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Abstract:

Published data on the MgO-Si02-A101.5 ternary system, along with the binaries and single component
phases, are analysed in order to develop a computer model for the ternary system. In doing this a very
useful relationship between the bulk modulus and coefficient of thermal expansion using the
Murnaghan logarithmic equation of state is derived, thus allowing dK/dT to be calculated from thermal
expansion measurements. Also, the alpha-beta transition in quartz was analysed using Pippard's theory
of second order phase transitions, accurate X-ray data and the pressure dependence of the transition
temperature.

Full equations of state for quartz are given up to 1900 K and 4000 MPa. The phase diagram is also
calculated.

From analysis of the phase equilibria in the MgO-SiO2 system and the enthalpy of vitrification of
MgSi03, the enthalpies of fusion of enstatite and forsterite were refined. The final best values for the
heats of fusion were 48.8 & 4 kJ/mole and 92.9 & 12 kJ/mole respectively.

Also phase diagrams are calculated at 0.1 and 1000 MPa using Redlich-Kister coefficients.

Methods of dealing with three, four, and five component systems are developed using Redlich-Kister
equations. Portions of the phase diagrams for the MgO-SiO2 A101.5 ternary and the
FeO-Feol.5-Cao-Siol.5 system are calculated.
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ABSTRACT

Published data on the Mg0-Si02-A10¢ 5 ternary
system, along with the binaries and single component :
phases, are analysed in order to develop a computer model
for the ternary system. In doing this a very useful
relationship between the bulk modulus and coefficient of
thermal expansion using ‘the Murnaghan Togarithmic equation
of state is derived, thus allowing dK/dT to be calculated
from thermal expansion measurements. Also, the alpha-beta
transition in quartz was analysaed using Pippard's theory
of second order phase transitions, accurate X-ray data and
the pressure dependence of the transition temperature.
Full equations of state for quartz are given up to 1500 K
and 4000 MPa. The phase diagram is also calculated.

From analysis of the phasée equilibria in the Mg0-Si0O»
system and the enthalpy of vitrification of MgSilO3, the
enthalpies of fusion of enstatite and forsterite were
refined. The final best values for the heats of fusion
were 48.8 t 4 kJ/mole and 92.9 % 12 kJ/mole respectively.
Also phase diagrams are calculated at 0.1 and 1000 MPa
using Redlich-Kister coefficients.

Methods of dealing with three, four, and five
component systems are developed using Redlich-Kister
equations.  Portions of the phase diagrams for the Mg0-Si0p-
A101.5 ternary and the FeO-Fe0j1,65-Ca0-Si02-A101 5 system
are calculated.




INTRODUCTION

In order to calculate a muﬂt{component phase diagram,
one must to be able to‘ca1cu1ate equilibrium constants for
all the reactions between the various phases pregent. For
the MgO-SiOz-A1203 ternary system the one component |
systems are pure Mg0, Si0, and A101.5. The additional
‘pure stoichiometric solids Mg,Si0,, MgSi0y, MgAl,0, and
A]GSiZO13 are élso formed in this phase diagram.

In a one component phase diagram, volume, temperature
and'preésure can be modelled by fitting the volume data to
a power series in both temperature and presgu}e. The
computer program we are using can handle up to thirty-five
of these terms, so that the éa]cu]ated volumes are
accurate over a wide range of temperatures and pressures.
Once the‘coefficients for these polynomial terms are
calculated the yolume contour Tlines. for the 1ndiv1dué1
species can be determﬁneﬁﬂ The representation of volume
as a function of temperature and pressufe is knoWn és the
equation of state for a pure.materia1.

'The heat capacity, CP’ at constant pregsure can be
fit to é power series of the form
o)3
+ ... ' (1)

B} 2 i
Cp = A+ B(T - Tg) + C(T - TS+ D(T - T




2
where A, B, C and D are constants, T is the temperature
and T  1is a standard témperature of 1000 K or 298.15 K.
Tﬁe derivative of the heat capacity with réspect to
pressure is b

VT(d /dT) ) - TalV

(dCP/dP)f

-T(d%u/dT?), C(2)
where o the thermal expansion coefficient is 1/V(dV/dT)
Therefore, the heat capacity can be calculated at various
pressures from the. volume po]ynomia]Sndescribed earlier.
The temperature and preséure dependence of'the.
enthalpy of a substance is related to the heat capacity

and the volume through the equation

dH = (dH/dT),dT + (dH/dP) dP | . (3)
which becomes .'
dH = CodT + (V - TaV)dp (4)

P
respectively. Thus, with a value for the enthalpy at a

particular temberature and pressure reférenced from the
heats of formation from the elements at 298.15 K and the
volume polynomial-one can calculate the enthalpy at any
temperature and pressure. We have choosen‘iOOO K and .1
MPa. as-our standard temperature and pressure.

The equilibrium constant is related to‘the sfandard
Gibbs free energies of the components invqfved in the
equilibria through the equation '

26O = -RTIn(Kq). | (5)
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Since AG = AH - TAS, the equilibrium constant can also be
expressed by the equation
Ky = exp(-AG°/RT) = exp(-AH°/RT) exp(AS°®/R) (6)

or converting to base 10 and using J/mole yields

(- 1ol-AH°/19.14464 T) | (AS°/19.14464)

T ' (7)
However in the literature, free energy is often tabulated
in the form of Planck's function, Y. Planck's functién
includes the temperafure dependenée of both the enthalpy
and the entropy and is defined as

Yo = (G°7 = Hopgq 15)/T } (8)
The pressure dependence of Plancks function is determined
from the heat capacities pressure dependence. Thus the
equation for the equilibrium constant can be writfen

K =.'10(—AH°298.15/19.14464T) 10(AYT/19.14464)- - (9)

With the information descrjbedAabove gathered aﬁd
jncorporated into the computer, the prépgrties of any
compound at any temperathe and pressure for which the

equations are accurate can be calculated.

The.Redlich-Kister.Equations

In order to déscribe,a two component phase diagram,
one must model the thermodynamic pkoberties as a function
of mole fraction (x). There are a variety of methods of
modelling phase diagrams in teﬁms of chemical equilibria

1,2,3

using known equilibrium constants. Also sublattice
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mbde1s have been proposed and used sucessfully for

4,5,6,7 However, it is difficult to do

spinels.
'calcu1ations of phase equilibria when various types of
equations are being used. Therefore it is an advantage to
use power series:of a standard form, which are ab]e.to fit
the most complex systems.
The quantities that have to be mode]]ed in a two

component system are the partial molal quantities of both
components and the excess quantity. The partial molal

quantity and the excess.quantity are defined through the

following equations

Qy = (dQ/dny)p, 1 op
Q = nLQi + n2Q§.+ (ni + nz)Qe , ' (1)

(10)

where 51 is the partial molal quantity of component 1, Q
is the thermodynamic quantity, Q° is the thermoﬁynamic
quantity of the pure substance, and Qe js the excess molal
qﬁantity. Any power series reprgsentation of a two
component system must satisfy certain conditions. A§
the mole fraction bf a particular componeﬁt, Xi’
approaches 1 the partial molal quantity, 51, approaches
the value of the molal quantity of the pure substance
Q°. Also, the excess quantity, Qe, must épprbach zero.

| The earliest proposed set of power series equations
is that ﬁroposed.by Margu1e58'in 1895. The Margu]es‘

equations are

T =TT o ™

N il bt




N '5’ N
)

51 - Q3 = (1 - Xl)Z(Al + Byxy + Cyxy
e D1X13 + o9 L) o '
~ o . . 2 2 3
QZ - Q2 = Xy (A2 + Ble + sz1 + sz1 + .. .) (12)
o w2 .0, 3 '
= Xlxz(Ae + Bex1 + Cexl + Dex1' + . . .).

These equations satisfy the above conditions, however,
each equation has a different set of coefficients, .and the
mole fraction termé within an equation are not orthogonal.
Two terms are orthogano1 if the integral of the product of
the terms over all space is zero. If the mole fraction
terms afe orthogonal, then the four term series would have
the same first three coefficients as the coefficients in a
three term series. ,

Bale and Pthong’lq'have proposed the following

set of equations to model the thermodynamic quantities

- Qy - Qi = (1*x1)‘ 150 aiPi(xi)
- 2 n ‘ | '
QZ - Q5 = x4 ifo bipi(xi) _ - (13).
e _ 5
Q = XX 2 g P (xy)

where Pi(xi) are the -standard Legendre polynomials. These
poTynomiaTs are completely orthogonal; however, they still
have d%fferent coefficients for the mole fréction terms in
each equation. |

11,12

0. Redlich and A. T. Kister in 1948 proposed

the following set of power series equations
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01 - QT =‘x22fA + B(er - 1) + C(6x'1 - 1)(2x1 -%) |

T+ D(8x_1 - 1)(2x1 —rl)z + 0. ] - (14)
T, - Q3 = x,2[A + B(4x; = 1) + C(6x; - 5)(2x; - 1)

£ D(8xy - Th(2xy - DE L] (15)
Q® - xxp[A + B(2x; - 1) + Cl2x; - 1)

FD(2x, - 13+ ... (16)

1
These equations are not completely orthogonal, however,

the same coefficients A, B, and C appear in all three
equations.

The reason the coefficients are the same is that the
mole fraction terms for GL -.Qi‘and 52 - QE are derived
from the excess.part1a1.mo1a1 quantity‘Qe. From the
definition of the partial molal quantity and the
expréssion for the thermodynamic quantity given in

equations .10 and 11 the following relationship can be

found .

61 = Qf + Q€ * (n1 + n2)(dQe/dn15n2’T’P. (17)
Since ' 4 ' |

e _ (an€ ‘

(dQ /dnl)n2 = (dQ /d__xl)nz(dxl/dnl)n2 (18)

and ' |
dx/dng = xp/(ng # np) (19

the equation

q, - 05 = 0%+ x,d0%/dx, (20)

can be written. Therefore, the derivative of the excess

quantity with respect to Xy, multiplied by Xos plus the




_ 7
excess quantity fqr‘each Redlich-Kister term yields the
Red1ich-Kister equation for the partial molal quantify.

For example, the excess quantity for the D term is

08 = x, (1 - x)0(2x, = 1)° ' (21)
so that ' ‘
QS + xz(dQe/dxl) = sz[(l - 2x1)(2x1 - 1)3

v 3(2x, - D%2(xy - x;2)] (22)

and
3

-+

Qg xz(dQe/dxl) = Dxpl (1 - 2xy)(2xy = 1)
L - DAy - x D)
+ D[(x1 - xlz)(ZxI - 1)3] (23)

+ 6{(2x

This simplifies to
e ' e Cnioy  112ray 2 3
Qp f xz(dQ /dxl) = D(2x1 -1) [3x1 - 2xy7 - Xy
2 . .
| + 10X %, = 10x,%%, - %2] (24)
Then using the re1at1‘on'x1 t Xy = 1, the equation can

be rearranged to give

Q8+ x,(dQ®/dx) = x,°D(8x} - 1)(2x - 1)2, (25)

The.Two.Component Phase.Diagram

To calculate a two component phase diagram one musf
_be ab1e'to ca]cu]afe the éctivjty,at any composition over
the temperatﬁﬁe rénge of interest. Redlich-Kister
coefficients for the logarithm of the activity
coefficient, logy , can provide information aboﬁt the

activity's dependence on composition through the equation




a = YX ‘ ' ‘ ' (26)
where a is the activity and Y is the activity'coefficient.
At other temperatures the 1ogarithm.of the activity
coefficient can be calculated from the equation )

dlogy/d(1/T) = (F; - H$)/19.14464. | (27)
This equation is derived from the Gibbs—Hefmho1tz,-
relationship. Thereforé, if accurate enthalpy and heat
capacity data as a function of temperature and composition
are available, the Redlich-Kister coefficients for logy .
can easily be calculated.

The phase diagram lines represent the point at which
different speciés are in equilibrium. Therefore, if
thermodynamic data are available for each of the species
involved in a particular equiiibrium, the equilibrium
constant éan be ca]cu]atéd for that reaction. The
equilibrium constant can also be calculated from ‘the
activities of each species involved in the equilibria
raised to the appropriate stochiometric power. Thus, the
mole fractioq~at which equilibrium exists can be
calculated for a particular température.

For example, suppose one is calculating the
equilibrium curve for the melting of a solid into two
liquid Species.. The equation for this reaction might be

YoZlisy = 21y * Z(1) | (28)

The equilibrium constant for this reaction can easily be
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calculated from AH® at 298.15 K and the Planck function
for each of the‘species at the temperature of interest

using the following equation:

Keq = 1o(-BH/19. 14464T) (Y 1/19.14464),

The equilibrium constant can also be calculated from the

(29)

activities of each speciés by the equation:

2
Keq = (aYaZ)/(aYZZ). (30)

However, the activity of the solid is normally equal to
one so thét this equation becomes
A '
Keq = ayag. (31)
Substitution of the Redlich-Kister coefficients for 1og/
into this equation, we get

_ 2 (2109 Yy) (log Y7)
Keq = Xy Xy 10 10 (32)

which becomes:

102(xz)2[A + B(4xy - 1) + . . .j

(xy)2[A + B(axy - 3) + . . .1 (33

'.Keq = XY

X7 10
With this equation the mole fraction at which the
equilibrium point lies for a particular temperature can be
calculated by a minimization process. By repeating this

calculation at various temperatures the equilibrium curve

“can eventually be drawn.

Extended.Red]ich—Kister.Notation

In describing phase diagrams of three or more

combonents, R. A. Howald and I. E11ezer13’14’15
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developed an extended Redlich-Kister notation which
descfibes the mole fraction term for a particular
coefficient. The coefficients through .the sevenfh power,

F, are shown in Table | for a three component system.

.Table 1. The Redlich-Kister coefficients for a three
component system through seventh power in mole fraction.

23

12 13
B B, . B B2
12 13 23 123
a b
Cio Ci3 Coz . Cyo3 Ci23
a b c
Dyy Dy3 D23 D23 Dis3-  Dyzs3
: a b~ c d
F12 B3 Eo3 Ei23 Eyo3 © Eyo3 Eio3

The first three columns 5n Table 1 fepreéent the
binary térms for the-three'binary subﬁystems present in_
the ternary. For the excess quéntities the mole fraction
terms multiplied by the Red]igh—Kister coefficient are
AyoXyXys E13x1x3(x1 - x3)4, F23x2x3(x2 - x3)5,etc. The
coefficients left over are the three component terms. The
number of superscripts on these terms is always two Hess
than the number of subscripts. The minumum number of
subscripts allowed for a letter 1s,two. This can only

occur with binary terms. The maximum a11owab1e number of
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.subscripts is equal to one hore than the Tetter's position
in the alphabet. However, the actual number of subscripts
—is equal to the number of components in the system. For
éxamp1e, the ﬁaximum number of subscripts for E is six;
however, in a térnary.system this is Timited to three
subscripts. |
Table 2 is useful in correlating coefficients and

superécripts with their appropriate powers. The f{rst
mole fraction terms.ére indicated by the subscripts. For
example E?23 is a sixth power term in mole fraction.

This is because E is the fifth letter in the -alphabet. 1In
all cases one géts the power by addiné one to the number
representing position in the alphabet. The first three
mole fractiqn terms are X X,Xq corresponding to each of
the subscripts. The next mole fraction term is ca]cu]gted‘
from (V - x1.)m where m is equal to the nUMbervof the
capital Tetter which is six for E, minus the number of
subscripts, minus the number for each superscript. Thus
in this casem =6 - 3 - 1 = 2. Vs the sum of each of“
the first mole fraction terms in this case V ='x1 + Xop *
Xg5 and i is the first subscript. There is also a term "
associated with each superscript; n is the correépondihg
number associated with the superscript in the above
scheme. Z is defined as (x. - Xk), where j is the second

J
subscript from the left and k is the. subscript correlated

— ryp— T ———— lat T T
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with the superscript. The superscript is.corke1ated with
the subscriﬁt ofvthe Redlich-Kister coefficient from the
right. For example, the term E§234 has (aj correlated |
with 4 and (c) is correlated with 3. Thus for E?23 the

complete term is

b _ 2 .
- ErpaXxprglV - xq) g oxg)
which is
b 2 1
Elo3X XpXglxy + x3)7 (x5 -x3)

This notation can also be used for higher component

diagrams. For example:
bb
Elo34%X1Xox3xg(xy = %g) (x5 -x3)
b _
CoaiXeXaXyixg = xq)
and
Dba XaXeXa(Xs - Xg)
3254%3%2%5X g\ %y 5/ -

Table 2. Redlich-Kister coefficients and their subscripts
correlated with their. corresponding powers

—_
.

A B C D E F G
0 1 2 3 4 5 6 7 8
a b- C d e f h

(Vo g g

The.Higher.Component.Systems

For a three component system that includes mole

fraction terms up to the seventh power, that is F, there

must be at least fifteen terms present. There are also

twenty of the four component terms for the excess
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quantity. These terms are presented in Table 3, in the
order that they are enteréd into the computer program.

Howevér, the excess quantity is not enough.
Expressions for the partial molal quantities are also
needed. This cén be accomp1ishea as in the two component
case by taking fhe derivative of the excess terms with
respect to n, the number of mo]es;

Table 3. The three and four component Redlich-Kister
coefficients -

THE. THREE.COMPONENT. TERMS

a a b a b C
Bi23 C123 C123 Di23 Di23 D23
_a b ¢ d a b
Eioz3 - Eyo3 E{23 E123 Fi23 Fi23

C ~d _ e
Fi23 Fi23 Fi23

THE.FOUR.COMPONENT. TERMS

aa aa ab ba aa ab
Ci23s  Diz34  Dizza Dizasa Eizzs Eyosg

ba ac bb ' ca aa “-ab .
Eyo3a  Eizzs  Eipas Eizza Fiaza- Fioag
ba T gac bb ca ad bc
Fizaa  Fizaa  Fizza Fizss Fiezs Frasg

Fcb da

1234 . 1234
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THE ONE COMPONENT PHASES

Equations of State for Magnesium Oxide

The volume as a function of témperature of Mg0 is

well known at temperatures up to 1700 K, and the .volumes

tabulated by Tou]oukianls'are easily fit by a quartic ﬁn

(T - 1000 K):
V = 11.5643 [1 + .434332 x 10°%(T - 1000)

+ 567479 x-10°8 (T - 1000)2

-12 3

- .502119 x 10 (T - 1000)~

+7.821952 x 10-15 (T - 1000)%7. (34)
" Figure 1 shows values of the thermal expansion

coefficient, ®, calculated from this polynomial, the

10 and the volume

polynomial from Howald, Moe and Roy.25

tabulated volumes by Touloukian,
It is clear that
the volume dependence upon temperature from Howald, et
a].zs has_been given excess curvature by tHe 1eastjsquares
procedure. The straight line between 300 and 1700.K is
.given by the equation

& = 0.0000435 + 1.0 x 1078 (T - 1000). (35)
The volumes from the thermal exbansion equation.and the
volume polynomial in‘temperature agrée wfthin t ,001

17,18,19,20

cm3/mo1e. The Tow temperature data cited by




a (K)

u 0 500 1000 1500 ~uuu
Figure 1. The coefficient of thermal expansion of MgO. The S shaped line
with alternating long and short dashes represents the values used in
ref.25. The straight dashed line is .0000435+1.0x10 "°(T-1000).The solid
line shows the values selected in this work . Above 300K the solid Iline is
that calculated from ref. 16,17, and 20.
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16 .Ytends down to 4 K so that it is possible

Touloukian
to sketch a reasonable curve between 400 and 0 K. The
solid iine jn this region of Figure ! gives volumes at 0
and 100 K of 11.1996ﬂénd 11.2016 cm3/mo1e respectively.

However, {t is also extremely impoftant to have
accurate data on the compressibility of Mg0 as a function
of temperature and pressure. The Murnaghan logarithmic
equation of state21’22'has been widely used22:23,24,25 44 -
express the pressure dependence of the bulk modu1us (K).
The equatioh is |

K=K, + NP | _ (36)
where K is the bulk modulus at a standard‘pressuré, N is
a constant and P is the pressure; This equation- is l
- accurate and is easily extrapolated to high pressures, sd
that with a few measurémenté'of K at various pressures a
value for N can be determined.

. There have been various expfessioné.for the

temperature dependence of the bulk modulus. Equations

such as
Kot = Koo - CT - | (37)
where, Koo is the bulk modulus at a standard temperature

24,25 and deri&ed'

and pressure,have been used empirically
. - . 26,27,28 ' .

theoretically; ™’ however, they are probably too

simple. For example, the values for dK/dT obtained for

MgO by Spetz]er24 are 27.2 to 30.1 MPa/K. Thesé'va1ues
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are inconsistent with the value calculated frém Swalin's
equation26

dk/dT = 2v%C,/V = 20.7 MPa/K (38)
where K. is the adiabatic bulk moduius and is the
Gruneisen parameter. The Gruneisen parameter is

Y = aV/KC (39)

V"
The difference between the adiabatic bulk modu]ué, Ks’ and
the isothermal bulk modulus KT cannot account .for this
discfepancy. '

Howald, Moe and Roy25

"have used the Murnaghan
logarithmic equation of state

Vo= v n o+ nesk )TN, ' (40)
but a constant value of N results in nega;ive coefficients
of thermal expansion af high temperaturés and pressures.
They solved this problem by including a temperature'
| dependence for. N for Mg0, AlOl‘.5 and MgA1204. However,
the temperature dependence .of N in the exponent greatly
complicates obtaining deriVat{ves. Also, increasing K to
a value large enough to avoid negative values is

24 measurements. Also, using

inconsistent wjth Spetzler's
a positive value for dN/dT is not satisfactory, as the
following derivation showg. The equation.

do/dp = (dK/dT)/K o (41)

can be easily derived from

d2y/dTdp = d2v/dpdT | (42)
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and the definitions of & and K,

o

(V) (dv/dT), (43)
and

K

1/8 = -V(dP/dV). | (44)
If the Murnaghan 1ogar1thmfc equatioh of state 1is used;
the expression for the pressure dependence of thé
coefficient of thermal expansion beéomeé‘by substitution,

da/dP = [(dKO/dT) +'P(d‘N/dT)]/.(KO + NP)Z; (45)
The term dKO/dT is neéative ahd at low pressures is |
dominant, so that da/dP is négative at low pressures as is
expected. If dN/dT %s positive then af higher pressures
da/dP become$'1ess negat{ve, as it should be. However,
with dN/dT being positive, there is some finite pressure
at which da/dP becomés positive. This can not happen,
because as P abproaches infinity the volume and the
coefficient of thermal exbansion must approach-zero. This
can be derived assuming that the nearest neighbor forces
for any interatomic-potential do ﬁot:become 1nfin1te‘§t a
éeparation_greater than zero.

It is entirely possible that tﬁe Murnaghan
logarithmic equation of gfate is only ya1id over a'finite
temperature range. However, any correcf high pressure
equation of state must give volumes equal to zero as P

approaches infinity, and must represent a mathematical .

form for the repulsive terms of the interatomic
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potentials. Therefore_any high pressure gquation of state
should be somewhat consistent with the Murnaghan
1ogafithmic equafion of state. . Thus, we were led to
consider the Murnaghaq’1ogarithmic equation of state as
being valid to high pressures.

Spetzler's experimental measurements24 indicate that
dN/dT is zero. If this is cﬁrrect_then the pressure |
dependence of the thermal ekpansioh coefficient becomes,

da/dp = (dK /dT)/(K, + NPY2. (46)
This can be integrated to give _

o = -(dK /dT)/N(K, + NP). (47)
Thus, both o and Bapproach zero linearly in 1/(K +-NP) as
the pressure approaches infinity. |

Rearranging_and integrating thi; eduation for a, we
obtain

T

. o] .
where T0 js a standard temperature at which the low

Koo o= K (vy nmt (48)

pressure bulk modulus is K .
. - 0Tg
While there are usually sufficient data to evaluate V
‘and o at h{gh temperatues, thefe is very little data for
the evaluation of the bulk modulus at thése high
temperatures. Therefore, if this equation-is at all
correct, it will be extremely useful.

24,17,18,19,20

'There is good agreement on the value of

K, = 160100 MPa for Mg0 at 298.15 K. We first used
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24

Spetzler's value of N = 3.9; howevef, this‘gives values

of dK_/dT of about -15 MPa/K. This is definitely not

‘steep enough to'match'either Spetz]er's24 or Soga and

Anderson'529 data. Anderson's 1968 review30 gives

N = 4.50 and 4.58 for single crystal and po1ycry§ta11ine
MgO respectively. We. finally chose a value of N = 4.57 _
for our calculations, which is taken from Carter,et a1.,31
and is consistent with other measurements.

With values of N and Ko,298.15 chosen, we can_
calculate K0 at any temperature from the relationship

N o ,

(VTO/VT) . : ) (49)

K K

oT ~ 0Ty _
Most experimental methods give the adiabatic bulk modulus

instead of the isothermal bulk modulus, but this can

easily be corrected through the equétion

kg = K/(1 = aPVKT/Cp). o (50)

'This equation gives Kg = 163062 and 150082 MPa at 300 and
1000 K respectively. For temperatures below 300 K, values

for o were determined from the curve shown in Figure 1,

32

and CP values were taken from the JANAF tables and the

~ Barron paper33 to get K = Ks = 163137 MPa at 0 K. The

full set of calculated Ks.va1ues is plotted jn'Figure'Z.

The ca]éu]ated.curye js in excellent agreement with the

24

300 and 800 K values of Spetzler and the 296 value of

34

Anderson and Andreatch. Anderson and Andreatch's

34 29

value at 77 K.anq all the values of Soga and Anderson
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170000

160000

150000

140000

Figure 2. The isoentropic bulk modulus for MgO. The solid
line is calculated from the theory presented here. The
experimental values are from Spetzler, black circles; Soga
and Anderson, open circles; and from Anderson and

Andreatch, diamonds.
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are about 1% higher that the calculated curve, but this is
w?thin‘the exberimenta] errof. Therefore, the data for
Mg0 are in full agreement with the predictions assuming
the validity of the Murnaghan logarithmic equation of
state to high pressures with a constant value of N - 4.57.
Table 4 provides ca]cu]atéd molar volumes at various

pressures for Mg0 for comparison with the calculated

25

volumes of Howald, et al. The values at 0.1 and 900 MPa

agree with Howald, et 41.2% within £ 0.01 cm°/mole. At
30,000 MPa our values are 0.05-to 0.06 cm3/mo1e larger.

This is due to the 1argef value of N that we are using.

Table 4. Calculated molar volumes for MgO0

P,MPa
T.K .01 9000 15000 30000
300 11.2464 10.6974 10.4025 9.8223
650 11.3956 10.8094 © 10.4980 9.8912

1000 11.5643 10.9341 10.6035  9.9665

Once these calculations using the Murnaghan
logarithmic equation of state are done ‘it is afsimp1e
matter to calculate the volume polynomial's dependence.on
pressure. The completed volume polynomials fpr MgO(c) and

Mg0(1) are given in Table 5, along with the heat capacity
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The equat1ons of state, heat capacity equations

and selected thermodynam1c properties of Mg0 (c) and

Mg0 (1)

MgO (S) VOLUME POLYNOMIAL

11.56431

-7.096668E-6
1.402579E-10
-3.36068E-15
8.593206E-20
-2.00574E-24
2.819661E-29

MgO (LIQUID) VOLUME POLYNOMIAL

4.3773181E-5
-1.728388E-9
6.210500E 14
-2.15203E-18
7.114327E-23
-1.96492E-27

3.033287E-32

5.6747946E-9

-3.96682E-13
2.043779E-17

-9.20887E-22
3.704788E-26

-1.16729E-30
1.941636E-35

-5.02119E-13

-4.12045E-17
4.563120E-21

-2.99147E-25
1.538755E-29

-5.66303E-34
1.027253E-38

-502119E-12

8.219519E-16

-3.69883E-20
2.019368E-24
-1.16580E-28
6.128646E-33
-2.35995E-37
4.424865E-42

13.993 .437732E-04 .567479E-08 .821952E-15
-.709667E-05 -172839E-08 -396682E-12 -.412045E-16 -.369883E-19
.140258E-09 .621050E-13 .204378E-16 456312E-20 .201937E-23
-.336068E-14 -215203E-17 -.920887E-21 -200147E-24 -.116580E-27
.859321E-19 711433E-22 .370479E-25 .153875E-28 .612865E-32
-.200574E-23 -.196492E-26 -116720E-29 . -.566303E-33 -.235095E-36

..281966E-28 .303329E-31 .194164E-34 .102725E-37 .000000E+00 .
HEAT CAPACITY Cp
A2 B c . D E
MgO (S) . :

51.0041 .00310468 -5.56218E-07 2.747330E-10  -1.26513E+06
MgO (L) . . :

53.6488 .0032598 -5.84029E-07 2.884697E-10  -1.32830E+06
THERMODYNAMIC Y409 H{000 -Hags Hogg Sogs Vio000
PROPERTIES JmoL™! JmoL ! JmoL! JmoLlkt oM
MgO (S) 49.27 -3.2074E+4 -6.01490E+5 26.94 11.248
MgO (L) 63.10023  34623. -551278.3 3s. 11.81

" @ THE HEAT CAPACITY EQUATIONS ARE GIVEN BY Cp =A +Bx102(T-1 000) +C
x10-6(T-1000) + Dx10"8(T-1000) + E x107(T2-10° )

T T =TT
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équations and selected thermodynamic values. The heat
capacity equation for MgO(c) and the.AHqu are taken from

Howald, et al.2?

The AH . 1s 57.65 KJ/mole. Thus the
solid is fully described and can be used to calculate
equilibrium constants for any reaction in which it is
involved. |

For Mg0 liquid there are few measurements of volume
or heat capacity. From the volume and heat‘capacity'
changes in the fusion of the alkali halides we have
estimated the volume and the heat capacity 9? the Tiquid
to be 21% and 5% greater‘than that of the solid.

In order to compare the equations of state considered
here with other proposed equations, wé have calculated
Gruneisen, .

Y = KV/Cy, ' (51)
énd fhe Anderson-Gruneisen,

8 = (dK/dP)p - L, | (52)
parameters for Mg0 over a wiae range of temperatures and
pre;Sures. These parameters show a 5ma11 but ﬁot
negligible dependence upon both the pressure and
temperature. The results of Yy are shown as contour- lines
in Figure 3. - Figure 4 shows that the values of the
Gruneisen parameter for Mg0 calculated from our'eqyation

of state are approximately consistent with the cbmmonly

assumed form




10000.

5000

1000 1500
TEMPERATURE, K

Figure 3. Contour lines for the Gruniesn parameter, y, for MO on a
P-T field. The contour interval is 0.01, except that at high
temperatures dotted lines at 0.02 intervals are also shown.
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VOLUME ,cm mol

Figure 4. Gruneisen parameters, y, for MO
plotted versus volume for the three pressures
0.01, 5000, and 10000 MPa. The circles represent
calculated values at 300, 400, and 600 K. The
dotted line is for Y =0.12652 vI-0059.
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y = ¢cv" (53)
With n = 1.0059 and C = 0.12652 but only at points above
600 K.

The Anderson-Gruneisen parameter, , is not plotted
since there is a related quantity,

= (-1/aK) (dK/dT) (54)

6T p>
which reduces to GT = N using

o = -(dK/dT)p/NK. | (55)
Thus the equations‘of'state we have~probosed here are
equivalent to choosing a constant value for GT‘

Anderson35’36’37f38,39

has considered the
- approximation of aK = constant as an alternative to Y =
constant. Our equations give | |

K = -(1/N)(dK /dT) i (56)
which is fully independent of preseure. As Anderson
recognizes oK cannot be fully independent of temperatnre,
because @ approacnes zero at 0 K as shown in Figure 1.
The quantity (dKO/dT) is appreximéte]y independent of
temperature'on1y above some minimum temperature. Our

)N

equation- K, g = KoTo(VTo/VT will give reasonabIe

values for K  at any temperature for which low pressure

thermal expansion data are available. This approximation

would be better than assuming dKo/dT is cqnsfant.
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Equations of State for Silicon Dioxide

There are several known phases of silicon dioxide;
these ‘are alpha quartz, Eeta quartz, coesﬁfe,
cristobéTite,.tridymite,.stishovite and liquid. One of
the problems with the Si0, phase diagram is the alpha
quartz to beta quartz phasevtransition. There are various
values.for the enthalpy change betWeen alpha quartz at-
298.15 and beta quartz at 1000 K in thé Titerature, as
shown in Table 6. The two standard compilations are.the

JANAF (Stull andﬂP"rophet)32

40

and Bulletin 1452, Robie, -et
al. There_is a 380 J/mole differencé.in these two
compilations, and a Qifference of 200 J/mole is
significant in calculating the varioﬁs equilibria in the
Si0, phase diagram as shown in Table 7. Thus, it is
impdrtant to have a well defined enthaipy of transftion
for the alpha quartz to beta quartz transitioh. |
The_380 J/mole difference between the tabulated

32 and Robie et, a1.40

values of Stull and Prophet is due
primarily to the difference between differential thermaT
analysis and drop ca]orimetry, as shown by Richet, et
a1.41 ‘The differential thermal analysis-is rather poor,
due to thé fact that equilibrium for the alpha to beta
quartz transition requires a 1on§ period of time, and
small changes in temperature have a large effect on the

heat capacity .of alpha quartz.
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Table 6. Values reported for the éntha]py change between
aJpha quartz at 298.15 K and beta quartz at 1000 K.

45689.3 Compilation Robie, et al., 1968
45689.3 Compilation Kelly, 1960

45617.0 Exp. D. C. ~ Richet, et al., 1982
45579, Compilation Richet, et al., 1982
45452. Compilation : *

454443 Compilation this work

45358.7 Compilation - Barin and Knacke, 1973
45056.2 Exp Cp Moser, 1936

44967. ' Compilation Robie, et al. 1969

44826.9 Exp DTA Ghiorso, et al. 1979

*calculation using values for Si02 glass and of (Kracek, et
al., 1953), (Richet et al., 1982) and (Navrotsky, et al.,
1980)

Table 7. Calculated equilibrium constants for the
hypothetical reaction between the two equations of state
for Beta Quartz; Robie, et al. and ours.

'(5102, our = $i0,, Robie, et al.)

T (K) Keq
844 . .9890
800 .9928
900 - .9849
1000 .9787
1100 - .9736
1200 .9694
1300 ' .9658
1400 | .9627
1500 .9598
1600 | .9568 .

1700 : .9538
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The Alpha Quartz to Beta
Quartz Transition

The alpha(o) quartz to beta(B) quartz transition was

Az It has an

first discovered in 1889 by Le Chatelier.
order-disorder lambda transition about 746 K and-0.1 MPa.
_The alpha quartz crystal structure has a threefold screw
axis43’44 in which the ridged tetrahedra are tilted either
to the left of the f%ghf. The two structures coexist and
are known as Dauphine twin domains. - The structure of beta
quartz is a sixfold screw axis, that corresponds ‘to an
average of the two Dauphine twin domains .in alpha quartz.
Grimmm and Dorner44 (1975) and Liebéu and Bohm43 (1982)
have extensively discussed the motion involved aﬁd thé
domains formed. |

There is also evidénce for the existence of an
incommensurate phase45’46’47’48’49’50’51’52‘1 to 2 K
above the alpha quartz to beta quaftz transition at 846 K.
However, since the temperature range in which this
incommensurate phase is stable is small, its effect on the.
phase equilibria is negligible compared to the error in |
these qa]cu]atﬁons. Therefore for: our purposes, this
phése can be ignored. There has been some discussion in
- the literature on whether the alpha quartz to beta quartz

transition is a first order or second order lambda

transition. A high heat capacity with drops over a small
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temperature range is indicative of a lambda transition.
Thefa1pha to béta quartz ﬁransifion has such a heat
capacity near 846 K at low pressures (Figure 5), and also
along a line of increasing temperature with ﬁncreésing
pressure. Also the vq]dme change upbn transition
approaches zero as the alpha to beta quartz transition
temperature is approached, as shown in Figure 6. Howevef,
the alpha to beta quartz transition éan'sti]] be o
modelled as first order, which Richet et a1.41‘have done.
Our results modelling thjé transitibn as a lambda
transition agree well with Richef's41 results.

In a normal first order phase transition the entha]ﬁy
of transition'can be obtained from the volume change of
the transition and the pressure dependence of the
equilibrium curve, this equation is . .

dP/dT = AH/TAV = AS/AV. - (57)
HoweVer, fn a lambda transition the AV and fhe AH of
transition are zero, and §he heat capacity is very large,
possibiy approaching infinity. Therefore the above
-equation is 1ndeterminate;

Since the change‘in entropy and volume . upon
trangition are zero, the‘entrdpy and vo lume can:be treated
as an exact differential. By setting Sy = Sg and Vo = Vg,
analogous equations to the Clapeyron equation can be

derived. These equations are
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Figure 5. Heat capacity, Cp, for alpha quartz near the lambda
temperature. The solid line represents our calculated values, The
experimental points of Moser and Sinellnikov are shown as open
and filled circles respectively.
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Figure 6. Cell demensions for alpha and beta quartz versus
temperature. Our calculated fits to the values of Ackerman
and Sorrel, filled circles, are shown as solid lines.
Older experimental values of Jay,(1939) and Berger et
al.(1966) are shown as open circles.
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(dT/dP)

(VT (B0/AC,) 0 (58)
and '

(dT/dP) -

-AB/Aa. ‘ : o - (59)
where Vg -and SB'are the volume and entropy of beta qﬁartz,
V, and 5 are the volume and entropy of alpha quartz
respectively, T is the temperature, a js the coefficient
of thermal expansion (L/V)(dV}dT)P, g is the
compressibility (1/V)(dV/dP);, and C, is the heat
capacity. However, since a,.B and CP are increasing
rapid]y as the transition temperature is approached, see
Figures 5 and 6, it is very difficult to get accurate
measu}ements 6f Ao, AB and ACp.

53 in 1956 devised é theory to treat a lambda

Pippard
transition accurately. The Pippard theory treats the
surface below the lambda trans{tion temperature as‘a
cylindrical surface. Thus the equations he uses are

S =5, +bT + £1(T/r.- P) (60)
and | |

Vo=V, +al+ f(T/r -P) “ (61)
where r is the equilibrium slope (dT/dP) . We are using
the equivalent expressioné, -

S + 1/r  £(8) | | (62)

1]

o SB
and

Vo

VB + r/ro f(B). o ' - (63)

_where, r_ s the equilibrium slope at 0.1 MPa, Sqand Sg
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are the entropies of alpha quartz and beta quartz
respectively, V, and Vg are the volumes of alpha quartz
land beta quartz respective]y and 6 = T,-- T, that is, the
amount the temperature is below the iambda transition |
temperatufe, Ty

The equilibrium slope (dT/dP)yhas been well studied.
The initial slope is 0.265 K/MPa as measured by Cohen,

54 Above 1500 MPa the slope is

Klement, and Adams.
0.2272 K/MPa and the equilibrium Tine is straight. So
that if the volume and %(eo are determined for the |
transition then the entrOpy can be calculated. Equations
like the Pippard Equation'haye’beén applied'to the alpha
quartz to beta quartz transition by varibus

55’56’57 The Pippard relations are used by

47,43 and Bachheimer and Do1_1’no,46

peoplie.
Dolino, et al. while
they call the transiton first order. The main problem
with these approachés js the experimental data they used.
The Sine]m’kov58 heat éapacity data are a distinct

5 .
9 However, one cannot

improvement over Moser's 1936 data.
expect to find good heat,cgpacity meaéurements for small
temperature intérvals in a region where long time periods,
20 minutes or more, are required for'equi1ibrjum at each
temperature. Fortunately, volume measurements are simpler

and require only one equilibration pé? data point.

Ackerman and Sorre150 have made accurate X-ray
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measurements on powdered quartz, obtaining the cell

dimensions of both alpha and beta quartz as shown in

Figure 6.

Beta quartz is hexagonal so that the volume can be
referenced to the two edges of the unit cell, a and c.
These dimensions of beta quartz can easily be fit by a
quardratic equation in 8 = T, - T. We calculated these

equations for (a) and (é) to be

a = 4.9978 + 0.30765 x 10 % | (64)
and
¢ = 5.4608129 + 0.264750 x 10”78
+ 0.822328 x 107782, (65)

The cell dimensions‘of both tHese equations are in
angstroms. Both (a) and (c) for beta quartz increase with'
decreasing temperature, and the temperature dependence of
each is small. Therefore, extrapolating to 150 K below
the 1ambda tfansition should introduce little error in the
volume of beta quartz, Figure 6. Most of the error in the
volume is from the extrapolation of the cell dimension
(c). The error in (c) should be well within & 0.005
angstroms,‘even out to 150.K below the 1ambda point. This
results in an error of £ 0.0217'cm3/mo1é.

-The'unit cell dimensions of a]pha quartz increase

very rapidly with increasing temperature, as the lambda

- transition point is approached. Thus, a simple power




.37

series in 6 = TA -T will not work We decided to use a

power series with the 1ead1ng term in 6(1”A), where (1-A)

lies between zero and one. There are enough theories for

lambda transitions (Bragg and Williams61

62,63

1934, through a

series of developments, up to renormalization group

64 65)

theory by Kandanoff et al., and Levey et al., to
justify almost any choice of power.from 0.20 through
0.875, even up to 0.95; however the simplest énd easiest
power to use is 0.5. Thus (ag - aa)2 and (CB - ca)2
will both be ;imp]e power series in (6) with no constaht
term.” By dividing'by 8 and using standard least squareé

programs we obtained the equations

(ag - ag)? = 0.226806 x 10738 - 0.867408 x 107'6°
+ 0.259547 x 107°8°
- 0.242458 x 10" 10g% (66)
and .
(cg - cg)? = 0.0105995 x 10736 - 0.573545 x 107'6°
| + 0.373483 x 107%8°
- 0.449171 x 107'%"%, (67)

F1gure 6 shows the ca]cu]ated curves for the cell
dimensions of both alpha and’ beta quartz between 700 and
900 K, and how these curves compare to the measured values
of (c) and (a). The scatter in the values of (c) for
a]pha‘quartz Took bad; hpwever, the largest deviations

from the plotted smooth curve are about 0.0025 angstroms
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corresponding to'an error in (c) or in the volume of alpha
quartz of about 0.046%.

From the least squares values of'the unit cell
dimensions, the molar volumes of a]pha quarfz-can be
calculated. FrOm‘tHe motlar vo]uﬁes,of both:alpha aﬁd beta
quartz we calculated f(8) at oné degree intervals up to 50.
degree intervals from the equation‘

vV (T,0,1) - V (T,0,1) = f(86) ' : (68)
giving the values shown in Table 8. The volume increa;e
due to disorder in quartz  is somewhat Tlarger than 0.60
;m?/mo1e since even 150 degrees below the lambda point
there is still substantial disorder‘in'équi1ibrium quartz.
The AV values of 0.11‘to 0.205 cm3/mo1e'reported by

66 4hd Filatov, et. a1.%7 for a first order

Ghiorso, et al.
alpha-to beta'quartz transition result from omitting the
very steep and high1y curved portions of the Tast 5 to 15
degrees below the lambda point.r

The volumes of both alpha and beta quartz are
calculated from_fhé equation

v = a%c sin 120. | o | o (69)
IWe used the exbressions from (a) and (c) 1nc1ddjng terms

in 8%. So that (8) Togically should-include terms from

61/2 through 86; however, a reasonable fit to the values

in Table 8 is given by the equation
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4,2

- f(8) = [0.003515088 - 0.158514 x 10° '8

+ 0.733660 x 107783

_ 0.116609 x 10-%8%71/2,

(70)
We judge from Figure 6 that any errors in the
extrapolation of (a) and (c) for beta quartz or in the

alpha quartz cell dimensions should be less than 0.005

-angstroms. Thus, the values of f(e) should be within

t+ 0.022 cm3/mo1e even as far out as 150 K below the
lambda point. The cell dimension (c) of beta quartz
contributes to most of the error 1h f(e).

Table 8. The function F(8) representing the difference in

volume of alpha quartz from a fully disordered beta quartz
at the same temperature.

=TT K 0 t 2 . 3

8

£(8) m3/mole 0. . .0159155 .083456 .10197
8 g 5 10 15 20
£(8) ‘11748  .13105 .18333  .22219  .25398
8 . 25 30 40 50 " 60
£(8) .28118  .30510  .34597  .38044  .41022
9 80 100 150

f(e) .46102 .50446 .59937.

Once the function f(8) is known, the entropy of alpha
quartz can be ca]cuTated by use of the equation
Soo = Sg - (l/ro) (o). (71)

where "o is the initial slope of the equilibrium curve




~ between alpha and beta quartz. ro has been measured by
Cohen, et a1.5% in 1974 to be 0.265 * 0.005 K/MPa. The
entropy of beta quartz (S ) can be calculated fr&m the
heat capacity equation %or beta quartz |

Cp = 69.0338 + 0.930215 x 107%(T - 1000)

- 0.819168 x 10°%(T - 1000)? |

+ 0.547378 x 10°7(T - 1000)°

- 0.587077 x 10710(T - 1000)%. (72)
This equation can be extrapolated down to 1504K below the
lambda point,'since'the heat capacity for beta quartz has
essentially no contribution from the change in disorder.

From the entropy of alpha quartz, S , the heat
cépacity of alpha quartz (CP ) can be calculated. This is
possible with fhe,equation

AS = CP 1n(T1/T2). : : (73)
We have calculated the heat capacity of alpha qyartz over
1 to 10 degree intervals resulting in the smooth curve
drawn in Figure 5. The errors-in the heat capaciﬁy of
beta quartz and f(6) Eou]ﬁ result in errors in the heat
éapacitj of alpha quartz-as large as 3 J/mole K. Buf, the
errors in the exberimenta] CP of a1ph§ quartz are over 10
J/mole K. Most of this 3 J/moTe K error is from the heat
capacity of beta quartz, 3 J/mole K is~sma11, but not

negligible. However, the error jn the polynomial

expansion for f(08) fluctuates in sign. Thus much of the
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error will cancel out upon 1ntegfation of the equation.
The entropy and enthalpy §f alpha quartz near the lambda
transition are tabulated in Table 9, along with the
1jterature~va1ues from Moser 1936,54 Robie 1‘,978,40 and

Richet et al. 1982.%41"

Table 9. The entropy and entha]py changes for a]pha quartz
near the Tlambda point.

AS AH * ok +
825-846 K 2.6642 2230. = 1743. 1569.0 .2443.5++
800-825 K - 2.454 1994, 1925. 1844.0 1925.3
775-825 K 2.369 1866. 1846. 1818.0 - 1850.7
750-775 K 2.360 1800. 1800. - 1791.7  1802.0
* - experimental Cp of Moser, 1936
** - Robie, et al., 1978
+ - Richet, et a1 1980 comp11at1on dependent on drop

ca]or1metr1c exper1ments
++ - The interval used is 826 to 847 K to allow for the
use of Thr = 847. A correction of 655 J/mole, treated as
first order transition has been added as in the published
paper :

From our enthalpy va]ues fdr alpha quafti for the
range 750 K to 846 K comb1ned with the known heat
capacities above and below this range, 1000 H298
can be calculated to be.45444.3 t 70 J/mole.. Also the
entropy at 1000 K can be calculated to be SiOOO = 116.215

68

J/mole K by use of the CODATA value for the entropy of
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alpha quartz at 298.15 K, S,qg 45

our AS for the range 750 to 846 K.

= 41.46 J/mole K, and

In order to check our value of H1000 - H298.15 with
the Titerature, we needed it to make use of the enthalpy

of transformation of quartz to glass. The best

69

experimental values are by Kracek, et al. in 1953 for

70 5n 1980 for T

T = 298.15 K and by Navrotsky, et al.
= 985. Their values are 9121 + 250 J/mole and 7001 £ 200
J/mo]e‘respectiveTy. Thus by transforming to glass at
298.15 K, heating to 985 K, transforming to beta quartz at
985 K and then heating .to 1000 K, a value of H1000 -
Hogg 15 Can Ee calculated to be 45452 t 300 J/mole which
js very close to our value of 45444 + 70 J/mole. The heat
capacity of g]as; and beta quaftz was taken from Richet,

41

et al. for this calculation.

TheﬂEquatibn.of State.for
. Befg.Quartz

Beta quartz is unusual in that over a 200 K range of
temperaturé at low pressureées it has a neéative coefficient
of therﬁa1 expansion, as shown in Figuresh6 and 7. It is
expected that 11ke_H20 1iquid below 277 K beta quartz will
have a positive coefficient of thermal expansion at higher
pressure. In ény case the behavior o% fhe thermal
expansion coeffiéfent versus pressure and the bulk modulus

(K) versus temperature should not fit the Murnaghan-




23.8

V cmo mol

1000

Figure 7. Volumes of Beta quartz at 0.1 MPa and at the lambda
point plotted versus temperature.
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Hildebrand equation of state as developed earlier in-this
thesié. Thus experimental values for the bulk modulus as

a function of temperature for beta quartz are needed.

71

Krammer, Pardus, and Frissel have measured the

elastic moduli for beta quartz from 863 to 1073 K. -These
moduli can be used to calculate values of the bulk modulus
(K) from the equation |

_ -1 ' ‘
K = (ZS11 + 533 + 2(S + 2513)) (74)

12
where S represents the elastic compliance constant. Using

tHe value V5 = 23.70 cm3/m01e, KO = 73046 MPa from Kammer,

et a].,71

and estimating N = 6, the volume at the lambda
point at 1073 K and 897 MPa can be calculated to be V =
23.42 cm3/mo1e from the Murnaghan logarithmic equation of
state |

Vo= v (L - e/ )TN (75)°

Below 1200 MPa a cubic equation in pressure (P) can
be used to describe the tempefature of the Tambda
transition. The equation we are using is

T,= 846 + 0.265P - 0.11393229 x 107"P

- 2.4632558 x 1077p3, - - (76)

Since.tﬁe Vb1ume of beté quaftz and the volume at the
lambda transition ére known only up to 1073 K, as éhown in
Figure 7, it is necessary to extrapolate these curves to
much highef temperatures. For fhe volume at the lambda

point, we have assumed a linear relation with temperature
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to extrapolate up to 1700 K, even though the volume has a
very slight curvature at lower temperatures. The equation
for the linear regfoh is -

V, = 24.54953 - 0.00105T. | (77)

‘To extrapolate the volume df'beta quartz at .0.1 MPa
(VO.l) we have assumed that the volume goes through a
minimum and that the thermal expansion coefficient becomes
positive as'the temperature reaches 1600 K. The
polynomial equdtion |

V = 23.7013 - 0.105873 x 10°2(T - 1000)

+.0.854633 x 10'8(T - 1000)?
- 0.188601 x 10710(T - 1000)3
+ 0.144073 x to~13(1 - 1000)? (78)

fits tﬁe data of Ackerman and Sorrel] 1964050

very well
below 1373 K and extrapolates nicely to 2000 K.  These
extrapolations give a maximum value of K0.= 100,000 MPa

af 1650 K, which is reasonable behavior for a material
with Ko increasing with increaéing T in the experimentally
accessible region. The full 35 volume, temperature and
pressure parameters are giVen in Table 10 for beta quart?.
The volume and entropy cpntour lines from a]phq and beta
quartz are shown in Figures 8 and:9. The contour‘Tines

for the beta quartz volume and entropy are nearly vertical

and horizontal because the slopes of these Tines are 1/0K




Table 10.
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The equat1ons of state, heat capacity equations

and selected thermodynamic propert1es of alpha and beta

quartz.

SiO, (C, BETA QUARTZ)

23.701266
-.1520712E-4
2441776 E-8
-.116290E-11
.2140223E-15

-.1058728E-5

.2042034 E-7

-.806657E-11

.3979281E-14
-80183E-18

8iO, (C, ALPHA QUARTZ)

24.340296 + 3.238095 E-4
-1.218243E-4 -5.371956E-7
1.170823 E-7 5.474543E-10
-7.99760E-11 -3.38035E-13
3.031544E-14 1.203374E-18
-5.78773E-18 -2.23346E-20
4,329322E-22 1.658714E-24
HEAT CAPACITY (Cp)
A B

- (C, BETA QUARTZ)

69.0387884

9.302148 E-3

(C, ALPHA QUARTZ)

98.469291

175798

THERMODYNAMIC  Yyqq0

PROPERTIES

(C, ALPHA QUARTTZ) 70.84657
(C, BETA QUARTZ)

J/MOL

76.31535

.854633E-8
-.519449E-10

.1837775E-13
-.368804E-17

506339 E-21

7.855450 E-7
-1.357596E-9°

1.376992E-12
-8.22533E-16

2.743039E-19
-4.71042E-23

| 3.241953E-27

-.819168 E-5

.31970680E-3

H1000-Hogs
JMOL

47620.06
39899.69

-.188601E-10
974922 E-13

-.490703E-16
917195 E-20

-701148E-24

1.018418 E-9
-1.73248E-12
1.886086E-15
-1.14072E-18
3.586603E-22
-5.49837E-26
3.236415E-30

5473777 E-7

2.1971990E-7

Hogg
JIMOL

--910700.

-905155. 39

.1440728E-13

-714101E-16
492830 E-19

-127623E-22
1175194E:26

5.083011E-13
-8.66629E-16
9.986443E-19
-6.00664E-22
1.754802E-25
-2.30557E-29
1.010065E-33

-.587077E-10

-.501216E-10

Soag Vio00
JMOLK cm3

4146  24.3403
52.63 - 23.701

THE HEAT CAPACITY EQUATIONS ARE GIVEN BY Cp=A+B(T-1000)+C(T- 1000)2+D(T-1 ooo)3

+ E(T-1000)%.
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anq oLVT/CP respectively, and the thermal expans%on
coefficient is very small. |

The alpha quartz-beta quartz-coesite triple point at
1643 K and 3400 MP& is a convenient place to compare
various equafions of state. HoweQer, the only other
treatment of beta quartz with enough detail to compare
with our‘equation of state js the Murhaghan logarithmic
equation of state which we calculated éar]ier. These two
equations of state are compared fn fab]e 11 along with the
change in volume and entropy values for beta quértz.going
to coesite at 1653 K and 3440 MPa from Mirwald and

Massone72.

Equation of State of Alpha
Quartz

For alpha quartz, as the lambda point is approached,
the bulk modulus approaches zero and the thermal expansion
coefficient and the heat capacity approach infinity.

According to the Pippard fheory53

the volume and the
entropy slopes are both Timited by the equilibrium slope
(dT/dP)ywhich = (r). Therefore, as the volumes and the
entropy contour lines approach the lambda tfansjtion they
must bend shérp]y as shown in Figures 8 an& 9 and

KTement“s_Figﬁre 6.
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Table 11. Comparison of the thermodynamic valuées for beta
quartz and coesite at high pressures and temperatures

T P Quartz ref. | “beta

Quartz Coesite AQ*
K MPa
1643 3400 M % -740206  -746483 -6277
+ -739240  -748258 -9018
S - 151.50540 147.69553 -3.80978
+ 153.45105 148.05736 -5.39369
v o 22.96967 20.91757 =-2.05210
1653 3440 H *% -738539  -744944 -6405
P 737578 -746712 -9134
++ -6900
s - 151.08281 148.12198 -2.96083
+ 153.93282 148.49823 -5.43459
++ - -4.2
v - 22.96209  20.91458 -2.04751
+ 21.67548  20.48325 ~-1.19223
++ ' -3.1

*) The change in the H in (J/mole) ;

. V in /mole)
**) This WOrk
+) Howald, et al., 1985

++) Mirwald and Massone, 1980

S in

(J/mole K) and

The fo]ume and entropy of alpha quartz both have
terms in 60‘5 near the lambda transition where,
8 = (Ty, - T).
accurately with a power series in temperature and pressure
Therefore, we Have chosen to model

as B approaches zero.

alpha quartz with Pippard's theory 50“to 60 K below the

These terms are very difficult to represent -
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lambda transition. The thermbdynamﬁc properties are
calculated from the equations ‘
- r/r, (f(8)) (79)
t/r (f(8)) | (80)

v =V

alpha beta

S = S

beta
where r = (dT/dP), the equilibrium slope, r

alpha
= 0.265,

0
8 = (T, -T) and f(8) is given in Table 8. The choice of
1/ro and r/r‘O allows for the curvature in the equilibrium
slope. Thg slope drops to 0.227231 for a pressure greater
than 12000 MPa and r/rb compensates for this by decreasing
the change in volume of transition instead of increasing
‘the change in entropy of transition with increasing
temperature and pressure. '

The equation of state for beta quartz should
extrapo1ate reasonably well to 50 to 60 K below the
transition temperatﬁre of- 846 K. ‘Then'with the
f(8) values from Table 8, values for the volume and
entropy 6f alpha quartz can be calculated at these
temperatures and a series of pressurés. Fitting a
reliable power series is simple if good volume data are
ava%]ab]e along three of the edges of the area to be fit.
At low pressures the volume and the bulk modulus are well
known for alpha quartz, Ko = 37200 MPa, as reported by

73 74 75

Weaver, et at.,’” Soga’" and McSkimmn, et al. The

values at 8 = 55 and 60 give the volumes and (dV/dT) along

the upper edge from the Pippard-theory. A few
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intermediate temperatures'for a dood 1eas£ squarés fit
need to be estimated; but, even estimates should be
accurate:to at least within + 0.2 émé/mo]e; The equations
of state obtained can then be checked against'the.entropy
values at T, - T = 60 K and aga.inst the (dT/dP)S values

measured at 800 and 1000 K by Boehler.’®

The contour
lines for alpha quartz in Figures 8 and 9 are a third
attempt in a series of successively better approxiﬁations. .

Two major tests of thelaccuracy for the equation of
state for alpha quartz are "its match witﬁ the Qo]umes and
entropies from the Pippard theory shown in Tab]e"lz; and
how (dT/dP), = oVT/Cp compares.to.the‘experiménté1'values

76

of Boehler sHown in Figures 10 and 11.

Equation of State for Coesite

The quartz coesite equi1ibrium has been widely
studied. This equilibrium providés a very stringént test
of the equations of state since the change in enthalpy,
AH, and the qhaﬁge in entropy, AS, are small, and vefy
small changes in them.can cause very 1arge changes»in the
equilibrium slope (AV/AS). The Vo]ume and bulk modulus of

73,77

coesite are well known. The equation of state for

coesite-is shown in Table 13.
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Figure 10. (dT/dP)~= aVT/Cp at 800 K. The solid line is our calculated
curve. The open circles are the experimental values of Boehler.



0.04

CL

0]

>

e 0.02

@)
0.00 L |
0 2000 4000
Pt MPa

Figure 11. (dT/dP)x = «VT/Cp at 1000 K. The solid line is our calculated
curve. The open circles are the experimental values of Boehler.
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Table 12. Comparison of the polynomial fit and Pippard
‘calculations for the thermodynamic properties of alpha and
beta quartz 60 K below the lambda transition..

P T Material H S )

MPa - K - ) .

0.1 786 beta quartz -879756  99.91288  23.72101
Pippard theory  -1281 l1:548  -.41022
alpha quartz,, -881037 98.36490  23.31228

alpha quartz .~ -881052 98.36416  23.31228

2000 1265 beta quartz -800119 . 132.4389  23.18649

| Pippard theory _ -2023  -1.548 -.35175
alpha quartz,, -802142 130.8909  22.83474
alpha quartz  -802356 130.8132  22.77600

3400 1583 beta quartz = -744774 148.67349  22.95617

: pippard theory  -2515  -1.5487  =.35175
alpha quartz,, -747289 147.12549  22.60442
alpha quartz’" -747813 146.85953  22.54784

*) Values calculated from the beta quartz equation of
state and the Pippard equations. .
**) Values calculated from the alpha quartz equation of

state

In order to accurately fit the measured equﬁ]ibria

between quartz and coesite, we had to successively adjust
‘the heat capacity equation through successively adjusting
its entropy and enthalpy. The heat capacity equation for

coesite listed in Table 13 is
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¢, = 9.0E (T/800) - 1.23583 + 0.625 x 107 2(T -1000)
. 5, |

1

T - 1000)2
3

0.409460 x 10

0.747870 x 10°2(T - 1000)
0.195243 x 1071%(1 - to00)*

—+

+ 0.48 x 108(1/7% - 1 x 10°) (81)
Figure 12 shows that the heat capacity is not unreasonably .
large or small over the temperature range under

‘consideration.

Tab]e'f3. The .equation of state, heat capacity equations
and selected thermodynamic properties of coesite and high
coesite.

SiO, (COESITE)? |

0.208005E+02 0.300153E-04 0.480077E-09 .  -.255108E-13 -.689626E-16
-111596E-04 -.230112E-08 -.272670E-12 -783177E-16 0.648684E-19
0.420456E-09 0.145340E-12 0.420059E-16 0.204235E-19 - 269232E-22
-167317E-13 -.672272E-17. -.300897E-20 . -397802E-23 0.378781E-26
0.511098E-18 0.198214E-21 0.196687E-24 0.234987E-27 -.227515E-30
-920361E-23 . -322801E-26  -478139E-29 . -.617087E-32 0.602315E-35
0.713800E-28 ' 0.218545E-31 0.437280E-34 0.588345E:-37 0.000000E +00
HEAT CAPACITY (Cp)

A . B N o D ' E

Si02 (COESITE)P

-1.235835 .00625 -.040946E-4 -.074787E-8 - .195243E-10
THERMODYNAMIC - Y4900 Hiooo-H2os Haes ~ Sz Viooo
PROPERTIES J MOL" JmoL™? JmoL! JmoL k! em3
SIO2(COESITE) 68.77690  43080.19 -907213.9 40.46715  20.8005
SIO2(HIGH COESITE)  71.32204 43080.19 -903599.8 43.01228  20.8005

~ THE HEAT CAPACITY EQUATIONS ARE GIVEN BY Cp= A+B(T-1000)+C(T- 1()00)2 +D(T-1 000)3
+E(T- 1000)4 8THE EQUATION OF STATE FOR COESITE AND HIGH COESITE ARE THE SAME
EXCEPT FOR THE ENTROPY AND PLANCK FUNCTION, PTHE. HEAT CAPACITIES FOR COESITE AND
HIGH COESITE HAVE THE ADDITIONAL TERMS 48E6(T’2 10 ) AND 9:0x E(BOOfT) WHEREE IS
AN EINSTEIN TERM




100

T1K

Figure 12. Heat capacity values for coesite (solid line) and
cristobalite (dashed lines).
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The calculated entropy value for coesite at T =

298.15 K is S = 40.4672 + 0.2 J/mole K, which agrees

78

298.15

"with the value reported by Holm, Kleppa and Westrum of
5298.15 = 40.376. Our calculated eﬁtha1py value for
coesite at 298.15 K

AH. = -907213.9 t 200

is Hygg. 15 = BH¢
J/mole. This enthalpy value along with the heat
capacities for both quartz and coesite gives AH970 = 1103
t 200 J/mole for beta quartz going to coesite. This can
.be compared to tﬁe'va1ues.from‘Ho]m,,et1a1.,:AH97OA= 293011
t 630 J/mole, and from Navrotsky, AH97O = 1339 J/mole. It
is worth noting that a 200 J/mole shift in1the enthalpy '
causes a substantial change in the slope and appearance of
the equilibrium lines in Figure 13. '

Our calculated values of the equilibrium are in good-
agreement wth the measured equilibria up to 1400 K.
Above 1400 K both alpha quartz and beta.quartz going to
coesite give calculated AS Qa]ues and values of the -
equi]jbrium-s]ope that are too negative and that are too

small compared to the measured data of Boyd and'Eng1and79

and Mirwald and Massone.72 Since there must be a
substantial increase in the entropy of alpha quartz as it
approaches the 1am5da point, the only reasonable way to
accomodate the higher slope is to.iﬁcrease the entropy of

coesite at higher tempefatures. We ‘accomplished this by

making a first order transition in coesite with an entropy
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2000 befa-
guartz
coesite
OO0
coesite
alpha
quartz
2000 4000

Figure 13. Calculated phase diagram for SiOg. Filled
circles are from (Boehler, 1982; Bohen and Boetcher,
1982; Mirmald and Massone, 1980) with the values of Boyd

and England, 1960, as open circles.
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of transition equal to AS = 2.5451 £ 0.2 J/mole K.

trans.
The assumed transition in coesite is shown in Figure 13,

with the continuation of ‘the quartz to low coesite

calculations included as dotted lines.

-The . Equation of.State.for

Cristobalite

E]iezer,'et a1.80 first treated cristobalite ih 1978.

This treatment was based upon the JA‘NAF32

values, except
for an increase of 0.11 J/mole K in the entropy of
cristobalite to bring the quartz cristoba]ﬁte equilibrium
point to 1175 K. We now have good heat capacity values
for alpha and beta quartz and there is reasonable
agreement in the changes of enthalpy for cristobalite as
shown in Table 14. Thus the enthalpy changes for quartz
going to cristobalite at various tempratures can be
converted to chahges in enthalpy for alpha quartz go%ng to
Tow cristobalite at 298.15 K. The best enthalpy changes
in the literature for thé reaction

SiOZ(beta quartz) = SiOé(cristoba1ité) : (82)

78 - 1882.8 *+ 630 J/mole at

70

are by Holm, et al. AH

trans

970 K, and by Navrotsky, et al. = 907.928 t 250

_ AHtrans
J/mole at 985 K. Converting thgse values to AH283.15
using our heat capacities yields 2356 ¢ 600 J/mote-and

1389 ¢+ 250 J/mole for Holm's and NaVrotsky’s values

respectively. These values along with Kracek's69 AH298 =
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2636 i1290 J/mole ffom enfha]pies of solution data at
298.15 K are in very poor agreemenf. Certainly they are
worse than the enthalpies from the quartz to glass
transition. This indicates that the problem is with the

cristobalite samples rather than the methodology.

Table 14. The thermodynamic properties of cristobalite

this
-work * L *hk + T+
+++

5298 43.363 43.363 43.40 43.40 - 42.635
Hogg -907916 -907864 -908346 -908346 . -908346
T lambda 535 525 523 543 535
5600 83.954 84.300 84.60 83.789 83.178 83.138
H600'H298 18062 18232 17973 18008 . 18037 17635
51000 118.216 118.167 118.61 117.80 117.36 117.69
HlOOO'H298 44985 44859 44735 44769 44890 44786

HlOOO-HIOOO quartz 1456 21116 2122 1925

- H298-H298 quartz 2785 2836 2354 2389 V 2354

* ) Richet, et al., 1982

*%) PRobie, et al., 1978 -

*%%x) Stull and Prophet, 1971

+) Moseman and Pitzer, 1941

++) Elizer, et al., 1978

+++) S.I. units J/mo]e and J/mo]e K are used throughout
this table

If appears that the entropy of the cristobalite is

better known than the enthalpy, so that the enthalpy of
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cristobalite at 298.15 K should be adjusted to fit what is
known of the equilibrium between quartz and cristobalite,

instead of adjusting the entropy. We have accepted

Richet's41 value for the entropy of Tlow cristobalite of

.S = 43,363 J/mole K. However, their transitioﬁ

298.15 .
temperature for the quartz to cristobalite equilibrium is

too low at Teq = 1108 K. Beta quartz is stable at 1141

and changes to tridymite at 1150 K in the pfesence of
alkali silicates. A]ka]i si]icafes dissolve SiO2 and
should catalyze the transformation of quartz to
cristobalite. Therefore the transition temperature needs
to be even higher than 1141 K. The quartz to cristobalite
transformation has been observed at 1163 K by Holmquist

(1961), so that the equilibrium must be between 1163 and

1141 K. We picked 1160 for the équi11brium; thus, giving

'H29$.15 = -907915 for Tow cristobalite. Then the change

in enthalpy for the alpha quartz to cristobalite

transition is 2785 + 200 J/mole, which agrees well with

Kracek's Va]uesg but is higher than either Ho]m's78_or

70

Navrotsky's’"® values.

Using the available drop calorimetry data between

81,41

541.65 and 1834 K, the heat capacity for

cristobalite was fit to the following polynomial
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C, = 9.0 E (T/800) - 1.49773

301 - 1000)
)2

+0.327610 x 10
+ 0.201540 x 107 °(T - 1000

8(1 - 1000)3
i,

+ 0.601119 x 10~

T - 1000)%
6

+ 0.127126 x 10~
+0.48 x 10%(1/7% - 1 x 1078y, (83)
where E represents an Einstein term, and thg I/T2 term
keeps thé higher polynomial powers from becoming A
excessively large within the region of 400 to 2000 k‘which
the equation represents.

The 1itefature‘va1ues for 5600 - 5298‘15‘f0r

cristobalite are summarized in Table 14 and range from

40.3 to 41.2 J/mole K, so that the error in AS is the

largest error in the enthalpy for cristobalite. Therefore

we decided to'treat the second order transition in

cristobalite with the Pippard relations. The equation is

S1ow(450) = Shigh(450) - /" Whign(as0)

= Viow(450) (84)

The equilibrium slope for this transition has been

measured by Cohen and K]ementgz,td be (dT/dP) = 0.51

K/MPa. The volume of high cristobalite at Tow preéssure is

described by the ﬁo]ynomia]
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V = 27.430 + 0.605751 x 107°(T - 1000)
- 0.86013 x 10°8(T - 1000)%
+0.15697 x 10-19(T - 1000)3 |
- 0.884294 x 107 14(T - 1000)% (85)
83

fit from the data of Johnson and Andrews as cited in

6,84 7.16

Skinner 196 and Touloukian 196 Graphical

interpolation results in a volume of low crist05a1ite at

450 K of 26.04 cmS/mole.8358

The change in volume is
then AV = 27.181 - 26.04 = 1.141 cm3/mo1e yielding a
change in entropy of 2.237 J/mole K. The low cristobalite

81 .t 450 K, s - 63.443

entropy of Moseman and Pitzer > Tow

J/mole K can be corrected to 64.194 J/mole K by using the

83

better heat capacity of Leadbetter. and Wright. This

value for S then yields an entropy of 66.431 J/mole K

lTow
for high cristobalite from the Pippard equations. Using
the heat capacity of~high cristobalite gives Shigh(GOO)'
83.954 and Shigh(lOOO) = 118.216 J/mole K.

The high pressure volumes for cristobalite came from
the Murnéghan-Hidebrand equation of state with Ko = 14237
MPa‘and_N = 6. This value for Ko is an estimate chosen to
give a reasonabfe value for the speed df sound in -
trisfoba]ite and in SiO2 lTiquid. The full polynomial

equation of state for cristobalite is given in Table 15

along with the'5102(1) equation of state.
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Table 15. The equations of state, heat capacity equations
and selected thermodynamic properties of cristobalite and
liquid quartz.

S0, (LIQUID)

0.256903E+02
-.621362E-04
0.818605E-08
-.779195E-12
0.407254E-16
-.101736E-20
0.922540E-26

0.882893E-04
-.277794E-07
0.647971E-11
-.958310E-15
0.784452E-19
-.314107E-23
0.473867E-28

SiO, (C, C‘RISTOBALITE)

27.438 6.0575144E-6
.7023787E-4 -3.158457E-9
1.6423549E-8 1.364669E-12
-3.58174E-12 -3.89561E-16
4.927630E-16 6.014507E-20
-3.42292E-20 -4.40513E-24
8.964361E-25 1.185093E-28
HEAT CAPACITY (Cp)

A B

SO, (L) _
71.00826 0184709

(C, CRISTOBALITE)?

-1.497734

THERMODYNAMIC

PROPERTIES

Sio2(L)

(C, CRISTOBALITE)

3.276100 E-4
Y1000
JmoL !

74.416376

74.27571

0.403999E-08
-.622431E-11
0.272915E-14
-.630580E-18
0.682613E-22
-.322660E-26
0.538327E-31

-8.601635E-9
4.231581E-12
-1.75038E-15
4.879866E-19
-7.45014E-23
5.426761E-27
-1.45570E-31

Cc

-532714E-5

2.015400 E-6
H1000 2908
JmoL?

44673.87
43940.87

Hogg
J MoL!

-904213.5
-906871.21

-.115153E-12
-.130836E-14
0.126817E-17
-.421055E-21

0.528631E-25
-.267420E-29
0.462225E-34

1.569704E-11
-6.83298E-15
2.550793E-18

*-6.69296E-22

9.915851E-26
-7.11521E-30
1.893393E-34

.601119 E-8

Sogs
JmoL Tkt ems

46.861
42.877

0.130579E-15
-497927E-18
0.732965E-21
-.291350E-24
0.390861E-28
-.203681E-32
*0.357553E-37

-8.84294E-15
3.541668E-18
-1.21353E-21

3.000796E-25
-4.30461E-29
3.036980E-33
-8.00699E-38

1.27126E-12
V4000

27.27
27.38

THE HEAT CAPACITY EQUATIONS ARE GIVEN BY Cp=A+B(T-1000)+C(T-1000)2+D(T-1000)° +
E(T-1000)%, 2CRISTOBALITE ALSO HAS THE TERMS .48x10%(1-2-10°6) +9.0 E(T/800),
WHERE E IS AN EINSTEIN TERM.
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Equation of State for .
SiTicon Dioxide Liquid

For liquid S1'O2 the heat capacity”équation Was fit

41

to Richet's drop calorimetry measurements. The heat
cépacity eqdation js
Cp = 71.0083 + 0.0184709(T4— 1000)
- 0.532714 x 107°(T -1000)2. | (86)

The equation is valid over the range 400 to 2100 K.’
The enfha1py of fusijon for cristobalite is 8621 t 150
J/mole at 1966 K. This value is arrived at from the

measurements of AH for the quartz to glass transformation

69 70

by Kracek the heat capatity of 5102

g1ass41

and Navrotsky,
- ana our heat dapacity of cristobalite and liquid.
Richet's value for the enthalpy of fusion of cristobalite
is AHg o = 8920 #.1000 J/mole. Our entropy value for Si0,
]iqujd is SZOOO(i) ='172.9484 J/mole K and Richet's ‘s
172.915 J/mole K. Thus there is overall good agreement
between our value and Richet's.

The;e are a variety of reported va]yes for the,
physica]Iproperties 6f SiO2 liquid. Thus, the thermal

expansion coefficient between 2208 and 2438-K is o =

.03 x 1074 K'llas measured by Bacon, Hasapis and

Who11ey.86 Bucaro and Dardy have méasured the

compressibility of 8102 1iduid betwgen 1650 and 2000 K to
-13 MPa,86 and the u]trasonic velocity is

be B = 8.5 x 10
c = 6000_m/sec87 between 2060 and 2160 K. Using these
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measured values and our calculated constant pressure heat

capacity, C we calculate the constant volume heat

P>
capacity CV from the equations
Cy = Cp - TVOPK, . ' (87)
and ' | |
Cy = Cp/ (1 + TMaZc?/C,)  (88)
where V is the volume, s the thermal expansion

coefficient, K, is the isothermal bulk modulus, c is the
ultrasonic ;peed and M 1s-the molecular weight of SiOé.
The constant volume heat capacity calculated from equation
(87) is Cy = -616.36 J/mole K, and from equation (88) is
Cy = 55.46 J/mole K. These values of Cy are obviousiy .
incorrect, and at least two of the three reported values

of K a and ¢ must be wrong. For one thing the bulk

T? ,
modulus is too large. The bulk modulus of beta quartz is

4

on the order of 5 x 10" MPa. One would expect the bulk

modulus 'of Si0, Tiquid to be in this range if not smd]]eé.
The values of the thermal expansion coefficient and the
ultrasonic speed are also in error as is shown by the
results of equation (885.',Consequeﬁt1y we have decreased

4 MPa and

kL

the bulk modulus a factor of 100 to 1.11525 x 10
the thermal expansion coefficient to 8.8384 x 107°
With these changes the constant volume heat capacity and
the u]trasonic‘speed‘are‘cv = 79.262 J/mole K and c;=

2343.9 m/sec. Both of these va1ues‘are now reasonable.
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Equations of State for Aluminum Oxide

In order to describe A1203-1n binary and higher order
phase diagrams. we need to use the formula A0, g. Aluminum
oxide dissolves in oxide melts at very low concentrations

contributing two A1+3

for every mole of aTyminum oxide.
The "aluminum ions are not necessarily associatéd with each
other. Theréfore, in order to give Henry's Law behavior
one must describe A1203'ds A101;5. | >.

‘Henry‘s Law states that the activity of a.soTute is
directly proportional to the mole fraction

a = Kx ‘ ‘ (89)

where K {s the Henry's Law constant. If we use A1203_then
the activity of alumina is described by the square of the
mole fraction. Since two arts ‘

a =‘YKx2 : (90)

are dissolved per A1203

The activity can also be described at any concehtration by
the equation ~

a = Yx - | (91)
thus, in dilute solutions

Yy = Kx. | “ (92)
However, we are using R. K. coefficients to describe log
such that | ' -

logy = log Kx.. - i : (93)
Therefore, as x approaches zero log Y approaches negative

-
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infinity, which is impossibje. Choosing.MOr5 as the

formula for aluminum oxide avoids this problem.

Aluminum Oxide (C, Corundum)

The heat capécity equation for A]O1 5 {c, corundum),

Tisted in Table 16, was obtained through Teast squares'
fitting of the tabulated data of Stull and Prophet.>?
equation is valid over the range 250 to 2400 K. The

temperature dependénce of the volume of A]O1 g Was

87 and from the

88

caiculated from the accurate NBS X-ray data
relative volumes measured by Engberg and Zehms.

25 first calculated the equation

Howald, Moe and Roy
of state for corundum in 1983. At this time they included
a temperature dependence of N in the Murnaghan

logarithmic equation of state.21:22

Their value of N =
4.0 for corundum gives differences of as much as * 4%
between the measured and the calculated values of Ks at
various temperatures, and a (dKS/dT) of about -11 which is
half that measured by Soga and Anderson.

If the discrepancies described aBove are real it
1nd1cates a small-error in the Murnaghan-Hi]debrand
équation of state. In order to check this discrepancy we
repeated the calculation with other parameters and
additional data. We recalculated the volume as a function

of temperature using constraints to force the thermal

expansion coefficient to continually increase with

The
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Table 16. The equations-of state, heat capacity equations
and selected thermodynamic properties of aluminum oxide
corundum and liquid.

A4 5 (LIQUID)

16.23

-5.879075E-6
1.036895E-10
-2.23345E-15
5.167876E-20
-1.11168E-24
1.482980E-29

0.40000000E-4

-8.81860E-10
2.799532E-14

-8.70313E-19
2.610551E-23

-6.68757E-28
9.853453E-33

A0, 5 (S,CORUNDUM)

0.130133E+02 0.275994E-04
-.431438E-05 -.627682E-09
0.492851E-10 0.137846E-13
-.790190E-15 -775852E-18
0.336497E-19 0.145582E-21
-209256E-23 ' -.175490E-25
0.507648E-28 0.802517E-30
HEAT CAPACITY (Cp)2

A B

AIO; 5 (LIQUID)

94.69605

.019816

AIO, £(S,CORUNDUM)P

2.47207 .00482352
THEMODYNAMIC Y1000
QUANTITIES JmoL™!
A, 5 (LIQUID) 50.16645

A4 5 (S,CORUNDUM) 51.11802

4,499999E-10
-6.61392E-14
3.779063E-18
-1.69433E-22
6.561746E-27
-1.98662E-31
3.214079E-36

0.397122E-08
-123187E-12
0.257387E-17
0.872600E-22
0.119748E-25
-.729901E-29
0.567430E-33

-.123850E-04

545513 E-6

H1000 "H2gs

JmoL!

34333.9
38982.328

4.500196E-15
-3.31059E-18
3.412825E-22
-2.21229E-26
1.105066E-30
-3.93645E-35
6.971421E-40

. 3.379152E-20

-1.24850E-22
2.324960E-26

-2.17263E-30
1.386229E-34
-.574006E-38
1.103936E-43

-.186255E-11 0.117407E-14
0.302827E-16 -.288620E-19
-129451E-20 0.139498E-23
0.327643E-24 -.146650E-27
-174437E-28 -.426406E-31
-.638203E-32 - 0.143614E-34
0.648833E-36 _ 0.000000E+00
D E
-.708193 E-9 165569 E-12

Hagg Sogg V1000

JMoL JmoL k1 cm3

-824498.8 69.82366  16.238

-837846. | 25.44894

13.0133

a THE CAPCITY EQUATION IS GIVEN BY (Cp) = A + B(T-1000) + C(T-1000)2 + D(T-1000) 3
+ E(T-1000)%. ‘bAlO1 5(S,CORUDUM) HAS AN ADDITIONAL EINSTEIN TERM 7.5E(T/708).
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increasing temperature. A graph. of the thermal ekpansion
coeffictent versus temperature is shown in Figure 14. We
jncluded the extensive single crystal measurements on

89

corundum cited by Simmons and Wang~~ which included

KS 298.15 ~ 250800, N = 4.27 and an extensive series‘
of measurements on the temperature dependence of K as
published by Tefft.go
| With N = 4.27 and K,gq 4 = 250800 we were able to
calculate the temperature dependence of Ks' The
calculated Ks values are plotted in Figure 15 along with
the experimenta1 values. The slope of the MurnaghanF
_Hi]debrand‘1ine js still smaller than that indicated by
‘the experimental data. However, this 1ine is well within
£2% of the experimental values. An older calculation
giving a 1tne with even more curvature can be found in
Howa1d et al. 25 |

The uncertainties present 4in the thermal expansion
coefficient for corundum can introduce uncertainties of
about' 2% in K through the equation

Ko = K[Cp/(Cy - VKT | (94)
Also, it is not certain whether the high temperature
values reported for K are good to better than % 2%.
Thus, while the Murnaghan Hildebrand equation of state

does not fit thelmeasured slopes (sz/dT) of Soga_and
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Figure 14. The thermal expansion coefficient of aluminum oxide versus
temperat ure.
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Fi gure 15. The adiabatic bulk modulus of AIOi #5 versus temperature. The
filled circles are values from Tefft (1956), the open circles are our
calculated values and the solid diamonds are the values of Soga and

Anderson (1967).



74

Andérson29 90

and Tefft, it nevertheless.falls within the
experimental. errors present. A
We have used the Murnaghan logarithmic equation of

stateZI’22

to calculate the pressure dependence of the
volume of corundum. We then fit these calculated points
by least squares procedures. The full 35 term polynomial

is given in Table t6.

Aluminum Oxide (Liquid)

There is a lack of good expgrimeﬁta] values for the

enthalpy of fusion of A10, .. _This is dﬁe mainly to the
high temperature at which it melts, 2327 K. ShpiTrain's®!
work explains the discrepancies about the melting point by
using a high heat capacity for the liquid, so the qntha1py
of fusion is sha11 at equilibrium but, SO to 150 K above
the melting point, is substanfia11y larger. MWe haye
decided to use Shpilrain's heat caﬁacjty equation

C. = 27.66 - .00296 (T - 1000 K) | (95)

P
~as a basis for our heat capacity equation. However,
ShpiTrain's equation does not extrapolate well to low
temperatures, so we changed the equation to give
reasonable values at these temperatures. The heat
capacity equation is given in Table 16. We are also using

Shipirain's®! heat of fusion of A10, g, AH = 12.85

Kcal/mole.
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" There is no experimental data on the volume of‘ATO1 5

liquid. Thus, the equation of state for A1l0 1) in

p.5t

Table 16 is calculated from estimates of Va, K o and N.

0’
The volume of A]Ol.5(1) was estimated to be 25% larger
than the volume of A0y ¢ (c, corundum). K, and N wg}é
estimated to be 170,000 MPa at'1000 K and 5, respectively.
With these estimates we were able to calculate fhe‘

equation of state using the Murnaghan-Hdeebrand'equation

of state.

The Stoichiometric Phases

Forsterite

The heat.éapacity equation for forsterite, Mg25104,
shown in Table 17 was calculated from the high temperature

92

enthalpy data of R. L. Orr. An Einstein term was

included to fit the low temperature heat capacity data of

K. K. Kelly.23

This equation is valid up to 2000 K and
extrapolates well up to the melting temperature of
Forsterite at 2100 K. The enthalpy of formation of _
Forsterite at 298.15 K is -2168486.75 J/mole. This value
is calculated from the enthalpy of so]utién‘with.

hydrofluoric acid,94

and from the enthalpies of formation
of Mg0 and cristobalite.
The temperature dependence of the volume shown in

Table 17 is calculated from the tabulated data of




Touloukian et al.

16
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The pressure dempendence of the

vojume is calculated using tHe Murnaghan-Hildebrand

2

logarithmic equation of state with N

= 5.0 and K

298.15 -

128134 MPa as experiménta]]yAdetermined by Graham and

Barsch.95

Table 17. The equation of stafe, heat capacity equation
and selected thermodynamic properties of forsterite_

MgSiO, (C, FORSTERITE)

44.900 0.38494257E-4
8.767975E-6  -2.026311E-9
2.306197E-10 9.769012E-14
-7.39380E-15  -4.53815E-18
2.404164E-19 1.966847E-22
7.05419E-24  -6.67828E-27
- 1.170027E-28 1.170020E-31
HEAT CAPACITY (Cp)?
A B
17.149773 .01588391
THERMODYNAMIC Y1000
PROPERTIES JMoL!

8.5512090E-9
-6.45672E-13"

4.053964E-17
-2.31366E-21

1.170763E-25
-4,39426E-30

8.138615E-35 °

c

7.14404 E-6

H4000 -Hoog

JmoL!

MgoSiOy4 (C, FORSTERITE) 172.51588  109559.

1.432073E-13
-9.93583E-17

~ 1.071385E-20
-8.45035E-25

5.312951E-29
-2.27676E-33
0.4533533E-37

-6.64640E-16
1.968706E-20
7.874807E-25

-1.73786E-28
1.530971E-32

-7.66702E-37
1.645590E-41

D E

-.324016 E-8 9.39570E+5
Hogg Soog V4000
JmoL! JMoL T k1 emd

-2168486.8 95.1900

43.790

a8 THE HEAT CAPACITY EQUATION IS GIVEN BY A + B(T-1000) + C(T-1000)2 + D(T-1000) +
E(1/T2-10°6). P FORSTERITE ALSO HAS AN ADDITIONAL EINSTEIN TERM 10E(T/500). -

Enstatite (Magnesium Silicate)

The stochiometric compound MgSiO3 has three different

crystal structures corresponding to Clinoenstatite,
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orthoenstatite and protoenstatite. fhe-volume data for
these three phases is taken from‘Tou1oukfan, Kirby and
Tay]or's16 tabulated thermal expansion data for
nonmetallic substances. ‘The bulk modutli for these bhésés
were taken from C1ark,96 and values of N are eét%mates.
The heat capacity equations for.the enstatites Tisted in

93 97. These

Table 18 are from K. K. Kelly and K. K. Kelly.
equations are good over the range 298.15 to 1800 K;
Figure 16 shows the ca]cu]éted equilibria between the

various enstatites using our equations of state.The

experimental points are those of Grover 98.and Boyd and

Eng1and.99

Spinel. {Magnesium.Aluminate)

The heat capacity equation for spinel, MgA1204, in

40 and then adjusting these

25

Table -19 is from Bulletin 1452
values for Mg-Al disorder as described by Howald, et al.
The temperature dependence of the volume of MgA1204 is

given in Table 19. This equation was obtained by least

squares fitting of the values reported by C]arkg6 from the

100 1pe pressure dependence of the

101

wofk of Rigby, et al.

Chang and Bafschloz’and
103

volume is from Schreiber,
Anderson, Schrieber ahd Lieberman. The bulk modulus is
K$ =200900 MPa and (dK/dP) = N = 4.19. Thus, the volume
of spinel can be calculated at any temperature an&

pressure us{ng the Murnaghan—Hi1debrdnd equation of state.
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"

Table 18. The equations of state, heat capacity equations
and selected thermodynamic properties.of the three forms
of MgSiO3; enstatite, protoenstatite and orthoenstatite

MgSiOg (C,PROTO ENSTATITE)

-2.68003E-10

32.997 2.9510326E-5-

-.1034629E-4 -1.668996E-9 -8.50053E-14
2.942106E-10 8.591046E-14 9.850342E-18
-9.80823E-15  -4.12356E-18 -7.21290E-22
2.742496E-19 1.405211E-22 3.087455E-26
MgSiOg (C,ENSTATITE)

32.1346 4.1944547E-5 1.3826728E-8 .
-1.155055E-5 -2.778779E-9 -1.22745E-12 -
3.870193E-10 1.688601E-13 9.135715E-17
-1.57082E-14 -9.80906E-18 -6.24682E-21
6.561695E-19 5.162945E-22 3.714745E-25
-2.23521E-23 -2.01031E-26 -1.56209E-29
3.961003E-28 . 3.815435E-31 3.093022E-34
MgSiOg (C,CLINOENSTATITE)

32.0476 3.3448084E-5 5.0511436E-9
-1.104299E-5 -2.033051E-9 -4.60007E-13
3.351322E-10 1.122201E-13 3.381681E-17
-1.19992E-14  -5.75027E-18 -2.13649E-21
3.487301E-19 2.056186E-22 8.695828E-26
HEAT CAPACITY (Cp)

A B c
PROTOENSTATITE

123.586 .0168455 -.164109E-4
" ORTHOENSTATITE -
123.586 .0168455 -.164109E-4
CLINOENSTATITE2

55.721425 .01195776 -.9537309E-5
THERMODYNAMIC Y1000 Hy000-Hogs -
. PROPERTIES JMOL " JIMOL
PROTOENSTATITE 117.1442 77235.
CLINOENSTATITE 116.55215 75126.1
PROTOENSTATITE 117.98970 77235,

-4,12588E-12
1.994086E-1

-8.48925E-21
3.122188E-25

-7.90949E-30

-3.09543E-14

-2.82446E-16
3.643220E-20

-3.47599E-24

2.574122E-28

-1.23274E-32
2.619277E-37

-3.89573E-12
1.909745E-16

-7.36881E-21
1.952870E-25

-1.57312E-30

D
.158434E-7
.158434E-7

-.229344 E-8

Hogg
JIMOL
-1548467.0
-1548597.8
-1547400.

3.813557E-15
-2.10918E-19

1.007556E-23
-4.53786E-28

1.486818E-32

-1.00521E-15
-1.78068E-19
2.064981E-23
-1.99796E-27
1.539655E-31
-7.60931E-36
1.648066E-40

8.830467E-21

2.925781E-20
-2.90019E-24

1.928241E-28
-7.64917E-33

E

- 151109E7

-.151109E7

b 397042 E-10

Sogg V1000
JMOLK M3

66.2475 31.509
67.86 31.470
66.7835 32.384

THE HEAT CAPACITIES ARE GIVEN BY THE EQUATION (Cp)<A+B(T-1000)+C(T-1000)2
+D(T-1000)3+E(T2-10°8). @ CLINOENSTATITE HAS AN EINSTEIN TERM 8.5(1000/T)

PTHIS TERMIS E

(T-1000)*




79

protoenstatite

T (K orthoenstatite

cl inoenstatite

P (MPa)

Figure 16. The calculated phase diagram for MgSiOg.
The experimental points shown are those of Grover
1972, and Boyd and England 1965.



80

Table 19. The equation of state, heat capacity equation
and selected thermodynamic properties of spinel
(MgA1204). . .

MgAl,O, (C, SPINEL)
204 _

.404136E+02 .285336E-04 .419510E-08 . -.146062E-11 ' -.457875E-17

-.535877E-05 -.793759E-09 -164180E-12 .260203E-16 .341202E-20
.745188E-10 .199552E-13 532159E-17 -.197197E-21 -124942E-24
-.124816E-14 -483529E-18 -157824E-21 -.856107E:26 :270666E-29
224941E-19 . .113512E-22 .436263E-26 .557514E-30 -.236600E-34
-.389813E-24 -.236766E-27 -102675E-30 -.187940E-34 -.770728E-39
.449630E-29 .304801E-32 142237E-35 .300217E-39 247142E-43

_HEAT CAPACITY (Cp)?

A B : c D

185.173 . . .0370550 -574449 E-4 3.52436 E-8

THERMODRNAMIC Y4090 Hio00H208  Hags - Soog V1000
QUANTITIES JmoL! JmoL ! JMoL! JmoLr Tkt omd
MgAl,O, (C, SPINEL)  153.580 112079. -2300553. 80.63002  40.4136

2 THE HEAT CAPACITY IS GIVEN BY (Cp) = A + B(T-1000) + C(T-1000)2 + D(T-1000)3.

Contour lines for the volume of MgA1204 are shown in
Figure 17. Diferences from Figure 2. of Howald, Moe and
Roy are due fo the adoption of a Murnaghan-Hildebrand
equation of state. Spine1'undergoés,disprqportionation at
hiéher temperatures according to the reaction-

MgA1,0, = MgO(c) + 2A10, ¢(c). : (96)
The contour lines showing AV'for'thg disproportionation of
spinel are shown in Fiqure 18. The equi115r1um Tine in

the pressure-temperature p]ané shows substantial
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Figue 17. Contour lines for the volume of MgAlgO”, spinel as a function
of temperature as reported by Howald, et al.



82

100000

75000

P (MPA)

50000

25000

1800

Figure 18. Countour lines showing AV for the reaction
MgAI204 (C) = MgO(C) + ZAIO15 (C).
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curvature, as sﬁown in‘Figure 19. This is due primarily
to the AS of the reaction shown in Table 20. The AS of
disproportionation-is large ‘and negative due to the
entropy of disorder befween the Mg and Al cations, caused
by the interchange of these'ions within the 5pine1 crystal

structure.

- Cordierite

It is essential to haVe a reasonable equatidn of
state for cbrdierite, Mng14515018, since it shows up in
the ternary phase diagram at high temperatures. In order
to calculate the equation of state for cordierite_wé fit
the volumes by least squares at the following
temperatures: T = 300, 400, 900, i400 and 1500 K. We were
able.to calculate the volumes at these femperatures from
the coefficient of thermal expansion data listed in

Memoir 97.96

‘In order to calculate the‘pressure
dependehce of the volume Tisted in Table 21 we had to
estimate values of N and K of 4.8 and 120,000 MPa
respectively, since there is no pressure data available
for cordierite.

The heat capacity équation for cordierite in Table 21
is taken directly from Robie, et al., Bulletin i45240

along with the selected thermodynamic prqpehtiesr
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10000

9000

1600
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Figure 19. Equilibrium line for the spinel disproportionation as calculated
in this work.
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Table 20. AS and AV ofcdisproportion for MgA]204
T : p 3AV AS
(K) , (MPa) (cm”/mole) (J/mole K)
577.5° 9000. --2.654 -1.3997
1097. 9500. ' -2.620 -4.6693
1326. 10000. -2.600 -6.6834
1502. 15000. . -2.580 - -7.9860

Table 21. The equation of stéte, heat capacity equation
and selected thermodynamic propert1es of cordierite
‘(Mng14S1018) .

MgoAl,SiO4g (C, CORDIERITE)

0.234078E403  0.899349E-05 0.451668E-08 -285238E-11 -.230909E-14
-848087E-05 -442406E-09 -220776E-12 0.132829E-15 0.109807E-18
0.207740E-09 0.193252E-13 0.105119E-16 - 553999E-20 -120853E-23
-559773E-14 . -.444596E-18 -928989E-21 0.374617E-24 -.106071E-26
-856411E-20  -.114674E-21 0.261934E-24 -.248256E-28 0.170194E-30
0.237592E-22  0.225578E-25 -422462E-28 -429451E-32 -.923538E-35
-140682E-26  -.129101E-29 0.233536E-32.  0.537906E-36 0.000000E-+00
. THE HEAT CAPACITY (Cp)?
A c D E
698.34 043339 8.211200E46  -5.0003E+3
THERMODYNAMIC Y1000 HioooHoos Haes  ~  Soos V1000
QUANTITIES JwmoL! JmoL! JmoL? JmoL k! emB
MgoAl,SisOg - 693.26 433303. - -9161524.  407.20 234.078

& THE HEAT CAPACITY EQUATION IS GIVEN BY Cp = As B(T-1000) + C(1/T2 - 106) +
D™ V2 - 1/(1000)1/2)
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THE BINARY SYSTEMS

In describing ternary systems it 1s'necessary to have
equations of state for all the single-component |
subsystems; and to be.able to catlculate activjties in the
inherent binary subsystems. THe'Mgd-Sioz-A101.5 ternary
phase diagram includes the three binary subsystems:

Mg0-Si0 MgO-A]O1 5 and SiOZ—A]O1 5 To calculate the.

23
~activities of these systems one must have Redlich-Kister
coefficients for the activity coefficient (a) and the

excess enthalpy He as discussed in the introduction.

. The Magnesia-Silica Binary

N The first system that I shall discuss is the
MgO-SiO2 binary. This binary system is an extremely
jmportant system for which a substantial amount of
accurate data is available. Hdwever, one major problem
with this system is the lack of direct calorimetric data
for the enthaipies of fusion for MqgO, M925104 and MgSiO3.
If we had accurate entha1§iés for these compounds we could
calculate an excess enthany-fbr the Tiquid at two
compositions. -However, the best published values for the
heats of fusion of these three compounds have come mostly

from analysis of phase equilibria, and it is possible that
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the MgO-SiO2 system is as well known as the other systems

listed in Table 22.104-109

Table 22. Published estimates of the enthalpy of fusion of
various compounds in the MgO-SiO2 system.

T solid AH " system reference
(K) _ (kﬁ/mo]e) ‘ number
3105 Mg0 57.65 + 8 Mgo-Cao 104
60.97 + 16  Mg0-Si0, a
77.1 MgO~5102 105~
77.4  Mg0-Zro, 32,106
95.4 : 107
1830 MgSio,  48.8 + 3 Mg0-5i0, a
60.4 * 15 Mg0-Si0, b
61.5 MgSi0,-Casioy 106,40
75.3 + 21 Mg$i04-Ti0, 32,108
2156 Mg,$i0, 58.6 Mg,Si0,-Fe,Si0, 109
| 71.1 £ 21 Mg,S10,-Ti0, 32,108
92.88 £ 12 Mg0-Si0, a
118.5 t 26 Mg0-$i0, b

a) This work final value
b) This work first estimate
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It is possible to get enthalpy of mixing data for the
Tiquids from the heats of solution of glasses near 985 K.
There is one recently published value in this system,110
giving an enthalpy of vitrification of 42 kJ/mole for
‘MgSi0,. The.heat capacities of the Tiquid, glass and
solid should give an enthalpy of fusion somewhét 1arger-
than this, about 48 kJ/mole. Combination of ‘this value
with the enthalpy of 57.6 kJ/mole for the heat of fusion
of Mg0 -leads to an excess enthalpy of mjxinglof -20 kJ at
x = 0.5 for the MgO-SiO2 1iqujd. The mixing of Mg0 and
silica liquids should be exothermic and various published

mode15111’112’3

agree roughly on the magnitude. This is
true even though the heat of solution of g]dés was not
available when the model$s in Table 23 were proposed.

Table 23. Excess enthalpies of mixing of Mg0 and 510, for
various models at a molefraction of 0.5.

H® (kJ/mole) ‘ Mode]
-18.7 _ ' Lin-Pelton
-26.6 This work
-27. - Michels

-0.7 Hoch

Figure 20 shows four calculated curves for .the excess
enthalpy at 2123 K in this system. The curve with the
shallowest minimum and the least curvature is a

Toop-Samislvca]cu1ation’with the enthalpy given by the




X Si02

Figure 20. Various calculated excess enthalpies for the MgO-SiO-
phase diagram. N
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number of moles of 0  multiplied by 2000 J/mole and an
equilibrium constant of K = 0.103716. The curve that goes
slightly positive at high concentrations of 50, is that

3 and the other middle curve represents

of Lin and Pelton,
our final se1e¢ted curve. The curve with the deepest
minimum and largest curvature at x = 1/3 i§ a modified
Lin-Pelton calculation selected to illustrate the behavior
expected for more neéative éntha]pies of mixing. Our
final selected enthalpy values shown in Figure 20 are
calculated from two sets of Redlich-Kister parameters for
the separéfe regions x < 2/3 and x > 2/3.'

The four curves in Figﬁre 20 represent the range of
enthépr curves seriously beihg considered for this
system. It is desirable to have hore information on the
depth of the minumum‘énd on the extent of -the curvature in
" this region. The extreme behaviors shown in Figure 20 can
be easily eliminated from what is known of the excess frée
energy. | |

The temperature of 2123 K was selected for Figure 21
since this is the temperature of the Mg0, forsterite
eutectie{ At this temperatufe a liquid with an Mg0 mole
fraction near 0.7 is in equilibrium with the two solids
Mg0 and MgZSiO4. In order to show the free energy datd

with a high degree of accuracy we have chosen to plot the

function




Li
corr

kJ mol

| «

Figure 21. Corrected Gibbs free energy (G/T-382.14) versus mole fraction of

Si02 for

the system MgO-SiO2
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G - 382.14x = -YT/1000 + H 382.14x (97)

Mg0 298 Mg0
where G is the Gibbs free energy in J/mole of metal, H is
‘the enthalpy, Y is the Planck. function and x is the mole
fraction of Mg0. The values for the éo]ids enstatite, Mg0
and S1'02 are from previous discussions in this thesis. |
Since 2123 K is the eutectic temperature, the tangent

of the curve of the liquid phase, at about ngo_=_.7 to
0.69, must pass through the points Mg0 and Mgz4. curve;
because, they are at equilibrium at this temperéture.
This tangent must pass below the points for thé MgSi0,
solids Its'intercept must be at a poﬁnt determineﬁ by the
enthalpy of fusion of MgO0. This indicates that the curve
has a broad minimum and it is possible to sketch a
reasonable curve for'the‘liquid. A smooth curve that
meets these conditions will come close to matching our
final curve.' The points shown as diamonds are calculated
“from our final two sets of Redlich-Kister coefficients. 
Enthé1py values can be estimated from free energy curves
at different températdres through the Gibbs-Helmholtz
equation

(d(G/T)/dT), = -H/TEL N (98)
However,; this yie1as larger uncertainties{ For example

AH = 99000 = 36000 for forsterite -and 93000 * 40000

fus
for protoenstatite. In order to do better we need a

usable entropy model.
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As a first approximation the ngO = 0.7 can be

considered as an ideal solution of 0.1 mole Mg0 in 0.30

moles of Tiquid Mg,5i0,. This yields a positive entropy
of mixing of 1.87 J/K. Converting from a reference state
of pure undissociated MgéSiO4 to Si0, 1quid introduces a
substantial uncertainty. Nevertheless; the excess entropy
will be positive, but Tess than the value 5.08 J/mole K.
The uhcertainty in the excess free energy is substantial
unless the heat of fusioﬁ of Mg0 is fixed. But, it is in
the range of ;30 t 3 kJ/mole. These values combine to
give -24 t 8 kJ/mo]é for the excess enthalpy at

= 0.70, accurate enough to e1imind£e both the highest .

XMgO
and lowest curves in Figure 20.:

The Enthalpy of Fusion of Magnesium Oxide

Jf the fkee-energy curve has a broad minimum as shown

in Figure 21, then the liquidus curve for forsterite -

should be reasonably symmetric, and the mole fraction of
Mg0 at the 2123 K eutectic should be between ngO‘= 0.69

and 0.70. Some disproportionation of the orthosilicate is

probably present. However, at these basic compositions a

2 model with three species should be

Flood-Knapp
adequate. Thus, we can consider the Tiquid as an ideal
solution of MgO} MgZSiO4 and Mg351207._ Without an
enthalpy of fusion for Mg0 the amount of

disproportionatioh of orthosilicate and the enthalpy are
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‘uncertain. But, the }eaction |

2Mg,510,(1) = MgySi,0, + Mg0(1) | (99)
should have a positive AH, a AS approximately equal to
zero, and thus, an equilibrium constant less than one. If
z is the number of moles of Mg3S1'207 preseﬁt then there
are 3x - 2 +z moles of Mg0 and I - x - 22 moles of
M925104 present in the liquid; with a total of 2x - 1|
moles. Thus, fhe equilibrium constant for the above
reaction 1is

K= (3x - 2+ 2)(2)/(1 - x - 22)%. (100
Therefore, when ngO = 0.7 and-assuming that ﬁhe
equilibrium constant. is greater than zero and less than
one then z can range from 0 to 0.08 as shown in Table 24.
The activify of Mg0 liquid is determined from the mole
fraction of Mg0 present in the 11qu1d.l Thus,

XMQO = Augo * (3x - 2 + z)/(2x -1) (101)
which reduces to aMgo(1iquid) = 0.25 + 2.5z at XMg0 ~ 0.7
and aMgo(11quid) = 0.18421 + 2.6316z at XMg0 = 0.69.
Therefore, the activity of Mg0 is between 0.25 and 0.45 in
the eutectic Tiquid at 2123 K. Using the melting point of
3105 K for Mg0 and the Gibbs-Helmholtz equation

In (Ky/Ky) = (AH/R)K1/T2 - Ty) (102)
along with the activities of Mg0 at 2123 yields an
enthalpy of fusion for Mg0 of 60.97 P 16 kJ/m61e. This

agrees well with the value 57.650 ¢ 8rkJ/mole from Howald
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104

and Chang. Cértain]y_va1ues above 90 kJ/mole are

excluded and the Janaf value of 77.4 # 15 kJ/mole’? is
barely acceptablie. Thus, we feel justified in proceeding

with calculations based upon the 57.65 % 8 kJ/mole value.

Table 24. Calculated equilibrium'constants for reaction:
2MgpSi0g4 (1) = Mg3Sio07 + MgO(1)

at x Mg0 = 0.7, where z is the number of moles of Mg3Sip07.

a (Mg0) ' z. Kgg
.25 0.0 0.0
275 : .01 .0140
.30 .02 . .0355
.325 : .03 .0677
.35 . .04 115
.375 .05 © .1875
.40 .06 : .2963
425 .07 .4648-
.45 .08 .7347
.475 ' .09 1.1875

The Entropy of Mixing

With the properties of Mg0 liquid confirmed at the

previously selected val‘u'e§104

the excess G/T for the
eutectic can be pa]cu]ated to be -14.2613 at ngO = 0.70.
This can be diQided into excess entropy and an excess
enthalpy term in various ways. Assuming AS'= 0 for the
reaction |

3Mg,Si0, + S0, = 2Mg3Si,0,, | o (103)

2

the Flood-Knapp~ model calculates the,excess'entropy and

excess Entha]py to be 3.189 J/mole K and -23500 J/mole
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respectively. The'TOOp-Samis mode11 yields 11.428
J/mole K and -6015 J/mole for the excess entropy and
enthalpy of mixing. The ideal mixing of the three types
of oxygen atom present in the Toop;Samis mode]1 seriously
overestimates the entropy of mixing. The Lin-Pelton
mode]3 corrects for this by using separate terms for -the
mfxing of negative centers and polymeric anions. The
- Lin-Pelton equation is
s€ = R[[(x - 2)In((x - z)/(1 - z))
+ (1 - x)In((1 - x)/fl - z)
+ (2 - 2x - z) ' _
n((2 - 2x -2)(1 - 2)/((2 - 2x)(L - x)))
+ [(2 - 2x)(1-x)/(1-2) = (2 - 2x - z)]
(2 - 2x)(L = x)/(L - z) - (2 - 2x - z))
/(2. - 2x)(1 - x)/(1 - z2))]] (104)
where x is the mole fraction of Mg0, and z is 1/2 the
number of 0 jons present. The first two terms account

Z where (1 - x)

2

for the mixing of nggafive centers and 0
is the Siozaim jon and (x - z) is the number of 0~ ‘
present, yielding 1-z total moles. The iast two terms are
mixing of'OL?, 0% and 0~ wifh‘fhe number of moles of

Si-0-Si( ) equal to (2 - 2x)(t - x)/(t - z). However,

Nsi-si
a much simpler equation for the excess entropy can be
arrived at by using N(Si-Si) = (2 - 2x). This yields what

we call a modified Lin-PeWtbn model W1th the excess
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entropy being
S® = -R{(x - z)In((x - z)/(1 - z))
+ (1 - x)In((1 - x)/(1 - z)
+ (2 - 2x - z)In((2 - 2x - z)/(2 - 2x))
"+ z1In(z/(2 -.2§)); | : (105)

where 2 - 2x - z = moles.of 02 and z = (1/2)0°. The
parameter z can be evaluated by minimizing the free eneréy
function with the excess enthalpy propbrtioné] to z. The
choice of H® = -390052 gives G/T = -14.261 at XMgO = 0.70
with S€ = 5.49448 J/mole K and H® = -18611. Computations
with this parameter at 1830 K and 2163 K yield enthalpies
of fﬁsion of AHg o =118500 + 8000 for forsterite and
AHfus = 66400 t 8000 J/mole for protoenstatite with the
unceftainty-dge fo the uncertainty of £t 4 J/mole.K in the
excess entropy. ‘The‘excess entropy at x = 0.7 and T =
2123 K with'thé briginai Lin-Pelton model is 3.9805 J/mole
K, increasing to 4.5000 J/mole K if the enthalpy is

adjusted to bring G/T to -14.2613 J/mole K. S% = 5 t 4

3

J/mole K is a reasonable estimate of the excess entropy jﬁ
.the 1iquid near XMgO = 0.7.

A simple model Tike the one parameter modified
Lin-Pelton model can not describe thé excesﬁientha1py at
all combositions aﬁd temperatures. However, a set of
Redlich-Kister coefficients can fit each of the models

considered, and so they can fit the differences between
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various models and presumably COrrecanny of the models to’
exact values. For example it is quite easy to introduce
negative curvature for G/T to the high silica end of the
phase diagram, so that the amount of liquid-Tiquid
immiscibility deéreases with increasing temperature.

Simitarly, the various models proposed for the
entropy of mixing in this system all have at 1e$st a hint
of a local minimum near the orthosilicate cbmpoﬁition of
ngO = 2/3 for a type of M shaped curve. Several of
these are shown in Figure 22. Using separate sets of
Redlich-Kister coefficients for the nonideal parts of the
two humps for the excess éntropy.gives us the flexibility

to fit any curve of this type.

The Heat Capacity

The disproportionation gdui]ibria give a substantial
temperature dependence’for the enthalpy in tHé
neighborhood of the minimum at ngo'= 0.7._‘Thjs must
obviously be ref]ecteq in terms of the excess‘heat
capacity of mixing. ‘We usea the single parameter modified
Lin-Pelton model to calculate the temperature and
composﬁtion dépendence of this part of the heat capacity.
However, adding this CPe for'x = .5 to the heat capacities
of Mg0 and 5102 1iquids gives a heat capacity for
MgSi04(1iquid) of C, = 100 J/mole K, which is

substantially less than that reported by'Whité,115




X Si02

Figure 22. Entropy of mixing versus the molefraction of SiOg in the system
MgO-SiOge Circles, open squares and filled squares are from Lin and
Felton, ideal mixing and this work respectively.



100
' CPe = 130.7 J/mole K. This discrepancy was corrected by
adding 25 J/mole K to the first.Red1ich-Kister term for.
the excess heat capacity. The resulting curve of Cp .
versus mole fraction at 2123 K 1is shown in Figure 23 to
"demonstrate that it is a reasonable choice. The CPe‘curve
is shaped like the excess entropy curVe, since it is
calculated from the excess entropy from the Lin-Pelton
model. _

With the heat capacity of the liquid phase chosen, it

113

can be combined with the measurements of White for the

heat capacity-of the glass to convert the measured heat of

110 to- a heat of fusion of

vitrification oleavrotsky
48.8 kJ/mole at 1830 for MgSiO3. This is just barely
consistent with the value of 60.4 = 15 kJ/mole given
above. We have accepted the 1ower-Va1Qe for our final
calculations and to fix the enthalpy curve in Figure 20.
It.is worth noting that using a higher enthalpy of fusion
for Mg0 -only makes this discrepancy worse. A heat |

of fusion for MgSiO, of 48.8 t 3 kJ/moie fof MgSiO?
corresponds to H®= -23.91 t 4 kJ/mole at x = 2/3 and

1830 K. This determines our final selected values of

'He = -25.199 + 4 kJ/mole and S = -2.295 J/md]e at x = 2/3
and 2123 K, and an enthalpy of fusion -for forstefite of

AHfus = 92.88 * 12 kJd/mole at 2156 K.




4.
Cg (J/mole)
3

Figure 23. Excess heat capacity versus molefraction of SiO2 at
MgO-SiO2 system.

2123 K for

the

10T
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The Phase Diagram

With choices made for the excess enfha]py and the
heat capacity of mixing, every measurement of solid liquid
equi]ﬁbria gives a value for the activity coefficients and
the entropy. The resulting excess entropy values have
already been displayed-in Figure 22. Also, the calculated
activities af 2000 K can be cqmpared with the measurements
of Kambayashi and Kato114 as shown in Figureé 24 and 25.
Except for fhe prob]ém.a1ready evident at high ‘
concentrations.of Mg0 by their failure to fit the known
phase equilibria, the agreement js fair. The phase
equilibria measurements are more reliable than the
effusion measurements. .

There are reliabie density‘measureménts of the 1i§uid

by J. F. Riebh‘ng,115

so that the phase diagram can be
extehded to higher pressufes. ‘The calculated phase

diagrams at .1 and 2000 MPa are shown in Figures 26 and
27. Tab'le 25 gives thé.RedlichFKister coefficients for

both the acidic and basic sides of the phase diagram.

The Alumina-Silica Binary

The thermodynamic properties of the alumina-silica
binary have been modelled by Howald and E]iezer11§
We are using their equations of state for the various

stoichiometric phases. The Redlich-Kister coefficients

in .1978.




a (MgO)

4.0 X (Si0Z) 6.0

Figure 24. Activities of MgO. Filled diamonds are calculated from our

Redlich-Kister
E. Kato.

coefficients,

open circles are from S. Kambayashi and

€0T
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a (Si0z) -

0.2

0.4 X (Si0Z) 0.6

Figure 25. Activities of SiOg. Open circles are calculated from our
Redlich-Kister coefficients, filled diamonds are from S. Kambayashi and
E. Kato.
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Figure 26. The calculated phase diagram at 0.1 MPa for
MgO-SiO2 system.

the

0.8

1.0

SOT



2500

2300
T (K)
2100
1900
0.0 0.2 0.4
X (Si02)
Figure 27. The Calculated phase diagram at 1000.
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Table 25.

Redlich-Kister coefficients for acidic and basic MgO—SiOZ.

A B c D E F

a) log Y  -4.284510 _5.0782545  -.7017948 5.5773431 6.9039075 2.197768

b) log ¥  -.328548 -37.588266  : 87.678091  .-78.884975  22.121726 2.197768

a) H -106333.59  -106101.23  -21837.49 171288.1 .~ 238689.37 100752.46
b) H _16426.745  -818763.25  1850296. “1459206.2  238689.37 100752. 46
a) Cp 11.870530 15.174986 14.355571 -20.8517 -65. 6362 -38.9678

b) Cp 46.80464 427.70785 -918.31275  649.06314 -65.6362 -38.9678

c) dCp/dT  .002539050 .002055004 0132324 -.023815 -.003681462  .0096971585
¢)-d2Cp/dT? -4.225033E-7 -1.992977E-6  8.48556-7 3.8824667E-6  -1.025983E-6 '-1.55113E-6
c) v -5.7079297 -9.6020113 -3.206035 22.275335 10.892596 -15.26825
¢) dv/dT  -.0010398796 .0097664152  .0032609281  -.022656 ~.011079 .0155296

¢) dv/dP  .00010398796 -.9766415E-3  -.3260928E-3  .00226567 .0011079 - 00155296

a) acidic coefficients
~b) basic coefficients . , ,
" ¢) coefficients for bpth the acid and the base

L0]
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for the Tiquid and solid phases calculated by Howald and -

116

Eliezer are listed in Table 26: However, the heat

capacity of the liquid has been refined and the equation
changed. This made it necessary to change the
Redlich-Kister coefficients for the liquid. <Chang, Howald

117

and Roy made these changes in 1982. These values for

~the Redlich-Kister coefficients for log y and enthalpy are

also shown.in Table 26.

Table 26. Red11ch—Kistér coefficients for the A101 5—5102 )

solid and Tiquid systems.

Phase Quantity Ref. A B . o

(1) 1log y Howald, et al. 1.330516 -0.212719 . 096297

enthalpy , 26778.

(s) log v c 3.134095 ©_9.233145 10.646443
enthalpy i 35974 99035.

(1) 1log y .Chang, et al. 1.,330266 -.211929 .0959393
enthalpy 26853.8 ’

(1) 1og Y this work .8634264 .-.2353337 .1233324
enthalpy 9000.0

(s) log vy . - 3.134095 -9.233145 10.646443

enthalpy . 35974 99035.

Since then we have found that the enthalpy
Redlich-Kister coefficent for the liquid in this binary is
much too large. We have reduced the enthalpy coefficient
from 26853.8118 to 9000 J/mole and have recalculated the

log Y coefficients for the liquid as shown in Table 26.
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The first step in calculating the Redlich-Kister

coefficients for the alumina-silica binary is to calculate

the equilibrium constants for the reacfions

A]Ol.S(C’ corundum) = A101-5(1) ' (106)
and '

SiOZ(C, cristobalite) = 5102(]) (107)
at the temperatures where Davis and'Pask118 measured the

equi]ibrium,between mullite and fhe alumina and silica
liquid. This can easily be done from the equations of
state of thé reactants and products in reactions (106) and
(107). | |

The equilibrium constant for the melfing of mullite

is given by

1/4
(ae ) (a )
$i0,(1) A10, 5(1)°. .
Keq = (108)
Smullite .
The activity of mullite is given by the equation
- 1/4, .
fmuttite = (3sio, ()] (Far0, ((s))> (109)
so that the equilibrium expression becomes
1/4, '
(a. )77 7 (a (1))
7$10,(1) A10, ¢(1)
K = - (110)
&4 1/4

(a5102(s)) (aA10.1 5(5))
The activities of the éo]ids can be calculated from the

Red]ich;Kister coefficients for log y for the solid phase

in Table 26. The equilibrium constant, Keq’ can be
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calculated from the equilibrium constants for .the melting

of SiO2 and-A]O1 5 - The gqudtion is

) 1/4 '
Keq = (KSioz) a0, 4. (111)

Normally once this is done the activities and mole
fractions of the 1iqu1d'cén be calculated. However,
allowing. for non-stoichiometry of the mullite phase
'comp1iéates the cafcu]ation substantiaf]y. We must allow
for two separate equilibria between the solid and liquid
phase. These can be chosen as the melting of cristoba]ité
and corundum as‘shown for reactions (106)-and (107).

The ‘two eqﬁi]ﬁbrium concentrations, xc(c), the mole
fraction of the solid alumina; and X6(1), the mole
fraction of the liquid alumina, are those which give the
four activities a7(c), a7(1), aglc) and a6(1); where the
subscgipts 6 and 7 represent A]O‘l.5 énd 5102 respectively.
Thesg'activities must satisfy the two equilibrium constant

expressions

x6(1)/x6(c) Ke . | _ (1L2)
and ) '
where K6 and K7 are the equilibrium constants for
reactions (112) and (113).

‘The concentrations and activities for equilibrium at

. a selected temperature and pressure can be obtained by

successive approximations by any of a variety of
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mathematical procedures for the minimization of the free
energy. Convergence in these calculations is not a o
trivial problem for highly nonideal solutions. Qur
current computer program uses a form of the Murtagh and
_Sargent119 constrained minimization which is not as
efficient for the two component systems as the alternate
calculations of mole fractions from activities for the two

116

phases as used by Howald and Eliezer. Eventually a

better convergence program incorporating some of the

120 119 4311 need

features of White and Murtagh and Sargent
to be written.

Once convergence has occurred and the activitie; of
the liquid are calculated, the change in the logarithm of"
the activity coefficient for both the alumina and the
silica can be calculated from the equation

Alog Y = (anew7a01d) | ' (114)
where LI, is the new activity and 3,14 is the o1d
activity. These changes in log Y can be fit to
Redlich-Kister coefficjents by a least squares calculation
giving the change in the Redlich-Kister coefficients.
These coefficients can then be added on to the old
coefficients for log Y to give‘the new Redlich-Kister

coefficients for the liquid shown in Table 26.
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THE TERNARY SYSTEM: MAGNESIA-SILICA-ALUMINA

With the Redlich-Kister coefficients for the two
component systems and the equations of states for the
compounds preseht in this system, we c%n now proceed to
describe the three component system MgO—SiOZ-A11.5. The
first step in this process is to calculate the Redlich-
Kister cqefficients for the ternary. There are a variety
of methods for doing this; however, the most commonly used

{nterpo1ation methods are by Koh]er121 l22

121

and Toop.
The Kohler procedure for calculating the Redlich-
Kisterﬁcoefficients has terms of the form xlk(x2 + x3) in
it. These terms cannot be expressed as a finite power
series in mole fraction, because as Xy apbroaches_one Xy +
X3 approacheé zero. Thus, the term xl/(x2 + xé)

122 3150 developed a method of

approaches infinity. Tobp
interpolation, but His'meyhod has one set of terms in the
Koh]er férm. What we are using is the Toop interpolation
with the set of terms in the Kohler form dropped. Thus,
we have a modified Toop or a Toop-Muggianu
interpoTation.123 This intérpo1afion method is very
useful in calculating Redlich-Kister coefficients‘for
ternary diagrams, an& is-easily expréssed in terms of

extended Redlich-Kister notation. The Toop—MuggianU<js
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exactly a Toop interpolation if the solution formea along
oné binary edge is ideal or para11e1 to an ideal so1Qtion.

'The modified Toob interpolation calculates the
ternary RedTlich-Kister coefficiénts from the apprépriate
binary Redlfch-Kister coefficients and also calculates
these coefficients so that they give well-behaved
Red]ich—KTstér coefficients for the pseudobinaries. A
pseudobinary is a line through the ternary through one
vertek, ho]ding.the ratio of two of the components
constant while varyiné the third. .Thus; it forms a
straight line through fhe apex of one of the pure
“components and through the baseline connecting the other
two components.

For example, assume we want to calculate the
Redlich-Kister coefficients for the imaginary terhary
lw,y,z>. If the binary |w,y> is close to ideal then we
can easily calculate the Redlich-Kister coefficients along
the pSeﬁdobinary ]wz Y22, ‘The pseudobinary |w2 Y,2Z>
corresponds to a straight line through puré z and the
point Wy along the w,y binary edge.v The Redlich-Kister
coefficients for the binaries are

lw,z> = |A ' CopsDyy” o (115)

|y{z> = |A ,2B,5C

yz*Byz>Cyz Py’
The Redlich-Kister coefficients along the pseudobinary

|w2 y,z> can be calculated from the equation

(116)
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|Wy ¥s2> =]2/3 w,z> + 1/3]y,2> ‘ (117) - .

which. becomes

Wy vaz> = [(2/3)A,, + (1/3)A,,.(2/3)8, .+ (1/3)8B,,

(2/3)c,, + (1/3)C, 0 « . > (118)

The modified Toop interpolation calculates fhe three
component terms as Tisted in Tables 1 aﬁd 3 so that they
give this behavior in the terms calculated for the
pseudobinaries. This is done by multiplying the
Red1ich-Kistér'coefficients for the two binaries by the
matrik MTOOP shown.in.Tab1e 27. Tﬁis'equation is

D E . . . B

zw’czw’ ZW’ T zw YW’ Tyw’

Dy By = = - | (119)

This_matrix is programmed into the computer for up to

lz,w,y> = |[MTOOP||B C

seventh power terms in mo1e-fraction, and it handles up to
nine component systems. The cdmputer can easily rotate
the subscripts for the three component terms to give the
pseudobinaries along another axis. This is done by the
‘equation INy53> = ICMMj|N231>,‘where N is the vector of
Redlich-Kister coefficients and CMM is the 15 by 15 matrix
shown in. Table. 28. | .

In the system MgO—SiOz-A161.g the compdnents 5102 and
A]Oi.-5 both act as acids. This Tleads us to calculate the
Redlich-Kister coefficients for the ternary along the

bseudobinaries iA]O1 5 x Sio »Mg0> with a modified Toop

2y
interpolation. With the matrix CMM we can rotate the
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Table 27. The matrix MTOOP for calculating ternary
Red1ich-Kister coefficients.

1 -2 3 -4 5 1 -2 3 -4 5
0 7/2 -21/2 21 =35 0 7/2  -21/2 21 -35
0 /2 -3/2 3 5 0 -1/2 32 3 s
0 0 37/4  -37 185/2 0 0  37/4 =37 185/2
0 0 10/4 -10 25 0 0 -10/4 10 -25
o 0 1/4 -1 5/2 0 0 1/4 -1 5/2
o 0 0 175/8 -875/8 0 0 0 175/8 -875/8
o 0o 0 67/8 -335/8 0 O 0 -67/8  335/8
o 0 0 13/8 -65/8 0 0O 0  13/8  -65/8
0 0 0 1/8 -5/8 0 0 0 -1/8 5/8
0 0 0 0 781/16 0 0 0 0 781/16
0o 0 0 0 376/16 0 O 0 0 -376/16
0 0 0 10616 0 O 0 0  106/16
0 0 0 0 16/16 0 O 0 0 -16/16
0o 0 0 0 1/16 0 0 0 0 1/16

subscripts to get any order for thé subscripts that we
want. For this ternary it is the |6,7,4> ternary
coefficients that are used by the computer. They can be
used to calculate the excess entha]py(He) along the

|4-6,7> pseudobinary, where 4, 6 and 7 represent MgO0, A1O1 5




Table 28. The transformation matrix, CNN, from the Redlich-Kister.
vectpr NT23 to the ve;tor Nglz.

1 1

0o -(1/2)

o -(2) -(1/2)

0 0
0 0
0 0
0 0

‘00
0 0
0 0
0 0
o 0
0 0
0 0

..].

(3/2)

0 -

0

1 - 1 1

-1 ? -3 -(3/2)

-1 o 1 -(32)
(1/8) -(3/4) (9/4) (3/4)
(1/2) -(72) -(3/2) (3/2)
(1/4)  (/8) (/4) (3/4)

0 0 0o -(1/8)

0 0 0 -(3/8)

0 0 0 -(3/8)

0 0 0 -(1/8)

o' o- o0 0

0 0 0 0

0 0 0 0

0 0 ] 0

0 O‘ 0 0

-1
(5/2)
(1/2)

‘i(7/4)
-(372)
(1/4)
(3/8)

(5/8)

(1/8)

-(1/8)

1 -1

(172) (9/2)

(1/2) -(3/2)
(15/4) -(21/4)
-(1/2) (9/2)
-(1/4) -(3/4)
-ksle) (21/8)
-(3/8) -(21/8)

(s/8)  (9/8)

~(i/8) -(1/8)

0 0
0 0
0 0 .
0 0
0 0.

1 -1
-2 3
-2 1
(3/2) -3
3 -3
(3/2) o

-(v2) (5/9)
-(3/2) (9/Q)
-(3/2) (3/4)
-(1/2) -(1/4)
(1/16).-(3/16)
(174) -(1/2)
(3/8) -(3/8)
(1/4) o

(1/16) (1/16)

—
-4
0
(11/2)
1
-(ir2)
-3
-2
1
0
(9/16)
(3/4)
;(1/8)
-(1/4)

(1/18)

a0

5 --s

-1 2 A'
-9 (21/2)
3 -9

0 (3/2)

-(2172) -(21/2)
~(9/4)  (21/4)
-(3/4)  -(9/2)
(v/8)  (1/2)
(21/16) (81/16)
0 =(27/4)

| (9/8)  (21/8)
-(172)  -(3/4)

(116)  (1/16)

911
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and SiOé respectively. The calculated Redlich-Kister
coefficients for excess enthalpy from the Toop
interpolation aré-shown jn Table 29 along with the final
selected coefficients. |
Tab1e~29. Calculated Red]ich-Kigtef coéfficients fof
~excess enthalpy from the Toop-Muggianu interpo]ation along

with our final selected values for the
MgO-SiOZ-MO1 5 ternary at 1800 K.

Coefficient CHE e |
Toop-Muggianu Final Values

B2 61840.73 58082.73
c? . 36477.38 -2173532.6
c -77664.28 793583.72
pe -27662.38 | 1590207.6
pP 50574.75 -710619.25
D¢ | -58146.47 535636.53
ES 104838.4 104838.4
EP -346939.8 | -346939.8
£ 339367.6 - ~ 339367.6
gd 15143.46 [5143. 46
F@ -72416.5 -72416.5 .
Fb 362082.9 | 362082.9
Fe -724165.9 | -724165.9
Fd 724165.9 724165.9
Fe

-362082.9 ’ -362082.9
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We corrected the ternary Redlich-Kister coefficients
in the fo11owin§ manner. First, we needed to determine
the magnitude of the change neéded to correct .the
Redlich-Kister coefficients. We Tooked at the
pseudobinary through pure A101.5 and the MgOfSiOZ-edge at
ngO = 0.5. The excess enthalpy élong the MgO-SiO2 binary
is straight a]oqg the acidic side to a.first
approximation. Thus, if the eiceﬁslenthalpy at the point
Xg |
then at Xgq

1/3 the excess enthalpy is 2/3 z along the

|6,4> binary. We can draw a straight line through the

. points XgsXgsXy = 0,1/3,2/3; x6,x4,?<7 = 1/3,1/3,1/3 (the

center of the graph) and x.,x,,x, = 2/3,1/3,0. 1If at the
v 6°%4°%7

mullite composition the excess entha]py‘is Y, HE = Y, then

at  Xg,Xg.Xy = 1/3,1/3,1/3 the excess enthalpy should be

H® = (1/2)Y + (1/3)Z + A. ' (120).

The A contribution to the excess enfha1py is small
cpmpared to Y and Z because it i; the mixing of A]OI;S and
SiOZ. Thu; thé A contribution is negligible. Also along
the pseudobinary‘|6,7-4>, which passes through the center,
the excess enthalpy at the point [6,7,4> =-11/3,1/3,1/3>
should be approximate]y'(Z/B)Y.i - |

We repeated this calculation at seven different

points in the ternary diagram. These points are listed in

= 0, x4 = 0.5 and x, = 0.5 along the [6,4> binary is z,
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Table 30, along with the excess enthalpies calculated from

the Toop interpolation’'s Red]ich:Kister coefficients and
the final values from the final set of Redlich-Kister
coefficients chosen for this ternary. To change the
Rgd]ich-Kister coefficients we fit the changes in the
excess enthalpy that we wanted to Redlich-Kister
coefficients and then just added these coeffic%ents on to
the Redlich-Kister coefficients calculated from the Toop
fnterpo]ation. "The changes desired at the seven selected
symmetrical points_ape used to adjust the first six
ternéry Redlich-Kister coefficients: Ba, Ca, Cb, Da, Db
and D®. When one has binaries like Mg0-Si0, with E and F
terms, it is necessary to include them in the ternary.
However, théy do not have to be adjusted. One avojds
serious problems with ternaries by not trying to fit high
order térnary terms wifh limited data available.

The Redlich-Kister coefficients for Tog Y in the
ternary were calculated by a modified Toop interpo]étion.

We- corrected the log v values from the known equilibria

within the ternary phase diagram using a method similar to

that for the excess enthalpy corrections. The Tlog &
Redlich-Kister coefficients are listed in Table 31 for
this ternary diagram. The ;a]cu]ated contpur Tines and
the phase fields for the ternafy phase diagram are shown

in Figures 28 and 29, respectively.




Table 30. Calculated excess
Redlich-Kister coefficients
interpolation and our final
Mg0-si0,-A10, 5 ternary

120

enthalpies at 1800 K using the

from the Toop-Muggianu
selected values for the

Mole fraction

HE

Mg0 Si0

2
.5 .25
4 .4
.4 ). 2
1/3 1/3
.25 .5

.25 .25
.2 4.

A701.5
.25

.2

.4

1/3
.25

'Toop-Muggianu Final values

-13451.336  -22124.990
-7857.474 -17292.748
-13019.940 -20210.219
-8193.079  -17319.420
-4158.164 -10178.852
-7260.797 -11241.445
_4042.353 . -52789.555
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Table 31. Redlich-Kister terms through F from our computer

file TI75 for the ternary system A101-5;8102-M90.
6 7 4 Tog v H Cp
B2 16.274239  568481.33 -6.637291
c? -56.611459 =2158662.5 -15.02179
cP ' 18.364036 764703. 23.56041
p? 39.586942 1558140. 57.75104
pP ©-23.388194  -645556.5 -121.9810
¢ 16.585357 504529.5 58.41545
E2 1.81443 ' 164321.0 -90.23578
P -5.075334 . -556531.3 321.9720
EC ~ 2.160231 . 582914.3 -385.5388
Ed ~ 5.831207 252767.02 127.1332
Fe -2.1809064 -100752.4 - 38.96796

10.9065889 503762.4  -2194.8391

F
F

FC -21.814092 -100752.5 389.6780
F 22.321093 1007525 -389.6780
F

€ -10.9068664 - -503762.4 194.8390
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Figure 28. The calculated contour lines for the
MgO-SiOg-AIO™ g ternary system.
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Sio2

Figure 29. The calculated phase fields for the ternary
system MgO-SiOp-AlOi,5.

is the cristooalite field

is the corderite field

is the enstatite field

is the mullite field

is the forsterite field

is the spinel field

is the corundum field.
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-Si0,-A1, --Ca0 SYSTEM

Although not central to the main body of this work,
it is worth while decribing the work that we did on the
system FeO-FeOl'5-5102—A101.5-Caq system. It is dgain
necessary to describe the main components of the system
and the stoichiometric compounds of interest. wé have
already obtained thermodynamic properties from S1‘02 and
A101.5 and many other of khe stoichiometric oompounds
involved. However, the iron oxides ana calcium oxides
must also be thermodynamicé]ly described along, with the
stoichiometric‘compounds: hercynite, FeA1204; fayalite,

FeZSiO4 and anorthite, CaAlZSizog. Several other

compounds exist in this phase diagram, but they are

outside the area in which we are jnterested.

The FeO-FeO1 5 System

g The firs£ problem we had to solve in the five .
component system was obtaining thermodynamic properties
for wustite, FeO(c). This is a problem in that pure
stoichiométric crystalline Fe0 does not exist in nature.
A]thouéh, one can get close to the concentrations
necessary, it is never quite reached.. In order to-solve

this problem we had to calculate Redlich-Kister
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coefficfents for the Fe0-Fe0, ; system and then
extrapolate back to pure FeO(c). |
The existing phases present in the.FeO-Feol.s system
are magnetite; Fe304(c); hematite, Fe01.5; wustite, FeO(c);
Fe0, (c,v); Fe0, (1) and Fe0(1). The thermodynamic
propgrties of Fe304 listed in Table 32 were taken from the

40 and the heat capacity
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equation‘and Hogg are from NBS. The heat.capacity
equation for Fe304 is valid from 85O K to 1870 K, the
melting point of Feg0,. The heat capacity and
‘thermodynamic properties of FeOl.s, hematite, in Table 32

40

are also from Bulletin 1452, and the heat'capacity is

" valid from 950 to 1805 K, the me]ting‘point of Fe01“5.

- The Heat capacity equatiqq for FeOi.S(C,Y) is‘estimated to

be the same a§ that of Fe01.5(c,hematite). The enthalpy.

and entropy of FéOl.s(c,Y) were caﬁcu]ated.from a lattice

model for Fe3 4; assuming that the enthalpy of mixing of
FeO and Fe0; g(c,¥) is very small. |

| The heat capacity of FeO(1) is 68,2 J/mole-K at 1650
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as measured by Coughlin et al., and is held consfant up

to 3000 K. The heat capacity of FeO, 5(]) was assumed to be

10.% larger than that of the solid Fe0, 5(c). The
enthaipies at 298.15 for both liquids were calculated from

AH data, and the Plank's function was adjusted to fit

fus
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Table 32. The heat capacity equations and thermodynamic
properties of various stoichiometric compounds in the

HEAT CAPACITY EQUATIONS
A B c D E

FeO, 5 (C, GAMMA)? 74245 136201 .51042186.  16953.56
Fe (C, GAMMA) 32,3431 .837930E-2 -174110 E-7

FeO, 5 (C, HEMATITE)®  74.245  .136201 o .51042186.  16053.56
FeO (C, WUSTITE) 56.709  .0251173 377231E-4  .117640E-6 -.92509E-10
FegO, (C, MAGNETITE)® 20597  .052733 , 5.6413E+7

FeoSiO4 (C, FAYALITE)  188.14  .0414165 2.2411E-5  -3.6299E+6

FeO, 5 (LIQUID)? 74.245 146200 : -51042186.  16953.56
FeO (LIQUID) 68.2 . '

FeAl,O, (C, HERCYNITE) 90.016  .037055 ..574440E-4 .352436E-7
CaAl,SiyOg (ANORTHITE) 21.89929 - .0527382 141137E-4  -.457350E-7 .564705E-10
THERMODYNAMIC Y1000 Hiooo H2os Hogs Szo8 . Viooo
QUANTITIES | JmoL ! JmoL! JmoL 1 Jmou k1 om3
FeO, 5 (C, GAMMA) 82.12558  50275.5 - -401175.94 . 50.29333  10.0
Fe (C, GAMMA) 41.9488 28405. 0.0 9.41399 7.2118
FeO, 5 (C, HEMATITE)  76.08 50275.5 -412320. 4424774  10.0
_FeO (C, WUSTITE) 87.292006  35875.90 .264522.47  45.75706  12.4874
FegO4 (C, MAGNETITE)  241.16403  147986. -1118400. 146.14 45.83
Fe,SiO, (C, FAYALITE) ~ 228.4400 118426, -1477896. 148.32 47.369
FeO, g (LIQUID) 9678606  50275.5 -371240. 61.77637  10.0
FeO (LIQUID) 03.50423  47866.17 -245660. 58.83758 ,
FeAl,O, (C, HERCYNITE) 181.71161 115478, -1083046.0  106.3 41.486
CaAl,Si,Og (ANORTHITE) 332.26016 2010185 - -4231800. 199.30 101.76

THE HEAT CAPACITY EQUATIONS ARE GIVEN BY Cp=A+B(T-1000)+C(T-1 000)2+D(T-1 000)3 +
E(T-1 000)4. FOR THOSE COMPOUNDS MARK WITH (a), THE D AND E TERMS ARE

D(1/T2 - 10°6) AND E(T-3 - 1000-5). ANORTHITE ALSO HAS THE ADDITIONAL EINSTEIN TERM -

38 E(T/700)
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the known solid 1iqu1d~equi1ibrium within the FeO-Fe01.5
systgm. '
THere is heat capacity data available for the solids
FeO, 5, .Fey0, and FeO.M-/..:%‘ZV’40 Using this data we were
able to calculate Redlich-Kister coefficients for the heat
capacity and the temperature dependeﬁce of the heat
capacity for stoichiometric Fe0 shown in Table 33. With
values for the heat capacity we were then able to proceed
with calculating the Redlich-Kister coefficients for
enthalpy. There is a substantial amount of enthalpy data

126f127 L. S. Darken and

for the iron oxide system.
R. W. Gurry127 have measured the ehthany of the solid
solution at 1523 K with mole fractions of FeOl-5 ranging
Cfrom x = .111932 to x = 0.32. There is a substantial
amount of good data for Fe,0, and Fe0, ¢ enthé]pies32’4o,
so we were able to calculate Redlich-Kister coefficients
at 1523 K for the enthalpy and then convert these
coefficients to 1000 K using the Red]ich-Kister'
coefficients for heat capdcity. These coefficients along
with the log Y and C, are listed in Table 33..‘

Darken and Gurry127 have measured values of the

partial pressures of CO2 and  CO over iron oxide solutions

ranging from x. o = .8988°t0 X o = -6406 at 1573 K. With

values for the equilibrium constants for the reactions

Fe(c,y) + CO2 = FeO(wus) + CO (121)
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Table 33. Redlich-Kister coefficients for the Fe(-Fel

’. and

Solid Binary. 1.5
A B c - D E
Tog -.535413  1.541358 -4.835708 7.388763  -3.670011
He -10430.564 58374.976 -175289.548 256811.822 -129030.652 -
Cp 1.156545 '
dCp/dT  -.0226686
d%c,/dT?  -.746594E-5
FeO(wus) + 1/2 €O, = Fe0,  + 1/2 CO (122)

we can calculate activity coefficients at these'mo1e
fractiohs and this. temperature. The equilibrium constants
for reactions (121) and (122) are K121 = 3.20143 and Ky,
= 1.33667. Therefore . '

K .133667 = (co/co,)t/? (123)

122 aFeo/aFeo1 ; 2

and

= 3.20143 = (CO/COZ) ’ (124)

Ki21 3re0/%Fe(c,y)
The activity of Fe(c,Y) is 1 at the end of the range where
Fe(c,Y) is present. Knowledge of dependence of activities
of the iron oxides as a function of mole fraction, is

sufficient to calculate the Redlich-Kister coefficients

for log Y for solid FeO, shown in Table 33..
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There is very little data on the enthalpy of the

liquid in the FeO—FeOi 5 system. There is data bn the

128

enthalpy of fusion of Fe304, AH = 33000 cal/mocTe

fus

on the enthalpy of the liquid from: x = .92 to .67.129

Fe0
We were able to use this data to calculate Redlich-Kister .

coefficients for the enthalpy of the liquid. We assumed

-an initial slope for the excess enthalpy at Tow
concentrations for Fed of -12 kJ/mole of metal and -27
kdJ/mole of metal at high concentrations with the excess
enthalpy at XpeQ = 2/3 of -4.0017 kd/mole of metal.

The Red]ich-Kisfer coefficients in Table 34 for the
log y-of the 15qu1d_were calculated from the equilibrium
constants ?or the me]tihg of tHe varijous solids at T =
1697, 1644 and 1870 K and from the activities of the
solids calculated from the‘Red1icH-Kister coefficients in
Table 34.

Table 34. Redlich-Kister coefffcients for the FeO-FeO1 5
Tigquid binary. T

and -

A B c
log v _.8557493 -.0237277 . 1814582
T 20633.607 -7500.000 1133.606

The Redlich-Kister coefficients for the other

binaries present in this system were calculated from
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enthalpy of fusion déta and the known equilibria occurring'
within the various binaries. The tefnary phdse diagrams
were calculated with Toop Muggianu interbo]ations,
adjusting the activities to fit the equilibria.. This
sometimes reqﬁired adjusting the binarieé so that the
.enthalpy_or log Y of the'ternary phases did not become
unrealistic when a Toop interpolation was done. The
calculated phase diagrams for this system are shown as
Figures 30 thfough 34. These figures are_péeudoternary
'slices at 0% Ca0 up through 20% Ca0. The iron okide is
reported in these diagrams as weight % Fe01.5, however the
computations correspond to-substantial FeO present. In
fact the average oxidation state of iron was picked to be
.that in equilibrium with water vapor and hydrogen with

(Hy0)/Hy) = 1.3.
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Weight fraction _
of SiOO0 Cristobal Ite

trldvmite
iull Ite

£ 7 fayal Ite

rcyn/te

Weight fraction FeOx calculated as FeOl g

Figure 30. Contour lines in the AlIOi*g-SiOg-FeO* system
versus weight fraction calculated as FeOi.g for HgO/Hg =
1.3. Temperatures are given in 200 degree Fahrenheit
intervals.
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Weight fraction
of SiOO0

Weight fraction FeOx calculated as FeO1l1l5

Figure 31. Contour lines in the AIlQOi.g-SiOg-FeOx system
at 5% CaO by weight and H20zH2 = 1.3.



133

Weight fraction
of SiOO0

<WuJ I Ice

EaVallce

Weight fraction FeOx calculated as FeOj

Figure 32. Contour lines in the AIOiis"si0O2"FeOx system
at 10% CaO by weight and HgO/Hg = 1.3.
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Weight fraction
of SiOO0

Weight fraction FeOx calculated as FeOl 5

Figure 33. Contour lines in the AIlOi.g-SiOg-FeOx system
at 15% CaO by weight and H20zH2 = 1.3.
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Weight fraction
of SiOO0

SOO0F

Weight fraction FeOx calculated as FeO" ¢

Figure 34. Contour lines in the AIlIOi.g-SiOg-FeOx system
at 15% CaO by weight and HgO/Hg = 1.3.
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SUMMARY

Equations of state for the térnary systeh Mg0-5i0,-
A]Ol.5 and its inherent stoichiomepric compounds have been
deve]oped.' In calculating eqﬁations of state for the
~various solids in this system we developed a useful
relationship between the bulk mﬁdulus and the coefficient
of tharmal expansion. 'fhe equatién is
Koy = Kor (g /YN
We were able to show the re11ab111ty of this equat1on for
the solids Mg0 and A]O1 5- This equation is a]so used for
many of the sto1ch1ometr1c compounds in the ternary system
“with good results. However, this form is not accurate near
the lambda transition in quartz.

The Pippérd theory of second ofder phase transitions
was used, along with X-ray measurements of the volume and

measurements of the slope of the lambda transition versus

pressure to resolve the 380 J/mole d1screpancy between the

standard compilations of Robie, et a1.40 and Stu]] et
2a1.3%2  The JANAF value of 45354 * 150 J/mole for
H1000 - H298 for quartz has been confirmed and refined to

be 45452 t 70 J/mo1e Also, 1ndependent ana]ys1s
by Richet, et a1. based on drop ca]or1metry yields H1000

- H = 45579 * 150 J/mole for_quartz.

298
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From analysis of the phase equilibria and from the
thermodynamic pfOperties of magnesium oxide, silica,
forsterité and enstatite along with a measured eﬁtha]py of
vitrification for enstafite, the enthalpies of fusion for
MgSiO3 and MgZS‘iO4 were ca]cﬁ]ated to be 48.8 ¢ 3 kJd/mole
and 92.9 * 12 kJ/mole respectively. Also Red1ich;Kister
coefficients for this binary have been calculated for both
the acidic and basic sides of the diagram, and‘the phase
diagram has been calculated up to 1000 MPa.

Procedures fof the calculation of three, fouf, énd
five component syﬁtems have been deveioped and refined
here, along with methods of dealing with the silicate
liquids. The development of Tattice models for the solids
also provides methods of dea]ing wjth equilibria ovér.a
wide range of temperatures.ahd pressures.- The development
summarized in this thesis now makes it fairly easy to
tackle most slag problems. We were able to calculate
phase diagrams for the MgO-SiOZ—A]Ol.5 ternary and the
five combonent system Feﬁ—FeOl.s-CaO-SiOZ—MO1 5 froﬁ

and]ysis‘of the phase equilibria and from the

thermodynamic measurements of the components of the phase -

diagrams.
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