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ABSTRACT

The goal of this dissertation is to study a complex biofilm model with a phenotypic
structure presented in [34]. The model in [34] is extended - growth and detachment
is added, making the new model more interesting in applications. The crucial feature
of our model is that cells are able to enter an adapted resistant state when challenged
with antimicrobials (adaptation). We study this model in both a qualitative and
quantitative manner. Existence and uniqueness of solutions is shown as well as the
existence and non-uniqueness of steady-state solutions. Another question of interest
is the effective dosing of biocide, i.e. exploring dosing strategies that could minimize
the number of living cells or biofilm thickness. Constant and periodic dosing regimes
are modelled numerically and studied analytically. One of our main results is that
on and off dosing is significantly better than the other dosing types. The model
presented in this dissertation contributes to a better understanding of one of the
resistant mechanisms in biofilms.



CHAPTER 1

THE BIOFILM MODEL

Introduction

Biofilms are structured communities of bacterial cells that live adherent to a sur-
face or interface and which are surrounded in a self-produced extracellular matrix. It
has been estimated that 99 % of all bacteria live in biofilm communities. It is now
recognized that biofilm formation is an important aspect of many, if not most, bacter-
ial infections, including urinary tract infections (caused by Escherichia coli), catheter
infections (caused by Staphylococcus aureus), child middle-ear infections (caused by
Haemophilus influenza), dental plaque formation, and gingivitis. Less common but
more threatening are biofilm infections that cause serious morbidity and mortility.
These include infections of permanent indwelling devices such as joint prostheses
and heart valves, also caused by S. aureus; and infections in cystic fibrosis patients
caused by Pseudomonas aeruginosa (see [20]). Thus bacterial biofilm formation is an
extremely serious medical problem, the treatment of which costs in excess of $1 billion
annually in the USA alone. In addition, established biofilms can tolerate antimicrobial
agents at concentrations of 10-1000-times greater than those needed to kill genetically

equivalent planktonic (free-swimming) bacteria, making them extremely difficult to
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eradicate from living hosts. Understanding the mechanisms that control the forma-
tion of biofilms and could lead to their reduction (and if possible, eradication) are

important for prevention of biofilm infection and its removal.

Studying the processes that take place inside a biofilm is difficult since their
thickness is on the order of 10 to 100 microns. Therefore, experiments are hard to
design and perform. By using mathematical models, particular (simplified) processes
can be studied in a biofilm setting. Mathematical models for biofilm processes have
been formulated since the 70’s and 80’s. These first models were ordinary or partial
differential equations assuming a biofilm develops as a flat layer. New technologies,
however, revealed that in reality biofilms grow in highly irregular spatial structures.
Consequently, multi-dimensional models describing spatial non-uniformities were de-
veloped in the 90’s, in addition to one-dimensional models which are still useful tools
for the analysis of biological interactions ([10], [19], [1], [8]). There are a couple of
papers which study the solutions of biofilm models mathematically. As an example
we could mention the van Loosdrecht’s et al., [21] and Efendiev’s et al., [11] studies of
a nonlinear density-dependent system of diffusion-reaction equations describing dis-
infection of biofilm by antibiotics. Dockery & Klapper, [8] study finger formation in
biofilms. In what follows, we will classify the related biofilm literature according to

the following topics:



Resistance

Resistance is an ability of a microorganism to grow in the presence of an elevated
level of an antimicrobial. Briefly, a resistant strain is one for which the MIC is
increased (MIC - Minimum Inhibitory Concentration - the lowest concentration of
the antimicrobial agent that still inhibits bacterial growth). By this criterion, biofilm
cells do not necessarily show increased resistance. With some exceptions, biofilm
cells do not grow better than planktonic cells in the presence of a broad range of
antimicrobials. However, in most biofilm susceptibility studies, only survival of cells
in a biofilm rather than the ability of a biofilm to grow is recorded. Accordingly, the
reported "resistance” describes an increased resistance of cells to killing (see [20]). In
biofilms, poor antibiotic penetration, nutrient limitation and slow growth, adaptive
stress responses, and formation of persister cells are considered to be responsible for

biofilm resistance ([27], [33], [20], [22], [25]).

One of the best-known of these biofilm-specific properties is the development
of antibiotic resistance that can be up to 1,000-fold greater than planktonic cells
(see [23]). There are numerous in vitro results in which biofilms exhibit reduced
susceptibility to antimicrobials compared with planktonic cells ([12], [4], [7]). We
study the longtime behavior of solutions of a simpler but nonlinear biofilm model
(without growth and detachment) in Chapter 2. In particular, we have shown that

thin biofilms behave like planktonic populations. The long-time behavior of solutions
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indicates that there are only adapted cells remaining for thick biofilms as opposed to

thin biofilms.

Phenotypic tolerance

One current area of intense focus in biofilm research has been determining the
biofilm phenotype of different organisms. The biofilm phenotype is defined as the
patterns of protein and gene expression associated with biofilm cultures in compar-
ison to those associated with planktonic culture (see [24]). It has been shown by
Wiuff et al., [36] that phenotypic tolerance can impair the efficacy of treatment more
than antibiotic decay or inherited resistance (which are also responsible for bacterial
mortality). Using a mathematical model, Wiuff argued that phenotypic tolerance
can have a profound effect on the rate of clearance of the bacteria and under some
conditions can prevent clearance that would be achieved in the absence of tolerance.
Since the biofilm phenotype can be described in terms of the genes expressed by
biofilm-associated cells, in the future, treatments may be based on inhibition of genes
involved in cell attachment and biofilm formation (see [9]). For Pseudomonas aerug-
inosa biofilms, it has been hypothesized that new genes are expressed when bacteria
attach to a surface and begin to form a biofilm and that some of the resulting gene
products reduce the susceptibility of cells to antimicrobial agents including oxidative

biocides such as monochloramine and hydrogen peroxide (see [4]).
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Our biofilm model describes a bacterial population consisting of two phenotypes.
Phenotypic tolerance is expressed through the formation of a specific phenotype,
adapted cells, as a response to antimicrobial challenges. The Chambless et al., [3] 3-
D biofilm computer model predicts that slow penetration combined with an adaptive
stress response offers greater protection. In this case, the antimicrobial fails to erad-
icate the biofilm due to the transformation of live cells into persister cells, which are
immune to the antimicrobial agent and are invulnerable to killing. One of the assump-
tions of Chambless’ computer model is that the persister cells in an antimicrobial-
treated biofilm should retain their antimicrobial tolerance for some time even if they
are dispersed from the biofilm. Persister cells may revert to the unadapted state if
they are grown in the absence of the antimicrobial agent, but the process of persister
cells returning to the unadapted state was not incorporated in [3]. It is assumed in
[28] that persister cells exposed to substrate revert to the unadapted state faster than
persister cells that are deprived of substrate, i.e. substrate does have an effect on
reversion. In our model abundance of substrate will be assumed. In case of adapta-
tion, however, reversion is not negligible, otherwise, all the cells would convert to the
adapted state in a short time period. Hence, we assume that the adapted-unadapted

reversion rate is a constant independent of the presence of biocide.



There are several studies on biofilm dosing strategies for biofilm control. Cogan
et al., [6] predict in their model of physiological resistance that exposing the biofilm
to low concentration doses of antimicrobial agent for longer time is more effective
than short time dosing with high antimicrobial agent concentration. They also find
that reversing the bulk fluid flow during the antimicrobial agent application increases
the effectiveness of the treatment. On the other hand, according to experimental
studies by Grobe et al., [16] and Sanderson & Stewart, [29] treating biofilms with
concentrated dose of biocide is more effective than using prolonged doses of a lower
concentration. Other modelling studies indicate that a relative dosing/withdrawal
time is an important factor in determining the effectiveness of such a treatment ([32],
[5]). Grant & Brott, [15] show that concentration is a critical factor for control since
increased frequency of dosing is only effective if the concentration employed is biofilm
growth inhibiting. In Steuernagel & Polani’s, [31] simulations, persistent organisms
have to be fought using tailored eradication strategies. It is argued that if treatment
has to be limited, than the application of medication should be concentrated towards
the beginning and end of the treatment period, i.e., a two-shot approach can yield
optimal results. This is because the delayed response of persisters due to their hi-
bernating behavior yields to a tradeoff between eradication of active versus persister
cells. Their optimal strategy finds the strongest suppression of persisters at one end

and the strongest suppression of active bacteria at the other end of the treatment.
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This finding deviates from current clinical practise, and may therefore help to simplify

and optimize treatments.

One of our goals in this thesis is to suggest optimal dosing strategies that would
suppress the resistance of bacteria or minimize biofilm thickness. We also take into
account the cost of biocide. For given cost of biocide we look for an optimal treatment.
To our best knowledge, this is the first time the cost of biocide has been considered
in this type of problem. We study three types of dosing strategies - constant dosing,
periodic dosing (biocide dose is positive during the antibiotic treatment) and periodic
dosing with withdrawal time that is called on and off dosing. In some cases periodic
dosing is a slightly more effective than constant dosing. Our analysis of on and off
dosing confirms that it is more efficient than the other dosing types and that short
dosing time combined with a higher dose at the time of dosing is the most optimal,
i.e. a delta-function type dosing regiment is the most effective. Our results in all
three types of dosing indicate that if the biocide cost is small, it is better to treat the
biofilm than to leave it untreated which corresponds to real-life expectations. If the

cost of biocide is too high, the best course of action is not to treat biofilm at all.

Detachment
The rate of erosion detachment is influenced by shear stress, nutrient supply and

biofilm thickness (see [17]). According to von Loosdrecht et al., [21], detachment
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plays a significant role in the morphology of biofilms. In systems with a high de-
tachment (or shear) force, detachment will be in the form of erosion, giving smoother
biofilms. Systems with a low detachment force tend to give a more porous biofilm and
detachment occurs mainly by sloughing. Experimental results by Srinivasan et al.,
[30] indicate that detachment and disinfection rate coefficients are important factors
influencing biofilm susceptibility to antimicrobial challenge. Therefore, our model
also includes detachment forces with a commonly used detachment rate of the form
oL? for some o > 0 (see [17]). However, our existence results for solutions of the
PDE model apply to any positive continuous function f(L) and our existence results
for the corresponding steady-state solutions apply to any detachment rate f(L) such

that@%ooasL—»oo.

In this thesis, a one dimensional biofilm model is presented and the solutions of

this model are analyzed. Specific objectives of this thesis are:

e investigate phenotypic resistance (the bacterial population, though genetically
homogeneous, is physiologically heterogenous with respect to its susceptibility,
which during antibiotic exposure leads to an increased fraction of the phenotyp-

ically tolerant bacteria and thus to a decrease in the overall bacterial mortality)

e study the efficacy of antimicrobial agents leading to the proposal of new dosing

strategies.



We proposed to build on the mathematical models developed previously. Our
objective in [34] was to investigate a 1-D biofilm model the main feature of which is
that cells are able to enter an adapted resistant state in the presence of biocide. Results
indicate, that for a sufficiently thick biofilm, bacteria in the biofilm demonstrates more
adaptive resistance in response to antimicrobial stress than do planktonic bacteria.
It is important that a mathematical model with background in biology carries model
features that are reasonable in real life applications. Therefore, in Chapter 2 we show
that the model introduced in [34] has nonnegative and bounded solutions on smooth

domains in R? and R?.

The biofilm models introduced in [34] and Chapter 2 neglect growth and detach-
ment. However, these model assumptions are only valid on a short time scale. Our
goal was to come up with a more realistic model that can be used in applications
in both a qualitative and quantitative manner. The phenotypic structure presented
in [34] and Chapter 2 forms the basis of a more complicated biofilm model we study
in this Thesis. On long time scales, growth and detachment of a biofilm population
cannot be neglected. Hence, our model incorporates growth and detachment and we
assume that there is no substrate-limitation, i.e. there is abundance of nutrients. Un-

der these conditions we qualitatively investigate the extended model, in particular,
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we show the existence and uniqueness of solutions as well as the existence and non-
uniqueness of steady-state solutions. Moreover, the results of numerical simulations

for each of the dosing protocols are explained either heuristically or analytically.

The outline of the thesis is the following: in Chapter 1 the dimensional and dimen-
sionless form of the biofilm model is presented as well as the minimizing functionals
that will be used to optimize the cost of a biocide treatment later in Chapters 5 and
6. Chapter 2 deals with a simpler biofilm model (without growth and detachment) for
which existence of solutions are shown and longtime behavior of solutions are studied.
In Chapters 3 and 4 the existence of solutions of the more complicated biofilm model
as well as the existence of steady-state solutions is proved. Chapter 5 deals with the
simplest dosing strategy - constant dosing and Chapter 6 includes the analysis of the

periodic type dosing regiment.

Model Assumptions

Assumptions 1-5 refer to the model without growth and detachment discussed in
Chapter 2. Assumptions 6-8 refer to the modifications made in the simple biofilm
model in Chapter 2 and hence, more complicated model that is studied in Chapters

3-6.

1. The biofilm is attached to a flat slab called the substratum that is non-reactive

towards the biofilm.
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Table 1. Model parameters and variables.

ba, bu adapted /unadapted cell disinfection rate cm?(g s)~!
B locally applied biocide concentration g/cm?
By externally applied biocide concentration g/cm?
C locally applied substrate concentration g/cm?
Co externally applied substrate concentration g/cm?
Dg, D¢ biocide/substrate diffusion rate cm?/s
D diffusion rate cm?/s
fa, fad, fu, fua | detachment rates for each of the cell-types cm?(gs) !
fo detachment rate cm?(gs) ™t
ko, ku biocide-adapted /unadapted cell reaction rate | cm?(g s)™?
k biocide-cell reaction rate cm?(g s)~!
K, K, adapted /unadapted Monod constant g/cm?
K Monod constant g/cm?

L biofilm thickness cm
mo unadapted-adapted cell transformation rate 1/s
Lhas fho adapted /unadapted maximum growth rate 1/s
W maximum growth rate 1/s

To adapted-unadapted cell reversion rate 1/s

v velocity cm/s
Xy unadapted cell density cells/cm?
Xud dead unadapted cell density cells/cm?
X, adapted cell density cells/cm?
Xad dead adapted cell density cells/cm?
Xo total cell density cells/cm?
Y, Y, adapted /unadapted yield constant g/g
Y yield constant g/g
Ca, Cu adapted /unadapted decay rate 1/s
¢ decay rate 1/s
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. Biocide is applied through the biofilm-bulk fluid interface at a given concentra-

tion. The total cell-density is constant in space and time (incompressibility).

. Living cells are transformed to dead cells at rates proportional to the biocide

concentration.

. Biocide is consumed by reactions with biomass at rate proportional to the bio-
cide concentration and biocide is diffusing within the biofilm according to Fick’s
law. It is assumed that even dead cells will continue to degrade the antimicrobial

agents.

. Living, unadapted cells transform to living, adapted cells at a constant rate

(transformation to adapted resistant state).

. Living, adapted cells revert to living, unadapted cells at a constant rate (rever-

sion to unadapted state).

. The biofilm both grows and detaches and the growth of living cells is governed
by Monod kinetics. We assume that saturation of substrate occurs, i.e. there is

no substrate-limitation.

. Cells within the biofilm are not mobile. Their movement only occurs as the
surrounding material expands due to growth. Hence, the flux of biomass con-

stituents is the product of velocity and cell-density.
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Derivation of the Model

The model is derived from mass balance principles that describe the biocide con-
centration, substrate concentration and biomass constituents within the biofilm. This
system of equations is coupled with an equation that describes the evolution of biofilm
thickness. Derivation of similar equations using mass-balance principles is done in de-

tail in [26]. Therefore, we leave it as a reference.

Bacterial population will be assumed to comprise four phenotypes, X, - un-
adapted cells, X, 4 - dead unadapted cells, X, - adapted cells and X, - dead adapted
cells, subject to condition X, + Xy + X, + Xug = Xp, where Xg is constant in
space and time. We assume that there is one growth-limiting substrate, C' and one
antibiotic, B. The population of unadapted cells changes due to growth, death due
to antibiotic action, loss due to transition to adapted cells and gain as the adapted
cells revert back to unadapted cells. The population of adapted cells changes due
to growth, death and loss due to reversion. The dead cell population changes by
disinfection of living cells to dead ones. Thus, the equations for the unadapted and
adapted phenotypes become

0oxX, 0

ot + 8_<XU'U) = nu(Xu7 C) - du(XU7 B) - a(X’m B) + T(XOU B)7 (11)
X
0Xuqg O -
0X, 0
ot + G_(Xav) = na<Xa7 C) - da<Xa> B) + CL(XU, B) - T(Xa’ B)7 (13)
X
aXad + £<Xad'0) — da(Xa,B)~ (14)

ot ox
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The functions n,, n, represent the net growth, d,, d, represent disinfection transfor-
mations, a adaptation, r reversion, and v velocity. Typically, the growth rate g of

living cells is described by Monod kinetics, i.e.

C
K+C’

g(X, O) =M

where p is the maximum growth rate and K Monod constant. We take the net growth
to be

n(Xv C) = g<X7 C) - C(C)X,

where ( is the decay rate. In most of the studies ( is taken to be a constant. Adding

equations (1.1)-(1.4) gives the following formula for the velocity:

v
i (ny (X, C) + n4(Xa, C))/ Xo.
The equation for biofilm thickness L is given by
92 = 0(L(0) ~ ML, X Xt X Xua),

where —h(L, Xy, Xua, Xa, Xaaq) is the rate expression for erosion detachment (an
interfacial transfer process consisting of the exchange of attached solid material to
material dissolved in the biofilm-bulk fluid). Characterization of interfacial processes
in biofilms are not well understood and no generally accepted rate expressions are
available. We follow Gujer’s rate expression of the form —oL? for some o > 0 and

we choose

h(L, Xua Xuda Xaa Xad) = f(Xm Xud» Xm Xad)L27
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where f is taken to be a linear combination of the cell densities, i.e.,
f(Xua Xud7 Xm Xad) = quu + fuqud + faXa + faand-

The equation for biocide concentration B is

0B
E = DBAB — m(Xu,XuquaaXach)?

where m represents the biocide-cell reaction term. An obvious expectation is to have
the reaction term describing the interaction of biocide with biomass constituents
increasing in both X and B. Hence, the simplest way is to choose m to be first order
in X and B. Adapted and unadapted cell-types react with biocide at a different rate,
but living and dead cell-types react at the same rate; that is, the reaction with biocide
is assumed to be independent of viability. Under these assumptions the biocide-cell

reaction rate becomes
m(Xu; Xud; Xa) Xad7 B) - ku(Xu + Xud)B + ka(Xa + Xad>Ba

where k,, k, are the biocide-cell reaction rates. Finally, the equation for substrate

concentration C is

oC 1 1
E — DCAC - ?g(Xua C) - ?g(Xav C)a

where ¢ is the growth defined above and Y is the yield constant. Our Model As-

sumption 7 included the saturation of substrate. This condition will make the model
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equations somewhat easier and we will not have to deal with a particular equation

for C.

The disinfection process is considered as a conversion of viable bacteria into dead
bacteria. By the same argument as for the biocide-cell reaction term, disinfection

terms are first order in X and B. Hence,

d(X,B) = bXB,

where b is the cell disinfection rate. The conversion of unadapted cells to the adapted
ones is assumed to occur at a constant rate as long as the applied biocide concentration

is nonzero. Thus,

CL(XU, B) - m<B)Xua

where m(B) is a non-zero constant my if there is antibiotic present and zero otherwise.
Adapted cells can revert to unadapted cells at a rate independent of the biocide
concentration, i.e.,

r(Xa, B) = 10X,

where rq is the adapted-unadapted cell reversion rate.

To simplify the geometry of the problem, we assume that significant variations
occur only in the direction perpendicular to the substratum. Hence, we may consider

the one-dimensional case, when the solid biofilm region

Q={z:0<z<L(t)}
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is separated from the liquid region by the biofilm-bulk fluid interface I'. Note that 2

evolves with time due to evolution of the biofilm thickness.

Since biomass does not interact or pass through the substratum, no-flux boundary

conditions will be placed on it. In 1-D this condition is equivalent to

(0,4)X(0,¢) = 0.

Biocide does not interact or pass through the substratum. Hence, no-flux boundary
conditions are chosen. The biocide is applied at a rate b that depends on time. The

appropriate boundary conditions for biocide concentration are

B.(0,t) =0, B(L(t),t) = b(t).

By a similar argument as above, the boundary conditions for substrate concentration

will be no-flux and Dirichlet boundary conditions, i.e.

Cx(ov t) =0, C(L(t)’ t) = C(t)a

where ¢ is the time-dependent rate at which the substrate is applied through T'.

Dimensional Model

Without affecting qualitatively the conclusions of this study, we will assume that
the diffusion rates are the same (Dp = D¢ = D) as well as the biocide-cell reaction
rates (k, = k, = k), Monod constants (K, = K, = K), maximum growth rates

(fta = py = p), yield constants (Y, =Y, = Y) and decay rates ((, = ¢, = (). We
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also assume that the detachment rates are the same (f, = fua = fo = faa = fo), in

which case the rate expression for detachment simplifies to
_L2(t)f(XU>XudaXa7Xad) = —foXoLz(t).

Finally, the equations of the 1-D dimensional model become

%—f = Dg%f — kXoB (1.5)
%0 _p2C _ Looyx, + x.) (1.6)
0X, 0
o 5 (Xuw) = —(0B + m(B) X, + R(O) X+ roX, (1.7)
P 2 (Xuav) = bBX, (L8)
a;% + (%(Xav) — b BX, + m(B)Xa + R(C) X —10Xa  (19)
Dot D (Xeav) = bBX, (1.10)
o= Xio /OI(R(C(s,t))(Xu(s,t) b X (s,1))ds (1.11)
0~ w(Ll1). 1)~ HXLA (), (112)

where

(B) 0 if B=0
m =

The production terms GG and R are defined as

GOy = L and RB(C) = G(O)C. (1.13)
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The boundary conditions of the system (1.5)-(1.12) are

B,(0,t) =0, B(L(t),t) = bt) (1.14)
C(0,1) =0, C(L(t), 1) = c(t)

(0,)X,(0,8) =0, v(0,£)X,a(0,1) =0

0(0,)X4(0,£) = 0, v(0,£)X,q(0,%) = 0.

The initial conditions are taken to be

B(z,0) =0, C(z,0)=0, X,(z,0)=Xo, Xu(z,0)=0

Xo(2,0) =0, Xui(z,0)=0, L(0)= Lo.

Table 2. Dimensionless parameters.

unadapted disinfection time/ growth time

unadapted disinfection time/ decay time

unadapted disinfection time/ adapted transformation time
unadapted disinfection time/adapted disinfection time
biocide reaction time/unadapted disinfection time

ratio squared of biofilm depth to disinfection layer depth
unadapted disinfection time/cell transformation time
maximum growth rate/biocide reaction rate

unadapted disinfection time/ detachment time

q;y%m 2 |®| L




20

Dimensionless Model

Let [ denote the characteristic length of biofilm and and By denote the character-
istic biocide concentration ( average values of biofilm thickness and biocide concen-

tration). The spatial and time variables are re-scaled as
g=uafl, t=t/(bBo)",

where (b,Bo) ™" is the disinfection time scale of unadapted cells. The model variables

are re-scaled as

~

é:B/Bo, é:C/K, Xu :Xu/X07 Xud:Xud/X07

A

Xo=Xo/Xo, Xua= Xea/Xo, 0=0(b,By)"", L=LJl.

We define the dimensionless parameters
a = ,u(buBO)ilu B = é(buBO)717 0= bab;1

€ =b,Bol>’D7', ¢ =kXo’D, v =ro(b,By)" ",
k=puYEK)™, X=mo(b,Bo)™", o =1fXo(b,Bo) "

The parameter € is the characteristic time of diffusion [ D! over the disinfection time
of unadapted cells (buBo)_l. Discussion of other dimensionless parameters is done in

Chapter 2. The production terms GG and R are re-scaled to

G(C) = a ¢ and R(C) = G(C) - B.
+

Q
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Dropping the hats, the dimensionless model becomes

a;;“ + a%(Xuv) =—(B+A(B))X. + <0‘1 1o 5>X“ 71X
8)@?(1 n %(Xudv) — BX,

8;% 4 a%(xav) = —0BX,+AB)X, + (a5 — )X = 71X,
et D )= 9B.

- [ ity st s

‘Cll_j; = v(L(t),t) — o L*(t),

where

0 if B=0
AB) =<
A if B>D0.

The boundary conditions are given by
B.(0,t) =0, B(L(t),t) =0b(t)/By := u(t)
C.(0,t) =0, C(L(t),t) =c(t)/K
v(0,8)X,(0,t) =0, v(0,t)Xua(0,2) =0
v(0,1)X,(0,t) =0, v(0,t)X4q(0,1) = 0.
The initial conditions have the form

B(z,0)=0, C(z,0)=0, Xu(z,0)=1, Xu(z,0) =0

Xo(2,0) =0, Xaq(x,0) =0, L(0) = Lo/I.

(1.15)
(1.16)
(1.17)
(1.18)
(1.19)
(1.20)
(1.21)

(1.22)

(1.23)



22

Note that

Xy +Xug+ Xo+ Xag = 1.

We make the following assumptions on the system (1.15)-(1.22):

_1fc ~ 1 (saturation of substrate is consid-

e there is no nutrient-limitation, i.e.
ered in Assumption 7)

e characteristic time for diffusion is small compared to the duration of biocide

treatment, ie. € < 1

< _

rsc — B~ a — 3 and hence, we may set

As a consequence of saturation we obtain «

B = 0. Under the previous assumptions (1.15)-(1.22) becomes

X, 0

o 5o (Xur) = —(B+A(B)X, + aX, +7X, (1.24)
a_;ftud N (%(Xudv) _ BX, (1.25)
a;ia + %(Xav) — _§BX, + A(B)X, + aX, — yX. (1.26)
82%1 N %(Xadv) _ $BX, (1.27)
v = /OI a(Xyu(s,t) + Xa(s,t))ds (1.28)
% — o(L(1), ) — o L*(0). (1.29)
where
Bla, 1) = u(t)—S2he?)

cosh(oL(t))



23

from equation (1.15) (¢ < 1) and boundary condition (1.23). This form will be

considered in Chapter 3-6.

The important dimensionless parameters of interest are a, A and  from Table 2.
To our best knowledge, there is no information in the literature about the proportion
of each of these parameters, i.e. a/vy, A/7y, a/\ in case of adaptation. According to
Phil Stewart (personal communication) the reversion v is 0.01 to 1 times the growth
rate a. However, in the case when adapted cells do not die (6 = 0), our results
from Chapter 4 indicate that the only interesting case for our model is a/y = o(1).
Otherwise, if @ > v and 0 = 0, the biocide treatment has negligible influence on
biofilm thickness. The reason is that for uy = 0 the steady-state solutions satisfy
Xu+ X, =1and L = 2 (cf Chapter 5). We have a similar scenario when the
biocide gets arbitrary large. In this case (c.f. Chapter 5), the steady-state solutions
are approximately equal to X, + X, =1 —¢€ and L ~ “*, i.e. the biofilm does not
change significantly. We are not saying that the above mentioned scenario cannot
happen, but in this case the biocide is too weak to have any impact on the biofilm.
We suspect that in this growth-dominated case (a > v and ¢ = 0) it makes no longer
sense to ignore the different growth rates «,, and «, corresponding to X, and X,. In

practise, ay, is just a slightly larger than «,. In fact, it can be argued that when the

growth rates are different, for uy = 0 the steady-state biofilm thickness L is controlled
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by ., (growth rate for unadapted cells). On the other hand, for very large ug the

thickness L is controlled by «, (growth rate for adapted cells) only.

Looking at the other ratio A/7, we can derive its expected size only indirectly, by
considering the effects of these constants on the populations of adapted and unadapted
cells. If we briefly neglect the death rate, which also has effect on the population sizes,
X, - the unadapted and X, - the adapted cells are directly influenced by the ratio
A/v. If, for example, A > 7, the number of adapted cells would largely overwhelm the
number of unadapted ones (X, > X,,) after short time period. However, according
to Phil Stewart, the reversion v is perhaps 0.1 times the transformation rate A. This
excludes the possibility of A > ~. Thus, the conversion from unadapted to adapted
state can be larger than reversion from adapted to unadapted state by at most an
order of magnitude. In Chapter 5 (constant dosing) we look in detail how A and -~y
influence the ratio X,/X,. The asymptotics we do there show that for small dose of
biocide the size of X, ~ ﬁ and X, = ﬁ, hence X,/ X, ~ A/v. Since the estimates
on the ratio X, /X, vary a lot (Phil Stewart), we chose to test X,/ X, between 0.5—10

so that X, is about 30 — 90% of the bacterial population after treatment.

There are more studies on a different phenotype - persister cells which are some-
what related to our adapted cells. In this case the proportion of persister cells may

be 1% or less of the original population (see [3]).
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For the reasons we just outlined, we will consider in our numerical simulations
constants o, A and 7 to be of approximately same size. It is important to note
however, that in the analytical parts of this work we do not make any assumption on

size of these constants. The results only require that all three are positive.

Minimizing Functionals

Bacterial biofilms show enormous level of antibiotic resistance. In order to
reduce costs of biocide use for the control of biofilm formation, optimum dosing
strategies are required. Hence, we will introduce minimizing functionals that will be

optimized with respect to the biocide concentration in Chapters 5 and 6.

Disinfection of biofilm bacteria depends on the type of antibiotic used. Antibi-
otics can be bactericidal and bacteriostatic. Bactericidal antibiotics kill bacteria (e.g.
penicillins) and bacteriostatic antibiotics inhibit the growth of bacterial cells (e.g.
sulphonamides, erthryomycin). Hence, we consider two types of minimizing function-
als - functional J that minimizes the number of living cells fOL(Xu + X, )dz over long
time and functional J;, that minimizes biofilm thickness over long time. Therefore,

we set

J(u) = lim — / /L(t) (z,) + X (2, t))dxdt+c/ (t)dt} (1.30)

and

Jr(u) = lim 1 /T(L(t) + cu(t))dt, (1.31)

T—oo T
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where ¢ is the cost of biocide dose, u(t) is the externally applied biocide concentration

through the interface.

Define

S={feC0,00): hm —/ f(t)dt exits }.

For example, the constant and periodic functions belong to the class S. In particular,
we now show that if f € S is periodic, then limp_. % fOT f(t)dt is the average value
of the function f over a period. Let T'= M P + AT, where P is the period and M is

the number of times the period is attained in 7. Then

1 T
lim — = 1
fo g | J0dE= i AT MP+AT / f(8)di+
MP+AT f MP+AT f(t)
I g = — t)dt + i ANV
+/MP P+ AT / f@di+ m | AT

MP+AT _|f(t)]

Note that [}, VI BAT

dt < #;_ATH]CHC[QP]. Taking the limit as M — oo we

obtain what we wanted.

The class of functions f we are interested in are the functions that are periodic

in the limit as 7" — 0o, meaning that for some periodic function ¢

lim |f(T") — g(T')| = 0.

T—o00

Using the fact that g € S, we can show that f € S and

im L [ f0d= G L / T (1.32)
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where P is the period of the function g. This will have very practical consequences
. . . . 1 rT 1 rlo+P

since numerically we can approximate limy_.o 7 [, f(t)dt by 5 n (t)dt for suf-

ficiently large Tj). We will choose Tj such that f looks on the plots undistinguishable

from the periodic function on [Ty, 00). More generally, for f € S (not necessary

periodic in the limit) we can observe that

1t o1 T
fim g [, = fim |2 [ s
T—-T, 1 T T
tdt}: I £)dt.
M f(t) T f(t)

It follows that the value of the functionals is independent of Tj.

By (1.32) we obtain for periodic u(t) with period P

J(u) :%ﬂ%[/jw OL(t)(Xa(:c,t) +Xu(x,t))dxdt+C/TT+Pu(t)dt} (1.33)
and
Ju(u) = Jim % /T (L(t) + cu(t))dt. (1.34)

This form of the functionals will be considered in Chapter 6 for periodic dosing. In
particular, in the case of constant dosing (Chapter 5), when u(t) = up > 0, numerical
simulations suggest that the solutions converge to steady-state solutions as time gets

large. This observation changes the functionals in (1.30)-(1.31) to

L(T)
J(ug) = lim (Xa(z,t) + Xu(z,t))dx + cug (1.35)

T—o0 0
and

Jr(ug) = Th_rgO L(T) + cuy. (1.36)
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CHAPTER 2

BIOFILM MODEL WITHOUT GROWTH

Bacterial biofilms demonstrate resistance in response to antimicrobial stress. This
adaptive response is more effective than in corresponding planktonic populations. In
this chapter global existence and longtime behavior solutions of a nonlinear reaction-
diffusion system without growth described in [34] is studied. The results obtained
here confirm those model features that have been expected and are already known
in a special linear case (see [34]). In particular, it is shown that the local biocide
concentration and the cell densities are nonnegative and obey an upper bound. An
important model property is that global existence can be shown for periodic slabs
as well (for example, the surface of a cylinder with open top and bottom, i.e. Q =
S1x(0,1), or, equivalently = (0,1)x (0, 1) with periodic boundary conditions on the
left and right sides) which are more interesting in real-life applications. The optimal
minimum of functionals for the linear case will be discussed at the end of this chapter.
Based on the mathematical analysis of the prototype biofilm model presented here,
further refinements in this model can be added (growth and detachment terms) and

a more sophisticated model will be studied in the upcoming chapters.



29

Introduction

There is mounting evidence that cells in biofilms are able to sense antimicrobial
challenges and actively respond by deploying protective stress responses. This behav-
ior has been confirmed by many authors, see the references in Chapter 1 for examples.
In [34] we studied a simple no-growth biofilm model describing adaptation of biofilm
cells. Due to limited penetration of biocide to deeper regions of the biofilm, sheltered
cells are able to enter an adapted resistant state. Unlike thick biofilms, this mecha-
nism is not available to planktonic populations. Since cells in lower biofilm regions
adapt and convert from the unadapted cell state to the adapted cell state as a re-
sponse to antimicrobials, these two phenotypes were considered in the mathematical
model studied in [34]. In particular, this model predicts that an adaptive response
provides a greater protection to cells in a biofilm than to free-swimming bacteria.
Results show that effective disinfection requires biocide concentration that increases

quadratically or exponentially with biofilm thickness.

In our model the biomass within the biofilm is assumed to contain four con-
stituents with which the biocide interacts. Interactions between biocide and biomass
constituents are of two types, reactions and disinfection transformations. Reactions
involve consumption of both biocide and biomass constituents. Disinfection trans-
formations convert one biomass constituent to another, but do not consume biocide.

Cells in the biofilm may be killed by the antimicrobial agents, but they may also
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respond to this stimulus by decreasing their susceptibility to killing. The kinetics of
interactions between biomass constituents and biocide are assumed to be first order

with respect to biomass constituent concentration and biocide concentration.

The objective of this study is to mathematically investigate the global existence
and longtime behavior of solutions of a more general version of the biofilm model
described in [34]. Here we extend the 1-D model presented in [34] to the nonlinear

case on smooth bounded domains in R? and R3.

The key assumptions of this model are exactly the same as the assumptions 1-5

in Chapter 1. However, the biofilm neither grows nor detaches.

We consider a bacterial population consisting of four constituents subject to

X, | unadapted cell density

Xuaq | dead unadapted cell density
X, | adapted cell density

Xaq | dead adapted cell density

Xu+ Xug+ Xo+ Xog = Xo, where X is constant in space and time. Biofilm bacteria
grow under different conditions from those living under planktonic conditions since in
the biofilm nutrients and oxygen are limited due to the failure of biocide to penetrate
the biofilm. Hence, bacteria in deeper regions od the biofilm turn out to be more
resistant to biocide. Diffusion of biocide in the biofilm is slower than in water and it
is also slower than the penetration of nutrients or oxygen. Because of the disinfective

behavior of biofilm communities, biofilm and planktonic phenotypes must be studied
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separately. In the planktonic case, the biocide is assumed to be well mixed. For
planktonic systems, the constituent densities are functions of time only; for biofilm
systems, the constituent densities depend both on space and time. For both biofilm
and planktonic systems, it is assumed that the time scale of observation is short

enough so that growth can be neglected.

The outline of this Chapter is the following. First we state the model equations
both for biofilm and planktonic systems. We introduce the notation and show that
the whole system can be reduced to one equation that depends on the biocide con-
centration only. Global existence of solutions and their regularity properties will be
discussed; we prove that the solutions are smooth on (0,7] x Q. It will be shown
that the solutions are nonnegative and bounded. We then state some consequences of
the obtained results. Finally, the longtime behavior of 1-D solutions and the optimal

minimum for the linear case will be analyzed.

The biofilm model

To illustrate the theory we will consider a simple example of antibiotic disinfec-
tion of biofilms where viable bacteria, corresponding to X, and X,, convert to dead
bacteria, corresponding to X,4 and X,4, depending on the concetration of biocide.
Adapted and unadapted cell-types react with biocide at a different rate, but living
and dead cell-types react at the same rate; that is, the reaction with biocide is as-

sumed to be independent of viability. This is a plausible assumption for oxidizing
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biocides. The disinfection process is considered as a conversion of viable bacteria into
dead bacteria. Unadapted cells are able to transform to adapted cells at a rate inde-
pendent of the biocide concentration as a response to antimicrobial challenges. The
boundary conditions for the biocide concentration generalize the boundary conditions

in the 1-D case. The resulting biofilm model reads:

%—f = DAB — ky(Xy + Xug) B — ko(Xo + Xog)B in Qp  (21)
9B —OB‘ =By for 0<t<T, B(z,0)=g(z) for x€Q (2.2)
anaﬂN—, 8D_OO SU> 1, xZ, = g\x or T .
X,
Tl (=byB —19) X, Xu(z,0) =X, for x € (2.3)
Xy
aatd —b,BX, Xu(2,0)=0 for z€Q  (24)
X,
5 = —b,BX, + 710Xy Xu(z,0)=0 for z€Q (2.5)
Xa
aatd = b,BX, Xo(2,0)=0 for z€Q  (2.6)

When Q = [0, L], where L is the biofilm thickness, the biocide concentration B takes
boundary conditions
0B

%(O,t) - 0, B(L,t) — Bo,

indicating that no flux through the substratum x = 0 occurs and that the biocide
concentration at the interface x = L is fixed. Mixed boundary conditions will be

considered as well.

Here Q c R (d = 1,2,3) is an open bounded subset with smooth boundary

QN |JONp where 00y, 02p are disjoint, i.e. there are no points on the boundary
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where the Neumann condition would change to Dirichlet or reversely. This last as-
sumption is only needed for regularity. As usual, Q7 = Q x (0,77 is the parabolic
interior and n is the outward normal. The initial concentration of biocide is taken to
be a nonnegative function g € L*>(Q) with ||g]|cc < By. The time 7" > 0 is fixed. The

corresponding model parameters are listed in the table below.

By | externally applied biocide concentration

D | biocide diffusion constant

b, | unadapted cell disinfection rate constant

b, | adapted cell disinfection rate constant

k. | biocide unadapted cell reaction rate

k, | biocide adapted cell reaction rate

ro | unadapted-adapted cell transformation rate

There are interesting examples of domains for which the theory presented below
applies. One could think of a periodic slab, say, the surface of a cylinder with open
top and bottom, i.e. Q = S! x (0,1) (or equivalently by Q = (0,1) x (0,1) with
periodic boundary conditions on the left and right sides). However, for briefness and

clarity we only consider Q C R as defined above.

The system (2.1)-(2.6) can be rewritten into a dimensionless form, where the in-
dependent variable z is scaled by & = x/C for a characteristic value C' > 0. This

dimensionless form agrees with the dimensionless form in the 1-D case given except
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that in the dimensionless variables and parameters the number L is everywhere re-
placed by L/C. Another scaling of the dimensionless variable ¥ by 4 = Dz /b, ByC?

allows us to take D = 1 without loss of generality.

In the case of a planktonic system, biocide can be constantly replenished, i.e.
(2.1) is replaced by B(t) = By, or biocide can be applied at t = 0 only, in which case

(2.1) is replaced by

OB
S = —ku(Xu + Xua) = ku(Xa+ Xoa)  B(0) = Bo. (2.7)

The equations for the constituent densities in the planktonic case are the same as
those in the biofilm case except that in the planktonic population all densities are
independent of space and the derivatives are ordinary. It is easy to show that all the

solutions of the planktonic system are non-negative bounded and analytic.
Notation

For simplicity, we will omit the spatial variable x in the functions B, X, X4, X4, X
unless needed for emphasis. Integration over time for X, will be denoted by fot Xu(s)ds;

integration over time for B will be denoted by fot B(s)ds .

We will denote the negative Laplacian —A and its fractional semi-powers by A
and Ag, respectively. The domains of A3 for various nonnegative integer values of k
are

D(Az) = {ve H'"(Q); »| =0},
oQp
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ov

D)= {ve B Q) Zo| =0 o] =
(W) ={ve @) 5| =0 v =0}
D(A2) C {v e H*P(Q); I oo 0, wv . 0}

for k>2and 1 < p < oo.

The norms for the spaces LP(2) and H*?(Q) will be denoted by ||.||, and ||. ||z,

respectively. For any 1 < p < oo and k > 0 nonnegative integer we have

1Az ]|, = [lv]lep for v e D(AZ)

(see [2]).
The operator norm for a linear mapping F' from a Banach space X to a Banach
space Y is given by

[Fllx—y = sup [Fv]y.
lvl|x=1

This notation will be used throughout this chapter.

Reduction of the system

The equations (2.3)-(2.4) and (2.5)-(2.6) imply
¢
X+ Xuwa=Xo — 7“0/ Xu(s)ds (2.8)
0

and

t
X+ Xog = 10 / X, (s)ds. (2.9)
0
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From (2.3) we also obtain

t

X, = Xpe ! exp{—bu/ B(s)ds}. (2.10)
0

Let ®(v) = e”v. Then (2.10) can be written as

X, = Xoe—mtcb( - /Ot B(s)ds). (2.11)

Substituting (2.8)-(2.9) into (2.1) yields

t
%—f =AB — k,XoB + (k, — k)a)TOB/ Xu(s)ds. (2.12)
0

When k, > k,, we choose k = k,Xo and | = (k, — ky)r0Xo. Making use of (2.11),

(2.12) becomes

aB t - S
9 _AB-kB-IB | ¢ TOS@( - B(u)du) ds. (2.13)
In other words, the solvability of the system (2.1)-(2.6) reduces to the solvability of

the initial/boundary-value problem for the nonlinear parabolic equation (2.13) with

boundary conditions (2.2).

Remark:  Note that if k, = k,, then (2.12) is linear. Also, if k, > k,, then (2.11)

can be rewritten as

t s
9B _Ap_kB—[i+ m/ e_mS(I)< - / B(u)du) ds] B, (2.14)

where k = k,Xo,l = (2k, — ko) Xo and m = (k, — k,,)roXo. Note equations (2.13) and

(2.14) are equivalent, but in our case (2.13) will be considered.

Global existence of solutions will be shown for the biologically relevant case k, >

k., (biocide consumption by adapted cells dominates), but a similar analysis can be
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carried out for the other two cases as well. We would like to point out that the

existence does not depend on the fact whether the model is dimensional or not.

Existence and bounds on the weak solutions of the linear PDE

We will show that (2.13) with (2.2) can be associated with a linear parabolic
equation with homogeneous boundary conditions, the regularity of solution of which

is well-known. Moreover, it can be shown that the L*-norm of the weak solution is

bounded by By.

Taking b(z,t) :== By — B(z,t) makes the boundary conditions in (2.2) homoge-

neous. In this case (2.13) with (2.2) becomes

b t s

Q-:Ab+u30—m44u%—h{/e<m%ﬁ@@(/‘mmm0¢;@1@
bl =0 o =0 for 0<t<T, b(x,0)=DBy—g(x) for z €. (2.16)
691—, 871392_ (0] SUSs 4 Z, = Do glr or r . .

Note that (2.15) can be rewritten as

%:Amwww+&m@, (2.17)

where

t s
hy(t) == k‘+l/ 6_(T°+b“B°)S@</ b(u)du)ds.
0

0

When b € L*([0,T], L>*(Q2)), then hy € L*°([0,T], L>(2)) with the upper bound M,

||hb||L°°([O7T];L°°(Q)) S k + lT(I)(T“b”LOO([O7T]7L°°(Q))) = er
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The previous estimate follows from the inequality [|e”||o < ell’ll= for v € L>®(Q).

Assuming b € L*°([0,T], L>=(2)) , we may associate (2.17)-(2.16) with the linear

parabolic equation

ou
U, 0, 9o 0 for 0<t<T, wu(z,0)=By—g(x) for x € Q. (2.19)

It has been shown that (2.18)-(2.19) has a unique weak solution satisfying

u e C([0,T); L(Q)) () C((0,T); H'*(Q)) (2.20)
ou “1p
i e C((0,T); H P(2)) (2.21)

forall 1 < p < oo (e.g. [13]).
The statement above can be formulated as a theorem:

Theorem 2.1  The system (2.18)-(2.19) has a unique weak solution in class (2.20)-

(2.21), where by weak solution u we mean

/Q%(t)vdm:/QVu(t)Vv(t)d:U—i-/th(t)(Bo—u(t))v(t)dx

for all ¢ > 0. The test function v € H"(Q) with v|sq, = 0, where 119 + % =1 and

The following theorem will be essential for the lower bound on B:
Theorem 2.2 If u is a weak solution of (2.18)-(2.19), then

|u(t)|lw < By for 0<t<T
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as long as ||u(0)|le < By -

Proof of Theorem 2.2 We multiply both sides of (2.18) by u|u|P~2 and integrate

over {). Hence, we get

1d

——/|u|pdm:/Auu|u|p_2d:p—h(t)/|u|p_2(|u|2—Bou)dm.
pdt Jo Q 0

Integration by parts yields

d
E/ |ulPdx = p(—(p — 1)/ \Vul?|ulP~2dr — h(t)/ lulP~2(Ju]* — Bou)dx).
Q Q Q
It follows that
d .
S0z < phte) [ fup= (B0 = fulde
Q

Note that |u|P~! € LY(Q) with ¢ = 57 By Holder’s inequality,
[ 1Pt <l meas():
Q

and so

%IIU(QH,’Z < ph(t)(lu(t) |5~ Bomeas(2)» — [|u(®)|5).

Finally, let y(¢) = |lu(t)||}, then we have that y solves the differential inequality

p—1

y'(t) < ph(t)y(t) 7 (Cp — y(t)

3=

),

where C), = BomeaS(Q)%. Assume that y(O)% < C, and assume that y(t)% > C, for
some t > 0. Then y/(¢) < 0 and y(t) < CP for t > 0 which is contradiction. From this

we deduce that

Ju(0)ll, < Cp = Ju(®)ll, < Cp for 0<t<T.
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Hence, by taking the limit on both sides we get that

[u(0)]l, < Bo = |[u(t)l < By for 0 <t <T.

So ||u(t)|leo is bounded by By as long as [|u(0)]|. < By. B

Remark:  This estimate will be essential for the lower bound on B. Notice that the

uniform bound on the LP—norm of u results in L*>-regularity, i.e.

w e L=([0, T]; L®(Q).

Existence of weak solutions of the nonlinear PDE

Using the contraction mapping principle, we can prove that (2.47)-(2.48) has a
unique weak solution satisfying the same regularity properties as the weak solution

of (2.18)-(2.19).
Theorem 2.3 The system (2.15)-(2.16) has a unique weak solution in class

(2.20)-(2.21), where by weak solution b we mean

@(t)vda’ = /QVb(t)Vv(t)dx—l—/ﬂhb(t)(Bo —b(t))v(t)dx

o Ot
for all ¢ > 0 for all v € H"(Q) with v]sn, = 0, where 119 + % =1 and b(0) = By — g¢.

Proof of Theorem 2.3 Let X be the Banach space

X ={be L=(0,T}; L=());  [|b(t)llo < Bo}-
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We will apply the contraction mapping principle in X to show the existence of a

unique weak solution.

Define F': X — X by setting F'b = u, where
t
Fb(t) = e b(0) + / e, (5)(By — b(s))ds.
0

It is easy to verify that the regularity given in (2.20)-(2.21) is sufficient for a fixed
point to be a weak solution as defined above. Choose u,u € X and let u = F'b, i = Fb.
Consequently b satisfies (2.18) for hy(t), and b satisfies a similar identity for h(t).

We will show that if £ > 0 is small enough, then T is a strict contraction.

It is well-known (see [18]) that e~ : L>°(2) — L>(£2) is a contraction semigroup,
ie.
He_tA”LOO(Q)HLOO(Q) <1

Note that for any b € X, the upper bound M, from the previous sections is uniformly

bounded by a constant independent of b, i.e.
Consider
~ t ~
[1E(t) — Fb(t)]|oo = || /0 e~ By (hi(s) — hy(s)) — b(s)ho(s) + b(s)hy(s))ds] |0 <

< /0 Byl (s) = ()l + [1b(5) R (5) — bs)hy(5) | ol <

< /0 Boll () = ()| oo + MIIb(s) = b(s)lloc + Bollhs(s) — hy(s)l|oeds <
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v

< /OtMnb(s)—B(s)||oods+2301/0t/os||<1>(/0U b(u)du) —cp(/o B(u)du)||oodvds.

Since b,b € X, we have that

||c1>(/0 b(u)du)”oo < hTBo .— |,

Therefore, since ® is locally Lipschitz with Lipschitz constant IV,

/Ot /OSH<I></OU b(u)du) —@(/OU bu)du ) | cduds <

< AENT?||b — b]| oo (po.17:0¢ ()

and thus
IFb(t) = Fb(t)[|oo < t(M + 2BolNT?)||b = bl| o= 0,17 52 (52

It follows that F'is a strict contraction as long as t < Given any t > 0,

1
M+2ByINT?"

we select a t; > 0 so small that ¢; < We can apply the contraction

1
NT3BINT?
mapping principle to find a weak solution b existing on the time interval [0,%]. Since
b(t) € L>(Q2) for 0 <t < ty, we can assume u(t;) € L>°(£2). We can then repeat the

argument above to extend our solution to the time interval [¢1,2¢;]. Continuing, after

finitely many steps we construct a weak solution existing on the full interval [0,7]. B

Remark: Note that b satisfies (2.20)-(2.21) and belongs to L*>°([0,T]; L>°(£2)) as well.



43

Stronger regularity of the solution of the nonlinear PDE

In order to show that (2.15)-(2.16) has a smooth solution on (0, 7] x €, we need

the following lemmas:
Lemma 2.1 If b(t) € H*?(Q) () L>=(), then the function
t s
ho(t) = k + 1 / e—<ro+bu30>sq>( / b(u)du) ds
0 0
also belongs to H*?(Q) (N L>=(Q).

Sketch of the proof of Lemmma 2.1  We restrict ourselves to the cases k = 0 and

k = 1. For k > 2 a positive integer, the proof is done analogously.
When £ = 0, the upper bound for h(t) € L>*(f2) is given in the previous sections.

When k = 1, then h(t) € LP(Q) by the previous argument and b(t) € H*P(Q) [ L= ().

Furthermore,

Vhy(t) = Ib, / t e—<m+bu30>5<1>< / S b(u)du>< / S Vb(u)du)ds.

Since @(fos b(u)du> € L>(Q) and [ Vb(u)du € LP(Q), it follows that Vhy(t) €

LP(Q) and thus hy(t) € HP(Q).
The following Lemma is used in the proof of Theorem 2.4:

Lemma 2.2  Suppose A is sectorial in the Banach space X and Reo(A) > 6 > 0.

For av > 0 there exists C\, < oo such that

A% || xx < Cut™ ™ for t > 0.
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For proof see [18].
Now we are ready to prove the following theorem:
Theorem 2.4 There is a unique classical solution to (2.15)-(2.16) satisfying
be C™((0,T] x Q).

Proof of Theorem 2.4 The proof is done by induction. First, assume b €
C((0,T]; H**(Q)), i.e. b € C([r,T); H*?(Q) for any 7 € (0,7) . We will show
that

b e C((0,T); H?(Q)).

Let’s apply Az on

b(t) = e AEp(7) + /t e A=, (5)(By — b(s))ds, (2.22)

T

where 7 <t < T. Since b(t), h(t) € L>(£2), we obtain
1
16()][1p = [[AZ0()], <
t
< Az Tb(0)]), +/ | 426740 (By — b(s))ho(s) | pds <

t
< Cit 27D p(0)], + Ca / (t — )2 =||(By — b(s))ho(8)||ceds <

1
2

< C t_%e—é(t—T)Hb(O)”p + QCéMBO\/g

1
2

It follows that b € C'((0,T]; H'*?(Q)).
Now assume b € C([r, T); H*?(Q) for p > . We will show that

be C([r, T); H*HP(Q)).
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Just as before, let’s apply A on (2.22). We have
k41
16 [[e1p = A2 b()]]p <

t
< A e b0, + / | Aze ) AZ (By = bls)) () llpds <
t

_ k41

< Cupnt™ T IO}, + Cy [ (0= 95 (B = b(s) (o).

T

By Lemma 2.1, hy, € C([r,T]; H*?(R)). Also, since p > %, we have

1(Bo = b(s)(8)llkp < 1 Bo = b(s) [kl 6 ().

Hence,

_k+l s g 7r
HWWHMSCTt265“”W®M+QVEW%—MMMWHWMM

Since b(t) belongs to H*P(2) for all £ > 0 and p such that p > %, it has continuous
derivatives of all order and it follows that b(t) € C*(Q) for all ¢ > 0. Similarly, (2.15)
yields that b € C1((0,T]; C(Q)). Differentiating the same equation with respect to ¢
implies b; € C*((0,T]; C(2)) and an inductive argument shows that b € C*°((0,T] x

Q). m
Remark:  As a consequence, (3.12) with (2.16) has a unique classical solution sat-

isfying

B e C™((0,T] x Q).
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Finally, we may show that the biocide concentration is nonnegative and obeys

the upper bound By:

Theorem 2.5 If B is a solution of (2.13) with (2.2), then

0< B(t)< By for 0<t<T.

Proof of Theorem 2.5 Recall that previously we obtained an upper bound on wu.

Hence, by the continuity of B we have

IBo— Bt)|lw < By = B(t)>0 for 0<t<T.

We also would like to get an upper estimate for B. From (2.13) it follows that

B, — DAB <0 on .

We introduce Q, = (7,7] x Q for 7 > 0. Weak maximum principle ( [35] ) on
yields

I1B(t)||oo < By for t > 7.

Taking the limit for 7 — 0 together with the non-negativeness of the initial condition
g implies

0<B({t)<By for 0<t<T. W
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Discussion

We have shown that (2.13) with (2.2) has a nonnegative bounded smooth solution on
(0,T] x Q. To prove this, we have used the equivalence of norms || A*ul|, and [jul|,

and the smoothing property of sectorial operators.

It is easy to show that the corresponding biofilm constituents X,, X4, X4, Xoq are
also nonnegative bounded and belong to the class C*°((0,7] x Q). These results

correspond to biological expectations.

We can extend the smoothness from (0,77] x Q to [0,T] x Q by assuming that the
initial condition g € C*°(Q2). In particular, when no biocide is present in the biofilm

at t =0 (g(z) = 0), the solutions will be C>([0,T] x ).

In the specific case when € is a cylinder, i.e. Q = D x [ where [ is an interval, we
again get smoothness on (0, T] x Q. Suppose €2 is a cylinder with Dirichlet condition
on the top and with Neumann condition elsewhere. Then taking the odd extension
of the solutions at the top, even extension of solutions at the bottom and using the

method of images results in C*°((0, T'] x Q)-regularity.

An obvious consequence of the regularity properties is the following: if there were
points on the boundary, where the Neumann condition changed to Dirichlet or re-
versely, then we would obtain the same C*°((0, T] x Q)-regularity except these bound-

ary points.
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In general, the unadapted-adapted cell transformation rate depends on the biocide
concentration. It may be worth replacing the constant ry with a nonnegative bounded
continuous function r(B) and investigating the global existence of solutions in this

case.

Longtime behavior of solutions in 1-D

Due to the fact that the biofilm model is coupled, it is impossible to say explic-
itly what happens when the time is large for general values of the parameters ¢,,, ¢, A.
In some specific cases, however, when these parameters are very small or very large,
we can say precisely how the variables X,,, X4, X4, Xoq Will behave. In this section
we will be interested in the asymptotic longtime behavior of the cell densities for the
biofilm system as well as for the corresponding planktonic system. This question was
answered for the linear biofilm model (when ¢, = ¢,) in [34]. We consider (2.1)-(2.6)

in 1-D (© = [0, L]). First we state the dimensionless form of the 1-D biofilm model.

We scale the independent variables z and t by & = z/L,t = tb,By, so that
0 < # < 1. The dependent variables are scaled by B = B/ By and X, = X/ Xo, Xoud =

Xua/ Xo, X, = Xa/XO,Xad = Xua/Xo. Note that Xy, Xua, Xa, Xog all range between
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0 and 1. Dropping the tildes, (2.1)-(2.6) in the dimensionless form becomes

OB 0B
2 2 2
€¢UE = W — ¢u(Xu + Xud)B — QSQ(XQ + Xad)B (223)
OB
X
aatu — —(B+N)X, Xu(z,0)=1 (2.25)
X
0 at”d = BX, Xu(z,0)=0 (2.26)
X
aat“ = —0BX, + X, Xu(2,0)=0 (2.27)
X,
88t“d = 0BX, Xgq(z,0)=0. (2.28)

2 _ 2 2 _ 2 : -
— huA0 — Mva
where ¢; = k,XoL?/D and ¢. = k,XoL?/D are the Thiele moduli for the adapted

and unadapted cells, € = b, By/k,Xo, A = 19/by,By and 6 = b, /b,.

Remark: ~ We would like to point out that ¢? on the left hand-side of (2.23) can be

replaced by ¢? as well, in which case ¢ becomes b, By/k, X.

Note that \/m , which has units of length, is the depth to which biocide
can diffuse in the biofilm before a significant fraction is depleted by reaction with
adapted phenotypes. Hence ¢, = \/m /L is the depth in scaled variables of
the disinfection layer of the adapted cells ( the distance in scaled variables a diffusing
quantity can spread in significant concentration ). ¢, can be interpreted analogously.
In the biofilm case we distinguish two regimes, ¢, < 1 and ¢, < 1; thin biofilm and

¢y > 1 or ¢, > 1; thick biofilm.
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The parameter ¢ is the ratio of the time scale (k,Xy)™! over which significant
biocide depletion occurs to the time scale (b, By)~! over which significant disinfection
occurs. We assume that ¢ < 1 in the biofilm case but e can be much larger in the

planktonic case.

The parameter \ is the time scale over which significant disinfection occurs to the
time scale over which unadapted cells transform to adapted cells, i.e., A < 1 indicates
faster acting biocide and A > 1 means slower acting biocide. We also suppose that
0, the ratio of adapted to unadapted disinfection rates is small for both biofilm and

planktonic cases.

With regards to the previous remarks (¢ < 1 and § < 1), the system (2.23)-(2.28)

simplifies to

0*B

92 $2( Xy + Xua) B+ ¢5(Xa + Xaa) B (2.29)
0B

5,0 =0 Bl)=1 (2.30)

8;? = —(B+NX. Xu(z,0)=1 (2.31)

8)5;” =BX, Xua(z,0)=0 (2.32)

a;ia = AXy Xa<x> 0) = 0. (233)

Note that X,4(t) =0 and X, + X,,s + X, = 1. The solutions of (2.31)-(2.33) are
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X, (t) = e~ Aty Bluydw) (2.34)
t
Xua(t) :/ B(s)e~Cstfo Bwdw) g (2.35)
0
t
;&U):A/nf“”ﬁmeM& (2.36)
0

It follows from (2.34) that X,(t) — 0 as t — oo. The question of interest is the
longtime behavior of solutions X,; and X, when the parameters ¢,, ¢, and \ are

varied. Here we present the results obtained :

The linear case, when ¢, = ¢, :

B
P x,
T BN T B

Xud as t — oo

When ¢, and ¢, are approximately the same (¢, =~ ¢,), then the linear model con-

sidered above can be used to obtain both upper and lower estimates for all quantities.

In the thin biofilm case, when ¢,, ¢, are both very small ( ¢, < 1 and ¢, < 1), we

will see that thin biofilms resemble the behavior of the planktonic systems :

as t — o0

1
Xua = /7 Xa
SR W T+l
In the case min{¢,, ¢, } — 00, i.e. the disinfection layer of the adapted as well as the

unadapted cells is decreasing, adaptation will dominate within the biofilm:

Xuw—0, X,—1 for x#1, X,— at =1 as t —

A
A1
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In the planktonic case, when all densities are independent of space, the results for

planktonic systems agree with the results for thin biofilms:

Xpg— ———, X,— as t — oo

14+ A
Now suppose that we vary A. The following results are the same for both biofilm

and planktonic systems:

In case of a faster acting biocide (A < 1) disinfection dominates:
Xw—1, X,—0 as t— 0

When the biocide action is slower (A > 1), one can expect that adaptation will
dominate:

Xw—0 X,—1 as t— o0

In the remainder of this section we derive the results stated above.

i)  The linear case, when ¢ = ¢, = ¢, : In this case (2.29) is linear and its solution

can be found explicitly

cosh(¢px)

Ble) = cosh(g)

Therefore, (2.34)-(2.36) take the form
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where B is given above. For large time,

B
Xy — —0— X,
1 B A -

B+ A

ii)  When ¢, and ¢, are approximately the same (¢, ~ ¢,):

as t — oo.

(2.37)

Unfortunately, we cannot find the solution of (2.29) explicitly. We may, however,

approximate the solution of (2.29) by an upper solution B and a lower solution B (

upper and lower solutions for elliptic equations are discussed in [2] ). When ¢, > ¢,

we set
&8 ., OB _
and
B, OB, B
gz = %8 8_95(0) =0 B(1)=1
The solutions of (2.38)-(2.39) are
—, + _ cosh(¢,z) _cosh(¢a7)
Ble) = cosh(g,) ’ Blz) = cosh(g,)
Hence, B is bounded by
cosh(p,x) cosh (¢, )
i Sl < 2\ Pun)
cosh(p,) — Ble) < cosh(¢y,)
Similarly, when ¢, < ¢,, we get
cosh(¢,x) cosh(¢,)
o ) < 2 \Far)
cosh(¢p,) — Ble) < cosh(¢,)

(2.38)

(2.39)
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For large time, the upper and lower solutions X 4, X4, X, 4, X, are just like in (2.37),

except that B is replaced by B and B, respectively.

Furthermore, we have the following estimate for |B(z) — B(z)|:

cosh(¢,z)  cosh(pgx
cosh(¢,)  cosh(eg)

) ‘ < |z sinh(¢z) cosh(p) — cosh(pz) sinh(@)||Py — ¢l

for some ¢ between ¢, and ¢,. Adding and subtracting sinh(¢) cosh(¢), we get

[B(x) ~ B(x)] < cosh() [ sinh(6) + cosh(9) — (sinh(6z) + cosh(¢)] 6 — .

Hence,

[B(w) = B(x)] < ¢ cosh(¢)(1 — ze™ )6, — .

Note that if z is close to the interface (z ~ 1),
[B(x) — B(x)| = € cosh(¢)(1 — x)|¢u — ¢al,
i.e. B and B are closer to each other in the upper regions of the biofilm.

iili)  When ¢, < 1 and ¢, < 1 (thin biofilm): It follows from (2.29) that B ~ 1.
Therefore,

Xuad — as t — oo.

A+1 A+1
iv)  When ¢, — oo: The second term in the right-side of the equation (2.29) grows
very fast. For a short time 0 <t < ¢, the first term in the right-side of the equation

(2.29) will dominate over the second term. Hence, an upper solution of B is

-, _ cosh(¢,z)
Ble) = cosh(¢y,)
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We pick tg such that X,(ty9) > Ae for some 0 < ¢ < 1. Hence,
to _
Xa(to) > )\/ e~ M B g > Ne,
0
where B is given above. Solving this inequality for ¢, gives
(A+ B)to+O(t3) > (A + B)
from which we get ty ~ ¢.

In what follows we will estimate X,(t) from below for ¢ > #;,. We need an upper

estimate for B, so let’s look for an upper solution for B that satisfies

2271;’) = ¢ B ——(0)=0, B(1)=1. (2.40)

We replaced the second term in the right-side of the equation (2.29) by ¢2AeB. The

solution of (2.40) is

Bz = cosh(¢aVAex)
 cosh(gVAe)

We pick ¢, such that

cosh(¢p,V Aex) —pavAe(1-2)
< 2e < Ae
cosh(¢p,V Ae)

for 0 <z < 1. Hence,

In(2/¢)

d)a_\/_(l—x)



56
Note that this choice of ¢, depends on z and A. The previous estimate for ¢, means

that the closer we are to = 1, the bigger the ¢, is. When z = 1, then B(1) = 1 and

A

/\—Hast—>oo.

at this point X, —

Finally, for t — oo,

—Ae

Xo 2 Ae+ )\/ e~ s trels=e)) s — \e + f =1-c+0()
€

+¢€

so that X, =~ 1 — . Taking the limit for ¢ — 0, we obtain

at t=1 as t — oo.

A
X — 0, X,—1 for x #1, Xa—>)\+1

Note that in this case adaptation dominates.

v)  When ¢, — oo: This case is biologically less relevant (the disinfection layer of
the unadapted phenotypes is small compared to the disinfection layer of the adapted
ones), but mathematically it differs from iv). The first term in the right-side of
the equation in (2.29) will dominate for a long time. We pick a time ¢, such that
Xu(tg) > € for some 0 < ¢ < 1. Also, for 0 < ¢ < ty, the biocide concentration can

be estimated by an upper solution that satisfies the equation

9’B — 0B _
W:qﬁieB %(0):0, B(1) = 1. (2.41)

We replaced the first term in the right-side of the equation (2.29) by ¢?¢B. The

solution of (2.41) is

—, _ cosh(¢y/ex)
B = o (pur/e)
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We pick ¢, such that

cosh(¢p,+/cx) < 9p-tuVRE(-2) < ).
cosh(¢,/e) ~ -

Hence,
In(2/¢)

Gu > —=

VL —a)

Note that this choice of ¢, depends on x. Just as before, when x = 1, then B(1) =1
ananﬁ%Hasteoo.
Now we are ready to find t,. We have

Xu<t0) 2 e*)\(1+6)t0 2 c

from which we get tg ~ 1\11((111‘3

It follows from (2.32)-(2.33) that

Therefore, we obtain X4 ~ X,. Also, X, + X4 ~ 1 —¢e. It follows that

2
° ~1—2, Xu=~2& for t#1 as t — oo.
1+e¢

X, ~1-—

Taking the limit for ¢ — 0, we get the same as in iv).

vi)  The planktonic case: Consider (2.7) together with the equations of the con-

stituent densities where the derivatives are ordinary. Recall that in the planktonic

populations all densities are independent of space. In the dimensionless form these
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equations become

e%?::—{A@—%A@@£3—(XQ4—XQQB B(0) =1 (2.42)
diuz—ua+mxg X, (0)=1 (2.43)

dé?d::Bx; X,a(0) =0 (2.44)
%;1:—6BX;+AX@ X,(0)=0 (2.45)
d;%d::de; X.a(0) =0 (2.46)

The dimensionless parameters €, A and § are defined as in the biofilm case and & =
ko/k,. In the planktonic case € > 1. With regards to the previous remarks, we
obtain that B =~ 1 both in the replenished and in the non-replenished case. One can

see that X,4(t) = 0 and X, (t) — 0 as t — oo again. For large time, the solutions of

(2.44)-(2.45) become

1

Xu PR Xa
TN TS

as t — oo.

Note that the previous results coincide with results in iii); this implies that thin

biofilms behave like planktonic systems.

Minimizer in the linear case

In the linear case ¢ = ¢, = ¢, the biocide B is known explicitly. We intro-

duce functionals .JJ; and Jy and we will show that their optimal minimum is the delta
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function which is impractical but it suggests that a short and intense dosing at the be-
ginning of dosing period is the most effective. There are, however, more sophisticated

dosing strategies that will be discussed in Chapters 5 and 6.

In the dimensionless form equations (2.3)-(2.6) become

e%—f = 8;7? — ¢*B, 2—5(0,15) =0, B(l,t)=wu(t), B(z,0)=0 (2.47)
8;% =—(B+N)Xu  Xu(2,0) = (2.48)

8)5;” =BXy  Xu(r,0)=0  (249)

a(;;'a = —0BX,+AX,  Xo(r,0)=0  (2.50)

afaiad =0BX,  Xaa(z,0)=0,  (2.51)

where

§=0bb,t, e=0b,kI’D7t, $* = kXoI*D7, A= mg(b,By)!

from Chapter 1. We may take ¢ < 1 and we also assume that adapted cells are less

susceptible to disinfection than unadapted cells, i.e. 6 < 1. In this case (2.47)-(2.51)

changes to
X
aat“ = —(B+MNX, X,(z,0)=1 (2.52)
X

? at“d = BX,  X.(z,0)=0 (2.53)

X, B
o = AN Xa(2,0) = (2.54)

e

Xt _, Xoa(z,0) =0, (2.55)
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where

B(a,t) = u(t) Bo(x) with Bo(x) — %.

We consider two types of minimizing functionals associated with the system (2.52)-

(2.54)
Ji(u) = lim 1 /T /1 (Xu(a:,t) +Xa($,t)>dxdt

with respect to

/0 T u)dt = m

(minimizing J; so that biocide dose of a given amount m is added during the treat-

ment) and

Jo(u) = lim l/T/l (Xu(x,t)+Xa(:1:,t)>dxdt+c/ooou(t)dt,

where ¢ is the cost of a biocide dose (minimizing J» so that the cost of biocide dose
is given). It is easy to see that functional J; would not make sense for the model
with growth and hence, we do not have an analogy for J; in Chapter 1. Indeed, it
follows from the constraint that lim; .., u(t) = 0, i.e. if we stop dosing biocide for a
long time in growing biofilm, it will regrow again. On the other hand, functional J,
coincides with functional J from Chapter 1 and so J, makes sense both for the model

with and without growth.

Recall that for the model without growth X, () — 0 as ¢ — oco. Also, numerical

simulations suggest that X, converges to a steady state as T" — oo. Hence, functional
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J1 changes to

Ji( Thm—/ /X (x,t)dxdt = /X / u(t)dt =m

the minimizer of which is the delta-function u(t) = md(t). From equations (2.52) and

(2.54) we have
¢
X, () = e~ RO+BEM X () ) / X, (s)ds
0
Using the previous formulas and taking B(z,t) = md(t)By(z) it can be shown that

1
min .J(u) —/ e B gy,
0

We cannot evaluate fol e~mBody exactly, but we may conclude the following for the

cases of thick/thin biofilms:

i)  When ¢ > 1 (thick biofilm) :  Function By is small for 0 <z <1 — € and

then close to 1 for x ~ 1. Hence,

1 1—e 1
/ e P dy = / (1 —mBy + O(Bg))d:v + / e "Body ~
0 0 1—e

1—e 1
~ / (1 —mBy)dx +/ e Mdx ~
0 1—e

sinh(¢(1 — ¢€)) o
—¢ cosh ¢ +ee .

~l—e—m

As € — 0,4, we have

1
/ e Podr~1— mtanh<b.
0 ¢

iil)  When ¢ < 1 (thin biofilm) :  Function B, is close to 1, hence

1
/ e mBody e ™,
0
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In fact, e™ < fol e~™Body < 1. Tt can be shown that the minimizer of the other

To(w) :/OOO /OlXa(m,t)dxdt—I—c/ooou(t)dt

is again u(t) = md(t), where m satisfies

1
/ e mBodr = c.
0

functional
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CHAPTER 3

EXISTENCE AND UNIQUENESS OF SOLUTIONS

We will prove the global existence of solutions of the system (3.1)-(3.7) with
boundary conditions (3.8) and initial data (3.9). In particular, we will show that if
the initial data is of class C!, then the solutions are also of class C'. First we prove
using characteristics that given v, the system (3.11)-(3.17) has a unique solution.
Then we use a fixed point argument to show the existence and uniqueness of v. We
extend our results to the case when the initial data have C*-regularity for k positive

integer. Recall the model equations from chapter 1:

0?°B

a2 ¢'B (3.1)
a;i“ - %(Xuv) = —(B+NX,+aX,+7X, (3.2)
agiud * %(X“‘”’) = By (3.3)
6;“ + (%(Xav) = AX, — 0BX, + aX, — X, (3.4)
ag(t“d + %(Xadv) — §BX, (3.5)
% = a(X, + X,) (3.6)
L _ o(L,.) — oL? (3.7)
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The boundary conditions are given by

B
g—w(O,t) =0, B(L(t),t)=u(t) for 0<t<T,
v(0,t) =0 for 0<t<T, (3.8)

where the biocide concentration through the interface w is a nonnegative function

belonging to C'[0, T]. The initial conditions are

L(0) = Lo,

Xu(z,0) = gu(x) for 0<z < Ly,

Xui(2,0) = gua(z) for 0<z < Ly, (3.9)
Xo(2,0) = go(x) for 0<x< Ly,

Xaa(2,0) = gaa(z) for 0 <z < Ly,

where the initial data for the cell-densities are taken to be nonnegative functions
satisfying g,(7) + gua(®) + ga(x) + gaa(x) = 1 that belong to C'[0, Ly]. The initial

biofilm thickness L is a positive constant. We look for solutions on the domain

Q={(z,t): 0<z<L{t), 0<t<T} (3.10)
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Note that the system (3.1)-(3.7) is equivalent to

B,
— = 0*B 11
oz = ¢ (3.11)
0X, 0X,
=(—-B — 1-X,—X,))X X, 12
5 +U@J; ( A+ af w a)) X +7X, (3.12)
a)(ud a)(ud o
pr + v BX, — a(X, + X)X (3.13)
0X, 0X,
= )\X —0B 1-X,—X,) —7vX .14
5 +U§x AX, + (0B + of u a) —7)Xa (3.14)
a)(ad a)(ad o
0t = GBX, — alX, + Xo) X (3.15)
dL
— =wo(L,.) — oL 1
I v(L,.)—o (3.16)
0 (X + X,) (3.17)
or “ “r '

We will use (3.11)-(3.16) instead (3.1)-(3.7) in the proof of the following theorem:

Theorem 3.1:  The system (3.1)-(3.7) with C'' nonnegative initial data (3.9) sat-
isfying g, + gua + 9o + gaad = 1 and the boundary condition (3.8) for a nonnegative C*
function u has a unique solution on domain (3.10) for any 7' < co. Moreover, the func-
tions X, Xu4, X4, Xaq are all nonnegative, of class C' and X, + X g+ X, + Xog = 1.

The function L is positive and of class C? and the function v belongs to C2C}.

Remark. The statement of above theorem remains true even if more general detach-
ment term in the equation (3.7) is considered, for example of the form —oL? for some

8> 0.
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Proof of Theorem 3.1:  We will prove this theorem by proving some lemmas
first. We start by solving an easier problem (3.11)-(3.16) in which (3.17) is ignored
and instead we assume that the function v is given on the box [0, M] x [0, T], where
M will be specified later.

Let v be a continuous function defined on the box [0, M] x [0, T]. We will assume
that v and % are continuous with respect to both z and ¢, v(0) = 0 and 0 < % < a.
Hence, v(z,t) < ax for all t and v is increasing in z. To simplify our exposition we
now extend the function v in a ClCj-fashion onto [0,00) x [0,T]. For example, we
can take

ov

o(x,t) =v(M,t) + (I—JW)a

X

(M,t) for x> M. (3.18)

This guarantees that v and g—g are continuous functions and v(x,t) < au.

Since v is given, we use equation (3.7) to compute L(t) on the interval [0, 7.

Once L is known, we may compute B, i.e.

cosh(¢x)
B(t) = u(t)w.

Note that (3.12) can be rewritten as

0X, N 0X,
ot ox

1=—(B+MNX,+a(l-X, — X)X, +vX,.

Let us reduce this PDE to an ODE along some curve s(t), i.e., find s(t) such that

d
%Xu(s(t): t) = _(B + )‘)Xu + Oé(l - Xu - Xa)Xu + ’YXa-
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We may do the same with equations (3.13)-(3.15). By the chain rule, we obtain an

equation for the characteristics

ds  _
% = U(S(t>7t)= S(O) = Zo, (319>

for zy € [0,00). By the assumptions laid on v, there exists a unique local C''-solution
on a subinterval of [0,7]. Since ¥(s,.) < as, we have that s(t) < zge® for all t.

Hence, there is a unique C*-solution on the full interval [0, 7).

characteristics on [0,M] x [0,T] for M=1 and T=1

1 T T T T ~
y
/
0.9f i
0.8t i
ozt / 1
0.6 / / g
~ 05 g
041 | g
031 i
| /
0.2t | | i
| |
0.1F ‘ i
0 Il Il
0.2 0.4 0.6 0.8

1 1.2 14 1.6

s(x.o,t)

Figure 1. Characteristic curves on the box [0, M] x [0,T].
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We restrict the system to the characteristics. In this case equations (3.12)-(3.15)

become
Ty = —(b+Nzy + (1 — 2y — o)Xy + Vg,
jud - bxu - Oé<xu + xzz)xud;
g = ATy — 0bxy + (1 — Ty — T4) Ty — Y4,
Tag = 0bxy — Ty + To)Taa,
where
) 0X, 00X, B
(1) = 5 (s(t),t) + pe (s(t),t)v(s(t),t), wu(t) == Xu(s(t),1),

. aXud aXud

ualt) = S (5(8),0) + S0, 00(5(0), ), alt) =

X, 0X,

ia(t) = ot (S(t):t)"_ Oz <S<t)7t)7_}(3(t>at)a ma(t) = Xa(s(t)>t)a

. 0X, 0X,
xad<t) = d d

S (s(1), ) + 2 (s(6), )5(s(8),8), walt) = Kaals(t). ).

(3.20)
(3.21)
(3.22)

(3.23)

The biocide concentration restricted to the characteristics is given by b(t) := B(s(t),t).

The initial data associated with the system (3.20)-(3.23) are given by

2,(0) = gu(z0), 2ud(0) = gua(T0),

24(0) = ga(0), 24d(0) = gaa(To).

Note that the system (3.20)-(3.23) has a unique local solution since the right-hand

sides of the equations are Lipschitz continuous. It also follows that two characteristics

never intersect. Indeed, let s; be a characteristic with initial condition s;(0) =
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and sy a characteristics such that s5(0) = x9, where x; < 5. Then
$5(0) — s1(0) = v(22,0) — v(x1,0) > 0,

since % > 0. The same argument works for any time ¢, and hence we get that s, — s;

is a nondecreasing function in ¢. Thus s; # s, for all ¢t > 0.

First we will show that the sum of the solutions to (3.20)-(3.23) is 1. Let w denote
the sum x, + Tyq + T4 + Taq. Adding equations (3.20)-(3.23) of the previous system
we obtain

W= a(z, +z,)(1 —w), w(0)=1.
Let z =1 — w. Then the previous ODE becomes
Z=—a(r, +14)z, 2(0)=0,
the solution of which is z(¢) = 0 for all ¢. Hence, w(t) =1 for all ¢.

Now we are ready to prove that the solutions to (3.20)-(3.23) are nonnegative
(and therefore bounded by 1, since z, + Zyq + T4 + qq = 1). Note that the solution

to (3.21) and (3.23) is given by
t t u
Pua(t) = ¢ HE o ) 4 [ fa)p(ge e By (321)
0
and

t
Taa(t) = e o @ulsltwal@ds g 0y 4 5 / 2o (u)b(u)e= S @zl )ds gy, (3 95)
0



70

First we will show that z, and z, are nonnegative. Then it will follow from (3.24)
and (3.25) that z,4 and z,4 are nonnegative as well.

To see that x, and x, are nonnegative, we argue by contradiction. We will show
that

{t €10, T):xu(t) <0 or z,(t) <0} =0.
Assume this claim is false. Then there exists ¢y such that
to =1inf{t € [0,T] : z,(t) <0 or z.(t) <0}.

Clearly, at ty we have that x,(ty) = 0 or z,(ty) = 0 or both. We have the following

cases:

Case 1: If x,(tg) > 0 and z,(ty) = 0, then from equation (3.22) it follows that
Zq(to) > 0 on (to,to + ). This contradicts the fact that by the definition of ¢, the

function x, < 0 on (tg,to + ). Hence this case does not happen.

Case 2: If z4(to) > 0 and x,(tg) = 0, then from the equation (3.20) it follows that
Zu(to) > 0 on (to,to+ d). This contradicts the fact that from the definition of ¢y the

function x, < 0 on (tg,to + ¢). Hence this case also does not happen.

Case 3: Finally, if x,(t9) = x4(to) = 0, then the uniqueness argument for the ODEs
(3.20) and (3.22) implies that z,(t) = x,(t) = 0 for all ¢ on [0, M]. Therefore, this

case must be again excluded.

It follows from the previous that such a ¢y, does not exists, hence z,(t) > 0 and

xq(t) > 0 on [0,7T]. Altogether, all the solutions to (3.20)-(3.23) are nonnegative and
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bounded by 1. The boundedness of solutions guarantees that the system (3.20)-(3.23)
has a unique C'-solution on the full interval [0, T, i.e. Ty, Tug, Ta, Taa € C[0,T).

In what follows we will consider the dependence of characteristics s satisfying the
ODE (3.19) on the initial data z. Recall that s is of class C! in the ¢ variable, i.e.
s(xg,.) € C'[0,T]. We will show that s is C'-dependent on zy, i.e. s(.,t) € C*[0, c0).

Consider the initial-value problem

dp B

where f(zo,t) = % and p = g—;}. The ODE (3.26) is obtained by differentiating

(3.19) with respect to zy. The solution to (3.26) is given by
p(zo,t) = elo fwomdu (3.27)

Note that f(xg,t) is uniformly bounded and continuous in both variables. Hence,
p(.,t) € C[0,00), i.e. s € C1([0,00) x [0,T]).

Just as before, we will consider the dependence of the functions x,, .4, T4, Taqg ON
1. Recall that x, (0, .), Tua(To, ), Ta(To, .), Taa(To,.) € CH[0,T]. We will show that
the solutions to (3.20)-(3.23) are C'-dependent on zg, i.e. y(.,t), Tua(.,t), za(.,1),
Taa(.,t) € C'0,00). Indeed, differentiating equations (3.20)-(3.23) with respect to xq

enables us to obtain an ODE of the form

% = P(l’o, t)y + Q(l’o,t), y<0> = Yo, (328)

where the components of y are taken to be

() = 0y (t) Oxya(t) Oxq(t) 8xad(t)]T
Y N 8930 ’ 8270 ’ 6:170 ’ 8ZEQ
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with the initial data

’ ’ ! ! T
¥o = [9(20). Gualw0): 9, (0): goal0)

The solution of (3.28) is given by
¢
y(z0,t) = elo Pl@owduy +/ els P@omduy (g0 6)ds. (3.29)
0

The vector-valued functions P(xg,t), Q(zo,t) are continuous on [0, 00) x [0, 7. Also,
the components of P and @ are uniformly bounded in ¢ € [0, 7] and z( € [0, 00). It is
easy to see that y is bounded. Let ||.|| denote the usual matrix norm. From above it
follows that there exits a constant C' > 0 independent of ¢ and z( such that || P|| < C

and ||Q|| < C. Therefore, by (3.29) it follows that for ¢ € [0, T]]

ly®1 < e (llgoll + CT).

Altogether, there is a unique vector-valued solution on the full interval [0,T] each

component of which belongs to C[0,00) x C'[0,T] and this is what we wanted.
Recall that x,, Tud, Ta, Taa € C([0,T] x [0,00)). We will show that this implies

the functions Xy, Xu4, Xa, Xeq are C! in both variables. The relationship between

Ty Tuds Ta, Taqg and Xy, Xy, Xa, Xag is the following:
xu(%, t) = Xu(s(ty ZL'()), t>7 xud(xm t) = Xud(8<t7 x0)7 t)u

zq(xo,t) = Xo(s(t, o), 1), Zaa(wo,t) = Xaa(s(t, zo),t).

Define z = s(xo,t) = si(xo). Note that s; is invertible since p = 8‘9—;} > 0 in (3.27).

Also, since s; is C'' in both variables, by the Inverse Function Theorem s; *(z) is also
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C' in z and t. We may write
Xu(z,t) = 24(s; (2),1) = 2,0,

where Y : R? — R? with Y (x,t) = (s; *(z),t). Note that Y is C' in both variables
since s; () is of class C' by the argument above. It follows that X, is C' in both
variables on [0, 00) x [0, T] as the composition of C'-mappings Y with z,. The same
argument shows that X,, X,q and X4 are also C! in z and ¢ on [0, 00) x [0, T]. Hence,

we have established the following lemma:

Lemma 3.1: Let v and g—z be continuous with respect to both = and ¢, v(0) =0
and 0 < 2¢ < az. Then the system (3.11)-(3.15) has a unique solution with functions

Xy Xudy Xa, Xag belonging to C1([0, 00) x [0,T]), nonnegative and summing up to 1.

We may easily find an upper bound M on the function L given in the following

lemma:

Lemma 3.2: The function L satisfying (3.7) is nonnegative, belongs to C? and has
an upper bound M, where
«
M = max {—, LO}. (3.30)
o
Proof of Lemma 3.2:
To show that L with initial data L(0) = Ly > 0 stays positive, we argue with
contradiction. Suppose there is a time ¢y at which L(tg) = 0. On the other hand, if the
initial data is L(0) = 0, then L(t) = 0 solves (3.7). Two solutions with different initial

data cannot intersect each other, it would contradict the uniqueness of solutions.
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To see that L(t) < M, assume contrarily that there is a tq such that L(tg) = M
and L(t) > M on (to,to + 9) for some § > 0. Note that

dL
%gaL—aL2<L(a—aM)§0

on (to,to + 0). It follows that 2 < 0 and so L(t) < L(to) = M on (to, o + §) which

is contradiction. W

Note that we have shown in Lemma 3.1 that the functions X, X, are C'! in both
variables. Hence, v will be C? in # and C'! in t. Since the right hand-side of equation
(3.7) is C* in L and C' in t, there is a unique local C*-solution. Boundedness by M
guarantees a unique C%-solution on the full interval [0, T]. This finishes the proof of

existence for the system (3.11)-(3.16) under the assumption that v is known.

In what follows, we will use a fixed point argument to show the existence and
uniqueness of v satisfying the assumptions in Lemma 3.1. We will introduce the

function spaces
X ={f:[0,M]x[0,To) = R: [, fo € C([0, M] x [0, Tp])}
with norm || fllx = [[fllcqonxom) + I1fzlloo.axo,m) and
Z =C([0,M] x [0, T))

with norm || f{|z = || fllcqo,m)x[0,1)), Where Ty will be chosen later.

We define the domain of operator F' by

D(F):{UEX: v(0) =0, 0<%§axforx>0}.
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Given v on [0, M] x [0, T], we may define its extension @ on [0, 00) X [0, T] by formula
(3.18). Thus, we may compute X,, X, on [0,00) x [0,7] by the method described

above. We define the operator F': X — X as follows
Fu(x,t) = a/ (Xu(u,t) + Xo(u,t))du, 0<x <M, 0<t<T, (3.31)
0

where v € D(F). One can see that D(F') is a closed subset in X. We will show that

F' has a fixed point by the contraction mapping principle, i.e.
|Fv— Follx < qllv—0[|x

for some 0 < ¢ < 1.

Note that for a mapping f € X C Z the following is true:

| [ sal, < x4,

Indeed, we have

| sl =l f 7ol + ol < =l

with K =1+ M. This inequality will be needed below.

Consider
|Fo— Fillx = Ha/ (Xut Xu = Ky = X)) <
0
< KalXo+ Xo = Ko = Xully < Ka(|Xu = Zally + 1Xe = Kull2)s (3.32)

where K is defined above. Recall that z, and z, are C' in both variables. Therefore,

they are Lipschitz continuous with respect to xy and ¢. Estimate

1%, = Rullz = law oY —2,0¥ +2,0¥ — 5,07z <
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< zallipllY = Yz + l2a = Zullz < CullY = Yz + l2a — Zullz, (3.33)
and

||Xa—)~(a||z = ||$a0Y—xao}~/+xa01~/—ia0f/||Z <
< zallipllY = Yz + |2 — Zallz < CallY = Yz + |20 — Fall 2, (3.34)

where ||.||Lip is the Lipschitz-norm with respect to ¢ and xy. These for variables x,
and x, are just some constants C, and C, that only depend on initial conditions of
our problem, the total time interval we want to solve the problem, but not on v.

In what follows, we will find an appropriate estimate for the first term ||Y — Y|

in (3.33) and (3.34). Using the fact that s;* — &, ' = s; '(5; — s;)5, ', we obtain

IY =Yz = sup [lsy" =5 oo <

te[0,To]
< sup sy iy, sup (15 i, lIs — 32, (3.35)
t€[0,T0] t€[0,T0)

where ||.||Lip, is the Lipschitz norm with respect to z. Note that (3.19) is equivalent

to
t
si(zo) = o +/ v(u, sy (o)) du.
0
It follows from (3.27) that g%g > (. Hence,

aSt t aU 6Su
— =1 — —du > 1.
oz, + oo (u, su(:cg))axo du >

Therefore,
1

||8t_1||Lipw < sup o <1
xz0€[0,M] |8—$0|
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and so (3.35) can be rewritten as
1Y =Yz < lls =32 (3.36)
Estimating (3.36) we have

|m—§m={L[vwﬁw»—vmsw»+vwsw»—6@&@»@#2s

< Tol[vlluip, lIs = 3llz + Tollv = 0llz < Toalls = |z + Tollv — o] 2. (3.37)
Making use of (3.36) and taking Ty < & in (3.37) yields
1Y = Y|z < 2Ty|lv — 9]z < 2Tp||v — 9| x- (3.38)

Now we are ready to estimate the second term ||z, — Z,||z in (3.33). To do this,

we need some estimates first. Note that
t ~
o = alz = || | b)) + B fa) + Mza(w) — 2w
0

a(l =2, (u) = za(u)ra(u) = a1 = Fy(u) = Fa(w)(0) + y(za(u) = E()du]|_ <
< Tollbllcomlles = Zullz + 1 Zullzllb = Bllcrom + Allzw — Zullz+
talzy — Zullz + ol (Tu + Ta)Tu — (Tu + Ta)Zullz + 7V]|Ta — ol 2], (3.39)
where the middle term in (3.39) can be estimated as

(4 + Ta)Tu — (Tu + Ta)Tull 2z < Hxi - jfLHZ + | Zau — TaZul|z <

< 2”5% - fi’UHZ + ||xu - juHZ + Hxa - jaHZ
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by the fact that ., Tud, T, Tads Tuy Tud, Ta, Taqg are nonnegative and bounded by 1.

Also, there is an upper bound on b independent of ¢:

16]|co,p) = sup u(t) cosh(¢s(t))

—— = Sl cosh(oM
t€[0,T0) cosh(o¢L(t)) — I ||C[07T] (¢ M)

It follows from the previous that
”xu - j"uHZ S TO[CIH-TU - ju”Z + CQHxa - ja”Z + ”b - B”C’[O,T()]L (340)

where
01 = ||u||C[O,T] COSh(ng) + N+ 40(7 02 =~+a.

In a similar manner as above we may estimate the second term ||z, — Z,|z in

(3.34). We have
t ~
|0 — Fall. = H /0 A (1) — Fo(w)) — 0xa(w)b(t) + 674 (w)b(u)+
a1 = () = 7a(u)a(u) = a(l = Fu(u) = Fa(w)Fa(w) = Y(ra(u) = Za(w))du| <
<Tp [Al\l‘u — Zullz + 6110l oz 20 — Fallz + 011 Zall 2116 = bll o, +

Vallz = Fulls + all(u + 7a)ta — (u+ E)Els + ol —Fls]. (341)

Just as before, we may estimate the middle term in (3.41)
(20 + 2a)Ta — (Fu + Ta)Tallz < |25 = E2]l 2 + [|20tu — Talul|z <
< 2[|zg — Zallz + 2w — Tullz + 2o — Zall 2-

We obtain

||xa - jaHZ < TO[O3||xa - jaHZ + O4qu - ju”Z + 6Hb - B|’C[07To}]7 (3-42)
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where

Cs = 0||ullcor cosh(¢M) + 4o+, Ci= A+ a.
Adding (3.40)-(3.42) one obtains
2w = Zullz + [[Ta = Zallz < ToCrmax(|2u — Tullz + |20 — Zall2)+

+To(1 4 0)[1b = bllcpom), (3.43)

where

Cmax = max{C’l + C4, CQ + Cg}
Taking THCpax < % in (3.43) yields
2w — Zullz + |70 — Fallz < 2T6(1 + 616 — bllcppm) <

< 2T5(1 + 0)||bllLip, I|L — Lllcpomy)s (3.44)

where ||.||Lip, is the Lipschitz-norm with respect to . We may show that an upper

bound on % mdependent of t is the following:

< ||u’HC[07T] cosh(pM) + HuHC[O’T@M[ae‘ﬁM + oM cosh(¢pM))]

smh ds cosh(¢s) dL
a h(¢L)cosh(¢L) dt

cosh ) dt

Therefore, there exists a positive constant Cj independent of ¢ such that ||b||rip, < Cp.

Now we will estimate the term ||L — Ll|cpoz) in (3.44):

1L~ Lllctomy < sup { [ fo(un L) = ol L) + vl Ew) = o0, L(w)) du+

te[0,To]
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t ~ ~ ~
+0/ |L2(U)—L2(U)|dU} < TolllollxllL = Lilewm) + llv = 0llz + 20 M||L = Ll cpom)]-
0

Since [|v]|x < a(M + 1), we get
1L = Lllopm) < Tole(M + DL = Lllopy) + llo = 8llz + 20 M|| L = Lileo,r)- (3.45)
Taking Toa(M + 1) < + and Ty20M < 1 in (3.45), we obtain
IL = Lllowsn < 2Tollv - oz < 2Tollo — o1l (3.46)
By (3.46), the inequality in (3.44) becomes

|20 — Tullz + |1Ta — Zallz < AT5(1+ 8)Chllv — 3|2 (3.47)

Now we are back to (3.32). By (3.47), (3.33), (3.34) and (3.38), the inequality in

(3.32) changes to

1Fv — Follx < Ka(|[Y = Y]2(Cu+ Ca) + 2 = Tullz + l2a — Zallz) <

< Ka(2Ty(Cy + C) + 4TZ(1 4 6)Cy) ||v — | - (3.48)
Taking Ty < 1 in (3.48) we obtain
|Fv— Folly <2ToKa(Cy + Cy +2(1 + 0)Cy)|lv — 9| 2

We choose Ty sufficiently small so that the mapping F is contractive. For example,
we pick Ty so small that T52Ka(C, + Cy + 2(1 4 0)Ch) < 1/2. Summarizing the

previous choices of Tj, we take

11 1 1 1
Ty = 1 {_7 ) 9 71a }
0 207 20 (M + 1) 80 M’ 4K a(Cy + Cy + 2(1 + 0)C)
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The important thing to note is that if we look back at all choices of constants
(Cy, Cu, Crnaz) we made, we can observe that they only depend on coefficients («, o, ),
the boundary data u(t) and C'' norms of the initial conditions (functions g, gy, - - - )-
The situation is particulary delicate for constants C, and C,,. It is important to notice
that when we selected them, we did it already for the full interval [0, T, even though
we now look only for a solution on the interval [0,7p]. Hence we will not have to

change these two constants in the next step.

By the contraction mapping principle, it follows that the mapping F' has a unique
fixed point v in its domain D(F). This fixed point is the solution on [0, M] x [0, Tp].
Since v(., Ty), Xul(., To), Xua(, To), Xa(, To), Xaa(., Ty) € C[0, M], we can then re-
peat the argument above to extend our solution to the time interval [Ty, 275]. The
important point emphasized earlier is the fact that the size of the constants does not

change, hence this is again an interval of same length 7. Continuing, after finitely

many steps we construct a unique solution existing on the full interval [0, 7.

At this point we have a ’solution’ on [0, M| x [0,7]. We note however, that the
true solution is only defined on a subdomain Q of [0, M] x [0,T] as given in (3.10).
The initial data ¢y, Gud, Ja, Jad on the interval [0, Lg] (L(0) = Lg) are of class C*,
nonnegative and they sum up to 1. First we determine the number M by formula
(3.30). We need our data to be defined on [0, M], so we extend the data in a C-

fashion onto [0, M] and we denote them by Gu, Gud, Ja; Gad- The existence theorem
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above gives us a unique solution of the equations (3.1)-(3.7) on the domain [0, M] x

[0, 7). We call the functions corresponding to this solution by 9, L, X,, Xug, Xa; Xaa.

Finally, we obtain our true solution defined on the domain §2 by taking a restriction

of 6,)2”7Xud, Xa,f(ad onto the domain 2. Hence,

and the proof of Theorem 3.1 is complete. B
The following proposition deals with the issue of better regularity of the solutions
from Theorem 3.1. Essentially, the more regularity we have on the initial data, the

smoother are the solutions.

Proposition 3.3: Let all assumptions of Theorem 3.1 on the initial data g,, gud, 9a, Gad
be satisfied. In addition, assume that these functions are of class C*, where k& > 1
is an integer. Then the solution of the problem (3.1)-(3.7) satisfying the boundary
conditions (3.8) has the following regularity:

- functions X,,, Xud, Xa, Xaq are of class C* in both variables

- function v is of class CFC*+1

- function L is of class C**1.

These results can be established by showing that function s, and hence mapping
Y, and also functions z,, Zug, Ta, Teq are of class C* in both variables. This fact
is easier to prove in variable ¢, as it follows from standard ODE theory. The C*

regularity in variable xg is a bit harder and can be done in a fashion analogous to
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(3.28) where for each partial derivative in the z, variable we obtain an equation

similar to (3.28).

Numerical Methods

In the last part of this Chapter we will discuss the numerical methods we use to
solve equations (3.1)-(3.8). We note that our numerical methods are directly moti-
vated by the techniques we used to prove existence and uniqueness for this system.

It follows from (3.1) and (3.8) that the biocide concentration is given by

B cosh(¢px)
B(z,t) = u(t)m.
Also, (3.6) and (3.7) implies
vlet) =a [ (GG + Xal6. 0D (3.49)

In order to achieve higher accuracy of our computation we used second-order
methods such as the Runge-Kutta trapezoidal method. The integral for v was com-
puted with the trapezoid rule. Our approach is based on the method of characteristics

that we will present below. Note that (3.2) can be rewritten as

0X, 00X, ov
BT + 5 U= _X“a_x — (B+N)X, +aX, +7X,. (3.50)

The left hand-side in (3.50) is the directional derivative of X, in the z,¢ plane in
the direction (v, 1). The flow of the vector field (v, 1) defines characteristics, i.e. the

equation for characteristics is

dz
pri v(x(t),t), x(0) = xo.
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The time-axis x = 0 is also a characteristic, since v(0,t) = 0. Hence, the left-boundary

conditions for the solutions can be obtained from the method directly.

The Runge-Kutta trapezoidal method requires first computation of preliminary
values at the points in the next time-step using Euler’s method and then computation
of the 'real values’ by approximating the average slope at the new points in the next

time-step. To illustrate this, consider the general problem

Y= F60.0, v =1

The approximate solution in the ¢ + 1-st time-step is

h .
Yie1 = Yi + §[f(ti; vi) + f(tiv1, Yiv1)],

where
Uit1 = Yi + hf(ti, vi))

is the preliminary value of y; 1. This two-stage method was used in the code.

We observe that with passing time the distance between characteristics will in-
crease. If we let this happen for sufficiently long time, we will lose precision, i.e.,
distance between points on the moving grid will increase. To avoid this, we introduce
a new characteristic at the moment when the distance between the original charac-
teristics is greater than 2d. We compute the initial values on the new characteristic
using second order interpolation.

Initially we have uniformly spaced grid points. Let h be the time step-size (taken

to be uniform) and d be the initial step-size of space and let (i, j) be a grid-point
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lying on the j-th characteristic at time ¢h. For example, x(1,j) = jd, 7 =1,2,... is
the discretization of the x-axis at time 1.
Let z(i—1, j) be the 'real grid-point’ lying on the j-th characteristics in the time-
step ¢ — 1. Variables denoted by a 'hat’ will be the first-order approximations to the

real values. Along the characteristics we get to the preliminary grid-point

At (i, 7), the value of X, (i,7) is computed from equation (3.50) as follows

A~

Xo(i, 4) = h(=a(i, j) = (B(, §) + N Xu(i — 1,j) + (3.51)
+aX, (i = 1,j) +7Xa(i — 1) + Xu(i — 1, ),
where
(i, j) = Xo(i — 1, 7)a(Xu(i = 1,5) + Xo(i — 1,4))

is a help variable related to the term X, 2 in (3.50). Using the second stage of the
Runge-Kutta method we obtain a preliminary value for the velocity at the preliminary
grid-point z(7, j)

0(i,4) = 01, — 1) + a(Xu(i,j — 1) + Xa(i.j — 1) +

+Xu<27 j) + Xa(% ]))(QAT(’L, ]) - JA,’(Z,j - 1))/2
Since we have a moving boundary, the velocity at the interface V(z) is computed as

the weighted average value of the velocities v(i,a—1) and (i, a) for some appropriate

index a such that #(i,a — 1) is the closest point on the characteristic at time i to
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the left of L(i) and Z(i,a) is on a characteristic to the right of the interface L(i).
Note that the equation for L is L = v(L,.) — oL?. Hence in the case ¢ = 0 (no

detachment) L would just be a characteristic. As there is a detachment, f/(z) is
always to the left of the last grid point #(i,a), so L(i) is computed via interpolation

(hence no extrapolation is required).

Using the previous preliminary values, we obtain the real value of L, i.e.
L) = (V(i—1)—oL(i— 1>+ V(i) — o L(i)*)h/2 + L(i — 1).
The real grid-point x (i, j) is given by
x(i,j) = (v(i—1,7) +0(i,7))h/2 + x(i — 1, 7).
At z(7, ) we have to recompute Xu(i,j) to get
Xu(i, j) = h(=a(i, j) = (B(i, ) + N Xu(i = 1,5) + (3.52)
+aX,(i—1,7) +vX.(i — 1,7)) + Xu(i — 1, 7).

We choose to do this, since the ‘old’ value of X, was computed at the preliminary
characteristic point which differs slightly from the ‘real’ one. Note that (3.52) differs
from (3.51) just in B(7,j) which we now obtain from the variables z(7, ) and L(7)
derived above. In particular this guarantees that in our computation B is exactly

equal to u(t) at the interface L(7), it would not be true if we use the old value.
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Finally, we get the real value of X, (i,7) by taking the real value X, (i,7 — 1) and

the preliminary value X, (,7)
Xu(i,j) = [—uli,g) = (B, ) + M) Xu(i = 1,j) + (aXu(i — 1,5)+
+yXali = 1,5) = (i, ) — (B0, 5) + ) Xu(i, ) + aXuli, )+
7 Xa (i, )Ih/2 + Xu(i = 1,5),
where
u(i, 5) = Xu(i, j)a(Xu(i, ) + Xa(i, ).

The other real values X,4(7,7), Xo(4,j) are obtained the same way. Once we have
them, we find v(7, j) as defined in (3.49). Again, the velocity on the interface V' (7)
is computed as the weighted average value of the velocities in the neighboring non-
uniform grid-points.

We have to make the moving grid uniform in order to plot the solutions. The
value of solutions at the uniform grid-points is computed as the average value of
solutions in the neighboring non-uniform grid-points. If the distance between the

non-uniform grid-points is bigger than 2d, an additional grid-point is added to avoid

the characteristics being far from each other.

The presented method is second order both in space and time. To verify the
order of convergence, we plotted the solutions for various values of the space- and
time-grids. Since we do not know the exact solution, we compared solutions for

various values of d/h and for fixed h/d with one ‘super’ precise solution that was
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obtained by letting the code run for very small values of h and d. Figures 2 and 3

show the rate of convergence for X, when changing d and h, respectively. The x-axis

represents the rate of change in d and h and the y-axis corresponds to the absolute

error of the solutions on a logarithmic scale. The plots for X, X,,4 and L are similar.

order of error for X, when changing space-grids = 1.9848

Figure 2. Order of asymptotic error for X, when changing space-grids is 1.9848.

order of error for X, when changing time-grids = 2.2034

Figure 3. Order of asymptotic error for X, when changing time-grids is 2.2034.
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CHAPTER 4

STEADY STATE SOLUTIONS

Numerical testings confirm that if the biocide concentration at the interface
is constant, the solutions of the PDE model seem to converge to the steady-state
solutions. Assuming that the steady-state solutions exist, we derive certain necessary
conditions they have to satisfy. Then we will associate with the steady state solutions
an autonomous dynamical system which we will study from the stability point of view.
This in turn will allow us to determine exact conditions for existence or nonexistence
of such steady state solutions. As it turns out, if a non-zero steady state solution

exists, it is not unique, in fact we may construct a whole family of such solutions.

The steady-state equations corresponding to equations (3.1)-(3.6) from the pre-

vious Chapter are

d
%(Xuv) =—(B+MNX, +aX, +vX, (4.2)
d
- (Xuw) = BX, (4.3)
d
%(Xav) =AX, —0X,B + aX, —7X,, (4.4)

%(Xadv> = 5XaB? (45)
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dv

= a(X, + X,), (4.6)

where 0 < x < L and L is the steady-state biofilm thickness.

The boundary conditions of B and v are

g_f(o) =0, B(L)=wuy, v(0)=0, (4.7)

where uq is the constant biocide concentration applied through the steady interface

L. For the function v at £ = L we also have
v(L) = oL? (4.8)

as 2L = 0. Note that by (4.1) and (4.7) the biocide concentration is

cosh(¢px)

B(z) :uom.

It follows from (4.2)-(4.6) that instead of studying the whole system we may

restrict ourselves to a system of two equations with unknowns X,, X, which satisfy

the ODEs
dX,
U= (B A)X, +a(l = Xy = Xo) X +7X, (4.9)
xr
dX,
— = AX, — 0X,B + a(l = X, — Xo) Xy — X, (4.10)
xr

where v satisfies (4.6). Since the re-parametrization using characteristics has proven

successful in Chapter 3, we are going to use it again.

The equation of characteristics corresponding to (4.9)-(4.10) reads

ds
= v(s(t)), s(0)=1L, (4.11)
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where the parameter ¢ is chosen so that the range of the function s(t) is (0, L] or a
subset if it. The choice of the initial condition s(0) = L is only for convenience, we
may as well choose s(¢) = L for any ¢, but this only leads to a solution shifted by ¢

as (4.11) is an autonomous equation.

Define xy € [0, L] such that v = 0 on [0, 9] and v > 0 on (z, L]. It follows that
X, + X, =0 on [0,z0], i.e. there are only dead cells remaining in lower regions of
the biofilm. (We would like to thank to Neils Overgaard for pointing out to us these
ds

% > 0 on (zo,L] and £ — v(zg) = 0 as s(t) — zo+.

solutions with zo > 0.) Hence, %

It follows that if s(t) — xo+, then t — —oo. We may see this better by rewriting the
ODE (4.11) as
L - (sr). s =L (112)
— = —v(s(t s(0) = .
dr ’ ’
where the parameter 7 = —t. By assumption we have a steady state solution and the
function v is Lipschitz continuous. Hence, this ODE is well posed and s is bounded

between 0 and L. Now we are guaranteed that (4.12) (and so (4.11)) has a C''-solution

on (—oo,0].

We have that s : (—oo, 0] — (xg, L] is a C! bijection. In what follows, we will use

this re-parametrization for the steady-state solutions X,, X, and B. We define
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Since x = Xuy (and similarly for ,), by equations (4.9)-(4.10) the functions z,, z,
satisfy
dx,
= —(b+ Ny, + a(l —xy — x0)Ty + 724 (4.13)
dzx,
ol ATy — 0o+ (1 — 2y — 4) Ty — Y24 (4.14)

Note that this previous system does not depend on v. Also, by continuity of s
and b one obtains b(t) — B(zg) as t — —oo. The system (4.13)-(4.14) is still too
difficult to study as the function b depends on t. But by continuity, for all negative
t such that [|t| is sufficiently large, the function b in this system is almost constant,
i.e. the non-autonomous system (4.13)-(4.14) will approximate the corresponding
autonomous system as t — —oo. Since the systems (4.1)-(4.6) and (4.13)-(4.14) are
equivalent (X4, Xqq are uniquely determined by X, X,), all the statements related

to (4.13)-(4.14) relate to (4.1)-(4.6) as well.

Stability of Solutions of the Autonomous System

First we will study the autonomous system

d
cftu =—(By+ Nzy + a(l =z, — x4)Ty + 724 (4.15)
dzx,
ol ATy — 02, Bo + a(l — zy — 24) T4 — Y24, (4.16)
where
By = ug cosh(¢xy)
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Once we finish the study of the stability of the easier system (4.15)-(4.16), we will
then rigourously relate these results to the properties of the more complicated system

(4.13)-(4.14).

The range of solutions for the system (4.15)-(4.16) is a triangle in the first quad-

rant given by
A={(2y,1,) ER*: 24,0, >0, z,+mz, <1}

We will show that for any initial data belonging to A the solution of (4.15)-(4.16) will
stay in A for all £ — oo, i.e. A is a positively invariant region. Indeed, it is sufficient
to show that the vector (dj—t“, dg—ta) of the solution at any point on the boundary of
A points inward. Let 0A; = (0,1] x {0}. Then for any point on 0A; the second
coordinate % = \z,, > 0. Similarly, let 9A; = {0} x (0,1]. Then for any point on

dt

O, the first coordinate CZE—; = —Byx,. Also, let A3 = {(zy,24,) € R? 1 1,24 >
0, zy+z,=1}. Then for any point on 9A3 the sum d;”—g‘%—d;c—ta = —By(zy,+0x,) <0,
i.e. the vector of the ODE flow points inward in all the three cases. At the origin,

(d;lc_tuv djlc_ta) = (070)'

Obviously, the autonomous system always has a trivial equilibrium (z,,z,) =

(0,0) and possibly a non-trivial one if we can solve the equations

—(Bo+AN)xy + ol — 2y — x4)xy + 72, =0

Aty — 024 Bo + a(l — xy — x4) 1 — Yy, = 0. (4.17)
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Denote

F'=a(l —z, —x,).

Then the previous system can be rewritten as a linear system of the form

—(Bo+A—D)ay +vz, = 0 (4.18)

Ay + (I' = 0By —v)x, = 0, (4.19)

which has a nontrivial solution provided that the determinant of the matrix given by

the linear system is zero, i.e.,

(=B — A+ D) (' =0By — ) =\ (4.20)

Solving for I" in (4.20) we obtain

r, 4.21
. . (121)
Since x,,x, € A, it follows from (4.17) that

§Bo+v+Bo+A—/(6Bo+v+Bo+\)2—4Bo(§Bo+A+7)

Note that only I'_ = 5

can satisfy (4.22) (in
case of I',, the inequalities in (4.22) change to 'y > By+ A and I'y > 6By + 7). In
addition, we need that x, + z, < 1 or equivalently, I'_ < a. Note that if ['_ = «,
then x, = x, = 0, i.e. there is only a trivial equilibrium. Hence, two cases might

arise:
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' >a (the system (4.15)-(4.16) has only a trivial equilibrium (0,0) in A)

' <a (atrivial equilibrium (0,0) and a nontrivial equilibrium exist in A)

Remark: It can be shown (by differentiation) that I'_ is a monotone increasing
function of By. Also, for By — oo we have that I'_(Bj) — v (if 6 = 0) or I'_(By) — o0

(if 0 > 0), respectively.

Let’s linearize the system (4.15)-(4.16) about the trivial equilibrium (0, 0). In this

case we obtain

dx,
% = —(Bo + N 2w + azy + 124 (4.23)
dx,
e ATy, — 0By + ax, — vx,. (4.24)

We will find the eigenvalues i1, o of the matrix determined by this system of linear
ODEs. Instead of finding the roots of the characteristic equation, we will use a little
trick. Suppose A is the matrix corresponding to the system of linear ODEs in (4.23)-

(4.24). Then the characteristic matrix A — ul becomes

_(T'=By—A g
A—pl—( \ F—5Bo—7)7 (4.25)

where I' = a — . We will see the relationship of this 'new I'” with the 'old I'” defined

in (4.21). Tt can be shown that the eigenvalues of A satisfy

_5B0+7+Bo+/\i\/(5BO+7+BO+A)2—4BO(5BO+5A+7)

/”'L+7_ = 2 :




96

Note that the square-root expression above is the same as in (4.21). Hence, we may
write gy - =a -4 _ (or I'y — = o — py ), where I'y _ is defined in (4.21). Note

that pu_ > py.
We consider the following cases:
a) - <a<Ty  (ugp <0,u_>0,(0,0)is a saddle)
b)a<T_ (ur<0,u_<0,(0,0)is a sink)
)Ty <a  (u—>0,ur >0,(0,0) is a source)

It follows that whenever (0, 0) is a source or a saddle (both are unstable), there is
a nontrivial equilibrium. These three situations are depicted in Figures 4-5. In these
plots the stable equilibrium is denoted by a small square. The point (0,0) is stable

only on Figure 4 b) and it is unstable otherwise.

Let’s take a look at the related eigenvectors. It follows from the characteristic

matrix in (4.25) that the coordinates of the eigenvectors can be taken to be

A
"Y"‘éBo—F ’

Consider the most interesting case, when (0, 0) is a saddle, i.e., py <0, u_ > 0. Using
(4.22) and the remark afterwards, it is easy to see that in this case y+ 6By —I'y <0
and 7+0By—I'_ > 0. Hence, the sign of the coordinates of the eigenvectors is (+, —)

for iy and (4, +) for p_.
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phase-portrait for )\1 <0, )\2 >0
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Figure 4. Phase portrait of the solutions to the autonomous system (4.15)-(4.14) in the
(zy,zq)-plane. a) Trivial equilibrium is a saddle. b) Trivial equilibrium is a sink. The
directions of appropriate vector fields are indicated by small arrows .
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phase-portrait for )\1 >0, )\2 >0
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Figure 5. Phase portrait of the solutions to the autonomous system (4.15)-(4.14) in the
(Zy, xq)-plane. Trivial equilibrium is a source. The directions of appropriate vector fields

are indicated by small arrows .
We will show that the stable manifold is a line spanned by (1, M) going
through the second and fourth quadrant (in a counterclockwise direction) and the

unstable manifold is a line spanned by (1, Wﬁ) going through the first and third

quadrant. Define the line

A

l13 = {(l’u,.’ll'a) : LTy — m.ﬁlﬁu}

The following lemma shows that the line [13 corresponding to p, > 0 is an unstable

manifold:

Lemma 4.1:  The line /33 is an invariant manifold, i.e. if (z,(0), 2,(0)) € l13, then

(xu(t), z4(t)) € ly3 for all t.
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phase-portrait for )\1 <0, )\2 >0

T ; ;
N . — eigenvector-line

Figure 6. Stability near saddle. The line going from left to right is the stable manifold and
the line from top to bottom the unstable manifold of the equilibrium.

Proof of Lemma 4.1:  Let (z,,2,) € li3. Then Az, = (6By + v — I'_)z,. Note
that if (x,,x,) € li3, then (z,,z,) also satisfies equation (4.18). Hence, replacing

(Bo + Ny, by I'_x, + vz, in (4.15) and Az, by (6By+ v —T'_)x, yields

dr, dz, (da:u>1 (Tt a(l =2y —20))Ta T4 A
(-4 al —zy — )y T Y+O6By—T_

dr,  dt \ dt

for any (z,,z,) # (0,0) € l;3 and that is what we wanted.

As a consequence of Lemma 4.1 we obtain that the line corresponding to p— < 0

A
loy = : = -
o1 = {(Ty,a) 1 14 0B F+xu}

is a stable invariant manifold. Moreover, the line segment

A

= mxu, .’L’u,wa E A}

Iy ={(zy,2za) 1 x4
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lying in A is a positively invariant manifold.

Our goal is now to analyze the stability of the system (4.15)-(4.16) in the neigh-
borhood of the nontrivial equilibrium (z,, #,). Using the definition of I and (4.19),

we get that the coordinates of the nontrivial equilibrium satisfy the equations

N . I_
Ty+Tyo=1——
«
Ty, ’Y+5Bo—F,
_—= 4.26
z ) (4.26)

We observe that the nontrivial equilibrium lies on the segment /.. Hence, we may

establish this fact as a lemma:

Lemma 4.2: IfI'_ < «, then the nontrivial equilibrium (Z,,, Z,) of the autonomous

system (4.15)-(4.16) belongs to [, and satisfies

. A _
o = 7+5BQ—F_:EU

Consider any point (z,,z,) in the neighborhood of the nontrivial equilibrium
(Zu, Tq), 1. the coordinates of which may be taken to be x,(t) = T, + €,(t), x4 (t) =
Zq + €,(t). Linearizing (4.15)-(4.16) about (Z,,Z,) and neglecting the higher order

terms yield that the perturbations €,, ¢, satisfy the linear ODEs

dey,
dt
de,
dt

= —(Bo + Ney + alen(1 — &y — o) — Zy(ey + €4)] + Veu

=&y +ale,(1 — 2, —Ty) — Zo(€w + €4)] — (v + 0Bo)éq-
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Recall that I'_ = a(1 — Z,, — Z,). Hence, we may rewrite the previous system as
de,, ~
de, -
—r = At el - aTq(€y + €a) — (7 + 0Bp)€q.

The eigenvalues i, i of the matrix given by this linear system solve the character-

istic equation

A u((6+1D)Bo+A+y+a—30 )+ ((+1)By+A+v—2I )(a—T_) =0. (4.27)

Using (4.22) and the fact that the nontrivial equilibrium exists if I'_ < «, it can be
shown that all the coefficients in (4.27) are positive. Therefore, both eigenvalues are

negative (uy < 0, p— < 0), i.e. the nontrivial equilibrium (Z,, Z,) is a sink.

In what follows, we will state some assertions about the stability of the au-
tonomous system. We will prove in Theorems 4.1 and 4.2 that if (0,0) is the only
equilibrium, then it is globally asymptotically stable and if there are two equilibria,

then the nontrivial equilibrium is globally asymptotically stable.

Theorem 4.1: If I'_ > «, then the trivial equilibrium is globally asymptotically

stable.

Proof of Theorem 4.1:  Let’s consider the w-limit set of the system (4.15)-(4.16)
for any point X = (z,,z,) € A. We will show that w(X) = (0,0). It is known from
the theory of limit sets that w(X) is connected and nonempty. Since the triangular

domain A is compact and positively invariant, it contains either a limit cycle or an
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equilibrium point. If w(X) had no equilibrium point, i.e. if the w-limit set was a limit
cycle, then by the Poincare-Bendixon theorem w(X) would be a closed orbit. Inside
the loop of a closed orbit, there must be an equilibrium point, i.e. inside this loop
we would have the trivial equilibrium (0,0). It is, however, not possible, since part
of this loop would be outside the triangular domain A. Hence, w(X) = (0,0) and
so each solution starting in A will converge to (0,0) as t — oo and this is what we

wanted H

Theorem 4.2: If ' < a, then the nontrivial equilibrium (%,,Z,) is globally

asymptotically stable.

Proof of Theorem 4.2:  Just as before, consider the w-limit of the system (4.15)-
(4.16) for any point set through X = (z,,z,) € A\{(0,0)}. First we will exclude the
trivial equilibrium (0, 0) from the w-limit set, i.e. we claim that w(X) # (0,0). Since

the trivial equilibrium is asymptotically unstable, the following cases may arise:

p1 > 0,19 > 0 - By definition of w(X) the point (0,0) cannot belong to the w-limit

set.

1 < 0,y > 0 - Recall that in this case there exists exits a stable manifold going
through the second and fourth quadrant which is outside the triangular region A.
Hence any initial condition inside triangle will not go to (0, 0).

It follows that (0,0) ¢ w(X) in both of these cases.
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Finally, we have to show that w(X) = (Z4,%,). Since w(X) is nonempty, by
the same argument as in Theorem 4.1, the w-limit set will be either the nontrivial
equilibrium or a limit cycle. Suppose w(X) is a limit cycle. Again, by the Poincare-
Bendixon theorem w(X') would be a closed orbit and inside its loop would lay (Z,, Z,).
Recall that the nontrivial equilibrium also lies on a positively invariant segment [, .
Hence, the loop around (Z,,Z,) must intersect I, in at least two points. This is
a contradiction with the uniqueness of solutions as two different solutions cannot

intersect themselves. Hence, the proof of Theorem 4.2 is complete Il

Non-existence /Existence of the Steady-state Solutions

The hardest part of existence is to prove solvability of the non-autonomous
system (4.13)-(4.14). Therefore, we start with easier assertions which assume that
the steady-state biofilm thickness L is given (Theorems 4.3 and 4.4). To be more
specific, we find solutions of (4.1)-(4.6) satisfying (4.7), but we ignore the boundary
condition (4.8). In particular, Theorem 4.3 deals with the non-existence of steady-
state solutions provided there is only a trivial equilibrium of the autonomous system
(4.15)-(4.16). Theorem 4.4 shows the uniqueness of steady-state solutions provided
that the autonomous system (4.15)-(4.16) has a nontrivial equilibrium. Finally, in
Theorem 4.5 we state the existence of steady-state solutions without assuming that

L is given.
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Theorem 4.3: Suppose L > 0 is given and I'_ > «, where

_5B0+’7+B0+)\—\/(5Bo+’7+Bo+>\)2—4Bo<5Bo+5/\+7)
B 2

T (4.28)

cosh(¢xo)

and By = ug cosh(3L) -

Then there is no steady-state solution solving (4.1)-(4.6) of

length L.

Proof of Theorem 4.3:  Consider the non-autonomous system (4.13)-(4.14). Re-
call that there is a one-to one relation between X, and z, (similarly for X,,z, and
B,b). This relation is established by the re-parametrization s : (—o0,0] — (xo, L],
i.e. as t — —oo, the stability behavior of the non-autonomous system (4.13)-(4.14)
more and more resembles the behavior of the autonomous system (4.15)-(4.16). As-
sume that we know the values x,(0) and z,(0). We would like to solve the system

(4.13)-(4.14) on the interval (—o0, 0].

Since the right-hand side of the ODEs in (4.13)-(4.14) is Lipschitz continuous, the
solution with initial condition x,(0) and x,(0) either exists locally on some interval
(to, 0] with ¢y < 0 or it exists globally on (—oo, 0]. In the first case the solution would
leave the region A at finite time which is not what we need since we are looking for
solutions on the whole interval (—oo,0]. In the second case we are in business. The

question is the behavior of (x,(t), z.(t)) as t — —o0.

Define the a-limit set of this solution as the set of all accumulation points as
t — —oo0. The a-limit set must be nonempty, as our solution belongs to a compact

set. What could this a-limit set be? Since b(t) — B(zo) = By for t — —o0, we get
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that the a-limit set contains either an equilibrium or a limit cycle of the autonomous
system (4.15)-(4.16). But it has been established above that (4.15)-(4.16) has no limit
cycle and when I'_ > «, the only equilibrium is (0,0). So the a-limit set is a single

point (0,0). We claim that this implies x,(t) = x,(t) = 0 for all .

If this wasn’t the case we would have z,(t) + z,(tf) > 0 for negative ¢ and
(xu(t),za(t)) — (0,0) as t — —oo. However, this is impossible. For all ¢ negative,

b(t) > B(xo) = By which implies that if we define

Sb(t) + 7y + b(t) + X — \/(6b(t) + v + b(t) + N)2 — 4b(t)(b(t) + X + )
5 ,

T (t) =

then I'_(t) — I'_ > « by monotonicity of I'. Hence, for each such ¢ locally when
moving back in time the point (0,0) is totally unstable (both its eigenvalues of the
linearization are negative). Hence, if (z,(t),z,(t)) is near zero it cannot approach
zero, as we claimed, but only move away from it. Therefore, the only possibility is
that z,(t) = x,(t) = 0 for all ¢, i.e X, = X, = 0 on [0, L]. This, however, implies
that v(xz) = 0 on [0, L] from which 0 = v(L) = oL?. This is a contradiction as we

assumed L >0 W

Theorem 4.4:  Suppose L > 0 is given, xy € [0, L), and I'_ computed from (4.28)
for this x¢p and L > 0 satisfies ' < a. Then there exists a unique steady-state

solution of (4.1)-(4.6) of length L such that

Xo=X,=0 onl0,z9), X,>0,X,>0 on (xgL] (4.29)
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Moreover, if zy > 0, then the solution has a jump discontinuity at xy. The steady-

state solutions X, X, satisfy

lim X,(z)=2,, lim X,(z)=2Z,
T—T0+ T—x0+

where (Z,,Z,) is the nontrivial equilibrium of the autonomous system (4.15)-(4.16).

In the specific case ¢ = 0 we have the following corollary:

Corollary 4.1: Given L > 0, there exists at most one solution of (4.1)-(4.6) with

continuous non-zero functions X, Xu4, Xa, Xaa, v on the interval [0, L].

Proof of Theorem 4.4:  As in the proof of Theorem 3, we start by considering
the non-autonomous system (4.13)-(4.14) and the re-parametrization s : (—o0,0] —
(xo, L]. Assume that we know the values z,(0) and x,(0). Recall that z,(0) =
Xu(L),2,(0) = X,(L). Hence, by assumption both x,(0),z,(0) are positive. We

would like to solve the system (4.13)-(4.14) on the interval (—oo, 0].

As above, the question is the behavior of (x,(t),x.(t)) as t — —oo. Again, we
only care about solutions that exist on the whole interval. Consider the a-limit set
of such solution. The same considerations as above imply that such a set contains
either an equilibrium or a limit cycle of the autonomous systems. We have already
established that there is no limit cycle, but in this case there are two equilibria: (0, 0)

and (Z,,Z,) (c.f. Lemma 4.2). So either

lim x,(t) = lim z,(¢) =0, or lim z,(f) = Z,, lm x,(t) = Z,.

t——o00 t——o00 t——o0 t——o0
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We will show that the a-limit set contains (Z,,Z,), i.e. the case lim; , . x,(t) =

limy_, oo 24 (t) = 0 cannot happen.
Lemma 4.3:  The a-limit set of the non-autonomous system (4.13)-(4.14) is (%, Z,)-

Proof of Lemma 4.3:  Assume on the contrary that we have a solution for which

limy— oo 2 () = limy—. o 74 () = 0. Recall first that 2 = v(s(t)). Hence,
0
L —129=35(0) — s(—o0) = / v(s(t))dt.

—00

As v is monotone increasing, it follows that w(t) = v(s(t)) — 0 as t — —oo. Using

v _

7 = a(X, + X,)) and realizing that in this case s plays the role

the equation for v (

of z, i.e., x = s(t), it follows that

dw dvds

= 2oy = Xu(s() + Xa(s(6))o(s(5) = alz(t) + za(H))w(?),
d 1 dw
a0 = g = et )

Note that w(0) = v(L). Hence, for any 7' > 0 we have

w(=T) = v(L) exp {—oz /0 (zq + xu)(t)dt] :

=T

As the limit of the left hand-side is zero, it follows that

/ " (alt) + ()t = 00, (4.30)

Recall the autonomous equations (4.15)-(4.16). We have shown in Lemma 4.1 that

for this system the line /13 is an unstable manifold of the trivial equilibrium(0, 0). It
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can be shown easily that any initial condition for (z,, z,) that does not lie on l;3 must
give rise to a solution that does not exist on the whole interval (—oo,0]. It follows
that for the autonomous system (4.15)-(4.16) the solution curve (z,,z,) € l13. Now
the true (z,,,) solves the non-autonomous system (4.13)-(4.14) which approaches
the autonomous system as t — —oo. From this we deduce that the true (x,(t), x4(t))
approaches [3 tangentially for t — —oo. It follows that near the point —oo the

equations for z,, z, can be written in the form (c.f. Proof of Lemma 4.1)

dx,
e (=T )zy + o) (4.31)
dz,
i (o =T )zy + o(zy). (4.32)

We can also write (4.31) in the form 4(Inz,) = (a —T') + o(1). Hence, the solution
1s

2y (=T) = x,(0) exp [ (o = )T + o(1)T] (4.33)
We get a similar equation for z,. Since I'_ < a, the function exp[—(a — I'_)T7] is

integrable on the interval (—oo, 0]. Hence, it follows that

/0 (4 (t) + z4(t))dt < 0,

—00
which contradicts (4.30). Thus, there is no nonzero solution of the non-autonomous

system with the property

lim z,(t) = lim x,(¢t) = 0.

t——o00 t——00
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Hence, the only possibility is that x, approaches z,, and x, approaches z, as t — —oo.

This means that for the original functions X,, X, we obtain

lim X,(z) =2, lim X,(z)=Z,. (4.34)

T—x0+ T—xo+

and this is what we wanted B

Existence: We are going to prove by a limiting argument that there is a steady-
state solution with the property that X,, X, vanishes on [0, z¢) and (4.34) holds. In

particular for zq > 0, the functions X, X, are necessarily discontinuous at this point.

Let us define a sequence of approximate solutions to the true X,, X,. We can
ignore the interval [0,z() as the solutions there are defined trivially, i.e., is X, =
X, =v =0 on [0,z5). Our main problem is that the system (4.9)-(4.10) together

with (4.6) form a system

dX, 1
= —[~(B+NXu+a(l - X, — X)X, +7X,]
dx )
dX, 1
= —[MXuta(l =Xy - Xo)Xo — (v+0B)X,] (4.35)
dv
-V - Xu Xa
- (X, + Xa)

cosh ¢x

. The follow-
cosh ¢ L ¢ fotow

that is singular at x = z since v(zg) = 0. Here B(z) = uy
ing lemma establishes that the solutions of the system (4.35) are nonnegative and

bounded:
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Lemma 4.4: If X, X,,v are solutions to (4.35) that are positive-valued at some
y € (xg, L], then X,, X, stay positive and bounded by 1 on (y, L]. As a consequence

we get 0 < 2 <« on (y, L].

To avoid the singularity, consider the following. For each ¢ > 0 we consider

functions X2, X2, v° on the interval [z, L] defined as follows:
Xo(2) = 2, Xu(x) = Ty, v(x) = Ty + ) (x — ) for x € |20, 20 + €).
On the interval [zg+¢, L] we define X2, X, v° by solving (4.35) with initial conditions
Xi(vo+¢€) =Ta, X (w0 +€) =Ty, V(20 +€) = Ty + Tu)e.

The equations for X:, X: v° are well-posed as for any € > 0 the initial condition
for v¢ is positive. Thus, the right-hand side of the equations satisfies the Lipschitz
condition from which local solvability follows. Moreover, by Lemma 4.4 the functions
Xy, X, stay bounded on the interval [zg, L] and hence, we obtain that the solutions

exist in the whole interval up to x = L.

We need to prove that the sequence we defined is convergent (or at least its
subsequence) as ¢ — 04 and that its limit is a solution to (4.35) on [z, L] with
initial condition

Xu(zo) = Tuy, Xa(zo) = Ta, v(z0) =0. (4.36)

However, this is fairly easy. From the fact that (X,, X,) € [0,1]> and 0 < v(z) < ax

it follows that there is a subsequence ¢,, — 0+ for which (X2, X2, v) converges at the
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point = zg+ (L — z¢)/2. Using the fact that on the interval [x¢+ (L — x¢)/2, L] the
ODE system (4.35) for X, X,,v is regular, we obtain that it continuously depends
on the initial condition at xy + (L — x¢)/2. Hence, (XZ, X2, v%) converges uniformly
on the whole interval [zq + (L — x0)/2, L]. This argument can be repeated at any
point = xg + (L — x0)/2F for k = 1,2,3,.... Using diagonalization argument, we
obtain a subsequence of €, — 0+ such that (X2, X2 v°) is convergent on the whole
interval (z¢, L] and the convergence is locally uniform. Let us denote the limit by
(Xu, Xo,v). Tt follows that this must be a solution to our problem on the interval
(x0, L]. However, as we have shown above, if such a solution exists, it necessary sat-
isfies (4.34). Therefore, (X, X4, v) can be extended to the point xy and the resulting

functions will be continuous on the interval [z, L]. This shows the existence.

Uniqueness: To prove uniqueness, we have to use the fact that the corresponding
autonomous system has an asymptotically stable equilibrium (., ,) with two real
negative eigenvalues. From the theory of 2d dynamical systems it follows that near
(Zu, T,) there exists a metric d that is contractive. What this means is that given two
initial conditions for the autonomous system (Xi(tl),Xc(Ll)) and (X7S2), XC(LQ)) that start

near (x,,x,), say in a ball
B<r) = {(XUJXG)? d[<XU7X(l)7 ('TU7xa)] S r};

the distance between the solutions of the autonomous system shrinks, i.e.



112

for all y > x. Equivalently, if we denote

then this property can be expressed by Z—z <0.

We rewrite (4.35) as

dX, 1 By— B
= (Bt MXy+a(l = Xy = Xo) X, +9X] + X, 0
dX, 1 By— B
= DXy +a(l =X, — X)X, — (7 + 6Bo) Xa] 4+ 0 X, —
dx v v
d
é = a(Xa+ Xa), (4.37)

where By = uo%. We will treat the last term in the right-hand side of the first
two equations as an “error”. We see that this system is just the autonomous system

plus the error terms. Hence, knowing that for the autonomous system we have % <0,

for the distance between two different solutions, the contribution of the “error” terms

|

where (XC(LI),XS),U(U) and (XC(;),X}LQ),U@)) are two solutions to our system on the

to % 1S at most
X

Xc(bl) X,§2)
oD @)

C1By = BI(1+0) ||~y — 5

‘qul) X’l(LQ)

interval [zg, L]. Note that if p is the Euclidian metric, then C' = 1. From the previous

estimate

xM o xl2)
v w(2)

dp
— < (C|By— Bl(1+§
I = | By [(1+6)

qul) X1s2)
NORETC)

] . (4.38)

We need a good estimate on the right-hand side of (4.38). We may assume that

(Xl(f), Xc(f)), i = 1,2, stays near (Z,, Z,) (which must be true close to z = x(). Hence,
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#, and X\ > 1%, and then v® () > 50(ZTy + Z4)(x — xp). Using that B

D=

1
2
is Lipschitz continuous with some Lipschitz constant L and By = B(xg), we obtain

that |By — B| < L|z — xy|. We will estimate the right-hand side of (4.38) as follows:

1) _ (2 W) yv@® _ @) 1) _ (2 W) yv@® _ (@)
C(1+6)L|x—xo|(|v o]+ 0WIXY = X 410 — @] 40 x Y — X |>§

vMp(2)

1 2
< O(1 4 §)—HE = 70) X0 x| 1 x _ x©) I Uil A
- 1a(Tq + ) (z — o) “ “ “ “ v

Finally, since \Xl(tl) - XI(LQ)\ + \Xél) — X,§2)\ ~ p (meaning equivalence of norms) and

W (z) — @ ()] < afjo p(t)dt for x > x4, one obtains

Ca / p(t)dt.
T =0 Jy,

Here the constants C, Cy only depend on the parameters of our equation. Define

dp
——<C
Iy = 1p(z) +

O(z) = sup,,<i<, p(t). Hence, we get a simpler inequality

from which

0 < p(x) < O(x) < p(xg)elCre)@=wo) (4.39)
From (4.39) uniqueness follows, as p(z¢) = 0. Thus, p(z) =0 for all z > 2, B

Remark:  As a consequence of Theorem 4.4 we obtain that at x = zy the functions

Xud, Xaaq satisfy (using equations (4.2), (4.5))

Bz, . Bz,
lim Xud(aj) = ~0—x~, lim Xad<l'> = (5~0—$~
z—x0+ a(Ty + To) 7m0t a(Ty + Ta)
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In Theorem 4.4 we did not use v(L) = oL? from (4.7). However, this equation
is needed for the existence of steady biofilm thickness L. We will combine Theorems

4.3-4.4 into Theorem 4.5 where we do not assume L is given:

Theorem 4.5:  Given parameters «,~,d,0, A there exists ., > 0 (allowed to
be oo) such that for any ug € [0, uyq,) there is at least one continuous solution to
(4.1)-(4.6) satisfying boundary conditions (4.7).

-If 6 =0 and v < «, then u,,q, = co.

- Otherwise, u,,., is a positive constant such that w,,,., > @, where u solves the

equation 1 —I'_(u)/a = 0, i.e. u satisfies

Su+y+u+A—/(0u+v+u+ N2 —4u(du+ oA+ 7)
2

Proof of Theorem 4.5: We define

A={2>0: forall 0 <wu < z the system (4.1)-(4.6) has a solution }.  (4.40)

If we show that the set A is nonempty and that u € A, then we are done, as it
would follow that ., defined by ., = sup, A has all properties we claimed in the

statement.

Consider any wg satisfying 0 < ug < @ (or any ug > 0 if § = 0 and v < «) and
define the function f(L) = v(L) — oL? on [0,0), where v is the velocity function
from Theorem 4.4 for a biofilm of width L (take zy = 0). It is easy to see that f is

well defined, as for such uy the assumptions of Theorem 4.4 are satisfied. Therefore,
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the existence of solutions X,,, X4, X4, Xaq, v of the system (4.1)-(4.6) is guaranteed

by Theorem 4.4.

Also v is a continuous function of L. Really, recall that the coordinates of the
nontrivial equilibrium satisfy the equations (4.26), where I'_ continuously depends on
L. But this is exactly the initial data for z, and z, satisfying equations (4.15)-(4.16).
Since the right-hand sides of the system (4.15)-(4.16) are Lipschitz continuous, the
solutions z,, z, continuously depend on the initial data z,(0),x,(0) as well as on L
due to the continuous dependence of initial data on L. Now we may switch from
Ty, Tq t0 Xy, X4, Since v is given by X, X,, it continuously depends on L and so
does the function f.

Note that for small L > 0 the function v(L) is almost linear, i.e. v(L) = cL+O(L?)
for some positive constant ¢. Hence, v(L) > 0 for L small and so is the function
f(L) = v(L) — oL? > 0 for L small. Note that f(L) < 0 for L sufficiently large
as v(L) < aL, hence the term oL? dominates. Hence, using continuity, there will
be at least one L > 0 such that f(L) = 0, i.e. there exists at least one nontrivial

steady-state L. Thus the proof of Theorem 4.5 is complete B

Remark: It is easy to see that the solutions of (4.1)-(4.6) have C*°-regularity. Also
note that all the conclusions of our stability analysis apply to the detachment rate of
the form —oL® for @ > 1. In fact more general detachment terms can be handled.

The only condition that is required is that the detachment rate is faster than linear.
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Non-uniqueness/Uniqueness of Steady-state Solutions

In this section we only consider continuous solutions, i.e., xy = 0. The conclusions
of Theorem 4.5 does not exclude the possibility that for given ug € [0, Umayx) there is
more than one solution. In fact in some cases this happens. The cause of this is the
function v(L) - we only know it is increasing slower than a linear function, but not a
lot more. Non-uniqueness/Uniqueness also depends on the choice of the detachment
rate. (As it was pointed out in Chapter 1 there are no generally accepted detachment
rate expressions.) We will present an example where there are two asymptotically
stable steady state solutions. Depending on dose of biocide at the beginning we
can decide whether the time dependent solution will converge to the more favorable
steady-state solution (the one which has smaller thickness) or the other one. Hence,
an appropriate initial dose can influence dosing efficacy. We also have uniqueness of

steady-state solutions for small biocide doses.

Figure 7 a). We plotted the function f(L) = v(L)—oL? from Theorem 4.5 versus
L for various ug’s. The values of the parameters are ¢ = 1, = 2,7 = 1,\ = 1,
0 = 0.1,0 = 04. As it can be seen the function f intersects the z-axis at three
different values of L for uy = 10.25 and ug = 10.5. For ug = 10 there is only one

intersection point of the function f with the x-axis. (For better clarity we zoomed

into the neighborhood of L = 0 in Figure 7 b).)
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Figure 7. a) Function f(L) = v(L) — oL? versus L for various ug’s. The values of the
parameters are ¢ = l,a =2,y =1, A=1,6 =0.1,0 = 0.4. For ug = 10.25 and ug = 10.5
the function f intersects the x—axis at three different positive values of L. b) We zoomed
into the neighborhood of L = 0 for better clarity of the previous plot in a) .
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Figure 8. We plotted the solutions L of the equation f(L) = 0 versus ug for the
same value of parameters as in Figure 7. In this example, u ~ 11 is labelled as a
triangle and w4, ~ 13.6 is labelled as a square (the same quantities as in Theorem
4.5). Taking a vertical line sufficiently close to @ intersects the curve at three different
points, hence, there are three different solutions of L for uy < u close enough to .
Similarly, for @ < uy < Umas, there are two different intersection points of the line

with the curve and so two different solutions of L.

¢=1; A\=1; a=2; y=1; 0=0.4; 3=0.1
5 T T

45 bl

35F q

- 25F bl

15F q

05f { ]

0 2 4 6 8 10 12 14

Figure 8. Bifurcation diagram - biofilm thickness L versus ug with @ ~ 11 and e, ~ 13.6.
For ug < @ sufficiently close to u there are three different solutions and for o < ug < Umaz
two different solutions. The parameter values are the same as in Figure 7 .
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Figure 9. For ug = 10.5 the three intersections points of the function f with the
x-axis attain the values L = 3.9121, L = 0.79573 and L = 0.1759. The corresponding

steady-state solutions X, X, were plotted.

Figure 10 a). Biofilm thickness L as a function of time is plotted for the same
value of parameters as in Figure 7. Biocide dose of uy = 17 is added on the time
interval [0,15), otherwise ug = 10.3. As can be seen in Figure 8, for ug = 10.3
there are three different solutions of L (two of them are stable with L = 0.30526 and
L = 3.9462). For initial data L(0) = 5 the biofilm thickness L would converge to the
larger value L = 3.9462. This is also the case in Figure 10 a) where a larger dose of

biocide is added in the beginning.

Figure 10 b). Biocide dose of ug = 18 is added on the time interval [0,15),
otherwise ug = 10.3. We observe that a sufficiently large initial dose can influence the
whole treatment - L converges to the smaller steady-state L = 0.30526, i.e., a biocide

threshold 17 < uy < 18 affects the success of dosing.

Figure 11 a). For some other parameter values, however, the steady-state is
unique. Function f(L) = v(L) — oL? versus L is plotted for the parameters ug =
Lo=1a=1,v=2,X=1,6 =0.1,0 = 04. There is only a single intersection
point with the z-axis at value L = 1.893. The corresponding steady-state solutions

are shown in Figure 11 b).
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Figure 9. a)-c) Non-uniqueness of the steady state solutions X,, X, with different values
of steady biofilm thickness L = 3.9121 in a), L = 0.79573 in b) and L = 0.1759 in c). The
parameters values are ug = 10.5,¢ =1,a=2,y=1,A=1,0 =0.1,0 =04 .
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Figure 10. a) Biofilm thickness L as a function of time for ug = 17 on [0, 15) and ug = 10.3
otherwise. The parameter values are p = 1,a =2,y =1,A=1,§ = 0.1,0 = 0.4. b) Biofilm
thickness L as a function of time for ug = 18 on [0, 15) and up = 10.3 otherwise. The same
parameters as in a).
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Figure 11. a) Function f(L) = v(L) — o L? intersects the x—axis at a single positive value
of L. The parameter values are ug = 1,¢ = 1,a = 1,y =2,A = 1,06 = 0.1,0 = 0.4. b)
Steady state solutions X,,, X, with steady biofilm thickness L = 1.893 .
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We can show that at least for small doses of biocide the steady-state solutions are

unique. In Chapter 5 we will show that if there is no biocide added (uo = 0) than the

a

steady-state solutions satisfy L = & and X, + X, = 1. Using these results, we argue

that 4 # 0, where f(ug, L(ug)) = v(L(ug)) — o L(up)?. Indeed,
=0

uo

L
a _dv 5 a[(Xu + X,) (L) +/ aX, | 4o

d| — 2L,
il ~ drL A TR T B

At ug = 0, however, we obtain

4

77 —a-202=—a<0

uog=0 g

for a > 0. From the implicit function theorem the claim follows.

Remark:  The uniqueness of steady-state solutions for small uy can be generalized

for the case when f(L) = v(L) — h(L), where h satisfies

h(L h(L d*h
%HOaSLHO—F, %—M}O&SL—M)O, W>O'

Indeed, the first two assumptions guarantee that the function f is positive for small
L and negative for large L. Since the function h is concave up, we have that f’ is
decreasing. It there was more than one steady-state solution L it would imply that

somewhere f’ is increasing. Hence we have our statement.

In case of thin biofilms (¢L < 1) the function B is almost constant, i.e., B & uy.
Hence, the steady-state functions X, X, will satisfy the same equations as (4.26).

Moreover, the biofilm thickness is approximately equal to (o« —I'_) /o (using (4.8)).
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CHAPTER 5

CONSTANT DOSING OF BIOCIDE

We will discuss the simplest dosing strategy - constant (in time) dosing of biocide
applied through the interface x = L. Numerical simulations of solutions indicate that
regardless of the initial conditions in the long run the solutions to our model converge

to steady-state solutions as investigated in the previous chapter.

The cost of biocide plays an important role. Our goal is to minimize functionals
J, J, that were introduced earlier. Since they depend on the cost of biocide, the
minimizing treatment will vary with the cost of the biocide. In particular, we will
show that for ‘cheap’ biocide it is always better to treat the biofilm with biocide
than to leave it untreated. However, if the biocide is ‘too expensive’, i.e., its cost is
over certain threshold, the best course of action is to do nothing (leave the biofilm
untreated). To better understand the behavior of functionals J, J;, we do asymptotic
expansions at points uyp = 0 and also in one case at ug = oo (here ug is the dose of

biocide at the interface).

Recall what we established in Chapter 4 for the steady state solutions:

-If § = 0 and v < « (adapted cells do not die and growth dominates reversion), then

the nonzero steady-state solutions exist for any ug € [0,00) and there is no biocide
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threshold exceeding of which would guarantee that the steady biofilm thickness is

L=0.

- In all other cases, nonzero steady-state solution(s) exist only for uy € [0, Umax), Where

Umae 18 defined as a supremum of the set (4.40). We also have that for sufficiently

!/

ez the solution under constant dosing converges to L = 0 as ¢ — oo for

large uy > u
any initial condition.

Indeed, it follows from Chapter 4 that a steady-state solution satisfies L < 2.
Recall from this chapter that By = UO% and that I'_(By) — oo for § > 0 or
I'_(By) — 7 for 6 =0 as By — co. When 6 =0 and v > a, the inequality I'_ > «

holds in which case L = 0. In the other case § > 0, since I'_ is increasing, we obtain

that there exists a By such that I'_(By) = av. It follows that

Ug Ug A
> By.

Bo 2 cosh(¢L) = cosh(¢%)

For uy = COSh(¢%)B@ we have therefore I'_ > «, from which L = 0 follows. So,

A

Upop < cOsh(¢2)By.

max

!/
max?

There is a numerical evidence that u,,.. = u we however do not have any
proof of this claim. We do however have an estimate from below for the threshold

Umaz: Umaz = U, Where 4 is a solution of

Su+y+u+A—/(6u+vy+u+ N2 —4u(du + oA+ )
2




126

There are cases when ,,,, = u; this happens if for given parameters and all ug there
is only one nonzero continuous steady state solution (i.e. uniqueness holds). If there

is non-uniqueness, then u,,,, > @ (c.f. Figure 8).

The numerical observation that for constant (steady) dosing the solutions of the
PDE model tend to steady-state solutions implies important simplification for the

functionals we will study. As time T — oo, we get that

L(T)
J(ug) = Tlim (Xa(z,t) + Xyu(z,t))dx + cug (5.1)
and
JL(U()) = Thm L(T) + ClUyg, (52)

where ug is the externally applied biocide concentration and c is the cost of biocide.

We ran numerical simulations for several sets of parameters.

Figure 12 a) The optimal biocide dose wuy versus cost ¢ for parameters ¢ = 1, A =
0.1,a = 1,7 = 0.01,06 = 0.4,0 = 0.1 is plotted. Here the biocide threshold is
Umax ~ 9.9, which is exactly the optimal value of ug in the limit ¢ — 0+. If the
biocide treatment is too expensive, it is better not to treat the biofilm at all. There
is a critical cost threshold ¢y beyond which it better not to apply any biocide. In this

case ¢y can be found for the two functionals from equations

d.J dL
——2(0) or o =———(0),

Co —
dUO

dUO
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Figure 12. a) Optimal biocide dose ug versus cost ¢ with a jump for parameters ¢ = 1, \ =
0.1, = 1,7 =0.01,0 = 0.4,6 = 0.1. b) Functionals J, J;, versus ug for some values of c.
The curves are concave down at ug =0 .
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where Jy = fOL(Xa(x) + Xy(z))dzx. An interesting phenomenon is the jump of the

optimal biocide dose ug at the threshold cg.

Figure 12 b) The minimizing functionals J, .J; versus biocide dose uq is plotted for
some values of the cost ¢ and the same parameter values as in Figure 12. The
horizontal line represents the untreated biofilm case, i.e. ug = 0. For values of the
cost ¢ > ¢ there is a trivial minimum at uy, = 0 and the curves are above the
horizontal line. On the other hand, for ¢ < ¢y there is a nontrivial minimum that
falls below the horizontal line. Note that the functionals J, .J;, are concave down at
up = 0. Indeed, the following proposition can be established by a simple geometric

argument.

Proposition 5.1: If %{2{(0) < 0 or d;‘% (0) < 0, then the optimal biocide dose as
a function of biocide cost is discontinuous and there is a cost threshold ¢y such that

for ¢ > ¢y the optimal minimum is zero.

Remark:  The counterpositive of this statement is that if there is no jump, then
2 2 . . .
%(0) > 0 and %(O) > 0. The case fi%‘;(()) =0 or %7‘?(0) = 0 is possible, but it

is not generic. There are examples which show a smooth way of reaching the critical

cost threshold (without jump). Figure 13 is presented to illustrate.

Figure 13 a) The optimal biocide dose ug versus cost ¢ is plotted for parameters

o6=1,2=05,a0a=0.2,7v=0.1,0 = 1,6 = 0.1 with biocide threshold ., ~ 1.3



129

@=1; A=0.5; 0=0.2; y=0.1; 0=1; 5=0.1
1.4 T T T T T

0.3 0.35 0.4 0.45 05

@=1; A=0.5; a=0.2; y=0.1; 0=1; 6=0.1
T

0.7 T

—— ¢=0.2
0.6 ~| = ¢=05[]
- — c¢=0

0.4 - R

0.3 - q

0.1 B

0.4

— | — ¢=0.15

14

Figure 13. a) Optimal biocide dose ug versus cost ¢ without a jump for parameters ¢ =
1,LA=05a=02,7=0.1,0 =1,6 = 0.1. b) Functionals J, J;, versus ug for some values
of ¢. The curves are concave up for all ug .
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which is exactly the value of ug at ¢ = 0. In this case there is no jump of the optimal

biocide dose ug at the threshold cg.

Figure 13 b) The minimizing functionals J, J;, versus biocide dose wuy are plotted
for some values of the cost ¢ and the same parameter values as in Figure 13. Just
as before, the horizontal line represents the untreated biofilm case. Note that the
functionals J, J;, are concave up for all uy. By simple geometrical arguments we have

the following proposition:

Proposition 5.2: If %(uo) > 0 or d;;]QL (ug) > 0 for all 0 < wy < Upayx, Where
0 0

Umayx 1S allowed to be oo, then the optimal biocide dose as a function of biocide cost is
continuous and there is a cost threshold ¢y such that for ¢ > ¢y the optimal minimum

1S zero.

Recall from Chapter 4 that in a model with § = 0 and « > ~ there is a nontrivial
steady biofilm thickness L for all ug, i.e. there is no biocide threshold that would
guarantee L = 0. Figure 14 is presented as an example. This case is different from

the previous ones since the biofilm could never be eliminated.

Figure 14 a) The optimal biocide dose ug versus cost ¢ is plotted for parameters
o =1A=1a=1~v =010 = 04,0 = 0. We observe that the cheaper the

treatment is, the more biocide can be used. Indeed, there is a vertical asymptote at
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¢ = 0 even though the top of the curves is chopped off. There is no jump, i.e., the

cost threshold ¢y is reached continuously.

Figure 14 b) The minimizing functionals J, .J versus biocide dose wuq is plotted for
some values of the cost ¢ and the same parameter values as in Figure 14. The
functionals J, J;, are concave up for all ug = 0. For ¢ = 0 the curves approach a

positive horizontal asymptote as uy — oo.

Analysis of the first derivative of J, Jr,

We are interested in investigating the quantity %(0) at ¢ = 0 (a similar analysis

can be done for 42(0) at ¢ = 0). We will show that this quantity is negative which
0
means that for low costs of the biocide constant dosing is more effective than the

untreated biofilm. We will present the proof below.

From Chapter 4 the functions X, X, and the steady biofilm thickness L satisfy

the equations

dX,
U= —(B+ )X, +a(l — X, — X)Xy +7X, (5.3)
dX,
0= AX, — 00X, B+ a(l — Xy — Xo) Xo — X0 (5.4)
X
v(L) = oL*. (5.5)

Consider the first-order expansions of the functions X,, X, and L about uy = 0, i.e.

we have X, = X&' (z) + X (2)ug + O(ud), X, = X)) + X (2)up + O(u3)
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Figure 14. a) Optimal biocide dose ug versus cost ¢ with a jump for parameters ¢ = 1, A =
l,a =1,y =0.1,0 = 04,5 = 0. b) Functionals J, J, versus uy for some values of c. The
curves are concave up for all ug .
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and L = L© + LWyg + O(u2). The first-order expansion of the biocide B(x) is

cosh ¢z

ai (ﬁU)UO, where al(x) = cosh(¢Lg)

Recall from the previous chapter that

B B - B B 2 _ 4B,(0B
F_(BO):5 0o+v+Bo+XA—+/(6 0+72+ o+ M) (6 0+5A+7)7 (5.6)

where By = 7 Now the square-root expression in (5.6) can be written as

PR
cosh(¢L

V(6By 4+ + By + N2 —4By(6By + 6\ +7) =

— S+ 2Bo1 = 6)(A =) + Bi(1 - 6)? =

(v +A)? B
By(1 = 9)(A—7)

2

=7+ A+

from which I_ = B0 4 O(ud). Since By =

Py y T O(ud), we obtain that

uo
cosh(¢Lg

o 2 _ +JA
I'_ = Aug + O(ug), where A = .

At x = 0, the steady-state solutions X, X, satisfy the equations from Chapter 4

r_
Xo+Xo=1—— (5.7)
(6%

AX, + (T_ — 0By — )X, = 0.

Recall from Chapter 1 that

AN if B=0
AB)={"
0 if B>0,

hence the functions X,, X, are discontinuous at ug = 0. For uy — 04+ we get that

I'_(0) — 0, hence X;(0) — 5= and XJ(0) — ﬁ But when ug = 0, we get
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X,(0) = 1 and X,(0) = 0. Notice however one positive fact. Even though X, and
X, are discontinuous at B = 0, the functionals J and Jy, are still continuous at this
point. Since X + X{” = 1, we obtain v(z) = az from which v(L) = aL = ¢L? and
L = 2. It follows that J(0) = J.(0) = <. This implies these J and .J are continuous
at zero, as they do not depend on A at this point.

For this reason we can do the following trick. We will assume for the rest of this
chapter, that A is not a step function but a constant. This modifies values of X, and
X, at zero - makes them continuous (in fact smooth), but does not influence results
on J and Jy, as these do not depend on A at zero. This assumption will make the
rest of this chapter more readable, as we will not have to pay special attention to the
point ug = 0.

After making this modification, using the equations (5.3)-(5.4) we can verify that

the zero-th order coefficients are constant in x at ug = 0, i.e. X2(z) = 315 and
A
Xg(l') = m

We will compare the coefficients of the first-order terms in the expansion of equa-

tions (5.3)-(5.4). We obtain

dx{M

ar—— = =XJai(@) = MY + a0 + X)X X0 (5:8)
dxV

ar—= =AY = 6X P (2) + a(X) + X)X =X (5.9)

Adding equations (5.8)-(5.9) we get

dz X +5x
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where Z(z) = X" (z) + X{"(z). The solution of equation (5.10) is

XO 4 sx©0 e X 465X sinh(gx)
Z(x)=————— [ a1(s)ds = — :
ax 0 apcosh(pLy)
where Z(0) = lim, 0 Z(z) = —%. Hence, the solution of equation (5.10) can

be smoothly extended to zero. Note that Z(z) < 0.
Now we would like to find the coefficients of the expansion of L. Using equation
(5.5) and comparing the first-order terms in its expansion, we get Ly = ¢ and L, =

fOLO Z(x)dz. The sign of L, shows that the derivative of the functional J;, with respect

dJr,

(0) < 0 for ¢ small. In a similar manner 42 (0) < 0
dug

to up 1s negative at ¢ = 0, 1.e. du

for ¢ small from which the assertion in the beginning of this section follows.

Analysis of the second derivative of J, J,

Recall if the second derivative of the functionals J, J;, at uy = 0 is negative, then
there is a jump in the plots. On the other hand, if there is no jump, then the second

derivative of the functionals J, J;, at ug = 0 is positive. Hence, we will analyze the

quantity d;;]f (0) (a similar analysis can be done for ‘527‘2](0)). An interesting result is
0 0
that for thin biofilms Ci‘% (0), %(0) are positive.

Consider the second-order expansion of X,,, X,, B and L about uy =0, i.e. X, =
X0 (@) + XP (@)up + X (@) + 0(ud), Xo = XO(2) + X (2)uo + XE (2)ul +

O(ud), B = a1(z)ug+as(x)ud+O0ud) and L = Lo+ Lyug+ LouZ+O(ud), where a; (z) =
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c(;(;i}E;qu)va?(x) =—¢ tanh(gzﬁLo)CZZi}zg’L‘?). Adding equations (5.3)-(5.4) we obtain

di(Xu + X )v=—BX, — 6BX, + ol — X, — X,) (X, + X,). (5.11)
X

Comparing the coefficients of the second-order terms in the expansion of equation

(5.11) we get

dU X0 4 6X0 X! 46X} az [*
.CL'%—FU: —ag(m)T—al(x)T—ZQ—% ; Z(s)ds, (512)

where U(z) = x (x) + xP (x) and Z(z) = Xl(tl)(x) + X(gl)(ac) from above. We may
rewrite equation (5.8) as follows

1

dX
ar— L A+ )X = —a ()X - aZ XD + 7. (5.13)
T

It follows from (5.13) that

Xi(z) = - /0 ’ S~ an(s)X0s) — aZ()XUs) +72(9))ds. (5.14)

ax o
Similarly, from (5.9) we get

1

X
axdd C L A+XE = a1 (2)X? — aZ X0+ A\Z. (5.15)
T

It follows from (5.15) that

XM (z) = — /0 xsi”—l(—aal(s)xg(s) — aZ(s)X%(s) +/\Z(s)>ds. (5.16)

axr o
Finally, the solution of equation (5.12) is

T (0) (0) (1) 1) z
X 46X X0 4 x¢
[ / Cap(s) O 2 0% 4 / Z(s)ds}, (5.17)
0 0

1
Ulz) =2 o o
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where X" X! are given by (5.14) and (5.16).
To find Lo, we use equation (5.5). Comparing the coefficients of its second-order

expansion we obtain

oz(Lgug + ug /
L

Since ug is small, the second term in the left-hand side of (5.18) simplifies to

Lo+Liug Lo
Z(x)dx + ug/ U(x)dx) =o(L3 +2LoLo)ug. (5.18)
0

0

Lo+Liuo
uo/ Z(x)dr = Z(Lo)Liud + O(uy).
L

0

Solving for L, we obtain

We see that Ly = d;fQL (0) is a sum of three terms, the first one always positive, the last
0
one negative and the second could either be positive of negative. Hence, in general it

would be very hard to analyze the sign of Ls. In fact numerical simulations confirm

it can be either positive or negative. There is however one special case we are able to

d?Jg,
dug

handle - when the quantity ¢Lg is small. In this case Ly > 0. By continuity >0

near zero. It follows that if we assume the biofilm is thin (so that we only need to

d2Jg

know ai?

near zero) there is no jump, i.e., the functionals J, J;, are concave up.

Proposition 5.3:  If ¢Ly < 1, then £2£(0) > 0 and £4(0).

2J
dug dug
Sketch of the proof: When ¢Ly < 1, then cosh(¢z) ~ 1. It follows that

B = ug, i.e. ap(x) =1 and a;(z) = 0. From equation (5.14) we may solve for X! to
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obtain
X0 = 2 Ay +ad+ AN+ —
w aO Rl P aA+ A+ —a)
and from (5.16) we have
X = —#[72 + Ay —ay + (A% + My + ay)].
¢ a(A+7)3

We may similarly solve for U from (5.17) to get

YA 2
U=——"——(1-9)".
a(\ + 7)3( )
Finally, by equation (5.19) one can see that Ly, = U(;—;\W)g(l —0)% so that Ly > 0 if

¢Ly < 1.

Analysis of the special case a > v and § = 0.

Recall from the beginning of this chapter, that whenever § > 0 or 6 = 0 and
a < 7, then there exists a threshold ., < oo such that for wy > ., the only
steady state solution is zero. Hence, if we constantly dose over this amount of biocide
the biofilm thickness L > 0 decreases to zero as t — oo. Thus, it makes no sense to
study the asymptotics of L for large (infinite) time as uy — 00, since L vanishes past

a certain finite threshold ;..

The only case this does not happen is when o > v and § = 0 (adapted cells do

not die). Here, there is no finite biocide threshold that would guarantee L — 0. We
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will investigate in detail the functional J; as uy — oco. Similar analysis can be also

done for J. At the end, we again obtain more specific results for thin biofilms.

Consider the first-order expansion of the functions X,, L, B about ug = oo and
the second-order expansion of X,, about uy = co. The second-order expansion of X, is
necessary in equation (5.20) to obtain all the first-order terms in the right-hand side.

(1)
We have X, = X (z) + X“u—o(z) + O(u ), L= Lo+ 7 Ll + O(i%) = ao(z)ug+ a1 () +

1) (2)
ai(f) + O(UL?) and X, = quo) (x) + Xu (2) 4 X“UQ(I) + O(u%) The coefficients in the
0 0 0

uo

expansion of the biocide are ag(x) = szzh(ffo)) car(r) = —¢ tanh(quO)Cf)osih;L )) ,az(r) =

d3(1/ cosh(¢z)) |

3 2=Lo- The first-order expansion of equation (5.3) about ug = oo is

@ dx©® 1 axW
X XO(s))d = —) =
a/o(u(8)+a(8))8(dx+ )

u_o dzx
(1) (2)
Xu X
= —(uoao(x) + a(z) + 2 (2 ?) + A) (XS)) +—+ — ) + (5.20)
Ug 0 Uo UO
(1) (1) (1) (2) (1)
+a(1—X<0>—X(°>—X—”—X“ )(X<0)+X” Au >+7<X(0 Ao )
“ “ U U v Uo ud U

Note that the terms —uoao(x)XfLO) and —ao(x)Xi(Ll)(x) +4x0 () in the right-hand
side of (5.20) have to be zeros. Hence, X&O)(x) = 0 and qul)(:v) = %:;(f) To
find X" () we assume it is constant (does not depend on z). Recall from Chapter
4 that I'_ — 7 as up — oo if death rate is zero. If Xéo)(x) is a constant, then

X,go)(:p) =1 —7/a by equation (5.7). This Xéo)(x) is a solution to equation (5.4). It

follows that X (z) = 21

ao(z)
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Comparing the coefficients of the first-order terms in the expansion of equation
(5.4) we obtain

dX‘gl) 1 1 1
(0= == = AX = (@ =) (X + XV).

Assuming « > v, we may rewrite this ODE as

A
a—

ax
dx

T

+ X0 = ( - 1)X<1>. (5.21)

The solution of equation (5.21) is

cosh(¢Lg) arctan(e?®) — /4
¢ x '

XD(@) =L —a+9)

Again, we would like to find the coefficients of L. Using equation (5.5) and comparing

the first-order terms in its expansion we get

Lo=2"7 [ -_° /OLO(Xl(x)+X1(x))dx.

Hence, substituting into qul), X,gl) we obtain

cosh(¢Lg) [

arctan(e?™°) — 7 /4 + d:c] :

A—a+ Lo aretan(e?®) — w/4
L 1 [ o)~
0

a—ry x
Note that the coefficient L; > 0 if A+ > « but in general, L; can change sign. The
cases Ly > 0 and L; < 0 are significantly different.

If Ly > 0, then the optimal minimum of the functional Jy(ug) = Lo + 5—; + cup +

=

o(

) is ug ~ \L/—le Hence, J;, decreases as ug gets large. If we consider the dependance

N
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of the optimal minimum uy on the cost ¢, there will be a vertical asymptote at ¢ = 0.
What this means is that if the biocide is very ‘cheap’, the optimal dosing strategy
would be to put large quantity of the biocide to suppress the biofilm.

On the other hand, if L; < 0, situation is a bit counterintuitive. It follows that
Jr is an increasing function for large ug, hence in the graph ¢ versus optimal value
of ug (the dose) there will be no vertical asymptote at ¢ = 0. In this case there is a
certain value u' at which the function L(ug) attains its minimum. Any dosing uo > o’

does not make any sense - it will not be more effective than the dose u’.
Remark: ~ When a = v, then Ly =0 and L; > 0 since L — 0 as ug — 00.

To make the notation simpler, let
F(¢, Ly) = arctan(e®™) — /4

and

Lo arctan(e?*) — /4

G(¢, Lo) = / dz.

0 T

Then L; can be written as

cosh(¢Lg)

Ly =v P

A—a+vy
[F(Gi Lo) + ﬁG(¢, Lo)|.

Now let J = Jy + i—é + O(%) be the first-order expansion of the functional J about
0

ug = 00. It can be shown that

_ 2y cosh(¢Lo)
o«

Ji (Oé - ’Y)F(QZS, LO) + <>‘ — o+ ’}/)G(QS, LO) :
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Finally, in the case the biofilm is thin (¢Lg < 1) the situation is can be analyzed

completely. It is easy to show that both L; and J; are positive.
Proposition 4.4: If ¢Lo < 1, then L; > 0 and J; > 0.

Sketch of the proof: We may approximate the integral in the formula for L; by
the first-order expansion of the function arctan(e?®) about z = 0. Since arctan(e®®) =

T+ 2+ O(2?), we have

cosh(¢Lg) |:¢L0 N A—a+7y (QSLO

L, —
1= [0} 2 a—y 2

ﬂ + O(¢2L3) = ;\—Z cosh(¢Lg) + 0(92521%)

which is positive since ¢Ly < 1. Also, for thin biofilms we may write J; as

5= DRI [ )20 4 (o a+) 2]+ 0L
= 21— O o)

which is again positive for a > ~.

Remark:  In case of thick biofilms (¢Lg > 1) the term G(¢, Lg) is a lot bigger than
F(¢, Ly). Hence, the coefficients next to G(¢, Ly), i.e. ’\;aﬁﬂ for Ly and A —a + 7

for J; will determine the sign of Ly, J;.
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CHAPTER 6

PERIODIC DOSING OF BIOCIDE

In Chapter 5 we discussed the simplest dosing strategy - constant dosing, but in
practice more sophisticated dosing strategies are required. Here, we aim to model
and analyze other dosing techniques - periodic dosing (biocide is positive for all time)
and on and off dosing (biocide is zero during withdrawal time). Our numerical simu-
lations show that periodic dosing can be more effective than constant dosing, but the

difference between these two dosing strategies is relatively small.

Significantly, the on and off dosing strategy seems to be more effective than the
constant dosing method. The main reason for this is that during the withdrawal time
no new adapted cells are created. Hence, the unadapted-adapted reversion rate A
is zero. The analytical explanation why the on and off dosing is ‘better’ is based
on Theorem 6.3 which is proved and also numerically verified in this Chapter. This
Theorem shows that in the high frequency limit (i.e., when the total period goes to
zero) the on and off dosing converges to a steady state limit (c.f. Chapter 4) with
modified constant A. For example, when the dosing and withdrawal time during the
period are equal, the limit corresponds to value of A\/2, i.e., half of the original value.

Note that this is exactly the average value of the function A over the dosing period.
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This is important, as smaller A means smaller adaptation of cells to biocide. Hence

the biocide kills more biofilm bacteria more effectively.

Each section of this Chapter has two parts - a theoretical part where the problem
is studied analytically, and a numerical part where analytical conclusions are verified.
Given fixed values of the parameters, frequency and amplitude were varied for both
periodic and on and off dosing strategies. For a given cost of biocide, we optimize
the minimizing functionals with respect to the biocide dose in the case of on and off
dosing. We did not do a cost optimal study in the case of periodic dosing, as the
differences between periodic and constant dosing are minimal. Hence, the plots we
would obtain would be essentially the same as in the previous Chapter on constant

dosing.

Recall the model equations from Chapter 1:

ZQTE =¢'B (6.1)
05? * ”aé? = —(B+ )X, +all - X, - X)X +7Xe  (6.2)
agiud + vag(;d = BX, — o(Xy + Xa) Xua (6.3)
8;% * Uaa)ia = AXy = 0BX, + a(l = Xy — Xo) Xo — X, (6.4)
0)5;@ + Ué‘g(;d = 0BX, — a( X, + X4) Xad (6.5)
% = o(X, + X,) (6.6)
dL _ v(L,.)—oL? (6.7)

dt
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The boundary conditions are given by

0B
%(O,t) =0, B(L(t),t)=u(t) for 0<t<P
v(0,t) =0 for 0<t<P, (6.8)

where the biocide concentration at the interface u is a nonnegative piecewise continu-
ous periodic function of period P. Minimizing functionals (1.33)-(1.34) from Chapter

1 will be used in our analysis. We start with periodic dosing.

Periodic Dosing

It is possible to establish the existence of periodic solutions for the system (6.1)-
(6.7) of period P which satisfies the boundary conditions (6.8). The technique would
be similar to the one we presented for existence of steady state solutions. We, however,
will not do it - the precise construction would be very complicated and lengthy.
Instead, we will satisfy ourselves with numerical evidence that these solutions indeed
exist. In fact, numerical simulations suggest that given any initial data ¢,, gud, 9as Gad
and a periodic function u, the solution of the system (6.1)-(6.7) becomes periodic as
t — oo with length of period identical to the period of u. In some cases, depending on

parameters and the function wu, as in the steady state situation the limiting solution
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is nonzero. In other cases the thickness of biofilm goes to zero, i.e., the only periodic

solution for such a set of parameters is the trivial solution.

Our goal is to study how the length of the period influences the resulting periodic
solution. We introduce the following notation. Let u be a positive, periodic, continu-
ous (or more generally piecewise continuous) function with period 1. For any positive

number w > 0 we introduce the function
u?(t) = u(wt), for t € R. (6.9)

Note that u* is a periodic function of period 1/w and hence, w is the frequency.
Denote by B“, X, X, X, X, v*, L* the corresponding periodic solution of the
system (6.1)-(6.7). We would like to study what happens as w — 0+ and w — oo.

We claim the following:

Theorem 6.1 Let u > 0 and let ug = fol u(t)dt be the average value of u over [0, 1].

Then any increasing sequence wi,ws,ws, ... such that w, — oo has a subsequence

(wm‘ )iEN SatiSfying

L% = lim L*"(t) uniformly for all ¢ > 0,

1—00

Wn,

and all functions B (z,t), Xu" (2,t), X, 5 (z,t), Xa" (2,1), X3¢ (x,t), v (x,t)
converge for z € [0,L>) and ¢t > 0 to functions B®(z), X°(z), X5(x), X°(z),

a

X25(x), v*°(z) that are independent of ¢ > 0. In the case of the function B> the
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convergence is only in the weak sense, while all other functions converge locally uni-
formly in x. Moreover, these functions satisfy on the interval [0, L>] the equations of

a steady-state solution (c.f. Chapter 5) with the boundary condition B (L) = u.

Remark: 1t is possible that two different subsequences of the our original sequence
W1, Ws,Ws, ... converge to two different limits. This can only happen however, if for
the constant dosing with dose ug and parameters «, 7y, A, d, ¢ there is non-uniqueness
of steady-state solutions, i.e., there is more than one stable steady-state solution (see
Figure 8 for example). If there is uniqueness of steady-state solutions, the limit of

the sequence is necessarily unique.

Proof of Theorem 6.1 All functions L“* are uniformly bounded from above by
max {L(0),%} (c.f. Lemma 3.2). Recall also that we have shown there that for
L(t) > 2 we have % < 0 from which it would follow that L(P) < L(0) if we had that
L(0) > <. But L(P) = L(0) since our solution has period P, hence L(t) < % for all

t>0.

We claim that (6.7) implies

dL*n ?
< T v(Le) — o (L9)? < o(L¥") < al*(t) < <

o .

—— < —o(L(1))?

Oé2
o

Hence the functions L“* are uniformly Lipschitz in ¢, hence equicontinuous. By
Ascoli theorem there exist subsequence (n;) such that the sequence of functions L“:

is convergent. Since the length of the period goes to zero the limit must be a constant
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function which we call L*. If this limit is zero, the proof is complete - in this case

L> = 0 which corresponds to the trivial steady state solution.

The second case is more interesting. It follows from above, that L is constant

in ¢t. Hence, since functions B“" are explicitly determined by L“"i, we have that

cosh(¢px) cosh(¢px)
cosh(pL“mi(t)) - cosh(¢pL>)

uniformly in x

and

u“ni(t) — ug  weakly, i.e., for any ¢ € C3°(R): /uw"i (t)y(t)dt — uo/@/)(t)dt,

as wy, — 00. This follows immediately from the fact that wu is the average value of
each function u*. From this the product function B*"i(x,t) = u(t)% will

converge weakly to B> (x) = COSh(W)), where the weak convergence is understood

0 cosh(¢pL>®

in ¢, as defined above.

Now for each w,, let us introduce new variables which we denote by B, v, X!,
Xi, Xi. Xi that will only be functions of variable z and not of . We will define

them on the interval [0, Z’], where

Li= inf L= (¢).
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It follows immediately that Li — L™ as i — oo. The mentioned functions are defined

via averaging over the period, which for index i is w,, Lie.,
- l/wni - l/wni
X (z) = wpy, / X"z, t)dt, X () = wy, / X0 (w, t)dt,
0 0
- 1/wn, - 1/wn,
X, () = wy, / X (x, t)dt, X (x) = wy, / X0 (v, t)dl,
0 0
o 1/wn, . 1/wn,
B'(z) = wy, / B¥mi(x,t)dt, v'(z) = wy, / v¥mi(x, t)dt. (6.10)
0 0
To obtain equations that will be satisfied by these new functions, we will integrate

equations (6.1)-(6.6) over the interval [0,w; '] and average (i.e., multiply by w,,). We

have

~ fwn;
B'(z) = wy, /01 u(t)mdt = uOM + ey, (6.11)

cosh[p L (t)] cosh[p L]

~i a)zi i Vi Vi vi\ v vi

v’ 5 L=—(B"+N)X,+a(l - X, — X)X, +vX, + e (6.12)
Xz

X o o~

vza—“d = B'X!. — (X! + X)X\, +e3 (6.13)
X

~‘ajzi Vi i i Vi i\ v vi

0 = AXE 6B X +a(l - XL - X)X — X! ey (6.14)
X

_9Xi o <~

0 — SBIXE — o X4+ X)X+ es (6.15)
X

o ~ o~

U — o(Xi+ X (6.16)
ox

0=uv(L',.) — o[L]* + es. (6.17)
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Here ey, €9, ..., €4 are the error terms that arise from nonlinear terms. We do not

write all of them explicitly, but as an example we look in detail at

l/wni aXrLL:)nZ 1/wni ) aX;)’nl 1/“)"1' aXUJnZ
W, / v dt = wp, / V" dt + wp, / (v¥ri — ") dt
0 0 0

Oz Oz Oz
0X]
= v'—+e,
Ox
where |e| < || — v*ni]| ” 7 H . Similar estimates are worked out for all other
(e 9]

nonlinear terms. In total we obtain

X!

. e < C zz_Lwnz _
al+-+ el < Cl X

0o + C|[T" — v*mi

[e.e]

o0

+ O+ [[Blloo) X7 = X2l

(6.18)

Here X' represents all variables X!, X! etc. All of what follows is based on the

following Lemma:

Lemma 6.1 There exists a constant K > 0 depending only on constants o, ¢, A\, v, o
and ||ul|» such that the periodic solutions of (6.1)-(6.7) are Lipschitz continuous in

variable x with Lipschitz constant at most K, that is

0X,
max | || =5~

The crucial part of the claim in this Lemma is that the bound on the Lipschitz norm

H a)(ad

H a)(ual

OO} K. (6.19)

[e9]

is uniform and only depends on the constants and L* norm of u. We will not prove
it, since this Lemma is closely connected with the question of existence of periodic

solutions which we also did not do. However, the proof would go the same as a similar
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proof that establishes that the steady state solution is also Lipschitz in x. We did
not do it explicitly, as it was not necessary, but in the last part of the proof of the
existence of steady state solution we derived an estimate on the distance p of two
steady state solutions in the form gﬁ < F(p). A slight modification of this estimate
gives a uniform bound on the % derivative of the solution, which implies the function
is Lipschitz. Naturally, the estimates in the periodic case are even more complicated.

Indirectly, we also have confirmation of this lemma on the numerical level.

To get back to our proof, once we have these estimates, we use (6.2)-(6.5) to

conclude that for some M independent of ¢ we also have that

{ H OX, " OX.
max

ot

oX
ot

Y
o0

Y
o0

H(?Xﬁfiz

OO} < M. (6.20)

Using the fact that functions X, X, X and X, are periodic in ¢ with period w,,

we then conclude that the oscillation (difference between sup and inf values) of these

four functions is at most Mw, ' — 0 as i — co. It follows from (6.18) that
lex| + -+ + Jes| < Cwyt, (6.21)

where C' is a constant depending only on the parameters of the equation and ||u/|se.

Now we choose a subsequence a second time. The equations (6.12), (6.14) and
(6.16) look exactly as equations for a steady state solution we studied extensively
before, plus some error terms. As we have shown, the solutions of these equation are

all uniformly bounded and equicontinuous (Lemma 6.1), hence by the Ascoli Theorem
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there is a convergent subsequence as ¢ — co. On the other hand, as ¢ — oo the error
terms vanish and hence, the limit of this subsequence satisfies exactly the equations
for steady-state solution. Let us call this limit X>°, X>° v>°. The domain of these

functions is the interval [0, L>°).

So far we have uniform convergence of Xy to X, of XJ to X ° and of v to v™,
where (i;);en is the selected subsequence. Recalling (6.20), we can drop the tilde and
get that also X, 7 (z,t) converges to X°°(z) uniformly for arbitrary ¢ (and similarly

for other functions). This is the sought subsequence. B

Remark:  One of our model restrictions included the assumption that the char-
acteristic time for diffusion is small compared to the disinfection time of unadapted
cells (¢ < 1). In case of high frequency dosing, however, the opposite is true, i.e., the

parameter € is large. Hence, equation (6.1) changes to

OB O*B
“or "oz 9P

Taking the average of the previous equation over the period [0, 1/w] yields

where B is the average function B=uw 01/ ¥ B(w,t)dt. An argument similar to Lemma

6.1 for function B implies

IB = Bl < Cw™,
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where C' is some Lipschitz constant depending only on parameters a, ¢, \,y,0 and
[t/|co. It follows that the high frequency limit for B is the same as for B. Hence, the

conclusion of Theorem 6.1 remains unchanged.

Now we have a look at the other limit w — 0+. In this case the length of period
goes to infinity. We will formulate the upcoming Theorem 6.2 in the simplest case -
when for each ug there is a single nonzero steady-state solution. Theorem 6.2 can be
modified for the more general case, we, however, choose not to do it to keep the proof

reasonably short.

Theorem 6.2 Let u be a continuous periodic function of period 1 and consider as
in (6.9) the functions u* of period 1/w and their corresponding periodic solutions
BY, Xv X¢. X¢, Xg, v, L of the system (6.1)-(6.7). Assume that for all ¢:
u(t) € [A1, Ay] and that for each ug € [A;y, As] there is a unique nonzero continuous
steady-state solution with boundary condition B(L) = ug. Let J(ug) and Jp(ug) be

the values of the two functionals (1.35)-(1.36) for this steady-state solution. Then

1/w  pL¥(1) 1
lim J¥ = lim w/ / (Xg’(x,t)—l—Xq‘j(:p,t))dxdt:/ J(u(t))dt,
0 0 0

w—0+ w—0+
1/w 1
wlgglJr Jp = wlg&w/o L (t)dt:/o Jr(u(t))dt. (6.22)

Proof of Theorem 6.2: Since w — 0+ means that the length of period goes to
infinity and u is a periodic function, it follows that the stretched function u®“ is

extremely slowly varying, i.e. given € > 0 and an arbitrary large M > 0 one can find
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sufficiently small w > 0 such that

lu“(t+1t) —u“(t)] <e, for all t € R and [t| < M.

Hence, for any fixed ¢ the function u“ on the large interval [t — M, t 4+ M| is almost
constant and approximately equal to u“(t). What this means is that regardless of
what the values of X¥ X L“ are at the time ¢ — M, as the time progresses to ¢,
these functions will be closer and closer to the values of functions for the steady-state
solution with boundary value u“(t). Recall that we assume there is a unique stable
nonzero steady state solution with this boundary condition. Therefore, the same will
be true about about the values of functionals J and Ji, i.e., for some small § > 0 at

time ¢:

/ )+ X ) — T )| < 6

L2(8) — Jo(u(t))] < 6. (6.23)

Here 0 is a function of w and § — 0+ as w — 0+. Once we have this estimate, we

integrate over the time interval [0, 1/w] and average (divide by 1/w). This leads to

Vo Do) ”
o / / (X¥(2,8) + X¥(2, ) dadt — w / T @®)dt| < s
0 0 0

1/w 1/w
w/ Lw(t)dt—w/ Jp(ue(t))dt| < .
0 0
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Now, we realize that wfol/w J(u”(t))dt = fol J(u(t))dt and wfol/w Jp(ue(t))dt =

fol Jr(u(t))dt and hence, the conclusion (6.22) holds. B

Remark:  An important question is which dosing strategy is more favorable - peri-

odic dosing or constant dosing? It follows from Theorems 6.1 and 6.2 that if

lim J, = /1 J(uw)dt < J(up), (6.24)

w—04

then periodic dosing is more effective than constant dosing for small frequencies w. We
can actually be even more specific, since (6.24) is essentially a geometrical condition.
Intuitively, say, we have a simple function u(t) that only attains two values; ug—h on
the intervals [n,n + 1/2) and uy + h on [n + 1/2,n + 1) for integer n. Such function

has average uy and the condition (6.24) is equivalent to
1

But this is just a condition on concavity of the function J. This leads to the following

statement:

Proposition 6.1 Assume that J is a concave down function on the whole interval
[A1, Ao] and u(t) € [Ay, As]. Then (6.24) holds, i.e., for sufficiently small frequencies
w the periodic dosing is more effective that the constant dosing with dose ug. Con-

versely, if J is concave up on the whole interval [A;, As] and u(t) € [A;y, As], then for
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sufficiently small frequencies w the periodic dosing is guaranteed to be worse that the

constant dosing with dose uy.

Remark: In most (but not all) cases, we know that for large g the functional J must
be concave up. The only exception is the case v < a and § = 0, where for some sets
of parameters it is possible to have J” < 0 for large values of uq (c.f. the last section

of Chapter 5, where asymptotics of J and Jy, at ug = oo is worked out).

Sketch of the proof: We expand J around ug using Taylor formula, i.e.,

J" (&)
2

J(u) = J(uo) + J' (ug)(u — up) + (u — up)?,

where &, is some number from the interval between u and ug. Next, we replace u by

u(t) and integrate J over interval [0, 1].

lim J, = /0 1 J(u(t))dt = J(uo) + /0 1 TUEl) iy — )2t (6.25)

w—04 2

From this the claim follows: clearly, if J” < 0 the right-hand side is smaller than

J(up) for small amplitudes. On the other hand, if J” > 0 the opposite is true.l

Remark:  To illustrate biological meaning of the assumption of Proposition 6.1
(J" < 0), let us consider the following situation:

At the point ug the linear approximation of the functional J is given by a tangent
line at the point wy with equation ¢ = J(ug) + J'(ug)(u — up). The assumption
J"(up) < 0 mathematically means that near ug the graph of J is below the tangent

line /. What it means biologically, is that near uy the reaction of biofim to the
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increase in the biocide dose faster than linear. That is, if we increase dose near u,
the reduction in biocide thickness is higher than expected linear response (given by
0).

On the other hand, J"(up) > 0 means exactly the opposite, i.e., the biofilm is

reacting to the increase in the biocide dose slower than linear.
To illustrate Theorems 6.1 and 6.2, we choose for our numerical simulations
u(t) = up + Asin(27t),

hence

u®(t) = ug + Asin(2rwt),
where w is the frequency and A is the amplitude. We also introduce the notation that
J¥, J¢ are the functionals corresponding to periodic boundary data u“(t). Our goal
is to numerically verify the results of Theorems 6.1 and 6.2, i.e., numerically compute
the limits

UJ*>0+

1/w
lim J¥ = w/ J(ug + Asin(2nwt))dt
0

and

lim J¥ = J('U,Q)

w—00

(analogously for J;) and compare them with the results of our numerical computations

of the periodic solutions.

Figure 15 a). Minimizing functionals J, J;, versus frequency w for value of the para-

meters ug = 5,0 =1, A=1,a=2,v=1,0 =0.4,0 = 0.1. The upper horizontal line
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represents the value of J, Jy, for constant dosing uy (by Theorem 6.1) and the lower
horizontal line represents the value of the integral from Theorem 6.2. We can observe
that for small frequencies periodic dosing is more effective than constant dosing.
This and other plots numerically confirm that for high frequencies constant dosing
is preferable to periodic dosing, i.e. for large w the functional curves are ‘above’ the
upper horizontal line. We, however, do not have an analytical explanation for this
phenomenon. An asymptotic expansion in frequency w might be capable of checking

this observation.

Notice also the tiny ranges on all four plots (Figures 15 a) and b)). To explain this
we look at Figure 8 which plots the function J;, = L for the same set of parameters
when constant dosing is used. Notice that near uy = 5 both these functions are very
flat - their second derivative is negative, but very close to zero. From this it follows
that the term containing J” in (6.25) is small. Hence, the improvement periodic

dosing brings is negligible.

Figure 15 b). Minimizing functionals J, J;, versus amplitude A for the same value of
the parameters ug, ¢, \, a,y, 0,0 as Figure 15 a) and w = 1/27. Just as before, the
horizontal line represents the value of J, J; for constant dosing when A = 0. Note
that for w = 1/27 the value of J in Figure 15 a) is slightly above the upper horizontal
line, while the value of J;, in Figure 15 a) is below the upper horizontal line. Hence,

for functional J changing the amplitude is more effective than constant dosing
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Figure 15. a) Minimizing functionals J, Jy, versus frequency w for value of the parameters
A=1u =50¢=11A=1a =2y =10 =04, = 0.1. For small frequencies
periodic dosing is slightly more effective than the constant dosing. Horizontal lines represent
limit values computed from Theorems 6.1 and 6.2. b) Minimizing functionals J, J;, versus
amplitudes for the same value of the parameters as in Figure 15 a) and P = 2. Unlike the
other functional Jr, functional J for periodic dosing is less effective than constant dosing.
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(the functional curve is above the horizontal line), since for this particular w: J* <
J(up). However, for the other functional J¢ > J;, and an increase in the amplitude
only makes the situation more unfavorable. This is caused by the phenomena we
already mentioned above - for large frequencies w both J“ and J} are larger than
J(up), Jp(up), respectively. On the other hand, for small frequencies, the opposite is
true, as J and Jp, are concave down near uy = 5. The middle range of w (w = o(1))
is exactly when the change happens - when periodic dosing becomes better than the
constant dosing. The chosen w = 1/27 is therefore special is some sense - for one
functional J, it is already in the region where periodic dosing is better, but for the
other functional Jy, the periodic dosing is still worse. Notice also that both curves
on Figure 15 b) look quadratic in the amplitude A. This is not an accident, if we

look back at (6.25) we see that

lim J¥ — J(up) =~ MAQ + 0(A?),

w—0+ 2

i.e., for small frequencies w this difference is indeed quadratic in A. However, our w
is not really small (o(1)), so this argument is only an indication why the difference
is quadratic in A. Unfortunately, our understanding of these frequencies is really the

weakest. We know much more what happens for w > 1 and w < 1.

When lim, o, J¥ > J(up), i.e., J is concave up at ug, periodic dosing is less
effective than constant dosing. This happens for example for values of the parameters

A=1lu =15 0=1,A=1La=1,v=2,0 =0.4,0 = 0.1. Figure 16 shows that
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both functional curves are above the horizontal line corresponding to the value of
functionals for constant dosing. Figure 16 is also an example when Theorem 6.2
cannot be used, i.e. we cannot compute lim,,_.o, J, directly by using this Theorem.
The reason is that in the interval u € (ug — A, up + A) there are values of u for which
the only steady-state is zero, i.e., the key assumption of existence of a nonzero steady

state solution is violated.

. . IJsteady_J‘ Jsteady_JL
Figure 17. Relative errors “—5z— and LJt—ady on a log-scale for the same value of
L

parameters A, ¢, \, a, v, 0,0 as Figure 15 a) and varying ug. Here J5€dv and Jste*

are the values of our functionals for constant dosing, J and J;, are the values of these

Amp=1; u=1.5; ¢=1; A=1; a=1; y=2; 6=0.4; 5=0.1

05 : : \
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Figure 16. Minimizing functionals J, J;, versus frequency w for value of the parameters
A=1lLu=15,¢0=1,A=1,a=1,7vy=2,0 =04,6 = 0.1. In this case periodic dosing is
less effective than constant dosing for both functionals .
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functionals for periodic dosing (with amplitude 1) and optimal frequency, i.e., for

each uy we found the best frequency minimizing the functional.

Notice however, that despite decimalization in the frequency the functional curves
for both periodic and constant dosing are almost identical, in fact they cannot be
distinguished, unless magnified. Hence, we only plotted the differences. We can see
here that these functionals differ significantly only for larger values of ug. For small
values of ug periodic dosing is only marginally better. The reason for this is the the
graph of J (c.f. (8)) is relatively flat, i.e., its second derivative is small. Only for

larger values of uy does the second derivative becomes larger.

Amp=1; ¢=1; A=1; a=2; y=1; 0=0.4; 3=0.1

10

‘Jsteady_Jlljsteady

10"

josteady_ 3 Jileady

Figure 17. Relative error between J and J¢% as well as .J;, and Jzteady versus biocide
dose ug for value of the parameters A = 1,¢ = 1,A = 1, a = 1,v = 2,0 = 04,0 = 0.1
in the case of periodic dosing and constant dosing. The errors are plotted on a log-scale.
The pictures show that periodic dosing is slightly more advantageous, but the functionals
significantly differ only for larger values of ug .
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On and off dosing

Now we study same the situation as in Theorems 6.1 and 6.2, but with the
assumption that the periodic function w is vanishing on a set of positive measure.
Say, on the interval [0, 1] the function u is piecewise continuous and nonnegative. In
addition, let the lebesgue measure of the set {t € [0,1];u(t) > 0} be p, where pu €
(0,1). The function we study in our numerical simulations is the periodic extension

of a function u defined by u(t) = ug/p on [0, p] and u(t) =0 on (u, 1].

The reason this type of dosing is significantly different than the constant and
periodic dosing types studied above is that for ug = 0 the important parameter A
(unadapted-adapted reversion rate) is zero. Recall, that A(ug) defined in Chapter 1
is in fact a step function, constant and positive everywhere except the point uy = 0
where it vanishes. As we will see in Theorem 6.3, the ‘effective’ A for on and off dosing
will be just the product of i and the A for constant dosing, where p is defined above.

The ‘effective’ A is smaller than the original .

Denote as before B¥, X, Xv X« X2 v*, L“ to be the periodic solutions for

the re-scaled functions u®(t) = u(wt). We claim the following:

Theorem 6.3 Let uy = fol u(t)dt. Then any increasing sequence wy,ws,ws, . ..

such that w, — oo has a subsequence (wy,, )ien satisfying

L% = lim L*"(t) uniformly for all ¢ > 0,

1—00
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wni wni

and all functions B (z,t), Xo" (2,t), Xu " (z,t), Xoi' (2, 1), X 7 (2,t), vmi(x,t)
converge for z € [0,L*°] and ¢ > 0 to functions B*(x), X°(z), X(x), X5(z),
X29(x), v*°(z) that are independent of ¢ > 0. In the case of function B> the conver-
gence is only in the weak sense, all other functions converge uniformly in z. Moreover,
these functions satisfy on the interval [0, L°°] the equations of a steady-state solution
(c.f. Chapter 5) with the boundary condition B*(L*) = uy and with coefficient A

replaced by pA.

Remark:  Just like in the case of Theorem 6.1, it is possible that two different
subsequences of the our original sequence wi,ws,ws,... converge to two different
limits. This only happens if for the constant dosing with dose uy and parameters
a,v, A, 0, ¢ there is non-uniqueness of steady-state solutions, i.e., there is more than

one stable steady-state solution. If there is uniqueness of steady-state solutions.

Proof of Theorem 6.3:  The proof is essentially identical to the proof of Theorem
6.1. The only modification comes from the fact that in equation (6.4) the coefficient

k

A changes to zero on the set where u” is vanishing. Realizing what this means for the

averaging function )?fj we see that
w/ AXE(x, t)dt — [L)\)?ZJ(ZL‘), as w — 00.
[0,1/w]N{u~ >0}
From this the claim follows. W

This Theorem is a strong indication that on and off dosing is a better strategy

than constant dosing, since smaller \ (effectively A is replaced by A in the equations)
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means slower adaptation of cells to antimicrobials. The other important parameter
v (reversion rate from adapted to unadapted cells) remains the same. Hence, what
happens is that the ratio X, /X,,, which for small ug is approximately A/~ (see Chapter
5), becomes smaller (about p times smaller). Hence, the biocide kills the biofilm
bacteria more effectively as there are more unadapted cells. Another view we might
take is that since the reversion rate 7y remains constant during the withdrawal time,
the adapted cells which were created during the dosing time, revert back to unadapted
cells during the withdrawal time. This is particularly noticeable when § = 0 (adapted

cells do not die). Such an example with § = 0 is Figure 18.

¢=1; A=1; a=1; y=2; 0=0.4; 6=0; dosing time/P=0.1, P=1

25

-
Jsleady

J,_]A, Jsteady

0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
o
25 =——— T
—_ -5
— :
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3
g 15 N |
3 \
< \
oaf R
e \
\
0.5F N B
N
0 I L I I I L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 18. Minimizing functionals J, J;, versus ug for value of the parameters ¢ = 1,\ =
lLa=1,v=2,0=04,6§ =0, = 0.1, P = 1. Functional curves for on and off dosing are
compared with functional curves for constant dosing J*t¢2% Jzteady when A =1 and J*, J 2‘
when A = 0.1.



166

The situation is even more pronounced for larger values of ug. In fact, there
are values of uy for which the constant dosing at the level uy would not eliminate
the biofilm (in the ¢ — oo limit), but the on and off dosing does. Figure 18 shows
this case. For ugy between values 1.2 and 2 the topmost curves for constant dosing
Jeteady and J59% are positive (A = 1), but the (dashed) curves corresponding to on
and off dosing with p = 0.2 are vanishing. For comparison, the third pair of curves
correspond to constant dosing with value of unadapted to adapted reversion equal to
A = 0.2. Note the close match of these two curves with the curves for on and off
dosing. This shows how much better the on and off dosing strategy is compared to the
constant dosing. It also shows how valuable Theorem 6.3 is - although it discusses the
limit in frequency w — 00, a very close match is actually achieved even for frequency

w = 1.

In Figure 19 we keep the amount to dose D but we change the frequency w of the
dosing. Plotted are the functionals J, J;, versus frequency in a log-scale for value of
the parameters ug = 5,0 =1, =1, a=2,7v=1,06=04,0=0.1,u=02,P = 1.
By Theorem 6.3, ¢ = 0.2 and so uA = 0.2 is the ‘new’ A\ for which steady-state
solutions are computed. The horizontal asymptotes correspond to the value of the
steady-state functionals with A = 0.2. The upper horizontal lines are the values of

the steady-state functionals for A = 1.



167

u0=5; @=1; A\=1; 0=2; y=1; 0=0.4; 5=0.1; dosing time/P =0.2
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Figure 19. Minimizing functionals J, J;, versus frequency in a log-scale for value of the
parameters ug = 5,¢ = 1,LA = l,a = 2,v = 1,0 = 04,0 = 0.1,u = 0.2,P = 1. The
horizontal lines represent the value of the functionals for constant dosing with A = 0.2
and A = 1. The upper horizontal line corresponds to the larger value of A and the lower
horizontal line corresponds to the smaller value of A .

The following Theorem is an analogue of Theorem 6.2. In fact Theorem 6.2 still
holds even for on and off dosing, even though we consider a periodic function u that
is not continuous everywhere, only piecewise continuous. For simplicity, we formulate

the next Theorem only for the simplest possible dosing.

Theorem 6.4 Let uy > 0 be given and let p € (0,1). Consider a periodic extension
of the function u defined by u(t) = uo/p on [0, ] and u(t) = 0 on (u,1]. Assume
that for the value ug/p there is a unique nonzero continuous steady-state solution

with boundary condition B(L) = uo/p. Let J(ug/p) and Jp(ug/p) be the values of
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the two functionals (1.35)-(1.36) for this steady-state solution. Let J* and J¢¥ be the
values of the same two functionals for the periodic dosing with boundary condition

u“(t) = u(wt). Then

. w _ g
Jim T = (uo/p) + (1= p)—,

. w B g
Jim Jp= pdi(uo/p) + (1= p)—. (6.26)

Remark:  Note that

Tim o (o) + (1= 1)~ = T (u).

The limit g — 0+ only makes sense if ) — 04 and « > « since in this case there is a
nontrivial steady-state for all ug (this restriction is due to the assumption of Theorem

6.4). Hence, under these assumptions
a o«
li J 1—p)—=—.
i (uo/ ) + (1 — p) = = —

Proof of Theorem 6.4: We know explicitly the value of two functionals J and
Jr when there is no dosing. This value is exactly €. The rest is just an application
of Theorem 6.2. Our functions u“ are discontinuous on a countable set. However, as
w — 0+, the distance between discontinuities goes to infinity. From this it is fairly
easy to argue that they will not influence the limit w — 0+. Indeed, consider for
illustration just a single discontinuity, i.e., let v(¢) be a function such that v(t) =
0 on (—o0,0) and v(t) = wue/p on [0,00). Let X,, X,,..., v, L be the solution

corresponding to such boundary data v for B. Then for ¢ € (—o0,0) the value of
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both J and Jp for an fixed time ¢ is exactly <. Once time becomes positive, for any
given £ > 0 there exists some M > 0 with the property that for ¢ > M the values of
J and Jp, for an fixed time t is e-close to J(uo/u), Jr(uo/p), respectively. It follows

that

lim
T—o0

% /_TT /OL(t)(Xa(x,t) + Xo(z, t))dedt — % (g + J(uo/m)) | <,

with a similar claim for the other functional J;. As ¢ > 0 was arbitrary the limit
here is actually zero. This shows, that since the ‘transition’ time M is bounded, but
T — oo (hence M/T — 0), in the limit the discontinuity at zero does not play any
role. The argument for a periodic function u* goes along this lines. Again there will
be some fixed ‘transition’ time M when the solution switches from one regime to the

other. The period P — oo (since w — 0+), so M/P — 0. &

The plots that follow illustrate the behavior of solutions for on and off dosing.

Figure 20. Cell-densities X, X,4, Xq, Xoq for value of the parameters uy =
8Lo=1,A=1La=2vy=1,0=04,0 =0.1,u = 0.2, P = 1. The corresponding

plot of biofilm thickness L is Figure 21 a).

Figure 21 a). Biofilm thickness L as a function of time for values of the parameters
upy=81l,p=1,A=1a=2v=1,0=0.4,6 =0.1. Recall the bifurcation diagram,
Figure 8, where non-uniqueness of solutions was demonstrated for the same parameter
values as in this plot. There were two stable steady-state solutions and one unstable.

These stable steady-state solutions apparently create a trapping region which, once
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Figure 20. Cell-densities X, Xy4, Xq, Xqq for value of the parameters ug = 8.1, = 1, A =
La=2~y=1,0=04,6=0.1,1=0.2P=1.

the solution enters, does not want to leave it. For uy = 8.1 the solution is trapped
in this region and it stabilizes there. This solution exhibits fairly larger oscillations.
In Figure 21 b) the biocide dose uy = 10.4 is slightly larger, all the other parameters
remain the same. The solution stays trapped in a similar trapping region as the

previous solution for relatively long time interval (25, 150).

However, thanks to larger value of ug the value L decreases sufficiently for the
solution to leave the trapping region and then decay rapidly to zero. Note that in
the trapping region the solution decays only very slowly and its oscillations become

much larger. Once the solution leaves this region oscillations becomes much smaller.
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u0=8.1; @=1; A\=1; a=2; y=1; 0=0.4; 6=0.1; dosing time/P =0.2; P=1
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Figure 21. a) Biofilm thickness L for value of the parameters up = 8.1,¢ = 1,A =1,a =
2,y=1,0=04,0 =0.1,u = 0.2,P = 1. b) L for the same value of parameters as in the
previous plot, except that ug = 10.4 .
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Figure 22. Minimizing functionals J, J;, versus frequency in a log-scale for value of the
parameters ug = 5,¢ = 1,LA = lL,a = 2,v = 1,0 = 04,0 = 0.1,u = 0.2,P = 1. The
horizontal lines represent the value of the functionals for constant dosing with A = 0.2 and
A=1

Figure 22. Minimizing functionals J, J; versus changing value of y for parameters
p=1,Ax=1La=1~v=2,0=04,0 =0,w =1. What happens here can be easier
explained by looking also at the Figure 18, where three different functional curves are
presented. The one that is ‘above’ the other two curves corresponds to the steady-
state functionals J**¢4Y Jzteady for the same parameter values as in Figure 22. Note
that these steady-state functionals have biocide threshold around 2. For ug larger
than this threshold the only steady-state is zero. Returning to Figure 22, we see

that if p is larger than 0.5, the actual biocide dose during dosing time is less than 2

(less than the dose needed for biofilm eradication). Hence, the functional curves look
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almost horizontal on this interval. Once p is less than 0.5, the actual biocide dose is
larger than 2 and is large enough to eradicate the biofilm as g — 04. This is why

the slope to the functional curves gets bigger for p < 0.5.

Remark: A remark is in order at his point. The limit © — 04 is for practical
purposes not feasible, as the dose wu(t) essentially converges to a d-function. In real
life, there is a limit on amount that can be delivered over a given time interval. To fix
this problem, we would have to introduce disinfection saturation. That is, we would

replace B in equations for X, and X, by expression of the form

where B,,., is a number - the maximum possible dose of biocide that can be applied
to the biofilm. Notice, that a term of this form would have no effect on small dosing
amounts as for such amounts this term remains almost linear. However, dosing strate-
gies of d-function type would be suppressed as the actual delivered dose is capped by

Bma;r‘

Figure 23 a). Here we consider functionals J and J; with the cost term cuy,
where ¢ > 0 represents the cost of biocide. For each value of ¢ (horizontal axis), four
different values of u are computed - uq is the best value (i.e., value that minimizes
the functional J) for a given ¢ for the on and off dosing with values of parameters
p=1A=1La=1~v=20=04,0=0,u = 0.1,w = 1. Similarly, ug;, is the

minimum for the functional J;. For comparison, u§ and uf; are the optimal values
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¢=1; A=1; a=1; y=2; 0=0.4; 3=0; dosing time/P=0.1; P=1
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Figure 23. a) Optimal biocide dose versus the cost for the on and off dosing and the
constant dosing. Value of the parameters: ¢ = 1, A =1,a =1,y =2,0 =0.4,0 =0,u =
0.1,1/w = P = 1. b) Minimizing functionals J, J;, versus ug for the same value of the
parameters as the previous plot and two different values of the cost ¢. Functional curves
J, Jp, for the on and off dosing is plotted together with the functional curves J5€2% Jzteady
for the constant dosing (these are the almost straight curves that look like tangent lines at
ug = 0).
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when the constant dosing strategy is employed. Note that when on and off dosing is
used, significantly smaller overall dose is required, hence even when the cost of biocide
is higher, the on and off doing strategy is better than no treatment. This threshold
is much smaller for the constant dosing, i.e., the ‘no treatment’ option becomes the

best for much smaller biocide costs.

Figure 23 b). Functionals J, J; versus ug are plotted for two different values of
the cost ¢ and same value of parameters as on Figure 23 a) for the on and off and the
constant dosing. Again the constant dosing is represented by the top curves, i.e., it

is worse than the on and off dosing.

Figure 2/ illustrates the effects of v - reversion back from adapted to unadapted
cells. In this Figure we fix the dosing time to be 0.2 with the dose uy = 5, but the
length of the withdrawal time 7' is varied. T" = 0 correspond to no withdrawal time,

i.e., constant dosing.

We call this type of dosing on and off dosing with bounded biocide dose. What it
represents is a dosing strategy when there is certain upper limit U on the biocide, i.e.,
for all £: 0 < u(t) < U. One possible scenario of such dosing that might be interesting
is the case when biocide is administered to treat biofilm living inside another living
organism. As this living organism may have negative reaction to large quantity of

biocide, the maximal dose U that can be given has to be limited.
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It is very important to emphasize that this scenario neglects the cost of biocide

treatment. Recall that the functionals (1.33)-(1.34) include the term

1 /7
D:Tli_{roloi/o u(t)dt
which represents the average dose administered. When multiplied by ¢, the number
cD is the cost of biocide. In this example D changes as the withdrawal time 7' is
varied. Thus, for different 1" the cost of treatment is different. For this reason on and
off dosing with bounded biocide dose should not be compared with constant dosing.

If we want to compare these two dosing strategies we should do it for functions wu(t)

that have the same D.

In Figure 24 the average dose D decreases with increasing withdrawal time T
and it equals to D = pug = ug/(0.2 +T), i.e., it decreases with 7. For the set of
parameters chosen here functionals J and J;, have nontrivial minimum. It means that
for this set of parameters when on and off dosing with bounded biocide dose is used, it
is better to employ on and off dosing with particular withdrawal time T" over constant
dosing. There is a small paradox here - the on and off dosing is ‘cheaper’ (has smaller
D and yet, it produces better results. We cannot expect this to happen every time,

in fact it does not.

To analytically explain Figure 24 we again use Theorem 6.3. By this Theorem,
the on and off dosing is comparable with constant dosing when the dose u(t) and value

of X is averaged over the period (note the closeness of the full and dashed curves).
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u0=5; @=1; A=1; a=1; y=0.1; 0=0.4; 5=0; dosing time=0.2
2.24 T T T T T T
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Figure 24. Given fixed dosing time of length 0.2 and fixed biocide dose uy = 5, the
withdrawal time was varied for value of the parameters ¢ = 1,a = 1,A = 1,7 =0.1,0 =
0.4, = 0, = 0.2. The solid curves J, J;, represent the value of functionals for on and off
dosing, while the dashed curves represent the value of functionals J#*, J% for constant dosing
with dose being pug (the average dose for withdrawal time 7") and with A\ being the effective
value for such withdrawal time pA. Note the close match between these two curves.

Hence, what we have here are two effects that fight each other - one increases
and the other one decreases the functionals. As the withdrawal time T increases, the
average dose delivered over time decreases and it is equal to puy = 5u/(T + 0.2).
This of course pushes the values of functionals J,.J;, up. On the other hand, the
“effective” A, i.e., the average value of function A over the period also decreases
(equals to puA = 0.2/(T + 0.2)), which in turn has opposite effect and pushes the

values of functionals J, J;, down.
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The result is Figure 24 - for small 7" the effect of lowering A is stronger and J
decreases, for larger T the effect of lowering the average value of dose becomes stronger
and J is increasing. s is fairly easy to see that as T — oo, the functionals J, J; must
be increasing since for large 7' the average dose is close to zero and therefore both J

and Jp, are near their maximal value o/o.

When ¢L < 1 (thin biofilms) the situation is different (c.f. Figure 25). Here
both J and Jy, only have a trivial minimum at 7" = 0, both increase for 7" > 0 (hence

constant dosing cannot be bettered).

3 uU:S; ¢=1; A=1; a=0.1; y=0.1; 0=0.4; 3=0; dosing time=0.2
7.35 T T T T T T

731 b

~ 7.25F B

7.2 b

7.15 L L L L L L L
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

withdrawal time

0.0429
0.0428
0.0427
B 0.0426

—~
0.0425

0.0424

0.0423

0.0422 1 1 1 1 1 1 1 1
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

withdrawal time

Figure 25. Given fixed dosing time of length 0.2 and fixed biocide dose uy = 5, the
withdrawal time was varied. The parameters are the same as in Figure 24 except that «
is taken to be 0.1. The result is a thinner biofilm and hence, a ’flatter’ function B. This
makes both functionals J, J;, monotone increasing .
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To see this recall that B(x,t) = u(t) gz‘;i}zq‘fg Let us define the ‘flatness’ of B to

be the ratio between the smallest and largest value of B. Clearly, for it is just m

The claim is that for ‘lat’ B, i.e., when is near 1 (i.e., oL < 1), both J and

1
cosh(¢L)

Jr, are increasing in 7" on the whole interval.

Proof: We will prove our claim that when B is almost flat, i.e., B(z,t) ~ u(t), then
J and Jy, are monotone (increasing) in 7' (withdrawal time). Indeed, let’s consider the
simplest case when B(x,t) = u(t). If the claim is true, the same will hold for any B
almost flat, as the solutions of our equations depends on B continuously. When B is

a constant, it is possible to compute explicitly the functionals J and Jy, for ‘effective’

dose pug and ‘effective’ unadapted-adapted reversion rate pu\ (where p = o.ng)' To

keep things simple, consider only J;. We obtain

1
Jp=—(a—T),  where: I'= (vﬂm() + pA = V(7 + pug + pA)? — 4uuw) :

N | —

It is fairly easy to check that I' is monotone increasing in variable u, hence Jp,
is monotone decreasing in p. But as said above the relation between T and p is

0.2/(T 4 0.2), hence J;, must be monotone increasing in 7. W

An interesting question is to find the optimal withdrawal time 7" that minimizes
functionals J and J;,. As we have seen before, for thin biofilms the optimal withdrawal
time is zero. When nontrivial minimum exists, it can be found by solving Z—i =0

(similarly for J;). This equation is however too hard to solve explicitly, as there is
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no known formula for J, J;,. Instead, we tried to find the minimum of approximate

J, Jr, which should give us an approximate value of the minimum.

We used second order expansions in x of the steady-state solutions X,, X, with
the ’effective’ uA and biocide dose uuyg, i.e., we looked for X,, X, in the form X, =
X () + X (e + X2 ()2 + O(a®) and Xy = X (1) + Xo () + X (u)a® +
O(x?). Calculations show that X&l)(u) = Xél)(u) = (0. However, to have a nontriv-
ial minimum we need second order coefficients (for x?). Using Matlab we obtained
explicit but extremely complicated formulas for X* (1) and X(SQ)(,u) from which we
computed the second degree approximation of J;, and the minimum. Numerical veri-
fications indicate that the nontrivial minimum obtained by this method is of the same

order as the 'true’ optimal minimum, however because of the extreme length of the

final formula, we decided not to include it here.

In what follows, we look at the dependence of the optimal withdrawal time
on the parameters A\, v and « obtained numerically. Recall from Chapter 1 that
the unadapted-adapted cell transformation rate myq (associated with ) has units of
1/time. Similarly, the adapted-unadapted cell reversion rate 7y (associated with )
and the maximum growth rate u (associated with «) have the same units. Hence, we
introduce three time scales - ‘adaptation time’ 1/, ‘reversion time’ 1/ and ‘growth
time’ 1/a. Figure 26 a) illustrates the dependence of the optimal withdrawal time

on the reversion time for the same value of parameters ug, ¢, a, \, o, 6, u as Figure 25.
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u0=5; ¢=1; A =1; a=1; 0=0.4; 5=0; dosing time=0.2
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Figure 26. a) Optimal withdrawal time versus ‘reversion time’ 1/~ for value of the para-
meters up = 5,¢ = l,a =1,A=1,0 =04, = 0, = 0.2.. b) Optimal withdrawal time
versus ‘adaptation time’ 1/A for value of the parameters ug =5,¢ = 1,aa =1,y =0.1,0 =
04,0 =0, =0.2 .
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We observe that with increasing reversion time the optimal withdrawal time in-
creases. It corresponds to the biological expectation - smaller reversion means gener-
ally more adapted cells. Hence, if we want our treatment to be effective we have to

‘increase’ 1/ by prolonging the withdrawal time.

On the other hand, Figure 26 b) illustrates the dependence of the optimal with-
drawal time on the adaptation time. Note that on this plot increase in A yields
increase in withdrawal time. This at the first sight might look like a paradox. To ex-
plain this we look at what an increase in 1/ means to the biofilm thickness. Clearly,
as A — oo the biofilm thickness goes to “~*. It is never above this threshold. Hence
intuitively, the optimal treatment would be to apply biocide dose - this rapidly in-
creases X, as A is big, then to wait a long period without dosing until X, decreases

and X, regrows so that it is again effective to use the dose.

In Figure 27 the optimal withdrawal time versus growth time 1/« is plotted. With
increasing but relatively small growth times the withdrawal time increases rapidly -
this is the case for thick biofilms which regrow faster. On the other hand, with
increasing but large growth times the withdrawal time decreases - this happens for
thin biofilms which regrow longer. A similar scenario can be observed in Figure 25

where the optimal minimum is zero (1/a = 10).
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u0:5; @=1;y=0.1; A\=1; 0=0.4; 6=0; dosing time=0.2
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Figure 27. Optimal withdrawal time versus ‘growth time’ 1/« for value of the parameters
up=50¢=1,A=1,7=01,0=04,6=0,0=0.2.

Chapter Summary

We will summarize the main results of Chapters 5 and 6 below.

Constant dosing:

For the cost functionals with biocide cost ¢, for each ¢ > 0 there exists a minimizer
(an optimal biocide dose). If the cost is small enough, there is a nontrivial minimizer,

otherwise the minimizer is zero, i.e., it is better to leave the biofilm untreated.
Non-constant dosing (we considered three scenarios):

i) Periodic and on and off dosing. For fixed average dose of biocide D = limy_

% fOT u(t)dt the frequency, amplitude, withdrawal time and the proportion of dosing
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time to period is varied. This way we compare multiple dosing strategies that all

have the same biocide cost D.

i1) Optimalization of non-constant dosing strategies for given biocide cost c. We
consider the functionals in the form J = Jy + ¢D and J;, = Jy + ¢D, where J; =
. 1 T rL(t) . 1 T .
limroo 7 [y Jo (Xa(2,t) + Xy(,t))dedt and Jor, = limp_o 7 [, L(t)dt. Given
biocide cost ¢, we minimize the sums J, Jy, respectively. Note that in this case the
average dose of biocide D is not fixed. We only considered the on and off dosing, as

the periodic dosing does not differ significantly from constant dosing. Hence, there is

almost no difference in the minimum of both functionals for these dosing strategies.

iii) On and off dosing with bounded biocide dose. We explore a specific dosing
technique - there is an upper limit U on the maximal biocide dose that can be applied,
i.e.,, 0 < wu(t) < U. We only consider the dosings where either the maximal amount
U of biocide dose is applied or no dose is used (withdrawal time), as intuitively, some
combination of these should give us the optimal dosing strategy. Just as in i), the
average dose of biocide D is not fixed. For simplicity, the on and off dosing we consider
has the same dosing time and the length of withdrawal time is varied. The reason is
that when on and off dosing is used the most important factor is the proportion of

dosing time to withdrawal time which we vary.

Results for i):
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e Periodic dosing (biocide dose is positive during dosing period):

Periodic dosing with very high frequency (small period) yields results near
constant dosing since the limit of functionals in frequency is exactly the same
as for constant dosing. Therefore, it is better to simply use the constant dosing
as it is much easier to administer than high frequency periodic dosing.

Periodic dosing with very small frequency (long period) may have the func-
tionals both larger or smaller than in the case of constant dosing, depending on
convexity or concavity of the functionals J, Jy. However, numerical simulations
indicate that the potential gain over constant dosing is relatively small - about
1% (see Figure 17).

Our conclusion for periodic dosing is that it potentially yields slightly better
results than constant dosing. However, the difference is small and in practical

applications insignificant.

e On and off dosing (biocide dose is zero during withdrawal period):

In high frequency limit the functionals converge to the steady state solutions
for modified constant A, i.e. if the proportion of dosing time to period is u €
(0,1), then as the frequency gets very large, the on and off dosing looks like the
steady state solution with puA. This is important as smaller A yields substantially

thinner biofilms with smaller proportion of adapted cells (see Figure 19).
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The functionals react significantly to change in u, the smaller p is, the
smaller values they attain. Hence, by only looking at the model (not considering
practical constrains) the optimal dosing strategy would be to take p as close
to zero as possible. This shows the practical limitations of our model which
can be fixed by including disinfection saturation (see the Remark in Chapter 6
concerning this modification).

On and off dosing with very small frequency is similar to periodic dosing
with very small frequency since both Theorems 6.2 and 6.4 consider averages in
a frequency limit. On the other hand, Theorem 6.4 does not determine which
dosing strategy is best - the possibility that on and off dosing for small frequency
is worse than steady-state dosing is not excluded.

Our conclusion is that on and off dosing for high frequencies is always better
than constant dosing, while on and off dosing for small frequencies can be
more preferable to constant dosing or reversely. Numerical simulations indicate
that functionals J,.J;, always attain their minimum at the endpoints. Hence,
we conjecture that the optimal choice is to pick the minimum of the values
limy,_o+J, limy,_oJ. (Same for the other functional Jp).

Results for ii):

e When the biocide cost ¢ is small, the nonzero minimizer for on and off dosing

has smaller average D than the one for constant dosing, i.e., less biocide is used.
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Yet significantly, despite the smaller dose the value of the functionals J and J,
is smaller for on and off dosing, i.e., the biofilm is thinner.

For large ¢, the minimizer of functionals for both constant and on and off dosing
is zero, i.e., no dosing is the optimal strategy. However, for constant dosing the
trivial minimizer is attained for smaller ¢ (see Figure 23a)). Hence, for certain
interval of ¢, when the on and off dosing is used the optimal strategy is nonzero,

for constant dosing the optimal strategy is no dosing.

Results for iii):

e On and off dosing with bounded biocide dose (constant dosing applied during

dosing period and zero biocide dose during withdrawal period):

Note that here we use only the functionals Jy, Jro. We ignore the part
¢D (the average cost of biocide). This quantity decreases with increasing with-
drawal time.

For thin biofilms the optimal withdrawal time is zero (see Figure 25). For
certain sets of parameters, however, there is a nontrivial minimizer (see Figure
24). There is a close match between the minimizers of functionals for this dosing
strategy and steady-state functionals with A replaced by uA and biocide dose
ug replaced by pug. Analytically, we obtained estimates that the approximate
nontrivial minimizer satisfies. However, they are too complicated to be used in

practise.
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In this case the growth time, reversion time and adaptation time have im-
pact on the length of the optimal dosing period as well. Increasing reversion
time/adaptation time increases the value of the minimizer. Very small growth
time (thick biofilms) and very large growth time (thin biofilms) yield zero with-
drawal time, i.e. if there is a limited amount of biocide dose that cannot be

exceeded in each time than the optimal choice is constant dosing.

All these results indicate that the on and off dosing deserves a lot of future
attention as it can deliver considerably better control of biofilms at significantly lower

costs.
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