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Abstract:
Published data on the MgO-Sio2-A101.5 ternary system, along with the binaries and single component
phases, are analysed in order to develop a computer model for the ternary system. In doing this a very
useful relationship between the bulk modulus and coefficient of thermal expansion using the
Murnaghan logarithmic equation of state is derived, thus allowing dK/dT to be calculated from thermal
expansion measurements. Also, the alpha-beta transition in quartz was analysed using Pippard's theory
of second order phase transitions, accurate X-ray data and the pressure dependence of the transition
temperature.

Full equations of state for quartz are given up to 1900 K and 4000 MPa. The phase diagram is also
calculated.

From analysis of the phase equilibria in the MgO-SiO2 system and the enthalpy of vitrification of
MgSi03, the enthalpies of fusion of enstatite and forsterite were refined. The final best values for the
heats of fusion were 48.8 ± 4 kJ/mole and 92.9 ± 12 kJ/mole respectively.

Also phase diagrams are calculated at 0.1 and 1000 MPa using Redlich-Kister coefficients.

Methods of dealing with three, four, and five component systems are developed using Redlich-Kister
equations. Portions of the phase diagrams for the MgO-SiO2 A101.5 ternary and the
FeO-Feo1.5-Cao-Sio1.5 system are calculated. 
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ABSTRACT

Pu b l i s h e d  data on t he  MgO-Si C^-Al O{ , 5  t e r n a r y  
system,  a l ong w i t h  t he  b i n a r i e s  and s i n g l e  component  
phases,  are ana l ysed  i n o r d e r  t o  devel op a computer  model  
f o r  t he  t e r n a r y  system.  In do i ng t h i s  a v e r y  u s e f u l  
r e l a t i o n s h i p  between t he  bu l k  modulus and c o e f f i c i e n t  o f  
t he r ma l  expans i on us i ng  t he  Murnaghan l o g a r i t h m i c  equa t i on  
o f  s t a t e  i s  d e r i v e d ,  t hus  a l l o w i n g  dK/dT t o  be c a l c u l a t e d  
f rom t he r ma l  expans i on  measurements.  A l so ,  t he  a l p h a - b e t a  
t r a n s i t i o n  i n  q u a r t z  was ana l ysed us i ng P i p p a r d ' s t h e o r y  
o f  second o r d e r  phase t r a n s i t i o n s ,  a c c u r a t e  X - r a y  data and 
t he p r e s s u r e  dependence o f  t he  t r a n s i t i o n  t e m p e r a t u r e .
F u l l  e q u a t i o n s  o f  s t a t e  f o r  q u a r t z  are g i ven  up t o  1900 K 
and 4000 MPa. The phase d i agram i s  a l so  c a l c u l a t e d .

From a n a l y s i s  o f  t he phase e q u i l i b r i a  i n  t he  MgO-SiO2 
system and t he  e n t h a l p y  o f  v i t r i f i c a t i o n  o f  MgSiO3 , t he 
e n t h a l p i e s  o f  f u s i o n  o f  e n s t a t i t e  and f o r s t e r i t e  were 
r e f i n e d .  The f i n a l  bes t  va l ues  f o r  t he heats  o f  f u s i o n  
were 48 . 8  ± 4 kd/ mol e and 92.9 ± 12 kJ / mo l e  r e s p e c t i v e l y .
Al so phase d i agrams are c a l c u l a t e d  at  0.1 and 1000 MPa 
us i ng  R e d l i c h - K i s t e r  c o e f f i c i e n t s .

Methods o f  d e a l i n g  w i t h  t h r e e ,  f o u r ,  and f i v e  
component  systems are devel oped us i ng R e d l i c h - K i s t e r  
e q u a t i o n s .  P o r t i o n s  o f  t he phase di agrams f o r  t he  MgO-SiOg 
AI O1.5 t e r n a r y  and t he  FeO-FeO1 , 5-CaO-Si Qg - A l 0 1_5 system 
are c a l c u l a t e d .
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INTRODUCTION

In o r d e r  t o  c a l c u l a t e  a mu l t i componen t  phase d i agram,  

one must  t o  be ab l e  t o  c a l c u l a t e  e q u i l i b r i u m  c o n s t a n t s  f o r  

a l l  t he  r e a c t i o n s  between t he  v a r i o u s  phases p r e s e n t .  For 

t he  MgO-SiOg-AlgOg t e r n a r y  system t he one component  

systems are pure MgO, SiOg and AlO^ g . The a d d i t i o n a l  

pure s t o i c h i o m e t r i c  s o l i d s  MggSiO^,  MgSiOg, MgAlgO^ and 

A l g S i g O j 3 are a l s o  formed i n t h i s  phase d i agr am.

In a one component  phase diagram, ,  vol ume,  t emper a t u r e  

and p r e s s u r e  can be mode l l ed  by f i t t i n g  t he volume data t o  

a power s e r i e s  i n both t e mp e r a t u r e  and p r e s s u r e .  The 

computer  program we are us i ng  can handl e up t o  t h i r t y - f i v e  

o f  t hese  t e r ms ,  so t h a t  t he  c a l c u l a t e d  volumes are 

a c c u r a t e  over  a wide range o f  t e mp e r a t u r e s  and p r e s s u r e s .  

Once t he c o e f f i c i e n t s  f o r  t hese  po l y nomi a l  t er ms are 

c a l c u l a t e d  t he  volume c o n t o u r  l i n e s  f o r  t he  i n d i v i d u a l  

spec i es  can be de t e r mi ned-. The r e p r e s e n t a t i o n  o f  volume 

as a f u n c t i o n  o f  t e mp e r a t u r e  and p r essu r e  i s  known as t he 

e q u a t i o n  o f  s t a t e  f o r  a pure m a t e r i a l .

The heat  c a p a c i t y ,  Cp , a t  c o n s t a n t  p r e s s u r e  can be 

f i t  t o  a power s e r i e s  o f  t he  f orm

Cp = A + B(T - T0 ) + C(T - T0 ) 2 + D(T - Tq ) 3

I '

+ . • Cl)
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where A, B, C and D are c o n s t a n t s , T i s  t he  t emper a t u r e  

and Tq i s  a s t an da r d  t e mp e r a t u r e  o f  1000 K or  298.15 K .

The d e r i v a t i v e  o f  t he  heat  c a p a c i t y  w i t h  r e s p e c t  t o  

p r e s s u r e  i s

( dCp/ dP ) T = VUd /dT)  - Ta2V

= -TXd2VZdT2 ) p (2)

where a t he  t he r ma l  expans i on c o e f f i c i e n t  i s  l / V ( d V / d T )  . 

T h e r e f o r e ,  t he  heat  c a p a c i t y  can be c a l c u l a t e d  a t  v a r i o u s  

p r es s u r es  f rom the.  volume p o l y n o m i a l s  d e s c r i b e d  e a r l i e r .

The t e mp e r a t u r e  and p r es s u r e  dependence o f  t he  . 

e n t h a l p y  o f  a subst ance i s  r e l a t e d  t o  t he heat  c a p a c i t y  

and t he  volume t h r oug h  t he e q u a t i o n

dH = ( dH/ d T) pdT + (dH/ dPl ydP (3)

whi ch becomes

dH = CpdT + (V - TaV)dP (4)

r e s p e c t i v e l y .  Thus,  w i t h  a v a l u e  f o r  t he  e n t h a l p y  at  a 

p a r t i c u l a r  t e m p e r a t u r e  and p r es s u r e  r e f e r e n c e d  f rom the 

heats  o f  f o r m a t i o n  f r om t he  e l ement s  at  298.15 K and the 

volume p o l y n o mi a l  one can c a l c u l a t e  t he  e n t h a l p y  at  any 

t e mp e r a t u r e  and p r e s s u r e .  We have chooser  1000 K and .1 

MPa. as. our  s t an da r d  t e mp e r a t u r e  and p r e s s u r e .

The e q u i l i b r i u m  c o n s t a n t  i s  r e l a t e d  t o  t he  s t andar d  

Gibbs f r e e  en e r g i e s  o f  t he  components i n v o l v e d  i n the 

e q u i l i b r i a  t hrough,  t he e q ua t i o n

AG01- = - R T l n ( K 1 ) . (5)
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Since AG = AH - TAS, t he  e q u i l i b r i u m  c o n s t a n t  can a l so

expressed by t he equa t i on

Ky = e x p ( -AG0ZRT) = exp( - AH° / RT)  exp (AS0ZR)

ror  c o n v e r t i n g  t o  base 10 and us i ng  J / mo l e  y i e l d s  .
K = 10( - AHo/ 1 9 . 14464 T ) 1Q( AS° / 19 . 144 64) >

be

( 6 )

(7)

However i n  t he  l i t e r a t u r e ,  f r e e  energy  i s  o f t e n  t a b u l a t e d  

i n  t he  f orm o f  P l a n c k ' s  f u n c t i o n ,  Y. P l a n c k ' s  f u n c t i o n  

i n c l u d e s  t he t e mp e r a t u r e  dependence o f  both t he  e n t h a l p y  

and t he e n t r o p y  and i s  d e f i n e d  as

Yj  = (G° t - h ° 2 9 8 . 1 5 ) / T * (8)

The p r e s s u r e  dependence o f  P l ancks  f u n c t i o n  i s  de t ermi ned

f rom t he  heat  c a p a c i t i e s  p r es s u r e  dependence.  Thus t he

e q u a t i o n  f o r  t he  e q u i l i b r i u m  c o n s t a n t  can be w r i t t e n

K = ' i o <-1H° 2 9 8 . 15/ 19.  14464T) A Y / 1 9 .  14464) _ (g)
T
Wi th t he  i n f o r m a t i o n  d e s c r i b e d  above ga t he r ed  and ■ 

i n c o r p o r a t e d  i n t o  t he  comput er ,  t he  p r o p e r t i e s  o f  any 

compound at  any t e mp e r a t u r e  and p r essu r e  f o r  whi ch the 

e q u a t i o n s  are a c c u r a t e  can be c a l c u l a t e d .

T h e . R e d l i c h r K i s t e r . Equa t i ons

In o r d e r  t o  d e s c r i b e  a two component  phase d i agram,  

one must  model  t he  t hermodynami c  p r o p e r t i e s  as a f u n c t i o n  

o f  mole f r a c t i o n  ( x ) . There are a v a r i e t y  o f  methods o f  

m o d e l l i n g  phase d i agrams i n  t erms o f  chemi ca l  e q u i l i b r i a  

us i ng  known e q u i l i b r i u m  c o n s t a n t s .  Al so s u b l a t t i c e
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models have been proposed and used suce ' ss f u I I y  f o r  

s p i n e l s . 4 ’ 5 ’ 6 ,7 However,  i t  i s  d i f f i c u l t  t o  do 

c a l c u l a t i o n s  o f  phase e q u i l i b r i a  when v a r i o u s  t ypes  o f  

eq u a t i o n s  are be i ng used . T h e r e f o r e  i t  i s  an advantage t o  

use power s e r i e s  o f  a s t anda r d  f o r m , whi ch are ab l e  t o  f i t  

t he  most  complex systems.

The q u a n t i t i e s  t h a t  have t o  be model l ed  i n  a two 

component  system are t he p a r t i a l  mo I a l  q u a n t i t i e s  o f  both 

components and t he  excess q u a n t i t y .  The p a r t i a l  mo I a I 

q u a n t i t y  and t he excess q u a n t i t y  are d e f i n e d  t h r oug h  t he 

f o I  I o w i ng eq u a t i o n s

Q1 = ( dQ/ d n i ) n 2 ? T i p (10)

Q = n 1Q° + n2Q°. + Cn1 + n2 )Qe ' (11)

where Q1 i s  t he  p a r t i a l  mol a l  q u a n t i t y  o f  component  I ,  Q 

i s  t he  t hermodynami c  q u a n t i t y ,  Q° i s  t he t hermodynami c 

q u a n t i t y  o f  t he  pure subs t ance ,  and Qe i s  t he  excess mol a l  

q u a n t i t y .  Any power s e r i e s  r e p r e s e n t a t i o n  o f  a two 

component  system must  s a t i s f y  c e r t a i n  c o n d i t i o n s .  As 

t he  mole f r a c t i o n  o f  a p a r t i c u l a r  component ,  X . ,  

approaches I t he  p a r t i a l  mo l a l  q u a n t i t y ,  Q^, approaches 

t he  v a l u e  o f  t he  mo l a l  q u a n t i t y  o f  t he  pure subst ance '

Q°.  A l s o ,  t he  excess q u a n t i t y ,  Qe , must approach ze r o .

The e a r l i e s t  proposed se t  o f  power s e r i e s  equa t i ons
O .

i s  t h a t  proposed by Margu l es  i n  1895.  The Margu l es  

e q u a t i o n s  are

4
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Q1 - Q| = ( I  - . X 1 I 2 M 1 + B 1X 1 +  C 1X 12
3 •+ D1X1 . )

Q2 - Q2 = X12 I A2 + B2X1 + C2X12 + DgX1^ + . • . )  ( 12)

Q6 - x i x 2 + Bex I + ^ex I + Bex l + ‘ ^ •

These e q u a t i o n s  s a t i s f y  t he  above c o n d i t i o n s ,  however ,

each e q u a t i o n  has a d i f f e r e n t  set  o f  c o e f f i c i e n t s ,  and t he

mole f r a c t i o n  t erms w i t h i n  an e q u a t i o n  are no t  o r t h o g o n a l .

Two terms are o r t hogano I i f  t he  i n t e g r a l  o f  t he  p r oduc t  o f

t he  t erms over  a l l  space i s  z e r o .  I f  t he mole f r a c t i o n

terms are o r t h o g o n a l ,  t hen t he  f o u r  t erm s e r i e s  would have

t he  same f i r s t  t h r e e  c o e f f i c i e n t s  as t he  c o e f f i c i e n t s  i n  a

t h r e e  t er m s e r i e s .

Bale and P e l t o n 9 , 10 have proposed t he  f o l l o w i n g  

se t  o f  e q u a t i o n s  t o  model  t he  t hermodynami c  q u a n t i t i e s

- QJ =
? n

( I - X 1P  2 a,  P, 
1 i =0

- Qg =
2 n

x P  2 L 1P1( X1)
1 PO 1 1

n
Qe = X1Xp s Pi ( x

• ^ PO 1 1
where P . ( x . ) are t he  s t anda r d  Legendre p o l y n o m i a l s .  These 

I I
p o l y n o m i a l s  are c o m p l e t e l y  o r t h o g o n a l ; however ,  t h e y  s t i l l  

have d i f f e r e n t  c o e f f i c i e n t s  f o r  t he  mole f r a c t i o n  terms i n 

each e q u a t i o n .

0.  Re d l i c h  and A. T . K i s t e r 11,12 i n  1948 proposed 

t he  f o l l o w i n g  se t  o f  power s e r i e s  equa t i ons
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Qi

IlC
ri x 2 2 [ A  + B H x 1- - I ) + C l B x 1 - D l E x 1 - I )

+ D l B x 1 -  D l E x 1 - I ) 2 + . . . ] : ( 1 4 )

Q2 -  Q 2  =
X 1 2 CA + B f S x 1 - I ) + C f B x 1 - B l f 2 X 1 -  D

+ D l B x 1 -  Z l f 2 X 1 - I ) 2 + . . . ]  . I 1 5 )

Qe

=CO
J

XX + B l 2 X 1 - I )  +  C f 2 X 1 -  D 2

+ D l 2 X 1 -  D 3 + . • - I . ( 1 6 )

These e q u a t i o n s  are no t  c o m p l e t e l y  o r t h o g o n a l ,  however ,  

t he  same c o e f f i c i e n t s  A, B, and C appear  i n  a l l  t h r e e  

e q u a t i o n s .

The reason t he c o e f f i c i e n t s  are t he  same i s  t h a t  t he 

mole f r a c t i o n  t erms f o r  - Q ^  and Qg - Qg are d e r i v ed  

f r om t he  excess p a r t i a l  mo l a l  q u a n t i t y  Qe . From t he 

d e f i n i t i o n  o f  t he  p a r t i a l  mo l a l  q u a n t i t y  and t he 

e x p r e s s i o n  f o r  t he  t hermodynami c  q u a n t i t y  g i ven  in 

e q u a t i o n s  10 and 11 t he  f o l l o w i n g  r e l a t i o n s h i p  can be 

found

Q1 -  QJ + Qe + Oi 1 + .I2 H d Q eZdn1 ) T j P . (17)

Since

CdQeZdn1 I t1z = CdQeZdx1 I n 2 I d x 1Zdn1I n 2 118)

and

d x 1/ d n 1 = X g Z l n 1 + ng) 119)

t he e q u a t i o n

Q1 - Q 1 = Qe ' + XgdQeZdx1 (EO)

can be w r i t t e n .  T h e r e f o r e ,  t he  d e r i v a t i v e  o f  t he excess

q u a n t i t y  w i t h  r e s p e c t  t o  X1, m u l t i p l i e d  by x 2 , p l us  the
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excess q u a n t i t y  f o r  each R e d l i c h - K i s t e r  t e r m y i e l d s  t he 

R e d l i c h - K i s t e r  e q u a t i o n  f o r  t he  p a r t i a l  mo l a l  q u a n t i t y .

For  example,  t he  excess q u a n t i t y  f o r  t he  D t erm i s

Qp -  X1U  - X1 I D U x 1 - D 3 (21)

so t h a t

Qp + X2 MQeZdx1 ) = Dx2 Ef l  - Zx1J U x 1 - I ) 3

+ S U x 1 - I J2Z f x 1 - X12 ) ]  (22)

and

Qp + XgfdQeZdx1 ) = Dx2E f l  - Zx1J f Z x 1 - I ) 3

+ Qf Zx1 - D 2 Cx1 - X12 ) ]

+ DEf x1 - X12 J f Z x 1 - I ) 3 ] (23)

Th i s  s i m p l i f i e s  t o

Qe + XgfdQeZdx1) = D f Z x 1 - D 2 ESx12 - Zx13 - X1

+ I Ox1X2 - I Ox12X2 - x 2 ] (24)

Then us i ng  t he  r e l a t i o n  X1 + X2 = I ,  t he  e q u a t i o n  can 

be r e a r r a n g e d  t o  g i ve

Qe + XgfdQeZdx1) = Xg2Df Sx1 - D U x 1 - I ) 2 - (25)

The. Two. Component Phase.Di agram

To c a l c u l a t e  a two component  phase d i agram one must  

be ab l e  t o  c a l c u l a t e  t he  a c t i v i t y . a t  any c o m p o s i t i o n  over  

t he  t e mp e r a t u r e  range o f  i n t e r e s t .  R e d l i c h - K i s t e r  

c o e f f i c i e n t s  f o r  t he  l o g a r i t h m  o f  t he a c t i v i t y  

c o e f f i c i e n t ,  l o g y  , can p r o v i d e  i n f o r m a t i o n  about  t he 

a c t i v i t y ' s  dependence on Compos i t i on  t h r oug h  t he  equa t i o n
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a = Yx (26)

where a i s  t he  a c t i v i t y  and Y i s  t he a c t i v i t y  c o e f f i c i e n t .  

At  o t h e r  t e mp e r a t u r e s  t he  l o g a r i t h m  o f  t he  a c t i v i t y  

c o e f f i c i e n t  can be c a l c u l a t e d  f r om t he e q ua t i o n

Th i s  e q u a t i o n  i s  d e r i v e d  f r om t he G i b b s - He l mh o l t z  

r e l a t i o n s h i p .  T h e r e f o r e ,  i f  a c c u r a t e  e n t h a l p y  and heat  

c a p a c i t y  dat a as a f u n c t i o n  o f  t e mp e r a t u r e  and compos i t i o n  

are a v a i l a b l e ,  t he  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  l og y 

can e a s i l y  be c a l c u l a t e d .

The phase d i agram l i n e s  r e p r e s e n t  t he  p o i n t  at  whi ch 

d i f f e r e n t  spec i es  are i n  e q u i l i b r i u m .  T h e r e f o r e ,  i f  

t hermodynami c  data are a v a i l a b l e  f o r  each o f  t he  spec i es  

i n v o l v e d  i n a p a r t i c u l a r  e q u i l i b r i u m ,  t he  e q u i l i b r i u m  

c o n s t a n t  can be c a l c u l a t e d  f o r  t h a t  r e a c t i o n .  The 

e q u i l i b r i u m  c o n s t a n t  can a l so  be c a l c u l a t e d  f r om the 

a c t i v i t i e s  o f  each spec i es  i n v o l v e d  i n t he  e q u i l i b r i a  

r a i s e d  t o  t he  a p p r o p r i a t e  s t o c h i o m e t r i c  power . Thus,  t he 

mole f r a c t i o n  a t  whi ch e q u i l i b r i u m  e x i s t s  can be 

c a l c u l a t e d  f o r  a p a r t i c u l a r  t e m p e r a t u r e .

For  exampl e,  suppose one i s  c a l c u l a t i n g  t he  

e q u i l i b r i u m  cur ve  f o r  t he  m e l t i n g  o f  a s o l i d  i n t o  two 

l i q u i d  s p e c i e s .  The e q u a t i o n  f o r  t h i s  r e a c t i o n  mi ght  be

The e q u i l i b r i u m  c o n s t a n t  f o r  t h i s  r e a c t i o n  can e a s i l y  be

dI o  g y/ d ( 1/T)  = (H1 - H?) / I  9 .14464. (27)

(28)
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c a l c u l a t e d  f r om AH0 a t  298.15 K and t he Pl anck f u n c t i o n  

f o r  each o f  t he  spec i es  a t  t he  t e mp e r a t u r e  o f  i n t e r e s t  

us i ng  t he  f o l l o w i n g  e q u a t i o n :
K = 10( - AH° / 1 9 .  14464T) 1 0 ( AYj /  19.14464),^ 

e q
(29)

The e q u i l i b r i u m  c o n s t a n t  can a l s o  be c a l c u l a t e d  f rom the 

a c t i v i t i e s  o f  each spec i es  by t he  e q u a t i o n :

Keq = ( a YaZ ) / ( a Y2Z ) ‘ (30)
However , t he  a c t i v i t y  o f  t he  s o l i d  i s  n o r m a l l y  equal  t o

one so t h a t  t h i s  e q u a t i o n  becomes 

^eq = aYaZ'
S u b s t i t u t i o n  o f  t he  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  l og 

i n t o  t h i s  e q u a t i o n ,  we get

K = x. .2x „  10( 2 , °9 YV> 10l l O 9 y Zl  (32)eq Y 
whi ch becomes

% .2 102 ( x z r [ A  + B ( 4 x Y - D  + .]

xZ 10
( x Y) [A + B( 4x Y - 3) + .1 (33)

Wi th t h i s  e q u a t i o n  t he  mole f r a c t i o n  a t  whi ch t he

e q u i l i b r i u m  p o i n t  l i e s  f o r  a p a r t i c u l a r  t e mp e r a t u r e  can be 

c a l c u l a t e d  by a m i n i m i z a t i o n  p r ocess .  By r e p e a t i n g  t h i s  

c a l c u l a t i o n  a t  v a r i o u s  t e mp e r a t u r e s  t he e q u i l i b r i u m  curve 

can e v e n t u a l l y  be d r awn .

E x t e n d e d . R e d l i c h - K i s t e r . N o t a t i o n

In d e s c r i b i n g  phase d i agrams o f  t h r e e  or  more 

components,  R. A. Howald and I . E l i e z e r  ’ ’
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devel oped an extended R e d l i c h - K i s t e r  n o t a t i o n  which 

d e s c r i b e s  t he  mole f r a c t i o n  t e r m f o r  a p a r t i c u l a r  

c o e f f i c i e n t .  The c o e f f i c i e n t s  t h r ough  t he seventh power , 

F , are shown i n Tabl e I f o r  a t h r e e  component  system.

Tabl e I .  The R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  a t h r e e  
component  system t h r oug h  seventh power i n mole f r a c t i o n .

A12 A13 A23

B 12

C
O

C
O C

O
CVJ

C
O

B?23

CI 2 C I 3 C23 C 12 3

C
O

 
CVI 

_Q
 -H

 
O

DI 2 . D13 °23 D 123 D 12 3 ‘ D12 3

C
Vl

LU

E 13

C
O

CVJ
LU

E 123 E123

C
O

 
CVJ 

O
 —H 

LU EdL I 2 3

The f i r s t  t h r e e  columns i n  Tabl e I r e p r e s e n t  the

b i n a r y  t erms f o r  t he  t h r e e  b i n a r y  subsystems p r es en t  in

t he t e r n a r y .  For  t he  excess q u a n t i t i e s  t h e ' m o l e  f r a c t i o n

terms m u l t i p l i e d  by t he  RedI i c h - K i s t e r  c o e f f i c i e n t  are
4 5

A12x 1x 2 ’ ^ I 3XI x 3  ̂x I ” x 3 ) 5 F23x 2x 3 ( x 2 " x 3^ ^ e t c .  The 

c o e f f i c i e n t s  l e f t  over  are t he  t h r e e  component  t e r ms .  The

number o f  s u p e r s c r i p t s  on t hese terms i s  a l ways two l ess 

t han t he number o f  s u b s c r i p t s .  The minumum number of  

s u b s c r i p t s  a l l o we d  f o r  a l e t t e r  i s  two.  Th i s  can o n l y  

occu r  w i t h  b i n a r y  t e r ms .  The maximum a l l o w a b l e  number o f



s u b s c r i p t s  i s  equal  t o  one more t han t he l e t t e r ' s  p o s i t i o n  

i n t he  a l p h a b e t .  However ,  t he  a c t u a l  number o f  s u b s c r i p t s  

i s  equal  t o  t he  number o f  components i n t he  system.  For 

exampl e,  t he  maximum number o f  s u b s c r i p t s  f o r  E i s  s i x ;  

however ,  i n  a t e r n a r y  system t h i s  i s  l i m i t e d  t o  t h r e e  

s u b s c r i p t s .

Tabl e 2 i s  u s e f u l  i n  c o r r e l a t i n g  c o e f f i c i e n t s  and 

s u p e r s c r i p t s  w i t h  t h e i r  a p p r o p r i a t e  powers.  The f i r s t  

mole f r a c t i o n  t erms are i n d i c a t e d  by t he  s u b s c r i p t s .  For 

example i s  a s i x t h  power t e r m in mole f r a c t i o n .

Th i s  i s  because E i s  t he  f i f t h  l e t t e r  i n  t he  a l p h a b e t .  In 

a l l  cases one ge t s  t he  power by addi ng one t o  t he  number 

r e p r e s e n t i n g  p o s i t i o n  i n t he  a l p h a b e t .  The f i r s t  t h r e e  

mole f r a c t i o n  t erms are x.XgX^ c o r r e s p o n d i n g  t o  each o f  

t he  s u b s c r i p t s .  The next  mole f r a c t i o n  t erm i s  c a l c u l a t e d  

f r om (V - x . ) m where m i s  equal  t o  t he  number o f  t he 

c a p i t a l  l e t t e r  whi ch i s  s i x  f o r  E, minus t he number of  

s u b s c r i p t s ,  minus t he number f o r  each s u p e r s c r i p t .  Thus 

i n t h i s  case m = 6 - 3 - I = 2. V i s  t he  sum o f  each o f  

t he  f i r s t  mole f r a c t i o n  terms i n t h i s  case V = X1 + x 2 + 

x 3 , and i i s  t he  f i r s t  s u b s c r i p t .  There i s  a l s o  a term Zn 

a s s o c i a t e d  w i t h  each s u p e r s c r i p t ; n i s  t he c o r r e s p o n d i n g  

number a s s o c i a t e d  w i t h  t he  s u p e r s c r i p t  i n  t he  above 

scheme. Z i s  d e f i n e d  as ( x ,  - Xr ) ,  where j  i s  t he  second 

s u b s c r i p t  f r om t he l e f t  and k i s  the.  s u b s c r i p t  c o r r e l a t e d
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w i t h  t he  s u p e r s c r i p t . -  The s u p e r s c r i p t  i s  c o r r e l a t e d  w i t h

t he s u b s c r i p t  o f  t he  R e d l i c h - K i s t e r  c o e f f i c i e n t  f rom t he

r i g h t . For example,  t he  t erm £ ^ 3 4  has (a)  c o r r e l a t e d
b

w i t h  4 and ( c )  i s  c o r r e l a t e d  w i t h  3.  Thus f o r  t he

compl e t e  t e r m i s
h 2 1

E I 23x I X2X3  ̂^ "* )

whi ch i s

E123Xl X2X3^X2 + x 3  ̂ ^x Z " x 3 ^
Th i s  n o t a t i o n  can a l s o  be used f o r  h i g h e r  component

d i agr ams.  For  example:

E1234X1X2X3X4 ^ X2 - x 4  ̂  ̂x 2 _x3^

C641X6X4X1^x 4 “ x I^

and

D3254x 3x 2x 5x 4^ x 2 x Ŝ  1 .

Tabl e 2.  R e d l i c h - K i s t e r  c o e f f i c i e n t s  and t h e i r  s u b s c r i p t s  
c o r r e l a t e d  w i t h  t h e i r . c o r r e s p o n d i n g  powers

A B C D E F G H 
0 I 2 3 4 5 6 7 8 . 9
a b e d e f  g h i j

The. Hi gher . Componen t . Sys t ems

For  a t h r e e  component  system t h a t  i n c l u d e s  mole 

f r a c t i o n  t er ms up t o  t he  sevent h power ,  t h a t  i s  F , t h e r e  

must  be a t  l e a s t  f i f t e e n  t erms p r e s e n t .  There are a l so  

t w e n t y  o f  t he  f o u r  component  t er ms f o r  t he  excess
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q u a n t i t y . These t erms are p r esen t ed in Tabl e 3, i n t he

o r d e r  t h a t  t h e y  are en t e r ed i n t o  t he computer p r og r am.

However , t he  excess q u a n t i t y  i s not  enough.

Exp r ess i ons  f o r  t he p a r t i a l moI a l  q u a n t i t i e s are a l so

needed. Th i s  can be accompl i shed as in t he  two component

case by t a k i n g  t he d e r i v a t i v e  o f  t he excess t erms w i t h

r e s p e c t t o  n , t he  number o f moles.

Tabl e 3.  The t h r e e  
c o e f f i c i e n t s

and f o u r component Red l i ch - K i s t e r

THE.THREE.COMPONENT . TERMS

R ®
B123 B123 CbL123 D123 D ̂u I 23

EaL 123
' Eb 

L I 23 E ̂h I 23 Ed4,23 F123 Fbh I 23

Fcr 123 r 123 Fer 123

THE.FOUR . COMPONENT. TERMS

r aa 
L 1234

I-. a a 
u 1234

nab 
U1234 Dba u 1234

r aa
"1234

r ab
"1234

rba
L 1234

Fac 
L I' 2 3 4

pbb
L 1234

pCa
L 1234

Faa
r 1234 ‘

Fab 
r 1234

r-ba 
h 1234

Pac 
h 1234

pbb
 ̂1234

pCa
h 1234

Fad 
r 12 34

pbc
h 1234

Pcb
h 1234 ■

pda
r 1234
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THE ONE COMPONENT PHASES 

Equa t i ons  o f  S t a t e  f o r  Magnesium Oxide

The volume as a f u n c t i o n  o f  t e mp e r a t u r e  o f  MgO i s  

w e l l  known a t  t e mp e r a t u r e s  up t o  1700 K, and t he  volumes 

t a b u l a t e d  by T o u l o u k i a n 16 are e a s i l y  f i t  by a q u a r t i c i n  

(T - 1000 K ):

V = 1 1.5643 [ I  + .4.34332 x 1 0 ' 4 (T - 1000)

+ 567479 x I O ' 8. ( T - IOOO) 2 

- .502119 x I O' 12 ( T - IOOO) 3

+ .821952 x 10-15 ( T - IOOO)4 ] .  (34)

F i g u r e  I shows va l ues  o f  t he t he r ma l  expans i on

c o e f f i c i e n t ,  a,  c a l c u l a t e d  f rom t h i s  p o l y n o m i a l ,  t he

t a b u l a t e d  volumes by T o u l o u k i a n , 10 and t he  volume
2 5p o l y n o m i a l  f r om HowaI d , Moe and Roy. I t  i s  c l e a r  t h a t  

t he  volume dependence upon t e mp e r a t u r e  f r om Howal d , e t  

a 1 . 25 has been g i v e n  excess c u r v a t u r e  by t he  l e a s t  squares 

p r o c e d u r e . The s t r a i g h t  l i n e  between 300 and 1700 K i s 

g i ven  by t he  e q u a t i o n

a = 0.0000435 + 1.0 x 10" 8 ( T - 1000) .  (35)

The volumes f r om t he t he r ma l  expans i on  e q u a t i o n  and t he 

volume p o l y n o m i a l  i n  t e m p e r a t u r e  agree w i t h i n  ± .001 

cm3/ mo l e .  The low t e m p e r a t u r e  da t a  1 7 , 1 8 , 1 9 , 2 0  c i t e d  by



a (K)

u 0 500 1000 1500 ^uuu
F i g u r e  I .  The c o e f f i c i e n t  o f  t he r ma l  expans i on o f  MgO. The S shaped l i n e  
w i t h  a l t e r n a t i n g  l ong and s h o r t  dashes r e p r e s e n t s  t he  va l ues  used in 
r e f . 25.  The s t r a i g h t  dashed l i n e  i s  . 0000435+1. 0x10 " ° ( T - 1 0 0 0 ) . The s o l i d  
l i n e  shows t he va l ues  s e l e c t e d  i n t h i s  work . Above 300K the s o l i d  l i n e  i s
t h a t  c a l c u l a t e d  f r om r e f .  16,17,  and 2 0 .
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Tou I o u k I a n 16 ex t ends  down t o  4 K so t h a t  i t  i s  p o s s i b l e  

t o  ske t ch  a r e as on ab l e  cur ve between 400 and 0 K. The 

s o l i d  l i n e  i n  t h i s  r e g i o n  o f  F i g u r e  I g i ves  volumes a t  0
3

and 100 K o f  11.1996 and 11.2016 cm /mol e r e s p e c t i v e l y .

However , i t  i s  a l s o  e x t r e m e l y  i mp o r t a n t  t o  have 

a c c u r a t e  dat a on t h e  c o m p r e s s i b i l i t y  o f  MgO as a f u n c t i o n  

o f  t e mp e r a t u r e  and p r e s s u r e .  The Murnaghan l o g a r i t h m i c  

e q u a t i o n  o f  s t a t e 21, 22 has been w i d e l y  used2 2 , 2 3 , 2 4 , 2 5  t o  

expr ess  t he  p r e s s u r e  dependence o f  t he bu l k  modulus ( K ) . 

The e q u a t i o n  i s

K = K  + N P  (36)o
where K i s  t he  b u l k  modulus a t  a s t anda r d  p r e s s u r e ,  N i s  

a c o n s t a n t  and P i s  t he  p r e s s u r e .  Th i s  e q u a t i o n  i s 

a c c u r a t e  and i s  e a s i l y  e x t r a p o l a t e d  t o  h i gh p r e s s u r e s ,  so 

t h a t  w i t h  a few measurements o f  K at  v a r i o u s  p r essu r es  a 

va l ue  f o r  N can be d e t e r m i n e d .

There have been v a r i o u s  e x p r e s s i o n s  f o r  t he 

t e mp e r a t u r e  dependence o f  t he  b u l k  modul us.  Equa t i ons  

such as

K00 " C r
(37)

where,  K i s  t he  b u l k  modulus a t  a s t anda r d  t e mp e r a t u r e
^ ^ 24 2 5

and p r e s s u r e , h a v e  been used e m p i r i c a l l y  ’ and d e r i v e d

t h e o r e t i c a l l y ; 2 6 ’ 27, 28 however ,  t h e y  are p r o b a b l y  t oo

s i m p l e .  For  exampl e,  t he  va l ues  f o r  dK/dT o b t a i n e d  f o r

MgO by S p e t z l e r 24 are 27. 2 t o  30.1 MPa/K. These va l ues
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are i n c o n s i s t e n t  w i t h  t he  va l ue  c a l c u l a t e d  f r om S w a l i n 1s 

equat  i o n ^

dK /dT = ZY2CpZV = 20.7 MPa/.K (38)

where Ks i s  t he  a d i a b a t i c  bu l k  modulus and i s  t he 

Grune i sen p a r a m e t e r . The Grune i sen par amet er  i s

Y = PtVZK1Cv.. (39)

The d i f f e r e n c e  between t he  a d i a b a t i c  bu l k  modul us ,  Kg , and 

t he i s o t h e r m a l  bu l k  modulus Ky cannot  account  f o r  t h i s  

d i s c r e p a n c y .

Howa I d ,  Moe and Roy25' have used t he  Murnaghan 

l o g a r i t h m i c  e q u a t i o n  o f  s t a t e

V = Vg( I  + NPZKq ) ' 1 / N , ' (40)

but  a c o n s t a n t  va l ue  o f  N r e s u l t s  i n n e g a t i v e  c o e f f i c i e n t s  

o f  t h e r ma l  expans i on  a t  h i gh t e mp e r a t u r e s  and p r e s s u r e s .  

They so l ved  t h i s  probl em by i n c l u d i n g  a t e mp e r a t u r e  

dependence f o r  N f o r  MgO, AlOj i g and MgAlgO^- However,  

t he  t e m p e r a t u r e  dependence o f  N i n t he exponent  g r e a t l y  

c o m p l i c a t e s  o b t a i n i n g  d e r i v a t i v e s .  A l so ,  i n c r e a s i n g  K t o 

a v a l u e  l a r g e  enough t o  av o i d  n e g a t i v e  va l ues  i s
O A

i n c o n s i s t e n t  w i t h  S p e t z l e r ' s measurements.  A l s o ,  us i ng  

a p o s i t i v e  va l ue  f o r  dNZdT i s  no t  s a t i s f a c t o r y ,  as the 

f o l l o w i n g  d e r i v a t i o n  shows.  The e q u a t i o n .

d CVdP = (dKZdT)ZK2 (41)

can be e a s i l y  d e r i v e d  f rom

d2VZdTdP = d2VZdPdT (42)
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and t he  d e f i n i t i o n s  o f  a and K,

a = ( I / V ) ( d V / d T ) p (43)

and

K = 1/3 = - V( d P / d V) T . ' (44)

I f  t he Murnaghan l o g a r i t h m i c  e q u a t i o n  o f  s t a t e  i s  used,  

t he  e x p r e s s i o n  f o r  t he  p r e s s u r e  dependence o f  t he  

c o e f f i c i e n t  o f  t he r ma l  expans i on  becomes by s u b s t i t u t i o n ,

The t e r m dK^/dT i s  n e g a t i v e  and a t  low p r e s s u r e s  i s  

do mi na n t ,  so t h a t  da/dP i s  n e g a t i v e  a t  low p r e s s u r es  as i s  

e xpec t ed .  I f  dN/dT i s  p o s i t i v e  t hen a t  h i g h e r  p r essu r es  

da/dP becomes l ess  n e g a t i v e ,  as i t  shou l d  be.  However,  

w i t h  dN/dT be i ng  p o s i t i v e ,  t h e r e  i s  some f i n i t e  p r essu r e  

a t  whi ch da/dP becomes p o s i t i v e .  Th i s  can no t  happen, 

because as P approaches i n f i n i t y  t he  volume and t he 

c o e f f i c i e n t  o f  t h e r ma l  expans i on  must  approach ze r o .  Th i s  

can be d e r i v e d  assuming t h a t  t he  n e a r e s t  n e i g h b o r  f o r c e s  

f o r  any i n t e r a t o m i c  p o t e n t i a l  do not  become i n f i n i t e  at  a 

s e p a r a t i o n  g r e a t e r  t han z e r o .

I t  i s  e n t i r e l y  p o s s i b l e  t h a t  t he  Murnaghan 

l o g a r i t h m i c  e q u a t i o n  o f  s t a t e  i s  o n l y  v a l i d  ove r  a f i n i t e  

t e m p e r a t u r e  r a n g e . However ,  any c o r r e c t  h i gh p r es s u r e  ■ 

e q u a t i o n  o f  s t a t e  must  g i v e  volumes equal  t o  zero as P 

approaches i n f i n i t y ,  and must  r e p r e s e n t  a ma t hemat i ca l  

f o r m f o r  t he  r e p u l s i v e  t er ms o f  t he  i n t e r a t o m i c

da/d-P = [ ( d K 0/ dT)  + > ( dN / d T ) ] / (  Kq + NP)2 . (45)
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p o t e n t i a l s .  T h e r e f o r e  any hi gh p r es s u r e  e q u a t i o n  o f  s t a t e  

shou l d  be somewhat c o n s i s t e n t  w i t h  t he  Murnaghan 

l o g a r i t h m i c  e q u a t i o n  o f  s t a t e .  Thus,  we were l ed to 

c o n s i d e r  t he  Murnaghan l o g a r i t h m i c  e q ua t i o n  o f  s t a t e  as 

be i ng v a l i d  t o  h i gh p r e s s u r e s .
24

Spetz I e r 1s e x p e r i me n t a l  measurements i n d i c a t e  t h a t  

dN/dT i s  z e r o . I f  t h i s  i s  c o r r e c t  t hen t he  p r es s u r e  

dependence o f  t he  t he r ma l  expans i on  c o e f f i c i e n t  becomes.

doc/dP = (dK0/ d T ) / ( K 0

C
MO

-
Z+ ( 46)

Th i s  can be i n t e g r a t e d ,  t o g i v e

cc = - ( d K 0/ d T ) / N ( K 0 + NP). (47)

Thus,  both oc and 3 approach zero l i n e a r l y  i n I /  ( K + .NP) as 

t he  p r e s s u r e  approaches i n f i n i t y .

Rea r r ang i ng  and i n t e g r a t i n g  t h i s  e q u a t i o n  f o r  a ,  we 

obtai n.

' k OT  = k O T 0 e x P f - "  /  a d T )  =  k O T 0 1v V vt1  '
‘ o

where Tq i s  a s t a n d a r d  t e m p e r a t u r e  at  whi ch t he  low

(48)

‘ o T q
p r e s s u r e  bu l k  modulus i s  K.

Whi l e  t h e r e  are u s u a l l y  s u f f i c i e n t  da t a  t o  e v a l u a t e  V 

•and oc a t  h i gh t e mp e r a t u e s ,  t h e r e  i s  ve r y  l i t t l e  data f o r  

t he  e v a l u a t i o n  o f  t he  bu l k  modulus at  t hese  h i gh 

t e m p e r a t u r e s .  T h e r e f o r e ,  i f  t h i s  e q u a t i o n  i s  a t  a l l  

c o r r e c t ,  i t  w i l l  be e x t r e m e l y  u s e f u l .

There i s  good agr eement ^ 5 ^  ^  on t he  va l ue o f

K = 160100 MPa f o r  MgO a t  298.15 K. We f i r s t  used
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2 4S p e t z l e r ' s v a l u e  o f  N = 3 . 9 ;  however ,  t h i s  g i v e s  va l ues

o f  dKg/dT o f  about  -15 MPa/'K. Th i s  i s  d e f i n i t e l y  not
24steep enough t o  match e i t h e r  S p e t z l e r 1s or  Soga and

2 9 3 0Ander son ' s  d a t a .  Ander son ' s  1968 r e v i e w g i ves

N = 4 . 50  and 4 . 58  f o r  s i n g l e  c r y s t a l  and p o l y c r y s t a l  I i n e

MgO r e s p e c t i v e l y .  We. f i n a l l y  chose a va l ue o f  N = 4.57
3 1f o r  our  c a l c u l a t i o n s ,  whi ch i s  t aken  f rom C a r t e r , et  a I . ,  

and i s  c o n s i s t e n t  w i t h  other '  measurements.

Wi th va l u es  o f  N and Kq ggg [5 chosen,  we can 

c a l c u l a t e  K a t  any t e mp e r a t u r e  f rom t he r e l a t i o n s h i p

KoT = KoT0 (VT0/ V T ) * • (49)
Most  e x p e r i m e n t a l  methods g i v e  t he  a d i a b a t i c  bu l k  modulus

i n s t e a d  o f  t he  i s o t h e r m a l  b u l k  modul us,  but  t h i s  can

e a s i l y  be c o r r e c t e d  t h r oug h  t he  equa t i o n

Ks = K/  ( I - Cf2VKTZCp ) . (50)

Th i s  e q u a t i o n  g i ves  K5 = 163062 and 150082 MPa a t  300 and

1000 K r e s p e c t i v e l y .  For t e mp e r a t u r e s  below 300 K, va l ues

f o r  a were de t e r mi ned  f rom t he  cu r ve  shown i n  F i g u r e  I ,
3 2and Cp va l ues  were t aken  f rom t he JANAF t a b l e s  and t he

Bar r on p a p e r ^  t o  get  K = K 5 = 163137 MPa a t  0 K . The

f u l l  s e t  o f  c a l c u l a t e d  Kc va l u es  i s  p l o t t e d  in'  F i g u r e  2.

The c a l c u l a t e d  cu r ve  i s  i n  e x c e l l e n t  agreement  w i t h  t he
2 4300 and 800 K va l u e s  o f  S p e t z l e r  and t he 296 v a l u e  o f

O ft
Anderson and Andreatch.  Anderson and Andreatch ' s

n  a  29
value at  77 K and a l l  the values of Soga and Anderson
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170000

160000

150000

140000

F i g u r e  2.  The i s o e n t r o p  i c b u l k  modulus f o r  MgO. The s o l i d  
l i n e  i s  c a l c u l a t e d  f rom t he  t h e o r y  p r esen t ed  h e r e . The 
e x p e r i m e n t a l  va l ues  are f rom S p e t z l e r , b l a c k  c i r c l e s ;  Soga 
and Ande r son , open c i r c l e s ;  and f rom Anderson and 
A n d r e a t c h , d i amonds.
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are about  1% h i g h e r  t h a t  t he  c a l c u l a t e d  c u r v e ,  bu t  t h i s  i s 

w i t h i n  t he  e x p e r i m e n t a l  e r r o r .  T h e r e f o r e , t h e  data f o r  

MgO are i n f u l l  agreement  w i t h  t he p r e d i c t i o n s  assuming 

t he v a l i d i t y  o f  t he  Murnaghan l o g a r i t h m i c  e q u a t i o n  o f  

s t a t e  t o  h i gh p r e s s u r e s  w i t h  a c o n s t a n t  v a l u e  o f  N = 4 . 57 .

Tabl e 4 p r o v i d e s  c a l c u l a t e d  mol ar  vol umes a t  v a r i o u s  

p r e s s u r es  f o r  MgO f o r  compar i son w i t h  t he  c a l c u l a t e d  

volumes o f  HowaTd, e t  a I . ^  The va l ues  a t  0.1 and 900 MPa
or o

agree w i t h  Howa l d , e t  a I . w i t h i n  ± 0.01 cm / mo l e .  At 

30,000 MPa our  va l ues  are 0.05 t o  0.06 cm / mo l e  l a r g e r .  

Th i s  i s  due t o  t he  l a r g e r  v a l u e  o f  N t h a t  we are u s i n g .

Tabl e 4.  C a l c u l a t e d  mol ar  volumes f o r  MgO

T , K

P1MPa

.01 9000 15000 30000

300 11.2464 10.6974 10.4025 9.8223

650 11.3956 10.8094 10.4980 9.8912

1000 1 1.5643. 10.9341 . 10.6035 9.9665

Once t hese c a l c u l a t i o n s  u s i n g  t he  Murnaghan 

l o g a r i t h m i c  e q u a t i o n  o f  s t a t e  are done i t  i s  a s i mpl e  

m a t t e r  t o  c a l c u l a t e  t he  volume p o l y n o m i a l ' s  dependence on 

p r e s s u r e .  The compl e t ed  volume p o l y n o m i a l s  f o r  MgO(c) and 

MgO(I )  are g i v e n  i n  Tabl e 5,  a l ong  w i t h  t he  heat  c a p a c i t y
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Table 5.  The e q u a t i o n s  o f  s t a t e , heat  c a p a c i t y  eq u a t i o n s  
and s e l e c t e d  t hermodynami c  p r o p e r t i e s  o f  MgO ( c )  and 
MgO ( I )

c __ ~ s
MgO (S) VOLUME POLYNOMIAL

11.56431
-7.096668E-6
1.402579E-10
-3.36068E-15
8.593206E-20
-2.00574E-24
2.819661E-29

4.3773181E-5 
-1 .728388E-9  

6.210500E -f4  
-2.15203E-18  

7 .114327E-23  
-1 .96492E-27  

3.033287E-32

5.6747946E-9  
-3.96682E-13  

2.043779E-17 
-9.20887E-22  

3.704788E-26  
-1.16729E-30  

1.941636E-35

-5.02119E-13 
-4.12045E-17  

4.563120E-21 
-2.9914.7E-25 

1.538755E-29  
-5.66303E-34  

1.027253E-38

8.219519E-16
-3.69883E-20
2.019368E-24
-1.16580E-28
6.128646E-33
-2.35995E-37
4.424865E-42

MgO (LIQUID) VOLUME POLYNOMIAL

13.993
-.709667E-05  
.140258E-09  
-.336068E-14  
.859321E-19 

-.200574E-23  
.281966E-28

.437732E-04  
-.172839E-08  

.621050E-13  
-.215203E-17 

.711433E-22  
-.196492E-26  

.303329E-31

.567479E-08  
-.396682E-12  

.204378E-16  
-.920887E-21 

.370479E-25  
-.116729E-29  

.194164E-34

-.502119E-12  
-.412045E-16  

.456312E-20  
-.299147E-24  

.153875E-28  
1.566303E-33 

.102725E-37

.821952E-15
-.369883E-19
.201937E-23
-.116580E-27
.612865E-32
-.235995E-36
.OOOOOOE+OO

HEAT CAPACITY Cp

Aa B C D E

MgO (S) 
51.0941 .00310468 -5.56218E-07 2.747330E-10 -1.26513E+06

MgO (L)
53.6488 .0032598 -5.84029E-07 2.884697E-10 -1.32839E+06

THERMODYNAMIC

PROPERTIES
Y 1000
J M O L '1

H 1OOO' H298  
J M O L'1

H298
J M O L '1

S298
J M O L '1 K '1

v IOOO
CM3

MgO (S) 
MgO (L)

49.27
63.10923

3.2974E+4
34623.

-6.01490E+5
-551278.3

26.94
35.

11.248
11.81

a THE HEAT CAPACITY EQUATIONS ARE GIVEN BY Cp = A + B x10*2(T-1000) + C 

x10'6(T-1000) + Dx10"9(T-1000) + E x107(r2-1 O'6)
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e q u a t i o n s  and s e l e c t e d  t hermodynami c  v a l u e s .  The heat  

c a p a c i t y  e q u a t i o n  f o r  MgO( c ) and t he  AH^us are t aken f rom 

Howa I d , e t  a I . ^  The AH^ug i s  57.65 K J / mo l e. Thus the 

s o l i d  i s  f u l l y  d e s c r i b e d  and can be used t o  c a l c u l a t e  

e q u i l i b r i u m  c o n s t a n t s  f o r  any r e a c t i o n  i n  whi ch i t  i s  

i n v o l v e d .

For  MgO l i q u i d  t h e r e  are few measurements o f  volume 

or  heat  c a p a c i t y .  From t he  volume and heat  c a p a c i t y  

changes i n  t he  f u s i o n  o f  t he  a l k a l i  h a l i d e s  we have 

e s t i ma t e d  t he volume and t he heat  c a p a c i t y  o f  t he  l i q u i d  

t o  be 21% and 5% g r e a t e r  t han t h a t  o f  t he s o l i d .

In o r d e r  t o  compare t he e q u a t i o n s  o f  s t a t e  con s i de r ed  

here w i t h  o t h e r  proposed e q u a t i o n s ,  we have c a l c u l a t e d

Grunei  sen ,

Y = KVACv , (51)

and t he  Ander son- Gr une i  sen,

' 6 = (dKs / d P ) T - I-, (52)

par amet er s  f o r  MgO over  a wide range o f  t e mp e r a t u r e s  and 

p r e s s u r e s .  These paramet er s  show a smal l  but  not  

n e g l i g i b l e  dependence upon both t he  p r essu r e  and 

t e m p e r a t u r e .  The r e s u l t s  o f  y are shown as c o n t o u r  l i n e s  

i n F i g u r e  3. F i g u r e  4 shows t h a t  t he  va l ues  o f  t he  

Grunei sen par amet er  f o r  MgO c a l c u l a t e d  f rom our  e q ua t i o n  

o f  s t a t e  are a p p r o x i m a t e l y  c o n s i s t e n t  w i t h  t he  commonly

assumed form



10000-

5000

15001000
T E M P E R A T U R E , K

F i g u r e  3.  Contour  l i n e s  f o r  t he Grun i esn paramet er ,  y ,  f o r  MgO on a 
P-T f i e l d .  The c o n t o u r  i n t e r v a l  i s  0 . 0 1 ,  except  t h a t  a t  h i gh 
t e mp e r a t u r e s  d o t t e d  l i n e s  a t  0.02 i n t e r v a l s  are a l s o  shown.
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VOLUME , cm mol
F i g u r e  4.  Grune i sen pa r a me t e r s ,  y ,  f o r  MgO 
p l o t t e d  ver sus  volume f o r  t he  t h r e e  p r essu r es  
0 . 0 1 ,  5000,  and 10000 MPa. The c i r c l e s  r e p r e s e n t  
c a l c u l a t e d  va l ues  a t  300,  400,  and 600 K. The 
d o t t e d  l i n e  i s  f o r  Y =0.12652 v l - 0 0 5 9 .
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Y = CVn (53)

w i t h  n = 1.0059 and C = 0.12652 but  o n l y  at  p o i n t s  above 

600 K.

The Ander son - Gr une i sen  p a r a m e t e r , , i s  no t  p l o t t e d

s i n c e  t h e r e  i s  a r e l a t e d  q u a n t i t y ,

Sj  = ( - 1 / aK)  ( - dK/ dUp,  (54)

whi ch reduces t o  Gy = N us i ng

a = - ( dK/dT)  p/NK'. ( 55)

Thus t he  e q u a t i o n s  o f  s t a t e  we have proposed here are 

e q u i v a l e n t  t o  choos i ng  a c o n s t a n t  va l ue f o r  S j .

Ander son3 5 , 3 6 , 3 7 , 3 8 ’ 39 has c on s i de r ed  t he  

a p p r o x i m a t i o n  o f  ctK = c o n s t a n t  as an a l t e r n a t i v e  t o  Y = 

c o n s t a n t .  Our e q u a t i o n s  g i v e

K = - ( l / N ) ( d K o/ dT)  (56)

whi ch i s  f u l l y  i ndependent  o f  p r e s s u r e .  As Anderson 

r e c o g n i z e s  aK cannot  be f u l l y  i ndependent  o f  t e m p e r a t u r e ,  

because a approaches zero a t  0 K as shown i n F i g u r e  I .

The q u a n t i t y  (dKQ/ dT)  i s  a p p r o x i m a t e l y  i ndependen t  o f  

t e m p e r a t u r e  o n l y  above some minimum t e m p e r a t u r e . Our 

e q u a t i o n  ■ K q J  = Kq7q ( Vj q / V j ) N w i l l  g i v e  r e as on ab l e  

va l ues  f o r  Kq a t  any t e m p e r a t u r e  f o r  whi ch low p r essu r e  

t h e r ma l  expans i on  dat a are a v a i l a b l e .  Th i s  a p p r o x i ma t i o n  

would be b e t t e r  t han assuming dK^/dT i s  c o n s t a n t .
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Equa t i ons  o f  S t a t e  f o r  S i l i c o n  D i o x i d e

There are s e v e r a l  known phases o f  s i l i c o n  d i o x i d e ;  

t hese  are a l pha q u a r t z , beta q u a r t z , c o e s i t e ,  

o r i s t o b a l i t e ,  t r i d y m i t e ,  s t i s h o v i t e  and l i q u i d .  One o f  

t he probl ems w i t h  t he  SiOg phase d i agram i s  t he  al pha 

q u a r t z  t o  beta q u a r t z  phase t r a n s i t i o n .  There are v a r i o us  

va l u es  f o r  t he  e n t h a l p y  change between a l pha q u a r t z  at  

298.15 and beta q u a r t z  a t  I OOO K i n t he  l i t e r a t u r e ,  as 

shown i n Tabl e 6 . The two s t a n d a r d  c o m p i l a t i o n s  are t he  

JANAF ( S t u l l  and P r o p h e t ) ^  and B u l l e t i n  1452,  Ro b i e, e t  

a I . Ther e i s  a 380 J / mo l e  d i f f e r e n c e  i n t h e s e  two 

c o m p i l a t i o n s ,  and a d i f f e r e n c e  o f  200 J / mo l e  i s  

s i g n i f i c a n t  i n  c a l c u l a t i n g  t he  v a r i o u s  e q u i l i b r i a  i n t he  

SiOg phase d i agram as shown i n  Tabl e 7. Thus,  i t  i s  

i m p o r t a n t  t o  have a w e l l  d e f i n e d  e n t h a l p y  o f  t r a n s i t i o n  

f o r  t he  a l pha q u a r t z  t o  bet a q u a r t z  t r a n s i t i o n .

The 380 J / mo l e  d i f f e r e n c e  between t he t a b u l a t e d
3? 40va l ues  o f  S t u l l  and Prophet  and Robie e t ,  a I . i s  due 

p r i m a r i l y  t o  t he  d i f f e r e n c e  between d i f f e r e n t i a l  t hermal  

a n a l y s i s  and drop c a l o r i m e t r y ,  as shown by R i c h e t , et  

a T. The d i f f e r e n t i a l  t he r ma l  a n a l y s i s  i s" r a t h e r  poor ,  

due t o  t he  f a c t  t h a t  e q u i l i b r i u m  f o r  t he a l pha t o  beta 

q u a r t z  t r a n s i t i o n  r e q u i r e s  a l ong p e r i o d  o f  t i m e ,  and 

sma l l  changes i n  t e m p e r a t u r e  have a l a r g e  e f f e c t  on t he 

heat  c a p a c i t y  .of a l pha  q u a r t z .
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Tabl e 6 . Values r e p o r t e d  f o r  t he e n t h a l p y  change between 
a l pha q u a r t z  at  298.15 K and beta q u a r t z  at  1000 K.

45689.3 C o m p i l a t i  on
45689.3 Compi I a t  ion
45617.0 Exp. D. C .
45579. Compi I a t  ion
45452. Compi l a t i o n
45444.3 Compi I  a t  i on
45358.7 Compi l a t i o n
45056.2 Exp Cp
44967. C o mp i l a t i o n
44826.9 Exp DTA

Rob i e , e t  a I . ,  1968 
K e l l y ,  1960 
R i c h e t ,  e t  a I . ,  1982 
Ri c h e t , e t  a I . , 1982 
*
t h i s  work
Bar i n  and Knacke,  1973 
Moser ,  19 36.
Rob i e ,  e t  a 1 . 1969 
Ghi or  so , e t  a 1 . 1979

* c a I c u l  at  i on us i ng  va l ues  f o r  SiOg g l ass  arid o f  ( Kr acek ,  e t  
a I . ,  1953 ) ,  ( R i c h e t  e t  a l . , 1982) and ( N a v r o t s k y ,  e t  a l . ,  
1980)

Tabl e 7. C a l c u l a t e d  e q u i l i b r i u m  c o n s t a n t s  f o r  t he  
h y p o t h e t i c a l  r e a c t i o n  between t he  two e q u a t i o n s  o f  s t a t e  
f o r  Beta Q u a r t z ; Rob i e ,  e t  a l .  and ou r s .

' ( S i O2 , our  = SiO2 , Rob i e ,  e t  a l . )

T (K) Keq
844 .9890
800 . 9928
900 .9849
1000 .9787
1100 . 9736
1200 . 9694
1300 . 9658
1400 . 9627
1500 . 9598
1600 . 9568
1700 . 9538
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The Alpha Quar t z  t o  Beta 
Quar t z  T r a n s i t i o n

The a l p h a ( a )  q u a r t z  t o  b e t a ( B )  q u a r t z  t r a n s i t i o n  was
42f i r s t  d i s c o v e r e d  i n 1889 by Le C h a t e l i e r . -  I t  has an 

o r d e r  d i s o r d e r  lambda t r a n s i t i o n  about  746 K and 0.1 MPa. 

The a l pha q u a r t z  c r y s t a l  s t r u c t u r e  has a t h r e e f o l d  screw 

a x i s ^ 3 , ^  i n  whi ch t he  r i d g e d  t e t r a h e d r a  are t i l t e d  e i t h e r  

t o  t he  l e f t  or  t he  r i g h t .  The two s t r u c t u r e s  c o e x i s t  and 

are known as Dauphine t w i n  domai ns.  - The s t r u c t u r e  o f  be t a 

q u a r t z  i s  a s i x f o l d  screw a x i s ,  t h a t  co r r esponds  t o  an 

average o f  t he  two Dauphine t w i n  domains i n  a l pha q u a r t z .  

Grimmm and D o r n e r 44 (1975)  and L i ebau and Bohm43 (1982)  

have e x t e n s i v e l y  d i scu ssed  t he  mot i on  i n v o l v e d  and t he 

domains f o r m e d .

There i s  a l s o  ev i dence f o r  t he  e x i s t e n c e  o f  an 

i ncommensurate phase4 5 ’ 4 6 ’ 4 7 ’ 4 8 ’ 4 9 ’ 50 ’ 51 ’ 52' I t o  2 K 

above t he  a l pha  q u a r t z  t o  beta q u a r t z  t r a n s i t i o n  a t  846 K. 

However ,  s i n c e  t he  t e m p e r a t u r e  range i n whi ch t h i s  

i ncommensurate phase i s  s t a b l e  i s  s m a l l ,  i t s  e f f e c t  on t he .  

phase e q u i l i b r i a  i s  n e g l i g i b l e  compared t o  t he  e r r o r  i n 

t hese  c a l c u l a t i o n s .  Th e r e f o r e  f o r  our  pu r poses ,  t h i s  

phase can be i g n o r e d .  There has been some d i s c u s s i o n  i n 

t he  l i t e r a t u r e  on whe t her  t he  a l pha q u a r t z  t o  bet a q u a r t z  

t r a n s i t i o n  i s  a f i r s t  o r d e r  or  second o r d e r  lambda 

t r a n s i t i o n .  A h i gh heat  c a p a c i t y  w i t h  drops over  a smal l
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t e m p e r a t u r e  range i s  i n d i c a t i v e  o f  a lambda t r a n s i t i o n .

The - alpha to beta quar tz  t r a n s i t i o n  has such a heat

c a p a c i t y  near  846 K a t  low p r es s u r es  ( F i g u r e  5 ) ,  and a l so

a l ong a l i n e  o f  i n c r e a s i n g  t e m p e r a t u r e  w i t h  i n c r e a s i n g

p r e s s u r e .  Al so t he  volume change upon t r a n s i t i o n

approaches zero as t he  a l pha t o  beta q u a r t z  t r a n s i t i o n

t e mp e r a t u r e  i s  approached,  as shown i n F i g u r e  6 . However,

t he  a l pha t o  beta q u a r t z  t r a n s i t i o n  can s t i l l  be
4 1mode l l ed  as f i r s t  o r d e r ,  whi ch R i c he t  e t  a I . have done.  

Our r e s u l t s  m o d e l l i n g  th. i s t r a n s i t i o n  as a lambda 

t r a n s i t i o n  agree w e l l  w i t h  R i c h e t ' s ^  r e s u l t s .

In a normal  f i r s t  o r d e r  phase t r a n s i t i o n  t he  e n t h a l p y  

o f  t r a n s i t i o n  can be o b t a i n e d  f r om t he volume change o f  

t he  t r a n s i t i o n  and t he p r es s u r e  dependence o f  t he  

e q u i l i b r i u m  c u r v e , t h i s  e q u a t i o n  i s

dP/dT = AH/TAV = AS/AV.  (57)

However ,  i n a lambda t r a n s i t i o n  t he  AV and t he  AH of. 

t r a n s i t i o n  are z e r o ,  and t he heat  c a p a c i t y  i s  v e r y  l a r g e ,  

p o s s i b l y  ap p r o ac h i n g  i n f i n i t y .  T h e r e f o r e  t he  above 

e q u a t i o n  i s  i n d e t e r m i n a t e .

Si nce t he  change i n e n t r o p y  and volume upon 

t r a n s i t i o n  are z e r o ,  t he  e n t r o p y  and volume can be t r e a t e d  

as an exac t  d i f f e r e n t i a l .  By s e t t i n g  Sa = Sg and Va = Vg, 

ana l ogous  e q u a t i o n s  t o  t he  Cl apeyr on  e q u a t i o n  can be 

d e r i v e d .  These e q u a t i o n s  are
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F i g u r e  5. Heat  c a p a c i t y ,  Cp, f o r  a l pha q u a r t z  near  t he  lambda 
t e m p e r a t u r e . The s o l i d  l i n e  r e p r e s e n t s  our  c a l c u l a t e d  va l u es ,  
e x p e r i me n t a l  p o i n t s  o f  Moser and S i n e l 1n i k o v  are shown as open 
and f i l l e d  c i r c l e s  r e s p e c t i v e l y .

The
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F i g u r e  6 . C e l l  demens i ons f o r  a l pha and beta q u a r t z  ver sus  
t e m p e r a t u r e . Our c a l c u l a t e d  f i t s  t o  t he  va l u es  o f  Ackerman 
and S o r r e l , f i l l e d  c i r c l e s ,  are shown as s o l i d  l i n e s .
Ol der  e x p e r i m e n t a l  va l ues  o f  J a y , (1939)  and Berger  et  
a I . (1966)  are shown as open c i r c l e s .
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( dT/ dP)  .=■ - (  1/VT)  ( Aa/ACp) ■ (58)

and

( dT/ dP)  = - A 3 / Aa. (59)

where and Sg are t he volume and e n t r o p y  o f  be t a  q u a r t z ,  

Va and Sa are t he  volume and e n t r o p y  o f  a l pha q u a r t z  

r e s p e c t i v e l y ,  I  i s  t he  t e m p e r a t u r e ,  a  i s  t he  c o e f f i c i e n t  

o f  t h e r ma l  expans i on  ( 17V ) ( d V / d T ) p , 3 i s  t he  

c o m p r e s s i b i l i t y  ( 1/V)  ( d V / d P ) j ,  and Cp i s  t he  heat  

c a p a c i t y .  However ,  s i nc e  a,  3 and Cp are i n c r e a s i n g  

r a p i d l y  as t he  t r a n s i t i o n  t e mp e r a t u r e  i s  a p p r o ac he d , see 

F i g u r e s  5 and 6 , i t  i s  v e r y  d i f f i c u l t  t o  get  a c c u r a t e  

measurements o f  Aa, A3 and ACp .

P i p p a r d 53 i n 1956 de v i sed  a t h e o r y  t o  t r e a t  a lambda 

t r a n s i t i o n  a c c u r a t e l y .  The P i ppa r d  t h e o r y  t r e a t s  t he 

s u r f a c e  below t he  lambda t r a n s i t i o n  t e mp e r a t u r e  as a 

c y l i n d r i c a l  s u r f a c e . Thus t he  eq u a t i o n s  he uses are

S = S + bT + f 1( T / r  •- P) o
(60)

and

V = V0 + aT + f ( T / r  - P ) (61)

where r  i s  t he  e q u i l i b r i u m  s l ope ( d T / d P ) . We are us i ng

t he e q u i v a l e n t  e x p r e s s i o n s ,

Sc = S6 *  1 / r o f I 01
(62)

and

Va = V1B + W 0 -FI0 ) . (63)

where,  r Q i s  t he  e q u i l i b r i u m  s l op e  a t  0.1 MPa, Sa and Sg
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are t he  e n t r o p i e s  o f  a l pha q u a r t z  and bet a q u a r t z  

r e s p e c t i v e l y ,  Vct and Vg are t he  volumes o f  a l p ha  q u a r t z  

and beta q u a r t z  r e s p e c t i v e l y  and 0 = - I ,  t h a t  i s ,  t he

amount  t he  t e mp e r a t u r e  i s  below t he  lambda t r a n s i t i o n  

t e m p e r a t u r e ,  T

The e q u i l i b r i u m  s l ope  ( dT/dP )^has been w e l l  s t u d i e d .  

The i n i t i a l  s l ope  i s  0.265 K/MPa as measured by Cohen, 

K l e m e n t , and Adams. 54 Above 1500 MPa t he s l ope  i s  

0.2272 K/MPa and t he e q u i l i b r i u m  l i n e  i s  s t r a i g h t .  So 

t h a t  i f  t he  volume and f ( 0 ) are de t e r mi ned  f o r  t he 

t r a n s i t i o n  t hen t he  e n t r o p y  can be c a l c u l a t e d .  Equa t i ons  

l i k e  t he  P i ppa r d  e q u a t i o n  have been a p p l i e d  t o  t he  a l pha 

q u a r t z  t o  bet a q u a r t z  t r a n s i t i o n  by v a r i o u s  

p e o p l e . 5 5 ’ 5^ ’ 57 The P i ppa r d  r e l a t i o n s  are used by 

D o l i n o ,  e t  a 1. 4 7 ’ 49 and Bachheimer  and D o l i n o , 46 w h i l e  

t h e y  c a l l  t he  t r a n s i t o n  f i r s t  o r d e r .  The main problem 

w i t h  t he s e  approaches i s  t he  e x p e r i me n t a l  da t a  t hey  used.  

The S i n e l n i k o v 58 heat  c a p a c i t y  data are a d i s t i n c t  

i mprovement  ove r  Moser ' s  -1936 d a t a . 59 However ,  one cannot  

expec t  t o  f i n d  good heat  c a p a c i t y  measurements f o r  smal l  

t e m p e r a t u r e  i n t e r v a l s  i n a r e g i o n  where l ong t i me  p e r i o d s ,  

20 mi nu t es  or  mor e , are r e q u i r e d  f o r  e q u i l i b r i u m  at  each 

t e m p e r a t u r e .  F o r t u n a t e l y ,  volume measurements are s i m p l e r  

and r e q u i r e  o n l y  one e q u i l i b r a t i o n  per  dat a p o i n t .

Ackerman and S o r r e l 58 have made a c c u r a t e  X - r a y
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measurements on powdered q u a r t z ,  o b t a i n i n g  t he  c e l l  

d i mens i ons  o f  both a l pha and bet a q u a r t z  as shown in 

F i g u r e  6 .

Beta q u a r t z  i s  hexagonal  so t h a t  t he volume can be 

r e f e r e n c e d  t o  t he  two edges o f  t he u n i t  c e l l ,  a and c .

These d i mens i ons  o f  be t a q u a r t z  can e a s i l y  be f i t  by a 

q u a r d r a t i c  e q u a t i o n  i n  0 = - I .  We c a l c u l a t e d  t hese

e q u a t i o n s  f o r  (a)  and ( c ) t o  be

a = 4 . 9 9 7 8 +  0.30765 x 1O"^0 (64)

and

c = 5.4608129 + 0.264750 x 1O"40

+ 0.822328 x 1O"702 . ..( 65 )

The c e l l  d i mens i ons  o f  both t hese  e q u a t i o n s  are i n

angs t r oms.  Both (a)  and ( c )  f o r  beta q u a r t z  i n c r e a s e  w i t h

d e c r e a s i n g  t e m p e r a t u r e ,  and t he  t e mp e r a t u r e  dependence o f

each i s  s m a l l .  T h e r e f o r e ,  e x t r a p o l a t i n g  t o  150 K below

t he  lambda t r a n s i t i o n  shou l d  i n t r o d u c e  l i t t l e  e r r o r  i n t he

volume o f  be t a  q u a r t z , F i g u r e  6 . Most  o f  t he  e r r o r  i n t he

volume i s  f r om t he  e x t r a p o l a t i o n  o f  t he  c e l l  d i mens i on

( c ) .  The e r r o r  i n  ( c )  shou l d  be w e l l  w i t h i n  ± 0.005

angs t r oms ,  even ou t  t o  15 0 . K below t he lambda p o i n t .  Th i s
3

r e s u l t s  i n  an e r r o r  o f  ± 0. 0217 cm / mo l e .

The u n i t  c e l l  d i mens i ons  o f  a l pha q u a r t z  i n c r e a s e  

v e r y  r a p i d l y  w i t h  i n c r e a s i n g  t e m p e r a t u r e ,  as t he  lambda 

t r a n s i t i o n  p o i n t  i s  approached.  Thus,  a s i mp l e  power
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s e r i e s  i n 6 = T 1 -T w i l l  not  work .  We dec i ded  t o  use a
A ,

power s e r i e s  w i t h  t he  l e a d i n g  t er m in where ( I - A )

l i e s  between zero and one.  There are enough t h e o r i e s  f o r

lambda t r a n s i t i o n s  (Bragg and W i l l i a m s ^ *  1934,  t h r ough  a

s e r i e s  o f  d e v e l o p m e n t s , ^ ’ * ^  up t o  r e n o r m a l i z a t i o n  group

t h e o r y  by Kandano f f  e t  a I . ,  * ^  and Levey e t  a l . , * ^ )  t o

j u s t i f y  a l mos t  any cho i ce  o f  power f rom 0. 20 t h r oug h

0 . 875 ,  even up t o  0 . 9 5 ;  however  t he  s i m p l e s t  and e a s i e s t
2 2power t o  use i s  0 . 5 .  Thus ( a^  - aa ) and ( c g - c a ) 

w i l l  both be s i mp l e  power s e r i e s  i n ( 6 ) w i t h  no c o n s t a n t  

t e r m.  By d i v i d i n g  by 8 and us i ng  s t anda r d  l e a s t  squares 

programs we o b t a i n e d  t he e q u a t i o n s

. ( a 3 - a a ) 2 = 0.226806 x 1O"30 - 0.867408 x 1 0 " 762 

+ 0.259547 x 1 0 " 963

- 0 . 242458 x 1 0 ' 1084 ( 6 6 )

and

( c 3 - C ct ) 2 = 0.0105995 x 1 0 " 38 - 0.573545 x 10 " 762 

+ 0.373483 x 1O' 903

- 0.449171 x 1 0 ' 10O4 . (67.)

F i g u r e  6 shows t he c a l c u l a t e d  cur ves  f o r  t he  c e l l  

d i mens i ons  o f  both a l pha and beta q u a r t z  between 700 and 

900 K, and how t hese cur ves  compare t o  t he measured va l ues  

o f  ( c ) and ( a ) .  The s c a t t e r  i n t he  va l ues  o f  ( c )  f o r  

a l pha q u a r t z  l ook  b a d ; however ,  t he  l a r g e s t  d e v i a t i o n s  

f r om t he  p l o t t e d  smooth cur ve  are about  0 .0025 angst roms
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c o r r e s p o n d i n g  t o  an e r r o r  i n ( c )  or  i n  t he volume o f  al pha 

q u a r t z  o f  about  0.046%.

From t he l e a s t  squares va l u es  o f  t he u n i t  c e l l  

d i me n s i o n s ,  t he  mo l ar  volumes o f  a l pha q u a r t z  can be 

c a l c u l a t e d .  From t he molar  volumes o f  both a l pha and beta 

q u a r t z  we c a l c u l a t e d  f ( 6 ) a t  one degree i n t e r v a l s  up t o  50.  

degree i n t e r v a l s  f r om t he  e q u a t i o n

V ( 1 , 0 , 1 )  - V ( 1 , 0 , 1 )  = f ( 8 ) ( 6 8 )

g i v i n g  t he  va l ues  shown i n  Tabl e 8 . The volume i n c r e a s e  

due t o  d i s o r d e r  i n  q u a r t z  i s  somewhat l a r g e r  t han 0.60

cm / mo l e  s i n c e  even 150 degrees below t he lambda p o i n t  

t h e r e  i s  s t i l l  s u b s t a n t i a l  d i s o r d e r  i n e q u i l i b r i u m  q u a r t z .
3

The AV va l ues  o f  0.11 t o  0 . 205 cm / mol e r e p o r t e d  by 

Ghi or  so , e t  a 1 . 66 and F i l a t o v ,  e t .  a 1 . 67 f o r  a f i r s t  o r d e r  

a l p h a - t o  beta q u a r t z  t r a n s i t i o n  r e s u l t  f r om o m i t t i n g  t he 

v e r y  s t eep and h i g h l y  cur ved p o r t i o n s  o f  t he  l a s t  5 t o  15 

degrees below t he  lambda p o i n t .

The volumes o f  both a l pha  and beta q u a r t z  are 

c a l c u l a t e d  f r om t h e  e q u a t i o n

V = a2c s i n  120.  (69)

We used t h e  e x p r e s s i o n s  f rom (a)  and (c)  i n c l u d i n g :  terms 

i n 02 . So t h a t  f ( 8 ) l o g i c a l l y  shou l d  i n c l u d e  t erms f rom 

8 172 t h r o u g h  8^ ;  however ,  a r e a s o n a b l e  f i t  t o  t he  va l ues  

i n  Tabl e 8 i s  g i v e n  by t he  e q u a t i o n



f ( 6 ) = [ Q . 003515080 - 0 . 158514 x 1O"402 

+ 0.733660 x I O - 7O3

- 0,116609,  x 1O"904 ] 1 / 2 . (70)

We j udge f r om F i g u r e  6 t h a t  any e r r o r s  i n t he  

e x t r a p o l a t i o n  o f  (a)  and ( c )  f o r  beta q u a r t z  or  i n t he 

a l pha q u a r t z  c e l l  d i mens i ons  shou l d  be l ess  t han 0.005 

angs t r oms.  Thus , t he  va l ues  o f  f (0)  shou l d  be w i t h i n  

± 0 .022 cm / mo l e  even as f a r  ou t  as 150 K below the 

lambda p o i n t .  The c e l l  d i mens i on ( c )  o f  be t a q u a r t z  

c o n t r i b u t e s  t o  most  o f  t he  e r r o r  i n  f ( 0 ) .

Tabl e 8 . The f u n c t i o n  F ( 0) r e p r e s e n t i n g  t he  d i f f e r e n c e  i n 
volume o f  a l pha q u a r t z  f r om a f u l l y  d i s o r d e r e d  beta q u a r t z  
a t  t he  same t e m p e r a t u r e .

u h h ' T
K 3 0 I 2 3
cm /moIe 0 . .0159155 .083456 .10197

0 4 5 10 15 20
f  ( 0 ) .11748 .13105 .18333 .22219 .25398

0 25 30 40 50 60
f  ( 0 ) .28118 .30510 .34597 . 38.044 .41022

0 80 100 150
f  ( 0 ) .46102 .50446 .59937.

Once t he f u n c t i on f ( 6 ) i s known, t he e n t r o p y o f  a l pha

q u a r t z  can be c a l c u l a t e d  by use o f  t he  e q u a t i o n  

Sa = Sg - ( I Z r 0 ) f ( 0 ) .

where r  i s  t he  i n i t i a l  s l ope  o f  t he  e q u i l i b r i u m  cur ve 
o
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between a l pha and beta q u a r t z . r  has beenO measured by

Cohen, e t  a I . ^  i n 1974 t o  be 0 .265 ± 0.005 K/MPa. The

e n t r o p y  o f  beta q u a r t z ( S ) can be c a l c u l a t e d  f rom the

heat  c a p a c i t y  e q u a t i o n f o r  beta q u a r t z

Cp = 69.0338 + 0.930215 x 1 0 " 2 (T - 1000)

- 0 . 819168 x 10 " 5 (T - IOOO) 2

+ 0. 547378 x 1 0 " 7 (T - IOOO) 3

- 0.587077 x I 0" 1 0 ( T - IOOO)4 . (72)

Th i s  e q u a t i o n  can be e x t r a p o l a t e d  down t o  150 K below t he 

lambda p o i n t ,  s i nce  t he heat  c a p a c i t y  f o r  be t a q u a r t z  has 

e s s e n t i a l l y  no c o n t r i b u t i o n  f r om t he change i n  d i s o r d e r .

From t he  e n t r o p y  o f  a l p ha  q u a r t z , S , t he  heat  

c a p a c i t y  o f  a l pha q u a r t z  (Cp ) can be c a l c u l a t e d .  Th i s  i s  

p o s s i b l e  w i t h  the.  e q u a t i o n

AS = Cp I n ( T 1ZT2 ) .  (73)

We have c a l c u l a t e d  t he heat  c a p a c i t y  o f  a l pha  q u a r t z  over  

I t o  10 degree i n t e r v a l s  r e s u l t i n g  i n  t he  smooth cur ve  

drawn i n  F i g u r e  5.  The e r r o r s  i n t he  heat  c a p a c i t y  o f  

be t a  q u a r t z  and f ( 0 ) c ou l d  r e s u l t  i n  e r r o r s  i n  t he  heat  

c a p a c i t y  o f  a l pha  q u a r t z  as l a r g e  as 3 J / mo l e  K. But ,  t he  

e r r o r s  i n t he  e x p e r i m e n t a l  Cp o f  a l pha q u a r t z  are over  10 

J / mo l e  K, Most  o f  t h i s  3 J / mo l e  K e r r o r  i s  f r om t he heat  

c a p a c i t y  o f  be t a  q u a r t z ,  3 J / mo l e  K i s  s m a l l ,  but  not  

n e g l i g i b l e .  However ,  t he  e r r o r  i n  t he  p o l y n o mi a l  

expans i on  f o r  f ( 6 ) f l u c t u a t e s  i n  s i g n .  Thus much o f  t he
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e r r o r  w i l l  cance l  ou t  upon i n t e g r a t i o n  o f  t he  e q u a t i o n .  

The e n t r o p y  and e n t h a l p y  o f  a l pha q u a r t z  near  t he lambda 

t r a n s i t i o n  are t a b u l a t e d  i n Tabl e 9,  a l ong w i t h  the 

l i t e r a t u r e  va l ues  f r om Moser 1 9 3 6 , ^  Robie 1.978,^  and 

R i c h e t  e t  a I . I 982 *

Tabl e 9.  The e n t r o p y  and e n t h a l p y  changes f o r  a l pha q u a r t z  
near  t he lambda p o i n t .

AS AH * *  * +

825-846 K 2.6642 2230. 1743. 1569.0 2443.5++

800-825 K ' 2 .454 1994.  ' 1925 . 1844.0 1925.3

775-825 K 2.369 1866. 1846. 1818.0 1850.7

750-775 K 2. 360 1800. 1800.  ■ 1791.7 1802.0

*  - e x p e r i m e n t a l  Cp o f  Moser ,  1936
*.* - Robi  e , e t  a I . , 1978
+ - R i c h e t , e t  a I . ,  1980 c o m p i l a t i o n  dependent  on drop

c a l o r i m e t r i c  ex p e r i me n t s
++ - The i n t e r v a l  used i s  826 t o  847 K t o  a l l o w  f o r  t he . 
use o f  Tx = 847.  A c o r r e c t i o n  o f  655 J / mo l e ,  t r e a t e d  as 
f i r s t  o r d e r  t r a n s i t i o n  has been added as i n  t he  p u b l i s h e d  
paper

From our  e n t h a l p y  va l ues  f o r  a l pha q u a r t z  f o r  the 

range 750 K t o  846 K combined w i t h  t he  known heat  

c a p a c i t i e s  above and below t h i s  r a n g e , H1000 - H 298 

can be c a l c u l a t e d  t o  be 45444.3 ± 70 J / mo l e . ,  Al so t he 

e n t r o p y  a t  1000 K can be c a l c u l a t e d  t o  be S1000 = 116.215

J / mo l e  K by use o f  t he  CODATA68 va l ue  f o r  t he  e n t r o p y  o f
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al pha q u a r t z  at  298.15 K, Sggg ^5 = 41.46 J / mp l e  K, and

our  AS f o r  t he range 750 t o  846 K.

In o r de r  t o  check our  va l ue  o f  Hjq00 - Hggg j 5 w i t h

t he  l i t e r a t u r e ,  we needed i t  t o  make use o f  t he  e n t h a l p y

o f  t r a n s f o r m a t i o n  o f  q u a r t z  t o  g l a s s .  The best
69e x p e r i me n t a l  va l ues  are by K r a c e k , et  a I . i n  1953 f o r

7 0T = 298.15 K and by N a v r o t s k y , e t  a I . i n 1 980 f o r  T 

= 985.  T h e i r  va l ues  are 9121 ± 250 J / mo l e  and 7001 ± 200 

J / mo l e  r e s p e c t i v e l y .  Thus by t r a n s f o r m i n g  t o  g l ass  at

298.15 K, h e a t i n g  t o  985 K, t r a n s f o r m i n g  t o  bet a q u a r t z  at  

985 K and t hen h e a t i n g  t o  1000 K, a va l ue o f  H j 000 - 

Hggg j 5 can be c a l c u l a t e d  t o  be 45452 ± 300 J / mo l e  which 

i s  v e r y  c l o s e  t o  our  va l ue  o f  45444 ± 70 J / mo l e .  The heat  

c a p a c i t y  o f  g l ass  and beta q u a r t z  was t aken f rom R i c h e t ,  

e t  a I . ^  f o r  t h i s  c a l c u l a t i o n .

The E q u a t i o n . o f  S t a t e . f o r  
, Bef  a . Quar tz" ' "

Beta q u a r t z  i s  unusual  i n t h a t  over  a 200 K range o f  

t e mp e r a t u r e  a t  low p r essu r es  i t  has a n e g a t i v e  c o e f f i c i e n t  

o f  t he r ma l  expans i on ,  as shown i n F i gu r es  6 and 7. I t  i s  

expec t ed t h a t  l i k e  HgO l i q u i d  below 277 K be t a  q u a r t z  w i l l  

have a p o s i t i v e  c o e f f i c i e n t  o f  t he r ma l  expans i on a t  h i g h e r  

p r e s s u r e .  In any case t he  b e h a v i o r  o f  t he  t he r ma l  

expans i on  c o e f f i c i e n t  versus  p r es s u r e  and t he  bu l k  modulus 

(K) ver sus  t e mp e r a t u r e  shou l d  not  f i t  t he Murnaghan-
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F i g u r e  7. Volumes o f  Beta q u a r t z  a t  0.1 MPa and at  t he  lambda 
p o i n t  p l o t t e d  versus  t e m p e r a t u r e .



. 44

H i l d e b r a n d  e q u a t i o n  o f  s t a t e  as deve l oped e a r l i e r  i n t h i s  

t h e s i s .  Thus e x p e r i m e n t a l  va l ues  f o r  t he bu l k  modulus as

a f u n c t i o n  o f  t e mp e r a t u r e  f o r  be t a q u a r t z  are needed.
71Krammer , Par dus , and F r i s s e T  have measured the 

e l a s t i c  modul i  f o r  beta q u a r t z  f rom 863 t o  1073 K. These 

modul i  can be used t o  c a l c u l a t e  va l ues  o f  t he  bu l k  modulus 

(K) f r om t he e q u a t i o n

K = ( 2Sn  + S33 + Z f S 13 + ZS13) ) " 1 (74)

where S r e p r e s e n t s  t he  e l a s t i c  compl i ance  c o n s t a n t .  Using 

t he  va l ue  V° = Z3.70 cm3/ moI e , K = 73046 MPa f rom Kammer, 

e t  a I . , 71 and e s t i m a t i n g  N = 6 , t he  volume a t  t he  lambda 

p o i n t  a t  1073 K and 897 MPa can be c a l c u l a t e d  t o  be V = 

Z3.4Z cm / mo l e  f rom t he Murnaghan l o g a r i t h m i c  e q u a t i o n  o f  

s t a t e

V = V g ( I  -  N P / K 0 ) " 1 / N . ( 7 5 )

Be low IZOO MPa a c u b i c  e q u a t i o n  i n p r e s s u r e  (P) can 

be used t o  d e s c r i b e  t he  t e mp e r a t u r e  o f  t he  lambda 

t r a n s i t i o n .  The e q u a t i o n  we are us i ng  i s

Tx= 846 + 0.Z65P - 0.11393ZZ9 x IO- 4 P2

- Z . 4632558 x IO- 9P3 . (76)

Si nce t he  volume o f  be t a q u a r t z  and t he volume a t  t he 

lambda t r a n s i t i o n  are known o n l y  up t o  1073 K, as shown i n 

F i g u r e  7, i t  i s  necessa r y  t o  e x t r a p o l a t e  t hese cur ves  t o  

much h i g h e r  t e m p e r a t u r e s .  For  t he  volume a t  t h e  lambda 

p o i n t ,  we have assumed a l i n e a r  r e l a t i o n  w i t h  t e mp e r a t u r e
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t o  e x t r a p o l a t e  up t o  1700 K, even though t he volume has" a 

v e r y  s l i g h t  c u r v a t u r e  a t  l ower  t e m p e r a t u r e s .  The equa t i o n  

f o r  t he  l i n e a r  r e g i o n  i s

Vx = 24.54953 - 0.00105T.  (77)

•To e x t r a p o l a t e  t he  volume o f  beta q u a r t z  a t  .0.1 MPa 

( Vq j ) we have assumed t h a t  t he volume goes t h r ough  a 

minimum and t h a t  t he  t he r ma l  expans i on c o e f f i c i e n t  becomes 

p o s i t i v e  as t he  t e mp e r a t u r e  reaches 1600 K. The 

p o l y n o mi a l  e q u a t i o n

23.701 3 - 0.. 105873 x 1 0 " 5 (T - 1000)

+ 0.854633 x

CNJOO0

I

t—

CO1O

- 0.188601 x I O- 10( T - IOOO) 3

+ 0. 144073 x

OO0

I

I—
 ■ 

CO1O

(78)

f i t s  t he  data o f  Ackerman and S o r r e l l  1964°® v e r y  w e l l  

bel ow 1373 K and e x t r a p o l a t e s  n i c e l y  t o  2000 K. These 

e x t r a p o l a t i o n s  g i v e  a maximum va l ue o f  K = 100,000 MPa 

a t  1650 K, whi ch i s  r e a s o n a b l e  b e hav i o r  f o r  a m a t e r i a l  

w i t h  K i n c r e a s i n g  w i t h  i n c r e a s i n g  T in t he  e x p e r i m e n t a l l y  

a c c e s s i b l e  r e g i o n .  The f u l l  35 volume,  t e mp e r a t u r e  and 

p r es s u r e  paramet er s  are g i ven i n Tabl e 10 f o r  beta q u a r t z . 

The volume and e n t r o p y  c o n t o u r  l i n e s  f rom a l pha and beta 

q u a r t z  are shown i n F i g u r e s  8 and 9. The c o n t o u r  l i n e s  

f o r  t he  beta q u a r t z  volume and e n t r o p y  are n e a r l y  v e r t i c a l  

and h o r i z o n t a l  because t he s l opes  o f  t hese l i n e s  are l/.aK
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Table 10. The e q u a t i o n s  o f  s t a t e ,  heat  c a p a c i t y  eq ua t i ons  
and s e l e c t e d  t hermodynami c  p r o p e r t i e s  o f  a l pha and beta 
q u a r t z .

SiO2 (C, BETA QUARTZ)

23.701266 -.1058728E-5 .854633E-8 -.188601 E-10 .1440728E-13
1520712E-4 .2042034 E-7 -.519449E-10 .974922 E-13 -.714101 E-16

.2441776 E-8 -.806657E-11 .1837775E-13 -.490703E-16 .492830 E-19
-.116290E-11 :3979281 E-14 -.368804E-17 .917195 E-20 -.127623E-22
.2140223E-15 -.80183 E-18 . .596339 E-21 -.701148E-24 .1175194E-26

SiO2 (C, ALPHA QUARTZ)

24.340296 3.238095 E-4 7.855450 E-7 1.018418 E-9 5.083011 E-13
-1.218243E-4 -5.371956E-7 -1.357596E-9 -1.73248E-12 -8.66629E-16
1.170823 E-7 5.474543E-10 1.376992E-12 1.886086E-15 9.986443E-19
-7.99760E-11 -3.38035E-13 -8.22533E-16 -1.14072E-18 -6.00664E-22
3.031544E-14 1.203374E-16 2.743039E-19 3.586603E-22 1.754802E-25
-5.78773E-18 -2.23346E-20 -4.71042E-23 -5.49837E-26 -2.30557E-29
4.329322E-22 1.658714E-24 3.241953E-27 3.236415E-30 1.010065E-33

HEAT CAPACITY (Cp)

A C D E

(C, BETA QUARTZ)
69.0387884 9.302148 E-3 . -.819168 E-5 .5473777 E-7 -.587077E-10

(C, ALPHA QUARTZ) 
98.469291 .175798 .31970680E-3 2.1971990E-7 -.501216E-10

THERMODYNAMIC Y1000 H1000'H298 H298 S298 V1000
PROPERTIES J/MOL J/MOL J/MOL J/MOL K CM3

(C, ALPHA QUARtTZ) 70.84657 47620.06 -910700. 41.46 24.3403
(C1 BETA QUARTZ) 76.31535 39899.69 -905155.39 52.63 23.701

THE HEAT CAPACITY EQUATIONS ARE GIVEN BY Cp=A+B(T-i 000)+C(T-1000)2+D(T-1000)3
+ E(T-IOOO)4.
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and aVT/Cp r e s p e c t i v e l y ,  and t he  t he r ma l  expans i on  

c o e f f i c i e n t  i s  v e r y  s m a l l .

The a l pha  q u a r t z - b e t a  q u a r t z - c o e s i te t r i p l e  p o i n t  a t

1643 K and 3400 MPa i s  a c o n v e n i e n t  p l ace  t o  compare

v a r i o u s  e q u a t i o n s  o f  s t a t e .  However ,  t he o n l y  o t h e r

t r e a t m e n t  o f  beta q u a r t z  w i t h  enough d e t a i l  t o  compare

w i t h  our  e q u a t i o n  o f  s t a t e  i s  t he  Murnaghan l o g a r i t h m i c

e q u a t i o n  o f  s t a t e  whi ch we c a l c u l a t e d  e a r l i e r .  These two

e q u a t i o n s  o f  s t a t e  ar e compared i n  Tabl e 11 along,  w i t h  t he

change i n volume and e n t r o p y  va l ues  f o r  be t a  q u a r t z  go i ng

t o  c o e s i t e  a t  1653 K and 3440 MPa f rom Mi r wa l d  and 
7 2Massone .

Equa t i on  o f  S t a t e  o f  Alpha 
Quar t z

For  a l pha q u a r t z ,  as t he  lambda p o i n t  i s  approached,  

t he  b u l k  modulus approaches zer o  and t he t he r ma l  expans i on 

c o e f f i c i e n t  and t he heat  c a p a c i t y  approach i n f i n i t y .
r n

Ac c o r d i ng  t o . t h e  P i ppa r d  t h e o r y  t he  volume and t he 

e n t r o p y  s l opes  are both l i m i t e d  by t he e q u i l i b r i u m  s l ope 

( d T / d P ) x w h i ch = ( r ) .  T h e r e f o r e , as t he volumes and t he 

e n t r o p y  c o n t o u r  l i n e s  approach t he  lambda t r a n s i t i o n  t hey  

must  bend s h a r p l y  as shown i n F i g u r e s  8 and 9 and 

Kl e m e n t 1s F i g u r e  6 .
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Tabl e 11. Compar i son o f  t he  t hermodynami c  va l u es  f o r  beta 
q u a r t z  and c o e s i t e  a t  h i gh p r e s s u r es  and t e m p e r a t u r e s .

T P Quar t z

K MPa

r e f . beta
Quar t z Coes i t e

*
AQ

1643 3400 H * * -740206 -746483 -6277
+ -739240 -748258 -9018

S * * 151.50540 147.69553 -3 . 80978
+ 153.45105 148.05736 -5 . 39369

V * * 22.96967 20.91757 -2 . 05210

1653 3440 H * * -738539 -744944 -6405
+ -737578 -746712 -9134
+ + -6900

S * * 151.08281 148.12198 - 2 . 96083
+ 153.93282 148.49823 - 5 . 43459
+ + - 4 . 2

V * * 22.96209 20.91458 - 2 . 04751
+ 21.67548 20.48325 -1 . 19223
+ + - 3 .  I

* )  The change i n  t he H i n ( J / mo l e )  , S i n  ( J / mo l e K) and
V i n ( cmVmoTe)

* * )  Th i s  Work
+) Howa I d ,  e t  a I . ,  1985
+ +) Mi r wa l d  and Massone,. 1980

The Vo Iume and e n t r o p y  o f  a l pha q u a r t z  both have 

t erms i n 8 ° ‘ 5 near  t he  lambda t r a n s i t i o n  where,

0 = ( J x - T ) .  These t erms ar e v e r y  d i f f i c u l t  t o  r e p r e s e n t  

a c c u r a t e l y  w i t h  a power s e r i e s  i n t e mp e r a t u r e  and p r essu r e  

as 0 approaches z e r o .  T h e r e f o r e ,  we have chosen t o  model  

a l pha q u a r t z  w i t h  P i p p a r d 1s t h e o r y  50 t o  60 K below t he
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lambda t r a n s i t i o n . The thermodynami c  p r o p e r t i e s  are 

c a l c u l a t e d  f rom t he eq u a t i o n s

where r  = ( d T / d P ) ^  t he  e q u i l i b r i u m  s l op e ,  r Q = 0 . 265 ,

0 = ( - I )  and f (0)  i s  g i ven  i n Tabl e 8 . The cho i ce  o f

1/ r  and r / r  a l l o w s  f o r  t he  c u r v a t u r e  i n t he  e q u i l i b r i u m  o o
s l o p e .  The s l ope  drops t o  0.227231 f o r  a p r e s s u r e  g r e a t e r  

t han 12000 MPa and r / r Q compensates " f o r  t h i s  by d e c r e a s i n g  

t he change in volume o f  t r a n s i t i o n  i n s t e a d  o f  i n c r e a s i n g  

t he change i n  e n t r o p y  o f  t r a n s i t i o n  w i t h  i n c r e a s i n g  

t e m p e r a t u r e  and p r e s s u r e .

The e q u a t i o n  o f  s t a t e  f o r  be t a q u a r t z  shoul d 

e x t r a p o l a t e  r e a s o n a b l y  w e l l  t o  50 t o  60 K bel ow t he 

t r a n s i t i o n  t e m p e r a t u r e  o f  846 K . Then w i t h  t he  

f ( 0 ) va l ues  f r om Tab l e  8 , va l u es  f o r  t he  volume and 

e n t r o p y  o f  a l pha  q u a r t z  can be c a l c u l a t e d  a t  t hese  

t e m p e r a t u r e s  and a s e r i e s  o f  p r e s s u r e s .  F i t t i n g  a 

r e l i a b l e  power s e r i e s  i s  s i mp l e  i f  good volume dat a are 

a v a i l a b l e  a l ong t h r e e  o f  t he  edges o f  t he area t o  be f i t .  

At  low p r e s s u r e s  t he  volume and t he  bu l k  modulus are we l l  

known f o r  a l pha q u a r t z ,  Kq = 37200 MPa, as r e p o r t e d  by 

Weaver ,  e t  a I . , 7 3 Soga74 and McSkimmn, e t  a 1 . 75 The 

va l u es  a t  0 = 55 and 60 g i v e  t he  volumes and ( dV/dT)  a l ong 

t he  upper  edge f r om t he  P i ppa r d  t h e o r y .  A few

^a l pha ^bet a 

3a I p'ha - 3beta

r / r Q ( f ( 8 )) 

1/ r  ( f (0 ) )

(79)

( 8 0 )
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i n t e r m e d i a t e  t e mp e r a t u r e s  f o r  a good l e a s t  squares f i t  

need t o  be e s t i m a t e d ;  b u t , even e s t i ma t e s  shou l d  be 

a c c u r a t e  t o  a t  l e a s t  w i t h i n  ± 0 . 2  cm / mo l e .  The e q u a t i o n s  

o f  s t a t e  o b t a i n e d  can t hen be checked a g a i n s t  t he  e n t r o p y  

va l ues  a t  - T = 60 K and a g a i n s t  t he ( d T / d P ) s val ues 

measured a t  800 and 1000 K by B o e h l e r . 76 The con t ou r  

l i n e s  f o r  a l pha q u a r t z  i n F i g u r e s  8 and 9 are a t h i r d  

a t t e mp t  i n  a s e r i e s  o f  s u c c e s s i v e l y  b e t t e r  a p p r o x i m a t i o n s .

Two maj or  t e s t s  o f  t he  accu r acy  f o r  t he  e q u a t i o n  o f  

s t a t e  f o r  a l pha q u a r t z  are i t s  match w i t h  t he  volumes and 

e n t r o p i e s  f r om t he P i ppar d  t h e o r y  shown i n Tabl e 12, and 

how ( d T / d P ) x = aVT/Cp c ompar es . t o  t he e x p e r i me n t a l  va l ues  

o f  B o e h l e r 76 shown i n F i g u r e s  10 and 11.

Equa t i on  o f  S t a t e  f o r  Coes i t e

The q u a r t z  c o e s i t e  e q u i l i b r i u m  has been w i d e l y  

s tud i ed. .  Th i s  e q u i l i b r i u m  p r o v i d e s  a v e r y  s t r i n g e n t  t e s t  

o f  t he  e q u a t i o n s  o f  s t a t e  s i n c e  t he  change i n e n t h a l p y ,

AH, and t he change i n  e n t r o p y ,  AS, are s m a l l ,  and ve r y  

smal l  changes i n  them can cause v e r y  l a r g e  changes in t he  

e q u i l i b r i u m  s l ope  ( AV/AS) .  The volume and bu l k  modulus o f  

c o e s i t e  ar 6 w e l l  known . 7^ 5 7 7 The e q u a t i o n  o f  s t a t e  f o r  

c o e s i t e  i s  shown i n Tabl e 13.
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c u r v e . The open c i r c l e s  are t he  e x p e r i me n t a l  va l ues  o f  B o e h I e r .
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F i g u r e  11. ( dT/ dP)x = «VT/Cp at  1000 K. The s o l i d  l i n e  i s  our  c a l c u l a t e d
c u r v e . The open c i r c l e s  are t he  e x p e r i me n t a l  va l ues  o f  B o e h l e r .
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Tabl e 12. Compar i son o f  t he  p o l y n o mi a l  f i t  and Pi ppard 
c a l c u l a t i o n s  f o r  t he  t hermodynami c  p r o p e r t i e s  o f  a l pha and 
beta q u a r t z  60 K below t he lambda t r a n s i t i o n . .

P
MPa

T
K

M a t e r i a l H S V

0 . I 786 beta q u a r t z  
P i ppa r d  t h e o r y

-879756
-1281

99.91288
- 1 . 5 4 8

23.72101
- . 41022

*
a l pha q u a r t z * *  
a l pha q u a r t z

-881037
-881052

98.36490
98.36416

23.31228
23.31228

2000 1265 bet a q u a r t z  
P i ppa r d  t h e o r y

-800119
-2023

. 132.4389
- 1 . 5 4 8

23.18649
- . 35175

*
a l pha q u a r t z * *  
a l pha q u a r t z

-802142
-802356

130.8909
130.8132

22.83474
22.77600

3400 1583 beta q u a r t z  
P i ppa r d  t h e o r y

-744774
-2515

148.67349
- 1 . 5487

22.95617
- . 35175

*
a l pha q u a r t z * *  
a l pha q u a r t z

-747289
-747813

147.12549
146.85953

22.60442
22.54784

* )  Values 
s t a t e  and 
* * )  Values 
s t a t e

c a l c u l a t e d  f r om t he  beta 
t he  P i ppa r d  e q u a t i o n s ,  

c a l c u l a t e d  f rom t he  a l pha

q u a r t z  e q u a t i o n  o f  

q u a r t z  e q u a t i o n  o f

In o r d e r  t o  a c c u r a t e l y  f i t  t he  measured e q u i l i b r i a  

between q u a r t z  and c o e s i t e ,  we had t o  s u c c e s s i v e l y  a d j u s t  

t he  heat  c a p a c i t y  e q u a t i o n  t h r o u g h  s u c c e s s i v e l y  a d j u s t i n g  

i t s  e n t r o p y  and e n t h a l p y .  The heat  c a p a c i t y  e q u a t i o n  f o r  

c o e s i t e  l i s t e d  i n  Tab l e  13 i s
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9 . OE ( T/800 ) - 1.23583 + 0.625 x 10

- 0.409460 x O
I cn

-H O O O

PO

- 0.747870 x O
I LD

-H I O O O

CO

+ 0.195243 x 1 0 " 10( T - IOOO) 4

+ 0.48 x IO6 ( 1 / T 2 - I x IO6 )

- 2

(81)

F i g u r e  12 shows t h a t  t he heat  c a p a c i t y  i s  not  unreasonab l y  

l a r g e  or  sma l l  over  t he t emper a t u r e  range under  

c o n s i d e r a t i o n .

T a b l e '13.  The e q u a t i o n  o f  s t a t e , heat  c a p a c i t y  equa t i ons  
and s e l e c t e d  t hermodynami c p r o p e r t i e s  o f  c o e s i t e  and high 
c o e s i t e .

Sio2 (COESITE)a

0.208005E+02 0.300153E-04 0.480077E-09 -.255108E-13 -.689626E-16
-.111596E-04 -.230112E-08 -.272670E-12 -.783177E-16 0.648684E-19
0.420456E-09 0.145340E-12 0.420059E-16 0.294235E-19 -.269232E-22
-.167317E-13 -.672272E-17 -.390897E-20 -.397802E-23 0.378781 E-26
0.511098E-18 0.198214E-21 0.196687E-24 0.234987E-27 -.227515E-30
-.929361E-23 . -.322891E-26 -.478139E-29 -.617087E-32 0.602315E-35
0.713800E-28 0.218545E-31 0.437280E-34 0.588345E-37 0.000000E+00

HEAT CAPACITY (Cp)

A B C D E

Si02 (COESITE)b
-1.235835 .00625 -.040946E-4 -.074787E-8 .195243E-10
THERMODYNAMIC Y1000 HlOOO*H298 H298 S298 V1000
PROPERTIES JMOL*1 JMOL*1 JMOL*1 JMOL*1 K*1 CM3

Si02(COESITE) 68.77690 43080.19 -907213.9 40.46715 20.8005
Si02(HIGH COESITE) 71.32204 43080.19 -903599.8 43.01228 20.8005

THE HEAT CAPACITY EQUATIONS ARE GIVEN BY Cp= A+B(T-1000)+C(T-1000)2 +D(T-IOOO)3 
+E(T-1 OOO)4. aTHE EQUATION OF STATE FOR COESITE AND HIGH COESITE ARE THE SAME 
EXCEPT FORTHE ENTROPY AND PLANCK FUNCTION. bTHE HEAT CAPACITIES FOR COESITE AND 
HIGH COESITE HAVE THE ADDITIONAL TERMS .48E6fT2-1 O*6) AND 9.0x E(800/T) WHERE E IS 
AN EINSTEIN TERM.
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T1K
F i g u r e  12. Heat  c a p a c i t y  va l ues  f o r  c o e s i t e  ( s o l i d  l i n e )  and 
c r i s t o b a I i t e  (dashed l i n e s ) .
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The c a l c u l a t e d  e n t r o p y  v a l u e  f o r  c o e s i t e  a t  T = .

298.15 K i s  Sggg = 40.4672 ± 0.2 J / moIe K, whi ch agrees
7 8wi th-  t he  va l ue  r e p o r t e d  by Holm,  Kleppa and Westrum o f

$298 15 = 40 . 376 .  Our c a l c u l a t e d  e n t h a l p y  v a l u e  f o r

c o e s i t e  a t  298.15 K i s  Hggg j g = AH^ = - 907213 . 9  ± 200

J / mo l e .  Th i s  e n t h a l p y  va l ue  a l ong w i t h  t he  heat

c a p a c i t i e s  f o r  both q u a r t z  and c o e s i t e  g i v e s  AHg^Q = 1103

± 200 J / mo l e  f o r  be t a q u a r t z  go i ng  t o  c o e s i t e .  Th i s  can

be compared t o  t he  va l ues  f r om H o l m , ye t  a I . ,  AHgyg = 2930

± 630 J / mo l e ,  and f r om N a v r o t s k y ,  AHgyg = 1339 J / mo l e .  I t

i s  wor t h  n o t i n g  t h a t  a 200 J / mo l e  s h i f t  i n . t h e  e n t h a l p y

causes a s u b s t a n t i a l  change i n t he  s l ope  and appearance o f

t he  e q u i l i b r i u m  l i n e s  i n F i g u r e  13.

Our c a l c u l a t e d  va l ues  o f  t he  e q u i l i b r i u m  are i n good

agreement  w i t h  t he  measured e q u i l i b r i a  Up t o  1400 K.

Above 140 0 K both a l pha q u a r t z  and beta q u a r t z  go i ng  t o

c o e s i t e  g i v e  c a l c u l a t e d  AS va l ues  and va l ues  o f  t he

e q u i l i b r i u m  s l ope  t h a t  are t oo  n e g a t i v e  and t h a t  are t oo
79smal l  compared t o  t he  measured dat a o f  Boyd and England

7 2
and Mi r wa l d  and Massone. Si nce t h e r e  must  be a 

s u b s t a n t i a l  i n c r e a s e  i n t he  e n t r o p y  o f  a l pha q u a r t z  as i t  

approaches t he  lambda p o i n t ,  t he  o n l y  r e a s o n a b l e  way t o  

accomodate t he  h i g h e r  s l ope  i s  t o  i n c r e a s e  t he e n t r o p y  o f  

c o e s i t e  a t  h i g h e r  t e m p e r a t u r e s . We accompl i shed  t h i s  by 

making a f i r s t  o r d e r  t r a n s i t i o n  i n  c o e s i t e  w i t h  an e n t r o p y
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2000 befa-
quartz

coesite

IOOO
coesite

alpha
quartz

2 0 0 0 4 0 0 0

F i g u r e  13. C a l c u l a t e d  phase d i agram f o r  SiOg.  F i l l e d  
c i r c l e s  are f r om ( B o e h l e r , 1982;  Bohen and B o e t c h e r , 
1982;  Mi r ma l d  and Massone, 1980) w i t h  t he va l u es  o f  Boyd 
and Eng l and,  1960,  as open c i r c l e s .
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o f  t r a n s i t i o n  equal  t o  ASt r a n s  = 2.5451 f  0 .2 J / mo l e  K.

The assumed t r a n s i t i o n  in c o e s i t e  i s  shown i n F i g u r e  13, 

w i t h  t he  c o n t i n u a t i o n  o f  t he  q u a r t z  t o  low c o e s i t e  

c a l c u l a t i o n s  i n c l u d e d  as d o t t e d  l i n e s .

•The. Equat i on o f . S t a t e . f o r  
C r i s t o b a l i t e

E l i e z e r ,  e t  a l . ^  f i r s t  t r e a t e d  c r i s t o b a l i t e  i n 1978.
32Th i s  t r e a t m e n t  was based upon t he  JANAF v a l u e s ,  except

f o r  an i n c r e a s e  o f  0.11 j / m o l e  K i n t he  e n t r o p y  o f

c r i s t o b a l i t e  t o  b r i n g  t he q u a r t z  c r i s t o b a l i t e  e q u i l i b r i u m

p o i n t  t o  1175 K. We now have good heat  c a p a c i t y  va l ues

f o r  a l pha and bet a q u a r t z  and t h e r e  i s  r easonab l e

agreement  i n t he  changes o f  e n t h a l p y  f o r  c r i s t o b a l i t e  as

shown i n Tabl e 14. Thus t he  e n t h a l p y  changes f o r  qu a r t z

go i ng t o  c r i s t o b a l i t e  a t  v a r i o u s  t e mp r a t u r e s  can be

con v e r t e d  t o  changes i n e n t h a l p y  f o r  a l pha q u a r t z  goi ng t o

low c r i s t o b a l i t e  a t  298.15 K. The best  e n t h a l p y  changes

in t he  l i t e r a t u r e  f o r  t he  r e a c t i o n

S i O2 ( beta q u a r t z )  = SiO2 C c r i s t o b a l i t e )  (82)

are by Holm,  e t  a l . ^  ^ t r a n s  = 1882.8 ± 630 J / mo l e  at

970 K, and by N a v r o t s k y , e t  a 1 . 70 AHt r a n s  = 907.928 ± 250

J / mo l e  a t  985 K. Co n v e r t i n g  t he se  val ues  t o  AH283

us i ng our  heat  c a p a c i t i e s  y i e l d s  2356 ± 600 J / mo l e  and

1389 ± 250 J / mo l e  f o r  Holm' s and N a v r o t s k y ' s va l ues
69r e s p e c t i v e l y .  These va l ues  a l ong w i t h  K r a c e k 1s AH2gg =
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2636 ± 290 J/mo Te f r om e n t h a l p i e s  o f  s o l u t i o n  da t a  at

298.15 K are i n v e r y  poor  agreement .  C e r t a i n l y  t h e y  are 

worse t han t he  e n t h a l p i e s  f r om t he  q u a r t z  t o  g l ass  

t r a n s i t i o n .  Th i s  i n d i c a t e s , t h a t  t he probl em i s  w i t h  the 

c r i s t o b a I i t e  samples r a t h e r  t han t he met hodo l ogy .

Tabl e 14. The t hermodynami c  p r o p e r t i e s  o f  c r i s t o b a l i t e

t h i s
work * * * * * * + , ++

S +++>298
43.363 43.363 43.40 43.40 42.635

H298 -907916 -907864 -908346 -908346 -908346

T lambda 535 525 523 543 535

S600 83.954 84.300 84.60 83.789 83.178 83.138

H600"H298 18062 18232 17973 18008 . 18037 17635

OO

O O O

118.216 118.167 118.61 117.80 117.36 117.69

H1000'H298 44985 44859 44735 44769 44890 44786

H1000'H1000 cIuartz 1456 21116 2122 1925

H298-K29S qUartZ
2785 2836 2354 2389 2354

* )  Ri c h e t , e t  a I . ,  1982 
* * )  Robi e , e t  a I . ,  1978 
* * * )  S t u l l  and Pr o p h e t ,  1971 
+) Moseman and P i t z e r , 1941 
+ +) EI i zer  , e t  a I . ,  1978
+++) S. I . u n i t s  , 0 / mo l e  and J / mo l e  K are used t h r o u g h o u t  

t h i s  t a b l e

I t  appears  t h a t  t he  e n t r o p y  o f  t he  c r i s t o b a l i t e  i s 

b e t t e r  known than t he  e n t h a l p y ,  so t h a t  t he  e n t h a l p y  o f
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c r i s t o b a l i t e  a t  298.15 K shou l d  be a d j u s t e d  t o  f i t  what  i s  

known o f  t he  e q u i l i b r i u m  between q u a r t z  and c r i s t o b a l i t e ,  

i n s t e a d  o f  a d j u s t i n g  t he e n t r o p y .  We have accept ed 

R i c h e t ' s 41 v a l u e  f o r  t he  e n t r o p y  o f  low c r i s t o b a l i t e  o f  

$298 15 = 43 . 363 J / mo l e  K. . However ,  t h e i r  t r a n s i t i o n  

t e m p e r a t u r e  f o r  t he  q u a r t z  t o  c r i s t o b a l i t e  e q u i l i b r i u m  i s 

t oo  low a t  Teq = 1108 K. Beta q u a r t z  i s  s t a b l e  a t  1141 

and changes t o  t r i d y m i t e  at  1150 K i n  t he  pr esence of  

a l k a l i  s i l i c a t e s .  A l k a l i  s i l i c a t e s  d i s s o l v e  Si O2 and 

shou l d  c a t a l y z e  t he  t r a n s f o r m a t i o n  o f  q u a r t z  t o  

c r i s t o b a l i t e . T h e r e f o r e  t he  t r a n s i t i o n  t e mp e r a t u r e  needs 

t o  be even h i g h e r  t han 1141 K. The q u a r t z  t o  c r i s t o b a l i t e  

t r a n s f o r m a t i o n  has been observed a t  1163 K by Ho l mq u i st  

( 1 9 6 1 ) ,  so t h a t  t he  e q u i l i b r i u m  must  be between 1163 and 

1141 K . We p i cke d  1160 f o r  t he  e q u i l i b r i u m ;  t h u s ,  g i v i n g  

H298 15 = -907915 f o r  low c r i s t o b a l i t e .  Then t he  change 

i n  e n t h a l p y  f o r  t he  a l pha q u a r t z  t o  c r i s t o b a l  i t e  

t r a n s i t i o n  i s  2785 f  200 J / mo l e ,  whi ch agrees w e l l  w i t h  

K r a c e k ' s va lu .e ° 9 but  i s  h i g h e r  t han e i t h e r  H o l m ' s 78, or  

N a v r o t s k y ‘ s 78 v a l u e s .

Using t he  a v a i l a b l e  drop c a l o r i m e t r y  da t a  between 

541.65 and 1834 K, 81,41 t he heat  c a p a c i t y  f o r  

c r i s t o b a l i t e  was f i t  t o  t he  f o l l o w i n g  p o l y n o mi a l
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Cp = 9 . 0  E ( T / 8 0 0 ) ' -  I .49773

+ 0 . 327610  x 1 0 " 3 (T - 1000)

+ 0.201540 x 1 0 ' 5 ( I  - IOOO) 2 

+ 0.601119 x 1 0 ' 8 (T - IOOO) 3 

+ 0.1 27 126 x I 0 " 11( I  - IOOO) 4

+ 0 . 48 x IO6 U Z T 2 - I x I O ' 6 ) ; (83)
2

where E r e p r e s e n t s  an E i n s t e i n  t e r m , and t he  I / T term 

keeps t he  h i g h e r  p o l y n o mi a l  powers f rom becoming 

e x c e s s i v e l y  l a r g e  w i t h i n  t he  r e g i o n  o f  400 t o  2000 K whi ch 

t he  e q u a t i o n  r e p r e s e n t s .

The l i t e r a t u r e  va l ues  f o r  S6qq - S298 f o r  

c r i s t o b a l i t e  are summar i zed i n Tabl e 14 and range f rom 

40. 3  t o  41 . 2  J / mo l e  K, so t h a t  t he  e r r o r  i n  AS i s  t he 

l a r g e s t  e r r o r  i n  t he  e n t h a l p y  f o r  c r i s t o b a l i t e .  Th e r e f o r e  

we dec i ded  t o  t r e a t  t he  second o r d e r  t r a n s i t i o n  i n 

c r i s t o b a l i t e  w i t h  t he  P i ppa r d  r e l a t i o n s .  The e q u a t i o n  i s

SI ow(450 ) = 5 h i g  h (4 5 0) '  1 / r  (Vh i g h ( 4 5 0 )

Vl o w ( 4 5 0 ) (84)
The e q u i l i b r i u m  s l op e  f o r  t h i s  t r a n s i t i o n  has been

OO
measured by Cohen and Klement  . t o  be ( dT/ dP)  = 0.51 

K/MPa. The volume o f  h i gh c r i s t o b a l i t e  a t  low p r es s u r e  i s  

d e s c r i b e d  by t he  p o l y n o mi a l
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V = 27.430 + 0.605751 x 1 0 ' 5 (T - 1000)

- 0.86013 x 1 0 " 8 ( I  - IOOO) 2

• + 0.  15697 x I 0 ” 1° ( I  - IOOO) 3

- 0.884294 x 1 0 " 14(T - IOOO) 4 (85)
83f i t  f r om t he  data o f  Johnson and Andrews as c i t e d  in

Sk i nne r  1 9 6 6 , 84 and T o u l o u k i a n  1 9 6 7 . Gr aph i c a l

i n t e r p o l a t i o n  r e s u l t s  i n a volume o f  low c r i s t o b a l i t e  at

450 K o f  26 . 04 cm3/ mo I e . 8 3 ’ 88 The change i n  volume i s

t hen AV = 27.181 - 26.04 = 1.141 cm^/mole y i e l d i n g  a

change i n e n t r o p y  o f  2.237 J / mo l e  K. The low c r i s t o b a l i t e

e n t r o p y  o f  Moseman and P i t z e r 8 * a t  450 K, S^qw = 63.443

J / mo l e  K can be c o r r e c t e d  t o  64.194 J / mo l e  K by us i ng  t he
8 3b e t t e r  heat  c a p a c i t y  o f  L e a d b e t t e r . and W r i g h t .  Th i s  

va l ue  f o r  S-| t hen y i e l d s  an e n t r o p y  o f  66.431 J / mo l e  K 

f o r  h i gh  c r i s t o b a l i t e  f r om t he P i ppar d  e q u a t i o n s .  Using 

t he heat  c a p a c i t y  o f  h i gh c r i s t o b a l i t e  g i v e s  Sh i g h ( 6 0 0 )  = 

83. 954 and Sh i g h ( T0 0 0 ) = H S . 216 J / mo l e  K.

The h i gh p r e s s u r e  volumes f o r  c r i s t o b a l i t e  came f rom 

t he Mur naghan-Hi debrand e q u a t i o n  o f  s t a t e  w i t h  Kq = 14237 

MPa and N = 6 . Th i s  va l ue  f o r  K i s  an e s t i m a t e  chosen t o  

g i v e  a r e a s o n a b l e  v a l u e  f o r  t he  speed o f  sound i n 

c r i s t o b a l i t e  and i n  SiOg l i q u i d .  The f u l l  po l y n o mi a l  

e q u a t i o n  o f  s t a t e  f o r  c r i s t o b a l i t e  i s  g i ven  i n  Tabl e 15 

a l ong w i t h  t he  Si Og(T)  e q u a t i o n  o f  s t a t e .



Tabl e 15. Th e ' e q u a t i o n s  o f  s t a t e ,  heat  c a p a c i t y  equa t i ons  
and s e l e c t e d  t hermodynami c  p r o p e r t i e s  o f  c r i s t o b a l i t e  and 
l i q u i d  q u a r t z  .

SiO2 (LIQUID)

0.256903E+02 0.882893E-04 0.403999E-08 -.115153E-12 0.130579E-15
-.621362E-04 -.277794E-07 -.622431 E-11 . -.130836E-14 -.497927E-18
0.818605E-08 0.647971 E-11 0.272915E-14 0.126817E-17 0.732965E-21
-.779195E-12 -.95831OE-15 -.630580E-18 -.421055E-21 -.291350E-24
0.407254E-16 0.784452E-19 0.682613E-22 0.528631 E-25 0.390861 E-28
-.101736E-20 -.314107E-23 -.322660E-26 -.267420E-29 -.203681E-32
0.922540E-26 0.473867E-28 0.538327E-31 0.462225E-34 0.357553E-37

SiO2 (C, CRISTOBALITE)

27.438 6.0575144E-6 -8.601635E-9 1.569704E-11 -8.84294E-15
.7023787E-4 -3.158457E-9 4.231581 E-12 -6.83298E-15 3.541668E-18
1.6423549E-8 1.364669E-12 -1.75038E-15 2.550793E-18 -1.21353E-21
-3.58174E-.12 -3.89561 E-16 4.879866E-19 -6.69296E-22 3.000796E-25
4.927630E-16 6.014507E-20 -7.45014E-23 9.915851 E-26 -4.30461 E-29
-3.42292E-20 -4.40513E-24 5.426761 E-27 -7.11521E-30 3.036980E-33
8.964361 E-25 1.185093E-28 -1.45570E-3T 1.893393E-34 -8.00699E-38

HEAT CAPACITY (Cp)

A B C D E
SiO2 (L)
71.00826 .0184709 -.532714E-5

(C, CRISTOBALITE)a
-1.497734 3.276100 E-4 2.015400 E-6 .601119 E-8 -1.27126E-12
THERMODYNAMIC Y1000 H1000"H298 H298 S298 V1000
PROPERTIES JMOL'1 J MOL*1 J MOL"1 J MOL'1 K'1 CM3

Si02(L) 74.416376 44673.87 -904213.5 46.861 27.27
(C, CRISTOBALITE) 74.27571 43940.87 -906871.21 42.677 27.38

THE HEAT CAPACITY EQUATIONS ARE GIVEN BY Cp=A+B(T-1000)+C(T-1000)2+D(T-1000)3 +
E(T-IOOO)4. aCRISTOBALITE ALSO HAS THE TERMS .48x106(r2-10'6) +9.0 E(T/800), 
WHERE E IS AN EINSTEIN TERM.
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Equa t i on  o f  S t a t e  f o r  
S i l i c o n  D i o x i d e  L i q u i d

For l i q u i d  SiO2 t he heat  c a p a c i t y  e q u a t i o n  was f i t  

t o  R i c h e t 's drop c a l o r i m e t r y  measurements . ^ * The heat  

c a p a c i t y  e q u a t i o n  i s

Cp = 71.0083 + 0 . 0184709( 1  - 1000)

- 0 . 532714 x 10“ 5 (T - IOOO)2 . ( 8 6 )

The e q u a t i o n  i s  v a l i d  over  t he  range 400 t o  2100 K.

The e n t h a l p y  o f  f u s i o n  f o r  c r i s t o b a l i t e  i s  8 6 2 1 . ± 150 

d / mol e  a t  1966 K. Th i s  v a l u e  i s  a r r i v e d  at  f r om t he 

measurements o f  AH f o r  t he  q u a r t z  t o  g l ass  t r a n s f o r m a t i o n  

by K r a c e k 69 and N a v r o t s k y , 70 t he  heat  c a p a c i t y  o f  SiO2 

g l a s s '^1 and our  heat  c a p a c i t y  o f  c r i s t o b a l i t e  and l i q u i d .  

R i c h e t 1s va l ue  f o r  t he  e n t h a l p y  o f  f u s i o n  o f  c r i s t o b a l i t e  

i s  AHf us  =' 8920 ± 1 0 0 0  J / mo l e .  Our e n t r o p y  va l ue  f o r  Si O2 

l i q u i d  i s  S 200 O ( I )  = 172.9484 J / mo l e  K and R i c h e f s  i s  

172.915 J / mo l e  K. Thus t h e r e  i s  o v e r a l l  good agreement  

between our  va l ue  and R i c h e f s.

There are a v a r i e t y  o f  r e p o r t e d  va l ues  f o r  t he 

p h y s i c a l  p r o p e r t i e s  o f  Si O2 l i q u i d .  Thus,  t he  t he r ma l  

expans i on  c o e f f i c i e n t  between 2208 and 2438 K i s  a =

1.03 x IO" 4 K" 1 as measured by Bacon,  Hasapi s and 

W h o l l e y . 86 Bucaro and Dardy have measured t he  

c o m p r e s s i b i l i t y  o f  Si O2 l i q u i d  between 1650 and 2000 K t o  

be B = 8 . 5  x IO" 13 MPa, 86 and t he  u l t r a s o n i c  v e l o c i t y  i s  

C = 6000 m/ sec87 between 2060 and 2160 K. Usi ng t hese
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measured va l ues  and our  c a l c u l a t e d  c o n s t a n t  p r es s u r e  heat  

c a p a c i t y ,  Cp, we c a l c u l a t e  t he  c o n s t a n t  volume heat  

c a p a c i t y  Cy f r om t he  e q u a t i o n s

Cy = Cp - TVa2K7 (87)

and

Cv = Cp/ (  I + TMa2c 2ZCp) ' ( 8.8 )

where V i s  t he  volume,  i s  t he  t he r ma l  expans i on

c o e f f i c i e n t , K7 i s  t he  i s o t h e r m a l  bu l k  modul us,  c i s  t he

u l t r a s o n i c  speed and M i s  t he  mo l e c u l a r  w e i g h t  o f  SiOg.

The c o n s t a n t  volume heat  c a p a c i t y  c a l c u l a t e d  f r om e q u a t i o n

(87)  i s  Cy  = - 6 16 . 3 6  J / mo l e  K, and f rom e q u a t i o n  ( 8 8 ) i s

Cy = 55.46 J / mo l e  K. These va l u es  o f  Cy  are o b v i o u s l y .

i n c o r r e c t ,  and a t  l e a s t  two o f  t he  t h r e e  r e p o r t e d  va l ues

o f  K7 , a and c must  be wrong.  For  one t h i n g  t he  bu l k

modulus i s  t oo  l a r g e . The bu l k  modulus o f  beta q u a r t z  i s
4on t he  o r d e r  o f  5 x 10 MPa. One would expec t  t he  bu l k

modulus o f  Si O2 l i q u i d  t o  be i n  t h i s  range i f  not  s m a l l e r .

The va l u es  o f  t he  t he r ma l  expans i on  c o e f f i c i e n t  and t he

u l t r a s o n i c  speed ar e a l so  i n  e r r o r  as i s  shown by the

r e s u l t s  o f  e q u a t i o n  ( 8 8 ) .  Consequen t l y  we have decreased
4

t he  b u l k  modulus a f a c t o r  o f  100 t o  1.11525 x 10 MPa and 

t he t he r ma l  expans i on  c o e f f i c i e n t  t o  8.8384 x 10  ̂ K * .  

Wi th t hese  changes t he  c o n s t a n t  volume heat  c a p a c i t y  and . 

t he  u l t r a s o n i c  speed are Cy = 79.262 J / mo l e  K and c = 

2343.9 m/ sec .  Both o f  t hese va l ues  are now r e a s o n a b l e .
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Equa t i ons  o f  S t a t e  f o r  Aluminum Oxide

In o r d e r  t o  d e s c r i b e  AlgOg i n  b i n a r y  and h i g h e r  o r d e r  

phase diagrams,  we need t o  use t he f o r mu l a  A l O1 g. Aluminum 

ox i de  d i s s o l v e s  in ox i de  me l t s  a t  ve r y  low c o n c e n t r a t i o n s  

c o n t r i b u t i n g  two A l +^ f o r  eve r y  mole o f  aluminum o x i d e .

The aluminum i ons are not  n e c e s s a r i l y  a s s o c i a t e d  w i t h  each 

o t h e r .  T h e r e f o r e , i n o r d e r  t o  g i v e  He n r y ' s  Law behav i o r  

one must  d e s c r i b e  Al gO3 as A l O1 g .

Hen r y ' s  Law s t a t e s  t h a t  t he  a c t i v i t y  o f  a s o l u t e  i s  

d i r e c t l y  p r o p o r t i o n a l  t o  t he  mole f r a c t i o n

a = K x (89)

where K i s  t he  He n r y ' s  Law c o n s t a n t .  I f  we use AlgO3 t hen 

t he  a c t i v i t y  o f  a l umi na  i s  d e s c r i b e d  by t he  square o f  t he  

mole f r a c t i o n .  Si nce two A l +^ are d i s s o l v e d  per  A l 3O3

a =YKx2 (90)

The a c t i v i t y  can a l s o  be d e s c r i b e d  a t  any c o n c e n t r a t i o n  by

t he e q u a t i o n

a = Yx (91)

t h u s ,  i n  d i l u t e  s o l u t i o n s

Y = K x .  (92)

However ,  we are us i ng  R. K . c o e f f i c i e n t s  t o  d e s c r i b e  log 

such t h a t

I o g Y  = l og K x . . (93)

T h e r e f o r e , as x approaches zero l og Y approaches n e g a t i v e
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i n f i n i t y ,  whi ch i s  i m p o s s i b l e .  Choosing.  Al Oj  g as t he 

f o r mu l a  f o r  aluminum ox i d e  avo i ds  t h i s  p r ob l em.

Aluminum Oxide ( C, Corundum)

The heat  c a p a c i t y  e q u a t i o n  f o r  AlOj  g ( c ,  corundum) ,

l i s t e d  i n Tab l e  16, was o b t a i n e d  t h r ough  l e a s t  squares
3 2f i t t i n g  o f  t he  t a b u l a t e d  data o f  S t u l l  and Pr op he t .  The

e q u a t i o n  i s  v a l i d  over  t he range 250 t o  2400 K. The

t e m p e r a t u r e  dependence o f  t he  volume o f  Al Oj  g was

c a l c u l a t e d  f r om t he  a c c u r a t e  NBS X - r a y  d a t a ^  and f rom t he
8 8r e l a t i v e  volumes measured by Engberg and Zehms.

Howa I d ,  Moe and Roy f i r s t  c a l c u l a t e d  t he  e q u a t i o n  

o f  s t a t e  f o r  corundum i n  1983.  At  t h i s  t i me  t h e y  i n c l u d e d  

a t e mp e r a t u r e  dependence o f  N i n  t he  Murnaghan 

l o g a r i t h m i c  e q u a t i o n  o f  s t a t e . 21,22 T h e i r  v a l u e  o f  N =

4 . 0  f o r  corundum g i v e s  d i f f e r e n c e s  o f  as much as ± 4% 

between t he  measured and t he  c a l c u l a t e d  va l u e s  o f  Ks at  

v a r i o u s  t e m p e r a t u r e s ,  and a (dKs/ dT)  o f  about  -11 which .is 

h a l f  t h a t  measured by Soga and Anderson.

I f  t he  d i s c r e p a n c i e s  d e s c r i b e d  above are r e a l  i t  

i n d i c a t e s  a sma l l  e r r o r  i n  t he  Mur naghan- H i l debr and 

e q u a t i o n  o f  s t a t e .  In o r d e r  t o  check t h i s  d i s c r e p a n c y  we 

r e p ea t ed  t he c a l c u l a t i o n ,  w i t h  o t h e r  paramet er s  and 

a d d i t i o n a l  d a t a .  We r e c a l c u l a t e d  t he volume as a f u n c t i o n  

o f  t e m p e r a t u r e  us i ng  c o n s t r a i n t s  t o  f o r c e  t he  t he r ma l  

expans i on  c o e f f i c i e n t  t o  c o n t i n u a l l y  i n c r e a s e  w i t h



Tabl e 16.. The e q u a t i o n s  o f  s t a t e ,  heat  c a p a c i t y  equa t i ons  
and s e l e c t e d  t hermodynami c  p r o p e r t i e s  o f  aluminum ox i de 
corundum and l i q u i d .

AIO1 5 (LIQUID)

16.23 0.40000000E-4 4.499999E-10 4.500196E-15 3.379152E-20
-5.879075E-6 -8.81860E-10 -6.61392E-14 -3.31059E-18 -1.24850E-22
1.036895E-10 2.799532E-14 3.779063E-18 3.412825E-22 2.324960E-26
-2.23345E-15 -8.70313E-19 -1.69433E-22 -2.21229E-26 -2.17263E-30
5.167876E-20 2.610551E-23 6.561746E-27 1.105066E-30 1.386229E-34
-1.11168E-24 -6.68757E-28 -1.98662E-31 -3.93645E-35 -.574006E-38
1.482980E-29 9.853453E-33 3.214079E-36 6.971421 E-40 1.103936E-43

AIO1 5 (S,CORUNDUM)

0.130133E+02 0.275994E-04 0.397122E-08 -.186255E-11 0.117407E-14
-.431438E-05 -.627682E-09 -.123187E-12 0.302827E-16 -.288620E-19
0.492851 E-IO 0.137846E-13 0.257387E-17 -.129451E-20 0.139498E-23
-.790190E-15 -.775852E-18 0.872600E-22 0.327643E-24 -.146650E-27
0.336497E-19 0.145582E-21 0.119748E-25 -.174437E-28 -.426406E-31
-.209256E-23 -.175490E-25 -.729901E-29 -.638203E-32 ' 0.143614E-34
0.507648E-28 0.802517E-30 0.567430E-33 0.648833E-36 . O.OOOOOOE+OO

HEAT CAPACITY (Cp)a

A B C D E

AIO1 5 (LIQUID)
94.69605 .019816 -.123850E-04

AIO1 5(S,CORUNDUM)b
2.47207 .00482352 ,545513 E-6 -.708193 E-9 .165569 E-12

THEMODYNAMIC Y1000 HlOOO"H298 Hgga S298 v TOOO
QUANTITIES JMOL'1 JMOL'1 J MOL'1 J MOL"1 K'1 CMj

AIO1 5 (LIQUID) 50.16645 34333.9 -824498.8 69.82366 16.238

AIO1 5 (S,CORUNDUM) 51.11802 38982.328 -837846. 25.44894 13.0133

a THE CAPCITY EQUATION IS GIVEN BY (Cp) = A + B(T-IOOO) + C(T-IOOO)2 + D(T-IOOO) 3 
+ E(T-IOOO)4. bAIO1 5(S,CORUDUM) HAS AN ADDITIONAL EINSTEIN TERM 7.5E(T/708).
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i n c r e a s i n g  t e m p e r a t u r e . A graph, o f  . the t he r ma l  expans i on

c o e f f i c i e n t  ver sus  t e m p e r a t u r e  i s  shown i n F i g u r e  14. We

i n c l u d e d  t he  e x t e n s i v e  s i n g l e  c r y s t a l  measurements on
89corundum c i t e d  by Simmons and Wang whi ch i n c l u d e d  

K _ n o  1C = 250800,  N = 4 . 27 and an e x t e n s i v e  s e r i e s
5 , 2 9 0 . 1 0

o f  measurements on t he t e mp e r a t u r e  dependence o f  K as
90p u b l i s h e d  by T e f f t .

Wi th N = 4 . 27 and K2g8/15 = 250800 we were ab l e  t o  

c a l c u l a t e  t he  t e m p e r a t u r e  dependence o f  Kg . The 

c a l c u l a t e d  K va l ues  are p l o t t e d  i n  F i g u r e  15 a l ong w i t h  

t he  e x p e r i m e n t a l  v a l u e s .  The s l op e  o f  t he Murnaghan-  

H i l deb r and  l i n e  i s  s t i l l  s m a l l e r  t han t h a t  i n d i c a t e d  by 

t he  e x p e r i m e n t a l  d a t a .  However ,  t h i s  l i n e  i s  w e l l  w i t h i n  

f 2% o f  t he  e x p e r i m e n t a l  v a l u e s .  An o l d e r  c a l c u l a t i o n

g i v i n g  a l i n e  w i t h  even more c u r v a t u r e  can be f ound in 

2 5Howal d, e t  a I .

The u n c e r t a i n t i e s  p r e s e n t  i n  t he t he r ma l  expans i on 

c o e f f i c i e n t  f o r  corundum can i n t r o d u c e  u n c e r t a i n t i e s  of  

about  ± 2% i n  K t h r o u g h  t he  e q u a t i o n

Ks = K[ Cp/ ( C v - Ct2VKT-)] '  (94)

A l s o ,  i t  i s  no t  c e r t a i n  whe t her  t he  h i gh t e mp e r a t u r e  

va l u es  r e p o r t e d  f o r  Ks are good t o  b e t t e r  t han  ± 2%.

Thus,  w h i l e  t he  Mur na gha n - H i l de b r a nd  e q u a t i o n  o f  s t a t e  

does no t  f i t  t he  measured s l op es  (dKs / dT)  o f  Soga. and
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Ander son29 and T e f f t , 90 i t  n e v e r t h e l e s s  f a l l s  w i t h i n  t he  

e x p e r i m e n t a l . e r r o r s  p r e s e n t .

We have used t he Murnaghan l o g a r i t h m i c  e q u a t i o n  o f  

s t a t e  ’ t o  c a l c u l a t e  t he p r e s s u r e  dependence o f  t he 

volume o f  corundum.  We t hen f i t  t hese c a l c u l a t e d  p o i n t s -  

by l e a s t  squares p r o c e d u r e s .  The f u l l  35 t e r m po l ynomi a l  

i s  g i ven i n Tabl e 16.

Aluminum Oxide ( L i q u i d )

There i s  a l ack  o f  good e x p e r i me n t a l  va l u e s  f o r  t he 

e n t h a l p y  o f  f u s i o n  o f  AlO^ g. Th i s  i s  due m a i n l y  t o  t he  

h i gh  t e m p e r a t u r e  a t  whi ch i t  m e l t s ,  2327 K. Shpi  T r a i n ' S9  ̂

work e x p l a i n s  t he  d i s c r e p a n c i e s  about  t he  m e l t i n g  p o i n t  by 

us i ng  a h i gh  heat  c a p a c i t y  f o r  t he  l i q u i d ,  so t he  e n t h a l p y  

o f  f u s i o n  i s  smal l  a t  e q u i l i b r i u m  b u t , 50 t o  150 K above 

t he m e l t i n g  p o i n t ,  i s  s u b s t a n t i a l l y  l a r g e r .  We have 

dec i ded  t o  use S h p i ! r a i n ' s  heat  c a p a c i t y  e q u a t i o n

Cp = 27.66 - .00296 ( T - 1000 K ) (95)

as a b a s i s  f o r  our  heat  c a p a c i t y  e q u a t i o n .  However ,

Shpi  T r a i n ' s e q u a t i o n  does not  e x t r a p o l a t e  w e l l  t o  low 

t e m p e r a t u r e s ,  so we changed t he  e q u a t i o n  t o  g i v e  

r e a s o n a b l e  va l ues  a t  t hese  t e m p e r a t u r e s .  The heat  

c a p a c i t y  e q u a t i o n  i s  g i ven  i n  Tab l e  16. We are a l s o  us i ng 

S h i p l r a i n ' s91 heat  o f  f u s i o n  o f  A l O ^ g, AH = 12.85 

K c a l / m o l e .



75

There i s  no e x p e r i m e n t a l  da t a  on t he volume o f ' Al O^ g 

l i q u i d .  Thus,  t he  e q u a t i o n  o f  s t a t e  f o r  Al Oj  5 ( I )  i n 

Table 16 i s  c a l c u l a t e d  f rom e s t i m a t e s  o f  Vq , Kq , a and N. 

The volume o f  Al Oj  g ( I ) was e s t i m a t e d  t o  be 25% l a r g e r  

t han t he  volume o f  Al  Oj g ( c ,  c o r und um) . Kq and N were 

e s t i m a t e d  t o  be 170,000 MPa a t  1000 K and 5, r e s p e c t i v e l y .  

Wi th t he s e  e s t i m a t e s  we were ab l e  t o  c a l c u l a t e  t he  

e q u a t i o n  o f  s t a t e  us i ng  t he  Mu r na ghan- H i l deb r and  equa t i on  

o f  s t a t e .

The S t o i c h i o m e t r i c  Phases

F o r s t e r i t e

The heat ,  c a p a c i t y  e q u a t i o n  f o r  f o r s t e f i t e ,  MggSiO^,

shown i n Tabl e 17 was c a l c u l a t e d  f r om t he h i gh  t e mp e r a t u r e
9 2e n t h a l p y  data o f  R. I .  O r r . An E i n s t e i n  t e r m was 

i n c l u d e d  t o  f i t  t he  low t e m p e r a t u r e  heat  c a p a c i t y  data o f  

K . K . Ke I I y . * 9^ Th i s  e q u a t i o n  i s  v a l i d  up t o  2000 K and 

e x t r a p o l a t e s  w e l l  up t o  t he  m e l t i n g  t e m p e r a t u r e  o f  

F o r s t e r i t e  a t  2100 K. The e n t h a l p y  o f  f o r m a t i o n  o f  

F o r s t e r i t e  a t  298.15 K i s  - 2168486. 75  JZmol e i Th i s  va l ue  

i s  c a l c u l a t e d  f r om t he  e n t h a l p y  o f  s o l u t i o n  w i t h  

h y d r o f l u o r i c  a c i d , 94 and f r om t he  e n t h a l p i e s  o f  f o r m a t i o n  

o f  MgO and c r i s t o b a l i t e .

The t e m p e r a t u r e  dependence o f  t he  volume shown i n 

Tabl e 17 i s  c a l c u l a t e d  f r om t he  t a b u l a t e d  da t a  o f
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T o u l o u k i a n  e t  a I . ^  The p r e s s u r e  dempendence o f  t he

volume i s  c a l c u l a t e d  u s i n g  t he  Murnaghan-Hi  Tdebrand

l o g a r i t h m i c  e q u a t i o n  o f  s t a t e  w i t h  1N = 5 . 0  and K^gg  ̂g

128134 MPa as e x p e r i m e n t a l l y  de t e r mi ned  by Graham and 
95B a r s c h .

Tabl e 17. The e q u a t i o n  o f  s t a t e ,  heat  c a p a c i t y  e q u a t i o n  
and s e l e c t e d  t he r modynami c  p r o p e r t i e s . o f  f o r s t e r i t e  
(Mg2SiO4 ) .

Mg2SiO4  (C, FORSTERITE)
44.900 0.38494257E-4 8.5512090E-9 1.432073E-13 -6.64640E-16
-8.767975E-6 -2.026311E-9 -6.45672E-13 ■ -9.93583E-17 1.968706E-20

2.306197E-10 9.769012E-14 4.053964E-17 1.071385E-20 7.874807E-25
-7.39389E-15 -4.53815E-18 -2.31366E-21 -8.45035E-25 -1.73786E-28
2.494164E-19 1.966847E-22 1.170763E-25 " 5.312951 E-29 1.530971 E-32
-7.25419E-24 -6.67828E-27 -4.39426E-30 -2.27676E-33 -7.66702E-37
1.170027E-28 1.170020E-31 8.138615E-35 0.4533533E-37 1.645590E-41

HEAT CAPACITY (Cp)a

A B C D E

17.149773 .01588391 7.14404 E-6 -.324016 E-8 9.39570E+5

THERMODYNAMIC Y1000 H1000 "H298 H298 S298 ’ V1QQO
PROPERTIES J MOL"1 J MOL’1 J MOL’1 J MOL’1 K’1 CM3

Mg2SiO4 (C, FORSTERITE) 172.51588 109559. -2168486.8 95.1900 43.790

a THE HEAT CAPACITY EQUATION IS GIVEN BY A + B(T-IOOO) + C(T-IOOO)2 + O ? O O O "C
O +

E(1/T2 -10’®). b FORSTERITE ALSO HAS AN ADDITIONAL EINSTEIN TERM 10E(T/500).

E n s t a t i t e  (Magnesium S i l i c a t e )

The s t o c h i o m e t r i c  compound MgSiOg has t h r e e  d i f f e r e n t  

c r y s t a l  s t r u c t u r e s  c o r r e s p o n d i n g  t o  C l i n o e n s t a t i t e ,
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o r t h o e n s t a t i t e  and p r o t o e n s t a t i t e . The volume data f o r

t hese t h r e e  phases i s  t aken f r om Tou l ouk i  an,  K i r b y  and

T a y l o r ' s * ®  t a b u l a t e d  t h e r ma l  expans i on data f o r

nonmetal  l i e  s ub s t ances .  The bu l k  modul i  f o r  t hese phases
9 6were t aken  f rom C l a r k ,  and va l ues  o f  N are e s t i m a t e s .

The heat  c a p a c i t y  e q u a t i o n s  f o r  t he  e n s t a t i t e s  l i s t e d  i n

Tabl e 18 are f rom K. K . K e l l y ^  and K. K . K e l l y . ^ .  These

e q u a t i o n s  are good over  t he  range 298.15 t o  1800 K.

F i g u r e  16 shows t he c a l c u l a t e d  e q u i l i b r i a  between t he

v a r i o u s  e n s t a t i t e s  us i ng  our  e q u a t i o n s  o f  s t a t e . T h e
Q R

e x p e r i m e n t a l  p o i n t s  are t hose o f  Grover  and Boyd and 
99 'Engl and.

Sp i n e l . ( Ma g n e s i u m A l u m i nat e)  * 2

The heat  c a p a c i t y  e q u a t i o n  f o r  s p i n e l ,  MgAlgO^,  i n

Tabl e 19 i s  f r om B u l l e t i n  1 4 5 2 ^  and t hen a d j u s t i n g  t hese
2 5va l ues  f o r  Mg-Al  d i s o r d e r  as d e s c r i b e d  by Howald., e t  a I .

The t e mp e r a t u r e  dependence o f  t he  volume o f  MgAlgO^ i s

g i ven  i n  Tabl e 19. Th i s  e q u a t i o n  was o b t a i n e d  by l e a s t
9 6squares f i t t i n g  o f  t he  va l ues  r e p o r t e d  by C l a r k  f rom t he

work o f  R i gby ,  e t  a l . 100 The p r e s s u r e  dependence o f  t he

volume i s  f r om Sc h r e i b e r , * * * *  Chang and Barsch***^ and
-10 8Anderson,  S c h r i e b e r  and L i e b e r ma n . The bu l k  modulus i s

Ky =200900 MPa and (dK/dP)  = N =  4 . 1 9 .  Thus,  t he  volume 

o f  s p i n e l  can be c a l c u l a t e d  a t  any t e mp e r a t u r e  and 

p r e s s u r e  us i ng  t he  Mu r na gha n - H i l debrand e q u a t i o n  o f  s t a t e .
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Tabl e 18. The e q u a t i o n s  o f  s t a t e ,  heat  c a p a c i t y  equa t i ons  
and s e l e c t e d  t hermodynami c  p r o p e r t i e s . o f  t he  t h r e e  forms 
o f  Mg Si 0 g ; e n s t a t i t e ,  p r o t o e n s t a t i t e  and o r t h o e n s t a t i t e

MgSiO3 (C1PROTO ENSTATITE)
32.997 
-.1034629E-4 
2.942106E-10 
-9.89823E-15 

2.742496E-19

2.9510326E-5 
-1.668996E-9 
8.591046E-14 

-4.12356E-18 
1.40521 IE-22

MgSiO3 (C, ENSTATITE)
32.1346 4.1944547E-5
-1.155055E-5 
3.870193E-10 
-1.57082E-14 
6.561695E-19 
-2.23521 E-23 
3.961003E-28

-2.778779E-9 
1.688601E-13 

-9.80906E-18 
5.162945E-22 

-2.01031E-26 
3.815435E-31

MgSiO3 (C.CLINOENSTATITE)
32.0476 
-1.104299E-5 
3.351322E-10 
-1.19992E-14 

3.487301 E-19

3.3448084E-5 
-2.033051 E-9 

1.122201 E-13 
-5.75027E-18 
2.056T86E-22

-2.68003E-10 
-8.50053E-14 
9.850342E-18 

-7.21290E-22 
3.087455E-26

1.3826728E-8
-1.22745E-12
9.135715E-17

-6.24682E-21
3.714745E-25

-1.56209E-29
3.093022E-34

5.0511436E-9 
-4.60007E-13 
3.381681 E-17 

-2.13649E-21 
8.695828E-26

-4.12588E-12
1.994086E-1

-8.48925E-21
3.122188E-25

-7.90949E-30

-3.09543E-14 
-2.82446E-16 
3.643220E-20 

-3.47599E-24 
2.574122E-28 

-1.23274E-32 
2.619277E-37

-3.89573E-12 
1.909745E-16 

-7.36881 E-21 
1.952870E-25 

-1.57312E-30

3.813557E-15 
-2.10916E-19 

1.007556E-23 
-4.53786E-28 

1.486818E-32

-1.00521 E-15 
-1.78068E-19 
2.064981 E-23 

-1.99796E-27 
1.539655E-31 

-7.60931 E-36 
1.648066E-40

8.830467E-21 
2.925781 E-20 

-2:90019E-24 
1.928241E-28 

-7.64917E-33

HEAT CAPACITY (Cp)
A B iC D E
PROTOENSTATITE
123.586 .0168455 -.164109E-4 .159434E-7 -.151109E7
ORTHOENSTATITE
123.586 .0168455 -.164109E-4 .159434E-7 -.151109E7
CLINOENSTATITEa
55.721425 .01195776 -.9537309E-5 -.229344 E-8 b.397042 E-10

THERMODYNAMIC Y1OOO H1000'H298 H298 S298 V1OOO
PROPERTIES J/MOL J/MOL J/MOL J/MOL K CM3
PROTOENSTATITE 117.1442 77235. -1548467.0 66.2475 31.599
CLINOENSTATITE 116.55215 75126.1 -1548597.8 67.86 31.470
PROTOENSTATITE 117.98970 77235. -1547400. 66.7835 32.384
THE HEAT CAPACITIES ARE GIVEN BYTHE EQUATION (Cp)=A+B(T-1000)+C(T-1000)2 
+D(T-1000)3+E(T'2-10'6). a CLINOENSTATITE HAS AN EINSTEIN TERM 8.5(1000/T) 
bTHIS TERM IS E(T-IOOO)4
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protoenstat i te

or thoenstat i teT (K)

cl i noenstat i te

P (MPa)

F i g u r e  16. The c a l c u l a t e d  phase d i agram f o r  MgSiOg. 
The e x p e r i m e n t a l  p o i n t s  shown are t hose o f  Grover  
1972,  and Boyd and England 1965.
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Tabl e 19. The e q u a t i o n  o f  s t a t e , heat  c a p a c i t y  e q ua t i o n  
and s e l e c t e d  thermodynami c  p r o p e r t i e s  o f  s p i n e l  
( MgAl 204 ).

MgAl2O4  (C, SPINEL)

.404136E+02 .285336E-04 .419510E-08 -.146062E-11 -.457875E-17
-.535877E-05 -.793759E-09 -.164180E-12 .260203E-16 .341202E-20
.745188E-10 .199552E-13 .532159E-17 -.197197E-21 -,124942E-24
-.124816E-14 -.483529E-18 -.157824E-21 -.856107E-26 :270666E-29
.224941E-19 .113512E-22 .436263E-26 .557514E-30 -.236600E-34
-.389813E-24 -.236766E-27 -.102675E-30 -.187940E-34 -.770728E-39
.449630E-29 .304801E-32 .142237E-35 .309217E-39 .247142E-43

HEAT CAPACITY (Cp)*

A B C D

185.173 .0370550 -.574449 E-4 3.52436 E-8

THERMODRNAMIC OOO
H1000"H298 H298 S298 _< O iO O

QUANTITIES JMOL'1 J MOL'1 J MOL'1 J MOL'1 K"1 CM3

MgAI2O4 (C, SPINEL) 153.580 112079. -2300553. 80.63002 40.4136

a THE HEAT CAPACITY IS GIVEN BY (Cp) =A + B(T-IOOO) + C(T-IOOO)2 + D(T-IOOO)3.

Contour l i n e s  f o r t he  volume o f  MgAl 2O4 are shown i n

F i g u r e  17. Di f e r e n c e s f r om F i g u r e 2. o f  Howa I d , Moe and

Roy are due t o  t he  a d o p t i o n  o f  a Mur naghan- Hi l debr and  

e q u a t i o n  o f  s t a t e . Sp i ne l  undergoes d i s p r o p o r t i o n a t i o n  a t  

h i g h e r  t e mp e r a t u r e s  a c c o r d i n g  t o  t he  r e a c t i o n

MgAl2O4 = MgO( c ) + 2A101 >5 ( c ) .  (96)

The c o n t o u r  l i n e s  showing AV f o r  t he  d i s p r o p o r t i o n a t i o n  o f  

s p i n e l  ar e shown i n  F i g u r e  18. The. e q u i l i b r i u m  l i n e  i n  

t he  p r e s s u r e - t e m p e r a t u r e  p l ane  shows s u b s t a n t i a l
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Fi gue 17. Contour  l i n e s  f o r  t he volume o f  MgAlgO^,  
o f  t e mp e r a t u r e  as r e p o r t e d  by Howald,  e t  a I .

s p i n e l  as a f u n c t i on
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100000

7 5 0 0 0

P (MPA)

5 0 0 0 0

2 5 0 0 0

1 8 0 0

F i g u r e  18. Count our  l i n e s  showing AV f o r  t he  r e a c t i o n  
MgAl 2O4 (C) = MgO(C) + ZAl O1 5 ( C) .
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c u r v a t u r e , as shown in F i g u r e  19. Th i s  i s  due p r i m a r i l y  

t o  t he  AS o f  t he  r e a c t i o n  shown i n Tabl e 20.  The AS o f  

d i s p r o p o r t i o n a t i o n - i s  l a r g e  and n e g a t i v e  due t o  t he 

e n t r o p y  o f  d i s o r d e r  between t he Mg and Al  c a t i o n s ,  caused 

by t he i n t e r c h a n g e  o f  t hese  i ons  w i t h i n  t he  s p i n e l  c r y s t a l  

s t r u c t u r e .

■ C o r d i e r i t e

I t  i s  e s s e n t i a l  t o  have a r easonab l e  e q u a t i o n  o f  

s t a t e  f o r  c o r d i e r i t e ,  Mg2A l ^ S i 5Oj g,  s i nce  i t  shows up i n 

t he  t e r n a r y  phase d i agram a t  h i gh t e m p e r a t u r e s . In o r der  

t o  c a l c u l a t e  t he  e q u a t i o n  o f  s t a t e  f o r  c o r d i e r i t e  we f i t  

t he  volumes by l e a s t  squares a t  t he  f o l l o w i n g  

t e m p e r a t u r e s :  T = 300,  400,  900,  1400 and 1500 K . We were 

a b l e . t o  c a l c u l a t e  t he  volumes a t  t hese t e mp e r a t u r e s  f rom 

t he c o e f f i c i e n t  o f  t h e r ma l  expans i on  data l i s t e d  i n
g 5

Memoi r  97.  In o r d e r  t o  c a l c u l a t e  t he p r e s s u r e  

dependence o f  t he  volume l i s t e d  i n  Table 21 we had to 

e s t i m a t e  va l ues  o f  N and K o f  4 . 8  and 120,000 MPa 

r e s p e c t i v e l y ,  s i n c e  t h e r e  i s  no p r essu r e  dat a a v a i l a b l e  

f o r  c o r d i e r i t e .

The heat  c a p a c i t y  e q u a t i o n  f o r  c o r d i e r i t e  i n  Tabl e 21 

i s  t aken  d i r e c t l y  f r om Robi e ,  e t  a I . ,  B u l l e t i n  1 4 5 2 ^  

a l ong  w i t h  t he  s e l e c t e d  t hermodynami c  p r o p e r t i e s .
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1600
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F i g u r e  19. E q u i l i b r i u m  l i n e  f o r  t he s p i n e l  d i s p r o p o r t i o n a t i o n  as c a l c u l a t e d  
i n  t h i s  w o r k .
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Table 20.  AS and AV o f ( d i s p r o p o r t i o n  f o r  MgAl^O^

T P 3 A-V AS
(K) ( MPa) ( cnr /mo I e ) ( J / mo Ie K )

5 77.5 ' 9000. ■ - 2 . 654 - 1 . 3997
1097 . 9500. - 2 . 620 - 4 . 6693
1326. 10000. - 2 . 600 - 6 . 6834
1 502. 15000. - 2 . 580 - 7 . 986 0  ’

Tabl e  21.  The e q u a t i o n o f  s t a t e ,  heat c a p a c i t y  equa t i o n
and s e l e c t e d thermodynami c  p r o p e r t i e s o f  c o r d i e r i t e
(Mg2A l 4S i O18)

Mg2Al4Si5O18 (C, CORDIERITE)
0.234078E+03 0.899349E-05 0.451668E-08 -.285238E-11 -.230909E-14
-.848087E-05 -.442406E-09 -.229776E-1.2 0.132829E-15 0.109807E-18
0.207740E-09 0.193252E-13 0.105119E-16 -.553999E-20 -.120853E-23
-.559773E-14 -.444596E-18 -.928989E-21. 0.374617E-24 -.106071E-26
-.856411E-20 -.114674E-21 0.261934E-24 -.248256E-28 0.170194E-30
0.237592E-22 0.225578E-25 -.422462E-28 -.429451E-32 -.923538E-35
-.140682E-26 -.129101E-29 0.233536E-32 0.537906E-36 0.000000E+00

THE HEAT CAPACITY (Cp)a

A B C D E

698.34 .043339 -8.211200E+6 -5.0003E+3

THERMODYNAMIC Y1000 H1000"H298 H298 S298 V1000
QUANTITIES JMOL'1 J MOL'1 J MOL'1 J MOL'1 K'1 CM3

Mg2AI4Si5O18 693.26 433303. -9161524. 407.20 234.078

a THE HEAT CAPACITY EQUATION IS GIVEN BY Cp = A + B(T-1000) + C(1/T2 - 10"6) + 
D(1/(T)1/2-1/(1000)1/2)
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THE BINARY SYSTEMS

In d e s c r i b i n g  t e r n a r y  systems i t  i s  necessar y  t o  have 

e q u a t i o n s  o f  s t a t e  f o r  a l l  t he  s i n g l e  component  

subsys t ems,  and t o  be ab l e  t o  c a l c u l a t e  a c t i v i t i e s  i n t he 

i n h e r e n t  b i n a r y  subsys t ems.  The MgO-SiC^-AlO^ g t e r n a r y  

phase d i agram i n c l u d e s  t he t h r e e  b i n a r y  subsys tems:  

MgO-SiO2 , MgO-AlO1 g and Si O2 - A l O 1 g . To c a l c u l a t e  t he 

a c t i v i t i e s  o f  t hese  systems one must  have R e d l i c h - K i s t e r  

c o e f f i c i e n t s  f o r  t he  a c t i v i t y  c o e f f i c i e n t  (a)  and the 

excess e n t h a l p y  He as d i scussed  i n t he  i n t r o d u c t i o n .

. The M a g n e s i a - S i l i c a  B i n a r y

The f i r s t  system t h a t  I s h a l l  d i s c u s s  i s  t he  

MgO-SiO2 b i n a r y .  Th i s  b i n a r y  system i s  an e x t r e m e l y  

i m p o r t a n t  system f o r  whi ch a s u b s t a n t i a l  amount  o f  

a c c u r a t e  dat a i s  a v a i l a b l e .  However ,  one maj or  problem 

w i t h  t h i s  system i s  t he  l ac k  o f  d i r e c t  c a l o r i m e t r i c  data 

f o r  t he  e n t h a l p i e s  o f  f u s i o n  f o r  MgO, Mg2SiO^ and MgSi Og. 

I f  we had a c c u r a t e  e n t h a l p i e s  f o r  t hese compounds we cou l d  

c a l c u l a t e  an excess e n t h a l p y  f o r  t he  l i q u i d  a t  two 

c o m p o s i t i o n s .  However ,  t he  bes t  p u b l i s h e d  va l ues  f o r  t he  

heats  o f  f u s i o n  o f  t hese  t h r e e  compounds have come m o s t l y  

f r om a n a l y s i s  o f  phase e q u i l i b r i a ,  and i t  i s  p o s s i b l e  t h a t
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the MgO-SiOg system is as wel l  known as, the ot her  systems 

l i s t e d  in Table 22. 10^ ld9

Tabl e 22. Pu b l i s h ed  e s t i ma t e s  o f  t he  e n t h a l p y  o f  f u s i o n  o f  
v a r i o u s  compounds i n t he  MgO-SiOg system.

T
(K)

s o l i d AHf
( ku / moI e )

system r e f e r e n c e
number

3105 MgO 57.65 ± 8 MgO-CaO 104

60.97 ± 16 MgO-SiO2 a

77.1 MgO-SiOg 105

77.4 MgO-ZrOg 32,106

95.4 107

1830 MgSiO3 48.8- ± 3 MgO-SiOg . a

60. 4 ±. 15 MgO-SiOg b

61.5 MgSiO3-CaSi O3 106,40

75.3 f  21 MgSiO3-TiOg 32,1.08 .

2156 Mg2SiO4 58.6 Mg2SiO4-FegSiO 4 109

71.1 ± 21 Mg2SiO4-TiOg 32,108 .

92.88 ± 12 MgO-SiOg a

118.5 ± 26 MgO-SiOg b

a) Th i s  work f i n a l  va l ue
b) Th i s  work f i r s t  e s t i m a t e
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I t  i s  p o s s i b l e  t o  get  e n t h a l p y  o f  mi x i ng  da t a  f o r  t he

l i q u i d s  f rom t he heats  o f  s o l u t i o n  o f  g l asses  near  985 K.

There i s  one r e c e n t l y  p u b l i s h e d  va l ue  i n t h i s  s y s t e m , * * ^

g i v i n g  an e n t h a l p y  o f  v i t r i f i c a t i o n  o f  42 k J / mo l e  f o r

MgSiOg. The . hea t  c a p a c i t i e s  o f  t he  l i q u i d ,  g l ass  and

s o l i d  shou l d  g i v e  an e n t h a l p y  o f  f u s i o n  somewhat l a r g e r

than t h i s ,  about  48 k J / mo l e .  Combi nat i on  o f  t h i s  va l ue

w i t h  t he  e n t h a l p y ,  o f  57.6 k J / mo l e  f o r  t he  heat  o f  f u s i o n

o f  MgO l eads t o  an excess e n t h a l p y  o f  m i x i n g  o f  -20 kJ at

x = 0 . 5  f o r  t he  MgO-SiOg l i q u i d .  The m i x i n g  o f  MgO and

s i l i c a  l i q u i d s  shou l d  be e x o t h e r mi c  and v a r i o u s  p u b l i s h e d

mode I s * * ^ ’ * ^ ’ ^ agree r o u g h l y  on t he  magn i t ude .  Thi s  i s

t r u e  even though t he  heat  o f  s o l u t i o n  o f  g l ass  was not

a v a i l a b l e  when t he  models i n  Tab l e  23 were pr oposed.

T a b l e " 23.  Excess e n t h a l p i e s  o f  m i x i n g  o f  MgO and SiOg f o r  
v a r i o u s  models at  a mol e f r a c t i o n  o f  0 . 5 .

He ( k J / m o l e ) Mode I

- 1 8 . 7 Li  n - P e l t o n
- 2 6 . 6 Th i s  work
- 27. M i c h e l s
- 0 . 7 Hoch

F i g u r e  20 shows f o u r  c a l c u l a t e d  curves  f o r . t h e  excess 

e n t h a l p y  a t  2123 K i n  t h i s  system.  The cur ve  w i t h  t he 

s h a l l o w e s t  minimum and t he l e a s t  c u r v a t u r e  i s  a 

Toop- Sami s1 c a l c u l a t i o n  w i t h  t h e  e n t h a l p y  g i ven  by t he



O
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.2 .4  .6 .8 I

F i g u r e  20.  Var i ous  c a l c u l a t e d  excess e n t h a l p i e s  f o r  t he MgO-SiO- 
phase d i agr am.  ^
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number o f  moles o f  0 ” m u l t i p l i e d  by 2000 J / mo l e  and an 

e q u i l i b r i u m  c o n s t a n t  o f  K = 0 . 103716.  The cur ve  t h a t  goes 

s l i g h t l y  p o s i t i v e  a t  h i gh c o n c e n t r a t i o n s  o f  SiOg i s  t h a t  

o f  L i n  and P e l t o n , ^  and t he o t h e r  mi dd l e  cu r ve  r e p r e s e n t s  

our  f i n a l  s e l e c t e d  c u r v e . The cur ve  w i t h  t he  deepest  

minimum and l a r g e s t  c u r v a t u r e  a t  x = 1/3 i s  a m o d i f i e d  

L i n - P e l t o n  c a l c u l a t i o n  s e l e c t e d  t o  i l l u s t r a t e  t he  be hav i o r  

expec t ed  f o r  more n e g a t i v e  e n t h a l p i e s  o f  m i x i n g .  Our 

f i n a l  s e l e c t e d  e n t h a l p y  va l ues  shown i n F i g u r e  20 are 

c a l c u l a t e d  f rom two se t s  o f  R e d T i c h - K i s t e f  paramet er s  f o r  

t he  s e p a r a t e  r e g i o n s  x < 2 / 3  and x > 2 / 3 .

The f o u r  cu r ves  i n F i g u r e  20 r e p r e s e n t  t he  range o f  

e n t h a l p y  cur ves  s e r i o u s l y  be i ng  c o n s i de r ed  f o r  t h i s  

system.  I t  i s  d e s i r a b l e  t o  have more i n f o r m a t i o n  on t he 

depth o f  t he  minumum and on t he  e x t e n t  o f  t he  c u r v a t u r e  i n 

t h i s  r e g i o n .  The ext reme b e h a v i o r s  shown i n F i g u r e  20 can 

be e a s i l y  e l i m i n a t e d  f r om what  i s  known o f  t he  excess f r e e  

ener gy .

The t e m p e r a t u r e  o f  2123 K was s e l e c t e d  f o r  F i g u r e  21 

s i n c e  t h i s  i s  t he  t e m p e r a t u r e  o f  t he M g O f o r s t e r i t e  

e u t e c t i c .  At  t h i s  t e m p e r a t u r e  a l i q u i d  w i t h  an MgO mole 

f r a c t i o n  near  0 .7  i s  i n e q u i l i b r i u m  w i t h  t he two s o l i d s  

MgO and Mg2SiO4 . In o r d e r  t o  show t he  f r e e  energy  data 

w i t h  a h i gh degree o f  accu r acy  .we have chosen t o  p l o t  t he  

f u n c t i o n
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F i g u r e  21.  Co r r ec t e d  Gibbs f r e e  energy  ( G / T - 3 8 2 . 14) ver sus  mole f r a c t i o n  o f  
SiO2 f o r  t he  system MgO-SiO2



G - 3 8 2 . 1 4x Mgp = -YT/ 1000 t  H29g - 382 . 14xMg0 (97)

where G i s  t he  Gibbs f r e e  energy  i n J / mo l e  o f  me t a l ,  H i s 

t he e n t h a l p y ,  Y i s  t he  Planck,  f u n c t i o n  and x i s  t he mole 

f r a c t i o n  o f  MgO. The va l ues  f o r  t he  s o l i d s  e n s t a t i t e ,  MgO 

and SiOg are f rom p r e v i o u s  d i s c u s s i o n s  i n t h i s  t h e s i s .

Si nce 2123 K i s  t he e u t e c t i c  t e m p e r a t u r e ,  t he t an ge n t  

o f  t he  cu r ve  o f  t he  l i q u i d  phase,  a t  about  X^gO " t o  

0 . 6 9 ,  must  pass t h r oug h  t he  p o i n t s  MgO and Mgg4. c u r v e ; 

because , t h e y  are a t  e q u i l i b r i u m  a t  t h i s  t e m p e r a t u r e .

Th i s  t a n g e n t  must  pass below t he  p o i n t s  f o r  t he  MgSiOg 

s o l i d s  I t s  i n t e r c e p t  must  be a t  a p o i n t  de t e r mi ned  by t he  

e n t h a l p y  o f  f u s i o n  o f  MgO. Th i s  i n d i c a t e s  t h a t  t he  curve 

has a broad minimum and i t  i s  p o s s i b l e  t o  ske t ch  a 

r e a s o n a b l e  cu r ve  f o r  t he  l i q u i d .  A smooth cu r ve  t h a t  

meets t hese c o n d i t i o n s  w i l l  come c l o s e  t o  ma t ch i ng  our  

f i n a l  c u r v e .  The p o i n t s  shown as diamonds ar e  c a l c u l a t e d  

f r om our  f i n a l  two se t s  o f  R e d l i c h - K i s t e r  c o e f f i c i e n t s .  

E n t h a l p y  va l ues  can be e s t i m a t e d  f rom f r e e  ener gy  curves 

a t  d i f f e r e n t  t e m p e r a t u r e s  t h r o u g h  t he  G i b b s - He l mh o l t z  

e q u a t i o n

( d ( G / T ) / d T ) p = - H / T 2 . (98)

However * t h i s  y i e l d s  l a r g e r  u n c e r t a i n t i e s .  For  example 

AHj- .= 99000 ± 36000 f o r  f o r s t e r i t e  and 93000 ± 40000
TUS

f o r  p r o t o e n s t a t i t e .  In o r d e r  t o  do b e t t e r  we need a

usab l e  e n t r o p y  model .



As a f i r s t  a p p r o x i ma t i o n  t he  x^ q = 0 . 7  can be 

c o n s i d e r e d  as an i d e a l  s o l u t i o n  o f  0.1 mole MgO in 0.30 

moles o f  l i q u i d  MggSiO^.  Th i s  y i e l d s  a p o s i t i v e  e n t r o p y  

o f  m i x i n g  o f  1.87 J / K . Co n v e r t i n g  f rom a r e f e r e n c e  s t a t e  

o f  pure u n d i s s o c i a t e d  MggSiO^ t o  SiOg l i q u i d  i n t r o d u c e s  a 

s u b s t a n t i a l  u n c e r t a i n t y .  N e v e r t h e l e s s , t he  excess en t r op y  

w i l l  be p o s i t i v e ,  but  l ess  t han t he va l ue 5 . 08 J / mo l e  K. 

The u n c e r t a i n t y  i n  t he  excess f r e e  energy  i s  s u b s t a n t i a l  

un l ess  t he  heat  o f  f u s i o n  o f  MgO i s  f i x e d . B u t , i t  i s  i n  

t he range o f  -30 ± 3 k J / mo l e .  These va l ues  combine t o

g i v e  -24 ± 8 k J / mo l e  f o r  t he  excess e n t h a l p y  a t

xMgO = 0 . 7 0 ,  a c c u r a t e  enough t o  e l i m i n a t e  both t he  h i g h e s t  

and l owes t  cu r ves  i n  F i g u r e  20 .

The En t h a l p y  o f  Fus i on o f  Magnesium Oxide

- I f  t he  f r e e  energy  cu r ve  has a broad minimum as shown 

i n F i g u r e  21,  t hen t he  I i q u i d u s  cur ve f o r  f o r . s t e r i t e  ■ 

shou l d  be r e a s o n a b l y  s y mmet r i c ,  and t he  mole f r a c t i o n  o f  

MgO a t  t he  2123 K e u t e c t i c  shou l d  be between x^ q = 0.69 

and 0 . 7 0 .  Some d i s p r o p o r t i o n a t i o n  o f  t he  o r t h o s i l i c a t e  i s  

p r o b a b l y  p r e s e n t .  However ,  a t  t hese  b a s i c  c o mp o s i t i o n s  a 

Fl ood-Knapp model  w i t h  t h r e e  spec i es  shou l d  be 

adequat e .  Thus,  we can c o n s i d e r  t he  l i q u i d  as an i de a l  

s o l u t i o n  o f  MgO, MggSiO^ and Mg^SigOy. .  Wi t h o u t  an 

e n t h a l p y  o f  f u s i o n  f o r  MgO t he amount  o f  

d i s p r o p o r t i o n a t i o n  o f  o r t h o s i l i c a t e  and t he e n t h a l p y  are

93
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u n c e r t a i n .  Bu t ,  t he  r e a c t i o n

.ZMg2SiO4 M ) = Mg3S i 2O7 + MgO(I )  (99)

shou l d  have a p o s i t i v e  AH, a AS a p p r o x i m a t e l y  equal  t o 

z e r o ,  and t h u s ,  an e q u i l i b r i u m  c o n s t a n t  l ess  t han one.  I f  

z i s  t he  number o f  moles o f  Mg3S i 2O7 p r e s e n t  t hen t he r e  

are 3x - 2 + z moles o f  MgO and I - x - 2z moles o f  

Mg2SiO4 p r e s e n t  i n t he  l i q u i d ;  w i t h  a t o t a l  o f  2x - I 

moles.  Thus,  t he  e q u i l i b r i u m  c o n s t a n t  f o r  t he  above 

r e a c t  i on i s  .

K = (3x - 2■+ z) ( z ) / (  I - x - 2 z ) 2 . (100)

T h e r e f o r e ,  when x^ q = 0 . 7  and assuming t h a t  t he  

e q u i l i b r i u m  c o n s t a n t . i s  g r e a t e r  t han zero and l ess  than 

one t hen z can range f rom 0 t o  0 . 08  as shown i n Table 24. 

The a c t i v i t y  o f  MgO l i q u i d  i s  de t e r mi ned  f r om t he  mole 

f r a c t i o n  o f  MgO p r e s e n t  i n t he  l i q u i d .  Thus,

xMgO = aMgO = ( 3* ~ 2 + z ^ 2x - D  U O D

which reduces t o  aMg0 ( l i q u i d )  = 0. 25 + 2. 5z  a t  x ^ g  = 0.7

and a^ q ( l i q u i d )  = 0.18421 + 2. 6316z a t  x ^ g ,  = 0 . 69 .  

T h e r e f o r e ,  t he  a c t i v i t y  o f  MgO i s  between 0 . 25 and 0.45 i n  

t he  e u t e c t i c  l i q u i d  a t  2123 K. Using t he m e l t i n g  p o i n t  o f  

3105 K f o r  MgO and t he G i b b s - H e l mh o l t z  e q u a t i o n

In (K2ZK1 ) = (AHZR)MZT2 - . T1) (102)

a l ong  w i t h  t he  a c t i v i t i e s  o f  MgO at  2123 y i e l d s  an 

e n t h a l p y  o f  f u s i o n  f o r  MgO o f  60. 97 ± 16 k JZmo l e . Th i s  

agrees w e l l  w i t h  t he  va l ue  57.650 ± 8 k JZmole f rom Howald
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and Chang. * C e r t a i n l y  va l ues  above 90 k J / mo l e  are
3 2exc l uded  and t he  Jana f  v a l u e  o f  77 . 4 ± 15 k J / mo l e  i s

b a r e l y  a c c e p t a b l e .  Thus,  we f e e l  j u s t i f i e d  i n  pr oceed i ng  

w i t h  c a l c u l a t i o n s  based upon t he  57.65 t  8 kJ / mo l e  v a l u e .

Tab l e  24.  C a l c u l a t e d  e q u i l i b r i u m  c o n s t a n t s  f o r  r e a c t i o n :  
ZMggSiO^ ( I )  = MggSigOy + MgO(I )  

a t  x MgO = 0 . 7 ,  where z i s  t he  number o f  moles o f  MggSigOy.

a (MgO) z . K99

. Z5 0.0 0 .0

. Z7 5 .01 .0140

. 30 .OZ .0355

. 3Z5 .03 . 0677

.35 .04 . 115

.375 .05 .1875

.40 .06 . Z963

. 4Z5 .07 .4648

.45 .08 .7347
■ .475 .09 1.1875

The En t r o py  o f  M i x i n g

Wi th t he  p r o p e r t i e s  o f  MgO l i q u i d  c o n f i r me d  a t  the 

p r e v i o u s l y  s e l e c t e d  v a l u e s 104 t he excess G/T f o r  t he 

e u t e c t i c  can be c a l c u l a t e d  t o  be -14 . 2613 a t  x^ q = 0 . 70 .  

Th i s  can be d i v i d e d  i n t o  excess e n t r o p y  and an excess 

e n t h a l p y  t erm i n v a r i o u s  ways.  Assuming AS = 0 f o r  t he 

r e a c t i o n

SMg2SiO4 .+ Si O2 = ZMg3S i 2O7 , (103)

t he F l o od - Kn app2 model  c a l c u l a t e s  the.  excess e n t r o p y  and 

excess e n t h a l p y  t o  be 3.189 J / mo Te K and -Z3500 J /mole
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r e s p e c t i v e l y .  The Toop- Sami s model  y i e l d s  11.428 

J / mo l e  K and -6015 J / mo l e  f o r  t he  excess e n t r o p y  and 

e n t h a l p y  o f  m i x i n g .  The i d e a l  mi x i ng  o f  t he  t h r e e  t ypes  

o f  oxygen atom p r e s e n t  i n  t he  Toop-Samis model *  s e r i o u s l y  

o v e r e s t i m a t e s  t he  e n t r o p y  o f  m i x i n g .  The L i n - P e l t o n
3

model  c o r r e c t s  f o r  t h i s  by us i ng  s ep a r a t e  t er ms f o r  t he 

m i x i n g  o f  n e g a t i v e  c e n t e r s  and p o l y me r i c  a n i o n s .  The 

L i n - P e l t o n  e q u a t i o n  i s

Se = R [ [ ( x - z ) I n ( ( x - z - ) / ( I  - z ))

+ ( I  - x ) l n ( ( l  - x ) / ( l  - z)  .

+ (2 - 2x - z)

I n ( (2 - 2x - z ) ( I - z ) / ( (2 - 2x)  ( I  - x)  ) )

+ [ ( 2  - 2x ) ( I -x.) /  ( I -z ) - (2 - 2x - z ) ]

I n [ ( ( 2  - 2x ) ( I - x ) / (  I - z)  - ■( 2  - 2x - z ) ) 

/ ( ( 2 . -  2 x ) ( l  -  x ) / ( l  - z ) ) ] ]  (104)

where x i s  t he  mole f r a c t i o n  o f  MgO, and z i s  1/2 the 

number o f  0™ i ons p r e s e n t .  The f i r s t  two t erms account  

f o r  t he  m i x i n g  o f  n e g a t i v e  c e n t e r s  and O where ( I  - x) 

i s  t he  Si Ogn" ^  i on and (x - z)  i s  t he  number o f  O  ̂

p r e s e n t ,  y i e l d i n g  1-z t o t a l  mol es .  The l a s t  two terms are 

m i x i n g  o f  O™2 , O0 and 0 ” w i t h  t he  number o f  moles o f  

S i - O - S i ( n $ i _s i ) equal  t o  (2 - 2x)  ( I - x ) / ( I - z ) .  However , 

a much s i m p l e r  e q u a t i o n  f o r  t he  excess e n t r o p y  can be 

a r r i v e d  a t  by us i ng  N ( S i - S i )  = (2 - 2x ) .  Th i s  y i e l d s  what  

we c a l l  a m o d i f i e d  L i n - P e l t o n  mode I w i t h  t he  excess

I
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e n t r o p y  be i ng

Se = -R[  ( x - z ) I n ( ( x - z ) /  ( I - z ))

+ ( I  - x ) l n ( ( l  - x ) / ( l  - z)

+ (2 - 2x - z ) l n (  (2 - 2x - z ) / ( 2  - 2x).)

+ z l n ( z / ( 2  2x ) ) ; (105)

where 2 - 2x - z = m o l e s . o f  O0 and z = ( 1 / 2 ) 0 " .  The 

par amet er  z can be e v a l u a t e d  by m i n i m i z i n g  t he  f r e e  energy  

f u n c t i o n  w i t h  t he  excess e n t h a l p y  p r o p o r t i o n a l  t o  z.  The 

ch o i c e  o f  He = -39005z g i ves  G/T = -14. 261 a t  x^ q = 0 .70 

w i t h  Se = 5. 49448 J / mo l e  K and He = -18611.  Computat i ons  

w i t h  t h i s  pa r amet e r  a t  1830 K and 2163 K y i e l d  e n t h a l p i e s  

o f  f u s i o n  o f  AH^us =118500 ± 8000 f o r  f o r s t e r i t e  and 

AHfus = 60400 ± 8000 J / mo l e  f o r  p r o t o e n s t a t i t e  w i t h  t he

u n c e r t a i n t y  due t o  t he  u n c e r t a i n t y  o f  ± 4 J / mo l e  K i n t he  

excess e n t r o p y .  The excess e n t r o p y  a t  x = 0 . 7  and T =

2123 K w i t h  t he  o r i g i n a l  L i n - P e l t o n  model  i s  3.9805 J / mo l e  

K, i n c r e a s i n g  t o  4 .5000 J / mo l e  K i f  t he  e n t h a l p y  i s 

a d j u s t e d  t o  b r i n g  G/T t o  - 14 . 2613  J / mo l e  K. Se = 5 , ± 4 

J / mo l e  K i s a  r e a s o n a b l e  e s t i m a t e  o f  t he  excess e n t r o p y  i n 

t he  l i q u i d  near  x^ q = 0 . 7 .

A s i mp l e  model  l i k e  t he  one par amet er  m o d i f i e d  

L i n - P e l t o n  model  can not  d e s c r i b e  t he  excess e n t h a l p y  at  

a l l  c o m p o s i t i o n s  and t e m p e r a t u r e s .  However ,  a se t  o f  

R e d l i c h - K i s t e r  c o e f f i c i e n t s  can f i t  each o f  t he  models 

c o n s i d e r e d ,  and so t h e y  can f i t  t he  d i f f e r e n c e s  between



98

v a r i o u s  models and pr esumabl y  c o r r e c t  any o f  t he  models to 

exac t  v a l u e s .  For  example i t  i s  q u i t e  easy t o  i n t r o d u c e  

n e g a t i v e  c u r v a t u r e  f o r  G/ I  t o  t he  h i gh s i l i c a  end o f  the 

phase d i ag r am,  so t h a t  t he  amount  o f  I i q u  i d - l i q u i d  

i m m i s c i b i l i t y  decreases  w i t h  i n c r e a s i n g  t e mp e r a t u r e .

S i m i l a r l y ,  t he  v a r i o u s  models proposed f o r  the 

e n t r o p y  o f  m i x i n g  i n  t h i s  system a l l  have a t  l e a s t  a h i n t  

o f  a l o c a l  minimum near  t he  o r t h o  si  I i cate c o mp o s i t i o n  o f  

xMgO = 2/3 f o r  a t ype  o f  M shaped c u r v e .  Sever a l  o f  

t hese  are shown i n F i g u r e  22.  Using sepa r a t e  se t s  of  

R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  t he  no n i de a l  p a r t s  o f  t he 

two humps f o r  t he  excess e n t r o p y  g i ves  us t he  f l e x i b i l i t y  

t o  f i t  any cu r ve  o f  t h i s  t y p e .

The Heat  Ca p a c i t y

The d i s p r o p o r t i o n a t i o n  e q u i l i b r i a  g i v e  a s u b s t a n t i a l  

t e m p e r a t u r e  dependence f o r  t he  e n t h a l p y  i n  t he 

ne i ghbor hood  o f  t he  minimum a t  x^ q = 0 . 7 .  Th i s  must  

o b v i o u s l y  be r e f l e c t e d  i n t er ms o f  t he excess heat  

c a p a c i t y  o f  m i x i n g .  We used t he  s i n g l e  par amet er  m o d i f i e d  

L i n - P e l t o n  model  t o  c a l c u l a t e  t he  t e mp e r a t u r e  and 

c o m p o s i t i o n  dependence o f  t h i s  p a r t  o f  t he  heat  c a p a c i t y .  

However ,  add i ng  t h i s  Cpe f o r  x = .5 t o  t he  heat  c a p a c i t i e s  

o f  MgO and Si O2 l i q u i d s  g i ves  a heat  c a p a c i t y  f o r  

MgSiO3 ( I i q u i d )  o f  Cp = 100 J /mol e  K, whi ch i s

s u b s t a n t i a l l y  l ess  t han t h a t  r e p o r t e d  by Wh i t e , 115



X SiO2

F i g u r e  22.  En t r o py  o f  m i x i n g  ver sus  t he  m o l e f r a c t i o n  o f  SiOg in t he system 
MgO-SiOg• C i r c l e s ,  open squares and f i l l e d  squares ar e  f rom Li n  and 
F e l t o n ,  i d e a l  m i x i n g  and t h i s  work r e s p e c t i v e l y .
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Cp6 = 130.7 J / mo l e  K . Th i s  d i s c r e p a n c y  was c o r r e c t e d  by 

add i ng 25 J / mo l e  K t o  t he  f i r s t  R e d l i c h - K i s t e r  t erm f o r . 

t he  excess heat  c a p a c i t y .  The r e s u l t i n g  cur ve  o f  Cp 

ver sus  mole f r a c t i o n  at  2123 K i s  shown in F i g u r e  23 to 

demons t r a t e  t h a t  i t  i s  a r e as on ab l e  c h o i c e .  The Cpe cur ve 

i s  shaped l i k e  t he  excess e n t r o p y  c u r v e , s i nc e  i t  i s  

c a l c u l a t e d  f rom t he excess e n t r o p y  f rom t he L i n - P e l t o n  

mo d e l .

Wi th t he  heat  c a p a c i t y  o f  t he  l i q u i d  phase chosen,  i t
113can be combined w i t h  t he  measurements o f  Whi t e  f o r  t he 

heat  c a p a c i t y  o f  t he  g l ass  t o  c o n v e r t  t he  measured heat  o f  

v i t r i f i c a t i o n  o f  Nav r o t sky^  ^  t o  a heat  o f  f u s i o n  o f  

48 . 8  k J / mo l e  a t  1830 f o r  MgSiOg. Th i s  i s  j u s t  b a r e l y  

c o n s i s t e n t  w i t h  t he  va l ue  o f  60 . 4  ± 15 k J / mo l e  g i ven  

ab ov e . We have accept ed t he l ower  va l ue f o r  our  f i n a l  

c a l c u l a t i o n s  and t o  f i x  t he  e n t h a l p y  cur ve  i n  F i g u r e  2 0 .

I t  i s  wor t h  n o t i n g  t h a t  us i ng  a h i g h e r  e n t h a l p y  o f  f u s i o n  

f o r  MgO o n l y  makes t h i s  d i s c r e p a n c y  worse.  A heat  

o f  f u s i o n  f o r  MgSiOg o f  48 . 8  ± 3 k J / mo l e  f o r  MgSiOg 

c o r r esponds  t o  He= - 23 . 91  ± 4 k J / mo l e  a t  x = 2 / 3  and 

1830 K. Th i s  de t e r mi n e s  our  f i n a l  s e l e c t e d  va l u es  of  

He = - 2 5 . 19 9  ± 4 k J / mo l e  and Se = - 2 . 295  J / mo l e  a t  x - 2/3 

and 2123 K, and an e n t h a l p y  o f  f u s i o n  f o r  f o r s t e r i t e  of  

AHfus = 92 . 88 ± 12 k J / mo l e  a t  2156 K.
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F i g u r e  23 
MgO-SiO2

. Excess heat  c a p a c i t y  ver sus  m o l e f r a c t i on o f  SiO2 a t  2123 K f o r  the 
sy s t em.
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The Phase Di agr am-

Wi th cho i ces  made f o r  t he  excess e n t h a l p y  and t he 

heat  c a p a c i t y  o f  m i x i n g ,  eve r y  measurement  o f  s o l i d  l i q u i d  

e q u i l i b r i a  g i v e s  a va l ue  f o r  t he  a c t i v i t y  c o e f f i c i e n t s  and 

t he  e n t r o p y . The r e s u l t i n g  excess e n t r o p y  va l ues  have 

a l r e a d y  been d i s p l a y e d  i n  F i g u r e  22.  A l s o ,  t he  c a l c u l a t e d  

a c t i v i t i e s  a t  2000 K can be compared w i t h  t he  measurements 

o f  Kambayashi and Kato*  ^  as shown i n F i g u r e s  24 and 25.  

Except  f o r  t he  pr ob l em a l r e a d y  e v i d e n t  at  h i gh 

c o n c e n t r a t i o n s  o f  MgO by t h e i r  f a i l u r e  t o  f i t  t he  known 

phase e q u i l i b r i a ,  t he  agreement  i s  f a i r .  The phase 

e q u i l i b r i a  measurements are more r e l i a b l e  t han t he 

e f f u s i o n  measur ement s . .

There are r e l i a b l e  d e n s i t y  measurements o f  t he l i q u i d  
115by J . F . Rieb l i n g ,  so t h a t  t he  phase d i agram can be 

ex t ended t o  h i g h e r  p r e s s u r e s .  The c a l c u l a t e d  phase 

d i agrams a t  .1 and 2000 MPa are shown i n F i g u r e s  26 and 

27.  Tabl e 25 g i v e s  t he  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  

both t he  a c i d i c  and b a s i c  s i des  o f  t he  phase d i agram.

The A l u m i n a - S i l i c a  B i n a r y

The t hermodynami c  p r o p e r t i e s  o f  t he a l u m i n a - s i l i c a
116b i n a r y  have been mode l l ed  by Howald and E l i e z e r  i n 1978.  

We are us i ng  t h e i r  e q u a t i o n s  o f  s t a t e  f o r  t he  v a r i o u s  

s t o i c h i o m e t r i c  phases.  The R e d l i c h - K i s t e r  c o e f f i c i e n t s



a (MgO)

^  ^  ♦ — ♦

4.0 X (SiOZ) 6.0

F i g u r e  24.  A c t i v i t i e s  o f  MgO. F i l l e d  diamonds are c a l c u l a t e d  f rom our  
R e d l i c h - K i s t e r  c o e f f i c i e n t s ,  open c i r c l e s  are f rom S. Kambayashi  and 
E. K a t o .
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I .2 -T

0.8  - •

a (SiOZ) -

0.2  -

0.4 X (SiOZ) 0.6

F i g u r e  25.  A c t i v i t i e s  o f  SiOg.  Open c i r c l e s  are c a l c u l a t e d  f rom our  
R e d l i c h - K i s t e r  c o e f f i c i e n t s ,  f i l l e d  diamonds are f rom S. Kambayashi  and 
E. Kat o .
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F i g u r e  26.  The c a l c u l a t e d  phase d i agram a t  0.1 MPa f o r  t he 
MgO-SiO2 system.
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X (SiO2)

F i g u r e  27.  The C a l c u l a t e d  phase d i agram at  1000.  MPa f o r  t he 
MgO-SiO2 system.
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Tabl e 25. R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  a c i d i c  and b a s i c  MgO-SiO2 -

A B C D E F

a) log Y
b) log Y

-4.284510
-.328548

-5.0782545
-37.588266

-.7017948 
: 87.678091

5.5773431 
• -78.884975

6.9039075
22.121726

2.197768
2.197768

a) H
b) H

-106333.59
-16426.745

-106101.23
-818763.25

-21837.49
1850296.

171288.1
-1459206.2

238689.37
238689.37

100752.46
100752.46

a) Cp
b) Cp

11.870530
46.80464

15.174986
427.70785

14.355571
-918.31275

-20.8517
649.06314

-65.6362
-65.6362

-38.9678
-38.9678

c) dCp/dT .002539050 .002055004 .0132324 -.023815 -.003681462 .0096971585

c ) d 2Cp/dT2 -4.225033E-7 -1.992977E-6 8.4855E-7 3.8824667E-6 -1.025983E-6 -1.55113E-6

c ) V -5.7079297 -9.6020113 -3.206035 22.275335 . 10.892596 .-15.26825

c ) dV/dT -.0010398796 .0097664152 .0032609281 -.022656 -.011079 .0155296

C) dV/dP .00010398796 -.9766415E-3 -.3260928E-3 .00226567 .0011079 -.00155296

a) ac id ic  c o e ffic ie n ts
b) basic c o e ffic ie n ts
c) c o e ffic ie n ts  fo r  both the acid and the base
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f o r  t he  l i q u i d  and s o l i d  phases c a l c u l a t e d  by Howald and

E l i e z e r 116 are l i s t e d  i n  Tab l e  26.  However , t he  heat

c a p a c i t y  o f  t he  l i q u i d  has been r e f i n e d ;  and t he  e q ua t i o n

changed. Th i s  made i t  necessa r y  t o  change t he

R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  t he  l i q u i d .  Chang,  Howald 
1 1 7 'and Roy made t hese  changes i n  1982.  These va l ues  f o r  ■ 

t he  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  l og y and e n t h a l p y  are 

a l s o  shown i n Tabl e 26.
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Tabl e 26.  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  t he  A l ^-SiOg 
s o l i d  and l i q u i d  sys tems.

Phase Q u a n t i t y Ref . A / B C

( I ) l og y Howald 
e n t h a l p y

, e t  a I . 1.330516
26778.

- 0 . 212719 .096297

(s) l og Y 
e n t h a l p y

3.134095
35974

- 9 . 233145
99035.

10.646443

( I ) l og Y Chang
e n t h a l p y

, e t  a I . 1.330266
26853.8

- . 211929 .0959393

( I ) l og Y t h i s
e n t h a l p y

work .8634264
9000. 0

- . 2 3 5 3 3 3 7 .1233324

(S) l og Y
e n t h a l p y  .

3.134095
35974

- 9 . 233145
99035.

10.646443

Si nce t hen we have f ound t h a t  t he  e n t h a l p y  

R e d l i c h - K i s t e r  c o e f f i cent  f o r  t he  l i q u i d  i n  t h i s  b i n a r y  i s  

much t oo  l a r g e .  We have r educed t he  e n t h a l p y  c o e f f i c i e n t  

f r om 2 6 8 5 3 . 8 118 t o  9000 J / mo l e  and have r e c a l c u l a t e d  t he 

l og Y c o e f f i c i e n t s  f o r  t he  l i q u i d  as shown i n Tabl e 26.
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The f i r s t  s t ep i n  c a l c u l a t i n g  the' R e d l i c h - K i s t e r  

C o e f f i c i e n t s  f o r  t he  a l u m i n a - s i l i c a  b i n a r y  i s  t o  c a l c u l a t e  

t he  e q u i l i b r i u m  c o n s t a n t s  f o r  t he  r e a c t i o n s

Al O1 g ( c , corundum) = Al O1 ^ ( I ) (106)

S i 0 2 ( c ,  c r i s t o b a l i t e ) = SiO2 ( I ) (107)

a t  t he  t e mp e r a t u r e s  where Davi s  and Pask* measured t he 

e q u i l i b r i u m  between m u l l i t e  and t he  a l umi na  and s i l i c a  

l i q u i d .  Th i s  can e a s i l y  be done f rom t he e q u a t i o n s  o f  

s t a t e  o f  t he  r e a c t a n t s  and p r o d u c t s  i n r e a c t i o n s  (106)  and 

( 1 0 7 ) .

The e q u i l i b r i u m  c o n s t a n t  f o r  t he m e l t i n g  o f  m u l l i t e  

i s  g i ven  by

('aS i 0 2 ( l ) ) 1/ 4 ( a A101<5 ( l ) ) .
K = ------------------- ■------------------ -----------

m u l l i t e
The a c t i v i t y  o f  m u l l i t e  i s  g i ven  by t he  e q u a t i o n

1/4,
m u l l i t e ( a Si O2 ( S) ) ( aA l O1 i 5 ( s ) ) ’

so t h a t  t he  e q u i l i b r i u m  e x p r e s s i o n  becomes

( aS i 02 ( l ) ) 1/ 4 ( aA10K 5 ( l ) )
K = -------------------------------------------------

( aS i 0 2 ( s ) ) 1 / 4 ( a A10.l i 5 ( s) )

(108)

(109)

( H O)

The a c t i v i t i e s  o f  t he  s o l i d s  can be c a l c u l a t e d  f r om t he

RedI i c h - K i s t e r  c o e f f i c i e n t s  f o r  l og y f o r  t he  s o l i d  phase 

i n  Tab l e  26.  The e q u i l i b r i u m  c o n s t a n t ,  Kg q , can be
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c a l c u l a t e d  f r om t he  e q u i l i b r i u m  c o n s t a n t s  f o r  t he  m e l t i n g

o f  SiO2 and A l O1 ^ . The e q u a t i o n  i s

( 111 )

No r ma l l y  once t h i s  i s  done t he a c t i v i t i e s  and mole 

f r a c t i o n s  o f  t he  l i q u i d  can be c a l c u l a t e d .  However ,  

a l l o w i n g  f o r  n o n - s t o i c h i o m e t r y  o f  t he  m u l l i t e  phase 

c o m p l i c a t e s  t he  c a l c u l a t i o n  s u b s t a n t i a l l y .  We must  a l l o w  

f o r  two s e p a r a t e  e q u i l i b r i a  between t he s o l i d  and l i q u i d  

phase.  These can be chosen as t he  m e l t i n g  o f  c r i s t o b a l i t e  

and corundum as shown f o r  r e a c t i o n s  (106)  and ( 1 0 7 ) .

The two e q u i l i b r i u m  c o n c e n t r a t i o n s ,  X g ( c ) ,  t he  mole 

f r a c t i o n  o f  t he  s o l i d  a l u mi n a ;  and Xg( I ) ,  t he  mole 

f r a c t i o n  o f  t he  l i q u i d  a l u mi n a ,  are t hose whi ch g i v e  t he 

f o u r  a c t i v i t i e s  a 7 ( c ) ,  a 7 ( I ) ,  a6 ( c ) and a6 ( I ) ; where t he 

s u b s c r i p t s  6 and 7 r e p r e s e n t  A l O1 5 and Si O2 r e s p e c t i v e l y .  

These a c t i v i t i e s  must  s a t i s f y  t he  two e q u i l i b r i u m  c o n s t a n t  

e x p r e s s i o n s

X g ( l ) / X g ( c )  = Kg ( 112 )

and

X 7 ( I ) Z X 7 ( C )  = K y

where Kg and K7 are t he  e q u i l i b r i u m  c o n s t a n t s  f o r  

r e a c t i o n s  (112)  and ( 1 1 3 ) .

(113.)

The c o n c e n t r a t i o n s  and a c t i v i t i e s  f o r  e q u i l i b r i u m  at  

a s e l e c t e d  t e m p e r a t u r e  and p r e s s u r e  can be o b t a i n e d  by 

s u c c e s s i v e  a p p r o x i m a t i o n s  by any o f  a v a r i e t y  o f

I

i
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ma t hema t i c a l  p r ocedur es  f o r  t he  m i n i m i z a t i o n  o f  t he  f r e e

ener gy .  Convergence i n  t hese  c a l c u l a t i o n s  i s  not  a

t r i v i a l  prob l em f o r  h i g h l y  non i d e a l  s o l u t i o n s .  Our

c u r r e n t  computer  program uses a f o r m o f  t he  Mur tagh and 
119Sargent  c o n s t r a i n e d  m i n i m i z a t i o n  which i s  no t  as 

e f f i c i e n t  f o r  t he  two component  systems as t he  a l t e r n a t e  

c a l c u l a t i o n s  o f  mole f r a c t i o n s  f rom a c t i v i t i e s  f o r  t he two 

phases as used by Howald and E l i e z e r . * ^  E v e n t u a l l y  a

b e t t e r  convergence program i n c o r p o r a t i n g  some o f  t he
I ? n 119f e a t u r e s  o f  Whi te and Mur tagh and Sargent  w i l l  need

t o  be w r i t t e n .

Once convergence has o c c u r r e d  and t he a c t i v i t i e s  o f  

t he  l i q u i d  are c a l c u l a t e d ,  t he  change i n  t he  l o g a r i t h m  of '  

t he  a c t i v i t y  c o e f f i c i e n t  f o r  both t he  a l umi na and t he 

s i l i c a  can be c a l c u l a t e d  f r om t he  equa t i on

41°g r  = U newZao l d ) (114)

where a i s  t he  new a c t i v i t y  and ao ^  i s  t h e  o l d  

a c t i v i t y .  These changes i n l og Y can be f i t  t o  

R e d l i c h - K i s t e r  c o e f f i c i e n t s  by a l e a s t  squares  c a l c u l a t i o n  

g i v i n g  t he  change i n  t he R e d l i c h - K i s t e r  c o e f f i c i e n t s .

These c o e f f i c i e n t s  can t hen be added on t o  t he  o l d  

c o e f f i c i e n t s  f o r  l og Y t o  g i v e  t he  new R e d l i c h - K i s t e r  

c o e f f i c i e n t s  f o r  t he  l i q u i d  shown i n Tabl e 26.
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THE TERNARY SYSTEM: MAGNESIA-SILICA-ALUMINA

Wi th t he  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  t he  two

component  systems and t he  e q u a t i o n s  o f  s t a t e s  f o r  t he

compounds p r e s e n t  i n  t h i s  system,  we can now proceed t o

d e s c r i b e  t he  t h r e e  component  system MgO-SiOg-Al ^  g . The

f i r s t  s t ep  i n t h i s  pr ocess  i s  t o  c a l c u l a t e  t he  R e d l i c h -

K i s t e r  c o e f f i c i e n t s  f o r  t he  t e r n a r y .  There are a v a r i e t y

o f  methods f o r  do i ng  t h i s ;  however ,  t he  most  commonly used
121 122i n t e r p o l a t i o n  methods are by Ko h l e r  and Toop .

1 7  IThe Ko h l e r  p r ocedur e  f o r  c a l c u l a t i n g  t he  R e d l i c h -

K i s t e r  c o e f f i c i e n t s  has t erms o f  t he  f orm x ^/ ( Xg + Xg) i n

i t .  These t erms cannot  be expressed as a f i n i t e  "power

s e r i e s  i n  mole f r a c t i o n ,  because as x  ̂ approaches one Xg +

Xg approaches z e r o . Thus , t h e  t e r m x ^/ ( Xg + Xg)
122approaches i n f i n i t y .  Toop a l s o  deve l oped a method o f  

i n t e r p o l a t i o n ,  bu t  h i s  method has one se t  o f  t erms in t he 

K o h l e r  f o r m.  What we are us i ng  i s  t he  Toop i n t e r p o l a t i o n  

w i t h  t he  se t  o f  t er ms i n  t he  K o h l e r  f orm d r o p p e d . Thus,  

we have a m o d i f i e d  Toop or  a Toop- Mugg i anu ■ 

i n t e r p o l a t i o n . 123 Th i s  i n t e r p o l a t i o n  method i s  ve r y  

u s e f u l  i n c a l c u l a t i n g  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  

t e r n a r y  d i ag r ams ,  and i s  e a s i l y  expressed i n  t e r ms o f  

ex t ended R e d l i c h - K i s t e r  n o t a t i o n .  The Toop-Muggianu i s
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e x a c t l y  a l oop  i n t e r p o l a t i o n  i f  t he  s o l u t i o n  formed a l ong 

on-e b i n a r y  edge i s  i d e a l  or  p a r a l l e l  t o  an i d e a l  s o l u t i o n .

The m o d i f i e d  l oop  i n t e r p o l a t i o n  c a l c u l a t e s  t he 

t e r n a r y  R e d T i c h - K i s t e r  c o e f f i c i e n t s  f rom t he  a p p r o p r i a t e  

b i n a r y  R e d T i c h - K i s t e r  c o e f f i c i e n t s  and a l so  c a l c u l a t e s  

t hese c o e f f i c i e n t s  so t h a t  t h e y  g i v e  we l l - b e h a v e d  

R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  t he  p s e u d o b i n a r i e s .  A, 

p s e u d o b i n a r y  i s  a l i n e  t h r oug h  t he  t e r n a r y  t h r oug h  one 

v e r t e x , h o l d i n g  t he  r a t i o  o f  two o f  t he  components 

c o n s t a n t  w h i l e  v a r y i n g  t he  t h i r d .  Thus , i t  f orms a 

s t r a i g h t  l i n e  t h r o u g h  t he apex o f  one o f  t he  pure 

components and t h r o u g h  t he b a s e l i n e  c o n n e c t i n g  t he  o t h e r  

two componen t s .

For  examp l e , assume we want  t o  c a l c u l a t e  t he  

R e d l i c h - K i s t e r  c o e f f i c i e n t s '  f o r  t he  i ma g i n a r y  t e r n a r y  

| w , y , z > .  I f  t he  b i n a r y  |w,y> i s  c l o s e  t o  i d e a l  t hen we 

can e a s i l y  c a l c u l a t e  t he  R e d l i c h - K i s t e r  c o e f f i c i e n t s  a l ong 

t he p s e u d o b i n a r y  |w2 y , z > . The ps e u d o b i n a r y  |w2 y , z> 

c o r r es p ond s  t o  a s t r a i g h t  l i n e  t h r oug h  pure z and the 

p o i n t  W2 y a l ong t he  w, y  b i n a r y  edge.  The R e d l i c h - K i s t e r  

c o e f f i c i e n t s  f o r  t he  b i n a r i e s  are

■ l " , Z >  = I a W Z - b W Z - c W Z - 1V  ■ l l l 5 )

| y , z > = - | Ay z , By z ,Cy z , 0y z > ■ (116)

The R e d l i c h - K i s t e r  c o e f f i c i e n t s  a l ong t he  pseudo b i na r y  

|w2 y , z >  can be c a l c u l a t e d  f rom t he e q u a t i o n
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j w2 y , z >  = | 2/ 3 w,z> + 1 / 3 | y , z> (117)

whi ch. becomes

I * ,  y , z>  = I ( 2 / 3 ) +  ( l / 3 ) A y z , ( 2 / 3 ) B w z . + ( 1 / 3 ) 8 ^ ; ,

The m o d i f i e d  l oop  i n t e r p o l a t i o n  c a l c u l a t e s  t he  t h r e e  

component  t erms as l i s t e d  i n Tab l es  I and 3 so t h a t  t hey  

g i v e  t h i s  b e h a v i o r  i n t he  t erms c a l c u l a t e d  f o r  t he 

p s e u d o b i n a r i e s .  Th i s  i s  done by m u l t i p l y i n g  t he  

Red I i c h - K i s t e r  c o e f f i c i e n t s  f o r  t he  two b i n a r i e s  by t he  

m a t r i x  MTOOP shown in. Tabl e 27.  Th i s  e q u a t i o n  i s

Th i s  m a t r i x  i s  programmed i n t o  t he  computer  f o r  up to 

sevent h power t erms i n  mole f r a c t i o n ,  and i t  hand l es  up t o  

n i n e  component  sys t ems.  The computer  can e a s i l y  r o t a t e  

t he  s u b s c r i p t s  f o r  t he  t h r e e  component  t er ms t o  g i v e  t he  

p s e u d o b i n a r i e s  a l ong ano t h e r  a x i s .  Th i s  i s  done by t he 

■equat i on | N  ̂ = |CMM | I NgSl ^ ' where N i s  t he  v e c t o r  o f

R e d l i c h - K i s t e r  c o e f f i c i e n t s  and CMM i s  t he  15 by 15 m a t r i x  

shown i n  Tab l e  28.

In t he  system MgO-Si C^ -Al O1 5 t he  components SiOg and 

AlO 1 g both ac t  as a c i d s .  Th i s  l eads us t o  c a l c u l a t e  t he 

Red I i c h - K i s t e r  c o e f f i c i e n t s  f o r  t he  t e r n a r y  a l ong  t he 

p s e u d o b i n a r i e s  I A l O1 g x SiOg y , Mg0 > w i t h  a m o d i f i e d  Toop 

i n t e r p o l a t i o n .  Wi th t he  m a t r i x  CMM we can r o t a t e  t he

(2 / 3)Cw;  + ( l / 3 ) C y z ,  . . .> (118)

* ' Byw’ Cyw’
(119)
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Tabl e 27.  The m a t r i x  MTOOP f o r  c a l c u l a t i n g  t e r n a r y  
Red I i c h - K i s t e r  c o e f f i c i e n t s .

I -2 3 -4 5 I. -2 3 -4 5

0 7/2 - 21/2 21 -35 0 7/2 - 21/2 21 -35

0 1/2 -3/2 3 -5 0 - 1/2 3/2 -3 5

0 0 37/4 -37 185/2 0 0 37/4 -37 185/2

0 0 10/4 -10 25 0 0 -10/4 10 -25

0 0 1/4 - I 5/2 0 0 1/4 - I 5/2

0 0 0 175/8 -875/8 0 0 0 175/8 -875/8

0 0 0 67/8 -335/8 0 0 0 -67/8 335/8

0 0 0 13/8 -65/8 0 0 0 13/8 -65/8

0 0 0 1/8 -5/8 0 0 : 0 - 1/8 5/8

0 0 0 0 781/16 0 0 0 0 781/16

0 0' 0 0 376/16 0 0 0 0 -376/16

0 0 0 0 106/16 0 0 0 0 106/16

0 0 0 0 16/16 0 0 0 0 -16/16

0 0 0 0 1/16 0 0 0 0 1/16

s u b s c r i p t s  t o  get  any o r de r  f o r  t he  s u b s c r i p t s  t h a t  we 

wan t .  For  t h i s  t e r n a r y  i t  i s  t he  I 6 , 7 , 4> t e r n a r y  

c o e f f i c i e n t s  t h a t  are used by t he  comput er .  They can be 

used t o  c a l c u l a t e  t he  excess e n t h a l p y ( He ) a l ong t he 

14 - 6 , 7> p s e u d o b i n a r y ,  where 4,  6 and 7 r e p r e s e n t  MgO, A l O l i 5



Tabl e 28.  The t r a n s f o r m a t i o n  m a t r i x ,  CNN, f r om t he R e d l i c h - K i s t e r  

v e c t o r  N^23 t o  t he  v e c t o r  Ng12-

I I - I I - I I I -I I -I I -I I - I I

0 -d /2 ) (3/2) - I 2 -3 -(3/2) (5/2) -(7/2) (9/2) -2 3 -4 5 -6

0 -(1/2) -(1/2) - I 0 I -(3/2) (1/2) (1/2) -(3/2) -2 I O -I 2

0 O 0 - (1/4) -(3/4) (9/4) (3/4) -(7/4) (15/4) -(27/4) (3/2) -3 (11/2) -9 (27/2)

0 0 0 (1/2) (1/2) -(3/2) (3/2) -(3/2) -0 /2 ) (9/2) 3 -3 I 3 -9

O 0 0 (1/4) (1/4) (1/4) (3/4) (1/4) - 0 / 4 ) -(3/4) (3/2) O -0 /2 ) O (3/2)

0 0 0 0 0 0 -(1/8) (3/8) -(9/8) (27/8) - 0 /2 )  (5/4) -3 -(27/2) -(27/2)

O 0 0 O 0 0 -(3/8) (5/8) -(3/8) -(27/8) -(3/2) (9/4) -2 -(9/4) (27/4)

O 0 O O 0 0 -(3/8) (1/8) (5/8) (9/8) -(3/2) (3/4) I -(3/4) -(9/2)

O O P O 0 0 -0 /8 ) -0 /8 ) -0 /8 ) -0 /8 ) - 0 / 2 )  -(1/4) O 0 /4 ) 0 /2 )

0 0 0 0 0 0 O O O O (1/16) -(3/16) (9/16) (27/16) (81/16)

0 0 0 0 0 O O O O O 0 /4 )  - 0 /2 ) (3/4) O -(27/4)

0 0 0 0 0 0 O O O O . (3/8) -(3/8) -0 /8 ) (9/8) (27/8)

O 0 0 0 0 O O O O O (1/4) O -0 /4 ) -0 /2 ) -(3/4)

0 0 0 0 0 0 O O O O (1/16) (1/16) (1/16) 0/16) (1/16)

116
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and SiOg r e s p e c t i v e l y .  The c a l c u l a t e d  R e d l i c h - K i s t e r  

c o e f f i c i e n t s  f o r  excess e n t h a l p y  f r om t he l oop 

i n t e r p o l a t i o n  are shown i n Tab l e  29 a l ong w i t h  t he  f i n a l  

s e l e c t e d  c o e f f i c i e n t s .

Tabl e 29.  C a l c u l a t e d  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  
excess e n t h a l p y  f r om t he Toop-Muggianu i n t e r p o l a t i o n  a l ong 
w i t h  our  f i n a l  s e l e c t e d  va l ues  f o r  t he  
MgO-Si Og-Al O1 5 t e r n a r y  a t  1800 K.

C o e f f i c i e n t • H6
Toop-Muggianu

-He
F i n a l  Values

Ba 61840.73 58082.73

Ca 36477.38 - 2173532 . 6

■ Cb -77664. 28 793583.72

D3 - 27662. 38 1590207.6

Db 50574.75 -710619. 25

DC -58146. 47 535636.53

Ea 104838.4 104838.4

Eb - 346939. 8 - 346939 . 8

EC 339367.6 339367.6

Ed 15143.46 15143.46

Fa - 72416 . 5 - 72416 . 5  .

Fb 362082.9 362082.9

Fc - 724165. 9 - 724165. 9

Fd 724165.9 724165.9

Fe -362082. 9 -362082. 9
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We c o r r e c t e d  t he t e r n a r y  R e d l i c h - K i s t e r  c o e f f i c i e n t s  

i n  t he  f o l l o w i n g  manner .  F i r s t ,  we needed t o  de t er mi ne  

t he magni t ude o f  t he  change needed t o  c o r r e c t  t he 

R e d l i c h - K i s t e r  c o e f f i c i e n t s .  We l ooked a t  t he 

ps e u d o b i n a r y  t h r o u g h  pure AlO^  ̂ and t he MgO-SiOg edge at  

XjyigQ = 0 . 5 .  The excess e n t h a l p y  a l ong t he  MgO-SiOg b i n a r y  

i s  s t r a i g h t  a l ong  t he  a c i d i c  s i de  t o  a f i r s t  

a p p r o x i m a t i o n .  Thus,  i f  t he  excess e n t h a l p y  a t  t he p o i n t  

Xg = 0,  X4 = 0 . 5  and X7 = 0 . 5  a l ong t he |6,4> b i n a r y  i s  z,  

t hen a t  X4 = 1/3 t he  excess e n t h a l p y  i s  2 /3 z a l ong t he 

16 , 4> b i n a r y .  We can draw a s t r a i g h t  l i n e  t h r oug h  the 

p o i n t s  Xg9X45X7 = 0 , 1 / 3 , 2 / 3 ;  Xg9X4 sX7 = i / 3 , 1 / 3 , 1 / 3  ( t he  

c e n t e r  o f  t he  gr aph)  and Xg5X49X7 = 2 / 3 , 1 / 3 , 0 .  I f  a t  t he 

m u l l i t e  c o m p o s i t i o n  t he excess e n t h a l p y  i s  Y, He = Y, t hen 

a t  X g 9X 4 9 X 7 = 1 / 3 , 1 / 3 , 1 / 3  t he  excess e n t h a l p y  shoul d be

He = ( 1 / 2 )  Y '+ ( I / 3 )  Z + A. (120)

The A c o n t r i b u t i o n  t o  t he  excess e n t h a l p y  i s  smal l  

compared t o  Y and Z because i t  i s  t he  mi x i n g  o f  A l Ô  g and 

SiOg.  Thus t he  A c o n t r i b u t i o n  i s  n e g l i g i b l e .  Al so a l ong 

t he  p s e u d o b i n a r y  | 6 , 7 - 4 > ,  whi ch passes t h r oug h  t he c e n t e r ,  

t he  excess e n t h a l p y  a t  t he  p o i n t  | 6 , 7 , 4> = 11/ 3  , 1/3 , 1/3>

shou l d  be a p p r o x i m a t e l y  ( 2 / 3 ) Y .

We r e p e a t e d  t h i s  c a l c u l a t i o n  a t  seven d i f f e r e n t  

p o i n t s  i n  t he  t e r n a r y ,  d i ag r am.  These p o i n t s  are l i s t e d  in
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Tabl e  30,  a l ong  w i t h  t he  excess e n t h a l p i e s  c a l c u l a t e d  f rom 

t he l oop  i n t e r p o l a t i o n ' s  R e d l i c h - K i s t e r  c o e f f i c i e n t s  and 

t he  f i n a l  va l ues  f rom t he f i n a l  se t  o f  R e d l i c h - K i s t e r  

c o e f f i c i e n t s  chosen f o r  t h i s  t e r n a r y .  To change t he 

R e d l i c h - K i s t e r  c o e f f i c i e n t s  we f i t  t he changes i n t he 

excess e n t h a l p y  t h a t  we wanted t o  R e d l i c h - K i s t e r  

c o e f f i c i e n t s  and t hen j u s t  added t hese c o e f f i c i e n t s  on t o  

t he  R e d l i c h - K i s t e r  c o e f f i c i e n t s  c a l c u l a t e d  f r om t he Toop 

i n t e r p o l a t i o n .  The changes d e s i r e d  a t  t he  seven s e l e c t e d  

sy mmet r i c a l  p o i n t s  ar e  used t o  a d j u s t  t he  f i r s t  s i x  

t e r n a r y  R e d l i c h - K i  s t a r  c o e f f i c i e n t s :  Ba , Ca , C*3, Da , D*3 

and Dc . When one has b i n a r i e s  l i k e  MgO-SiOg w i t h  E and F 

t e r m s , i t  i s  necessa r y  t o  i n c l u d e  them i n t he  t e r n a r y .  

However , t h e y  do no t  have t o  be a d j u s t e d .  One avo i ds  

s e r i o u s  prob l ems w i t h  t e r n a r i e s  by not  t r y i n g  t o  f i t  hi gh 

o r d e r  t e r n a r y  t erms w i t h  l i m i t e d  data a v a i l a b l e .

The R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  l og Y i n  t he 

t e r n a r y  were c a l c u l a t e d  by a m o d i f i e d  Toop i n t e r p o l a t i o n .  

We c o r r e c t e d  t he l og Y va l ues  f r om t he known e q u i l i b r i a  

w i t h i n  t he  t e r n a r y  phase d i agram us i ng  a method s i m i l a r  t o  

t h a t  f o r  t he  excess e n t h a l p y  c o r r e c t i o n s .  The l og Y 

R e d l i c h - K i s t e r  c o e f f i c i e n t s  are l i s t e d  i n  Tabl e 31 f o r  

t h i s  t e r n a r y  d i ag r am.  The c a l c u l a t e d  c o n t o u r  l i n e s  and 

t he  phase f i e l d s  f o r  t he  t e r n a r y  phase d i agram are shown 

i n F i g u r e s  28 and 29,  r e s p e c t i v e l y .



Tabl e 30.  C a l c u l a t e d  excess e n t h a l p i e s  at  1800 K us i ng  t he 
R e d l i c h - K i s t e r  c o e f f i c i e n t s  f rom t he  Toop-Muggianu 
i n t e r p o l a t i o n  and our  f i n a l  s e l e c t e d  va l ues  f o r  t he 
MgO-SiOg-AlO^ g t e r n a r y

Mo I e f r a c t i o n He

MgO SiO2 ■ A10l .5 Toop-Muggianu F i n a l  va l ues

. 5 .25 .25 -13451. 336 -22124. 990

■ .4 .4 .2 -7857 . 474 - 17292. 748

.4 , .2 .4 -13019. 940 -20210. 219

1/3 1/3 1/3 - 8193 . 079 -17319. 420

.25 .5 .25 - 4158 . 164 - 10178. 852

.25 .25 .5 -7260. 797 - 11241. 445

.2 .4. .4 - 4042. 353 -52789. 555
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Tabl e 31.  
f i l e  TI  75

R e d l i c h - K i s t e r  
f o r  t he t e r n a r y

terms t h r ough 
system A l O1 5

F f r om our  computer  
-Si  Og-MgO.

■6 7 4 l og Y H Cp '

Ba 16.274239 568481.33 -6.637291

Ca . - 56. 611459 -2158662. 5 -15 . 02179

Cb 18.364036 764703. 23.56041

Da 39.586942 1558140. 57.75104

Db . ■ - 23 . 388194 - 645556. 5 - 121. 9810

. Dc ' 16.585357 504529.5 58.41545.

Ea 1 . 81443 ' 164321.0 - 90 . 23578

Eb - 5 . 075334 - 556531. 3 321.9720

EC 2.160231 ■ 582914.3 - 385 . 5388

Ed 5.831207 - 52767. 02 127.1332

Fa -2 . 1809064 -100752. 4 38.96796

Fb 10.9065889 503762.4 - 194. 8391

. Fc -21 . 814092 - 100752. 5 389.6780

Fd 22.321093 1007525 -389 . 6780

Fe - 10. 9068664 - 503762. 4 194.8390
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F i g u r e  28.  The c a l c u l a t e d  c o n t o u r  l i n e s  f o r  t he 
MgO-SiOg-AlO^ g t e r n a r y  system.
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SiO2

F i g u r e  29.  The c a l c u l a t e d  phase f i e l d s  f o r  t he  t e r n a r y  
system Mg O- S i Op- A l Oi , 5 . 
a i s  t he c r i s t o o a l i t e  f i e l d  
b i s  t he  c o r d e r i t e  f i e l d  
c i s  t he  e n s t a t i t e  f i e l d  
d i s  t he  m u l l i t e  f i e l d  
e i s  t he  f o r s t e r i t e  f i e l d  
f  i s  t he  s p i n e l  f i e l d  
g i s  t he corundum f i e l d .
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THE FeO-FeO1 g - S i O ^ - A l j  5-CaO SYSTEM

Al t hough  not  c e n t r a l  t o  t he  main body o f  t h i s  w o r k , 

i t  i s  wor t h  w h i l e  d e c r i b i n g  t he  work t h a t  we d i d  on t he 

system FeO-FeO1 ^ - S i O g - A l O 1 ^-CaO system.  I t  i s  agai n 

necessa r y  t o  d e s c r i b e  t he  main components o f  t he  system 

and t he s t o i c h i o m e t r i c  compounds o f  i n t e r e s t .  We have 

a l r e a d y  o b t a i n e d  t hermodynami c  p r o p e r t i e s  f r om SiOg and 

A l O1 g and many o t h e r  o f  t he  s t o i c h i o m e t r i c  compounds 

i n v o l v e d .  However ,  t he  i r o n  ox i d es  and c a l c i u m  ox i des  

must  a l s o  be t h e r m o d y n a m i c a l l y  d e s c r i b e d  a l o n g ,  w i t h  t he  

s t o i c h i o m e t r i c  compounds:  h e r c y n i t e ,  FeAlgO^;  f a y a l i t e ,  

FegSiO^ and a n o r t h i t e ,  CaAlgSigOg.  Severa l  o t h e r  

compounds e x i s t  i n t h i s  phase d i agr am,  but  t h e y  are 

o u t s i d e  t he  area i n  whi ch we are i n t e r e s t e d .

The FeO-FeO1 g System

The f i r s t  prob l em we had t o  so l ve  i n t he  f i v e  . . 

component  system was o b t a i n i n g  t hermodynami c  p r o p e r t i e s  

f o r  w u s t i t e ,  F e 0 ( c ) .  Th i s  i s  a probl em i n t h a t  pure 

s t o i c h i o m e t r i c  c r y s t a l l i n e  FeO does not  e x i s t  i n  nature. .  

A l t h o u g h ,  one can ge t  c l o s e  t o  t he  c o n c e n t r a t i o n s  

n e c es s a r y ,  i t  i s  never  q u i t e  reached. .  In o r d e r  t o  so l ve  

t h i s  pr ob l em we had t o  c a l c u l a t e  R e d l i c h - K i s t e r
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c o e f f i c i e n t s  f o r  t he  FeO-FeO1 5 system and t hen 

e x t r a p o l a t e  back t o  pure FeO(c) .

The e x i s t i n g  phases p r e s e n t  i n t he FeO-FeO1 5 system 

are m a g n e t i t e , Fe3O4 ( C) ;  h e m a t i t e ,  FeO1 w u s t i t e ,  FeO( c ) ;

FeO1 g ( c , Y ) ; FeO1 g ( I ) and FeO( I ) . The t hermodynami c 

p r o p e r t i e s  o f  Fe3O4 l i s t e d  i n  Tabl e 32 were t aken f rom t he 

Geo l og i c  Survey B u l l e t i n  I 45240 and t he heat  c a p a c i t y
I 9 E

e q u a t i o n  and H39g are f rom NBS. The heat  c a p a c i t y  !
'

e q u a t i o n  f o r  Fe3O4 i s  v a l i d  f r om 850 K t o  1870 K, t he 

m e l t i n g  p o i n t  o f  Fe3O4 . The heat  c a p a c i t y  and

t hermodynami c  p r o p e r t i e s  o f  FeO1 h e m a t i t e ,  i n  Tabl e 32 |
4 0are a l s o  f r om B u l l e t i n  1452,  and t he  heat  c a p a c i t y  i s  

v a l i d  f r om 950 t o  1805 K, t he  m e l t i n g  p o i n t  o f  FeO1 g .

The heat  c a p a c i t y  e q u a t i o n  f o r  FeO1 5 ( c * Y) i s  e s t i ma t e d  t o

be t he  same as t h a t  o f  FeO1 g ( c , h e m a t i t e ) .  The e n t h a l p y

and e n t r o p y  o f  FeO1 g ( c , Y) were c a l c u l a t e d  f r om a l a t t i c e  I
model  f o r  Fe3O4 , assuming t h a t  t he  e n t h a l p y  o f  mi x i ng  o f

FeO and FeO1 g ( c , Y) i s  ve r y  s m a l l .

The heat  c a p a c i t y  o f  FeO( I )  i s  68.2 J / mo I e- K a t  1650 

as measured by Cough l i n  e t  a I . , *  ^  and i s  he l d  c o n s t a n t  up 

t o  3000 K. The heat  c a p a c i t y  o f  FeO1 g ( I ) was assumed t o  be ' I
10.% l a r g e r  t han t h a t  o f  t he  s o l i d  FeO1 g ( c ) .  The 

e n t h a l p i e s  a t  298.15 f o r  both l i q u i d s  were c a l c u l a t e d  f rom 

AHfus d a t a , and t he P l a n k ' s  f u n c t i o n  was a d j u s t e d  t o  f i t

■s

,1
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Tabl e 32.  The heat  c a p a c i t y  e q u a t i o n s  and t hermodynami c  
p r o p e r t i e s  o f  v a r i o u s  s t o i c h i o m e t r i c  compounds i n  t he 
FeO-FeO1 ^ - S i O g - A l O 1 g-CaO system.

HEAT CAPACITY EQUATIONS

A B C D E

FeO1 5 (C, GAMMA)3 74.245 .136201 -51042186. 16953.56
Fe (C, GAMMA) 32.3431 .837930E-2 -.174110 E-7
FeO1 5 (C, HEMATITE)3 74.245 .136201 -51042186. 16953.56
FeO (C, WUSTITE) 56.709 .0251173 .377231E-4 .117640E-6 -.92509E-10
Fe3O4  (C, MAGNETITE)3 205.97 .052733 5.6413E+7
Fe2SiO4 (C1 FAYALITE) 188.14 .0414165 2.241 IE-5 -3.6299E+6

FeO1 5 (LIQUID)3 74.245 .146200 -51042186. 16953.56
FeO (LIQUID) 68.2
FeAI2O4 (C, HERCYNITE) 90.016 .037055 -.574449E-4 .352436E-7
CaAI2Si2O8 (ANORTHITE) 21.89929 .0527382 .141137E-4 -.457359E-7 .564705E-10
THERMODYNAMIC Y1OOO H1000*H298 H298 S298 . V1000
QUANTITIES J MOL'1 JMOL'1 J MOL'1 J MOL'1 K'1 CM3

FeO1 5 (C, GAMMA) 82.12558 50275.5 -401175.94 . 50.29333 10.0

Fe (C, GAMMA) 41.9488 28405. 0.0 9.41399 7.2118
FeO1 5 (C, HEMATITE) 76.08 50275.5 -412320. 44.24774 10.0
FeO (C, WUSTITE) 87.292906I 35875.90 -264522.47 45.75706 12.4874
Fe3O4 (C1 MAGNETITE) 241.16403I 147986. -1118400. 146.14 45.83

Fe2 SiO4  (C1 FAYALITE) 228.4400 118426. -1477896. 148.32 47.369

FeO1 5 (LIQUID) 96.78606 50275.5 -371240. 61.77637 10.0

FeO (LIQUID) 93.50423 47866.17 -245660. 58.83758
FeAI2O4 (C1 HERCYNITE) 181.71161 115478. -1983946.0 106.3 41.486

CaAI2Si2O8 (ANORTHITE) 332.26016 201018.5 -4231800. 199.30 101.76

THE HEAT CAPACITY EQUATIONS ARE GIVEN BY Cp=A+B(T-1000)+C(T-1000)2+D(T-1000)3 +
E(T-IOOO)4. FOR THOSE COMPOUNDS MARK WITH (a), THE D AND E TERMS ARE
D(1/T'2 - 10*6) AND E(T5 -1 0OO-5). ANORTHITE ALSO HAS THE ADDITIONAL EINSTEIN TERM
38 E(T/700)
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t he known s o l i d  l i q u i d  e q u i l i b r i u m  w i t h i n  t he  FeO-FeOj   ̂

sys tem.

There i s  heat  c a p a c i t y  dat a a v a i l a b l e  f o r  t he  s o l i d s
3 2 40FeOj g , Fe^OzJ and FeO 547* ’ Using t h i s  dat a we were

ab l e  t o  c a l c u l a t e  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  t he  heat

c a p a c i t y  and t he  t e m p e r a t u r e  dependence o f  t he  heat

c a p a c i t y  f o r  s t o i c h i o m e t r i c  FeO shown i n Tabl e 33. Wi th

va l u es  f o r  t he  heat  c a p a c i t y  we were then ab l e  t o  proceed

w i t h  c a l c u l a t i n g  t he  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r

e n t h a l p y .  There i s  a s u b s t a n t i a l  amount  o f  e n t h a l p y  data

f o r  t he i r o n  ox i d e  sys t em.  126,127 ^  ̂ 5 e Darken and 

12 7R. W. Gur r y  have measured t he  e n t h a l p y  o f  t he  s o l i d

s o l u t i o n  a t  1523 K w i t h  mole f r a c t i o n s  o f  FeOj  g r a n g i n g

f rom x = .111932 t o  x = 0 . 32 .  There i s  a s u b s t a n t i a l
32 40

amount  o f  good dat a f o r  Fe^O^ and FeOj g e n t h a l p i e s  ’ ,

so we were ab l e  t o  c a l c u l a t e  R e d l i c h - K i s t e r  c o e f f i c i e n t s
.

at  1523 K f o r  t he  e n t h a l p y  and t hen c o n v e r t  t hese  j

c o e f f i c i e n t s  t o  1000 K us i ng  t he  R e d l i c h - K i s t e r

c o e f f i c i e n t s  f o r  heat  c a p a c i t y .  These c o e f f i c i e n t s  a l ong

w i t h  t he  l og Y and Cp are l i s t e d  i n  Table 33.  I
12 7Darken and Gur r y  have measured va l ues  o f  t he 

p a r t i a l  p r e s s u r es  o f  C0? and CO over  i r o n  ox i d e  s o l u t i o n s  

r a n g i n g  f r om XpeQ = .8988 t o  XpeQ = .6406 a t  1573 K. Wi th j

va l u es  f o r  the.  e q u i l i b r i u m  c o n s t a n t s  f o r  t he  r e a c t i o n s

Fe( c , y) + CO2 = FeO( wus) + CO (121)

I
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Table 33.  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  t he  FeO-FeO 
S o l i d  B i n a r y .

A B C D E

log -.535413 1.541358 -4.835708 7.388763 -3.670011

He -10430.564 58374.976 -175289.548 256811.822 -129030.652 ■

Cp 1.156545

dCp/dT -.0226686

d2Cp/dT2 -.746594E-5

and

FeO( wus) + 1/2 CO2 = FeO1 g + 1/2 CO (122)

we can c a l c u l a t e  a c t i v i t y  c o e f f i c i e n t s  at  t hese  mole 

f r a c t i o n s  and t h i s  t e m p e r a t u r e .  The e q u i l i b r i u m  c o n s t a n t s  

f o r  r e a c t i o n s  (121)  and (122)  are K121 = 3.20143 and K122 

= 1 . 3 3 6 6 7 .  Th e r e f o r e  .

K122 = .133667 = aFe0/ a Fe0  ̂ ( C O / C O g ) ( 123)

and

K121 = 3.20143 = aFe0/ a Fe ( C i 7 , ( C0 / C0 2 ) (124)

The a c t i v i t y  o f  Fe( c , Y ) is- I a t  t he  end o f  t he  range where 

Fe ( c , Y )  i s  p r e s e n t .  Knowledge o f  dependence o f  a c t i v i t i e s  

o f  t he  i r o n  ox i des  as a f u n c t i o n  o f  mole f r a c t i o n ,  i s 

s u f f i c i e n t  t o  c a l c u l a t e  t he  R e d l i c h - K i s t e r  c o e f f i c i e n t s  

f o r  l og Y f o r  s o l i d  FeO^ shown i n Tabl e 33.
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There i s  v e r y  l i t t l e  data on t he e n t h a l p y  o f  t he 

l i q u i d  i n t he  FeO-FeOi1 5 s y s t e m. There i s  dat a on t he 

e n t h a l p y  o f  f u s i o n  o f  Fe3O4 , AHf us  = 3300 0 ' caI /mo Te 128 and • i

on t he  e n t h a l p y  o f  t he  l i q u i d  f r o m - Xfe0 = .92 t o  . 6 7 . * ^

We were ab l e  t o  use t h i s  data t o  c a l c u l a t e  R e d l i c h - K i s t e r -  

c o e f f i c i e n t s  f o r  t he  e n t h a l p y  o f  t h e . l i q u i d .  We assumed 

•an i n i t i a l  s l ope  f o r  t he excess e n t h a l p y  a t  low 

c o n c e n t r a t i o n s  f o r  FeO o f  -12 kJ / mo l e  o f  met a l  and -27 

k J / mo l e  o f  metal  a t  h i gh c o n c e n t r a t i o n s  w i t h  t he  excess 

e n t h a l p y  a t  Xf e Q = 2/3 o f  - 4 . 001 7  kJ / mo l e  o f  me t a l .  ;|

The R e d l i c h - K i s t e r  c o e f f i c i e n t s  i n Tab l e  34 f o r  t he 

l og y o f  t he  l i q u i d  were c a l c u l a t e d  f rom t he  e q u i l i b r i u m  

c o n s t a n t s  f o r  t he  m e l t i n g  o f  t he  v a r i o u s  s o l i d s  a t  T - 

1697,  1644 and 1870 K and f r om t he  a c t i v i t i e s  o f  t he
I

s o l i d s  c a l c u l a t e d  f r om t he R e d l i c h - K i s t e r  c o e f f i c i e n t s  i n I

Tabl e 34.

Tabl e 34.  R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  t he  FeO-FeO. r 
l i q u i d  b i n a r y .

A B C

log Y - . 8557493 - . 0237277 .1814582

He -20633. 607 -7500. 000 1133.606

The R e d l i c h - K i s t e r  c o e f f i c i e n t s  f o r  t he  o t h e r  

b i n a r i e s  p r e s e n t  i n t h i s  system were c a l c u l a t e d  f rom
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e n t h a l p y  o f  f u s i o n  dat a and t he  known e q u i l i b r i a  o c c u r r i n g  

w i t h i n  t he  v a r i o u s  b i n a r i e s .  ' The t e r n a r y  phase d i agrams 

were c a l c u l a t e d  w i t h  Toop Muggianu i n t e r p o l a t i o n s ,  

a d j u s t i n g  t he  a c t i v i t i e s  t o  f i t  t he  e q u i l i b r i a . .  Thi s 

somet imes r e q u i r e d  a d j u s t i n g  t he b i n a r i e s  so t h a t  t he 

e n t h a l p y  or  l og Y o f  t he  t e r n a r y  phases d i d  not  become 

u n r e a l i s t i c  when a Toop i n t e r p o l a t i o n  was done.  The 

c a l c u l a t e d  phase d i agrams f o r  t h i s  system are shown as 

F i g u r e s  30 t h r o u g h  34. These f i g u r e s  are pse udo t e r  nary 

s l i c e s  a t  0% CaO up t h r oug h  20% CaO. The i r o n  o x i d e  i s  

r e p o r t e d  i n  t hese  d i agrams as we i g h t  % FeO^ g , however  t he  

c o mp u t a t i o n s  c o r r espond  t o  s u b s t a n t i a l  FeO p r e s e n t .  In 

f a c t  t he  average,  o x i d a t i o n  s t a t e  o f  i r o n  was p i cked  t o  be 

t h a t  i n  e q u i l i b r i u m  w i t h  wa t e r  vapor  and hydrogen w i t h

(H2O)ZH2 ) = 1 . 3 .
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Wei ght  f r a c t i o n  
o f  Si O0 Cristobal I t e

t r Idvmite

iull I t e

£ 7 fayal I t e

rc yn / te

Wei ght  f r a c t i o n  FeOx c a l c u l a t e d  as FeO1 g

F i g u r e  30.  Cont our  l i n e s  i n t he  A l Oi ^g - S i Og- FeO*  system 
ver sus  we i g h t  f r a c t i o n  c a l c u l a t e d  as FeOi . g  f o r  HgO/Hg = 
1 . 3 .  Temper a t u r es  are g i ven  i n 200 degree F a h r e n h e i t  
i n t e r v a l s .
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Wei ght  f r a c t i o n  
o f  Si O0

Weight  f r a c t i o n  FeOx c a l c u l a t e d  as FeO1 5

Figure 31.  Contour l in es  in the AlOi .g-SiOg-FeOx system
at 5% CaO by weight  and H2OZH2 = 1 .3 .
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Wei ght  f r a c t i o n  
o f  Si O0

< WuJ I  Ice

EaVallce :

Wei ght  f r a c t i o n  FeOx c a l c u l a t e d  as FeOj ^

Figure 32. Contour l in es  in the A l O i i 5 " s i 0 2 "FeOx system
at 10% CaO by weight  and HgO/Hg = 1 .3 .
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Weight  f r a c t i o n  
o f  Si O0

Wei ght  f r a c t i o n  FeOx c a l c u l a t e d  as FeO1 5

Figure 33.  Contour l in es  in the AlOi .g-SiOg-FeOx system
at 15% CaO by weight  and H2OZH2 = 1 .3 .
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Wei ght  f r a c t i o n  
o f  Si O0

SOO0F

Wei ght  f r a c t i o n  FeOx c a l c u l a t e d  as FeO^ g

Figure 34. Contour l in es  in the AlOi .g-SiOg-FeOx system
at 15% CaO by weight  and HgO/Hg = 1 .3 .
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SUMMARY

Equa t i ons  o f  s t a t e  f o r  t he t e r n a r y  system MgO-SiOg- 

Al Oj  5 and i t s  i n h e r e n t  s t o i c h i o m e t r i c  compounds have been 

deve l oped .  In c a l c u l a t i n g  e q u a t i o n s  o f  s t a t e  f o r  the 

v a r i o u s  s o l i d s  i n  t h i s  system we deve l oped a u s e f u l  

r e l a t i o n s h i p  between t he bu l k  modulus and t he  c o e f f i c i e n t  

o f  t he r ma l  ex p ans i on .  ' The e q u a t i o n  i s

K o T = K o T 0 ( V T 0 / V T ) *
We were ab l e  t o  show t he  r e l i a b i l i t y  o f  t h i s  e q u a t i o n  f o r  

t he  s o l i d s  MgO and Al Oj  g . Th i s  equa t i o n  i s  a l s o  used f o r  

many o f  t he  s t o i c h i o m e t r i c  compounds in t he  t e r n a r y  system 

w i t h  good r e s u l t s .  However ,  t h i s  f orm i s  not  a c c u r a t e  near  

t he  lambda t r a n s i t i o n  i n  q u a r t z .

The P i ppa r d  t h e o r y  o f  second o r de r  phase t r a n s i t i o n s

was used,  a l ong w i t h  X - r a y  measurements o f  t he  volume and 

measurements o f  t he  s l ope o f  t he  lambda t r a n s i t i o n  versus 

p r e s s u r e  t o  r e s o l v e  t he  380 J / mole d i s c r e p a n c y  between t he 

s t a n d a r d  c o m p i l a t i o n s  o f  Ro b i e,  e t  a I and S t u l l ,  et  

a I . ^  The JANAF va l ue  o f  45354 ± 150 J. /mole f o r  

H j o o o  - H 2 g g  f o r  q u a r t z  has been c o n f i r me d  and r e f i n e d  t o  

be 45452 ± 70 J / mo l e .  A l s o ,  i ndependent  a n a l y s i s  

by R i c h e t , e t  a l . based on drop c a l o r i m e t r y  y i e l d s  H j 000

- H298 = 45579 ± 150 J / mo l e  f o r  q u a r t z .
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From a n a l y s i s  o f  t he  phase e q u i l i b r i a  and f rom the 

t hermodynami c  p r o p e r t i e s  o f  magnesium o x i d e ,  s i l i c a ,  

f o r s t e r i t e  and e n s t a t i t e  a l ong w i t h  a measured e n t h a l p y  o f  

v i t r i f i c a t i o n  f o r  e n s t a t i t e ,  t he  e n t h a l p i e s  o f  f u s i o n  f o r  

MgSiOg and MggSiO^ were c a l c u l a t e d  t o  be 48 . 8  ± 3 kJ / mol e 

and 92.9 ± 12 kJ / mo l e  r e s p e c t i v e l y .  Al so R e d l i c h - K i s t e r  

c o e f f i c i e n t s  f o r  t h i s  b i n a r y  have been c a l c u l a t e d  f o r  both 

t he  a c i d i c  and b a s i c  s i de s  o f  t he  d i ag r am,  and t he  phase 

d i agram has been c a l c u l a t e d  up t o  1000 MPa.

Procedur es  f o r  t he  c a l c u l a t i o n  o f  t h r e e ,  f o u r ,  and 

f i v e  component  systems have been devel oped and r e f i n e d  

her e ,  a l ong w i t h  methods o f  d e a l i n g  w i t h  t he  s i l i c a t e  

l i q u i d ' s .  The devel opment  o f  l a t t i c e  models f o r  t he  s o l i d s  

a l s o  p r o v i d e s  methods o f  d e a l i n g  w i t h  e q u i l i b r i a  over  a 

wi de range o f  t e mp e r a t u r e s  and p r e s s u r e s .  The devel opment  

summar i zed i n  t h i s  t h e s i s  now makes i t  f a i r l y  easy t o  

t a c k l e  most  s l a g  p r ob l ems .  We were ab l e  t o  c a l c u l a t e  

phase d i agrams f o r  t h e  MgO-SiOg-AlO^ g t e r n a r y  and t he 

f i v e  component  system FeO-FeO  ̂ J - Ca O- S i Og - A l O j . ^  f rom 

a n a l y s i s  o f  t h e  phase e q u i l i b r i a  and f r om t he  

thermodynami c  measurements o f  t he  components o f  t he phase 

d i ag r ams .
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