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Abstract:

The problems associated with the application of the finite element method in two-dimensional elastic
wave propagation in solids are investigated in detail. Two serious defects associated with the
conventional displacement compatible finite elements are discretization-dispersion and artificial
farfield coupling.

Discretization-dispersion causes the wavefronts of different frequencies to propagate at different
velocities. Lumped mass models propagate waves at slower, while, models with consistent mass
representation propagate waves at faster than continuum velocities. Lumped mass representation of the
displacement compatible finite element models is identical to finite difference models, and, hence the
same amount of discretization-dispersion is present in the finite difference models as well. The
magnitude of discretization-dispersion is also a function of the geometry of the model. A test procedure
is developed to evaluate the magnitude of the discretization-dispersion in a two-dimensional
continuum, modelled by finite elements. For the displacement compatible rectangular finite elements,
below the cut off frequency, the maximum discretization-dispersion is of the order of 92% for
dilatational waves and 20% for shear waves. When used in modelling a longitudinal bar, less
discretization-dispersion is noted for dilatational waves (6.5% at 10.000 cps), while more for shear
waves (52.5% at 2000 cps).

The artificial farfield coupling causes a given node to oscillate before the arrival of the wave front at
the node. It arises due to the changes in the inertial properties of the continuum associated with the
discretization. Its magnitude is found to increase with increasing frequency of the wave front and
increasing distance of the node from the point of application of the external force.

A refined rectangular finite element is developed. The refined element is free from the above two
defects. The refined element has compatibility of strains across the interelement boundaries, in addition
to the compatiblity of displacements. First order Hermitian interpolation polynomials are used to
represent the displacements in the interior of the element.

Responses of a longitudinal bar, modelled by assemblies of both refined and conventional finite
elements of square and nonsquare geometries, are determined under the action of several kinds of
external foce excitations. The kinds of force excitations include single and multifrequency harmonic
excitations and a step-rise force input. Propagation of dilatational and shear waves are studied. Models
built X with conventional finite elements propagate wavefronts faster due to the
discretization-dispersion while the refined element models propagate waves at continuum velocities.
Low pass characteristics of the finite element models are verified. All the finite element models
attenuate the wave fronts above the cut off frequency. A two-dimensional problem of the propagation
of dilatational and shear waves past a step change elevation is studied. While eliminating the
discretization-dispersion , the model does not suppress the natural dispersion which would be seen in
the corresponding continuum.
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ABSTRACT

The problems associated with the application of the finite element
method in two-dimensional elastic wave propagation in solids are
investigated in detail. Two serious defects associated with the
conventional displacement compatible.finite elements are discretiZation-
dispersion and artificial farfield coupling.

Discretization-dispersion causes the wavefronts of different
frequencies to propagate at different velocities. Lumped mass models
propagate waves at slower, while, models with consistent mass represen-
tation propagate waves at faster than continuum velocities. ILumped
mass representation of the displacement compatible finite element
models is identical to finite difference models, and, hence the same
amount of discretization-dispersion is present in the finite difference
models as well. The magnitude of discretization-dispersion is also a
function of the geometry of the model. A test procedure is developed
to evaluate the magnitude of the discretization-dispersion in a two-
dimensional continuum, modelled by finite elements. For the displa-
cement compatible rectangular finite elements, below the cut off
frequency, the maximum discretization-dispersion is of the order of
92% for dilatational waves and 20% for shear waves. When used in
modelling a longitudinal bar, less discretization-dispersion is noted
for dilatational waves (6.5% at 10.000 cps), while more for shear
waves (52.5% at 2000 cps).

The artifieial farfield coupling causes a given node to oscillate
before the arrival of the wave front at the node. It arises due to
the changes in the inertial properties of the continuum associated with
the discretization. Its magnitude is found to increase with increasing
frequency of the wave front and increasing distance of the node from
the point of application of the external force.

" A refined rectangular finite element is developed. The refined
element is free from the above two defects. The refined element has
compatibility of strains across the interelement boundaries, in addit-
ion to the compatiblity of displacements. First order Hermitian inter-
polation polynomials are used to represent the displacements in the
interior of the element.

Responses of a longitudinal bar, modelled by assemblies of both
refined and conventional finite elements of square and nonsquare
geometries, are determined under the action of several kinds of exter-
nal foce excitations. The kinds of force excitations include single
and multifrequency harmonic excitations and a step-rise force input.
Propagation of dilatational and shear waves are studied. Models built
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with conventional finite elements propagate wavefronts faster due to

the discretization-dispersion while the refined element models propa-
gate waves at continuum velocities. Low pass characteristics of the
finite element models are verified. All the finite element models
attenuate the wave fronts above the cut off frequency. A two-dimensi-
onal problem of the propagation of dilatational and shear waves past a
step change elevation is studied. While eliminating the discretization-
dispersion, the model does not suppress the natural dispersion which
would be seen in the corresponding continuum.




I. INTRODUCTION

1.1 General

Rigid body dynamics is founded on the assumption that when a
force is applied at any point in a body, the resultant stresses set.
'every other point in motion instantaneously. The force is considered
as prqducing a linear acceleration of fhe whole body together with an
angular acceleration about its center of gravity. In the theory of
elasticity, on the other hand, the body is considered to be in
equilibrium under the action of applied forces and the elastic
deformations are assuﬁed-to have reached their static values. These
assumptions lead to sufficiently accurate answers for problems in
which the time between the application of force and the setting up of
effective equilibrium is short in comparison with the times in_which
the observations are made. When, however, we are conéidering forces
which are applied only for very short periods of time, or are
changing rapidly, the effects must be considered in termé of propaga~
tion of stress waves. A stresé wave 1s a mechanical disturbance
travelling across a body. By disturbance we mean a deviation from
the stéte of static equilibrium which 1s characterized by a minimum.
of the potential energy. Since a disturbance involves energy, wave .
propagation implies the transfer of energy from oﬁe region to anpfher

in the body:
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1.2 Definition and Scope of the Study
Consider a homogeneous isotropic elastic simpiy cgnnected body
occupying a démain C surrounded by a surface S in a three-
dimensional Euclidean space as shown in fig. 1.2-1. Let the displace-
ments and surface tractions be specified as functions of time on the
parts S_. and S respectiéely, of the surface, S. There may be a

I iT

part of the surface, > which is neither subjected to any surface

S11
tractions nor restrained against any possible deformations. This is

a special case of S, . with identically zero surface tractions at all

IT

times. Further, an external force vector field of definite magnitude

may be acting at any or all points of the body inside the domain C.
The motion of any point C under the action of external. forces

and surface tractions is represented by Navier's equation of motion:

= b5 (xl,xe,x3,t)

pug = (MG) (uy p) 5 = G uy gy
X, s%p0%g € Gy b > By and i = 1, 2, 3. _ ©(L.2-1)
and the boundary conditions:
uy (Xl’XQ’XS’t) = Ui(xl’XQ’XB) on 8., t > to (1.2-2)

= > O=
'(Aui,iGij+2Guiaj) n, 95 (Xl,Xg,X3,t) on 81, t >t (1.2-3)

(A, .8,.+2Gu, .) n, = 0 on S

1,4°137 7,570 7 e * % % (1.2-4)

and the initial conditions:

'ui(xl’x2’x3’t) = Vi(xl,xz,x3) when t =t - (1.2-5)
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and

ui(xl’XE’XB’t) = Wi(xl,xe,x3) when t = t_ (1.2-6)

Xl’XE’X3 e C.

where: p i1s the mass density

A and G are Lamé's constants

Vi 1s the initial veloclty vector field.

Wi is the initial displacement vector field and

¢i is the external force vector field.
For the existence of unique solutions to the above differential
equations and boundary conditions, certain conditions are to be
satisfied by the constants and functions [10]. The constants p,
A and G are to be real and positive to inéure the propagative nature
of the medium. In any physical problem, the mass density is always
éreater than zero. Positive-definiteness of the strain energy
demands that the modulus of elasticity E and the rigidity modulus G
and hence the constant A be gfééter than zero. S0, a real elastic
solid propagates waves at definite velocities depending on its
physical proper£ies and the nature of the disturbance. The functions
Ui(xl;xg,x3,t) should be such that all its niﬁe spatial derivatives

are at least sectionally continuous in order that infinite strains

may not develop.
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.Some of the methods of deriviné exact solutions to the above
differential equations and boundary conditions are: (i) D'Alembert
éolution which is also known as the method of characteristics,
(ii) Integral transform methods such as Fourier and Laplace Transfor--
mations and (iii) Reduction to a Sturm-Liouwille problem and solving
for eigenvalues and eigenfunctions which is the same as the modal
superposition method. The latter method is a discretization of a
continuous system in a_géneralized sense and the procedure leads to
solutions converging to the exact solution in the limit. It is
possible to use the above methods only in problems where the domains
are defined by simple geometries. Whgn the geometry becomes complex,
they are not of much use and one must use a numerical procedure,
settling for approximate solutions.

It is the purpose of this dissertation to describe theAproblems
associated with the treatment'df stress waves in solids by the use
of the finite element method, and to develop a refined finite element
for an accurate representation of linear elastic wave propagation.
fhe conventional finite elements used in elastostatic analysis
yield incorrect solutions when used in wave propagatioé because of
the presence of the defect of discretization-dispersion [52].
The refined element, free.from.this defect, is developed by imposing

stronger compatibility conditions in the development of the element.

To give sufficient background to the investigation, detailed
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discussion of the related aspects of the classical theory of wave
propagation and a comprehensive revie& of the literature.on the
application of finite elements to wave propagation are presented in

the next chapter.




.- II. ON CERTAIN ASPECTS OF STRESS WAVE PROPAGATION -IN SOLIDS -
EXACT AND APPROXIMATE SOLUTIONS PROCEDURES

2.1 Introduction

In this chapter we attempt to present a brief coverage of the
history, development and the current state of the art of certain
aspects of classical methods, discretized approaches and the recent
developments of computer oriented solution techniques éf finite
difference and finite elements applied to wave propagation problems.
Wide diversity of interest in the subject makes it clear that no one
general survey could justifiably cover all the aspects. The review
on classical theory is confined to the propagation of longitudinal
and flexural waves and some half-space problems. Discussion on wave
propagation in rods centers around the idea of dispersion-fhe
dependence of phase velocity on the wavelength. This is done to
orient the reader to distinguish and appreciate the new concept of
discretization-dispersion, which this investigation encompasses.
Discussions are presented on finite difference solution procedures
to wave propagation problems. Literature on the application of finite
elements to wave propagation is limited to several papers published in

the last seven years. A detailed and critical review of these

investigations is presented.
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2.2 A Brief History of the De#elopment of the Theory of Stress Wave

Propagation

Brilliant work of French mathematicians at ﬁcole Polytechnique
in France during the first half of the nineteenth century léd_to'a
systematic development of the Theory of Elasticity and consequently
stress wave propagation [56]. Poisson [}43] succeeded in inte-
grating the equations of motion in elasticity and showed the
possibility of propagation of two types of waves, namely dilatational
and equivoluminal. He also developed the equations of longitudinal,
torsional and lateral vibrations of a bar and calculated the fre-
quencies and modes of vibration. Navier [35] déveloped the corres-
ponding equation for the lateral vibration of plates. Fifty years
later Saint Venant [49] investigated the lateral and longitudinal
impacts on bars and forced vibrations of bars in detail.

During the later half of the nineteenth century, mathematicians
at Cambridge University in England made sighificant contributions in
wave propagation. Stokes [55] . studied the vibrations of a single-
degree-of-freedom system aﬁd gave solutions for afbitrary initial
displaceﬁents and velocities and forecing functions. Rayleigh [L6]
made a significant contribution by recognizing the existence of
surface waves and their importance in seismological studies because

of their ability to travel longer distances than-the dilatational

and equivoluminal waves without significant attenuation. His other




9
prinpipél contributions in wave profagations and vibrations are
documented in his treatise, "Theory of Sound" [47]. Love [27] -
explained the presence of horizontally polarized surface waves due
“to the‘difference in the elasticity and density of the outer layer
of the earth from that of the interior. In the beginning of the
twentieth century, Lamb [23] studied the propagation of a pulse in
-a semi~infinite half-space. He treated several cases of surface
normal line load, point load and internal dilatational line and
point sources.

Even with all these investiggtions spanning about one hundrgd
years, techniques of analyzing wave propagation 1in practical
problems of bounded geometries were slow to come. Wave propagation
in bounded geometries are associateg with reflection and refraction
at the boundaries depending on the_nature of the problem. In generai
an incident wave produces bo£h reflected and refracted waves. _Boundary .
conditions determine their relative amplitudes. These often couple
with the divergénce and curl of the displacement potentials so that
a dilatational wave (P-wave), for example, produces both dilatational
and equivoluminal waves (also known aé shear or S-waves). The
propagation of surface or interfacial waves also must be considered.
When all these wave types are considered together, the . problem
becomes quite involved. Because of this, e%act theory of elasticity .

solutions are possible only for very simple and idealized problems
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and even these solutions are too involved to be used in engineering
applications. During the first half of the twentieth century, there
was no significant development in the wave propagation theory,
except for the appearances of solutions to some half space problems.
Interest was revived after World War IT and substantial progress has
been made in the last twenty-five years, especially due to the
development of many approximate numerical solution procedures which

depend upon the modern high speed computer.

2.3 Stress Wave Propagation in Rods and Beams

It is of interest to revieW'briefiy the analytical work done so
far on elastic stress wave propagation in rods and beams for an
appreciation of the concept of dispersion and group velocity. These
include compressional, torsional and flexural waves. In recent
years, several surveys and monographs have appeared both primarily.
and partly'centering on the topic [1, 22, 33]. The analyees
include exact theories and theories based on restrictive assumptions

and simplifications.

2.3-1 Compressional Waves

Pochhammer and Chree [42, 9] independently investigated the
simple case of vibrations of a solid circular cylinder ef infinite
length in terms of general elastic equations. Since they used the

exact governing equations of elasticity, it is also known as the
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exact theory. For convenience the equations. of motion are written

in cylindrical coordinates, given as: 5 3

' dw dw 37

aA oG . X 0 _ r -
(x+26) dr T 96 + 26 ox o 2

, at
. 2
‘ dw dw . u

1 dA r . X _ &l

(M26) « T - 95 - 6 5o+ G =0 252 g (2.3-1) .
2
W du_ -

942G 9 2G r X

Owee) 57 - T 57 (ewg) + =2 =5 )
. ot
J
where \
‘ qu au
= L. L._08,_x
b= gy low 36 © ox °
du au :
L. _x_ 8 2
2wr Tr 36 ox } ‘ (2.3-2)
au du
r X

20, = = - ==

1.9 aur'
and 2wx =';-[§; (rue) - —SEJ

where u., Ug and u  are the displacements in the radial, tangential
and axial directions, A and G are Lamé's constants and the three
rotation components satisfy the identity

: W dw T
9 1 6 X _ 5 2
S TR (2.5-3)

ol e
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An axisymmetric displacement solution is assumed:

-

u, = U(r) exp I2ﬂi(§t—ax)]
ug = 0 ' r (2,3_&?2‘
u = W(r) exp [2mi(vt-ax)]

o

In this relation, v is the frequency, and the wavelength A = 1/s where
a is the wavenumber. When these assumed displacements are substituted
" into the partial differential eiuations (23-1), two ordinary differen-
tial equations are obtained for the functions U(r) and W(r). Solution

of these equations yields:

. )
U(r) = A %}-Jo(h'r) +Ca Jl(K'r) \ ‘ (2.3-5)
and
Wgr) = Aia Jo(h'r) + i%-%;-[r Jl(K'r)]J

A and C are arbitrary constants, JO énd Jl are Bessel functions of

first kind and the parameters h' and «' are given by:

2 lmzvzg 22 )
1 = -
h ~A2G hr”a
and k _
2.2
<'? = EEEX£L - hﬂzae ] - - (2.3.6)

Substituting these equations into the boundary conditions of zero
normal and shear stresses along the boundary results in two equationé

of zero surface stress:
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2 .
37 (n'r) 2.2 3d. (k'r)
o) Lbr"vTpA 1 -
afaal 5 2 ]r=r - AH2G Jo(h'ro)} * QGC[ ar ]r=r =0
r o o
and '
3J (n'r) 2.2
2 2 haty ‘
bmha[———] _ =+ C[8n% - 13 (k'r) = 0 (2.3-7)

o
where ro is the radius of the leinderf

This is a set of two homogeneous equations in A and C. In order
to have a nontrivial solution the determinant of the coefficient -
matrix must vanish. The resulting equation expresses the relation
between the frequency v and the wavelength A. The product of v and
Ais the phase velocity, c, Wﬁich provides the relatiéﬁ_between the
phase velocity and -the wavelength. Such a pﬁase velocity-wavelength
relationship is known as a dispersion felation. Physically, this
means that waves of different wavelengths trével at different phase
velocities. A pulse having a wide band of frequencies in its Fourier
spectrum will undefgo change in shape as it travels along the rod,
which is a distortion or natural dispersién of the pulse. Dispersion
curves for the first'tWO modes are shown in Fig. 2.3-1. It may be
noted that the waves of long wavelengths travel at velocity
c, =V4§ known as the bar velocity.

An analysis of this'phénomenon of dispersion was discussed by
Davies [16] by employing Kelvin's method of stationary phase. In

this method of analysis a pulse of infinite amplitude and zero dura-

tion is imagined to be applied to the infinite bar at some point
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X =0 at time t = Q. The Fourier spectrum of such a pulse, sometimes.
called the Dirac-~delta function, contains all fréquencies with
equal amplitudes. At the time of application, t = O, the entire get
of sinusoidal components are phased.such that they reinforce one
another at the point x = 0 to produce infinite amplitude. At all
other locations they interfere with one énother to produce zero
amplitude. Because all the Fourier components propagate at different
phase velocities, it should be expected that at some station x' along
the bar, wave groups of different Wavelengthslarrive at different
times. At certain times there would be a grouping of considerable
pumber of waves of nearly the same wavelength which reinforce one
another producing a local disturbance large in comparison with fhe
nearly completely concelled components surrounding it. This larger

disturbance travels at group velocity cg which is given by:

¢y = c - A.%%- ' : (2.3-8)

The group velocity represents the velocity of pfopagation of energy
contained in a packet of waves whose Wave;engths do not differ
greatly froﬁ that of the dominant group.

The Pochhémmer—Chree theory is applicable only to an infinitely
long bar in which sinusoidal wave trains of infinite Wévelengths
are propagated in eithef direction. It cannot be used in a finite

or even semi-infinite bar having arbitrarily prescribed displacement
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or stress distribution on the end cross-section, since the infinite
set of modes in the theory do not form a complete.sef with respect to
section coo?dinates. In addition, the complexity of the
frequency eaquation introduées great difficulties in the analysi;
of the propagation of aun arbitrary pulse. As a result approximate
theories have been constructed which contain the essential features
of the exact problem in a simplified form, or some restrictive-'
assumptions introduced, to simplify the problem. BSuch are the
elementary theory, Love's approximate theory and the Mindlin-Herrmann
theory. They are discussed below briefly.

The elementary theory.is the simplest with the assumétions that
plane cross-sections remain plane and that oniy a#ial stresses are
present, being uniformly distributed over the cross-section. When
the equation of motion is substituted into the equation of continuity

and constitutive equations, the well known wave equation results:

XX = ¢ 2 __x ’ (2.3-9)

in which c, = VE/p, the bar velocity in a -uniform bar. The general

solution to this differential equation is of the form:
= -c + + 2.3-10
T, fx cot) Fx cot) ’ (2.3-10)

The solution represents the sum of two waves travelling in opposite

directions, the functions f(x) and F(x) representing the travelling
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pulse. It is seen that each traveliing wave has 1ts shape preserved
as 1t proceeds algng the bar with velocity co. |
A particular solution of egn. (2.3-9) is that which describes the
steady state vibration of an infinitely long uniform rod. It is
.assumed that the axial stress Gxx varies sinusoidally with time and

axial coordinates as follows:

o = (oxx)O sin 2-}{-(x - ctd (2.3-11)}

where A is the wavelength of the sinusoidal wave propagating with

a velocity c. On substitution of eqn. (2.3-11) into (2.3-9) it is
found that the velocity c is equal to c, regardless of the value of
the wavelength A, i.e., there is no dispersion. Since any pulse

can be represented in terms of ifs sinusoidal components by means of
the Fourier expangion, and each sinusoidal component is propagated
with the same velocity s no phase differences develop at remote
stations along the bar and hence'the pulse travels with no change in’
shape.

In the approximate theory given by Love [26], the assumptions are
made fhat the plane cross—secﬁions remain pléné and that the axial
stresses are uniformly distributed over the.cross—section as in
the elementary theory. However, terms are included to account for the
inertia associated with the lateral expansion or contraction due

to the Poissonic effect connected with the axial deformations. -
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The assumption is made that the displécement'in the radial direction
is proportional to the radial coordinate r and to the axial strain
Hux/%x, that is, ur = - ur Bux/ax. Love developed his wave equations-
by applying Hamilton's principle to the energy expression which
includes transverse inertia.

Adequacy of Love's theory.can be estimated by a comparison with
the exact theory using the dispersion curves. The curve labelled
'Love theory' in Fig. 2.3-1 is in agreement with the lowest branch
of the exact theory as long as the disturb;nce in the rod does not
contain wavelengths less than about ten times the radius of the bar.

In the neighborhood of the wave front, there would rather be a
iarge rate of change of lateral dimension especially when short
wavelengths are present. §Shearing strains of non-negligible magnitude
are associéte@ With.such deformations. An approximate theory
considering these shearing strains and the corresponding shearing
stresses was proposed by Mindlin aﬁd Herrmann [3&]; Aé in Love's
theory it is assumed that the radial displacements are proportional
to the radial coordinate, initially-plahe_cross—sections remain
plane? and that the problem is axisymmetric. While Love postulated
a direct proportionality between radial and axial strian, Mindliﬂ
and Herrmann do not impose this relation in advance. In order to
allow.mofe freedom in the correction for éhear and inertia, they

introduced two new parameters, The resulting frequency
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egquations or dispersion relations are presented in Fig. 2.3-1.
The .new parameters are adjusted so as to make thé lower mode
curve agree with the exact theory for short wavelengths.

It may be said that the exact theory of longitudinal wave
propaéation is not éuited to engineering applicatioﬁs. Since its
analysis is extremely difficult mathematically, progress in this

“direction is slow, though understanding of the basic mechanism of
propagation is not lacking; Experimental results have helped to
indicate the nature of mechanism while the highly devéloped épproximate
theories have made it possible to predigt analytically the essential
propagational charactefistics. Fér practical engineering applications
the available approximate theories are enough to yield reasonably

good answers for design purposes.

2.3-2 Flexural Waves

In speaking of flexural waves we mean thatltype of vibfations of
a beam in which some portions are in‘fléxure and the elements of
the neutral axis move laterally during the motion. The problem of
flexural vibrations is somewhat more difficult than longitudinal
vibrations .because the elastic deformations are more complex.
Further, it will be seen that even the elementéry theory leads to
dispersion., In the.following presentation a brief discussion of the.

elementary theory precedes a presentation of the exact theory of
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Pochhammer and Chree and this is followed by an approximate.theory
developed by Timoshenko.
The vibration equation of a beam based on the Euler-Bernoulli

theory of bending is:

b

~ 0 W 32w . '
EI T + pA > =0 (2.3-12)
ox ot .

where A is the area of cross-section, I is the moment of inertia of
cross-section. The elementary theory is primarily based on the
assumption that the cross—sectional dimensions are small compared with
the length of the beam and that the plane cross—sections befo;é |
bending remain plane during bending. A wave type solution may be

taken of the form:

w= C cos (2mvt —'ax) . (2.3-13)

~

where v is the frequency and a is the wavenumber. Substituting this
solution into the differential equation, one obtains the’ expression
for phase velocity:

2cho

¢ =— ". (293—}h)

where R = ¥YI/A, the radius of gyration and ¢, is the bar velocity.
The corresponding dispersion relation is illustrated in Fig. 2.3-2.
The phase velocity, ¢, is inversely proportional to the wavelength

implying that the waves of infinitely short wavelengths propagate at
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infinite welocities, which is not physically possible.

The case of an Infinitely long beam of uniform circular

22

cross—-section was investigated independently by Pochhammer [h2] and ‘

Chree [ 9 ]. Taking the axis of the circular cylinder to be oriented

in the x-direction, the eguations of motion written in cylindrical

coordinates (2.3-1) are valid here also. Solutions considered are

of the form:

o
"

o
1]

o
"

where U, V and W are functions of r only according to:

U=

V=

W =
where A,
kind and

2
and

h'2
and f =

U cos® expl[2ni(vt-ax)]
V sin® exp[2mi(vt-ax)]

W cos® expl[2mi(vt-ax)]

A g;[Jl(h'r); + B 2=, (e'r)] + £ 7 (e'r) )

~-A ' _ Bt 1
- Jl(h r) - Jl(K r)

ifA Jl(h'r) - iBK'2 Jl(K'r)

- -g-l;[Jl(er)]

(2.3-15)

(2.3-16)

B and C are constants, J, is the Bessel function of the first

1
~
hnzvzp N 2 2
=g -~ e
\
- hngvap _ h“2a2
A+2G
21ma
J

(2.3-17)
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.The equations for displacementé may now be expressed in:terms of
the-arbitrary constants A, B and C and then introduced in the radial
étress expression. Specificatbtion of zero stresses along the boundaryl
leads fo three homogeneous equations in A, B and C. The determ;nant
of the coefficients must vanish and the expansion of the determinant
yields the dispersion relation based on the elastic constants. By
expreésing it in a nondimensional.form, an -equation of two variables
c/co and rO/A with Poisson's ratio as a parameter results. Abramson
[laJ calculated the lowest tﬁree modes which are shown in Fig., 2.3-2.

The.Pochhammer—ghree theory’qut described is too complicated
to be useful in practical epgineering. On the other hand, the
elementary theory is too_limited to describe adequately the tfansient
behavior resulting from sharp bénding impacts. The gap between the
over simplified and the too highly complex theories is well bridged
by an intermediate theory by Timoshenko [57]. This theory adds terms
which correct for shearing strains and rotatory inertia of beam
elements., Whereas the eiementary theory is builf on the assumption
that plane sections remain plane during bending and remain perpendi-
cular to the deformed middle curve of the beam, the fimoshenko
theory is less restrictive in that a section remains plane but may
be inclined at different angles to the deformed middle curves. Also,
whereas the conveﬁtional equilibrium relations are assumed in the

elementary theory, the Timoshenko theory includes the inertia term
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arising from the rotation of the beam elements in the plane of
vibration of the beam.
A discussion of the essential details of the Timoshenko theory
follows. The forces, moments and directions of motion of a beam
element are shown in Fig. 2.3-3. The equations of the behavior of

the beam element are as follows:

oM 1 .
T Q =0T 5T (rotational) \
. equations of motion (2.3-18)
2 _ o
yl ol 5T (transverse)
K _ duw .
ratiali s (bending)
equations of continuity (2.3-19)
oy _ 9 r:
% - ox [w] +w (shear)
and
M = EIK (bending) .
constitutive equations (2.3-20)

Q= Ay (shear)
where M i1s the bending moment

Q is the shearing force

K is the axial rate of change of section angle, = —g—
Y is the shearing strain, = %gl- I’

W is the transverse velocity, %%l

A is the section area

A_ is the area parameter defined by ffy(Z)dA = YA, where

w is the angular velocity

v(Z2) is the true variation of Y over the area. When all but one
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Fig.2.3-3 Element of Timoshenko beam in bending
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. variable is eliminated from the six equations above, a single fourth

order partial differential equation results. The equations is:

2'u L, L s .1 1 2w, 1 dfu_
,agh o 2 c 2 axeate o 2 c 2 atn C-2k2 at2,
o] Q o] Q o
| (2.3-21)
GA . ‘
2 ® o s .2 T
= = T eem— ¢ < = — - \
where Co bt CQ Yl k I ' (2.3 22h.

This is the form usually designated as the Timoshenko equation.
L GA
The quantity —2 i5 a modified form of the square of the shear wave

pA
velocity which is %n This modification results from the assumption
of plane cross-sections.
The steady state equation to the Timoshenko equation is of the

form:

M= M_ exp [2mi(vt-ax)] oL ' (2-3—23)~'“

For a bar of radius ros the resulting equation is:

> > ) |
R S R A A S S ST A U A W
1678 5 5 5 3 53
| ¢y. Cq . ¢, Cq c.’x
or
E @ ot o2 1 '
- S-S - . =0 (2.3-24)
C 2 C 2 C 2C e C 2k2 hﬂea?
o Q 0 Q
r

The solution of this equation as a function of %—-and Kg-yields two
separate branches as shown in Fig. 2.3-2 and labled 'Timoshenko

Theory.' One of the bfanches_agrees well with the Pochhammer-Chree

theory discussed previously. Recent experimental and theoretical

L
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investigations [L8,54] have established the adequacy of the Timo-
shenko Pending mechanism to describe the responsé of beams to

sharp impacts.

2.4 Waves in Semi-infinite Half-space
Wave propaéation in infinite and semi~infinite elastic media

are subjects of long standing interest in seismology. Recently they
-have become of increasing interést in engineering. The underlying
ﬁractical reason 1s the need for nuclear blast-resistant and
earthquake resistant structures. Complexities of these half-space
problems stem from the mode conversion of dilatational and shear
waves at the free surface and the generation of Rayleigh surface
waves. .Rayleigh's discovery demonstrated the fundamental difference
in the characteristics of the half space problem from the infinite
medium problem. Lamb [23 ] was the first to study the propagation

of a pulse in the half space. He treated the cases of normal surface
line load and point loads, and internal dilational line and point
sources. For the surface source probl;ms Lamb evaluated the surface
displacements bringing forth the important fact that the largest
disturbance in the farfield was due to the Rayleigh wave. Several
other investigators have studied the surface source problems. Of

note are the solution derived by Sauter [51], Lang [24 ] and Pekeris

[so,k1].
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Of particular interest in nuc¢lear blast half-space wave studies
are the problems involviné travelling line and point surface loads.
Sneddon [53] treated the problem of 5 line load moving with constant
velocity deriving a steady state solution. Cole and Huth_[13]
~extended Sned&on's work to trapsonic and supersonlc cases. They
presented a numerical study of stress and acceleration fields as a
function of the ratio of loa& velocity to shear wave velocity.
Their results show that the maximum stresses and accelerations
increase with load velocity but the influence of Rayleigh wave
singularity on these results was not assessed. Interesting are Cole
and Huth's comparison of the stresses with their static counterparts
(Boussinesque-~Flamant solution). For a travelling load with the
velocity near the Rayleigh wave velocity, stresses show multifold
increase over the corresponding static values.
2.5 A Brief History of Discretization Approaches to Wave Propagation

Problems N |

A detailed-account of the historical developmenf of discretized
models for wave propagation studies is given by Brillouin [8].
Development of such models date back to the time'of Newton [36] when
he derived a formula for the velocity of sound in air by the use-of
a one-dimensional lattice made up of springs and lumped masses

connected in series. The formula was good only for wavelengths‘
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great in comparison with the distance between the lumped masses in

the lattices. The reason why Newton considered a discretized

rather than a continuous structure wa.s that nothing was knowh about
partial differential equations at that time. In 1830, Cauchy used
Newton's model in an attempt to account for the dispersion of light
waves. Cauchy assumed that liéht wvaves were just elastic waves

but with very high frequencies, He obtained the result that the
velocity of propagation was independent of the wavelength for waves with
wavelengths long compared with the distance between the lumped

masses. However, for shorter waves, he showed that the velocity

of propagation was a function of the wavelength. The result is

correct for elastic waves. |

- In 1841, Baden-Powel [8] computed the velocity of a wave propéga—

fing along one axis of a cubic lattice structure as a funcfién of the
wavelength. The model consisted of point masses of mass m spaced

along a straight line at a distance d from one another. These masses
are elastically bound to each of its qeighbors with the same restoring
force. His equation for the velocity of propagation V of the waves .
as'a function of wavelength 1is: |

Isin %éw ’

V=V ——— . (2.5-1)

® md

A

where A is the wavelength and V_ is the velocity for waves. of
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infinitely long Qavelength. Thig is the discretization-dispersion
relafion. It should be mentioned here that the present day one-
dimensional finite-difference models with lumped mass fepresentation
are the same 'as that developed by Baden-Powel and hence have the same
discretization-dispersion relation. The above discretization studies
were done by theoretical physicists and were not used in engineering
applications until recently along with the development of finite
difference and finite element methods applied to elasticity.
2.6 TFinite Difference Method and Its Application to Wave Propagation

Studies .

The f;nite d%fference method is an approximate numerical pro-
cedure for solving partial differential equations. It replacés the
governing differential eqﬁations and boundary conditions by finite.
difference approximations in terms of a.finite number of unknown
values of the dependent variables at a number of poih@s (nodes)
within, or jusﬁ‘outside, the domain of integration [2]. The finite
difference equations form a set of algebraic equations which are
solved for the unknowns. The set of unknowns are comprised of the
discrete values of the dependent variables at nodes. To solve for
the unknowns one requires the availability of an equal number of
.algebraic equations. These equations are provided by: (i) corres-
ponding to each unknown at an internal node, the finite difference

apﬁroximation to the governing differential equations at the node




31

is formed, and (ii) corresponding to each unknown at an external
node the finite difference approximation is made of the boundary
condition. \

The finite difference method has been applied to wave propaga-
tion problems in axisymmetric solias, both elastic andAelastoplastic,
and elastoplastié layered medié by Ang et al. [3,4,50]. The
continuum is represented by a lattice of lumped masses and springs
evedly spaced based on the choice of the coordinate system. Nodal
strain components, which are the spatial Qerivatives of displacement
functions at nodes, are written in terms of adjacent nodes by a central
differenciné scheme. They are related to the stress components through
the constitutive equations of the material. Equilibrium equations of
elastiéity relate the spatial derivatives of the stress components to
the secoﬁd~order time derivatives of the displacements{ Accelerations
at nodes are related to the.displacementé at surrounding node points
and the problem is reduced to a set of difference equations. These

difference equations are integrated by one of several ayailable

numerical procedures.

2.7 Finite Element Method
The finite element method may be defined as a systematic
procedure for solving partial difféerential equations,commonly occurr-

ing in Mathematical Physics by an approximate variational formulation
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analogoﬁs to the Ritz method. It involves modifying the problem of
solving the differential equation to the problem of minimizing a
functional subject to specified boundary conditions. A solution is
asspmed as a function of several unknown parameters and these
parameters aré determined by minimizing the functional. In elasto-
static finite element analysis the unknown parametérs are the nodal
displacements and the functional represents the total potential
energy, whose minimum is a necessary and sufficient condition for
equilibrium. The minimization equations yield the so called
stiffness matrix, a relation between the generalized (nodal) displace-
ments and the generalized (nodal) forces.

The‘method was developed in the 1950's for structural analysis
problems [60] in aircraft design. Since that time it has seen
significant developmeﬁt and application to a wide variety of prob-
lems. Though the method has been used extensively for the last two
decades, it is only recently that its mathematical foundations are
becoming better understood [17,38]. Tt has been sufficiently
generalized so that a finite element model can be generated for any
type of continuous abstract function whose values, for example,
can be scalar, vectors or tensors of any order in a given Hilﬁért
Space [39].

The finite eleﬁent method is not used in wave propagation prob-

lems extensively because of the discretization-dispersion present in
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the currently available finite elements. This dispersion causes.
wave fronts of different wavelengths to travel gt different velocities,
resulting in an inadequate representation of the continuum. - In the
following section is presented a detailed and critical review
of several investigations on the subject during the past decade.
2.8 Current State-of-the-Art in the Application of Finite Elements

to Stress Wave Propagation in Solids

Shipley et al.[52] use displacement comﬁatible elements to
solve several wave propagétion problems and compare solutions with
existing solutions. Using a lumped mass representation, they
report that high-frequency waves travel at reduced velocities while
low frequency waves travel at approximately continuum group velocities.
This results in a predominancé of high frequency oscillations in the
trailing portions of the disturbances. This is the characteristic
of a lumped mass representatioﬁ, as seen in the model developed by
Baden-Powel in 1842 and discussed in Sec. 2.5. Problems solved by
Shipley et al include a step force applied at one end of a one-
dimensional rod, a spherically symmetric wave mption, a dilata-
tional cylindrical wave problem, and a plane strain problem of
an elastic half-space subjected to a travelling surface load. In
the computed results veloclty responses show wild oscillations. The
authors suggest an interpretative scheme of averaging the envelopes’

of peaks and valleys. The displacement response is smoother as it
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is the integral of the velocity funétion. Strains are computed from
the central differencing of the nodal displacements. The correspond-
ing stress response curves are smooth, siﬁilar to the displacement
responée.curves. IHowever, in the above study, computations were
car?ied out for a short period after the application of external

forces, and hence, the accumulated effects of discretization-dispersion

~are not brought out clearly.

Costantino [14] investigated the application of finite elements
to stress wave ﬁropagétion. He also uses displacement compatible
rectanguiar and triangular elements .and a lumped mass representation,
but apparently, does not recognize the presence of discretization
dispersion. He solves a spherical wave problem and the problem of
a step-force applied to a one-dimensional bar and computes the dis-
placemenf respoﬁse for a éhort period after the aéplication of the
external force. As may be expected the displacement response shows
close agreement.with the exact solution. He also solved the problem

of a half-space subjected to a dynamic surface load. The computed

. stress response at several node points inside the half space are

shown to be in good agreement with the solutions obtained elsewhere
by finite difference method [ 3 ].‘ In faét, the finite element

formulation by the author would yield the same equations of motion
obtainéd by fiﬁite differénce method and apé;rently that 1is vhy the

solutions agree closely.
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Benjamin B. D'Ewart, Jr. et al,[s ] use the one-dimensional
finite element model with lumped mass representation for the
approximate computation of the velocity of sound in air. The
study is essentially the same as that of Newton, as reported earlier.
The resulting model is identical to the finite difference model. As
expected, computed values of Velocities are smaller than the true
value.

Lysmer, together with several other authors [28,29,30] have
published several papers on the appiication of finite elements to
wave propagation studies. in Ref. [29], they represent a semi-
infinite medium by a finite element model with energy absorbing
boundaries by -relating the velocities and stresses at node points in
the infiqite ﬁedium, A lumped mass representation is used. They
compute the displacement response of a footing resting on a semi-
infinite half space under a vertical harmonic force applied to the
footing. The study is limited to the case of long %aves, with
wavelengths greatér than twelve times the element size; Good agree-
ment with the exact solution is obtained for this case as the effect
of discretization-dispersion is not significant for long waves.

In Ref. [28] Lysmer uses the finite element model to determine .
the physical dispersion relation pf Rayleigh wave propagation in a
layered medium. He uses the displacement compafible rectangular

element to derive the stiffness matrix and supplements it with a
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lumped mass representation. In Ref. [30], Lysmer and Waas investigate
the dispersion of horizontally polarized shearwaves (I,ove waves)
with the same finite element, modified for out-of-plane deformation.
This study is an.extension‘of the previous study of dispersion of
Rayieigh waves. Thé authors intended to study the physical dispersion

of Rayleigh and Love waves but in fact the study is done on the

~dispersion of the finite element model rather than that of the contin-

uum. Since the dispersion study doné by Iyémer relates to the study
of discretization-dispersion of the finitg element to be presénted
later in this investigation, it is worthwhile to review Lysmer's.
work.

Fig. 2.8~1 ghows the‘model used by Lysmer in his study of
dispersion of Rayleigh waves, He considers the propagation of a
plane harmonic wave in the x-direction with phase velocity c and

frequency v (cps) and assumes the equations of motion at the nodal

points as:
GX = ui(y) éxp [2mi(vt-ax)}] '
and o (2.8-1)
§_ = u exp [2mi(vt-ax
v ey p [2mi( )]
‘where a is the wavenumber, ' %—. All finite elements are of the same

length in the horizontal direction, egual to h, but no such .

restriction is made in the vertical direction. Adjacent nodes in &
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horizontal row have the same phase difference of 2mah, say equal to
é. Further, the displacement at any one node can.be expressed in
tgrms of the displacements of the neighboring nodes, as the phase
difference is known (Fig. 2.8-2).
Shown are two elements in a row in the jth layer. The displace-

ments at nodes on the common boundary can be written as a vector:

fu} = 9 (2.8-2)

L Y+

The corresponding nodal force vector is:

J 1 (2.8-3)

The vectors {u} and {Q} are related through the matrix [L] which

Lysmer designates as the layer stiffness matrix.

{@} = [L1{u} | (2,844
The layer stiffness matrix includes the elastic coupling between
the neighboring nodes on the same horizontal row and its terms are
functions of phase parameter 7, and hence also a function of the

wavenumber a. It is to be noted that Lysmer does not include the
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elastic coupling of all the neighboring nodes (e.g., considering node
3 in Fig. 2.8-2, its elastic interaction with nodes 5 and 1 only are
included whereas the interactions with nodes 2, 4 and 6 are not
éonsidéred) which is in error. When all the nodal displacements and
.nodél forces along a vertical line are considered, they are relaﬁed
by a stiffness matrix obtained‘by superimposing the individual

layer stiffness matrices, say [K] such that:

_{6} = [K]{u}, (2.8-5)
where: |
r 3\ r a
uxl Qxl
R Sy
.ux2 Q‘Xé
e N u Ol= 1Q >
{ul = ¢ Yo } and {Q} Y5 |
u. Q.
Fn+1 *n+l
u Qyﬁ+l
| yn+lJ ' k . J

where [K] is a (2n+2)x(2n+2) matrix. Equations of motion of free

oscillations of all the nodes along a vertical line are written as:
[M]{u} + [K]{u} = {0} B | (2.8-6)

where [M] is the diagonal lumped mass matrix. The eigenvalue problem

is then defined by
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1K) - ,2[H]] = o , (2.8-7)

The eigenvalues so determined are function of the parameter z
and hence functions of the wavenumber a. They are frequencies, which
when divided by the wavenumber, yield the phase velocity values.

Hence the dispersion felation of the phase velocity to the wavelength
is determined. Lysmer compares his dispersion relation to an
already available solution by Tolstoy and Usdin [59] and found éood
agreement fof two modes. These are the fundamental modes of oscilla-
tion of the nodes along and perpendicular to the direction of pro-
fagation of the wavefront.

An important factor to be noted in Lysmer's investigation is that
he made the horizontal length of the element equal to zero, wﬂich
makes the parameter ¢ = 0, i.e., there is no phase ‘difference
between adjacent nodes in a horizontal row. This forces the wave-
lengths iﬁvolved to be of infinite magnitude, for~which computed
phase-velocities are in close agreement with continuum velocities.

Aé will be shown in the following investigation, the limit of
wavelengths to twelve times the grid dimension as suggested by
Lysmer, avoids the region of strong discretization—dispersion.' No
indication is gifen by Lysmer that the dispersion he‘éncounters is
from the finite element modelling, rather than from natural causes.

This distinction and quantification of the finite element
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discretization-dispersion is the central topic of this thesis.

S




IIT. PROPAGATIONAL CHARACTERISTICS OF VARIOUS FINITE ELEMENT

MODELS IN ONE AND TWO DIMENSIONS

3.1 Introduction

" In the cla;sical theory of wave propaga@ioq, the term dispersion
is associated with the dependence of the phase velocity of a wave-
front to its wavelength. This dispefsion arises from thé energy
absorption charééteristics in the propagating medium or from the re-
flection of wave fronts from the boundaries. It i1s characterized by
the distortion of an input signal while propagating through the
medium because of various freguency components travelling at different
velocities, attenuating at different rates, or aue to some complex
pattern of reflection from the boundaries.

A real medium may exhibit dispersion and absorption (with or
without dissipation) depending on‘the iﬁteraction between the wave
and the medium. The information concerning this can be obtained by
comparing the response function with the input signal. The dispersion
relation is commonly expressed as the relationship between the phase
velocity and the wave number which is the inverse of the wavelength.

A plane wave 1s represented by the expression:
C exp{2mai(ect-x)}

where C is a constant, the amplitude of the wavefront,

& is the wavenumber, = %3
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¢ is the phase velocity, and

t and x are the independent time and space variables. When
the phase velocity c is expressed as a function of the wavenumber é,
it is known as the diépersion relation. In the previous chapter,
‘dependence of phase velocity on wavelength and_the dispersion
relations were discussed in detail for longitudinal and flexural
waves:

The dependence of phase velocity on the wavelength causes the
wavefronts of different frequencies to fravel at aifferent velocities
causing a signal containing a packet of waves either to change its
shape, attenuate, or both. Becauée of dispersion, the group wvelocity
of a givén packet of'waves differs from the phase velocities of the
individual wavefronts.. The group velocity represents the velocity
of propagation of energy contained in a packet of waves while the
phase velocity represents the velocity of an individual wavefront.
By a wavepacket is meant a signal of finite duration in time whose
frequency spectfum is quasimonochromatic. To be specific, if W is
the driving frequency, the signal is a packet of frequencies_of a

'narroy bandwidth with a cenﬁral peak of wo.

. The dispersion relation of waves obtained by the Pochhammer-
'Chree theory, discussed in the previous chapter, is dependent on the
geometry rather than the physical properties of the propagating

medium. That is, the velocity of the wavefront varies as the ratio
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of a characteristic cross-sectional dimension to the wavelength.
This is the property of a bounded medium, arising.frém the complex
pattern of reflection from the boundaries. If the propagation‘takes
place in an infinite medium where no feflections are involved, the
internal frictioﬁ plays a significant role in dispersion. All real
media exhibit some amount of internal friction. When the magnitude
of the internal friction is frequency dependent cauéing‘the wave-
fronts to attenuate at different rates, it is always associafed with
strong‘dispersioﬁ.

In a bounded ﬁedium with no internal friction and where the effect
of reflgcﬁions from the boundaries is not significant, an input signal 
containing a quasimonochromatic wave packet travels without any
appreciable distortion. A finite element model representing suéh a
medium should exhibit the same "nondispersive" property, i.e., pro-
‘pagating the signél without any appréciable distortion.

X I 4

A finite element not exhibiting the above property is called a
dispersive element. The dispersion in the finite element model is not
fo be confused with the dispersion in the continuum due to reflectipns
or internal friction, discussed before. The dispersive character of"
the finite element is the inability of the model to represent the
dynamic behaviou£ of the continuum truly. It is an artificial
dispérsion fesulting from the effective ipcgl variations of the

elastic and inertial properties associated wifh the discretization




L5
and, hence, is termed as discretiZaﬁion—dispersion. It is character-
ized by the element propagating wavefronts of different frequencies at
different velocities. Many finite elements which give good convergent
solutions in elastostatic problems are dispersive when used in wave
fropagation problens.

In the following sections of this chapter, several finite eleménts
are evaluated for their dispersive properties in wave propagation
modelling. Some of the elements which exhibit discretization—dispersion
in wave propagation have been in use for elastostatic problems and have
been found to yield good results as the discretization—dispersion doeé
. not have any influence on the static analysis. The finite elements
considered are: (i) one-dimensional displacement-compatible element with
one degree-of-freedom per node, (ii) one-dimensional first-—order strain-
compatible element with two degrees—of-freedom per node, (iii) two-
dimensional displacemenf—campatible element with two degrees—of—fregdom
per node and (iv) two-dimensional first-order strain-compatible element
Witﬁ six degrees-of-freedom per node. .In both one and two-dimensional
formulations, first-order strain-compatible elements do not exhibit any
discretization-dispersion. The study on one-dimensional elements was
first done by Lang [25], and documented in his ﬁnpublished papers.

3.2 One-Dimensional Displacement*Compatible Finite Elements and Its

Dispersive Characteristics

The element is sketched in Fig. 3.2-1. It has two degrees-of-
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u,;//"A’E Un
— —

n : n+l

—p— X

Fig. 3.2-1. One—dimensional Displacement Compatible Finite Element.

fréedom, one per node. A';inearly varying displacement function
(which is a lLagrange interpolation polynomial) is used in the
derivatign of mass and stiffness matrices. The element is used for
solving problems where the strain energy is a positive-definite
function of the spatial derivatives, i.e., longitudinal elastic bar,
suspended elastic cable or similar problems. The.element satisfies the
“three criteria normally specified [64], i.e., ability to exhibit
rigid body motion without storing strain energy, exhibit the state of
constant strain when the continuum it represents is under such a
state and the continuity of displacements across the interfaces
between the elements. In static analysis, it yields solutioné
uniformly éonvergent in the nodal displécements with decreasing size

of elements.
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The element has the.following geometric and physical properties:

Length of the element = L
Modulus of Elasticity = E
Aiea of cross-section = A

Mass density =p
n and n+l are the node numbers.
. Since the formulation is one-dimensional, Poissonic effect need not be

considered. The stiffness and mass-matrices are presented below:

[x].= %E =k . ‘ (3.2-1.2)
-1 1 - l-1 1

and consistent mass matrix:

1/3 1/6 /3 1/6
[M] = pAL =m (3.2-1.b)
1/6 1/3} 1/6 1/3

Consider a series of elements assembled in a row representing a
longitudinal homogeneous eléstic.bar; The motion of the bar under
the influence of external forces is given by the differential‘eQuation:
2 2 |

p(x)-ajg [u(x,t)] + EA 2—5-[u(x,t)] = F(x,t), O<x<Lh, (3.2-2)
ot 9x .

vhere u(x,t) is the displacement function, and F(x,t) is the function

representing the external forces. When discretized by a finite

element approximation, equation (3.2-2) takes the.following form:
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(3.2-3)

The equation of motion of node n, when considered alone, is:

un—l

m[.T+gul +

n+l

-27—4 + k[—u

n-1

+ 2u
n

u
n+1l

]=F

n

where (") represents the second order time derivative.

(3.2-4)

Phase velocity of a wavefront is the product of its frequency

and wavelength,

v=2
a

where V is the'phase velocity,

(3.2-5)

v is the frequency of the wavefront in cycles per second, and

a is the wavenumber, the inverse of the wayelength.

Consider a longitudinal wave of frequency v cycles/second,

spanning over several node points.

Displacement of the node n may'be
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written as a harmonic function:

u, = A exp[ari(vt-ax)] = Al expl2ni(vt-anl)] (3.2-6)
n

The amplitude Ah = A is the same for all the nodes for a wave
travelling without any attenuation.
Equation (3.2-6) also yields the phase relations between the

~adjacent nodes:

u A expl{2mi[vt-a(n+l)L]}
nrl (3.2-7)
A exp{2ri[vt-a(n-1)L]}

i

o
1]

which reduce to:

u = u_ exp[-i2wal]
n+1 n (3 . 2-—8 )
and wog = U expli2wal]
The harmonic nature of the motion requires
i -=‘-hn2v2u
n+l "n+l )
and U = —hnzveu ' (3.2-9)
n-1 n-1

Consider the free oscillations of.the node n with no external
forces acting on it, Fh = 0. Equation (3.2-8) and (3.2-9) are

substituted into (3.2-4), the latter takes the following form:

%% hﬂeve[h+2 cos 2mal] = 2k[1 - cos 2waL] = 0

°f 2 _ 12k _ 1-cos 2mal - (3.2-10)

'\) =
m hnz(h+2cos 2mal)
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Define a paramter, £ = mal. Velocity V = ﬁf, {(as in eqn. 3.2-5).
Substituting in eqn. (3.2-10),

V2 _ V2 _ L2 3sin25
= =5 =

: (3.2-11)
a 52(l+2c032£)

k
m

The velocity of propagation of a wavefront of infinitely long

waves is obtained when &0, i.e., wavelength‘A+w, as:

Ve = 1im {1° & 3sin’t } =2k
&30 n 52(l+2cos2£) n
(k = Eé-; m = pAL; .°. V2 = E-which is the same expression as obtained

® P

in the classical formulation).
The phase velocity for an arbitrary wave with parameters £ can

be written in terms of Vco as:

. 2. .
veye S 3EmE o<

[e ] (_3 e 2-12 )
. 52[l+2c052£]

STE

The range of the value of § cén be explained physically in that
an assemblage of finite elements with successive nodal spacing L
cannot support ﬁhe propagation of waves with wévelengths shorter
than twice the length of the element.

A plot of the ratio V/Voo as a fuﬁction of the parameter
g(=mal) is shown in Fig. 3.2-2. Below the cutoff frequency, the
element exhibits aﬁvariation of 20% in fhe veiocity from its value

of that for infinitely long waves, contrary to the constant velocity
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chargcteristics of the continuum. Thus the finite element represen-
tation of a longitudinal bar so derived results in significant
discretiiétion~dispersion. In a wave group, all except very'long
waves travel faster than the continuum velocity, resulting in an
artificial distortion of the input signal. The finite element models
are band limited, acting as low pass filters so that the components
. with shorter wavelengths will attenuate rapidly [52]. This is a
property inherent in all the discreﬁe formulations. Also it is
dependent on the elément size which can be adjusted according to the
requireméﬁts of the problem.
3.3 One-Dimensional First Order Strain Compatible Finite Element

and Its Dispersive Characteristics

The higher order finite elements ar; ch@racterized by the
inelusion of higher order spatial derivatives of displacement com-—
ﬁonents as generalized coordinates in addition to the displacements.
The advantages ére that continuity of the.spatial derivatives can
be achieved across thé interelement boundaries resulting in a rapid
convergence of solufions° In elasticity problems, these derivatives
are the normal and shear strain components. The continuity of the
strain components across the interelemenf boundaries may be expected
to improve the element characteristics. Interpolation polynomials
are advantageously used for the development of elements with

continuity of the displacement functions across the interelement
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boundarieé [7 ]. Hermitian interpolation polynomials are used

when higher order compatibility is desired. A Dbrief discussion

on the theory of Hermitian polynomials and their use in the .develop-
ment of compatible stiffness matrices are presented later in the
chapter.

For the element under discussion, the normal strain (first order
spatial derivative of the displacement) continuity‘condition is
imposed and hence first order Hermitian interpolation polynomials are
used to represent the displacement configuration. The stiffness and
consistent mass"matrices‘and their detailed derivation aré presented
in Appendix A.

For a uniform longitudinal bar modeled by an assembly of
first order finite elementé, the equations of motion of a node, say

n, are given by the following:

.. 3
" om_| 5k 13L 312 0 54 13L i
20 2 2 2 i
~13L =3L 0 8L 13L -3L 17°x
‘ . n-1
ﬁn
o >
ﬁu,.x
n »
| ¥t
U,
L n+1 ]




=6 L 12 4, =6 L_ [ )
15 10 5 5 10 Yn-1 F .
i 2 2 = ™ (3.3-1)
L o215 b2 oonoans| Yk . 3=l
10 30 5 10 30 n n|
T u q
| n
U, .
o n
, un+l
u’
xn+l
The constants m and k have the same meaning as in eqn. (3.2-1).
For free oscillations with zero external forces Ph = @n = 0,

Considering a longitudinal wave spanning over several node
points with a frequency of v cycles/second, displacement and normal
strain at the node n can be expressed as the following periodic
functions:

u = A exb{2ﬂi(vt—anﬁ)}
and | ' (3.3-2)

u, = B exp{2ri(vt-aL)}
Xn

the notation used beiné the same as in eqn. (3.2-T}. Correspondingiy
the adjacent nodes will ascillate with a phase difference of

2¢ = 2rmal; radians as described in the previous section. Hence, the
nodal strains and displacements at n-1 and n+l can be expressed in
terms of those at node n. When these relationships are substitutea

into egn. (3.3-1), it.reduces to the following:
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[-nVE ]+ [5]] {gg = {0} | (3.3-3)

fm] and [%] are 2x2 matrices derived from eqn. (3.3-1) with imposed
phase differences.

Simultaneoys vanishing of A and B would mean a trivial solution.
Sonthe determinant of the matrix in (3.3-3) must equal‘zero, which

yields

(105-54 sinzg)ﬂEv2 E-— 126 ;inZEi(26ﬂ2v2 %-+ 21) sinfcos&

=0 (3.3-4)

2.2 m 2

(267"v T El)SinECOSEEEF NG %-[l+6 sin2E] -7(3+25in2£)_

The determinant may be written as a quadratic equation:

[w2v2 512 oy +[1T2v2 %] o, + a, =0 (3.3-5)

2 3

and the phase velocity is given by:
, - _
o V2 k12 az_Vag hala3 (5.3.6)

a2” m g2 . 2al

210 + U6 sinZt + 28 sin't

Q
It

2205 - 1680 sinZt + 336 sin'E

[
[l

and a3 2205 sin2E + 2205 sinhg

For waves of infinite wavelength, velocity V., = /%-L. In
eqn. (3.3-6) the sign before the discriminant is taken as negative

2
to assure V_ to be greater than zero and having a smaller value.
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e _yel2 e 13 (5.347)

Within the range of the cutoff frequency, a plot of the ratio
of V/Vm, as a function of the parameter &(=fal) is shown in Fig. 3.2-2,
labelled "first order element." It is seen that V = V_ for all wave-
lengths within the range, which is the property exhibited by the
continuum. So the element is non-discretization-dispersive.
3.4 Two-Dimensional Displacement Compatible Rectangular Plane-Stress

Element and Its Dispersive Characteristics

This element has four nodal points and each node has two degrees-
of-freedom, i.e., displacements in two perpendicular directions. The

element is sketched in Fig. 3.4-1.

Y
A/
A"/
g | ?..“3
4 e
b
V.
& - i

Fig. 3.4-1. Tyo-dimensional Displacement Compatible Rectangular Element.
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The displacement functions chosen are:

o
It

Cp + Cox + Cg¥ + Oy

and ' © (3.4-1)

<
i

05 + C6x + C7y + 08xy

The above displacement functions may be derived from the products of
Lagrange interpolation polynomials in x and y—directions as given
below:

2

2 N
u(x,y) = izl jzl u; 5 Ly (x) L (y) . (3.4-2)

The incorporation of Lagrange Interpolation polynomials ensures com-
patibility of displacements acfoss interfaces between the elements.
This element was first published in the literature.in 1956 [66] and
has been in use fof solving two dimensional problems. Johnson and
McLay [20] give a rigorous proof that this'element yields results
which are uniformly convergent for nodal displacements and convergent
in the mean sense for nodal stresses and strains. The stiffness and
consistent mass matrix derivations are found in several texts [LL].

Consider'an assembly of two-dimensional elements as shown in
Fig. 3;h-2. For simplicity, we limit the consideration to a unifdrm
grid of square elements while the same arguments are valid for

nonuniform grids as well.
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Direction of
wave propagation
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Fig. 3.L4-2. Two-Dimensional Grid of Elements For Dispersion Study.
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In the above grid, m represents the number of node points along
the x-axis and n represents the number along the y;axis. The nodal
displaceménts (degrees-of-freedom) at node 5 are elastically and
inertiallylcoupled with the nodal displacements at all the surrounding

- nodes. For a model having the following geometrical and physical
properties: |

Modulus of Elasticity, B =1,

Poisson ratio , u = 0.3,

Mass Density of the material,'p = 1.,

Thickness of thé element, h = 1 and

Length and width of the element, L = 1.;
the equafions of motiqn of the node 5 are given in the following.matrix
form: _

[M1{8} + [K]{6} = {F} | (3.4-3)
wheré fM] and [K] are the following 2x18 matrices exhibiting inertial

and elastic couplings between node 5 and the adjacent nodes.

[.0278 .000 .0556 .000 .0278 .000 .1111 .0556 .likkk

[M] = |.000 .0278 .000 .111 .000 .0278 .000  .1111 .00O
.000  .1111 .000 .0278 .000 .1111 .000 " '.0278 .000
JA4hlh 000 .111  .000 - .0278 .000 .1111 °.000 .0278

and ‘ '

[K] = -.2h275 -.17857 .0549% 000 | -.2k725  .1785T7 ~.60439
-.17857 -.2h725 .01373 =.60439  .17857 ~-.2L4725° .,000

.54956 1.97802  .000 -.60439 .000 -.2k725 ,17857
.09615  .000 1.97802  .000 .10989  .17857 .2L725

.0989 . 000 ~-.2hk725 ~.17857
.000 -.60439 -.17857 -.2h4725
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The vector {8} is the vector of the nodal displacements of node 5
and the eight adjacent nodes. {F} is the ox1 nodal force vector at
node 5 and is equal to {0} in the case of free oscillations.
Consider a wave spanning many elements, travelling in a direction
shown in Fig. 3.4-2, without any'significant-attenuation or distortion.
The motion of the point (x,y) can be represented by the foilowing

expressions:

u=A4a exp{2ﬂi[vt-axx—ayy]} .
and o (3.h-k).
v = B‘exp{zﬁi[vt—axxfayy]}

where a, = g cosb; a.y = a sinb and a is the wave number.
Taeking x and y-coordinate axes to some reference origin at a

node m=0 and n=0, eqn. (3.4-4) may be rewritten-as:

u=A exp{2ﬂi[vt-axpL - aynL]}

and , ' (3.4-5)

v =2=.8 exp{2n1[vteaxmL —‘aynL]}

Motions of the other nodal points are also of the same form but they
will be out-of-phase from that of node 5. The phase difference
between adjacent nodes along the x—axis is equal to 2naxL and that
along the y-axis is 2nayL. Hence the motions of all the adjacent

. eight nodes can be written in ferms of those at node 5. Further,

the harmonic nature of the oscillations yield the following
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relationship between displacements and accelerations:

B o= b u ¥ = by (3.4-6)
m,n m,n m,n m,n

When the above substitutions are made in egn. (3.4-5) (with {F} = {O});

it reduces to:
[-bnvZ ] + [5] ([} = {0 o (3.5-7)

where [m] and [%] are, respectively, the inertial and elastic stiffness
matrices with wave parameters substituted in. The vanishing of the
right hand side vector requires either the identical vanishing of the
constants A and B or a vanishing of the determinant of the coefficient
matrix on the left hand side. Thus the problem reduces to an -
eigenvalue problem of the coefficient matrix on the left hand side
of egn. (3.4-T7). The computed eigenvalues are the frequencies of
node 5 which are fuﬁctions of the wavenumber a, and,‘heﬁce of the
Wavelengthl ‘The phase velocity of the wavefront is the product of the .
frequency (one of the computed eigenvalues) and the wavelength.

Theré are two eigenvalues obtained from the formulatioﬁ; hence,
two phasé velocities, one corresponding to a dilatational wave and
the other to a shear wave, as observed from the eigenvectors; Thg
eigenvector corresponding tc the dilatétional wave 1is characterized by
motion of the node in the direction of the wave,:whiie that corres-
ponding to the shear wave is characterized by motion of the node in

the direction perpendicular to the propagation.
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The element represents the plane stress behaviour of a two dimen-

sional continuum with the following stress—strain relationship:

Gij = K-ui,i Gij + 2¢ ui,j; i=1,2 | (3-&—8).
A= %%E is the modified Lame's constant, and G is the rigidity
modulus. Such a continuum propagates dilatational waves at a velocity
V£ = (X:2G) and shear waves at a velocity V! ;qu; . Thé

continuum represented by the finite element has the properties:

E

l; p =1 and ¢ = 0.3, resulting in values of Vé = 1.05 and

Vé = .62. These values, together with the computed phase velocities
of the finite element for different wavelengths are plotted iﬁ
Figures‘B.hf3 through 3.4-5 as functions of the parameter mal (a is

the wave number ana.L is the length of the element, which here, is
unity). The three figures show the discreﬁizatibn—dispersion relation-
ship for waves travelling in three different directions, at angles

8 =0, .5 and 1.0 radians to the x-axis.

An observation of Figures (3.4~3) through (3.4~5) shows that
infinitely long shear waves travel at continuum velocities while long
dilatationél waves travel slightly‘faéter than continuum velocities.
Reduction in Wavelengtﬁ causes an increase in the velocity of pro-
pagation. The maénitude of discretization-dispersion changes with
the direction of propagation with respect to the coordinate axes.

This may be caused by the relative disfance between nodes changing with.
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the angle bgtween the direction 'of propagation and the reference
axis. Thus, ﬁhe tWo—dimensional displacement compatible finite
element yields solﬁtibns with considerable discretization~ |
dispersion.
3.5 Iﬁterelement CQmpatibilitj in the Finite Element Method.
Hermitian Interpolation Polynomials~ Higher Order Elements.

The finite element method is an approximate variational
formulaﬁion of minimizing - a functiopal, commonly known as the Ritz
method. It réquires the éssumption of a solution of a family of
functions dependent on several unknown parameters and making the
differential of the functional with respect to these parameters zero
to achieve the minimization. In the‘fihite element method these
unknown parameters are the nodal diéplacementg or rela£ed to them
through certain linear transformations. The conditions to be
satisfied by the chosen family of functions are that: (i) they
are continuous and piecewise differentiabie.tp certain desired '
degrée depending on the nature of the problem, and (ii) the
displacement boundary conditions are satisfied [61].

The first condition calls for the conformity of the displacement
functions and hence interelement compatibility. In plane-stress
problems,‘the strain energy is a positi&e—definité function of the
first order spatial derivatives; hence, the necessary)compatibility

is that of the displacement function. In plate bending problems,
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the strain energy is a positive~definite function of the second order
derivatives of the displacement function; hence, the compatibility
required is that of the first order derivative of the displacement
function, commonly known as the "normal slope compatibility."
Interelement compatibility conditions the finite element'procedure as
a Ritz formulation. Since the Ritﬁ method has been studied extensivély
[21,32] for convergence and error estimation, it can be advantageously
used in the finite element solution procedure.

Interelement compatibility is obtained éasily by the use of
interpolation polynomials as displacement functions. A poiynomial
- is said to interpolate a function at certain points inside a domain
including the boundary if it assumes the wvalue of the function at those
points. This concept can be generalized by including the.interpolation
of the derivatives of the functions (to any desired order) in addition
to the value of the functions themselves at the interpolating points.

Commonly used in the finite element method are the Hermitian
polynomials. These can be generated to interpolate functions and
their derivatives to aﬁy desired order. A function Y(x), interpolated
in the,@omain a € Xx.<b at n points, a « Xy < X5 < X3";<Xn < b, to
mth order, is

n

Y = ) {3 B0+ () B0 ¢ L ) B 001 (3.5-0)
i=1 o
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where Hgg%x), Hgg%

x), ... are the mth order Hermitian interpolation
polynomials. From the definition given in (3.4-1), these polynomials
have the following properties:

(0):
) 3 R
H(on;_(xj) = Si'

_ J

&M= 0

-f—a} 52 (x,)1 = 0

CulPegi-o o (3:5-2)
W

Hi?)(xj) =0

& ™l =5

gz- (14 (x,)1 = o

%O[H.izir;)(nx:j).] =0 |  (3.5-3)
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(-1):

a (m) -

dXm—l [ m—l,i(xj):| - 613

a- (m) - - '

o [Hm—l,i(xj)] =0 : : (3.5-4)

(m):

) _
4 [H(‘.“)(xj)] = s, | | (3.5-5)
‘ }

where the xj's are the argument wvalues and the symbol Gij‘ represents

the Kronecker delta,

ai,j =1, i=3
= Os i 75 J
Téking xl=0, x,=a and n=0, we have:
(0) . (0)
Hoq (0) =1 ; Hop (0) =0
(3.5-6)
19 =0 8% =1
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A pair of‘polynomials having these properties‘are:

(0),.y _ =(x-a)
HOl (X) - a
and i (3.5-7)

(0)
H02 (x) a

|

These are the ordinary Lagrange interpolation polynomials and are
sketched in Fig. 3.L4-1..

When x, =0, x.=a and m=1, the requirements are:

1 2
Q0 = o) = o
Hé]l_).(a) =0 %;H(g]l;)(a) =0
Héé)(o) = 0 %x—Hé]é)(O) =0
H(();')(a) =1 %;Hé;‘)(a) =0
H(i)(o) L, T (3.5-8)
11 dx 11
'H](i)(a) = 0 & H&)(a) =0
ng)(ov) =0 %X—H](_é)(O) =0
H:(Lé)(a) =0 %J—{Hi?(a) =1
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The set of polynomials satisfying the above conditions are:

H(l)(x) =L {2x3—33x2+a3}

01 3
a .
Hé%)(x) = - ig-{2x3-3ax2}
. (3.5-9)
Hii)(x) = ig {x3—2ax2+a2x}
and ‘
Hié)(%) = ia {x3—ax2}

These are sketched in Fig. 3.L4-2.

The above interpolation polynomials, when applied to finite
element geometries yield element répresentations ﬁherein the first
~order spatial derivativés‘of the displacement functioné are continuous
across tﬁe interelement boundaries. In one dimension,_they yield |
the strain compatible one-dimensional element developed in Sec. 3.3.
When éxtended to two dimensions they yigld a rectangular element with
strain compatibility across the boundaries. Based on this concept,
the refined plane stress element.is developed in the next section.

Though completeness of the displacement function is believed to
be the most impoftant condition for convergence [17] a1l the ¢lements
satisfying compatibility of displgcements across boundearies yield
convergent solutions. By imposing additional continuify of normal
and shear strains,.one may expect to improve thg rate of convergence.

Displacement compatible elements yield solutions uﬁiformly convergent
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Fig. 3.5-1. Lagrange Interpolation Polynomials or Hermitian
Interpolation Polynomials of Order Zero.

Y

/ HOl : / 02 :

1.0

Fig. 3.5-2. First Order Hermitian Interpolation Polynomials.
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for nodal displacements. By imposing additional continuity of
" normal and shear strains (which is done by adding four more degrees—-of-
freedom to each node in two-dimensional problems),'one may expect
faster convergence with a compératively coarse mesh.

This method of including the derivatives of displacements as
generalized coordinates has been termed by Zienkiewicz [62] as the
‘use of “excessive" nodal continuities. He also states that they.may
become truly excessive when abrupt changes in the elastic properties
of the material occur across the boundaries which causé discontinuities
in strain. If the nodal points are located on the boundary, this
will at most prevent uniform-convergence.of nodal strains only along
the boundary. In real cases such a strain discontinuity will be
finite and in the limit we can expect nodal strains to assume mean
values in the neighborhood of the boundary as in the limit the strain
energy stored in the elements will converge to the actual strain
energy in the mean sense.

Finite elements which include derivatives of displacements as
generalized coordinates are called higher order elements. Several
higher order elements have been reported recently. Felippa [18] and
Bergan [6 ] independently developed triangular elements using area
coordinates with six nodal degfees of freedom, the nodes being taken
at the apices of the triaﬁgle. Tocher and Hartz [58] developed a

similar triangular element with displacement functions made up of




Th
polynomial terms, with a modification of the triangular plate bending
element developed by Clough and Tocher [12].

Advantages of the higher order elements compared to the ordinary
elements are: (i) concentrated moments can be considered at a node
without the use of concentrated equal and opposing forces and (ii) in-
plane nodal rotations can be included in the analysis. A common
example is the in-plane analysis of a circular disk (or membrane)
under the action of a concentrated normal couple vector.

3.6 Development of a Refined First Order Strain Compatible Rectangulear

Plane-Stress Element - Its Dispersive Characteristics

The rectangular element shown in Fig. 3.5-1 has twenty-four
degrees-of-freedom, six at each node. They are two displacements,

u and v in perpendicular directions and four displacement derivatives

- b M ————

> Y,V
/ (1,1) (2,1)

a
R

X

5 st; V,

Fig. 3.6-1. Two-Dimensional First Order Strain Compatible Rectangular
Finite Element.
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with respect to the two independent variables, u,x, u,y, Vg and

. V’y“
The displacement functions u and v are represented by the products

of first order Hermitian interpolation polynomials in the x and y

directions as follows:

2

>
u(x,y) = )} ) [u, i, (x) H

Lk Ay) + us Hli(X) Hoj(y)

0j 13

+ u,yij Hoi(x) Hlj(y)} (3.6-1)

and

v(x,y) = )y ) [v..H  (x) H (y)+ Vo, Hp,(x) H ;)

+ v,yij Hoi(x) Hlj(y)] . (3.6-2)

where the interpolatidén polynomials are:

Ho, (1) = &5 [2x7-3ax"+a%]
a
CHyy(x) = '—;- [2x3-3ax"] | |
a (3.6-3)
Hll(x) = l'--2--[x3—2a;‘c2+a2x]
a
H ,(x) = ig [x7-ax"]

and similar equations in the y-direction. In the form given above,
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the displacement functions are expressed as functions of generalized
nodal displacements.

The generalized nodal displacement wvector is:

T
{6} = [u,, u, w,. 5 u,u, U, 3 Uy, U, U, 3
1L 7%, 7y 12 R, T 2l TRy Yy
u u 9. u L] ; v v 5 v b .2 V. v > v 2 5
22 TXpy Vo 1L Cxgy Typy7 12 xp, ygp
Voo V, v, 3 Van Vs v; ]
2l Cxpy Vo 22 Txyy Voo

Expressions for u,x, u,y, v,x and v,y are obtained by appropriately
differentiating the expressions (3.6-1) and (3.6-2).

The stiffnéss and consistent mass matrix ferms are derived using
Lagrange's equations of motion from the strain energy and kinetic
energy of the deformed element expressed in terms. of the generalized
nodal displacements. The strain energy and kinetic energy in a
rectangular plane-stress element during in-plane deformation are given

by the following expression:

strain energy:
a b

U= ——E-:E— {‘[ue, +2uu, V,-+V% ]
2(1-u°) ‘ * Xy
: x=0 y=0

2

+ (=) {u,y + 2u,y Vot v,i]} dxdy ; (3.5-4)




T

and the kinetic energy:

b
T = % J [65+%°] axay - . ‘ (3.5-5)
y= ' '

where E is the modulus of elasticity of the material,

ﬁ is the Poisson's rétio,

h is the thicknéss of the element,

p 1s the mass density and

u and v are displacements in the x and y—directions. A
subscript after a comma represents a first order partial derivative
with respect to that subscript. Stiffuness and mass matrix coefficients
are determined by differentiating the strain energy and kinetic
energy expressions with respect to appropriate nodal displacements,
that is:

2. o)

e 0 U_ _ 3T

i3 7 35,88, 24 By, = 35 3s, (3.6-6)
i 4 13 :

A1l the above computations for thg generation of stiffness and mass
matrix terms are performed in the compufer. A flow-chart of the
program is presented in Appendix B.

Dispersion calculatioﬁs are done similar to the procedure for-
the two-dimensional displacement compatible element, presented in
Sec. 3.4. A gfid made up of an assembly of uniform square elements,

shown in Fig. 3.6-2, is considered. Consider a wave front, spanning
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Direction of
wave propagation

v 4
T 8 9 0
m-2 m-1 m m+1 /// f
n+1 n+l n+l n+l L
4 5 B
m-2 m-1 m m+1 1
n n n n L
e 1 2 Bt
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n-1 n-1 n-1 n-1 L
m-2 m-1 m m+1l
n-2 n-2 n-2 n-2
be— [, == [, —e— [, —»

Fig. 3.6-2.

N,

Two-Dimensional Grid of Elements For Dispersion Study.
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several elements, travelling in the'direction shown. Oscillations
of tﬁe nodes can be expressed as harmonic functions, eqn. (3.4-k).
The generalized displacements at any one node {(m,n) are expressed

as functions of time as follows:

-
Uy g = A exp{2mih t—aXmL—aynL]}
Vo - A, exp{2n1[vt—aXmL—aynL]}
s = A3 exp{2ﬂ1[vt—aXmL—aynL]}
oot o - g (3.6-7)
s, = A) exp{2n1[v§—axmL—aynL]}, ‘
m,n
Vs = Ag exp{En}[vt—aXmL—aynL]}
m,n :
Vaym ) = A6 exp{2w1[vt—aXmL~aynL]} 3

For a given wavelength, the phase differences between adjaceht nodes
are known. Considering node 5 in the Fig. 3.6-2, motion of all the
surrounding eight nodes are expressible in terms of the motion of
node 5. Further, the hérmonic ngture of motion yields a relationship
. between thé displacements and accelerations. |

The equations of motion of node 5 in Fig. 3.6-2 under the

influence ‘of zero external forces are written as:
[M]{3} + [K]{6} = {0} (3.6-7)

where [M] and [K]. are 6x54 matrices, respectively, representing the

elastic and inertial interactions between the generalized displacements
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at node 5 and those at the surrounding eight nodes. {8} is a 5hxl
vector comprising the generalized displacements of the nine nodes.
As the generalized displacements of the surrounding eight nodes are
expressible in terms of those at node 5 through phase relations,

eqn (3.6-T7) reduces to:
]85} + [%1{65} = {0} ‘ (3.6-8)

where [»] and [%] are 6x6 rgduced inertial and elastic stiffness
matrices whose coefficients are functions of the wavelength and

{65} is a 6%l vector of generalized displacements at node 5. The terms
in the generalized displacement vector are products of harmonic
functions and nonvaﬁishing arbitrary constants. As before, a

nontrivial solution demands the identical wvanishing of the determinant:
(%] - bn*vPEm]| = 0

where v is the frequency of wavefront in cycles per second.

In the present case the eigenvalue problem yields six eigenvalues.
These eigenvalues are functioné of the wavelength as the terms in the
matrices [m] and [®] are functions of the wavelength. They are the
frequepcies of the wavefront, and when multiplied By wavelength, yield
the phase velocities. | |

The computed phase velocity values are listed in Table 3.6-1,
together %ith the physical properties and wave velocities of the

continuum. Of the three values of phase velocity corresponding to the
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e
TABLE 3.6-1
Physical properties of the continuum:
Modulus of Elasticity ‘E =1
Poisson's ratio u = 0.3

Mass density = p = 1

_E
2(1+y)

Modified Lamé's constant (plane stress):

Modulus of rigidity = G =

wE

A = 1:;§-= .323 i

Dilatational velocity in continwm = (%gg)l/2 = 1.05
Shear wave velocity in contimwum = (%01/2 = 0.62

?:;gih°§oelement Dilatational Wave Shear Wave
wavelength Velocity Velocity
LA L A Vs v v, Vg
.05 1.0483 21.2159 21.63k45 .6202  12.5517 12.84k45
.10 ~ 1.0k83 10.0876 10.83kL0 0.6202  5.9679 6.5007
.15 1.0483 6.2841  7.2418 6202 3.7177 L.ho2k
.20 1.0483 L.3731 5.4523 6202 2.587h  3.4113
.25 .. 1.0484 3.2395 . 4.38%0 6203 1.9165 2.8269
.30 1.0486 2.4958 3.6762 L6204 1.4760 .2.h531
.35 1.0489 1.9732  3.1730 .6206  1.1673 2.1933
Lo 1.0496 1.586k 2;7953 .6209 .0.9385 1.9943
45 1.0505 1.2886  2.497h 6212 0.7624  1.8220
.50 1.0490 1.0552 2.25éo .6206  0.6243  1.6563
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dilatational wave, the lowest remains constant-for all wavelengths and
is equal to the dilatational wave velocity in the continuum,
Similarly, of the three values of phase velocity correspohding to shear
waves, the lowest remains constant for all Wavelengths.and is equal
" to the shggr wave veloclity in the continuum. Hence the refined
element is free from discretizétion—dispersian

Figures 3.6-3 and 3.6-4 show the dispersion curves for the
refined finite element, for dilatational and shéar wave propagation
respectively. For the lowest mode, the velocity of propagation
remains constant and is equal to the continuum velocity for all wave-
lengths for both dilatational and Sﬁear waves. The dispersion
curves for the higher modes appear similar to the dispersion curves
of higher modes in the theories of confined media. Since the
element is free from discretization-dispersion, these dispersion
curves represent the physical dispersion present in a two-dimensional
continuum under plane stress conditions. For the second mode, the
wavefront travels at faster velocities for long wavelengths and travels
at approximately continuum velocities for short wa&elengthsm In the
third mode, the phase velocity-for all wavelengths is greater than that
of the second mode while for short wavelengths, it is considerabl&
greater than the continuum velocity. Such dispersion curves for
higher moaes are not obtainable for the ordinary-displacement compatible

element as it has fewer degrees-of-freedom per node.
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The test procedure developed here for determining the‘discretiza—
tion-dispersion associated with the finite elements may be used as a
standard test on any element to determine its suitability of -being
used in dynamic and wave proéagation analyses. The greater the
discretiéation—dispersion in the finite element, the less accufate.it
is for such analyses. Of the large number of plane stress and strain
elements now used in finite element programs,’only those checked for
non—-discretization-dispersion should be used for accurate wave

propagation modelling.




IV. PROPAGATIONAL CHARACTERISTICS OF TWO~-DIMENSIONAL DISPLACEMENT
COMPATIBLE AND STRAIN COMPATIBLE RECTANGULAR FINITE ELEMENTS

IN TRANSMITTING DILATATIOﬁAL AND SHEAR WAVES

4.1 TIntroduction

The discretization-dispersion associated with the two-dimensional
finite elements in wave propagation modelligg is discussed in detail in
Chapter IIT. It is observed that both one and two dimensional fiﬁite
elements satlsfying strain compatibility acréss interfaces (devéloped
with displacement functions Qerived from the first order Hefmitian
interpolation polynomials) are free from discretization-dispersion.
Thus, the element transmits waves of different frequencies at continuum
velocities. In this chapter; special problems encountered in the use of
the first 6rder elements aré examined. Problems are formulated and
solved for the propagation of dilatational'and shear waves caused by
harmonic and nonharmonic fqrcé excitations; using ordinary and refined
finitelelements; and the results are coﬁpared with existing closed form

classical solutions.

4.2 Finite Flement Model Boundary Conditions

then the differential eduations (1.2-1) through (1.2-€), developed
for the continuum, are discretized bj a finite element approximation,
they take the following form:

[M]{8} + [K]{6} = {F} inc, t > ty C(Lb.2-1)
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[M] and [K] are the mass and stiffness matrices, {6} is the nodal
displacement Qector, with the following displacement boundary
conditions:

By _ B '
(67 = twy, {81€s, | (4.2-2)
and the initial conditions on displacements:

{8(t)} = {wo},' t o=t | (h.2=3)

and on velocities:

{8(t)} = Wi,t=1 : : (k.2-k)

-0

It is to be noted that boundary conditions are not yet specified
on the boundaries SII and SIII.correspondiné to equations (1.2-3)
aﬁd (1.2-4). 1In a continuous system, these are the boundary‘conditions
on the first order spatial'derivatives-of displacement functions, i.e.5‘
strain components. Stfains are related to the stress components, which, ‘ﬂ ‘L 
when scalar ﬁultiplied by the outward drawn unit normal veétor, are in
equilibrium with the surface tractions. In a zeroth order (diéplacemént
compatible) finite element f&rmulation, strain components are not
part of the generalized nodal displacements, and hence, these boundary
conditions cannot and need not be incorporated. In a higher order
finite element formulation, strain components are among the gener;lized
coordinates and, hence, the natural boundary conditions are to be
explicitly stated. A’rétional approach is required in specifying

these boundary conditions.
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Fig. 4.2-1 shows a two-dimensional domain with four different

types of boundaries, i.e., a fixed boundary (AB) where no

Y,V
4 a(x)

plt et b T EEL PP

7(y) P

—_— — — —N

A B
7777 AT 7777777777 7777777777 il

Fig. L.2-1.

displacements are permitted, a free boundary (AD) subjected to no
surface tractions, a boundary subjected to shearing tractions (DC)

and a boundary subjected to normal tractions (BC). If u and v are
the displacements in the x and y-directions, under plane-stress

conditions, the boundary value problem is defined by:

32u \ 32v 1-u (32u - 32v ) =0
8x2 90X oy 2 8y2 9x 9y
4 (4.2-5)
32v 82u l-y 32v 82u &
st ey "2 Uty O
3y 3 o R /

inside ABCD, and the following boundary conditions

’ E au oV
(i) u2 (ax +y ay)
s on CD (4.2-6)

E_ u, dv,
2(1+u) ‘3y  ox

= og(x)
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ov ou

E
(ii) —= (s=+u=-2) =0
l—u2 oy ox
and on BC ¢ (h.2-7)
B ou, dvy
2 oy T T T
. B oV ou
(iii) ———— (= +unu ) =
(l-u2) oy 9x
and ‘ ‘ on AD (k.2-8)
E__ 2w, ovy _ |
2(1+n) (ay " Bx) 0
and
(iv) u=v =0 on AB . . (k.2-9)

\
N

This is a boundary value problem‘on displacements rather than on
strains. When the above bouﬁdary'conditions are applied to a zeroth
order finite element model where strains are not among the generalized
coordinates, oniy boundary condition (4.2-9) is incorporated and it
is consistent with the Ritz method.- In a first order finite element
model, strain compongnts are amoﬁg the generalizeq coordinates and,
hence, the boundary conditions (4.2-6) to kh.2—8) are to be incorporated
at the pode points along the reépective'boundaries. These boundary
conditions consist of two equatidns each, and hence, at these nodes,
the number of degrees-of-freedom is reduced from six to four.

On the fiied boundary AB, eqn. (L.2-9) imposés constraints on
“displacement componeﬁts u and v to be zero. Since u and v are zero

along the boundary, their derivatives with respect to x, i.e.
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gﬁ-and %ﬁ-are also equal to zero at nodes gn the boundary, The
above four constraints reduce the number.of degreeé-of—freedom from
six to two at each node.

Representation of proper boundary conditions gt the junction of
a free boundary and a fixed boundary is difficult because of tﬂe
devélopment of stress singularities at the corners or junctions. For
example,'at node 1 in Pig. 4.2-1, on the fixed boundary, u = 0, .But
at a small distance away from the fixed boundary along the y-axis on the
free bogndary, u#0 resulting in an infinite wvalue of %%-at A. This
boundary condition is simulated in several ways but the differences
are negligible.

Nodal forces are computed consistently, based on the deformation
of the element along the boundary, where external forces are
distributed. If f(s) represents the surface tractions on a boundary

S and the displacement on that boundary is given by u(s), then,

the work done by the traction forces is equal to:

W= J £(s) u(s) as = {F}°{s}
S

where {8} is the vector of nodal displacements on S and {F} is the

corresponding generalized force vector, which is to be evaluated.
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4.3 Solution Procedures

Equation (k.2-1) is a set of simultaneous ordinary differential
eqﬁations which approximately represents the dynamic behavior of the
continuum, represented by the finite element model. There are many
numerical procedures avallable for solving approximately this set of
differential equations. Two such methods used in this study are the
so-called acceleration-pulse method [37] and the fourth order
Runge-Kutta method with modification due to Gill [45]. The
acceleration-pulse method is found to be a hundred times‘faster than
the Runge-Kutta method when coded in the computeér, and is used for

most calculations. Both methods are briefly explained below.

4.3.1 Acceleration-Pulse Method

The térm originates from the basic assumption in the derivation
that the area under an acceleration curve may be replaced by a series
of equivalént pulses at regular time intervals, say At. The magnitude

of the pulse at tn is given by:
I(ty) = X, 0t (4.3-1)

This is shown in Fig. 4.3-1(b). Since a pulse is applied at tn thefe
is a discontinﬁity in the velocity athtn. During the time interval
At, the velocity is constant and the displacement:varies linearly
with respect to time. The velocity and displacement curves So

obtained are shown in Fig. 4.3-1(c) and (d).
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Suppose t; and t; are the times immediately before and after
. * = .+ .
the pulse at tn and let X, and X, indicate respectively the wvelocity

: -+
at tn and tn. The two velocities are related by the following equation:

“i‘ [ R i
x =x + x At ‘ _ (4.3-2)
n n n

The rélatlon between X1 and X, and between X, and X 4, are given by:
X -x 5 i;At :
" o | (4.3-3)
nel T Fn ant

Combining equations (4.3-2) and (L.3-3), the three successive
displacements are related by:

2

)

= - + X
xn+l 2Xn Xn—l Xn(At

(L.3-4)

This is the basic recurrence formula for acceleration-pulse extrapola-

tion. Evaluation of x, is by the equation: /
X, = 2x_ - x o + % (M)° | (4.3-5)
1° " %17 %o .
is given by the initial condition, which when 2zero,

Whe?e XO

X 1 1s also taken as zero.

4.3.2 Fourth Order Runge-Kutta Method

Runge—Kufta methods are algorithms of one-step procedures
involving the evaluation of first order derivatives of object functions
while producing results equivalent in accuracy to the higher order

Taylor formulas. Solution by direct Taylor expansion of object
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functiongis generally not practicable if the derivgtives of higher
order than the first order are retained.; Approximations of second,
third and fourth order require the estimation of the first order
derivative of the object function at two, three and four values
respectively, of the independent variable t in the closed interval

ti <1t < ti+l' Fourth order Runge-Kutta formulas are of the form:

X =X v A [ak) + Dk * ck, + dk) ] (k.3-5)

i+l 2

where a, b, ¢, 4, k k_ and kh are parameters derived in the

l’ k29 3
development of the algorithm. The method used in this study is

credited to Gill in which egn. (4.3-5) takes the following form:

= At - I " _
X0 =% * ¢ k- 201 %5) k, +2(1 JE) ky + Xk} (4.3-6)
where
-4
k) = ar ety D
d At At

By =S D + (-3 + 86 ok 4 (1= S0 - Ky, 6 + 22
1 /‘2" /2— i
and
k), = g;— x; = 2 - ky + (1 + Lyae - kys b+ O%]
V2 2 L

k.4 Scope of the Study
A homogeneous prismatic elastic bar, 54% in. x 6 in. x 1 in. is K

modelled by an assembly of nine square elements, as shown in Fig. L.L-1.
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Physical properties of the continuum considered are given in Table
4.4-1. One end of the bar is fixed to a rigid base, and hence, in
the finite element model, the corresponding nodes 19 and 20 are
constrained not to have any displacement in the x and y-directions.

The remainder of the surfaces are free, not subjected to any
displacement constraints and appropriate boundary conditions as
discussed before are imposed at the nodes on these boundaries,

Harmonic and nonharmonic férce inputs afe applied at the free
end, causing dilatational -and shgar wave -propagation to take place.
Velocity reéponses at several nodes are computed for various kinds
of force”excitations in both dispersive and nondispersive element
formuiations. ‘Influence of discretization~dispersion on the velocity
of propagation aﬁd on the distortion of the propagating wave front
are studied in the dispersive element model. Nondispersive element
model responses are computed and studied to ascertain the absence of
discretiéation—dispersion.' The force excitations considered include
low and high frequency harmonic excitations, harmonic excitations
above the cutoff frequency, a forcing function which is a sum of
several hérmonic excitations of different frequencies, and a sfep~
rise force input. A finite element'mbdel is formed by an assembly of
nénsquare elements and studied for its responses under the above
force excitations. This is done to evaluate the stronger attenuation

characteristics present in the nonsquare elements to filter high
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TABLE L.L4-1
Matefial Properties:
Modulus of Elastiecity, E = 29xlO6 psi
Mass Density, p = 'T.SBX_'I_O'-LL slugs/in3
Poisson's Ratio, u = 0.29
General Three Dimensional Case:

Lamé's Constants:

N ! B 6 .
A= (T+1) (1-21) lS.ZXlO psi
S I .

Aigg)l/e = 2.25x105 in/sec.

Dilatational Wave Velocit& = ( 5

Shear Wave Velocity = (%Jl/e = l.22lx105 in/sec.
Two Dimensional Plane Stress Case;

Lamé's Constants:

A= —-EEE—-= 9.16x10° psi
© (1-w7)

G = ETEEET = 11.25x10° psi

| Dilatational Wave Velocity = Vb = (Zgggﬁ = 2.05x105 in/sec.

Shear Wave Velocity = v, = (g) = l.221x105 in/sec.

5

in/sec.

= :
Bar Velocity*= vy =\i%3 = 1.962x10

¥Bar Velocity is the wvelocity of propagation of a dilatational wave

when there is no Poissonic effect.




.‘98
frequency oscillations.

In the case of propagation of dilatational waves, contact
between the bar and the rigid base ié assumed to be smooth so as to
avoid the possible development of shearing tractions. It is possible
to represent such a boundary cpndition by leaving the displacements
in the y-direction at nodes 19 and 20 to be arbitrary. This results
in a possible rigid body translation of the model in the y—-direction
resulting in a singular stiffness matrix. The si%gularity is avoided
by arresting the lateral ‘displacements at one of the two nodes. The
other boundary conditions imposed at nodes 19 and 20 are that the
;hearing strain component ég-is made equal to zero. Shearing strain

oy

3 . 3
component 3% is left arbitrary. Normal strain components Si'and
oV

5; are left arblrary.

4.5 Propagation of Dilatational Waves Caused by Harmonic Force
Excitations

Harmonic axial force excitations of low, medium and high
frequencies are applied at the free end of the bar. The force is
applied uniformly over the free erfid of the bar which causes the
generation and propagation of dilatational waves. The size of an
individual element is 6 in. % 6 in. Cut off frequency is that frequency
correspoqding to the wavelength, equal to twice the length of the

element, which is 12 in. in the present case. The corresponding
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frequency for dilatational waves is 17050 cycles/second. Force
excitations considered here are of frequencies 3800, 10,000, 15,000

énd 25,000 cycles/second.

4.5-1 Low Frequency Harmonic Axial Force Input - 3800 cycles/second

Velocity responses at several node points'are computed using the
acceleration—pﬁlse extra?olatiop:hethod up to 2000 ﬁicroseconds in
.steps of 5 microseconds each. Tﬁe wavefront travels through one
element length of continuum in approximafely 29.3 microseconds. So,
the propagation of thg wavefront across an element is carried out in
about si# time increments in the computation. There is no significant
error accumulation in the numerical integration scheme over the time
span of the computation.

Computed velocity responses at several node points including
the free end for both nondispersive and dispersive element models
are presented in Figures L4.5-1 through L4.5-L. As‘expected, velocity
response at a given node is harmonic until the time when the incident
wave returns to that néde after Being reflected at the fixed end,
and interferes with the incident wave front.

The following methods are used to determine the velocity of
‘propagation of the wave front from the velocity response curves of
different node points: (i) from the time taken by the wave front

to travel from a given node to the fixed end, reflect from the fixed
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end and return to the node of interest, tii) from the time lag of
the response between two given nodes, as this Woﬁld bé equal to the
time taken by the wave front to travel the distance between the two
nodes, and (iii) from the phase difference between the input force
excitation and the velocity response at the free end at the time the
incident wave front has returned to the free end.

Fig. 4.5-1 shows the velécity response at the free end for the
nondispersive element model. The incident wave returns to the free
end at time t¥ = 520 microseconds (marked in the figure). The length
of the bar is 54 inches, the_wave front travels twice the length of
the bar in 520 microseconds, so the velocity of propagation is equal

5

to 2.07x10” in/sec., compared with a continuum velocity of

5

2.05x10 in/sec; The error is about 1% which is reasonable for a
numerical computation.

Fig. 4.5-2 shows the velocity responses of nodes 5, 9 aﬁd 13.
These nodes are separated by 12 inches, and node SIis located 12
inches from the. free end. Time lag between thé responses at nodes
5 and 9, andl9 and 13 aré 57.5 microseconds, as noted in the figure,
Node 5 starts to oscillate 57.5 microseconds after the harmonic
force is applied to the free end. This means that the wavefront
trayeis 12 inches distance in 57.5 microsgconds, }mplying a velocity of

5

propagation of 2.08x10” in/sec. which compares well with the

previously computed value.
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In-Fig. L.5-1, velocity response after the time t¥ is that of
the.free end after the incident wave has returned to the free end
after its first reflection. The input signal has a period of 263
microséconds and is shown in Fig. 4.5-1 in dotted lines. The free
end velocity response lags the input éignal by 132 microseconds,
Whiéh is half the period, i.é., the phase difference is m radians.

‘The response can be expressed asi
a4 = A sin (wt + ¥)

where w is the input angular frequency,
Y is the phase angle, equal to radians, and
A is the amplitude magnification, which in this case is unity.
This response is the superposition of three componen@s of
velocities:
(i) due to the input force function,
(ii) due to the wavefront reflected at the fixed end, travelling
towards the free end, and
(iii) due to the wave reflecdted from the free end, travelling away
from the freé end. When we consider a point in the close
neighborhood of the free end, in the 1limit, the latter two responses
will be in rhase with each other. Let the phase difference between the
input forcing function and the latter two pogponents be ¢. The sum

of the three components becomes:
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sin wt - sin (wt+¢) - sin (wt+d) = A sin (wt+y) o (b.5-1)
where A = 1.00 and ¥ = 7 radians.

Equation 4.5-1 may be rewritten as:
sin wt - 2 sin (wt+¢) = sin (wt+m) = -sin wt . (k.5-2)

or 2 sin (wt+¢) = sin wt or ¢ = O radians. Hence the reflected wave-
front érrives at the free end at the end of the second period, i.e.,
after 526 microseconds. This is equivalent to a velocity of pro-
pagation of 2.055x105 in/sec. which is in. good agreement ﬁith the
continuum velocity and thé previously computed values.

Figures 4.5-3 and 4.5-4 show the velocity responses at the free
end and interior nodes for the dispersive element model. When compared
with the free end velocity response for the nondispersive element
model (Fig. 4.5-3) it shows large perturbations with increasing time
span. The incident wave front returns to thé free end after 505
microseconds implying a velocity of propagation equal to 2.lhx105
in/sec., resulting in an error of k.5%. Fig. 4.5-b4 shows the velocity
responses of nodes 5, 9, 13 and 17. Time lag between the responses
at these nodes are 56 microseconds. The corresponding velocity of

5

propagation is 2.14x10” in/sec. which is the same as computed above.
Freé end velocity response of the dispersive element model in

Fig. 4.5-3 after time t = 505 microseconds, lags the input

excitation with a phase difference of .864n  radians. Amplitudes
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are magnified by a factor of 1,19. Proceeding as before, the velocity

of the free end is obtained from the eguation:
sin wt - 2 sin (wt+¢) = 1.17 sin (wt - .86Lw)

Solving the above equation, ¢ = .46 radians, which is equivalent to

263

a time lead of (46 x ==
27

) ® 20 microseconds.  So, the initial incident

wavefront returns to the free end 20 microseconds before the end of the

" second period of the input pulse, ‘i.e., after 506 microseconds. This

5 equivalent. to velocity of propagation of 2.lhx105 ip/sec., this value
being the same as computed above. |

An iﬁportant difference observed between the response curves in
Fig. 4.5-2 and 4.5-4 is that in the case of the dispersive element
model, interior nodes start oscillating before the arrival of the
wavefront. It is an artificial farfield coupling inherent in the
dispersive element. The artificial far field coupling is absent in
the nondispersive element as seen in Fig. 4.5-3 wherein.the nodes
do not oscillate before the arrival of the wavefront. It is
believed that the artificial far field coupling is absent in the
nondispersive element because of the refinements introduced by the

incorporating of stronger compatibility conditions.

4.5-2 Medium Frequency Harmonic Axial Force Input - 10,000 cycles/sec.
Computations were carried out on both nondispersive and dispersive

element models, similar to the methods explained in the previous
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section. The acceleration-pulse extrapolation method was used with a
time increment of 5 microseconds, Velocity responées at the free end
and several interior nodes are computed and presented in Figures |
4.5-5 to L.5-8. Velocity of propagation in the nondispersive element
model as determined from the free end response (Fig. 4.5-5) and
from the responsés of interior nodes (?ig. L.5-5) is 2.08x105
in/sec. The~errér is 1.5% which is the same as that for the low
frequency wave (3800 cps). Velocity of propagation in the dispersive
element model as determined from the free end velocity response
(Fig. L.5-7) and from the responses of interior nodes (Fig. h.5;8)

p

is 2.18x10” in/sec. resulting in an error of 6.5% which is greater
than that for the low frequency waves (3800 cps).

The dispersion study done in Chapter III is applied to a
continuum and does not apply to the bar geometry considered here.
Hence the velocities computed here cannot be compared with those
computed in the dispersion study.

Again, a significant factor observed in the dispersive element
model response is the increased ariificial far field coupling in

the responses of interior nodes (Fig. 4.5-8) compared with the

responses of low frequency waves (Fig. L.5-L).
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L.5.2 High Frequency Harmonic Axial Force Excitations - 15,000 and
25,000 cycles/sec.

Frequencies of 15,000 and 25,000 cps are selected because the
former is in the neighborhood of the cutoff frequency (17,050 cps)
while the latter is above the cutoff freguency. For the 15,000 cps
harmonic excitation, the velocity responses at the free end and
several interior node points are shown in Figures 4.5-9 to L4.5-12, For
the nondispersive element model, the velocity of propagation is
2.08xlO5 in/sec., in agreement with the previously computed values.
Velocity of propagation in the dispersive element model is 2.1+Ox10S
in/sec., resulting in an error of 17.5%, larger than those for the low
frequency (3800 cps) and medium frequency (10,000) cps waves.

Velocity responses of interior nodes (Fig. 4.5-12) show greater
artificial farfield coupling than that for low and medium frequency
waves (Figures 4.5-4 and 4.5-8). One difference between the free end
responses of the nondispersive and dispersive element models is the
apparent early arrival of the reflected wavefront in the dispersive
element model. The wave front travelling with a velocity of 2.h0x105
in/sec. arrives at the free end after 450 microseconds. But in the
free end response (Fig. 4.5-11), it arrives some time between 360 and
390 microseconds. This apparent early arrival, inconsistent with the

conputed velocity, is attributed to the artificial far field coupling

which is significantly increased for high frequency waves.
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The harmonic excitation of 25,000 cps frequency was applied to
detégmine the model response above the gut off frequency. Velocity
responses at several node points in the non-dispersive and the |
dispersive element models are presented in Figures L4.5-13 and L.5-1k.
‘The significant feature is the attenuation of the wavefront ét
the interior nodes. Both the nondispersive and dispersive element
models have the characteristic of filtering high frequency waves.
4.5~k Low Frequency Harmonic Waves in Models Made up of Nonsquare

Elements

In the cases deécribed aboye, the -physical body was épproximated
by an assembly of square elements. nge we evaluate the properties of
a model made up of nonsquare elements in transmitting low frequency
nermonic waves. Longitudinal bars, 54in. x 4in.x 1in. and Shkin. x 3in.
x lin. ﬁere represented bj nondispersive and dispersive element
m&dels respectively as shown in Fig. 4.5-15 and 4.5-16. ‘Harmonic
axial force excitation with a frequency of 3800 cps was applied at‘the
free end and the velocity responses'were computed. Velocity responses
at the free ends are shown in Figures &.5-15 and 4.5-16. The responses
are identipal to their counterparts in models made up of square
elements (Fig. 4.5-1 and U4.5-3) except for increased amplitude
in the present model due to a reduced érea of cross-section, Hence
the models made up of nonsquare eleﬁents retain the proﬁerties of

those of square elements.
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4.6 Nonharmonic Force Excitation - A Step Rise Force Input

‘An axial step force is applied at the free end of the bar shown
in Fig. 4.4-1 and the propagation of the waves generated is studied
with nondispersive and dispersive finite elements. A step function
is sectionally continuous with a finite discontinuity. When expanded
in a Fourier series, the step function may be conéiaered as a super-—
position of an infinite number of harmonic functions. Most of these
functions have frequencies above the cut off frequency and the
amplitudes of the high fréquency functions may (not necessarily) be
small. These high frequency components will undergo dispe?sion and
attenuation in both the zeroth and first order finite element models.
So, the finite element solution is not expected to be close to the
exact solution as in the case of harmonic excitations. The exact
solution for the velocity response at the free end and at an interior
point of the bar during the application of a step force is shown in
Fig. L.6-1. The velocity responses themselves are sectionally
continuous functions.

Using the finite element model with both nondispersive and
dispersive elements,. the velocity responses are computed and showp
in Figures 4.6-2 to L4.6-5. TFigures h.6—2 and 4.6-4 show the velocity
at the free end while Figures 4.6-3 and 4.6-5 show the velocity
responses at an interior point, at a distance of 24 in. ‘away from the

free end. For the dispersive element model (Fig. 4.6-4) the computed
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solutions show large 6scillations deviating from the exact solution.
These oscillations grow with increasing time so that the response
is badly distorted after the first half period. The response éélutions
obtaiﬁed with the nondispérsive element nodel (Fig. L4.6-2 and L.6-3)
are closer {to the exact\solutiqns than the dispersive element
solutions (Fig. L4.6-4 and L4.6-5). |

The sources of error in these solufibns are: (i) influence of the
discretization-dispersion on the low-frequency components, (ii) effect
of the artificial farfield coupling, (iii) errérs in the numerical
integration scheme for solving the differential equations and (iv) the
attenuation and dispersion of the high frequency components above the
cut off ffequency. The solution compute@'using thé nondispersive
element model is free from the defect of diséretization—dispersion
and the artificial far field coupling, but the latter two errors are
not eliminated. The errors in the numerical integration scheme cannot
be eliminated entirely but can be reduced substantially by the ﬁse of
an‘improved solution procedure. Such é solution procedure is the
fourth order Runge-Kutta method with the modification due to Gill,
explained in Sec. 4.3.3. This méthod was used for the computation
of velocity responses for nondispersive‘ana dispersivg element models.
Computed responses are plotted in Figures 4.6-6 and 4.6-7.

The solution obtained with the nondispersive element model

(Fig. L4.6-6) is closer to the exact solution with less error- than that
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computed with the acceleration-pulse procedure (Fig. L.6-2). The
wave profile shows slight attenuation with increasing time. This is
attributed to the attenuation of the high frequency components above
the cut off frequency which gradually subtract from the waveform.
This error cannot be eliminated because of the nature of the input
forcing function. ‘Solution for the dispersive element model (Fig.
4.6-T7) shows large oscillations and progressive- deterioration with
increasing time.

In the response curves showing the velocity at the free end, one
half-period is equal to the time taken by the wave front to travel
through twice the length of the bar. For the nondispersive element
model, the response curve obtained with the fourth order Runge-Kutta
method (Fig. 4.6-6) has a Half period of 530 microseconds resulting

5

in a wave velocity of 2.04x10” in/sec. The response curve obtained
with the acceleration-pulse procedure (Fig. 4.6~2) has a half-period
of 540 ﬁicroseconds, equivalent to a wvelocity of propagation of
2.00x105 in/sec. (compared to the continuum velocity of 2.05x105
in/sec.).

To determine the influence of an assembly of nonsquare elements
on the propaéation of waves, a‘5hin. X 3in.x.1in. bar is approximated
by an assembly of nine elements of size 6in. x 3iA. x lin. in place

of the previously used square elements of dimension, 6in. .x 6in. x Iin.

An axial step force is applied at the free end of the bar and the
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propagation of fhe wavefront is evaluated using only the nondispersive
element model. The acceleration-pulse egtrapolatien method was

used for integrating the differential equations. The free end wvelocity
is presented in Fig. L.6-8. Compared to thée résponse determined

from the square element model (Fig. 4.6-2), a conspicuous difference -
is the attenuation of the response with increasing time. This is due
to the fact that nonsquare elements have stronger fiitering charecteristice
than the square elements in atteﬂueting high frequency waves., The
cut-off frequency for the present model is the same ae that for the
model made up of square elements as the element dimension has not
yet.changed in the direction of propagation. There is no significant

change in the velocity of propagation.

4.7 Axial Force Excitations Made Up of Several Different Frequencies

As seen before, discretization—dispersion‘preseﬁt in the
displacement compatible finite element causes the wavefronts of
different frequencies.to propagate at different velocifies while the
nondispersive element propagates all wavefronts at continuum velocities.
So, a wave group made up of several different.frequenciee, when applied
to a model made up of dispersive elements, should undergo distortion
while propagating due to the fact that the indi%idual wave fronts
travel at different velocities. In a nondispersive element model,

because of the absence of discretization-dispersion, such a wave
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group should travel without any distortion. To test the validity of .
the above conclusions, an axial force excitation wﬁich is a sum of
three harmonic functions of freguencies 2500, 5000 and 7500 cycles/sec.
with equal amplitudes, was applied to the free end of the models
made up of nondispersive and dispersive elementé; and the velocity
responses are computed.

Figure 4.7-1 shows the exciting force as a function of time,
Figures 4.7-2 to 4.7-5 show the velocity responses at various nodes
of the nondispersive element model, as.indicated in the figures.
After the arrival of the incident wavefront at a given node, velocity
response of the node is identical to the respoﬁse at the free end, with
a time lag equivalenf to the time taken by the wavefront to travel
from the free end to the given node. The time of arrival of the
reflected wavefront is marked in the figures as t¥*. The velocity of
propagation computed in this calculation matches the velocity of
propagatioﬁ of the nondispersive element models considered previously.

Corresponding velocity responses for the disPersive'element
model are shown in Fiéures L, 7-6 to 4.7-9. Free end velocity response
(Fig. 4.7-6) matches that of the nondispersive element model until
the time of arrival of the reflected wavefront. Buf in the
dispersive element modei, the reflected wavefront arrives,eérlier than in
the nondispersive element model due to the discretization-dispersion

present. Velocity responses at interior nodes are distorted
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considerably (Figures 4.7-7 to 4.7-9) from the input forcing function.
Further, the artificial farfield coupling present in the element
causes nodes to oscillate before the arrival of the wavefront. The
above computations show the ability of the refined element to pro-
pagate a wave group'containing waves of several different frequencies

at continuum velocities.

4.8 Propagation of Shear Waves

In this section results are reported of the one-dimensional
square element model tested for shear wave propagation. Harmonic
lateral force inputs of 2000 and 6000 cycles per secbnd are considered.
Shear wave velocity in thepcontinuum,'represented by the finite
element model, is 1.221xlO5 in/sec. (Table L.Lk~1). The finite
element model considered has a cut off frequency of lO,l8d-cycles/sec.‘
Lateral forces are applied at the free end of the bar to generate
shear waves. In applying lateral forces, flexural waves are also
generated, effects of which are difficult to distinguish from that of
the sheér waves. Generation of pure shear waves demand some modifica-
tion in the boundary conditions at the free.and fixed ends. At the
free end, nodes 1 and 2 (Fig. 4.8-1) are trgated as if they are
on a free boundary except that the axial displacements are arrested.
At the fixéd end, unlike the model for dilatational waves,

axial and lateral displacements are arrested at both nodes 19 and 20,
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and normal strain coordinates Sz-and‘5§-are made.equal to zero.
Shear strain coordinates are left arbitrary.
Lateral velocity‘responses are computed at various nodes. The
acceleration-pulse extrapolation method is used to solve the

‘differential equations in time increments of 5 microseconds for both

nondispersive and dispersive element models.

Figures 4.8-2 and 4.8-3 show the lateral velocity responses at the

free end under a harmonic lateral force excitation with a frequency'
of 2000 cps for the nondispersivé and the dispersive elements models
respectively. Fig. 4.8-1 shows that for the nondispersive element
model the initial incident wave front returns to the free énd
after 890 miproseconds. This is equivalent to a velocity Qf propa~
gation of l.2l2x105 in/sec. compared with a continuum velocity of
1.221x105-in/sec., an error of less than one percent. Fig. 4.8-3
shows that with the diséersive element model, the initial wavefront
returns to the free end after 635 microseconds. This is equivalent
to a velocity of propagation of 1.86x105 in/sec. which is in error by
52.5% over the continuum vélocityr

. Velocity response at an iﬁterior node, node 3, at a distance
6 in. from the free end are shown in Fig. 4.8-b and h.8—5‘for the
nondispersive.and dispersive element models respectively. With the
nondispersive element, the velocity response at node 3 lags that‘

at the free end by 50 microseconds. This implies that the wave front
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travels 6 in. distance in 50 microseconds, resulting in a velocity
of propagation of l.20xlO5 in/sec. which compares well with the
previously computed valﬁe. Significant behaviour observed in the
dispersive element'model is fhe serious distortion of the wave front,
even for the low frequency excitation. Also, pronounced attenuation.
is observed in that the amplitudes are reduced in an irregular
pattern.

| Figures 4.8-6 and 4.8-7 show the lateral velocity responses
at the free end for the nondispersive and dispersive element models
respectively under a harmonic excifation of 6000 cycles/sec. 1In,
the nondispersive .element model, the incident wave returns to the
free end after. 885 microéeconds, equivalent to a wave velocity of
l.22xlO5 in/sec. which compares well with the velocity for the 2000
cycles/sec. wave and the continuum velocity. In the dispersive element
modél, the incident wavefront returns to the free end after 390 micro-
seconds, equivalent to é velocity of propagation of 2.T6x105 in/sec.
vhich is in error by 125% over the continuum velocity..

Thus, the models built with the first order finite elements afe
free from discretization-dispersion in propagating shear waves while (
the ordinary displacement comﬁatible element models exhibit
discretization-dispersion which is more pronounced than in the case

of dilatational wave propagation.
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V. TWO-DIMENSIONAL PROBLEM
5.1. Introduction

In this chapter, a two-dimensional elastié continuum is modelled
by an assembly of the refined finite elements and the propagétion of"
dilatational and shear waves inside the continuum are studied. The
geometry of the elastic continuum considered is shown in Fig. 5,1-1.
The boundaries on tﬁe sides AF and AB are fixed while the boundaries
on the sides BC, CD, DE and EF are free. Normal and tangential surface
tractions of uniform intensity, varying harmonically with time, are
applied on the side EF. Of these externally applied forces, the
normal tractions generate dilatational waves and the tangential trac-
tions éenerate shear waves, which propagate in the negative x-direc-
tion. During the propégation? they come across a step change in ele-
vation, which will cause part of the wave fronts to be reflected and
part to be transmitted around the cormer.

Previous studies déne of a similar problem are the analysis and
experiment of the propagation of a Rayleigh wave past a stef change in
elevation. The analytical study was done by the Green's function
methéd of approximation 31 . It was done for the case of a step
change in elevation far smaller than the wave length, wherein the
wavefront did not undergo significant distortion. The experimental
study was carried out by the photoelastic method[iS]. Dilatational,
shear and surface waves were generated by an explosion ip the model.

The propagation of the surface waves was studied by dynamic photo-
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Physical Properties:
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elasticity.

The study here is mainly intended to verify the reflection and
transmission characteristics of the fiqite element model on the dilat-
ational and shear waves. The physical properties of the elasic conti-~
nuum considered are: |

Mass density, p = 7.53 x.10 " slugs/in.3, and

Lamé's Constants, A 15.5 X 105 psi

and . G = 11.25x 10% psi .

The corresponding velocities of propagation are 2.25 x los,iﬁ./sec
for dilataﬁionallwaves and 1.221 x :LO.5 in./sec for shear waves.
5.2; Pinite Element Model.

The finite element model is shown in Pig. 5.2-1, along with the
node numbers. The model has 182 degree of freedom. The boundary
conditions are imposed as described in the last chapter. For the
nodes on the fixed boundary, the number éf degrees of freedom are
‘'reduced from six to two, while for the nodes on the free boundary,
four degrees of freedom are retained. The nodes 18 and 42 (corners
D and E) have two degregs of freedom each, i.e., two displaéements in
perpendicular - -directions, while node 16 (corner C) has six degrees of
freedom. Node .l (corner A) is a junction of two fixed boundaries, and
has four degrees of freedom. Nodes h'and 37 (corners B and F) are

Junctions of fixed and free boundaries,'and have two degrees of free-

dom each.




158

YoV p A8 2k 30 6 42
|
e iy 23 29 R5 47
X,u |
Yy 8 2 ¢ 16 oD 28 Rl 40
i3 o 5
1 i 13 15 21 7. B3 f?g
312 6 10 1h 20 26 Ina
A % m‘s »,-Q ”l’% o i (- S B-1 ”31 mF37

Fligelsn 2= Finite Element Model

--Y : Y,V

(a) Free Boundary

b
. u,y; v,y > il <
. i/

(b) Fixed Boundary

ULV u u,x u,y

(¢) Junction of Free Boundaries (d) Junction of Fixed Boundaries

Fig. 5.2-2. Various Boundary Conditions




159

The nodal forces are computed consisteﬁtly, based on the deforma-—
tion of the elements along the boundary, where the.external forces are
actiné. For this grid, the cut off frequencies are 18,750 cps for _
dilatational waves and 10,175 cps for shear waves. The harmonic surf-
ace tractions considered in this problem have a frequency of T000 cps,
well below the cuf off frequency. The acceleration-pulse extrapolation
method, explained in Sec. 4.3.1, is used for integrating the resulting
differential equations. The integration is carried out in equal tim¢
steps of 5 microseconds. The dilatational waves travel across one
element length in a little more than five time steps, while ﬁhe shear
waves tfavel the same distance in about ten time steps.

5.3. Results.

The veloecity responses computed for several nodes shown 1in Figures
5.3-1 through 5.3-10. Of interest are the nodes in the neighborhood
of the step, as there will be natural dispersion 6f the wavefronts in
this region due to the-geometry. In the response curves, the solid
curves represent the velocity of the nodes in the x-direction, and
the dashed curves represent the velocity in the y-direction. The
notations t,, . and tAé stand for the initial arrival times of the

AP

dilatational and shear wave fronts respectively. The notations tRP

and tRS stand for the time of arrival of the reflected dilatational

and shear waves respectively.
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Ihe dilatational waves travel féster than shear waves, and hence,
arrive at a given node earlier than the arrival of the shear waves.
In the neighborhood of the free boundary, the Rayleigh effect inter—
feres with the incidenf wavefronts. The Rayleigh effect is the gener-
atioﬁ of surface waves in the vicinity of free surfaces. The surface
waves cause large oscillation of particles in both ldngitudinal and
;ateral directions and travel at 0.92 times'the velocity of shear
waves. Surface wave effects reduce rapidly with increasing distance
from the free boundary. . In the response curves for nodes 30, 18, 1T
and 16 (Figures 5.3-1 through 5.3-4), there is significant velocities
in the lateral directions during the time before the arrival of thg
shear wave, but after thé arrival of the dilatational wave. These
nodes are located on the free surface, and the generation of surface
waves on the incidence of dilatational waves cause the motion in the
lateral directions.

The wavefroﬁts get reflected at the step and this is seen in
the response curves for nodes 23 and 30 (Figures 5.3~1 and 5.3-9).
‘In'both cases, the arrival of the reflected dilatational wave is
distinctly seen, while, for the shear wave, it is not as distinct.
This occurs because the shear waves travel slower, and the natural
dispersion of the diiatational waves in the neighborhood of the
corner D (Fig. 5.3-2) shows amplified velocities. The phenomenon is

due to the Rayleigh effect and due to the natural dispersion of the
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dilatational and shear.waves at the corner. Further, the surface
waves travelling along the side DE are forced to change direction of
travelling, causing additional dispersion.

A comparison of the velocity responses at nodes 16 and 12 (Figures
5.3-4 and 5.3-5) shows that the amplitudes of velocities at node 12
are smaller than those at 16, This is because only part of the waves
get transmitted across the node 16, while the other part is reflected.
The reflectioq is observed in the velocity response at node 22 (Fig.
5.3-6). A comparison of the velocity responses at nodes 22 and 23
(Figures 5.3—6 and 5.3-9) coﬁfirms the partial reflection as the
effect of the reflected waves is not as significant in the former as
in the latter. |

The response curve for node 22 shows a negligible amount of arti-
ficial farfield coupling in the model; The node is situated away
from the step change in elevation and the effect of natural dispersion
is not significant. The node does not show appreciable motion until
'the arfival of the appropriate wavefront. The nodes closer to the
fixed boundary exhibit smaller gmplitudes of motion than those situ-
ated away from'the fixed boundary. This is to be expected as the body
shows increase nstraint in the neighborhood of the fixed boundaries.

Low artificiallfarfield éoupling and accurate reflection charact-
eristics make the refined element suitable for accurate wave propagat-

v

ion analysis. Greatest value of the refined element may well be in




172

the apalysis of confined damains-whefe a little compliéation in the
geometry makes the classical approach of anélysis all but impossibie.
Tﬁe need is evident to extend this two-dimensional analysis to @odél-
ling a Rayleigh wave incident upon a step geometry. This Wiil involve
the use of a large model and the application of a dynamic eﬁcitation
so that the‘surfgcé &aves generated travel free from the interference
of dilatational and shear waves. - The problem has application in the

determination of the response of structures like dams during earthqu-

ake excitations.




" VI. SUMMARY

Problems associated with the apﬁlication of fhe finite eiemént
method to two dimensional elastic wave propagation in solids is |
investigated comprehensi;ély..‘Several limitations on the application
of the conventional finite elemepts %o wave propagation modelling
are noted, these limitations preseﬁt also in'otheQ discretization
methods such as thé finite difference method. A refined finite
. element with stronger compatibility conditions across interelement
boundaries is found to eliﬁinaﬁe defects tﬂat 6c;u£ with conventional
finite elements in wave propagatién-modeiling.

Two serious defects associated with the'cénventional finite
elements are discretization-dispersion and artificial farfield
ééupling. 'The‘discretization—dispersion éauses the wavéffonts of
different freqﬁencies to propagate at different velocities with
‘significant deviations from:the velocity of propagation in the
~ continuum. In this investigation, cgqgiétent mass representation is
used and it is observed that the velocity of propagation iﬁ the
finite element model is greater than thexcontinuum velocities,

Tumped mass represenﬁatipn has been used by several investiéators-
[5,25,52], and it has been found that the fiﬁite.element'velocities
are slower than the continuum velocitieé. Wﬁen ﬁhe Wavelepgths

involved are long, the 1umpeq'mass models transmit waves approximately
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at continuum velocities, whereas, for shorter waves, it results in
serious discretization-dispersion. The finite difference models
curréntly used have the same properties as the conventional zeroth
order finite elements, and hence, the solutions derived with them
are affected by discretizatioﬁ—dispersion.

The magnitude of the discretization-dispersion is also a function
of the geometry of the model. A test procedure is developed to
evaluate the magnitude of the discretization-dispersion in two-
dimensional continuum for a given finite element. For the conventional
displacement compatible finite elements, when representing a two-
dimensional continuum, the maximum discretization—dispersion is of the
order of 92% for dilatational waves and 20% for shear waves, below the
cut off frequency. When used in modelling a longitudinal bar as
in Chapter IV, less discretiZatibn—dispersion is noted for
. dilatational waves. (6.5%at 10,000 cycles/sec) while more for shear
waves (52.5% at 2000 cycles/sec). The refined element developed in
Chapter III is free from discretization-dispersion and the models built
with these elements yield responses closel& approximating to those of
the continua.

Artificial farfield céupling causes a given node to oscillate
before the arrival of the wavefront at that node. Its magnitude
increases with increasing frequency of the wave front and inereasing

distance of the node from the point of application of external force.




175
For example, in the model of the ioﬁgitudinal bar considered in
Chapter IV, while propagating dilatational waves, the effect of
artificial farfield’coupling at nodes 5 and 13 are respectively about
10% and 21% at a frequency of 3800 cycles/sec (Figures 4.5~2 and
-h.S;h), while its effects are 17% and 40% at 10,000 cycles/sec
(Figures 4.5-6-and 4.5-8), indicating a significant deviation from
the continuum response. It cannot be related to the off-diagonal
terms in the inverse of the mass matrix as the response caused is not
instantaneous but delayed and grows with increasing time. The test
procedure developéd in Chapter III for the evaluation of discretization—
dispersion does not include the effects of artificial farfield coupling.
The artificial farfield coupling causes difficulty in predicting the
true response when two'or more wave fronts interfere with each other.
Finite element models built with the nondisperéive element dg not
show any significant artificial farfield coupling.

Finite element modeis act as low-pass filters, attenuating the
wavefronts above the cut off frequency. This is inherent in -all
discretization'formulations and cannot be removed. So, the element
size must be adjusted to the @ype of wavefront involved. Refined
nonsquare elements have the same nondispefsi&e properties-as the
square elements. Nonsquare elements have stronger filtering
characteristics than the square elements in attenuating the high

frequency waves, and yield erroneous solutions when used for forcing
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functions such as a step-rise force (Fig. L4.6-8).

When used for solving problems of wave propagation in cénfiﬁed
domains, the discretization~dispersion in the conventional finite
elements interfereswith the physical dispersion,'yielding'solutions
with serious error. Absence of discretization-dispersion in the
refined finite element makes it especially useful for solving such
problems. Further, the reflections at the boundaries are more
accurately represented, leading to more accurate sblutiéns. In o
infinite and semi-infinite domains where the phyéical-dispersiﬁn is
not significant, conventional finite element models can be used and
some interpretation scheme can be de&eloped to determine the right
solutions. \

This investigation is justlthe;beginniqg of a rational apéroach
to the applicafion of the finite elemept meéhod to elastic wave
propagation in solids. The refined eleménts developed with firsf
order strain compgtibility are,frée frdm discretization~dispersion
in both one and two dimensions. The‘two—dimensional finite element
developed in this investigation is rectangular in shape. A triangular
element, free from discrgtization—dispersion, would be useful for
wave propagation studies in nonunifgrm geometries. There are several
such triangular elements already available in the literature [6,18,58]
with first order strain compatibility\acrosé interelement boundaries

but their dispersive characteristics have not yet been evaluated.
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' If some of those elements are found to be free from discretiéaﬁion—
dispersion, they can be used in wave pro?agation m@délling;_ |
The test procedure for evaluation éf discretization*dispersian
developed in this study may be used to test other finite elements
for their dispersive characteristiecs. As may be expected, differént'
finite elements will exhibit different amounfs of discretizatiqn—
dispersion. When accuracy is demanded, it is recommended that the
elements with zero or negligible discretization—dispersion.be used

for modelling.
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APPENDIX A

ONE-DIMENSIONAL FIRST ORDER STRAIN COMPATIBLE FINITE ELEMENT

iL's Derivation of Stiffness Matrix:

u - displacement,
€ - normal strain,
L - length of the element,
E - Modulus of Elasticity
A - Area of cross-section

Ty, (x) + u,_ B (x) (A.1-1)
1= 1

where
'\
Héi)(x) e 1 [2x3 + 3Lx2 + L3]
L3
Hc();)(x) = e —13- [2x3 - 3Lx2]
i L
(A.1-2)
Hﬁ)(x) = —é [x3 T L2x]
L
and
(1) b 7 2
H -/ (x) = = [x° - Lx“]
12 L2 4
Let u, el and u, = 82.
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oA u

Coulx) = 260+ 318+ 13] - 2 [2x° - 3157
3 3
L L .
€ ‘ ‘ €
+ —%‘- [x3 - .2Lx2 + L2x] + —S— .[x3 - Lx2]
L - L :
_ 3(u2—ul) 5 2€l+e:2 5 el+€2 3 2(u2—ul) 3
= ul + slx + ——2—— X - T, X + 5 X 3 b'd
‘ L . L L
or
u(x) = —%— i1 x x2 x3J L3 0 0 0 'ul’
L : . |
0 L3 0 0 El
5 5 I (A.1-3)
-3, =2L 3L =L 'u.2 ‘ .
2 L -2 L €
- ~ \. 2J
or
(1 x x° %3] [T]{r} (A.1-L)

(x) ==
ux_ L3

Apply the principle of stationary value of potential energy:

6[WE+WI] =_o
Wy, = ~{R}ér} where {Gr}. = v’aul\‘
G-el .
46 >
Y
Se
L 2

3 ou, | g du
and awI = f ng) s(ax) dx, P(x) = AE =

L -




et TRy = f aE (32
. x
L

§§-= L0 1 2x 3x°) [T]{r}

6(%5) = |01 2x 3x2J [T]

{sr}T{R} = {6r}T[T]T J AE
L
B} = [T]1TIN][T]{r}
where
—0 0 0
. o 1-1°
il = 0 L2 '§L3
o 3 gLu

The stiffness matrix is:

(k] = [T]7[N][T]
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ou

& {(=—=) dx

X

[0
{6v} = {sr}T[T]"
1
"4 ro
2x
[0 ) 3]
[0 1 2x 3%°]

1 [T ]{r}dx
< 2x r .
[357
.

L3
3.k
EL
9.5
5]

(A.l—s)

(A.1-6)




6 L =6 L |
5 10 5 10
A o A i
10 15 10 30
AR
"L |-6 -L 6 -L (4.1-7)
5 10 5 10
ST S A
10 30 10 15
2. Derivation of the Mass Matrix:
Virtual work of external and inertial body force:
. T .o . T
TR} + f oA & 8(u) dax = (sr)T(R), | (a.2-1)

L

p- is the mass density, and (") indicating second order time derivative.

q= 11 x % ) [TI{r}

f1)
: T T 11 2 3J - T
wﬁ%%}+wﬁ IMWHX? X X Jp){riax = {6r} (R}
L $2
3
X J
Hence: '
Ry} + oA [T17[N'][T1{¥} = {R} ' (a.2-2)




where

-1

=
no

(N'] =

:1#;}»|q» mlb

nO

thb;#Wb;Jﬂ'q» mlb

and the mass matrix is:

(M]

PA [T]T[N'][T]

[156
22L

54

~13L

w

Oﬂtzh\npjﬁ ;thf(nlh

22L
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I PR e

-3
L

5k
13L
156

-22%L

(A.2-3)

(A.2-L)




APPENDIX B
TWO-DIMENSTONAL FIRST ORDER STRAIN COMPATIBLE RECTANGULAR

FINITE ELEMENT

B.l Derivation of Stiffness and Mass Matrices.

o

A .
/ (1,1) . (2,1) :

a

(1,2) (2,2)/ _

/ 3 ¥ x' ¥y
. w5 U, 5 u’y

X,u

Displacement functions are given by:

2 2 : :
u(x,y) =-izl jz (g g G By @)+ sy 10 (5) H, ()
+ Sy Ho () B 5G] | | - (B.1-1)
and
2 2 '
v(x,y) = -izl jzl[vij Ho () 5, () + v,xij H () B ()
+ v, . B () ()] - . (3.1-2)

where u and v are the displacement components in x and y-directions.

The interpolation-polynomials are:
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_ 1 3 2 3
HOl(x) = =3 [2x” = 3ax” + a”]
a
=1 5.3 2
Ho,(x) = 3 [2x~ -~ 3ax"]
‘ (B.1-3)
Hll(x) = ;5-[x3 - 2ax2 + aex]
a
.1 .3 .2
12(X) == [x° - ax"]
a
and similar equations on y.
Equation (B.l-1) can be rewritten as:
1 0 0 Q u u, u u,
L vip 12 Y12
0 x 0 0 Us 0 Us 0]
3x2 2x2 3x2 | |u H u u e u
= = . o H » 2
ux,y) 5 a 5 2 21 Vor 22 Yoo
a a u 0 u, o |
1
S S *21 *22
as 82 a3 a®
2 3
1 0 Zé%_ 2y
b B3
2 3
0 2y P
v
b b2
5 3 (B.1-k)
3y =2y
: ° o 3 3
b b
2 3-
0 0 hot' A8 XE
b b2
T ' :
= [m] [ullnY] (B.1-5)

where [HX], [U] and [HY] are the matrices in equation (B.1-k).
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Similarly,
. 7 _
vix,y) = [EX] [V][HY] . (B.1-6)
where
F v YV, v ’ Vo 1
11 ¥iq 12 Yio
Vs 0 v, 0
[v] = SRS v X2 v
. 4 L] -]
o1 o1 22 Yoo
) 0 v, 0
o1 Xoo

The derivatives of the displacement functions are written as:

N

%; [u(x,y)] = u, (x,7) = [pmx] T (U] [EY ] (B.1-7)
and

= ()] =y Gy = (] Tviloey] (B.1-8)
where

[DHX] =-%; [HX] and [DHY] = %;-[HY]

Similar equations for Voo and v,,y are:

H

v, (x,7) [prx 1" [v][EY]

(] T [v] [y ]

Vay(xay)

Strain energy stored in the element during deformation:
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_ 'En a b 2 2
U= -———2(1_“2). XJ;O y£0{[u,X + ‘2uu,xv,y + v,y]
+ ilgﬁl—[u,i *enu, v, o+ v,i]}dxdy' (B.1-9)
where E = Modulus of'elasticity,
p = Poisson's radio
and h = thickness of the element.
Equation (B.1-9) can be rewritten as:
a b
U= a f _~ j {[omx )" (] (ry ) (omx )" (U] (Y] + 2w[pex]" (U] [ry] (] (V] [DAY] -
x=0 y=0 : .
+ (=] [u] [omy ] [Ex ] [v] [DEY]} + (555) {[mx] 7 (] [puy] (ax 1T (U] [DEY ]
+ 2p [}D(]T[U][DHY][DHX]T[V][HY] + [DHX]T[V][HY][D}E{]T[V][HY]}dxdy
(B.1-10)
where
o = ——EB
2(1-1°)

The displacemenht vector is given Hy:

EOSER!

u: ; u12 u’.X u: ; u22 uax u: ;

u, . u,
1L 7%y Yy 12 Y12 22 Yoo

v v s Vv v - v
2 "9 H 21 E] £l ]
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~

The stiffness matrix terms are given by:

_ 82U N

Kij T 36,936,
i

Kinetic energy of the element during a motion:

) a b
T p. .2 .
i =-% f f (&% + v°) axay
x=0 y=0

(B.1-11)

(371-12)

where p is the mass density and the dots over u and v represent the.

first order time derivatives. Equation (B.1-12) is

a 'b
v=2 [ [ e e 80 )
x=0 y=0"

v [ex1T 0 (a1 (k] T[] [AY ]} axdy

Mass matrix terms are given by:

M ='_32'.I‘_—
ij ~ 98,08,
17

Define the following matrices:

MX,.

HX,. =XA,., x Jt
ij i

where

rewritten as:

(B.1-13)

(B.1-1k)
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I -1
LX) [4 "
_3. _2 2_3 o r ' _3 _2
a8 Al e ] 8 Al s l"s o @
v m N M m .
Ml [aV] Ql —| < O =
e __a 3_ @ _, LAV I < VI o VIR o .__ d __a
o ~ o o - 4 o+ o ~
oy
o
— o o o o o © o m o o
L | [ ] s i
il 1 M i
m ~
e 1 Lymamn J
>4
~ & " 5
— [—) | -}

and
DHX. .
where
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and
[ o 0 1 2]
0 0 1 2
[MD] = H
0 0 1 2
0 0 1 2 |
wy,
HYj_j =.YBiJ N
where
L
b b
-2 1
0 1 . :
[YB] =
o o % =
b b
1 1
0 0 = —
L “'b2 b -
and '
" 0 1 2 3]
0 1 2 3
[vY] =
0 1 2 3
(o 1 2 3]
ND,
DHY,. = DY.. y 9




where
0o o % &
b b
b3
R
[DY] =
0o o &5 %
b b
2 3
0 0 — .
bb2
and
e 0 1 27
0 0 1 2
[wD] =
0 0 "1 2
0 0 1 2
Define a matrix [Q] such that:
a b
J J i-1 §-1 dxdy .

B.2 Flow=-chart for the Generation éf,the Stiffness anﬁ Mass Matrices.
DATA: E - Modulus of elasticity

.PSSN - Poisson ratio

RHP - mass density

AX,BY - Lengths of the sides of the element

T - Thickness of the element
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[sK] - Stiffness matrix
[sM] - Mass matrix '
[vx], [wY],[M0], (8], [Q], [XA], [¥B], [DX],[D¥] - matrices as

defined above.
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START

.| DIMENSION MX(h,h),Ny(h,u),MD(h,h),ND(ﬁ,h)
Q(8,8),XA(k, k), YB(4,4),DX (4, 4),DY (kL kL),
sM(2L,2k),sK(2k,24) '

READ DATA: E, PSSN, RHp, AX, BY, MX
NY, MD, ND, XA, YB, DX, DY

‘.I=(l,8)

I=(1,8)

Q(I,JT)=((AX**T)*(BY**J))/((I+J)+0.)

|
,ALPHA = T#E/(2. *(1.-PSSN¥%¥2))

Il=(1.12)
J1=(1,12)

(1,12)
(1,12)

Il
J1




(1,12)

Il=

Ji=(1,12)




I1=(1,12)

J1=(1,12)

M1=2; Nl=1——

M1=1; §1=2|—>

M1=3; ngﬂf———q»
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J=(1,4)

L=(1,h)

P

Mo=(1,k)

P

N2=(1.k4)

AT=DX(I,J)*YB(X,L)*DX (ML, M2)*YB(N1,N2)
MI=MD(I,J )+MD(ML,M2)

NI=NY(K,L)+NY(N1,N2)
ST1 = STL+AI¥Q(MI+1,NI+1)

LST2=Oal

J=(1,4)

I=(1,4)

Mo=(1.4)

No=(1.k)

AT = XA(I,J)*DY(K,L)*¥XA(ML,M2)*DY(N1,N2)
MI=MX(I,J)+MK(M1 M2)"

I1=(1,12)
J1=(1,12)

.

NI=ND(K,L)+ND(N1,N2)
ST2=ST2+AT¥Q(MI+1,NI+1)

!}

SK(I1,J19=ALPHA%(2,%¥ST1+(1.-PSSN)¥8T2
SK(I1+12,J1+12)=ATLPHA¥ (2. *¥3T2+(1.-PSSN )¥ST1

I
TST1=0.
J=(1,4)
S I=(1,4)
M2=(1,4)
No=(1,k) .

AI=DX(I,J)*YB(K,L)*XA(M1,M2)*DY(Nl;Nz)
MI=MD(I,J)+MX(M1,M2)

NI=NY(K,L)+ND(N1,N2)
TST1=TST1+AT*Q(MI+1,NI+1)




J=(1,4)

L=(1,4)

M2=(1,4) N

N2=(1.4)
y

AT=XA(T,J)*DY(K,L)*¥DX (ML, M2)*YB(N1,N2)
MI=MX(I,J)+MD (M1 ,M2)

NI=ND(X,L)+NY(N1,N2)
TST2=TST2+AT*Q(MI+1,NI+1)

!

SK(I1,J1+12)=ALPHA*(2.¥PSSN¥TST1+(1.~-PSSN)*TST2) .

J=(1.4) e

I=(1.h4) -

I1=(1,12)
J1=(1,12)

M2=(1.4) o

N2=(1.4)

h'A

AT=XA(I,J)¥YB(K,L)*XA(M1 M2 )*YB(NL,N2)
MI=MX(I,J)*MX(M1,M2)
NI=NY(XK,L)*NY(N1,N2)

SM(T1,J1)=8M(TI1,J1)+RHP*AT*Q(MI+1,NI+1)

I=(1.12) - o

_J=(1.12) .

SM(I+12,J=12)=8M(I,J)

1=(13,24)

J=(1,12) :
. " : [ sK(1,7)=8K(3,1) |

¥
1,24),1 ,>.,

OUTPUT({ (SK(I,J),J=
OUTPUT( (SM(T, J), J=1,2h4),I=1,2k)

(END )

~
)
\/
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