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Abstract:

The electronic analog computer is a very useful problem solving tool to the engineering student. The
Montana State University Engineering Department has two analog computers for the use of the faculty
and students. These are the EAI (Electronic Associates, Incorporated) TR - 48 and the smaller EAI TR
- 10. The Mechanical Engineering Department has 4 TR -10 patchboards and the necessary wires and
resistors to set up computer problems. Heat transfer is one field of engineering, among others, in which
this department will use the analog computer for problem analysis at the undergraduate and graduate
level.

An introductory course in analog computer programming should enable the student to use the computer
for various problem solutions even without a strong background in electronics or servomechanisms.
This thesis is presented as a guide to the student wishing to utilize the analog computer for heat transfer
work. It demonstrates general problem analysis and some necessary procedures for obtaining solutions
for some of the basic heat transfer equations.

The literature search in preparation of this thesis left the impression that there has not been much work
in heat transfer using the analog computer at the undergraduate level. Rather, it appears that
analog-simulation systems; such as the resistance analog, conductive-solid analog, and
conductive-liquid analog, have been used more often for analysis.
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Abstract
The electronic analég computer is a very useful problem solving tool

to the engineering student. The Montana State University Engineering
Department has two analog computers for thé use of the faculty and students.

"These are the EAI (Electronit Associates, Incorporated) TR - 48 and the

smaller EATI TR - 10. The Mechanical Engineering Department has 4 TR -10
patchboards and the necessary wires and resistors to set up computer
problems. Heat transfer is one field of engineering, among others, in
which this department will use the analog computer for problem analysis
at the undergraduate and graduate level.

An introductory course in analog computer programming should enable
the student to use the computer for various problem solutions even with-
out a strong background in electronics or servomechanisms. This thesis
is presented as a guide to the student wishing to utilize the analog
computer for heat transfer work. It demonstrates general problem analysis
and some necessary procedures for obtaining solutions for some of the
basic heat transfer equations.

The literature search in preparation of this thesis left the impression
that there has not been much work in heat transfer using the analog com-
puter at the undergraduate level. Rather, it appears that analog-simula-
tion systems; such as the resistance analog, conductive-solid analog, and
conductive-liquid analog, have been used more often for analysis.




CHAPTER I

INTRODUCTION

There are two.types of electronic coﬁputers in general u§g‘in'industry
for purposes of research, data processing, control systems, to name a few.
These are the analog computer and the digital computer. The digital com-
puter is able to store problem_data and instfuctions. .Through various re-
lated units, the digital finally supplies the results of computations.
Generally, the digital computer performs only addition and tbere is no
relationship between the computing time and the problem variables. On the
other hand, analog computers do not count in terms of numbers, but use
continuously variable data. Problem solution by the analog computer is
accomplished by analogy; the computer is programmed so that-its circuit
equations have the séme mathematical form as' the equations, K of the problem.
Thus voltages represent various physical quantities such as distance, tem-
perature, force, displacement, and so on. Thg voltagelmagnitudes are re-
lated to the physical quantity magnitudes by a scale factor. - The analog
computer performs its operations in a continuous process with respect to
time: therefore, there is'a relatiqnship between the actual c&hputér‘rﬁn
time and the problem time or some other independent variable. -

Analog computers make it possible to simulate entire system problems,
components, or subsystems. It’may be that parameters of a s&stem would be
difficuit, expenéive, or time consuming to actually change in real equip-

ment. However, if simulated on an analog computer, paramenters could be

varied by simply using a dial'in awell designed analog circuit. Process .

effects that take hours or even days can be simuldted on an analog com-

puter so that data can be obtained in a matter of seconds.
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Although a kno&ledge of electronics is very valuable to a person
utilizing the analog computer, ié is not néces;ary° An introducto?y
course in circuit analysis will suffice. The engineering student will
find that using,én“analog'homputér Is fajirly gasy-and'very-éﬁpiiéable to
engineering problems. For example, ﬁecﬁanical vibfétion differential
equations.have.timé as the inéebendent vapiéble én& the analoé computer
produces solutions t; différenfial equatiéns'with the indeﬁéndent varis
aﬂle being time. This then.iévoives,the.d;rect solﬁgion of'the equaf&éns;
Many heat transfgf problemslélso have time as the independent va;iaﬁle
and the analysis and solutién of these probleﬁs is fairly Str;aightforward°

Any discussion of heat tranéfer solutions would not be complete with-
out includiﬁg the solution of partial differential equ§t1¢nso, The mathe~-
matical description of any gontinuous media usually invelves partial
differegtial equations, i.e., differential equations havgng derivativeg
with respect fo more than one independent variable. Since the elégttonic
analog computer can integrate with respect to only one variablg; némely
time, it can only be used to solve ordinary differential equations.

Thus it is necessary to convert a partial differential equation to one

or more ordinary ﬂifferential equations in order to solve it on the analog
computer. There are two popular techniques for doing this: kl) the method
of separétion of variables, leading to an.eigenvalue problem; (2) the
finite difference method whéréi;-derivatives with respect to all variables
but one aré replaced'by finite-différence approxipations° The'firét me thod

will only be discussed and the second method will be demonstréted by anélym

sis and analog computer -solution,
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The basis of 'analog computer operetion is presented in the Appendix.
No attempt is made to probe or explain ény of the conputer'operations on |
the basis of electronic theory. The reader is instead referred to one of
the texts listed in the literature consulted° The operatidn:of the elec-
tronic analog computer itself is presented in 6hapter 2. Tne EAI TR-10
analog computer was used exclusively. iThls is a relatively small computer
and thus is somewhattlimited in the size of problems which can be solved.
The limiting factor is the number of operational amolifiers availeble for
the problem solution. | .

The answeré from the computer are obtained in the form of observations
or recordings of continuous time variables. If the p;oblem'isstatlc, that
is, lf the answers have one.and only one value when the{solutlon:has been
reached, all the variables will heve ceased to change andjtheir values can
be read with a simple voltmetera- In most cases, however, the problem sol-
ution involves varlables that'ehange continuously with time and are record-
ed continuously in time. Theiproblem solutions presented herein were re=
corded on a two-dimensional X -Y plot on paper measur1ng 10 inches x 15
inches then re-plotted on standard 8 1/2 inch x 11 inch paper° Regardlng
the solution of an equatlon or a set of equations, it should be understood
that’ very seldom is just one numer1cal answer sougnto' Rather.a better
understanding of the situatlon or system being studied is more important.

A logical question atises as to wnen to use a digitelmcomputet and

when to use an analog computer. Basically, the following statements con-

cerning when to use a digital computer could be stated.
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1. Problems involving large amounts of tabulated data in

discrete~number form.

2. Problems with precise iQPuf data requiring precise solutions
Similarly, the following statements apﬁly concerning when to use an elec-
tronie apalog computer.

1.‘ Solution 6f simultaneous differential equations.

2. When an analogy of a mechanical;.or other type of system is

requiredn‘ That is, a mathematical model will represent the
physical problem, thus solution of the equations will be

analogous to the physical system,




CHAPTER 2

!

EAT TR -~ 10 ELECTRONIC ANALOG COMPUTER

3

The TR - 10 patchboard contains all of the computer component con-
nections which are explained in the Appendix. The patchboard is remov-
able from the computer so thag full use can be méde of the computer.
Problems can be "patched" or wired before putting the patchboard on the
comfuter; then potentiometer settings can be made when the operator is
ready for thg problem solution.

The control panel of the TﬁrlO contains the following control switches

Mode Control Switch; positions are RESET, HOLD, and OPERATE.

Reset - The programmed problem is at the conditons correspond-
ing to time zero.

Hold This position will stop and hold theiproblem‘solution

‘ instantly féf ébservation° o

Operate This will étart.the problem solutionﬁw Qpéfation can
-starf from the réset or hold positioﬁ; |

Meter Mode Selector Svgitéh; positions are POT BUS, NULL, V,Mo; AMP, BAL.
Pot Bus This position is uséd to.set values on pots. This is a

precision potentiometer which is bridged so'thgt when the

4,

pot which is being set reaches the same value as the

Cogn

precision potentiometer, the reading on the meter will '
S b @Y
show a null indication.
Null A position used for setting potentiometers other than

the ones which are found on the Montana State Univérsity

analog computer.
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V.M. This connects the meﬁgr for use as a voltimétéra The
V.M. switch §a$'not used for any prqueniso

Amp This connects the metér aé a voltmeter, to the amplifier
sélector switch ;o that the output voltage of each
aﬁplifier ¢can be reaﬁ on the meter. 'This is used as a
check to'dgtermihe what amplifief is overloaded (> 10
vélté) ﬁﬁen‘thére is an overload indication.

Bal Used to balaﬁcé, to zero, the étabilizér-outputs of all
amplifiers.

The important swit§h ﬁositipﬁs for broblem solution are.thé pot bus
and amp séttipgso The ﬁot bus ié necessary in;order to obtain éccurafe bot
settingso‘(The amp éétting enables the qpefatbr to read the ?oitage‘outpué
of each amplifie:r° The comﬁuter_%ill hgm distinctly audibly when there is
an amplifier which is overloaded..

This is a brief presgntation of the more important control components
of the TR-10 analog computer. A more extensive explanation of controls camn
be found in the opérator's handbook which is always locdted in the computer
room. The operator’'s handbook will also illustrate how to make the patch-
board connections required from the computer diagram. The connections are
very easy to make; the handbook being.easy to follow amd aléo, the operatbr
soofi learns the basic connections. The most important aspect of using the

analog computer is to obtain the correct computer diagram.
- .




CHAPTER 3

STEADY-STATE HEAT CONDUCTION: UNIEORM,GROSSfSECTION FIN

Consider a fin of uniform:circglar cross—séction, Figure 1, whose base
is attached to a plaﬁe'section whicﬁ is maintained at thg constant temper-
ature Tb. The fin exchanges heat along its surface with a fluid at a bulk:
temperature Taa A heat balance for a differential element of the fin must
consider heat flow into the element by conduction, heat generagéd by the
element, heat flow out of the element by conduction, and the heat capacity
of the element. In steady~state heat transfer the heat capaéity of the
element is unimportant and if the fin is highly conducting the temperature
along the fin is a function of the axial distance alone. Now a heat bal-
ance for a differential element in such a fin will be 'comsidered in order to
derive an equation for the temperature distribution along its length. Heat
flows by conduction into one face of the element while heat flows out of
the opposite face by conducéion and from the surface by convection. In
the absence of energy géneration within the élement and under steady-state
conditions: ’ |

Rate of heat flow by Rate of heat flow by Rate of heat flow

conduction into ele- = conduction out of ele- + by convection from
ment at x ment at (x + dx) surface

dT
—kA -g-'-r;i = EkA Frad - (—kA ______de> dx + :l +hAg (Tx -~ Ty)

dx dx
2
kA ITx = - kA 9Tx —1a 4 Tx ax + h(Pdx) (T, - T,)
dx dx dx2




T, = 100 F ;
Perimeter — As = (i‘fd) A s
\ A ire g

Ty = 100 F

Figure 1. Uniform Cross-Section Rod Fin




2
kA 49Ty
—3 = hP(Ty - Tp)
2
dT hP

(1) dx§

kA (Tx - Ta)

Where q = Rate of heat flow
k = Thermal conductivity
h = Heat transfer coefficient
A = Surface area
A = Area of fin cross—-section

P = Perimeter

Let T = (Ty - Tp)
Ta = Constant
Therefore
2
dér, ) a2t
dx2 dx2

and eq. 1 can be written

2 .
T e T
(2) dx2 kA

Independent Variable Other Than Time

The indepéndent variable of eq. 2 is distance‘rathér than time. This
does not mean that is is impossible to solve it onuthe‘anélog‘computer, it
does mean a transformétion-between time’and‘disténce must be defined. The
degree of the corresﬁondence between the distance x and the time t yill

depend on the units in which the equation is written. If distance x is in
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inches, a'pbésibie correspondence may be 1 inch = i second quif x is inm
feet, the correspondence may be 1 foot = 1 second, and so forth. Consid-
“ering eq. 2, the units of p, h, k, and A must be consistent with the units
of x. The relation of time and distance for the solution of the rod fin

heat transfer equation, eq. 2, can be written:

x (ft) = a.t (sec)
dx _
de = @
also . x = £(t)
T = g(x) -

By using the chain'rule twice and éubsti;uting

ar _dx dr

dt _ dt ° dx

i"-ts, aﬂ,

dt dx -
21 _ Jd (dri]  dx
ac2 dx \ dx dt
dr _ 21 ax

dt2 “dx2 ° dt

d2t d2T

a2 = ¥ g

[a ¥
=

and (3) d%q::li' 2
t

- a

[
o

R
N

Ana%pg Computer Solution of a Steady-Sfate Heat Conductioanroblem
Analysis of the uniform cross-section rod fin will continue by con- .
sidering an.example problem,
Problem: An engine is air-cooled by circular-rod fins. The sur-

rounding ambient air temperature is 100 F. The temperature
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of the end of the fin tﬁat is entirely in the air is 200F.
Determine the temperature distribution along the length of

the fin. The problem is illustrated in Figure 1. Let

h=35 —Btu d = 1 inch diameter
hr ft2 F
L = 0.706 ft k =35 -Btu__

hr ft F

Equation 2 has been found to be the equation describing the heat flow for

the rod fin. Let

m=Ph = trd)_h = (%4"')(5 EEULFrfE) =496 ;ﬁ-r.Z—'
R Y 2 " .
TN e (G
Then ‘
* F
(4) Q{TI =mT = 46T (%)

A substitution must be made since the equation involves an independent
variable other than time. The method is explained previously. Equation 3

will be substituted into Eq. 4.

2
(4) 47T _ pr

a2r

1
—— mT
aZ dt2

or

2
(5) 4T a2mT :
de?

In order to obtain a numerical value for a, t is arbitrarily selected

as 1 second of problem time.

‘0.706 ft

a=X_
t 1 second

a2 =(0.706)2 = 0.50
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Using dot notation for the derivatives so that
and % respectively fesu}ts int
(6) T = aZuT = 0.50 (9.6) T = 4
This then is the equgtion whicﬁ must be solved
The only boundary condition is: |
Tep = (200 - 100)F = 100F
Three steps will bé followed before wiring the
are: (1) magnitﬁde scaling, (2) time scaling,
puter diagram. From knowledge of the problem,

maximum temperatures and problem duration. It

42T and 9% will be T apd
de2 dt

.80 T

on the analog computer.

computer patchboard. These
(3) draw a-¢omplete‘com—
it is possible to estimate

should be kept in mind that

should an estimate be wrong, it is an easy thing to change the scale fac-

tors by changing the pot settings. For tﬁis problem, it will be assumed

that Tp,, = 1000F. Therefore, on a "per. volt"
will be:
10v.= 1000F

and the scaled variable is:

¥ 1 volt =
pod

The computer time constant is:
B.,—:.EQ.
t.

where t, = computer time

t actual broblem time.

basis; the scale factor

100F

For the rod fin problem, a satisfactory value of ccmputer run time is 10

seconds, so that B = 10,
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In this problem, T is a function of x so that there is no prqblem
time involved in this steady-state condition, but a value of B must be
selected to give a satisfactory computer time.

The computer diagram is shown in Figure 2. The initial condition, or
known boundary value, is at the exposed end of the rod fin where x = 0.
The computer diagram is a solution to Equation 6. The output Y is shown
on the compﬁter diagram and represents T. A voltage must be genérated to
represent distance x or time t on the X axis. The voltage is generated
by integrating.a voltage as is shown in Figure 2. A véltage of 10 volts
will be generated in 10 seconds. An arm scale setting on the X - Y plot-
ter of 1 volt/inch will generate 10 inches on the plotfing paper in 10
seconds.

Iﬂ order to show the computer solution (v&lts.and time) and the con-
version to problem solution (;emperature and disfance), both graphs are
shown as Figure 3 and Figufe 4 respectively. The conversion factors used:

i volt = 100 F ‘(per volt basis)
1 secénd 6f problem time = 0.706 feet
10 seconds of computer time = 1 second of problem time
The computer time was 10 seconds; therefore, the problem time was 1 second.

This 1 second represented 0.706 feet of rod fin lg'ngth°




i

-10 v| Initial Condition:
|

1v=100F

3 T(0)= 100 F
gl 2
, « o 1 Vvolt input

|

| + (0,01 T]

e

-10 v

(Ref,)
, 3
; - = 0,10
|
i
|
i
i
:
i

Figure 2, Analog Computer Diagram for Rod Fin Problem




Volts Generated4by Computer

F 2 3 L 5 6

Computer Time (seconds)

Figure 3, Computer Solution of Rod Fin Problem

10

-GT~




Temperature of Rod Fin (T, = T + 100 F)

600

500

1,00

300

200

100

0.1 0.26 0.142 0.56 0.706
. x (distance in feet along rod fin)

x=aet, t=te/B .. x= (0,0706)t¢
Figure L, Solution of Rod Fin Problem




CHAPTER 4

HEAT TRANSFER BY THE TECHNIQUE OF LUMPED PARAMETERS

This is probably thé simplest technique available for the treatment of
the transient exchange of thermal energy between a solid and the fluid iﬁ
which it is immersed. In this approach the temperature gradients on the
interior of the solid are neglected and the solid is assumed to £e at é %
uniform temperature. Such a condition is approached when a solid of high
thermal diffusivity transfers heat to a .fluid through a film that presents
a high resiétance to heat flow. This situation is sometimes characterized
as one in which the film resistance is cdntrolling° Underx thesé cénditionsg
the rate at which the internal energy of the body decreases may be equated
to the rate at which energy is transferred'across the boundary of the solid.
In Figure 5 a detailed derivation of this type is presented as an example.
"Generally the equation which res#lts from this technique‘shows the rate of
cooling of the solid is proportional to the difference between the mean

temperature of the solid and the bulk temperature of the surrounding fluid:

dTy
(7) a-t— = "'K(T]_ - T2)

where T; = mean temperature of the conducting solid
Tp = bulk temperature of the ambient fluid

'K

a constant of proportionality°

Introducing the excess temperature, T = T; - Ty, the solution to this
equation is:

(8) T(t) = T(0) e *

The transient behavior of the mean temperature of the solid will depend on

the copstant K which in turn is related to such geometric factors.as the
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surface area and volume and to such heat transfer parameters as the film
coefficient and the specific heat of the solid. |
A problem in which Equation 7 will apply may be stated in order to
illustrate the computer solution.
Problem: A metal-casting of volume V and surface area Ag, initially
at 960 F is suddenly placed in an atmosphere .of OF. ‘Usiné
K values of 0.3 and 0.7, let us defermine the temperature
of the casting as a function of time.
Since the differential equation is already a function of time, gqgapion‘?
can be scaled and a cbmputer diagram drav;rn° Tﬂe maximum values which cén

be assumed for magnitude scaling are

Tpax = 900 F
&max = 300 F/second. .
Therefore, the scaled variables on the basis that 10 volts = 900 F will be
. . .
- T T
900 ° (300
The temperature drop is very rapid with the K values which are used, there-
fore, 2 seconds of problem time will be considered. The computer time c¢an
be extended to- 10 seconds by using a time scale factor.
t. = Bt

B = Ec . 10 seconds _ 5
t 2 seconds

The input to the intégrator must, however, be divided by 5. The initial
condition is T(0) = 900F. Since 10 volts equal QOOF? 10 volts input to the
integrator is used. The equation.for the computer diagram can be found as -

follows:
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T=-KT
T L T
ol I]= «x (900)H
30 [300_ 500 |
o Y il
(301~ -*[z53]
007 [—H: "201 -—r]q:‘-—
1300 {900

_ T 0.0 [LT°
(10) Tor K 0.3 [3()0] 0 [900]

The complete computer diagram is shown in Figure 6, élong with the computer

(9) For K

diagram which will generate the time function. The computer solution is

shown in Figure 7.




=20=

7
Ag (Surface Area) —— &
S
Ty = Temperature of Sphere BLES oF

T, = O F = Temperature of

f e ot
Surrounding Fluid
i I
at = Ysurf
‘ !
am 1
1 dT+) m ‘
| - v = =UNA o J g e
i C/O (C.'C/ U ( _]_)
|
f Let T Ty - Tf)
1 Tf = Constant
|
| ] ]
| and al _ df
; dt dt
L
%
| Then
, —CF V( = hAST
! aT hAg
| TR LUy -
|
| s
o
| Where:
. K = 2s = Densit; "
‘I C 7 /0 6 =] VJ
| r |
{ h = Heat Transfer Ag = Surface area
§ Coefficient
|
; ¢ = Specific heat V = Volume
Fig -- Cooling

ure 5, One-Dimensional Heat Transfer Across a Surface
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Figure 6. Analog Computer Diagram for Cooling Sphere Problem




Excess Temperature (Teq, 149 = Tgphere)
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Time (seconds)

Figure 7, Computer Solution of Cooling Sphere Problem
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CHAPTER 5

TWO TECHNIQUES FOR THE SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS

Many heat transfer problems.require the solution of partial differen-
tial equations. The solution must satisfy the partial differential equa-
tions and the pertinent.boundary conditionsAdefining thé proglém. The
electronic gnalog computer can solve partial differential equations only
by converting them to ordinary differential ‘equations. Generally, there
are two methods of accomplishing this conversion. They are; (1) separa-
tion of variables leading to an eigenvalue problem, and (2) replacing
the partial derivatives by finite differences.

0f the two'approaches, the finite diffefence method is most often
used. The other method is not always applicable since the variables
sometimes cannot be separated; this is éspecially true with non-linear
equations. Also, the summation of all of the eigenfunction products is
involved and this requires many analog computer components.

For the purpose of obtaining the one-dimensional heat conduction
equation, conéider the slab of uniform gfoss section which is shown in
Figure 8a. The slab is insulatéa~at all surfaces except the‘ends so that
heat flow is in the xrdirectioﬁ algne@ If a hea£ balance 1is written for
tﬂe différential element of volume A dx, the pne—dimensional heat conduc-
tién equation may be de;ived; Tﬁe total heat flowing in&o tﬁe elemental
volume either increases the average temperature of the volume or flows
through the element: o |

—kA .g%ﬁ: cp dv @%— "kA%x«:{x
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— kA ”[+kAT =cp (Ade) 9T
-KAST + [KA%— f QA-@G = Cp (Ad%)g;tr
-KALE + kALl + kKALT dx = o (Ad LT
kA%":_ll dx = ¢p Adxg_tf

gk A
kA e cp

"

or:

one-dimensional
heat conduction
equation

PT
av e =

¥e oy

Finite-Difference Approximation

It can be seen that Equation 11 contains two independent variables--
location and time. Therefore, an exact solution on the electronic analog
computer is not possible, however, instead of computing temperature at all
x values, the temperature T can be computed at certain stations along x,
Figure 8b. This is possible by using the finite difference technique and
will reduce Equation 11 to a system of first-order ordinary differential
equations. When solved simultaneously, they will provide an approximate
solution,.

It must be pointed out that it is possible to divide the right side,

aI%&g , into discrete intervals, At, however, since the analog computer
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integrates with respect to time, it is advantageous to divide distance x
into discrete intervals and integrate with respect to time.
Central finite-differences will be used in transforming aﬁI&éxl
into finite-difference form. Consider the temperature - distance curve of
Figure 8b, with the Ax increments shown. First the respective slopes of

the general curve at the stations (n + 1/2) and (n - 1/2).

oT - Tk+|"Th
-gin+a AX
()T - TY\ yFie -T_V‘\’I
0x In-vz AX

2
Since oT is the rate of change of slope, it follows that:

ox?
*T = 0T T
(] P % n+Ya o%ln-%
A K
substituting
2 ST o Tedilas
g;z‘ 2 nx;x‘ n _ In A)&ﬂ |
n A X
(12) . O S L *Tn-
X2 |p (Aygz

Substituting Equation 12 into Equation 11 yields a general equation for

the nth station.

(3) —

dt

il Thii ~2 Ta* Linsi —-]
G @x? -

h
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Now, the time derivative of T, is a total derivative since x is fixed at
(n°8x) for Tp. Equation 13 contains only one independent variable (time)
and is in a form which can be solved dﬁ the analog computer. The equation
represents an array of simultaﬁeous equations; the size of the array is .
equal to the number of increments which may be arbitrarily selected along
the'# axis. |

Separation of Variables

As an example of the solution of Equation 11, let us consider the
problem of the slab of thickness ;ﬂ_when both surfaces are maintained at
 zero temperature and the initial timperature distribution is f(x). That

is, the problem where

(11) IT _ &k %%ig and '52%223 Z o
‘ ot ¢ X T(x,0) = £(x)

To separate the variables let us assume that
T(x,t) = F(x) G(t).
and by substitution in the partial differential equation, it may be
shown that the functions must satisfy the following ordinary differential

equations:

(14) F'(x) + p2 F(x) = 0
5 v kP‘z -
(15) G'(t) + YT G(_t) Q

The solutions of these equations, after applying the boundary conditions

are,
. N
Fh(x) = A, sin px where p =T atn=1,2,3,....030
2 .
Gp(t) = Bne“vn t where V, = PV;.%%‘
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Hence for any value of n, the following expression satisfies both the
transient heat conduction equation and the boundary conditions of the

example problem. Letting Cp = A B, '
2
T Al Vo€
oot = C, SINTTX-€
Not only is this expression a solution of equation 11 and of the boﬁﬁééfy
conditions, but the sum over all values: of n of expressions of thié.é&ﬁé

is also a solution.

T PR

The solution must satisfy the initial condition  T(x, 0) = £(x), there-
fore, it follows that
. o0 o0
To) =H6)= Y cosin 3= 3 B.F,
' n=k net
where F, is the eigenfunction corresponding to the eigenvalue n. At this
point, the expression may be recognized to be the Fourier sine series ex-

pansion and

!
C. = %of.g(x) sin %FX dx

it may be possible to solvethe transient héat conduction equation
by using the separétion of variables technique on ﬁﬁe analog comi)uter°
Without seeking a numerical solution, bﬁt éonsidering the problem only in
terms of the steps necessary to achieve a computer solution, we may proqeed -
as follows. Set up Eomputer diagrams, Eigu;esf9a and 9 b, which will'givé

solutions to Equations 14 and 15. The boundary. value F(O), Figure 9a,.is -
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placed on the second integrator. The pz.pqtentiometer is édjusted until
the integrator output satisfies the boundary conditions. A number of
-eigenvalues determined by the values of the p.potentiometer settings may
be found and each one that ﬁill“satisfy themboundary.conditioné.yields

an eigenfunction F,. To determine.the B, values, a number of circuits

such as Figure 9c are patched at the same.time and .the previously
determined eigenfuﬁctions F, multiplied .by potentiometers'representing )
the values of Bn. These products are. then -summed .and the Bh potentiometers
adjusted by trial and error until the o;tpuf of the summer approximates

the initiél.temperature distribution, £(x)3 Figdre 9c.

It is obvious that the separation..of wvariables technique using the
analog computer involves many steps and becomes quite impractical even if
the series is severely truncated. This épproachuhas other severe limita-
tions, particularly where the order of fhe equation.is high and involves
more than two variables. Much equipment is needed faqr this method of
solution and consideraﬁle operator judgment is required. The EAI TR-10
would not bé an adequate analog computer for the separation of varigbles

method.
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" CHAPTER 6

ANALGG',‘,,+STQPU!I_‘ION OF AN UNSTEADY-STATE HEAT CONDUCTION PROBLEM
The exampie problem which follows will demonst?éte the use of finite-
differences and the solution éf the unsteady-sﬁate one dimensional heat
equation, Eduation 11. | |
Problém: A steel slab initally at a temperature of 100 F is suddenly
exposed to surroundings at a temperature such that the faces
of the slab are at a constant temperature of OF. The slab
is considered to be infiﬁite_befween the two planes and the
temperature varies with distance x as.shown in Figure 10.
Determine the temperature distribution® along the x direction.
The unsteady state heat transfer in the slab can be expressed by Equation

11.

kT
Cp oxx

————

ot

A finite-différence . substitution, Equation 14, is made so that

ar, -
dc. = W (Tp4y = 2Ty + Tp-1)

The following values will be used for the problem solution.

k = 26 Btu
' hr ft F
O = 489 1b/ft3

(@]
L]

0.12 Btu/1b F
x = L = 8 inches

1 inch = 1/12 ft.,
k.
CP(Ax)?2 -

»
]

let ™ ~m=




Then

m
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Btu
26 hr ft F

WY @ B o )

m= 0.0177 sec™}

The slab will be divided into 8 increments ( A x) of 1 inch. Since both

faces of the s

lab are exposed to the saﬁe temperature, by symmetry as

shown in Figure 103

T =

Therefore, the

T3, and T45:at'

center of slab

problem solution need only provide the temperatures Ti; T2,

‘locations X1, X, X3, gnd X4 respectively. These tempera-

tures will provide a temperature ﬁrofile as a function of time throughout

the slab. The

boundary conditions are, for T = T(x,t)

T(x,0) = Tn 0<4x <L
T(0,t) = 0 N A
T(L,t) = 0 ‘ . x =1L

The maximum value of T is 100 F; therefore, the system equations will

be scaled so that 10 volts output will equal 100F. - The scaled systém

equations will

s

be

3 - oo ([ -z[m,D e
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[T, s ey it
[ 100 | 100 100
B e <;FIB:W Ly :Ei} + [_i;I)
| 100 | 100 ] 100 10Q

Ty ] = 0.61]] (:Eéi 4 2 [jﬁ{]*.[jEL1

10O ] | 100 100 100
=
100 (00
] = oo (al:I.L—Z ELD
100 100 00,

= 0,0I1177

The initial condition (time zero) at each station is T, = 100 F.

Since 10 volts = 100 F, each integrator must have 10 volts input (100 F),
as shown in Figure 11.

In some cases, it may be necessary to use a trial and error method
to time scale the problem. For this problem, it was found that 2000
seconds were required before the temperature at any location in the slab
nearly reaches O F. Therefore, the time scale for the problem was

5 seconds computer time = 500 seconds problem time

¢ 8.
Bom T =800 = 9-01

This means that the computer solution takes place 100 times faster than the

actual solution.
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Pots 3, 5, 9, 13, (Figure 11) must be divided by B (0.01). This
applies whenever the problem time is scaled to a compu;ér time (Ref.
Appendix). The input multiplier is

0.0177
-—-——--—-..u..]_u° . 7.
0.01 7

The pots can only be set to a value equal to or less than unity, so the
pots must be used with a 10 multiplier. The pot is set at 0.177 and this
is multiplied by 10 to obtain 1.77.

The time function generator, Figure 11, for genmerating the time on the
X-Y plottef is set to produce an output of 0.lt. Thus, if t = 20 séconds,

0.1 t = 2 volts. In other words, 2 vplts are generated in 20 seconds. By

setting the "arm scale" setting of the X-Y plotter at 0.5 volts/inch, the

2 volts will be plotted over a distance of 4 inches and,sinée the time
scale factor is 100, thelb inches which are plotted‘in‘ZO seconds wiill
represent 2000 seconds of actual problem time. . | |

In dropping from a temperature of 100 F to 0 F, the magnitude scaling
is such that a range of 10 Qolts is covered. The '"pen scale'" setting of
the X-Y plotter is set at 1 volt/inch so Fhat 10 inches-are plotted for the
10 volts (100 F) of the problem. Thus, for the Y-axis

1 volt = 1 inch = 10 F

The computer solution is .shown in Figure 12a and Figure 12 b.
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CHAPTER 7

ONE DIMENSIONAL, UNSTEADY-STATE HEAT FLOW PROBLEM

A one dimensional, unsteady-state heat conduction problem can serve as
an example in order to again demonstrate the method of finite-differences
in solving partial differential equations. One dimensional heat flow can

be defined1by the equation,
AT - &k 2T
(11) Lt cp p.Y

The aluminum rod, Figure 13, will be_divided into 4 incrementé so that
Zkﬁ will equal 1/4 feet. This will provide 4 stations in the rod at which
temperatures will be'found The rod is 1nit1a11y in thermal equ111br1uﬁ at
100 ¥ and is assumed to be perfectly insulated except at the left end The
unsteady heat- flow state in the rod will be introduced by reduc1ng the tem-
perature of the exposed end to 0 F. The parameters of the rod are given
in Figure 13. Note that k is in seconds rather than in hours. This will
facilitate the time scaling.

Let | b4==' K

cln(A ><)‘2

M = 0.0154 ‘SGC.—‘-

The substitution of Equation 12 into Equation 11 gives the equation

dTy _ k -2 Ty + Tyop)
a—t-'— CIO(AK)Z n+1 nl

The maximum value of T, is 100 F, therefore, the scaled variables are

[wtj [100

For the 4 stations being considered, the scaled system equations which

are to be solved simultaneously are




ll)=

{&) - (- 2]

Notice that alternate equations have alternate signs. This is so that

no sign-changing amplifiers are required, since the phase of each integrat-
ing amplifier output is correct for the respective inputs to a preceding or
following amplifier.

It was found that to time scale the solution,

10 sec computing time = (B) 1000 sec problem time
B = 0.01
The initial conditions are
T(x, 0) = 100 F
therefore, since 10 volts = 100 F, 10 volts input must be the initial
condition at all 4 integrators.

The computer diagram, along with the time generating diagram, is shown
in Figure 14. Notice that a multiplier of 2 is required at many inputs.
This can be obtained without a pot preceding a 10 multiplier by this tech-
nique: e, |

B P 2¢,

In other words, 2 inputs from the same source result in a multiplication of

two.
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The computer solution is shown in Figure 15. Many variations of the
basic problem may be accomplished ver& easily. The initial temperature
distribution along the rod can be'changed by adjusting.the appropriate
initial conditions (voltages). Other combinations of k/ﬁP values may be

investigated by merely changing pot settings.
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CHAPTER 8

ANATLOG COMPUTER SIMULATION OF A PLUG FLOW SYSTEM

In developing mathematical models for combined fluid flow~heat trans-

fer devices, it has been found, according to S. T. Ball, Instruments and

Cop;rol Systems, that the plug flow concept yields better results than

other approximations for. turbulent flow in pipes or tubes. In the plug

flow system, it is assumed that there is no mixing or heat conduction in

'théffluid in the direction of flow, and perfect mixing perpendicular to

tﬁafflow path.f If perfect mixing is assumgd, computations may be made with
average fluid Eemperatures rather than local Qalues and the analysis is
cqﬁ%iderably simplified sincé ordinary differenfial equations describé the
syéfem. |

S. T. Ball states that in liquid flow, the transport times or distance-
velocity lags of the liquids are usually significant in determiﬁing the
transient response characteristics. Usually solutions are for only one’
particular case because generalized solutions ére impractiéal due to the
large number of variables involved. 1In gas systems, the transport times
are negligible compared to the thermal lags, so generalized solutions are
obtained more readily.

To illustrate the use of the analog compufer in probleﬁs of this type,
a flow regimeAin a sectiqn of insulated pipe will be investigafed. " The
response of the fluid outlet temperature to step changes in the inlet tem-
perature to an insulated pipe will be similated.

Consider the case of. gas flowing through.a_éection of insulated pipe

which has significant Heat capacity, Figure 16. Assume that all of the

‘'mass of the pipe is concentrated at a point which is at some mean
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temperature and that the transport time of the gas is negligible. If this
is so, the section-length has to be small., Also, in developing the system
equations, the gas mean temperature is assumed to be edual to 1/2 of the
sum of the inlet gas temperéture and outlet gas temperature. Thus, the
length has to be small in order that the value of the gas mean temperature
be an approiimately accurate assumption. The system equations are

Gas heat balance

\/\éCoa. (T_%D ‘—Tél',) = !’]A LTP— T%)
T"A’ = '/z (Téﬁ'a\.%o)

Pipe heat balance

\AIP Cp%_l;ﬁ.: hA CT‘} *Tp\

Adding
| (_7[50"'@&)'— h%”&dﬁ[n-'%)
(T4 Qi) = 3Ty
AT = g +"24c, (-T,)
— A ,
’%o = Té 'i’hA%C%[TP ’Tp
.Subtracting

(o) = "y, (57T
(_Tq?o - EL ) L= J-T%
Tge = Tg — h%w%c% (1-Ty)

L
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And
Ty = Ti + " e, (o= Tg)
The preceding equations can be related and connected according to the com-—
puter diagram of Figure 17. ’There will not be any time or magnitude scal-
iﬁg, rather the potentiometers will be set merely to show the response of
the system to changeé'bf inlet gaé temperature.

Note that the setting of pot 1 represents the reciprocal time constant
for pipe temperature changes and is independent of pipe length because the
heat transfer area A and pipe mass M are both proportional to length. The
outputs of pots 2 and 3 each represent one-half of the total change in gas
temperature, which ié propoétional to the difference in the mean gas and
pipe temperatures. The coefficiénts éf pots 2 and 3 are proportional to
pipe length, The transient characteristics of the system can be completely

described when just two quantities are specified

M e _
tp = _EKR time-constant tp in seconds

= L[ hA_ : ; .
n ZGH cg) dimensionless

It was found that the value of the section length affected the results
considerably. The value n = (.50 was selected for all of the computer rums.

The pipe time constant was set at a value of tp = 1.0. A decrease of
this wvalue resulted in a slower problem :e;ponse. This is because the de-
crease could only be affected by the heat trénsfer coefficient. This mgans
that no chapge in flow velocity was considered since a change in velocity
would affect the heat transfer coefficient h.

The outlet gas temperature_ﬁgo was affected by a change in the inlet




L

~48~

gas temperature Tgj. This can be seen in Figure 18. The 100%, Y axis, of

Figure 18 represents the maximum response of Tgo at 1007%Z input; on the
TR-~10,  this would be 10 volts inpﬁt at Tgi; The other curves represent
2, 4, 6, 8 volts input. With numerical values and proper scaling, a
numerical solution could be found. The computer diagram would remain the
same , |

This problem demonstrates how systems of related eduatiéns can be

modeled on the analog computer.
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Basically, the electronic analog computer solves equations sirce it
performs mathematical operations which result in solutions of the equations
used to represent actpal systems: To sSolve these equagions, it is
necessary for the electronic analog computer to be able to perform specific
mathematical operafiéns'on direct voltages and to interconnect these
various operations.

It is the purpose of this sectiqn‘to present the elements of.the ana-
log computer and their operation to the extent that the operator will be
able to set up computer diagrams. The obvious operations which are neces-~
sary for the solution of a differential equation .are:

1. to multiply

2. to integrate

3. to obtain the sum of 2 or‘more variables.
The basic electronic components  which performAthese operations are the mul-
tiplier of attenuator, the integratof‘netwofk, and the operational ampli-
fier. The operational amplifier is the most versatile computing unit
within the computer. There are other computér components which perform more
specialized opérationso For example the x2 diode function generator, the
log diode function generator,‘the variable diode function generator, and
others. These are described as needed in the solution of problems.
OPERATIONAL AMPLIFIER

The basic computer component is the amplifier. By a suitable choice

of resistors and connections to other components, many relations can be

obtained. : °
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1. Sign changing

The output voltage will always be opposite in sign to the input.
Whenever an amplifier is used, the sign will always change. The coﬁputer
symbol is sﬁown.in Figure 19 (a).
2, Multiplication by 10

If thé feedback resistor has ten times the value of the input resis-
tor, then_thg output willlbe opposite in sign and ten times the input
voltage. The homputer symbol is shown in Figure 19 (b).
3. Summation

The amplifier can have two or more iﬁpuﬁ voltages and the output will
be the sum of the input voltages; The computer symbol is shown in
Figure i9 (c).
4, Subtraction

By using two amplifiers, one as a sign changer and the second as a
summer, two voltages can be subtracted. The method and computer symbol
are shown in Figure 19 (d). |
ATTENUATOR OR PO"I“ENTIOMETER

The attenuatof provideé the capébility to multipl? a variable véltage
by a constant whose value lies bétween zero and unity. The computer symbol
for the attenuator-o? pot is ;hown in Figure 20 (a). The number inside of
the pot symﬁol represents the number of the computer poténtiometer which
was usea.
1, Multiplication by a constant C between -1 and -10

This necessitates the combined userf a pot and an amplifier. The

computer symbol, Figure 20 (h), shows that theﬁpot is set to C/10 of the
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desired value. The denominator or 10 is due to the‘multiplication factor
of 10 which is set on the amplifier.
2. Division by a constant B

This computer operation can be treated as multiplication by 1/B.
INTEGRATING NETWORK

The integrator network is connected across a high gain d-c amplifier
and the necessary input resistors are~app11ed‘to that network. If‘é second
order differential equation is to be solved, two integrators are required
and if only a first order differential equation is to be solved, only ome
integrator is needed. The computer symbol for an integrating network is
shown in Figurg 20 (c). The pot preceding the integrator may or may not be
needed.
REFERENCE VOLTAGE

At various points in a problem, constant voltages of different valﬁ;s
are required., The EAL TR-10 analog computer uses plus and minus 10 volts
as sources for all computer signal voltages; These can be found on the
patch panel. To produce constant voltages other than plﬁs or minus 10
volts, the pots are used along with a reference véltage source. For ex-—
ample, if a reference voltage of 5 volts is required, use plus 10 volts
reference and then connect this to a pot which is set to 0.50. This is the
same as mulﬁiplying 10 volts x 0.50 = 5 volts.

The reference voltage is always used as an initial condition or as a
forcing function. -

The basic elements of the computer have been listed along with the com-

puter diagram symbols. A more complete list of symbels used to represent
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computer devices can be found in the computef operator's handbook.

The potentiometer or attenu;tor, the summer, and tﬂe Summing‘integra—
tor network are the three basic linear elements required for the solution
of systems of linear differentiai equations. Solving.non-linear equations
requires the additional.componentsAof’multiplication, function generation,
limiting and switching. HoweVef, the'ﬁresent discussion will consider

only linear differential'équafionsa

Comptuter Diagram Example

A simple linear differential equation example can best illustrate the
method of obtaining a computer diagfam using.computer symbols. -No magni~
tude scaling.or time'scaling willrbe used in this example. It must be re-
membered that no familiarity with the computer is required for the repre-
sentation of -the computer setup by‘meéns of a computer .diagram.

Consider the differential equation

2
Ax g dx 4o
ae? 4t

Using dot potation
x+x+x=0
Step 1. Solve for the highest-order derivative
o9 8
X = =X = X
Sometimes a "block diagram", Figure 21 (a), will be helpful for preliminary
analysis. This diagrém ignores all signs and values and is used to show
the "flow" of the problem.

Step 2. Integrate the highest-order derivative and all subsequent deriva-

derivatives. Figure 21 (b). Notice the sign changes.
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Step 3. Multiply each term by the constants given in the equation, Figure
21 (c). A pot is placed before each integrator.
Step 4. Add the terms as given in the equation. At this point, -(% + x}
must be added. A summer is used.. Figure .21 (d).
Step 5. Satisfy the equation by closing the loop as given by the equation.
In Figure 21 (4), X has been found to be the output of summer B.
Therefore, it can be connected into integrator C. This closes
the.loop°

*Mapriitude Scaling

It is important to remember that the computer will establish ﬁéthe—
matical relations not between the original variables of a problem; but |
between voltages simulating these variables. Since the limiting value of
' the TR-10 analog computer is T 10 volts, the voltages must be arranged so
that they do not exceed these values. '

Magnitude scaling will set up a relationship between the‘voltagé ob~
served as an output and the problem variable. There are various methods of
magnitude scaling; however, only the method used in the problems is pre-
sented here. .

If in a problem involving some variable T, the value of T.varies from
0 F to 1000 F, then 1 .volt on the computer could represent 100 F. If this
is so, ghe problem variabie F will vary between 0 F and 1000 F and the com-~
puter voltage will vary between 0 volts and +10 volts. It is desirable to
have the computer voltage reach its maximum voltage when the variable F
reaches its maximum. If the computer can cover the maximum voltage range

(*¥ 10 volts), it will minimize the effects of noise, resolution errors,
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and compyter drift;
The maximum values of the physical variable can be scaled on a "per
volt" basis so that

10 volts o
max. value of physical variable

This is called fﬁéimégnitﬁde~$cale'factor. In the example cited, the mag-

nitude scale factor would be

10v = 0.01V . 1 volt = 100 F
1000 F F

Another way of obtaining a magnitude Qcale factor would be to write the
scale factor as such E__ : 7 =

. [;pé;] 1Q v = 1000 F
This simply means ﬁhat 10 volts = 1000 F. It is a matter of keeping track

of the voitage - variable correspondence.

The following examples show how.to determine the magnitude scale

factors:
Physical Variable " Scaled Variéble—"per volt" Scaled Variable
' ° ] a
. o o 10 x o x_ . X
velocity xXpax =200 ft/sec 200 [lzé] 200]
‘ . . ‘ . 14 © aalkd
Rate of temperature change 10T .| T T:]
' 100 10 |10

-4

Tnax = 100 F/sec
. B

Temperature Tméx = 800 F %%6%-=-[i%é] ‘ lgoé]

Although the maximum temperatyre is expected to be 800 F, a maximum of

1000 F was used to obtain a sgale factor. This is permissible and merely
giveé a number (1000) which is easier fo work with.

The scaled variables which will appear as voliages in the computer
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circuit are identified by using square brackets about them.
GAIN FACTOR - EXAMPLE PROBLEM 1
‘In order to construct the scaled computer diagram, the "gain factor"

must be included at the input to each of the integrators. This géin fac-
tor is necessary and results from the difference in scale factors which
are used. The following hypothetical computer diagram analysis can
illustrate the gain factor as well as the method of obtaining the diagram.
Suppose that the maximum values of the variables of a problem are:

96 .

Xnax = 32 ft/sec?

[

Xmax = 8 ft/sec

Xﬁax.= 2 ft
The equation is

00 [/

X+3X+16X=0
The magnitude scale factors are

LT [y
324’ 8 2

and the scaled equation is

X X -
32.[_35:|+ (3)(8)[§]+ (16) (2) EZ‘-] 0

In order to maintain the equation, the terms of the equation are multiplied,
or divided, by the same value as is used in obtaining the scale factors.
Solution of the equation for the highest-order differential:

» . o

X 1= - 0.752[-1X .

32 18] |2
The computer diagram, Figure 22 (a), shows the multiplication by a factor

of 4 at the input to each integrator. Consider the equation to be solved
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by the first integrator: —X :—-a,(tf? dt + %)
Using scale factors
oo
or f—] _ 5 _ Tute
-[5]=-f (B - [

A general method to find the value of the "gain'needed is:

i

Scaled coefficient of the (n - 1) 4 Scaled coefficient of the
order differential @ ath order differential

Example: [%g] [%i}
N K 50 -

L
100

1'

s = 50

The gain factor which must be used as an input to the:.integrator is 50.

This gain factor value does not consider the time scale factor which will be

discussed in the next section. It will be seen that a large gain factor can

be reduced with the appropriate time scale factor.

Time Scaling

| It will often happen that the rate at which a process simulation runs
is unsuitable; it may be too fast for the fecording device to follow or too
slow for the convenience of the person interested in the 'answer. 1In either
case, it is necessary'to.alter the rate at which the simulation runs; this
is done by a technique called time scaling.

The ideal duration Bf‘a single run on the computer is somewhere from

10 to 60 seconds. Too long a solution time may introduce some error due to‘
“integrator drift. Also the computer operator desires results_in a reason-

able time. The capacity of the recording equipment to follow the solution
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‘places a lower limit on the solution time. To remain within these

limitations, a change in time can be introduced by relating physical or real
time to analog computer time by a time scale factor B, so that

t, = Bt t. = computer time in seconds
t = real time in seconds

If B = 1, the computer is operating in real time.
If B £ 1, the computer solution is speeded uﬁ; things happen faster on the
computer than in the physical system.
If B> 1, the computer solutioﬂ is élowed down; things happen slower on the
computer than in the'physical system.

Through mathematical deduction, it can be proven that time scaling
can be accomplished by multiplying every input to an integrator by 1/B.

X - Y Plotter

The output of the problem may be observed on an oscilloscope or re-
corded on a strip-qhart recorder or on.an X-valotter. In this report, the
X~Y plotter was used exclusively. The X~Y plotter uses a moving pen and
stationary paper. This device has two voltage inputs, enabling one to plot
one varying voltage against another. The "Arm" output moves along a

horizontal line and the "Pen" moves vertically depending on voltage for its

"deflection. The input for the Pen is the output of the dependent variable

of the problem. The output of the dependent variable can.come from any
location in the compﬁter circuit. That is, it can be the output of any
amplifier. The input to the Arm wi%l deterﬁine the rate of horizontal trav~.
el and will represent the independent variable time. The voltage rgpresent—

ing time is generated by an integrator and drives the Arm on the X-Y plotter
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a distance proportional to time. For example

T
~10 (o A e . 1O
B
If B = 10, then e

+ ig/.lc/t 2 | &

If t. = 10 seconds, then 10 volts will be generated in 10 seconds of actual
computer operating time. The "Arm Scale" setting on the plotter will con-
trol the length of travel of the pen. If the setting is set to 1 volt/
inch, the plotter will generate the above 10 volts in 10 inches and 10
seconds.

Summary-Example Problem 2

To summarize the techniques of obtaining a complete analog computer
diagram, a second-order differential equation will be considered as an ex-
ample.

(18) x"' + 8x' + 100x = £(t)
x(0) = 20 inches
x'(0) = -5 inch/second
Assume maximum values of
Xm = 2 inches
x'm = 20 inch/second
x'', = 200 inch/second?

The magnitude scale factors are

[22‘-] 10 volts = 2 inch

1
[32‘3] 10 volts = 20 in/sec
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x" 1 2
s 0 volts = 200 in/sec

Solving Equation }8 for the highest order differential, substituting the
magnitude scaled variables, and making proper adjustments to keep the

equation true:

(18) x''=-8x" - 100 x + £(t)

200H= & s><20)[ ]— (100 23 |+ £
[”:I’ g [zoJ [ :l 200

This equation can now be used to draw the computer diagram, Figure 22 (b).
The time scale factor B can be neglected during this process but must be

added in the computer circuit. To obtain the necessary gain factor between

[55] = 5]

x' X
P dl X
and between [;0] an [2]
AT A S
|21 ] < 10

This gain could be obtained by an integrator input multiplication of 10.
A time scale factor of B = 10 would slow down the solution and also de-
crease the gain, Figure 22 (c).

It should be remembered that the important phase of problem solving
with the analog computer is to obtain a correct diagram so that the patch
board can be wired correctly. Of lesser importance is the estimation of

maximum magnitudes and run duration since these values can usually be
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changed by merely changing the potentiometer settings.
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[ ]

-]

(2) Block Diagram

éi___{:[:::>>_%

(b) Step 2 -- Integration

>
(o)

p—
n

tep 4 - 5 -~ Computer Diagram

Figure 21, Solution of Example Problen




(a) Gain Factor -- Example Problem 1

1.C; %(0)

(¢) Reducing Gain Factor by Time Scaling

Figure 22, Example Problems -~ Diagramming Fundamentals
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