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Abstract:
The crystal and molecular structure of calcium 1-naphthyl, phosphate has been solved by x-ray
diffraction methods. This crystal has the following lattice parameter: a=7.244±0.002Å α=84°19'±3'
Z=2 b=8.994±0.003Å β=78°32'±2' D0=1.503 g/ml c=18.725±0.004Å γ=88°52'±4' Dc=1.508 g/ml
Diffraction intensities were measured visually, corrected by the size factor, Lorentz and polarization
factors, and the absorption factor. Intensity statistics showed that the crystal had the. symmetry of Pl.

The structure was solved with a three dimensional Patterson function, minimum function, and three
dimensional Fourier synthesis. Least-squares refinements, which included first individual isotropic then
anisotropic temperature factors were carried out. The final residue factor (R-factor) is 10.3% for 1724
observed reflections. The phosphate groups are distorted tetrahedrons. The four phosphate oxygens are
bonded in the following manner. One oxygen is bonded to the naphthyl group, another oxygen is
bonded to a hydrogen, the other two oxygens are coordinated to two calcium atoms which are related to
each other by an inversion center. The neighboring phosphate groups are joined, together by hydrogen
bonding between two oxygens, one of which has a.hydrogen on it. Each calcium is coordinated to
seven oxygens, four of which are contributed by four nearby phosphate groups, the other three from
three surrounding water molecules. The calcium and the seven coordination oxygens are arranged in a
distorted pentagonal bipyramid.

The pentagonal angles of O-Ca-O have the range of 67.4° to 78.6°, with the average of 72.4° (the
theoretical pentagonal angle being 72°). Naphthyl groups are distorted planes. In the naphthyl groups,
that side which is closest to the two nearby naphthyl groups has the shortest c-c distance of I.30 and
1.31Å. The bond distances and angles are as below: P-0: 1.47 to 1.59 with the average of 1.53Å O-P-O
angle: 103 to 117 with the average of 109 degrees C-C: 1.30 to 1.48 with the average of I.38Å C-C-C
angle: 116 to 125 with the average of 120 degrees The molecules are held together by strong hydrogen
bonding and van der Waals forces. The successful solution of the structure has confirmed a new
indexing method developed by the author. New derivations are included for each of the following
formulas of equations: 1. Wolf-Bragg equation 2. Equi-inclination Weissenberg index-checking
formula 3. Sin^2 θ equation for triclinic symmetry or higher 4. Triclinci interplanar spacing equation 5.
Clarified forms of the x-ray Fourier synthesis equations 
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ABSTRACT

The c r y s t a l  and  m o le c u la r  s t r u c t u r e  o f  ca lc ium  1 -n a p h th y l, phosphate  
h a s  been  so lv e d  by x - ra y  d i f f r a c t i o n  m ethods. T h is c r y s t a l  h a s  the  f o l ­
low ing  l a t t i c e  p a ra m e te r :

D i f f r a c t io n  i n t e n s i t i e s  were m easured v i s u a l ly ,  c o r r e c te d  by th e  
s iz e  f a c t o r ,  L o ren tz  and p o la r i z a t i o n  f a c t o r s ,  and th e  a b s o rp tio n  f a c t o r .  
I n t e n s i t y  s t a t i s t i c s  showed th a t  th e  c r y s t a l  had the. symmetry o f  P i .
The s t r u c t u r e  was so lv e d  w ith  a  th re e  d im en s io n a l P a t te r s o n  fu n c t io n ,  
minimum fu n c t io n ,  and th re e  d im en s io n a l F o u r ie r  s y n th e s i s .  L e a s t- sq u a re s  
re fin em en ts-, w hich in c lu d e d  f i r s t  in d iv id u a l  i s o t r o p i c  then: a n is o t r o p ic  
te m p e ra tu re  f a c t o r s  w ere c a r r i e d  o u t .  The f i n a l  r e s id u e  f a c t o r  (R - fa c to r )  
i s  10.3% f o r  1724 o b se rv ed  r e f l e c t i o n s .  -

The p h osphate  g roups a r e  d i s to r t e d  te t r a h e d r o n s .  The fo u r  phosphate  
oxygens a re  bonded i n  th e  fo llo w in g  m anner. One oxygen i s  bonded to  th e  
n a p h th y l g ro u p , a n o th e r  oxygen i s  bonded to  a  hydrogen , th e  o th e r  two 
oxygens a r e  c o o rd in a te d  to  two calcium  atom s which a re  r e l a t e d  to  each  
o th e r  by an in v e r s io n  c e n t e r .  The n e ig h b o rin g  phosphate  g roups a re  
jo in ed , to g e th e r  by hydrogen  bond ing  betw een two oxygens, one o f  which 
h a s  a .h y d ro g en  on i t .  Each calcium  i s  c o o rd in a te d  to  s e v e n  oxygens, 
fo u r  o f  w hich a re  c o n t r ib u te d  by fo u r  n ea rb y  phosphate  g ro u p s , th e  o th e r  
th re e  from th r e e  su rro u n d in g  w a te r m o le c u le s . The ca lc iu m  and th e  seven  
c o o rd in a t io n  oxygens a re  a r ra n g e d  i n  .a d i s t o r t e d  p e n ta g o n a l b ip y ram id .
The p e n ta g o n a l a n g le s  o f  O-Ca-O have th e  ran g e  o f  6 7 .4 °  to  7 8 .6 ° ,  w ith  
th e  av e rag e  o f  7 2 .4 °  ( th e  t h e o r e t i c a l  p e n ta g o n a l an g le  b e in g  72° ) .  
N aph thy l g roups a re  d i s t o r t e d  p la n e s .  I n  th e  n a p h th y l g ro u p s , th a t  s id e  
w hich . i s  c lo s e s t :  to  th e  two n earby  n a p h th y l g roups haiS the- s h o r t e s t  c -c  
d is ta n c e  o f - I . 30 apd 1.31& . The bond d is ta n c e s  and a n g le s  a r e  as  below :

P -0 : 1 .4 7  to  1 .5 9  w ith  th e  av erag e  o f  1 .5 3 ^
O-P-O a n g le :  103 to  117 w ith  th e  av e ra g e  o f  109 d e g re e s
C-C: 1 .3 0  to  1 .4 8  w ith  th e  av erag e  o f  1 . 38$
C-C-C a n g le :  ,116 to  125 w ith  th e  av e ra g e  o f  120 d e g re e s

The m o lecu le s  a re  h e ld  to g e th e r  by s tro n g  hydrogen  bonding." and van d e r 
W aals f o r c e s .  i

The s u c c e s s f u l  s o lu t io n  o f  th e  s t r u c t u r e  h as  con firm ed  a  new in ­
d ex in g  method d ev eloped  by th e  a u th o r .  ’ New d e r iv a t io n s  a r e  in c lu d e d  
f o r  each, o f  th e  fo llo w in g  fo rm u las  o f  e q u a t io n s :

1 .  W olf-B ragg equatio ti.
2 . Equ! , - i n c l i n a t i o n  W eissenberg  in d e x -c h e c k in g  fo rm u la
3 .  S in  0 e q u a tio n  f o r  t r i c l i n i c  symmetry o r  h ig h e r
4 . T r i c l i n c i  i n t e r p l a n a r  sp ac in g  e q u a t io n
5 . C l a r i f i e d  form s o f  th e  x - ra y  F o u r ie r  s y n th e s is  e q u a tio n s

a = 7 .244^0.002% 

< ^= 84°19 '-3 '
Z=2

b=8.994-0.003%  0=18.725-0.004%

p  = 7 8 °^ 2 '± 2 ' , Y=&%°52'±k'
Dq= I .503 g /m l Dc = I .508' g /m l



SECTION I

INTRODUCTION

O rganic p h o sp h a te s  p la y  a  v e ry  im p o r ta n t r o le  i n  b io lo g ic a l  p ro c e s s e s .  

The v a r i e ty  o f  th e  m a n if e s ta t io n s  and fu n c t io n s  o f  o rg a n ic  phosphate  e s t e r s  

i n  l i v i n g  system s i s  in d e e d  am azing . "T here i s  h a rd ly  a n y th in g  th a t  goes 

on i n  th e  ( l i v in g )  c e l l  i n  w hich e s t e r s  o f  p h o sp h o ric  a c id ,  i n  one form 

o r  a n o th e r ,  a r e  n o t in v o lv e d  a t  some s t a g e . "  (23) Two exam ples a re  c i t e d  

below to  i l l u s t r a t e  th e  im portance  o f  o rg a n ic  p h o sp h a tes  i n  b io lo g ic a l  

sy s te m s , (a )  D eo x y rib o n u c le ic  a c id  (DNA) w hich c o n ta in s  many o rg an ic  

p h osphate  g ro u p s , p la y s  a  key r o le  i n  th e  s to ra g e  and t r a n s p o r t  o f  g e n e t ic  

in fo rm a tio n .  C ric k  and Watson ( I l )  p rop o sed  an in g e n io u s  d o u b le -h e I i x  

model f o r  DNA which f i t s  rem ark ab ly  w e ll a l l  th e  f a c t s  known a t  th e  p re ­

s e n t  tim e , and f o r  t h i s  w ork, th e y  were aw arded a  Nobel p r iz e  i n  1962.

(b ) A denosine 3 ' , $ '  c y c l ic  pho sp h ate  i s  a  f a c t o r  s t im u la t in g  th e  con­

v e r s io n  o f  in a c t iv e ,  g lycogen  p h o sp h o ry la se  to  th e  a c t iv e  form  i n  t i s s u e  

p r e p a r a t io n s .  An u n d e rs ta n d in g  o f  th e  co m p lica ted  fu n c t io n s  o f  th e se  

and o th e r  o rg a n ic  p h o sp h a te s ' r e q u i r e s  b a s ic  and p r e c is e  s t r u c t u r a l  know-' 

le d g e .  The com plex ity , o f  many o f  th e  su b s ta n c e s  p re s e n t  i n  l i v i n g  system s 

makes them , a t  l e a s t  fo r  th e  p r e s e n t ,  u n s u i ta b le  fo r  x - ra y  d i f f r a c t i o n  

s tu d i e s .  However, a  v a r i e ty  o f  s im p le r  o rg a n ic  p h o sp h a te s  a r e  known, and 

few o f  t h e i r  s t r u c t u r e s  have been  d e te rm in e d . A lthough th e se  su b s ta n c e s  

may n o t a c t u a l l y  be p r e s e n t  i n  l i v i n g  sy s tem s , th e  b a s ic  s t r u c t u r e s  

sh o u ld  n o t  be v e ry  much d i f f e r e n t  from th o se  i n  more com plex m o lecu le s . 

Thus, s o lu t io n  o f  s im p le r  s t r u c t u r e s  w i l l  a s s i s t  i n  p r e s e n t  u n d e rs ta n d in g  

a s  w e ll a s  making s o lu t io n  o f  s t r u c t u r e s  f o r  more com plex su b s ta n c e s



e a s ie r  in  the fu tu re

Calcium  1 -n a p h th y l p h o sp h a te  was chosen  f o r  t h i s  s t r u c t u r a l  s tu d y , 

b ecau se  (a )  i t  i s  v e ry  ea sy  to  o b ta in  a  good s in g le  c r y s t a l  f o r  x - ra y  

w drk; (b ) ca lc iu m  and phosphorus atom s a re  f a i r l y  la r g e  s u g g e s tin g  use  

o f  th e  heavy  atom method to  so lv e  th e  c r y s t a l  s t r u c t u r e ;  (c )  t h i s  c r y s t a l  

i s  t r i c l i n i c .  S in ce  I  have worked o u t a  method f o r  in d e x in g  t r i c l i n i c  

c ry s ta ls  a s .w e l l  a s  an  in d e x -c h e c k in g  m ethod, I  w anted to  g a in  e x p e r i­

ence i n  u s in g  t h i s  m ethod, even though t r i c l i n i c  c r y s t a l s  p re s e n t  p ro ­

blem s n o t u s u a l ly  p r e s e n t  i n  c r y s t a l s  o f  h ig h e r  symmetry.

D esp ite  th e  im p o rtan ce  o f  know ledge o f  th e  d e t a i l e d  s t r u c t u r e  o f  

o rg a n ic  p h o sp h a te s  f o r  u n d e rs ta n d in g  t h e i r  v a r ie d  f u n c t io n s ,  r e l a t i v e l y  

few s t r u c t u r e s  have been a c c u r a te ly  d e te rm in e d .

These few o rg a n ic  p h o sp h a te s  whose s t r u c t u r e s  have been  determ ined
r

p r e c i s e ly  a re  d e s c r ib e d  b r i e f l y  a s  below .

I .  D ibenzy l p h o sp h o ric  a c id ,  (C^H^CH^)^PO^H, was s tu d ie d  by )

D un itz  and R o l l e t t  (15)* T h is  c r y s t a l  had th e  fo llo w in g  

l a t t i c e  p a ra m e te rs :

M qnoclin ic  w ith  a= 2 0 .2 8 7 -0 .04Q& b=5 .7 0 9 -0 .OloSl

; c= 1 2 .6 4 8 lo .020% jS =103°13 ' -O0IO »

Z=4, space  group o f  P 2 ^ /a

The f i n a l  R was 11.0% f o r  2471 g e n e ra l  o b serv ed  re f le c tio n s* ..

Bond d is ta n c e s  and a n g le s  a re  summarized below :
'■ < ■

F or p h o sp h a te  g ro u p s :

P-O ( i n  %)

Range 1 .469  to  1 .566
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Average 1 .5 3 1

P-OR 1 .5 6 6  & 1 .545

P-OH 1 .545

?-0 ( i n  d eg ree )

Range 1 0 3 .8  to  117 .2

Average 1 09 .3

Angle betw een lo n g e s t  1 03 .8  (m in .)

& s h o r t e s t  P-O

Angle betw een 2 v e ry  s h o r t  P-O 1 1 7 .2  (m ax.)

. P-O-C (oxygen on e s t e r  bond) 1 2 2 .3  & 118 .8
■i ■ :

F or benzene r in g :

C-C ( in  ^)

Eange 1 .3 4 0  to  1 .407

Average 1 .3 7 8

G-C-C a n g le  ( i n  d eg ree )

Range 1 1 8 .5  to  1 2 1 .9

Average 1 2 0 .0

For c lo se  ap p ro ach es  betw een p a i r s  o f  atom s i n d i r e c t l y  cova­

l e n t l y  l in k e d :

0 -0  from 2 .444  .to  2.573%

O-C from 3 .030  to  3.393%

2 . Calcium  T h y m id y la te9 C^^E^^OgN^CaP° 6H^0, was s tu d ie d  by T rue- 

b lo o d , Horn & L p z z a ti  (3 4 ) .  T h is  c r y s t a l  had  th e  fo llo w in g  

l a t t i c e  p a ra m e te rs :

M onoclin ic  w ith  a= l4 .4 o to .0 2 %  b=6 . 87- 0 . 01%
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c= 9l8 l± Q .Q l8  I3=90o58'±3'

Z=2, space  group  o f  P2^

The f i n a l  R was 11.6% f o r  1575 g e n e ra l o b se rv ed  r e f l e c t i o n s .  

The e n t i r e  s t r u c t u r e  i s  h e ld  to g e th e r  by th e  Ca-G bonds and 

a  complex netw ork  o f  hydrogen  bon d s.

F o r pho sp h ate  g ro u p :

P-O Cin X)

Range 1 .474  to  I .587

Average 1 .515

P-OR 1.587

P-O. . .Ca 1 .486  & 1 .5 1 4

P-O ( in  d eg ree )

Range 1 0 2 .1  to  118 .4

Average 109 .3

Angle betw een lo n g e s t  & s h o r t e s t  P-O 1 0 2 .1  (m in .)

Angle betw een two v e ry  s h o r t  P-O 1 1 8 .4  (m ax.)

P-O-C ( e s t e r  oxygen) 1 1 8 .8 °

C-O (POif) 1.472A

F or ca lc ium  c o o rd in a tio n ;

The env ironm ent o f  Ca io n  i s  a  d i s to r t e d  p e n ta g o n a l b i py­

ram id . Calcium  c o o rd in a tio n  number i s  seven  w ith  fo u r  phosphate  

oxygens (from  th r e e  d i f f e r e n t  m o lecu le s)  and one w a te r  m olecule 

ly in g  ap p ro x im a te ly  i n  a  p la n e  and two w a te rs  on a  l i n e  th ro u g h  

th e  ca lc ium  n e a r ly  p e rp e n d ic u la r  to  t h i s  p la n e .



0 -0  ( in  %)

Range 2 .2 9  to  2 .6 5

Average 2 .4 2

O-Ca-O an g le  ( i n  d eg ree )

Range 57 to  80

Average 72

5® 2—A m ino-E thanol P h o sp h a te , O-PO^H$ was s tu d ie d  by

K ra u t ( 24 ) .  T h is  c r y s t a l  had th e  fo llo w in g  l a t t i c e  p a ra m e te rs ;

- 5 -

M onociin ic w ith  a=9«04^0.02% b=7®73-0.02%

c = 8 . 8 6 ± 0 . 0 2 % =102O2 7 , - 8 '

Z=4, space group  o f  P 2 j/c

The f i n a l  B was 6.5% f o r  1000 o b se rv ed  g e n e ra l  r e f l e c t i o n s .  

Bond d is ta n c e s  and a n g le s  f o r  p h osphate  group a re  summarized below ;

P-O ( i n  %)

Range 1 .4 9 3  to  1 .591

Average 1 .5 3 6

P-OE 1 .591

P-OH 1 .557

Two o f  th e  oxygens on th e  pho sp h ate  group were re p o r te d  to  

be a t ta c h e d  by double bonds (1 .4 9 3  & 1 . 503^)

O-P-O ( i n  d eg ree )

Range' 103®9 to  117®4

Average 1 09 .4

Angle betw een lo n g e s t  & s h o r t e s t  P-O 1 0 3 .9  (m in .) 

Angle betw een two v e ry  s h o r t  P-O 1 1 7 .4  (m ax.)



- 6 -

P-O-C (oxygen on e s t e r  bond)

C-O (POif)

118 . 7°

1.429%

4 . A d en o sin e -5 1 -p h o s p h a te , C ^H ^O ^N ^P, was s tu d ie d  by K rau t Sc

Jen sen  ( 2 5 ) .  T h is  c r y s t a l  had th e  fo llo w in g  l a t t i c e  p a ra m e te rs ;

M onoclin ic  w ith  a=12.77~0.92%  b = l i .82-0.02%

c=4.882-0.01%  jg =92°24
Z=2, space  group  o f  P2^

The f i n a l  E was 6.8% f o r  1197 g e n e ra l o b se rv ed  r e f l e c t i o n s .

Bond d is ta n c e s  and a n g le s  f o r  pho sp h ate  groups a r e  summarized below :' 

P-O ( in  %)

1 .5 1 4  to  1 .610  

1 .546  

1.610  

1 .566

Eange 

Average 

P-OB 

P-OH

O-P-O ( i n  d e g re e )

Eange 1 0 5 .7  to  1 1 8 .2

Average 1 0 9 .4

Angle betw een lo n g e s t  Sc s h o r t e s t  P-O 

Angle betw een two v e ry  s h o r t  P-O 

P-O-C (oxygen on e s t e r  bond)

C-O (POif)

The fo llo w in g  o rg a n ic  p h o sp h a tes  have been so lv e d  w ith  e i t h e r  l im i te d  

d a ta  o r  by p r o je c t io n s .  No d e s c r ip t io n s  o f  th e se  s t r u c t u r e s  i s  made h e r e .  

They a re  m entioned  o n ly  by t i t l e .

I .  " C ry s ta l  and M o lecu la r S tr u c tu r e  o f  C y tid y lic  A cid" by A lver Sc

105 .7  (m in .) 

I l 8 . 2 ° (m ax.)

1 1 4 .7 °

1.475%
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F u rb e rg  (2 )

2 . "The C r y s ta l  S t r u c tu r e  o f  B a-R ibose -5 -P h o § p h a teM by F u rb e rg  & 

M ostad (16)

3» "The C ry s ta l  S t r u c tu r e  o f  T rip h e n y l P h o sp h a te"  by D av ies & 

S ta n le y  (13)

4 .  "The C r y s ta l  S t r u c tu r e  o f  B a-Phenyl P h o sphate"  by S v e tic h  &' 

Q aughlan (33)



SECTION I I  

EXPERIMENTAL WORK

P re p a ra t io n  and i d e n t i f i c a t i o n  o f  ca lc ium  1 -n a p h th y l phosphate

Calcium  1 -n a p h th y l pho sp h ate  was p u rch ased  from A ld ric h  C hem ical Com­

p any , I n c .  i n  th e  form o f  a  c r y s t a l l i n e  pow der. I t  was p u rch ased  a s  Ca 

Ciq H1J7PO^.H^O, how ever chem ica l a n a ly s i s  and s o lu t io n  o f  th e  c r y s t a l  s t r u c ­

tu r e  have shown i t  to  be Ca( C^HyKPO^)^ .$ 2 ^ 0 . To con firm  th e  s t r u c tu r e  

a n a l y s i s ,  t h i s  compound was an a ly z e d  f o r  ca lc iu m  and p h o sp h o ru s. Tn a d d i­

t i o n ,  in f r a r e d  s p e c t r a  were ta k e n  o f  th e  o r i g i n a l  powder and th e  c r y s t a l s  

u sed  f o r  th e  s t r u c t u r e  a n a l y s i s ,  i n  o rd e r  to  con firm  th a t  th e  two were 

i d e n t i c a l  compounds. These a r e  shown i n  F ig .  I  and 2 .

Calcium  was d e te rm in ed  w ith  a  Beckman Flame Q uartz  S p ec tro p h o to m ete r 

(Model DU) by com paring w ith  a .s t a n d a r d  ca lc iu m  s o lu t io n .  Phosphorus was 

d e te rm in e d  by c o lo r im e t r ic  a n a ly s i s  on a  Beckman model B sp e c tro p h o to m e te r  

by com paring w ith  a  s ta n d a rd  phosphorus compound. D e ta i l s  o f  th e  a n a ly s is  

a re  in c lu d e d  i n  A ppendix A.

The r e s u l t s  o f  th e  a n a l y s i s ,  to g e th e r  w ith  th e  com parison  w ith  th e  two 

p o s s ib le  s t r u c t u r a l  fo rm u las  a re  l i s t e d  i n  th e  fo llo w in g  t a b l e .  An exam ina­

t i o n  o f  th e  ta b le  c l e a r l y  in d i c a te s  t h a t  th e  compound i s  Ca( C^qH^HPO^) ^ • ®
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T able I .  Chem ical A n a ly s is  R e s u lts

Sample A n a ly s is Ca(C10H7HPÔ f )2 OH2O

% Ca 7 .916 7 .416 14.320

ppm o f  Ca when 
0 .1977  gm sam ple ■ 
d i l u te d  to  500 ml

3 1 .3 2 9 .3 5 6 .6

#  P 11 .103 11.46,3 11 .053

ppm o f  P when 
O.JL977 gm sam ple 
d i l u te d  to  500 ml

4 3 .9 4 5 .3 4 3 .7

Atomic r a t i o  P/Ca 1 .8 3 2 .0 1 .0

W ater was found to  be th e  b e s t  s o lv e n t  f o r  o b ta in in g  good c r y s t a l s ,  

even  though th e  s o l u b i l i t y  i n  w a te r i s  v e ry  s a m ll .  A s a tu r a t e d  s o lu t io n  a t  

room te m p e ra tu re  was p re p a re d , and slow  e v a p o ra tio n  a t  t h i s  te m p era tu re  

p roduced  good s in g le  c r y s t a l s .  The c r y s t a l  u sed  fo r  t h i s  x - ra y  work had  th e  

fo llo w in g  ap p rox im ate  d im ensions d e te rm in ed  w ith  th e  m ic ro sco p e : 1 .3  x 

0 .2 1 6  x  0 .125  nun^.

„ The d e n s i ty  was d e te rm in ed  by th e  f lo a t a t i o n ,  m ethod, where carbon  t e ­

t r a c h lo r id e  d i lu te d  w ith  e th e r  was u sed  a s  th e  s u b s t r a t e .

T e s t n o . ' D e n s ity  g/m l

1 1.5027

2 1 .5037

The x - r a y  d i f f r a c t i o n  d a ta  was o b ta in e d  from W eissenberg  and p re c e s ­

s io n  cam eras, u s in g  copper r a d i a t i o n  C A ^= lo54-l8A  w ith  n ic k e l  f i l t e r ) .  A
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P h i l l i p s  g e n e ra te r  type  n o . 12045 B/ 3  s e r i e s  n o . 57-677 and P h i l l i p s  copper 

tu b e  were u se d . Both th e  W eissenberg  and p re c e s s io n  cam eras were Supper 

in s tru m e n ts .  The W eissenberg  cam era (Model E o f  C h a rle s  Supply  Company's 

p ro d u c t)  h a s  a  d ia m e te r  o f  57-3  mm and th e  p re c e s s io n  cam era h a s  a  m a g n if i­

c a t io n  f a c t o r  o f  6 0 , i . e . , th e  d is ta n c e  o f  th e  f ilm  to  th e  c r y s t a l  i s  60 mm. 

Kodak m ed ica l no s c re e n  x - ra y  f ilm  was u se d . F or d e t a i l s  o f  f i lm  p ro c e s ­

s in g ,  see  A ppendix B.

I n te g r a te d  p h o to g rap h s  o f  th re e  f i lm s  i n  th e  cam era were ta k e n  f o r  a l l  

W eissenberg  l e v e l s .  S in ce  th e  c r y s t a l  was a  t r i c l i n i c , th e  gon iom eter head  

s e t t i n g  a re  d i f f e r e n t  f o r  p re c e s s io n  p h o to g rap h s  th a n  f o r  W eissenberg  p h o to ­

g ra p h s . A f te r  th e  c r y s t a l  was a l ig n e d ,  two in t e g r a te d  p re c e s s io n  p ic tu r e s  

(hko and o k l)  were ta k e n . These p ic tu r e s  were u sed  c h i e f ly  f o r  s c a l in g  th e  

d i f f e r e n t  W eissenberg  l e v e l s  t o 'a  common b a s e .

S ihpe th e re  a re  some un ique f e a tu r e s  i n  d e te rm in in g  th e  u n i t  c e l l  cons­

t a n t s  and in d e x in g  th e  p h o to g ra p h s , th e se  a re  t r e a te d  i n  S e c t io n s  3 and 4 . 

I n t e n s i t y  d a ta  were c o l le c t e d  a s  d e s c r ib e d  below .

I n t e n s i t i e s  o f  in d ex ed  p h o to g rap h s were o b ta in e d  by v i s u a l  com parsion 

w ith  a  s ta n d a rd  s c a l e .  The g raded  i n t e n s i t y  s c a le  was p re p a re d  i n  th e  

fo llo w in g  m anner. Three f i lm  s t r i p s  were p u t i n  a  m e ta l c a s s e t t e  i n  th e  

same manner a s  th e  th r e e  f i lm s  i n  th e  W eissenberg  cam era. The m e ta l c a s ­

s e t t e  was wrapped i n  a  le a d  s h ie ld  e x c e p t f o r  a  sm a ll h o le  i n  th e  m id d le .

The d is ta n c e  o f  m e ta l c a s s e t t e  from x - ra y  so u rce  was 6 2 .5  in c h e s  w h ile  th e  

h e ig h t  o f  th e  sm a ll h o le  from ground was 49 in c h e s .  The co pper x - ra y  tu b e ■ 

was o p e ra te d  a t  35 kv and 10 ma. The m e ta l c a s s e t t e  was exposed  to  n ic k e l -  

f i l t e r e d  copper r a d i a t i o n  a t  th e  fo llo w in g  tim e in t e r v a l s  5 ? 1 0 , 1 5 , 2 0 , 2 5 ,
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3 0 , 35 , 4 0 , 45 , 5 0 , 55 , 60 , 65, 70 , 75, 80 , 85 , 90 , 95, 100 , 105 , H O , 115, 

and 120 se c o n d s . A f te r  each  ex p o su re , th e  f i lm  s t r i p s  were moved up a  few 

m i l l im e te r s .  The f i lm  s t r i p s  were developed  i n  th e  same manner a s  th e  i n t e ­

g r a te d  f i lm s  and a t  th e  same tim e a s  th e  f i lm s  f o r  which th e  i n t e n s i t y  

sca le - i s  to  be u se d , A s c a le  was s e le c te d  i n  th e  fo llo w in g  m anner and used  

f o r  a l l  th e  W eissenberg  p h o to g ra p h s . The d a rk e s t  s p o t on th e  s c a le  was 

d a rk e r  th a n  any x - ra y  s p o ts  on th e  t h i r d  f i lm  ( th e  l i g h t e s t  o n e ) , w h ile  th e  

l i g h t e s t  s p o t  on th e  s c a le  was l i g h t e r  th a n  any s p o t on th e  t h i r d  f i lm .

Three f i lm s  o f  th e  same l e v e l  a re  c a l l e d  A, B, C a c c o rd in g  to  th e  o rd e r  

o f  d a rk n e s s . A i s  th e  d a rk e s t  w h ile  C th e  l i g h t e s t ;  Each f i lm  was re a d  

a g a in s t  th e  same s c a l e , F or many r e f l e c t i o n s  th e re  were th r e e  re a d in g s  fo r  

each  s p o t .  The av e ra g e  r a t i o s  o f  A/B and A/C f o r  each l e v e l  were found.

By means o f  th e se  r a t i o s ,  B and C f i lm s  were s c a le d  to  th e  same l e v e l  a s  A 

f i lm .  Some o f  th e  th r e e  re a d in g s  were r e j e c t e d  f o r  th e  fo llo w in g  re a s o n . 

Both ends o f  th e  s c a le  a re  g e n e ra l ly  l e s s  a c c u r a te ,  e s p e c i a l l y  th e  d ark  end 

due to  n o n - l in e a r  r e l a t i o n  betw een en erg y  and o p t i c a l  d e n s i ty  o f  f i lm .  I f  

one such  re a d in g  d i f f e r e d  by 40% o r  more from th e  r e s t  r e a d in g s ,  i t  was r e ­

j e c te d .  Two p e rso n s  were h i r e d  to  re a d  th e  f i lm s .  T h e ir  re a d in g s  on th e  

whole were i n  re a s o n a b le  ag reem en t. When th e y  were re a d in g  th e  same f i lm s ,  

s i x  re a d in g s  were re c o rd e d  f o r  each  s p o t .  The av erag e  i n t e n s i t y  fo r  each 

s p o t was o b ta in e d  by ta k in g  th e  av erag e  o f  th e  s ix  r e a d in g s .  I f  th e  h ig h e s t  

and lo w e s t re a d in g s  among th e  s ix  d i f f e r  by more th a n  25%, a '-re -c h e c k  was 

done by th e  a u th o r .

5

(



SECTION I I I

DETERMINATION OF THE LATTICE PARAMETERS 

The fo rm u las  d e s c r ib e d  i n  t h i s  s e c t io n  f o r  d e te rm in in g  th e  u n i t  c e l l  

c o n s ta n ts  a re  g e n e r a l ly  a p p l ic a b le  f o r  c r y s t a l s  o f  t r i c l i n i c  symmetry o r  

h ig h e r .

T h is  method d e s c r ib e s  use  o f  o s c i l l a t i o n ,  W eissenberg  and p re c e s s io n  

p h o to g rap h s  to  o b ta in  a l l  th e  l a t t i c e  p a ra m e te rs  f o r  a  t r i c l i n i c  c r y s t a l .  

The c r y s t a l  i s  assum ed to  be mounted on i t s  b a x i s  i n  th e  fo llo w in g  t r e a t ­

ment .

From o s c i l l a t i o n  p h o to g ra p h s , th e  f i lm  c o o rd in a te  y^ f o r  th e  nib le v e l  

can  be e a s i l y  m easured . I f  r ^  i s  th e  f ilm  r a d i u s , 

b = n M 1+ (IpZyn ) 2 )^

T h is  form o f  th e  e q u a tio n  i s  d e r iv e d  v e ry  s im p ly  i n  th e  fo llo w in g  way. 

I t  i s  shown i n  F ig .  3 a , b ,  c th e  sim ple  s k e tc h e s  o f  th e  g e o m e tr ic a l c o n f i­

g u r a t io n s  f o r  ta k in g  th e  o s c i l l a t i o n  p h o to g ra p h . The n o rm alized  r e c ip r o c a l  

l a t t i c e  i s  a lw ays d im e n s io n le s s . When th e  u n i t  r e c ip r o c a l  l a t t i c e  i s  mul­

t i p l i e d  by th e  f i lm  r a d iu s  r™, th e  sp h ere  o f  r e f l e c t i o n  w i l l  f i t  th e  film
,1 '

e x a c t ly  and th e  F ig .  3b i s  ,converted  in t o  F ig .  3c which i s  q u i te  m ean in g fu l. 

I n  F ig .  3 c , s in c e  th e  t r i a n g l e  OMP i s  s im i la r  to  th e  t r i a n g le  ONE, we have

V r Fd *ono= ( rF2+3rn2 , ’X

s in c e d* =nd* , = n A /b  ono o lo

th u s b/nA . = (1+ C iyV n )2 )^

o r b = n A ( i+ (IpZyn )2 / 2

•From th e  z e ro  l e v e l  W eissenberg  p h o to g rap h , th e  i n t e r p l a n a r  sp a c in g  o f  

^lOO ant* ^OOl ant  ̂ tb e  c e l l  edge o f  a  and c can  be found a s  below .
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a.

F ig u re  3 D e r iv a tio n  fo r  th e  o s c i l l a t i o n  form ula



a=d1 0 c /s i n /3 ^ s in T  ^d100Zsinjg s i n T

F or a  cam era o f  d ia m e te r  57»3 mm, 6  =x where x  i s  th e  v e r t i c a lnoo noo noo
d is ta n c e  from th e  s p o t noo to  th e  c e n te r  l i n e  o f  th e  f i lm .

I f  th e  f i lm  t r a n s l a t i o n  i s  0 .5  mm per; deg ree  c r y s t a l  r o t a t i o n

. 0 * - 2= ( a .= .)

where z i s  th e  h o r iz o n ta l  d is ta n c e  i n  mm betw een th e  two ax es  a* and c* .

jg* can  a ls o  be c a lc u la te d  by u s in g  th e  W olf-Bragg e q u a tio n  (19 ) .  F or 

th e  h o i  zo ne , th e  W olf-B ragg e q u a tio n  ta k e s  th e  fo llo w in g  form :

4 s in 2e ^ o l =h2a ,,‘2+ l2c ̂ + B h lc  *a*cos (3 *

F or W eissenberg  cam era o f  d ia m e te r  57»3 mm

e h o l=Xh o l

cosjB *=^sin2x^Q1-h 2a*2- l 2c*/!/2h la*c*  

where a*= V d 100

=*= 7 y a OOi

Zero l e v e l  p r e c e s s io n  pho tog raph  may a ls o  be u sed  f o r  c a lc u la t io n  a x i a l  

d is ta n c e s  and a n g le s .

The in t e r p l a n a r  sp a c in g  and th e  c e l l  edge a re  g iv e n  by

a=dl® l / s i n P *BinT=dIB0/ s in p  s in T *

ai0 0 ‘ n A / a * n o .=60n7̂ 7 a * 'noo

a * 1̂ 0  th e  a c u t a l  le n g th  ( i n  mm) m easured from th e  p o in t  noo to  th e  

o r ig i n  p o in t  on th e  p re c e s s io n  p i c tu r e .  I t  i s  u n d e rs to o d  t h a t  th e  r e c ip r o ­

c a l  l a t t i c e  h a s  been  m a g n if ied  s ix ty  tim e s  by th e  p re c e s s io n  cam era ( th e  

d is ta n c e  from th e  f i lm  to  th e  c r y s t a l  i s  60 min).

The i n t e r a x i a l  an g le  may be c a lc u la te d  e i t h e r  by d i r e c t  m easurem ent d r
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from th e  W olf-Bragg e q u a t io n .

(1 ) By d i r e c t  m easurem ents S in ce  th e  p re c e s s io n  p ho tog raph  i s  an  un­

d i s t o r t e d  p ic tu r e  o f  th e  r e c ip r o c a l  l a t t i c e ,  th e  o( * an g le  can be de­

te rm in ed  by th e  d i r e c t  m easurem ent o f  th e  an g le  betw een th e  axes o f  

b* and c* on th e  b*c* p re c e s s io n  p h o to g rap h .

(2 ) By th e  u s in g  o f  W olf-Bragg e q u a tio n s  F or exam ple, c o n s id e r  th e  

b*c* p re c e s s io n  p h o to g rap h . The W olf-Bragg e q u a tio n  c o rre sp o n d in g  to  

t h i s  h a s  thb  fo llo w in g  form .

s i n 2e o k l=]4(k2b*^+ l2c*2+2klb*c*coso{ *)

From th e  B rag g ’s  law

s IhSokI = ( V d o l a ) ^  £ / 2

o r  s l n X k V  & a 2/k

th u s  5 '2o k l=k2b^2 + l2 c*2+2klb*c*coso< *

coscX *=( <fk l 2-k 2b O2- I 2C*2 ) /2 k l b *c *

where i s  th e  r e l a t i v e  d is ta n c e  from th e  o r ig i n  to  th e  p o in t  o k l ,

Thus from th e  m ethods d e s c r ib e d  ab o v e , th e  u n i t  c e l l  c o n s ta n ts  can be 

c a l c u la te d .

The s ta n d a rd  d e v ia t io n  i s  u sed  h e re  a s  a  m easure o f  p r e c i s io n .  The

e s tim a te d  s ta n d a rd  d e v ia t io n  ( s .  d . )  p e r  s in g le  d e te rm in a tio n  i s  c a lc u la te d

by th e  fo llo w in g  fo rm u la ,

s .d .= ( ( d  2+d 2+ ...................+d 2 ) / ( n - l ) / 2J. d n

where d i s  th e  d e v ia t io n  o f  each  s in g le  m easurem ent from th e  mean, and n 

i s  th e  number o f  d e te rm in a tio n s  made.

The e s t im a te d  s ta n d a rd  d e v ia t io n  o f  th e  mean (S . De ) i s  th e  e s tim a te d  

s ta n d a rd  d e v ia t io n  o f  a  s in g le  d e te rm in a tio n  d iv id e d  by the; sq u a re  o f  th e
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number o f  d e te rm in a tio n s*
V2

S .D « = s .d ./n  /

I .  O s c i l l a t i o n  p ho tog raph

r^,=28»45 mm ( checked  a g a in s t  N ac l)

A =1.5418A

Table I I .  D e te rm in a tio n  o f  C e l l  Edge from O s c i l l a t i o n  D ata

n ŷ Cmm) V y= (v V 2 n(l+Cr1Zyfl)2/ 2 b terror

I .4-95 5-748 33-640 5.834 8.996 0.022

2 10.39 2.738 7.498 5.830 8.989 0.055

3- 17.08 ■ = l-o 666 - '2.775 5.829 8.987 0.077

4 26.85 1.060 1.123 5.828 8.986 O.O89

5
' 'j47.0 0.605 0.366 5.844 9.010 0.066

2 * «.Y ■ ’ • Mean=: 8.994-0.003%
••• ;

S ta n d a rd  d e v ia t io n  f o r  a  s in g le  d e te rm in a tio n = © . 00?2 

S ta n d a rd  d e v ia t io n  o f  th e  mean =0.0052

2 . Zero l e v e l  W eissehberg  pho tog raph

T  = (360 /2  TT r F )x  

r_= 28 .45  mm ' '
S

= 2 .o i4 x

F or ze ro  l e v e l

T  =20'
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th u s  ©=l.G07x

(Sjio l= 7\-/2sin©h o l= ^ V 2 s in ( l  .0 0 ?x )

T able I I I ,  D eterm ination , o f  from Zero L evel W eissenberg  Photograph

o o l x  - (mm) o o l e  no o l s ln e OOl d n o o l do o l e r r o r #

4 9 .6 5 %;72 0 .16878 4.5675 18 .270 0 .027

5 1 2 .10 12 .18 0.21128 ' 3 ,6 4 8 ? 18 .244 0 .114

6 1 4 .5 3 1 4 .65 0.25291 3 .0481 18 .288 0.125

8 1 9 .60 1 9 .74 0.33764 2 .2832 18 .266 0 .005

9 2 2 .15 2 2 .31 0.37959 ' 2 .0309 18 .278 0 .071

10 2 4 .80 24 .97 0.42209 1 .8264 18 .264 0 .005

11 27 .45 2 7 .6 4 0.46390 1 .6618  ' 1 8 .0 8 2 0.028

12 30 .25 3 0 .46 0 .50692 1.5208
/

18 .249 0 .088

13 33 .05 3 3 .28 0 .54872 1 .4p49 18 ,2 6 4 0 .005

14 35-95 3 6 .20 0 .59061 1 .3053 18 .274 0 .049

16 4 2 .2 0 4 2 .50 0.67559 1 .1411 18 ,258 0 .038

17 4 5 .6 0 45 .92 0 .71833 1 .0732 18 ,244 0 .114

18 4 9 .1 0 4 9 .4 4 0.75970 1 .0 1 4 ?  18 .265  0 .000

M ean=l8.2 6 5 -0 .004A

S ta n d a rd  d e v ia t io n  f o r  a  s in g le  d e te rm ina tion= 0 .013A

S ta n d a rd  d e v ia t io n  o f  th e  mean =O.OCAA
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Table IVe Determination of ^ q q  r̂om Zero Level Weissenberg Photograph

_____________________________________________________ _____________________ ______________________________________________________................................................. -  ,  ■, • , ____________________

hop x, (mm) noo e,hoo sin©hoo ^hoo dIoo e r ro r#

I 6 .2 0 6 .2 4 0.10870 7 .0920 7 .0920 0.094

2 12 .45 1 2 .54 0.21712 3 .5505 7 .1013 0 .037

3' 18 .88 1 9 . Ol 0 .32575 2 .3665 7 .0995 0.011

4 . 25 .55 25 .73 0.43413 1 .7757 7.1028 O.O58

7 49 .15 4 9 .4 9 0.76041 1 .0138 ■ 7 .0966 0.030

8 59 .88 60 .30 O.86863 0.88749 7.0999 0.017

Mean=?.0 9 8 7 -0 .001?A

S ta n d a rd  d e v ia t io n  f o r  a .  s in g le  determ ination=© .0059A  

S ta n d a rd  d e v ia t io n  o f  th e  mean =0.0017&

F or * an g le

co sjg*= (4sih2e h o l -h 2a*2- l 2c*2 )/2 h la * c *

e h o l=1°007xh o l

a*= 7SZdiQQ=I.5418/7.@987=0.21719 

c*= A./dG01= l 0 5418/18.265=0.084415 

a*2=4.71715x10”2 

c * 2 = 0 . 7 1 2 5 6 x 1 0 " 2  

2a*c*=3.66674xl0™2
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T able V» D e te rm in a tio n  o f  /3 * Angle from Zero L evel W eissenberg  
P hotograph

h o i . 3W e h o l

■

sin6h=i 46in2eW cos/3  * (3 * e r r o r #

1014 3 5 .1 5 3 5 .0 4 0.57928 1.34226 - 0.19778 101*24' 0 .0 1

3010 2 8 .5 28 .70 0 .48022 0.92244 - 0.19515 101*1 6 • " 0 .1 5

4o4 25-5 25 .68 0 .43312 0 .75037 - 0.20178 101*3 8 ' 0 .2 2

3010 2 8 .0 3 8 .2 7 0.61932 1.55423 ^0.19506 101*159 0 .1 6

708 4 9 .9 5 0 .2 5 0.76884 2 .36444 »Go19626 101*19' 0 .1 0

80? 58 .85 5 9 .2 6 0.85949 2.95489 -0 .2 0 1 2 4 101*36’ 0 .1 8

Mean=101°25 *-7 *

S ta n d a rd  d e v ia t io n  f o r  a  s in g le  det e r m i n a t i o n ^ ,2 7 9 0 .

S ta n d a rd  d e v ia t io n  o f  th e  mean =Ge113°

3» P re c e s s io n  pho tog raph

S in ce  th e  p r e c e s s io n  cam era was n o t c a l ib r a t e d  w ith  W acl, th e  

p r e c i s io n  o f  th e  c e l l  c o n s ta n ts  d e te rm in ed  from th e  ze ro  l e v e l  p re c e s ­

s io n  p h o to g rap h s i s  u n c e r t a in .  Only th e  o i  * a n d ^  * a n g le s  which can 

n o t be o b ta in e d  from th e  o s c i l l a t i o n  and z e ro  le v e l  W eissenberg  pho to ­

g rap h s  a re  u se d .

/y ' * an g le

From th e  a*b* p re c e s s io n -p h o to g ra p h , ' f  * an g le  i s  found to  be 9 0 ° . 

o( * an g le

coso<*=( 6~. ..2-k 2b*2- l 2c*2 )/2 k lb * c*



T a b le ' V I -D eterm ination  o f  Of * Angle from Zero l e v e l  P re c e s s io n  Photo­
graph

D is ta n c e  M easured 2 6~. _o k l C k l coscx * o r  . e r r o r #

022-022 4 7 .0 2 3 .5 -0 .0 9 5 2 7 95*28' 0 .1 0

023-023 5 2 .8 2 6 .4 -0 .0 9 6 6 9 55033 , 0 .0 1

024-02? 5 9 .7 5 29 .88 -0 .0 9 9 0 5 9 5 ° 4 l ' 0 .1 4

025-025 6 7 .4 3 3 .7 -0 .0 9 7 7 4 95037 , 0 .0 4

026-026 7 5 .55 3 7 .7 8 - 0 .09601 95*31' 0 .0 6

M ean=95°34'-5 «

S ta n d a rd  d e v ia t io n  f o r  a  s in g le  m easurem ent=© .172°

S ta n d a rd  d e v ia t io n  o f  th e  mean =0.077°

4 . C a lc u la t io n

The c e l l  c o n s ta n ts  o b ta in e d  from th e  d i f f e r e n t  x - ra y  p ic tu r e s  a re  

sum m arized a s  below .

b=8.994%

dIOO=7 -098^ 7 -0" 1

d001= l8 '^ 5 &

c**=95°34'

j8*= lG l°25 '

/y*=90°

To c a l c u la te  th e  i n t e r a x i a l  a n g le s  i n  th e  d i r e c t  c e l l ,  we p roceed

a s  fo llo w  ( 6 ) .



CO^oC = (co s  yg *cos'Y*-coso<  * )/s±nj3  * s i n T *

=84°191

S im i la r ly ,

/3=78*32'

T  =88*52'

a=dIo 0Zs in T  * sinyS =7 „ 0 9 9 /0 .9 8 0 0 4 = 7 .244a 

b=8.994A

c=GL0o i / s in j8  sincX * = 1 8 .2 6 5 /(0 .9 8 0 0 4 ) (0 .9 9 5 2 8 )= l8 .725A

'In  summary

a=7«2 4 4 -0 .002A 8=8.994-0.003% . c = l8 .725-0.004%

c*=84*i9 '±3» /3 = 7 8 * 3 2 '-2 ' T = 8 8 * 5 2 '-4 '

L e t V be th e  u n i t  c e l l  volume

V=abc sincX s in jg  s if iX  *

= (7 .2 4 4 ) (8 .9 9 4 ) (1 8 .7 2 5 ) (O.9 9 5 0 8 )(0 .9 8 0 0 4 )

= (65 . 153 ) ( 1 8 . 261 )

=1 , 189 . 8%5

F or Ca(G10H7HPO4 )2 ^ H 2O

M o lecu la r w eigh t= 540 .426

D e n s ity  =1.5031 g/m l

M olecu lar volum e=540.4 2 6 /(1 .5 0 3 1 ) ( 0 . 6023)

= 540 .426/0 .90531  

= 596 .9%3

Number o f  m o lecu le s  p e r  u n i t  c e l l = l , 1 89 .8 /5 9 6 .9

=1.993

L e t and D^ be o b se rv ed  and c a lc u la te d  d e n s i ty  r e s p e c t iv e ly .
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Dq=1 .5 0 3  g /m i

Dc = I . 503 (2 /1 .9 9 3 )

=1.508 g/m l



SECTION IV

INDEXING THE TRICLINIC EQUI-INCLINATION 

WEISSENBEEG X-EAY PHOTOGEAPH AND A METHOD OF CHECKING

U su a lly , x - r a y  d i f f r a c t i o n  p h o to g rap h s  ta k e n  by th e  e q u i - i n c l i n a t i o n
*  ,

W eissenberg  method can  be in d e x ed  r o u t i n e l y » However, f o r  t r i c l i n i c  c ry s ­

t a l s ,  c e r t a i n  p rob lem s a r i s e  i n  th e  in d e x in g  and i t  i s  w orth  w h ile  examin­

in g  th e  m ethods u sed  h e r e »

I t  i s  n o t  d i f f i c u l t  to  in d e x  th e  ze ro  l e v e l  t r i c l i n i c  W eissenberg  

p h o to g ra p h . P roblem s s t a r t  when we t r y  to  in d e x  th e  upper l e v e l  t r i ­

c l i n i c  e q u i - i n c l i n a t i o n  W eissenberg  p i c t u r e s .  T h is  i s  because  th e  r e c ip ­

r o c a l  l a t t i c e  a x i a l  l i n e s  o f  a  t r i c l i n i c  c r y s t a l s  do n o t show up a s  

s t r a i g h t  l i n e s  on th e  up p er e q u i - i n c l i n a t i o n  W eissenberg  p h o to g ra p h s .

The method o u t l in e d  h e re  o f f e r s  n o t  o n ly  th e  c o r r e c t  in d e x in g  b u t a ls o  

th e  un ique  ch o ice  o f  u n i t  c e l l .

F or th e  t r i c l i n i c  sy stem , s in c e  th e re  i s  no symmetry e x c e p t p o s s ib ly  

an  in v e r s io n  c e n te r ,  a  p r im it iv e  c e l l  i s  a lw ays ch osen . There a re  many 

ways to  choose a  p r im it iv e  cel}, i n  a  t r i c l i n i c  l a t t i c e .  G iven th e  th re e  

t r a n s l a t i o n s  o f  th e  p r im it iv e  c e l l  edges x ,  y ,  z and th e  th re e  a x i a l  

l a b e l s  a ,  b ,  and c ,  th e re  a re  s i x  ways o f  f ix in g  a ,  i . e . , x ,  - x ,  y ,

- y ,  z ,  and - z .  I f  a  i s  a s s ig n e d  a s  x o r  - x ,  th e re  a re  fo u r  ways to  f i x  

b , t h a t  i s  y , - y ,  z and - z .  Then, i f  a  r i g h t  hand c o o rd in a te  system  i s  7 

ch o sen , c i s  a u to m a tic a l ly  f ix e d .  Thus, th e re  a re  a  t o t a l  o f  tw en ty - 

fo u r  p o s s ib le  ways o f  f ix in g  l a b e l s  to  th e  t r a n s l a t i o n s .  B alashov  (3 A )  

d e v ise d  some r u l e s ,  which w i l l  t h e o r e t i c a l l y  le a d  to  a  un iq u e  c h o ic e .



B alash ov1s  methods

1« S e le c t  a  p r im i t iv e  c e l l  h av in g  th e  s m a l le s t  volum e,

2 .  L e t c > b >  a

T h is  r u le  fo llo w s  B u e rg e r 's  co n v en tio n  ( 6 ) e U su a lly , t h i s  w i l l  le a d  

to  a * >  b*;> c* . Donnay and Nowacki ( l4 )  su g g e s te d  a  d i f f e r e n t  o rd e r-c o n ­

v e n tio n ;  b > a /-C e  The re a s o n  th e y  p r e f e r  c a s  th e  s h o r t e s t  a x i s  i s  th a t  

c r y s t a l s  o r d in a r i l y  grow so t h a t  th e y  a re  e lo n g a te d  p a r a l l e l  to  th e  s h o r t ­

e s t  t r a n s l a t i o n s  and th e  c h o ice  o f  c f o r  th e  s h o r t e s t  t r a n s l a t i o n  cau ses  

th e  c r y s t a l  to  lo o k  l i k e  a  v e r t i c a l  colum n. Gn th e  o th e r  h and , th e  

B u e rg e r 's  co n v e n tio n  C /-b /* a  h a s  th e  fo llo w in g  ad v an tag es  a s  in d ic a te d  

by B alashov  (2 ) ;  (a )  I t  i s  c o n v e n ie n t f o r  t a b u la t io n  p u rp o se s  (b ) I t

can  be u sed  f o r  t e t r a g o n a l  and h ex ag o n a l c r y s t a l s ,  where ( i n  c o n t r a s t  to  

th e  o rth o rh o m b ic  system ) th e  c and a  ax e s  a re  f ix e d  by symmetry conven­

t i o n ,  th e  r a t i o  c / a  i s  g r e a t e r  th a n  u n i ty ,  i . e . , c i s  g r e a t e r  th a n  a  which 

v io l a te d  Donnay' s  c o n v e n tio n .

3« Leto /  , be hom ogeneous, t h a t  i s ,  a l l  o b tu se  o r  a l l  a c u te .

The o rd in a ry  p ro ced u re  o f  do ing  t h i s  i s  f i r s t  to  c h o o s e r /* ,

|3 * s"T* a l l  a c u t e . I f  c/ , p  , T do n o t tu r n  o u t  a l l  o b tu s e , a d ju s te d ? ,

|3*, o r 7" * (by ta k in g  t h e i r  supp lem en t) u n t i l o / , j i , rJf are  a l l  a c u te .

Some p eo p le  p r e f e r  t h a t  a l l o t  , j3 ,Y' be n o n -a c u te . To c o n v e r t  a l l  a c u te  

a n g le s  to  a l l  o b tu se  o n es , th e  D elaunay R ed u c tio n  (20) may be u se d . The 

D elaunay R ed u c tio n  g iv e s  th e  c e l l  which h a s  th e  th re e  i n t e r a x i a l  a n g le s  

(<d 913 ,TT ) a l l  n o n -a c u te , and w ith in  th e  l i m i t s  im posed by t h i s  c o n d i t io n ,  

th e  th re e  t r a n s l a t i o n s  a ,  b ,  c th e  s h o r t e s t  p o s s ib le .  The D elaunay 

R ed u c tio n  i s  based  on th e  fo llo w in g  p r i n c i p l e s :  th e  r e c ip r o c a l  o f  an
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o b tu se  p a r a l le p ip e d  i s  an  a c u te  one and u s u a l ly  v ic e  v e r s a .

T© show th a t  ^he B a la s h o v 's  method le a d s  to  an un ique  ch o ice  o f  u n i t  

c e l l ,  p ro ceed  a s  fo l lo w s .

F ig .  4 a ,  b shqws th e  g e n e ra l  a rrangem en t o f  th r e e  a x i a l  l a b l e s  a ,  

b , c and th e  i n t e r a x i a l  a n g le s  o(, ^ , 'X , a s  w e ll a s  th e  p r o je c t io n  o f  c 

a x i s  on ab p la n e .

I f  th e  p r o je c t io n  o f  c - a x i s  o r  z l i e s  i n  th e  MxN zone, i . e . , on 

th e  p o s i t i v e  x s id e - o f  th e  p e rp e n d ic u la r  to  x  a s  shad ed , an g le  xoz o r  ^3 

i s  a c u t e .

S im i la r ly , i f  th e  p r o je c t io n /  o f  z l i e s  i n  th e  TyS zone, i . e . , on
/

th e  p o s i t i v e  y s id e  o f  th e  p e rp e n d ic u la r  to  y a s  shad ed , an g le  yoz o r
' I

i s  a c u te .  i

• S in ce  xyz^ r o t a t e d  l8 0  d eg ree  e q u a l to  xyz^ 

xyz2 r o t a t e d  l 80 d eg ree  e q q a l to  xyz^ 

th e r e  a re  o n ly  two k in d s  o f  t r i c l i n i c  c r y s t a l s ,  i . e . , a x i a l  system  l i k e  

Xyz1 ( ty p e  l )  and xyz^  ( ty p e  2 ) .

Type I ;  Jfyz1

of o r  yop i s  a c u te  

jB or xoz i s  a c u te  

trX o r  xoy i s  a c u te

Type 2 : xyz? .

Oi o r  ,yoz i s  a c u te  

[3 o r  xoz i s  o b tu se  

o r  xoy ,,is a c u te

We can  have d i f f e r e n t  r e p r e s e n ta t io n s  o f  th e  t r i c l i n i c  c r y s t a l



- 2 8 -

C ( Z )

a.

c.

F igure 4 I l l u s t r a t i o n  o f  the unique ch o ice  fo r  the u n it  c e l l
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by d i f f e r e n t  co m b in a tio n s  o f  a c u te  and o b tu se  a n g le s .

F or exam ple, i f  a  i s  changed from p lu s  x to  minus x , th e  c h a ra c te r  

o f  j8 an d T changes from a c u te  to  o b tu se  o r  v ic e  v e r s a ,  a s  shown i n  F ig . 4 c .  

Type I ;  xyz^

o< o r  yoz i s  a c u te  

ft o r  xoz i s  o b tu se  

T  o r  xoy i s  o b tu se

Type 2s xyz^

o( @r yoz i s  a c u te  

j8 o r  xoz i s  a c u te  

'Y  o r  xoy i s  o b tu se

F o llo w in g  th e  same p ro c e d u re , we can  have a l l  th e  p o s s ib le  a r ra n g e ­

m ents o f  a ,  b , c and th e  an g le  c h a r a c te r s  a s  l i s t e d  i n  th e  fo llo w in g  

t a b l e ,  ( t a b le  i n  B uerger (7 ) w ith  c o r r e c t io n s )
At'

T able V II . P o s s ib le  S e ts  o f  I n t e r a x i a l  A ngles i n  th e  T r i c l i n i c  System

Type I  c r y s t a l

cos Type o f
O r ie n ta t io n  . . _____________ C o o rd in a te  System

abc i s Xyz1 + + + R

abc i s Xyz1 + - - L

abc i s Xyz1 - - + R

abc i s Xyz1 - + - L

abc i s Xyz1 + + + L

abc i s Xyz1 + - - R

abc i s xyS-L - - + L

D e s ig n a tio n  o f  
R e p re se n ta tio n

IR  Normal

3L

2R

4L

IL  Normal 

3R

2L



Orientation
cos Designation of 

Representation

abc i s  xyz^

abc i s  xyZg 

abc i s  xyZg 

abc i s  xyz^ 

abc i s  xyz2 

abc i s  xyz2 

abc i s  xyz2 

abc i s  Xyz2 

abc i s  xyz2

— +  —

+  — +  

+  +  -  

-  +  +

+  -  +  

+ +  - 

— +  +

Type of
Coordinate System 

R

Type 2 Crystal
I '

R 

L 

R 

L 

' L 

R 

L 

R

4R

IR

3L

2R

4L Normal 

IL 

3R

2L

4R Normal

A crystal can be either one of the two crystal types and can not be 

both at the same time. Hence, once the type of coordinate system i s  chosen, 

there i s  only one case for the interaxial angles to be a l l  acute or a l l  

obtuse. Balashov’s method of le tt in g  b< > /3 »Tf be a l l  obtuse or a l l  acute 

i s  thus ju stif ied .

A suggested indexing method for the tr ic lin ic  Weissenberg photographs:

In the equi-inclination Weissenberg method, the camera i s  so in­

clined that the direct x-ray beam and the diffracted beam are equally 

inclined to the layers of the reciprocal la t t ic e .  The equi-inclination  

keeps the reciprocal la tt ic e  rotation axis exactly on the circumfer­

ence of the reflectin g  c ircle  of the n-layer.

Certain indexing problems arise for tr ic lin ic  crystals for which 

Weissenberg photographs are taken. I t  should be understood that x-ray
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diffraction photographs provide a picture of the reciprocal la t t ic e . For 

the ease o f illu stra tio n , i t  i s  assumed that the crystal i s  mounted on b 

axis unless otherwise sp ecified . The two reciprocal axes a* and c* w ill 

show up as straight lin es  on the zero Weissenberg photograph and the photo­

graph i s  indexed in  the normal manner. ■ In indexing the upper lev e l Weis- 

senberg photographs for tr ic lin ic  crysta l, the reciprocal lin es  hlO, h20 

0 l8 , 02$ e tc . no longer appear as straight lin e s . I f  any reciprocal 

la tt ic e  axial lin e  e .g . hno, or onl passes through the rotation axis, 

a straight lin e  w ill resu lt on a l l  the equi-inclination Weissenberg 

le v e ls . This can occur i f  any upper.level reciprocal la t t ic e  line  

projection on the zero lev e l coincides with the a* or c*. For ortho­

gonal systems th is i s  always the case, for monoclinic systems i t  i s  the, 

case i f  the crystal i s  mounted on b, but not so i f  mounted on a or c, 

and would bnly be accidentally the case for t r ic lin ic  crysta ls. How­

ever, for any non-orthogonal crystal, a non-axial reciprocal la tt ic e  

lin e  may, on one lev e l or another, accidentally pass through the rotation  

center, producing a straight lin e  on the equi-inclination Weissenberg 

photograph. Thus, for tr ic lin ic  crysta l, usually no upper lev e l recipro­

cal la tt ic e  lin e  w ill pass through the rotation ax is. The problem of 

indexing the tr ic lin c  upper lev e l equi-inclination Weissenberg photo­

graphs i s  to recognize the reciprocal la t t ic e  lin es . - Assuming a l l  the 

reciprocal la tt ic e  lin es  on the zero lev e l are known, the easy way to do 

th is i s  to project the upper lev e ls  onto the zero le v e l. Fig. 5 a 

represents the' zero lev e l where the point 0 i s  the rotation center, 

the horizontal lin e  passing through the ro p tio n  center i s  the c* axis



©r ©ol l in e , and the lin e  passing through the point 0 and making an angle 

0  * with c* i s  a* axis or ho© lin e . All the upper lev e l reciprocal la t ­

tice  points oko must l i e  on the b* ax is. The length and positions of the 

b* axis projection on the zero lev e l a* c* plane can be calculated (For 

calculation, see next paragraph). The positions of the point oko cor­

responding to the k ^  lev e l can thus be located. From ok©,' construct
'tllL 1

the k lev e l reciprocal la tt ic e  network hkl by drawing lin es  parallel 

to a* and c*. Consider the four reciprocal la tt ic e  lin es  s it t in g  c losest  

to the rotation center, Oe These represent the four festoons next to the 

two straight axial lin es  of the zero lev e l projected onto the k ^  lev e l. 

The festoon at the right or l e f t  of a* projection corresponds to the 

right or l e f t  reciprocal la tt ic e  lin es  of a* in  Fig. 5 a. The other two 

festoons can be id entified  in  the same manner. Once these four festoon 

(the reciprocal la tt ic e  lin es) have been indexed properly, there i s  no 

problem indexing the other reciprocal la tt ic e  points. An illu stra tio n  

of these procedures i s  shown in  Fig. 5»

A calculation for the length and location of the axial projection:

F irst obtain a l l  the reciprocal la tt ic e  c e ll  constants a*, b*, 

c* ando< *, /3 *,/T From these, the reciprocal la tt ic e  unit c e ll  i s  

constructed as shown in Fig. 6 where three axes meet at the point 0, and 

OA1 OB, OC represent the unit length of a * , b* and c* respectively.

Then, in  the BOG pl,ane (b* c* plane), draw BN perpendicular to OC.

From B, draw lin e  BM perpendicular to the plane AOC (a* C* plane).

Connect NM and OM.. From the geometrical relation , we have

- 32-
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/ /  / 

'  /
z

Figure 5 An illu stra tio n  of the indexing procedures



ON= b* coso( *

BN=b* sinck *

Angle BNM = iSO-O^Cfor derivation, see Buerger (6))

BM=b* sincX * S in -T  

NM=-b* sincX * c o sT  

OM=b* (I-S in2CX *sin^"  

cosp= (0N2+0M?-MN2)/20N-0M

= ((b*coso<*)2+b*2( l- s in 2dX *sin^T)-(b*sincX*C0sT)^)/

2(b *coso<*)b *(l-jS in 2cX' *sin ^ T  
' I r "  ; '

Where OM i s  the unit length of b* projection on a* c* plane.

p i s  the location of b* projection on a*c* plane (the angle 

between b* projection and c*).

I t  i s  noted that the approximate location of b* projections can 

be determined as follows by the interaxial angles o<* andT^ only. 

Table VIII. Determination of b*- Projection Location on a* c* Plane.

I n t e r a x i a l  a n g le s Q uadrant where b* p r o je c t io n  l i e s

a c u te a c u te I

o b tu se o b tu se 3

a c u te o b tu se 4

o b tu se a c u te 2

Index- cheeking method:

The index-checking method w ill serve as a check on proper



- 35-

a *
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indexing of the equi-inclination Weissenberg photographs. The calcula­

tion  of the vertica l distance of the hkl reflection  from the equator 

l in e , Xcalc i s  compared with the measured distances Xjbs I f  the per­

centage error (error%)

Error % = (x , -x  n )/x  ,obs. calc. obs.
equal or le s s  than 3%, a correct indexing i s  assumed.

Index-checking formulas:

For equi-inclinatioh Weissenberg method

Xcalc = 1Zzcos ^(2(l-sin^6)/cos^j - l )

Where i s  tl̂ e angle of inclination  
2sin  9 may be calculated from Wolf-Bragg equation as below: 

4sin29hkl=h2a*2+k2b*2+l2c*2+2hka*b*co sT  *+

2klb*c*cesck *+21hc*a*cosj8 *

Derivation of index-checking formula's:

a. Wolf-Bragg equation

Note: The Wolf-Bragg/equation i s  not present in  many standard

reference books. I found th is equation in  a Hussion journal (19,3), 

translated and sent to me by V. Balashov. Since I could not find a 

derivation for th is equation in  the litera tu re , a derivation i s  included 

here.
--

A reciprocal la tt ic e  vector 6 ^  i s  a vector, drawn from the 

reciprocal la tt ic e  origin to the reciprocal la tt ic e  point hkl as shown 

in  Fig. 7 a. I t  has three components ha*, kb*, and Ic * along the three 

axial directions.



Q., , =ha*+kb*+le* h k l '

^ h k l = ĉ k l*  C k l

From the v ec to r  a n a ly s is ,  we have

= (ha*+ kb*+ lc*)• (ha*+kb*+lc*)
p p p p p p  —> —> -* ->■ —=>

=h a * +k b * + I c * +2hka*. b*+ 2klb*• c *+ 2 h la* • c *

S in ce  a ”1 .b * = a* b * co s 'T * . 
—̂ ^
a* .c*=a*Q*cos jB *

b* „ c*=b*c*c©so<*,

h^a * ̂ +k^b * 2+l2c * 2+2hka*b *co s'^'*+2klb *c*cosck*hkl"
+2hla*c*cos /3 *

From Bragg's equation (Fig. 7b)

^ =2dh k i s ln 8 b k i

or ^ 2OhiI = (V d l k l )2-  ^ k l2

Combining the above equations, we have

4sin2G ^=h2a*2+k2b*2+l2c*2+2hka*o*c0s'T * 

+2klb*c*cosc<*+Zhla*c*c0s jg *

b. Equi-inelination Weissenberg index-checking formula

Fig. 8 a, b illu s tr a te s  the equi-inclination method in  three dimen­

sions and the important part of the spherical surface diagram. The 

crystal i s  s it t in g  at the center of a unit radius sphere (sphere of 

r e flec tio n ). Since the angle (in radian) subtended from the center 

of a sphere or a c ircle  i s  equal to the arc length divided by the ra­

dius and the radius of the sphere of reflection  i s  un it,

■ ■ ~  S = TPO-2©
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Figure 7 Derivation of the Wolf-Bragg equation
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Where 0 i s  the Bragg glancing angle
“1 y th

A  =tan y^/r^, y^is the distance from n lev e l line to the 

center lin e  in an o sc illa tio n  picture, r„ i s  the film radius, 

i s  the general reflection  angle 

i s  the inclination  angle

Note that

Angle PAB=90 degree, Angle ABO=90 degree

Angle PAO=90 degree + Angle BAO 

From the spherical geometry, the following equation's are true;

(1) For right spherical triangle

cosc=cosa cosh, sinA=sina/sinc

(2) For oblique spherical triangle

cosa=cosb cosc+sinb sine cosA
ZN

Let A0=y, Angle BAO=Z

Since ABO i s  a right spherical triangle (Angle ABQ i s  90 

degree),

Cosy=COSyU e o s T < ( I )

siny=(l-cos^(y( cos^T')^ 

sinz=sin yU / siny

=sinyU/(l-cos^U COs^yt ( 2 )

PAO i s  an oblique spherical triangle; thus 

c o s 2 0 = g o s P ( cosy+sin/( siny cos(90+z)

=cosX. cosy-sin^ siny s i n z ............................ ...  (3)

Substituting equations ( l)  and (2) into equation (3)-
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a.

b.

a.
b.

Figure 8 Illu stration  for equi-inclination Weissenberg method 
The important spherical surface diagram



I I H fJ.:11

cos29=cos9[ COSyiJ coŝ T1 -sin/£ siny s in / / /s in y  

=Cos^cosydcos-Tl-s in % sin y /

For equ^-inclination method

TC = /J

Thus, cos 2© =Cos^ cos^ -sin ^ d  =GOŜ d cosT^-l+cosyyy

=COS^d (1+008^)0-1 e e o e o e o e e o e

c o s  T  = 1 + c q s 2 ©
"" 2
COS yt/

- I

(4 )

= l+ l-2 sin  ©
‘ 2-----------cos

= 2(1-sin?©) • ------- --------
cos y /

Therefore, x='T/'2=#c@s ^(2(l-sin^©)/cosy/ - l )

D. Application

The unique choice of unit c e l l  and the indexing methods for the 

tr ic lin ic  crystals are applied to the tr ic lin ic  crystal of calcium 1- 

naphthyl phosphate CatC^H^HPO^^o^H^O. The resu lts which w ill, in turn, 

serve as an illu stra tio n  of the above methods w ill be reported in the 

following sections.

I o  Unique choice of unit c e ll  for calcium 1-naphthyl phosphate.

A direct calculation from the o sc illa tio n , zero level 

Weissepberg, and precession photographs gives us the following 

c e ll  constants.

1jIOO=7 -0998

b=8.9,94l

Z
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4001=18-265%

ex' *=.95°34' ©r 84®26' 

j3 * = 10 l°251 ©r 78*35' 

/ y  *=90®

S ince  ^100 and dQ a re  n o t to© f a r  from a  and c r e s p e c t iv e ly ,  

th e  B a la s h o v 's  second r u le  i . e . , c 2 - a  i s  te m p o ra r i ly  used  to  

a s s ig n  th e  above! l a b e l s -

To see w hether a l l  a n g le s  o/ % a re  homogeneous, f i r s t  ta k e

cosoi = (0 - 0 . 09700 ) / 0 . 98021= -0 . 09896

Ckf =95*41'

Cos^ =(c@seX*c@s^r*-c@s *)/sinoC *sin^ r*

=-0.1979V0.99528=^0.19888 

0=101*28'

Cos^=Ccosck "tCOSjg * -co s^ r'* ) /s in o < * s in  jS*

= (0 . 0970 ) ( 0 . 19794) / ( 0 .9 9 5 2 8 ) ( 0 . 98021)

= 0 ,01920 /0 .97558

Oi * , 0  *» z^ *  a l l  a c u t e .

Ck *=84 2 6 ' 

(3 *=78 3 5 ' 

-7 '  *=90*

Then, s i n  ex *=0.99528 c© sex' *=0.09700 

cos jS *=0.19794 

C osT ^=O .0

s i n 0 * = 0 .9 8 0 2 1  

s in /T * = l° 0



= 0 ,01968  

zT  =88*52'

S in ce  cx , jg b o th  a re  o b tu s e , w h ile T  i s  a c u te ,  th ey  a r e  n o t 

homogeneous* T h is  r u l e s  o u t th e  p o s s i b i l i t y  o f  t h e i r  b e in g  a l I  

o b tu s e . To make them a l l  a c u t e , a d j u s t s * ,  j3 * by ta k in g  su p p le ­

m en ts . I t  i s  n o t  d i f f i c u l t  to  o b ta in  th e  fo llo w in g : 

ot *=95*34'

/6 *=101*25'

'Y  *=90®

CQScZ=O.09896 

oZ =84*19'

CosA=O.19888

/3=78*32'

COŜ T"=0.01968

T  =88*52'

Thus a l l  th e  a n g le s  o t ,^  f f  a r e  a c u t e , and a c c o rd in g ly  

hom ogeneous. The c o n s ta n ts  a  and c can  now be o b ta in e d  a s  fo llo w s :

a = d io0/ s i n j 3 s i n T  *=7 . 099/ 0 . 98004=7 . 244 t

c= d i0o / s i n ^  s in o f  * = 1 8 .2 6 5 /(0 .9 8 0 0 4 ) ( 0 . 99528)=18.725%

8=8.994%

I t  i s  a p p a re n t t h a t  c > b > a ,  which i s  th e  B a la s h o v 's  second 

r u l e .  From t h i s ,  ou r tem porary  l a b e l  ^ ^ l O O  J u s t i f i e d .

In d ex in g  th e  t r i c l i n i c  c r y s t a l  o f  ca lc ium  1 -n a p h th y l phosphate

a .  D e te rm in a tio n  o f  th e  a x i a l  d i r e c t i o n  on which up p er 

l e v e l s  l i e

- 43-



-4 4 -

The B a la sh e v 1s  r u l e s  a l re a d y  d e te rm in e  th e  o r i e n t a t i o n  

o f  thrfee ax es  a ,  b , c and th e  c r y s t a l  i s  found to  be m ounted on 

b a x i s ,  a lth o u g h  we a re  n o t c e r t a in  o f  th e  d i r e c t io n  o f  b* .

T h is  i s  d e te rm in ed  by u s in g  r ig h t -h a n d  c o o rd in a te s .  F ig . $c 

shows th e  o r i e n t a t i o n  o f  th e  f ilm  w ith  r e s p e c t  to  th e  cam era 

and x - r a y .  The o b s e rv e r  i s  s ta n d in g  a t  th e  p o s i t io n  such th a t
-..I 1 i.» ««• ** « Jut *.* ■  ̂ - , —.1 _ * . !  i l l . C ', , i «■ .,  ,B >

th e  x - ra y  i s  p a s s in g  th ro u g h  th e  sp h e re  o f  r e f l e c t i o n  frcpm l e f t  

to  r i g h t  and th e  r o t a t i o n  d i a l  i s  i n  f r o n t  o f  ^he o b s e rv e r .

In  th e  z e ro  l e v e l  p i c t u r e ,  th e  a x i a l  l a b e l s  a* , c* and t h e i r  

d i r e c t io n s  a re  a l re a d y  f ix e d  by th e  B a la s h o v 's  r u le s  a s  i n  

F ig . 9 a .  T h is  w i l l ,  i n  tu r n ,  f i x  th e  a x i a l  l a b e l s  and t h e i r  

d i r e c t io n s  i n  F ig .  9 b and c .  In  F ig .  9 b , a* c* i s  assumed 

to  l i e  i n  a  h o r iz o n ta l  p la n e .  When c* r o t a t e s  tow ard a * , from 

th e  r ig h t -h a n d  c o o rd in a te ,  th e  p o s i t i v e  b* m ust be v e r t i c a l  

abovfe th e  p la n e ,  i . e . , p o s i t iv e  b* i s  away from r o t a t i o n  d i a l .  

S ince  up p er l e v e l s  l i e  i n  th e  d i r e c t io n s  away from r o t a t i o n  

d i a l ,  th e y  m ust mount i n  th e  p o s i t i v e  b* d i r e c t i o n ,

b . C a lc u la t io n  o f  th e  le n g th  and lo c a t io n  o f  th e  a x i a l
* 1 * • > i- I . l * -

p r o je c t io n .

In  th e  c a l c u la t io n  o f  th e  a x i a l  p r o je c t io n  le n g th ,  we a re  

concerned  w ith  th e  r e l a t i v e  le n g th s  o f  a * , b * , c* r a t h e r  

th a n  th e  a b s o lu te  le n g th s .  F or ea se  o f  c a l c u la t io n ,  th e  r e l a t i v e  

le n g th s  o f  a * , b * , c* w i l l  be u s e d . The c e l l  c o n s ta n ts  

found a re  l i s t e d  below .

a=7.244& b = 8 .9 9 4 l c = l8 .7 2 5 i
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X-ray

rotation dial 
at bottom

Rotation dial

X -ra y

c.

F ig u re  9 O r ie n ta t io n  o f  f ilm  w ith  r e s p e c t  to  cam era and x -ra y
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©<=84®19'

a IO C f7 -0 " 1

o(£95@3t+'

a*= 7VdIOO

13 =78*32'

^OlO

*=101°25 ' 

. b *= dOlO

T = 8 8 * 3 2 '

d001=l8.265&  

*=90®

G*= V d 001

a * :b * :c * = l/d 1 00 : l / d 0 10 : l / d 001^ l / 7 . 0 9 9 :1 /8 .9 5 0 :  

1 /1 8 .2 6 5 = 2 .5 7 :2 .0 4 :1

L et a*= 2.57  b*=2.04 c*= l

The b* p r o je c t io n  =OM

=b* (1 - s in V  * s i n ^ y  

=0.254

cosp= ( (b*coso< * )^ + b * ^ (lrs in ^ c<  * ■ s in ^ 7̂ ) - ( b *slnc>( 

2b*coscX*b* (1-sin^cX  *sin^/ )r

= -0 .97867

P=18O0+11o511=191*51' ©r ISoo-Il0Slt=168°9'
The fo rm er v a lu e  i s  i n  th e  t h i r d  q u a d ra n t, w h ile  th e  l a t t e r ,  va lue  

i s  i n  th e  second q u a d ra n t. 0 / * and Y"* a re  used  to  d e term in e  th e  

c o r r e c t  lo c a t io n  f o r  b* p r o je c t io n  a s  d is c u s se d  p r e v io u s ly .  S ince  

o( * an d Y *  a re  b o th  o b tu s e , th e  b* p r o je c t io n  l i e s  i n  th e  th i r d  

q u a d ra n t. H enqe, p=191°51’ «

In d ex in g  th e  t r i c l i n i c  c r y s t a l  o f  ca lc ium  1 -n a p h th y l p h o sp h a te :

The in d e x in g  o f  ca lc ium  1 -n a p h th y l phosphate  i s  i l l u s t r a t e d  i n  

F ig .  1 0 ,a ,  b , „ c , ' d<. ' TWo th in g s  a re  co n sid e re d ; below ,

a .  S in ce  th e Y"* a n g le  i s  90 d e g re e , th e  r e c ip r o c a l  l a t t i c e  a x i a l  

lin e "■o k l sh o u ld  ap p ea r a s  a  s t r a i g h t  l i n e  on each  u p p er l e v e l .

T h is  was found to  be th e  case  e x c e p t th o se  o k l l i n e s  were too  weak
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t® see  f o r  k b e in g  odd due to  th e  e x is te n c e  o f  a  pgeudo b -g l id e  

p la n e . The o th e r  r e c ip r o c a l  l a t t i c e  a x i a l  l i n e  hko was n o t  a  

s t r a i g h t  l i n e  f o r  a l l  up p er l e v e l s .

b . F or fo u r th  l e v e l ,  th e  h 4 l . l i n e  shows up a s  a  s t r a i g h t  l i n e  on 

th e  f i lm ,  because  i t  happens t© p ass  th ro u g h  th6  r o t a t i o n  a x i s .  

In d e x -c h e c k in g  d a t a :

For th e  ch eck in g  o f  th e  in d e x in g , I  have w r i t t e n  an IBM 1620 

com puter program  (F o r tr a n  I ) .  The r e s u l t s  o f  th e  in d e x -c h e c k in g  fo r  

ca lc ium  I -n a p h th y l pho sp h ate  a r e  l i s t e d  i n  T ab le XXXV i n  ap p en d ix  C. 

More th a n  one thou san d  r e f l e c t i o n s  have been checked and a l l  gave 

p e rc e n ta g e  e r r o r s  l e s s  th a n  Thus, in d e x in g  i s  c o r r e c t  f o r  t h i s

c r y s t a l .  The s u c c e s s f u l  s o lu t io n  o f  th e  s t r u c t u r e  f u r th e r  con firm s
,

th e  c o r r e c t  in d e x in g  o f  th e  e q u i - in c l in & tio n  p h o to g rap h s .





SECTION V

UNIQUE FEATURES OF DATA REDUCTION
i

A. S c a l in g

The W eissenberg  l e v e l s  were s c a le d  to  a  common b a s i s  (a )  by p re c e s ­

s io n  p h o to g rap h s  (b) by th e  W ilson p l o t .

(a )  The in t e g r a te d  i n t e n s i t i e s  o f  a l l  th e  s p o ts  on th e  ze ro  le v e l  

p re c e s s io n  p h o to g rap h s  were re a d  and c o r re c te d  by th e  L o ren tz  and 

p o la r i z a t i o n  f a c t o r s .  I t  was assumed t h a t  th e  x - ra y  s p o ts  on th e  

p re c e s s io n  p ic tu r e s  had more o r ' l e s s  th e  same a b s o rp tio n  c o r r e c t io n  

a s  th o se  o f  same in d e x  on th e  W eissenberg  p h o to g ra p h s . The p re c e s -  

s io n  i n t e n s i t i e s  were compared w ith  th e  c o rre sp o n d in g  W eissenberg 

i n t e n s i t i e s  b o th  o f  which were c o r r e c te d  fo r  th e  L o ren tz  and p o la r i ­

z a t io n  f a c t o r s ,  and th e  W eissenberg  i n t e n s i t i e s  c o r r e c te d  f o r  s iz e  

f a c t o r .  A c o n s ta n t  r a t i o  was o b ta in e d  f o r  each W eissenberg  l e v e l . 

Each W eissenberg  l e v e l  was m u l t ip l ie d  by i t s  own ra ti©  and th u s  

s c a le d  to  a  common b a s i s .

(b ) ‘The W ilson p lo t  method may be c o n s id e re d  a s  a  s a t i s f a c t o r y  

s c a l in g  m ethod, p ro v id ed  th a t  th e  numbqr o f  r e f l e c t i o n s  i n  each 

W eissenberg  l e v e l  i s  s u f f i c i e n t  f o r  a  good W ilson p l o t .  T h is  has 

p a r t i c u l a r  advan tage  f o r  v ery  h ig h  W eissenberg  l e v e l s  where very  

few s p o ts ,  i f  any , ap p ea r on th e  p re c e s s io n  p ic tu r e s  (u s u a l ly  they  

g iv e  in a c c u r a te  i n t e n s i t i e s ,  s in c e  th e y  may be to© c lo se  to  the  

edge o f  th e  f i lm ) .  B efo re  th e  o v e r a l l  W ilson p lo t  i s  c a lc u la te d ,  

th e  W eissenberg  l e v e l s  sh o u ld  be s c a le d  ap p ro x im ate ly  to  a  common 

b a s i s .  T h is  can be done e i t h e r  by p re c e s s io n  p ic tu r e s  o r  by th e
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exposu re  tim es  o f  th e  photo g ra p h s . F in a l  a d ju s tm e n ts  o f  th e  s c a le

f a c t o r s  may th e n  be made by a d ju s t in g  th e  in d iv id u a l  W ilson p lo t s

to  f i t  th e  o v e r - a l l  W ilson p l o t .  An exam ple o f  t h i s  i s ' i l l u s t r a t e d

i n  F ig  1 1 . I n  t h i s  f i g u r e , th e  upper s t r a i g h t  l i n e  r e p r e s e n t s  th e

o v e r a l l  W ilson p l o t ,  w h ile  th e  low er one i s  th e  W ilson p l o t  o f  th e

f i f t h  l e v e l .  These two l i n e s  d i f f e r  i n  v e r t i c a l  c o o rd in a te  by 0 .3 4 .

To s c a le  th e  f i f t h  l e v e l  to  th e  same b a s i s ,  i t s  v e r t i c a l  c o o rd in a te
2

sh o u ld  add 0 .3 4 . T h is  i s  e q u iv a le n t  to  m u l t ip ly in g  th e  F ' s  by 

k=e®*"^1= I .4 0 5 , o r  m u l t ip ly in g  th e  F ’s  by k ^ = ! . 185 .

B. S iz e  c o r r e c t io n

S ize  c o r r e c t io n  i s  an  im p o rta n t f a c to r  i n  th e  v is u a l  e s t im a t io n  o f  

x - r a y  r e f l e c t i o n  i n t e n s i t i e s  from upper l e v e l  W eissenberg  p h o to g rap h s . 

P h i l l i p s  (2 9 ,3 0 ) ,  th e  f i r s t  one who d is c u s s e d  t h i s  problem  i n  g r e a t  

d e t a i l ;  d e r iv e d  th e  s p e c ia l  W -function  f o r  such  c o r r e c t io n s .  The f o l ­

low ing  p a rag rap h  w i l l  d is c u s s  th e  cause  o f  s iz e  v a r i a t i o n  b r i e f l y  as  

w e ll  a s  th e  p r a c t i c a l  a s p e c ts  o f  t h e .d i r e c t  a p p l ic a t io n  which i s  n o t 

q u i te  c l e a r  i n  P h i l l i p s 1s  a r t i c l e s .

I .  Cause o f  s iz e  v a r i a t i o n

The s iz e  v a r i a t i o n  i n  s p o t a r e a s  a r i s e s  from th e  d iv e rg e n ce  o f  

th e  x - ra y  beam in c id e n t  upon th e  in c l in e d  c r y s t a l  ( th e  u p p er l e v e l  

W essenberg p h o to g ra p h s ) . The r e f l e c t i o n  s p o ts  on th e  u p p er l e v e l  

W eissenberg  f i lm  a re  c o n t ra c te d  o r  ex ten d ed  a c c o rd in g  to  w hether 

th e  f i lm  m otion  i s  i n  th e  same o r  th e  o p p o s ite  d i r e c t i o n  a s  th e  sp o t 

g row th .

2« S iz e  c o r r e c t io n  e q u a tio n s
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Assuming th a t  th e  s p o t i n t e n s i t y  i s  in v e r s e ly  p ro p o r t io n a l  to  

th e  sp o t a r e a ,

I  A=I (A+A A)=I ( A- AA)  m e  c

Where I  r e p r e s e n t s  th e  i n t e n s i t y ,  th e  s u b s c r ip t  m r e f e r s  to  the

mean v a lu e , e to  th e  ex ten d ed  v a lu e , and c to  th e  c o n t ra c te d  one.

A r e p r e s e n t s  th e  s p o t a re a  b e fo re  v a r ia t io n

A A r e p r e s e n ts  th e  sp o t a r e a  v a r i a t i o n .

I t  i s  t h i s  s iz e  c o r r e c t io n  th a t  c o n v e r ts  bo th  I  and I  to  I  .e c m
I t  sh o u ld  be n o te d  th a t  th e  above e q u a tio n s  o n ly  h o ld  fo r  sm all 

v a r i a t i o n  in  a r e a .

I t  w i l l  be shown l a t e r  th a t I  i s  th e  harm onic mean o f  I  andm e

I ^ , i . e . ,

S ince  th e re  may n o t be many e q u iv a le n t  sp o ts  a p p e a r in g  on both  

th e  to p  and bottom  p a r t s  o f  th e  f i lm , a l t e r n a t e  ways to  c a lc u la te

I  m ust be u se d . These a re  m

I  =I (A+A A)/A=I W m e  e I

I  =I (A -A A )/A =I (2A -(A +A A ))/A =I (2-W) m e  c c

a .  C om putation o f  W

The W-fu n c t io n  o f  any r e f l e c t i o n  can be o b ta in e d  from the 

r e c ip r o c a l  l a t t i c e  c o o rd in a te s  and th e  W -plot d e r iv e d  and p lo t te d  

by P h i l l i p s .  The r e c ip r o c a l  l a t t i c e  c y l in d r i c a l  c o o rd in a te s  

f o r  e q u i - i n c l i n a t i o n  W eissenberg  p ic tu r e s  can be se e n  from 

F ig . 12 a s  fo llo w s .

% = 2sin
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^  = S co s^ js in x

Where £ , ^  a re  r e c ip r o c a l  l a t t i c e  c o o rd in a te s  p a r a l l e l  and

p e rp e n d ic a u la r  to  th e  r o t a t i o n  a x is  r e s p e c t iv e ly .

JJ i s  th e  e q u i - i n c l i n a t i o n  an g le

x i s  th e  v e r t i c a l  d is ta n c e  from th e  sp o t to  th e  c e n te r

l i n e  o f  th e  f ilm  m easured a lo n g  th e  f ilm .

b . D e r iv a t io n  o f  I  =SI I  / ( I  +I )m e c e c

G iven I  A=I (A+AA)=I ( A- AA)  m e  c

C o l le c t in g  th e  common term s o f  A and AA1 we have

( I  +I ) AA=(I - I  )A e c c e

AA=A(I - I  ) / ( I  +I ) c e  c e

I  A=I (A+A A)=I (A+A(I - I  ) / ( I  +I ))  m e  e c e c e

V V 1- u C-i V a W ) - 21= V t W

I t  h as  been m entioned  e a r l i e r  t h a t  th e  s iz e  c o r r e c t io n  

e q u a tio n s

I  A=I (A+AA)=I (A- A A) m e  c

h o ld  o n ly  fo r  sm a ll a re a  v a r i a t i o n .  When a  v e ry  la rg e  v a r ia t io n  

in  a r e a  a r i s e s ,  e . g . , f o r  s p o ts  v e ry  c lo se  to  th e  c e n te r  l i n e  

o f  th e  f i lm , W may be g r e a te r  th a n  tw o. Then I ^  w i l l  become 

n e g a tiv e  (I^ = I^ (S -W )), which i s  m e a n in g le ss . For such  a  c a s e , 

th e  c o rre sp o n d in g  p re c e s s io n  i n t e n s i t y  i s  used  i f  a v a i l a b l e , 

o r  t h i s  r e f l e c t i o n  i s  n o t in c lu d e d  a t  a l l .

C. D e r iv a t io n  o f  th e  g e n e ra l  d a ta  r e d u c t io n  e q u a tio n s  fo r  t r i c l i n i c  

c r y s t a l
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X- ray
cos H

co s n

F ig u re  12 R e c ip ro c a l L a t t i c e  C y l in d r ic a l  C o o rd in a tes  fo r  B qui- 
I n c l i n a t i o n  W eissenberg Photograph



A lthough th e  g e n e ra l  e q u a tio n s  s t a t e d  below a re  found i n  many s ta n d a rd  

r e fe re n c e  b o o k s , I  was u n ab le  to  f in d  i n  th e  l i t e r a t u r e  th e  d e r iv a t io n s  

f o r  th e se  e q u a t io n s .  I  am th e re f o r e  in c lu d in g  th e  d e r iv a t io n s  i n  t h i s  

d i s s e r t a t i o n .

where I  i s  th e  raw i n t e n s i t y  a f t e r  p ro p e r  s c a l in g  and c o r r e c t in g  

by th e  s iz e  f a c to r

A i s  th e  a b s o rp t io n  f a c to r

Lp i s  th e  L o re n tz  and p o la r i z a t io n  f a c to r s

F i s  th e  s t r u c t u r e  f a c to r

A, th e  a b s o rp t io n  f a c t o r ,  w i l l  be d is c u s s e d  l a t e r  i n  th e  s e c t io n .  

The p o la r i z a t i o n  f a c to r  p ^ (21) i s

I t  i s  i n t e r e s t i n g  to  see  t h a t  th e  above th r e e  e x p re s s io n s  fo r  h 

can v e ry  e a s i l y  be shown to  be i d e n t i c a l  by th e  e q u i - i n c l i n a t i o n  

W eissenberg  in d e x -c h e c k in g  fo rm ula  which I  d e r iv e d  i n  S e c t io n  4 . The 

in d e x -c h e c k in g  fo rm u la  f o r  e q u i - i n c l i n a t i o n  W eissenberg method i s

The raw i n t e n s i t y  d a ta  i s  red u ced  a c c o rd in g  to  th e  fo llo w in g  equation -:

x F=(1/A (LP ) ) 1/2

d i f f e r e n t  e x p re s s io n s  f o r  d i f f e r e n t  . x - r a y  m ethods. For e q u i - in c l in a ­

t i o n  W eissenberg  m ethod, th e  L o ren tz  f a c t o r  (21) i s

(4)



A d i f f e r e n t  form can  be o b ta in e d  a s  fo llo w s .

2cos^@-l=coSyUl ( ! + c o s ^ ) - l  

2 c o s ^ S - l^ c o s ^ t/  ( l f 2 c o s ^ ( ^ / 2 ) - l ) - l  

2cos^©=2cos^<7 COS^zT1/?. , . . . , „ „

cos©=cos^  c o s 'T /a  . . . . . . . . . . .

One o f  th e  form s o f  e q u a tio n  (5 ) i s  

L ^ = ^  cos@=cosyU s in ^ P  

For th e  e q u i - i n c l i n a t i o n  W eissenberg  m ethod,

^  =2cos^{ s in ^ T /2  

L ^= jrcos@ =2coSy(7sin('T /2)cosQ  

From e q u a tio n  (6)
Hft ■

cos© =cos^7cos 1/ 2

Thus, L 1= ^  cos@ =2coSyU s in (  ^ /2 ) c o s /7  cq#

=cos2yU S in zIT

A nother form o f  e q u a t io n  (5 ) i s

L ^=J* cos© =sin29(sin^© '=sin‘yU )^ /s in 9  

T h is  can be s im p l i f ie d  a s  fo llo w s : ■■

sin2©/sin©=2sin@ cos©/sin@ =2cos© 

^cos© =2cos© (sin2@ -s in ^ J  

^  =2 (S in 2O -Sin^U

^  = 2(s i n 2© -sin 2y(V ) /̂  p ro ceed  a s  fo llo w s : 

^  =2cos/7 s i n ^ / 2  

From e q u a t io n  (6)

cos9=cosJj, cos T^/2 

o r  cos zICzS=CosS/ cos yU

o r

To show



IMI ^

Thus,

s in  ^ / 2 = ( I - c o ^ / 2 ) (l-cos^ O /cosy^  ) / 

= CcosyM -cos^G)^/coSy&/

=Cl-SihyM “l+ s in ^ 9 ) /V co s/W 

=C sin^0-s in ^ U  )^/cosjU  

^  =EqqSyW Cs i n 2@ -sin2yU ^ /o o s j j  

=2 ( S in 2G-Sin^W

An e x p re s s io n  f o r  s i n  9 f o r  t r i c l i n i c  c r y s t a l s  i s  d e r iv e d  i n  the  

fo llo w in g .

—X 2P = 2 / (l+COS 2Q) » o o o o e » o » e e o e e e

L "*"=2cos9 ( S in 2Q-Sin^U CS)

Combining ; e q u a tio n s  C?) and (8 )

(Lp) ^= 4cos0Csin2Q-Sin^W ) ^ / ( l+ c o s 220)

From tr ig o n o m e try : C osG =(I-S in2Q)̂ 2

1+cos229=1+(l - 2 s i n 29 ) 2=( l - 2s i n 2Q+2s i n \ ) 2

. Then, (Lp)_1=2C ( I - S in 2Q) Csin2Q -Sin2yW ) ) ^ / ( l - 2 s i n 2Q+2sin^9)

whereyLj i s  th e  e q u i - in c l i n a t i on a n g le  and i s  c o n s ta n t  f o r  each

W eissenberg  p h o to g rap h , Q i s  th e  d i f f r a c t i o n  a n g le .

2s in  Q can  be c a lc u la te d  from c e l l  c o n s ta n ts  a ,  b , c,<* , /3 ,"T by 

th e  fo llo w in g  e q u a t io n  (E q u a tio n  ta k e n  from Univ . o f  W ashington 

C ry s ta l lo g ra p h ic  com puter w r ite -u p s  f o r  IBM 650 w ith  c o r r e c t io n ^

2 2 2 2s in  9=h s- +k S0-,+I s -,,+ h k sn 0+ h ls , _+kls„-,11 ^2 12 Ip  2p

Where D=4a2b2c ^ ( l-c o s% (  - c o s 2 3̂ - c o s ^ y  + 2 c o s o ^ c o s c o s ^ )

3H zs , , = X 2^2C2S in 2Of /D

2.2 2
S = X. a  c s i n  j3 /D

A 2a 2b2s i n ‘ / b



s^ 2=2 A^abc^CcostX cosj3 - c o s ^ D  
2 2

s ^ = 2  TV ab cCcoscX cos'Y -cosjB  )/D  

A ^a^bc ( C os^  c o s Y -co so <)/D

The above e q u a t io n  i s  g e n e ra l  and can  be u sed  f o r  any c r y s t a l  system . 

T h is  can  be d e r iv e d  by e i t h e r  o f  th e  two fo llo w in g  m ethods,

a .  By th e  u s in g  o f  W olf-Bragg e q u a t io n

The W olf-Bragg e q u a tio n  i s  (For d e r iv a t io n ,  see  S e c t io n  4)

S in 2Qh k l=B2 (a*2/4 )+ k 2 (b*2/ 4 ) + l 2 (c* 2/4 )+ h k (a* b *

c o s 'f  V 2)+ k l(b * c* co so <  * /2 )+ h i (a*C*cosyS * /2 )

S11=B.* / 4

But a * = / \ /d 100

To show s 11=a*^/4= A f A d 1QQ2= ^ b 2C2S i n i x /4 a ^ b ^ c '

(l-cos% C -co s^S  -c o s^ Y  +ZcoscX eosjZ c o s % ) , 

p ro ceed  a s  fo llo w s .

From B uerger ( 6 ) ;

V=abcsincx s i n j 3 * s in %

=abc (I-C o s2CX1 -c o s^ g  -cos^y* +2coscX COSjg c o s ^  

Then, s i n  j3 *sin"7" = (l-cos% C -c o s^ g  - c o s ^ y  -2cosoCcos^g

cos% )/VsincX

aIOO=a sin Z3 "sinT
t •• v ; ; ; 2 2 2x»/»

d iQ o = a ( l-cos (X -c o s  j g  - c o s ^ f  + 2coso(cosp  c o s '/  ) /
L,- • r: 3.2  -  . -

s i n  cx

îyzdIOÔ 2=1/ ( asin f t * s in T )2 

’ ' =Sin^X /a2(lTCoŝ <X -cos^g -cos^y+2cos(X

2,2 2



thus S 11 =  A2A d 2100 A.2 sin^xf
4a ( l —cos^K —cos ^  -c o s^ T ” +2coso( c o s ^  cos'Y )  

A 2b2c2s i n 2o<

S im i la r ly ,  

To show

4a2b2c2 ( l-co so < ' -co s^ S  -c o s ^ y  +2coset cosjS cos'}*)
p p p  p

= TCb c s i n l k / D

S22= A f a-2C2S in 2^  /D , s^^=A^a2b2S in 2^T/D

s^ 2=2 A 2a ^c2 C cos c<coSy6  -Cos-T V d a s  fo llo w s

From th e  W olf-Bragg e q u a t io n ,

s^2=a*b*cos^T */2

7V d -100  s b*=^V d OlQ

s^2~ A  cos  W^ d ^ Q ^ d ^ Q . ( 9 )

From th e  p re v io u s  p ro o f ,

d^Q Q =a(l-cos2c*' -c o s^ g  -C os2-V  +2cosof cos^S cosT^ J^ /sinoC

e o 9 0 e o » e e e e o e e * e e e . . . (1 0)
S im i la r ly

d Q iQ = b (l-c °s^ ' -C os2S  -G o s^ y  +2cos(Y co sfi c o s ) ' ) ^ /

s i n ^ o o e o e e e » « o » 9 O 0 e o 9 « (11 )

A lso COSyV * g (cOSO< COSf3~CQsY) . . . . . » 0 . 0

sinof1 s i n ^

S u b s t i t u t in g  e q u a t io n s  (1 0 ) ,  ( I l ) , (12) in to  ( 9) ,  we have

O o o (12 )

s 1p=2 X 2 abc2 ( Cosofr cos j6 -co s%  ) A a^ h ^ c^ (l-cos o f2, 2 2 ,
12

-cos^jS  - c o s ^ V  +2cos oC cosyS cosT^ )=2T^2ab c2 (cosofeosy0 -c o s 7^)/D  

S im i la r ly ,

s ^ = 2 X .2ab2 c (coso / c o sT  -cosy6  )/D  

S ^j=2A 2a 2bc ( c o s jg cos%  -coso< )/D

be By u s in g  th e  t r i c l i n i c  i n t e r p la n a r  sp a c in g  e q u a tio n  (e q u a tio n  (13)



-Go­

The e q u a tio n  (13) i s

to  be derived, la t e r )

(V d h k l ) « (hA /a+kB /b+lC /c )/E

Where

B-

h/a Cos-T cosjB 

k/b I cost* 

1/c coso< I 

I h/a cosjB 

cosT k/b coso< 

cosjB l / G I 

I cosT h/a 

cosT I k/b 

cos j3 cosxl/c

I c o T  COSjB

cosT  I COSo<

COSp COS<?< I

=h(l-cos c< ) /a -c o sT (k /b -(l/c )  

cosbf )+cos p ( (k/b) coso< - l /c )

:(k/b-(l/c)coso< )-h /a(cosT  -coso( 

COSjB )+cos^ ((l/c )co sT  -(k/b)cosjS )

0.
= ( /G -(k /b )co se<  ) -c o sT ( ( l / c ) cosT  

-(k/b)cosp )+h/a(coso< cosT -cosjB )

2 2 2 =l-coso<-cos p  - c o s ' Y

+2cosc* cosjB cosT

From B ragg ’s  law ,

A = 2dMa G iaeh k l.

6 i n \ k i = A 2A d h k l 2

S u b s t i t u t in g  th e . t r i c l i n i c  i n t e r p la n a r  sp a c in g  e q u a t io n ,

sin^©, = ^ ( h ^ ( l - c o s ‘o<' ) /a ^ -h k c o s T /a b + h lc o so <  
nKJr 4E

cosT /ac +hkcosoi' cosj8 /ab-hlcos j3 /a .c  

2 2 '
+k / b  -k lc o so < /b c -h k c o sT /a b + h k c o sc *

2 >2 2
c o s p /a b + k lc o s p  c o s T /b c - k  cos ^ / b



cos 'T '/bc+ h lcoso f c o s yS/a c - h lc o s j6  / a c  )

=^(h^sin% C  /a^+k^sin^yS /b ^ + l^ s in ^ T /c ^
4E
+21ik (cosex'cosyS -co& Y  ) /a b + 2k l  ( cos yS

Cos-Tr -Goscx'.)/bc+2hl(cos(5<' cosPf -cos(3  ) / a c )

= I  Ch2 C A ^ 2C2S in 2C* )+k2 (PV2S2C2S in 2yS ) 

4a2b2c2E

+ I2 ( A.2a 2b2s in 2'T< )+ h l (2  A 2ab2c ( cosex'cos~f 
2 2 1-cosjB  ))+ h k (2 X . abc (coscx 'cosyg-C os-Tr ) )

2 2
+ k l ( (2  Av a  b e ( c o s yS Cos-Tr - c o s c < ) ) )

+1^/c ^ -k lc o so / /b c - l^ c o s ^ y /c ^ + k lc o s  ̂

By d e f i n i t i o n ,  

=4a2b2c2 (: 

=4a2b2c2E

2 2 2 2 2 2 D=4a b c ( l - c o s  c* - c o s  jg -c o s  ^  +2coscVcos^g Cos-Tr )

T hus, s i n 2Qh k l= l/D (h 2 ( A pb2C2Sin^X  ) +k2 ( A 2S2C2S in 2^g )

+ I2 ( A pa 2b2s in 2'Tr ) + h i( 2 P\pab2c (cosof c o s y  
2 2

- c o s |8 ) )+hk (2  A  a ^ c ( coseX coSjg - c o s V  ))

+ k l(2 A 2q2I3C( cosjg Cos-Tr -coscX ) ) )

When th e  above e q u a tio n  i s  compared w ith  th e  fo llo w in g  e q u a tio n , 

2 2 2 2s in  Qu i =Ii St i +k s „ „ + l s__,+hks1_ + h ls11,+ k lsT_. h k l  11 22 55 12 15 25
I t  i s  e v id e n t t h a t

S11= A 2b2c2s i n 2o< /D

S22= A pa2c 2s in 2jg /D  . 

s  = A2S2B2S in 2T - /D

S- 2 A  Qbc ( cosck cos jg -c o s%  )/D 

2 23 ^ = 2  A  ab c (co s  CkcosTr  - c o s jg  )/D
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S2^=2TV a be (co s  p  e o s 'T '-cqscK)/D

2 . D e r iv a t io n  o f  th e  t r i c l i n i c  i n t e r p l a n a r  sp a c in g  e q u a tio n

T h is  e q u a tio n  i s  g iv e n  i n  s ta n d a rd  r e f e r e n c e s  w ith o u t d e r iv a t io n .  

S in ce  I  was u n ab le  to  f in d  d e r iv a t io n ,  t h i s  d e r iv a t io n  i s  a l s o  i n -
r-1

^ ~ CCS
e lu d ed  h e r e .  See ( 6 ,5 2 ) .

i.i. i th  ■■ : / ■ t."
The t r i c l i m c  in t e r p l a n a r  sp a c in g  e q u a t io n  i s  

dH kl
h /a cosY c o sp I  h /a GOSjS I  cosT  h / a I

h /a k /b I cosfX +k/b c o s '/- k /b COSdX + 1 /g cosT  I  k /b

V c cbs<X I COSjB 1 / c I cosjB cosdX l / o

I  C o s T  C O S P

COST I  COScX 

c o s p  coseX I

The fo llo w in g  two m a th em a tic a l fo rm u las  w i l l  be u sed  f o r  t h i s  d e r i ­

v a t io n .

a ,  The norm al v e c to r  M to  a  g e n e ra l  p la n e  px+ry+sz=t» where x , y , 

z a re  r e c ta n g u la r  c o o rd in a te s ,  i . e . ,  an  o r th o g o n a l system  i s

N =pi+ rj+ sk

where i ,  j ,  k  a re  th e  u n i t  v e c to r  a lo n g  x , y , z .

b .  The v e r t i c a l  d is ta n c e  from any p o in t  , y ^ , Z^to  th e  p lane  

px+ ry+ sz= t i s

d= ( p x -^ + ry ^ sz .^-1 ) /±  ( p2+ r2+ s2

A d e r iv a t io n  o f  th e  above two m a th em a tic a l fo rm u las  can be found 

i n  many s ta n d a rd  r e fe re n c e  books (5 1 )5 4 ) .

In  F ig .  15 , th e  s o l i d  l i n e s  A, B, C r e p r e s e n t  th e  o b liq u e  c o o rd in -
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a t e s ,  i . e . , a  n o n -o rth o g o n a l system  a lo n g  th e  th re e  ax es  o f  th e  t r i ­

c l i n i c  sy stem , w h ile  th e  d o tte d  l i n e s  x , y , z a re  th e  r e c ta n g u la r  

c o o rd in a te s .  From th e  d e f i n i t i o n  o f  th e  M il le r  in d e x  h , k ,  I ,  th e  

i n t e r c e p t s  o f  th e  h k l  p la n e  on th e  o b liq u e  c o o rd in a te  A, B, C a re  a /h ,  

b /k ,  c / l  where a ,  b , c a re  th e  a x i a l  le n g th s  o f  th e  t r i c l i n i c  system . 

The e q u a tio n  o f  th e  h k l  p la n e ,  when p u t in to  i t s  i n t e r c e p t  form , i s  

A-j-(a/h)+ B /(b /k )+ C /( c / l )=1 

o r  hA/a+ kB /b+ lC /c= l

L e t th e  norm al v e c to r  N to  th e  h k l  p la n e  be N^S-vB+wC where A%
—̂
B, C r e p r e s e n t  th e  u n i t  v e c to r  a lo n g  A, B, C ax es  o f  th e  t r i c l i n i c  

sy stem .

Suppose th e  h k l  p la n e  in t e r c e p t s  th e  r e c ta n g u la r  c o o rd in a te s  x , 

y , z a t  l / p ,  l / r ,  l / s  th e n  th e  h k l  p la n e  e q u a tio n  i n  i t s  i n t e r c e p t  

form can  be r e p re s e n te d  in  te rm s o f  x , y , z c o o rd in a te  a s  below .

"x /(1/ p )+ y /( l / r )+ z / (1/ s )=1

o r  px+ ry+ sz= l (1 3 )
— ^

As s t a t e d  p r e v io u s ly ,  th e  norm al v e c to r  N to  th e  h k l  p la n e  o f  
— ~'*> ->

px+ ry+ sz= l i s  N =pi+rj+sk

A lthough two d i f f e r e n t  c o o rd in a te  sy stem s a re  u sed , th e y  re p re s e n t  

th e  same h k l p la n e  and th e  same norm al v e c to r ,  th u s  th e y  sh o u ld  be 

e q u a l .

hA /a+kB /b+lC /c=px+ry+sz=l 

N=uA+vB+wC=pi+rj+sk

The o r th o g o n a l system  x , y , z i s  in tro d u c e d  f o r  th e  ea se  i n  f in d in g  

th e  i n t e r p l a n a r  sp a c in g  d^ ^  . The v e r t i c a l  d is ta n c e  d ^ ^  from th e  o r ig i n
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(0 , 0 , 0 ) to  th e  h k l  p la n e  px+ry+ sz= l i s

(p (0 )+r (0 )+s (0 ) - I ) / - ( p^+r^+ s^  ) /̂ = l/(  p^+ r^+ s^ )

To f in d  th e  p , r ,  s  p ro ceed  a s  fo llo w s :

L e t Q(A, B, G) and Q ^(A ^, B̂ 9 G^) by any two p o in t s  on th e  h k l  p lan e

o f  hA /a+kB /b+lC /c= l 
—> -> —> —

S ince  N=uA+yB+wC i s  norm al to  th e  h k l  p la n e  o f  hA /a+ kB /b+ lC /c= l,
— ^
N i s  norm al to  any v e c to r  Q^Q on th e  p la n e .

Then,

o r

N4Q-̂ Q=O

(uA+v&i-wC) • ( ( A-A1 ) A+ ( ) B+ ( C-C^ jc) =0 (1 4 ) '

I t  i s  n o te d  th a t  A*A=1, BeB=I1 CeC=I 

i AeB=COSJ , A1G=Cosp , B1G=CoscK

U sing th e se  r e l a t i o n s h i p s , th e  ex p an sio n  o f  e q u a tio n  (14) becomes 

a s  below .

u (A-A^) +v (A-A^) c o sT  +w(A-A^)cosj6  +u(B-B^)cos"T 

+v( ) +w(B-B^) cose< +u(C-C^)Cos^ +v(C-G^)coso<

+w(G-C^)=O

C o lle c t in g  th e  common te rm s ,

A ( u + v c o s ] 6 + w c o s j 0  ) + B ( u c o s % + v + w c o s o f ) + G ( u c o s y 6  +  

v c o  s o f  + w )

=A^(u+vcos^f +wcosjB )+B^(Ucos-X  +v+wcosoC )+C^(ucos^3 

+ vcoso( +w)

T h is  m ust be i d e n t i c a l  to  th e  fo llo w in g  h k l p lan e  e q u a t io n  (1 5 ), 

s in c e  th e y  r e p r e s e n t  th e  same p la n e .

hA /a+kB /b+lG /c=l ( l 6 )

From com parison , we have
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and a ls o
?

u+vgosT  +WCOSjg = h /a  . . . . . . . . . . . . .  (17)

ucosT +v+wcostrt =k/b .................................................(1 8 )

ucosjg +vcosef+w=1/c  . . . . . . . . . . . . . .  (19 )

A (̂u+Vcos'7" +wcosj3 )+B^(ucosy +v+wcostx)^C^

(ucosj3;+vcosoC + w )= l................ ....................... .... . (2 0 )

To show equation (20) i s  valid , f ir s t  substitute equation (17)> 

(1 8 ) ,  (19) into equation (20), giving hA^/a+kB^/b+lC^/c=l, and then 

remember that Q (̂A ,̂ B ,̂ C )̂ must sa tisfy  the hkl plane equation of 

hA/a+kB/b+lC/c=l. Thus hA^/a+kB^/b+lC^/c=l.

S o lv in g  e q u a t io n s  ( l? ) . ,  ( l 8 ) , (19) s im u lta n e o u s ly  f o r  u , v , w by 

th e  d e te rm in a n t m ethod,

I  coslf h / a  

cosT I  k/b 

cos/3 coso< 1/c,

h/a CO S Y COSjg I h/a cosjS

k/b I coscK GosY k/b coso<

1/c. cosc< I  . V= cos ft 1/ c  . I W=

I cosT"

CO.
CQOO I co sY COS j3

cosY I cosck co sY I coso(

COS P cosof I c o s /3

%OO I

Then

A=a i+ a  j+ a  k x y° z

B=b i+b j+b k x y u z

0=c i+c j+c k x y u z

N=uA+vB+wC

I  c o s y  cosj3

cosy I coso<

C O S /3 COSO< I  I

= u (a  i+ a  j+ a  k )+ v (b  i+ b  j+b k)+w(c i+ c  j+ c  k ) x  y u z x y u z x y° z

C o l le c t in g  th e  common te rm s o f  i ,  j ,  k ,

N =i(ua +vb +wc )+ j(u a  +vb +wc )+k(ua +vb +wc ) x . x x y y y . z z z
-5.

N =pi+ rj+ skAlso
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Hence p=ua +vb +wc x x x .

r=ua +vb +wc
y y y

s=ua +vb +wc z z z
2 2 2 2 2 2 p +r +s =(ua +vb +wc ) +(ua +vb +wc ) +(ua +vb +wc ) x x x  y y y z z z

=u2(a 2+a 2+a 2)+v2(b 2+b 2+b 2)+w^(c 2 x y z . x y z x
2 2

+c +c )+2uv(a b +a b +a b )+2uw(a c + y z  x x y y z z  x x
a c + a c )+2vw(b c + be + b e ). y y  z z  x x y y z z

I t  should be noted that
—> ^ ^  ^ —> 2 2 2
AeA=I=Ca i+a j+a k)*Ca i+a i+a k)=a +a +a x yu z x yu Z x y z

BeB=I=Cb i+b j+blc)e(b i+b j + b W = b  2+b 2+b 2 x yu z x y z x y z
GeC=I=Cc i+c j+c k )e(c i+c j+c k)=c +c +c x y z x  y u z x y z

AeB=Cos/ =Ca i+a j+a k )e(b i+b j+b k) x y u z x y u z

=a b +a b +a bx x  y y z z
-+ —> -*  ̂  ̂

AeG=cos8 =Ca i+a j+a k )e(c i+c j+e k) e r  x y u z x y u z

=a c +a c +a cx x  y y  . z z
—>  —>  ^

BeC=cosc< =(b i+b j+b k )e(c i+c j+c k) x y u z x y° z

=b c +b c +b cx x  y y z z

Using these relationsh ips,

p2+ r 2+s2=u2+v2+w2+ 2 u v co sT +Huwcos^ +2vwcosoC)

Rearranging the equation, 
2.2  2 , 2p^+r^+s^=(u^+uvcosT+uwcoSjB )+ (u v c o s^ + v 2+vwcoscX )

2
+(uw cos^ +vwcosoC+w )

=u(u+vcqs% +WCOS^ )+ vCucosY +v+wcoscV) 

+w(ucosj8  + V C O S o C + w ) ,



2 2 2' . p + r +s = hu/a+ kv/b+ lw /c

Hence dhkl~"1"// ̂  ^
%

=1/ ( h u /a+kv/b+lw / cy

S u b s t i t u t in g  th e  u ,v ,  w ( in  th e  d e te rm in a n t fo rm ),

From eq u ation s ( I ? ) » (1 8 ) ,  (19)

dH kl I

h / a COS-Y cos p I h / a C O  S I  cosY h /a

h /a k /b I coscX +k/b O O k /b coscX +1/ c Cos-Y I  k /b

1/ c cos<k I cos@ 1/ c I COS0 coso< 1 /c

A l

I  c o sT  cos  ̂

COS-Y  I coso< 

c o s |3 coscK I  

D, A b so rp tio n  c o r r e c t io n  f o r  r e c ta n g u la r  c ro s s  s e c t io n  

I .  B as ic  p r in c i p le  o f  a b s o rp tio n  c o r r e c t io n

I o-V A

Where I q i s  th e  i n t e n s i t y  f r e e  from th e  a b s o rp tio n  c o rre c tio n o  

I  i s  th e  i n t e n s i t y  to  be c o r r e c te d  by th e  a b s o rp t io n  f a c t o r .

A i s  th e  a b s o rp tio n  f a c t o r .

F or W eissenberg  p h o to g rap h s , th e  a b s o rp tio n  f a c t o r  A may be 

c a lc u la te d  a s  fo llo w s .

a .  F or ze ro  l e v e l  W eissenberg  pho tog raph  (21)

A0=J7O-^ xHx/v=Js e-^ Xld s/ld s= J°s e ^ Xd s/d s  

= ^ e  ^  Xi  A s / n A S=^re

Where yU i s  th e  l i n e a r  a b s o rp t io n  c o e f f i c i e n t  

v i s  th e  volume o f  c r y s t a l



s  i s  ttie  c ro s s  s e c t io n  o f  c r y s t a l  

I  i s  th e  le n g th  o f  c r y s t a l  

x i s  th e  p a th  le n g th

n i s  th e  t o t a l  number o f  th e  e lem en t a r e a  zi s  i n  

th e  c ro s s  s e c t io n .  The s m a lle r  th e  e lem en t a r e a  A s ,  th e  

b e t t e r  th e  A w i l l  b e . .

b .  F or up p er e q u i - i n c l i n a t i o n  W eissenberg  p h o tog raph  (1 7 ) .  

Au-̂ =COS l) A°(/V x sec  ]} , 'T /S )

= ( Z e - > ' xl 5ecl1 V nse=V

=CosVC ^ ^ i s e c ^ ) / n ..................................... (21)

Where j ) i s  th e  e q u i - i n c l i n a t i o n  an g le  

rC i s  th e  r e f l e c t i o n  a n g le  

The o th e r  sym bols have th e  same m eaning a s  men­

tio n e d  i n  s e c t io n  a .

This i s  a g en era l equation  fo r  a l l  e q u i- in c l in a t io n  

W eissenberg l e v e l s  in c lu d in g  the zero l e v e l .  This i s  because 

s in T /S = s e c  (sin^ Q -sin^ j) )^o For zero l e v e l ,  ^  =o, then  

s in  T /S=sinQ

2 . C om putation o f  th e  p a th  le n g th  f o r  th e  c o n s ta n t  r e c ta n g u la r  

c ro s s  s e c t io n

The c o m p u ta tio n .o f  th e  p a th  le n g th  i s  d i f f i c u l t ,  because  i t  

i s  a  f u n c t io n  o f  th e  d i f f r a c t i o n  a n g le ,  c r y s t a l  shape and th e  x - ra y  

m ethod. F or th e  c o n s ta n t  r e c ta n g u la r  c ro s s  s e c t io n ,  th e  p a th  

le n g th  may be c a lc u la te d  a s  fo llo w s . L e t a ,  b , be th e  two s id e s  

o f  th e  c o n s ta n t  r e c ta n g u la r  c ro s s  s e c t io n .  To c a l c u la te  th e  p a th



le n g th  f o r  any p a r t i c u l a r  r e f l e c t i o n ,  th e  x - ra y  beam i s  assumed to  

p a ss  th ro u g h  t h i s  c ro s s  s e c t io n  a s  many in c id e n t  p a r a l l e l  and many 

r e f l e c t e d  p a r a l l e l  r a y s .  The t o t a l  le n g th  o f  th e  in c id e n t  and th e  

r e f l e c t e d  r a y  i s  th e  p a th  le n g th  o f  an  e lem en t a r e a .  A b so rp tio n  

c o r r e c t io n s  must be made f o r  each  e lem en t a r e a .  The summation o f  

a l l  tjie  e lem en t a r e a  a b s o rp t io n  c o r r e c t io n s  d iv id e d  by th e  t o t a l  

number o f  e le m e n ts  i s  th e  av e rag e  A f o r  t h a t  r e f l e c t i o n .  C onsider 

th e  case  shown i n  F ig .  14 f o r  i l l u s t r a t i o n .  In  F ig . i 4 ,  th e  i n c i ­

d e n t x - ra y  i s  assumed to  be p a r a l l e l  to  th e  s id e  b . Three o f  .such 

p a r a l l e l  in c id e n t  x - ra y  a t  a  sp a c in g  o f  e h a s  been e n te re d  a t  the  

c ro s s  s e c t io n ;  The x - r a y  i s  assumed to  r e f l e c t  a t  such  an an g le  

t h a t  th e  r e f l e c t e d  x - ra y s  a re  p a r a l l e l  to  th e  s id e  a .  F iv e  o f  the  

r e f l e c t e d  x - ra y s  a re  re c o rd e d . The r e c ta n g u la r  c ro s s  s e c t io n  i s  

th u s  d iv id e d  in to  f i f t e e n  diam ond-shape e lem en ts  o f  which each s id e  

h a s  a  le n g th  o f  x = e / s in T \  where e i s  th e  i n t e r l i n e  s p a c in g . The 

f i f t e e n  e lem en ts  have th e  fo llo w in g  p a th  le n g th s  a s  coun ted  from 

e lem en t n o . I  to  e lem en t no 1 5 2 2x , 3x , 4x , 5x , and Sx o r

( n ^ f l ) x ;  3x , 4x , 5x , Sx, & ?x o r  (n^+2 )x ; 4x , 5x , Sx, ? x , & 8x o r 

(n  t n , ) x .  The av erag e  a b s o rp t io n  f a c to r  i s

A "f=(cos1P/n^n^;(e-23y's*c*+2g-3xyW seeV +T^-4x/,seci/

+^e-5xyU Secŷ  +̂ e-6xyU s e e p  +2e”7x// s e c  P  + e ~8xjU s e e p

I f  s id e  b i s  g r e a t e r  th a n  s id e ' a ,  th e  g e n e ra l a b s o rp t io n  

f a c to r  i s

Aup=Ccos D A a Hb ) ( . ' 2x Zu s e c $2e "3xZti s e c ^ 3e - 4xZ0 s e c ^

. +n e ■(na+ l)x y t/s e c ^ +n e -(n^+2)xyt< sec-J^
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Figure 14 Computation o f  the path len g th  fo r  the con stan t rectangu lar  
cro ss  s e c t io n  in  the ab sorp tion  co rr ec tio n
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. . . +na e ‘ (V l ) x ^ s e c ^ +(na - l ) r (V 2 V s e c ^  

+(iia - 2 ) e - ^ ) x/ ^ <  . . . + e - ^ a + = b V ^ ^ )  

.......................... . . .  ................. (22)
I t  i s  n o t n e c e s s a ry  f o r  th e  r e f l e c t e d  x - ra y  to  be p a r a l l e l  to

th e  s id e  a .  i h i s  i s  o n ly  used  f o r  th e  ease  o f  i l l u s t r a t i o n .  I f

th e  c r y s t a l  h a s  a  c ro s s  s e c t io n  o f  ABCD in s te a d  o f  AEFD a s  shown

in  F ig . 14 , the r e f le c t e d  x -ra y  i s  n ot p a r a lle l  to the s id e  a .

Y et n (n  = a /e ,  i . e . , n o . o f  d iv i s io n  o f  a )  i s  s t i l l  t h r e e ,  and a. a

s in c e  th e  a r e a  o f  ABCD i s  e q u a l to  th e  a r e a  o f  AEFD, th e  t o t a l  

p a th  le n g th  f o r  each  e lem en t i s  ap p ro x im a te ly  th e  sam e, g iv in g  

th e  same a b s o rp t io n  f a c t o r .  By th e  same re a s o n in g , th e  in c id e n t  

x - ra y  need n o t be p a r a l l e l  to  th e  s id e  b .  Thus, e q u a t io n  (22) 

a s  th e  g e n e ra l  a b s o rp t io n  f a c to r  i s  j u s t i f i e d .  To c a l c u la te  

e q u a t io n  (22 ) ,  s e v e r a l  te rm s m ust be computed b e fo re  c o r r e c t io n s  

a re  made.

a .  A p ro p e r  i n t e r l i n e  sp a c in g  e .  The sm a lle r  th e  e? th e  

s m a lle r  th e  e lem en t a r e a  and th e  more c o r r e c t  th e  a b s o rp tio n  

c o r r e c t io n  w i l l  b e , b u t th e  lo n g e r  th e  c a l c u la t io n  w i l l  ta k e , 

because  o f  g r e a t e r  number o f  te rm s i n  th e  a b s o rp t io n  e q u a tio n

(2 2 ) .

b . Ufl=a /e

c .  s i n T '= 2 ( l - s in 2 ( /^ 2 ) ) /̂ s in ( ^ / 2 )

s in (  T / 2 )= (s i n 2@ -sin2^) ) /V ( l - s i n 2'j) )^

d . x = e /s in /Y'

e . n = b /x
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F or ca lc ium  Ir-n ap h th y l phosphate

a .  C ry s ta l  d im ension

C ry s ta l  i s  a  p a r a l le l e p ip e d  o f  1 .3  mm lo n g  h av in g  an 

app rox im ate  c o n s ta n t  c ro s s  s e c t io n  o f  0 .216  mm by 0 .1 2 5  mm.

b . L in e a r -a b s o rp t io n  c o e f f i c i e n t

The l in e a r - a b s o r p t io n  c o e f f i c i e n t , ^ ,  f o r  ca lc ium  1 - 

•naphthyl pho sp h ate  was c a lc u la te d  by th e  fo llo w in g  e q u a tio n  

( 9 ) .  .

Zu  =GCPa C / ^  V p b ( V %  )b+p  ( ytvZ f  3C^ • • ^

Where, G i s  th e  d e n s i ty  o f  c r y s t a l

/ / ^  i s  th e  mass a b s o rp t io n  c o e f f i c i e n t  o f  th e  

e lem en t atom (2 2 ) .

? A i s  th e  w eigh t f r a c t i o n  o f  e lem en t A i n  compound 

ABC o . . A, B, C r e p r e s e n t in g  th e  d i f f e r e n t  e le m e n ts  i n  

c r y s t a l .

For Cu Kcd r a d i a t i o n ,  c a l c u la t io n  o f  th e  l in e a r - a b s o r p t io n  

c o e f f i c i e n t  f o r  ca lc ium  1-n a p h th y l phosphate  i s  shown i n  th e  

fo llo w in g  t a b l e .

T able IX . L in e a r -a b s o rp t io n  c o e f f i c i e n t  c a l c u la t io n  fo r  

ca lc ium  1-n a p h th y l phosphate

Atom Atomic w t.
T o ta l w t. 
o f  atom in  
compound

F r a c t io n  
o f  t o t a l  
w t. P

M ass-ab so rp . .
c o e f f i c i e n t  P ( ' / f ) 
/V y  (cm /g )  (cm /g )

Ca 40.80 40 .08 7.42# 162 12 .20

2P 30.975 61.95 11 .46# ? 4 .1 8.4?
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Atom .Atomic w t.
T o ta l w t. 
of. ,atom i n  
compound

F ra c t io n  
. . . of. t o t a l  

w t. P

M ass-ab so rp .
, c o e f f i c i e n t  P ( ' / f  )
f t  / 8  ( CBI2Zk ) (CBI2Zk )

H O  ■ l 6 .0 1 7 6 .0 32 .5 7 * 1 1 .5  3 .7 5

20C 12.011 240 .22 44 .45* 4 .6 0  2 .05

22H 1 .008 22.176 4 .1 0 * 0 .435  0 .0 2

540.426 100 . 00* 26 .33

L in e a r -a b s o rp t io n c o e f f i c i e n t ):= (1 .5 0 3 1 X 2 6 .3 3 )

=39«58 cm ^

W ilson p l o t  fo r  ca lc ium  1 -n a p h th y l pho sp h ate  

I .  G en era l d e s c r ip t io n

The W ilson p l o t  i s  p re p a re d  a c c o rd in g  to  th e  fo llo w in g  

e q u a t io n .

ln ( f K e l | 2 / r < f  ‘i i f i 2 )m .an) - (- 2B)<siIl29/ A 2 )llean^

y=mx+c
2

Where %  ^ e l  a v e ra Se v a lu e  o f  the  s q u a re s  o f  the
r

r e l a t i v e  F ’s  f o r  th e  r  r e f l e c t i o n s  t h a t  f a l l  w ith in  th e  g roup .
2

C Z q .f .  ) i s  th e  s e t  o f  th e  square  o f  th e  atom ic . i  x mean x

s c a t t e r i n g  f a c t o r s ,  w eig h ted  f o r  th e  v a r io u s  atom ty p e s  a t  the  

mean v a lu e  o f  s in © /^  f o r  th e  g ro u p .

-2B i s  th e  s lo p e  o f  th e  s t r a i g h t  l i n e  and B i s  the  

te m p e ra tu re  f a c t o r .

InK i s  th e  i n t e r c e p t  o f  th e  s t r a i g h t  l i n e  and K i s  th e

a b s o lu te  s c a le  c o n s ta n t  f o r  s c a l in g  th e  a b s o lu te  F°^ to  F ,obs

s c a le  c o n s ta n t  u s u a l ly  i s  d i f f e r e n t  from  th e  one u sed  i n  th e

T his
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s t r u c t u r e  f a c t o r  program  c a l c u a l t io n  where th e  s c a le  c o n s ta n t  k i s
1A

used  to  s c a le  th e  F to  F v k = ( l /K )z .
O C

A good W ilson p lo t  w i l l  r e s u l t  o n ly  when a l l  th e  p o s s ib le  in d e ­

p enden t r e f l e c t i o n s  (o b se rv ed , u n o b se rv ed , and e x t i n c t )  a re  

in c lu d e d .

2 . R e s u lts

The W ilson p l o t ,  b e s id e s  g iv in g  th e  te m p e ra tu re  f a c t o r  and 

th e  s c a le  c o n s ta n t , may in d i c a te  th e  r e l i a b i l i t y  o f  th e  i n t e n s i t y  

d a ta  a f t e r  b e in g  c o r r e c te d  by th e  d i f f e r e n t  f a c t o r s .

D ata f o r  th e  d i f f e r e n t  W ilson p l o t s  f o r  ca lc ium  1-n a p h th y l 

phosphate  a re  re c o rd e d  i n  T able Xj XI, and th e  p lo t s  a re  shown 

i n  th e  F ig .  1 5 . I t  i s  e v id e n t t h a t  th e  W ilson p l o t  which i s  

c o r re c te d  by th e  L b ren tz  antd p o l a r i z a t i o n  and th e  a b s o rp t io n  f a c to r s  

i s  th e  b e s t  s t r a i g h t  l i n e .

Table X. W ilson p l o t  w ith  no c o r r e c t io n  fo r  ca lc ium  1 -n a p h th y l 

phosphate

n o . r e f l e c t i o n s  
Group n o . . i n  each  group

r-
(s in ^ e /T v 2 )^ 1 ^ r t l  

r ( f  qi f i 2 )m

2 1 3 0 . 0 2 6 2 9 2 0 -1.14570

4oo 0 . 0 7 8 8 7 6 0 -1.93102

421 0.1314600 -2.64508

421 0„l84o44o - 2 . 9 5 6 5 1

402 0.2366280 -3.473775



Group no .
n o . r e f l e c t i o n s  

i n  each  group ( s in 2© /A 2 )m In  ^ r Fr e l

6 370 0.2892120 -3 .7 2 9 7 0

7 327 0.3417960 - 3 .81671

8 225 O .39438OO - 3.61192

T able X I. W ilson p l o t  f o r  ca lc ium  1 -n a p h th y l phosphate

Group
no .

n o . o f  r e ­
f l e c t i o n s

( s i n 2© /Tv2 )m

Lp c o r r e c t io n

z r A i t I 2 V

Lp, A c o r r e c t io n

I 213 0.0262920 -2 .1 3 7 0 7 -0 .69115

2 400 O.O78876O -2 .1 5 4 1 7 - I .O 7587

3 421 0.1314600 -2 .4 4 1 8 5 -1 .44392

4 421. 0 .8140440 -2 .51331 -1 .55117

5 402 0.2366280 -2 .9 7 5 9 3 -2 .04794

6 370 0.2893130 -3 .3 8 1 3 9 -2 .47694

7 327 0.3417960 -3 .81671 -2 ,81341  •

8 225 0.3943800 -4 .19971 -2 .95651



0.0
-7 7 -

-OX-

-o > .

- 48 -

5 9 H  0̂ 03 I o!io I 015 T O tO I 0.15 I MO I M S  T o !*0 F 
O.OZ5 0.015 O ils 0.173 O X U  0.275 0J 2 5  0.31$

(Sin  ^ ) 2

F ig u re  15 W ilson p lo t  f o r  ca lc ium  1 -n ap h th y l phosphate
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SECTION VI

STRUCTURE DETERMINATION

A. I n t e n s i t y  s t a t i s t i c s  

I .  G enera l d e s c r ip t io n

H ow ells , P h i l l i p s  and R ogers ( l ? ) d e v ise d  a  method to  d i s ­

t in g u is h  c e n tro -sy m m e tr ic a l c r y s t a l  from n o n -cen tro sy m m etrica l 

c r y s t a l s  by u s in g  th e  s t a t i s t i c s  d i s t r i b u t i o n  o f  r e f l e c t i o n  

i n t e n s i t i e s .  They showed th a t  th e  f r a c t i o n s  N (z ) ,o f  r e f l e c t i o n s  

whose i n t e n s i t i e s  a re  e q u a l to  o r  l e s s  th a n  a  f r a c t i o n  z o f  th e  

l o c a l  average! a re  g iv e n

a .  f o r  n o n -c e n tro sy m m e tr ic a l c r y s t a l ,  by

N (z )= l-e x p (-z )

b . f o r  c e n tro -sy m m e tr ic a l c r y s t a l ,  by

N (z )= e rf  ( z / 2 )̂ 2

Where e r f  i s  th e  e r r o r  f u n c t io n .

The method can be d e s c r ib e d  b r i e f l y  a s  fo llo w s . The r e f l e c ­

t i o n s  and t h e i r  i n t e n s i t i e s  a re  ta b u la te d  i n  o rd e r  o f  in c re a s in g  

sin©  (T h is  sh o u ld  be done a f t e r  c o r r e c t in g  fo r  th e  L o re n tz  and 

p o la r i z a t i o n  f a c t o r s ,  and th e  a b s o rp t io n  f a c t o r ) .  The l i s t  i s  

th e n  d iv id e d  in t o  s e v e r a l  p ro p e r  g ro u p s . S ince th e  te m p era tu re  

f a c t o r  and th e  s c a t t e r i n g  f a c to r s  do n o t v ary  r a p id ly  a t  low 

v a lu e s  o f  ©, l a r g e r  ran g e  may be ta k e n  f o r  such v a lu e s .  L ipson 

and Cochran (26) su g g e s te d  th e  u s in g  o f  th e  fo llo w in g  groups

( in  te rm s o f  s in © ): 0 . 2- 0 . 6 , 0 . 6- 0 . 8 , 0 . 8- 1 . 0 , th e  0- 0 .2  group
2i s  d is c a rd e d .  F or each  group , i n t e n s i t i e s  o r  F i s  c a lc u la te d
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and th e  v a lu e s  o f  I t(z ) fo r  z=1 0 , 2 0 , . . . . up to  100% a re  d e te r ­

m ined. F in a l ly ,  f o r  each  z ,  th e  mean o f  N (z) o v e r a l l  sinO  groups 

i s  cqmpared g r a p h ic a l ly  w ith  th e  t h e o r e t i c a l  v a lu e s  and th e  cen­

t r e  symme t r y  o r  n o t i s  d e te rm in e d .

The r e l i a b l i l i t y  o f  t h i s  method depends upon two th in g s .  F i r s t ,  

t h a t  no atom heavy enough to  dom inate th e  i n t e n s i t y  d i s t r i b u t i o n  

i s  p r e s e n t  and m ost o f  th e  atom s occupy th e  g e n e ra l  p o s i t i o n s .  

Second, a  s u f f i c i e n t l y  la rg e  number o f  i n t e n s i t i e s  in c lu d in g  b o th  

unob serv ed  and e x t in c t  r e f l e c t i o n s  a re  u se d .

A ccord ing  to  H o w ells , P h i l l i p s  and R ogers, t h i s  method can 

be a p p l ie d  s a t i s f a c t o r y  to  zones o f  r e f l e c t i o n s .  The te d io u s  

c a l c u la t io n s  f o r  th re e  d im en sio n a l d a ta  can th u s  be a v o id e d . I t  

was found th a t  f o r  t h i s  c r y s t a l  th e  method was a p p l ie d  s a t i s ­

f a c t o r i l y  even to  one q u ad ran t o f  a  two d im en sio n a l zo n e . In  

t h i s  q u a d ra n t , a  w eig h t o f  % i s  a p p l ie d  to  a l l  r e f l e c t i o n s  on 

th e  b o rd e r  l i n e s . The method o f  c a l c u la t io n  i s  i l l u s t r a t e d  as
2

fo llo w s . F o r group  I  o f  h o i  zone (see  T able X I I ) , th e  t o t a l  F
2

i s  o b ta in e d  by summing th e  F o f  each  r e f l e c t i o n  i n  th e  group
2

e x c e p t ta k in g  % o f  F o f  th o se  r e f l e c t i o n s  on th e  b o rd e r  l i n e s .
2

The t o t a l  F i s  found to  be 31 ,552 .3»  The t o t a l  r e f l e c t i o n s  a re

72, b u t l 4  o f  them a re  on th e  b o rd e r  l i n e s .  T hus, th e  t r u e  number

o f  r e f l e c t i o n s  i s  $8 p lu s  1 4 /2  o r  6 5 . The mean v a lu e  o f  F fo r

group  I  i s  3 1 ,5 5 2 .3 /6 5  o r  4 8 5 .4 . The v a lu e  o f  N (O .l) i s  o b ta in e d
2

a s  f o l lo w s : F i r s t ,  co u n t th e  number o f  r e f l e c t i o n s  w ith  F eq u a l

to  o r  l e s s  th a n  4 8 .5 (0 .1  tim e s  4 8 5 .4 ) ;  th e r e  a re  22 p lu s  4 /2  o r
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24 o f  them . Thus, th e  v a lu e  o f  N (O .l) i s  24 /65  o r  36.8%.. To c a l ­

c u la te  N (0 .2 ) , i t  i s  found t h a t  th e  number o f  r e f l e c t i o n s  w ith

g r e a t e r  th a n  4 8 .5  b u t e q u a l to  o r  l e s s  th a n  97 . 1 (0 .2  tim es  48 5 .4 )
2

i s  9- Thus, th e  t o t a l  number o f  r e f l e c t i o n s  w ith  F e q u a l to  o r

l e s s  th a n  97*1 i s  24 p lu s  9 o r  33* T h e re fo re , N (0 .2 ) i s  33 /65  o r
/

50.7%» The c a l c u la t io n  o f  N (0 .3 ) up to  N(1 . 0 ) can  be done i n  

th e  same m anner.

2 . D ata and r e s u l t s

Both h o i  and o k l zones have been t e s t e d  by t h i s  m ethod. The 

h o i zone h a s  a lm o s t a l l  th e  r e f l e c t i o n s  f o r  one q u a d ra n t w h ile  th e  

o k l h a s  m ost o f  th e  r e f l e c t i o n s .  The d a ta  a re  in c lu d e d  in  th e  

fo llo w in g  t a b l e s .  The t h e o r e t i c a l  and th e  e x p e rim e n ta l cu rv es  

a re  p lo t t e d  i n  F ig .  16 . From F ig .  1 6 , i t  ap p ea rs  t h a t  calcium  

1-n a p h th y l pho sp h ate  i s  c e n tre sy m m e tr ic a l,  because b o th  h o i  and 

o k l cu rv es  a re  c lo se  to  o r  h ig h e r  th a n  th e  t h e o r e t i c a l  c e n t ro -  

sy m m etrica l c u rv e .
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T able XIIo V alues o f  F f o r  h o i  r e f l e c t i o n s  o f  Ca(C^H^HOP^) 2 . JH2O

F^
(Sin©)

I h 0 I 2 3 4 5 6 7 8 9

O 6756.8 2088 .5 772 .8 4 75 .2 6 .3 7 .7 1 9 0 .4 75 .7 2 8 .0
(.107) ( .2 1 5 ) ( .5 2 2 ) ( .4 3 0 ) ( .5 3 6 ) ( .6 4 4 ) ( .7 5 2 ) ( . 860) ( . 966)

I 6806.3 5610 .0 5 3 3 .6 121 .0 6 .3 23I .O 9 6 .0 112 .4 3 .4
( .1 0 7 ) ( . 211) ( .3 1 7 ) ( .4 2 3 ) ( .5 3 0 ) ( .6 3 8 ) ( .7 4 5 ) ( . 852) ( .9 5 8 )

2 2143o6 : 954 .8 2016 .0 5 3 3 .6 4 .8 1 5 .8 645.2 7 .7 ' 1 1 .9 3 .4
( .0 8 4 ) ( .1 2 2 ) ( .2 1 4 ) ( . 316 ) ( .4 2 1 ) ( .5 2 7 ) ( .6 3 3 ) ( .7 3 8 ) ( .8 4 6 ) ( .9 5 4 )

3 1608 .0 1062.8 '  7 ,0 ' 723 .6 121 .0 " 5 .8 712.9 3 0 .5 6 .3 9 .0
( .1 2 5 ) ( .1 4 8 ) ( . 226 ) ( .3 2 2 ) ( .4 2 3 ) ( .5 2 7 ) ( . 632) ( .7 3 6 ) ( .8 4 3 ) ( .9 5 0 )

4 2601 .0 4692 .3 1857^6 5 1 9 .8 542 .9 6 .3 702 .3 2 5 .6 6 .3 1 4 .4
( .1 6 7 ) ( . 180 ) ( .2 4 4 ) ( .3 3 2 ) ( .4 2 9 ) ( .5 2 8 ) ( .6 3 3 ) ( .7 3 5 ) ( .8 4 2 ) ( .9 4 6 )

5 1632 .2 2652 .3 4006 .9 1 5 .3 228 .0 8 .3 198 .8 7 .7 6 .3 1 1 .9
( .2 0 9 ) ( .2 1 5 ) ( . 268) ( .3 4 6 ) ( .4 3 9 ) ( .5 3 5 ) ( . 636) ( .7 3 8 ) ( .8 4 2 ) ( .9 4 5 )

'6 7 8 9 .6 823 .7 2 6 .0 5 6 .3 1149 .2 1 6 6 .4 7 .7 9 6 .0 6 .3 9 .6
( .2 5 1 ) ( .2 5 2 ) ( . 296 ) ( .3 6 7 ) ( .4 5 2 ) ( .5 4 5 )• ( .6 4 3 ) ( .7 4 3 ) ( .8 4 5 ) ( .9 4 8 )

7 3 .4 1 36 .9 640 .1 141 .6 190 .4 6 .3 29 .4 1 1 6 .6 75 .7 3 .8
( .2 9 3 ) ( .2 9 1 ) ( . 326 ) ( .3 8 9 ) ( .4 6 9 ) ( .5 5 7 ) ( .6 5 1 ) ( .7 5 0 ) ( .8 5 1 ) ( .9 5 2 )

8 4 04 .0 1 7 .1 4 1 .0 1 8 2 .3 2 9 .1 9 1 .3 104 .0 4 6 6 .6 75 .7 3 .4
( .3 3 5 ) ( .3 3 0 ) ( .3 6 0 ) ( .4 1 5 ) ( .4 8 8 ) ( .5 7 2 ) ( .6 6 4 ). ( .7 5 9 ) ( .8 5 7 ) ( .9 5 7 )

9 2580 .6 4 .4 5 0 .4 2 3 7 .2 7 .7 8 8 .8 9 .6 3 20 .4 22 .2 3 .4
( .3 7 6 ) ( .3 7 0 ) ( .3 9 4 ) ( .4 4 4 ) ( .5 1 1 ) ( .5 9 0 ) ( . 678) (1770) ( .8 6 5 ) ( .9 6 3 )

10 1592 .0 1 90 .4 1 5 .3 3 3 8 .6 2 0 .1 610 .1 108 .2 7 .7 5 .3 2 3 .4
( .4 1 8 ) ( .4 1 0 ) ( .4 3 6 ) ( .4 7 4 ) ( .5 3 5 ) ( . 611 ) ( .6 9 4 ) ( .7 8 4 ) ( .8 7 5 ) ( .9 7 2 )

11 1069 .3 5 .3 6 8 .9 1 1 .1 8 .3 5 7 1 .2 566 .4 9 .0 5 .3
( .4 6 0 ) ( .4 5 0 ) ( .4 6 7 ) ( .5 0 5 ) ( .5 6 2 ) ( .6 3 3 ) ( .7 1 3 ) ( .7 9 8 ) ( .8 8 8 )

12 4 3 .6 7 5 .7 5 7 .6 5 2 .4 161 .3 1 9 6 .0 5 06 .3 2 2 .2 4 .8
( .5 0 2 ) ( .4 9 2 ) ( .5 0 4 ) ( .5 3 7 ) ( .5 9 2 ) ( .6 5 7 ) (C733) ( .8 1 5 ) ( .9 0 4 )

13 2 8 5 .6 24 .5 7 7 .4 4 4 .4 . 7 .7 1 5 .3 9 6 .0 8 .3 4 .4
( .5 4 4 ) ( .5 3 2 ) ( .5 4 3 ) ( .5 7 4 ) ( . 621) ( . 682) ( .7 5 5 ) ( .8 3 4 ) ( .9 1 9 )

14 4 3 .6 285 .6 610.1 7 .5 9 6 .0 3 0 .4 7 .7 ' 1 1 .1 7 .7
( .5 8 5 ) ( .5 7 4 ) ( .5 8 2 ) ( . 608) ( .6 5 3 ) ( . 710 ) ( .7 7 8 ) ( .8 5 5 ) ( .9 3 6 )

13 9 .7 3 8 .6 3 7 .2 292 .4 ■ 4 66 .6 1 0 0 .0 7 .7 6 7 .2 9 .0
( . 626) ( .6 1 4 ) ( .6 2 0 ) ( .6 4 5 ) ( . 685) ( .7 3 9 ) ( . 802) ( .8 5 5 ) ( .9 5 6 )

16 882 .1 6 7 .2 1 1 .9 5 0 .9 306 .3 ' 2 9 .4 6 .3 7 2 .3 3 7 .2
( . 669) ( . 656) ( . 660) ( . 680) ( .7 1 9 ) ( .7 6 7 ) ( .8 3 0 ) ( . 901 ) ( .9 7 5 )

17 285 .6 7 .7 320 .4 4 0 .0 4 9 .2 1 6 .3 6 .3 9 6 .0
( .7 1 1 ) ( .6 9 5 ) ( . 700) ( .7 1 8 ) ( .7 4 6 ) ( . 800) ( . 858) ( .9 2 5 )

1 8 . 2 19 .0 3 0 .6 1 5 .3 1 4 .4 5 2 .5 6 .4 5 .3 4 4 .9
( .7 5 3 ) ( .7 3 8 ) ( .7 4 0 ) ( .7 5 6 ) ( .7 8 8 ) ( . 830) ( .8 8 5 ) ( .9 5 1 )

19 1 1 .9 7 .7 1 4 .4 ' 7 .5 7 .0 1 9 .1 7 .0 1 1 .1
( .7 9 5 ) ( .7 8 0 ) ( . 780 ) ( .7 9 5 ) ( . 821) ( . 865 ) ( .9 1 5 ) ( .9 7 5 )
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T able X I I I .  V alues o f  F f o r  o k l r e f l e c t i o n s  o f  Ca(C^qH^HOP^)^ . 3H2O

I 0 —I -2 -3 -4 : -5

0
I 1 .7

( .2 6 3 )
1584 .0
( .3 4 7 )

3 .6
( .4 3 1 )

2 2143.7 1 .7 7225.0 1 .4 2097 .6 2 .9
( .0 8 4 ) ( .1 2 5 ) ( . 197 ) ( . 276 ) ( .3 5 8 ) ( .4 4 1 )

3 1608 .0  ' l i 7 5821.7 2 .0 6 8 6 .4 3 .2
( . 123 ) ( .1 5 8 ) ( . 221 ) ( .2 9 5 ) ( .3 7 4 ) ( .4 5 5 )

4 2601:. 0 1 .7 5270 .7 2 .0 3 3 1 .2 3 .6
( . 167 ) ( .1 9 5 ) ( . 250 ) ( .3 1 9 ) ( ,3 9 4 ) ( .4 7 2 )

5 1632.2 2 .0 1376 .4 2 .0 2 5 9 .2 4 .0
( . 209 ) ( .2 3 3 ) ( .2 8 2 ) ( .3 4 6 ) ( .4 1 7 )  ! ( .4 9 2 )

6 7 89 .6 2 .3 1436 .4 .2 .3 900 .0 4 .4
( . 251 ) ( .2 7 3 ) ( .3 1 7 ) ( .3 7 5 ) (1442) ( .5 1 5 )

7 3 .4 2 .6 492 .8 2 .6 1024 .0 ■ 5 .3
( .2 9 2 ) ( . 3 13 ) ( .3 5 3 ) ( .4 0 7 ) ( .4 7 0 ) ( .5 4 0 )

8 4 0 4 .0 ' 2 .9 2480.0 2 .9 5 7 1 .2 5 .8
( .3 3 5 ) ( .3 5 3 ) ( . 390) ( .4 4 0 ) ( . 500 ) ( .5 6 7 )

'9 2580 .6 2 .9  ' 118 .8  ■ 3 .2 6 5 .6 6 .3
( .3 7 6 ) ( .3 9 4 ) ( .4 2 8 ) ( .4 7 5 ) ( .5 3 2 ) ( .5 9 5 )

10 1592 .0 3 .2 65 .6 3 .2 3 4 2 .3 6 .3
( .4 1 8 )  ' . ( .4 3 5 ) ( .4 6 7 ) ( .5 1 1 ) ( .5 6 5 ) ( . 625)

11 1069 .3 3 .6 767 .3 4*0 292 .4 6 .8
( .4 6 0 ) ( .4 7 6 ) ( . 506 ) . ( .5 4 8 ) ( .5 9 9 ) ( .6 5 7 )

12 4 3 .6 4 .0  . 1892 .3 4 .4 .4 9 .0 7 .3
( . 5 02 ) ( .5 1 7 ) ( .5 4 6 ) ( .5 8 5 ) ( .6 3 4 ) ( . 689)

13 285 .6 4 .4 1246.1 4 .8 5 .1 7 .3
( .5 4 4 ) ( .5 5 9 ) ( . 5 86 ) ( .6 2 3 ) ( .6 6 8 ) ( .7 2 3 )

14 4 3 .6 5 .3 316 .8 4 .8 3 6 4 .8 7 .3
( . 5 85 ) ( .5 9 9 ) ( . 626 ) ( . 662 ) ( .7 0 6 ) ( .7 5 7 )

15 9 .6 5 .3 1 6 .5 4 .8 615 .0 6 .8
( . 626 ) ( .6 4 1 ) ( . 666 ) ( . 700 ) ( .7 4 3 ) ( .7 9 2 )

16 882 .1 5 .8 45 .5 4 .8 2 8 2 .2 6 .3
( . 669 ) ( . 683) ( .7 0 6 ) ( .7 4 0 ) ( .7 8 0 ) ( . 828)

17 285 .6 5 .8 6 .7 4 .8 2 7 2 .2 5 .8
( .7 1 1 ) ( .7 2 4 ) ( .7 4 6 ) ( .7 7 9 ) ( . 818) ( .8 6 4 )

18 219 .0 5 .3 5 .2 4 .4 7 9 .2 4 .4
( .7 5 3 ) ( .7 6 6 ) ( . 788) ( .8 1 9 ) ( . 856 ) ( .9 0 1 )

19 1 1 .9 4 .8 6 .2 3 .6 4 .2 3 .6
( .7 9 5 ) ( . 808) ( .8 2 9 ) ( . 858) ( .8 9 5 ) ( .9 3 8 )

20 1 7 .2 4 .0 5 .2 2 .9 9 .6 2 .6



F2
(Sin©)
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I
f O -I

21
(.836)

5-3
(.849)

3.6

22.
(.877)

4.2
(.891)

2.6

23
(.920)

9.6
(,960)

(.932)

-2 -3 -4 '

(.870) (.898) (.934)
51.0 2.3 8.4

(.911) (.939) (.973)
74.3 1.7

(.952) (.979)

■i ■

-5

(.975)
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Table XIV. Values of N(z), in  percentages, for hoi reflection s of

Ca(C10H7HPO4 ) 2 ^ H 2O

Group n o . ,0 .1 0 .2  0 .3 0 .4  0 .5  0 .6  0 .7 0 .8 0 .9 1 .0

1 3 6 .8
2 3 2 .2
3 0

Mean 2 3 -0

5 0 .7  5 7 .6
4 2 .6  4 7 .8  
1 2 .3  3 7 .6  
3 5 .2  4 7 .7

6 5 .3  7 0 .0  7 1 .5  7 3 .0  
5 3 .0  5 4 .8  6 2 .5  6 8 .6  
4 9 .2  5 5 .4  6 3 .0  65 .3  
5 5 .8  6 0 .1  6 5 .7  68 .9

7 3 .7
7 0 .4
7 1 .5
7 1 .9

7 4 .5
7 1 .3
7 3 .0
7 2 .9

74 .5
71 .3
7 3 .0
7 2 .9

T able XV. V alues o f  N(z ) , i n  p e rc e n ta g e s ,  f o r  o k l r e f l e c t i o n s o f

Ca(C10H7HP04 ) 2 -JH20

Group no . 0 .1 0 .2  0 .3
, N ( Z )

0 ,4  0 .5  0 .6  0 .7 0 .8 0 .9 1 .0

1 ' 5 6 .0
2 6 9 .O
3 6 .0  

Mean • 43."7

5 9 .4  6 2 .0  
7 2 .6  7 2 .6  
4 8 .0  7 8 .0  

' 6 0 .0  70 : 8 '

6 2 .8  6 4 .5  6 9 .8  70 .6  
7 2 .6  7 6 .3  8 0 .0  ' 8 0 .0  
8 2 .0  8 8 .0  8 8 .0  88 .0  
7 2 .4  7 6 .3  7 9 .3  79 .6

7 0 .6
8 0 .0
8 8 .0
7 9 .6

7 2 .4  
8 0 .0  
8 8 .0
8 0 .4

75 .0
80 .0  
88 .0  
81 .2
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A Delta points ■ ok/ data
O  Circle points : ho/ data

F ig u re  16 I n te n s i ty  d i s t r i b u t i o n  f o r  ca lc ium  1 -n a p h th y l phosphate
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B. Patterson function

I .  General description

The Pattorson function has the following Fourier form.

The important properties of the Patterson function w ill be 

described b r iefly  as follow s.

a. The Patterson synthesis i s  the vector set of the electron 

density. The vector interpretation can, then be used for the 

Patterson map.

h_,h_h.

I t  i s  similar to the electron density Fourier equation as

below.

For the electron density

There i s  a peak in  the electron density map for any atom

of location x- x„x-,.I  2 '3

For the Patterson function

A Patterson peak w ill be found for every pair of atoms

i  and j at their interatomic distance or the vectorial d if-
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ference.

b. The Patterson function i s  centrosymmetrical

P ( U V W ) = I A Z Z 2c o s 2  Jf  ( ^u+h2 v+h^w)

This i s  due to Friedel's law.

c. The Patterson peak usually i s  broader and harder to 

resolve than that of the electron density.

d. The Patterson peaks are a continuously variable function 

rather than a set of discrete points. (So are electron  

density peaks).

F12= ?2dV

2. Application

a. Predication of the peak height

Before an attempt i s  made to interpret any Patterson 

whatever, i t  i s  very desirable to tabulate the peak heights 

for a l l  pairs of atoms. The volume of a Patterson peak due 

to a pair of atoms i  and j in  the crystal i s  , (8 ), 

where Z i s  the number of electrons in  an atom.

'yI d - z I z j

SlM e vC rigin- ^
Z 1Zj 1

Then V. .= jV . .ij —— origin
^ z /
i  i

 ̂ Since the peak height i s  approximately proportional to

i t s  volume

HAKV
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f ^ L - =  Origi.=; ,
■ f" Zi

There a re  two m o lecu le s  o f  Ca(C^qH^HPO^)^ o r  

Ca^P;[O ^C j1QH1i;[ i n  th e  u n i t  c e l l ,  which co rre sp o n d s  to

2  Z. ^= 4 ,440 . S irice th e  o r ig i n  peak i s  alw ays a d ju s te d  to  
i  1

be 999» th e  peak h e ig h t  IL  ̂ f o r  each  p a i r  o f  atom s i  and 

j  i s  c a lc u la te d  and l i s t e d  i n  th e  fo llo w in g  t a b l e .

Ca P 0 C H

Ca 7 2 .9 6o .8 3 2 .4 2 4 .3 4 .1

P 6 0 .8 3 0 .6 2 7 .0 2 0 .3 ■ 3 .4

0 3 2 .4 2 7 .0 1 4 .4 1 0 .8 1.8

C 2 4 .3 20 .3 1 0 .8 8 .1 1 .4

. H 4 .1 3 .4 1 .8 1 .4 0 .2

Y,.'
bo The locating of heavy atoms

r  '
The locating of a l l  the heavy atoms i s  based on the fo l­

lowing method.

For the ease of illu stra tio n , suppose there are three 

independent heavy atoms occupying the general positions, 

which i s  the case for our crystal of CaCC^H^PO^^OH^O. 

(Independent atom means atom not related by symmetry). The 

method stated below w ill also work for four or more independ-
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ent heavy atoms occupying the general positions. I t  w ill be 

discussed la ter  for some of the independent heavy atoms oc­

cupying the special positions. Take one dimension for i l lu s ­

tration (The two and three dimensional cases can be done in an 

analogous manner). Let the general positions which the three 

independent heavy atoms occupy be x^, x^and x «̂ Take the centro- 

symmetrical case for example (The noncentrosymmetrical case w ill 

be discussed la te r ) . From the vector set nature of the Patterson 

function, the Patterson peaks of a centrosymmetrical crystal 

are expected to include the following: x^-x^(the vector point

from Xgto x^), x^-x^, x^-x^and x^+Xg( the vector point from 

- X g t o  x^), x^+x^, Xg+x ĵr plus 2x 3̂ 2 X g ,  2x^. For the centro- 

symmetrical case, those vector points like x^-Xg, x^+Xg, e tc .,  

which are formed from two different atoms of the same or 

different kinds are double weight or more, depending on the sym­

metry of the particular crystal, while the vector points form­

ing between the atom i t s e l f ,  e .g . 2x^, 2Xg e tc . are single 

weight or more, depending also upon the symmetry of the parti­

cular crysta l. Let x^+ Xg and 2x  ̂ have the double weight and 

single weight respectively (This i s  done mainly for the ease 

of illu s tr a tio n ) . The double weight peaks lik e  x^+Xg, x^-Xg 

e tc . can be recognized in  the following way.

From twice the calculated peak height, the double weight 

peaks which we are after can be narrowed down to a very small 

number which i s  always greater than six  due to the ease of
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superiraposing of the Patterson peaks. Suppose the s ix  big peaks 

of ,double, weight in  the following order x^+x^,  x^+x^, x^+x ,̂ 

Xl -X2 ’ xl _x3 anc* x2~x3 are known. In the method stated here, 

these big peaks do not have to be known. The fact that they 

are assumed to be known i s  only for the ease of illu stra tio n .

Take the f ir s t  peak x^+ x^and add to i t a l l  the peaks which

follow i t and the corresponding inverse peaks as below.

Xl +X2 X̂ +Xg X̂ +Xg X̂ +Xg Y x2

=I+^ - X j -X j  X^+Xj ~x2”x3 X1 -X 2

2xn +x+x  I k 3 X --X -, X1 +2X-+X-
2 3  I 2 3

X - X j 2xI

X1WC2 xl +x2 xl +x2 Xi+Xg xI * ^

" Y x2 Xi - X3 - xI+=? X2-X3 - X2+X3

2X2 2xn +x--x- x_+x-1 2 3 2 3 xl+ 2x2~x3 xl +x3

Upon examining the above resu lts , we find that a l l  the big. 

peaks have been come back except the f ir s t  peak x-j_+x2 uset  ̂

and i t s  s is te r  peak x^-x^ which i s  formed by the same pair 

of atoms' but in  a different direction. Next, the second 

peak X2_+Xj  i s  taken and i s  added to i t  a l l  the peaks which 

follow i t  and the corresponding inverse peaks as follows.

Xl +X3 Xl+X3 Xl +X3. Y x3

X2+X3 - X 2 - X ^ xl-x 2 " Y x2

X j + x ^ - 2 X j X1 - X 2 Z x j - x ^ + x j X2+X3
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5 * 5 = i + 5 5 + 5
5 + 5

= i“5 " 5 + 5 x2"=3 - V x 3

2 x^ 2 x^ xl + x 2  xl “x2 +̂ x'

I f  we c o n tin u e  i n  t h i s  m anner, we s h a l l  end up w ith  th e  ' 

fo llo w in g  fo u r  in d e p en d en t r e l a t i o n s h ip s  which compose on ly  

th e  s i x  double w e ig h t peaks w ith  each  peak o c c u r r in g  tw ic e .

5 + 5

fX!H
 -

5 - 5
5 + 5

=2“5  . =2+5 -=2+5 -X2-X3

=l+ = 2 =1 ~ = 2 : 5 -= 2

I t  i s  noted th a t each one of the above four independent re ­

la tio n sh ip s  may have three d iffe re n t forms according to

how th e y  a re  a r r a n g e d . One exam ple i s  g iv en  i n  th e  fo llo w in g .
> .

Xi -X2= 1 + 5 X-J+X .̂

- = 2 = 3 ”=l+ = 2
%2+x^

■ xl “ x 2  x2+=3 : =1+5

A ll th re e  o f 'th e m  r e p r e s e n t  th e  same r e l a t i o n s h i p .  As we 

m entioned  e a r l i e r , th e s e  s ix  b ig  peaks o f  double w e ig h t do 

n o t have to  be known. For these- unknown b ig  p e a k s , we do 

know th a t  from th e  s t r u c t u r a l  fo rm u la  th e re  e x i s t  th re e  

in d e p en d en t heavy atom s which co rresp o n d  to  s ix  b ig  peaks 

o f  double w eig h t f o r  th e  c e n tro sy m m e tr ic a l c a s e .  There a re  

a lw ays more th a n  s i x  b ig  peaks showing up even i n  th e  th re e
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d im en s io n a l P a t te r s o n  maps. F o llow  th e  ad d in g  p ro c e d u re s  

d e s c r ib e d  above f o r  a l l  th e  p o s s ib le  b ig  peaks fo u n d . P ick  

up a l l  th e  in d e p en d en t r e l a t i o n s h ip s  we can h a v e . Those s ix  

b ig  peaks com posing th e  fo u r  in d e p en d en t r e l a t i o n s h ip s  a r e ■ 

th e  peaks we a re  a f t e r .  Som etim es due to  th e  symmetry o f  

th e  p a r t i c u l a r  c r y s t a l ,  th e  s in g le  w eigh t peak l i k e  Ex^, Sx^ 

o r  Ex^ may show up a s  b ig  a s  th e  double w eigh t p e a k . T his 

s in g le  w eigh t peak can be d is t in g u is h e d  from th e  double 

w eigh t peaks by th e  c lo se  p ack in g  and th e  symmetry c o n s id e r ­

a t i o n .  T h is  i s  th e  case  fo r  th e  c r y s t a l  Ca( C^qH^HPO^)^ °3H2O. 

More d e t a i l  w i l l  be d is c u s s e d  l a t e r .  The a ss ig n m en t o f  x^+

xE5 xi -x 2 » xi +x3 5 xl~ x3 ’ x2+x3 ’ an^ x2-x 3 th e se  s ix  b ig  

peaks can be done, b e s id e s  th e  c a lc u la te d  peak h e ig h ts ,  by 

th e  c lo se  p ack in g  c o n s id e r a t io n , i .  e . , from th e  known bond 

d i s ta n c e s .  The s i x  b ig  peaks w i l l  be l a b e l l e d  te m p o ra r ily  

by th e  c a lc u la te d  peak, h e ig h t s .  Then, by a  s im p le  compu­

t a t i o n  l i k e  (xj_+x2 ^+ ^xi~ x2  ̂=^xi  ’ Xi = (2 x ^ )/E , a l l  th e  th re e  

in d e p e n d e n t heavy atom s lo c a t io n s  x ^ , X^, X^ can  be de term ined . 

A s c a le  model i s  s e t  up and from th e  known bond d is ta n c e s ,  

and c lo se  p ack in g  c o n s id e ra t io n ,  th e  x^ , x ^ , x^ can  be r e ­

a d ju s te d  to  th e  c o r r e c t  v a lu e s .

Now c o n s id e r  th e  case  where some in d ep en d en t heavy atoms 

occupy s p e c ia l  p o s i t i o n s ,  space  group P I ,  f o r  exam ple. The 

number o f  heavy atom s occupying  th e  s p e c ia l  p o s i t i o n s  must 

be even  o r  i n  p a i r s .  Suppose one p a i r  o r  one in d e p en d en t



atom o f  th e  th r e e  in d e p en d en t heavy  atom s occupy th e  s p e c ia l  

p o s i t i o n s  o f  Yz, Yz, 0 and 0 , 0 , 0 (In d ep en d en t m eaning n o t 

r e l a t e d  by sym m etry). L e t th e  o th e r  two in d e p en d en t atoms 

occupy ithe lo c a t io n s  o f  %^y^z^ and These heavy atom s

w i l l  p roduce th e  fo llo w in g  P a t te r s o n  peaks (a )  Seven s in g le  

w eigh t p e a k s , nam ely y ^ , zy j , y ^ , x ^ /a ,  y^-Yz

Z1-Yz; X2- 1Za, y2- 1/a, ẑ -Yz; Yz, 0 ; 2x^ , 2y^, 2z^ ; 2x2> 2y2 , 2z2 

(b ) two double w eig h t peaks i .  e . , x^{-x2 , y ^ fy 2 , z ^ z ^ i  

x^-X g, y1-y 2 , z^ -Z g . I t  i s  a d v is a b le  to  t e s t  f o r  w hether a  

heavy atom occupys a  s p e c ia l  p o s i t i o n  b e fo re  u s in g  th e  method 

d e s c r ib e d  above f o r  g e n e ra l  p o s i t i o n s .  The p o s s i b i l i t y  o f  th e  

heavy atom s occupy ing  th e  s p e c ia l  p o s i t io n s  may be co n s id e re d  

i n  th e  fo llo w in g  way (a )  I f  any atom  o c c u p ie s  a  s p e c ia l  p o s i­

t i o n ,  th e  su rro u n d in g  atom s m ust be r e l a t e d  by th e  symmetry o f  

t h a t  s p e c ia l  p o s i t i o n .  For Ca(C^^H^HPO^) 2 •^H2O, th e  heavy 

atom s a re  ca lc ium  and p h o sp h o ru s. S ince  th e  p h osphate  group 

i s  a p p ro x im a te ly  a  t e t r a h e d r a l  c o n f ig u ra t io n  w ith  th e  phos- • 

pho rus  atom a t  th e  c e n te r ,  phosphorus i s  u n l ik e ly  to  s i t  on 

a  c e n te r  o f  symmetry and o n ly  ca lc iu m  cou ld  be i n  a  s p e c ia l  

p o s i t i o n .  (b ) I f  th e re  a re  some P a t te r s o n  peaks o f  s in g le  

w eigh t o r  more occupy ing  th e  s p e c ia l  lo c a t io n s  o f  th e  P a t te r s o n  

sp a c e , th e re  may be some heavy atom s occupying  s p e c ia l  p o s i­

t i o n s  i n  c r y s t a l  s p a c e . I f  th e re  i s  a  heavy atom  a t  th e  o r ig i n  

a  P a t te r s o n  peak o f  s in g le  w eigh t o r  more w i l l  show up b o th  a t  

x^y^z^ and 2x_2y^2z^ o f  th e  P a tte rs o n -  space where i  i s  th e
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heavy atom i d e n t i f i c a t i o n  number occupying  th e  g e n e ra l  p o s i ­

t i o n s .  A f te r  th e  heavy atom s a t  th e  s p e c ia l  p o s i t i o n s  have 

been  lo c a te d ,  th e  o th e r  atom s occupy ing  th e  g e n e ra l  p o s i t io n  

may be found by th e  a d d i t io n  m ethod.

I f  th e  c r y s t a l  is :  n o n c e n tro sy m m e tric a l, the. above method 

can  a ls o  be u sed  e x c e p t th e  number o f  th e  p o s s ib le  peaks to  be 

t e s t e d  i s  much g r e a t e r  s in c e  m ost o f  th e  peaks a re  s in g le ­

w e ig h t.

The method j u s t  d e s c r ib e d  i s  i l l u s t r a t e d  by th e  lo c a t in g  

o f  th e  in d e p e n d e n t heavy atom s o f  one calc ium  and two phosphorus 

f o r  th e  c r y s t a l  o f  Ga ( a s  below .

From th e  th re e  d im en sio n a l u n -sh a rp en ed  and sharpened  

( th e  te m p e ra tu re  f a c t o r  b e in g  I . 5 ) P a t te r s o n  maps, th o se  

P a t te r s o n  peaks h av in g  ap p rox im ate  m agnitude e q u a l to  o r  g r e a t e r  

th a n  100 (w hich co rre sp o n d s  to  tw ice  th e  P-P in t e r a c t i o n )  a re  

l i s t e d  i n  th e  fo llo w in g  t a b l e .  The P a t te r s o n  c o o rd in a te  i s  

i n  l / 4ptb o f  u n i t  c e l l .



T able XVIv' Three d im en sio n a l P a t te r s o n  P eaks E qual to  o r G re a te r  Than 100

P a t te r s o n

X

C o o rd in a te s

7 Z

P a t t e r s o n  Peak

U n-sharpened- SharpenedCB 1 .5 )

0 9 0 42 114'

6 20 0 192 225

20 20 0 215 176

0 118 93

12 20 0 93 80

4 5 I 78 92

18 11 3 134 144

38 31 3 125 90

12 7 4 146 200

24 7 4 l 6l 215

5 27 4 114 189

30 27 4 101 187

36 15 9 165 171 .

36 31 9 154 85

10 39 19 137 54

Caleium  1 -n a p h th y l phosphate  was assum ed to  be i n  space  group 

P I ,  and th e  number o f  m o lecu le s  p e r  u n i t  c e l l  was found to  be two. 

B efore th e  ad d in g  method was u se d , th e  P a t te r s o n  was exam ined to  see 

w hether any heavy atom s occupy s p e c ia l  p o s i t i o n s .  S in ce  n e i th e r
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phtisphorus n o r oxygen can  be e x p e c te d  to  have a  c e n t ro -  

sym m etric en v iro n m en t, th e  o n ly  heavy atom which m igh t occupy 

th e  s p e c ia l  p o s i t i o n ,  i s  th e  c a lc iu m . To see  i f  th e  two c a l ­

cium atom s occupy th e  s p e c ia l  l o c a t io h ,  p ro ceed  a s  fo llo w s . 

F o r P l ,  c e n te r s  o f  symmetry o c c u r a t  000, #00 , Q#0, 00#,

##0 , #0# , 0#|6 and ##S&. The P a t t e r s o n  peaks a t  th e se  s p e c ia l  

lo c a t io n s  a re  l i s t e d  i n  th e  fo llo w in g  ta b le  ( i n  te rm s o f  th e  

P a t t e r s o n  s p a c e ) .

T ab le XVII. P a t t e r s o n  Peaks a t  S p e c ia l  L o c a tio n s

000 #00 QHO 00# HHd #0# ‘ 0## ##H

U hsharpened 
P a t te r s o n  
-.Vole 'V '.

999
-a  V-/-z

(9 )
: f-1'.

0
'■ e a k s

0
■A

' 215 0 . 63 81

S harpened  .. 
P a t te r s o n 999 (34) Q 0 176 (3 ) 37 51

N ote; The v a lu e s  i n  p a re n th e s e s  in d i c a te  t h a t  th e re  i s  

n o t a  peak a t  th e se  l o c a t io n s .

I f  th e  two ca lc ium  atom s occupy th e  s p e c ia l  p o s i t i o n s ,  

th e  o n ly  p o s s ib le  lo c a t io n s  a re  (000 , #KeO) , (000 , 0 # # ), 

(000 , # # # ) .  These, were t e s t e d  and  none o f  them gave a  

re a s o n a b le  E - f a c to r  and a  Ca-Ca d is ta n c e  a s  r e p o r te d  i n  the  

l i t e r a t u r e .  T h e re fo re  i t  a p p e a rs  t h a t  no heavy atom w i l l  

occupy th e  s p e c ia l  p o s i t i o n .

Next th e  f i f t e e n  b ig  peaks o b ta in e d  from b o th  th e  un­

sh arp en ed  and th e  sh arp en ed  P a t te r s o n  maps were t e s t e d  by 

th e  ad d in g  m ethod. I t  was found th a t  o n ly  sev en  o f  th e
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f i f t e e n  peaks' had  th e  p ro p e r  ’’c y c l ic "  p r o p e r t i e s .  These 

sev en  peaks were th o se  a t  6 , 2 0 , 0 ; 2 0 , 2 0 , 0 ; 1 2 , 7 , 4;

24 , 7 j 4 ; 5s 27s 4 ; 30s 27, 4 ; 3 6 , 15 , 9- S ix  in d e p en d en t

r e l a t i o n s h i p s  were found among them a s  below .

24 , 7 , 4

12 , 7 , 4 

36 , 1 4 ,8

35 , 13 , 36

12 , 7 , '  4

7 , 2 0 , 0

30 , 27 , 4

5 , 27 , 4 

35 , 14 , 8

5 , 27 , 4

16 , 3 3 .3 6

21, 20, 0

30, 27 , 4

1 6 , 3 3 ,3 6

6 , 2 0 , 0

30 , 27 , 4

2 8 , 3 3 ,3 6  

1 8 , 20 , 0

Note t h a t  each  c o o rd in a te  rem ain s  th e  same when 40 ( th e  

f r a c t i o n  1 .0  i s  e q u a l to  40) i s  added to  o r  s u b tr a c te d  from 

i t .

Three in d e p en d en t heavy atom s sh o u ld  p roduce s i x  b ig  peaks 

o f  double w eig h t and th r e e  s m a l le r  peaks o f  s in g le  w eig h t, and 

th e re  a re  fo u r  in d e p en d en t r e l a t i o n s h ip s  e x i s t i n g  among th e se  

s i x  doub le  w eig h t p e a k s . The th r e e  in d e p en d en t heavy  atoms 

produce sev en  " c y c l i c ” b ig  peaks and th e re  a re  s i x  in d e p en d en t 

r e l a t i o n s h ip s  among them . As d is c u s s e d  e a r l i e r ,  t h i s  i s  due to  

some s m a lle r  peak o f  s in g le  w eigh t o r  more becom ing a s  b ig  

a s  th o se  double w eig h t peaks b ecause  o f  th e  sym m etry. S ince 

t h i s  c r y s t a l  h a s  a  pseudo b - g l id e  p la n e , e i t h e r  th e  peak o f  

6 , 2 0 , 0 o r  th e  peak o f  2 0 , 2 0 , 0 a re  n o t th e  double w eigh t p eak , 

i .  e . , th e  s in g le  w eigh^ which grows b ig g e r  due to  th e  pseudo 

b - g l id e  p la n e . The way to  determ ine, which o f  th e  two peaks
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6 , 2 0 ,0  and 2 0 , 2 0 ,0  i s  the real double-weight peak i s  to take 

each one in  turn and assign i t  as the single weight peak and 

then determine the locations for the heavy atoms (For d eta il, 

see the following illu s tr a t io n ) . Finally the bond distance 

between calcium and phosphorus was calculated and compared 

with approximate known value from the litera tu re  ̂ Those which 

agree with the known bond distances are most probably the 

correct ones. By th is  method, the peak of 6,20,0 were found 

to be the real double weight peak. Let I ,  2, 3 represent 

the independent calcium, f ir s t  and second independent phosphorus 

respectively . The assignment of I ,  2, and 3 to each of the 

peaks in  the s ix  independent relationships follows the method 

discussed previously i .  e . , f ir s t  assign temporarily by the 

calculated peak height, thê h re-adjusted these from the close 

packing consideration. The correct labelling  i s  as below.

24 , 7 , 4 -x ^ +X1 30 , 2 7 , 4 x2+xi  50 , 27 , 4 x2 hxi

12 , 7 , 4 x2~xl 5 , 27 , 4 «

* HX 1 6 , 3 3 ,3 6 =3~=1
3 6 ,1 4 , 8

X2“X3 35, 14 , 8
x2"x3 6, 20 , 0

3 5 ,1 3 ,3 6
x3+xl 5 , 27 , 4 - xS -= I 30 , 27 , 4 =2+=l

12 , 7 , 4 x2 "xl 1 6 , 3 3 ,3 6 =S-=I 2 8 , 3 3 ,3 6 - V xI

7 ,2 0 , 0 x2+x3 21, 20 , 0 ■ -2 x l 1 8 , 20 , 0 2xI

The three heavy atoms locations were obtained by the very

simple calculations as follow.
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36', 15 , 9 X2~x3

6, 20 , 0 x  +x
c- D

42, 3 5 ,. 9 2 x 2

Thus x2 , y2 , z2 o f  P1S re  21 , I ? . 5 , 4 .5  

X5 , y ^ , Z5 o f  P2 a re  - 1 5 , 2 .5 ,  - 4 .5  

. From th e s e ,  X1 , y ,, Z1 o f  Ca were 9 , 10, 0 

o r  i n  summary;

Ca; 9 , 10 , 0 

P1 ; 21 , 1 7 .5 ,  4 .5  

P2 ; -1 5 , 2 .5 ,  - 4 .5

When o n ly  th e se  heavy atom s (one ca lc ium  and two phos­

phorus and th o se  from  th e  c e n te r s  o f  symmetry) were in c lu d e d , 

th e  E - f a c to r  was 38.65% f o r  h o i  p r o je c t io n s ,  46.96% f o r  th e  

o k l p r o je c t io n  and 57*33% f o r  th e  hko p r o je c t io n .  The c lo s ­

e s t  Ga-P d is ta n c e  i s  3»66& which i s  q u i te  c lo se  to  th e  va lu e  

o f  3*63A a s  d e te rm in ed  by T rueb lood  (2 8 ) .

c .  The lo c a t in g  o f  th e  oxygen atom s

Most o f  th e  oxygen atom s were lo c a te d  ^rom th e  P a t te r s o n  

maps by th e  two fo llo w in g  m ethods.

( I )  From th e  phosphorus lo c a t io n  and th e  known P-O

bond d is ta n c e

To f in d  th e  fo u r  oxygens around  each  p h o sp h o ru s,

f i r s t  lo c a te  each  P-P  v e c to r  p o in t  which i s  r e p re s e n te d

by 2Xp. L e t th e  P-O v e c to r  p o in t  be r e p re s e n te d  by

x  . The v e c to r  from o r ig i n  to  th e  P-P  v e c to r  p o in t  p+o.
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i s  2x and th e  v e c to r  from o r ig i n  to  th e  P-O v e c to r

p o in t  i s  x  . Then th e  v e c to r  from x  to  2x w i l l  p+o p+o p

be X^ q whose d is ta n c e  i s  ap p ro x im a te ly  e q u a l to  th e

P-O bond o f  l.$ % . T h e re fo re , to  lo c a te  th e  P-O v e c to r

p o in t ,  i .  e . , x  i n  th e  P a t te r s o n  map, ta k e  th e  P-P p+o

v e c to r  p o in t ,  2x^ a s  c e n te r  and draw a  sp h e re  o f  I . 5X 

r a d iu s  i n  th e  s c a le d  P a t te r s o n  maps. A ll th e  peaks 

n eh r th e  s u r fa c e  o f  t h i s  sp h e re  may be th e  P-O v e c to r  

p o in t s .  S in ce  i t  i s  n o t  e a sy  to  draw a  sphere i n  th e  

th r e e  d im en s io n a l P a t te r s o n  map, which c o n s is te d  o f  

many s e c t io n s ,  t h i s  was c a r r i e d  o u t on each  s e c t io n .

The P-P..v e c to r  p o in t  2x^ was u sed  a s  a  c e n te r  and a  c i r c l e  

o f  1 . 5ft r a d iu s  drawn on th e  s e c t io n  on which th e  phosphorus

l i e s .  F or th e  o th e r  s e c t io n s ,  th e  2x^ p r o je c t io n  was 

ta k e n  a s  a  c e n te r  and s m a lle r  c i r c l e s  draw n. The s iz e

o f  th e  c i r c l e  depended upon th e  sp a c in g  betw een s e c t io n s ,  

th e  f a r t h e r  a  p a r t i c u l a r  s e c t io n  was from th e  phosphorus 

atom , th e  s m a lle r  th e  c i r c l e  r a d iu s .  A ll th e  peaks a t  

ab o u t -0.2%  from th e se  c i r c l e s  a r e  th e  p o s s ib le  P-O v e c to r  

p o in t s ,  i .  e . ,  x . Then th e se  p o s s ib le  oxygen lo c a t io n s  

were t e s t e d  by (a )  th e  d is ta n c e  o f  an oxygen to  any o th e r

oxygens o f  th e  same phosphate  g roup , which sh o u ld  be 

a ro und 2 . 5ft and (b) f o r  c o r r e c t  oxygen p o s i t i o n s ,  th e  

E - f a c to r  sh o u ld  be re a so n a b ly  lo w e r.

A ll  th e  e ig h t  oxygens e x c e p t one were lo c a te d  by



th e  above method

Table XVIII. The Oxygens Found Around the F irst Phosphorus

Xp equals 2 1 ,1? .$ ,4 .$ .(in 1/40 of unit c e ll)  

by Patterson Method I

P-O peak
P-O C o o rd in a te s

tW
.Oxygen L o c a tio n  x^

This, Method L o c a tio n  u sed

77 3 6 ,3 9 ,1 0 1 $ ,2 1 .3 ,3 * 5 1 4 ,2 1 .5 ,5 .5

154 3 6 ,3 1 , 9 1 3 ,1 3 .5 ,4 .3 1 7 ,1 2 .5 ,3 .5

34 4 ,3 2 ,1 2 2 3 ,1 4 .5 ,7 .5 2 3 ,1 5 .5 ,7 .5

T able XIX. The Oxygens Found Around th e  Second Phosphorus

Xp E q u a ls -1 5 ,2 .5 , - 4 .5  by P a t te r s o n  Method I

P-O peak
P-O C o o rd in a te s

(V o )

Oxygen L o c a tio n  x^
T h is  Method L o c a tio n  used

26 1 6 ,2 ,3 3 3 1 ,3 9 .5 ,3 7 .5 3 0 .5 ,3 9 .5 ,3 7

77 4 ,1 ,3 3 1 9 ,3 8 .5 ,3 4 .5
I

2 0 .5 ,3 7 .5 ,3 4 .5

154 4 ,9 ,3 1 19, 6 .5 ,3 5 .5 19»5-, 7 .0 ,3 6 .5

44 1 6 ,9 ,3 8 3 1 , 6 .5 ,3 2 .5 2 9 . 0 , 5 .5 ,3 2 .5

(2) From the superimposed big peaks

On the Table XVI, there are fifteen  big peaks of 

magnitude around or greater than 100. Only seven of them 

were found due to the heavy atoms interactions. The other 

eight big peaks must be due to the superimposing of many 

small peaks, of which the Ga-O and the P-O peaks are the, 

largest and the second largest ones. Thus, i t  i s  quite
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p o s s ib le  t h a t  th e  Ca-O and th e  P-O peaks may superim pose 

on many o f  th e  e ig h t  rem a in in g  b ig  p eak s . T h is  was found 

to  be th e  case  and many oxygens were lo c a te d  i n  t h i s  way. 

The d e t a i l e d  p ro ced u re  f o r  lo c a t in g  th e  oxygens i s  g iv en  

below . F o r each  rem a in in g  b ig  p eak , s i x  p o s s ib le  peaks 

due to  Ca-O and P-O i n t e r a c t i o n s  may superim pose on i t .  

These s ix  p o s s ib le  peaks a re  CafO9 Ca-O9 P1fO, P - O 9 

PgfO9 Pg-O. The p o s s ib le  oxygen lo c a t io n s  a re  o b ta in e d  

when th e  ca lc ium  and phosphorus p o s i t io n s  a re  s u b tr a c te d  

from them . Take th e  rem a in in g  b ig  peak o f  1 ,1 6 ,0  a s  an  

exam ple. S in ce  th e  Ca9 P ^ 9 Pg have th e  fo llo w in g  lo c a t io n s  

o f  9 ,1 0 ,0 ;  2 1 ,1 7 .5 ,4 .9 ;  1 5 , - 2 .5 ,4 .5  r e s p e c t iv e ly ,  th e  s ix

p o s s ib le  oxygen lo c a t io n s  ^ re  2 0 ,1 .5 ,4 .5 ;  2 2 , - 6 .5 ,4 .5 ;  

1 6 ,1 3 ,5 ^ 4 .5 ;  1 4 ,2 1 .5 ,4 .5 ;  3 2 ,6 ,0 ;  1 0 ,4 ,0 .  Any o f  th e se  

p o s s ib le  oxygens may be a  r e a l  one i f  th e  fo llo w in g
■ "i.' -

t e s t s  a re  p a s s e d , (a )  I t  h a s  th e  p ro p e r  bond d is ta n c e ,

e . g . , P-O bond around  1.5& , Ca-O d is ta n c e  from 2 .2  to
nr-'

2.6%, 0 -0  2.5%. (b ) When i t  i s  in c lu d e d , E -f a c t o r  becomes

s m a l le r . S ix  o f  th e  e ig h t  pho sp h ate  oxygens were lo c a te d  

by t h i s  m ethod, and t h e i r  lo c a t io n s  a re  com pared w ith  th e  

ones f i n a l l y  u se d .



Table XX. Oxygens found around the f i r s t  phosphorus o f  2 1 ,1 7 .5 ,

4 .5  by P a t te r s o n  Method I I

Big peaks involved Oxygep locations
; ,',This method Location used

1 , 1 6 ,0 1 4 ,2 1 .5 ,4 .5 1 4 ,2 1 .5 ,5 .5

I , 1 6 , 0 ; 5 6 , 3 1 ,9 ; 4 ,5 , I 1 7 ,1 2 .5 ,3 .5 1 7 ,1 2 .5 ,3 .5

1 8 ,1 1 ,3 ; 5 8 , 3 1 ,3 2 9 . 2 1 . 0 , 3 .0 2 7 , 21 . 0 , 3 .0

T able XXI. Oxygen Found Around th e  Second Phosphorus o f  1 5 ,-2 /5 ,  

4 .5  by P a t te r s o n  Method I I

Big peaks involved Oxygen Location 
This method Location used

1 8 ,1 1 ,3 ; 3 8 ,3 1 ,3 9 , 1 ,2 .5 9 .5 ,  0 .5 ,3

1 , 1 6 , 0 ; 4 , 5 ,1 21 , 2 ,5 .5 1 9 .5 , 2 .5 ,5

1 , 1 6 , 0 ; 3 6 ,3 1 ,9 2 1 ,3 4 ,4 .5 2 0 .5 ,3 3 ,3 .5

D. Minimum function

I . General description

Up to the present time, the minimum function i s  the 

best image-seeking function which i s  a general approach 

to the solution of the Patterson synthesis. A detailed  

discussion about the minimum function was made by Buerger 

(8 ). However, one question needs considering here. When 

a lin e  image i s  found by a roving search vector over the
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P a t te .r  son  maps, what p la c e  on l i n e  image sh o u ld  be used  

to  re c o rd  th e  minimum fu n c tio n ?  B uerger s u g g e s ts  th e  mid­

p o in t  o f  th e  l i n e .  The ad v an tage  f o r  u s in g  th e  m idpo in t 

i s  t h a t  th e  h as  th e  same o r ig i n  a s  th e  P a t te r s o n  

f u n c t io n .  F o r th e  ea se  o f  w r i t in g  th e  com puter program , 

th e  minimum fu n c t io n  i s  re c o rd e d  a t  th e  low er end o f  the  

l i n e  im age. T h is  h a s  a  d i f f e r e n t  o r ig in  from th e  

P a t te r s o n  f u n c t io n .  The i n t e r p r e t a t i o n  l i s t e d  i n  th e  

n e x t p a rag rap h  w i l l  h e lp  to  make th e  b e s t  u se  o f  t h i s .

2 .  I n t e r p r e t a t i o n  o f  th e  minimum fu n c tio n  

a .  S earch  v e c to r s

W hether th e  P a t te r s o n  s y n th e s is  can be so lv e d  by 

th e  minimum f u n c t io n  depends upon th e  p ro p e r  s e le c t io n  

o f  th e  s e a rc h  v e c to r s .  T h is  minimum f u n c t io n  program 

can  h an d le  s e a rc h  v e c to r s  up to  f i v e .  The key  p o in t  

o f  s e l e c t i n g  th e se  s e a rc h  v e c to r s  i s  t h a t  th e y  shou ld  

have a  common i n t e r s e c t i o n  p o in t  (no two p a r a l l e l  

v e c to r s  can  be u sed ) and a t  l e a s t  th e  c r y s t a l  space 

c o o rd in a te s  o f  th e  common i n t e r s e c t i o n  p o in t  must be 

know n,O therw ise , each  s e a rc h  v e c to r  p roduced  a  

s o lu t io n  w ith  a  d i f f e r e n t  o r ig i n  i n  c r y s t a l  sp a c e .

■ P ro p er s e a rc h  v e c to r s  can  be o b ta in e d  i n  th e  fo llo w in g  

two w ays. (a )  The v e c to r s  co rre sp o n d in g  to  th e  known 

atom s which a re  lo c a te d  by some o th e r  m ethod l i k e  

th e  P a t t e r s o n  m ethod, w i l l  be th e  p ro p e r  s e a rc h  v e c to r s
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to  be u se d . (b ) For th e  c e n tro sy m m e tr ic a l c a se , th e  i n ­

v e r s io n  v e c to r  (2x , 2y , 2z ) can be u sed  f o r  th e  one s e a rc h  

v e c to r  c a s e .

^ t  i s  im m a te r ia l w hether th e  s e a rc h  v e c to r s  used a re  

s in g le  o r  double w e ig h t, a s  lo n g  a s  th e  c r y s t a l  space 

c o o rd in a te  o f  th e  common i n t e r s e c t i o n  p o in t  o f  th e se  

v e c to r s  a re  known. ■ Even though th e  in v e rs e  s o lu t io n  

may be p roduced  by th e  u s in g  o f  th e  double w eigh t 

v e c to r s ,  t h i s  can u s u a l ly  be e l im in a te d ,  

b . O r ig in  tr a n s fo rm a tio n

I f  a  s e a rc h  v e c to r  i s  chosen  from 

x^y^z^ , p o in t  x ^ ^ l^ i  becomes 0 , 0 ,0  i n  th e  minimum 

fu n c t io n  map. Thus a  t r a n s fo rm a tio n  i s  r e q u ir e d  to  

rep ro d u ce  th e  c r y s t a l  sp a c e . To make th e  p ro p e r  t r a n s ­

fo rm a tio n , th e  x^y^z^ i s  s im p ly  added to  each  p o in t  

i n  th e  minimum fu n c t io n  map. The minimum fu n c tio n  

o r ig i n  i s  th u s  tra n s fo rm e d  to  ^ ^ i ^ !  and. o th e r  p o in ts  

i n  th e  minimum fu n c tio n  space  co n v e rted  to  th e  p ro p er 

c r y s t a l  sp ace  c o o rd in a te s ,

S ih ce  we a re  d e a l in g  w ith  o n ly  h a l f  o f  th e  whole 

P a t te r s o n  fu n c t io n ,  i t  i s  q u i te  p o s s ib le  t h a t  c e r t a in  

, c r i t i c a l  p a r t s  c r y s t a l  sp ace  w i l l  n o t be o b ta in e d .

In  o rd e r  to  o b ta in  a s  much a s  p o s s ib le ,  i t  i s  recom­

mended . to  ru n  a n o th e r  minimum fu n c tio n  w ith  th e  same 

s e a rc h  v e c to r s  b u t i n  e x a c t ly  th e  r e v e r s e  d i r e c t io n s .
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For th e  c e n t r e symme t r i c a l  c a s e , th e  common p o in t  f o r  

th e se  r e v e r s e  -vector i s  to  each  p o in t  i n  th e

P a t te r s o n  sp a c e .

C. Sharpened  P a t te r s o n  fu n c tio n

I t  was found th a t  th e  sh arp en ed  P a t te r s o n  fu n c tio n

produced  a  b e t t e r  minimum fu n c tio n  th a n  th e  u n -sh arp en ed
•• : . " : r ....

one. T h is  i s  because th e  peaks i n  th e  sh arp en ed  P a t­

te r s o n  maps have b e t t e r  r e s o lu t io n .  T h is  i s  i l l u s t r a t e d  

i n  th e  fo llo w in g  exam ple. The te m p e ra tu re  f a c to r  u se d , 

to  sh a rp e n  th e  P a t te r s o n  fu n c tio n  was 1 .5»  which was s e l ­

e c te d  from th e  te m p era tu re  f a c t o r s  0 . 5 , 1 . 0 , 1 . 5 . ,

2 .0 ,  2 .5 ,  and 5»0 g iv in g  th e  b e s t  r e s o lv e d  P a t te r s o n  p r o je c ­

t i o n .  A second  ran k  minimum fu n c tio n  y as  o b ta in e d  from 
: /  
b o th  th e  u n -sh a rp en ed  and sh arp en ed  P a t te r s o n  fu n c tio n s  

. . .  v- .. . . .. /
by th e  u s in g  o f  f i r s t  th e  s e a rc h  v e c to r  4 , - 1 5 , - 9 ,  th e n  

i t s  r e v e r s e  v e c to r  -4 ,1 5 ,9 «  A ll th e  oxygen and carbon 

atom s found i n  th e se  minimum fu n c tio n s  a re  l i s t e d  in
r , . 'f
th e  fo llo w in g  t a b l e s .  Oxygen atoms th u s  found a re  com- 

p a red  w ith  th e  b e s t  oxygen lo c a t io n s  u sed ; b e s t  oxygen 

lo c a t io n s  were s e le c te d  by th e  b e s t  bond d is ta n c e  and 

th e  lo w e s t E - f a c to r  , w h ile  carbon  a tom s found a re  com­

p a red  w ith  th o se  lo c a te d  by th e  th re e  d im en sio n a l e le c t r o n  

d e n s i ty  maps.
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T ab le XXII. Carbon P o s i t io n s  lo c a te d - by Both Minimum F u n c tio n  and Three

D im ensional E le c t ro n  D e n s ity  Maps

U n-sharpened  Mp S harpened  M?
Atom Peak Peak

h e ig h t  L o c a tio n  h e ig h t  ' L o ca tio n

I 32 . 2 7 ,2 0 .3 ,  9-5 ... 1.8 3 1 ,2 5 , 9 .5 2 8 ,2 3 , 9

2 " '32- ------ 3 1 ,2 2  , - " 1 2 .5 "-a- . n  ̂ ‘ 2 5 ,2 6 .5 ,1 2 .5 2 8 ,2 5 , 12

3 17 2 7 ,2 0 .5 ,1 4 .5 2 7 ,2 4 , 14

4 2 4 ,1 7 , 15

5 34 2 1 ,1 0 .5 ,1 8 .5 27 2 3 ,1 2 , 1 8 .5 2 3 ,1 3 , 18

6 32 2 3 ,1 2 .5 ,1 8 .5 23 21, 9 .5 ,1 8 .5 2 0 , 9 , 18

7 65 15 , 4 .5 ,1 5 .5 26 17 , 3 .5 ,1 6 .5 18 , 4, 16

8 6l 17 , 8 .5 ,1 3 .5 18 2 1 ,1 0 .5 ,1 3 .5 20, 8 , 13

9 39 2 1 ,1 2 .5 ,1 2 .5 17 2 3 ,1 5 .5 ,1 2 .5 2 2 ,1 4 , 12

10 21 2 3 ,1 8 .5 , 9 .5 2 4 ,1 7 , 10

11 19 3 , 1 .5 ,  9 .5 4 , 3 , 9

12 21 - I ,  6 , 1 1 .5 14 - 3 ,  4 .5 ,1 2 .5 0 , 5 , 12

13 22 37 , 1 .5 » l4 .5 37 , 3 , 14

14 19 - I ,  0 .5 ,1 5 .5 1 ,- 3 ; 15

15 29 - 1 ,3 1 .5 ,1 8 .5 18 - 1 ,3 1 .5 ,1 8 .5 I 18

16 37 1 ,3 0 .5 ,1 8 .5 17 3 ,2 8 .5 ,1 8 .5 2 , 2 8 , 18

17 65 9 ,2 4 .5 ,1 5 .5 13 5 ,2 4 .5 ,1 5 .5 6 , 2 5 , 16

18 20 7 ,2 6 .5 ,1 1 .5 28 7 ,2 7 .5 ,1 2 .5 8 , 2 8 , 13

19 28 5 ,3 3 .5 ,1 2 .5 32 5 ,3 3 .5 ,1 2 .5 5 , 33 . 5 , 1?

20 31 9 ,3 5 .5 ,1 0 .5 38 7 ,3 8 .5 ,  9 .5 6 ,3 7 , 10

L o c a tio n  from 
3 -d  F o u r ie r  map



Un-sh arp en ed  S harpened  '

Atom . Peak Peak

.Table XXIII. yOxygen Positions Located by Minimum Function

h e ig h t L o ca tio n h e ig h t L o ca tio n L o ca tio n  u sed

POif Oxy I 77 1 5 ,2 1 .5 ,5 .5 61 1 5 ,2 1 .5 ,5 .5 1 4 ,2 1 .5 ,5 .5

: 2 111 1 5 ,1 3 .5 ,4 .5 85 1 5 ,1 3 .5 ,4 .5 1 7 ,1 2 .5 ,3 .5

i 3 20 2 9 ,2 1 .5 ,2 .5 39 2 7 ,2 0 .5 ,2 .5 2 7 , 2 1 , 3

: 4 77 2 1 ,1 4 .5 ,7 .5 39 2 1 ,1 4 .5 ,7 .5 2 3 ,1 5 .5 ,7 .5

: 5 29 9 , 0 . 5 , 4 .5 22 9, 0 .5 ,2 .5 9 .5 ,  0 .5 ,3

: 6 77 . 2 1 , I . 5 , 5 .5 54 19 , I . 5 ,5 .5 1 9 .5 , 2 .5 ,5 .5

: 7 ■ 111 2 1 ,3 3 .5 ,4 .5 85 2 1 ,3 3 .5 ,4 .5 2 0 .5 ,3 3 , 3 .5

: 8 78 1 1 ,3 4 .5 ,7 .5 42 1 1 ,3 4 .5 ,7 .5 1 1 ,3 4 .5 ,7 .5

HgO Oxy I 23 3 3 ,3 5 .5 ,3 .5 48 3 4 ,3 5 .5 ,4 3 3 ,3 5 .5 ,3 .5

2 30 3 ,1 5 .5 ,3 .5 35 3 ,1 6 .0 ,3 .5 3 ,1 5 .5 ,3 .5

3 54 3 7 , 1 0 . 0 ,0 156 3 7 ,1 0 .5 ,0 .5 3 6 , 1 1 . 0 ,0

3 . A p p lic a tio n

The s e a rc h  v e c to r s  u sed  f o r  o b ta in in g  th e  minimum fu n c tio n s  

were ta k e n  from the ' v e c to r s  c o rre sp o n d in g  to  th e  heavy atom s 

fdund b y " th e  P a t te r s o n  method.' V S in ce  th e  heavy atom lo c a t io n s  found 

by th e  P a t te r s o n  method were v ery  c ru d e , m ost minimum fu n c tio n s  were 

c a lc u la te d  by o n ly  one se a rc h  v e c to r  w ith  bo th  p o s i t i v e  and nega­

t i v e  d i r e c t i o n s .  The second ran k  minimum fu n c tio n s  th u s  found 

have th e  fo llo w in g  a d v a n ta g e s , (a )  A ll  th e  show up th e  heavy 

a to m s, a l l  th e  oxygen atom s and m ost o f  th e  ca rb o n  a to m s, b u t th e re  

were fo u r  oxygens d is a p p e a r in g  i n  th e  which was c a lc u la te d  m ain ly
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f o r  th e  com parison p u rp o se . (b) I t  i s  much f a s t e r  to  c a lc u la te  th e

th a n  th e  The o n ly  d isa d v a n ta g e  o f  th e  o v e r th e  was

th a t  many’ f a l s e  peaks showed. The way we re c o g n iz e  th e se  oxygen atom s 

i s  a s  below .

a .  From ap p rox im ate  bond d is ta n c e s  o f  P-O and Ca-O

The bond d is ta n c e s  o f  P-O and 0 -0  i n  th e  p h osphate  group 

a re  ab o u t 1.5& and 2.$% r e s p e c t iv e l y ,  w h ile  th e  Ga-O (th e  

ca lc ium  and i t s  c o o rd in a t io n  oxygen) bond d is ta n c e  i s . f ro m  2 .2  

to  2.6$L With phosphorus a s  a  c e n te r ,  draw two c i r c l e s  o f  th e  

r a d iu s  1 . 7% and 1 . 3% on th e  s e c t io n  c o n ta in in g  th e  phosphorus 

and two s m a l le r  c i r c l e s  on each  o f  th e  o th e r  s e c t i o n s .  A ll th e  

peaks betw een th e se  two c i r c l e s  a re  th e  p o s s ib le  oxygen p eak s . 

P c s i t i o h s  o f  a c tu a l  oxygen atom s were i d e n t i f i e d  from th e  p ro p e r  

bond d is ta n c e s  and th e  low er E - f a c to r .  The h y d ra t io n  w ater 

oxygens can  be lo c a te d  i n  a  s im i la r  m anner.

b .  From th e  pseudo g l id e  p lan e

The e x is te n c e  o f  a  pseudo b - g l id e  p lan e  i n  t h i s  t r i c l i n i c  

c r y s t a l  o f  ca lc ium  1 -n a p h th y l phosphate  was in d ic a te d  b y , ( I )  The 

o k l r e f l e c t i o n s  on a l l  th e  x - ra y  pho to g rap h s were too  weak to  be 

seen  fo r  k 2n . (2 ) There was a  s t ro n g  H arker l i n e  a t  u ,1/&,0 o f

th e  P a t te r s o n  maps. (3 ) In  th e  o k l P a t te r s o n  p r o je c t io n ,  a l l  

peaks were re p e a te d  ev e ry  b / 2 .

S in ce  ca lc iu m  and phosphorus atom s were found to  be r e ­

l a t e d  by t h i s  pseudo b - g l i d e , i t  was re a so n a b le  to  assume th a t  

a l l  th e  oxygens and carb o n s  m igh t be r e l a t e d  by t h i s  pseudo
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g l id e  p la n e  a l s o . T h is  was found to  be th e  c a s e .  S in ce  i t  i s  

a  pseudo b - g l id e  p la n e , each  p a i r  o f  atom s r e l a t e d  by i t  have 

th e  same z c o o rd in a te  and d i f f e r  i n  y c o o rd in a te  by #  f r a c t io n  

u n i t .  By th e  h e lp  o f  t h i s  pseudo b -g l id e  p la n e , th e  oxygens 

were lo c a te d  by p a i r s  e x c e p t f o r  one h y d ra tio n  w a te r oxygen 

which was lo c a te d  by th e  th r e e  d im en sio n a l e l e c t r o n  d e n s i ty  

maps.

A ll th e  atom s lo c a te d  by th e  minimum fu n c tio n s  a re  l i s t e d  in  

th e  fo llo w in g  ta b le  where th e  f i r s t  number r e p r e s e n t s  th e  peak 

h e ig h t  and th e  n e x t th r e e  numbers s e p a ra te d  by th e  commas r e p r e ­

s e n t  th e  x , y , z c o o rd in a te s  i n  l/40 tb  o f  a  u n i t  c e l l .

T able XXIV. Com parison o f  th e  P o s i t io n s  o f  A ll C alcium , P hosphorus,

and Oxygen Atoms Located by Different. Minimum Functions

Atom Peak \  x , y , Z Peak
M2

x , y , z Peak
M2

x , y , z

Ca 8 2 : 9 , 1 0 .0 0 .5 1 0 8 : 9 , 1 0 . 0 ,0 C
O 9 ,1 0 .0 ,0 .5

P1 65: 1 9 ,1 6 ,5 ,4 .9 1 92 : 2 1 ,1 7 .5 ,4 .5 165: ' 2 1 ,1 7 ,5 ,4 .5

P2 67: 1 5 ,3 8 , 4 .5 192: 1 5 ,3 7 .5 ,4 .5 . 165: 1 5 ,3 7 .5 ,4 .5

29: 1 5 , 2 1 , 4 .5 74: 1 7 ,2 2 .5 ,5 .5 77: 1 5 ,2 1 .5 ,5 .5

°2 48: 1 7 ,1 4 , 3 .5 101 : 1 6 ,1 5 .5 ,4 .5 111 : 1 5 ,1 3 .5 ,4 .5

°3 55: 2 7 ,2 0 .5 ,4 .5 2 0 : 2 9 ,2 1 .5 ,2 .5

°4 31: 2 3 ,1 5 , 7 .5 45: 2 3 ,1 7  «5 ,7  «5 77:. 2 1 ,1 4 .5 ,7 .5

0S
1 0 : 9 , - 1 3 .5 39: 9 , 0 = 5 ,4 .5 29: 9 , 0 . 5 , 4 .5

°6 1 6 : 2 3 , 2 , 3 .5 101 : 19 , ! . 5 , 4 . 5 77: 2 1 , 1 . 5 , 5 .5

°7 39: 1 9 ,-7 , 3 .5 74: 1 9 , - 7 .5 ,3 .5 111 : 2 1 , - 6 . 5 , 4 .5
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m4Atom Peak x , y , z
M2

Peak x , y , z Peak M2x , y , z

Og 31: 1 4 ,-4 ,  7 -5 43: 1 1 , - 4 .5 ,8 .5 78: 1 1 , —5 .5 ,7 .5

0
MD 23: 3 3 ,3 5 .5 ,3 .5 23: 3 3 ,3 5 .5 ,3 .5

s° 30 : 3 ,1 5 .5 ,3 .5 30: 3 ,1 5 .5 ,3 .5

■
V ec to rs  f o r  c a l c u la t in g  minimum f u n c t io n s 2 .

Mif: ( - 6 , - 2 0 , 0 ; 3 0 , - 6 ,9 ;  3 6 ,1 4 .5 ,9 ;  and re v e r s e  v e c t o r s j

M^: ( 6 , 2 0 ,0  and -6

o'1

Mg: ( 4 , - 1 5 ,-9  and -4 ,1 5 ,9 )

Er E le c tro n  d e n s i ty  maps

The d i f f r a c t i n g  power o f each  ty p e  o f  atom as; c o n t r ib u t in g  to  th e

i n t e n s i t y  can  be p r e d ic a te d  ap p ro x im a te ly  a s  the sq u are o f  th e  atom ic

num ber»

T able XXV« The E stim a ted ' D i f f r a c t in g  Power fo r

Calcium  N aphthy l P h o sp h a te .

Atoms 2
Z %

2Ca 2 x  182= 648 1 4 .6

4p 4 x 15 = 900 2 0 .3

220 22 x 82=l4o8 3 1 .7

40C 40 x  62=l440 3 2 .4

44h 44 x I 2= 44 1 .0

2  z .2 4440
J J ■

1 0 0 .0

From th e  above t a b le ,  th e  d i f f r a c t i n g  power o f  b o th  ca lc ium  and



phosphorus atom s o n ly  am ounts to  34.9%, w hich i s  n o t s u f f i c i e n t  to  

c o n t ro l  enough o f  th e  p h ases  to  show th e  r e s t  o f  th e  s t r u c t u r e . When 

a l l  th e  oxygen atom p o s i t io n s  were added to  th e  ca lc ium  and phosphorus 

p o s i t i o n s ,  t h e i r  t o t a l  d i f f r a c t i n g  power was 66 . 6%, which c o n t ro l le d  

enough o f  th e  p h ases  to  d e term in e  th e  com plete s t r u c t u r e .  A ll th e  

ca rbon  atom s showed up i n  th e  th re e  d im en sio n a l, e l e c t r o n  d e n s i ty  maps 

th u s  c a l c u la te d .  See Table XXII f o r  th e  carb o n  lo c a t io n s  th u s  found . 

F . D e te rm in a tio n  o f  th e  c o r r e c t  s t r u c t u r a l  fo rm u las  f o r  th e  calcium  

1 -n a p h th y l pho sp h ate  from th e  s t r u c t u r a l - a n a l y s i s .

At th e  b e g in n in g  o f  th e  s t r u c t u r a l  d e te rm in a tio n , th e  ca lc ium  1 - 

n a p h th y l pho sp h ate  was e r ro n e o u s ly  ta k e n  to  be CaC^H^PO^ .H^O, s in c e  

i t  was p u rch ased  a s  t h i s  compound. A f te r  c o n s id e ra b le  e f f o r t  to  so lv e  

th e  P a t te r s o n ,  i t  became e v id e n t t h a t  th e  compound was Ca(C^qH^HPQ^)^ " 

35^0 . The problem s en co u n te red  a re  summarized below .

I f  th e  CaC^H^PO^eH^O were th e  c o r r e c t  s t r u c t u r a l  fo rm u la s , the  

number o f  m o lecu le s  p e r  u n i t  c e l l  would be fo u r ,  c a lc u la te d  a c c o rd in g  

to  th e  c e l l  c o n s ta n ts  and d e n s i ty .  There would be fo u r  in d ep en d en t 

heavy atom s (two ca lc ium  and two p h o sp h o ru s) i n  th e  u n i t  c e l l .  The 

fo llo w in g  ev id en ce  shows t h a t  th e  CaC^H^PO^oH^O was th e  in c o r r e c t  

s t r u c t u r a l  fo rm u la .

I .  The in c o n s i s t e n t  P a t te r s o n  maps

From th e  th e o r ie s  d is c u s s e d  e a r l i e r ,  fo u r in d e p e n d e n t heavy 

atom s sh o u ld  produce a t  l e a s t  tw elve b ig  peaks o f  double w eigh t and 

th e re  would be e ig h t  in d e p en d en t r e l a t i o n s h i p s  among them . The P a t­

te r s o n  s y n th e s is  d id  show up f i f t e e n  f a i r l y  b ig  p eak s , y e t  o n ly  seven



o f  them had  th e  p ro p e r  " c y c l i c "  p r o p e r t i e s  which produced  s i x  in d ep en d en t 

r e l a t i o n s h ip s  among them . F or th e  sake o f  s a f e ty ,  th e se  th e o r i e s  were 

checked  a s  fo l lo w s .  I f  two in d e p en d en t heavy atom s x.̂  and x  e x i s t e d ,  

two b ig  double w eig h t peaks a r e  e x p e c te d , i . e . ,  x^+x^ and x ^ - ^ .  From 

t h e s e , x^ and x^ can  be d e te rm in a te d . To lo c a te  th e  two heavy atoms 

x^ and X^ , two b ig  peaks o u t o f  th e  t o t a l  f i f t e e n  a re  ta k e n  o u t one 

p a i r  a t  a  tim e , f o r  t e s t i n g .  I f  any p a i r  o f  th e se  b ig  peaks happen, to  

be th e  x2_+x2 a n ^ xi~ x2 5 th e  x^ and x_ d e te rm in a te d  from them shou ld  

g iv e  a  lo w er E -f a c t o r .  To lo c a te  th e  t h i r d  heavy atom x ,  , th e  b ig  peaks 

o th er  than , th e  x^+x^ and x^-Xg a re  assum ed to  be x^+x^, x ^ -x ^ , Xg+%_ o r  

Xg-X^. Each b ig  peak w i l l  %hus produce fo u r  d i f f e r e n t  p o s s ib le  x^ .

The t h i r d  heavy  atom x^ was lb d a te d  a s  below . (a )  At l e a s t  fo u r  d i f ­

f e r e n t  b ig  peaks would produce th e  same x ^ . (b ) The X^ sh o u ld  have p ro ­

p e r  d is ta n c e s  w ith  X1 and x _ . (c ) The E - f a c to r  sh o u ld  be low er when th eJ.

X^ i s  in c lu d e d .  F o llo w in g  th e  same m anner, th e  x^ ( th e  fo u r  heavy atom ) 

was d e te rm in a te d . The same th re e  heavy atom s were alw ays found by t h i s  

method a s .d e te rm in a te d  tiy th e  add ing  m ethod. T h is in d ic a te d  th a t  th e re

were o n ly  th r e e  heavy atom s in s te a d  o f  fo u r .
'

2 . The c lo se  p ack in g  c o n s id e ra t io n

The th re e  heavy atom s lo c a te d  by th e  P a t te r s o n  method w e re .i d e n t i ­

f ie d -  a s  one ca lc ium  and two phosphorus by th e  c lo se  p ack in g  c o n s id e ra ­

t i o n .  I f  th e  "m iss in g "  ca lc ium  were p r e s e n t ,  i t  sh o u ld  be i n  a  p o s i t io n  

a s  good a s  th e  one a l r e a d y  lo c a te d .  In  o th e r  w ords, th e  d is ta n c e s  o f  

th e  twb phosphorus atom s from  th e  "m iss in g "  calc ium  sh o u ld  be more o r
I

l e s s  th e  same a s  th o se  from th e  ca lc ium  a l re a d y  lo c a te d . .  From t h i s  

c o n s id e r a t io n , an  ap p rox im ate  lo c a t io n  f o r  t h i s  "m iss in g "  ca lc ium  was
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d e te rm in e d . Yet when t h i s  a d d i t io n a l  ca lc ium  a t  th e  p red j c a te d  lo c a t io n  

was in c lu d e d , th e  R - f a c to r  in c re a s e d  to o  much to  be a c c e p te d .„

5« The minimum fu n c t io n

A ll th e  minimum fu n c t io n s  c a lc u la te d  showed a p p ro x im a te ly  a c ­

c e p ta b le  l o c a t io n s  f o r  a l l  th e  oxygen atom s and a l l  th e  heavy 

atom s b u t t h i s  ca lc ium  atom co u ld  n o t be found .

Based on th e  above ev id en ce  and chem ica l a n a ly s i s ,  th e  c o r r e c t

fo rm u la  was ta k e n  a s  Ca ( C^^H^HPO^) ̂



SECTION VII
REFINEMENT AND DISCUSSION OF THE STRUCTURE

A. R efinem ent o f  th e  s t r u c t u r e

R efinem ent o f  th e  s t r u c t u r e  was c a r r i e d  o u t on th e  IBM 1620 d a ta  

p ro c e s s in g  m achine, u s in g  a  l e a s t - s q u a r e s  re f in e m e n t program  which i s  

a  m o d if ic a t io n  (from  tap e  to  c a rd )  o f  th e  one w r i t t e n  by van d e r  Helm 

(35)« The number o f  o b se rv ed  r e f l e c t i o n s  u sed  f o r  t h i s  re f in e m e n t was 

1750• The o v e r a l l  te m p e ra tu re  f a c to r  and s c a le  c o n s ta n t  u sed  a t  the  

s t a r t  were

The w e ig h tin g  scheme o f  Hughes ( l 8 ) was u sed . A fte r  sev en  c y c le s ,  

R -f a c t o r  (R e s id u e , d isc re p a n c y  o r  r e l i a b i l i t y  f a c to r )  dropped from 

3 3 .8 0 ^ - to  1 9 . 8%» At t h i s  p o in t ,  i t  ap p ea red  l i k e l y  t h a t  some o f  

th e  r e f l e c t i o n s  were e f f e c t e d  by th e  p rim ary  e x t in c t io n .  The p r i ­

mary e x t in c t io n  (9 , 21 ) i s

N i s  th e  number o f  p a t t e r n  u n i t s  i n  a  u n i t  volume 

d i s  th e  i n t e r p la n a r  sp a c in g  

e i s  e l e c t r o n  charge 

p i s  p o la r i z a t io n  f a c to r  

F i s  s t r u c t u r e  f a c t o r  

n i s  o rd e r  o f  r e f l e c t i o n  

m i s  mass o f  e l e c t r o n

B=3.478 k= 1 .2 4 6 l

ta n h sq /sq

Where s' i s  th e  number o f  p la n e s  i n  sequence
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c i s  l i g h t  v e lo c i ty

The e x t in c t io n  c o r r e c t io n  i s  g r e a t e r  f o r  la rg e  s t r u c t u r e  f a c t o r ,  F , 

la r g e  sp a c in g , d , and sm a ll o r d e r ,  n» L onsdale  (27) d e te rm in ed  th e  

p rim ary  e x t in c t i o n  c o r r e c t io n  f o r  sodium c h lo r id e .  P a r t  o f  h e r  r e s u l t s  

a re  l i s t e d  i n  th e  fo llo w in g  ta b le  f o r  i l l u s t r a t i o n .

Table XXVI. Primary Extinction Correction for Nacl as Calculated by

Lonsdale

R e f le c t io n d
P rim ary

E x t in c t  C o r re c t io n  _ 
(D epth o f  B lock B eing 10 cm)

200 2.814A 0 .1 4

400 1 .407 0 .4 6

600 0 .938 0 . 8l

A cco rd in g ly  th e  fo llo w in g  r e f l e c t i o n s  were removed from th e  c a lc u la ­

t i o n .  These a r e  r e f l e c t i o n s  f o r  which d i s  g r e a te r  th a n  1 .4l&  and 

f o r  which F i s  g r e a t e r  th a n  $00.
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T able XXVII. R e f le c t io n s  Removed Due to  - P rim ary  E x t in c t io n

h k l dIik l • FO '

009 2.05ft 589 706

111 5 .2 4 852 1343

112 5 .3 5 976 -1337

211 3 .2 0 882 -1091

213 3 .2 5 873 1133

211 3 .4 2 791 -924

211 3 .3 7 824 953

314 1 .9 4 534 -634

317 1 .9 7 510 630

022 3 .9 2 9§3 -1390

023 3 .4 9 885 —1066

225 1 .8 8 660 817

025 1 .9 8 577 689

225 1 .8 7 637 S l4

137 1 .9 3 592 -776

138 1 .9 5 628 801

The i s o t r o p i c  re f in e m e n t (7  h o u rs  fo r  each  c y c le )  was th e n  c o n tin u e d .

When th e  R-f a c to r  re a c h e d  17<.^7%s a  c a r e f u l  ex am in a tio n  o f  th e  s t r u c tu r e

f a c t o r s  was made and some o f  th e  i n t e n s i t i e s  were re -c h e c k e d . There

were te n  r e f l e c t i o n s  fo r  which th e  F seemed i n  e r r o r  due to  e i t h e r
0

an a p p a re n t r e a d in g  e r r o r  o r  because th e  s p o ts  were c lo se  to  th e
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edges o f  th e  f i lm s .  Saese were d is c a rd e d .  The i s o t r o p i c  re f in e m e n t 

s to p p ed  a t  14.01% . A c a l c u la t io n  o f  th e  bond d is ta n c e s  a t  t h i s  tim e 

showed some o f  th e  ca rb o n -ca rb o n  d is ta n c e s  a s  s h o r t  a s  1 .1 5  and 1 . 202 . 

A th r e e  d im en s io n a l e l e c t r o n  d e n s i ty  map was c a lc u la te d  and some o f 

th e  carb o n  lo c a t io n s  were a d ju s te d  to  p o s i t i o n s  o b serv ed  on t h i s .  One 

more i s o t r o p i c  te m p e ra tu re  re f in e m e n t gave a  E -f a c to r  o f  13.65%. N ext, 

a n i s o t r o p ic  te m p e ra tu re  f a c t o r s  were in c lu d e d  i n  th e  re f in e m e n t .  The 

c o e f f i c i e n t s  f o r  th e  a n i s o t r o p ic  e q u a tio n  were c a lc u la te d  to  g ive  the  

C o rre c t i s o t r o p i c  B i n  th e  fo llo w in g  manher?

B( s in e /A _)2= b iih2+b i2hk+bi 5h i+b22k2+b23k i+b33l2  

Thus b .^ ., b ^  e t c .  were c a lc u la te d  to  g iv e  same i s o t r o p i c  e f f e c t  a s  

B. To d e te rm in e  th e  a n i s o t r o p ic  te m p era tu re  f a c t o r s ,  C ru ickshank  (12) 

recommended . th e  u s in g  o f  th e  h ig h -o rd e r  r e f l e c t i o n s  o n ly , f o r  which th e  

m ajo r p a r t  o f  t h e 1 x - r a y : s c a t t e r i n g  a re  from th e  in n e r  e l e c t r o n s .  For 

tfye ea se  o f  c a l c u la t io n ,  th e  fo llo w in g  s i x  h ig h -o rd e r  r e f l e c t i o n s  were 

u se d .

E e f le c t io n sin©

800 0.8595

0010 0.4182

506 0.5453

810 0.8637

510 0.5439

026 0.2886

The f i r s t  c y c le  o f  th e  a n is o t r o p ic  te m p e ra tu re  f a c to r  re f in e m e n t (each  

c y c le  ta k e s  14 h o u rs )  gave a  s l i g h t l y  h ig h e r  E - f a c to r  o f  13.72%, b u t



a f t e r  14 c y c le s  E -f a c t o r  dropped ,to  10.30% . The p ro g re s s  o f  l e a s t -  

sq u a re s  re f in e m e n t i s  l i s t e d  i n  th e  fo llo w in g  t a b l e .  An ex am in a tio n  o f  

t h i s  t a b le  showed th e  slow  convergence i n  th e  p ro c e s s  o f  re f in e m e n t .  

T h is  i s  because  th e  o f f - d ia g o n a l  te rm s i n  th e  re f in e m e n t m a tr ix  a re  

n e g le c te d .

T able XXVIII. The P ro g re s s  o f  L e a s t-S q u a re s  R efinem ent

“ 1 2 0 “

C ycle n o . I s o t r o p ic

I 33.80%
2 28.80
3 25 .53
4 22 .98
5 21 .16
6 20 .41
7 19 .86
8 1 9 .4 3
9 18 .92

10 18 .25
I l 17 .47
12 16 .56
13 16 .04
14 15 .59
15 14 .95
16 14 .78
17 1 4 .64
18 ' 14 .42
19 14 .07
20 14 .01
21 13 .93
22 1 3 .63

E - fa c to r
A n iso tro p ic  Temp. F a c to r

13.72%
13 .12
12.58.
12 .13
11 .75
11 .42
11 .18
10 .95
10.78
10 .64
10 .53
10 .44
10 .33
10 .30

The f i n a l  a tom ic  p o s i t io n s  and th e  co rre sp o n d in g  s ta n d a rd  d e v ia t io n s  a re  

l i s t e d ,  i j i  th e  n e x t t a b l e .
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Table XXIX. Positional Parameters of Non-hydrogen Atoms in  Fractional 

Coordinates and Their Estimated Standard Derivations

Estimated
Atom Location .• Standard Deviation (%)
No. Atom X y Z x y Z

I Ca .2309 .2503 .0001 .010 .015 .011

2 P .5261 .4341 .0199 .014 .022 .015

3 P .3649 - .0 6 5 8 , .1098 .014 .022 .015

4 0 .3610 .5444 .1311 .041 .054 .045

5 0 .4545 .3081 .0772 .036 .050 .041

6 0 .6965 .5136 .0661 .038 .055 .043

7 0 .5627 .3600 .1866 .046 .045

8 0 .2365 .0139 .0670 .039 .054 .047

9 . 0 .5072 .0437 .1312 .039 .051 • 0 4 l

10 0 .4683 - .1 9 2 1 .0770 .938 .051 .041

11 0 .2495 - .1 4 0 9 .1855 .044 .058 ■ .045

12 0 .1539 .1132 - .0 9 5 9 .045 .069 .054

13 0 .0598 .3879 .0964 .046 I .054

14 0 - .1 0 5 7 .2500 .0006 .051 .077 .064

15 C .6804 .5785 .2338

&0

.117 .086

16 C .7223 .6320 .2949 .100 .128 .103

17 ' C .6818 .5598 .3631 .123  ' .135 .101

18 G .6045 .4164 .3718 .092 .115 .088

19 C •5645 .3373 .4425 .094 .121 .086

20 C .4842 .2059 .4513 .102 .125 .090
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E stim a te d
Atom L o c a tio n  S tan d a rd  D e v ia tio n  (2)

No. Atom X y Z X y Z

21 C .4419 .1318 .3931 .105 .142 .095

22 C .4792 .2111 .3244 .079 .104 .077

23 C .5638 .3545 .3121 .072 .098 . 0 6 9 .

24 C .6054 .4366 .2438 .066 .092 .069

25 C .0878 .0725 .2328 .080 .105 .084

26 C - . 0 1 7 2 ' .1361 .2947 .0906 .129 .101

27 C -.0 4 4 5 .0660 .3607 .104 .133 .106

28 C .0224 - .0 7 9 0 .3722 .093 .126 .094

29 C - .0 0 6 0 —e1664 .4447 .102 .126 .094

30 C .0642 - .2 9 9 0 .4530 .115 .126 .090

31 C .1604 - .3 6 6 6 .3921 .104 .136 .099

32 C .1939 - .2 9 2 2 .3242 .080 .103 .079

33 C .1251 —.1498 .3115 .072 .099

34 C .1531 - .0 6 3 4 .2431 .063 .090 .069

Be D e s c r ip t io n  and d is c u s s io n  o f  th e  s t r u c t u r e

The bond d is ta n c e s  and bond a n g le s  f o r  ca lc ium  1 -n a p h th y l phosphate  

were c a lc u la te d  and a r e  l i s t e d  i n  th e  fo llo w in g  t a b l e Se Most o f  th e se  

and th e  p ack in g  o f  th e  c r y s t a l  a re  shown i n  F ig s .  17 , 18 , 19 , which 

r e p r e s e n t  th e  th re e  tw o -d im en sio n a l p r o je c t io n s  o k l ,  hko and h o i 

r e s p e c t iv e l y .  Atom i d e n t i f i c a t i o n  numbers i n  th e  t a b l e s  r e f e r  to  th o se  

a s s ig n e d  i n  F ig .  1 7 e
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T able XXX. Bond D is ta n c e s  f o r  Calcium  1 -n a p h th y l pho sp h ate

P2- 0Z, 1.554 1 .5 7 3

P2-O5 1.488 ^ 8 1 . 4 7 6

1.491 P3 -°1 0
1.466

P2“°7 1.591 P3 - ° l l 1 .5 8 9

°4-05 2.468
° 8 -° 9 2 .5 2 7

V
O

9O
t 2 . 5 1 6 09~0io 2 .4 8 4

04"G7 2.476
09 " ° l l 2.512

2 .5 3 8 ° 8 -9 l0 2.494

V
l0 O

■
o 2 .4 2 3 ' ° 8 - 0 n 2.517

° 6 - * 7 2 . 5 5 1 0IO -0H 2 .3 9 3

t e I - 0S -
2.468

I 0
O

o 2 . 3 6 2

0
H

y 1 O Ov 2 . 3 6 3

C a .-O- - . 2.441I  1 0 '

0V 0I 2 2.435

Ca. —O ___ 2.4111 15

GV 014 2 . 4 3 7

O7-C24 1 .400 gU -E j4  1 .4 0 2

0I=T0Ig 0SS-gSS 1 - 'a 9

0I S - 0I 7 0SS-0S7 1 ^ 10

0I 7- 0IS  1 ^ 98 ' " ' 0S7- 0SS

G18- 0I 9 1 ,4 1 8 0SS-0S9 1 A 79
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Cl8 -°2 3  1 3̂81 C28"G33 lA 2 8

0I 9- 0ZO C29""G30 1,295

0ZCT0Zl 1-418 G30-G31
O2I-O22 1.387 G31-C32 1 ^ 5G

G22~C23 1 ^ 17 ' G32~G33 1,581
C23-C2  ̂ 1.408 C33-C34 1.411I 2.704

013-°l4 2.74?

V 09 - 2.543t
2.556 *

T able XXXIe -Bond A n g le s - fo r  Calcium  1 -n a p h th y l P hosphate

° 4 'P2~G5 .1 0 8 ,4 ° OO
O>'ex
O

1 1 1 .9 °

04 'P2*‘°6 1 1 1 .4 09-^3-010 1 0 9 .6

04-P2 -G7 103 .9 09-P3 - 0 l l 1 0 5 .2

° 5- P2‘*06 116 .8 W 0IO 1 1 5 .9

V pE-O? 1 03 .7 0S - V 0H 1 1 0 .4

06-P2-0? 111 .6
010_P3“ °11 1 0 3 .0

WOIf

1 25 .9 S - 0U - V 1 2 5 .3

C1 6 'G15-C24 11.6 .6 G26-G25-°34 117.

C15"C16“ C17
1 2 4 .4

G25"G2 6 -C27 12: .9

C16- G1 7 -C18 1 1 8 .4 °2 6 -G27-G28 120 „6

G1 7 -C18"G23 119. 9 G27"C28"G33
119.4

Gi ? “ Gl 8“ Gi 9 119 .4
G2 7 -C28"G29

1 23 .8

G1 9 -0 l8 -G23 120.6
G29"C28"G33 116.9
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1 2 1 .5

1 23 .819 20 21 29 30 31
-C20 21 22 30 3 1  32

21 22 23 31 32 33

22"^23~ 24

C-o-C^ -̂C 1 15 .9

Or--CB- —0

Or--Can —0.I  10

Or--Can -0.I 12

Or--Can —0.I  13

I  10

‘1 12
I  13 .

I  10

I 12

On-Can —0.

On „-Can -0.I 12
On -—Can —0.

I  13
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GlO~Cal" ° i4 140.6

0I 2- cV 0I5 136.5

0I 2- 0W 67-4

V - cV 0I 5 6 9 .O

"Tb.‘e two in d e p en d en t p h osphate  g roups a r e  q u i te  s im i l a r .  One group 

c o n s i s t s  o f  P g , and . The co rre sp o n d in g  atom s i n  th e

o th e r  phosphate  group a re  » Og, O^, O^q , and O ^ . A com parison  was 

made i n  th e  above bond d is ta n c e s  and a n g le s  t a b l e s .  The fo u r  phosphate  

oxygens a r e  bonded i n  th e  fo llo w in g  m anner. One oxygen i s  bonded to  

th e  n a p h th y l g ro u p , a n o th e r  oxygen i s  bonded to  a  H, and th e  o th e r  

two oxygens a re  c o o rd in a te d  to  two ca lc ium  atoms which a re  r e l a t e d  to  

ea c h  o th e r  by an  in v e rs io n  c e n te r .  A c a r e f u l  ex am in a tio n  o f  th e  bond 

d is ta n c e s  and th e  bond a n g le s  in d ic a te d :-  ( l )  th e  P-O e s t e r

bond i s  th e  lo n g e s t  and th e  P-O (H) bond i s  th e  n e x t lo n g e s t ,  w hile  th e

bond d is ta n c e s  betw een phosphorus and th e  two oxygens c o o rd in a te d  w ith
;

ca lc iu m  atom s a re  s h o r t e r .  T h is  a g re e s  w ith  o th e r  o rg a n ic  p h o sp h a tes  

s t r u c t u r e s  (1 5 ,5 4 ,2 4 ,2 5 ) •  (2 ) The maximum O-P-O an g le  co rre sp o n d s  to

th e  an g le  su b ten d ed  by th e  two v e ry  s h o r t  P-O d is ta n c e s .  T h is  i s  q u ite  

r e a s o n a b le , because  th e  s h o r te r  th e  P-O bond d is ta n c e s ,  th e  g r e a t e r  th e  

,m utual r e p u ls io n  betw een oxygens w i l l  b e . By th e  same re a s o n in g , th e  

an g le  su b ten d ed  by th e  two lo n g e s t  P-O d is ta n c e s  sh o u ld  b e , a t  l e a s t ,  

one o f  th e  minimum a n g le s  and t h i s  was found to  be th e  c a s e .  (5)

%he minimum d is ta n c e  from th e  oxygen ( th e  e s t e r  bond oxygen) to  the  

oxygens o th e r  th a n  th o se  on th e  same pho sp h ate  group i s  3* lS S . T his 

i n d i c a t e s  t h a t  th e re  i s  no hydrogen  bonding  from th e se  two e s t e r  bond
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oxygens to  o th e r  h y d ro g en s . K rau t and Jen sen  (25) r e p o r te d  th e  same 

th in g  i n  th e  s t r u c t u r e  o f  a d e n o s in e -5 1 --phosphate .

The g e n e ra l  f e a tu r e s  o f  th e  phosphate  group' ag ree  w e ll w ith  o th e r
I

o rg a n ic  p h osphate  s t r u c t u r e s  which have been r e p o r te d .  T h is  can be 

se e n  from a  com parison  o f  t h i s  d a ta  w ith  th o se  r e p o r te d  i n  th e  l i t e r a ­

tu r e  i n  th e  fo llo w in g  t a b l e .

T ab le  XXXII. Com parison o f  Calcium  1 -N aph thy l P hosphate  w ith  O ther

O rgan ic P h o sp h a tes  R eported

Our
PO4I

D ata
P042

A denosing- 
5 ' -PO4

2-am ino
e th a n o l-

PO4

Ga-Thymi-
d y la te

D ibenzyl 
P hosphoric  

Acid •

P-O
1 .4 8 8 1 .4 6 6 1 .514 1 .495 1 .4 7 4 . 1 .469

Range to to to to to to
. 1 .591 1 .5 8 9 ' 1 .610 1.591 1 .587 I .566

Average 1 .551 1 .5 2 6 1 .546 I .556 1 .5 1 5 ' 1 .551

'P-OR 1 .591 1 .589 1 .610 1.591 1 .587 1 .566  &

P-OH 1 .5 5 4 1 .575 1 .566 1 ,557
1.545
1.545

0—P—0
103 .7 1 0 5 .0 105 .7 105 .9 1 0 2 .1 105.8

Range to to to to to to  \
116 .8 115 .9 1 1 8 .2 117 .4 11 .4 117 .2 '

Average 1 0 9 .5 109 .5 109 .4 109 .4 1 0 9 .5 109 .5
Angle b e t .

1 0 5 .9 1 0 5 .2 IO6 .5 106 .2 1 0 7 .6 104 .22 lo n g  
P-O (105 . 7 ) (105 . 0 ) (1 0 5 .7 ) (105 . 9 ) (1 0 2 .1 ) (105 . 8 )

Angle b e t . 116 .8 115 .9 1 1 8 .2 117 .4 118 .4 117 .22 s h o r t  
P-O (m ax.) (m ax .) (m ax .) (m ax,) (m ax .) (m ax.)

Angle b e t .
105 .7 105 .0 105-7 1Q5.9 1 0 2 .1 103 .8

L ongest & 
S h o r te s t (m in .) (m in .) (m in .) (m in .) (m in .) (m in .)

P-O
C-O (PO ,) 1 .400 1 .4 0 2 1 .475 1 .429 1 .4 7 2 1 .464  &

I /1 £c;
PiO-C 4 1 25 .9 1 2 5 .5 114 .7 118 .7 1 1 8 .8 l i O  8c"

122 .3



-131-

From Table XXXII, i t  i s  seen  th a ^  ca lc ium  1 -n a p h th y l phosphate  has 

th e  s h o r t e s t  C-O bond and l a r g e s t  P-O-C a n g le . T rueb lood  e t  a l .  (34) 

n o te d  th a t  f o r  a  g iv e n  pho sp h ate  g roup , th e  s h o r te r  o f  th e  two s h o r te s t  

P-O bonds h a s  a  l a r g e r  Ca-O d is ta n c e .  T h is  i s  a ls o  th e  case  f o r  ca lc ium  

1 -n a p h th y l p h o sp h a te . For P-O bond le n g th s  1 .488  and 1.491%, Ca-O 

le n g th s  a re  2 .468  and 2.363%» For P-O bond le n g th s  1 .4 6 6  and 1.476%,, 

Ca-O a re  2 ,4 4 l  and 2.362% . Thus; more o r  l e s s  th e  same d is ta n c e s  a re  

m a in ta in e d  betw een phosphorus and th e  two ca lc iu m s r e l a t e d  by an  in v e r ­

s io n  c e n te r .

Each ca lc iu m  io n  was found to  be c o o rd in a te d  to  sev en  oxygens, fo u r  

o f  which a r e  from fo u r d i f f e r e n t  phosphate  g roups and th re e  from w ater 

m o le c u le s . The sev en  oxygens a re  a r ra n g e d  i n  a  d i s to r t e d  p en tag o n a l 

b i pyram id . The ca lc iu m , O^, O ^ , , (two phosphate  oxygens) O ^ ,  ,

( th r e e  w a te r  oxygens) occupy th e  d i s to r t e d  p e n ta g o n a l p la n e ; the  

o th e r  two phosphate  oxygens a re  on a  l i n e  th ro u g h  th e  ca lc iu m  n e a r ly  

p e rp e n d ic u la r  to  t h i s  p la n e .  The p e n ta g o n a l a n g le s  a re  7 8 .6 ° ,  7 2 ,8 ° , 

7 4 .1 ° ,  6 7 .4 ° ,  and 6 9 .0 °  w ith  th e  av erag e  o f  7 2 .4 ° .  The sev en  Ca-O 

d is ta n c e s  range  from 2 .3 6 2  to  2 .4 6 8 , w ith  an  average  o f  2 .4 l8% . The 

ran g e  o f  th e  seven  Ca-O d is ta n c e s  i n  ca lc ium  th y m id y la te  i s  from 2 .2 9  

to  2.65% which i s  c o n s id e ra b ly  more v a r i a t i o n  th a n  i n  ca lc ium  1 -n a p h th y l 

p h o sp h a te , b u t g iv e s  th e  same a v e ra g e . The sm all v a r i a t i o n  o f  Ca-O 

d is ta n c e s  i s  p ro b a b ly  b ecause  a l l  oxygens a r e  from d i f f e r e n t  g ro u p s .

N aphthalene h a s  been shown to  be p la n a r  ( l ) ,  w ith  th e  C-C d is ta n c e  

from 1 .3 5 4  to  1.421% and an av erag e  o f  1.39%« The la rg e  P-O-C ang le  

i n  ca lc ium  n a p h th y l phosphate  i s  p ro b ab ly  due to  c lo se  p ack in g  o f  th e
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la rg e  p la n a r  n a p h th a le n e  g ro u p . A d i s t o r t e d  n a p h th y l r in g  m ight th u s  be 

e x p e c te d . T h is  was found to  be th e  c a s e , a s  can be se e n  from th e  f o l ­

low ing  d a ta .  The C-C d is ta n c e  h as  a  ran g e  from 1 .309  to  1 .4l8%  and anc I ■
av erag e  o f  1.38651 f o r  th e  f i r s t  n a p h th y l g ro u p , w hile  f o r  th e  second o n e , 

th e  ran g e  i s  from 1 .295  to  1 .4 7 9  w ith  an  av e rag e  o f  I . 380SL The range 

o f  G-C-G a n g le s  i s  from 1 1 6 .0 °  to  1 2 4 .4 °  i n  th e  f i r s t  g roup  and from 

1 1 5 .9 °  to  129 . 9 ° i n  th e  second g ro u p , w h ile  th e  av erage  i s  1 20 .2°  in  

th e  f i r s t  and  1 20 .7°  i n  th e  second  g ro u p . The minimum C-C bond d is ta n c e  

i n  a  n a p h th y l group o c c u rs  betw een two ca rb o n s  which a r e  c l o s e s t  to  th e  

n ea rb y  n a p h th y l g ro u p s . Minimum non-bonded carbon  d i s ta n c e s .a r e  3«620, 

3.7198. in d i c a t in g  van d e r  W aals f o r c e s .

Hydrogen bonding p la y s  an  im p o rta n t r o le  i n  h o ld in g  g roups to g e th e r  

i n  th e  c r y s t a l  o f  ca lc ium  1 -n a p h th y l p h o sp h a te . The c l o s e s t  d is ta n c e s  

betw een oxygen and  oxygen (one o f  th e se  two oxygens h a s  a  hydrogen  on 

i t )  from two n e ig h b o rin g  pho sp h ate  g roups a r e . 2 .943  and 2 .9 5 6 8 . O ther 

oxygen d is ta n c e s  su g g e s tin g  hydrogen  bonding  a re  O^ to  ; 2 .8 3 4 , O^

to  O1 3 ; 2 .8 9 5 , O12 to  Ol i f S 2 .7 0 4 , O13 to  Ol i f : 2 .7 4 7 8 .
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APPENDIX A

Calcium  and phosphorus a n a ly s i s  f o r  ca lc ium  1 -n a p h th y l phosphate  

Calcium  d e te rm in a tio n

About 0 .2  gm i s  w eighed v e ry  a c c u r a te ly  i n  a  50 ml f lo re n c e  f l a s k .  

Add ab o u t 4 ml c o n c e n tra te d  n i t r i c  a c id  (69.4% , B aker a n a ly zed  r e a g e n t ) .  

Then add ab o u t 6 ml c o n c e n tra te d  p e r c h lo r ic  a c id  (71.1%* B aker ana ly zed  

r e a g e n t ) . D ig e s t th e  sam ple on a  h o t p la t e  t i l l  a lm o st d ry  (Eva­

p o ra t io n  to  d ry n e ss  makes i t  d i f f i c u l t  to  r e - d i s s o l v e ) . A f te r  c o o lin g , 

d i l u t e  i t  w ith  a  l i t t l e  w a te r . . T ra n s fe r  to  a  500 ml v o lu m e tr ic  f la sk ,. 

R inse W ell and save ev e ry  d ro p . ' Make to  volume w ith  w a te r . Shake 

w e ll  and l e t  s e t t l e .  The ca lc iu m  c o n c e n tr a t io n  o f  t h i s  s o lu t io n  i s  

d e te rm in ed  w ith  Beckman Flame Q uartz  S p ec tro p h o to m ete r (model DU) by 

com paring w ith  a  s ta n d a rd  ca lc ium  s o lu t io n  p re p a re d  i n  th e  fo llo w in g  

m anner: CaCo7, i s  d ig e s te d  w ith  some c o n c e n tra te d  n i t r i c  to  d ry n e s s .

S e v e ra l d i f f e r e n t  ca lc iu m  c o n c e n tra t io n  s o lu t io n s  (from  z e ro  to  50 ppm) 

a re  made from t h i s .  Each s o lu t io n  i s  so a d ju s te d  t h a t  i t  c o n ta in s  15 

ppm o f  phosphorus (H^PO^is added b e fo re  d i l u t i n g  to  volume w ith  w a te r ) .  

The a d d i t io n  o f  phosphorus su p p re s se s  th e  s ta n d a rd  s o lu t io n s  ab o u t th e  

same a s  th e  unknown.

The s ta n d a rd  cu rve f o r  d e te rm in in g  ca lc iu m  by t h i s  method i s  

shown i n  F ig .  20 .

The (|a-ta c o rre sp o n d in g  to  t h i s  s ta n d a rd  ca lc ium  cu rve  a re  a s

fo llo w s
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ppn of ca

F ig u re  20 The s ta n d a rd  calcium  c a l ib r a t i o n  curve fo r  th e  
Beckman flam e q u a r tz  sp ec tro p h o to m e te r
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-Table XXXIII. Calcium Calibration Data for Beckman Flame Quartz 

Speciropho tome ter

ppm o f  Ca Beading
_______ ______________ i,

50 

40 

30 

20 

10 

0

The unknown (sam ple w eigh t b e in g  0 .1955  gm) h as  a  re a d in g  o f  85. 

w hich c o rre sp o n d s  to  31«3 ppm.

Phosphorus d e te rm in a tio n

The p re p a r a t io n  o f  th e  sam ple fo llo w s  e x a c t ly  th e  same procedure, 

a s  t h a t  f o r  ca lc ium  d e te rm in a t io n .  I n  f a c t ,  p a r t  o f  th e  same s o lu t io n  

p re p a re d  fo r  ca lc ium  i s  u sed  fo r  th e  phosphorus d e te rm in a tio n .

W ith a  p i p e t t e ,  t r a n s f e r  I  ml o f  th e  p re p a re d  s o lu t io n  in to  a  25 ml 

g ra d u a te d  t e s t  tu b e ; add 2 ml o f  10 N s u lp h u r ic  a c id ,  th e n  add 2 ml 

o f  am id o l, and  f i n a l l y  I  ml o f  m o lybdate . D ilu te  to  25 ml w ith  w a te r . 

T ra n s fe r  to  a  m atched t e s t  tu b e . Mix th e  s o lu t io n  by p o u rin g  back and 

f o r th  s e v e r a l  tim es  b e tw e e n .th e  25 ml g ra d u a te  t e s t  tu b e  and  th e  

m atched t e s t  tu b e .  L e t i t  s ta n d  f o r  30 m in u te s . Read th e  p e rce n tag e  

t r a n s m it ta n c e  on a  Beckman Model B S p ec tro p h o to m ete r a t  wave le n g th  

65O a g a in s t  a, b la n k  s o lu t io n  which i s  p re p a re d  e x a c t ly  th e  same way a s

100

92

84

75

65

53
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th e  t e s t i n g  sam ple e x c e p t no sample i n - i t .  The c o n c e n tra t io n  o f  th e  

sam ple i s  d e te rm in e d  by com paring th e  p e rc e n ta g e  tra n s m itta n c e  w ith  

t h a t  o f  a  known s ta n d a rd  phosphorus compound.

Three t e s t s  were done. Each c o n ta in e d  one ml o f  th e  p re p a re d

s o lu t io n .  The r e s u l t s  a re  compared w ith  th e  curve (F ig . 21) o f  

known- s ta n d a rd  s o lu t io n s  u s ip g  K^HP'O^. The r e s u l t s  a re  g iv e n  below . 

T ab le XXXIV. Phosphorus A n a ly s is  R e s u lts  by th e  C o lo r im e tr ic  Method

T e s t no . T ransm itta n c e g/m l o r  ppm

I 4 6 ;3 4 3 .8

2 4 6 .1 43-9

3 4 6 .0 4 4 .0

I

I

I

r
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phosphorus concentration ^ 0Z tube

Figure 21 The standard phosphorus calibration curve for the
Beckman Model B spectrophotometer at wave length 650



-1 3 9 -

APPENDIX B 

Film Processing

To process the film s, the following materials were used.

1. Developing solution

Koijlax rapid x-ray developer (l' lb , and I oz, powder w ill make up 

one gallon so lu tion ).

2. Fixing solution

Kodak rapid fixer with hardner,

3» Acid stop bath

Very dilute acetic  acid (6 oz. or l80.ml of 28% acetic  acid in  

a gallon of water).

The integrated pictures were processed in  the following manner. 

They are f ir s t  developing for 7 minutes In a fresh Kodak rapid x-ray
■ . , a

developer which i s  maintaining at a constant temperature of 20 0.

Then they are washed in  the acid stop bath for 30 seconds. They are 

fix ing for 1$ minutes in  a fresh Kodak rapid fixer which i s  also  

kept at a constant temperature of 20° c . Wash them in  running water 

for half an hour. After rinsing with d is t i l le d  water, we hung them

up for drying
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APPENDIX C

T able XXXV. E q u i - in c l in a t io n  W eissenberg  in d e x -c h e c k in g  r e s u l t s  fo r

Ca 1 -n a p h th y l phosphate

h k I XO XC e r r o r # h k I X0 XC e r r o r #

- I 6.1 6 .2 2 .2 0 2 • 4 14.3 14.3 .12
2 1 2 .7 12.5 -1 .22 3 4 1 9 .8 19.6 - .8 5
3 19.1 19.0 -.4 5 -3 4 2 2 .8 23-2 2.17
4 2 3 .9 2 5 .7 - .5 9 6 4 40.0 3 9 .7 - .5 3
7 49.1 4 9 .4 .77 -6 4 44.0 44.8 1,82
8 59.8 60.5 .86 -4 10.0 9 .7 -2 .80
I I 6.4 6.2 -2 .72 1 -4 1 2 .8 12.5 -1 .60 '
2 I 12.3 12.2 — e06 -1 -4 10.4 10.4 .69
3 I 1 9 .p 18.6 -1 .7 3 -1 . -4 10.2 10.4 2.66
4 I 2 5 .2 25.3 .36 2 -4 17.7 17.4. - i .2 6
6 I 40.2 40.1 -.1 7 . -2 -4 14.1 14.3 1.54
1 I 48.2 4 8 .8 1.34 3 -4 23.4 23.2 -,44-
% -X 7.2 7.1 -1 .02 -3 -4 19.3 1 9 ,6 1.71
3 - I 1 9 .9 19.6 -1 .12 4 -4 29.6 2 9 .7 .50
4 —1 26.5 26.4 - .3 7 ^4 -4 25.7 25.7 .02
5 - I 3 3 .6 33.5 - .1 0 6 -4 44.8 4 4 .8 ■ ,01
7 - i 50.0 50.3 .64 I 5 12.4 12.5 1.24

—8- - i 5 8 .9  , 59^4 -.9 7 2 5 15.7 15.7 .2 3
2 4.7 4 .8 3.02 6 5 40.1 4o.o - .0 3

3 2 18.9 18.6 -1 .26 -5 12.2 12.1 -.1 4
..6 2 3 9 .8 3 9 .8 .02 I -5 14.8 1 4 .8 .11
-7 ~"i 50.9 51.3 .93 2 -5 19.5 1 9 .3 - .7 3

I 2 '8 .9 8 .6 -2 .96 3 -5 24.7 2 4 .9 .9 9
- I —2 7.1 .7 .1 .03 -3 -5 20.6 2 0 .5 — »l4

2 -2 14.5 14.3 - .9 2 -3 -5 20.4 20.5 .8 3
-2 -2 12.2 12;5 2.67 -4 -5 2 6 .3 26.3 .16
3 -2 20.5 20.6 .63 5 ■ -5 38.2 3 8 .3 •35

-4 -2 27.4 2 7 .2 - .3 7 6 -5 46.2 46.3 .31
'6 -2 42.2 42.3 .30 I 6 14.6 14.7 1.19

3 7.1 7.2, 2.45 3 6 21.7 21.7 .3 4
3 3 1 9 .2 18.9 -1 .11 4 6 2 7 .2 27.2 .08
4 3 2 5 .3 2 5 .3 .09 7 6 48.5 4 8 .7 •57
6 3 3 9 .8 3 9 ;6 —. 26 -6 1 4 .6 14.6 .4 7
I -3 io .8 10.5 -2 .6 9 I -6 17.2 17.1 - .3 7

- I -3 8 .7 8.6 -1 .10 2 -6 21.4 21.3 — .02
- I -3 8 .2 8 .6 4.92 —2 -6 17.0 17.4 2.41

2 -3 16.0 15.7 -1 .28 3 -6 2 6 .9 26.7 - .4 6
-2 -3  • 1 3 .0 13.2 1.70 4 • -6 3 2 .8 3 2 .9 .55

3 -3 a . 8 21.8 ■ .22 5 -6 3 9 .9 40.0 .28
4 -3 28.5 2 8 .4 T.28 -5 -6 3 3 .4 3 3 .4 .2 7
5 -3 35.2 3 5 .5 .99 6 -6 48.0 4 8 .0 .20
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h k I XO XC e r r o r # h k I xO XC e r r o r #

I 7 1 6 .8 1 7 .0 1 ,7 3 5 -10 4 8 .2 4 8 .6 . .9 4
2 7 1 9 .2 1 9 .2 .43 -5 -10 3 8 .1 3 8 .1 .23

-2 7 2 3 .0 23 .5 2 .4 6 -6 -10 4 4 .4 4 4 .6 .55
3 7 2 3 .2 2 3 .2 .04 7 -10 6 9 .1 69 .9 1 .2 9
I -7 1 9 .7 1 9 .5 - .8 5 -9 .-10 7 9 .0 8 0 .0 1 .3 0 .
2 -7 2 3 .6 23 .5 - .1 4 -11 2 7 .8 2 7 .6 — .4 9
3 -7 2 8 .8  ‘ 28*7 - -.■13 I -11 2 9 .8 • 29 . 8 -■ ....  .0 6 “

-4 -7 28;3 2 8 ,3 .09 2 -11 3 3 .2 3 3 .3 .52
5 -7 4 l i 8 4 1 .8 1.18 -2 . -11 2 7 .9 28 .1 .9 4
6 -7 4 9 .9 5 0 .0 .3 4 -3 -11 3 0 .7 3 0 .7 .24

-7 -7 4 9 .0 49*3 .78 4 -11 4 3 .9 4 4 ,0 ,4 2
-8 -7 5 8 .9 5 9 .3 .7 9 5 -11 5 0 .9 5 1 .3 .90

2 ~8 2 1 .0 2 1 ,3 1 .5 0 -5 -11 3 9 .8 3 9 .8 .1 2
-2 ,8 2 5 .3 2 5 .8 2 .2 0 -6 -11 4 6 .0 46 .1 .3 5

1 9 .7 1 9 .7  • .16 7 -11 7 3 .8 7 5 .0 1 .6 3
- I -8 1 9 .2 1 9 .4 1 .4 9 I 12 2 9 .4 2 9 .7 1 .2 5
-2 -8 2 1 .1 2 1 ,3 1 .0 2 2 12 3 0 .4 3 0 .6 .87
-3 -8 2 4 .8 2 4 .8 .1 9 -12 3 0 .4 3 0 .4 .0 9

4 -8 3 6 .8 3 6 .9 .31 ■1 -12 3 2 .4 32 .5 .57
-4 -8 2 9 .8 2 9 .6 - .5 2 2 -12 3 6 .0 36 .1 .28

5 -8 4 3 .6 4 3 .9 .76 3 -12 4 0 .8 4 0 .8 .14
-6 -8 4 2 .0 4 2 .2 '.5 0 -3 -12 3 3 .0 3 3 .0 .13

7 ' -8 6 i .S 6 2 .9 1 . 23 4 -12 4 6 .6 4 6 .8 .53
-7 -8 4 9 .9 5 0 .1 .59 -4 -12 3 6 .8 3 6 .7 - .1 1
-8 -8 5 9 .5 6 0 .1 1 .1 3 -5 -12 4 1 .5 4 l .6 .47

.-9 2 2 .3 2 2 .3 .10 -6 -12 4 7 .8 4 7 .8 .19
I -9 2 4 .2 24 .5 1 .3 7 -7 -12 5 5 .1 5 5 .6 1 .0 3
2 -9 2 8 .2 2 8 .2 .19 2 13 3 3 .1 3 3 .2 .5 2

-2 f9 2 3 .2 2 3 .4 1 .2 2  7 -13 3 3 .2 ^ 3 3 .2 .2 2
“3 -9 33*0 33*1 .5 2 I -13 3 5 .3 3 5 .4 .4 2
-3 -9 26 .8 2 6 .6 - .4 9 - I -13 3 2 .1 3 2 .5 1 .3 5
'5 "-9 4 5 .8 • 4 6 .1 .85 2 -13 3 8 .8 ' 3 8 .9 . 4 i

-5 -9 3 6 .8 3 6 .7 - .2 2 3 -13 4 3 .5 4 3 .7 .54
7 -9 65-5 6 6 .1 .98 -3 -13 3 5 .4 3 5 .4 .1 4

-7 -9 5 1 .0 5 1 .2 .44 4 -13 4 9 .5 4 9 .8 . .68
-1 0 2 4 ,9 2 4 .9 .25 -6 -13 4 9 .8 4 9 .8 .0 7

- I -10 2 4 .2 2 4 .4 1 .1 7 -7 -13 5 8 .2 5 7 .6 - .9 3
2 -10 3 0 .6 3 0 .7 .52 -2 l4 4 1 .1 4 1 .9 2 .1 0

-2 -10 2 5 .6 2 5 .7 .66 -14 3 6 .1 3 6 .2 .3 2
3 -10 35 .5 3 5 .5 .82 I -14 3 8 .4 38 ,4 .0 ?

-3 -1 0 2 8 .7 2 8 .6 - .1 8 - I - l 4 3 5 .2 3 5 .3 .55
4 —IQ 4 1 .5 4 1 .5 .04 -2 -14 3 5 .9 3 6 .0 .2 7

-4 -10 3 2 .9 3 2 .8 - .1 5 3 -14 4 6 .5 4 6 .8 .65



11 v,

-1 4 2 -

h k  I XO XC e r r o r # h k I Xo XC e r r o r #

4 -1 4 5 2 .8 5 3 .0 .55 -2 I 1 2 .1 1 2 .6 4 .3 5—4- -14 4 1 .2 , 4 1 .3 .32 3 I 1 9 .2 19 .1 - .4 7
6 -14 7 3 .0 7 4 .2 1 .6 7 -3 I 1 8 .6 1 9 .1 2 .7 3I -15 4 l . 4 4 1 .5 .34 -5 I 3 2 .3 3 3 .0 2 .2 8

- I -15 3 7 .9 3 8 .3 1 .2 4 -6 I 4 o .o 40 .8 2 .1 3
2 -15 44-. 8 4 5 .1 .75 -7  . I 4 8 .8 49 .7 1 .9 1-2 -15 3 8 .8 3 6 .8 .13 8 I 6 0 .2 60 .6 .8 2

-3 -15 4 o .8 4 0 .7 - .2 3 -8 I 6 0 .2 60 .6 .82
-4 -15 4 3 .9 4 3 .8 — 0 02 2 I I 1 2 .7 1 2 .2 - 3 .3 3

5 -15 65 .1 6 5 .7 1 .0 4 -2 I I 1 2 .9 1 3 .2 2 .7 0
-5 -15 4 8 .4 4 8 .4 .03 3 I I 1 9 .0 1 8 .6 -1 .5 8
-7 -1 5 62 .5 62 .5 .14 -3 I I 1 9 .1 1 9 .7 3 .1 916 4 2 .0 4 2 .4  . • 1 .1 3 4 I I 2 5 .4 25 .4 .0 3- I -16 4 1 .1 4 l .4 .9 3 -4 I I 2 5 .8 26 .4 2 .6 0
-2 -16 4 i .8 4 l .8 .11 5 I I 3 2 .2 3 2 .5 1 .0 2
-3 -16 4 3 .5 ■43.5 .16 -5 I I 3 3 .0 3 3 .6 2 .0 4

-16 4 6 .5 4 6 .6 .29 -6 I I 4 0 .8 4 1 .5 1 .8 3
5 -16 7 6 .5 7 1 .1 . .9 7 -7 I I 5 0 .0 5 0 .5 1 .0 8

-7 -1 6 65 .3 6 5 .6 .61 8 I I 5 9 .5 5 9 .7 .49
-17 4 5 .8 4 5 .8 .10 —8 I I 6 1 .2 61 .7 .91

I -17 4 8 .0 4 8 .2 .61 2 I - I 1 3 .8 1 3 .4 -2 .6 8
-2 -17 4 4 .8 4 5 .0 .48 3 I - I 2 0 .0 19 .8 - .8 1
-3 -17 4 6 .5 4 6 .6 .27 -3 I - I 1 8 .3 1 8 .8 2 .0 9
-4 -1 7 4 9 .5 4 9 .6 .21 -5 I - I 3 2 .0 3 2 .6 1 .9 3
-7 -17 69*2 6 9 .4 .35 6 I - I 4 l . 8 4 1 .6 - .4 0

-18 4 9 .0 4 9 .4 .89 -6 I - I 4 o . l 4 0 .3 .6 5
- I -18 4 7 .8 4 8 .2 .90 -7 I - I 4 8 .8 49 .1 .6 9
-2 -18 4 8 .0 4 8 .3 . 8 0 ' I I 2 7 .1 6 .8 -3 .4 2
-4 - l 8 5 2 .9 5 2 .8 — o,10 2 I 2 1 2 ,8 12 .4 -2 .9 9
-7 -1.8 7 3 .7 7 4 .2 .75 -2 I 2 1 3 .8 1 4 .2 3 .4 8
'? -19 6 0 .2 6 0 .6 .68 3 I ’ 2 1 8 .9 18 .6 - 1 .4 ?
-2 -19 5 1 .9 5 2 .0 .22 -3 I 2 2 0 .0 20 .6 3 .0 4

2 -20 65 .1 6 5 .8 1 .1 0 4 I 2 2 5 .2 25 .2 .0 4
-6 -20 7 3 .2 7 3 .4 .40 -4 I 2 2 6 .7 2 7 .3 2 .3 3

I -21 6 5 .6 6 5 .0 .71 5 I 2 3 2 .1 3 2 .2 .45
2 -21 7 1 .3 7 2 .4 1 .5 9 -5 I 2 3 3 .8 34 .5 2 .1 4

-2 -21 60 .0 6 0 .4 .72 6 I 2 3 9 .9 39 .9 .0 3
-5 -21 7 0 .1 7 0 .6 .73 -6 I 2 4 1 .3 4 2 .4 2 .7 8

I -22 7 2 .3 7 2 .9 .87 8 I 2 5 9 .1 59 .1 .0 7
-2 -22 64 .9 6 5 .6 1 .0 9 -8 I .2 ^ 2.3 63 . I 1 .3 0
- I -23 7 2 .1 7 2 .7 .94 I I -2 9 .1 8 .9 -1 .2 3
-2 -23 7 1 .5 7 2 .1 .9 0 - I I -2 7 .4 7 .5 1 .5 2

I I 6 .6 6 .3 —4-o IQ 2 I -2 1 4 .8 14 ,6 -1 .2 3



Il il /  Y iI I

-1 4 3 -

h k i X
O . X

C e r r o r # h k I X
O X

C e r r o r #

3 I -2 21.0 20.8 -.6 9 -6 I 4 44.0 4 4 .8 1.95
-3 I -2 18.5 18.8 3.12 7 I 4 48.0 48.2 .56
4 I -2 27.6 27.5 — .28 8 I 4 58.6 58.5 - .0 7

-4 I -2 24.9 25.4 2.10 -8 I 4 66.0 66.7 1.21
-5 I -2 31.9 3 2 .4  ' "1.65 I I -4 13.2 13.0. -1 .11

6 I ■ —2 42.7 42.6 - .2 0 - I I -4 11.0 I 0 .9 - .0 2
—6' I -2 39;9 40i0 .44 2 I -4 1 8 .0 17.8 - .8 3
4 7 I -2 51.0 51.7 1.44 -2 I -4 14.8 14.7 - .4 2
-7 I -2 48.5 48.7 .9 3 3 I -4 23.7 23.6 - .2 9
I I 3 8 .1 8 .2 2.08 -3 I -4 20.0 19.9 - .0 8

"I I 3 9.8 10.2 4.56 4 I -4 3 0 .0 30.0 .24
2 I .3 1 5 .3 13.0 -2 .02 5 I -4 37.1 3 7 ,1 .23

-2 I ■ 3 15.1 15.6 3.63 -5 I -4 32.7 32.7 .06
'3 I .3 19.2 18.8 -1 .65 6 I -4 44.9 45.1 .64
-3 I 3 21.2 21.7 2.72 -6 I -4 3 9 .9 4 o .i .59
-4 I 3 27.8 28.4 2.16 -8 I -4 58.7 58*9 .3 7
3 I 3 32.2 32.1 — .02 -9 I -4 73.4 . 74.4 1.43

-3 I 3 35.0 35.5 1.67 I I 5 12.0 12.1 1.26
-6 I 3 42.8 43.5 1.76 - I I 5 14.1 14.4 2.75
■8 I 3 5 8 ,8 5 8 .7 - .1 1 2 I 5 15*9 15.4 -2 .94
-8 i 3 64.1 64.7 1.04 -2 I 5 18.6 19.1 2.83

I i -3 11.1 10.9 -1 .58 3 I 5 20.9 20»3 -2 .57
- I i -3 9.1 9.0 -.1 3 -3 I 5 24.2 24.7 2.46

2 i -3 16.5 16.1 -1 ,14 4 I 5 2 6 .5 26.2 -1 .09
-2 i -3 15.6 13.5 -.1 7 -4 I 5 3 0 .7 31.1 1.59
3 i -3 22.2 22.1 7 .3 1 5 I 5 3 2 .9 3 2 .7 - .4 2

-3 i -3 19.1 1 9 .2 .93 -5 I 5 3 7 .3 38*3 2 .6 9
4 I -3 28.7 28.6 -.0 2 6 I 5 40.0 40.0 .17

-4 i -3 25.5 25.5 .3 8 -6 I 5 45.3 46.3 2 .3 7
3 i -3 3 5 .8 3 5 .8 - .12 7 I 5 48.1 48.4 .6 7

-3 I -3 3 2 .3 32.4 .50 -8 I 5 68.2 6 9 .2 1.58
6 i -3 45.7 43.7 .22 I I -5 15.5 1 5 .3 -1 .24

'7 i -3 5 2 .7 5 3 .0 ,69 ■ - I I. -5 13.0 13.1 .81
-7 i 73 47.8 48.5, 1.61 2 I -5 1 9 .9 19.7 — O 62

I i 4 9;8 10.0 2.98 -2 I -5 16.2 16.2 .05
- I i 4 11,9 12,2 3 .2 9 3 I -5 2 5 .3 25.3 .10

2 i 4 14.5 14.0 -1 .66 -3 I -5 21.0 20 .9 “ 0 10
-2 i 4 1 6 .8 17.2 2.87 4 I -5 3 1 .7 3 1 .6 - .1 7
3 i . 4 19.7 19.4 -1 .16 5 I -5 3 8 .8 3 8 .7 — *20

-3 i 4 22.6 2 3 .1 2.57 6 I -5 46.7 46.7 .17
-4 i 4 29.0 29.6 2.40 8 I -5 69.O 6 9 .9 1.13
5 i 4 52.4 3 2 .3 - .1 1 -8 I -5 5 8 .8 5 9 .0 .45
6 i 4 3 9 .8 3 9 .8 .02 -9 I -5 7 3 .8 ?4.4 .9 4



—1 4 4 -

h k i XO X
C

e r r o r # h k I X
O

X
C e r r o r #

I I 6 1 4 .1 1 4 .3 1 .8 4 -6 I “ 7 4 1 .8 4 1 .7 - .0 3
- I I 6 1 6 .3 1 6 .7 3 .0 0 8 I -7 7 7 .0 77 .8 1 .0 9
-2 I 6 2 0 .7 2 1 .1 2 .1 1 -8 I -7 3 9 .8 60 .0 .4 4

3 I 6 2 1 .8 2 1 .5 - 1 .2 6 -9 I -7 7 5 .0 7 3 .8 l . l l
-3 I 6 2 6 .0 2 6 .5 2 .28 I I 8 1 8 .9  • 1 9 .0 .8 6

4 I ■6 2 7 .2 2 7 .9 - .5 3 - I I ■ 8 2 1 .2 21 .6 2 .0 4
-4 I 6 3 2 .2 3 2 .8 2 .0 6 2 I 8 2 0 .9 20 .9 .1 7

5 I 6 3 3 .6 3 3 .3 - .6 5 -2 I 8 2 5 .1 25 .3 1 .8 3
-5 I 6 3 9 .1 3 9 .9 2 .1 8 -3 I 8 3 0 .1 3 0 .6 1 .8 8

6 I 6 4 0 .7 4 0 .5 4 I 8 2 9 .7 2 9 .3 —1 »01
-6 I 6 4 7 .1 4 8 .0 2 .1 2 - 4 I 8 3 6 .1 3 6 .7 1 .7 9

7 ■ I 6 4 8 .7 4 8 .7 .17 5 I 8 3 3 .3 3 3 .2 - .1 1
-8 I 6 70.9» 7 2 .3 2 .1 0 -3 I 8 4 3 .0 4 3 .8 1 .9 1

I I -6 1 7 .8 1 7 .6 - .8 2 I I -8 2 2 .7 22 .5 - .5 8
- I I -6 1 5 .2 1 5 .3 .93 - I I -8 2 0 .0 2 0 .0 .47
'2 I -6 2 2 .0 2 1 .8 - .6 6 2 I -8 2 6 .4 2 6 .3 - .0 4
-a I -6 1 7 .9 1 7 ,9 .12 -2 I -8 2 2 .0 21 .8 - .4 8
-3 I -6 2 1 .8 2 2 .2 1 .9 7 3 I -8 3 1 .4 3 1 .4 .01

4 I -6 3 3 .2 3 3 .3 .60 -3 I -8 2 5 .2 2 5 .3 ,7 4
-4 I -6 2 7 .7 27*6 - .1 9 -4 I -8 3 0 .2 30 .1 - .1 4

5 I -6 4 0 .2 4 0 .4 *6l 3 I -8 4 4 .1 4 4 .4 .8 4
6 i -6 4 8 .2 4 8 .5 .81 -5 I -8 3 6 .0 3 3 .9 ™*l4
8 i -6 7 2 .4 7 3 .2 1 .1 8 -6 I -8 4 2 .7 4 2 .7 .1 0

-8 i  ■ -6 5 9 .0 5 9 .4 .73 7 I -8 6 3 .0 63 .8 1 .2 7
-9 i i-»6 74 .0 7 4 .9 1 .2 7 -8  ■ I -8 6 0 ,7 60 .9 .3 8
. I i 7 1 6 .3 1 6 .6 2 .2 7 I I 9 2 1 .1 21 .5 2 ,0 1
- I i 7 1 8 .8 1 9 .1 1 .9 9 - I I 9 2 3 .8 24 ,1 1 .3 1
-2 i 7 2 2 .8 2 3 .2 2 .1 4 2 I 9 2 2 .9 2 3 .0 .8 3

i 7 2 3 .2 2 2 .9 - 1 .1 8 -2 I ' 9 2 7 .3 2 7 .9 2 .3 6
-3 7 2 7 .9 2 8 .5 2 .3 4 -4 I 9 3 8 .2 3 8 .9 1 .9 3

4 i 7 2 8 .2 2 8 .1 - .2 9 -5 I 9 4 5 .2 46 ,0 1 .8 8
5 7 3 4 .3 3 4 .2 - .2 4 -6 I 9 5 3 .3 54 .6 2 .1 7

-5 i 7 4i<ib 4 1 .7 1 .9 3 I I -9 2 5 .0 25 .1 .5 0
'6 i 7 4 1 .1 4 1 .2 .26 ■ - I I -9 2 2 .7 22 .5 - .5 3
I i ~7 20 .1 2 0 .0 - .1 2 2 I -9 2 8 .9 28 .8 - .2 7

- I i -7 1 7 .8 1 7 .6 - .6 6 —2 I -9 2 4 .0 24 .0 O 37
2 i -7 2 4 .1 2 4 .0 - .1 5 3 I -9 3 3 .8 33*7 - .2 2

-2 i -7 1 9 .9 1 9 .8 - .3 4 -3 I -9 2 7 .1 2 7 .2 ,5 2
3 i -7 2 9 .2 2 9 .2 .09 4 I -9 3 9 .8 3 9 ,6 - .2 8

-3 i -7 2 3 .7 2 3 .7 .03 -4 I -9 3 1 .8  ■ 3 1 .7 - .2 8
-4 i -7 2 8 .8 2 8 .7 - .0 1 5 I -9 4 6 .4 46 .7 .8 3

5 i -7 4 1 .9 4 2 .3 1 .1 0 -5 I -9 3 7 .1 3 7 .2 .45
-5 i -7 34 .7 3 4 .8 .36 -6 I -9 4 3 .8 4 3 .9 .2 4



I I '■! L

-1 4 5 -

h I i X
O

X
C

error# . h k I X
O

X
C

error#

7 I -9 6 6 .4 67 .1 1 .1 2 -2 I 12 3 5 .1 3 5 .7 1 .8 7
-7 I -9 5 1 .5 5 1 .8 .73 -4 I 12 4 5 .8 4 6 .5 1 .7 4

I I 10 2 3 .8 2 4 .0 1 .0 8 -5 I 12 5 3 .2 5 4 .1 1 .7 5
2 I 10 2 5 .1 2 5 .3 1 .0 6 -6 I 12 6 2 .9 64 .1 1 .9 1

-2 I . 10 29 .8 3 0 .4 2 .1 3 I I -12 3 3 .1 3 3 .2 .51
-3 I 10 3 4 ;8 3 5 .3 1 .5 0 - I I -12 3 0 .4 30 .4 .2 2
-4 I 10 4 0 .7 4 1 .3 1 .4 9 2 I -12 3 6 .8 3 6 .7 - .0 5
-5 I 10 ' 47 i 8 4 8 .4 1 .4 5 -2 I -12 3 1 .2 3 1 .3 .5 0
- 6 I " id 5 6 .3 5 7 .4 1 ,9 6 3 I -12 4 1 .2 41 .5 .8 3

I I -10 27^7 2 7 .7 .21 -3 I -12 3 3 .7 3 3 .7 .07
- I I. -1 0 2 5 .1 2 5 .1 .13 5 I -12 5 4 .9 5 5 .1 .48

2 I - I o 3 1 .2 3 1 .3 .51 -5 I -12 4 2 .3 4 2 .3 .2 0
-2 I -1 0 2 6 .4 2 6 .4 .01 -6 I -12 4 8 .5 48 .6 .2 6

3 I -1 0 3 6 .1 3 6 .1 .22 I I 13 3 1 .8 32 .0 .9 3
-3 I -1 0 2 9 .0 2 9 .2 .88 - I I 13 3 4 .4 3 5 .0 1 .9 0
-4 I -1 0 33:6 3 3 .4 - .4 6 2 I 13 3 2 .7 3 2 .8 .45

5 I -1 0 4 9 .0 4 9 .3 .65 -2 I 13 3 8 .1 3 8 .6 1 .3 1
-3 I - i d 3 8 .9 3 8 .7 - .2 9 -3 I 13 4 i .8 4 3 .4 3 .8 7
:r6 I - i d 5 ^ 8 5 8 .3 %88 -6 I 13 6 7 .1 68 .3 1 .9 2
-6 I -1 0 4 5 .0 4 5 .2 .60 I I -13 3 6 .1 3 6 .1 .1 9
"7 I - i d 7Q.2 7 1 .2 1 .5 0 - I I -13 3 3 .2 3 3 .2 .18
-7 I -1 0 5 2 .4 5 3 .1 .53  . 2 I -13 3 9 .8 3 9 .6 - .2 9
-8 i - I d 6 2 .9 63 .4 .93 -2 I -13 3 4 .0 3 4 .0 .0 0

I i : n 2 6 .2 26 i 6 1 .7 5 3 I -13 4 4 .0 4 4 .4 1 .0 8
—I i i i 2 8 .9 2 § .4  . 1 .8 5 -3  ' I -13 3 6 .0 36 .1 .47
-2 i i 3 2 .5 3 3 .0 1 .6 5 4 I -13 5 0 .5 50 .6 .27
-3 I i i 3 7 .1 3 7 .8 2 .0 6 - 4 I -13 3 9 .8 3 9 .6 - .2 9
-4 i i i 4 3 .1 4 3 .8 . 1 .7 4 5 I -13 5 8 .2 5 8 .5 .6 7
-5 i i i 5 0 .2 5 1 .1 1 .9 4 -5 I -13 4 3 .9 4 4 .4 1 .3 1
-6 i i i 5 9 .2 6 0 .5 2 .2 2 -8 I -13 6 9 .2 69 .9 1 .1 3

I i - i i 3 0 .3 3 0 .4 .56 I I 14 3 4 .5 3 4 .9 1 .3 2
- I i - i i 2 7 .7 2 7 .7 .21 . - I I 14 3 7 .5 3 8 .2 1 .3 9

2 i - i i 3 4 .0 3 4 .0 \Q 3 2 I 14- 3 5 .3 35 .5 .7 5
-2 i - i i 2 8 .9 2 8 .8 - .2 5 -2 I 14 4 0 .9 41 .5 1 .6 9

3 i - i i 3 8 .9 3 8 .7 - .2 9 -3 I 14 4 5 .8 4 6 .4 1 .4 6
-3 i - i i 3 1 .2 3 1 .4 .70 • -6 I l4 7 2 .3 73 .8 2 .2 1

4 i . - i i 4 4 .2 4 4 .7 1 .2 4 I I -14 3 9 .1 3 9 .1 .2 3
-5 i - i i 3 9 .8 4 0 .4 1 .7 3 - I I -14 3 6 .0 3 6 .1 .4 4
-6 i - i i 4 6 .8 4 6 .8 .09  ■ . 2 I -14 4 2 .6 4 2 .7 .3 2

7 i - i i 7 6 .0 7 6 .8 1 .0 5 -2 I .-1 4 3 6 .9 36 .7 - .3 7
I i 12 2 8 .9 2 9 .3 1 .5 1 -3 I -14 3 8 .7 3 8 .7 .1 6

- I i 12 3 1 .7 3 2 .1 1 .5 6 4 I _14 5 3 .7 5 3 .9 .5 2
2 i 12 3 0 .0 3 0 .2 .82 -4 I -14 4 2 .0 42 .1 .25



I l l  /■ \
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h k i XO XC e r r o r # h k I X 0 XC e r r o r #

5 I —14- 62 .1 6 2 .4 .63 - I I 18 5 0 .9  . 5 1 .5 1 .3 0
-5 I ■ -1 4 4 6 .8 4 6 .7 - .0 6 3 I - 1 8 " 6 2 .9 63 .4 .84

6 I • -14 7 5 .2 7 6 .1 1 .3 0 -3 I -18 5 0 .2 .50 .9 1 .4 3
-7 I -1 4 60 .7 6 0 .9 .47 4 I -18 7 2 .4 73 .1 1 .0 3
-8 I -14 -7 2 .8 7 3 .2 .67 -4 I -18 5 4 .0 5 3 .8 - .1 8

I I 15 37 »4 3 7 .9 1 .4 0 -5 I -18 5 8 .2 5 8 .4 .4 9
- I I 15 4 0 .7 4 i . i 1 .0 4 -7 I - l8 7 6 .0 76 .5 .7 5
-2 I 15 4 4 .0 4 4 .7 1 .7 0 - I I 19 5 4 .9 5 5 .6 1 .3 0
- 2 I 15 49 i0 ■49£7 1 .5 1 2 I -19 6 1 .4 61 .9 .8 4

I 15 5 5 .3 5 6 .3 1 .9 0 3 I -19 6 8 .5 69 .0 .84
I i -1 5 4 2 .2 4 2 .3 ' .36 -4 I -19 5 7 .5 5 7 .5 .4 9

- I i -1 5 3 9 .2 3 9 .1 - .0 5 -5 I -19 6 2 .1 6 2 .3 .41
'2 i -1 5 4 5 .8 4 5 .9 .37 -6 I -19 6 9 .2 6 9 .7 .85
-2 i -15 3 9 .3 39»6 - .3 5 - I I 20 5 9 .3 60 .1 l . 4 l
r3 - i -15 4 1 .0 4i .5 1 .2 4 2 .1 -20 6 6 .8 6 7 .4 .9 4

i -15 5 7 .3 5 7 .6 .3 2 3 I -20 7 6 .1 7 6 .9 1 .0 5
.T̂ t i -15 4 4 .7 4 4 .7 .02 -3 I -2 0 5 8 .3 5 8 .6 .6 0
'5 - I -15 6 6 .3 6 7 .1 1 .2 0 -5 I -20 6 6 .7 66 .9  . .3 2
-5 I -15 4 9 .1 4 9 .2 .37 -6 I -20 7 5 .5 75 .8 .49

i -15 6 3 .2 6 3 .7 i 90 2 I -21 7 4 .2 74 .7 .7 1
- I i -1 5 77^2 7 7 ,8 ,.8 0 -2 I -21 6 1 .8 61 .8 .0 4
Tl i .16 4 o ,7 4 i .o .7 9  . -3 I -21 6 3 .1 6 3 .3 .3 2
- I i 16 4 3 .9 4 4 .3 1 .1 1 -4 I ~ 2l 6 6 .2 66 .6 .6 8
"2 i • 16 4 6 .3 4 8 .1 3 .9 1 -2 I -22 6 6 .9 6 7 .3 062
-3 i 16 5 2 .3 5 3 .2 1 .9 0 -3 I -22 6 8 .5 6 8 .9 .5 9
-4 i 16 5 9 .3 6 0 .3 1 .7 6 -4 . I -22 7 2 .3 72 .8 .81
" I -16 4 5 .7 4 5 .6 - .0 2 -2 I -23 7 4 .0 74 .5 .7 5
- I i -16 4 2 .2 4 2 .3 .3 2 -3 I -23 7 6 .0 76 .6 .8 2
-2 I -16 4 2 .7 4 2 .7 .00 I 2 6 .5 6 .6 2 .4 8
-3 i -16 4 4 .3 4 4 .4 .30 - I 2 6 .4 6 .6 4 .0 8
-6 i -16 5 7 .9 5 8 .2 .60 3 2 1 9 .5 1 9 .4 —

-7 i -16 66 .5 6 7 .0 .86 -3 2 1 8 .7 19 .4 3 .8 5
I i 17 4 3 .9 4 4 .2 .87 4 2 2 6 .1 26 .2 .5 4

- I i 17 4 7 .1 4 7 .8 1 .58 -4 2 2 5 .6 26 .2 2 .5 1
-3 i 17 5 6 .3 5 7 .2 1 .6 2 ’ 5 2 3 3 .2 3 3 .5 .9 2
- I i -17 4 5 .7 4 5 .6 - .0 7 6 2 4 0 .9 4 l .4 1 .3 5
-2 i -17 4 5 .9  ■ 4 5 .9 .06 I 2 I 6 .0 6 .2 4 .6 8

3 i -17 5 8 .2 5 8 .7 .95 2 2 I 1 2 ,5 12 .4 - .3 5
4 i -17 6 6 .2 6 6 .8 .94 -2 2 I 1 2 .9 1 3 .4 4 .1 4

-4 i -17 5 0 .6 5 0 .5 - .0 5 3 2 I 1 8 .8 1 8 .9 .7 3
-5 i -17 5 5 .0 5 5 .0 .15 -3 2 I 1 9 .5 1 9 .9 2 .3 6
-7 i -1 7 7 0 .6 7 1 .1 .74 4 2 I 2 5 .6 25 .7 .4 9

I i 18 4 7 .1 4 7 .7 1 .3 5 5 2 I 3 2 .9 3 2 .9 .14
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h k I  ■ XO X-
C

e r r o r # ■ h k I XO X
C err®r%

(

-5 2 I 3 3 ,4 3 4 .1 2 .1 2 -6 2 3 4 3 .0 4 4 .0 2 .5 2
6 2 I 4 0 .5 4 0 .8 .81 7 2 3 4 8 .4 4 8 .9 1 .1 6

-6 2 I 4 l . l 4 2 .1 2 .4 8 8 2 ' 3 5 8 .8 5 9 .6 1 .5 3
9 2 I 7 8 .5 7 9 .7 1 .5 2 9 2 3 7 4 .6 76 .5 2 .6 6
I 2 - I 8 .0 7 .8 -1 .9 9 2 -3 8 .5 8 .5 .74
2 2 - I 1 3 .9 1 3 .7 - .7 2 I 2 -3 1 1 .6 11 .5 - .6 5

-2 2 - I 1 2 .3 1 2 .8 4 .4 2 - I 2 -3 9 .6 9 .7 1 ,6 1
2 - I 20;3 2 0 .2 - .3 9 2 2 -3 1 6 .7 1 6 .6 ™ O 4-0

-3 2 - I l8 i 8 ■19.2 2 .1 6 -2 2 -3 1 3 .8 1 4 .1 2 .3 2
5 2 - I 3 4 .d 3 4 .2 .84 3 2 -3 2 2 .5 2 2 .6 .63

' 5 2 - i 4 1 .3 4 2 .2 = .9 2 -3 2 -3 1 9 .4 1 9 .7 1 .9 9
7 2 - i 5 0 .6 5 l i 4 1 .7 7 -4 2 -3 2 5 .7 26 .1 1 .6 7

' I 2 .2 ■6;6 - 6 ;8 3 .5 1 5 2 -3 3 6 .1 3 6 .4 1 .0 7
2 2 1 2 .4 i2 i 4 .78 -5 2 -3 3 2 .5 3 3 .0 1 .7 2

3 2 .2 I 8 .9 # , 7 7 .5 6 6 2 -3 4 4 .0 4 4 .5 1 .3 2
-3 2 -,2 2 0 .1 2 0 .8 3 .5 2 -6 2 -3 3 9 .9 4 0 .7 2 .0 4

2 2 2 5 .2 2 5 .4 1 .0 9 7 2 -3 5 3 .2 5 4 .0 1 .6 8
-4 2 .2 2 7 .0 2 7 .6 2 .2 8 -7 2 -3 4 8 .4 4 9 .4 2 .2 1

2 .2 3 2 .6 3 2 .6 .04 8 2 -3 6 5 .9 66 .7 1 .2 4
-5 2 "2 3 4 .0 3 4 .9 2 .7 3 I 2 4 9 .5 9 .8 4 .1 2
-6 2 -2 4 2 .2 4 2 .9 1 .8 9 2 2 4 1 3 .6 1 3 .9 2 .8 7

7 2 2 48&6 4 9 i2 1 .3 8 -2 2 4 1 6 .5 1 7 .2 4 .7 8
~7 2 “2 5 1 .2 5 2 .3 2 .21 3 2 4 1 9 .2 1 9 .5 1 .6 7

9 2 2 7 6 .8 7 7 .7 1 .2 8 -3 2 4 2 2 .6 2 3 .3 3 .1 0
'■ 2 -2 6 .2 6 .1 - .4 6 4 2 4 2 5 .4 2 5 .7 1 .5 0
I 2 -2 9 .5 9 .5 .34 5 2 4 3 2 .3 3 2 .6 1 .0 5
2 2 -2 1 5 .3 1 5 .0 - 1 .5 2 -5 2 4 3 6 .1 3 7 .2 3 .0 6

-2 2 -2 1 2 .9 1 3 .2 2 .8 1 6 2 4 3 9 .9 4 0 .2 .80
'3 2 -2 2113 2 1 i3 ■ .01 -6 2 4 4 4 .2 45 .3 2 .6 6
-3 2 -2 1 8 .9 1 9 .3 2 .2 8 7 2 4 4 8 .2 4 8 .8 1 .3 8
-4 2 -2 2 5 .3 2 5 .9 2 .3 7 8 2 4 5 8 .6 5 9 .4 1 .4 7

5 2 -2 3 5 .0 3 5 .2 .81 -8 2 4 6 6 .3 68 .1 2 .7 8
-5 2 -2 3 2 i l 3 2 .9 2 .7 4 2 -4 1 0 .8 11 .0 1 .9 2

6 2 -2 4 2 .9 4 3 .3 1 .0 0 - I 2 -4 1 1 .6 11 .7 .8 6
-6 2 -2 4 0 .6 4 0 .7 1 .8 7 -2 2 -4 1 5 .4 1 5 .3 - .3 2
-7 2 -2 4 8 .8 4 9 ;6 ' 1 .6 6 -3 2 -4 2 0 .3 20 .5 1 .2 6

2 2 3 1 2 .6 1 3 .0 3 .3 8 4 2 -4 3 0 .3 3 0 .6 1 .2 9
-2 2 • 3 1 5 .0 1 5 .6 4 .6 6 -4 2 -4 2 6 .0 2606 2 .3 8

3 2 ■ 3 1 8 .6 1 8 .9 2 .1 0 -5 2 -4 3 2 .7 3 3 .3 2 .0 4
4 2 3 2 5 .1 2 5 .4 1 .5 6 7 2 -4 5 4 .9 5 5 .7 1 .5 7
5 2 3 3 2 .2 3 2 .5 .97 »7 2 -4 4 8 .9 4 9 .5 1 .3 0

-5 2 3 3 5 .0 3 5 .9 2 .7 5 8 2 -4 6 8 .0 6 9 .1 1 .6 5
6 2 3 4 0 .0 4 0 .2 .52 2 5 1 1 .0 11 .5 4 .7 3



1 1  Il_ _ _ _ _ _ _ _ _ I

-1 4 8 -

h k I X© X
C

e r r o r # h k I X
O

X
C e r r o r #

I 2 5 1 1 .5 1 1 .9 3 .6 9 3 2 7 2 2 . 7 22 .8 .73
2 2 5 1 5 .2 1 5 .3 .76 -4 2 7 3 3 .8 3 4 .9 3 .2 7

—2 2 5 1 8 .5 1 9 .1 3 .2 6 5 2 7 33*9 3 4 .3 1 .4 5
3 2 5 2 0 .1 2 0 .3 1 .3 2 -5 2 ■7 4 1 .2 4 2 .1 2 .2 2

-3 2 5 2 4 .1 2 4 .8 3 .2 7 6 2 7 4 1 .9 41 .5 = .89
4 2 '5 2 6 .0 2 6 .3 1 .2 7 -7 2 7 5 9 .6 61 .1 2 .6 0

-6 2 5 4 5 .9 4 6 .8 2 .1 4 2 -7 1 8 .5 1 8 .5 .32
7 2 5 4 8 .4 4 8 .9 1 .2 0 I 2 “ 7 2 0 .8 20 .8 .17

-7 2 5 5 5 .1 5 6 .7 3 .0 6 - I 2 -7 1 8 .2 18 .4 1 .4 8
8 2 ‘ 5 5 8 .9 5 9 .4 .97 2 2 -7 2 4 .7 24 .8 .4 2

-8 2 "5 6 8 .9 7 0 .7 2 .6 9 -2 2 -7 2 0 .4 20 .5 .9 4
2 -5 1 3 .4 1 3 .4 «66 3 2 -7 3 0 .0 29 .9 - . 0 5

- I 2 - 3 1 3 .8 1 3 .8 .27 4 2 -7 3 5 .9 36 .1 .66
2 2 -3 2 0 .5 2 0 .4 6 .4 3 . 6 2 -7 5 1 .1 5 1 .7 1 .2 6

- 2 2 - 5 . 3:6.7 1 6 .8 1 .0 6 2 8 1 8 .5 1 9 .0 3 .2 2
3 2 -3 2 5 i$ 2 5 .9 .24 I 2 8 1 8 .4 18 .8 2 .3 6

- 3 2 -3 21 .5 2 1 .6 .51 2 2 8 2 0 .4 20 .7 1 .7 9
"4 2 -3 3 2 .0 3 2 .3 1 .0 2 -2 2 8 2 4 .5 25 .5 4 .1 1
-5 2 . -5 3 3 4 3 3 .9 2 .4 3 3 2 8 2 4 ,0 24 .4 1 .9 2
-6 2 -3 4 0 .7 •41.2 1 .4 3  . -4 2 8 3 6 .0 3 6 .9 2 .5 8

7 2 -5 5 6 i8 5 7 .7 1 .5 8 5 2 8 3 5 .1 ' 35 .4 .8 9
.8 2 -5 70 .8 7 2 .1 1 .8 8 6 2 8 4 1 .9 4 2 .3 1 .1 4

2 .6 1 3 .4 1 4 .0 4 .5 5 9 2 8 7 7 .1 77 .8 .9 7
:"2 2 6 1 6 .6 16=9 1 .9 5 2 -8 2 1 .3 21 .1 = 067
” 2 2 ...6 2 0 .2 2 1 .0 4 ,4 4 I "2 -8 2 3 .4 2 3 .3 - .1 2
-3 2 :6 2 6 .0 2 6 .6 2 .5 7 - I 2 -8 2 0 .8 2 0 .9 .5 6

4 2 6 2 6 .7 2 7 .I 1 .6 2 -2 2 -8 2 2 .5 22 .7 .8 9
5 2 :6 33-2 3 3 i$ 1 .1 6 4-- 2 -8 3 7 .9 3 8 .3 1 .0 7

-5 2 "6 3 9 .3 4 0 .2 2 .5 0 6 2 -8 5 3 .3 5 4 .1 1 .5 7
6 2 ■ -6 4 0 .2 4 0 .8 I .69 2 9 2 1 .2 21 .7 2 .3 7

-7 2 6 5 7 .1 5 8 .8 2 .9 9 I 2 9 2 0 .8 21 .3 2 .4 5
-8 2 6 7 1 .7 7 4 .1 3 .3 6 - I 2 9 2 3 .1 2 4 .0 3 .9 8

2 -6 1 6 .0 1 6 .0 .03 -2 2 9 2 7 .3 27*8 2 .1 8
I 2 -6 1 8 .4 1 8 . 3 - .1 3 3 2 9 2 5 .9 2 6 .2 1 .3 3
2 2 -6 2 2 .5 2 2 .5 . ! 9 -3 2 9 3 2 .1 32 .9 2 .7 6
3 2 -6 -27 i 9 2728 - .0 1 4 2 9 3 0 .3 3 0 ,9 1 .9 8
4 2 -6 3 3 .9 3 4 .1 .72 -4 - 2 9 3 8 .3 3 9 .1 2 .1 5

-3 2 -6 3 4 .0 3 4 .6 1 .9 4 5 2 9- 3 6 .1 3 6 .6 1 ,4 9
-6 2. -6 4 i . i 4 l . 8 1 .9 1 -5 2 9 4 5 .0 4 6 .3 3 .0 8

2 7 1 5 .9 1 6 .5 3 .9 8 6 2 9 4 3 .0 4 3 .4 1 .0 3
I 2 7 1 5 .9 1 6 .4 3 .3 6 7 2 9 5 1 .1 5 1 .5 =94

- I 2 7 1 8 .4 1 9 .0 3 .3 6 -7 2 9 6 5 .2 67 . I 2 .9 8
2 2 7 1 8 .4 1 8 .7 1 .9 3 2 -9 2 3 .8 23 .8 .01

"I!

I
I

'I



-1 4 9 -

h k I XO X
C

e r r o r # h k I X
O

X
C

e r r o r #

I 2 -9 2 5 .9 2 5 .9 .2 9 2 -12 3 1 .8 3 2 .1 1 .0 1
- I 2 -9 2 3 .4 2 3 .4 .1 6 I 2 -12 3 4 .0 3 4 .2 .8 3

2 2 -9 2 9 .6 2 9 .6 .24 - I 2 -12 3 1 .0 3 1 .4 1 ,5 0
-2 2 -9 2 4 .7 2 4 .9 .9 7 2 2 -1 2 3 7 .2 3 7 .8 1 .6 8

4 2 -9 4 0 .0 4o*6 1 .6 1 -2 2 -12 3 2 .0 3 2 .3 1 .1 2
'5 2 • -9 4 7 .2 4 7 .8 1 .4 6 . 3 2 -1 2 4 2 .0 4 2 .6 1 .5 7
6 2 -9 - 5 6 .0 5 6 .8 1 .4 8 4 2 -1 2 4 8 .0 4 8 .8 1 .7 2

2 10 2 3 .5 2 4 .3 3 .6 6 2 13 3 1 .7 3 2 .7 3 .2 3
I 2 10 2 3 .2 2 3 .8 2 .8 3 - I 2 13 3 4 .0 3 4 .9 2 .8 8
2 2 10 2 4 .7 2 5 .2 2 .0 3 3 2 13 3 4 .3 3 4 .9 1 .9 8

-2 2 10 2 9 ,2 4 .1 0 4 2 13 3 8 .0 3 8 .6 1 .60
-5 2 id 3 4 .5 2 5 .3 2 .5 7 -5 2 13 5 6 .2 5 7 .8 2 .9 6
-4 2 10 4 o .4 4 l .4 2 .7 1 -6 2 13 6 7 .1 6 9 .2 3 .2 5

6 2 10 4 4 .1 4 4 .7 1 .3 9 7 2 13 5 7 .1 5 7 .8 1 .3 4
7 2 10 5 2 .1 5 2 .7 1 .3 0 8 2 13 6 8 .6 6 9 .2 .9 9  .

2 -1 0 2 6 .7 2 6 .5 - .7 2 2 -13 3 4 .6 3 5 .0 1 .3 3
- I 2 -10 2 5 .9 2 6 .0 >51 I 2 -13 3 6 .8 3 7 .2 1 .2 3

2 2 -1 0 3 2 .1 3 2 ,2 .53 - I 2 -13 3 4 .0 3 4 .3 .9 4
—2 2 -10 2 7 .0 2 7 .3 1 .1 1 -2 2 -13 3 3 .0 3 5 .0 .1 7

3 2 -10 3 6 .9 3 7 .1 .63 3 2 -13 4 5 .1 4 5 .6 1 .3 1
4 2 -10 . 4 2 .5 4 3 .1 1 .5 7 2 14 3 4 .8 3 5 .6 2 .5 5
5 2 -10 4 9 .9 5 0 .5 1 .2 6 I 2 14 3 4 .0 3 4 .8 2 .4 6
6 2 -10 5 8 .8 5 9 .8 1 .8 3 ' -2 2 14 4 0 .7 4 i ,6 2 .2 6

2 11 2 6 .3 2 7 .0 2 .9 5 3 2 14 ■ 3 7 .1 3 7 .5 1 .1 6
2 2 11 2 7 .0 2 7 .6 2 .2 2 4 2 14 4 0 .6 40 .9 .91

-3 2 11 3 7 .0 3 7 .9 2 .5 4 5 2 14 4 5 .0 4 5 .7 1 ,6 6
4 2 11 3 3 .9 3 4 .4 1 .4 7 -6 2 14 7 2 .5 7 5 .1 3 .6 2
5 2 11 3 9 .1 3 9 .6 1 .5 1 7 2 14 3 9 .6 60 .1 .89

-5 2 11 50.-4 5 1 .5 2 .2 8 8 2 14 71.5 ' 72 .3 1 .1 7
6 2 11 4 5 .7 4 6 .1 1 .0 8 2 -14 3 7 .8 3 8 .1 .8 3

2 -11 29*3 2 9 .2 - .0 8 - I 2 -14 3 6 .5 3 7 .2 2 .1 5
I 2 -11 3 1 .1 3 1 .4 1 .0 3 -2 2 -14 3 7 .2 37 .8 1 .8 6
2 2 -1 1 3 4 .9 3 4 .9 .24 4 2 -14 5 4 .5 5 5 .5 1 .8 9

-2 2 -1 1 2 9 .4 2 9 .7 1 .27 2 15 3 8 .0 3 8 ,7 2 .0 1
6 2 - I l 6 2 i l 63^3 2 .0 7 4 2 15 4 3 .1 4 3 .5 .9 7
2 2 12 29 .8 3 0 .1 1 .0 3 7 2 15 6 2 .1 62 .7 1 .0 8
3 2 12 3 2 .1 3 2 .5 1 .4 8 8 2 15 7 3 .3 76 .4 1 .4 6
4 2 12 3 6 .0 3 6 .4 1 .1 6 I 2 -15 4 2 .9 4 3 .6 1 .6 5
5 2 12 4 l.O ■41.5 1 .2 5 4 2 -15 5 8 .2 5 9 .4 2 .1 6

-5 2 12 5 3 .2 5 4 .5 2 .5 1 2 16 4 l.O 41 .9 2 .3 9
-6 2 12 ' 6 3 .1 64 .8 2 .7 6 5 2 16 5 0 .2 5 0 .8 1 .3 0

7 , g 12 5 5 .1 5 5 .9 1 .4 6  • 7 2 16 65 . I 65 .8 1 .1 9
8 2 12 66 .0 66 .8 1 .2 8 2 - l 6 4 3 .9 44 .6 1 .7P



-150- (

- h k I X
O

X
C

e r r o r # h k I X
O

X
C

e r r o r #

I .2 -16 4 6 .5 4 7 .0 1 .2 0 -8 3 I 6 3 .9 6 5 .2 2 .0 8
- I 2 -16 4 2 .8 4 5 .6 1 .9 4 I 3 - I 8 .7 8 .4 - 2 .6 2

2 2 -16 5 0 .2 5 0 .8 1 .3 8 2 3 - I 1 4 .7 1 4 .3 -2 .3 7
4 • 2 -16 6 2 .6 6 3 .9 2 .2 0 3 3 - I 2 1 .2 2 0 .8 -1 .7 7

2 17 4 4 .2 4 5 .3 2 .6 4 4 3 - I 2 8 .0 2 7 .7 — .9 6
- I 2 17 4 6 .8 4 7 .8 2 .3 2 -4 3 - I 2 6 .1 26 .6 2 .0 5
-2 2 17 5 0 .9 5 1 .8 1 .8 7 6 3 - I 4 3 .8 4 3 .4 - .8 7

5 2 17 5 3 .1 5 3 .7 1 .3 1 -6 3 - I 4 1 .2 4 2 .0 2 .1 3
7 2 17 6 8 .9 6 9 .6 1 .0 7 8 3 - I 6 5 .7 65 .5 - .1 9

- I 2 -17 4 6 .3 4 7 .0 1 .6 7 -8 3 - I 6 2 .0 63 .2 2 .0 8
2 2 -17 5 3 .9 5 4 .8 1 .6 8 I 3 2 6 .9 6 .9 1 .3 2
I 2 18 4 6 .9 4 7 .7 1 .7 8 2 3 2 1 2 .9 1 2 .7 -1 .1 3

- I 2 18 5 0 .6 5 1 .6 2 .0 6 3 3 2 1 9 .4 19 .1 -1 .1 7
-2 2 18 5 4 .6 5 5 .8 2 .2 9 4 3 2 2 6 .2 2 5 .9 - .7 6

5 2 18 5 6 ,3 5 7 .0 1 .3 7 -4 3 2 2 6 .9 28 .1 4 .8 0
6 2 18 6 3 .0 6 3 .7 1 .1 9 5 3 2 3 3 .3 3 3 .3 .0 4

.2 2 -18 5 8 .4 5 9 .1 1 .3 0 -5 3 2 3 4 .4 3 5 .6 3 .7 6
-2 2 -18 5 0 .0 5 0 .9 1 .8 6 6 3 2 4 l .8 4 1 .3 - 1 .0 8
- I 2 19 5 4 .5 5 5 .7 2 .2 8 -6 3 2 4 3 .1 4 4 .0 2 .1 3

2 2 19 5 0 .6 5 1 .5 1 .8 5 7 3 2 5 0 .9 5 0 .5 - .6 8
-2 2 19 5 8 .9 6 0 .3 2 .4 3 -8 3 2 6 5 .2 6 6 .6 2 .2 8

5 2 19 5 9 .9 6 0 .7 1 .4 5 I 3 -2 1 0 .3 1 0 .2 - .5 7
6 2 19 6?;6 6 7 .9 1 .4 8 3 -2 8 .5 8 .8 4 .5 3

-2 2 -1 9 5 4 .0 5 4 18 .1 .5 4 2 3 -2 1 6 ,0 1 5 .7 -1 .8 3
2 § 20 5 4 .8 5 5 .5 1 .3 0 -2 3 -2 1 3 .4 1 3 .9 3 ,7 9

rS ■ 2 20 7 2 .2 7 3 .4 1 .6 7 3 3 -2 2 2 .1 21 .9 - .5 1
2 2 21 5 9 .2 5 9 .9 1 .2 8 -3 3 -2 1 9 .1 1 9 .9 4 .6 7
I 3 7 .2 7 .1 - .3 4 4 3 -2 2 9 .0 28 .8 -065

' 2 3 , 1 3 .6 1 3 .3 -1 ,7 6 -4 3 -2 2 6 .2 26 .6 1 .7 2
4 3 2 7 .1 2 6 .8 -»76 -5 3 -2 3 3 .2 3 3 .8 2 .0 4

-4 3 -T 25;8 26 i 8 '4 .2 3 8 3 -2 6 7 .2 67 .4 .31
5 ' 3 3.4*7 3 4 .3 - 1 .0 8 I 3 3 8 .0 8 .1 1 .9 6

-5 . 3 2 3 .0 3 4 .3 4 .0 1 2 3 3 1 3 .2 13 .1 - .0 3
-6 3 ! 4 1 .7 4 2 .5 i .9 3 3 3 3 1 9 .5 1 9 .3 -1 .0 0

8 3 6 4 .0 64 .1 .16 4 3 3 2 6 .1 25 .9 - .5 2
-8 3 6 2 .9 6 4 .1 1 .9 2 -4 3 3 2 8 .0 2 9 .2 4 .3 2

I 3 i 6 .7 6 .6 -1 .1 3 5 3 3 3 3 .3 3 3 .1
2 3 i 1 3 .0 1 2 .8 .-1 .4 5 -5 3 3 3 5 .5 3 6 .7 3 .4 2
3 3 i 1 9 .7 1 9 .3 -1 .5 7 6 3 3 4 1 .3 4 l .0 - ,5 0
4 3 i 2 6 .7 2 6 .3 -1 .4 5 -6 3 3 4 4 .2 4 5 .1 2 .0 4

-4 3 i 2 6 .2 2 7 .4 4 .6 3 7 3 3 5 0 .2 5 0 .1 -o03
5 3 i 3 4 .0 3 3 .7 - .8 6 I 3 -3 1 2 .4 1 2 .2 -087
7 3 i 5 1 .3 5 1 .1 - .3 0 - I 3 -3 1 0 .4 10 .5 1 .7 0



-151-

h  . k . I X
O

X - C error% h k I X
O

X C error#

2 3 -3 1 7 .7 1 7 .3 -1 .9 7 -3 3 -5 2 2 .2 22 .4 1 .2 5
-2 3 -3 1 4 .5 1 4 .8 2 .4 0 4 3 -5 3 3 .8 3 3 .3 -1 .3 3

3 3 -3 2 3 .8 2 3 .4 -1 .6 7 -4 3 -5 2 8 .0 28 .2 1 .0 5
-3 3 -3 1 9 .9 2 0 .5 3 .1 0 5 3 -5 4 l . o 4 0 .7 - .7 2

4 3 -3 3 0 .1 3 0 .1 '.0 5 -5 3 -5 3 4 .7 3 4 .9 .7 5
-4 3 -3 2 6 .7 2 6 .9 .8 9 . 6 3 -5 4 9 .5 4 9 .2 — .5 4
'5 3 -3 3 7 .8 3 7 .5 - ,7 3 -6 3 -5 4 1 .5 42 .5 3 .0 2
-5 3 -3 3 3 .4 3 4 .0 ■ 1 .8 1 -7 3 -5 5 0 .7 5 1 .4 1 .4 4
-6 3 -3 4 l .o 4 l .8 2 .1 3 2 3 6 1 6 .8 16 .9 .9 4

2 3 4 1 4 .2 1 4 .0 — .74 3 3 6 2 1 .9 21 .6 -1 .0 1
3 ' 3 4 2 0 .0 1 9 .7 -1 .0 9 4 3 6 2 7 .8 27 .4 - 1 .1 3
4 3 .4 26 .5 2 6 «; 2 -1 .1 1 -4 3 6 3 2 .1 3 3 .5 4 .6 3

-4 3 4 2 9 i 2 3 0 .4 4 .3 1 -5 3 6 3 9 .8 4 l.O 3 .1 1
-5 3 4 3 6 .6 3 7 .9 3 .6 8 6 3 6 4 1 .9 4 l .6 - .5 8
-7 3 4 5 5 .1 5 6 .5 2 .6 1 -7 3 6 5 9 .2 60*4 2 .1 0
-8 3 4 68^0 7 0 .8 4 .2 4 -8 3 6 7 5 .1 78 .0 3 .9 6

I 3 -4 1 4 .7 1 4 .5 -1 .2 3 ' I 3 -6 1 9 .7 1 9 .3 -2 .0 0
- I 3 -4 1 2 .5 1 2 .5 .53 - I 3 -6 1 7 .0 17 .0 .3 3
,2 3 -4 1 9 .6 1 9 .2 -1 .9 2 ■2 3 -6 2 3 .7 25 .4 ^ .93
-2 3 -4 15^9 1 6 .1 1 .5 7 -2 3 -6 1 9 .4 19 .5 .88

3 -4 2 5 .2 2 5 .0 4 .6 3 3 3 -6 2 9 .1 28 .8 - .7 3
-3 3 -4 2 1 .0 2 1 .3 1 .6 9  . -3 3 -6 2 3 .7 25 .8 .65
-4 3 -4 2 7 .1 2 7 .4 1 .4 3 4 3 “6 3 5 .6 3 5 .2 - .9 7

5 3 - 4 29^1 3 9 .0 - .2 2 -4 3 -6 2 9 .0 29 .3 1 .1 8
-5 3 -4 3 3 .8 3 4 .3 1 .6 8 5 3. -6 4 2 .9 42 .6 ™ e 69

B 3 -4 4 7 .7 47 i 4 - .5 4 7 3 -6 62 .5 62 ,2 - .3 3
-6 3 -4 41^2 4 2 .1 2 .1 9 -7 3 -6 5 1 .1 5 2 .0 1 .7 6
'7 3 -4 5 7 .9 5 7 .6 - .3 8 I 3 7 1 5 .7 1 6 .3 4 .2 8
-7 3 -4 5 0 .0 5 1 .0 2 .1 8 2 3 7 1 8 .3 18 .7 2 .6 4
-8 3 -4 60 .9 6 2 .4 2 .6 2 3 3 7 2 5 .1 25 .0 - .2 8

2 3 .5 1 5 .4 1 5 .3 4*17 -3 3 7 2 7 .8 2 8 .9 4 .1 9
,3 3 ;5 20 .8 2 0 .5 —l .o 4 4 3 7 2 8 .5 28 .5 .0 1
4 3 5 2 7 .0 26;7 - I .05 -4 3 7 3 4 .0 3 5 .4 4 .2 4

-4 3 ”5 3 0 .6 3 i ; 9 4 .3 2 5 3 7 3 4 .9 3 4 .9 .0 3
-5 3 "5 2 ,^ 0 3 9 .3 3 .6 5 -5 3 7 4 l . 4 4 2 .8 3 .6 0

6 3 ’5 4 1 .3 4 i . 2 - .1 2 —6 3 7 4 9 .9 5 1 .6 3 .5 5
-7 3 5 3 6 .9 5 8 .3 2 .5 2 1 3 -7 2 2 .0 21 .8 - .7 8
-8 3 5 7 1 .3 7 3 .9 3 .3 6 -1 3 -7 19-.3 1 9 .4 .8 8

I 3 -5 1 7 .0 1 6 .8 T.79 2 3 -7 2 6 .0 25 .8 - .7 1
- I 3 -5 1 4 .8 1 4 .7 - .3 6 -2 3 -7 2 1 .5 21 .5 .3 9

2 3 -5 2 1 .6 2 1 .2 -1 .5 0 3 3 -7 3 1 .3 3 1 .0 - .7 7
-2 3 -5 1 7 .7 1 7 .7 .25 -3 3 -7 2 5 .3 2 5 .4 .61

3 3 -5 2 7 .0 2 6 .8 - .4 6 4 3 -7 3 7 .8 3 7 .3 -1 .2 1



152-

h k I X
O

X
C

error# . h k I X
O

X
C

error#

-4 3 -7 3 0 .3 3 0 .6 1 .0 4 I 3 -IG 2 9 . 9 - 2 9 .8 - .1 3
5 3 -7 4 3 .0 4 4 .7 - .6 5 - I 3 -IO 2 7 .2 . 2 7 .2 .04
6 3 -7 5 3 .8 5 3 .5 - .4 6 2 3 -10 3 3 .7 3 3 .5 - .5 1

-7 3 -7 3 2 .1 5 2 .7 1 .3 3 -2 3 -10 2 8 .5 2 8 .4 - .0 3
—8 3 -7 6 2 .8 64 .1 2 .1 4 3 3 —10 3 8 .7 3 8 .4 -o52

I 3 8 1 8 .0 1 8 .7 4 .4 1 -3 3 -10 3 1 .1 3 1 .3 .90
3 ‘8 2 0 .6 2 1 .5 4 .5 6 -4 3 -10 3 5 .2 3 5 .6 1 .3 2

-2 3 8 24 ,3 2 5 .7 4 .9 1 5 3 -10 5 2 .6 5 2 .4 - .3 7
-4 3 '8 3^ k2 3 7 .4 3 .5 4 -5 3 -10 4 0 .9 4 1 .2 .7 4
“5 3 '8 3 6 .1 3 5 .9 - .5 0 6 ■ 3 —10 6 2 .7 62 .4 - .4 3
-5 3 8 4 3 .5 4 4 .9 3 .3 4 -6 3 -10 4 7 .6 4 8 .0 .9 4
-6 3 8 5 2 .3 5 3 .9 3 .1 1 -7 3 -10 5 5 .3 5 6 .6 2 .4 l

I 3 -8 24 .3 2 4 .4 - .3 0 -8 . .3 -10 6 7 .5 68 .6 1 .6 6
- I 3 -8 2 2 .0 2 1 .9 - .1 3 I  . 3 11 2 5 .9 2 6 .5 2 .4 7
, 2 3 -8 2 8 .3 2 8 .2 - .8 1 - I 3 11 2 8 .4 29 .4 3 .8 3
-2 3 -8 2 3 .8 2 3 .7 - .1 9 2 3 11 2 7 .1 2 7 .7 2 .2 3
-3 3 -8 2 7 .0 2 7 .2 .95 -3 3 11 3 7 .0 3 8 .3 3 .7 7

4 3 -8 4 o .o 3 9 .6 - .9 7 -4 3 11 4 3 .5 4 4 .7 2 .8 2
-5 3 -8 3 7 .7 3 8 .0 .99 3 11 6 0 .4 62 .7 3 .8 3
.6 3 -8 3 6 ,2 5 6 .1 - .1 1 -1 3 -11 3 0 .0 29 .9 - .1 3
-8 3 -8 6 4 .2 6 5 .2 1 .6 8 2 3 -11 3 6 .6 3 6 .3 - .7 0

I 3 9 20 .5 2 1 .3 3 .9 0 -2 3 -11 3 1 .0 3 1 .0 .1 2
- I 3 "9- 2 3 .1 ■ 2 4 .1 4 .3 6 3 3 -11- 4 1 .5 4 1 .2 - .4 9
'2 3 9 2 2 .4 2 2 .9 2 .5 4 -3 3 -11 3 2 .9 3 3 .6 2 .3 7
-2 3 9 2 7 .0 2 8 .1 4 .1 3 -4  ■ 3 -11 3 7 .5 3 7 .7 .6 0
-3 3 9 3 2 .0 3 3 .3 4 .2 7 -5 3 -11 4 2 .9 43 .0 .41
-6 3 9 5 4 .9 5 6 .4 2 .8 7 6 ,3 -11 6 6 .3 66 .3 .1 3

I 3 -9 2 7 .2 2 7 .1 - .3 6 -6 3 -11 4 9 .5 4 9 .8 .6 4
- I 3 -9 2 4 .6 2 4 .5 *»o20 - 7 . 3 - a i 5 7 .7 5 8 .4 1 .2 9
"2 3 -9 3 1 .0 3 0 ,8 -■.52 1 3 12 2 8 ,5 2 9 .2 2 .7 4
-2 3 -9 2 6 .1 26 .O - .1 5 2 3 ..12 2 9 .6 3 0 .2 2 .1 9
-3 3 -9 2 9 :0 2 9 .2 .81 -2 3 12 3 4 .9 36 .0 3 .3 8

4 3 -9 4 2 .2 4 2 .0 —.32 -3 3 12 3 9 .9 4 l . l 3 .1 4
-4 3 -9. 3 3 .7 3 3 .7 .26 2 3 -1 2 3 9 .5 3 9 .2 - .5 2
-5 3 -9 39.1% ,39:5 1 .1 1 -2 3 -12 3 3 .7 3 3 .7 .0 3
-6 3 -9 4 5 .6  - 4 6 ,5 1 .9 9 3 3 -12 4 4 .3 4 4 .2 - .0 5
-8 3 -9 6 5 .8 66 .7 1 .4 5 -3 3 -12 3 5 .0 3 6 .1 3 .2 4

I 3 10 2 3 .1 2 3 .8 3 .3 8 -4 3 -12 3 9 .8 3 9 .9 .43
- I 3 10 25 .8 2 6 .7 3 .7 0 -5 3 -12 4 5 .0 4 5 .1 .35

2 3 10 24 .8 2 5 .2 1 .9 2 6 3 -12 7 1 .2 71 .3 .14
%2 3 10 2 9 .9 3 0 .6 2 .5 0 -7 3 -12 5 9 .9 60 .5 1 .1 2
-3 3 10 3 4 .5 3 5 .8 3 .7 7 -2 3 13 3 7 .9 3 8 .9 2 .8 9
„4 3 10 4 l.O 4 2 .1 2 .7 3 -3 3 13 4 3 .0 44 .0 2 .5 4
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h k I XO XC error# h k I XO XC error#

2 3 -13 42.5 42.4 - .2 2 - I 3 -18 52.9 53.0 ,2 0
-2 3 -13 3 6 .3 36.5 .57 2 3 -18 6 2 .0 62.0 .09
3 3 -13 4 7 .8 47.4 - .6 9 -3 3 -18 5 4 .9 54.8 - .0 4

-3 3 -13 3 8 .7 3 8 .7 .12 -6 3 -18 71.0 71.9 1.4o
-4 3 -13 42.2 42.4 .-48 I 3 -19 62.1 62.1 .14
-3  - 3 -13 48.5 47.4 -2 .13  . - I 3 -19 57.5 57.3 — .28
-6 3 -13 5 3 .8 . 54.1 .57 2 3 -19 67.7 67 .7 .11
-7 3 -13 62.2 63.O 1.40 -2 3 -19 56.0 5 7 .3 2.49
-8 3 -13 76.6 7 8 .2 2.18 -4 3 -19 62.1 62.5 .6 8

2 3 14 3 5 .2 35.6 1 .4 l -5 3 -19 6 7 .8 6 8 .3 .7 9
-5 3 14 6Q.9 63.0 3 .5 7 I 3 -20 6 7 .9 68.0 .28

2 ■ 3 -14 45.9 45.7 ^.42 - I 3 -20 62.1 62.2 .24
—2 3 ■ -14 3 9 .2 3 9 .4 : .63 -2 3 -20 61.9 62.1 .45
3 3 -14 51.1 50.9 - .3 7 -4 3 —20 6 7 .5 67.6 .28

-3 3 -14 41.7 41.5 - .4 0 -5 3 -20 74.0 74.7 .9 7
5 3 -14 6 7 .9 6 7 ,8 - .0 2 I 3 -21 7 5 .9 7 6 .1 .3 7

-3 3 -14 4 8 .4 50.0 3*31 -I 3 -21 68.0 68.1 .2 3
-6 3 -14 56.2 56.6 .8 6 -2 3 -21 67.8 6 7 .9 .71
I 3 15 3 7 .2 38.1 2.42 -4 3 -21 7 4 .0 74.4 .65
2 3 15 3 7 .9 38.6 1 .8 9 - I 3 -22 7 6 .0 76.2 .3 6
I 3 -15 45.6 45.3 - .4 6 2 4 14.1 1 3 .8 -1 .8 9

-2 3 t15 42.6 42.5 - .1 1 3 4 21.0 2 0 .6 -1 .89
3 3 -15 55.0 54.6 - .5 8 4 4 2 8 .2 2 7 .7 -1 .51

-3 3 -15 44.2 44.4 .67 5 4 3 5 .9 35.4 -1 .13
4 3 -15 62.2 62.2 .05 -5 4 • 34.1 35.4 4 .0 8
3 3 -15 74.0 74.1 .20 6 4 44.4 44.0 —.74

.-3 3 "15 5Z.5 52^8 .59 -6 4 43.1 44.0 2.24
- P 3 ■ 16 4 3 .9 4 4 .8 2.19 7 4 54.4 54.1 - .4 5
-2 3 16 47.8 4 8 .8 2.12 I 4 I 6 .8 6.7 —.26
I 3 -16 49.1 49.0 — .16 2 4 I 13.5 13.1 -2 .47

- I 3 -16 45.2 4 5 .4 .56 3 4 I 20.2 19.9 -1 .20
-2  ■ 3 -16 ■45.7 45.8 .31 -3 4 I 20.3 21.0 3 .6 0
-3 3 -16 4 7 .7 4 7 .6 - .0 4 4 4 I 27.4 2 7 .1 -1 .03

4 3 -16 67.6 6 7 .3 - .3 3 -4 4 I 2 7 .5 2 8 .2 2.75
- 6 3 -16 62,2 62.9 1.27 5 4 I 35.2 34.7 —I«l4
-7 3 -16 7 3 .0 74.2 1.74 • -5 4 I 35.1 36.0 2i68
I 3 17 4 3 .9 44.6 1.74 6 4 I 43.8 4 3 .2 -1 .15
I 3 -17 5 3 .0 5 2 .9 —.09 -6 4 I 43.8 44.7 2 .0 6

- I 3 -17 49.1 49.0 - .0 3 7 4 I 5 3 .7  . 53.2 — 089
-3 3 -17 5 1 .0 51.0 .2 2 -8 4 I 66.8 69.0 3 .3 7

4 3 -17 74.0 74.0 .11 I 4 -I 9 .3 &.9 -3 ,3 2
-6 3 -17 66.2 66.9 1.19 2 4 -I 1 5 .3 14.9 -2 .3 5

I 3 -18 5 7 .4 5 7 .2 ■ - .2 1 4 4 -I 29.0 28.6 -1 .05
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h k I X
O

X
9

error# h k I X
O

X
C

error#

-4 4 - I 27.0 27.5 2.08 -4 4 -3 27.6 27.9 1 .3 9
5 4 - I 3 6 .9 36.4 -1 .28 5 4 -3 3 9 .3 3 8 .9 - .8 3

-5 4 - I 34.5 35.1 1.98 ■ 6 4 -3 48.0 47.7 - .4 7
-6 4 - I 42.9 4 3 .6 1.77 -6 4 -3 42.7 43.5 1.96

7 4 -I 55.8 55.3 — .82 2 4 4 14.3 14.2 - .6 6
-8 4 - I 64.8 66.8 3.20 3 4 4 20.2 20.1 - .2 4

I 4. 2 i 7 .1 6 i9 -1 .76 -4 4 4 30.1 31.2 3 .8 7
2 4 - 2 13.2 13.0 -1 .48 5 4 4 34.5 34.1 - .9 4
4 4 2 27 .i 26.7 -1 .34 -5 4 4 ■ 38.2 39.0 2 .3 2

-4 4 ■ 2 28.1 29.0 3.24 6 4 4 42,8 42,3 -1 .03
“ 6  ■■ 4 2 44.7 45.5 1.95 -6 4 4 47.0 48.0 2.14

7 4 2 52.9 52.5 — »69 -7 4 4 ' 57.5 5 8 .9 2.51
-8 4 2 68.7 70.7 3.00 -8 4 4 73.2 76.0 3 .9 2

4 -2 7.8 7.7 - .4 0 4 -4 13.0 12.7 - I .  81
I 4 —2 11.1 • 10.8 -1 .87 I 4 -4 15.8 1 5 .3 -2 .65

- I 4 -2 ■ 9.1 9 .3 4.89 - I 4 -4 - 13.3 13.4 .9 7
2 4 -2 16.9 16.4 -2 .90 -2 4 -4 16.8 17.0 1.33

-2 4 -2 14.0 14.5 4.15 3 4 -4 26.6 26.0 -1 .92
3 ■4- -2 25.2 22.8 -1 .59 -3- 4 -4 22.0 22.3 1.43

-3 • 4 -2 20.2 20.7 2,90 4 4 -4 34.2 32.8 - 3 .8 2
4 4 -2 30.1 2 9 .8 - .7 8 -4  ' 4 -4 28.2 28.6 1.44

-4 4 -2 27.1 27.6 1.97 5 4 -4 41.0 40.5 -1 .0 3
-5 4 -2 34.6 35.1 1.51 -5 4 -4 35.0 35.7 2.09
"6 4 —2 46.7 46.3 - .8 4 6 4 -4 4 9 .8 49.4 ■r.63
-6 4 -2 42.5 43.4 2.31 . -7 4 -4 52.2 53,4 2.30

4 -2 52.2 5 3 .2 2.09 2 4 5 15.2 15.4 1.70
“1 4 3 :? .9 8.0 1.80 3 4 5 21.2 20.9 -1 .34
2 4 3 13.6 13.3 -1 .74 4 4 5 27.5 27.3 — .69
4 4 3 27;G 26.6 -1 .32 -4 4 5 31.4 3 2 .7 4.27
5 4 • “'3 34.6 34.1 -1 .34 5 4 5 34.8 34.4 - .9 6

-5 4 "3 3 6 .8 3 7 .8 2.83 -5 4 5 3 9 .6 40.5 2 .4 l
4 3 42,9 42.4 -I .0 7 6 4 5 42.9 42.5 - .9 1

-6 4 “3 45,7 46.6 2 .1 3 , -6 4 5 4 8 .6 .49 .5 2.02
-7 4 3 56,0 5 7 .3 2.37 -7 4 5 5 9 .2 60 .8 2 .8 3
-8 4 "3 70.8 73.0 3.13 -8 4 5 77.0 80.6 4 .6 8

4 -3 10.3 10.2 -.7 0 4 -5 15.7 15.3 -2 .1 9
I 4 -3 13.6 13.0 -4 .02 I 4 -5 18.1 17.8 -1 .51

- I 4 -3 11.0 11.3 3.14 - I 4 -5 15.7 15.6 - .0 1
2 4 ' -3 1 8 .8 18.1 -3 .3 9 2 4 -5 22.8 22.2 -2 .2 0

-2 4 -3 15.2 15.6 2.79 -2 4 -5 18.7 18.7 .60
3 4 -3 24.8 24.3 -1 .82 -3 4 -5 23.1 23.5 1.84

-3 4 -3 21.0 21.3 1 ,8 6 -4 4 -5 2 9 .0 29.4 1.70
4 4 -3 31.7 31.2 -1 .35 5 . 4 -5 42.9 42.3 “1.17



-155-

h k. I X o, X C error# h k I XO X C error#

-5 4 -5 36.0 3 6 .3 1.10 3 4 8 2 4 .7 24.9 1.01
6 4 -5 31.8 51.4 -.6 8 -4 4 8 3 6 .9 38.4 4.10

-6 4- ■ -5 43.7 4 4 .3 1.46 -5 4 8 44.9 46.2 3 .0 9
-7 4 -5 53.0 53.8 1.54 -6 4 . 8 54.6 55.8 2 .3 6
-8 4 -5 6 5 .0 66.5 2.33 4 -8 23.8 23.4 -1 .52

2 4 ■6 16.7 17.0 '2.05 • -1 4 -8 2 3 .3 2 3 .1 - .4 4
4 4 6 28.2 28 iO - .5 0 2 4 -8 30.0 2 9 .6 -1 .25

-4 4- 6- 3 3 .1 34.4 ■ 4.02 -2 4 —8" 25,1 2 5 .0 - .3 6
"5 4 • 6 35.2 34.9 - .5 8  ■ 3 4 ■ -8 35.2 3 4 .9 - .8 4
-5 4 6 41.2 42.2 2.53 ' -3 4 -8 28.4 28.5 .65
-7 4 6 61.5 63^1 2.73 4 4 -8 41.8 41.3 - .9 8

4 ■ •—£) 18.2 17.9 -1 .11 -4 4 -8 3 3 .1 3 3 .5 1.43
i 4 -6 2 0 .9 20.3 -2 .56 -5 4 -8 3 9 .2 3 9 .7 1.48

- i 4 -6 18.1 1 8 ,0 - .0 2 -6 4 -8 4 6 .8 47.2 1.01
-2 4 -6 20.7 20 <.6 - .3 2 7 4 -8 74.8 74.2 - .7 4
-3 4 -6 24.8 24.9 .77 -7 4 -8 5 6 .0 56.5 1.02

4 4 -6 3 7 .1 36.7 -.9 4 -8 4 -8 6 8 .1 69 .7 2.40
-4 4 -6 30.1 30.6 1.74 4 9 20.9 21.8 4.43

5 4 -6 44.9 44.4 -1 .02 I 4 ' 9 20.4 ■ 21.3 4 .8 8
-5 4... -6 3 6 .8 37i2 1.35 2- 4 9 22.7 23.1 2.00

6 4 • -6 53.7 5 3 .6 - .0 3 3 4 9 2 6 .3 26.7 1.77
4 ■ ■ 44-. 3 45.0 1.77 -3 4 9 3 2 .8 34.0 3 .8 2

7 4 —^ 66 <i 5 66.0 - .7 2 -4 4 9 3 9 .1 40.7 4.10
-7 4 -6 5 3 .8 . 54.4 1.26 -5 4 9 4 7 .8 4 8 .6 1.80
—8 • 4 -6- 6 5 .9 67.2 2.16 -6 4 9 57.1 58.6 2.66

I 4 . 7 15*7 1 6 .3 4 .0 7 4 -9- 26.5 2 6 .2 - .9 4
2 4 ' 7 18.3 18.8 3.20 I 4 -9 28.9 28.4 -1 .44

-4 4 7 35.0 3 6 .3 3 .7 8 - I 4 -9 26.0 25 .8 - .4 6
4 -7 20.9 20.6 -1 .00 2 4 -9 3 2 .8 3 2 .3 -1 .46

I 4 -7 2 3 .3 22.9 -1 .34 -2 4 -9 27.7 2 7 .4 -1 .02
- I 4 -7 20.8 20.6 — .96 4 4 -9 44.2 44.0 - .4 2

2 4 -7 27.5 2 7 .0 -1 .62 -5 4 -9 41.0 41.3 .8 7
-2 4 -7 2 2 .9 22.7 1.26 6 4 -9 6 2 .9 62.4 -.6 9
“3 4 3 2 .$ 3 2 .4 - i .3 7 -6 4 -9 48.3 48.7 ■ .8 7
-3 4 -7 26.5 26.6 .7 0 -7 4 ”9 56.8 58.0 2.15
4 4 -7 3 9 .2 3 8 i9 - .5 8 -8 4 -9 6 9 .3 71.6 3.41

-4 4 -7 31.7 3 1 .9 .91 4 10 23.6 24.6 4 .2 3
5 4 -7 47.1 46.7 - .8 2 I 4 ■10 23.1 24.0 4.12
7 4 t7 70.0 69 .5 - .5 7 - I .4 10 2 5 .9 2 7 .0 4.52

-7 4 -7 54.6 5 5 .3 1.45 2 4 10 2 5 .0 . 25.5 2.07
-8 4 -7 66.8 68.2 2.22 3 4 10 28.2 2 8 .7 2.04

I 4 8 18.0 18.8 4.57 -3 4 10 35.1 36 .5 4.15
2 4 8 20.3 20.9 3.13 -4 4 10 41.2 4 3 .2 4.85
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h k I XO X
C

e r r o r # h k I xO X
C

e r r o r #

-5 4 10 5 0 .3 5 1 .3
.(
1 .9 9 6 4 -12 7 9 .2 78 .4 -1 .0 0

-6 4 10 6 0 .1 6 1 .7 2 .7 7 -6 4 -12 5 4 .2 5 4 .5 .71
4 • -IG 2 9 .3 2 9 .1 - .5 5 4 13 3 2 .2 3 3 .3 3 .6 5

I . 4 -10 3 1 .8 3 1 .3 -1 .3 6 1 4 13 3 1 .8 3 2 .5 2 .3 2
- I 4 -1 0 2 8 .8 2 8 .6 - .5 1 -2 . 4 . 13 3 8 .5 3 9 .7 3 .3 1

2 ■ -1 0 3 5 .4 3 5 .1 - .7 1 3 4 13 3 5 .2 3 5 .8 1 .7 8
-2 4 -10 29^9 2 9 .9 .19 -4 4 13 5 0 .3 5 2 .0 3 .5 7

3 4 -1 0 4 0 .8 4 0 .3 -1 .1 9 -5 4 13 5 9 .7 6 1 .2 2 .6 6
-3 4 -10 3 2 .8 3 2 .9 . -39 - I 4 -13 3 7 .8 3 7 .5 - .5 3

4 4- -IQ 4 ? .2 4 6 .8 » .7 2 2 4 -13 4 5 .0 44 .5 - .9 9
- 4 4 -10 3 7 .0 3 7 .3 .98 -2 4 -13 3 8 .5 3 8 .3 - .3 0
-5 4 -10 42 ;8 4 3 .1 .82 -3 4 -13 4 0 .8 40 .7 —.2 0
-6 4 -10 50^0 5 0 .4 ' .8 2 4 4 -13 5 7 .4 5 7 .1 - .4 6

4 ’l l 2 6 .4 2 7 .4 3 .9 4 - 4 4 -13 4 4 .2 44 .5 .79
I 4 11 2 6 .0 2 6 .7 3 .0 4 5 4 -13 6 7 .8 67 .3 ™ 0 6 l

- I 4 "11 2 8 .7 2 9 .8 4 .1 3 -7 4 -13 6 6 .4 67 .3 1 .4 7
-3 4 11 3 7 .8 3 9 .2 3 .7 9 4 14 35-5 3 6 .5 2 .8 l
-6 4 i i 6 3 .7 6 5 .4 2 .7 7 I 4 14 3 4 .6 35 .5 2 .8 1

4 -1 1 3 2 .5 3 2 .1 -1 .1 9 -2 4 14 4 1 .8 42 .9 2 .7 9
I 4- -11 3 4 .7 3 4 .3 - .9 9 3 4 14 3 7 .8 3 8 .5 1 .8 7

- I 4 -1 1 3 1 .8 3 1 .5 - .8 8 4 -14 4 2 .0 41 .7 - .6 3
2 4 - I l 3 8 .3 3 8 .1 - .4 8 I 4 -14 4 4 .3 4 4 .1 - .3 3

-2 4 - i l 3 2 .8 3 2 .6 - .5 1 -2 4 -14 4 1 .6 4 1 .4 - .2 4
-3 4 - i i 3 5 .2 3 5 .3 .44 3 4 -14 5 4 .1 5 3 .6 - .7 7

4 4 - i i 5 0 .3 4 9 .9 - .6 8 4 4 -14 6 1 .9 61 ,4 — .76
-4 4 - i i 3 9 .2 3 9 .5 .91 -4 4 -14 4 7 .1 4 7 .3 .60
-3 4 - i l 4 4 .8 4 5 .1 .82 5 4 -14 7 4 .0 73 .5 - .5 9

6 4 - i i 71 .8 7 1 .3 —.62 -7 4 -14 7 0 .0 7 l . l 1 .6 0
-6 4 - i i 5 1 .9 5 2 .3 .88 4 15 3 8 .6 3 9 .7 3 .0 0
-7 4 - i i 60 .7 6 1 .8 1 .9 3 I 4 15 3 7 .6 3 8 .7 3 .0 3

4 '1 2 2 9 .4 3 0 .3 3 .2 7 - I 4 15 4 1 .0 4 2 .3 3 .1 9
'“1 4 12 28^8 2 9 .6 2 .8 3 2 4 15 3 8 .4 3 9 .2 2 .2 9
-i 4 '1 2 3 1 .8 3 2 .8 3 .1 4 -2 4 15 4 5 .0 4 6 .3 3 .0 4
.3 . 4 12 3 2 .8 -3 3 .3 1 .5 6 -4 4 15 5 7 .2 5 9 .6 4 .3 6

4 -1 2 3 5 .2 3 5 .1 — *04 4 -15 4 5 .3 4 5 .2 —.0 6
I 4 -1 2 3 7 .8 3 7 .4 - .8 8 I 4 -15 4 8 .0 4 7 .7 — ®4l
- I 4 -1 2 3 4 .6 3 4 .4 - .2 9 ■1 4 -15 4 4 .2 4 4 .2 .15

2 4 -1 2 4 1 .5 4 1 .2 - .6 2 -2 4 -15 4 4 .9 4 4 .7 - .2 2
-2 4 -1 2 3 5 .5 3 5 .4 - .1 8 3 4 -15 5 8 .2 5 7 .8 - .5 8
-3 4 -1 2 3 8 .0 3 7 .9 - .1 3 -4 4 -15 5 0 .2 5 0 .4 .54

4 4 -1 2 5 3 .7 5 3 .3 - .6 4 -6 4 -15 6 3 .0 63 .4 .6 8
-4 4 -1 2 4 l .7 4 1 .9 .60 -7 4 -15 7 4 .9 76 .1 1 .6 3
-5 4 -1 2 4 7 .1 4 7 .4 .68 I 4 16 4 1 .1 4 2 .0 2 .3 3



1 1  Ii

-1 5 7 -

h k I XO XC error# h k I X  O . XC error#

- I 4 16 44.7 45.8 2.51 4 21 64.0 6 5 .2 1.96
2 4 16 41.8 42.4 i»6o I 4- 21 61.8 63.0 2.07

-2 4 16 48.7 50.0 2.71 4 -21 78.4 78.2 — .15
4 -16 49.1 49.0 - .1 1 - I '4- -21 74.5 74.5 .06

I 4 -16 52.0 51.7 • - .5 1 -2 4 -21 74.0 74+2 .2?
—I 4 -16 48.0 47.9 -.1 7 4 22 70.8 7 2 .3 2.20
-2 4 -16 4?;8 48.3 1.10 2 5 15.2 14.5 -3 .9 6
-3 4 -16 50.3 50,2 — »01 3 5 22.3 21.5 -3 .1 5
-4 4 -16 5 3 i7 53.8 .31 4 5 2 9 .8 29.0 -2 .41

I 4 17 44.8 45.5 1,72 5 5 3 7 .9 3 7 .2 -1 .81
2 4 17 45.0 45'» 8 1.92 -5 5 36.1 . 3 7 .2 3.08

-2 4 17 52.3 54.0 3.25 -7. 5 56.2 5 7 .4 2 .2 9
4 -17 53<1 53.1 ;04 2 5 I 14.3 1 3 .8 -3 .4 5

I 4 -17 55.8 56.0 .44 3 5 I 21.7 20.8 -3 .90
- I 4 -17 51.8 51.8 .0 9 5 5 I 3 7 .0 36.4 -1 .55
-2 4 -17 52.0 52.1 +29 -5 5 I 36.2 3 7 .7 4.26
-3 4 -17 53+8 54.6 .46 6 5 I 46.0 45.4 - I .  09
-4 4 -17 57.4 57.6 .44 -7 5 I 57-0 5 8 .3 2.35
-6 4 . -17 71.8 72.6 1.11 I 5 - I 10.2 9 .8 -3 .8 3

I 4 18 47.9 4 9 .3 2 .9 7 2 5 - I 1 6 ,4 1 5 .8 -3 .4 7
■2. 4 18 48.7 49.5 1.65 4 5 - I 30.8 30.1 -2 .26

4 -18 57.6 57.6 .07 -4  • 5 - I 2 7 .9 2 8 .9 3 .6 5
- I 4 -18 56.2 56+1 4 .0 5 5 '5, - I 3 8 .8 3 8 .2 - 1 .4 l

2 4 -18 66.5 66;4 - .0 3 6 5 - I 48.1 47.5 -1+21
-3 4 -18 58.2 58.2 .05 -7 5 - I 5 5 .8 5 6 .9 2.01
-4 4 -18 61.7 61.9 .44 2 5 2 l4 .0 1 3 .5 -3 .3 5
-5 4 -18 67.7 68.2 .75 3 5 2 21.2 20.4 -3 .4 5
-6 4 -18 79.1 8 6 .3 1.59 4 5 2 2 8 .8 2 7 .8 -3 .21

4 19 52.8 54.9 4.06 -5 5 2 36.8 3 8 .5 4.69
2 4 19 52.2 53.4 2.41 6 5 2 45,4 44.8 - I .  l8

■- 4 -19 62.7 6 2 .8 .18 ' -7 5 2 58.0 5 9 .4 2.56
I 4 -19 66.8 66.7 — «l4 I 5 -2 12.2 11.8 -2 .99
2 4 -19 73.8 7 3 .8 .05 - I 5 -2 10.0 10.4 4.99

-2 4 -19 60.9 61,1 .35 2 5 -2 18.2 17.4 -4 .26
- 4 4 -19 66.6 6 7 .1 .76 -2 5 -2 15.0 1 5 .5 3 .7 3
-5 4 -19 7 3 .9 7 4 .6 ,97 3 5 -2 24.8 24.0 -3 .0 3

4 20 58.2 59.6 2.57 -3 5 -2 21.2 21.9 3.44
- I 4 20 60.5 63.4 4 .8 2 4 5 -2 3 2 .1 3 1 .3 -2 .22

4 -20 69.0 69 .I .17 -4 5 -2 28.2 2 9 .0 3 .0 2
I 4 —20 74.3 74.3 .08 5 5 -2 40.1 3 9 .5 -1 .40

- I 4 -20 66.9 6 6 .8 - .0 9 -5 5 -2 3 5 .3 3 6 .9 4.60
-2 4 -20 66.5 66.7 .38 6 5 -2 49.6 4 8 .9 -1 .40
-4 4 -20 73.2 7 3 .8 .82 -6 5 -2 44.8 45.8 2.33



J l

-1 5 8 -

error% error#

-6  ■ 5

- 1.86

'i

;
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h k I XO XC error# h k I XO XC error#

I 5 -9 31.0 30.3 -2 .14 I 5 -13 43.8 43.4 - .8 6
- I 5 -9 2 8 .0 27.6 -1 .28 - I 5 -13 . 40.5 40.0 — .98
-2 5 -9 2 9 .3 29,2 - .2 3 —2 5 -13 4-1.0 40.9 — .16
-3 5 "9 32.5 32.6 .35 - k 5 -13 47.2 47.5 .7 3
-4 5 -9 37.2 3 7 .5 .92 -5 5 -13 5 3 .2 5 3 .4 .44
'3 3 -9 56,2 55.5 -1 .13 -6 5 -13 60.2 6 l.6 2.42
-6 3 -9 50.5 51.9 2.77 I 5 14 35.2 3 6 .5 3 .9 2

2 3 10 25.2 26.1 3 .5 8 -2 5 - 14- 42.7 44.5 4.22
-5 3 10 51^8 53;7 3 .8 1 I 5 -14 47.7 47.1 -1 .13

I 3 -10 3 3 .9 3 3 .3 -1 .49 - I 5 -14 44.0 43.6 - .8 9
- I 3 -10 3 1 .0 30.5 - 1 .3 9 -2 5 -14- 44.2 44.3 .2 3
r2 3 -10 38.0 37.3 —1.68 -4 5 -14 50.4 50.6 .56
-2 3 -10 32.0 3 1 .9 - .2 3 -5 5 -14 56.2 56.6 .7 2
-3 3 -10 34.8 35.0 .65 -7 5 -14 79.2 81.9 3 .4 9

4 3 -10 50.5 4 9 .9 -1 .17 I 5 15 3 8 .2 3 9 .9 4.48
-4 3 -10 3 9 .5 39^7 .5 1 - I 5 15 42.1 4 3 .7 3 .9 0
3 3 -10 5 9 .8 59.1 —IelO -3 5 15 52.2 54.3 4.04

-3 3 —10 45.3 45.8 1.29 - I 5 -15 47.0 4 7 .3 .7 2
-6 3 -10 53;0 53.8 1.55 3 5 . -15 63.1 6 2 .6 - .7 2
-4 3 11 45.8 47.8 4.43 -4 5 -15 5 3 .9 54.1 .4 6
-5 3 11 54.8 56.9 4.00 -5 5 -15 5 9 .8 60.2 .70
' I 3 -1 1 37.1 36.5 - 1 .4 l I 5 16 42.0 43.4 3 .3 9
- I 3 - i i 3 3 .9 3 3 .6 —.86 -3 5 16 56.5 58.6 3 .8 1
"2 3 -11 4l<;2 40.5 -1 .58 - I 5 -16 5 0 .9 51,3 .9 2
-3 3 - i i 37.7 3 7 .6 - .1 8 3 5 -16 69.0 68.6 . - .5 4
'4 3 - i i 5 3 .9 5 3 .3 —.98 -3 5 -16 5 3 .2 54.0 1.50
-4 3 - i i 41.9 42.0 .43 -4 5 -16 57.8 58.0 .42
13 3 - i i 6 4 .0 63.2 -1 .11 -5 5 -16 6 4 .0 64.4 .7 0
-6 3 - i i 55.2 56.0 1.56 -3 5 17 6 1 .3 63.6 3 .8 9

3 12 29.1 30.3 4.26 3 5 -17 77.5 77.0 - .5 7
-3  ■ 3 12 41.8 43.6 4.44 -3 5 . -17 58.1 5 8 .3 .3 5
4 3 12 49.0 50.9 4.07 -5 5 -17 68.8 69.6 1.21
-3 3 12 58:2 60.6 4.23 -3 5 18 6 7 .3 6 9 .9 3*86
"I 3 , -12 40.2 3 9 .9 - .7 2 -2 5 -18 60.8 61.0 .40
- I 3 -12 3 7 ,0 36.7 — .60 -3 5 -18 63.0 63.2 .4 2
"2 3 -12 44.2 43.9 4i6o -4 5 -18 66.9 6 7 .9 1.51
-2 3 -12 37.8 3 7 .7 - .0 9 -2 5 -19 66.1 66.8 1.19
-3 3 -12 40.4 4o.4 .05 -3 5 -19 6 9 .0 6 9 .3 .5 2
-4 3 -12 43.8 44.6 2 .0 3 -4 5 -19 74.5 75.1 .8 9
5 3 -12 6 9 .0 68.3 -1 .01 -2 5 -20 74.1 74.7 .8 3

-6 3 -12 57.2 58.6 2 .5 3 -3 5 -20 77.7 78.2 .65
I 3 13 32.0 3 3 .3 4.36

-5 3 13 62.3 64.9 4.30
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APPENDIX D

Table XXXVI. L ist of Observed and Calculated Structure Factors

I . .. F
O - FC fa. • • k I F0 FC

337 467 ’ 2' ■ ■ -4  ■ 660 -705
326 -304 3 -4 148 161
256 275 6 -4 139 -149
162 -125 0 5 474 - 4 l i
102 99 1 5 605 586

I 879 -890 2 5 743 -776
I 271 -254 4 5 . 177 187
I 129 ■ 131 6 5 166 -164

' I 178 -168 I -5 337 345
I 115 >95 2 -5 301 -275
I 124 107 3 -5 154 158

■1 348, -281 4 -5 4o -37
-I 254 -269 5 -5 257 281
-I 171 173 6 -5 254 -257
-I 175 -159 0 6 330 -311
- i 247 -216 1 6 337 375

2 363 -296 3 6 88 76
2 52? 465 4 6 398 452
2 271 -251 5 .6 151 -160
2 298 -306 7 6 115 -105

-2 392 3l4 I -6 137 108
—2 492 -525 2 -6 65 -9 6
-2 402 423 3 -6 169 -175
-2 115 146 5 -6 239 275
-2 204 -193 6 -6 259 -250

3 471 451 . I 7 137 121
3 383 307 2 7 297 -264
3 316 -278 3 7 140 149

.3 129 120 4 7 162 175
.3 313 -313 7 7 127 - l4 l

-3 780 744 , 8 7 102 113
-3 792 -770 2 -7 77 81
-3 103 101 3 -7 221 -228
-3 163 156 5 -7 168 157
4 599 -647 6 -7 115 -131
4 8o4 753 8 236 239
4 506 -524 2 8 75 -9 9
4 268 -265 3 8 158 163
4 274 285 6 8 120 143
4 311 -291 7 8 254 -222

-4 596 588 8 8 102 99



—161—

-121

-121

-102 -202
-101

• -122

-221

14  290



I  I  I l  I  /  I

— 162—

-100

-111



I

-163-:

-122



-1 6 4 -  ■

-102

-122

-121

-10  . 36

-201



I I I • W >

-1 6 5 -

i

h k i . FO F
C

h k I  - F0 F
C

-4 I 14 65 53 - I I -17 122 99
-6 I l4 69 42 -2 I -17 82 -77

I I -14 278 -225 3 I -17 96 95
- I I -1 4 153 157 4 I -1 7 . 40 -3 9

2 I -1 4 77 116 -4 I -1 7 153 -138
-2 I - l 4 149 169 -5 I -1 7 142 13©
-3 I -14 276 -288 -7 I -1 7 4 l -31

4 I -1 4 182 160 - I I 18 60 76
-4 I -14 -66 57 3 I -18 127 103

5 I -14 72 -78 -3 I -1 8 54 48
-5 I -14 96 105 4 I -1 8 49 -4o

6 I -1 4 33 -43 -4 I -18 177 -167
-7 I -14 45 -38 -5 I -18 157 138
-8 I -1 4  ■ 83 -68 -7 I -18 54 -4 4

I I 15 269 -247 - I I 19 97 H 5
- I I ..15 269 -236  ■ 2 I -19 82 -86
-2 I 15 134 149 3 I -1 9 137 114
-3 i 15 258 -262 -4 I -19 144 -120
-4 i 15 74 85 -5 I -19 102 81

I i -15 133 -147 -6 I -19 42 33
Tl i -15 255 236 -2 I 20 35 -49

2 I -15 68 86 3 I -2 0 79 76
-2 i -15 189 -184 -3 I -2 0 100 »94
-3 i -15 61 37 -5 I -20 65 57

4 i -15 147 115 -6 I -20 63 54
-4 i -15 90 -76 2 I -2 1 61 -5 3

5 ■ i -15 45 -5 7 -2 I -21 101 86
-5 . i -15 87 100 -3 I -21 137 -113
-7 i -15 62 -5 0 -4 I -21 59 43
-8 i -1 5 $3 -61 -2 I -2 2 86 76
- I i 16 62 '51 -3 I -22 141 -118
-2 i "16 114 120 -4 I -22 50 44
-3 i 16 200 -196 -2 I -23 75 48
-4 i 16 74 56 -3 I -23 95 -7 6
-x i -16 101 -105 2 2 49 50
- I i -16 134 140 -2 2 114 -9 7
-2 i —16 81 -99 3 2 168 181
-3 i -1 6 75 -7 6 -3 2 616 634

■ -6 i -1 6 75 67 4 2 119 107
-7 i -16 52 -4 2 -4 2 521 -566
- I i 17 143 133 5 2 117 -115
-2 i - 17 69 75 -5 2 . 61 -5 7
-3 i 17 HO - 1 0 6 " 6 2 239 232

!!

I!i
I
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h k I FO V h k I F0 F
C

2 2 I
' : -

131 150 -5 2 -2 117 118
-2 2 I 645 626 6 2 -2 223 236

3 2 I 131 123 -6  ' 2 -2  - 168 -173
-3 2 I 170 -184 -7 2 —2 • 175 196

4 2 I 237 -234 0 2 3 163 -133
'5 2 I 110 116 - I 2 3 236 207
-5 2 I 162 -179 2 2 3 573 616

6 2 I 8? 84 -2 2 3 28l 266
-6 2 I 160 178 3 2 3 595 638
"9 2 I 93 -70 4 2 3 70 -64
I 2 - I 4o 36 5 2 3 123 115
2 2 - I 154 -H O -5 2 3 193 -204

-2 2 - I 126 145 6 2 3 164 -177
3 2 - I 419 4 l4 7 2 3 245 229 I

-3 2 - I 150 14% 8 2 3 73 -7 2
4 2 - I .67 43 9 2 3 52 -41

-4 2 - I 86 475 I 2 -3 198 200
5 2 - I 207 -210 - I 2 -3 146 161

'6 2 - I 302 312 2 2 -3 200 -177
7 2 - I .7 6 -87 -2 2 -3 137 -127
I 2 .2 892 -802 3 2 -3 218 198

- I 2 .2 222 166 -3 2 -3 156 201
"'Z 2 2 124 -107 -4 2 -3 218 -222
-M 2 2 255 268 5 2 -3  ■ 80 - 8 l

3 2 2 157 142 -5 2 -3 142 124
-3 2 2 188 -213 6 2 -3 83 76

4 2 2 171 -177 -6 2 -3 153 -174
-4 2 '2 154 152 7 2 -3 81 8 l

5 2 “2 134 120 -7 2 -3 248 250
-5. 2 '2 247 -270 8 2 -3 6 l -58
-6 2 " 2 283 0 2 4 783 -738

7 2 ■ "2 ,92 99 I 2 4 230 226
47 2 ‘"2 73 -81 - I 2 4 92 -115

9 2 -2 102 -75 2 2 4 251 252
:± 2 -2 l4 o 154 -2 2 4 333 309
- i 2 -2 49 - i i 3 2 4 164 -169
"2 2 -2 352 -320 -3 2 • 4 182 -192
-2 2 -2 .59 51 4 2 4 537 -581

3 2 —2 460 479 ■ 5 2 4 76 -84
-3 2 -2 142 126 -5 2 4 119 -111

4 2 —2 ,52 -71 6 2 4 173 -175
-4 2 -2 205 -171 -6 2 ■ 4 255' 265

5 2 -2 128 -128 7 2 4 284 258



-167-
r

h k I FO F
C

h k I F0 F
C

8 2 4- 124 - io 4 -5 2 6 89 HO
-8 2 4 73 -75 6 2 6 67 89

9 2 4 54 -39 -7 2 6 160 148
2 -4 852 -909 8 2 6 25 -3 3

I 2 -4 184 . 235 -r8 2 6 77 -75
- I 2 -4  ■ 197 216 9 2 6 53 -3 7
-2 2 . -4 . 336 -318 2 -6 445 -489
-3 2 -4 397 "411 I 2 -6 l 4 l -175

4 2 -4 90 -92 3 2 -6 70 -85
-4 2 -4 .95 108 4 2 -6 234 -248
-5 2 -4 117 119 - -5 2 -6 208 -212

7 2 -4- 128 123 -6 2 -6 228 233
-7 2 -4 212 222 7 2 -6  - 45 4 i

8 2 -4 69 -6 2 8 2 -6 55 -3 8
2 5 425 -495 2 7 600 -646

,1 2 5 88 -126 I 2 7 297 -289
2 2 5 271 274 - i 2 7 399 -448

-2 2 5 498 485 2 2 7 490 494
3 2 5 189 -228 3 2 7 197 -203

-3 2 5 73 95 -4 2 7 153 -142
4 2 5 73 -T l 5 2 7 268 -257

-6 2 5 144 129 -5 2 7 126 112
7 2 '5 228 192 6 2 7 177 170

'8 2 '3 117 -a o i -7 2 7 153 l 4 l
-8 2 3 85 -77 2 -7 261 -26.9

9 2 3 56 -44 •1 2 ” 7 431 -484
- I 2 -5 200 228 - I 2 -7 129 -172

2 2 -3 445 498 2 2 -7 398 462
-2 5 -3 200 -194 -2 2 -7 4 4 l 497

3 2 -5 I .89 -202 3 2 -7 61 -95
-3 2 -5 410 "475 .4 2 -7 190 -210

4 2 -5 .176 -208 O 2 8 65 -5 2
2 -5 46 40 I 2 8 390 -392

- I 2 -5 119 -117 - I 2 8 150 • -159
7 2 -5 116 i l l 2 2 8 421 428
8 2 -5 G8 --63 -2  • 2 8 322 353

2 „6 803 -809 3 2 8 76 91
- i 2 , 6 - 319 -318 - 4 2 8 171 -173

2 2 ,6 321 .302 5 2 8 201 -197
t2 2 . . 6 436 4 4 l -5 2 8 67 66
-3 2 . . ..6 178 185 6 2 8 322 284

4 2 .6 190 182 -7 2 8 42 63
5 2 6 158. -165 9 2 8 76 -5 9



V

— 168—

h k I  F F
o  c

I 2 -8 36? -434
- I 2 -8 406 -482

2 2 —8 431 517
4 ■ 2 - -8 117 1 -126
6 2 -8 156 157
I 2 9 127 -163

- I 2 9 87 :-9?
'2 2 9 42 68

-2 2 .9 212 204
3 2 9 158 171

-3 2 9 123 138
4 2 9 .5 9 " -78

-4 2 9 225 -235
5 2 9 103 -112

-5 2 9 106 89
6 2 9 328 306
7 2 '9 86 -85

-7 2 9 72 71
9 2 9 109 -88

2 -9 128 160
I 2 -9 248 4272

- I 2 -9 359 - 4 l4
2 2 - 9  244 276

-2  2 -9  382 463
-4 2 -9  89 -103
3 2 -9  178 -201
6 2 -9  77 94

2 10 302 -322
1 2 10 68 -100

"2 2 10 312 377
-2  2 10 140 159
-3  ' 2 10 120 142
-4  2 10 168 -181
- 5 2  10 : 54 -56

6 2 10 266 248
2 -1 0  - 95 -118

- I  2 -10 252 -273
2 2 -1 0  107 HO

-2  2 -10  421 500
3 2 -1 0  49 76
4, 2 -1 0  101 116
5 2 -10  94 -104
6 2 -1 0  142 121

h k I F F0 C

2 ’ 11 202 -215
2 2 11 193 214

-3 2 11 123 130
4 . 2 11 150 -161
5 2 11 87 107

-5 2 11 119 -127
6 2 11 144 128

-6 2 11 38 50
7 2 11 61 -2 2

2 -11 325 -356
I 2 - H 191 210

-2 2 -11 241 274
6 2 -11 127 98
2 2 12 131 167
3 2 12 100 134

-3 2 12 53 71
4 2 12 163 -175
5 2 12 116 117

-5 2 12 94 -108
-6 2 12 106 91

? 2 12 61 86
8 2 12 70 -70
I 2 -1 2 252 246

- I 2 -1 2 175 200
-2 2 -1 2 73 112

3 2 -1 2 96 10?
4 2 -1 2 104 -107
O 2 13 107 -91

- I 2 13 150 122
3 2 13 114 129

. 4 2 13 243 -240
5 2 13 67 59

-5 2 13 76 ‘ -97
-6 2 13 89 85

7 2 13 151 143
8 2 13 96 -6 8

2 -13 4 l4 -445
I 2 -13 114 107

- I 2 -13 252 223
3 2 -13 122 120
6 2 -13 62 -51
O 2 •l4 121 -118
I 2 14 124 118



-169-

h  k I  F Fo e

Tl • 2 14 85 68
-a 2 14 93 98

3 2 ,14 120 126
4 2 14 156 -160
5 2 14 65 76

-6 2 14 55 66
7 2 14 139 142
8 2 14 86 -72

2 -14 209 -211
- i 2 -14 86 98

3 2 -14 83 88
4 2 -14 -96 -82
0 2 15 386 -358
4 2 15 67 -90
7 2 15 62 61
8 2 15 55 -58
I 2 -15 75 -94
4 2 -15 -86 ”-86

2 16 160 -174
I 2- '16 67 86
3 2 16 90 75

-3 2 16 86 82
5 2 16 130 -136
7 2 16 70 .67
I 2 -1 6 126 -134
2 2 -1 6 147 130
4 2 -16 70 -62
6 2 17 90 70

- i 2 17 154 -133
-a 2 17 153 142

5 2 17 86 -97
- I 2 -1 7 116 -132

2 2 -1 7 113 106
2 18 86 -95

I 2 18 90 -124
- I 2 18 86 -107
-2 2 18 116 121

5 2 18 61 -9 2
6 2 18 76 95
2 2 -18 63 67

-2 2 -18 114 130
I 2 19 87 -91

h k I F0 FC

- I 2 19 81 -9 5
2 2 19 119 136

-2 2 19 106 121
3 2 19 86 84
5 .2 19 58 —64
6 2 19 70 76
2 2 20 79 125
6 2 20 61 61
2 2 21 109 127
2 3 429 -387

-2 3 520 474
-3 3 115 -129

4 3 264 -286
-4 3 297 24?

5 3 182 181
-5 3 42 »16
-6 3 218 -192

8 3 108 -H O
-8 3 83 79

2 3 I 767 -740
-2 3 I 313 210

3 3 I 43 38
-3 3 I 359 301

4 3 I 305 -297
-4 3 I 113 .109

5 3 I 234 226
6 3 ' I- 53 61
7 3 I 54 -56

-8 3 I 162 149
I 3 ”1 205 219
2 3 - I 316 335

-2 3 —1 733 726
3 3 - I 387 -377

-3 3 - I 79 70
4 3 - I 100 93

-4 3 - I 329 288
-6 3 - I 256 -222
-7 3 - I 48 -3 7

8 3 - I 113 -101
-8 3 - I 101 97

I 3 2 249 248
- I 3 2 270 192



-170-

h .....k  ' I FO F
C

h k I F0 F
C

2 3 '2 452 -430 4 3 , -3 277 278
-2 3 ■ 2 402 -350 -4  ■ 3 -3 366 314

3 3 • 2 72 -7 4 5 3 -3 59 78
-3 3 2 653 678 -5 3 -3 279 -266

4 3 2 346 -359 —6'' 3 -3 88 -95'
-4 3 2 297 -280  • 1 3 4 420 -383

5 3 2 2 8 l 276 -1 3 4 163 123
-5 3 2 185 156 2 3 • 4 346 358

6 3 2 70 59 —2 3 4 527 -459
•“ (5 3 2 191 -168 3 3 4 296 -275

7 3 2 85 -74 -3 3 4 333 306
-8 3 2 123 108 4 3 4 242 -216

I 3 -2 386 304 -4 3 ■ 4 54 -48
- I 3 -2 205 -222 -5 3 4 43 -47
"2 3 -2 207 150 -7 3 4 ■ 101 92
-2 3 ■ “ 2 44q 365 -8 3 4 34 -35

3 3 -2 464 -457 I 3 -4 321 311
-3 3 -2 58 -4o - I 3 -4 362 -345

4 3 -2 257 240 2 3 -4 86 84
-4 3 -2 406 385 —2 3 -4 215 -172
-5 3 -2 298 -284 3 3 -4 498 -482
-6- 3 —2 65 -65 -3 3 . -4 4 l0 385

8 3 -2 55 -70 -4  ■ 3 -4 272 270
-8 3 -2 86 87 5 3 -4  - 119 116

I 3 3 217 -203 -5 3 -4 234 —229
- I 3 3 475 389 6 3 -4 56 57

2 3 .3 237 r.235 -6 3 -4 67 -67
-2 3 3 6X2 -530 7 3 -4 62 -5 2

5 3 95 118 -7 3 -4 67 69
-3 3 3 375 335 - a 3 -4 53 -5 1

4 3 3 262 -281 1 3 5 154 -116
-4 . 3 3 137 - l4 o 2 3 5 526 540

3 3 294 282 —2 - ■ 3 5 120 -128
-5 3 3 59 75 -3 3 5 95 75

6 3 3 8$ - . 91 4 3 5 112 - io 4
-6 3 3 120 -126 -4 3 ■ 5 146 120

7 5 3 62 -70 -5 3 5 197 -178
I. 3 -3 350 346 6 3 5 234 220

- I 3 -3 389 -318 "7 3 5 103 104
2 3 -3 232 200 -8 3 5 50 -4 7

-2 3 -3 343 -326. - I 3 -5 329 -300
3 3 -3 429 -393 2 3 -5 318 312

-3 3 -3 68 65 -2 3 -5 241 —23© -



-1 7 1 -

h k I  F Fo c

3 3 -5 227 -224
-3 3 -5 -468 469

4 3 -5 117 -128
-4 3 -5 103 -104

5 3 -5 150 144
-5 3 -5 176 - l 66

6 3 -5 68 79
-6 3 -5 58 -64
-7 3 -5 88 89
- I 3 6 207 -154
-2 3 6 135 78

3 3 6 326 -336
'4 3 6 257 267
-4 3 6 257 250
-5 3 6 288 -298

6 3 6 216 194
-7 3 16 87 74
-8 3 6 34 -1 4

I 3 -6 86 90
-2 3 -6 86 .,-92

3 3 -6 -68 -90
~3 3 -6 429 399

4 3 4 169 -164
-4 3 4 259 -249
..5 3 -6 l 6l 163
7 3 -6 46 -56

r7 3 -6 61 • „58
I 3 .7 184 154

=S 3 7 229 246
3 3 -7 276 -301

-3 3 7 114 -I lO
4 3 7 122 119

-4 3 7 284 323
5 3 7 154 -149

-5 3 7 254 -271
-6 3 7 45 -38

I 3 -7 115 113
- I 3 -7 92 -89

2 3 -7 210 -221
-2 3 -7 331 -307

3 3 -7 65 -91

h k I F0 FC

-3 3 -7 497 485
4 3 -7 166 -158

-4 3 -7 282 -292
5 3 -7 101 90
6 3 -7 115 118

-7 3 -7 56 59
-8 3 -7 62 61
- I 3 8 188 -232
-2 3 8 237 223
-4 3 8 203 194

5 3 8 66 -79
-5 3 8 120 -136
-6 3 8 95 -85

I 3 -8 239 234
- I 3 -8 120 -109
;2 3 -8 154 -156
-2 3 -8 50 -49
-3 3 -8 218 229

4 3 -8 147 -138
-5 3 -8 68 -7 9

6 3 -8 124 135
-8 3 -8 103 115

I 3 9- 232 212
- I 3 9 121 -155
-2 3 - 9 177 192
-3 3 - 9 187 225
-6 3 9 55 -60

I 3 -9 203 185
- I 3 -9 227 -241

2 3 -9 223 -235
-2 3 -9 211 224
-3 3 -9 63 85

4 3 -9 154 -155
-4 3 -9 HO 141
-5 3 -9 120 -127
-6 3 -9  • 52 -43
-8 3 -9- 109 HO

I 3 10 113 150
- I 3 10 259 -322
-2 3 10 60 72
-3 3 10 263 311



-1 7 2 -

h k  I  F F
o  c

-4  3 10 69 -105
1 3 -1 0  160 131

- I  3 -1 0  193 - 18?
2 3 -1 0  4? -48

-2  3 -1 0  149 151
3 3 - 1 0  .94 -99

-3  3 -1 0  68 97
-4  3 -1 0  156 167

5 3 -1 0  69 59
-5  3 -1 0  154 -154
“6 3 -1 0  .5 9  55
-6  3 -10  65 ' -61
-7  3 -1 0  '4 0  '3 4
-8  3 -1 0  68 '76

I  3 11 248 333
- l  3  11 117 -148
-4  3 " l l  119 -149

I  I $ ^ 111
-2  3 -1 1  21.7 225
"3 3 - l i  162 -146
-4  3 - I l  155 169
-5  3 -11  157 -169

6 3 -11  .59 56
-6  3 -1 1  77 -8 2
-7  3 - H  62 60
" I  3 12 101 152
—2 3 12 108 - l 4 l
-3  3 12 252 337
’ 2 3 -1 2  142 l4 o
-2  3 -1 2  49 45

3 3 -1 2  143 -127
-3  3 -1 2  55 " 8
-4  3 -1 2  137 148
-5  3 -12  94 -91

6 3 -1 2  43 31
-6  3 -1 2  47 -37
-7  3 -12  52 63
-2  3 13 113 -158
-3  3 13 109 143

h k I F0 F
C

2 3 -13 134 117
-2 3 -13 128 -130

3 3 -13 l 4 l -122
-3 3 -1 3 81 96
-4 3 -1 3 139 156
-6 3 -13 115 -124
-7 3 -1 3 53 59
-8 3 -1 3 54 -45
-5 3 14 63 -87

2 3 -14 119 109
-2 3 -14 l4 o -139

3 3 -14 121 - 1 0 1

-3 3 -14 143 138
5 3 _14 65 52

-5 3 -14 61 - 4 i
-6 3 -1 4 129 - l 4 i

I 3 15 96 27
I 3 -1 5 137 132

-2 3 -15 135 -114
3 3 -15 85 -6 7

-3 3 -1 5 135 125
4 3 -15 56 -45
5 3 -15 103 80

-5 3 -15 79 -70
- I 3 16 85 -185
-2 3 16 69. 155

I 3 -16 136 107
- I 3 -16 137 -133
-2 3 -16 115 -108
-3 3 -1 6 142 124

4 3 -16 92 . -79
-6 3 -16 67 -55
-7 3 -16 39 42

I 3 -17 60 - 61
- I 3 -17 130 -109
-3 3 -17 120 101

4 3 -17 105 —76
-6 3 -17 63 -49

I 3 -18 142 . 111
- I 3 -18 67 -60

2 3 -18 4o, -46



-1 7 3 -

h k I FO

;: :
' FC h k I F0 FC

-3 3 -18 83 67 7 4 I 195 -168
-6 3 -18 • 43 -28 -8 4 I 39 32

I 3 -19 113 94 0 4 - I 467 4 4 l
- I 3 -19 139 -104 I 4- - I 103 -76

2 3 -19 56 -46- - I 4 - I 16 9
-2 3 -19 4 l 33 2 4 - I 394 -400
-4 3 -19 55 43 -2 4 - I 153 - l 4 l
-5 3 -19 69 -47 .4 4 - I 242 246
-6 3 -19- 34 -22 -4 4 - I  ■ 176 160
‘1 3 -2 0 129 77 5 4 —I 191 -171

- I 3 -20 106 —94- 4 - - I 156 147
-2 3 -2 0 47 46 -6 4 - I 257 -242
-4 3 —20 93 73 7 4 - I 72 “ 62
-5 3 -2 0 109 -78 -8 4 - I 33 -29

I 3 -21 56 48 I 4 V 2 86 85
- I 3 -21 131 -8 0 - I 4 ■ 2 154 138
-2 3 -21 65 44 2 4 2 326 -330
-4 3 -21 io8 .72 -2 4 2 291 -248
- I 3 -2 2 36 -47 -3 4 2 77 63
- I 4 137. -138 4 4 2 277 284
"2 4 306 -287 -4 4 ■ 2 195 -171

-2 4 378 -356 -6 4 2 158 -149
3 4 - 93 -8 3 7 4 2 158 -124

'4 4 305 313 -8 4 2 45 47
5 4 154 -139 I 4 -2 102 -6 6

-5 4 169 143 - I 4 -2 97 -8 6
6 4 '66 " 79 2 4 -2 216 -197

-6 4 188 -165 -2 4 -2 342 -302
7 4 128 -115 3 4 -2 61 -5 9
I 4 I 197 -176 -3 4 -2 200 -202

- I 4 I 70 92 4 4 i-2 242 253
4 I 134 -131 -4 4 -2 328 300

-2 4 I 377 -354 -5 4 -2 122 117
'3 4 • I 188 -201 6 4 -2 120 -95
-3 4 I 96 92 -6 4 -2 197 -200

4 4 I 310 306 -7 4 -2 70 68
-4 4 I 170 -165 I 4 3 162 l 4 l

5 I 90 -83" - T l 4 3 135 83
-5 4 I 281 294 2 4 3 317 -341

6 4 I 81 80 -2 4 3 230 -223
-6 4 I 167 -148 -3 4 3 52 -42



-1 7 4 -

h k I F
O

F
C

4 4 3 154 146
5 4 3 113 86

-5 4 - 3 62 -54
6 4 • • 3 130 -111

-6 4 3 59 -5 2
~7 4 3 191 -175
-8 4 3 62 50

O 4 -3 308 301
I ■ 4 -3 62 39

- I 4 -3 89 -68
a 4 -3 176 -175

-2 ■ 4 -3 4 l l -395
3 4 -3 232 -233

-3 3 -3 97 -88
4 4 -3 130 123

-4 4 -3 318 328
5 - 4- - - ? 130 119

’6 4 -3 134 -118
-6 4 -3 115 -H O

4 4 355 379
- I 4 4 363 . 344

2 4 4 252 -240
-2 4 4 130 -114

3 4 4 86 84
-3 4 4 158 -153
-4 4 4 104 '8 0

5 4 4 l4 o - 148
-3 4 4 52 5$
'6 4 4 218 -205

-6 4 4 68 76
-7 4 4 168 -151
-8 4 4 68 54

4 -4 214 28l
-I 4 -4 154 179

- I 4 -4 50 39
-2 4 -4 225 -197

3 4 . -4 269 -274
-3 4 -4 47 -46

4 4 -4 HO -105
-4 4 -4 303 330.

5 4 -4 142 132

h k I F0 FC

-5 4 -4 95 -8 0
6 4 -4 20? -185 ■

-7 4 -4 56 -56
O ■ 4 5 117 98
I 4 5 313 318

- I 4 5 383 389
-2 4 ■ 5 123 -107

3 4 •5 75 82
-3 4 5 133 -142

4 4 5 162 -150
-4 4 ■ 5 46 59

5 4 5 144 119
-6 4 5 101 96
-7 4 5 137 -123a.
-8 ' 4 5 58 91,

4 -5 189 211
I 4 -5 90 131

- I 4- -5 160 176
2 4 -5 61 54

-2 4 -5 180 -163
-3 4 -5 62 -5 5
-4 4 -5 239 25%,

5 4 -5 161 157'"
-5 • 4 . -5 154 -135

6 4 ■ -5 l 4 l -138
- 6  ■ 4 -5 85 75
-7 4 -5 134 -124
-8 4 -5 72 55

I 4 6 355 390
- I 4 6 205 176
-2 4 6 47 -42
-3 4 6 161 -154

4 4 6 169 -168
-4 4 6 97 101
-5 4 6 48 -4 8
-7 4 6 86 -76

4 —6 352 397
I 4 -6 96 -101

- I 4 -6 90 128
-2 4 -6 42 -3 3
-3 4 -6 223 -232

i

I

I
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127 -101

-171

- 2  4

-122

-222

—&

—101
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h k  I  F F

I  4 11 102 -94
- I  4  11 127 -131
-3  4 11 88 - 8l
-6  4 11 io 4  -79

0 4 - H  201 -197
1 4 - I l  204 180

- I  4 -1 1  215 221
2 4- -11  224 -223

-2  .4 ■ - H  161 -186
-3  4 - U  67 -75

4 4 - I l  92 87
-4  4 - H  86 -97
-5  4 -1 1  147 142

6 4 - H  40 . -38
-6  4 - I l  135 -142
-7  4 - I l  40 34

. 1 4  12 117 -150
- I  4 12 117 -123
-6  4 12 46 -3 0

0 4 -1 2  82 -55
1 4 -1 2  157 144

—1 4 —12  188 186
2 4 -1 2  150 -127

-2  4 -1 2  241 -242
-3  4 -12  ,34  -31

4 4 -1 2  60 66
-4  4 -1 2  97 118
-5  4 -1 2  142 157

6 4  -1 2  89 -88
—6 4 —12 66 —65
' I  4 13 121 -129

- I  4 13 50 -76
-2  4 '13  120 -153
-4  4 13 61 71
- I  4 -1 3  144 i 4 i

2 4 -1 3  92 -83
-2  4 -1 3  .214 -223
-3  4 -1 3  50 43

4 4 -1 3  6 f  63
-4  4  -1 3  124 143
,5 4 -1 3  ' 43 48

h k I F0 F
C

-7  . 4 -1 3 69 -72
4 14 188 254

I 4 14 53 -95
- I 4 l4 50 79
-2 4 . 14 166 -185

0 4 -1 4 224 209
I 4 -14 ■ 100 -75

-2 4 -14 150 -133
3 4 -14 87 -8 3
4 4 -1 4 48 54

-4 4 -1 4 87 88
5 4 -1 4 55 48

-7 4 -1 4 68 -5 6
4 15 70 73

I 4 15 52 8 l
- I 4 15 156 199
-2 4 15 121 -153
-4 4 15 103 89

4 -15 291 315
I 4 -15 93 -104

- I 4 -15 HO -8 9
-2 4 -15 90 -85

3 4 -15 59 -65
-4 . 4 -15 99 94
-6  ■• 4 -15 36 39
-7 4 -15 112 -85

I 4- ■ 16 148 206
- I 4 16 150 201
-2 4 16 137 -158

4 -16 197 216
I 4 -1 6 79 - IG l

- I 4 -1 6 l l 4 -103
-2 4 -1 6 34 -31
-3 4 -16 4 l -4 4
-4 4 -1 6 86 74

I 4 17 131 174
- I 4 17 86 122
—2 4 ' 17 . 95 -122

4 -17 194 209
1 4 -1 7 50 -61

-1 4 -17 106 ' -109



(

-I  112 -111

-100
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h k I- F F h k I F FO C  O C

-2 5 3 183 -14? 3 5 5 101 101
-3 5 3 154 132 -3 5 5 173 -175

4 5 3 191 -212 - 4 ' 5 5 151 -146
-4 5 3 271 -259 -5 5 . 5 104 84

3 5 3 46 51 -6 5 5 137 115
-5 5 3 131 109 -7 5 5 43 29
"6 5 3 147 -117 5 -5 189 -200
-7 5 3 50 -51 - I 5 -5 201 234

I 5 -3 108 -88 2 5 -5 34 -58
- I 5 -3 77 55 -2 ,5 -5 235 -216

2 5 -3 229 219 3 5 -5 184 193
-2 5 -3 128 -118 -3 5 -5 200 183

3 5 -3 217 -221 - 4 5 -5 96 —104
5 -3 239 -229 -4 5 -5 309 -306

4 5 -3 194 192 -5 5 -5 210 200
5 5 . -3 54 -65 6 5 -5 48 -51
6 5 r3 36 -36 -6 5 -5 54 60

-6 5 -3 127 118 -8 5 - 5 75 -70
-8 5 -3 -95 -84 - I 5 6 166 177

I ’ 5 . 4 262 -308 -2 5 6 70 4
- I 5 .4 444 438 -3 5 6 255 -247

2 S .4 ■49 -51 -4 5 6 101 -61
-2 5 4 291 -252 -5 5 6 58 -48

3 5 4 254 236 -6 5 6 117 97
-3 5 4 210 193 -7 5 6 66 39
"4 5 "4 104 • -92 I 5 -6 122 -154
-4 ■ 5 4 104 -72 - I 5 -6 185 208
-5 5 4 201 204 2 5 -6 137 -115
-6 5 4 9 4 ' 78" -2 5 -6 149 -152

I 5 -4 216 -218 3 5 -6 216 182
- I 5 -4 101 .86 -3 5 -6 218 217

2 5 -4 157 253 ' 4 5 -6 65 -6 5
-2 5 -4 217 -225 ■ -4 5 -6 339 -389
-4 5 -4 190 -189 -5 5 -6 227 222
-5 5 -4 100 89 I 5 7 157 —160

6 5 -4 68 -60  . - I 5 7 4 l -3 9
-6 5 -4 123 108 -2 5 7 157 148
-8 5 -4 103 -100 -3 5 7 221 -212

I 5 5 372 -449 -6 5 7 69 68
- I 5 5 380 425 -7 5 7 43 22
-2 5 5 326 -290 I 5 -7 69 83



-1 7 9 -

h k I  F0 Fc h k 1 F0 Fc

-iia



,1

-l8 o -

-------------------------- ---------- rr-------------- -------

-5  5 15 68 ' 57 -2
I  5 -1 5  103 -158

- I  5 -1 5  167 165
-2  5 -1 5  115 -125
-4  5 -1 5  61 -71
-5  5 -15  63 70
-6  5 -1 3  -40 35
" I  5 14 63 -96
- I  5 14 86 121
-2  5 14 79 -86

I  5 -14  43 -72
- I  5 . -1 4  144 172
-2  5 -1 4  120 -134
-4  5 -1 4  121 -119
-5  5 -1 4  H O  96
-6  5 -1 4  28 33
ri. 5 -1 4  60 ■ - 4 l

I  5 15 82 -133
- I  5 .1 5  130 187
-3  5 15 50 -80
- I  5 -15  58 78
. 5 5 -15 38 . 93
-4 5 -1 5 102 -113
-5 5 -1 5 109 HO

I 5 16 115 -176
- I 5 16 58 87
-3 5 '16 103 -118
- I 5 -16 66 60

5 5 -1 6 46 89
-5 5 -16 ;32 -5 2
-4 5 -16 .90 -89
-5 5 -16 122 113
-5 5 I ? 137 - l 4 l
"5 5 -1 7  ‘ 43 70
-3 5 -17 60 -82
-5 5 -17 79 71
-3 5 18 108 -112
-2 5 -18 59 80
-5 5 -18 81 -102
-4 5 -18 3§ 37
-3 5 .1 9 68 -57

k I F F0 c

5 -1 9  68 79
5 -1 9  70 -94
5 -1 9  29 29
5 -2 0  22 4o
5 -2 0  59 -71
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APPENDIX E

The s im p l i f ie d  form s f o r  c a l c u la t io n  o f  e l e c t r o n  d e n s i t i e s

a .  F or th re e  d im ensions 
IiuhJi

? (X1X2X3 ) = V y ^ 2 2  ( \ - ] 1 h c o s (h 1x1+h2x2+h X^)

hJ h2hI
1 2  3

h . F o r two d im ensions 
h_h_,'-

f (^ x 2 ) = l / s (A^ h c o s (h^x^+h2x2 ) ^  s in (h ^x ^+ h 2x2 ))
h2h i  I  2 1 2

c» F or one d im ension  
h

^ (x^) =IZlZ.1 (A  ̂ nosh^x^+B^ qinh^x^)
. h1 I

Because o f  th e  c e n tro sy m m etric a l  n a tu re  o f  th e  x - ra y  r e f l e c t i o n s  

(F r i e d e l ' s  la w ) , which i s  due to  th e  e l e c t r o n  d e n s ity  b e in g  r e a l ,  some 

s im p l i f i c a t i o n  o f  th e  above F o u r ie r  e q u a tio n s  can be done 'b ased  on th e  

fo llo w in g  r e a s o n in g .

a .  For th r e e  d im en sio n s , in s te a d  o f  ta k in g  a l l  th e  r e f l e c t i o n s  

from th e  whole sp h ere  o f  r e f l e c t i o n ,  tw ice  o f  th e  h a l f  sp h e re  o f  

r e f l e c t i o n  may be ta k e n .

b . F or two d im en sio n s , tw ice  o f  th e  h a l f  c i r c l e  o f  r e f l e c t i o n  

may be ta k e n .

E r ro r s  s t a r t  when th e  h a l f s  a re  b e in g  ta k e n . Because some r e ­

f l e c t i o n s  show up a t  th e  common c i r c l e ,  l i n e ,  o r  p o in t ,  th e  whole r e ­

f l e c t i o n s  can n o t be d iv id e d  e x a c t ly  in t o  tw o. U su a lly  more th a n  tw ice 

th e  h a l f  i s  ta k e n . The common e r r o r s  a re  a s  fo llo w s . (The fo llo w in g  

e q u a t io n s  a re  c o r r e c t ,  o n ly  when a l l  un ique  r e f l e c t i o n s  a re  in c lu d e d
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I

using proper .weighing).

a. For three dimensions
h ^hph-;

^ ( xI xZx3 ) b27vI  R2Fi1 (Ah 1h2h5 COS(h l Xl +ha X2+h3X3 )

" - X h 2h3s i n t h I  )

b. For two dimensions
h2hl^(X 1X2 )=EAj z  t X h  C O s C h ^ + h ^ ) + ^  SihCh1X1A 2X2 ) )

0 E1 1 2 ■ 1 2

c. For one dimension 

X1 I=E

The physical meaning of these errors are that 

a. ,for"'three dimensions

the common circle  between the two half spheres has been used 

twice;

Ce for-two dimensions

the common lin e  between the two half c irc les has been used 

tw ice;

Ce for one dimensions

the common point between the two h a lf lin es has been used 

twice;

These errors in  the Fourier equations are very sign ifican t, because 

i t  i s  be these sim plified Fourier equations that most computer Fourier 

programs are written.

The correct forms of the sim plified electron density are 

a. For three dimensions



-1 8 3 -
Iigh1

? ( V 2 *3> l A ^ ( ^ 0 o o s(h l V h2x2 )+^ h 2 0 s l n ( k A

h^h?h1

+h2x2 ) l t 2 Z Y i y  V 2liJ 0oe <hi  V 1̂ W tJ 1

t \ h 2h3 sl,l(1 ‘l 5tl th 2x2tll3x3 ))

b. For two dimensions
V  Ilg flj

Y ( X 1 X 2 ) = I Z s ^ r C A h  Q C O S h 1 X 1 ^-Bh  Q S i n h 1 X 1  ) + 2 / s 2  X

hI I h,

(y k , oos<kl V h2x2 )tBh1h , s in (h l xl tl,2It2 :,)I d  I  d
The f ir s t  part represents the center line Ch2 being zero) in

Fig. 22, while the second part represents twice the upper c ir c le ,

'is equal to the whole c irc le  except the center l in e .

c. For one dimension
h,

Y (X1) = Ao/l+2/]3C (Ah Cosh1X1H-Bh Sinh1X1)

Derivation of the correct sim plified equations

a. For one dimension
h

Given ’ ^ (X1 )=IZlS. (Ah Cosh1X1H-Bh Sinh1X1)

- I  h i  S -  1 1
Left side=lZl(.Z -Hh1=OH-Ŝ KAh Gosh1X1H-Bh Sinh1X1)

H1 1 1

—1 k-] t
=AoZlH-IZlCi +^1 ) CAh COSh1X1A-Bh Sinh1X1 )

- I  ” \
SinceX (Ah Gosh1X1HBh Sinh1X1 )=^(Ah Cosh1X1HBh Sinh1X1)

S i - I

- F  V 005V l+bS1s1iieI xI 1

kI .=F (AeiCosS1X1-Bê=IbS1X1)

which
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Thus, Left side =Ao/^+l/l%^ (Â  cosh^x^+Ag cosh^x^

+ B ^ s i B h ^ - ^ s i n h ^ )

From F riedel1S law

w .

x ~ x
h , .

L e f t  s id e  =Ao/l+l/l% L^A ^ cosh^x^+A^ cosh^x^+B^ s in h ^x ^  

■ ^ h i s in h I xI }

=A o/l.+ 2/l^" (Afci Cosh1X1+B^ S inh1X1 )

■ n  \  h 1 1
/ ( x  )=a8/ 1+2/ 1I  (Ah COSh1X1+Bh Sinh1X1)

t?« For two d im ensions ^ i

ffiveH ' h h

Therefore,

f ( x Jxi, ) = l / s ^ 1 (jlli =OS(H1X1A 2X2 ) j-Bli S in a i X1+ ! , ^ ) )  
hgh1 1 2  1 2

_ h h
L e f t  s i d e = l / s ( x + h  =o+T ) X  (A, , CosCh1 xn+h0x )

S 2  2  I  E1  V 2  1 1 2 2

T\ . h 2 ', ; n ; - : :<: +h2'A'2 , )

‘ l / s f  1X  Oc o ih I  V V  • h I  I  • h 0 hI  . 2 1

' (\ h 2cos(hH V h2z2 )','BhI h2s in (lll V h2x2))

^h1
S in c e | ^ (A h .^ o s ( S 1X1A 2X2 )j-Bli Si a (Hi X1A 2X2 ))

JlI  ̂ Jrl «1. ^  -L

H2H
sV c t V l > , 00S<hl  V h2Jt2 >+Bh1h ,5 i“ (hl V h2x2 ) 1:.Jl c. x d

hpK  .
,  OOS(H1X1A 2X2)j-B̂  Sin(H1X1A 2X2))

I  h n I  2 1 2I

L e f t  s i d e = l / s (Ah ^coSh1X1+Bh ^ s in h 1X1 ) +1 / s CAh h

Then,

hI  1 1 Ii1 r  2
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■ th I 3tI +V a 5+^ 1E2s in f h I  V V a j J

h2hl
L e t E ■=P E<\ h 2o o s th l 3tl +h23t2 )+\ h 2s in ( h l W 2 )+

\  h200s(hl 3tl +h23t2 )+Bh1h2Sin(hl 3tl +h25:2,)
*1

S in ce  R = (t +h =0+ ^ ) e ( n )
hi -  1 1

= 1̂ (A0h2co5h2x2+B0h2s:Lnh2x2+A0h2co5E2X2+B0h2sinh2,:2 )
^ i h2

+t l  (V h ^ COSh(hl Xl +h2X2)+Bh h =in(hl Xl +h2X2)I  I  1 2 1 2

+\ h 2COs(hl Xl +h2X2)+\ E 2Sln(hl Xl +V 2 )+AE1h2COs(El Xl +h2X2) 

+B+T1,h .5ln(hi xi +h2x2,+AFhh = os(Ei xi +E2x2)+BE1h =lnthI xI +V a i1 2  I  21 2

From FrifedeI ' s  law

X v X v X v X e 2

Bv, , =-Bg 'r , Br h =-B, r
hl h2 hl h2 hl h2 hIh,

h
Then, E=22T(A cosh : 

I 0h2 2 E2+B0h- sinh2x2

+\ E 2S in th l V V 2 )+Ah1h2COs(El Xl +V 2 :)+Bh1h2B ln

(h^x^+h^X g))

.=2^ (A0h =osh2x2+B0h,slnh2x2)+2z i / (jlh1h ,co6(hl xl +V 2 3I  2 2 1 1  1 2
Ia2Ii1

' ^ 1E2slnthI xI +V a 5 5+2f  S  tAh1E2costhl xl +h2x25

+Bg  ̂ s in Cĥ x1+B x̂2) )



^ i 2 CA0h cosh2x2+B0h Sinh5X2) +2z& 1 (Aj1 h cos (h^x^+L5X5)

-1 8 7 -

I  I  1 2

1 2

^ph1
+Bh ,l i ,ein<llX3tl +h2x2 )+2?f5:, ( \ h , oos(bl 3tl +h2,t2 )I  - I  -L 2

+B SinCh1 x +h„x>.)) h_,h_ 1 1 2 2I  2
h,  h

2 (%̂ +ĥ =0+ ^ )^ f(Â  h cosCh1X^h5X5 )+Bh h SinCh1X^h5X2))
h1 -  1 1  1 2

huh.

1 2

=2? ^ (V h , COs(hl Xl +h2X2 )+Bh1h2s in (h l Xl +h2X2 ))
hI  I  1 2

Therefore,

JD(X1X2 )=Vs^CAh Ocosh1x1+B 0sinh1x1 )+2/ s ^ 1 ( \  h cos 
hn I  I  I  h , I  2

Ch1x1+h2x2 )+Bh^ ^ s i n ( h 1x1+h2x2 ))

c. For three dimensions 

Given

h j i j i
J 1 Cx1X2X )̂ = V v Z p z r (A h h J1 costh]X|+h2x2+ ly]y)+

llJ h 2hI

^ 2H3 s i n t h I V h 2W j j ,
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.Show
h2h l

? ( xI xSx^ )  1^ f  ̂  ('Ah-,h00COS<'hl Xl +h2X2 '>+Bh1h2Os inh^h^ I  2

h3h2hl
(h l V h 2x2 ) ) + 2 / ^ Z  (Ah1h2h5 =OSflLtX1A 2X2A 3X3 )

\ , h  J 1 =in th I  W z +hJltSj J1 2  3

The proof is- proceeded as follows.
- I  h^ h^h, .

?  (s l x2xJ )=1/T (? h +V 0+f  ̂ ( A  8 thi xi +h2x2+h3x3 J

+Bh1li2h5sl,l(hl xl +112x2+h3x3 ) J

h PhT
=izvF f  tV  h,Ocos(hl xl +h2x2)+\ l i j 3 sini;hl xl +h2x2)h h I 2

W 1

+ 1 /T f f f  t V 2 V 0 e c h I V h 2 X2 + h ? x 3 )+ B ll:Lh 2 h ,
sin

2 1
x_+h_x^)+A^thZ V h Z - Z - J ^ 2E3costhI  V hZ V S xJ j

+V 2E3s in th I  W z +S xJ J J

Now, we j u s t  have to  show 

h3h2hl
V f  t X i 2E3 c e s th I V hZxZ+S X3 J+V 2 h3Sin<>llXl+ll2X2+h3XJ J

2 1

hJhZhI

X i f  .t V h J 1 costh i V h2x2+S xj J+\ i l2h s lh t W S v hJxJ jj  ■I  h -h . 1 2  3 -L 2 32 1
Let us- work on h- f ir s t

V i
L e f t  s id e = ^ %  (A^ c o s (h^x^+h^x^) +B^ Qh sinCh^x^+h^x^)

I  h n I  3 I  3



-1 8 9 -

+Ah10h COS (hl xl +S X3 ̂  ̂ h 1Oii S ln  (hl Xl +S X3 ̂ )

h3h2hl

+? f  f ,  ' V 2 S

(‘»1V h2 V S x3 H \ l . 2E3 ' !os<V l t h 2lt2+E3x3 > 

>\ h 2E3 s l n ( S V S x2+H3x3 ) ','4t.1H2h3 oo s(h l xl  V 2t S S 1 

I S +S s t S S l t S 1K2E3 006 t t A V 2 t S s l
+B̂  g  ̂ sin(hn +h^x^+h^x.

I  2“ 3

Let

tS1E2K36inttIsV 2tSs11 

SS
I = i  f  tV s c o s  tS s t S s l t S 1Oh3 t t I S t V s 1

tS1 Oh 006ttIStSs1V  OESinttIStS s 11I  3  I  3

I I = f  f  I  (S1h2h30O6(SSth2x2tSSlt\ h 2!i36in(SS 

th2x2tSS ltS1h2h3co6(S s tSx2tSS)tS1h2E3

s i n  Ch1 V h 2X2-K3X3 ) +Ah s  oos Ch1X1-E 2X2-Ii3X3 )
-L v

I ■

tS1Egh36inttI s V 2tS s itS1K2E3006ttI s V 2tS s 1 ■

+B, r  r  SinCh1 X1 +h_x„+h-,x-,))Ja1Ii-Ja, I  1 d d. 3 3  1 2  3

Let us, then, work on h_.
h3

h3h l
4J--J (iSi1 Oh3 0 0 s ĥl xl +h3x3) +Bh10h3s:Ln(hl xl +h3X3^ ^ 1Oh5
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o o s(h 1V E3lt3 ,+ Bh1Oh3s i ,1(k1V £3X3 ) 4'AE101i3 oos<El xl +V 3 )

bE1 - Oh=in (E i V V 3 H \ o h  00^ eI V V 3 h b E1OS s i ”

(h  X + h ,x ^ ))  I  I  ^ 5

Ffom Friedel's Law

Then,

A00h A00h ’ 3 3 -8OOh1, "8OOE1, 3 3

X  Oh^-ftE1 Oh,’ I 3 I 5 8E1Oh ""8E1OE1, I 3 I  3

aE1OIi "aIi1OE ’ I 3 I 3 8E1Oh=-pE1OEx I 3 I 3

h3 • b3h i

^ O O h V V V ^ f f  tAh

V i
3I 1Oh s ln tb I xI til3V  t6E1Oh3oosth1V b3x3 HBE10h3

SinCh1 X1H-Ii^x72))  
1 1  J) 5

s in c e
h3h l  -  -

tV ohoostbiV b3x3H%,oh,slntbiV h3x3)1 1 - 1 - 3  1 3

h3 - l

(Ah , Oh c o s (h l xl +h3x3 )+Bh 1 Oh s in ( h l xl +la3X3
X  n.- ±  3  X 3

))

Thus,
- I bi  b3

1=2f  ^ 1=O+Z l f  (Ah Oh oosCbi xl +b3x3 HBh10 h ,s in (b l xl +b3x3^jĤ  X J. X ^ x 2

■h3hl
=2^ ' ?   ̂̂ O h ^ 205 ̂  hi xi +h3x3 ̂  +Bh10h^s:Ln <̂h1x1+h3x3 ))

h3h 2
*°G (h2X 2+ h2X 2)+ B ^, s i n C h ^ g + h ^ )

1 1 2 3 2 3

+A0 h j / Ostb2 V E3X3)+B0 h ,E /intb2x2+E3X3>+A0h,h,GOS
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(h2x2+h3x3 )*Bo£ s in (h 2x2*li x ) t i oE ,  oos(E2x2+E x )
' h ,h V  ' 2 5j) d ±

*B0h2E3s:Ln<i:2x2'l' S X3 <Ah1h2ii:50.°s<hl.xl'l'h2x2'l'h5x3 ) 

+\ h 2h3sin<hl xl +h2x2+h3x3 :i', \ h 2E3,,as(hl xl','1,2X2+S x3 ) 

+ \ h 2E3^ ( V l ^ 2 x2 + S x3 ^ \ E 2h3° ^ ^ l x1 ^ 2 x2'*3X3) 

+\ E ^ 3“iIl(hl V ?2i 2+h3x3 )+\ E 2E3oos(.,* l V S2I[2<53il3 )+Bl>1£ / 3

Sin (h 1x1+E2x2+E3x3)+AE^ o o S(E1x1+h2x2+h3x3 )+BK̂ h^ in (E 1x1

+h2X2+h3 ^ )+\ h 2E3=o s ® lxl +h2X2','E3x3 )+BE1h2E3Elzl<£l V ll2x2 * 3 x3 )

cos (E1 x. +ĥ x̂ +h-zX-, )+B- ?- r SinCh1 X1 +h-x.+h^x,)
I  I  d  d  5 j >  Ja1 h - h ^ ,  1 1  d  d 5  5L d 5

From F riedel's law

A0h»h-,=A0hoh^ * 2 5 2 5 BOh-hd 5 d 5 A]l1^2h3 Ahl h2h3 ’
B1̂ r  ■. = 

hIllBh3 - V 2E3

AOh_h =AOhph ’2 5 2 j> B0 h „ h =-B0h_h d 5 d 5 aE1 E0^ aIi- h*E- 9 B1-  =B1 B-B^I  2 3 - V 2E3

Ahl h2h3 ’
B, , , =—Br- r= r-

hIhZh3 hl h2h3 V 2V V 2V
Bf ■ =

hIhBh3 "eB1B2B3

Then,
h J h 2

n = 2 Z Z  (A0h^ c o S(h 2x2+h3x3 )+B0k^ s i n (h2x2+h3x3 )+A0i;^ Co S

(hgX^+h^x^)+B^-

kyhgh^

'0E2h3sillffi2x2+h3X3 ) ^ 2J f f  ( \ l . 2E3C05(W

h^x^+h^x
3 )+\ l i 2E3s in (h l xl +ll2x2+h3x3 >+\ E 2h3oos(kl V £2 W 3 >
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+\ h 2n3s i n  tW h2 W j  ^ bE1E2H,

s i n C ^ y E ^ h ^ ) ^  c o s t ^ y h ^ h ^ ) ^  .
1 2  5 1 2  5

s in (h^x^+hgXg+hjX-j))

hJ h 2
II= Z Z X  (A0^ < = o s ( t ,2x2th5x3 )tB0h^ s i n ( h 2x2*h3^ ) ^ 0E^ c o S

(E2x2*k3x3 )+BGÊ 6in (h 2x2+h3x3 ) )+2f f f  ( \ h 2h3° ° s ( V l th P V -

h3 ^ ) t \ h 2h3 sln < h i V h 2v V j )+\ K 2h 3c‘>s(hi 1[i +i;2v V 3 )

hJh2hI
+Bh 1h , h Ts l n ( h l xl-'-h 2V h3X3 ) hhh^ l W W j 'I  Z jf 1 1 1  X d j

+BrlE1B2h sln(Ei Y h2V h3x3)+\ E 2h cos(Ei V ha V h3x3 )

V h2W s i )

hJ h 2h I
Since X I J  (Ah P o s C k ^ h ^ k  X^JiBg  BinCk1X1

1 1 1  1 2 5  1 2 5

V 2th3 ^ ,+X E 2k cos(El V E2V h3x3)+BE1k2h ^ b ^ l V V ^ J ) )

hJ h 2- I
Z Z f  (Ak,k k coS(hl V h2X2+hJx3)+V k ,k  3in(hlV h2W j )+I  I  h1 T  2 3 1 2  5

Thus,
- I h i  h ^

11~2 ^§ + ^ - 0 + % ) % Z  ( \ ^ ^ ^ c o s ( h ^ + h g X g + h ^ ) + B ,  ^  ^
1 1 1  1 2 5 1 2  5
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Sin (h1x1+h2x2+h3X3)+Ahi h2h5COS (hl xl +̂ 2X2+h3X3 ̂

s i n (h^X1+EgX2+h^x^))  

h 3h2hl

=2f f f  (^ 1h 2h3 COs(V l +V 2 +V 3 )+\ h 2k3 s in ( h l xl +h2X2+h3X3 )

+Ah1E2h^CO S ('hl Xl +̂ 2X2+il3X3 ̂  ̂ h ^ ^ 3111 (k^%2^2x2^ 3x3 ) ̂

Iy h 2Ii1
I i = S Z Z X C a1i ,, .  c o s C h ^ f h ^ h ^ j + B  s i n t e ^ h ^ h ^ )  

I  I  E1 1 2 3  1 2 3

h3"1̂ l
+ 2 % % 2  (A, , , c o s (h ,x  +h x_+k,x  )+B SinCh1 x +h x 0+h x ))

I  E2E1 ^ l h2h3 1 1 2 2 5 3 hl h2h3 H  2 2 3 3

^enoe

L e f t  s id e = I+ I I

hJ h1

=2^ f  t V o h 1co scW b S j ^ 1O V ln c h I xI S xZnI y  I 3 I 3

hS hI

+ 2 f ? f  <V 2l '5 ° ° S<11l xl +W V 3 )+\ h 2h36in<W

L ^ -Ih 1

h2X2+h3X3}) (A L1L2L̂ 0 s(hl Xl +h2X2+h3X3^

s in ( h 1x1+h2x2+h^x^))

- I  h 2 hSllI
L e f t  s id e = 2 (Z  +k_=0+% (A, , , c o s (h  X1 +h_x -kh^x )

E2 2 I I  E1 lll h2h3 1 1 2 2 3 3

+B . SinCh1 X 1 4 - h . x f h x ) )  Jall h„h-, 1 1 2 2 3 3V- . 2 3
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il^h P1S
=22 ^ ' (\ h 2h3 ,:os(tll xl +h2x2+h3x3 )+\ h 2li slm

2 1
Ch1 X1 +h-x.+h-.x= ) 1 1 2 2 3 P

V i
T h e re fo re ,

^  ( x ^ - l A I !  ( \ h 20COs(hl Xl +h2x2 ,+Bh1h20s:la<hl xl
2 1

h3h2hl
A 2X2 ) I1h l ^ L c o s Ch1X1I h 2X2^ 3X3 )

2 1
+B , SinCh1X1+ h _ x + h ^ x ,) )  h^h^h^ 1 1  2 2  3 3
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