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Abstract:
The electronic analog computer is a very useful problem solving tool to the engineering student. The
Montana State University Engineering Department has two analog computers for the use of the faculty
and students. These are the EAI (Electronic Associates, Incorporated) TR - 48 and the smaller EAI TR
- 10. The Mechanical Engineering Department has 4 TR -10 patchboards and the necessary wires and
resistors to set up computer problems. Heat transfer is one field of engineering, among others, in which
this department will use the analog computer for problem analysis at the undergraduate and graduate
level.

An introductory course in analog computer programming should enable the student to use the computer
for various problem solutions even without a strong background in electronics or servomechanisms.
This thesis is presented as a guide to the student wishing to utilize the analog computer for heat transfer
work. It demonstrates general problem analysis and some necessary procedures for obtaining solutions
for some of the basic heat transfer equations.

The literature search in preparation of this thesis left the impression that there has not been much work
in heat transfer using the analog computer at the undergraduate level. Rather, it appears that
analog-simulation systems; such as the resistance analog, conductive-solid analog, and
conductive-liquid analog, have been used more often for analysis. 
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A bstraC t

The e l e c t r o n i c  an a lo g  com puter i s  a v e ry  u s e fu l  problem  so lv in g  to o l  
to  th e  e n g in e e r in g  s tu d e n t .  The Montana S ta te  U n iv e rs i ty  E n g in ee rin g  
D epartm ent h as  two an a lo g  com puters f o r  th e  u se  o f th e  f a c u l ty  and s tu d e n ts . 
These a re  th e  EAI ( E le c t r o n ic  A s s o c ia te s , In c o rp o ra te d )  TE -  48 and th e  
s m a lle r  EAI TE -  10. The M echanical E n g in e e rin g  D epartm ent has 4 TE -10  
p a tc h b o a rd s  and th e  n e c e s s a ry  w ire s  and r e s i s t o r s  to  s e t  up com puter 
p rob lem s. H eat t r a n s f e r  i s  one f i e l d  o f e n g in e e r in g ,  among o th e r s , in  
w hich th i s  d ep artm en t w i l l  u se  th e  an a lo g  com puter f o r  p rob lem  a n a ly s is  
a t  th e  u n d e rg ra d u a te  and g ra d u a te  l e v e l .

An in t ro d u c to ry  co u rse  in  an a lo g  com puter programming shou ld  e n ab le  
th e  s tu d e n t  to  u se  th e  com puter f o r  v a r io u s  p roblem  s o lu t io n s  even w ith ­
o u t a s t ro n g  background in  e l e c t r o n i c s  o r  servom echanism s. T his th e s i s  
i s  p re s e n te d  as a gu ide  to  th e  s tu d e n t w ish in g  to  u t i l i z e  th e  analog  
com puter f o r  h e a t  t r a n s f e r  w ork. I t  d em o n stra te s  g e n e ra l p roblem  a n a ly s is  
and some n e c e s s a ry  p ro ced u re s  f o r  o b ta in in g  s o lu t io n s  f o r  some o f th e  
b a s ic  h e a t  t r a n s f e r  e q u a t io n s .

The l i t e r a t u r e  s e a rc h  in  p re p a ra t io n  o f  t h i s  th e s i s  l e f t  th e  im p ressio n  
th a t  th e re  has  n o t been much work in  h e a t  t r a n s f e r  u s in g  th e  analog  com­
p u te r  a t  th e  u n d e rg ra d u a te  l e v e l .  E a th e r , i t  ap p ea rs  t h a t  a n a lo g -s im u la ­
t i o n  sy stem s; such as th e  r e s i s t a n c e  a n a lo g , c o n d u c t iv e - s o l id  an a lo g , and 
c o n d u c t iv e - l iq u id  a n a lo g , have been  used  more o f te n  fo r  a n a ly s is  =



CHAPTER I

INTRODUCTION

T here a re  two ty p e s  o f  e l e c t r o n i c  com puters in  g e n e ra l u se  in  in d u s try  

f o r  p u rp o ses  o f r e s e a r c h ,  d a ta  p ro c e s s in g ,  c o n t ro l  sy s te m s , to  name a few. 

These a re  th e  an a lo g  com puter and th e  d i g i t a l  com puter. The d i g i t a l  com­

p u te r  i s  a b le  to  s to r e  p rob lem  d a ta  and i n s t r u c t i o n s .  Through v a r io u s  r e ­

la t e d  u n i t s ,  th e  d i g i t a l  f i n a l l y  s u p p lie s  th e  r e s u l t s  o f  co m p u ta tio n s . 

G e n e ra lly , th e  d i g i t a l  com puter p erfo rm s o n ly  a d d i t io n  and th e re  i s  no 

r e l a t i o n s h ip  betw een th e  com puting tim e and th e  problem  v a r i a b l e s .  On th e  

o th e r  h an d , an a lo g  com puters do n o t coun t in  term s o f  num bers, b u t use 

c o n tin u o u s ly  v a r i a b le  d a ta .  P roblem  s o lu t io n  by th e  an a lo g  com puter i s  

accom plished  by an a lo g y ; th e  com puter i s  programmed so t h a t  i t s  c i r c u i t  

e q u a tio n s  have th e  same m a th em a tic a l form  as th e  e q u a t io n s . o f  th e  p rob lem . 

Thus v o lta g e s  r e p re s e n t  v a r io u s  p h y s ic a l  q u a n t i t i e s  such  as d i s t a n c e , tem­

p e r a tu r e ,  f o r c e ,  d isp la c e m e n t, and so  on . The v o lta g e  m agn itudes a re  r e ­

la te d  to  th e  p h y s ic a l  q u a n t i ty  m agnitudes by a s c a le  f a c t o r .  The an a lo g  

com puter p erfo rm s i t s  o p e ra t io n s  in  a co n tin u o u s  p ro c e s s  w ith  r e s p e c t  to  

tim e ; th e r e f o r e ,  th e r e  i s  a r e l a t io n s h ip  betw een th e  a c tu a l  com puter run 

tim e and th e  p rob lem  tim e o r  some o th e r  in d ep en d en t v a r i a b l e .

A nalog com puters make i t  p o s s ib le  to  s im u la te  e n t i r e  sy stem  p ro b lem s, 

com ponents, o r  su b sy s tem s. I t  may be t h a t  p a ram ete rs  o f  a  system  would be 

d i f f i c u l t ,  e x p e n s iv e , o r  tim e consuming to  a c t u a l l y  change in  r e a l  eq u ip ­

m ent. However, i f  s im u la te d  on an a n a lo g  com puter, p a ram en te rs  cou ld  be 

v a r ie d  by s im ply  u s in g  a S iM  in. a w e ll  d es ig n ed  an a lo g  c i r c u i t .  P ro cess  

e f f e c t s  t h a t  ta k e  ho u rs  o r  even days can be s im u la te d  on an an a lo g  com­

p u te r  so  t h a t  d a ta  can be. o b ta in e d  in  a m a tte r  o f  s e c o n d s .
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A lthough a know ledge o f  e l e c t r o n i c s  i s  v e ry  v a lu a b le  to  a p erson  

u t i l i z i n g  th e  an a lo g  com puter, i t  i s  n o t n e c e s s a ry . An in t ro d u c to ry  

co u rse  in  c i r c u i t  a n a ly s is  w i l l  s u f f i c e .  The e n g in e e r in g  s tu d e n t w i l l  

f in d  th a t  u s in g  an Analog computer i s  fairly e a s y  and very applicable to  

e n g in e e r in g  p ro b lem s. F or exam ple, m ech an ica l v ib r a t io n  d i f f e r e n t i a l

e q u a tio n s  have tim e as th e  in d ep en d en t v a r ia b le  and th e  an a lo g  com puter
1 : ' / "

produces s o lu t io n s  to  d i f f e r e n t i a l  e q u a tio n s  w ith  th e  in d ep en d en t v a r i^

a b le  b e in g  tim e . T his th e n  in v o lv e s  th e  d i r e c t  s o lu t io n  o f  th e  e q u a f ld n s . 

Many h e a t  t r a n s f e r  problem s a ls o  have tim e as th e  in d ep en d en t v a r ia b le  

and th e  a n a ly s is  and s o lu t io n  o f  th e s e  problem s i s  f a i r l y  s t r a ig h tf o r w a r d .

Any d is c u s s io n  o f h e a t  t r a n s f e r  s o lu t io n s  would n o t be com plete w ith ­

o u t in c lu d in g  th e  s o lu t io n  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s .  The m athe­

m a tic a l  d e s c r ip t io n  o f  any co n tin u o u s  m edia u s u a l ly  in v o lv e s  p a r t i a l  

d i f f e r e n t i a l  e q u a t io n s , i . e . , d i f f e r e n t i a l  e q u a tio n s  h av in g  d e r iv a t iv e s  

w ith  r e s p e c t  to  more th a n  one in d ep en d en t v a r i a b le .  S in ce  th e  e l e c t r o n i c  

an a lo g  com puter can i n t e g r a t e  w ith  r e s p e c t  to  o n ly  one v a r i a b l e ,  namely 

tim e , i t  can  o n ly  be used  to  so lv e  o rd in a ry  d i f f e r e n t i a l  e q u a t io n s .

Thus i t  i s  n e c e s s a ry  to  c o n v e rt a p a r t i a l  d i f f e r e n t i a l  e q u a tio n  to  one 

o r  more o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  in  o rd e r  to  so lv e  i t  on th e  an a lo g  

com puter. There a re  two p o p u la r  te c h n iq u e s  fo r  do ing  t h i s :  ( I )  th e  method

o f s e p a r a t io n  o f  v a r i a b l e s ,  le a d in g  to  an e ig e n v a lu e  p rob lem ; ( 2) th e  

f i n i t e  d i f f e r e n c e  method w h ere in  d e r iv a t iv e s  w ith  r e s p e c t . t o  a l l  v a r ia b le s  

b u t  one a re  r e p la c e d  by f i n i t e - d i f f e r e n c e  ap p ro x im a tio n s . The f i r s t  method 

w i l l  o n ly  be d is c u s s e d  and th e  second method w i l l  be d em o n stra ted  by a n a ly ­

s i s  and a n a lo g  com puter s o lu t io n .
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The b a s is  o f  an a lo g  com puter o p e ra t io n  i s  p re s e n te d  in  th e  A ppendix.

No a tte m p t i s  made to  p rove o r  e x p la in  any o f  th e  com puter o p e ra t io n s  on
‘

th e  b a s is  o f  e l e c t r o n i c  th e o ry . The r e a d e r  i s  in s te a d  r e f e r r e d  to  one o f  

th e  t e x t s  l i s t e d  in  th e  l i t e r a t u r e  c o n s u lte d . The o p e ra t io n  o f  th e  e l e c ­

t r o n i c  an a lo g  com puter i t s e l f  i s  p re s e n te d  in  C hap ter 2 . The EAI TR-IO 

an a lo g  com puter was used  e x c lu s iv e ly .  T his i s  a r e l a t i v e l y  sm a ll com puter 

and th u s  i s  somewhat l im i te d  in  th e  s i z e  o f  problem s w hich can be s o lv e d . 

The l im i t in g  f a c to r  i s  th e  number o f  o p e r a t io n a l  a m p l i f ie r s  a v a i la b le  fo r  

th e  p rob lem  s o lu t io n .

The answ er^ from  th e  com puter a re  o b ta in e d  in  th e  form  o f o b se rv a tio n s  

o r re c o rd in g s  o f  co n tin u o u s  tim e v a r i a b le s .  I f  th e  p rob lem  i s  s t a t i c ,  t h a t  

i s ,  i f  th e  answ ers have one and o n ly  one v a lu e  when th e  s o lu t io n  has been 

re a c h e d , a l l  th e  v a r ia b le s  w i l l  have ceased  to  change and t h e i r  v a lu e s  can 

be read  w ith  a s im p le  v o l tm e te r .  In  m ost c a s e s , how ever, th e  problem  s o l ­

u t io n  in v o lv e s  v a r ia b le s  t h a t  change c o n tin u o u s ly  w ith  tim e and a re  r e c o rd -
■ ■’

ed c o n tin u o u s ly  in  tim e . The p rob lem  s o lu t io n s  p re s e n te d  h e r e in  w ere r e ­

corded  on a tw o -d im en sio n a l X -Y p lo t  on p a p e r m easu ring  10 in ch es  x 15 

in c h e s  th e n  r e - p l o t t e d  on s ta n d a rd  8 1 / 2 . in ch  x 11 in ch  p a p e r .  R egarding 

th e  s o lu t io n  o f  an e q u a tio n  o r  a s e t  o f  e q u a t io n s ,  i t  sh o u ld  be u n d ers to o d
' I  ,  .

t h a t  v e ry  seldom  i s  j u s t  one n u m e rica l answ er so u g h t. R a th e r  a b e t t e r  

u n d e rs ta n d in g  o f  th e  s i t u a t i o n  o r  sy stem  b e in g  s tu d ie d  i s  more im p o rta n t .

A lo g i c a l  q u e s tio n  a r i s e s  as to  when to  use  a d i g i t a l  com puter and 

when to  u se  an an a lo g  com puter. B a s ic a l ly ,  th e  fo llo w in g  s ta te m e n ts  con­

c e rn in g  when to  use  a  d i g i t a l  com puter co u ld  be s t a t e d .
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1. problem s in v o lv in g  la rg e  amounts o f  ta b u la te d  d a ta  in  

d is c re te -n u m b e r  form .

2. Problem s w ith  p r e c i s e  in p u t d a ta  r e q u ir in g  p r e c i s e  s o lu t io n s  

S im i la r ly ,  th e  fo llo w in g  s ta te m e n ts  ap p ly  co n ce rn in g  when tp  u se  an e l e c ­

t r o n i c  an a lo g  com puter.

1. S o lu tio n  o f  s im u ltan e o u s  d i f f e r e n t i a l  e q u a t io n s .

2 . When an analogy  o f a m e c h a n ic a l, o r  o th e r  ty p e  o f  system  i s  

r e q u ir e d .  T hat i s ,  a  m a th em a tic a l model w i l l  r e p re s e n t  th e  

p h y s ic a l  p rob lem , th u s  s o lu t io n  o f th e  e q u a tio n s  w i l l  be 

analogous to  th e  p h y s ic a l  sy stem .



CHAPTER 2

EAI TR -  10 ELECTRONIC ANALOG COMPUTER

The TR -  10 p a tc h b o a rd  c o n ta in s  a l l  o f  th e  com puter component con­

n e c t io n s  w hich a re  e x p la in e d  ii} th e  A ppendix. The p a tch b o a rd  i s  remov­

a b le  from  th e  com puter so  t h a t  f u l l  u se  can be made o f  th e  com puter.

Problem s can be "p a tc h e d 1* o r  w ired  b e fo re  p u t t in g  th e  p a tch b o a rd  on th e  

com puter; th e n  p o te n tio m e te r  s e t t i n g s  can be made when th e  o p e ra to r  i s  

read y  f o r  th e  p rob lem  s o lu t io n .

The c o n t ro l  p a n e l o f  th e  TR-10 c o n ta in s  th e  fo llo w in g  c o n t ro l  sw itches.

Mode C o n tro l S w itch ; p o s i t io n s  a re  RESET, HOLD, and OPERATE.

R ese t The programmed problem  i s  a t  th e  co n d ito n s  co rresp o n d ­

in g  to  tim e z e ro .

Hold T his p o s i t io n  w i l l  s to p  and h o ld  th e  p roblem  s o lu t io n  

i n s t a n t l y  f o r  o b s e rv a tio n .

O pera te  T his w i l l  s t a r t  th e  p roblem  s o lu t io n .  O p era tio n  can 

- s t a r t  from  th e  r e s e t  o r  h o ld  p o s i t i o n .

M eter Mode S e le c to r  S w itch ; p o s i t io n s  a re  POT BUS, NULL, V.M ., AMP, BAL.

P o t Bus T his p o s i t io n  i s  used  to  s e t  v a lu e s  on p o ts .  T his i s  a

p r e c i s io n  p o te n tio m e te r  w hich i s  b r id g e d  so th a t  when th e  

p o t w hich i s  b e in g  s e t  reac h es  th e  same v a lu e  as th e
- . ' 1 VI .V \  V - ! .a ’1 ■ I [I ‘ ’

p r e c i s io n  p o te n t io m e te r ,  th e  re a d in g  on th e  m eter w i l l  

show a n u l l  in d ic a t io n .

N u ll A p o s i t io n  used  f o r  s e t t i n g  p o te n tio m e te rs  o th e r  th an

th e  ones w hich a re  found on th e  Montana S ta te  U n iv e rs i ty

an a lo g  com puter.
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VoMo T h is  co n n ec ts  th e  m e te r f o r  u se  as a v o |t i m e t e r = The 

VoMo sw itc h  was n o t u sed  f o r  any p ro b lem s«

Amp T his co n n ec ts  th e  m e te r as a v o l tm e te r . to  th e  a m p l i f ie r

s e l e c t o r  sw itch  so t h a t  th e  o u tp u t v o l ta g e  o f  each 

a m p l i f i e r  pen be read  on th e  m e te r» T his i s  used  as a 

check to  d e te rm in e  w hat a m p li f ie r  i s  o v e rlo a d ed  10 

v o l t s )  when th e re  i s  an o v e rlo a d  in d ic a tio n o  

B al Used to  b a la n c e ,  to  z e r o ,  th e  s t a b i l i z e r  o u tp u ts  o f  a l l

a m p l i f i e r s o

The im p o rta n t sw itc h  p o s i t io n s  f o r  p rob lem  s o lu t io n  a r e  th e  p o t bus 

and amp s e t t i n g s » The p o t bus i s  n e c e s s a ry  in  o rd e r  to  o b ta in  a c c u ra te  p o t 

s e t t i n g s o The amp s e t t i n g  e n a b le s  th e  o p e ra to r  to  re a d  th e  v o lta g e  o u tp u t 

o f  each  a m p l i f i e r .  The com puter w i l l  hpm d i s t i n c t l y  au d ib ly  when th e r e  i s  

an a m p l i f i e r  w hich i s  o v e rlo a d e d .

T his i s  a  b r i e f  p r e s e n ta t io n  o f  th e  more im p o rta n t c o n t ro l  components 

o f  th e  TR-IO an a lo g  com puter, A more e x te n s iv e  e x p la n a tio n  o f  c o n t ro ls  can 

be found in  th e  o p e r a to r ’s handbook w hich i s  always lo c a te d  in  th e  com puter 

room. The o p e r a to r ’ s handbook w i l l  a l s o  i l l u s t r a t e  how to  make th e  p a tc h ­

bo ard  c o n n e c tio n s  re q u ire d  from  th e  com puter d iagram . The co n n e c tio n s  a re  

v e ry  easy  to  make; th e  handbook b e in g  easy  to  fo llo w  and a l s o , th e  o p e ra to r  

soon le a rn s  th e  b a s ic  c o n n e c tio n s . The m ost im p o rta n t a s p e c t  o f  u s in g  th e  

an a lo g  com puter i s  to  o b ta in  th e  c o r r e c t  com puter d iag ram .



CHAPTER 3

STEADY-STATE HEAT CONDUCTION; UNIFORM CROSS-SECTION FIN 

C on sid er a f i n  o f  u n ifo rm  c i r c u l a r  c r o s s - s e c t io n .  F ig u re  I ,  whose b ase  

i s  a t ta c h e d  to  a p la n e  s e c t io n  w hich i s  m a in ta in ed  a t  th e  c o n s ta n t tem per­

a tu re  Tjj . The f i n  exchanges h e a t  a lo n g  i t s  s u r fa c e  w ith  a f l u i d  a t  a b u lk  

te m p e ra tu re  T3 . A h e a t  b a la n c e  f o r  a d i f f e r e n t i a l  e lem en t o f  th e  f i n  must 

c o n s id e r  h e a t  flow  in to  th e  e lem en t by c o n d u c tio n , h e a t  g e n e ra te d  by th e  

e le m e n t, h e a t  flow  o u t o f th e  elem en t by c o n d u c tio n , and th e  h e a t  c a p a c ity  

o f  th e  e lem en t. In  s t e a d y - s ta t e  h e a t  t r a n s f e r  th e  h e a t  c a p a c i ty  o f th e  

e lem en t i s  u n im p o rtan t and i f  th e  f i n  i s  h ig h ly  co n d u c tin g  th e  te m p era tu re  

a lo n g  th e  f i n  i s  a fu n c tio n  o f  th e  a x i a l  d is ta n c e  a lo n e . Now a h e a t b a l ­

ance fo r  a d i f f e r e n t i a l  e lem en t in  such a f i n  w i l l  be c o n s id e re d  in  o rd e r  to

d e r iv e  an e q u a tio n  f o r  th e  te m p e ra tu re  d i s t r i b u t i o n  a lo n g  i t s  le n g th .  H eat

flow s by co n d u c tio n  in to  one fa c e  o f  th e  e lem en t w h ile  h e a t  flow s o u t o f  

th e  o p p o s ite  fa c e  by co n d u c tio n  and from  th e  su r fa c e  by c o n v e c tio n . In

th e  absence  o f  en ergy  g e n e ra tio n  w ith in  th e  elem en t and u n d er s te a d y - s ta t e  

c o n d i t io n s :

R ate o f  h e a t  flow  by 
co n d u c tio n  in to  e l e -  = 
ment a t  x

R ate o f  h e a t  flow  by R ate  o f  h e a t  flow
co n d u c tio n  o u t o f  e l e -  + by co n v ec tio n  from  
ment a t  (x  + dx) s u r fa c e

-kA
dT.
dx -kA d T  + d_

"dx
f-kA &  
\ dx ,

dx + . .» + hAg (Tx -  Ta )

2
-kA £Ex = -  kA £Ex -kA U E x  dx + h (Pdx) (Tx -  Ta ) 

dx dx dx2



Ta = 100 F

Perim eter —\  A = (tTd) dx

Tx=Q= 200 F

\

/

0 .706 f t

d x  H —

Ta = 100 F

/

Figure I .  Uniform C ross-Section  Rod Fin
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( 1 )

Where q = R ate o f  h e a t  flow

k = Therm al c o n d u c t iv i ty  

h = H eat t r a n s f e r  c o e f f i c i e n t  

As = S u rfa c e  a re a  

A = A rea o f  f i n  c r o s s - s e c t io n  

P = P e r im e te r

Ta = C o n stan t

T h e re fo re

and eq . I  can be w r i t t e n

In d ep en d en t V a r ia b le  O ther Than Time

The in d ep en d en t v a r ia b le  o f  eq . 2 i s  d is ta n c e  r a th e r  th a n  tim e . T h is  

does n o t  mean t h a t  i s  i s  im p o ss ib le  to  so lv e  i t  on th e  an a lo g  com puter, i t

L e t T = CTx -  Ta )

^2Tx d2r  

dx2 dx2

does mean a tr a n s fo rm a tio n  betw een time- and d is ta n c e  m ust be d e f in e d . The 

d eg ree  o f  th e  co rresp o n d en ce  betw een th e  d is ta n c e  x and th e  tim e t  w i l l  

depend on th e  u n i t s  in  w hich th e  e q u a tio n  i s  w r i t t e n .  I f  d is ta n c e  x i s  in
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in c h e s , a p o s s ib le  co rresp o n d en ce  may be I  in ch  = I  second o r  i f  x i s  in

f e e t ,  th e  co rresp o n d en ce  may be  I  fo o t = I  seco n d , and so  f o r t h .  C onsid­

e r in g  eq , 2 , th e  u n i t s  o f  p ,  h ,  k ,  and A m ust be c o n s i s te n t  w ith  th e  u n i t s

o f  x . The r e l a t i o n  o f  tim e and d is ta n c e  f o r  th e  s o lu t io n  o f  th e  rod  f i n

h e a t  t r a n s f e r  e q u a t io n ,  eq , 2 , can be w r i t t e n :  

x ( f t )  = a , t  ( s e c )

it=a
a ls o  x = f ( t )

T .= g(x)

By u s in g  th e  c h a in  r u le  tw ic e  and s u b s t i t u t i n g

dT .  dx dT
d t  d t  dx

d t  dx

= a r_d  ZdT 
d t2  [_dx W x

dx
d t

S - - S - it

and (3)

d2r
d t 2 a 2 d2T

d%2

A nalog Computer S o lu tio n  o f  a S te a d y -S ta te  H eat C o n d u c tio n  Problem

A n a ly s is  o f  th e  u n ifo rm  c r o s s - s e c t io n  rod  f i n  w i l l  c o n tin u e  by con­

s id e r in g  an exam ple p rob lem .

Problem : An en g in e  i s  a i r - c o o le d  by c i r c u la r - r o d  f i n s .  The s u r ­

ro u n d in g  am bient a i r  te m p e ra tu re  i s  100 F. The te m p e ra tu re
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o f th e  end o f  th e  f i n  t h a t  i s  e n t i r e l y  in  th e  a i r  i s  200F. 

D eterm ine th e  te m p e ra tu re  d i s t r i b u t i o n  a lo n g  th e  le n g th  o f  

th e  f i n .  The problem  i s  i l l u s t r a t e d  in  F ig u re  I .  L et

U  _  r -  BtU ■
h r  f t2  F 

L = 0 .706  f t

I  in ch  d iam ete r

E q u a tio n  2 has been found ti

th e  rod  f i n .  I-,et

Then

(4)

A s u b s t i t u t i o n must be made

v a r ia b le  o th e r th a n  tim e .

w i l l  be s u b s t i tu t e d  in to  Eq

(4) d h  = mT 
dx2

a2 d t 2
o r

(5) d2I  .  a2, 
d t 2

<5̂  h v -  Frj-- FI 9.6, ^ 2 ' 1

In  o rd e r  to  o b ta in  a n u m e rica l v a lu e  f o r  a ,  t  i s  a r b i t r a r i l y  s e le c te d  

as I  second o f  problem  tim e .

a = * = Oi T O O t
t  I  second

a 2 = (0 .7 0 6 )2 = 0 .5 0  .
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U sing d o t n o ta t io n  f o r  th e  d e r iv a t iv e s  so  th a t  ^2% and 4 ^  w i l l  be T and
d t 2 d£

and T r e s p e c t iv e ly  r e s u l t s  in :

( 6) T = a 2mT = 0 .5 0  (9 .6 )  T = 4 ,80  T

T his th e n  i s  th e  e q u a tio n  w hich must be so lv e d  on th e  an a lo g  com puter.

The o n ly  boundary  c o n d it io n  i s :

Tkg^  = (200 -  100)F =  IOOF

Three s te p s  w i l l  be fo llo w ed  b e fo re  w ir in g  th e  com puter p a tc h b o a rd . These 

a r e :  ( I )  m agnitude s c a l i n g ,  (2 ) tim e s c a l in g ,  (3) draw a pompI e te  com­

p u te r  d iag ram . From knowledge o f  th e  p rob lem , i t  i s  p o s s ib le  to  e s tim a te  

maximum te m p e ra tu re s  and p rob lem  d u r a t io n .  I t  sh o u ld  be k e p t in  mind th a t  

sh o u ld  an e s t im a te  be w rong, i t  i s  an easy  th in g  to  change th e  s c a le  f a c ­

to r s  by chang ing  th e  p o t s e t t i n g s .  For t h i s  p rob lem , i t  w i l l  be assumed 

th a t  Tmax = 1000F. T h e re fo re , on a "p e r  v o l t "  b a s is   ̂ th e  s c a le  f a c to r  

w i l l  b e :

I O v -  1000F

and th e  s c a le d  v a r ia b le  i s :

[0 .0 1  I  v o l t  = IOOF

The com puter tim e c o n s ta n t  i s :

B — —*«• t
w here t c = com puter tim e

t  = a c tu a l  p rob lem  tim e.

For th e  rod  f i n  p rob lem , a s a t i s f a c t o r y  v a lu e  o f  com puter ru n  tim e i s  10 

se c o n d s , so  t h a t  B = 10.
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In  t h i s  p rob lem , T i s  a fu n c tio n  o f  x so t h a t  th e re  i s  no problem  

tim e in v o lv e d  in  t h i s  s t e a d y - s ta t e  c o n d i t io n ,  b u t a  v a lu e  o f  B must be 

s e le c te d  to  g iv e  a s a t i s f a c t o r y  com puter tim e .

The com puter d iag ram  i s  shown in  F ig u re  2 . The i n i t i a l  c o n d i t io n ,  o r  

known boundary v a lu e ,  i s  a t  th e  exposed end o f  th e  rod  f i n  where x = 0 .

The com puter d iag ram  i s  a  s o lu t io n  to  E q u a tio n  6 . The o u tp u t Y i s  shown 

on th e  com puter d iag ram  and r e p re s e n ts  T. A v o lta g e  m ust be g e n e ra te d  to  

r e p r e s e n t  d is ta n c e  x o r  tim e t  on th e  X a x i s .  The v o lta g e  i s  g e n e ra te d  

by in t e g r a t i n g  a v o lta g e  as i s  shown in  F ig u re  2 . A v o lta g e  o f  10 v o l t s  

w i l l  be g e n e ra te d  in  10 seco n d s . An arm s c a le  s e t t i n g  on th e  X - Y  p l o t ­

t e r  o f I  v o l t / in c h  w i l l  g e n e ra te  10 in c h es  on th e  p l o t t i n g  p a p e r in  10 

s e c o n d s .

In  o rd e r  to  show th e  com puter s o lu t io n  ( v o l t s  and tim e) and th e ,c o n ­

v e r s io n  to  p rob lem  s o lu t io n  ( te m p e ra tu re  and d i s t a n c e ) , b o th  graphs a re  

shown as F ig u re  3 and F ig u re  4 r e s p e c t iv e ly .  The co n v e rs io n  f a c to r s  u sed :

I v o l t  = 100 F (p e r  v o l t  b a s is )

I  second o f  problem  tim e = 0 .706  f e e t  

10 seconds o f com puter tim e = I  second o f p rob lem  tim e 

The com puter tim q was 10 seco n d s; th e r e f o r e ,  th e  problem  tim e was I second . 

T his I  second re p re s e n te d  0 .706  f e e t  o f ro d  f i n  le n g th .
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I n i t i a l  C o n d ition : 

I  v  = 100 F 
I(O)= 100 F

-10 v

I  v o l t  in p u t

-10  v

F ig u re  2«, Analog Computer Diagram f o r  Rod F in  Problem



Computer Time (seconds)

F ig u re  3» Computer S o lu tio n  o f Rod F in  Problem
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■ x (d is ta n c e  in  f e e t  a long  rod  f in )

x  = a » t  j t  = t c/B  x  = (0„0706)*tc 
F ig u re  U. S o lu tio n  o f Rod F in  Problem



CHAPTER 4

HEAT TRANSFER BY THE TECHNIQUE OF LUMPED PARAMETERS 

T his i s  p ro b a b ly  th e  s im p le s t  te c h n iq u e  a v a i la b le  f o r  th e  tre a tm e n t o f  

th e  t r a n s i e n t  exchange o f  th e rm al energy  betw een a s o l id  and th e  f l u i d  in  

w hich i t  i s  im m ersed. In  t h i s  approach  th e  te m p era tu re  g ra d ie n ts  on th e  

i n t e r i o r  o f  th e  s o l id  a re  n e g le c te d  and th e  s o l id  i s  assumed to  be a t  a 

u n ifo rm  te m p e ra tu re . Such a c o n d it io n  i s  approached  when a s o l id  o f h ig h  

th e rm a l d i f f u s i v i t y  t r a n s f e r s  h e a t  to  a f l u i d  th rough  a f i lm  th a t  p re s e n ts  

a h ig h  r e s i s t a n c e  to  h e a t  flow . This s i t u a t i o n  i s  som etim es c h a ra c te r iz e d  

as one in  w hich th e  f i lm  r e s i s ta n c e  i s  c o n t r o l l i n g .  Under th e se  c o n d itio n s^  

th e  r a t e  a t  w hich th e  i n t e r n a l  energy  o f  th e  body d e c re a se s  may be eq u a ted  

to  th e  r a t e  a t  w hich energy  i s  t r a n s f e r r e d  ac ro ss  th e  boundary  o f th e  s o l i d .  

In  F ig u re  5 a d e t a i l e d  d e r iv a t io n  o f t h i s  type  i s  p re s e n te d  as an exam ple. 

G e n e ra lly  th e  e q u a tio n  w hich r e s u l t s  from  th i s  te c h n iq u e  shows th e  r a t e  o f 

c o o lin g  o f  th e  s o l i d  i s  p ro p o r t io n a l  to  th e  d i f f e r e n c e  betw een th e  mean 

te m p e ra tu re  o f  th e  s o l id  and th e  b u lk  te m p e ra tu re  o f th e  su rro u n d in g  f l u i d ;

(7) dTi
d t

- K d 1 -  T2)

where T1 = mean te m p e ra tu re  o f th e  co n d u c tin g  s o l id  

T2 = b u lk  te m p e ra tu re  o f  th e  am bient f l u i d  

K = a c o n s ta n t  o f p r o p o r t i o n a l i t y .

In tro d u c in g  th e  ex cess  te m p e ra tu re , T - T 1 - T 2 , th e  s o lu t io n  to  th i s  

e q u a t io n  i s :

( 8) T ( t )  = T(O) e~Kt

The t r a n s i e n t  b e h a v io r  o f  th e  mean te m p e ra tu re  o f th e  s o l i d  w i l l  depend on 

th e  c o n s ta n t  K w hich in  tu rn  i s  r e l a t e d  to  such g eo m etric  f a c to r s  as th e
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s u r fa c e  a re a  and volume and to  such  h e a t  t r a n s f e r  p a ram e te rs  as th e  f i lm  

c o e f f i c i e n t  and th e  s p e c i f i c  h e a t  o f  th e  s o l i d .

A problem  in  w hich E q u a tio n  *7 w i l l  ap p ly  may be s t a t e d  in  o rd e r  to  

i l l u s t r a t e  th e  com puter s o lu t io n .

P roblem : A m e ta l - c a s t in g  o f  volume V and s u r fa c e  a re a  As , i n i t i a l l y

a t  900 F i s  su d d en ly  p la c e d  in  an atm osphere o f  OF. U sing 

K v a lu e s  o f 0 .3  and 0 .7 ,  l e t  us d e te rm in e  th e  te m p era tu re  

o f th e  c a s t in g  as a fu n c tio n  o f  tim e .

S in ce  th e  d i f f e r e n t i a l  e q u a tio n  i s  a lre a d y  a fu n c tio n  o f  tim e , E quation  7 

can be s c a le d  and a com puter d iagram  draw n. The maximum v a lu e s  which can 

be assumed f o r  m agnitude s c a l in g  a re

Tmax = 900 F
-  ' •  ,

Tmav = 300 F /second

T h e re fo re , th e  s c a le d  v a r ia b le s  on th e  b a s is  t h a t  10 v o l t s  = 900 F w i l l  be

The te m p e ra tu re  drop i s  v e ry  r a p id  w ith  th e  K v a lu e s  w hich a re  u sed , th e r e ­

f o r e ,  2 seconds o f  problem  tim e w i l l  be c o n s id e re d . The com puter tim e can 

be ex ten d ed  to  10 seconds by u s in g  a tim e s c a le  f a c t o r .

t c = Bt

B = & . = 10 seconds = 5 
t  2 seconds

The in p u t to  th e  i n t e g r a to r  m ust, how ever, be d iv id e d  by 5 . The i n i t i a l  

c o n d i t io n  i s  T(O) -  900F. S in ce  10 v o l t s  e q u a l 900F, 10 v o l t s  in p u t to  th e  

in t e g r a to r  i s  u sed . The e q u a tio n  fo f  th e  com puter d iag ram  can be found as

fo llo w s :
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(9)

( 10)

T = -K T

The com plete  com puter d iagram  i s  shown in  F ig u re  6 , a lo n g  w ith  th e  com puter 

d iagram  w hich w i l l  g e n e ra te  th e  tim e fu n c t io n .  The com puter s o lu t io n  i s  

shown in  F ig u re  7.
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As (S u rface  Area) - 

T]_ = Tem perature o f  Sphere

O F =  Tem perature o f
Surrounding  F lu id

(T1 -  Tf ) 

C onstan t

Where:

H eat T ra n s fe r S u rface  a re a
C o e f f ic ie n t

S p e c if ic  h e a t V = Volume

F ig u re  5 . O ne-Dim ensional H eat T ra n s fe r  A cross a S u rface  — C ooling 
o f a Sphere
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-IOv I n i t i a l  C ond ition

-SK 900
Pen

-IOv
0.2

Arm

L
F ig u re  6 . Analog Computer Diagram f o r  C ooling Sphere Problem
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F ig u re  7« Computer S o lu tio n  o f Cooling Sphere Problem



CHAPTER 5

TWO TECHNIQUES FOR THE SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS 

Many h e a t t r a n s f e r  problem s r e q u ir e  th e  s o lu t io n  o f  p a r t i a l  d i f f e r e n ­

t i a l  e q u a t io n s .  The s o lu t io n  m ust s a t i s f y  th e  p a r t i a l  d i f f e r e n t i a l  equa­

t io n s  and th e  p e r t i n e n t  boundary  c o n d it io n s  d e f in in g  th e  problem . The 

e l e c t r o n i c  an a lo g  com puter can so lv e  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  on ly  

by c o n v e r t in g  them to  o rd in a ry  d i f f e r e n t i a l  e q u a t io n s .  G e n e ra lly , th e re  

a re  two m ethods o f acc o m p lish in g  th i s  c o n v e rs io n . Thqy a r e ;  ( I )  s e p a ra ­

t io n  o f v a r ia b le s  le a d in g  to  an e ig e n v a lu e  p rob lem , and ( 2) r e p la c in g  

th e  p a r t i a l  d e r iv a t iv e s  by f i n i t e  d i f f e r e n c e s .

Of th e  two a p p ro a c h e s , th e  f i n i t e  d i f f e r e n c e  method i s  m ost o f te n  

u sed . The o th e r  method i s  n o t alw ays a p p l ic a b le  s in c e  th e  v a r ia b le s  

som etim es canno t be s e p a ra te d ;  t h i s  i s  e s p e c i a l l y  t r u e  w ith  n o n - l in e a r  

e q u a t io n s .  A lso , th e  summation o f a l l  o f  th e  e ig e n fu n c tio n  p ro d u c ts  i s  

in v o lv ed  and th i s  r e q u ir e s  many an a lo g  com puter com ponents.

For th e  p u rpose  o f o b ta in in g  th e  o n e -d im en sio n a l h e a t  co n d u c tio n  

e q u a t io n , c o n s id e r  th e  s la b  o f un ifo rm  c ro s s  s e c t io n  w hich i s  shown in

F ig u re  8a ,  The s la b  i s  in s u la te d  a t  a l l  s u r fa c e s  e x ce p t th e  ends so th a t
• • ' '

h e a t  flow  i s  in  th e  x d i r e c t io n  a lo n e . I f  a h e a t  b a la n c e  i s  w r i t t e n  f o r  

th e  d i f f e r e n t i a l  e lem en t o f  volume A d x , th e  o n e -d im en sio n a l h e a t conduc­

t io n  e q u a tio n  may be d e r iv e d .  The t o t a l  h e a t  flow ing  in t o  th e  e le m e n ta l 

volume e i t h e r  in c re a s e s  th e  average  te m p e ra tu re  o f th e  volume o r flow s 

th rough  th e  e lem en t:



—2 4 —

- k A £ L + k A £ U *  (A d *>7T

- K + [KA il 4 (kA£)£] - C/= (Adx) jl

- k A i r  + kA J ?  ■» K A - ^ I d x  = C z , (A ds) J X

kÂ  dx = c/> Adx

or:

(ID

k A = c/3 A
dxA

o n e-d im en sio n a l 
h e a t  con d u c tio n  
e q u a tio n

^  Xa = f AL
H

F in i te - D if f e r e n c e  A pproxim ation

I t  can be seen  th a t  E qu a tio n  11 c o n ta in s  two in d ep en d en t v a r i a b le s — 

lo c a t io n  and tim e . T h e re fo re , an e x a c t s o lu t io n  on th e  e l e c t r o n i c  analog  

com puter i s  n o t p o s s ib le ,  how ever, in s te a d  o f com puting te m p era tu re  a t  a l l  

x v a lu e s ,  th e  te m p e ra tu re  T can be computed a t  c e r t a in  s t a t i o n s  along  x . 

F ig u re  8b . T his i s  p o s s ib le  by u s in g  th e  f i n i t e  d i f f e r e n c e  te ch n iq u e  and 

w i l l  reduce  E qu a tio n  11 to  a system  o f f i r s t - o r d e r  o rd in a ry  d i f f e r e n t i a l  

e q u a t io n s .  When so lv ed  s im u lta n e o u s ly , th e y  w i l l  p ro v id e  an approxim ate 

s o lu t io n .

I t  m ust be p o in te d  ou t th a t  i t  i s  p o s s ib le  to  d iv id e  th e  r ig h t  s id e ,

» in to  d is c r e te  in t e r v a l s , A t ,  however, s in ce  the analog computer
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i n t e g r a te s  w ith  r e s p e c t  to  t im e , i t  i s  advan tageous to  d iv id e  d is ta n c e  x 

in to  d i s c r e t e  i n t e r v a l s  and in t e g r a te  w ith  r e s p e c t  to  tim e .

C e n tra l  f i n i t e - d i f f e r e n c e s  w i l l  be used  in  tra n s fo rm in g  

in to  f i n i t e - d i f f e r e n c e  form . C onsider th e  te m p era tu re  -  d is ta n c e  cu rve o f  

F ig u re  8b , w ith  th e  A x  inc rem en ts  shown. F i r s t  th e  r e s p e c t iv e  s lo p e s  o f 

th e  g e n e ra l cu rve  a t  th e  s t a t i o n s  (n  + 1/ 2) and (n -  1/ 2) .

c*"1" -  T rt+, - T n
T T  .n + k  A x

<)T
n- Vz

T n  ~ Tn-i
A X

Xl-j-
S i n c e i s  th e  r a t e  o f  change o f  s lo p e , i t  fo llo w s t h a t :

i!l = - 4 1
In+'/%

A ^

s u b s t i t u t i n g

^ T Tn-vi ~Tn _Tn ~ Tn-
AX a x

A X

(12) £ T
b<3'

Trt-H -  2  In ^  In-I 

"  ( 6  *) =

S u b s t i tu t in g  E qu a tio n  12 in to  E qu a tio n  11 y ie ld s  a g e n e ra l e q u a tio n  fo r  

th e  Ot *1 s t a t i o n .

( ' 3 )
d T _  _k Tn+i 2  Tn 3- Tm  — 1

d-fc h (A X ) ^
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Now, th e  tim e d e r iv a t iv e  o f  Tn i s  a t o t a l  d e r iv a t iv e  s in c e  x i s  f ix e d  a t  

(n°A%) f o r  Tn . E q u a tio n  13 c o n ta in s  o n ly  one in d ep en d en t v a r ia b le  (tim e) 

and i s  in  a form  w hich can be so lv e d  on th e  an a lo g  com puter. The e q u a tio n  

r e p r e s e n ts  an a r r a y  o f  s im u ltan e o u s  e q u a t io n s ;  th e  s iz e  o f  th e  a r ra y  i s  

e q u a l to  th e  number o f  in c rem en ts  w hich may be a r b i t r a r i l y  s e le c te d  a lo n g  

th e  x a x i s .

S e p a ra t io n  o f  V a ria b le s

As an exam ple o f  th e  s o lu t io n  o f  E q u a tio n  11, l e t  us c o n s id e r  th e  

p rob lem  o f th e  s la b  o f  th ic k n e s s  when b o th  s u r fa c e s  a re  m a in ta in ed  a t  

z e ro  te m p e ra tu re  and th e  i n i t i a l  t im p e ra tu re  d i s t r i b u t i o n  i s  f ( x ) . That 

i s ,  th e  p rob lem  where

( H )
d t

k and . T ( o , t ) = 0

r
T (8 , t )
T (x ,o )

= 0 
= f (x )

To s e p a ra te  th e  v a r ia b le s  l e t  us assume th a t  

T ( x , t )  = F(x) G (t)

and by s u b s t i t u t i o n  in  th e  p a r t i a l  d i f f e r e n t i a l  e q u a t io n , i t  may be 

shown th a t  th e  fu n c tio n s  m ust s a t i s f y  th e  fo llo w in g  o rd in a ry  d i f f e r e n t i a l  

e q u a t io n s :

(14) F "(x ) + p2 F(x) = 0

(15) G '( t )  + G (t) = 0pc, .
The s o lu t io n s  o f  th e se  e q u a t io n s ,  a f t e r  a p p ly in g  th e  boundary  c o n d itio n s  

a r e ,

Fn (x) = An s in  px
, /I Tf _w here p = - j -  a t  n

= n ( t)  -  Bn e - V'’a * w here Vn =
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Hence f o r  any v a lu e  o f  n ,  th e  fo llo w in g  e x p re s s io n  s a t i s f i e s  b o th  th e  

t r a n s i e n t  h e a t  co n d u c tio n  e q u a tio n  and th e  boundary c o n d it io n s  o f the  

exam ple p rob lem . L e t t in g  Cn =  AnBn

The s o lu t io n  must s a t i s f y  th e  i n i t i a l  c o n d it io n  T (x , 0) = f ( x ) , th e r e ­

f o r e ,  i t  fo llo w s  t h a t

w here Fn i s  th e  e ig e n fu n c tio n  c o rre sp o n d in g  to  th e  e ig e n v a lu e  n . At t h i s  

p o in t ,  th e  e x p re s s io n  may b e . re c o g n iz e d  to  be th e  F o u r ie r  s in e  s e r i e s  ex ­

p an s io n  and

I t  may be p o s s ib le  to  so lv e  th e  t r a n s i e n t  h e a t co n d u c tio n  e q u a tio n  

by u s in g  th e  s e p a r a t io n  o f v a r ia b le s  te c h n iq u e  on th e  an a lo g  com puter. 

W ithout se e k in g  a n u m e rica l s o lu t io n ,  b u t  c o n s id e r in g  th e  problem  on ly  in  

term s o f  th e  s te p s  n e c e s s a ry  to  a ch iev e  a  com puter s o lu t i o n ,  we may p roceed  

as fo l lo w s . S e t up com puter d iag ram s. F ig u re s  9a and 9 b ,  which w i l l  g iv e  

s o lu t io n s  to  E q u a tio n s  14 and 15. The boundary v a lu e  F (O ), F ig u re  9 a , i s

Not o n ly  i s  t h i s  e x p re s s io n  a s o lu t io n  o f  e q u a tio n  11 and o f th e  boundary 

c o n d i t io n s , b u t th e  sum o v er a l l  v a lu e s  o f n o f e x p re s s io n s  o f th i s  t^jke 

i s  a l s o  a  s o lu t io n .



Il

p la c e d  on th e  second in t e g r a t o r .  The p2 p o te n tio m e te r  i s  a d ju s te d  u n t i l  

th e  i n t e g r a to r  o u tp u t s a t i s f i e s  th e  boundary  c o n d i t io n s . A number of 

e ig e n v a lu e s  de te rm in ed  by th e  v a lu e s  o f  th e  p p o te n tio m e te r  s e t t in g s  may 

be found and each  one th a t  w ill ,,  s a t i s f y  the; boundary c o n d it io n s  y ie ld s  

an e ig e n fu n c tio n  Fn . To d e te rm in e  th e  Bn v a lu e s , a number o f  c i r c u i t s  

such  as F ig u re  9c a re  p a tch ed  a t  th e  same tim e and th e  p re v io u s ly  

d e te rm in ed  e ig e n fu n c tio n s  Fn m u l t ip l ie d  by p o te n tio m e te rs  r e p re s e n t in g  

th e  v a lu e s  o f  Bn . These p ro d u c ts  a re  th e n  summed and th e  Bn p o te n tio m e te rs  

a d ju s te d  by t r i a l  and e r r o r  u n t i l  th e  o u tp u t o f  th e  summer approx im ates 

th e  i n i t i a l  te m p e ra tu re  d i s t r i b u t i o n ,  f ( x ) ; F ig u re  9c .

I t  i s  obvious t h a t  th e  s e p a ra t io n  .o f  v a r ia b le s  te c h n iq u e  u s in g  th e  

an a lo g  com puter in v o lv e s  many s te p s  and becomes q u i te  im p ra c t ic a l  even i f  

th e  s e r i e s  i s  s e v e re ly  t r u n c a te d .  T his approach  has o th e r  se v e re  l i m i t a ­

t i o n s ,  p a r t i c u l a r l y  w here th e  o rd e r  o f th e  e q u a tio n  i s  h ig h  and in v o lv e s  

more th a n  two v a r i a b l e s .  Much equipm ent i s  needed f o r  t h i s  method o f 

s o lu t io n  and c o n s id e ra b le  o p e ra to r  judgm ent i s  r e q u ir e d .  The EAI TR-IO 

would n o t be an ad eq u a te  an a lo g  com puter f o r  th e  s e p a r a t io n  o f v a r ia b le s  

m ethod.

- 2 8 -
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Heat flow

(a) H eat flow  in  a s la b

AT = T,

(b) Tem perature a t  in t e r v a l s  o f  a x

F ig u re  8 . F in i te - D if f e r e n c e s —H eat Flow in  a S lab



-3 0 -

(a ) S o lu tio n  o f  F

(b) S o lu t io n  o f G1 + ~ 0

-T(x.O )

(c ) I n i t i a l  -tem perature d i s t r i b u t io n

F ig u re  9 . S e p a ra tio n  o f V ariab les



CHAPTER 6

ANALOG SOLUTION OF AN■UNSTEADY-STATE HEAT CONDUCTION PROBLEM 

The exam ple problem  w hich fo llo w s  w i l l  d em o n stra te  th e  u se  o f f i n i t e -  

d i f f e r e n c e s  and th e  s o lu t io n  o f  th e  u n s te a d y - s ta te  one d im en sio n a l h e a t  

e q u a t io n ,  E q u a tio n  11.

P roblem : A s t e e l  s la b  i n i t a l l y  a t  a te m p e ra tu re  o f  100 F i s  sudd en ly  

exposed to  su rro u n d in g s  a t  a te m p e ra tu re  such th a t  th e  fa c e s  

o f  th e  s la b  a re  a t  a c o n s ta n t  te m p e ra tu re  o f  OF. The s la b  

i s  c o n s id e re d  to  be i n f i n i t e  betw een th e  two p la n e s  and th e  

te m p e ra tu re  v a r ie s  w ith  d is ta n c e  x as shown in  F ig u re  10. 

Determ ine th e  te m p e ra tu re  d i s t r i b u t i o n  a lo n g  th e  x d i r e c t io n .  

The u n s tead y  s t a t e  h e a t  t r a n s f e r  in  th e  s la b  can be e x p re s se d  by E quation  

11.

JT _ _k JfT 
d-t _ 9> an

A f i n i t e - d i f f e r e n c e . .. s u b s t i t u t i o n .  E q u a tio n  14, i s  made so th a t  

dTn k
d t  = Cp (A x )Z  (Tn+1 ~ 2Tn + Tn-1>

The fo llo w in g  v a lu e s  w i l l  be used  f o r  th e  problem  s o lu t io n .

k = 26 B tu
h r  f t  F

P  = 489 l b / f t 3

C = 0 .1 2  B tu / lb  F

x = L - 8  in c h es

x = l  in c h  = 1 /1 2  f t .

Le£ m = C f ( A x ) Z  :
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Then

Btu
26 h r  f t  F_________  .________________

I b 1F )  C 4 8 9  £ t 2 > ( 3 * 0 0  S g )

m = 0.0177 s e c - l

The s la b  w i l l  be d iv id e d  in to  8 in c rem en ts  ( A  x) o f  I  in c h . S ince  bo th  

fa c e s  o f th e  s la b  a re  exposed to  th e  same te m p e ra tu re , by symmetry as 

shown in  F ig u re  IOs

T0 = T8 = 0 F 

T l = T7

. T2 =  T6 

T3 - T 5

T^ = c e n te r  o f  s la b

T h e re fo re ,  th e  problem  s o lu t io n  need o n ly  p ro v id e  th e  te m p e ra tu re s  T l ;  T2 , 

T3 » ant  ̂ ^4 ; lo c a t io n s  , Xg, X5 , apd r e s p e c t iv e l y . These tem pera­

tu r e s  w i l l  p ro v id e  a te m p e ra tu re  p r o f i l e  as a fu n c tio n  o f tim e th ro u g h o u t 

th e  s l a b .  The boundary  c o n d itio n s  a r e ,  f o r  T = T (x , t )

T (x ,0 ) = Tn 0 < x  < L

T ( 0 , t ) = 0 t  > 0

T (L ,t) = 0 x = L

The maximum v a lu e  o f  T i s  100 F; th e r e f o r e ,  th e  sy stem  e q u a tio n s  w i l l  

be s c a le d  so  t h a t  10 v o l t s  o u tp u t w i l l  e q u a l 100F. The s c a le d  system  

e q u a tio n s  w i l l  be

0 .0177 Ty = OF



- 3 3 -

The i n i t i a l  c o n d it io n  (tim e  ze ro )  a t  each s t a t i o n  i s  Tn = IQO F. 

S in ce  10 v o l t s  = 100 F, each in t e g r a to r  must have 10 v o l t s  in p u t (100 F ) , 

as shown in  F ig u re  11,

In  some c a s e s , i t  may be n e c e s sa ry  to  use a t r i a l  and e r r o r  method 

to  tim e s c a le  th e  prob lem . For th i s  p rob lem , i t  was found th a t  2000 

seconds w ere re q u ire d  b e fo re  th e  te m p era tu re  a t  any lo c a t io n  in  th e  s la b  

n e a r ly  reac h es  0 F. T h e re fo re , th e  tim e s c a le  fo r  th e  problem  was 

5 seconds com puter tim e = 500 seconds problem  tim e

B tc
t

5
500 0.01

T his means th a t  th e  com puter s o lu t io n  ta k e s  p la c e  100 tim es f a s t e r  th an  th e

a c tu a l  s o lu t io n .
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P o ts  3 , 5 , 9 , 13, (F ig u re  11) m ust be d iv id e d  by B ( 0 .0 1 ) .  This 

a p p l ie s  w henever th e  p rob lem  tim e i s  s c a le d  to  a com puter tim e (R ef. 

A ppend ix )o The in p u t  m u l t i p l i e r  i s

0 .0177
0 .01

I .  77

The p o ts  can on ly  be s e t  to  a v a lu e  eq u a l to  o r  le s s  th an  u n i ty ,  so  th e  

p o ts  m ust be used  w ith  a  10 m u l t i p l i e r .  The p o t i s  s e t  a t  0 .177  and th i s  

i s  m u l t ip l ie d  by 10 to  o b ta in  1 .7 7 .

The tim e fu n c tio n  g e n e ra to r ,  F ig u re  11, f o r  g e n e ra tin g  th e  tim e on th e  

X-Y p l o t t e r  i s  s e t  to  p roduce an o u tp u t o f O . l t .  Thus, i f  t  = 20 seco n d s , 

0 .1  t  = 2 v o l t s .  In  o th e r  w ords, 2 v o l t s  a re  g e n e ra te d  in  20 seco n d s. By 

s e t t i n g  th e  "arm  s c a le "  s e t t i n g  o f th e  X-Y p l o t t e r  a t  0 .5  v o l t s / i n c h ,  th e  

2 v o l t s  w i l l  be p lo t t e d  o ver a d is ta n c e  o f  4 inches  and s in c e  th e  tim e 

s c a le  f a c to r  i s  100 , th e  4 in ch es  w hich a re  p lo t te d  in  20 seconds w i l l
I

r e p re s e n t  2000 seconds o f  a c tu a l  p rob lem  tim e .

In  d ro p p in g  from  a te m p e ra tu re  o f  100 F to  0 F, th e  m agnitude s c a l in g  

i s  such th a t  a range o f  10 v o l t s  i s  co v ered . The "pen s c a le "  s e t t i n g  o f 

th e  X-Y p l o t t e r  i s  s e t  a t  I  v o l t / in c h  so th a t  10 in ch es  a re  p lo t te d  f o r  th e  

10 v o l t s  (100 F) o f th e  p rob lem . T hus, f o r  th e  Y -ax is

I  v o l t  = I in ch  = 10 F

The com puter s o lu t io n  i s  shown in  F ig u re  12a and F ig u re  12 b .
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F ace

L o ca tio n :

F ig u re  10 . U n stead y -S ta te  H eat Conduction
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-IOv

-IO v

-IO v

F ig u re  11 . Analog Computer Diagram f o r  U n stead y -S ta te  
H eat Conduction in  a S lab
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100

B4 6o

•H

1000

Time (seconds)

1500

F ig u re  1 2 a . Tem perature-T im e. H eat C onduction in  S lab
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Time (seconds)

F ig u re  12b, Tem perature-T im e. H eat C onduction in  S lab



CHAPTER 7

ONE DIMENSIONAL. UNSTEADY-STATE HEAT FLOW PROBLEM 

A one d im e n s io n a l, u n s te a d y - s ta te  h e a t  co n d u c tio n  problem  can se rv e  as 

an exam ple in  o rd e r  to  a g a in  d em o n stra te  th e  method o f  f i n i t e - d i f f e r e n c e s  

in  s o lv in g  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s .  One d im en sio n a l h e a t flow  can 

be d e f in e d  by th e  e q u a tio n

(H)
2 1  -  _ k  £ T  
tit c/>

The aluminum ro d . F ig u re  13, w i l l  be d iv id e d  in to  4 inc rem en ts  so  t h a t  

A x  w i l l  e q u a l 1 /4  f e e t .  Thig w i l l  p ro v id e  4 s t a t i o n s  in  th e  rod  a t  w hich 

te m p e ra tu re s  w i l l  be found . The rod  i s  i n i t i a l l y  in  th e rm a l e q u i l ib r iu m  a t  

100 F and i s  assumed to  be p e r f e c t ly  in s u la te d  ex cep t a t  th e  l e f t  en d . The 

u n s tead y  h e a t- f lo w  s t a t e  in  th e  rod  w i l l  be in tro d u c e d  by red u c in g  th e  tem­

p e r a tu r e  o f  th e  exposed end to  0 F. The p a ram e te rs  o f  th e  rod  a re  g iven  

in  F ig u re  13» Note th a t  k i s  in  seconds r a th e r  th an  in  h o u rs . This w i l l  

f a c i l i t a t e  th e  tim e s c a l in g .

L e t kx _  k. „
H  =

M

c/Xaxr
0, OisH sec.

The s u b s t i t u t i o n  o f  E qu a tio n  12 in to  E quation  11 g iv e s  th e  e q u a tio n

T T  '  '  2 T"  + T- 1>

The maximum v a lu e  o f  Tn i s  100 F , th e r e f o r e ,  th e  s c a le d  v a r ia b le s  a re

f  Tn 1
_100

9 _ i o q J

For th e  4 s t a t i o n s  b e in g  c o n s id e re d , th e  s c a le d  sy stem  e q u a tio n s  w hich 

a re  to  be so lv e d  s im u lta n e o u s ly  a re
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N o tice  t h a t  a l t e r n a t e  e q u a tio n s  have a l t e r n a t e  s ig n s .  This i s  so  th a t  

no s ig n -c h a n g in g  a m p li f ie r s  a re  r e q u ir e d ,  s in c e  th e  phase o f  each i n t e g r a t ­

in g  a m p li f ie r  o u tp u t i s  c o r r e c t  fo r  th e  r e s p e c t iv e  in p u ts  to  a p re c e d in g  o r  

fo llo w in g  a m p l i f i e r .

I t  was found th a t  to  tim e s c a le  th e  s o lu t io n .

th e r e f o r e ,  s in c e  10 v o l t s  = 100 F, 10 v o l t s  in p u t must be th e  i n i t i a l  

c o n d it io n  a t  a l l  4 i n t e g r a to r s .

The com puter d iag ram , a lo n g  w ith  th e  tim e g e n e ra tin g  d iag ram , i s  shown 

in  F ig u re  14. N o tice  th a t  a m u l t i p l i e r  o f 2 i s  r e q u ire d  a t  many in p u t s . 

T his can be o b ta in e d  w ith o u t a p o t p re c e d in g  a 10 m u l t i p l i e r  by th i s  te c h -

In  o th e r  w ords, 2 in p u ts  from th e  same so u rce  r e s u l t  in  a m u l t ip l ic a t io n  o f

10 sec  com puting tim e = (B) 1000 sec  problem  tim e

B = 0 .01

The i n i t i a l  c o n d it io n s  a re

T (x , 0) = 100 F

n iq u e :

two.
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The com puter s o lu t io n  i s  shown in  F ig u re  15. Mapy v a r ia t io n s  o f th e  

b a s ic  p rob lem  may be accom plished  v e ry  e a s i l y .  The i n i t i a l  te m p era tu re  

d i s t r i b u t i o n  a lo n g  th e  rod  can be changed by a d ju s t in g  th e  a p p ro p r ia te  

i n i t i a l  c o n d it io n s  ( v o l t a g e s ) .  O ther com binations o f k /c^j v a lu e s  may be 

in v e s t ig a te d  by m erely  chang ing  p o t s e t t i n g s .
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t o o f -

In s u la te d

0.25 fee t

Aluminum M a te r ia l

P ro p erties:

0.0̂ 7 sec ft F

I n i t i a l  C ond itions

T ( 0 ,t )  = O F  

T (x ,0 ) = 100 F

F ig u re  13 . One-Dim ensional H eat T ra n s fe r  in  an Aluminum Rod
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F ig u re  1 5 . S o lu tio n  o f One-D im ensional H eat Flow in  an  Aluminum Rod



CHAPTER 8

ANALOG COMPUTER SIMULATION OF A PLUG FLOW SYSTEM

In  d ev e lo p in g  m a th em a tic a l m odels f o r  combined f l u i d  f lo w -h e a t t r a n s ­

f e r  d e v ic e s , i t  has been fo u n d , a c c o rd in g  to  S. T. B a l l ,  In s tru m e n ts  and 

C o n tro l Systerns, th a t  th e  p lu g  flow  co n cep t y ie ld s  b e t t e r  r e s u l t s  than  

o th e r  ap p ro x im atio n s  fo r  tu r b u le n t  flow  in  p ip e s  o r  tu b e s .  In  th e  p lug  

flow  sy stem , i t  i s  assumed th a t  th e re  i s  no m ixing o r h e a t  C onduction in

the; f l u i d  in  th e  d i r e c t io n  o f  flo w , and p e r f e c t  m ix ing  p e rp e n d ic u la r  to
• :  .

th e  flow  p a th .  I f  p e r f e c t  m ix ing  i s  assum ed, com pu ta tions may be made w ith  

av erag e  f l u i d  te m p e ra tu re s  r a th e r  th a n  lo c a l  v a lu e s  and th e  a n a ly s is  i s  

c o n s id e ra b ly  s im p l i f ie d  s in c e  o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  d e s c r ib e  th e
'i'.

sy stem .

S. T. B a l l  s t a t e s  th a t  in  l i q u id  flo w , th e  t r a n s p o r t  tim es o r  d i s ta n c e -  

v e lo c i ty  la g s  o f th e  l iq u id s  a re  u s u a l ly  s i g n i f i c a n t  in  d e te rm in in g  th e  

t r a n s i e n t  re sp o n se  c h a r a c t e r i s t i c s . U su a lly  s o lu t io n s  a re  f o r  on ly  one 

p a r t i c u l a r  ca se  b ecau se  g e n e ra liz e d  s o lu t io n s  a re  im p ra c t ic a l  due to  th e  

la rg e  number o f  v a r ia b le s  in v o lv e d . In  gas sy stem s , th e  t r a n s p o r t  tim es 

a re  n e g l ig ib l e  compared to  th e  th e rm al l a g s ,  so g e n e ra liz e d  s o lu t io n s  a re  

o b ta in e d  more r e a d i ly .

To i l l u s t r a t e  th e  u se  o f  th e  an a lo g  com puter in  problem s o f th i s  ty p e , 

a  flow  regim e in  a s e c t io n  o f  in s u la te d  p ip e  w i l l  be in v e s t ig a t e d .  The 

re sp o n se  o f  th e  f l u i d  o u t l e t  te m p e ra tu re  to  s te p  changes in  th e  i n l e t  tem­

p e ra tu r e  to  an in s u la te d  p ip e  w i l l  be s im u la te d .

C o n sid er th e  ca se  o f  gas flo w in g  th ro u g h  a s e c t io n  o f  in s u la te d  p ip e  

w hich has s i g n i f i c a n t  h e a t  c a p a c i ty .  F ig u re  16. Assume th a t  a l l  o f th e  

mass o f  th e  p ip e  i s  co n ce n tra te d , a t  a p o in t  w hich i s  a t  some mean



- 4 6 -

te m p e ra tu re  and th a t  th e  t r a n s p o r t  tim e o f  th e  gas i s  n e g l ig ib l e .  I f  th i s  

i s  s o ,  th e  s e c t io n - le n g th  has to  be sm a ll .  A lso , in  d ev e lo p in g  th e  system  

e q u a t io n s , th e  gas mean te m p e ra tu re  i s  assumed to  be eq u a l to  1/2  o f th e  

sum o f th e  i n l e t  gas te m p e ra tu re  and o u t l e t  gas te m p e ra tu re . Thus, th e  

le n g th  has to  be sm a ll in  o rd e r  t h a t  th e  v a lu e  o f  th e  gas mean te m p e ra tu re  

be an a p p ro x im a te ly  a c c u ra te  assu m p tio n . The system  e q u a tio n s  a re  

Gas h e a t  b a la n c e

^ In A  L.T? T ci )

P ip e  h e a t  b a la n c e

Adding

. S u b tra c t in g
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And

T1 =T1/ + ĥ V9C3 Crp-T3)

The p re c e d in g  e q u a tio n s  can be r e l a t e d  and connec ted  ac c o rd in g  to  th e  com­

p u te r  d iag ram  o f F ig u re  17. There w i l l  n o t  be any tim e o r  m agnitude s c a l ­

in g ,  r a th e r  th e  p o te n tio m e te rs  w i l l  be s e t  m ere ly  to  show th e  re sp o n se  o f  

th e  sy stem  to  changes o f  i n l e t  gas te m p e ra tu re .

N ote t h a t  th e  s e t t i n g  o f  p o t I  r e p r e s e n ts  th e  r e c ip r o c a l  tim e c o n s ta n t 

f o r  p ip e  te m p e ra tu re  changes and i s  in d ep en d en t o f p ip e  le n g th  b ecause  th e  

h e a t  t r a n s f e r  a re a  A and p ip e  mass M a re  b o th  p ro p o r t io n a l  to  le n g th . The 

o u tp u ts  o f  p o ts  2 and 3 each  r e p r e s e n t  o n e -h a lf  o f  th e  t o t a l  change in  gas 

te m p e ra tu re , which i s  p ro p o r t io n a l  to  th e  d i f f e r e n c e  in  th e  mean gas and 

p ip e  te m p e ra tu re s . The c o e f f i c i e n t s  o f  p o ts  2 and 3 a re  p ro p o r t io n a l  to  

p ip e  le n g th .  The t r a n s i e n t  c h a r a c t e r i s t i c s  o f  th e  sy stem  can be co m p le te ly  

d e s c r ib e d  when j u s t  two q u a n t i t i e s  a re  s p e c i f i e d

-  f l i E  
T  -  T a t im e -c o n s ta n t tp  in  seconds

- - I T m  ) d im en s io n le ss
2 lW Cg /

I t  was found th a t  th e  v a lu e  o f  th e  s e c t io n  le n g th  a f f e c te d  th e  r e s u l t s  

c o n s id e ra b ly . The v a lu e  n = Q .50 was s e le c te d  fo r  a l l  o f  th e  com puter r u n s « 

The p ip e  tim e c o n s ta n t  was s e t  a t  a  v a lu e  o f tp  = 1.0= A d e c re a se  o f  

t h i s  v a lu e  r e s u l t e d  in  a s lo w e r p rob lem  re sp o n se . T his i s  b ecause  th e  de­

c re a se  cou ld  o n ly  be a f f e c te d  by th e  h e a t  t r a n s f e r  c o e f f i c i e n t . T his means 

t h a t  no change in  flow  v e lo c i ty  was c o n s id e re d  s in c e  a change in  v e lo c i ty  

would a f f e c t  th e  h e a t  t r a n s f e r  c o e f f i c i e n t  h .

The o u t l e t  gas tem p era tu re . I g 0 was a f f e c te d  by a change in  th e  i n l e t



—4 8 -

gas te m p e ra tu re  T gi- This can be seen  in  F ig u re  18. The 100%, Y a x i s , o f  

F ig u re  18 r e p r e s e n ts  th e  maximum resp o n se  o f  Tg0 a t  J.00% in p u t ;  on th e  

TR-10, t h i s  would be 10 v o l t s  ^nput a t  T g i. The o th e r  cu rv es  r e p re s e n t  

2 , 4 , 6 , 8 v o l t s  in p u t .  W ith n u m e rica l v a lu e s  and p ro p e r  s c a l in g ,  a 

n u m e ric a l s o lu t io n  cou ld  be found . The com puter d iagram  would rem ain th e  

s ame „

T his p rob lem  d em o n stra te s  how system s o f  r e l a t e d  e q u a tio n s  can be 

m odeled on th e  an a lo g  com puter.



■insulat ion

VI T=L. gas  xaass f l o w r a t e  I t / s e e

— gas s p e c i f i c  hea t  B t u / l b  F

Tg0 =Tgas o u t l e t  tem perature  F

Tg^= gas i n l e t  tem perature  F

h — h e a t  t r a n s f e r  c o e f f i c i e n t  B t u / s e c  f t 2I
2

A  —  h e a t  t r a n s f e r  area f t

Tp ~  p ipe  mean tem perature  F

T g -  gas mean tem perature  F

Wp =  mass o f  p ipe  lb

C0 = pipe  s p e c i f i c  h ea t  B t u / l b  F

t  =- t ime

F ig u re  1 6 . Gas Flow ing in  an In s u la te d  P ipe
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F ig u re  17 . Computer Diagram f o r  P lug-Flow  S im u la tio n
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B a s ic a l ly ,  th e  e l e c t r o n i c  an a lo g  com puter so lv e s  e q u a tio n s  s in c e  i t  

perfo rm s m a th em a tic a l o p e ra t io n s  w hich r e s u l t  in  s o lu t io n s  o f  th e  e q u a tio n s  

used  to  r e p r e s e n t  a c tu a l  system s^ To so lv e  th e se  e q u a t io n s ,  i t  i s  

n e c e s s a ry  f o r  th e  e l e c t r o n i c  an a lo g  com puter to  be a b le  to  perfo rm  s p e c i f i c  

m a th em a tica l o p e ra t io n s  on d i r e c t  v o lta g e s  and to  in te r c o n n e c t  th e se  

v a r io u s  o p e ra t io n s .

I t  i s  th e  p u rpose  o f  t h i s  s e c t io n  to  p re s e n t  th e  e lem en ts  o f  th e  an a­

lo g  com puter and t h e i r  o p e ra t io n  to  th e  e x te n t  th a t  th e  o p e ra to r  w i l l  be 

a b le  to  s e t  up com puter d ia g ra m s. The obvious o p e ra t io n s  w hich a re  n e c e s ­

s a ry  fo r  th e  s o lu t io n  o f  a d i f f e r e n t i a l  e q u a tio n  a re :

1. to  m u l t ip ly

2 . to  in t e g r a te

3. to  o b ta in  th e  sum o f 2 o r  more v a r ia b le s .

The b a s ic  e l e c t r o n i c  components w hich p erfo rm  th e se  o p e ra t io n s  a re  th e  m ul­

t i p l i e r  o r  a t t e n u a t o r ,  th e  i n t e g r a to r  n e tw o rk , and th e  o p e ra t io n a l  am p li­

f i e r .  The o p e ra t io n a l  a m p l i f ie r  i s  th e  m ost v e r s a t i l e  com puting u n i t  

w ith in  th e  com puter. T here a re  o th e r  com puter components which perfo rm  more 

s p e c ia l iz e d  o p e ra t io n s  = For exam ple th e  d iode fu n c tio n  g e n e r a to r , th e  

lo g  d io d e  fu n c tio n  g e n e ra to r ,  th e  v a r ia b le  d iode fu n c tio n  g e n e ra to r ,  and 

o th e r s .  These a re  d e s c r ib e d  as needed in  th e  s o lu t io n  o f p ro b lem s. 

OPERATIONAL AMPLIFIER

The b a s ic  com puter component i s  th e  a m p l i f ie r .  By a s u i t a b le  ch o ice  

o f r e s i s t o r s  and c o n n e c tio n s  to  o th e r  com ponents, many r e l a t i o n s  can be

o b ta in e d .



Io S ign  changing

The o u tp u t v o lta g e  w i l l  alw ays be o p p o s ite  in  s ig n  to  th e  in p u t . 

Whenever an a m p l i f ie r  i s  u sed , th e  s ig n  w i l l  alw ays change . The com puter 

symbol i s  shown in  F ig u re  19 ( a ) .

2 . M u l t ip l ic a t io n  by 10

I f  th e  feedback  r e s i s t o r  has te n  tim es th e  v a lu e  o f  th e  in p u t r e s i s ­

t o r ,  th e n  th e  o u tp u t w i l l  be  o p p o s ite  in  s ig n  and te n  tim es th e  in p u t 

v o l ta g e .  The com puter symbol i s  shown in  F ig u re  19 ( b ) .

3 o Summation

The a m p l i f ie r  can have two o r  more in p u t  v o lta g e s  and th e  o u tp u t w i l l  

be th e  sum o f th e  in p u t v o l ta g e s .  The com puter symbol i s  Shown in  

F ig u re  19 ( c ) .

4 . S u b tra c t io n

By u s in g  two a m p l i f i e r s ,  one as a s ig n  changer and th e  second as a 

summer, two v o lta g e s  can be s u b t r a c te d .  The method and com puter symbol 

a re  shown in  F ig u re  19 ( d ) .

ATTENUATOR OR POTENTIOMETER

The a t te n u a to r  p ro v id e s  th e  c a p a b i l i ty  to  m u ltip ly  a  v a r ia b le  v o lta g e  

by a c o n s ta n t  whose v a lu e  l i e s  betw een ze ro  and u n i ty .  The com puter symbol 

fo r  th e  a t te n u a to r  o r  p o t i s  shown in  F ig u re  20 ( a ) .  The number in s id e  o f  

th e  p o t symbol r e p r e s e n ts  th e  number o f  th e  com puter p o te n tio m e te r  w hich 

was u sed .

I 0 M u l t ip l ic a t io n  by a c o n s ta n t  C betw een - I  and -10

T his n e c e s s i t a t e s  th e  combined use  o f a p o t and an a m p l i f i e r .  The 

com puter sym bol, F ig u re  20 ( b ) ,  shows th a t  th e  p o t i s  s e t  to  C/10 o f  th e
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d e s ir e d  v a lu e . The denom inato r o r  10 i s  due to  th e  m u l t ip l ic a t io n  f a c to r  

o f  10 w hich i s  s e t  on th e  a m p l i f i e r .

2 . D iv is io n  by a c o n s ta n t  B

T his com puter o p e ra t io n  can be t r e a te d  as m u l t ip l i c a t io n  by 1/B. 

INTEGRATING NETWORK

The in t e g r a to r  netw ork  i s  connec ted  a c ro ss  a h ig h  g a in  d -c  a m p li f ie r  

and th e  n e c e s s a ry  in p u t r e s i s t o r s  a re  a p p lie d  to  t h a t  n e tw ork . I f  a second 

o rd e r  d i f f e r e n t i a l  e q u a tio n  i s  to  be s o lv e d , two in t e g r a to r s  a re  re q u ire d  

and i f  o n ly  a  f i r s t  o rd e r  d i f f e r e n t i a l  e q u a t io n  i s  to  be s o lv e d , on ly  one 

in t e g r a to r  i s  needed . The com puter symbol f o r  an i n t e g r a t i n g  netw ork i s  

shown in  F ig u re  20 ( c ) . The p o t p re c e d in g  th e  i n t e g r a to r  may o r may n o t be 

needed .

REFERENCE VOLTAGE

At v a r io u s  p o in ts  in  a p rob lem , c o n s ta n t  v o lta g e s  o f  d i f f e r e n t  v a lu e s  

a re  r e q u ir e d .  The EAI TR-10 an a lo g  com puter uses p lu s  and minus 10 v o l t s  

as so u rc e s  f o r  a l l  com puter s ig n a l  v o l t a g e s . These can be found on th e  

p a tc h  p a n e l .  To produce c o n s ta n t  v o lta g e s  o th e r  th a n  p lu s  o r  minus 10 

v o l t s , th e  p o ts  a re  used  a lo n g  w ith  a re fe re n c e  v o lta g e  s o u rc e . For ex ­

am ple, i f  a r e fe re n c e  v o lta g e  o f 5 v o l t s  i s  r e q u ir e d ,  u se  p lu s  10 v o l t s  

r e fe re n c e  and th e n  co nnec t t h i s  to  a p o t which i s  s e t  to  0 .5 0 . This i s  th e  

same as m u l t ip ly in g  10 v o l t s  x 0 .5 0  = 5 v o l t s .

The r e f e r e n c e  v o lta g e  i s  always used  as an i n i t i a l  c o n d i t io n  o r  as a 

f o r c in g  fu n c t io n .

The b a s ic  e lem en ts  o f  th e  com puter have been l i s t e d  a lo n g  w ith  th e  com­

p u te r  d iag ram  sym bols, A more com plete  l i s t  o f symbols used  to  r e p re s e n t
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com puter d e v ic e s  can be found in  th e  com puter o p e r a to r ’s handbook=

The p o te n tio m e te r  o r  a t t e n u a to r ,  th e  summer, and th e  summing in t e g r a ­

t o r  netw ork  a re  th e  th re e  b a s ic  l i n e a r  e lem en ts  r e q u ire d  f o r  th e  s o lu t io n  

o f  system s o f l i n e a r  d i f f e r e n t i a l  e q u a t io n s . S o lv in g  n o n - l in e a r  e q u a tio n s  

r e q u ir e s  th e  a d d i t io n a l  components o f m u l t ip l i c a t io n ,  fu n c t io n  g e n e ra t io n ,  

l im i t in g  and s w itc h in g . However, th e  p r e s e n t  d is c u s s io n  w i l l  c o n s id e r  

o n ly  l i n e a r  d i f f e r e n t i a l  e q u a t io n s .

Computer D iagram  Example

A s im p le  l i n e a r  d i f f e r e n t i a l  e q u a tio n  example can b e s t  i l l u s t r a t e  th e  

method o f  o b ta in in g  a com puter d iagram  u s in g  com puter sym bols. No m agni­

tu d e  s c a l i n g .o r  tim e s c a l in g  w i l l  be used  in  t h i s  exam ple. I t  must be r e ­

membered th a t  no f a m i l i a r i t y  w ith  th e  com puter i s  r e q u ire d  f o r  th e  r e p r e ­

s e n ta t io n  o f th e  com puter s e tu p  by means o f  a com puter d iag ram .

C on sid er th e  d i f f e r e n t i a l  e q u a tio n

4 %  + dx + % = 0
d t?  d t

U sing d o t n o ta t io n

x + x -f- x = 0

S tep  I .  So lve f o r  th e  h ig h e s t - o rd e r  d e r iv a t iv e
6

X = - X - X

Sometimes a  "b lo ck  d iag ram ". F ig u re  21 ( a ) ,  w i l l  be h e lp f u l  f o r  p re lim in a ry  

a n a ly s i s .  T his d iagram  ig n o re s  a l l  s ig n s  and v a lu e s  and i s  used to  show 

th e  "flow " o f  th e  prob lem .

S tep  2 . I n te g r a te  th e  h ig h e s t - o rd e r  d e r iv a t iv e  and a l l  su b sequen t d e r iv a -  

d e r iv a t iv e s .  F ig u re  21 ( b ) . N o tic e  th e  s ig n  ch an g e s .
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S tep  3. M u ltip ly  each te rm  by th e  c o n s ta n ts  g iven  in  th e  e q u a t io n . F ig u re  

21 ( c ) . A p o t i s  p la c e d  b e fo re  each  in t e g r a to r  .

S tep  4 , Add th e  term s as g iv en  in  th e  e q u a t io n .  At t h i s  p o in t ,  - ( x  + x ) 

must be added. A summer i s  u sed .. F ig u re  21 ( d ) .

S tep  5 . S a t i s f y  th e  e q u a tio n  by c lo s in g  th e  loop as g iven  by th e  e q u a t io n . 

In  F ig u re  21 ( d ) , x has been found to  be th e  o u tp u t o f  summer B . 

T h e re fo re , i t  can be connec ted  in to  i n t e g r a to r  C. T his c lo se s  

th e  lo o p .

' M agnitude S c a lin g

I t  i s  im p o rta n t to  remember t h a t  th e  com puter w i l l  e s t a b l i s h  m athe­

m a tic a l  r e l a t i o n s  n o t betw een th e  o r ig i n a l  v a r ia b le s  o f  a p rob lem , b u t 

betw een v o lta g e s  s im u la tin g  th e se  v a r i a b le s .  S ince th e  l im i t in g  v a lu e  o f  

th e  TR-IO an a lo g  com puter i s  t  10 v o l t s , th e  v o lta g e s  m ust be a rran g ed  so 

th a t  th e y  do n o t exceed th e s e  v a lu e s .

M agnitude s c a l in g  w i l l  s e t  up a r e l a t io n s h ip  betw een th e  v o lta g e  ob­

se rv e d  as an o u tp u t and th e  p roblem  v a r i a b le .  There a re  v a r io u s  methods o f  

m agnitude s c a l in g ;  how ever, on ly  th e  method used  in  th e  problem s i s  p re ­

se n te d  h e re .

I f  in  a problem  in v o lv in g  some v a r ia b le  T, th e  v a lu e  o f  T v a r ie s  from 

0 F to  1000 F, th e n  I  v o l t  on th e  com puter cou ld  r e p re s e n t  100 F. I f  t h i s  

i s  so , th e  p rob lem  v a r ia b le  F w i l l  v a ry  betw een 0 F and 1000 F and th e  com­

p u te r  v o lta g e  w i l l  v a ry  betw een 0 v o lts , and +10 v o l t s .  I t  i s  d e s i r a b le  to  

have th e  com puter v o lta g e  reac h  i t s  maximum v o lta g e  when th e  v a r ia b le  F 

re a c h e s  i t s  maximum. I f  th e  com puter can co v er th e  maximum v o lta g e  range 

( t  10 v o l t s ) ,  i t  w i l l  m inim ize th e  e f f e c t s  o f n o is e ,  r e s o lu t io n  e r r o r s ,
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and com puter d r i f t .

The maximum v a lu e s  o f  th e  p h y s ic a l  v a r ia b le  can be s c a le d  on a "p e r  

v o l t "  b a s is  so  t h a t

____________ 10 v o l t s ______________
max. v a lu e  o f  p h y s ic a l  v a r ia b le

T his i s  c a l le d  th e  m agnitude s c a le  f a c t o r .  In  th e  exam ple c i t e d ,  th e  mag­

n i tu d e  s c a le  f a c t o r  would be

—1-Q-..3I— = 0 .01  V I  v o l t  = 100 F
1000 F F

A nother way o f o b ta in in g  a m agnitude s c a le  f a c to r  would be to  w r i te  th e  

s c a le  f a c to r  as such I j- I 10 v = 1000 F
IlOOOj

T his sim ply  means t h a t  10 v o l t s  = 1000 F. I t  i s  & m a tte r  o f  k eep ing  t r a c k  

o f  th e  v o lta g e  -  v a r ia b le  co rre sp o n d en ce .

The fo llo w in g  exam ples show how .to  d e te rm in e  th e  m agnitude s c a le  

f a c t o r s :

P h y s ic a l V a r ia b le  

v e lo c i ty  X m a x  = 200 f t / s e c

S ca led  V a ria b le - " p e f  v o l t "  S c a le d  V a ria b le  

10 x
200

R ate o f  te m p e ra tu re  change
f n C

10 T 
100

m

K
lira]
[4]

Tmax = 100 F /s e c  

T em perature Tmax = 800 F 10 T = FjrJI 
1000 [iooJ

A lthough th e  maximum te m p e ra tu re  i s  e x p ec ted  to  be 800 F , a  maximum o f 

1000 F was used to  o b ta in  a s g a le  f a c t o r .  This i s  p e rm is s ib le  and m ere ly  

g iv e s  a number ( 1000) w hich i s  e a s i e r  to  work w ith .

The s c a le d  v a r ia b le s  w hich w i l l  ap p ea r as v o lta g e s  in  th e  com puter
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c i r c u i t  a re  i d e n t i f i e d  by u s in g  sq u a re  b ra c k e ts  abou t them .

GAIN FACTOR -  EXAMPLE PROBLEM I

1 In  o rd e r  to  c o n s tru c t  th e  s c a le d  com puter d iag ram , th e  "g a in  f a c to r "  

must be in c lu d e d  a t  th e  in p u t to  each o f  th e  i n t e g r a t o r s .  This g a in  f a c ­

to r  i s  n e c e s s a ry  and r e s u l t s  from th e  d i f f e r e n c e  in  s c a le  f a c to r s  which 

a re  u sed . The fo llo w in g  h y p o th e t ic a l  com puter d iagram  a n a ly s is  can 

i l l u s t r a t e  th e  g a in  f a c to r  as w e ll  as th e  method o f  o b ta in in g  th e  d iagram . 

Suppose th a t  th e  maximum v a lu e s  o f th e  v a r ia b le s  o f a p rob lem  a r e :

xTiiax = 32 f t / s e c 2 
0

Xmax = 8 f t / s e c  

Xmax = 2 f t

The e q u a tio n  i s
DO 6
X + 3 X + 1 6 X  = 0

The m agnitude s c a le  f a c to r s  a re
Pr

X_ X ,  T i '
_32_ 9

_ 8 _ L2J
and th e  s c a le d  e q u a tio n  i s

32 + ( 3 ) ( 8 ) X
8

+ (1 6 )(2 ) 0

In  o rd e r  to  m a in ta in  th e  e q u a t io n , th e  term s o f th e  e q u a tio n  a re  m u l t ip l ie d ,  

o r  d iv id e d ,  by th e  same v a lu e  as i s  used  in  o b ta in in g  th e  s c a le  f a c t o r s . 

S o lu tio n  o f  th e  e q u a tio n  fo r  th e  h ig h e s tr -o rd e r  d i f f e r e n t i a l :

The com puter d iag ram , F ig u re  22 ( a ) , shows th e  m u l t ip l i c a t io n  by a f a c to r  

o f 4 a t  th e  in p u t to  each i n t e g r a t o r .  C onsider th e  e q u a tio n  to  be so lv ed
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by th e  f i r s t  i n t e g r a t o r : — X = — y  XT d ' t -  -h  Y. C*)
o

U sing s c a le  f a c to r s

-8 M - -/«[£]-!«

A g e n e ra l method to  f in d  th e  v a lu e  o f  th e  "g a in "n eed ed  i s :

S ca led  c o e f f i c i e n t  o f  th e  (n  -  I )  -JL S ca led  c o e f f i c i e n t  o f  th e
o rd e r  d i f f e r e n t i a l  9 n fĉ  o rd e r  d i f f e r e n t i a l

Example:

2 » 100

The g a in  f a c to r  w hich must be used  as an in p u t to  th e  i n t e g r a to r  i s  50.

T his g a in  f a c t o r  v a lu e  does n o t c o n s id e r  th e  tim e s c a le  f a c to r  which w i l l  be 

d is c u s s e d  in  th e  n e x t s e c t io n .  I t  w i l l  be seen  th a t  a  la rg e  g a in  f a c to r  can 

be reduced  w ith  th e  a p p ro p r ia te  tim e s c a le  f a c t o r .

Time S c a lin g

I t  w i l l  o f te n  happen th a t  th e  r a t e  a t  w hich a p ro c e s s  s im u la tio n  ru n s 

i s  u n s u i ta b le ;  i t  may be to o  f a s t  f o r  th e  re c o rd in g  d ev ice  to  fo llo w  o r to o  

slow  fo r  th e  conven ience o f th e  p e rso n  in t e r e s t e d  in  th e  answ er. In  e i t h e r  

c a s e ,  i t  i s  n e c e s s a ry  to  a l t e r  th e  r a t e  a t  w hich th e  s im u la tio n  ru n s ; t h i s  

i s  done by a te c h n iq u e  c a b le d  tim e s c a l in g .

The id e a l  d u ra t io n  o f a s in g le  ru n  on th e  com puter i s  somewhere from 

10 to  60 s e c o n d s . Too long  a s o lu t io n  tim e may in tro d u c e  some e r r o r  due to  

i n t e g r a to r  d r i f t .  A lso  th e  com puter o p e ra to r  d e s i r e s  r e s u l t s  in  a re a so n ­

a b le  tim e . The c a p a c i ty  o f  th e  re c o rd in g  equipm ent to  fo llo w  th e  s o lu t io n
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p la c e s  a low er l im i t  on th e  s o lu t io n  tim e . To rem ain  w ith in  th e se

l i m i t a t i o n s ,  a change in  tim e can be in tro d u c e d  by r e l a t i n g  p h y s ic a l  o r  r e a l

tim e to  an a lo g  com puter tim e by a tim e s c a le  f a c to r  B, so th a t

t c -  B t t c = com puter tim e in  seconds
t  = r e a l  tim e in  seconds

I f  B = I ,  th e  com puter i s  o p e ra t in g  in  r e a l  tim e .

I f  B - C l ,  th e  com puter s o lu t io n  i s  speeded  up; th in g s  happen f a s t e r  on th e  

com puter th a n  in  th e  p h y s ic a l  sy stem .

I f  B /»  I ,  th e  com puter s o lu t io n  i s  slow ed down; th in g s  happen s lo w er on th e  

com puter th a n  in  th e  p h y s ic a l  sy stem .

Through m a th em a tica l d e d u c tio n , i t  can be proven th a t  tim e s c a l in g  

can be accom plished  by m u l t ip ly in g  ev e ry  in p u t to  an in t e g r a to r  by 1 /B .

X - Y  P l o t t e r

The o u tp u t o f th e  problem  may be observ ed  on an o s c i l lo s c o p e  o r r e ­

co rded  on a s t r i p - c h a r t  r e c o rd e r  d r  on an X-Y p l o t t e r .  In  t h i s  r e p o r t ,  th e  

X-Y p l o t t e r  was used e x c lu s iv e ly .  The X-Y p l o t t e r  u ses a  moving pen and 

s t a t i o n a r y  p a p e r . T his d e v ic e  has two v o lta g e  in p u ts ,  e n a b lin g  one to  p l o t  

one v a ry in g  v o lta g e  a g a in s t  a n o th e r . The "Arm" o u tp u t moves along  a 

h o r iz o n ta l  l i n e  and th e  "Pen" moves v e r t i c a l l y  depending  on v o lta g e  fo r  i t s  

d e f l e c t i o n .  The in p u t f o r  th e  Pen i s  th e  o u tp u t o f th e  dependent v a r ia b le  

o f  th e  p rob lem . The o u tp u t o f th e  dependen t v a r ia b ly  can come from any 

lo c a t io n  in  th e  com puter c i r c u i t .  T hat i s ,  i t  can be th e  o u tp u t o f  any 

a m p l i f i e r .  The in p u t  to  th e  Arm w i l l  d e te rm in e  th e  r a t e  o f  h o r iz o n ta l  t r a v ­

e l  and w i l l  r e p r e s e n t  th e  in d ep en d en t v a r ia b le  tim e . The v o lta g e  r e p r e s e n t ­

in g  tim e i s  g e n e ra te d  by an in t e g r a to r  and d r iv e s  th e  Arm on th e  X-Y p l o t t e r
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a d is ta n c e  p ro p o r t io n a l  to  tim e . For example

■Q— I >—̂  * "/f-IOv

I f  B = 10, th en  -^c

- t  >J  I '  I ^

I f  t c = 10 s e c o n d s , th en  10 v o l t s  w i l l  be g e n e ra te d  in  10 seconds o f a c tu a l  

com puter o p e ra t in g  tim e . The "Arm S c a le "  s e t t i n g  on th e  p l o t t e r  w i l l  con­

t r o l  th e  le n g th  o f t r a v e l  o f th e  pen . I f  th e  s e t t i n g  i s  s e t  to  I v o l t /  

in c h , th e  p l o t t e r  w i l l  g e n e ra te  th e  above 10 v o l t s  in  10 in ch es  and 10 

se c o n d s .

Summary-Example Problem  2

To summarize th e  te c h n iq u e s  o f o b ta in in g  a com plete an a lo g  com puter 

d iag ram , a se c o n d -o rd e r  d i f f e r e n t i a l  e q u a tio n  w i l l  be c o n s id e re d  as an ex ­

am ple.

(18) X 1 ' + 8x ' + IOOx = f ( t )

x (0) = 20 in ch es  

x '( 0 )  = -5  in c h /se c o q d  

Assume maximum v a lu e s  o f 

xm = 2 in ch es  

X 1 m =  20 in c h /seco n d  

x ' ' m = 200 in ch /seco n d ^

The m agnitude s c a le  f a c to r s  a re

10 v o l t s  = 2 inch

10 v o l t s  = 20 in / s e c
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10 v o l t s  = 200 in /s e c ^

S o lv in g  E qu a tio n  18 fo r  th e  h ig h e s t  o rd e r  d i f f e r e n t i a l ,  s u b s t i t u t i n g  th e  

m agnitude s c a le d  v a r i a b l e s , and making p ro p e r  ad ju s tm en ts  to  keep the  

e q u a tio n  t r u e :

( 18) -  8 x ' -  100 x + f ( t )

200 [ f ^ ] ” ( ' 8) ( 20) [ f Q ™  ( 100H 2) L ? ] +  f ( t )

[ S ] - -0-80[firJ-[f] + m i  
200

This e q u a tio n  can now be used to  draw th e  com puter d iag ram . F ig u re  22 ( b ) . 

The tim e s c a le  f a c to r  B can be n e g le c te d  d u rin g  th i s  p ro c e s s  b u t must be 

added in  th e  com puter c i r c u i t .  To o b ta in  th e  n e c e ssa ry  g a in  f a c to r  betw een

10

T his g a in  co u ld  be o b ta in e d  by an in t e g r a to r  in p u t m u l t ip l ic a t io n  o f  10.

A tim e s c a le  f a c to r  o f B = 10 would slow  down th e  s o lu t io n  and a lso  d e­

c re a se  th e  g a in . F ig u re  22 ( c ) .

I t  shou ld  be remembered th a t  th e  im p o rtan t phase o f problem  s o lv in g  

w ith  th e  an a lo g  com puter i s  to  o b ta in  a c o r r e c t  d iagram  so th a t  th e  p a tc h  

board  can be w ired  c o r r e c t ly .  Of l e s s e r  im portance i s  th e  e s t im a tio n  o f 

maximum m agnitudes and run  d u ra tio n  s in c e  th e se  v a lu e s  can u s u a lly  be
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changed by m ere ly  chang ing  th e  p o te n tio m e te r  s e t t i n g s .
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(a) S ign Changing

(b) M u lt ip l ic a t io n  by 10

(c) Summation

(d) S u b tra c tio n

F ig u re  19 . B asic Computer Symbols
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(a ) P o te n tio m e te r (P o t)

(b) M u lt ip l ic a t io n  Between - I  and -10

(c) I n te g r a t in g  Network

± IOn

(d) R eference  V oltage

F ig u re  20. B asic Computer Symbols
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(a) Block Diagram

* 0
X Th . x

(b) S tep  2 —  I n te g r a t io n

l O - "
(c) S tep  3 — M u lt ip l ic a t io n

r > -

o —c H
--------------O
(d) S tep  U -  5 — Computer Diagram

F ig u re  21. S o lu t io n  o f Example Problem
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(a ) Gain F a c to r  — Example Problem I

(b) Computer Diagram f o r  Example Problem 2

10/B = I10/B = I

(c) Reducing Gain F a c to r  by Time S ca lin g

Diagramming Fundam entalsF ig u re ProblemsExample
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