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Abstract:

The crystal and molecular structure of calcium 1-naphthyl, phosphate has been solved by x-ray
diffraction methods. This crystal has the following lattice parameter: a=7.244+0.002A 0=84°19'+3'
7=2 b=8.994+0.003A p=78°32'+2' D0=1.503 g/ml c=18.725+0.004A y=88°52'+4' Dc=1.508 g/ml
Diffraction intensities were measured visually, corrected by the size factor, Lorentz and polarization
factors, and the absorption factor. Intensity statistics showed that the crystal had the. symmetry of PI.

The structure was solved with a three dimensional Patterson function, minimum function, and three
dimensional Fourier synthesis. Least-squares refinements, which included first individual isotropic then
anisotropic temperature factors were carried out. The final residue factor (R-factor) is 10.3% for 1724
observed reflections. The phosphate groups are distorted tetrahedrons. The four phosphate oxygens are
bonded in the following manner. One oxygen is bonded to the naphthyl group, another oxygen is
bonded to a hydrogen, the other two oxygens are coordinated to two calcium atoms which are related to
each other by an inversion center. The neighboring phosphate groups are joined, together by hydrogen
bonding between two oxygens, one of which has a.hydrogen on it. Each calcium is coordinated to
seven oxygens, four of which are contributed by four nearby phosphate groups, the other three from
three surrounding water molecules. The calcium and the seven coordination oxygens are arranged in a
distorted pentagonal bipyramid.

The pentagonal angles of O-Ca-O have the range of 67.4° to 78.6°, with the average of 72.4° (the
theoretical pentagonal angle being 72°). Naphthyl groups are distorted planes. In the naphthyl groups,
that side which is closest to the two nearby naphthyl groups has the shortest c-c distance of .30 and
1.31A. The bond distances and angles are as below: P-0: 1.47 to 1.59 with the average of 1.53A O-P-O
angle: 103 to 117 with the average of 109 degrees C-C: 1.30 to 1.48 with the average of 1.38A C-C-C
angle: 116 to 125 with the average of 120 degrees The molecules are held together by strong hydrogen
bonding and van der Waals forces. The successful solution of the structure has confirmed a new
indexing method developed by the author. New derivations are included for each of the following
formulas of equations: 1. Wolf-Bragg equation 2. Equi-inclination Weissenberg index-checking
formula 3. Sin”"2 6 equation for triclinic symmetry or higher 4. Triclinci interplanar spacing equation 5.
Clarified forms of the x-ray Fourier synthesis equations
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ABSTRACT

The crystal and molecular structure of calcium l-naphthyl phosphate
has been solved by x-ray diffraction methods. This crystal has the fol-
lowing lattice parameter:

a=7.24420,0028 b=8.99420.003% c=18.725%0.004%
A=84°191231 - B =78e32rIan . y=88es21iy
Z=2 D _=1.503 g/ml D _=1.508 g/ml

Diffraction intensities were measured visually, corrected by the
size factor, Lorentz and polarization factors, and the absorption factor.
Intensity statistics showed that the crystal had the. symmetry of PIl.

The structure was solved with a three dimensional Patterson function,
minimum function, and three dimensional Fourier synthesis. Least~squares
refinements, which included first individual isotropic them anisetropic
temperature factors were carried out. The final residue factor (R~factor)
is 10.3% for 1724 observed reflections. . :

The phosphate groups are distorted tetrahedrons. The four phosphate
oxygens are bonded in the following manner. One oxygen is bonded to the
naphthyl group, another oxygen is bonded to a hydrogen, the other two
oxygens are coordinated to two calcium atoms which are related te each
other by an invérsion center. The neighboring phesphate groups are
joined together by hydrogen bonding between two oxygens, ome of which
has a.hydrogen on it. Fach calcium is coordinateéd to seven oxygens,
four of which are contributed by four nearby phosphate groups, the other
three from three surrounding water molecules. The c?lcium-an@ the seven
coordination oxygens are arranged in a distorted pentagomal bipyramid.
The pentagonal angles of O-Ca-0 have the range of 67.4° to 78.6°, with
the average of 72.4° (the theoretical pentagonal angle being 72°).
Naphthyl groups are distorted plames. In the naphthyl groups, that side
which is closést to the two nearby naphthyl groups h&s the- shortest c-c
distance of -1.%0 and 1.313, The bond distances and angles are as below:

P-0: 1.47 ta 1.59 with the average of 1.533 ;

0-P-0 angle: 103 to 117 with the average of 109 degrses
.C~C: 1.30 to 1.48 with the average of 1.38%

'C—C-C angle: 116 to 125 with the average of 120 degrees

The molecules are held together by strong hydrogen bondlng and van der
Waals forces.

The successful solution of the structure has conflrmed a new in-
dexing method developed by the author. New derivations are included
for each.of the follewing formulas or equations:

l. Wolf-Bragg equation

2. BEBqui-inclination Weissenberg index-checking formila
3. Sin © equation for triclinic symmetry or higher

b, Triclinci interplanar spacing equation

5. Clarified forms of the X-ray Fourier synthesis equations

’
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'SECTION I

INTRODUCTION

Organic ph@spha?es rlay a very important role in biological processes. ' ?

The variety of the manifestations and functions of organic phosphate esters

in living systems is indeed amazing.' "There is hardly anything that goes

on in the (living) cell in which esters of phosphoric acid, in one form
or another, are not involved at some stage.! (23) Two exaﬁples are cited }
below to illustrate the impertance of organic phosphates in biolegical . ':i
systems. (a) Deoxyribonucleic acid (DNA) which contains'many organic
phosphate groups, plays a key -role in the sterage and transport of genetic ,;‘ﬂ
informationo Crick and Watson (;1) proposed an ingenious double-helix
model for DNA which-fits remarkably well all the-facts known at the pre-:
sent time, and for this work, they were awarded a NQbel prize in 1962.
(b) Adenosine 3',5! cyclic pﬁospﬁate is a factor stimuléting the COﬁ-
version of,inactive_glycogén phosphorylase to the active form in tissue ~
,preparations. An understanding of the complicated functions of thgse
and other organic phosphates requires basic and precise structural know-’ ’ ‘ }ﬂ
ledge. The complexity of many of the substances présent in 1iving'systems
makes them, at least for the present, unsuitable for x-ray aiffrac%ion
studies. However, a vafiety of simpler organic phosp@ates are known, and
few of their structures have been determinéd. Although these substances
may not actually be present in living systeﬁs, the basic structures N |
should not be very much different from those in more complex molecules.
Thus, solutien of simpler structures will assist in present understanding - . [

as well as making solution of structures for more complex substances
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easier in the future.

Calcium 1fpaphthyl phosphate was c@oSen for this structural étudy,
because (a) it is very easy to obtain a g&od single crystal for x-ray
work; (b) calcium and phosphorus atoms are fairly large suggesting use
of the heavy atom method to solﬁe the crystal structure; (c¢) this crystal
is triclinic. Since I hafe worked out a method for indexing triclinie
crystals as well as én iﬁdex—checking method, I wanted to gain experi-
ence in using this method, even though triclinic crystals present pro-
blems not usuaiiy present in crystals of highér symmetry.

Deépitethe importance of #nowledge of the detailed structure of
organic phosphates for understanding their varied functions, relatively
few structures have been-aécurétély determined.

These few organic phosphates whose structures have been determined
precisely are described friefly as below. .

1. Dibenzyl phosphoric acid,'(C6H50H 2PO4H, was studied by )

)
Dunitz and Rollett (15). This crystal had the following
lattice parameters: '
- . + +
Monoclinic with a=20.287-0.040% b=5.709-0.0108
c=12.648%0.0208  B=103°13'Z0%10"
Z=l, space group of Pal/é '
The final R was 11.0% for 2471 general observed reflectionss.
Bond distances and angles are summarized below:
For phosphate groups:
P-0 (in 1)

Range 1.469 te 1.566
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Average 1.531

P-OR 1.566 & 1.545
P-OH 1.545

0-P-0 (in degree)

Range 103.8 to 117.2
Average 109.3
Angle between longest 103.8 (min.)

& shortest P-=0
Angle between 2 very short P-O-
; P-0-C (oxygen on ester bond)

For benzene ring:

Cc-C (in )
Range 1.340 to 1.407

Average 1.378
C-C~C angle (in degree)
Range 118.5 to 121.9

Average 120,0

117.2 (max.)

122.3 & 118.8

For close approaches between pairs of atems indirectly cova-

lently linked:
0-0 from 2.4k to 2.573%
0-C from 3.030 to 3.393%

2., Calcium Thymldylate, C10H13

O8N20aP 6H29, was studied by True=-

blood, Horn & Luzzati (34). This crystal had the follewing

lattice paraﬁeters:

Monoclinic with a=14.40%0.02%8

b=6.8770.01%
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c=9181%0.018  B=90°581%3"
Z=2, space group of P21
The final R was 11.6% for 1575 general observed reflections.
The entire structure is held together by the Ca-0 bonds and
a complex network of hydrogen bonds.

For phosphate group:

P-0 (in %)
Range. 1.474 to 1.587
Average 1.515 ‘
P-OR 1.587
P-0. . .Ca 1.486 & 1.51k |

0-P-0 (in degree) }

Range 102.1 to 118.4

Aﬁerage 109.3

Angle between longest & shertest P-0 102.1 (min.)
Angle between two very short P-0 118.4 (max.)

P-0-C (ester oxygen) 118.8°
C-0 (PO,) 1.472A
For calcium coordination:

The enyironment of Ca ion is a distorted pentagonal bipy-
ramid. Calcium coordinztion number is seven with four phosphate
oxygens (from three different moleculeg) and one water molecule
lying approximately in a plane énd two’waters on a line through

the calcium nearly perpendicular te this plane.




3. 2-Amino-Ethanol Phosphate; NH

0-0 (in R)
Range 2.29 to 2,65
Average 2.2

0~Ca~0 angle (in degree)
Range 57 to 80
Average 72
;-CHE-CHE-O-POBH: was studied by
Kraut (24). This crystal had the fellowing lattice parameters:
Monoclinic with -a=§iohio,oaﬁ b=7.75-0,02%
c=8.8620.028  B=102°27118"
Z=l, space group of P2l/c

The final R was 6.5% fer 1000 observed general reflections.

Bond distances and angles for phdsphate group are summarized below:

P-0 (in %)
Range 1,493 to 1.591
Average 1.536
P-OR 1.591
P-OH . 1.557

Twe of the oxygens on the phesphate group were reported to
be attached by double bonds (1.493 & 1,5032)

0~P-0 (in degree)

Range” 103.9 to 117.4
Average 109.4
‘Angle between longest & shortest P-0 103.9 (min.)

Angle ‘between two very short P-0 117.4 (max.)
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P-0-C (oxygen on ester bond) 118.7°
C-0 (PO,) 1.4298
L, Adenosine-5'-phosphate, Cl®H1407N5P, was studied by Kraut &
Jensen (25). This crystal had the following lattice parameters:
| Momoclinic with = a=12.77%0.928  b=11.82%0.028

c=4.88220.018  B=92%24'25
Z=2, space group of P2l

The final R was 6.8% for 1197 general observed reflections.

Bond distances and angles for phosphate groups are summérized below?

P-0 (in )
Range 1.514 to 1.610
Average 1.546
.F-OR 1.610
P-OH | 1.566

0-P-0 (in degree)

Range 105.7 to 118.2
Average . ‘109.4
\
Angle between longest & shortest P-0 105.7®(mig°)
Angle between two very short P-0 1118.2° (max. )
P-0-C (eoxygen on ester bond) . 114.7°
C-0 (P0,) 1.4758

The following erganic phosphates'haVe been solved with either limited
data or by projections. No descriptions of these structures is made here.
They are mentioned only by title.

l. "Crystal and Molecular Structure of Cytidylic Acid" by Alver &
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Furberg (2)
2. "The Crystal Structure of Ba-Ribose-5-Phosphate” by Furberg & §

Mostad (16)
3. "The CGrystal Structure of Triphenyl Phosphate" by Davies &

Stanley (13) _ ' :
4, "The Crystal Structure of Ba-Phenyl Phosphate" by Svetich &’ |

Caughlan (33)
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SECTION II
EXPERIMENTAL WORK

Preparation and identification of calcium l—néphthyl phosphate

Calcium l~naphthyl phosphate was‘purchased from Aldrich Chemical Com-
pany, Inc. in the form of é crystalline powder. It was purchased as Ca
Cl®H7P04°H20, however chemical analysis anq solutien of the crystal struc=
ture have shown it to be Ca(GloH,?HPO,_'I_)Z.,BHa@° To confirm the structure
analysis, this coﬁpoﬁnd was analyzed for calcium and phosphorus. Im addi-
tion, infrared spectra were taken of the original powder and the erystals
used for the structure analysis, in order to confirm that the two were
identicallcompounds. These are shown ih Fig. 1 and 2.'>

Calcium was determined with a Beckman Flame Quartz Spectrophotometer
(Model DU) by comparing with a.standard calciumrsolufion. Pﬁosphorus was
determined by colorimetric analysis on a Beckman model B spectrophotometer
by comparing with a standard phosphorus compoun&. Detailé of the analysis
are included in Appendix A, | |

The results of the analysis, together with the comparison with the two
possible structurai forpulas are listed in the following table. An examina-

tion of the table clearly indicates that the compound is Ca(ClOH7HPO4)203HZO0
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Table I. Chemical Analysis Results

Sample Analysis Ca(ClOH7HPOA)2°3H20 CaClOH7EO °H20

% Ca 7.916 7.416 14.320
ppn of Ca when '

0.1977 gm -sample - 313 29.3 56.6
diluted to 500 ml - : .

%P 11.103 11.463 11.053
ppm of P when
0.1977 gm sample 43,9 . 45.3 43.7
diluted to 500 ml

Atomic ratio P/Ca 1.83 ‘ 2.0 1.0

Water was found to be the hest solvent for obtaining good crystals,
even though the solubility in water is very samll. A saturated solution at

roon temperéture was prepared, and slow evaporation at this temperature

~ produced good single crystals. The cryétél used for this x-ray work had the

following approxiﬂate dimensions determined with the microécope: 1.3 x

0.216 x 0,125 mm3.
“ The density was determined by the floatation method, where carbon te-

trackhleoride diluted with ether was used as the substrate.

Test nos, ' Density g/ml
1 ’ 1.5027
2 . 1.5037

The x~ray diffraction data was obtained ffom'Weissenberg and preceSw"

sion cameras, using copper radiation (7\év=1°5418x with nickel filter). A
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Phillips generater type no. 12045 B/3 series no. 57-677 and Phillips copper
tube were used. Both the Weissenberg and precession cameras were Supper
instruments. The Weissenberg eamera (Model E of Charles Supply Company's
product) has a diameter of 57.3 mm and the precession camera has a magnifi-
cation factor of 60, i.e., the distance of the film to the crystal is 60 mm,
Kodak medical no screen x-ray film was used. For deteils_of film proces-
eing, see Appendix B. |

Integrated photographs of three films in the camera were taken for all
Weiseenberg levels. Since the crystal was a triclinic, the goniometer head

setting are differeant for precession photographs than for Weissenberg photo-

_graphs. After the crystal was aligned,‘two integrated precession pictures

(hko and okl) were taken. These pilctures were used chiefly for scaling the
different Weissenberg levels‘to‘a‘common base.

Since there are some-unique features in determining the unit cell coas-
tante end indexing the photographs, these are treated in Secfiods 3 and 4,
Intensit& data were collected as described belowo

Intensities of 1ndexed photographs were obtained by visual comparsion
w1th a standard scale. The graded intensity scale was prepared in the
follow1ng manner. Three film strips were put in a metal cassette‘in_the_
eame manner as the tpree films in the Weissenberg camera. The metal cas=-
sette was wrapped in.a lead shield except for a small hole in the middle.
The distance of metal caseette from x-ray source was 62.5 inches while the‘
helght of the small hele from ground was 49 1nches. The copper x=rey‘tdbe\
was operated at 35 kv and 10 ma. The metal cassette was exposed to nickel-

filtered copper radiation at the follewing time intervalz 5, 10, 15, 20, 25,




R O

-13-

30, 35, 40, 45, 50, 55, 60, 65, 70, 75, 80, 85, 90, 95, 100, 105, 110, 115,
and 120 seconds. After each exposure, the film strips were moved up a few
millimeters. The film strips were developed in the same manner as the inte-
gratgd films and at the same time as the films fér which thé intensity
scale is to be used. A scale was selected in the following manner and used
for all the Weisseﬁberg photographs. The darkest spot on the scale was
darker than any x-ray spots on the third film (the lightest one), while the
lightest spot on the scale was lighter than any spot on the third film.

Three films of the same level are called A, B, C according to the order
of darkness. A is the dérkeét while C the lighfest; Bach film was rgad
against the same scale. For many reflections there were three readings for
each spot. The avefage ratios of A/B and‘A/C for each level were found.
By means of these ratios,; B and C films were scaled to the same level as A
fiimo Some of the fhree readings were rejected for the following reason.
Both ends of the scaie are generally less accurate, especially the dark end

due to non-linéar relation between energy and optical density of film. If

one  such reading differed by 40% or more from the rest readings, it was re~

jected. Two peréons were hired to read the films. Their readings on the
whole were in reasonable agreement. When they were reading the same films,
six readiﬁgs were récofded for each spot. The average intensity fof each
spot was obtained by taking the average of the six'readings‘° If the highest
and lowest readings amoné the six differ by more than 25%9 a‘re-check was

done by the author.
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SECTIOﬁ I11
DETERMINATION OF THE LATTICE PARAMETERS

The formulas descrlbed in thls section for determlnlng the unit cell
constants are generally appllcable for crystals of triclinic symmetry or
.higher.

This method describes use of oscillation, Weissenberg and precession
photographs to obtain all the latticé parametefsjfor a triclinic crystal.
The crystal is assumed to be mounted omn its b axis in the following treat-
ment.

From oscillation photographs, the film coordinate Y, for the nt level

‘can be easily measured. If rF is the film radius,

 EAGsyyd

This form of the eguation is derived very simply in the following way.
It is sho%n in Fig. 3a, b, ¢ the simple sketches of the geometrical confi-
gurations for taking the escillation photegraph. The normalized reciprocal
* lattice is always dimensionless. When the unit reciprocal lattice is mul-

tiplied by the film radlus r.

5 ﬁhe‘sphere of reflection will fit the film

exactly and the Fig. 3b is ponvérted into Fige. 3c which is quite meaningful.
In Fig. 3¢, since the trianglé OMP is similar to the triangle ONB, we have
2, 2k
¥ -
rF/er ono_(rF'+yn ) /yn
1/a*  =Q+(ry/y )2y
ono n

since d* _ =nd* . =nA/b
ono olo
,
~ thus b/n7\=(l+(rF/yn)2)/2
' 2%
or b=n7\(1+(rF/yn) )

-From the zero level VWeissenberg photograph, the interplanar spacing of

leO and dOOl and the cell eége of a and c can be foupd as below.
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X-ray

s 7|

Figure 3 Derivation for the oscillation formula




L L3 ) [ A J 0 [ (-

~]lb=

a=d100/SinB *sinY =d1o0/sinB sin7 *

100—n7\/251n9 00"

For c b3 t =X i ' ti
a camera of diame er 57.3 mm, enoo 100 where xnoo J..S the vertical

distance from the spot noo to the center line of the film.
If thg film translétion is 0.5 mm per degree crystal rotation
B7=22(axc%)
where z is the horizontal distance in mm between the two axes a* and c*.
5* can also be calcu}atéed by using the Woif—Bragg equation (19). Foxj
the hol zoné,, the Wolf-Braég équation takes thé foilowing form:
2 2 2. :2 ,2

% * L 0 x
hsin Gh 1 h +17c*“+2hlc*a cos 3

For Weissenberg camera of diameter 57.3 mm
eholﬂlhol
cos 3 *=Q+sin2xh l—hza*a-lzc 2)/ 2hla*c*
=N/
where a*=/\/ le@
N

Zero level precession photograph may also be used for calculation axial

dOOl

distances and angles. »
The interplanar spacing and the cell edgé are given by
_ R veinY = . c Y *
a-dl®o/51n!3 sin dloo/sn.nﬁ sinY

d100=n7\/a* =60nA_/a* 'noo

noo

a“noo is the acutal length (in mm) measured from the point noo to the

origin point on the precession picture. It is understood that the recipro-
cal lattice has been magnified sixty times by the precession camera (the
distance from the film to the crystal is 60 mm).

The interaxial angle may be calculated either by direct measurement or
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from the Wolf-Bragg equatiqn.
(1) By direcéimeaéufémént:‘ Since the precession phétégraph is an un-
" distorted fictufe gf the reciprocal lattice, the of * aﬁéle‘can be de=
termined by the direct méasurement of the angle between the axes of
b* and c* on the b*e¢* preéessioﬁ photograph.
(2) By the using of Wolf-Bragg equation; For example, consider the
b¥c* precessionlphotograph, The Wolf-Bragg equation corresponding to
this has the following foém.
s;nzeokl=%(k2b*-2+12c*2+ak1b*c*coso< *)

From the Bragg's law

sine_ =(A/a /2= & /2

L2 _ 2
or sin eokl— g;l /4

2 .2 28 4 Loyl - .
thus 6 okl_k b +l. c* " 42kib*c*cosxX

2.2 ,2 .2 .2

cosgf *=( Kk =k “b*“=1“c*“) /2klb*c*

okl
where 6;kl is the relative distance from the origin to the point okl.
Thus from the methods described above, the unit cell constants can be

calculated.

The standard deviation is used here as a measure of precision. The
estimated standard deviation (s. d.) per single determination is calculated
by the foliowing formula;

2

2 2 2
s.d.=((dl +d SANIUIR fdn )/(n-1))"

2
where d is the deviation of each single measurement from the mean, and n

is the number of determinations made.

The estimated standard deviation of the mean (S. D.) is the estimated

.standard deviation of a single determination divided by the square of the
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number of determinations.

SoD0=50do/n ¢

1. Oscillation photograph

=18~

rF=28°45 mp ( checked against Nacl)

A =1.54188

Table II. Determination of Cell Edge from Oscillation Data

n yn(mm) rF/yn (rF/yn)Z n(l+(1;1;/yn)2)y2 b %error
1 495 5.748  33.040 5.8?4 8.996  0.022
é 10.39 2;738 7.498 50830 8.989 0.055»
3..17.08  ..1.666 - .2.775 5.829 . 8.987 0,077.
L 26.85 1,060 ' 1.123 5.828 8.986 0,089
5 47,07 0.605 0.366 5,8L4 9,010  0.066

Y

Mean= 8.994%0.0033%

A v

Standérd deviation for'a single determination:OoOO7K

Standard deviation of the mean

2. Zero level ‘Weissenberg photograph

For zero level

T =20

’T:(aeo/aan)x
rF=2801+5 mm

Y=2.014x

=0.003%
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thus ©=1.007x

dhol=7\/2sinehol=7\/2sin(l.OO?x)

Table III. Determination of d001 from Zero Level Weissenberg Photograph

ool X 4 (mm) - 81 sin® . ool d.o1 error%
L 9.65 9.72  0,56878 4.5675 18.270 0,027
5 12.10 12,18 0.21128 - 3,6487 18244 0.1k
6 14.55 14.65  0.25291 3,0481 .18,288 0.125
8 19.60 1§,74 0.33764 2,2832 18,266 0,005
9 22.15 22,31 0.37959 - é.0309 18.278 0.071

10 24,80 24,97  0.42209 1.8264 18.264 0,005
11 27.45 27.64  0.46390 1.6618 © -18.082 0.028
12 30.25 30.46 6.59692 1.5208 . | 18?249 0.088
13 33.05 33.28  0.54872 1.4949( 16,264 0.005
14 35.95 36,20 0.59061 1.3053 18.274 0,049
16 42,20 42,50 0,.67559 1.1511 18,258 0,038
17 45,60 45,92 0.71833 1.0732 18,244 0.114

18 49.10 49.44f 0.75970 1.0147 18.265 0.000

Mean=18.26550,0044

Standard deviation for a single determinationn@.@lBK

Standard deviation of the mean

=0,0044
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Table IV. Determination of leO from Zero Level_Weiésenberg Photograph

e

hoo xhoo(mm) 8,00 sin®, 4 o d o error%
1 6.20 6.2k 0,10870 7.0920  7.0920 0.094
2 12.45 12.54 0.21712 3.5505  7.1013 0,037
3 18.88 19.01 0.32575 2.3665  7.0995 '0.011
4 25.55 25.73 0.43413 1.7757 7.1028 0.058
7 49.15 49,49 0;76@41 1.0138  7.0966 0,030
8 59.88 60.30-  0.86863  0.88749 7.0999  0.017

'Mean=7.0987+0.00174

Standard deviation for a. simgle determination=0.00393

Standard deviation of the mean

For B * arigle

cosB*=(4sih26h01—h2a*2-12c*2

017 1°007% 1

a*:7\/dloo=1.5418/7.0987:0.21719

*_
*= /450

a*2=4,71715xlo“

=1.5418/18.,265=0,084413
2

c*220,71256x107%

2a*c*=3.66674x10"2

=0.00178

)/éhla*c*.
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Table V. Determination of ﬁ;* Angle from Zero Level Weissenberg
Photograph

i

hol . X 1 ehol 51n6h°1 Lsin ehol -cos B B* errork

1014 35.15 35,04 0.57928 1,34226 -0.19778 101°2k' 0.01
3010 28.5  28.70 ‘0.48022 0,924k -00;95i5 101°16' ~ 0,15
hoh  25.5  25.68 0©.43312 [0.75037 -0.20178 101°38° 0.22
5010 28.0  38.27 0.61932 1.53423 -0.19506 101°15' 0.16
708 49,9  50.25 0.76884 2.3644hk  -0,19626 101°19' 0.10
807 58.85 59.26 0.85949. 2.95489 -0.20124 101°36' 0.18

Mean=101°25"' 71

Standard deviation for a single determination=0.279°.

Standard deviation of the mean =0,113°

3. Precession photograph

Since the precession camera wés not calibrated with Nacl, the
precision of the cell constants determined from the zero level preces-
sion photographs is uncertain. Only the o( * and’Y'* angles which can
nét be obtained from the oscillation and zero level Weissenberg photo-
graphs are used.
7+ anle |

From the a*b* precession photegraph, ”f* angle is found to be 90°,
o * angle {

cosox{*=( q;& 2-k2b*2 2 2)/2klb*c
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Table VI.. Determination of & * Angle from Zero level Precession Photo-
grayh

Distance Measured 2 6;kl cgkl coso( * x* . error%
052-0251 47,0 23.5 ~0.09527 095°28' 0,10
023-023 52.8 264 -0.09669 95°33" 0.01
024-02L 59.75 29,88 ~0.09905 95047 0.14
025-025 67.4 33,7 -0.,09774  95°371 0.0k
026-026 75.55 37.78  =0.09601 95°31¢ 0,06

Mean=95°3#'f5'

Standard deviation for a single measurement=0,172°
Standard deviation of the mean =0,077°
L, Calculatién
Tpe cell constants obtained from the different x~ray pictures are
summarized as helow.
b=8.9§4§
4, 0o=7098757.0994
40 =18-2654
A *=95°34"
B*=101°25'
A*=90°
To calculate the interaxial angles in the direct cell, we proceed

as follow (6).
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2P
cosX =(cos B ¥cos Y *=cosox * )/sinﬁ *sinl *
X =84°191
Similarly,
| ﬁ=’}‘8°32'
T =88°521
a=d, o /sin’) *sing =7.099/0.98004=7. 2k
b=8.9944
c=do . /sing sinc( *=18.265/(0.98004)(0,99528)=18.7254
In summary ‘
a;7,244io.0023 =8.99420.0034 c=18.7250.004&
X=814°191 3 B=78°32122 T=88°521 241

Let V be the unit cell volume .

V=abc sinoising sin *
=(7,2#4)(8,994)<18.725)(o.99508)(0.98004)
=(65.153)(18.261)
=1,189.8%°

For Ca(CloH7HPO4)2°3H2®

Molecular weight=540.426

Density =1.5031 g/ml

Molecular volume=5uo,426/(i.5031)(0.6023)
=540,426,/0,90531
-596.98°

Number of moletules per unit cell=1,189.8/596.9

.=1.993

Let Do and Dc be observed and calculated density respectively.
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D =1.503 g/ml .
D_=1.503 (2/1.993)

=1 o 508 g/ml
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SECTION IV
INDEXING THE TRICLINIC EQUI-INCLINATION
WEISSENﬁERG X-RAY PHOTOGRAFH AND A METHOD OF CHECKING

Usually, x~ray diffraction photographs taken by the equi—inclinaﬁion'
Weissenberg method éan be indexed z"out:in.ely° However, for triclinic crys-
tals, certain problems arise in the indexing and it is worth while examin-
ing the methods used here,

It is not difficult to index the zero level triclinic Weissenberg
photograph. Preblems start when wé try to index the upper level tri-
clinic equi-inclination Weissenberg pictures. This is because the recip-
rocal lattice axial lines of a triclinic crystals do not sPow‘up as
straight lines on the upper equi-inclination Weissenberg phoéographs.

The method outlined here offers not only the cerrect indexing but alse
the unique choice of unit eell.

For the tric;inic'sy§tem, since there is ne symmetry except possibly
an inversion center, a primitive éell is always chosén° There are many
wayszto choose a primitive cell im a triclinic lattice. Given the three
translations of the primitive cell edges x, ys z and the three axial
labels a, b, and ¢, there are six ways of fixing a, i.e., X, =X, ¥,

-y, Z, and ~z. If a is assigned as x or -x, there are four ways to fix
b, that is y, -y, 2 and ~Zo Then, if a right hand ceerdinate system is
chosen, c. is automatically fixedo Thus, there are a total of twenty-
four poséible ways of fixing labels to the translationso‘ Balashov (3,4)

devised some rules, which will theoretically lead to a unique choices




ALl

26

Balashov's method:
l. Select a primitive cell haviﬁg ﬁhe smallest volume.
2. Let ¢c>b> a |

This rule follows Buerger's conventien (6). Usually, this will lead
to a*>b*>c*. Donnay and Nowacki (14) suggested a different order-con~
vention; b>a>c. Tﬁe reason they prefer c¢ as the shortest axis is that
crystals erdinarily grow so tha# they are elongated parallel to the short-—
est translations aqd the choice of ¢ for the shorfest translation causes
the crystal to look like a vertical column. On the other hand, the
Buergerfs convention ¢>b>a has the following advant;ges as indicated
by Balashov (2); (a) ‘It is convenient for tabulation purpeses (b) It
can be used for tetragogal and hexagonal crystals, where (in contrast to
the orthorhombic system) the ¢ and a axes are fixed by symmetry conven-
tion, the ratio c/a is greater than unity, i.e., ¢ is greater than a which
violated Donnay's convention.
3. Leto/,ﬁ3;7"be homogeneous, that is, all obtuse or all acute.

The orainary procedure of doing this is first to choeseo*,
,B*,’Y* all acute. Ifo/, B, do not turn out all obtuse, adjustot*,
' B*s orT* (by taking their supplement) untile!, ﬁ,’rare all acute.
Soge people prefer that ailxx, ﬁ,ﬁ”be non~acute. To convert all acute
éﬁéles to all obtuse ones, the Delaunay Reduction (20) may be used. The
Deiaunay Reduction gives the cell which has the th;ee interaxial angles
(¢ ,B,Y) all non-acute, and within the limits imposed £y this condition,
the three translatiops‘a, b, ¢ the shortest possible. The Delauﬁay

Reduction is based on the following principles: the reciprocal of an
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obtuse parallepiped is an acute one and usually vice versa.

To shqw that phe Balashov's method leads to an unique choice of unit
cell, proceed as follows. -

Fig. 4 a, b shows the general arrangement of three axial lables a,
b, ¢ and the interaxial anglés:#,,a,’r, as well as the projectiqn of ¢
axis én ab plane.

If the projection of c—axis or z lies in the MgN zone, i.e., on
the pdsitive x side. of the perpendicular to x as shaded, angle X0z arﬁa ‘
is acute.

Similarly, if the projection’/of z lies in the TyS zone, i.e., on
; -
/

the positive y side of the perpéndicular to y as shaded, angle yoz 6r<x

i

is acute. i

‘Since Xyzy

xyz, rotated 180 degree eqyal to §§z4

rotated 180 degree equal to i§z§

there are only two kinds of triclinic crystals, i.e., axial system 1ike‘
xyz, (type 1) and xyz, (type 2).
ije 1: Xy2q
| ol or yoz is acute
B or xez is acute
‘Y” or xXey is acute
Type 2:.‘.';;_yz2
X or yoz is acute
[3 or xoz is obtuse \
Y or xoy is acute

We can have different representations of the triclinic crystal
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by differeht combinations of acute and obtuse angles.

For example, if a is changed from plus x to minus x,

tHe character

eff;and7’changes from acute to obtuse or vice versa, as shown in Fig. 4 c.

Type 1: iyzl
o4 @f yoz is acute
B or xoz is obtuse
T or xoy is obtuse
Type 2 iyza
X or yoz is acute
B or xoz is a@ute

ér or xoy is obtuse

Following the same precedure, we can have all the pessible arrange-

ments of a, by, ¢ and the angle characters as listed in the fellowing

table. (table in Buerger (7) with cerrections)

Table VII. Possible Sets of Interaxial Angles in the Triclinic System

Type 1 crystal

- cos - Type of Designation of
Orientatiqq _— Coordinate System Rgpresentatien
abe ;s'xyzl _ R R 1R Nermal
abc is xyz, + - - _ L 3L
abe is.;tj-le - ' R 2R
abc is xj)-le C -+ - L L1,
abc is i&il + + + L 1L  Normal
abc is X§Ei + - - R 3R

2L

abc is xyzl - -+ ‘ L
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cos Type of Designation of
Orientation Coordinate'Sysggm Representation
aﬁc is iyEl + - ‘ '. R | | 4R

@jpg 2 Crysgdl

abc is Xyz, - 4+ - R iR
abec is Eyz2 + - L 3L
abc is §§zz + + R 2R
abe is x§z2 - - L 41,  Nermal
abc is §§§2 ' -+ L 1L
abec is x§£2 + - R. 3R
abc is xyEZ + + i 2L
abc is iyia - - R 4R Normal

both at the same time. Hence, once the type of coordinate system is chosen,

A crystal can be either one of the two crystal types and can not be

there is only one case for the interaxial angles to be all acute or all

ebtuse. Balashov's method of letting of , B 37y be all obtuse or all -acute

is thus justified.

A suggested indexing method for the triclinic Wéissenberg pho tographs:

In the equi-inclination Weissenberg method, the camera is so in-

clined that the direct x-ray beam and the diffracted beam are equally

inclined to the layers of the reciprocal lattice. The equi-inclination

keeps the recipro§a1 lattice rotayion axis exactly on the circumfer-

ence of the.refleqting circle of the n-layer.

Certain indexing problems arise for triclinic crystals fer which

Weissenberg photographs are taken. It sheuld be understéod-that x-ray
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diﬂﬁacfign photdgraphs provide a picture of the reciprocal lattice. For
the ease of illustration, it is assumed that the crystal is mounted on b
axis unless otherwise specified. The twe reciprecal axes a* and c* will
show uﬁ'aé Straiéhf lines oéythé zéro Weissenberg photegraph and the{phot@—
graph is indéxed ip the ﬁofmal manner.: In indexing the upper level Weis-
senberg fh@tographs for triclinic crystal, the reciprocal lines hlO, h20
OlQ, déﬁ étc; Qeilonger appear as straight lines. If any reciprocal
lattice aiiai iiné e;gl hno, or onl passes £hrough the rotation axis,

a straight liqé will fesﬁltlon all the egui-inclinatien Weigsenberg

levelé; This can occutr if any upper,lével reciprocal lattice line
projed%ion on fhe zero levelhcoihcides with the a* or C*o) For ortho-
gonal systems this is always the case, for monoclinic systems it is the
case if the crystal is mounted‘on b, but not se if mounted on a or ¢,

and would éhly'be accidentglly the case for triclinic crystals. How-

ever, for any non—orthegonal crystal, a non-axial reciprecal lattice

" line may, on one level or another, accidentally pass threugh the rotation

center, producing a sfraight line on the equi-inclination Weissenberg
bhptographo Thus, for triclinic crystal, usually no upper level recipro-
cal lattice line will pass thrmggh the rotatien axis. The problem ef
indexing the triclinc upper level equi—inclihation Weissenberg phote-
graphs is te recognize the reciproecal lattice lines. -Assuming all the '
reciprocal lattice lines on the zero level are known, the.easy way to do
thié.is to project the upper levels onte the zero level. Fig. 5 a

represents the zero level where the peint O is the rotation center,

the herizontal line passing through the rmgééi@n cegfer is the c* axis
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or ool line, and the line passing through fhe peint O and makigg an‘angle
ﬁB* with c* is a* axis or héé line.. All the upper level recipfecal lat-
tice poiﬁts eko must lie on the b* axis. The leggth and pésitions of the
b* axis projgctimn on the zere level a* c¢* plane can be calculated (For
calculation, see next paragraph). The positions of the p@in£ oko cor-
fespending to the.kth level can thﬁs be lecated. From oka,'conétruct
the kth level réciprocal ;attice network hkl by drawing lines parallel .
to a* and c*. C@nsider the four reciprocal éattice lines sitting closest
to the rotation center, O. These represent the feur festoons next te the
two straighf axiai’lines of the zere level projected onto the kth'level°
The festoon at the right of left qf a* projection correspends to the
right or left reciprecal lattice lines of a* in Fig. 5 é. The other twe
festoons can be identified in the same manner. Once these four festoon:
(the reciprocal léttice lines) ha&e been indexed properly, there is no
preblem indexing the-other reciprocal lattice peints. 'An illustration

of these procedures is shown in Fig. 5.

A calculatien for tbe length and locatien of the‘axial prejeqt%on:

Firs£ obtain all the reciprocal lattice cell consﬁants.a*, b*,
c* ando(*,B*hfr*, From thesé, the reciprocal lattice unit cell is
'conétruéted as shown in Fig. 6 where Fhree axes meet at the peint O, and
OA, 0B, OC represent the uﬁit length of a*;, b* and c* respectively.
Then, in tﬁe BOC plane (b* c* plane), draw BN Perpendiculgr te OC,
From B, draw line BM perpendicular te the plame AOC (a* C* plane).

Connect NM and OM.. From the geometrical felation, we have




a% or (hoo) of
zero level

We* or (0of ) of
zero level

Figure 5 An illustration of the indexing procedures




o Bl
QN=b* cosof *
BN=b* sinco({*
Angle BNM = 180-") (for derivation, see Buerger (6))
Bl sino{ * sin’]"
Nﬁ=-b* sing{* cesiT
OM-b*(l—81n.o(*51n'7”)é

cosp= (ON>+OM>-MNZ) /20N - OM

=((b*coso(*)2+b*2(1-sin%x'*sinavf)-(b*sinc{*cos7’)2)/

- 2(b*coso(*)b*(l sln ° "‘s:LnZ’r )%

Where OM is the unit length of b* preaectlen on a* c* plane,

PIC .

eev i L F 1y o LIRS
p is the locatien ef b* progectlon on a*c* plane (the angle

between b* projectien and c*).
It is noted that the approximgte location of b* prejections can
be determined as follows by the interaxial anglesol* and) * only.

Table VIII. . Determination ef b*- Projection Locatien on a* c* Plane.

v

Interaxial angles Quadrant where b* prejection lies
acute acute 1
ebtuse obtuse 3
acute obtuse L
obtuse acute 2

Index—checklng method:

The 1ndex-check1ng method will serve as a check on proper
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Figure 6 The calculation of

b*-projection on a*c* plane
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indexigg of the equi-inclination Weissenberg photographs. The calcula-
tien of the vertical distance of the‘hkl rqflecti@n from the equater
line, Xoale. is cempared with the measured Qistances Xobs.If the per-
centage error (error%)
Error % = (xobs.-xcalc.)/xobso
equal or less than 5%, a correct indexing is assumed.
Index~checking fqyﬁﬁlas: '
For equi-inciinatioﬂ.Weissenberg method
X ale,” %wos_l(2(l-sin29)/cos§4 -1)
Where/) is the angle of inclinatien
éinzg may be calculated from Welf-Bragg equation és below:
lsin®o '1 h2 2+k2b*2+120*2+2hka*b*cos/)’*+
Zklb*c*cosof *+21hc*a*cos B *
Derivatien of index-checking f@rmu%ggg
a. Wolf-Bragg equatien |
Neté: The Wolf-Braggﬁéquatimn is net present in many stanaard
reference books. I found this equation in é Russion journal (19,5),
transla£ed and sent to me by V; Balasﬁov. Since I cou;d net find a
derivatien fer this equation in the literature, a derivatien is included
hére° )
—
A reciprocal lattice vector 6£k1 is a vector, drawn from the
reciprocal lattice erigin te the reciprocal lattice peint hkl as shown

in Fig. 7 a. It has three components ha*, kb*; and lc* aleng the three

axial directiens.
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From the vector analysis, we have

- e

= * * o ¥
6, 1=ha*+kb*+le

5 — —
O mc1® Gua® G1
= - -
=(ha*+kb*+1c*) « (ha*+kb*+1o*)

2.,2,,2 2,2 ,2 =

- > -
=h a* +k b* +1l c¢c* +2hka*. b*+2klb*-c*+2hla*e-c*
—_— — >

Since a*.b*=a*b*ces’) *, b*.c*=b*c*cescX *,

- >
a*.c*=a*c*cos B*

C;ahkl=h2a*2+k2b*2+lac*2+2hka*b*casqr*+2klb*c*coscx*

+2hla*c*cos B *
From Bragg's equatien (Fig. 7b)
A =20y 15108
.. 2 N 2_ 2
or  hsin®0 ., =(A/a, )% G

Combining the above equations, we have

4sin29hkl=h2a*2+k2b‘*2+lac =°'2+2hka"‘ c*cos | *

4-2klb*c*ceso(*+2hla*c*cesB *

| b. Equi-inelination Weissenberg index-checking fermula

| . Fig. 8 é, b illustrates the equi-inclination ﬁethod in three dimen-
\ sions and the impértant part of the spherical surface diagram. Thé

‘ crystal is sitting at the center of a unit radius sphere (sphere of
reflectien). Since the angle (in radian) subtended frem the center

of a sphere or a circle is equal te the arcllength divided by the ra-
dius and the radius ef the spheré of refiection is unit,

| . " Po=20 | &= 7

pa=X ' Bo= M

Nt N
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Figure 7 Derivation of the Wolf-Bragg equation
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Where © is the Bragg glancing angle
;T =tap_l yn/rF, ynis the distance from nth lével line to the
center line in an oscillétian pictﬁrg, rp is the film radius.
’Wﬂ is'fhe ggneral refiéééion angle
/b‘ is tﬁe incliﬁatimn angle
Note that
Angle PAB=90 degree,, Angle AB0O=90 degree
Angle PAO=90 degree + Angle BAO ;
From the spherical geometry, the following equations are true:
(1) For right sphérical triangle
cesc=cosa cosb, -.'.siﬁA=sina/sinc
(2) For oblique spherical triangle
cosa=cosb cesc+sinb sinc ceshA
Let A0y,  Angle éAQ;z
Since ABO is a right spherical'triangle (Angle ABO is 90
degrée)a
| cmsy:cos/jcoéTl o o o 0 s o s o0 o s s e s« of1)
or siny=(1—cos%u casaq“)%
sinz:sin/A/éiny _
=sin%1/(l-cosiu cosgy“)%. A R B ¢-)
PAQO is an eblique spherical triangle; thus
cos20=cos X cosy+sin} siny cgs(20+z)
=cos) cosy-sinf siny sinz « « o« o o o o« o «(3)

Substituting equations (1) and (2) inte equation (3),
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Figure 8 a. Illustration for equi-inclination Weissenberg method
b. The important spherical surface diagram
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cesZ@:cos?[co§ﬁjcesqn-sin2fsiny siq/J/siny
=cesXcos/u cosT—sin% sin A/
For equilinclinatimn methed
A= p
Thus. o .2 L2 2 2
us; cos 26 =cos /A cesT—sln/,{ -ces/u cws,r\-lﬂ:os/q
, _ =C®s%¢1(l+cos’yy-l T 2
or  cos’|" =licos20
-1
éosaJ
= 1+l-2$in29 -

0082/4A

= 2(1-sin%0)

cos%ﬁj

‘Therefore, x=GC/2=%m@sﬂl(2(1—sin?@)/cm§ij -1)

1

1

D. Applicatien
The unique cheice of unit cell and the indexing metheds for the
triclinic crystals are applied te the triclinic crystal of ealcium 1-

. 1077

serve as an illustratien o¢f the above methods will be reperted in the

naphthyl phosphate ca(C, H HPO4)203H20° The ;esults which will, in turn,

follewing sections.
1. Unique choice of unit cell fgr calcium l-naphthyl ph@gphate.
A direct calculatien from the oscillaéion, zere level
Weissenberg, and precession phetographs gives us the follewing
cell constants. A
dloo;7,o99ﬁ
=8, 994k
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001=18.g653
of *=.95951f' or 84°26¢
B *=101°25' or 78%35

Y *=90°

Since le® and dOOl are not teoe far from a and ¢ respectively,

the Balashov's second rule i.e., ¢>b>a is temperarily used to

assign the above labels.’

Te see whether all angles of , S s/ are homogeneous, first take

oty B
X *=8h 26¢

Y * all acute.

B *=78 35"

T *=90°

Then,

Thus,

sino *=0.99528 cosc *=0.09700
sin 3 *=0.98021 cos (3*=0.19794
sin’f*:l.,(b cesY *=0.0
coso(= _ cc?sﬂ *cos/r*qu‘sd *

sipﬁ *sin;r*
cese( =(0-0,09700)/0.98021=-0,09896

o =95%41"
cos 3 =(cosct *cos”) *~cos B*)/sino( *sin)
=-o,19794/0,9§528=—o,19888 |
B =101°28" |
cos) =(coso( *cos B *~cosT*)/sinc *sin B*
;(0.0970)(o°19794)/(o.9§5é8)(0,98021)
=0,01920,/0.97558




=0.01968
7Y =88°52!

Since & ,[3 both are obtuse, whilef] is gcuée, they ére not
homogeneous. This rules out the pessibility of their being all
obtuse. To make them all acute, adjustol*, ﬁ* by taking supple-
ments. It is not difficult te ebtain the follewing: |

#2957 34!
B *=101°25"
Y *=90°
cose! =0.09896
o =84%19"
cos/B =0.l9888‘
B=78%32"
cos’]'=0.01968
7Y =88°s2!

Thus all {:he .an;glesd, B 5] are acute, gnd gccerdingly
homegeneous, The constants a and ¢ can now be‘;btained as follows:

a=d, ,,/sinp sinT*=7.099/0.98004=7. 2448]

o=d, o /sinp sing(*=18.265/(0.9800k) (0.99528)=18.725%

0=8.994]

It is apparent that c;>£;>a, which is the Balashov's secend
100" °Z%100
Indexing the triclinic crystal of calcium l-naphthyl phosphate

rule. From this, our terﬂperary label 4 is justified.

a. Determination of the axial directien on which upper

1eve1§ lie




il
The Balashov's rules already determine the orientation

of three axes a, b, ¢ and the crystal is found to Ee mounted on
b axis, although we are not certain of the direction eof b*.
This is determined by using right-hand cmer%;ﬁétes. Fig. 9c
shews the erientation of the film with resﬁect to the camera
and x~ray. The observer is standlng at the pesition such that
the x-ré;M1; pa551né”£hr@ugh the sphere of reflectien from left
to right and the»retatlen dial is in frent ef the observer.
In the zéré 1evei picture, the axial labels a*, c* and their
dlréctlans are already flxed by the Balashov's rules as in
Flg. 9 a. This w;ll, in turn, fix the axial labels and their
q;?gétimgs'iﬁ.Fig; 9 band ¢c. In Fig. 9 b, a* ¢* is assumed
té.lie ip:a hérizontgl plane. When c* rotates teward a*, frem
Fﬁe—rié#t—hana:ééerdipafe; ghé positive b* must be vertical
ébévé'thé:plane, i.eq, p@%itiée b* is away from retatien dial.
Sinéé_upper levels lie in the directiens away from rotatien
dial, they must mount in the positive b* direction.
bftuégicu}étion‘of the length and locatien of the axial
préi?cti@#; ) N

_iIn tﬁ; calculation of the axial projectien length, we are
con;érged wi#h the-relative lengths of a*, b*, c* rather
than the absélute lengths. Feor ease of calculatioen, the relative
lenéths of a*, b*, c* will be used. The cell constants
found are listed below. |

a=7.2448 b=8,994% c=18.725%
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He b
a -a
c*
X=-ray 5
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180 rotation dial

at bottom
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a. b.

Rotation dial
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X=ray

Figure 9 Orientation of film with respect to camera and x-ray
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o =84°19" B =78%32° T =88%52:
dloo=7,o99ﬂ 4010 =8.950% d001=18;265ﬁ
ot 295734 B*=101°25" Y *=90°

=My 0=, e*= 8001

* e ¥ e L EY -— . .
a*tb*ie*=1/d; o :1/ay :1/d) - =1/7.099:1/8.950:
1/18.265=2.57:2.04:1
Let  a*=2.57 b*=2.04 c*=1
The b* prejection =OM

=b*(l-sin%x *sin%7')%
=0 0254

cesp:((b*coscx*)2+b*2(lrsin2c(*-sinaﬁp)-(b*sino(*cms7’52)/
2b*c@scx*b*(1-sin2c<*sinaﬂf)%

==0.97867

p=180%+11%51"=191%51"  or 180°-11°51'=168%9"
The former value is in the third quaérant, while .the latter value
is in the second quadrant.ot* and)* are used te determine the
correct lecatien feor b* preojectien as discussed previeusly. Since
o * and/Y* are both obtuse, the b* projectien lies in the third
quadrant. Hence, p=19l°51'°

Index1ng the trlcllnlc crystal of ca101um l-naphthx; pbmsphate

The indexing of calcium l-naphthyl phesphate is 1llustrated in

. Fig. 10.a, b,.c, d, 'Two things are considered.below.

a., Since the/Y4 angle is 90 degree, the reciprecal lattice axial
line okl should appear as a s%raight line en each upper level.

This was found te be the case except these okl lines were too weak

!
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to see for k being odd due to the existence of a pseudo b-glide
plane. The other reciprecal lattice axial line hko wés net a
straight line for all uppér'levels.
b. For fourth level, the h4l. line shows up as a straight line on
the film, because it happens‘te pass throﬁéh thé retatioen axis.

Index~checking data:

For the éheckiﬁg of the indexing, I have written an IBM 1620
é@@puter program (Fortran I). The results of tﬁe index-checkipg for
calcium l-naphthyl phosphate are listed in Table XXXV in appendix C.
More than eone theus;nd reflectiens have been checked and all gave
percentage errers less than 5%. Thus, indexing is cerrect for this
crystgl. The successful solutien of the structure furthe; confirms

the ceorrect indexing eof the egui~inclinatien phetmgraphs;
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SECTION V
UNIQUE FEATURES OF DATA REDUCTION
Ao Scaling \
The Weissenberg levels were scaled to a cemmon basis (a) by preces~
sion photographs  (b) by the Wilsen rlot.
(a) The intagrated intensities of all the spets en the zere level
precession phategraphs were read and cerrected by the Lerentz and
poelarizatien factors. It was assumad that the x-ray spets on the
Precession pictures had more or less the same abs@rpti@n correction
as those of same index on tha Weissenberg.ph@tagraphs. The preces-
sien intenéities were compared with the correspending Weissenberg
intensities both of which were carrected.fwr the Larenfa gnd polari-
zatiea facfers, and the Weissepberg intensities corrected for size
factor. A constant ratie was eobtained for each Weissenberg level. N
Each Weissenberg level was multiplied by its own ratie and thus
scaled te a.cemmmn basis.
(b) 'The Wilson-plot method may be considered as a satisfactory
scaling methed, provided that the numbar of reflectiens in each
Weissenberg level is sufficient for a geod Wilson plet. This hag
particuiar advantage for very high Weissenberg levels %here very
few spets, if any, appear on the precession pictures (usually they
give inaccurate intensities, since they may be toe clese te the
edge of the film). Before the overdll Wilsen plot is caleculated,

the Weissenberg levels should be scaled appreximately to a commen

basis. This can be done either by precession pictures or by the
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exposure times of the photographs. Final adjﬁstments of the scale
factors may then be.made by adjusting Fhe iﬁdividual Wilson plots
to fit the over-all Wilson plot. An example of this is'iilustrated
in Fig 11. In this figure, the upper straight line represents the
overall Wilson plot, while the lower one is the Wilson plot of the
fifth level. ' These two lines differ in vertical coordinate by 0.34.
To scale the fifth level to the same basis, its vertical coordinate
should add 0.34. This is equivalgnt to multiplying the FZ“s by

. 1
k=e0°34=l°405, or multiplying the F's by kﬁ21.185.

B. Size correction

Siée'correction is an important factor in the visual estimation of
X-ray %eflectién intensities from upper level Weissenberg photographs.
Phillips (29,30), the first one who discussed this problem in great.
detail, derived’the special W-function fer such corrections. The fol-
lowing paragraph will discuss the cause of size variation briefly as
well as the practical aspects of the direct application,which is not
quite clea? in Phillips's articles.

1. Cause of size variation

The size variatién in spot areas arises from the divergence of
the x-ray beam incident upon the inclined crystal (the upper level

Wessenberg photographs). The reflection spots on the upper level

Weissenberg film are coﬁtrécted or extended according to whether

the film motion is in the same or the opposite direction as the spot

growthe.

2. Size correction equations
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Figure 11 Scaling by the Wilson plot method
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Assuming that the spot intensity is inversely proportional to
the spot area,

I A=I_(A+AR)=I (A-44)

Where I represents the intensity, the subscript m refers to the

mean value, e to the extended value, and ¢ to the contracted one.
A represents the spot area before variation
A A represents the spot area variation.

It is this size correction that converts both Ie and Ic to Im.

It should be noted that the above equations only hold for small
variation in area.

It will be shown later thaIIm is the harmonic mean of Ie and
Ic, i.e.,

I =21 I /(I +4I)

Since there may not be many equivalent spots appearing on both
the top and bottom parts of the film, alternate ways to calculate
Im must be used. These are

Im=Ie(A+A A)/A:Iew
I,=1 (A-2aA)/A=I (2A-(A+AA))/A=I (2-W)
a., Computation of W
The W-function of any reflection can be obtained from the
reciprocal lattice coordinates and the W-plot derived and plotted
by Phillips. The reciprocal lattice cylindrical coordinates
for equi-inclination Weissenberg pictures can be seen from

Fig. 12 as follows.

f =2$in/,[
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E =2co§/45inx
Where Z,gare reciprocal lattice coordinates parallel and
perpendicaular to the rotation axis respectively.
/} is the equi-inclination angle
x is the vertical distance from the spot to the center
line of the film measured along the film.

be Derivation of I =2I I /(I +I )
m e e lbve i

Given I A=I (A+AA)=I (A-AA)
m e c
Collecting the common terms of A and AA, we have
(I +4I ) AA=(I -I )A
e ¢ c e
AA=A(I -1 )/(I _+I)
I A=I (A+a A)=Ie(A+A(Ic-Ie)/(IC+Ie))
I=I (1+(I -I )/(I +I ))=21 I /(I +I )
m e c e c e ce c'e
It has been mentioned earlier that the size correction
equations
I A=I_(A+aA)=I (A-AA)
hold only for small area variation. When a very large variation
in area arises, e.g., for spots very close to the center line
of the film, W .may be greater than two. Then Im will become
negative (Im=Ic(2-W)), which is meaningless. For such a case,
the corresponding precession intensity is used if available,
or this reflection is not included at all.
C. Derivation of the general data reduction equations for triclinic

crystal
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Figure 12 Reciprocal Lattice Cylindrical Coordinates for Equi-
Inclination Weissenberg Photograph
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Although the general equations statéd below are féund in mény standard
feference books, I was unable to find in the iiterature the derivations
for these equations. I am thereforg ipcluding the‘derivations in this
dissertation.
The raw intensity data is reduced according to the following equatiop:’
~ P=(1/a(e))*
where I is the }aw intensity after proper scaling and correcting
by the siée factor
A is the absorption fgctor
Lp is the Lorentz and'poiarization factors
F is tﬁe structure factpr
A, the absorption fagtor, will be discussed later in the section.
~f£e polarization facto£ p_l (21) is
, p_l=2/(1+005229) o o o 0 o 6 06 0 s s s o o o o (7)
This is a function of © only. But the Lorentz factor Lfl has
different expressions for different . x-ray methods. For equi-inclina~
tion Weissenberg method, the Lorentz facter (21) is
L_1=Ecosg=cos§u sin/)(\ .
=sin2@(sin29-=sin2/u )yz/sine s o 0 0 0 0 o o o(5)
It is intereéting to see that the above three expressions for L—l
can very easily be shown to be identical by the equi—inclination
Weissenberg index-checking formula which I derived in Section 4. The

index-checking formula for equi-inclinatien Weissenberg method is

qos2@=cos§d (l+coswn)-l o 6,0 6 5 o o o o o o o{(&t)
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A different form can be obtéinea as fellows.
200520-150082/{1 (l+cos’r)-l
2 c0529-1=cos_2/d (_l+2cosz(/r\/2)-l)-l
ECosaex;ZcosZ/{,l cosZ/Y‘/E‘, o s e a4 e
cos@:cosﬂcos/‘r\/2 e 6 6 5 o o 0o e s s o o s e ;(6)
One of the forms of equation (5) is
L_l=£ cos@:cosiu sin/r‘
For the equi-inclination Weissenberg method,
g =2cos | sin/r\/a
L-l=£ cos@=2cos () sin( /Y\/2)cose
From equation (6)
co.s@=cos/u cos /Y\/E
Thus, L-1=Ecos@ =2cos A sin( (P/Z)cos/u cog /r,\/Z
=cosalu sin/r
Another form of e;-quation (5) is ‘
L-l=£ cos@:sin?.@(sinég-.as'inalu Y¢/sing
This can be simplified as follows: - o
5in20/sin®=2sinbcos8/sind=2cos0
Ecos@:?c@s@ (éi-riaé-sinajj ‘)%
or \ E =2(sin20-sin2/u )1/2 |
To show g =2(sin29—sin2/,l )1/‘2 proceed as follows:
_E =2cos/u sin/r\/2
From equation (6) .
c;:os@=cos/u cos /Y‘/Z
or , c'_@stY\/2=cosg/cos/J
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sin/T>2=(1-coszfry2)%;(l—cosze/éosiu )%
=(coéau =c0529)%7003/4
=(l-sih§u =i+sin29)%yco§/1
;(sinEG-sin%u )%7005/4
Thus, 5 =2qqs}4(sin29~sin%u )%7c0§/1
‘=2(siln2@—sin.2/,l )
An expression for sin2@ for triclinic crystals is derived in the
following.
p-l=2/(1+00322©) e o o o ot. o o o o ; o o s o (7)
L_l=2cose(sin29-sin%u )y2 e s o o5 o s o s o o (8)
Combining : equations (7) and (8) |
(Lp)-l=4cos@(sinaeﬂéin%u')%7(l+005229)
From trigonometry: cos@=(l—s:i.n29)1/2
1+005220=1+(1-281n20) = (1~251n20+2s1n"8) 2
. Then, (Lp)'1=2( (1-sin29) (sinag-sinalu ) )1/2/ (1-2sin29+2sir;_Lfe)
Where/lis the equi-inclination angle and is constant for éach
Weissenberg photograpﬁ, © is the diffraction angleo.

sin29 can be calculated from cell constants a; by, cy00, ﬁ,’Yby

the following equation (Equation taken from Univ. of Washington

Crystallographic computer write-ups for IBM 650 with- correction»)

2 2

. 2 2 ,
sin~©=h sll+k 522+1 s +ﬂk512+hls +kls

13 23

33
Where D=ha’bZc? l-cosao( —coszle -cosg’)" +2cosoX cos 3 cos’))

8917 7\2b2025in20< /D
N2.22 .2
§22=}\ a ¢ sin ™ /D

2.2.2 .
§33=)\§ b s:.na’)f/D
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s, =2 A2abc®(cosx ~coSYJD
1257 ¢ (cos cosﬁ cos '
13-2 7\ ab c(coso( cos’}’—cos,@ )/D
523=27\ a bc(cosﬁ cos) -coseX)/D
The above eguation is gemeral and can be used for é.ny crystal system.
This can be derived by either of the two following methods.
a. By the using of Wolf-Bragg equation

The Wolf-Bragg equéti@n is (For derivation, see Section &)

sin®e,  =h(a*®/1)+k2(0*5/1)41%(c*2 /4 ) +hk (a*p*
cos[ */2)+kl(b*c*cosrx*/2)+hi(a*C*cosﬁ */2)
sll=a*2/£+
= AN/
But a*-‘ /dloo |
To show sll=a*2/4= 7\2/4d1002=)€b2c2s1n o4 /4&2 2,2

(1-cosz¢>( -cosaﬁ -cosa'r+acoso< coslg COST)y
proceed as follon. |
From Buerger (6) ‘:.
V=abésino( sin p *sinT

=abe (1-cos%x -0052‘3 -c'osa')f +2cosc( cos B cos | %
Then, 'l 51nla s:n.n’r (l-coso( ~COS ﬁ ~cos /}"-ZOOSO(GOS.B
R cos) )//81nc>(
‘ '=asin ,B *sinY
_a(l=-cos o -cos B -cosa’r+2coso( cos 3 cos’) )

l

sin o(

.(l/d ) 1/(a81nﬁ *s:.n/r)

lOO
. P a’,
"=sin O(/a (l-_.-coso( -cos B =ces”y+2cosc(

eos BeosY)

N
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- 2.2
thys 5q1= A /hd 100° Alsine(

ha®(1-cos?x -ces?lB —cos27’+2coso< cosB cos))

= 7\2b C sn.n2<><

1+a2‘b202~(1—cos%>( -cos /3 —cosa’}’ +2cose( cosfB cos) )

= 7\2b2025in%>< /D
Similarly, S55= )\a ¢ 81n /B /D, S35~ azbasanT/D
To show 12-29\ abe (ces:;-(cosIB -cos) )/D as follows

From the Wolf-—Bragg equatlon,

g tR % s
54 ,=a*b cos’) */2

- I
=000 b ‘Ndom

512=7\2C05/r*/2d e 6 0 6 6 0 o 2 o o o 0(9)

100d®l®

From the previous proof,

_ 2 2 2 Y, .
dloo-a(l-cos o ~cos B ~cos™Y +2cosct cosB cos) )/sin

® © o © o ©¢ e o6 © © © ¢ © © & © o ©6 o o o (10)

Similarly
2 2 Ye
a l®=b(1-coso( -cos B -¢o'sz'7’+2coso( cosBcos) )/
Sinlgoooonn‘eenc'oooooooo(ll).
Also cos) *=(cosX cosfB-cosl ) . . . s o e s s s o e e (12)

sinct sin[3
Substituting equations (10), (11), (12) into (9), we have

27\ abe (coso(cosﬁ—cosT)/LLaab 2(1-cos%y¢

_coszﬁ -cos}’f+2coso(cosﬁ cos) )= 2)\ abe (coso( cos'B-cosT)/D
Similarly,
' "2.2
513=2)\ ab“c(cos cos] -cosﬁ )/D
523=2K2a2bc(cosﬁ cos ) -cose )/P

b. By using the triclinic interplanar spacing equation (equation (13)
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to be derived later)

The equation (13) is

(l/dhkl)2=(hA/é+kB/b+lC/c)/E
Where
h/a cosV cosp |
Adk/b 1 coso|=h(l-cos®x )/a-cosT (k/b-(1/c)
1/c cosx 1 | coset)+cosB((k/b) cose(~1/c)
1 h/a cosp

cos) k/b cosx| =(k/b-(1/c)cosx )-h/a(cos'f —coss

o]
]

cosB 1l/c 1 cosB )+cosﬁ ((1/c)cos) -(k/b)cosﬁ )
1 cos) h/a
cos’ 1 k/b =(!}c- (k/b)cosct )-cosly( (1/c)cos)

cosP costl/c| -(k/b)cosp J+h/a(coss cos) -cosB )

Q
1]

1 cosTcosB

cos) 1 coso<‘=l-—cos?>(-cos2ﬁ —cosa/)"

o
]

cosP cos 1 +2coso( cosBcos)

From Bragg's law,

A=y, 18100,
. 2 2 .2
1076y = N/ My
Substituting the. triclinic interplanar spacing equation,
sin29 =7\2(h2(l—coszo( )/aa-hkcos')’/ab+hlcoso<
hkl 15
cos’l /ac+hkcosot cos B /ab-hlcos B/ac
+k2/b2«.-klcoso< /be-hkecos) /ab+hkcosof

cos B /ab+klcosB cosT/bc-kacos‘zﬁ /b2
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+12/c2-klcoso( /bc—lzcos%f /ca+klcosﬁ
cos’}’ /bc+hlcoso( cos 3 /ac-hlcosp /ac)
-7@(h 1 e /a2+kasin B /b +1 sinaT/c
fg’hk(coso( cosB ~cos’) )/ab+2k1(cosB
cos) -cosc.)/be+2hl (coso( cos ) ~cosf3 )/ac)

= 1 (h (Azbacasin o )+k (7\2a20251n2/3’)

4a2b2c2E

+1 (?\ 2Psin /)’ )+hl(2 )\ ab c(coso(cosT
-cos B ) )+hk(2 Aabe (éoso( cosﬁ -cosY))
+1((2 KZafzbc(cosﬁ cos}) -cosof)))

By definitien,

D=hap? 2(1-00520( -cos :8 ~-COS ’)" +2c0sc¢ cos 3 cos) )
hap2c R
Thus, sinaehk:L:l/D(h ()\2b2c:asin o4 )+k ( 2a20281n IB )

+12( X2%p%sin /}f)+hl(2)\ ab c(cosdcosY
-cos 3 ))+hk(2)\ abe (cosdcosﬁ -cos[))
+k1(2 A?éabc(cosﬁ cos) -cosc()))

When the above equation is compared with the following equation,

.2, .2 2 2
glg ghkl“h sl__l+k s22+l s33+hksl‘2+h1s]_3+kls‘23

It is evident that

Sq1= }\szcasinzd /D
222 .2,

5,5 Na ¢ sin 3 /D

833" 7\2a2bzsin27 /D

81 5=2 )\ abc? (cosot cos B -cosY )/D

513=2)\ abZe(cos o(cosT ~cos3)/D
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S =27\2a2bc(cbs B cos) -coscX)/D
23 7 : .
2. Derivation of the triclinic interplanar spacing equation
This equation is given in standard references without derivation.

Since I was unable to fil’_lld” derivation, this derivation is alsoe in-

.
GO oD oS

cluded here. See£(6f§2).a
\ .

b taly o F Say Jelias . . .
ne triclinic interplanar spacing equation is

- , ; . "1
Ay == Ss

1 h/a co8Y éosﬁ 1 h/a cosP 1 cos) h/a

1 cos/ cos/B

} cos| 1 cosX

/\ - cos B coso{ 1

The following two mathematical formulas will be used for this deri-

N

vatieon.

a, The normal vector ﬁ; to a general plane px+ry+sz=t, where x, ¥y,

z are rectangular coerdinates, i.e., an orthogonal system is
— -
N=pi+rj+sk
where i, j, k are the unit vector along %, y, z.

b. The vertical distance from any point *1» Yqys z,to the plane

1
px+ry+sz=t is

4= (pxi+ryl+szl-t )/( p2+r2+52 )1/2

A derivation of the above two mathematical fermulas can be found

in many standard reference books (31,34) o

In Fig. 13, the solid lines A, B‘, C represent the oblique coordin-

h/al k/b 1 cosc| +k/b éos’T k/b cosX [+1/clcos] 1 k/b
l/c cosct 1 cosp 1/c 1 'cos'B cosX 1/a
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ates, i.e., a non-orthogonal system along the three axes of the tri-
¢linic system, while the dotted lines x, y, z?are the rectangular
coordinates. From the definition of the Miller index'h, k, 1, the
intercepts of the hkl plane on the qblique coordinate -A, B, C are a/h,
b/k, ¢/1 where a, b, ¢ are the axial lengths of the tricligic system.
The equation of the hkl plane, when put into its intercept form, is
 maa/h)+B/ (b/k)+C/ (/1)<
or hA/a+kB/b+1C/c=1
Let the normal vector.ﬁhto the hkl plane be-ﬁzﬁ;§g+ﬁg'wheré E:
i;,?? fep;esent the unit vector along A, B, C axes of the triclinic
system.
Suppose the hkl Plane intercepts the rectanguiar coordinates x,
ys z at 1/p, 1/r, 1/s then the hkl plane Qquation iq its interéept
form can be represented in terms of x, y, 2z coordinate as below.
x/(1/p)+y/(1/x)+z/(1/s)=1
or PXATY+SZ=L s o o o o o o o C e e e e e e e e (15)
As stated previously, the normal vector-ﬁ,to the hkl plane of
. PX+ry+sz=1 is-ﬁ;ﬁz;rfidz
Althouéh two different coordinate systems are used, they represent
the same hkl plane and the same normal vector, thué they should be
equal, '
hA/a+kB/b+1C/c=px+ry+sz=1
T S
NﬁuA+vB+wC§pi+rj+sk

The orthogonal system x, y, 2 is introduced for the ease in finding

~ the interplanar spacing dhkl° }The vertical distance dhkl from the origin
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Figure 13 The hkl plane in both the rectangular and oblique coordinates
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(0,0, 0) to the hkl plané px+ry+sz=1 is
‘. 1 . - 1
dhkl=(p(0)+r(0)+S(0)-1)/:(p2+r2+52)ﬁ;l/(p2+r2+sa)k
To find the p, r, s proceed as follows:
Let Q(A, B, C) and Ql(Al, B19 Gl) by any two points on the hkl plane
of hA/a+kB/b+1C/c=1
2> o > >
Since N=uA+yB+wC is normal to the hkl plane of hA/a+kB/b+1C/c=1,
- , —> -
N is normal to any vector QlQ on the plane.
- —D
Then, N-Q Q=0 ‘
- = > -2 - —> ‘
or (uA+VB+wC)°((A—Al)A+(B—Bl)B+(C-—Cl)C)=O < ° ° e © ° o o a(lLl’)v
- - > ) 5 e
It is noted that A°A=1l, B°B=1, C*C=1
- - - — -
P K«B:cos’Y, A+C=cosp , BeC=cosX
Using these relationships, the expansion of equation (14) becomes
as below.

u(A—Al)+v(A-Ai)coé7’+w(A-Al)cqu~+u(B-Bl)coé7’

+v(B€-B1)+w(B-B1‘) cos +u.(C~Ci)cosﬁ +v(C-'Cl)coso(

+w(G—Cl)=O

j Collecting the common terms,

A(u+veos) +wcos B )+B(ucos’] +v+ucosof ) +C{ucos B +

| vcoso{ +w)

| =A; (ut+veos'| +wcos B )+Bl (ucos"f +V+wcoso( )+Cl‘(ucosﬁ
j{ +vcosc| +w)

This must be identical to the following hkl plane equation (15),

since they represent the same plane.
N BA/a+kB/B+1C/C=1 o o o o o o o o o o o o o.0 +(16) ,

From comparisoyn, we have
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and also

u-i-vcos’f+wcosﬁ =h/a o .
ucos) +v+wcosK =k/b o+ . .

uc‘:osﬁ +vcosH +w=1/c o . »

wbB=

ooooooonomo(‘l'?)

oowooooe&(lg)

oooeo.uo'n(lg)

A (u+vcosT +ucosf3 )+B (ucos) +v+wcoso<)'ffCl

(ucosﬁ+vcoso(+w) 1 o o o 6 o 0 00 0 0 0 o » (20)

To show equation (20) is valid, first substitute equation (17),

(18),

(19) into equation (20), giving hAl/a+kBl/b+1Cl/c=l, and then

remember that Ql(A s Byy Cl) must satisfy the hkl plane equation of

ha/ a+kB/ b+1C/c=1.

Thus hA /a+kB /b+1C /c=l.

Solv:.ng equatiens (17), (18), (19) simultaneously for u, v, w by

the de term:.nant method,

h/é cosT cosB| 1 h/a  cospP 11 cos) h/a
k/b 1 cose cosY k/b cosof cosT 1 k/b.
udl/c coset _ 1.lv=[cosPB 1/c . 1 lw=lcosP cosK 1/c
1 cos| cosf 1 cos | cos B 1 cos | cosf3
cos| 1 cose cos | 1 cosc{ cos’Y 1 coso(‘
cosf} cosX 1 | cosP cosxX 1 cosfB cose{ 1
> > P >
Let A=a_i+a j+a k
x yY oz
i IR
B=b_i+b_j+b k
x Ty oz
O S
C=c_i+c_j+c k
x Ty oz
Kol
Then N=uA+vB+wC

- =

- -
—u(a i+a 3+a k)+v(b 1+b 3+b k)+w(c it+c_j+e k)
y y X y

—>—>

Collecting the common terms of i, is K,

Also

- - - > .
N-:i(ua +vb_+wc J+j(ua_+vb_+wc_)+k(ya +vb_+wc )
x y oy oy T2 Tz Uz

~+-—>->

N-p1+r3+sk
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Hence p=ua_+vb_+wc
X X X
r=ua_+vb_+wc
: y vy

s=ua +vb +we
Z Z z

2. 2 2 2 2. 2

p4+r+s —(uax+va+wcx) +(uay+vbyfwcy) +(uaz+vbz+wcz)
=u2(a 2+a 2+a 2)+v2(b 24 2 2

x y =z’ X oy

+c 2+c 2)+2uv’(a b . +a_b +a b )+2uw(a c +
y =z XX vy 2 2 X X

+b 2)+w2(c
z x

ac +ac )+evw(b c_+b c +b.c_ ).
vy "z z XX yy 22
It should be noted that

AeA=1=(a_i+a j+a k)°(a_i+a_j+a k)=a “+a “+a
X h'g Z X y z X N )

> - - > - = > 2.2 2

B*B=1=(b_i+b_j+b k)°(b_i+b j+b k)=b_“+b “+b
X 'y z X 3y p ] X 3y Z

- - > - > >

CC=1=(c_i+c_j+c k) (c_i+c_j+c k)=c 2ie P4e @
X y'.z X Yy z X ¥y Z

A-Becos) =(a_i+a_i+a k)* (b i+b_34b k)

A*B=cos | = ax1+ay3+aZ x1+ y3+ v

=a_b +a_b +a b
XX yy 22
- > A - - >
AC=cosB =(a_i+a_j+a k)-(c_i+c_j+e k)
X y' = X Ty e

a

=a_c_+a_¢_+a ¢
XX VY. 22

— — e T ~ -
BeC=cosc{ =(b_i+b_j+b k)-(c_i+c_j+c k)
x oy oz x yY Tz
=b_c _+b_c_+b _c
XX yYy 232
Using these relationships,
p2+ r2+52=u2+v2+w2+2uvcosT +2uwcos B +2vweosc )
Rearranging the eguation,
p2+r2+52= (uP+uveos +uwcos B )+(uvcos +v4vwCos| )
+(uwcos B +vwcosof +w?)

=u(u+veos’) +wcos B )+v(ucos) +v+wcoscr)

+w(uc o_sp +vcosO(+w2
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From equations (17), (18), (19)

p2+;2+32=hu/a+kv/b+lw/c

- 2 2 2k
Hence dhkl-l/(p +r +s)

=l/(hu/a+kv/§+lw/c)%

Substituting the u,v, w (in the determinant form),

k1™ L

s

h/a cosT cosB 1 h/a cosf3 1 cos| h/a
h/a | k/b 1 cose(|+k/b| cosY k/b cosX|+l/clcos) 1 k/b
1/c cosX 1 ‘ cosB 1/c 1 1 | cosP cosX 1/

1 cos{Y ,'cosﬁ

cos’ Y 1 cosc{

N cosf cosct L
D. Absorp#}on correction for rectangular cross section
1. @asic principle of absorﬁtién correction
IO=I/A
Where I0 is the intensity free from the absorption correction.
I is the intensity to be corrected by the absorption factor.
A is the absorption factor.

For Weissenbei'g photoéraphs, the absorption factor A may be

calculated as follows.
a. For zero level Weissenberg photograph (21)
A° =J7Ve~/uxdx/ v=jseﬂﬂ *1as/ lds=[se—'uxds/ ds
'fzie-ﬂ *i as/nA S%-Zie_ 'dxi/n
Where/u is the linqzar absorptioq coefficient

v is the volpmé of crystal‘
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s is tbe Crosg section of crystal
1 is the length of crystal
x is the path lenétﬁ
n is the total number of the element area as in
the cross sectioﬁq The smaller the element area A s, the
better the A will be. .
b. For upper equi-inclination Weissenberg photegraph (17).
Alllp=cos’u Ao(/lxsecv . /Y\/2)
'=.(7—ie"/ux'isec'” )/nsec Y
=cos Y ( zie-“,ux,isecﬂ)/n e s s 0 s o o s o (21)
Where) is the equi-;nclinétion angle
’Y\is the’reflection aﬁgle
The other symbols have the same meaning as men-
tioned in section a.

This is a general equation for all equi-inclination
Weissenberg levels including the zero level. This is because
sin/n/2=sec’v (sinagusinaq))%. For zero level, Y =o, then
sin/r>2=sin9

2 Computation of the path length for the constant rectangular

cross section

The computation of the path length is difficult, because it '’
‘I K
is a function of the diffraction angle, crystal shape and the x-ray
method. For the constant rectangular cross section, the path

length may be calculated as follows. Let a, b, be the two sides

of the comnstant rectangular cress section. To calculate the path
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length for any particular reflectién, the x-ray beam is assumed to
pass through this cross section as mény incideﬁt pgrgllel agd many
refleeted parallel rays. The total length of the iﬁ;ident and the
reflected ray is the path length of an element area. Absorption
corrections must be made for each element area. The summation of
all the element area absorption corrections dividei by the tbtal
number of elements is the average A for that reflection. Consider
the case shown in Fig. 14 for illustration. In Fig. 1k, the inci-
dent x-ray is assumed to be parallel to the side b. Three of such

paréllel incident x-ray at a spacing of e has been entered at the

cross section. The xX-ray is assumed to reflect at such an angle

- that the reflected x-rays are parallel to the side a. Five of the

reflected x—rayé are recorded. The rectangular cross section is
thus divided inteo fifteen diamond-shape elements of which each side
has a length of x=e/si:c1’Y‘.J whére e is the interline spacing. The
fifteen elements have the following path lghgths as eounted from
element no. 1 to element no 15: 2x, 3x, 4x; 5x; and 6x or

(nb+1)x; 3%, 4x, 5x, 6x, & 7x or (nb+2)x; Lx, 5x, 6x, 7x, & 8x or

(n‘al-!-nb)x° The average absorption factor is

Aypz(cos‘D/nanb)(e-axflsecq)+2e-3X/JSee1)+3e-4x¢lse°1}

+3e—-5x/u sec) +Be-6xlu sec) +2e-7xﬂ secy ;e—8x/u sect/ ).

If side b is greater than side a; the general absorption
factor is ,
Aup=(COS‘U/hanb)(e-2xf‘secgze -3§%lsec}L36-4X/lsecﬂ

4 . . 4n e—(na+l)x/lsec¢)+nae—(qi+2)x/45e?11
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Figure 14 Computation of the path length for the constant rectangular
cross section in the absorption correction
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o o e +naé-(nb+l)x/45écv

,+(.na_2)e-(nb+3)x/1$ec1)_+ . +ef(na+nb)¥/'sec7 )

-(nb+2)x¢usecﬂ

+(n -1)e
a

T T A ¢-7))

It is not necessary for the reflected x-ray to be parallel to
the side a. Thié is only used for the ease of illustration. If
the crystal has é cross section of ABCD instead of AEFD as shown
in Fig. 14, the reflected x~-ray is not parallel to the side a..
Yet na(na=a/e, i.e., no. of division of a) is still three,.and
since the area of ABCD ig equal to the area of AEFD, the total
path iength for each element is approximately the same, giving
thie same absorption fabfér, By the same reasoning; the incident
x¥ray need not be parallel to the side b. Thus, equation <22)
as the general absorption factor is justified. To cgléulate
equation (22), several terms must be computed before corrections
are made. |

a. A proper interline spacing e. The smallgr the e, the

smaller the element area and the more correct the absorption

correction w£11 be, but the longer the calculation will take,

because of greater‘number of terms in the absorption equation

(22).

b. na=a/e

Co sinqn=2(1—sin2(,YVE))%%ip(/r>2)

sin(/Y>2)=(sin?@-sin21))%y(l-sinzjf)%
de x=e/sin’Y‘

e nb=b/x
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For calcium l;naphthyl phosphate
a. Crystal dimension

Grystai is‘a parallelopiped of 1l.% mm long having an
approximate constagt crbss section of 0.216 ﬁé by 0.125 mm.
b, ILinear-absorption coefficient

The linear-absorption coefficient,/j, for calcium 1-
naphthyl phosphate was calculated by the following equation
(9. _

M=ae, (M er (Moo (Frors oL

Where, G is the density of crystal

f??'is,the mass absorption coefficient of the
element atom (22).
PA is the weight fraction of elément A in cempound
ABC . . « A, B, C representing the different elements in
crystal.

For Cu Ko radiation, calculatien of the linear-absorption
coefficient for ecalcium l-naphthyl phosphate ié shown in the
following table,

Table IX. Linear-absorption ceefficient calculation.for

calcium l-naphthyl phosphate

Total wt. Fraction Mass-absorp.
Atom  Atomic wt. of atom in of total coefficignt P(/J )
compound wt. P /J/g (em™/g) . (em™/g)

' Ca 40.80 40.08 9 42% 162 12.20

2P 30,975 61.95 11.46% o ,1 8.49
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Total wt,. Fraction Mass~-absorp.

Atom Atomic wt. of atom in ... of .total .coefticient P /u/,? )
| compound wto P /“/S’ (cm>/g)  (cm 2/e)
116 - 16.0 176.0 s2.57% 11,5 3.75
20¢ 12,011 | '2,40‘,22” “ 44.45% | 4060 2.05
228 1.008 22,176 k.10 0.435 0.02
540,426 1oé.oo9§ ~ 26.33

Linear-abserption coefficient'GZ[P(ﬂj/§ )=<1°5®31)(26.33)

=39,58~cm-1 : ’
Wilson plot for calcium l-naphthyl phosphate
1. General description

fhe Wilson plot is prepared according to the following
equation.

ln(zij A /rCZ q.f )=(-2B) (sin® Q/)\ )

iti mean mean
y=mx+c

WherelE.Frel 2/r is the average value of the squares of the
r : .

relative F's for the r reflections that fall within the group.

(Ziql 5 )mea is the set of the.squére of the atomic

scattering factors, weighted for the various atom types at the
mean value of sin®/p for the group.
~-2B is the slope of the straight liné and B is the
temperature facfor. '
AnK is the intercept of the straight line and K is the
o2

absolute scale constant for scaling the absolute F to Fobsa° This

scale coqétant usually is different from the one used in the




(T T S Lt Lon )l

Ll

(-

r
L

=75
structure factér program caleualtion where the scale constant k is
used to scale the F to Fc.; k=(1/K)1/2.

A géoa Wilson plot wi;ﬁ result only when all the possible inde-~
pendent reflections (obse@%ed, unobserved,“and extinct) are
included. |
2. Results ,

The Wilson plot, besides giving the temperafure factor aﬁd
the scale constant, may indicate the réliability of the intensity

data after being corrected by the different factors.

Data for the different Wilsen plots for cé.lcium l-naphthyl

phosphate are recorded in Table X; XI, and the plots are shown

in the Fig. 15. It is evident that the Wilson plot which is
corrected by the Lorentz and poﬂ.arization and the abserption factors
is the best straight line.

Table X. Wilson plot with no correc¢tion for calcium l~-naphthyl

phosphate-
A no. reflections o2, T 2
Group ne. . in each group (sin~@/ A )xh 1n z.;cFrel
| — : - >
r(iZ q; £y )m
1 213 0.0262920 -1,14570
2 400 ) 0.0788760 =1.93102
3 421 0.1314600 -2.64508
L el 0.1840440 ~2,95651
5 1‘"02 Oc 2366280 "3 o 473‘77
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' T no. reflections 2 > b3 sz
Group no. in each group (sin 9/;\‘)m 1n “r rel
| C 2(Zq.£.9)

. 1 1 m

. - T 1 -

6 370 0.2892120 -3,72970

7 327 0.3417960 ~-3,81671

8 ’ 225 ‘0@3943809 -3.61192

Table XI. Wilson plét for calcium l-naphthyl phosphate

s

Gzz?p ?ﬁgcifoii' (sinag/y\?)m }n(gingl /r(ziqifiz)m)
: Lp correction  Lp, A correction
1 213  0.0262920 -2.13707 . -0.69115
5 100 0.0788760 22,1507 ~1.07587
3 k21 0.1514600 -2.44185 -1.44392
4 421. 0.8140k40  -2.51331 -1.55117
5 402 0.2366280 -2.97593 -2.04794
6 370 0.2893130 -3.38139 - -2.4769k
? 327 0.3417960 _3.81671 . ~2.81341
8 225 0.3943800 ~4.19971 | -2.95651
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Figure 15 Wilson plot for calcium l-naphthyl phosphate
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SECTION VI

STRUCTURE DETERMINATION

A. Intensity statistics

1. General description

Howells, ?hillips and Rogers (17) devised a method to dis-
tinguish centro-symmetrical crystal from ﬁon—ceﬁtrosymmetrical
crystals by using the statistics distribution of reflection
intensities. They showed that the fractions N(zb,of reflections
whose intensities are equal to or less than a fraction z of the
local average are given

a. for non-centrosymmetrical crystal, by

N(z)=1-exp(~z)
be for centro-symmetrical crystai; by
N(z)=erat‘(z/2)y2
Where érf is the error function.

.The method can be described briefly as follews. The reflec=-
tions and their intensities are tabulated in order of increasing
sin@ (This should be done after correcting for the Lorentz and
polarization factors, apd the absorption factor). The list is ‘
then divided into several proper groups. Since the temperature
factor and the scattering factors do not vary rapidly at low
values of ©, larger range may be taken for such values. Lipson
and Cochran (26) suggestea the using of the following groups
(in terms of sin®): 0.2-0.6, 0.6-0.8, 0.8-1.0, the 0-0.2 group

is discarded. For each group, intensities or F? is calculated
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and the values of N(z) for z=l0, 20, - « » . up to 100% are deter-
mined. Finally, for each z, the mean of N(z) over all sin6 groups
is cqmpared graphically with the theoretical values aﬁd‘the cen-
trosyﬁmet;y or not is determined.

The reliablility of this method depends upon two things. First,
that no atom heavy enough to dominate the intensity distribution
is present and most of the étoms occupy the general positions.
Second, a sufficiently large number of intensities including both
unobserved and extinet reflections are used.

According to Howells, Philiips and Rogers, this method can
be applied satisfactory to zones of reflections. The tedious
calculations for three dimensional data can thus be avoided., It
was found that for this crystal the ﬁethod was applied satis~

factorili even to one quadrant of a two dimensional zone. In

- this quadrant, a weight of % is applied to all reflections on

the border lines. The method of calculation is illustrated as
follows. Eofigroup 1 of -hol zone (see Table XII), the total F2
is obtained by summing the F2 of each reflection in the group
except taking ¥ of Ea of those reflections on the border lines.
The total F2 is foun& to be 31,552.3. The total reflections are
72, but 14 of them are on the border lime§0 Thus, the true number
of reflections is 58 plus 14/2 or 65. The mean value of F2 for
group 1 is 31,552.3/65 or 485.4. The value of N(0,1l) is obtained

as follows: First, count the number of reflections with F2 equal

to or less than 48.5(0.1 times 485.4); there are 22 plus 4/2 or

A N
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24 of them. Thus, the value of N(0.1) is 24/65 or 36.8%. To cal-
culate N(0.2), it ;s found that the number of reflections with F2
greater than 48.5 but equal to or less than 97.1(0.2 times 485.4)
is 9. Thus, the total number of reflections with F2 equal %o or
less than 97.1 is 24 plus 9 or 33. Therefore, N(0.2) is 33/65 or
50.7%. The calculation of N(0.3) up tdfﬁ(l.o) can be done in
the same manner, |
2.' Data and results

Both hol and okl zones have been tested by this method. The
hol éone has almost all the feflecfions for one quadrant while the
oklnhas most of the reflections. The data are included in the
following tables. The theoretical and t‘he‘ experimental curves
are plotted in Fig. 16. From Fig. 16, it appears that calcium‘
l-naphthyl phosphate is centrosymmetrical, because both hol and

okl curves are close to or higher than the theoretical centro-

symmetrical curve.
1
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Table XII. Valnes of F2 for hol reflections of Ca(01037§OP4)2,5H20
F° ' a
(8ine)
s 1 2 3 4 5 6 7 8 9
0 €756.8 2088.5 772.8 L475:2° 6.3 7.7 190.% 75,7 28,0
(,207) (.215) (.322) (.430) (.536) (.64k4) (.752) (.860) (.966)
1 6806.3 5610.0 '533%3.6 121.0 6.3 231.0 96.0 112.4 Bl
(.107) -(,211) (.317) (L.423) (.530) (.638) (.745) (.852) (.958)
2 2143.67 954,8 2016.0 533.6 4.8 ' 5.8 645.2 7.7 11.9  3.b
(.084) (.122) (.214) (.316) (.421) (.527) (.633) (.738) (.846) (.954)
3 1608.0 1062.8 ~ 7,0 723.6 121.0 ~ 5.8 712.9 30.5 6.3 9.0
(,125) (148) (.226) (.322) (.423) (.527) (.632) (.736) (.843) (.950)
L 2601.0 4692.3 1857:6 519.8 542.9 6.3 702.3 25.6 6.3 Ih.h
(.167) (.180) (.244) (.332) (.429) (.528) (.633) (.735) (.842) (.946)
5 1632.2 2652.3 4006.9 15.3 228.0 8.3 198.8 7.7 6.3 11.9
(.209) (.215) (.268) (.346) (.439) (.535) (.636) (.738) (.842) (.945)
"6 789.6 823.7 26.0 56,3 11h9.2 166.L 7.7 96.0 6.3 9.6
(.251) (.252) (.296) (.367) (452) (.545) . (.643) (.743) (.845) (.948)
7 3.4 136.9 640.1 141.6 190.4 = 6.3 29.4 116.6 75.7 3.8
(.293) (.291) (.326) (.389) (L469) (.557) (L.651) (.750) (.851) (.952)
8 404k.0 17.1 L41.0 182.3 29.1 91.3 104.0 L66.6 75.7 RN
(03%5) (.330) (.360) (.415) (L.488) (.572) (.664). (.759) (.857) (.957)
9 2580.6 kL 50.4 237.2 7.7 88.8 9.6 320.4° 22.2 R
(.376) (.370) (.394) (o4hh) (.511) (.590) (.678) (£770) (.865) (.963)
10 1592.0 190.4 15.3 338.6 20.1 610.1 108.2 7.7 5.3 23.4
(o418) (L410) (.436) (L474) (.535) (.611) (.694) (.784) (.875) (.972)
11 1069.3 5.3 68,9 1l.1 8.3 571l.2 5664 9.0 5e3
(460) . (450) (467) (.505) (.562) (.633) (.713) (.798) (.888)
12 43,6 75.7 57.6 52.4 161.3 196.0 506.3  22.2 4,8
(.502) (492) (.504) (.537) (.592) (.657) (:5733) (.815) (.904)
13 285.6 " 2h.5  77.4 L4k 7.7 15.3 96,0 8.3 rn
(5hh) (.532) (.543) (.574) (.621) (.682) (.755) (.834) (.919)
14 43,6 285.6 610.1 7.5 96,0 30.4° " 7.7 1l.1 7.7
(585) (.574) (.582) (.608) (.653) (.710) (.778) (.855) (.936)
15 9.7 38.6 37.2 292.4 L466.6 100.0° 7.7 67.2 9.0
(.626) (.614) (.620) (.645) (.685) (.739) (.802) (.855) (.956)
16 882.1 67.2 11,9 50.9 306.3 29.4 6.3  72.3  37.2
(o669) (.656) (.660) (.680) (.719) (.767) (.830) (.901) (.975)
17 285.6 7.7 320.4 40,0 49,2 16.3 6.3 96,0
(.711) (.695) (.,700) (.718) (.746) (.800) (.858) (.925)
18. 219.0 30.6 15.3 144 52.5  6.h4 5.5 44,9
(o753) (.738) (.740) (.756) (.788) (.830) (.885) (.951)
19 11.9. 7.7 144 T 7.5 7.0 19,1 7.0  11.1 °
(.795) (.780) (.821) (.865) (.915)
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¥ 0 1 2 3 b 5 6 7 8
20 17.2 10.4 7.0 6.3 5.8 41.5 47.6
(.835) (.820) (.820) (.833) (.860) (.896) (.946)
21 5.3 1l.1 29.2 5.8 5.3 62.9 112.3
(.879) (.862) (.860) (.872) (.895) (.932) (.978)
22 4.8 15.3 15.3 - 3.8 8.3
(.918) (.904) (.900) , (.934) (.966)
23 9.7 16.3 37.3'.. 3.8

(.960) (.945)

(agﬁ2)' ‘ (3970)
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2 .
v F i
alues of for okl reflections of Ca(ClOH7HOP4)2°3H20

72
(Sine)
k
1 0 -1 -2 -3 -4 i =5
5 .

1 ' 1.7 1584.0 3.6
o . (.263) (.347) (o431)
2 21437 1.7 7225,0 1.k 2097.6 2.9
(.084) (.125) (.197) (.276) (.358) C.441)
3 . 1608.0 1.7 5821.7 2.0 686.4 3.2
(.125) (.158) (.221) (.295) (374) (.455)
4 2601.0 1.7 5270.7 2.0 331.2 3.6
(.167) (.195) (.250) (.319) (.394) (.472)
5 1632.2 2.0 1376.4 2.0 259.2 4,0
(.209) (.233) (.282) (.346) (417) (.492)
6 789.6 2.3 1436.4 203 900.0 Lok
(.251) (.273) («317) (.375) (hh2) (.515)
7 3.k 2.6 492.8 2.6 1024.0 . 5.3
(.292) (.313) (.353) (.4o7) (.470) (.540)
8 4ok .0 2.9 2480.0 2.9 571.2 5.8
(.335) (.353) (.390) (.440) (.500) (.567)
9 2580.6 2.9 118.8 3.2 65.6 6.3
(.376) (.394) (.428) (o 475) (.532) (.595)
10 1592.0 3.2 65.6 3.2 342.3 - 6.3
(.418) . (L435) (.467)  (.511) (.565) (.625)
11 1069.3 3.6 767.3 . 4,0 292.4 6.8
(,L460) (.476) (.506) . (.548).  (.599) (.657)
12 42,6 L,o 1892.3 L4 - 49,0 7.3
(.502) (.517) (.546) " (.585) (.634) (.689)
13 285.6 L4 1246.1 4.8 5.1 7.3
(.54k) (.559) (.586). (.623) (.668) (.723)
14 Lz,6 5.3 316.8 4,8 364.8 7.3
(.585 (.599) (.626) (.662) (706) (.757)
15 906 . 503 1605 L|"o8 4 61509 608
(.626). (.641) (.666) (.700) . (.743) (.792)
16 882.1 5.8 45,5 4,8 282.2 6.3
(.669) (.683) (.706) ( +740) (.780) (.828)
17 285.6 5.8 : 6.7 4,8 272.2 5.8
(.711) (724 (.746) (.779) (.818) (.864)
18 - 219.0 5.3 5.2 b4 79.2 L4
(.753) (.766) (.788) (.819) (.856) (.901)
19. 11.9 4,8 6.2 3.6 b2 3.6
' (.795) - (.808) (.829) (.858) (.895) (.938)
20 17.2 4,0 5.2 2.9 9.6 2.6
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FE'
(Sin®)
1, o} -1: -2 -3 -4 -5
(.836) (.849) - (.870) - (.898) (.934) (.975)
5.3 3.6 51.0 2.3 8.4
(.877) (.891 (.911) (.939) (.973)
22. Co 4,2 2.6 74,3 1.7
(.920) (.932) (.952 (.979)
23 9.6
(+960)
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Table XIV. Values of N(z), in percentages, for hol reflections of

Ca(ClOH7HP04)2.3H20

N(Z)
Group no..0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1  36.8 50.7 57.6 65.3 70.0 71.5 73.0 73.7 74.5 74.5
2 32.2 L42.6 47.8 53,0 54,8 62.5 68.6 70.4 71.3 71.3
3 0 12.3 37.6 49,2 55.4 63.0 65.3 71.5 73,0 73.0
Mean 23.0 35.2 47.7 55.8 60.1 65.7 68.9 71.9 72.9 72.9

Table XV. Values of N(z), in percentages, for okl reflections of

H.Ca(ClOH7HP04)2°3H20
; , N(z) -
Group no. 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
1 '56.0 59.4 62.0 62.8 64.5 69.8 70.6 70.6 72.4 75.0
2  69.0 72.6 72.6 72.6 76.3 80.0 80.0 80.0 80.0 80.0
3 6.0 48.0 78.0 82.0 88.0 88.0 88.0 88.0 88.0 88.0
Mean = 43,7 ~60.0 ~70:8 79.6 80.4 81.2




<864

A Delta points - okf data
@ circie points : hof data
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%

Figure 16 Intensity distribution for calcium l-naphthyl phosphate
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Patterson function
1. General description

The Patterson function has the foellowing Fourier form.

h

|h1fr

P(uvw)=1/v

M

2 .
, Foun exp(—21r1(h1u+h
300 123

2v+h3w))

It is §imilar to the electron density Fourier equation as

below.

{

‘h_h.h
3

. ‘k" : . 271
- ! = 2 z - i
? ( 1L_Lx2x3) 1/ v}_1 % - Fh1h2h3exp( . 2Tmi (hlxl+h2x2+h3x3) )
i 321

The important properties of the Patterson function will be
described briefly as follows.
a. The Patterson synthesis is the vector set of the electron
density. The vector interpretation can, then be used for the
Patterson map.
For the electron density

Fh1h2h3= ;ifiexp(2rr1(hlxl+h2x2+h3x3))

There is a peak in the electron density map for any atom

of location X XKy

For the Patterson function

2 = .
‘ Fh . =Fh bh Fh hoh =:{§ffifjexp(aﬂ'lh(xli—xlj)

1°2%3 %1723 1
+h2(x2i-x2j)+h3(x3i—x3j))

105

A Patterson peak will be found for every pair of atoms

i and j at their interatomic distance or the vectorial dif-
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ference.

b. The Patterson-function is centrosymmetrical
| h,h h

37
P(uvw)=l/vgg§- F, on 2cosZTl‘(hlu+h2V+h3W)
321 “172%3 '

This is due to Friedel's law.
c. The Patterson peak usually is broader and harder to
resolve than that of the electron density.
d. The Patterson peaks are a continuously variable function
rather than a set of discrete points. (So are electron

density peaks).

P o= SZfl gadv

Aﬁplication
é. Predication of the peak height

Before an attémpt is made to interpret any Patterson
whatever, it is vefy desirable to tébuléte tﬁe peak heigﬁts
for all pairs of atoms. The volume of a Patterson peak due

2y (8),

to a pair of atoms i and j in the crystal is Zi

where Z is the number of electrons in an atom.

V., .=%.%.
ij 1%
R _ 2
S;nce V_origin— Zizi
7.7
Then V, .= - Jvorigin
=g2
1 1

Since the peak height is approximately proportional to
its volume

e HagKV

hEs
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Thus Hij—w —J;r;'-é-H origin:
=3z, T
1 1 -

There are two melecules of CaSCiOH7HP04)2°3H20 or

Ga2P4022040H44 in the unit cell, which corresponds to
> Zia=4,440° Since the origin peak is always adjusted to
i .

be.999, the peak height Hij for each pair of atoms i and
J is calculated and listed in the following table.

H, .
iJ

Ca P 0 C H

Ca 2.9 60.8  32.4 24,3 4.1

P 60,8  50.6  27.0 20.3 . 3.4
o 32,4 27,0 1k 10.8 1.8
c 24,3  20.3  10.8 8.1 1.4
H b1 34 1.8 1.k 0.2

b, The”locatihé ;f heavy atoms

The locating of all the heavy atoms is based on the fof:
lowing method.

For the ease of illustration, suppose there are three
independent heavy atoms occupying the general positions,
which is the case for our crysﬁal of Ca(Cloﬁ7HP04)2°3H20.
(Independent atom means atom not related by'symmetry). The

method stated below will also work for four or more independ-
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ent heavy atoms occupying the general positions. It will be
discusséd later for some of the independent heavy atoms ec~
cupying the.special positions. Take one diménsion for illus-
tration (The two and three dimensional cases can be done in an
analogous manner). Let the general positions which the three
indepeﬁdent héavy atoms occupy he X1s xzaﬁd x3° Take-the centro-
symmetr?cal case for example (The noncentrosymmetricai case will
be discussed léter). From the vector set nature of the Patterson
function, the Patterson peaks of a centrosymmetrical crystal

are expected to include the following: x —xz(the vector point

1
from x2to x ), x XB, xBand bd +x (the vector point from
~x2to %, ), x +x3, X +x Xz plus 2x . 2x2, 2x3. For the centro-

symmetrlcal case, those vector points like xl X5 xl+x2, etco,

which are formed from two different atoms of the same or ‘ '

different kinds are double weight or more, depending on the sym;

metry of the particular crystal, while the vector peints form-

ing between the atom itself, e.g. 2x1, 2x, etc. are 'single

2
weight or mdre, depending also upen the symmetry of the parti- |
cular crystal. Let X+ X, and 2xl have the double weigh§ and
single weight respectively (This is done mainly for the ease
of illustration). The double weight feaks like X +X,, X;=X,
etc. can be recognized'in the following way. ‘ ]
From twice the calculated peak height, the double weight b

.peaks which we are after can be narrowed down to a very small

- number which is always greater than six due to the ease of
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superimposing of the Patterson peaks. 'Suppose the six big peaks
doy . weight i i

of .double. weight in the following order xl+x2, xl+x3, X5

xl—xz, X,=-x, and X -x_, are known. In the methed stated here,

+X. 9

173 273
these big peaks do not have to be known. The fact that they

are assumed to be known is only for the ease of illustration.

Take the first peak x.+ x,and add to it all the peaks which

1 "2

follow it and the corresponding inverse peaks as below.

?<1+x2 X +X, X+, X +X, xl¥x2
xl+x3 X)X, x2+x3 XX X, =X,
2xl+x2+x3 x2—x3 xl+2x2+x3 X ~x3 éxl
X +X, X+, X, +X, X, +X, X1 ¥X,
=Xy ¥X, Xy ~Xg —xl+x3 X=Xy =-x2+x3
2x2 2}'cl+x2—x3 x2+x3 };l+2x2—x3 xl+x5

Upon examiﬁing the above results, we find that all the big.
peaks have been come back except the first peak xl+x2 used
and its sister peak X =%, which is formed by the same’pair
of atoms' but in a different direction. Next, ?he second

peak X X is taken and is added to it all the peaks which

3

follow it and the cerrespeonding inverse peaks as follows.

+X3 ‘ . X1+X3
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xi+x3 xl+x3 xleB xl+x3
X=Xy Xy +X5 X=Xz ~X Xy
2xl 2x3 ' X +%, xl--x2+2x3

If we continue in this manner, we shall end up with the

following four independent relatienships which compese only

%he sii'doubie weight péaké with each peak occurﬁing twice,
x1+x3 xl-x3 | x1-=x3 xl+x3

X X +X =X_.+X =X =X

2'¥s XM 2" %3
S XE

It is noted that each one of the above four independent re-

-X

23
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lationships may have three different forms according te

how)fhéy are'aéfénged; One example is given in the following.

X, +X. X +X.. X, =%,

17%3 17%3
- MR Ny~ B~
W KT, KRRy XXy

All three of‘them represent the same relationship. As we
mentioned‘eaqlier, these six big peaks of double weight do
ngg?ﬁg;g tomﬁ;“#;gﬁno For these unknown big peaks, we do
kn;& éﬁat from the structﬁral formula there exist three

ihéeﬁéﬁdén%'héé§§ atoms wﬁichtéorrespond to siX big peaks

of “double weight for the centrosymmetrical case. There are

;lﬁayéjﬁofé than six big peaks showing up even in the three
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dimensional Patteréon maps. Féllow the adding procedures
described above for éll the possible big peaks found. Pick
up all the independent relationships we can have. Those six
big peaks composing thé foﬁr independent relationships are-:
the peaks we are after° Sometimes due to the symmetry of

s 2X

the partlcular crystal the 81ngle weight peak like 2x 5

1

or 2x3 may show up as big as the double we;ght peak. This

single weight peak can be distinguished from the double

weight peaks by the close packing and the symmetry consider-
ation. _Thls is the case fordthe crystal Ca(ClOH7HPO4)2°3H20.
More detail will be discussed later. The assignment of xl+‘

X x2, X, +X XX 39 and X5 x3 to these six big

X1 X 30 X1 %3
peaks can be done, besides the calculated peak heights, by
the close packipg consideration, i. e., from the knoewn bond
distances. The six big peaks will be labelled temporarily
by the calculated peak heights. Then, by a simple compu-
tation like (xl+x2)+(x %, )= 2xl

independent heavy atoms locations X139 Xy x3 can be determined.

. xl=(2x1)/2, all the three

A scale model is set up and frem the known bond distances,
and close packing cqnsideration; the Xy Xy x3 can be re-
adjusted to the correct values.

Now consi@er the case where seme independent heavy atoms
occupy speaial positions, space group'Pi, for example., The
number of heavy atoms occupying the special positions must

be even or in pairs. Suppose ome pair or one independent
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atom of the three independent heavy atems occupy the special
positions of %, %, O and 0, ©, O (Independent meaning not
related by symmetry). Let the other two i;aependent atoms
occupy ,the locations of Y12 and X5¥ 5250 These heavy atoms
will produce the foIlowing Patterson peaks (a) Seven single
wgight pgaks, namely X190 Yy1 293 Xna Yoo 2o xl—%, ylw%
zl-%; xa-%, ya-%, zawﬁ; Y25 Y2y Oj 2xl, 2y, 2243 2%, 2y, 22,
(b) two double wéight peaks i. €., X F¥ss ¥ FT o zl+z2;
X ~Xys ¥1=Vgo 217250 It is advisable to tgst for whether a
heavy atom occupys a special position before using the method
described above for general positions. The possigilit& of the
heavy atoms occupying the special positions may be considered
in the following way (a) If any atom occupies a special posi-
tion, the surrounding atoms must be related by the symmetry of
that special position. For Ca(ClGH,?HPO,;)a'BHZO, the heavy
atoms are caicium and phosphorus. Since the phosphate group
is approximately a tetrahedral configuratien with the phos- -
vhorus atom at the center, phosphorus is unlikely to sit on '
a center of symmetry and ;nly calcium could be in a special
position. (b) If‘there are some Patterson peaks of single
weight or more occupying the special locations of the Patterson
space, there may be some heavy atoms occupying special posi-
tions in érystal space. If there is a heavy atom at the origin,

a Patterson peak of single weight or more will show up both at

X, Y525 and 2xi2yi2zi of the Pattergen space where i is the

i
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heavy atom identification number occupying the general posi-
tions. After the heavy atoms at the special pqsitions have
been located, the other atoms occupying the general position
may be found by the addition method. |

If the crystal is noncentrosymmetrical, the above method
can also be used except the number of the possiblé peaks to be
testéd is'much greater since most of the peaks are single-
weight.

The method Just described is illustrated by the locating
of the indefendent heavy atoms of ome calcium and two phosphorus
for thHe crystal of Ca(ClOﬁ7HP04)2°3H20 as below.

From the three dimensional un—sharpeﬁed and sharpened
?(the temperature factor beiné 1.5) Patterson maps, those
Patterson peaks having approximate magnitude equal to or greater
than 100 (which corresponds to twice the P-P interaction) are
listed in the following table. The Patterson ceordinate is

in 1/40t of unit cell.
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Tsble XVI. Three dimensional Patterson Peaks Equal to or Greater Than 100

Patterson Coordinates Patteréon Peak

x y _ z Un-sharpened- Sharpened(B 1.5)
0 9 0 e | 114

6 20 0 192 225

20 20 0 215 | 176
S S o 118 : 93
12 20 0 93 g0

4 5 . 1 78 92
18 11 | 3 154 144.
38 | 31 3 125 %
12 7 b 146 200
2l 7 4 161 215

5 27 4 114 - 189
30 27 4 101 187

36 15 9 165 171
36 31' 9 : 154 ' 85

10 39 19 137 Sh

Calcium l-naphthyl phosphate was assumed te be in space group
PI, and the number of molecules per unit cell was found to be two.
Before the adding method was used, the Patterson was examined to see

whether any heavy atoms occupy special positions. Since neither
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phosphorus nor oxygen can be expected to have a centro-

symmetric environment, the only heavy atom which might occupy

the special position, is the calcium. To -see if the two cal-

cium atoms océupy the special loecation, proceed as follows.

For P1, centers of symmetry occur at 000, 100, G¥O, 00,

190, Y0V, OV and V944, The Patterson peaks at these special

locgtions are listed in the following table (in terms of the
Patterson space).

Table XVII, Patterson Peaks at Special Locations

000 %00 O4O 00k WO Yok Ok Yk

Unsharpened
Patterson 999

S

att (9) 0 o 215 0 63 81
Shafz;e.ned o - . o
Patterson 999 (34) o) 0 176 (3) 37 51

Note: The values in parentheses indicé;e that there is
not a peak at these locations.

If the two ecaleium atoms occupy the spgcial positions,
the only possible locations are (000, %40), (000, 0¥4),
(000, ##k). These ‘were tested and none of them gave a
reasonable R-factor and a Ca-Ca distance as reported in the
litéfaégfé;’ éﬁe?éfgre it appears thét no heavy atom will
occupy the special position.
| Next the fifteen big peaks obtained from both the un-

sharpened and the sharpened Patterson maps were tested by

the adding method. It was found that only seven of the
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fifteen peaks had the proper ''cyclic'' properties. These

seven peaks were those at 6, 20, 0; 20, 20, 0; 12, 7, 4;

24, 7, b3 5, 27, 4; 30, 27, 43 36, 15, 9. Six independent

relationships were found among them as below,

2h, 7, 4 30, 27, 4 30, 27, 4
12, 7, 4 5, 27, 4 16, 33,36
36, 14,8 35, 14, 8 6, 20, O
35, 13, 36 5, 27, & 30, 27, 4
12, 7, 4 16, 33,36 28, 33,36
7, 20, O0- 21, 20, O 18, 20, ©

Note that each coordinate remains the same when 40 (the
fraction 1.0 is equal to 40) is added to or subtracted from
it.

Three independent heavy atoms should produce six big peaks
of double weight and three smaller peaks of single weight, and
there are four independent relationships existing .among these
six double weight peaks. The thfee independent heavy atoﬁs
produce seven "cyclic™" big peaks and there are six independent
relationships among them. As discussed earlier, this is due to
some smaller peak of single weight or more bécOming as big
as those double weight peaks because of the symmetry. Since

this crystal has a pseudo b-glide plane, either the peak of

‘6, 20, O or the peak of 20, 20, O are not the double weight peak,

i. e., the single weight{ which grows bigger due to the pseudo

b~glide plane. The way to determiné which of the two peaks




L

Lil | il

WA

Lo

1

=99~

6,20,0 and 20,20,0‘is the real dogbleaweight peak is to take
each one ip turn and assign it as the single wéight peak and
then determiné the locations fof the heavy étoms kFor detail,
see the folloﬁing illustrgtioﬁ). Finally the bend distance
between calcium and phosphofus wés calculated and comﬁared
with approximate known value from the literature. Those which
agree with the known bond distances are most probably the

correct ones. By this method, the peak of 6,20,0 were found

to be the real double weight peak. Let 1, 2, 3 represent

respectively. The assignment of 1, 2, and 3 to each of the
peaks in the six independent relationships follows the method
discussed previously i; €., first assign temporarily by the
calculated peak height, thﬁh re-adjusted these from the close

packing censideration. The correct labelling is as below.

simple calculations as follow.

2, 7, 4 Xz 4%y 30, 27, 4 X Ky 30, 27? L Xy +Xy
12, 7, 4 X=Xy 5, 27, 4 ~Xym%y 16, 33,36 X=Xy
36,14, 8 X=Xy 35, 14, 8 X=Xy 6, 20, O X 4%y
35:13,36  xgtxm 5y 27, b mxpexp: 30, 27, b xpxy
! ‘ 12, 7, 4 XymXy 16, 33,36  XgoXy 28, 33,36 XKy
‘ 7,20, 0 xy#xy 21, 20, 0 . -2x; 18, ;o, 0 2%
| The three heavy atoms locations were obtained by the very

the independent calcium, first and second independent phesphorus
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36, 15, 9 X=Xz

6, 20, © x2+x3~WM”l

" Thus Xss Yo 2, Of Plare 21, 17.5, 4.5 i
X35 Y50 23 of P2 are =15, 2.5, -4.5

_From these, Xy Yq» 2 of Ca were 9, 10, 0

1

or in summary:
Ca: 9, 10, O
Pl: 21, 17.5, 4.5
P,: =15, 2.5, -k.5

2
When only these heavy atoms (one calcium an& two phos=
phorus and those from the centers of symme try) were included,
the R-factor was 38.65% for hol projections, 46.96% for the
okl projection and 57.35% fo? the hko projection. The clos~
est Ca-P distance is 3.664 wﬁich is quite close to the value

Q
of 3.63A as determined by Trueblood (28).

c¢. The locating of the oxygen atoms

Most of the oxygen atoms were located from the Patterson
maps by tﬁe two folléwing methods,
i ' .(;) F?omlt?eh?yogpporgs %ocation and the known P-0
ik bsnd &isﬁancg_ .
| ' Te find thé f6;£ oxygens around each phosphorus,
first locate each P-P vector point Which ié represented
by pr. Let the P-O0 vector point be represented by

xp+o° The vector from origin to the P-P vector point
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. \ . .
is 2xp and the vector from origin to the P-0 vector

ol ) .
point is x « Then the vector from x to 2x_ will
pt+o b+o

i
be xp_0 whose distance is approximately equal to the

P-0 bond of l¢5ﬂ. Therefore, to loeate the P-Q vector
poin#, i. €., xp+e in the Patterson map, take fhe P-P
vector point, 2xp as center and draw a sphere of 1.52
radius in thé scaled Patterson maps. All the peaks

near the surface of this sphere may be the P-O vector
points. Since it is not easy to draw a§mhere in the

three dimensional Patterson map, which épnsisted of

many sections, this was carried out on each seetion.

Tﬁ; ?-Phyegtor.éoigt'éxp was used as a c¢enter and a circle
of I?Eﬁ radius drawn on the section on wpich the phosphorus
lie§° 'For Fpe.pther sections, the 2xp projection was
tékén as a center and,smaller circles drawn. The size

of the circleIAepénded uﬁoﬁ the spacing between sections,
the fgrtéer a particular section was from the phosphorus
atom, the smallgr the.circle radius. All the ﬁéaks at
ab;ut tO.ZR from.thesg circles are the possible P-O vector
ﬁoin£s,“i. €ey X ‘. Then these possibie oxygen locations

con . PTO,
were tested by (a) the distance of an oxygen to amy other

[ SR AN

oxygens of the same phosphate group, which should be
around 2.58 and (b) for correct oxygen positions, the
R-facter should be reasonably lower.

All the eight oxygens except one were located by
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the above method.
Table XVIII. The Oxygen; Found Around the First Fhosphorus
%, equals 21,17.5,4.5. (in 1/40 of unit cell)

by Patterson Method I

~ P-O'Coordinates .Oxygen Locatién Xq
P-0 ‘peak (xp+o) This Method Iocation used
77 36,39,10 i5,21.5,5e5 14,21.5,5.5
154 - 36,31, 9 15,13.5,4.5 17,12.5,3.5
34 4,32,12 23,14.5,7.5 23,15.5,7.5

Table XIX. The Oxygens Found Around the Second Phosfhorus

% Equals-15,2.5,-l.5 by Patterson Method I

'P-0 Coordinates Oxygen Location X

P-0 peak (xp+o) This Method Loeatienoused
26 16,2,33 31,3905,37.5 3005,395,37

77 4,1,33 19,38.5,3405  2005,37.5,34.5

154 49,3 19, 6.5,35.5 19,5, 7.0,36.5

bk 16,9,38 31, 6.5,32.5 29.0, 5.5,32.5

(2) From the superimposed big peaks
On the Table XVI, there are fifteen big peaks of

magnitude around or greater than 100. ©Only seven of them

‘were found due to the heavy atoms interactions. The other

eight big peaks must be due to the superimposing of many
small peaks, of which the Ca-0 and the P-O peaks are the

largest and the second largest ones. Thus, it is quite

LU o
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possible that the Ca-O and the P-0O peaks may superimpose
on many'of the eight remaining big peaks. This was found
to be the case and many oxygené were located in this way.
The detailed procedure for locating the oxygens is given
below. For each remaining big peak, six possible peaks
due to Ca-0 gnd P-0 interactions may superimpose on it.

These-six possible peaks are Ca}0, Ca-0, P1+09 P, =0,

1
P2+O, Pamo, The possible oxygen locations are obtained
when the calcium and phospgorus positions are subtracted
from them. Take the remaining big peak of 1,16,0 as an

examﬁle. Since the Ca, P19 P have the following iocations

2
of 9,10,0; 21,17 .5,4.5; 15,-2.5,4.5 respectively, the six
pé%sibi§:6##génriéqggién%mﬁre 20,1.5,4.5; 22,-6.5,4.5;
16,13,5,4.5; 14;21:5,4.5; 32,6,0; 10,4,0. Any of these
§o§§%§¥é o;ygens may be a real one if the folloﬁing
t?Sts-are pg§sed7“_(a) It has the proper bond distance,
%}g;;ﬁ?t;fﬁénqlaréﬁnd 1.58, Ca-0 distance from 2.2 to
éoéi, Oié éLBR. (b) When it is included, R-factor becomes
sméller; Six of the eight phosphate oxygens were located

by this method, and their loeations are compared with the

ones finally used.
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Table XX. Oxygens found around the first phosphorus of 21,17.5,

4.5 by Patterson Method II

Big peaks involved

Oxygen locations

;;:ihis method Location used
1,16,0 14,21.5,4,.5 14,21.5,5.5
1,16,0;36,31,9;4,5,1 17,12.5;3.5 17,12:5,3.5
18,11,3; 38,313

29.21.0,3.0 27521.0,3.0

Table XXI. Oxygen Found Around the Second Phosphorus of 15,-2.5;,

4.5 by Patterson Method II

Big peaks involved

e

Oxygen location

This method Location used
18,11,3; 38,3L,3 9y 1,25 9.5, 05,3
1’16’O§ ’+9 5,1 21, 295*!5‘ 19.5, 2.5:5
1,16,0;  36,31,9 21,3k, 4.5

2065523535

D. Minimum function

1. General description

Up to the present time, the minimum function is the

best image-seeking functioen which is a general approach

to the solution of the Patterson synthesis.

A detailed

discussion about the minimum function was made by Buerger

(8). However, one question needs considering here. When

a line image is found by a roving search vector ovér the
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Patteqson maps, what place on line image should be used
to record the minimum function? Buerger suggests the mid-
point of the line. The advantage for usiné the ﬁidpoint
is that the MZ has the same origin as the Patterson

function. For the ease of writing the computer program,

the minimum function is recorded at the lower end of the

line image. This M2 has a different origin from the
Patterson function. The interpretation listed in the
next paragraph Qill help to make the best use of thié.
2., Interpretation of the minimum function
a. Search vectors .

Whether the Patterson synthesis cén be solved by
the minimum funqtion depends upon the proper selection
of the search vectors. This minimum function program
can handle search vectors up to'five. —The key point
of selecting these search vectors is thét they should
have a common intersection point (no two parallel
vectofs can be usgd) and at least the crystal space
coordinates of the common intersection point must be
known.Otherwise, each séarch vector produced a
solution with a different origin in crystal space.

" Proper search vectors can be obtained in the following
two ways. (a) The vectors corresponding te the known
atoms which are located by some other method like

the Patterson mefhod, will be the proper seareh vectors
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to be used. (b) For the centrosymmetrical case, the in~
version vector (2x, 2y, 2z) can be used for the one search
vector case.

It_is immaterial whether the search vectors used are
single or double weight, as long as the crystal space
coordinate of the common intersection peint of these
vector§ are knowﬁ° - Even though the inverse solution
may be produced by the using of the double weight
veétors, this can usually be eliminated.

b. Origin transfermation

) If a search vector is chosen from XY 525 to
X1¥127> point X,¥12, becomgs 0,0,0 in the minimum
function rﬁap° Thus a transformation is required to
reproduce the crystal space. To make'thé proper tfans—
formation, the xlylzl is simply added to each point
in the minimum function map. The minimum function

erigin is thus transformed to x and other points

191%1
in the minimum function space converted to the proper
crystél space coordinates.

Sihce we are dealing with only.half of the whole
Paftersan function, it is quite possible that certain
eritical parts crystal space will not be obtained.
In order to obtain as much aé possible, it is recom=-

mended . to run another minimum function with the same

search vectors but in exactly the reverse directions.
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For the centrosymmetrical case, the common point for
tﬁese reverse-veetor is -x,-y;-2, to each point in the
Patterson space. |

Q7 Sharpened Patterson function
| .It was found that the sharpened Patterson function
Pf°§g0§§z? better minimum function than the un~sharpened
one. “This is becagse”the peaks in the sharpened Pat-
tersep maﬁsfﬁate better resolution. This is illustrated

in the fellowing example. The temperature factor used.
to.sharpenvthe Patterson function was 1.5, which was sel-
eeteq fromlthetemperature factors 0.5, 1.0, 1.5 .

2.0, 2.5, and 3.0-giving the best resolved Patterson projec-
tion. A second rank minimum function was obtained from
totghthe'un—sharpened and sharpened Patterson functions

by the uslng of flrst the search veetor L,=15,-9, then

;ts ;everse vector —4,15,9° A1l the oxygen and carbon
atoms-feund‘ln these minimum functions are listed in

tte follew1ng tables._ Oxygen atoms thus feund are com=-
pared4w1th_the best o;ygen locations used; best oxygen
locations Qere selected by the best bond‘distance and

the lowest R-factor , while carbon atoms found are com-
pared with those located by the three dimemsional electron

)
density maps.
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Dimensional Electron Density Maps

Un-sharpened M,

Sharpened M

Atom  Peak 2 Peak 2 L;cation from
height ~  Lecation height " Location 3-d Fourier map
1 32 +.27,20.5, 9.5 .. . 18 31,25, 9.5 28,23, 9
2 Tt B2TTUUBLNR2YTIR2V5 T R3 25,26;5,12.5 28,25, 12
3‘ 17 27,20.5,14.5 27,24, 1k
4 24,17, 15
5 34 21,10.5,18.5 27 23,12, 18.5 23,13, 18
6 32 23,12;5,18.5 23 21, 9.5,18.5 20, 9, 18
7 65 15, 4.5,15.5 26 17, 3.5,16.5 18, 4, 16
8 61 17, 8.5,13%.5 18 21,10.5,13.5 20, 8, 13
9 39 21,12.5,12.5 17 23%,15.5,12.5 22,14, 12
10 21 23,18.5, 9.5 24,17, 10
11 19 3y 1.5, 9.5 by 3, 9
12 21 -1, 6, 11.5 1k -3, 4.5,12.5 0, 5, 12
13 22 . 37, 1.5;14.5 37, 3, 14
14 19 -1, 0.5,15.5 1,-3, 15
15 29 -1,31.5,18.5 18 ~1,31.5,18.5 -y32, 18
16 37 1,30.5,18.5 17 3,28.5,18.5 2,28, 18
17 65 9,24.5,15.5 13 5,24.5,15.5 6,25, 16
18 20 7426.5,11.5 28 7127:5,12.5 8,28, 13
19 28 5,335,125 32 5,33.5,12.5 5,33.5,12
20 21 9:35:5,10:5 38 7,38.5, 9.5 6,37, lé
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Un-sharpened M2

Sharpened M2

Atom . Peak Peak |
height Location ‘height Location Location used
PO, Oxy 1 97 15,21.5,5.5 61 15,21.5,5.5 14,21.5,5.5
s 2 111 15,13.5,4.5 85 15,13.5,4.5 17,12.5,3.5
;3 20 29,21.5,2.5 39 27,20.5,2.5 27,21, 3
: b 77 21,1%.5,7.5 39 21,14.5,7.5 23,15.5,7.5
: 5 29 9, 0.5,4.5 22 9y 025,205 95, 0.5,3
: 6 97 . 21, 1.5,5.5 5k 19, 1.5,5.5 19.5, 2.5,5.5
: 7 111 21,33.5,4.5 85 21,33%.5,4.5  20.5,33, 3.5
: 8 78 11,34.5,7.5 42 11,345,745 11,34.5,7.5
H,0 Oxy 1 23 33,35.5,3.5 48 34,35.5,k 33435051345
2 30 3415:5,3:5 25 3416.0,3.5 3415:5,3.5
3 sk 37,10.0,0 156 37,10.5,0.5 36,11.0,0

3. Application

The search vectors used for obtaining the minimum functions

were taken from the vectors corresponding to the heavy atoms

"~ "found by the Patterson method. .'Since the heavy atem locations found

by the Patterson method were very crude, most minimum functions were

calculated b‘y only one search vector with both positive and nega-

tive directions. The secénd rank minimum functions M2 thus found

hgfé the following advantages. (a) All the M,

show up the heavy

ato&é, éli'fhé éxygen atoms and most of the carbon atoms, but there

were four oxygens disappearing in the M# which was calculated mainly
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for the comparison purpose. (b) It is much faster to calculate the

) 4 was

M2 than fhe M4. The only disadvantageé of tﬁe M_ over thé M
tpat.many'false peaks showed. The way we recégnize these oxygen atoms
i; as ‘below,
a. From approximate bond distances of P-0 and Ca-0O
Thetbond distances of P-0 and 0-0 in the phosphate group
are about 1.53 and 2.52 respectively, while the Ca-O (the
calcium and its coordination oxygen) bond distance is from 2.2
to 2.68. With phospherus as a center, draw two circlés of the
radius 1,73 and 1.33 on the section containiné the phosphorus
and two smaller circles on each of the other sections. All the
peaks between these two circles are the possible oxygen peaks.
Positions of actual oxygen atoms were identified from the proper
bond distances and the lower R-factor. The hydration water
oxygeﬁs can be located in a similar manner.
be From the pseudo glide plane
The existence of a_pseudo b-glide plane in this triclinie
cryagtal of calcium l-naphthyl phosphate was indicated by,(1) The
okl reflections en all the x—réy photographs were too weak %o be
seen for k ¥2n. (2) There was a strong Harker line at u,%,0 of
the Patterson maps. (3) In the okl Patterson projection, all »
peaks were repeated'every b/2,
Since calcium and phosphorus atoms wére found to be re-
lated by this pseudo b-glide, it was reasonable to assume that

all thé oxygens'and carbons might be related by this pseudo
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glide plane also. This was found to be the case. Since it is

a pseudo b-glide plane, each pair ef atoms related by it have

the same z coordinate and differ in y coordinate by % fraction

unit.

By the help of this pseudo b-glide plane, the oxygens

were located by pairs excebt for one hydration water oxygen

which was located by the three dimensional electron density

maps.

Ali the atoms located by the minimum functions are listed in

the following table where the first number represents the peak

height and the next three numbers separated by the commas repre-

sent the x, y, 2 coordinates in 1/40% of a unit cell.

Table XXIV.

Comparison of the Positions of All Caleium, Phospherus,

and Oxygen Atoms Locateéd by Different. Minimum Functions

. M M M,
Aton Peak X, ¥, 2 Peak X, Y5 2 Peak X, ¥ 2
Ca 82: 9,10.0,0.5 108: 9,10.0,0 138: 9,10.0,0.5
Py 65: 19,16,5:%.5 192:  21,17.5,4.5 165: " 21,17,5,k.5
P, 67: 15,38, k.5 192 i5,37.5,4;5, 165:  15,37.5,4.5
0; 29: 15,21, k.5 7hi 17,22.5,5.5  77:  15,21.5,5.5
0, 48: 17,14, 3.5 101: 16,13.5,4.5 111: 15,13.5,4.5
05 55:  27,20.5,4.5  20:  29,21.5,2.5
0, 31: 23,15, 7.5 Lk5:  23,17.5,7.5 77:.  21,14.5,7.5
05 10 9,-1 3.5  39: 9, 0.5,4.5  29: 9, 0+5,4.5
O 163 23, 2, 3.5 10L: 19, 1545  77: 21, 1.5,5.5
0 39:  19,-7, 3.5 74:  19,=7.5,3.5 111l: 21,~-6.5,4.5
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Atom Peak Peak X, y? z Peak - X, g, z
08 31: 1h,-4, 7.5 4z 11,-4.5,8.5 78: 11,~5.5,7.5
O9 | 233 33,35:5,3.5 23:  33,35.5,3.5
%0 30: 351555345 30: 3515:5,3.5

Vectors for calculating minimum functions: .

M, : (-6,-20,0; 30,-6,9; 36,14.5,9; and reverse vectors)

2

2

E, Blectron density maps

M,: (6,20,0 and -6,-20,0)

M H (49-15,-9 and -491599)

The diffracting power of eacli type of atom as contributing to the

intensity can be predicated approximately as the square of the atomic

number.

Table XXV. The Estimated Diffracting Power for

Calcium Naphithyl Phosphate.

Atoms 22 %
2Ca 2 x 18°%= 648 14.6
4p L x 152= 900 20.3

220 22 x  8%=1408 31,7
4oC 4o x  6°=1440 32.4
il b ox 1% bk 1.0

zjzja Lo 100.0

From the above table, the diffracting power of both caleium and
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prhosphorus atoms only amounts to 34.9%, which is not sufficient to
control enough of the phases to show the rest of the structure. When
all the oxygen atom positions were added to the calcium and phosﬁhorus
positions, their total diffracting power was 66.6%, whgch controlled
enough of the phases to determine the complete-structﬁre@ ‘All the
carboﬁ afoms showgd up in the three dimensional. electron density maps
thus calculated. See Table XXII for the carbon locations thus- found.
F. Determination of the correct structural formulas for the calcium
l-naphthyl phesphate from the structural-analysis.

At the beginning of the structural determination, the calcium 1~
-naphthyl phosphate was erroneously taken to be‘CaClOH,?POL*,HzO9 since
it was purchased as this compound. After consideréble effort to solve
the Patterson, it became evident that fhe compound was Ca(ClOH7HPO4)2°
3H20. The problems encountered are summariéed below.

| If the CaClOH7PO#°H20 were the correct structural formulas, the
number of molecuies per unit cell would be four, caleculated according
| to the cell constants and density. There would be four independent

heavy atoms (two calcium and two phosphorus) in the unit cell. The

following evidence shows that the CaClOH7PO4oH20 was the incorrect

structural formula.
l. The inqonsisfent Patterson maps
| From the theories discussed earlier, four independent heavy
atoms should produce at least twelve big peaks of double weight and

there would be eight independent relationships among them. The Pat-

terson synthesis did show up fifteen fairly big peaks, yet only seven

B . .
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of them had the proper "cyclic" properties which produc'ed six independent
relationships among them. For the sake of safety, these theories were

checked as follows. If two independent heavy atoms X and x2 exi§ted,
s B

two big double welght peaks are expected, i.e., x1+x and x —X5e from

these, X and X, can be determinated. To locate the two heavy atoms

x, and x2 y two big peaks out of the total fifteen are taken out one

1
pair at a time, for testing. If any pair of these big peaks happen te

be the xl+x2 and Xy =X5s the X and X5 determinated from them should

1

give a lower R-factor. To locate the third heavy atom x 3 » the big peaks

other than the xl+x2 and xl x2 are assumed to be x1+x3 XB, x2+x5

x2_x3° Each big'peak will *thus produce four different p0551ble x3.|
The third heavy atom x; was located as below. (a) At least four dif-
ferent big peaks would produce the séme X
pér distances with Xy and X5e (c) The R-factor should be lower whenvphe

is idcluded. Following the same manper, the x, (the four heavy atom)

(b) The X, should have pro-

%
was determinated; The same three heavy atoms werefalwayé found by this
method asad¢£ermin§ted by the adding method. This indicated that there
were o#ly:three heavy'ztoms instead of four.
2., The ciose packing consider;.tie‘n~

 The three heavy atoms located by the Patteréon method were .identi-
fied-as one calcium and two phosphorué‘by the close packing considera-
tion. If fhe "missing™ calcium were presgnt;Nit should be in a position
as gooa aé the one already located. In other words, Ehe diétances of
the £w6 phosphorus atoms from the “mis?ing" caleium should ﬁé more or

less the same as those from the calcium already located. From this

consideration, 'an approximate locatien for this "missing'" calcium was
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determined. Yet when this additional calcium at the predicated location
was included, the ﬁ-factor increased too much te be accepted..

3, The minimum function

All the minimum functions calculated showed approximately ac-

éeptéble locations for all the oxygen atoms and all the heavy

atoms but this calcium atom could not be found.
Based on the above evidence and chemical analysis, the correct

formula was taken as Ca(ClOH

7HP04) 5°2H,0.
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‘ SECTIONAVII
REFINEMENT AND DISCUSSION OF THE STRUCTURE
A. Refinement of the structure
Refinement of the structure was carried out on the IBM'162O data
processing machine, using a least-squares refinement program which is
a modification (from tape to,qgrd) of the one written by van der Helm
(35). The number of observed reflections used for this refinement was
1750. The overall temperature factor and scale constant used at tﬁe
start were
B=3.478 " k=1l.2461
The weighting scheme of Hughes (18) was used. After seven cycles,
R-factor (Residue, discrepancy or reliability factor) droppéd from
33.80%:.to 19.8%; At this point, it appeared likely that some of
the reflections were effected by the primary extinction. The pri-
mary extinction (9,21) is
. tanhéq/sq
Where s is the number of planes in sequence

q=N2d-2e2§y2E/nmc2

N is the number of pattern units in a unit volume

d is the interplanar spacing

e is eléctron charge

p is polarization factor

F is structure facter

n is order of reflection

m is mass of electron
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¢ is light velocity
The extinction coprection is greater for large structure factor, F,
large spacing, d, and small order, n. Lonsdale (27) determined the
primary extinction correction for sod;qm chloride. Part of her results
are‘listed in tﬁe following table fof illustration.

Table XXVI. Primary Extinction Corfection for Nacl as Calculated by

Lonsdale
‘Primary
Reflection: a Extinct Correction -3
(Depth of Block Being 10 “cm)
200 2.8144 0.14
" 400 1.407 0.46
600 0.938 - 0.81

Accordingly the following reflections were removed from the calcula-
tion. These are reflections for which d is greater than 1.418 and

for which F is greater than 500.

=
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Table XXVII. -Reflections-Removed: Due tofPrimgry Extinction

L E

il Y Fo o e
009 »rna;osﬁ 589 " §6éﬂhn
11 5.24 852- 1343
112 | 5 ;35 976 -1337
211 3.20 ‘882-' -1091
213 .3,25 8?3 1133
211 3.42 l 791 -924
511 3,57 8ok 953
21k 1.9% 534 ~634
217 1 9'? 516 630
022 3.92 985 -1390
023 3.49 885 -1066
226 1.88 660 817
028 1.98 577 689
228 1.87 637 81k
137 1.93 592 ~776
138 1.95 628 801

The isétrapié fefin;ﬁent (7 hours for éach cycléi was fhen continued.
Wheﬁ the R—factor»reéched 17,47%, a careful examinatiop of the structure
factors was made and some of the intens;ties weré're-checked. There
were ten reflections for which the Fo seemed‘in er?or due to either

an apparent reading error or because the spots were close to the
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edges of the films. ZThese were discarded. The‘lsotroplc refinement
stopped at 14.01%. A calculatlon of thelbond distances at this time
showed some of the carbon—carbon dlstances asAshort as 1l.15 and l 203.
A three dimensional electron density map was calculated and some of
the carbon locaticns were adjusted to positions observed on this. One
more isotropic temperature refinement gave'a R-factor of 13.63%. Next,
anisotroPic temperature factors were included in the refinement. The
coefficiehts for the anisotropic equation were calculated to give the
correct 1sottoolc B 1n the follow1ng manher:
5
2 2 2

+b12hk+b13hl+b22k +b23k1+b331

etc° were calculated to give same 1sotrop1c effect as

B(81n9/7k) =b,,h
Thus bll’ b12
B. To determine thé anlsotroplc temperature factors, Cruickshank (12)
recommended the u51ng of thellgh-order reflectloqs only, for which the
ma;or part of the'x-ray-scatterlng are from the inner electroms. For
the eage of-caiculation, the‘following six high-order reflections were

fh. PR Pt

usede.

Reflectionl , 5in®
80o. . 0.8595
Qoio‘  o.h82
506 ‘ 0.5453
810 - | - 0.8637
510 0.5439
026 0.2886

The first cycle of the anisotropic temperature factor refinement (each

cycle takes 14 hours) gave a slightly higher R-factor of 13.72%, but
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after 1b cycles R-factor dropped .to 10.30%. The progress of least- _

squares refinement is listed in the following table. An examination of

this table showed the slow ceonvergence in the process of refinement.

This is because the off-diagonal terms in the refinement matrix are

neglected.

Table XXVIII. The Progress of Least-Squares Refirement

R~-factor .
Cycle no. Isotropic Anisotropic Temp. Factor
1 33.80% C13.72%
2 28,80 13.12
3 25.53 12.58.
L 22,98 12.13
5 21.16 11.75
6 20,41 11.4%2
7 19.86 11.18
8 19.43 10.95
9 18.92 10.78
10 18.25 10.64
11 17.47 10.53
12 16,56 10,44
13 16,04 10.33
14 15.59 10.30
15 14,95
16 14,78
17 1464
18 14,42
19 14,07
20 14,01
21 13.93
22 13.63

The final atomic positions and the corresponding standard deviations are

listed. ip the next table.




LLL§

}

Table XXIX.

=127

Positional Parameters of Non-hydrogen Atoms in Fractional

Coordinates and Their Estimated Standard Derivations

Atom Location Standargsgisz:igon 2)
No. Atom X y 2 X y z
1 Ca  .2309 .2503 L0001 .010  ,015 011
2 P .5261 3h1 .0199 +OL4 .022 015
3 P 3649, -.0658 | .1098  .0l4  .022  .015
L o 3610 Shl 1311 041 0S4 045
5 0 4545 . 3081 .0772 .036 .050 .Oh1
6 0 +6965 +5136 0661 .038  .055 043
7 0 5627 .3600 1866  .0h6  .058 .05
8 o <2365 +0139 0670 .039 .65& | .0L7
9 .0 5072 | 0437 - L1312 .639 .051 <Oh1
10 0 4683  -,1921  .0770  .938 ~.051‘ JO41
11 0 2495  -.1409  .1855 <Ol .058 - LO45
12 0 1539 L1132 -.0959 .05 069 .05k
13 O 0598 3879 L0964 - 046 068 054
1 o 1057 .2500  .,0006  .05L  ,077 .06k
15 ¢ .680k  .5785  .2338  .083  .117  .086
16 ¢ 7223 6320 .2949  .100  .128  .103
17 'C .6818 25598 L3631 .123 " .135 .101
18 ¢ 6045 f4164 .3718 092 <115 .088
19 ¢ <5645 .3373  Jha2s 09k 121 .086.
20 C 4842 2059 L4513  .102  .125 090
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) Estimated
Atom Location Standard Deviation (%)
No. Atom x ¥y z b4 N z

21 ¢ JLki9 ,1318 »3931 .105 o1h2 .095

22 C 4792 2111 32Uk 079 .10k .077
23 C +5638 . 3545 23121 .072 2098 .069 .
24 ¢ 6054 | 4366 .2438  .066  .092 069
25 C 0878 0725 L2328  .080° .105  .084
26 €  -.0172°  .1%61  .2947  .0906 .129  .101
27 C  -.04i5 .0660  .3607 .10k  .133  .106
28 ¢ 0224  -=.0790  .3722  .093  .126 .09
29 C -.0060 -, 1664 VY .102 .126 - 094
30 G 0642  -,2990 L4530  .115 126 .090

31 - C L160%  -,3666 ;3921 J104  ,136 099
2 C 1939 =.2922 L3242  .080 @ .103  .079
33 C .1251 -.1498 . .31i5 .072 -099 .073
3 C +1531 -.0634 . 2431 .063 .090 069

B, Description.and discussion of‘the structure

The bond distaneces and bond angles for‘caleium~l-naphthjl phosphate
} were calculated and are listed in the following tables. Most of these
} | and the packing of the crystal are shown in Figs. 17, 18, 19, which

! represent the three two-dimensional projections okl, hko and hol

respéctively. Atom identification nuﬁbers in the tables refer to those

assigned in Fig. 17.
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Table XXX. Bond Distances for Calcium l-naphthyl phosphate

P '04 1.554

5 . P,=0y 1.573
Py=0g 1.488 - - P,-0g 1.476
PO, 1.h91 POy, 1466
P,-0, 1.591 P,=01 1.589
0,-05  2.468 0g-0y 2527
0,-0¢  2.516 Og=01p 20484
0,-0, 2.476 oé-pll 2.512
05'06 2.538 05910 2.494
05-0,  2.423 ' 0g=0;; 2.517
0g=0,  2.551 0,4-01, 2393
cal-o5’_ 2.468
Ca -Og  2.362
Ca;-C, 2.363
Ca =0, 4, 2.441
Ca -0,, 2.435
Ca;-0,; 2,411
| Ca =0,, 2.437
i 07-024 1.400 013-Czy 1.402
{1 € 5~Crg 14373 Co5=Cog 1.419
?? - Cpg=Cqry 1.35k . /?26—027 1.310
1§ _ - C1,=C1g 1.398 _ -"”7027-028 1.394
‘% G170 g 1418 Co5-Cag 1.479
|
o
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C18-CZ3 1.381
019-020 1.309

620-021 1.418

c

(©

023

21'C

227C

5 1387

23 1.h417

-024 1.408

0]

127014

~12k4-

028-033 1.428

029-030 1.295

C30~031 1.400

GBl_C32 1.356

032—(333 1.381

C35-Cxy,
2.704

1.411

0

05-09.

157914

2,747
2.543

04-Oi0 2.556 -

" Table XXXI. BHond Apgles for Calcium

l-naphthyl Phosphate

04—P2-05
04—P2-O6

05~P2-O6

05—P2-07

06-P2--O7

P =C2y
16715 C2
b15'016°017
€167€177%8
?57'C18‘023
Tﬂf3617'018'cl9

C19"018'023

.108.4°
111.4
103.9
116.8
103.7
111.6
125.9
116.6
124,k
118.4
119.9
119.4

120.6 .

04-P5-0g
O%9F3-010
9%F3701
0g-P5-0,4
08”P3’011
©107F3013

P,-0,,-05,

€267C25C31
€257C26~C2y
2670277028
C277%287%3
€277C28C29

€297C287C33

111.9°

109.6
105.2
115.9
110.4
103.0
125.3
117.

12 .9
120.6
119.4
123.8

116.9
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018'019'C20 1 119.5 028‘C29‘C3o 121.5
c19-020-021 - 123.8 Cpg=0s-Csy  120.2
C50=Co1=Co 116.0 C50-C51-C3n 121.4
Cn=CpaCp3 1222 C51=C35~Csz 1214
022-023-018 -‘117f7 _ 023‘033'028 . 118.6
CppmCoy=Coy 12344 | C55=C55-Co, 125.5
Crg=Coz=Chy  119.0 - ' 0284033'034 115.9
023-0244015 1215 C55=05,~Cos 12h.2

05-Cgi—'06 | 87.7.

05-Ca, -0 81.4

0g-Ca;-0,, ~ 78.6

05-Cal—Olé 149.8

OS-Cal-013 72.6

05-Ca;-0y), 140.8

04~Ca, =Og 166.2

0g=Ca;-0;,°  80.2

0g=Ca;-0p,  100.0°

06-Cal—0i3 857

0g-Ca -0, 98.0

0g-Ca, =0, ¢ 89.3

08'-Ca1-012' . 85.6

0g=Ca;-0 15 99-0

0g-Ca =0, 95-9

1 0,5-Ca;=0,,  7h.l

0. ,~Ca. -0 148.5
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olO-Cal-o14 140.6
OlZ-Cal-013 | 136.5
Olz-cal-ol}_‘. 67 3 4
014-0a1-013 69.0

‘The twe independent phosphate groups are quite similar. One group
consists of P2, 04, 05, 06 and 07. The gorresponding atoms in the

other phosphate group are P3’ 08, 09, OlO’ and O A comparison was

11°
made in the above bond distances and angles'tables. The four phosphate
oxygené are boﬁdgd in the féll§wiﬁgimanner. One oxygen is bonded to
the naphthyl group, another oxygen is bonded to a H, and the other
two‘oxjgens are Coordinated to two calcium atoms which éré related to
each other by anijwérsion denter. A careful examination of the bénd

disf?néeé and the bond angles indicated: - (1) the P-O (C ) ester

10ty
bond 'is tﬁe'1¢ﬁg§$£ and the P-O (H) bond is the mext longest, while the
. bénd.&igééﬁcé;.b%éwééﬁhﬁhééphorus and the twe oxygens-coordinated with
;alcium atoms are shorter. This agrees with othér organic phosphates
structures (15,34,24,25). (2) The maximum 0-P-0 angle corresponds to
the angle subtended by the two very short P-O distances. _This is quite
reasonable, becaﬁse the shorter the P-0 bond distances,‘the greater the
,@utual repulsion betwéen oxygens will be. By the same reasoning, the
angle subtended by the two longeét P-0O distatices should be, at least,
one of the minimum angles and this was found to be the case. (3)

The minimum distance from the oxygen (the ester bond oxygen) to the
oxygens other than those on thg same phdsphate group is 301830 This

indieates that there is no hydrogen bonding from these two ester bond
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oxygens to other hydrogens. Kraut and Jensen (25) reportéd.the same
thing in the structure of adenosine—5'~phosphafé.

The general féatures of the phosphate group agree well with other
organié_phosphéte structureés which have been réported. This can be
seen from a comparison of this data with fhose reported in the litera-
ture in the following taﬁle.

Table XXXIT, Comﬁarison of Calcium 1-Naphthyl Phosphate with Other

Organic Phosphates Reported

. 2=-amino Ca-Thymi- Dibenzyl
Our Data Adenosing- ethanol-  dylate Phosphoric
PO41 P042 5'-PO4 P04 ' Acid -

P-0 : L ' -

1.488 1.466 1.514 1.493 1.474 1.469

Range - to ’ to to to to to
1.591 1.589 . ';.610 1.591 1.587 1.566

Avérage 1.551  1.526  1.546  1.536  1.515°  1.531
“P—OR 1.591 1.589 1.610 1.591  1.587 1.566 &
' 1.545
P-OH 1.554 1.573 1.566 1,557 -— 1.545
0-P-0
1C3.7 103.0 105.7  103.9 102.1 103.8
Range %o to to’ . to to to
116.8 115.9 118.2 117.4 11 .4 117.2
Average 109.3 109.3 1094 109.4 109.3 109.3
gnfle bet. 103.9 105.2 106.5 106.2 107.6 104,2
P_O°ng (203.7)  (103.0) (105.7) (103.9) (102.1) (103.8)
Angle :et° 116.8 115.9 118.2  117.h4 118.4 117.2
S_ghor (max.) (max.) (max.) (max.) (max. ) (max.)
gngl? be;° 103.7 103.0 105.7 103.9 102.1 10%.8
ongest (min.) . (min.) (min.) (min.) (min.) (min.)
Shortest
P-0 .
c-0 (P0,) 1.400 1.402 1.475 1.429 1.472 i’“?” &
B0-C 125.9 - 125.3 1147 118.7  118.8  118%8 &~

122.3
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From Table XXXII, it is seen tha% calcium l-naphthyl phosphate has

the shortest C~0O bond and largest P-O-C angle. Trueblood et al. (34)

noted that for a gi&en phosfhate group, the shorter of the two shortest

P-0 bonds has a larger Ca-O distance. This is also the case for calcium
l-naphthyl phosphate. For P-0 bond lengths 1.488 and 1.491R%, Ca-0
lengths are 2.468 and 2.363%. For P-O bond lengths 1.466 and 1.4763,

Ca-0 are 2,441 and 2.3628. Thus; more or less the same distancés are

maintained between phospherus and the two calciums related by an inver-

sion center.

Each calcium ion waé found to be coor&iﬁated to seven dxygens, four
of which are from four different phosphaté groups and three :from water
molecules. The éeven oxygens are arrahged in a diétérted pentagonal
bipyramid. The calcium, 05,_010,;‘(two phosphate oxyéens) Ql2’ 013,
014 (three water oxygens) occppj‘fhe distprted pentagonal plgne; the

other two phbsﬁhate oxygens are on a line through the'calcium‘nearly

' perpendicular-to this plane. The pentagonal angles are 78.6°, 72.8°,

74,1°, 67.4°, and 69.0° with the average of 72.4°., The seven Ca-0
distances range from 2.362 to 2.468, with an average of 2.418%. The
range of the seven Ca-0 distances in calcium thymidylate is from 3.29
to 2.653 which is considerably more variation than in calcium l-naphthyl
phosphate, but gives the.éamé average. Thg small variation of Ca-0O
distances is probably because all oxXygens are froﬁ different groups.
Naphthalene has been shown to be planar (1), with fhe C—C distance
from 1.354 to 1.421R% and an average of'l.39ﬁ. The large P-0-C angle

in calcium naphthyl phosphate is probably due to close packing of the
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large planar naphthaleﬁe groui)° A distorted naphthyl ring might thus be
expecfed. This was found to be the case, as can be seen frém the ‘fol-
lowing data. The C-C distance'haé a range from 1,309 to 1.&183 and an
average of 1.386% for the first naphthyl group, while for the second one,
the range is from 1.295 to 1.479 with an average of 1.5803. The range
of C-C-C angles is from ;16.0° to 124.4° in the first group and from
115.9° to 125.5° in the second group, while the average is 120.2° in
the first and 120.7° in the second group. The minimum C-C bond distance
in a naphthyl group-occﬁrs between two carbons which are closest to the
nearby naphthyl groups. Minimum non—boﬁded-carbon distances:are 3.620,
3.7193 indicating van der Wgals forces.

Hydrogen bonding plays an important role in holding groups together
in the crystal of calcium l-naphthyl phosphatéo The closest distances:
between oxygen and oxygen (one of thése two oxygens has a hydrogen on
"it) from two neighboring phosphate groupé are.2.543 and 2.5568., Other
oxygen distaﬁcés suggesting hjdrogen bonding are'O4 to 015: 2.834, 05

to 051 24895, Oy, to 01t 2.70k, 05 to 0 ¢ 2.7478.
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APPENDIX A
Calcium and phosphorus analysis for calcium l-naphthyl phosphate
Calcium.determinatiop |
- About 0.2 gm is weighed very accurately in a-SO ml florgnce flask.
Add about 4 ml éoncentrated nitric acid (69.4%, Eakér analyzed reagent).
Then add about 6 ml'concentratedlperchloric acid (71.1%, Baker aﬁalyzgd
reagent). Digest the sample on a hot plété till almost dry (Eva-
poration to dryness makes it difficult to re-dissolve). After cooling,
diluté it with a little water; _Transfer to a 500 ml'volumetric flask.

Rinse well and save every drop. ' Make te volume with water. Shake

" well and lét settle. The calqium concentration of this solutidn'is

determined with Beckman Flame Quartz Spectrophotometer (model Dﬁ) by
comparing.with a standard'calcium solution prepared in the following
manner: CaCé3 is digeéted ﬁith some concentrated nitr#c to dr&ngss’
Several different calcium. concentration solutions (from zero to 50 ppm)
are made from this. IEach solution is so adjusted .that it contains 15
ppm of phosfhorus (HBPOhiS added before diluting to volume with water).
The adqitioﬁ of phosphorus suppresses the standard solutions about the
same as the unknown,

" The staﬁdard curve for detefmining calcium by ‘this methed is
shown in Fig. 20.

The data corresponding to this standard calcium curve are as

follows.
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10 20

ppn of ca

Figure 20 The standard calcium calibration curve for the
Beckman flame quartz spectrophotometer
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-Table XXXIII. Calcium Calibration Data for Beckman Flame Quartz

Specérephbtometer-
_Pbm df Ca - Reading
L
50‘ - | 100
4o : 92
30 8k
20 %
10 . 65
0 : 53

The unknown (sample weight being 0.1955 gm) has a reading of 85,

"which corresponds to 31.3 ppm.

Phosphorus determination
_Thé preparatiop ofnéhe ;agplé follmws exactly the same prbdeduré
as that for calecium defermination. In féct, part of the same solution
preégred.fbr calciuﬁ is used for the phosphorus determination.
withlé‘pipette, trénsfer.} ml of the prepared solution into a 25 ml
gradu;ted test éuﬁe; addl2 ml of 10 ﬁ sulphuric acid, then add 2 ml
of %mido},‘and.finally 1 ﬁl of molybdate. Pilute to 25 ml with water.
‘Traﬁsfér té a m;tEhea testiﬁube? Mix the solution by pouring back and
forth several times bétweeﬁ,thé 25 ml graduate test tube and the

matched test tube. Let it stand for 30 minutes. Read the percentage

transmittance on a Beckman Model B Spectrophotometer at wave length

650 against a blank solution which is prepared exactly the same way as
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the testing saﬁple except no sample in-it. The concentration of the
sample is determined by comparing the percentage éranémittance withﬂ‘
that of a known standard phosphorus compound.
Three tests were done. Each contained one ml of the prepared
éolﬁtion. The results are compared with the curve (Fig. 21) of

known standard solutions using K2Hﬁ04. The results are given below.

Table XXXIV. Phosphorus Analysis Results by the Colorimetric Method

Test no. Transmi ttance ~ g/ml or ppm
1 : - 463 43,8
2 46.1 43.9 \

3 46,0 4k ,0
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Figure 21 The standard phosphorus calibration curve for the
Beckman Model B spectrophotometer at wave length 650
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APPENDIX B
Film frocessing

To process the films, the following materials were used.
1. Developing salution

'Koé;# fépid x;ray developer (¥Tlﬂ, and 1 oz. powder will make up
one gailon solution). | | |
é; Fixing solution

Kodak rapid fixer with hardner,
3. Acid stop bath |

Very dilute acetic acid (6 oz. o£ 180.ml of 28% acetic acid in
a gallon of water).

The integrated pictures were processed in tﬁe‘following manner:

11

They are first deveioping for 7 minutes in a frésh kodak rapid x—réy
developer which is maintaining at a éonét;nt tempéfature'of éOd C.
Then they are washed in.the acid stop bath for 56 seconds. They are
fixing for 15 minutes in a fresh Kodak rapid fixer which is also |
kept at a constant temperature of 20° ¢. Wash them in running water

for half amn hour. After rinsing with distilled water, we hung them

up for dryiﬁg°
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APPENDIX C

" Equi-inclination Weissenberg index-checking results for

Table XXXV.

Ca l-naphthyl phosphate
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h 2 x, - error%
1 7 16.8 17.0 1.73
2 7 19.2 19.2 -  .k3
-2 7 23.0 23.5 2.L46
3 7 23.2 23.2 Ok
1 -7  19.7 19.5 -.85
2 -7 23.6 23.5  -.1k
B =7 28.8 287 =413
-4 -7  28:3 28,3 .09
5 =7 41,8 k.8 1,18
"6 -7  49.9 50.0 o3k
=7 =7 49.0 49.3 .78
-8 ;7 5809 5903 979
2 "8 21,0 21,3 1.50
-2 ,8 25,3 25.8  2.20
o =8 19.7 19.7 . .16
-1 <8 19.2 19,4  1.49
=2 -8 21,1 21.3 1,02
-3 -8 24.8 .24.8 .19
4 =8 36.8 36.9 <31
- =8 29.8 29.6 -.52
5 -8 43.6 k3.9 .76
=6 =8 42,0 k2.2 450
7 8 62.2 62,9 1.23
-7 -8 49.9 50.1 <59
-8 =8 59.5 60.1 1.13
: -9 22.3 22.3 .10
1 -9  2hk;2  2h.5 1.37
"2 -9 28.2 28.2 .19
-2 =9 23,2 23k l.22
3 =9 330 331 <052
-3 =9 26,8 26.6  -.49
°5 =9 45.8 - 46.1 -85
=5 "29  36.8 36.7 -.22
7 =9 65.5 66.1 .98
-7 “49 51.0 5l.2 Ul
' -10 24,9 - 24.9 “.25
-1 -10 24.2 244 1.17
2 -10 30.6 30.7 52
-2 -10 25.6 25.7 .66
3 -10  35.5 35.5 .82
-3 -10 28.7 28.6 -.18
L -10 41.5 L41.5 Ol
-10 32.9 32.8 -.15
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h 1 xo X, error%
5 -10 48.2 48.6 .o 94
-5 =10 38.1 38.1 «23
-6 =10 44.4 44,6 «55
7 -10 69.1 69.9 1.29
-9 =10 79.0 80.0 1.30:
-1 27.8 27.6 -.49

1 =11 29.8 - 29.8---" ,06"
2 =11 33.2 33,3 052
-2 =11 27.9 28.1 -9k
-3 =11  30.7 30.7 2k
4 =11  43.9 44,0 k2
5 -11 50.9 51.3 -90
-5 =11  3%9.8 39,8 .12
-6 -11 46.0 L46.1 235
7 =11 73.8 75.0 1.63

1 12 29.4 29.7 . 1.25
2 12 30.4 20.6 .87
-12  30.4 30.4 .09

“1 ~12 32.4 32.5 057
2 =12 36.0 36.1 .28
3 -12  40.8 40.8 1k
-3 =12  33.0 33.0 013
4 -2 L46.6 46,8 053
-4 ~12 36,8 36.7 -o11
-5 -12 .5 41.6 47
-6 -2 47.8 47.8 .19
-7 -12 55.1 55.6 1.03
2 13 33,1 33.2 .52
4 =13 33.2 ~ 33.2 022
1 <13 35.3 35.4 A2
-1 =13 32,1 32.5 1.35
2 =13 38.8 * 38.9 o4l
3 -13  43.5 43,7 «54
-3 ~13  35.4 325.4 o1k
4 -13 49.5 49.8 .68
-6 -13 49.8 49.8 .07
-7 -13 58.2 57.6 -.93
-2 4 4.1 4.9 2,10
-4 36,1 36.2 032

1 14 38.4 384 <07
-1 -4 35.2  35.3 «55
-2 -14  35.9 3%6.0 027
=14 L46.5 L46.8 .65
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1 x X error®% h k 1 X X error%
Q (o] C

-14. 52.8 53,0 55 -2 1 12.1  12.6 4,35
-4 hi.20 41,3 032 3 1 19.2  19.1 -47
-4 73.0 742 1.67 -3 1 18.6 19.1 2.73
-15 41.4 41,5 <34 -5 1 32.3 33.0 2.28
-15  37.9 38.3 1.2k -6 1 40.0 40.8  2.13
-15 4.8 .45.1 ¢75 -7 1 48,8 49,7 1.91
-15 38.8 38.8 013 & 1 60.2 60.6 .82
-15 40.8 40.7 -.23 -8 1 60.2 60.6 .82
-15  43.9 43,8 -.02 2 1 1 12.7 12.2 -3.33
=15 65.1 65.7 1.04 -2 1 1 12.9 13.2 2.70
-15 48.4  L48.4 .03 3 1 1 19.0 18.6 -1.58
=15  62.5 62.5 o14 -3 1 1 19.1 19.7 3,19
16 L42.0 42.4 - 1.13 L 1 1 25.4 25.4 .03
=16 1.1 A1.h <93 -4 1 1 25.8 26.4 2.60
-16 41.8 41.8 .11 5 1 1 32.2 32.5 1.02
-16 43.5 43,5 .16 -5 1 1  33.0 33.6 2.0k
=16 46.5 46,6 «29 -6 1 1 40.8 4.5 1.83
-16 70.5 71.1 . .97 -7 1 1 50.0 50.5 1.08
-16  65.3 65.6 .61 8 1 1 59.5 59.7 49
<17  45.8 45,8 .10 -8 1 1 6l.2 6l.7 .01
-17  48.0 48.2 .61 2 1 -1 13.8 13.4 -2.68
-17 448  L45.0 48 3 1 -1 20.0 19.8 -.81
-17 Lh6.5 L46.6 027 -3 1 -1 18.3 18.8 - 2.09
-17 49,5 49.6 21 .5 1 -1 32.0 32.6 1.93
=17 69.2 69.4 235 6 1 -1 1.8 41,6  =.40
<18 49,0  49.h4 .89 -6 1 -1 k4o.1 L40.3 .65
-18 47.8 48,2 290 -7 1 -1 48.8 49. .69
-18  48.0 --48.3 «80- 11 2 7.1 6.8 =3.42
-18 52.9 52.8 -.10 2 1 .2 12,8 124 -2.99
218 73.7  7h.2 «75 -2 1 2 13.8 1k.2 3,48
<19 60.2 60.6 .68 3 1 2 18.9 18.6 -1.47
=19 5L.9 52.0 e22 -3 1 2 20.0 20.6 3.0k
-20 65:1 65.8  1.10 L 1 2 25,2 25.2 -0l
=20  73.2  73.h4 40 4o 2 26,7 27.3  2.33
=21  65.6 66.0 <71 5 1 2 32,1 32.2 A5
=21  71.3  72.4 1.59 -5 1 2  33.8 34,5 2.1k
-2l  60.0 60.k .72 6 1 2 39.9  39.9 .03
=21 70.1 70.6 «73 -6 1 2 1.3 La.k 2.78
-22 72.3  72.9 .87 8 1 2 59,1 59.1 .07
-22 64,9 65.6 1.09 -8 1 2 62.3  63.1 1.30
"‘23 7201 7207 o9l+ 1 l -,2 9ol 8:.9 -1023
=23 71l.5 72.1 «90 -1 1 -2 7k 7.5 1.52
6.6 6.3 4,10 2 1 -2 14.8 14,6 -1l.23
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error% h k 1 X X error%
1 -.69 -6 1 4  Lh,0 44.8 1.95
1 3,12 7 1 4 48,0 48.2 .56
1 -.28 8 1 4 58.6 58.5 -.07
1 2.10 -8 1 L 66,0 66.7 1.21
1 "1.65 1 1 -4 13,2 13.0 -1.11
1. -:20 -1 1 4 11.0 1lo0.9 ~-.02
1 39:9 ol 2 1 -4 18.0 17.8 -.83
1 51.0 T.44 -2 1 4 14,8 14,7 -.h2
1 4L8.3 ] .93 3 1 -4 23,7  23.6 -.29
1 8.1 8.2 2.08 -3 1 =4 20,0 19.9 =,08
X 9.8 10.2 L,56 L 1 -4 20.0 30,0 o2k
1 13.3 13.0 =2.02 5 1 4 37,1 37.1 e23
1 15.1 15.6 3.63 -5 1 b 32,7 0 32,7 .06
1 19,2 18.8 -1.65 6 1 <4 44,9 45,1 -6k
1 21.2 2l.7 2.72 -6 1 -4 29,9 Lo.1 <59
1 27.8  28.4 2.16 -8 1 -+ 58.7 58,9 037
1 32.2  32.1 -.02 -9 -1 =& 734 bk 143
1 35.0 35.5 1.67 11 5 12.0 1l2.1 1.26
1 k2.8 43,5 1.76 -1 1 S 14,1 144 2.75
1 58.8  58.7 -.11 2 1 5 15.9 15.4 ~-2,94
1 6.1 4.7 1.04 -2 1 5 18.6 19.1  2.83
1 11.1  10.9 -1.58 3 1 5 20,9 20.3 -2.57
1 9.1 9.0 -.13 =3 1 5 24,2 24,7 2.46
1 16:3 16,1  -1l.1h 4L 1 5  26.5 26.2 =1.09
1 13.6 13.5 -.17 =4 5  30.7 31l.1 1.59
1 22.2 22,1 -3l 5 1 5 2.9 32.7 -.42
1 19.1 19.2 «93 -5 1 5 37.3 38.3 2.69
1 28.7 28.6 -.02 6 1 5 40,0 40.0 <17
1 25.5 25.5 .38 -6 1 5 45,3 46,3 2.37
1 35.8 35.8 - .12 7 1 5 48,1 48.k 67
1 32.3 %24 .50 -8 1 5 68.2 69.2 1.58
1 bz.7  L3.7 .22 1 1 =5  15.5 15.3 -l.2h
1 52.7 53.0 .69 =1 1 -5 13,0 13.1 081
1 -2 47,8  48.5 1.61 2 1 =5  19.9 19.7 -.62
1 4 9.8 10.0 2.98 -2 1 -5 16.2 16.2 .05
1 4 119 132 3.29 3 1 -5 25.3 25.3 .10
1 L 14,3 14,0 -1.66 -3 1 =5 21.0 20.9 -.10
1 4 16.8 17.2 2.87 L1 -5 3l.7 3l.6 -,17
1 4 19.7 19.4 -1.16 5 1 -5 38.8 38.7 -020
1 4 22.6 23,1 2.57 6 1 -5 46,7 46,7 017
1 L 29.0 29.6 2.40 8 1 -5  69.0 69,9 1.13
1 4 2.4 32,3 -.11 -8 1 -5 58,8 59.0 45
1 b 39.8  39.8 .02 -9 1 -5 73.8  7h.h Ol
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h k 1. X X, error%
1 1 6 14,1 14.3 1.84
-1 1 6 16.3. 16.7 3,00
-2 1 6 20.7 21.1 2.11
3 1 6 21.8 21.5 -1.26
-3 1 6 26.0 26.5 2.28
k1 6 27.2 27.0  -.55
-4 1 6 32.2 32.8 2,06
5 l 6 3306 3303 -065
-5 1 6 39,1 39.9 2,18
6 1 6 40.7 40.5 -.40
-6 1 6 47.1 48,0 2.12
7 -1 6 48.7 48.7 «17
-8 1 6  70.9- 72,3 2.10
1 1 -6 17.8 17.6  -.82
-1 1 =6 15.2 15.3 <95
2 1 -6 22.0 21.8 -.66
-2 1 6 17,9 .17.9 12
-3 1 6 21.8 22.2 1.97
y 1 -6 33.2 33,3 +60
4 1 -6 27.7 27i6 £.19
5 1 .. -6 4o.2 Lo,k 6L
6 1 -6 48,2 48.5 .81
8 1 -6 72.4 73,2 1.18
=8 1. -6 59.0 594 .75
-9 1 ~6 740 74,9 1.27
101 7  16.3 16,6 2.27
-1 1 7 18.8 19.1 1.99
-2 1 7 22.8 23.2 @ 2.1%
3 1 7 23.2 22.9 -1.18
-3 1 "7 27.9  28.5 2.3h
¥ 1 7 28.2 28,1  -.29
5 1 7 4.3 3h4.2 -.2h
<5 1 “7 41,0 41.7 1.93 -
6 1 7 A1l 41 2 “.26
1 1 =7 20.1 20,0 4,12
211 -7 .17.8 17.6 -.66
2 1 -7 24,1 24,0 -.15
-2 1 =7 19.9 19.8 -3k
3 1 =7 29.2 29.2 .09
-3 1 =7 23.7 23.7 .03
-4 1 -7 28,8 28.7 -.01
5 1 -7 41,9 42,3 1.10
-5 1 =7 34,7 34,8 - 36
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h k 1 X x, error%
-6 1 -7 .8 .7 -.03
8 1 =7 77,0 77.8 1.09
-8 1 -7 59.8 60,0 oLl
-9 1 =7 75.0 75.8 1.11
i 1 8 18.9 - 19.0 .86
-1 1 8 21.2 21.6 2.04
2 1 8 20.9 20.9 .17
-2 1 8 25.1 25.5 1.83
=3 1 8 30.1 30.6 1.88
1 8 29.7 29.3 -1.01
-4 1 8 36.1 36.7 1.79
5 1 8 35.3 35,2 -.11
-5 1 8 43.0 43.8 1.91
1 1 -8 22.7 22.5 -.58
<1 1 -8 20.0 20.0 47
2 1 -8 26.4 26,3 -.04
-2 1 -8 22.0 21.8 -.48
21 -8 zZ|.4  z.4h .01
-3 1 =8 25.2 25.3 o7k
-4 1 -8 30.2 30.1 -1k
5 1 -8 44,1 444 -84
-5 1 -8  36.0 35.9 ~o1h
‘=6 1 -8 La,7 Lo.7 .10
71 -8 63.0 63.8 1.27
-8 .1 -8 60.7 60.9 .38
1 1 9 21.1 21.5 2.01
-1 1 9 23.8 24.1 1.51
2 1 9 22.9 23,0 .83
-2 1 9 27.3 27.9 2,36
=4 1 9 38.2 38,9 1.93
-5 1 9 Ls5.2 46,0 1.88
-6 1 9 53.5 5h.6 2.17
1 1 -9 25,0 25.1 «50
=1 1 -9 22.7 22.5 -.53
2 1 -9 28.9 28.8 -o27
-2 1 -9 24,0 24,0 037
3 1 -9  33.8 33.7 =.22
-3 1 -9 27,1 27.2 052
4 1 ‘9 3908 3996 “028
4 1 -9 31.8°' 31.7 -.28
5 1 -9 Lé.4 L46.7 .83
-5 1 -9 37.1 37.2 45
-6 1 -9 43.8 o2l

k3.9
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h 1 1 X X, error® . h  k 1 X - X, error%
7 1 -9  66.4 67.1 1.12 -2 1 12 35,1 35.7 1.87
-7 1 -9 51.5 51,8 «73 -4 1 12 45,8 46,5 1.74
1 1 10 23.8 24.0 1.08 -5 1 12 53.2 5h.1 1.75
2 1 10 25.1 25.3  1.06 -6 1 12 62.9 64,1 1.91
-2 1 10 29.8 30.4 2.13 1 1 =12 33,1 33.2 .51
23 1 10 3448  35.3 1.50 -1 1 =12 30.4 30.4 | .22
-4 1 10 ko.7 1.3 1.49 2 1 =12 36.8 36.7 -.05
=5 1 10 h7:8  48.4 1.45 -2 1 =12 3l.2 3l.3 050
6 1 16 56.3 57.4 . 1,96 3 1 =12 41.2 41.5 .83
I 1 <10 27.7 27.7 .21 =3 1 =12 33,7 33.7 .07
-1 1 <10 25.1 25.1 .13 5 1 =12 54.9 55,1 48
2 1 =10 3l.2 3l.3 «51 -5 1 =12 L42.3 42,3 <20
<2 1. =10 26.4 26.k -0l -6 1 -12 L48.5 48.6 .26
3 1 <10 36.1 36.1 022 1 1 13  31.8 32,0 «93
=3 1 =10 29.0 29.2 .88 -1 1 13 34.4 35,0 1.90
~b. 1 2100 33:6 33.4 -.46 2 1 13 32.7 32.8 45
5 1 =10 49.0 49,3 .65 -2 1 13 38.1 38.6 1.31
=5 1 -10 38.9 38.7 -.29 -3 1 13 4.8 43,4 3,87
6 1 -10 57:8 58.3 .88 -6 1 13 67.1 68,3 1.92
6 1 -10 45.0 45.2 .60 1 1 -13 36.1 36.1 19
7 1 -10 70.2 71.2 1.50 -1 1 =13 33.2 33.2 +18
-7 1 =10 52.9 53.1 053 . 2 1 =13 39.8 39.6 -.29
-8 1 =10 62.9 63.k4 293 -2 1 -13 34.0 340 -00
1 1 711 26.2 2636 1.75 3 1 =13 4h,0 Lb44 1.08
1 1 11 28.9 29.4 1.85 -3 1 =13 36.0 36.1 47
-2 1 11 3.5 33.0 1.65 L 1 =13 50.5 50.6 .27
“3 1 11 37.1  37.8 2.06 -4 1 -13 39.8 39.6 -.29
-4 1 11 43,1 43.8 1.7k 5 1 -13 58,2 58.5 .67
-5 1 11 50.2 5.1 1.94 -5 1 =13 43,9 Lh4.4 1.31
-6 1 11 59.2 60.5 2.22 -8 1 -13 69.2 69.9 1.13
T 211 30.3  30.4 056 101 14 34,5 34,9 1.32
-1 1 11 27.7  27.7 .21 -1 1 14 37,5  38.2 1.39
2 1 =11 340 34.0 .03 2 1 1% 35.3  35.5 75
-2 1 -11 28:9 28.8 - -.25 -2 1 1% 40,9 4.5 1.69
3 1 =11 38.9 38.7 =e29 -3 1 14 45,8 L6.h 1.46
-3 1 =11 31.2 3l.k .70 -6 1 14 72,3 73.8 2.21
L 1 . -11 bh.2 447 1.24 1 1 =14 39.1 39.1 <23
-5 1 =11 39.8 Lo,k 1.73 -1 1 =14 36,0 36.1 olth
-6 1 -11 46.8 46.8 .09 2 1 =14 L42.6 L2.7 «32
7 1 =11 76,0 76.8 1.05 -2 1 =14 36.9 36,7 -.37
1 1 12 28.9 29.3 1.51 -3 1 =14 328.7 38.7 .16
-1 1 12 3.7 32.1 1.56 L 1 14 53.7 53.9 «52
2 1 12 30,0 30.2 .82 =4 1 14 42,0 " h2.1 25
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1 X X, error% h k 1 X X, error%

1 -1h 62,1 62.4 .63 -1 1 18 50.9 51.5 1.30
1 - =14 L46.8  L46.7 ~.06 3 1 =18 62.9 63.4 -84
1 -14 975.2 76.1 1.30 -3 1 =18 50.2 .50.9 1.43
1 -1 60.7 60.9 R L 1 -18 72.4 73.1 1.03
1 =14 .72.8 73.2 .67 -4 1 -18 54.0 53.8 -.18
i 15 37:h 0 37.9 1.40 -5 1 =18 58.2 58.4 o149
1 15 40,7 411 1.04 -7 1 =18 76.0 76.5 75
1 15 - 4k, Lh,7 1,70 -1 1 19 54,9 55.6 < 1.30
I 15 490 h49:7 1.5 2 1 =19 6l.4 61.9 -84
1 15 55.3 56.3 1.90 3 1 =19 68.5 69.0 -84
1 <15 Lke.2 L42.3 " 36 -4 1 19 57.3 57.5 .49
I <15 39.2 39.1 -.05 -5 1 =19 62.1 62.3 o1
1 =15 45.8 45.9 037 -6 1 -19 69.2 69.7 85
1 -15 39.8 39:6 -.35 -1 1 20 - 59.3 0.1 1.41
-1 =15 4.0 41.5 1.2k 2 1 =20 66.8 67.4 o Ok
1 -15 57,5 57.6 032 3 1 =20 76.1 76.9 1.05
1 =15 Lbh,7 b4.7 402 -3 1 =20 58.3 58,6 -60
1 <15 66.3 ' 67.1 1.20 -5 1 =20 66.7 66.9, 032
1 =15 h49.1 49.2 037 -6 1 =20 75.5 75.8 49
1 =15 63.2 63.7 690 2 1 =21 7h.2 k.7 071
1 215 7.2 77,8 .80 -2 1 =21 61.8 61.8 2Ok
1 16 L4o,7 41,0 79 . =3 1 =21 63,1 63,3 032
1 16 43.9 44,3 1.11 4 1 21 66.2 66.6 .68
1 16 L46.3 48.1 3.91 -2 1 =22 66,9 67.3 062
1 16 52.3 53,2 1.90 -3 1 =22 68.5 68.9 +59
1 16 59.3 60.3 1.76 =41 =22 72,3  72.8 .81
1 =16 45,7 45,6 =,02 -2 1 =23 74,0 745 «75-
1 -16 42.2 k2.3 232 -3 1 =23 76.0 76.6 .82
1 =16 L2.,7 42.7 .00 1 -2 6.5 6.6 2.48
1 <16 4.3 b4h.h 30 -1 2 6.4 6.6  4.08
1l =16 57.9 58.2 «60 3 2 19.5 19.4 =40
1 =16 66.5 67.0 .86 =3 2 18.7  19.4 3.85
1 17 43,9 44,2 .87 L 2 26.1  26.2 o5k
1 17 47,1 47.8 1.58 -4 2 25.6 26,2 2.51
1 17 56.3 57.2  L.62 5 2 33.2  33.5 292
1 -17 45,7 45.6 -.07 6 2 40.9- L41.4 1.35
1 -17 45.9 . 45.9 .06 1 2 1 6.0 602 4,68
1 -17 58.2 58.7 <95 2 2 1 12,5 12.h -.35
1 =17 66.2 66.8 -9 -2 2 1 12,9 13.4 L,14
1 =17 50.6 50.5 -.05 3 2 1 18.8 18.9 073
1 -17 55,0 55.0 015 -3 2 1 19.5 19.9 2,36
1 =17 970.6 71.1 o7h L 2 1 25.6 25.7 49
1 18  47.1 47.7 1.35 5 2 1 32,9 32,9 o1k
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11.5 11.9 3.69

3 2 7 22.7 22.8 073
15.2 15.3 076 b2 7 33,8 34,9 3.27
18.5 19.1 .26 5 2 7 33,9 34.3 1.45
20,1 20,3 1.32 -5 2 7 k.2 h42.1 2.22
k.1 24,8 3,27 6 2 7 41.9 4.5 =289
26,0 26.3 1.27 -7 2 7 59.6 6l.1 2.60
4s5.9 46,8 2,14 2 -7 18.5 18.5 032
L8, 4 48,9 1.20 1 2 =7  20.8 20.8 o17
55.1 5607 2.06 -1 2 -7 18.2 18.4 1.48
58,9  59.4 .97 2 2 -7 2h.,7 24.8 42
68.9 70.7  2.69 -2 2 -7 20.4 20.5 <Ok
13.4 13.4 "o66 3 2 =7 30,0 29.9 =05
13.8 13.8 027 L 2 -7 35,9 36.1 .66
20.5  20.4 Lolt3. 6 2 -7 5l.1 51.7  1.26
16.7 16.8  1.06 2 8 18:5 19.0 3.22
25.9  25.9 - 1 2 8 18.4 18.8  2.36
21.5 216 ‘51 2 2 8 20,4 20,7  1.79
32,0 32,3 1,02 -2 2 8 2h.5 25.5 4,11
33.1  33.9 2.43 3 2 8§ 24,0 2h4.hk 1,92
ko.7 1.2 1.43. -4 2 8 36,0 36.9  2.58
568 57.7  1.58 5 2 8 35.1  35.4 -89
70,8  72.1 1.88 6 2 8 41.9 42,3 1.14
134 140 - 4.55 9 2 8 77.1 778 97
16.6 16.9 1.95 2 -8 21,3 21.1 -.67
20.2 2i.0 L 4l 1 2 -8 23.4  23.3 ~»12
26,0 26.6 2.57 -1 2 =8  20.8 20.9 +56
26.7 27.1 1.62 -2 2 -8 22.5 22.7 -89
33.2 335 1.16 k. 2 -8 37,9 38.3 1.07
39.3 ho.2 2.50 6 2 -8 53.3 5h,1 1,57
40,2 40,8 1.69 2 9 2l.2 2l.7 2,37
57.1 58,8 2,99 1 2 9 20.8 21,3 @ 2.45
71.7 7.1 3036 -1 2 9 23.1 24,0 3.98
16,0 16.0 .03 -2 2 9 27.3 27.8 2,18
8.4 18.3 -.13 3 2 9 25,9 26.2 1.33
22,5 22.5 019 -3 2 9 32,1 32,9 2,76
2759 2938 l.01 L 2 9 30,3 30,9  1.98
33,9 34,1 072 4. 2 9 38,3 39.1 2.15
3k, 34.6 1.94 5 2 9 36.1 36.6 1.49
k1.1 - 41.8 1,91 -5 2 9 45,0 46,3 3.08
15.9 16.5 3,98 6 2 9 43,0 43.4 1.03
15,9  16.4 3,36 7 2 9 51,1 51.5 oL
18.4 19,0 3.36 =7 2 9 65.2 67.1 2.98

2 =9

;8.4 18.7 1.93% 23.8 23,8 = .01
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h k 1 X X, error%.
1 2 -9 25,9 25.9 «29
-1 2 -9 234 23,4 .16
2 2 -9  29.6 29.6 o2k
-2 2 -9 24,7 24,9 297
L 2 -9  40.0 4o0.6 1.61
‘5 2 -9 47,2 47.8 1.46
6 2 -9- 56,0 56.8 1.48
2 10 23.5 24.3 3,66
1 2 10 23.2 23.8 2,83
2 2 10 24,7 25.2 2.03
-2 2 10 29.2  30.3 k.10
=3 2 10 34,5 35.3 2.57
- 2 10  4o.4  41.4 2.71
6 2 10 441 L4h.7 1.39
7 2 10 52.1 52,7 1.30
: 2 -lO 2607 2695 "972
-1 2 -10 25:9 26.0 "o51
2 2 =10 32.1 32.2 053
-2 2 =10 27.0 27.3 1.11
.3 2 =10 36,9 37.1 NY,
L 2 -10 42,5 431 1.57
5 2 =10 49.9 50.5 1.26
6 2 -10 58.8 59.8 1.83
2 11 26.3 27.0 2,95
2 2 11 27.0 27.6 2.22
-3 2 11 37.0 37.9 2054
L 2 11 33.9 344 L.k47
5 2 11 39.1  39.6 .51
-5 2 11 ° 50.4 51,5 2.28
6 2 11 45,7 L6l 1,08
2 =11 29:3 29,2 -.08
I 2 =11 3l.1  31.k4 1,03
2 2 -11 34,9 349 .24
2 2 =11 29.4  29.7 1.27
6 2 =11 62:1 -63:3 2.07
2 2 12 29.8 30.1 1.03
3 2 12 32,1 32,5 1.48
L. 2 12 36.0 36,k 1.16
5 2 12 K.0 41,5 1.25
-5 2 12 53,2 54.5 2.51
-6 2 12° 63.1 6h. 2.76
7 "2 12 55.1 55.9 1.46 -
8 2 12 66,0 66.8 1.28

h 'k, 1 x x errer®
] [+]

2 =12 31.8 32.1 1.01
1 2 =12 34,0 34,2 .83
«-1 2 =12 31,0 3l.h4 1,50
2 2 =12 37.2 37,8 1.68
-2 2 =12 32,0 32.3 1,12
3 2 =12 L2.,0 42,6 1.57
4 2 <12 48.0 48,8 1.72
2 13 31.7 32,7 3.23
-1 2 13  34.0 34,9 2.88
3 2 13 34.3  34.9 1.98
L 2 13 38.0 38.6 1.60
~5 2 13 56.2 57.8 2.96
-6 2 13 67.1 69.2 3.25
7 2 13 57,1 57,8 1.34

8 2 13 68.6 69.2 099
2 =13 34,6 35.0 1.33
1 2 <13 36.8 37,2 1.23
-1 2 =13 34,0 34,3 et
-2 2 <13 . 35,0 35,0 017
3 2 =13 45,1 45,6 1.31
2 14 34,8 35,6 2.55
1 2 14 34,0 34.8 2.46
-2 2 14 40.7 41,6 2.26
3 2 14 - 37.1  37.5 1.16
L 2 14 40.6 Lo.9 .91
5 2 14 45,0 45.7 1,66
-6 2 14 72,5 75.1 3.62
7 2 4 59.6 60.1 -89
8 2 14 71.5 72.3 1,17
2 =14 37.8 38.1 .83
-1 2 =14  36.5 37,2 2.15
-2 2 <14 37,2 37.8 1.86
L 2 -14 54,5 55,5 1.89
: 2 15 38.0 38.7 2.01
L 2 15 43.1 43,5 .97
72 15 62.1 62.7 1.08
8§ 2 15  75.3 76.4 1.46
1 2 =15 42.9 43.6 1.65
4L 2 215 58.2 59,4 2.16
2 16 41,0 4.9 2+39
5 2 16 50.2 50.8 1.30
72 16  65.1 65.8 1.19
2 =16 L, 1.70

k3.9
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error®

O \O 0\
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1

<Ok
3.76
-1.08

Q

5
o
1

[

N
L]
3

~296
2.05

N
oO
ﬁ

2.13
-.19
2,08
1.32

=1.13%

=1.17

LAY

@]
°
B

o

I3
°
i

(e ] i
O N
° °

-'976
4.80
2.13
2.28
4,53
-1.83
3579
L.67
-o65
" 1.72

i

[T9Y
°
B

2e®L|'
1.96
"003
-1.00
L.32

—

i
3
[}
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h. k . 1 X xs - error% h k 1 X X, grror%
2 3 =3 17.7 17.3 -1.97 -3 3 =5 22,2 22.4 1.25
-2 3 -3 1hk.5 14,8 2.40 L 3 =5 33,8 33,3 <=1.33
3 3 =3 23.8 23.4 -1.67 -4 3 -5 28.0 28.2 1.05
-3 3 -3 19.9 20.5 3.10 5 3 -5 4.0  40.7 -.72
L 3 -3 30,1 30.1 +o05 -5 3 -5 34.7 3hk.9 7>
=4 3 -3 26,7 26.9 -89 . 6 3 -5 49,5 49,2 -5k
‘5 3 =3  37.8 37.5 =273 -6 3 -5 hki1.,3. 42,5 3.02
=5 3 =3 33.4 34,0 1.81 -7 3 =5 50.7 5l.4 .44
-6 3 -3 41,0 41.8 2.13 2 3 6 16.8 16.9 <Ok
2 3 4 1k.2 14,0 -7k 3 3 6 21.9 21l.6 =-1.01
3 3 4 20,0 19.7 -1.09 L 3 6 27.8 27.4  -1.13
L 3 b4 26,5 26.2  -l.11 b3 6 32,1 33.5 L4.63
-4 3 4o 29.2 304 4.3 -5 3 6 39.8 41,0 3.11
-5 3 b 36,6 37.9 3.68 6 3 6 41.9 L41.6 =58
-7 3 L 55,1 56.5 2.61 -7 3 6  5%9.2 60.4 2.10
=8 3 L 68.0 70,8 L.2h -8 3 6 75.1 78.0 3.96
I 3 b 1hi7 1h5 -1.23 1 3 -6 19.7 19.3 =2.00
-1 3 -4 12,5 12.5 .53 -1 3 -6 17.0 17.0 «33
2 3 <4 19.6 19.2 -1.92 2 3 -6 23.7 23.h4 “,93
-2 3 =L 15.9  16.1 1.57 -2 3 -6 19.4- 19.5 .88
3 3 =4 25.2 25.0 z.63 3 3 -6 29.1 28.8 -.73
3 3 = 21,0 21.3  1.69 @ -3 3 -6 23.7 2%.8 .65
-3 =4 27.1 27.4 1.43 L 3. =6 35.6 35.2 -.97
5 3 -4 39, 39.0 =.22 -4 3 =6 29,0 29.3 1.18
-5 3 -4 33,8 34.3 1.68 5 3 -6 k42,9 42,6 =69
6 3 =4 L.y Lk -.54 7 3 -6 62,5 62,2 =e33
=6 3 =4 2 k2.1 2.19 -7 3 =6 51l.1 52,0 1.76
703 -4 57,9 57.6 =038 1 3 7  15.7 16.3 4,28
| -2 3 <4 50,0 51.0 2.18 2 3 7 18.3 18,7 2.6k
8 3 -4 60.9 624 2,62 3 3 7 231 230 -.28
2 3 5  15.4 © 15.3 =.17 -3 3 7 27.8 28.9 4.19
.3 3 5 20,8 20,5 ~1.0k4 L 3 7 28.5 28.5 .01
L. 3 5 27,0 267 -1.05 -4 3 7  34.0 35.4 4,24
=43 "5 30. 319 4,32 5 3 7  34.9 34.9 .03
1 z5 3 "5 38:0 39.3 3.65 -5 3 7  hi.4 42,8 3,60
6 3 "5  L4i.,3 41,2 -.12 -6 3 7  49.9 51.6 3.55
. -7 3 5 56,9 58.3 2.52 1 3 -7 22,0 21.8 -.78
a -8 3 5 71.5 73.9 3.36 -1 3 =7 193 19.h4 .38
| 1 3 -5 17.0 16.8  =.79 2 3 =7 26,0 25.8 =71
’ -1 3 -5 14,8 14.7 -.36 -2 3 =7  2l.5 21.5 <39
| 2 3 -5 21.6 2l.2 =1.50 3 3 -7 31.3 31.0 -o77
-2 3 =5 17.7 17.7 25 -3 3 =7 25.3 25.4 61
; 3 3 -5 27,0 26.8 -6 b3 =7 37.8 37.3 -l.21
| \
|
[ 19




o L, Ll Ll - )

~152-

X X, error% . h k 1 X X, error%
3 30,3 30,6 - 1.0k 1 3 =10 29.9- 29.8 -.13
3 45,0 44,7 -.65 - =l 3 =10 27.2. 27.2 el
3 53.8 53.5 ° -.k6 - 2 3 =10 33,7 .33.5 -.51
3 52,1  52.7 1.33 -2 3 =10 28.5 28.4 -.03
3 62.8 6h.l 2.1k4 3 3 =10 38.7 38.k4 -.52
3 8.0 1857 4L -3 3 =10 31.1 31.3 «90
3 206 2165 4,56 -4 3 10 35.2 35.6 1.32
3 245 25.7 4.9l 5 3 =10 52.6 52, ~037
3 362 37.4 3.5k -5 3 10 40.9 41,2 o7h
3 36.1 35,9 =50 6 3 =10 62.7 62.4 -o43
3 43.5 44,9 3.3k -6 3 =10 L47.6 48.0 « Ol
3 52.32 53.9 3,11 -7 3 =10 55:3 56.6 2.41
3 2k.5  2h.b <.30 -8 .3 -10 67.5 68.6 1.66
3 22,0 21,9 -.13 1.3 11 25.9- 26.5 @ 2.47
3 28,5 28.2 -.81 -1 3 11 28.4  29.4 3.83
3 23.8  23.7 -.19 2 3 11 27.1 27.7 2.23
3 27.0  27.2 %95 -3 3 11 37.0 38.3 3.77
3 ho.o 39.6  <.97 -4 3 11 43.5 Lh,7  2.82
5 3707 3800 099 -""6 3 1l 600 ’ 6207 3083
3 56s2 561 -.11 -1 3 =11  30.0 29.9 -.13
3 6.2  65.2 1.68 2 3 =11  36.6 36.3 -.70
3 20,5 21.3 3.90 -2 3 <11 31.0 31.0 o12
3 2%.1 -2kl 4,36 3 3 -11 4.5 k.2 .49
3 22.4  22.9 2.54 -3 3 =11 32,9 33.6 2.37
3 27.0  28.1 4,13 =4 3 211 37.5  37.7 «60
3 32,0  33.3 k.27 -5 3 =11 k2.9 43,0 oLl
3 54.9 564  2.87 6 3 =11 66.3 66,3 .13
3 27.2  27.1 ~.36 -6 3 =11 49.5 L49.8 -6k
3 2h,6  24.5 =020 -7. 3 =11 57.7 58.4 1.29
3 31.0 3048 =052 1 3 12 28,5 29.2 2.7k
3 26:1 26,0  =.15 2 3 .12 29.6 30.2 @ 2.19
3 29:0  29.2 .81 -2 3 12 34.9 36.0 3.38
3 k2,2 42.0 -o32 -3 3 12 39.9 41.1 3.14
3 33.7  33.7 026 2 3 =12 39.5 39.2 -.52
3 39.1  .39s5 1.11 -2 3 =12 33.7 33.7 .03
3 L5.6 - 46:5 1.99 3 3 =12 44,3 44,2 =.05
3 65. 66.7  1.bs -3 3 -12 35,0 36.1 3.24
3 23,1  23.8 3.38 -4 3 12 29.8 39,9 A3
3 25,8 26,7 3,70 -5 3 =12 45,0 45,1 035
3 2k, 25,2 1.92 6 3 =12 71.2 71.3 o1k
3 29, 30.6 2,50 =7 3 =12 59.9 60.5 1.12
3 34.5  35.8 377 -2 3 13 37.9  38.9 2.89
3 2,1 2.73 -3 3 13 43.0 Lh.,0 @ 2.54

41.0
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h k 1 X x, error% h k 1 o X, error%
2 3 -13 hoos Lok -.22 -1 3% =18 52.9- 53.0 ¢ 20
-2 3 <13 36,3 36.5 «57 2 3 =18 62.0 62,0 +09
3 3 =13 L72.3 474 -.69 -3 3 218 54,9 54,8 .0k
-3 3 =13 38.7 38,7 .12 -6 3 =18 71.0 71.9 1.40
-4 3 213 k2.2 Lok A48 1 3 =19 62.1 62.1 14
=5 -3 =13 4.5 A47.4 -2.13 -1 3 -19 57.5 57.3 -.28
-6 3 =13 53.8. 5h.l .57 2 3 =19 67.7 67,7 .l
=7 3 =13 62.2 63.0 1.40 -2 3 <19 56.0 57.3 2.49
-8 3 13 76.6 78.2  2.18 -4 3 <19 62,1 62,5 .68
2 3 "1k 35,2 35,6 l.41 -5 3 =19 67.8 68,3 «79
=5 3 1k 60.9 63,0 357 1 3 =20 67.9 68.0 .28
2 -3 =1& 45,9 45.7 =42 -1 3 =20 62,1 62.2 o2k
-2 3 -1k 39,2  39.4 J.63 -2 3 =20 61.9 62.1 M5
3 3 =14 51,1 50.9 .37 -4 3 =20 67.5 67.6 028
=3 3 =ik 41.7 H1.5 -.40 =5 3 =20 74,0 74,7 +97
5 3 <1k 67.9 67,8 <.02 1 3 =21 75.9 76.1 «37
-5 3 <14 48.4. 50.0 3331 -1 3 21 68.0 68.1 023
-6 3 =1k 56.2 56.6 -86 -2 3 =21 67.8 67.9 071
1 3 15 37.2 38.1 @ 2.42 -4 3 21 7h.0 7h.h .65
2 3 15 37.9 38.6 1.89 -1 3 =22 76.0 76.2 +36
1 3 -15 45,6 45,3 -46 2 4 14.1  13.8 -1.89
-2 3 <15 42,6 42,5 -.11 3. & 21,0 20.6 -1.89
3 3 415 .55.0 54,6 =58 L 4 28.2 27.7 =1l.51
=3 3 =15 44,2 L4 4 .67 5 4 35.9 35,4 -1.13
L . 3 215 62.2 62.2 .05 -5 4 © 34,1 35.4 4,08
‘5 3 =15 74,0 7kl 020 6 4. Lh.h  L4k,0 -7k
=5 3 <15 52.5 52,8 .59 -6 4 k3.1 44,0 2.24
<1l 3 16 43,9 44,8 2.19 7 k4 S5kl 54,1 -45
=2 3 16 -47.8. 48,8 2.12 1 4 1 6.8 6.7 -.26
1 3 =16 49,1 49,0 -.16 2 4 1 13.5 13.1 =2.47
-1 3 =16 45.2 45.4 56 3 4 1 20.2 19.9 -1.20
2. 3% 216 45,7 45,8 31 -3 4 1 20.3 21.0 3.60
=3 3 =16 47.7 47,6 -.0k4 L 4 1 27.4 27.1 -1.03
L 3 216 67.6 67.3 -.33 4 4 1 27.5 28,2 2.75
6 3 -6  62:2  62.9 1.27 5 L 1 35.2 34,7 -l.14
=7 3 16 73,0 7h.2 1.74 -5 4 1 35.1 36.0 2.68
1 3 17 43,9 44,6 1.74 6 4 1 43.8 L43.2 -1.15
1 3 =17 530 52.9 -.09 -6 4 1 43,8 44,7 2,06
-1 3 =17 49.1 49.0 -.03 7 4 1 53,7 53.2 -.89
-3 3 <17 51,0 51.0 022 -8 4 1 66,8 69.0 3,37
b 3 17 74,0  74.0 .11 1 4 -1 9.3 8.9 =3,32
-6 3 =17 66.2 66.9 1.19 2 4 -1 15.3 14.9 -2.35
1 3 -18 57.4 57,2 -.21 L 4 -1 29.0 28.6

-1.05
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x, xg error®% h Xk 1 A X, error%
4 -1 27.0 27.5 2,08 <4 4 -3 27.6 27.9 1.39
4 -1 36.9 36,4 -1.28 5 4 -3  329.3 -38.9 -.83
4 -1 34,5 35.1 1.98 6 4 -3 48,0 47.7 - k47
4 -1 42,9 43,6 1.77 -6 4 -3 42,7 L3.5 1.96
4 -1 55.8 55.3 -.82 2 4 L 14,3 14,2 -.66
4 -1  64:8 66.8 3,20 3 4 L 20.2 20.1 -2k
k. 2 . 7.1 6:9  -1.76 N L 30,1 31,2 3.87
b4 2 13.2 13.0 -1.48 5 4 L 24,5 3k, o9l
4 2 27,1  26.7 -1.34 -5 4 L. 38,2 39,0 2.32
L. 2 28.1 29,0 3.2k4 6 4. k42,8 42,3 -1.03
4 2 44,7 45,5 1.95 - -6 4. L 47,0 48,0 2.14
4 2 52.9 52.5 -.69 -7 4 4 - 57,5 58,9 2.51
Lo 2 68.7  70.7° 3,00 -8 L L 93,2  76.0 3.92
b -2 7.8 7.7 -.40 4 -4 13,0 12.7 -1.81
L. . -2 11.1 ° 10.8 -1.87 1 4 -4 15,8 15.3 -2.65
4 -2 9.1 9.5 4,89 -1 4 b 13,3 13,4 +97
4 -2  16.9 16,4 -2.90 -2 4 -4 16.8 17.0 1.33
4 -2 14,0 14,5 4,15 3 4 -4  26.6 26.0 -1.92
4. -2 23%.2 22.8 -1.59 -3 4 =4 22,0 22.3 1.43
4 -2 20.2 20.7 2.90 L 4 -4 34,2 32.8 -3.82
4. <2 30,1 29.8 -.78 44 =4 28,2 28.6 l.44
4 -2 27.1 27.6 1.97 5 L4 -4 41,0 40.5 -1.03
4 -2 34,6 35,1 1.51 -5 4 =4 25,0 35.7 2.09
4 -2 h6.7 L46.3 -84 6 4 -4 49,8 49k =63
4 -2 h2.5 434 2.31 =7k b 52,2 53,4 2430
4 -2 52.2 53,2 2.09 2 4 5 15.2 15.4 1,70
4 3 -7.9 8.0 1.80 3 4 5 21.2. 20.9 =1l.34
4 3 13.6 13,3 -i.74 [T 5 27.5 27.3  -.69
L 3 270 26.6 -=1.32 =4 4 5 3l.4  32.7  4.27
4 "2 3hk.6 34,1 -1.34 5 4 5 @ 34 34 =.96
L "% 36,8 37.8  2.83 -5 4 5 39.6 40.5  2.41
L 3 Lzo,9 Lo.4 -2,07 6 4 5 42,9 42,5 -.91
4 “% 45,7  46.6 2.13 . -6 4 5 48,6 49,5 2.02
b 3 56:0 57.3 2,37 -7 4 5 59.2 60, 12.83
b 3 70:8  73.0  3.13 -8 4 5 77.0 80.6  4.68
k4 =3 10,3 10.2  =.70 L -5 15.7 15.3 =2.19
L -3 13.6 13.0 -h4.02 1 & -5 18.1 17.8 -l.51
L -3 11.0 11.3 %.14 -1 4 ~5 15,7 15.6 -.01
L' -3 18.8 18.1 -3.39 2 4 -5 22.8 22.2 -2.20
4 -3 .15.2 15.6 2.79 -2 4 -5 18.7 18.7 .60
b4 -3 24,8 24,3 -1.82 -3 4 -5 23,1 23.5 1.84
k4 -3 21,0 21.3 1,86 -4 4 =5 29,0 29.4 1.70
4 -3 31,7 31,2 =1l.35 5 4 -5 42,9 42,3 -1.17
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1? k. X b'q error% h k 1 X X, error%
-5 4 -5 36,0 36.3 1.10 3 4 8 24,7 24,9 1.01
6 4 -5 51.8 5l.4 -.68 -4 4 8 36.9 38.h4 4,10
-6 L. -5 43,7 44,3 1.46 -5 4 8 h4h,9 L6.2 3,09
-7 & -5 53,0 53.8 1.5k -6 4 8 54.6 55.8  2.36
-8 4 -5 65.0 66,5 2.33 L -8 23.8 23.4 -l.52
2 4 -6 16.7 17.0 2.05 -1 4 -8 23.3 23.1 -kl
L 4 6 28.2 28:0 =.50 2 4 -8- 30.0 29.6 =-1.25
I 6 33.1 Bh.h - 4,02 -2 4 -8 25.1 25.0 -.36
5 k. 6 35.2 34.9 =.58 3 4. -8 3.2 349 -84
-5 k 6 L41.2 L2.2 2.53 - =3 4 -8 28.4 28.5 <65
=7 4 6 6l.5 63:.1 2.73 b 4 -8 41.8 41.3 -.98
b -6 18,2 17.9 -l.l1 -4k -8 33,1 33,5 1.43
"1 4 -6 20.9 20,3 =2.56 -5 4 8 39.2 39,7 1.48
-1 &4 -6 18.1 18,0 =,02 -6 4 -8 46.8 47,2 1.01
=2 4 -6 20.7 20.6 32 7 4 -8 74,8 4.2 -7k
-3 & -6 248 24.9 77 -7 & -8 56.0 565 @ 1.02
b4 -6 37.1 36.7 -.94 -8 4 -8 68.1 69.7 2.40
=i 4 =6 30.1 30.6 1.74 L 9 20.9 21.8 443
5 4 -6 449 Lhh -1.02 1 4 9 20,4 21.3 4,88
=5 4. -6 36.8 37:2 1.35 2- kL 9 22.7. 23.1 2.00
6 L . .-6 53.7 5%.6 .03 3 4 9 26.3 26,7 1.77
-6 L4 .. -6 - L4h;3. 45,0 0 T1.77 -3 4 9 32,8 34.0 3.82
7 b -6 665 66.0 =72 -4 4 9 39.1 40.7 k.10
-7 -4 -6 53,8 5h.h 1.26 -5 4 9 L47.8 48.6 1.80
-8 4 -6 65.8 67.2 2,16 -6 4 "9 57,1 '58.6 2.66
1 & 7. 15.7  16.3 k.07 4 -9- 26,5 26.2 -9k
2 bk "7 18.3 18.8 3.20 1 4 -9 28.9 28.4 -1.44
b4 7 35.0 36.3  3.78 -1 & -9 26,0 25.8 -.46
L <7 20,9 20,6 -1.00 2 4 -9 32.8 32,3 -1.46
1 4 -7 23,3 22,9 -l.3k -2 4 -9  27.7 27.4 -=1.02
-1 4 27 20.8 20.6 @ =.96 L 4 -9 Lh.2 Lhoo @ -.h42
2 4 27 27.5 27.0 -~=l.62 -5 4 -9 4.0 L41.3 <87
=2 4 7 22.8  22.7 =,26 6 4 -9 62.9 62.4 -e69
"3 Lz 32,9 324 -I1.37 -6 4 -9 48.3 48,7 . .87
-3 4 -7 26.5 26.6 .70 -7 k4 -9 56.8 58.0 2.15
L 4 -7 39.2 38:9 =258 -8 4 -9 - 69.3 71.6 3.41
b4 -7  31.7 31.9 <91 4 10 23.6 24.6 4,23
5 4 =7  kp.1  Le.7 -.82 1 4 10 23.1  24.0 k12
7 k4 -7 70,0 69.5 -57 -1 4 10 25.9 27.0 k.52
-7 - 4 -7 54,6 55.3 1.45 2 4 10 25.0 | 25.5 2.07
-8 4 -7 66,8 68.2 2.22 3 4 10 28.2 28.7 2.04
1 4 8 18.0 18.8  4.57 =3 4 10 35.1 36.5 @ 4.15
L4 8 20.3 20.9 3.13 -4 4 10 L4i.2 43,2 4,85
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error%

h k 1 X x, '-, h k 1 X, X, error%
\ . ( . B d

-5 4 10 50.3 51.3 1.99 6 4 <12 79.2 8.4 -1.00
-6 4 10 60.1 61.7 2.77 -6 4 -12 54,2 54,5 .71
4 210 29.3  29.1 -.55 . b 13  32.2 33.3 3.65
1 4 <10 31.8 31.3 =-1.36 1 4 13 31.8 32.5 2.32
-1 4 -10 28.8 28.6 -.51 -2 -4 13 38.5 39.7 3.31
"2 47 ozio 354 35.10 =71 3 4 13 35.2 35.8 1.78
-2 L4 <10 29,9 29.9 .19 -4 4 13 50.3 52.0 3.57
3 4 <10 40.8 40.3 -1.19 -5 L4 13 59,7 6l1.2 2.66
=3 L <10 32,8 32.9 «39 -1 4 13 37.8 37.5 -.03
b 4 <10 47.2  46.8 =72 2 4 -13 45.0 44,5 -.99
4 4. 210 37,0  37.3 ".98 -2 4 <13 38.5 38.3 -.30
-5 k210 428 43,1 - .82 -3 4 213 40,8 40,7 =020
-6 L4 210 50,0 50.k .82 L 4 13 57.4 57,1 -.46
-4 11 264 2704 3.94 <4 4 L13 W42 44,5 «79
I 4 11 26,0 26,7 3.04 5 L -13 67.8 67.3 =261
= 4 11 28.7  29.8 4,13 -7 4 A3 66.4 67.3 1.47
-3 4L 11 37.8 39.2  3.79 L1k 35.5 36.5 2.8l
-6 L4 11 63.7 65.4 2.77 1 4 14 34,6 35,5 2.81
b 211 32,5 32,1 -1.19 -2 4 14 41,8 k2.9 2.79
1 4 -11 3h.7 o 34,3 -+99 3 k4 14 27,8 38.5 1.87
-1 & <11 3.8 3.5 -.88 L -k 42,0 h4r.7  -.63
2 4 211 38.3 38.1 -.48 1 4 <14 443 L4 -.33
-2 4 11 32.8 32.6 ~.51 -2 4 a4 L1.6 Kb -2k
-3 4 11 35.2 35.3 oLk 3 4 Ak 5k 53.6 - 77
L 4 <11 50,3 49.9 -.68 .o 4 <14 61.9 6l.h4 -.76
=4 L 211 39.2 39.5 .91 =4 L oAbk 47,10 47,3 .60
=5. 4 <11 44,8 45,1 .82 5 4 <14 74,0  73.5 -.59
6 4 <11 71.8 71.3 .62 -7 4 14 70.0 71.1 1.60
-6 4 -11 51.9 52.3 .88 L 15 38.6 39.7 3.00
=7 4 11 60.7 61.8 1.93 1 4 15 37.6 38,7 3.03
- 4 12 29.4 30.3 3.27 -1 4 15 4.0 42.3 3.19
"1 4 12 28:8 29.6 2.83 2 4 15 38.4 39.2 2.29
1 4 12 31.8 32.8 3,14 -2 4 15 45,0 L46.3 3.0k
3. 0k "l2 32.8 .33.3 1.56 -4 4 15 57.2 59.6 k.36
ook 212 35,20 35,1 -.04 L 15 45,3 45,2 -.06
‘1 4 L1200 37.8  37.b -.88 1 4 =15 48.0 47.7 -4l
-1 4 12 34.6  3h.h «29 -1 4 <15 44,2 h4,2 «15
2 4 12 m.5 4l.2 -.62 -2 & <15  4h.9  L4h,7 -a22
-2 4 12 35:5 35.4 .18 3 4 <215 58.2 57.8 -.58
-3 4 12 38.0 37.9 -.13 -4 4 .15 50.2 50.4 oSk
L 4 12 53,7 53.3 -6k -6 4 =15 63.0 63,4 .68
b b <12 41,7 41,9 .60 -7 4 -15 7h.9  76.1 1.63
-5 4 47,1 .68 14 41.1  L42.0 2033

~12

47,k
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error%

h k 1 x x h k 1 x x error%
] o c o . c

-1 4 16 44,7 45,8 2.51 4 21 64,0 65.2 1.96
2 4 16 L41.8 L2,k 1.60 1 & 21  61.8 63.0 2.07
-2 4 16 48.7 50.0 2.71 4 21 78.4 78.2 -.15
L <16 49.1 49.0 -.11 -1 4 =21 74,5 74.5 .06
1 4 <16 52.0 51.7  <.51 -2 L 21 74,0 4.2 «27
=1 4 16 48,0 47.9 -.17 i 22 70.8 72,3 2.20
-2 & 216 47:8 48.3 1.10 2 5 15.2 14.5 -3.96
<3 4 216 50.3 50.2 -,01 3 5 22,3 21.5 =3.15
<4 4 -16 53:7 538 .31 4 5 29.8 29.0 -2.41
‘1 &4 17 4.8 45,5 1,72 5 5 37.9 37.2 ~1.81
2 b 17 45,0 U45.8 1.92 -5 5 36.1 . 37.2 3.08
-2 4 17 52.3 54,0 3 25 -7. 5 56.2 57.k4 2,29
= 4 217 531 53.1 Ok 2 5 1 1h.3 13.8 -3.45
1 4 -17 55:8 56.0 Al 3 5 1 21.7 20.8 -3.90
-1 4 =217 51.8 51.8 209 5 5 1 37.0 36,4 =1.55
c=2 - bk -17 52,0 52.1 429 -5 5 1 36.2 37.7 4.26
-3 4 217 538 54.0 o6 6 5 1 4.0 45.4 -1.09
4 A7 57.4 0 57.6 okl -7 5 1 57.0 58.3 2.35
-6 4. 17 7.8 72.6 1.11 1 5 -1 10.2 9.8 -3.83
1 4 18 47.9 49,3 2.97 2 5 -1 16,4 15.8 -3.47
20 4 18 k8.7 k9.5  1.65 L 5 -1 30.8 30.1 -2.26
L 18 57,6 57.6 007 -4 .5 -1 27.9 28.9 3.65
-1 4 <18 56.2 56:i1 =05 5 5 -1 38.8 38.2 -l.4l
2. & 18 66.5 66:4 - -.03 6 5 -1 48,1 47.5 -l.21
-3 .4 -18 58.2 58.2 .05 -7- 5 -1 55,8 56.9 ~2.01
4 4 18 61.7 61.9 R 2 5 2 14,0 13.5 =3.35
=5 .4 18 67.7 68.2 «75 3 5 2 21.2 20.4 ~3.45
6 4 18 79.1 80.3  1.59 L 5 2 28.8 27.8 =3.21
; 4 19 52,8 54,9 4,06 -5 5 2 36,8 38.5 4,69
2 L4 19 52.2 53:k4 2.41 6 5 2 454 44,8 -1.18
. L 19 62.7 62.8 .18 -7 5 2 58.0 59.4 2.56
1 4 =19 66.8 66,7 @ ~.lb 1 5 =2 12.2 11.8 -2.99
i 2 4 <19 738 73.8 .05 -1 5 -2 10.0 10.4 4,99
=2 4 =219 60,9 6l.l 635 2 5 -2 18.2 17.4 k.26
| W L 219 66.6  67.1 .76 -2- 5 -2 15.0 15.5 3,73
‘ 5 4 =19 73,9 7h.6 «97 3 5 -2 24,8 24.0 =3.03
4 20 58.2 59.6 2.57 -3 5 =2  21.2 21.9 ° 3.44
-1 4 20 60.5 63.k 4.82 L 5 =2 - 32,1 3l.3 =2.22
L 20 69.0 69,1 017 -4 5 -2 28,2 29.0 3.02
1 4 =20 743 4.3 .08 5 5 -2 4ol  39.5 -1.k0
-1 4 =20 66.9 66.8. ~.09 -5 5 -2 35,3 36.9 4,60
-2 L4 20 66,5 66.7 238 6 5 -2 49.6 48.9 -1.40
44 —20 73,2 73.8 .82 -6 5 -2 44,8 45,8 2.33
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h k 1 X x error% R kx 1 x X error%

. [o] c (o] .

1 5 -9  31.0 30.3 ~2.14 1 5 =13 43,8 43,4 -.86

-1 5 -9 28.0 27.6 -1.28 -1 5 -13 40,5 L40.0 @ -.98

-2 5 -9 29.3 29,2 -.23 -2 5 <13 41.0 40.9 -.16

=3 5 =9 32.5 32.6 o35 -t 5 13 4.2 47.5 o73

-4 5 -9 37.2 37.5 .92 =5 5 =13 53.2 53.4 ol

5 5 =9, 56,2 55,5 =1.13 -6 5 =13 60.2 61.6 2.42

6 5 -9 50,5 51.9 2.77 1 5 4 35.2  36.5 3.92

2 5 10 25.2 26.1 3.58 -2 5 14 L42.7 L4;5 4,22

5 5 10 518 53.7 3.81 1 5 =14 47,7 47,1 -1.13

1 5 =10, 33.9 33.3 <L.49 -1 5 =14 44,0 43.6 @ -.89

-1 5 <10 31.0 30.5 =1.39 -2 5 -14 44,2 44,3 23

'2 5 =10 38.0 37.3 =1.68 -4 5 <14 50.4 50.6 256

-2 5 -10 32,0 31.9 -23 -5 5 14 56,2 56.6 .72

=3 5 10 34,8 35.0 «65 -7 5 -1k 79.2 8L.9  3.49

b5 =10 50.5 49.9 -1.17 1 5 15 38.2 39.9 L.A48

b 5 . -10  39.5 39.7 51 -1 5 15 42,1 43,7 3.90

5 5 -10 59,8 59.1 <=1.10 -3 5 15 52,2 54,3 4,04

=5 5 =10 45,3 45.8 @ 1.29 -1 5 =15 L47.0 47.3 72

-6 5 =10 53,0 53.8  1.55 3 5 =15 63.1 62,6 =-.72

b5 11 45.8 47, hot3 4. 5 -15 53.9 5h.l L6

-5 5 1t 5hki8 56.9  4.00 -5 5 -15 59.8 60.2 270

“E 5 11 37.1  36.5 -l.41 1 5 16 k42,0 L43.4 3,39

-1 5 11 33.9  33.6 =86 . -3 5 16 56.5 58.6 3.81

"2 5 11 41,2 40.5 -1.58 -1 5 <16 50.9 5.3 092

=3 5 =11 37,7 37.6 -.18 3 5 =16 69,0 68,6 . =.54

Tk 5 L1100 53,9 53.3 -.98 -3 5 -16 53.2 54.0 1.50

-4 5 211 41.9 42,0 o43 =4 5 216 57.8 58.0 k2

"5 5 =11 64,0 63.2 -1.11 =5 5 =16 64.0 6h.h .70

-6 5 =11 55,2 56.0 1.56 =3 5 17 6l.3 63.6  3.89

-’k 5 12 29.1 30.3 k.26 3 5 =17 775 77.0  =.57

! 3.5 "12 k.8 43,6 L.uk -3 5. =17 58.1 58.3 035

<4 5 12 49,0 50,9  L.07 -5 5 =17 68.8 69.6 1l.21

-5 5 12 58.2 60:.6 @ 4.23 -3 5 18 67.3 69.9 3.86

| "I 5 212 40,2 39,9 -.72 -2 5 -18 60.8 61.0 o)

-1 5 =12 . 37,0 36.7 <.60 -3 5 <18 63.0 63,2 A2

| =2 5 =12 hhi,2 43,9 2,60 <4k 5 18 66.9 67.9 1l.51

g -2 5 ~12 37.8 37.7 -.09 -2 5 -19 66.1 66.8 1.19

‘ -3 5 <12  40o.4 Lo.4 .05 -3 5 =19 69.0 69.3 052

4 5 <12 43.8 Lh4.6 2.03 -4 5 -19 74,5 75,1 -89

3 5 5 -12 69,00 68.3 -1.01 -2 5 =20 7kl 7h4.7 .83

t -6 5 <12 57.2 58.6 2.53 =3 5 =20 77.7 78.2 +65
1 5 13 32.0 33.3  4.36
-5 5 13 62.3 64.9 4,30
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APPENDIX D

Table XXXVI. List of Observed and Calculated Structure Factors

. [»] (]
2 537.  kép
3 326 -30k-
4. 256 275
7 162 -125
8 102 99
2 879 -89
3 1 271 -254
h I 129 - 131
6 -1 178 -168
7 1 115 95
8 I 107
1 =1 348 28
3 -1 254 -269
4 -1 171 173
5 -1 175 -159
7 <1 247 -216
1 2 363 -296
2 2 527 465
3 2 271 =251
6 2 298 ~306
1 -2 392 31k
2 -2 k92 -525
4 -2 Loz 423
6 =2 115 146 -
7 -2 20k 193
0 B 4 451
i '3 383 307
3 -3 316 -278
n 3 129 120
6 3 33 -313
X -3 780 7hl
2 -3 792 =770
5 =3 103 101
b =3 163 156
4 599 -647
1 L 3ok 753
2 b 506 =52k
3 4 268 -265
b L 274 285
6 4 311 -291
1 -4 596

- h- 1 F F
[o] [of

2 - =4 . 660 -705
3 -4 148 161
6 -4 139 -149
o] 5 Lyl =411
1 5 605 586
2 5 743 ~776
b 5 . 177 187
6 5 166 -164
1 -5 337 345
2 -5 301 ~-275
3 -5 154 158
k. -5 4o ~37
5 -5 257 281
6 -5 254 =257
0 6 330 -311
1 6 337 375
3 6 88 76
4 6 398 bs2
5 6 151 -160
7 6 115 «105
1 -6 137 108
2 -6 65 -96
3 -6 169 -175
5 -6 239 275
6 -6 259 -250
1 7 137 121
2 7 297 -264
3 7 140 149
4 7 162 175
? 7 127 -1
8 7 102 113
2 =7 77 81
3 -7 221 228
5 -7 168 157
6 -7 115 -131

8 236 239
2 8 75 -99
3 8 158 163
6 8 120 143
7 8 254 =222
8 8 102 99




h 1 F F
(o) C
4 -8 117 -153
7 -8 96 -95
2 9 83 91
3 9 181 -186
7 9 210 -188
i3 =9 166 -152
2 -9 96 107
7 -9 123 -164
0 10 468 450
1 ‘10 162 -150
3 10 216 -229
5 10 290 298
6 10 122 ~164
3 -10 “68 -102
L -10 119 153
5 =10 115 =122
7 =10 123 -95
11 384 Loz
2 11 97 109
2 11 281 286
6 11 279 -264
1 -11 137 130
2 -11 106 -122
K =41 297 286
7 =11 113 -85
. “i2 97 ‘98
1 12 102 118
b 12 149 -160
5 12 164 170
6 12 26k -263
2 <12 336 -328
3 -12 228 -221
b -12 210 197
h 13 198 226
2 13 105 -120
6 13 115 -129
1 -13 229 236
0 14 77 =63
1 1k 198 213
2 14 290 -310
b 14 115 165
L -14 113 1109
6 ~14 77 ~92

-161-

h. k 1 F F

(o] C
3 15 201 ~214
4 15 254 284
5 15 117 ~128
7 15 96 ~97
1 -15 115 -121
2 - -15 223 -192
5 ~-15 70 86
0 16 349 307
1 16 96 -121
b 16 - 205 199
? 16 100 =113
5 =16 119 101
0} 17 198 186
2 17 210 -~202
7 17 115 ~101
0 18 174 159
7 18 79 =7k
1 1 863 825
-1 1 699 652
=2 1 150 91
3 1 288 325
-3 1 595 =617
- 1 55 53
-5 1 22k 229
-6 1 80 86
-7. 1 61 =7k
8 1 114 110
-8 1 69 68
1 1 1 731 <655
3 1 1 126 99
-3 1 1 176 -166
b4 1 1 69 -69
-4 1 1 316 -376
5 1 1 52 -51
-5 1 1 286 278
-6 1 1 61 68
-7 1 1 61 =79
8 1 1 110 118
-8 1 1 38 b1
1 1 -1 312 =275
-1 1 -1 768 =822
2 1 -1 Log -455
'3 1 ~1 129 121
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e el el el o R e e e e e o e e e e Sl S I S ST Sy AUy e STy SR S Sy Sy W e A N P W R

N R C R R RN PR IR PR WRRIORRY

Q (o4 0 o
Loz -521 -1 1 -3 198 188
45 -59 2 1 -3 146 165
174 174 -2 1 -3 430 467
259 =224 : -3 1 -3 302 ~326
122 113 b4 1 -3 215 231
75 ~7Q ~b 1 -3 66 75
340 =246 5 1 -3 174 -186
228 -109 -5 1 -3 4y 72
228 -217 - 6 1 -3 104 -98
505 537 7 1 -3 75 73
292 -263 -7 1 -3 68 =59
133 148 1 1 L 682 =730
298 =324 -1 1 4 274 301
66 =73 2 1 4 221 230
310 320 -2 1 4 413 ~402
131 -116 3 1 h 155 153
61 75 -4 1 4 157 -136
149 137 5 1 b 181 ~184
26 =42 6 1 b4 81 ~76
193 -198 -6 1 b4 73 88
325 ~278 7 1 - 4 68 59
113 =134 8 1 L 93 83
134 142 -8 1 4 135 -129
121 -100 1 1 -4 141 132
231 23k -1 1. - 480 505
1 =150 2 1 -4 160 121
160 156 -2 1 -4 115 138
100 -111 3 1 -l 131 131
60 -7k ' -3 1 -+ 139 115
Y72 759 Y1 b 269 294
73 "+68 5 1 -4 194 -184
283 258 6 1 —r 143 -130
701 728 -6 1 =k ok 101
518 465 =8 1 =l 90 -96
566 630 -9 1 -l 48 Ly
268 -287 1 1 5 278 -299
220 =219 -1 1 5 L6 450
. 158 -169 2 1 5 448 - Leh
283 317 -2 1 5 170 184
81 96 3 1 5 257 266
184 156 -3 1 5 255  -266
135 =115 L1 .5 306 353
459 493 ~4 1 5 171 204
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h k 1- F F
¢} .+
'5 1 5 215 -217
-5 1 5 92 ~-104
6 1 5 131 ~-122
-6 1 5 62 78
7 1 5 68 67
-8 1 5 127 ~-105
1 1 -5 12k 107
-1 1 <5 136 -128
2 1 -5 143 125
-2 1 z5 150 ~170
3 1 -5 66 67
-3 1 -5 127 ~167
4 1 -5 239 290
5 1 -5 131 -154
6 1 -5 122 -124
8 1 -5 52 48
=8 1 -5 148 -156
~9 1 -5 89 73
1 1 6 Ly 460
-1 1 6 72 oA
"2 1 6 390 b15
-2 1 6 11k “95
3 1 6 251 280
-3 1 6 321 -371
4 1 6 286 321
-4 1 6 271 267
5 1 6 263 =277
-5 1 .6 60 68
6 1. 6 76 =80
-6 1 6 114 112
/2N ~6 68 T65
-3 1 6 .56 -37
"1 1 =6 . 24k 235
~X 1 -6 128 -118
2 1 -6 120 141
‘-2 1 -6 156 -130
3 1 -6 256 288
-3 1 -6 38 -3l
L 1 -6 90 112
-4 1 -6 222 ~248
5 1 -6 73 -71
6 1 -6 63 =77
8 1 -6 75

~163-

h k 1 F F
(o] C
-8 1 -6 137 -140
-9 1 -6 82 81
1 1 7 63 ~48
-1 1 7 170 156
-2 1 7 187 211
=3 1 7 291 -329
4 1 7 216 211
5 1 7 305 =314
-5 1 7 Lo 67
6 1 7 52 -65
-1 1 -7 230 -23%9
2 1 -7 251 292
-2 1 -7 143 =126
3 1 -7 158 182
-3 1 -7 117 -129
-4 1 -7 220 =214
5 1 -7 7. ~63
-6 1 -7 214 246
8 1 -7 65 56
-8 1 ~7 141 -116
-9 1 <7 80 68
1 1 8 169 -181
-1 1 8 50 58
-3 1 8 227 =245
L4 1 8 1h2 14
-4 1 8 80 =85
5 1 8 275 =307
-5 1 8 102 109
1 1 -8 237 -277
2 1 -8 120 107
=2 1 -8 115 -140
3 1 -8 243 251
-3 1 -8 80 =80
=4 1 -8 272 =294
5 1 -8 59 . =35
~5 1 -8 178 185
-6 1 -8 117 118
7 1 -8 66 53
-8 1 -8 109 -102
1 1 9 4o ~69
-1 1 9 50 60
-2 1 9 191 212
-4 1 9 183 =205




LL_L

h k 1 F
o [}

-5 1 9 99 105
-6 1 9 76 85
1 1 -9 8  -102
-1 1 -9 238 291
2. 1 -9 205  -226
-2 1 -9 243 =279
3 1 29 276 294
=3 1 -9 238 -29k
Lo -9 122 141
2k 1 -9 238 -288
5 1 =9 97  -116
-5 1 -9~ 180 186
=6 1 29 108 111
7 1 -9 47 38
=7 1 -9 59 =68
11 '10 43 -59
-2 1 “10 ‘53 =70.
-3 1 10 193 217
=4 1 10 247 =271
=5 1 10 12k 143
-6 1 10 65 53
1 1 -io 243 -248
-1 1. =10 .86 100
2 1. =10 150 @ -167
-2 1 =10 117  -117
3 1 <10 39 364
-3 1 -10 150  -19
-4 1 -0 109  -121
5 1 =10 89 =88
=5 1 =10 143 151
‘6 1 -l0 7k -66
<6 1 =10 119 128
7 1 =10 36 32
= 1 -lo €0 -7k
8 1 -10 50 49
1 i “1r 46 -55
-1 1 1 139 152
-2 1 11 232 -25%
-3 1 11 115 120
-4 2 11 189 =201
-5 1 A1 124 99
-6 1 11 s 45
1 1 -1l 13 -117

~164- -
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i 11 2k 288




h k 1
. o c
1 k4 11 102 ' -94
-1 L 11 127 -131
-3 b 11 88 =81
-6 4 11 104 ~79
0 4. -11 - 201 -197
1 i -11 204 180
-1 4 -11 215 221
2 b4 -11 224 -223
-2 4 -1 161 -186
-3 b -11 67 =75
4 4 -11 92 87
-k L. 211 86 -97
-5 4 11 147 142
6 4 -11 4o -38
26 4 =11 135 142
-7k -1 ko 3h
o1 L 12 117 -150
-1 4 12 117  -123
-6 b 12 Le =30
0 L . <12 82 -55
1 4 ~12 157 14
-1 4 12 188 186
2 Lo 212 150 -127
-2 n -12 2kl 242
=3 b -12 3k =31
} <k k. -12 97 118
=5 L =12 1h2 157
6 4 12 89 -38
-6 b 212 66 =65
"1 L 13 121 -129
-1 4 13 50 -76
{ 2 4 13 120 -153
! -4 i "3 61 71
-1 L -13 1k 141
2 k4 -13 92 -83
-2 L 13 21k -223
=3 & 13 50 b3
b L -13 62 63
-4 b -13 124 143
5 4 <13 ks 48

h k F
o] C
-7 4 ~13 69 -72
b 14 188 254
1 L 14 53 -95
-1 4 14 50 79
-2 i 14 166 -185
0 L - <14 224 209
1 L -1k 100 =75
-2 4 ~14 150 -133
3 L ~14 87 -83
4 L ~14 48 54
=4 i ~1h 87 88
5 4 -14 55 48
-7 i =14 68 -56
Ak 15 70 73
1 n 15 52 81
-1 4 15 156 199
=2 4 15 121 -153
- i 15 103 89
i -15 291 315
1 4 15 93  -104
-1 4 -15 110 -89
-2 b -15 90 -85
3 b -15- 59 ~65
4. 4 -15 99 ol
-6 -4 -15 36 39 -
-7 b -15 112 -85
1 L.. 16 148 206
-1 L4 16 150 201
-2 i 16 137 -158
4 ~16 197 216
1 4 -16 79 =101
-1 4 -16 114 -103
-2 4 -16 3k -31
-3 L -16 41 ~lh
-k 4 -16 86 74
1 L .19 131 174
-1 L 17 86 122
-2 k& 17 95 -122
4 -17 194 209
1 4 -17 50 -61
-1 4 ~17 106 -109




Ll

h k F F
(o] [+

-2 4 -17 4o 42
-3 b ~-17 95 -82
-4 4 ~17 87 60
-6 L ~17 4s ~hh
b -18 104 126

-1 L. a8 50 =58
2 L 218 60 -75

=3 4 =18 56 -63
o 63 53
=5 4 £18 56 50
6 & 218 95 293
P 1 60 89

I A L7 62
2 4 <19 68 -89
=2 4 =19 L8 =52
=5k 19 32 38
-5 k=19 55 56
=1 4 20 75 -79
& =20 36 ~kh
1 & =20 66 S

=] b -20 41 "65
-2 k -20 68 -87
=4 b -20 36 38
R "S- B k6
aF b -21 69 + 80
=2 L =21 70 L9%
‘I 5 363 -298
-1 5 43 g e
"2 5 4o -29
23 5 322 286
3 5 223 216
=3 5 463 =455
b5 190 183

= 5 119 ‘96
5 5 208  -203

-5 5 150 -129
-7 5 101 -100
1l 5 58 55

-1 5 1 21 19
2 5 1 154 -164

-2 5 1 328 289

=177=

'k 1 F F
. (o] C
-3 5 1 310 -272
5 5 1 97 -75
-5 5 1 245 236
6 5 1 60 -61
-7 5 1 86 ~71
1 5 -1 112 -70
-1 5 =1 285 282
2 5 -1 120 98
-2 5 -1 168 149
-3 5 -1 486 -513
b4 5 -1 298 289
=4 5 -1 216 208
5 5 -1 229 -214
6 5 -1 100 -98
-7 5 -1 112 -111
i 5 2 59 -29
2 5 2 302 «-260
-2 5 2 60 48
3 5 2 433 kg2
-3 5 2 117 -104
4 5 2 191 -178
=4 5 2 258 22k
=5 5 2 173 156
6 5 2 119 -104
-7 5 2 9% ~82
-8 5 2 36 30
1 5 -2 66 =49
-1 5 -2 101 74
2 5 -2 211 206
=2 5 -2 60 33
3 5 -2 194 ~-163
-3 5 -2 bhr -472
b4 5 -2 343 365
-k 5 -2 216 192
5 5 -2 109 -93
6 5 -2 52 =53
-6 5 -2 75 7h
-8 5 -2 54 -4z
1 5 3 4z2 =396
-1 5 3 328 529
2 5 3 290

-269




Ll

h k 1 F
(o] (]
-2 5 3 183 . -147.
-3 5 3 154 132
4 5 3 191 -212
& 5 3 271 -259
5 5 3 46 51
-5 5 ) 131 109
6 5 3 147 ~117
-7 5 '3 50 =51
1 5 -3 108 =88
- 5 -3 77 55
2 5 =3 229 219
=2 5 -3 128 -118
3 5 -3 217 -221
=2 5 -3 239 -229
L 5 -3 194 192
5 5 -3 5k -65
6 5 -3 36 =36
-6 5 -3 127 118
-8 5 =3 =95 -8k
‘1L 5 4 262 -308
<1 5 b4 Lhy 438
2 5 R 1 -51
-2 5 4 291 -252
"3 > h 25k 256
-3 5 L 210 193
4 5 “h 104 "=92
=4 .5 "4 10k =72
<5 5 n 201 20k
-6 5 4 94 78¢
1 5 <k 216 -218
-1 5 ~l 101 186
2" 5 -4 157 153
=2 5 <4 217 -225
c=h 5 -k 190 -189
-5 5 -4 100 89
6 5 -4 68 ~60
-6 5 -k 123 108
-8 5 =4 103 -100
1 5 5 372 =4hg
-1 5 5 380 425
-2 5 5 326  -290

=178~

k F

[o] C

3 5 5 101 101
-3 5 5 173 -175
=4 5 5 151 -146
-5 5 5 104 84
-6 5 5 137 115
=7 5 5 43 29
1.5 -5 189 -200
-1 5 -5 201 234
2 5 -5 3h -58
=2 5 -5 235 =216
3 5 -5 184 193
-3 5 -5 200 183
4 5 -5 96 -104
-4 5 -5 309 -306
-5 5 -5 210 200
6 5 -5 48 -51
-6 5 -5 5k 60
-8 5 -5 75 -70
-1 5 6 166 177
-2 5 6 70 L
-3 5 6 255 =247
-4 5 6 101 -61
-5 5 6 58 =48
-6 5 6 117 97
-7 5 6 66 39
1 5 -6 122 -154
-1 5 -6 185 208
2 5 -6 137 -115
-2 5 -6 149 =152
3 5 -6 216 182
-3 5 -6 218 217
L5 -6 65 =65
-4 5 -6 339 -389
-5 5 -6 227 222
1 5 7 157 ~160
-1 5 7 bl =39
-2 5 7 157 148
-3 5 i 221 =212
-6 5 7 69 68
-7 5 7 43 22
1 5 =7 69 83




h k 1 F F
. o c
-1 5 -7 117 150
2 5 ~7 303 -345
-2 5 -7 43 62
3 5 -7 266 262
L 5 -7 39 -30
-4 5 -7 195  -197
B3 5 -7 1ok 102
26 5 -7 103 98
% 5 =7 5% =50
=8 5 -7 27 33
1 5 "8 40 51
=1 5 "8 123 -126
2 5 8 '55 =22
2 5 & 178 191
=3 5 8 2p2 -298
6 5 8 65 56
1 5 =8 106 81
-1 5 -8 67 -86
2 5 -8 256 276
-2 5 -8 1k 136
"3 5. -8 212 260
-3 5 -8 173 -191
-5 5 -8 54 60
-6 5 -8 - 7h ek
1 5 9 112 132
-1 5 "9 79 -84
2 5 9. 1k -145
=3 > 9 190 =192
z6 5 "9 <60 ‘52
-7 5 9 48 =30
Sl 5 =g 158 -162
-I 5 -9 108 ~92
-2 5 L9 295 361
3 5 -9 86 104
-3 5 -9 209 -196
-4 5 -9 103 111
5 5 -9 Sh -8k
-6 5 -9 46 A
1 5 10 85 99
2 5 10 162

-179-

h k 1 F F
o o c
-3 5 10 kg 45
=4 5 10 95 -113
~5 5 10 ok 88

1 5 -10 169 2169
-1 5 -10 148 152

2 5 -10 .73 67
-2 5 -10 231 278
-3 5 -10 256 =276

4 5 =10 55 109
-4 5 -10 87 81

5 5 -10 77 -104
-5 5 -10 60 ~59
-6 5 -10 88 73
-1 5 11 48 50
=4 5 11 120 -130
-5 5 11 103 95
S 1 5 -11 149 -176
-1 5 -11 168 169

2 5 -11 92 116
-3 5 -11 225 ~266

4 5 -11 49 103
-4 5 -11 59 25

5 5 -11 87 ~112
-6 5 -11 77 59

1 5 12 59 =72
-1 5 12 93 125
-3 5 12 60 55
-4 5 12 114 ~-104
-5 5 12 97 85
-6 5 12 39 29

1 5 -12 1h4 ~153
-1 5 -12 158 179

2 5 ~12 77 118
-2 5 =12 74 =75
-3 5 -12 109 =109
-4 5 212 38 L6

5 5 -12 L7 =70
-6 5 ~-12 Lo 48

1 5 13 90 -129
-1 5 13 76 87
-4 5 13 50 -48




h k- 1 F F
o C

-5 5 13 68 57
1 5 -13 103 -158
-1 5 -13 167 165
-2 5 -13 115 -123
-4 5 -13 61 -71
=5 5 -13 63 .70
%6 5 =13 -40 35
1 5 1h 63 -96
<1 5 14 86 121
-2 5 14 79 -86
1 5 ~14 43 -72
<1 5. =1k 1k 172
-2 5 -1k 120 -134
-4 5 -4 1227 -119
-5 5 =14 110 96
-6 5 -14 28 T 33
¢ 5 -1k 60 ~41
1 5 15 82 -133
-1 5 15 130 187
-3 5 15 50 -80
<1 5 -15 58 - 78
3 5 -15 38 .93
=4 5 =15 102 -113
-5 5 =15 109 110
1 5 ‘16 115 -176
21 5 16 58 87
-3 5 ‘16 103 -118
=1 5 -16 66 60
"3 5 <16 L6 89
=3 5  -16 132 =52

zh 5 =16 .90 -89 .
5 5 16 122 113
=305 17 137 -141
73 5 -17 Lz 70
=3 5 -17 60 -82
-5 5 -17 79 71
-3 5 18 108 -112
-2 5 -18 59 80
-3 5 -18 81 -102
-4 5 -18 38 37
5 .19 68 -57

-180~

h k 1 ¥ F
(o] [+]
-2 5 =19 68 .79
-3 5  -19 70 -94
-4 5 .19 29 29
-2 5 -20 22 Lo
-3 5 -20 59 =71
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APPENDIX E
The simplified forms for calculation of electron densities

a. For three dimensions
h_h.h

oo " 2 l ’ .
. }’(xlxzx3 )=1/ vg_j s> (Ahi‘hah}cos (b, x, +h 2x2+h3x-3)
h3h2hl

+Bhlh2h351n(hlxl+h2x2+h3x3))

b. For two dimensions

bh } S

S .

?(xlxz)-l/sgig}(Ah n cos(hlx1+h2x2)+Bh u 51n(hlxl+h2x2))
hZhl 12 172

c. For one dimension
h
1 .
g(xl)-l/yg,(Ah_cqﬁhlx1+Bh sinh x, )
.h 1 1
1 )
Because of the centrosymmetrical n@ture of the x-ray reflections

(Friedel's law), which is due to the electron density Being real, some

simplification of the above Fourier equations cam be done 'based on the

following reasoning.

a. For three dimensions, instead of taking all the reflections

from the whole sphere of reflection, twice of the half sphere of

reflection may be taken.

b. For two dimensions, twice of the half circle of reflection

may be taken.

Errors start when the halfs are Being taken. Because some re-

flections show up at the common circle, line, or point, the whole re=-

flections can not be divided exactly into twe. Usually more than twice

the half is taken. The common errors are as follows. (The following

equations are cerrect, only when all unique réfiections are included
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)
using proper- weighing).

For three dimensions

a.
hzhoh
=251
g(x1x2x3)-2/ﬁ§-ﬁ T (Ah nh gos(hlxl+h2x2+h3x3)
21 17273 ,
*B, 4 1 51n(h1x1+h2x2fh3x3))
17273
b. For two dimensions
hohy ‘ .
?(xlx2)=zv@§zzz (Ah I cos(hlxl+h2x2)+Bh b 51n(hlxl+h2x2))
= 172 . ; 172
Oh .
1
c. For one dimension

' g(xl)=2/¥§;(Ahlcoshlxl+Bhlsinh1xi)'

The physical meaning of these errors are that

ao‘ﬁfer”fﬁree dimensions
the common circle between‘thé two half spheres has been used

twice’;
for-two dimensions

Co
the. common line between the two half circles has been used

twice;
¢. for one dimensions
the common point between the two half lines has been used

twice;
These errors in the Fourier equations are very significant, because

it is be these simplified Fourier equations that most computer Fourier

programs are written.
The correct forms of the simplified electron density are

a. For three dimensions
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? h . h
(x,x x-)=l/mZEE ( cos(h x_+h_x.)+B .,
17273 ik AhthO 171 7272 hthOSln(hlxl

21
h h.h
+h_ % ))+2/vz§Z%E}Ah cos(h.x. +h. x_ +h_x.)
X/ VE2 =By g ¥ XXy
1 h.h 17273
271
+Bhlh2h351n(hlxl+h2x2+h3x3))

For two dimensions
?:1 ha hy
?(xlx2)=l/sﬁl(AthGOShlx1+B#1081nhlxl)+a/é%;§

1 hl
(Ahlhchs(hl#l+h2x2)+Bhlh251n(hlxl+h2x2))

bﬂ

The first part represents the center line (h2 being zero) in

Fig. 22, whilé the second part represents twicé the ﬁpper circle, which
is equal to the/yhoIg‘circle except. the center line.
c. For one dimension l
h
= = i
g(xl) Ao/l+2/ll (Ahlcoshlxl+Bhlslnhlxl)
Derivation of the correct simplified equations

"For one dimemnsion

a.
hl
Given ' g(xi)=1/1§ (Ah coshlxl+Bh Slnhlxl)_
. ) -1 1 oin .
Left s1de_l/1(§_+hl-o+§'-l)(Ah coshlx1+Bh 51nh1xl)
h 1 1
1
1t
=ho/1+1/1 (5 +2) (8 coshlxl)%Bh sinh, x,)
h 1 AT
1 i
-1 . E}
Slnceg (Ah coshlxl+Bh 51nhlxl)=_l(Ah coshlxl+Bh s1nhlxl)
h 1 1 1 1
1 hl
=2 (A= h ~ sinh
7 (Ah~c°SP1xl+Bh sinh, x, )
1 1
hl

=§F(AE coshlxlmBE sinhlxl)
' 1 1

1
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W

Figure 22 Physical meaning of the two dimensional simplified

Electron Density
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. h :
Thus, Left side =Ao/i+l/lz} (Ah COShlxi+AE coshlxi
1

1
+Bhls:|_nhlxl-—B-181nh x,)
From Friedel's law
Ahl Ahl- .
B =-B-
hl hl
Left side —Ao/l+l/12E<Ah cosh +Ah cosh xl+B 1s:thlx1
_ +Bh 51nhlx1)
1
—Ao/1+2/IE}(Ah cosh 1%, +B, sinh xl)
Therefore, | 1
'f(x )= A6/1+2/IZ (Ah cosh, x,+B, sinh x )
b. For two dimensions 1
Given
? x-) 1/52?2 (Ahlhzcos(h x +hox, )+B lhasln(hlxl+h2x2))

2 1

Left side= l/s(h'il+h2—o+f_l )E (Ah h cos(hlxl+h2x2)

2 1

+B, N sin(h x1+h x.))
1 2

o

—l/s}}(Ah Ocosh x1+Bh oSinh, x )+l/s(§}+$£)§%
h

By ‘ ' B2 1

(Ah H cos(hlx1+h2x2)+Bh n

sin(h.-x +h.x.))
15> 151 +2%

Slncez El(Ah cos(hlxl+h2x2)+B =% 51n(hlx1+h2x2))
2 1

2 12
Ehl :
=i?§.(Ah h cos(h.x_ +h.x )+B sin(hlx1+h2x2))

Y 171 7272 lh2

ET‘I

»’S‘I

h.h
2}(Ah b, cos(h X +h X )+Bh h 51n(h x1+h X, ))

Then, h

Left side= l/si}(Ah Ocoshlx1+Bh 051nhlx1)+l/s§?$ (Ah b,
l
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cos(hlx2+h2x2)+Bhlh251n(hlxl+h2x2)+Ahlﬁzcos :
. \

'(hlxl+h2x2)+BhiE28in(th1+h2x2))

h h

- P , .
Let R —zz_(Ah n cos(hlxl+h2x2)+Bh n 51n(hlxl+h2x2)+
1 hl 172

172
. - cos(h.x.+h.x )+B = sin(h.x +h.x.))
APl h2 171 722 hlh2 171 7272
- h., h
Since R=(£;+hl=0+§%)z2( " )

By 11

h

2 ) . -
—zi(A0h2005h2x2+B0h28lnh2x2+A5h cosh2x2+BOE

sinh_x.)
> 2 272

e
+314( cosh(h,x. +h_x_)+B sin(h,x, +h.x.)
11 Ahlh2 T1T1 22 hlh2 171 ez

+AhiE2c°S(hlxl+h2x2)+Bh15251n(hlx1+h2x2)+AElhacos(le1+h2X2)

+§xh1h251n(hlxl+h2x2)+Ailiacos(hlxl+h2x2)+BElE2S}n(hlx1+h2x2)

From Frigdel's law
A”hlha_éhlhz’ Ahlha_Ahlha

B, , ==B= = , ° Be . =-B =
hihy” BB, Ehy,” hh,

" h g?;} ‘
Then, R=2§?(A0h2003h2x2+B0h'Slnh2x2)+21 X gAhlhacos(hlxl+h2x2)

h.h 11 272" "h.h

+B sin(h.x. +h. x. )+A- . cos(h.x. +h_x_)+B- . sin
185 171 7272 Ahlh2 )

(hlxl+h2x2))

- h2 . . g%%l
=2% (A, cosh_x +B. sinh_x )+2 (8 . cos(h x +h x)
Sy Oh2 272 th 272 T Ahlh2 171 7272

h.h
. Aty -
+B sin(h,x +h x ))+2¥ ¢ (A~ . cos(h,x +h x.)
hh, 1% 782% £Z Ahlh2 1% %2
+B= ., sin(h.x +h.x_))

thZ 171 7272
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=21 (AOhacoshaxafBOhaslnhzxa)+2l 3 (Ahlhacos(hlx1+h2x2)

: g?gl
+B sin(h.x +h.x_)+235 % ( cos(h.x, +h.x.)
hth. 171 272 1 Ahlh2 171 7272

+Bhlh251n(hlgl+h2x2))

171 7272° "h.h 171 7272

N h, B -
=2(‘_Z.+]c~11=0+*£_)‘;'.Z(AJ:l ,, cos(h, X +h x,)+B sin(h x +h x.)) .
h 1 1 12 12

171 7272 "h-h 171 7272

"1

h.h

=2§%E?(Ah n cos(h.x.+h. x.)+B sin(h.x +h.x.))
Hl 1 172 172

Therefore,

%} h.h
f(xlx‘2 )=1/sE( A ocoshyx +B - Os:.nhlxl')+2/ sif :'z‘__: (Ah y CoS
hl 1 1 1 hl 12

(%) +h,x,)+B)

sin(h.x. +h.x.))
: 172

171 7272

c. For three dimensions

Given
J? hﬁh h . )
(x,x.%x.)=1/vE%3( cos(h.x. +h. x +h_x_)+
X X% =2 4 nhn 1% thpXo ¥,
3271
Bh hoh sin(hlxl+h2x2+h3x3))

17273
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Show

h2hl )
g(xlxaxz):l/v;; (Ah Y ocos(hlxl+h2x2)+Bh n.oSin
h.h 172 172
21
h3h2hl

(h.x, +h_x_))+2/v2>2 (
1*172%p 1 Eaﬁl Ahlh2h3

+B 4 s:n.n(hlxl+h2x‘2+h3x3))
17273
The proof is proceeded as follows.
h, h.h. . -
=0+ =5 (4 cos(h, X, +h % +h_x,)

cos (hlx1+h 21:2-i—h3x3 )

-1
g (xlxex3 )=1/v (§h+h

3 3 1 hzhl hlhzha Al 1 7272 7373
+B sin(h.x +h.x +h_x_))
"bhhy 1¥1 7% g% 3
el '
=1/vﬁ 2 (Ahlhaocos(hlx1+h2x2)+Bhlh2051n(hlxl+h2:;2)
21l '
h3h2hl

+1/v22> ( cos(h,x,+h_x. +h_x_)+B sin
TEE, Ahlh2h3 e A T W

(hlx1+h2x2+h3x3)+Ah h cos(hlxl+h2x2+h3x3)

1273
+B, , & 51n(hlxl+h2x2+h3x3))
17273
Now, we just have to show

h3h2hl
=22 cos(h. x. +h_x +h_x_)+B
l'Eaﬁl Ahlhahi 171 7272 733 hlh2h3

+A-h hQE dosfh x. +h, x +h x )+B

s1n(hlxl+h 2x2+h3x3)

sin(hlx1+h2x2+h3x3))

4 171 7272 7373 hthhB
hé;%;} .
=2Z_ 2 ,(Ah -y c:os(hlxl+]:12x2+h3x3)+Bh bR s:.n(hlxl+h2x2+h3x3))
1 hzll 17273 17273
Let us work -on h2 first
h hl
Left side=f§ (Ah10h3c°s(hlx1+h3x3)+Bh Oh}sin(]alxl+h3x3) .

1




Let =2 (Ah oh cos(h.x. +h_x.)+B
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+Ahloﬁzcos(hlxl+h3x3)+Bh10535in(hlxl+h3x3))

hEhZhl

22 = (
11 51

. cos(h.x +h_x_+h_x_)+B sin
Ah1h2h3 11722575 b

1 ho b o T Ry~ s

Kglxl+h2x2+h3x3)+A£l R 3cos(h x.+h. x +h_x_)

+Bhlh253s1n(hlxlfh2x2+h3x3)+Ablﬁah3cos(hlxl+h2x2+h3x3)

+B. = s;n(hlxl+h2x2+h3$3)+Ah15253005(hlx1+h2x2+h3x3)

- - sin(h.x +h. x +h_x_))
hthhB 171 7272 733
hBhl

(h.x. +h.x,)
15, 175737 on, 2715

+Ah1053005(h1xl+h3x3)+Bhloﬁ35in(hlxl+h3x3))

1773,

h3h2hl
II=5 3 2 (

11 hl

+h2x2+h3x3)+AhthE3

cos(h.x.+h_x_+h,x_)+B sin(b. x.
'lhah3 , 171 7272 733 hthhB 171

cos(hlxl+h2x2+h3x3)+Bhlhaﬁ

3

sin(hlx1+h2x2+ﬁ3x3)fAhlE2 3cos(hlx1+l71-2x2+h3x3)

+B, = 31n(h1x1+h2x2+h3x3)+AthZEBcos(hlxl+h2x2+h3x3)‘

17273

4B, - = sin(h,x +h.x.+h_x,))

b, BB, 1¥172%2M5%
Let us, then, work on hl

h3 . '

I;EE(AOOh cosh X +B Sinh3x3+AOOE CGSHBXB+BOOE sinh3x3)
1 3 3 3 2
hh,

-9% % ( AthhBCOS (hlxl+h3x3)+Bh10h35in (h],_xl+th3‘)+Athl-r-13




r
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cos (hlx_L"‘thB )+Bhl R

sin (hlx._l_+b-1'3x3 )+AEI Oh;:o s (Elxl+h3x3‘)

>
B . sin(h. x +h_x_)+A= = cos(h.x +h_x_)+Br .= sin
Bhl_pmz 171 733 Athh3 171 733 h10h3

(h;xl+h3x3))

From Friedel's Law

B ==B

A=A -, | _
OOh3 OOh3 OOh3 ‘OOh3
=A- = ==Bes =
Athh3 AthhB’ Bthh_3 B, O
- = = B= ==B, =
Athh3 Ah10h3 ‘ B Oh,~~Ph, OF
Then, ) N
h3<' - ) hBhl( | ( )
I=23 (A cosh._x_+B sinh_x_)+23 > cos(h, x +h..
T hoon 2055 oon S0 5¥5 2 Ahloh3 1% h5Xy
hBhl
+B sin(h x +h.x,))+25 > (A= cos (b, x, +h,x, ) #Br
b, Oh 15173%3 11 Athh3 127337 E, On |
sin(Elxl+h3x3) )
since ‘h3h1 | ‘ '
=3 (4 cos‘(’l; X, +h X )+B= sin(h.x, +h,x,)
11 Ahl'OhB. 171 733 thl’»L3 171 73737
h3-l 7 o ‘ .
2= (Ah oL COS(hlx1+h3x3)+Bh o s:.n(h1x1+h3x3))‘
1H 173 173
Thus
:1 hl h3
I=2g§Z+hl=0+:s)25(Ah on cos(hixl+h3x3)+Bh oh 81n(hlx1+h3x3)
hl 1 1 173 173
hghy
=22§ (Ah oh c:os(hlxl+h3x3)+Bh oh 51n(hlxl+h3x3))
1H, 13 : 1773 0
hB}E ( ) ( )
II==2> (a . cos(h x_+h_x_)+B sin(h. x. +h_x
11 0h21'-13 272 "33 0h21'-13 272 73573
cos(h.x +h.x_)+B sin(h.x +h_x_)+A =~ . cos

*Aon & 2%t 2%/ 00 R

s Bt "2 557 ok

2o




Ll Li ) I U N OO, S )

~191-

(h2x2+h3x3)f3052h3§in(h2x2fh3x3)+A052E3cos(h2x2+h3x3)
' h3h2'l ‘

+B,.~ = sin(h_x_ +h.x )+2?252€(. cos(h.x +h.x.+h_x_)
thh3 2’2 373 111 Ahlh2h3 v % 1 7272 7373

+Bhlh2h331n(hlxl+h2x2+h3x3)+Ahlh253°°5(hlx1+h2x2+h3x3) .

. h_h 1%1 1717272753

+B ., = sin(h,x +h x +h,x )44 = - cos(h x +i_x +h_x )
18R S A D R

B, ¢ .s1n(hlxl+h2x2+h3x3)+Ah1£253cos(hlxl+h2x2+h3x3)+Bh R

17273 17273
sin(h.x +h._x_+h x3)+AE 1 cos(hlxl+h2x2+h3x3)+BH - sin(h.x

112%™ “hyhohy 1%1

sin(hlxl+h2x2+h3x3)

1 2h3
+h2x2+h3x3)+Aﬁih2£3606(hlxi+h2x2+h3x3)+BEih253

+A- = . cos(h,x 4B % +h_ % )+B= = . sin(h.x +h_x +h x )+A- = =
Ah1h2h3 11M2*2 5 B 1%H0%; 3*3 Ahlh2h3

cos(hlxl+h2x2+h3x3)+B51525351n(hlxl+h2x2+h3x3)

From Friedel's iaw
f-_’ - =A== =y . e “ula
Oh.h Oh hA - Ahlhah3 Ahlh2h3 h.h.h h-h.h

- -, = =-B = - - = - B~ » . ==B -
Ohah3 Ohah3 thh3 Oh2-h3 | AhlhahBAhlhz«3 hlh2h3 hlh2h3

. ‘=———’ B =—B—-=n- —‘ = .,--’ B-“ :—B—‘,
Ahlhzh3 Ahlh2h3 hlh2h3 h1h2h3 Ahlhzh3 Ahlhzh3 hlh h h-h. h

h3h2'
II=23 2 (A _cos(h.x. +h_x_)+B

11 Ohah3 2 2 33 Ohah3

81n(h2x2+h3x3)+A052h3005

Bahoty

sin(l-lzx +h,x,))+23 3 2 (

(h.x.+h_x_)4B
2733 1T Ahlheh

2927337 0h. h

cos(h.x_ +
23 171

3
h2x2+h3x3)+Bhlh2h3sin(h1x1+h2x2+h3x3)+Ah132h3005(hlx1+h2x2+h3x3)
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+B. = . sin(h,x +h_x +h. x_ )+A- = . cos(h,x,+h_x +h_ % )+B~ =
hlh2h3 171 7272 "33 Ahlh2h3 1717272 733 hlh2h3

3)+Aﬁlh2h3°°s(h1X1+h2x2+h3x3)+Bﬁ 1

sin(h.x +h
le : th 3

2xa-a-th

sin (El‘x_ﬁh’ éx 2'+h 3x3 ))
h%;?
II=232.(4a
11 Obghs

cos (h232+h3x3)+B0h2h351n(hzx2+h3x3 ) +A052h3005

(h2x2+h3x3)+BOE h‘51n(h2x2+h3x3))+21 T3 (AhlhthGOS(hlxl+h2xa+

273

h.h

h_x_)+B
5" “hijhohg

3 51n(hlxl_-i-h2x2+h X cos(hlleth +h_x_)

J+A, =
2% Ahlh2h3 othsX5

‘h3h2hl'

sin(hixl+E X +h_x_))+23 5> (Aﬁlhéh

+B
2235 111

- cos(h. x +h. x +h_x_)
hBh, I = M

3

+B171 wh s1n(hlxl+h2x2+h

cos(h.x +h.x +h_x_)
1Bohs 1%1

X )+A- =
3%3 Ahlh2h3 2Xot3%s

+BElk-12h351n (hlxl+h 2x2+lf113x3 ))

' h3h2hl
Since .= 2 2 (
111

AﬁlhthCos (hlxl+h2x2+h3x3 ) +BE W h

sin (Elx
17273

1

cos (hlxl+h 22@c2+k13x3 ) +B'f11171 "

+k'12x2+h3 b

3)+Aﬁlﬁzh3 2tiz¥3

h3h2_1

SZE
11 hl

cos(h, x, +h X +h, X, )+B, sin(l, x +h % +h_ x,)+
AhlhahB_ 117272755 b 1% 82% 5%

+ Ahlﬁzh;:o s (hlxl+h 2)c2+113x3 ) +BhlE2h3$1n( hlxl+h 2;:2+h 3x3 !

Thus, ,
-1 by Bgh, . ‘
I1=2(Z +h. =0+= )= 2 ( cos(h,x, +h x +h x_)+B

BT I T B A Y

- sin(hyx +hox +hox.)) .
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51n(hlx1+h2x2+h3x3)+Ah oy cos(hlxl-l-.haxa+h3x3)-ﬁ-B‘h Ph
17273 17273

slm(hlxl+h2x2+h3x3))

BgtioBy

sin(h.x,+h_x +h_x_)

II=22£252§(Ahlh2h cos(h. x,+h. x +h_x_)+B 1% Hh X X,

118 3 1122753 Thyhohy

X+ x. +hox_))

+Ah Eh cos(h.x +h x +h x, )+B = Sin(hl 1772727373

1085 171 7272 7573 hlh2h3
h_h h

B i

I;:aj{:{%?:(Ahlhahicos(hlx1+héx2+h333)+Bhlh2h351n(hlxl+h2x2+h3x3)
11h

l’

h -lhl

+22§;§%§ (

1 h2hl

cos(h.x +h_x_+h_x_)+B
Ahlhah3 17l 272 733 hlhah3 171 7272 733

Hence

Left side=I+I1

h.h
3 - o
=2§?%§ (Ahleh COS(h1X1+b5¥3)+Bh‘Oh sin(hlxl+h3g3))
1 > 1
2?2523( ( ) ( '
+2 cos(h.x +h_x. +h_x_)+B sin(h. x. +
T Ah1?2h3 R W T
' h_-lh
: Ig%ilfl(A ‘ (h,x,+h_x.+h_x_)+B
h x +h,x,)) +22.2 cos(h,x +h_x +h %, )+B .
X% 15, Byhohg®T L2723 oy
sin(hlx1+h2x2+h3x3))
-1 B h%;} |
Left side=2(Z +h_ =0+ == ( cos(h.x, +h.x_ +h_x_)
i, 1 16 éh1h2h3 171722573

+Bq1h2h351n(hlxl+h2x2¢h3x3))

sin(h.x,+h_x +h_x_))
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h_h 21
=2§?§ ( cos(h. x. +h x. +h_x_)+B sin
TEE, Ah1h2h3 SRS P e,

(hlxl+h2x2+h3x3)

Therefore, 5 h
21 :
g (xlxa'x%=1/\%% (Ahlha'ocos(hlx_l_+h2x2)+Bhlhzosin(hlxl
21 .
WL )
+h. x_))+2/ (A cos(h x +h_x_ +h_x
22 IR R, bty TS
+B, 1 1 sin(hlx1+h2§2+h3x3))

123




7.

9.

10.

11.

12,
13,

1k,

15.

16.

-195-
LITERATU#E CITED

Abrahams, S. C., Robertson, J. M. & White, J. G. (1949). .
Acta Cryst. 2, 238. ‘

Alver, E. & Fﬁrberg,-s. (1959). Acta Chem. Scan. 13, 910.

Balashov, V. (1956). Acta Cryst. 9, 319.

Balashov, V. (1957). Acta Cryst. 10, 582.

Belov, H. B. (1951). Structural Crystallegraphy (in Russia)
Moscows,

Buergér,lM. J. (1942). X-ray Crystallography. First Ed.
New York, John Wiley & Sons, Iﬁc..

Buerger, M. J. (1956). Elementary Crystallography, First Ed.
New York, John Wiley & Sons, Inc.

Buerger, M. J. (1959). Vector Space. First Ed. New York,
John Wiley & Sons, Ingc. ‘ -

Buerger, M. J. (1960). Crystal-Structure Analysis. First
ed. New York, John Wilgy & Sons, Inc.

Burbank, R. D. (1962). Acta crysﬁ. 15, 1207

Crick, F. H. C. & Watson, J. D. (1954). Proc. Roy. Soc. A,
223, 80.

Cruickshank, D. W. J. (1956). Acta Cryst. 9, 747.

Davies, W. O. & Stanley E. (1962). Acta Cryst. 15, 1092.

Donnay, J. D. H. & Nowacki, W. +(1954). Crystal Data. First
Ed. New ferk, The Geological Society of America.

Dunitz, J. D. & Rollett, J. S. (1956). Acta éryst. 9 327,

Furberg, S. & Mostad, A. (1962). Acta Chem Scan. ;§,11627.




17.

18.

19.
20.
21.
22.
23,
2k,
25.

26,

27

28.

290
" 30,
1.

-196-

Howells, E. R°? Phillips, D. C. & Rogers, D, (1950). Acta
Cryst. 3, 216.

Hughes, E. Wo (19%1). J. Am. Chem. Soc. 63, 1737.

Ievins, A. F. & Ozol Ja. K. (1954). Dolkady Academy of Science,
U.S.S.R. Vol. XCVIII, No. 4, pp.589-591, |

International Table (For Crystallography), Vol. I. (1952).
Birmingham, England. The Kynoch Préss.

International Table (For Crystallography), Vol. II. (1959).
Bi?mingham, England. The Kynoch Press.

International Table (For Crystallography),Vol. IiI; (1962).
Bifmingham,.England.' The Kynoch Press.

Knorana, H. G. (1961). Some Recent Developments in the
Chemiétry of Phosphate Estersfof‘ﬁiolégical Interest.
New York, John Wiley & Sohs, Inc.

Kraut, J. Acta Cryst. (1961). 1k, 1146,

Kraut, J. & Jensen, L. Ho (1963). Acta Cryst. 16, 79.

Lipsén, H. & Cochran, Wo (1957). The Detefﬁimation of Crystal
Structure..'London. G; Beli & Sons LTD.

Lonsdale, K. (1947). Mineral. Mag. 28, l§°

Pauling, L. (1959). The Nature of the Chemical Bond. Third
Ed. Ithaca, N.Y. Cornell.University Press.

Phillips, D. €. (1954), Acta Cryst. 7, 746.

Phillips, D. C. (1956).. Acta Cryst..9, 819.

‘Schwartz, M., Green, S. & Rutledge, W. A. (1960). Vector

Analysis. New York, Harper & Brothers.




2.
33.
3k,

35

36.

-197-

Surain Singh Sidhu. (1937). Indian J, Phys,, 1i, 349.

Svetich, Go.W.. (1964). Ph.D. Thesis. Montana State College.

‘Trueblood, K. N., Horn, P. & Luzzati, V. (1961). Acta Cryst.

14, 965.
Van der Helm. (1960). Least Square Program Write-up.

Institute of Cancer Résearch.

Wilsen, A. J. C. (1942). Nature. 150, 152.




R

3 1762 10010882 6



