'PI's of the form PiX

and Q; for any i, where X is free of the literals of the variables of Ai,
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~then the function is not realizable as U.

Types of Decomposable Functions
1

Consider Figure 4.2.,1., A given function may include the

following two types of products shown in Table 4.2.2.
Table 4.2.2. Types of Prime Implicants in Two-input ULM case
TypelI-P,, P

1’ 792
Type II - Qle

According to Theorem 4.2.5, a realizable function may contain
(@) only type I or (b) only type II p'roduéts. For case (a), a network
with OR-gate at the final level is necessary. The first-level logic

are determined by the set of products present

functions Ul and U2

under Al and Az . Since a ULM is assumed with inputs fed by the

variables of each set, hence these functions can always be realized.
Case (b) is slightly more complex. Here each product Q1 must be
tested to see if it belongs to U1 or El . The same is true for QZ'

Whiie this is being done, a truth table of the variables U. and U, may

1 2

be filled up to determine the function at the final level. In the first

level, the functions U1 . U_ can be realized or their complementaries

2

with suitable modification at the second level. We shall work out an

Ll okl
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example below for illustration.

Exarhiﬁie' 4,.2.1:

F=x1x2x3x4 + X1%g + x1x4 + X9Xg + X%y and'A1= {xl,xz} .
A ={x ,x } »
2 { 3 4

Step 1 Make a table (shown in Table 4.2.3). This is an

Table 4.2.3 Decomposition Table for F = xjxoxgxy + ®1x3 + X1%4

+ X X + X X

23 24
Al-‘—'{xl,xz} A, = {xg,x4]
?1 *3
% X4
% *3
X, *4
XXo §3§4

example of case (b).

Step 2. Analyze.
Applying Theorem 4.2.4, Ug is non-unate.

Let 5‘51(—: U, . Applying Theorem 4.2.2,

XZg U;. Applying Theorem 4,2.4, X %)S Uy




Similarly Xy S U2
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Step 3: Make a truth table (Table 4.2.4).

Table 4.2.4 A Truth Table for U3 in terms of Intermediate Level

Functions U_, U

in Example 4.2.1

1
U, T U,
0 0 1
0 1 0
1 0 0
L 1 1

Step 4: Synthesize. .

=U & U
U3 1 2
U1=x1 +x2
Uz—x3+x4

It may be pointed out that the analysis is done in a general manner

and constitutes a sufficient test for realizability.
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The case of larger (more inputs) ULM's in the intermediate
levels and the case of multilevel networks may now be considered.
First, let us take a two-level, three-input ULM (intermediate level)
network (Figure 4.2.2). Following previous discussion, consider
the type of products that may be present in a sum-of-PI form of

expression for the function. These are listed in Table 4.2.5.

Figure 4.2.2 Two-level Network with Three-input ULM at the
Last Level
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Table 4.2.5 Types of Prime Implicants in Three-input ULM Case

‘Mem;ber A B C

Type I - ‘ _P1 . P2 P3

Type II -- R R 'S
sype oo 919 2°3. 5153
Type III ~-- TszT3

It is noted that there are G) members of type I, (3

2> members of type II

and (g) members of type III. There are seven ways in which these
types may combine and o'ccur in a function. All these combinations do
not represent realizable functions. Consider a function F containing
type I PI's. If Pi is in F, then higher type (II and III) PI's involving
product terms of the form Q, cannot be in F (by Theorem 4.2.5").
Therefore, if P1 occurs as a Pl in F, then only RZR3'can occur as a -
PI of F. If two members of type I are in F, then type II and type III
cannot occur. All members of type I can also occur with the same
restriction. When type I PI's are absent, only type II'PI'S- or type III
PI's or under special conditions, type IL PI's with type III PI's car; be

present in F.

It should be clear that permissible combination of types may not

give a realizable function, and for testing realizability, Theorem 4.2.2'




-88-
must ultimately be uéed. Still larger ULM network may be analyzed

in a similar manner.

A larger;m_lmber of levels does not involve more complexity-

- than is associated with computing an incre.ased'number of intermediate
functions due to an increased number of levels.. For convenience in
dealing with multilevel networks, a modification in notation isA
introduced here. We‘ shall let Uij represent a general ULM in‘the
network. The first sub'sCript iin Uij refers to the i-th level in the
network, while the second subscript j to the j-th position in that.
level. It has been.seen that to determine wha.t' the function Uij
should be, the functigon produced at the (i+j) —th level must be knoW11.
Thus tﬁe procedure should be to begin at the final level and work
backwérd after computing the fﬁnctions of the preceding level. A

general algorithm based on the previous discussions may now be given.

General Algorithm

An assumption which underlies the discussion hére is that, except
for the functions which eac.h ULM must perforrr_l in Qrder to realize a
function, other parameters like the nuﬁbe_r of Sﬁb—_a‘rrays, the number
" of levels and the number of inputs to- an ULM are all prédetermined.

Though the algorithm is applicable for an assumed network structure,
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its simplicity permits testing a large number of varieties with a small

amount .of effort.

Let A, A2 s ,AS be the sub-arrays into which the original array
Ais divided. Let F be a function, expressed as a sum of prime

implicants for which a realizability test is to be performed.

Step 1: Arrange the PI's in a matrix with columns headed by
Al, Az s ee e ,AS and each row representing one PI.' The en;cry in the
(i,j)-th position of the matrix is a product of literals of a set of
variables such that the product of literals is a part of thg PI ‘repre.sented
by the i-th row and the varia.bles to which the literals belong are in the

sub-array Aj . The PI's are entered in groups according to ascending

order of type numbers.

Step 2: Consider the ULM at the last level, Corresponding to .
each of its inputs, group the sub-arrays (by tracing back from the
output to the input array) which prodﬁce this input. Call this group

of sub-arrays as I-set.

-Step 3: Examine the terms of an I-set and determine if the output
function is-unate in the variable represented by the I-set. (Test

procedure becomes simpler if it is found to be unate). If the I-set is
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too large and determination Qf unateness is too involved, then proceed

without determining unateness.

Assign the first t’er_m of.an I-set to a fgnction. Compare the
succ'eeding; terms with .the previous terms as discussed before and
assign them to the fuﬂction or to its complémentary in accordance
with Theorem 4.2.2'. If the output function is unate in the input
variable represented by the I-set, then all the terms of the I-set must
together belong to the éame function (preceding level). If a term
cannot be assigned first, k:eep it in a waiting lis“'c for that I-set and
compare after a sufficient number of'termls have been assigned. (Ifl
there appears no indication for assigning it to the function or the
complementary, as discussed previéusly, then, the function is not

realizable)

Make a check that the function and its complementary are
determined completely‘such that each term satisfies the conditions of
Theorem 4.2.2'. -In order to check, it is necessary to see, along with
the conditions of Theorem 4.2.2', that each PI of a function has at
least one literal conflicting with every PI of its complementary,

Wh_en present, and that the sum of the PI's _of. these two functions

equals 1.
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Step 4: ' Write the functions performed by the preceding level ULM's
as sums of FI's obtained from step 3. (Either a function or its

complementary can be realized by a ULM.)

Determine the function performed by the last level ULM in terms
of the outputs of the preceding level ULM's by writing a set of trL:Je
conditions in terms of these outputs. Strike out the terms of the

complementary function_s (preceding level) from the I-sets.

Step 5: Take the functions in the I-sets and, considering each
preceding level ULM as the last»ULM, follow steps 2~ 4, and continue

until funictions performed by all ULM's are determined.

Example 4.2.2

F= '}E1X3X4x7x8 + '}El'f3’>?4x-7x8 + k’zx3x4x7x8

-+ XZ?{3X4X7X8 - -+ §1X3X4X9X10X11
+ X)RX3X4XgX10X]11 T KoX3X4XgX]0¥]1
TREFFFI011 T X3XaF 5T eXr¥g
+ Xgx XXgXyXg + X3§4’—<5;—<'6X9X10X11.
T XX X5 6%e% 1 %11
. -+ X1X2X5X7X8 + XiX2X6X7X8 + X1X2X5X9}.{10X11
T X X9XeXg% 1 0%11

The network we shall test for realizing this function is shown in Figure 4.2.3.
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Figure 4.2.3 The Structure of the Network Used for Test-realization
of the Function of Example 4.2.2

Step 1: A Table is made.

Step 2: The subarrays corresponding to each I-set are grouped.

The results of these steps are shown in Table 4.2.6.
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Table 4.2.6 A Decomposition Table for the Function F in Example 4,2.2 |

Ilz{xi'f ,Xé} 12={X7"“"x11}
A1={x&,x2] A =fx3;x ¥ A3={xg,x6}. A4=fX7;X8}> A5={X9,X£0,le
El x3x4f X %
Xl x3§4 XoXg =
iz X3X4 X7'Xﬂ8
§§ §%§2- X %o
X%, Xg *7%8
XIXZ x6 'x7x8
Y *3%4 ¥g¥10%11
Xy XXy *9%10%11
%y x3%g XgX10%11
%, Xg% *9*10%11
x3?<4 §5§6 X7Xg
X3Xy X5Xg Xo%g
- ¥g%y %X %97 10711 -
X3%y4 x5 g *9¥10%11
X%y X5 XgX10%11
Xlxz" %6 X9%10%11
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.. Step 3: Uy is unate in Uy, and U (It may appear difficult to

21°
check by addition; but it can be concluded that U3 is unate in Ugq

because U3 is a function of two variables and is unate in U22')

C . L
Tet x1x3x4 U21 and x7}<:8CU22 ; then, U3 U2]U22 A check is

made to see this relation is true for all PI's of U21 and U22-

*

Step 4: U'2 X1X3X4 X XXy + XXXy + XpXaX, + XXX

17276 3456 3456

Step 5: To determine U21 in terms of U]l' U12' U13 and UZZ in

terms of U14 and U15'

3 3 * * * *
U21 is not unate in U11 . U12 , and U13 (where by U* both U and

U are implied).

Let x.€ U..,. Then 7_522 U... Further x XQ—U:11 as

1 11 11 12
x1x2x3X49’ b1 Therefore, Uy, =->—cl + 522
Let x3xy < U12 . Then §3§4 < UlZ' Further x3§4 9_612
as x 1%3 4§Z U, Also x3 4 S cU 12" Therefore U, , = %, x,.

Let Xg ;U13 . Then XGQ U13 and XSEGF EI_S .

Therefore U13 = x5 + X6"
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From Table 4.2.6, we have

if U11 =1, U12 = ], then U21 =

=1 .
if U11 =0, U13 = 1, then UZi‘: 1 and
if U12 =0, U13 = 0, then U21 =1,

Therefore -

Ugy = Uy1Uyg * UpUgs # U Uy 4

A check is made at this stage to see if this relation is true for all the

o UIZ and U13' Next determine U22 in terms of Uiy and U,15 -

i e i * ‘ % - < U
U22 is unate in U14 and U15' . Let X, %o U14 and

Pl's of U

XgX10%1]1 < U15. Then

= +
U, = U, U

22

Uig = %7%g

Uys = Xg¥10%11
Figure 4.2.4 shows the functions of the different ULM's in the

network.

A simple example of a non-realizable function will be worked

out below.

Example 4.2.3

= : o+ x x4
F XIXZXGfxlxll XZXS X3X6

and A1= {Xl' xz,,x3‘} . A2=={ X4,X5, X6l
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Figure 4.2.4 Specification of the Network to Realize the Function
of Example 4.2.2

Step 1: As before, a table is made (Table 4.2.7)
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Table 4.2.7 A Decomposition Table for F = X XoXg + X ¥gt Xoxs + X3xg

A = {xl, VN A, = {X4,x5,x61
%1 *4
) %5
3 *6
F1%2 *6

Step 2: Analysis: Letx, < U:

1 1 _
c U .
Then % Ulas x2X4,Q_' F.
- - v » {. . -
But xlxzc X € U1 and X1X2C XpS Ul' This is‘impossible. Hence the

function cannot be realizable.

A point that may be noticed in this particular example is that-
the product terms occurring under Al are not all Pi's (°.- XX9C Xl) .

Thus the function does net satisfy the conditions of Theorem 4.2.1.

Non-~disjoint Decomposition -

S
e

The decomposition of an array into non-disjoint sub-arrays
can be expected to permit a wider class of logical functions to be
realized, because, if the idea is stretched to the extreme, the result

may be a trivial decomposition of an array into a number of sub-arrays,
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each sub-array being equal to the original array so that there will be no
problem in realizing arbitrary functions on the array by realizing it on
the sub-arrays. In this section, some simple cases of non-disjoint

decomposition will be discussed.

ILet I;] 7 1\2, i .Ag be a linear arrangement of sub-arrays such that
each adjacent pair of sub-arrays -- A; and Ai-i-] -- have some variables
common between them (Figure 4.3.1). 1\1 and A_ have each only one

neighboring sub-array l\? and I\S respectively, while all other sub-

=

arrays have two neighbors. Let ])] . DZ' e 1Dg s .DS be the subsets

of l\] ,A?, o'd .Ai, ss .I\S respectively such that ]')i contains all those

variables of A; that belong only to Ai and to no other sub-arrays. Let
(J] : CZ’ . .CS ) be each a set of variables such that C; contains all

those variables that are common to Ai and Ai-l-l fori=1,2, . ve. i8=3),

g ——
pem—Py

oy i

VA AN 8 ke

Dy G Dy O D Oy

|

|

- ——
oy X
&
4
L
t /A

Figure 4.3.1 Linearly Arranged Non-disjoint Sub-arrays

Syt
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The case to be considered is when A is composed of two sub-
arrays——l\l. and 1\2 (figure 4.3.2). The possible types of PI's that may

be present in a given function are listed under Table 4.3.1.

A

ol A T
% Ay 2 | : '
S NN
p—D) — Ot Dy

Figure 4.3.2 Decomposition into Two Sub-arrays

Table 4.3.1 Types of Prime Implicants in Simple Non-disjunctive Case

Types Members
I Pl’ P2
I lel . X1Q9
111 RIRZ
v S.Y S
1yl 2
\Y Z1

As before, Pl' Ql' Rl, etc. -- letters (excepting X, Y, Z) with

subscript 1 -- are used to represent products of the literals of the

variables of Dl; similarly, P2’ QZ’ R2 etc. for the variables of Dz;
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X ,Y , Z forthe variables 6f C..
1 I 1

"The combination of different typés of PI's of a funci'ion caﬁ be
studied for realizability in accoerdance with the brevious discussion
and a synthesi\s procedure can also be worked out in a similar»féshion.
Most.of the theorems épply with slight modification. These are stated
without proof. The proofs are given in Appendix B. The X's

and Y's below may be vacuous.

Theorem 4.3.1 Let P1X P,

be a Pl of F. Then P_X. is either a PI
12 171

and X.P, is eithera Pl of U

of U.l or U, 159 2 or_Uz .

Tfleorem 4.3,2 . If P1X1P2 and QlYle are two PI's of F and if

ch. Ul(ﬁ—l) and further P.X

1 171

and QlY1 are PI's of UI(U1) . Conversely, if P1X1, lelg Ul( )

P,c F. Further, if P1X1 and Qle are PI's of

1
)i

then Q1X1P2; Fif Pl’X1

—_‘- ' . » X N
Ul(Ul).and PleP2 is a PI of F, then -Ql le isa PI of F.

As the sub-arrays are not disjoint, some terms in a given

function may seem eligible for inclusion in more than one constituent

functions U1 / U2 , etc. But not all the alternatives may ultimately lead

to realization. Example 4.3.2 is an illustration of this case. The

phrase ‘the term occurring under A1 (A:)' will mean here that if

2)
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X . g s .
P1 1P2 is a PI of F, then P1X1 occurs under Al a;}d X1P2 occurs under

A2 . Then, 'c'f.vrollary to Th. 4.2.2 applies in non-disjoint case.
But, theorem 4.2.3 is not applicable. However, theore.ms_ 4,2 .4-and
4,2.5 apply as such. The theorems can also be generalized in the

same manner as in the disjoint case (shown in Appendix B).

For a function to be decomposable in the manner of Figure 4.3.2,

one ‘of several cases may occur (with ref. to Table 4.3.1)..

Case 1. The function consists of only type I or type II or type V
PI's or PI's of any combination of these types. This case is similar
to type I of Table 4..2.2 and the synthesis procedure same. Type I.

-

PI must not occur with any other type (by Th. 4.2.5).

Case 2. The function consists of type .II and type III PI's",

Let Rs< Ul- and Rzg 9) 2 Then, either
lel‘g U1 and Xlg U2 f)r
lelg | U1 and Xlg U2

Also, Theorem 4.3 .2 must be satisfied for ensuring realizability.

A function with other combinations of Types II, III, IVand V
PI's can be similarly analyzed. It is obvious that és the two sub-

arrays are made to share some variables, a greater variety of functions
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becomes realizable. Networks using three-input ULM's in the
intermediate: levels may also be similarlv studied. The list of
different possible types of PI's in this case becomes quite large.

Two examples to illustrate the previous discussions are given below.

Example 4.3.1
F = x1x2x4 -+ X XgXy -4 Xa¥g -+ >:3>56 -+ Xy X9Xg -+ x1x2x5>16

The network to test for the realization of F is shown in Figure

Figure 4.3.3 A Network to Realize F in Example 4.3.1
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Step 1: A table is made (Table 4.3.2).

-

Tab\'le 4,3.2 A De_composition'T_able for the Function F-in Examp_ie 4,3,1

3 A,
A
t - 1 i
= 7 ' ‘ . C = ’ D : ’
D, {x, %, ) {X3 X4} - {xs X6}
X X - x
12 3 ‘
X %g Xq
5?15?2 . XX
X]_Xz 4
§1x2 : . ;{—4
*3 5
%, X
XXy
Step 2 Analysis. The unateness determination is omitted here.
Let ' xlng U1 . and XgXge Uy

then X.%,c Uj and x,< Ul
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Fuﬁher, R Uz as 'x5x6<_:U2.'
xl§2 c El as - X1§2X5X6 £F |
. Therefore, §1X2é ﬁl :
Therefore, —>Z4<; EZ’ - ‘ as oo Fis non—'d_egenerate
Xg € TTZ | as ' x1x2§5é F
X3¢ T‘Tl | as . F is non-degenerate.

Step 3: We have, U, =x

+ X X, + s =x, +
1 x.x X4A,U X X X

172 2 3_ 56
is shown (Table 4.3.3).

172

in terms of Ul and U

3

A truth table of U 5

Table 4.3.3 A Truth Table of U, in terms of Intermediate Level
Functions U_ and %2 in Example 4.3.1

1
U, .U, U, .
1 1 1
0 0 1
1 0 0
0 1 0

, Frpm the table, it is seen that U3 = Ule + I.Jl R

Example 4.3.2:

The network to be tested for realizing the function is shown in Figure 4.3 LA




=1 05=

UATR'A"

U?]

//Uzz

5

U
3

Figure 4.3.4 The Network to Realize F in Example 4.3.2

» 1s another

In the figure, U is some function f(x] « saXs) and UZ/
v

21
functior g(:-;s N .xg) . In general, the PI Xe of F may belong either to
UZ] or to UZ?. or to both. The purpose of this example is to show that
Xg cannot belong to UA] and thereby demonstrate the existence of the
problem of determining the proper set of terms for the constituent
functions in .a preceding level such that a given function may be

ultimately realized, provided it is realizable by the given network

structure.

In the first step a table is made (Table 4.3.4).
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Table 4.3.4 A Decomposition Table for I = X%y T

9 + X3X4 L,
+ XeX7 e XgXg

4 S

R e e Th 1 s VI = ol e e e 4 D=t O el 1 Thralsel s
il .l,X7 C {,-J}VI),‘ e C'Z for..3 D3 <‘“b7.7Cf3 {A?} 1)4 {A.d,/:g}

9
Xe X,
1
! X X
; | 8 9

Considering the function U, in terms of the variables U,, and

3 21

U it is seen that U
22

consists of only type I and type V PI's and

3

therefore an OR gate at the final level is all that is necessary.
Moreover, U3 is unate in U21 and U, ., so that we may write

U21 = X1Xy +':<2:<4 + X3Xyg +3

U22 :(5 + X6K7 + XBXS)
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As it is not known where Xs should go, it is ineluded in ;?'_“
both the functions. But consider U21 It ié a sum of PI's of types I‘, '

II, and III. -So it is not realizable by the network.

Let U21 = X% + XoXy. + x3x4._' In a manner similar to the

previous example, it .can be found that Uy 1'= U * Ujg and

11
U11=x1 +X2 +X3
‘UIZ%X4'+'X3X4-!

=X

4
Also U22 = Ul’3' + U.14 and
U13 = x5 + XX,
U14 = XgXg .

21’ then the function

Thus it ié seen that if Xg is'not included in U

is realizabl‘e by the given hetwork. Mention may be made ‘of the fact
that in U12 an implicant {not PI) X3Xy is obtained. This is. unlike the

situation in disjoint decomposition.

The algorithm for test-synthesis of non-disjointly arranged
network structure is not separately given as all the steps are same as in
the algorii:hm in disjoint case. The possible ambiguity in determining

the constituent functions of a preceding level, as illustrated, may be
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resolved by first assuming the terms concerned to be present in all the -

constituent functions for which th(_e‘y are 2ligible and continuing the
analysis until either the given function is found to be "realiza',ble or
:sc;me constituent functions are found to be unrealizable. In the
latter case, the rer'noval of sui.table terms may be attempted on a

cut-and-try basis.




Chapter 5
PARALLEL BULK TRANSFER SYSTEM WITH

FLEXIBLE INPUT DOMAIN
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5.1 The. Problem of Variable Grouping

The algorithm for the test-systhesis of functions. realiéable with
parallel bulk transfer sys‘&em which has been presented in the previous
. Chapter is dependent on a pfedeterﬁined grouping of variables. Such
a situation corresponds to a parallel B.T, system where individual
B.T. units process a fixed set of variables on ;che input array. Alternately,
it is possible to think of the input domain of a B.T. unit as a flexible |
set of variables, which may be anywhere on the input array. Consequently,
the question of a proper grouping of variaples arises in the testing of
a given ;funt:tion for realizability. Of course, it is possible to assume
one particular grouping at a time and apply the previous a].gori.thm
until one works or all possible groupings fail. "But it is a laborious-
process. The purpose of this Chapter is to study some aspects of this
problem and develop an alternate procedure for determining the grouping
of diffel;ent variables that may lead to the reali-zatién- of the fuhction

through decomposition.

The decomposition of a function into subfunctions usually
consists in factoring out of suitable terms and collection of other terms
into proper groups. It is simpler to determine which terms to factor

out in the case of disjunctive decomposition than when non-disjunctive
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de‘composition is also allowed. It is further simplified if a restriction is
put on the logic-realizing elements which have so long beén assurﬁed to be -
ULM's so that only unate functions of the inpufs are pr;)duced. Apart from
the fact thét the ll‘mderlying mathematical stfuc‘;ure of unéte functions can
be exploited, this re striction may considerably reducé the co-mplexit.y of

logical module.

Given a switching function of any number of variables, there always
exists a large enough ULM that can realize. it. However, because of
engineering difficulties it is not practicable to produce ULM of large
number of variables. Three or four-variable ULM may be taken as standard.
Thus, with a giyen functic;n, the attempt ShOL;ld be to decompose it into
sub-functions of small number of variables. In this Chapter, we shall
make a study of some specific cases of disjunclive and non-disjunctive
decomposition with the help of the properties of realizable functions
stuldied in the previous Chapter. The cases include una'\rte—logic element

network and limited-input ULM network.

5.2 Unate Logic Network

(14) has studied properties of unate cascades

Mukhopadhyay
and suggested minimization algorithms for them. The unate cascades
are similar in structure to the Maitra cascade--the distinction being

that the cells in the cascade are restricted to perform only unate

frunctions of their two inputs. In this section, the more general tree




-112-
network of unate logic elements having more than two inputs will be
studied. Each logic element is assumed to be capable of producing any

unate function of its inputs. it will be called a Unate Module (UM).

Consider the tree network shown in Figure 5.2.1. The function
Uij for proper i, j with 1= i=n and 1= j= m has the same meaning
as before. With the restriction now that every function Uij is unate,

the following result is obtained.

/ 3
l // / \ /
‘,_
U U U U (
1) 12 33X T \& /

Uy

% > »

~

Figure 5.2.1 A Tree Network

Theorem 5.2.1 If the output function produced by every module in the

general disjunctive network is unate, then the final output function F

is unate in the original variables { X0 Xge e o% ) .
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Proof: Express. F in terms of the outputs of the UM's of the last but
one stage:
F=U (U* U* (e. U | A O

n n-1,1" n-1,2 n-1,i’ n-1,m

where U* . means either U . or U . but not both.. Express
n-1,1 n-1,1i" n-1,1

U;-l 3 in te.rms of the previous level variables for all i. Proceed in
this manner back up to thfa first level. Since the network ié disjunctive
at all levels, the occurrence of a variable is accounted for by only

one UM at any level. As the functions produced are unate, the
funct-ion.P cannot contain a variable in both primed and unprimed form

.at any stage. Thus F is unate in the original variables.

- Q.E.D.

As a result of this property, only unate functions require to
be tested for realizability with a unate tree_networ};. For non—-unate

functions, more than one tree must be used for realization. -

Generally there are two types of terms in a function specified
as a sum of prime implicants—--(i) terms involving only-those variables
that do'not occur in more than one term; (ii) terms involving variables °

that occur in more than one term. As an example, let
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F= X4 + xz + x3x4 + x5x6x7 + X5X6X8" Here the first three terms
belong to type (i) and the last two terms to type (ii). To get an estimate
of how many UM's may be necessary to realize avgiven function, let us
restrict' consideration to functions which :contain only terms of type (i).
Given a specifié size k of an UM, t};e number of UM's necessary 1;0

realize a prime implicant that is a product of m literals in the manner

shown in Figure 5.2.2, is given by

~

SNES

where [ represents the ceiling value. If each PI of the function.is

8

|

considered separately, then the total number .of UM's required to realize

i PI's separatelyis N =1 + ‘Eﬂl—k) + 1+ ‘(mz—k) +..4 |(m-k)

1 k-1 k-1 k-1

where ml,mz, ...m_ are the number of literals in the first, second, ...,
i

i-th PI respectively. Further, to-realize the function consi sting of

i prime implicants, it will need M =1 + [a‘k) UM's to produce a
. k-1

single output. Thus, at most, (N +M) UM's are necessary to realize

any given function with k-variable UM's.

Synthesis of Disjunctive Unate Network of k—input Elements

Given a function F, a procedure for test-synthesis with a unate

network of k-variable logic elements will be considered here. Of the




Figure 5.2.2 A Tree with k-Input Logic Elements

two types of prime implicants of a given function discussed earlier
in this section, type (i) PI's are already in disjunctively dissociated
form as given; it is necessary to realize these terms by grouping in

consistence with the size of the logic elements.

As an example, let F = ab + cdef + g. A unate tree of 3-
input elements realizing F is given in Figure 5.2.3. For the type (ii)
PI's, decomposable features, if any, should be investigated and brought
out. For convenience, we define certain terms and prove a property

first.




U1 =ab + g

U = cde
2

U = U1 + fU
3 2

Figure 5.2.3 A Network to Realize T = ab + cdef + g

Definition 5.2.1 A function will be called k-unate decomposable

if it can be realized in a tree by using k-input or smaller unate logic

elements in a disjunctive manner.

Definition 5.2 .2 The length of a PI of a unate function is the number

of literals in the PI. The length difference of two PI's of a unate
function is the difference in the number of literals contained in the

two PI's.

The maximum length of a PI for an n-variable unate function
can be n. This occurs when there is only one PI in the function and it
consists of the literals of all the variables of the functions. The maximum

possible length difference of an n-variable unate function is (n-2). This
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occurs when there are two'PI's in the function with one PI consisting of

AN

only -one litera! and the other consisting of the remaining (n-1) literals.

,...X_).can be-expressed as a composition
2 n :

Definition 5.2.3 If Flx %

involving Uk(xi' .. .xj) as an argument such that { Xi’ 'Xj }isa éubset

“of {Xl ,...X }, then Uk(xi. . .XJ,) is a sub-function of F. Two functions
n . .

are disjoint if they are defined on disjoint sets of variables,

.Lemma 5.2.1 ILet F be k-unate decomposable. Let XA be a PI

of F, whose literals occur in at least two-disjoint subfunctions of T,
where A represents a product-of literals. Let U1 be a subfunction of at

- most k variables of F containing ‘the prime implicant xB where B<A.

If Ul has any other PI, then there is at least.another PI‘olf F, which will
contain the literals of A or a subset of these literals such that at most

(k-2) of them are absent.

Proof: With the given condition, let B be vacuous in xB. In this case,
x is a.PI of Uy. By Theorem 4.2 .2' the factor A must be associated

with every PI1 of U Thus F will contain other PI's having the factor A.

1
In the other extreme, B can be a produ'ct of (k—Z) literals. In that .

S . s . .
case, there exists one other PI of Ul consisting of a single literal
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only. By Theorem 4.2.2/ this PI of Ul must be associated Wifh a factor
containing all the literals of A but those of B._ Thus F will contain
another PI having a factor which will contain all but (k-2) literals of A.
When the size of B lies between these two extremes, the common factor

correspondingly is of intérmediate size. "Q.E.D.

The importance of this theorem is in connection with determining
a sub-function of a given function, containing a particular variable.
To do this, it is not necessary to cohsider ali terms of the given function
bu;c only those that have a factor of proper length common. This
property along with the fact that the ‘I.’unction must be unate makes
test-synthesis of unate networks simpler than the general disjunctive
network synthesis. In the next section, an algorithm for general
diéjunctive 'network synthesis will be given, indicéting the specﬁal

aspects. for the unate network at proper places.

5.3 An Algorithm for General Disjunctive Ne’twork Syn’;hesis

The tree network given in.Figure 5.2.1 méy be thought of
as a general disjunctive network of universal logical modules. In studying

a synthesis procedure for it, we define at first a term applicable here.
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Definition 5.3.1 A function is called k-decomposable if iit can be

realized in a tree by using k-variable ULM's in a disjunctive manner.

Assume that a function is specified as a complete sum of prime
implicants. This will be always the case if the function is unate.

To test it for k-decomposability, the following steps are develo.ped.

Step 1. Test if the function is unate. If unate then use simplification -

as mentioned along with the following steps.

Step 2. Inspect and enter in a sub-function all such terms as
containing variables that occur in more than o;le term. Other terms
of F c.:onsist. of only those variab}es that occur only once. These are
already in disjunctively dissociated form and may be realized in
consistence with the size of the logic device. From the sub-function
obtained. above, factor out any common‘literals and get the residual

function.

Step 3. | Ctonsider the set of variables in the sub-function separated
(or the residual function as the case may be). Take a variable and

list it with all the other variables which associate with it in different
terms. Take each of the latter variables and édd to the list ;che new

variables that associate with them and continue in this manner. Refer
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to this list as the list of "connected" vériables . If at any time it is
found that the list does not érov’v_ beyond k variables, then there exists
a disjunctive sub-function of at most k variables, whose terms can
be separated out. Replace ’_chis sub-function by a single vériable )
Ui' Take a new variable not included in the pfevious list and proceed
in the same manner until all the variaBles are exhausted. . Get the

residual function after separating all the sub-functions. -

For examplee, let F = ab + bc + ca + de + df. Testing F for
3-decomposability, it is seen that the first term ab involves variables
a and b which are associéféa with the terms ca and ab respectively.
These three variables are not associated with any other new variables.

Therefore, a sub-function Uy = ab + bc + ca can be formed.

Step 4. In step 3, if there is a list containing more than k
variables take a term of T containing s;)me of these variables. Let Pl '
be such a PI and x a literal occurring in Py. To determine which sub-
function contains x, the first step is to b_reak P; into two parts:

Pl =X | H, where H is some product of literals not involving x.
Compare H with other PI's to find the common literals in each case.’

A PI having lérger number of common literals may be considered first.

Let P; be a PI of the given function which can be written as P; = G | I
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where G and I are products of literals with I common to both Pi aﬁd
H. If the funztion is to be tested for k—-unate decomposability, Py
should be chosen such that it contains a factor having all but at most
(k-2) literals of H. Now, H can be written as H = IJ where J is either
vacuous or a product of Isome literals. It is _then possible to exbress

(P].+Pi) as P +Pi=xI]+GI =(xJ +G)I. If xJT and G can be

1
grouped under the same sub-function, then for all terms involving
,X]' there must be corresponding terms involving G, satisfying

Theorem 4.2.2% Further, it implies that an implicant of the residual

function (xJ + G), which is not a prime implicant, cannot be present.

If these co;'lditions are not satisfied, then G cannot be a term

of the sub-function containing xJ. A new term of F must be considered
. then. If there is no term satisfying the conditions, there may be two
possibilities--(i) the sub-function containing x has only one PI or

(ii) there is no sub-function of proper size including the variable x.
Case (i) may be tested by factoring ouft the common product from all
. the terms containing x and defining a funct:jtcén Uj for the common product.
The occurrence of the variables of Uj must be replaceable with Uy or
' ﬁj with suitable arra'ngement. of terms. If this is not possible, then

the second possibility may be accepted. If there is only one term in F.
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containing x(X), then a term containing X(x) may be taken instead of the
term containing x(x), and the step 4 must be restarted. If there is one
term containing x and one term containing §, then the terms contain;ng
x and X should form a 2—\./ariable sub-function for decomposability.
The case When there is only one térm cqntaining %x(x) and no term
containing X(x) is unrealizable except in.case that term is thexonly--
term in the residual function at that stage. The case (ii) does not
mean that F is not disjunctively decomposable. It may indicate that
the input x occurs in a higher level of the tree., The next step should
then be to choose another variable, say y, and go throﬁgh the above

procedure,

If conditions as mentioned earlier are satisfied for G, then
G -can be grouped with xJ in a partially-formed sub-function. In this

case, move to step 5.

Step 5. Let Pj be a PI Which has some literals common with I
such that it is pb‘ssible to write I = ML and Pj = NL. In this casé,
take out L and write P1 + Pi + PJ. = L{xIM + GM + N). Compare
GM with N to ensure, as before, that both can be included in the same
sub-function. It is not necessary to compare N with the o.thef term

xJM. If it is possible to include N, augment the partially-formed
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:function accordingly. Take a new term and follow the same procedure
as in S’_cep 5. If it is not possible to include N, take another term of
'P and follow Step 5. When there are no more terms of F to be 'compared-,' '
let T be.the cbmfnon factor of the set of terms which are suitable
for inclusion in the function. Replace the residual function obtained
by factoring out T by a single variable Uy . It must be possible to
replace all occurrences of the variables'of Uy by Uk oy ffk. If not_,

-the function is not disjunctively decomposable.

When the sub-function is formed, a check must be made to

~ see if the number of Véri'ables has exceeded k. When it exceeds k,
the sub-~function must-be again decomposable ih order to be realized
with k inputs. It is possible to check this at every stage of
augmentation of the partially-formed sub-function and stop the trial

\

when the number of variables exceeds k and start with a new variable.

Branch to step 2 at the end of Step 5. The procedure can be
-terminated when the given function can be expressed as a function of
a number of sub-functions which may again be functi.or.ls Qf still smaller
sub~functions and so on, in <::1 manner such that to realize any sub-

functions no more than k disjoint inputs are necessary.
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Some examples will be worked out below.

Example 5.3.1 F = xX1Xoxg + X1XoXg + XgXgXg + X1X3X5 + X X3Xp
-+ X3X5X6+ X2X4+ X3X4

We shall test F for 3-unate decomposability.
Step 1. ~ The function is unate.

Step 2, Each term has at least one variable that occurs in

another term.

Step 3. The list of connected variables contains all variables

of the function.

Step 4. Qhoose the term Xo¥y - Let XXy = Xg l H where H= Xy
The term x3x, contains H; so, combining, xyx, +xgxy = (%9 + x3) %4.

A check reveals that 23 anc X, are interchangeable in the function.

Step 5. There is no third term containing x4. Let U1 = X9 + X3.

Then F can be expressed as
F = (x2+>:13)x1x5 + (x2+X3)xlx6 + (x2+x3)>§5X6 + (x2+x?))x4

= Ul (xlx5 + X, Xg + XXt x4)
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Step 2... After separating the common factor U1 . consider the
residual function R = Xy X + X1X6 + XeXg + X,Ii The term X4 occurs
singly. Separating Xy4o We have U, = X¥5 + X

1¥6 T ¥5%g-

Step 3. The function U, consists of 3 variables. Therefore F

‘can be decomposed as F = Ul(UZ + x4) where Ul =X, + x5 and

.Uz = xlx5 + X].XG + XSXG'

Example 5.3.2 F=Xlx3x4x5+xxxx + X X, X,X +xx4x .

2737475 1727475 3 5
We shall test T for 2—decomposabilify.
Step 1. The function is not unate,
Step 2. F= XS(X1X3X4 T XoXaX, + K KX, + x3x4)
= x5R
when R is the residual function.
Step 3. The list of connected variables includes all the variables

of the residual function.

'}—<3x4 =%, | %% = %,|H

Step 4. Let §1

Picking the term §2§3X4 as it contains the literal 523 and combining,

xlx3x4 + x2 3:><:4 = x3 (§2x4 + X1X4). The condition for grouping

§2x4 with §1x4 in the same sub-function is satisfied.
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Step 5. There is no other term w‘/vith X3.
Let §3(§2x4 + §1X4) = §3x4 (§2 + :751)
= §3X4 U, where U} = §2 + X
Then R = Ryx, (%, + %) + ¥, (3%, +X,)
= Ex U, +R,(T, + )

Step 2. No modification.
Step 3. No modification.
Step 4. Let §<—3X4U1= X3H where H = x, Uy

No other term of R contains any literal of H,
Reject this term and take x3'>'<'4 instead .- Let xg®xy = X3G. Combining

§451, we have, x33?4 + §4ffl = 554 (x5 + Ul) . It is found that 'U'l

can be included with X3

Step 5. There is no other term.containing 3?4. Let U2 = x4+ El .
Then R = >«:3>«:4U1 + X4(U1 + X3)

= Upxy + 240

=U, & xX,.

2 4
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Thus F is 2-decomposable as
F=xgR with
R= U2 & Xg U2_= X5+ U1 and

U1=§1 +}—{_2

5.4 Sy_nthesis of Nandisjunctiye Network

Any érbitrary logic function can be realized by using an adeQu~éte
number of k-input ULM's for any k= 2, with a suitable non~disjoint
network structure. Thereforé it is important to develop algorithm which
-att-empts to reduce the cost of realization by minimizing the numbér
of required logi—c elements. By a modification of the procedure
sugge_sfced for disjunctive networks in section 5.3 it is possible to
suggest a procedure for realizing .a function with a non-disjunctive
network. An advantage in following this method of synthesis is that
the partially disjunctive feature of a functio'n can be utilized to
reduce the number of logical elements in the realizatioﬁ of the function.
" The modified algorithm is given below with the differences only

mentioned.
Step 1. ~ Same as in Section 5.3.

Step 2. ~Same as in Section'5.3.
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Step 3. Same as in Section 5.3.

Step 4. The augmentétion of a sub~function by including a new
term is carried out according to the cond‘itioné mentioned in Section 5.3.
When no second term is to be found for inclusion, the following rule

is adopted.

Let P be a product of literals present in some term of the given function.
Let Q be another such product of literals. For some terms

{ PMi | i=1,2,.., Mi' = a product of literals} in F, in which P is
present, let there be corresponding terms { QMi |i=1,2,...} inwhich
Q is present. Let there be other terms of F involving P and Q in which

' 'the above is not true. In sucﬁ a case, define a sub-function

Uj = P+ Q and move to Step 5. It may be mentioned that in non-

disjunctive case, it is possible to have some term of F containing

as a partial product an implicant (not PI) of Uj .

Step 5. The sub-steps and conditions as given in section 5.3
are applied. After a sub-function UJ- has been formed, the occurrences

of the variables of Uj in F are replaced with UJ- or —ﬁj wherever possible.

The next step is to go back to Step 2 and repeat the procedure
until the function can be decomposed into sub~functions of desirable

size. An example is worked out below.
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Example 5.4.1 F= X1%y + X3Xg¥Xg + X3X X + XXX + XgXo¥g

. We shall realize F with 3-input or smaller ULM's.
Step 1. The function is unate.

Step 2. Separate x.x, and get the residual function (R).

172

Step 3. The list of connected variables involves all variables

of the residual function.

Step 4. let RyXgKg =' Xsl-lwhe're E= X4X8.
Combining X3%X4Xg, we have

xéx4x8 + XaxgXe = %Xy [ Rgxg + XgXg 1

Step 5. There is no other term with g -
Now, let x4(x3x8 + XX )y = X %q ( Xgt x6) = X4X3Ul

where U1 = X8 + X Then we have,

R= X4X3U1 + XSXGXS + x6x7x8.

Théugh U, involves the variables { Xgr ¥g} . the occurrence of

Xe¥g in some terms cannot be replaced by Ul’ or El'

Step 2. . The term x4X3U1 is separated from the rest of the function.

-~

Step 3 . No modification.
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Step 4. Let Xgxexg = Xg | Xexg, =l

Then XgXcXg + XX Xg = X6X8(X5 + x7)

Step 5. No other term with Xg Or Xg is present in the residual
inction. S st (Rt o) = Xa U
function 0, let X 8(>b /) XX FI
here U, &x. +'%
where 9 = X5 ;

Then F = X4%3 U1 + >;6>:8U2 + XXy

Step 2. Let U3 = X4>:3U1 ’ U/1 = XGXSUZ and

U5 =X

Then F = U3 + U/l + U5

yg

The realization is shown in Tigure 5.4.1.

le

Y

2

Figure 5.4.1 .1\ Network to Realize F = x 1%g t Xg 3% 4%g + X3 4%
T TS
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The above procedure of synthesis of non-disjunctive netwqus is
given here as an extension of the test-synthesis rﬁgthod for disjunctive
ne’cx&orks givenAbefore. A technique for finding the minimum number of
k—input ULM's to. realize a given function’may require é-xaminai’tion of
a large number of possibiiities. Roth aﬁd Karp(ls) have dealt with

similar problems under certain constraints. -




Chapter 6

CONCLUSIONS
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6.1 Summary
A study of the cellular bulk .transfer system from the view-
point of its logical capabilities has been presented in this thesis. The
model adopted for the B.T. system consists of an input array, a nﬁapping‘
device, an output array and an output logic. The inf].uence of various
factors like flexibility of the mappiﬁg device, flexibility in the oqtput

logic, parallelism of operation has been investigated.

It has begn shown in;Chapter 2 that the system can be made
logically universal with a proper combination of output logic and maps.
Further, in realizing arbitrary logic, there exists a trade-off among the
number of mapping operations, number of independent maps and amount
of flexibility in the output logic such fhat increasing one of these
quantities tends to decrease the others. A simple design fora B,T,.

system has been given for illustration.

In Chapter 3, the effect of introducing flexibility in the output
logic by the use of 'fle>‘<ible—logic cascades has been considered.
Cer"cain bounds on the number of required {napping operations {transposi-
tion type) have been obtained. A modification of the bulk transfer system
is also discussed in which the input and output arrays consist of the

prirhary or mapped inputs together with a set of functions derived from
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the inputs by some built-in logic.

Chapter 4 déals with the topic of bulk transfer in parallel.
‘Assuming the input array to be divided into many sub-arrays, an investiga~-
tion has been made about the type of functions that can be fealized by a.
number of B.T., units operating in parallel. Some properties of
realizable functions have been proved and an algorithm has been
" presented for testing realizability of functions on the assumptiqn that
the input domain of each of the bulk transfer units working in parallel
is fixed. In Chapter 5, the case of flexible input domain has been
considered and an algorithm for the test-synthesis of logic functions

on this basis has been developed.

Apart from a better understanding of the capabilities of a B.T.
system, the above research has thrown light on the following topics.

i) Transformation of an arbitrary giv_en function into Maitra-
realizable functions.

The result given in section 3.2 shows that there is an exponential
dependence of the maximum number of transpositions necessary toe convert
‘a given function into Maitra-realizable function on the number of
variables. The same dependence is known to exist for the maximum

number of cells necessary in a cutpoint or similar-type arrays to realize
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an arbitrary function.

ii) Test-synthesis of logic functions'realizable in disjunctive
and simple non-disjunctive multi-level network. |

The applicability of the syht'hesis algorithm for theldisjunctix}e '
.and non-disjunctive decomposition is not restricted to the particular .
B.T. system. They can also be used for the synthesis of any arbitrary

digital network in multi-level form.

6.2 _ Scope for Further Research

There is scope of work on both theoretical and practical
aspects of many problems in this area, Certain specific possibilities
and questions which arose in connection with this research will be

discussed.

It h"as been mentioned that each of the input and output arrays
may consist of several cascades. 'In such systems, the input array may
‘possibly represent the ‘input domain of two~dimensional problems like
the grid structure of_the boundary-value problems or the input retina
of a picture processing device or the matrices in ordinary computations.
Useful primitive functions connected with the operatibns in solving these

problems may be defined and implementation of these functions in the .
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B.‘.T. system may be attempted. - In particular, it will be of interes{t(')‘
find out an optimum number in order to do such probiems. This problém
has a partial similarity with the problem of minimization over Boolean
graphs(15) in that while the number of logié modules at any stage of the
'mapp'ing operation remain fixed, it is the nu‘mber of stages in Iﬁappi'ng

(levels in Boolean graph) which must be minimized.

An interesting theoretical question can be raised with respect
to the structure of Maitra-realizable functions. In section 3.4 the
logical universality-of a B.T. system consisting of a pair of cascades
was proved on the assumption tﬁat each of these cascades contained at
least one direct cell input more than the number of original variableé
{ Kyeeo Xy } . If each of the cascades consists of exact.ly {n-1) cells
with n direct inputs, can we realize arbitrary function of n variables
with the type of logic-free maps that can only permufe the variables
(independent or derived) ? By the argument given in section 3.4, the
system clearly can realize arbitrary function of (n—-l) variables. Also,
it can be easily seen that all functions belonging to the same equivalence
class as any Maitra-realizable function of n-variables can be realized.
Whether this system is logically universal or not is 'still an open

question.
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Some improvement in the algorithm pr’esente\'d in Ch_apter 5 may.
be attempted. This algorithm for grouping variables involvés the proceduz.'”e
éf taking one variable at a time and deteﬁnining which subfunction -
includes it. For angz variable, say Xj ,. which may be input to the last
" level ULM, the proqedure shows. that the required subfunction is the
same as the original fuﬁction after an exhaustive qomparison has been
made. Some fas’;er way of determining the variables which are input

to the lower-level ULM's may save this labour.

The technical aspect of bulk transfer of data as envisioned in
this thesis should form an important part of further study and work in

this area so that a practical bulk transfer system can be realized.
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" Appendix A

The next state equations for the variables to generate the permutation .

cycle (m-l,mz, .. .mzn) are;

xll =X1 . Xp = Xz@x'l B e N X;1-1 (Xn'1®xn)

These are derived for the minterm sequence of which Table 2.3 is a
replica for the case of three variables. Note that in any m, such that
2=1i= 2" the value of X1 is the complement of that in m;_;. The value

of X in m,y is the complement of that in Myn « Therefore, for the cyele

) we may write x! =X .

(-ml,mz,-...mzn 1 .

For X"Z, we see that xé can be expressed in terms of the present

value of X0 present value of Xy and the next value X3 of X Note

the minterms having Xy = 1.

s

G5
1%1]

From inspéction of the above diagram, we have, x'z =1 if X, = 0 and

x1=0 orifx2=1andxl=1.

T (- '
fence x2 x2 2] xl
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Similarly for xé . we inspect the terms ha—vin-g xé.= 1
2 *1
0

'x3 X
0

0

0

1 1 1

‘Then we obtain the following truth table (combinations for which

x'3 is true are only shown).

bl X x! X
3 .

2 2 3
0 1 0 1
1 0 0 1
1 0 1 1

1 1 1 1

From this table, we have

Xy = XX, *Xp (X3 ® X_z)

It is noticed that of the eight minterms of the three variables {x3 X X

four give a true value for Xé . This property holds true for higher

2}
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t

variables like le,XE:, .. 'Xn Therefore, for nz 3, X-I'1 can be expressed as ..

X=X X g+ x 1 (xn@xn_l)

To get the equations for gerllerating $ , note thaf the map is similar to
.the cyclic permutation exc.ept that the last minterm X1X2 ,-. '.'Xn must
be mapped into itself. An AND gate is used to detect the occurrence

" of 'th;'s-minterm and the output of the gate is used in that event to

obtain the proper next states of all variables.

Therefore for generating ® , we have

X i Xh = (xl@xz) +xl 5 Xy

. x1 =X +x1x2.'.. n

1

For\ nZ 3, X = 21'1_1 (Xn—l“E xn) + X%, F X yKg e X
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Appendix B

The proofs of the generalize'd theorems involve the same kind of

argument as in the special cases. These are sketched below.

Proof of Theorem 4.2.1': The first step is to prove that either Pig Ui

or Pig Ei' Assuming this to be false, let there be minterms {Ml,MZ}
of fhe variables of Ui such'that My My .Pi and M < U; and M,¢< Ei'
Expressing P, Pb. 4. . Pi' e Py = HPi where H represents the products of
literals other than those contained in Py, it can be shown using the
same arguments as in the proof of 4.2. 1', that H is an implicant of F.

It is a contradiction to the assumption thét I[-IPi is a Pl of . Therefore .
P;c U1 or Pic; _ﬁi . Next, assume\ WLOG, PigUi and Pi is not a PI

of Ui' Tet PiC P’EQ U1 This again leads to the contradictory result

that HP*{ is an implicant of F. So Pi must be a PI of Ui' Q.E.D.

Proof of Theorem 4.2.2': With the given condition, assume WLOG,

Pig U. but Q; € E . It leads to the conclusion that X is an implicant
! i _
of T which is contradictory. Therefore with the conditions given,

Qig Ui if PiC—Z Ui' The other part follows from Theorem 4.2.1",

 Converse Case: WLOG let Py, Qié Ui' When .PiX is true, F = 1.

Therefore F must be true when QiX is true, because F can be expressed
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as a function of Ui and X. Thus Q'iXQ F. For. the second part, .aSSUme'
QiX is not a PI of F and QXc QX*c F. If Q;c Qf . then we are led to
the contradictoéry conclusion that Qi is not a prime implicant of Ui. If
X< X*, then it leads to the conclusion that PiX is not a PI of F. Therefore

Q; = Q%, X =X*and QX is a P of F. | Q.E.D.

Proof of Corollary 1% If F is a complete sum of PI's, then the proof

follows from Theorem 4-.2.2' . Let T be an -incomplete‘ set of PI's.
WLOG, let Mbe a true minterm of U; which is not contained in the PI's
of Uy thained‘ under A;. Let P;X be a PI of F such that Pig Ui‘ Then
MXQ?. Therefore, MXmust be included in some PI's of F. Since X'is
not a PI, there exists Qi under Ai such that Mg Qi' By Theorém 4,2.1"
Q.l is a PI oflUi. Therefore, the assumption Mg Ui but not included in

any PI of Ui under Ai is false. Q.E.D.

Proof of Theorem 4.2.3'; Assume that PiPJ- . .Pk and Qin - .Qk are

two product terms of ¥. Applying the two conditions, mentiqned in the
proof o'f Theorem 4.2.3, to the set of product terms of F to check if
they contain any implicanté which afe not prime implicants, it can be
shown that condition (i) cannot be true for the pair Pin. ... Py and

Qin .o Qk’ bgcause it would lead tg the cqnclusion that certain Pj
and Qj satisfied the condition. This would violate the assumption that

Pj.and-Qj, are ,prime implicants of a constituent function Uj . Condition
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(ii) also cannot be true because it Would imply that certain PJ.C Qj , or Qjc:P,
. ]

which would again violate the said assumption. Q.E.D.

Proof of Theorem 4.2.4": Let U be unate in U1 Assume that the sum of
the terrﬁs under Ai equals 1. Then either Ui is trivial or PI'S; of both _Ui
and Ei are present under Ai. The firsf possibility is against the
assumption that F is non-degenerate. The second possibility implies

that U is not unate in Ui' Contradiction. Therefore if U is unate in

U, T P A1
o

: j
Converse Case: Let % Pi # 1 and U is not unate in U]. . Then PI's of
j , .
both Ui gnd Ui must occur in the PI's of F. By Corollary 1, the PI's
of Ui and Ei occurring under Ai are sufficient to define Ui and El

Therefore the sum of these PI's = U, + —Uti = 1. This is a contradiction.

Hence the theorem.’ Q.E.D,

P’roof of Tfleorem 4.2.5': Assume PiX’ Qig F. let Pi' Qi be PI's of
Ui(':Ji) . Then by Theorem 4'.2 2, QiX must be a PI of F. Contradiction.
Let Pig Ui and Qig Ei' Then F can be ex“pressed in terms of Ui as -
F= UiX + ﬁi + R where R is some residual function. Taking consensus
between UiX‘ an.d :Ji' ‘we obtain X as~aln implicant of F. Cdntradiction.

Hence the theorem. - S Q.E.D.
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Proof of Theorem 4.3.1: To prove first that P X1 gUl (Ul)- and

1
XlPZ _C.U2 (ﬁz)d Consider the possible casas as in the proof of'The_orem

"4,2.1.) It can be seen in an exactly similar manner that if P1Xl/_ri U1
and PyX, ;'_f”ffl orX;Py & U, an;l X1Py ,v_fﬁz , then P;X3 Py cannot be a
PI of F. Next, to show P1X; as a PI of U1(U), assume PjX]cC Pry

where P?if and Y’i‘ are subsets of the literals of Pl

and X1 respectively. It
follows that P1X1P2 is not a PI of F. Contradiction, Similarly it can
be shown that if X, P, is not a PI of U, (I_IZ) it leads to a contradiction.

Hence the theorem. : Q.E.D.

Proof of Theorem 4.3.2: WLOG, let P.X sU;. Now if QlYl Qﬁ'l, it

171

leads to the conclusion that X1Py is an implicant of F, which is

contradictory. The other part follows from Theorem 4.3.,1,

Converse part: WLOG, let P;Xy, Qle SU, and P;X;P, S F. Assume,
WLOG, XlPZ QUZ. In a manner similar to Theorem 4.2.2, it can
be shown that when Q1X1P2 is true, F = 1. Thus QlePz cFP. To

prove the other paﬂ‘ note that since Ple P2 is a Pl of F and P1X1

a PI of Uy, hence XjP, is a PI-of Uy (by Theorem 4.3.1). Now if

Q1X1P2 is not a PI of F and there exists certain Q’i‘X‘fPék D Q1X1P2,

then, it leads to the contradiction that either lel is not a PI of Uy

or X1Py is not a PI of Uz‘.' Hence the result. Q.E.D.

r
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Generalization of Theorems 4.3.1 and 4.3.2

Let Pi-, Qi-’Ri etc—-letters with subscript i represent products of the.
literals of the variables of Di fori=1,2,.. .S,'rxi . B i Y . etc.
. ; i
for the variables of Ci' fori=1,2,...(s-1). Let Ui'be a function on

" the variables of A, and U be the function on Ui's fori=1,2,...,s.
i

P bea Pl of F.

. Theorem 4’.3.1‘:_. Let Piqui+1ai+1' ..Po,P,

L ke

o T o i
Then Pj j is a PI of Uj(Uj_) and ij+1 is a PI of Uj+1 (Uj +1) for

i=1i,...k.

Theorem 4.3.2': If PiA énd QiA be two PI's of F where A, B represent
products of literals not containing any literals of Di’ then Qlozig Ui(ﬁi)
if Plai‘; U_(—I_I_i) where o, is a subset of the literals of A. Also,
i
Qiai is a PI of Ui(Ui) if Piai is a PI of Ui(Ui) . Conversely if
Poa.,, Qu < U.(_ﬁ-), then Q.Ac F if P,Ac F where A contains the
11 ii 1°71 1 . 1

literals ofa,. mmmrﬁﬁ%amu%HamPrsdufmdﬂAmapux

F, then QiA isa Pl of F.

The proofs. of these theorems may be obtained by arguments similar

to those in Theorems 4.3.1 and 4.3.2.
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