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Abstract:
Disinfectant efficacy testing is performed by Federal regulatory agencies, disinfectant manufacturers,
and consumer groups for the purposes of assessing the ability of a liquid chemical disinfectant to kill
potentially harmful microorganisms, such as bacteria, spores and viruses, attached to inanimate
surfaces. Carrier tests are microbial assays in which the disinfectant is applied to microbes that have
been immobilized in a dried organic film on an impermeable surface such as glass. The goal of a carrier
test is to provide a reproducible measure of disinfection efficacy. “Log Reduction” (“LR”), the
reduction in numbers of viable microbes (log scale), is one conventional measure of efficacy.

The quantitative assay and the presence/absence assay are two microbial assays commonly used in
disinfection efficacy testing. The quantitative assay is characterized by direct counts (quantitative data)
of microbes surviving disinfection. The presence/absence assay is characterized by a series of
presence/absence responses (qualitative data); a response of presence indicates one or more organisms
have survived disinfection in a sample aliquot, while a response of absence indicates no organisms
survived disinfection in a sample aliquot. Although the types of data collected from the quantitative
assay and presence/absence assay are different, the goal of the two assays is the same - to estimate the
“LR”.

Very little attention has been devoted to the statistical analysis of carrier tests. In this dissertation,
statistical models are developed for data arising from the quantitative assay and the presence/absence
assay. Mathematical parameters defining disinfection efficacy (i.e. “LR”) are presented, and various
estimators and associated standard errors are derived for each parameter. Computer simulation and
asymptotic efficiency results are used to document the small and large sample properties of the various
estimators.

The simulation and theoretical results indicate that Method of Moments estimators are to be
recommended over Maximum Likelihood Estimators for the quantitative assay. For the
presence/absence assay, the form of the estimator to be recommended depends on the definition of
“LR” used. 
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ABSTRACT

Disinfectant efficacy testing is performed by Federal regulatory agencies, 
disinfectant manufacturers, and consumer groups for the purposes of assessing the 
ability of a liquid chemical disinfectant to kill potentially harmful microorganisms, 
such as bacteria, spores and viruses, attached to inanimate surfaces. Carrier tests 
are microbial assays in which the disinfectant is applied to microbes that have been 
immobilized in a dried organic film on an impermeable surface such as glass. The 
goal of a carrier test is to provide a reproducible measure of disinfection efficacy. 
“Log Reduction” (“LR”), the reduction in numbers of viable microbes (log scale), is 
one conventional measure of efficacy.

The quantitative assay and the presence/absence assay are two microbial 
assays commonly used in disinfection efficacy testing. The quantitative assay is 
characterized by direct, counts (quantitative data) of microbes surviving disinfection. 
The presence/absence assay is characterized by a series of presence/absence 
responses (qualitative data); a response of presence indicates one or more organisms 
have survived disinfection in a sample aliquot, while a response of absence indicates 
no organisms survived disinfection in a sample aliquot. Although the types of data 
collected from the quantitative assay and presence/absence assay are different, the 
goal of the two assays is the same -  to estimate the “LR”.

Very little attention has been devoted to the statistical analysis of carrier 
tests. In this dissertation, statistical models are developed for data arising from the 
quantitative assay and the presen'ce/absence assay. Mathematical parameters 
defining disinfection efficacy (i.e. “LR”) are presented, and various estimators and 
associated standard errors are derived for each parameter. Computer simulation 
and asymptotic efficiency results are used to document the small and large sample 
properties of the various estimators.

The simulation and theoretical results indicate that Method of Moments 
estimators are to be recommended over Maximum Likelihood Estimators for the 
quantitative assay. For the presence/ absence assay, the form of the estimator to be 
recommended depends on the definition of “LR” used.
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CHAPTER I

In trod u ction

Various microbiological assays have been developed for assessing the ability 

of a liquid chemical disinfectant to kill potentially harmful microorganisms such as 

bacteria, spores and viruses. The disinfectants are intended for application on 

nonporous surfaces in hospitals, restaurants, the home, etc. In environments of 

potentially high microbial contamination, such as hospitals, a measure of a 

disinfectant’s efficacy is necessary if the product is to be used with any degree of 

confidence.

Establishing an index of efficacy for a particular disinfectant is done via a 

standardized laboratory test. Federal regulatory agencies, disinfectant 

manufacturers and consumer groups routinely test for efficacy of a disinfectant, and 

as such, require reliable testing methods. Depending on the intended use of a 

disinfectant, a specific standardized laboratory test must be passed before the 

United States Environmental Protection Agency (EPA) or the United States Food 

and Drug Administration (FDA) will approve the disinfectant for public usage. The 

tests are defined by standardized protocols that clearly state the microbial assays, 

microbial strains, inoculum sizes, culture conditions, testing materials, etc. 

Standardized tests are designed to be inexpensive and reproducible laboratory 

approximations of real world conditions. A standardized test is said to be 

reproducible if the within- and between- laboratory variability of the test are “low”.

In the 1980’s, environmental microbiologists expressed concern that the 

standardized tests used to register disinfectants were not reproducible, and that 

manufacturer label claims regarding germicidal activity were overstated. For
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example, Rutala and Cole (1987) reported a collaborative study that assessed the 

reproducibility of the Use-Dilution-Method (UDM). Eighteen laboratories which 

were familiar with the UDM protocol tested six EPA-registered disinfectants, each 

of which had previously passed the performance criterion for the UDM. The results 

of the study by organisms were as follows: for 20%, 34%, and 62% of the trials, the 

disinfectants failed when tested against Salmonella choleraesuis, Staphylococcus 

aureus, and Pseudomonas aeruginosa, respectively. These results, call into question 

the manufacturers’ product claims of germicidal activity for the six randomly chosen 

disinfectants used in the study. Also noted in the study was a high degree of 

variability in test results among the eighteen laboratories. Because of this 

inconsistency among laboratories, Rutala and Cole declared that the UDM was not 

reproducible, and therefore questioned the use of the UDM for registration 

purposes. They also hypothesized that other standardized tests were similarly not 

reproducible.

A government review of the statistical properties of standardized disinfectant 

tests concluded that up to 20% of the disinfectants on the market would not meet 

registration performance standards if they were retested; these disinfectants may be 

ineffective for their intended use (U.S. General Accounting Office 1990, as quoted in 

Bond et al. 1991). Bond et al. (1991) nicely summarize the necessity for 

reproducible standardized tests.

“The importance of establishing consistently appropriate and 
reproducible laboratory test methods to evaluate and compare the 
germicidal capabilities of liquid chemical agents cannot be overstated. If 
these test methods are not appropriate and verifiable, or if the resulting 
data are not reflective of in-use conditions, then the overall effectiveness 
of many generic recommendations and guidelines for selection and use of 
liquid chemical germicides will be weakened.”

Since 1990, the EPA has adopted a multidisciplinary approach involving 

microbiologists, virologists, statisticians and other scientists to develop new



3

standardized tests which will be more reliable and reproducible than the preceding 

tests. Prior to the new tests, little attention was given to statistical analysis of 

antimicrobial assays. The EPA realized that statistical thinking was necessary to 

achieve the goal of developing improved standardized tests. Some important 

statistical tasks include developing statistical models for microbial assay data, 

mathematically defining parameters measuring a disinfectant’s efficacy, identifying 

sources of variability in the tests, and suggesting designs that will reduce variability 

to acceptable levels. The general purpose of this dissertation is to describe statistical 

methodology for two microbial assays commonly used in disinfection efficacy testing; 

the quantitative assay and the presence/ absence assay. A description of both assays 

will first be given before defining the specific goals of this dissertation.

D escription  o f th e Q uantitative Assay

Central to the quantitative assay (as well as the presence/absence assay) is 

the concept of “check” and “test” “carriers”. The carriers are often small stainless 

steel or glass penicylinders, or some other nonporous medium, which are inoculated 

with microorganisms for testing purposes. Figure I shows the major steps common 

in all quantitative assays for test carriers.

S tep I: A suspension of microbes is prepared according to a targeted density of 

microbes per unit volume. Included in the suspension are culture medium, which 

acts as a food source for the microbes, and possibly added “organic soil”, in 

addition to the microorganisms.

S tep 2: A sterilized carrier is selected.

S tep 3: The carrier is placed in the prepared inoculum.

Step 4: The inoculum is dried on the carrier, leaving the microorganisms embedded 

in a protective organic film that represents a realistic challenge to the disinfectant.

)
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After drying, the targeted inoculum size ranges between IO5 and IO8 viable 

organisms depending on whether bacteria, spores, or viruses are the test organism of 

interest.

Step 5: The carrier is treated with a purported disinfectant for a specified amount 

of time.

Step 6: Following neutralization of the disinfectant, the carrier is sonicated and/or 

vortexed, thus removing organisms from the carrier into a well-mixed liquid 

suspension.

S tep 7: The suspension is serially diluted, plated or filtered, incubated, and colony 

forming units (cfu) are counted. The series of dilution levels, or synonymously, the 

fraction of total volume sampled, are recorded with the cfu counts so that cfu 

counts can be converted into a per carrier estimate of the number of viable 

organisms surviving disinfection. If a disinfectant is effective in killing organisms, 

few cfu counts will be observed for the test carriers.

In the absence of knowledge about the initial numbers of organisms exposed 

to disinfection, one cannot discern if low test carrier cfu counts are due to a strong 

disinfectant or to a weak disinfectant applied to carriers that contained few 

organisms. For this reason, a series of check carriers are run in addition to test 

carriers. Check carriers are treated in an identical manner as test carriers except an 

inert solution is applied to the carrier in lieu of an actual disinfectant. Check carrier 

cfu counts, along with the recorded dilution levels, provide an estimate of the 

number of viable organisms exposed to disinfection (on a per carrier basis). Thus in 

the quantitative assay, direct counts (quantitative data) are observed on both check 

and test carriers. Data from both check and test carriers are required in order to 

measure disinfectant efficacy. Because of inherent variability involved at each step in 

the test protocol, each assay requires multiple check and test carriers.



Figure I: Schematic chart for test carriers in the quantitative assay
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Table I gives an example of the type of data arising from a quantitative 

assay with three check carriers and ten test carriers. In this example, the check 

carriers contain approximately IO8 organisms (check carrier counts divided by 

' volume sampled for check carriers) and the test carriers contain approximately 1000 

organisms (test carrier counts divided by volume sampled for test carriers) .

Table I: Example data from the quantitative assay
Check Carriers Test Carriers

Carrier Volume Carrier Volume
Number Sampled Counts Number , Sampled Counts
I 3 x IQ"8 189 I 0.33 267
2 3 x IO-8 195 2 0.33 291
3 3 x IO"8 219 3 0.33 99

4 0.33 270
5 0.33 CO OO

6 0.33 102
7 0.33 297
8 0.33 126
9 0.33 222
10 0.33 489

D escrip tion  o f th e P resen ce/A b sen ce A ssay

The presence/ absence assay (pa assay) is characterized by a series of 

presence/absence responses (qualitative data) for both check and test carriers. The 

pa assay can be thought of as a sequence of serial-dilution assays for test and check 

carriers. The serial-dilution assay (Loyer and Hamilton 1984) has proved valuable 

for determining the density of organisms in solutions in situations where 

colony-count methods are not effective (Eaton et al. 1992). For example, some 

viruses, such as the adenovirus, do not readily form colonies or plaques, hence the

" serial-dilution assay is commonly used in the field of virology.

)

)■

)
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The main distinction between the pa and quantitative assays comes after the 

organisms are removed from a carrier into suspension via sonication. For the pa 

assay, the suspension is serially diluted. At each dilution stage, a number of sample 

aliquots are placed into tubes or wells and, following incubation, examined for a 

presence/ absence response. It is assumed that a tube or well will exhibit a positive 

response (presence) if and only if one or more organisms in the sample survived 

disinfection. Otherwise it will exhibit a negative response (absence), indicating that 

no organisms in the sample survived disinfection. From the series of 

presence/ absence responses and the associated dilution levels, an estimate of the 

number of viable organisms in suspension can be determined. Figure 2 shows the 

steps common to serial-dilution assays. A check carrier is treated in the same 

manner as a test carrier except that an inert solution is used in place of the 

disinfectant. The type of data recorded for a check or test carrier is then the 

number of wells exhibiting a positive response at each dilution stage. There is 

evidence to believe a disinfectant is effective if wells are negative at low dilutions for 

test carriers, but wells are positive at high dilutions for check carriers.

Table 2 gives an example of the data collected for a pa assay with four wells 

per dilution for each of three check and three test carriers. These data indicate that 

there are about 1000 times more viable organisms on check carriers than on test 

carriers. Notice that for check carriers, high dilutions of IO-7 or IO-8 are required to 

show absence of viable organisms in all four wells, whereas for test carriers, absence 

in all four wells occur at IO""4 or 10-5 dilutions.

C om m on M easures of D isinfectant Efficacy

As one can see from Tables I and 2, there are distinct differences in the types 

of data collected in the quantitative and presence/absence assays. The goal of each
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Figure 2: Schematic diagram for a serial-dilution assay

Volume sampledsuspension

■ denotes no organisms present in well

Volum e sam pled denotes the fraction of the total suspension sam pled per well
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Table 2: Example data from the presence/absence assay
Check Carriers Test Carriers

Carrier I Carrier 2 Carrier 3 Carrier I Carrier 2 Carrier 3
Dilution Number of wells positive Number of wells positive
i o - i 4 4 4 4 4 4
IO-2 4 ■ 4 4 4 4 ■ 4
i o - 3 4 4 4 4 3 4
i o - 4 4 4 4 0 I 4

O I 4 4 4 . 0 0 0
IO-6 4 3 3 0 0 0
IO-7 0 I 0 0 0 000IO. 

T
-H 0 0 0 0 0 0

of the two assays is the same: to measure how effective at killing microorganisms a 

disinfectant is; that is, to produce a quantitative summary of a disinfectant’s 

efficacy. An example of a quantitative summary Would be an estimate of the 

proportion of organisms surviving disinfection. Equivalent measures of efficacy are 

the percentage of organisms killed and the log reduction. For example, suppose it 

was known that Ni of N0 organisms would survive disinfection. Then ,

100 x (l -  %, and Iog10 (N0) -  Iog10 (Ni) are the survival fraction, the

percentage killed, and the log reduction, respectively. Smaller survival fractions, or 

equivalently larger percentages killed and larger log reductions, indicate more active 

disinfectants. Table 3 gives numerical values for the survival fraction, percentage of 

organisms killed, and the log reduction assuming N0 = 1,000,000 and N1 = I.

Table 3: Example of equivalent quantitative measures of disinfection efficacy

Ni No Survival fraction Percentage killed Log reduction

I IO6 0.000001 99.9999% 6.0
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Specific Goals o f th is D issertation

The goals of this dissertation are to present statistical models for data arising 

from the quantitative assay and the presence/absence assay, to discuss alternative 

ways to quantify disinfection efficacy, to present methods I have derived for 

estimating these quantities and associated standard errors, and to compare 

alternative estimation methods. The comparisons are based on both theory and 

computer simulation. Separate chapters will be devoted to the quantitative assay 

and the presence/absence assay.
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CHAPTER 2

Q u an tita tive  A ssay

The goal of a quantitative assay is to estimate the Log Reduction (LR) for a 

disinfectant. Before defining LR it will be helpful if certain notation is listed.

N otation

A — Number of check carriers.

B = Number of test carriers.

D =  Number of dilution stages for check carriers.

E =  Number of dilution stages for test carriers. D does not have to equal E.

F = Number of samples per dilution for check or test carriers.

i =  Subscript for check carriers; i =  I ,...,A.

j = Subscript for dilution stage of a check carrier; j = 1,...,D.

k =  Subscript for sample at a dilution stage for a check carrier; k =  1,...,F.

s =  Subscript for test carriers; s =  1,....,B.

m =  Subscript for dilution stage of a test carrier; m =  l,..i,E.

n =  Subscript for sample at a dilution stage for a test carrier; n =  1,...,F.

Qjk =  Random variable denoting the microbial count for check carrier i at dilution 

stage j and sample k.

Cyk =  Observed microbial count for check carrier i at dilution stage j and sample k. 

Cj =  E ji i  Ek=i Cijk =  Random variable denoting the sum of microbial counts across 

dilutions and samples for check carrier i.

Ci = E ji i  Ek=i cijk =  Observed sum. of microbial counts across dilutions and samples 

for check carrier i.
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Tsmn = Random variable denoting the microbial count for test carrier s at dilution 

stage m and sample n.

tsmn =  Observed microbial count for test carrier s at dilution stage m and sample n. 

Ts =  E m=1 S n=I Tsmn = Random variable denoting the sum of microbial counts 

across dilutions and samples for test carrier s.

ts =  S m=x S n=I tsmn =  Observed sum of microbial counts across dilutions and 

samples for test carrier s.

Uyic =  Fraction of total volume sampled for check carrier i at dilution j and sample k. 

Ui =  Xiji1 Sk=i utik =  Fraction of total volume sampled for check carrier i.

Notice that the total volume sampled may vary among check carriers.

vsmn = Fraction of total volume sampled for test carrier s at dilution m and sample

n.

vs =  S m=I S n=I Vsmn = Fraction of total volume sampled for test carrier s.

Notice that the total volume sampled may vary among test carriers.

X; =  =  Density for check carrier i; i =  I,...,A.

Y =  g Sf=i Ys == Average test carrier density.

Y* =  g Sf=x Y* =  Average log test carrier density.

Ps is the survival fraction for a randomly chosen microbe exposed to disinfection for 

test carrier s; s =  I,...,B- For notational convenience, the subscript will be dropped

Ui

log(Xi), i f X i > 0  
logf-M, IfXi =  O

X = T  SiLi Xi =  Average check carrier density.

X* = ^  SiLx X* =  Average log check carrier density. 

Ys =  —'= Density for test carrier s; s =  1,...,B.
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from P for the remainder of this chapter. P is a random variable that follows a 

distribution with mean (j) and variance C2.

9ci =  Unobservable inoculum size for check carrier i; i =  I,...,A.

<9ts Unobservable inoculum size for test carrier s; s =

“Zero-adjusted” refers to the standard approach of adding I to zero counts before 

taking logs.

log(-) is the base 10 logarithm.

In(-) is the natural logarithm.

^ is a symbol used to indicate “an estimator of’.

Log R eduction  (LR)

In my literature search of LR calculations for the quantitative assay, I have 

been able to find examples for the case of I check carrier and I test carrier, only.

LR is defined (Robison et al. 1988) as follows:

LR = log(number of organisms per carrier before exposure to disinfection) -  

log(number of organisms per carrier after exposure to disinfection).

Denote as c the check carrier count and its associated volume sampled as u. Denote 

as t the test carrier count and its associated volume sampled as v. Notice that £ is 

the estimated number of microbes per carrier surviving disinfection, while ^ is the 

estimated number of microbes per carrier exposed to disinfection. The standard 

estimate of LR is: LR =  log(^) — log(^). This quantity is sometimes called the 

microbicidal effect (ME) (Bloomfield et al. 1994) or the sterility assurance level 

(SAL) (Oxborrow and Berube 1991).

The new quantitative assays require multiple check and test.carriers. 

Microbiologists calculate LR in a number of different ways when analyzing a 

multiple check and test carrier assay. To my knowledge, no published paper defines
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and compares the various estimators of LR. In the following sections of this chapter 

two different conceptualizations of LR for multiple carrier assays will be discussed, 

and an intuitive estimator will be presented for each definition of LR. The main 

purposes of this chapter are to present a method of moments (MOM) and maximum 

likelihood estimator (MLE) and, associated standard errors for the two 

conceptualizations of LR. The standard error is important because it indicates 

inherent variability in the quantitative assay. Knowledge of the inherent variability 

will be useful as a benchmark for within- and between- laboratory variances that 

will be observed in forthcoming multi-laboratory collaborative studies of 

disinfectants on various microorganisms. Large sample asymptotic results will be 

derived for purposes of evaluating the estimators’ efficiencies. Knowledge of the 

theoretical efficiencies of the estimators will be useful in providing recommendations 

as to which estimators should be used. Specifically, efficiency calculations will give 

guidelines as to whether the more easily calculated MOM estimators of LR can be 

justified in their use over the more laboriously calculated MLE of LR. Finally, 

results from a computer simulation study will be given for purposes of determining 

the small sample properties of the various estimators.

Two Simple Estimators of LR

One approach microbiologists have used to calculate LR is: (i) transform the check 

and test carrier densities to the log scale and (ii) subtract the average log test 

carrier density from the average log check carrier density. In notation, this estimator 

is X* - Y*. For obvious reasons I have decided to refer to this approach as the 

“average of logs”. I denote the average of logs parameter as Ti. Specifically, letting 

E(-) denote the expectation operator,

T - i x E ( l x r ) - i x E ( S Y : ) '
( 2. 1)
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By the Law of Large Numbers, the average of logs estimator is consistent for Ti. 

Notice, for the single check and test carrier situation, the average of logs estimate is

Notice, for the single check and test carrier situation, the survival fraction estimate

where <f) is the population mean of the distribution of survival fractions, P. By the 

Law of Large Numbers, the log of averages estimator is consistent for T 2.

It should be emphasized that the average of logs and log of averages 

estimators are not estimating equivalent parameters. From Jensen’s inequality it is

carrier densities are zero). However, no definitive statements can be made in terms 

of comparing the average of logs estimator to the log of averages estimator. For the 

single check and test carrier situation, however, the average of logs method and log 

of averages method yield identical results.

Arguments Favoring the Average of Logs Method

There are reasons to prefer the average of logs method to the log of averages method 

and vice versa. The average of logs estimator of LR is the log of the geometric mean 

of test carriers subtracted from the log of the geometric mean for check carriers. 

Because counts of microorganisms often exhibit positive skew, the preferred statistic 

for summarizing microbiological data is the geometric mean (Eaton et al. 1995).

log(^) - lo g ( i) .

An alternative estimator of LR is as the negative logarithm of the survival 

fraction estimator, =; i.e. LR = — . This estimator can also be written as

X) — log (V) . Consequently, I refer to it as the log of averages approach.

is ^ -T- and the log of averages estimate is simply log — log . Denote the log 

of averages parameter as T 2. Specifically,

T 2 = - lo g (^ ) (2.2)

known that log (x ) > X* and log (V) > Y*, (assuming none of the test or check
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For this reason, the average of logs method may be the method of choice by 

microbiologists. The assumption of microbial counts originating from distributions 

having positive skew appears to be reasonable for one particular application of the 

quantitative assay with which I am familiar. Figure 3 gives the Empirical 

Distribution Function (EDF) of the sample skewness coefficients from 195 check and 

test carrier data sets. Figure 4 gives the EDF of the sample skewness coefficients for 

the log transformed data. The data came from a multi-laboratory collaborative 

study (Springthorpe 1997) involving 15 laboratories each testing various disinfectant 

formulations. As seen from Figure 3, positive skew was evident in roughly 80% of 

the test carrier data, sets. Positive skew does not seem to be as prevalent for the 

check carrier data sets. However, each check carrier data set consisted of only 3 

observations (as opposed to 10 test carrier observations). Because the check carrier 

procedure should be constant from assay to assay within a laboratory, I felt it was 

appropriate to pool check carrier observations within laboratories. Results not 

shown here indicate that positive skew for the pooled check carrier data was evident 

in 12 of 15 laboratories. Thus it seems reasonable to believe that both check and 

test carrier data originate from distributions having positive skew.

From Figure 4 it is evident that the log test carrier counts are less skewed. 

There is some theoretical justification that the log transformation of microbiological 

data will induce less skew. For reasons to be presented later, I believe it is 

reasonable to assume negative binomial distributions for check and test carrier 

counts. The negative binomial distribution has positive skew and the log of a 

(zero-adjusted) negative binomial random variable has a more symmetric 

distribution. Some motivation for this statement can be provided by the gamma 

distribution. The log of a gamma has a more normal, and hence symmetric, 

distribution than the original gamma (Kotz, Johnson and Read 1985). Because the
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Figure 3: EDF for skewness coefficient of 195 check and test carrier data sets
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Figure 4: EDF for skewness coefficient of 195 log transformed check and test carrier 
data sets
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negative binomial is well approximated by a gamma distribution, it is reasonable to 

conclude the log of a (zero-adjusted) negative binomial distribution has a more 

symmetric distribution.

Because the mean is a better estimator of central tendency when the 

underlying distribution is more symmetric, the average of logs method may be 

preferable to the log of averages. Also, statistical inference on the average of logs 

estimator of LR may be easier because of the movement towards normality due to 

the log transformation.

A rgum ents Favoring th e  Log of Averages M ethod

A reason to prefer using the log of averages estimator of LR is because it has a 

compact biological interpretation. Some microbiologists choose to quantify 

disinfection efficacy with the survival fraction, which is the antilog of Tg- The 

survival fraction is not a simple function of Ti,, thus the average of logs estimator 

may be preferable from an interpretability argument. Also, the log of averages 

estimator is an appropriate estimator of the Oxborrow and Berube (1991) definition 

of SAL.

19

S tatistica l M odeling A ssum ptions

Define the inoculum size on a carrier as the number of viable organisms 

exposed to disinfection (or simulated disinfection).

A ssum ption I: The unobservable inoculum.sizes for the A check carriers and B 

test carriers, denoted as #ci, i =  I , ..., A and #Ts, s = I , ..., B, respectively, are 

statistically independent and are approximately distributed as gamma (mean =  a/3, 

variance =  a/32) random variables; a  > 0,/3 > 0.
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The inoculum size on a carrier is an integer-valued random variable which I 

believe can be reasonably well approximated by a negative binomial distribution. 

The negative binomial distribution can be derived as a mixture of Poisson 

distributions (McCullagh and Nelder 1989). The distribution of the inoculum sizes 

is conceivably a mixture of Poisson distributions because the pipette volumes will 

vary from sample to sample, and, when a pipette volume is removed from a 

well-mixed suspension, the number of organisms is a random variable following a 

Poisson distribution (Stearman 1955). Also, viable organisms are lost during the 

drying of the carriers; thus differences among carriers in both the length and 

intensity of the drying step will induce extra variability among the inoculum sizes. 

The additional sources of variability above and beyond Poisson sampling lead to the 

negative binomial distribution. Because the average inoculum size is so large 

(between IO5 and IO8), it is appropriate to act as though the inoculum sizes are a 

continuous random variable and the (continuous) gamma distribution closely 

approximates the (discrete) negative binomial distribution in these cases (Bartko 

1961; Best and Gipps 1974; Guenther 1972; Mood, Graybill, and Boes 1974; Osaki 

and Li 1988; Pessin 1961).

A ssum ption 2: Cyk | #ci, uijk, i =  1,...,A; j =  1,...,D; k =  I,...,F are distributed 

independently as Poisson(0ci • uyk).

Because the Cyk, j =  1,...,D; k = I,...,F are independent Poisson random 

variables, Ci | 0ci, Ui, are distributed independently as Poisson(#ci • U j), i = 1,...,A.

A ssum ption 3: P is a random variable that follows a distribution with mean cf) 

and variance C2. P and #Ts, s =  I,...,B are statistically independent.

There are at least two reason to suspect that the survival fraction could vary 

among test carriers. Firstj variation in the amounts of disinfectant added to the
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carriers and variation in the exposure period of disinfection could cause variable 

survival fractions. Second, the shape of the dried inoculum film could well affect 

disinfection rates, with thicker films yielding lower disinfection rates (Stewart 1996). 

It is conceivable that under ideal situations <j) is constant among test carriers, in 

which case P is degenerate at <j>. I will refer to the model with P having a 

non-degenerate distribution as the over-dispersed m odel, and the model with P 

degenerate as the m odel w ith  no over-dispersion.

A ssum ption  4: Tsmn | #Ts, vsmn, P , s = 1,...,B; m =  1,...,E; n =  I,...,F are 

distributed independently as PoissOn(0Ts • Vsmn - P). Thus, Ts | #Ts, Ys, P , s = I,...,B 

are distributed independently as Poisson(0Ts • vs ■ P).

It can be shown (see Appendix A) that the above assumptions imply that the 

marginal distributions of Ci are negative binomial (r = a, p =  q =  i =

I,...,A. The Ci are statistically independent and will be iid negative binomial if the 

sample volumes, u;, are constant across check carriers. I have chosen to parameterize 

the negative binomial distribution to have mean ^  and variance pf. Thus,

P(Ci =  c; I a P ( Q T a ) Zr Vi/ 1
,P ’UlJ P(Ct)Ci! V^ui + iy

Oi

Ci — 0 ,1,2,...
^Tli +  V

The mean and variance of the random variable Ci are CtySui and CtySui + (̂CtySui)2, 

respectively.

The above assumptions imply for the over-dispersed model that marginally, 

Ts , s =  I,...,B are distributed independently with mean = Ct1S^vs and variance 

ctyS<?Ws[l +  ct/S^vs( 2̂+^ +1 )̂]• For convenience, denote  ̂ as d; d > I. If d =

I, then C2 =  0 and the distribution of P is degenerate at If d > I, then (2 > 0 

and the survival fraction varies among carriers. Because the distribution of P is 

unknown when d > I, the marginal distribution of Ts cannot be derived. It is 

reasonable to assume, however, that the distribution of Ts is closely approximated
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by a negative binomial (r =  f ,  p =  ^ d+1, q =  s =  The

parameters for the negative binomial distribution for test carriers were chosen to 

match the exact mean and variance of test carriers. It can be shown (Appendix A) 

that if P is degenerate at <f>, then Ts is distributed independently as negative 

binomial (r =  a, p =  p ^+ i > cI — s = I v 5B- Thus for the model with no

over-dispersion, the mean and variance of Ts are a/3<f)vs and a(3(j)Vs +  (̂a/3(f>vs)2, 

respectively. Note that the Ts will be iid negative binomial if the dilution levels, vs, 

are constant across test carriers.

Assumption 5: The C ;, i =  I , ...,A and Ts , s = I,...,B are all statistically 

independent.

The joint probability mass function (pmf) of the observable data is then the 

product of A negative binomial check carrier count densities times the product of B 

negative binomial test carrier count densities. Notice that the form of the pmf will 

depend on whether P is degenerate at ^ or P follows a distribution with mean <$> and 

variance Cj2 . Denote as f  the vector parameter /3)'. Let c and t denote the 

vectors of check and test carrier counts, respectively; and let l(r | c) and l(r | t) 

denote the associated log likelihoods. Then, when P is degenerate at (/),

1(T I c) =  5 3 [In (P(ci +  a)) -  In (P(Qi)) -  ln(q!) +  a  In J  + Ci In ]

and

l(r 11) =  B l n  (r(t, + a)) -  In (r(a)) -  In(U) + a In ( ^ T l )  + U n  ( ^ + l )

The log likelihood function for the model with no over-dispersion, denoted by 

l( f  I c, t), is given in (2.3).

l( f  |c , t ) l(r | c) +  l(f  | t). (2.3)
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Similarly, denote as f* the vector parameter (</), (, a, /3)1. Let l(f* | c) and l(f* | t) 

denote the log likelihoods for the check and test carrier data, respectively. Note that 

l(f* I c) =

53[ln ( r (Ci +  a)) -  In (L (C t))  -  ln(Ci!)'+ a  In J  + Q ln

and, remembering that d =   ̂ I *) —

Then the log likelihood function for the over-dispersed model, denoted by l(f* | c, t), 

is given in (2.4).

l ( f* |c ,t )  =  l( f* |c )  + l( f* |t) .  (2:4)

Point E stim ation  of LR

Estimators of Ti for the M odel with no Over-dispersion

The MOM estimator of the average of logs definition of LR is denoted as T i jMom, 

and is given by (2.5).

T i1MOM =  X* — Y*. (2.5)

Notice that T i iMom is calculable even if some or all of the test carrier counts are 

zero, and has the advantage of being easily calculated with the aid of a spreadsheet 

computer program.

Denote the maximum likelihood estimate of T x for the model with no 

over-dispersion as T i 1MLBno- Assuming that P is degenerate at $ then the 

computation of T i iMLEno involves finding the values of ^ ,d , /3 which maximize (2.3). 

Taking partial derivatives of (2.3) with respect to f  and setting equal to 0, gives



three equations and three unknowns. However, these equations cannot be solved in 

a closed form and an iterative solution must be sought. I have chosen to use the 

Newton-Raphson method to obtain maximum likelihood estimates of r. Specifically, 

the equations to solve are; = 0. Taylor’s approximation implies (2.6),

• 2 4

dr = 0 dr 1 + m m
a f a f ' X ( f - f ) .

Let,
a im

dr
and

aH(f)
am i* if=f a m .

Solving (2.6) for f  yields (2.7),

(2.6)

T = T +  [—H(f)] X f(f) . (2.7)

Symbolic descriptions of the vector of derivatives, fsxi, and the Hessian matrix Hsx3, 

are given in Appendix A. Guidance on inverting H(f) is also given in Appendix A.

Jacoby et al. (1972) recommend using (2.8) in place of (2.7) to solve for f; 

where (2.8) is a special case of the Levenberg-Marquardt algorithm (Seber and Wild

1989).

f  =  f  +  u>[—H(T) +  S l f 1 x f ( f ) . (2.8)

The w and S in (2.8) are constants; cv is chosen to modify the step sizes in the 

Newton-Raphson method, and 6 is chosen to ensure the log likelihood function will 

be increased at each successive iteration. An initial guess for r  is supplied in (2.8) 

and (2.8) is solved repeatedly until a convergence criteria for f  has been met.

Denote as the estimate of f -at the t th iteration, and l(f^ )̂ as the value of 

equation (2.3) evaluated at . The convergence criteria I used was to iterate until,

, I t f t w l )  -  H f w ) 
' K f w )

I <  0.00001.
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Jacoby et al. (1972) recommend the iteration scheme of (2.8) over (2.7) 

because (2.7) often generates +  ̂ which has a smaller log likelihood value than 

f  . This can occur for two -reasons. First, —H (f ) may not be positive definite, in 

which case (2.7) is not guaranteed to move the updated estimate towards a 

maximum. The 6 in (2.8) is chosen such that —H(f) + <51 is positive definite, where I 

is the identity matrix. This modification will generate updates that move in the 

direction of an increase in the log likelihood function. In my program I started with 

a value of 8 =  IO-10 and increased 5 by a factor of 10 until — H(f) +  61 was positive 

definite. Secondly, (2.7) often “overshoots” the true maximum. The w in (2.8) is 

referred to as the step-length, and is useful for preventing overshooting. Rather 

than always taking a full step-length of tv = I, as in (2.7), it is advisable to choose a 

step-length such that the log likelihood is increased at the next iteration. In my 

program I chose eleven equally-spaced values of tv between 0.001 and 1.0 inclusive, 

and solved (2.8) for each value of tv. The tv which maximized 

l( f  +  tv x [—H(r) +  61] x f(r)) among my choices of tv was chosen.

A nice by-product of using the Newton-Raphson method to find the mle of r  

is that the inverse of the negative of the matrix H, evaluated at the mle of f , is an 

estimate of the variance-covariance matrix of f. Under suitable regularity conditions 

the information matrix of r , denoted as /( f ) ,  is —E(H(f)) and the 

variance-covariance matrix of f  is [/(f)]-1. E(H(f)) is not analytically tractable, as 

far as I can see, so for this reason I have decided to use the observed information,

—H(f), in the iteration scheme of (2.8). An estimate of the variance-covariance 

matrix of f  is then [—H(f)] \  Denote as V(f) the estimated variance-covariance 

matrix of f; thus V(f) =  [—H(f)] .

Once the value of f  has been found, T i iMlbno is given by (2.9),

T xiMLEno — - 1 Efai Iog(Ui) + j  Efai ES.i l o g ( c ) (jS t)' (ski ) ‘
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I E iL , Iog(V1) +  i  S L 1 l°g (‘ ) 9 0 ( £ Z ; )  ( s t s ) ]  (2-9)

Notice that,

E ( x n  =  -  W u , )  +  E 1°: (C) ^  ° ( ^ r )  :  ; (2.10)

The index on the summation starts at c = I because x,* = log(^-) if c,, and hence Xi, 

are zero. Also notice that,

E(Y.*) =  -log(v„) +  | , o g ( t )  ^ ( ^ T) ‘ ( ^ T I ) “ (2.11)

The summations in (2.10) and (2.11) cannot be evaluated to my knowledge; 

thus (2.9) is not calculable. However, good approximations to equations (2.10) and 

(2.11), and hence (2.9) are available. A brute force summation can be used to 

approximate (2.10) or (2.11) to a high degree of precision. To accurately 

approximate (2.10) choose a value N such that,

N

[Q 3 c x P (Ci =  c)) — <2/9Ui] < e where e < IO-5.
C = I

Then [(IDc=I c x P(Ci =  c)) is within e of the true expectation of Q. By a similar 

argument, I believe that (2.12) will be a very accurate approximation of (2.10).

E(Xf) ^ -Iog(U1) + | l 0g( c ) M ( ^ ) C( ^ L _ ) " .  (2.12)

Similarly, to accurately approximate (2.11) choose a value N (N =  500 often works) 

such that,
N

[(531 x P(Ts = t)) -  a:j3<fivs] < e.
t = l

Then (2.13) is an accurate approximation of (2.11),

E(Y,*) =  - log(vs) +  5 2 log(t)^^ +  ^
t = l

(2.13)
r(o:)t! \/30vs + iy  \ f t4>vs +  iy

The summations in (2.12) and (2.13) are a bit tedious to work with. It should 

be pointed out that if the variances of Ci and Ts are “big”, then a large number of
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terms (say greater than 10,000) will have to be evaluated in the summations of 

(2.12) and (2.13). More compact approximations to (2.10) and (2.11) are obtainable,

Because the negative binomial can be well approximated by a gamma, the log of a 

(zero-adjusted) negative binomial can be well approximated by the log of a gamma 

under certain situations. Figure 5 illustrates conditions when the log of a negative 

binomial is well approximated by the log of a gamma. For each separate plot of 

Figure 5, a coefficient of variation for the untransformed negative binomial and 

gamma distributions is fixed, and the expectations of a log negative binomial (solid 

line) and log gamma (dashed line) are plotted for an untransformed mean of I, 5,

10, 20, 30, and 50. Whenever the dashed line is “close” to the solid line, then the 

expectation of a log gamma closely approximates the expectation of a log negative 

binomial. One can see from Figure 5 that as the mean decreases and as the 

coefficient of variation increases, the log gamma approximation becomes poorer. As 

a conservative rule, I recommend approximating the log of a negative binomial with 

the log of a gamma when the expected value of a carrier (check or test), is greater 

than 10 and the corresponding coefficient of variation is less than or equal to unity.

Denote \H(w) = d n̂d̂ ;ŵ  as the well-known Psi function, and ^'(w) as the 

derivative of \k(w). Assuming the expectations of check carrier i and test carrier s 

are greater than 10, and the coefficients of variation are less than or equal to unity, 

then (2.10) is well approximated by (2.14) and ,(2.11) is well approximated by (2.15) 

(see Appendix A).

however, providing the expectations of C; and Ts are sufficiently removed from zero.

(2.14)

log(vs) . (2.15)
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Figure 5: Comparison of the Expectation of a Log Negative Binomial (solid line) and 
a Log Gamma (dashed line) for various combinations of the Mean and Coefficient of 
Variation (CV) of untransformed negative binomial and gamma distributions.
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Assuming (2.14) and (2.15) are appropriate, then an approximation to (2.9), 

denoted as T 1Z mleno, is (2.16),

. w -  -  i | - o g,u,) -

+  I h o z M - ( 2. 16)
S = I

From experience with analyzing data from the quantitative assay, I have found that 

the check carrier counts are greater than 10 and almost always have sample 

coefficients of variation less than 1.0; hence (2.14) is an appropriate approximation 

to (2.10). However, if the disinfectant is very active then the mean of the test 

carrier counts will be less than 10 and (2.15) will sometimes be a poor 

approximation to (2.11). For these situations I recommend approximating equation 

(2.11) with (2.13). Then an approximation to (2.9), denoted as T 1̂ mleno, is (2.17)

1Vz1MLEno ”
I * * C O + w - i + i )

In(IO) T  E los(ui)
A i=l

I B N
3  E E loSOO
++ S =I  t = l

F(t +  a) I i- < I V I B
+ b E 1os (

D  S=Ir(a )t!  ( I—
I 

+.-C

Throughout the remainder of this chapter, I will be using the single prime 

notation to indicate that (2.16) is appropriate to use for the MLE of Ti. The 

double prime notation will be used to indicate that (2.17) is appropriate to use for 

the mle of T i. Notice that (2.16) and (2.17) are somewhat simplified if the dilutions 

sampled are constant among check carriers and constant among test carriers; i.e.

Ui =  u for i =  I ,...,A; vs =  v for s = 1,...,B. Then (2.16) and (2.17) can be written as 

(2.18) and (2.19), respectively.

* ( B ) + ln ^ u L 1I  4 m & ) + h # y + i )T V 1MLE1'NO

T I ",MLEm

In(IO) In(IO)

. +  W - 1 + 1)

+ log(-) . (2.18)

In(IO) + l°g(—) —
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(2.19)

Estimators of Ti for the Model with Over-dispersion

The MOM estimator of T 1 does not depend on whether the model is with or 

without over-dispersion. Thus (2.5) is the appropriate formula to use for the MOM 

approach.

Denote as T i ,m l e 0 ver the estimator of T 1 when the model with 

over-dispersion is believed to be true. Formulas (2.18) and (2.19) are not 

appropriate estimators of T 1 when the model is over-dispersed. Assuming P is not 

degenerate at then the computation of T 1iMLEover involves finding the values of 

cj), a, /3 which maximize (2.4). Taking partial derivatives of (2.4) with respect to f* 

and setting them equal to 0, gives four equations and four unknowns. Again, these 

equations cannot be solved in a closed form and an iterative solution must be 

sought. Specifically, the equations to solve are: =  0. Let,

dl(T-), ^1(7«)
dr*

.j* =  f*(f*), and =  H*(f*).
df*<9f*'

An iteration scheme similar to (2.8) was followed to get the maximum likelihood 

estimate of r*. Notice that —H*(f*) is the observed information matrix. Denote 

V*(t*) as the estimated variance-covariance matrix of f*. V*(f*)-is the inverse of 

the observed information matrix, i.e. V*(f*) =  [—H*(f*)] . Symbolic descriptions

of f*4xi and H*4X4 are given in Appendix A. Guidance on.inverting H* is also given 

in Appendix A.

For sake of brevity, equations for T 1iMLEover o n ^Y Le given assuming a 

constant volume sampled, u, for check carriers and a constant volume sampled, v,

for test carriers. Let d denote the estimated value of d. Specifically, d =  ^
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Then, if E(Ts) > 10 and the coefficient of variation is less than or equal to unity, the 

maximum likelihood estimator of Ti, denoted as T 1Z mlbqver is given by (2.20); 

otherwise (2.21) is the maximum likelihood estimator and is denoted as T1" ,Kover-

MLEover

G B ) + + ! )  « (b B i ) + w # * + 1) v
In(IO) In(IO) +  gl Uj -

(2.20)

T l" ,MLEovbr
* < & ) + H f r t R  +  ,Og(Z) _

In(IO)

1=1 r ( | ) t !  I l ^ d v  +  I J  ^ ^ d v  +  l ) .

Note that N is chosen so that,

( 2.21)

N
[(X) t x P(Ts =  t)) — a/3<j>v] < e where e < IO-5.
. t  =  l

Estimators of Tg for the Model with no Over-dispersion

The expectation of Ys is a^cj), and the expectation of X; is a/3. The ratio of 

expectations of test and check carrier densities is then <£. Thus the negative 

logarithm of the ratio of expectations for the average test and average check carrier 

densities is — log which is the definition of Tg. The MOM estimator of T2, given 

by (2.22) is, T 2lMOM-

T 2,m o m  = —log ^ ■ (2.22)

Equation (2.22) can be rewritten as (2.23).

Tg1MOM = Iog(X) -  Iog(Y). (2.23)
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Notice that (2.23) is easily computed with the aid of a computer spreadsheet or a 

calculator.

Denote the maximum likelihood estimate of Yg as T a 1MLEwo when the model 

with no over-dispersion is believed to be true. Assuming P is degenerate at </>,, then 

equation (2.8) can be used to find the values of <̂, d, (3 which maximize (2.3). 

T 2iMLEno is then Siven bY (2.24).

T 2,MLENO = -  l°g(< )̂ • (2.24)

It can be shown for the model with no over-dispersion, and constant volumes 

sampled u and v, that the MOM and MLE estimators of T 2 are identical. The 

derivation of this result is given in Appendix A.

E stim ato rs of T 2 for th e  M odel w ith O ver-dispersion

The MOM estimator of T 2 does not depend on whether the model is with or 

without over-dispersion, thus (2.22) is the appropriate formula to use for the MOM. 

Formula (2.24) is not an appropriate estimator of T 2, however, when the model is 

over-dispersed. Assume that the values a, /5 have been found which maximize 

(2.4). Denote as T 2iMLEovbr b̂e MLE of T 2 for the over-dispersed model. The 

formula for T 2,m l e 0 vbr  i s  S i v e n  i n  (2.25).

T 2iMLEover =  — io S ( ^ )  • (2 .2 5 )

Notice that (2.24) and (2.25) are identical equations symbolically, but that the value 

^ may be different depending on whether the over-dispersed model or the model 

with no over-dispersion is chosen. Thus, different maximum likelihood point 

estimators for T 2 are obtained depending on which model is chosen. It is my 

experience that the values obtained using (2.24) and (2.25) differ very little from a 

practical standpoint.
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Point Estim ation of LR when Test Carrier Data are all Zeros

The estimators ) ^ i iMLEover ̂  ^ 2,MOM) ' '̂2,MLEno > an<i ^2,MLEqver

infinite when all test carrier counts are zero. To eliminate this deficiency, I propose 

that the formulas for the point estimates of Ti and T 2 and associated standard 

errors be calculated as if one microbial count was observed for the test carrier with 

the largest volume sampled. This rule will provide conservative estimates for T i and 

T 2 . For all real data I have seen, this rule does not make a practical difference in 

the log reduction interpretation.

Standard Error Formulas for Estim ators o f LR

Denote as SE(-), the standard error of the estimator.

Standard Error Formulas for the Model with no Over-dispersion

Let Sx* and Sy. denote the sample variance for the log densities of check and test 

carriers, respectively. The sample variance is calculated in the standard way, thus,

Sx- = Ti T r E W - ^ ) 2 Sy. = RTT E W  “ V*)2 ■
1 i = l  D l  g _ i

The standard error for T i 1MOM has a simple form and is given in (2.26).

S E (I1iM0m) = + ^  ' ■ (2-26)

Denote as CVx and CVy as the sample coefficients of variation for check and 

test carrier densities, respectively; i.e.

CVx =  and CVy = ^ .
X Y

The delta method (Bishop, Fienberg, and Holland 1975) was used to derive formula 

(2.27) for SE(T2iMom); ■

IriY 2 PV2
SE(T2iMom) =  log(e) * (2-27)



where e is base of the natural logarithm; i.e. e = 2.7182818 and log(e) =  0.4342945. 

Because the computation of T i iMLEno i s  dependent upon the mean and
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coefficient of variation of test carrier counts, two formulas are necessary for

check and test carriers are u and v, respectively, and therefore (2.18) and (2.19) are 

the appropriate formulas for T i iMleno- Both of the standard error formulas given 

below for T i iMleno are obtained by use of the multivariate delta method as 

described in Bishop, Fienberg, and Holland (1975). Some justification is required for 

use of the multivariate delta method to derive standard errors and that justification 

is given in Appendix A. Briefly, denote as gi(r) and g2(r) the expressions on the 

right hand side of equations (2.18) and (2.19), respectively. Notice, that gi(r) and 

g2(r) are simply functions of r  equating to T i iMleno- Then formulas for

noted that the standard errors formulas for T i iMleno, when T i iMleno is defined by 

equations (2.16) or (2.17), are derived in a similar manner as equations (2.28) and

(2.30), VpiI] denotes the one-one element of the estimated variance-covariance

SE(Ti iMleno)- For sake of brevity, I will assume that the dilutions sampled for

SE(Ti iMleno) are given in (2.28) and (2.29).

(2.28)

(2.29)

The partial derivatives, and , are given in Appendix A. It should be

(2.29) by choosing the appropriate function g(f).

The delta method was used to derive formula (2.30) for SE(T2iMleno)- In

matrix for f . Note that VfiiI] is the estimated variance of <f>.

V[i,i]
\  f

SE(T2jMLEno) = log(e) x (2.30)
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Standard Error Formulas for the Model with Over-dispersion

Because T iiMOM and. T 2jMOM are the same for the model with and without 

over-dispersion, equations (2.26) and (2.27) are the appropriate formulas for 

SE(T i iMom) and SE(T2imom), respectively, for the model with over-dispersion.

Let g3 (r*) and g4(f*) denote the expressions on the right hand side of 

equations (2.20) and (2.21), respectively. The multivariate delta method was used

to derive formulas (2.31) and (2.32) for Se (T i iMLEover)-

Se (T1ZjMLEover) “

SE(T1Zzimleovbr) -
\

dgsjr*)
d?*

(  dg4{T*)
\  0f*

[—H*(f*)]

[-H*(^)]

dgsjT*)
df*

dg4{r*)\
af* y

(2.31)

(2.32)

I used the delta method to derive formula (2.33) for SE(T2jmle0ver)- In 

(2.33), V ^iiI] denotes the one-one element of the estimated variance-covariance 

matrix for f*. Notice that V*[i,i] is the estimated variance of 4> for the model with 

over-dispersion.

SE(T2imlEover) =  log(e) x
\

(2.33)

Exam ple

An example will be considered for purposes of illustrating the use of the 

formulas for the calculation of the estimated LR and associated standard errors. The 

data for check carriers is in Table 4, while the data for test carriers is in Table 5.

Let A =  3 check carriers.

Let B =  10 test carriers.
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Let D = I; i.e. use data at one dilution for check carriers. 

Let E =  2; i.e. use data at two dilutions for test carriers. 

Let F =  3 samples (plates or filters) per dilution.

Table 4: Check carrier data

Carrier
number

Dilution 
volume 
per plate

Plate
counts

Total
volume
sampled

Total
colony
counts Density

Log
density .

I 10“6 (63,60,66) 3 x IO"6 189 6.3 x 10"7 7.799
2 IO"6 (59,65;71) 3 x 10"6 195 6.5 x 10"7 7.813
3 IO"6 (76,79,64) 3 x 10"6 219 7.3 x 10"7 7.863

Table 5: Test carrier data

Car.
no.

Diln
I

Plate 
counts 
diln I

Diln
2

Plate 
counts 
diln 2

Total
vol.-
samp.

Total
colony
counts Dens.

Log : 
dens.

I
TOr-H (60,91,92) 10"2 (6,8,10) 0.33 267 809.09 2,908

2 10"1 (69,104,94) 10"2 (7,10,7) 0.33 , 291 881.18 2.945
3 10"1 (32,37,30) IOr—

I (0,0,0) 0.33 99 300.0 2.477
4 10"1 (72,88,89) 10"2 (7,8,6) 0.33 270 818.18 2.913
5 10"1 (65,150,79) ,

CSIOY
-H (5,12,7) 0.33 318 963.64 2.984

6 10"1 (29,26,44) 10"2 (1,0,2) 0.33 102 309.09 , 2.490
7 . 10"1 (75,91,107) 10"2 (5,9,10) 0.33 297 900.0 2.954
8 I—1 O

I (35,47,32) IO"2 (4,4,4) 0.33 126 381.82 2.582
9 IOY

-I (66,77,58) IO"2 (6,7,8) 0.33 222 672.73 2.828
10 10"1 (145,138,161) O

I to (14,14,17) 0.33 489 1481.82 3.171
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X* =  7.825,

T  =  2.825,

X = 6.7 x IO7,

Y = 751.818,

S&, =  0.001136513,

Sy* =  0.05366018,

CVx =  0.07897765, and 

CVy =  0.4790878

Example Calculations

SE(T i ,mom) =  \f-0.001136513

T2lMOM =  - log ( i ^ )  =4.950. 

SE(T2lMOM) =  0.4342945 X ■07897765)2 _j_ (0 .4790878)2 _ 0.06871.

Tv1Mleno = 4.950, SE(fv,MLEN0) = 0.1196.

T 2iMleno =  4.950, SE(T2iMleno) = 0.1193.

T v1MLE0veR = 5.00, SE(Tv1Mleover) = 0.07143.

T 2iMLE0Ver =  4.950, SE(T2iMleovbr) — 0.06755.

It should be noted that the average of the test carrier counts is greater than 

10 and the estimated coefficient of variation was less than 1.0. Thus T ii1MLEno and 

Tv1MLEovbr are appropriate estimators of Ti.

A sym p totic  R elative Efficiency Calculations

Let R be a constant denoting the ratio of sample sizes, ®. Let K1 and K2 be 

estimators of L1 (r*) and h2(f*), respectively. Huber (1981) defines the asymptotic
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relative efficiency (ARE) of /Cl to Kg as

ARE(ki : /c2) = Iim
var(/C2:R)/(E(/c2:R))"

A1B-too var(/c1:R)/(E(/c1:R))2 

where var(/ci;R) aiid var(/c2:R) are the theoretical variances of /Cl and K2, 

respectively, assuming the underlying parameter is f* and the ratio of sample sizes 

is R. If the expectations of Ki and K2 are equal in the limit, then

ARE(k! : K2) =  IimA1B-̂ oo var(Ki;R)

which is the definition of asymptotic relative efficiency commonly seen in 

mathematical statistics texts. Notice, however, that Huber’s definition of ARE 

allows one to compare estimators of different parameters. Thus Huber’s definition 

will allow me to calculate the ARE (T i jMom : T 2jmom), and,

ARE (T ijMLB = T 2iMle)-

The ARE of T i jMom to T i1Mleno (T i1MLBovbr) an^ ARE of T 2iMOM to 

T 2iMLEno (T2iMLE0Ver ) can be calculated given parameter values for </>, (, a, and /3 

along with the volumes sampled for check and test carriers. Appendix A gives the 

asymptotic distributions of T i 1MLEno and T 2iMLEno assuming the sample sizes A and 

B tend to infinity with constant ratio R, for the model with no over-dispersion. 

When over-dispersion is present the asymptotic variances for T i jMle0Vbr and 

T 2iMLE0Vbr are not easily written down in closed form. They can, however, be well 

approximated. The asymptotic distributions for T i 1MOM and T 2jMOM are also given 

in Appendix A. It should be noted that the parameter values are specified for ARE 

calculations, hence it is known whether the model has over-dispersion or not. Thus 

the subscripts of “NO” and “OVER” will be dropped for notational convenience 

during efficiency calculations of the MLE estimators.

Calculations of ARE(Ti jmom = T i jMle), ARE(Ti imle : T 2jmle), and 

A R E(f !,mom : T 2imom) when R = ™ are given in Table 6 for the twelve cases



defined in Table 8. The same twelve cases were investigated in a simulation study, 

to be described in the following section. Calculations of ARE(T2lMC)M : T 2,mle) were 

equal to 1.0 for all cases and therefore ARE(T2,mom : T2,mle) is excluded from 

Table 6. An efficiency of 1.0 for ARE(T2jMom = T 2imle) was to be expected when 

the model does not have over-dispersion because the MOM and MLE estimators of 

^ are identical. However, it was a surprise to me to see an efficiency of 1.0 for 

ARE(T2jmom : T 2,mle) when the model was over-dispersed. This result suggests 

that the MOM and MLE estimators of ^ have the same asymptotic variance when 

the model is over-dispersed. Further, results in Appendix A show that the MOM 

and MLE estimators of T 2 are normally distributed with the same mean, hence the 

ARE calculations presented in this section indicate that the MOM and MLE 

estimators of T 2 have the same asymptotic distribution when the model is 

over-dispersed.
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Table 6: Asymptotic Relative Efficiency calculations of Ti,mom to T i,MLEi Ti,MLE to 
T 2jMLEi and T i iMom to T 2,mom for the cases defined in Table 8.

I.

Case

2.

ARE(Ti ,mom = T iiMLs)

3.

ARE(Ti ,mle = T 2,mle)

4.

ARE(TiiMC)M : T 2iMom)
I 0.990 0.990 0.981
2 0.987 0.715 0.706
3 0.950 0.990 0.941
4 0.999 0.759 0.758
5 0.735 0.988 0.727
6 0.991 0.732 0.725
7 0.938 0.940 0.882
8 0.931 1.509 1.405
9 0.915 0.962 0.880
10 0.940 1.433 1.347
11 0.766 0.965 0.740
12 0.963 1.048 1.009

The results in column 2 of Table 6 show that MOM is more than 90%
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efficient except for cases 5 and 11. Cases 5,6,11, and 12 represent levels of variability 

in the inoculum size that I expect will seldom occur in practice. Also, cases 5 and 11 

represent the less realistic situation where the test carriers are not over-dispersed. 

Cases 1-4 and 7-10 represent levels of variability in the inoculum size that can be 

reasonably expected for the quantitative assays used in practice. For these cases, 

the MOM estimator of Ti has a reasonably high efficiency compared to MLE.

From column 3 of Table 6 it is seen that the MLE of Tg is more efficient than 

the MLE of Ti except for cases 8, 10, and 12. The same statement can be made for 

the MOM of Tg compared to the MOM of Ti. Cases 8, 10, and 12 represent cases 

where the mean and coefficient of variation of the test carrier distribution are 10 

and 1.5, respectively. The distributions of test carriers for cases 8,10, and 12 are 

highly skewed to the right. Thus it is plausible that the mean of the logs may be a 

more easily estimated parameter than the log of the means. It is possible, however, 

that the higher efficiency of T i estimators is due to my arbitrary rule of adding I to 

a zero count before taking the log. A zero count has a relatively high probability of 

occurring for cases 8,10, and 12. I chose to zero-adjust the data by adding a I to the 

zero counts because, among all constants in the interval (0,1] that could be added to 

the zeros, adding one minimizes the variance of the log negative binomial random 

variable.

I created Table 7 and Figure 6 to .investigate why ARE(T i imom : T 2,mom) is 

greater than 1.0 for some cases. For the calculations in Table 7, I fixed a  at 100 and 

/3 at IO6, thus setting the mean and coefficient of variation for the inoculum size at 

IO8 and 0.10, respectively. The corresponding coefficient of variation for check 

carriers was 0.14. I then fixed an index of dispersion, d, to be either 1.0, 72.33, 

143.67, or 215. The dispersion indices represent no over-dispersion (d =  1.0) to 

heavy over-dispersion (d =  215). Within each level of dispersion I fixed <f> to be
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either 1(T6, KT6-25, KT6'5, KT6'75, ICT7, IO"7'25 or IO"7'5. Denote as E[test], 

CV(test), skew(test) and P(test=0) the expected value of test carrier counts, 

coefficient of variation of test carrier counts, skewness coefficient of test carrier 

counts, and probability a test .carrier count equals zero, respectively. Table 7 gives 

E[test], CV(test), skew(test), P(test=0), and ARE(T1)mom : T 2,mom) when <f> and d 

are fixed.

When d =  215, the skewness coefficient is near 2.93 for all values of </>. For d 

=  215, A R E (f !,mom : T 2,mom) < 1-0 when -log(<j6) < 6.5, but 

ARE(Ti imom : T 2,mom) > 1-0 when — log(^) > 6.75. Thus the skewness coefficient 

by itself does not help explain why ARE(Ti,MOM : T 2]mom) > 1-0-

In general, Figure 6 indicates that as — log(</>) increases and hence E[test] 

decreases, ARE(T i ,mom : T 2,MOM) tends to increase. I believe this relationship may 

well be attributable to the add I rule to zero-adjust rather than to superior 

performance of estimators of T i versus estimators of T2.

Com puter Sim ulation Study

I conducted twelve computer simulation experiments to assess the properties 

of the various estimators of Ti and T 2, and the associated standard errors. Each of 

the twelve experiments consisted of 1000 simulated quantitative assay data sets. All 

simulations used A =  3 check carriers and B =  IO test carriers. The parameter 

values were varied to encompass a wide range of possibilities likely to be 

encountered in practice. I choose to fix (j) at either 10"7 or 10~3'5, representing an 

active and moderately active disinfectant, respectively. I choose values for the mean 

(fj,) and coefficient of variation (CV) for the inoculum sizes, as well as the index of 

over-dispersion, d, after analyzing 195 quantitative assay data sets taken frbm a 

multi-laboratory collaborative study. Most of the estimated inoculum sizes from the
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Figure 6: ARE(T i ,mom : T 2,mom) for various combinations of the dispersion index, 
d.
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Table. 7: Parameter values used to generate Figure 6

d E[test] CV(test) skew(test) P (test) ARE

TOr—I 1.0 100 0.14 0.21 7.89 x IO-Gi 0.980
IO"6 72.33 100 0.86 1.70 2.64 x IO"6 0.734
to -6 143.67 100 1.20 2.40 3.14 x IO-2 0.679
IO-6 215.0 100 1.47 2.93 8.21 x IO'2 0.739

I0- 6-25 . 1.0 56.23 0.17 0.23 4.19 x IO"20 0.977
I0- 6-25 72.33 56.23 0.86 1.70 5.76 x IO-G 0.732
10“6-25 143.67 56.23 1.21 2.40 4.66 x IO'2 0.724
10“6-25 215.0 56.23 1.47 2.93 1.07 x 10-i 0.819
IQ-e-so 1.0 31.62 0.20 0.25 1.17 x IO-12 0.968
2Q—6.50 72.33 31.62 0.87 1.70 1.24 x IO-2 0.740

—6.50 143.67 31.62 1.21 2.40 6.92 x IO"2 0.795
ĵ Q—6.50 215.0 31.62 1.48 2.93 1.40 x 10-i 0.938
lO-e.75 1.0 17.78 0.26 0.30 7.79 x IO"6 0.944
lO-e.rs 72.33 17.78 0.88 1.70 2.64 x IO"2 0.773
10“6'75 143.67 17.78 1.22 2.40 1.02 x 10-i 0.911
IO-6-75 215.0 17.78 1.49 2.93 1.81 x lO-i 1.12
IO"7 1.0 10 0.33 0.36 7.26 x IO"5 0.882
io -7 72.33 10 0.91 1.70 5.42 x IO"2 0.862
IO '7 143.67 10 1.24 2.40 1.49 x 10-i 1.109
IO”7 215.0 10 1.50 2.93 2.35 x lO-i 1.405

io-7-25 1.0 5.62 0.43 0.46 4.21 x IO-5 0.801
10“7-25 72.33 . 5.62 0.95 1.71 1.06 x lO-i 1.072
io-7-25 143.67 5.62 1.27 2.40 2.15 x lO-i 1.472
IO-72G 215.0 5.62 1.53 2.93 3.02 x lO-i 1.898
IO"7-5 1.0 3.16 0.57 0.59 ■ 4.45 x IO-2 0.945
IO-7-5 72.33 3.16 1.02 1.73 1.93 x lO-i 1.573
IO-7-5 143.67 3.16 1.32 2.41 3.04 x lO-i 2.194

I—
1 O
 I Cn 215.0 3.16 1.57 2.94 3.85 x 10-i 2.819
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Table 8: Simulation parameters for the quantitative assay

Case (f> d U v

CV
inoc.

CV
check

CV
test Ti T 2

I 10-3.S 1.0 10-6 10-2 0.10 0.141 0.115 3.498 3.5
2 10-3-5 99.68 10-6 10-2 0.10 0.141 1.0 3.747 3.5
3 i o -3 -5 1.0 10-6 10-2 0.30 0.316 0.305 3.498 3.5
4 10-3.5 11.08

toIOI—I 10-2 0.30 0.316 1.0 3.729 3.5
5 10-3-5 1.0 10-6 10-2 0.75 0.757 0.752 3.497 3.5
6 i o -3 -5 1.77 10-6 O I to 0.75 0.757 1.0 3.614 3.5
7 IO-7 1.0 10-6 1.0 0.10 0.141 0.332 7.022 7.0
8 IO-7 215 10-6 1.0 0.10 0.141 1.5 7.356 7.0
9 10-7 1.0 10-6 1.0 0.30 '0.316 0.436 7.024 7.0
10 IO-7 23.89 10-6 1.0 0.30 0.316 1.5 7.338 7.0
11 10-7 1.0 10-6 1.0 0.75 0.757 0.814 7.017 7.0
12 10-7 3.82 10-6 1.0 0.75 0.757 1.5 7.222 7.0

collaborative study were close to the target inoculum size of IO8 organisms per 

carrier. Thus I decided to set the mean inoculum size at IO8 for all simulations, 

implying a/3 =  IO8. Cases with small, medium, and large CV for the inoculum size 

were simulated. Note that a — (CV)-2 and /3 =  /r x (CV)2 were completely 

determined by jj, and CV. I set d to represent either no over-dispersion (d=1.0), or 

relatively high over-dispersion. Once d was fixed it was easy to backsolye to 

determine the value of (  for the simulations. The parameter settings for each of the 

twelve simulated cases are given in Table 8. Also included in Table 8 are the volumes 

sampled, u and v, the CV values for inoculum, check and test carriers, as well as the 

true values of T x and T 2. Results for T i ,mom and T i ,mle0vbr are presented in 

Tables 9 and 12. Results for T 2,mom and T 2,mleno are presented in Tables 10 and 

12, and results for T i iMLEno and T 2imleno are presented in Table 11. Because there 

are two ways of defining LR, one may also be interested in comparing estimators of 

Ti to estimators of T 2. Results of such comparisons are presented in Table 13.
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Table 9: Simulation results for T i ,m o m  and T i ,m l e 0 ver ôr the cases defined
in Table 8.

Results for T i  ,mom Results for ^ i 1MLEover
I. 2. 3. 4. 5. 6. . r . 8. 9.

Case
Bias
Ti

Mean
SE(Ti) SD(Ti)

MSE 
Ti .

Bias
Ti

Mean
SE(Ti) SD(Ti)

MSE
Ti

I 0.000 0.03689 0.03850 0.00148 0.001 0.03400 0.03836 0.00147

2 -0.002 0.1716 0.1749 0.0306 -0.002 0.1684 , 0.1774 0.0315

3 0.000 0.08660 0.09108 0.00829 0.006 0.07032 0.08964 0.00806

4 0.001 0.1885 0.1987 0.0394 0.003 0.1821 0.2023 0.0409 .

5 0.010 0.2284 0.2462 0.0606 0.035 0.1779 0.2315 0.0547

6 -0.002 0.2677 0.2664 0.0709 0.012 0.2320 0.2589 0.0671

7 0.001 0.05915 0.05930 0.00351 0.006 0.05978 0.05984 0.00361

8 0.000 0.1835 0.1768 . 0.0312 0.009 0.1666 0.1768 0.0313

9 -0.006 0.1012 0.1117 0.0125 0.001 0.08667 0.1102 0.0121

10 0.002 0.1959 0.2000 0.0400 0.007 0.1754 0.1971 0.0388

11 0.005 0.2375 0.2585 0.0668 0.036 0.1882 0.2403 0.0590

12 -0.004 0.2749 0.2838 0.0805 0.004 . 0.2400 0.2775 0.0769
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Table 10 : Simulation results for T 2,m o m  and T 2,m l e 0 ver ôr the cases defined
in Table 8.

Results for T 2,mom Results for T^jMLEover
I. 2. 3. 4. 5. 6. 7. 8. 9.

Case
Bias
T 2

Mean
S E (T 2) S D (T 2)

MSE
T 2

Bias
T 2

Mean 
SE(T2) * S D (T 2)

MSE
T 2

I -0.001 0.03665 0.03822 0.00146 -0.001 0.03381 0.03819 0.00146

2 0.020 0.1316 0.1436 0.0210 0.020 0.1323 0.1436 0.0210

3 -0.005 0.08351 0.08816 0.00780 -0.003 0.06939 0.08820 0.00780

4 0.013 0.1497 0.1609 0.0261 0.014 0.1463 0.1608 0.0260

5 -0.023 . 0.1911 0.2253 0.0512 -0.015 0.1646 0.2273 0.0518

6 -0.017 0.2117 0.2329 0.0545 -0.015 0.1974 0.2333 0.0546

7 0.002 0.05596 0.05632 0.00317 0.002 0.05626 0.05633 0.00317

8 0.052 0.1830 0.2187 0.0505 0.052 0.2012 0.2187 0.0505

9 -0.009 0.09374 0.1056 0.0112 -0.009 0.08134 0.1057 0.0112 :

10 0.046 0.1987 0.2369 0.0582 0.046 0.2064 0.2360 0.0578

11 -0.023 0.1977 0.2293 0.0531 -0.022 0.1752 0.2298 0.0533

12 0.004 0.2501 0.2837 0.0804 0.006 0.2564 0.2834 0.0803
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Table 11: Simulation results for TiiMLEno and T2iMleno for the cases defined
in Table 8.

Results for Ti,Mleno Results for T 2iMLEno

I. 2. 3. 4. 5. 6. 7. 8, 9.

Case
Bias
Ti

Mean
S E (T i) SD(Ti)

MSE
Ti

Bias
T 2

Mean
S E (T 2) S D (T 2) .

MSE 
. T2

I -0.001 0.03642 0.03839 0.00147 -0.001 0.03625 0.03822 0.00146

2 -0.229 0.2390 0.1440 0.0732 0.020 0.2378 0.1436 0.0210

3 -0.005 0.08201 0.08857 0.00786 -0.005 0.08164 0.08816 0.00780

4 -0.218 0.2425 0.1615 0.0734 0.013 0.2412 0.1609 0.0261

5' -0.022 0.1962 0.2268 0.0519 -0.023 0.1951 0.2253 0.0512

6 -0.133 0.2525 0.2344 0.0725 -0.017 0.2509 0.2329 0.0545

7 0.002 0.05703 0.05916 0.00350 0.002 0.05471 0.05632 0.00317

8 -0.407 0.3401 0.2464 0.2262 0.052 0.3239 0.2187 0.0505

9 -0.010 0.08601 0.1089 0.0120 -0.009 0.08357 0.1056 0.0112

10 -0.400 0.3434 0.2633 0.2290 0.046 0.3263 0.2369 0.0582

11 -0.023 0.1999 0.2321 0.0543 -0.023 0.1971 0.2293 0.0531

12 -0.356 0.3661 0.2980 0.2156 0.004 0.3443 0.2837 0.0804
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Table 12: Observed ratios of MSEs, MLEover to MOM, and p-values for testing Ho: 
= L°; Ho: % % % % '  =  I-O for the cases defined 

in Table 8.

I. 2. 3. 4. 5.

Case Mse(T1iMlEovkr)
MSE(T1iMom) p-value Mse(T2iMLEover)

MSE(T2,mom) p-value

I 0.993 0.149 0.999 0.194

2 1.029 0.0003 1.000 0.102

3 0.972 0.0059 0.999 0.786

4 1.038 IOT-IV 1.000 0.631

5 0.903 IOr—IV 1.012 0.066

6 0.946 0.0006 1.002 0.584

7 ■ 1.028 0.0094 1.000 0.965

8 1.003 0.860 1.000 0.619

9 0.968 0.0090 1.001 0.502

10 0.970 0.0245 0.993 0.100

11 0.883 < 10“7 1.003 0.515

12 0.955 0.0003 0.998 0.649
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Table 13: Observed ratios of MSE s and p-values for testing Ho: MSE*(fiMOM) = 

and Ho: -MHnvEa l — 1.0 for the cases defined in Table 8.
MSB (T i jMle0 Ve r J

I. 2. 3.. 4. 5.

Case MSB (T2,mom ) 
MSE (T1iMqm) p-value MSB (T2iMLEovrr) 

MSB (T1iMLEovrr)
p-value

I 0.986 0.020 0.991 IO1—
1

V

2 0.787 < IO-9 0.765 < 10-1°

3 0.939 < IO-5 0.965 0.0002

4 0.750 < IO"10 0.723 < 1 0 - 1°

5 0.843

OOIOT—IV 0.946 0.0059

6 0.819 A h—
* O I 0.868 < IO-5

7 • 0.909 < IO-8 0.885 A O

8 1.786

OTOi—iV 1.781 < 10^1°

9 0.903 < 10-9 0.932 A I—I
 

O
 I, 00

10 1.601 < IO"10 1.636 < 10-1°

11 0.798 < i o - i ° 0.906 < IO-4

12 1.063 0.067 1.111 0.0008

Com puter Sim ulation R esults

It is clear from Table 11 that T i iMlbno had large bias when test carrier 

counts were over-dispersed (the even numbered cases defined in Table 8). For these 

cases, the estimated MSE, denoted as MSE, for T i iMleno was much larger than the
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corresponding MSE of T i ,m o m  and T i ,m l e 0 v b r - Table 11 shows that S E ( T 2iMl e n o ) 

is a biased estimate of S D ( T 2iMLEn o ) when the model is over-dispersed. Because it 

seems plausible to believe over-dispersion will be present in real world applications, 

neither T T ,m l e no nor T 2,m l e no should be used in my opinion. Thus I shall focus 

primarily on comparisons of Ti,m o m  to T .i ,m l e 0 vbr  (Table 9), and, T 2,m o m  to 

T 2iMLE0Vbr (Table 10).

Comparison of T i,mom to T i ,mle0vEr

Ti,MOM is an unbiased estimator of Ti and the simulation results presented in 

column 2 of Table 9 do not contradict this statement. Asymptotically, T i ,mleOVBr is 

an unbiased estimator of T i and the results in column 6 of Table 9 suggest the 

small sample bias, if any, of T i ,mle0vEr is °f little practical concern.

The MSE of T i ,mleOVbr was smaller than the MSE of Ti,mom for cases 

1,3,5,6, and 9-12 (see Table 12 for the ratio of MSEs). The biggest discrepancies 

between the MSE occurred in cases 5,6,11, and 12. These are cases with the highest 

variability of inoculum size (CV > 0.75 for both check and test carrier counts). I 

believe that real assays will seldom produce such high variability. However, when 

such high variability does occur, the results in Table 12 suggest T i ,mle0Ver should 

be preferred over T i,mom on the basis of a mean squared error comparison. For the 

cases 1-4 and 7-10 that are more typical of situations in practice, neither T i ,mom nor 

T i 1MLE0VBr is superior to the other on the basis of mean squared error comparisons.

Results of a formal significance test of the difference (or equivalently, the 

ratio) of MSE for Ti,mom and T i ,mleOVer are presented in the third column of 

Table 12. I tested

Ho : MSE(Ti ,mom) -  MSE(Ti ,mleOVer) =  0
jj0 . MSE(Ti,mom) _   ̂

M s e ( T i iMLEo ver)
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Versus

Ha : M SE(T1iMom) -  M SE(TllMLBovm) =  Ha: J f ^ tl,M0M) ^  I
Mbh;( I I jMLEover  J

for each of the twelve simulated cases. Because both estimators of Ti were 

calculated on the same data sets, I used a paired Z-test procedure with 1000 paired 

observations for each test. The p-values are recorded in Table 12 so that the reader 

can judge for themselves as to whether an observed practical difference in MSE 

between T i .mom and T i jMLEover can attributed to sampling variability.

The standard error formula for T i 1MOM appears to be less biased than that of 

T i iMLE0Vbr- For all cases simulated, the mean of the 1000 standard errors was less 

than the standard deviation of the point estimates for T i jMLEover- For cases 5 and 

11 Se (T i iMLEover) badly underestimated Sd (T i jMLEovbr)? but these are cases of 

excessive variability.

All things considered, I would recommend using Ti ,m o m  over T i jMLEovbr 

because the MOM method is easy to calculate, is unbiased, has a reliable standard 

error formula, and is comparable in terms of MSE to T i jMLEover f°r situations likely 

to be met in practice.

Comparison of Tg1MOM to T2,mlEovEr

It is clear from Table 10 that both TgjMOM and Tg1MLE0VBR have negligible bias for 

the cases simulated. As seen in Table 10 and the fourth column of Table 12, the 

MSE for both of these estimators are nearly identical for each case simulated.

For sake of Completeness, the p-values for formal significance tests of the 

differences (or equivalently, the ratios) of MSB’s for T g 1MpM and T g iMLE0 VBR are 

presented in the last column of Table 12. I tested

Ho : MSE(T2jMom) -  MSE(TgiMLEovBR) =  0 H o: MSB(Ts1MOM) =  x
M S E ( T g jMLE0 VBR)
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Versus

Ha : M SE(f 2,m o m ) -M S E (f2,m l e ove, ) # 0  = .  H a : ^  j

Mbtiy(I2lMLEovBR)

for each of the twelve simulated cases using a paired Z test procedure. Most 

p-values were larger than 0.10, except for case 5 where p = 0.066. At a 0.05 

significance level, for all twelve cases the MSE for T 2,m o m  is not statistically 

significantly different than the MSE for T 2im l e 0 v e r - Thus from a MSE criterion 

neither T 2,m o m  nor T 2im l e 0 vbr is superior to the other.

Table 10 shows how well the standard error formulas performed. For both 

estimators and for each of the twelve cases, the mean of the 1000 standard errors 

was less than the empirical standard deviation of the point estimates. Thus the 

standard error formulas for both estimators appear to be biased downwards. In 

general, SE(T2,mom) was less biased than SE(T2imle0vbr) when the distribution of P 

was degenerate at 4> (odd numbered cases), but slightly more biased when the model 

was over-dispersed; the latter situation more likely to exist in practice. However, 

T 2iMOM and SE(T2imom) are far easier to compute than their MLE counterparts. 

Overall, I recommend using T 2iMOM as the estimator of T2. The estimators have 

about the same statistical characteristics but I believe microbiologists will feel much 

more comfortable using a procedure they can compute with the aid of a spreadsheet 

rather than a somewhat complicated maximum likelihood program.

Comparison of Estimators of Ti to T 2

Huber’s (1981) definition of asymptotic relative efficiency gives us a basis for 

determining which of Ti or T 2 is more reliably estimated. In the section on 

Asymptotic Relative Efficiency calculations of this chapter, the asymptotic analyses 

showed that estimators of T 2 were generally superior to estimators of Ti. The 

sample sizes likely to be seen in practice (3 check carriers and 10 test carriers) are
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far from being large samples. Thus, it is of interest to compare estimators of 

different parameters when the sample sizes are small. A reasonable criteria is the 

(relative) mean squared error. I define the relative mean square error of an 

estimator, say T, of a parameter, say T, as:

MSE. ( t )  = = a  .

It should be noted that calculations of the relative mean square error need to be 

made at identical sample sizes. Ratios of relative MSEs are shown in Table 13. 

Those ratios are very similar to the Asymptotic Relative Efficiencies shown in Table 

6, and indicate practical differences exist between relative mean squared errors for 

estimators of Ti versus estimators of Tg.

Results of a formal significance test of the difference between the relative 

MSE of T i 1MOM and T fi1MOM, and between the relative MSE of T i 1MLEover an^ 

T 2iMLEover. are presented in Table 13 for sake of completeness. Column 3 is the 

p-values for

Ho : MSE* (T2iMom) -  MSE*(f i ,mom) -O  =  Ho: ^ j t 2,M0Mj = I
MbE ( I i 1Mom)

Versus

Ha : MSE* (T2iMom) -  MSE*(f i .mom) # 0  =  Ha: ^  I
MSE. ( I  !,mom)

using a paired Z test procedure. Column 5 is the p-values for 

H o : MSE*( X 2,MLEover) "  MSB"(±,,MLEova,) =  O = H o :  =  1
M S E  ( I i 1MLEover)

Versus

H a : M S E * ( f  E1MLEove, )  -  M S E - ( T llMLEovEa) 0  3  H a : f  1
M b E  ( I i 1MLEover)

using a paired Z test procedure.

i



Only results for the tests between the MOM estimators will be discussed 

because similar results hold for the comparisons between the MLE estimators. From 

Table 13 it is seen that TglMOM has a smaller relative MSE than Ti,mom for all cases 

except 8,10, and 12. The results are highly statistically significant for most cases.

For reasons presented in the Asymptotic Relative Efficiency section of this chapter, I 

believe the “superior” performance of T i,MOM over Tg1MOM for cases 8,10, and 12 is 

due more so to my arbitrary rule of adding I to a zero test carrier count before 

taking the log, than to T i being more easily estimated than T 2.

C onclusions

The results indicate that T 2 is the more easily estimated parameter. For 

most of the cases considered, the estimators of T 2 were superior to the estimators of 

Ti on the basis of a relative mean square error argument. On average, T 2 will be 

“closer” to T 2 than Ti will be to T i, where “closer” is defined in terms of a relative 

squared error criterion.

The M O M  estimators are recommended over the corresponding M LE 

estimators regardless as to which log reduction parameter, Ti or T 2, is chosen as 

the parameter of interest. Although the M L E  estimators of T i had smaller M SE for 

most of the simulated cases, Ti,mom performs better when the balance between 

M SEj standard error formula performance, and ease of computability are all taken 

into account. The statistical characteristics of T 2,mom and T 2,mlEover are very 

similar; however, T 2,mom is recommended on the basis of ease of computation.

Future Work

Two key issues should be considered in future work: improved standard error 

formulas and tests for over-dispersion of test carrier counts. The standard error

54
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formula for T 2,mom is biased downward when over-dispersion is present, and a bias 

adjustment for the standard error formula would be a useful improvement.

In practice one is faced with the difficulty of not knowing whether the test 

carrier counts are over-dispersed; that is whether P is degenerate at ^ or P has a 

distribution with mean (j) and positive variance ("2. Thus one might wish to test the 

hypothesis that C -O - If appears feasible to use a likelihood ratio test for testing 

such hypotheses.

Let t * — ((f), C, a, /3)' and let T* denote the parameter space for f*. Let t0* = 

((f), 0, a, (Hy and let T0 denote the parameter space for T0*. The hypothesis of 

interest in this case is,

H 0 : T =  T0 .

The likelihood ratio test is valid in this situation because the usual regularity 

conditions, as defined in Lehmann (1991), are satisfied for the negative binomial 

model (Swanson 1997). Let

sup L(f*) and sup L(f*)
t*€TS T*ef*

denote the maximized likelihood values under the null and unrestricted parameter 

spaces, respectively. Let,

A _  A T T
, . 1S - .  H f * ) '

Then the usual likelihood ratio statistic, - 2 In(A), has a X2 (I) distribution, 

asymptotically. Let A denote the computed value of A for a particular data set. 

Then one would reject the hypothesis H0 : C =  0 at some designated level of 

significance, say a*, if —2In(A) is greater than the I — a* quantile of a X2(I) 

distribution.

It should be noted that the sample sizes likely to be encountered in practice 

for the quantitative assay will be rather small. Nevertheless, it is hoped that
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—2 In(A) will have an approximate ^ 2 (I) distribution for the samples sizes likely to 

be encountered in practice. If it is found that the X2(I) approximation is not 

satisfactory, one could use Bartlett’s correction to improve the % 2 assumption 

(McCullagh and Nelder, Appendix C, 1989). Investigation of the likelihood ratio 

test, and simpler alternative test procedures, is left for future work.
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CHAPTER 3

P r e se n c e / A b sen ce  A ssay

The basic goal of the presence/absence assay (pa assay) is to determine if a 

disinfectant under study is efficacious. A disinfectant is judged to be effective if its 

uLog Reduction” (LR) is “large”. Although data obtained from the pa assay is 

qualitative in nature, it will be shown in the following sections that the LR (which 

is a quantitative summary) can be estimated. Before discussing LR for the pa assay 

in further detail, some notation will be presented.

N otation

A = Number of check carriers.

B =  Number of test carriers, 

i =  Subscript for check carriers; i =  I,...,A.

Dj =  Number of dilution stages for check carrier i. 

j =  Subscript for dilution stage of a check carrier; j =  I,
I

ny =  Number of samples at dilution j of check carrier i. 

k =  Subscript for sample at a dilution stage for a check carrier; k =  !,...,ny. 

uy =  Fraction of volume sampled for each sample at dilution j of check carrier i.

Uy < Ui(j+1) V j =  I , . ..,Di-I-

Ui =  (UiI 1Ui2, ...,UiDi). ui is the vector of dilutions for check carrier i.

Yijk —

f I, if I or more organisms are present in sample k of dilution j of check carrier i 
1 0, Otherwise.
rti — 53k=l Yijk-
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fi = (rii,ri2, ...,TiDi). fi is the vector of the number of positive samples for check 

carrier i.

s =  Subscript for test carriers; s =

Es =  Number of dilution stages for test carrier s.

m = Subscript for dilution stage of a test carrier; m =  I,...,Es.

wsm =  Number of samples at dilution m of test carrier s.

h =  Subscript for sample at a dilution stage for a test carrier; h =  l,...,wsm.

vsm =  Fraction of volume sampled for each sample at dilution m of test carrier s.

Vsm vs(m_|_i) V m =  I , ..., Es_i.

Vs = (vsl,vs2, . . . , v sEs) .  Vs is the vector of dilutions for test carrier s.

Zsmh
f I. if I or more organisms are present in sample h of dilution m of test carrier s 
1 0, Otherwise.
Ssm — ICh=I zSmh-

=  (gsl, gs2 ,..., gsEs)• gl is the vector of the number of positive samples for test 

carrier s.

Oi =  Unobservable inoculum size for check carrier i.

Os = Unobservable inoculum size for test carrier s.

Ps is the survival fraction for a randomly chosen microbe exposed to disinfection for 

test carrier s; s =  1 ,...,B. For notational convenience, the subscript will be dropped 

from P for the remainder of this chapter. P is a random variable that follows a 

distribution with mean </> and variance ( 2.

Ci =  Number of organisms surviving the simulated disinfection steps for check 

carrier i.

He = Expected number of organisms surviving the simulated disinfection steps for 

check carriers.

Ts =  Number of organisms surviving the disinfection steps for test carrier s.
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//T = Expected number of organisms surviving the disinfection steps for test carriers.

The pa assay is most frequently used to test disinfectants against viruses. 

Chen (1991) discusses a number of tests commonly used to assess the effectiveness 

of a disinfectant against viruses. Chen outlines the protocol for the calculation of 

LR from data obtained from the the pa assay for a single check carrier and a single 

test carrier. Define as ID50 the volume sampled (on a negative logarithm scale) such 

that there is a 50 percent probability a sample at that dilution will contain I or 

more organisms. Then LR is often calculated as the ID50 for the test carrier data 

subtracted from the ID50 for the check carrier data.

It is likely that future standardized tests for disinfectants involving the pa 

assay will require multiple check and test carriers be used. The question is then 

raised as to which is the “most appropriate” definition of LR. As with the 

quantitative assay I will give two plausible definitions of LR. The “mean of the logs” 

and the “log of the means”, denoted as Ti and T 2, respectively. Specifically,

Iog(Q), i f C i> 0  
0, if Ci = 0

Iog(Ts), if Ts > 0 
0, if Ts =  0

Py = E(Ys).

~ is a symbol used to indicate “an estimator of’.

Log R eduction

T i  =  -  Uy , (3.1)

and

T 2 =  -log(^), (3.2)
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where <f> is the population mean of the distribution of survival fractions, P. Let, 

Ax = x Xi, and Ay = g X^L1 Ys- Then a simple estimator of T x is given in

(3.3),

T i  — Ax — Ay - ( 3 - 3 )

Let Ac = x Z^=I Ci, and At =  g Ef=i Ts. Because ^ =  ^-, a reasonable estimator of 

<f) is Accordingly, a reasonable estimator of Tg is given in (3.4),

T 2 =  - l o g ( ^ )  = Iog(Ac) -  Iog(AT). (3.4)
. Ij-C

Reasons for possibly preferring T x to T 2 as the definition of LR and vice-versa have 

been discussed in the quantitative assay setting and will not be repeated here.

The main purposes of this chapter are to present various estimators and 

associated standard errors for both T x and T 2. Results from a computer simulation 

study will show the small sample properties of the various estimators. Finally, some 

conclusions will be drawn as to which, if any, of the estimators are satisfactory. 

Before presenting the various estimators of LR, some modeling assumptions will 

first be stated.

Statistica l M odeling A ssum ptions

Because the pa and quantitative assays are similar in the inoculation and 

disinfection steps, the modeling assumptions for these steps will be very similar for 

the two assays.

A ssum ption I: The inoculum sizes for the A check carriers and B test carriers, 

denoted as , i =  I , ..., A and 0S, s =  I , ..., B respectively, are statistically 

independent and are distributed approximately as gamma (mean =  a/3, variance = 

a(32) random variables; a  > 0 , /3 > 0.



The inoculum size on a carrier, check or test, is really a discrete random 

variable. However, because the inoculum sizes are so large, their distribution is 

closely approximated by the continuous gamma distribution.

A ssum ption  2: All organisms survive the simulated disinfection steps involved for 

check carrier i. Thus C; are approximately iid gamma (o?,/?) random variables; i =

I,...,A.

A ssum ption  3: The random variable P follows a distribution with mean (f> and 

variance C2; P and 0S, s =  I,...,B are statistically independent.

It is reasonable to believe that the same circumstances causing the survival 

fraction to vary from carrier to carrier for the quantitative assay are present in the 

pa assay. Under ideal situations, 4> is constant among test carriers, in which case, P 

is degenerate at I will refer to the model with P having a non-degenerate 

distribution as the over-dispersed m odel, and the model with P degenerate as 

the m odel w ith  no over-dispersion.

A ssum ption 4: Ts | 0S, P are iid Poisson(0s • P) random variables, s =  1,...,B.

Technically, Ts | 0S, P is distributed as a binomial random variable with Os 

trials and probability of “success” P. Because Os is large and P is relatively small, 

the Poisson approximation to the binomial is appropriate (Feller 1968).

Assumptions 1,3, and 4 imply that marginally, Ts is distributed iid with mean 

= afitj) and variance a /3^[I +  Q/3<ft(̂ 2+ 2̂j f +1))]. For convenience, denote +^ 20f+1̂ as 

d; d > I. If d =  I, then C2 =  0 and the distribution of P is degenerate at If d > I, 

then ( 2 >  0 and the survival fraction varies among carriers. Instead of attempting 

to model the distribution of P, I have chosen to model the distribution of Ts.

A ssum ption 5: The marginal distribution of Ts can be reasonably approximated
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by a negative binomial distribution with parameters ,(/? =  f , p. =  ^ + i > ^ = ^d+ i)’ 

s =  It is assumed that the Ts are iid.

The parameters p,p, and q were chosen so that the expectation and variance 

of Ts are a/%  and a/% [l + respectively. In Appendix A it is

shown that the marginal distribution of Ts is exactly negative binomial when d =  I.

Assumption 6: The C; and Ts are all statistically independent; i — 1 ,...,A; s —

Assumption 7: Assume the “single hit Poisson model” (Cyr et al. 1990). Then 

Yyk I Cl, u;j, i =  I ,...,A; j =  I ,...,Di are distributed as independent Bernoulli random 

variables, where Pr(Yjjk =  I) =  I — e-Ci'Uij for k =  I i..., ny; and 

Zsmh I Ts, vsm, s =  1,...,B; m =  I,...,Es are distributed as independent Bernoulli 

random variables, where Pr(Zsmh =  I) =  I — e_Ts'Vsm for h = l,...,wsm.

Assumption 8: Assume independence among replicates. Thus ry | CirUy are 

distributed independently as binomial(ny, I — e~Ci"Uij) random variables; i = I,...,A; j

— l,...,Di.

gsm I Ts, vsm are distributed independently as binomial(wsm, I -  e~Ts'V3m) random 

variables; s =  1,...,B; m =  I ,...,Es.

The joint conditional probability mass function (pmf) of the vector of 

positive samples for check carriers, given the number of organisms surviving the 

simulated disinfection, is given by (3:5).

P r(r! ,...,r l  | C i,...,CA) = Ln  ^ n i j J  ( l  -  e ” Ci'Uii ) rij (e™ Ci'Uii )
n i j  - r y

(3.5)

The joint conditional pmf of the vector of positive samples for test carriers, given 

the number of organisms surviving the disinfection steps, is given by (3.6).
B

Pr(gl,...,gB I T i,. . . ,T b ) -  H
S= I

Wsm—gsm
.(3.6).
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Because the C; and Ts are statistically independent, the joint conditional pmf of the 

vector of positive samples for check and test carriers, given the C; and Ts, is just the

product of the pmf’s as given by (3.7).

Equation (3.7) is of little practical use however, because the C; and Ts are 

never actually observed. Thus to perform inference oh either T i or T 2 using a 

maximum likelihood approach, it is necessary to derive the joint marginal 

distribution of fj, ...,ge- To derive the joint marginal distribution, the unobservable 

Cj and Ts must be integrated and summed out of the joint distribution of fj, ...,gg 

and Cij ...,T s. The details of this derivation are rather lengthy and, accordingly, are 

presented in Appendix B. Denote as f* the vector parameter (<j>, (, a , /3)' and let 

l(f* I fj, . . . , T a )  and l(f* | gj, ...,gg) be the log likelihood functions of the observable 

data for check and test carriers, respectively. Then l(f* J fj, ...,r%) and 

l(f* I g j,..., gg) are given in (3.8) and (3.9), respectively.

Details of the computations of the constants £,7 , and M in (3.8) and (3.9) are 

explained in Appendix B. The log likelihood function of the observable check and 

test carrier data is given by (3.10).

(3.8)

(3.9)

(3.10)
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Strategies for D eriving Estim ators o f LR

I will discuss two general strategies for deriving estimators of Ti and/or T 2. 

The first strategy is to use maximum likelihood estimation techniques. Equation 

(3.10) is the likelihood function for the observable check and test carrier data. The 

maximum likelihood approach (mle) involves maximizing (3.10) with respect to f*.

Because the maximization of (3.10) is complicated, I sought a second (and 

computationally easier) strategy for deriving estimators of LR. The second strategy 

involves estimating fic (or //%) and (or //y) separately from the check and test 

carrier data, respectively. Then T i and T 2 are given by (3.3) and (3.4), respectively. 

It should be noted that the second strategy is an approach I have seen 

microbiologists use, although the reasons for its use appear to be based on intuition 

rather than any theoretical justification. Several methods for estimating fie (or //%) 

and H t  (or /i y )  will be discussed in the next section.

M ethods for E stim ating /XpAtX? Mt ? and /iY

The are various estimators of H e  (^x, /Cr, H y )  an analyst could choose from. 

I will discuss the five estimators:

1) Most probable number (mpn) (Loyer and Hamilton 1984).

2) mpn jackknife estimator (jack) (Does et al. 1988).

3) mpn modified score function (msf) (Mehrabi and Matthews 1995).

4) Spearman-Karber (sk) (Finney 1978).

5 ) partial maximum likelihood estimator (pmle; theoretical foundations not 

previously described).

. It should be noted that virologists often use the technique of Reed and 

Muench (1938) to calculate the ID50. Miller (1973) showed that the Reed-Muench



estimator is an estimator of the mean of a tolerance distribution and not the median 

as previously thought. Thus in virology, the Reed-Muench estimator is estimating 

the average sample volume (on a negative logarithm scale) that will contain I or 

more organisms. Because the Reed-Muench estimator is estimating a mean and not 

a median, the Reed-Muench estimator is estimating a parameter that is different 

than the conceptual definition of ID50- Miller also showed that the Reed-Muench 

estimator is equivalent asymptotically to both the Spearman-Karber and 

Dragstedt-Behrens (Finney 1978) estimators. Numerous small sample studies 

(Finney 1978) have showed the superiority of the Spearman-Karber ,estimator over 

the Reed-Muench and Dragstedt-Behrens estimators. Finney emphatically states 

that the Reed-Muench and Dragstedt-Behrens estimators ought never be used. For 

these reasons, the Reed-Muench and Dragstedt-Behrens methods for estimating /zc 

(/zx, jUt , ^y),' will not be carried out in this dissertation.

The term “partial maximum likelihood estimator (pmle)” deserves some 

attention because, to my knowledge, it is not standard in the statistical literature.

A pmle of yuo (/ix) will be obtained, using a maximum likelihood approach, from the 

check carrier data only. Similarly, a pmle of (jWy) will be obtained from the test 

carrier data only. Notice from equations (3.8) and (3.9) that the a  and (3 

parameters occur in both the check and test carrier portions of the log likelihood 

functions. Thus the pmle approach is ignoring,, in some sense, the model under 

which the data is assumed to have originated. It is my intuition that the pmle 

estimators of LR will ultimately be less efficient than mle. However, the 

maximizations required using a pmle approach are simpler than the standard mle 

approach, and thus make the pmle approach worth considering.

Because the methods for estimating //c (^x) and //? (/Tf) are similar, I will 

discuss only the estimation of jUc (/Tc) for all methods except pmle.

6 5
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M ost Probable Number Estimator

Suppose Ci organisms survived the simulated disinfection process for check carrier i. 

Denote as L(Ci | fj) the likelihood function, for check carrier i, as implied by- 

assumptions 7 and 8 . Then L(Q [ fj) is given by (3.11).

L(Ci I r!) =  H  (l -  e-Ci-Uij) rij (e-Ci'Uij) nij_rij . (3.11)
j=l \ r i j /

The value Ciimpn which maximizes (3.11), for the observed data fi, is called the mpn 

estimate of Ci- Details of computing the mpn are given in (Taswell 1981). It should 

be noted that if all replicate samples are positive at every dilution stage (i.e. 

ry =  ny for j =  l,...,Di) then (3.11) is unbounded in C;. To overcome this obstacle it 

is common to change r;i from n;i to n;i — I (Mehrabi and Matthews 1995), a

convention I will use here.

T i.y- _  /  Iog(Ciimpn), if Ciimpn > O 
™  t o ,  if Ciimpn =  O .

For the test carrier data, define T5impn as the mpn estimate for test carrier s. Let 

/  log(fSimpn), if Tsimpn > O
i f  T s,m pn =  O .

Y5impn I q

Denote the mpn estimates of pc and fix as /Ioimpn and fix,mpn, respectively. Then

A i A
fl; anrl ZZv__ =

I  A 2 A A

/tC.mpn — 5 3  mpn a n d  /Ix.mpn =  5 3 i,mpn

Similarly,
I  B a j: B a

/tT.mpn — iy  5 3  Y s1Inpn a n d  /IY,mpn — p  5 3  Y s1Inpn •

Although the mpn is unbiased asymptotically (Cochran 1950), it is well 

known that for small replicate sizes, ny, the mpn has a significant positive bias 

(Mehrabi and Matthews 1995). Because the replicate sizes will likely be small when 

' the pa assay is used in practice, it is wise to consider less biased alternatives to the 

mpn estimator. Garthright (1993) showed that the mpn has a much smaller bias
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when transformed to the log scale. Thus fix,mpn and yUy.mpn are nearly unbiased 

estimators, which may ultimately prove favorable for estimating Ti.

Mehrabi and Matthews (1995) showed that the assay-wise jackknife and 

modified score function estimators, described below, have significantly reduced bias 

over the mpn. No studies to my knowledge have compared the assay-wise jackknife, 

modified score function, and mpn estimators on the log scale.

Assay-wise Jackknife E stim ato r 

Following Does et al. (1988), define

assay L (a single yyk) omitted. It should be noted that Cl,jack can sometimes be 

negative which is unsatisfying. For these cases replace Cijack with Ci,mpn-

M odified Score Function E stim ato r

Mehrabi and Matthews (1995) applied the modified score function to the 

serial-dilution assay, as defined by the likelihood function given in (3.11). The 

modified score function is a general bias reducing technique of maximum likelihood

where N, =  ny and Ciimpn(_L) is the mpn estimate of Ci based on the data with

Define Tsjack and YsJack in a similar manner. Then

and
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estimators derived by Firth (1993). Let I(Q) denote Fisher’s information assuming

(3.11),

I ( C i ) =  X l x ny x e- C ;  -u y

Y  (I - e - ci'uij)

Let Ciimsf be the msf estimator of Q. Then Q iHisf is the solution of:

E

where hy =   ̂ x I(Ci) - 1  • H all Tij =  0, then there is no solution to (3.12),

however it is reasonable to define Q )msf as zero for these cases. It should be noted

that there is a solution to (3.12) when all replicates are positive.
T j--O- _  f  l 0 g ( Q ims f ) ,  i f  C i1Hisf >  0
Let Xlimll- I  0> if Climll =  O-

Define T Siinsf and Y Simsf in a similar manner. Then

( I  -  e -C i'Uii )
(3.12)

Ac,msf — A E  Ci,msf and Ax,msf — ^  Xy -Emsf

and,
I  B a  ̂ B  ̂ a

At,msf =  p  Xl TsiHisf and Ay,msf — VT Xl X s,msf .
S = I  D  S = I

S pearm an-K arber E stim ato r

The sk estimator is often used to estimate the mean of a tolerance distribution in 

bioassay (Finney 1978). When the sk estimator is applied to data obtained from a 

serial-dilution assay, the mean sample volume (on a negative logarithm scale) which 

will contain I or more organisms is being estimated. For notational convenience in 

discussing the sk estimator, I will assume for the sk estimator that the volumes 

s a m p l e d  (say uy) are equally spaced on a log scale. This assumption is valid for 

serial-dilution assays. Let the difference (on the log scale) between successive 

volumes sampled be denoted as D. Then the sk estimator of X;, denoted as XilSk*, is

Esk* =  - log(uii) +  -  d E  -EZ j ny
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Johnson and Brown (1961) showed that X;,sic* is a biased estimator of X; under 

Assumptions 7 and 8. I will denote as XiiSk the unbiased sk estimator of X;, given by 

Johnson and Brown, as

Y -  *(1) 4.X
Xi,k -  In(IO) +

where #(-) is the well known Psi function; =  —0.2507. Let Ci,sk = IO^ii5k. 

Define Ts,sk and Y3lSk in a similar manner. Then

I
Ac1Sk =  T- X) Ci.sk and Ax.sk - •i,sk

and,
I  B I b -

AT1Sk =  T  X] Ts1Sk and Av.sk =  ^  X )Ys,sk •
S = I D  S= I

Partial mle of fig and

The likelihood function for the observable check carrier data is given by (3.8). I have 

chosen to reparameterize (3.8) in terms of and 770; where rjc is the coefficient of 

variation of inoculum sizes for check carriers. Expressed in terms of fic and 77c,

oc — and /3 =
Tc

Substituting /zq and 77c into (3.8) gives (3.13).

l(y«o,7?c I r l , . . . , r l )  =  X^ln
i=l S w

' Mi /

X )  7L i (
Li= I  \‘\ 1 + PO ^Zu.1 1 ’ (3' I3)

Denote as Ac and 17c the values of 7% and 77c that jointly maximize (3.13). 

Then Ac is the pmle of /zc . The expectation of Xi is given in Appendix A, where eXi 

follows a gamma distribution. Thus the pmle of /zx, denoted as Ax, is given as,

jUx =
#(̂ 7) + MAc x Ac)

In(IO)

I used the modified Newton-Raphson method as suggested by Jacoby et al. (1972) 

for calculating Ac and 77c; details are given in Appendix B.
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Partial mle of /ix and

The likelihood function for the observable test carrier data is given by (3.9). 

Because it may be of interest to determine the mle for (^y) from the test carrier 

data alone, I will reparameterize (3.9) in terms of

Ut =  — and r?T = —7=; where 
p

t/t is the coefficient of variation for the number of organisms surviving the 

disinfection steps for test carriers. Expressed in terms of a, /3, <f>, and d,

d ’ p ™ i + Wd
and q = I — p.

Substituting ^t and ^t into (3.9) and performing some algebraic manipulations 

gives (3.14).

KfxTiVT I gi, —>gB)

E l -
S= I

B zW1V  /  “ ■n  I r  I I E  TL. [o t  X ^  X ( I  -  e - i k )  +  e - & .
s= l \6 sm  /  Vl5=I

-MT
MTxiJt-1

) (3.14)

Denote as /Tx and ?/t  the values of fir and Tyx that jointly maximize (3.14). Then /It 

is the pmle of /<t .

Computing the pmle of /ty is slightly more complicated. Let />t =  ’

Pt =  -T , qx =  I — Pt - The expectation of Ys is

E(Y1) =  E log (t) X b ^ q V . (3.15)
t= l

To find the mle of /zy, one would substitute Pt ? Pt and qx into (3.15). The 

summation in (3.15) cannot be exactly evaluated to my knowledge, however good 

approximations exist. Drawing on my work presented in the quantitative assay 

chapter, the log gamma approximation to (3.15) is suitable if px > 10 and t/x < 1.0; 

in which case /ty is given by (3.16),

^ (^ r) +  MAt x At)
=  In(IO) '

(3.16)
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When /Tr < 10 and/or t/t > 1.0, a brute force summation can be used to 

approximate (3.15) to a high degree of precision. Choose a value N such that,

The value of /<y is calculated substituting Pt , Pt and qx into (3.17). Details for

Maximum Likelihood Estimators of LR

The log likelihood function for the observable data is given in (3.10) and is the sum. 

of the log likelihoods for the check and test carrier data as given in (3.8) and (3.9), 

respectively. Notice that the a  and /3 parameters show up in both the check and 

test carrier likelihoods, thus the maximum likelihood approach needs to estimate 

</>, (, a  and (3 from both the check and test carrier data.

Denote as f* the value of f* which maximizes (3.10). I chose to use the 

modified Newton-Raphson method as suggested by Jacoby et al. (1972) to solve for 

t *. Remembering that d =  2̂+C(a+fl , then the mle estimator of T x will be formed 

by substituting the components of r* into the formulas for the expectation of a log 

negative binomial (with parameters p = | , p  =  q =  I — p) and a log gamma

(with parameters a  and /3). Formally, the mle of T x is given in (3.18),

(q*) (pp) — Pt ] < e where e < 1 0  5.

Then (3.17) is a good approximation to (3.15)

(3.17)

obtaining Pt and t]t are given in Appendix B.

Point E stim ation  of LR

(3.18)

where p =  | ,  p =  and q = I -  p.
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binomial random variable, I will have two formulas for computing the mle of Ti, 

denoted as T vimIe and Ti"jmie. Define TizimIe as in (3.19)

#(d) +  ln(/3) 1̂ (M) +
T l ',m le  = In(IO) In(IO)

(3.19)

Equation (3.19) is appropriate when both #  > 10 (the estimated mean of the test 

carriers is greater than 1 0 ) and —̂  < 1 .0  (the estimated coefficient of variation for 

test carriers is less than 1 .0 ).

When the estimated mean of the test carriers is too small or the estimated 

coefficient of variation is too large, then T i"imie will be defined as the appropriate 

mle estimator of Ti.

. J l o g w x ^ (3.20)

where N is chosen such that niL,tx3tta(q‘)(pq-f < 1 0 - 5

The mle estimator of T 2, denoted as T 2jmIe, is given in (3.21).

T 2jmIe = -IogW - (3.21)

Estimators of LR using the mpn, jack, msf, sk, or pmle M ethods

Denote as T ijmpn and T 2jmpn the estimators of Ti and T2, respectively, using the 

mpn approach for estimating the mean number of organisms surviving the 

disinfection steps for check and test carriers. Denote the jackknife, modified score 

function, Spearman-Karber, or partial mle estimators of Ti and T 2 using similar 

notation. Then equations (3.22) - (3.31) are the appropriate estimators of T i and 

T 2 using the mpn, jack, msf, sk, and pmle approaches, respectively.

T l ,m P n  —  ,m p n  ,m p n  • (3.22)
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^ 2 ,m p n  — l o g  (A c,m p n ) 1 °S  (A x.m pn) (3.23)

ja ck  — A x  jack  AY jack  •

^ 2ja c k  — log ( A c ja c k )  l°g (A x ja c k )

Y l lInsf — /^X,msf AY,msf ■

(3.24)

(3.25)

(3.26)

Yg.insf — lo g  ( A c.m sf) lo g  (/^X.msf)

Y l 1Sk — Ax,sk AiY1Sk •

Y 2lSk = log (A c ,sk )  -  log (A X 1Sk) •

YlipmIe Ax — Ay •

Y2lPmle = log (Ac) -  log (Ax) •

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

Standard Error Formulas for Estim ators of LR

Standard Error Formulas for mle of LR

Because the computation of T iimIe is dependent upon the mean and coefficient of 

variation of test carrier counts, two formulas are necessary for SE(TijmIe)- Let 

V*(f*) denote the estimated variance-covariance matrix of f*. Let g5 (f*) and ge(x*) 

denote the expressions on the right hand sides of equations (3.19) and (3.20),
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respectively. The multivariate delta method was used to derive formulas (3.32) and 

(3.33) for SE(Tiiirde).

dr*
(3.32)

S E ( f p ,^ ) (3.33)
^  af* r  '  I  a f '

I used the delta method to derive formula (3.34) for SE(T2imIe)- In (3.34), 

V ^iiI] denotes the one-one element of the estimated variance-covariance matrix for 

f*. Notice that is the estimated variance of cj).

SE(T2irrde) =  log(e) x
■\ ¥

(3.34)

Expressions for V*(f*), and 8g| i p -, are given in Appendix B.

SE Formulas the mpn, jack, msf, or sk Estimators of LR

Let Sximpn and Syimpn denote the sample variance for the log mpn estimates of the

number of organisms surviving disinfection for the check and test carriers,

respectively. The sample variance is calculated in the standard way, thus,

I a „ I b -
Sx,mpn =  T---- 7 y iA .m p n  ~  Ax.mpn)2 and Sy mpn =  _  %](Ys,mpn ~  AY,mpn) •

A — 1 i=l D 1 s = l

I will use the capital S notation for the sample variances throughout the remainder 

of this chapter unless otherwise noted.

Denote as CVcimpn and CVTimpn the sample coefficients of variation for the 

mpn estimates of organisms surviving disinfection for the check and test carriers, 

respectively; i.e.

CVciInpn = /  C’—-  and CVT1Inpn =  ^  •^C.mpn PT1Inpn
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the remainder of this chapter unless otherwise noted.

Equations (3.35) - (3.42) give the standard errors for the estimators of Ti 

and T 2 using the mpn, jack, msf, and sk approaches, respectively. The delta method

was used to derive standard error formulas for estimators of T 2.

SE(Tlimpn) = + . (3.36)

SE(T2nnpn) =  + ■ (3.36)

S E t t ljldl) =  - (3.37)

SE(T2jldl) = x + ■ ■ (3.38)

SE(Tlimlf) =  \ J ^ -  + S j p t  . ■ (3.39)

SE(T2imd) -  ^  x + • (3-40)
J

SE(Tlisk) =  \ j ^  + ^  • (3.41)

^ V . )  =  ^ X ^ A  +  % .  (3.42)

S tandard  E rro r Form ulas for th e  pm le of LR

Let Var(-) denote the estimated variance of the argument in parentheses. Let 

Vc(Ac, i?c) denote the estimated variance-covariance matrix of fac Vc, and let

,  N ^ ( ^ )  +  ln( ^ 2)
= — H io )— '
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The multivariate delta method was used to derive an approximate formula for

Var(/zx ).

Var (/zx) =
'dgi
dfj,

dg7 fS s iVc(Ac5^c) i o
Tt=Tic )  V =Ac ’ dv V= V C 1

Let Vc[1,1] denote the one-one element of the estimated variance-covariance 

matrix of /zq and t/q; i.e. Vc[i,i] is the estimated variance of /zc-. I used the delta 

method to derive the formula approximating Var (log(/zq)),

Var (log(/zc )) =
VQ[i,i]

Ac[ln(1 0 )} 2

Let Vt (At ,7?t ) denote the estimated variance-covariance matrix of /z? and 

t/t - Let

g a te , )  =
4—1 VMn2- I /

The multivariate delta method was used to derive an approximate formula for

Var(Zzy). Because the computation of /zy is dependent upon the mean and coefficient

of variation of test carrier counts, two formulas are necessary for Var(/zy). Let (i) be

the condition that /Zt > 10 and j/t < I- Let (ii) be the converse of (i). Then

r  . .  i
/  I  \  MT?2 - ! Ym2- I y '

IMG
-

y. Lv m2 J  j

Var(/zy) =
(  Z e t 9g7
I 9 m .  ’ 9  TJ

M=MT

I Sgs. 9gg.
.  ’ 9 tj 

m= m tI V "

) Vt (/zt, i?t) (
V = V t J  \

V = V T 1
Vt (At ,?7t)

M=MT

M=MT

9g7 
1 dij

dgs. 
1 3  7)

V = V T /

V = V T /

if (i) 

if (ii)

Let Vt [i,i] denote the one-one element of the estimated variance-covariance 

matrix of (/zt, i?t ); i.e. Vt [i ,i] is the estimated variance of /Zt - I used the delta 

method to derive the formula approximating Var (Iog(Zzy)),

Var (Iog(Zty)) =
V

x T[l,l]
At[In(IO) ] 2

The formulas for computing SE(TiipmIe) and SE(TiipmIe) are given in (3.43) 

and (3.44), respectively.

SE(Ti,pmie) =  \/Var(Zzx) +  Var(Zzy) . (3.43)
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SE(T2lPmie) = \/Var (Iog(^c)) + Var (Iog(Zix)) . (3.44)

Details for computing and the variance-covariance matrices

for (jlc,Vc) and (//t ,^t) are given in Appendix B.

Exam ple

Table 14 is an example data set with A =  3 check carriers and B = 3 test 

carriers. Ten-fold dilutions were performed between IO""1 and IO-8, inclusive. Four 

wells were tested at each dilution stage, and the number of wells responding positive 

at each dilution stage are recorded in Table 14. The estimated LR values for Ti, 

and associated standard errors, were calculated for each of the methods described in 

the preceding sections and are given in Table 15. The estimated LR values and 

associated standard errors for T 2 are given in Table 16. Notice the difference of 

roughly 0.50 logs between the estimates of Ti and T 2. This difference is due in part 

to" the rather large variability among test carriers.

Table 14: Example data from the presence/absence assay
Check Carriers Test Carriers

Carrier I Carrier 2 Carrier 3 Carrier I Carrier 2 Carrier 3
Dilution Number of wells positive Number of wells positive
IO- 1 4 .4 4 4 4 4
IO" 2 4 4 4 4 4 - 4
IO" 3 4 4 4 4 2 4

h-t O I 4 4 4 0 I 4
IO- 5 4 4 4 0 0 2  •toIOr—I 4 3 3 0 0 0
i o - 7 0 I 0 0 0 . 000IOT-H 0 0 0 0 0 0
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Table 15: Example calculations for estimators of Ti

Method

mle pmle mpn jack msf sk
Estimate of T i 2.52 2.52 2.50 2.40 2.54 2.50

Standard error 0.6014 0.6849 0.5607 0.5687 0.5246 0.5528

Table 16: Example calculations for estimators of T 2

Method

mle pmle mpn jack msf sk
Estimate of T 2 1.96 1.96 1.89 1.91 1.99 1.89

Standard error 0.4778 0.4778 0.4119 0.4395 0.4019 0.4104

C om puter Sim ulation Study

I conducted 16 computer simulation experiments, denoted as cases 1-16, to 

assess the statistical properties of the various estimators of Ti and T 2., and the 

associated standard errors. Each of the 16 experiments consisted of 1000 simulated 

pa assay data sets. For all simulations, ny =  wsm =  4 for all i and j, and for all s and 

m. The fractions of volume sampled (uy and vsm) were constant across simulations 

and were the same for both check and test carriers; the sampling scheme utilized . 

was Uj =  Vjs =

(5 x 10-:, 5 x 10-3,5 x IO^, 5 x 10^,5 x IO'*, 5 x 10^,5 x 10-3,5 x UT»),

for all i =  I ,...,A and s =  1,...,B. The mean inoculum size was fixed at 108, implying 

af3 =  IO8. The parameters <f>, CV check, and d were varied to cover a range of 

conditions likely to be encountered in real-world applications of the pa assay. Once
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the values of a, /3, (j> and d are set, Ti and T 2 are completely specified. Finally, I 

used A =  3 check carriers for all simulations, while the number of test carriers, B, 

was set at either 3 or 10. The parameter settings for the 16 experiments are given in 

Table 17. Results of the simulations are presented in Tables 18-26.

Table 17: Simulation parameters for the presence/absence assay

Case A B <t> d
CV ,
check

CV
test T i T 2

I 3 3 10-3.5 1 .0 0 .1 0 0 .1 0 2 3.500 3.5
2 3 3

ICC
OIO

 
I—

I 56.22 0 .1 0 0.750 3.631 3.5
3 3 3 10-3.5 1 .0 0.40 . 0.400 3.500 3.5
4 3 3 IO- 3  *-5 3.51 0.40 0.750 3.598 3.5
5 3 10 10-3.5 1 .0 0 .1 0 0 .1 0 2 3.500 3.5
6 3 10 1 0 - 3 . 5 56.22 0 .1 0 0.750 3.631 3.5
7 3 10 IQ- 3-5 1 .0 0.40 0.400 3.500 3.5
8 3 1 0 1 0 - 3 . 5 3.51 0.40 0.750 3.598 3.5
9 3 3 io - 5 1 .0 o:io 0.141 5.002 5.0
1 0 3 3 IO- 5 24.0 0 .1 0 0.500 5.055 5.0
1 1 3 3 IO- 5 1 .0 0.40 0.412 5.003 5.0
1 2 3 3 1 0 - 5 1.50 0.40 0.500 5.021 5.0
13 3 1 0 1 0 - 5 1 .0 0 .1 0 0.141 5.002 5.0
14 3 10 IO- 5 24.0 0 .1 0 0.500 5,055 5.0
15 3 1 0 IO- 5 1 .0 0.40 0.412 5.003 5.0
16 3 1 0 1 0 - 5 1.50 0.40 0.500 5.021 5.0

C om parison of E stim ato rs of Ti

Tables 18 (cases 1-4), 19 (cases 5-8), 20 (cases 9-12) and 21 (cases 13-16) contain 

the results for the estimators of Ti. As can be seen from column 3 of the 

aforementioned tables, each estimator is essentially unbiased. No estimator is 

clearly superior to the others when comparisons of MSE are made (column 6  of 

Tables 18-21). In general, the sk estimator had one of the largest MSE for all 16

cases. The jackknife estimator had the lowest MSE for cases 9-16 and performed

reasonably well for cases 1-8. The MSE for mle and pmle were the lowest for cases
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Table 18: Simulation results for estimators of Ti (cases 1-4)

I.

Case

2 .

method

3.

Bias
T i

4.

Mean
S E (T i)

5.

S D (T i)

6 .

M S E
T i

I mle -0.0017 0.2270 0.2136 0.0456
pmle -0.0005 0.2484 0.2130 0.0454
mpn -0.0082 0.2059 0.2151 0.0463
jack 0.0175 0.2207 0.2320 0.0541
msf -0.0372 0.2074 0.2177 0.0488
sk -0.0256 0.2145 0.2260 0.0517

2 mle 0.0049 0.2760 • 0.2941 0.0865
pmle 0.0044 0.3093 0.2935 0.0862 :
mpn -0.0062 0.2808 0.2959 0.0876
jack 0.0041 0.2782 0.2980 0.0888
msf -0.0249 0.2859 0.2998 0.0905
sk -0.0147 0.2910 0.3016. 0.0912

3 mle -0.0119 0.2462 0.2547 0.0650
pmle -0.0135 0.2774 0.2540 0.0647
mpn -0.0162 0.2481 0.2538 0.0647
jack 0 .0 0 1 1 0.2599 0.2694 0.0726
msf -0.0343 0.2502 0.2577 0.0676
sk -0.0276 0.2536 0.2602 0.0684

4 mle -0.0004 0.2818 0.3100 0.0961
pmle -0.0006 0.3196 0.3100 0.0961
mpn -0 .0 0 1 2 0.2961 0.3113 0.0971
jack 0 .0 0 0 1 0.3005 0.3132 0.0981
msf -0.0242 0.2991 0.3160 0.1005
sk -0.0018 0.3012 0.3208 0.1032



81

Table 19: Simulation results for estimators of Ti (cases 5-8)

I.

Case

. 2 .

method

3.

Bias
Ti

4.

Mean
SE(Ti)

5.

SD(T1)

6 .

MSE
Ti

5 mle 0 .0 1 0 0 0.1817 0.1742 0.0304
pmle 0.0118 0 .2 1 1 0 0.1741 0.0305
mpn -0.0036 . 0.1610 0.1762 0.0311
jack 0.0228 0.1541 0.1687 0.0290
msf -0.0338 0.1656 0.1826 0.0345
sk -0.0192 0.1697 0.1850 0.0346

6 mle 0.0024 0.2141 0.2249 0.0506
pmle 0.0019 0.2753 0.2251 0.0507
mpn -0.0148 0.1961 0.2247 0.0507
jack 0.0005 0.1854 0.2134 0.0456
msf -0.0340 0.2008 0.2313 0.0546
sk -0.0238 0.2046 0.2330 0.0549

7 mle 0 .0 1 0 0 0.1919 0.2137 0.0458
pmle 0.0107 0.2468 0.2118 0.0450
mpn 0.0007 0.1891 0.2094 0.0438
jack 0.0150 0.1885 0.2130 0.0456
msf -0.0177 0.1915 0.2134 0.0459

"
sk -0.0103 0.1954 0.2136 0.0457 1

8 mle -0.0037 0.2208 0.2354 0.0554
pmle -0.0050 0.2877 0,2354 0.0554
mpn -0.0154 0.2191 0.2324 0.0543
jack -0.0094 0.2150 0.2306 0.0532
msf -0.0277 0.2218 0.2368 0.0569
sk -0.0238 0.2251 0.2392 0.0578
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Table 20: Simulation results for estimators of Ti (cases 9-12)

I. 2 . 3. 4. 5. 6 .

Bias Mean ' MSE
Case method ' Ti SE(T1) SD(T1) T 1

9 mle 0.0049 0.2337 . 0.2175 0.0473
pmle 0.0082 0.2482 0.2176 0.0474
mpn 0.0079 0.1934 0.2129 0.0454
jack 0.0051 0.1542 0.1801 0.0325 ,
msf 0.0080 0.2035 0.2239 0.0520
sk 0.0048 0.2108 0.2304 0.0531

1 0 mle 0.0156 0.2508 0.2665 0.0712
pmle 0.0173 0.2677 0.2664 0.0713
mpn 0.0089 0.2267 0.2597 0.0675
jack 0.0095 0.2023 0.2418 0.0586
msf -0.0037 0.2306 0.2638 0.0696
sk 0.0025 0.2360 0.2703 0.0731

11 mle -0.0005 0.2502 0.2738 0.0750
pmle -0.0014 0.2756 0.2727 0.0743
mpn 0.0004 0.2368 0.2630 0.0691
jack -0.0088 0.2171 0.2505 0.0628
msf 0 .0 0 0 0 0.2407 0.2676 0.0716
sk -0.0014 0.2470 0.2754 0.0759

1 2 mle 0.0147 0.2592 0.2760 0.0764
pmle 0.0147 0.2861 0.2770 0.0769
mpn 0.0138 0.2522 0.2672 0.0716
jack 0.0131 0.2341 0.2589 0.0672
msf 0.0083 0.2540 0.2692 0.0725
sk 0.0093 0.2606 0.2742 0.0753
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Table 21: Simulation results for estimators of Ti (cases 13-16)

I.

Case

2 .

method

3.

Bias
Ti

4.

Mean
SE(Ti)

5.

SD(Ti)

6 .

MSE '
Ti

13 mle 0.0038 0.1862 0.1744 0.0304
pmle 0.0071 0.2151 0.1739 0.0303
mpn 0.0003 0.1589 0.1686 0.0284
jack -0.0041 0.1298 0.1484 0 .0 2 2 0

msf -0.0027 0.1669 0.1775 0.0315
sk -0.0036 0.1694 0.1770 0.0313

14 mle 0.0209 0.1976 0.1902 0.0366 ;
pmle 0 .0 2 1 2 0.2395 0.1890 0.0362
mpn 0.0039 0.1737 0.1837 0.0338
jack 0.0082 0.1520 0.1636 0.0268
msf -0.0094. 0.1786 0.1889 0.0358
sk -0.0036 0.1822 0.1932 0.0373

15 mle 0.0131 0.1961 0.2128 0.0455
pmle 0.0148 0.2479 0 .2 1 1 2 0.0448
mpn 0.0038 0.1898 0.2024 0.0410
jack 0 .0 0 2 1 0.1757 0.1924 0.0370
msf 0 .0 0 1 1 0.1927 0.2069 0.0428
sk -0.0006 0.1975 0.2064 0.0426

16 mle . 0.0090 0.2005 " 0.2128 0.0454
pmle 0.0096 0.2532 0 .2 1 1 2 0.0447
mpn -0.0023 0.1933 0.2028 0.0411
jack -0.0026 0.1786 0.1970 0.0388
msf -0.0094 0.1960 0.2056 0.0424
sk -0.0068 0 .2 0 1 2 0.21Q7 0.0445



1-4 . It is interesting to note how similar the MSE are for mle and pmle for all cases. 

Results not shown in this paper indicate that the point estimates for the mle and 

pmle methods are nearly identical for most cases.

Performance of the standard error formula can be determined by comparing 

the mean of the 1000 standard errors (column 4) with the standard deviation of the 

point estimates (column 5) in Tables 18-21. Let ESE (expected standard error) 

denote the mean of the 1000 SEs for a particular case and TSD (true standard 

deviation) denote the standard deviation of the 1000 point estimates. Generally 

speaking, the standard error formulas tend to underestimate the true standard 

deviation, the exception being the formula for pmle which consistently 

overestimated the standard deviation. I computed the absolute percent relative bias 

of the standard error formula,. 100 X (EŜ gpSD) | %, for each of the 16 cases and for 

each of the methods. The average, over all 16 cases, of the absolute percent relative 

bias of standard error was 6.4%, 13.9%, 7.1%, 9.4%, 7.3% and 6.7% for the mle, 

pmle, mpn, jack, msf and sk methods, respectively.

It should be mentioned that the sk method is the simplest to compute and 

can be done with the aid of a spreadsheet program. The remaining estimators all 

require iterative solutions, and as such, require more sophisticated computer 

programs than the sk method. The mpn method is slightly simpler to program than 

the jack and msf methods, and much easier to program than the mle and pmle 

methods.

Overall, it is my opinion that there is little practical difference among the 

various estimators of T i explored in this simulation study. All estimators have little 

bias and, with the exception of pmle, have standard error formulas which appear to 

work reasonably well. The sk estimator has the advantage of being calculable in 

closed form. However, the sk estimator appears to be the most variable of the
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estimators considered in this dissertation. The mpn estimator appears to have 

reasonably good statistical properties in comparison with the other estimators, and 

has the advantage of being the easiest estimator to compute aside from sk. Because 

there is a precedent for using the most probable number estimator to obtain 

estimates of the density of viruses in suspension (Myers et al. 1994; Payment et al. 

1985), virologists may feel more comfortable using T ijmpn over other estimators of 

Ti.

C om parison of E stim ato rs of T 2

Results for the estimators are given in Tables 22 (cases 1-4), 23 (cases 5-8), 24 

(cases 9-12) and 25 (cases 13-16). The bias of all estimators appears to be negligible 

(column 3 of Tables 22-25).

Comparisons of MSE indicate that mle is the best estimator of T 2, as mle 

had the smallest MSE for all cases except 9 and 10; for cases 9 and 10 mle had the 

second smallest MSE. The msf method had the largest MSE for cases 5-16 which 

was somewhat surprising to me. Results not presented in this dissertation indicate 

that the msf method is superior, in terms of MSE, to mpn and jack for estimating 

the density of organisms in suspension via a serial-dilution experiment. This 

conclusion is also documented in Mehrabi and Matthews (1995). The performance 

of the msf method in this study leads me to believe that the msf estimator is not as 

well suited on the log scale as are other estimators,

The performance of the standard error formulas can be determined by 

comparing the mean of the 1000 standard errors (column 4) with the standard 

deviation of the point estimates (column 5) in Tables 22-25. It is clear that the 

standard error formulas for mpn, jack, msf and sk underestimate the true standard 

deviation by 20%-30%. Such bias is not acceptable and limits the usefulness of these
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Table 22: Simulation results for estimators of T2 (cases 1-4)

I. 2 . 3. 4. 5. 6 .

Bias Mean MSE
Case method T 2 SE(T2) SD(T2) T 2

I mle -0.0145 0.2310 0.2158 0.0468
pmle -0.0067 0.2397 0.2193 0.0481

• mpn -0.0174 0.1925 0.2334 0.0548
jack -0.0339 0.2015 0.2557 0.0665
msf -0.0361 0.1924 0.2364 0.0572
sk -0.0296 0.1984 0.2439 0.0604

2 mle 0.0629 0.2770 0.2934 0.0900
pmle 0.0672 0.2807 0.2944 0.0912
mpn 0.0397. 0.2384 0.3046 0.0943
jack 0.0218 0.2348 0.3157 0 .1 0 0 2

msf 0.0272 0.2423 0.3084 0.0959
sk 0.0339 0.2454 0.3093 0.0968

3 mle -0.0358 0.2504 0.2602 0.0690
pmle -0.0198 0.2601 0.2627 0.0694
mpn -0.0270 0 .2 2 0 1 0.2727 0.0751
jack -0.0420 0.2267 0.2896 0.0856
msf -0:0397 0.2203 0.2779 0.0788
sk -0.0346 0.2231 0.2777 0.0783

4 mle 0.0260 0.2821 0.3133 0.0988
pmle 0.0368 0.2877 0.3159 0 .1 0 1 1

mpn 0.0199 0.2498 0.3287 0.1084
jack 0.0089 0.2477 0.3411 0.1164 1

msf , 0,0115 0.2518 0.3332 0 .1 1 1 2

sk 0.0177 0.2527 0.3319 0.1105



87

Table 23:. Simulation results for estimators of T 2 (cases 5-8)

I.

Case

2 .

method

3.

Bias
T 2

4.

Mean
SE(T2)

5.

SD(T2)

6 .

MSE
T 2

5 mle 0.0007 0.1837 0.1757 0.0309
pmle 0.0094 0.2046 0.1809 0.0328
mpn -0.0326 0.1570 0.1970 0.0399
jack -0.0583 0.1485 0.1916 0.0401 '
msf -0.0489 0.1590 0.2092 0.0462
sk -0.0429 0.1632 0.2030 0.0431

6 mle 0.0319 0.2171 0.2283 0.0532
pmle 0.0324 0.2457 0.2299 0.0539
mpn -0.0271 0.1837 0.2419 0.0592
jack -0.0413 0.1718 0.2323 0.0557
msf -0.0390 0.1864 0.2551 0,0666
sk -0.0337 0.1902 0.2489 0.0631

7 mle -0.0139 0.1967 0.2170 0.0473
pmle -0 .0 0 0 1 0.2310 0.2196 0.0482
mpn -0.0435 0.1785 0.2305 0.0550
jack -0.0664 0.1727. 0.2310 0.0578
msf -0.0548 0.1787 0.2415 0.0613
sk -0.0527 0.1834 0.2340 0.0575

8 mle -0 .0 0 2 0 0.2250 0.2433 0.0592
pmle 0.0024 0.2536 0.2461 0.0606
mpn -0.0421 0.1996 0.2567 0.0676
jack -0.0610 0.1896 0.2483 0.0654
msf -0.0486 0.2013 0.2692 0.0748
sk -0.0484 0.2044 0.2623 0.0712
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Table 24: Simulation results for estimators of T 2 (cases 9-13)

I. 2 . 3. 4. 5. 6 .

Bias Mean MSE
Case method T 2 SE(T2) SD(T2) T 2

9 mle -0 .0 0 2 0 0.2353 0.2205 0.0486
pmle 0.0104 0.2420 0.2245 0.0505
mpn 0.0115 0.1840 0.2359 0.0558
jack 0.0053 0.1473 0.2136 0.0457
msf 0.0123 0.1968 0.2623 0.0690
sk 0.0077 0.1967 0.2503 0.0627

10 mle 0.0372 0.2536 0.2671 ' 0.0727
pmle 0.0460 0.2566 0.2704 0.0752
mpn 0.0291 0.2046 0.2790 0.0787
jack 0 .0 2 1 1 0.1776 0.2651 0.0707
msf 0.0218 0.2133 0.3003 0.0907
sk 0.0256 0.2133 0.2896 0.0845

11 mle -0.0177 0.2532 0.2762 0.0766
pmle 0.0040 0.2604 0.2833 0.0803
mpn 0.0065 0.2135 0.2909 0.0847
jack -0.0006 0.1893 0.2771 0.0768
msf 0.0060 0.2213 0.3121 0.0974
sk 0 .0 0 2 1 0 .2 2 1 0 0.3036 0.0922

1 2 mle 0.0018 0.2615 0.2764 0.0764
pmle 0.0205 0.2681 , 0.2813 0.0796
mpn 0.0189 0.2242 0.2884 0.0835
jack 0.0175 0.2016 0.2852 0.0816
msf 0.0157 0.2310 0.3083 0.0953
sk 0.0124 0.2312 0.2959 0.0877
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Table 25: Simulation results for estimators of T 2 (cases 13-16)

I. 2 . 3. 4. 5. 6 .

Bias Mean MSE
Case method T 2 ' SE(T2) SD(T2) T 2

13 mle -0.0023 0.1878 0.1763 0.0311
pmle 0.0113 0.2092 0.1830 0.0336
mpn -0.0187 0.1575 0.1983 0.0397
jack -0.0208 0.1339 0.1938 0.0380
msf -0.0274 0.1708 0.2192 0.0488
sk -0.0272 0.1645 0.2009 0.0411

14 mle 0.0348 0.2032 0.1966 0.0398 '
pmle 0.0392 0.2268 0.1987 0,0410
mpn -0.0104 0.1693 0 .2 1 2 1 0.0451
jack -0.0125 0.1502 0 .2 0 2 1 0.0410
msf -0.0235 0.1813 0.2316 0.0542
sk -0.0194 0.1759 0.2194 0.0485

15 mle -0.0098 0.2016 0.2145 0.0461
pmle 0.0094 0.2326 0 .2 2 1 0 0.0489
mpn -0.0259 0.1806 0.2309 0.0540
jack -0.0266 0.1654 0.2278 0.0526
msf -0.0322 0.1899 0.2468 0.0620
sk -0.0323 0.1864 0.2306 0.0542

16 mle -0.0049 0.2064 0.2157 0.0465
pmle 0.0096 0.2352 0.2204 0.0487
mpn -0.0295 0.1833 0.2305 0.0540
jack -0.0304 0.1677 0.2298 0.0537 :
msf -0.0389 0.1928 0.2450 0.0615
sk -0.0367 0.1903 0.2372 0.0576
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methods. The mean, over all 16 cases, of the absolute percent relative bias of the 

standard error formula for mle was 6.2%. Thus the standard error formula for mle 

appears to be reliable.

Clearly, mle is the superior estimator of T 2 when MSE and performance of 

the standard error formula are considered. The pmle method would also be a 

reasonable choice. Both pmle and mle are fairly difficult to program, however. 

Among the more easily computable methods, no estimator stands out as being 

superior on the basis of MSE comparisons.

Table 26: Observed ratios of MSE*s for the mle and mpn estimators for the cases 
defined in Table 17.

I. 2 . 3.

Case MSE1(T limle) 
MSE (T2imIe)

MSE (T iimpn) 
MSE (Tg.mpn)

I . 0.975 0.845
2 0.893 0.863
3 0.942 0.861
4 0 .9 2 0 0.848
5 0.986 0.779
6 0.884 0.795
7 0.968 0.796
8 0.886 0.759
9 0.972 0,813
10 0.959 0.839
11 0.978 0.816
1 2 0.991 0.850
13 0.977 0.716
14 0.899 0.732
15 0.986 0.758
16 0.967 0.755
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Ratios of relative MSEs for Ti to T 2 are given in Table 26 for mle and mpn, only. 

The ratio of relative MSEs for pmle are very similar to mle, and ratios of relative 

MSEs for jack, msf and sk are very similar to mpn. The ratios of relative MSEs are 

less than 1 .0  for all cases indicating that Ti is more easily estimated than T2; 

particularly for the mpn, jack, msf, and sk methods. This result was somewhat of a 

surprise to me, as it is a reversal from most of the results seen for the quantitative 

assay. My own suspicion is that when estimating the mean density of organisms 

from multiple serial-dilution experiments, it is more efficient to work on the log 

scale. GarthrighEs (1993) results give some weight to this argument as he showed 

that the log of the mpn from a Serial-dilution experiment is less biased and more 

normally distributed than the mpn.

Conclusions

C om parison  o f E stim ators o f T i to  T 2

Ti is more easily estimated than T 2. Among estimators of T i, no single 

estimator of Ti stood out as being superior, however, as all estimators of Ti are 

essentially unbiased, have reasonable standard error formulas, and, for the most 

part, are comparable in terms of MSE. The sk estimator of Ti appears to have a 

slightly higher mse than the other estimators considered in this study, and as such, 

should perhaps be avoided. The mpn estimator of Ti has reasonably good statistical 

properties and may be the preferred estimator of choice on the basis of precedent.

The mle of T 2 was deemed superior to all other methods on the basis of MSE 

comparisons and performance of standard errors. The mpn, jack, msf, and sk 

estimators of T 2 had standard error formulas which seriously underestimate the true 

standard deviation.
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Future Work

Improved standard error formulas, tests for over-dispersion among test 

carrier data, and investigation into the uniqueness of mle and pmle may all be 

fruitful areas of research. The standard error formulas for Tg^pn, T 2,jack) T 2,msk) 

and T 2,sk are biased downwards by as much as 30%, and a bias adjustment for these 

methods would be a significant contribution.

The likelihood ratio test is an obvious method for determining if 

over-dispersion is present among the test carrier data. Programming the 

computation of the test statistic should not be too difficult, however, justification of 

the use of the likelihood ratio test may prove more challenging.

The computation of the mle proved to be fairly difficult. One problem I often 

encountered was an unstable hessian matrix during the modified Newton-Raphson 

iterations. Often times the updated estimates of a  would exceed IO6, while 

estimates of /3 would be driven towards zero. Such values of a  and /3 would cause 

numerical instability in the inverse of the hessian matrix, which directly influences 

the standard error calculations of the mle for T i and T 2. To remedy this situation,

I would not allow estimates of a  to exceed IO6. This remedy kept the hessian from 

becoming too unstable numerically, but is an ad-hoc solution. For cases such as 

these, I wonder if there is an unique mle solution. Similar problems were 

encountered with the pmle method.
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A P P E N D IX  A

A ppendix  M aterial for th e Q uantitative Assay
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D erivation  o f th e N egative B inom ial D istribution.

Let T denote the number of microbes surviving disinfection in a sample 

volume of size v. Let 6 be the unknown inoculum size on a carrier, and let <j) denote 

the survival fraction. Assume 6 is distributed as gamma(mean = a/3, variance = 

C t f i 2 ) .  Assume T | 0, </i», v is Poisson(^v). Then the marginal distribution of T is 

negative binomial with parameters r = a, p =  /3̂ +1, q =  The derivation

(Mood, Graybill, and Boes 1974) is as follows:

p(T = ‘) = I
e P

t! "  PaY(a)
(^v)t

X
Jot\fiaT(a) 

(^v)tP(t +  a)
t\fiaT(ct)

d8

1Ie-e
t + a

yoo ^ ( t + a - l ) e  &/(p 4 ,v + i)

J °  i e

T(t + a ) (  D H  Y (  I  y  x ,
P(a)t!. \ f i0v  +  I /  \fi<fiv+ I /

t =  0 , 1 , 2 ,...

which is the pmf of a negative binomial with parameters r, p, and q.

Notice that the marginal distribution of check carriers can be derived in a 

similar fashion with ^ =  I, and the check carrier dilution u replaced for v. It then 

follows that the check carrier count, C, taken from a sampled volume of size u, 

follows a negative binomial with parameters r =  a, p = q — Thus,

P ( C  _  c\  _  1X c +  a H  » »  V f  . L - V
1 ' r(a)c! V ^ u + I j V u + I /  ’

c — 0 , 1 , 2 ,...
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Sym bolic D escriptions o f f(r) and H (r).

Denote by 1(f) the log likelihood function for the models with no

over-dispersion as given in (2.3). Let

f(f) =

I 9l(r) \ 
90 

9l(r)
d a

d l ( r )
9/9X /

where

^I(t) _ v-AB Ts —o:/30Vs
d<f> “  ^ s = I  ^ (^ v s + l)  ’

91(f) =
dcx

E t i  ( ^ (Q  +  a) -  ^ (a )  -  ln(/9ui + 1 )) + (Ts + a) -  ^ (a) -  In(/?<K + 1 )) , and

91(f) _ C j-o;/3ui I v-'B T5- g/?0vs
9/3 — -^ i= I  /3(/3ui+l) "T" /3(/30vs+ l ) '

The Hessian is,

H(f) =

92 l(f) 92 i(f) 92((f)
902 909a 909/3

a2 i(f) 92 l(f) 92<(f)
9a90 9a2 d a d /3
92Uf) 92Z(f) d 2 K r )
9/390 9/39a a/32

where

9 2l ( f )  _  V B  a /3 20 2v s2 - T s (2 /3 0 V s + l)  
902 z ^s=I 02 (/30vs+ l) ’

92l(f) _  P v s
909a: z ^s=I 90vs+ l ’

92l(f) _  V B -V s(Tsfa) 
909/3 z ^ s - I  (/30vs+ l )2 ’

92l(f) _  92l(f)
9a90 909a ’•

3  =  E L M Q + « ) -$ '( « ) ) ,  +  E L M T , +  « ) - ^ W ) ,

92l(f)   y^A Uj I Y^® _ _ 0 v s _
9a9/3 z ^i= I /3ui+l "f z ^s=I /30v5+ l ’ 9

92l(f) _  92l(f)
9/390 — 909/3..’

92l(f)
9/99a

92l(f)
9a9/3 ’ and
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d 2 l ( f )  _  v ^ A  O jS 2 U i 2 - C i  ( 2 / ? U i + l )  , v ' B  O jS 2 ^ 2 V s 2 - T s ( W v s + 1 )

SjS2 2 - i i = l  p U P m + i f  ^  z ^s= 1 P 2^ P t v s + ! ) *

Use of th e  C om puter Package Maple

The computer package Maple (Waterloo Maple Software, 1994) can be used to 

perform symbolic differentiation, and as such, is particularly well suited for finding 

first and second partial derivatives of complicated functions such as 1(f). Maple can 

also be used to evaluate a function of several variables, such as f(f), under specific 

numerical settings of the variables. This feature of Maple proved invaluable to me as 

a programming check. For these reasons, all derivatives defined in this dissertation, 

including components of f(F) and H(F), were obtained using Maple.

Sym bolic D escriptions o f f*(r*) and H*(r*).

Denote by l(f*) the log likelihood function for the model with over-dispersion 

as given by (2.4). Because the equations for f*(F*) and H*(f*) are long, some 

notation will be adopted for ease of presentation. Define ki through kg as follows: 

kx = /?<£2vs + /?C2(a +  l)vs + </>;

k2 = <̂2 + C2(q: + 1);
I. _  I 200VS+ 1 .
k 3 -  ^  -  Ic1 ’

i _  2a<l>C2 ( a + l ) .
K4 -  Ic2 ’

kS =  I f ;
kg = Ts + kg;

W = 2C  +  ™<i
u _  C2
Kg — %c22 •

Let

f*(f*) =

/ 9Kf*) \ 
d4>
9Cdl(^)
d a

\ sW f

where
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d(j>

91(^*)
SC

91(f)
d a

9 1 ( f )
9/3

Let

92i ( f ) 
9̂ 2

92l ( f ) 
d<t>dt

92l ( f )
d4>dct

E L [ ( * N  -  X 4- +

a 0 2 ( l / 0 - ( 2 / 3 0 v s + l ) / k i )  I q - i  v  ( iP & V s  _  2/3< t> Vs+ l  \ 1  

k 2  f  l s  X  U i - 0  k i  / L

Z L K * ^ )  -  Gf(Its)) >< -  ^C(^+o»)^w_in(ki)) _

202/3C(«2+ o)vs I rp / 2/?C(a+l)v« 2/3((a+l)v,\l
k2ki k i - 0  ki yJ’

E (L i[G f(C i +  0!) -  #((% ) -  I n f i l l ;  4- I ) ]  4-

-  $ ( k s ) )  X ( g  -  -

a<l>2C2(In( )̂-M ki)) O-ZĴ2C2Vs , rp z'/?C2vs Ĉ2VsM
k2 k2ki -T l s X- ki anCl

- V^A [ — au; I 
-C^i=I Lflui+1 f/3ui+l T  /3(/3ui+l) I +.

—a^ 2 (02vs+C2 (a+ l)vs) 
k2ki 4- Ts x (0 2vs+C2 (a+ l)vs 4 2vs+ (2 (o:+l)vs

ki-,*, ki

/  92Z(f) 
d(f>2

d ^ l ( r * )

92Z (f) 
dtjidC, 

92Z (f)

S2I(Tr)
O(J)Oa

S 2 K r * )

92Z(f) \  
d ijid fi 

92Z (f)

H*(r*) = d(jdcf> 9C2 d ( d a 9(9/9 , w h e re92Z (f) 92Z (f) 92f ( f ) S2Z(Jft)
Oad(J)

0 2 l(? * )
\  d0drj>

d a d C  
. 921(t*)

9/89(

9af2
a2/(r*)

d j3 d a

9a@/9 
92Z (f) 

@/92 /

=  E.B=1[(®'(k6) -  *'(k5)) x k l  + ( $ M -  <P(k5)) x ( g - ^  + S | l )  +
2ot(ln(̂ >)—ln(ki)) IOor̂ 2 (In(< )̂-lii(ki)) . Aarjikz , 8o:04(ln(0)-In(ki)) 4a^3k3 ,

k2 k2 ~r k2 “I k| k| +
(a02 ) x ( - l / * 2 -2/3Vs/k i+ (2W Vs.+l)2 /k2) , ^  _  (  2/3vs 4 ( ^ v s )2 2/3v5 , (2^ v s+ l )2

k2 ■ + i s M k 1-,*, (Ic1-^)2 ka +  k T ^ J’

=  E?„f($'(k5) -  *'(k.)) x + (»(k6) -  $(k8)) x +

($(k6) -  $(k5)) x 1I) -  4^«(w)(|W -h.(k,)) +

8i*i3C^(o,+l)(ln(^)-In(ki)) 202Cct(a+l)k3 _  4<Ka(a+l)Z3vs I 4j>3<ot(a+l)/Jvs ,
k | k| k2k2 +  kik2 +

2*2C a(a+ l)/W 2*8v.+ l) , rp /-4^C(«+l)/32vs2 , 2C(a+l)^vs(20/3vs+ l) m
kfkT + i -sX{  + i?

=  E L l($'(k«) -  t-(k 5))k4k8 +  (®(k6) -  <P(k5))k7 +  2»(M»)-Mh)) _
2^3(ln(0)-ln(kl)) , <*>2k3 2<*,C2a(ln(<*>)-ln(ki)) , Arji3 C2 a (ln(<*,) -Infk1)) _

k2 +  k2 k | +  k f
<*>2C2ak3 2<j>(2a(3vs , 2rji3 ( 2a f3vs , tji2 ( 2a P v s (2rji(j)vs+ l )  ,

k |  kik2 "I r ^
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921(t*)
d<j>d@

32l(r* )
d(3<j>

d 2l (¥*)
S C 2

92l(r* )
8C,dot

d 2l(f*)
9C9/3

92l(r*)
dad<j>

Q2U f * )
d a d (

921(t*) 
9 a2

921(t*)
d a d /3

m w / - 20C2/?2vs2 I C2ZJvs(2^v s+l) M
l s  x  I  C k 1 - 0 ) 2  "  +  k ?

sr-vB r -2i/iavs(02+C2 (o:+l)) i 203ctvs(02+C2 (a+ l)) _  2<j>3a v s ,
^ s = I  L kik2 ' k ik | kik2

i/i2avs (^+ C 2 Cof+!)) (2 lZlZJvs+!) I m  /  2<j>vs  _ 2^/Jvs2 ( ^ 2 + C 2  ( « + ! ) )  _ 2<j>vs
k2k2 s ' k i - ^ (ki—0 ) ki

V ; ( 2 ^ V s + l ) ( ^ 2 + C 2 ( a : + l ) ) \ l

kf JJ’

921(t*) 
d<j>9(, ’

E l J m k 6) -  $ 'M )  X ( l W |r i l £ )  + ($(k6) -  <P(k5)) X («£<2||til£) +

(W(k5) -  $(k6)) X (=#!^±!1) + +
2<Zi2a (a + 1 )(In(i^)-ln(ki)) _  2<ft2g(a+l)/Jvs , 4^2C2 a(a+l)^ZJ2Vs2 i

kj kik2 ' k2k2 '
m /2(a+l)ZJvs 4C2 (a+ l)2 /J2Vs2 2(of+l)^vs , 4C2 (c*+l)2 /J2Vs2 M

X I k j - 0  (kj-V )'2 ki +  k2 iJ ’

E lJ ( « '( k 6) -  ®'(ke)) x (5 ti!^ ± i& ) +

(W(k6) -  $(k5)) x ( - 2̂ t+ + 1) +  -  ^ g )  -  2A(«+i)(hW-MW) _

202C(g+l)/Jvs I 4^2C^cf(a+l)(W'Z')-W(ki)) , 4^2C3a(o;+l)ZJvs 202Ca(ln(0)-Mki)) _
kik2 ' k2 ' kik| " k2

2 ^Ca/Jvs I 2^2 C3 a(a+l)ZJ2vs2 , rp w / 2C0v5 2C3 (a+l)j82vs2 2CZJvs , . 2C3 (a+ l)0 2vs2 x]
k"k2 +  k2k2 +  1 S x U 1-^  T  (ki-0)2 ka +  k2 ) \ ’

v^B r2 'Z|2Ca(a+l)vs(02+C2 (Q+l)) _  2<Z>2Ca(a+l)vs , 202Ca(a+l)ZJvs2 (^2+C2 (a+ l)) i
^ s = I l  k i k |  k j k 2  ' k 2 k 2

m  w ( 2 C(a+l)vs 2C(af+l)Z3vs2 (02+C2 (a+D ) 2C(a+l)vs , 2C(a+l)/9v.2 (^2+C2 (a+ l)) \1
i s  X  {  k i _ ^  -  ( k i - # 2  k i  +  k 2  h '

921(t*) 
d<j>da 5

921(t*) 
0C9a ’

E ^ m c i + * ) - « '( « ) ]  +
—2<t>2(2 , 2<b2CicE lJ(4"(ke) -  ®'(ks)) x k l +  (®(k») -  ®(ks)) x ( = & -  +

2<t>2 C  (ln( tj>) —lii(ki))
T  y /rC4ZJ2Vs2 _  C4ZJ2Vs2 \T
I s  X  ( ^ - T 3  / ! - , . + V 2  J J ’ .

2 (Z > 2 C 2 / J v s  J _  2 (Zi 2 C 4 Q f ( I n ( ^ ) - M k l ) )  _ J _  2<j>2 Cl a 0 V s
k ik 2

/S2
(ki-^f

+ kl k ik 2 +
k i

^2C4QfZJ2Vs2
k2k2

) -

+

+
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v^B r - ^ 2Vs(02+C2 (o?+l)) , <̂2 C2o?Vs(02+C2 (a+ l)) _  ^ 2 C2 CXVs I ^2C2 Q^Vs2 (^2+C2 (a+1)) I
-I^S=I L kik2 ' kikg kik2 ^ k2k2 _ "l7"

rp „  / C2V3 C2^vs2(^2+C2 (a+1)) C2Vs I C2^v32 (0 2+C2 (cH-1 )) \1  ls  X IkT^ (ki-0)2 ~  cl +  k2 ) h

92I(t*) _  92l(r*)
d fid tj)  d<j>dp ’

a2i(f*) _ a2i(f*)
dpdC ~  d<dP ’

B2I (T t )
d/Sdcx

B2Uft) 
B a B p  ’ and

a 2i(r*)
B p 2

=  Efc1 +  C1 X ( ^ - ^ ) ]

+ T i  X ( _ ^  + ^ i ) ] .

+

Inverting H (f)  or H*(r*)

The Newton-Raphson method for obtaining maximum likelihood estimates 

requires that H(f) (or H*(f*)) be inverted at each iteration step. During my 

simulations, the matrix inversion routine used in the statistical package Spins would 

sometimes fail to produce the inverse of H(f) (or H*(r*)). To remedy this situation, 

I found the formula for inverting a partitioned matrix (Myers 1990) to be useful. To 

invert H(f) using partitioned matrices let,

X /X i
B 2 I j f )  8 2 l ( f )

dcffi d<f>dce
d 2 l ( r )  d 2 l ( r )
dctd<}> doc2

X i% _  ^ i( f )

Let, Cu =  X /X i -  X /X 2 (X2 % )-"X /X i and C2 2  =  Xg'Xg -X g'X ^X /X ^-'X /X g.

Then,

H -V f1 - I '  (C11)"' , -(XVX1)-1XCX2(C22)-1
“  V ) - V - ( C 22) - 1XVX1(XVX1)-1 (C22)-1

To invert H*(f*) let,



1 0 1

/  d 2 l ( f * )  d 2 l ( f * )  \

X d(d<t> ac2 /
/  O2I ( T )  O2I j i 1* )  \

V /V _ I dotOtj) OaOtj IA2 Ai — I I
V 9/390 9/39C /

/  O2I jr * ) O2I j f * )
I 0<j>da 909/3

~  O2I j f * ) O2I j f * )
\  OCOa 9(9/8

(  O2I j f * ) O2Ijf* ')
I O a2 OaO/3

—  I O2I j f * ) O2I j f * )
\  9/39« 9/8%

Let Cu and C22 be defined as above. Then,

v - l -(Xi'Xi)-%'X%(C22)
'  -  ( _ (C 22) -& /X i(X i% ) - ' ' (€ 22)-"

-I

T he M ean and Variance o f th e  Log G am m a D istribution

Result: Let 8 be distributed gamma(mean =  a, variance =  a/32). Then,

, E(ln(0)) =  W (a) +  ln(/3) and Var(ln(0)) — ^ '(a ).

The derivation of the expectation and variance of the natural log of a gamma

random variable is given below (Ri Boik, personal communication, 1996) :
- 0

Proof: Because T(a) =  f£° e^ T  1 d0,

dln(T(a)) I f°° d , e t 8
$ ( a )  = da r w I

—0
" 3-/3 O f - I

Z1O O

= /  K 0 )JO

d a (— ( "  

e'fO01- 1 , , 1 ,+ M-) xr(a )# a
=  E(ln(0)) -  In(^)

r(a)/9«
] dO

=► E(ln(6 )) =  ^(a)+ ln (/3 ).

r ( a )
a $ (a )

da
d(E(ln(0))^ln^))

da T(a)
I  • T O O

w d  H e )
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But,
PT (a) 

da

Thus, ^ '(a )

-I I eT0'
-  +  ln W ln (-)  —

dT(a) /da( >
( r W ) ' ^

d e T 6 a 
da fia

dg]

+  In(^) x
e r e 01- 1

■ m

T(a)[E(ln(e))-ln(P)}.

E[(ln(0))2] -  (E[ln(5)].)2 =  Var[ln(0)].

It should be noted that the derivation above required the differentiation 

under the integral sign in numerous instances. The differentiation under the integral 

sign is valid because the gamma distribution is a member of the exponential family 

in which case, for any integrable function, h, the integral

eirg«-ipooL w r(a)/3*
■d0

is continuous and has derivatives of all orders with respect to a  or /3, and these can 

be obtained by differentiating under the integral sign (Lehmann 1991).

Approximating a Log Negative Binomial with a Log Gamma

To obtain an approximation to the log of a negative binomial (adjusting for zeros), 

one can match the first two moments of a negative binomial and a gamma. For a 

negative binomial distribution with mean ^  and variance pf, set a  =  rq, and P = K  

Then the expectation and variance of the log of a negative binomial are



1 0 3

approximated by and d S f  ’ respectively.

MLE o f (f) for th e M odel w ith  no O ver-dispersion

R esult: Assume that the dilution sampled, u, is constant across check carriers and 

the dilution sampled, v, is constant across test carriers. Then the mle of ^ is =. 

P ro o f (R. Boik, personal communication, 1994):

E,b=1[T, -  M v ]
< /> (^ /3 v +  I )

B

=+ E T s =  B ^ a fS v
S=I

# = ^ - T - =  7 , 
BctySv CKyS

H O

E L fC i  - U y S u ]

yS(ySu+l)
E t i l T s -  W v |

yS(<^y3v+ I) .

Substituting ^  for <j) implies that <̂ /3v =  Thus,

E ^ tC i - ^ u ]  E L  [Ts -Y v ] Efc1 [Ci -  *pu)
P(Pvi+l) (3(Yv/a + 1) W u  + 1)

A v
=4- C; =  Aa/3u P = —.

. i=i a  ■

X Y  Y
Plugging /3 = — into <f> = —— =>• ^ =  as claimed.

a  ap X

A sym p totic  D istribution  o f Estim ators o f L R

For convenience, assume that the dilution sampled, u, is constant across 

check carriers and the dilution sampled, v, is constant across test carriers. Let 

R =  j  be the ratio of the sample sizes, B to A, and let A and B tend to infinity 

with constant ratio, R. A few results will be needed to derive the asymptotic 

distributions of the estimators of LR.

Theorem 1.5 page 337, (Lehmann 1991) states that if

\/n[Tn -  0} ^  N (0 , 7 2) , then \/n[g(Tn) -  g(0)] N ( ( ^ [ g '^ ) ] 2)
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assuming g'(0) exists and is not. zero.

Theorem 14.6-2 (Multivariate delta method; page 493, Bishop, Fienberg, and 

Holland 1975) states that, assuming the usual regularity conditions on g hold, if

V n [ f - q  -i> MVN(O1B) then V S f e t ? ) - gW] ^  MVN l o , ( ^ )  B ( | | ) j  .

Model with no Over-dispersion

Denote the probability that a check carrier takes on the value c as pi(c): Denote the 

probability that a test carrier takes on the value t as P2 (t). By the Central Limit 

Theorem (CLTH),

V a  [x* -  E(X*)] -V N (0 ,<7x.) and VA |Y* -  E(Y*)]

The formulas for ax* and o-y. are given below:

<7x* =  ES=i (log(c))2p i(c) -  [E S i log(c)pi(c) ] 2 and 

<4* =  E S i  (log(t))2p2 (t) -  [E S i log.(t)p2 (t)]2. Thus,

N O ,

V A  [ T i ,m o m  — T i  

By the CLTH,

N 0, ax* + 7Y *

V A [X -E (X )]  -i, N (o, a W u + 1I and

V a [y - e  (y ) I 1 ' N L  W ( # y  +  i ) '

Applying theorem 1.5 from (Lehmann 1991) and using the fact that the sum of 

independent normal random variables is again normal gives the following result,

VA [T 2lMOM - T 2] -V N fo, [log(e) ] 2 x
R</>v(/?u + I) +  + I)

R ^aySuv

Before establishing the asymptotic distributions of T i iMleno and T 2iMLEno 

some background work is helpful. Denote by S the variance-covariance matrix of f . 

Because the usual regularity conditions hold, S = —E[H(r)} 1. Let

K =  A [(R + 1)#' (a) -  E (# ' (C +  a)) -  R x E ($ ' (T + a ))],
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and let

kg =  K a  — /?u
/Sn +  I

R # b  
4>fiv + 1

Then,

E A

/  (0U)(<^/?V+1)+R02V(^U+1) 
Ray9uv

0
-i/>(/3u+l)

Q  - 0 ( / ? U + l )  ̂

an
a —0

-0  i8 ( k 9 ' ( / 3 u + l ) + ^ u ( 0 / ? v + l ) )

k g  k g ( 0 / 3 v + l ) a u

and

V a  [r — r] h  MVN (0, AS).

The multivariate delta method is applicable to determine the asymptotic 

distribution of T i ,m l b no because f  is asymptotically multivariate normal and gi and 

g2 are continuous functions. If equation (2.18) is used to calculate T i ,m l e no then 

T i 1MLEno = gi A  A  where,

S M '  “• f t  = --------E(Io)-------------------- MlOj--------- + log

The asymptotic distribution of T i 1MLEno is (assuming (2.18)),

V A  [ T i iMl e no -  T i L M VN 1 °- ( w ) AE ( # where

=  l°g(=) x ("  [»' (S S r )I  W W  -  •

t e = l o g ( e ) x ( ^ l - * q l ^ l ) ,  m d

^  = log( e ) x ( ^ l  + 2 - - S ^ - 5 f e

If equation (2.19) is used to calculate T i iMleno then,

In(IO)
/  # v
V/9v +  I,

+
+ I /
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Denote the probability that a test carrier takes on the value t as p2 (t). The 

asymptotic distribution of T i ,mleno is (assuming (2.19)),

V a  [T1jMLEno - T l ]  ^  M V N

9g2 _  
d<t> ~=  - E l i i  log (t)p 2(t) X

t j> a 0 v - t I 
4>(4>0v+l)\

where

9g2 _  
d a  —

log(e) X ^u+ 1 (e L i log(t)p2 (t) x [» (t + o;) - » ( a )  +  ln (p T _ ) ] )  ,and

9g2. — 
d/3 - (/3u+l)2 + /3u+l (ElL1 log (t)p2(t) X 4>a0v—t  I \

The multivariate delta method was used to determine the asymptotic

distribution of T 2iMLEn0:

V a  [T2iMLBno -  T 2] ^  N (o jlogte)]’
rR^V (ydu+ I)  + u  ( ^ v +  I) Y  

R ^aySuv I

Efficiency Calculations for the Model with no Over-dispersion

when (2-18) is used for T i iMLEno
( 9 92 A r f  892 \

a ^ l + a ^ / R  » when (2.19) is used for T 1iMleno,
A R E  ( T 1JMOM * ,MLEno ) =

A R E  ( f 2iMOM : T 2iMleno) =  

A R E  (T llMOM : T 2iMOM) =

_  [log(e)]2x(R̂ ^ ) y +1).) 
[log(e)]2x(^ ^ y y+1))

IL

=  I,

and

ARE ( t I1MLEno ■ T 2jMLEno■) =

tF

Tf

, assuming (2.18)

, assuming (2.19).
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It should be noted that , Oy., and S all had to be approximated for 

efficiency calculations. For example, to approximate I determined a value N 

such that, [E^Li c x pi(c) -  CtySu < 0.00001. Then c ^ . was approximated by the 

following: E j I 1 (log(c))2pi (c) -  [E^Li log(c)pi(c)]2. A similar strategy was used to 

approximate and S.

M odel with Over-dispersion

The asymptotic distributions of the estimators of LR are derived in a similar 

manner for the model with over-dispersion as for the model with no over-dispersion. 

For sake of brevity most of the derivations will not be repeated here. Denote the 

probability that a check carrier takes on the value c as pi(c). Denote the probability 

that a test carrier takes on the value t as p%(t). Note that the pmf for check carriers 

is the same regardless if the model with or without over-dispersion is used, however 

the pmf for test carriers is dependent upon which model is chosen. The asymptotic 

distribution of T ljMOM is,

N 0 , 4 . +  - PV a  [T1iMom - T 1]

Note that 0 %., which is a function of pi(c), is calculated as in the model with no 

over-dispersion, but =  E tI 1 [log(t)]2pg(t) — [E U  logWPgW]! The asymptotic 

distribution of T 2lMOM is given as follows: \/A  [T2,mom — T 2 ^

N  (O 1M e ) P  x  ( ^ V t f U  +  1) +  U ( t V V ( a  +  1) / ^  +  11 ) )  '

Denote as E* the variance-covariance matrix of f*. Because the usual 

regularity conditions hold, VA t* — f*j V  MVN (0, AE*), where 

YT — — [E(H*(f))]_1. The form of E* is not easily written down symbolically, but it 

can be well approximated. If equation (2.20) is used to calculate T i ,mle0vbr ^ enI
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T i iMLEovbr =  §3 ( k  «,A C) where,

» a , &M )  -  * ( ^ + 2 ^ - + l o g ( I , .
In(IO) Ih(IO)

The asymptotic distribution of T i 1MLEovbr can be determined using the multivariate 

delta method, and is, (assuming (2 .2 0 )),

VA [Tl,MLBovm - T 1] A  MVN (o, ( AS* i agsdr* dr*

For notational convenience, let 

ki =  /3v ((f)2 +  ( 2(a +  I)) +  <f), and 

k2 = +  C2 (a  +  I). Then

9 fi3 _ log(e) X XF (̂ 2 aPv  ̂ ^ 20o/3v _  ji2a/3v(2ji/3v+l)^ _  2</iffv+1-kq/</ij

^  =  log(e) x
2<!l2Ca(a+l)/32v2» '( ^ S lNl

k2
__y_ 2(/3(a+l)v

ki

%  =  log(e) x K j j f f i d  _  (£ fc  _  , and

=  log(e) x u^ '(  gu+i ) I u _ / </i2orv _ ^2av[ki— yy/ Z4>2 ot(3v\  _ <ji2 v+C2 («+ l)V
(/0u + l )2 W /3u+l X kq kf /  X kq 7 ki

If equation (2.21) is used to calculate T i ,mle0ver then

T i 1MLEovbr =  §4  (<£,«, A C) 5 where g4 (^, d, /3, C) = log ( ; )  +

/ r (t + f ) \  /  # d v  y /  i
V r(S) /  W /3d v + l j  \ # d v

* ( ^ ) + ^ logw - VIn(IO) y r ( j )  /  \<f)f3dv+lj \(f)/3dv + l j

The asymptotic distribution of T i .mlEqvbr 1®: (assuming (2 .2 1 )), ■

Va [fI,MLEqver - T 1 4  MVN I 0, ( | | )  AS* ( | |

&  = -  E te1 iog(t)p;(t)[(*(t +  S) -  * ( 3 ) +  M ^ ) )  X ( ^ - 2S a ) +d(j)
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iftoifl-0 (2^/?v+l)/ki) , i / 2^  _  2<j>0v+l M

k2 t U 2 ki

^  = -Z x  e ELi iog(t)P;(t)[(* (f) -  « ( t + D ) x x (m Î m + g )  +
j . / C(g+l) _  C(o;+l)/)v\i 
1V k2 ki U ’

t  =  i=g(e) x  -  E E L , io g (t)P ; ( t ) [ ( » ( t  +  D - W ( S )  +

K ^ ) ) x ( & - g ) - % P  + t ( g - ^ ) ] L

%  =  log(e) X I j S 1W -(SgL) +  S i l -  E E L i i o g ( t ) p ; ( t ) [ ^  +  ‘ ( j  - 1 ) ! ! -

The multivariate delta method is applicable to determine the asymptotic 

distribution of T 2 ,m l b 0 v b r - Let £ * [ 1 ,1] denote the one-one element of E * .  Note that 

£*[1,1] is the asymptotic variance of Then the asymptotic distribution of 

T 2,MLBovbr  isi

VA [ t 2,mlb„„e„ -  T 2] 4  MVN fo,log(e) 2 X ■

Efficiency Calculations for the Model with Over-dispersion

ARE • ^!,MLEover)

A R E  2 ,MOM ■ ^ 2 ,M L E o v e r )

( 4 ).'+4,(/ ^ ) - assuming (2.20)

. ^ . + 4 - / « ^ ’ assuming (2.21),

A S * fl.H

A R E  (T i ,I1MOM : T 2lMOM< ) =

R ^v(/3u+1)-{-u(0/3v(1 +  C2 ( q + 1)/^ ,2)+1) 5
R ^ a / 3 u v

4*+ctv»/r ’T?
n  /■ m 2 .  T  R ^ v C ^ u + l J - t j u f ^ v f l  +  C Z C a + l ) / ^ 2 ) +  ! )  \  ’ tlog(e)] (R̂ /3uv)xt2 J

and

-L------- , assuming (2.20)

A R E  (T i ,I 1MLEo v er  • ^ 2 ,MLEovbr ) =
E-Ihll

----- AS^ij----- , assuming (2.21).
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It should be noted that > crY* > and E* all had to be approximated for 

efficiency calculations. Guidance on approximating these quantities, is given in the 

section on Efficiency Calculations for the Model with No Over-dispersion of this 

appendice.
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A P P E N D IX  B

A ppendix  M aterial for th e P resen ce/A b sen ce Assay
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D erivation o f th e M arginal D istribution  o f fj

Suppose a serial-dilution experiment is to be performed. Let the distribution 

of the number of organisms originally in suspension be denoted by g(0 ), where 0  is a 

non-negative random variable with moment generating function mg(t). Let r and u 

denote vectors of the number of wells responding positive and the volumes sampled, 

respectively. Let the number of wells assayed at dilution j be denoted as nj.

T heorem  I: The marginal distribution of r, denoted by f(r), is given as:

f(r) = M
n V i I37L  X m6(-£ L)

<L=1

where M, tl, and are constants which are calculable.

Proof:

For convenience, assume 5 is a continuous random variable, although the 

proof works equally well for 6 discrete. The conditional distribution of r given 6 is 

given in (3.11) and is repeated here for ease of reading.

f(r j 0 ) =  H  ( nj)  (l -  e-e'Uj) ri ( e - ^ ) nj 
j=i Vrj/

The marginal distribution of r is obtained by integrating out 0; i.e.

f(r) = Jo f(r I 0 ) x g(0 )dg.

Thus, f(f) =  [n, ( ; ) ]  Jo”  H  (l -  e- " ' " ! ) ' 1 (e-#”i)“1_ri X g(0)d,.

Note that (I -  t)p = Ek=o (k)(_1)k(t )k (Mood, Graybill, and Boes 1974), hence

( l  -  e - ' - i ) ' 1 =  E L o  @ ( - l ) k (e"" '"rk)  •

so, f(?) =  [Di ( ; ) ]  r  n  [e L o C d t - i Ik («-""")] I= - '" " )" '" "x g(»)d»



113

[D1 ( " O l m i [ E k U © ( - l ) k'! '" '[u, (k+”, ' t,)1l X g (» )d ,.

Let M =  JIj(rj +  I)- Notice there are M terms involved in f(r). Realizing that 

(a ■ ec) x (b • ed) =  ab x ec+d for all constants a,b,c, and d, f(r) can be written as:

f(r) B U r l S 7l x e" g(^)dg

where 7 l and are appropriate constants. Notice that the 7 l terms are formed 

from the products of the coefficients from the binomial expansions of the 

( l -  e-e'uj) rj terms. The £L terms are formed from the products of the appropriate 

exponential terms. Thus,

M yoo
e"^L x g(0 )de

L=I
f(r) =

W J

because integration is a linear operator. Notice that J000 e x g(#)d@ is the 

moment generating function of 0. Therefore,

f(r) =
w .

^  7l x mg(-^L)
VL=I )

as claimed.

A pplications of T heorem  I

Exam ple I: Let 0 be distributed as gamma (mean = a/3, variance =  a/32). The 

moment generating function for the gamma distribution parameterized in this 

manner is mg(t) =  Then for appropriate constants M, 7 l, and Cl, the

marginal distribution of r is,

f(r) = B U ( I U * ( r a 7 > (BI)

E xam ple 2: Let 0 be distributed as negative binomial (mean =  variance -  p.). 

The moment generating function for the negative binomial distribution
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parameterized in this manner is mg(t) = ( p ^ r )  • Then for appropriate constants 

Mr TL, and £l, the marginal distribution of r is,

f(r) =
9  U

f M
I ]  TL X 

VL=I I — qe_ L̂ J  J

It should be pointed out that (3.9) was derived using result (B.2) with

^ = f  ;P =  i+ ^ d ’^ =  1 — P-

(B.2 )

C om puting th e MLE of r*

The MLE of f* is the value f* which maximizes the likelihood function of the 

observable data, as given in (3.10). Because the components of f* are at times on 

vastly different scales, I decided to transform the parameters as follows:

Let (f> = -log (^), C = -lo g (() , oc = log(a), 0 =  Iog(P).

Let f* = (<j>,(,ac,py. Denote as l(f* | ?i, . . . ,F a )  and l(f* | gi, ...,gn) the log 

likelihood functions for the observable check and test carrier data, respectively, 

under the transformed parameter space. Denote as l(f* | F1, ..., gs) the complete log 

likelihood function under the transformed parameter space. Then l(f* | F1, . . . ,F a ) is 

given by (B.3), l(r* | g1} ...,.ge) is given by (B.4), and l(f* | F1, ...,gs) is given by 

(13.5).

l(r* I Fi,...,Fa ) =
i = l

Mi

E  TLi X
Lj=I

i
I + IO^L,

IOa

(B.3)

Ilr‘ I B i, =

E h
S=I

Mg
Z  TL. %

L6= I

I
I + (lO'-'-'ida -  e-ih )/ ;

(B.4) '

l(f* | F1, ...,gs) = H f I ?,.....Fa) + K f I fi, ....&)• (B.5)
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It should be noted that the value, d, in equation (B.4) can be written down as
i _  I , (io-^)(io5+i)

Q -  1 +  10- 2*
Let f* denote the value of f* which maximizes (B.5). Using the invariance 

property of mle (Mood, Graybill, and Boes 1974), the mle of f* is then

I
(<j) — — r ,  C =  — r , a  =  10“ , $  -  I i f i Y .

IO 0 IO c

A modified NewtOn-Raphson procedure was used to compute f*. The 

Newton-Raphson method requires knowledge of and a . By

independence,

a i(f* I r i , g s )  a i r  I ri) I gs) ,

a 2l(f* I ?!, •••) gs) _  f  a 2l(r* I rQ B a 2i(r* I gs)
(af*)(af*y (dT*)(df*)/ {df*)(df*y

The functional forms of the first and second partial derivatives are rather 

messy, and for this reason some notation will be introduced to shorten the 

equations. Let u and v be vectors of the length n. Let O  represent the Hadamard 

product (the element-by-element direct product of two matrices) and let O - 1  

represent the element-by-element direct division of two matrices. For example, 

consider vectors u and v of equal length. Then the ith elements of u Q  v and uO -1v 

are u; x v; and u; H- v;, respectively. Define the operator, S(-), as the summation of 

the individual components of the argument in parentheses; i.e. S(u) =  Ya=i ui- Also, 

for the remainder of this appendice, denote a mathematical operation on a vector to 

be the mathematical operation on each element of the vector. For example, the ith 

element of ln(u) is ln(uj). Let,

7 i =  (7 x, . . . ,7 M i ) / , the vector of 7  constants for check carrier i,

7 S =  (7 x, ...,7 Mj% the vector of 7  constants for test carrier s,

6  = (6 , ...,&!;)% the vector of £ constants for check carrier i, and
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£s = (<fi, ^ms)/? the vector of  ̂ constants for test carrier s.

The ten variables defined below are introduced for notational convenience.

ai =  (f+ (ii)x 6 )  ’
a 2 =  S (7 1 0  ai ),

a3 =  I + (IOld) x 
L1 _ i , (io-2<')(ioa+i)

1 + 10- 2*

_  ( l+(10^ )x k i /

ioa
kI

k s =  S (7 S O k 2),

k* = I 4- (IQf-^) X ki X &,

kg = -(10^-^) x In(IO) x ki x & +  2 x (loM -2() x In(IO) x (10" +  1) 0& ,
k6 =  m ghlO l _  ( I O 2 X (^ y )  X ln ( I O )^  a n d

k7 = .((10“+2^-20  x IO5 + 1 x In(IO) X -  In(Ic4)),

Functional Form of the First Partial Derivatives

dj> u’ 
ai(Tl?i) _  n.

ac — U’ ,
21S e1 =  ( i )  • [S ((IOa) • In(IO) • 7l Oa1 0(-ln (a ,)))j ; 

iW 1 = ( i )  • I8 ({ -  (10"+'i) ' to(10) '7 iO a .O S jO -H 8®})] i

= ( i ) S W s O k 2 O — ( 2  • k7) { -  (10*+/M ) • In(IO) • ki Ws +

2 • (io5 + W - 2̂ ) • (105+1) • In(IO) • &}0^^{ki • k4}

Si(Tt Igs) _  f ± )  
d C  ~  W S 7 s (I) 1(2 O ( 2  • k7) +

. {(2 • io5+ W -2<) • (10“+1) • In(IO) • ^ } 0 _1{ki • k4>

Sl(Tt Igs)
95 =  i k ) S ( 7s O  k 2 O (kg • — ln(k4)) —
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{(■LO25+/3+0-2C). In(IO) • U O - Mkx • k4} and

81(t*I&) =  f j . )  
d p  U s  J S N  -  In(IO) • ( 1 0 ^ - M  • 7 s O k2 © 6 } 0 -1 {k4}

Functional Form of the Second Partial Derivatives

d2l(f|fi) _  n.
~  u’

^2HfIn) _  n.dhc ~ U’ •
92l(^ln) =  n .

9^35 U’
Q2KrIrD _  a .dtdp -  u’
Q2KrIfj) _  A. ' .

9(90 -  U’
Q2KrIFj) _  a .

9(2 -  U’
Q2KrIfj) _  a .

. 9(95 ~  U’
Q2KrIfi) _  A .

9(9,9
Q2KrIfj) _  a .

9590 ' ’
Q2KrIFj) _  a .

953( “  U’
92l(f|fj)

952 =  ( i ) S ((10^) - (In(IO))' - 7i O  Q ( -  k iW )) O

[I +  IO5 • ( -  In

( W ?) ' ^  G % Q ( - In(^s)))

Q2KrIfj)
9599 ^ ' ( ^ ( 1 0 )) ' - 710  a-10  6  O

[{1 +  IOa • (— ln(a3})}0 ^{^3 }]^

( W f) ' ^  ' 71 O ^ i G ( -  I a N ) ) ]

[ s  ({ -  (IO5+M • In(IO) • 7i O  ai O  W O - M N ) ]  5

x

Q2KrIfj) _  Q2KfIri) . 
9599 9995 ’

=  ( ^ )  • S f  (105) • ( I O 5  +  I )  • 7 i  O a 1 O  ( { I n ( I O )  • ( I O M  • 6 } 0 - 1 { a 3 } ) i
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{(ln(1 0 )): - (1 0 ^ )  - -R Q a i

( { -  - M io ) - n  o a i  o & l o - ' M ) ] ' ;

a2l(r|&) =
9^ S 7s O  k2 O ( — 2 • ky — {(10“) • k s jO  {̂k% - k^}) +

(8 • l0 5+4* -< ) • (105+1)2 • (In(IO))2 • -In (Ic4) kf -  4 • In(IO) ^k7 +

{(4 • i c r + z M )  . (10“+1) • In(IO) • k5} 0 _1{ki2 • k4} +

((IO5) - V l O - M k i - k / }  -  ((IO5+^ ) - ( M l O ) ) 2 -^ s lO - Mk4I

((M2) S 7s O  k2 O ( —2  • k7) — (( 1 0 “) • k5 } 0  (ki • k4}

=  ( 6 )  '  ̂ O ^ O  [(2 - k7 +  ((2 - 105+^ - ( )  - (IO5+M ' In(IO) - &}

O  Mki • k4}j O  ( — 2 • k7 — ( (Io a) • kg}O  ^(ki • k4}) +

4 • In(IO) • k7 -  (8 - IO5+4^-4M • (105 + 1) 2 • ('In(IO))2 • -  In(Is4) ^  kf -  

{(4 • iQ a+ W -iK ) . ( io 5+1)2 • (M lO ))2 • 6 } 0 -1 {k i2 • k4}  -  

{(2  • IO5+2M 2M . ( io 5+M ’ In(IO) • k5} o -1 {k i2 • k4} -  

{(2  • IO5+M M 2M • (IO5+M * M lO ) • k50 £ s } 0 -1 {k i • k42} +

{(2  • IO5+M M 2M • (IO5+M • (In(IO))2 • £ s } 0 -1 {k i • k4} ] )  -

( (k ^ )  '  ̂^ s  O k 2 O  ( — (2 • k7) — ((IOa) • k5} 0  1(k i • k4})

S ( 7s O k2 O  ((2• k7) +  ( ( 2 - IO5+M M 2M-(IO5 + 1 ) .In(IO)• 6 } 0 -1 ( k i • k4})

a2l(r|gs)
d tjtd a

(i) ’S K  G kz O [((ke - -  In(Is4)) -  ((IQ25+MM2M M l0)& }O - M ki' O

( — (2 • k7) — ((IOa) • k g } 0 ' Mki • k4}) — 2 • In(IO) ■ k7 +

(4 . Io25+4M4M • (IO5+M • (MlO))2 • (- Mk4)) k? -  
(2 • IO25+2M2M • (Mio))2 • (- MV) + K +
{(2  • I O 25+ W - 4 M  • ( I O 5 + M  • ((M lO ))2) • C sjo -1 {k i2 • k4j  +  
((!O 25+2M 2M • In(IO) • k g j o -1 {k i2 - k4j  -



119

{(10“) ■ In(IO) • ks}0  • 1(4j- —

{ ( 1 0 ^ + W )  - ((In(IO))') - & }0^{ki - Lt} +

{(102«+^-2C) . In(IO) • k5 • 6 } 0 -1{ki • k42} j  -

((^ f) ' S L  QkzQ ( -  (2 - k?) -  {(10«) - ksjQ-Xki - k j )

S L  Qkg Q (kg - ( -  ln(k4)) -  { ( l O ^ + M ) . In(IO) - & }0-'{k i - k4}) );

92l(T|gs) _  f 
diap Xk3y/ 7s O  kg O . in(10)-&G

( -  (2 ■ k7) -  {(10") - k5} 0 _1{ki • k4} )} 0 " 1{k4} +

{(2 - 10"+^-^) - (10"+̂ ) - (In(IO))' - &}Q-"{ki - k4} 

| ( l O ^ - 0 )  . In(IO) • k5 • ^s}0_1{k42} -

(10a+4-*) . (In(IO))2 - k4 - & 4-

{(2 • lQ*+e+*-*C) • (10"+1) • ((In(IO))2) • 6 } 0 _1{ki • k4

' S G ^  Q ( -  (2 . k?) -  {(10«). k5}0-X ki' k4})

S (  -  % Qkg Q  ({(10«+^-^) - In(IO) - U C r 'W ) )  I

x

a 2Kf|gs) _  a2Kr|gs) .
d(d4> d4> dl ’

92l(f|gs) __ (
9(2 “  U 3) S h s Q k g Q

((2  • k7) +  (2  • (10&+/3+W) . In(IO) • (IO5 +  I) • 6 } Q _1{k i ■ k4} ) 2 +

(8 ■ lO "+ ^ -4 () . (IQ5+1)2 • (In(IO))2 • ( - In(Ic4)) ^ k 31 -  

(4 . i o ^ M ) . (io«+i). (In(IO))2 - ( -  ln(k4))) 4- k̂  +

{8 • (10& + W -4C ). ( io 5+1)2 • (In(IO))2 • ^ } Q _1 {k i2 • k4} +

{4. (io « + ^ + 2 M ). (I(r+1)2 . (In(IO))' - &'}Q-Uki - k42} -  

{4 • (IO5+^+M )  • (In(IO))2 • (105+1) • U Q - Mki • k4> I  -

( (feF) ' S (7s Q k 2 Q  [(2 • k7) +  {2  • ( io 5+ ^ " 2M • In(IO) • (IO5 + 1) • £ s}Q -1



1 2 0

|k i  • k4 j

92UfIgs) =  f n  . 
9(@a Vk3 / S H sO k ^ O

(k6 • ( -  ln(k4)) -  {(lO 2̂ + ^ 2̂ ) • In(IO) • U O - Mki ■ k4}) O
((2 • k7) +  {2 • (IO5+W - 2M • In(IO) • (IO5 +  I) • W O - Mki -k 4}) +
2 • In(IO) • k7 -  (4 • IO25W - 4M • (105++) . (in( io ) )2 . ( -  ln(k4)) ^ k 31 +

(2 - IO25W - 2M ' (In(IO))' - ( -  ln(k4)) 4- k2 -

{(4 - IO^+W W f ) . (iQ W ). ((In(IO))M - & }0 - '{k i' - k4} +

{(2  • IQ5+W - 2M • (In(IO))2 • (105+i)  • C s}0 -1 {k i ■ k4}  +

{(2  • IQ25+W - 2M • (In(IO))2 • ^ } 0 -1 {k i • k4}  -  

{(2  ■ IO25W W - 4M • (In(IO))2 • (IO5+M • 6 2} 0 -1 {k i • k42}

( i s ? ) ' [sM 0 k 2 0

((2  ■ k ,)  +  {2 • (10-+»+*-2<) • (10“ +  I) • In(IO) • • k4})

s L  Okg O (ke - ( -  Mk4)) -  ((IO25+^ - 2M - In(IO) - & }0 - M ki' k4})

92KfIgs) =  f n
9C9/3 Vk3/ 7s O  kg O |(105+W )-ln (1 0 )-^ O  

((2 • k7)‘+  {2 • (IQ W +^-2M • (IO5 + 1) • In(IO) • W O - ' {ki • k4}) } 0 -1 {k4}

| ( 2 . i o w W ) .  (iQ W )..((In(IQ))2) .  W }0 - '{k42} ] l  -

w  - [sM 0 k 2 0

((2 • k7) + {2 • (IO5+W - 2M • (IO5+M ’ In(IO) • U O - M k i' k4})

s (  -  7s Okg O ({(IQW-M - In(IO) - & }0 - Mk4})

a2Kf lgs) _  92Kf Igs). 
dad4> d<f)da ‘

92KrIfe) =  92KfIfe) . 
959( d£da ’



1 2 1

d a 2

d a d p

92l(r|ss)
dfidj)

92l(T|gs)
9j9af

Q2Hjlgs)
dpda

S2KfIg5)
dp2

- {£) • [ s ( 7. O f e o
(ks • ( - In(Iu)) -  { ( 10"+'’+«-j  • In(IO) • 6 : } 0 _ ' { k ‘ ' f e } )2 +
(ln(10))2-(-kln(k4))-(105)  ̂ (3 . 1Q5+2 j - 2C) ^  +  ■ (2 • 102&+4̂ _4C") k^)

{(105+/5+*"2C") • In(IO) • k6, • 6 } 0 _1{k4} -
{2 • (10**+P++-*Z) • (ln(10.))2 • U G T 1Iki • k4} +

{ ( l O ^ + ^ )  - (In(IO))" - ^ IO -1Iki2 - k4} +

|(10^+2̂ - 4() - (In(IO))' ' ^ G T 1Iki - k42}] Y -

- S L  G) ks G) [k@ - ( -  ln(k4)) -  {(lO2̂ + ^ )  - In(IO) - &}GT^
X t2

{ k i • k4}J

= (^ )  - s f -7 sG)ksO [{(10«+ ^ ).ln (10 ).& Q  

(k6 • ( - M k 4)) -  { ( io 25+ W - 2<). In(IO) • 6 } 0 _1{ki • k4} ) } o - 1{k4} +  

{ ( 1 0 ^ )  • In(IO) • kx • CsjQ- 1Ik4) -  

|(102̂ - 2() - (W lO))' " C s^Q -1Ik4") +

{(102̂ + ^ )  - ((In(IO))2) - CsjQ-1 {ki - k4} ])  -

((6 ? ) '  ̂ G ( | ( # + ^ )  - In(IO) - CsjQ-1Ik4))^

S Yy, Qks Q (kg - ( -  ln(k4)) -  { (io W + f-% ). In(IO) - CsjQ"1 |ki - W )

_  S2Kflgs). 
d4>dp ’

_  S2KfIgs).
-  scsi ’

=  2H 1; .

= (e ) -  S M f e O  (((IO25+215- 2*) • (In(IO))2 ■ (S2)O -1Ik42) + 

{(H T +2̂ )  • (In(IO))2 • kx • Cs2I Q -1 Ik 42)  -  

{ ( 10* + /M ) . (In(IO))2 • C sjQ -1Ik4) )
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7s O  k2 O {(10“+ ^ ) - In (IO K s)O "1 {k4}

Expressions for V*(f*), and dg^  ^
d r *

The formulas for the standard error of T iimIe and T2imIe are given by 

equations (3.32) - (3.34). Evaluating (3.32) - (3.34) requires the computation of the 

estimated variance-covariance matrix of f*, denoted as V*(f*). The computation of 

(3.32) and (3.33) requires that the derivatives with respect to r* of the functions 

g5(t*) and g6;(f*) be evaluated at the mle of f*.

Denote V*(f*) as the estimated variance-covariance matrix of r*. Assuming 

the usual regularity conditions hold, as given in (Lehmann 1991), then

- m ( f )V*(f*) = g fa f '
f *  =  f  *

V*(f*) can be obtained from V*(f*) as follows: V*(f*) =

(In(IO))2 x

/ - 1 0 ”*
0
0

I
O

 O
 °

I

0
0

IO5

0 \ 
0 
0 : v * ( f * )

/ - 1 0 ”*
0
0

0
-IO-C

0

0
0

IO5

0 \  
0 
0

V o 0 0 10?) V o 0 0 10?)

Let,

In(IO)

*.(*.«,AC) = 2 ^ - S L 1 Iogft) (% ^ )
For notational convenience let, 

p' ( t )=
bi =  /0 (<̂ 2 +  ( 2{a +  I)) +  (6, and 

b2 =  +  ( 2(a +  I). Then

= log(e) x
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%- =  log(e) x 2 ( (3 (a + l)
B1

=  log(e) x [ » »  - ( ^ -  4 ^ )  « ' (t ? )  -  € f] ■

#  =  log(e) x [I -  ( ^  -  * ^ 1) *' ( « )  -  £ ± £ 1^

U  =  -  E L  io g ( t ) p '( t ) [ ( * ( t  + 1 )  -  ® ( |)  +  M ^ ) )  x ( ¥  -  3^ 2 ) +
j i Q : ( l - ^ ( 2 ^ / 3 v + l ) / k i )  . , /2^ _  2<t>fiv+l \]

k 2  + t U 2  k i  1 J ’

U  =  - 2  x E L  log(t)p*(t)[(*(D -  ® (t + f )) x _  K«feta X  (MtiM + A) +
t / CCo+l) _  C (a+l)/3b2 \-i 
t V b 2 b j 2J 5

U  = l°g(e) x $'(a) -  E L  logfljp’lfilK'I'ft + I) -  ® (f) + k (p )) x (j -  -

U  = log(e) x i  -  E L  log(t)p'(t)[^ + t ( i  -  ^)] .

C om putation  o f /Ip, Ax, and Vc(Ac^c)

Let no and rjc denote the mean and coefficient of variation for the number of 

organisms surviving the simulated disinfection steps for check carriers. Theorem I 

was applied to derive the joint marginal distribution of r " x , Ta- The likelihood 

function, \(hc,Vc I r"L ...,fl) , is given in (3.13). Denote as fie and fix the values of

Ho and 77c which jointly maximize 3.13.

Because He and rjc will typically differ by 6 or more orders of magnitude, I 

decided to compute first the mle of log(/iC), and then use the invariance property of 

mle to obtain He I used a modified Newton-Raphson method to perform the 

necessary maximizations. Let Uc =  log(yuo)- Note that He =  10Uc- Thus (3.13) can 

be reparameterized in terms of Uc and tjg as follows:

l(Uc,7?c I rl,...,rl) = 5 In S U
Mi
Z T L i X

I L i=I I +  IOucsMl,.
(B.6)
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The first and second partial derivatives of (B.6) with respect to Uc and rjc are 

required to use the modified Newton-Raphson algorithm. Let,

7 i = (7 1 , • • ■, 7Mi y 1 the vector of 7  constants for check carrier i, and 

£ =  the vector of £ constants for check carrier i.

The following four variables are defined for notational convenience, 

kn =  I +  10Uc x x £i,
- I

kg; — kii^c,

k3i =  S ^7 1 0  k2i ) , and

1(^c, t?c) =l{fio,Vc I U ,...,r l) .

First and Second Partial Derivatives

=  E L  X s ( {  -In(IO) X IQVc x 7 i0 k % 0 & }0 -i{k ii} ) .

=  E L  ^  x S ( 7 1  Qkgi Q -  { 2  x IO^ x & }0-i{,?c x ku

S2HiiciVc)
9U£ =  E L  ( 6 )  X s f  10"° X (In(IO))' x £i O 7s O k* Q

{lO ^ x £ i}Q ^ {k ^ } -  ^  +  { 1 0 ^  x ^ x  £ i}o -" {k ^ }]

E L  ( ( ^ )  x S^{ -  In(IO) x IO^ x 6 0 7 sO k2i}o-^{k^}

S2Hvc-IVc)   y'A / I \
dVcdvc Avi=I ^ksiJ X 7s O  k2i O

2xin(kij)
7Jc

{ 2  x IÔ c X & }o-i{,?c X kn} 0  ( { In(IO) x IO^ x £ i } o - ' { ^ } )

{2 x 102Uc x 7 c x In(IO) x 6 2} 0 _1{kii2}]^ -

E L  X s^ { -  In(IO) X 10"G x £i0 7 sO k2i} Q - i{ k i^  

S ^ sG k ziO  -  (2 x IO^ x 6}Q-"{70 x ku})

x

S 2H v c i Vc ) _  S 2H v c i Vc ) 
9t7c9Uc dXJcdvc

S 2H v c i Vc ) _  v 'A  ( _L ) y  
S v 2c  ~  ^ i= 1 U s i /  X S 7s O  k2i O - { 2  x 10Uc6 } o _1{??c x ku})2 +
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{6  x  IO^c X & } c r *{%0 X k li}  -

+ {4 x IO2uC x ^2Jo-1Ikii2Ij

(C k if)  *  K - Y s O k * 0 ( 2 ^  -  {2 X 10uc & } o - i{ % c  X k u |)

The Estim ated Variance-covariance M atrix of j i g  and 77c

Denote as VcifrciVc) the estimated variance-covariance matrix of fic and rjc- 

Denote as Vc(Uc,?7c) the estimated variance-covariance matrix of Uc and rjc- 

Assuming the usual regularity conditions hold, as given in (Lehmann 1991), then

Vc(Uc,77c) =
/  9 2 1 ( m c ,n c )  ^ 2 U m c >v c ) \
I au2 QUcQr7c I
I Q2UMC,%) Q2I(MCiT7C) I
X Ql7CQUc Qr7C /

(Uc = Uc,»?c — i?c)

V c(P-CtVc) can be.obtained from Vc(Uc7̂ c) as follows:

Vc(A c w ) =  ( ln(10)0xl0Dc ”)  V6(U e w ) ( ln(1())oxloUc i ) -

• Let grift, v )  = ^ ^ 1oJ(10)W "• The computation of the estimated variance of px 

requires knowledge of the partial derivatives of g7 with respect to both fi and rj.

d g r j^y )
dft In(IO) x fj,

and dgriftiV)
dv

I / - 2  x %
x ' '

In(IO) (: U ) -

C om putation of /hr? Ay ? an,d Vq(At 7̂ t)

Let [I? and ?7t denote the mean and coefficient of variation of the number of 

organisms surviving the disinfection steps for test carriers. Theorem I was applied 

to derive the joint marginal distribution of gj, ...,gB- The likelihood function,

1(^T,??T I g i , ...,ge), is given in (3.14). Denote as Pt and Pt the values of Ht and TfT 

which jointly maximize 3.14.
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Because //x and t/t may be of differing orders of magnitude, I decided to 

compute first the mle of Iog(^x), and then use the invariance property of mle to 

obtain /zT- I used a modified Newton-Raphson method to perform the necessary 

maximizations. Let Ux =  log(yUx)- Note that /zx — 10Ut. Thus (3.14) can be 

reparameterized in terms of Ux and z/x as follows: 1(Ux, t?t I gi, •••, Sb) =

B

E l n
S=I

f t  ( ” ■") f E  TL. x [10%£(1 -  =-&.) +  e 
S= I  V Ssm / X l 5 = I

-Sls
( - ioUt )
MOuT ' (B.7)

The first and second partial derivatives of (B.7) with respect to Ux and z/x 

are required to use the Newton-Raphson algorithm. Let, 

qs =  (qi, ...,qMi)', the vector of 7  constants for test carrier s, and 

£s =  (6) ...,&!;)% the vector of ( constants for test carrier s.

The following six variables are introduced for notational convenience. 

kls =  10Ut x Z7x x (I — e^) + e- ^,

- IO u T

k,. =

Lgs — S ( 7s O  kzs

k4s =  10Ut x zyx — I,
I  - I O u T  X l n ( I O )  1 I O 2 u T  X T ^ , X l n ( I O ) ___ j

k5s -  ----- Ic45 + k4s2 ’ allCl

l(Ux,7T) = 1(Ut , TT I gl, . . . ,* ) .

F irs t and Second P artia l D erivatives

9 % ^  =  xln(ki,) -

{102Ut x z)x x ln(10).x (I -  e5s) j o -1{kis x k4s} ^ .

=  Ef=i i  x S (̂ 7 S O  k28( { 2  x 102Ut x t j t X ln(kls) } o -1{k4s2} -  

{2 x 102Ut x z)T x (I — e ^ )} o _1{kis x k4s} )) .

=  E L  ( 6 )  X Sf (kss X ln (W  -
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{ lO ^  x ^ x  XlO ) x (I -  e& )}o-i{k i, x k4s})' +

i oPTx in<k^)x( in<io) )3 x  ( _ 1 +  3 x  1 0 Ut  X ^ 4 - k 4s - 2  x 102Ut x ^ 4 - k 4s2)  +

|lO UT x Tĵ  x In(IO) x k5s x (I — e ^ ) j o _1|k i s|  -  

{2 x IO2̂  x ^ x  (In(IO))2 x (I -  e& )}o-i{kis x k4,} +

{103Ut x Tj^  x '(In(IO))2 x (I -  e ^ ) } 0 _1{kis x k4s2} +

{103Ut x ^  x (In(IO))2 x (I -  e^)2} o _1{k is2 x k4s} -  

Ef=I x s ( 7s O k 2s O  (kss- x ln(kis) -

{lO2̂  x ^ x  In(IO) x (I -e< " )}o -i{k i, x k4s})

=  Y ^ =1 ( j^ )  X S f 7SO k 2sO  [{{2 x 102Ut X 7T x ln(kis) } 0 _1{k4s2}dÛdWT

{2 x 102Ut x 7t x ( I  -  e ^ ) } 0  M k Is x  k 4s} j  o

|k 5s x ln(kls) -  {102Ut x 7t x In(IO) x (I -  e ^ ) } 0 _1{kis x k4s} j  +
4 x IO2uT x?7T><ln(10)x_Ln(kls ) X (I

10UT X 77m
) +U ?  "  V  k 4

{2 x IO ^  x  7 T X kss X (I -  e ( ') } 0 " X ^ = }  +
12 x 103Ut x 77̂ . x In(IO) x (I -  e?s) | o _1{kis x k4s2} -

12 x 102Ut x 7t x In(IO) x (I -  e4s) } o -1{kis x k4s} +

12 x 103Ut x x In(IO) x (I -  e^)2} o _1{kis2 x k4s} jj

Ef=i ( ( ^ 2 ) x S (7 s 0 k 2sO  ( k 5s x ln(kis) -

{ l 0 2UT x 7% x In(IO) x (I -  e ^ ) } o _1{kis x k4s} )

S f 7s O k2s O ({2 X IO2"? x 7T X ln(ki,)}o-^{k4s2} -

{2 x IO2̂ T X 7T X (I -  e 6 )} o ^ { k i, X k4s}l

921(Ut .?7t) _  Q2I(Ut ^ t)

=  E b= i  ( j . )  x  [ s ( 7 „ O k 2 sO  [({2  x IO2u^ X ,T x ln (k .,)} 0 - '{k ^ }  -

{ 2  x 102Ut x |)T X ( I  - e £ ,) } 0  ' { k i ,  x k 4, } )  -  — — 2J f x ta tt" 1 +
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2 x 102Ut + {8 x 103Ut x ^  x (I -  e ^ ) |o _1|k l8 x Js4s2)  -

{2 x IO ^  x (I -  e f')}o -i{k i, x k^} ,+

{4 x IO3uT x ?7t x (I — e^)2} 0 _1{kis2 x k4s]

E L  ( ^ )  X S^ sQ kgsO  ( { 2  X IÔ uT X x -
V

{ 2  x IÔ uT X x (I -  e(')}0-^{kis x k^}) I

The Estim ated Variance-covariance M atrix of /̂ x and t/t

Denote as Vt (At ,??t ) the estimated variance-covariance matrix of /It and ?/t - 

Denote as Vf(UT, ) the estimated variance-covariance matrix of Ut and t/t - 

Assuming the usual regularity conditions hold, as given in (Lehmann 1991), then

=

/ ^ l ( U r 1T)Tl 921(Ut ,t)t ) \  
I d W ~  dVTdnT I 
I 921(Ut ,t)t ) ^ 2I (U r lT)T) I
V 3t7t9Ut 3 t)̂ , I

(Ut =  Ut , i?t =  ??t )

Vt (At 5̂ t) can be obtained from Vt (Ut jjIt ) as follows:

Vt ( M t ) =  ( 1̂ 10) 0* 10*  ? )  V t (U l l 4 T) ( ' “ ^ x  •» )

Let,

N p ft -I___ It— )
g s(/T ,,)  =  E l O g W  X \  " d -

‘=1 1 “

I  \  M T )2 - I

,M7?
V7?2 - 1
, M7?2 .

tl

The computation of the estimated variance of / I y requires knowledge of the partial 

derivatives of either g7 or g8 with respect to both /i and 77. The partial derivatives of 

g7 have already been given in this appendix. The partial derivatives of g8 are given 

below.

= e l , { M t )  x [ ( » * ] (mt)2-1)2

^  (t +  ( r f n ) )  +  ( w W  x ln ( ^ )  “  W =U  + MX (MT)2- I )
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dn ~ { 2  X . O g M x ^ / 1 u / - i f w2-i y
I w2 y

_ £ _ \  A I fi2vln(vn2)____ ^
Itri2- I J  J  (/LIT?2 - ! ) 2  T?X (?r.T?2 - l )

t
7?X(/LtT?2 - l )
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