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Abstract:
In this thesis the results of investigations on a cellular bulk transfer system from the viewpoint of its
logical capabilities have been presented. The model adopted for the bulk transfer system consists of an
input array, a mapping device, an output array and an output logic. The influence of such factors as
flexibility of the mapping device, flexibility of output logic and parallelism of operation has been
determined. The main results obtained are: the bulk transfer system can be made logically universal
with a proper combination of output logic and maps. In realizing arbitrary logic, a trade-off among the
number of mapping operations, number of independent maps and amount of logical flexibility in the
output logic is possible. A least upper bound on the number of necessary transposition maps is derived
for an output logic consisting of a flexible cellular cascade. The possibility of a set of bulk transfer
units operating in parallel has been studied and the functions realizable in this manner have been
characterized. An algorithm for test-synthesis of realizable functions has been presented. 
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ABSTRACT

In  th is , th e s i s  the. r e s u l ts  of in v e s t ig a t io n s  on a c e l lu la r  bulk  ■ 
t r a n s fe r  sy s te m  from th e  v ie w p o in t of i t s  lo g ic a l .c a p a b i l i t ie s  have  
b e en  p r e s e n t e d T h e  m odel a d o p ted  fd'r th e  bu lk  tra n s fe r  s y s te m . 
c o n s is t s  o f an  in p u t a r ra y , a  m apping d e v ic e , an  o u tp u t a rra y  and  an  
o u tp u t lo g ic ..  TKe in f lu e n c e  o f su ch  fa c to rs  a s  T lex ib ilIty  of th e  ' 
m apping  d e v ic e ,  f le x ib i l i ty  of. o u tp u t lo g ic  and  p a ra lle lism  o f  o p e ra tio n  
h a s  b e e n  d e te rm in e d . The m ain  r e s u l ts  o b ta in e d  are:, th e .b u lk  
tr a n s fe r  sy s tem  c an  be m ade lo g ic a lly  u n iv e rs a l  w ith  a p roper 
co m b in a tio n  o f o u tp u t lo g ic  and  m a p s . In re a liz in g  a rb itra ry  lo g ic , 
a  t ra d e -o f f  am ong th e  num ber.o f m apping o p e ra tio n s , num ber of 
in d e p e n d e n t m aps and  am ount of lo g ic a l f le x ib i l i ty  in  th e  o u tp u t lo g ic  
i s  p o s s ib le .  A l e a s t  u p p e r bound on th e  num ber of n e c e s s a ry  
tr a n s p o s it io n  m aps i s  d e riv e d  fo r an  o u tp u t lo g ic  c o n s is t in g .o f  a flex ib le  
c e l lu la r  c a s c a d e  . The p o s s ib i l i ty  o f  a s e t  o f bu lk  tra n s fe r  u n its  
o p e ra tin g  in' p a ra l le l  h a s  b e en  s tu d ie d  and  th e  fu n c tio n s  r e a l iz a b le  
in  th is  m anner h a v e  b een  c h a r a c te r iz e d . An a lgo rithm  for t e s t -  
s y n th e s is  o f r e a l iz a b le  fu n c tio n s  h a s  b e en  p re s e n te d .
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A c e l lu la r  a rra y  is  som e g e o m e tr ic a l a rran g em en t of c e l ls  

in  o n e , tw o or th re e  d im e n s io n s . E ach  c e l l  in  a c e l lu la r .a r ra y  h as  some, 

lo g ic a l  p ro p e rty  and  i t  m ay a ls o  h ave  som e s to ra g e  c a p a b i l i ty .  The c e l l s  

of an  a rra y  have  a uniform  in te rc o n n e c tio n  s t ru c tu re . B ecau se  of th i s ,  

th e  lo g ic  d e s ig n e r  i s  fa c e d  w ith  a new  k ind  of c o n s tra in t  in  re a liz in g

(H)
a rb itra ry  lo g ic  fu n c tio n s . W ith  e x is t in g  te c h n iq u e s  in  c e l lu la r  lo g ic  

i t  i s  n e c e s s a ry  to  u s e  e i th e r  a c o m p lica ted  in te rc o n n e c tio n  p a tte rn  am ong 

c e l l s  or a v e ry  la rg e  num ber of c e l l s  to  r e a l iz e  a rb itra ry  lo g ic .

The id e a  of a bu lk  tra n s fe r  of d a ta  o r ig in a te d  from th e  problem s' . 

of re a liz in g  a rb itra ry  lo g ic  fu n c tio n s  w ith  c e l lu la r  a r r a y s . W ith  a v iew  

to  av o id in g  th e  c o m p lic a te d  in te rc o n n e c tio n  p a t te rn , i t  h a s  been  p roposed  

to  tra n s fe r  the  d a ta  from one c e l lu la r  a rra y  to  a n o th e r by som e k ind  of 

tra n s fe rr in g  d e v ic e .  The a d v a n ta g e  in  do ing  th is  i s  th a t  n e c e s s a ry  

in te rc o n n e c tio n s  can  be re a l iz e d  by s u ita b ly  tra n s fe rr in g  th e  in p u ts  in  

th e  sec o n d  a r ra y . P u rsu ing  th is  l in e ,  a  c e l lu la r  bulk  t r a n s fe r  sy stem  

c an  be c o n c e iv e d  w h ich  c o n s is ts  of tw o  c e l lu la r  a rra y s  w h ich  m ay be 

re fe rred  to  a s  in p u t and  o u tp u t a r ra y s ;  E ach  of th e s e  a r ra y s  is  c ap a b le  

of c o n ta in in g  d a ta  an d  p o s s ib ly  perform ing lo g ic  on i t .  B etw een th e  tw o 

a rra y s  th e re  i s  a d a ta - t r a n s f e r  d e v ic e  w h ich  may tr a n s fe r  d a ta .

1 . 1 I n trod uct ion
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a .ccom panied  by som e k ind  of tra n s fo rm a tio n . An exam ple of a sim p le  ty p e  

of tra n sfo rm a tio n  i s  a perm u ta tio n  o f  th e  v a r ia b le s  on the  a r ra y . If n e c e s ­

s a ry , the  d e v ic e  m ay have the. c a p a b il i ty  fo r more com plex  tra n sfo rm a tio n s  

This d e v ic e  m ay be g iv en  th e  g e n e ra l nam e 'm apping  d e v ic e '.

The m apping  m ay be a p p lie d  in  re v e rse  d ire c tio n  and  can  be i te ra te d  a 

lim ited  num ber of tim es.. D ata m ay be lo g ic a lly  p ro c e s s e d  u s in g  th e  • -

b u i l t - in  lo g ic  in  th e  c e l lu la r  a r r a y s , m aps in  th e  m apping  d e v ic e  and 

i f  re q u ire d , by  a  s e p a ra te  lo g ic  d e v ic e .

A s tu d y  o f th e  c h a r a c te r is t ic s  of th is  sy s tem  re v e a ls  th a t  lo g ic a l 

u n iv e r s a l i ty  can  be a c h ie v e d  by a s u i ta b le  co m b in a tio n  of m ap and lo g ic . • 

T h is le a d s  to  m any in te re s t in g  q u e s t io n s  reg a rd in g  i t s  e f f ic ie n c y , 

e f fe c t  of v a r ia tio n  in  s tru c tu re  and  c o n s tru c tio n , c a p a b i l i ty ,  and 

p ra c t ic a l i ty  a s  a com puting  sy s te m  and  so  o n . The m odel o f the  

bu lk  tr a n s fe r  sy s tem  i s  re la te d  to  th e  p e rcep tro n  sy stem  s tu d ie d  by 

M in sk y  and  P a p e r t ^ )  b u t th e  m ajor in te r e s t  in  th e  sy s te m  is  b a se d  

/ on a  r e a l iz a t io n  th a t  i t  m ay h av e  an  im p o rtan t p la c e  in  fu tu re  d ig i ta l  

sy s te m s  b e c a u s e  of a  p o s s ib i l i ty  th a t-im p ro v em en t in  th e  com puting 

pow er m ay be a c h ie v e d  th rough  a m ode of o p e ra tio n  in  w h ic h  th e  

a d v a n ta g e s  of in c re a s e d  p a ra lle l ism  of o p e ra tio n s , g re a te r  

h o m o g en eity  of th e  ha rd w are  s t ru c tu re , in te rm ix tu re  o f s to ra g e .
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a r ith m e tic  and  co n tro l o p e ra tio n s  h av e  b een  co m b in ed .

The g e n e ra lity  o f th e  sy stem  an d  i t s  p o te n tia l c a p a b i l i t ie s  m ay be 

v is u a l iz e d  by c o n s id e rin g  th e  b a s ic  sch em es  of th e  p a ra l le l  p ro c e sso rs  

s u g g e s te d  re c e n tly  an d  a ttem p tin g  to  m irror th e ir  fu n c tio n s  in to  th e  bulk  

tra n s fe r  s y s te m . M o st of th e s e  m a ch in es  h av e  u ti l iz e d  th e  b a s ic  c o n c e p ts

of tw o d is t in c t  p a ra l le l  p ro c e s s o r  o rg a n iz a tio n  p ro p o sed  by linger^ ^  and

( 7)
H o llan d  . T hese  m ach in es , w ill  be  b rie fly  d is c u s s e d  in  o rd er to  bring 

ou t fu n c tio n a l s im ila r i t ie s  b e tw een  th e s e  and  th e  bulk  tr a n s fe r  sy s te m .

1 .2  The Bulk T ran sfe r System  in. R ela tio n  to  Some. P a ra lle l ■

P ro c e sso rs

U nger M ach in e

In 1958 U nger d e sc r ib e d  a s to re d  program  com pu ter o rie n te d  

tow ard  s p a t ia l  p ro b le m s . The p a r tic u la r  problem  i l lu s t r a te d  w ith  

th is  m ach ine  w a s  p a tte rn  d e te c t io n . The com puter c o n s is t s  of a m a ste r  

c o n tro l and  a re c ta n g u la r  a rra y  of lo g ic a l  m odu les e a c h  o f w h ich  can  

com m unicate  w ith  i t s  n e a r e s t  n e ig h b o rs  (F igure 1 . 2 . 1 ) .  The m a s te r  • 

co n tro l c o n ta in s  a  c lo c k , d eco d in g  c irc u i ts  and  a random  a c c e s s  

m em ory fo r s to rin g  in s t ru c t io n s .  I t re a d s  ou t in s tru c tio n s  from m em ory, . 

d e c o d e s  them  and se n d s  o u t ap p ro p ria te  com m ands w h ich  go s im u lta ­

n e o u s ly  to  a l l  th e  m o d u le s . E ach  m odule c o n ta in s  a o n e -b i t
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II

M odule

M a s te r
C on tro l

F igu re  1 . 2 . 1  The U nger M ach ine

a c c u m u la to r , som e s to ra g e  and  a s s o c ia te d  lo g ic  and  w orks in  p a ra lle l 

w ith  th e  rem ain in g  m o d u le s . W ith  th e  u s e  of an  e lem en ta ry  in s tru c tio n  

s e t  U nger h a s  d e sc r ib e d  program s to  d e te c t  c e r ta in  lo c a l  an d  g lo b a l 

fe a tu re s  of p a tte rn s  on th e  tw o d im e n s io n a l f i e l d .

To r e f le c t  th e s e  fe a tu re s  of th e  U nger m achine in  the  bu lk  tra n s fe r  

s y s te m , l e t  u s  reg a rd  th e  f ie ld  c o n s is t in g  of the  m odules a s  th e  in p u t 

a rra y  an d  a ssu m e  th a t  th e  re s u lt in g  c o n fig u ra tio n  of th e  f ie ld  on 

e x e c u tio n  o f one in s tru c t io n  w ill  be on th e  o u tp u t a r ra y . The in s tru c tio n  

c an  be d e sc r ib e d  by a p ro p er co m b in a tio n  of m apping w ith  lo g ic . T h u s , 

a n  i te ra te d  p ro ced u re  of m apping w ith  lo g ic  m ay c o n s ti tu te  a program  fo r 

th e  d e te rm in a tio n  of som e p a r tic u la r  fe a tu re  of a p a t te r n . I t  a p p ea rs  

th a t  th e  bu lk  tr a n s fe r  sy s te m  can  be p o te n tia l ly  more pow erfu l in  som e
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r e s p e c ts  th a n  th e  U nger m achine in  v iew  o f th e  fa c t  th a t  .s u ita b le .c h o ic e  

o f m aps in  th e  m apping  d e v ic e  m ay en ab le  th e  bulk  tr a n s fe r  sy stem  to  

p ro c e s s  a  la rg e r  p a rt of th e  f ie ld  th an  the  group of im m ed ia te  n e ig h b o rs . 

F u rth e rm o re , som e o p e ra tio n s  can  be  c o n v e n ie n tly  e x e c u te d  by a sim ple  

m apping  w here  i t  m ay ta k e  s e v e ra l  in s tru c t io n s  in  the U nger m ach ine  to. 

do th e  s a m e . On th e  o th e r  h a n d , th e re  m ay be c e r ta in  fe a tu re s  in  the ■ 

U nger m ach ine  w h ich  m ay be d if f ic u lt  to. im plem ent by m apping  in  the 

bu lk  t r a n s fe r  s y s te m , b u t can  be in co rp o ra ted  th rough  th e  b u i l t - in  

lo g ic  of th e  in p u t and  ou tp u t a r r a y s .

H o lland  M ach ine  '

The H o lland  m ach ine  c o n s is ts  of a  tw o -d im e n s io n a l a rray  of 

m o d u le s . E ach  m odule is  a sm all g e n e ra l p u rp o se  co m pu ter and  can  

be a c t iv e  o r in a c t iv e  a t  a g iven  tim e . W hen a c t iv e ,  a m odule t re a ts  

th e  c o n te n ts  of i t s  s to ra g e  re g is te r  a s - a n  in s tru c t io n . A fter d e term in ing  

th e  lo c a tio n  o f th e  o p e ra n d , a  p a th  is  b u il t  to  a c c e s s  th e  d a ta .  The 

in s tru c t io n  in  th e  m odule i s  th en  e x e c u te d  an d  th e  a c tiv e  s ta tu s  is  

t ra n s fe rre d  to  one of th e  four n e a r e s t  n e ig h b o rin g  m odu les in  th e  a rra y . . 

In s tru c tio n s , c an  be a rran g ed  s p a t ia l ly  th ro u g h o u t the  a rra y  o f m odules 

w ith  an  a rb itra ry  num ber of th e s e  e x e c u te d  a t  the  sam e t im e .



- 7 -

R eflec tin g  on th e  B.T.  s y s te m , i t  a p p e a rs  th a t ,  th ough  any  d a ta  

tra n s fo rm a tio n  p o s s ib le  in  th e  H o lland  m ach ine  can  be done by  perform ing . 

s u i ta b le  m ap p in g , a  m o d ifica tio n  of th e  s tru c tu re  of th e  m apping  d ev ice  

m ay be m ore su ite d  to  perform  th e  k ind  of p a ra l le l  co m p u ta tio n  th a t  the  

H o llan d  m ach ine  i s  a b le  to  d o . Let th e  in p u t a rray  be th e  p roper 

c o n fig u ra tio n  c o n ta in in g  d a ta  and  in s t r u c t io n s .  The m apping  d e v ice  

m ay be d iv id e d  in to  m any s e p a ra te  e le m e n ts , e a c h  h a v in g .th e  c a p a b ili ty  

of sca n n in g  a  lim ited  a re a  of an y  reg io n  in  th e  in p u t a r ra y . The 

e x e c u tio n  of an  in s tru c tio n  m ay c o n s is t  of a tran sfo rm a tio n  of d a ta ,  f i r s t  by 

m apping  an d  th e n  by th e  b u i l t - in  lo g ic  of th e  a r r a y s . If th e  operand  * 

of an  in s tru c tio n  b e lo n g s  to  a n .a re a  d iffe re n t from th a t  s ca n n e d  b y  a 

m apping e le m e n t, a se q u e n c e  of m ap p in g -o p e ra tio n s  m ay be u n d e rtak en  to  

b rin g  th e  d a ta  in to  th e  p roper a r e a , th u s  s im u la tin g  th e  p a th -b u ild in g  and 

d a ta - a c c e s s  p ro cedu re  in  the  H o lland  m a c h in e . There co u ld  be o th e r 

v a r ia tio n s  o f th is  s im u la tio n  p ro cedu re  in c lu d in g  a g lo b a l m ap p in g .

T w o -d im en s io n a l C om puting T echn ique

The bu lk  t r a n s fe r  sy s te m  i s  s tru c tu ra l ly  o rie n te d  tow ard  p a ra lle l  

co m p u ta tio n  in  th e  sam e m anner a s  th e  tw o -d im e n s io n a l i te ra t iv e  netw ork  

com puting  te c h n iq u e  of H aw kins an d  M unsey^ ? ) .  The com puting  

m ach in e  d e v ise d  by th e s e  a u th o rs  c o n s is ts  of tw o d a ta  p la n e s ,
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c a lle d  th e  in p u t p lan e  and  re s u lta n t  p lan e  (Figure 1 . 2 . 2 ) .  There is  an  

in te rv e n in g  p lan e  c a lle d  th e  m apping m a s k . D ata on the  in p u t p lane  can  

be p ro c e ss e d  th rough  th e  u s e  of th e  m ask  and  p ro je c ted  on to  th e  re s u lta n t  

p la n e . U sing  o p tic a l  te c h n iq u e s  and  lin e a r  th re sh o ld  lo g ic  to  p ro c e ss  

s p a t ia l ly  d is tr ib u te d  d a ta  on the  in p u t p la n e , th e  au th o rs  h av e  shown 

th a t  the  sy s te m  is  c a p a b le  of re c o g n iz in g  c e r ta in  tin y  o b je c ts  a g a in s t  

th e  backg round  of o th e r la rg e  o b je c ts .

In p u t M ask  R esu lta n t

F igure  1 . 2 . 2  O p tic a l Sum m ation System
(x 's  a re  in p u t v a r ia b le s ,  g 's  a re  tra n sm itta n c e s )
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From th e  ab o v e  d is c u s s io n s  i t  sh o u ld  be a p p a re n t th a t  g iv en  the  

p ro p er te c h n o lo g ic a l b a ck g ro u n d , th e  bu lk  tra n s fe r  sy s te m  h a s  the  

p o te n t ia l i t ie s  of becom ing  an  im p ro v ed , econom ic  and  v e r s a t i le  d a ta -  

p ro c e s s in g  d e v ic e .  The te c h n o lo g ic a l a d v an c e  in th e  f ie ld  of b a tch  

fa b r ic a tio n  te c h n iq u e  h a s  m ade i t  p o s s ib le  to  p roduce  re l ia b le  and 

e co n o m ica l a rra y s  o f lo g ic  c e l l s  on a  m a ss  s c a le  . C u rren t r e s e a rc h ( 1 ) 

on th e  u s e  of o p tic a l  te c h n iq u e s  fo r d a ta  tra n s fe r  on a la rg e  s c a le  p o in ts  

to  a d ire c tio n  in  w h ich  th e  p ra c t ic a l  r e a l iz a t io n  of a bu lk  tra n s fe r  

sy s tem  m ay seem  f e a s ib le .

W ith  th e s e  a s p e c ts  in  v ie w , a  s tu d y  on th e  lo g ic a l  c a p a b il i t ie s  

o f th e  bu lk  tra n s fe r  sy stem  h a s  b een  p ro p o sed  in  th is  t h e s i s .  .The 

c o n te n ts  and  o rg a n iz a tio n  of th e  th e s i s  i s  g iv en  in  th e  fo llo w in g  s e c t io n .

1 .3 O rg an iza tio n  of the  R em aining C h ap te rs

C h ap te r  2 d i s c u s s e s  th e  lo g ic a l  c a p a b ili ty  of a sim ple

bu lk  tra n s fe r  s y s te m . The re s u l ts  o b ta in e d  in  th is  c h a p te r  form the

b a s is  of fu r th e r d ev e lo p m en t on th is  to p ic  in  C h ap ter 3 . In th is  
— /

c h a p te r  th e  e f fe c t  of lim ited  f le x ib il i ty  in  th e  ou tp u t lo g ic  i s  s tu d ied  

an d  r e s u l t s  o n  bulk  tra n s fe r  w ith  c e l lu la r  c a s c a d e s  a re  re p o r te d .
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C h ap te r  4 d e a ls  w ith  th e  c h a ra c te r iz a tio n  of r e a l iz a b le  fu n c tio n s  

u s in g  p a ra l le l  bu lk  t r a n s fe r  te c h n iq u e . I t c o n ta in s  an  a lgo rithm  fo r th e  

t e s t - s y n t h e s i s  of fu n c tio n s  u s in g  p a ra l le l  bu lk  tra n s fe r  on th e  a ssu m p tio n  

th a t  th e  p a rtio n in g  o f th e  in p u t a rray  is  f ix e d . In C h a p te r  5 a s im ila r 

a lg o rith m  on th e  a ssu m p tio n  o f f le x ib i l i ty  in  th e  p a ritio n in g  of the  in p u t 

a rra y  h a s  b een  d e v e lo p e d .

C h ap te r  6 g iv e s  a sum m ary of th e  fo rego ing  c h a p te rs  fo llow ed  by 

a d is c u s s io n  a b o u t th e  sco p e  of fu r th e r re s e a rc h  w ork in  th e  a r e a .



C h ap te r  2

LOGICAL CAPABILITY OF A BULK TRANSFER SYSTEM
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2 . 1 A Bulk T ran sfe r System

An id e a  o f th e  p o s s ib le  fu n c tio n  of a  bu lk  tr a n s fe r  sy stem  h a s  

b e en  g iv en  in  th e  p rev io u s  c h a p te r . Such a  sy stem  w il l  be d e sc r ib e d  in  

th is  c h a p te r  and  th en  in v e s t ig a t io n s  in to  i t s  lo g ic a l c a p a b i l i t ie s  w ill  

be m ad e . A b lo ck  d iagram  of th e  sy stem  is  show n in  F igu re  2 . 1 . 1 .  The 

b lo ck  c a lle d  Inpu t Array m ay be c o n ce iv e d  a s  a re c ta n g u la r  p lane  

d iv id ed  in to  m any re c ta n g u la r  c e l l s . E ach  c e l l  i s  a s to ra g e  d e v ice  

w h ich  can  ta k e  on one of th e  tw o  in p u t v a lu e s ,  I or 0 . C o rrespond ing  

to  e a c h  in p u t c e l l  th e re  i s  a  b in a ry  v a r ia b le  and  an  a s s ig n m e n t of 

in p u t v a lu e s  to  a l l  th e  c e l l s  r e p re s e n ts  one of 2n p o s s ib le  in p u t 

c o n f ig u ra tio n s , w here  n is  th e  num ber of c e l l s  in  th e  in p u t a rra y .

In p u t Array M app ing  D ev ice  O utpu t Array O utpu t Logic

F igure  2 . 1 . 1  A Bulk T ran sfe r System
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A sec o n d  com ponen t o f th e  bu lk  t r a n s fe r  sy stem  is  th e  b lo ck  

c a lle d  th e  Ou tp u t A rray: i t  i s  a p lan e  id e n t ic a l  to  th e  in p u t a rra y .

The c o n te n ts  of th e  in p u t c e l l s  a re  m apped  (transferred ) on to  the  c e l ls  

of th e  o u tp u t a r ra y . For e x a m p le , a s to re d  b it  in  a c e l l  ( i , j )  in  th e  

in p u t a rra y  m ay be m apped in to  a c e l l  (m,k)  in  th e  o u tp u t a rra y .

The th ird  com ponen t i s  c a lle d  th e  M apping D e v ic e : i t  im p lem en ts  ' 

th e  m apping o p e ra tio n  b e tw een  th e  in p u t an d  o u tp u t a r r a y s . The 

m apping  m ay in c lu d e  lo g ic  (F igure 2 . 1 . 2 )  or may n o t. A m apping is  

c a lle d  lo g ic - f r e e  if  th e  v a lu e  of an  in p u t b it  is  no t ch an g ed  during 

m app ing . For th e  p re s e n t d is c u s s io n ,  su ch  a  m apping i s  a lw ay s  

o n e - to -o n e ;  th a t  i s ,  e a c h  o u tp u t c e l l  g e ts  a s ig n a l from a t  m ost one

L og ica l E lem ent

In p u t Array • M apping  D ev ice  • O u tpu t Array

F igure  2 . 1 . 2  M apping D ev ice  w ith  Logic
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in p u t c e l l .  (N ote th a t  a l l  m app ings h av e  b e en  a ssu m ed  to  be o n to , th a t  

i s ,  an  o u tp u t c e l l  g e ts  a  s ig n a l from a t  l e a s t  one in p u t c e l l . )  A 

lo g ic a l  m apping  i s  one th a t  in v o lv e s  tra n sfo rm a tio n  of th e  in p u t b its  

du ring  m apping  (for e x am p le , co m p le m en ta tio n ). B es id e s  b e in g  o n e -  

to -o n e , a lo g ic a l  m apping  m ay be m a n v - to -o n e . w here  a num ber of 

in p u t b i ts  com bine w ith  som e lo g ic  to  p roduce  a b in a ry  s ig n a l w h ich  

i s  th e n  m apped in to  an  o u tp u t c e l l .

A fter one m ap p in g , th e  o u tp u t a rra y  c an  be id e n t ic a l ly  m apped 

b a ck  in to  th e  in p u t a rra y  for a  seco n d  m apping  from in p u t a rra y  to  

o u tp u t a r ra y . A ssum e th a t  th e  p rev io u s  a ss ig n m e n t of sw itch in g  

v a lu e s  to  th e  c e l l s  in  an  a rra y  is  a u to m a tic a lly  c le a re d  w hen  a new  

m apping to  th e  a rra y  i s  p e rfo rm ed . ' A lso , a ssu m e  th a t  a  m apping from 

th e  in p u t a rray  to  th e  o u tp u t a rray  can  be  re p e a te d  an y  num ber of tim es  

by id e n t ic a l ly  m apping  b a ck  from th e  o u tp u t a rray  to  th e  in p u t a rray  

a f te r  e a c h  m apping from th e  in p u t a rra y  to  th e  o u tp u t a r ra y . H e n ce - 

' f o r th , by "m apping" th e  m apping from in p u t a rray  to  o u tp u t a rray  w ill  . 

be  m e an t, u n le s s  o th e rw ise  s p e c if ie d ,  b e c a u s e  th e  re v e rs e  m apping 

i s  a ssu m e d  a lw a y s  to  be th e  id e n ti ty  m ap p in g .

.The m apping  d e v ic e  i s  c a p a b le  of p roducing  a lim ited  num ber 

of in d e p e n d e n t m a p p in g s , none of w h ich  c an  be p ro d u ced  by  an y  

co m p o sitio n  of o th e r  m ap p in g s th a t  th e  d e v ic e  im p le m e n ts .
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The f in a l com ponen t of th e  bu lk  tr a n s fe r  sy stem  is  c a lle d  the  

O utput L o g ic : i t  i s  a d e v ic e  .that perform s a lo g ic a l fu n c tio n  on the

‘ I '
o u tp u t a rra y  to  p roduce  an  o u tp u t v a lu e .  A ssum e th a t  du ring  co m p o site  

m apping th is  d e v ic e  d o e s  n o t o p e ra te  u n til  th e  end  of co m p o s itio n .

The lo g ic  of th e  d e v ic e  m ay be f le x ib le  so  th a t d iffe re n t fu n c tio n s  

of i t s  in p u ts  c an  be o b ta in e d .

N ote th a t  an  a ss ig n m e n t of v a lu e s  to  th e  in p u t a rra y  of n c e l ls

re p re s e n ts  a m interm  of n v a r ia b le s  w h ich  i s  co n v e rted  in to  an o th e r

m interm  in  th e  o u tp u t a rra y  a f te r  m ap p in g . C o n sid e r th e  s e t  M of a ll

'm in term s of n v a r i a b le s . C le a r ly , th e  m apping d e v ic e  c an  produce

a m apping from M in to  M . Let a m interm  m^ a f te r  a m apping  # be

ch an g ed  to  a n o th e r  m interm  re p re se n te d  by  m^a . The sam e m interm

w hen  s u b je c te d  to  th e  m ap a tw ic e ,  i s  ch an g ed  to .a  m interm

2 2•rep re sen ted  a s  m ^a . If  m ^a i s  d iffe re n t from m ^h an d  th e  

v a lu e s  of th e  o u tp u t fu n c tio n  fo r th e  tw o m in term s a re  d if fe re n t, th en  

e v id e n t ly , ■ a  new  fu n c tio n  ( i . e . ,  a  fu n c tio n  d iffe ren t from th a t  

o b ta in a b le  a f te r  s in g le  m apping) i s  g e n e ra te d  a t  th e  o u tp u t by one 

re p e ti t io n  of th e  a -m ap  .

The bu lk  tr a n s fe r  system , m ay be lo o k ed  upon a s  a .d e v ic e  for 

p roducing  d if fe re n t lo g ic a l  fu n c tio n s  of a s e t  of in p u t v a r ia b le s ,
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u s in g  a s e t  o f m aps {a ^ , a  £ / • • • a a n d  an  o u tp u t lo g ic  d e v ic e . We 

s h a l l  s tu d y  th e  lo g ic a l  c a p a b i l i t ie s  o f th e  sy s tem  u n d e r d iffe re n t ty p e s  

of m apping  an d  o u tp u t lo g ic .  In  th is  c o n n e c tio n , som e of the  b a s ic  

id e a s  and  te rm in o lo g y  of G roup T h e o r y ^  ) w ill  o ften  be u s e d .

2 .2  L og ica l C a p a b ility  of th e  Bulk T ran sfe r System-

Perm utation  M aps

Let th e  s e t  of 2n m in term s be a rra n g ed  in  som e o rd e r a s

(m, ,m  , . . .m J  . If i t  w ere  p o s s ib le  to  p roduce  a l l  p o s s ib le  p e rm u ta - 
1 2 2

tio n s  of the  s e t  of m interm s w ith  th e  h e lp  of th e  lim ited  num ber of 

in d e p e n d e n t m aps of th e  bu lk  tr a n s fe r  (B.T. )  s y s te m , th e n ,  w ith  an o u tp u t

lo g ic  d e v ic e  of v e ry  lim ited  f le x ib i l i ty ,  an  ex trem ely  la rg e  num ber of 

fu n c tio n s  cou ld  be g e n e ra te d , b e c a u s e ,  by perm uting  th e  s e t  of m interm s 

a  d if fe re n t fu n c tio n  cou ld  be o b ta in e d  a t  th e  o u tp u t w ith o u t chang ing  

th e  o u tp u t fu n c tio n  o f the  o u tp u t d e v ic e .  So the  a tte m p t in  th e  fo llow ing  

i s  d ire c te d  tow ard  th is  g o a l .  Theorem  2 . 2 . 1  i s  a r e s u l t  o f th e  fo re ­

go ing  d is c u s s io n ,  and  so  is  g iv en  w ith o u t p ro o f .

Theorem  2 . 2 .1:  A o n e - to -o n e  m ap of th e  in p u t a rra y  in  a  bulk

tra n s fe r  sy s tem  p ro d u ces  a pe rm u ta tio n  o f th e  s e t  of m in te rm s.

A lo g ic - f r e e  m apping of th e  in p u t a rra y  i s  e f fe c t iv e ly  a  g e o m e tric a l 

re p o s itio n in g  of th e  in p u t b i t s .  T his ty p e  o f m apping h a s  lim ita tio n s
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in  th e  m a tte r  of p roducing  a rb itra ry  p e rm u ta tio n s  of th e  s e t  o f m interm s 

a s  th e  fo llo w in g  theorem  w ill  show :

I , ' . '

Theorem  2 . 2 . 2 : W ith  a l l  p o s s ib le  lo g ic - f r e e  o n e - to -o n e  m appings

of th e  in p u t a rra y , i t  i s  no t p o s s ib le  to  p roduce  a l l  p e rm u ta tio n s  of th e  

s e t  of m in te rm s .

Proof: A lo g ic - f r e e  m apping can n o t m ap a m interm  of in d e x  num ber i 

(num ber of I ' s  in  th e  m interm ) in to  a m interm  of in d e x  num ber j ,  w here  

i  j .  T h e re fo re , su ch  a m apping c an n o t p roduce  a l l  p o s s ib le  

p e rm u ta tio n s  . Q . E . D .

The ty p e s  and  th e  to ta l  num ber of p e rm u ta tio n s  th a t  a l l  lo g ic -  

free  o n e - to -o n e  m aps p roduce  w ill  be g iv en  u n d er Theorem  2 . 2 . 5 .  

S uppose  th e  s e t  of m in term s is  id e n t ic a l ly  m apped and  th e  fu n c tio n  

p ro duced  by th e  o u tp u t lo g ic  (fixed) i s  f . C an a d iffe re n t fu n c tio n  

be p ro duced  a t  th e  o u tp u t by re so r tin g  to  a d iffe ren t p e rm u ta tio n  of th e  

s e t  of m in te rm s?  C o n s id e r a p e rm u ta tio n  o f th e  s e t  of m in term s

w h ere  tw o m in term s m. an d  m. a re  m apped  one in to  th e  o th e r  w h ile
i  I

th e  r e s t  a re  m apped id e n t ic a l ly .  If th e  o u tp u t lo g ic  is  su c h  th a t  bo th  

m^ an d  my a re  tru e  or bo th  f a l s e ,  th e n ,  w ith  th is  p e rm u ta tio n , no new  

fu n c tio n  can  be p ro d u c e d . The co n d itio n  fo r p roducing  a  new  fu n c tio n  

i s  g iv en  in  th e  fo llo w in g  th eo rem .
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Theorem  2 . 2 . 3 : Let f be th e  fu n c tio n  p roduced  w ith  id e n tity

m apping by  a b u lk  tr a n s fe r  sy stem  h av in g  a fix ed  o u tp u t lo g ic .  Then 

w ith  an y  m apping  of th e  in p u t a rra y  w h ich  p ro d u ces  a p e rm u ta tio n  o f 

th e  s e t  of m in te rm s, i t  i s  p o s s ib le  to  p roduce  a new  fu n c tio n  a t  the 

o u tp u t i f  and  on ly  i f  th e  co rre sp o n d in g  perm u ta tio n  of th e  s e t  of 

m in term s m aps a t  l e a s t  one tru e  (fa lse ) m interm  in to  a  f a ls e  (true) 

m in te rm .

Proof: The proof fo llo w s e a s i ly  from e a r l ie r  d is c u s s io n s  and  so  is  

o m itte d .

Theorem  2 . 2 . 4  g iv e s  th e  maximum num ber of fu n c tio n s  r e a l iz a b le  by 

a b u lk  t r a n s fe r  sy stem  w ith  a  fix ed  m ap and  a fixed  o u tp u t lo g ic .

Theorem  2 . 2 . 4 : A b u lk  tr a n s fe r  sy s te m  w ith  a s in g le  o n e - to -o n e

m ap an d  w ith  fix ed  o u tp u t lo g ic  can  r e a l iz e  a t  m ost k fu n c tio n s  w here 

k i s  th e  o rd e r o f th e  c o rre sp o n d in g  perm u ta tio n  of th e  s e t  o f m in te rm s.

Proof: S ince  w ith  re p e a te d  a p p lic a t io n s  of th e  m ap , o n ly  k d iffe ren t 

p e rm u ta tio n s  of th e  s e t  of m in term s a re  p ro d u ced , h e n c e , i f  every  

p e rm u ta tio n  g e n e ra te d  a new  fu n c tio n , a t  m ost k fu n c tio n s  cou ld  be

p ro d u c e d . Q . E . D .
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A ccording  to  th is  th e o re m , o u t o f 25 6 fu n c tio n s  o f th re e  v a r ia b le s ,  

a t  m o st 15 fu n c tio n s  m ay be re a l iz e d  by a  bu lk  tr a n s fe r  sy stem  w ith  a 

s in g le  m ap an d  o u tp u t lo g ic . If th e re  i s  no re s tr ic t io n  a b o u t the  num ber 

of lo g ic - f r e e  m aps th a t  th e  m apping  d e v ic e  can  im p lem en t, th e n  th e  

maximum num ber o f fu n c tio n s  th a t  a bu lk  tra n s fe r  .sy stem  w ith  fixed  

o u tp u t lo g ic  can  r e a l iz e ,  i s  g iv en  by th e  fo llow ing  theorem :

Theorem  2 . 2 . 5 : A bu lk  t r a n s fe r  sy s te m  w ith  a  fix ed  o u tp u t lo g ic

and  c a p a b le  of p roducing  a l l  lo g ic - f r e e  o n e - to -o n e  m aps can  re a liz e  

a t  m ost

n

i=0

w here

G) ■ fu n c tio n s

n = num ber of in p u t c e l l s , 

i  = in d e x  num ber of a m in te rm ,

Uj= num ber of tru e  m in term s in  th e  

o u tp u t lo g ic  fu n c tio n  th a t  h av e  

in d e x  num ber i ,  w here  Og a^gf

Proof: Let th e  s e t  of 2n m in term s be  d iv id e d  in to  s u b s e ts  su c h  th a t 

a  s u b s e t  Gi c o n ta in s  a l l  m interm s of in d e x  num ber i . T here  w ill  be 

(n+1) -such  s u b s e t s ,  i ran g in g  from 0 to  n . A s u b s e t  Gi w ill  co n ta in  

m e m b e rs . If th e  o u tp u t lo g ic  i s  su c h  th a t o n ly  Oi m in term s of
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th e s e m in term s 9 re t ru e , th e n  th e  num ber of p o s s ib le  co m b in a tio n s  of

th e ^e m in term s is . Now , in  lo g ic - f r e e  m ap p in g , th e

p erm u ta tio n  of th e  s e t  of m interm s is  r e s tr ic te d  so  th a t  a m interm  

of in d e x  num ber i i s  m apped to  a n o th e r  m interm  of sam e in d ex  

num ber. If w e a ssu m e  a l l  p o s s ib le  p e rm u ta tio n s  w ith in  th e  su b se t 

of m in term s of sam e in d e x  num ber th e n  th e  num ber of d iffe re n t 

fu n c tio n s  th a t  c an  be g e n e ra te d  by p e rm u ta tio n s  of th e  s u b s e t  is

lin k e d  w ith  e a c h  w ay  of g en e ra tin g  a  fu n c tio n  by th e  m em bers of a 

d iffe re n t s u b s e t  G j . So th e  maximum num ber of fu n c tio n s  p o s s ib le

' I t  h a s  b een  s e e n  th a t  th e  s e t  o f a l l  lo g ic - f r e e  o n e - to -o n e  m aps 

c a n n o t p roduce  a l l  p e rm u ta tio n s  of th e  s e t  of m in te rm s. W ith  a s e t  of 

lo g ic a l  m a p s , h o w ev er, i t  i s  p o s s ib le  to  p roduce  a l l  p e rm u ta tio n s . 

G iven  a l l  p o s s ib le  p e rm u ta tio n s  o f M , i t  i s  s t i l l  n o t p o s s ib le  to  r e a l iz e

a l l  fu n c tio n s  of n v a r ia b le s  u n le s s  th e  o u tp u t lo g ic  i s  s u f f ic ie n tly
*

f l e x ib le . The f le x ib i l i ty  of th e  o u tp u t lo g ic  i s  an  e s s e n t i a l  fa c to r  in  '

. Now e a c h  o f th e s e  w ay s  of g en e ra tin g  a fu n c tio n  can  be

is . Q . E . D ..
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th e  r e a l iz a t io n  of a rb itra ry  lo g ic  w ith  a bu lk  tr a n s fe r  sy s te m  c ap a b le  

o f p ro d u c in g  on ly  p e rm u ta tio n  m a p s . The fo llow ing  theo rem  s ta te s  

th is :

Theorem  2 . 2 . 6 : In  o rd e r to  p roduce  a rb itra ry  fu n c tio n s  of in p u t

v a r i a b le s , a bu lk  t r a n s fe r  sy stem  h av in g  th e  m eans to  p roduce  a l l  

p e rm u ta tio n s  of th e  s e t  o f m in term s m u st have, an  o u tp u t lo g ic  of 

s u f f ic ie n t  f le x ib i l i ty  so  th a t  a t  l e a s t  (2n + I) d iffe ren t fu n c tio n s  can  

be p ro duced  by th e  o u tp u t lo g ic  d e v ic e .

Proof: Let f be th e  fu n c tio n  p roduced  by  th e  fix ed  o u tp u t lo g ic  

d e v ic e  of a B. T . sy s tem  u n d e r id e n ti ty  m ap w here  r is  num ber of tru e  

m in te rm s . .With a l l  p o s s ib le  p e rm u ta tio n s  of M , th e  to ta l  num ber of 

fu n c tio n s  re a l iz e d  is  (2 | . W ith  th e  fix ed  o u tp u t lo g ic  and  a s e t
\r  j

of m aps to  p roduce  a l l  p e rm u ta tio n s  of M , i t  is  n o t p o s s ib le  to  ch ange  

r ,  th e  num ber o f tru e  m in te rm s.

So in  o rd e r to  r e a l iz e  a rb itra ry  fu n c t io n s , the  o u tp u t lo g ic  m ust 

be f le x ib le  and  c a p a b le  of p roducing  e a c h  fu n c tio n  f^, i  = 0 , . I , . .  . 2 n . 

T h ese  fu n c tio n s  a re  l i s te d  below :

(1) fy = fa ls e  fo r a l l  m in term s

(2) f j  = tru e  fo r on ly  one  m interm
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(3) f  = tru e  fo r o n ly  tw o m interm s

' (2 + 1 )  f^ r  = tru e  fo r o n ly  2r  m in term s

(2n + I) f^n  = tru e  fo r a l l  m in term s

The to ta l  num ber o f d is t in c t  fu n c tio n s  th a t  can  be re a l iz e d  by th e  B.T.

sy s tem  in  th is  c a s e  is + . .  + on
+ . . +  = 2 Z Q . E . D .

A ccording  to  th is  th eo rem , th e  num ber of fu n c tio n s  re q u ired  o f th e  

o u tp u t lo g ic  h a s  b een  re d u c ed  to  (2n + I) from 22n fo r sy s te m s  w ith o u t

u s in g  b u lk  t r a n s fe r ,  a v a lu e  p ro p o rtio n a l to  th e  logarithm  of the

o rig in a l n um ber. W e can  fu r th e r im prove upon th is  and  d ra s t ic a l ly  ,

red u ce  th e  num ber of re q u ired  fu n c tio n s  of th e  o u tp u t lo g ic  w ith  the  :

u s e  of a s p e c ia l  m ap to  be  d is c u s s e d  how . ' !

M a n y - to -o n e  M ap ' j

The p re c ed in g  d is c u s s io n  w a s  co n ce rn ed  w ith  p e rm u ta tio n s  of i

th e  s e t  of m in term s a n d , th e re fo re , in v o lv e d  on ly  th o s e  m app ings o f ?

th e  in p u t a rra y  th a t  p roduced  p e rm u ta t io n s . C o n sid e r th e  m a n y -to -o n e  

lo g ic a l  m aps th a t  m ap th e  s e t  of m in term s on to  one of i t s  p roper su b ­

s e t s .  In  a  s p e c ia l  c a s e ,  a s u f f ic ie n t  num ber of re p e t i t io n s  o f su ch  ,
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' a  m ap m ay r e s u l t  in  a s i tu a t io n  in  w h ich  a l l  th e  m in term s w ill  be m apped

on to  a s in g le  m in te rm . Let JEf be a m apping  su ch  th a t  a m interm  rrn is

m apped in to  m^+ -̂ e x c e p t th e  l a s t  m interm  m n w h ich  i s  m apped in to

i t s e l f .  The m apping  0 ,̂ k g. (2n - l )  ( i . e . , 0 i s  re p e a te d  k - tim e s )

m aps (k+T) m in term s on to  m n .
2

If th e  m apping  d e v ic e  of the  bu lk  tr a n s fe r  sy stem  is  .capable  of 

p ro ducing  0 a lo n g  w ith  a rb itra ry  p e rm u ta tio n , and  th e  o u tp u t lo g ic  is  

f ix ed  an d  p ro d u ces  on ly  th e  fu n c tio n  f^ w here  f^ = tru e , o n ly  w hen m^n 

i s  t r u e , th e n  e v e ry  fu n c tio n  l i s te d  in  th e  p roof of Theorem  2 . 2 . 6  

e x c e p t th e  ze ro  fu n c tio n  can  be p roduced  w ith  the  u se  of a  s u ita b le  

num ber of r e p e ti t io n s  of th e  0 -m a p . For ex am p le , 0 a p p lie d  th rice  

w il l  g e n e ra te  th e  fu n c tio n  f^ (the fu n c tio n  i s  tru e  for fou r m in te rm s). 

T h e re fo re , th e  re q u ired  f le x ib i l i ty  of th e  o u tp u t lo g ic  co m es down to  

tw o fu n c tio n s :

1) fg (zero -func tion )

2) f^ (fu n ctio n  i s  true  fo r on ly  one m in te rm , .m^n) •

I t  h a s  b een  s e e n  th a t  to  p roduce  a l l  p o s s ib le  p e rm u ta tio n s  of th e  

s e t  of m in te rm s, lo g ic a l  m aps m u st be  u s e d .  The fo llo w in g  lemma 

g iv e s  th e  minimum num ber o f in d e p e n d e n t lo g ic a l  m ap s  n e c e s s a ry  to

a c h ie v e  t h i s .
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Lemma 2 , 2 . 1 : The tw o  p e rm u ta tio n s  (m ^m ^)#  (m^ ,m ^ , . . .m^, , . .  m^n )

can  g e n e ra te  a l l  p e m u ta t io n s  of th e  s e t  of m in te rm s .

Proof: It i s  a  w e ll-k n o w n  r e s u l t  in  G roup T heory . T ex ts  on G roup Theory^ 6 ) 

m ay be se e n  fo r p ro o f .

In co rp o ra tin g  th e  p re c ed in g  r e s u l t s ,  w e hav e:

Theorem  2 . 2 . 7 : A bu lk  t r a n s fe r  sy s tem  w ith  a m apping  d e v ice

c a p a b le  of p ro ducing  tw o p e rm u ta tio n s  (m^ , mg ) , (m^ , rr^ , . . . nn , . . .

an d  th e  map  0, and  a f le x ib le  ou tp u t lo g ic  c ap a b le  of p ro ducing  tw o 

fu n c t io n s , f^ and  f ^ , can  re a l iz e  any  fu n c tio n  of n v a r ia b le s .

m
2

Proof: The proof fo llo w s  from p reced in g  th eo rem s and  re m a rk s .

N ote th a t  th e  f le x ib i l i ty  of th e  o u tp u t lo g ic  i s  n o t n e c e s s a ry  

h e re ; th e  o u tp u t lo g ic  m ight be m ade fix ed  to  p roduce o n ly  th e  fu n c tio n  

f  ̂. In th is  c a s e ,  a n o th e r  0 m ap , m apping  e a c h  m interm  o n to  a  f a ls e  

m interm  i s  n e c e s s a r y  fo r re a liz in g  th e  ze ro  fu n c tio n .

2 .3  A Sim ple D esig n  of th e  Bulk T ran sfe r System

A d e s ig n  fo r a bu lk  tr a n s fe r  sy stem  c a p a b le  of a rb itra ry  

lo g ic  r e a l iz a t io n  w il l  be  g iv en  h e r e . The f i r s t  s te p  i s  to  a rran g e  th e  

s e t  of m in term s in  som e o rd e r. The fo llo w in g  o rder (Table 2 . 3 )  i s
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c o n v e n ie n t for th e  c a s c a d e d  c irc u it  w e u s e  h e re . For c o n v e n ie n c e , 

th e  num ber o f v a r ia b le s  i s  co n fin ed  to  th r e e .

T ab le  2 .3  T h re e -v a r ia b le  M interm s

m I m 2

3
C

O m 4
m 5

m 6 rc ij 3
C

O

x I

0 I 0 I 0 I 0 I

* 2

0 0 I . I 0 0 I I

X 9 0 . 0 0 0 I I I I

The d e s ig n  d e p en d s  on th e  c h o se n  o rd e r of m in te rm s . H ence  the  

se q u e n c e  { m ^ , m ^ , . . -m^n I ^  a lw ay s  w ith  re s p e c t  to  a p a r tic u la r  sy stem  

T his s e q u e n c e  is  re fe rre d  to  a s  minterm  s e q u e n c e .

F igure  2 . 3 . 1  sh o w s th e  c irc u it  fo r g en e ra tin g  th e  p erm u ta tion  

c y c le  (m. , m 9 , .'. .m ) .  Each lo g ic a l  u n it  i s  a 2- in p u t ,  2 -o u tp u t
I z 2n

d e v ic e . The lo g ic  u s e d  fo r com puting  th e  n e x t s ta te  of a v a r ia b le  

• Xfi, d e s ig n a te d  by  is  g iv en  by

X1 X1; x 2)

For "  S 3 , ( x ^ ©  x j  + X1n ^ x ji

The c irc u it  to  g e n e ra te  0 u s e s  som e a d d itio n a l lo g ic  w ith  th e  p rev io u s  

c i r c u i t .  F igure  2 . 3 . 2  show s th e  c i r c u i t . The lo g ic  e q u a tio n s  a re ;
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x I

x 3

x n

F igure 2 . 3 . 1  The C irc u it  fo r G en e ra tin g  th e  Perm utation
. .  .m n )
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C irc u it a s  in  F ig . 2 . 3 . 1

*3

F igure  2 . 3 . 2  The C irc u it for G en era tin g  th e  M ap 0
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x i  =  x X +  x Xx 2 - - x V x IIi x 2 ■  ( x i  ®  x 2> - t  x I x 2 - - x X - - x H- 

For HS 3 , x ;  = X ^ 1 (Xn ^i e x n) + + X f t .  .X1. .Xn

The d e r iv a tio n  of th e s e  e q u a tio n s  a re  g iv en  in  A ppendix A.

The c irc u it  fo r g e n e ra tin g  th e  p e rm u ta tio n  (m ^,rr^) i s  g iv en  in  

F igure  2 . 3 . 3  . The o u tp u t lo g ic  i s  b u ilt  up  of a c a s c a d e  of AND g a te s  

(2- in p u t ,  one output) e x c e p t th e  l a s t  g a te  w h ich  is  f le x ib le  and  can  

p roduce  th e  ze ro  fu n c tio n  b e s id e s  th e  A N D -operation .

2 .4  D e term in a tio n  of th e  N e c e s s a ry  M apping  O p era tio n s

In  o rd e r to  r e a l iz e  an  a rb itra ry  sw itch in g  fu n c t io n , the  

m apping o p e ra tio n s  on th e  in p u t th a t  w il l  be  n e c e s s a ry  to  g e n e ra te  

th e  fu n c tio n  m ust be k now n . The fo llo w in g  is  a s y s te m a tic  

p ro ced u re  fo r d e te rm in in g  th e  n e c e s s a ry  m a p s . I t  i s  a s su m e d  here  

th a t  th e  fu n c tio n  is  a v a ila b le  in  tru th  ta b le  form:

S tep  I :  N ote th e  num ber of tru e  m in te rm s. If i t  i s  th e  zero  

func tion ,- th e n  s e t  th e  o u tp u t lo g ic .to  p roduce  the  ze ro  fu n c tio n  (fQ) 

an d  do no m ore . In  th is  c a s e ,  a n y  m apping  of in p u t a rra y  w ill  

p ro d u ce  th e  ze ro  fu n c tio n .

.S te p  2: If th e  num ber of tru e  m in term s is  k (^O), th e n  th e  map 

0 f c - l )  (a p p lic a tio n  of 0 (k -1 )- t im e s ,  in  seq u en ce) i s  to  be  em ployed
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x n

X11 = (X1G)X1X2 . . .  Xi . . . x n ) + Xj X2 . . x . .  .x n . For n > I ,  x 'n = x n

F igure 2 . 3 . 3  The C irc u it  fo r G en e ra tin g  th e  P erm utation  (m -^ m J  
( o in d ic a te s  com plem ented  in p u t) .
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a t  th e  end  of a l l  o th e r  m apping  o p e ra tio n s .

8 te p '3 : N ote th e  se q u e n c e  of m in term s w h ich  h a s  b een  u se d  in  

d e s ig n in g  th e  s y s te m . L ist th e  tru th  v a lu e s  of th e  fu n c tio n  to  be 

re a l iz e d  a g a in s t  e a c h  m interm  in  th e  s e q u e n c e . W ith  th e  h e lp  o f  th e  

a v a ila b le  m a p s , th e  p e rm u ta tio n  th a t  w il l  m ap th e  s u b s e t  of k true  

m in term s in to  th e  l a s t  k m interm s of th e  m interm  s e q u e n c e , w ill  

h av e  to  be  p ro d u c e d . T h is perm u ta tio n  can  be d eco m p o sed  in to  

a v a ila b le .m a p s  a s  fo llo w s: N ote how m any of th e  m in term s in  the

s te p  2 and  th e n  go on to  S tep  4 .

b . If  som e o f th e  m interm s in  th e  tru n c a te d  se q u e n c e  a re

n o t t ru e ,  c h ec k  if  th e  s u b s e t  of k tru e  m in term s form a

c o n se c u tiv e  se q u e n c e  w ith in  th e  m interm  se q u e n c e

■ a ssu m in g  th e  l a s t  m interm  to  be  a d ja c e n t  to  th e  f i r s t .

If s o ,  th e n  u s e  th e  m ap fo r c y c lic  p erm u ta tion

(m ,m , . .  .m  ); th e  num ber of tim es  i t  sh o u ld  be 
1 2  2n

em ployed  i s  e q u a l to  th e  d is ta n c e  (m easu red  by  th e  num ber 

of m in term s in  betw een) b e tw ee n  th e  l a s t  m interm  in  th e

tru n c a te d  m interm  se q u e n c e are

t r u e .

a .  If a l l  of them  a re  t r u e , th en  a p p ly  th e  0 ^  m ap of
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m interm  se q u e n c e  and  th e  l a s t  tru e  m interm  dow n th e  

b lo c k  of tru e  m in term s

If  th e  s u b s e t  of tru e  m in term s i s  in te r s p e r s e d  w ith  f a ls e  m in term s in

th e  s e q u e n c e , th en  u s e  th e  m ap for. c y c lic  perm u ta tio n  a  num ber of

tim es  so  th a t  a maximum num ber o f tru e  m in term s a re  m apped in to

th e  lo w er p o s it io n s  of th e  tru n c a te d  s e q u e n c e . For e a c h  of the

rem ain ing  tru e  m in te rm s , tr a n s p o s it io n  m aps su ch  a s  (nu ,my) can  be

u s e d ,  w here  iru i s  a  f a ls e  m interm  s i tu a te d  w ith in  th e  tru n c a te d

s e q u e n c e  { m . , . . . m l  an d  m. is  a tru e  m interm  o u ts id e  of
. 2 ^—b+1 /2n 1

th is  t ru n c a te d  s e q u e n c e . If  rm., m  ̂ a re  a d ja c e n t ,  th en  (rm ,rm) can  be 

d eco m p o sed  ^   ̂ a s

(m. ,m.) = (m, , m „ , . . . m ) 2 +1  ̂ (m, ,Xnr,) (m ,m , . . .m )i (A) 
i j  ^ z , i z 2n

If m. , m.  a re  n o t a d ja c e n t ,  th en  (m. ,m. )  c an  be d eco m p o sed  in to  a 
i I  1 y

num ber o f o th e r  t r a n s p o s i t io n s ,  e a c h  one of them  b e in g  e x p re s s ib le  

in  form (A). For in s ta n c e ,  (m3 ,Hi5) c an  be deco m p o sed  a s  

On3 ,Im5) = (m3 ,m ^) (m ^,m 3) On3 ,m ^ ) . E ach  com ponent of the  

r ig h th an d  e x p re s s io n  can  now be  e x p re s s e d  in  form (A).

S tep  4 . Set th e  o u tp u t lo g ic  d e v ic e ,to  p roduce  f^ in  a l l  c a s e s  

e x c e p t w hen  th e  ze ro  fu n c tio n  h a s  to  be p roduced  (c f . S tep  I ) .
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Exam ple 2 . 4 :  The fo llo w in g  fu n c tio n  g iv en  in  tru th  ta b le  form

is  to  be re a l iz e d .

X1 x„ x„ F
I 2 3

0 . 0 0 0

0 0 I I

0 . I 0 I

0 I I I

I 0 0 . 0

I 0 I I

I I 0 0

I I ‘ I I

The o rdering  g iven  in  T ab le  2 .3  is  u se d  here , 

M interm  F

I
.0

0

I

0

I

I

I

I



- 3 3 -

S tep  I : 

S tep  2: 

S tep  3:

The num ber o f tru e  m in term s = 5 .

0̂  i s  to  be u se d  a f te r  a l l  o th e r m a p s .

(m , m ) i s  to  be p ro d u c e d .
3 4

f) 0(m3 ,m4 ) = (m ,m , . .  .m ) (m^,mg)(m^mg, . . . m ^ r

S tep  4: The ou tp u t lo g ic  i s  to  be s e t  to  p roduce  f ^ .

N ote th a t  a to ta l  of 13 m apping o p e ra tio n s  a re  n e ed e d  to  p roduce  the  

fu n c tio n . Such a h ig h  num ber of m a p p in g .o p e ra tio n s  a re  n e c e s s a ry  

b e c a u s e  on ly  tw o m aps a re  a v a ila b le  in  th e  m achine to  g e n e ra te  a l l  

p o s s ib le  p e rm u ta tio n s  . S u p p o se , th e  m aps (m^ ,m ^ ) , ( H ^ m 3) , . . . ,

(m ^ , m ) , .  . , (m m ) a re  a v a ila b le  in  h a rd w are . I t  i s  known
r^1 r 2n- l ,  2"

from G roup Theory th a t  w ith  th is  s e t  of t ra n s p o s it io n  m a p s ,  a l l  

p o s s ib le  p e rm u ta tio n s  can  be  g e n e ra te d . T hen , in  th e  ab o v e  c a s e ,  

n in e  m apping  o p e ra tio n s  to  p roduce  Cm3 ,m ^) can  be re p la c e d  by a 

s in g le  map .  F u rth e r, th e  0 m aps can  be co m p le te ly  e lim in a te d  if  th e  

o u tp u t lo g ic  i s  s u f f ic ie n tly  f le x ib le  so  th a t  th e  (2n+ l)  fu n c tio n s , 

l is te d  in  th e  proof of Theorem  2 , 2 . 6  a re  g e n e ra te d  by  i t .  Thus th e re  i s  a 

w ay  of red u c in g  th e  num ber of m apping  o p e ra tio n s  by  in c re a s in g  the  

■ m apping hard w are  and  th e  f le x ib i l i ty  of th e  o u tpu t lo g i c .
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N ote ' th a t  m apping  of th e  in p u t is  n e c e s s a ry  b e c a u s e  the  

.func tion  to  be r e a l iz e d  i s  no t a v a ila b le  in th e  o u tp u t lo g ic .  T h e re fo re , 

th e  e x te n t  to  w h ich  th e  o u tp u t lo g ic  i s  f le x ib le  d e te rm in e s  in  how m any 

o f th e  c a s e s  m apping  h a s  to  be em p lo y ed , the  la t te r  num ber b e in g  in  

in v e rs e  p ro p o rtio n  to  th e  former,. S ince  th e  f le x ib il i ty  of th e  ou tpu t 

lo g ic  i s  l im ite d , som e m aps h ave  to  be u s e d .  The la rg e r  th e  num ber 

of m aps a v a ila b le  in  h a rd w a re , th e  l e s s e r  th e  num ber o f m apping 

o p e ra tio n s  to  be n e e d e d , in  g e n e ra l , fo r th e  r e a l iz a t io n  o f a  sw itch in g  

fu n c tio n  a n d ,  th e re fo re , f a s te r  i s  th e  w ho le  o p e ra tio n . Thus the  

num ber of m aps th a t  sh o u ld  be a v a ila b le  in  hardw are  m u st be 

d e te rm in ed  by sp ee d  req u irem en ts  and  c o s t  A tra d e -o f f  b e tw een  

f le x ib i l i ty  of th e  o u tp u t lo g ic  and  a d d it io n a l  m aps is  a ls o  p o s s ib le  

an d  th e .p ro p e r  b a la n c e  sh o u ld  be a rriv ed  a t  on the  sam e b a s i s .



C h ap te r  3

BULK TRANSFER WITH CELLULAR CASCADES
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3 . 1 T ra n sp o s itio n  M aps

It h a s  b e en  m en tio n ed  in  C h ap te r  2 th a t  th e  s e t  of t ra n s p o s i

tio n  m aps { (m^, nn+ ^) | i = l , 2 , . .  . ,  2n - l  } a re  s u f f ic ie n t to  produce

a rb itra ry  p e rm u ta tio n  of th e  s e t  of m in te rm s . S im ilar s e t  of su f f ic ie n t

m aps can  be { (m ^,nn) | i  = 2 , 3 , . . . , 2 n ] . If  th e  m apping  dev ice- of a

B. T.  sy stem  is  a ssu m e d  to  be c a p a b le  of d ire c t ly  im plem enting  any

tra n s p o s it io n  (nn ,m  J , a q u e s tio n  may be a sk e d : W hat i s  the  maximum

num ber of t r a n s p o s it io n s  n e c e s s a ry  to  r e a l iz e  a fu n c tio n , g iv en  th a t  th e

o u tp u t lo g ic  is  of knpw n f le x ib i l i ty ?  The to ta l 'n u m b e r o f d iffe ren t

2n
p o s s ib le  t r a n s p o s it io n s  i s  (  ̂ ) .  If th e  o u tp u t lo g ic  i s  a ssu m e d  to  be

f le x ib le  enough  to  p roduce  ju s t  th e  (2n+ l) fu n c tio n s  a s  o b ta in e d  in

Theorem  2 . 2 . 6 ,  th e n  th e  maximum num ber of t r a n s p o s it io n s  th a t  may

be n e c e s s a ry  to  r e a l iz e  a n  a rb itra ry  fu n c tio n  i s  2n ~-t-. One w ay  in

w h ich  th e  o u tp u t lo g ic  c an  be m ade f le x ib le  i s  by u s in g  a M aitra
(12)

c a s c a d e  . In  th e  n e x t s e c tio n  a m easu re  of th e  f le x ib i l i ty  of M aitra  

c a s c a d e  in  re la tio n  to  bu lk  tr a n s fe r  sy s tem  w ill  be  o b ta in e d .

3 .2  O utput Logic w ith  M aitra  C a sc a d e

M a itra ( ® ) h a s  in tro d u ce d  a  ty p e  of o n e -d im e n s io n a l 

g raph  form at fo r re p re se n tin g  sw itch in g  fu n c tio n s  and  w ith  i t s  h e lp , ■ 

c h a ra c te r iz e d  th e  c a s c a d e - r e a l iz a b le  fu n c tio n s . T h ese  id e a s  w ill  be  

u s e d  to  p rove a  th eo rem  bounding  th e  num ber of t r a n s p o s it io n  m aps
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re q u ired  fo r re a liz in g  a lo g ic  fu n c tio n  in  a bu lk  tr a n s fe r  sy s tem  w ith  a 

M aitra  c a s c a d e  in  th e  o u tp u t lo g ic .  The o n e -d im e n s io n a l graph  

fo rm at is  show n in  F igure 3 . 2 . 1  fo r n = 3.  In c o n s tru c tin g  th e  g rap h , 

a t  f i r s t  an  o rd erin g  of th e  v a r ia b le s  i s  a ssu m e d  (as in  th e  above 

c a s e :  , x ^ ) . A h o riz o n ta l lin e  is  d iv id ed  in to  tw o e q u a l p a rts

in  w h ich  th e  l a s t  v a r ia b le  Xg is  e q u a l to  0 o v e r th e  r ig h t-h a l f  portion  

and  i s  e q u a l to  I o v er th e  l e f t - h a l f  p o rtio n . The reg io n  o v e r w h ich  .

Xg = 0 is  a g a in  d iv id e d  in to  tw o p a r t s , of w h ic h , th e  r ig h t-h a l f  

po rtion  h a s  th e  n e x t v a r ia b le ,  Xg e q u a l to  0 an d  the  le f t - h a l f  p o rtio n , 

Xg e q u a l to  I .  The v a lu e s  of Xg o v e r th e  o r ig in a l l e f t - h a l f  p o rtio n , 

w here  Xg = I , a re  a m irror im age of th o s e  in  th e  rig h t h a lf .  In .th e  

sam e m an n er, th e  rig h tm o st reg io n  o v er w h ich  Xg = 0 i s  d iv id ed  in to  

tw o p a r t s , w ith  th e  r ig h t and  le f t  p o rtio n s  hav ing  x^ = 0 and  x^ = I 

r e s p e c t iv e ly .  The v a lu e s  o f x ^ , in  th e  reg io n  n e x t to  th e  le f t ,  hav ing  x

X CO = I x 3

Il O

OIlCM
X

x 2 = 1 x 2 = 1 X CO
Il O

_«_______ i___I___ t_______ «___ ---- 1----------- 1------ •

0 I 1 0  0 I I 0 ^ x I

F igure  3 . 2 . 1  One D im en sio n a l G raph Form at fo r Three V ariab le  F u n c tio n s
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x  = I ,  a re  a m irror im age of th o se  in  th e  r ig h t . This p a tte rn  is  ■ 

co n tin u ed  in  th e - le f t -h a l f  po rtion  h av in g  Xo -  I . Each b la c k  d o t on the  

h o r iz o n ta l l in e  r e p re s e n ts  a  d iffe re n t co m b in a tio n  of v a lu e s  of the  

v a r ia b le s  and  th e re fo re , s ta n d s  for a  m in te rm . A fu n c tio n  m ay be 

p lo tte d  on th is  g raph  w ith  upw ard  v e r t ic a l  l in e s  from th e  d o ts  re p re se n tin g  

tru e  m in term s and  dow nw ard v e r t ic a l  l in e s  f a ls e  m in term s .

A fu n c tio n  i s  c a l le d  ev en  sym m etric  if  th e  tru e  te rm s in  one 

h a lf  of th e  o n e -d im e n s io n a l g rap h  o ccu p y  th e  sam e m interm  p o s itio n s  

w ith  r e s p e c t  to  th e  c en tre  a s  th e  tru e  te rm s on the  o th e r h a lf .  A fu n c tio n  

i s  odd sym m etric  if  th e  tru e  te rm s of one h a lf  of th e  g raph  o ccu p y  the  

sam e m interm  p o s it io n s  w ith  r e s p e c t  to  th e  c en tre  a s  th e  f a ls e  term s 

on th e  o th e r  h a lf .  A fu n c tio n  is  one s id e  f la t  if  the  tru e  te rm s (fa lse  

term s) a re  co n fin ed  w ith in  one h a lf  of th e  g rap h .

A M aitra  c a s c a d e  i s  a o n e -d im e n s io n a l a rra y  of tw o -in p u t o n e - 

o u tp u t c e l l s  w h ere  e a c h  c e l l  can  p ro d u ce  an y  lo g ic a l fu n c tio n  of two 

v a r ia b le s  (F igure 3 . 2 . 2 ) .  If a  fu n c tio n  f(x n ' x n _ ] /  • • -x I^ can  

re a l iz e d  by a M aitra  c a s c a d e ,  th e n  i t  i s  c a lle d  M a it ra - re a l iz a b le  (MR).

F igu re  3 . 2 . 2  The M aitra  C a sc a d e
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An MR fu n c tio n  is  re a l iz e d  w ith  som e o rdering  of in p u ts  (in F ig .

3 . 2 . 2 ,  th e  o rd erin g  i s  x  ,x  , . .  . x j  an d  a p p e a rs  w ith  som e c h a r a c te r is t ic
n n -1  I

p a tte rn  w hen  p lo tte d  on a  o n e -d im e n s io n a l g raph  w ith  th is  o rd ering  of 

v a r ia b le s .  The fo llo w in g  p ro perty  h a s  b een  s tu d ie d  by M aitra  bu t w ill 

be  d is c u s s e d  in  a  m odified  form for su b se q u e n t re fe re n c e .

Theorem  3 . 2 . 1  Let f (x ^ , . . .x^) be  a n  MR fu n c tio n  w ith  th e  o rdering : 

2V x n - I '  " ‘ "x I 1 ^  i t  i s  p lo tte d  w ith  th is  o rdering  t th en  f m u st be 

e i th e r  i.) odd sym m etric  o r ii) ev en  sym m etric  or iii)  one s id e  f l a t .

P roof: The th re e  c a s e s  m en tioned  in  th e  theorem  e x h a u s t a l l  p o s s ib le  

s i tu a t io n s  fo r tw o v a r ia b le  fu n c tio n s . Any c e l l  in  the  M aitra  c a s c a d e  

h a s  on ly  tw o in p u ts .  C o n sid e rin g  th e  l a s t  c e l l  of a c a s c a d e  w hich  

r e a l iz e s  f , i t  i s  s e e n  th a t  f c an  be e x p re s s e d  a s  a fu n c tio n  of two 

v a r ia b le s - - x n an d  som e fu n c tio n  f i ( x n _ i , . • . x ^ ) . H ence  th e  p roperty  

m u st be t r u e . Q . E . D .

R eferring  to  Theorem  3 . 2 . 1 ,  c o n s id e r  tw o p o s s ib i l i t ie s  . If

c a s e  (i) o r c a s e  (ii) i s  t ru e ,  le t  f^ (xn _ ^ , . .  .x^) be the  fu n c tio n  in  one

h a lf  of th e  o n e -d im e n s io n a l g rap h . If c a s e  (iii) is  tru e  l e t  f , (x .x„)I n -1  I

be th e  fu n c tio n  in  th e  n o n - f la t  s id e  (both s id e s  f la t  i s  a. t r iv ia l  c a s e ) .

S ince  f i s  MR w ith  o rd e rin g  x n ,x n _ ^ , . . .X ^ , h en ce  f^ m u st be MR.
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To se e  t h i s , n o te  th a t  f  c an  be  e x p re s s e d  a s  f = fi * x  w here  * is  onej. Xl

of th e  .s ix te e n  tw o -v a r ia b le  fu n c tio n s .. T h e re fo re , e i th e r  f of f m u st ’ 

be  th e  o u tp u t of th e  l a s t  bu t one c e l l  in  th e  M aitra  c a s c a d e  rea liz ing , f . 

I t  i s  know n th a t  co m p lem en ta ry  o f an  MR fu n c tio n  is  M R. T h u s , f^ m u st

be MR. T h e re fo re , f^ m u st s a t i s fy  Theorem  3 . 2 . 1 .  In  a s im ila r  m anner,

fg c an  be form ed from f ^ , fg from -----f^  from f^_^ fo r k = 2 , 3 ,  . .  .n -3

an d  e a c h  m u st s a t i s f y  Theorem  3 . 2 . 1 .  T his r e s u l t  g iv e s  a  t e s t  p rocedu re  

fo r MR fu n c tio n  w ith  an  a ssu m e d  o rd e r in g .

Theroem  3 . 2 . 2  There e x is t s  a M aitra -re a liz & b le  fu n c tio n  w ith  

k m in term s tru e  fo r e v e ry  k su ch  th a t  0 g k.g 2n .

P roof: The proof i s  o b ta in e d  by c o n s tru c tin g  an  MR fu n c tio n  of an y  g iv en  

num ber of tru e  m in te rm s. A fu n c tio n  w ith  no m interm s tru e  i s  a  t r iv ia l  

MR fu n c tio n . C o n s id e r  th e  o n e -d im e n s io n a l g raph  fo r n v a r ia b le s .

One s id e  f la t  MR fu n c tio n s  of d iffe re n t s iz e  can  be c o n s tru c te d  by ta k in g  

one m in te rm , tw o m in te rm s , th re e  m in te rm s , e tc .  from one end  a s  tru e  

te rm s . Q . E . D .

T his theo rem  show s th a t  th e  M aitra  c a s c a d e  h a s  th e  n e c e s s a ry  

f le x ib i l i ty  a s  s ta te d  in  the  proof of Theorem  2 . 2 . 6 .  Theorem  3 . 2 . 3  g iv e s  an  

u p p e r bound on th e  num ber of n e c e s s a r y  t ra n s p o s it io n s  re q u ire d  by

a  M aitra  c a s c a d e  in  o rd er to  r e a l iz e  an  a rb itra ry  fu n c tio n .
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Theorem  3 . 2 . 3  To co n v ert an y  g iv en  fu n c tio n  in to  an  MR fu n c tio n , 

a t  m o st (2n - ^ - I )  t r a n s p o s i t io n s  a re  n e c e s s a r y .

Proof: T his p ro p e rty  m ay be e a s i ly  v e r if ie d  fo r 3 -v a r ia b le  fu n c tio n s  by 

u s in g  M a it ra 's  o n e -d im e n s io n a l g raph  an d  co n sid e rin g  fu n c tio n s  of up 

to  4 tru e  m in term s (b e c au se  com plem en tary  of an  MR fu n c tio n  is  a ls o  

M R). A ccording  to  th e  s ta te m e n t o f th e  theorem ,, w e n eed  to  u se  a t  

m ost one t r a n s p o s it io n  fo r c o n v e rs io n . C o n s id e r th re e  c a s e s  for the  

3-v a r ia b le  g raph  (Figure 3 . 2 . 1 ) :

i) Two tru e  m interm s on e a c h  s id e  of th e  o r ig in ,

if) One tru e  m interm  on one s id e ,  Two tru e  m interm s on th e

o th e r .

iii)  No tru e  m interm  on one  s id e .

C a se  (iii) is  MR (one s id e  f l a t ) . C a se  (ii) can  be co n v e rted  to  MR 

fu n c tio n  by in te rc h an g in g  th e  s in g le  tru e  m interm  on one s id e  w ith  a 

f a ls e  m interm  on th e  o th e r . There m ay be th re e  p o s s ib i l i t ie s  for 

c a s e  ( i ) . The fu n c tio n  m ay be odd sym m etric  or ev en  sym m etric  

and  th e re fo re  MR. If none of th e s e ,  th e re  m ust be one p a ir  of true  

te rm s w h ich  a re  m irror sym m etric  and one p a ir  w h ich  a re  n o t. C le a r ly , 

a s in g le  t r a n s p o s it io n  c an  m ake th e  fu n c tio n  e i th e r  odd or even  

sym m etric  an d  th e re fo re  MR. The o th e r  p o s s ib le  c a s e s , c an  be d e a lt  

w ith  in  a  m anner s im ila r  to  one o f th e s e  th re e  c a s e s .
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Let u s  now  c o n s id e r  n -v a r ia b le  fu n c tio n s . A ssum e th a t  the  

theorem  i s  tru e  fo r (n -1 )-v a r ia b le  fu n c tio n s . We- s h a ll  th en  n eed  

c o n s id e r  o n ly  functions- h av in g  m tru e  min te rm s fo r 2n ~2 < m g 2n ■*■. 

For th o s e  fu n c tio n s  h av in g  m -  2n “ ^ , one of th e  h a lv e s  o f th e  graph 

w ill  c o n ta in  a t  m o st 2n ~^ tru e  te rm s . T h ese  can  be in te rc h a n g e d  w ith  

th e  f a ls e  te rm s on th e  o th e r h a lf .  W hen a l l  of them  a re  in te rc h a n g e d , 

a t  m o s t 2n “ 3 t r a n s p o s it io n s  w ill  h av e  b een  u s e d . The r e s u lta n t  

fu n c tio n  w ill  be one s id e  f la t  and  the  o th e r  s id e — a fu n c tio n  of 

(n-1) v a r ia b le s  w h ich  n e e d , a cc o rd in g  to  th e  th e o re m , a t  m ost 

(2n ~3 _j.) t r a n s p o s it io n s  fo r c o n v e rs io n . In to ta l  th e n , (2n “ ^ - I )  

tr a n s p o s it io n s  can  do th e  jo b .

N ext w e c o n s id e r  th e  s p e c ia l  c a s e  w hen  e a c h  h a lf  c o n ta in s  

2n ~^ tru e  te rm s . One of th e s e  w ill  re q u ire  a t  m ost (2n - 3 - I )  

t r a n s p o s i t io n s  fo r c o n v e rs io n  in to  MR fu n c t io n . A fter one h a lf  h a s  

b e en  co n v e rted  in to  MR fu n c tio n , th e re  w il l  be on th e  o th e r  h a lf  a t 

J e a s t  2n ^ tru e  te rm s w h ich  w ill  be  a  m irror im age of th e  sam e 

num ber of tru e  te rm s on th e  f i r s t  h a lf  or a t  l e a s t  th e  sam e num ber 

w h ich  w il l  n o t be a m irror im a g e . T h e re fo re , a t  m o st 2n _ ^ t r a n s p o s i­

tio n s  w ill  be  n e c e s s a r y  to  g e t odd or ev en  sym m etry . Thus the  

to ta l  num ber of t ra n s p o s it io n s  w il l  be a t  th e  m ost (2n ~^ - I ) .
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N ex t c o n s id e r  th e  c a s e  w here  one h a lf  (to be' re fe rre d  a s  A) c o n ta in s  

(21?-2  -K) tru e  te rm s and  th e  o th e r h a lf  (B) c o n ta in s  (2n -2 ' -L)- tru e  te rm s,"  

w here  K ^ L  for Kz L e i th e r  zero  or p o s it iv e  . - The c a s e  o f n e g a tiv e  L w ill  

be  d is c u s s e d  a fte rw a rd s  . Let p .be. th e  s m a lle s t  in te g e r  su ch  th a t 2P ^ (K+L) 

The o n e -d im e n s io n a l, g raph  is  d iv id ed  in to  2n ~P b lo c k s  of. 2P term s . If " 

w e m ark th e s e  a s  1 , 2 , 3 ,  .from  one e n d , th e re  w ill  be  som e s - th  b lo ck  

(to b e  re fe rred  a s  S) of 2P te rm s in .B , w h ich  w ill  c o n ta in  a t m ost, • ■

> - 2 -L
.Zn- P - 1 ;

Z P - 1 - L
? n - p - i y ,

tru e  te rm s

The num ber of fa ls e  te rm s in  th is , b lo c k  is  a t le a s t

2 P_ 213- I
2n —p - I

(|^ d en o tes , th e  b a se  v a lu e)

If a l l  of (2n ~2 -K) tru e  te rm s  of A .are in te rc h an g e d  w ith  th e  fa ls e  te rm s in 

B ,. th e re  w ill  be  (K + L) f a ls e  te rm s in  B . Let..this- in te rc h an g e  be done in  

su ch  a w a y  th a t  th e  2P te rm s of S a re  not d is tu rb e d  b e fo re  o th e r fa ls e  te rm s 

i.n B h av e  b e e n  e x h a u s te d . A fter th is  h a s  b e e n  d o n e , th e  a llo w ab le  num ber 

o f tr a n s p o s it io n s  rem ain ing  = 2n ~2 - I  - ( 2 n -2  -K) = K - I .  The. in te rch an g e , 

m ay r e s u l t  in  tw o p o s s ib le  s i tu a t io n s .

C a se  I But for th e  s - t h  b lo c k , B is  fu ll of true  te rm s .

In  th is  c a s e  th e  fu n c tio n , in  8-can  b e  tran sfo rm ed  in to  an  MR fu n c tio n  by. 

a t  m ost (K-L) in te rc h a n g e s , a s  K ^ 2P- 2 . B y ,th is , th e  o v e r - a l l  fu n c tio n  

w ill  a ls o  be MR.

T here a re  som e fa ls e  te rm s -in  B o u ts id e  S .C a se  II
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Let 2P~2 + f = N um ber of tru e  te rm s in  S, w here  f < 2P- ^ .

(a) If K ^  2P~1, th e n  a l l  tru e  te rm s o f S m ay be in te rc h an g e d  w ith  f a ls e  ' 

te rm s — a s u f f ic ie n t num ber of th e s e  w ith  a l l  th e  f a ls e  te rm s in B b u t 

o u ts id e  .S and  th e  rem ain in g  tru e  te rm s w ith  the  f a ls e  te rm s w ith in  S •'

in  a m anner su c h  th a t  a o n e - s id e  f la t  MR fu n c tio n  in  S r e s u l t s .  The 

o v e r - a l l  fu n c tio n  is  a ls o  MR in  th is  c a s e .

(b) Let K = 2P- 2 + c = L w here  c  < 2P- 2 . V alues of K d iffe re n t from L 

w ill  b e  c o n s id e re d  la te r .  C o n sid e r th e  fo llo w in g  s u b - c a s e s ."

(i) c  > f . As in (a ) , a l l  tru e  te rm s  in S c a n  be  in te rc h an g e d  w ith .fa ls e  

te rm s and  an  MR fu n c tio n  m ay be o b ta in e d .

(ii) c  < f . E x p ress  c a s  c = a j 2P~^  + ag 2P~^ + ag2P~5 w here

a^ fo r i = 1 , 2 , 3 , . . .  is  a  b in a ry  v a lu ed  v a r ia b le , b e in g  e i th e r  0 or I .

Then K = 2P-2 + a^ 2P“ ^ + 2P“ 4 + . . . . . .  . C o n sid e r th e  te rm s in  8 ;

T here w ill  be  one h a lf  o f th e  s - th  b lo c k  c o n ta in in g  l e s s  th a n  2P~2 true  

te rm s . W ith  a t  m o st 2P~^ - I  in te r c h a n g e s , th e s e  a re  m apped (as m any a s  

n eed ed ) in to  th e  f a ls e  te rm s in  B o u ts id e  S and  th e  rem a in in g  in th e  r e s t  

o f th e  s - t h  b lo c k . N e x t, ch o o se  th e  su b -b lo c k  of 2P- 2 te rm s in the  

o th e r h a lf  of th e  s - th  b lo c k  c o n ta in in g  a  l e s s e r  num ber of tru e  te rm s .th a n  

th e  o th e r s u b -b lo c k . If e a c h  s u b -b lo c k  of 2P~2 te rm s in  th is  h a lf  c o n ta in s  

m ore th a n  2P""2 tru e  te r m s , th e n  s in c e  th e  to ta l  num ber of tru e  te rm s in  S 

is  l e s s  th a n  2P~1, h e n ce  in  th e  p re c ed in g  s ta g e  of th e  in te rc h a n g e , a 

co rre sp o n d in g ly  l e s s e r  num ber th a n  2P~2-1  in te rc h a n g e s  w ere  u s e d .
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U se  th is  d iffe re n c e  o f in te rc h a n g e s  to  g e t a su b -b lo ck , of 2P~̂  te rm s , c o n ­

ta in in g  2P-S tru e  te rm s or l e s s .  ' If a^=  I ,  th e n  u se  a t  m o st 2P- ^ in te r ­

c h a n g e s  to  c le a r  th e  s u b -b lo c k  of a l l  tru e  te rm s . The. tru e  term s can  be

m apped in to  th e  f a ls e  te rm s in  B o u ts id e  S , or if  th e re  is  n o n e , in to  the  

f a ls e  te rm s in  S b u t o u ts id e  th e  h a lf  a lre a d y  freed  from tru e  te rm s . If 

a  =. Oy do no t c le a r  th e  su b -b lo c k  of tru e  term s . If a ^ -  I , ch o o se  th a t  '

true, te rm s and  p ro ceed  in  th e  m anner s ta te d  b e fo re . F in a lly , an  MR 

fu n c tio n  w ith  one s id e  f la t  a t each , s ta g e  of i ts  form ation  is  o b ta in e d .

If K is  g re a te r  th a n  L, th e n  th e  num ber of in te rc h a n g e s  n e c e s s a ry  to

tra n s fe r  tru e  te rm s of A in to  B.is .red u ced ... .Later im th e  p r o c e s s , ,the----- —

num ber of in te rc h a n g e s  m ay be in c re a s e d  b u t the- in c re a s e  w ill  b e , a t  

m o s t, to  th e  sam e e x te n t a s  th e  re d u c tio n  e a r l ie r .

The c a s e  of n e g a tiv e  L m ay be  con sid ered .n o w .- If A and B c o n ta in  

2 ^ -2  -K and 2n - 2 +l tru e  te rm s re s p e c t iv e ly ,  w ith  L, th e n ,  in te r ­

ch an g in g  a s  b e fo re , and  th e n  b rin g in g  a l l  f a ls e  te rm s in to  S , ' t he a llo w a b le  

num ber of in te rc h a n g e s  rem ain ing  c a n  be  show n a s

h a lf  of th e  s u b -b lo c k  of 2P 2 te r m s , w h ich  c o n ta in s  a  l e s s e r  num ber of

= K -I -  (K-L). - i 2P -  . (2P-1 + — ^ )}■ = 2P + L - I  -  (2P~1
' 2n - P _ l  ̂ ' —

T his  num ber is  g re a te r  th a n  2P“ ? - 1 ,  n eed ed  to  co n v ert th e  fu n c tio n  in  S

in to  MR. Q.E-.D-.

T here e x is t  fu n c tio n s  w h ich  n eed  a t  l e a s t  2n ~^ - I  t r a n s p o s i t io n s  to  be  MR.
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An exam ple  i s  F = Sg(x^ ,Xg ,Xg ,x ^ ) , w here  Sg in d ic a te s  th a t  F is  

tru e  i f  a n d  on ly  if  tw o v a r ia b le s  o u t o f four a re  t r u e . ' I t  sh ow s th a t 

th e  bound on th e  re q u ire d  num ber of t ra n s p o s it io n s  i s  th e  l e a s t  upper 

b o u n d . I t a ls o  show s th a t  re so rtin g  to  d iffe re n t o rdering  of v a r ia b le s  

can n o t im prove th e  b o u n d , b e c a u s e  th e  fu n c tio n  is  sy m m etric .

3 .3  D e term in a tio n  of N e c e s s a ry  T ran sp o s itio n s

The proof of Theorem  3 . 2 . 3  g iv e s  a m ethod of find ing  the  

n e c e s s a ry  m aps to  r e a l iz e  an  a rb itra ry  fu n c tio n  w ith  a bu lk  tra n s fe r  

sy stem  h av in g  i t s  o u tp u t lo g ic  m ade up of a f le x ib le  M aitra  c a s c a d e . 

G iven  a fu n c tio n , p lo t i t  on a  o n e -d im e n s io n a l g ra p h . N ex t, 

d e te rm in e  th e  tr a n s p o s i t io n s  n e c e s s a ry  to  co n v ert th e  fu n c tio n  in to  

MR fu n c tio n  in  th e  m anner d e sc r ib e d  u n d e r Theorem  3 . 2 . 3 .  Now 

s e t  th e  m apping  d e v ic e  to  p roduce  th e  co m p o site  m ap m ade up of 

the  d e te rm in ed  t r a n s p o s it io n s  and  s e t  th e  o u tp u t lo g ic  to  produce th e  

MR fu n c tio n  in to  w h ich  th e  g iv en  fu n c tio n  h a s  b een  tran sfo rm ed .

An exam ple  of co n v ertin g  a  n o n -M a itra - re a l iz a b le  fu n c tio n  in to  

MR fu n c tio n  i s  w orked  o u t, g iv ing  th e  d if fe re n t s te p s .
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Exam ple 3 .3  F = S g C x ^ X g / X g ' ^ )

S tep  I , P lo t th e  fu n c tio n  on a g raph  (F igure 3 . 3 . 1 )

x . = 0

F igure 3 . 3 . 1  Plot of F = (x^ ,x^  ,x ^  ,x ^ ) in  O n e -d im e n s io n a l G raph .

O nly tru e  te rm s a re  show n by  upw ard v e r t ic a l  l i n e . There a re  3 su ch  

te rm s on e a c h  h a lf .

S tep  2 . D eterm ine w h ich  of th e  c a s e s  in  th e  Theorem  3 . 2 . 3  ap p ly , 

i . e . , th e  s p e c ia l  c a s e  of 2n ^ tru e  te rm s on e a c h  s id e  or th e  more 

g e n e ra l c a s e .

G e n era l c a s e ;  K = I ,  L =  I .  True te rm s of an y  s id e  can  be 

m apped in to  the  f a ls e  te rm s of th e  o th e r . C hoose  th e  r ig h t h a lf  true  

te rm s for t h i s .

S tep  3 . D eterm ine p from 2^=  K + L.

W e haye  2^= 2 . Thus th e  lo w e s t v a lu e  of p is  I . . .
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Step  4 .  M ark th e  b lo c k s  of 2 te rm s s ta r t in g  from th e  le f t -m o s t  term  

to  find  a b lo ck  c o n ta in in g  minimum num ber of tru e  te rm s .

Third b lo ck  from th e  le f t .  I t  c o n ta in s  tw o fa ls e  te rm s .

S tep  5 . In te rc h a n g e  tru e  term s of th e  r ig h t-h a l f  w ith  th e  f a ls e  

te rm s of th e  le f t - h a l f ,  k eep in g  th e  f a ls e  te rm s of th e  th ird  b lock  

u n ch an g ed  a s  long  a s  th e re  a re  o th e r f a ls e  te rm s in  th e  le f t - h a l f .

E xcep t fo r th ird  b lo c k , a l l  o th e r  te rm s a re  now tru e  in  le f t - h a l f .

S tep  6 . In te rc h a n g e  th e  f a ls e  te rm s of the  le f t - h a l f  ex c lu d in g  

th e  th ird  b lo ck  w ith  tru e  te rm s of the  th ird  b lo c k .

S tep  7 . C o n v ert th e  fu n c tio n  in  th e  th ird  b lo ck  in to  MR fu n c tio n  by 

th e  rem ain in g  in te r c h a n g e s .

S tep s  6 and  7 do n o t m ake an y  m o d if ic a tio n s . The r e s u l ta n t  fu n c tio n  is  . 

show n in  F igure  3 . 3 . 2 .

F igure 3 . 3 . 2  The F u n c tio n  F = S (x^ ,x  ,x^) a f te r  A p p lica tio n  of 
S u itab le  T ra n s p o s it io n s .
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The req u ired  num ber o f t ra n s p o s it io n s  o b ta in e d  in  th is  exam ple  is  

th e  minimum num ber p o s s ib le .  But th is  i s  n o t n e c e s s a r i ly  tru e  in  a l l  

c a s e s . Som etim es a  s im p le  in s p e c tio n  m ay re v e a l few er tra n s p o s it io n s  

to .m ak e  a  fu n c tio n  M a i t r a - r e a l iz a b le . The req u ired  num ber of 

t r a n s p o s it io n s  in  a p a r t ic u la r  c a s e  m ay be a p p lie d  from th e  in p u t 

a rra y  to  th e  o u tp u t a rra y  w ith  th e  h e lp  of a f le x ib le  m apping  d e v ice  

c a p a b le  of im p lem en ting  an y  tra n s p o s it io n  in  a c c o rd a n c e  w ith  th e  - 

sch em e d e sc r ib e d  in  s e c t io n  2 . 1 of C h a p te r  2 . An a l te rn a t iv e  i s  to  

p la c e  an  a rra y  of m apping  e le m e n ts  b e tw ee n  in p u t and  o u tp u t a rray , 

e a c h  e lem en t b e in g  c a p a b le  of im p lem en ting  a n y  t r a n s p o s i t io n .  Such 

a  f le x ib le  m apping e lem en t is  show n in  F igure 3 . 3 . 3 .  The p a ir  of 

c a s c a d e s  w ith  f le x ib le  lo g ic  c e l l s , show n in  th e  c e n te r  of th e  

F ig u re , a re  u s e d  to  d e te c t  th e  o c cu rren c e  o f th e  p a ir  of m interm s 

b e tw een  w h ich  an  in te rc h a n g e  is  n e c e s s a r y .  This i s  done by 

s e tt in g  th e  c e l l  fu n c tio n s  to  p roduce  co m p lem en ta tio n  in  p roper 

v a r ia b le s  an d  g a tin g  th e  o u tp u ts  of th e  c e l l s  th rough  an  AND b lock  

w h ich  p ro d u ces  a  tru e  o u tp u t on ly  i f  th e  d e s ire d  co m b in a tio n  of in p u ts  

to  th e  c a s c a d e  i s  p r e s e n t .  ■ The o u tp u t o f th e  OR g a te  i s  tru e  w hen 

anyone  of th e  p a ir  of m interm s i s  p re s e n t;  i t  i s  f a ls e  o th e rw is e . A 

tru e  o u tp u t from th e  OR g a te  i s  u s e d  to  com plem ent p ro p er v a r ia b le s  in  

■ th e  to p m o st c a s c a d e ,  w ith  th e  c e l l s  th e re  hav ing  b een  s e t  e a r l ie r  to  

p roduce  s u ita b le  fu n c tio n s  of th e ir  in p u ts .
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f le x ib le
c e l l

F igure  3 . 3 . 3  F le x ib le  M apping  E lem ent for T ran sp o s itio n  M aps 
(3-v a r ia b le )

W ith  th e  ty p e  of m apping e lem en t ju s t  d is c u s s e d ,  i t  i s  sim ple  to  

p roduce  m a n y -to -o n e  m aps of th e  s e t  of m in te rm s. F ir s t ,  d e fin e  a 

fu n c tio n  w ith  th e  group of m in te rm s, a l l  of w h ich  a re  to  be m apped 

on to  one m in te rm . N ex t, r e a l iz e  th e  fu n c tio n  em ploying  a n y  su ita b le  

ne tw ork  and  u se  th e  o u tp u t from th is  ne tw ork  in  the  sam e m anner a s  

th e  o u tp u t of th e  OR g a te  in  F igure 3 . 3 . 3 .  M a n y - to -o n e  m apping of
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th e  s e t  o f m in te m s  can  be l e s s  com plex  th an  perm u ta tio n  of th e  s e t  

and  m ay recm ire l e s s e r  num ber of m apping  o p e ra tio n s  in  s u i ta b le  c a s e s  

Exam ple 3 .3  i s  an  in s ta n c e  of su ch  c a s e .  U sing  on ly  p erm u ta tion  

m a p s , i t  w as  show n th a t  th re e  in te rc h a n g e s  w ere  n e c e s s a r y  to  co n v ert 

th e  g iven  fu n c tio n  in to  a n  MR fu n c tio n . W hen m a n y -to -o n e  m aps a re  

a llo w e d , i t  i s  p o s s ib le  to  au gm en t th e  g iv en  fu n c tio n  by in c lu d in g

th e  m in te rm s -----x ^ x ^ x ^ x . and  x^XgX^x^ — so  th a t  an  MR

fu n c tio n  i s  o b ta in e d . The o u tp u t lo g ic  i s  s e t  to  r e a l iz e  th is  

au g m en ted  fu n c tio n . To produce  th e  d e s ire d  lo g ic , h o w ev er, m apping 

d e v ic e  can  be s e t  e a r l ie r  to  m ap th e s e  tw o term s to  som e fa ls e  te rm , 

su c h  as-x-jXgXgX^ of th e  fu n c tio n  re a l iz e d  by th e  o u tp u t lo g ic .

3 .4  Bulk T ran s fe r  in  C a s c a d e s

C o n s id e r th e  M aitra  c a s c a d e  show n in  F igure 3 . 4 . 1 . a .

One m ay reg a rd  th e  s e t  of d ire c t  in p u ts  { x ^ X g ,  . . .x^} a lo n g  w ith  

th e  s e t  of c e l l  o u tp u ts  { a ^ , a g , . .  . a^_^}  a s  a new  s e t  of v a r ia b le s  

w h ich  can  be tr e a te d  in  th e  sam e m anner a s  th e  v a r ia b le s  of th e  in p u t 

a rra y  o f a b u lk  tr a n s fe r  sy stem  d is c u s s e d  e a r l ie r .  S im ila rly , the  

o u tp u t a rra y  m ay be a n o th e r  a rra y  c o n s is t in g  of th e  d ire c t  in p u ts  

{ y ^ y g ,  • • . ym} to  a  num ber of c e l l s  e i th e r  in  th e  sam e c a s c a d e  or in  

a  d if fe re n t c a s c a d e  a lo n g  w ith  th e  o u tp u ts  ( b ^ f b g , . .  ° f  th o se

c e l l s .  The m apping  d e v ic e  m ay c o n s is t  of a m echan ism  fo r
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(a) (b)

F igure  3 . 4 . 1  (a) In p u t C a s c a d e  (b) O utpu t C a sc a d e

re p o s itio n in g  of th e  v a r ia b le s  so  th a t  o n ly  lo g ic - f re e  m aps a s  

d is c u s s e d  p re v io u s ly  can  be im p lem en ted . The s e t  [ y i ' Y g '  • • i ^m) 

m apped in to  th e  ou tp u t a rra y  is  a s u b s e t  of th e  s e t  of v a r ia b le s  

{ X j , . .  .Xfi, a , , . .  . a n _ j}and  i s  tran sfo rm ed  in  th e  c a s c a d e  to  p roduce 

a new  s e t  of d e p en d e n t v a r ia b le s  [ b j ,  . . . , b m_j }  . The m apping b ack  

from th e  o u tp u t a rra y  in to  th e  in p u t a rra y  n eed  no t be  id e n ti ty  m app ing . 

For m apping from one a rra y  in to  a n o th e r , a p roper s u b s e t  of th e  s e t  

of in d e p e n d e n t and  d e p e n d e n t v a r ia b le s  m ay ta k e  p a r t .  A proper 

s u b s e t  is  n e c e s s a ry  b e c a u s e  th e  num ber of d ire c t in p u ts  in  a c a sc a d e  

i s  a lw a y s  l e s s  th an  th e  sum to ta l  of th e  in d e p en d e n t an d  d ep en d en t 

v a r ia b le s .  The m apping i s  a ssu m ed  to  be o n e - to -o n e  in  th e  s e n se  

th a t  e a c h  m em ber of th e  s u b s e t  is  m apped to  a d iffe re n t (d irec t) c e l l  

in p u t. Any one of the  c a s c a d e s  m ay se rv e  a s  th e  o u tp u t lo g ic  

d e v ic e .  The c a s c a d e s  m ay be lo g ic a lly  f le x ib le  and  can  be r e s e t  

a f te r  e a c h  m apping  or m ay be lo g ic a lly  f ix e d . The f in a l o u tp u t fu n c tio n  

i s  o b ta in e d  a s  one m em ber of an  a rra y  a t  th e  end of a  s u i ta b le  num ber of 

m a p p in g s . I t i s  c le a r ly  p o s s ib le  to  h av e  s e v e ra l  o u tp u t fu n c tio n s  a p p ea r
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in  th e  d iffe re n t m em bers of th e  f in a l a r ra y . F u rth e r, one  m ay have 

m ore th a n  one c a s c a d e  in  one a r ra y .

Let u s  c o n s id e r  a s im p le  and  s p e c if ic  c a s e .  Let th e  in p u t a rray  

c o n s is t  o f th e  v a r ia b le s  { x ^ x  , . .  . x n , a ^ ,  . .  .a ^ _ ^ ] an d  th e  o u tp u t 

a rra y  of th e  v a r ia b le s  { y . , .  . .y  , b , . . .b  ,} . Let th e  m apping
I  z IB I  Ju  I

be lo g ic - f r e e  and  th e  o u tp u t lo g ic  c o n s is t  of the  in p u t an d  ou tp u t 

c a s c a d e s .  Let th e s e  c a s c a d e s  be lo g ic a l ly  f le x ib le .

One m ay show  th a t  su ch  a  sy s te m  h a s  lo g ic a l u n iv e r s a l i ty  i f  th e  

in p u t and  o u tp u t c a s c a d e s  co n ta in  a t  l e a s t  one ex tra  d ire c t  c e l l  in p u t 

in  a d d itio n  to  th e  to ta l  num ber of o r ig in a l in p u ts  { x ^ X g ,  . . .x n 3 •

To s e e  th i s ,  c o n s id e r  an y  fu n c tio n  of n v a r ia b le s .  A term  of the  

fu n c tio n  m ay c o n ta in , a t  m ost n l i te r a ls  and  can  be re a l iz e d  in  a 

c a s c a d e  of (n-1) c e l l s ,  e a c h  re a liz in g  e i th e r  an  AND(OR) or a 

NIMP(IMP) fu n c tio n . Let th e  term  re a l iz e d  be re p re se n te d  by a . 

A fter re a liz in g  th e  term  in  th e  in p u t c a s c a d e ,  a m apping  m ay be 

perform ed su c h  th a t  th e  v a r ia b le s  { x ^ /X g , . . .x^3  a re  m apped 

id e n t ic a l ly  in to  th e  o u tp u t c a s c a d e  a rra y  w h ile  th e  v a r ia b le  a ^ is  

m apped  to  th e  e x tra  c e l l  in p u t yn+1 p la c e d  a t th e  end  o f th e  o u tpu t 

c a s c a d e .  By s e tt in g  the  p roper c e l l  fu n c tio n s .in  th e  o u tp u t c a s c a d e ,  

a  se c o n d  term  of th e  fu n c tio n  m ay be re a l iz e d  and  com bined  w ith  th e
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f i r s t  term  by h av in g  th e  l a s t  c e l l  in  th a t  c a s c a d e  perform  an  OR(AND) 

fu n c tio n . M apping  b a ck  now , one m ay re a l iz e .a  th ird  term  and in ,th is  

m anner th e  p roced u re  m ay be co n tin u ed  u n ti l  a l l  the  te rm s h av e  been  

re a l iz e d .

This ty p e  of B.T.  sy s tem  h a s  an  e q u iv a le n t in  th e  T w o -ra il C a sc a d e  
( 16 )

of Short . W h ile  an  ex tra  a r te r ia l  c o n n ec tio n  is  u s e d  in  the  

T w o -ra il C a sc a d e  to  p ro p ag a te  th e  p a rtia lly -fo rm e d  fu n c tio n , an 

ex tra  c e l l  in p u t is  u se d  h ere  to  re p re se n t th e  p a r tia lly -fo rm e d  fu n c tio n  

and  com bine i t  to  th e  n ew ly -fo rm ed  te rm ., As p o s s ib le  in  th e  T w o-ra il 

C a sc a d e  a l s o ,  one m ay r e a l iz e  a  s u i ta b le  c o lle c tio n  of te rm s in  

one c a s c a d e  a t  a t im e , so  th a t  th e  num ber of tim es  m apping  h a s  to  ■ 

be u s e d  can  be red u ced  to  an  e x te n t d ep en d in g  on how th e  g iven  fu n c tio n  

m ay be d eco m p o sed  in to  c a s c a d e - r e a l iz a b le  fu n c tio n s .

No u s e  h a s  b een  m ade in  th e  abo v e  argum ent of th e  in te rm e d ia te  

c e l l  fu n c tio n s  a^(or b^) fo r i<  n .  I t  i s  p o s s ib le  to  h ave  ex tra  c e l l  

in p u ts  w h ere  n e c e s s a ry  to  r e p re s e n t  an d  u s e  them  in  form ing a part 

or th e  w h o le  of th e  fu n c tio n  in  a m ore e f f ic ie n t  m an n er. In  th e  

fo llo w in g , a n  exam ple  of re a liz in g  a g iv en  fu n c tio n  u s in g  bulk

tra n s fe r  in  c a s c a d e s  is  w orked  o u t.
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Exam ple 3 .4  F = (x^ + X3) + (x2 + x  + x  ) X5 + X2 X3 X^

T his fu n c tio n  m ay be re a l iz e d  in  a c c o rd a n c e  w ith  the  p ro ced u re  

su g g e s te d  e a r l ie r  by re a liz in g  one term  of th e  fu n c tio n  in  a c a s c a d e ,  

m apping th e  o u tp u t to  the  o th e r c a s c a d e  an d  com bining w ith  th e  n ex t 

term  re a l iz e d  in  th a t  c a s c a d e ,  m apping b ack  and  so  o n . F igure  3 . 4 . 2

(a)

( b )

F igure 3 . 4 . 2  (a) In p u t C a sc a d e  (b) O utpu t C a sc a d e

show s th e  tw o c a s c a d e s .  The c e l l  in p u ts  { y ^ , y 2 , . . . y ^ a r e  the  sam e 

a s  th e  inputs[x-j, , x ^ , . . .x ^ )  . The c e l l  in p u t y^ -  a g and  Xy = b g . The 

c e l l  fu n c tio n s  in  th e  in p u t c a s c a d e  a re  in i t ia l ly

3 ; =X^Xg
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To r e a l iz e  th e  sec o n d  te rm , m ap th e  in p u t a rra y  in to  o u tp u t a rray  a s  

s p e c if ie d .  The c e l l  fu n c tio n s  in  th e  o u tp u t c a s c a d e  a re  in i t ia l ly

bJ = Y l = X 1

b2 = b I y S = x l x 3 

b S =  b 4 = b 3 =  b 2 

b 6 = b S + y 6 = x Ix 3 + X1X2

To r e a l iz e  th e  n ex t te rm , ch an g e  a p p ro p r ia te ly  th e  c e l l  fu n c tio n s  in  

the  in p u t c a s c a d e  and  m ap th e  ou tp u t a rra y  b ack  a s  s p e c if ie d  a b o v e . 

The c e l l  fu n c tio n s  in  th e  in p u t c a s c a d e  a re  now

a3 = a 2 = a l 

a 4 = X5a 3 = X5X2 

a S = S4

a 6 =  x 7 +  a 5 =  x i x 3 +  x I x 2 +  x Sx 2

In  th is  m an n er, to  r e a l iz e  th e  fu n c tio n , f iv e  m app ings a re  n e c e s s a ry .  

To i l lu s t r a te  th a t  s u i ta b le  u s e  of in te rm e d ia te  fu n c tio n s  c an  red u ce  

th e  num ber o f m app ings to  a c o n s id e ra b le  e x te n t ,  a n o th e r  re a l iz a t io n  

w ill  be g iv en  b e lo w . The in p u t and  o u tp u t c a s c a d e s  a re  show n in  

F igure  3 . 4 . 3 . a  and  3 . 4 . 3  . b .
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F igure 3 . 4 . 3  Array C o n fig u ra tio n  on M apping  for th e  R ea liz a tio n  of 
F = Xj (x 2 + Xg) + (Xg + Xg + X^) Xg + XgXgXg'
(a) In p u t C a sc a d e  Array (b) O utput C a s c a d e  Array 
(a f te r  a m apping) (c) Inpu t C a sc a d e  Array (a fte r  two 
m a p p in g s ) .

Let th e  c e l l  fu n c tio n s  in  th e  in p u t c a s c a d e  be s e t  to  p roduce the  

fo llow ing  fu n c tio n s  (F igure 3 . 4 . 3 . a):



- 5 8 -

S l = X g

^3 = = 2 + = 3  + = 4

8 /  =r X c ( x  +  Xo +  X , )' 5 ' " 2

S5 =6

N ex t, u s e 'a  s u i ta b le  m ap to  have  (F igure 3 . 4 . 3  . b)

^ l = = I

y 3 = = z

?4  = =3 

Yg = 34

T hen, s e t  th e  c e l l  fu n c tio n s  to  have  (F igure 3 . 4 . 3  . b)

b I = y I y 2 = x I ( x2 

b 2 = IrS = x 2

b3 = y3y4 = X2X3 

b4 = y3y4y5 = X2X3X6

b5 = b4 + y 6 = x2x3x 6 + x 5 (x2 + x 3 + x4>

Let x! be th e  v a r ia b le  m apped b a ck  fo r th e  f i r s t  tim e to  th e  p rev ious
i

in p u t p o s it io n  x^. U se  su ita b le  m ap (F igure 3 . 4 . 3 . C )  so  th a t
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x '  =  b  =  x  ( x 9 +  x  ) 
I l l z S

4  =  b J =  X 2 X3 X 6  +  X 5 (Xg +  X g  +  X ^ )

O ther v a r ia b le s  a re  no lo n g e r n e c e s s a r y .  N ow, s e t  th e  c e l l  fu n c tio n  

su ch  th a t

a , =  x . +  x . =  X 1 (X2 +  X3 ) +  X 2 X 3 X 6 +  X 5  (X 2 +  X 3 +  X 4 )

-  F

It i s  p o s s ib le  to  r e a l iz e  th e  ab o v e  fu n c tio n  in  s e v e ra l  o th e r w ays 

An e f f ic ie n t r e a l iz a t io n  i s  la rg e ly  d e p e n d e n t on a  s u i ta b le  d eco m p o s i­

tio n  of th e  fu n c tio n .



C h ap te r  4

PARALLEL BULK TRANSFER SYSTEM
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4 . 1 P a ra lle l T ran sfe rs

It h a s  b een  show n in  C h ap te r  2 th a t  a rb itra ry  lo g ic  can  be 

re a l iz e d  u s in g  bu lk  t r a n s fe r  te c h n iq u e . To do t h i s , com plex  m aps of 

th e  in p u t a rra y  a re  so m etim es re q u ired  and  com posed  ou t o f a lim ited  

num ber of b a s ic  m aps a v a ila b le  in  th e  m apping d e v ic e . As i t  i s  a 

le n g th y  and  tim e -c o n su m in g  p ro c e s s ,  i t  i s  n e c e s s a ry  to  c o n s id e r  a 

s e r io - p a r a l le l  a p p ro ach  to  th e  p ro b le m . One may d iv id e  th e  d a ta  on th e  

in p u t a rra y  in to  sm a lle r  s u b -a r ra y s  and  th e n , on th e s e  s u b -a r ra y s  

bu lk  t r a n s fe r  te c h n iq u e  can  be a p p lie d  in  p a ra l le l .  The g e n e ra l 

n a tu re  of th e  sy stem  in  th is  schem e can  be v is u a l iz e d  a s  a m u lti­

le v e l  B. T.  sy s te m  w ith  a t r e e - l ik e  s tru c tu re  (Figure 4 . 1 ) .

M apping an d  Logic

O utput

F igure  4 . I M u lt i- le v e l  Bulk T ran sfe r System
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To in v e s t ig a te  th e  c h a r a c te r is t ic s  of th is  type  of p a ra l le l  

B. T.  s y s te m . w e fa c e  th e  fo llow ing  p rob lem s: S uppose w e a re  g iven  

an  in p u t a rra y  of v a r ia b le s .  W e p a r tit io n  th e  a rray  in to  a s e t  of 

d is jo in t  or p a r t ia l ly  jo in t  s u b -a r ra y s  and  re a l iz e  a rb itra ry  fu n c tio n s  

on th e  v a r ia b le s  of e a c h  of th e  s u b -a r ra y s  to  g e t a s m a lle r  a rra y  of 

o u tp u ts  w h ich  w e s u b je c t  to  th e  sam e tre a tm e n t a s  b e fo re  and  th en  

re p e a t th e  p ro c e ss  u n til  a s in g le  fu n c tio n  i s  r e a l iz e d .  W h at k ind  of 

fu n c tio n s  can  be p roduced  in  th is  m an n er?  G iven  a fu n c tio n , how do 

w e s e t  up  th e  sy stem  to  r e a l iz e  i t ?  If a l l  fu n c tio n s  a re  n o t r e a l iz a b le ,  

how do w e t e s t  for th e  r e a l iz a b i l i ty  of a fu n c tio n ?  T h ese  q u e s tio n s  

g e n e ra lly  p e r ta in  to  th e  s u b je c t  of d eco m p o s itio n  of sw itch in g  

f u n c t io n s .

The s u b je c t of d e co m p o s itio n  of sw itch in g  fu n c tio n s  h a s  been

( 9 ) ( 4 )
s tu d ie d  in  d e ta i l  by  A sh en h u rs t ^ . and  C u rtis  . H ow ever, the  

ty p e  of d eco m p o s itio n  to  be c o n s id e re d  h e re , though  r e s t r ic te d ,  

p re s e n ts  a  fo rm idab le  problem  b e c a u s e  of sh e e r  s iz e  w hen  th e s e  

m ethods a re  so u g h t to  be a p p lie d . T h ese  a re  ch a rt m ethods fo r the  

p u rp o se  of g e n e ra l d e c o m p o s itio n . The problem  a s s o c ia te d  w ith  

d e co m p o s itio n  o f a la rg e  a rra y  in to  jo in t  o r d is jo in t  s u b -a r ra y s  of 

know n s iz e  and  geom etry  an d  s tu d y  of th e  r e a l iz a b le  fu n c tio n s  seem s 

im p o ss ib le  to  h a n d le  in  te rm s of d eco m p o s itio n  c h a r ts  an d  n e e d s  som e
C
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so r t o f a lg e b ra ic  a p p ro a c h . Roth and  K a r p ^ )  have  u se d  th is  k ind  of 
.

ap p ro a ch  in  d e a lin g  w ith  the  problem  of m in im iza tio n  of B oolean g ra p h s .

The fo llo w in g  m a tte r  w ill  be d ev e lo p ed  a lo n g  th e  la t te r  l i n e .

A b u lk  t r a n s fe r  sy stem  m ay be  com pared  w ith  r e s p e c t  to  lo g ic a l

u n iv e r s a l i ty  w ith  the  re c e n tly  p ro p o sed  U n iv e rsa l L og ica l M o d u le ( ^ )

I
or ULM' . The term  "ULM" w ill  be u se d  in  th e  fo llo w in g  fo r a bulk 

tr a n s fe r  sy s te m  or a n y  o th e r  d e v ic e  h av in g  lo g ic a l u n iv e r s a l i ty ,  b e c a u s e  

th e  th e o re t ic a l  d ev e lo p m en t i s  in d e p e n d e n t of how the  d e v ic e  i s  

im p lem en ted . C o n s id e r  th e  in p u t a rra y  of th e  B.T.  sy s tem  in  F igure 2 . 1 . 1 .  

Let u s  a ssu m e  th a t  th e  a rra y  of c e l l s  is  d iv id ed  in to  s d is jo in t  s u b se ts  

w here  e a c h  s u b s e t  d o e s  no t n e c e s s a r i ly  c o n ta in  th e  sam e num ber of 

c e l l s .  A lso a ssu m e  th a t .th e re  a re  a s e t  o f U LM 's e a c h  of w h ich  can  

re a l iz e  a rb itra ry  lo g ic a l fu n c tio n s  on th e  v a r ia b le s  of e a c h  s u b s e t  a n d ,  

fu r th e r , th e  o u tp u ts  of th e s e  U LM 's a re  s im ila r ly  (as in  th e  o rig in a l- 

array) fe d  a s  in p u t to  n e x t h ig h e r le v e l  ULM' s  a n d .th e  p ro c e s s  is  

re p e a te d  u n til  a s in g le  fu n c tio n  i s  r e a l iz e d .  (Note th a t  th e  in p u ts  to  

an  ULM a t  any  le v e l  com e from a d is jo in t  s e t  of o u tp u ts  of th e  p rev io u s  

le v e l  an d  th e s e  s e ts  n eed  n o t be of th e  sam e s i z e ) . C le a r ly  if  the 

lo g ic a l  fu n c tio n s  perform ed by e a c h  ULM is  know n, th e  u ltim a te

A ccording to  c o n v e n tio n a l te rm in o lo g y , an  n -v a r ia b le  ULM h a s ,  in  g e n e ra l ,  
m in p u ts  w here  m § n .  S ince  w e a re  n o t co n ce rn ed  w ith  th e  s tru c tu re  of 
th e  ULM , w e s h a l l  m ean , by n - in p u t  U LM , a  ULM of n v a r ia b le s .
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fu n c tio n  can. be d e te rm in ed  in  te rm s of th e  o rig in a l v a r ia b le s  by tra c in g  

b a ck  from th e  o u tp u t to  th e  in p u t. But th e  re v e rse  p rob lem — given  a 

fu n c tio n , to  d e c id e  i f  i t  i s  r e a l iz a b le  by su ch  a sc h e m e , and  w hen 

r e a l iz a b le ,  to  find  th e  fu n c tio n s  to  b e  perform ed by e a c h  ULM— is  

n o t so  s im p le . To know  th e  re a l iz a b le  fu n c tio n s  w e m u st find  a 

c r ite r io n  fo r r e a l iz a b i l i ty .  R e a liz a b ility  t e s t s  for a m u ltile v e l s y s te m , 

w here  e a c h  le v e l  c o n ta in s  a num ber of m u lti- in p u t ULM1 s w ill  th e re fo re  

be d ev e lo p ed  h e r e . The a lgo rithm  to  be p re se n te d  h a s  som e ad v an tag es , 

b e c a u s e  of th e  fa c t  th a t  i t  is  a p p lic a b le  to  the  su m -o f-p r im e -im p lic a n ts  

form of a fu n c tio n  so  th a t  th e  v a s t  num ber of m interm s of th e  fu n c tio n  n eed  

n o t be c o n s id e re d . The su m -o f-p r im e -im p lic a n ts  form is  a ssu m e d  -to . 

be  o b ta in ed  from an  o rig in a l d is ju n c tiv e - fo rm  e x p re s s io n  by  som e 

s ta n d a rd  p ro c e d u re s  su ch  a s  th e  m ethod of c o n s e n s u s ^ . F u rth er, 

th e  a lg o rith m  com bines th e  a d v a n ta g e s  of a lg e b ra ic  m ethod w ith  th o se  

of ta b u la r  te c h n iq u e . F in a lly , th e  co m p lex ity  of th e  a lgo rithm  d o es  

no t in c re a s e  w ith  th e  s iz e  o f s u b s e ts  in to  w h ich  the  a rra y  is  o rig in a lly  

p a r t i t io n e d . H ow ever, co m p u ta tio n s  in c re a s e  w ith  the  num ber of 

in p u ts  of a U LM .

The c a s e  w h ere  th e  p a rtitio n in g  of the  a rray  is  su c h  th a t  the  . 

r e s u l ta n t  s u b -a r ra y s  a re  n o t d is jo in t  w ill  be c o n s id e re d  in  a la te r  

s e c t io n .  As m ay be g u e s s e d ,  th is  c a s e  is  more co m p lex , p a r tic u la r ly
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b e c a u s e  of th e  fa c t  th a t  th e re  a re  more th an  one w ay  of re a liz in g  

c e r ta in  fu n c tio n s  a t  an y  le v e l and  n o t a l l  <_>f th e s e  may u ltim a te ly  

le a d  to  a r e a l iz a t io n .

4 .2  D is jo in t D eco m p o sitio n

In th is  s e c tio n  we s h a ll  s ta r t  by c o n s id e rin g  sim p le  c a s e s  

of d is jo in t  d e co m p o s itio n  and  g ra d u a lly  bu ild  up more com plex  c a s e .

A g e n e ra l a lg o rith m  fo r te s t in g  re a l iz a b i l i ty  w ill  be g iv en  a t  the  end .

P----------- -Aj —~— —-| y---------- — ----------- 4

F igure  "4.2.1 T w o -lev e l N etw ork w ith  T w o -in p u t ULM a t  th e  L ast L evel
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C o n sid e r th e  fo llo w in g  s im p le  c a s e :  An a rray  A i s  p a r titio n e d

in to  d is jo in t  s u b s e ts  A1 and  A (Figure 4 . 2 . 1 ) .  U is  a n y  a rb itra ry
t 2 I

fu n c tio n  on A, and  U on A an d  FL i s  th e  f in a l o u tpu t fu n c tio n . Let
1 . 2  2 3

F be  a g iv en  fu n c tio n  e x p re s s e d  a s  a  sum of prim e im p l ic a n ts . If F 

can  be re a l iz e d  by th e  netw ork  of F igure  4 . 2 . 1 ,  th en  F can  be 

e x p re s s e d  a s :

F=U3 (U 1 , U2 )=U3{ U (Xj 7X2 , . . .  ,XfcK U2 (xk + 1 , . . . ,x n)}

As th e  d e co m p o s itio n  is  d is ju n c t iv e , th e  o ccu rren ce  of th e  v a r ia b le s  

X j , X2 , . . .  , x k in  F m ust be a c c o u n te d  fo r by th e  fu n c tio n  'U j and  the  

o c cu rren c e  of th e  v a r ia b le s  x k + J , x k + 2 , . . . ,x ^  by th e  fu n c tio n  U3 - 

T herefore  w e can  m ake a d eco m p o s itio n  ta b le  (Table 4 . 2 . 1 )  w ith  tw o 

co lum ns h ead ed  by Aj an d  A g.

T ab le  4 . 2 . 1  D eco m p o sitio n  Table

Each prim e im p lic a n t (PI) of F o c c u p ie s  a  d is t in c t  row  in  th is  ta b le .  

Those l i te r a ls  of th e  PI th a t  a re  form ed of the  v a r ia b le s  of Aj a re  p la ce d
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■ u n d er and  th o se  form ed of th e  v a r ia b le s  of Ag a re  p la c e d  u n d e r Ag, 

bo th  p a r ts  o ccu p y in g  the  sam e row . For n o ta tio n , a s u b s c r ip t  I w ill  

be u s e d  fo r a p ro d u c t term  u n d e r A su ch  a s  e t c .  S im ilarly ,

a s u b s c r ip t  2 w ill  be u se d  fo r a  p ro d u c t term  u n d er Ag, su ch  a s  Pg ,

Qg e tc .  In g e n e ra l ,  th e re fo re , P i 's  of F w ill  be re p re se n te d  a s  

P1 Pn , P1Q 0 , Q 1Q 0 e tc .  w here  P1 , P1 , Q 1 a p p ea r u n d er A1 and
I  Z I  , ^  JL Z i l l  I

P2 ' ^ 2 ' ^ 2  a Pp e a r un^ e r  A g.

.We s h a l l  a s su m e  U2 to  be a n o n -d e g e n e ra te  fu n c tio n  of and 

U g , a s  o th e rw is e , F m u st be in d e p e n d e n t of the  v a r ia b le s  of one or 

bo th  of th e s e  fu n c t io n s . W e s h a ll  c o n s id e r  h e re  a l in e a r  a rra y  of 

s u b -a r r a y s ,  bu t th e re  is  no lo s s  of g e?rera lity  b e c a u s e ,  w h a te v e r  be 

th e  d im en sio n  of th e  o r ig in a l a r ra y , s in c e  th e  d e co m p o s itio n  is  

d is ju n c t iv e , th e  s u b -a r ra y s  can  a lw a y s  be a rran g ed  in  a l in e a r  fo rm . 

F ir s t ,  a  few  th eo rem s w il l  be  proved on w h ich  th e  a lg o rith m  w ill  be 

b a s e d . The th eo rem s a re  tru e  for any  re a l iz a b le  fu n c tio n  F .

Theorem  4 . 2 . 1  Let P^P2 be  a prim e im p lic a n t of F . Then P^ is  a PI 

of e i th e r  U 1 or U 1 an d  P0 i s  a PI of e i th e r  U or U0 .

Proof: Let P^Pg b e .a  PI of F . W e s h a l l  f i r s t  prove th a t  P^ i s  e i th e r  in  

U^ o r in  U^ and  Pg is  e i th e r  Ug or in  U g .
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The fo llo w in g  a re  th e  p o s s ib le  in c lu s io n  s i tu a t io n s  fo r and  

A. For P^:

i) P1= U 1 

« )  P1= U 1 ■

iii)  P K U , P ^  U an d  th e re  e x is t  m in ten n s M 'an d  M 9 
i  I I I I Z

c o n ta in e d  in  P^ su ch  th a t  .

> B. For Pg:

1) P2 = U 2

2) pZ ^ 2

3) Pg P g ^  Hg and  th e re  e x is t  m in term s Mg and 

c o n ta in ed  in  P^ su ch  th a t  MgG U g , M ^ e  Ug .

C o n tra ry  to  our a s s e r t io n ,  a s su m e  th e  fo llow ing  i s  tru e :

C a se  I iii)  i s  tru e  fo r P^ an d  3) is  tru e  for P g . A ssig n  v a lu e s  to  

th e  in p u ts  (x ^ , . . . ,x^) su c h  th a t  th e  fo llo w in g  tru th  ta b le  i s  o b ta in e d .

In p u t A ssig n m en t U ! U 2
F

r—
I

Ilco
Sr—

i

Il' 
r-H

I I I

M = I ,  M^  = I I 0 I

M = I ,  M = I 0 I I

Mg = I ,  M^  = I 0 0 I

F i s  s e e n  to  be a c o n s ta n t fu n c tio n  w h ic h  c o n tra d ic ts  th e  h y p o th e s is  

th a t  F is  n o n -d e g e n e ra te  .
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C a se  II i) i s  tru e  for P and  3) i s  tru e  fo r P .
I 2*

A ssig n  v a lu e s  to  th e  in p u ts  su ch  th a t  P^ = I an d  h e n ce  U = I .

S ince Pg = I w h e n ev e r = I or = I ,  th is  m eans th a t  F i s  tru e

w h e n ev e r U 1 = I .  H ence  F = U + S(U , U ) w here  S(U 1 , U 9) is  som e 
1 I I 2 i  z .

fu n c tio n  of U^ and  U ^ . But P^ £ U , th e re fo re

U = P +  g (x , , . . . , x  ) fo r som e fu n c tio n  g (x 1 , . . . ,  x  )
1 , 1  I k 1 k

F = P1 + P t x 1 , ,  . . , X k) + S(U f U2)

T his im p lie s  th a t  P i s  a n  im p lic a n t of F . T his c o n tra d ic ts  th eI

a ssu m p tio n  th a t  P^Pg is  a PI of F .

C a se  III ii) is  tru e  fo r P1 and  3) i s  tru e  fo r P g .

Arguing a s  in  c a s e  II , w e can  show  th a t  F = Pj^+hCx , . . . ,X k) + 

R ( Up Ug )  w h ich  g iv e s  a  c o n tra d ic t io n .

C a se  IV and  V, a s  s ta te d  b e lo w , a re  a n a lo g o u s , s in c e  w e s h a l l  a rrive  

a t  th e  c o n tra d ic tio n  th a t  Pg is  an  im p lic a n t of F .

C a se  IV iii)  i s  tru e  fo r P1 and  I) i s  true, for P g .

C a se  V iii)  i s  tru e  fo r P1 and  2) i s  tru e  fo r P g .

The rem ain in g  fou r c a s e s  conform  to  th e  th e o re m .
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C a se  Vl pi s  U
I

and U
l

B 2 '

C a se  VTI
-P 1

. and U
l

oT
1 U2 -

C a se  VIII P! ^ u 1
and P G 

2 B 2 -

C a se  IX
P 1

and P2= c!
 I

CO

The theorem  w ill  be  proved  if  w e can  show  th a t  in  th e s e  l a s t  

fou r c a s e s  i s  a PI of U^ or and P^ i s  a PI of U 2 or . In c a s e  VI,

F = U1U2 H-GtU1, U2)

s in c e  P^ P^ is  a PI of F , and  G (U ^ , Ug) is  som e fu n c tio n  in  U 1 and  U g . 

S uppose P 1 i s  n o t a PI of U 1 . Thus th e re  e x is t s  a PI of U 1 , s a y  P * 

su ch  th a t  P1C P1*." But w hen  P1* = I 1 Pg = I w e have  U 1Ug = I ,  

th a t  i s  F = I . Thus P^P^ can n o t be  a PI of F . A c o n tra d ic t io n . H ence

P m u st be a PI of U . In  a s im ila r  w a y ,  w e can  show  th a t  P9 is  a
1 1 . z

/

PI o f U . In  an  a n a lo g o u s  fa sh io n  w e c an  prove th a t  in  c a s e  VII, P.
' 2  I

i s  a  PI o f U 1 , Pg i s  a PI of U ^ , in  c a s e  VIII, P1 i s  a  PI of U^ and P^ 

is  a  PI of Ug an d  in  c a s e  IX, P^ is  a  PI of U 1 and  Pg is  a PI of U g .

H ence th e  th e o re m . Q . E . D .

Theorem  4 . 2 . 2  If P, P„ and  Q . Q 0 a re  tw o P i 's  of F an d  if  P0=Q„’ J-Z  ̂ 2

th e n  QjG U ^(U 1) i f  PjC U ^(U 1) and  fu r th e r , P 1 and  Q 1 a re  P i 's  of 

U ^(U ^). C o n v e rse ly , if  P1 , Q 1 ^  U ^(U 1) , th en  Q ^P g - F i f  P 1P ^  F .
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F u r th e r , i f  P an d  Q a re  P i 's  of U (U 1) and  P P . i s  a PI of F , then.
I I I - * -  I , Z .

Q P0 i s  a PI of P .M
Proof: F ir s t  Part: Let P^P2 and  Q Q 2 be  tw o P i 's  of F su ch  th a t  

F u rth e r , W LO G , le t  P ^s and  Pgs  U g . If  p o s s ib le ,  le t  Q^c U 1 . 

C o n sid e r the  in p u t c o n d itio n s  su c h  th a t  P^Pg is  t r u e . Then,

F = U3 (Ur U 2) = ! .

E x p ressed  in  te rm s of U^ , U g , and  Ug ,

w hen U^ = I ,  Ug = I ,  th e n  U3 = I...........(i)

C hange th e  in p u t c o n d itio n s  a s  n e c e s s a ry  to  m ake Qg t ru e .  S ince 

Pg = Q , w e h av e  now Q^Qg tru e  and  c o n se q u e n tly  F = I .  E x p ress in g  

in  te rm s o f U g , Ug , an d  U3 ,

w hen  Ug = O, Ug = I ,  th e n  U3 = I . . . (ii)

From (i) and  ( i i ) , w e can  w rite  F = Ug + T w here  T i s  som e 

e x p re s s io n  in v o lv in g , in  g e n e ra l , U^ an d  U g - A lso , s in c e  

?2  c  U g, Ug = Pg + S w here  S i s  som e sum of p ro d u c t te rm s of th e  

o r ig in a l v a r i a b le s . T h e re fo re ,

F = P2 + S + T.

I t  fo llo w s th a t  P1 P0 i s  n o t a  PI of F . C o n tra d ic tio n .
L z

T herefore  if  P U ^ , th e n  Qgs  U^ . S im ilarly  i t  c an  be show n th a t  if  

P g^  Ug th e n  QgE Ug . That Pg an d  Qg a re  P i 's  of Ug(Ug) fo llo w s •
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from Theorem  4 . 2 . 1 .

Proof of th e  c o n v e rse : Let P j ,  Q g and  P^P^c F . A ssum e 

W LOG, Pg c  Ug . C o n s id e r  th e  in p u t c o n d itio n s  su ch  th a t  P^Pg is  

t r u e . T h e re fo re ,

F = T J 3 (u P u 2) = ! .

E x p re ss in g  in  te rm s  o f TJ1 , TJg and TJ3 , th e re fo re , w e m ay w r ite ,

F = TJ1TJ2 + T

w here  T is  a g a in  som e e x p re s s io n  in v o lv in g  TJ1 and  TJ2 .

Now ch an g e  th e  in p u t c o n d itio n s  a s  n e c e s s a r y  to  m ake Q t r u e . The 

tru e  co n d itio n  of Pg n e ed  n o t be ch an g ed  fo r th is  p u rp o s e . As 

= I , Ug = I , h e n ce  from a b o v e , F = I .  T herefore Q 1PgG F if.

PlPg= F.

Let P1 an d  be P i 's  of TJ1 and  P1Pg a PI of F . T h e re fo re ,

Q 1Pg G F . If Q 1P2 i s  no t a PI, le t  Q 1 lfcPg* be a PI of F w here

Q 1= Q 1*

an d  Pg = Pg *

su ch  th a t  a t  l e a s t  one of the  im p lic a tio n  re la tio n s  i s  p ro p e r.

Let Q(= Q 1* . W e th en  h av e  Q 1Pgc  ^ l * P2 c  F • ^ b en ,. u s in g  

f i r s t  p a r t ,  Q 1*= U 1 ; T herefore  Q 1 c an n o t be a PI of U 1 . C o n trad ic tio n
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S o Q 1 = Q i *.  Let P^c P^*.  T hen ,

P1P2 C Pl P2 * -  F (sinCe Q l P2 * £ F )*

So P1P^ can n o t be a PI o f F . C o n tra d ic t io n .

H ence P^ = P * . T hat i s ,  w ith  th e  g iv en  c o n d itio n s , Q 1Pg is  a PI o f F .

Q . E . D .

.C o ro lla ry  I .- The s e t  of P i 's  of U 1 an d  U 1 o b ta in ed  u n d e r A1 co m p le te ly

d e fin e  U 1 an d  U 1 . S im ila rly  th e  s e t  of P i 's  o b ta in e d  u n d e r A9 • I I ' 6

c o m p le te ly  d e fin e  U and  U .Z it

Proof: If th e  o r ig in a l e x p re s s io n  fo r F i s  a  co m ple te  sum of P i 's  th en  the  

c o ro lla ry  fo llo w s from th e  c o n v e rse  of Theorem  4 . 2 . 2 .  W hen U^ is  no t 

u n a te ,  in  s a y ,  U 1 or U 1 , th en  a l l  P i 's  of U 1 and  U 1 w ill  a p p ea r under A1 .. 

If Ug i s  u n a te ,  in , s a y  U1 , th e n  th e  P i 's  of U 1 c an  be o b ta in e d  from U 1 

by co m p lem en ta tio n .

Let F be n o t a  co m p le te  sum of P i ' s .  Let M 1 C U 1 be a m intermI I
th a t  i s  n o t in c lu d e d  in  th e  P i 's  of U 1 o ccu rrin g  u n d er A1 . Let

P1 P2 a PI of F su ch  th a t P ^  U 1 . T hen , by Theorem  4 . 2 . 2 ,

M 1PgG F 1 H e n c e , M 1Pg m ust be in c lu d e d  in  som e P i 's  of F . By

a ssu m p tio n  Pg i s  n o t a PI of F . H ence  3 Q ^  u n d er A1 s u c h  th a t

M P9c ‘ Q P . I t fo llo w s th a t  M c  Q By Theorem 4 . 2 . 1 ,  Q
I I I

I
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i s  a prim e im p lic a n t of U . T h u s , th e  a ssu m p tio n  ■£ ,

bu t n o t in c lu d e d  in  a PI of U a p p ea rin g  u n d e r A is  f a l s e . S im ila rly ,
' I —

i t  c an  be show n th a t  is  c o m p le te ly  d e fin ed  by th e  te rm s u n d e r A  ̂

and  Ug an d  a re  c o m p le te ly  d e fin ed  by  th e  te rm s under. A ^.

Q .E . D.

Theorem  4 . 2 . 3  Let U ^ (x ^ , . .  . , x^)  and . U^ (x^^  ̂, . . . ,x^) be tw o 

B oolean fu n c tio n s  d e fin ed  on d is jo in t  .s u b se ts  of v a r i a b le s . If 

and  Ug a re  e x p re s s e d  a s  a sum of prim e im p lic a n ts  lik e  

U^ = + Q^. + . . . , and  U^ = P^ + + . . . ,  th en  e a c h  re s u lta n t

p ro d u c t term  w hen

F ( x .......... x  ) = U 1U2 = (P1 + Q 1 + . . . ) ( P 2 + Q 2 + . . . )

i s  w ritte n  a s  a  sum of p ro d u c ts  i s  a prim e im p lic a n t of F .

P rooffW ith  th e  c o n d itio n s  g iv en  in  th e  ab o v e  th e o re m , le t  P, P„ and  ■ i L

Q 1Q 2 be  tw o d is t in c t  p ro d u c t te rm s o f F . From th e  d e f in itio n  of 

prim e im p lic a n t i t  fo llo w s th a t  am ong th e  p ro d u c t te rm s of F , if  a 

re la t io n s h ip  i s  found b e tw een  a  p a ir  of te rm s su ch  th a t  (i) one term  is  

of th e  form Rx1 and th e  o th e r  term  of th e  form Sx1 w here  R and  S are  

p ro d u c ts  of l i te r a ls  n o t in v o lv in g  X1 an d  e i th e r  R - S or S £ R o r,

(ii) one term  is  subsum ed  by th e  o th e r , th en  and  th en  o n ly , a l l  te rm s 

of F do n o t re p re s e n t  prim e im p lic a n ts .
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As P^Pg an d  Q 2 can  be an y  tw o g e n e ra l te rm s of F , w e n eed  

to  show  th a t  c a s e  (i) and  (Ii) c an n o t o c cu r b e tw een  P^Pg and  Q ^Q 2 *

Let u s  s u p p o se , c a s e  (i) i s  t r u e .  W LOG, le t  c  [ x  , . .  •

and  P P =  x . P *P and  Q Q = x .Q  *Q w ith  P = x .P . * and  
1 2  1 Z 1 2  1 I Z  I 1 1

Q^ = X jQ * w here  P^* an d  Q^* a re  th e  p ro d u c ts  of l i te r a ls  rem ain ing

a f te r  d e le t io n  o f x^ an d  X jfrom P^ and  Q^ r e s p e c t iv e ly .  A lso a s s u m e , 

W LOG, th a t  P1^P2Q Q 1*Q2 . N o w , ( P ^ Q 1) and  ( P 3 ,Q 2]. a re  

d e fin e d  on d is jo in t  s e ts  of v a r ia b le s .  T h erefo re , w e m ust h a v e ,

P1*= Q * 

and  P2= Q 2

I t fo llo w s th a t i s  no t a sum of prim e im p lic a n ts  b e c a u s e  c a s e  (i) 

i s  s a t i s f i e d  b e tw een  P^ and  Q 1 . T his is  c o n tra d ic to ry  to  th e  a ssu m ed  

c o n d it io n s . T herefo re  c a s e  (i) c an n o t b e  tru e  ab o u t P^P2 and  Q 1Q2 .

To prove th a t  c a s e  (ii) can n o t p o s s ib ly  o c cu r , i t  is . s u ff ic ie n t to  

show  th a t  th e re  e x is t s  a t  l e a s t  one m interm  in  P1 P2 w h ich  d o es  not 

o c c u r  in  Q 1Q 2 and  v ic e  v e r s a .

S ince P1Pg an d  Q 1Qg a re  d i s t in c t ,  e i th e r  P1 Q 1 o r Pg  ̂Q or

b o th . W LO G , a ssu m e  P1 /  Q . As P an d  Q a re  P i 's  of U 1 , one is
1 1  I I I

n o t su b su m ed  by th e  o th e r . T herefore
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3  P1Xi I  O 1 and

Q 1X ^  P1

w here  X , X, a re  p ro d u c ts  of th e  lite ra ls .-o f  som e v a r ia b le s  i i r  
I ] .

{ X ̂  • • ,./ Xĵ  } • I t fo llo w s th e re fo re  th a t

p A p 2 ^  0 I q 2 and  

Q 1XjQ2 A pI p2 -

T herefore  c a s e  (ii) a ls o  can n o t o c c u r . H ence the th e o re m ,

Q . E . D .

The fo llo w in g  theorem  c an  be p roved  v e ry  sim ply  fo r th e  tw o -v a riab le  • 

c a s e .  H ow ever, fo r e a s e  in  g e n e ra l iz a t io n , i t  is  p roved  in  som ew hat 

d e t a i l .

Theorem  4 . 2 . 4  U is  u n a te  in  U (U ) or U (U9)' if  and  on ly  if  th e
V I 4 I ^

sum of th e  te rm s u n d er A1 (Ag) i s  n o t e q u a l to  I .

i
P roof: F irs t  Part: W EO G , le t  Ug be u n a te  in  U 1 and  le t  S  P1 = sum of I * * * S

I i
th e  te rm s u n d e r A1 = I , w here  r e p re s e n ts  som e g e n e ra l term  u n d e r

A1 . W e s h a l l  show  a c o n tra d ic tio n  in  th is  a s su m p tio n . W e have

U 1 = I f c i , . . . ,X1,) / l  o r O (as  F i s  n o n -d e g e n e ra te )  and

S  p‘ = I = U 1 H-U1 .
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The f i r s t  c o n d itio n  im p lie s  th e  p re se n c e  of som e p ro d u c t of th e  l i te r a ls

of th e  v a r ia b le s  of A1 in  a t  l e a s t  one PI o f F . The sec o n d  co n d itio n

im p lie s  th a t  th e re  m ust be a t  l e a s t  a  p a ir  o f th e s e  p ro d u c ts  so  th a t

th e  sum m ay be I and  fu r th e r th a t  th e  p ro d u c ts  m ust b e lo n g  to

co m plem en tary  fu n c tio n s  a s  U 1 7̂  I o r 0. I t  fo llo w s th a t  th e re  e x is ts

a t  l e a s t  a p a ir  of P i 's  of F , P1P0 and  Q Q su ch  th a t  P s  U and '
I ^ I 4 1 1

Q 1S u  . W LOG, le t  P2 S U g . At f i r s t ,  c o n s id e r  Q 2 S U2 . W hen 

P1 P2 i s  t ru e ,  th en  U 1 = I ,  U2 = I an d  Ug = I .  W hen Q 1Q 2 i s  t ru e , 

th e n  U 1 = Oi U2 = I ,  and  U 3 = I . T h e re fo re ,

^ 3  = ^ 2  + %

w here  T i s  som e e x p re s s io n  in v o lv in g  U 1 and  U2 in  g e n e ra l . But 

U2 -  Q 2 + ^ 2 S (from e a r l ie r  assu m p tio n ) 

w hen  S i s  som e e x p re s s io n  in v o lv in g  th e  o r ig in a l v a r ia b le s  

{ X j ^ 1 , .  . . ,x n} . T h e re fo re ,

U3 = Q 2 + P2 + S + T

I t  fo llo w s th a t  P1P2 an d  Q 1Q 2 a re  n o t P i 's  of F . C o n tra d ic tio n .

N ex t, c o n s id e r  Q 2 S U2.. Arguing in  a s im ila r  m an n er a s  b e fo re , 

w e can  show

U g =  U 1U 2 -P U 1F 2 + R

w here  R i s  som e fu n c tio n  of U 1 and  U 2 . F u rth e r , u s in g  th e  sam e 

a rg u m en ts  a s  in  Theorem . 4 . 2 . 2 ,  w e can  show  U 1U2 and  U 1U2 a re



- 7 8 -

P I 's of U . That i s ,  is  n o t u n a te  in  U ^ . C o n tra d ic tio n ,

T h e re fo re , th e  c o n c lu s io n  i s  th a t  i f  Ug i s  u n a te  in  U p  th en  the  

sum  of th e 'te rm s  u n d e r c an n o t be e q u a l to  I .

Proof of c o n v e rse : Let £  Pi ^  I and  a ssu m e  U q i s  no t u n a te  in  U or 
_  i 3 1
U p  W e s h a l l  show  th is  a ssu m p tio n  to  be c o n tra d ic to ry . A ccording

to  a s s u m p tio n , b o th  U^ an d  U^ o c cu r in  th e  P i 's  of U^ . W LOG,

le t  P^P^ be a PI of F su c h  th a t  P^c U^ and  P^s U g . Let QgQg be

a n o th e r  PI of F su ch  th a t  Q s  u . T hat Q 1 c  U 1 sh o u ld  be p re se n t
1 1  1 1

fo llo w s  from th e  a ssu m p tio n  Ug is  n o t u n a te  in  Ug or U^ . F or, if  

£  Pg = U , th e n  u s in g  Theorem  4 . 2 . 2 ,  w e co u ld  w rite  

U3 = U 1 * T

w h ere  * i s  one m em ber of th e  s e t  (• • , + } an d  T is  an  e x p re s s io n  free  of 

U g . W e cou ld  th u s  show  Ug to  be u n a te  in  U g , c o n tra ry  to  o rig in a l 

a s s u m p tio n .

By th e  C o ro lla ry  to  Theorem  4 . 2 . 2 ,  th e  P i 's  n e c e s s a ry  to  d e fin e

Ug and  Ug m ust be p re s e n t u n d er A . The sum of th e s e  P i 's  w ill  be

e q u a l to  (U1 + U 1) or I .  This c o n tra d ic ts  th e  g iv en  c o n d itio n  
. I I I

i
2  P, 7̂  I . H en ce  U is  u n a te  if  £  P  ̂ ^  I Jl
i  1 3 i

Q . E . D .
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Theorem  4 . 2 . 5  If a fu n c tio n  c o n ta in s  tw o P i 's  of th e  form 

and  (or Q ) ,  th e n  i t  i s  n o t r e a l iz a b le .

B roofhSuppose th e re  e x is t  tw o P i 's  l ik e  P^P^ and  in  F . A ssum e, 

W LOG, th a t  P e  . If p o s s ib le ,  le t  a l s o s  . W hen  is  

t r u e , U = I  an d  i r r e s p e c tiv e  o f w h a t U2 i s ,  F = I .  T h ere fo re ,

F = U^ + T w h ere  T is  som e e x p re s s io n  in v o lv in g  U^ and  Ug in  g e n e r a l ; 

But

U 1 = P  + Q 1 + S  (by a ssu m p tio n )
1 I - I

w here  S i s  som e e x p re s s io n  in v o lv in g  th e  o r ig in a l v a r ia b le s .  T herefore 

F =  Pj  + Q  + S + T

That i s ,  P-^Pg n o t a PI of F . C o n tra d ic t io n .

H e n c e , P^ an d  m ust b e lo n g  to  com plem en tary  fu n c tio n s . So le t  ■ 

Q ^ -  U^ . A lso , W LOG, le t  Pg c  \J . W hen Pj,Pg is  t r u e , w e have

U^ = I ,  Ug = I ,  an d  Ug = I .............................................(I)

W hen Q j is  true  so  th a t  U j = O an d  in p u t co n d itio n s  a re  su ch  th a t '

Ug = I , th e n  w e h a v e , s in c e  Q j is  a PI of F ' .

U j = ° ,  U 2 = ! ,  and  U 3 = ! .............................. ....  . (2 )

T h e re fo re , F = Ug U2 ^

= U2 + R . . . . . . .  . from (].) and  (2)

w here  R i s  som e e x p re s s io n  in v o lv in g  U j an d  Ug in  g e n e ra l .  But
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w here  Q i s  so m e .e x p re s s io n  in v o lv in g  th e  o rig in a l v a r ia b le s  

t x k + l ' ‘ • ' x n I ' T h e re fo re ,

P =  P2 + Q + R .

T hat i s ,  i s  n o t a  PI of F . C o n tra d ic tio n .

H e n c e , th e  fu n c tio n  c a n n o t be r e a l iz a b le .
Q . E . D .

T h ese  th eo rem s e s ta b l is h  th e  b a s is  of a p ro cedu re  fo r te s t in g

re a l iz a b i l i ty  of a fu n c tio n  w ith  d is jo in t ly  d eco m p o sed  s t r u c tu r e .

Theorem  4 . 2 . 1  s ta te s  th a t  if  w e d iv id e  th e  P i 's  of F in

th e  m anner of T ab le  4 . 2 . 1 ,  w e g e t th e  P i 's  of th e  c o n s t i tu e n t  fu n c tio n s

U1 and  U1 fo r k = 1 , 2 .  By th e  c o ro lla ry  to  Theorem  4 . 2 . 2 ,  
k ■ k

i t  h a s  b een  show n th a t  th e  P i 's  of Uj, (U^) o b ta in ed  in  th is  m anner

c o m p le te ly  d e fin e  Uv (U ) .  Theorem s 4 . 2 . 2  and  4 . 2 . 4  a ls o
K k

c le a r ly  in d ic a te  how  to  d is t in g u is h  a  Pl of U^ from a Pl of U ^ . 

H ow ever, if  a l l  P i 's  o f F a re  no t p re s e n t in  th e  -function s p e c if ic a t io n , 

i t  m ay n eed  a  l i t t l e  m ore e ffo rt to  d e te rm in e  w h e th e r a PI u n d e r , sa y  

A j , b e lo n g s  to  U j or U j . The f i r s t  PI m ay be a s s ig n e d  a rb itra r ily  

to  U j or U j w h ile  th e  o th e rs  a re  to  be  com pared  w ith  th e  p rev io u s  

o n e s  to  s'ee if  th e  c o n d itio n s  of Theorem  4 . 2 . 2  a re  d ire c t ly  a p p lic a b le . 

O th e rw is e , u s in g  c o m p ariso n , if  a  PI Q j i s  s e e n  to  h av e  a m interm



- 8 1 -

common w ith  a n o th e r  PI, a lre a d y  a s s ig n e d  to ,  sa y  , th e n  - 

(by th e  p roof of Theorem  4 . 2 . 1 ) .  As c o n v e n ie n t, th is  co m p ariso n  m ay 

a ls o  be done w ith  th e  seco n d  p a rt Pg of ̂ a PI P^Pg. Let P^Pg and  

Q^Qg be tw o P i 's  of F . T hen, if  i t  is  found th a t  Pg h a s  a  m lnterm  

common w ith  Q g , th en  a s s ig n  to  if  P ^  . The-proof of th is

s ta te m e n t fo llo w s from sim ple a rg u m en ts  s im ila r  to  .ones g iven  

b e fo re — to  show  th a t ,  if  in  th is  c a s e ,  A . , th en  Qg and  Pg 

m ust be P i 's  of F , c o n tra ry  to  o r ig in a l a s su m p tio n .

The th eo rem s a re  e a s i ly  s e e n  to  a p p ly  in  c a s e s  w h ere  th e  o rig in a l 

a rra y  i s  d iv id ed  in to  m ore th a n  tw o s u b -a r r a y s .  The g e n e ra liz e d  

th eo rem s a re  b e in g  s ta te d  w ith o u t proof h e r e . The p roo fs  w ill  be 

found in  A ppendix B.

Let A b e 'a  s e t  o f b in a ry  v a r ia b le s  { x^ , Xg, . . . ,x n } , p a r tit io n e d  

in to  s d is jo in t  s u b s e ts  A^ , Ag, . .  . ,Ag . Let , U g , . . .  , U g be a rb itra ry  

sw itch in g  fu n c tio n s  on th e  v a r ia b le s  of A^ , Ag, . . .  ,Ag re s p e c tiv e ly  and  

U be an y  sw itch in g  fu n c tio n  on U]_ ,U g , . . . , U g . Let F (x j ,x ^ ,  . . .  ,x^) 

be a  fu n c tio n  of n v a r ia b le s , ,  r e a l iz a b le  a s  U .

Theorem  4 . 2 . 1 ' Let PqP^ . . .  P^..... Pjc be  a PI o f F . Then P  ̂ i s  a 

PI of e i th e r  U^ o r Û , fo r i  = a , b , . . i , . . k .
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Theorem  4 . 2 . 2 ' Let P X arid Q Y be tw o P i 's  of F w here  X and
i  i

Y re p re se n t p ro d u c ts  of l i te r a ls  of th e  v a r ia b le s  o f a n y  s u b s e ts  

o th e r  th an  A. . If X = Y, and  P. E u . ( U. ) , th e n  Q. q U. (U.) and
I i l l  i l l

b o th .P^, Qi a re  P i 's  o f Ui (Ui ) . C o n v e rse ly , le t  Pi , Qi c  U^ (UJ

an d  PiX c  P . Then QiX c  F . F u rth e r , if  P^, Qi a re  P i 's  of Uĵ U J

and  P1X i s  a PI of F , th e n  Q.X i s  a PI of F .
I. I

C o ro lla ry  I' The s e t  of P i’s of Ui and  Ui O btained from F w ith  

th e  u s e  o f Theorem  4 . 2 . 1 '  co m p le te ly  d e fin e  Ui and  Ui fo r a l l  i .

Theorem  4 . 2 . 3 ' Let U (X1 , . . . x k) , U 2 (xk + 1 . . . x m) , . . . U s (xp / . . .Xn ) 

be s B oolean fu n c tio n s  d e fin ed  on d is jo in t  s u b s e ts  of v a r ia b le s .  If 

U 1 , U g , . . .U ^ a re  e x p re s s e d  a s  a sum  of prim e im p lic a n ts ,  su ch  a s  

U1 = (P, + Qi + R1 + . . . ) ,  th e n  e a c h  r e s u l ta n t  p roduct term  w hen

F f r 1 .......... 2V  = U 1U 2 " - - U s,

i s  e x p re s s e d  a s  a  sum of p ro d u c ts  in  a prim e im p lic a n t of F .

Theorem  4 . 2 . 4 '  U i s  u n a te  in  U1 o r Ui for any  i, if  an d  on ly  if  th e  

sum  yj P? of th e  te rm s of th e  v a r ia b le s  of A. o b ta in e d  from F is  not
J

e q u a l to  I .

Theorem  4 . 2 . 5 ' If a  fu n c tio n  c o n ta in s  tw o P i 's  of th e  form PiX 

and  Qi fo r an y  i ,  w here  X is  free  of th e  l i te r a ls  of th e  v a r ia b le s  of Ai ,
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th e n  th e  fu n c tio n  is  n o t r e a l iz a b le  a s  U .

T ypes of D eco m p o sab le  F u n c tio n sI

C o n s id e r  F igure  4 . 2 . 1 .  A g iv en  fu n c tio n  m ay in c lu d e  the  

fo llo w in g  tw o ty p e s  o f p ro d u c ts  show n in  T able 4 . 2 . 2 .

T ab le  4 . 2 . 2  Types of Prime Im p lica n ts  in  T w o -in p u t ULM c a s e

Type I - P 1 , P2 

Type II -  Q Q 2

A ccording  to  Theorem  4 . 2 . 5 ,  a re a l iz a b le  fu n c tio n  m ay co n ta in  

(a) on ly  ty p e  I or (b) on ly  ty p e  II p ro d u c ts . For c a s e  (a),  a  netw ork  

w ith  O R -gate  a t  th e  f in a l le v e l  i s  n e c e s s a r y .  The f i r s t - l e v e l  lo g ic  

fu n c tio n s  U 1 an d  U 2 a re  d e te rm in ed  by th e  s e t  of p ro d u c ts  p re se n t 

u n d e r A^ an d  A g. S ince  a  ULM is  a ssu m e d  w ith  in p u ts  fed  by  the  

v a r ia b le s  of e a c h  s e t ,  h e n ce  th e s e  fu n c tio n s  can  a lw a y s  be re a l iz e d . 

C a se  (b) i s  s l ig h tly  m ore co m p lex . H ere e a c h  p ro d u c t m ust be 

t e s t e d  to  s e e  if  i t  b e lo n g s  to  U^ o r U^ . The sam e i s  tru e  for Q g . 

W h ile  th is  is  b e in g  d o n e , a tru th  ta b le  of th e  v a r ia b le s  U^ and  U2 m ay 

be f i l le d  up  to  d e te rm in e  the  fu n c tio n  a t  th e  f in a l l e v e l . In  th e  f i r s t  

le v e l ,  th e  fu n c tio n s  U ^ , Ug c an  b e  re a l iz e d  or th e ir  co m p lem en ta rie s  

w ith  s u i ta b le  m o d if ic a tio n  a t  th e  se c o n d  le v e l .  W e s h a l l  w ork ou t an
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exam ple  b e lo w  fo r i l lu s t r a t io n .  

Exam ple 4 . 2 . 1 :

F = X1X3X3X4 + X1X3 + X1X4 + XgX3 + X3X4 and 'A  = [ x ^ X g ]  ,

A2 = t X 3 ' X4 1 ■ .

S tep  I :  M ake a ta b le  (show n in  T ab le  4 . 2 . 3 ) .  This i s  an

T able  4 . 2 . 3  D eco m p o sitio n  T ab le  fo r F = X1XgXgX^ + X1Xg + X1X^

+ %  + =2=4

A1 = Cx1 ,Xg 3 Ag = [ x 3 , X4 ]

* 1  ■ X3

K1 x 4

x„ X
2 3

x„ x .
2 4

X1Xg X3X^

exam ple  of c a s e  (b ) ,
. . -

S tep  2 . A n a ly ze .

A pplying Theorem  4 . 2 . 4 , U3 is  n o n -u n a te . .

Let X1-  U 1 . A pplying Theorem  4 . 2 . 2  ,

X g - XJ1 . Applying Theorem  4 . 2 . 4 ,  x 1x 2 £ ^ l



S im ila rly  Xg £ Ug 

" 4 ^ 2

S tep  3 : M ake a  tru th  ta b le  (Table 4 . 2 . 4 ) .

T ab le  4 . 2 . 4  A Truth T ab le  fo r Ug in  te rm s of In te rm e d ia te  Level 
F u n c tio n s  U , U^ in  Exam ple 4 . 2 . 1

— 85 —

. u I u 2 u 3

0 0 I

0 I 0

I 0 0

I I I

S tep  4: S y n th e s iz e . ■

U = U (§> U
3 I 2

U = X1 + X0
I I 2

U2 = X3 + x 4

I t  m ay be p o in ted  ou t th a t  th e  a n a ly s is  i s  done in  a g e n e ra l m anner 

an d  c o n s t i tu te s  a s u f f ic ie n t t e s t  fo r re a liz a b ility .. ■

i
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The c a s e  of la rg e r  (more in p u ts ) ULM 1 s in the  in te rm e d ia te  

le v e ls  and  th e  c a s e  of m u ltile v e l ne tv /o rks m ay now be c o n s id e re d . 

F ir s t ,  le t  u s  ta k e  a tw o - le v e l ,  th re e - in p u t  ULM (in te rm ed ia te  lev e l) 

ne tw ork  (F igure 4 . 2 . 2 ) .  F o llow ing  p rev io u s  d is c u s s io n ,  c o n s id e r  

the  ty p e  of p ro d u c ts  th a t  may be p re s e n t in  a su m -o f-P I form of 

e x p re s s io n  for th e  fu n c tio n . T h ese  a re  l is te d  in  T able 4 . 2 . 5 .

I---------------------------------- A------------------------------ —|

F igure  4 . 2 . 2  T w o -lev e l N etw ork w ith  T h ree -in p u t ULM a t  th e  
L as t L evel
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T able  4 . 2 . 5  Types of Prime Im p lica n ts  in  T h ree -in p u t ULM C ase

M em ber A B C

Type I P1 P P0■ I 2 3

Type II QnQn Rn*? S 1S
I 2 2 3 • I

Type III — T 1T2T3

It i s  n o ted  th a t  th e re  a re  m em bers o f ty p e  I ,  ^  m em bers of ty p e  II 

and  m em bers o f ty p e  II I . There a re  sev e n  w ay s  in  w h ich  th e se  

ty p e s  m ay com bine an d  o c c u r  in  a  fu n c tio n . All th e s e  co m b in a tio n s  do 

n o t r e p re s e n t  r e a l iz a b le  fu n c tio n s . C o n s id e r  a fu n c tio n  F co n ta in in g  

ty p e  I P i 's .  If P  ̂ i s  in  F , th en  h ig h e r  ty p e  (II and III) P i 's  invo lv ing  

p ro d u c t te rm s of th e  form can n o t be in  F (by Theorem  4 . 2 . 5 ' ) .  

T h e re fo re , i f  P^ o c c u rs  a s  a PI in  F , th e n  on ly  can  o c cu r a s  a

PI of F . If tw o m em bers of ty p e  I a re  in  F , th en  ty p e  II an d  ty p e  III 

can n o t o c c u r . All m em bers of ty p e  I can  a ls o  o ccu r w ith  th e  sam e 

r e s t r ic t io n .  W hen ty p e  I P i 's  a re  a b s e n t ,  on ly  ty p e  II P i 's  or type  III 

P i 's  or u n d e r s p e c ia l  c o n d itio n s , ty p e  II P i 's  w ith  ty p e  III P i 's  can  be 

p re s e n t  in  F .

I t  sh o u ld  be c le a r  th a t  p e rm is s ib le  co m bina tion  of ty p e s  m ay no t 

g iv e  a  r e a l iz a b le  fu n c tio n , and  fo r te s t in g  r e a l iz a b i l i ty .  Theorem  4 . 2 . 2 '
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m ust u lt im a te ly  be u s e d .  S ti ll  la rg e r  ULM netw ork  m ay be a n a ly z e d  

in  a s im ila r  m an n er.

A la rg e r.n u m b e r of le v e ls  d o e s  n o t in v o lv e  m ore com p lex ity

th an  is  a s s o c ia te d  w ith  com puting  an  in c re a s e d  num ber o f  in te rm e d ia te

fu n c tio n s  due to  an  in c re a s e d  num ber of l e v e l s .  ■ For co n v en ie n c e  in

d e a lin g  w ith  m u ltile v e l n e tw o rk s , a m o d ifica tio n  in  n o ta tio n  is

in tro d u ced  h e r e . W e s h a l l  le t  U li r e p re s e n t  a g e n e ra l ULM in  th e
IJ

n e tw o rk . The f i r s t  s u b s c r ip t  i in  U ^ re fe rs  to  the  i - t h  le v e l  in  the  

n e tw o rk , w h ile  th e  sec o n d  su b sc r ip t  j to  th e  j - t h  p o s itio n  in  th a t, 

le v e l .  I t  h a s  b een  s e e n  th a t  to  d e te rm in e  w h a t th e  fu n c tio n  U ^ 

sho u ld  b e , th e  fu n c tio n  p roduced  a t  th e  (i+j) - t h  le v e l  m u st be k n o w n . 

Thus th e  p ro cedu re  sh o u ld  be to  b e g in  a t  th e  f in a l le v e l  and  w ork 

b ackw ard  a f te r  com puting  th e  fu n c tio n s  of th e  p reced in g  le v e l .  A 

g e n e ra l  a lg o rith m  b a se d  on th e  p rev io u s  d is c u s s io n s  m ay now be g iv e n .

G e n era l A lgorithm

An a ssu m p tio n  w h ich  u n d e r lie s  th e  d is c u s s io n  h e re  i s  th a t , e x c e p t 

fo r th e  fu n c tio n s  w h ich  e a c h  ULM .m ust perform  in  o rd e r to  re a liz e  a 

fu n c tio n , o th e r p a ram e te rs  lik e  th e  num ber of s u b - a r r a y s , th e  num ber 

of le v e ls  and  th e  num ber of in p u ts  to  an  ULM are  a l l  p re d e te rm in e d . 

Though th e  a lg o rith m  is  a p p lic a b le  fo r a n  a ssu m e d  ne tw ork  s t ru c tu re ,
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i t s  s im p li c ity , perm i t  s te s t in g  a  la rg e  num ber of v a r ie t ie s  w ith  a sm all 

am ount of e f f o r t .

Let A1 , A , ,A be th e  s u b -a r ra y s  in to  w h ich  th e  o rig inal, a rray
I 2 s

A is  d iv id e d . Let F be a fu n c tio n , e x p re s s e d  a s  a sum of prim e 

im p lic a n ts  fo r w h ich  a  r e a l iz a b i l i ty  t e s t  i s  to  be p e rfo rm ed .

S tep  I :  Arrange th e  P i 's  in  a m atrix  w ith  co lum ns h e ad e d  by

A1 , A . . . .  ,A and  e a c h  row re p re se n tin g  one PI. The en try  in  the  
i  2 s

( i , j ) - th  p o s itio n  of th e  m atrix  i s  a p ro d u c t of l i te r a ls  of a s e t  of 

v a r ia b le s  su ch  th a t  th e  p ro d u c t o f l i te r a ls  i s  a p a rt o f th e  PI re p re se n te d  

by the  i - t h  row and th e  v a r ia b le s  to  w h ich  the  l i te r a ls  be lo n g  a re  in  th e  

s u b -a r ra y  A j. The P i 's  a re  e n te re d  in  g roups acco rd in g  to  a sc e n d in g  

o rd e r o f ty p e  n u m b e rs .

S tep  2: C o n s id e r  th e  ULM a t  th e  l a s t  l e v e l . C o rresp o n d in g  to  . 

e a c h  of i t s  in p u ts ,  group th e  s u b -a r ra y s  (by tra c in g  b a c k  from th e  

o u tp u t to  th e  in p u t array) w h ich  p roduce  th is  in p u t. C a ll  th is  group 

of s u b -a r ra y s  a s  I - s e t .

• S tep  3 : Exam ine th e  te rm s of an  I - s e t  and d e te rm in e  i f  the  o u tp u t 

fu n c tio n  i s  u n a te  in  th e  v a r ia b le  re p re s e n te d  by  th e  I - s e t .  (T est 

p ro ced u re  b eco m es s im p le r if  i t  is  found to  be u n a te ) . If th e  I - s e t  is
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to o  la rg e  and  d e te rm in a tio n  of u n a te n e s s  i s  too  in v o lv e d , th en  p ro ceed  

w ith o u t d e te rm in in g  u n a te n e s s .

A ss ig n  th e  f i r s t  term  of an  I - s e t  to  a fu n c tio n . C om pare th e  

s u c c e e d in g  te rm s w ith  th e  p rev io u s  te rm s a s  d is c u s s e d  b efo re  and 

a s s ig n  them  to  the  fu n c tio n  or to  i t s  com plem en tary  in  a c c o rd a n c e  

w ith  Theorem  4 .2 .2 '.  If th e  o u tp u t fu n c tio n  is  u n a te  in  th e  in p u t 

v a r ia b le  re p re se n te d  by th e  I - s e t , th en  a l l  the  term s of th e  I - s e t  m u s t 

to g e th e r  b e lo n g  to  th e  sam e fu n c tio n  (p reced in g  le v e l ) .. If a term  

c a n n o t be a s s ig n e d  f i r s t ,  k e e p  i t  in  a w a itin g  l i s t  fo r th a t  I - s e t  and 

com pare a f te r  a s u f f ic ie n t num ber of te rm s h av e  b een  a s s ig n e d .  (If 

th e re  a p p e a rs  no in d ic a tio n  for a s s ig n in g  i t  to  the  fu n c tio n  or the  

co m p lem en ta ry , a s  d is c u s s e d  p re v io u s ly , th e n , th e  fu n c tio n  is  not 

re a liz a b le )

M ake a c h ec k  th a t  th e  fu n c tio n  an d  i t s  co m plem en tary  are  

d e te rm in ed  c o m p le te ly  su ch  th a t  e a c h  term  s a t i s f ie s  th e  co n d itio n s  of 

Theorem  4 .2 .2 '.  In o rd er to  c h e c k , i t  i s  n e c e s s a ry  to  s e e ,  a long  with, 

th e  c o n d itio n s  of Theorem  4 .2 .2 ',  th a t  e a c h  PI of a fu n c tio n  h a s  a t 

l e a s t  one l i te r a l  c o n flic tin g  w ith  e v e ry  PI o f i t s  co m p lem en ta ry , 

w hen  p re s e n t ,  and  th a t  th e  sum o f th e  P i 's  of th e s e  tw o fu n c tio n s

e q u a ls  I .
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S tep  4: W rite  th e  fu n c tio n s  perform ed by the  p reced in g  le v e l  U LM 's 

a s  sum s of F I 's  o b ta in e d  from s te p  3 . (E ither a fu n c tio n  or i ts  

com plem en tary  can  be re a l iz e d  by a ULM .)

D eterm ine  th e  fu n c tio n  perform ed by th e  l a s t  le v e l  ULM in  term s 

of th e  o u tp u ts  o f th e  p reced in g  le v e l  U LM 's by w ritin g  a s e t  of true  

c o n d itio n s  in  te rm s of th e s e  o u tp u ts .  S trike  o u t th e  te rm s of the  

com plem en tary  fu n c tio n s  (p reced in g  lev e l)  from th e  I - s e t s .

S tep  5: Take th e  fu n c tio n s  in  the  I - s e t s  a n d , c o n s id e rin g  e ac h  

p reced in g  le v e l  ULM a s  the  l a s t  ULM , fo llo w  s te p s  2 - 4 ,  an d  co n tin u e  

u n til  fu n c tio n s  perform ed by a l l  U LM 's a re  d e te rm in e d .

Exam ple 4 . 2 . 2

F “  X X g X ^ X y X g  X 1X g X ^ X y X g  X g X g X ^ X y X g  

+  X g X g X ^ X y X g  +  X 1X g X ^ X g X 1QX11 

+  X 1X 3X 4X 9X 10X 11 +  X 2X 3X 4X 9X 10X 11 

+  X ^ ^ g X i d K ^  +  X 3X 4X 3 X g X y X g  

+  X 3X 4 X g X g X y X g  +  X 3X 4X 5X g X 9X 10X 11 

+  X 3X 4X 5X g X 9X 10X 11

+  X 1X g X g X y X g  +  X 1X g X g X y X g  +  X j X g X g X g X qX 

+  X 1X g X g X 9X 10X 11

The ne tw ork  w e s h a l l  t e s t  fo r re a liz in g  th is  fu n c tio n  is  show n in  F igure  4.2.3 .
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x 9 x I Ox I l

F igure 4 . 2 . 3  The S tructu re  of th e  N etw ork U sed for T e s t- re a l iz a t io n  
o f th e  F u n c tio n  of Exam ple 4 . 2 . 2

S tep  I :  a T able i s  m a d e .

S tep  2: The su b a rra y s  co rre sp o n d in g  to  e ac h  1 - s e t  a re  g ro u p e d . 

The r e s u l ts  of th e s e  s te p s  a re  show n in  T able 4 . 2 . 6 .
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T able  4 . 2 . 6  A D eco m p o sitio n  T able for th e  F u n c tio n  F in  Exam ple 4 .2 . '2  .

A=

x  xX X .

x„x„x „ x 7 .8 ■

x „xXnX. 7 8

x x

X q X

9 10 11

XqX

X r X

XnX X X
9 10 11 ■

X r X

X 1X,

X 1X
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S tep  3 : Ug i s  u n a te  in  Ugg 'a n ^ U^  ̂• (It m ay a p p e a r  d if f ic u lt  to  

c h ec k  by  a d d itio n ; b u t i t  c an  be c o n c lu d e d .th a t Ug is  u n a te  in  U gi

b e c a u s e  Ug i s  a  fu n c tio n  of tw o v a r ia b le s  an d  is  u n a te .in  U g g .)

Let  x  x  X ze U and  x  x  £U ; th e n , U ^ U0 U 9 9 . A ch eck  is  1 3 4  21 / o Z Z  o /.i zz

m ade to  s e e  th is  re la tio n  is  tru e  fo r a l l  P P s  of U g1 an d  U g g .

S tep  4: U g1 = X 1X g X 4 + X 1X 3X 4 + XgX3X4 + X 3X 3X 4 +  X 1X 3X 5 

+  X i X 2X 6 +  X3X4X5SE6 . +  X 3X4X5X 6

% = X 7X8 *  x Sx IOx I l

S tep  5: To d e te rm in e  U g1 in  te rm s of U 1 1 , U 1 3 , U 13 and  U 33 in  

te rm s of U 14 and  U 1 5 .

U 31 i s  n o t u n a te  in  U 31* , U 13* , and  U 13* (where by U* b o th  U and 

U a re  im p lie d ) .

L e t-X1̂  U 1 1 . T h e n x 3 ^ U 1 1 . F u rth er x^x^p U 11 a s  

X3X3X3X4^  U3 1 - T h e re fo re , U 11 = X3 + X3 

L e t X g X ^ e U 3 3 . T h e n x g X ^ e U 3 3 . F u rth er XgX2J e U 13 

a s  X1XgX4F  U3 1 . A lso X 3 X 4  e  U 33 . T herefore U 33 =  X3S  X4 .

Let Xg £ U jg  . Then XgE U 13 an d  XgXgE U 13 .

T herefore  U 13 = X5 + Xg.
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From T ab le  4 . 2 . 6 ,  w e h av e

if  U 11 = I ,  U 12 = I ,  th e n  U 21 = I ,

if  U 11 = 0 , U ^3 = I ,  th e n  U 21.=  I and

if  U 12 = 0 , U 13 = 0 , th en  U 21 = I .

T herefore

U21 = U 11U 12 + ^ 1 2 U 13 + U l l u I 3

A c h e c k  i s  m ade a t  th is  s ta g e  to  s e e  if  th is  re la tio n  is  tru e  fo r a l l  the

P i 's  of U / U 12 an d  U 1 3 . N ext d e te rm in e  U ^  in  te rm s O fU 14 and  U35

U is  u n a te  in  U * and U 1 * . L e t x  x  ^  U and
22 14 15 ■ 7 8  14

XgX1QX1 1 G U 1S- Then

U22 ~ U 14  ̂ U 15 .

%14 = =7=8 

U 1 5 = x Sx IOx I l

Figure 4 . 2 . 4  sh o w s th e  fu n c tio n s  of th e  d iffe ren t ULMt s in  th e  

n e tw o rk .

A s im p le  exam ple  of a  n o n - f e a l iz a b le  fu n c tio n  w ill  be  w orked 

ou t b e lo w .

Exam ple 4 . 2 . 3  'I

F = x l x 2X6 + X1X4 + X2X5 + X3X6 

and  A1 —  ̂ , x 2 X3J  , Ag — £ x ^ , X3 , Xg J
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U U 12 I11 12

+ U U11 13

F igure 4 . 2 . 4  S p e c if ic a tio n  of th e  N etw ork to  R ea lize  th e  F unction  
o f Exam ple 4 . 2 . 2

S tep  I :  As b e fo re , a ta b le  i s  m ade (Table 4 . 2 . 7 )
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T able  4 . 2 . 7  A D eco m p o sitio n  T able fo r F = XjXgXg + x i x 4+ X2X5 + X3X6

Aj = Cx i , X2 , X3 } A2 = [ V  V  x 6 1

X1 X4

x 2 x 5

CO
X

X6

Xi X2 X6

S tep  2: A n a ly s is : Let x ^ s

Then U ^ a s X g X ^ ^ F .

But X1X2C x i E an d  X1X2 C X2C U 1 . This is ''im p o s s ib le . H ence  th e  

fu n c tio n  can n o t be r e a l iz a b le .

A p o in t th a t  m ay be n o tic e d  in  th is  p a r tic u la r  ex am ple  is  that- 

th e  p ro d u c t te rm s o ccu rrin g  u n d er A1 a re  n o t a l l  P i 's  ( ’ . * x ^ x g c  X1) . 

Thus th e  fu n c tio n  d o e s  n o t s a t i s fy  the. co n d itio n s  of Theorem  4 . 2 . 1 .

4 . 3  N o n -d is jo in t D eco m p o sitio n  '

The d eco m p o s itio n  of an  a rra y  into, n o n -d is jo in t  s u b -a rra y s  

c an  be e x p e c te d  to  perm it a w id e r c la s s  of lo g ic a l fu n c tio n s  to  be 

r e a l iz e d ,  b e c a u s e ,  if  th e  id e a  is  s tre tc h e d  to  th e  e x tre m e , th e  re s u l t  

m ay be  a  t r iv ia l  d eco m p o s itio n  of an  a rra y  in to  a num ber o f -su b -a rra y s .
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e a c h  s u b -a r ra y  b e ing  e q u a l to  th e  o r ig in a l a rra y  so  th a t  th e re  w ill  be no 

problem  in  re a liz in g  a rb itra ry  fu n c tio n s  on the  a rra y  by re a liz in g  i t  on 

th e  s u b - a r r a y s . In th is  s e c t io n ,  som e s im p le  c a s e s  of n o n -d is jo in t  

d eco m p o s itio n  w ill  be d i s c u s s e d .

Let Aj , A g , . .  .Ag be a l in e a r  a rran g em en t of s u b -a r ra y s  su ch  th a t 

e a c h  a d ja c e n t  p a ir  of s u b -a r ra y s  - -  Ai and  Ai+ i - -  h av e  som e v a r ia b le s  

common b e tw ee n  them  (F igure 4 . 3 . 1 ) .  A  ̂ and  At h av e  e a c h  on ly  one 

n e ig h b o rin g  s u b -a r ra y  Ag and  Ag  ̂ r e s p e c t iv e ly ,  w h ile  a l l  o th e r su b ­

a rra y s  h av e  tw o n e ig h b o rs . Let , Dg , . . .  Di , . . .  Ds be th e  s u b s e ts

of A ^ A g ____A .____ Ag re s p e c t iv e ly  su ch  th a t  FX c o n ta in s  a l l  th o se

v a r ia b le s  of Ai th a t be long  only  to  Â  an d  to  no o th e r s u b - a r r a y s . Let 

C j , C ^ , . .  .C g j be  e a c h  a s e t  of v a r ia b le s  su ch  th a t C i c o n ta in s  a l l  

th o se  v a r ia b le s  th a t  a re  common to  Â  and  Ai+ i for i~ l  , 2 , . . . ,  ( s - 1 ) .

F igure  4 . 3 . 1  L in early  A rranged N o n -d is jo in t S u b -a rray s
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The c a s e  to  be c o n s id e re d  i s  w hen  A is  com posed  of tw o su b -  

a r r a y s — A .̂ and  A^ (figure 4 . 3 . 2 ) .  The p o s s ib le  ty p e s  of P i 's  th a t  may 

be p re s e n t in  a g iv en  fu n c tio n  a re  l i s te d  u n d er T able 4 . 3 . 1 .

F igure  4 . 3 . 2  D eco m p o sitio n  in to  Two S u b -a rray s  

T able 4 . 3 . 1  T ypes of Prime Im p lica n ts  in  Sim ple N o n -d is ju n c tiv e  C a se

T ypes M em bers

I PV  P2

II O 1x J , X1O

III r I r 2

IV
s I h s 2

V h

As b e fo re , P ^ , , e t c .  — le t te r s  (ex cep tin g  X, Y, Z) w ith

s u b s c r ip t  I — a re  u se d  to  re p re se n t p ro d u c ts  of th e  l i te r a ls  of the  

v a r ia b le s  of D^; s im ila r ly , P ^ , Q , e t c .  for th e  v a r ia b le s  of
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X , Y , Z fo r th e  v a r ia b le s  of C .
I I I I

The co m b in a tio n  of d iffe ren t ty p e s  of P i 's  of a fu n c tio n  can  be 

s tu d ie d  fo r r e a l iz a b i l i ty  in  a c c o rd a n c e  w ith  th e  p rev io u s  d is c u s s io n  

an d  a s y n th e s is  p ro ced u re  can  a ls o  be w orked  out in  a s im ila r  fa s h io n . 

M o st of th e  th eo rem s a p p ly  w ith  s l ig h t  m o d if ic a tio n . T hese  a re  s ta te d  

w ith o u t p ro o f . The proofs a re  g iven  in  A ppendix B. The X 's 

and  Y 's b e low  m ay be v a c u o u s .

Theorem  4 . 3 . 1  Let P X  Pn be a PI of F . Then P .X , i s  e i th e r  a PI 
~  ; - I l z I I

of U 1 or U 1 and  X1P0 i s  e i th e r  a PI of U n or U 0 .
I I I Z /  6

Theorem  4 . 3 , 2  ■ If anc  ̂ a re  tw o P i 's  of F and  if

X1P2 = Y1Q 2 , th e n  Q 1Y1 s  U ^(U 1) if  P1X1= U 1 (F j ) and  fu r th e r P Xj '

and  Q 1Y1 a re  P i 's  of U ^ U ^ .  C o n v e rse ly , if  P ^ ,  Q 1Xj S U j (Uj ),

th e n  Q 1̂ 1Pg- P if  P jXj P2S F . F u rth e r, if  P j Xj and  Q jX j a re  P i 's  of

U 1 ( U ) ' a n d  P 1X1P0 is  a PI of F , th e n  Q 1X P is  a PI of F ,
I I I i z  1 1 2

As th e  s u b -a r ra y s  a re  n o t d is jo in t ,  som e te rm s in  a g iven  

fu n c tio n  m ay seem  e lig ib le  fo r in c lu s io n  in  more th an  on e  c o n s ti tu e n t 

fu n c tio n s  U j , U 2 , e t c .  But n o t a l l  th e  a l te rn a t iv e s  m ay u ltim a te ly  le a d  

to  r e a l iz a t io n .  Exam ple 4 . 3 . 2  is  an  i l lu s tr a t io n  of th is  case '.. The 

p h ra se  'th e  term  o ccu rrin g  u n d e r Aj (A^)1 w ill  m ean h e re  th a t  if
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P1X P i s  a  PI of F , th e n  P 1X o c cu rs  u n d er A and  X1P9 o c cu rs  under 

Ag . T hen , c o ro lla ry  to  Th. 4 . 2 . 2  a p p lie s  in  n o n -d is jo in t  c a s e .

But, theorem  4 . 2 . 3  is  n o t a p p l ic a b le . H ow ever, th eo rem s 4 . 2 . 4  and 

4 . 2 . 5  a p p ly  a s  s u c h . The th eo rem s can  a ls o  be g e n e ra liz e d  in  the  

sam e m anner a s  in  th e  d is jo in t  c a s e  (show n in  A ppendix B) .

For a fu n c tio n  to  be d eco m p o sab le  in  th e  m anner of F igure  4 . 3 . 2 ,  

one o f s e v e ra l  c a s e s  m ay o c cu r (w ith re f . to  T able 4 . 3 . 1 ) . ,

C a se  I . The fu n c tio n  c o n s is ts  of on ly  ty p e  I or ty p e  II or type  V ■ 

P i 's  or P i 's  of an y  co m b in a tio n  o f th e s e  ty p e s .  This c a s e  is  s im ila r 

to  ty p e  I of T ab le  4 . 2 . 2  and  th e  s y n th e s is  p rocedure  s a m e . Type I .

PI m u st n o t o c c u r  w ith  an y  o th e r  ty p e  (by Th. 4 . 2 . 5 ) .

C a se  2 . The fu n c tio n  c o n s is ts  of ty p e  II and  ty p e  III P i's '.

Let R]G U and V  U2 T hen , e i th e r

Q 1X1= U 1 an d x I=  U2 or

Q lX i=  U 1 and X s  U - 
I 2

A lso , Theorem  4 .3  .2 m ust be s a t i s f ie d  fo r en su rin g  r e a l iz a b i l i ty .

A fu n c tio n  w ith  o th e r  co m b in a tio n s  of Types II , I I I , IV and  V 

P i 's  c an  be s im ila r ly  a n a ly z e d . I t  i s  ob v io u s  th a t  a s  th e  tw o su b ­

a rra y s  a re  m ade to  share, som e v a r i a b le s , a  g re a te r  v a r ie ty  of fu n c tio n s
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b eco m es r e a l i z a b le . N etw orks u s in g  th re e - in p u t  U LM 's in  the  

in te rm e d ia te  le v e ls  m ay a ls o  be s im ila r ly  s tu d ie d . The l i s t  of 

d iffe re n t p o s s ib le  ty p e s  of P i 's  in  th is  c a s e  b ecom es q u ite  la rg e .

Two e x am p les  to  i l lu s t r a te  th e  p rev io u s  d is c u s s io n s  a re  g iv en  b e lo w .

Exam ple 4 . 3 . 1

P  =  X i X g X j  +  X i X g X j  +  X g X g  +  X g X g  +  X i X g X g  +  X i X g X g X g  

+  X i X g X g  +  X i X g X g X g  +  X g X j  +  X j X g X g

The netw ork  to  t e s t  for th e  re a l iz a t io n  o f F i s  show n in  F igure

4 . 3 . 3 .

X 1 X X„  X ,
I 2 3 4 *3 *4 *5 *6

f ig u r e  4 . 3 . 3  A N etw ork to  R ea liz e  F in  Exam ple 4 . 3 . 1



S tep  I : A ta b le  i s  m ade (Table 4 . 3 . 2 ) .

T ab ie  4 . 3 . 2  A D eco m p o sitio n  T ab le  for th e  F unction  F in  Exam ple 4 . 3 . 1

- 1 0 3 -

5 6

x  x

X r XX 1X,

XrX

S tep  2: A n a ly s is .. The u n a te n e s s  d e te rm in a tio n  i s  om itted  h e re

I f it . x P 2= u i

th e n  X1X3E U 1 and  X4E U 1

and X5X g c  u 2
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F u rth er, x 3c  U 2
a s X5XgcU2 .

XjX2 C ^ a s

T h e re fo re , x Ix Z= V 1 ■

T h e re fo re , x 4= 5 Z a s * F i s  n o n -d e g e n e ra te

S 5 C tJ 2 a s Xl X2S s^  F

X3 = TT1 a s . F is  n o n -d e g e n e ra te .

S tep  3: W e h a v e , U 1 = + Xj X2 + X4 U2 = X3 + x^x

A tru th  ta b le  of U3 in  te rm s of U 1 and  Ug is  show n (Table 4 . 3 . 3 )  .

T ab le  4 . 3 . 3  A Truth T ab le  of U 3 in  te rm s of In te rm e d ia te  Level
F u n c tio n s  U 1 and  U0 in  Exam ple 4 . 3 . 1 I /

u i u Z t Y

I I I

0 0 I

I 0 0 .

0 I . 0

From th e  t a b l e , i t  is  s e e n  th a t  U3 = U 1U 2 + U l Ug .

Exam ple 4 . 3 . 2

• F = X 1X4  +■ x 2x 4 + X 3 X 4  + x 5 + X 6X 7 +  X 8X 9 

The ne tw ork  to  be te s te d  for re a liz in g  th e  fu n c tio n  i s  show n in  F igure  4 . 3 , 4 . .
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In th e  f ig u re , i s  som e fu n c tio n  f ( x j . . .x^) and is  a n o th e r 

fu n c tio n  g (x ^ . . .x ^ ) .  In g e n e ra l , th e  PI of F may be lo n g  e i th e r  to  

U^-j or to  V22 or to  b o th . The pu rp o se  of th is  exam ple  is  to  show  th a t 

Xrj can n o t be long  to  and th e reb y  d em o n stra te  the  e x is te n c e  of the 

problem  of d e te rm in in g  th e  p roper s e t  of te rm s for th e  c o n s ti tu e n t 

fu n c tio n s  in  a p reced in g  le v e l su ch  th a t  a g iven  fu n c tio n  may be 

u ltim a te ly  r e a l iz e d ,  p rov ided  i t  is  re a l iz a b le  by th e  g iv en  netw ork 

s t r u c tu r e .

In th e  f i r s t  s te p  a ta b le  i s  m ade (Table 4 . 3 . 4 ) .
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T able  4 . 3 . 4  A D eco m p o sitio n  Table for F -  + XgX^ + XgX^ + X5
+  X g X y  +  X g X g

I---- ------------------- -----12 "--------------------------

U
I-

•
Il X X C 1=Tx3 ] O2=Ix 4 I G2= (x5l D3=Fxgl O

C
O
Il x" Dj=TXg,Xg]

X1

X2

x 3

/

X4

X4

X4

x 5

x 6 X7

X8 = 9

C o n sid e rin g  the fu n c tio n  U3 in  te rm s of the v a r ia b le s  U31 and  

U3 2 , i t  is  s e e n  th a t U3 c o n s is ts  o f o n ly  type I and ty p e  V P i 's  and 

th e re fo re  a n  OR g a te  a t  the fin a l le v e l is  a l l  th a t is  n e c e s s a r y .

M o reo v er, U3 i s  u n a te  in  U ^  and  U 32 so  th a t we m ay w rite

U 2 1  =  X 1X 4  + ' X 2 X 4  +  X 3 X 4  +  x 5

' U22 = x 5 + X6X7 + X8X9
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As i t  i s  n o t know n w here sh o u ld  g o , it  is  IrviiAuded in  

bo th  th e  fu n c tio n s . But c o n s id e r  Ug^ . . I t i s  a sum of P i 's  of ty p e s  I ,  

I I ,  an d  I I I . ■ So i t  i s  n o t re a liz a b le  by  th e  n e tw o rk .

Let U g i = x i x 4 + X2X4 + X3X4*- a mar^ner s im ila r  to  th e  

p rev io u s  ex am p le , i t  c an  be found th a t  U 21  = • U^g and

U n  =  X i  + X 2 + X 3 

U32 = X 4 - + X 3 X 4

A lso U00

= X4

= U + U 122 13 J

U =  X  +  X - X 1
13 5 6

U =  X 0 X0 .
14 8 9 ■

Thus i t  is  s e e n  th a t  i f  x^ Is  n o t in c lu d e d  in  U g i '  th e n  the  fu n c tio n  

is  r e a l iz a b le  by  th e  g iv en  n e tw o rk . M en tio n  m ay be m ade of th e  fa c t  

th a t  in  U^g an  im p lic a n t (not PI) x ^x ^  i s  o b ta in e d . T h is i s  u n lik e  the  

s i tu a t io n  in, d is jo in t  d e c o m p o s itio n .

The a lg o rith m  for t e s t - s y n th e s i s  of n o n -d is jo in t ly  a rran g ed  

n e tw o rk  s tru c tu re  i s  n o t s e p a ra te ly  g iv en  a s  a l l  th e  s te p s  a re  sam e a s  in  

th e  a lg o rith m  in  d is jo in t  c a s e .  The p o s s ib le  am b ig u ity  in  d e term in ing  

th e  c o n s t i tu e n t  fu n c tio n s  o f a  p reced in g  le v e l ,  a s  i l l u s t r a t e d , m ay be
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re  s o lv ed  by  f i r s t  a ssu m in g  the  term s co n ce rn ed  to  be p re s e n t in  a l l  th e  

c o n s t i tu e n t  fu n c tio n s  for w h ich  th e y  a re  e lig ib le  and  c o n tin u in g  the  

a n a ly s is  u n ti l  e i th e r  th e  g iv en  fu n c tio n  i s  found to  be re a l iz a b le  or 

som e c o n s ti tu e n t  fu n c tio n s  a re  found to  be u n re a liz a b le .. In the  

l a t te r  c a s e ,  th e  rem oval of s u i ta b le  te rm s m ay be a tte m p ted  on a

c u t- a n d - t r y  b a s i s .



C h a p te r  5

PARALLEL BULK TRANSFER'SYSTEM WITH

FLEXIBLE INPUT DOMAIN
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5 . 1 The Problem  of V ariab le  G rouping

The a lg o rith m  fo r th e  t e s t - s y s t h e s i s  of fu n c tio n s  r e a l iz a b le  w ith  

p a ra l le l  b u lk  tr a n s fe r  sy s tem  w h ich  h a s  b e en  p re se n te d  in  th e  p rev io u s  

C h ap te r  i s  d e p en d e n t on a p red e te rm in ed  grouping  of v a r ia b le s .  Such 

a  s i tu a tio n  c o rre sp o n d s  to  a p a ra l le l  B.-T. sy s te m  w here  in d iv id u a l 

B. T.  u n its  p ro c e s s  a fix ed  s e t  of v a r ia b le s  on th e  in p u t a r ra y . A lte rn a te ly , 

i t  i s  p o s s ib le  to  th in k  of th e  in p u t dom ain of a B.T.. u n it a s  a f le x ib le  

s e t  of v a r ia b le s ,  w h ich  m ay be an y w h ere  on th e  in p u t a r ra y . C o n se q u e n tly , 

th e  q u e s tio n  of a p roper grouping  of v a r ia b le s  a r i s e s  in  th e  te s t in g  of 

a g iv en  fu n c tio n  for r e a l iz a b i l i t y . Of c o u r s e , i t  i s  p o s s ib le  to  a ssu m e  

one p a r tic u la r  grouping  a t  a tim e  and  a p p ly  th e  p rev io u s  a lgo rithm  

u n til  one w orks or a l l  p o s s ib le  g ro u p in g s  f a i l .  ' But i t  i s  a laborious- 

p ro c e ss  . The pu rp o se  of th is  C h ap te r i s  to  s tu d y  som e a s p e c ts  of th is  

problem  and  d e v e lo p  an  a l te rn a te  p ro ced u re  for de te rm in in g  th e  grouping 

of d iffe re n t v a r ia b le s  th a t  m ay le a d  to  th e  r e a l iz a t io n  of th e  fu n c tio n  

th ro u g h  d e c o m p o s itio n .

The d e co m p o s itio n  of a fu n c tio n  in to  su b fu n c tio n s  u s u a lly  

c o n s is t s  in  fac to rin g  ou t o f su ita b le  te rm s and  c o lle c tio n  of o th e r te rm s 

in to  p ro p er g ro u p s . I t i s  s im p le r to  d e te rm in e  w h ich  te rm s to  fa c to r  

o u t in  th e  c a s e  of d is ju n c tiv e  d e co m p o s itio n  th an  w hen  n o n -d is ju n c tiv e
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d eco m p o s itio n  is  a ls o  a llo w e d . I t is  fu r th e r sim p lified , i f  a re s tr ic t io n  is  

pu t on th e  lo g ic - re a l iz in g  e lem en ts  w h ich  h av e  so  long  b een  a ssu m ed  to  be 

U LM 's so  th a t  o n ly  u n a te  fu n c tio n s  of th e  in p u ts  a re  p ro d u c e d . A part from 

th e  f a c t  th a t  th e  u n d e rly in g  m a th e m a tica l s tru c tu re  of u n a te  fu n c tio n s  can  

be e x p lo ite d , th is  r e s tr ic t io n  m ay c o n s id e ra b ly  red u ce  th e  co m p lex ity  of 

lo g ic a l  m o d u le .

G iven  a  sw itch in g  fu n c tio n  of an y  num ber of v a r ia b le s ,  th e re  a lw a y s  

e x is t s  a  la rg e  enough  ULM th a t  can  r e a l iz e  i t .  H ow ever, b e c a u s e  of 

e n g in ee rin g  d if f ic u l t ie s  i t  is  no t p ra c tic a b le  to  p roduce  ULM of la rg e  

num ber o f v a r i a b le s . Three or fo u r -v a r ia b le  ULM m ay be ta k e n  a s  s ta n d a r d . 

T h u s , w ith  a g iv en  fu n c tio n , the  a tte m p t shou ld  be to  d eco m p o se  i t  in to  

su b -fu n c tio n s  of sm all num ber of v a r ia b le s .  In .th is C h a p te r , we s h a ll  

m ake a s tu d y  of som e s p e c if ic  c a s e s  of d is ju n c tiv e  and  n o n -d is ju n c tiv e  

d eco m p o s itio n  w ith  th e  h e lp  of th e  p ro p e rtie s  of r e a l iz a b le  fu n c tio n s  

s tu d ie d  in  th e  p rev io u s  C h a p te r . The c a s e s  in c lu d e  u n a te - lo g ic  e lem en t 

ne tw ork  an d  lim ite d - in p u t ULM n e tw o rk .

5 .2  U nate  Logic N etw ork

M u k h o p a d h y a y ^ ^  h a s  s tu d ie d  p ro p e rtie s  of u n a te  c a s c a d e s  

an d  s u g g e s te d  m in im iza tio n  a lg o rithm s fo r th e m . The u n a te  c a s c a d e s  

a re  s im ila r  in  s tru c tu re  to  th e  M aitra  c a s c a d e — the  d is t in c t io n  being  

th a t  th e  c e l l s  in  th e  c a s c a d e  a re  r e s t r ic te d  to  perform  o n ly  u n a te  

fru n c tio h s  of th e i r  tw o in p u t s . In  th is  s e c t io n ,  th e  m ore g e n e ra l tre e
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netw ork  of u n a te  lo g ic  e lem en ts  hav ing  more than  tw o in p u ts  w ill be 

s tu d ie d . Each lo g ic  e lem en t is  a ssu m e d  to  be c a p a b le  of p roducing  an y  

u n a te  fu n c tio n  of i t s  in p u ts .  It w ill  be c a lle d  a U nate M odule ( UM) .

C o n s id e r the  tre e  netw ork  show n in  F igure 5 . 2 . 1 .  The fu n c tio n  

Uij for p roper i ,  j w ith  15 i§  n and  15 jS  m h as  the  sam e m eaning 

a s  b e fo re . W ith  the  re s tr ic t io n  now th a t  ev ery  fu n c tio n  Uij i s  u n a te , 

th e  fo llow ing  re s u lt  i s  o b ta in e d .

Theorem  5 . 2 . 1  If th e  o u tp u t fu n c tio n  p roduced  by ev ery  m odule in  the  

g e n e ra l d is ju n c tiv e  netw ork  i s  u n a te , th en  th e  f in a l o u tp u t fu n c tio n  F 

i s  u n a te  in  th e  o rig in a l v a r ia b le s  ( x-  ̂ ,X 2 , . . .Xfi } .

U
11

F igure 5 . 2 . 1  A Tree N etw ork
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P roof: E xpress. F in  te rm s of th e  o u tp u ts  of th e  U M 's of th e  l a s t  but 

one s ta g e :

F U (U*'  , IT*
n n - 1 , I n - 1 , 2

. ..u* )
n - 1 , m.

w h ere  U* m ean s e i th e r  U , . o r U n . b u t no t bo th .- E x p ress  
n - 1 , i  n - 1 , i n - 1 , i

U* in  te rm s of th e  p rev io u s  le v e l  v a r ia b le s  for a l l  i .  P roceed  in  
n - l , i

th is  m anner b a ck  up to  th e  f i r s t  le v e l .  S ince  th e  netw ork  i s  d is ju n c tiv e  

a t  a l l  l e v e l s ,  th e  o c cu rren c e  of a v a r ia b le  i s  a c c o u n te d  fo r by only  

one UM a t  an y  l e v e l . As th e  fu n c tio n s  p roduced  a re  u n a te , the  

fu n c tio n  F c an n o t co n ta in  a v a r ia b le  in  bo th  prim ed and  unprim ed form 

a t  a n y  s ta g e .  Thus F i s  u n a te  in  th e  o rig in a l v a r ia b le s .

Q .E . D .

As a  r e s u l t  of th is  p ro p e r ty , on ly  u n a te  fu n c tio n s  req u ire  to  

be t e s te d  fo r r e a l iz a b i l i ty  w ith  a u n a te  tre e  n e tw o rk . For n o n -u n a te  

fu n c tio n s , m ore th a n  one tre e  m ust be u se d  for r e a l iz a t io n .  ■

G e n e ra lly  th e re .a re  tw o ty p e s  of te rm s in  a fu n c tio n  sp e c if ie d  

a s  a sum of prim e im p lic a n ts :— (i) te rm s  in v o lv in g  o n ly  th o s e  v a r ia b le s  

th a t  do no t o c cu r in  more th an  one te rm ; (ii) term s in v o lv in g  v a r ia b le s  

th a t  o c cu r in  m ore th an  one te rm . As an  ex am p le , le t
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F = X j + + X3X4 + x 5x gx 7 + X5XgX8 * H ere th e  f i r s t  th re e  term s

b e lo n g  to  ty p e  (i) an d  th e  l a s t  tw o te rm s to  ty p e  ( i i ) . To g e t an  e s tim a te  

o f how  m any U M ' s  m ay be n e c e s s a r y  to  r e a l iz e  a g iv e n  fu n c t io n , le t  u s  

r e s t r i c t  c o n s id e ra t io n  to  fu n c tio n s  w h ic h  c o n ta in  o n ly  te rm s  o f ty p e  ( i ) . 

G iv en  a  s p e c if ic  s iz e  k o f an  U M , th e  num ber of U M 's  n e c e s s a r y  to 

r e a l iz e  a  prim e im p lic a n t th a t  i s  a  p ro d u c t of m l i te r a ls  in  th e  m anner 

show n in  F ig u re  5 . 2 . 2 ,  i s  g iv en  by

N j = I +
m -k
k -1

w h ere  f" r e p re s e n ts  th e  c e i l in g  v a lu e . If  e a c h  PI of th e  fu n c tio n .is

c o n s id e re d  s e p a ra te ly ,  th e n  th e  to ta l  num ber .of U M' s  re q u ire d  to  r e a l iz e  

i  P i 's  s e p a ra te ly  i s  N = I  + (IH1-W  + i  + <m2-W  + ...+ (m j-k)

k -1 k -1 k -1

w h ere  m ,m  , . . .m  a re  th e  num ber of l i t e r a l s  in  th e  f i r s t ,  s e c o n d , . .  
I 2 i

i - t h  PI r e s p e c t iv e ly .  F u r th e r , to  r e a l iz e  th e  fu n c tio n  c o n s is t in g  o f  ■

i  prim e im p l ic a n ts , i t  w il l  n e ed  M = I  + (i-k ) U M ' s  to  p roduce  a
k -1

s in g le  o u tp u t .  T h u s , a t  m o s t, (N  +M) U M ' s  a re  n e c e s s a r y  to  re a l iz e  

an y  g iv e n  fu n c tio n  w ith  k -v a r ia b le  U M 1 s .

t

S y n th e s is  o f D is ju n c tiv e  U n a te  N etw ork  o f k - in p u t  E lem en ts

G iv en  a  fu n c tio n  F , a  p ro ced u re  fo r t e s t - s y n t h e s i s  w ith  a u n a te  

n e tw o rk  of k -v a r ia b le  lo g ic  e le m e n ts  w i l l  be  c o n s id e re d  h e re . Of th e
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F igure 5 . 2 . 2  A Tree w ith  k -In p u t Logic E lem en ts

tw o ty p e s  of prim e im p lic a n ts  of a  g iv en  fu n c tio n  d is c u s s e d  e a r lie r  

in  th is  s e c t io n ,  ty p e  (i) P i 's  a rc  a lre a d y  in  d is ju n c tiv e ly  d is s o c ia te d  

form a s  g iv en ; i t  i s  n e c e s s a ry  to  r e a l iz e  th e s e  term s by grouping  in 

c o n s is te n c e  w ith  the  s iz e  of the  lo g ic  e le m e n ts .

As an  e x a m p le , le t  F = a b  + c d e f  + g . A u n a te  tre e  of 3 -  

in p u t e le m e n ts  re a liz in g  F i s  g iven  in  F igure  5 . 2 . 3 .  For th e  type  (ii)

P i 's , d e co m p o sa b le  f e a tu re s ,  if  a n y ,  sh o u ld  be in v e s t ig a te d  and brought 

o u t. For c o n v e n ie n c e , w e d e fin e  c e r ta in  te rm s and prove a p roperty

f i r s t .
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a b g c  d e  f

U = a b  + g

U = cde 
2

U = U 1 + fU 
3 1 2

F igure 5 . 2 . 3  A N etw ork to  R ea lize  F = ab  + c d e f + g

D efin itio n  5 . 2 . 1  A fu n c tio n  w ill  be c a l le d  k -u n a te  d eco m p o sab le  

if i t  can  be re a liz e d  in a tre e  by u s in g  k - in p u t  or sm a lle r  u n a te  log ic  

e le m e n ts  in  a d is ju n c tiv e  m anner.

D efin itio n  5 . 2 . 2  The len g th  of a PI of a u n a te  fu n c tio n  is  the  num ber 

of l i te r a ls  in  th e  P I. The len g th  d iffe re n c e  of tw o P i 's  of a u n a te  

fu n c tio n  is  th e  d iffe re n c e  in  the  num ber of l i te r a ls  c o n ta in e d  in  the 

tw o  P i ' s .

The maximum le n g th  of a PI for an  n -v a r ia b le  u n a te  fu n c tio n  

can  be n . T his o c cu rs  w hen th e re  is  o n ly  one PI in  the  fu n c tio n  and i t  

c o n s is ts  of the  l i te r a ls  of a l l  the  v a r ia b le s  of the  fu n c t io n s . The maximum 

p o s s ib le  le n g th  d iffe re n c e  of an n -v a r ia b le  u n a te  fu n c tio n  i s  ( n - 2 ) . This
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o c c u rs  w hen  th e re  a re  tw o ■ PI1 s in  th e  fu n c tio n  w ith  one PI c o n s is tin g  of
. \

o n ly  one l i te ra i  an d  th e  o th e r c o n s is t in g  of th e  rem ain ing  (n-1) l i t e r a l s .

D e fin itio n  5 . 2 , 3  If F(x , x  , . . .x  ) c an  be e x p re s s e d  a s  a co m p o sitio nI /  n

in v o lv in g  Uv ( x . , .  . .x .)  a s  an  a rgum ent su ch  th a t  { x . , . .  .x , } i s  a s u b s e t  
K i J  i j

o f I X1 , . . .x  } , th en  U1 ( x , . . .x .) i s  a s u b -fu n c tio n  of F . Two fu n c tio n s  
1 n K i j

a re  d is jo in t  if  th e y  a re  d e fin ed  on d is jo in t  s e ts  of v a r i a b le s .

Lemma 5 . 2 . 1  Let F be k -u n a te  d e c o m p o sa b le . Let xA be a PI

of F , w h o se  l i te r a ls  o c cu r in  a t  l e a s t  tw o d is jo in t  su b fu n c tio n s  of F z 

w here  A re p re s e n ts  a p ro d u c t of l i t e r a l s . Let be a su b fu n c tio n  of a t 

m o st k v a r ia b le s  of F c o n ta in in g  th e  prim e im p lic a n t xB w here  B -  A..

If h a s  an y  o th e r PI, th e n  th e re  i s  a t  l e a s t  an o th e r PI o f F , w h ich  w ill  

c o n ta in  th e  l i te r a ls  of A or a s u b s e t  of th e s e  l i te ra ls  su ch  th a t  a t  m ost 

(k-2) of them  a re  a b s e n t .

Proof: W ith  th e  g iv en  c o n d itio n , le t  B be v a cu o u s  in  xB. In th is  c a s e ,  

x i s  a . PI o f U ^ . By Theorem  4 . 2 . 2 ' ,  th e  fa c to r  A m ust be a s s o c ia te d  

w ith  e v e ry  PI of . Thus F w ill  c o n ta in  o th e r  P i 's  h a v in g  th e  fa c to r A.

In  th e  o th e r e x tre m e , B c an  be a p ro d u c t of (k-2) l i t e r a l s .  In  th a t  . 

c a s e ,  th e re  e x is t s  one o th e r PI of c o n s is t in g  of a  s in g le  l i te ra l
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o n ly . By Theorem  4 . 2 . 2 ' ,  th is  PI o f m u s t be a s s o c ia te d  w ith  a  fa c to r  

c o n ta in in g  a l l  th e  l i t e r a l s  o f A b u t th o s e  o f B. Thus F w il l  co n ta in  

a n o th e r  PI h av in g  a  fa c to r  w h ich  w il l  c o n ta in  a l l  b u t (k-2) l i te r a ls  of A. 

W hen  th e  s iz e  o f B l i e s  b e tw ee n  th e s e  tw o  e x tre m e s , th e  common fa c to r  

c o rre sp o n d in g ly  i s  o f in te rm e d ia te  s i z e .  Q . E . D .

The im p o rtan ce  o f th is  theo rem  i s  in  c o n n ec tio n  w ith  de te rm in in g  

a  s u b -fu n c tio n  o f a  g iv en  fu n c tio n , c o n ta in in g  a p a r t ic u la r  v a r ia b le .

To do  th i s ,  i t  i s  n o t n e c e s s a r y  to  c o n s id e r  a l l  te rm s o f th e  g iv en  fu n c tio n  

b u t o n ly  th o s e  th a t  h a v e  a  fa c to r  o f p ro p e r le n g th  com m on. T his 

p ro p e rty  a lo n g  w ith  th e  f a c t  th a t  th e  fu n c tio n  m ust be u n a te  m akes 

t e s t - s y n t h e s i s  of u n a te  n e tw o rk s  s im p le r  th a n  th e  g e n e ra l  d is ju n c tiv e  

n e tw o rk  s y n th e s i s .  In  th e  n e x t s e c t io n ,  an  a lgo rithm  fo r g e n e ra l 

d is ju n c tiv e  n e tw o rk  s y n th e s is  w il l  be  g iv e n , in d ic a tin g  th e  s p e c ia l  

a s p e c t s  fo r th e  u n a te  n e tw o rk  a t  p ro p e r p l a c e s .

5 .3  An A lgorithm  fo r G e n era l D is ju n c tiv e  N etw ork  S y n th e s is

The tre e  n e tw o rk  g iv e n  in. F ig u re  5 . 2 . 1  m ay be th o u g h t of 

a s  a  g e n e ra l  d is ju n c tiv e , ne tw o rk  of u n iv e r s a l  lo g ic a l  m o d u le s . In s tu d y in g  

a  s y n th e s is  p ro ced u re  fo r i t ,  w e d e fin e  a t  f i r s t  a  term  a p p lic a b le  h e r e .
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D e fin itio n  5 . 3 . 1  A fu n c tio n  i s  c a l le d  k -d e c o m p o sa b le  i f  i t  c an  be 

r e a l iz e d  in  a  t r e e  by u s in g  k -v a r ia b le  U LM 's in  a d is ju n c tiv e  m an n er.

A ssum e th a t  a  fu n c tio n  i s  s p e c if ie d  a s  a  co m p le te  sum  of prim e 

im p lic a n ts .  T h is w il l  be  a lw a y s  th e  c a s e  i f  th e  fu n c tio n  i s  u n a te .

To t e s t  i t  fo r k -d e c o m p o s a b i l i ty , th e  fo llo w in g  s te p s  a re  d e v e lo p e d .

S tep  I . T e s t i f  th e  fu n c tio n  i s  u n a te .  If  u n a te  th e n  u s e  s im p lif ic a tio n

a s  m en tio n ed  a lo n g  w ith  th e  fo llo w in g  s t e p s .

S tep  2 . In s p e c t  a n d  e n te r  in  a  s u b -fu n c tio n  a l l  su c h  te rm s  a s

c o n ta in in g  v a r ia b le s  th a t  o c c u r  in  m ore th a n  one te rm . O th er te rm s 

o f F c o n s is t  o f o n ly  th o s e  v a r ia b le s  th a t  o c c u r  on ly  o n c e . T h ese  are  

a lre a d y  in  d is ju n c t iv e ly  d is s o c ia te d  form  and  m ay be r e a l iz e d  in  

c o n s is te n c e  w ith  th e  s iz e  o f th e  lo g ic  d e v ic e . From th e  s u b -fu n c tio n  

o b ta in ed , a b o v e , fa c to r  o u t an y  common l i t e r a l s  and  g e t  th e  r e s id u a l  

fu n c t io n .

S tep  3 . C o n s id e r  th e  s e t  o f v a r ia b le s  in  th e  s u b -fu n c tio n  s e p a ra te d

(or th e  r e s id u a l  fu n c tio n  a s  th e  c a s e  m ay b e ) . Take a  v a r ia b le  a n d  

l i s t  i t  w ith  a l l  th e  o th e r  v a r ia b le s  w h ic h  a s s o c ia te  w ith  i t  in  d iffe re n t 

t e r m s . Take e a c h  o f th e  l a t t e r  v a r ia b le s  an d  add  to  th e  l i s t  th e  new  

v a r ia b le s  th a t  a s s o c ia te  w ith  them  an d  c o n tin u e  in  th is  m an n er. R efer
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to  th is  l i s t  a s  th e  l i s t  o f " c o n n e c te d "  v a r ia b le s .  If  a t  a n y  tim e i t  i s  

found  th a t  th e  l i s t  d o e s  n o t grow  b ey o n d  k v a r ia b le s ,  th e n  th e re  e x is t s  

a  d is ju n c tiv e  s u b -fu n c tio n  of a t  m o st k v a r i a b le s , w h o se  te rm s  can  

be  s e p a ra te d  o u t. R ep lace  th is  s u b -fu n c tio n  by  a s in g le  v a r ia b le  

U . . T ake a  new  v a r ia b le  n o t in c lu d e d  in  th e  p rev io u s  l i s t  an d  p ro ceed  

in  th e  sam e m anner u n ti l  a l l  th e  v a r ia b le s  a re  e x h a u s te d .  . G e t th e  

r e s id u a l  fu n c tio n  a f te r  s e p a ra tin g  a l l  th e  s u b - fu n c t io n s .  '

For e x a m p le , le t  F = a b  + b e  + ca  + de  + d f . T e s tin g  F for 

3 - d e c o m p o s a b i l i ty , i t  i s  s e e n  th a t  th e  f i r s t  term  ab  in v o lv e s  v a r ia b le s  

a  an d  b w h ich  a re  a s s o c ia te d  w ith  th e  te rm s  ca  and  ab  re s p e c t iv e ly .  

T h ese  th re e  v a r ia b le s  a re  n o t a s s o c ia te d  w ith  an y  o th e r  new  v a r ia b le s .  

T h e re fo re , a  s u b - fu n c tio n  U j = a b  + b e  + ca  can  be fo rm ed .

S tep  4 .  In  s te p  3 , i f  th e re  i s  a  l i s t  c o n ta in in g  m ore th a n  k

v a r ia b le s  ta k e  a  term  of F c o n ta in in g  som e of th e s e  v a r ia b le s .  L et P j 

be  su c h  a  PI a n d  x  a  l i t e r a l  o c cu rrin g  in  P j . To d e te rm in e  w h ich  su b ­

fu n c tio n  c o n ta in s  x ,  th e  f i r s t  s te p  i s  to  b re a k  P j in to  tw o  p a r ts :

P j = x  I H , w h e re .H i s  som e p ro d u c t o f l i t e r a l s  n o t in v o lv in g  x .  

C om pare H w ith  o th e r  P i 's  to  find  th e  com m on l i te r a ls  in  e a c h  c a s e .  ’

A PI h av in g  la rg e r  num ber of common l i t e r a l s  m ay be c o n s id e re d  f i r s t .  

L et Pj b e  a  PI o f th e  g iv en  fu n c tio n  w h ic h  c a n  be w ritte n  a s  Pj -  G | I
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w here  G and  I a re  p ro d u c ts  of l i te r a ls  w ith  I common to  bo th  and  

H . If  th e  fu n c tio n  is  to  be te s t e d  fo r k -u n a te  d e c o m p o s a b ili ty , Pi 

sh o u ld  be c h o se n  su ch  th a t  i t  c o n ta in s  a fa c to r  hav ing  a l l  bu t a t  m ost 

(k-2) l i t e r a l s  of H . Now, H can  be w ritten  a s  H = IJ w here  J i s  e i th e r  

v a cu o u s  or a  p ro d u c t of som e l i t e r a l s .  It i s  th en  p o s s ib le  to  e x p re ss  

(P] + Pi ) a s  P^ + P  ̂ = x  I J + G I = (x J + G) I .  If x j and  G can  be 

g rouped  u n d e r th e  sam e s u b - fu n c tio n , th e n  fo r a l l  te rm s in v o lv in g  

x j ,  th e re  m u st be co rre sp o n d in g  te rm s in v o lv in g  G , s a tis fy in g  

Theorem  4 .2 .2 '.  F u rth e r , i t  im p lie s  th a t  an  im p lic a n t of th e  re s id u a l 

fu n c tio n  (xj + G ), w h ich  i s  n o t a prim e im p lic a n t, can n o t be p re s e n t.

If th e s e  c o n d itio n s  a re  n o t s a t i s f i e d ,  th e n  G can n o t be a term 

of th e  su b -fu n c tio n  c o n ta in in g  x j .  A new  term  of F m ust be c o n s id e re d  

th e n . If th e re  i s  no term  s a tis fy in g  th e  c o n d itio n s , th e re  m ay be two 

p o s s ib i l i t i e s — (i) th e  s u b -fu n c tio n  c o n ta in in g  x  h a s  on ly  one PI or 

(ii) th e re  i s  no su b -fu n c tio n  of p roper s iz e  in c lu d in g  th e  v a r ia b le  x.

C a se  (i) m ay be te s t e d  by  fa c to rin g  ou t th e  common p ro d u c t from a l l  

th e  te rm s c o n ta in in g  x and  d e fin in g  a fu n c tio n  Uj fo r th e  common p roduct 

The o c cu rren c e  o f th e  v a r ia b le s  of Uj m u st be  re p la c e a b le  w ith  Uj or 

Uj w ith  s u i ta b le  a rran g em en t of te rm s . If th is  is  no t p o s s ib le ,  th en  

th e  seco n d  p o s s ib i l i ty  m ay be a c c e p te d .  If th e re  is  on ly  one  term  in  F .
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c o n ta in in g  x (x ) , th e n  a  te rm  c o n ta in in g  x(x) m ay be ta k e n  in s te a d  of th e  

term  c o n ta in in g  x ( x ) , an d  th e  s te p  4 m u s t be r e s ta r te d .  If th e re  is  one 

term  c o n ta in in g  x  an d  one  term  c o n ta in in g  x ,  th e n  th e  te rm s c o n ta in in g  

x  an d  x  sh o u ld  form a 2 -v a r ia b le  s u b -fu n c tio n  fo r d e c o m p o s a b il i ty .

The c a s e  w h en  th e re  i s  on ly  one term  c o n ta in in g  x(x) an d  no term  

c o n ta in in g  x(x) i s  u n re a l iz a b le  e x c e p t in . c a s e  th a t  term  i s  th e  on ly  

term  in  th e  r e s id u a l  fu n c tio n  a t  th a t  s t a g e .  The c a s e  (ii) d o e s  n o t 

m ean th a t  F i s  n o t d is ju n c t iv e ly  d e c o m p o sa b le . It. m ay in d ic a te  th a t  

th e  in p u t x  o c c u rs  in  a  h ig h e r  le v e l  of th e  t r e e . The n e x t s te p  sho u ld  

th e n  be to  c h o o se  a n o th e r  v a r ia b le , s a y  y , an d  go th ro u g h  th e  above 

p ro c e d u re .

If  c o n d itio n s  a s  m en tio n ed  e a r l ie r  a re  s a t i s f ie d  fo r G , th en  

G c a n  b e  g ro u p ed  w ith  x j in  a  p a r tia lly -fo rm e d  s u b - fu n c t io n .  In  th is  

c a s e , m ove to  s te p  5 .

S tep  5 . Let Pj be a  PI w h ic h  h a s  som e l i te r a ls  com m on w ith  I

su c h  th a t  i t  i s  p o s s ib le  to  w rite  I = ML an d  Pj = N L. In th is  c a s e ,  

ta k e  o u t L an d  w rite  P^ + P  ̂ + P̂  = L(xJM + GM + N ). Com pare 

GM w ith  N to  e n s u re ,  a s  b e fo re , th a t  b o th  c an  be in c lu d e d  in  th e  sam e 

s u b - f u n c t io n . I t  i s  n o t n e c e s s a ry  to  com pare  N w ith  th e  o th e r  te rm  

xJM . I f  i t  i s  p o s s ib le  to  in c lu d e  N 7 au g m en t th e  p a rtia lly -fo rm e d
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fu n c tio n  a c c o rd in g ly . Take a new  term  and  fo llow  th e  sam e p rocedu re  

a s  in  S tep  5 . If i t  i s  n o t p o s s ib le  to  in c lu d e  N , ta k e  a n o th e r  term  of 

F and  fo llo w  S tep  5 . W hen th e re  a re  no  m ore term s of F to  be com pared , 

l e t  T be th e  common fa c to r  of th e  se t. of te rm s w h ich  a re  su ita b le  

fo r in c lu s io n  in  th e  fu n c tio n . R ep lace  th e  re s id u a l  fu n c tio n  o b ta in ed  

by fa c to r in g  o u t T by a s in g le  v a r ia b le  Ujc - It m ust be p o s s ib le  to 

re p la c e  a l l  o c c u rre n c e s  of th e  v a r ia b le s  of by or . If n o t,

■ th e  fu n c tio n  is  n o t d is ju n c tiv e ly  d e c o m p o sa b le .

W hen th e  s u b -fu n c tio n  is  fo rm ed , a  ch eck  m u s t.b e  m ade to  

s e e  i f  th e  num ber of v a r ia b le s  h a s  e x c e e d e d  k . W hen i t  e x c e e d s  k , 

th e  s u b -fu n c tio n  m ust be a g a in  d e co m p o sa b le  in  o rder to  be re a liz e d  

w ith  k in p u ts .  I t  is  p o s s ib le  to  ch ec k  th is  a t  ev ery  s ta g e  of

a u g m en ta tio n  of th e  p a r tia lly -fo rm e d  su b -fu n c tio n  and s to p  th e  tr ia l
\

w hen  th e  num ber of v a r ia b le s  e x c e e d s  k and  s ta r t  w ith  a  new  v a r ia b le .

Branch to  s te p  2 a t  th e  end  of S tep  5 . The p ro ced u re  can  be 

■term inated w hen  th e  g iv en  fu n c tio n  can  be e x p re s s e d  a s  a  fu n c tio n  of 

a  num ber o f su b -fu n c tio n s  w h ich  m ay a g a in  be fu n c tio n s  of s t i l l  sm a lle r  

s u b -fu n c tio n s  and  so  o n , in  a m anner su ch  th a t  to  r e a l iz e  an y  su b ­

fu n c tio n s  no m ore th a n  k d is jo in t  in p u ts  a re  n e c e s s a r y .
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Some e x am p les  w ill  be w orked  ou t b e lo w .

Exam ple 5 .3 .1  F = X^XgXg + x^xgxg  + xgXgXg + x^xgxg  + x^XgXg

+ X g X g X g +  X g X ^  + X 3 X 4

W e s h a l l  t e s t  F fo r 3 -u n a te  d e c o m p o s a b ili ty .

S tep  I .  The fu n c tio n  i s  u n a te .

S tep  2 . E ach  term  h a s  a t  l e a s t  one v a r ia b le  th a t  o c c u rs  in

a n o th e r  te rm .

S tep  3 . The l i s t  o f c o n n ec te d  v a r ia b le s  c o n ta in s  a l l  v a r ia b le s

of th e  fu n c t io n .

C h o o se  th e  term  XgX^. Let XgX, = Xg H w h ere  H = x ^ .S tep  4 .

The term  X 3 X 4  c o n ta in s  H; so , c o m b in in g , XgX/ + X 3 X 4  = (xg + X 3 ) X4 . 

A c h ec k  re v e a ls  th a t  X3 an d  Xg a re  in te rc h a n g e a b le  in  th e  fu n c tio n .

S tep  5 . There i s  no th ird  term  c o n ta in in g  X4 . Let = Xg + X3

Then F can  be e x p re s s e d  a s

F = (xg+Xg)x^Xg + (xg+Xg)X]Xg + (xg+x3) X5Xg + (xg+xg)x4

=  U i f X i X g  + X ^ X g  +  X g X g  +  X ^ )
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Step  2... A fter s e p a ra tin g  th e  common fa c to r  U j , c o n s id e r  the  

r e s id u a l  fu n c tio n  R = X1X5 + x  Xg + X5Xg + x„ . The term  x 4 o ccu rs  

s in g ly . S ep a ra tin g  x ^ , w e have  Ug = XjXg + x^Xg + XgXg..

S tep  3 . The fu n c tio n  Ug c o n s is ts  of 3 v a r ia b le s  . T herefore F

can  be d eco m p o sed  a s  F = U^(U^ + x  ) where- U^ = Xg + Xg and

U 2 = x I x 5 + x 1x 6 + X5X6- -

Exam ple 5 .3 .2  F = X1X3X4X5 + X3X3X4X5 + X1X3X4X5 + X3X4X5 .

W e s h a l l  t e s t  F for 2 -d e c o m p o s a b il i ty .

S tep  I . The fu n c tio n  is  not u n a te .

S tep  2 . F = X5 Cx3XgX4 + X3XgX4 + X3XgX4 + XgX4)

= XgR

w hen  R is  th e  re s id u a l  fu n c tio n .

S tep  3 . The l i s t  o f c o n n ec te d  v a r ia b le s  in c lu d e s  a l l  th e  v a r ia b le s

of th e  r e s id u a l  fu n c tio n .

Step 4 .  L e t x 3XgX4 = X 4 I x 3X3 = X4 1 FI

P ick ing  th e  term  XgXgX1J a s  i t  c o n ta in s  th e  l i te r a l  Xg and  co m b in in g , 

X3X3 X4 + X3X3X4 = X3 Cx3X4 ' + X3X4 ) . The c o n d itio n  for g rouping  

XgX^ w ith  X3X4  in  th e  sam e su b -fu n c tio n  is  s a t i s f i e d .
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S tep  5 . There i s  no o th e r  term  w ith  x-

L e t x 3 Cx2X4 + X1X4) = X 3X4 Cx2 + X1)

= X3 X4 U 1 ' w here  U 1 = x"2 + X 1 

Then R = X 3 X4 Cx 1 + 3< ) + X4 ( x ^ X g  + X3 )

= ^ 3 x 4 D l + U (iTl  + x Sf

x Sx 4u I + X 4U 1 + X4X3

S tep  2, No m o d if ic a tio n ,

S tep  3 . No m o d if ic a tio n .

S tep  4 . Let X3 X4 U 1= X3 H w here  H = X4 U 1

No o th e r  term  of R c o n ta in s  any  l i te r a l  of H .

R e jec t th is  term  and  ta k e  X3X4 in s te a d .  Let X3X4 = X3 G .  Com bining 

XzjU1 , w e h a v e , X 3X 4 + X4 U 1 = X4 (x3 + U 1) . I t  is  found th a t  TT1 

c an  be  in c lu d e d  w ith  xq .

S tep  5 . There is  no o th e r term  c o n ta in in g  x 4 .

Then R = X 3X4 U 1 + X4 CU1 + X3)

= IL2X4  + X4 U2

Let U 2 = X3 + U 1
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Thus F i s  2 - d e c o m p o s a b l e  a s

w ith

R = Ug A / ^ 2  = x 3 + ^ l  anc  ̂

u I = Xi + x 2 .

5 .4  S y n th e s is  of N o n -d is ju n c tiv e  N etw ork

Any a rb itra ry  lo g ic  fu n c tio n  c an  be re a l iz e d  by u s in g  an  a d e q u a te  

num ber of k - in  pu t U L M 's fo r an y  RB 2 , w ith  a  su ita b le  n o n .-d is jo in t 

ne tw ork  s t r u c tu r e . T herefore  i t  i s  im p o rtan t to  d e v e lo p  a lg o rith m  w hich  

a tte m p ts  to  red u ce  th e  c o s t  of r e a l iz a t io n  by m in im izing  th e  num ber 

of re q u ired  lo g ic  e le m e n ts : By a m o d if ica tio n  of the  p roced u re  

su g g e s te d  fo r d is ju n c tiv e  ne tw o rk s  in  s e c t io n  5 .3  i t  is  p o s s ib le  to 

s u g g e s t  a p ro ced u re  fo r re a liz in g  a fu n c tio n  w ith  a n o n -U is ju n c tiv e  

n e tw o rk . An a d v a n ta g e  in  fo llow ing  th is  m ethod of s y n th e s is  is  th a t 

th e  p a r t ia l ly  d is ju n c tiv e  fe a tu re  of a fu n c tio n  can  be u t i l iz e d  to  

re d u c e  th e  num ber of lo g ic a l  e le m e n ts  in  th e  re a l iz a t io n  of th e  fu n c tio n . 

The m odified  a lg o rith m  is  g iv en  below  w ith  th e  d if fe re n c e s  only  

m e n tio n e d .

S tep  I . Same a s  in  S ec tio n  5 . 3 .

S tep  2 . Same a s  in  S ec tio n  5 . 3 .
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S tep  3.. Same a s  in  S ec tio n  5 . 3 .

S tep  4 . The a u g m en ta tio n  o f a s u b -fu n c tio n  by in c lu d in g  a  new

term  is  c a r r ie d  o u t a c c o rd in g  to  th e  c o n d itio n s  m en tio n ed  in  S ec tio n  5 . 3 .  

W hen  no se c o n d  term  is  to  be found fo r in c lu s io n ,  th e  fo llo w in g  ru le  

i s  a d o p te d .

Let P be  a p ro d u c t o f l i t e r a l s  p re s e n t  in  som e term  of th e  g iv e n  fu n c tio n . 

Let Q be  a n o th e r  su c h  p ro d u c t of l i t e r a l s . For som e te rm s 

{ PM^ I i  = 1 , 2 ,  . . ,  M = a p ro d u c t of l i t e r a l s  } in  F , in  w h ic h  P is  

p r e s e n t ,  l e t  th e re  be  c o rre sp o n d in g  te rm s { QMi | i = 1 , 2 , . . .  } in  w h ic h  

Q is  p r e s e n t .  Let th e re  be o th e r  te rm s of F in v o lv in g  P an d  Q in  w h ich  

th e  ab o v e  i s  n o t t r u e .  In  su c h  a c a s e ,  d e f in e  a  su b -fu n c tio n  

Uj = P + Q an d  m ove to  S tep  5 . I t  m ay be  m en tio n ed  th a t  in  n o n ­

d is ju n c t iv e  c a s e ,  i t  i s  p o s s ib le  to  h a v e  som e term  of F c o n ta in in g  

a s  a  p a r t ia l  p ro d u c t an  im p lic a n t (not PI) of U j .

S tep  5 . The s u b - s te p s  and  c o n d itio n s  a s  g iv en  in  s e c t io n  5 .3

a re  a p p l ie d .  A fter a  s u b -fu n c tio n  Uj h a s  b e e n  fo rm ed , th e  o c c u rre n c e s  

o f th e  v a r ia b le s  o f Uj in  F a re  re p la c e d  w ith  Uj o r Uj w h e re v e r  p o s s ib le .

The n e x t s te p  i s  to  go b a c k  to  S tep  2 and  re p e a t  th e  p rocedu re  

u n t i l  th e  fu n c tio n  c an  be  d eco m p o sed  in to  su b -fu n c tio n s  o f d e s ira b le  

s i z e .  An ex am p le  i s  w ork ed  ou t b e lo w .
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Exam ple 5 . 4 . 1  F = X1X2 + XgX4Xg + X3X4X6 + X5XgX8 + X5X7Xg 

.. W e s h a l l  r e a l iz e  F w ith  3 - in p u t  o r s m a lle r  H E M 's .

S tep  I .  The fu n c tio n  is  u n a te .

S tep  2 . S ep a ra te  x^Xg and g e t the  re s id u a l  fu n c tio n  (R).

S tep  3 . The l i s t  o f c o n n ec te d  v a r ia b le s  in v o lv e s  all. v a r ia b le s

of th e  r e s id u a l  fu n c tio n .

S tep  4 . L e t x 3X4Xg = X3 F I w h e r e H = X 4Xg.

C om bining Xgx4Xg, w e have

X gX 4 X g +  X gX 4 X g  =  X 4 [ X gX g +  X g X g  ]'

S tep  5 . There is  no o th e r term  w ith  x 4 .

N ow , le t  X4 Cx3Xg -1- X3X6 ) = X4X3 ( Xg + X g ) = X4X3 U 1 

w here  U 1 = Xg + Xg. Then w e h a v e ,

R = X4X3 U 1 + X5X6X8 + X6X7X8.

Though U 1 in v o lv e s  th e  v a r ia b le s  { Xgz x g } , th e  o c c u rre n c e  of 

XgXg in  som e te rm s c an n o t be  re p la c e d  by  U 1 or U j .

S tep  2 . . The term  X4X3 U 1 is  s e p a ra te d  from th e  r e s t  of th e  fu n c tio n

S tep  3 . No m o d if ic a tio n .
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S tep  4 . Let X5XgXg = Xg I XgXg = XgH

Then X5XgXg + X5X7X5 = X5X gfx5 + X7)

S tep  5 . No o th e r  term  w ith  Xg or Xg is  p re se n t in th e  re s id u a l

fu n c tio n . So, l e t  X5Xgfx5 + X7) = X 5XgU2 

w here  = X5 + x  

Then F = X4X3 U 1 + X5X5 U2 + X1X2

S tep  2 . L e t U 3 = X ^ x 5 U 1 , U4 = X5X5U2 and

U5 = x l x 2

Then F = U3 + U4 + U5

The re a l iz a t io n  i s  show n in  F igure  5 . 4 . 1  .

x„ x

F igure  5 . 4 . 1  A N etw ork to  R ea lize  F = X 1X 2 + X 3X 4X g + X 5 X4 X 5
+  X 5 X 6X 8  +  X 6 X 7X 8
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The above  p ro ced u re  of s y n th e s is  of n o n -d is ju n c tiv e  n e tw o rk s  is  

g iv en  h ere  a s  a n  e x te n s io n  of th e  t e s t - s y n t h e s i s  m ethod fo r d is ju n c tiv e  

n e tw o rk s  g iv en  befo re . A te c h n iq u e  fo r fin d in g  the  minimum num ber of 

k - in p u t  U LM 's to  r e a l iz e  a g iven  fu n c tio n  m ay req u ire  ex am in a tio n  of 

a  la rg e  num ber of p o s s ib i l i t i e s .  Roth and  K a r p ^ )  have  d e a l t  w ith  

s im ila r  p rob lem s u n d er c e r ta in  c o n s tra in ts  . •



C h ap te r 6

CONCLUSIONS
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6 . 1 Summary

• A s tu d y  o f th e  c e l lu la r  b u lk  tra n s fe r  sy s tem  from th e  v ie w ­

p o in t o f i t s  lo g ic a l  c a p a b i l i t ie s  h a s  b een  p re se n te d  in  th is  t h e s i s .  The 

m odel ad o p ted  fo r th e  B.T.  sy stem  c o n s is ts  of an  in p u t a r ra y , a m app ing 1 

d e v ic e ,  an  o u tp u t a rra y  and  an  o u tp u t lo g ic . The in f lu e n c e  of v a rio u s  

fa c to rs  lik e  f le x ib i l i ty  of th e  m apping d e v ic e , f le x ib i l i ty  in  th e  o u tpu t 

lo g ic , p a ra lle l ism  of o p e ra tio n  h a s  b een  in v e s t ig a te d .

It h a s  b een  show n in  C h ap te r  2 th a t  th e  sy stem  c an  be m ade 

lo g ic a l ly  u n iv e rs a l  w ith  a  p roper co m b in a tio n  of o u tp u t lo g ic  and  m a p s . 

F u rth e r , in  re a liz in g  a rb itra ry  lo g ic ,  th e re  e x is t s  a t r a d e -o f f  am ong the  

num ber of m apping  o p e ra t io n s , num ber of in d e p e n d e n t m aps and am ount 

of f le x ib i l i ty  in  th e  o u tp u t lo g ic  su ch  th a t  in c re a s in g  one of th e se  

q u a n t i t ie s  te n d s  to  d e c re a s e  th e  o th e r s . A sim ple  d e s ig n  fo r a B.T.  

sy s te m  h a s  b een  g iv en  fo r i l lu s t r a t io n .

In C h a p te r  3 , th e  e f fe c t  of in tro d u c in g  f le x ib i l i ty  in  th e  o u tp u t 

lo g ic  by th e  u s e  of f le x ib le - lo g ic  c a s c a d e s  h a s  been  c o n s id e re d .

C e rta in  bounds on th e  num ber of re q u ire d  m apping o p e ra tio n s  ( tra n s p o s i­

tio n  type) h a v e  b e en  o b ta in e d . A m o d if ica tio n  of th e  b u lk  tr a n s fe r  sy stem  

i s  a ls o  d is c u s s e d  in  w h ich  th e  in p u t an d  o u tp u t a rra y s  c o n s is t  of the  

p rim ary  or m apped in p u ts  to g e th e r  w ith  a  s e t  of fu n c tio n s  d e riv ed  from
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th e  in p u ts  by  som e b u i l t - in  lo g ic .

I C h ap te r  4 d e a ls  w ith  th e  to p ic  of bu lk  tra n s fe r  in  p a ra l le l .  

■Assuming th e  in p u t a rra y  to  be d iv id ed  in to  m any s u b - a r r a y s , an  in v e s t ig a  

tio n  h a s  b een  m ade a b o u t the  ty p e  o f fu n c tio n s  th a t  can  be re a l iz e d  by a . 

num ber of B. T.  u n its  o p e ra tin g  in  p a r a l le l .  Some p ro p e rtie s  of 

r e a l iz a b le  fu n c tio n s  h av e  b een  proved  and  an  a lgo rithm  h a s  been  

p re s e n te d  fo r te s t in g  r e a l iz a b i l i ty  of fu n c tio n s  on th e  a ssu m p tio n  th a t 

th e  in p u t dom ain  of e a c h  of th e  b u lk  tr a n s fe r  u n its  w ork ing  in  p a ra lle l  

i s  f ix e d . In  C h ap te r  5, th e  c a s e  of f le x ib le  in p u t dom ain h a s  been  

c o n s id e re d  and  a n  a lg o rith m  fo r the  t e s t - s y n th e s i s  of lo g ic  fu n c tio n s  

on th is  b a s is  h a s  b een  d e v e lo p e d .

A part from a b e t te r  u n d e rs ta n d in g  of th e  c a p a b i l i t ie s  of a B.T.  

sy s te m , th e  ab o v e  re s e a rc h  h a s  throw n lig h t on the  fo llo w in g  to p ic s .  ' 

i) T ransfo rm ation  of an  a rb itra ry  g iven  fu n c tio n  in to  M a itra -  

r e a l iz a b le  f u n c t io n s .

The r e s u l t  g iv en  in  s e c tio n  3 .2  sh o w s th a t th e re  i s  an  e x p o n e n tia l 

d e p en d e n c e  of th e  maximum num ber of tra n s p o s it io n s  n e c e s s a ry  to  co n v e rt 

'a g iv en  fu n c tio n  in to  M a it ra - re a l iz a b le  fu n c tio n  on th e  num ber of 

v a r i a b le s . The sam e d e p en d e n c e  i s  know n to  e x is t  fo r th e  maximum 

num ber of c e l l s  n e c e s s a ry  in  a  c u tp o in t o r s im ila r - ty p e  a rra y s  to  re a l iz e
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an  a rb itra ry  fu n c t io n .

ii) T e s t - s y n th e s is  of lo g ic  fu n c tio n s  r e a l iz a b le  in  d is ju n c tiv e  

and  sim p le  n o n -d is ju n c tiv e  m u lt i- le v e l  n e tw o rk .

The a p p l ic a b i l i ty  o f th e  s y n th e s is  a lgorithm  fo r th e  d is ju n c tiv e  

and  n o n -d is ju n c tiv e  d eco m p o s itio n  is  n o t r e s tr ic te d  to  th e  p a r tic u la r  

B.T.  s y s te m . They can  a ls o  be u s e d  fo r th e  s y n th e s is  of an y  a rb itra ry  

d ig i ta l  ne tw ork  in  m u lt i- le v e l  fo rm .

6 .2  Scope fo r F u rth er R esearch

There i s  sco p e  of w ork on bo th  th e o re t ic a l  and  p ra c tic a l  

a s p e c ts  of m any p rob lem s in  th is  a r e a .  C e rta in  s p e c if ic  p o s s ib i l i t ie s  

an d  q u e s t io n s  w h ich  a ro se  in  co n n ec tio n  w ith  th is  r e s e a rc h  w ill  be 

d i s c u s s e d .

I t h a s  b een  m en tio n ed  th a t  e a c h  of th e  in p u t an d  o u tp u t a rray s  

m ay c o n s is t  o f s e v e ra l  c a s c a d e s .  'In  su c h  s y s te m s , the  in p u t a rray  m ay 

■possibly r e p re s e n t  th e  in p u t dom ain o f tw o -d im e n s io n a l p rob lem s lik e  

th e  g rid  s tru c tu re  of th e  b o u n d a ry -v a lu e  p rob lem s or th e  in p u t re tin a  

o f a p ic tu re  p ro c e ss in g  d e v ic e  or th e  m a tr ic e s  in  o rd in a ry  co m p u ta tio n s . 

U se fu l p rim itiv e  fu n c tio n s  c o n n ec te d  w ith  th e  o p e ra tio n s  in  so lv in g  th e s e

prob lem s m ay be d e fin ed  an d  im p lem en ta tio n  of th e s e  fu n c tio n s  in  the
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B..T. sy s te m  m ay be a t te m p te d . ■ In p a r t ic u la r ,  i t  w ill  be of in te r e s t  to  

fin d  ou t an  optim um  num ber in  o rd e r to  do su ch  p ro b le m s . This problem  

h a s  a p a r t ia l  s im ila r i ty  w ith  th e  problem  of m in im iza tio n  o v e r Boolean 

g r a p h s (!5) ^  th a t  w h ile  th e  num ber of lo g ic  m odules a t  an y  s ta g e  of th e  

m apping  o p e ra tio n  rem ain  f ix e d , i t  i s  th e  num ber of s ta g e s  in  m apping 

( le v e ls  in  B oolean graph) w h ich  m ust be m in im ize d .

An in te re s t in g  th e o re t ic a l  q u e s tio n  can  be ra is e d  w ith  r e s p e c t  

to  th e  s tru c tu re  of M a it ra - re a l iz a b le  fu n c tio n s . In s e c t io n  3 .4  the  

lo g ic a l  u n iv e rs a l i ty  of a  B.T.  sy s tem  c o n s is t in g  of a p a ir  of C ascad es  

w a s  p roved  on th e  a ssu m p tio n  th a t  e a c h  o f th e s e  c a s c a d e s  co n ta in ed  a t  

l e a s t  one d ire c t  c e l l  in p u t more th an  th e  num ber of o r ig in a l v a r ia b le s  

t , . .  .x n } . If e a c h  of th e  c a s c a d e s  c o n s is ts  of e x a c tly  (n-1) c e l ls  

w ith  n d ire c t  in p u ts ,  c an  w e re a l iz e  a rb itra ry  fu n c tio n  of n v a r ia b le s  

w ith  th e  ty p e  of lo g ic - f r e e  m aps th a t  c an  on ly  perm ute th e  v a r ia b le s  

( in d e p e n d en t o r derived ) ? By th e  a rg u m en t g iv en  in  s e c t io n  3 . 4 ,  the  

sy s te m  c le a r ly  can  r e a l iz e  a rb itra ry  fu n c tio n  of (n-1) v a r i a b le s . A lso , 

i t  c an  be  e a s i ly  s e e n  th a t  a l l  fu n c tio n s  b e lo n g in g  to  th e  sam e e q u iv a le n c e  

c l a s s  a s  an y  M a it ra - re a l iz a b le  fu n c tio n  o f n -v a r ia b le s  c an  be re a liz e d  . 

W h e th e r th is  sy s te m  is  lo g ic a l ly  u n iv e rs a l  or n o t is  s t i l l  an  open

q u e s t io n .
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Some im provem ent in  th e  a lgo rithm  p re se n te d  in  C h ap te r  5 may.
\

be a t te m p te d . T his a lgorithm  fo r g rouping  v a r ia b le s  in v o lv e s  the  p ro ced u re  

of ta k in g  one v a r ia b le  a t  a tim e and  d e te rm in in g  w h ich  su b fu n c tio n  ■ 

in c lu d e s  i t .  For any  v a r ia b le ,  s ay  , w h ich  may be in p u t to  th e  l a s t  

le v e l  ULM , th e  p ro ced u re  show s th a t  th e  req u ired  su b fu n c tio n  is  the  

sam e a s  th e  o rig in a l fu n c tio n  a f te r  an  e x h a u s tiv e  co m p ariso n  h a s  b een  

m a d e . Some f a s te r  w ay of de te rm in in g  th e  v a r ia b le s  w h ich  a re  inpu t 

to  th e  lo w e r- le v e l  U LM 's may sav e  th is  la b o u r.

The te c h n ic a l  a s p e c t  of bu lk  tr a n s fe r  of d a ta  a s  e n v is io n e d  in 

th is  th e s i s  sh o u ld  form an  im p o rtan t p a rt of fu rth e r s tu d y  and  w ork in 

th is  a re a  so  th a t  a p r a c t ic a l  bu lk  tra n s fe r  sy stem  can  be r e a l iz e d .
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A ppendix  A

The n e x t s ta te  e q u a tio n s  fo r th e  v a r ia b le s  to  g e n e ra te  th e  perm u ta tion  

c y c le  (m p irig , . .  .m^n) a re

x j  = X1 , x j  = x 2® x j  ; Xj1 = XnX^ 1 + x ; _ j  ( X ^ 1S x n)

T hese  a re  d e riv ed  fo r th e  m interm  se q u e n c e  of w hich  T able 2 .3  is  a 

re p lic a  fo r the  c a s e  of th re e  v a r ia b le s .  N ote th a t  in  a n y  rtn su ch  th a t 

2 = i = 2n, th e  v a lu e  of x^ i s  th e  com plem ent of th a t  in  m ^ _ i. The v a lu e  

of X^ in  m j  i s  th e  com plem ent of th a t  in  nr^n • T h e re fo re , fo r th e  cy c le  

(m j  , mg , . . .m ^n) w e m ay w rite  x^ = x  .

For x ' , w e s e e  th a t  x '  can  be e x p re s s e d  in  term s of th e  p re se n t 
2 I

v a lu e  of X g, p re s e n t v a lu e  of Xj an d  th e  n e x t v a lu e  Xj of x^ . Note 

th e  m interm  s h av in g  Xg = I .

0 0

From in s p e c tio n  of th e  ab o v e  d iag ram , w e h a v e , Xg = I i f  Xg = 0 and 

x 'j = 0 or i f  X g =  I an d  X j = I .

H en ce  x^ = X2 © x^
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Then w e o b ta in  th e  fo llo w in g  tru th  ta b le  (com b in a tio n s  fo r w h ich  

x ' 3 i s  tru e  a re  on ly  sh o w n ).

C
O

X

X 2 X 2 CO
x

-

0 I 0 I

I 0 0 I

I 0 I I

I I I I

; From th is  t a b le ,  w e have

' x 3 = X3X2 + X 2 (x3 ® x 2>

I t  i s  n o tic e d  th a t  of th e  e ig h t m interm s of th e  th ree  v a r ia b le s  {X3 ,Xg I ,

fou r g iv e  a  tru e  v a lu e  fo r x l . This p ro p e rty  hold's true  fo r h ig h e r
)

)

)
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v a r ia b le s  lik e  x ^ ,x ^ ,  . .  .x ^ .  T h e re fo re , fo r 3 , x^  can  be e x p re s s e d  a s  .

■ xn = x!,xn - l  " X - l  ^ © V l ’ ■

To g e t  th e  e q u a tio n s  fo r g e n e ra tin g  0  , n o te  th a t th e  m ap i s  s im ila r  to

th e  c y c lic  pe rm u ta tio n  e x c e p t th a t  th e  l a s t  m interm  X1X0 , . „ .x  m ust
i  z  n

be m apped in to  i t s e l f .  An AND g a te  i s  u s e d  to  d e te c t  th e  o ccu rren ce  

of th is  m interm  and  th e  o u tp u t of th e  g a te  i s  u se d  in  th a t  e v e n t to  

o b ta in  th e  p roper n e x t s ta t e s  of a l l  v a r ia b le s .

T herefore  fo r g e n e ra tin g  5> , w e have

=  Xl + X 1X2 . ,  .x n; = 4 =  ( = ^ e  X2H  X1X2 . . ' . .X n  

PornS 3 ,  Xj1 = S ^ l ( x ^ e  Xr ) + X ^ l Xn + Xl X2 . .  .Xr
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A ppendix  B .

The p roofs of th e  g e n e ra liz e d  th eo rem s in v o lv e  the  sam e k ind  of 

argum en t a s  in  th e  s p e c ia l  c a s e s . T hese  a re  sk e tc h e d  b e lo w . •

Proof of Theorem  4 . 2 . 1 '  : The f i r s t  s te p  is  to  prove th a t  e i th e r  u , 

or Pj^ TL . A ssum ing th is  to  be f a l s e , le t  th e re  be m interm s {M p IV^} 

of th e  v a r ia b le s  o f TL su ch  th a t  M1 , TV^e Pi and  M i ^ Ui and  Ui .

E x p ress in g  Pq P^. . . P i . . .  P^ = HP^ w here  H re p re se n ts  th e  p ro d u c ts  of 

l i te r a ls  o th e r th an  th o s e  c o n ta in e d  in  Pi , i t  c an  be show n u s in g  the  

sam e a rg u m en ts  a s  in  th e  p roof of 4 . 2 . 1 ,  th a t  H is  an  im p lic a n t of F .

I t  i s  a c o n tra d ic tio n  to  th e  a ssu m p tio n  th a t  HPi i s  a PI of F . T herefore 

Pi E Ui or PjE Ui . N ex t, a ssu m e  W LOG, P c  U^ and Pi i s  n o t a PI 

of U j . Let P ^c  p * c  U j . T h is a g a in  le a d s  to  th e  c o n tra d ic to ry  re s u l t  

th a t  HP^ i s  an  im p lic a n t of F . So Pj m u st be a -PI of U j . Q . E . D .

Proof of Theorem  4 . 2 . 2 ': W ith  th e  g iv en  c o n d itio n , a s su m e  W LOG,

P. c  U b u t Q - s U .  I t  le a d s  to  the  c o n c lu s io n  th a t X is  an  im p lican t
1 I 1 i

of F w h ich  is  c o n tra d ic to ry . T herefore  w ith  th e  c o n d itio n s  g iv e n ,

Q , E Uj if  Pj E U j . The o th e r p a rt fo llo w s from Theorem 4 . 2 . 1 ' .  .

C o n v erse  C a s e : WLOG le t  P ,, Q i £ U . . W hen P1X is  t ru e ,  F = I ., 1 I . !  i

T herefo re  F m u st be tru e  w hen  QjX is  t r u e , b e c a u s e  F can  be e x p re s s e d
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a.s a fu n c tio n  of IL and  X. Thus Q.X^ F . F o r.th e  sec o n d  p a rt, a ssu m e  

QX i s  n o t a  PI of F and Q^Xc QjfcXltQ F . If  Q^c Qjfc , th en  w e a re  led  to 

th e  c o n tra d ic to ry  c o n c lu s io n  th a t  i s  n o t a prim e im p lic a n t of U , . If 

X c x * ,  th en  i t  le a d s  to  th e  c o n c lu s io n  th a t  PX is  no t a PI of F . T herefore 

Q^ -  , X = X*. and  Q X is  a PI of F . Q . E . D .

Proof of C o ro lla ry  I1: If  F is  a co m p le te  sum of P i ' s ,  th e n  th e  proof

fo llo w s from Theorem 4 . 2 . 2 ' .  Let F be an  in co m p le te  s e t  of P i ' s .

W LOG, le t  M be a tru e  m interm  of w h ich  i s  n o t c o n ta in e d  in  the  P i 's  

of Ui o b ta in e d  u n d e r Ai . Let PiX be a Pl of F su ch  th a t P c  U . . Then 

MXe F . T h e re fo re , MX m ust be in c lu d e d  in  som e P i 's  of F . S ince X-is  

n o t a PI, th e re  e x is t s  Qi u n d e r A su ch  th a t  M q Qi . By Theorem  4 . 2 . 1 '

Q i i s  a PI of U^. T h e re fo re , th e  a ssu m p tio n  M q Ui b u t n o t in c lu d e d  in  

a n y  PI of Ui u n d e r Ai i s  f a l s e . Q . E . D .

Proof of Theorem  4 . 2 . 3 ': A ssum e th a t  Pi Pj . . . P ^  and Qi Qj • • -Qjc a re  

tw o  p ro d u c t te rm s of F . A pplying th e  tw o c o n d itio n s , m en tio n ed  in  the  

p roof of Theorem  4 . 2 . 3  , to  th e  s e t  of p ro d u c t term s of F to  c h ec k  if  

th e y  c o n ta in  a n y  im p lic a n ts  w h ich  a re  n o t prim e im p lic a n ts ,  i t  can  be 

show n th a t  c o n d itio n  (i) c an n o t be tru e  fo r th e  p a ir  Pi P j . ... Pj, and  

Qi Q j . . .Q k , b e c a u s e  i t  w ould  le a d  to  th e  c o n c lu s io n  th a t  c e r ta in  P̂  

an d  Qj s a t i s f ie d  the  c o n d itio n . T his w ou ld  v io la te  th e  a ssu m p tio n  th a t  

Py an d  Qj. a re  prim e im p lic a n ts  o f a c o n s t i tu e n t  fu n c tio n  U j . C o nd ition
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(ii) a ls o  can n o t be tru e  b e c a u s e  i t  w ou ld  im ply  th a t  c e r ta in  P.cz Q 1, or Q.c-P,
J J J j

w h ich  w ould  a g a in  v io la te  th e  s a id  a s s u m p t i o n , Q . E . D .

Proof of Theorem  4 . 2 . 4 ': Let U be u n a te  in  IL . A ssum e th a t  the  sum of

th e  te rm s u n d e r A. e q u a ls  I . Then e i th e r  U. i s  t r iv ia l  or P i 's  of bo th  U 
1 I . i

and  U a re  p re s e n t  u n d e r A^. The f i r s t  p o s s ib i l i ty  is  a g a in s t  the

a ssu m p tio n  th a t  F is  n o n -d e g e n e ra te . The seco n d  p o s s ib i l i ty  im p lie s

th a t  U i s  n o t u n a te  in  TL . C o n tra d ic tio n . T herefore  i f  U is  u n a te  in

U , S  P.j =/ I .  .
i J

j
C o n v erse  C a s e : Let D P. ^  I and  U is  n o t u n a te  in  T I.. Then P i 's  of 

__ J 1 1
b o th  TL and  TL m u st o c cu r in  th e  P i’s of F . By C o ro lla ry  I', th e  P i 's

of TL an d  TL o ccu rrin g  un d er A a re  s u f f ic ie n t  to  d e fin e  TL and  TL .

T herefore  th e  sum of th e s e  P i 's  = = I . This i s  a c o n tra d ic t io n .

H en ce  th e  th e o re m . '  Q . E . D .

Proof of Theorem  4 . 2 . 5 ' :  A ssum e P X , Q .s  p . Let P , Q. be P i 's  ofi i  i i

Ui (Ui ) .  Then by T heorem  4 . 2 . 2 ' ,  Qi X m u st be a PI of F . C o n tra d ic tio n .

Let P .£ U 1 and  Q. £ U . Then F can  be e x p re s s e d  in  te rm s of U. a s  - 
i i  i i  i

F = U 1X + Ui + R w here  R is  som e re s id u a l  fu n c tio n . T ak ing  c o n se n su s  

b e tw ee n  UiX and  U i , .w e o b ta in  X a s  a n  im p iic a n t of F . C o n tra d ic tio n .

H en ce  th e  th e o re m . Q . E . D .
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Proof of Theorem  4 . 3 . 1 : To prove f i r s t  th a t  P^X^ c  (U^) and

e U 2 ^ 2 ^ '  C o n s id e r th e  p o s s ib le  c a s e s  a s  in  th e  p roof of'Theorem  
I

' 4 . 2 . 1 .  I t can  be s e e n  in  an  e x a c tly  s im ila r  m anner th a t  if  P X 4  U 1
I I I

and P-jX-̂  ^  or X - j^  £ Ug and X^Pg £ Ug , th e n  P^XjPg can n o t be a 

PI of F . N e x t, to  show  P1X^ a s  a PI of U 1 (U1) , a ssu m e  P1X1 c  P*Y* 

w here  P* and Y* a re  s u b s e ts  of the  l i te r a ls  o f P^ and X1 r e s p e c t iv e ly .  It 

fo llo w s th a t  P1X^Pg nCfc a PI o f F . C o n tra d ic tio n . S im ila rly  it c an  

be show n th a t  if  X1Pg is  no t a PI of Ug(Ug) i t  le a d s  to  a c o n tra d ic t io n . 

H ence  th e  th eo rem . Q . E . D .

Proof o f Theorem  4 . 3 . 2 : W LOG, le t  P1X1 S-U1 . Now if Q^Y1 e TJ1 , it 

le a d s  to  th e  c o n c lu s io n  th a t  X1Pg is  an  im p lic a n t of F , w h ich  is  

c o n tra d ic to ry . The o th e r p a rt fo llo w s from Theorem  4 . 3 . 1 .

C o n v erse  p a r ty W LOG, le t  P1X1 , Q X1 ^ U 1 and P1X1Pg s  F'. A ssum e, 

W LOGz X1Pg c  U g . In a m anner s im ila r  to  Theorem  4 . 2 . 2 ,  it can  

be show n th a t w hen Q 1X 1Pg is  t r u e , F = I .  T hus Q 1X1Pg e F .  To 

prove th e  o th e r p a rt no te  th a t  s in c e  P1X 1Pg is  a PI of F and P1X1 

a PI of U 1 , h en ce  X1Pg is  a PUof Ug (by Theorem  4 . 3 . 1 ) .  Now if 

Q 1X I P2 *s no t a P I o f P  and th e re  e x is t s  c e r ta in  Q*X*P^ Q 1X1P g , 

th e n  , i t  le a d s  to  th e  c o n tra d ic tio n  th a t  e i th e r  Q 1X1 is  n o t a  PI of U 1

or X1Pg is  n o t a  PI of U g . H ence  th e  r e s u l t  . Q . E . D .
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G e n e ra liz a tio n  of Theorem s 4 . 3 . 1  a nd  4 . 3 . 2

Let  P j , Q , IL e t c — le t te r s  w ith  s u b s c r ip t  i r e p re s e n t  p ro d u c ts  of the. 

l i te ra l 's  of the  v a r ia b le s  of Di fo r i = 1 , 2 , . .  . s ; i , jS ^ Y .  e t c . 

fo r th e  v a r ia b le s  of Ci , fo r i = 1 , 2 ,  . . . ( s - 1 ) . Let LL be a  fu n c tio n  on 

th e  v a r ia b le s  of A. an d  U' be  th e  fu n c tio n  on Ui 's  fo r i = 1 ,2  , . .  . ,  s .

Theorem  4 . 3 . 1 ' :. Let P G ^ P ^ Q !^  i  . . . PQh Pj + i . . . Pk + i be a PI of F . 

Then P.%. i s  a PI of U .(U.) a n d « . P .  + 1 i s  a PI of U j (U +1) for 

j = i , . . .k.

Theorem  4 . 3 . 2 ' : If PiA and  Q^A be  tw o P i 's  of F w here  A, B re p re se n t

p ro d u c ts  of l i te r a ls  no t c o n ta in in g  an y  l i te r a ls  of Di , th e n  Q p i C Ui (Ui )

i f  P p , -  U (U.) w here  a . i s  a s u b se t of the  l i te r a ls  of A> A lso ,I * Jt I I

QjGii i s  a PI of Ui (Ui ) i f  P a  is  a PI of Ui (Ui ) • C o n v e rse ly  if 

P p i , Q a , c  Ui (Ui ) , th e n  QiA c  p if  PiAc F w here  A c o n ta in s  the  

l i te r a ls  O f a i - F u rth er if  P ^ i and  Q p i a re  P i 's  of Ui an d  PiA is  a PI of 

F , th en  QiA is  a PI of F .

The proofs, of th e s e  th eo rem s m ay be  o b ta in e d  by a rg u m en ts  s im ila r  

to  th o s e  in  Theorem s 4 . 3 . 1  and 4 . 3 . 2 .
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