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ABSTRACT

Presented is a reaction-diffusion model for the interaction of a pioneer and cli-
max species. The linear stability analysis of the kinetic equilibria are examined and
" the existence of a Hopf bifurcation is shown. A specifi¢ model is used to demonstrate
the dynamics of the system. Diffusion is introduced into the kinetic system to model
the spatial dispersion of the species. An analysis for the existence of a Turing bifur-
cation is performed. Again a specific model is examined for the poséi'bility of Turing
bifurcations and bifurcation diagrams are produced. Finally trave'ling wave solutioﬁs
for the full reaction-diffusion system are examined. It is found using geometric sin-

gular perturbation theory that there exists a traveling wave solution to the system

with wave speed of O(e). : N




CHAPTER 1

Introduction

In an ecosystem, the competition among plant or animal species for natural
‘resources is important in determining the evolution of the system. For example each
tree in a forest competes with its neighbors for light, space, carbon dioxide, and soil
nutrients. Although the intensity of the competition may or may not be affected
by the species type of the neighboring trees, it is affected by neighboring pépulation
density. Similarly an animal may not be affected by what type of competitor is
consuming its food, but the amount of food available will be affected by the density
of the competitor population. We try to model the gffects of population density on the
survival and growth of an individual species by assuming that the species’. per capita
growth rate (i.e., ﬁtness)’ is a function of a weighted total density variable. This total
density variable is a linear combination of the densities of the interacting species with
coefficients weighting the intensity of the effect of each species, both the intra-specific
and inter-specific sp_eéies competition. The intra-specific combetition describgs the
extent by which each individual within a population affects and is aﬂ'ecfed by the other
individuals within that particular population. Inter-specific competition describes the
effects on individuals due to a species of a'diﬂ'ering population. In both cases these
effects may be either positive or negative. See [15] for es{amples of both intra and
inter-specific competition. An example of such a model is the Lotka-Volterra system
where the per capita growth rate is just a linear combination of the densities of the
interacting populations [18].

Typically a fitness function will possess certain monotonicity properties as a

function of it’s density. We would expect that for large enough values of the density
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variable, corresponding to crowding, the fitness of a species should decrease. For
example, certain varieties of pine and poplar have higher fitnesses at low density but
have fitnesses which decrease with an increase in the density of the surrounding forest.
In a forest ecosystem, a tree population whose fitness monotonically decreases with
density is called a pioneer species. We ad‘opt that terminology here. An example of
such functions can be seen in the Lotka-Volterra system where the fitness, f;, of a

pioneer species is linear:

filys) =i — v, (1.1)
with y; = 377 ¢;;7; representing the weighted total density variable for the 3tt pop-
ulation and z; represents the population density of the j** population. It has been
suggested by Ricker, [21], that certain fish populations have exponential pioneer fit-

nesses of the form (see Figure 1)
fly) =€t —q ' 12

Hassell and Comins [10] studied a two-species competition model with a pioneer

fitness of the form

fly) = T a. " (1.3)

Certainly not all species fall into the category of a pioneer. For many species
their survival and reprodﬁction rates will benefit from an increase in &ensity, at least
for a period of time. Things such as group defense for prey, increased gene pool, and
enhanced soil nutrients can represent the benefits of a higher density. An example of
such species are oak or maple trees. At intermediate densities these species benefit
from the presence of additional trees which provide protection and improved soil con-
ditions; but ultimately individual reprodu;:tion and survival decrease at increasingly

higher densities. We refer to such a species as a climax species. Its fitness will mono-
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tonically increase to a maximum value and tjhen monotonically decrease as a function
of the weighted total density. Cushing [2] in his analysis of age-structured populations
and Selgrade and Namkoong [23, 24, 22] for a forest model suggest climax fitnesses
in the form (see Figure 2)

Fly) =yt —q. ' (1.4)

In this thesis we will analyze a two dimensional system of di.ﬂ’erential" equations
which model the interaction between a pioneer species and a climax species. In
Chapter 2 we analyze the kinetic interaction model. The chapter is a review of
results presented in [23, 24, 22] along with analyses of a specific example, réferred
to as the Selgrade model. We present local stability résu’lts for the equilibria of the
general model using linear stability analysis. Results for the Selgrade model showing
the.existence and stability of bifurcating periodic solutions pfiginating from .a Hopf
bifurcation of an interior equilibrium point are preéentéd. Fdr this specific model we
show that the periodic solutions are stable. |

In Chapter 3, we consider a model for interacting pioneer and climax species
with the addition of a spatial variable in a diffusion term, modeling the spatial move-
ment of the species. Only one spatial dimension is introduced. We again analyze the
stability of the spatially homogeneous equilibria found in Chapter 2. The analysis of
the bifurcation of these steady states is performed with local analysis of the shape
of the bifurcation diagram. Again tﬁe specific example introduced in Chapter 2, Sel-
grade’s mod;al, is examined in detail. Numerical results suggest that the initial mode
to bifurcate need not be a mode one solution of the form acos(nz), and because of
_this the stability of the bifurcating solutions are not determined. We present numer-
ical'results showi-ng that the bifurcation diagram near the critical point could open
to the right or the left depending on the parameters space. We also give numerical

evidence that for some range of the parameter space the higher order modes bifurcate
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prior to the first mode ‘as a certain bifurcating parameter is increased.

In Chapter 4, traveling wave solutions to the model are examined. First trav-
eling waves in the absence of one species are determined. We show the existence of
traveling waves for each species in the absence of the other. Next we analyze the
existence of a traveling wé,ve with O(e) wave épeed. This is an invasive wave connect-
ing the equilibria along the opposing axes. An approximate solution is found using
methods of matched asymptotic expansions. Next we show ‘using geometric singular

perturbation theory the existence of the traveling wave for small wave speed that is

near the approximate solution.




CHAPTER 2

Kinetic Model Equations

In this chapter we will analyze a two dimensional system of differential equa-
tions which models the interaction between a pioneer species and a climax species.
We let u denote the density of the pioneer species with its fitness function, f, being a
monotonically decreasing function having only one positive zero. The climax species
dénsity we represent as v. Its fitness function, g, will increase to a maximum and
then decrease, having exactly two positive zeros. See Figures 1 and 2 for examples of
pioneer and climax species fitness functions respectively.

Both fitnesses will be taken to depend on total density variables, y;, defined

AN

as a linear combination of the population densities. We define them as

B = cnu+ e, (2.1) -

Y2 = cau+ Cov, (2.2)

where ¢;; > 0 is an interaction coefficient which weights the effect of the j* population
on the» ith 'popul'ation. The coefficients ¢;; and cyy pertain to intra-species interaction, .
and c;2 and c; refer to inter-species interaction. | ‘

The model equations for this system of interacting pioneer and climax species

are given by,

d
-(_i% = Uf(yl),
dv
il vg(ya)- "\ (2.3)
In vector form, (2.3) may be written as
% oF@. (2.4)

= =
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This vector field is defined on the positive cone in R2 By restricting ¢;5 % 0 and
¢21 # 0 and rescaling y; and y, we may assume that c;; and ¢ are equal to one.

Thus, without loss of generality we let ¢;p = ¢g; = 1 throughout. Then interaction

C= ( on c; ) . (2.5)

In the first section the equilibria of system (2.3) along with their stability

matrix C becomes;

are discussed. In the following section we show the existence of a Hopf bifurcation.
Finally in the third section a specific example of system (2.3), which will be used

throughout the thesis is examined.

Equilibria and Stability

Equilibria of system (2.3) occur where the nullclines of the pioneer species
intersect the nullclines of the climax species. Let z; > 0 be the zero of . Then the

u-nullclines for system (1) are given by
u=0and 2, = c;;u +v. (2.6)

We assume that z; is a non-degenerate zero of f, and indeed we assume f'(z1) <.
Let w; and wy denote ‘the zeros of g, with 0 < w; < wé, g'(wy) > 0, and

g'(we) < 0. The v-nullclines are
v =0, w; =u+cpuu, and wy = u + cxpv. . (2.7)

Notice that all the nullclines are straight lines and that two of the v-nullclines
associated with the zeros of g are parallel. In Figure (3) we indicate a typical plot of
these nullclines noting that slopes and equilibria location depend on ¢;1, ¢y and the

specific model.
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There are six equilibrium points for this system, four of which always occur

on the axes. The equilibria along the axes are
Wy w z
2o = (0,0), p, = (0, —1), p2 = (0, é), ps = (-1,0). (2.8)

These pomts correspond to one of the species belng extinct or, in the case of Do, both

being extinct. The other equ111br1a are

__ (C2221 —W; Cpiw; — 2

g = ( det(C’) ’ det(C’) ) = ('U,.?,’U;),

i=1,2, (2.9)

where det(C) is the determinant of the interaction coeflicient matrix (2.5). Lastly we
note that to be of biological significance, it is necessary for both components of the

equilibria to be nonnegative.

To determine the stab111ty of the equilibria, we first find the eigenvalues of the
Jacobian of the vector field at each of these points. The Jacobian can be expressed -

in the following form:

PR = ( f(gl) 9(22) ) i ( “f'ém) vg'(()yz) ) < cil ciz )

For the equilibrium point py given in (2.8),
DF(py) = ( fE)O)- g(oo) ) : (2.10)
The eigenvalues are given by A\; = f(0) and \; = 9(0). Since we assume the fitness
functions satisfy f(0) > 0 and g(0) < 0 if follows that py is a saddle.
Thg next two equilibria from equation (2.8), p; 2, can be examined simultane-
* ously. The Jacobian for these points is given by

DF(ua) = wdie) ) ) | (‘2’..11_')

o W (wi2) wig (wr2)

The eigenvalues of DF(p;2) are )\ = f(yc;—:) and Ay = wia9'(wy1z). Recall that

g'(w1) > 0 and g¢'(w;) < 0, therefore ), is positive for p; and is negative for p,. The
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sign of A, is determined by f (%), which can either be posit.ive or negative. If \; is
negative then p, is a saddle and p, is a sink. Howe\'/er, if A; is positive tﬁen pi is a
source and p, is a saddle.

Evaluating the Jacobian at the equilibrium ps stated in equation (2.8) gives,

DF (ps) = ( zl,fé)(zl) _;(f _(,_Z)l) ) . (2.12)
Here the eigenvalues-are A\; = z;f/(2;) and )\, = g(Z). Since f'(z1) < 0 it follows
that A; < 0. On the other hand A, can change sign depending on the value of g(.c—zk).
For p3 between the two u-intercepts of the v-nullclines corresponding to g = 0 (see
Figure 3), X\ = g(f—;) > 0, so p3 is a saddle, otherwise p; is stable.
Lastly we consider the equilibria off the axes, ¢; and g2. From (2.9) we find
enui fli(z)  uff(=z1) ) _ (2.13)

DF(Q’L) = ( v;g/(wi) 022v;gl(wi)

The characteristic equation is given by

A2 — tr(DF(g;)) A + det(DF(g;))= 0
where

tT(DF(qz)) = cuu;*f'(zl) + sz’U;gl(’wi), (214)

/'det(DF(q,-)) = ujv] f'(z1) g (w;)det(C). (2.15)

The eigenvalues are given by

__ tr(DP(@)) & r (DF (¢ — 44et(DF )
_ )y -

. (2.16)

We look first at the equilibrium ¢,. Since f’ (21) < 0 and ¢'(wy) < 0 it follows
from (2.14) that tr(DF(g2)) < 0. The sign of det(DF(qz)) depends on det(C). If
det(C) < 0 then det(DF{(gz)) < 0 and the eigenvalues are real and of opposite sign,
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thus ¢; is a saddle point. If det(C).> 0 then det(DF(gz)) > 0 but, Re(A:) will remain
less than zero so in this case g2 is a stable equilibrium.

Finally consider the equ111br1um ¢1. Here tr(DF(g;)) may be positive, negative
or zero. However, if det(C) > 0 then, since f' (1) < 0 and ¢ (wl) > 0 it follows by
(2.15) that det(DF(q;)) < 0. Thus both eigenvalues are real, and of opposite sign,
making ¢; a saddle. On the other hand if det(C) < 0 then the eigenvalues of DF(q;)
have real parts with the same sign. In this case if tr(DF(q1)) < 0 the ¢ is locally
asymptotically stable, and if tr(DF(q;)) > 0 then ¢; is unstable. In the next section
we show that by varying either ¢;; or Caz, qi mé,y undergo a Hopf bifurcation yielding
a periodic orbit.

We summarize the stability of the equil’ibrié, for system (2.3) in Table 1 below.

Table 1: Equilibria of the Kinetic System

point | condition | stability |
po = (0,0) ‘none saddle
p1=(0,2) f(2)<0 saddle
F(2)>0. unstable
= (0, 22) f(32) <0 stable
f(Z)>0 saddle
p3 = (c_fI 0) g9(2) <0 ~ stable
g(Z) >0 . saddle -
ST detC > 0 | saddle
detC < 0 and tr(DF(q,)) < 0| stable
‘ 7 detC' < 0 and tr(DF(q;)) > 0 | unstable
go = (SR2Z¥2 cutn-z) detC >0 | .stable, |-
' ' detC < 0 saddle
Hopf Bifurcation

In this section we show that the equilibrium g may undergo a Hopf bifurcation as we
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vary ci or cz. In general, for a Hopf bifurcation to occur as a parameter changes,
complex eigenvalues of the Jacobian at the equilibrium point must cross the imaginary
axis. 'This crossing results in a change of the stability of the equilibrium point and
often gives rise to periodic solutions. From equation (2.16) we see that for DF(q) to

have complex eigenvalues we need
(tr(DF(q1))? < 4det(DF(q1)).

The inequality implies that det(DF(q;)) must be greater than zero, and so by (2.15)
with g'(w1) > 0, f'(21) < 0 we have that det(C) must be less than zero. By choosing
parameter values such that tr(DF(g;)) = 0 we get purely imaginary eigenvalues for
the Jacobian at g;. In equation (2.14) we see that by varying ¢;; or ¢y, we can make
tr(DF(q:)) = 0. Thus, we can choose either ¢;; or c2 as the bifurcation parame-
ter. Biologically, adjusting these parameters would be equivalent to the stocking or
harvesting of one particular species or, amplifying or diminishing the intra-species
competition.

Setting ¢r(DF(q1)) = 0 and solving for ¢;; gives

022219'(101)
ci1 = 2.17) -
1T (enn — w1) f'(21) + capwr g’ (w1) (2:17)
Or Ca2,
/
Coz = euwnf () (2.18)

~ (enwr — 21)g' (w1) + ez f'(z1)

Let cf, and c}, denote these respective values. To ensure that u* and v* are ositive
11 22 1 1 )

making ¢; biologically significant, we need

Co921 — Wy < 0 and cniwy — 2z < 0. i (219)

These inequalities also imply both ¢}, and c4, are positive.
Having purely imaginary eigenvalues is not enough to produce a Hopf bifur-

cation. We also need the eigenvalues to cross the imaginary axis transversality as
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the bifurcation parameter is varied. This amounts to the rea] part of the eigenvalues
having a nonzero derivative with respect to the parameter at the critical value of the
bifurcation parameter (i.e. at Ci1 OF ¢3,). If we have complex eigenvalues, we sée from

equation (2.16) that the real part of the eigenvalues are

alci) = %tT(DF(Ch (cii), cii)),

1[(co2z1 — wi)en f'(z1) + (cuws — 21)caag’ (w)]

2 ' det(C)

Choosing c;; as the bifurcation parameter and fixing cqy gives

10y L(eez — wi) f'(z1) + copwng'(wy)
o(eh) = 2 det(C) '

Therefore with the first inequélity of (2.19) we see that o/(c};) < 0. Thus, as cy;
decreases thrbugh ci; the fixed point g; destabilizes and a periodic solution bifurcates.

Letting cyy be the bifurcating parameter and fixing ¢, gives

(e, = 1 {enws — 21)g'(wy) + ez £ (1)
2277 9 det(C) ”

and using (2.19) again, this implies o/(c3,) > 0. Therefore, q; stabilizes with. periodic
solutions bifurcating as cyy increases past Chg-

We can summarize the above by stating that a Hopf bifurcation occﬁrs at
q1 with respect to the parameter c;; as ¢;; decreases through cj;. Likewise a Hopf
bifurcation occurs With respect to ¢y as cyp increases through cf,.-

The following theorem [9] can be used to determine the stabilvity of the bifur-
cating periodic solution arising from the Hopf bifurcation of ¢1 at ¢y, or c3,. ‘
Theorem 2.1 Suppose that the system %% = ﬁﬂ(i:’) = [ Z:Eg ], Ze€R? peR has

an equilibrium (Zo, po) at which a Hopf bifurcation occurs. Let

7 RO umgo =4 #0,
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where A(u) and A(p) are the eigenvalues of the linearized system. Then there is a
three-dimensional center manifold passing through (T, ﬁo) in R? x R aﬁd a émqoth
system of coordinates for which the Taylor expansion of degree & on the center mani-

fold is given by the following;

& = (du+a(@®+ )z — (w+cp+bz® + %)y

v = (wHep+ba®+yY))z + (du + a(z® +32))y, '(2.20)
with a given by
1 1
a = E[hzza: + hzyy + kwmy + kyyy] + m[hzy (hzz + hyy)
~kay(kze + kyy) — Pogkar + hyykyy). (2.21)

If a # 0, there is a surface of periodic solutions in the center manifold which has a
quadratic tangency at py agreeing to second order with the paraboloid p=—(2)(z®+
y%). If a < 0, then these periodic solutions are stable limit cycles, while if a > 0, the

periodic solutions are repelling.

For system (2.3) the stability coefficient a given in (2.21) at ¢, is given by

"

2 " "
6o = S (zl)+c22219*(w1)+C11UTf'(Z1)d6tC[%]'(w1)

C22'Uf Uy
"
+cuvfg'(w1)det0[%]'(z1). (2.22)

In the next section we use (2.22) and Theorem 2.1 to determine the stability of the

bifurcated periodic solutions in a specific pioneer-climax model.

Selgrade Model

In this section, we will analyze the pioneer-climax model introduced in Selgrade [22]

and Selgrade and Namkoong [23, 24]. In this model both the pioneer and climax
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fitness functions are exponential functions of the total population density. The fitness

function for the pioneer species is given by

fly) = =1+ ezp(1 - 2yy),  (223)

with a zero at z; =  (see Figure 1).

-1 1 1 ) L 1 Il 1

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0N

Figure 1: Pioneer Species Fitness Function, f

The climax species’ fitness function is given by

o) =1+ memlz(i-p), (2.24)

and has‘ zeros at wy = 1 and ws =~ 3.513 (see Figure 2).

For this example we choose ¢;; > 0 as the bifurcation parameter and fix the
value of cgy at one. With this in mind, it follows from (2.5) that det(C) = c1q — 1.
As we saw in the first two sections, a Hopf bifurcation for this system will only occur

when det(C) < 0, therefore we restrict our attention to c;; € 0,1). -
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0.4
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0 0.5 1 15 2 25 3 35 4 45 5
Y2

Figure 2: Climax Species Fitness Function, g

In the case of ¢y = 1, the u-nullclines for (2.3) are given by

u = 0,
v o= 1 — Ll
- 2 11%,
and the v-nullclines are
v = 0,
v = 1-—u,
v = 3.513 —u.

In Figure 3 we show the nullclines and the equilibria of the systém for a typical
value of c;;. The equilibria along the axes are given by

1

Do = (0,0), = (O, 1), Do = (0,3513) and p3 = (;,0) (225)
1
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-4 ] 1 Il 1 Il 1 ] Il Il

Figure 3: Pioneer and Climax Nullclines

The equilibria interior to the positive cone are

Sl L 602 1 - 7.02c;,
« 2(1 - C]_l)’ 2(1 - 011) 2 2(1 - Cl]_), 2(1— 611)

). (2.26)

‘From the general stability résults presented in Section 1 we can eaéily determine
the stability of the fixed points for this model. We see from Téble 1 that the stability
for a number of the fixed points is not dependent on ¢;;. Notice that both Do and
' are always unstable and since fwz) < 0 it follows that p, is stable. The last
equilibrium whose stability does not depend directly on ¢;; is g2. It is unstable when
det(C) < 0. From Table 1 we see that the stability of p; and ¢; depend on ¢;;.

- The stability of p; varies with the sign of g( %) If g(;h) < 0 then p; is a sink

and if g(i) > 0 then p; is a saddle. In terms of ¢y, g(—h) is positive for ¢;; > & or

[

= o

1 1y . 1 1 - . . .
¢ < 3,- and g(a) 15 negative for 5~ < ¢;; < 3. Thus, p; is a sink if ¢;; > & or

ci1 < 5. and a saddle if ﬁ <en <+

Next we note that the point ¢; undergoes a Hopf bifurcation at ¢;; = ¢l = %.
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g, is stable and for 0 < cu < I, 9l is unstable with a

In particular for cu >
The stability of these periodic

branch of periodic orbits that bifurcate at cu =

orbits is determined by the value of o given in (2.22). Evaluating (2.22) at ¢ch = +

for the particular fitness functions under consideration gives a < 0 and therefore the
bifurcating periodic orbits are locally asymptotically stable. Thus, the system has a

supercritical Hopf bifurcation at ci1 = I. The local form of the bifurcation diagram
are determined by the sign of A{"1) and a With both Re(A,(c*)) < 0, and a < 0,
locally at ~1the bifurcation diagram is a parabola that opens to the left, from which
it follows that the periodic solutions are locally asymptotically stable. Figure 4 shows
the bifurcation diagram for the pioneer species, u. It was created using xppaut [5]

with cu1 = 0.3333 and initial condition u = 0.75, v = 0.25.

Figure 4. Hopf Bifurcation Diagram for the Pioneer Species, u.

In general, the analysis done here for ciu as the bifurcation parameter may be

duplicated for the case of c22 as the parameter with cu fixed. The stability diagram
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m Figure 5is for a Hopf bifurcation of  with general Cll and c22 values. In this figure
the a = Ocurve was calculated using AUTO [19]. For a Hopf bifurcation to occur at *
we need the tr(BF(gl) = Oand det(C) < 0. The stability of the bifurcating periodic

orbits depends on the sign of a at the bifurcating point. In Figure 5 det(C) = 0,

trDF(gi) = o and o = o are graphed in the (ci11c22)-piane. Periodic orbits emerge
from Q@ for (c22,cu) in the lower region of the graph with 0 < ¢2 < 2 on the curve
Zb--DF(™) = 0 and below the graph of det(C) = 0. From this we see that the Hopf
bifurcation curve, ZrDF("1) = 0, always lies below the a = 0 curve in the region where
a < 0. Thus the bifurcated periodic orbits must be locally asymptotically stable by

Theorem 2.1.

det(C) W.0
\a=0

0>0 0<0

periodics |

Figure 5. Stability Region for Periodic Solutions Resulting from Hopf Bifurcation.
The dotted line is the o = 0 curve, the solid line is the det(C) = 0 curve and the

dot-dash-dot line is the t7”7(DF(g1) = 0O curve.

For simple models, like the one presented in this chapter, it would seem rea-

sonable that the climax species, being more robust at higher population densities,
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would have a greater chance of survival and would eventually exclude the pioneer
species as the total dens1ty increased. The ultimate dynamical result of an undls—
turbed pioneer-climax system has been assumed to be the exclusion of the pioneer.
However contrary to this belief, our model shows that the densities of both species
may fluctuate in a stable periédic fashion for all time. Selgrade and Namkoong [23]
argue that the inevitability of a pioneer giving way to a climax species is sometimes an
invalid assumption. They give examples of two species usually classified as intolerant
pioneers, the Populous termuloides (quaking aspen) in Utah and the Liriodendron

tulipifera (yellow-popular) in Georgia, that may be evidence of persistence of pioneer

species in “climax” communities.
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CHAPTER '3

Introduction of Diffusion

In this chapter we will introduce a spatial variable into the dynamics of the
interacting species model of Chapter 2. In an ecosystem we see that spatial consider-
ations, such as the size of the domain of the species, the conditions along the domain
bounda_ry, the concentration of the species throughout and the make-up of the terrain
within the domain will affect the existence and survival of a species.) We can see that
the differences in individual species are partly due to the non-constant environment, .
in which they live, and that the effects of the spatial dvistributiori ‘of the individual
species will influence the way they' interact. We will see that spatial heterogeneity
can have an important effect on the balance that exists between the interaction of dif-
fering species. With these spatial effects in mind we will introduce a spatial variable
into our pioneer-climax model.

One of the most important sources of collective métién on the molecular level
is diffusion, which is a consequence of the perpetual motion of individual molecules.
Okubo [17] déscribes diffusion as the phenomenon by which an organism as a whole
spreads due to the irregular motion of each individual. Among the first to draw an
analogy between the random motion of molecules and that of organisms was Skellam
[27]. He suggested that for a population that is reproducing continuously with rate
a and spreading over space in a random way, a suitable continuous description could
be | |

' oP

- =DV’P+aP, . (3.1).

where D is called the dispersion rate or the diffusion coefficient and P(z,t) is the pop-

ulation density. Applying this assumption, Skellam modeled the spread of a muskrat
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population over central Europe. Comparing his results with that of actual data he
was able to demonstrate that the spread of certain populatlons can be explained using
a diffusion approximation. Since then diffusion models have been used to model the
population of & number of species (see [16], [3],[17] and the references therein).

Typically diffusion is thought of as a stabilizing process, something that will
have a smoothing or homogenizing influence on the system eventually leading to a
uniform spatial distribution. However, in the 1950’s Turing suggested that under cer-
tain conditions diffusion can act as a destabilizing influence on the system producing
steady state solutions that are spatially heterogeneous: A4 reaction diffusion system
ezhibits diffusion-driven instability or Turing instability if the homogeneous steady
state is stable to small perturbations in the absence of diffusion but unstable to small
spatial perturbations when diffusion is present” [16].

We will consider the following system of equations, where A(z,t) and ‘B(z, t)

represent two species,

oA 024
3 = F4B)+Di

OB 2B |

2 = G(AB)+Ds—— (3.2)

Turing’s idea is that if in the absence of diffusion (i.e. DA‘ =Dp=0), Aand B ‘tend
to a linearly stable uniform steady state, then under certain conditions, spatially
inhomogeneous patterns can evolve by diffusion driven instability if Dy # Dg. The
reaction rates at any given point may not be able to adjust quickly enough to reach
equilibrium. If the conditions are right, a small spatial disturbance can become
unstable and a pattern begins to grow. Such an instability is said to' be diffusion
driven and the change in stability due to diffusion is often called a Turing bifurcation,

We will continue to ’model the interaction of a pioneer species with a climax

species but will now introduce diffusion. For simplicity we consider only one spatial
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variable and scalar diffusion coefficients. The system of equations are given by,

Uy = D1~ua::z: -+ uf(yl)

Ve = Dzvzz: + "Ug(yQ), (33)
with Neumann boundary conditions are given by

uz(0,8) = v5(0,%) = 0,

up(L,) = wy(L,t) = 0. 34

Neumann boundary conditions impose the condition that the species will not grow

or decline due to fluctuations across the boundary of their domain.. This may be due

to an unfavorable environment outside of their domain such as a change in terrain
/ .

conditions, lack of water or low food subply. Possibly the boundary conditions are
due to either man made or geographical boundaries such as fences, cliffs or water
edges. In all cases the assumption is that for some reason the species can not wander
across the boundary of their domain. |

The functions y;, y, were given in equations (2.1) and (2.2) with interaction
coefficients c;; as in (2.5). Once again the fitness functions are as in the kinetic
system (2.3), with f represehting a pioneer species fitness function and g a ciimax
species fitness function. The parameters D; and D, are the diffusion coefficients of
the pioneer and climax species respectively.

In the first section the stability of the steady states of the kinetic system, which
correspond to uniform steady states of (3.3),-are examined. The next two sections deal
with the analysis of a Turing bifurcation and the shape of the bifurcation diagram.
In the last section we consider the Selgrade kinetic model introduced in Chapter 1

but with diffusion iricludgd.

(




22

Stability of Uniform Steady States

In this section we will examine the stability of the uniform steady states of
(3.3). Note that the steady state solutions of (2.3) correspond to uniform steady state
solutions for (3.3)-(3.4). It is to our advantage to first nondimensionalize (3.3). In

this regard let £ = £ and ¢ = 22¢, in (3.3):

&

= = dugzs + yuf(y1),
% vzz + Yvg(y2), (3.5)

where d = % and v = %, with boundary conditions given by

uﬁ(oai} = 'Uj(o,i):O,
uz(1,9) = ws(1,8) =0. (3.6)

For convenience the hat superscripts will be dropped.

Suppose (u*,.v*) is an equilibrium point for the kinetic system (2.3). Then in
view of the boundary conditions (3.6) we see that u = u* and v — v* is a trivial
steady state solution to (3.5)-(3.6). To investigate thelstability of this solution we

linearize (3.5) about (u*,v*). The linearized system is:

U = dugg + y[uf(y)en + £ ()] (w — wt) + ofut (1)) (v — v¥),

Vi = Vaa + (09 (y3)](u — w) + o' (5) o + 9(43)] (v — v*). (3.7)
Let & =u — u* and ¥ = v — v* then (3.7) becomes,

U = Al + Y[ (1) + f(y1)]a + vt F (y1)]5,

U = U+ Y[vg (15)]8 + Y[v*g (¥5)c + g(y3)]5.
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This system can be written in the following form:

[H=[‘i§_ ﬁf][zJ+7DF(uv)[:ﬁJ s8)

where DF (u*,v*) is the Jacobian of the vector field given in (2.3) -evaluated at the

point (u*, v*). Since the problem (3.8) is linear we look for solutions in the form

iz, t) =3 Ume ™t cos(mnz). (3.9)
' m=0
Substituting this form into (3.8) using the orthogonality of {cos(mmz)} and canceling
e*? we obtain, for each m )

AU = [~(m7)’D + yDF (u*, v*)]U,», (3.10)

i

where D is the diagonal matrix of diffusion coefficients. In order for this system to

have a nontrivial solution it is necessary that
det[AnI + (mm)’D — yDF(u*,v*)] =0. (3.11)

If solutions to (3.11) give Re(\y) > 0 for any m, then (u*,v*) is an unstable homo-
geneous steady state of the linearized diffusive system and therefore unstable in the
nonlinear diffusive system [1], i.e. unstable to mt*-mode perturbations of the form
v'cos(mmz). However if in (3.11), Re()) < 0 for all m, then the equilibrium lpoint
is stable in both the linear and nonlinear diffusive system [28]. Notice that equation
(3.11) becomes the eigenvalue equation for the kinetic system (2.3) when m = 0. If an
equilibrium point was unstable in (2.3) then at m = 0 the real part of an éigenvalue
for (3.8) Wﬂl be greater than zero, and thus the equilibrium point will also be unstable
in the diffusive system (35) Since we are concerned. with instability only due to the
introduction of diffusion we are interested in linear instability of the equilibria that
is solely spatially dependent. So, in the absence of diffusion we are concerned only

with the stable equilibria of the kinetic system (2.3).




24
Table 1 gives the stabillity of the fixed points in the kinetic system. Recall that
21 is a zero of f and that w; and w2 are zeros of g. Since py and p, are unstable in all
cases, the first point to consider in the diffusive system is p; with f( %) < 0. DF(p,)
is given in equation (2.11). Equation (3.11) evaluated at this equilibrium point is

Am + d(mm)? —7f(2 0 _
—722 o' (w,) Am + (Mmm)? — yweg'(ws) |

c22

0.

Since f( c—"g-) < 0 and ¢'(w;) < 0, the eigenvalues are negative. Thus p, remains stable

in the diffusive system.

Next point to consider the equilibrium p; with 9(Z) < 0. Equation (2.12)

gives DF(p3). Equation (3.11) at this equilibrium point is

Am + d(mm)? — vz f'(z1) —Y2 f'(z1) ~0
0 Am + (mm)? — yg(2-)

Since f'(21) < 0 and 9(Z) < 0 the eigenvalues, A,,, remain negative for all m, and

‘therefore p3 is stable.

We consider the interior equilibrium points next. Refer to equation (2.13) for

the Jacobian of the kinetic system at these equilibria. The eigenvalue equation is

Am + d(mm)? — yeyuf f(2) o =yul f(z1) —0
—yvi g’ (w;) Am + (mm)? — yepul g (w;)

with eigenvalues

Mw = =31(d+1)mm)? ~ ytr(DF(g)]

e (@ D e DR~ @) (212)

where

hm(d) = d(mm)* — y(deagv? g (wi) + cryuf f/(z)) (mm)? + 7’det(DF(g;)).  (3.13)

From Table 1 we see that g, is stable when det(C) > 0. Since f'(z1) < 0 and
g'(w2) < 0, equations (2.14) - (2.15) give us that tr(DF(gz)) < 0 and det(DF(g,)) > 0.
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This implies that
~5{(d+ 1)(mn)? ~ r(DF(@)] < 0
and from (3.13) that h,,(d) > 0, independent of m or d. Therefore Re(A,,) are
negative and g; with det(C) > 0 is stable in the diffusive system.
The last point to consider is ¢, with det(C) < 0 and tr(DF(q1)) < 0. In this

case det(DF(q;)) > 0, since g'(w;) > 0. The above conditions give us that
1 :
—5l(d+1)(mm)? — vtr(DF(1))] < 0 (3.14)

but we see that h,,(d) may change sign. If A, (d) < 0 for some m we see from (3.11)
that Re(An,, ) would be positive. This would cause a change in the stability of g1 due

to the introduction of diffusion. We will examine this case further in the next section.

Analytical Bifurcation Analysis

In this section we consider the steady state solution (u*,v*) = ¢;. Since we
are interested with a diffusion driven instability we require that ¢; is linearly stable
in the absence on any spatial variation. We see from Table 1 that ¢; is linearly stable

in the kinetic system provided
det(C) < 0 and tr(DF(q;)) < 0. - (3.15)

These conditions imply det(DF(g;)) > 0 (see 2.15).

In the previous section we considered the full reaction diffusion system lin-
earized about the steady states. Equation (3.12) gives the eigenvalues of the linearized
system about ¢;. For the equilibrium to become unsta;bie to spatial disturbances, with
d as the bifurcation parameter, we require Re(A,(d)) > 0, for some d and for some

m # 0. With (3.15) satisfied we have from (3.14) that

=1+ )(mm)? ~ 4tr (DF(@))] < 0,




26
However h,,(d) given in (3.13) may change sign. If h,(d) <'-O, then Re(\,(d)) > 0
and ¢; will have a diffusion driven instabivlvity.
First we consider the conditions under which hm(d) will éhange sign as a func-

tion of d. If we rewrite (3.13) as follows:

hm(d) = d[(mm)* — y(mn)2chulg! (w)]

+(7*det(DF (q1)) — v(mm) 2yt £ (1)), (3.16)

then we see that the second term in the sum is positive. Solving i, (d) = 0 for d gives

_ = Amm)2enutf'(z1) — ydet(DF(q,))] ‘
= o = T ) — remig ) (3.17)

For (3.17) to be positive we need
(mm)? — yepvig' (wy) < 0. (3.18)

Then for 0 < d < df,, hn(d) > 0 and for d > dm > 0, hm(d) < 0 and at d = 4,
m(d) = 0 | N

From equation (3.12) we see that A, (d3,) = 0, for d < d=,, Re(\n, (d) <0
.aﬁd f;)r d > dy, Am,(d) is real and positive. Thus the m™ modal solution of g¢;
becomes unstable as d increases through df,. Therefore we say that ¢q; becomes
unstable due to the introduction of diﬁ"usibn, -or a Turing instability of ¢; occurs
at d = d;,. In the next section we will examine the bifurcating solutions and the
bifurcation diagram for the first modal solution, i.e. m = 1. Also, from the sign of
A1, (d7) and the shape of the bifurcation diagram we can determine the local stability

of these bifurcating solutions [16].

Local Bifurcation Analysis of Bif_'urcating Solutions near ¢

'In this section we do a local bifurcat’ibn analysis abo‘ut the uniform steady state

solution ¢; to determine the shape and direction of the bifurcation diagram with d as
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the bifurcation parameter. We use standard perturbation methods, see e.g. Britton
11 | |
We look for inhomogeneous perturbations of the steady state solutions of (3.5),

i.e. solutions to

D, +vf = 0, ' (3.19)

with ,
Zp(0) = Z,(1) = 0, ' (3.20)
where @ = [gJ,D,—- [g gJ and f(u v) = [g~((Z:))J = [:Z((gl))J To look

for the steady state solution of (3.19) we will expand % and d in terms of a small

parameter e, .
U=1(r) =) G(z)e”, d= > dne™, (3.21)
n=0

n=0
where #y(z) = ¢ = [ Z’f J do = dj, and € is a measure of the amplitude of the
bifurcating solution. We are free to define ¢ as ‘we choose, and will do so after we
develop a few more concepts. Substituting (3.21) into (3.19) and Taylor expanding

the system in powers of ¢, we get a series of equations .to solve.

The O(1) equation is

" doug,, + ’YJFu(Uo,Uo) = 0,

Vo, + ’yg’v(uOy vO) = 07 (322)

with fu(uo,vo) = cutof'(z1) and §,(uo, vo) = cagtipg’ (wy). This system is trivially
satisfied since (ug,vo) = (u}, v}) is a uniform steady state solution to the system.

The O(e) equations are

dou1,, + 7(fy(uoavo)ul + fu(uo‘, Uo)v1) = 0,

V1eo + 7(GulUo, Vo)1 + G (uo, vo)v1) = 0. © (3:28)
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Let
2 ~ -~ .
L = [ dOdd?:" ¥ fu (to, o) 2 ’va(’ilo, ) J , '(3_24)
YGu (10, o) z7 + 73u (o, vg)

then the O(¢) equations can be written as Li; =0.°
To solve this system as well as the higher order equations we need fo know
more about the kernel of the linear operator L. In this section we choose to look only

at the first modal nullvector. Thus we will need to consider vectors for L in the form
¢(do) = [ Z J cos(mnz), (3.25)
with m = 1. For Lg_ﬁ'(do) = 0 the parameters a and b must satisfy

(dow® — v fu(uo, v0))a - vFo(ug,v0)b = 0,

~79u(v0, vo)a + (7% — vy (uo, v))b = 0, (3.26)

By the definition of d, these two equations are linearly.dependent and either could

be used to give the ratio of a to b. Next we consider the adjoint operator.

Definition 3.1 [1] The formal adjoint operator L* of L is defined to be that operator
which satisfies
(L, 7) = (@, L*%)

for all @ in the domain of L and 7 .in the domain of L*.

The inner product is defined as the L2(0, 1) inner product, (%, 7) = Jy @Tdz.

For this system,' the adjoint operator is given by

L* = [ dU% + 7fu(u0: Vo) , YGu (20, vo) J
Vho(uosvo) L + G, (w0, vo)

A nullvector for L* corresponding to m = 1 at the bifurcation point is of the form -
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where a* and b* must satisty the linearly dependent equations

(dom? — 7 f (uo, 0))a” — YGu(ug, vo)b* = 0,

—7fv(u0a 'l)o)a* + (71'2 - 7.61)(“07 UO))b* = 0. ’ (327)

Again either equation can be used to find the ratio of a* to b*. The coefficients a, b,

a* and b* are chosen so that the normalization condition < 5, F* >=1is satisfied.
This implies that
%(aa* + bb*) = 1.
Since we are doing a bifurcation analysis about a nonzero solution we let € be
measure of the amplitude of the perturbation from this steady state. Tt is coﬂvenient

to define ¢ in the following manner:
€ =< — i, g*(dg) > . (3.28)

Again we consider the O(e) equation L, = 0. We know from (3.26) that

-

L¢(do) = 0.

If we assume that the null space of L is one-dimensional, then U must be a scalar

multiple of @(dy). Let
' . ’271 = ag;(do)

« a constant. Using (3.28) it follows that

—_

< ’17:1‘, ¢*(d0) >=1.

Substituting @ = a@(dy) into the above inner product gives o = 1 and ; = ¢(d).

The O(€?) equations are, '

1 — - -
L, + 57[ Fuud + 2 fuuivr + fouv?] + Dy, =0, (3.29)
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dn

where D,, = 0

0 s . >
0 ] and for the rest of this section all derivatives of f are evaluated

at (ug,vp). Let

F=_ 7[ﬁ;uu? + 2ﬁwulvl + f;uvf] ~Didy,,

N} =

then we can rewrite this system as Lif, = £ Using the following theorem [14] we can

solve this system.

Theorem 3.2 (Fredholm Alternative) L@ = % has a solution if and only if <l-7:, $*> =
0 for every vector ¢* satisfying L*¢* = 0. Furthermore, dimN(L) = dimN (L*).

Thus, under the assumption that the dimension of the null space of L is one-

dimensional, Lii, = F' has a solution if and only if
< F, §*(dy) >= 0. -  (3.30)
This inner product corresponds to
< —Dlﬂ'lm,g*(do) > —% < f;uuf + 2ﬁ;1,u1111 + f—;vvf, qz_S'*(dO) >= (. (3.31) -

First consider the second inner product in (3.31). Each term in this inner product will

be a constant multiplying the integral, Jo cos®(nz)dz = 0. Therefore, (3.31) becomes
< —D]_'I._I:l”, 5*((10) >=0.

It follows that dy = 0.

The O(€?) equations are
Lis = —7[ﬁmu1u2 + .ﬁw (u1vg + ugvy) + ﬁvvwz]
1 1. N 1 '
_")'[gfuuuui3 + Efuuvu%'ul + §fuwu1v12 + gfv'uv'vf]

=Dz, + Dty . (3.32)
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Letting d; = 0 and G be the right hand side of the above equation gives,
Li; = G,

This again has a solution if and only if G is orthogonal to the null space of the adjoint,

ie. N

< G, #*(dy) >=0.

Solving for d; gives the expression

2 1 b~d ]. d , 1 = 1 I —o*
d2 = ) 7!'2_(1()[7 < 'éfuuuu? + '2'fuuvu%'vl + 'ifuvvulv% + g‘fvuvvi ¢ (dﬂ) >

+v < ﬁmuluz-+ ﬁv(ulvz + uguy) + ﬁvvlvg, q;*(do) >]. (3.33)

Since d; = 0, the sign of d, will determine the direction of the bifurcation diagram.

It may be positive or negative depending on the other parameters of the system.

. Selgrade Model with Diffusion

In this section we consider the Selérade model! introduced in Chapter 2 with
diffusion introduced. We examine the populations of pioneer and climax species but
now a spatial dimension is included. We will consider the effects of diffusion on the
stability of the interior equilibrium point ¢; and examine possible bifurcations at this
point. We also discuss the stability of the bifurcating spatially heterogeneous steady
state solutions-and give humerically generated results for the bifurcation diagrams.

The specific model equations ‘a,re of the form (3.3)-(3.4) with fitness functions
are as in the kinetic model equations (2.23) and (2.24): Again we consider this model
with weighted density parameters c2 = 1 and ¢;; € (0, 1). As stated before, there
is nothing special about this érrangement, the analysis fér varying ¢y and ﬁx_ing C11

can be done in a similar manner.
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As noted in the previous sections the introduction of diffusion into this system
does not change the stability of any of the equilibria of the kinetic system except
for ¢;. At this equilibrium point the introduction of diffusion may cause the once
stable point to become unstable. The parameter range to consider ¢; over would be
%'< 1 < %, since for these values of ¢y, ¢1 is both biologically feasible and stable.
We see that a Turing bifurcation occurs at ¢ for d > 0, when (3.18) is satisfied.

For this specific system at g, with m = 1, (3.18) becomes
1-2¢
4 2 11
T = yr* | ———| < 0.
! [4(1 - Cu)]
'This inequality along with the bounds on cu1 puts a lower bound on v, ie. v > 572,
di is given as
d* = 40117'('2’)’ + ’)’2(1 - 2611)
PPl = 2en) — 41— cyy)”
The stability analysis starts with looking at the eigenvalues and functions of

the linear system. The eigenfunction are of the same form along with the equations
for a, b, a*, and b* as developed in the previous section. In particular we want to look
for solutions of the O(e") equations with the specific fitness functions of this example.
Again we find from the O(e) equation that @, = [ Z ] cos(mz) and from the O(e?)
equation that d; = 0. It is in the O(€®) equation that having specific fitness functions
allows us to go farther in the analysis of the stability of the bifurcating solutions and

the shape of the bifurcation curve.

Consider the first inner product of the right hand side of equation (3.33). This

inner product evaluated for the specific fitness functions at ¢1 1s given by

2 (4¢11— c11
@I a + (el o
g | T3 + 1) . |
g7 ‘ . (3.34)
R + HEE )%

141, -19) 26¢;; ~31
+%(_1g22u_1))ab2 §(2 16c(011 1) )¥’]
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The next inner product requires that we first solve for uy and wv,. Using equa- -

tion (3.29) with d; = 0 we get that
- 1 - — -

where u; = acos(rz) and v; = beos(mz). From the form of the right hand side of

(3.35) we can assume up and v, are of the form

Uz = 0+ a1 cos(mz) + o cos(2mz)

V2 = [+ Pycos(nz) + By cos(2mz) (3.36)

We solve for o, and 8, by substituting (3.36) into (3.35) and equating coefficients
of the cos(nmz) terms. We see that a1 and.f; are zero and that o, 8y, oy and B2
are nonzero. Now with a; = f; = 0 substituted into (3.36) we can evaluate the next

inner product of (3.33). This inner product is

{ﬂﬂ. + ﬂz] ‘[a* (2c1113c11—2!) + b* (—3!1—2(:11!)]

2 4 1—cip 8(1—ecn)
7| 368 b 20 b [ (2220 o ()] | e

] o () + o (d2e)]
In each of these inner products we can rewrite the parameters a, a*, b*, ay, 042, By and
B2 in terms of 7Y c11 and b ( b is an arbltrary choice since any of the parameters a,
a® or b* could be used in place of b by using equations (3.26) and (3.27)). Therefore
from (3.33), we see that d, is also a function of 7, i1 and b. Recall that = ILJ—Z
represents a measure of the domain size for fixed values of D, and that c;; represents
the intra-species competition of the pioneer species. By choosing b = 1 and using
AUTO [19] we can find a curve such that dy = 0 in the v-c;; plane given in Figure 6,

Also in thls ﬁgure isa graph of the curve where d, is undefined along which

di for the first mode is equal to d; of the second mode. On this curve the null space
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Figure 6: Graph of d2—Oand dg undefined.

of L is at least two-dimensional, instead of the assumed one dimensional null space
consisting of the first mode.

Looking at Figure 7 we see the for 7 below the d2 undefined curve in Figure 6
that d2 < 0. For 7 between the d2 undefined and C* = Ocurves we have d2 > o and
for 7 above d2 = o curve, d2 <0.

The following two Figures 8 and 9 show the bifurcation diagram for the pioneer

species in the Belgrade model using d as the bifurcation parameter with cn = 0.25

and two different 7 values. In Figure 8 7 = 320, for which d2 > o value and the

bifurcating branch opens to the right.

For the same model, in Figure 9 we have 7 = 240 which gives us d2 < 0 so
that the bifurcating branch of solutions opens to the left. Both bifurcation diagrams
where computed using AUTO [19].

The stability of these bifurcating solutions not only depend on the sign of d2
but also on the stability of the equilibrium point before and after the bifurcation.
For some parameter values the mode one solution is not the first modal solution to

bifurcate. In Figure 10 we have graphed the bifurcating eigenvalue for the system with
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Figure 7. Graph of d2 verses 7 for cu1 = 0.25.

ciu = 0.25, 7 = 240 and d = d\, the bifurcating parameter value for m = I. These
values have been substituted into equation (3.12) and A+(m) is plotted. In Figure 10
a positive change in d would result in a bifurcation of the mode one solution occurring
before any other modes.

Figure 11 is again a graph of A+(m) with the same ci11 and d values but for
7 = 320. From this figure we see for m = 2 that A+(2) > 0 and A4(l) = 0. Thus
the mode two solution is the first mode to bifurcate with the mode one solution
bifurcating for a larger value of d

Figure 12 shows the bifurcation diagram for the Belgrade model with the same
parameter values as those in Figure 11. In this figure the dashed line corresponds to

the mode two solutions and shows these solutions will bifurcate off the 9l solution for
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Figure 8 Bifurcation diagram for cu = 0.25, 7 = 320.

Figure 9: Bifurcation diagram for cn = 0.25, 7 = 240.

smaller values of d than the mode one solutions designated by the solid line.

In this chapter we have considered a system of reaction-diffusion equations
to model the interaction of a pioneer and climax species. We have found that the
<L equilibrium point is the only uniform steady state that could bifurcate from a
stable equilibrium to an unstable equilibrium via a Turing bifurcation. Using d =
the ratio of the diffusion coefficients, as the bifurcation parameter we demonstrated
that the mth modal solution of  will go unstable for d > dm. The stability of the
inhomogeneous solutions is determined by the stability Ofglnear the bifurcation point

and the sign of the 0(e3) term in the e expansion of the bifurcation parameter, d.
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Figure 10: Graph of Amverses m for cn = .25, 7 = 240 and d = d*

We found that this term, d2, is dependent on cn and 7, and in the Belgrade model it
can take on both positive and negative values. We have also shown numerically that
the mode one solution for the Belgrade model is not always the first inhomogeneous
solution to bifurcate for increasing values of d. In Figures 11 and 12 we see with the
given cu and 7 values the mode two solution bifurcated at smaller d values than that
of the mode one solution. Numerical investigations for the Belgrade model as of yet
have not shown any formation of stable spatially heterogeneous equilibria, however

an exhaustive search in the parameter space has not been done.
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Figure 11: Graph of Amverses m for cn = .25, 7 = 320 and d = d\.

Figure 12. Bifurcation Diagram for Cu —.25 and 7 = 320, mode two solutions 4re
shown with dashed line, mode one solutions with solid line.
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CHAPTER 4

Traveling Waves

Traveling -W&VGS make up an important class of solutions of reaction-diffusion
. equations. They are solutions that move over space while maintaining a character-
istic “shape” or profile. Many phenomena arising in various physical, biological and
ecological contexts can be modeled by traveling waves. For example, shock waves,
nerve impulées,'various oscillatory chemical reactions, insect dispérsa,l, and interacting

populations where spatial effects are important.

A mathematical feature associated with a traveling wave solution is that the

partial differential equation problem reduces to a, set of ordinary differential equations.
If we let u(z, t) represent a traveling wave, then the shape of this solution W‘iﬂ remain
the same for all time and will move at a constant s‘peed‘ c. For an observer moving at
the same speed and direction, the wave will appear to be stationary. The connection

between the stationary and the moving observer is
u(z,t) =U(z), where z =z — ct. ' (4.1)

In this case, with ¢ > 0, the wave is moving to the right and z is the moving observers
coordinate. See Figure 13 for an example of the stationary and moving observers
perspective [3]. '

Note that U(z) is now a function of the single variable z and it follows that
uz = U’ and u; = —cU’, where prime represents the dérivat‘ive with respect to
z. For our model to be physically realistic, U(z) has to be bounded for all z and

nonnegative because it still represents the population density. The wave solutions

2 v vt et
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Figure 13: Traveling Waves in stationary and moving descriptions.

we 'will be concerned with will represent a smooth transition between two different
steady states, i.e. a heteroclinic connection between the steady states.
Substituting u(z,t) = U(z) and v(z, t) = V(2) into (3.3) we get the following
system of second-order ordinary differential equations
—cU' = D\U" + Uf(yy),

—cV' = D, V" + Vg(Ya) (4.2)
or

DU" +cU' + Uf(Y;) = 0,

DV + eV + Vg(¥y) =0, (4.3)

where Y] and Y are y; aﬁd Y2 evaluated at U(z) and V(z).
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In the following sections we will look for traveling wave solutions of (4. 3) In the
first section we will examine traveling waves that occur along an axis, i.e. traveling
waves under the assumption that one of the species is not present. In the second
section we will look at the existence of a slow moving traveling wave in thé positive
quadrant connecting two steady states of the system. First we use the method of
matched asymptotic expansion which suggests the existence of such a traveling wave
then we use geometric singular perturbation theory to prove the existence of such a

wave.

ITraveling Waves Along an Axis

A traveling wave along the axes would biologically represent the natural movement
of a population in the absence of the competing species. We will be looking for

connections between the steady states.

I
H

Traveling Waves Along the U Axis

~ In this section we will look for traveling waves along the pioneer or u-axis, For this
we will assume v = 0 'in (3.3). We are thus considering a single species model given
by ' '

Ut = Ditiez + uf(y1), u1=cpu. (4.4)
‘The zero of f is given by Y1 =Cnu =2, oru = c—?f Notice th‘at f is now dependent ‘
only on u. For notational purposes we let. fu) = uf (y1).

If a traveling wave solution to (4.4) exists it can be written in the form
u(z,t) =U(z), z=z—ct, (4.5)

where c is the wave speed. We will determine the sign of ¢ at a later point. Substi-

tuting (4.5) into (4.4) we obtain,

5

D" + U + f(U) =0, | (4.6)
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Figure 14: f(u)

0.9 1

where again the prime represents the derivative with respect to z. We are interested in -

traveling wave solutions of (4.4) corresponding to connecting orbits of (4.6). Thus we

have a nonlinear eigenvalue problem to determine values of ¢ such that a non-negative

solution U(z) of (4.6) exists which satisfies .

. . 21
AU =0, lim Ulz) =

_(4:7') |

We will analyze (4.6) via phase-plane methods. To that end let

alu
W—'d_z.
then (4.6) becomes
dU
@ ="
aw c 1 -
== _fw- =,
dz D‘1W le()

The equilibria of (4.8) are (U1, W;) = (0,0) and (U, Wa) = (

Z,0).
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Next we consider the stability of these equilibria.” The Jacobian of (4.8) is

given by
0 1
']i = 3 c s = 1; 27 .
[—D%fU(Uz') ~5 J _ ’ (4.9)
with eigenvalues : /
Ny = & —c£\/(0)2 4y o
i+ T 9 -D]_ .D1 .D]_ U ’L) . ( -10)

The real part of these eigenvalues depend on the sign of ¢ and the sign of fU(Ui).
Recalling that f, the pioneer fitness function, is always a decreasing function of-its

argument we see that f7(0) > 0 and that fo(&) < 0. See Figure 14 for an example

’ C11
of a graph of f.
Next we determine the sign of c. First multiply (4.6) by U" and then integrate

from —o0 to oo to obtain

! [~ v+ ey + v fn]dz=o.

Using.the limits in (4.7) and the fact that we are connecting steady states so that

U'(£00) = 0, the above integrates to give us

¢ /_:(U')2dz - — /_: f(U)U’d;‘:

0.
= - [,
€11
4.
| " F(OdU.
2L
Thus the sign of ¢ is the same as the sign of [i** f(U)dU, which by Figure (14) we

.see is positive. Therefore ¢ > 0. It is important to mention that if we chose to look

for a connection from 0 to e such that lim, ,_ U(z) = 0 and lim,_, ., U (2) =2, ¢
would be of the opposite sign.
Now using ¢ > 0 and our previous work we see from equation (4.10) that

(£,0) is a saddle for all ¢ and that (0,0) is a stable spiral for ¢® < 4D f(0) and a

c11




Ll

44
stable node for ¢ > 4D1 fu(0). It is not biologically fea51ble for (0,0) to be a spiral
- because we would then get negative values for U (2). Hence we need only consider
the case where ¢ > 4D, fU(O). Since (C—ZIJ;, 0) is a saddle point, there aré ex‘actly two
trajectories which tend to this point as z — —co in the direction of the eigenvector
corresponding to the positive (unstable) eigenvga,lue, Ay, one with W > 0 and one
with W < 0. This eigenvector is given by (Uy, W,)T = a(1, A4)T for any constant «.

Choosing o < 0 will give us the trajectory in the fourth quadrant of the UW-phase

plane.

Figure 15: The phase plane for tra\'feling wave solutions with triangle OPQ.

If we con51der the triangle in Figure 15 we will show that for given values of
e, c2 > 4D, fU(O) no trajectory may exit this triangle. It would then follow that
the marked trajectory must tend to 0 as z — co and there must be traveling wave
solutions for these values of ¢. On triangle OPQ, O and P are the equilibria points
(0,0) and (c—zl’;, 0) respectively. The point Q corresponds to the point where the line

W = —mU intersects the line U = &, thus @ 'has the coordinates (&, - mZL).

Gt brmrs Akt peem -
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The slope, —m, of the line W = —mU will be determined later. Along the line OP
W = 0 and along the hne PQ, U = 1. On PQ, U' < 0 since U’ = W and W < 0
on PC%. Looking at OP we see that W' < 0 since W' = —3-f(U) and F(U) > 0 for
0<U< 2L along OP. So it remains only to prove that no trajectories cross OQ -
going out of the triangle O PQ for some value of m. This will be true if W’ +mU’ > 0
on OQ. On OQ

W'+ ml = DW——f(U)+mW
: 1
= —E(—mU) - Bl‘f(U) +m(-mU)

-5 (=mU) - ikU + m(—mU)

= —(m?— Dilm + Dil)U
where ) !
k= sup I% > (0) (4‘.11) ’
Ue(o, L)
Thus W’ 4+ mU’ > 0 on OQ if
m —f)(:_lm+Dﬁl<O , - (4.12)

Therefore if this quadratic has two real zeros and.m lies between them the inequality
on W'+ mU’ will be satisfied. If we consider the zeros of (4.12), we see that the
quadratic will have two real zeros if ¢2 > Dilk. Note that for ¢ values that satisfy this
inequality we still get that ¢ > 7 f’ 0) (k> f(0)) so (0, 0) is still a stable node.
For such c values there exist m values such that the unstable manifold coming from
the saddle point (—L 0) can not leave the triangle OPQ. We want to show that for
these ¢ and m values the solution that lies on the unstable manifold of the saddle -
point (Z-,0) in the fourth quadrant must then limit on (0,0) as z — co. To this'end

we state the following definition and theorems.
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Definition 4.1 [81] A point zo € R™ is called an w limit point of z € R, denoted

w(z), if there exists a sequence {2}, 2 — 0o such that the flow,
¢(Zi, SE) — Tg.

o limit points are defined similarly by taking a sequence {2z}, z; — —co. The set
of all w limit points of a flow is called the w limit set. The o limit set is similarly

deﬁned
The first theorem we need is the Pioncaré-Bendixson Theorem.

Theorem 4.2 (Pioncaré-Bendizson)[9] A nonempty compact w or o limit set of a

planar flow, which contains no equilibrium pownts, 1s a closed orbit.

-For the next theorem. we let

& = h(:L‘, y),

U = k(z,y) _ (4.13)
where h and k are sufficiently smooth.

Theorem 4.3 (Bendizson Criterion)[9] If on a simply connected region D C R? the
eTpression % + gf is not identically zero and does not change sign then (4.13) has

no closed orbits lying entirely in D.

To prove our solution tends to (0,0) as z — co we assume the contrary. Let
p € R? be a point oﬁ the unstable manifold of ( q_zllf’ 0) in the triangle OPQ. Choose ¢
and m such that p remains in OPQ as z — oo but does not limit on {0, 0). Then the
w limit set of p does not contain the equilibrium (0,0),'so by Theorem 4.2 the w limit

set of p must be a closed orbit. However, if we consider system (4.8) we see that

oh ok c
v tew T D 7O
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and does not change sign in OPQ, a simply connected region in R2. So by Theorem
4.3 there are no closed orbits in OPQ. This is a contradiction, thus it must be that
the w limit set of p is an equilibrium point. By the direction fields and the continuity
of the flow we see that the only such equilibrium point it could be is (0,0). Hence
we have the connection between 0) and (0,0) and therefore the existence of a

traveling wave form to 0.
Figure 16, developed using pplane [20] in Matlab, illustrates the phase plane

trajectories for this case. As we see from this figure there is a trajectory from ("-, 0)
to (0,0) lying entirely in the quadrant U > 0, U' < 0 with 0 < ' < ~- for all wave
speeds such that c2> 4Z?i/f/(0). Thus for these c values we get a biologically feasible

traveling wave solution to (4.6) with (4.10) satisfied.

05m

04-

02r

-0 2-

04

-0.8

Figure 16: Phase plane portrait of connecting trajectory from to 0 with wave

speed ¢ > Calculated for the Belgrade model with Qu = 0.25, ¢ = 3,
=

Figure 17 gives an example of a traveling wave front solution to (4.6) with

c2 > 4£>i/(/(0), ¢ > 0. This figure was developed using xtc [4] and the Belgrade
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model with no flux boundary conditions, initial condition v = 2.5 + H (6 — z) and
using method of lines with a Gear integrator. A large but finite domain was used to
compute an approximation of the traveling wave. The arrow re‘pre'sents the direction
of the wave to a stationary observer. As the wave sweeps through the-domlain from

left to right the population density approaches the value Z- at any particular location.

0 1 L 1 Il l I 1 I i

0 10 20 30 40 50 60 70 80 90 100

Figure 17: Example of Traveling wave front for the Pioneer species connecting 2 to
0. The wave is moving to the right over time. Selgrade model with ¢;; = 0.2, D; =1

Traveling Waves Along the V' Axis

In this section we will consider possible traveling wave solutions along the climax or
v-axis. Again these waves represent possible movement of the climax species. in the

absence of the pioneer species. Letting v = 0 in (3.3) we have

vy = Dovgr +vg9(y2), Y2 = cv. (4.14)

- The zeros of vg(ys) are v = 0, v = 2+ and v = Z*. Again we now have a single

species model with g dependent on v only. We will let §(v) = vg(y2)-
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Figure 18: §(v)

To look for traveling wave solutions of (4.14) we set
v(z,t) =V(z), z=z-—ct, (4.15)

obtaining

DyV"+ V' +g(V) =0. (4.16)
Prime is as before, the derivative with respect to z. The corresponding autonomous
system is given by

Vi =P

c 1 _ . )
Pl = 5P = 5g(V). (4.17)

This system has three equilibria, (Vo, By) = (0,0), (V1, 1) = (£,0) and (3, P2) =

(#2,0). To determine the stability of these equilibria we consider the Jacobian of the

system (4.17), given by:
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| 0 1 o
Ji = ~ c | (2.
( ~p;0v(Vi) —%& ) _ (4.18)
whose eigenvalues are given by _
1 c c\2 4
. AZ = - ——— —_— s . .
. Z[IbiJQ%) Dﬂ”WJ (4.19)

In Figure 18 we see a graph of §. Now § is such that §v(0) < 0, Gv(Z) > 0 and
. !
Gv(¥) < 0 with (V) < O0for V € (0,2) and §(V) > 0 for V € (2, 22) . The

c22 ' C22

linear analysis gives us that (0,0) and (¥, 0) are saddle pomts for all values of ¢ and -

that (22,0) is a spiral for ¢® < 4ngv( 1) and a node when c* > 4D,y (

erl
We look for a traveling wave connecting the equilibria (0,0) to (2%,0). This

will correspond to a solution, V' (%), for the system (4.17) which satisfies

lim V(z) =0, hm Viz) = it

z—r —00 022

" (4.20)

A similar calculation as that used in the previous subsection can be used here

to determine the sign of ¢ the wave speed. When we solve for ¢ in this case we obtain

R g(V)av
=TI (VRdz

Thus c is the opposite sign as [; 2z g(V)dV. Again if we had chosen the opposite
direction for a connection between 0 and 72 we would find that ¢ would be the same
sign as foﬂz% §(V)dV. We will assume that f 2 g(V)dV > 0 giving ¢ < 0 with the
limits in (4.20) satisfied. |

Looking at the phase plane diagram of (4.17), (Figure 19, developed using
pplane [20] in Matlab) we see that to get a trajectory to connect (0,0) to (2%,0) it

would have to come from the unstable manifold. of (0,0) and connect to the stable

manifold of (cﬂ’;?;, 0). Call this trajectory, T'(c). We will prove that such a connection

exist for a unique value of ¢. To do this we need to first develop a lemma stated in

[1]and [7).
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Figure 19: Phase plane portrait for climax species T(c) depicts the connecting trajec-
tory corresponding to the traveling wave solution from 0 to ~ for the PDE system.
Calculated for Belgrade model with c2= 1, D2= 1, ¢ = 0.33228.

Let us consider trajectory T(c) in Figure 19 for V E (0, ). This trajectory

is monotone since it lies in the region where V' —P > 0. Thus there is a well defined

function Q(V) such that Q(V) = ~ or Q(V(z)) = P(z). Then

O=N =—=

so that

A D2Q D2 (421)

with Q () — 0. Notice Q1lis bounded for Q bounded away form zero, thus the

trajectory, T(c), will be bounded. We can now state and prove the following lemma.

Lemma 4.4 [1] Let g(V) > O for —V) small and positive. Let Qi(V), i —1,2,

be solutions of
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with Qi(22) = 0. If c1 = cg, then Q1(V) = Qa2(V) whenever Q1(V) >0, 0 < V < 2
If c1 < ¢, then Q1(V) > Qa(V) whenever @Q1(V) >0,0<V < 22, ~

c22”

Proof: From equation (4.21) we see that

L o 1 1
D2(61 @) = - XA +‘Q2+D2 Q2
o oLt 9 _ g
= @-Aa-5070)
1 _
= @ Q—D—\z(@2 Ql)ngQ2 (4.22)

Define G(V) as

G(V)=(Q2— e:vp{/ 32@-1((7:))—622@&},

where 0 < a < -}2% Then we have

AR A ezp{ o mdt}

If ¢; = ¢y, then'G’(V) =0 and limv_,c;u;% G(V) = 0. Because §(V) > 0 for V near
V = 2 the exponential stays bounded as V' — 2Z; thus G(V)=0and Q4 E/Qg. If
¢1 < cp, then G'(V) < 0 and limy,_, w G(V) =050 that G(V) > 0 fora <V < 2
and Q1 > Q2. Finally if ¢; > ¢, we get Q1 < Q.

Using this lemma we will be able to prove the existence of a unique wave speéd
¢ < 0 for which there is a corresponding traveling wave front from (0, 0) to ( ,0). To
show that there is at most one ¢ we assume the contrary. Let T'(c;) and T'(cp) be two
trajectories from (0, 0) to (cﬂ;, 0) with speeds ¢; and c; respectively. Then by Lemma
4.4 one of these trajectories is strictly below the other for V € (0, c%?;) However, if we
consider the unstable eigenvector at (0,0) corresponding to the positive éigenvalue

we see that it is a decreasing function of ¢. Letting A, (0) be the positive eigenvalue

of (0,0) as a function of ¢, we get

s C 4

w0 = Hep e -aao)] (4.2)
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Thus
___d’\+(0) - 1 1= £ 1
de 2D: | D2\ J(£) - £5v(0).
< 0 « ‘ (4.24)

Thus the unstable eigenvector near (0,0) for V' € (0, 32) has a slopeﬂthat is a de-
creasing function of ¢. Therefor if ¢; < ¢, then T(c;) > T(c;) near (0,0) (see Figure

20).

1 < Cy

Figure 20: Eigenvectors at (0,0). For ¢; < ¢z, T(c1) > T(ca)-

Similarly if we consider the negative eigenvalue of (—;%%, 0) we see that the stable

eigenvector for V € (0, 22) is also a decreasing function of c. Letting )\_(i”;%) denote

: : : w; .
the negative eigenvalue of (22,0);

w 1 c c 4 w
A = - - ) (4.25)
so that : ,
D) _ __1_‘[“_1 ! ]
dc 2D, D, (£)? La (k)




54
Thus A_(22) is a decreasing function of ¢, i.e. if ¢; < cay A_(c1) > A—(e2) and the
slopes of the eigenvectors increase as ¢ decreases. But because the trajectory that we
are concerned with ha:ye negative slopes near (i‘f;, 0) we can conclude that if ¢; < ¢,
then T'(c1) < T'(cp) for V € (0, 22) (see Figure 21). This implies that near (0,0) if
T(c1) is below T'(c;) then at (22,0) it must be above T(c;). This contradicts our

22 !

result form Lemma 4.4 and thus there must be at most one value of c.

.

P/ c1 < C
E(Cz)
E(Cl) T(c2)
T(c1)
0 14

Figure 21: Eigenvectors at (22,0). For ¢; < ¢z, T(¢1) < T(cz), when 0 <V <w

29 c22

Now it is left to show the existence of such a wave speed c¢. For this we
will use a continuity argument. To show a connection from (0, 0) to (22,0) we will
show that for |c| sufﬁciently large the trajectory from (0,0) leaves the half strip

H={0<V <2 P> 0} through {V = 22, P > 0}, and for |c| sufficiently

ca2’

small, the trajectory leaves H through {0 < V < 2”—23, P = 0}. Using the continuous

dependency of the solutions on ¢, Theorem 4,2, and Theorem 4.3 we will show that

there is some intermediate value of ¢ such that the trajectory tends to (cﬂ;, 0) as

Z —r OQ.
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Consider ¢ < 0, |c| large. We wish to compare the solution of (4.17) which

leaves the origin in the positive quadrant, with a solution of
Vi = P
P = aP-bV

where a and b will be determined.

T3
P
T

(4.27)

Figure 22: Trajectories for the system, where T} is the unstable manifold for the ODE

system and T is the unstable manifold for the linear ODE system.

The relevant trajectories Ty and Tp are shown in Figure 22. Where T is a-piece

of the unstable manifold of (0, 0) for (4.17) and T is a piece of the unstable manifold

of (0,0) for (4.27). We wish to choose a and b for (4.27) in such a way that Tp is a -

straight line with positive slope and that if |c] is sﬁfﬁciently large, then T leaves the

origin above T3 and can not subsequently cross below it. Because the trajectory, Ty is

bounded away from the origin (see equation (4.21)), it must then leave the half strip

H through {V = 22, P > 0}. If we consider the system (4.27) the eigenvalues of the
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. The positive eigenvalue A\, = “+”‘21 ‘4b‘corresponds to the

system are A = 2=va"—1b

trajectory Tp. If a® > 4b then T} is a straight line with positive slope. T; leaves the
origin above T5 if the positive eigenvalue of the system (4.17) is greater than that of

T,. This implies that
1 c c 4 a++vVa2—4b
ol B Sy Z 5 crve — =9 ‘
) [ D, " \/(DQ- DY (O)J. R (4.28)

Ty can not subsequently cross below T3 if the slope of the flow of T} at all points is

greater than that of 75, that is, if

2P~ L§(V) aP—bV

> > (4.29)

Sufficient requirements for this inequality to hold would be for c < —Dya and b >
22470 If we define k by

k= sup g—g—/—), (4.30)

Ve0,2%) |14

then (4.29) is satisfied by choosing b = b%k and ¢ < —aDs,. The inequality a® >
4b is satisfied if a®> > 4k and (4.28) is then satisfied for |c| sufficiently large. So
for sufficiently large |c| values T; must leave the half strip H along the. boundary
{V =2,P > 0}. Next we show that for small values of |c| it must exit H through
{0<V <2 p=0} ‘

Consider the system (4.17) with ¢ = 0. It becomes

Vi = P (4.31)

P = —§(V). ' (4.32)

This is a Hamiltonian system with the Hamiltonian given by:

pP? V1
H(V,P) = 5 + A D—Zg(s)ds. (4.33)

Solutions to (4.31) correspond to level sets of the Hamiltonian equation. Fig-

ure 23, calculated using pplane [20] in Matlab, shows the level sets of (4.33). The
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Figure 23: Level sets of the Hamiltonian for the ODE system. Calculated for the
Belgrade model with c2= 1, D2= 1.

trajectory corresponding to T1originating from the origin is associated with the level
set given by

H{V, P) = ’\Z+ JE)V[Jiz-g(s)ds =0. (4.34)

This would imply that f&/ -*g(s)ds < 0 along this trajectory. However for this
problem we have assumed f0@2 -~"g(s)ds > 0, hence the trajectory leaves the half-
strip Lfon {0 < F < P = 0}. Since solutions to (4.17) depend continuously on
c it follows that there must be a c such that the trajectory leaving the saddle point
(0,0) tends to (™, 0) as z —o00. If the trajectory does not tend to the equilibrium
then by Theorem 4.2 it must approach a closed orbit. But looking at the system

(4.16) we have
dh  dk C
OV+SP--W2*0

and does not change sign throughout IR2. Thus by Theorem 4.3 there are no closed

orbits. Therefore the trajectory must approach (~, 0) as z — 0o and there is a
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traveling wave front from V =0to V = o for a ﬁnique ¢ value with ¢ < 0. -
Figure 24 shows an e;cample of a typical traveling wave solution to (4.16).
The arrow represents the direction of movement of the wave to a stationary observer.
As the wave moves through the domain from right: to left the population density of
the climax species approaches the value %2 throughout the domain. This wave was
developed using xtc with initial condition given by v = 3.513 * H(z — 90), no flux

boundary conditions, and using method of lines with a Gear integrator.

3.5

0.5

80 90 100

Figure 24: Traveling wave example for traveling wave along v-axis. The wave moves
to the left in time. Calculated for the Selgrade model with cp3 =1, Dy =1

Traveling Wave Between the Axis

In this section we consider traveling waves for the full system. The particular
wave we look for connects the two equilibria (Z,0) to (0, 22). This wave was first
observed while looking at numerical solutions of the Selgrade model where the diffu-

sion coefficients differed greatly in magnitude, Dy << D;, and ¢;; was such that the
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nullcline of the pioneer species crossed the pioneer axis between the nullclines of the
climax species (see Figure 3). The observed wave appeared to travel at an extremely
slow speed, with the phase plane diagram as in Fiéure 25 (see also Figure 26 for
the graphs of the traveling wave solution for the climax, V/, and pioneer species, U).
This solution was found using a shooting method in AUTO [19] by shooting from the
equilibrium (0, f’-z?;) in the unstable eigenvalue direction for small periods of time. We
looked for solutions to the steady state system of ordinary differential equations (4.3)
that satisfied a set of boundary conditions requiring the solution starting frofn (0,-%)

to approach the equilibrium (2 O) having small wave speed. We then graphed these

11

solutions to determine with of these appeared to be following the upper nullcline of

the climax species. We ran AUTO again starting with these solutions. This process

was continued until a solutions was found that has small wave speed and was within

0.00001 of the equilibrium (ff;, 0). Thus we found a solution that appears to be on the

the nullcline of the climax species that runs along the u-axis with a quick transition
or jump to the upper nullcline of the climax species where the fitness function for the
climax species is zero (see Figure 3). Our concern is whether such a wave can exist

in the genefal model.

With these observations in mind we will consider the system (3.3) with Dy = €

and D, =1:
) u = Uge + f(31)
v = €U + §(y2), | (4.35)
where .
fly) = ufw), . (430)

1

with f and g the fitness functions of the pioneer and climax species respectively. We

() = vg(ya), ‘ : (4.37)
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3.5

2.5

2

1.5+

0.5

0 r - 1 1 1 1 “1 1
o 0.5 1/ 15 2. 25 3 3.5 . 4 4.5

Figure 25: U-V Phase plane diagram of Traveling wave solutions to the full system.
Calculated for Selgrade model with ¢;; = 0.109, ¢y = 1.

look for a traveling wave solution to the above system (4.35) with a wave speed of order
¢. Thus for the traveling wave coordinates we let U(z) = u(z, t) and V(2) = v(z,t) as.

before but with 2 = z — ect. Here we assume c is O(1). Therefore the above system

becomes

U" +ecU' + f(%h)

il
o

V"' +ecV' +§(Yz) = 0. (4.38)

Again ' represents the derivative with respect to z.

We will examine the existence of solutions to (4.38) in two ways. In the first
. section we will look an O(1) approximation to the system using standard methods of
matched asymptotic e.xpansions (see e.g. Grindrod [8] and Kevorkian and Cole [12]).
This system exhibits singular behavior in the dynamics of the climax species. In the

second section we will prove the existence of a solution to (4.38) using methods of




Figure 26: Wave solutions of Pioneer and "Climax species from (c—%, 0) to (0, '12/2022).
Calculated for Selgrade model with ¢;; = 0.109, ¢z = 1.

geometric singular perturbation based on results developed in [13] and [30].

Matched asymptotic expansion

When a problem contains a small parameter, €, we may try to analyze the behavior of
the solution in the limit ¢ — 0. In doing this our aim is to obtain an approximation
to the true solution, valid for small e. Often the solution may be expressed as an ¢

expansion of the form
U = Us(2) + Ui (2) + €°Us(2) + - - - (4.39)

where a > 0 is some constant.
By substituting (4.39) (and similar expansions for V') into the original problem
and equating order of € terms we seek to solve for Uy (z). However such a series solution

may exhibit what is called singular behavior. Singular behavior refers to the situation
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where the quotients _
Uit1(2)
Ui(z)

are not bounded at some value of z. When this is the case the e+D2{;, (2) term is

no longer negligible compared to €*U;(z). The process of equating terms of similar
order, by which we solved for the U;, is no longer justified at these values of z. The
regular expansion cannot approximate the solution close to these points.

In general when a regular series becomes singular at a point we can try to
obtain a new expansion which is valid in a local neighborhood of that point. To do so
we first rescale the independent variables. The idea is to stretch out the neighborhood
of the singular point by introducing a new independent variable. If the singular point

is given by z = 2* then the new independent variable would be of the form

z—2" : ’
¢=— (4.40)

for some a > 0. The old expansion, valid away from z = 2*, is called the outer
expansion, while the new expansion, in the stretched variable ¢, is called the.inner
expansion.

Once the inner and outer solutions have been found they need to be matched in
the region close to z*. These solutions are formally valid in separate regions, however
we neled to assert that there is some region of overlap where this matching must occur.
For our problem the singularity occurs when the solution jumps from one nullcline
of the climax species to another. Thus the outer solution will have two barts one on
each nullcline with the inner solution occurring at the jump.

Firs1; we will consider the outer solutions to the system (4.38). We assume an

expansion of the U and V variables, similar to that of (4.39), of the following form;

U(z,e) = Up(2) +eUi(z) + ...

Viz,e) = Vo(z) +eVi(z) + . - - (4.41)
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By substituting (4.41) into (4.38) and equating terms of O(1) we obtain

U(I)l_f'-f(ylo) = 0

9(Yy) = 0, | (4.42)

where Yi, = ¢11Uy + Vp and Yy, = Up + c2V). The two solutions of 9(Y3,) = 0 that

we want to connect are the nullclines V5 = 0 and V5 = 22 — éUo where ws, is a zero -

of g(y2). Let

Vit =he(Uo), | (4.43)
where
Wy - 1 .
h_(Uo) = —'— =, (444)
Ca2 Ca2
hi(Ug) = 0. (4.45)

By substituting (4.43) into (4.42) we see that a solution to the system must solve the
following equation,

Uy + f (¥5) =0 - (4.46)

where

Ylf = c1;Up + hi(Uo)‘ (4.47)

with the following limit conditions holding;

Jim Up(2) =0 ‘and  lim Us(2) = 2 (4.48)

Z-=y00 ' C11
By use of phase plane arguments we will construct a solution to (4.46) that is C* in

Us.

First we consider the outer solution on the nullcline V4 = h+(Uo). Then, (4.46)

becomes

Uy + F(Yi) =0 L (4.49)
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where

Yy =culo + h+ (Us) = cuilo (4.50)
with the second limit of (4.48) satisfied. Rewriting the (4.49) as a first order system
of equations we get,

U, = W
Wy = —f(v7). (4.51)
This system has two equilibria
(U, Wp) = (0,0) and (— 0).
Ci1

The Jacobian of the system is given by

0 1 ~
J = = 4.52
A (452
with eigenvalues
Ar = £V —fu,- : (4.53)

Now from (4.36) and (4.47) we see that
' df avit

N :
on d}flo dU + f(}/lo)' (4'54)

Evaluating (4.54) for (4.45) at (0,0) we get
foo = F(0) > 0. (4.55)

Note that Y57 = 0 at (0,0). Thus the équilibrium (0, 0) is a center. For the equilibrium
(cﬁlll-, 0) we get that Yfg = 21, %‘l = ¢y; so that

- df

foo = dY+ <0. (4.56)
The inequality in (4.56) is due to the fact that f is a decreasing function of

Yi,- Therefore we find that (Z-,0) is a saddle. The phase plane diagram, calculated
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Figure 27: Phase plane portrait for the first order system with ¥;}. Calculated for
the Selgrade model with ¢;; = 0.2, ¢y9 = 1.

using pplane [20] in Matlab, for this system is in Figure 27. From this figure we see
that for increasing values of z there exists a unique monotone incréasing function,
call it U™ that is a solution to (4.51) with the limit condition satisfying lim,_,o, Uy =
=~ ‘This solution lies on the stable manifold of the saddle point (Z%,0) in the first
quadrant. Notice that if we follow this solution for z — —oo it would not satisfy
lim,,_oo U™ = 0. Thus we have only half of the outer O(1) solution to (4.38)..

We now have to find a solution to (4.46) with V; given by (4.44), the outer

solution along the upper nullcline for the climax species. Thus we consider
Ul + f(Y) =0. O (457)

where
4et(C) 1y + 2. (4.58)

Ca2 Ca2 . .

Yi; = ceulo +h-(Up) =

0
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and the first limit in (4.48) is satisfied. Writing (4.57) as a first-order system we get
Ué = Wo
Wy = —F(Y5;). (4.59)

The equilibria for this system are given by

€221 — Ws
Uo, Wp) = nd (22"
(Uo, Ws) = (0,0) and ( %) ,0) (4.60)
The Jacobian for the system (4.59) is
0o 1]

with eigenvalues

A = £/~ fu,. (4.62)

At (0,0) we see from (4.58) that Yy, = 22 so that fu, = f(32). From Figure 1 it is

evident that for
%< : (4.63)

the pioneer fitness function f(%%) > 0 whereas for

B2 s (4.64)

€22
this function is less than zero. Therefore with (4.63) the point (0,0) is a center and
(4.64) implies (0,0) is a saddle with two real eigenvalues of opposite sign. However
because we wish to find a solution such that lim,_,_. Uy = 0 we can not have (O, 0)
a center. Thus we assume (4.64) and that (0, 0) is a saddle.
Next we consider the equilibrium (Ezjftl(%)”—z, 0). The eigenvalues for this equi-
librium are again of the form (4.62). By evaluating-(4.58) at this equilibrium point

we get that Y7, = 2z and ‘fi—}[,}gl = di;(f—). Therefore from (4.54) we have

F, = RA W df det(C)
Yo det(C) dYy, cax

Wao df
= (z — — —. 4.65
(=1 sz)th, (4.65)
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The fact that /is a decreasing function of Ylo and that (4.64) must hold for (0, 0)

imply f > 0. Hence ( ’0) % a center.

Figure 28: Phase plane portrait for the first order system with Klo. Calculated for
Belgrade model with ci1 = 0.2, c# = I

The phase plane diagram given in Figure 28, also calculated using pplane,
demonstrates that for (4.64) satisfied there will exist a unique solution to (4.59) with
limz~Q0Uqg = 0. Let U~ represent this monotonically increasing solution to (4.59)
with the limit condition as z -> —eo0 satisfied. This solution lies in the first quadrant
on the unstable manifold of the point (0,0). This gives us a solution to outer problem
along the upper nullcline for the climax species.

We would like to combine these two solutions, U+and U~ in such a fashion that
the combined solution will be a C1solution to (4.42) satisfying (4.48). By allowing
W2 > the equilibrium point, (&et(C)2'0), will lie to the right of (*-,0) and we
can produce the phase plane diagram given in Figure 29, with U+ and U~ labeled.

U* in Figure 29 is the value of U such that U+ and U~ intersect with matching first
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derivatives. Referring to Figure 29 we see that if we define the combined solution
such that it is U~ for U < U* and U+ for U >U* then we would create the solution

we are looking for. The question is “does such a U* exist for our general system?”.

Figure 29: Combined Phase portrait of the two portions of the outer Pioneer solution.
Calculated for the Belgrade model with Cu = 0.2, c2 = I-

To search for U* we let VO= P(Uq). P(Uq) is well defined for the trajectory we
are considering because along this trajectory Uqg is a monotone increasing function.

Using this definition we get Ug = -* S0 (4.46) can be written

PW = (4.66)
Let P+ and P~ denote solutions to (4.66) corresponding to F# and FI' respectively.

Looking at the equation for P+ first, separation of variables and integrating in uq

from U* to gives

I Z f GdG= - f{K°(s))ds- <4-67)
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This gives us
(PJ’)2

@)= [ Fz)ds (4.68)

where P*(£L) = (.
Ci11

Now we consider (4.66) for P~. Again using separation of variables and in this

case integrating in U, between 0 and U*, noting that P~(0) = 0 we have

(P2 )Z(U*) _ _/OU' FVi (s))ds. _ (4.69)

We are looking for a U* value such that the trajectories Ut and U~ intersect with
matching derivatives at U*, thus we require PH(U*) = P~(U*) at Ut = U~ = U*.
To satisfy these requirements we see from (4.68) and (4.69) that we need

21

[ R enas =~ [ Fvi(s)ds (4.70)

*

By considering f (Yfg(U )) we find that the zeros of this function occur at Uy = 0 and
Up = #-. From (4.55) we have fy,(¥;7(0)) > 0 and from (4.56); on(Ylo(cu)) < 0.

€11

Thus for Uy € (0, 2), (Y} (Us)) > 0 so that

-z_L ~
/U T F(YE(s)ds >0, - (471)
and the integral is a decreasing function of U*.

f(Y10 (Us)) has two zeros, Uy = 0 and Uy = @aey. For (0,0) to be a saddle
we assumed (4.64) to be true and thus we need det(C) < 0 for Uy > 0. This implies
fuo(Yi2(0)) < 0 and from (4.65) we have fuo (Y1, (%5%%)) > 0. Therefore we heve
for Uy € (0, 82z22) that f(Yy; (Us)) < 0, thus

- OU' Fvi5()ds > 0. (4.72)

Furthermore the (4.72) is an increasing function of U*. For U* = 0 we have (4.71)

greater than zero and (4.72) equal to zero, just the opposite is true for U* = ZL.
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Since the left hand side of (4.71) is a monotonicﬁlly decreasing function of U* and
the left hand side of (4.72) is a monotonically increasing function of U* we see that
there will be a unique value of U* such that (4.70) is satisfied.
If we define ‘our.O(l) outer solution to (4.38) to be

U™ f0<Uy < U*
UOuter = { U+ fU* < (Z)'JO < 2L ) (473)
- — e
' - h_(Uo)=cﬂz-—cLU0 lfOSUO<U*
VOuter = { h+(U0) — 022 22 FU* < UO < c—zlll- (474)

then Upyter is C! in the outer region but Voyse, is not even C° at Up = U*. To smooth
out V' near U* we will now consider the inner solution to (4.38). For this we rescale

z near z*, the value of z such that U(z2*) = U*. Let

e=2 _ez . - (4.75)
with

U = 0 (4.76)

'V = V() (4.77)

Substituting this into (4.38) we obtain

U+ + f(Y1) = 0

V4V +5(%) = 0. . (4.78)
> '
Again we will only be looking for an O(1) approximation to the inner solution corre-

sponding to a solution to the system (4.78) with € = 0. Thus we consider
U’ = 0
V' +cV' +§(Y) = o0, | (4.79)

In the inner layer, V jumps from the nullcline h_(U) to hy (U) and U” = 0 thus U is

constant on this layer. since it is the only solution of U/” = 0 which remains bounded
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in an intermediate overlapping (matching) domain. We define I = Utnner = U*.

Therefore (4.79) becomes

VeV + g(ff;); 0 (4.80)
with matching conditions
Jm Vo= A (U = 2”72 - éU* (4.81)
JmV = he (U*) =0 | | (4.82)
and
Yy =U" +cnV. (4.83)

The equivalent first order system is given by

Vi = P
P = —cP-§Vy) - (4.84)
with equilibria (17, ]5) equal to
’ w1 1 " © W 1 "
(0,0), (——--—=U%0) and (—=-—U*0). (4.85)
C29 Co2 ' C22 Ca22

We wish to find a solution to (4.84) connecting the first and last equilibria listed
(4.85) so that the matching conditions (4.81) and (4.82) are satisfied. The Jacobian

of (4.84) has eigenvalues given by

1 =
M= (-;i Jer - 4§V(Y'2*)) . (4.86) .
From (4.37) we see that
. e dgd¥y
o — —_ =+ Y* . 4.87
9v vy dv 9(Y5) ( )

At (0, 0) using (4.83) we find ¥3* = U* and thus (4.87) gives us Gy = g(U*). Previously
for the outer solutions we assumed that w, > Z- and that U* € (0, Z), therefore we

have U* < wy. If 0 < U* < w; then g(U*) < 0 and if wy < U* < wsq then g(U*) > 0,
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see Figure 2. For the first case, with 0 < U* < wy, (0,0) would be a saddle. In the
. second case, with w; < U* < wy, if |¢] < ‘2\/;]_((1—*) we would get a spiral and for
le] > 2\/;(-(]_*5 we would get a'node. A spiral at (0, 0) is not biologically feasible, thus
we must have |c| > %/M . The stability of the resulting node is dependent on the
sign of c¢: for ¢ < 0 the node is urstable and for ¢ > 0 it is stable.

Again we will consider the sign of ¢, using the same methods as the ea'rlier‘
sections. We will multiply (4.80) by V' and integrate over & assﬁming the limits in

" (4.81)-(4.82). Because the limits are equilibria of the system we have V' = 0 for

& = *oo. Therefore we obtain

~ e 90)VIdE (4.88)
°°oo(V’)2d§
Letting s = Y5(V(€)) so that ds = dV dE df with %,i = Cgp and Y3 (V(o0)) = U*,
Y (V(—00)) = w, equation (4.88) becomes
o Jo?.§(s)ds
AR

Thus c is the same sign as [;? §(s)ds. For these calculations we have assumed w; <

U* < ws. In this region §(s) > 0, therefore ¢ > 0 and thus for ¢ > 2,/g(U*), (0,0) is

(4.89)

a stable node.

Now we consider the eigenvalues of the equilibrium (3% — 0;2 U*,0). thicing

from (4.83) that at this equilibrium Y;* = w, and 72- = Cag We get Gy = (wa—U*) 2L dY*.

At this equilibrium we have 2%,-‘7: < 0 so the eigenvalues in (4.86) are real and of

opposite sign, and thus (22 — -1-U*,0) is a saddle.

c22 c22

We consider the possibility of a trajectory connecting (0, 0) to (—1 - Cig U+,0)

c22

with lims_ye0 V =0 and limey oo V = 0—2?; Ciz U*. There are two cases to consider.

In the first case, 0 < U* < wy, (0,0) and (¥ — -LU*,0) are both saddles. The phase

C22 c22

plane diagram for this case is given in Figure 30. Here we want to show a saddle-

saddle connection. The proof of the existence of such a connection was sketched -
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Figure 30: Saddle-saddle phase plane connections for inner problem with 0 < U* <
ws.

in the section dealing with traveling waves along the V-axis. There we found that
such a connection would exist for a unique value of ¢. This system is analogous to
the generalized (bistable) Nagumo equation for which from [1] we get the following

theorem ‘ SN

Theorem.4.5 [1] For the generalized Nagumo eguation: v, = g + Vzg, where § sat-
isfles, §(0) = §(w1) = Glwa) = 0, § < 0 in (O,wy), § > 0 in (wy,ws), F(0) < O,
§'(w2) <0 and G(wz) = [5” §(s)ds > 0, there is a unigque ¢ > 0 such that there exists

a wave front from wq to 0.

In this first casé, with 0 < U* < wy, there exists a unique value of ¢, such that there

will be a connection between (0,0) and (22 — éU*, 0).

In the second case we are looking for a connection between (0,0) and (22 —

LU*0) when wy < U* < wp with ¢ > 0, ¢ > 2¢/g(U*). Under these conditions

c22

(0,0) is a stable node and (% — 1U/* 0) is a saddle. See Figure 31 for the phase

c22 c22
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o

w; < U* < wq

V.

Figure 31: Node-saddle connection for inner problem with w; < U* < ws.

diagram of this case. Notice that in this case with w; < U* < ws that the middle
equilibrium in (4.85) has a value of V < 0. In this sécond case the system is analogous
to the generalized Fisher equation [1]. Using the following theorem we can show the

existence of a connection between (0,0) and (2 — Ly= ).
22 €22

Theorem 4.6 [1] For the equation v; = h(v ) + Uzg, where h(v) satisfies h(0) =
h(w2) = 0, h > 0 in (O,wz), R'(0) > 0, h'(wp) < 0, has a traveling wave solution
v(z,t) = V(z - ct) = V(§) satisfying V(€) = 0 as £ — oo and V(€) — w, as

£ — —oo for every c satisfying ¢ > 2V'k, where k = SUPY ¢(0us) —(VKZ

Proof of this theorem was sketched in the section dealing with traveling waves along
the u-axis and presented in [1], [7].
In both cases we can thus show the existence of a heteroclinic connection

between (0, 0) and ( — -L.U*,0). Therefore we can find a V satisfying (4.79) and

c22 . C22

(4.81)-(4.82). Call this solution Vigmer With Urer = U*.

We wish to now define the composite O(1) solution to the original system
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(4.38). This will consist of combining both the outer and inner O(1) solutions so that

they match at the layer edges. Let U; and V. be these composite solutions given by

Ue = Uoputer(2) (4.90)
h’" (Uc(z)) + WHTLBT(Z—EZ.) - h"— (U*) for z < Z* 4 91
© T halU) + Vimer(52) = b (UY) for 2> r. (491
Substituting in (4.44) and (4.45) into (4.91) simplifies V, to the following
e (U* = Ua(2)) + Vinner (322)  for z < 2*
= €22 . €
Ve { Vinner (322) for z > z*. (4'92),

Now to check matching we merely need to see that the solutions are continuous for all
z. By construction we have that Upyse, (z) is a C! approximate solution to the wave
equation so U, is also C'. Examining V, at z = 2* we observe this is the only value

at which v, or its derivative could be discontinuous. Looking at the limit of (4.92) we

see that
im Vo(2) = Vipner (0) © (4.93)
z—z*—
lim V(2) = Vipner(0), (4.94)
z—rzt

and thus V,(2) is at least C°. Next we consider the first derivative.

1 . ! 1 ! 2z "
! — E(_UC(Z)) + Ev}nner(_e_) for z < z
T/C(z) B { %2‘/Ilnner(z_—£) ’ for z > 2*. °

€

(4.95)

Thus we get continuity of V, at z = 2* if U'(2*) = 0. But in general for U* not an
equilibrium of the system we get U!(z) > 0. Therefore V is not continuous and thus
V, is merely C°.

In conclusion for the system (4.38) we can find an O(1) approximate solution
given by (4.90) and (4.92) that is C* in U and C° in V with (4.48) and (4.81)-
(4.82) satisfied. The existence of such an approximate solution does not guarantee
the existence of a true solution. In the next section we will consider the system using
geometric perturbation techniques discussed-in [13], {30], [29] and [6] to prove the

existence of a true solution that is near the asymptotic solution.




76

Geometric Singulaf Perturbation

In this section what we want to consider is a traveling wave solution for the syéterh
(4.35) were € is a small positive parameter. f(y;) and G(y2) are given by (4.36) and
(4.37), y1 and y, from (2.1) and (2.2), zeros of f(y1) and 9(y2) are given by (2.6) and

(2.7) respectively and we assume the conditions f'(z) < 0, ¢'(w:) > 0 and g'(wy) <0

with 23 > 0, 0 < w; < wy. We wish to consider a traveling wave between the
equilibria (Z,0) and (0, 22). The particular traveling wave we are looking for would
have wave speed of order e. Thus we will let the traveling wave variable z = z — ect.

The equations in traveling wave coordinates then become

u' +ecu' + fy1) = 0
20" +ecv' +G(ye) = 0 ' (4.96)

r_ d
where = .

To enable an analysis of (4.96) using geometric singular perturbation we need

to introduce some terminology and results from [6], [30], [29] and [13]. We will then

apply these results to our system.

Introduction to Geometric Singular Perturbation Theory In this section we

briefly summarize the necessary results of [6], [29] and [30]. We will consider the sin-

gularly perturbed system of differential equations,

!

' = f(z,y,¢€)
e = g(z,9,¢) . . (4.97)
with € € (—¢o, €), with € > 0 small, and (z,y) € Q, an opén subset Q € R™*. In

the above equations (4.97) “ ' ” denotes differentiation with respect to z, the slow

variable. The system (4.97) is referred to as the slow system and will be dernoted
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Se. We assume that f and g are C"(82 x (—€g, €)), with 7 sufficiently large. For
€ 7 0 (4.97) defines a.smooth dynamical system on 2. The fast scale is defined by

€=

2= which transforms the system (4.97) to

T = ef(z,y,¢€)

¥ = g(z,9,¢ , (4.98)

where “ " ” denotes differentiation with respect to £&. This system, called the fast
system, will be denoted F.. By setting the perturbation parameter ¢ ='0 in (4.97)
and (4.98) we will obtain simpler or lower-dimensional problems which are often easier

to analyze. In (4.97) we get the reduced problem, S’o, by setting € = 0;

z = f(z,9,0)
0 = g(z,vy,0), ' (4.99)

and doing the same in (4.98), gives us the layer problem Fj,

z =0

¥y = g(z,9,0). (4.100)

The idea is to obtain solutions of (4.97) as smooth perturbations of the cém-
posite orbits of the simpler or lower dimensional equations (4.99) and (4.100). We will
be concerned with the persistence of trans_versal intersections of invarianf manifolds
under small regular perturbations. In particular-the transversal intersection of stable
and unstable manifolds of hyperbolic equilibria in a heteroclinic orbit that persist/s
under small regular perturbations. We make the following assumptions.

() The equation g(z,y,0) = 0 has a smooth n-dimensional manifold, M, of
solutions. Let M, be a compact submanifold of this manifold which is given as a

graph of a C” function A : U C R® — R*. -
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(4) There exist integers &, and k, with k = &, + k, such that the linearization
of (4.98) at € = 0 for each point in M has &, eigenvalues with negatlve real part, &,
eigenvalues with positive real part and n eigenvalues with zero real part, i.e. M is
normally hyperbolic.

Under the above assumptions the reduced problem, Sj, (4.99) defines a flow
on M. Additionally M is an invariant manifold of eqﬁilibria for the flow defined by
Fy, (4.100). We denote the k-dimensional local stable manifold of ¢ € M, by F*(q)
and, similarly, the k,-dimensional unstable iﬁanifold by F*(g). Fenichel in [6] showed
that for sufficiently small e the manifold M, perturbs to a locally invariant center- .
like manifold M, with n + k,-dimensiona) center-stable manifold M and a n + k-
dimensional center-unstable manifold M¥. The flow on M, is a regular perturbation
of the reduced problem on MO. Furthermore, there exist invariant foliations of M;
and M¢ by k-dimensional manifolds F*(g) and k,-dimensional manifolds F(q),
q € M, respectively. The dependence of these manifolds on e is C™! even at e = 0.

Let m € Ma be a hyperbolic equilibrium point .of (4.99). Let I'*(m) and
I'*(m) denote the local stable and unstable manifold of m for the reduced problem.
We define the singular stable and unstable manifold, respecpively by

wim)= U F(a), We(m)= U F*(q). (4.101)

gere(m) ger*(m)

From [6] is follows that Wg(m) perturbs smoothly to the stable manifol‘d
- W¢(m) of the hyperbolic equilibrium point of (4. 97) for small . Slmllarly, W& (m)

perturbs smoothly to the unstable manifold W"( )

In our case the manifold of solutions of g(z,, 0) has two branches under con-
31derat10n Let M{ and MO be two manifolds which satisfy conditions (s) and (i1).
Let m~ € My be a hyperbohc equilibrium point of (4.99) with unstable manifold
I's(m~), and m* € M{ be a hyperbolic equilibrium point of (4.99) with stable

manifold I'§(m™). Assume that ¢~ € T'¥(m~) and ¢+ € I'j(m*) are connected by
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a heteroclinic orbit of (4.100). We will let w be the full orbit from 7~ to m™* that

contains this heteroclinic connection.

Theorem 4.7 [29] Under the assumptions of this ‘section‘and assuming in addition
that Wg'(m™) and W§(m™) intersect transversally along the heteroclinic orbit w. Then
there ezists ¢, > 0 and a C™! family {we : € € (0,€1)} such that:

(i) we is a transversal heteroclinic orbit connecting the hyperbolic fized points
m, and m} of the singularly perturbed problem F..

(i) The orbits w, are unz'formly'close to the singular orbit Wo.

‘The' proof of this theorem along with examples are given in Szmolyan [30].
By Theorem 4.7 if the singular stable and unstable manifolds intersect transversally
along the singular .héteroclinic orbit, Wé obtain the existence of a heteroclinic orbit
for (4.97) for suﬂicieﬁtly small e. The persistence of these hef;.eroclinic orbits for small

e will enable us to show the existence of a traveling wave solution for (4.35) with O(e)

wave speed. -

Geometric Singular Perturbation for Pioneer/Climax Model We now con-

sider (4.96). Writing (4.96) as a first order system of differential équations we get

v o= p
po= —ep— f(y)

e = g

e = —cq—G(y). (4.102)

This is our slow system, S.. Here (u,p,v,q) € Q, where  is an open subset of R*
and the right hand terms of (4.102) are C*°. We seek a solution to this system which

is a heteroclinic connection of the equilibria (%, 0,0,0) and (0, 0,0, g’;) Considering
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(4.102) and letting ¢ = 2= we get the following equivalent system for ¢ # 0 with

=4
U = €p
p = —cp—ef(y)
v o= g
¢ = —cq—g(va) (4.103)

This is the fast system, denoted F,. We have two limits for these equations associated

with each scaling as € — 0. In (4.103) letting ¢ — 0 we obtain the layer system

© = 0

p =0 \

o= g

¢ = —cg—g(va)- (4.104)

This implies v and ¢ will vary while v and p remain constant. Therefore v and g are
the fast variables and u and p the slow variables. The last two equations of (4.104)

are the layer problem, Fp, with v and p assumed constant,

v o= q
g = —cq—§(ya). : (4.105)

If we let € — 0 in (4.102) we obtain

W = p
Po= —f(n)
0 ——-'.q

0 = —cq—3(y2) (4.106)
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The conditions, §(y2) = 0 and ¢ = 0, determine a manifold on which the flow is given

by

u = p

P = —f(y). (4.107)

As in the previous section we can solve §(y,) = 0 for v in terms of u. The solutions
we are concern with are v = hy (u) where A (u) are given in (4.44) and (4.45). With

these functions we can write (4.107) as the reduced system, S§°, given by

!

v =p
po=" —f) . (4.108)

where

i_{ cut+h_(u) for0<u<u* (4.109)

i = cuu+hy(u) foru* <u< 2

The set {g(y2) = 0,¢ = 0} defines two C™ slow manifolds, M=, on which (4.108)

defines a dynamical system. M% is given as
M* = {(u,p,v,9)lu € R,p € R,v = hy(u),q = 0}. (4.110)

These are also manifolds of equilibria for Fp, (4.104). We will define the compact
slow manifold MZ, a subset of M= shortly. .

' The singular heteroclinic orbit we wish to construct will be the union of three
trajectories, two for the slow equations, .S'oi , and one transition layer coming ‘from the
fast equations, Fy. On the slow manifold My the solution remains on the unstable
manifold of the equilibrium m~ = (0,0) for Sy until (u, p) attains the value (u*, p*), -
where p* is the value of p on the unstable manifold of the equilibrium when u = u*.
This piece of the singular solution is embedded in R* by taking v = h_ (u), g =0.

At (u*,p*) the solution is required to jump to the slow manifold Mg via a

transition layer coming from the solution ‘of the layer problem with v = #* and
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satistying v(£co) = Ay (u*). Along this piece of the solution u and p remain at the
constant values u* and p* respectively. The value of (u;, p") where the solution jumps
form My to M is determined in the same fashion as the previous section. Once on
the slow manifold M{ the singular orbit evolves according to SF with initial data
(u*,p*) on the stable manifold of the equilibrium m*+ = (2-,0) of Sf. Again this

piece of the orbit is embedded in R* by taking v = h,(u), ¢ = 0. An illustration of

this orbit is depicted in Figure 32.

Mg Mg

- b

Figure 32: Heteroclinic orbit connecting equilibria (c—"'l’;, 0,0,0) and (0,0, E“%),O.

1
First we consider the stability of m* on S respectively. The eigenvalues of

the Jacobian of Sy are A = &1/ —f,,. Looking first at m~ = (0,0) on S5 we have that
Y1 = 2%. As in the previous section we will assume o > 21, (4.64), so that m™ is
a saddle with one stable and one unstable manifold for Sy. We define Js =1 equal
the number of eigenvalues in the left half plane, j7 = 1 the number in the right half
plane for m~ on M~. For m* = (Z-,0) on Sy we see that y; = z; and by equation
(4.56) that —f, > 0. This gives us that m* is also a saddle with one stable and one
unstable manifold for Sg°. So that for m*, j} =1 and 5} =1 on M™*. Both m~ and
m* are hyperbolic equilibria for the reduced system (4.108).

Along the slow manifolds, M¥, for the trajectories we are concerned with we
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can define p* = Pi(d), where P~ (u) corresponds to the one dimensional unstable
manifold of m™ on M~ and P+ () corresponds to the one dimensional stable manifold

- of m* on M™ as in the previous section (see Figure 33).

My Mg

A< k2

Figure 33: Slow Manifolds M~ and M* with P~(u) and Pt(u). -

We can define the compact submanifold M3 as follows:

My = {(u,'p7v1Q)lOSu<U*+5’p=P~(u)’v=h’—(u)7q=‘0}’ (4'111)
MF = {(d,p,v,q)lu* —-d<u< cil—',p = P*(u),
11

v = hy(u),q =0}, (4.112) |

where § > 0 small.

The fundamental hypotheses on M* defined in (4.i10) is that they be normally
hyperbolic. To show that both M* are normally hyperbolic we consider the Jacobian
of (4.103) at € = 0. The Jacobian is given by:

. 0 € 0 0
1 _ r 2 _ r3 .
J= Bf“ GOC va ‘1) . (4.113)
‘ \"gu 0 -G -—c

'(u.p.hi(u).q—*-o)

Evaluating (4.113) on M* with € = 0 we find that the characteristic equation is"

RN +A+g] =0 (4.114)
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The eigenvalue A = 0 has multiplicity two. We consider the nontrivial eigenvalues
A= (ot VETE). |

If we consider the eigenvalues for points on M~ ie. (u,p, h_(u),0) we have
from the previous seqtion that for u* < w, that §, < 0 on this maniféld, (u* being the
value of  in the layer problem when € = 0). Therefore \ = s(—c£/c? = F,) will give
us two real .eigenvalﬁes of opposite sign. Thus M~ is normally hyperbolic and £; =
k., = 1. Looking at the eigenvalues for points on Mt ie. (u,p, ho(u),0) = (u,p,0,0)
we see from analysis of the previous section that if 0 < u* < w; then g, < 0 and if
wy; < u* < wy then §, > 0. Thus for u* # wi, W we get two nonzero eigenvalues
and in both cases the manifold, M* is normally hyperbolic. Because M (4.110)
are compact subsets of AM*, respectively, we have that they are normally hyperbolic
invariant manifolds of the layer problem (4.103). However there are now two cases to
~ consider. If 0 < u* < w; we have that &} =‘1, and k} =1 and if w; < w* < w, then

‘ k¥ =2, and kf = 0. We will deal with each case separately.

Saddle-Node Connection in the Layer System The first case we will examine

is for w; < u* < w,, where in the layer problem at ¢ = 0 we have a saddle-node
connection. We wish to be able to characterize the stable and unstable manifolds
of our equilibria for the full system in this case. In particula.r because the solution
we are looking for is an intersection of the unstable manifold of m~ and the stable
manifold of m* we want to give a representation of these particular manifolds. These
manifolds will be made up of parts from the reduced system gnd the layer system.
First we will describe the local stable manifold of m*, T§(m*), and the unstable

manifold of m~, I'f(m™), for the reduced problem S&.

y(m*) = {(u, Pr)u =6 <u < clel} (4.115)

Tym™) = {@P @)0<u<u + 5} (4.116) -




85

Both are one dimensional manifolds parameterized by u. Now off of each of these
unstable and stable manifolds of m~ and m* respectively there are unstable.and stable
fibers of the layer system, (4.104), with ¢ = 0. Notice that the layer problem, Fy, is the
same as (4.84) with V= v, P= gand Y)' = yg As in that problem, we are assuming u
and p are constants such that u = u* and p = P*(u*) = P;(u*) and v(£o0) = hy(u*).
. We found that for w; < u* < ws there was a saddle-node connection between (0 0)
and (2% — au 0) (see Figure 31). In a saddle-node connection there is a family of
trajectories that may occur. For these trajectories a range of g values exist. Let g,
denote the minimum of ¢ along the orbit for the layer problem if w; < u* < wg., then
choose gy so that gy < Gmin.

The unstable and stable manifold of m™ and m"’ can be given as follows:

Wem™) = {(pv,9))0 <u<u+6p=P(u),
0<v<ho(ug=g()}, (4.117)

i) = {(wpn -6 <ug 2 p= Prw),
Ci1 .
0<v<h (u),g<g<0}. . (4.118)

r
Now from the previous section we know that the unstable manifold W (m™) intersects

the stable manifold W5 (m™) along the heteroclinic connection in the layer problem
Let w denote the full orbit from m~ to m* that contains this heteroclinic connec-
tlon. Using Theorem 4.7 we will be able to show the persistence of this orbit in the
perturbed system with ¢ small.

To Theorem 4.7 we need to show that the stable and unstable manifolds in-
tersect transversally along the layer. To show transversality of the manifolds at the
intersection point we need the tangent space at that intersection to span all of R* (30],
ie. T,Wg(m™) 4+ T,Wg(m*) = R*. The intersection takes place in the layer region

where u = u* and p = p* on a plane such that v and g are constant. Let the point of
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intersection be r = (u*,p*, q, b) where 0 < a < h™(u*) and gy < b < 0. Considering
‘the Jacobian of W¥(m™) and W5 (m?), at the intersection we need to show that there
are four linearly independent vectors between the stable and unstable manifolds. -

The Jacobian for W¢(m™) is given by:

1 0 0 0O
-0 0 0
-y = du ‘ ‘
J(m-y 0 1 0 (4.119)
0 0 %= ¢
dv Ir=(u",p‘,a,b)
The Jacobian for W§(m™) is as follows:
1 000
dP+
£~ 00 0
— du
J(m+) 0 01 0 (4.12Q)
0 001
|1'=(u‘,p“' a,b)
We will obtain four linearly independent vectors as long as = (y*) #£ 42 +( ).
By equation (4.66) we see
dpP+* Flyi (u)
* = — . . 1
ey O (4.121)
and - o . :

du (w) = P—(u*) °
We have already assumed that P*(u *) = P~(u*), so for an 1nequahty to occur it

must be that f(yi(u*)) # F (y1 (u*)). Recall from (4.36) that
flyr) = uf()

where f(y1) is a monotonically decreasing function of ‘yl. Therefore if o7 F(u*) ;é
yi (v*), then f(yi(u*)) # Flvr (w*)). From (4.50) we have that 37 (u*) = cyu* and
from (4.58) that y; (u*) = %gzu* + &=~ Setting these two equal gives us that if

u* # 2% then yi # yi at u = u*, so that %(u*) # %(u*). Therefore for u* ;é e
and wi < ' < wp we have that T,Wg(m™) + T,Ws(m*) = R*, and there is a
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transversal intersection for the heteroclinic connection. Theorem 4.7 gives us that
this connection will persist for small e. The persistence of this connection implies

that there exists traveling wave solutions to (4.35) with O(e) wave speeds.

Saddle-Saddle Connection in the Layer System The next case we will - con-

sider is when 0 < u* < w;. In this case the layer problem has a saddle-saddle connec-
tion. We will be using Theorem 4.7 again to show the persistence of f;he heteroclinic
connection for (4.35) with O(e) wave speeds. Therefore, we must again characterize
the stable and unstable manifold of m* and m~ respectively.

We found from problem (4.84) that if 0 < u* < w; then the layer problem
Fy will have a saddle-saddle connection with a uﬁique wave speed, ¢ = ¢*. Because
of the dependency of this trajectory on the wave speed we need to introduce a fifth

equation to our system in order to show transversality of the intersection. Thus we

will supplement (4.102) and (4.103) with

¢=0 - (4.123)

and

é=0 (4.124)

respectively. Now the slow variables are u, p and ¢ while the fast variables are
unchanged. The introduction of this supplementary equation will not change the
normal hyperbolicity of the slow manifolds. It will allow us to show the transversality

of the intersection of the stable and unstable manifolds of m~ = (0,0, ¢) and m* =

(??1_’ 0,¢).

The dependence of the heteroclinic connection in the layer problem on the

wave speed is depicted in the dependence of ¢ on both v and ¢. The unstable and

stable manifolds of m™ and m™ respectively are given by:

Wem™) = {(up,v,0,90 <u<u*+8,p=P (u),0 <v< h_(u),




88

4=g"(v,¢),¢" =8 <c<c +4), (4.125)
W5 (m*) = {(U,p,U,Q>C)IU*—5<U_<_cz—l,p=P+(u),O§v§h,_(u),.
11
¢4=g*(v,c),c*~d<c<c +6}. (4.126)

Again we will let w denote the full orbit from m~ to m™ that contains the heteroclinic
connection. We now need to show that the intersection of W¥(m~) and Wg(m*) spans
all of R°. The intersection will take place in the layer region with u = u* and p = p*
along the unique trajectory defined by ¢ = ¢*. We define the point of intersection to
be r = (u*,p*,a,b,¢*) where 0 < a < h~(u*) and b = g(a,c*). We will once again
consider the Jacobian of W§(m™~) and W§(m) at the intersection to shox%r there a're
five linearly independent vectors between the stable and unstable manifolds.

The Jacobian of W¥(m™) is

1 0 0 0 0
-0 0 0 0
Jm-y=] 0 0 1 0 0 (4.127)
0 0 %= ¢ % ‘
0 0 0 0 1
Ir=(u",p*,a,b,c“‘)
and the Jacobian for Wg(m™) is given by
1 0 0 0 O
20 0 0 0
Jmtyy=] 0 0 1 0 0 . (4.128)
0 0 & o 4t
0 0 0 0 1

lrs(u® 5% a,b,c%)

In the previous Jacobian calculation for the case where w; < u* < wy we found for
u* # 22 that %i(u*) # 2£(u*). However, we know %iqv:(a, c*) = %}i(a, c*). Thus to
show there are 5 linearly independent vectors we need %‘jcl(a, c*) # %‘{Ci(a, c*). This
inequality is proven in [13] in section 4.5. With this result we have T,W¥(m~) +
T,Ws,(m™) = R®, and thus the manifolds intersect transversally. By Theorem 4.7

the heteroclinic connection will persist for small € and thus there exists a traveling

wave solution to (4.35) with O(¢) wave speed.
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Biologically the existence of the slow traveling wave in both cases describes an .
invasion of the climax species into the pioneer domain but at an extremely slow speed
so that for long periods of time both species will coexisted in shared domain. The
dynamics still suggested that the climax species will eventually drive f;he pioneer to
extinction but the speed at which this will occur is very gradual. This would seem

reasonable under the original assumption that the diffusion coefficient for the climax

species is of O(€?).
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CHAPTER 5

Conclusion

In this thesis we have analyzed a system of reaction-diffusion equations model-
ing the interaction of a pioneer and climax species. In Chapter 2 we dealt solely with
the kinetic equations showing the existence of a Hopf bifurcation of an interior equi-
librium point. In Figure 5 we see for the specific Selgrade model that the bifurcating
periodic solutions will be stable. This result suggests that there is a parameter space
for which the pioneer and climax species will coexist with fluctuating population sizes.

In Chapter 3 we infroduced a spatial variable through diffusion, thus modeling
the spatial movement of species. We showed that for the same interior equ111br1um
that exhlblted a Hopf bifurcation in the kinetic system a Turing bifurcation can occur
for the full reaction-diffusion system. The stability of the bifurcating solutions are
dependent on the form of the fitness functions of both the pioneer and climax species.
Both the sign of the eigenvalué of the linearized system about the equilibrium point
and the direction of the bifurcation diagram about the bifurcation point will be needed
to determine the stability of thte the bifurcating solutions. In the Selgrade model we
found parameter values that produced a bifurcation diagram of both subcritical and
supercritical type for the mode one solutions. We have also shown for this model
that the mode one solﬁtion is not necessarily the first ﬁlodal solution to go unstable
in the bifurcation. Figures 11 and 12 demonstrate parameter values forlwhich the
model has a mode two solution becoming unstable for smaller values of d than the
mode one solution. The existence of a Turing bifurcation for the system introduces

the possibility of a stable spatially heterogeneous steady state where both the pioneer
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and climax species would exist. Further analysis is hecessafy to determine if such a
stable heterogeneous state exists for this system.

In Chapter 4 we looked again at the full reaction-diffusion system, but with an

eye toward traveling wave solutions to the system. Initially we looked for traveling

wave solutions along the axis, corresponding to traveling waves in the absence of one
of the species. We find the existence of such solutions for both the pioﬁeer and climax
species. These traveling wave solutions corresponded to heteroclinic connections in
the correspondiﬁg traveling wave system of ordinary differential equations. Biologi-
cally they represent the movement over space from one population.size to a different
populations size. Next in Chapter 4 we examined the existence of a slow movi‘né

traveling wave for the full system. The wave was shown to exist using geometric

“singular >pe1\*turba,tion theory. The existence of this wave suggests that although the

climax species will eventually crowed out the pioneer species the process is extremely
slow and for long periods of time both species will coexist. It would seem possible
that with proper management the coexistence of both species could continue for as
long as it is desirable. Future research could involve the study of the affects of such
management decisions.

On a final note it is interesting to mention that while numerically examining
the pioneer-climax ‘system with diffusion, it was found that some interesting numerical
solutions exist that look remarkably complex. These solutions are evident for small
c11 valu_es where there are two spatially homogeneous solutions in the positive cone of
R?. The complicated behavior occurs for initial conditions near g2 with both diffusion
coefficients small, and the pioneer diffusion coefficient one order of magnitude smaller
than the climax diffusion céefﬁcient. See Figure 34 for an example of the pioneer
and climax species curves in this case. Figure 35 shows the solution of Figure 34

for a later time. This particular choice of ¢;;, D; and D, values give solutions that
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Figure 34: Pioneer and Climax solutions showing complex behavior with cn = 0.112,
D1= .001, D2 = .01 and initial conditions started near g2. Numerics done for Belgrade
model, c2 = |. Dashed line represents the Pioneer species, solid line represents the

Climax species.

appear chaotic for a period of time but eventual become spatially homogeneous via

a traveling wave. The next figure, Figure 36, shows a solution for a slightly larger

Figure 35: Pioneer and Climax solutions showing complex behavior with cn = 0.112,

Di = .001, D2 = .01 and initial conditions started near q2. Complex behavior

taken over by traveling wave front moving to (0, steady state. Numerics done for

Belgrade model, c22 = 1. Dashed lines represent Pioneer species, solid line represents
the Climax species. The wave front is moving from the left to the right.
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value of Cu. For this parameter value the solutions appear to stay chaotic. Further
study would involve a closer look at this behavior and the parameter range where

such dynamics is occurring.

Figure 36: Pioneer and Climax solutions showing complex behavior with ci1 = 0.118,
Di  .001, Z2 -01 and initial conditions started near This behavior appears to
persist. Numerics done for Belgrade model, Gg = 1. Dashed lines represent Pioneer
species, solid lines represent Climax species.

Sherratt in ([25],[26]) and Sherratt, Lewis and Fowler in [11] look at invading
wave fronts with oscillatory and chaotic wakes behind the wave. The oscillations and
chaotic behavior appear to be due to a change in the domain size. It is believed that an
increase in the domain size, produced by a moving boundary condition, causes a once
stable periodic point to become unstable in the full reaction-diffusion system. This
results in causing the wake behind the wave front to go from an oscillatory pattern to
chaotic pattern. In their work they however look at solutions near a Hopf bifurcation
point in the kinetic system and have equal diffusion coefficients. In our system we
have not observed this chaotic type of behavior when the species have equal diffusion
coefficients, or when the initial condition is near 1, the Hopf bifurcation point of the

kinetic system.
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Further work on this model could involve a deeper study of the Turing bifurca-
tion that occurs in the system and analyses of the stability and bifurcation diagram of
the bifurcating solutions. For the Selgrade model creating a bifurcation curve in thé
parameter space -and categorizing the stability regions of the model solutions would
be of value. |
| Further study of the complicated behavior of the systerﬁ is of interest. We
would need to look at the system and determine if the behavior is qualitatively the
same as that presented in [25], [26] and [11] or if something of a different matter is
—occurring. Mapping the parameter regions that produce the complex behavior and
the conditions that form the boundary of that .region would be a.possible first step
in increasing our understanding of the dynamics behind this behavior.

In terms of advaﬁcing the model, it would seem that including some form of
management into the model such as harvesting or stocking and then examining what
effects this will have on the two species survival is a possible extensmn of the model
It seems reasonable to assume that to use the model for specific species we would need
to form more accurate fitness functions than those used throughout this work.” The
model presented here was used to study a wide rénge of species that Would'generally

fit into the category of pioneer or climax species but it was not assumed to apply to

any specific species.
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