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ABSTRACT

This thesis is concerned with the developmént of minimization
techniques for the efficient synthesis of cellular logic networks.

The main results can.be summarized as follows: First, an
algorithm is presented which obtains a realization for an arbitrary
switching function using a minimal size two-dimensional cellular
logic array in which each cell is capable of producing all two-input
one~output unate functions and in which the interconnection structure
is constrained to be "nearest neighbor." Also, the number of
equivalence classes of unate cascade realizable functions is deter-
mined, and & necessary condition and improved test for determining
unate cascade realizability is given. Second, a solution to a
classical minimization problem involving the Reed-Muller canonic
forms is provided and minimization techniques for two-dimensional
cellular arrays based on the Reed Muller forms are developed. Third,
an esséntial step in the cellular array minimization algorithms is
formulated as a graph theoretic problem whose solution requires
finding the cliques of a linear nondirected graph. For this, a new
algorithm for detecting the cliques of a linear nondirected graph is
developed.




Chapter 1

INTRODUCTION AND REVIEW

OF CELLULAR RESEARCH




1.1 Introduction

A cellular logic array is a one-, two-, or many-dimension-
al iterative arrangement of similar or identical combinational or se-
guential cells with a regular intérconnectiqn pattern on the cells. If
the arrays are composed of simple cells (low complexity), they are ref‘
ferred to as microcgllular. Arrays having more complex cells are called

macrocellular.,

Research in microcellular and macrocellular networks étarted

gbout two decades ago. As early as 1952, studies in automata theory

(37)

prompted research in the macrocellular area. Von Neumann intro-

duced the notion of a cellular space and discussed universal computing

and constructing automata embedded in such a’ space.

-

A,large part of the research in macrocellular networks has been

motivated by the desire to build highly parallel compafers. Holland's
(18)

machine was a two-dimensional array of iterative modules. He en-
visioned it as a universal computer capable of simultaneously executing

an arbitrary number of subprograms. Modified Holland machines'were'sub-

( 5) (12)

sequently considered by Comfort and Gonzales. At the same time

(36) ;-

Holland was envisioning his iterative circuit computer, Unger

dependently proposed a‘special purpose modular computer oriented to

- —
—

solve problems in which data is arranged in a spatial form.
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More recently, investigations b& Slotnick, Borck, and MgReyholds

(35) led to the SOLOMON and ILLIAC IV parallel précessing computers.

Concurrent with the development of-macrocellular arrays, there
were ofher areas of development that would now be classified as micro-
cellular in nature. The first of these areas might be termed contact
arrays. The crossbar switech of Scudder and Reynolds(33) exhibited

cellularity. Fach "cell" of the crossbar switch consisted of several

, contacts and a mechanical latching arrangement. By operating magnets in

the desired row and column in the proper sequence, it was possible to

activate and hold various cells in the crossbar switch.

Diode arrays also led to the development of modern microcellular

(3)

technigues. Brown appears £o have been the first to suggest the

. diode array which had an interconnection_§tructuré that consisted of a

set of horizontal and vertical busses.

Memory arrays using shift registers were proposed by Aiken in

(31)

about 1948. Shortly after, Forrester(ll) and Rajchman proposed the

magnetic-core storage which was also microcellular in nature.

However, the early areas of microcellular development received

. only limited attention because of what were then technological limita- .

tions. It is only with the advent of integrated circuit and batch-

fabrication technologies that microcellular techniques have taken on a




b

new. importance. With the progress now béing made in the field of large
scale integration (LSI)-technology, it 1is reasonably certain that the
future generations of computers will employ cellular arrays in tﬁeir
completely integrated, highly parallel and gophisticated subsystems.

The various advantages of cellular arrays in LSI are high packing den-
sity,_high relisbility, high manufacturing yield, flexibility in éerfor—

mance, and ease 'in error diagnosis.

To effectively utilize cellular arrays in LSI, logical designers
must have efficient synthesis techniques at their disposal. The purpose
of this research is the development of minimization algorithms Ffor the

efficient synthesis of cellular logic networks.

1.2 o Review of Pre?ious Work and_Delimitation

Many cellular structures have been proposed for synthesiz-

(21)

ing combinational switching circuits. Maitra has shown that cas-
caded networks composed of completely flexible ﬁwo—input one-output
logical cells may be used to realize a certain class of switching func-

tions. He also gives a condition for realizing arbitrary switching func-

tions by such networks.

(26)

cellular array was a two-dimensional rec-

~.

tangular arrangement of cells, each of which had binary inputs on the.

Minnick's cutpoin

EOP and left edges and outputs on the bottom and right edges. Each cell
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was.connected with neighboring cells and specialized to produce a sub-
set of the possible sixteen functions by a set of binary constants
called "cutpoints". He showed that a cascade of cutpoint cells was

" capable of producing all the functions of the Maltra cascade. He also
showed that a two-dimensional array of cutpoint cells could be arranged
in such a way that an arbitrary function of n variables was produced.
His synthesis technique relied on the ingenuity of the designer, how-
ever, and the realizations obtained did not necessarily have a minimum

number of cells.

The cobweb arra§€sglso introduced by Minnick, was a modification
of the cutpoint array made by complicating the cell-interconnection
structure., Improved éealizations were possible with the cobweb array
but the_task of obtaining a realization for a particular function uéing
a minimal number of cobweb cells was stiil up to-the ingenuity of the

designer.

Shért(3h) and Ybeli(38) studied two rail cascades. These cas-

. cades are functionally complete, i.e., any arbitrary function can be
realized within the extent of a single cascade. However, the generai
two—ou%put three variable cell'of the two rail cascade is significantly
---more coemplex than the cell used-in thgwarrayshalready.descxibed..‘quuu
rail realizations 5ased on the Reed expansion may be obtained”fér an

arbitrary function. However, this expansion does not alweys yield an
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economical realization. Indeed, only when the number of variables is
one-or two is the bound firm on the number of cells needed to realize

a particﬁlar function.

A1l of the cellular arrays menticned so far have at leasf one

drawback. Given é‘particular switching function, there exist no al-
gorithms to find an optlmal des1gn of the array to reallze the function.

Perhaps this limited success in the develoPment of optimal cellular
.arrays lies in the problem of mathematlcally modeling these arrays.
Several design paramefers are involved which makes modeling difficult.
Synthesis élgorithms must recognize the traqefoffs.émong such désign
parameters as the size of‘the‘array, the logical complexity of individual

cells, the interconnection structure, and the speed of computation.

The cobweﬁ array illustrates the fact thé£”£he total array size
for realizing any arbitrary function can be reduced b&nincréasing the
logical complexity of the cells. and by allowing interconnection among
non-adjacént cell§. Research on the (n,d,k) probiem( 7)( 8) has pro-
duced some analytical results concérning’the interdependence among some
of the purely.toﬁological parameters of cellular’arrayS'such as the to-
tal number of connections incident on a cell, meximum and averége inter-
-celd~ disbance; and the size -and-planarity-of the array. When;both»iegi-

cal and t0polog1cal parameters are. considered, mathematical modellng

becomes very vague.
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Mathematical modeling of cellular arrays is a problem which needs
further study. However, it should be realized that the urge to attain
excellence in modeling should not be carried so far as to obscure the
necessity of developing practical design algorithms. Therefore, in this
thesis we will start with a particular two-dimensional arrzy whose inter-

connection structure is constrained as in Figure 1l.1.

8 el T e = = ey ey
f(xl,...,x )

Figure 1.1 Array of Two-Input One-Output Cells.
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Each cell produces an arbitrary two—ihput one-output combina~
tional function. Iﬁput variables x ’X2""’xn are bussed horizontally
and with the exception of the bottom row, vertical cascades of cells
do not interact. The problem of synthesizing two-dimensional arrays in
which the vertical cascades are allowed to interact is still open and
seems to be very difficult. The bottom row of.Figure 1.1 acts as a

"collector" row and collects the functions produced in each cascade.

Cellular arrays whose general structure fits that of Figure 1.1
are considered in the following chapters. Minimization algorithms can
usually be developed only after some constraints are placed on the

allowable.cell functions. These constraints are briefly mentioned in

the next section and more fully discussed in Chapters 2 and 3.

-

1.3 . Organization of Remaining Chapters

Chapter 2 develops minimization techmiques for the case
in which the cascade functions produced in Figure 1.1 are restricted to
be unate. Also, the number of equivalence.classes of unate cascade
realiiable functions is determined, a necessary condition for unate
cascade realizability is established, and an improved test for deter-

mining unate cascade realizability is given.

In Chapter 3, the collector row of Figure 1.1 is set to produce

the Exclusive Or or Logical Equivalence operation. Minimization tech-
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_niques for arrays of this nature are developed and a solution to a
classical minimization pfoblem involving the Reed-Muller canonic forms

is presented.

The algorithms developed in Chapters 2 and 3 require the deter-
mingtion of the cligues of a linear non-directed graph. Chapter b
develops a new cligue detection algorithm and compares it with other

algorithms which have been programmed for this purpose.

The concluding Chapter 5 summarizes all the results obtained

and discusses particular areas which merit further study.




Chapter 2’

MINIMIZATION OF

UNATE CELLULAR ARRAYS
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Introduction

The most general minimization problems as discussed in
the introduction to this thesis are very complex. A more tractable
problem is to'consider particular array structures and develop mini-
mization algorithms applicable to thém._ The particular array that will
be consgidered in.this ghapter is a unate cellular array ﬁhich is a one-
- or two-dimensional srrangement of two-input one-output combinational
cells. Each cell is capable of being set to give any 6ne of the four-
teen unate functions of its two inputs§ that is, excluding Exclusive-

Or and Equivalence.

2.2 ) Unate Concepts

2.2.1 Definition

-

A switching function f(xl,xz,...,ﬁn) is said to be unate
if and on;y if f(xl,xz,...,xn) is representable as a disjunctive or
conjuntive normal formula in which no literal X; appears complemented

and uncomplenented.

The fbllowing is a list of all unate functions of two variables,
x and y: O,l,x,x',y,y', AND (xy), NAND(X'+ y'), OR(x + ¥); NOR(x‘y'),
CIMP(x + y', X + V), NIMP(x'y,xy'). The first six functions of this list
are improper funétions of two variables; that is, they are indepen@gnt

. of some or all. input variables.
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il Unate Cascades and Properties of Functions Realizable
by Unate Cascades

A one-dimensional arrasy of two-input one-output unate
cells as shown in Figure 2.1 is called a unate cascade. The variable
ordering for Figure 2.1 is xl’x2"'°’Xn' Note that the ordering begins

with the first cell of the cascade.

»
»
"

Xl.__.__o

Figure 2.1 A One-Dimensional Cascade of Unate Cells.

This section presents some theorems on unate cascades and enumerates

the classes of functions realizable by unate cascades.

Theorem 2.1: A function realizable by a unate cascade is unate.

Proof: See Reference 28.
The problem of determining the classes of unate cascade realiz-
able functions can be made easier with the help of the following

theoren.
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Theorem 2.2: Consider a unate cascade of m cells with input variables
xl,xz,...,xn, where m=n-1. Every function realizable by this cascade
could be realized by a unate cascade of at most m cells in which the

only cell functions allowed are AND and OR and the inpubt variables %95

XyyeeesX,) ore allowed to be complemented or uncomplemented.

Proof: The output of the unate cascade in Figure 2.ilwith input vari-

ables (xl,x

2,...,xn) can be expressed as

f = xn*(xn_lﬁ veo x3*(x2*xl) )

in which * denotes any of the unate functions of two variables. The
function gl(xl,x2) = xz*xl produced within the innermost parentheses
can be realized using only an OR or AND cell if complementation of vari-

ables Xy and'x2 is gllowed. .

Next consider the function gz(xl,x2,x ) ='x3*gl(xl,x2) produced

3

within the next innermost parentheses. where gl(xl,xa)‘is an AND or OR

function of x. and x.. Now.ge(xl,xe,x3) can likewise be realized using

1 2
only AND or OR cells if the input variables are allowed to be comple~

mented. This is so because if the ¥ operator requires the complement of

(22)

4
gl(xl’XQ)’ De Morgan's Law ensures a representation for gl(xl,xz)

using the same number of :AND and -OR -operstors as. gl-(xl,xz). R R

If this argument is spplied to each input variable in the cas-

cade, the function f can be realized using a cascade of at most. m cells
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in which the only cell functions used are AND and OR. Hence the theorem.

One can think of the unate cascade of AND and OR cells of The-~
orem 2.2 as a "'model” of all unate cascades since it can produce any
unate cascade realizable function. This "model" is helpful in proving '’

later theorems.

If, in the cascade of Fiéure 2.1, each variable is allowed to
appear as an input to any number of cells, the cascade is called g re-
dundant cascade. If each v;riable is applied to no more than one cell,
the cascade is called irredundant. The purpose of the next theorem is
to show that there is no loss of generality, as far as the number of

realizable functions are concerned, in considering only irredundant

unate cascades. First, the following lemme is needed.

-

Lemma 2.1t In any cascade realization of a function £, if thé Jth cell
is an AND or OR function with input Xy then there need never be any

t
cells driven by X; Or x, among the first j-1 cells in the cascade.

Proof: See Reference 27.

Theorem 2.3: Every function £ realizable by a unate cascade with re-
dundant inputs can be reglized by a unate cascade with irredundant

inputs. : ' NG

Proof: Theorem 2.2 says that any unate cascade of m cells can be re-
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presented by a cascade of aﬁ_most m AND and OR cells. Beginning with
the last cell, Lemma 2.1 can be applied to each cell of the cascade!
If an input variable X; is encountered at the jth cell such that X; or
x; appears as an input to any of the first j-1 cells, by Lemms 2.1,
the first j-1 cells can be replac?d with j-1 or less cells ip which xs
and x; do not‘appear. All redundant inputs can be eliminated in this

mammer and the theorem is proved. (Note that the irredundant unate

cascade must be shorter in length than the redundant cascade,)

As a result of Theorem 2.3, we will hereafter consider only

irredundant cascades.

2.2.3 Unate Cascade Realizable Eguivalence Classes

The most common means of grouping switching functions of

thé same number of variables is by eguivalence classes. Let £(x)
f(xl,xz,...,xn) and g(x) = g(xl,xg,...,xn) be switching functions of n
variables. If g(x) can be obtained from f(x) by a permutation or com-
plementation (or both) of the variables Xq3%p5e+e,%, s then g(x) is said

to be equivalent to £(x) and vice versa; (i.e., £(x) and g(x) are in

the same equivalence class.)

~mmove -parEer, £(x ) and glx) vare said to be .in the same: genera: -class- --
if g(x) can be obtained from f£(x) by a permutation or complementation

) 1
.,Xx_, or if g(x) = £ (x).

(or voth) of the variables Xy 5% e sXy
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. This section derives the number .of equivalence classes and gen-
era classes gengrated by unate cascades. Although only a small per-
cent of the total number of equivalence classes will be realizable by
unate cascades, it will be shown in Section 2.2.5 that any arbitrary
switching function één be realized using a two-dimensional array of

unate cells.

Theorem 2.4: The number of equivalence classes of n variable switch-

ing functions realizable by unate cascades is 2n—l + 2 énd the number

of genera classes is 2n-2 + 1.

~

Proof: Since we are not concerned with complemented and uncomplemented
literals when discussing equivalence classes, Theorem 2.2 can be used
to construct all the possible combinations of implicants generated by

—

a unate cascade.

For an n variable unate cascade, the maximum number of AND and
OR cells needed to represent the original cascade is n-1. This would
occur when each cell function of the original unate cascade was a pro-

per function of its two inputs.

To see how the'equivalence classes might be generated, except
for the trivial classes - constant O and constant 1, cénsider a unate

cascade of n-1 AND-OR cells with ordering x,,X,,...,%x as in Figure 2.2,
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x2 X X
x AND AND : Mkl AND £
X % oR D or N oR b

Figure 2.2 Unate Cascade of AND-OR Cells

The output of the first cell of the cascade will either be
X, 4%, (the sum of two n-1 cubes) or X, %, (one n-2 cube).* Depending
on the sequence of cell functions in the cascade, we will have as in-
put to the ith cell a set of k-cubes, say (kl’kz""’kt)' If the func-

tion of the ith cell is OR, at the output of the ith cell we will have

*Note there are 2n n-bit binary vectors in an n-cube. A k-cube (or
k-subcube) of an n-cube (k<n) is defined as a collection of any ok
vectors which have exactly (n-k) corresponding bits all the same.

Each n-bit binary vector corresponds to a fundamentsl product of n
literals. Each k-cube of the n-cube corresponds to a product of (n-k)
literals. For a four variable function f(w,x,y,z), the implicant xyz
is a l-cube since it covers 21= 2 fundamental products. The implicant

w is a 3-cube since it covers 23= 8 fundamental products.
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a set of k-cubes (kj;K,,...;k ,n-1). If the function of the ith cell is
AND, theﬁ at the output of:the ith cell we will have as a set of k-
cubes (kl-l,kz-l,..,,kt~l). By considéring all n-1 cells of the AND-OR
cascade? at least 2n-l equivalence classes can be geﬁerated. Adding

the constant O and 1 classes gives a total of at least 2n_l+)2 équiv~
aleﬁce classes. For example, all the unate cascade realizable func-

- tions of four variables (without complementation) with ordering X 3%,
X3’Xh are generated in Figure 2.3. For each realizable function there.
1s g corresponding k-cube represgntation. For example, xlx3 + x2x3 + %)

contains two 2-cubes and one 3-cube. The corresponding k-cube repres-

entation is (2,2,3).

Each of the sequences in Figure 2.3 cofresponds to at least one

equivalence class of the unate cascade realizable functions. If we can

show that each sequence corresponds to only one equivalence class, the

1

number of equivalence classes will just be 2"y 2.

Since all prime implicants of é unate function are essential
(see Reference 28), each function has a unique representation in terms
of its prime implicants or corresponding k-cubg. Suppose there are two
cascadé reslizable functions fl and f2 that have the same k-cube re-

presentation and belong to different equivalence classes. .Now the;k¥

. cube sequences generated in Figure 2.3 are all distinct, so-if fl'and-

f2 have the same k-cube representation, they mist have been generated
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Xy + x2:+’x3 +xy = (3,3,3,3)

Xh(xl + Xy x3) = (2,2,2)

X), + x3(xl +'x2) = (2,2,3)

xux3(xl + xz} = (1,1)
Ky '+ Xy o+ X%y sz,(2,3,3)
a0+ xyx,) = (1,2)
x), + (xix2x3) = (1,3)
R = (0)

Figure 2.3 ' Unate Cascade Realizable Functions of Four Variables.
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using exactly the same sequence of AND-OR cells. 'ButAif both funétions
were generated using the same sequence of cells, one must be obtainable
from the other by a pefmutation or complementation (or both) of the in-
put variables. Therefore, they must belong to the same equivalence

n
class, and there are exactly 2 + 2 equivalence classes of n variable

unate cascade realizable switching functions.

That the numbef of genera ciasses is Jjust half the number of
equivalence classes.is obvious from looking at the symmetry of Figure
2.3. For each function generated, its complement (literals uncomple-
mented) also éppears. Hence the number of genera classes of n vari-

n-2 '

able unate cascade realizable switching functions is 2 + 1, and the

theorem is proved.

-

The number of equivalence classes which are redundantly or ir-

(27) In

redundsntly cascade realizable has been tabulated elséwhere.
Table 2.1, the number of equivalence classes realizable using unate
cascades and the number of equivalence classes realizable using any

cascade of two-input one-output cells are shown.
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Table 2.1 Statistics on Cascade Realizable Functions

No. Variables 2 3 L 5

Totsl No. Functions 16 256 65,53 >U x 107
Total Equiv. Classes 6 22 Lo2- 1,228,158

Redundantly Cascade
Realizable 6 19 135 <k,500

Irredundantly Cascade :
Realizable -6 1k 35 90

Unate Cascade
Realizable i 6 10 . 18

Note that the number of equivalence classes which are cascade

realizable becomes diminishingly small no matter which type of cascade -

-

is used.

The following section gives a test procedure to determine whether

g function is unate cascade realizable or not.




" k-cube representation in Figure 2.3.
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2.2.% Unate Cascade Realizability Test

Given a switching function f(xl’XZ""’xn)’ we would
like a test to determine whether f 'is realizable in a single unate

cascade.

Theorem 2.4 of Section 2.2.3, and the subsequent construction of

_ the unate cascade realizable equivalence classes in Figure 2.3 provide

necessary conditions for a function to be realizable in a single unate

cascade.

If an n variable function is realizsble in a single unate cas~
cade, its k-cube representation (in ascending order) must be identical

to one of the k-cube representations for the 2n—l+ 2 equivalence classes

'realizable by unate cascades.

- For example, consider a four variable function f<X1’X2’X3’X4)'
One way to test £ for possible unate cascade realizability would be to

find its k-cube representation and check to see if there was a matching

A better way to check f for possible unate cascade realizability

would be to use the k-cube representation and apply the steps used to

© generaté the functions of Figure 2.3 in reverse order.  If the k-cube

representation for £ could be decomposed, using a maximum of n-1 s%eps,

to get a representation with two n-1 cubes (corresponding to xl+x2) or
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a representation with one n-2 cube (corresponding to xlx2), then £ is

possibly unate cascade realizable.

Provided £ is possibly realizable, it can be further tested for
definite realizability using a test given in Reference 28. This test
and the necessary condition for realizability can be combined to give

the following test and realization procedure for f:

Step 1: Obtain the prime implicants of the given function and
check whether f is unate by forming the logical product of the prime
implicents. The result must not equal zero if f is unate (proved in

Section 2.5.,1).

L

Step 2: The k-~cube representation for £ is listed with the k-

cubes in ascending order. -

Step 3: An attempt is made to remove an n-1 cube from the k-
cube representation. If one is removable, remove it and go to Step L.

If not, go to Step 5.

Step k: if the resulting k-cube representation is (n-2) or'

' (n-1, n-1), the function is possibly realizable so go to Stéf 6. If

the k-cube representation is otherwise, and the number 6f steps has not
exceeded n;l, return to Ste@ 3. If n-1l steps have been taken; the‘func—

tion is not realizable in é'single unate cascade and testing stops.
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Step 5: If less than n-l steps have been taken, add 1 to each
k-cube in the representation and go back to' Step 3. If n-1 steps have
been taken, the function is not realizable in a single unabte cascade

and testing stops.

Step 6: Check whether f can be expressed in one of the follow-

ing forms:
Ab @ =f=}.C. }.{. .o e 5(.@ (X-x. - X - see =X )
1 Iy Jp Iy 2 1 9p dy
B, &I, =Ff =X, +X, + eve +%, +.D. X =X, =X, =00o-X. )
1 iy Ty g e i~ Jy
where X = (xl,xe,...,xn), X (1<i<k) is an element of X, 1<k and
g
d, is a function of X excluding (x. »X. s...>¥; ).
2 31" 2 Ix

Step 7: If f can be expressed either in form A or in form B,
‘we have a partial realization of f as shown in Figure 2.4. The opera~

tion of the cell to which the input Xj is applied is as follows:
i

a) If. f is in form A, the cell performs the AND operation

T R
(xy) or the NIMP operation (x y) depending on. whether
. C,
X, =X, O X. .
Ji Ji Ji

b) If £ is in form B, the cell performs an OR operation (x+y) or
, o

T
an IMP operation (x +y) depending on whether X, =X, or x, .
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Dyt - L s F—b

Figure 2.4 A Partial Realization for f.

Since f is symmetric with respect to (x. ,xj e eis, s 0K ), any
15 . k
permutation of the cells within the cascade of k cells is permitted
and we have k! partial realizations of f. If f cannot be expressed in

either form A or B, then f is not realizable in a one-dimensional unate

cascade.

Step 8: Steps 6 and 7 are repeated iteratively at each step
obtaining a ‘bi function from <bi-l‘ If during any iteration, a
function is obtained which is just a two variable function, we conclude
f is unate cascade realizeble; if not, f is not unate cascade realiz-
able. The realizability test will be illustrated with the following

exemples:

Example 2.1: Let f be specified as a sum-of-products of prime impli-

cants as
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1
f = XX, + x.X_, + xu

LIRSS oS

The product of the prime implicants is not equal to zero so f is unate.
The corresponding k-cube representation is (2,2,3). The test steps

are as follows:
1) (2,2,3) - Remove the 3-cube.
2) (2,2) - No n-1 cubes, so add 1 to each k-cube.

3) (3,3) - Possibly realizable because (3,3) corres-
ponds to (n-1, n-1) and the number of
steps is n-1.

L) CIDl =f = X), + XXy + x2x3
5) @2 -~ X3 (xl 4 X;)
6) <1)3 =X) + X,

The unate cascade which realizes f is shown in Figure 2.5.

X2 X3 Xh

X—H ™P —H AND ——H OR |— T

1
Figure 2.5 Unate Cascade Realizing f = x.x, + x2x3 + X

173
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Note that Exampie 2.1 is realizable only with variable orderings
xl,xz,x3,xh or xz,xl,x3,xu. The function is not cascade realizable
with any other ordering. This point is importsnt because in later
algorithms we are interested in realizability only with respect to a

particular variable ordering.

Example 2.2: Let f be specified as

) 1
f =xxx. + x2x3xu + xlx Xu

1%2%3 3

The function is unate and the k-cube representation is (1,1,1). The

test steps are:

1) (1,1,1) - No n-1 cubes; add 1 to each k-cube.
2) (2,2,2) - No n-1 cubes; add 1 to each k-cube.
3) - (3,3,3) - n-1 = 4-1 = 3 steps have been completed.

Since (3,3,3) does not correspond to (n-2) or (n-1,n-1), and n-l steps
have been taken, the function is not cascade realizable with sny vari-

able ordering and no further testing is necessary.

Example 2.3: Let f be specified as

f = xlx2 + x2x3 + x3x4

The function is unate and the k-cube representation is (2,2,2). The
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test steps are:
1) (2,2,2) -~ No n-1 cube. Add 1 to each k-cube.
2) (3,3,3) - Delete an n-1 cube.

3) (3,3) - Possibly realizablé.

t T

4) iﬁ;z f = Xy %y + XXy + XX

The function f cannot be expressed in either form A or B of Step 6.
Therefore it is not realizable in a one-dimensional unate cascade.
This example shows that the realizability test condition is necessary,

-

but not sufficient.

2.2.5 Two-Dimensional Arrays

Any arbitrary switching function f(x ..xn) not real-

9%
izable in a one-dimensional unate cascade can be realized by either one
of the two-dimensional arrays shown in Figure 2.6 (a) and (b). The in-
put variables are bussed horizontally. Pach column of cells realizes &
unate function of some or all of the input variables. The bottom row

is a collector row which is a cascade of OR gates as in Figure 2.6 (a)

or a cascade of AND gates as in Figure 2.6 (b).

~

A realization in the form of Figure 2.6 (a) is directly obtéih—

able from the disjunctive canonical representation of f. FEach funda-
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mental product term is a unate function and is unate cascade realizable.
A cascade is needed for each fundamental product in £, the bottom row
being employed to produce their dgsjunction. From dual arguments, a
realization in the form of Figure 2.6 (b) is directly obtained from
the conjunctive canonical form of f. In fact, any disjunctive or con-

Junctive normal form of f may be used to obtain such realizations from

the minimal sum-of-products or product-of-sums forms.

The above procedure does not always guarantee the minimality of
the number of unate cascades in the array. The minimization problem

is essentially the following: a set of‘unate functions Uy sUgs s e sl

g

are needed such that

k

‘ k
. a) either T = :E u, or f = .o,
i i | i
‘ izl i=1 )

b) each of the unate functions 0, is unate cascade
realizable with the same ordering of the inpﬁt

variables.
¢) k is a minimum

Since the two forms of f in a) are,analogoué, only the disjunctive

form will be discussed. -
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2.3 Minimization Algorithm

An algorithm has been previously developed which obtains
the minimal unate cascade reslizations of an .arbitrary switching func-

(28)

tion. After a few definitions, this algorithm is given in Section
2.3.2. Most of the definitions and ideas developed in Sections 2.3.1

and 2.3.2 can be used to describe the improved minimization algorithm

" given in Section 2.5.

2.3.1 Definitions

The terms defined in this section are used in the algor~

ithm given in Section 2.3.2 and in later sections.

Definition 2.1: If u is a unate function such that u € f (u is
included in f), then u is said to be a "unate component" of f. If

u £ £, then u is said to be properly included in f.

Definition 2.2: A unate component of f not properly included in
any other unate component of f is said to be a "maximal unate component”

of f.

Definition 2.3:  Let P = { Pl,PE,...,Pk}.'be the set of prime
jmplicants of f. A subset (proper or improper) of P, denoted as -
(P, sy 5...,P; ) is said to be "compatible” if end only if

S :
P, 0
[T 7,7

=
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Definition 2.4: A compatible set of prime implicants is said
to be "maximsl" if it is not a proper subset of any other compatible

~set of prime implicants.

Definition 2.5: Let (pl,p2,...,pk) be the set of product terms
each of which is an implicant of the function f, but not necessarily a
prime implicant of f. Let P = (pi’pi sevesDy ) be a maximal compat-

1 2 m
ible set such that each P (1£ j%£mn) is a prime implicant of the func-

J
tion ub defined as

m
Y = z Pij

j=1

Then u will be called a "basic unate component" of f. Basic unate
components include the maximal unate components and,in general, some

non-maximal unate components.

Definition 2.6: A unate function thained by dropping only one
prime implicant from vy will be called a "derived' unate component of f
with respect to ub. If there are m prime implicants qf U s there will
be m derived una#e components with respect ﬁo ub. The process can be
iterated, that is, there can be derived unate components with respect

to a previously derived unate component if necessary.
T

\\

Definition 2.7: Let Yo be a basic or a derived unate component

of f realizsble by a unate cascade with a specified ordering of the in-
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puts such that there does not exist énother-basic or derived unate

component of £, say us,.which properly includes Vs thaf is u Cug,
and 1s realizable with the same ordering of the inputs. Then o is
sald to be a "prime unate" component of f with respect to the given

ordering of the inputbs.

Note that since non-prime cascades can always be replaced by
prime cascades without destroying the covering of the function, only

prime unate csscades need be considered in the minimization algorithm.

2.3.2 Algorithm Steps

The minimal unate cascade reslization of an arbitrary

switching function can be found as follows:

Step 1: Determine the basic unate compoﬁegts. Let <pl’P2""’
Pk) be the set of implicants of the given function f.'_A compatibility
graph Gb is then drawn as follows: Gc has a set of k vertices, one for
each implicant term. Two vertices Pi and Pj are connected by an edge
if and only if 1)13119j £ 0; that is, P, and Pj are compatible; and 2)
319! Pj’ Pj 7413} that is, Pi is not included in Pj and vice versa.

*
The cliques or maximal complete subgraphs of Gc correspond to the

*A cligue of a linear non-directed graph is a maximal subgraph such
that any pair -of vertices within the subgraph is connected by an edge.
A maximum clique is a cligue having a maximum number of vertices. For
further details see Chapter k.




-3k~

basic unate components of the given function.

Step 2: Set up a partiélly ordered graﬁh for the basic unate
components. Let Ll = (ul,uz,.;.,us) be the basgic unate components of
f. A partislly ordgred graph whoée vertices corfespond to the basic
uhate components is set up as in Figure 2.7. A line is drawn connect-
ing two vertices if and only if one of the corresponding basic uvnate
components is included in the other. Components whiéh are not included

in any other components correspond to the maximal unabte components.

Figure 2.7 A Partially Ordered Graph

Step 3: Determine the prime unate components.. For an arbitrar-
ily specified ordering of the variables, the prime unate compoﬁents‘of
Ly = Cal,ue,...,us) which appear in the first level of the partially

ordered graph of Figure 2.7 are tested for unate cascade realizability.
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LetLr and Lnr denote, respectiveiy, the set of basic unate components on
the first level of the partially ordered graph which are'realizable* and
non-realizable by unate cascades. Let LC denote the set of unate com-
ponents lying on the lower levei ﬁf the partially ordered graph which are

t
as follows:

© included in at least one element of Lr' Update list Ll to Ll

1

Ly=1y - L, -Lpy - Lo

I1f Li is empty, go to Step 4. If not, proceed as follows: Let Uy be an
element of Lnr' Obtain the set of derived unate components with respeét
to w, and consider only those which are not included by any element of
Lr' Obtain such derived components for each of the elements of Lnr' Let

\
Ld denote all such derived components. Update list Ll to list L2 as

_—— .
L, =1L, + L

2 1 d

A partially ordered graph (as in Figure 2.7) is now drawn with respect

- : .
to L2 and the above procedure is repeated. At some ith stage, Li must

be empty since the number of derived components is finite.

Step 4: Determine a minimal cover. In Step 3 the list of prime
unate components of f were obtained. A cover fable for the fundamental
products is now set up. A minimal set(s) of prime unate components are
picked up which form a cover of the table. Then, for the assumed order-
ing of the variables, all minimal cascade realizations are obtained.

These steps will be illustrated with an example in Section 2.5.2. -

¥ : '
Compared to the realizability test described in Section 2.2.3, the
test used in the original algorithm (28) is much less sophisticated.
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2.4 Disadvantages of the Previous Algorithm

The priﬂCiPal disadvantage of the algorithm presented in

Section 2.3.2 lies in determining the basic unate components.

A computer program was written to implement the algorithm as it
appears in Section 2.3.2 and it was found that approximately 80% of the
gxecution time was required to just find the cliques éf the graph of
Step 1. The time cited was for a fuﬁction of four variables which fe-
sulted in a compatibility graph with 20 vertices. The‘problem is that
the_time required to find the cliques increases almost exponentially
with the number of vertices. For functions with more variables, a
greater percentage of the exécution time is needed to find'%he pasic

wnate components.

—

Another disadvantage of the previous algorithm is that the pro-

cess of setting up the partislly ordered graph of Step 2 (Figure 2.7)

- may have to be repeated many times, depending on whether the basic

unate components or derived components are unate cascade realizgble

or not.

In Section 2.5 an improved minimization algorithm is given which
is an improvement over the algorithm of Section 2.3.2 for at least two

reasons. First, the basic unate components are found by determining

"the cliques of a number of smaller graphs instead of'solving one large

graph., Second, ﬁsing the results of Section 2.2.4, the improved algor-
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ithm is set up so that only one partially ordered graph need be set up

and the prime unate components can be pleked from that graph.

2.5 - Improved Minimization Algorithm

2.5.1 Detectién of the Basic Unate Components

The following theorem will aid in finding the unate com-

ponents of a function.

Theorem 2.5: Let f(xl,x .,xn) be expressed as a sum-of-products as

2,'.
f=0 +T,+ ... +7T vhere T;, 1=1=k are prime implicants of
f. Then f is unate if and only if the product of the prime implicants’

(w(Tsz ces Tk) ) is not equal to zero.

Proof: If £ is unate, then f is representable in a disjunctive normal

formula in which no literal X; appears both complemented and uncomple-

mented. - Therefore, the logical product of the terms in the representa-
tion of f must not equal zero. On the other hand, if f = Tl + T2 + oees
+ Tk and w(Tng voe Tk) is not equal to zero, no literal X appeared

both primed and unprimed. Therefore, by defiﬁition, the function f

- must be unate.
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This theorem gives a simple rule for testing for possible unste
components, That is, two or more implicants can be combined to form a
unate component if and only'if they have some fundamental product terms

in common (their logical product is not equal to zero).

To implement this idea an inclusion table can be set up in which
each row of thg table corresponds to one of the true fundamental pro-
ducts (ql,qz,...,qh) of the function, and each column corresponds to
one of the implicants (pl,pg,...,pk) of. the function. If the funda-
mental product ay is included in the implicant Pj’ an x is placed in
the corresponding column of row Q- By . doing this; we heve partitioned
those implicants of the function which could possibly combine to form
g basic unate component. Having a row in'thewtable for each trve funda-
mental product ensures that all possible combinations of implicants

which could produce prime unate components will be considered.

After the inclusion table has been constructed, a compatibility
graph can be set up for each row. The vertices of the graph Gi will
corréspond to the implicants appearing in row i. The rules-for joining
vertices are given in Step 1 of the algorithm in Section 2.3.2. The
qliques of the graph Gi co;respond to some of the basic unate components
‘“”““be”fhé”funbtion;””Ali basic unate components-can-be generated~byw0@n—n;«m-
putﬁng the cliques for G;, 1=1i=hj (n is the number of true fﬁnda—

mental products in-the function).
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" Note that each true fundamental product term is an implicant of
the function. But since the fundamental product terms cannot combine
with any oﬁher implicant of the function, the vertices in the compati-
bility graph corresponding to the true .fundamental product terms will
always be isolated, and therefore will always correspond to a basic
ungte component of thg function. Knowing this fact, we can delete the
. fundamental product implicants of the function in thé inclusion table

and reduce the size of the table.

This process will be illustrated with respect to the function
f(wyx,¥,2) = Z (1,5,7,8,10,11,13,15). The implicants (not including

fundamental produpts) which may be obtained by inspection from a Kar-

(22)

naugh map in this case, or by tabular methods for more complicated

examples', are: Py = w'y'z, Py = X3, p3 = xy'2, 'ph = Ww'Xz, Pg = XYz,

Pg = VX2, p7 =wx'z', Pg = Wyz, and p9 = wx'y.

The inclusion table for this example is given in Table 2.2,




0=

Table 2.2 Inclusion Table for f(w,x,y,z) = z (1,5,7,8,10,11,13,15)

q = 1 =wx'y'z | x

9 = 5 =w'xy'a X X X X

g = T =vw'xyz X X x

q, = 8 = wx'y'zs' . : x

45 = 10 = wx'yz' S | X x
9 =11 = wx'yz ple X
q7 =13 = wxy'% X b'e . X

dg = 15 = wxyz X X X b4

At this point the inclusion table may possibly be reduced in size be-

—

fore continuing.

A row ii of the inclusion table is saild to dominate another row
a5 of the same table (written a 5 qj) if row q; has x's in all the
columns in which qj has x's and if, in addition, row 9 has at least one
X in a column in which row qj does not have an'x. The dominated row,
qj,-can be removed because itg implicants will be included in those of
row qi, If two rows qi_and qj are identical, either may be removed

because they both yield the same information.

N

If these'two rules are applied to Table 2.2,_rows.ql and q), can

be removed. The reduced table is shown in Table 2.3.
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10
11
13
15
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Table 2.3 Reduced Inclusion Table

Pg

X X X X
X X X
X
X
X X X
X X X X

The basic unate components can now be determined, From egrlier

considerations the firsi eight basic unate components (corresponding

to the fundamental products) are u, =q; for 1£i<8.

Figure 2.8 (a) and (b) show the compatibility graphs corres-

ponding to the six rows of Table 2.3 (see rules for joining the ver-

tices of the compatibility graph in Step 1 of Section 2.3.2).

~ The basic unate components are tabulated in Table 2.4, Com-

ponents u

and (b).

9

through Uy g correspond to the cliques of Figure 2.8 (a)
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Figure 2.8 Compatibility Graphs for Table 2.3.
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Table 2.4 Basic Unate Components

ul = 4 -u9 = Dy P2
Uy = 9 Y10 T Py T Pyt Ry
Y3 =43 i1 T Pyt P
By =, Y12 = P7 T P9
Y5 = 45 Y13 = Pg * Pg
Y6 = Y Yy = Py Pg
A Y15 = Pp * Pg
vg = 98 “16-P5+P6+P'e’3
- 2.5.2 Jmproved Algorithm Steps i

The stéps fof the improved minimization‘élgorithm can now -
be stated. As an example, the minimal cascade realization for f(w,x,¥,z)

= z (1,5,7,8,10,11,13,15) with variable ordering yxzw will be found.

Step 1: Determine the basic unate components. This step has

been explained in detzil in Section 2.5.1.

Step 2: Test and derive basic unate .components.. All the prime
unate cdmponents which will appear in the minimal cascade realization

will come from the basic unate components (some may be derived compon-

ents).
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Fach basic unate component is tested for unate cascade realiz-
ability with the desired variable ordering using the realizability test
of.Section 2.2.4. If a basic unate component is not unate cascade |
realizable, it.is replaced by its derived éomponents and they are tested
as in Section 2.2.4. If the derived componehts are not unate cascade
realizable, they are replaced by their derived components and so on.
(This process must terminate since the number of derived components is
finite.) The deriving process is carried\on until all the derived com~

ponents are unate cascade realizable.

Step 3: When all the basic unate components have been so tested,
a partially ordered graph (see Step 2 of Section 2.3.2) is‘set up with
all the unate cascade realizable components génerated in Step 2. The
prime mmate components correspond to those components which are not in-

cluded in any other component in the partially ordered graph.

Step U4: A cover table is set up with the prime unate components
detexrmined in Step 3. A minimal set(s) of prime unate components are
picked which form a cover of the table. Then, for the assumed ordering’

of the variables, all minimal cascade realizations are obtained.

For our example, the basic unate components appear in Table 2.k.
Components uy through ug are obviously unate cascade realizable since

they consist of only one term. Testing components u9 through Uy g with
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thg variable ordering yxzw in Section 2.2.4, we get the following unate

cascade realizable functions:

Wy =P
derived from u
n =P 9
18 2
un =P
19 3 .
derived from U0
Yop = Py * Py

derived from U,y

u =P -
22. 7 .

( derived from u12
u = ’

23 = Pg

derived from u

oy = Pg 13 ...

derived from u

Yog5 = Pg 1k

1t

Pg + Py derived from Uy g

Yog

The unate cascade realizable components are Uy through ug and

through u < The partially ordered graph for these components

hailvt 2
gppears in Figure 2.9.
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pig ’

"Figure 2.9 - Partially Ordered Graph fof'Unate Cascade
Realizable Components

From Figure 2.9, the prime unate components are Uy g5 ul9, Usgs

uzl, u22, u23, and u26. A cover table (Tgble 2.5) can now be set up

for determining the minimal solution(s).

Components Usg and Uso aré essential for the solution since they

have columns with a single x. Deleting u,. and Usss the table can be

20

reduced and appears in Table 2.6. ' o o~
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Table 2.5 Cover Table for f = Z (1,5,7,8,10,11,13,15)

das '5 T 8 10 120 13 15
U8 X x X X
u19 % X
BRI |y UK
Usqy X BE
*u22 X X
u23 X i
Usp X % X

Teble 2.6 Reduced Cover Table

11 13
U.18 X
ul9 X
Moy
u23 X
u26 X X
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In the reduced table, Use is the obvious choice for inclusion in
the minimal solution because it covers the three remaining fundamental
products 11, 13, and 15. For more complicated cover tables, general

¢2) (22) (23]

algorithms are developed elsewhere.

The minimal solution for f(w,x,y,z) = Z (1,5,7,8,10,11,13,15)

for variable ordering y,x,Z,wW is

f

Usg + Ugp * Vg

w'z (x+y') + wz'x' + wz(x+y).

i

The circuit which realizes f is shown in Figure 2.10.

bl il

IMP OR
X P g et & R e
I g
AND NIMP E\TD
Z O V
i ! i
NIMP AND AID
W I {
R B 54
- & f G
& OR ——B‘———— OR —> ¢
ol

Figure 2.10 Minimal Cascade Realization
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2.6 . Algorithm Extensions

2.6.1 Optional States

For functions with optional states, there are two minor
modifications which must be made in the algorithm of Section 2.5. First,
any optional states which are present are treated as true (1) terms in
forming the implicants, except that no implicants are formed which conf
tain only optional states. Second,'optionai states are not included

in the cover table to determine the minimal sum(s).

2.6.2 Multiple Output Functions

2.6.2.1 Introduction ’ _

Combinational networks are sometimes reguired which have
more than one output. Xach output is a function of the same set of in-

put variables.

A set of functions fl’f2""’fk can be synthesized using a two-~

dimensional array as shown in Figure 2.11. The design of the collector
N oL . s

array is identical to that suggested by Mlnnlck.( *) For the disjunc-

tive realization, +the minimization problem amounts to finding a set of

unate functions Uy 50 LW such that:

520

a) Bach of the unate functions is cascade realizable with

the same ordering of the input varisbles.
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b) Each output function fl’f2"°"fk can be expressed as a
sum of some or all of the unate cascade realizasble func-

tions v, , 0 ... .
12722 >"m

¢) m is minimum.

Perhaps the most obvious approach to finding tﬁe mihimal solu~
tion to the multiple output case would be to minimize the functions
separately and realize each function independently of the others.
While this approach is straight-forward, it would not always yield a
minimal solution because there could be cascade realizable unate com-
ponents common to a number of output functions which could be used in
the minimal realization. These "shared”" wnate components must also be
considered for possible inclusion in the minimal solution. For three
- functions, say_fl,

unate components which are common to fl and T

f2, and f3, we must find the cascade realizable

fl and T f2 and £

2) 35

This implieg that we know which implicants are

3’

and £., £, and T

1’ 72 3°

common zmong the functions.

2.6.2.2 Determination of Common Unate Components

There exist tabwlar methods(zz) of determining the im-

plicants of-a set of functions-fl,fg,...,fk. qusider the set of func-

t.ions fl(w,x,y,z) = z (0311536:831231311}4"): fg(WJXJY>Z) = Z ‘(.536372

12,13,15), and £ (w,x%,¥,2) = z (0,1,6,7,8,14,15). The set of im-
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plicants (except fundamental product implicants) for these functions
are tabulated in Table 2.7. The implicent is given together with its
corresponding decimal equivalent and a tag field which indicates in
which functions the implicants are included. A (-) implies the impli-

cant is included in that function; a O implies thet it is not.

I ’1A IN
ARRAY

¢ (unate)

i) 2 “m

COLLECTOR AL S Y
ARRAY .

(unate) .

Figure 2.11 Multiple-Output Two-Dimensional Unate Cellular Array
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Table 2.7 Implicants for fl,

Decimal Equivalent

Py = W'y (0,1)
'pa =x'y'z' (0,8)
Py =wy'z (1,5)
p), = wy'z' | (8,12) |
Py = w'xz (5,7)
Pg = X'z (5,13)
Py = WXy | (6,7)
pg = xyz' (6,1k)
" pg =y | (12,13)
Py = wxz' (12,14)
Pyy = ¥z | (7,15)
Dy, = Wz (13,15)
Py 3 = wxy (1h4,15)
Py = Xz (5,7,13,15)
= xy (6,7,14,15)

N

f2, and T

5

3

i

o
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To find the minimal set of unate cascade realizable functions
. ul, u2,...;um of Figure 2.7 needed to realize the set of functions
fl’f2""’fk’ all possible unate cascade realizable components which

could be used in the minimal solution must be determined.

First, the prime unate components of the functions fl,fz,...,fk'

are found. Next, the prime unate components common to fl end f2, fl
and. f3”"’fk-l and fk are found, and so on. Finally, the prime unate
components common to fl and_fz, and,..., and fk are found.

( 2)(22)(23)

A multiple-output cover table is then set up (anal-
ogous to the multiple-output prime implicant table) and the minimal

covers are determined.

For example, to deternmine the prime unate components common to
fl and f3, we would consider all the implicants of Table 2.7 common to
fl and f3 (these have - O - or - - - in the tag field). They are Py

P3> and Py-

Using the implicants Pys Ppo and pB; and the true fundamental
product terms common to f, and f3 (O,l,6,8,lh); an inclusion table can
be set up as in Section 2.5 and the basic unate components determined.

The inclusion table is shown in Figure 2.12.
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Py Py Pg
0 X X
1 X
.6 X
8 x
1k . X

Figure 2.12 Inclusion Table for fl and f3

Rows 1, 8, and 14 can be eliminated, leaving only rows O and 6

which yield the basic unate components P, + D, and Pg-

If a variable ordering, say wzyxXx, is specified, the vrime unate

components common to fl and f_ may be found. They are just the basic

3

unate components in this case since both are realizable with the speci-

fied ordering.

In Table 2.8, the prime unate Componénts, thelr decimal equiv-

alents, and the functions to which they belong are tabulated.

Using the prime uﬁate components of Table 2.8, s multiple out-

put cover table for f,, £,, and £, can be set up. (Table 2.9). -
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Table 2.8 P;ime Uﬁate Components for f,, f,, and f3
Decimal Equivalenﬁ Function
Uy =Dy + Dy (0,1,8) £y
upy = Pg + Pg (5,12,13) =
Uy =Py (1,5) £,
u), =D (8,12) £y
U5 = Ppg (12,14) £,
ug = Pg (6,11) Y
U, = Py, (5,7,13,15) £, -
ug = Dy + Py (6,7,15) £,
W =g+ Dy (5,12,13) £,
Uy =Py *+ D, (0,1,8) — f3
Uy = Pyg (6,7,14,15) £,

10 = Pg * Pg (5,12,13) | f, end £,
g = fund. product 6) fl and f,
Uy -= Py + By (0,1,8) £, and f3
U5 + Pg (6,14) £y end fg i
Uyg = Py Ppy (6,7,15) f, and £,
Uy, = fund. product 6) £1, £, and £y
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=
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Table 2.9 Multiple Output Cover Table

ST o S
6 8 12 13 14 5 6,7 12 13 15 O 7 15
X | .
X X K
2 \
y | .
X
X X X
X
X X X
x .
X X X
X X X X X
X p.
X X
X X X
X X X X
N .

_9g-
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If the cost of each row in Table 2.9 is assumed equal, the prime

unate components Uppo Uy, ul5’ and Uy e form a minimal set which can be

[l

used to realize fl’ f., and f,. The covers are

To 3

. v to1 t t
£ o= up, + Uyt Uy = XY (z+w) + xy (2 +w ) + xyz

1 1
Ty =0y, + Qg = xy (z+w) + xy(z+w )
] 1 1 A 4 1 1
f3 Sy Uyt W = XY (z + w )+ xyz + xy(z+w ).
- The circuit Which realizes fl, f2, and f3 is shown in Figure 2.13.
2.7 Variations of Unate Cascade Results

The two types of unéte cascade realizations obtained thus
.far have used the OR operastor or, by duality, thé‘AND operetor in the
collector row of Figure 2.6 (a) and (b). The most general type of array
would allow arbitrary cell functions in the collector row as well as in
the rest of the'array. However, the minimization problems associated
with arrays of this nature are very complex and no attempt is made to
solve them here. Instead, attention is concentrated on reslizations in

which all cells of the collector row are identical.

. ) I | ' [ 1 1
If a collector row of NOR(x y ), NAND(x +:y ), IMP(X + ¥ ,x + ¥),
1 t N '
or NIMP(xy ,x y) cells is allowed, only the realizations with IMP(x+y )

|
or NIMP(xy ) operators in the collector row are directly obtainable from
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A L L

OR NAND IMP
- — b ¢
1
' A Lz
NIMP NIMP AND
P P P
AND NIMP AND AND
{ {i P
) Uy Lo Y16
X
Rt o olR 1 ofr b £
7
__JLO R POIRT el
. OfR st OB | el 80 RORT S SRS

Figure 2.13 Multiple-Output Realization
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the results of this chapter. The problem of ob%aiﬁing realizations
t t s 1 1 1 “

using NOR(x y ), NAND(x + y), IMP(x + y), or NIMP(x y) collector row

operators involves two-level expressions of unate functions and '

further research is required to solve these problems.

There are two other nontrivial functions that coﬁld be used for
the collector row operator, Exclusive Or and Equivalence. The problem
of finding a re;lization using unate ca;cade functions and an Exclusive
Or collecéor row has been partially solved in the case wheré the func-
tions form a subset of the posiﬁiVe unate functions or g-functions as

27)

they are more commonly known-in the literature.( ‘The g-function
consists of a cascade of majority cells whose output (z = xy + bx + by) .
is determined by the b parameter which can be set so that the cell

produces either the OR or the AND function.

Simplification algorithms for g~functions connected by a row of
‘ : ‘ 2
Exclusive Or cells are avallable in the literature( 7) although they

do not always lead to minimel solutions.

The g-functions only cover a small.class of realizations involv-
ing the Exclusive Or oﬁerator. Other variations in which thé cascades
produce arbitrary unate functions and the collector row is composed of
Exclusive Or cells can be considered. The solutions to these problgms

are fﬁndamentally related to the solutions of some minimization problems
.which can be formlated using the Exclusive Or and Egquivalence operatois.

This will be the subject matter of the'next chapter.




Chapter 3

MINIMIZATION OF CELLULAR ARRAYS

BASED ON REED-MULLER CANONIC FORMS
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3.1 Introduction

In Chapter 2, unate cascades were used to realize érbitrary
switching functions. For a fixed variable ordering, algorithms were
developed to find the minimal size array needed to synthesize any func-
.tion. The realizations of the previous chap%er were based on a foxrm of

(22)

Shannon's disjunctive or conjunctive canonical representation of the

‘function.

In search of more efficient cellular arrays, this chapter devel-
ops minimization algorithms based on the Reed-Muller canonic expansions

of a function., After a few preliminary definitions, the minimization

problems are more fully discusgsed.

3.2 Elementary Definitions and Canonical Forms.

—

This section will review briefly the candnic fepresentations of a
switching function f using EXCLUSIVE OR (symbolized as’zj ) &nd LOGICAL
EQUIVALENCE (symbolized as ( ) operations as primary operafors and
LOGICAL AND (symbolized as '.', to be omitted for convenience) and LOGI-
CAL: OR (éjmbolized as +) as secondary'operafors, with or without comple~

mentation (symbolized ''') of input variables XpaXps e et X

Some of the important and useful theorems with respect to these

operations are: ~
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X®y=xy'+xy xOy=xy+xy
X@X=0- xOx=1

x@x'.—.l @x =0

XxX@®O0 =x .x®O=£

X@®1 =x . \ xO1=x _
X@(y_®Z)=(X®y)®z xOOz)= xOy)0Oz
xy@z) =xy®xz 'X_+ yOz) =

(x+y’)@(x+z)

If £ =% @%, @ -.. @X_, then £ = 1 if an odd nuaber of the variables
Xy -+ X, have value 1. "If f = xl®x2®x3® @xn, then £ = 1 if

an even number of the variables Xys Xy eees X have value 0. Finally,

—

if a function f can be expressed as

foPy + Byt eee 4B (3.1)
=Q1Q2.....¢...-.Qm ‘ N - (3'2)

where P, (1=i=k) and Q‘j (1=j=m) are arbitrary functions such that Pin= 0

t .
and QiQJ. = 0, for all i and j, i £ j, then

f

PPOP,® ... ® P, - (3.3)

-, 00,0...00, C (3.

A variable :'ci (1£i=n) in the following expansions can be either

~

1
xi or xi; the symbols 2. bi-, ey ai, Bi" and 5; are understood to be the

binary constants O or l. The expsnsions are written for n = 2,3 but the




-3~
general forms for arbitrary n should be obvious.
The following are the Exclusive Or canonical forms:
(a) f(xl,xe,x?)) =2,® al>'cl ® a25c2 ® a3}'<3 @ al.t}.cl}.{2 ®
Byt @ aghyks @ aghy ik, - . (3.5)

This expression is called the complement-free ring sum expansion or the

Reed-Muller expansion when all the x j are x,.
() f(xl,xz,xs) = (bo +0)® (bl + xl) @ (b2 + xg)@ (b3 + x3)

S) (bu + J'cl + :22)@ (b5 + }’{l + }.{3)‘
® (g + &y + %)@ (o + %y + %y + &) (3.6)

4 (c) f(xl,x2 ) = o ® cyx) @ ep¥%y @ exXy @ X%,

t T

® c5x;|_x2 @ cgiy @ XX, @ c8xlx-; (3.7)

The TLogical Equivalence canonical forms are as follows:
(a) f(xl,x?,xs) = (ao +0)® (al + }'cl) O] (a2 + )?:2)

Q) (013.4.' }23) O (o, + % + 5{2)

O (o + %y + %) @ (gg + %, + &)

Q) (047 R ;23) - (3.8)




G-

(0)  £laysxyox) = By @ By O Bok, © ,53323 o f;l';{lsc?

O Bityty O fhyhy O Bty (3.9
(€) £le.x,) - = (50 + 0) O (5 + ) O (5, .+ Xi) Q) (83 + x,)

@(gh+xl+x2)O(55+x;+x2)®(56+x;)

t

® (57 S xé) O] (58 + xi + xz) (3.10)

Expansions (3.8), (3.9), -and (3.10) are the dual forms of the expansions
(3.5), (3.6), and (3.7), respectively. Expansions (3.5), (3.6), (3.8),
and (3.9) are unique for any given funci_:ion with respect to éivét1 set of
inp{lt va,riaﬁles }'{1’5{2’ e >'cn, whereas expansions (3.7) and (3.10) are

not unique. Given a function in the well-known Shannon form

of.1 ot

f(xl, ...,xn) = z £.p; = l | (si + f )
. . 27-1~1
i=20 i=20 '

(3-1_1)
where 1 and s, are the fundamental product (minterm) or fundamental sum
(maxterm) respectively associated with the ith configurations of (Xl’xg’
’Xn)’ and fi and T are binary constﬁant‘s, thg procedures to ob-

n .4 .
27 -1-1
tain the unique canonic forms described above are as follows:
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To obtain expansion (3.5), using equations (3.3) and (3.11), we

write
£f= @ Z £.0, (3.12)

where @ z denotes sum mod 2. For all i such that 'fi= 1, we can ex~

‘press Py without loss of generality as

1 - R |
By = XXy eee XE 4 K5 o0 X

)'clfcz...izs (1@>‘cs+l) Lo }'{S+2)...(1@}'cn) (3.13)

Factoring out 1 and then substituting in eguation (3.12) and simplify~
ing using x@® x = 0 and 0® x = x, we obtain the expansion (3.5). We
could have obtagined the same éxpansion starting from any other arbitrary
expression of £ in the form given by equ;%ion (3.3). To obtain the ex-

pansion (3.9) of f, we need to prove the following Theorem.

Theorem 3.1l: Let there be T product terms present including the

‘donstafit term a (ao = 0 is trivial)in the representation of a func-

tion £ as . . , . o .

s fls ey @ ai}‘(-l ® a2}°§2 ® .. O agn._l,._}'cl}'.(,z._...}'{n . (3.24) . .

then £ can also be represented as




f=tOak Oaf, ... Qa i & (3.15)

where t = 1 when T is odd and + = O when T is even.
Conversely, let there be D product terms present including the constant

term 2, (ao = 1 is trivial) in the representation of a- function as

f:a,o(Dal}'cl@aefce@...@a Fo% % (3.16)

then f can also be represented as

where 4 = O when D is odd and 4 = 1 when D is even.

Proof: Fi;ét let T be odd and assume that f = 1 for some assign-
ment of input variables. If aj = 0, an odd number of terms in»(3.1h),
say W, must be 1 and therefore an even number of.térms (T-w) in (3.15)
 become O msking (3.15) a valid representation of f. If“f = 0 for this
assignment, an even nmumber of terms in (3.14), say U, must be 1 and hence
an odd number (T-U) of terms in (3.15) must be O making (3.15) still a

- valid representation. Now assume ag = isnd £ = 1. Then an'even number,
say V, of (T-1) non~trivial terms must be 1 and an even number of terms
(7-1-v) in (3.15) become O. If for the same variable assigmment f = O,
“an’ 6dd ‘number, say Q, of (T-1) non-trivial temis must-be 1l and an-0ad - .. vac.m con o
number (T-1-Q) of terms in (3.15) become O. Therefore, (3.15) is a valid

représentation when T is odd. From similar arguments, (3.15) can be
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derived when T is even.- The proof of the converse follows almost iden-

tical reasoning and will be omitted.

To obtain expansion (3-.8) using equations (3.h) and (3.11) we

write

)

n-1l-i’ .

-
T = @IZ (si+f
‘ , i =0

where © Z denotes complement sum mod 2., For all i such that

f = 0, we can express Sy without loss of generality as

11
1 H 1

S, =X, + X. 4 0. +X_+X-_ + X e + X
1 2 s s+1 s+2 n

) + ...+ (O@in)

ST NE IPPRIE I (O@xs+l

-

Applying the distributive law a + (b ®¢) = (a + b) O (2 + ¢),
substituting in f and simplifying using x(® x = 1and 1O X = X, we Ob-
tain expansion (3.8). We could have obtained the same expansion starting

from any other arbitrary expression of f, as given by (3.%4). To obtain

- expansion (3.6) of f, we use. Theorem 3.2, stated below, whose proof fol-

lows the same line of arguments used to prove Theorem 3.1.

Theorem 3.2: Let there be T sum terms present including the constant

~

temn o (g = 1 is trivial) in the representation of T as
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f o= (O£O+ 0)® (a’l+ xl)(D (Ol2+ x2)® ... O (Ozgn-l
AR F K Fees + %)
then £ can 2lso be represented as
f=1t@® (OL1+ xl)® (a2 +x2)® e @ (agn-1+ X b Ky b e ¥ X
where t = O when T is odd and ¥+ = 1 when T is even.

Conversely, let there be D sum terms present including the constant temm

o, (010 = 0 is trivial) in the representation of a function as

f= (oeo+0)@(al+:'cl)®(o:2+:22)®-.-@(o:nl+5cl+;:: +
2..

SR xn)

then £ can also be répresented as L

oo + xn)

where 4 = 1 when D'is odd and d = O Wheﬁ D is even.

3.3 Mininmization Problemns

From the discussion of Section 2.2.5, it is obvious that a reali-
zation in the form of Figure 2.6(a) or (b) is directly obtainable from

the Reed~Muller canonic forms if the collector row consists of either
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Exclusive Or or Equivalence gates. Unfortunately, the resulting reali-

zations may not be minimal,

It woﬁld be desirable to have a procedure similar to that used
in the‘unafe function case for finding s minimal number of cascades -
needed to realize a given function. However, there is s ﬁnique covering
problem associated with functions expressed in the Reed-Muller canonic
forms as will be discussed latgr'in thislsection. It will be shown thst

an exact solution to this covering problem is not feagible from a prac-

" tical point of view. Nevertheless, Reed-Muller canonic forms are of in-

terest. It has long been conjectured that a two level realization of a

switching function as a mod 2 sum of products is more econcmical than the -

conventional Shannon normal form realizations. " But due to the nature of
the Exclusive Or and Equivalence operators, there has been very little

success s0 far in the development of minimization algorithms for functions

expressed as mod 2 or complement mod 2 sumaof-producﬁs (or sums).

In the following sections the various minimizstion problems will

be discussed and minimization algorithms will be developed for functions

’ expfessed in the Reed-Muller canonic forms.

Besides providing a solution to a classical minimization problen,
it will be shown in Section 3.6 how these results can be applied to the
realization of arbitrary.switching functions ﬁsing two-dimensional cellu-

lar arrays.
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With this in mind, the following minimization problems can be

posed with respect to the Reed-Muller canonic forms.

A. Given s switching function f(xl,...,xn), develop al-
gorithms to obtain mod 2 or complement mod 2 expressions of f having a
minimum number of product or sum terms which may contain literals from

X = (xl,.e.,xn):in both complemented or uncomplemented forms.

B. Given a switching function f(xl,...,xn), develop al-
gorithms to obtain mod 2 or complement mod 2 expressions of f having
minimum nuuber of product or sum terms which may coﬂtain literals with a
fixed polarity from X = (xl,u..,xn), thaf is, the varioble x; may occur
in the product or sum terms either uncomplemented or complemented, but

not both.

Problem A is the most general minimization problem for the mod 2
or complement mod 2 expansion for fzand was first considered by Muller.
(30) Unfortunately, no efficient method has yet beeﬁ develpped for func-
tions of variables n 2 L, The problem of obtaining the minimal mod 2
sum of products forms is essentially an "odd-even" covering problem in
which a set of selected vertices in the n-cube has to be coyered by a
minimum number of product terms . (analogous to covering by impli;anté in
Quine's method) such that each of fhe selected vertices has been covered

an odd number of times, and the remaining vertices in the n-cube could
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-be used as "optional" or "don't care" states with the constraint that if
any one of them is included in the function it has to be covered by the
product ﬁerms an even number of times. The préblem of obtaining the
minimal complement mod 2 sum of products forms can be stated in similar
language. The duals of each of the above probléms have anaglogous formu-

lations. Even, Kohavi, and Paz(lo)

have proposed a simple iterative
ﬁethod for simplification of mod 2 sum-of-product expressions, but theif
method does not guarantee minimality. They have also obtained certain
upper bounds for specific classes of functions. A codiﬁg theory formu-

(20)

lation of the same problem has been proposed by Kautbz but its im-

plementation for functions of n > 4 is very unwieldy. .

An alternative coding theofy formulation (or eguivalently a
graph theoretic formulation) of the problem is described in the Appen-
dix to this chapter. Here again the disadvantage is that the problem
becomes unmanageable for functions of n> l, The problem seems to be
an extremely difficult one and needless to say, entirely novel spproaches

have to be . developed before the problem is satisfactorily solved. .

Problen B ﬁas received very little attention from the switching -
theorists. To the best knowledge of this author, no reliable work has
been reported on this topic. In the following sections systematic mini-
mization algorithms are presented for obtaining minimal ﬁod 2'sum-o£;

products or complement mod 2 sum-of-sums with the polarities of the in-
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put variables fixed both for single-oubput and multiple-output functions.

The problems of obtaining minimal mod 2 sum-of-sum terms or minimal

complement mod 2 sum~-of-products terms are not basically different from

the above problems. Thus, minimal forms for equations (3.9) and (3.6)
can be obtained directly from the minimal forms of equations (3.5) and
(3.8) with the use of Theorems 3.1 and 3.2. Extensions of the method

for functions having "don't care" states will also be discussed.

The essential idea of the methbd cénéists of obtaining'what will
be called the polarity functions for the coefficients 2. bi’ o, or Bi
in the canonic expansions which Wili give the logical conditions in
terms of the polarities of the input variables such that the coefficient
iIs Oor 1. In the‘next-step the best polarities for minimal expres-
sions are determined. This step 1s formulated in terms of a graph the-
oretic prcblem and essentially consists of‘finding the maximum cliques

of a linear non-directed graph, for which efficient algorithms have

recently been developed.

3.3.1 The First Problen
Consider the problem of reducing the number of non-zero
terms in the generalized Reed-Muller expansion given by equation (3.5).

We shall call the vector k = (il,iz,...,in) the polarity.vector of £ in

the expansion., Obviously, X can have a total of 2% values since il is x.

1
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. T . .
or X, . With respect to a given polarity X, .f can be represented by

the binary vector

T = (8,588, ,...,8 ).
0’71’72 2n.__l

The problem is to determine the appropriate poiarities ﬁ such that the

vector f contains a minimum number of 1's.

We shall first consider a simple two variasble function

1 1
g = X%, -~ & single minterm. The vectors §'are plotted in a Karnaugh

map shown in Figure 3.1.in which the. co-ordinates Ay and Xy denote the

polarities of Xy and X, and the entries are the binary coefficients of

equation (3.5).

Xl —{ ' 0 - l'
x, O 0 0 0 1 0 0 1.1
{7 1 0 1 0 1 111 1

. = . ags ) .
Figure 3.1l...Plot of g = (ao,al,ag,a3),w1th.all polarities of x; and x,.

It -1s easily seen that the expressions for ai-denoted ai(g) are




alo (g) = XlXZ

al(g) = Xe
| a,(g) = x;
a3(g) =1 ' (3.18)

The above set of equations will be called the polarity functions for

1 1 .
the function g = XqXpe These equations mean that, for example, if

X

i

. 1 .
(X1>X2>> the coefficients ay in the expansion with respect to

1
X = (Xl,xz) can be obtained by putting xl = 1 and x2 = O in the equa-~
tions; that is, ao(g) = 0, al(g) = 0, ag(g) =1, and aB(g) = 1 so that

L I § 1 1

X%, = xe().xlxg. In general it is easy to see that the polarity func-

Tt t -
X are

tions for the function Py = KXy vee X
ao(po) = XXy e X
al(po) = XpXgeo Xy

aQCPO).= XpXge o Xy

.

an(po) = XyXpeeoX

an+l(po) = X3Xh"'xn
2 () =
oo O

!
P4

(3.19)

o
)
O
p -
!
'—J
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Note that the polarity function ai(po) is the product of uncomplemented
literals which do not occur with the coefficient a; in the complement-

free Reed-Muller expansion. This set of variables will be denoted as

X, thus X, = (xl,...,xn), X, = (XQ’X3""’Xn)’ Xé = (xl,x3,...,xn),

e, X0 = (%), X = (x,), and X = @ (the empty set). The set
n 2 1 n
2"-3 oo ™1 |

(po) will be denoted by

_of functions ao(po), gl(po),.,.,a What

n AO.

271

are the polarity functions Ai for p; = ilie..;in? The answer is pro-

vided by the following theorem.

Theorem 3.3 The polarity functions A, for p, = iliz.

in p; and leaving x

..X_ are ob-
n

tained by complementing x, in AO if ik = X

t

k

un-

k k K

changed in AO if X, =X

Proof': Without loss of generality, we can assume P = XqXpeeo

1 L | 1 1 ] LI |

] 1 1
e L NIRRT (Xk+l) ka+2) ...(xn)
Thus aj(pi) equals the product of litersls Xj where X = (Xl’XQ""’Xk’

1 1 t

Xy 0 Xk+2""’xn)' Hence the theorem.

t
As an example, for the function h = X1Xps the polarity functions

are

lt
e

8o(B) = xyx, o

|
>

ey () -
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t

*1

i}

a, (n)

a3(h) 1

1

The following theorem and Theorem 3.3 enable one to obtain the
polarity functions ai(f) for any arbitrary function f(xl’°"’xn) ex~

pressed in Shannon canonic form.

Theorem 3.k Let f be the sum of distinet minterms pj,pk,...;pm,
that is, £ = p'j + P et Py Then the polarity functions for f are

given by

o
(@]
—
(o]
~—
|

= a5 ® 25(p) @ - - - @ 2 (py)

©
’_J .
P
‘_b N
o
|

= al(p,j)® al(Pk) @ s o @ al(Pm)

nwa(pj) ® azn,-e(pk) ®...0a

2 2. (Py)

0 if there are even number of minterms in f.

o
—
]
~

]

1 if there are odd number of minterms in f.

The above theorem is an elementary consequence of the fact that we cen

write f also as f = pj@pk@ @pm.
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Exanple 3.1

1Tt 1 v 1 1

Let f(xl,x2 ,x3) = XyEpEg o+ XpXp¥o o+ XyXpKo b XX Ko Then,

% 1 t L | 1

Lag(f) = Xy Xy @ KyXp¥a @ XXXy @ Xy X%y
ay (£) = X% @ XXg @ XXy @ TpXg = XX @ XX,

2, (£) xl:'c?) @ X1%g ® Xy Xg ® X)%y = Xy

Tt Tt

1
83 (£) = X%, @ X%, @ X%, @ KX, = X

il

1

al,r(f) =x3@x3@x3@x'3 =1

| e
~
1]
I
]—J

%@ %, %, @ %,

i
o

a6(f) =% @x @x % =

0

i

o (£)

We shall now derive a set of rules which will enable us to obtain
the polarity functions of a function P which is a prodﬁét of literals

of the form

P =

X, X, ... X,
J1 dp Ik
]

where X, =X, Or x.., L=£k=n, and the set of variables Xp = (x. ,
' i 93 i . I
X, seees X. ) is a proper subset of X = (X ,%.s...5X_). Recall that

Jo” Iy 1772 n. L ;
. Xl is.the set .of variables which occur in a; (po) where Dy = XyXgeeoXpe o oo

The rules are as follows:
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: D
Rule 1: If X3 DX, then a,(P) = 0 if X, # X
( ) 1 1 ]
a, =X, X, «..%, if X, =X,
iF dida g *
Proof: Let z (xl,x2,...,xn) a‘nd@z (xl,x2,...,xn) denote

the sum and mod 2 sum, respectively, of all possible n literal product

terms formed from the set of literals }'cl,i:z,...,}'{n where }'cj can be
' .

either xj or Xj’ Without loss of generality we can 'assume'X'i contains

the literals X. ,X. ,...,X. ,X. eeesX. 5 where 1 < s <n. Then
J1 J2 Ik J1 T Is ‘

P ox. X, ...x. [z . eearx. ) Z(x. o )]
Jl J2‘ Jk Jk—rl Js Js+l J

n

Thus, when s = n, that is Xi = X, we have

a; (») —X;} x .. [@5 (x. ...,xjs):lx

Jp1”

[@ Z (xjs+l,. L%, ):I

n

T t 1

. X, eedX,
Jdi dp Iy

1 T H H t
But when s < n, all the product terms x x e X, X, .
©odpde dx Jk

occur an even number of times in a; (P) and hence 2 (P) = 0.

5 S
Jg will

Rule 2: If X, € xF, ai(P) =0

This rule follows from the fact that P contains an even

nurber of minterms and therefore, by Theorem 3.k, & (P) becomes the mod




_'7 9...

2 sum of an even number of the same product terms formed out of literals

from Xi complemented or uncomplemented.

Rule 3: If X, #Xp and X° #Xi, we have to consider different cases:

Case a: Xiﬂ Xp = ¢, the empty set.

1l
=

" Subcase (i): If X, U x° = x, ai(P)

IH
o

subcase (ii): IfX,U X° £X, a; (P)

case b: X, N X" £ ¢

1
X, ai(P)'.—_ X, X, ...X,

Subcase (i): If X,U xP

vhere XN XD = (Ry 9Xs seeesX, )
- L J J J
a P T

Subcase (ii): If X; U xF £ X, ai(P) =

Proof: Assume first X, N x° = @, the empty set, and assume Xy
= i seeesX, ). If ket =n, that is, X, U X° = X, then
i I M Ixst
2 (P) = Z j...sX. Y =1l. If ke+t<n, all the product
Jk+l Jiert
terms X. ..%X. - will occur an even number of times in ay (P)

) 3}-+2 Jist

ard hende @, (P) = 0. Ther assume X {n-xp 3. Ve may assume, without

loss of generality, P = %, %. «..X, ...X, and X, = (X, X,  see0s.
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X,  s...5x, ) where 1< g< k-l. When ¥+t = n, that is X.U x°
Ikl Ikt *

1 1 1 t 1
=X, 8. (P) = %, £. ...k [@Z I R 3
+ J Jq_+l Ix Iie1 Ikrt Jq Jq—u—l

. " - S
coeky =R R o0k (according to our notation). When k + t<n, all
q P T
r ot t

" the product terms x. X, «eeX. will occur an even number of times in-

Ig Jgs1 Ik

‘ai(P) and hence ai(P) = 0.

Il

Rule L: a (P) = 0. This rule follows from the fact that P
27-1

contains an even number of minterms.

We. shall now state the generalization of Theorem 3.h,

—

. . - ] o = g =
Theorem 3.5: Let £ =Py + By + ... + P+ ...-!.-]E_’k, where Pg(l—- g =k)
is.any arbitrary product term involving n or fewer literals such that

Png =0forallgand j 1=<g, =k, g £ j), then

gi'(f) ='a, (P) @2 () @ .- . ® ai(Pg) @-.. Do (R).

This theorem is also an elementary consequence of the fact that f =131()

P,@ - ®P D - @

We shall now illuétrate the usefulness of Theoren 3.5 and Rules

1~ for obtaining the polarity equations of a function specified in
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non~canonic form, but in a form as stated in Theorem 3.5 which can be

easily obtained for any arbitrary function.

Example 3:2 Let the function f be specified as

1 1 ! t 1 h %
T = x2x3x5 + xlx2x3x,+ + xzx X)-PX5 + xlxthx5

Then the polarity functions are

1 LI §

&g = x;x3x5 ® x:;_xgxgxlL C) xéx:_}x.)lx; O] X1X2X1LX5

oy = 00 5, © 0D Ky = iy, © s

8y = XXy @ X_';_X3X14- ® x3x£,rx; &) XL'LXlILX'B .

a3 = X;XS @ Xixth &) x;x);x; ®0 = xéx,j Q) }f:'sz}CLl_ @ x;xllx;

1 t 1 1 1 ] 1 A

a) = o0® xlx2x3 ® x2x3x5 o xlx2x5 = xlx2x3 o) x2x3x5 ) xlx2x5

1 1

o5 X530 0O X, O Xy, = Xy O Kk, O KK
8g = 0® XBXJ-F ®00 x};x; = 'X3X)+-.® ;gllx,; |

a7=0é)x2xh@0@o = XXy

g = 00 X%, 000 .XzX; - X3 O x5

a9 ='O@O@O@x2xl; .,—.xzx;{ )

819 = X5 O] XZ‘LXM ® x;,rx; ®0 = Xg @ xixu ® x,;x;




R 2/

13
Rl
15
816
17
818

19

21
20
23
Boly
25

3,2 6

: x3 ®0@® X3Xu @ Xq %),

20.
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t 1t

0® xix?)@ x3x;@ x5
O@xix2@xéx;@ 0
£ ®0® %0
0@ 0@ x;xfs@ x;_xg
0®x%®0®0

06 %0065,

0@ 0@ o_@x;+
0®x,®0®0
0®O@O@O
0®OBO® x, .
Q@Xi@x;@o
1.@ 0'@x;¥@o
0®0® x3@x]"
0@®0@® xé@.o

0®1@®0®0

= X1X3 @ x3x

= x3 ® X3X1L @ XXy,

H

1

Tt 1

X ¥p @ 2

t 1

= X2 @ ng)"'

-t ]
= XX @ X%,

=X)+

1

= %30 %5

:Xl

I

5 @ *1%5

i} 1
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8y =0@®O@ 0@ O =0
2,5 =000@®0@1 -1
2g = 0@ 0@ 0@ O -0
'a30=0@0@1@o =1
‘_'a31'=0®.0@0@0 | . =0

We are now in a position to describe the algorithm for ob-
taining minimal mod 2 sum-of-products of a function with fixed polari-

ties of input. The algorithm consists of the following steps:

1. ZFxpress the given function as f= Pl + P2 + ae. F Pk where Pin = 0

for all i and j, i # J.

2. Compute the polarity functions a (P, ) for all i, j(0= i= 2"-1,

1< 5 < k).

3. Compute ai(f) as mod 2 sum of ai(Pl), ai(PQ)’ cees ai(Pk).

- 4, ‘Find the polarities i for which -a minimum number of the coefficients

‘ ai(f) have value 1.

We have explained in detail all but the last step, 4. We
will now show that this step is equivalent to the determination of the

maximum cliques (see Chapter 4 for discussion) of a linear non-directed

graph.
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First, we'note that if a, (f) = 0, the ith term in the expansion
of f is absent from the @inimal form irrespective of the polarities of
the inﬁuts, Similarly, if ai(f) = 1, the ith term is present in all
the minimal forms of f for all polarities of inpubs. Now, let ai(f)
be a non-trivial function snd let (X)i, (X)?,..,jcx)ji be the complete
set of assignments of the values to the input variables X wnhich make
ai(f) = 0. These assignments could be specified in canonic or non-
canonic forms. For example, ao(f) of our Example 3.1 becomes O for input
assignments (100), (110), (011), (010) which can be specified non-
canonically as (1-0), (0l-) where '-' stands for O or 1. We shall now
draw & polarity-compatibility graph G as follows: d will have a finite
set of vertices, one corresponding to each assignment (X)g, 0£ i< 2n~i,
1£u< s;. Two vertices (X)g and (X)g such that i £33 wili be joined
by an edge in G if and only if (X )‘; and (X )}’ are— compatible; that is,
no input variable has values 1(0) for (X)? and 0(1) fo; (X)g. Note
that the vertices (X)i, (X)?,.;.,(X)ji with the same subscript i are
not joined to esch other even if they are compatible. Obviously,_sincé
G contains al; poésible solutions to the pélarity functions, & maximum
clique of this graph will correspond to an input assignment which will
make a maximum number of polarity functions ai(f) equal to zero (there-

- Lo [ 3 -

fore a minimal solution).
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Example 3.3 For the polarity functions ao(f), al(f), az(f), and

a3(f) for the functions in Example 3.1, we have

CK)é = 1—0' 'Cx)i = -01 cg); = 1--
(X)g = Ol" (X)i = -IO | (X)% = O=-

The polarity-compatibility graph is shown in Figure 3.2. There are two -

-maximum cliques of this graph: [(X)é, (X)Je_, (X);] and [(X)g, (X)i,

CX)% ] and the corresponding inpuf assignments are (110) and (010).

For the first assignment we have ao(f) - al(f) = az(f) = 0 and a3(f) =1
and for the second assignments ao(f) = al(f) = a3(f) =0 anc% ag(f) = 1.
The éoefficients‘ah(f) end ag(f) are both 1 for all essignments. So,

the two minimal forms are

-

H
t

= X3 ® xlx2 ® xlx3_.

1 Tt
X5 @ X %, S) xlx3

For functions of smaller numbers of variables, it is more con~-
venient to obtain the assignments for which a maximum number of co-
efficients become O, directly from a plot of a, (f) on the Karnaugh Map,
as has been doné in Figure 3.3 for our running example in which the

integer i has been entered into a cell for which a; (f) = 1.




(x)é
(x)é ? (x)i
(x)} : ¢ ° (x)5
()3

Figure 3.2 The Polarity-Compatibility Graph for Exemple 3.1.
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3
Xy
00 oL - 11 10
0 012 12 12 2
E |
%) 13 | 03 | 013 3

Figure 3.3. Plot of the Polarity Function ao(f), al(f), 8, (f) and 23 (£).

It is readily seen that for assignments 110 and 010, a3(f) and ae(f)
have value 1, respectively, and the rest are O, which is the same re-

sult obtained before.

As another example, the Karnaugh Map plot of the non-trivial

-polarity functions for the function of Example 3.2 is shown in Figure 3.4

The coefficie 20(I), 7(f‘), a29(f), and a31(f) are 1 for ail polari-

ties of inputs. The minimal solution is obtained for the polarity

assignment x =0, x, = 0, x), = 0, and x_ = 1 and the minimal

=1
1T e T 5
expression is
t v v

f=x3@x @x125®x3175@x123xh@x XHXSGBX thB

We- can now appiy Theorem 3.1 to obtain the minimal logical equi-

- valence sum-of-products of the same function as




XSX)-I'

00

0oL

11

10

Ol

11

10

X =0
5
X
12 00 o1 11 10
0,1,2,k 8
2,3,6,10,11 | '13%.9:5:0 | 1,6,8,9,00 | 3,6,20,13,17
12,13,17,18 1% 1% ¥ 1§ 51| 17,18;19,21 18,22,25
> > > b
2k, 25 o, 22
10,11,13,12 3,4,7,8,10,11 7,8,16,17,19 | 13,1k,16,17
25 21,23,24 reeas 22
2,4,5,6,10,11/ 0,1,2,3,6,7,10( 1,6,7,11,12 h,5,6,11,12
12,13,14,15, 11,12,13,15,16{ 16,19,21,22 13,14,15,16
16,23,25 19,21,23 23,2k 22,23,2k4,25
093)2'1')6310 09195’699510 1323639510 052)3314':6710
11,12,13,15 |11,12,13,15 11,18,19,21 11,13,15,18
18,25 18,19,21 22,24 22,24,25
=1
*5
X, X -
172 oo 01 11 10
5,9,10,12,13 '
3,10,12,18 15.18,19,21. 9,10,18,19 3,10,18,25
22,2h,25 220k 21
2 &
3,1k4,16,22 f§7éi3§é5é§° 7,10,16,19 | 3,10,14,16
23,24,25 N A 21,23 - 23,25 -
O,l,3,h,6,7,8 192:6:798310 0’2’3’5’6’10
S§3ii’§§lié 11,12,13,15, 12,16,17,19 12,1&,12,16
2T 9D q i 17,23,24,25
17.22.23.25 ég;%g,lQ,Zl 21,23,24 »23,24,
2911":598:9910 g ’ ’
radiig [11,12,13,15. | 2,8,9,10,17 | 0,2,3,10,15
212,17, 17,18,19,21 18,19,21,2h | 17,18,2k4,25
22,25 20 -

Figure 3.4

Plot of the Polarity Functions of Example 3.2.
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| £=10 X3 0} XpXq ©) Xy X% ® X% %5 ® X X% %), ® X Xp%) X

1 | L

C)x2x3xhx5.

‘3.3.2 The Second Problem .

Consider the problem of reducing the number of sum terms

in the general complement mod 2 expansion such as

'f(xl,xa,...,xn) = (Olo'+ 0) ® (01 + }'cl) O] (042 + 5{2) ® ...

® (u R 4Ky F oeee X )

The function can be represented by a vector

=
= o ,O{ ,0! ,...,CZ
0771 o

)

The minimization problem is essentially finding the polarities i =

(%, 5%,5++.5% ) such that in the representation f there is a minimum
172 n ) : .

number of 0's or maximum number of 1's.

The solution to this problem is analogous to that .of the first
problem. We first find a set of polarity functions ai(f) which give
logical conditions in terms of the polarities of the input variables

under which ai is 0 or 1. In the second step appropriate input assign-
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ments are found for which a minimum number of the ai(f) functions have

value'O.

The rules for obtaining the polarity equations are similar to

those discussed before with the difference that we work with 'sums'

A\ 1 t

“here rather than 'products'. Thus, for So = X F Xy b oeee t X, the

polarity equations are

OQ
N
1]
o
g
!
5
l.J
+
.
+
+
4

R
-
0n

(@]
p—
|
]
+
»
+
T
>4

Theorems analogous to Theorems 3.3 énd 3.4 are valid. Thus if f
is specified as a product of fundamental sums, ai(f) is the complement
mod 2 sum of the ith polarity functions of the fundeamental sums. Sim-
ilarly, if £ is specified as product of sums such that the product of

complements of any two sum terms is O, ai(f) is then the coﬁplement mod.

"2 '$um 'of the ith polarity .functions of the sum terms.~-The rules for -« =~ = = <

~.

obtaining the polarity functions of a sum term

§ = %. +X. + oo +X. , k<n
S R ) Yk
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are as follows (we denote X° = (x, »

X, ;eeesX. ) and X. to be the set
Jo Jx *

of variables which occur in the ith coefficient N (so), which is the

X.
Ji

same as X, before).

Rule 1-A: If X, 5x°, @ (s) = 1if X, £X
=X, +X, + ..o +%x. IfX =X
Ji o k *
Rule 2-A: 1 %, C x°, o (8) =1
s s -
Rule 3~A: Xi # X and X ? ‘{i
Case a: LN x® = #. Then

Subcase (i): @, (§) = 0, if X, U x% = x

Subcase (ii): o (8) = 1, if X, U X% £x

Case Db: X. N x° £ 0 = (X, sX, 5.+45%X, ). Then
B ' Ya Up Ir

Subcase (i): . (S) =X, + X.J Foost X,
: s -
if XiU X =X

Subcase (i1): ¢ (8) = 1 if X, U X° £ X.

~.

!
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21’1

Rule L4-A: o (s) =1
-1
To obtain the input assignments for which a maximum num-
ber of coefficients become 1, we draw a polarity compatibility graph
as before, with the difference that the vertices of the grapyn corres-

pond to the input assignments for which a&(f) = 1. The maximum cliques

of this graph will also correspond to minimal solutions.

3.3.3 Functionsg with Optional States

When the function has a_set of optional (don‘t care)
stétes, the minimization algorithm becomes rather exhaustive or un-~
wieldy. If there are k optional states,_all the 2k possiblé subsets of
these have to be considered togetﬁer with the given function for deter-
mining the polariﬁy functions. Then polarity~compstibility graphs have
to be obtained for each set of polarity functions; The minimal solu-
tions will then correspond to those maximum cliques in these graphs

whose sizes are the largest amongst all such maximum cliques.

3.3.4 Multiple-Output Functions

The algorithm for obtaining minimal mod 2 or complement
mod 2 sum-of-products (or sums) for a set of functions fl(xl,...,xn),
fé(xl,.;.,gn),...,fk(xl,...,xn) with a fixed polarity of the input

.variables is a straight-forward generalization of the single-output case.
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Thus, for example, the steps for obtaining minimal mod 2 sum—of—prodﬁcts

for f

l’f

PP

K can be stated as:

1. Compute the polarity functions ai(fj) where 0 £ i € 21 and

1 £ j< k by the procedure outlined in the previous sections.

2. Find the polarities X for which a minimum number of the co-~
efficients have value 1 by determining the raximum cligues

of the polarity-compatibility graph with respect to all ai(fj),

Minimal mod 2 sum-of-sums or complement mod 2 sum-of-products (or sums)

for a set of functions'fl,fz,...,f .can be found by similar extensions

k

of the single-output case.

3.h Minimal Two-Dimensional Arrays

-

In this section we shall concentrate on obtaining function

realizations based on the minimal length expressions obtained in Section

3.3.1.

Since minimal Reed-Muller forms which may contain literals that
appear both complemented and uncomplemented are very difficult.to ob-
tain, we will hereafter consider only those realizations based on mini-

mal length expressions which contain literals with a fixed polarity.

Depending on what cell functions are allowed in the two-dimension-
al cell configurations of Figure 2.6(a) and (b), a minimal size srray

may or may not be obtained from the minimal canonic forms.
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¥or indtance, if the céll functions (other éhan those in the
collector row) are only allowed to be AND(xy), NOR(x'y’), and NIMP
(xy; x'y), the realization obtained from the minimal length repfes—
entation of equation (3.5) will be minimal because one column of the
array is needed for each product term appeariné in the function ex~

pression.

However, if the Exclusive Or operation ig also allowed, 1t may
be possible.tﬁat the minimal length expression does not yield a reali-
zabion with a minimal number of columnsg. To illustrate, consgider the

funection

f(xl,x2,x3,xu) = X%, @ X%, @ X %g @ x5%), (3.20 )'
If the Exclusive Or operator can be used for any cell function, more
thah one product term can be realized per array column. For instance,
the first and second terms can be grouped together as can the third and

fourth terms. Then
f(Xl,Xg,XS,Xh) = Xl(XQ@ X)_j_) ) X2(X3® X]_!_) (3.21)
which could be realized with an arrey having only two columns.

"Equation (3.21) points out a critical problem in the ﬁiqimiza~
tion procedure. Note that the function of equation (3.21) is realizable

with an array having two columns (see Section 3.5) only if the variable
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ordering is XMXSXEXl. Any other variable ordering would require an
array having at least three columns. The question which naturslly

drises‘is how to determine (without actually testing) which variable
ordering gives the "optimal grouping” such that a minimal number of

columns are needed to realize the function.

Unfortunately, the solution to this combinatoriazl problem be-
comes unwieldy. Except for very simple functions, all combinations of
.variable orderings must be tried in order to determine the "optimal

grouping' .

Because of the exhaustive search needed to find the best vari-
able ordering, ; ﬁore tractable problem would be to find (for a preset
variable ordering) the minimal size array which realizes the minimal
‘length expression. This particular minimization‘problem is discussed
in Section 3.6 after a cascéde realizability test applieable to the

Reed-Muller canoniec forms is developed.

Cascade Realizabllity Test for Functions in the

)
\Jt

Reed-Muller Forxms

As in the unate case of Chapter 2, a test and realization
algorithm is needed to determine whether a function is realizable by a
single cascade of cells. The cell functions will vary depending on the

particular canonic expansion in question. In the most general case
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where only the uncomplemented input variables are available and the
function to be realized has arbivrary input pélarity, all the proper
functions of two variables may be needed to realize the minimal length

"expression.

The following algorithm can be used to test functions expressed
as in equations (3.5), (3.6), (3.8), and (3.9) for cascade realizsbil-
ity. The algorithm will be described with respect to a function f

expressed as-in equation (3.5) and can be stated as follows:

Step 1: Check whether £ can be expressed in one of the

following forms:

i
h
]
O
N
2
1
e
!
"
1
1
"
g

a) @,
b) P, =f=% Of ©...0

® &, X -%x, =~X. = ee. =X, )
2 i Tdp Ik

where X = (xl,xe,...,xn), X (L £1i=k)is an element of X, 1< k,

and <®2 is g function of thz variables in X excluding (xj ,xj ,...,Xj ).
1 Y2 k

.. Step 2:. If.f can be éxpxessedwin.eitherﬂform a or form b, we . |

have a partial realization af f. The operation of the cell to'ﬁhichlthe

input Xj is applied is as follows:
i .
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a) If f is in form a, the cell performs the AND opera,-
tion (xy) or the NIMP operation (x'y), depending

on whether X, =x. or x. .
. J ds Js

i 1 i
b) If £ is in form b, the cell performs an Exclusive
Or operation or the Equivalence operation, depend-

ing on whether %, = x, or x, .
d Js Js

i i i
If f cannot be expressed in either form a or b, f is not reali-

zable in a single cascade.

Step 3': Steps 1 and 2 are repeated iteratively at. each step
obtaining a cjoi function from q)i-;l' it af any sbage of iteration,
a @ function is obtained which is a two variable function or a func-
tion which is just a modulo 2 sum (@ ) or logical product of literals,

T is cascade realizable. If not, f is not cascade realizable.

Note_tha’c the f‘unction f or sone intez;mediate function cbi could
be of the form 1 ® h where h is a function of some set of variables.
Since 1@ h is méreély h', the appearance of a 1 in the Exclus;Lve Or
representatioﬁ means that the operation of the lgst cell in the cascade

must be replaced by its complement. (This is the only time when the

- ---NAND, -IMP, and OR operations weuld possibly be needed in realizing -- e el

equation (3.5) ). For example, 1@ X, @ x, ® x3%), would just become
’ ’ ' 1 '

Xy © X5 ® x3x)+. Or, 1O® %1%, would become X * X Similarly, the

5
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presence of a O in the Logical Equivalence form can easily be taken

care of,

To test équation (3.6) for cascade realizability, the AND opera-
tion in form a of Step 1 would be replaced by the OR operation and the
AND and NIMP operations of Section a) of Step 2 would be replaced by
the OR and IMP operations, respectively. Equations (3.8) and (3.9) can

be tested after similar modificstions.

The algorithm will be demonstratedAwith an example in the form
of aquation (3.5). Let f be represented as
1 T

£ = lox o XXy @ x2x3xhx5\

Step 1: @l

l
H
|
l—l
@
¥
’_l
@
%
NS
»
w
@
>
N3
Uﬁ
e
o
w
ul

Step 2: ¢, = x2X3 loe thé)

. Step 3: ¢3

i
[
@
bal
Ko
>
U
1
]
=
+
-
\n

The cascade which réalizes f is showm in Figure 3.5. HNote that
" the cell function associated with Xy has been changed to Equivalence to

account for the presence of the 1 in the expression.
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Xll- X3 X2 X
X p OR | p AND | N NMP L © |—>F
Figure 3.5. Cascade Realization for f.
3.6 Minimal Arrays with Preset Verisble Orderings

This section presents an algorithm which finds the minimal
size array obtainable from g particula.l.‘ function expression given that
the variable ordering has been specified. For example, say we wish to
find for variable ordering X) XX XX the minimal size array needed to

3322

realize the function
T = X3 ® x2x3 ® X XoXg ) X3X) Xy ® x]_x2X3xu ©) X1X2th5 ® x2x3xux5
First, the expression is grouped with respect to the varisble Xy So
f=x (x2>{5 ® Xp%3%), @ XEXI}XB) @ X3 @ X%y @ XX Xg @ XXXy Xg

Then variable x2 must be extracted. Now we have

f=x%, (x5 ® x3%), @ xuxs) @ %, (x3 ® X3XLLXS) @ x3@ xgXXs
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Next, x, is extracted, which gives

3
f = X1X2'X3 (XLL) @ %%, (x5 @ 'X)_I_XB) @® Xp¥s 1® Xh_XB)
® x3(l @ X’-LXS) |

A:E"be:c: x. 1s extracted, we get

5 .
Cf = X ALK @ XyXKs 1o x_)+) ® x2x3(l@ XlLXS)

@ X3(l® X)-I-XS) '

Fach group of terms appearing in the function is reslizable using a
single cascade. Therefore, four cascades are needed to realize the

function if the variable ordering is x X. X . X.X

532"

What is needed is an algorithm to extract the variables according
to the ordering given and to find the fewest groupings of terms such

that each group of terms is realizgble in a singie cascade. The method

centers around the ides of a partition (A7) which will now be explained.

Definition: .A.partition 7, on.a. set..8. is a collection of disjoint .sub-

sets of § whose set union is S; i.e.,-

such that




~101 -

and
of5,) -

We refer to the sets of T, as blocks of 7. For example, if 8§ = {1,2,

{Is 5735 E‘?} which

[}

3,4,5 } » one possible partition would be m;

has threga bloecks.

We write

& Et(wi)

if and only if s and t are contained in the same block of s - In the
example above

2 E3(7Tl) -

becavse 2 and 3 are on the same block of 771, but

eFb(m) < '

because 2 and 4 are in different blocks of Uy

If Ty and M, are partitions on S, then My * Ty is the partition on

S such that

s= ’c(wl . 172) if and only if 8= t('ﬂl) and 8= t(ﬂ’a)

The computation of 7, * 7, is very simple since the blocks of Tyt Ty

1 2

are obtained by intersecting blocks of m and m,. To illustrate, let
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S = { 1,2,3,2‘1‘55365738)9 })

= {TESE 58 T9 | endm, - {8 53 15 730 5 |

Then

Consider an n variable switching function f(xl,xg,..,gxn). Sup-~
pose there are m product terms present:in the canonic representation
of equation (3.5). Let the collection of product termé be deﬁoted by
the set S. A varisble xs could be thought to partition the m product
fterms into two disjoint subsets of S or two subfunctions of f£f. One sub-
set or subfunction congists of sll product terms containing/the vari-
able Xy and the other subset or subfunction cénsists of the ?emaining
product terms. Anothef variable xj can ﬁprther~partition the product
terms or break the subfunctions up into more éubfunctions. (This would

correspond to the partition product 7, ° Wj).

This partitioning or breaking the original funcition into sub- -
functions is precisely the operation which.was carried on in the pre-
vious example. The grouping of terms corresponds to making a partition
about a particular variable. There is g direct correspondence between
'-tﬁe number of blocks or subfunbtionS‘iﬂduced'py‘the'pa?ﬁitidhé‘ghd the

number of columns needed in the array to realize the function.

To illustrate, we rewrite the function of the previous example.
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f=x3®x @xlx @xxhy @X123X1+@>‘XX)+X @x ¥

Denote. product term x3 as 1, x2x3 as 2, and so on. The parti’tions in-

duced by the variables xl,xe,x?),xbr,x5 lar.e

—{356;1247

3
I

23567, 1,k

=
no
1

3,4,6,7; 1,2,5

=

w

1l . i
P P Ui

}_I

\»

n

-

_;:-

\J'I

-\'1

w

A Y

[ext

)
)
0

where S

|
}
}
=
)
]

{1234567

The required variable ordering is X) XX K Xy SO 'tﬂe first parition on S

5321

would be -

’ITl = {3:5:65 132:)‘57}

AL t.his point the function has been broken‘up into two subfunctions,
8y = xlx2x5 ® X1X2X3XLL @ XlXZXhXE and 8 = x3 ® x2x3 ® x3xux5
) x2x3xhx5.
N If gl "éﬁ'd'g'z' are cascade realizable with the variéble' ordering giverr,-
the process stops and-the function can be realized in an array of two

columns as f = =Y ® 8o¢ We can test g and g, as in Section 3.5 and
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we find that nelther is realizable with the ordering given.

The next variable to be extracted is %55 SO the product parti-

o« 1. 1is

tion 7 2

1

Tfl * 772 = {395;63 2,7; lil‘l‘ }

Note that since’ the x2 variable was common-to all the product terms in
gl, o did not induce a further partition of 3,5,6., At this point the

subfunctions are g = X1X2X5 ® X1X2X3Xh- @ X1X2th5’ gy = x2x3 @

x2x3xhx5, and g, = x3 @ x3xux5.

The subfunctionS'g3 snd g, are cascade realizable at this point

but gy is not. The blocks 2,7 and l,E can be deleted from further con-’

-

sideration. Continuing with the block 3,5,6 which corresponds to the

function gy, We get

Then g5 = xlx2x3xh and gg = xlx2X5 ® xlxexhx5 which are both cascadg

realizable with variable ordering xhx5x3x2xl. Blocks § and 3,6 can now

be deleted whicﬁ accounts for all product terms and therefore the func-

tion f can be realized as

f=80 g ® & © g
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This agrees with the previous result but has been obtained in a very

straight-forward manner.
The preceding algorithm can be stated in the following steps:

Step 1: Determine the partitions Ty sTpsees sty induced by each

of the variables Ky sXppe e sX . Let S denote the set of product terms.

Step 2: Test to see if the function f is cascade realizable
using the algorithm of Section 3.5. If f is realizable we are through;

if not, go to Step 3.

Step 3: Partition the set S aboﬁt the first variable to be

extracted as determined by the varisble ordering.

Step U: Test the resulting subfunctions for cascade realizabil-

ity (Section 3.5).

Step 5: Delete the blocks corresponding to the cascade reali-
zable subfunctions of Step 4, If all partition blocks have been de-
leted, all the terms in the expression have'been accounted for and the
process terminates. The function £ can now be synthesized using the

cascade realizable subfunctions.

If some blocks rémain, they are further partitioned zbout the
next variable to be extracted (determined again by the variable order-

ing). The process continues until all the subfunctions corresponding
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to the remaining blocks are cascade realizable with the desired vari-

able ordering.

3.7 A Conjecture

It seems possible that there may exist a‘function which
has a nonminimal length gxpression vhose terms could be grouped in such
-a manner that the resulting array would have fewer columns than the
array produced by the minimal length expression. However, no such ex-
ample has been found and a conjecture regarding the minimality of the
array obtainable from the minimal length expansions of fhe Reed-Muller

canonic forms is made here.

Conjecture: Of all the array realizations obtainable from the Reed-
Muller expressions with different input polarities and without any ré-
striction on the variable ordering or ceii flexibility, the realigation
obtained ﬁsing the minimal‘length Reed~-Muller expre;sion is the one of

minimal size.

The conjecture seems intuitively reasonsble since there are more
terms in .the nonminimal length expressions and therefore it is less
likely that a better overall grouping could be exhibited amongst these

.-terms. - For lack of a counter-example, the.conjecturs stands.. .. .




Chapter b4

CLIQUE DETECTION IN

LINEAR NONDIRECTED. GRAPHS
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Introduction

Many of the préblems in this thesis were solved in terms
of the'cliques of a linear nondirected graph. Recall that in Chapter
2, the basic unate components, and in Chapte£ 3, the minimal length
" expressions of the Reed-Muller canonic forms, were both found by deber-

mining such cliques.

It seems that the cliques of a graph occur in the graph theoretic
formulations of many other practical problems as well. For example,
cligques find application in switching theory in the simplification of

incompletely specified flow tables(l3); in sociology and psychology in

the analysis of sociometric data(lh); in numerical taxonomy(lh>; in in-

(32),

formation retrieval 5 and in the analysis of commwnication net-

(16)

works . Because of the wide applicstion both in this thesis and in

other fields and because of the possible exponential growbth rate of

)

cligues in a graph , algorithms to enumerate cligues are very im-

portant.

This chapter developes a new clique'detection algorithm based on
a previous work and compares it with other algorithms which have been
programmed for this purpose. In order to clearly illustrate these al-

gorithms, a few definitions are needed.
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Definitiongi
A graph G = (X,U) is defined by a nonempty finite set

X = (Xi’xé""’xn) Of vertices and a finite set U = (ul,u ,o..,um) of

2
arcs, together with a relationship which identifies each arc with an
ordered pair (not necessarily distinct) of vertices which the arc is
said to join. For an arc gy = (a,b), the verte# a 1s called the initial
“vertex, and b its terminal vertex.

o o 1 '

A subgraph of G is a graph G = (X,U ) vhere X C X and U C U,
such that U' coﬁtains only those arcs of G which joiﬁ pairs of vertices
in X‘. A graph is said to be complete if every pair of vertices is
comnected in at least one of the two possible directions. A maximal
complete subgraph of a graph G is a complete éraph which 1s not a sub-
graph of any other complete subgraph of 97' A clique is a maiimal sub-~

graph in which every vertex is connected to every other vertex of the

;)

€ U whenever (xj’Xi) € U, then the maximal complete subgraphs are iden-

subgraph by an arc. Note that if the graph is symmetric, i.e., Cxi,x

tical to the cliques.

The square matrix A = [aij] with n rows and n columns is called

the connection matrix of the graph G = (X,U) under the convention that

a5 = 1 (i £ j) if the vertex x; is connected to the vertex Xy by an arc;
otherwise a; ;= 0. For i =j, asy = 0. If A is symmetric, it can be

J

interpreted as the connection matrix of a nondirected graph which has
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been obtained from G by replacing each pair of oppositely directed arcs
connecting a pair of vertices by a single undirected edge. For a non-
directed graph, a clique is defined to be a maximal subgraph whose every
pair of vertices is joined by an edge. Since a clique is completely
specified by listing the vertices in it, (vl,v2,...,vj) will denote the

clique containing vertices Vl’v2""’vj‘

Finally, a linear nondirected graph is a nondirected graph which
has no self loops and no pair of vertices is connected by more than one
edge. A maximum clique is a clique containing a maximum number of

vertices.

To clerify some of these ideas, consider the linear nondirected

graph of Figure L.1.

a g
abcdefgh
aviiio 1 03d6a0
bt o101 10 00
& 510110 00
j le 3 & 10 301000
d e 9 b el 7.1 ar L 0ree
f | 01000011
g | oooo0o0101
] 00000110
c h

Figure 4.1 Linear Nondirected Graph and Associated Connection Matrix.
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In Figure k.1, the sets of vertices {a,e,b} > {ed ), {g:h b,
{ d,e,c }3 ebc., belong to subgraphs in which every vertex is c&nnected
to every other vertex. However, (a,e,b),. (b,c,e), (d,é,c), (a,e,d),
(b,£), and (f?gzh) are the only cliques of the graph. The subgraphs
containing the sets of vertices {e,b} and {g,h}, for instance, are
nbt cligues because they are c¢ontained in larger subgraphs which are
cliques. The cliques (a,e,b), (b,c,e), (d,e,c), (a,e,d), and (f,g,h)

are all maximum cliques because they all contain the maximum number of

vertices of any clique in the graph.

=
o

Algorithms .

The first method presented 1s an improved version of an

algebraic formulation of the problem. For the sake of comvleteness,

two other methods from the literature are described and compared with

the first algoritim.

L.3.1 Algebraic Formulation
Let us associate with each vertex Xi g binary-veriable
X5 and represent by the Boolean product Xixj"'xk the clique formed by

the vertices xi,xj,...,x The problem is then to find the Boolean

K’
— product. terms in the Variablesw(xlyxz,.%,ﬁxn)wsuch that each. of. .the

terms corresponds to a clique of the graph.
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Suppose that vertices X and xj are not joined by an edge in G.
Then a product term representing a clique cannot contain the variables

X, and xje Therefore, the function

F = 25 Xixj (for all distinct i and j such that x5 and

x5 axe not QOined by an edge)
_ represents a complete iOgical description of the conditlons for non-
existence of the cliques. Hence the.complementary function F‘ gives the
conditions under which the cliques exist. Note that F' is in the form
of a product of sums of complemented variables. If F' is expanded and
simplifigd by applying the identity x'+ x'y'= x‘, each product term will
be a prime implicant of F: The product of the uncomplementéd variables

. t

whose complements do not occur in a prime implicant of F will, there-

fore, correspond to a clique of the graph.

The proéedure is illustrated with respect-to the graph of Figure
h.1. The function F, which represents pairs of vertices not joined in

the graph, is given by

F=ac+af+ag+ah+bd+bg+bh+cf+ cg+ ch+ daf
+ dg + 3t + ef + eg + eh

t
Therefore, F is given by

1

P e e e £ ) e g e n )b e d )b g ) e ) |
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c+f)c+eg)e+n)@are)a+e)@asn)

(e’+ f')(e{+ g')(e'+ h').

. , .
Now, to determine the cliques, P must be multiplied out and simplified

1 t 1 ?
using the identity x + xy =x . The simplification operation in

) 1 1 1
which terms like x y are deleted is called the subsume operation; x y
is the subsumed term. Even for this graph with only eight vertices, the

multiplication end simplification involves a falr amount of work.

The formulation presented up to this point is identiesl to that

(W)

found in a previous work. An improvement in this method has been
found and it amounts to breaking the original problem up info a set of

much smaller problems.

Cbnsider finding only those cliques whicﬁ contain the vertex X, .
This could be done by constructing a graphlcontaining-énly X and those
vertices connected to X5 by an edge (calied a neilghbor of xi). The
functions F and F' could then be evaluated as before and the cliques
conbaining vertex Xy determined. If the pfocess is repeated for each

vertex, all the cliques could eventually be found.

It will now bé shown that all the cligues of the graph can be
deternined by finding only those cliques associated with o particular

subset of the vertices in the graph.
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Let the neighborhood set of a vertex Xi consist of the vertex x,
‘and its neighbors (denoted by [fi’yT’ o7 ’Xt where xr,xs, X, are
the neighbors of'xi)¢ Then for Figure 4.1, we would have the following

neighborhood sels:

-[g,b,d,e] [g,a,ﬁ,c,d] \J
[E,a,c,e,f} \J | [g)ﬁ,g,h] &J

[_g_,b,d.,e] | \:_g_:fsh:l

[g,a,c,e] [Eaf,g]

A Peighborhood set is said to be maximal if it is not a proper subset of
any other neighborhood set. The checked neighborhood sets (p)a,c,e,f]g
[g,a,b,c,d], and [g)b,g,h] correspond to the maximal neighborhood sets
.of the graph in Figure L.1l. These sets gén easily belde%ermined from
the connection matrix of Figure 4.1 if the convention is made that all
the diagonal elements are set equal to one. Rows not included in any

other row then correspond to the maximal neighborhood sets.

Now let us calculate the cligues corresponding to one of the
maximal neighborhood sets, say [gja,b,c,d]. The portion of the criginal
connection matrix determined from.rows.a,b,c,d,e and columns.a,b,c,d,e

is shown in Figure 4.2,
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Figure 4.2  Connection Matrix for [g;a,b,c,d]

The function F (function describing conditions for nonexistence

of cligues) can be determined by inspection from the connection matrix

since a O means the corresponding vertices are not connected by an.edge.

So, from Figure 4.2,
F = ac + bd

Then
1 1 1 1 1
F =(a+c-)(b+a).

Note that F contains only two product terms compared to seventeen in the
original formulation. This'produces a mejor saving in time and storage

as far as acbual implementation is concerned.

1
If P is expanded we get,
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1 v ) 1o 1o
F =ab +ad +c¢cb +cd .

Therefore, the cliques generated by [g;a,b,c,d] are (c,d,e), (b,c.e,),
(a,d,e)s aﬂd (a,b,e). If we were to calculate the cliques correspond-
ing to one of the nonmaximal neiéhborhood sets included in [g}a,b,c,d],
say [g,b,d,e], we would find that they would all be included in the set
generated by [g,a,b,c,d]. Therefore, the cliques generated by non-

maximal neighborhood sets are redundsnt and need not be considered.

If the cliques are calculated for the other maximel neighborhood
sets of Figure k.1, we get (v,f), (b,c,e), (a,p,e), and (f,g,h). Note
that cliques (b,c,e) and (a,b,e) were obtained more than once. At the
end of the algori%hm all repeated cliques must be deleted. This prob-
lem as well as the implied subsume operation in the simplification of
F‘ will~be discussed after all the clique detecfion algorithms have been

presented since all the algorithms require a subsume operation in one

form or snother.

h.3.2 Method of Harary-Ross

(15)

The Harary-Ross method proceeds by identifying ver-
tices, called unicliqual, which belong to only one cligue. As each uni-
cligqual vertex is identified, its clique is easily determined. The graph .--

is then reduced by removal of all the unicliqual vertices of-that‘clique,

together with their associated edges. If at any stage there is no uni-
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cliqual vertex, the graph is partitioned and the method applied to each

subgraph. All cliques sre ultimately obtained.
The following symbols refer to the flow chart of Figure L.3.

A = adjacency matrix of the nondirected graph G
[(diagonal elements are zero).

M= [mij]5 mij is the number of vertices commonnbe%wéén
the neighborhood sets of v, and vj (excluding v,

1
and v,) if v, is joined to v,; otherwise m,. = O.
J i J 13

r(P) = row sum for the vertex P in M

n(P) = row sum for P in A = number of vertices cocliqual
with P. .

Cp =  the clique to which P belongs = P and all ver-

tices vhose entry in P's.row in A is not zero.

Yo

CP' “the unicliqual vertices of Cp = vertices in Cp

- whose row sum in A equals that of P.

G(P) . subgraph with P plus all vertices cocliqual with

P = all vertices whose entry in the P's row in

M is not zero. , , s

G(-P) = subgraph with vertices in cliques not containing
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Set A <— Adj.
"Stack" Matrix of
Empty (¢ - Cﬁ)
J7 e
Y Input A K—— A =—Adj. Matrix
Y of Topmost
Sompate Mot el I iBeadi” 4
J T\No
7 1
Compute Subsume Yes 1!!». : M
1y 1" Stack A
Row Sums Results” [¢— < N
for M and A. ] and Output Empty 7
Yes No
St Another

Yes i3

Detect Unicliqual

] Compute C
Vertex r(P) = ) Store C
;

2 C, | No| Unicliqual
& M Vertex Q dn

I
r7 o
n(P)n(B)= 1) |  |in "Results" G G(not in CI'>)?
No
lYes
Decompose G Obtain C

Q’CQ .

into G(P)

and G(-P) [K<~G—(Cék)Cézﬁ%__~_h,_m el
"Results"
Send
G(-P) to
"Stack" A
2 ’ Yes
— CPr\ CQJ
G=G(P) B R
No
No Is K a Yes E,:re Kiin
G=K st
LClique? {>‘_ "Results"

Figure 4.3 Flow Chart of Harary-Ross Method.
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1 1
P = ji CR where R does not occur in CP.

1
The definition of CP as 1t originally appeared in Reference 15 was

I
(%) Ine derinition of Cp has also been found to

be in error and both of the corrected versions zppear here.

found to be incorrect.

The method is demonstrated with the graph of Figure b, 1.

abcdefgh n(P) . abecdefgh r(P)
2 010110060 3 a 01012000 L
»{10101100 L b |1010200.0 L
c | 01011000 3 e |021012000 h
4110101000 3 _ d {10102000 L
A = NI::
e 1111120000 L e |22220000 8
£101000011 3 £f {00000011 2
% *
g looooo101 2 g 00000101 2
*
h{00000110 2 h 000002110 o

Both g and h are unicliqual vertices. Pick g..

. .
Cg = (g:fah) Cg = (g:h) Store Cg -= (g’f;h>

1
A = adjacency matrix of (G - Cg).-
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abcdef n(P) abe
alo010110] 3 a [ 010
»p[{101011 L bl 101
A= ¢| 010110 3 M= c¢c| 010
all1o01010 3 a 101
e|ll111100 h e | 222
£ 010000 1” rlooo
Cp = (£,b) Cp' = (£) Store C, =
b

A = adjacency matrix of (G - cg -~ Cp )
abcde n(P) abec
alo1011] 3 al 010
b| 101001 3 b |101
A=c|O0O1011 3 M=c| 010
dl 101001 3 al101
e| 11110 L el 222

None of the remaining vertices are unicligqual so the

composed. Decompose about vertex a.
¢{a) = subgraph with vertices a,b,d,e

G(-a) = subgraph with vertices b,c,d,e

def r(P)

120 L
020 L
120 !
020 L
200 8
000 ¥
(bsF)

de r(P)
121 b
02| &
12 L
02 L
20 8

graph must be de-




abde abde r(P)
0111 | alo112
1001 1001
A = = .
10001 ad{10001
1110 2110
C _‘(b,a,e) ¢.' = (b) Store (a,b,e)

Store (d,a,e)

If G(-a) is computed it would yield (b,c,e) and (c,d,e). Therefore,
the cliqueé for the entire graph are (f,g,h), (b,f), (a,b,e), (a,d,e),

(b,c,e), and (c,d,e).

4.3.3 Even's Method
The Even-algorithm( 9) constructs the cliques by sta%ting

with an arbitrary vertex. The next (arbitrary) vertex is checked to

see if it cquld combine with the first vertex to form a possible cligue.

Bach succeeding vertex is tested in & similar manner with the set of

possible cliques already .formed. After adding each successive vertex,

a subsume operation is performed which deletes sets of vertices which

will not correspond to a clique. The algorithm takes as many iterg-

tions asg there are vertices.
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The following definitions epply to the algorithm steps given

below:

N(v) = neighborhcod set of the vertex v. Recall that the
neighborhood set for vertex v, ig determined from the
ith row of the connection matrix.

Si = the set of cliques Gl’G ,...,Gs of the subgraph of G
containing VysVpseeesVs (the vertices are numbered
arbitrarily).

Ci+l = [(Gs+l = vi+l U(N(Vi+l) F}Gl) )’

- . \i
(Ggp = Vi U W0y g ) N Gy) )5 een s
(Cpg = Vi UO(vy,5) 0 6) )]
! i
=18, .
Si+l [ 1U C1+l]
. )
S. = the set S. from which non-maximal sets have been elimi- .
i+l ' i+l
nated.

The steps of the algorithm for n > 2 are

l.. Set Sl = Vl and i = 1.

2. Compute Ci+l
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. )
3. Compute Si+l

] -
}. Compuble Si+l

5. If i+l = n, stop; otherwise, increment i by 1 and

go back to Step 2.

" The algorithm will be demonstrated using our running exsmple of Figure
h.1. (Let the vertices (a,b,...,h) of Figure k.1 correspond to the

. vertices (vl,v ..,v8) for simplicity in notation. The connection

2"

matrix of Figure 4.1 is repeated here.

b5




Start with vertex a = v
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lE'l" Then '

. 5y = [l]
Cp = [(1’2)] |

5, = [ 152),)]

s+ [w2)]
ey = [G:2)]
s; =85 = [(i,2>,(3,2)]

¢y =[ D, 3)]
Sy, = 8, = [ (1,2),(2,3), (1,1), (3,4

%=[ﬂ£ﬁL@ﬁJLQAJ%BAﬁﬂ

s;s[uﬁﬁﬂxa3ﬁnCh%5%6ﬁuﬂ,aﬂ>xasx

(1,4), (3,4 ]
5o = [ (1,2,5),(2,3,5), (1,4,5), (3,1,5)]

e = | (6:2)]

=86=[ﬂ£;ﬂd&3ﬁ%¢u%5hwﬁuﬂﬁaéﬂ

\n

-

t
[0)

e, = 6:7]

-3
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L= 8, = | (12,5), (2,3,5), (1,1,5), (3,4,5), (2,6), (6,7)]

!
8
i}

-[6.8),(6,7.8)]

(@]
(e8]
!

S = | (1,2,5),(2,3,5), (1,1,5), (3,1,5), (2,6), (6,7),

(6,8),(6,7,8) |
Sg = | (1:2,5), (2,3,5), (1,4,5), (3,4,5), (2,6), (6,7,8) |

S8 = [(a)bae)a (b:c:e): (a’dse): (C)dae)a (baf): (fag:h)]

L Comparison of Methods

Of the three methods given, the computational steps in
the algebraic formulation and in Even's method seem to be the most
straight~forward. Depending on the exact nature Qf the graph under
considerétion, the method of Harary~-Ross could %equire a grealt number

of iterations. For instance, if the graph does not cégtain any uﬁi—
cliqual vertices, it is partitioned into two subgraphs, each of which
may contain almost as many vertices as the originél graph. The pro-
cess is repeaﬁed until each of the subgraphs are decomposed far enough
to yield unicliqual vertices. If many partitions-are needed, the "stack”
in the algorithm contalins many subgraphé, each of which hag its own M
and A 'matrices and associated éomputations. If, on the other hand, the
graph in question contains many unicliqual vertices, the graph decbm-

poses quickly and the Harary-Ross method may be more efficient than the

others..
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One computation which must be performed in each algorithm is the
subsume or deletion operétion. In the algebraic formulation, the éub;
sume\operatiop must be performed on the F' expressionkto delete_terms
logically covered by other terms. In both the algebraic formulation
and the method of Harary-Ross, redundant cliques must be de;etedvat
the end of the algorithm. 1In Even'; methpd, a subsume operatioﬁ is pér-
‘Formed on the sets of vertices each time a new vertex is added to the
existing sets. This deletes sets which do not correspond to maximal |

subgraphs.

The algebraic formulatién is particularly well suited for im-
-plementation using a language like APL. Both the algebraié’formulation .
and the Harary-Ross method have ﬁeeﬁ programmed'in APL and the algebraic
method seems to be faster, eépecially for graphs with many'edges. Even's
metho@ has also been programmed but not in the same language so compara-
tive execution times, although similar to those of the algebraic method,
mean very little. A better way £o compare these methods would be to
program all of them in an assembly language like SDS's Symbol. Even
then, the algébraic method wouid probably have a distinet adventage be-

cause of the existence of the logical operations in Symbol.




Chapter 5

SUMMARY AND RECOMMENDATIONS FOR FUTURE RESEARCH
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\
]

Summa.ry ‘ ,

The purpose of this research has been the developmént of

mininization techniques applicable to cellular arrmyé., In‘particular,

two—dimensiongl arrays of two-input one-output combinatoriel cells were
congidered in which the interconnéction structure was constrained to Be
"nearest_neighbor". The difficulties in the general minimization prob-
lems were discussed and minimizstion algorithms were developed for some

important subcases.

In Chapter 2, an glgorithm was presented which obtained a reali-
zation for an arbitrary switching functibn using a minimal number of
unate cascades. Extensions of the method to functions witﬁ‘optional
states and multi@le~output functions were algo included. In Chapter 3,
the Reed-Muller canonic expansions of a switching function were con-

sidered and realizations based upon these expressions were found.

Apart from the applicatioﬁ to the.minimization problems, the
following theoretical resulis were obtained:

1) For unate functions, thg numberlof equivalence classes
of unate cascade realizable functions is determined, a necessary con-
dition for unate cascade realizability is established, and an improved

test for determining unate cascade realizability is given.

2) A solution to a classicsl minimization problem involving the

Reed-Muller canonic forms is provided.
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3) A new algorithm for detecting the cliques of & linear non-

directed graph is given.

5.2 Suggestiong for Future Research

5.2.1 The Variable Ordering Problem

The mininigation algorithms developed in Chaplers 2 and
3 assumed that the variable ordering had been predetermined or preset
by other considerations. Finding the "best" ordering required an ex-

haustive search of all the permutations of the input variaﬁles.

A problem which could be more extensively investigated would be

—

to develop a test which would determine (without an exhaustive search)

which variable orderings resulted in minimal size arrays for the parti-

cular cell configuration in question.

In the unate function case, it seems possgble that such a test
could be developed because of the structure inherent in the unate
functions. In the Reed-Muller canonic exp;eséion realizations of Chap-
ter 3, however, development of such a test would be difficult because

of the arbitrariness involved in grouping of terms in the expressions.

The ordering problem.could .be elininated.altogether. and. beltex. ..

reglizations obtained 1f the array was capable of arbitrarily peimuting

the input variables in each column.  For exauple, consider the function




S0

1 1 1

f = ZE (0,1,4,5,6,10,13,1%) = wyz'+ XyzZz + Xy 2 + wy . If the vari-
able ordering is arbitrarily specified to be, say zyxw, the resulting
unate cascade realization would require four unate cascades. One of the
"best" orderings, say wxyz, would require an array with three unate
cascades. But, if the order of the input variables is allowed to be
different in each column, an array with only two unate cascades could
be used to realize the function. This is demonstrated in Figure 5.1

where the input variables have been permuted by the P-network.

x 5 Lb il

W ! s b

NIMP OR
P w
A V {) 1%
AND v ’ NIMP
ol

y { J? { F

OR

b 2

D f

Q=i O OR

Figure 5.1 Array with Permuter Network.




The complexity of the permuter network would depend on the parti-
cular application intended. If the array is needed to realize only one
particular function, the permuter network could just consist of fixed
connections between cascades. However, if the array is going to be used
to realize a large number of functions, the peimuter networks would have
to be capable of arbitrarily permuting the input variables in each

" column.

Depending on hoyw many coluﬁns éfe allowed in the array of Figure
5.1, it could also be used as a universal function array. For instance,
if the cascade functions in the array are constrained to be unate, a
worst case reglization fo? any n variable function would require Zn"l
columns. Although there are functions (the odd-even parity function)
whiéh reqﬁire this many columnsg, it has been the experience of logical
designexrs that functions of {this nature are more_economically realized

using the Exclusive Or operator.

So, despite the fact that no firm upper bound has‘been established ,
it is felt that if the OR and Exclusive Or.operators were allowed in
the eollector row of Figure 5.1, the majority of the n variable functions

could be realized using much less than 2n—l columns.

5.2.2 Decomposition Approach ' Lo~

The most fundamental concept of switching theory is

that of the switching function. Its algebraic properties provide the
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foundations for present déy logical design procedures. However, the
algebraic properties of a switching function may not be the most basic.
In the general theory of functions, a more basic property is that of
decomposability, the way it can be broken up into a pumber of simpler

functions.

If a function ?(xl,xz,..

subfunctions, say f = q;(gl,gz,...,gs), such that none of the variables

.,xn) can be decomposed into two or more

Xl’XE"'°’Xn are common between the subfunctions gl,gz,...,gs, the de~-
composition is said to be disjunctive. Otherwise, the decomposition
is nondisjunctive. -

To see how decompésition theory may be. applied to the problem of

obtaining minimal size realizations, consider the array of cells as

shown in Figure 5.2. e
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s
3
i
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*

l

|

B
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OR

. |
: h(
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Doubly Complex Array.

Figure 5.2
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Each cell has four inputs and two outputs. Input varisbles are
bussed both horizontslly and vertically. The horizontal output of each
cell is a function of its horizontal input and the vertical bus while
the vertical output is a function of the vertical input and horizontal
bus. There is a collector row in the horizontal and vertical direction
.and a single cell joininé the two collector’rows. Note that permuter
" cascades can also be introduced in each row snd column just as in

Figure 5.1,

Suppose that we have a function f which can be disjunctively

decomposed as

where ¥* denotes any two variable function. The’functions gl and g2
could be separately realized using the fééhniques developed in Chapters
2 and 3, one in the vertical and one in the horizontal direction in the
doubly complex array of Figure 5.2. The cell joiﬁing the two collector
roys could perform the * operation in f = g1 * g5 and we have a reali-
zation for f based on its decomposition into the simpler functions'gl

and gg. Note that the variables of = and g do not necessarily have

to be disjoint.

The problem now is to find the proper decomposition of £ into
two simpler functionsg such that the resulting array of Figure 5.2 is of

minimal size.
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There are procedures, some of which are not exhsustive, for test-
ing a function to determine whether it has a decomposition.( 1)(6)(29)
~However, once the decompositions are found, there is no way of deter-
mining, except by exhaustion, which particular decompositions yileld

minimal realizations.

One good solution would be to find a disjunctive decomposition

f of £ into two functions such that half the variables are used to realize
each function. If it were possible to find a decomposition of

this nature, a worst case realization would only reguire an array with

an/e h l) rows and columns.

It is hoped that further research into the area of fﬁnction de~
composition would ﬁrovide the necessary resul%s to make the array struc-
ture of Figure 5.2 practical. For lack of better methods, the prime
unate components of Chapter 2 could be.systematically divided and half
of them realized in each of the horizontel and vertical directions.

The array of Figure 5.2 is quite flexible and other variations, like
halving tﬂe terms in the Reed-Muller canonic expansions of Chapter 3,

are possible as well.

5.2.3 Iterative Decomposition

There is another approach, similar to that described in

Section 5.2.2, which could be used in the development of minimal reali-
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zations. If the given function f is not realizable in a single cascade,

it is decomposed as

where 8, is a maximal cascade realizable function contained in £ and *

could be any two variable function. The residue function f. is then

1

. tested for cascade realizability. If fl is not cascade realizable, it

will be decomposed as , .

where g2 is a maximal cascade realizable function contained in fl. The
process continues until the residue function fi is eventualiy a cascade

realizable function. Then

¥ oo Kgg g ¥ L

Because of the flexibility of the ¥ operator, the iterative approach

described here could lead to some very generasl results.
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APPENDIX
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Consider reducing the number of nonzero terms in a general mod-

ified ring sum expansion, such as, (for n = 2),

1

t
£00 %) = 800 @ a5y %) @ 8% @ 8y g%, @ 8% %, @ 8q% %)
t ‘ 1 t o '
@ 0% @ 8p X% @ a,,K%, (1)

. n
where in general there are 3 terms.

The function f(xl,xz) can also be written as

f(xl,xz) = By @ byXy @ by¥, @ Dakyx) (2)

where there are 2" terms and all literals sppear unprimed. If each

t
primed litersl x; in equation (1) is replaced by (1@ xi), the result-
o ing function expanded, and the coefficients of the xi's in equations

(1) and (2) equated, we get

by =200 @ agp @ 250 @ 25,

by =85 @ ag, @ay @ ey,

by = 8y0@ 8, D ay, @ ay,

by =291 @81, @ 85 @ 2y, A . G




..139,..

Written in matrix form we get

by 101 00 0 1 0 1 200 200
| ' 201 %01
by 0110000 1 1 :oz 202
_ 210 | 210
= 1. =4 | 11
b, 0 0 01 011 0 1 le 212
1 20 20

b 0 00 0 1 1 0 1 1 81 il .

3 ] , 4 P2 | B2 | (W)

where A is a binary coefficient matrix and the implied addition opera-

tion is mod 2.

If we rewrite these equations as

0 b 1 01 00010 1 ' 1 !
0 :oo ZooW

| . o 01 01

0 ) by 0 11 9 000 1 1 20n ZOZ

= 201 _ 4 |20

0 b, 0 001 01 1 01 211 = o1l

: 12| S12

: ' 20 20

0 b, 000011011 | em 221
o i i | @0 | | %22 | (5)

)

where B is the matrix A (equation (4) ) augmented by column (b.o,bl,...,

b n ), the solution set to these equations is a parity check code of
2 -1 '

length 3 +1. o

The code words defined by equation (5) having a 1 in the first

component and a minimum number of 1's in the remaining components coxr-
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respoud to the minimum solutions of the modified ring sum expansion.

In general, there is no way of directly enumerating the code
words of miﬁimum.weight (minimum number of ones). However, if_this
coding theory problem is solved, the minimization.of the modified ring
sum expansion as presented here will likewise be solved. In lieu of
a. coding theory solution, o graph theoretic formulation is presented.

n
To do this, cpnstruct a weighted graph with 22 vertices, one

for each péssible binary vector (bo,bl,...,bzn_l). Vertex i is con=-
nected to vertex j, welghted by one of the column vectors of matrix A,.
if the mod 2 sum of this column of matfix A and the binary vector
associated with vertex i is egual to the vector associated—%ith vertex
. J. (Note that the graph is symmétric), When this is done for all

vertices, the minimal solution is obtained by finding the shortest path

from the vertex (0,0,...,0) to the vertex (bo,bl,...,b"n ). The se~
2 -1

quence of weilghts in this path corresponds to g sequence of columms in
the A matrix which in burn determines the coefficients whose values

(19)

are 1 in eduaﬁion (1). Since algorithms are available which deter-
mine shortest paths without enumerating all possible paths, such a

formulation may be worthwhile.

Obviously, the graph becomés large for an increasing number of

variables. However, it is noted that solutions to all functions of n
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variables are represented in the graph. Once the graph has been set up,
anj other n variable function can be minimized by changing the binary

vector (bo’bl"“’b " ).
2 -1

(20) has a different coding theory formulation of this mihi—

Kautz
mization in which the problem is one of error correction of a certain
code. However, as the number of variables increases, the combinational

aspect of his foxrmulation seems to become unwieldy, also.
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