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Abstract:

The purpose of this paper is to identify some linear topologies associated in a natural way with a
continuous, bilinear form 0 on a vector space E over an arbitrary discrete field k. The finest topology
on E for which the canonical maps (Formula not captured by OCR) is continuous is denoted
by(Formula not captured by OCR) denotes the extension of these topologies by sums to the tensor
algebra and by quotients to the Clifford algebra.

For V a fixed totally isotropic subspace of E, (Formula not captured by OCR)the topology is defined by
taking a neighborhood basis at zero of subspaces (Formula not captured by OCR) a finite dimensional
subspace of E. It is shown that if(Formula not captured by OCR) is a linearly topologized space
with,nontrivial topology T then the following are equivalent: (Formula not captured by OCR) for some
totally isotropic V, (ii) (Formula not captured by OCR) is continuous, (iii) T has a zero neighborhood
basis of sets (Formula not captured by OCR) with (Formula not captured by OCR)(iv)(Formula not
captured by OCR) and (Formula not captured by OCR)is Hausdorff. If the case where dim E =and V is
orthogonally closed, it is proved that(Formula not captured by OCR) is a topological algebra.

An investigation of the completion(Formula not captured by OCR) of a space E with(Formula not
captured by OCR) topology and bilinear form (Formula not captured by OCR) , shows that E can be
decomposed as follows: (Formula not captured by OCR), where (Formula not captured by OCR) is the
algebraic dual of (Formula not captured by OCR) and H2 are totally isotropic for (Formula not
captured by OCR) (Formula not captured by OCR) for (Formula not captured by OCR) and(Formula
not captured by OCR) is nondegenerate iff V is closed (Formula not captured by OCR) These
completions coincide with the locally linearly(Formula not captured by OCR)compact spaces on which
the form (Formula not captured by OCR) is continuous.
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ABSTRACT

The purpose of this paper is to identify some linear topologies
associated in a natural way with a continuous, bilinear form @ on a
vector space E over an arbitrary discrete field k. The finest topology
on I for which the canonical maps a),,;ﬁE—-d‘/ égE‘ is continuous is
denoted by gﬁz ;. @T denotes the extension of these topologies by
sums to the temsor algebra and by quotients to the Clifford algebra.

For V a fixed totally isotropic subspace of E, the gV topology is
defined by taking a neighborhood basis at zero of subspaces VNF*, F

a finite dimensional subspace of E. It is shown that if (E,T,¢) is a
linearly topologized space with anontrivial topology T then the follow-

ing are equivalent: (i) T TV for some totally isotropic V, (ii)
¢ :ExE~—>k is continuous, (iii) T has a zero neighborhood basis of sets
U, with E={) U; (iv) &Tlg =7 and (v) (C(E),®T) is

Hausdorff. If the case where dinE =3J, and V is orthogonally closed,
it is proved that (C(E),®7,l/) is a topological algebra.

An investigation of the completion (E,‘f,(i’) of a space E with Z'¢V
topology and bilinear form ¢ , shows that E can be decomposed as
follows: E= H*® H, @ H, , where V=}3 is the algebraic dual
of H,, H# and H, are totally isotropic for @, ﬁ/%j‘q,'/ﬁ,z) =
AF A ,) for h¥e H* and A,e Hy o, H L (HX+H,): § '
is nondegenerate iff V is closed:T=TyV =1 Hy . These completions
coincide with the locally linearly ryl -compact spaces on which the’
form ¢ is continuous.




CHAPTER I
INTRODUCTION
The present paper is part of a larger program concerned with an
algebraic theory of quadratic forms on infinite dimensional vector spaces
over arbitfary fields, Y53, [6)1 and E72%, and in particular of the ortho~
gonal group of such forms. For the finite dimensional case a substantial

literature exists, (see Dieudonné: La géométrie des groupes classiques,

E48, which also contains a comprehensive bibliography). The techniques
used there do not extend however fo the infinite dimensional case. In
the hope that topological techniques may replace the finite methods, a
natural topology, compatible in a certain sense with the quadratic form,
is introduced. More specifically, by means of canonical topologies T,
certain subgroups of the full oxthogonal group would be singled out for
investigation,.namely the subgroups of T-continuous orthogonal auto-
morphisms. These topologies may also be of service in the classification
of spaces into classes unique up to orthogonal isomorphism.

‘In the finite dimensioﬁal case, consideration of the Clifford
algebra has been very fruitful.. For both finite and infinite dimensional
spaces there is an intimate relationship between the orthogonal group
and the group of Clifford algebra isomorphisms. So it seems reasonable
to require that the‘t0pology on the vect;r space extend first to a
suitable topology on tﬁe tensor product, and then, by the usual sum
and quotient operations, to alHuusdorff topology on the Clifford algebra;

finally, the Clifford algebra topology must induce the initial topology
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on the underlying vector space. This leads to consideration of

topologies, and their comﬁletions which are of the same type.

the z;,l/

[




CHAPTER IX
DEFINITIONS AND GENERAL REMARKS
In this chapter the definitions and notational conventions to be
used in the remainder of the work are collected. Known results which
will be needed later are stated here without proof. When no reference
is cited for the proof the reader should consult the excellent summary
in K8the £91 for further details. |

R
Sections are numbered for later reference.

1. The discussion in Chaf)ters IIi and IV will be concernec} with an
infinite dimensional vector épace E over a (commutative) figld k with
characteristic ‘unequal to 2. Fox V' a subspace of E the notation
V= “A//I/;)de.l- is in;ended to convey that [/ has as a basis the /&"XJ
indexed by o in I. When' the index set is denumerably infinite t;_his
expression becomes V""“KZ//ZZ 2Ll>l and for |/ of fini;e dimension
V=72//)[5),\<i\<m and similar expressions will be employed. If the

/@Z are generators of V but not necessarily linearly independent we

write V’[ﬂ{,(/ s - 1.

2. It is assumed that E is equipped with a bilinear form
G:EXE— K (that is Pla + B, , Y)=A P, P+SP %, 4
and (72, o4, +/67;2)= XQla ,y)+ @ Bx, o )).

Further () will be assumed to be gymmetric [¢/4Z7/%)=== @Glig, Z)) and
nondegenerate (for every JL#() there is a 4 with Pl, y}%() ). A

subspace F is called semisimple when the form ¢ is nondegenerate on

FX F. If the length of A is zero, /ﬁj/ﬂ7 &Ur—O), Z is called an,

g

Bl
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isotropic vector. A subspace with no isotropic vectors except the

zero vector is called anisotropic while a subspace in which every vector

is isotropic is totally isotropic. A subspace F is totally isotropic
iff ¢ is identically zero on FX F since ¢/¢? {///)""

TZL [¢ [//Z"/'%, /,L“/’%) - @/&ﬁ, %)“@/%72«/)1 By Zorxn's ler‘nma each
totally isotropic subspace is contained in a maximal totally isotropic

subspace.

3. Two vectors /A and% are orthogonal, and we write Wl% , 1ff
¢/ﬂ’/7 %)*‘—09 Ifﬂ is qrthogonal to every vector in a subspace /: we
write /UL /[': - By ldefinition /E‘L ={%€E; L F]: When F  is
finite dimensional, dim F = codim FJ; £28. TFor F and @ subspaces of
B, (F‘/‘C—)'L =F‘Lﬂ@f It is always: the. case that FCF-LaJ- 1f
F = F'L'L then & is said to be _[ -closed. Every finite dimensional

subspace of E is _L-closed, &21.

4. TFor a direct sum F@G— with //(/_L?// for every wéF and
/%EQ 'we write Fé &

If E has denumergbly infinite dimension and V= %/”{2 &’2/ is a
tof:élly isotropic ., —closed subspace of E then there is a totally iso-
tropic closed subsp.s;;ce V," %//1'/1'/)7(_‘2/ such that E" /V@ V/}é- @-
with ¢/ﬁ{2 g ﬁ?/'/}=5%' (i.e., zero if _,;’:'94%' and one if ,L"—‘/ ). For

a proof see #81; the proof given there carries over to our case.

5. If %f/E7¢)—>(E;¢/) preserves the form, that is. if

(g}
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¢//7/Z/¢)7%/i)/= {é/ﬂ?i) for all /¥ and,/(/ in E, then ZZ is called a

metric (orthogonal) map. A metric automorphism of a vecktor space /57 ﬁ)
is called an isometry and the group of all isometries is called the

orthogonal group.

6. A 'quadratic form is a function QfE-—->){ of the vectorspace E

into the groundfield k with the following properties: (i) Q//’}/,{F—'AZQ&)
and (i1) () defined by P (12, '?N =:2/—[Q///K+;/}~Q/ﬂ)— QC}/J is
a bilinear form. If ¢ isl a bilinear form on E and Q is defined by
Q//l): ¢/¢I/ ﬂﬁ) then Q is a quadrétic form called the quadratic form
associated with ¢ ’ {md ¢=¢ . Throughout this. paper when quadratic
forms are introduced it is understood that they are associated with the

bilinear form under discussion.

7. With the tensor algebra T(E) defined as usual over the vector
space (E,¢), (for an English reference see L3%), let Q be the quadra-
tic form associated with ¢ and let I be the two-sided ideal generated

by the elements L&/ - Q///&) in T(E). Then the Clifford algebra C(E)

is by definition T(E)/I. The equivalence class of //Z/ 7 @ﬂ/m will

be denoted by 56/ 2,5, 0/,?9%, If E"‘" %/tfg( )o(EJ with J asymmetrically

ordered by < , then for S= {0(} ) oney 0(,,0} 5 0(,(0(2(.“(02 let

eg:@ o'”aéo( , The 65 together with the scalar / .are a basis for-
’ n _

C(E) (for a préof see 2%). In particular :;f ﬂ,} soiy ﬂé/)v are

linearly :'Lndependent’:' e;'Lements of E, then /ﬂﬁ/ ¢, 9 %z, # 0,.

If f:E—>A -is a linear map'.of a k-vector SPaée (E,¢) into a

)
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k—-algebra A, then f extends to & unique algebra homomorphism g mapping
T(E)~> A which is the identity cn k. If in addition f(x)2 = Q(x) then

f extends uniquely to an algebra homomorphism h:C(E)—A which is the
identity on k.

A Clifford algebra over a finite dimensional vector space is simple,
that is there are no propér nontrivial two-sided ineals, Z22. For E
of infinite dimension, -C(E) is the union of the Clifford algebras over
the finite dimensional subspaces of E so C(E)‘is again simple.

8. A linear form is a lincar function (i.e., vector space
thomorphism)Linto the ground field, u:f—k. The set of all linear
forms on E is denoted by E*. E¥ becomes a vector space over k, called ‘
the dual space of E; under the usual aefinition of addition and scalar

multiplication of functioms. If F and G are subspaces of (E,¢5) then °

each /& in F induces 'a map ¢¢: @—97{ with @@/Jy}" ¢/¢7 7)., | These

maps are elements of G* because 5% the bilinearity of gé» If
f:=i4éédg<d 1 then the maps Q%& are linearly independent iff
f:/f)Cj (0) For.LQ,a, IXZ linearly independent functions from- G*,
there exist elements 7?57; . é/ of G w1th.x% <2;/“ i; (89X, page

74). In particular if'”é(sz/<L<nz 8] é; /C%) then there exist
7795-‘;7'/7/;” in G with ¢///&¢7%'):CS%J

9. A 11near topology on a k-vector space E'is a topology with a

neighborhood basis at zero of linear subspaces’ é/ of E and a nelghbor—

hood basis at /" composed of the linear manifolds ﬁ%f‘é{&, A linear
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topology is always a uniform topology. It is Hausdorff if and only if
é:?[lx = AQ), A vector space together‘with a Hausdorff linear topo-

logy is called a linearly topologized space. In the seqﬁel we shall

always assume that the field k carries the discrete topology. If T is
a linmear topology on a vector space E then the operations of addition
and scalar multiplicationrére continuous (the product topology being
taken on EX E and kX E). If f is a linear function E;—~E, with linear
topologies on E, and E, then f is continuous provided it is continuous
at zero. I

If E; and E, are linearly topologized spaces and ¥ is a bilinear
fﬁnction E/X E,— E, then (/ is continuous iff it is continuous at
(0,0) and the partial functions I/é& M 7 —_— W/ﬂ’}/) and {% ;> {ﬂ/%/y)

are continuous at zero. This follows immediately from the identity

w{/,%%)' w/¢07%0)=w///z_ﬂ09 L/";/o)'/‘ W/%:} y"yo)?L w/w"%&,j ii/o },
In particular a multiplication defined on a 1ineérly topologized space

is continuous iff it is continuous at (0,0) are separately continuous

at O,

1

10, If the'(Ex,C;) are linearly topologized spaces then the direct

sum topology 692; on 695& -is defined by taking as a zero neighborhood
basis .the spaces GQL& with Lé running through the spaces of a zero
neighborhood basis for T, . The topological direct sum (égéi(,GQZQ)

is once more a linearly topologized space. The direct sum £;==f:€9(;

lad
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is a topological direct sum iff the projection p:F@® G—F, with
p (xty)=x, 'is continuous '(E9?ﬂ,’_ page 95)..

In the case of a linearly topologi‘zed space the definition of the
quotient topology Zé, can be given more easily than in the general case.

Let 0 be the canonical homomorphism E-—E/F, then the quotient topo-

logy is defined by taking'-for open sets in E/F the images under J of
the 6pen sets in E. Under this definition (¢ 1is a continuous function.

_C'?, is Hausdorff iff F is topologically closed (equal to its closure).

11. Two vector spaces E;, and E, form a dual pair with respect to
a bilinear form ¥ tE, X E,~—>k if for each /Z in E, there is a A4 in
E, with (,U/ﬂ77)% 0, and for each /% in E, there is an /¥ in E, with
(,U//)_’7%)7é 0. Subspaclzes F and & of (E,Q§) are a dual pair witﬂ
respect to the form induced by ¢ iff F/’)@-L%(O) and Q—f) FJ-7“ (0),

The vector spaces E and E¥* are a dual pair with respect to the natural
bilinear form W//)//7 ,(,b)—‘-‘ A1) for /& E and HUEE*, For. (E,T)

a linearly topologized space we denote by E' the s.ubspace of E* con-
sisting of T -continuous linear forms. E' is called the topological
dual space to E. (E, E'> is a dual pair for the natural bilinear form
- mentioned above, 15{91.

A particularly important linear topology is defined in terms of dual
pairs. If {E, . E,_> is a dual pair with respect to {/ then the weak
topology on L, with .respect to E, has a neighborhood basis at zero of
sets F %= { //Z/JG'EI ; ¢//,2§7 y}=0 for every 76‘52}, F running
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through all finite dimensional subspaces of E; . We follow Bourbaki and
denote this topology by U (E,, 1i;); (for reference the notation used
in K8the is é%,ﬂE;) ). If <@U, E2> is a dual pair with respect to
q/'then Ef = Ey whgre Ef consists of the Gd(E,, E, )~ continuous

linear forms on E;, (L92, page 90).

1




CHAPTER ITI
CANONICAL TOPOLOGIES ON THE CLIFFORD ALGEBRA
Lei: E be an infinite dimensional vector space over a commutative
fie.l& k, characteristic k unequal 2, and ¢ a ~nondegenerate, symmetric
bilinear form EX E—k. Our eventual aim, is to study contir;uous ortho-
gonal groups, that is the groups o.f isometries of E which are continuous

for some natural linear top'ology on E. In this chapter the meaning of

"natural” linear topology is delimited and topologies with the specified -'

properties are investigated
If 71 is an 1sometry of E then % induces an algebra homomorphism

i) Ol with Alpo.ogp) < flB)e s o L) e

%, the identity on k. This follows from section 7 in Chapter I1I, taking
= T(E) then A = C(E), since 72@)0%/¢) = Q /%/ﬂ)/ = Q/ﬂ)
Further, let E have basis /Ci( )«'GI then /%/80( ))o(el" is also a basis *;
for - E. Basis elements L%;/ 4., "@éw of C(E) are mal‘)ped by % onto a
complete set of basis elements %/{Zé/} o, , 0 %/@%) of C(E), so %
is bijective. Thus every isometx‘y"% of E induces an algebra isomorphism
%/ of C(E). Conv’ersely, if %)/ is an algebra isomorphism of C(E) which
maps E onto E and is the identity on k then the restriction of 7£ to E
is an isometry, for ¢/%//ﬂ) %/ﬂ.’)/ %/ﬂ} %/ﬂ)— %/ﬂﬂﬂj
%/%/j@ 4[}) = ;//ﬂ? 4[) Be_cause of this canonical relation

between the isometries of E and algebra isomorphisms of C(E), we shift

our attention to the problem of topolbgizing the Clifford Algebra.
:Starting with a linearly topologized space (E, T ), there are many

70
ways of constructing linear topologies on the tensor products 85,
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Here we shall comnsider two tensor product topologies,.the e topology,

corresponding to the & ~product of Schwartz and the "projective' topo-

" logical temsor product topology corresponding to that of Grothendieck.

These topologies have been studied in L77.

A linear topology on ﬁhe tensor products exéends canonically by
taking the direct sum topology on the tensor algebra and then the
quotient topolog& to a l;near topology on the Clifford algebra. If this
extension 18 to he useful it must induce the initial topology when
restricted to E. We néw investigéte whether this is the case for either
the & -product or the projective tensor product extensions.

Since it will quickly becomé apparent that the & —-product topology
is not suitable in the seﬁse juét mentioned, we shall describe it only
briefly. For further detail the reader is referred to L7I1. The f@
topology is the finest linear tépology on éaE- for which the canonical

£ d :
multilinear map - Z7£§ ~—7>49£i is uniformly continuous. For each 707'
I 1

.Z%g has a neighborhood basis at zero of sets

Of UﬁE@E@,',®E+E®U7,,@E@“,@E+,,,+ é?@E@E@,,. @.Uf

each summand containing.%) factors and the Qé running through a’ zero

neighborhood basis for the topology 7 on E. A zero neighborhood basis

for the tensor algebra consists of sets L/==C9 Lé, and a zero neigh-
r= A

borhood basis for the Clifford algebra of the sets OVL/ . where (¢ is

the éanonical map T(E)—>C(E). These extensions as well as the & =-pro-

duct topologies on the tensor products will be denoted by T,.
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Theorem 1: If (E,T ) 1s discrete then (C(E),T ) is discrete. If
(E,T) is not discrete then (C(E),Z(:,) is trivial.

Proof: If (E, ZS) is discrete then (0) is in the zero neighborhood
bz;lsis for .. 1In the expression for [/7) in the preceding paragraph
taking Uﬁc/O) for every‘.70 gives U-‘-‘/O) and ¢/0/=/0) Since (0)
is thus in the zero neighborhood basis for (C(E), Z; ), the latter is
discrete in this case.

On tile other.; hand 1f (E,7 ) is not discrete and U—'/UA) =
o-/U, +U2@E +E@Uz £+ Q;.@E@}g~/-.,,) is an arbitrary set in the
zero neighborhood basis of (C(E), Zé) then every element of the form
%0/[0,{" Yy ”-ﬂ/w is in 0—0 . TFor since 7 is not discrete, there is an
element é{#O in U 42 » and since E is sem:Llsimple, there is a ?,é‘ E
with ¢/,?/7/;/) A@, «y?/ ?/7=/ and so /,Za,, oﬂ,'ﬂ"—*

Yo B0 Zyo . @ i L A 7 ¢ maﬂm,CJ“U

(7'/0) is thus seen to be a subspace of C(E) containing a set of
generators of C(E), hence O‘/U)= C(E). In this case Zé is the
trivial topology oﬂ C(E). |

So requiring that the T, topology on C(E) induce the initial
topology T on E would leave for consid-eration only the uninteresting
cases where 7' is discrete or trivial. For this reason the C, topology
will not be discussed further.

We now turn our attention to the prc;j ective, tensor product topology '

é'[,' on the tensor product éE . In L7% it is shown that there is
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a unique linear topology on E&® [ with the following properties: (1)
the canonical bilinear map &J, : EXE—E ® E is continuous and (2) if
f is a bilinear continuous map of E X E into a linearly topologized k-
vector space G then the induced linear map E® E— G is continuous.
The proof extends to ;5[:— . ;éf is by definition this"unique topo~
logy. Clearly éf is the finest linear topology on éE for which
% : ﬁE ‘*)?é’E is continuous. If T is Hauédorff so is ,Q?)pz_—
(for details see I71).

2
A neighborhood basis at zero for the @Z topology is given by

the subspaces U U ®U ‘/‘L [//{/]@(/206 -'L‘Zl-lé/za’/ @l wl

xecE

with UZ/XC and U running through a zero neighborhood basis of T,

pA

This is so since (dj_ is continuous if and.only if it is continuous at
(0,0) and is separately continuous atl (% ,0) and (0,/) for every & E.
1f OJZ is to be continuous for a topology Z on E® E then every set
in the T zero neighborhood basis.must contain a space of the form

Q . . Conversely, the spaces (?1 define a linear topology on E for

which OJZ is continuous. The same reasoning applies for any £ , so a

P
zero neighborhood basis for @Zﬁ consists of the sets

Up=Up.sly +2 5 0036, 0., 01, A G 0.0l

+lu + Z[-/ Z: [wj@[w j@,,, @[%/9—/7@ %ﬂ/ﬂfg ves ﬂp_/ 4 ' With the

an ;¢F‘IEE 5
subscripted {J 's running through a zero neighborhood basis for Z - and
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Z [m]@ U7b¢@“' @%ﬂ [//zj@ 704( &iss @Ufﬂ -+
qm OLATO U@ © Upy+.+1),@ Uy @, @LAT  and with similar

meanings for the other symbols. Henceforth in this chapter
. . A ’
Z Z will be abbreviated by Z and % will be written

Py, 2g € E prrma |
Simply Up@;l' @Uf7 +Z[//Dj@é//a¢ @lﬂl @Z/ow '/'
Z[w]@[ngllomy Dore ® qo¢t/+ou , Taking sums and quotients, the

projective tensor product topologies induce linear topologies on T(E)
and C(E), both denoted by KT .

We now determine for which topologies 7T on E the induced topology

@Z:/E is equal to T .

Theorem 2: If E has a zero neighborhood basis of subspaces no one

of which is totally isotropic then ®Z/15‘ is trivial.

Proof: LetG"/U} f/@ ) 0_(U+ ®U +ZC/L]®U

+ U el ol +,,,l) be an arbitrary space from the zero neighborhood
J I3 3
basis for T on C(E). We claim that an érbitrary element /¥ of E

A .
is an element of U’(U} . TFor Uw is not totally isotropic so there

exists a ,g/(-:U with Q/y)#oa- %.____7 %
(Q( ))7@?@w)€ U3 C O”/U) But this implies dU}/)E:E

for arbitrary O'/U) , hence the assertion of the theorem.

On the other hand, if the conditions of Theorem 2 are not met then

-some linear neighborhood V of zero is totally isotropic. Intersecting
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V with the spaces of the zero ne:ighborhood basis gives a zero neighbor-

hood basis of totally isotropic subspaces. In this case we have '

Theorem 3: Let (E,T ) have a zero neighborhood basis {[{,} of
totally isotropic subspaces. Then ®Z/E=-C if and only if
L
E=U U~
ol
’ : , L
Proof of necessity: Let &L . We shall show /%€ UQ(. For
oL
X, =0 this conclusion is immediate so suppose A+ « Since T is

A

Hausdorff there is a [_4 with /,Y/gf% ; @Z/E=Z so there is'a (/
wen o{0)NE CU, ; U=U+UolU, +5Triol, + Uelsy
4-2[//!]@%%@.%% 7“2[/,&7@[;]@ ngﬂ%"{”aoa . Suppose by way of

AL
contradiction that Qjé UML/,{ . Then there is a v%é‘ with

Y
, " ‘ A
¢(ﬂf7y)"/ ;s therefore ﬂi = ¢/¢7 %} w= //'Zafa ﬂ+%ﬂ¢oﬂf [~ 0"/(/)
which, since /,{GE , implies ﬂé[/‘,( a contradiction. We conclude
L .
e Uz, - . | ‘
' Proof of sufficiency: Since each U’/U) Nk = 0_/[/,7’-.,.- }/)E
3[],, @_C/E- <T,. Now suppose L/, is an arbi.trary space in
. A .
the ?: zero neighborhood basis. We shall construct {/ such that

Pa)
ac(U)NE C U, rirst take [J,Cl} for allm. By hypothesis

for every /4 there is a Uw such that UL (/,z, .- Take %ﬂ/‘"ﬂm =

m . A
Un, N -n-U/)ij, and (/= [J, + Lé_@(_/z -/-2:'[067@[/205 +ies 1+ We first
4=/ , .
note that U‘/Z EZ,]@ iee @LT, 10 %%'lr'ﬂm@"'@(/nm,”_%):
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0"/[%,.7@,., [%,,”.7 & %a’m%@ veo 50 Um./z,ma,,,,, ) because if
we Y then Ulo, ==/, ° 4L, /SLEM  So every

Mﬂ/ulm -
element of G'(U) is of the form /Z’/':Z/é" LU, @G'U. Suppose

by way of contradiction A& 0'/0} NE but //zﬁé[/, . Let /@d )o(e/]

be a basis for the wvectorspace U . The set ///f, e‘,( 29(6‘/4 being
lineé.rly independent can be extended to a basis for E. Since

A
e 0-/U) , by the remarks above /¥ is ofc-the form

"

,L’Z ! Ow Z/t (Z _Lj / ) —"ZZ)\ g4 ' o 805/: ¢ Multi-—
L=/
plying through by Ej 0(10 vos © 120(”; glveg goeo(/o,,, o@%-‘-“- J since

le is totall& isotropic. But this is not possible since
/,Z"Qu( %04y oe is an element of a basis of the Clifford Algebra. Hence
'o‘/Ulf)E CU. & AT =T,

As an 1mmed1ate consequence of the construction in the proof of
Theorem 3 we have for future reference the

Corollary: If (E,T )'has a zero neighborhood basis of totally
isotropic subspaces [U} then (T(E) ®C ) has a zero peighborhood
basis of sets 0 such that ¥ in G_/U) implies Z MZ_@? /

with the %' 1inearly 1ndependent elements from a single totally isotro-

pic ljo(o
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Next we shall describe the topologies for which the conditions of

Theorem 3 are realized. .

Definition: Let U be a fixed totally isotropic subspace of E.
The 'C¢U topology is defined by takin;g as a neighborhood basis at
zero the spaces UnF-L, F  a finite dimensional subgpécé of E, &51.
This gives a linear topol.ogy which is Hausdorff since ¢ is assumed

to be nondegenerate.

Theorem 4: " If (E,T) is a linearly topologized space with a zero
neighborhood basis of totally isotropic subspaces (_4 and E’—‘yq(i
then T > t¢(é< for every . Conversely, if (E,Z ) is a linearly.
topologized space with > Z¢ V for some totally isotropic subspace
l/ of.E then £ has a zéro-neighborhood bas:;Ls of. totally isotropic
subspaces (.4 and E = éj(.{: . .

Proof: To show T}Z;, L{(o ,» let %/).F‘L be a set in the

Since E=£/Q<'L

t¢ u,(o zero-neighborhood basis, F = 7%/@ //\Q:(% .

therg exist zero neighborhoods U,&: with /,{J: L % . ‘
U"(o /)Jf?‘ Uo&: - (_4(0 e F-L proving the contention.

- Conversely suppose T> Z¢V > The spaces V/)//'gi wiFh /f‘;
a finite dimensic;nal sul\nspace of E are by hypothesis part of a zero
neighborhood basis‘ {Q(} for C . Since l/f):/‘;;* is totally isotro-
pic the [Jo( may be chosen totally isotropic. But the /l/ﬂ /gi)i
already cover E s:an;:e E=ﬂ[//§ '@d ,?Cé*l—’-c /l/f7 /‘_,;-L):L There—

fore E= Q(J;L,'




- 18 =
It is interesting to note that when Z’=Z‘¢ V , V of infinite
dimension and codimension, the &7 topology on E®Q E is strictly
finer than the ZE, topology. This will be proved at the end of this
chapter at which time certain lemmas and theorems will be available to
make the proof easy.
The Z¢V topologies are related in the following natural way to

the form ¢ .

Theorem 5: For (E,T ) a linearly topologized space with symmetric,

nondegenerate, bilinear form ¢ , the following are equivalent:
(i) Q , the associated quadratic form, is { -continuous.
(ii) T2 Z_¢ v for some to\tally iéotropic subspace V of E,
(iii) ¢ ¢ EXE—k is .continuous. (for ’f:he product topology.on EXE).

Proof: If Q is T -continuous then the conditions of Theorem 4
are satisfied. For the continuity of Q at zero implies 7 has a
totally isotropi'c zero neighborhood V , hence a neighborhood basis at
zero of totally isotropic subspaces Zé( . And if XE E, by cont.inuity
at X there exists a [Z( with Q/ﬂ-/‘(/o() = Q/ﬁ[/)l | Since [/‘{(
is totally isotropic this implies /A .L Z/o<., Therefore £ = é/U‘,{L,
and applying-Theorém 4 we have (i) implies (ii);

If f>T¢V , V totally isotropic, Theorem 4 can be used to show
¢ : EX'E——>1$ is continuous at (4{7;{). For E"‘é/@l' » so there
exists a tota-ll}; isotropic .[/o( with AL (/d and //U,J_ Uo(c

¢/¢Z+Ud ’ 7{ f(Jd ) = ¢/¢9 %}; So (i:{).implies (;11).
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It is apparent that the continuity of ¢ implies that of ¢

completing the proof.

The topology on C(E) can only be considered admissible if continuous
orthogonal automorphisms of E induce continuous algebra isomorphisms of
C(E) and conversely:. The projective tensor product topology has this

essential property as the following theorem shows.

Theorem 6: Let % be an orthogonal automorphism of (E, ﬁ), y the
corresponding algebra isomorphism of T(E) (with ;/&ﬁ/@wa O &, =
%/ﬂ’)@ veo & %/ﬂw ), and let ,/u be the corresponding algebra
isomorphism of C(E) (with ,A,//,t/ a.,. oa’,ml) = %/ﬂ/) o,,, o% /ﬂm) ).
If Z’)'C¢l/ , V/ totally isotropic, then % is T =-continuous if
and only if % is T -continuous.

Proof: Suppose % is 7T =-continuous. Let 0 =U + L/.Z ® (/2 +
Z['/f]@sz + 0rn be a set in the T(E) zero nelghborhood basis. For

every_Um~ (resp. %7,‘/”%[#).“ ) there is a % (resp. {/,'n%%o;é‘,‘ )

such that ‘%/Kn )C Uﬂ’l (resp. %{ZW%”)C Umflﬁ’}%};/'-a ).
g/V) 9+ hol+ T xleVy + .. C
U + U @U + Z[%/ﬂf)j & Uz;ﬁ/ oo "U establn.shing the con~

tinuity of ;/
Clearly %a'aa'f/ so Ar(V )= 0‘%/1/)C0“/U) and?é

is likewise @Z: ~-tontinuous.
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Conversely if /é is an algebra isomorphism of C(E) with ,A,/g. =7é
and.néé = 1%% then we already know 44%%==7é is an orthogonal auto-
morphism of E. Since C 2 Z;d V, T= @Z—/Ey so the continuity of .//u
implies the continuity of /4927.

Applying the theorem to %_/ ‘and ./A‘/ gives the

Corollary: With the hypotheses of Theorem 6, 7[ is .open if and

only if/é/ is.

Although not essential, it would be desirable to have a Hausdorff
topology on C(E). We first conside‘r separate continuity of multiplica-
tion in T(E) since this result will be used in the proof of Hausdorff.
Later in the chapter the subject of continuity of multiplication will

be discussed in more detail.

¢

Theorem 7: Multiplicati'on is separately continuous in (T(E), T ).

Proof: First consider multiplication on the left by

- , _ : 2 A
S= Zl@,” @xp € é&’, For every ? the map Z%Es ZTE-——-) 5%5
with /%/9 000, %g_,)—i’ /ﬂ/; re0, ¢/07~ﬁ/7 »n,'yg)-—i*ﬂ/@u/ @%,@%@m @#? ‘ '

- ; 217
is. continuous and so induces a continuous map éE B @E with
- /
.II ’ ‘ ° @ ’ y b the definition
7/6'@73’—9%@"@%/’@%’@' ;/72" (Y

of E ). Addition gives a &I continuous map T(E)—T(E) with
/

T SOL,

Now let S”;Z@: "be an arbitrary element of T(E),
. A=} .
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S =85 8.5 , Left muitiplication by .5 1is continuous at zero so
A ,(,, -of_,é A

PN : A A
for every 5 there is a % such that [ 57 & l./é ={/, Therefore

m A A ,
ES’]@ /) Vi - U, Left multiplication by S5’ 1is continuous at zero
i= *

and therefore continuous, since X “is a linear topology. The symmetric

argument proves right multiplication is also continuous.

Using Theorem 7 we can prove the

Corollary: If A is a two sided ideal in (T(E),®T) then /-4- ,
the \topological closure of A s 1s also a two sided ideal.

Proof: A is a linear subspace of the linearly topologized space
T(E), so /ZT is "also; in particular J is closed under differt_ances.
Now let £€& T(E) almd .SGZ, and let f@S-/*[) be an arbitrary basic
‘neighborhood of- 15@5 o Since multiplication is separately continuous
at (4,0) there is a l; such that [ 2471 & }?C Oa And Se A4
implies S—I—l? meets A at some point S+, '.Then ./t@/S-/-/U/) =
/é'@5+/é@w/r is in both A and L @S5 + (j, So /f@&éz
from which we conclude /T ‘is a left ideal. The proof of right ideal

is similar.

With the corollary above we are in a position to prove (C(E) ,@Z)

is Hausdorff for T Tyl

Theorem 8: ( 2 Z,}g V for V some totally ‘isotropic subspace of
E if and only if (C(E),HL ) is Hausdorff.
Proof: Using Theorem 4 it suffices to show that (C(E),&T ) is

Hausdorff iff L has a zero neighborhood basis of totally isotropic
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. L .
subspaces % and E=o[</[{( The topology &, on C(E) was obtained
by quotients from the (JZ topology on T(E). Under these circumstances

it is well known (see for example E9I) that (C(E)‘,@Z:) is Hausdorff
iff I=f ([ the two sided ideal in T(E) generated by the elements
X8O N~ Q/&K} or equally well by the elements ﬂ’@% -+ y@ﬂ——
3202

Suppose &M is Hausdorff. _Z-‘I is a proper ideal in T(E) so
in particular -/é_z'— . Therefore there exists U U +{/ @ U -+
Z[—’XJ @U270 +,,, in the usual zero neighborhood basis for T(E)
with "/-/-0 disjoint from / . We claim (/1 is totally isotropic.
For if this were .not so thére would be an /,{’/EU with /21 ¥ 0
Put 7 %/Z/Q’/// then is also in U and ﬁ/ﬂ %) /2. So
/,Z@% + Jy@ﬂ / € ( / 4+ U} /) I contradiction. We may
therefore assume that all the (/0( are totally isotropic.

We claim in addition that for each (XE E, /¥ _L Zé%o If not there

would be a GU with ¢/ﬂ, )= /Z and then

ﬂf@% J@aﬁ - / E/ /[ + U) /7 v _as,before; contradiction.

L
To prove the converse we assume E= yé/« for some totally

isotropic zero neighborhood basis fU.,J . By the corollary to Theorem 3
A

proved earlier, T(E) has a zero neighborhood basis of sets U such

- A 2, -
that if /tE ¢/ U} then Z“Z,, ,t' 0 €; . with the & 1linearly
ST 5’,” A o /

iﬁdependent elements from a single totally isotropic zero neighborhood
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= A
U“ . We claim this implies /¢'[ . For if /&‘_Z: then /+~{/ meets
2 :

7 and so /-/-0-/0/ meets (0) say in I+ . ‘We have
O=l+2 =1+2, 14126,
2408

O=8€o0 'y o@w which is impossible since the &’/ are linearly indepen-~

’ 7

Multiplying by 8, 2,.. 2&

T gives

dent.
Thus it is clear that' /¢I ; in particular L# T/E} . But
C('E) = T(E)/I is a simple algebra and ICI s SO I=I . Thus X@TC

is Hausdorff.

The discrete topology on E would give all the essential properties
thus far ascribed to the Z_¢// topologies. The next theorem guarantees
that we are not dealing with just the discrete case.

Theorem 9: A Zﬁl/ tgpology is discrete iff V is finite dimen-
sional. ‘ )

Proof: As noted in Chapter IIL, for a fiﬁite dimensional su‘l;space F
of E, dim F = codim F'L .

If_[ﬁ V is discrete then VN /:J'= (0) for some finite dimension.al
subspace F . Thié implies that the sum V+ F'L is direct, so
dim F = codim F* '2 dim V . In particu'laf dim V' 1is finite.l

On the ptherlhand, if dim V/ is Finite the codim [/ = dim V/ .

That is E:'V'L@F for some finite diﬁensional space /~ . Therefore
) N i _
/0) = E-L = V‘L'Ln F = Vf) FJ' , which implies that Z_¢l/ is discrete.

Continuity of Multiplication -- .

v

We turn our attention to the question of continuity of multiplication




1

- 24 =
in (C(E), @Z:ﬁl/). For denumerable (E, ¢)) we shall establish the remark-
able fact fhat (c(E), ®U¢I/) is a topological algebra for closed V .
(Theorem 10). It is not clear whether a similar result holds in the
nondenumerable case. For U strictly finer than Z¢l/ s We shall give
an example of a denumerable (E,¢) for which mu'.ltiplication fails to be
continuous in (C(E),®C ).’ First we prove

Lemma 1: If E=)€/€d)o(€1 then the s‘ets

0=U, +Uol,+ 77 redol, + U@U ol
.;.Z'Z'[@ ]@ 3@@ U\%) +€ZE[€ JelgJ® que ‘s

form a zero nelghborhood basis for @Z on T(E) when the subscripted U !

run through a zero neighborhood basis for T .

We shall again write Z to mean Z Z, .
q%m W A

Proof: Clearly each YT zero neighborhood contains such a U .

Conversely, put %-‘-U and for //ZM //ZZ7 .,,7‘ &f/nz G%/@( }A@/) y A

finite, put J/ /,Z;“'/l/»b MQA U/neo{ -HQO(M' " Then
f lgle,..ele, JoU e, e, @@ Une, ... e, =

) con-
E¢j®114®[amj® Vﬂﬂ /l QHI@VM%,'/'//Z/WU U
tains a T zero neighborhood. .
Theorem 10: If dim [ = }30 and [/ is a closed totally -isotropic
subspace of E then (T(E), ®Z¢ /) and (C(E),éOZ'¢V) are topological

algebras.
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Proof: Since dim E£= ,\J,, and /' is closed and totally isotropic
' A
there is a decomposition of E into (VBV’)@ & with V"//é//?f)z)l and
/ : .
= %/@' &21 both totally isotropic and ¢/ﬂ/: 9 /”;, )‘ (%,The Z;
topology has a zero neighborhood basis of sets %//.7/1 )}0>m/ since for
F finite dimensional, FC V+ %/M/L,m+£ so V/-)F"L )
A / / 4 / - ) .

VovEN Rl o Q6= VN RI) [ =R ) ism .
We shall need an enumerated basis for E, so let E =/é /6')' with

;= Eo,ui for A> / . Then the sets ‘Kg{e )0,” are a Z}jV zero
A L

neighborhood basis. (They are not distinct. In fact %//y/ ,6>07
U:= U; = %//Vl )4L'>/ , etc.). The advantage of this numbering is
that it yields the following simple criterion: @G%f iff e_éé V
and ,(L}/)’L . The (//: will be referred to as K -sets in the rest of
the proof. |

To show multiplication in T(E)' is continuo.us at (0, 0) let
U U+U@U/ +ZE€7@[2€’ cis be a set in the (T(E) &C )
zero neighborhood basis. We must find V@ V C U Clearly it
suffices to flnd V@ V C UC L/ With this in mind we shrlnk U
somewhat, in order to make it more manageable, as follows. Choose

/
inductively sets Un which are 4 —sets and such that U/C(// /7U,)"

Um C UI /)Uz .., f)Um_, f) U,; /7 U,,;K | Denote by (jm.”ém ‘tihe ;ét
NN, U ’

(i.e., the intersection of all sets

. H m ";‘I H
.t\</)7‘l' jlaop/tém d‘ . gdbem ;
/
U ) for which /7 is the largest € =-subscript). Define the

me " e /t emu




!
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sets Ume,m by induction on #7 to be X -sets comtained in

U ﬂUme M. ﬂU f) U” M U# with Ume, a X —set con-

tained in U /') K)UJ‘ Since the m and %e are X -sets there
m

are functions ?m. with U U and C "‘U’K

fmfo) %b//m). As a con-
U -
sequence of the construction we have O (6) = U/n CU/rz, 50

-0<'/n\<?m(0)
and le = U”EMCZJ,;‘ so m < ?m. (),

fm(m)
cy,, ClU, s U, CU%,C

Also if 0{,(,{% then (/ ? /
m

me

7 (0) therefore

Inl0)< 9,041 G, G sox 0Ly

Take ,

0= U+U,oU, +2[610 U, + s @l 0L, +
Zf€j®Uae®Uge, +2Le 7@[@.‘/@(/368,-

L

with Ue.é, . Q' ,,Lekwhere ¢L/<=_max (L ,”c, \'(J ).
A

To define }J/ we shall make use of a function used in enumerating
/\/XN /\/ the nonnegative integers. For M, /m,c-_r/\/ put %ﬁ/ﬂ{, Aﬂ/)=
L (mt vt mutl) + o+l Then Limy, ) < 7Z//n my ) iff
either M, +/m, < /}@Z-P/)}fzor /)7//-/--ﬂ’)’l/ =M, + M, and /72,, /M,, For
our purposes it suffices that /«Z have the property that fq-r any two

pairs (M, M) and (m, , /M, ), .%/ﬁz,l,/)ﬂ/)and %//)?l,mzz)are .
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comparable, and for only finitely many (/7Z,,/772,) is %/Mz,,/)?@,)(

%//)Lz » I, J. We now define the % for our 1? . For:

prescribed 'ﬁ, ?’,,,;., %?,n let . ‘
Ve . =/ 1 Lu* Ay, - /
7€ 7 peec € Jn m,/a7 'y - OAOLEH) ?pl—qf {/m) L/ZW-QL L"m) ﬂ s

Sl )< %/?, Z/M)
s ///m ?ph//« ) '
ﬁ ;,w_ F% U;,Lu)jn qu&

=1

where f./m, = /Naxy //}’, .., 7/,/;”), Finally take the expression for lé, to

be the same as that for %év'“ Pf with f/m replaced by ¢ through-
M

out. %f*?‘ is defined iteratively by %/;/.?, C/m) %%"?/ C/””’ and
%w ) = Gog (Forg (fon)- 2o V=@ 1} =

%@lé -+ [é’éjﬁ 1/26‘ + ... as usual. The reason for the choice
L

of each part of A ewv.,, &, will become apparent in the cases we
?// /”7’— A A A
consider in showing that V@ 2 - U»
A
Let 5’: Ciél/ @ua @eé/ @Qz/z @EII@ ..(,/ < V with
@y € V IO ] & RE < po Let ,L"~§// @,.,@%r/ with
f
I/?'e'/'" '/ ] m+/\<‘7€\< %1 Let /{//<J(Jz_\< ll'l\</</”b
be the subscrlpts /{,,7 “.7.,0'”:, in their natural order and ,L/'m/<u.\(l,’/9

. 4 o R .
the subscripts J,/,H/? tieg .z(//g ia their natural order. ‘S:ane

, X 3 4 .o e o .
@m# I~ Ve,m & C ('«/l;/n, s Agus ? Ay giving the combined ordering
./L/ voo & ;(,”b <’{’/w+/‘<"" {,%0. Similarly let %, ree ‘<%m <%/m+/ ves (%7,

é,.6

be the natural order of the/z Note that & Cone 7'"'s —‘P7//m+ grets 752/
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are all in V.

We now show JV@,Z'/E 0, The ;general nature of the next steps in
the proof is this. Let ,éfs,éz\«,, (zé&\’js,q\{oaa <'Z/;*5" be the
subscripts J:, PP ,(;/o P .f;;,”, /‘:?_ arranged in order. Let
MZ\;H >, % . Then (%SH, Q%z’ coo are all in )/ . We show that
we can always choose § so that 8 C f/’*‘?— /,Z} %?”Qﬂ“"’ %’S,,

Then Qg are also in {/ so

541 @sf-s’ ooe Qe/’*Q P+ F:€4 5000, g ~
/ /
S @/t E Z [@le& vo0 ®[e/£$7@ Up./-% QI"’ QS@“W @ U-/-g/ —Z Prys :C(./o

»
We assume without loss of generality that %/7@, JLM )\(%/él, %m/

hence ~L’ and f;w will not play symmetric roles in the sequel. Since

1+ wWe have

jmv
F
%’”bﬂg (jﬁ/a-fg_ (/mz/) ’ ?m,l_/ C/f/a-/-g (L) > i‘m#—l %f’-ﬁ% (L) for l(ﬂ /f/)zz

%/m, ﬂﬂﬁ/& Cf,,ool,%m) by the definition of /ée,m

X
and € € U for J/\< /// ),  In particular from the
2 g_fl) 77%7, P S
second of these condltlons we have > ﬂL ) ,(/ ’
7M+/ %f%ju v
Case A: ’(’m/ or/m is the immediate predecessor of %/mﬂ is the -
ordered list of subscripts. Since as noted above: % E U

P A 7ot
and Uf/»g— (f‘/m/) in these cases S'®.47 &

(dy,)

?ince ’é/n;( f/m“ the only other possibility is that /”,H_/ is

the immediate successor of some .{;, S>m.

Case B: LS ve & S & L f € oo € L fpuy S aea

Note that only A -subscripts occur between "(:S-;é and £, . If "(:S—A >

) then r UJ% {f ) (by the basic definition of the
(%

Dreg G Gorg

#-gets), and we're done° Similarly 1f > ?Pw‘% /’(',t-—/) for any/t"f
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with 5—74 (,i'{.S‘ then 'e. & UJX as desired. 1If on the other
hand none of these alternatives occurs then ,é ?%4‘9’ /“Ls-/) and

t

Dpeg s-a) oo € Ghug st L8l (o < Gl (fin)

these 1nequa11t1es follow since L}/){_?} is nondecreasing. But then

Lo, < Dpeg (Ls ) ete. So L & %ﬁ% (Lsy) <

<

X
¢{/5~ ¢ ?/;i? /f/m so as noted earlier éf i € %/’*% /,(,5/ .

Case C: %’)ﬂ/ /l/ </(/”y+/ voe < /é/s %m_"_/(oﬂo ’ The

proof is the same as for Case B but with ,L;L replacing //m throughout.
9 & ’ ’ .
In the case where ’b/)’wl = A’// (resp. Lins) = f, ) take “Ln =0
(resp. 7;,,?/: 0 ), and the proof goes through as above. This would be

the case when @// o0 & é,d; = 14 &ooo & l/yj
(resp. % 8 eo & /'/EV?,@”,@ Vg/ ).
In every instance S’Q,Z:GZJ Now a product of two arbitrary
A A
elements of [/ 1is a sum of terms of the form S@ZL/ hence also in {/ ’
completing the proof that multiplication in (T(E),&C ) is continuous at
(0,0).

In Theorem 8 it wés shown that multiplication in (T(E),&®C) is
separately éontinuous. Thus (T(E),®ZC ) is a topological vectér space
with continuous multiplication, hence a t0poiogical algebra.

We now prove that continuity of multiplica'tion in (T(E);®T )
implies continuity of multiplication in (C(E), T ). Let
m s /5;/5)_> S&L - vbe th;a multi.plication in T(E) and U the canon-
ical map: T(E)-—-—>‘C(E) = T(E)/I. Then J3/ :'T(E) X T(E)—> C(E) is’

continuous and constant on equivalence classes modulo I, so it induces
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a well defined map M (T(S), 0(L)) — TI(S) 00‘/15) which is in fact
multiplication in C(E). Given U7S)og ()€ (O, & open in C(E),
there exist 07S) and (M%) containing S and & respectively with
o (Ols) x O C O; since Ao(aTxT) = Tom

A (T 01s) x a/0(t)])C 0 and so M is continuous.

Multiplication need not I;e continuous in (T(E),ZT) for > Z-¢V
even when dimE;—“ AJ, and V' is a maximal (hence closed) totally
isotropic subspace as the example below will show. The next lemma will
be used in the example and in the next theorem.

Lemma 2. Let E=Vo W with [/= %/@K )o<éI and W"‘ %/fa( )o<€f
have a topology .for which there is a neighborhood basis at zero composed
of sets of the.fo‘rm (/L = %/ﬂ/:( }o(é‘[.’ L running through some of the

subsets of 1 . Let.

O =(Jo @l +2, [eIel ,n%(@,,,@ me“+2[edj@[e]@(/”€(eéa,,@U%

AT U

with %é’ CU /ﬂé’,,(é CU f) %ng ) wos and all subscripted {J's
from the zero nelghborhooii bas:.s If @doé C/m%/ and @/¢ (Jn then
fo,@ @ éo( ) ¢ U 80(0‘ and @/ elements of the basis {@]o(eIUJ"
A

Proof: The summands of Un, are of these types: either of the

form [ J® A with A containing a factor {J or of the form
% : : €y
U, _®B, or of the forn [6,]® ( with o{#, . Since by hypothesis
\ :

f€[,<07¢ U,,wd s fedljﬁ A CF‘-“-[@,,(/@% @m@%ﬂ_;lsome/@; # o, 1,

mile {, @8 and [Q]® CC £=[¢, @eg Do0r ®Cy 5 7 Fot ],
€0<1®e°(0®,,, @@%¢ Fol and U CFGQ@ concluding the proof.
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Example: LetE Vol with V= /Q/MZC)/ and W=7€/402'&'>/

both totally isotropic and ﬁ//)/‘ ,L(/") Ot o Take 'for 7  the

topology with neighborhood basis at zero ofysets U %//Vm, )1)/
As proved. in Theorem 10, the Z;{j 4 topology has a zero neighborhood
basis of sets Uﬂf =‘7é /ﬂ/j’ ZL’>/)Z - Each %”( contains some %:
(for example U,:#J [J/; ') but not conversely so T is strictly
finer than Z,:DV | |
In the zero neighborhood basis for (T(E), ®C ) consider aoy set
qu'f'%@% -/-Z[/Z/:]@ijﬂd -/'ZI[%]@ L/Z,u{z Foos of the general
form given in lemma 2 and in particular with U=U'H‘ and U ':%M[/) 'q#:l
Let V' -/' I/® Fou w:Lth the subscripted l/ s from the 77 ‘zero
nelghborhood bas:LS and suppose by way of contradiction that V@ I/CU
Ukk 74//1/”‘}— 3/ for some 4. . For',L' odd, %%GZ
but /”éf}x ¢ Ug_./-.la m U?w‘/,/?/i@:é C,{@ éjzg:j( = /0)7 so
l/g, ¢ n 5L+l ﬂkzg,(_ There is an odd ,(_; , and a %E I/% suco '
that /U" ¢ U?H ﬁ/égu And since'.,(; , is odd, /”’9:(/’ fé/g-/-/, .
Therefore by the lemma /ﬁ’g} &9 /2//)0 & s /o ¢ (/7,/./ . On the other
hand /Z/“Q,, & /Z{; 8D 0se /4/‘0 & l/@ lé; Gpor & K? CU?,/./, contradiction.
Examples can be given with V' closed and totally isotropic,

Z->E¢V and dim /> M, for which multiplication is not continuous.

The state of affairs when = Z:;é f/ and dim [/>(\J0 is an open question.

In this chapter two topologies were considered on the tensor

. product E®QE. It is apparent from a comparison of the neighborhood basis
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at zero that T, T®L, In E71 it is shown that Tp=C®&Z * when T
is the weak topology. On the other hand using several of our earlier
results it is now easy to show that 7, is strictly coaser than T&®T
for C a 't‘¢|/ topology, V of infinite ~dir.nension' and codimension.
Theorem 11: Let £ =& /H have topology [¢V , V totally
isotropic and of infinite dimension, H= %/)46( /o(é‘-I ~also of infiﬁite
dimenision. Then Te< LR, |
Proof: Since card I 2 2 A, there is a bljectlve function ]Z
mapping. I onto its finite subset.,. There is a neighborhood basis at
zero for the '[,'?5 Y/ topology of sets (/o< Vf) %/%ﬁ )/@E%/o(}, For if F
is finite dimensional then [//7/— -4 D VN / V + 7%/%0 e%/o(/ )J-
=N 74 ( ‘744 ) () * ' Let
Y= %//’/%%c' (f.. vev+2, LoyleV+2 [Ale U, s a
space in the T®T zero neighborhood basis (see lemma 1). Suppose by
way of contrad;iction that [jz DEel)+ U@E, U in the Z,_;}j V
neighborhood basis at O. -(:;b V' is Hausdorff but not ‘di.screte_e:since
dim V> AJo (Theor_em 9), so there is a Q(d with U¢[/o(,, i.e., some
/Z/;’(/ € [/7 /1/;'(/ ¢ Zjo(;r . Then /Z"’QI @ﬂ&/ ) -/é(o in the basi.s for /‘/
is clearly in E®U + UL ut by Lemma 2 it is not in U,, * Thus
A ' : ‘ .

Up_ ‘contains mno Zf'e zero neighborhood so Z~6 <T®T,

y




CHAPTER IV
THE COMPLETION OF (E,Z¢V)

As in Chapter III assume that E is an infinite dimensional vector
space over ‘a field k and that ﬁ is a nondegenerate, symmetric, bilinear
form, Let'V be a totally isotropic subspace of E and equip E with thé
topolo"gy Z'=Z.¢V . In several of the theorems which follow it will be
convenie.nt to consider the‘. following decomposition;E“V@/‘/,@/L/Z with
VE=HeV, V=hkitglier » H=Rulieg o Hy= 74/%/2«)0(6/(7
/L/: H,@IL{,_. ‘Such' a decomposition is of course -always possible.

The.symbol rv  will denote con'lpletion. The topology £ under

o/
consideration is always QK Thus ¢ denotes the completion of the

Z:¢V topology.

The first theorem s_;hows that the problem of completing E reduces to
that of completing V.

Theorem 1:, é—v‘; V@ H- %J/H is the discrete topology.

Proof: If: U is any set in the zero neighborhood basis for Z‘¢V
then U/)H=/0). So (0) is a Cpl///_/ zero neighborhood, hence @V//_/
is discrete so H ‘is already complete.

Let 40, be the projection mapping Z/@H into V., - Let ﬂ/’+U be
a neighborhood of'./d, //2/“7‘"74)"—‘/%’ Since /ﬂ /ﬂ/’—/—//Z/v’- U)-‘-‘/f—/— U, %9,
is continuous. Ther.-efore V@/‘/ is a topological direct sum and '
~oon ~ ~
E=VeH=VeH.

The completion is only of interest if gé induces a continuous

ns
bilinear form on E. - The next theorem guarantees that this will be the
. A

case. - '
C
)
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Theorem 2: The quadratic fl:.er QIE—-}% extends to a unique |
o o ~
continuous function C?;Z;’ﬁ7éa C? is quadpatic, 57 is totally iso-
tropic and, with respect to the associated bilinear form ér, /%¥L 5{
A ) Cé"w for some totally isotropic subspace W oof /é ﬁ/),

‘Proof: Althoﬁgh é? is not a uniformly continuous function it'
can still be extended to ﬁ(provided that for all ig Cauchy systems
<7€y> of elements of E which coaverge to ZZ in‘E,the directed systems
<,CQKQ%2> have one and the same limit in k (see L9F, page 17).

Let <7%:+J€%> and (?%Zé—?%{) be two directed systems in E both
converging to ézéﬁﬁi Since both afe Cauchy and.fﬁy is a i? zZero
neighborhood, Vé( equals some fixed 44 for & sufficiently large and
—/é‘=7¥ for sufficiently large ¢( . And since both directed systems
converge to /Z s (ﬂ{é o 77//% —‘/%‘/—%‘:> is als-o Cauchy so_%—;%/ ; in‘
particular <7%;—/%?> is Cauchy.. '

Now consider (Q //2/‘0/(7‘-7%0();": For & and /5 sufficiently large,
QU+ K - Qlaggrhy = Qs F)-Qlgs ) =30 (i, Fo)-2p g A=
o?ﬁ/@;‘/%yﬁ)ﬁo " since we ma.}; assume /}:("ﬂ//é E%(%)J-m V.
Therefore (ng-/'%;(D is a Cauchy system in the complete Hausdorff
space k so has unique limit Ao Similarly lim Q//?/‘;(/—f‘ %/:():)\/

By computations. similar to those above, Q//I{;-,L?{/d)—Q//y;/—/—%:():O
for & sufficiently large. So >\=3Xi Therefore () hextends
uniquely to a continuous function @’-3 [—f—-—> %!

If two continuous functions mapping the'£opoiogiéal space X into

the Hausdorff spdce Y agree on a dense subset D of X then they are
~ .

1

| I R "y

L
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identical. Applying this well kaown result gives immediately that Q
~ ~ ~ o~
is quadratic, V  is totally isotropic and ﬁ///; %/):d, /y’e“V? %/G/‘z,
Vet

Since Q is continuous, ’C’}Z—é"h/ for some 'totally isotropic W

by a theorem in Chapter III.

The results to this ppint are of an existential mnature. In the
next three theorems the form of the completion is made more precise and
a computing formu,la' is given for ;El .

Theorem 3: /17, f/{)’) = (/‘/9;*7 0~/Hj7 H)_)) 50 E’/_(z*@ H
with the (T/Hf,) /7‘{7’) topology on /‘é,_* and the discrete topology on H .

Proof: V is Z;j V linearly boundedy since for arbitrary Vf)F’L .
F finite dimensional, dim V4 (V) F"L/'Vﬂ Fi= dim l//\/f)/’—‘L =
dim V‘}*FJ/F'L £ dim E/I:'L= dim F .. Therefore V is Z’:'J linearly
~ .

~ ] ~ A~ N/
compact, Vv is topologically isomorphic to 48 and Z—/‘;’ = f/% V)

‘(see K8Bthe L91), page 101).

N4
To complete the proof we show that V is in fact /,_ , but first

we prove a useful

Lemma: If £="9 H, with UCI* and <V, H,> a dual pair for
¢ then Z;Z V/\/ =q{ l/,) /‘7’2 ),, It is not necéssary to assume that E is
semisimple.

Proof of the lemma: 0-([/) ,L/J) has a zero neighborhood basis of
sets G’ ={—/U“EV ’ ¢/%27/”’,):0 for all %ZG@]"—'{//)G;L ¢
a finite dimensional subspace of /"/2 -« The sets 1//7@-1- are in the

: 4
f¢ V/V zero neighborhood basis. 1In fact for -an arbitrary set V/)F

[}
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in the ‘Z;é l//’/ zgro neighborhood basis, /: being finite dimensional is
contained in some V-L-JL'@ so VNIF*D VNV*Net = Vf?éfi.

So the sets Vﬂ@i are even a ze.:r;) neighborhood basis for Z_;‘D V/V

Returning to the proof of the theorem we show the lemma applies.
(\/7 Hp is a dual pair for @, for if Pl #,)=0 for all 7{'6/’/2
then %25 V* so %%0 , and if"ﬁ/ﬂ/’? %)‘0 fox" all Z& )/ then since
/U is also orthogonal, to l/'i' /1l E  which implies /=0 by the semi-
simplicity of E. By the lemma, .'Cﬁ V/V ":0‘/[/7 /72_) and under t.:hese
conditions VI='/‘/ ‘

Each element , of /‘/ corresponds to -a func;tion on {/ namely
¢j,/ with @é /ﬂ/‘) fb/%“ ), The d% are linear, and they are
even continuous since @ is separately continuous. ﬁ% extends
uniquely to a linear continuous function 4//4,2 J l/-'évé .

V/‘"‘ f%,{é ;‘%/2_6 Hg_}= /—/2 so L‘/’/* =/"/i{, We also have /ﬁb/‘/{?_)"‘"
//ﬁ' / (ﬂﬂz) = (//%2 //9?), - (see £91, page 101). |
Combining with the earlier x.esult V/’VF /’Il with topology

~ ~; o~ F—
T = 0-(1/ V/) = 0_//_/* H, ), This completes the proof of Theorem 3.
y] 27" 2

Applying the samé proof techmnique to an arbitrary dual pair gives
the

Corollary: 1If <Vl)v2> is a dual pair, the completion of '

b, aty, 1)) 5 ( 3 Fe v |

Theorem 4: The unique bilinear form ¢) of Theorem 2 has

B13 dy)= (hy) cor Fel=HF waheH, T=czl.
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(E;é;) is semisimplé if and only if ¥/' is L ~closed. If V is a
maximal totally isotropic (résp. L -closed) subspace of E then E7 is a
maximal totaily isotropic (resp. ., ~closed) subspace of E.

Proof: To define the extension ¢; of ou? bilinear forﬁ. Qﬁ it
suffices to specify ¢%z%f’74 ) since other values are known from
Theorem 1. We take as definition ¢§/ZV'74 / %% /07”/ /Z”/;é ) and
define 95’ symmetrically and on sums bilinearly. This results in the
general formula 5//4"(;+%/ +%2 7«4/(\;/7’— 74//7‘ 7{7_/) = /%2/) 71‘/[(://7%2)4'
¢/%L +%J. 5 %//4‘%/) The associated é?v has QV/"/OACJ-% ‘4/ + %2 )=

QLK)+ Q h+ A, ),

To show Q is continuous, let /7= ,Lé+% % be arbitrary in
E. % %/% for some finite set & . If /€ 1/5 =
VN 7%/% ) then ZE//{Z-/-% +4 “i"/f“/-:o?/@/-+/7’//%2)4~@/}{+4)
=20 (%, )+ Q/% +% )= QL+, +4 2). And by Theorem 3, 1 1is a

~/
space in the 'Z,_ zero nelghborhood basis. 5o Q is continuous.
—~

. TFinally, &) agrees with @ ‘on E, for if €V then
Qv/m’+74,-g-741)= 2m-(h, )+ QLA +‘%)=o?¢/_ %/%Q%Mv/ﬂ
Q (W), ) since Blash, )= By 1) =y, w)
Thus (J is the unique fumction of Theorem 2, hence im particular
quadratic. |
We turn our attention now to the comple£ion topology. The condi-
tions of the lemma apply to (8,3 ). For (M) s HY& H,  since
8 PUF+A +Hhy, L) =AL(A,)=0 {dentically in L then
4,0, while from Theorem 2, B W% A, , L)=0  tor a11 e Hao

P
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And (/{‘; H,> is a aual pair for & since ;K/AZ%)“/Z/%/
Applying the lemma, 7/} )+ )= 1/ /A/ is the completion topology on
/. Since the topology on H is discrete and the sun V@ /7 is
topological, the completion topology is éﬂg’"l/ .

We now determine the conditions under which (E,4) will be semi-
simple. Tirst we prove that (J is nondegenerate iff /7, is semisimple.
If / is semisimple we must show that ZZV:/L/(\/JoL %, +4, L E
implies ZZ/“O If / were not zero there would be a /#~ in J/ with

/= Bl A, )= ﬁ//y«% )= FlwrLady+hy), so A=0 . 15
= J£0+%/ _with 747&0 then by the semisimplicity of /7 , there
exists an /7,/ € /L7§ , with /=¢/~4,7 7%/=@4/%,/9 Lot H) so %ﬁ&
Finally if £0# O then there is an 7 €77 vith P, Ay ) =
VZZ/%Z)—*-/ so AL=0, Conversely if /4, 1is not semisimple then
there is an / €M) with %/ Let ¢A/E HF witn
@bx /% )= Qﬁ/ 7% ) For arbitrary ,zw,é +74 “in E,
gZ”/ ¢4/+ w+%+% )= - 9)////4 ) +d%, A )= O,
is degenerate.

The proof of the following lemma now shows that /@N " is nondegen-
erate if and only if }/ is _L -closed.

Lenma: H is semisimple iff }/ is L -closed.

proof: YL =V@H, so V= (Vap )t = VAN HE /1/+H}/) H
= [/t //-// /)/~//“L/ (the last equality since /J/C Vs " implies

AL . '
l/C [/J'J' C/4/ 5 and‘ the subspaces of T form a modulgr latt;ice with
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respect to 4+ and /) ). Since VJ—L;‘ Ve (raﬁ/-/l 7, /= [/J“L iff
rad H, = (0),

To complete the proof of the theorem, sufficient conditions will be
N ’ .
given for V' to be an orthogonally closed or a maximal totally isotro-
. ) NJ. 4z
pic subspace. ' As observed above, l/ ﬁ = J/ @Ha 1f }/ is
. L ~closed then H/ is ¢-—semis'imple, S0 /‘4 is a—semis'imple, there~
lad . .

fore V is _L -closed.

For \/ a maximal totally i;otropic subspace of E, /7’ must be
anisotropic. So if /Lc—zL% S V then Q/,LL 7‘-%) = Q//%)%O unless

«A =0, Therefore V is a maximal totally isotropic subspace of

<E,¢).

A normal form for the decomposition of (E, (’pv ) is given by

Theorem 5: §=/@*@ G, )& G with &, Q" totally isotropic,
dim @, = dlmH -and ¢/i/“/[/) )= ?*/f ) for all gie &o*
2, €G,.

Proof: Trom Theorem 3, L= | H'e H @ H, with H,= ;?/ 2(.5-/\’
and Hy = by Lo Ao usual let @) denote the function /%2—~> K
with @L/ﬁ - B, % ) vee Gy ) e
@—/& ¢ 2 o<e~‘/<

as specified. Every element .1/07"% 7’*76 of E can be written in

the form &07’_¢A 7"/@ )7“/7% (éé)ﬂl'/%l /) ¢/ ) and the spaces
H)L and @ have (0) intersection so E—»HX@éz @‘é) The

remaining relationships are verified by routine calculation. Extending

The dimensions of é} and é are clearly
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each ‘742%6 /L//;6 by zero to all of E we obtain %’%}E . %’*’-—;\ 74*% o
is a topological isomorphism A ¥ — @jﬁ

In the next thedreﬁ we show that the completiéns of the (E,'Z¢V)
sPacés coincide with.the -locally linearly compact spaces on which the
form 5 is continuous.

Theorem 6: If (E,_Z: ) is a locally linearly compact space and if
the nondegenerate, bilinear form ¢ is continuous (i.e.,—f)f¢v for
some totally isotropic Vv ) then I is T —complete and T= T¢D for
some linearly :Z,:-compact :.DCV Eurther Z;SD""'Z;& V if and only
if dim \//D is finite, Conversely if (E,QS.,'C;Z,A/) is complete then E
is locally linearly Z‘¢ ’/l/-compact.

Proof: Since E is locally linearly T —-compact, there is a lineariy

s —compact zero neigﬁborhood U . V is T -closed so ..D: \/ﬂU is
linearly T -compact. And for finite dimensional F o, D/) F—L =
Vf) Uﬂ F.L is a f‘ Zero neighborhood; Therefore f} —[¢ -Du But
(D7 t{DD/.D) is a.linearly topologized space and D with the finer
?é) topology is a linearly compact space, so T¢D/D = T/D (KYethe
[91, page 98). Since—:D is both a C and a T¢D zero neighborhood, .
E =_D@D, is a topoldgical\ sum and :Do is discrete for both topolo-
gies (KBthe @91, page 96). Therefore f=Z¢D-

To demonstrate that Z;{D“’Z%V we prove the more general

Lemma: If [// is a subspace of finite codimension in the totally
isotropic space %_ of E and if M is L -closed then 'Z¢ 1//"’: Z¢ Vl‘

Proof: Let'f/2= ,//@ /‘7/o Since l{ is orthogonally closed and -
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H is finite dimensional we have EF(O)'L:/V//)H)_L =M-L+ /—I’_L:
(VN HHeSeK  wien (V< HY@S=H*  ana |
/VfL/j f{JJ€9ﬁ( = bfﬁ ‘ Téking orthogonal complements of the spaces
in the last equality, M = (%”L/') /—/J‘)f? K_L"" /W#‘ H)J"’Lm/(”’“ =
(V+HINK* =V, NK
ﬁ( is finite dimensionél'sincé it is an algebraic supplement of fJe
So every basic Zb M', Zero heighborhood is.a.Zblé zero neighborhood
(i.e., Wf) F'L": lén (/(-FF)'L). But we also have Z-¢ lé\<5¢’ % since
L{C:Lé which comple£es the proof of the lemma.

Returning. to the proof of (iii), (E,tﬁzj) is complete and gﬁ ‘is
nondegenerate so, by Theorem 4, D is L -closed. So by the lemma,
Z;Z)=Z¢ V if 1) is of finite codimension in 2 Conversely if
Z—¢D=-C¢l/ then D is of finite codimension in I/, for ) contains
some space L4f7f: which is of f1n1te codimension.in l/

Conversely, if (E, Z;g /\/) is complete. then since 24/ is Zﬂﬁ’}\/— closed,
b]==ﬂ74 But L/ is also linearly ;%Lv’—bounded as we have already
shown in Theorem 3. Hence 1qﬂ=£7 is linearly Z%]m/—compact, which
shows that (E,Z%LJ) is locally linearly Z%Im/—compact.'

The proof gives the following interesting corollaries. The.first
is an immediate'consequence of Theorems 5 and 6.

"Corollary 1: If (E,T ) is locally linearly compact and 95 is

L
® D, of the

continuous then E has a decomposition (Dz @_DZ)
. . 5 with L% ; :
form given in Theorem 5 with L/ _ the locally linearly compact D of

Theorem 6.
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Corollary 2: 1If (E,%W) is complete and /4 is a semisimple
qjl/\/—closed subspace of E then either A is discrete or dim A >
LA

Proof: By the previous theorem, (E,Z’¢/4/) is locally linearly
7:¢1/\/ —-compact. Since /4 is closed, /4 is locally linearlyl compéct
with respect to the inducéd topology. Alsé ¢ is continuous when
restricted to /4, so the previous corollary applies and
A=(D}® (D,eD,))

£ aim D, < A), then dim D<A, and the topology on ;Df would be

with the Z/Z D; "topology on A .

discrete‘. Since \Dz* is a linear zero neighborhood, 327"@/ is a
topological complement of Dj . And the topology on .sz'\pl is dis-
crete‘as well. In this case Z;ZDZX is the discrete topology.
| If on the other hand dim D) )A\)a then //,Dp:ﬁ: 1> //%//ND} 50
ainA Y ain DX S NA Ve, |

Applying known results.on locally linearly compact spaces we now
show that the dimensions in‘ the decomposition of E-given in Theorem 5

are unique in the following sense.

Theorem 7: If dim /-/2 > (\\Jc, and if /ﬁj decomposes into W@@ with

W a linearly compact space iscmorphic to «/éd and 6.7 a discrete
space then d= dim /—/2 and dim (2 = dim ;L/ .

Proof: If (F,({ ) is any locally linearly compact space which is
neither discretenor linearly compact and if F decomposes into the sum
of subspaces W and @- as Ides<:ri1?ed above, ‘then dim Q and d are

. ~
uniquely determined by F (£91, page 112). Now E is locally linearly
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~ ~
7 -compact since |/ is linearly compact as shown earlier. Onm the

~
other hand E is not linearly 2? ~compact as E is not linearly Z -bounded:

dim E+V/V = am E/V = dimH >  dim H, 2 A, and by
Theorem 9 in Chapter III, ﬁlis not discrete.

The same theorem holds for E a locally linearly compact space

relative to the decomposition in part (ii) of Theorem 6.

Induced Maps
a4
If (E,T) is any linearly topologized space with completion (E, T )
o
then the tensor algebras T(E) and T(E) are linearly topologized spaces
when provided with the projective tensor product topologies. They have
J ™ ~ N — @
completions denoted by T(E) and T(E). If £_=Z%L/for some totally iso-
tropic space V' then the projective tensor product topology on C(E) and
C(E) is a Hausdorff linear topology. Their completions are denoted by
o M ' . :
C(E) and C(E). We now consider various canonical maps between these
spaces.

Theorem 8: TFor spaces as described in the previous paragraph, the
canonical maps of a vector space into its temsor and Clifford algebras,
of the tensor algebra onto the (Clifford algebra, and of a vector space
into its completion induce the maps in figure 1, and the diagram is
commutative.

Pioof: All the vector space under consideration are linearly
topologized.

By the definitions of the tensor algebra and projective tensor
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Figure 1. Relations Among a Vector Space, Its Tensor and Clifford
Algebras and Various Completions. - A ,
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~ ~ :
product topology, E is embedded in T(E) and E in T(E). If Z":Z;a'[/, V
totally isotropic, then as was proved in Chapter II the topology &Z on
C(E) induces the topology Z on E, so E~—~C(E) is an embedding. Fur-~
o v ~ ~
ther 7= Zf'ﬁ V soE—»C(E) is also an embedding. The quotient maps
T(E)—>C(E) and T(ﬁ’)-——rc(ﬁ) are surjective, bicontinuous and linear
since the Clifford algebras carry the quotient topologies. The diagrams
~
E z— T(E) E_—T(E)
. C(E) : ClE)
are commutative.

Maps derived from £ E—-ﬁf The embedding f is metric (Q’ agrees

with Q on E). So reasoning as in Chapter III (cf the introduction and

o~ ~
Theorem 6), f induces embeddings g: T(E)—>T(E) and h: C(E)—>C(E) with

E # > £ - E 4 ~E
, ‘H ', and . )
L, , JL;_ S ‘ 7/ 42
i /, v ’ v, .
| T(E) a >T(E) C(E) 4 >C(E)

commutative. In addition g and h are algebra ﬁomgmorphisms. So for (J,

and (; the usual quotient maps the combined diagram

ET—4 >TIE), —> C(E)
S
g () — B> (£

r &_7_2_,




- 46 -
commutes. For since "(’/G/—:jll and 'f(’l (7;*-‘%;_ ) ,%/ U/‘,(i/ = O; %,{,/ s
therefore 0;?/ and «AO}' agree on ./{:/ (E) a set of generators of the
algebra T(E), hence /%107 = qg glf

Completion maps. If u: E,—-> E, is a continuous linear map and E,

and E, are linearly topologized spaces, then it is well known that

. . . N~ s
there exists a continuous linear map u: E,—> E, such that

. El°m_;&b 7 B2
2
E ¢,

is commutative for %Jj the canonical map into the completion. TFurther

o~ :
if u is an embedding, u is also.

Applying this theorem the following diagrams are commutative:

>C(E) TIE|——>C(E)

E >T(E) E

l | R

E e >F(E) E——2 e TE)—=2C(E)

T(E)- — s QB)  TE————TE)  CE———>CE)

~ J’ l . J/N \'2 \LJ
C(E)

E)—ct B TE)—e_ STE)  flE)—£ N

The notations "e'" and "c.l." indicate embeddings and continuous linear

maps respectively.
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Maps obtained by continuous extension from a dense subset. Another

well known extension theorem states that if f dand g are continuous
functions from a topological space X into a Hausdorff space Y and if f
and g agree on a dense subset of X then f = g.

From above we have the commutative diagrams

oo ‘ ~ _ £ o
E Ay 5 T(E)__%__;T(_) E /- > T“:)
%’ 7%‘ and %/ g/

~ ' ol wy o~ s TIE
E —/Lx——fﬁ"‘(E)—ﬁL—fﬁ'E) E L2 5 1(E).

Since }«L,% % ?,L/ %J 4’,]_ _/,/7 %/é agrees with 7/,/_3 ,6”2 on

the dense subset % (E) of E

>T(f::/)
|

v

»F(E)

R

Eé—-‘— T

commutes.

A similar argument with T replaced by C shows that’

5 C(E)

M <—— M

™
N

™
AT

commutes.
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Now consider

TE) —F > T(E)

[A?
®
[N
7~
\ )

: @
&) \
v v
/;/ ’\/' A/

C(E)

It is established that (&), (8 €©, ® and E) commute.
@/ G2 AR R - s

AR P .
; = 4%, 7 o
Tracing through the diagram we find that R /({ /(// R ;ZJ/C, . There-
/ 1

A /
fore A ﬁ/—‘ - since they agree on the dense subset _{; (T(E)) of

/]

A%
T(E) and the outer diagram commutes.

Applying the same sort of reasoning to




L

- 49 =
all the small sub diagrams are kaowvn to commute so /L% agrees with f/

on JL, (E), and therefore

E £ > T(E)

g z
. / N |
C(E)

is commutative. This concludes the proof of fheorem 9.

If T(E) is a topological algebra then %J(E), C(E) and EJ(E) are also.
This is the case for example when dim E = M), and T = Ly v, V a
closed totally‘ isotropic subspace. Under these circumstances the quo-

tient map 0 :T(E)—>C(E):is an algebra homomorphism and induces an

A~ ~
algebra homomorphism G :T(E)>C(E).

LI_bi oz
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