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Abstract:

The thesis research is centered on the development of optimal design concepts and techniques for linear
distributed-parameter systems with outputs which are functions of both spatial variables and the time
variable these systems are denoted as class-II-type distributed-parameter systems. Such systems are
characterized by partial differential equations in one or more spatial variables and the time variable. In
this thesis, only linear, time-invariant, distributed-parameter systems which are defined on a
one-dimensional spatial domain are given detailed attention.

The primary purpose of the thesis project is to develop a general body of theory for effecting the
optimal control of class-II-type distributed-parameter systems, and in so doing, to make significant
advances in certain individual areas of distributed-parameter control theory.

The content of the thesis is summarized as follows: First, a review of the literature concerning the
analysis, synthesis and optimization of distributed-parameter control systems is given which enfolds
over 200 references. Second, performance measures are developed and interpreted for both
deterministic and stochastic class-II-type, distributed-parameter control systems. The concepts of
e-reachability and e-maintainability are introduced in this regard. Third, several forms of
block-diagram models are developed for class-II-type distributed-parameter systems by using finite
integral transforms in conjunction with the infinite (one-sided) Laplace transform. These models form a
basis for the application of optimal design techniques for a wide class of linear distributed-parameter
systems. Fourth, a theoretical basis is laid for the statistical analysis of class-II-type
distributed-parameter systems which are subject to stationary random inputs. Distributed correlation
functions and distributed spectral-density functions are obtained for a general second-order partial
differential equation; three basic types of boundary conditions are considered. Fifth, a procedure is
developed for minimizing the spatial-averaged-integral-square error of class-II-type
distributed-parameter systems which are subject to integral constraints. An optimal open-loop control
law is derived by use of the Wiener-Hopf spectrum-factorization technique. A procedure of rational
fraction approximation is formulated in order to realize the optimal control law. Sixth, a procedure is
developed for minimizing the integral-square error of class-II-type, distributed-parameter, feedback
control systems. The Wiener-Hopf spectrum-factorization technique is used to obtain the optimal
compensator for the feedback system.
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ABSTRACT

The thesis research is centered on the development of optimal design
concepts and techniques for linear distributed-parameter systems with out-
puts which are functions of both spatial variables and the time variable
~~— these systems are denoted as class-II-type distributed-parameter sys-
tems. Such-systems are characterized by partial differential equations in
one or more spatial variables and the time variable. In this thesis, only
linear, time-invariant, distributed-parameter systems which are defined on
a one—dlmen51ona1 spat1a1 domain are given detailed attention.

The primary purpose of the thesis project is to develop a general
body of theory for effecting the optimal control of class-II-type
distrlbuted—parameter systems, and in so doing, to make significant
advances in certain 1nd1v1dua1 areas of distributed-parameter control
theory.

The content of the thesis is summarized as follows: First, a review
of the literature concerning the analysis, syntheésis and optimization of
distributed-parameter control systems is given which enfolds over 200
references. Second, performance measures are developed and interpreted
for both deterministic and stochastic class-II-type, distributed-parameter

control systems. The concepts of e-reachability and s-maintainability. are

introduced in this regard. Third, several forms of block-diagram models
are developed for class-II-type distributed-parameter systems by using
finite integral transforms in conjunction with the infinite (one-sided)
Laplace transform. These models form a basis for the application of
optimal design techniques for a wide class of linear distributed-parameter
systems. Fourth, a theoretical basis is laid for the statistical analysis
of class-II-type distributed-parameter systems which are subject to
stationary random inputs. Distributed correlation functions and distrib-
uted spectral-density functions are obtained for a general second-order
partial differential equation; three basic types of boundary conditions
are considered. Fifth, a procedure is developed for minimizing the
spatial-averaged-integral-square error of class-II-type distributed-param-
eter systems which are subject to integral constraints. An optimal open-~
loop control law is derived by use of the Wiener-Hopf spectrum-factor-
ization technique. A procedure of rational fraction approximation is
formulated in order to realize the optimal control law.. Sixth, a proce-
dure is developed for minimizing the integral-square error of class~II-
type, distributed-parameter, feedback control systems. The Wiener-Hopf
spectrum-factorization technique is used to obtain the optimal compensator
for the feedback systemo




CHAPTER 1
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INTRODUCTION
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1.1 PURPOSE OF THE THESIS PROJECT

The purpose of the thesis project is fivefold:

1. To review and evaluate in an organized manner the published work
on the analysis, synthesis, and optimization of control systems enfolding

distributed-parameter elements.

2. To develop and interpret performance measures for use as design
criteria for the optimal design of distributed-parameter control systems
which have outputs and/or inputs that are distributed in space as well
as in time --- these systems are denoted herein as class-II-type digtrib-

uted-parameter systems.

3. To devélop block-diagram models for linear class-II-type dis~-
tributed-parameter systems to form a basis for the application of opti-

mal design techniques to these systems.

4, To develop a general body of theory, based on distributed
correlation functions, for the analysis of stochastic élass-IIatype,

distributed-parameter control systems.

5. To develop optimal design techniques, based on minimization of
integralﬁéguare error, for class-II-type, distributed-parameter control

systéms.




1.2 VALUE OF THE THESIS RESEARCH

In reality, all physical systems are distributed-parameter systems;
in some cases, however, the energy of a system. can be considered to be
concentrated at various '"points" throughout the systém. In this case,
the dynamics of the system are adeduafely,charactérize&, at'lea§t over a
limited range of operation; by a set of ordimary differential equations.
Hence, a 1umped—parametef system, which is characterized by a set of
ordinary differential equations, is merely amspepial'case-of.aidistrib—
uted-parameter system in which.the-spatial variables. are discretized to
reduce the phrtial differential equations to ordinary differential
equations.

If the éhergy of a systemlis distributed throughout the.sysfem,

however, a lumped-parameter mathematical model seldom gives a satis-

factory characterization of dynamic performance. When this is the case,

it is generally necessary to describe the system dynﬁmics by paréial'
differential equations, i°e?, to use a distributed-parameter model of- the
system,

As the contfol'of more physical précesses is automated and as more
accurate controi is required, the availéﬁility of a body of control
theory which is épplicable,to distributea—parameter éystems is:of ever—
increasing impdftéﬁceq The folioﬁing account gives several typical
areas whereiﬁ diétributed—parameter eiements appear in control loops.

When a control loop contains Eransmission’lines (electrical,
hydraulic, or pneumatic), the contrdol system designer must neceésérfly-:'

concern himself with the distributed-parameter characteristics of these




4 .
1ipes (59, 75,A188;'207,.212, 254, 275). In aircraft and missile cont?oi
and in many industrial'process control systems, transmission lineé are"
often an integral pért of control loops-.

In industrial process control, many diverse forms of disttributed-
parameter elements appear in control loops; for example, heat exchangers
(95, 219, 250, 255), chemical distillation columns (168, 177), nuclear
reactors (201, 286), chemical reactors (225, 283), and continuous strip
.processes (130; 170) .

In electronics, the development of distributed-RC networks has'posed
some formidable distributed-parameter analysis and design problems (70,
112, 122, 123, 159, 196, 220, 247, 258, 278, 279).

A relatively new area is the application of contfol theory to thé
study and simulation.of biological systems (134, 173, 176, 177, 239);
most biological system models iﬂgolve distributed parameters or at least
the special case of time delay. Also,’when é human being is an iﬁtegral
part of a control system, his distributed-parameter characteristics must
necessarily be considéred in determining ghe over—all performance of the
system (133, 172, 178).

When the control of a distributed-parameter system is automated, it
is desirable to control the process in a suitably defined optimal
fashion. Thus,‘the purpose of an optimal design technique is to generate
optimal control laws from which the vatiables of the system are deter-
mined with the result that a perférmaqcé measure is minimized (or maxi-

mized in some cases) subject to constraints on these variables. ‘
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As evidenced in the literature review presented in Section 2.4,
certain theoretical aspects of\the optimal control problem for class-II-
type distributed-parameter systems have been investigated by a number of
authors. The following comments indicate, howéver, that these authors °
feel that additional research is necessary. A, G. Butkovskii and
A, Ya. Lerner (111) state: that the known works on the theory of optimal
control do not éive any more or less general method of solution fo?
systems which contain distributed parameters.

Thus far, ﬁo eésily implemented methods exist for effecting the
optimal design of general distributed-paraméter systems. - P, K, C. Wang
"and F. Tung (167, 209, 256)'rec6mmend:' that futuré investigations con-~
cerning distributeq—parameter systems should be directed toward estab-
lishing.cont;ol theories for particular c15§ses of systems; and at the
same time, developing practical computational ﬁrocedures for solving the
"functional equations dérived by use of optimization theofy.

Also, Pierre (135) stages: that a topic worthy of additiomal
researcﬁ is the development of a general body of theory for effecting the
design of optimal distributed—pérameter control systéms, as based on mini-
mization 6f integral-square or mean—squafe error, subject éé gtated
constraints. Therefore, the primary contribution of this tﬁesis research
éonsists of the dévelopment'of a body gf'thedry'which satisfies‘this need
to a large extent.

In order to form a basis for the application of optimal design tech—.
niques, several forms of block-diagram models.are déveloped for class-II-

type &istrfbﬁted;bafémeéér éysﬁeﬁéﬁuéﬁd becausé the choice of the per-
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formance measure is an igportant aspecf of the optimal design problem,
the development and interpretation of performance measures for class-II-
type distributed-parameter systems is an integral part of the thedry
developed in this thesis. By using high-order rational fraction approxi-
mations to realize the optimal desigﬁ, the bulk 6f the design problem can
be performed on a general-purpose digital computer, with the.resuit that

design time and effort are reduced considerably.

1.3 SCOPE OF THE THESIS

Chapter 2 comprises a concise review of literature relative to the

analysis, synthesis, and optimization of distributed-parameter control

\
systems. This review enfolds over 200 papers, reports and books which
are ordered topically to enable easy location of particular aspects of
interest.

Chapter 3 embodies a development and interpretation of performance
measures for class-II-type, distributed-parameter control systems. Per-
formance measures are formulateg for both deterministic and stochastic
class-II-type systems.

In Chapter 4, a general body of theory is advanced for obtaining
block-diagram models of linear class-II-type distfibuted-parameter sys-
tems; Several forms of models are considered, and in each case emphasis
is placed upon simplicity and upon the ease with which the model lends
itself to the application of optimal design techniques. Chapter 4 is

complemented by Appendix A, Appendix A contains a brief review of the

theory of the finite Laplace and finite Fourier transforms. 1In




7
Chapter 4, these finite integral transforms are used in éonjunction with
the infinite (ong;sided) Laplace transform to derive Laplace-transform
transfer functions for the block—diaéram models.

Chapter 5 comprises a theory for the statistical analysis of linear
class-II-type, distributed—parameter control systemé. The theory of the
distributed correlation function is developed for the analysis of distrib-
uted-parameter systems which are excited by statiqnary random inputs
and/or are subject to stationary random disturbances.

Chapter 6 is devoted to developing the use of the Wiener—Hopf
spectrum-factorization techniquelfor the design of linear class-II-type,
distributed-parameter control sys&’ems° The spatial-averaged-integral-
square—error metric (introduced in Chapter 3) is used to obtain open-
loop control laws for class-II-type dist?ibuted-parémeter systems.

In Chapter 7, a technique is advagcéd for the minimum-integral-
square-error design of class~II-type, distributed-parameter feedback
control systems. A feedback signal is formed by using values of the
output measured at equally spaced points along the spatial domain of the
system, The Wienér—Hopf spectrum—fac£orization technique is used to
obtain the.optimal lumpgd—parameter compensator for the feedback system.

Chapters 6 and 7 are complemented by Appendices B,.C, and D, In
Appendix B é necessary condition for optimality is deri\;éd° Appendix C
contains a briefhaccount of the rational fraction approxiﬁations used to
realize.the optimal designs developed in Chapters 6 and 7. And Appendix
D contains a digital computer program for performing multiplications,

additions, and scalar multiplications of polynomials.
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Finally, the concluding Chapter 8 provides a summary of the essential
values of the thesis research and a statement of some aspects of distrib-

uted-parameter control theory which merit additional research.




CHAPTER 2

REVIEW AND EVALUATION OF OPTIMAL DESIGN TECHNIQUES

FOR DISTRIBUTED-PARAMETER CONTROL SYSTEMS
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2.1 DEFINITIONS AND PROPERTIES OF DISTRIBUTED-PARAMETER SYSTEMS

The purpose of this chapter is to present a systematic review and
evaluation of the literature pertaining to Qistributed—parameter control
systems., Before a meaningful literature review can be presented, however,
some pe;tinent definitions and properties of distributed-parameter systems

must necessarily be formulated. With this purpose in mind, a distributed-

parameter element is defined herein as an element which can be charac-

terized by one or more partial differential equations in two or more

independent variables (usually time and one or more space variables).

Furthermore, a distributed-parameter system is defined as one having one.
or more distributed-parameter elements in addition, possibly, to lumped-
parameter elements., Because distributed-parameter systems contain

distributed-parameter elements, the dynamics of such systems are usually

characterized by partial differential equations. In some cases, it is

.convenient to reduce the partial differential equations to integral

equations before proceeding with the analysis; and in special cases,
differential-~-difference equations and other equation forms may be useful.
In general, distributed-parameter systems caﬁ be nonlinear, time varying,
and/or stochastic in nature.

In the control of distributed-parameter systems, interest is usually
centered on certain distinct "input" or "output" quantities;'iﬁ is
convenient, therefore, both conceptually and analytically, to cldssify
systems according to the nature of these quantities.. Such a‘éléésifi-
cation is formulated in reference 222, wherein distributed-parameter

systems are divided into two major classes: Class I, those distributed-
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pafameter systems which ostensibly contain'no space—dfstfibufed inputs or
outputs; and Class II, those distributed-paraﬁeter systems which contain
space-distributed.inputs or spaée-distribﬁted outputs or ‘both. A simple
example will serve to illustrate this method of classification. Consider-

a control system containing a uniform transmission line; if the time

‘relationship between the input voltage and the output voltage at the

corresponding terminals of the line is of interest, the system is a
class-I-type distriﬁuted-parameter,system: e.g., pure time delay for a
distortibnless transmission line. In this case, the actual distributed
nature of the problem is somewhat disguised in that time is the_pnly
independent vafiable present; the space variable appears only as a
constant, the length of the'line° However, if the relationship between
the input voltage applied at the input terminals of the line and the
potential distributioﬁ along the line as a function of both disténce an@
time is of interest, the system is a class~II-type.distributed-parameter

system.

As indicated above, a system in which the output response is a scaled

replica of the input --- delayed in time --- is a special form of a class-

I-type distributed-parameter system. This type of behavior is herein

designated by the term time-delay behavior. Many other terms,descfibing

this behafior are found.ih the ligeratﬁre'4——:"de;d¥£iﬁéﬁ‘?53, 34, 36,
77, 98, 146, 169, 189, 237), "time-lag" (3, 4, 10, 90, 92, 94, 151, 182),
"transport-delay or -lag" (69, 102, 105, 147, 152), "rgtarded cohtrél or
system" (8, 16, 68, 93, 119), "distanceiveiocity lag" (IZX, "lagging |

argument" (141), and "delayed argument" (235).
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Quite often, the dynamics of a linear distributed-parameter element

can be represented by a single linear partial differential equation of

the form
My ' - "
;—E = H(’t, X, f’ v.x, vt’ '°°) (2°1)

where v = v(x,t) represents a state variable of the system, £ = f(x,t)

represents a distributed input function, Vg equals 32%2&21 ’

vy equals 3!%%;21 , and H(t, x, £, Vs V

function of its arguments (the .dots denote higher-order partial deriv-

£ .»0o) Trepresents a given
atives with respect to t and x). The left-hand membeg of equation (2.1)
is assumed to bé the highest-order derivative with respect to t that
appears .in (2.1). In order to éomplete the description of the element,
the initial and boundary conditions for the particular element considered
must necessarily be specified,

While equation (2.1) gives a description of a general distributed-
parameter element, systems which enfold time delay are characterized more
directly by ordinary or partial differential-difference equations. Thus,
the dynamics of many time~delay systems can be characterized by one or
more mixed ordinary differential-difference equations;gfrthe §or@

k d(t-1 ) - ' »
ay e = £(E). . . (2.2)

n=0 - dth
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where Ty is a constant, f(t) is an input function, and v(t) is a state
variable -of the system.

In the remaining sectiops of this chapter, the literature on distrib-
uted-pafameter control systems is reviewed énd evaluated. .In view of the
varied nature of this literature, it is convenient to divide this review
into three major sections, as follows: in Section 2.2, the works
pertaining to -the anglysis and synthésis of distributed-parameter control
systems, including time-delay systems; in Section 2.3, the works pertain—.
ing to the optimal design of class~I-type, distributed-parameter control
systems; and in Section 2.4, the works pertaining to the optimal design

of class~-II-type, distributed-parameter control systems.

2.2 METHODS OF ANALYSIS AND SYNTHESIS OF DISTRIBUTED-PARAMETER SYSTEMS

The material in this section is presented in two parts: first, the
literature devoted to the analysis_aﬁd synthesis of gpntroi Ssystems
enfolding time gglay, hereafter designated as CSETD; and second, the
literature devoted to the analysis and synfhesis of more general types of
distributed—paraﬁeter control systems. In this way, the‘methods which
have been proposed for the two types of systems are easily distinguished
from ong:another,
| Thelliteréture oﬁ distributed—ﬁaramgtér control systems published
. prior to 1962 is well epitomized by Pierre (135). The all-encompassing
reviéw presented by Pierre includes over four hundred references related ’
to the analysis, synthesis and optimization of distributed-parameter

.systems. Proir to the review presented by Pierre, Weiss (73) in 1959
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and Choksy (92) in 1960 gave extengive bibliographieé on time-delay
systems. Because these extensive bibliographies on CSETD are already
available, onl& a represéntative sample of the literature concerning
CSETD is considered here. Maer emphasis is placed on the work which

has appeared since 1962,

2.2.1 Control Systems Enfolding Time Delay

As indicated in Séction 2.1, the dynamics of many time-delay systems
can be described by ordinary differential-difference equafions of the
form given by equation (2.2). The study of equations of this type was
begun in the eighteenth century and since that time, hundreds of papers
. have appeared' on this subject (see, for example,.thg extensive bibliog-

raphy in reference 44). The classical methods of_solutioh of ordin;ry
‘differentia1~difference equations are presented in the recent books by
Bellman and Cooke (153) and by Pinney (44).

In addition to the classical methods of solution, the operational
calculus has been applied to obtain the solution of differential-~
differgnce equations. In 1934, Neufeld (2) developed the use of
Heaviside's operational calculus for mixed differential-difference
equations; and in 1936, Hartree, et al. (3, 4) developed an‘analysis
technique for CSETD using Heaviside's operational caiculus° Heins (5)
in 1940 formalized the use of the Laplace transform for the SOlUtiOP of .
differential-difference equations. The solution of linear differential-
difference equations by Laplace transform methods or by Heaviside's

operational calculus leads to equations involving nonrational terms of

N
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-sT -pT . .
the form e and e s respectively. Because of this, many of the
conventional methods of finding the inverse Laplace transform are mot’
applicable or are at least more difficult to apply.

Because the nonrational term e~sT

appears when Laplace transform
methods aré applied to CSETD, many novel techniques have been developed
for obtaining:the transient fespoqse of CSETD. Pipes (8) and later Elgerd
(113) obtained the time response c(t) for a single-loop CSETD by use of

the following form of inversion integral:

c+joo : st
c(t) = —27- ) As) e ds (2.3)
" 27] c-jeo 1 4+ B(s) e~sT

where A(s)' and B(s) are proper rational fraction functions of s. The
procedure is to expand the denominqtor’of the integrand in a power series
in e_ST and then ;o invert the series term—by-térm using only a finite
number of ferms° Although this method is sgraightforward for simple
systems, it is quite difficult to appiy to more complex systems.

Many of the étandard methods of frequency domain analysis, which are
available for 1umped;parameter systems, can be applied t? time-delay
systems. Thus, analytic methods for obtaining tr§nsient response from
frequency response, as typified by the work of Solodovnik (46), Levadi
(74), and Levy (72), are directly applicai)le° In-addition, Blokh (85)
developed a method for estimating the overshoot and the control time of

CSETD from frequency-response data.

Because CSETD are characterized, in general, by characteristic
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equations which have an infinite number of roots, effecting the proper
partial fraction expansion may require the use of Mittag-Leffler's
theorem. Pierre (135) and Pierre and Higgins (164) applied ﬁittag-
Leffler's theqrem in finding the transient response of CSETD. -

The‘root—locus method of analysis was first applied to single-loop
CSETD by Chu (13) and later by Powell (36) and Tyner (237). But because
the characteristic equation of CSETD hag.an infinite number of-roots, the
root-locus method is much more difficult to apply than in thefiumpeddﬂ
parameter case: ' In order to avoid difficulties, Chu (13) used a dominant
root analysis to obtain the approximate response of a system; however,
McAvoy (213) showéd that dominant root anaiysis is not valid in:many
‘instances.

Smith (61) considered some genéral‘properties of system§=which have
both polynomials and transcendental terms in their transfer fﬁnctions and
presents various transform techniques which are useful in the analysis of
such systéms. The z-transform was used by Boxer and Thaler (27) to
oBtain the approximate response of CSETD. When the z-transform method is
used, however, the sampling period is restricted to an integral multiple’
of the time delay. This limitation is overcome by using the modifiéd
z-transform, as formulated by Schroeder (26), Siljak (105), and Pai (149).
For sampled-data CSETD, Siljak (105).cbmbine& the use of the modified
z-transform and Mitrovic's algebraic-graphic method (49). .

The stability of CSETD is a very important aspect of control system
design; and as is indicated in the neXt few paragraphs, it is a subject

which has received considerable:attentién. Just as for lumped-paraneter
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systems, the location of the roots of the characteristic equafion is
important in the determination of the stability of linear CSEID. In
order to insure stability, all of the roots of the characteristic equation
must lie in the left-half of the s plané, Re s<0. Although the charac-
teristic equations of CSETD contain the transcendental term e-ST,
various stability criteria which are useful in detérmining ﬁhe stability
of lumped-parameter systems have bgen modified to render them applicable
to CSETD. Satche's modification of the Nyquist critefion (11) and Chu's
work on root~locus techniques (13) are typical examples of the modifi-
cations which have been accomplished.

In recent years, many papers‘have appeared, especially in Soviet
literature, in which the stability problem for CSETD has been inves-
tigated. The Mikhailov stability criterion, which is similar to the
Nyquist criterion, was used by Popov (129) and Sakawa and Sugata (190) to
investigate the stability of CSETD. Pyatnikskii (142) determined

necessary conditions for the structural stability of linear, single-loop

CSETD --- structural stability is that property of a system which insures
that the system can be made stable by choosing its paramegers, without
changing its structure. In another paper, Pyatnikskii (182) determined
the upper bound on the degreé_bf'étébiiit& fsr a single-loop CSETD; that
is, he determined the limit oh the degree of stability when some of the
parameters of'the system are fixed. The stability of a time-varying

CSETD has been investigated by Krasovskii and Osipov (192) using

. Lyapunov's stability theory and the theory of controilabilityy In

addition to the works mentioned above, many other papers have been
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published on various aspects of the stability problem for CSETD, among
which are references 15, 21, 22, 24, 48, 51, 67, 78, 87, 93, 94, 98, 141,
191, 230, 234, and 235,

Numerous papers are devoted to the presentation of a variety of
techniques for approxiﬁating and/or simulating time delay. In‘many cases,
a simplified model of the system is used in order to avoid treating the
actual time-delay behavior of the system. This procedure is, in general,

_unsatisfactory unless the time delay is qﬁite small; and even then, it
may‘lead,to erroneous results.

" An often-used approach is the approximation of the nonrational
term e ST by some form of rational function in s. If a suitable approxi-
mation --- one which is valid 6ve; the frequency range of interest --- is
obtained, the usual methods of Laplace transfofm analysis for lumped-
parameter systems‘can be applied to the approximate model.  One of the
first apprpximations to be used was the truncated Maclaurin series for
e-ST; however, this method may lead to erroneous results becaﬁse the
approximation does not converge to the actual function along the Laplace-
transform inversion contour,

As compared to the truncated Maclaurin series, the Padé approxi-~
mations for'e-ST (7, 54, 89, 91, 97) yield a more accurate character-
ization; consequently, they are frequently used in practice (20, 30, 102,
118, 225), Many papers are devoted to finding methods of simulating time
delay for amalog computer studies of CSETD, as typified by references '
19, 35, 62, 102, 117, 121, 152, and 188. And, in yet others, varioué

electrical or electromechanical methods for simulating time delay are
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presented (34, 69, 71, 137 138, 146, 156, 183, 187).

Some of.the methods’ of nonlinear anal&sis have been modified for use
in the analysis of both linéar and nonlinear CSETD. For example,
Cunningham (42), Kuwahara, et al. (189), and Strakhov (234) have applied
phase-plane methods of analysis to CSETD., A sampled-data CSEID was
analyzed by Strakhov (234) using a multisheet phase plane, the first sheet
of which is valid for 0 < t = T, the second for T = t = 2T, etc. Uhlrich
(216) developed several finite‘differegce téchniéues for the analysi;
of nonlinear sampled-data CSETD. The analysis of linear and nonlinear
CSETD by describing function tgchniques (157) was effected by Kislyakov
(88) and Sakawa (190), and the steady-staée béhavior of .CSETD was also
investigated by Kislyakov (83, 140) using the Krylov-Bogolbev method
(157). Some additional references pertaining to the nonlineaf analysis
of CSETD are 86, 119, 120, and 136.

The synthesis of controllers for CSETD and/or the introduction of a
time-delay element into the controller of a system has been investigated
by a number of authors (16, 18, 23, 33, 37, 38, 44, 45, 52, 77, 82, 106).
A novel method of block diagram manipulation was developed by Smith (33,
38, 77) for synthesizing a controller for a CSETD:' minor feedback loops

around the controller are used which appropriately include an analog of

the time~delay and a model of the plant. In a somewhat different approach;

Cohen and Coon (16) studied the effects of various parameters of
proportional, proportional-plus-rate, proportional-plus-integral, and
proportional-plus-integral-plus—~rate controllers for CSEID; and Pinney

e

(44) presented a systematic procedure for setting system parameters to
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obtain maximum damping in a particular system.

The use of "state-variable" techniques for CSEID was discussed by
Kalman and Bertram (50); they state that their technique is applicéble to
systems with time &elay if the state of the system can be predicted.T
seconds in advance, where T is the time delay constant. In a more recent
‘paper, Koepcke (285) developed a synthesis procedure, using state variable
techniques, by reducing the differential-difference equations to an
equivalent infinite dimensional difference equation which can be solved

using a general-purpose digital ‘computer.

2.2.2 Distributed-Parameter Systems —-—- ther Than Time-Delay Systems

In the remaining portion of this section, a review of the literature
pertaining to the analysis and synthesis of distributed-parameter systems
of a more general nature is presented. As indicated in Secfion 2.1, the
dynamics of these systems are, in general, described by partial differen-
tial equations of the form given by equation (2.1). The classical
approach to pargial differential equations is given in several recent
books (56, 126, 202). However, mefhods of solving partial differential
equations are not as well devéloped as those which exist for ordinary
differential equations; this is one of the major difficulties encountered
in the analysis and synthesis of distributed-péfamefer éystgms°

In a somewhat more applied approach, Fisher (227) derived the
equations which describe the vibrations. occuring in flexible airframes
and discussed the classical mathematical techniques which are applicable

to the solution of such problems. In a similar manner, Murray (217)
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investigated two methods for determining the eigenvalues of linear
distributed-parameter systems. For electrical engineers, the wave and
diffusicn analogies given'by ﬁoore (81, 207) are helpful, both conceptu-
ally and analytically, because théy relate se§eral types of diffusive
processes to the commonly-known electrical transmission line.

In addition to the classical solution of partial differential
‘equations, the numerical splutioﬂ of these equations has received con-
siderable attention since the advent of high-speed digital computers
which make such solutions feasible (see the extensive bibliography in
reference 43). Several recent books (29, 43, 79, 202) éon;ain numerical
techniques which are applicable to the solution of partial differential
equations. These computer-orieﬁted techniques are quite useful in
determining the time response of open-loop distributed-parameter systems.

In additiom, several{integral transforms éan be used to‘obgain the
solution of partial differential equations, as-demonstrated in references
,31,A40, 58, and 154, Although Laplace-transform methods yield tran-
scendental equations in s (the Laplace variable) when applied to typical
partial differential equations, they have been applied with varying
degrees of success by se?eral authérs‘(lS&, 249, 259, 262). The soclution
of boundary-value problems by Laplace transform methods was demonstrate&
by Speigel (262) aﬁd-Smyth (249) . However, Smyth's total transform
method --- which entails taking the Laplace transform with respect to both
t and x, among other things --- is restricted to the solution of homoge-
neous partial-differential equations yith boundary conditions specified

for specific values of only one of the independent variables.
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In a recent paper, Higgins and Oesterlei (221) presented the general.

theory of the finite Laplace transform (see alsq Appendix A). Tﬁis
transform technique can be applied to either ordinary or partial linear
differential equations which are defined on finite domains. ‘In Chapter 4,
the utility of this method is demonstrated for i£ﬁear distribdted;paraﬁr
eter systems defined on a finite spatial domain,

Because the Laplace-transform transfer functions of distributed-
parameter systems contain transcendental functions of s, the detefmi—
nation of the stability of such systems in the s-domain requires the use
of some novel techniques. For example, Pierre (135), Pierre and Higgins
(260), and Ball (132, 223) used a Riemann surface to represent the two-:‘
valued, distributgd-}ag transfer function exp[—(sD)l/z]. Using this
Riemann surface representation, Pierre (253) develope& an electric
potential analog for obtaining frequency-response data, On the other
hénd, Ball used the transformation w=s? to map the s-domain Riemann
surface for exp[—(sD)l/zl into a w plane, wherein the root-locus tech-.
nique can be applied to determine the stability of the system. In
addition to the above work, the root-locus method has been applied to
distributed-lag systems by Chu (13) and Rekoff (145) and to other forms
of disfributed-parameter sysfems by Stone -(59) and Radant (25). HoweVer,
Chu and Rekoff did not use a Riemann surface to represent the twq-valuéd,
distributed~lag transfer function.

The Nyquist criterion was applied to some simple distributed-
parameter systems by Radant (25) and Leggett (17). Although Radant and

.

Leggett gave no justification for its use,; Desoer (284) recently
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examined the Nyquist criterion in a more rigorous manner and jﬁstified
its use for linear, time-invariant distributed-parameter systems.

Using the Nyquist and related criteria, Kadymov (64) considered the
stability of a system cﬁaractérized by equations of tbe form
a1 - e—kv)/W(s) =.0 where v = (cs?+ bs + a)1/2, 1In yet another paper,
Papoulis (104) formulated several stability theorems for éome single-loop
distributed-parameter control systems. Apd, the stability of some
nonlinear control systems with distributed parameters was investigated by
Geleg (274).

Brin (143) developed a graphical and an analytiéal/critefion.--—
similar to the Mikhailov (Nyquist) and Hurwitz criterion, respectively —--
for transfer'functionsof the form F(Vs) % A(V/s)/B(V/s), where A(Ys) and
B(/E) afe polynomigls in ¥s. In a recent paper, Kolomeitseva and Netushil
(273) have investigated the stability and transient response of systems
of a similar form; |

In several recent papers, Wané (195, 197, 209, 246) and Friedly (163)
developed tﬁe use of Lyapunov's stability theory for certain ciasses of
distributed-parameter systems. Using Lyapunov's direct method, Wang (209)
formulated several stability theorems for linear distributed—ﬁarameter
systems; and in references 195, 197, and 246, Wapg considered the
stability of a time-delayed-diffusive system which is described 5y partial
differential-difference equations. For systems described by linear
partiél differential equations with linear boundary conditions, Friedly
(163) developed a set of transformations that reduces the equations to the

canonic form of Luré (157); hence, the simplified criterion of Luré can
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be applied.

To date, most of the analysis and synthesis of distribﬁted—p;rameter
systems has been accomplished by using some form of approximate model of
the system. The approximations which have been used are varied in nature,
but one common approach is the discretizing or dlumping" of the spatial
variables which reduces the partial d;fferential equations to ordinary
differential equations (see, for example, 109, 161, 198, 215, or 290).

A similar approach requires lumﬁing both the space and time variables to
reduce the partial'differential equations to difference equations (130,
170). The difficulty with each of the above approaches is that as yet
there is no general method for determining the error introduced b§ the
lumping process; however, the errors introduced in specific examples\or
in problems of a specific class have been investigated. For example,
Landon (200) derived bounds on the steady-state error due to lumping the
space variable in the special class of problems characterized by thel
heat-conduction equation defined on an infinite or semi-infinite, one-
dimensional spatial domain.

An alternate approach for linear systems is to approximate in the
s-domain; that is, to approximate the nonrational functions of the Laplace
variable s by a rational fraéﬁiéﬁ functibﬁ 6f §. 1If rational fraction
approximations are available for the particular &istributed—parameter
characteristic considered, this - type of aﬁproximation is especially\
helpful because it allows the use of many of the standard Laplace-
transform methods of analysis that have been developed for lumped-~

parameter systems.
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Rational fraction approximations have been developed for some common
forms of nonrational distributed-parameter characteristics: exp[-(sD)l/zj
in (135, 257); (s)1/2 in (60, 103, 210, 248, 277); and [cosh Té +
B sinh Ts] in (254). However, the infinite product approximation for
[cosh Ts +'B sinh Ts], when B is a function of s, is difficult to obtain
because it requires finding the roots of [cosh Ts + B(s) sinh Ts] = 0, .

These rational‘fraction approxima;iqns are especiélly useful for the
analog computer simulation of nbnratioqal;Laplace—transform transfer
functions (see, for example, 103 and-248); In Chaptefé 6 and 7, the
rational fraction approximations for exp{=(sD)1/2] and (8)1/2 ——v
developed by Pierre (135,.257) and Kopal (60), respectively -~-- are used
to demonstrate the optimal design techniques developed herein for class-
II-type distributed-parameter systems.

In an attempt to determine the errér introduced when lumped-parameter
models are used to describe the distributed characteristics of the
actual system, Ball (250) plotted dimensionless-parameter Bode diagrams
of the ratio of the approximate distribution to the "exact" distribution
as a function of normalized ffequency (the "exact" distribution cor-
responds to the sclution to the partial differential equation). For
the two process-~control s&stems considered, both the magnitude and the
phase of the error introduced by several forms of lumped-parameter models
were determined as a function of the normalized frequency.

Yet other authors (55, 174, 265, 270) have developed methods

whereby simulation can be accomplished'using an analog computer. Hong

" and Larson (174) developed a method for simulating a distributed-
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parameter system which can be characterized by a first-order partial

differential equation defined on a finite spatial domain. And for
distributed-parameter systems defined on a finite, one-dimensional,
spatial domain, Meredith and Freeman (55) presented an analog computer
simulation technique which consists of finding a solution that is valid.
for 0 = x £ L, in the time increment 0 £ t £ T. The procedure is then
iterated, with the now-known new initial conditions, to find the solution
for the time increments T € t = 2T, 2T < t € 3T, ..., until the desired
solution is generated.

Interest in the availability of aﬁalysis techniques for distributed;
parameter systems incréased considerably afﬁer the development of
distributed-RC networks. In 1959, Hager (70) published one of the first
papers dealing with the analysis of distributed-RC networks; and since
then, many papers have appeared in which this subject is treated with
varying degrees of rigor, as typified by the following: 112, 122, 123
159, 196, 214, 220, 247, 258, 263, 278, and 279. Because the four- |
terminal parametefs of distributed-RC netﬁorks are usually transcendental
functions in the Laplace variable s, the exact model is difficult to
treat analytically; Therefore, the majority of the papers which have
appeared thus far contain low-order lumped-parameter approximations for
the actual distributed network; and the more or less standard frequency
response techmiques, such as Bode diagrams, Nyquist diagrams, etc., are
employed (70, 112, 122, 123, 196, 247,.263, 278).

Similar approximate methods of analysis have been developed for

process control systems: Lamb and Simpkins (171) investigated the
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frequency response of some practical process~control systemg using
dimensionless-parameter Bode diagrams; and Thal-Larsen aqd Loscutoff (255)
and Schuder and Binder (75) developed some approximate methods for finding
the transient response of particular distributed-parameter systems.

In a somewhat different vein, Murray (218) used an eigenfunctibn
expansion corresponding to the distribﬁted—parameter plant to obtain an
approximate model; subsequently,; this approximgte model was imple@epted
in a closed-loop configuration, thereby alqu;ﬁg experimental‘verification
of his mathematical analysi;,

As an aid in the design and analysis of solenoid and transformer
cores, Cooper (283) obtained a formal solution for the transieﬁt response
of a rectangular region subject to Joulean heating.

For class~I-type distributed—pa;ameter.systems of a general nature,
Pierre (135) and Pierre and Higgins (252) developed a sampled-data
represenfative system in which the distributed-parameter elements of the
control system are represented by an approximately equivalent sampled-data
model., After the sampled-data representative system of the distributed-
parameter element is formed, the analysis and/or synthesis of the
resulting sampled-data system can be effected by use of_the available
techniques in sampled-data theory (57,'158),

For stochastic distributedfparametér systems, Wang and Tung (199)
and Senin (233, 238, 271) developed methods of analysis. Wang and Tung ‘
(199) analyzed a distributed-parameter system that can be characterized
by a first-order, linear partial differential equation which has either

a random coefficient or a random input. In reference 238, Senin
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considered the passage of stationary random signals through_linea;
distributed-parameter systems. And in two subsequent papers, Senin
outlined the use of the statistical techniques, developed in his first
paper t238), for the extrapolation of a réndom, distributed signal (233)
and for the statistical design of class-I-type distributed-parameter
sys_tems‘(271)o Although Senin's papers are extremely brief, the tech-
niques appear to have considerable merit for the analysis and/or design
of stochastic, distributed-parameter systems; therefore, in Chapter 5 of

this thesis, his work is_éxtended and clarified to render it more readily

_ applicable to actual systems design and/or analysis. .

The synthesis of a compensator for linear class-I-type, distributed-
parameter systems was considered‘by‘Pierre (135) and Pierre and Hiégins
(282) ; a novel method of time—domain.synthesis was developed which
incorporates the use of a sampled-data:re;resentative system fqr fhe
distributed-parameter elements (135, 252). Yet other methods of time
domain synthesis (150, 194, 240) have been developed which might pessibly
be extended to render'them applicable‘to synthesis of distributed-
parameter systemso'. |

Using frequency domain transformations, Wyndrum (220) and O'Shea
(280) developed synthesis techniques fér certain types of distributed-RC

networks. Wyndrum (220) used the hyperbolic transform w = tanh[a(s)1/2/2]

in order to develop a synthesis procedure in the w plane; the procedure

may be used to synthesize a prescribed immitance magnitude function with

distributed-RC networks., In a similar manner, O'Shea (280) developed a

transfer-function synthesis procedure in the p = cosh[(sRC)i/Z] plane.
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2.3 OPTIMAL DESIGN TECHNIQUES APPLICABLE TO CLASS-I-TYPE, DISTRIBUTED-

PARAMETER CONTROL SYSTEMS

In this section, the optimal design techniques wﬁich have been.appiied
to class-I-type distributéd-parameter systems are:summarized;'herein, in
general, the phrase "optimal design technique' indicates that the
application of the design technique results in a minimum --~ or, in some
cases, a maximum --- of a given performance measure, i.e., a mathematical
measure of system performance. Maéy novel techniques have been applied
to effect the optimal design of class-I-type distributed-parameter systems;
however, the majority of these techniques are applicable only to CSETD,
and the literature devoted to the optimization of more general forms of
class-I-type distributed-parameter systems is quite limited.

In one of the first papers on the optimization of CSETD, Oldenbourg
(12) minimized the integral of the nonoscillétory error of a system
controlled by a "step-by-step" controller by determining the oﬁtimal
location of the roots of the characteristic equation. However, in this
method, the length of the control interval is limited to being greater
than, or equal to, the time delay of the system if the error is ‘to remain
nonoscillatory.

The use of nonlinear switching controllers for CSETD has been
investigated by several authors (65, 68, 236). In reference 68,
Mitsumskii indicated tha;.seif-oscillations will occur in certain systems
if the time-delay value shifts from a speéified design value, ﬁitsumakii
suggested the use of a linear contfoller in the region of small error for

such systems.
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Several auqhors have developed systematic methods for adjusting
system parameters to obtain the optimal performance of CSETD, as typified
by references 96, 224, 237, 266, and 276. In their study of high-order
CSETD. Freeman and Owen (96) effected the minimization of a time-
weighted, integral-square error through automatic adjustmént of four
variable loop-parameters by a steepest descent searching process.
Further, Law and Weaver (224) developed a numerical technique for obtain-
ing the optimal parameter settings for CSETD; however, only systems with
one adjustable parameter were considered. The performance méasure used by
Law and Weaver is the weighted sum of the integral-square error, the
integral of the error, the maximum absolute value of the error, and the
time duration of the process. Each term in the performance measure has
an associated cost factor, or weighting factor, wﬁich can be chosen to
fit the particular problem considered. In a somewhat different manner,
Tyner (237) presented a graphical techpique for finding the gain required
to achieve any desired degree of damping; and Haalman (276) used an
analog computer to find the controller—paramete; settings which minimize
the mean-square error of CSEID,

The use of complementary feedback, that is, canceling the original
plant transfer function and inserting the desired .characteristic, was
developed by Galoi (169) to obtain an optimal controlier for CSEID,

Galoi indicated several methodsAwhich can be used to realize and to adjust
the resulting feedback network; and for systems with a variable time

delay, he discussed the use of an adaptive controller.
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Newton, et al. (30) demonstrated the use of the Wiener-Hopf spectrum-
factorization technique to effect the minimum-integral-square or mean-
square—error desigﬁ of CSETD. In order to effect the factorizationm,
Padé.approximations for e~ST (7, 20) are used whica then allows the
appiication of the Wiener-Hopf technique in the usual manner. In con-
nection with the design of stochastic CSETD, Itskovich (66) made an
interesting commént to the effect that if the correlation function of a
disturbing stimulus is such that the quantity entering the delay element
is negligibly correlated with the measured and Q?ntrolled output quantity,
no type of control other than elimination of the delay will work
effectively.

Recently, Pierre (226, 268) formalized the use of the Wiener-Hopf
technique éor class-I-type distributed-parameter systems. The methods
developed by Pierre were demonstrated for a distributed—parametér system
with a transfer function of the form exp[-(sD)l/z]; and thé explicit form
of the compensator which resulted in the minimum-mean-square error was
obtained. 1In Chapters 6 and 7, the use of the Wiener-Hopf technique is
developed for class-II-type distributed-parameter systems.

Using correlation functions, Itskovich (180) inﬁestigated tﬁe
problem of instrumenting a random, distributed fie;dé he considered the
automatic determination of the value of a chosen quantity at any po;nt in
a distribuﬁéd fielg with a prescribed accuracy and with a minimum number
of discrete '"pickups". 1In additién, when the number of pickups was

limited by structural or technical considerations, Itskovich evaluated

the accuracy with which the characteristics of the entire field can be
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determined when the distributed field is controlled by the discrete
pickups.
A tééhnique for the synthesis of distributed-RC networks was
proposea ﬁ& Rohrer, et al. (28l); wherein, they poséd the problem‘of

minimiéing an integral of the following form:

f°° [K ¥(t) - v(L,t)]2
0 2

dt ' : (2.4)

where ¥(t) is the desired output voltaée, K is a constant, and v(L,t) is
the output of the distributed-RC network at x=L. Using the'célcuius of
variations; functional equations were derived for the distributed resist-
ance R(x) and the distributed capacitancé C(x); however, no solutions"
were given for the partial différential equations obtained.

The application of Beilman's principle of optimaiity (28, 125) for
the optimal design of CSETD has been demonstrated by several authors:
Salukvadze (144) and Krasovskii (151, 184) coﬁbined‘the principle of
optimality and Lyapunov's method to synthesize an optimal controller for
CSETD; Kramer (90) considéred a terminal-control problem subjgct to
energy constraints; Chang Jén Wei (139) presénted an approximate method
for synthesizing an optimal controller; and Ash (ZOL) derived a minimum-
time control policy for a nuclear reactor subject to random reactivity
. fluctuations. In reférence 151, Krasovskii‘shéwed that the optimal

control law depends on the state of the controlled object dufing the
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preceding time interval T (where T is the time-delay cohetant).

The optimal control of syetems having time delay in the phase
coordinates but having no delay in the control action has been considered
by Harallsv111 (110) and by Popov and Khalanay (179); although they used
different methods of solution, the1r results are the same,

Using Pontryagin's maximum pr1nc1p1e (128), Takahashi ahe Thal-Larsen
(219) developed a time-optimal cohtrol policy for a dual-heat-exchanger
system; they applied the maximum prineiple only to various forms of |
1umped-parameter models of the sYstem. |

Zhivoglyadov (229) formulated ah algorithm for the synthesis of both
discrete and continuous controllers for CSETD.

In a recent paper, Goodson end Khatri (269) proposedltwo methods for
the minimum-integral-square error design of‘ciess-I-type‘distributed-
parameter systems. With the first method, the'so-called_exaet method,
the partial differential equations are'reduced to integral equatidns; then
the calculus of hariations is used to derive a necessary conditien fer
optimality. Although this method is called an "exact'" method, it
requires the truncation of an infinite series in order to obtain the
explicit form of the optimal feedback control system. In the second
method, the transcendental Laplace-tfensfofm transfer function‘bflthe
distributed-parameter plant is approximated using the infinite product
approximations developed by Oldenburger and Goodson (254); theh
Pontryagin's maximum principle (128) is applied to obtain the}ohtimal
feedback control law for the epproximate model. Goodson and Khetri (269)

applied each of these methods to a one~dimensional and a two-dimensional
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heat transfer problem, producing results found to be in favorable agree-

ment.

2.4 OPTIMAL DESIGN TECHNIQUES APPLICABLE TO CLASS-II-TYPE, DISTRIB~

UTED-PARAMETER CONTROL SYSTEMS

Early in 1960, A, G. Butkovskii and A. Ya. Lerner (84) in the
U.S.S.R. published the first paper which treated the'optimal design of
class—II—tjpe, distributed-parameter control systems in a rigorous
manner. From the time of this pioneering work to the preseﬁt, A. G.
Butkovskii and A. Ya. Lerner (84, 111, 124) énd A. G. Butkovskii (107,
108, 109, 131, 175, 181, 185) have published at least nine papers on this
subject. Ali of the papers mentioned above and yet others (165, 231,
232, 272) stress the application of Pontryagin's magimum ﬁrinciple (128)
in various forms.

The techniques used by Butkovskii..can be grouped into one of two
méjor categories: category 1, techniques which are dependent upon one's
ability to reduce the partial differential equations involved to ordinary
differential equations; and category 2, techniques which are dependent
upon one's ability to reduce the partial differentiai equations to
integral equations. If one of tbe above-mentioned procedures can be
effected, Pontryagin's maximum pfinciple'will, in some cases, yield
relationships which the control variables mustysatisfy to obtain an
optimal response.

In reference 109, Butkovskii.gave two examplés in which the distrib-

uted nature of the problem is by-passed by discretizing (lumping) the
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space variable. As a result of this lumping process, the equations which
govern the approximate system are functions of time only and, for the
examples treated by Butkovskii, are of a variety to which Pontryagin's
maximum principle can be applied.

It must be emphasized, however, that lumping is not a cure-all
process; it fails to lead to beneficial results for even some of the most
elementary distributed-parameter optimal design problems. See, for
example, page 19 of referénce 222,

For distributed-parameter systems which can be characterized by
integral equations, Butkovskii (107, 108) developed two theorems, based
on the maximum principle, for optimal terminal-control problems, that is,
for finding a cpntrol law which takes a system from an arbitrary initial
state to a specified final state in an optimal fashion.

Further, Pontryagin's maximum principle has been applied to other
forms of éla3s-11-type distributed-parameter systems by Sira;etdinov (231)
and Egorov (232). In an attempt to extend the work of Butkovskii,
Sirazetdino§ (231) proved several theorems which give the necessary
conditions for optimality of a class of distributed-parameter systems
characterized by a set of quasi-linear partial differential equations in
n variables. And for systems characterized by linear partial differential
equations, a locally sufficient condition for the optimum Was‘givén by
both Sirazetdinov (231) and Egorov (232)°

Even when the above formulations are applicable, the maximum
principle often leads to equations which are very difficult to solve; and

this still presents a formidable barrier to the complete solution of the
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optimal control problem.

In the United States, fhe first major contributors to the theory of
optimal control of class-II-type distributed-parameter systems were
P. K. C. Wang and F. Tung (167, 256). In these initial works, Wang and
Tung presented the basic mathematical framework needed to solve a large
class of distributed-parameter control problems. Definitions and general
concepts were given in a rigorous mathematical manner, so much so that
the aforementioned papers are very abstract: the theory presented is not
easily related to practical problems.

In brief, the papers by Wang and Tung (167, 256) contain a general
description of the following: the domain of definition, the state
variables, the input functionms, the mathematical models, controllability,
observability, performance measures, anq the optipél cogtrol problem
for distributed-paraﬁeter systems.

Using‘Bellmap's principle of optimality (28, 125), Wang and Tung
derived a maximum principle.which is applicable to a general class of
distributed-parameter systems. This maximum principle results, however,
in a functional partial differential equation for which there is no
convenient method of solution at this time.

On the other hand, Marcus (166) successfully applied dynamic
programming techniques in the deéign~of an optimal controller for a
particular distributed-parameter system. Before the pptimization
procedure of Marcus can be applied, however, the partial differential
equations characterizing the system must be approximated by a set of

difference equations,
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In addition, Wang (242) investigated the optimal control problem
for class~II-type distributed—parametér systems which contain time delay,
that is, systems which are described b& partial'differential;difference
equations. Here again, Wang applied the principle of qptimality to
derive the functional equations associated with the optimal control
problem considered. |

In his latest work (209), Wang expanded the material contained in

his previous works and, in addition, he included the more important

aspects of Butkovskii'g results. Because lumped-parameter systems are
a special case of distributed-parameter systems, Waﬁg has attempted to
extend the basic concepts of lumped-parameter contrql éystem theory to
iﬁclude the more general case, distributed-parameter control sysfems.'
Most of the works of Butkovskii (107, 108, 109, 175), Butkovskii and
Lerner (89, 111, 124), and Wang and Tung (167, 256) afe reviewed in more
detail in reference 222, - |
Recently, McCausland (161, 198, 290) develope& three approximate
methods for synthesizing bang-bang controllers to obtain minimum-~time
performance for a linear diffusion process Whosé control inputs, applied
at the spatial boundaries, are subjecf to absolute-value consfraints°
The form of the optimal control signal for this problem had‘previously'
been determined by Butkovskii (108, 109, lil) to 5e bang—baﬁg, but the
functional equations given by Butkovskii c¢ould not easily be solved for
the switching times. To circumvent:this'problem, McCaﬁsland (161, 198,
290) develope& the following: a subdivision, or finite différence,

method; a harmonic, or Fourier series, method; and a parabolic method to
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solve for the approximate controller switching times. The relative merit

of each method is discussed in considerable.detail in reference 290.

In addition, McCausland (161, 290) and others (147, 167, 209, 256,
287) investigated the controllability of linear clééé-II-type, dis- .
tributed-parameter systems.

In a somewhat different vein, Sakawa (245) formulated an optimal

terminal-control problem for a class-II-type distribhted—parameter system;

he then investigated the solution of this problem using eéch,of the
following techniques: a variational technique, a nonlinear programming
technique, énd a linear programming  technique. For the first case, an
integral-square-error performance measure was used, and the necessary
condition was given as a Fredholm integrai equation of the first kind.
An approximate solution to this problem was then formulated using non-
linear programming techniques (203, 292); the explicit solution of the
problem using the first two~techniques was not attempted however. In
Sakawa's third approach, the perférmance measure was taken to be the
integral of the absolute value of the error; and for this problem, an

‘approximate solution was obtained by using the simplex method of linear

programming (205, 292) --- as formulated for optimal control problems by

Zadeh and Whalen (148, 162).

In a recent paper, Axelband (267) formulated the use of function

space methods (288,289, 291) to effect the optimal control of a class of

distributed-parameter systems. The solution to the optimal control
problem posed by Axelband was obtained implicitly using function space

methods and explicitly using a steepest descent searching process (203).




CHAPTER 3

DEVELOPMENT AND INTERPRETATION OF
PERFORMANCE MEASURES FOR DISTRIBUTED-

PARAMETER CONTROL SYSTEMS
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3.1 INTRODUCTION

In control theory, the phrase performance measure is used to denote

some form of mathematical measure of control system performanceI, Such
mathematical measures of system performance are used in conjunction with
various analitical control-system-design tecpniques; thege design tech-
niques are usually classified under the general heading of optimal control

theory. The current connotation of the term optimal system, as it appears

in control theory, is that the system has been designed by using some
analytical technique which minimiées, or in some cases maximizes, some
form of performance measure. In recent_yéars, the development of optiﬁal
control theory has advanced at a rapid pace, and in addition to the
hundreds of papers which have appeared on the subject, several recent
books are devoted to the presentation of optiﬁal design techniques (28,
100, 116, 125, 128, 204, 205, 292).

Although there are many forms of optimal control problems, most of
them can be grouped'into at least one of the following basic forms: the
minimum-time control problem, the terminai-;on;rol problem, or the
minimum-integral control problem. The minimum-time control problem may
be deseribed as the problem of aetermining admissible control signals ---
control signals which satisfy spécified constraints placed‘oh system

performance --- so that the process is taken from a specified initial

1The term "performance measure” is used here, but other terms are
also found in the literature: criterion function (206), error criterion
(53), performance index (30, 116, 208), payoff function (127), and
performance criterion (32, 76, 193, 204, 243).
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state to a desired final state in minimum time. The terminal-control
problem is the problem of determining admissible control signals such
that, in a given time interval T, the system is taken from an initial
state to as close as possible to a desired final state; and in the proc-

ess, a specified function of the state variables, evaluated at the end of

the trajectory, is minimized (or maximized). The minimum-integral control

problem is the probleﬁ of determining admissible control signals which
minimize the time integral of a specified function of the state variables,
the control variables, and the time,

In optimal control system design, the system ﬁhich is obtained is
only "optimal" with respect to the performance measure used in the design
procedure. Therefore, the performance measure must be chosen in such a
way that it provides an adequate mathematical measure of the performance
desired in the actual system, and at the same time, it should be one that
can be treated with the analytical design techniques which have been’
developed. In the mathematical sense, perfofmance,measures are usually
metrics because they are a measure of the "distance" between the de;ired
perform;nce and fhe actual performance of the system: If a metric, a
performance measure satisfies the following properties: (1) It is always
positive or zero, (2) it is zero.if and only if the distance it represents
is zero, and (3) it is numeric. Thus, performance measures yield a number
or a set of numbers which may be used to evaluate'the performance of the
system,

As indicated in Section 3.2, a number of authors have considered the

development of performance measures for lumped-parameter systems. For
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distributed-parameter systems, however, this subject has received little
attention. Wang (167, 209, 256) discusses some’ forms of performance
measures for distributed-parameter systems, but his discussion is quite
abstréct; and in most cases; the explicit form of the performance
measure discussed is not given. Thus, in order to fill the above-noted
gap in the théory, tbis éhapter‘is devoted to the development and inter-
pretation of performance measures for class-II-type distributed-parameter

systems. Before presenting this development, however, a brief review of

some of the performance measures developed for lumped-parameter systems

is given in Section 3.2. These performance‘measures can be appliéd, in
general, to class-I-type distributed-parameter systems;-and in some cases,
they can be shown to be limiting cases of the more general forms of
performance measures developed in Sectibns 3.3 and 3.4 for c1ass-II;type

distributed-parameter systems.

3.2 A REVIEW OF THE PERFORMANCE MEASURES DEVELOPED FOR LUMPED-PARAMETER,

CONTROL SYSTEM DESIGN

Performance measures for optimal control systems design have been
studied in detail'by Schultz and Rideout (32, 39, 47, 114) and yet other
authors have formulated various forms of performance measures --- as
typified by the following rgferences: 53, 63,'76, 115; 116, 186, 193,
211, 241, 243, and 264, In 1961, Schultz and Rideout (114) presented an
excellent discussion of performance measures; wherein, the authors trace
the development of control-system perfdrmance measures from their d;igin,

v

in about 1942, to 1961. Because this excellent review of performance
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measures for lumped—parametef systems already exists, the material
presented in this section is limited in scope; it is given-to serve as
background material for later sections and because it applies to class-
I-type, distfibuted—parameter control systems.,
For 1umped-parameter deterministic systems, a general performance

s

measure,

T

I = [ Fle(t),t] dt : (3.1)
0 . '

encompasses many of the often-used forms of performance measures. In
equation (3.1), e(t) is the system error, t is time, F ié.a specified
function of its arguments, and {0,T] is the time interval of interest.
The system error e(t) can be defined in a number of ways, but one common
method is illustrated in Figure 3-1: in which, r(t) is the input; G(s)

is the system transfer function; Gi(s) is the ideal, or desired, system
transfer function; c(t) is the system output; cd(q)Ais the desired system
outp?t; and e(t) = cd(t) - c(t) is the system error. By specifying the
form of F in equation (3.1), many different performance measures can be
obtained. For example, F can be chosen to be e2(t), le(t)l, tle(t)|,-
tez(t), etc. Thus, the general performance measure given by equation
(3.1) allows the control system designer to pick the form of the integrand
F and, in addition, to choose the form of the desired system transfer
function Gi(s) for‘the particular.proﬁlem considered. The relative

advantages and disadvantages of the above-noted and other forms of F are
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considered in detail by Schultz and Rideout.
When T of equation (3.1) equals infinity and when any one of the
forms of F given in the preceding paragraph is used, the error must

satisfy

lim e(t) = 0 (3°2)
£ ’ ‘

in order for J;, of equation (3.1) to exist. This means that only systems
which have zero steady-state error to the specified input can be
considered when T=». If the system can be shown to be "reachable'" and
"maintainable" (160, 244), the requiremént given by equation (3.2) is
satisfied, thus assuring a finite value of the performance:measure (3.1).
To illustrate the use of a particular form of performance measure,

the often-used integral-square error is considered below; i.e., let

F = e2(t) and T=» in equation (3.1) to obtain

o= [ e%(t) dt ‘ (3.3)

A graphical interpretation of this particular performance measure is

given in Figure 3-3: where Gi(s) =1, r(t) = 6_1(t) (;he unit step
function), and e(t) = cd(t) - ¢(t). Illustrations similar to that shown
in Figure 3-3 are presented by Schultz and Rideout (114) for several forms

of the function F.
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An integral-square-érror performance measure, similar but not
identical to equation (3.3), is used in Chapter 7 as a design criterion
for approximate models of class-II-type distributed—pafameter systems.
A similar design criterion is used by Butkowskii (109; 111).‘ In addition,
the integral-square error ha; been used as a design criterion for class-
I-type, distributed-parameter control systems by a number of authors;
see references 12, 139, 151, 179, 224,.and 269, for example.

For stochastic systems, the mean-square error,

eZ(t) = lim == [ e2(t) dat | (3.4)

is used extensively as a measure of systém performance. Again, a common
origin of the error e(t) is illustrated in the block diagram of Figure

3-1. If the process is stationary and ergodic (30), it is convenient to
express this performance measure in terms of correlation functions, that

is,

T
f e(t)e(t+t) dt (3.5)

where Ree(r) is the autocorrelation function of the error e(t). From
equation (3.5), the mean-square error is obtained by letting t>0. The
use of the minimum-mean-square error criterion for the design of class-

I-type distributed~parameter systems is demonstrated in references 30,
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226, and 268,

3.3 PERFORMANCE MEASURES FOR DETERMINISTIC, CLASS-II-TYPE, DISTRIBUTED-

PARAMETER SYSTEMS

In this sect;on, a number of performance measures are de#eloped for
deterministic, class-II-type, dis;ributed-parameter systems. Using a?
approach similar to that of Schultz and Rideout (114), a géneral perform-
ance measure is proposed; tﬁen specific performance measures, which‘can
be obtained from the general form, are discussed.
| A class-II-type distributed-parameter system is shown in Figure 3-2.
The performance measure to be developed hére applies to yet more general
systems than that shown, but a concrete example will better serve to
illustrate the principles involved. In Figure 3-2, G;(x,s) rgpresents
;he Laplace-transform transfer function of the distributed-parameter
system?; and Gs(s) is a known transfer function which relates a con-
strained signal,vs(t) to~the control signal u(t). The distributed-
parameter system is assumed to be defined on either a finiﬁe spatial
.domain, 0 €x =1L, or a semi-infinite spatial domain, O £ x € «; however,
if a system with a semi-infinite spatial domain is considered, it is
assumed that‘fﬁeugontrol of only a finite interyal, 0 =x =1L, is of
interest., If a syétem of finite length is conéi&ered, the input signal

u(t) is assumed to be applied at both spatial boundaries, x=0 and x=L.

2The superscript t denotes that Gt(x,s) is the Laplace transform
with respect to time t of the impulse response g.(x,t). See Section
4.2.1 for additional clarification of this notation.
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On the other hand, for a semi-infinite spatial domain, the input u(t) is
assumed to be applied only at x=0.

As showﬁ in Figure'3—2,lthe system error e(x,t) is defined as the
difference between the degired output v4(x) and the actual output v(x,t).
Figure 3-4 gives a graphical representation of the error e(x,t) as it
might appear for a distributed-parameter system-defined for 0 € x € L and
for 0 = t = tg.

The general performance measure proposed here for class-II-type

distributed-parameter systems is given by equation (3.6):

L L te
Iy = [ Fltgxelx,tg)ldx + [ [ 7 Hlt,x,e(x,t)] dt dx (3.6)
0 0t A -
i ,

where F and H ére specified functions of'their‘arguments. In equation
(3.6), the first iﬁtegpal represents a terminai—time performance méasure,
and the second integral represents a performance measure over the entire
time interval (tf- ti)° Although this general pefformance measure is
formulated for systems defined on a one-dimensional spatial domain, it
can easily be extended to include systems with multidimensional spatial
domains by adding integrals appropriately with respect to the spatial
variables.

If H[t,x,e(x,t)] is a positive definite function of e(x,t) and if an
infinite~-time process is considered, ti=0 and te=e=, the error e(x,t) must

satisfy the following:
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1im e(x,t) = 0, . 0

>0

1Y
L

I\
=

3.7

If the condition given in equation (3.7) is not satisfied, the performance
measure formulated in equation (3.6) is meaningless for an infinite-time
process. In regard to considerations such as this for lumped-parameter

systems, LeMay (160, 244) defined the terms reachability and maintain-

ability. In essence, a system is said to have the "reachable" property
if it can be driven from its initial state to the desired final state in
finite time, and a system is said to have the "maintainable" property if
controlling actions are capable of maintaining the system at this desired
state throughout the remainder of the process. Because of the nature of
distributed-parameter systems, however, more general definitions are
necessary; since, in most cases, it is only possible to take the system
to within an e-neighborhood of the desired state in a finite time.
Therefore, the terms "e-reachability" and "e-maintainability" are defined
as follows3,

A system is said to be g-reachable for a set of states if admissible

control signals exist which will take the system from a given initial

state to within an e-neighborhood of any given desired state from the

- set of desired states in a finite time T(e), where ¢ is an arbitrary

3The terms "e-reachability" and "e-maintainability" evolved from an

informal discussion of performance measures —-- held at Montana State
University in August 1965 -—- by Dr. D. A. Pierre, Vichit Lorch-
orachoonkul, and the,author.
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positive constant.

A system is said to be eg-maintainable for a set of states if it is

e-reachable for the set of states and if, in addition, admissible control
signals exist which will maintain any qf the states in the set within a.
specified e-neighborhood for all t greater than T(eg).

Figures 3-5 and 3-6 illustrate the form of .the e-neighborhood for a
lumped-parameter system and a distributed-paramefer system, respectively.
To further illustrate these definitions, consider a system, cﬁaracterized
by the heat-flow equation, with identical boundary inputs at x=0 and x=L.
Obviously, this system is not e-reachable if the desired state is from
the set of states which are not symmetric aboﬁt x=L/2. On the other
hané, if the desired state vd(x) is from the set of states that are
symmetric about x=L/2 and that are piece-wise continuous witﬁ a finite
number of discontinuities, the system would be e-reachable but not
necessarily e-maintainable. However, if the desired state v4(x) is from
the set of states that are uniform, vd(x) = K (K a constant), and if the
controlling action u(t) is unrestricted, the system is both e-reachable
and s-maintainableu.

Referringtto equation (5,6), seQeéal metrics are developed for

distributed-parameter systems which require close control during the

entire duration of the process, in other words, for the minimum-integral

control problem. In the text to follow, the performance measures are
formulated for finite-time processes; but if the particular system
considered is e-reachable and e-maintainable, the performance measures

are also applicable to infinite-time processes.
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If F=0 and H = [e(x,t)]®/L, the general performance measure of

equation (3.6) reduces to

L [
J = =
b Lo ts

Fle(x, )™ dt dx | , (3.8)

where n is an even, positive integer. Note that if n were allowed to be
odd, the performance measure given by equation (3.8) would ﬁot be a
metric because it could have a negafive‘value and because it could be
zero for nonzero error. For n=2, equation (3.8)'i§ analogous. to the
familiar integral-square-error perfotmance‘measure, equation (3.3);"
therefore, when n=2, the performance measure given by equafion (3.8) is
herein designated as the spatial-averaged-integral-square erfor. In
Chapter 6, the Wiener-Hopf spectrum~factorization technique is used to
effect the minimum spatial-averaged-integral-square error design of
class-1I-type distributed-parameter systems.

A similar form of performance meésure is obtained by letting F=0

and H = |e(x,t)],

. L tg .
Jo= [ [ le(x,t)] at dx - g - (3.9)
D
0 ¢, .
i
but this performance measure is difficult to handle analytically.

If it is desirable to weight the errors as a function of their

position and/or their time of occurence, performance measures of the
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form shown below can be used.

L t '
3, = [ [T am be) [e(x,e)1” dt dax (3.10)
S0t
or
L tg '
Joo= [ [ % a®) b)) |ex,t)| dt dx ' (3.11)
D 0 ti ) :

where a(x) and b(t) are spécified functions of their arguments. For
example, if large initial errors can be tolerated but considerable

accuracy is required near the end of the process, a(x)=1l and b(t)=c.t,

1
¢y equals a constant, can be used to decrease the contribution of the:
initial errors and to emphasize the "late" errors.

On the other hand, if the state of the system near the boundary x=L

1" "2

the errors which oécur near x=L and, in turn, to decrease the contri-

is of primary interest, a(x)=c + ¢.x and b(t)=1 can be used to emphasize

bution near x=0. A performance measure of this type is apélicable to
systems which have only one boundary input, applied at x=0: because the
output near x=L is‘at a distance from the input, it may be desirable to
weight the errors near x=L more heavily than those near x=0. Yet other
forms of weighting functions, a(x) and b(t), could be specified for
particular problems considered.

Although the ﬁtility of the spatial-averaged-integral-square error

is demonstrated in Chapter 6, the performance measures given by equations
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(3.9), (3.10), and (3.11), have not, as yet, been used in practice. This
may be due in part to the increased computational difficulties introduced
by these performance measures when the optimization techniques now
available for class-II-type distributed-parameter systems are used.

The minimum-time contfol problem for class-II-type distributed-
parameter systems has been considered in a number of papers (107, 109,
161, 185, 198, 290). Expressed in.the.form of an integral, the perform-

ance measure for the problem is obtained from the general form (3.6) by

. L
letting F=0 and [ H(...) dx = 1 to obtain
0
ts
J. = [ Tdt (3.12)
D t :

Certain theoretical aspects of the minimum—time problem for systems with
bounded input constraiﬁts are developed by Butkovskii (107, 109, 185)
using Pontryagin's maximum prindiple; and subsequently, McCauslapd (161,
198, 290) developed some approximate methods for implementing the optimal
controller. In order to obtain a finite value of JD in equation (3.12),
the system must be e-reachable for the desired state considered. Although
the concept of e-reachability is not used, both McCausland (161, 290) and
Egorov (147) investigate the existence of a control signal which will
drive the system from an initial state to the desired state in.finite
time,

Turning now from the minimum-integral control problem to the

terminal-control problem, performance measures for this problem are
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formulated by specifying the form of F and setting H equal to zero in
equation (3.6). Figure 3-4 illustrates that the terminal-control problem

réquires a2 metric of the error e(x,tf). Consider the following metric:

L

Io= of [e(x,t.)]2 dx | (3.13)

which is herein called tﬁe spatial-integral-square error. Butkovskii
(107, 108, 109) and Sakawa (245) used the spatial-integral;square-error
criterion in their study of the terminal-control problem for class-II-
type distributed-parameter systems., Note that Figure 3-3 gives a
graphical illustration of the spatial-integral—square-error'performance
measure if the coordinate t is replaced by x.

Also, Butkovskii (185) and Sakawa (245) formulated an optimal control
problem which required the minimization of a‘performance measure of the

following form: .
L
J.oo= Ie(x,tf)l dx (3.14)

which can be obtained from the general form (3.6) by 1etting.F=|e(x;tf)i
and H=0, Using the performance measures given by equations (3.13) and
(3.14), Sakawa (245) investigated the terminal-control problem using

nonlinear and linear programming techniques. In this study, Sakawa used

various numerical techniques to evaluate the integral pefformance
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measures given by equations (3.13) and (3.14) and to render the perform~
ance measures into a form that could be treated by the programming
techniques.
If the error at particular regions of the spatial domain is of

special importance, a spatial-weighted performance measure of the form

given in equation (3.15) or (3.16) could be used.

L .
I, = | a(x) [e(x,t.)]? dx (3.15)
0 , .
or '
L .
I, = of a(x) |e(x,tf)| dx ' (3.16)

where a(x) is a specifigq function of x. One simple form of weighting
factor is obtained bylsetting a(x)=x; thus, the errors whiéh occﬁr are
weigﬁked in proportion to tﬁéir distance from the boundary x=0. When
only one.input is applied, at x=0, this type of performance measure
appears to have considerable merit; however, this criterioh ad&s to the
analytical diffiéulties which are already plentiful in the optimal
control problem for distfibuted-éarameter systems.

At this point, it is appropriate to dis;uss some of the constraints
which are applicable to distributed-parameter systems. In order to obtain

a physically realizable control system, constraints must necessarily be

imposed upon it. These constraints describe? mathematically, the
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physical limitations imposed upon control signals and/or the state
variables of the system. A control signal which satisfies the constraints

imposed upon it is an admissible control signal.

One common form of constraint- imposed upon a control signal u(t) is
the absolute-value constraint, |u(t)| € M, where M is a specified
constant. The use of constraints of this form is demonstrated in a number
of papers (107, 108, 109, 111; 161, 185, 198, 245, 290).

For some optimization techniques, it is necessary,‘or at least
desirable, to express the constraints in integral form ;-- sometimes
called "soft" constraints in the literature (211) in contrast to the
"hard" constraint given in the preceding paragraph. When a constraint on
a"controi signal is.expresse& in infegral for&, a convenient reﬁre—\
sentation is obtained by specifying the transfer function d;(s) ~—= see
Figure 3-2 --- which relates the constrained ;ignal to tﬁe control signal.
For example, if the integral-square value of the derivative of the control

signal is to be kept below a specified wvalue, the constraint can be

expressed as

(-~} o«

[ [9—2{-9—]2 dt = [ [v(©)]?dt £ M : (3.17)
0 0 .

where Vs(s) = Gs(s) U(s), and for this particular -case, Gs(s) = s,
Constraints of this form can be added to the pérforﬁan@e.measures using
a Lagrange multiplier or a '"cost" factor to form an augmented functional;

then, the optimal control signal which minimizes the augmented'functional
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is determined (See Chapters 6 and 7). Many different forms of integral
constraiﬂts can be imposed upon the system by specifying the form of the
transfer function Cs(s), and in addition, several constraints can‘bg
considered by adding more transfer functions Gsi(s), i=1,2,..‘,

Yet other forms of analytical constraints can be used to charac-
terize physical limitations imposed upon control signals and/or state
variableslof systems. Just as for performance measures, the selection
of the constraints which adequateiy describe the physical restrictions
imposed upon a given system and which can be treated by analytical design

methods requires considerable insight on the part of the control-system

designer.

3.4 PERFORMANCE MEASURES FOR STOCHASTIC, CLASS-II-TYPE, DISTRIBUTED-

PARAMETER SYSTEMS

In this section, a performance measure is formulated for class-II-

type distributed-parameter systems which are excited by stationary random -

inputs and/or are subject to stationary random disturbances. It is
assumed that the stochastic inputs and/or disturbances satisfy the

ergodic property; as demonstrated in Chapter 5, therefore, the systems

can be analyzed using distributed correlation functions. The distributed’

correlation function concept was introduced in a recent paper by Senin
(238). Because Senin's paper suffers from a lack of detail and from a
poor translation from the Russian, the ideas presented in his paper are

clarified and expanded in Chapter 5.
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Referring to Figure 3-7, a typical optimal control problem_is
formulated Qith the following data given: (1) the correlation function
of the stochastic input or disturbance m(t), (2) the Laplace-transform
transfer function of the distributed-garameter plant Gz(x,s), (3) a
specified transfér function Gs(s) which may be used to place a constraint
on the control signal u(f), and (4) a desired stochastic distribution
vd(x,t)u The problem is to find a compensator Wc(s) which minimizes a
specified measure of the system error e(x,t) = vd(x,t) - v(x,t) and
which satisfies the constraint on the control signal d(t)~'

The purpose of this section is to develop a suitable performance
measure for a problem of the type posed above. This performance measure

is formulated in terms of the distributed autocorrelation function of the

error, which is defined by

= s 1 '
Ree(x,y,r) £ 1lim 5T f e(x,t) e(y,t+1) dt (3.18)

|
where x is the spatial coordinate of the error used in conjunction with
the time coordinate t, and y is the spatial coordinate of the error used
in conjunction with a shifted time coordinate t+1 --—— see Figure 5-1.

If x=y and 1=0, equation (3.18) reduces to the distributed-mean-square-

error,
1 T
R, (%,0) = R, (x,y,0) = lm 5= [ le(x,t)]2 dt (3.19)
y=x T -T
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Equation (3.19) gives the mean-square error as a function of the
spatial coordina;e X, and therefore, it is numeric only at specific values

of x. Consequently, it is not a suitable performance measure for class-

II-type distributed-parameter systems.

To circumvent this difficulty, the distributed-mean-square error

given by equation (3.19) is averaged with respect to x to give

S fL 1 fL 1 fT ,
Jg. = = [ R (x,0) dx = = lim —= [e(x,t)]? dt dx (3.20)
) L, ee Lo oo 2T _p-

which is herein called the spatial—éVeraged«megn—square error. Thg
spatial—averaged—mean—sqhare error is a metric, and it is analogous to
the mean-square error fofllumped—parameter systems. Thus, it is an
appropriate design criterion for many stochastic, distributed-parameter
systems.

For class-I-type disfributed—parameter systems, the ordinary mean-
‘square.error is an appropria;e metric; this metric can be obtained from

the distributed-mean-square error by specifying the particular value of

x that is of interest.

3.5 REMARKS

In optimal control theory, the choice of the performance measure is

an important aspect of the design. Therefore, the development and

/
interpretation of performance measures of class~II-type distributed-

parameter systems which is given in this chapter is a definite contri-

~
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bution to the optimal design of these systems.

The reyiew of the performance measures developed for lumped-param-
eter systems (Section 3.2) serves as background material\for the work of
Sections 3.3 and 3.4. Aiso, lumped-parameter performance measures are,
in general, applicable to class-I-type distributed-parameter systems.

In Section 3.3, performance measures for deterministic, class-II-
type, distributed-pérameter systems are discussed; a general performance
measure is formulated, énd from it, several specific performance meas-
ures are developed. '

A performance measure for stochastic, class-II-type, distributed-
parameter systems is formulated in Section 3.4. This performance

measure is posed in terms of the statistical amalysis techniques developed

in Chapter 5.
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"Ideal" System Cd(t)
G, (s)
e(t) = cd(t) - c(t)
r(t) Actual System c(t)
G(s)

Figure 3-1. Error representation for lumped-parameter systems
(Section 3.2).

vs(t)

h 4

G (s)

v(x,t) 5 + v, (x)
u(t) Gy (x,8) W i d

e(x,t) = vd(x) - v(x,t)

Figure 3-2. Error representation for deterministic class-II-type
distributed-parameter systems (Section 3.3).
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Cd(t)

/\/cm

e(t)

Fle(t)] = e?(t)
Fle(t)] = e?(t)

e(t) \/\/W

/ e(t)

ST

Figure 3-3. The integral-square-error performance measure
for c4(t) = &_;(t).
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Figure 3-4,

class-I-type problem

(0,t)
i t

/////;erminal—control
problem

Graphical illustration of the error in a typical distributed-

parameter system.
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~c(t) cd(t) = K ///f—e-neighborhood
EZED //4<j/‘i:::;;‘"y”{{/i S .,

€

T(g)
t~—-—4-+ e-maintainability

[—*ﬂ
e-reachability-

Figure 3-5. Example of e-reachability and e-maintainability for
lumped-parameter systems.

vd(x) = K

(L,0) T(e)

x > eg-maintainability
[e-reachability}

Figure 3-6. Example of e-reachability and e-maintainability for
distributed-parameter systems with boundary inputs.
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Figure 3-7.
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v ()
Gs(s) Lo G e
v(x,t) - __+ vd(x,t)
Gf(x,s) 1

e(x,t) = vd(x,t) - v(x,t)

Error representation for stochastic class-II-type
distributed-parameter systems (Section 3.4).
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CHAPTER 4

. BLOCK~DIAGRAM MODELS
FOR

CLASS-II-TYPE DISTRIBUTED-PARAMETER SYSTEMS
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4.1 INTRODUCTION

Block-diagram models, such as exist for lumped-parameter systems,
are not generally a&ailable for class-II-type distributed-parameter
systems. Because of this, several general forms of block-diagram models
are developed in the following sections for class-II-type systems. Some
of these block-diagram models were developéd by the author in a previous
work (226). These models form a basis for the appiication of optimal
design techniques to linear distributed-parameter systems. Several forms
of block—diagram models are considered, and in each case emphasis is
placed on simplicity and on the ease with which the model lends itself
to the applicétion of optimization téchniques.

In Section 4.2, four differént models are formulated for linear
class-II-type distfibuted-parameter systems with boundary inputs and with
a distributed outpﬁt. For éach of tﬁege block—diagr;m models, various
methods are given to obtain Laplace-transform transfer functions for a
general class of distributed-parameter éystems. In Section 4;3, a
block-diagram model for a linear class-II-type distributed-parameter
system which has both a distributed output and input is developed.

Although the models developed here'ére-restricted to s&s;éms which
have one space variable and the time variable; the methods can be gener-

alized to systems of higher dimension, unless otherwise specified.’

4.2 BLOCK-DIAGRAM MODELS: BOUNDARY INPUTS
In this section, block-diagram models are‘developed for a general

class of linear independent-variable-invariant distributed-parameter
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systems which are defined on a one-dimensional spatial domain X, with
its boundary denoted byli, its closure denoted by X+(X+ =X +'§), and
with the spatial coordinate variable x. Since only one spatial dimension
is considered here, X+ is taken as the closed interval [O,L], i.e.,
0=£x=1L, and the time variable t is allowed to vary over the interval
[0,°}, i.e., 0 2 t £ o,

Let-v £ v(g,t),represent fhe state of the system at any time t, and
let ul(t) and uz(t) represent the boundary inputhfunctions at x=0 and
x=L, respectively. In general, the dynamics of the linear independent-
variable-invariant systeﬁ can be répresented by a linear partial differen-

tial equation of the form

amv

= H(v, Vi, Vs oos) for 0 € x €L~ (4.1)
ot x

=

where H(v, Vs vx, ass) Tepresents a given linear function of its
arguments and where the dots denote higher-order partfal derivatives
with respect to t and x; the left-hand membér of (4.1) is assumed to be
the‘highest-order derivative with respect to t that appears in (4.1).

The boundary conditions are

v(0,t) = ul(t)
and : (4.2)
V(L,t) = u,(t)
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The initial condition v(x,0) is assumed to be zero.

4,2.1 The Distributed Model

The distributed model represents the distributed-parameter system
considered here by a single block. This model has. a distributed transfer
function, one which depends explicitly upon the spatial coordinate
variable x as well as the Laplace variable s (the transformed time vari-
able). For this case, the transfer function is obtained directly from the
partial differential equation (4.1) and its associated boundary condition§
(4.2). |

‘Several different approaches may be used to obtain distributed
transfer functions, each of which has its own merits; but possibly the
most direct approach, herein called method 1, is presented below.

First, the system equation (4.l1) is transformed with respect to t by
use of the infinite (one-sided) Laplace transform. Although the resulting .
equation is s;ill a partial differential equation, it contains gnly
derivatives with respect to the space variable x; hence, the equation may
be solved using ordinary differential equation theory (126). 1In general,
if the ul(t) = uz(t) = u(t) in equation (4.2), the distributed transfer
function? Gt(x,s) corresponding to equation (4.1) is of the form

Gt(x,s) = Vt(x,s)/U(s) where U(s) is the Laplace transform of u(t) and

s

1The notation used throughout is as follows: the right-sided Laplace
transform with respect to t of g(x,t) is denoted by Gt(x,s); the finite
Laplace transform of g(x,t) with respect to x is denoted by G*(p,t); and
the finite Laplace transform of G (x,s) with respect to x is denoted by
G(p,s).
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Vt(x,s) is the one-sided Laplace transform of v(x,t) with respect to t.\
Note that this approach can be used even if equation (4.1) is not
spatial-invariant.

An alternate approach, called method 2, incorporates use of both the
finite Laplace transform and the infinite (one-sided) Laplace transform.
When applying this approach, both a finite transform with respect to the
space variable and an infinite Laplace transform with respect to the time
variable are applied to equation (4.1). Because transforms are applied
with respect to both independeﬁt variab}es t and x, only equations of the
form (4.1) which are independent-variable-invariant can be subjected to
this approach, in general. (Both methods can be applied, however, if a
Laplace transformable function of x and t is simply added to the right-
hand member of 4.1.) Although the finite Laplace 'transform introduces
some unknown boundary conditions, these are determined in terms of the
known boundary conditions by using the analytic. property of the finite
Laplace transform (see Appendix A). The transfer function obtained is a
function of the finite Laplace variable p and the infinite Laplace
variable s. The inverse finite Laplace transform of the fransfer function
may then be effected to yield a function of the frequency variable s and
the space variable x.

0f the two methods mentioned, method 1 is easier to apply in simple
cases, but not so in complicated ones. For example, method 1 is not
easily applied to systems which have a- distributed input or to systems
which have a space dimension greater than one, while the application of

method 2 is straightforward in both cases.
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The transfer function for the distributed model is, in general, a

" transcendental function of the frequency variable s and the space

variable x, as is evidenced in the example of Section 4.2.3.

4,2,2 (Class~I Representations of Class—-II Systems

Use of values of the state variable obtained at discrete points
along the space dimension of the system is quite practical and desirable.
In the first place, it is usually easier to apply optimization techniques
to distributed-parameter systems when values of distributed state
variables at specific points, rather than the entire distributed state
variable, are used. In the second place, it is easier .to implement a
distributed-parameter system in a feedback configuration using the data
obtained at specific points (see Chapteéer 7).

The state variable is assuﬁed to be measurable at equally spaced
points along the sp§tia1 doﬁain of the system. In this way, a class-I
model is obtained for the class-~II system (for convenience, called the

. , :
class~I representation) in either a series or a parallel configuration.

If the class—I‘rep:esentation, in either form, were to be used as a
feedback system, it would result in a multi-output and hence, a multi-~
loop feedback system. Because a boundary input as a function of time
only is considered in fhis section, the di;crete values. (in space) of the
state variable which are fed back have to be weighted or avéraged in some
fashion with respect to the space variable in order to control the input
function. If open loop contfol is considered, the control problem is

still quite complex because of the generally large number of values of
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the state variable to monitor.

Although the distribuéed model is easier to represent.thén its
class-I counterpart, class-I representation'has practical merit for
purposes of feedback control; and for this reason, the method of obtaining
this model is presented below and is illustrated in the éiample given in
Section 4.2.3,

The transfer functions for the parallel-form of the class-I

representation are obtained by dividing the spatial domain [0,L] of the
system into n+l (n odd) intervals of width A, and then writing a transfer
function from the boundary x=0 to x=iA for i=1,2,,.°,(n+1)/2.4 Suppose
that the samé input is applied at eaph of the boundaries x=0 and x=L. -
Then the transfer functions and the values of the state variable are
symmetric about x=L/2=(n+l)A/2; thus, only the first (h+1)/2 transfer
functions are needed to represent the system. These transfer fundtioné,
denoted by Ggp(A,s) = Vt(iA,s)/U(s), i=1,2,...,(n+l) /2, are easily

obtained from the distributed transfer functions of the system; that is,

by substituting iA for x in the transfer function obtained in Section’

4.2.3.

In a similar manner, the transfer functions for the series-form

class~I representation are derived by againldividing Fhe interval [0,L]

into nt+l (n 6&&)‘é§uél intervals of width A; however; ihvfﬁiSNCaée, 5
transfer function is Qritten.from (i-l)A to iA, i=1,2,..,,(n+1)/2°
Symbolically: the séries:férii transfer function is denoted by-Ggs(A,s) =
Vt(iA,s)/Vt(i:ih,s), i=1,2,...,(n+l) /2 where the subscript s denotes that

it is for the series form and the argument s represents the infinite
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Laplace variable (the transformed time variable). For equal boundary

inputs, the state variables are symmetric about x=L/2=(n+l1)A/2; as before _

therefore, only-the first (n+l)/2 values are needed to represent the
:systemo'

The series—form and parallel-form transfer functions are quite
closely related, and in fact this relationship can be expressed by the

following equations.

Vt(A,s). t t

W = GIS(A,S) = Glp(A’s) (4.3)
vE(ia,s) t G5y (8,5) :

—= = G (A8 = ——F ,  1=2,3,...,(n+1)/2 (4.4)
V- (i-14,s) c G(i-l)p(A’s)

Once the transfer function for the distributed model is obtained,
therefore, the traﬁsfer functions for the parallel-form and series-form
class-I representations follow directly.

Although the class-I representatiéns are obtained in the following
example for a system with a one-dimensional spatial domain and with the
'same input applied at the spatial boundaries; this procedure can be
extended to include both unequal boundary inputs and certain higher
dimension systems, but the complexity of the model increases quite

rapidly in both cases.
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4,2,3 Illustrative Example I

Consider as an example, a distributed-parameter plant which is

characterized adequately by the partial differential equation

32v(x,t 9 t '
viﬁ——;) =K‘—“‘V(§E)’ 0=£x<L, 0w - (4.3)

with the initial condition at t=0 of

v(x,0) = 0, 0=x<=1L (4.6)
and with the boundary conditions at x=0 and x=L of
v(0,t) = w(L,t) = u(t), 0£t£w (4.7)

where K is a constant and u(t) is the input to the system applied
at the boundaries x=0 and x=L,

The transfer function of the distributed model is derived for this
problem using each of the two methods described in Section 4.2.1. Then,
from the distributed transfer function, the parallel-form and series-form
class-I representations are obtained.

To illustrate method 1, first take the infinite Laplace transform,
with respect to the tiﬁe variable t, of the sfstem equatioq (4.5); the

transformed equation is:
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azvt(x,s)
ax2

ﬁhere it is given that v(x,0) = 0.

Although equation (4.8) is still a partial differential equation,
since Vt(x,s), like v(x,t), is a function of two variables, it has the
advantage of involving differentiation wiéh respect to x only and thus
may be solved as an ordinary differential equation.

Proceeding fbrmally, equation (4.8) has a general solution of the

form
Vt(x,s) = a exp[(Ks)I/2 %] + b exp[r(Ks)l/zlx], 0=x=1L 4.9)

where a and b are independent of x. Assuming the input function u(t) is

transformable, the boundary conditions on Vt(x,s) are
t t | |
V' (0,s) = V (L,s) = U(s) (4.10)

The coefficients a and b, which are functions of s, are obtained by
applying the boundary conditions (4.10) to equation (4.9). After effect-
ing the indicated operation, the transfer function for this system is

expressed as:

= K[s V"(x,s) - v(x,0)] | (4.8)
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Vi) | ct(x,s) = ALXs8) *B(x8) 5o p.g (4.11)
U(s) C(L,s)
where
A(x,s) = exp[-(Rs)!/2(L-x)] - exp[-(Ks)!/2(1+x)]
B(x,s) = exp[-(Ks)!/%x] - exp[-(Ks)!/2(2L-%)]
= 1- exp[—(Ks)l/ZZJL]

C(L,s)

For comparison, the transfer function of the di;tributed-parameter
plant considered in this example is again derived, only this time using
method 2; that is, using_fhe finite Laplace transform in_conjunction with
the infinite Laplace transform. Pertinent properties of the finite
Laplace transform are given in Appendix A.

Using equation (A.2), the finite Léplape transform of equation_(4.5},

with respect to x for 0 = x € L, is
2 yX - |
P v (P,t) - [P V(Oyt) + Vx(o,t)] +

[p v(L,t) + V‘x(L,t:)]e—LP = K
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where
’ _av(x,t) ‘ av(x,t)
vx(ost) = St x= [ Vx(th) = _~3;“—* ’

x=L
and Vx(p,t) is the finite Laplace transform of v(x,t).

The next step is to take the infinite Laplace transform of equation

(4,.12), which gives
2 t t
p° V(p,s) - [p V'(0,8) + V. (0,s)] +
(4.13)

[p v (L,s) + V:i(L,S)]e_L-P = K[s V(p,s) - V'(p,0)]

where the finite Laplace transform of the initial condition, equation

(4.6), is
v(p,0) = 0 V . : (4.14)

and the infinite Laplace transform of the boundary conditions, equation

(4.7), is (assuming the input u(t) is Laplace transformable)
t t
\ (O’S) = V (L,s) = U(s) - - - (4.15)

Substituting the identities of equations (4.14) and (4.15) into (4.13)

and then solving for V(p,s) gives an equation for the transformed state
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variable, as follows:

[p U(s) + V(0,8)] = [p U(s) + Vi(L,s)]e P
p2'— Ks

V(p,s) =

(4.16)

t t
In order to solve for the boundary conditiomns Vx(O,s) and Vx(L,s),

the condition employed is that V(p,s) must be analytic in finite regions

of the p plane. Holding s fixed, the denominator of the finite transform

V(p,s) has zeros at p = *(Ks)!/2; hence, as explained in Appendix A, the

numerator of equation (4.16), evaluated at p = i(Ks)l/z, must equal zero.

This requirement yields two equations which may be solved for

V;(O,s) and V;(L,s) in terms of U(s).

t t -Lp
U V.(0,s) ~ [p U(s) + V_(L,s)] , =
p U(s) + V,(0,s) = [p U(s) + V (L,s)]e o (key M2

and

B U(s) + VE(0,8) = [p U(s) + Vo(L,s)le P

p= —(Ks)1/2 )

Simultaneous solution of equations (4.17) and (4.18) gives

g 1/2
V;(O,s) = (Ks)l/zU(s) {exp[—(Ks)l/zL](tanh[iEE%—-—EJ +1) -1}

(4.17)

. (4.18)

(4.19)
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and
1/2
V;(L,s) = (Ks)1/2y(s) tanh[—(-lfizl—ﬁ] (4.20)

In order to obtain the transfer function in the form of equation
(4.11), the inverse finite Laplace transform of equation (4.16) must be
effected. As explained in Appendix A, this may be accomplished by using
a table of finite Laplace transforms or by using eqﬁafion (A.S) and a
table of infinite Laplace,trénsforms, |

Since an extensive table of finite Laplace transforms is not
available, equation (4.16) is inverted using the second of the two
methods mentioned above. Appropriate substitution of equations (4.19)
and (4.20) into (4,16) yields the fdllowing eéuation for which the

inverse infinite Laplace transform must be obtained.

V(p,s) = {p + (Ks)!/2(tanh[(Ks)1/2L/2] + 1) exp[-(Ks)1/2L] -
(4.21)
U(s) '
1/2y —— 2 ..
(KS) / } PZ - Ks
Holding s fixed, equation (4,21) is inverted
Vi) = X (n(L,s) expl~(Ks)/2x] + E(L,s) exp[(Ks)!/2x]}  (4.22)

2
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where
D(L,s) = 2 - exp[~(Ks)!/2L](tanh[(Ks)}/2L/2] + 1)
and

E(L,s) = exp[-(Ké)1/2L](tanh[(Ks)1/2L/2]'+ 1)

Equation (4.22) is simplified to obtain the transfer function Gt(x,s)

which agrees with equation (4.11) obtained by method 1; that is,

. _
V08 | gbx,e) = A0St BGS) 0€x¢<L (4.23)
U(S) . C(L,S) )

where A(x,s), B(x,s), and C(L,s) are defined below equation (4.11).
To obtain a more convenient form, equations (4.11) and (4.23) are
written in terms of hyperbolic'functions and are simplified using

hyperbolic identities, as follows:

inh 1/2 1/2¢9x- )
Gt(x,s) _ 2 sinh[(Ks)*/4L/2] cosh[(Ks) (2x-L) /2] C 0exsL (4.28)

sinh[(Ks)1/2L]

Using equation (4.24), the distributed..model of this distributed-
parameter plant is illustrated in Figure 4-1; note that it contains both.

a distributed transfer function and a distributed output.
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To illustrate the class-I representations of a class-II-type system
with equal boundary inputs, both the series-form and parallel-form
representaﬁions are givén fdrvthis example. As stated previously, the
transfer functions for thesehrepresentations may be obtained directly
from the distributed transfer function which has already been derived.

A preliminary step in obtaining the class-I representations is to
divide the.spatial domain [O0,L] of the system into n+l equal intervals
of width A; that is, A=L/n+l_(n odd)-

The ith fransfer function for the-parallel form is obtained by
substituting (n+1)A for L and iA, i=1,2,...,(n+l)/2, for x in equation
(4.24) . For the system considered in this example, the same input,

u(t), is applied at x=0 and x=L, and thus, the distributed state variable
is symmetric about the center x=L/2=(’n+1:)A‘/2° Using this fact, the
first (n+l)/2 transfer functions'give sufficient informatién to completely

represent the system. Hence,

£
o TS) Gip(A,S)

_ _ (4.25)
2 sinh[(Ks)1/2(n+1)A/2] '

- —~  cosh[(Ks)}/2[2i~(n+1)14/2]
sinh[(Ks)!/2(n+1)A]

where GEP(A,S) represents the transfer functions from x=0 to x=iA,

1=1,2,..., (0k1) /2.

oy ! PR

Because each transfer function has a common term, namely,




2 P ST O R DY SEA ¥ Lt N ]

81

2 sinh[(Ks)1/2(n+1)8/2] / sinh[(Rs)}/2(n+1)a] ,
the block diagram may be represented as shown in Figure 4-2.

For the series-form class—l representation, the transfer funétions
‘are written from the input to the éutput of each interval A; that is,
from (i-1)A to i4, i=1,2,...,(n+l)/2.

Using equations (4.3) and (4n4),-the sefies-foim transfer functions
are obtained directly fromAthose’derived for the paraliel form. For this

example, the series transfer functions are given by

t _ At
GlS(A,S) = Glp<A’s)
(4.26)
2 sinh[(Ks)!/2(nt1)4/2] 1/2
T ' ' -1)A/2
sinh[(Ks)1/2(n+1)A] cosh[ (Ks) '/ 4(n-1)A/2]
and
t “\
t - Gip(A’S) . |
GiS(A’S) = T 5
G(i—l)p‘(A’s)
(4.27)

cosh{(Ks)1/2[21 - (n+1)]4/2}
cosh{(Ks)1/2[2(i—1) - (n+1)]4/2}

for i=2,3,...,(n¥+1)/2.
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Just as for the parallel case, only the first (n+l1)/2 values of the
state variable, and hence, of the transfer functions are needed to
represent the system; the values of the state vafiablé are symmetric
about x=L/2=(n+1)A/2., The series—form 619ck diaéram for this example is

shown in Figure 4-3.

4.2.4 The Harmonic Model

The spatial-harmonic representation --- representing a diétributed-
parameter system by a harmonic series in the spatial variable x --- is
used by McCausland (161, 198, 290) and Murray (217, 218) for the analysis

of class-II-type distributed-parameter systems. McCausland (161, 198,

©290) did not give a method for obtaining this representation; and,

although Murray (217, 218) pfg§ented two methods for obtaining this type
of model, he did not deﬁonstrate the utility of the finite sine and
finite cosine transforms for its derivation. ‘Several authors have
applied the finite sine and finite cosine transforms to the solution of
boundary-value problems (for example, references 6, 31, 40, and 58) but
these transform techniques have not been used, in general, for the
analysis of class-II-type, distributed—-parameter control systems. In
this subsection, therefore, a method which uses these transform techniques
is developed for determining-transfer functions‘for the hérmonic—block—
diagram models of class-II-type distributed-parameter systems.

The method of obtaining the transfer functions for the harmonic
model, as presented here, is a straightforward one which makes use of the

infinite (one—sided) Laplace transform together with the finite sine
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transform or the finite cosine transform, whichever:is applicaBle° The
choice of the transform, finite sine or finite cosine, depends upon the

form of the boundary conditioms: it is well known that if the boundary

conditions are specified in terms of the state variable v(x,t), the finite

sine transform is applicable; but, if the boundary conditions are speci-
fied in terms of the first derivative 3v(x,t)/9x, the finite‘cosine
transform is applicable (see Appendix A.for more detail). The procedure
used herein is as follows: First, the partial differential equation
characterizing thersystem is transformed with respect to x by the finite
sine (cosine) transform; second, the resulting equation is transformed
with respect to t by the infinite (one-siaed) Laplace transférm; apd
third, the inverse finite sine (cosine) transform of the transformed
equétion whicﬁ results from steps one and two is effected.

In general, if ul(t) = ﬁz(t) = u(t), the system can be represented
by one infinite sgt of blocks thch contains only odd spatial harmonics.
However, if ul(t) # uz(t),'two infinite sets of blocks which contain
both even and odd harmonics are required, and the outputs of the two
sets, for which inputs are ul(t) and uz(t), respectively, are summed to
yield the distributed output VS (x,s).

Although_an infinite number of blocks is required to represent the
system, an approximate analysis of the syétem can be accomplished by
using only a finite number of harmonics --- see references 161, 198,
217, 218, and 290. In addition, Vichit Lorchirochoonkul, a gfaduate
student at Montana State University,‘is incorporating the use of this

model in his development of various approximations for optimal design of
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distributed-parameter systems.

The following example illustrates the steps incident to the

formation of this type of model.

4,2.5 Illustrative Example IT

Again, consider as an example, a distributed-parameter piant which

is characterized adequately by the partial differential equation

32 t 3 t '
V(X,) =KV(X,)’ OéxéL’ 02 t £ ® (4.28)

ax? ) ot

with the initial condition at t=0 of

v(x,0) =0, 0=x=1 (4.29)
and with the boundary conditions at x=0"and x=L of
v(0,t) = v(L,t) = u(t) , 0 £t = o (4.30)

where K is a constant and u(t) is the input to the §ystém applied at the
boundaries x=0 and x=L.

Because the boundary conditions are specified in terms of the state
variable v(x,;t), rather than in terms of the first derivative 9v(x,t)/ox,

the finite sine transform is used.
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Using equation (A.14), the finite sine transform with respect to x

of equation (4.28) is

dv.(n,t) -
—<—) vV (n,t) + @D 1>“+1v<L,t> +v(0,0] = x—E—— (4.31)
where V (n,t) denotes the finite sine transform with respect to x of

v(x,t). Substituting the boundary conditions given by equation (4.30)

and rearranging, equation (4.31) reduces to

dv (n,t) +1
K —2— + (&L ) V. (n,t) = EDH[EEDT + 1] u(e) (4.32)
dt S L

Now, assuming that the'input function u(t) is Laplace transformable,

the Laplace transform of equation (4.32) is

Kis Vim,9) -V, .01 + EDNE@,) = EHIED™ 4 1) 0 (4.39)

where V:(n;s) represents the Laplace transform with respect to t of
Vs(n,t)o Taking the finite sine transform of the initial conditions
given by equation (4.29), it is found that V (n,0) = 0; therefore,

equation (4.33) can be written as follows:

' _qyntl
Vg(n’s) _ (on/L) [(-1) + 11 U(s) .38
K[s + (an/L)2/K) :
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Next, using the inversion formula given by equation (A.8), the inverse

finite sine transform of equation (4.34) is found to be

© -1 n+l1 . . )
vi(x,s) = EL (L~ + 11 sintamx/L) o | (4.35)
KLZ n=1 [s + (an/L)2/K]

Note that when n is even, the term which appears within the summation in
equation (4.35) is zero; therefore, only odd spatial harmonics are

present. Thus, if n is replaced by 2k~1, equation (4.35) reduces to:

, ® ~1) sin[(2k~-
Ve(x,s) = AT ¥ (Zl) sinl@k-Dm/E] 4 o) (4.36)
KL® k=1 s + [(2k-1)7/L12/K

Finally, from equation (4.36), the transfer function for the harmonic

model is obtained, as follows:

t : ® ~1) sin[(2k-1
V-(x,s) - 41 (2k~-1) sinf( Yrx/L] , 0y <L .37
U(s) KL? =1 s + [(2k-1)w/L]2/K

As shown in Figure 4-4, the harmonic model of the system considered
in this example is represented by one infinite set of simple blocks.

Although only the use of the finite sine transform is illustrated
here, a similar prqcedure is followed when the finite cosine transform is

applicable ~-~ that is, when the boundary conditions are specified in
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terms of the derivatives, §!%§4£l  o= u3(t) and vix,t) = u4(t5 o
X |x=0 , L P

4,3 BLOCK-DIAGRAM MODELS: DISTRIBUTED INPUTS

Thus far in this chapter, all of the block diagrams have been
formulated for systems which have’boundary inputs; not all distributed-
parameter systems fit into this class, however. In this section, block-
diagram models for linear distributed-parameter systems which have
distributed input functions, as well as distributed output functions, are
treated. For this case, method 1, described in Section 4.2.1, is not
. readily applicable; but method 2 can be applied to this case gnd is so
done in Section 4.3.1.

Consider a general distributed—pa;ameter systeﬁ withythe following
properties: The system is defined on a one-dimensional spatial domain X,
with its boundary denoted by i; its closure by X+(X+ = ﬁ +'§); and with.

a spatial coordinate variable x. As in Section 4.2, the spatial domain

xt

I

L, and the time variable

I\

is taken as the interval [0O,L], i.e., 0 = x

0N

t is taken over the semi-infinite range, 0 £ t £ =,

The following symbols are used in this section: v = v(x,t)
represents the state of the system at any ﬁime t, ul(t) and uz(t)
represent, resfectively, the inputs at :the boundaries x=0 and x=L, and
'f = f(x,t) represents the distributed input function which is assumed
to be Laplace. transformable. It is-assumed that the dynamics bf

the linear system can be represented by a linear partial diffgrential

equation of the form
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am
——?%—’-9— = H(v, vy, V,, ..0) + £(x,t) (4.38)
X

where H(v, Vs G%, .s.) represents a given linear function of its
arguments and where the dots denote higher—order partial derivatives with
respect to t and x; the left—hand member of (4.38) is, assumed to be the
hlghest order derivative with respect to t that appears in (4.38). _The

boundary conditioris are

V(O,t)l = “.1<t)
and , (4.39)
V(Lst) = uz‘(t)

The initial condition y(x,O) is assumed to be zero.

4,3.1 An Implicit Transfer Function

For class-II-type distributed-parameter systems having both a
distributed input and output, an explicit transfer function (output/input)
cannot be obtained in general; it is possible, however, to obtain an

implicit transfer function. An implicit transfer function is defined as

one in which the ratio of the transformed output to the transformed
input cannot be obtained explicitly, but one which gives, nevertheless,

the Laplace~transform relationship between the output and the input
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(or inputs). To obtain the implicit transfer function, a procedure
similar to method 2, given in Section 4.2,1, is used.

As in the case of boundary-input class-II-type distributed—parametér
systems; the transforms effected are a finite Laplace transform with
respect to the space v;riabie X and an iqfini;e Laplace transform with
respect to the time variable t. As before, the finite Laplace transform
introduces some unknown boundary conditioﬁs which must be resolved by
using the fact that the finite Laplace transform must be anaiytic‘in
finite regions of the p plane. In this case, however, the above-noted
operation intfoduceé some added complexities Because the distributed
input, which is a function of both Lapiace variables p and s, appéars in
the equafions'for the unknown boundary conditions. Thus,’as will be
demonstrated in Section 4.3.2, the distributed input function must be
evaluated at the zeros with respect to p of the denominafor of the finite
transform V(p,s); usually, these zeros are themselves functions of s.

As is to be expected, the block diagrﬁms for distributed input
systems are more complex than those obtained for boundary input systems.
For boundary-input distributed-paraﬁeter systems, the output is obtained
as a function of the space variable_x and the frequency variable s; but
in general, the output from a system which has distributed inputé cannot
be obtained in this form because the finite Lapléce transform cannot be
inverted until after the explicit form of the distributed input is given.
Thus, an implicit transfer function is obtained as a function of the

Laplace variables p and s; this is illusﬁrated by the following example.
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4,3.2 Illustrative Example III

The problem considered is similar to that of Sections 4.2.3 and
4.,2.5; a distributed-parameter plant is described by the partial

differential equation

32v(x,t) ov(x,t) '
5 - K = f(x,t) , 0=x =1L, 0€£t =o (4.40)
9x*~ at

with the initial condition at t=0 of

v(x,0) = 0, 0x <L (4.41)
and with the boundary conditions at x=0 and x=L of
v(0,t) = v(L,t) = u(t) , 0t £ow (4.42)

where K is a comstant, u(t) is a boundary iﬂput, and f(x,t) is the
distributed inpﬁt to the system.

Using equation (A.2), the finite Laplace transform, V*(p,t), with
respect to x (0 £ x £ L) of ;(x,t) in equation (4.40) is an element of

the following equation:

p2 V¥(p,t) - [p v(0,t) + v, (0,t)] +
(4.43)

(o (L) + v @,0]e P - k LD - wX(p,
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where
v t)
vx(o’t) = _a._.(x_’._) 5 v (L,t) = .?M
' ox x=0 X Bx x=L

and Fx(p,t) is the finite Laplace transform of f(x,t).
Equation (4.43) is transformed by the infinite Laplace transform

with respect to time to give

p? V(p,s) - [p VE(0,s) + VE(0,8)] + [p VE(L,s) +

(4.44)
Vi(L,s) e - K[s V(p,s) - V(p,0)] = F(p,s)
The initial condition is transformed by taking the finite Laplace
transform of equation (4.41),
vE(p,0) = 0 ' (4.45)

Assuming u(t) is Laplace transformable, the boundary conditions are trans-

formed by taking the infinite Laplace transform of equation (4.42),
t t, - ' '
V'(0,s) = V (L,s) = U(s) (4.46)

and finally, the identities given by equations (4.45) and (4.46) are

substituted into (4.44), which is then solved to obtain
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Ip U(s) + VE(0,s) + F(p,s)] - [p U(s) + VE(L,s)]e™P
V(p,s) = (4.47)
(p? - Ks)

In the'above expression, the boundary conditions V;(O,s) and
V;(L,s) are defermined by the requirement that V(p,s) must ;atisfy the
following basic property of finite Laplace transform theory: namely, a
finite Laplace transform must be analytic in finite regions of the
p plane. In the case of would-be first-order poles, the numerator, as
evaluated at the zeros of the denominator of V(p,s), must‘equal zero.

This requirement yields

[p U(s) + VE(0,8) + F(p,8)] = [p U(s) + VE(L,s)]e™™P =0 (4.48)
=-(Ks) }/2

and '

[p U(s) + V;(O,s) + F(p,s)] - [p UGs) + V;(L,S)]e-Lpl =0 (4.49)
p=(Ks) /2

which are solved simultaneously to obtain

F[-(Ks)1/2,s] - F[(Ks)1/2,s]
Vi(L,s) = ~ + U(s) B(L,s) (4.50)
‘ 2 sinh[(Ks)l/zL] ‘ -
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and
VE(0,s) = F[-(Ks)l/z,s]M(L,s)'- F[(Ks)1/2,5]N(L,s) + U(s)P(L,s) (4.51)
where
M(L,s) = exp[-(Ks)!/2L) / 2 sinh[(Ks)1/2L]
N(L,s) = exp[(Xs)!/2L] / 2 sinh[(Ks)1/2L]
P(L,s) = (Ks)l/ztanh[(Ks)l/zL)Z]
FI-(Ks)1/2,s] = F(p,s)]| :
: p= -(K_s)”2
F[(ks)/2,5] = F(p,s)
' p=(Ks)1/2

By substituting the identities given by equations (4.50) and (4.51)
yappropriately into equation (4.47) and then simplifying, the implicit

transfer function for this example is obtained as shown below.

1 -
V(P,8) =~ (UG [ )p + Q(L,9)] + Fp,8) +

(4.52)

F[-(Ks>1/23s1R<L,s> + F[(ks)1/2,s]18(L,s)}
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where ,

Q(L,s) = (Ks>1/?(1+e‘LP><1 - exp[-(Ks)1/2L]) / (1 + exp[-(Ks)!/2L])
R(L,s) = (exp[-.-(Ks)l/zlL] - e7IP) /-2‘sinh[(Ks)1/2L]

S(L,s) = (e - exp[(Ks)!/2L]) / 2 sinh[(Ks)!/2L]"

The terms -in the right-hand member:of equation (4.52) represent,

respectively, the effect on the 6utput of the system due to:

1, the boundary conditions;
2, the distributed input;
3, the distributed input with p replaced by —(Ks)l/z; and

4, the distributed input with p replaced by (Ks)l/z.

The block diagram of this system is shown in Figure 4-5, where the

diamond—shapedﬂblock represents symbolically the operation

F(p,s)

p=(Ks)1/2

and

F(pbs)

p= —(Ks)l/2




95
4.4 REMARKS

For the distributed model (Section 4.2.1), the Laplace-transform
transfer function is obtained for linear distributed systems defined on
a one-dimensional spatial élomain° Quite often; the same techniques can
be applied to similar systems with spatial domains of more than onme
dimension.

In Section 4.2.2, class~I representations .are developed for a
generallclass-II-type distributed-parameter system with equal boundary
inputs and with a one-dimensional spatial domain. Here too, the general
approach is applicable to many systems of more than one dimension; for
higher dimensional systems, however, the model is a grid of blocks instead
of thg simple series of blocks obtained for the one-dimensional spatial
domain. |

In Sectién 4.,2.4, the utility ;f the finite sine and fiﬁite cosine
transforms is demonstrated for the derivation of a spatial-harmonic-model
representation of a class-II-type distributed-parameter system with
boundary inputs. Although the harmonic model reduires an infinite number
of simple blocks to represdnt a distributed-parameéter system, it is a
convenient representation because an approximgte analysis of the system
can be accomplished by using only a finite number of harmonics.

Block-diagram models for class-II-type distributed-parameter systems
with distributed inputs are obtained by use of a new block—diagrém
operation, one which is not encountered in lumped-parameter systems.

Even for one spatial dimension, an explicit transfer function cannot be

obtained; but the implicit transfer function developed gives sufficient
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information to represent the systeﬁ_in block-diagram form. Apart from
this, however, the diagram involves only conventional opérations.

As is evidenced, finite integral transforms play an important role
in the derivation of transfer functions for the block diagrams of
distributed-parameter systems. By using a finite integral transform for
variables defined on a finite domain and-the infinite (one-sided) Laplace
transform for variables defined on a semi-infinite range, thg transfer

functions for a wide class of higher dimension systems can be derived.




U(s)

2 sinh[(Ks)!/2L/2] cosh[(Ks)!/2(2x-L)/2]

Vt(x,s)

sinh[(Ks)1/2L)

Figure 4-1.

The distributed model (Example 4.2.3).
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cosh[—(Ks)l/z(n—l)A/Z]

viea,s)

vt(2a
cosh[-(Ks) 1/2(n-3)4/2] s
U(s) 2 sinh[(Ks)1/2(n+1)4/2]
sinh[(Ks)l/z(n+1)A]
AT
cosh(0) = 1
Figure 4-2. The parallel-form class~I representation (Example 4.2.3).
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cosh[-(Ks)l/Z(n—l)A/Z]

cosh[—(Ks)lle]

Figure 4-3. The series-form class-I representation (Example 4.2.3).

U(s) 2 sinh[(Ks)l/Z(n+1)A/2] cosh[-(Ks)l/z(n-l)A/Z] Vt(A,s)
sinh[(Ks)l/z(n+l)A]
==
cosh[-(Ks)1/2(n-3)8/2] | v%(2a,s) Vt(n;zlA’s) 1 Vt(g;—lA,S)
e e — >
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sin(mx/L)

(s + m2/KL2)

KL?

Figure 4-4.

3 sin(3mx/L)

(s + 912/KL2)

(2k-1) sin[(2k-1)mx/L]

(s + (2k-1)2w2/KL2)

The

:; Vt(x,s)

harmonic model (Example 4.2.5).
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(1-e7IP) (1+exp[-(Ks) 1/2L])p - (Ks)1/2(1+e”LP) (1-exp[-(Ks)1/2L]

1+ exp[—(Ks)l/zL]

F(p’s) 1 V(P’sl_

p2 - Ks

exp[-(Ks)1/2L] - o P

2 sinh[(Ks)l/zL]

_Lp

e - exp[(Ks)l/zL]

7 sinh[(Ks)l/zL]

Figure 4-5. Block diagram for distributed-input system (Example 4.3.2).




CHAPTER 5

STATISTICAL ANALYSIS OF

DISTRIBUTED-PARAMETER CONTROL SYSTEMS
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5.1 INTRODUCTION

The statistical analysis and design of lumped-parameter control
systems has been investigated by numerous authors (20, 30, 80, 101, 261,
and others?, and it is now an integral part of most graduate-level
courses in control theory. In the anaiysis of stationary random proc-
esses, the autocorrelation aﬁd cros;—correlation functions together with
their respectiﬁe spectral density functions p1;y an important role when
thé processes analyzed satisfy the ergodic hypothesis. The ergodié
hypothesis isAsatisfied by a given system if the following;two procedures
lead to identical results‘in regard to ‘the stagistical properties.of the
signals in the system: (1) the sigpals_of the system are recorded over
n randomly spaced intervals of width T, and these records are used to
compute statistical properties; or (2) the signals of a set of n systems,
each of which is identical in character to the given system, are recorded
over a single time interval of width 1, and these records are used to
compute statistical properties (for a more rigorous treatment, see
referenqe number 9). | |

In 1963, Itskoviéh (180) used a discrete forg of correlation function
to determine the optimum location of pickups in a distributed field. In
a more recent paper, Senin effected statistical analysis of class-II-type
distributed-parameter systems which are subject to stationary, ergodic,
random disturbances or inputs. Subsequently, Senin used these techniques
for the extrapolation of signals (233) and for.the design of stochastic
distributed-parameter systems (271). Because Seniﬂ's first paper on this

subject‘(238) is very brief and because the translation from the Russian
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is:very poor, this chapter is devoted to clarifying and expanding the
-theory advanced therein. In Section 5.2, the basis of the method of
‘analysis is presented by means of an example; in Section 5.3, a
(convenignt procedure is given for obtaining the distributed spectral-
density function of a general, second-order, linear partial differential
“equation; and in Sections 5.4 and 5.5, various boundary’conditions are
"incorporated into the analysis to obtain explicit distributed spectral-

density functions.

~

-5.2 A METHOD OF ANALYSIS FOR STOCHASTIC DISTRIBUTED-PARAMETER SYSTEMS

In the develépment of the techniques which follow, the time-
invariant, stochastic, distributed-parameter systems considergd.are
assumed to be in the steady-state mode of operation; that is, determin-
istic transients are not present, and the initial conditions do not
influence the statistical properties of the process. Also, the process
and the disturbances which act on the process are assumed to satisfy the
ergodic hypothesis.

It is convenient to develop the method of analysis by means of an
example. For this purpose, consider a distributed-parameter system
defined on a finite spatial domain, 0 = x € L. The system has inputs

applied at the spatial boundaries and is characterized by

2 .
fv(x,t) _ . dv(x,t) _ (5.1a)

ax2 ot

!
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In order to determine the "correlation" between the values of the state
‘variable measured at various points along the spatial dpmain of the
" 'system, it is convenient to éonsidér two models of the single system,

herein introduced as the two-model representation: the first model has

-~ the' spatial coordinate x, 0 = x < L, and the state variable v(x,t); and

the second model has the spatial coordinate y and the state variable
v(y,t+1), where t is a time-shift parametér, This method of represen-

tation is illustrated in Figure 5~1. The equation governing the second

system is
2 N
%v(y,ttT) _ , Gy,ttD) (5.1b)
ay? at

and by definition,

v(x,t) = v(y,t+1)| 4 .2)
y=x ‘
=0

For the systems considered in this section, the correlation between
the value of the state variable at x and at time t and the value of the
state variable at y and at time t+1 is expressed by the distributed

autocorrelation function defined by

. ' T
va(x,y,r) = lim == f v(z,t) v(y,t+1) dt (5.3)
T
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To find the correlation function for the example considered here,
~corresponding members of equations (5.1a) and (5.1b) are multiplied, and

the product is averaged with respect to time to obtain

. .7
i L f -{azv(x,t) 3%v(y, t+1) - K 32v(y,t+r) av(x,t)
Toe 2T _p 2 . ay? 3y? ot
(5.4)
) )
) V(.xét.) dv(y,t+t) + K2 ov(x,t) av(y’tﬂ)} dt = 0

In this equation, the partial derivatives with respect to t are replaced

by equivalent convolution integrals as follows:

T 42 2 2 ©
. 1 3%w(x,t) 3%v(y,t+t) 3<v(y,t+T) .
lim == { -K v(x,t-t,)8(t,) dt
Toses 2T._Tf 9x2 dy? dy2 _wf 177 T
- K M fwv( t+r-t )é(t ) dt., + (5.5}
a2 ) W 270420 €5 “ °
Kz_wf v(x,t-t5)§(t,) dt3_mf v(y,t+i-t,)8(t,) dt,} dt = 0

where 6(t) (the Dirac delta function) and §(t) = d§(t)/dt are generalized
functions. Because equation (5.5) satisfies Fubini's theorem and
because the partial derivatives which appear in the integrands are

continuous, both the order of integration and the order of partial
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differentiation and integration can be interchanged. Thus, equation .(5.5)

is rewritten as follows:

ot o T
—~eee [1im 7 f v(x,t) v(y,t+1) dt] -
9x2 3y2 Tse 2T _p :
32 °°_ 1 T .
K-gﬁ {_wf a(.tl)[;i: 33 _Tf v(x,t-t)) v(y,t+r) dt] de } -
(5.6)
32 ® . 1 T
ey {_J G(tz)‘[%}:: -z—f_Tf v(x,t) v(y,t+r-t,) dt] dt,} +
- © T : : )
K2 [ §(ty) [ 8(tp)[lim =% [ v(x,t-ts) v(y,t+1-t;) dt] dt, dt, = 0
. 3 el S st=t3) vy, 4 4 9t3

and by use of the definition of the distributed autocorrelation function

given by equation (5.3), equation (5.6) is rewritten as

a 32 °°“
P ayz-- va(x,}'s‘t) - K ——Byz _mf G(tl)_va(x,y,°r+t1) dt; -

2

K2 wf <S'(t3)_mf 8(t,) Ryy(x,y,THty-t,) dt, dtg = 0

K—ax—z_mf §(ty) Ryy(x,y,7-ty) dt, + | (5.7)
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After carrying out the integrations indicated in equation (5.7), a
partial differential equation in terms of the distributed autocorrelation
AN

function is obtained; that is

4R, (%,7,7) 33R , (x,y,T) 8%R__(x,y,7)

+ K - K -
ax2 ay? 9y2 a1 0x? 3t

(5.8)

" 32Ryy (%3, 1)
972

The distributed autocorrelation function can now be determined by
solving the partial differential equation (5.8); the solution of this
partial differential equation is facilitated by the use of the two-sided
Laplace transform. Hérein, the two-sided Laplace transform with respect

to T of va(x,y,r) is denoted by Szv(x,y,s):

S;sv(xsy’s) = f K‘,v(x’}’fr) e-ST dt ' (5_-9)
and
v o ST '
va(x,y,r) = 517 f va(x,y,s) e ds (5.10)
TfJ _jw -

From S’ (x,y,s), the distributed spectral-density S} (x,v,jw) 1s obtained
v , > A vv

by letting s=jw.
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Using the notation given above, the two-sided Laplace transform with

respect to T of equation (5.8) is

| Equation (5.11) is now in a form which can be solved by the method of

separation of variables (126); therefore, st (x,j,s) is assumed to be
vv

of the form

Soy(:7,8) = X'(x,8) Y'(y,8) ' | (5.12)

where XT(x,é) is a function of x and the independent parameter s, and
Y'(y,s) is a function of y and the independent parameter s. Letting
s=jw and substituting the right-hand side of equation (5.12) into

equation (5.11), it follows that

T (x,jw) YT (y,jw) + jwK X"(x,jw) ¥ (y,jw) -

(5.13)

]
(=]

jwK XT(x,jw) Yr(y,jw)' + WZKZXT(X,jW)‘YT(Y:jW)

aksy, (x,y,8) 3257 (x,¥,8) 3287 (x,,8)
+ Ks - Ks -
8x2 8y2 ayz axz
(5.11) .
Kzszsgv(x,y,s) = 0
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and, in factored form,

[—jWK.XT(x,jW) - iT(ijW)][jWK YT(y,jw) - :Y.T(y,jw)] = ( ‘(5.14)
2%7 24T .
where xT(x,jw) = M and ?T(y’jw) = dY (y,jw) .
dx? _ dy2

Because the distributed autocorrelation function evaiuated at x=y
va(x,y,T) | is an even function of 1, the distribufed spectral-density
function evzzzated at x=y S;v(x;y,jw)‘ is an even function of w.
Using this property of the distributedx;gectrﬁl-density function; it

follows that

Yi(y,jw) = X (£,§w)]| ' (5.15)
X=y

where im(x,jw) is the complex conjugate of XT(x,jw). Thus, it follows

from equations (5.14) and (5.15) that

juK XT(x,jw) + X (x,5w) = 0 (5.16)
and
JUK X (y,5w) - Yr(y,jw) = 0 (5.17)

Consequently, by using the method of separation of variables, the partial

differential equation (5.11) is reduced to two ordinary differential

M W . Sy 1)
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equations which may be easily solved for XT(x,jw)Aand YT(y,jw) to obtain

XT(x,jw) = A(jw) exp[-(-jwK)1/2x] + B(jw) exp[+(-jwK)1/2x] (5.18)
and
Yi(y,jw) =

C(jw) exp[~(jwK)}/2y] + D(jw) expl+(jwK)1/2y] (5.19)

where the coefficients A(jw), B(jw), C(jw) and D(jw) are determined from
the boundary conditions which are necessarily specified for thé particular
problem considered. From equations (5.18) and (5.19), the distributed

spectral~density function for the example considered here is

Sy (¥,7,3W) = {A(jwW) exp[-(-jwK)1/2x] + B(jw) exp[(-jwK)}/2x]} -
(5.20)

{C(iw) exp[-(§wK)}/2y] + D(jw) exp[(jwK)1/2y]}

5.3 OBTAINING THE DISTRIBUTED SPECTRAL-DENSITY FUNCTION

Although the process just completed i; useful for illustrating thg
theory, a more straightforward method for obtaining the distributed
spectral-density function is illustrated below. First, the two-sided
Laplace transform with respect to t of the partial differential equation

(5.1a) characterizing the system is obtained; that is, letting s=jw
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92 | t, .
[;“; - jwK] V (x,jw) = 0 : (5.21)
x . .

2
Replacing 323. by r? the characteristic equation of the system is
9x

obtained
(r2 - juK) = 0 (5.22)

and solving for the roots of this equation, denoted by r, and r

1 2’
YT(y,jw) can be written in terms of these roots
T . i . '
Y (y,jw) = C(jw) explr;y] + D(jw) explr,yl (5.23)
where r = -(_ij)l/2 and r2 = (ij)l/z. Because Yr(y,jw) and XT(x,jw)

at x=y are complex conjugates, XT(x,jw) can be determined from the

conjugate characteristic equation,

(F2 + jwK) = 0 . . (5.24)

Having solved for the roots of the conjugate characteristic equation

(5.24), -denoted by'?l and ?é, XT(x,jw) can be written as

X'(x,jw) = AW exp[E;x] + B(jw) exp[F,x] (5.25),

where'fi = -(-jwK)1/2 and T, = (-jwk) /2,
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For a general second~order steady-state system described by

2 2 ¢ .
a 34v(x,t) + b av(x,t) + e 9°v(x,t) v d Sv(g,t)
itz at 3t ox x
(5.26)
32v(x,t)
e ——;;E——~ + fv(x,t) = 0
where é, b, ¢, d, e, and f are constants, the distributed spedtral-
density function can be written as
T . - . - o1
Sgy(®>¥,3W) = {A(jw) exp[F,x] + B(jw) exp[T x]} -
' (5.27)
{C(3w) exp[rly] -+ D(jw) exp[rzy]}\
where r1 and rz are the roots of the characteristic equation,
er? + (d+ jwe)r + (jwb - aw? + f). = 0 - (5.28)

and"f'1 and ?é are the roots of the conjugate characteristic equation,

ef? + (d - jwe)T + (-jwb - aw? + £f) = 0 : (5.29)
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5.4 INCORPORATION OF BOUNDARY CONDITIONS

To complete the formulation of thg distributed spectral-density
function of equation (5.27), the coefficients A(jw), B(jw), C(jw),‘and
D(jw) must necessarily be determined. These cdefficienté are determined
by expressing the'boundary conditions in terms of spectral density
functions. To illustrate the pfocedure, three basic types of boundary
conditions are considered: Boundary conditions of the first type,

v(x,t) = u(t) ' (5.30)

x=0

of the second type,

= q(t) ' (5.31)

ax x=0

and of the third type,

ov(x,t)

k[6(t) - v(x,t)| 1] : (5.32)
ox

x=0 x=0

wﬂere k is a constant;hand u(t), q(t), and 8(t) are stationary random
functions for which correlation functions are assumed known or may be
determined by known methods (41). The corresponding spectral density
functions for these boundary conditioms are derived by first finding

the distributed autocorrelation functions and then taking the Laplace
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transform of the results and letting s=jw.
To illustrate this procedure, a boundary condition of the first type
is now considered. Again employing the two-model representation shown in

Figure 5-1, a boundary condition of the first type is expressed as follows:

v(x,t) = u(t) : :
x=0 (5.33)
and
v(y,t+T1) = u(t+1) . (5.34)
y=0

" Corresponding members of equations (5.33) and (5.34) are multiplied and

averaged with respect to time with the result that

T T '
lim 3% f v(x,t) v(y,t+1) dt = lim 'E% f u(t) u(t+t) dt (5.35)
T -T . x=y=0 . Toe ~T
which reduces to
R,y (X,¥,7) = R, (x,7) = R,.(0) (5.36)
x=y=0 : x=

where Ruu(r) is the autocorrelation function of the time function u(t),

and va(x,r)

is defined to be the distributed autocorrelation function

x=0 :
va(x,y,r) evaluated at x=y=0. Taking the Laplace transform of equation
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(5.36) and letting s=jw, the boundary condition of the first type is

obtained in terms of spectral density functions.

Sgy(xs¥,3) | = oSL,xm| - = s Gw (5.37)
x=y=0 : x=0 . : '

Following a similar procedure, boundary conditions of the second and
third type are obtained in terms of spectral density functions: For

boundary conditions of the second type,

T .
828,y (x,jw)

= 8§ j ’ 5.38
7 . 1q (1) | (5.38)

and for boundary conditions of the third type,

3257 (x,jw) ' 7 353, (%, W)

+ k28F (x,5w) 1]« = k28..(jw) ~ (5.39)
w2 % ; vV 5] =0 gg\J

where Sqq(jw) and See(jw) are the spectral density functions corresponding
to the time functions q(t) and é(t), respectively.

In addition, the disturbances aéplied to the opposite boundaries of
the system may be correiated; the distributed spectral-density function
S;v(x,y,jw) must necessarily enfold this cqrrelation.” By.deéermining

the cross—correlation function and the corresponding spectral density of

the disturbance applied at x=0 and the disturbance applied at x=L, the
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cross~correlation effect can be included in the distributed spectral- |
density funétion ng(x,y,jw) when the coefficients A(jw), B(jw), C(jw),
and D(jw) are determined. From the,three types of boundéry conditions

considered here, six distinct combinations are possible, as follows:

1. Boundary conditions of the first type at bdth ends,

v(x,t)

ui(t) | (5.40)
x= '

v(x,t) NON : (5.41)

x=L

In this case, the distributed spectral-density function Szv(x,y,jw)

must satisfy the following conditions

St (X,y,iw) = S (jw) : (5.42)
w £=0 Y% '
y=L
and
S:';v(x sY s Jw) L = Suzu{jw) = Su]_ug-jW) ’ ' (‘5‘. 43)
x:
y=0

where Su u(Jw) and Su u(Jw) Su u(—jw) are the spectral depgitiesl
172 271 172
corresponding to the cross-correlation functions R (t) and R (1),
| 12 21
respectively. '
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2. Boundary conditions of the second type at both ends,

av(x,t)
ox

ql(t) (5.44)
x=0 ‘

ay(x,t)

Ix x=

To illustrate the procedure for:finding the corresponding'spectral density
functions, the steps required for this‘case are givén below. Using the
two-model representation (Figure 5~1); the product of -the boundary

conditions at x=0 and at y=L is obtained.

) Av(y,t+ ‘
v(x,t) v(y,t+t) a,(£) g, (e+0) (5.46)
ax x=0 ‘3Y y=L 1 . .

Taking the time average of both sides of equation (5.46) andvinterchanging
the order of differentiation and integration in the resulting equation,

the boundary conditions are found in terms of correlation functions.

azRVv(stsT)‘

ax Ay x=0
y=L

= R, (1) ; (5.47)
139

Effecting the two-sided Laplace transform with respect to T of equation

(5.47) and letting s=jw, the corresponding gpecttal density functions

q,(t) : | _ ~ (5.45)
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are obtained.

T .
8928,y (x,y,jw)

9% 9y x=0 qlquW) (5.48)
y=L

Similarly, the spectral density function corresponding to the cross-

correlation function between the inputs at x=L and y=0 is obtained.

zsiv(x,y,jW)l

= (JW) = (-jw) ' (5.49)
y=0

9x dy

where S (Jw) and S (Jw) = S (-jw) are the spectral density
functions which correspond to respective cross-correlation functioms

(t) and R (1).
1q2 991

3. Boundary conditions of the third type at both ends,

ov(x,t)
ox

k[el(t) - v(x,t) 1 (5.50)

x=0

x=

ov(x,t)
9x

k[, (t) - v(x, t){ (5.51)

x= x=L
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The same procedure as used before yields

T . T
azsvv(x,y’ﬂw) + aSW(x,y,jw)

ax dy ‘ dy
BS;v(x,y,jw) ot ,
k ™ + ko5 (x,y,iw)] = k%S5 4(iw)
x=0 172
y=L. '
and
T . .
825, (%,¥,3W), 88y (X,¥,3W) 355, (%,¥,3w)
+ k — + k . +
o9x dy 3y 9x
T . . .
k28, (67,301 . = 8y (W) = Sy g(=jw)

x=L. 21 - 12
=0 )

where S, .(jw) and 8§ (jw) =-S, .(-jw) are the spectral density

6.6 8.6 6.0
12 : 21 12

functions corresponding to respéctive cross-correlation functions

R, €t) and R, .(1).
58, 9,81

4, Mixed boundary conditions of the first and second type,

v(x,t) = u(f)l
x=

(5.52)

(5.53)

(5.54)
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v(x,t)

= q(t) (5.55)
ox x=L ‘

from which result

IS,y (X,¥,3W)
Vv 23 = S (jw) . (5@56)
oy x= uq ,
y=L
and
BS;v(x,y,jw) ' . _
- su (—jW) (5.57)
ox x=L q
y=0

where Suq(JW) and‘Squ(Jw) = Suq(-jw) are the spectral density functions

resulting from the cross-correlation functions Ruq(r) and R

qu(T),

respectively.

5, Mixed boundary conditions of the first and third type,

v(x,t)l = u(t) . _ ' (5.58)

x=0 o :

dvix,t) k[6(8) - vex,t)| ] (5.59)
ox x=L x=L ‘
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which result in

350, (X,y,jw) c |
[— + k 8,,(x,y,jw)] = k § 403w (5.60)
y x=0 :
y=L
and
98, (%,¥,3w) T ‘
[ + Kk Syy(x,y,jw)] = k S 4(-jw) (5.61)
9x ' =
x=L
y=0

where She(jw) and Seu(jw) ='Sue(—jw) are the spectral densities which cor-

respond to the respective cross-correlation functions Rhe(T) and Reu(r).

av(x,

ox

ov(x,

ox

6. Mixed boundary conditions of the second and third type,

t)

=" q(t) - (5.62)
x=0 -

t) k[e(e) - vx,t)| 1 (5.63)

x=L x=L

~which result in ,

2T . T .
[8 Sy (X:¥53w) . 35y (X,5,3w)

] = kS oGw) © (5.64)

Ix dy X x=|

y=L
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and

228 (%,y,jw) 38 (x,¥,3w)
] - . .
+ k ] = k S_g(~jw) (5.65)
9x 9y ) 4 x=L 1
y=0

wﬂere Sqe(jw) and Seq(jw) = Sqe(—jw) are the spectrai denéity functions
which correspond to Rqe(r)-and Req(t), respectively.

Note that when fhis method of analysis is applied to systems defined
on a semi~infinite spatial domain, 0 £ x € «, the cross-correlation
effects of the disturbances applied at the boundaries can be neglected.

By making use of the appropriate boundary conditions given above,
the coefficients A(jw), B(jw), C(jw), and D(jw) which appear in the
distributed spectral-density function, given by equation (5.27), can be
determined. In Section 5.5, the explicit form of the distributed
spectral-density function is determined for a distributed-parameter

system with boundary conditions of the first type.

5,5 THE DISTRIBUTED SPECTRAL-DENSITY FUNCTION FOR SYSTEMS WITH BOUNDARY

CONDITIONS OF THE FIRST TYPE

In thié section, the explicit form of the distributed spectral-
density function is derermined for a general, second-order, distributed-
parameter system (chafacterized by‘equation 5.26) which is defined on a
finite spatiél domain, 0 #£ x £ L, and which is subject to boundary

conditions of the first type at the spatial boundaries. The general
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form of the distributed spectral-density function for a problem of this
type is given by equation (5.27); after carrying out the indicated

multiplications, it is written in the form

S;v(x,y,jw) = {AC exp[T;x + rly] + BC exp[T,x + rly] +
(5.66)

AD-exp[rlx + rzy] + BD exp{rzx + rzy]}

where A = A(jw), B-= B(jw), C = C(jw), and D = D(jw).

For a system with boundary conditions of the first type at x=0 and
at x=L, the distributed spectral-density function (5.66) must satisfy a
condition of the form given by equation (5.37) at x=y=0 and at #=y=L;
and in addition, it must satisfy the conditions given by equations (5.42)
and (5.43). Therefore, for this case, the distributed sPectral—densit§ ‘

function must satisfy the four equations shown below.

S;v(x,y,jw)\ = AC+ BC+ AD+BD = §y(jw) (5.67)

x=y=0

§ 4y (X5753W) {AC exp[(F + rl)L'] + BC exp[(F,+ r))L] +

x=y=L
Y (5.68)

AD exp[(fi+ rz)L] 4+ BD gxp[(fé+-r2)L]} = 522(jw)
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Ssv(x,y,jw) = {AC exp[r . L] + BC exp[r L] +
x=0 S 1 . 1 '
y=L (5.69)
AD exp[rzL] + BD exp[rzL]}' = Slz(jw)
Ssv(x,y,jw) £ = {AC expf?lL] + BC exp[?éL] +
x=
y=0 ' (5.70)
S AD exp[rlL}- + BD,exp[rzL]} = 512(—Jw)

where v(0,t) = uy(t), v(L,t) = uy(t), §;;(jw) = Sy uli®)s Sy,(Jw) =
' : : 11

S, ,(Iw), 8;,(jw) =8 (jw), and S,,(-jw) = S
u2u2 12 _ ulu2 12 ) oY

Note that the equations given above are'nonlinear'in the variables A? B,
é, and D; however, the explicit solution for these unknowns is not
necéssary because only the products AC, BC, AD,'and BD appear in
Ssv(x,y,jw)e Thérefore, equations (5.67), (5.68), (5.69), and (5.70) are

solved simultaneously for the products AC, BC, AD, and BD to obtain

AC = {Sll(jw) exp[(?é+ r2)L] - ,Slz(-jw) exp[rZL] -
' (5.71)

512‘(jf0). exp[?zL]‘ + 8,,(iw)} / N(jw)




BC

&

BD.

where

N(jw)

i.e.,

ABI
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‘{—Sll(jw) exp[(fi+ rz)L] + S__(~jw) exp[rzL] +

12
(5.72)
Slz(jw)' exP[?zL] - Szz(jw)} / N(jW)
{-Sll(jW) exp[(‘fz+ rl)L] + 312('jW) exp[r'lL] +
' (5.73)
S‘12(jw) exP[T:'zL] - Szz(jw)} / N(jw)
{Sll(jW) exp[(?1+ rJLl - 812('_jw) exp[r,L] -
' (5.74)
Slz(jw) exp[THL] + Szz(jW)} / N(jw)
= {exp[?éL] - exp[iiL]} . {exp[rzLI - exp[rlL]} : (5.75)

If the-disturbances applied at x=0 and at x=L are uncorrelated,

if Slz(jw) = 8;,(~jw) = 0, then the coefficients are given by

{1, Gw) expl(F,+ r)Ll + S,,(Jw} / N(jw) (5.76)
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BC' = {-5;,(iw) exp[(Fj+ r,)L] = S,5(iw)} / N(GGw) (5.77)
D' = (=81, exp[(Fph xL] = S,,(3W} / N(jw) (5.78)
BD' = (5, (W) expl(F+ rIL] + S,,(W)} / NGw) | (5.79)

where the prime is used to denote the coefficients for the uﬂcorreiated
‘case and where N(jw) is given be eqﬁation (5.75).

To obtain the distributed spectral-density function for the example
considered in Section 5.2, the identities r= —(ij)l/z,-r2= (ij)i/z,
?i= -(-ij)l/z, and ?é= (-ij)l/2 are simply substituted into equation
(5.65) and into the coefficient equations (5.71), (5.72), (5.73), (5.74),
and (5.75). »

In a similar manner, expressions for AC, BC, AD, and BD can be
determined for boundary conditions of the second and third type and for

combinations of the three types. Although the procedure is straight-

forward, the steps required to obtain -the solution are somewhat tedicus,

5.6 REMARKS

In this chapter, a theoretical basis is laid for the stétistical
analysis of class-II-type distributed-parameter systems which are -time-
invariant and which are excited by stationary random inputs. In essence,
the concepts of corre;ation function anaiysis are extended to include

distributed-parameter systems.,
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In Sec;ions 5.2 and 5.3, the theory of the distributed autocor-
relation function and its corresponding spectral-density function is
developed, and it is shown tha; the distributed spectral-density function
can be obtained from the characteristic equation and conjugate charac-
teristic equation of the distributed-pagameter plant.

In Section 5.4, three basic types of boundary conditions are con-
sidered; an& in Section 5.5, the distributed spectral-density function
is derived for a general, second-order;‘class—II—type distributed-
parameter system with boundary conditions of the first type applied at
the spatial boundaries. Hence, the distributed spectral-density function.
for a particular problem of this type can be obtained by substituting
appropriately into the general:equétion.

If the distributed transfer function of the class~II-type system
Gt(x,s) is known, another procedure, different from that presented in
this chapter, can be used té &etermine the spectral-density functiom.

The two-model representation developed in this chapter also provides a
convenient base from which to apply this method. Using the two-model
representation, the distributed transfer function for each of the models .
is determined, i.e., the transfer functions Gt(x,s) and Gt(y,s). Then,
following a procedure similar to that given in reference 30 for lumped-
parameter systems, the distributed spectral-density function can be‘
determined for class-II-type systems. For control systems which contain
both lumped-parameter and distributed-parameter elements, the use of the

transfer function method appears to be the more convenient procedure to




IS kel L.

129
use. On'the other hand, for general second-order systems, the method
presented in this chapter is easier to apply. This is especially true
if the system is‘subjectvto bsundary conditions of the first type
because the distributed spectral—density,funcfion can be obtained
directly by using the rgsults presented in Section 5.5. Also, for more
general class-II-type systems, ‘considerab}e effort may be required to
determine the distributed transfer function.

The techniques developed here are of use in the statistical syn-
thesis and optimization of class~II-type distributed-parameter systems.
The minimization of averaged mean-square .error can be effected by a
procedure which is directly analogous to that which is used to minimize

averaged integral-square error in the following chapter.




v(y,t+T1)

7z

y=0 y=L

Figure 5-1. Two-model representation of a class-II-type distributed-
parameter system.
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AVERAGED INTEGRAL~-SQUARE. ERROR

AND OPTIMAL DESIGN
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6.1 INTRODUCTION

The original work of Wiener (9,1) has led to minimum-integral-
square-error design techniques and minimum-mean-square-error design

techniques for several types of linear control systems: lumped-parameter

control systems (30, 292); time-variant control systems (14, 80); and

control systems enfolding time delay (30). The recent work of Pierre
(226, 268) formalized the use of the Wiener-Hopf spectrum factorization
technique to effect the minimum-mean-~square-error design of class-I-type
distributed-parameter systems, but this technique has not been developed
previously for the deéign of class~II~type distributed-parameter systems.
This chapter and Chapter 7 are thefefore devoted to developing the use

of the Wiener-Hopf technique for the design of class-II-type distributed-
parameter systems,

In this chapter, the spatial-avefaged—integral-square—error metgic
(introduced in Chapter 5) is used as a performance measure to ostain
opeh—loop control laws for class-II-type distributed—parémeter systems.
Section 6.2 contains a detailed statement of the control problem and a
derivation of a necessary condition for optimality. In Section 6.3, an
approximate method for the solution of the control problem is formulated;

and in Section 6.4, an example is presented to demonstrate the theory

-developed in the preceding sections.

6.2 THE OPTIMAL CONTROL PROBLEM

4
Ayclass—II—type distributed-parmeter system is shown in Figure 6-1.

The theory developed here applies to yet more general systems than that
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shown, but an example will serve to illustrate the principles involved.
In Figure 6-1, tﬁe fixed elements of the distributed-parameter plant are
represented by the Laplace-transform transfer function Gg(x,s); and the

known transfer function Gs(s) relates the constrained signal vs(t) to

. the control signal u(t). The system error e(x,t)'is defined to be the

difference between the desired distributionmn vd(x) and the actual distri-
bution v(x,t), The distributed-parameter plant is assumed to be defined
on either a finite spatial domain O € x = L or a semi-infinite spatial
domain 0 € x € », If the system is defined on a semi-infinite domain,
however, it is assumed that control of the system is required on only a
finite portion of the spatial domain, say, on the interval 0 = x = L. 1In
addition, for a system witﬁ a semi-infinite spatial domain, the control
signal u(t) is assumed to be applied at x=0; and for a system with a
finite spatial domain, the control signal u(t) is assumed to be appliéd
at x=0 and at x=L.

The problem is to find the control signal u(t) which minimizes the

augmented performance measure JD’

«©

L .
JD = ~% f f [e(x,t)]% dt dx + A f [Vs(t)]2 dt . (6.1)
0 0 0 ' )

which is an augmented version of equation (3.8) where A is a '"cost factor"

associated with the constrained signal vs(t). Equation (6.1) is

equivalent to
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L oo oo

3= %o’[ Of [vg() - v(x,0)12 dt ax + A Of [v ()12 dt (6.2)

where e(x,t) = vd(x) - v(x,t). Note that the limits on the time integral
in equation (6.2) are from 0 to «; therefore, in order to obtain a finite
value of the performance méasure, the system must be e~maintainable for
the class of desired distributions considered.

In this chapter and in Chapter 7, the two-sided Laplace transform is
used., Herein, G;(s) and Gg(x,s) represent Fwo-sided Laplace-transform »
transfer functions for which the (two-sided) inverse Laplace transforms
are assumed to be zero for t<0 and for which the inverse transforms are

assumed to be stable real functions of time. The phrase stable real

functions of time is defined by Pierre (226, 268) to mean that the

Laplace transforms Gs(s) and Gg(x,s) exist, are real for real s, and are
analytic at all points to the right of the imaginary axis (of the prin-
cipal sheet) of the s plane, as well as on the imaginary axis.

It is important to bear in mind that GE(x,s) may be a multivalued
function of s; the domain of which can be viewed as a Riemann surface.
The principal sheet of such a surface is that sheet which contains the
strip of convergence for tﬁe inversion process (where the strip of
convergence of G%(x,s) may be a function of x). Again using the term-
inology formulated by Pierre (226, 268),~the abbreviated phrase "analytic
in the RHP" is used through&ut this work in place of the more cumbersome

phrase "analytic in thelrightfhalf plane of the principal sheet of the
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Riemann surface and on the imaginary axis of said sheet".
With the above-noted conditions in mind, Parseval's theorem is

applied to equation (6.2) to obtain

1 L= v,(x)

[T

e»0+ 2Tl o7 _jo (ste)

— V)1 ) - vE(,—6)] ds dx
" (-s+e) :
(6.3)

i |
* Ty [ ¥ (s) Vy(=s) ds

_joo

where Vt(x,s) = Gz(x,s) U(s) and Vs(s) = GS(S),U(§),‘as indicated in
Figure 6-1. Substituting these identities for Vt(x,s) and Vs(s) into

equatibn’(6°3), the performance measure may be expressed as follows:

. L j* v, (x)
i 1 d t
= . _ G , U .
) iig+ 21iL Of _ji {[(s+e) £(x,8) U(s)]
Vd (x) £ |
Cotey ~ Gf(sm8) UG 1} ds dx + (6.4)
3"
prel ] 64(s) U(s) Gg(-s) U(-s) ds
—j |

After performing the indicated multiplications and interchanging the
order of integration in the first term on the right-hand side of equation

(6.4), the following equation is obtained
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j= 1
L(s+e) (-s+e) o

J = 1lim
D e+0+

1 L 2
5;3'_jm J vy(x) dx] +

L

U(-8) [z [ vy(®) G;(x,-s) ax] .+

L( te ) 0

(6.5)

L
U(s) [y | vg®) GEx,s) ax] +

L( s+ ) 0

L
U(s)U(—s)D% f G;(x,s) G;(x,-s) dx + A 6_(s) G (-s)1} ds
. 0 .

Equation (6.5) is of a general form which is considered by Pierre (292);

namely,

3 = Zw f [, (s) +A,(s)U(-s) + A, (s)U(s) + A, (s)U(s)U(-5)] ds (6.6)

—Jw

where in this case,

L
OB z of 6Eex,5) G;FX,—S) ax + A G_(s) G (=)
-1 L
AZ(S) = lim 'Ez—;$—y f Vd(x) G (x s) dx

. >0+
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’ L
—i t
A (s) = 1lim [ v, 6tx,-s) dx
> es0+ L(ste) 4 d £
and
L .
1 2
A = 1i P
4(5) ei$+ L(s+€) (-s+¢) Of Vd(x) X

Note that for a specific problem, the transfer functions G (x s) and .

G (s) and the desired d1str1but1on vd(x) will be known. Therefore, if

the integrations with respect to x can be effected in the above equationms,
A (s), A (s), A (s), and A (s) will be exp11c1t Laplace transforms which
do not depend upon the spatlal‘var1ab1e X,

The derivation of the necessary condition for the function 1°(s)
which minimizes the general equation (6.6) is given in Appendix B. In
this derivation, it is assumed that at least oee of the Az(s) and A3(s)
is nonzero and that L-l{U(s)} = u(t) = 0 for t<0. If these conditions
are satisfiedg‘it is shown that the optimal control signal U°(s) is

given by

[4,(=5) + A3(s)]
- }
[Al(s) + Al(_s)]' +

(6.7)

u°(s) .
[4,(s) *+ A{(-s)]
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where

L
[A,(s) + A (-8)] = 24,(s) = -% Of GE(x,8) G(x,-s) dx + 2)G_(s) G_(-s)
and
[Ay(=s) + Ay(s)] = 2A,(s) = ii$+-f(;;;y Of v, (x) 6 £ 6 ~s) 'dx

The + and - superscripts and subscripts appearing in equation (6.7) are

interpreted as follows:

[A)(s) + 4, (=8)] = [A(s) + A (=)]F [A)(s) + A (=5)]1"

and

{[A2(~S)+A3(S)] ;= {[A2<-S)+A3(S)] - {[Az(_s)+A3<s)]
[A; ($)+a; (-8) 17 [4,(s)+A; (=s)17 F  [A;(s)+A;(-8)]7 ~

For t<0,

L7HIA (s) + A (-9)1F) = 0

L1y [A,(s) + A (-)]*} = 0

(6.8)

(6.9)
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and

[A,(=s) + A (s)]
L2 e 3'8 5
[Al(s) + Al(—s)] +

For t>0,
LHIA () + A 9)]T) = 0

-1 1™l =
L™{ 1/ [Al(s) + Al( s)I”} = 0

and

i
o

L_l{ [Az("s) + A3(S)]
o TA() + A (-] T

The problem of finding [Aj(s) + Aj(-s)1* and [A;(s) + A (-$)] is~
called the spectrum-factorization problem, and the method used to obtain

equation (6.7) is known as the Wiener-Hopf spectrum—factorization tech-

nique. When [Al(s) + Al(—s)] is a rational fraction function, the process

is straightforward (30, 292); for this case, [Al(s) + Al(-s)]+ contains
all of the poles and'zeros of [Al(s) + Al(-s)} which lie in the left-
ﬁalf of the s plane and [Al(s) + Al(-s)]- contains all of the poles and
zeros of [Al(s)'+ Al(—s)] which lie in the right-half of the s plane.

When [Al(s) + Al(—s)] contains- nonrational terms., the Wiener-Hopf
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spectrum~-factorization technique is still valid (226, 268), but the
spectrum-factorization problem is no longer straightforward. Because the
transfer function G;(x,s) is, in general, a_nonratibnal fuﬁction of s, it
is difficult to obtain the optimal control signal U°(s) from equation
(6.7) directly. For this reason, a method for finding aﬁ approximation

for,Uo(s) is formulated in the next section.

6.3 AN APPROXIMATE SOLUTION

In this section, an approximate solution of the optim;I control
problem is formulated which incorporates the use of rational fraction
approximations of the nonrational terms appearing in tAl(s) + Al(—s)]
and [Az(-s) + A3(s)]° As indicated in Chapter 2, ratiomal fractién
approximat;ons have been developed for several common forms of distrib-
uted-parameter characteristics: for exp[-(sD)1/2] in (135, 257),‘for
e”ST 1a (7, 89, 91, 97, 117), for (s)1/2 in (60, 103, 210, 248), and for
[cosh Ts + B sinh Ts] in (254). For a specific design problem, the plant
transfer function G;(x,s) and the desired distribution vd(x) are gener-
ally knoyn? ana these are used to determine [Al(s) + Al(—s)] and

(A, (-s) + A (s)], éssuming that the integrations indicated below equation
. 3 ‘

5
(6075 can be effected. The procedure formulgted here requires that the
nonrational terms in [Al(s) + Al(—s)] and [Az(—s) + A3(s)] be approxi-
mated by rational fraction approximations. If the nonrational terms
which appear are‘df a form for which approximations have already been

developed or which appear as combinations of these forms, the rational

fraction approximation can be obtained, in general, by direct substitution
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of these known approximations for the nonrational terms which appga;l.
If the nonrational functions are not of this form, rational fraction
approximations must be developed.

In order to pbtain a good approximation for‘Uo(s), the rational
fraction approximation for the nonrational terms-appearing in
[Al(s) + Al(—s)]'and [Az(—s) + A3(s)] must converge to the actual function
along the Laplace transform inversion'contour, Assuming that a suitable
approximation can be obtained, the approximation for‘Uo(s), denoted by

Ug(s), can be obtained as follows:

_ [Az(—s) + AB(S)]a

[A,(s) + A (-)]7 *

Ua(s) = e (6.10)

[A,(s) + A (-s)]F

where [Al(s) + Al(-s)]a and {Az(—s) + A3(s)]a represent the rational
éraction approximations of [Al(s) + Al(—s)] and [AZ(—s) + A3(s)];
respectively. Because [Al(s) + Al(-s)]a and [Az(vs) + A3(s)]a are ratios
of polynomials in s, the spectrum factorization required to obtain Ug(s)
is straightforward, as explained previously, but the following details
merit attention.

After all nonrational terms have been approximated, the functions

[Al(s) + Al(—s)] and [A (~s) + A (S)] must be arranged as ratios of

IThat this is not as simply done as one might at first suspect is
illustrated in the example of Section 6.4.




ok, ol Ll

{1 A L.

: 142

polynomials is s. Even this seemingly simple operation is quite tedious
when performed by.hand because of high—ordér rational fraction approxi-
mations which are generally used for accuracy. For this reason, a
computer program was devloped to perform polynoﬁiél multiplications;
additions, and scalar multiplicaéions on a digital computer (the Fortran
program is given in Appendix D).

Also, because [Al(s) + Al(-s)]a and [AZ(—s) + A3(s)]a are usually
of relatively high order,‘the bulk of spectrﬁm factorization is effected
on a digital computer; that is, the roots of [Al(s) + Al(-s)]a and
[Az(—s) + A3(s)]a are determined using a digital computer routine. For
the example given in the next section, program number 7°O,Q32 in the
Montana State University Computing Cenfer Library was used. This program
uses a Newtonﬂprocess to find the roots, both real 'and complex, of a real
polynomial of nineteenth order or lessi By using a program for multi-
plying polynomials and a program for finding the roots of reallpoly~
nomials, almost all of the steps required to find Ug(s)-are performed‘on

a digital computer. The required design time and effort are thereby

reduced considerably, as is demonstrated in the next section.

6.4 ILLUSTRATIVE EXAMPLE

Referring to Figure 6-1, consider as an example a system for which
the following data are given: (1) Gg(x,s) = exb[—(s)l/zx}, (2) Gg(s) = s,
and (3) vd(x) = B, where B is a specified comnstant. The problem is to
find the control signal u(t) which minimizes the performance measure

given by equation (6.1).
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A common origin of the transfer function Gg(x,s) = exp[*(S)l/zx} is

the one dimensional heat-flow equation

22v(x,t) v (x,t) : )

— = R T2 < x £ o <€ t £ (6.
n2 ™ s 0=x , 0 t L) (6.11)

with the initial condition

v(x,0) = 0, 0€£x £w (6.12)

and with the boundary conditions

th
rt
Y
8

v(0,t) = u(t) and v(e,t) = 0, 0 (6.13)

The transfer function for this example can be obtained by appl&ing
method 1 given in Section 402,1; that is, Laplace transforming equation

(6.11) with respect to t to obtain

.dzvt(x,s)
dx?

K[s Vi(x,s) - v(x,0)] | | . (6.14)
By making use of the initial condition (6.12) and the boundary conditions
(6.13), the ordinary differential equation (6.14) is solved to obtain

the desired result,
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vi(x,s)

_ t - £ £ o '
s ‘— Ge(x,s) = exp[-(Ks)lisz, 0 £x € (6.15)

where for this example K=1. Also, it is assumed that close control of the
plant is required only on the finite interval 0 = x £ 1, i.e., L=l.

In Section 6.2, it is shown that the perfdrmance measure (6.1) can
be written in the genéral form (6.6). Using this result, the given
quantities for this example are substituted.appfopriately into the
equations for A;(s), i=1,2,3,4, whicﬁ are given below equation (6.6).

It follows that

1
/ exp[-(s)l/zx] exp{-(-s)l/zx] dx 4+ A (s)(-s)

Al(s) = 0
(6.16)
1= epl=()}2 - (=9)1/] o
[(s)1/2 + (-s)1/2] '
=B fl 1/2
A (s) = 1i [-(s) ]1d
2(s _ eig+ (<ste) o exp[-(s x] dx
(6.17)

. 1im B (expl-()}/2] 1)
exo+ (TSTE) T (g)1/2
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B 1
1lim -—— f exp[-(-s)l/zx] dx

Ay(s) = Lin 7oh |
. (6.18)
B (exp[-(-s)1/2] - 1)
= 1im —
-0+ (s+e) (~s) 172
and
A, (s) = 1lim N S— fl B2 d
4 e (8T (=ste) ®
(6.19)
= 1lim B2

>0+ (s+¢) (-s+¢<)

Note that Al(-s) = Al(s) and Az(-s) ='A3(S)F therefore, [Al(s),+ Ai(-s)l

and [Az(-s) + Ag(s)]vare.given by the following equations.

1 - exp[-(s)}/2- (-s)1/2)

(s)1/2 + (~s)1/2 + A(-s9)} (6.20)

2{

[Al(S)+A1(-S)] 2A1(S)

and

(6.21)

' 2B (exp[-(-s)1/2] - 1)
[A, (=) +A;(s)] = 2A,(s) = iig+ (s¥e) . (Lg)l/2

Next, the nonrational terms appearing in equations (6.20) and (6.21)

are approximated by rational fraction approximations. For this example,
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Pierre's approximations for exp[-(sD)llz] given in (135, 257) and Kopal's

approximations for (s)1/2 given in (60) are used --- see Appendix C.

Thus, for this example, the following approximations are used:

P, (s) 24 75 +
exp[_(s)l/zl Y 2 = 335‘ ZS 1 f
: Py(s) 357+ 13574125 + 1
1 (s)l(2 N N, (s) s+ 6s +1
()/2 s s Ml(S) "~ s(4 + 4s)
and
1 Nz(S)NVZ('-'S)' . st~ 3‘}524" 1

()12 ()1/2 SNy (-8)M () — sNy()M; (-5) s 408>

i

Using the approximations given by equations (6.22) and (6.24), th

rational fraction approximation for the nonrational terms. in

[Al(s) + Al(-s)] is of the following form:

1- exp[-(s)l/z—(-s)l/z] " [P3‘(S)P3(_S) - PZ(S)PZ(-S)]NZ(S)Nz(—S)

(s)1/2 4 (-5)1/2 - p3(s)P3(-s)[sN2(-st1(s) - sNz(S)Ml(-s)]

where P3(s), Pz(s), Nz(s), and Ml(s) are the polynomials given in

(6.22)

(6.23)

(6.24)

(6.25)

equations (6.22) and (6.23). The computer program given in Appendix D

is used to obtain the approximation in the form of a ratio of polynomials.
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After factoring (—sz) out of -the numerator and thée denominator, the

following rational fraction approximation is obtained.

1 - exp[-(s)1/2- (-s)1/2] 958~ 39455+ 3076s"- 263852+ 75 6.26)

R

()12 4 (-s)1/2 7258- 1136s%+ 48245~ 4728s%+ 40°

In Figure 6~2, the exact function and its approximation are plotted
along the inversion contour; s=jw. Note that they are'real functions
of w.

Similarly, the approximation for the nonrational terms in

[AZ(-s) + A3(s)] is found to be

exp[-(s)l/z] -1 | [PZ(—s) -,P3(-s)]N2(-s)

R

(=s)1/2 (=5)M; (~5)B5(-5)
(6.27)

-3s"+ 28s°- 6832+ 40s - 5

IR

12s%~ 645+ 100s%~ 525 + 4.

The magnitude and phase of the exact function and itsrapproximatioﬁ for
s=jw are plotted in Figures 6-3 and 6-4, respectively.

Notice that in both cases, the approximation§ are quite pbor for
low values of w. Consequently, if the apprbximations are used —--
without modification --- the approximation to the control signal Ub(t)
which results will not-gi#e the desired steady-state value at the output

of the system. A logical assertion would be that highef order -
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approximations should be used. However, it was found that higher order
approximations did indeed give a slightly better fit for higher values
of w, bﬁt in turn, they increased the error for small values of w.
Thus, in order to correct this discrepancy, a correctiOq ferm is added
to the approximations given by equations (6.26) and k6727). A correction
term is chosen which éakes the exact function and its approximation
equal at w=0 ggg;wﬁich decreases the error for low values of w but does
not affect the approximation for high values of w. .

Because the nonrational terms in [Al(s) + Al(-s)]S=jw and their

approximations are real functions of w, the correction term is also

chosen to be a real function of w. The simplest correction term which

satisfies the above-noted conditions for the approximation (6.26) is

=2 S -1 ' (6.28)

€, (s) (-as? + 1.143)

where a is a positive constant which is yet to be determined. The
constant term 1.143 is determined on the basis that the approximation
is to equal the exact value at w=0. In order to determine the wvalue

of a, the modified approximation,

1 - expl[-(s)1/2- (-5)1/2] { 9s8- 3945+ 3076s"- 2638s%+ 75

(s)1/2 + (-s)1/2 72s8- 113655+ 4824s"- 4728s%+ 40

(6.29)

1 )
-as® + 1.143
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with s=jw is plotted in Figure 6-2 for a = 160, 200, 300, and 400, A
comparison of the results shown in Figure 6-2 indicates that a=200
yields the most improvement of the approximation; therefore, the modified
approximétioﬁ, equation (6.29), with a=200 is used to approximate the
nonrational ferms in [Al(é) + Al(-s)].
Following a similar procedure, the correction term for the approxi-

mation of the nonrational terms in [Aé(—é) + A3(s)] is selected to be

1 1 ‘ '
= (6.30)
Cz(s) -bs + 4 : i

where b is a positive constant. Note that the pole of this correction
term is in the right-half of the s plahe because the poles ‘and zeros of
the approximation given in equation (6.27) are all located in the right-
half of the s plane. Iq order to determine the value of b, the magnitude

and phase of the modified approximation,

exp[-(-s)1/2] - 1 ~3s™*+ 28s°- 6852+ 40s - 5 1

= + (6.31).

(-s)1/2 125"~ 6483+ 100s2- 525 + 4 ~bs + &

for s=jw and for b 100, 150, 200, and 300 were calculated and then
plotted in Figures 6-3 and 6-4, respectively. After comparing the
results, b=100 was selected.

By substituting appropriately the modified approximation (6.29) with

a=200 into equation (6.20), the approximation for [Al(s) +‘A1(—s)],
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denoted by [Al(s) + Ai(-s)]a’ is of the following form:

6

2 ~Zo (-1)ic2is2i

[Alfs) + Al(-s)]a = 5
i
iZO (-1) DZis

2i

(6.32)

where the CZi's and DZi's are given in Table 6-4. Because the numerator

of [Al(s) + Al(—s)]a depends upoh the value of the cost factor A, the

coefficients CZi’ i=1,2,...,6, are given in Table 6-4 for A = 0, 0.5, 1,

2, and 3.

The rational fraction appréximation of [AZ(—s) + A3(s)], denoted by

[Az(-s) + AB(S)]a’ is obtained by substituting appropriately the

modified approximation (6.31) with b=100 into equation (6.21) ﬁhich

yields

(A, (os) + Ay(e)]. = 1im 2B
- s = ————
o (=s 38702 T 0, (s%e) Q, (s)

where

Q (s) = 300s°- 2800s"+ 684853~ 4172s%+ 608s - 16

and

Qy(s) = =-1200s°+ 6448s"~ 102565+ 5600s°~ 608s + 16

(6.33)
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With the approximations [Ai(s) + Al(-s)]a and [Az(-s) + A3(s)]a
determined, the approximation for U°(s), denoted by Ug(s), can be
obtained using equation (6.10). In order to carry out the spectrum
factorization, the roots of the numerator and denominator of
[Al(s) + Al(--s)']a and (Az(-s) f A3(s)]a must be found. This is accom-
plished directly on a digital computer?. Table 6-5 contains' the roots
of IAZ(-s) + A3(s)]a, and the roots of [Al(s) + Al(-s)]a are given in
Table 6-6 for A = 0, 0.5, 1, 2, and 3.

To illustrate the procedure, Ug(s) for A=1 is determined in the

text which follows. Referring to Table 6-6, it is seen that

[A,(s) + A (-5)] = 22:; | | (6.34)
where

Qy(s) = (5+0.06410) (40,1494 (5+0.6677) (s+1.437) (s+2.008) (s+3'.056)

and

Q4(8) = (540.07630) (5+0.09180) (s+1.178) (s+2.236) (s+3.063)

" 2For this example, program number 7.0.032 in the Montana State
University Computing Center Library was used.
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and

[A(8) + A (-8)]T = S (6.35)
Qg (s).

where

Q5(s) = 2(14400) (5-0.06410) (5-0.1494) (5-0.6677) (5-1.437) (5-2.008) (5-3.056)

and

Qq(s) = (14460)(s-o.o7630)(s-o.o9180)(s-1.;78)(s-2.236)(5537063)

where the constant multiplier 14400 which appears in the numerator and
the denominq;qr of equation (6.35) is the coefficient ;f the highest
power of s appearing in both the numerator and the denominator of the
right-haﬁd ﬁember éf equation (6.32). Although these constant terms are
equal for A=l, this is not the case for the other values of A. ﬂote
also that the constant terms could be carried equally weil with

[Al(s) + Al(-s)]:, just so long as they are included in‘one or the othgr.

From Table 6-~3, [Az(—s) + A3(s)]a is obtained in factored form:

Q,(s)
[A,(-8) + Ay(s)], = Lin 2827 (6.36)

es0+ (57€) Qg(s)
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where
Q7(s) = (300)(s-0°03367)(s-O.i629)(s-0.6165)(s-2.7195(s-5.802)
and
Qaks) = (-1200)(s-0°b400)(;—6,09238)(s-1,000)(s-1,178)(s-3.063)

and where the constant multipliers (300) and (-1200) are the coefficients
of the highest power of s appearing in Ql(s) and Q2(s), respectively,
of equation (6.33).
Note that ([Ay(-s) + A3(s)]a / [A(s) + A;(-9)]17 ) has‘only one
pole in the left-half of the s plane, i.e., at s = -€, Thefefore, the

residue of the pole at s = -¢ as e>0+ is evaluated to obtain

[A,(-s) + A (s)]
2 3 a - _ _}i_ (6.37)

[A,(s) + Aj(-9)]] + C

After substituting the right-hand sides of equations (6.34) and (6.37)

into equation (6.10), the approximation for U°(s) when A=l is found to be

o,y . B (s .
u(s) e (6.38)

where Q3(s) and Q4(s) are defined below equation (6.34). In Table 6-7,"
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the Ug(s) are given for A = 0, 0.5, 1, 2, and 3.
To obtain ug(t), the partial fraction expansion of equation (6.38)
is effected, and the inverse Laplace transform of the result is found

to be
ug(t) = B[d_;(t) - 0.0928 exp(-0.06410t) + 0.574 exp(-0.1494t) -
1.27 exp(~-0.6677t) — 0.373 exp(~-1.437t) + (6.39)
0.127 exp(-2.008t) + 0.0008 exp(-3.056t)]
where 6_1(t) represents the unit step function. }In Table 6-8, the poles

and the associated residues of Ug(s) are given for A = 0, 0.5, 1, 2,

and 3. And in Figure 6-5, the same values of A are used in plotting the

control signals ug(t) as a function of time.

6.5 REMARKS

In this chapter, complemented by Appendices B, C, and D, a procedure
is advanced for minimizing the spatial-averaged-integral-square error of
class-II-type distributed-parameter systems. An optimal open-loop
control signal is defived.by use of the~Wieneeropf spectrum~factorization
technique. In Section 6.2, a detailed statement of the problem and the
derivation of necessary conditions for optimality are given; in Section
6.3, a proceduxre of ra&ional fraction apprqximation is advanced in order_
to realize the optimal control law; and in Section 6.4, the technique is

applied to an illustrative example.,
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In working the example of Section 6.4, the author was mildly
surprised to find that certain éomposite rationa} fraction approximations
(equations 6.26 and 6.27) were quité poor near s=0, this -occurring in
spite of the fact that the component approximations used for the
nonrational terms (s)l/2 and exp[-(s)l/zl were qot SO afflictedv Upon
reflecting on this, however, it was observed that the nonr;tional members
of eqﬁations (6.26) and (6.27) are evaluated by use of L'Hospital's
rule at s=0, because numerators and denominators of both approach zero
as s*0, Hence, slight deviations in the component approximations were
magnified in the composite approximations at s=0, and corrections‘terms
had to be added to the initial approximations in order to obtain
accurate results. .

The theory developed in this chapter has a logical counterpart in

the minimization of averaged mean-square error. The distributed .

spectral-density functions of Chapter 5 are of use in this regard.
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vs(t)

Gs(s)

Y

vix,t) - 4 v4ax)

B Gg(x,s) >

e(x,t) = vd(x) - v(x,t)

Figure 6-1. Block diagram representation of a class-II-type distributed-
parameter system,
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—~+ approx., equation (6.26)

exact

0.01 0.1 1.0 10.0 100.0

w in radians/second

Figure 6-2. The frequency response of the nonrational terms
and the rational fraction approximations,
equations (6.26) and (6.29),
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Table 6-1. The frequency response of the nonrationel terms and the rational
fraction approximetions, equations (6.26) and (6.29).
equation (6.26) equation (6.29)

w exact approx. a=100 a=200 a=300 a=400
001 2932508 1,859612 6992310 0999767 1,007097 1,014304
002 0906346 1,815519 e970211 0997858 1,023753 1,048059
e 04 0871020 1,665267 0897807 0981740 1,049124 1,104414
006 0845176 1,480933 ¢ 815597 0944165 1,031091 10,093786
208 «824200 1.,305891 0745038 2893179 ¢979413 1.035839
010 «806309 1,158658 2692023 0840491 0917287 6964219
020 0741102 2782853 0588414 ¢673480 0706767 0724520
040 «660935 0624484 6566152 0594312 0604136 s609134
0 60 0607615 0595446 2568523 6581775 2586284 0588557
«80 0567419 0584494 0569143 e 576751 0579317 0580605
1,00 0535197 0573333 e 563446 0568361 0570012 0570840
2600 0432332 04665073 o 464010 0465255 0465670 0465878
4,00 332656 0283964 0283339 0283651 0283756 283808
6,00 0279639 2208369 0208091 2208230 0208276 0208299
8,00 0245421 0175019 0174863 0174941 0174967 s174980
10,00 0221052 0158028 0157928 0157978 « 157995 2158003
20,00 «157830 «133621 0133596 2133608 01336113 2133615
40,00 2111788 2127179 0127173 0127176 0127177 2127177
60,00 2091285 0125970 0125967 0125969 0125969 0125969
80,00 «079056 0125546 0125544 0125545 0125545 ° 4125545
100,00 «070710 0125349 «125348 0125349 0125349

2125349
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Table 6-2. .The magnitude of the nonrational terms and the rational
fraction approximations, equations (6.27) and (6.31), with s=jw.
equation (6.27) equation (6.31)
W exact approx. b=100 b=150 =200 b=300
001 0965263 1,244911 1,008088 1,024403 1,044077 1084941
002 0951230 1,230216 1,024589 1,064404 1,099418 1,147488
004 ¢931731 1,178791 1,038343 1,087064 1,115309 1,142888
206 0917042 1,112541 1,014738 1,053496 1,072518 1,08961%
208 0904839 1,045898 0973857 1,003390 1,016963 1,028940
10 0894223 0986572 0931066 « 953966 0964205 0973228
020 0853764 « 819650 0798140 0« 806852 2810670 0814091 .
040 0799673 0752701 0745187 0748123 0 749432 ¢ 750633
060 ¢ 760532 o 747577 0 742791 0 744581 e 745404 « 746178
e 80 0729055 0739638 0735647 0737086 ¢ 137765 0738417
1,00 0702432 0721110 0717470 6718752 0719367 2719965
2,00 0607372 0574584 572006 +572881 0573312 e573740
4,00 2495802 0399669 ¢398339 2398786 0399008 399229
60,00 «425854 0331725 6330948 0331209 0331338 e331468
80,00 0375991 0300453 299954 0300121 300204 300287
10,00 0338137 0283913 0283569 0283684 0283741% «283799
20,00 0233069 0259124 0259028 2259060 259076 6259092
40,00 0158553 0252327 0252302 0252311 6252315 0252319
60,00 0128726 251038 0251027 0251031 0251032 0251034
80,00 0111603 250584 0250578 0250580 0250581 0250582
100,00 099940 0250374 0250370 6250371 2250372 2250373
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Table 6-3. The phase (in radians) of the nonrational terms and the rational
fraction approximations, equations (6.27) and (6.31), with s=jw.
equation (6.27) equation (6.31)

W exact approx. b=100 b=150 b=200 b=300
201 30176531 3.,191239 3,144526 3,12166A 3,104978 3,087905
0«02 30190759 3,238833 3,160566 3,141065 3,136534 23,145125
o 04 36210637 3,321372 3,224301 30229462 3,241085 3.,260680
06 30225695 3,381612 3,289052 3,305296 3,319189 3,336970
' e08 36238259 3,419748 3,335007 36354670 3,368077 3,383657
010 36249229 3,440139 30362461 3,382867 3.395401 3.409290
20 306291373 36425435 3,370955 3,387974 3.396974 3.406247
o 40 36348533 3,364552 36332887 3,343247 3,348509 3.353819
060 30390455 3,377621 3,356249 3,363295 3,366851 3,370425
80 36424489 3424979 3,408942 3,414242 3.,416910 36419590
1,00 30453484 3,480885 3,467947 3,472227 3474379 3:476540
200 36558303 3,667087 3.659616 3,662094 3,663337 3,664584
4,00 3.682383 3,695086 3,689780 3,691545 3,692429 3,693313
600 36758792 3,622126 3.617676 3,619158 3,619900 3.620641
8,00 30811014 3,549162 3,545344 3,546616 30547252 30547889
10,00 30848271 30489894 3,486584 3,487688 3,488239 3,488791
200N 30927830 36334189 3,332296 36332927 13,333242 3,333558
40,00 36938055 3,240631 3,239645 3,239974 3,240138 3,240302
60,00 30930016 3,207972 3,207310 35207530 3,207641 3,207751
80,00 36926916 3,191471 36,190973 3,191139 13,191222 3,191305
100,00 30926388 3,181530 3,181131 3,181264 3,181330 3.181397

NN Y I AT
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Table 6-4. The coefficients of the numerator and the denominator of

[Al(s) + Al(—é)]a, equat%on (6.32)7

denominator numerator numerator
A=0- A=0.5
| Cqg = 0.00 Cyp = 7,200.00
Dyjg = 14,400.00 Clb 1,800.00 .°1o 115,441.00
b8 = 227,282.29 Cg = 78,738.28 Cg = 561,787,00
Dg = 966,098.44 Cq = 614,514.34 C, = 1,090,070.00
D, = 951,113.83 c, = 526,291;86 C, = 532,993.00
D, = 13,404.10 C, = '13,287.23 c, = 13,310.00
Dy = 45.72 Co = 45.72 Co = & 45.72
numerator numerator numerator
A=1 A=2 "A=3
Cip = 14,400,00 Cj, =  28,800.00 C;p =  43,200.00
C10 229,082.29 Cip = 456,364f58 Cjp = 683,646.87
Cg = 1,044,836.70 Cg = 2,010,935.00 Cg = 2,977,033.50
Cg = 1,565,628,10 Ce = 2,516,741.90 C, = 3,467,855.70
C, = 539,695.96 C, = %533,100.06 C, = 566,504,17
c, =  13,332,95 c, = 13,378.67 C, = 13,424.39
Co = 45,72 ¢ = ' 45,72 Co = 45.72
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Table 6-5. The roots of the numerator and the denominator of
[Ay(-s) + A3(s)],, equation (6.33).

ro?fs of numerator roots of denominator
s = 0.03367 s = —-g, e>0+
s = 0.1629 s = 0.04000
s = 0.6165 s = 0.09238
s = 2,719 s = 1.000
s = 5.802 s = 1.178 Y
s = 3.063
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Table 6-6. The roots of the numerator and the denominator of
[Al(s) + Al(—s)]a, equation (6.32).

-

numerator, A=1

numerator, A=2

roots of roots of roots of
denominator numerator, A=0 numerator, A=0.5
s = 30,07630 s = #0.06399 = £0,06407
s = ¥0.09180 s = 0,1477 = $0,1485
s = £1,178 s = ¥0,9725 ="%0,8209
s = $2.236 s = 2,973 . = +1,783 ¢ j0.4059}
s = 3,063 s = 5,816 = -1.783 ¢ j0.4059

= 3,050
roots of roots of roots of

numerator, A=3

s = $0.06410
s = %0,1494
s = $0.6677
s = 1,437

s = 2,008

s = 3,056

s = $0.06400
s =.%0.1514
s = *0,4926
s = ¥1,271

s = £2,145

s = ¥3.059

s = £0.06375
‘s = #0.1538
s = *0.4018
s = 1,234

s = 2,178

s = 3,061
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6-7. The control signal UJ(s) for A = 0, 0.5, 1, 2, and 3.

2,86B(s+0.07630) (s+0.09180) (s+1.178) (s+2.236) (s+3.063)
s(s+0.06399) (s+0.1477) (s+0.9725) (s+2.973) (s+5.816)

1,414B(s+0;07630)(s+0.09180)(s+1.i78)(s+2.236)(s+3.063)‘
s(s+0,06407)(s+0.1485)(s+0.8209)(52+3.566s+3.344)(s+3.050)

-

B(s+0.07630) (s+0.09180) (s+1,178) (s+2.236) (5+3.063)
s (5+0.06410) (s+0.1494) (s+0.6677) (s+1.437) (s+2.008) ($+3.056)

0.707B(s+0.07630) (s+0.09180) (s+1.178) (5+2.236) (s+3.063)
s(s+0.06400) (s+0.1514) (5+0.4926)(s+1.271) (s+2.145) (s+3.059)

0,577B(s+0.07630) (s+0.09180) (s+1.178) (s+2.236) (s+3.063)
s(s+0,06375)(s+0.1538)(s+0,4018)(s+1.234)(s+2.178)(s+3.06;)

\|
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=07

A=0.5
pole residue pole residue
s B s B
(s+0.06399) -0.109B (§+0.06407)' -0.0912B
(st+0.1477) +0.433B (s+0.1485) +0.523B
(540.9725) -0.172B (s+0.8209) -0.8568
(s+2.973) +0.0201B (s+1.783+j0.4059) (-0.290-j0?301)B-
(s+5,8i6) +1.63B (s+1.783-3j0.4059) (-0.290+j0.301)B
(s+3.050) | +0.003B
A=1 . A= A
pole residue pole residue péle | residue
s . B - B s - B
(s+Q006410) ~0.0928B | (s+0.06400) | -0.099B | (s+0.06375) | -0.105B
(s+0.1494) +0.574B (s+0.1514) +0,672B | (s+0.1538) +0.787B
(s40.6677) | -1.278 | (s40.4926) | -1.52B | (s+0.4018) | -1.66B
(s+1.437) -0.3738 (s+1.271) -0.071B | (s+1.234) -0.035B
(s+2.008) +0.1278 (s+2.145) +0.021B | (s+2.178) +0.01B
(s+3.056) +0.0008B | (s+3.059) 0.000B | (s+3.061) 0.000B

Table 6-8. The residues of the poles of Ug(s) for » = 0, 0.5, 1, 2, and 3.
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Time response of the control signal ug(t) for A= 0, 0.5, 1,
2 and 3, '
0 o] (o] o] Q

u_(t)/B u, (t)/B u (t)/B u_(t)/B u,(t)/B
t A"=0 A = 0.5 A=1 A =2 A=3
020 10,69121 025364 216009 013560 s 1N670
040 1.35035 045959 032562 025435 020698
60 1424837 062435 e 46592 036041 229821
+80 121947 075513 058472 645495 638117
1,00 1,21205 085828 068500 253908 45654
2,00 1.20165 1,1181¢ ¢99189 283736 o« 74016

3,00 1,17851 1,18240 1011466 099760 091124 °
4,00 115165 1.,18490 1,15553 1,07870 1,01094
5000 1012611 1616783 1,15983 lol11462 1,06552
6,00 1,10342 1,14554 1014842 1,12519 1,001
7.00 1.08382 is12328 1.13113 1612205 1.10107
8,00 1,06712 1010292 1.11258 1,11201 1.09990
9,00 1,05298 1.,08500 1,09487 1.09901 1.,N9307
10.00 1.04108 1,06954 1,07883 1.08526 1.08338
12,00 1602274 1:045173 1.05265 1.05972 1.06176
14 .00 1,01003 1,02771 1,03328 1,03920 1,04211
16,00 1,00141 1,01545 1,01955% 1.02386 1.02640
18,00 099572 1.00696 1.00994 1.01285 1.01466
20,00 099213 1,00120 1.00335% 1,00518 1,00626
30,00 298912 699261 99296 299273 099221,
40,00 099273 099429 099430 299394 099344
50,00 099582 099658 099655 0996131 099601
60,00 299771 699810 +99808 299795 699777
70000 299877 099898 c99896 299889 299880
80,00 099935 699945 299944 099941 699936
90,00 099965 299971 299970 099968 099966
100,00 299981 299984 099984 699983 099982
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CHAPTER 7

/
FEEDBACK CONTROL OF CLASS~II-TYPE

DISTRIBUTED-PARAMETER SYSTEMS
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7.1 INTRODUCTION

In this chapter, a technique is developed for the minimﬁm—incegral—
square-error design of class-II-type, distriﬁuted-parameter;feedback
control systems. This technique incorporates the use of'the class-1
representations (Chapter 4) of class—iI-type distributed-parame£er
systems. In using class-I representations for feedback control, the
distributed state variable is measured at specific points‘of the spatial
domain, and the signals so obtained are used aé feedback signals. After
the system has been implemented in a feedback configuration, the Wiener-
Hopf spectrum—-factorization technique is used to obtain a compensator
which results in minimal-integral-square error.

In Section 7.2, block-diagram models for class-II-type, distributed-
parameter, feedback control systems are developed; and in Section 7.3, an
optimal control problem and an approximate method of solution are
presented for the feedback system. The example in Section 7.4 illustrates
a typical application of the theory. In this example, the distributed-
parameter plant considered in Section 6.4 is again used; hence, the
results obtained using the methods developed in this chapter can be

compared with the results obtained in Chapter 6.

7.2 BLOCK-DIAGRAM MODELS OF CLASS-II-TYPE, DISTRIBUTED-PARAMETER,

FEEDBACK CONTROL SYSTEMS

When the value of the state variable is measurable at equally spaced
points along the one-dimensional spatial domain of the system, the

class-1 representations developed in Chapter 4 can be used to obtain a
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feedback model of a class-II-type, distributed-parameter control system.
The feedback model which results is shown in Figure 7-1 for the parallél—
form class-1 representation and in Figure 7-2 for the series—-form
class-I representation. For the models shown in these figures, the output
of tﬁe system v(x,t) is measured at three points, x=A, 2A, and 3A, where
A is a positive constant. 1If necessary, more values of the state
variable maylbe used. The constants Wl’ W2’ and W3 are used to weight
the measured values, and Gc(s) is the transfer function of the lumped-
parameter compensator,

Note that only one pick-off point is all that may be required ---
e.g., the optimal system obtained in the example of the preceding chapter
could be placednin feedback form by designing a compensator which has an
error input'signal (the desired value minuﬁ the signal obtained at a
speéific point within the range 0 < x < L) and which has an optimal
output signal (the control law which was obtained in the example). Even
in this case, however, it should be evident that the use of several
feedback signals would lead to better overall results, especially in
regard to sensitivity of the response as a function of parameter changes.
Also, the incorporation of the‘wi weighting factors allows the‘designer
to penalize those errors which.he considers to be most critical. Finally,
if enough equally-spaced pick-off points are used, cerﬁain integrations
of the preceding chapter --- those of eqﬁations (6.16), (6.17) and (6.18),
for example --- are effectively replaced by summations.

The feedback models-shown in Figures 7-1 and 7-2 can be used to

represent control systems which contain class-II-type distributed-
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parameter plants of the following two forms: one, a flant defined'én a
semi—infinite spatial domain, 0 £ x € «, which has an inpﬁt r(t) applied
at x=0; or two, a plant defined on a finite spatial domain, 0 € x = L,
which has an input r(t) applied both at x=0 and at x=L. For systems of
the first form, the state variable is measured at equally spaced points
along a finite portion of.the spatial domain, say, on the interval

0 £ x £ L. The class~I representation of systems of the second form is

discussed in detail in Section 4.2.2.

These feedback models can be reduced to the equivalent, but more
convenient form shown in Figure 7-3.. For the system in Figure 7-3, the
equivalent transfer function GE(A,S) for the parallel-form model (Figure

7-1) is given by.

3 t
L W;655(8,9)
C(S) i=1

X , o
= = _ 7.1
G.(8,8) 7o) ( - )

I} 100
=

i=1

and, the equivalent transfer function for the series-form model (Figure

7-2) is given by

t _. C(s) _ 1 ‘ 7.2
Gf(A’s)z o) 3 (7.2)
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1 t t
where 1 Gk (A,8) = G, (A,s). If the state variable is measured at n
k=1 X8 ip /
equally-spaced points instead of 3, equations (7.1) and (7.2) are yet

valid if the upper indices on the summations are changed to n.
This model may be further reduced to yield the equivalent open-loop

model shown in Figure 7-4, wherein

G.(s)
We(s) = s : (7.3)
1 + G (s) Gg(a,s) .

7.3 THE OPTIMAL CONTROL PROBLEM AND ITS SOLUTION

7.3.1 Problem Formulation

Consider a system of the form shown in Figure 7-5. To obtain this
representation, the class-II-type, distributed-parameter{ feedback control
system of the form shown in Figure 7-1 or 7-2 is reduced to the equiva-
lent open-loop model developed in the preceding section. For the control
problem considered here, the ;hingé assumed given are the input r(t), the

desired value of the feedback signal cd(t), and the transfer function

Gs(s)° The problem is to find the compensator Wcm(s) —-—- from which

. the compensator Cc(s) for the feedback system can be obtained --~ which

minimizes the augmented performance measure shown below

«© =]

J [ le(®]12dac + x [ [e(£)]? at (7.4)
‘ 0

0
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where A is a cost factor associated with the constraint on
cs(t) = L-l{Gs(s) U(s)}. For the system considered here, the error e(t)
is equal to [cd(t) -~ ¢(t)]; therefore, equation (7.4) can be written

as follows:

o o

I = [ [eg(e) —c(®)1?2dt + 1 [ [e(£)]? dt . (7.5)
0 ' 0 ,

7.3.2 The Necessary Condition'for 6Qtima11ty

As in Chapter 6, the two-sided Laplace transform is used. The
functions Gs(s) and G;(A,S) represent Laplace-transform transfer functions
for which the (two-sided) inverse Laplace transforms are aséumed to be

zero for t<0 and for which the inverse transforms are assumed to be

stable real functions of time!, 1In addition, the time functions

[cd(t) - c(t)] and cs(t) are assumed to be two-sided Laplace transformable
functions whose strip of convergence includes the jw axis in the s plane.
With the above-noted conditions in mind, Parseval's theorem is

applied to equation (7.5) to obtain

3 = 5%3-_55 [Cg(s) = C(8)][Cy(=8) = C(-5)] ds + B
(7.6)
A j"w

C (s) C (-s) ds ‘
g Ca® 609

lgee Section 6.2 for more detail.
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. . .
where C(s) = Wc(s) Gf(A,s) R(s) and Cs(s) = Wc(s) Gs(s) R(s). After
appropriétely substituting these identities for C(s) and Cs(s) into

equation (7.6), it follows that

i IR
J= -2-117—3- _jo{ [Cy(s) = W ()GL(B,8)R(s)][C4(=8) = W _(-5)GE(A,~5)R(~8)] ds
o (7.7)
+ g , ] We(8)Gg (IR(S)W (=8)64 (~5IR(-5) ds
which can be written as
R t
R [ {ey()0,(=8) + W (=8)[-C4 ()65 (8,-0)R(-0)]  +
Wo(s) [-C(~s)G{(A,8)R(s)] + | (7.8)

W (80 (=8) [{6£(8,8)6E(4,=8) + AGy(s)G,(~5) IR(s)R(~s) ]} ds

Equation (7.8) is of a general form which is considered by Pierre (292);

namely,
i | \ i
J = .2_}.6_ ) [Aé(s)- + Ag(s)W (-s) + Ay(s)W_(s) + Al(s)wc(s)wc'(—s)]. ds (7.9)

_joo
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where in this case,

A (s) = R(s)R(-s)[G§<A,S)G;(A;-;)'+ AG,(s)C (-8)]
Ay (s) = -Cd(-s)GE(A,s)R(s)

A(s) = -q;(s)Gz(A,-s)R(-s)

A ) = Cdéf}cd(:s)

If at least one of the Az(s) and A3(s) is nonzero and if
L-I{Wc(s)} = wc(t)'é‘O for t<0, it is.shown in Appendix B ;ﬁat the
compensator W, (s) which minimizes equation (7.9) can be obtained from

the following relationship:

[Az(_s) + Aa(s) ]

- - -}+
[Al(S) + Al(_s) ]

| (7.10)

W, =

en'®) [A,(s) + A (-9)TF
where

[4,(s) + A, (-8)] = 24, (s)

. 2R(s)R(-5) [GL(4,5)GE(8,-5) + AGg(s)Gy(=5)]
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[8,(=5) + Aj(s)] = 2A3(s) = -2C4(s)G{(8,-s)R(-s)

and where the notation used in equation (7.10) is discussed in Section

6.2,

7.3.3 Solution by Rational Fraction Approximations

Because the transfer function G;(A,s) is a nonrational functién of s,
the spectrum factorization required to obtain Wcm(é) can be'pefformed
more easily by analytical and numerical tecbniques~when accurate rational
fraction approximations of the nonrational functions are used. When
used, these high-order rational fraction approximations must converge to
the actual function along the Laplace transform inversion contour.

Let Ga(s)Adenote a high-order rational fraction approximation of
GE(A,s); an ;pproximation to W, (s), which is denoted by ng(s), éan be

obtained from the following equation

[Ay(-s) + A4(s)1,
[Al(s) + Al(-s)]; +

(7.11)

W (s) = .
o [Al(s) + Al(-s) ]:

where

[A;(s) + Ay (~s)], = 2R(s)R(-s)[G,(s)G (~s) + AG (s)G (~s)]
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[Az("s) + A3(s)]a = -ch(S)Ga(-S)R(-S)

both of which are rational fraction functions. Hence, the spectrum
factorization required to obtain ng(s) is'straightforward; that is,
[Al(s) + A1<—S)]Z contains all of the poles gnd zeros of [Al(s) + Al'(—s)]a
which lie in the left-half of the s plane whereas [Al(s) + Al(-s)];
contains all of the poles and zeros of [Alés) + Al(-s)]a which lie in
the right-half of the s plane., With the aid of a digital computer, the
compensator Wzm(s) —-—— even when high¥order rational fraction approxi-
mations are used --- can be determined with relative ease. A computer
program, such.as the one given in Appendix D, can be used to perform
the polynéﬁial manipulations required to obtain [Al(s) + Al(fs)]a and
[A2(-s) + A3(s)]a as ratios of polynomials, and the roots 6f the
resuléing rational fraction functions can be determined using a'standqrd
program for finding the roots of real polynomials.

Once the compensator ng(s) is determined, the compensator for the
feedback system Gg(s) can be obtained by the use of the following

relationship

wa
Gi(s) = en () : (7.12)

1 - G (s)W2 (s)

where Ga(s) designates the rational fraction approximation of the

nonrational transfer function G;(A,S).
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7.4 ILLUSTRATIVE EXAMPLE

To illustrate the dES;gn procedure developed in this chapter, again
consider the distributed-parameter plant characferized'by the transfer
functiqn,G;(A,s) = exp[-(s)l/zx] y 02 x=o 2? As in Section 6.4, the
system is to be controlled on the finite interval 0 =< x = 1 by means of a
control signal u(t) applied at the spatial boundary x=0. For this
example, the cont;ol system is to operate in a feedback.configuration.

In order to implement this system in a feedback configuration, the
value of the state variable v(x,t) is measured at three equally-spaced
points along the spatial domain of the system: at x=1/3, 2/3, and 1,
i.e., A=1/3. Then, these measured values of the state vériable are
weighted, summed and averaged to yield the feedback signal c(t) (see
Figures 7-1 and 7-2). ﬁsing the method developed in Chapter 4, the
transfer functions for the parallel-form class-I representations (Figure

7-1) are obtained by substituting iA=i/3 for x in G;(x,s):
GEP(A,S) = exp[-(s)1/21/3] , 1=1, 2, 3 (7.13)
And by using equations (4.3) and (4.4), the transfer functions for the

series-form class-1 representations (Figure 7-2) can be obtained from the

parallel-form transfer functions. For this case, they are found to be

2A common origin of this transfer function is discussed in
Section 6.4,
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Gig(8,8) = expl-(s)/2/3] , i

1, 2, 3 (7.14)

Next, these feedback models are reduced to an equivalent open-loop
model of the form shown in Figure 7-4., By substituting the parallel-
form transfer functions given in equation (7.13) into equation (7.1), -

the transfer function for.the equivalent open-loop model is

1

Cp(d,8) = ——— (i exp[~()1/2/3] + W, expl-(s)}/2 2/3] +

Wy (7.15)

)
i=1

W, exp[-(s)1/2]}

And, using equation (7.2) and the series-form transfer functions given

by equation (7.14), the equivalent transfer function is obtained in the

following form

6Ea,8) = ——— (W) exp[-(s)1/2/3] + Wy(expl-(s)}/2/3])7 +

3
Z W, | (7.16)

i=1

Wy (expl-(s)1/2/31) %}

The two forms of the equivalent transfer function, given by equations
(7.15) and (7016), are used in the text which follows to illustrate two

methods for obtaining a rational fraction approximation for GE(A,S)°
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Now that the equivalent transfer function G;(A,s) has been derived,
consider the system shown in Figure 7-5, for which the following data are
given: (1) Gs(s) = s5; (2) r(t) = B 6_1(t), where B is a positive consfant;
and (3) eq(t) = x(t) = B §_ (t).

The problem is to find the W, (s) which mipimizes the augmented
performance measure given by equation (7.4). Once this optimal compen—
sator Wcm(s) is determined, the optimal compensator G.(s) for the
feedback system can be formed by the use of the relationship given by
equation (7.12).

In Section 7°3°2,‘it was shown that the performance measure (7.4)
can be written in the general form (7.9). Using this result, the given
quantities for this example are substituted appropriately into the

equations for Ai(s), i=1,2,3,4, given below equation (7.9) to obtain

A (s) = lim ——;——EE——-—-[Gt(A s)et(a,-s) + A(=-s2)] - - (7.17)
1 g (sTE) (mste) TTETTRRIEERTS : ’

A(s) = lim ——— B GE(4,s) (7.18)
2 0+ (s+€) (—s+¢)

A(s) = lim —BZ G;(A,-s) (7.19)

3 0+ (s+€) (-s+e)

A(s) = lim ——B2 ' | (7.20)
4 >0+ (s+e) (-s+¢€)
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from which it follows that

2
1im 2B -

(@ + 41 = lin oy Gy

and

1im .___22&%_____
0 (s+¢c) (—s+¢€)

[A5(-5) + Aq(s)] G£(h,~s)

where G;(A,s) is given by equations- (7.15) and (7.16).

5 [65(8,8)6£(8,-8) + A(-s2)]

(7.21)

(7.22)

Becapse [A;(s) + Aj(-s)] and [Az(-s) + A3(s)] contain the nonrational

transfer function G;(A,S), an approximation for, the compensator Wcm(s) is

determined by using the methods presented in Section 7.3.3. In order to

determine ng(s), the transcendental transfer function G;(A,S) is

replaced by a rational fraction approximation. Two distinct ways of

doing this are presented below, one of which proves to be considerably

better than the other. Both methods make use of the following rational

fraction approximations developed by Pierre (135, 257):

: P, (s/9) 27s%+ 567s + 729
exp[-(s/9)}/2] & % = — »
P4(s/9) 357+ 117s°+ 972s + 729
P,(4s/9) 432s%+ 2268s + 729

exp[-(4s/9)1/2] =

P4 (4s/9) 19253+ 1872s%+ 3888s + 729

(7.23)

(7.24)
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and

P, (s) _ 3%+ 7s + 1
P3(S) © 353+ 13s% 125 + 1

exp[-(s)1/2] =

(7.25)

A brief discussion of these approximations is given in Appendix C. The
first approximation to GE(A,S), designated Gap(s)’ is obtained by
substituting the approximations given‘by equations (7.23), (7.24), and
(7.25) into eq;ation (7.15). Letting W1= W2= W3= 1 - (in order to compare
regults with those of the example in Chapter 65 and using the digital

computer program given in Appendix D, the following apﬁroximation is

obtained
Q. (s) ,

Gapls) = — (7.26)
QZ(S)

where

Qu(s) = 0.211680s%+ 8.22780s7+ 103.261s5+ .573.070s%+ 1545.09s"+

2020.80s 3+ 1189.50s2+ 256.272s + 15.9432
and
Q,(s) = 0.0518400s°+ 2.75184s%+ 48.7166s '+ 390.374s%+ 1564.18s°+

3240,72s*+ 3384.55s+ 1639.59s%+ 297.606s + 15.9432
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The second approximation, denoted by Gas(s), can be obtained by

1

substituting the approximation given by equation (7.23) into equdtion
(7.16), The rational fraction approximapions Gas(s) énd Gap(s) are of
the same form? but the coefficients of the numerator and denominator
polynomials are different,

(~s)

For comparison, the rational fraction approximations Gap(s)Gap

and Gas(s)Gas(-s) are determined and are found to be of the following

form
8
i 2i
'Zl (-1)™M,, s .
Go(s)G,(-s) = 5 - ) ' (7.27)
i 2i
z (-1) NZis

i=1
where the coefficients M21 and N,; are given in Table 7-1 for both
approximations. In order to check the approximations, the values of
GE(A,S)GE(A,-S), Gap(s)Gap(-é) and G 5(s)Gyg(-s) are calculated along the
inversion contour s=jw (see Table 7-2), and the results are élotted in
Figure 7-6.

As can be seen in Figure 7-6,-Gap(s)Gap(is) is the better approxi-
mation and is therefore used in the following; in fact, it is a good
approximation over a relatively wide frequency range. Algo, the
approximation and the exact function are each equal to unity as ;
approaches zero, and consequently the approximation need not be modified

as was necessary in the example of Chapter 6.
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Replacing GE(A,S) by Gap(s) in equation (7.22), it follows that

[AZ( s) + A3(s)]a lig+ Tote) (57D Gap( s) (7.28)

where G;p(—s) is obtained from equation (7.26) by replacing s by -s.
And, the rational fraction approximation of [Al(s) + Al(-s)] is of the

following form:

10 . 23
) z (-1)10215 1
_ 2B i=0
[, 0) + 4 o], = Un Ry Cove) 9 a1 (7.29)
(-1) DZis

=0

where the cbefficients‘c and‘D2i are given in Table 7-3. Because the

21

coefficients C,, depend upon the cost factor A, they are given in

2i
Table 7-3 for A = 0, 0.5, 1, 2, and 3.

The roots of these épproximations are determined on a digital
computer3, Because the computer routine used to find the roots was
written for polynomials of nineteenth order or less, the roots of the
numerator of [Ai(s) + Al(—s)]a, which is a twentieth order polynomial

in this example, are determined by letting y=s? and then solving for the _

roots of the tenth ordeér polynomial in y. The roots of the polynomial

3Progra:m number 7.0.032 in the Montana State University Computing
Center was used.
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in s are then determined by taking the square roots of the roots obtéiﬂed
for the pblynpmial,in y. The roots of the numerator and ﬁhe:denbminator
of [AZ(-s) + A3(s)]a and [Al(s) + Al(--s)]a are given in Tab1e$'7-4 and -
7-5, respectiveiy. | | | |

To illustrate the procedure, the'details of the solution for~t$e
compensator Wzm(s) and for the corresponding compeqsatof Gg(s) are now
given for )=2, TFirst, the spectrum factorization of.[Al(s) + Al(--s)]a
is carried out., Referring to Tabie 7-5, note that the pble-zeré pairs
near s = *3, *7, *10, and *27 are very close together. Begause they are
close together and because they lie relatively far from the origin, they
will have little effect upon the response’of‘the compensated system.

Therefore, these pole-zero pairs are canceled with the result that

yim Lo B O (7.30)
e+0+ (s+e) Q4(.s)'

R

[A,(s) + A1<-s>q;

where

Q3(s) (s+0,1052)(s+0.2579)ks+0.6325)(s+0.6814)(s+1.144)(s+2.640)

and

(s+0.09238) (s+0.2079) (s+0.8314) (s+1.178) (s+2.651) -




| Y ST A Y 1

188

Likewise

1 2B2(5.37477 x 1075) Qg(s)
n _
e30+ (-s+c)(2.68738 x 1075) Q (s)

R

[A(s) + A, (-8)]]

(7.31)

where

Qs(s) = (5-0.1052) (s-0.2579) (s-0.6325) (s~0.6814) (s-1.144) (s~2.640)
and

Q6(s) = (s-0.09238)(s—0;2079)(s—0.8314)(s-1.178)(s—2.651)

The comstants, (5.37477 x 1075) and (2.68738 x 1075), are the coefficients
of the highest powers of s appearing in the numerator and the denominator
of [Al(s) + Al(-s)]a, respectively.

Referring to equation (7.28) and Table 7-4, it can be seen that

~2B2(0.211680) Q,(s)
[A,(=s) + Ay(s)], = lim : :

- (7.32)
>0+ (s+e)(—s+s)(0.0518400)‘Qs(s)

where Q7(s) and QS(S) are eighth and ninth order polynomials“, respec-

tively, which have only right-half plane roots. The constants (0.211680)

and .(0.0518400) are the coefficients of the highest powers of s appearing

”Q7(s) and Q8(s) can be obtained in factored form from Table 7-4;
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in the numerator and the denominator of [AZ(-s) + A3(s)]a, respectively.
Notice that {[A,(-s) + A3(s)], / [A;(s) + Al(-s)];} has only one

pole in the left-half of the s plane: at s= - as e+0+. Tﬁe residue of

“the pole at s= —eg as e>0+ is evaluated to obtain

[Ay(-s) + Ag(s)], -0;707

(7.33)

' [Al(s) + Al(—s)]; + s

After substituting the right-hand sides of equations (7.30) and

(7.33) into equation (7f11), the compensator ng(s) for A=2 is found to be

0,707 (s+0.09238) (s+0.2079) (s+0.8314) (s+1.178) (s+2.651)

7.34
(s+0.1052) (s+0.2579) (s+0.6325) (s+0.6814) (s+1.144) (s+2.640) ( )

WEn(s) <
fhe compensator Wim(s)'is‘given in Table 7-6 for several additional
valugs of A. Note that the compensator for the unconstrained case, X=O;
has.a Dirac delta function in its step response.
In order to compare these results with those obtained in Section
6.4, the control signal ug(t) = L_l{R(s)Wzm(s)} is determined. For A=2,

the control signal ug(t) is

ug(t) = B[6_ (t) + 0.138 exp(-0.1052t) + 0.561 exp(-0.2579t) -
5.67 exp(-0.6325t) + 3.93 exp(-0.6814t) + (7.35)

0.030 exp(-1.144t) + 0,001 exp(-2.640t)]
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The poles and the associated residues of the control signal Ug(s) aré
given in Table 7-7 for A = 0, 0.5, 1, 2, and 3; in addition, the control
signals ug(t) are plotted in Figure 7-7. Observe that the general
shapes of the curves are the same as those shown in Figure 6-5. However,
the control signals shown in Figure 7-7 do not rise as rapidly as those
obtained in Section 6.4. This is due in part to the pole-zero cancel-
lations performed in [Al(s) + Al(-—s)]a and in part to the fact that only
three pick-off points were used.

To complete the solution, the compensator G%(s) for the feedback
system is determined by substituting Wim(s), equation (7.34), and Gap(s)’
equation (7.26), into equation (7.12). Again, the pole-zero pairs near °

s = 3, 7, 10, and 27 are canceled with the result that for A=2,

' 0a707(s+0,09238)(s+0.2079)(s+0,8314)(s+1.178)(s+2,651)
(s+0.0007761) (s+0.1037)(s+0.2372)(s+0.8866)(s+1.266)(s+2.743)

G3(s) = (7.36)

The compensétors Gg(s) obtained for A = 0.5, 1, 2, and 3 are given in

Table 7-9.

7.5 REMARKS

When the value of the distributed state variaﬁlg of a class-II-type
distributed-parameter systém is open to measurement at equally spaced
points along the spatial domain of the system, the class-1 represen-
tations are shown to constitute a convenient method for obtaining the

block-diagram model of the feedback system (Section 7.2). Using block~
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diagram models as a basis, a minimum-integral-square-error design
technique is developed for the feedback system (Section 7.3).
In Section 7.2, fhe utility of class-i representations is ‘demon-
strated for implementing a class-If-type distributed-parameter system in
a feedback configuration. By using sfandard block~diagram manipulations,

the feedback models are reduced to an equivalent open-loop model which

~is used as a basis for applying the optimal design technique formulated

in Section 7.3.
In Section 7.3.1, a detailed statement of the optimal control prob-

lem is given; and in Section 7.3.2, complemented by Appendix B, the

necessary condition for optimality is derived. As shown in Section 7.3.3,

the solution of thé optimal control problem is expedited when accurate
rational fraction approximations are available., - This method of solution
has the advantage that most of the calculations can be performed on a
digital computer which reduces considerably the time and effort required
to effect the deéign° |
The techniques developed in this chapter can also be used for the

minimum-mean-square-error design of class-II-type, distributed-parameter,
fgedbadk control systems which are excited by stationary random inputs.

| - In practice, the optimal controllers given by Table 7-9 would be
further approximaéed —-- additional poles and zeros would be canceled
and variouS'constant§ would be rounded off --- because of the usual

inability to physically set pole-zero locations to the degree of accu-

‘racy obtained analytically. Also, for zero steady-state error to a step

input, the pole at s=-0.0007761 in equation (7.36) should be at s=0.
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Figure 7-1. A feedback model of a class-II-type, distributed-parameter control system
obtained by using a parallel-form class-I representation.
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Figure 7-2. A feedback model of a class-II-type, distributed-parameter control system
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obtained by using 2 series-form class-I representation.
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Figure 7-3. An equivalent representation of the feedback models
shown in Figures 7-1 and 7-2.
Tt > W.(s) u(t) > GE(A,s) efel
Figure 7-4. An equivalent open-loop model of the feedback representation

shown in Figure 7-3.
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cg (t)
Gs(s) Mol o o
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G;(A,S) c(t) L d

e(t) = cd(t) - c(t)

Figure 7-5. A block-diagram representation of the system considered
in Sections 7.3 and 7.4.




196

BEFrEEE ] == -] =
EE= i 1 ‘
e |
i T
3 | \
- )
5 Vi
! == s e I y/d
A P i g e BEE =
,>“ — .W % ﬁ M x 3
0z < 2 7
i 2 z 2/
|5t m T A 1
ﬂ t fl’l o o B G \\ \
-2 hW¢ \\\H\\
2 o | = o
_ T 1 \ S eSS ET RN - \“ 75 i i T H_an 7 1] I i v.mlgl\
= 3 Eerrwrri e 1u74 B S SEamEE
BN Tl EEnENEEEE EEREE iy
,ﬁi & T H v | _\l | \A\\ w\\ o = A
HEENRENENAED Nz gu il HEERANEE 1
NN T T
~ ‘ 1 4 T >
i N valid |
Elsst e e e o ) 13 o e o
R 1 ‘ﬁ.‘\mu‘w ‘uuuuuﬁ‘;uuiuymig‘ Eafes
F T A N NN AN A A
L i6 Y 11N 1 EEEIAEE EENNENEN
o 0 0 = Q o
= o o o o o

10.0 100.0

1.0

0.1

0.01

w in radians/second

Frequency response of the transcendental

function and the rational fraction
approximations (Example T.4).

Figure 7-6.




it

1

R T

O) 0‘5) l; 2 and 3-

(t) for A

o
a

[t in seconds ||

bbb L ey L

Time response of the control signal u

Figure T7-T.




LY N N Oy 2y W 3

198

Table 7-1, The coefficients of the numerator and the denominator of
Gap(S)Gap(_s) and G, (s)G, (-s), equation (7.27).
ROLMES
numerator denominator f

Lg = 0.268738 x 107

M, = 0.448084 x 107 16 = 0252168 x 1071

M, = 0.239800 x 10 1, = 0.386987 x 10

M, = 0.188675 x 107 L, = 0.174741 x 10°

M16 = 0.420643 x 103 Lo = 0237245 x 104

Mg = 0.312633 x 10° g = 0.116538 x 10°

M, = 0.698272 x 10° o = 0.174684 x 107

M, = 0.428447 x 10* , = 0.777067 x 10*

M, = 0.277464 x 103 , = 0.362890 x 10°

M, = 0.254186 = 10% , = 0.254186 x 101
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Gas(S)Gas(fs)

numerator denomipatof

Ny = 0.656100 x 1078
M, = 0.590490 x 107 N, = 6.17;832 x 107
M, = 0.140300 x 107 N, = 0.166941 x 107"
M, = 0.125323 x 10° Ny, = 0.732272 x 10!
M, = 0.497549 x 107 N, = 0143809 x 10*
M, = 0.894452 x 10° N, = 0.128237 x 10°
M, = 0.643947 x 10°. N, . = 0.435100 x 107
M, = 0.246069 x 10’ N, = 0.866039 x 107
M, = 0.312419 x 10’ N, =0.590372 x 107
M, = 0.135085 x 10’ N, = 0.135085 x 107
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Table T7-2. Frequency response of the transcendental function and the
rational fraction approximations (Example T.L4).

W G, am)ez(a,-0w) | 6, (e, (-3v) | 6, (36, (-3w)
001 91002710 ¢ 99667310 099979429
002 087517352 098708127 099917766
004 082815017 095365101 099671907
006 079378891 691057613 099264926
«N8 e 76593167 o 86654007 298700933
010 074220071 082578904 097985557
020 065599006 068379500 092421728
0 40 055091480 055258970 075594256
660 08188493 e 47954954 «58801251
080 0/3048827 o 42435683 046027465
1,00 038979923 637964098 037207318
2,00 026432041 024590508 020316383
4,00 015340147 014293283 2013121805
6,00 010177675 010000871 609673209
8.00 207254160 «07580003 « 07184594
10,00 005421383 005990041 005392386
20,00 201886682 002506275 201762636
40,00 000558496 200856311 000506128
60,00 000258937 000419468 000236359
80,00 000143381 «00245687 000135921
100,00 200087077 000160442 s00087988
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Table 7-3. The coefficients Ci' and Di'
" equation (7.29). J J

for [AI(s) + Al(-s)]a .

numerator, A=0.5

denominator numerator, A;O
c. = 0.000000 x 100 | cC._ = 0.134369 x 107%
.20 20 L
D, = 0.268738 x 107" C g = 0.000000 x 10° | €Lq = 0-126084 x 107
D = 0.252168 x 107" | C = 0.448084 x 1@‘3 C g = 0.193538 x 10!
D,, = 0.386987 x 10" | ¢ , = 0.239800 x 107 | ¢, = 0.876104 x 107
D, = 0,174741 x 10> | ¢, = 0.188675 x 102 - 01234 0.120509 x 10%
D, = 0.237245 x 10% C,, = 0.420643 x 10> €y = 0.624758 x. 10
Dy = 0.116538 x 10° | C, =0.312633 x 10* | G, = 0.118605 x 10> |-
D, = 0.174684 x 10° | C_ = 0.698272 x 10% C, = 0.108680 x 10°
D, = 0.777067 x 10* c, = 0.428447 x 10 c, = 0.446591 x 10°
D, =0.362890 x 10° | ¢, =0.277464 x 10° | ¢, = 0.278735 x 10
D, = 0.254186 x 10 : c, = 0.254186 x 10% c, = 0.254186  10%
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numerator, A=l

numerator, A=2

numerator, A=3

Cyp = 0.268738 x 10~
C g = 0.252168 x 107+
Gy = 0.387031 x 10!
¢y, = 0.174981 x 10°
C1p = 0.239132 x 10
Gy = 0.120745 % 10
Cg = 0.205948 x 10°
Cg ‘= 0.147534 x 10°
| c, = 0.464736 x 10°
, % 0.280006 x 10
1

C, = 0,254186 x 10

C

€20

Ci8

16

Ci4

C1

10.

0.537477

0.504336
0.774018

0.349722

0.476378

0.237283

0.380632

0.225240

0.501025

3

0.282548

0.254186

10

10~

10

10

10

10
10
10
10
10

10

-4

Cyq = 0.806215 x
Cyg = 0.756504 x
Cie = 0.116100 x
Cy4 = 0.524463 x
Cpp = 0.713624 x
Cio = 0.353822 x
Cg = 0.555317 x
C, = 0.302947 x
C, = 0.5373L4 x
C, = 0,285089 x
C0 = 0.254186 X

1074

107t

10
10
10
10
10
10
10
10

10
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Table 7-4. The roots of the numerator and the denominator of

[Az(-s) +-A3(S)]a’ equation.(7.28):

of denominator

rbots of numerator ' roots
s = 0.1049 s
s = 0,2468 . s
s = 0.9311 ' s
s= 1.509 -« s
s = 2,932 s
s = 4.,353. | ' s
s = 7.691 . ‘ s
s = 21.10 ’ - s
S

s

S

-g, >0+
e, €0+
0.09238
0.2079
0.83l§
1.178
2.650
3.063
6.892

10.60

27.57
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Table 7-5. The roots of the numerator and the denominator of
[Al(s) + Al(—s)]a, equation (7.29).

roots of 7 roots of : ) roots of
denominator numerator, A=0 ‘ numerator, A=0.5
s = £0,09238 | s = £0.1048 s = *0,1049
s = £0,2079 ‘_A s = 10,2465 | s = %0,2489
s = %0,8314 s = $0.9312 s = -0.941 + j0.366
s = 1,178 s = 1,509 s = +0.941 * j0.366
s = 2,651. s = $2.932 s = $1.021
s = 3,063 _ s = t4,353 . s'= 2,605
"s = t6.892 s = t7.691 . s = #3,051
s = *10.60 ‘ s = 21.10 s = $6.887
s = £27,57 s = ¥10.60
s = te, e>0t | , s = $27.56
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roots of
numerator, A=l

roots of

_numerator, A=2

~ roots of
numerator, A=3

s = *0.1050
s = #0.2514

s = +0.774 ¢ j0.238.
s = -0.774 + j0,238
s = 1,102

s = 2,629

s = £3,057

s = 6,889

s = £10.60

s = £27.57

s = %0.1052
s = £0.2579
s = 10;6325
s = £0.6814
's = 11.144.
s = 2,640
s = :3;060
‘s = ¥6.891
s = *10.60

s = %27.57

s = £0.1053
s.= *0.2686
s = $0.4274
s = £0.7798
s = 1,559
s =.22.643
s = 3,061
s = 6,891
s = £10.60

s = ¥27.57




206

Table 7-6. The open-loop compensator wimxs) for A = 0, 0.5, 1, 2, and 3.

= (0;245)[(s+0.09238)(s+0.2079)(s+0.8314)(s+1;178)(s+2.651)

IR

iR

R

"’

(s+3.063) (s+6.892) (s+10.60) (s+27.57)] / [(s+0.1048) (s+0.2468)

(s+0.9312)(s¥1.509)(s+2.932)(s+4.353)(s+7.691)(s+21.10)]

1.41(s+0.09238) (s+0.2079) (s+0.8314) (s+1.178) (s+2.651)

(5+0.1049) (s+0.2489) (s°+1,882s+1..019).(s+1.021) (5+2.605)

1.0(5+0.09238) (s+0.2079) (5+0.8314) (s+1.178) (s+2.651)

(s40.1050) (s+0.2514) (s>+1.5485+0.6556) (s+1.102) (s+2.629)

0.707(s+0. 09238)(s+0 2079)(s+0 8314)(s+1 178) (s+2,651)

(s+0.1052) (s+0. 2579)(s+0 6325)(s+0 6814) (s+1. 144)(s+2 640)

0. 577(s+0 09238) (s+0.2079) (s+0. 8314)(s+1 178) (s+2.651)

(s+0 1053)(s+0 2686)(s+0 4274)(s+0 7798)(s+1 559) (s+2. 643)
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Table 7-7. Poles and associéted residues of the control signal Ug(s) for
A =0, 0.5, 1, 2, and 3.

=0 2=0.5
pole residue pole residue
0.245B
s B s B
(s+0.1048) +0.106B (s+0.1049) +0.125B
(s+0.2468) +0.0068B .(s+0,2489) +0. 2958
(s+0.9312) +0.187B '(s+0.941+j0:366) (-0.875+j0,301) B
(s+1.509) +0,056B (s+0.941-30.366) (-0.875-j0.301)B
(s+2.932) +0.0244B (s+1.021) X 40.322B
(s+4.353) +0.662B (s+2.605) +0.014B
(s+?.691) +0,1768
(s+21.10) +0.989B
A=1 x=2 A=3
pole 7 fesidue' pole | residue| pole residue
s B s B s B
(s+0.1050) +0.132B ‘(s+0.1052) 40.138B| (s+0.1053)| +0.153B
(s+0.2514) +0.363B (s+0.2579)| +0.561B| (s+0.2686)| +1.003B
(s+0.774+50.238) (—00812+j0.00005)3‘(s+o;6325)-;5}673 (s+0.4274)| -2.30B
(s+0.774-§0.238) | (~0.812-30.00005)B| (s+0.6814)| +3.93B |(s+0.7798)| +0.132B
(s+1.102) +0.123B (s+1.144) | +0.030B| (s+1.559) V+0.014B
(s+2.629) . +0.004B (s+2.640) |+0.001B| (s+2.643) | +0.0007B
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Table 7-8. Time response of the control signal u:(t) for A=0, 0.5, 1,

2 and 3,
o] 0 o] 5 [} o]
u_(t)/B u_(t)/B u_(t)/B u (t)/B u_(t)/B

t A=0 A = 0.5 A=1 A=2 A=3
020 1,77242 019152 ¢18952 013136 211208

o 40 1,46742 235734 835236 025250 621333
060 1:32754 050311 049294 036139 ¢30600
¢80 1,25281 062948 «61366 «45899 639065
1,00 1,20855 «a 13766 071675 054623 046781
2,00 1,12272 1.06268 1,03458 085645 015924
3000 1,09272 1416646 1,15226 1.01942 093321
4,00 1,07684 1,17789 1017927 109666 1,03146
500 1.06649 1,15921 1617003 1.12638 1,08246
6,00 1,05871 1,13499 1.14924 1.,13118 1.10488
7,00 1,05231 1,11302 1,12711 1.12389 1511069
8500 1,04681 1,09483 1,10721 1,11162 1610733
9,00 1,04197 1.,08009 1,09039 1.09804 1509937
10,00 1,03768 1,06811 1.07650 108493 1.08950
12,00 103042 1,05015 1,05565 1,06274 1,06947
14,00 1,02458 1,03764 1.04134 1.,04634 1,.05256
16,00 1,01988 1,02869 1.03125 1,03460 1,03958
18,00 1,01609 1,02216 1.02397 1.02619 1,02997
20,00 1,01302 1601729 1.01861 1.02010 1,02290
30,00 1,00454 1,00551 1,005856 1.00615 1.00686
40,00 1,00158 1,00188 100199 1,00208 1400231
50,00 1,00055 1,00065 100069 1,00072 1500080
60,00 1,00019 1,00022 1,00024 1.00025% 100028
7000 1,00006 1,00008 1,00008 1,00008 100009
80,00 1,00002 1,00002 1,00002 1,00003 1,00003
90,00 1,00000 1.,00000 - 1.00001 1,00001 1,00001
100,00 100000 1.00000 100000 1,00000 1,00000
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Table 7-9. The compensator Gz(s) for the feedback system for A = 0.5,
1, 2, and 3. '

A = 0.5

1.41(s+0.09238) (s+0.2079) (s+0.8314) (s+1.178) (s+2.651)
e (s40.005993) (s+0.1045) (s#0.2417) (s+0.0043) (s+1.324) (s+2.798)

a -~ 1.0(s+0.09238) (s+0.2079) (s+0.8314) (s+1.178) (s+2.651)
s) = - .
¢ (s+0.003599) (s+0.1041) (s+0.2397) (s+0.8958) (s+1.294) (s+2.767)

a 09707fs+0.09238)(s+0.2079)(s+0.8314)(s+1.178)(s+2.651)
s) = . ,
¢ (s+0,0007761) (s+0.1037) (s+0.2372) (s+0.8866) (s+1.266) (s+2.743)

0.577(s+0°09238)(s+0.2079)(s+0.8314)(s+1.178)(s+2¢651)
(s+0,0006370)(s+0.1035)(s+0.2355)(s+0.8808)(s+1.253)(s+2.724)

a
G.(s) =
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CHAPTER 8

SUMMARY AND SUGGESTED

FUTURE RESEARCH
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8.1 SUMMARY OF ESSENTIAL VALUES OF THE THESIS RESEARCH

The ﬁajor accomplishment  of the thesis research is fourfold:

1. Perfqrmance measures for clasé—II-type, distributed-parameter
control systems are develope& in Chapter 3.‘ For deterministic systems,
a general performance ﬁeasuré‘is formulated; énd from this general form; ‘
specific metrics are devéloped and discussed for both the minimum-
integral-control problem and the terminal—congrol problem. For stochas-
tic systems, a performance ﬁeasure is developed for claés—II—type systems
which are subject to stationary rangom iﬁputs. Because the choice of ;he
performance measure is‘an.important aspect of optimal design, -the develop-
ment and interpretatioﬁ of perfofmance measures for cléss—Ii-type, |
‘distributed-parameter controi.systems’is é definite contribution to the

optimal design of these systems.

2, Block-diagram models of cléss-II-type distributéd—faramete;
systems with boundary inputs and with a distributed input are.developed
in Chapter 4, complemented by Appendix'A. These models form a basis for '
the application of optimal design techniques to a wide class of linear
distributed—farameter syétems; 'Several differént forms of block-diagram
models are considered, and in each case, emphasis is placed upon |
simplicity'and #pqn the éasé with whicﬁ the‘model lends itself to the
application of optimizatioh techniques. In essence, the material pre~
sented in Chaptef 4 demonstrates the utilify éf finite integral transforms
for the derivation of block~diagram models of linear class-II-type

distributed-parameter systems defined on a finite spatial domain,
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3. A‘'procedure is advanced in Chapter 6, complemented by Appendices
B, C, and D, for minimizing the spatial-averaged-integral-square error of
class-II-type distributed-parameter systems subject to stgted constraints.
An optimal open-loop control signal is derived by use of the'Wiener—Hopf
spectrum—factorizétion technique. A procedure.of rational fraction
approximation is formulated in order to realize the optimal control law.
With the aid df‘é digital computer the high~order rationai fraction
approximations réquired to obtain’the desired degree of accuracy can be
ﬁandie& with relative ease, as the example in Section 6.4 clearly demon-

strates.

4, A procedure is.developed in Chapter 7, complemented by Appendices
B, C, and D, for minimizing the integral-square error of class-II-type,
distributed-parameter, feédback éontrol systems subject to integral
constraints. The Wiener-Hopf spectrum-factorization technique is used to
obtain the optimal compensator for the feedback system. To realize this
lumper-parameter compensator, the nonrational Laplace~transform transfer
functions of the distribgted—parameter plant are replaced by rational
fraction approximations. ‘After the nonrational terms have been approxi-

mated, a digital computer can be used to perform nearly all of the steps

‘required in the design of the compensator.

The following three points, while of lesser significance, are

worthy of note:

1. The review of the literature on the analysis, synthesis and




< () | — . bl L 1 Y | R Y S |

213
optimization of distributed-parameter systems, both class-I-type and
class-II-type, presented in Chapter 2 enfolds over 200 of the references

listed in the bibliography.

2. A theoretical basis is laid iﬁ Chapter 5 for the analysis of
class-I1I-type distribufed-parameter systems which are time-invariant and
which are excited by stationary randOm‘inputs. A two-model representation
is advanced as a conveniént base from which to obtain distributed cor-

relation functions.

3. The concepts of e-reachability and e-maintainability, formulated
in Chapter 3, are useful for determining the existance of oﬁtimal control

signals for distributed-parameter systems.

8.2 ASPECTS MERITING ADDITIONAL STUDY

The folldwing four aspects of distributed-parameter control theory,

the author believes, warrant additional development and study:

1. As evidenced in Chapters 6 and 7, high-order rational fraqtion
approximations can be used to advantage for the. optimal design of
distributed-parameter systems. Although rational fraction approximations
exist for some nonrational diétributéd-paraﬁeter characteristics, the
derivation of additional rational fraction approximations, dr_preferrabiy,
the derivafion of a general method for obtaining gational fraction
approximatiéns merits further research. An integral part of such a study

would be an error analysis of the approximations. 1In conjunction with
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this study, analog simulation techniques might be ‘included.

2. As indicated in Section 2.4, certain theoretical aspects of the
optimal design of class-II-type distributed-parameter sfstems using
Pontryagin's maximum principle, Bellmaﬁ's principle of optiﬁality, and
other modern control system design techniques have been investigated by
a number of authors. However, the ¢omputational aspects of the design of
praqtical control systems, particularly feedback systems, by tﬁe use of

these methods are not well developed and require additional research.

3. Another important aspect of the optimal design problem is that of
establisﬁing the existance of optimal éontrol signals for aistributed-
parameter systems; as is evidenceﬁ in Chapter 3, very little work has
begn published cohcerning this p'r.'oblem° Thus, the development of a
general body of existence theory, perhaps based upon the concepts of
e-reachability and ?—maintaingbility as formulated in Chapter 3, for
distributed-parameter systems would be a significant contribution to the

theory on the optimal design of these systems.

4, The developﬁent of a general body of thedry for the aﬁalysis and
synthesis of sampled-data, class-II-type, distributedjparameter syéfems,
similar tb that developed by Pierre for class—I@type'systems (135), would
provide a worthy subject of investigation,; The logical starting point
for this investigation ﬁould be the developmegt of sampled-data models for

class-II-type distributed-parameter systems. Then, the techniques for

’
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the analysis and synthesis of lumped-parameter sampled-data systems could

be extended to include class—~II~type distributed-parameter systems.
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APPENDICES




APPENDIX A

DEFINITIONS AND PERTINENT PROPERTIES OF THE

FINITE LAPLACE AND FINITE FOURIER TRANSFORMS
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A.1 THE FINITE LAPLACE TRANSFORM

In this section the basic properties of the finitéh?aplace transform
are presented. These properties are given without prodé}'but the inter-
ested rgadef may refer to reference 221 for further inféﬁ.‘mation°

The finite Laplace transform of f(x) over the rang;.ﬂ =x =1L is

defined by

L
f f(x)é—px dx (A.1)
0

Lx{fzx)} = FX(p)

when the integral exists. If the integral exists for a particular value
of p, it can be shown that it exists for any complex value of p in finite
regions of the p plane. The function Fx(p) is therefore an entire

function, i.e., Fx(p) is analytic in all finite regions of the p plane.

The finite Laplace transform of the nth derivative of f(x) is given

\

by

LX{dE(x) /ax} = pRFR(p) ~ [p™lE(0) + pPTYE(0) + ... + £ (o)) +

(A.2)

P leew) + pP2E) + ... + £ (1)je7lP

and this is readily verified by use of the definition (A.l) in conjunc-

tion with integration by parts.

th

For an n~" order linear differential equation, it is well-known that'

n independent boundary conditions give rise to a unique solution, a
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solution designated by g(x) for‘example. When solving such zn equation for
g(x) by use of the finite Lablace transform, however, 2n boundary condi-
tions appear in the process of solution, as is indicated by (A.2). TFor-
tunately, the 2n boundary conditions are related implicitly because of
the fact thét the finite Laplace transform Gx(p) of the solution g(x)
must be analytic in finite regioﬁs of the p plane. Thus, if the denom~
inator of Gx(p) contains roots at various values of p, the numerator of
Gx(p) must contain'roots at corresponding values of p of the same order
as those in the denominator. In general, n of the 2n boundary cénditions
are specified in the process of satisfying the above requirement.

Conceivably, the inverse of a given finite Laplace transform could
be found in a table, but an extensive table of them is not now in print
(a short table is given in reference 221, however).

In order to effect the inverse transformation, use is made of a
relationship between the finite Lapléce transform and the infinite
Laplace transform, and this is given below. By definition,

L

() = f f(x)e P¥ ax . (A.3)
0 B

which can be written as

) = [ £@e P dx - [ f(x)e P ax (A.4)
0 L

where f(x) on the interval [L,»] is assumed to be the analytic contin-
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uvation of f(x) on the interval [0,L] and where the integrals are assumed

to exist. By letting x=v+L in the last integration of equation (A.4),

it follows that

() = F() - e P [ f(viL)e PV av (A.5)

0

If Fx(p) is expressed in the form of equation (A.5), the inverse
finite Laplace transform is obtained using a table of infinite Laplace

transforms; the desired relationship is

F(x) = L MF(p)}, O0<x=L (A.6)

A,2 THE FINITE SINE AND FINITE COSINE TRAN?FORMS

The definitions and fundamental properties of the finite Fourier
transformg, the finite sine and finite cosine transforms, are presented in‘
this section. For more detail, the interested reader may refer to
references 31, 40, and 58.

If f(x) satisfies Dirichlet's conditiomns in the'{ﬁter§a1 0<x<Ll,

its finite sine transform is defined to be

IThe function f(x) is said to satisfy Dirichleﬁ‘@i&ouditions in the
interval 0 = x = L if : . e
1. f(x) has only a finite number of maxima and minima in O
2. f(x) has only a finite number of discontinuities in 0 =
and no infinite discontinuities;

LO

L ———

£ x
x =
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i

L
F_(n) OJ’ £ (x) sintLEE- dx ( (A.7)

where n is a positive integer. At each point .in the interval 0 € x < L

at which f£(x) is continuous, the inverse finite sine transform is given by

f(x) = I

it 18

Tl [

Fg(n) sin™= (A.8)
n=} :

‘

If £(x) satisfies Dirichlet's conditiois’in the interval 0 < x < L,

\ .

its finite cosine transform is defined to be

L.
Fo(m) = [ £(x) cos™* dx (A.9)
0 .

where n is a nonnegative integer. At each point in the interval 0 $ x € L

 at which f(x) is continuous, the inverse finite cosine transform is

given by
1 2 v
nmx
£(x) = TF(0) +F z Fo(n) cos™ (A.10)
O on=1 .
L

where Fc(O) denotes f f(x) dx.
0 ,
Using the definitions of the finite sine and finite cosine transforms,
given by equations (A.7) and (A.8), in conjunction with integration by

parts, the following fundamental results are obtained:
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fL d £(x) sin®™® 4x = f(x) sinx N . hm fo( ) LIPS
0 dx ¥ in— T o x) cos= -~ dx
(A.11)
= =37
= L Fe(m)
and
LafG . L L
f d X COSn X dx = f(x) COSM'}S'A + nm I f(X) sinnfﬂ'x dx
X L L L L
0 0 0
(A.12)
= (DT £@W) - £0) + ZLF (n)

where Fs(n) and Fc(n) denote, respectively, the finite sine transform
and finite cosine transform of f(x)-.
The finite Fourier transforms pf'higher derivatives can be obtained

by repeated application of equations (A.ll) and (A.12). For example,

-the finite sine transform of the second derivative of f(x) is determined

as follows: First, equation (A.11) is used to obtain

L .2 L
d“f(x) . amx _ nm d £(x) nmx
] sin dx = -~ L Of = SOS T dx (A.13)

and second, equation (A.12) is applied to the right-hand side of equation

(A.13) to obtain the desired result
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L
d2f(X) . nmx _am n+l nm, 2
of — sin dx = T[CDTEL) + £(0)] - G F () (A.14)

L

Following a similar procedure, the finite cosine transform of the

second derivative of f(x) is

fgxl»coo““x dx = (-1)“-f(L) - £(0) - (%?)ch(n) (A.15)

s
0 dx L

where £(L) = d£(x) and £(0) = Qfﬁiﬁl

X xeL I |x=0

As evidenced in equations (A.l4) and (A.15), the choice of the
transform, finite sine or finite cosine, depends upon the form of the
boﬁnd;ry conditions: For secondjo:def differential equations, if the
boundary conditions are specified in terms of f(x), the finite siné
tran§£orm is applicable; if the boundary conditions are specified in

terms of d f(x)/dx, however, the finite cosine transform is applicable.
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B.1 PRELIMINARY REMARKS

The performance measures considered in Chiapters 6 and 7 are reduced
to a common functional form, equations (6.6) gnd (7.9). Thus, the optimal
design problem considered in each'of these chapters reduces to the
minimization of a general functional equation in the Laplace variable s
(the transformed time variable). This general functional equation is
considered by Pierre (292), and is solved by use of the calculus of
variations and the Wiener-Hopf spectrum-factorization technique. The
derivation of the necessary condition for optimality given here is

essentially that given by Pierre (292).

B.2 THE DERIVATION OF THE NECESSARY CONDITION FOR OPTIMALITY

B.2.1 Problem Statement

In Chapters 6 and 7, the obtimal design problem reduced to that of

minimizing a general equation of the form

J = 3%- f A ($)F($)F(=s) + A (s)F(s) + A (s)F(-s) + A, (s)] ds (B.1)
=j= .

where Ai(s), i=1,2,3,4, is a known two-sided Laplace-transform function

of s and. where the Laplace-transform function F(s)lis to be selected so

1In Chapter 6, F(s) corresponds to the control signal U(s), and in
Chapter 7, F(s) corresponds to the compensator W c(8).
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as to minimize J. In the proof which follows, it is assumed that at
least one of the functions Az(s) and A3(s) is nonzero and that the F(s)
which is selected must satisfy the followiﬁg ﬁroperty: L-l{F(s)} =

f(t) = 0 for t<0.

B 2.2 1Initial Steps_in the Derivation

For the initial steps in the derivation, the calculus of variations
is used. Thus, first assume that Fm(s), the optiﬁal value of F(s),

exists and that
F(s) = Fm(s) + € A(s) (B.2)

where € is a real variable and A(s) is any allowable variation of F(s)

from F (s). An ailowable variation is one that satisfies the condition

tﬁat L"l{A(s)} =2 A(t) = 0 for t<0 because f(t) and fm(t) are so restricted.
Apprépriate substitution of the right-hand side of equation (B.2)

into equation (B.l) results in

[}

i
J(e) = 5%3- J A () [Fy(s)Fy(=5) + & AYS)F (=s) + € A(=8)F,(s) +

_joo

e2M(s)A(-s)]) + Aé(s)[Fm(s) + e A(s)) + (B.3)

A3(s)[Fm(—s) + e A(-8)] + Aa(s)} ds
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It is well-known froﬁ the theory of the calculus of variations that
the extremum of J(e) is obtained at €=0; and at £=0, the value of 3J/d¢
is equal to zero. Thus, a necessary condition that F(s) must satisfy
is obtained by differentiating both sides of equation (B.3) with respect

to € and by setting the result equal to zero, that is

...joo :

ag(e) - 0 o
€ e=0 T
L F ‘ + ! +

= z—ﬁ-_j;[ {4, (8)[A(8)F(=5) + A(=s)F(s)]
‘ A, (s)A(s) + A3(s)A(—s)} ds
L F F_(s)A A ds +
| = 5T _J_o{ M(-s) [F(s)A (s) + A (s)] ds |
‘ (B.4)
| L .
| g ] B [Fp(-s)A (s) + A,(s)] ds
| 3 =je
| By applying Parseval's theorem, the secopd integral on the right-hand
j side of equation (B.4) is shown to be equivalent to
| .
|
| 1 j°° + A ds’ ‘ (B 5)
% 77 J A(-g)[Al(-s)Fm(s). _2(-52] s .
|
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which is substituted appropriately into equation (B.4) to obtain

j= ,
-2—11;3- _ji A(-—s){[Al(s) + Al‘(-s)]Fm(s) + Az(—s) + A3(s)} ds = 0 (B.6)

Thus, the problem is to determine the Laplace-transform function Fm(s)
which satisfies equation (B.6).

In order to simplify the notation, the following identities are

introduced

All(s) = Al(s) + Al(—s) . (B.7)
A23(sz = AZ(—s) +.A3(s) ' ' (B.8)
and

As(s) = All(s)Fm(s) + A23(s) . (B.9)

The identity given by equation (B.9) is substituted into equation (B.6)

to obtain

Iy
o«

1 -
T j’A(-s)As(s) ds = 0 (B.10)

_joo

And, the application of Parseval's theorem to equaﬁi@h,(BOIO) yields

ot
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[ 8(t) ag(r) dt = 0 ' (B.11)

where as(t),= L;l{As(s)} and A(t) = L-I{A(s)}°
By definition, A(t) is an arbitrary Laplace transformable function
for t>0 and zero for t<0. In order for equation (B.1ll) to be satisfied,

therefore, a5(t) must equal zero for t>0, but ag(t) is not necessarily

zero for t<0. Because of the latter condition, AS(S) cannot simply be

set equal to zero to determine Fp(s).

| The ;bove-noted problem is effectively resolfé&%fhowevef, by use of
the Wiener-Hopf spectrum-factorization teéhnique. tEﬁéh tﬁough Ai(s),
i=1,2,3,4 contains nonrational terms, the Wiener-Hopf spectrum factori-
zation technique is applicable as shown by Pierre‘(226, 268). Before
the Wiener-Hopf technique is applied, however, the‘following pertinent

notation is presented.

B.2.3 Notation for Spectrum Factorization

Let All(s) be factored in the following manner:

+ - :
All(s) All(s)ALl(s) (B.12)

where L-l{Ail(s)} = 0 for t<0 and L—l{Azl(s)} 0 for t>0. Also,
L—l{l/Ail(s)} = 0 for t<0 and'L_l{l/Azl(s)} = 0 for t>0. Stated in

an equivalent, but somewhat different manner, All(s) must be factored in
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the form shown in equation (B.12) such that,ﬁki) both A;l(s) and 1/A{1(s)
are analytic in the RHP, and (2) both AIl(sjléhd 1/AI1(S) are analytic
in the LHP 2. |

In addition, AS(S) and [A23(s)/A11(s)] are factored as follows

AS(S) = A5(5)+‘ + AS(S)- ‘ (B.13)

and ’

A__(s) A (s) A__(s)

fA—f-S——-— - {Xf—3——}+ + 22— (B.14)
11(5) 11(S) All(S)

where, for t<0,

-1 _
L {A5(5)+} = 0

-1 - .
L7HIA,,()/A7 (D)} = 0
and, for t>0,

-1 -
L {As(s)_} 0

-1 -
LA, (s) /A ()]} 0

2As noted in Section 6.2, the term "analytic in the RHP (LHP)" was
employed by Pierre (226, 268) to replace the more cumbersome phrase
"analytic in the right-half (left-half) plane of the principal sheet of
the Riemann surface and on the imaginary axis of said sheet."
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B.2.4 Application of the Wiener-Hopf Spectrum Factorization

Consider the function AS(S) :
A = - ' :
5(8)_ A(s) - A (s), (B.15)

but, because as(t) is zero for t>0, as determined in Section B.2.2, it

follows that

AS(S)- A5(s)

A11(S)Fm(s) + A23(s)‘ (B.16)

where L-l{AS(s)_} = 0 for t>0.

Equation (B.16) is now ueed to derive an equation which contains
Fm(s) and which has the property that the inverse transform of its
left-hand side is zero for t>0 wﬁ%;e the inverse tramsform of its right-

hand side is zero for t<0. Afﬁe&ffhis is accomplished, it follows that

each side of the equation must be zero, independent of the other side,

and Fm(s)‘is obtained explicitly.
The left-hand side of equation (B.16) exhibits the desired property,
but the right-hand member does not. By use of equation (B.12), equation

(B.16) is written as follows:

A_(s) A__(s) A
—%———: = Atl(s)Fm(s) + —%é———- (B.17)
All(s) 11(S‘)
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And by use of equation (B.1l4), equation (B,17) is rearranged into the

form

A _(s) A__(s) A, (s)

2= - 2 - S eRe + (B (8.18)
118 A1 () A, (9

Note that the inverse transform of the left-hand side of equation (B.18)
is zero for t>0, and that the inverée transform of the right-hand side is
zero for t<0; whence; equation (B.18) is in the desired form.

The right-hand side of equation (B.18) is equated.to zero and solved

for F (s) to obtain

-1 A23(s)
™ = +
511(5) Ay ()

F,(s)

(B.19)

[4,(-8) + A ()]

- }
—
[Al(s) + Al( s)]

[A (s) + Al(-S)']"'

In order to determine the extremizing nature of Fm(s), the second

partial derivative of J(g), equation (B.3), with respect to € is examined.

223 _ 1 37 | : ‘
sz T I | 2 Ay(s) A(s) A(-s) ds . (B.20)

_J“co
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If 923(e)/3e2 is greater (less) than zero for all allowable values of

A(s), then the minimum (maximum) of J is obtained when F(s) equals Fm(s)

given by equation (B.19). Because only one function Fm(s) satisfies the -

necessary condition 3J/d¢e = 0, this'Fm(s) yields the absolute
' e=0
minimum (maximum) of J.
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C.1 PRELIMINARY REMARKS

In Chapters 6 and 7, high-order ratiopal fraction approximations are
used to realize the optimal designs developed therein. The nonrational
terms exp[-(sD)l/z] and (s)!/2 are approximated by the rational fraction:
approximations developed by Pierre (135, 257) and Kbpal (60), respec-
tively. A brief account of Pierre's rational fraction approximations
for exp[—(sD)l/Z] is given in Section C.2; and in Section C.3, Kopal's

approximations for (s)l/zhare presented.

C.2 RATIONAL FRACTION APPROXIMATIONS FOR exp[—(sD)l/z]

.Pierré (135, 257) developed high-order rational fraction approxi-
mations for exp[i(sD)l/z] by embedding the problem in‘a class of related.
p_roblemse An iterative technique was then developed for obtaininé
approximations of any order. |

The derivation of these approximations is based on a common origin

-of the transfer function eXp[-(sD)l/z]; namely, the diffusion equation

with boundary conditions v(»,t) = 0 and V(O,t) = u(t) and with the
initial céndition v(x,0) = 0. After Laplace transforming this equation
with respect to t, the resulting equation: is approximated by a set of
difference equations which are solved in an iterative manner to obtain

increasingly higher order approximations, as follows:

P ( '
n-m Q) expl[-‘(SD‘)‘I/z‘] ] e (C.1)
Pn(q) q=SD/m2
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as m» Vith nem?, In equation (Cfl), Pn_m(q) and Pn(q) are polynomials
in q; m and n are positive integers where m<n. The polynomials P1
through P7 are given in Table C-1. Higher-order polynomials éan be

generated by use of the following equation:

n-1 ' .
_ n-1+k n+k- k
P (@) = _kZO [Coio) + (2io)a ld | (C.2)

where Q.= hq and h is a real positive constant. The parameter 9 is used
to improve'the fit for low-order approximations?.
Using the polynomials shown in Table C-1, the rational fraction

approximations for exp[-(sD)l/Z] used in Chapters 6 and 7 are formed as

follows: let n=3, m=1, and q,=3q to obtain:

for D=1,

P,(q) P, (s) 3s%+ 7s + 1
P4(q) P, () 3s3+ 13s%+12s + 1

i

(C.3)

exp[-(s)!/2]
s

1os shown by Pierre (135), q_ has a direct analog in RC-transmission
line theory: q, represents the terminating impedance of the line and
should be selected to match the characteristic impedance of the line as

much as possible.
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for D = 1/9,
exp[-(s/9)1/2] = Pala |, _ By(s/9)
| P3(@|gas/9 P3(s/9)
(C.4)
g 27s%+ 567s + 729
383+ 117s%+ 9725 + 729
and for D = 4/9,
expl-(4s/91/2] & 291  _ PaUs/®)
P3(a) |qess/9  P3(4s/9)
(C.5)

43252+ 2268s + 729
19253+ 187252+ 3888s + 729

1[4

As shown by Pierre (135, 257), these rational fraction approximations
vield a relatively good approximation to the transcendental terms over

a wide frequency range.

C.3 RATIONAL FRACTION APPROXIMATIONS FOR (s)}/2
Rational fraction approxiﬁations of (s)1/2 and (],/sj)l/_2 have been
investigated by several authors (60, 103, 210, 248, 277). For the

example in Section 6.4, the rational fraction approximations developed by

Kopal (60) are used. A brief discussion of these approximations is given

in the text which follows; for a detailed derivation, the interested
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reader may consult reference 60.
' Kopal's high-order rational fraction approximations for (s)1~a9
0 = a <1, are based upon generalized Laguerre palynomials. For é =1/2,

Kopal obtains the follpwing rational fraction approximations:

Ny (s) +'1
2 & = 5= C.6
(s) e — (C.6)
(s)l/2 = Ny(s) .= -$2+,65 + 1 ' | . €. 7)
Ml(S) 4(8"‘1) : ) -
SV A s*+ 28s°+ 70s%+ 28s + 1 ' ©.5)
My(s) . 8(s + 1)(s® 65 + 1) S . :

In Section 6.4, it was necessary to approximate (1/s)1/2 and
1/[(5)1/2:+(—s)1/2]. The nonrational term (l/s)l/2 is approximated by ‘

using equation (C.7) in the following way:

1 (s)1/2  Wy(s) s2+ 6s + 1 . :
———— = £ = X . (C,9)
(5)1/2 : s le(s) 45(1 + s)

It can be shbﬁn that a very poor aﬁpré#imation is obtained if (i/éjllz
is approximated by the reciproéal of the right-hand member of equ;tion
(C.7)

Again using the approximatiﬁn given by equation (C.7), the fatiénal

fraction approximation of 1/[(s')1/2 + (-s)l/z] is obtained as follows:
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1 . 1

(s)1/2 + (-s)1/2

[1H]

R

R

(1/s)H2 + (1/-5)1/2  (s)1/2(~5)1/2

1 . N, (s)N,(~s)

Ny(s) | Np(=8)  s(-s)M, ()M, (-)

le(s) —le(-s)

Nz(s)Nz(—s)

sN, (-s)M, (s) - sNz(s)Mlk-s)

su— 3452+ 1 .

834- 40s2“

(C.10)
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Table C-1. Polynomials used in the approximation of exp[-(sD)!/2],
n Py
1 (1 + qe)
2 1+ q +4q,(2+0q)

3 (1

4 (1

2 .
+3q + q°) +q,(3 + 4q + q?)

2, 3 2, 3
+6q+5q‘+q)+qer(4ﬂ-10q+6q+q)
+ 10q + 15q%+ 79>+ q") + q (5 + 20q + 21¢%+ 8¢+ q*)
+ 15q + 35q2+ 28q3+. 9qu+ qs) +

q,(6 + 35q + 56q°+ 36q°+ 10q*+ ¢°)

+ 21q + 70q%+ 843+ 45¢"+ 11¢%+ ¢%) +

q (7 + 56q + 12§q2+ 120q%+ 55¢"+ 12q%+ ¢%)
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APPENDIX D

FORTRAN PROGRAM FOR PERFORMING

POLYNOMIAL MANIPULATIONS
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D.1 DESCRIPTION OF THE FORTRAN PROGRAM

The Fdﬁtran program'describgd herein was developed to perform the
polynomial manipulations required to obtain the rational fraction
approximations [Al(s) + Al(-s)]a and'[Az(-s) + A3(s)]a as ratios of
polynomials in s for the examples éiven in Sections 6.4 and 7.4. Using
this program, the multipliéation, addition and scalar multiplication of
real polynomials can be pefformed on a digital computer. The flow-diagram
for this program is given in Figﬁre D~-1.

The component polynomials rquired fo form [Al(s) + Al(;s)]a and
[Aé(—s) + A3(s)]a and the sequence of operatiqns required ;o obtain the
numerator and denominator polynomials are read into the computer. The
componeht polynomials must each be of sixth order or less. As the
component polynomials are read into the computer, they are numbere&
consecutively to identify each polynomial; the fixed point variablé NP
is used for this purpose (see Figure D-1). After each manipulation,
the resulting polynomial is numbered in the same manner.

The "sequence cards" specify the polynomials which are to be
operated upon and the operation which the computer is to perform (see
Section D.2 for more detail). After all of the manipulations are per-
formed, both the numerator and the denominator polynomialé of the rational
fraction approximation are punched. The resulting numerator polynomial
must be of twentieth order or less, and the denominator polynomial must
be of nineteenth order or less.

Note that although this program was written specifically for obtain-

ing [Al(s) + AR(-S)]a and [Az(—s) + A3(s)]a, as ratios of polynomials
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in s, it can be used to perform the multiplication, addition and scalar
multiplication of any polynomials that are of sixth order or less.

For the example in Section 6.4, the program, as shown iﬁ Table D-1,
was used, Note that the coefficients of the output polynominals were
punched in a fixed-point formap. For the example in Section'7.4, however,
the resulting coefficients were too large for the fixed-point format; and
for this reason, the output format was changed to an exponential format.

The following is a description of the input cards required for this
program. The first input card is the control card which contains the

following data:

l. In columns 1-2, IN (format I2). 1IN determines the heading to be
punched on the output data: If IN=1, the heading [Al(s)+-A1(—s)]

is punched; and if IN=0, the heading [Az(—s) + A3(s)] is punched.

2. In columns 3-4, NA (format I2). NA is chosen to be an integer
greater than or equal to the largest number of coefficients

occurring in the output polynomials. NA must be 12, 16, or 20.

3. In columns 5-6, N (format I2). N is the number of component

polynomials to be read into the computer.

4, 1In columns 7-8, NN (format I2). NN is the identifying number of

the resulting numerator polynomial.

5. In columms 9-10, ND (format I2). ND is the identifying number

of the resulting denominator polynomial.
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6. In columns 11-12, NB (format I2). NB is the identifying number
of the last polynomial plus one. In general, this will be

either NN+1 or ND+1, whichever is the greater.

7. In columns 13-18, XL (format F6.2). XL is the length of the

spatial domain L. 1If IN=0, it is not necessary to specify XL1,

8. In columns 19-24, XLAM (format F6.2). XLAM is equal to the cost

factor A. If IN=0, it is not necessary to specify XLAML,

The control card is followed by N cards which contain the coeffi-
cients of the input polynomials. Each of these cards is punched as

follows:

1. M(NP) is puﬁched-in columns 1-2 and again in columns 3-4 in
format 12, M(NP) is equal to the number of coefficients to

follow on the-card.

2, In the remaining columns, the coefficients of the polynomial are
punched in adjacent fields, each in format F9.3, starting in
column 5 with the constant term and continuing with succeeding

powers of s.

The coefficient cards are followed by the sequence cards. These

cards are punched as follows:

1The variables XL and XLAM are used only to identify’ the output
data when [A (s) + Al(—s)] is determlned
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In columns 1-2, L1 (format I2). L1 is the identifying number
of the polynomial involved in the polynomial multiplication,

addition, or scalar multiplication.

In columns-3-4, L2 (format I2). L2 is the identifying number of
the other polynomial involved in the polynomial multiplication
or polynbmial addition. This field is left blank if scalar

multiplication is to be performed.

In columns 5-6, L3 (format 12). L3 may be +1, 0, or ~1. If
L3=+1, polynomial number L1 and polynomial number L2 are
multiplied; if L3=0, polynomial number L1 and polynomial number
L2 are added; and if L3=-1, po}ynomial number L1 is multiplied
by a scalar x. The value of x must be punched on‘the“next card

in format F6.2.

D.2 APPLICATION OF THE PROGRAM

Tables D-1 and D-2 give the program and the input data used to

calculate [Al(s) + Al(—s)]a, equation (6.32). In order to obtain

equation (6.32), the polynomial manipulations indicated in the following

expression must be performed

E(s) : .
[Al(s) + Al(—s)]a = 2 el } : (D.1)
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where
E(s) = {[P4(s)Py(-s) - PZ(S)PZ(-S)]Nz(s)Nz(-5591(S). -
P3(S)P3(—S)[sNé(—s)Ml(s).- sN, (s)M; (=s) 1 (s)W(-s) +
. 2Q(8)Q(~s) €, (s)P3(s)P4(~s) [sN, (-s)M,; (s) - 8N, (s)M; (=s) ]
and
F(s) = W(S)W(-S)Cl(S)P3(;s)f3(s)[sNz(-é)Ml(é) - sN, (s)M; (~s)]

Each of the terms which appears in E(s) and F(5) is a polynomial in s:

Mi(s) = 4+ 4s | | . ' (D.2)
Ny(s) = 1+ 65+ s? | - (D.3)
Py(s) = 1+ 125 + 135 3s° | | (D.4)
Py(s) = L+ 7s+ 352 : : : (D,5)
Q(s) = 0+s e ‘ - (D.6)
Wis) = 1 (D.7)
C,(s) = 1.143 + 0s - ‘20'052 : (D.8)
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Thus, to calculate [Al(s) + Al(-s)]a, the following polynomials are
read into the computer in ﬁhe order shown: Ml(s), Ml(—s); Nz(s), Nz(-s);
P3(s), Py(-s), P,(s), Py(-s), Q(s), Q(-s), s, -s, W(s), W(-s), and C; (s)
(see Table D-2). Note that the last polynomial in Table b—2, 4 - IQOS,
is not required for the determination of [Al(s) + Al(-s)]a. It was
included because the same set of input polynomials was used for the
determination of [Az(—s) + A3(s)]a; and it w§s'required for the latter
calculation.

Shown in Table D-2, following the control éard and the sixtéen
coefficient éards are the sequence cards used fo determine
[Al(s) + Al(-s)]a° The first sequence card contains the numbers 7, 8,
and 1. Thus, the compute; multiplies polynomial number 7, Pz(s), by
polynomial number 8,‘P2(-s), and obtains the polynomial, Pz(s)Pz(-s),
which is then assigned the number 17. Proceeding in this manner, the
remainder of the sequence cards are used. In this example, the numerator
polynomial is polynomial number 38, and thé denominator polynomial is
polynomial 39. These polynomials are giﬁen in Table D-3. Note that in
order to obtain the coefficients in the form listed in Table 6-4, i; is
necessary that (-s2) be factored out of the polynomials shown in
Table D-3.

The input data shown in Table D-2 can be used to calculate
[Al(s) + Al(-s)]a for any value of A simply by changing the thirty-ninth
card to correspond to the value of A considered'and by appropriately

modifying the value of XLAM on the control card.
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NP=1

Read IN, NA, N, NN,
ND, NB, XL, XLAM

Punch heading Punch headi
i N - Yes ng
Al(s) + Al( s) }- o AE(_S) + A3(s)
|
Read M(NP),
poly. coeff.
NP=NP+1
No Yes

Read L1, 12, I3

3 13=7 +1
Read x

0

y
Mult. poly. Add poly. no. Mult. poly. no.
no. Ll by x Ll and no. L2 Ll and no. I2

| |
NP=NP+1

No Is NP-NB=0? Yes Punch STOP

Flow diagram of digital computer program used to perform polynomial
multiplication, addition and scalar multiplication.

Figure D-1.
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Table D-1. Fortran program used to perform polynomial multiplication,
addition and scalar multiplication.

DIMFNSION C(50422)sM(50)
FORMAT (21297F9,3)
FARMAT (312)
FNARMAT (F602) '
FORMAT(//2Xs 12HNUMERATOR = ¢F1202s 3Xs F124,245 BHHS 9
1F12625 S5HS*%#2 4 Fl2e2, 5HS##3 ) .
5 FORMAT (/12X 9F124295HS#%4 4F12,2 ¢5HS*%#5
1F12625HS##6 9F12,25HS#%7 )
6 FORMAT (/12X¢F12o2¢5HS#%¥8 sF12295HS®%9 o
1F126295HS#%#10sF12,2,,5HS%¥%11)
7 FORMAT(//14HDFNOMINATOR = 9F1262s 3Xs F12629 5HS 9
1F12c29 BHS*¥%2 ¢ F12.25 5HS#%3 )
8 FOPMAT (/12X eF1262e5HS#%#124F1262s5HE*%13,
1F17267 ¢B5HA#¥144F 12,2 45HSH##15)
9 FORMAT (/12XeF1262s5HS%#%16¢F 1262 ¢5HS%#%1 7
1F12:2s5HS##189F12,2s5HS*%#19)
11 FORMAT (//4Xs 12HA2{-S)+A3(S))
13 FORMAT (612+92F602)
17 FORMAT (//4Xs30HL/2(A1(5)+A1(=S)) FOR LAMBDA =4
1F66298H AND L =3F6.2) .
18 FORMAT(/12XsF1242¢5HS%#%2N)
NP=1 "
RFAD 135 INsNAgNgNNsNDsNB o XL o XLAM
TFLINY 14414616 )
14 PUNCH 11
GO TO 10
16 PUNCH 17¢XLAMy XL )
10 RFAD 1s M(NPYoLs (CUNPsI)sI=15L)
TA=M{NP}+1
DO 12 I=TAsNA
12 C(NPs1)1=0,
NP=NP+1
IF {(N=-NP+1) 15415510
15 RFAD 2, L1sL24L3
TF (L3) 20545480
20 READ 34X
DO 30 K=14NA
30 C{NPsK)=X#C{LLsK)
M{NP)Y=M(L1)
GO TO 110

PV
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Table D-1. (continued),

45
50

60
65
70

80

90
100
101

105
11n
111
120

121

122

130
123

124

125
126"

IF (M(L1)=M(L2)) 50450,60
M{NP)=M(L2) :
GO TO 65

M{NP)=M({L1)

DO 70 J=14NA

C(NPsJ)= ClLY1sJY+C(L2sJ)
GO 70 110 .
M{NP)I=M(L1)+M(L2)=1
L=M{NP) -
Ki=m{L1) .

K2=M(L2)

DO 100 K=1sL

C(NPsKI=0,

DO 100 I=14K1

DO 100 J=1sK2

IF (I+J=K=1) 100,490,100 s
CINPsK)=C(NPsK) 4+ ClL1sI)*C(L2+J)
CONT INUE _
TC=M(NP)+1. -

DO 1056 K=1CsNA

CINP¢K)=0,

NP=NP+1

IF(NP=NB) 15,1224120

PUNCH 44 (CU(NNeI)sI=144)
PUNCH 54 (C(NNoI)s I=5,58)
PUNCH 65 (C{NNgIY»1=9412)
IF (NA=12) 123,123,121
PUNCH 8¢ (CINNsIYsI=13,16)
IF(NA=~16) 12341234122
PUNCH 9y (CINMs1)51=17,20)
IF(NA-20) 123,123,130
PUNCH 18s C{(NNs21)

PUNCH 75 (CI(NDs1)sI=144):
PUNCH 89 (C(NDsT)91=548)
PUNCH 6s (CINDs1)91=9412)
IF (NA=1?) 12641254124
PUNCH 8s (C(NDs1)s1I=13516)
1F (NA-16) 12651263125
PUNCH 99 (C(NDs1)sI=17,420)
CALL FXIT .
END




Table D-2. Input data-for the calculation of [A (s) + A ( s) ]
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for »= 1, equation (D.1).

11616383940 1, 1.
2 2 4, 4,
2 2 40 "40
3 3 la 6o
3 13 10 “6@
4 4 To 120
4 4 1. -12,
3 3 1, 7o
3 3 lo “70
2 2 O, la
2 2 oe “'].o
22 0, 1,
2 2 -()o- "10
11 To
11 le
33 1,143 O
2 2 4o -100.
7 o2
56 1
3 41
1314 1
910 1
4 11
321
2211 1
2312 1
2425 n
1826 1
27 -1
~1.0
17 -1
~1,0
1829 0
3019 1
3115 1
3228 O
3320 1
21 -1
1,
2715 1
3536 1
3437 0

2036 1

1,
136

13,

3
36

200,

-
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Table D-3. The numerator and the denominator of [Al(s) + Al(-s)j a for A= 1, equation (D.1).

L/2(A1(S)+A1(-5)) FOR LAMBDA = 1,00 AND L = 1,00
NUMERATOR = . 0.00 0.,00S _ 45, T725%%2
13332,955%%4 0000S#%5  -539695,96S5%%6

1565628,10S#%8 0,005%#9 ~1044836,705%%10
2290824295%%12 0600S%%13 =14400,00S%%14
DENOMINATOR = 0,00 0,008 ~45,725%%2
13404 ,105%#4 0.,005%%5 -951113%833%%6

966098, 44SERE 0,00S%#%9  —227282,295%##10

14400,00S%#%12 0.005%%13 0,00S%%14

0.00S5%%3
00005%*%7
0,00S3#%11

0.00S#%15

00053
0.005%#%7
0.00S3%#%11

0.005%*15
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