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Abstract:

Various methods have been proposed for comparing the means of independent samples from two
negative binomial distributions, but no method is recognized as the standard. The t-test, after
log-transforming the data, is often used. But the Mest is unreliable, especially for small means (i.e., one
of the means p <5). In this dissertation, a new test procedure, called the Disparity Difference Test
(DDT) is derived and compared to existing methods. The new method is based on an idea of Lindsay
(1994 Annals of Statistics) who introduced a general approach for estimation and testing based on the
Negative Exponential Disparity (NED) measure. The DDT is compared to the t-test, the generalized
likelihood ratio test, and some generalized score tests. Because all the tests, except the t-test, are
asymptotically equivalent, the comparison is based on a simulation study that used small means and
realistic sample sizes.

Estimation is embedded in the significance testing methodology because each method requires an
estimate of the common negative binomial variance parameter, as well as estimates of the means. A
derivation of the NED estimator is provided. The statistical properties of the NED estimator of the
variance parameter is compared to the maximum likelihood estimator and to some robust estimators,
including the extended quasi-likelihood estimator, the pseudolikelihood estimator, and a conditional
maximum likelihood estimator. The comparisons are based on simulation studies.

The results are that the NED estimator performs well, and the DDT not so well, compared to the other
methods. There are no practical differences among the empirical average errors for the various
estimators. The DDT has smaller power than the likelihood ratio and scores tests for a majority of the
parameter settings. There are no practical differences among the score and likelihood ratio tests.
Recommendations are provided.
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ABSTRACT

Various methods have been proposed for comparing the means of
independent samples from two negative binomial distributions, but no method is
recognized as the standard. The t-test, after log-transforming the data, is often
used. But the t-test is unreliable, especially for small means (i.e., one of the

means p<5). In this dissertation, a new test procedure, called the Disparity
Difference Test (DDT) is derived-and compared to existing methods. The new
method is based on an idea of Lindsay (1994 Annals of Statistics) who
introduced a general approach for estimation and testing based on the Negative
Exponential Disparity (NED) measure. The DDT is compared to the t-test, the
generalized likelihood ratio test, and some generalized score tests. Because all
the tests, except the t-test, are asymptotically equivalent, the comparison is
based on a simulation study that used small means and realistic sample sizes.

Estimation is embedded in the significance testing methodology because
each method requires an estimate of the common negative binomial variance
parameter, as well as estimates of the means. A derivation of the NED estimator
is provided. The statistical properties of the NED estimator of the variance
parameter is compared to the maximum likelihood estimator and to some robust
estimators, including the extended quasi-likelihood estimator, the
pseudolikelihood estimator, and a conditional maximum likelihood estimator. The
comparisons are based on simulation studies.

The results are that the NED estimator performs well, and the DDT not so
well, compared to the other methods. There are no practical differences among
the empirical average errors for the various estimators. The DDT has smaller
power than the likelihood ratio and scores tests for a majority of the parameter
settings. There are no practical differences among the score and likelihood ratio
tests. Recommendations are provided.




CHAPTER 1

INTRODUCTION

Background

The negative binomial distribution has provided a representation for
count data in many areas of research. As noted by Bliss and Fisher (1953), the
earliest fit (empirical) of count data to a negative binomial was applied to
microscopic counts of yeast cells by Student (1907). Some of the early uses of
the neg’aﬁve binomial model in statistical analyses were on counts of insects
(Anscombe, 1949), microbes (Jones, Mollison and Quenouille, 1948) and
accidents (Greenwood and Yule, 1920). In more recent years, negative
binomial analysis of count data has been applied by researchers in a variety of
disciplines. It has been applied to market research (Chatfield, 1975),
purchasing (Schmittlein et al., 1985; Ramaswamy et al,1994) and reliability
(Bain and Wright, 1982). Jones et al (1991) analyzed negative binomial models
for counts of parasites on a host species,; Hubbard and Allan (1991) used a
sequential negative binomial analysis for an insect pest management strategy,
and Morton (1987) used a negative binomial model to analyze insect trap
catches in a nested block design. Gold et al (1996) compare sampling
protocols for weeds clustered in fields in é spatial distribution that can be
described by the negative binomial. Manton et. al. (1981) applied hierarchical
negative binomial mod"els to an epidemiological study of lung cancer mortality
rates; Maul, El-Shaarawi and Ferard (1291) analyzed a chronic toxicity

response using a negative binomial model.
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In ecology, the NB is used in the analysis of a pollution impact study on
fish abundance (Ramakrishnan and Meeter, 1993). Counts of species richness-
area relationship were analyzed using competing models based on the
negative binomial distribution (Stein, 1988). Seber (1973) applied negative
binomial models arising from several different sampling strategies to the
estimation of animal abundance.

Barnwal and Paul (1988) derived two C(o) statistics (Neyman, 1959) for
testing equality of means in a one-way layout for negative binomial data and
applied them to field and laboratory research counts. Collings and Margolin
(1985) compared tests for departure from the Poisson assumption using a
negative binomial alternative for data in a one-way layout.

Microbiological applications included analyses of the counts of revertant
colonies in the Ames salmonella microsome assay (Margolin et al, 1981;
Breslow, 1984; Krewski et al, 1993), spaﬁal and temporal variation of bacterial
counts (Maul and El-Shaarawi,' 1991) énd the estimation of coliform density in
drinking water (Pipes et al. 1977).

There are a large number of cﬁance mechanisms which give rise to the
negative binomial and have plausible physical applications. Some of them are
described below with an outline of their derivation.

A common representation of the negative binomial random variable, Y,

uses parameters p, (0< p<1) and k>0, denoted NB(p,k) and having discrete
. - . . y+k-1Y , y
density or probability mass function (pmf) P(Y =y)= p“(1-p)

y=0,1,.... This representation has associated moment generating function
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k
(maf) My (F) = E(e’Y) =(I—_-—(£WJ and probability generating function (pgf) .

k

60 =)= = |
In the above representation & is not limited to the integers. When kis

limited to the integers, the distribution is sometimes called the Pascal
distribution [Pascal (1679)]. In this spirit, Ross (1989) motivated the NB
distribution as "a coin having probability p of coming up heads (being)
successively flipped until the kth head appears". This example of the NB
derivation as the distribution of the number of tosses of a coin required to
échieve a fixed number of successes is due to Montmort (1714). The -
presentation of NB for integer k is common in statistics textbooks. A'geometric
random variable is the special case of a negative binomial raﬁdom variable for
k=1. One way to generate the NB with integer £ is as thé sum of » independent

and identically distributed (iid) geometric random variables with parameter
p
1-gé'

p,(0<p<1)and mgf My, ()= . It follows from independence of the X;'s

that the'mgf of their sum, Y =X, +---+Xn, is the product of their mgfs, i.e.:

My(t)=Mx, . .x, ()= TMx @)= (IL’] which is the mgf of the NB(p,k =n).
toud —qe

This model was used by Seber (1973, p.174) for recapture data from multiple
traps (acting indepéndently) within an animal's home range. '
The negative binomial can be derived as a Poisson-stopped sum of

logarithmic random variables (Luders, 1934; see also Quenouille, 1949) . Let
Y = X;+--+Xy, where the X;'s are iid logarithmic random variables with

__.nx ’
xIn(l-1n)

generating function (pgf), Gy, (s)=In(1-ns)/In(1-1). Let N be independently

parameter 1> 0, and have pmf, P(X =x) = ,x=12,..., and probability
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distributed Poisson with parameter A >0 and pgf Gy(s)=exp(1(s—1)). Then the
pgf of the random sum Y = X;+---+Xy is Gy(S)=GN(GX,, (s))
the NB pgf with parameters p=1-7 and £ =-1/In(1-1)). Quenouille’s
derivation of this model stemmed from research counts of soil microbes (Jones, '
Mollison and Quenouille, 1948) in which the “colony counts followed a
Poisson’s distribution, the numbers of bacteria per colony were logarithmically
distributed, and that, consequently, the bacterial counts were distributed in the
negative binomial form.” , ‘

Another derivation of the negative binomial (due to Greenwood and Yule,
1920) is as a gamma mixture of Poisson random variables. Suppose X, given
A, is distributed Poisson(A) with (conditional) pmf P(X =x|1) = *A*[x!, for
A>0,x=0,1,2,... ; and that independently, A is distributed as gamma(v,7) with
probability density function (pdf) f(A;v,7)= (lv“le"w) / (F(v)r") for A,v,7>0.
For the gamma distribution vis referred to as the index or shape parameter and
Tis the scale parameter. Then unconditionally, X is distributed as NB with

parameters p=1/(7+1) and k=v. Thatis,
PX=x)= J-:P(X = xI)L)f(ﬂ,;v,q;)d}l = {F(V)Tvx!}—l % J:e—llxlv—le—l/rd/l

_ T(V+x)(’5 /(T+1))v+x ) ooe—/'t/ (7/(w41)) 2149 _ T(v+) [i)x ( 1 )v 1 the NG
L)'= g Tlma)(e/(e)™ T (w4 ’

H

2

| pmf with mean, E(X)=vr = 1 and variance Var(X)=vr+vr? = u+%,— = p(l+7).

Greenwood and Yule (1920; see also Arbous and Kerrich, 1951) used this
derivation as a model for accident statistics in which individuals differed in

accident-proneness.




)

Boswell and Patil (1970) give a list of processes which produce the NB
distribution. Included are population growth models and other stochastic
processes and their derivations. Johnson, Kotz, and Kemp (1992, chapter 5)
provide an excellent review of the literature on the negative binomial

distribution and a large list of references. They listed many parameterizations

for the negative binomial. The forms that | find most useful are denoted NB(y,k)

[Anscombe (1950)] and NB(u,a) [Bliss and Owen (1958)]. The Anscombe

¥ k
parameterization pmf is Pr(Y=y;u,k)=r(y+k)( £ ) ( k ) y=0,1.... Bliss

WO(k) \p+k )\ u+k )
-1
I(y+a™ 4 ?
and Owen used a=k! and Pr(Y = y;pi,a) = t C: )(_au L
y! F(a ) I4+au ) \1+au
y=0,1,.... Boththese forms parameterize using the mean, E(Y)=u and an

. 2
additional parameter in the variance, var(Y)= V=/,L+Ek— = u+au®. Recent

literature has made use of the NB(y,q) because it yields the Poisson

distribution as the limiting case when a goes to 0. [Lawless (1987), Piegorsch

(1990)]. Clark and Perry (1989) suggest the use of a because it "eliminates the
=2
problems of infinite values of k = Szy — (method-of-moments estimator) when
-y

52 =5 (where 52 is the sample variance); also confidence intervals for a are
continuous and usually more symmet'ric than those for k, which may be
discontinuous.” |

The negative binomial is often used for empirical reasons. It has
provided an adequate fit to count data. Martin and Katti (1965) fit various
"contagious" distributions (distributions produced as mixtures of other
distributioné) to 35 data sets and found the negative binomial and Neyman -
Type A to have wide applicability. Bliss and Fisher (1953) used the NB to fit

numerous biological data sets. Evans (1953) found the NB provided the only
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satisfactory fit to counts of insect populations he examined. Christian and Pipes
(1983) found the NB distribution compatible to the coliform frequencies in nine
drinking water systems. In each case, the data could be considered as
"overdispersed” relative to a Poisson model (variability larger than expected, or
variance larger than the mean). In a Poisson model, the distribution of numbers
of individuals per unit space or time is random, the presence of an individual not
influencing the probability of the presence of another. Bliss (Bliss and Fisher,
1953) noted that “when the numbers of individuals per unit space or time cannot
be assumed to have the same expected value, they may represent a mixture of
several homogeneous Poisson distributions” in which the means are distributed
as a positive continuous variate. This produces heterogeneity or density-
dependence rather than the random spatial distribution associated with the
Poisson. Animals that occur in herds display this tendency. So do microbes
and insects which tend to aggregate or clump. Hubbard and Allen (1991)
reasoned that insect distributions are heterogeneous because they “migrat‘e to
hospitable environments, or if the insects migrate little, (because) their eggs ére
laid in clumps.” Taylor, Woiwod, and Perry (1978) reported on the rarity of
randomness of spatial behavior in nature. Among the possible distributions that
can fit heterogeneity, the negative binomial provides the simplest Poisson
mixture. And because the gamma mixing variable can take on a wide variety of
shapes, the resulting NB distributions. fit many data sets.

Some analysts worked with data that fit only the form of the mean and
variance of the NB, i.e., E(Y)=pu and var(Y)= u+au®. Minkin (1991) arrives at
this form using a random effects P'oisson'model. A multiplicative random effect
was introduced to accommodate the extra-Poisson variability in data sets

involving medical cancer clonogenic assays and the analysis of dose-response
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curves. Chase and Hoel (1975) examine the mechanism of serial dilutions
used to estimate particle concentration and show how small measurement
errors of individual dilutions can produce a mean and variance with the same
form as seen in the NB.

I became interested in plate counts of microbes while working in the
Center for Biofilm Engineering, at Montana State University, on EPA-sponsored '
research concerning the efficacy of disinfectants. The counts appeared
overdispersed relative to a Poisson model and the results of interest were tests
of control versus treatment.” My literature search lead me to believe that the NB
distri.butior.'n represented a reasonable model for this type of data for both
empirical and methodological reasons. | wanted to compare the power of tests -
for data of NB form framed in a generalized linear model (GLM) setting with the
specific purpose 6f testing control versus treatment. | wés attracted to the
characterization of the NB as a gamma mixture of Poissons. | followed the
setting of the mixed Poisson (NB) regression model as presented in Lawless
(1987). | was interested in the.estimatilon of the variance parafneter because it
is an open, importént problem. The two-parameter NB is not exponential family,
the minimal sufficient statistic (order statistic) is not completé, and plots of the
log-likelihood function illuminate the difficulty of the estimation problem for the
variance parameter (Willson, Folks and Young (1986)). Many robust estimators
have been proposed in recent literature. | wanted to compare the newest
estimation techniques to the some of the most frequently used older techniques.
My focus was two-fold: estimation of the variance parameter and testing for a

difference between the means of two populations.




Notation and Terminology

Matrices shall be denoted by upper case letters (X), elements or scalars

(in italics, x; and _.32) and vectors (not italic, bold for non-greek font, x, and B) in
lower case letters.

The extension of the NB(u,q) to a log-linear regression model, or
(generalized) linear model (GLM), denoted NB (u(x),a) is given in Lawless -
(1987). Given that the Y;‘s are » independent negative binomial random
variables with a common variance parameter, g, and the x;'s are pxl

explanatory variables, the probability that ¥; equals y; given x, is -
' -1

_ony o) e Y1 Y
Pr(Y,- —yilx,-) = y,.!I‘(a“-) [1+a;1,- (1+aui) , ¥;=0,1,... where

E(Y|x;) = p(x;) =P | abbreviated 1, and Var(Y,) = p; +au?, abbreviated Vi

12

The link function, or link between the mean and the explanatory variables is
log(i) =x'B, hence the term log-linear model. | will refer to a as the variance
parameter. Note that the variance parameter does not depend on i. Other
authors refer to a (or to k=al) as an index parameter, shape pararﬁeter or
dispersion parameter. _[I do not refer to a (or to k) as a dispersion parameter
because it does not qualify as such in the way "dispersion parameter" is defined
and used in some of the methods described below.]

The simplest way to adapt this generalized linear model setting to a
negative binomial model for testing treatment versus control is to use a design
matrix consisting of columns for an intercept and a control versus treatment
contrast. Then each x; is a row of a design matrix, X, and x, is the transpose
of the ith row. Just as in linear models for the one-way ANOVA setting, if we

have n; observations from the control group (population one), and »;
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observations from the treatment group (population two), and n=n;+n; then the
design matrix consists of a column.of 1's of length » and a column of 1's and

1's of lengths n; and n, , i.e.: X = Xi|mx2_[111mx2 Th f
- n e X = = . The means for
O nz andnz X, mx2" (1 ~1{nyx2

control and treatment are 1, =eP*P2 and p, =eP1P2 or log(1y)= B, + B, and

B,

the slope of the contrast between treatment and control.

log(1,) = By — B,, respectively, where B=[ﬁ1] and S, is the intercept and B, is

The objective is to test whether or not the treatment is effective. The
interest is in a one-sided test. In the disinfectant setting, the disinfected object
(treatment) should be at least as effective as the control (no treatment) in
reducing the counts of microbes. The counts for the treatmént group (Y>) should
be at least as small as those of control (Y4). Thus, | would want to test the null
hypothesis (Ho) that the treatment has no effect versus the alternative (H1) that it
reduces the counts of colonies. These hypotheses can be stated in either of two
equivalent ways, | .

Ho: B, =0 vs Hy: 8, >0 , or
Ho: ty = iy = 1. vs Hi: g > 1.

For results reported to a fegulatory agency, often test results and point
estimates (rather than interval estimates or confidence intervals) are all that is
required. If interval estimates are desired, they are obtainable by inverting the
test statistics.

| studied a variety of test statistics and a variety of methods to estimate
the variance parameter a. One test statistic was based on a generalization of
Rao's score test which accommodates estimating equations from methods other
than maximum likelihood. One advantage of (generalized) score tests is that

parameters need only be estimated under the null hypothesis. The estimation
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methods used in conjunction with generalized score tests were Extended
Quasi-likelihood (EQL), Pseudolikelihood (PL); Conditional Maximum
Likelihood (CML), Optimal Quadratic (OQ) and Maximum Likelihood (ML). The
powers of these tests was compared to the power of the most commonly used
test based on the complete distribution, the (generalized) Likelihdod Ratio Test.
| also studied a new type of estimation and testing, minimum Disparity
estimation and a Disparity Difference Test (DDT), based on the Negative
Exponential Disparity (NED) measure introduced by Lindsay (1994). Because it
is easily applied and conventionally used by many researchers, a t-test (t) was
performed on Iog-transformed' NB data. | used a version of the t-test that allowé

for unequal variances, namely Welch's modified t-test.
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CHAPTER 2
ESTIMATION METHODS

I shall explain the methods of estimation in general terms, then the _
resultant forms of the estimating equations applied to a NB GLM setting (p.-8)
where possible. The adaptations' of the equations and estimators to a one-way
layout will follow.

In my reading, | noted that a number of authors examine the form or
properties of the estimating equations themselves rather than those of the
estimators [Godambe (1960), Godambe and Heyde (1987), Godambe and
Thompson (1987, 1989), Anraku and Yanagimoto (1990),"McCuIIaugh and |
Nelder (1989, see sections 9.4 and 9.5)]. They develop theory based on the
distributions of the estimating functions rather than distributions of the '
estimators. Citing work by Boos (1980) and others, Godambe and Thompson
(1989, p. 171) give examples where use of the "estimating function;' improves
accuracy of confidence intervals over those based on the corresponding

"estimate". An estimating equation g(y,0) is any function of the data and

parameters having Eg[g(y,0)]=0 for all & (Godambe and Thompson, 1984).
Provided there are as many equations as parameters, the estimates é,- , are

obtained by 'solving the vector equation g(y,0)=0 for 0.




12

Maximum Likelihood (ML) Estimation

Maximum likelihood is a long-used and familiar technique for estimation.
The full distribution is assumed. When that distribution is correct, maximum |
likelihood estimat'ors often provide the standard for efficiency against which
robust estimators are compared. Maximum likelihood estimation for the NB is
discussed by Fisher (1941). Its use in estimation for the variance paraméter,
a =1/k is discussed in Piegorsch (1990). lts application to the negative
binémial in a generalized linear regression setting ié summarized in Lawless
(1987). The object of the estimation procedure is to maximize the‘likelihood, or
equivalently the log-likelihood, for the given distribution.

For a sample from the general NB log-linear regression model, the
~1

n T(y,+a” Y ¢
likelihood is proportional to L(B,a)=]] (y;+a )( ap; )( 1 ] where

-1 F(a’l) 1+ all; 1+ ayl;
b= p(x;) = P Note that if y is an integer 21, then V¢ >0,
P(I}:(-F)c) =c(c+1)(c+2)--(c+y- 1)' the gamma ratio equals one for y=0. It
c

follows that T+ I )) Ha (1+aj)= ( - yﬁl(HaJ)],and thus

n (v-1 RN/ A%
L(B,a)=H[H(1+aj) K J ( ) . The log-likelihood is

=1\ j=0 1+ ay; 1+ ayl;

I(B,a)=1og(L(B,a)) = i [yiillog(l + aj)J +y;logu; — (yi - a‘l)log(l +apy )}

i=1| \ j=0
The ML estimating equations for the mean and variance parameters are:

i 2( 'u‘)x,s_Ofors L...,p and

S i= 1

_=;2[[ (1+aui)

J+ a 2log(1+a/.t,)
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Adapting the generalized linear model to a control versus treatment
setting, we have p(x;)=py =e#*? fori=1,...,n and 1(x;) =y = ePr=P

fori=mn+1,...,n. The ML estimating equations for the means become

od__ ( ) ()’2 Hy )
B (1+au1) T (1+au,) =0=U(B;,B,;a), say, and
a;lz - El+ aulg E}’z ﬂz)) 0=U,(By,By;a). The ML estimates for the mean

are (ﬁl,ﬂz) (log[(mz) ]log[(71/72)1/2]) or (i, ﬁ2)=(y11,y2) under Hy and fi=¥

under Hp.

The variance parameter estimate is obtained by inserting the .mean

estimates into —§i= 0 and solving for the root of the equation. A number of
a .

methods are applicable, including gradient methods, the scoring algorithm or
Newton Raphson method (Walsh, 1975). For solving for the ML estimator of «,
and for all other methods and estimators requirfng numerical-techniques to
obtain roots, | used the Newton Raphson (NR) method. NR was used because it
has good convergence properties when starting with good initial values (Walsh,
1975, chapter 4). Initial values were obtained using a grid search.

 The above use of the GLM setting provides a model for obtaining an
estimate for a common variance parameter in a one-way layout. An alternative
method outside the GLM structure in given in Bliss and Owen (1958). In
settings where the design matrix is not of the simplified ANOVA form, the mean
estimates may not be obtainable in closed form and numerical techniques are
required to calculate estimates of the ﬁs Lawless (1987) suggests a method

of profile likelihood to find & in the general setting.
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Exten i-likelih EQL imation
Quasi-likelihood (QL) is a robust form of gstimation used in generalized
linear models (see McCullaugh and Neider, 1989, chapter 9; first use of the‘
term "quasi-likelihood" was by Wedderburn, 1974). The user specifies only the
mean and variance structure rather than the complete form of the likelihood.
The general'assumptions are in agreement with the model as stated above.

Namely, the components of the response vector Y are independent with mean

vector p and covariance matrix o2V(u). The mean vector is a known function of
B and covariates x. The covariance m'atrix is the product of o2, a scalar
dispersion parameter which does not depend on B, and V(u), a diagonal matrix
of known functions where the ith diagonal element V; depends on the ith
element of p (rather than several components of ). For the NB as defined

above, o%=1 and V; =u; + au?.

B _
The integral Q(u;y) = G};T—(tt)dt, if it exists, is called the quasi-likelihood,
Yy

or more correctly, the log quasi-likelihood for u based on data y. When O(1y)

exists, the estimates for the mean parameters are the solutions to equations
obtained by differentiating Q(x;y) and are written in the general form U(E) =0.

The QL estimating.equations, U(ﬁ): 0, are also referred to as the quasi-score
functions and have the same form whether or not Q(u;y) exists. They can be

written as U (B)=D'V~}(y—n)/c?, where D is the matrix of derivatives of the
pxl .

ith M _ o
“me ith respect to B, D,,, =—==1D;; ; =<—~ ;. Because the components of

the response vector are independent, we can express the quasi-score function
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for the complete data set as a sum of the individual contnbutlons

— i)
2[1 —2 V; 5Bpx1 G .

pxl i=1 i=1
_ M _ 8(e iB) x;p |
Forthe NB, D, aB:p 5; ={x e* } {xyu,} {dzag W } xp
x|
where X =| : | and each x; , the covariates for the ith response, is the
nxp t - pxl
X

n

transpose of a row of the design matrix, X. The resultant QL estimating
equation for the mean parameters is the same as that obtained by maximum
likelihood. In the QL estifnating equation for the mean, as in the ML estimating
equation for the mean, the value of q is treated as fixed while solving for the
mean parameters. An additional equatlon is needed to solve for a.

This method was “extended” to enable _estimation of parameters in the
variance function by adding a term to the estimating equation (introducéd in
Nelder and Pregibon, 1987). The Extended Quasi-likelihood equation can be
written as: 0" =Q —%log{ZerV(y)}, where V(y) is the variance expressed as a
function of y instead of u, a sort of "empirical" variance. Thus, addition of this
term does not change the estimates of the mean parameters. For the NB,
V(y)=y(1+ay) and o=1.

For many distributions, the EQL equation is related to the log-likelihood
equations. When using the NB mean and variance structure; QT is directly
obtainable from the NB log-likelihood. The only difference in the equation is
that the factorials z! in the NB likelihood are replacéd by Sterling’s
approximation, z!= (27rz)%zze‘z. Because the Sterling approximation fails for
z=0, an amended form of the approximation, z!= {27r(z+c)}%zze_z where ¢>0, is

used for discrete variables with zero in their support space. Nelder and
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Pregibon (1987) suggest use of c=1/6. (See the O+ log-likelihood relationship
for the NB in Appendix A). |

An "adjustment for degrees of freedom" used to estimate variance or
dispersion parameters is recommended by McCullaugh and Nelder (1989, p.
362; see also Nelder and Lee, 1992, p. 281). They suggest multiplying the term
of 0+ containing the empirical variance by % to account for the fact that p
parameters have been fitted to the means.

Adapting EQL to the NB null hypothesis model, the estimate for the mean
using EQL is, agaih, i =5y, and p=1 parameter was fit to the mean. The

o =
oa 0= U(a)EQL’

estimate for the NB variance parameter is the solution to

using fi=7y, which reduces to solving for @ = aggy, in

n AV . -—
z —}z—log 1+fly —(";1) Ji +(";1) ~(1+6y’)~ = L . Thisis the
| a 1+ dy; 1+ ay; 2(@+6+6ay)| 20a+6)

equation listed in Clark and Perry (1989), adjusted for degrees of freedom.

(See simplifications in Appendix A). _

The above version of EQL was outlined in McCullaugh and Nelder
(1983, pp. 212-214), but not present in the second edition (1989; pp. 373-374,
349-350, 360-362). In the later addition for the given model th.ey suggest
estimation of a via setting the mean deviance equal to unity, a type of "method of
moments" approach. Their general suggestion in the later edition is to view any
overdispersion as stemming from a dispersion parameter. Thus using
Var(Y) = o*v(u) or more generally Var(¥;)=o2V(y;) where o %1 and V()
does not contain any additional parameters beyond those found in the mean.
This type of analysis could accommodate the NB modeled as a Poisson mixed
by a gamma distribution in which the scale parameter (7), rather than the shape

parameter (v =a%), is held constant (McCullaugh and Nelder, 1989, p. 199 and




17
problem 9.1, p. 352; Nelder and Lee, 1992, p. 277). This results in an NB with
the variance function as a linear function of the mean and a d.ispersion
parameter, i.e., Var(Y) = o2V(u) where V(i) =u and o2 =(1+7), a function of
the gamma scale parameter. Nelder and Lee (1992) point out that this model
does not belong to the GLM family of distributions, i.e., one that can be written in
exponential family form for fixed 7, and show that the Quasi-likelihood
estimating equations for the mean will be different than those based on ML for
this model. The NB parameterized with a is GLM family for fixed (but unknown)a,

with canonical link of xB = n=log(1 Z” j (McCullaugh and Nelder, 1989, p.

apl

373). |

I chose to follow the more common approach and assume that the shape
parameter remains constant and that the mean varieé with the scale qf the
gamma. In this setting, the mean estimates for the;NB model coincide with
those obtained by us’ing a Poisson model. This choice is advantageous if ’one
wants to consider the Poisson as a limiting cése of the NB. There are
differences in the both the Gammas and resultant NBs when one varies either
"the shape or scale parameters of the Gammas (Figure 1, p. 126). The
difference between these choices is more evident in the gammas. Holding the
shape fixed while -i‘ncreasing the scale parameter (Figure 1C) is similar to
grabbing the right hand tail of the gamma distribution and stretching it out. The
relative probability of values near zero is more closely preserved. Holding the
scale fixed while increasing the shape parameter (Figure 1A) results in a
change of symmetry and density values near zero. In this figure, the NBs
produced by the gammas are plotted directly below the gammas. The NB
- shapes mimic the gamma shapes to a lesser degree. In both cases the NBs

have the same means as the gammas that mixed them. The difference is in the
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variance of the NBs. The NBs produced by the gammas with shape held
constant (Figure 1D) exhibit a wider range of variance for the same change in
mean with scale held constant (Figure 1B). The NB samiples in this study were
generated by holding the shape fixed while varying the mean by changing the

scale.
P likelih PL) Estimation
Pseudolikelihood, the term used by Gong and Samaniego (1981), is a
robust method for parameter estlmahon similar to EQL estimation in that one
specifies only the mean and variance structure rather than the complete form of

the distribution. It is used in those settings in which the variance can be

expressed as a function of the mean and additional parameter(s), 6, where 9 is

single (or vector) valued. Assuming that the mean (regression) parameters are
known and equal to the current estimate f3, the general PL equation lPL(e,B), is

obtained by incorporating the assumed mean and variance function (v(6,8)) into

a normal log-likelihood equation, which has the form

lPL(B, [3) = —é log(vai(G,E)%) -1 : (yi — (E))Z / vi(e,B) (see Carroll and

Ruppert, 1982, for examples of general variance functions.). The PL estimators -

are the maximizers of the "pseudo-normal" likelihood equations. The PL

estimating equation for a variance function parameter is

alPL i i b , where r, —,u-(B) is the ith residual. A
v, 90 ’
modification of the PL estimating equation that incorporates leverage was
' dlpr,

introduced by Davidian and Carroll (1987). The modification to 0 =a—1;
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-2 .2
replaces (:,‘——1) with [ﬁ——(l—hi)] where the #; are diagonal elements of the
i Vi ,
projection or "hat" matrix produced from estimation of the mean parameters.
PL estimation was used in the NB setting by Breslow (1989, 1990), who
estimated the mean parameters using QL and used PL for the single equation
to estimate the variance parameter. The equations use 6=z and vi=y; +au?=V;

' (previous NB notation for variance function). The PL estimating equafion for ais

. 2|2 .

U(a)PL=Z[-r‘——(1-—hl-):|a—v‘—.i =0, where the kare the diagonal elements of
=LY da 'V, ’

the projection matrix that arises at convergence of the (QL) iterated weighted

least squares solution for the mean parameters for a given value of the variance
. . . . -1
parameter. The projection matrix, H, is written: H = Q(Q’Q) 0, where

anp = (diag[%}] anP :
i nxn

PL estimation for the variance function is usually alternated with use of
generalized least squares for estimation of B. Use of GLS for eétimating B.
would amount to minimizing only the second term in lPL(e,fi) above and arriving
at the same solutions for  as QL. Note that one could use the same PL
"pseudo-normal” method to obtain estimates for the mean parameters given the
current estimate of the variance parameter(s). In this case, only for the
Gaussian model with constant variance, would the QL and PL estimators for
mean parameters be the same. The PL estimates differ because  occurs in
both terms of the PL equation, whereas the added term in EQL is an empirical
variance expression which does not contain the mean parameters (Nelder,
1992). For use in variance function estimation, Davidian and Carroll (1988) ’

note that the PL method is asymptotically equivalent to weighted regression on
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squared residuals with estimated weights, both being based on the method of
moments. Thus the estirhating equation for variance parameter(s) is unbiased
and the estimates are consistent under general.conditions. They prefer PL to
EQL for this reason and others based on asymptotic results.
[ used PL estimation for the variance parameter only, as implemented for

NB by Breslow (1989). For the NB single population model the mean estimate
2 =

(using QL) and variance estimator (using PL) are fi=y and dpy, = S_;y, where
y

., ,
2.1 S (y;-7) is the usual sample variance. So, the pseudolikelihood

- (n-1) =

estimator for a in this setting is just the Method of Moments (MOM) estimator.

(See_calculations and simplifications in Appendix B).
imal rati Estimation
If, in addition to knowledge about the functional relationship between the
mean and variance, one had knowlédge about the skewness and kurtosis of the
distribution, one could follow the outline of Godambe and Thompson (1989)
and use their optimal quadratic estimating equations. In earlier work, Godambe
and Thompson (1987) had shown that the QL equation is optimal among linear

. n
estimating equations, i.e., for equations of the form g=Y (; - u)e; QL provides
1

the optimal constants ¢;. The optimality property is defined as equations with

minimum variance or maximal information or, equivalently, the highest'
correlation with the score statistic among all estimating equations of the form g.
The emphasis on highest correlation with the score function [ log f(3.6)/90]
stems from the fact that under regularity conditions the scor'e statistic provides

the minimal sufficient partitioning of the.sample space even when the ML
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estimator is not minimal sufficient. In this sense the score function contains all
the information in the sample.

Godambe and Thompson extendedquarﬁbe's work on the optimal,
combination of "orthogonal" estimating equations (1985, 1987) to include
higher moments. They introduced an "extended quasi-score function" by
adding a term to the QL equation and an additional eqdat’ion to estimate a
dispersion parameter. Godambe and Thompson demonstrate the connection
betvyeen the quesi-score function and the extended quasi-score function and
claim that the former is the natural substi’;ute for the latter when the likelihood is
undefined. Requirement of knowledge about third and fourth moments raises
questiohs about efficiency and robustness relative to maximum likelihood and
to methods requiriﬁg knowledge of only the first two homents.

The extended quasi-score function, or OQ estimeting equations are
written (Godambe and Thompson, 1989) in terms of a parameter vector Bpx
and a dispersion parameter o2. The means ('s) and variances (V's) can be
any specified function of the parameters in 6,,; and the variance is not

assumed to depend on 8,4 only through the means. The OQ equations are of
n n :
the general form Y hywy; + Y hywy; =0. Here the orthogonal estimating

i=1 i=1
A

functions are hli =Yy;—H; and hQi = (yl —/,ti)z —(62‘/1')—71(0'2%) \y; —‘LLL'). The

orthogonality implies that E(hlihzj) =0 Vi,j=1...rn and that the estimating

equations are additive or provide "additive information". The optimal weights
(91:/98;) ‘éae’) and

i

(optimality as defined in previous paragraph) are wy; =

1

-] '
Wy; = % . % (proof in Godambe and Thompson (1989)). The first
(GZVi)A(y2+2—'y12) ’
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n
summation (Ehl,-wl,- =0) is just the quasi-score function from QL. The second
i=1

. :
summation (EhZiWZi =0) incorporates the higher moments, skewness () and
i=1

kurtosis (7).
For the general GLM NB model (p. 8) with means expressed in terms of

pxl explanatory variables x and parameter vector B and a common variance
parameter (a), the OQ estimating equations reduce to QL for the mean

parameters and solving the additional OQ estimating equation for the variance

~ i o~ )P~ (L afl; ) (1420l ) (-
parameter: U(a)og=2{[(y %) #(:#)»)(; B)o Ml}:o. Under Hj for the
1+aﬁ,- .

i=1

treatment versus control NB model, the QL estimators are fi=95 and

(2>
doo = (See calculations in Appendix C).
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Conditional Maximum Likelihood (CML) Estimation

A technique used to obtain an estimating equation for a parameter of
interest in a multiple parameter distr_ibution is conditional likelihood. The full
likelihood is factored into a conditional likelihood and a residual likelihood. The
conditional likelihood depends on only the parameter of interest. The residual
likelihood depends on the other parameters. The estimating equation for the
parameter of interest is obtained by maximizing the conditional likelihood rather
than the full likelihood. This is the same rationale that underlies the popular . '
Restricted Maximum Likelihood Estimate (REML) for variance components in
analysis of variance settings (Searle, et. al., 1992, Chapter 3).

The following factorization was preéented in Anraku and Yanagimoto
(1990). The negative binomial likelihood for a single bopulation can be
factored into a conditional likelihood, L., which depends on the variance

parameter but not on the mean, and a residual Iikelihood, Ly, as follows.
n
Conditioning on z=Y'y;, factor the likelihood as
i=1
L(y;B,a) = Le(ysat) x  Ly(t:B,a) , which is
2 T(y,+a™)

n -1 Yi gl H‘__,T n o4p_ a Y nla
k(s sl - (el

i=1
t

The conditional likelihood, Lc(y;:dlt), is proportional to
L F(yi+a"1) n

UMy Tt 00+2-Gaen1)
e % T YeWat Vat2) (Yt t-1)
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n y—1 n
[iT40va) 11 H(1+ %)
JER R g

H%(n+ aj) H(n+aj)

=0 =0

n i"l I~
log(LC) = lizyz:log(l + aj):l - [ilog(n + aj)}.
i=1 j=0 =0 ‘

The maximizer of the conditional likelihood is the solution agy; to

alog(LC) IR B N o . . ! S
—=—t=0= -|. It is obtainable using root finding
) 121‘ ]26 1+aj %”“‘*‘ aj |- ,

techniques.

Anraku and Yanagimoto state that " is a reasonable estimator of u
irrespective of the estimator of a." They suggest a.,,; as a robust alternative to
the maximum likelihood estimate for the variance parameter when %;:lSZ >5.
Anraku and Yahagimoto claim that the uniqueness of d,,; when 52> 73 follows -
from work by Levin and Reeds (1977) in terms of the compound multinomial
distribution. When $% <7, they define dcyyr as zero. lused y and dgyyy as
estimates under the null hypothesis éetting.

Although the conditionin,g method as described above is not applicable
to the general GLM setting, it is applicable to the one-way layout struéture with a
common variance parameter using conditioning on the group totals. The one-

way layout was studied by Anraku and Yanagimoto (1990). Results from their

a
(a+1)

than those based on ML and MOM in terms of bias, mean square error and

simulation showed that the CML estimators for a, and 1 performed better
a

Kullback-Leibler risks for multiple populations.
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Negative Exponential Disparity (NED) Estimation -

The Negative Exponential Disparity estimator belongs to a class of
estimators known as minimum disparity estimators (Lindsay, 1994). These
estimators correspond to the minimization of a “disparity” or a measure of the
distance between a pair of densities, namely the data (or empirical) dénsity and
the model (or probability) density. In a simplified sense, one can think of
looking for an estimator which yields the best match between the heights
corresponding to the histogram of the data and the heights corresponding toa
family of (discrete) probability densities. The generalrtheory for minimum
disparity estimators is easily applied to discrete distributions. Though it can be
applied with modifications to continuous distributions (Basu and Lindsay, 1994;
Basu and Sarkar, 1994), | will present the general theory in the context of
discrete distributions only.

Let the sample space be ¥Y={0,1,2,...,K} with K possibly infinite, and
assume my is a family of probability densities ony indexed by 6, a vector of
parameters. Assume, unless otherwise noted, that summations (denoted by
z ) are taken over the entire sample space. Assume that the data are # iid
observations made from mg. Let d(y)be the proportion of the » sample

observations which has value y. Lindsay defines the Pearson residual function

5(y) as &= 5(y)=[i(z’)7;(_f;1)e@ﬂ

weighted sum of the squared residuals Zme(y)S(y)2 is Pearson's chi-squared

(this name was used because the model-

distance). The disparity measure, p, between the data proportions, d(y), and
the model density values, mg(y), is a function of the Pearson residual function

and defined as pg(d,my) ZG 8(y) )me -where G is a strictly convex thrice-

differentiable function. Assuming the dlfferentlablhty of the model density,
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minimization of the disparity measure involves the solution of an estimating

equation for 6; of the form —E—a—p d,mg) ZA (6(y))—==2 ame(y) =0 ,where

A(6)=(1+6)G (6)—G( ) is termed the residuall adjustment function (RAF). The
form and properties of the estimation procedure depend on the chgipe of G.
Lindsay presents disparity measure methods as an unifying concept and lists
the choices of G (and associated RAFs, A) for many estimation techniques,
including maximum likelihood (ML) and the common distance-type measureé of
minimum Pearson's chi-squared (PCS), minimum Neyman's chi-squared
(NCS), minimum Kul'lbacl;-Leibler divergence (KL) and minimum Hellinger
distances (HD) (see Lindsay, 1994,\ pp. 1086-1089, 1101, 1103). The shape of
the RAF determines the tradeoff between the estimator's robustness and
efficiency. RAF construction or choice is listed as a starting point for building
new disparity measures. The RAFs chosen with strict convexity and
different@ability insure some desirable prdperties of the estimators.

' Lindsay (1994, p. 1103) introduces the Negative Exponential disparity
(NED) as a new disparity measure, determined by G(8) =e%-1. NED
estimators are shown to be second-order efficient, and ro‘bu‘st in the sense that
they reduce the effects of outliers and "inliers" in the data (proofs in Lindsay).
Inliers (term first used by Lindsay), or smaller than expected sample
proportions, are defined as values of dnear -1. They can bé due to empty cells,
i.e., d(y)=0. The RAFs in Figure 2 (p. 127) present a combination of Lindsay'é
Figures 3 and 5. Curvature towards the x-axis indicates the degree of
robustness to outliers (for 50) and inliers (for 8<0). The NED has the only RAF

" in the plot that is robust for both (is convex for 6>0 and concave for 8<0).
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| chose to apply the NED method for estimation and testing. To my

knowledge, it has not been used for the NB(u,a) distribution. Construction for

the estimators and a test follow.

NED li NB singl Iati

| provide here some notation and abbreviations of disparity functions in
terms of NED and the NB(u,a) family.

Let® = (1(B),a) be the vector of pérameters which indexes the NB family

~1

I(y+a™ 4 ¢
of pmfs, and mg = my(y) = (y — )( i ) ( 1 ) ,y=0,1,2,..., denote the
y!r(a ) 1+au ) \1+au ,

model density or likelihood. | will also use the NB likelihood with the

_ ¥ k
parameterization of k=a7!, yielding myq =1‘(y+k)( K ) ( k ) . Let

WO(k) \p+k) \k+pu
Iy =ls(y) =1og[my(y)] denote the log-likelihood. Thus, =, = Mg = Mol
~ J J

where itj is the score function or derivative of the log-likelihood with respect to
6; (similarly, u, will denote derivative of the log-likelihood with respect to p).

Recall, the Pearson residual, § = §(y) = [d(y)——(m?()—))l
mgly

whenever d(y)=0. A sample proportion of zero, d(y) =0, results when the

, takes on the valued=-1

value y does not occur in the realized data. Use of this fact results in some
. simplifications in numerical calculations of several equations below.

The disparity function is G(5)=¢° —1 and has derivatives G’(6)¥ ~°
and G”(8)=e™°. Thus, A"(8)=(1+6)G"(8)-G(6) =1-(2+8)e™®

andA(§) = A"(5)- A"(0) =2~ (2+8)e™® is the RAF, adjusted so that A(0)=0.
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‘The disparity measure is defined as
o(dimg) =3 G(8(»))mq(y)
=G(-1)+ Y[ G(8() ~ G(-1)}mq(»)
=(e-D+Y[eV) ~e}mg(»), for NED.

The equations in the second and third lines are simplifications used in

" numerical computations and are equivalent to the first equation because G(-1)

is constant and » mg(y)=1. The equations are a useful representation since
[G(6)-G(-1)] =0 whenever§ =§(y)=-1, so the disparity measure need be
summed only over observed data values rather than the entire support space. |

shall refer to equations summed over observed data points as "working"

. equations. They are the forms | used in computation.

The general form for the NED estimating equations is

(d.mg)=0=" A(S) Z[A(S)—A(—l)]mﬂ(y)uj. The last equation is

Kl
96, 96,

the working equation and is equivalent because A(-1) is a constant and
zme(y ;= ( -)=0. So, the estimators are the solutions to

0= 2[ (2+0)e ]me(y)u- , Where u; is the score function for the estimated

parameter.

To estimate the mean of NB(y,a), include the mean score function,

u=u,= 2~ _ The NED estimating equation for the mean becomes
p(1+ap) .

9 @ A(5)- A1 [e -2+ 5,)e_5]m9 ‘

~ g Pldme) = 0= 2 [A(8) = AC-Dlmo (), = 31— s o) (- m).

The estimator for the NB mean, ji, can be iteratively reweighted. The updated

estimate fi,,, = %M where the weights from the rth iteration, w,, are
w, :
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[e ~(2+8,)e”% ]mer
W, = = =
B (1+ aft,)

, and where ¢ is the current estimate of the variance

parameter.

The estimator for the NB variance parameter, a, must be obtained by a
root finding routine in conjunction with the NED equations.. This is-because one
cannot factor or otherwise separate out the variance parameter in the score

function. The working form of the estimating equation is, again,

_2¢( d me =0= 2[ )= A(=Dmg(»)u, , where u, is the variance parameter
b VA (y+a_1),u
score function, i.e., u=u, = I |+ a210g(1+ 2 |solve for
un i.e., u=u, z(1+a]) a “log(l+ap)- i+ o) solve fo

the root of this NED estimating equation using the Newton-Raphson method. In
order to apply this numerical technique, | need an additional partial derivative.

For the disparity measures in general,

.
aejfr'ae (ae J J6; {ZA }
Z{ o ae 3 me]_z dA() 985 Amg |dmg +A(5)me[(—a£j] +a—zlﬂ

. (aY & ‘
= ~A’(8 1 A(S) | — —|¢.

For NED and the NB variance parameter, note that A’(8) = (1+8)e™°
which is zero whenever §(y)=-1. Use of [A(8)- A(-1)] in place of A(S) does

, : ¥ 2 2
not change the equation, since Zme[[a—‘z)-l—} +%}=Eli((—%—) + ;OIJ 0.
J J J

The NB working equation becomes

—

N’
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3% 3 (-dp)_ 2 51 Al sl 94 ||
oa* o'?a( oa )—Zme{[(1+6) ¢ ](&z) [ ~(2+8)e ] (8(1) a? ||’
where ﬂ= u, is listed above and

da
2

2 . y—l . 2 -2 +a'"1
aaal —‘j;ljla =2(1+]a) +2a‘3log(1+au)—ia u—(y )lj :
: ol+a +apl (14 ap)

Thus, the estimator for a is obtained by iterative solutions to the Newton

- __(-9p/a)

=a, >
N )I Gt =k

Estimates for 11 and a are obtained alternately until convergence of the overall

Raphson equation, updating estimates usmg A =

disparity measure p: The convergence criteria for both the individual estimates

and the overall system or set of estimates is at each stage based on the

convergence in the relative size ofp, i.e., (abs(0,,0,, — Pota/Prew ) < tol.

Treatment ver ntrol in

The NED methodology may be extended to a treatment versus control
setting. ‘Just as the estimates in a single population setting can be thought of as
minimizing an expectation, p= E(G((S)) one can think of the two population
setting as minimizing a p defined as the expected value of a conditional
expectation. Hére I will calculate p for the sample from each population and

use the sampling technique of weights propornonal to size. Thus, | wnII use

weights w; =r;/n. and minimize p= E|E(Glx;)|= z ZG( (y[x ))mg()’IX) *)

where x; for i =1,2 are the unique rows of X. Here,x{=[1 1] and x}=[1 1]

indicate the groups of control or treatment.

In the 2 population setting with parameters 0 =(yy, i,a), use

[a(vx) = ma (o1 )]

& =8(yx;) = as the Pearson residuals for the sample
(i)

proportions and model density per group or population. Similarly,
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G = G(5(J’|Xi)) and A; = A(5(y|x,-)) are functions are defined in terms the two
populations via &;. Again, let G/ =9G;/d5; and A!=dA;/36;.

Solving for the parameters in the mean one obtains

o) 2G5t i) 2

i=1

_ZZW (ylx )(y u,)x for r =1,2 where w; W(ylx) n ( (ylx ))E”e()’lxz';_

-1 1+ all;

So, E“zwl}’ t)+ Y wo(y—tp) =0,

and zwl)’ H1) = 2 wa(y— ) =0.

Solvmg these simultaneously leads to ap a’o—O 22w1y ~ 1) and
3B, " P,

PP _o- 2Y wy(y—14). Thus one can iteratively solve for the estimate of

p;  IB

the mean of the population (treatment or control) by using the sample from that

population and the same technique as for a smgle population, i.e.,

P
Lr+l — Zwlr

One could solve for the  parameters, because y =eP1*P2 and

1 =P P2 imply wu, =€ and 1y /u, =e*2. As estimates of the f's we can
use B =logl:(ﬁ1ﬁ2)%:| and 3, =log[(ﬁ1/ﬁ2)%:|. This choice is in the spirit of
Lehmann (TPE, p. 112) using the invariance property of MLEs, 3(6) =g(§). If the
invariance property holds for NED estimators, the 8's would be estimated as

shown. These estimates seem a reasonable starting point in any case. ' Note,

however, that only the [i;'s are needed in order to construct a test.

To solve for the variance parameter, histogram information from both

populations is needed. Again go back to the definition of p and minimize the

2 |
~ disparity measure. Using p = Ex‘[E(G|x,-)]‘=Z%Z‘G(S(ylxi))me(ylxi) the NED
i1
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estlmatlng equation for the variance parameter is

2
Z ZA( (o) Jro (v} ) =0. The NED variance estimator, dygp,
=1

: provides the root or solution to this equation.

To apply Newton-Raphson use the derivétive i(— Ip ):

| . da\ oa |
3 L ’ - " ) 2 ol al
52 o) 2] + )2+ an
, (_a_p |
iterate until convergence using updates 4, = a, ___8_9%5'__ The working
=

equations are obtainable using the same steps as for the single population

estimates. Convergence criterion are based on convergence of p as in the

single population' setting (above).
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CHAPTER 3

TESTING METHODS

Likelihood Ratio Test (LRT)

' The statistic for the generalized Likelihood Ratio test is the logarithm of a
ratio of likelihoods, LRT=2n(lo — ky;). McCullagh and Nelder refer to the LRT
for GLMs as a ‘“deviaﬁce“ and, analogous to (Normal error) Analysis of
Variance, to partitioned LRTs as Analysis of Deviance. A discussion of the
difficulties that arise is covgred in McCullaugh and Nelder (1989, pp. 35-36).
The LRT has an asymptotic chi-square distribution with degrees of freedom
equal to the difference in the numbers of pérameters estimated under the null

and alternative hypotheses. (McCullaugh and Nelder,1989; see Appendix C).

Disparity Difference Test (DDT)

Disparity Difference Tests (DDT) are presented by Lindsay (1994) in the
simple setting of testing the parameters equal to a given value. Using the
estimators obtained in the treatment versus control setting (above) | apply DDT
to the desired two-sample test. DDTs constructed from NED estimators have an
asymptotic Chi-square distribution if the family of model densities satisfies the
conditions in Lehmann (1991, pp 409 and‘429) and additional bounded
expectations (Assumption 31, p. 1109 of Lindsay,1994). The DDT has an
analogous form to the Likelihood Ratio Test (LRT) and is expressed as

DDT=2n(pyo — pm1)- The NB family does satisfy the required conditions (proofs

in Appendix D).
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The disparity measures differenced in the DDT are based on conditional’
p, a weighted average of the measures calculated for the two samples_ The test
amounts to determining the degree of improvement or reduction in disparity

_which occurs when more parameters are estimated under H; than estimated
under Hp. The asymptotic distribution of the DDT is chi-square with degrees of
freedom (df) equal to the difference in the numbers of parameters calculated ln
the two models (Lindsay, 1994; Theorem 6 and_Appe‘ndix' A).

Figure 3 (p. 128) illustrates the difference in the fit to a data set due to
disparity measures minimized for estimation under Hp (p. 27) and Hy (p. 30).
This sample was generated from two NBs withn =n,=15 (overall n=30), u;>u;
and a common value of a. The top left histogram is that of the total sample or the
combination of the 2 samples into a single sample. The X's show the best "fit"
under Hp (the pmf based on estimation under Ho multiplied by the total sample |
size). The bottom 2 histograms are those of the 2 samples (control and
treatment) considered separately. The diamonds represent the best fit under H;
to the sample means and a common variance parameter. The X's show the fit
to each sample based on \Ho estimation. The difference in the disparity under
Ho and Hy is a function of the distances between the X's or diamonds and the
tops of the histograms, respectively (as pictured in the bottom row). [The top
right histogram is the sum of the 2 lower histograms and the diamonds are the
sum of the diamond heights. This combined sample with combined frequency
estimates (diamonds) is not used in analysis but presented to show the
similarity of fit to combined samples (top row) using the estimates obtained
under Hop versus Hy (X's versus diamonds). The best fit ru‘nder Ho (top left)
appears to give us the same fit as the sum of the Hj fits on the separate samples

applied to the combined sample (top right).] Again, differences in disparity are




35
not based on disparity calculations applied to the combined sample. The
disparity measures are calculated from the fits in the bottom row where one can
see a difference between the X's and diamonds. Each disparity measure is the
NED-based function ((*) p. 30) of the differences tl)etween‘ the histogram heights

and the heights based on estimation (X's and diamonds). The Hq disparity is

Pro=0.2987 and the Hy disparity is. py;=0.1451, resulting in a DDT statistic of
9.216 and a p-value of less than 0.01. Thus the conclusion is that there is a
difference between the means of the 2 populations.

Welch Modified Two-Sample i-

This version of the t-test is conventionally recommended when the

variances are unequal (Miller,1986, section 2.3; Snedecor and Cochran, 1980).

N 7 2
The statistic is 7= Gi=7) - (m #2)7 where s, =_|3-+%2 _ Its distribution under
Sy R

the null hypothesis can be approximated by a t-distribution where the degrees

of freedom (df) are calculated by a formula based on the variances of the two

2 _ 2 5
samples, i.e.,df:[ ¢ (-9

2 |
ns, N

-1 ,
o1 ot } , where ¢=-1—. In the simulation study,
the t is applied to log(y+0.5), where y is the sample data, as this is the standard
transformation used on microbial count data (Niemel&, 1983). The intent is not
to provide the true variance stabilizing (or normalizing) transformation but to
mimic what is commonly used in practice. The Welch t-test is used instead of
the standard t-test because it is available in software packages and should

handle problems remaining if the transformation is less than optimal.
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neralized . re T

Boos (1992) presented generalizations of Rao's score test (Rao 1948;
see also Cox and Hinkley, 1974) which make use of general estimating
equations (rather than just derivatives of the (Normal) log-likelihood) and
empirical variance estimates. Rao's (original) score statistics (notation from

Boos (1992)) have the general form S(é)tf 7 1S(é), where S(0) is the vector of

partial derivatives of the log-likelihood function, 8 is the vector of restricted
maximum likelihood estimates under Hg and ff is the Fisher information of the
sample evaldated at 6. O.ne advantage of the score statistics is that they only
require computation of the parameter estimates under the null hypothesis. They
are asymptotically equivalent to the likelihood ratio statistics under the null
hypothesis, Ho. Both the likelihood ratio statistic and the score statistic are
invariant under reparameterization or non-linear transformations.

Recall, a (general) estimating equation g(y,0) is defined-as any function
of the data and parameters having zero mean for all parameter values.
(Godambe and Thompson,’ 1984). Provided there are as many equations as
parameters, the estimates 6; are obtained by solving the vector eqﬁation

2(y,8)=0 for 8. Boos (1992) refers to the estimating equations as "score

functions".
The generalized score test is constructed in the following manner,

outlined in Boos (1992, p. 328).

"Find the asymptotic covariance matrix of the score function
g(y.80) under Ho, say X,. Then define the generalized score
statistic to be Ty = g(y,0) X;¢(y.8), where £ is a generalized

inverse of a consistent estimate i‘.g of %,. Usually a version of i;
is available which is easily computed."
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The score statistics have-an asymptotic null chi-squared distribution. Boos
shows how the various forms of generalized score tests arise from Taylor
expansion of the estimating equations.

General information on Score tests in a GLM eetting are found in
Pregibon (1982). Breslow (1989, 1990) presents the theory and form of the
score tests in the NB setting for testing a hypothesis about a subset of the mean
vector. Estimation of the mean parameters is via QL and the variance
parameter via an additional equation. Breslow uses PL for the variance
parameter but the folloWing discussion would hold for ahy estimation procedure

described above (see Appendix E). The 'QL estimating equations for the mean

are U (B.a) le —Z yqul)agul —Z )“t X’[dzag(l 1a,u )](y—u),

i=1 2 i=1 (1+aul)

where x; , the covariates for the ith observation, is the transpose of a row of X
(refer to section on EQL Estimation). Breslow assumes that the mean structure
is correctly specified but allows for possible misspecification of the variance.

The empirical covariance matrix for score statistics of the vector of mean

n 2 VP2
parameters, B, is G= Y uuj —ZLngixﬁ =X’|:diag((i——‘/;-%—)ﬂﬂX. The

i=1 i=1 L i
negative expectation of the partial derivatives of the mean score statistic is

.U t H, : ; i
A=- E tx;x; = X'| diag] = | |X. The asymptotic variance of B is
$iep- 5ot ol |

estimable by A-lGA-l, even if the variance is misspecified. This is called the
"empirical covariance matrix". If the variance is correctly specified then

E(G)= A and one may estimate Var(B) by A-1, which Breslow refers to as "model

based".
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In the general setting B is partitioned into sub vectors of lengths p; and

. [31— plx

conformably partitioned. Generalized score tests for testing H, :B, =p5 are

Th_e set of covariables and other matrices are

[ n (v — 1L .
based on U, =X dzag(ﬁ; ‘)J(y— u)=2(y‘—vu‘)’£’-x2i where B is the quasi-

i =1 i

likelihood estimate under Hy, i.e., [32 =B and [31 is the solution to

U, = Zl-_—y’ V“’)“‘ ;=0 . The test statistic is Tgs =U,T3,'U,, where
— 1

>":g = I,; = Ay, — Ay AT Ay, for a model based score test and

£, =151 = Gy — Ay AT{Gyy ~ Gy AL Ary + Ay ATLGy AT A TOT an empirical score
test. The matrices A and G have‘been partitioned into appropriate sub matrices
of the dimensions p; xbl, D1 X py, etc.

For the treatment versus control setting tesﬁng Hy: B, =0 with

o =\2
m =n, = n/2, the model based score test is 77 _ﬂ_?’_t)_

where g is the null
@ 4y(1+ay)

hypothesis estimator and ¥,, 3, are the sample means for treatment and control.

A model based score test statistic is calculated for each of the estimation

methods described above The empirical score test statistic for the same setting

2
is T;’S = ()’cz ) for all methods where 7, =y, — 7 are the residuals. The
r

total
. model score test statistic with @ estimated via OQ Estimation gives the same test
statistic as the empirical score test. (For more details on Score Tests, see

Appendix E).
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'CHAPTER 4
SIMULATION STUDY

A simulation study was conducted with two objectives: (i) compare
estimators of the NB variance parameter and (ii) compare two-sample test

methods.

Study Methods

Data generated under the null hypothesis (Ho) are generated from a
single population setting. Data generated under the alternative hypdthesis (H4)
are from two ‘popuylations with different means but a common variance
parameter. Each sample is comprised of two subsamples with ny=n>=n/2.

For simulation under the null hypothesis, a 3x3x2 factorial design was
used. The first factor was the NB mean (3 levels: u=1,2,5), the second factor
was the NB variance parameter (3 levels: g=.2,.5,1) and the third factor was
sample size (2 levels: ni=np=15, n1=np=25). One reason for this choice of levels
is that they overlap with those from previous simulation studies that compared
estimation methods for the NB variance parameter (Willson et. al. (1984), van
de Ven (1993), Clark and Perry(1989), Piegorsch (1990)). A second reason for
the choice of levels is due to applicability to analyses of drinking water and
disinfection studies in environmental microbiology. Sample estimates of means
and NB variance parameters reported in the literature often fall within the

ranges of the levels chosen. The range of [i<[1,5] was reported in water quality

studies [El-Shaarawi, Esterby and Dutka (1981); Pipes and Christian (1982);
Pipes, Ward and Ahn (1977)]; and ae[.2,1] (or k €[1,5]) was estimated from
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microbiological count data (Pipes, Ward and Ahn (1977); Maul, El--Shaarawi
and Block (1985); Maul. and El-Shaarawi (1991)); »€30-50 is about the
maximum sample sizes in environmental microbiology. | noted that the chosen
parameter ranges were more representative of coliform counts or other
microbes occurring at low density. | found estimates of negative binomial
parameters reported in the literature that were outside this range (eg: means in
Maul, El-Shaarawi and Block (1985); variance parameter in Pipes and Christian
(1982), Christian and Pipes (1983)). The estimate values outside the ranges
were due to microbes that commonly occur at moderate to high concentrations
and due to the greater spatial and temporal variability that often occurs in
environmental sampling as opposed to a controlled laboratory setting.

For simulation under the alternative hypothesis, the mean used to
generate one of the subsamples was kept at the null hypothesis setting and the
mean of the other subsample was. varied for the desired power comparisons. |
shall refer to both the choice of parameters and (sometimes) the set of samples
generated for that choice using NB(u1=po=p,a) or NB(uy>p,a) as the "Hg setting”
or "power setting" respectively. ' '

The computing environment used was S-PLUS version 3.2. Random NB
counts were generated as random Poisson variates with means generated és '
random gamma variates with the desire-d shape and scale. Thus, the NB counts
are generated as a gamma mixture of Poissons. The random NB generator
available in S-PLUS was based on the Pascal form that uses only integer k
(=a1) and | wrote a routine for general k. The estimation and testing routines
were built using S-PLUS commands. | noted that Venables (1994) has written

S-PLUS code to fit and analyze NB GLMs for a nested sequence of models

using analysis of deviance (LRT).
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The variance parameter was estimated using the single population
-assumption (under Ho) for all methods. Because use of the generalized score
tests does not require estimation under the alternative hypothesis, the 2-sample
variance parameter estimate was not calculated for several methods and
comparisons were made on the single population (Ho) estimates.
The estimation methods are listed below along with their acronymns and

the page numbers on which they are described.

Estimation Method Acronym Description
Maximum Likelihood ML pg. 12
Extended Quasi-Likelihood EQL pg. 14
Pseudolikelihood PL pg. 18
Optimal Quadratic oQ pg. 20
Conditional Maximum Likelihood CML pg. 23
Negative Exponential Disparity = NED pg. 25

The estimation methods are rated according to the size of the errors of
the estimates (a—a) calculated under the null hypothesis. The criteria for
comparison of the estimation methods are average bias, mean square error
(MSE) and means of root squared errors (MRSE) as a robust alternative to
MSE. The MRSE is discusséd in the next to last section of this chapter. The
differences in MRSE are tested via simultaneous confidence intervals using the
"all possible contrasts" form of Hotelling T2 (Seber 1984, section 3.4; Miller

1966, p. 197; Scheffé 1959, section 3.5).
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The two-sample tests of the null hYpothesis Ho: B, =0 versus Hi: 5, >0
(or Ho: ti=up versus Hy: uy>pp) are listed below with acronyms and the page

numbers on which they are described.

Testing Method Acronym Description

Generalized Score Tests pg. 36
ML Score test ML.S
EQL Score test EQL.S
PL Score test PL.S
OQ Score test oQ.S
CML Score test : CML.S

Other tests

NED Disparity Difference test DDT pg. 33
Generalized Likelihood Ratio test LRT pg. 33
Welch Modified 2-sample t-test -t pg. 35

The criterion for comparison of testing methods is based on the power of
the test. The Welch t-test has an approximate t distribution. All tests other than
the t rely on asymptotic chi-square distributions. Table 1 (p. 95) lists the
rejection rates of the testing methods at the Hy settings using the asymptotic
distribution critical values. The t was compared to a critical value of t(=0.05)
with degrees of freedom calculated by formula. The others are compared to a
critical value (cv) of y2(df=1,=0.1) =2.7055; Hg was rejected if the test statistic
was larger than the critical value and i, > fi, and accepted otherwise. All tests
are remarkably close to the nominal 0.05 level. I\n general, LRT is the most
liberal and DDT the most conservative. No test is the overall winner in
achieving the nominal rate using the asymptotic critical value. '

Adjustments were made to the critical values in order to make the test
size the séme for all methods at the null settings. The critical values were
determined empirically to"make the test size or alpha level equal to o =0.05.’ It
would be possible to follow the work of McCullagh and Nelder (1989, pp. 459-
463; general'derivations in McCulIagh‘ and Cox, 1986) to obtain a Bartlett
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correction factor for the LRT statistics to maké them more closely chi-square and
use a chi-square critical value. However, | found no similar adjustments in the
literature for the other methods. 1 followed the commonly used practice of
setting empirical critical values.

I generated (N=) 10000 samples (of size n) at each Hq setting. | used as
the critical value for a testing method that value of the test statistic which
produced a rejection raté of ¢ =0.05 for the samples generated under the Hg
setting [less the "non-NB" samﬁles (defined below) for that testing method]. The
empirical critical values are listed in Table 2 (p. 96).

| generated (N=) 5000 samples (of. size n; comprised of two subsamplés
of size ny=nz=n/2) at each of the power settings. Differences in power are
tested using the Generalized Estimating Equation (GEE) approach (Zeger,
Liang and Albert, 1988) performed on the indicator matrix representing the
outcomes of testing method results. The outcomes are 0 or 1 depending on
whether Hp was accepted or rejected for the 2-way array of samples by testing
methods.

An advantage of using the Hotelling T2 for MRSE or the GEE approach
for power comparisons is it capitalizes on the high degree of correlation
between the different estimators or testing methods results on individual
samples. A disadvantage is the complication due to "non-NB samples”, a
sample for whiqh one or more of the estimators or tests was not calculable
(discussed in next section). |

[ used tables to display the actual values of comparison criteria for the
different methods. Tables contain‘ing Hotelling T2 results on MRSE or GEE -

_ results on power are coded to show statistically significant differences. | used




) 44
plots to show general trends from the result tables and to distinguish between

significant results and practically important results.

Estimators-and Tests when a<0

During the generation of samples, | discarded "underdispersed" samples
and generated new samples until .a total of 10000 samples were obtained.
Underdispersed samples are those for which 5% <y where 5 and S? are the
sémple mean and variance. There is no (real) root to the ML (variance
parameter) estimating equation for underdispersed sampleé (Aragon et. al.,
1992). Both .PL and OQ produce négative estimates of the NB 'vafiance
parameter for underdispersed samples and it is questionable whether the
remaining estimates (based on CML, EQL, NED) would be positive. . When a
sample is underdispersed (S* < ¥), one might believe that fitting the NB is not
appropriate. Other simulation studies réported discarding or replacing these
samples [Pieters et. al. (1977), Wilson et. al. (1984), Van de Ven (1993)] or
assigned the value zero to the NB variance parameter estimate [Anraku and
Yanagimoto (1990)]. Underdispersed samples can occur by chance, especially
when generating samples from NB distributions with small means and variance
parameters (Wilson et. al., 1984). The numbers of underdispersed samples
from my simulation settings are listed in the right-most column. (of Table 3 and
Table 4, pp. 97-98) under the heading S? <5. The numbers of samples
discarded increase as a and u decrease. The proportions of samples affected
agree with those of Wilson et. al. (1984, p. 110-111) and Clark and Perry (1989,
p. 313).

Even when $? > v it is possible to obtain negative estimates, @<0. The

variance parameter of the NB distribution is defined for positive values only. If
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an estimation method failed‘to produce an NB solution, i.e.: estimation produces
a <0, | refer to the estimates as "non-NB" estimates.

Some authors did not discard any samples with negative estimates for a
or k and i‘ncluded the negative values in estimates of bias and MSE. Clark and
Perry (1989) allow negative values for the solutions to PL and EQL estimating
equations which arise solely due to sampling variation. They cite work by Binet
(1286) who obtained (positive binomial) estimates using the analogy between
the negative and positive binomial distributions and by Ross and Preece (1985)
who worked with a setting in which a negative MLE of k leads to a valid

censored probability distribution. Piegorsch (1990) allowed negative MLEs for a
but restricted the range, for numerical stability, to &, > ~Vmax(y) Where max(y) is

the largest observed value from the sample.

I chose to interpret negative variance parameter estimates as evidence
supporfing a Poisson distribution and assigned the value @ =0 when testing
comparisons on all samples. | did not pursue theory and tests for non-NB
estimates related to a (positive) binomial. Recall that the Poisson is the Iimitin'g‘
distributioﬁ of the NB(u,a) as a — 0. The pmfs of a Poisson and NB with small a
are almost indistinguishable. Figure 4 (p. 129) illustrates this point by showing
a sequence 6f NBs pmfs with the same mean as a Poisson conve}ging to the
- Poisson as a decreases. The estimating equations for ML, CML, EQL, and NED
involve taking logs of quantities which may become zero or negative (numerical
instabili_ty). I did not find instability to be a problem for ML, CML or EQL
- estimation under Hy. Negative estimates converged to values within the range
used by Piegorsch. Thus | was asgigning a =0 for negative estimates With -
values close to zero. NED produced many more non-NB estimates under Hg

and values often further from zero, and became unstable or divergent in the
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negative direction. When | investigated a subset of the cases where instabilities
occurred and employed slower, but more reliable numerical analysis
techniques, | found that the majority (>90%) of the estimates became very small
positive estimates.

The other kind of instability was when a diverged toward infinity. Only
NED estimates exhibited this type of divergence (estimation was considered
divergent and stopped after @>1000). The divergence (& =1000) was much less
frequent than non-NB estimates (a < 0); it amounted to less than 8% of the
overall difficulties associated with NED (more frequentIy it wés less than 2% or
did not occur) at any simulation parameter setting. Ag'ain, when numerical
analysis techniques were applied, the vast majority of these divergent estimates
converged: '

When conducting the two-sampie test, | performed each test based on
either the NB or the Poisson distributions depending .on whether NB or non-NB
variance parameter estimates were obtained. For LRT and DDT, the two-
sample test required obtaining ML or NED estimates for the NB variance
parameter under Hy. There were non-NB estimates produced under H4 for
samples that had produced NB estimates under Hy: Estimation under Hyis
based on a single sample of size #=30 (or 50) but estimation under Hy is based
on two samples of-size n1=n2=15 (or 25). The difference in sample size was a
factor in occurrance of non-NB estimates (under Hy). Included in the (H1)
estimation algorithms for ML and NED was a grid search for better starting
values if the first estimation attempt did not produce NB estimates. | did not
investigate the (H1) ML estimates that did not produce NB estimates to
determine if any were due to divergence. The incidence of divergence for NED

under Hq were at least as small as those under Ho. | did not update any NED
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non-NB estimates to reflect the results of numerical analysis techniques, but
recorded the numbers and types of non-NB estimates that occurred.

Tabulations of all types of non-NB estimates are found in Tables 3 and 4
(pp. 97-98) for simulations at Ho and power settihgs respectively. The
tabulations of non-NB estimates produced under Hg estimation for the various
estimation methods are in the columns under the heading of "G <0 (Ho)". Note
that after underdispersed (5% <¥) samples are discarded (right-most column of
table), PL estimation cannot produce non-NB estimates. | included (Hg) NED
divergence failures in the same category with its non-NB estimates. A Poisson
test was performed whene\;er non-NB estimates were obtained under Hg or Hj.
For LRT and DDT the additional non-NB estimates produced under Hy (for
samples that produced NB estimates under Hp) are listed under the heading
"a<0 (H4)". | was unable to perform either an NB or Poisson test for DDT on a
few samples. For these samples the NED mean estimate (assuming Poisson
distribution) for one of the subsamples converged to zero (indicating P(Y=0)=1).
These counts are listed in Tables 3 and 4 under the heading "no tests". Some
LRT non-NB estimates under H; estimation were identified but the samples had
not been saved. These results were listed under "no tests" (Table 4 only)
because | was unable to determine whether they would have produced an NB
test with new starting values or would have produced a Poisson test. The
(Welch) t-test always produced a result and is indicated as such by listing
zeroes under "no tests".

For statistical comparisons, | distinguish between the following sets of
samples (out of N samples of size n generated at a setting): the set of samples
where all methods produced NB results (I shall refer to these as "NB samples"),

and the set of all samples but using a=0 for non-NB estimates and Poisson
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tests where non-NB estimates were obtained (I shall refer to these as "all
samples” or "NB+P samples"). MRSE and power comparisons were performed

separately on NB samples and NB+P samples.

Choice of transformation (MRSE).

Because the Hotelling T2 is based on the multivariate normal distribution,
| used a transformation which (i) produced symmetric histograms and boxplots
and (ii) the best looking normal quantile-quantile plots (qq plots) for the
combined error distribution and (iii) produced error distributions of
(approximately) the same shape for each estimation method. Sebér(1984)
reports that Hotelling T2 is more sensitive to skewness than kurtosis. | wanted to
use a single transformation, if possible, that would work for all data sets so that
sizes of (mean) errors could be compared between the various parameter
settings. | followed up on my choice by determining the Box-Cox transformation
for the sets of samples at the various parameter settings (discussion below).

| considered the following transformations on squared errors (sqg.er) or
absolute errors (abs.er): sg.er, abs.er, log(sq.er +c) for ¢=.5, .1, .01, .001,°.0001,
and root(sq.er) for root=i/5, 1/7, 1/9. The constants in the log transformations
were added to avoid the usual problem of infinite results for errors that are
essentially zero. The vast majority of errors fall in the range of (-5.0,5.0). For
values in that range the traﬁsformations have different effects on errors relative
to their size. They magnify or reduce the differences between "similar errors", or
errors within the same small intervals, depending on the interval's distance from
the origin. These transformations in intervals close to and more distant from
zero are displayed in Figure 5 (p. 130). As expected, squared errors magnify
the errors that are distant from zero and the log transformations magnify the

differences between errors in the interval about zero with the stretching or
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magnification increasing as c¢ approaches zero. The root transformations have
a more moderate effect on errors close to zero and a stronger leveling effect on
errors far from zero. They also produce more symmetric histograms for the data
from the range of simulation settings that | used. In Figure 6 (p. 131) are
histograms of transformed sq.er for all the transformations considered.- The data
are the set of errors, combined across all six estimation methods, for one of the
simulation settings (NB(u=1,a8=.2)). Thus, there are 6 x 10000 (NB+P) results in
the combined set. | had originally wanted to perform contrasts on MSEs but
decided against it because sq.er's produced extremely skewed distributions
and mean values were most influenced.by the few large errors. The symmetry
of the distributions for the various log transformations was effected by the choice
of the constant added to the errors. The smaller the constant, the more
| symmetric the histogram. The root transformations produce the most symmetric
histograms, but with their restricted positive range and stubby tails they fall short
of appearing normal. Among these choices of transformations;, | decided to go
with (sg.er)1/7 but | suspect thét the test resuits from any of the root
transformations would be essentially thé same. Henceforth, | shall refer to
(sq.er)17 as root square error (RSE) and its mean value as MRSE. In Figure 7
(p. 132) ére the histograms of RSE broken out per estimation method (example
from one simulation parameter setting (NB(u=1,a=.2))). Note their similarity in
shape. |

Figureé 8 (n=30) and 9 (n=50) (pp. 133-134) contain box plots of RSE
per estimation method for all the Hp simulation settings. The y-axis is the same
in all plots so the viewer can compare the range for RSE at the various
simulation settings and samples sizes. The box plot features are standard. The

'box encloses the interquartile range with an inner line at the median, whiskers
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(dashed line) extend to 1.5 times the inter-quartile range and data outside that
‘ range plotted as dots. The MRSE is indicated by an "x". The intent of the box
plots is to confirm that the RSE transformation achieves symmetry at all settings
for all estimation methods prior to testing differences using Hotelling T2.

In order to see how the RSE compared to the "best" iransformation, I
applied the Box-Cox procedure. The Box-Cox transformation determines the
MLE of the power transformation to produce constant normally-distributed
residuals (Box and Cox, 1964; Box and Draper, 1987). The "best" (Box-Cox)
transformation per parameter setting resulted in power (A) in the range
[50< A <1/5]. Fora majority of the parameter settings used, A=1/7 (RSE) was
includ‘ed in the 99% cénfidence interval on 4. When | retested those parameter
settings with "best" transformations furthést from RSE, the results of the
Hotelling T2 using the "best" 4 produced the same (significance) results as
those using RSE. In order to compare sizes of errors acrosé parameter settings,

all results will be présented in terms of RSE and MRSE.

GEE Analysis of Power Results

Differences.in power are tested based on the generalized estimating

" equation (GEE) approach outlined in Zeger, Liang and Albert (1988). The
power results are an indicator matrix representing the outcomes of the testing
methods. The outcomes are 0 or 1 depending on whether Hy was accepted or
rejected for the 2-way array of samples by testing methods. As might be
expected, there is a high degree of correlation between the different testing
methods results on individual samples. The rows (samples) of the matrix are
independent and the columns (test methods) are a set of correlated Bernoulli

trials (see a summary of the correlation structure in Tables 21 and 22, pp. 115-
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116). The GEE approach is a extension of GLMs for data displaying
dependence (data with correlated outcomes per subject; the paper by Zeger et.
al. (1988) was presented in terms of longitudinal data). The interest is on thé
power over the complete set of samples or a "population-averagéd" GEE model.

For the power result matrix from a set of d testing methods applied to N
independent samples Ty, = {t,]} the expected or mean response is the same

for every row, E(T;) = E(t;,....t;;) =4, Vi, and the variance function g() is

Var(t,-j) = g(frj) = Tj(l—Tj),Vi. The means for the binary power outcomes are

modeled with a logit link i.e., B =h(7j)=logit(’cj)=log(1 TfT }‘v’i. Thus,
A
B;

b

e

T;= . The estimates of B*are obtained by solving the GEE

1+e

N ot :
U(B*) =y o 1(T; —t)=0. The covariance structure for each row is the same

* "1
9P
and estimated by V, =V, , = A%RA%, where 4= dz’ag{%j(l— %])} and R is the

sample correlation matrix of the power results. Liang and Zeger (1986) show

that B* the solution to the GEE is consistent and asymptotically (N — o)

Gaussian given only correct specification of the mean and the usual regularity
conditions. A consistent variance estimate is V.. = MyMM;!, where

B
N t N t
Mo=Y ;:*VFI% and 1,= Y (;";*v,—l(z; T -7) 7 ;.
i= i=1
(2 =A). The GEE

simplifies to U(p*) = EA%R‘lAV(T —1)=0, hence U(B ) 0= ZT 7)
i=1 i=1 .

T; -T and ﬂJ —log1t( )the logit of the power (empirical rejection rate) of the ji» -

testing method. The variance estimate is V. = =N 1A‘ISA where

(N-1)S = Z (T; -%)T; - ,C) and A= dzag{ (1 7 )} Contrasts between the power
1 .
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of the testing methods, on the logit scale, are based on Z-statistics,

I % ) . : '
Z = ¢ %V c where C is the vector of contrast coefficients. A simultaneous

(Bonferroni) a-level test of all possible contrasts between d methods are based

on whether the Z-statistics fall into the associated acceptance regions,

[(I)“—/ik@l——l%k]’ where k= d(dz"l), and @ is the normal cumulative distribution

function.




53

CHAPTER 5
RESULTS

| used tables to display statistically éignificant differences. 1 used plots to
show general trends and to distinguish between significant results and

practically important results.

Resulis for Estimation Methods

Differences between methods used to obtain estimates of the NB
variance parameter were tested in terms of means of root squared errors.
General trends in size of MRSE for the methods are shown in Figure 10 (p. 135)
for samples generated at the Hp settings. The simulation settings for u are listed
along the x-axis and values of MRSE along the y-axis. Results are plotted using
a different symbol for each of the six estimation methods. Three different line
types are used to connect a method's MRSE results for a given simulation
setting of a across the settings of u. Separate plots are presented for sample
sizes of n=30 and n=50. For all estimation methods at all settings, smaller
MRSE is achieved for n=50 (plot B) than for n=30 (plot A). The set of lines for

the different settings of ¢ fall in separate bands with no overlap between line

types on a plot. All the lines (and bands of line types) are decreasing. Thus, for

any method, the estimation errors decrease for a given setting of the variance
parameter as the mean setting increases and for a given setting of the mean as
the variance parameter setting decreases. The relative performances of the

different estimation methods is variable, with no overall winner or loser.
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The Tables 5-8 (pp. 99-102) display results of Hotelling T2 test comparing
MRSE for NED versus the other estimators. Each table is' partitioned into two
sections by double bold horizontal lines. The ‘res‘ults for the Hp settings are
listed in the top section and results for the H; power settings are in thé bottom
section. | chose to separate the table into two subsections because the
performénce of NED is different for Hy data than for H¢ data. Recall that the
MRSE comparisons are being done on the variance estimates obtained under
the Ho assumption. Thus a comparison of performance where that assumption
is true (the Hp settings, as summarized in Figure 10, p. 135) is typically all that
would be reported. | observed that the performance of NED did not follow the
pattern of the other estimators at the Hy settings and included the power setting
results because | thought them of interest (discussion below).

Results for different sample sizes (n=30 or 50) ‘and sets of samples
included (NB or NB+P samples) are found in different tables. The values listed
in the tables are the MRSE per estimation method (columns) for each simulation
setting (rows). Thus, each row represents the results from a Hotelling T2 test for
the listed simulation setting. The MRSEs are coded so that significant
differences at overall &=0.05 can be seen at a glance. The MRSE for NED, and
all estimatofs not significantly different from NED, are listed in italics and
shaded in gray. Any MRSEs that are significantly smaller (better) than that for
NED are listed in bold and underlined. Any MRSEs listed in plain text are
significantly larger (worse) than those for the NED method.

For NB samples of size n=30 (Table 5) or n=50 (Table 6) 6f the Hg
settings (top section of tables), the NED method performs modereitely well.
Here NED is significantly better than at least one other method in 3 out of 9

settings and performs at least as well as one other method in 7 out of 9 settings.
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NED is significantly worse than all other methods for 2 out of 9 settings and
outperformed by at least one other method in all but 1 out of 9 settings for each
sample size. When looking at MRSE for NB+P samples results are similar.
There is general agreement \in MRSE entries to two significant digits between
the tables at the same sample size (Tables 5 and 7, Tables 6 and 8). Even so,
the small changes in MRSE due to including samples with at least one non-NB
estimate (NB+P) for such a large set of samples (N=10000) results in a general
deeline in performance for the NED. Recall that the NED rﬁethod had the
largest number of non-NB estimates for all simulation settings (Tables 3 and 4;
pp. 97-98). Thus it received the largest number of estimates with @ =0.

ML has significantly smaller MRSE (NB+P samples) than all the other -
methods for 5 out of 9 of the Hy settings for samples of size n=30 and for 8 out of
9 settings for samples of size n=50. The methods that are significantly better
than ML'for some Hg settings afe PL (at 4 settings for n=30; at one setting for
n=50) and OQ (at 3 settings for n=30; at one setting for n=50). MRSE for CML is
not significantly different from that of ML at 2 out of 9 Hy settings for samples of
size n=30 and 5 out of 9 settings for samples of size n=50.

The performance for NED is dramatically improved in the same tables
under the power settings (bottom section of tebles). NED has MRSE at least as
small as all others for all but 3 out of 24 power settings and all but 2 out of 26
power settings for samples of size n=30 and n=50 reepectively. This is an
example of estimation under a misspecified model. The samples are generated
from two populations with a common variance parameter but estimation takes
place assuming a sin‘gle population. (The meane of the two populations are
different, hence the population variances are different even though the variance

parameter is the same.) We compare estimates of the variance parameter
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when the mean structure has been misspecified. The mixing of samples from
~ two populations does not drastically change the probabilities of small counts but
increases the probability of a few of large counts. In a sense this may provide a
look at robustness in estimation. The difference between NED and the other
methods in terms of (MRSE) errors of estimating the variance parameter can be
seen in plots which display results for both the Ho and power settings. Figure
11 (n=30) and Figure 12.(n=50) (pp. 136-137) present the totality of the MRSE
results for NB samples in a matrix of plots displaying the factorial design at the
Ho setting. The matrix is organized with the levels of a in rows and levels of nin
columns. Different line types ére used to connect the results per method. The
actual settings for which MRSE was calculated are only at (a subset of) the
"percent increése in 1" values listed across the x-axis. The actual settings and
values are listed in Tables 7 and 8. The "0% increase" mark indicates the
MRSE result at the Hy setting. The legend for the line types connecting the
MRSEs for an estimation method across the settings is found in the upper left
plot. The MRSE lines, with the exception of the one for NED, appear parallel
across the settings and show that MRSE increases with percent increase in p.
The NED line stands out becausé it drops ,bGIO\;N the other lines at the higher
values of percent increase in 1. The percent increase in u indicates the
departure of the simuldtion setting from the Ho (11=4,) assumption being used
to calculate the sample estimates. The NED method which is purported to be
robust or less sensitive to outliers and inliers provides the smallest variance
parameter estimates in these éettings. The tendency to be biased low seems to
be the advantage in simulations with parameters set at small positive values.
The plots for NB+P samples would be essentially the same due to the relétiveiy

small differences in means (same values to two significant digits). .
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Plots also provide a visual impression of the sizes of differences in MRSE
results. Thereis a relati'vely large range of root square errors for each method
compared to much smaller differences in the means (MRSEs). Refer back to the
RSE histograms for NB+P samples in Figure 7 (p. 132). There is a histogram of
the RSEs for each estimation method and the MRSEs plotted with an X along
the x-axis. All the histograms are plotted with the same break points and y-axis
so the shapes and heights are directly comparable. All the MRSEs are just to
the left or right of the break point-at 0.6. The similarity of the shape and spread
of the histograms and the small differences between MRSEs indicate the impact
of the large set of samples (N=10000) and correlation of results in detecting
significant differences. Similar information is conveyed in the box plots of
Figures 8 and 9 (pp. 133-134) for all the null simulation settings.

- The degree of correlation of RSE across samples between the different
éstimators is summarized in‘Tables 9 (n=30) and 10 (n=50) (pp. 103-104). The
average, maximum and minimum correlation values across all the settings for
MRSE Hotelling T2 test analyses on NB samples are listed. Note the high
values for PL with OQ, and for EQL with CML and ML. NED has the lowest
correlation with any other estimator.

Numerical values for Bias and MSE based on the same data sets as for.
MRSE are found in Tables 11-14 (pp. 105-108) and plots found in Figures 13-
16 (pp. 138-141). This presentation is included because bias and mean square
error are often the measures used to evaluate estimation methods. A horizontal
line at the origin is added to the Bias plots. NED tends to underestimate the
variance parameter yielding negative bias. Bias in estimates of a decrease as
the setting for p increases, except when a=1. The plots of MSE appear'q’uite

similar to the plots of MRSE; the most notable exception being that there are
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larger differences between the methods based on MSE than MRSE for settings

with a=1.

Results for Testing Methods
For all the Hy settings, simulations were run to determine the power to
.detect a 100% increase in the mean of the treatment subsample. Other
increases, in even 25% or 50% incremental settings above the null setting,
were used. The choice of the settings was driven by the infent to see how small
(approximately) a percent increase could be detected without dropping below |
' 50% power and how large (approximately) a percent increase. was necessary.to
“achieve a minimum of 80% power by all testing methods. In some setfings the t- -
test and Disparity test were performing pborly and the settings were stopped
after the LRT and all the score tests achieved 80% power.
The general performance frénds across all tests can be seen in plots.

Figure 17 (p. 142) summarizes the-power to detect a 100% increase in the
mean. The null settings for u are listed along the x-axis and power plotted
“along the y-axis. The power values are indicated by plotting symbpls, with a
separate symbol for each test. Three different line types are used to connect a
test's power results for a given value of a across the settings of u. Separate
' plots are presented for sample sizes of n=30 and n=50. Out of the set of score
tests, only the PL.S score test is plotted. All of the other score tests produce
power lines which criss-cross between or are indistingu'ishable from either the
LRT or PL.S lines. For all tests at all settings, better power is achieved
for n=50 than for n=30. The smaller the value of the variance parameter, the
less difference in power between'the testing methods. The power lines for the

various methods are closer together for a=.2 and more spread for ¢=.5 and a=1.
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For n=50 the range of power for a=1 is visibly greater_than for a=.5 at every
setting for 4. The set of lines for the different values of a for the various testing
methods fall in separate bands, as there is almost no overlép between line
types on a plot. Thus, the power to detect a difference increases as the
variance parameter decreases from a=1 to a=.2. For each setting of g, the lines
representing LRT and PL.S are above those for t and DT. The only exception is
for n=30, ¢=.2 and u=1. Almost all the lines aré increasing. Thus, for each
testing method at a given setting of variance parameter, power to detect a 100%
difference in' i improves as u gets larger. The only exception to this pattern is
for DDT at a=1.

Figure 18 (n=30) and Figure 19 (n=50) (pp. 143-144) present the totality
of the power results in a matrix of plots displaying the factorial design at the Hg
setting, with the levels of a in rows and levels of y in célumns. Lines connect the
points at which power was calculated to aid the viewer. The power calculations
were made at only at (a subset of the) settings labeled as "percent increase in
u" along the x-axis. The actual settings and values are'listed in Tables 15 and
16 (pp. 109-110). The legend of line types for the various testing methods is in
the upper leftmost plot but the lines of tests with only small power differences
blur together. In each plot, the lines fof the score tests and LRT are uppermost
and close together, often indistinguishable. In most plots the lines for t and DDT
run some distance below them, indicating a practical drop in power. The total
spread between_the lines is smallest in the upper row of plots and greatest in
the bottom row. Again, this demonstrates that there is less difference in power
achieved by the testing methods at smaller values of a. All the lines are
increasing. Thus for all tests and all null settings used, power increases with

increased difference between the means of the two subsamples. The plots in
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the top row have lines beginning further to the left, at smaller percent inéreases
in 1. Looking down a column (a given value of Hy setting for 1) and at a fixed
percent increase in L, tests achieve greater power for smaller a. Looking across
a row from left to right (at a given value of Hy setting for a, across increased (Ho)
settings of 1), greater power is achieved by the tests at a given "perqent
increase in u". This is seen as a shift upwards for a inen position along the x-
axis by the top group of lines if not all lines.

To understand the relative~difficulty of distinguishing between NBs with
different means and a common variance parameter as influenced by the
settings for @ and p, consider the model pmfs from which the samples were
generated. The pmfs for generating the 2 subsamples, each of size n/2, used to
determine the power to detect a 100% increase in u are plotted in Figure 20 |
(a=.2) Figure 21 (a=.5) and Figure 22 (a=1) (pp. 145-147). The plots show the
degree of similarity in the probabilities of producing sémple counts. The pmi's
on a plot appear quite similar and overlapping but the dégree of similarity
depends on the settings for a and p. For a given value of g, the larger y, the
greater the differences in the heights of the NB pmf's especially as regards "
probabilities of larger counts. For a given value of , the larger the value of g,
the smaller the differences of the heights of the NB pmf's are. For a simple
measure of the differences in the pmf's, see Figure 23 (p. 148) for the
cumulative sums of the absolute differences in heights. This gives some
rational for the differences in power performance for the tests. The settings with
larger cumulative differences yield greater power for all tests. Printed on the
pmf plots in Figures 20, 21, and 22, are the empirical power values for a
selection of the 2-sample tests performe'd on the N=5000 samples [less the non-

NB samples] generated at sample sizes n=30 and n=50. The relative size of the
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power to detect a difference between the subsamples at different settings
follows the size pattern of cumulative differences found in Figure 23.

The results of the significance tests for differences in power between
tests are found in Tables 15-20 (pp. 109-114). The results are based on the
GEE "all possible contrasts" test performed on the indicator matrix representing
the outcomes of test results. The outcomes are 0 or 1 depending on whether Hy
was accepted or rejected for the 2-way array of samples b}.l tests. Thus the
analysis takes advantage of the high degree of correlation between the different -
tests’ results on individual samples. A summary of these correlation matrices
across all the power settings is found in Table 21 (n=30) and Table 22 (n=50)
(pp. 115-116). Note the high correlations between the score tests and LRT.

_ DDT has the Idwest minimum and average 6orrelations with any of the other
tests, but its maximum correlations are higher than those of the t-test. The t-test
is most highly correlated with the DDT. DDT has a more variable performancé
across the settings and its highest correlations are with tests other than the t-
test. |

If any testing method did not produce an NB test for a particular sample,
that sample was not included in the comparison of NB power results due to the
missing value. Thus the NB power comparison is done over the subset of
samples where all methods produced NB results (Tables 15, 16, and 19). The
NB+P power comparisons includes all those samples producing a result (NB or
Poisson test) for all testing methods (Tables 17, 18, and 20). (For more
discussion, refer back to section titled Estimators and Tests when @ <0).

The power results in Tables 15-18 compare DDT to the other tests. DDT
performs poorly. It has significantly less power than the LRT for all power

settings and significantly less power than all the score tests for ¢=0.5 and a=1
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and for a=0.2 when pp>1. It has significantly more power than the t and a subset
of the score tests for a few of the seﬂiﬁgs with a=0.2.

Tables 19-20 compare LRT to the t and Score tests. The LRT is alwaYs

significantly more powerful than the t. Itis significéntly more powerful than the

- score tests at most settings for n=30. However, the majority of the settings at
n=50 show the score tests as not significantly different than the LRT.
_Comparisons of Score tests to the t-test for the samples as in Tables 19 and 20
show that all the score tests are always significantly more powerful than the t.
Among the score tests, PL.S is at least as powerful as the other score tests at 10
out of 24 settings for samples of size n=30 and at 22 out of 26 settings for
samples of size n=50. The methods that are significantly more powerful than
PL.S include one of more of (EQL.S, ML.S, CML.S) for 14 out of 25 settings at
n=30 and for 4 out of 26 settings at n=50.

A summary of the similarity of performance between the testing methods
is found in Tables 23-30 (pp. 117-124). The tables list the unique rows of power
result matrices for 5 tests (EQL.S, PL.S, DDT, LRT, and t) at all the power
settings. The left section of each table indicates the rejection patterns (0O=accept
and 1=reject) listing éll possible outcomes for different combinations of the
testing methods. The remainder of the table tabulates the occurrences of that
pattern, one column of counts for each simulation setting. Table .23 contains the
power settings with variance parameter ¢=.2 and samples‘ of size n=30. For
these settings all the tests perform the same over 75 percent of the time (see
right column; all accept is 24.54% and all reject is 56.89%). Looking at the
totals (right column) for Table 23, the tests that are individually most different are
DDT which rejects alone a total of 480 times and t which accepts when the other

four reject 1509 times. The combinations of 2 and 3 tests rejecting together.(or
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accepting together) most frequently are DDT with‘ tand LRT with the score tests
(EQL.S and PL.S). DDT and t reject together when others accept 262 times and
LRT, EQL.S and PL.S reject together when DDT and t accept 823 times. Some
rejection patterns don't occur at these settings. LRT never accepts when all
others reject and EQL.S never rejects alone. Tables 24 to 30 exhibit similar
patterns. The biggest differences are within the categories of "rejected by no

tests" and "rejected by all tests" depending on the setting.
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CHAPTER 6
CONCLUSIONS

The NED estimation methodl is intuitively appealing and has proven to be
competitive in contaminated Normal models (Basu and Lindsay, 1994; Basu
and Sarkar, 1994). However, | can not propose it as a simple, most efficient
estimator for the NB variance paraméter based on my simulation study. |
cdncentrated on comparing estimation under a correct model where the ML
method is expected to perform the best in terms of efficiency. The NED
performed moderately well, performing significantly better than some of the
estimators in terms of MRSE fdr some of the Hy settirigs. It may not have bee‘n
the best overall, but it stayed within the range of the others and there were no
great practical differences in MRSE.

The testing procedure DDT based on NED produced low relative power.
The fault may have been with the 2-sample estimator of a common variance
parameter. Perhaps a technique that combines the estimates obtained '
separately from the 2 samples would be more app;opriate. Bliss and Owen
(1958) present a technique for weighting separate MOM estimates to get a
combined estimate of a common variance parameter.

At present, the t-test is a common approach for testing differences
between two populations for any type data. . For my NB simulations the power of
the t-test was dominated by all but DDT. | recommend agjainst its use when the

population means are as small as those in my simulations. The LRT is attractive

because it is well understood. But the LRT fails to produce an NB test (due to
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non-NB estimates) more often than the score tests and is computationally more
intensive. An advantage of generalized score tests over the_ LRT is their
standard null asymptotic chi-squared distributions (Boos,1992). The LRT. under
misspecification has a nonstandard null asymptotic distribution. It is generally
distributed as a weighted sum of chi-squared random variables with unknown
weights (Foutz and Srivastava, 1977; Kent, 1982).

The score tests are easy to compute, perform well and show little
practical difference in bower frqm the LRT for the sample sizes considered.
Among the score tests, there was no clear evidence of a best estimation
procedure to use based on RSE practical differences. | would recommend the
PL and OQ estimators based on ease of computation. | would recommend EQL

and CML over OQ and ML based on fewest failures. ;

Further Work

| intend to make my score test S-PLUS code available on the web for use
by applied statisticians.

Interval estimates for the NB parameters or difference between the NB
subsample means may be obtained by profile likelihood confidence intervals
(Nelder and Pregibon, 1987) or inverting the test statistics. Details for those
based on NED may be of interest and will be considered at a later time.

In the future | plan to perform a simulation study to compare the
estimation methods of NED to ML and other robust methods (a subset of EQL,
PL, CML, OQ) by looking at estimates of both the mean and variance parameter
for the NB. | intend to use contaminated NB models to investigate the
robustness of the various estimators. The results of estimation under a

" misspecified model, that is, Hp estimation of the variance parameter at power
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settings, indicated that the NED would be most robust. The biggest obstacle
was that NED failed most often to prodube an NB estimator of the variance
parameter. Perhaps a method other than Newton Raphson, like a gradient or
profile method, would have produced fewer failures in conjunction with NED. |
did not investigate the effect of a larger sample size but expect that it would
reduce the numbers of failures. —

| would like to look at improvements to the DDT testing procedure for NB
data and investigate them in robust settings. | am interested in additional
problems deserving further investigation. A modification- of the Bartlett
correction factor which is used for the LRT or a similar derivation to make score
tests more closely chi-square would enable the use of p-values rather than
using empirical critical values. It may be that the t-test performed on log- .
transformed counts has acceptable power for samples from populations with
large means. Instead of the log-transformation, one could use the variance-
stabilizing transformation suggested by the Delta method. Extension of thé
simulation study to include larger means would provide insight into when it is

appropriate to use the t-test on log-transformed data.
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APPENDIX A.

DERIVATION OF Q* FOR THE EQL METHOD.

To pfove: Q*, the extended quasi-likelihood, (or more correctly, the extended
quasi log likelihood), is obtainable from the log likelihood of the Negative
Binomial where all factorials z! are replaced by Stirling's approximation,

zl= (an)%zze‘z. | am using the notation as defined in Nelder and Pregibon

(1987). It is consistent with that found in McCullagh and Nelder (1989).

Definition: .The extended quasi-likelihood, denoted by O+, is
0+ =-1log{2n0?V(y)} -1 D(y;1)/5* , where o?is the dispersion parameter,

D(y;u)=-2 J';l};/(;bgdu is the deviance function, and var(y) = O'?V([L) (Nelder and

Pregibon, p.223; McCullaugh and Nelder, p. 360).

Proof: (i) Show: -1 D(y;p)/c? = ylog(ﬁj— (y+k)10g[u:]]§] =0 +h(y,k).
y y
For y from distribution NB ([.L,k = a‘l) with fixed &,
var(y) = O'2V(/.L) L+ .L]Lc /-L(.Uk'l' k)
2 ,U
; definitions of Q, D
Dsfo” = [ s ( 0.D)

=V(u) ,s0 0% =1.

- Evaluating the integral using integration by parts and the indefinite integrals
JL = %log(ﬁ) and Jlog(x)dx = xlog(x)— x yields:

x(ax+b) "
o )
=(y—u)log(ul:_uk)5 +{[ulogku—u];t —[(u+k)log(u+k)—(“+k)]'/;}
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= ylog(%) —(y+k)10g(’; :;f) | (1)

This is the same as McCullagh and Nelder's Q for NB in Table 9.1 plus a

function of y and %, i.e.,

2 MH+E 1 k
logl & |- (y+ k)1 =yl + k1
yog(y) O )Og(ﬂkj yog(wk] og(u+k

h(y,k)fklog(yzk)——ylog( J )

y+k

)+ h(y,k), where

(i) Show Q* =—%10g{27r0'2V(y)}—%D(y; 1)/c? is equal to the log likelihood of y

when factorials are replaced by Sterling approximations.

V(y)=y(1+ay) is an empirical variance, expressed in terms of y rather than p.

The log likelihood of y is:

s @8 G I b G ]

and, when substituing in Stirling's approximation for factofials, becomes:

@ayYy’e? @akyirte™ (+k)\k+u) \k+p

- 1og{[2%y(l; . k)ﬂ(y +yky)y+k ( o u)k(k . uﬂ}
el

=—}log{220°V(y)} - $D(ys1r)/0® (from (1))=0*

QED

Note: Nelder and Pregibon suggest the following modifications for NB
and other distributions where y=0 is part of the support space. Rather than the
standard Stirlings's approximation, t‘hey use the modified fdrm:

zl= {27£(z+c)}%zze"z for >0 and suggest using c=<. Following their

suggestion, the modified approximation produces 0!=1.023 instéad of 0!=0 (for
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c=0, as in the standard Stirling's approximation). This approximation is better
than the standard one for all integer z. Using the modified S;tirling's
approximation in the NB log likelihood préduces a change in the calculations
above. The above result holds if one defines the empirical variance function

with the following modification given in Nelder and Pregibon (1987, page 226).

O+’ O+k+e) 1
By+k+c)

Rather than V(y)=V(y;0)= y(y_];l-k) use V(y;c)=

modified empirical variance function reduces to the original form for c=0. Using
c=1, the modified formula becomesQ* = —%log{ZﬂV(y;C = %)} - LD(y; )/

2(y+ Vg +1
= -—%log{Zﬂ G +:2) (}(’1-;63(;4- 6 )} +ylog[%) ~-(y+ k)log(i;—_%)

Substituting in a ="' we get the form of Q* for NB(u,a) used in Clark &

Perry (1989, p. 311). They list the extended quasi-likelihood for a sample of

~ n
counts y;, i=1,...,n as Q+=Z[yi IOg(EJ—(ﬂjlog(ﬂJ
1 Yi

; a 1+ay;
—1log(27m) - log(1+ay;) —%log(yi + %) — %log(l + %) + %log(ayi +1 +_%)]
An adjustment for the degrees of freedom is suggested in McCullaugh

and Nelder, 1989, p. 363 and Nelder (1992b). Nelder and Lee, 1992, p.281,

refer to this as the "finite-sample-adjusted” form. This is an adjustment to the
empirical variance term, i.e., (%)mg{mazv(y;c; %)} Then the NB(u,q) EQL

n
C u 1+ ay; 1+au
equation is 0 =Yy, log[—J—(———)log(—]
' ;[ y; a 1+'ayl- .

14

HIE)-$10a(2m) - 165(1 +ay;) ~3log(y; +§) - Slog(1+£)+ %log(ay_i‘-i-. 1+ %)}]
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Adapting EQL to the NB null hypothesis model, the estimate for the mean
using EQL is fi=¥, and p=1. The estimate for the NB variance parameter is the
+ N
BaQ =0 =U(a)gy, using fi =3, which reduces to solving for
a

=iy NS | Llog LED) )3, et (146%) n-1
“ = eor T [&2 Og( 7 J " l+ay, " 2a+6+6ay)| 2(a+o)

solution to
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APPENDIX B

DERIVATION OF THE PL ESTIMATOR FOR THE NB VARIANCE
PARAMETER.

- 7|2 07V 1
The PL estimator is the solution to: U7 =Y _(1- — =0, where
the & are the diagonal elements of the projection or “hat” matrix that arises at

convergence of the (QL) IRLS solution for the mean parameters for a given value

of the variance parameter. Let dp; denote the solution.

' ' -1
The projection matrix, H, is written: H = Q(Q’Q) @', where

Ouxp =V AD —(dzag( /J] X,5p 1S the matrix listed in Breslow (1989) and
2
nxn

derived by Davidian and Carroll (1987). Note, Q is not the log quasi-likelihood
equation. This'Q is discussed in a note immediately after the derivation of ap; .
For the NB in the single population or intercept-only GLM setting the

following simplifications occur. In this setting ;=1 and V;=V for all i and the

- - u _ b
design matrlx X1 =1, is a column of 1's, §0 0= d1ag(v% )nxninxl =% 1, and

H =ppo(t)=111 is an nxn matrix of —‘s: The QL estimate for the mean is
n

f=y. The general form for the PL estimating equation for the variance

- S RPN
arameteris U(a)p, = ) | 22—~ —(1- —__=0. Then after
P (@)py g{[ﬂi(l"'aﬂi) ( ( a/»h)

. substitution and simplification, U(a)PL_O 2[(}2+a37 ) (1 lﬂ (1+}7a") or
n y
Z(Yi‘7)2 2 -

< . S’-y R R -V |
=1 =(n—1), S0 Gpy = , where §¢ = ¥; —¥)" is the usual
F(1+ap,3) 7" (n_l)'g( )
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sample variance. Thus, the psuedolikelihood estimator for a in this NB single
population setting is just the Method of Moments (MOM) estimator.

NOTE: General comments regarding the form of Q as defined above and
its connection to IRLS and properties of least squares. ‘ .

Nelder and Wedderburn (1972) propose IRLS as a ﬁttin-g method for
GLMs with distributions belonging to the linear exponential family and
parameterized with a canonical link. The NB is not exponential family. The
variance function contains the parameter a which is not a dispersion parameter.

McCuillaugh and Nelder (p.373) get around this by noting that NB(u,a) is

exponential family for fixed a and the canonical link for the NB is log(k K ) or

+ 1L
1
3

H J (McCuliaugh and Nelder (1989, p.372)). Hence the link is a function
of u and (fixed) a. They apply QL and IRLS to estimate the mean parameter(s).

a
+ap

They suggest an additional equatibn to subsequently estimate a.

General insight regardin.g the form of Opxp =(diag(;#}i72)} X,p follows
i nxn

(approximately) McCullaugh & Nelder's outline in section 2.5.
For EQL, we use IRLS to solve: U (B,@) =DV} (y—p)=0 for § fora
pxl

given (fixed) a, where D s {D--

A; : ;
- =3BT= U}:{—‘i} and V=diag( y; +ap?). This

IB;
amounts to using a log link function and n=log(u)=Xp as the linear predictor and

(iteratively) regressing an adjusted dependent variate z =1+ (%—)(y —u) on the

covariates, x; :p x1, with quadratic weight defined by

t
wl= (%jv(u)(%) = diag(l%-]. Vector z is the first order Taylor expansion of
(3

log(y). We assume that E(y)=p and var(y)=V(u). Consequently,
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E[(%J(y ~ u)} =0, Vgr[(%)(y - u)J =W~ and approximately E(z—1)~ 0,1
and var(z-n) = WL Ifthe approximate moments are taken as actual and we let
z" =Wz, then E(z*) =W"n=W"%XB = 0B and var(z*) =1. The resulting
estimate of Bis p= (X’WX)_IX‘WZ and
Op= W%X(X‘WX)‘lx’Wz = Q(Q’Q)_l OW?z.= ppo(Q)z*, where ppo denotes
perpendicular projection operator. Thus H = ppo(Q) is the projection matrix

arising at convergence of the (QL) IRLS solutions for the mean parameters.
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.APPENDIX C:

VERIFICATION OF OQ ESTIMATING EQUATIONS FOR NB IN GLM SETTING.

Notation and equations follow those of Godambe and Thompson
(1989).

The general extended quasi-score function, or OQ estimating equatlons
for the rth component of the parameter vector 0 is:

Z hywy; + 2 hywy; =0

i=1 =1

. L 9K ) . v
=3 (5-1;) 3/r +2 [}h ) (2‘,)%(},‘ ,u,,)-l[ ( J (39 J/ ] ’

b I M J (ZV)/ (ra+2-12)

where E(y;)=(8), var(y;)=c?V; for V; =V;,(6) and ¢*=scale or dispersion
3

parameter, and where y; =E Yi K "2 7 =(standardized) skewness, and
(E[)’i -] ) '

¥, = E| —2 "”iz 77| —3= (standardized) kurtosis.

(E[)’i ~ 14;] )

For the NB model, 6=(B,a) with u; = exp(xﬁﬁ) and common a, o2 =1,

(T+2aw;) * (1+2a)  oV:/ou;
O Gl e
(i (1+ a#i))% v/
Yo; = 6a+{ui(1+aui)}—1 = 6a+$_— , and (7’2i +2—712i) =2(a+1) for all i.
14

Vi=w+aul, vy = vh
;

For the mean parameters, the estimating equations are the same as for

n .
quasi-likelihood because Zhﬁiwzl- = (0 which follows because the term in the

i=1
J 0'(5; )/V%] is zero due to the form of yy;

oL
numerator of w,;, namely | yy;

B,
for the NB.
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This same property holds for GLM settings in general when 6 isthe
canonical parameter. The GLM (exponential family) property was noted by
Nelder in his contribution to the discussion of the Godambe and Thompson

(1989) article. _
For the variance parameter, ﬁ(a)OQ simplifies to

~ 2 i —H Z_Vi— 1+2aft; )(vi— 1 . ‘
U (a)OQ = 2{[0 “) (1+£ﬁ.)2# Jou k. )]} This simplification for the NB with

i=1
common ¢ was noted by Dean and Lawless in their contribution to the discussion
of the Godambe and Thompson '(1 989) article.

There are further simplifications for the one-way layout. Here the third
termin ﬁ(a)og sums to zero. In the single population model the solution to

' n . n
ﬁ(a)OQ =0 yields 2[(}7,- ~y) - V,-] =0,s0that Y (y- ) = ny(l + 50Q7) or
i=1 i=1
-y -¥ (n_—l)SZ_7
dog = 72 =~ = :




77

APPENDIX D

VERIFICATION OF ASSUMPTIONS FOR NB(1,k) FAMILY NEEDED TO
CONFIRM ASYMPTOTIC DISTRIBUTION OF NED ESTIMATORS FOR THE
- NB(u,k) PARAMETERS.

Lindsay (1994) lists the following assumptions about the family of models
(Assumption 31, Appendix A) along with conditions on the residual adjustment
function which are used to establish the limiting distribution of minimum disparity
estimators. Lindsay states that the conditions on the residual adjustment factor
are satisfied by the NED estimator. Thus for a family of models satisfying the
listed assumptions, the Disparity Difference Test (DDT) has an asymptotic chi-
square distribution under Hy (Theorem 6, Lindsay).

The NB(u,k) is both the model and true density. Many of the followihg
properties of the NB distribution may be listed and proven elsewhere, but | could
not find them in the literature. Therefore, before using the NED method, | felt it
necessary to show that the NB family of models satisfies the regularity conditions
of TPE (Lehmann, Theory of Point Estimation, 1983) on pages 409 and 429, and
an additional assumption. The conditions from TPE p. 409 are listed below as
(AO')-(A3); the conditions from TPE p. 429 are listed below as (A)-(D). | used

Lehmann's numbering and wording for the conditions so that the reader could

refer to TPE if desired. The additional condition from Lindsay is listed below as

(E).

s

For all proofs, let v=counting measure,0=(11,k), Ps =NB(1,k).
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(AO) The distributions Pg of the observations are distinct.
Proof: This follows directly from the fact that the probability generating function

(pgf) uniquely determines the distribution of a discrete random variable. (proof in

Fisz, Prob Thy & Math Stat, p. 125) From the Fisz proof it follows that:

Ee(sy)=E9,(sy) Zpe (y)s? = Zpe (y)s? & Pe(()y’)) =1 for y=0,1,2,...
=0 Dy’

Thus,
Y |
0 (55) - .
for y=0, 5:((0)) “kf =1 | - @
u+k
,{_H_)(_k_)k
for y=1, Po) . \BHkAp+E) | (b)

Py (1) k
(# +k’](u +k]

( ) from (a) ©
E=

k
pY(_k
for y=a, 23 _ k(kﬂ)(wkj (u+k) ~1

. \2 S NE
WO el e (77)
- wW+k w+k

_k(k+1)
= oD’ from (b) and (c).

sSk=k. d) -

Substituting (d) into (c) pe(()) =le =y
Dy

Thus, Pg =NB(1,k) distns are distinct for values of 6=(u,k).
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(A1) The distributions Py have common support.

NB(1,k) have the non-negative integers as common support,

(A2) The observations are Y=(¥y,...,Y,) where the ¥; are iid with probability
density f(y;) with respect to v, counting measure.

We assume throughout that this assumption is true.

(A3) The parameter space Q contains an open interval @ of which the true

parameter value 0, is an interior point.
The parameter space Q = {(u,k) 10 <1< e0,0 <k < oo} contains an open

interval o of which (0.ko) is an interior point. Specifically, for any given

(,uo,ko) eQ wecanlet o= (.5[10,2#0)U (.5k0,2k0) .
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(A) There exists on open subset  of Q containing the true parameter point 6y

such that for almost all y the density f(y,0) admits all third derivatives
(0°/96,06,06, )£(7.6) for all 6 in w.

Proof: Let o be as defined in (A3). All third derivatives of the density are
composed of a product of the original density and a function (sums and products)
of the derivatives of the log likelihood. The first and second derivatives of the
log-likelihood are listed in many sources. The derivatives of the density can be

derived through use of the chain rule. | will now produce the third derivatives.

H2_plp+k)
k ko

P=Pus D) =Pl =ipk) = ggk?(uﬁk)y(uik)k.

=k(k+1)...§/;+(y—1))(uﬁk) (uik)k

I=log(p, ()= [yz_ilog(k + J')} ~log y!—(y+ k)log(u + k) + ylog() + klog(k)

Letf=p, I=log(p), V=var(y)=pu +

The required derivatives of the log llkehhood are as follows
A _-mk _(-4u).
o pu+k) V]
2 k(p? —ky-2
F1_a =(u2ky Z#y)whereA=—;—l— 1
o Lo(u+k)

G-w) n (ut+k)’
PL_M, AM_a ., A, Houy+6uy+ 2ty 2l)

W_—é;? uou ou e 1w (u+k)’ ’

a (& 1 (y= 1) k+ Y.

E_LZ‘)(k+j)}_ (ft+k) —10g(—k£)’

a%zr—l -1 } (ky+47) a%_{yz-l 2 }_(u3+3ku2+2k2y)_
( ;

= + _ =
* | S+ | kurr)® & | S+ ) B (u+ k)




8t
FU_ y=p_. Pl _p-k=2y . P _2u-y)

- ’ - ’ a - .
kop  (u+k) Wk (u+k) k> (u+k)

The first and second derivatives of p are:

d_ A b A

ou - du x*& Pox

Pp_pa, A Ny ol
i a'u a'uz ’

P p _bal, azzz{azaz azz]

udk kou Pouck Pl ko uek |

The third derivatives of the density:

3 2 3 2 3 )3 2 3
i{;:@ i +a_é +p Zﬂal 31 =p ﬂ +_3ﬂ_a_é+a_§;
o’  oulldu au au u? aﬂ \du ol du”  ou
a?)_p_: (ﬂ)3+318_21+_(ﬂ .
x> Pl\a) Twal ad |

Pp _Ppla aa, Pp *p N azz o, a a?-z‘ 0l
ok ou| ok auak uck - Ik 2 auzak

_tafay LA A, P
Pac\an) ““anan a2 wkald |

Fp ol az Pl Al d
—5=p|— ot ——mt—
dudk ol K oudk dk  Ju dk*  Judk

QED (A)

Note: The following facts are required for Condition (B)
To show the first and second de‘rivati\./es of the likelihood exist and are finite for

all ye A and 6 Q.
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Proof: The lower derivatives of the density are finite because they are dominated
by the functions of the log-likelihoods (or more correctly, functions of the
derivatives of the log-likelihoods). The expected values of these functions are
finite for the following reason. Summation of terms over the support of Y is
monotone for either the derivative of the density or the functions of the log
likelihood because all terms are of Ijke sign. Thus, the éum of the terms (orits .
negative) represents the maximum. Also, the sum of terms of the density
deriva}tives equals the expected value of the function of log likelihoods. Using the
Dominated Convergence Theorem, it suffices to show that the expectation of

each term in the functions of the log-likelihood is finite for (u,k) in Q.

In the calculations below, | make use of the following:

Lemma 1: (from Durrett, p.34) If X>0 is mteger—valued then E(X)= ZPr(X >1).
i=0

Pf: E(X) ZnPr(X n)= ZPI(X n)(ZlJ ZZPr(X=n)=ZPr(X>i) where

i=1 i=ln=i =0
reversal of summation allowed since all terms are >0 and series on left is known

convergent (Buck, Thm 14, p 174). QED

Lemma 2: (an extension of Lemma 1) If X >0 is integer-valued, and 0 <s(j)<1is

x—1

a sequence not involving X, then E(Z J ZS Pr(X > j).
o

n=1 n=j+1

Pf: E(st(j) ZPI(X n)rf 2 ZPr(X n)= Z )Pr(X > j) where
j=0 - j=0

- reversal of summation aIIowed since all terms are >0 and series is bounded

above by a known convergent series, ie: series in Lemma 1 where s(j)=1. QED

Let E=Ejy for the remainder of the Appendix.
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Lemma 3: E{g%} =%

y-1
Proof: Let B=E _y_ .
j=0k+] ’

Y k] y-1
Now by definition B = 2 Dy +) k y —1—
NT(k) /.L+k n+k okt
The first term is zero, so summation can begin for y=1. Rewriting terms,
o -1 k _ )
=[ B )z P((}’—l)‘”‘)( 2 )y ( k ) (- +k]§
B+k ) (y—-1T(k) \u+k u+k ook
Let x=y-1, and the equation for B is just
X x—1 x-1
S P B yE-aL I N - P el N A ) S z— +B
n+k j=0k+] n+k j=0k+] H+k k+j

x-1 =17
Using algebra, Kp_1+kE ZL . Thus, E ZM =£ aqED
7 i 2 SE+) |k

Now | shall show that the following expectations are bounded by a finite function

for (u,k) in Q ={(,u,k):0<,u<°<>,0<k<°°}.

(1)E[al] E{(y_”)k} i e -p]=0.

o pptk) | ulu+k
ol 1| (ktp 1 N o (ktu
(Z)E[ak] E[Z‘,(m j)] 1°g( X ) go(k ) log( K )
1 k+p\_ K ktp
k;_éPrY>j)+log( p ) P =
r 27 E _'UZ
(3)E(§—L”=__[(y_ﬁ.)_l=%<m
:_821 _dutk) k1
(4)E_ .aﬂzjl—-,uz(ﬂ'l'k)z _,u(/.t+k)—V<
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821 ~ y-1 1 B i ) -1 . l
of-#)-{5mr wi [ el
=%+§ 1 Pr(Y 2 J) —+z

j=olk+ )

o) E{H;i:(kiDJ—@:;JJW;:%JJ
i e R b
by Lemma3 "

1 |_E(y- 1)
7 E 8kauJ 0o

SEIEPDIRIIEESS
oS 5]
_zlog(k;ﬂ)g[g - ’g] |

S|t 2) sl
4th term by Lemma 3,
<E{r§3(k+] ) Z ki); :l} k(ﬂik)+log2(k—;—”—)+2%10g(k—;%)
T iSOt M e

(end of Note from (A)).
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(B) The first and second logarithmic derivatives of f satisfy the eqUations

d .
{89 log £(Y, G)J for j=1,..,s
and
I4(0)=E o logf(Y 0)- —a—logf(Y 0)[=E|- . logf(t’ 0)
7t 96, 96, ’ 96,36, UL

Proof: This follows from the extension of Lemma 2.6.1 to the multiparameter
case (Lehmann, TPE, pp. 125-126). The hypotheses of this extension are: Q is
an open interval (finite, infinite, or semi-infinite) (see (A3)),The distributions Pg
have common support, so that without loss of generality the set 4 = {y : p(y)> O}
is independent of 6 (see (A1)), the first and second derivatives of the likelihood
exist and are finite for all ye A and 6 € Q (see Note from A) and, the derivatives
with respect to each 9; on the left side of j pe(y)dv(y) =1 can be obtained by
differentiating under the integral sign (see Ash (1972), problem 3 page 52).

Because the hypotheses hold, the extension follows.

(C) Since the sxs matrix I(8) is a covariance matrik, it is positive semid‘efinite. In
generalization of condition (v) of Theorem 1.1 we shall assume that the 1,(6) are

finite and that the matrix 7(0) is positit/e definite for all ® in w and hence that the s

statistics

50 (7.0

are affinely independent with probability 1.

Proof: According to Lehmann, this proof is covered by the same Lehmann

extension and hypotheses as for (B) (see above).
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(D) There exist functions My such that

3
—1 ,0)| <M forall 6
56,9649, og f(3,0) < My (y) ‘ Ew

where )

My = Eg [Mi(Y)] <o forall j,k,L.

Proof: There are four cases to consider. Let the symbol := mean "denoted by".
P k(6uky+ 61>y +2k%y —24%)  k(6pky + 617y + 2%y + 2°)
= <

i =M; .
Vo i (u+ k)’ w3 (u+k)’ = M)
2k(3pk +4p” + 2k%) 8%
Th o =Eq | M, ()= <o, V(U,k)ew.
en rfﬁljkl 90[ Jkl( )] /,LZ(,LL+k)3 < uz(u+k) (:u )e
Pl u—k-2y p+k+2y
ii = < =M, .
3u+k 3
Then m;; =Eq |M,(Y)|= < <o, Y(U,k)ew.
LRl 2u-y) 2u+
(“l) 5 = (l‘l' }’3) < (/J. }'3) = M]kl(y)
oudk”  (u+ky (u+k)
4u
Then m;, =Ey | M.,;,(Y)]|= <oo, Y(U,k)ew.
jkl eo‘[ ual )] (u+ k)3 | (n.k) | |
” 53 yf 5 (12® +3kp® + 2%y) yz—l 2 (1 +3ku® +2k%y)
iV) = = o | = < : + ~
x| Sk+j) K (u+ky S+ ) KA+ kY

= jkt (y) . The n‘

(k+j) K (u+k) ok + S

oo . 3 2 2 o0 '
mjkl=E90[Mjkl(Y)]=[22P(Y>]):|+(# bt #)<[Z : J+‘l‘<°°
=0
V(k)eo.

QED.
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(E) Thére exist M (y), Mij,k(j:) and M;;(y) that dominate in absolute value
Ui (¥,0), w;(y,0)u;(y,0), and u;(0,0)u;(3,0)u (y,0)respectively, for all 8 in a
neighborhbod o of By, and that are uniformly bourided in expectation E4 for all 0
in some, possibly smaller, open heighborhood of 6.
u;(v,0),1;(y,0) and u;(y,0) are defined in Lindsay as the first, second and
third derivatives of the log likelihood with respect to 0, where the subscripts

denote the components of @ involved. Let o be the neighborhood of 6g=(0,k0).

“Proof: The choice of functions in part (D) and the calculations satisfy the

conditions for u;;(y,0).

2 —
() 3.0 9,0)= 2L % { (y + K)hpi, x, }

BBy ok | (n+k)>

Let Mjx(y) = ((y ++k]2])c£1 {J}% © i j)jl+ 81;"/3 +log(-@%)} . Then,
E[M,] i (y)] = (ui—/’tk)z{E _:ok%f}- kE[Zk i J} + E[J;Ei —k ) +(u+ k)log(EZ—k)}

__ ku {[E+ulog(#—kﬂ)]+klog(”]:k)+[#(u+k)/k]+(ﬂ+k)1°g(ﬂT+k)}

(u+k) Lk H+k

ku [Zu (,u+k)]
= —+2(u+k)lo <2u+1l)<eo, V(Uuk)ew.
kL & (1 +k)log P (n+1) (u.k)
~dl dl d

(ii) ;(r,0)u;(7,0)u(y,6) S e
t J

(sl [l - witi2)

e (B i)

j=0

Let Mi,j,k (y)




= m f_zk)z {[N(Z;; +1) + (k,L.L(# +k1) + ,uz]log(uT;k)jl - 2;1':% + 1 log('uT_*'k)}

(u +k J{#(u +k)(k+2u)/k2J AL +k)10g(u +k)}
k

Ltk k k

=(ui2k)2 {%+2”(i+k)10g(#zk)}<2(#+1)<°°, V(wk)en.

QED.

Additional interesting facts that result from Condition (B):

(1) E[il(kij)} = log(k;#), from E['g/l:] =0

Jj=0

-1 : ‘
Note: Z@i—)= w(y+k)+7y,where yis the digamma function and y is Euler's
j=o\* T

constant. -
) ,
y-1 y-1 2 2 2
@ E L -E z —L— =log2(k+—“),from E _3_5 =E (ﬂ) Note:
\ ook +J ook + ] k ok ok

y-1 2 2 . ,
[L) =7E——1//'(y+k),where v’ is the tri-gamma function.
iso\k+ ] 6

An informative section on the gamnﬁa function and related functions (log gamma,

digamma, polygamma) can be found in Abramowitz and Stegun (1964).
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APPENDIX E

GENERALIZED SCORE TESTS. SUMMARY OF WORK BY BOOS (1992) AND
BRESLOW (1989, 1990) AND SIMPLIFICATIONS.

The setting is the generalized NB log-linear model. The mean structure
has the form E(Yfx;) = u(x;) = &P and the variance is var(Y,) = ; +au?=V; for

the n observations indexed by i. The estimating equations used in the
generalized score test are quasi-likelihood for the mean and an additional

equation for estimating the variance parameter. The equations for the mean are

U=UB)=U U 1([3;a)= DV y-p)= Xt[diag(l +1a’L; J](y —-u) where

pxl pxl i
B ={Dif}={au

— W) O (=) :
u; = = x; Where x; is the transpose of a
”1 lepxl Zl V; aBpn ;(l-l-a/'l’i) l l

row of X . The additional equation for the variance parameter is denoted

L} ={diag(u;)}X or

U=U(a)=U(a;B) = #; and the form of this equation depends on the
=1 .

estimation method chosen.

Let fi denote the solution to U7 (B;a)=0 and B denote the restricted
pxl

estimate under Hy. [n the following discussion, it is assumed that there is a
unique B* in the parameter space such that f—2—B* as n — « and p—2—p"*
under Hy as-n— eo. |n addition, assume that a converges to the solution of the
limiting equation lim, n‘lﬁ(a*;ﬁ*)=0.

Under suitable regularity coriditions, distributional properties of the joint

PN U
solution 6= (B,&) to the "score" equations, S(8)= [U] , follow from the
(p+1)x1

asymptotic theory of estimating equations. The theory follows from a Taylor
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_ _ R o s
expansion of the score functions, 0=S(6)=S(9 )+?(9—9 )+Rn1. Because

-1
the laws of large numbers guarantee that ,:E( a‘S; )] 8St P 1, the identity
0 o

-1 ‘
matrix, we are lead to 6 — 6" = [E(%) } S(G*)+R,',2. Under suitable
e*

0=

regularity conditions such that R,, is asymptotically negligible, we have that

is asymptotically normal (9*,V) where

V= [ ( )] [ZS (%,x;,0)s;(¥;,x,,6) jl[ (%):l_l Let V,7,7 be the values of V

* A .
when 0=6,6,0, respectively. Similar notation will be used for other (partitioned)
matrices and vectors.
Let summation, unless otherwise noted, be over the n observations.

Adapting the above paragraph to the NB setting, denote the empirical

{ n
covariance matrix of the NB scores as [Z Ij } ;[ESL-(Yi,x,-,e)si(Y,-,xi,e)t}
} i=1 -

2 2 ’
where G = I = L‘u’)-—lﬁ— x! =X di ( ,LL,) X, H and
Zuu Y i X X; lag(1+a/.L,) Y i

D

E(j:)where A——ZE%-X’I:dlag[‘L‘L/‘ )]X Z xx B= —ZE%%:O,

1

: -[A B
J= Zuut The negative expectation of their partial derivatives is [C ] or

=—2E— and D= —ZE% In the evaluation of C and D, assume that the
a

variance function has been correctly specified.
: A . * % .
The joint estimate (B,&) is asymptotically normal with mean (B,a) and a
-1 t -1 )
. - A 0 |G H A 0
covariance matrix of Lol el 1.1 |- Regardless of
‘ -D"CA D>I\H J |-D7CA D ,

the choice of U(a), the fact that B=0 allows us to conclude that the asymptotic
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variance of B is estimable by A-1GA-! even if the variance is misspecified. This
is the "empirical covariance matrix" reported by Breslow (1989). If the variance
is correctly specified then E(G)=A énd we may estimate var(B) by A-1, which is
referred to as "model based".

The fact that B=0 together with sufficient regularity conditions implies that
for any sequence of estimates Bn converging to B* the statistics U(E;&) and

U(E;a*) are asymptotically equivalent. Hence, in the following derivations we

may assume that « is fixed at'its limiting value. Substitution of & for ¢* does not
effect the asymptotic distribution of the test statistics based on U.

For a test on a subset of the mean parameters, Hy : B, = 33, partition the

the regression coefficients into the appropriate subvectors of lengths say p; and

_ By |p1x1
P2, Bpxl _I:szl

similarly partitioned as X =[X1

RXP nxpl

. The matrix of covariables and vector of "score" functions are
p2;1

Xz] and

nxp2

_ 1 |
X {diag[ ]}()’i - 1)
U x 1+apu;
U (ﬁ):{ (B )],, o s . The generalized score tests

p2x1 1
,Xl d- 1.
! 2{ mg(““#i)}(yl )

are based on an expansion of U, under H,. Thus, the asymptotic distribution

will be normal with mean and variance determined by the expansion and

partitioned matrices described below.
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plxl =0 . . ) 0 50 -
where B, is fixed at B, and B is the
p2x1

. RO
Under Hy:B, =pJ, p° =[§5J

2

subsequent solution to U; =waﬂ =0. An expansion of Ul,(ﬁo) about
. Px

JUs(B) 9UL(B)

U(B*)}s (f°) ___[UZE{O)J.:[Ul(B*)} B B, (ﬁlgﬁi‘jw_

px1\” U2<B°) B Uz(ﬁ*) oU,(B) 9U»(B)
aBl 2 B=p*

14

Replacing the matrix of derivatives by their asymptotic equivalents, the partitions

ofthe A métrix (unders{ood as evaluated at B =p") we get

0 . UI(B*) [An A12j| B -B:

50\ |= Al 1" P14+ R 5. Thus

[Uz(ﬁ )} [UZ(B )| LA Anl o ’
0= Ul(B*)"All(Bl —Bf)+Rn4, and an approximation for B, —B; is AﬁlUl(ﬁ*f).
Using this approximation, the corresponding expahsion for U, is

~ U * ‘
UZ(BO) = Uz(B*)— Ay ATU (B*) = [—A21A1‘11II pz][Ulgli*ﬂ. Since the covariance of U f

2

is G (understood as evaluated at B =f"), the asymptotic covariance of U, is

Gy Gl —A7lA
-1 11 12 11 4112
[—AZIAH |Ip2]{G21 Gzz}[

The test statistic is Tgg =UsE™'U,, where £=3° or £™. Use

- -1 Ay gl
7 } = Gyy — G111 Aig — Axi At Gip + AgApy GriAgg A -
p2

£° = Gyy — Ag1 Al Gry — Gyt Al Ay + Ay AT Gy AT} Ay, for an "empirical score test"
and £™ = A,, — A, A{1A, for a "model based score test". Again, estimation of
the parameters is done under H,.

For the treatment versus control setting with n; observations from control
and n, observations from treatment where n=nj+n,, the matrices defined above

have the following form. Let y,, ., ¥ denote the sample means for treatment,

control and the combined (total) sample and r denote the vector of residuals,

i.e., n=y;,—y. Then,
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A=X' rdzag(‘iﬂ = _xix-_7 [Xle XszJ 3’"~_[ nooon “”’2]
] V; 1+ay 1+a@y | X5X; XX, | 1+ay|[m—nm n
) ~\2 ~
G=x' diag(———(yi —;;5) L JJX T ;7)2 [xt]x4 | diag(r? )][;j
X 2= Xt |

1 total control treatment an d

Cxw)y| S- IR >t

control treatment total

U, =X£[diag(1+lm)]r =[m(3. -¥)- nz(yt ~3)}/(+@).

4

and

- 2 —
) y n -—\n-—n 4n:n
ThUS Z = A22 - A21A11 A12 = 1 ay ( Y ) = 1+ydy ’:; 2

3= Gzz — Ap A Gy — Gy AT Ary + Ag ATLG L AT Ay

1+a,y [zr _pfm nZ(Zr ZrJ i =m) Er}

total control treatment total

2 Y Pl zr}

(1+ ) I: control treatment

_ - 12
The model based score testis 77 = [nl(yc y) nz(y, y)] where a is the null

®  Ammy(l+ay)/n
hypothesis estimator for a chosen method. The empirical score test is
- - N
n’[m(3. ~5) - (5 - 5)]

TS = for all methods. When »;, =n, =n/2,
- S 7 +dn? Zriz 1 =nmy =nf
control treatment
- —\2 2 2
m _ (3. — %) and ¢ =" (7.- %)
@ 45(1+ay) Gs 43

total
The model based score test with »; =n, =n/2 and @ estimated via
optimal quadratic estimation gives the same test statistic as the empirical score
test. This follows directly from substitution and algebra using
(n—l) — zr -y
y

n " yotal m : e
5 = in T7. yeilds T,-

aOQ =
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APPENDIX F.

" TABLES
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Table 1: Null Rates using asymptotic distribution critical values.

n a | EQLs PL.S ML.S oQ.s CMLS DDT LRT 1
30 02 1 ]0.0490 0.0509 0.0540 0.0556 0.0480 0.0308 0.0458 0.0502
2| 0.0453 0.0473 0.0482 0.0504 0.0452 0.0295 0.0450 0.0494
51 0.0519 0.0516 0.0550 0.0547 0.0520 0.0345 0.0583 0.0514
05 1| 0.0452 0.0508 0.0501 0.0544 0.0452 0.0444 0.0555 0.0502
2 | 0.0472 0.0505 0.05627 0.0545 0.0473 0.0440 0.0574 0.0498
5100465 0.0505 0.05068 0.0535 0.0465 0.0473 0.0577 0.0489
1 11 0.0421 0.0477 0.0479 0.0518 0.0423 0.0450 0.0567 0.0464
2 | 0.0437 0.0477 0.0479 0.0509 0.0438 0.0516 0.0581 0.0501
.5 ] 0.0449 0.0503 0.0500 0.0529 0.0454 0.0538 0.0585 0.0495
50 02 1| 0.0476 0.0485 0.0496 0.0496 0.0480 0.0332 0.0465 0.0484
21 0.0491 0.0506 0.0517 0.0528 0.0491 0.0394 0.0506 0.0471
5 | 0.0493 0.0496 0.0514 0.0502 0.0493 0.0420 0.0539  0.0459
05 1] 0.0462 0.0484 0.0494 0.0498 0.0466 0.0403 0.0510 0.0476
2 | 0.0466 0.0479 0.0492 0.0500 0.0469 0.0449 0.05830 0.0480
? 5 | 0.0493 0.0497 0.0510 0.0518 0.0493 0.0467 0.0539 0.0489
1 1] 0.0501 0.0549 0.0536 0.0572 0.0506 0.0504 0.0582 0.0565
21 0.0462 0.0501 0.0491 0.0512 0.0474 0.0442 0.0553 0.0483
5] 0.0420 0.0480 0.0462 0.0495 0.0436 0.0470 0.0524 0.0483

Notes: Null rates implies rejection rates (of Hy) by the testing methods for samples generated at Hysettings.
The rate for each testing method is calculated over all the samples for which it obtained NB tests. There
were 10000 samples generated at each Hy setting, less failures as listed in Table 3. The Welchs' t-test (t)
has an approximate t distribution with df calculated by formula (see Testing Methods section); it (was
compared to a t(a=0.05,df calculated), not an asymptotic critical value; the rate is the-number of Welchs' t-
statistics produced such that <=0.05. The t rejection rate is listed for interest. The remainder of the tests

have an asymptotic z2(df=1) distribution and are compared to a chi-square(df=1,0=.10)=2.7055 critical

value wtih rejection if f, > ji,. and acceptance if {; < i, .
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Table 2: Empirical Critical Values.

EQLS PLS MLS OQS CMLS DDT LRT

206661 27282 27972 2.8337 2.6625 21208 25882
25422 26364 26414 27125 25420 21240 2.6159
2.7615 27504 2.8567 2.8560 27627 22511 29517
25707 27224 27059 28215 25728 24803 28568
2.6488 27100 27629 2.8056 2.6541 25036 2.9614
2.6074 27108 27170 2.8038 26174 25679 2.9184
25029 2.6567 2.6487 2.7/5/6 25011 25369 20156
25078 2.6416 26376 27347 25268 27428 2.9478
25800 27113 27006 2.8048 25024 27746 2.9890
26127 26216 2.6725 2.6831 26114 21666 2.6100
2.6835 27273 27464 27833 26841 24056 2.7277
26906 26660 27445 27168 26916 2.4442 2.8438
25050 26305 2.6833 . 27010 2.6031 24721 2.7521
2.6027 '2.6486 2.6804 27027 26133 25382 2.7990
26526 2.6973 27280 27523 26662 25645 2.8505
27062 28434 2.8004 29027 27258 27283 3.0187
25973 27061 26890 27613 26166 . 25326 2.8699
25257 26269 26139 26805 25554 2.6145 2.7635

n a
30 0.2

0.5

50 0.2

0.5

ON N 2O a0 2D s

Notes: These are the values of the test statistic for the given method which p'roduces the desired test size
(a=.05) for the samples generated at Hy settings. There were 10000 samples generated at each Hy setting,
less failures as listed in Table 3. Compare these to the asymptotic critical values of y2(df=1,0=.10)=2.7055.
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Table 3: Counts of non-NB estimates at Hy settings out of 10000.

a<0 (Hg) a<0 (Hy) notest |discard

n a p|EQ PL ML OQ CML NED L NED | DDT t | sy
30 02 1] 57 0 977 978 57 1211 | 505 1971 9 0| 4274
2| 15 0 371 374 15 1082 | 430 1601 3  of 1772

5 1 0 45 45 1 473 78 1245 0 0| 148

05 1| 28 0 399 399 28 937 | 287 1328 | 17 0| 1378

2 1 0 67 67 1 477 100 789 o o 196

5 0 0 0 0 0 50 2 351 o of o

1T 1] 14 0 116 116 14 560 120 868 45 0 | 331

2 0 0 8 8 0 176 16 430 7 o0 15

5 0 0 0 0 0 22 0 116 1 0 0

50 02 1 0 0 592 591 0 1003 | 348 1314 o0 0] 2140
21 7 0 183 187 7 616 221 884 o o/ 571

5 0 0 5 5 0 101 7 225 o o 18

05 1 0 0 181 177 0 503 131 746 0 0| 580

2 0 0 10 11 0 118 22 207 o o] 28

5 0 0 0 0 0 2 0 19 0o o0 0

1 1 0 0. 24 24 0 192 32 353 0 o 79

2| o 0 0 0 0 14 1 40 0 0 0

5 0 0 0 0 0 0 0 0 o of o

Notes (Table 3 and Table 4): The terms "Hy settings" (Table 3) and "Power settings" (Table 4) refer to

samples (of size n) generated from parameter settings of NB{w; =1,=p1,2) and NB(u; >11,,a) respectively.
There were a total of 10000 samples (of size n) generated at H, settings and 5000* samples (of size n)
generated at Power settings. *These are the totals after discarding underdispersed samples, i.e., those with
s2<y. Counts of the discards are in right-most column. The section denoted " @<0 (Hq)" are counts of
samples producing a non-NB variance parameter estimate, ( <0), during estimation under H, assumptions.
PL has no failures because samples that would have produced failures for PL are those which were
discarded. The discarded samples would have produced non-NB estimates for OQ and ML, and (probably)
for EQL, CML and NED, as well. The section denoted " a<0 (H4)" are counts of samples producing a non-
NB result, ( @2<0), under Hy assumptions; these same samples had produced a NB result & > 0 under Hy
assumptions. Thecategory of "no test” for DDT are the counts of samples for which non-NB results were
produced under Hy orH, assumptions, followed by non-Poisson results (one of the subsamples of size n/2
produced a mean estimate of fi = 0). The category of "no test" for LRT are samples that produced non-NB
results under Hy assumptions but samples had not been saved for further evaluation. The t test does not
involve estimation of a and obtains results for all samples. For further information, see discussion in
Methods section.
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Table 4: Counts of non-NB estimates at Power settings out of 5000.

Notes: See Notes for Table 3.

simulation settings a<0 (Hq) a<0 (Hq) no test discard
n a ) ul EQL PL ML OQ CML NED| ML NED |LRT DDT t | s%¥
30 02 1 175] 12 0 232 232 12 598f 744 1235[ 0 2 o] 1001
2 4 0 128 120 4 514| 82 1268] 13 0 0| 669
25| 5 0 57 58 5 349|928 1376} 0 2 o 217
2 35| 0 0 5 57 0 315| 424 953| 9 o0 o0 203
4 0 0 21 21 0 252 426 1063|331 0 o 16
5 75] 0 0 6 6 0 137| 41 -669) 7. 0 0O 10
875 o 0 1 1 0 8| 3 6820 0 0 3
101 0 0 0 0 0 45| 28 668|105 0 O 0
05 1 2 4 0 50 .5 4 318] 219 612 0 4 o0 143
25| 2 0 25 25 2 221|217 609 0 2 0] 49
3 0 0 4 4 0 154} 157 4791 0 5 o] 15
2 4 0 0 2 2 0 112] 35 306} 0 0 O 6
5 0 0 2 2 o 60| 21 30] 0 0 o0 0 ;
5 10] o 0 0 0 0o 12 o 202l 0 o o] o ‘
125 0 0 0 0 o 12| o 2381 0 0 O 0
1 1 2 0 0 16 15 0o 18] 43 3261 0 13 o[ 27
25| 0o o0 10 10 o 53] 28 280{ 0 14 o 8
3 0 0 3 3 0 65| 10 251 0 14 o0 8
35| o 0 0 0 0 74| 12 171} 0 11 0 3
2 4 0 0 0 0 0. 45 1 124l 0 1 0 0
5 0 0 0 0 0 24 1 1261 0 1. 0 0 -
6| 0 0 0 0 0 27 0 6] 0 1 o0 0
5 10| o 0 0 0 0 5 0 8 | 0 0 o0 0
15| o 0 0 0 0 13 0 138} 0 0 O 0
50 02 1 15 1 0 143 143 1 392| 434 789] 0 0 0] 780
175 1 0 87 87 1 364] 541 871 | 0. 0o o] 478
2 0 0 49 49 0 259|642 981 | 2 o0 o0 246
2 3 1 0 24 24 1 184|141 438| 0 0 0| 112
35| 0 ] 8 8 0 97| 184. 43| 0 o0 o/ 39
4 0 0 5 5 0 62| 145 414|566 o0 o] 19
5 751 o 0 o 0 0 8 5 01| o ©o o 0 A
875 0 0 0 0 0 4 1 95 0 0 .0 0 ?
100 0 0 0 0 0 2 2 90} 0 0 0 0
05 1 175] 0 0 19 198 0 137| 84 206 0 o0 0| 51
2 0 0 2 2 0 112 69 240l 0 o0 o] 28
‘25| 1 0 2 2 .1 49 ) 32 196 0 1 o0 7
2 35| o 0 0 0 0 20 4 54 ] o o0 o 0
4 0 0 0 0 0o 10 5 4210 0 0 0
5 751 0 0 0 0 0 0 0 3 0 0 0 0
8751 o0 0 0 0 0 0 0 3 {0 o0 o 0
0] o 0 0 0 0 0 0 3 0 0 o0 0
1 1 2 0 0 0 0 0 24 2 61 0 0 O 4
251 o0 o 0 0 0 20 2 50 | 0 0 o© 0
3 0 0 0 0 0o 17 1 27l o o o 0 1
2 4 0 0 0 0 0 4 0 11 0 0 o 0 1
5 0 0 0 0 0 1 0 4 0 0 o0 0
5 875| 0 0 0 0 0 0O 0 2 0 0 0 0
10] 0 0 0 0 0 0 0 4 0 0 0 0
125]| © 0 0 0 0 11 o 3 0 0 o0 0
15 0 0 0 0 .0 0 0 3 0 o ol o0
3 .
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Table 5: MRSE Significance Results comparlng NED vs. other estimators of a.
Comparison over samples of size n=30 which produce NB results for all methods

o uy var2 varl runs EQL PL ML
02 1° 1 12 1.2 8062
2 2 28 28 8686
5 5 10 10 9507 04577 0. i .
0.5 1 -1 15 15 8765 0.6567 0.6721
2 2 4 4 9491 . 0.6065
5 5 175 175 9950 0.5512
1 1 1 2 2 9349 0.7563
2 2 8 6 9819 0.7068
5 5 30 30 9978| 06425 06658
T 02 1 175 1.2 2.36 4249
2 2.8 4408
25 3.75 4617 )
2 35 28 595 4653 0.5356
4 7.2 4734 0.5473
5 75 10 18.8 4860 L QHBET
8.75 24.1 49141 0. ) )
10 30 4955 | 0.5339 0.5341 05173
05 1 2 15 4 4847 0.6771 0.6578
25 5.63 4767 | 0.7049 0.6796 0.6802
3 7.5 4842 | 07317 0.7000 0.7025
2 4 4 12 4886 0.8226 0.6186 0.6051
5 17.5 4939 | 0.6550 0.6493 0.6318
5 10 175 60 4988 | 05733 0.5878 0.5565
12,5 90.6 4988 | 0.6219 0.6353
1 1 2 2 6 4800 0.7650 £
25 8.75 4838 0.7676 0.
3 12 4933 | 0.7921 0.7680
35 15.8 4926 | 0.8049 0.7872
2 4 B 20 4955 0.7046
5 30 4976 | 0. 0.7277
6 42 4973| 07442 0.7500
5 10 30 110 4995 | 0.6496
15 240 4987 | 0.6089  0.7380

Notes: Coded MRSE results based on Hotelling's T2 test.
MRSE values for each estimation procedure are listed in rows along W|th the simulation (parameter) setting
for generating the samples.

"runs" = number of samples of size n=30 where all estimation methods obtain NB values ( & >0) during
estimation under Hg assumptions. These are the samples over which the comparison is made.

NED and all tests with MRSE results not significantly different from NED are listed in italics and shaded in
gray. Tests with MRSE significantly less (better) than NED are listed as bold and underlined.

Tests with MRSE significantly greater {(worse) than NED are listed in plain text.

A summary of the RSE correlation matrices between the estimators across all the simulation settings in
Table 5 is found in Table 9.
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Table 6: MRSE Significance Results comparing NED vs. other estimators of a.
Comparison over samples of size n=50 which produce NB results for all methods.

Hp
1 8558
2 2 28 28 9263
5 5 10 10 9899
1 1 15 15 9351
2 2 4 4 9875
5 5 175 175 9998
1 1 2 2 9790

.2 2 6 6 9986
5 5 30 30 10000

02 1 15 12 1.95 4504
1.75 2.36 4580
2 28 4710
2 3 28 48 4798
35 5.95 4899
4 7.2 4933
5 75 10 18.8 4992
8.75 24.1 4996
10 30 4998
05 1 175 15 328 4849
2 4 4888] o. 0.6254
25 5.63 4950 | 0.6677 0.6556 0.6452
2 35 4 963 4980 0.5701 87 0.5652
4 . 12 4996 0.5928 05747 0.5855
5 75 175 356 5000 0.5278 0.5032 0.5246
8.75 47 5000 0.5404 05111 05339
10 60 5000 0.5694 0.5358 0.5607
1T 1 2 2 649761 07089 0.7103 {YB9F7- 0.7065
25 8.75 4980 0.7313 0.7289 0.7076 0.7214
3 12 4983 | 0.7609 0.7606 0.7503
2 4 6 20 4996 0.6552 0.6739 2% 0.6691
5 30 4999 | 0.6839 0.7038 ©0.6946
5 875 30 853 5000 0.6412 0.6369
10 110 5000 0.6480 0.6418
12.5 169 4999 0.6918 0.6820
15 240 5000 0.7394 0.8588 0.7273

Notes: Coded MRSE results based on Hotelling's T2 test. . ,

MRSE values for each estimation procedure are listed in rows along with the simulation (parameter) setting
for generating the samples.

“runs” = number of samples of size n=50 where all estimation methods obtain NB values ( &>0) during
estimation under Hg assumptions. These are the samples over which the comparison is made.

NED and all tests with MRSE results not significantly different from NED are listed in italics and shaded in
gray. Tests with MRSE significantly less (better) than NED are listed as bold and underlined.

Tests with MRSE significantly greater (worse) than NED are listed in plain text.

A summary of the RSE correlation matrices between the estimators across all the simulation settings in
Table 6 is found in Table 10. .
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Table 7: MRSE Significance Results comparing NED vs. other estimators of a.
Comparison over all samples of sizen=30 using G=0 for negative estimates.

A wmoy var2 varl runs
T 02 1 1 1.2 1.2 10000
2 2 28 28 10000
5 5 10 10 10000 ‘
0.5 1 1 15 1.5 10000 ;
2 2 4 410000 |
5 5 175 17.5 10000
1 1 1 . 2 210000
2 2 6 610000
5 5 30 3010000
0.2 1 175 1.2 2.36 5000
2 2.8 5000
25 3.75 5000
2 35 28 595 5000
4 7.2 5000
5 75 10 18.8 5000
8.75 24.1 5000
10 . 30 5000
0.5 1 2 15 4 5000
. 25 5.63 5000
3 75 5000
2 4 4 12 5000
5 17.5 5000
5 10 175 60 5000
12,5 90.6 5000
1 1 2 2 6 5000
25 '8.75 5000 |
3 12 5000 !
35 15.8 5000 ‘
2 4 6 20 5000
5 30 5000
6 42 5000
5 10 30 110 5000 | 0.6495
15 240 5000 | 0.6991

Notes: Coded MRSE results based on Hotelling's T2 test.

MRSE values for each estimation procedure are listed in rows along with the simulation (parameter) setting
for generating the samples.

"runs" = number of samples of size n=30 over which the comparison is made. Non-positive estimates -
obtained under Hg assumptions by any method were replaced by 4=0.

NED and all tests with MRSE results not significantly different from NED are listed in italics and shaded in
gray. Tests with MRSE significantly less (better) than NED are listed as bold and underlined.

Tests with MRSE significantly greater (worse) than NED are listed in plain text. .

N
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Table 8: MRSE Significance Results comparing NED vs. other estimators of a.
Comparison over all samples of size n=50 using 4=0 for negative estimates.

a oy var2 vari runsl EQL PL ML 0Q CML NED
T 02 1 1 12 1.2 10000] 05676 0.5530 05560 05496 0 cEed - (itoe.
2 2 28 28 10000
5 5 10 10 10000
0.5 1 1 15 15 10000
2 2 4 410000
5 5 175 175 10000
1 1 1 2 210000
2 2 6 610000
5 5 30 30 10000
0.2 1 15 1.2 1.95 5000
1.75 2.36 5000
2 2.8 5000
2 3 28 48 5000
35 5.95 5000
4 7.2 5000
5 75 10 18.8 5000
8.75 241 5000
10 30 5000
0.5 1 175 15 8.28 5000
2 4 5000
25 5.63 5000 | 0.6674 0.6562 0.6467 O 6459
2 35 4 9.63 5000 0.5655
4 12 5000 0.5858
5 75 175 356 5000 0.5246
8.75 47 5000 0.5339
10 60 5000 0.5607
1 1 2 2 6 5000 0.7072
' 25 8.75 5000 0.7222
3 12 5000 0.7508
2 4 . 6 20 5000 0.6693
5 30 5000 " 0.6946
5 875 30 85.3 5000 0.6369
10 110 5000 0.6418
12,5 169 5000 | 0.6417 0.6822
15 240 5000 | 0.6826 0.7394 0.7273 .

Notes: .Coded MRSE results based on Hotelling's T2 test.

MRSE values for each estimation procedure are listed in rows along with the simulation (parameter) setting
for generating the samples. "runs" = number of samples of size n=50 over which the comparison is made.
Non-positive estimates obtained under Hg assumptions by any method were replaced by 4=0.

NED and all tests with MRSE results not significantly different from NED are listed in italics and shaded in
gray. Tests with MRSE significantly less (better) than NED are listed as bold and underlined.

Tests with MRSE significantly greater (worse) than NED are listed in plain text.
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Table 9. Summary statistics across correlation matrices (R) produced for MRSE
analyses in Table 5 on samples of size n=30:

average correlations:

EQL
EQL 1.0000
PL 0.7072
ML 0.9236
oQ 0.6452
CML 0.9980
NED 0.5513

minimum correlations:

EQL
EQL 1.0000
PL 0.4183
ML 0.8808
oQ 0.3714

CML 0.9904
NED -0.0524

PL
0.7072
1.0000
0.7291
0.9428
0.7072
0.3903

PL
0.4183
1.0000
0.4587
0.8765
0.4250
0.0615

ML
0.9236
0.7291
1.0000
0.7005
0.9293
0.6018

ML
0.8808
0.4587
1.0000
0.4382
0.8874
0.0133

maximum correlations: -

EQL
EQL 1.0000
PL 0.9061
ML 0.9701
0Q 0.8482

CML .1.0000
NED 0.8853

Notes: A separate correlation matrix (R) is produced for each MRSE analysis (row) in Table 5.
summary statistics {(averages, minimums and maximums) were taken over the 33 R matrices.

PL
0.90861
1.0000
0.9190
0.9744
0.9046
0.7401

ML
0.9701
0.9190
1.0000
0.8082
0.9700
0.8610

oaQ
0.6452
0.9428
0.7005
1.0000
0.6461
0.3630

oQ

0.3714
0.8765
0.4382
1.0000
0.3827
0.0609

oQ
0.8482
0.9744
0.8982
1.0000
0.8460
0.6610

CML
0.9980

0.7072

'0.9293

0.6461
1.0000 -
0.5577

CML

0.9804
0.4250
0.8874
0.3827

1.0000 "

-0.0351

CML
1.0000

0.9046°

0.9700
0.8460
1.0000
0.8810

NED
0.5513
0.3903
0.6018
0.3630
0.5577
1.0000

NED
-0.0524
0.0615
0.0133
0.0609
-0.0351
1.0000

NED
0.8853
0.7401
0.8610
0.6610
0.8810
1.0000

The
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Table 10. Summary statistics across correlation matrices -(R) produced for
MRSE analyses in Table 6 on samples of size n=50.

average correlations:
EQL PL ML oQ OML  NED

EQL  1.0000 07005 0.9391 0.6639 09952 0.5745
PL 07005 1.0000 0.7135 -0.9655 07030 0.3856
ML 09391 07135 1.0000 0.6974 09522 0.6176
0Q 06639 09655 0.6974 1.0000 0.6683 0.3695
CML 00952 07030 0.9522 0.6683 1.0000 0.5871
NED 05745 0.3856 0.6176 0.3695 0.5871 1.0000

minimum correlations: -
EQL PL ML oQ CML NED

EQL  1.0000 0.4149 0.8935 0.3869 0.9807 0.0298
PL 0.4149 1.0000 0.4536 0.9339 0.4310 0.0654
ML 0.8935 0.4536 1.0000 0.4400 0.9224 0.0830
0oQ 0.3869 0.9339 0.4400 1.0000 0.4070 0.0663
CML  0.9807 04310 0.9224 0.4070 1.0000 0.0480
NED  0.0298 0.0654 '0.0830 0.0663 0.0480 1.0000

maximum correlations:
EQL PL ML oQ CML  NED

EQL  1.0000 0.9023 0.9830 0.8612 1.0000 0.8686
PL 0.9023 1.0000 0.9125 0.9870 0.9022 0.6999
ML 0.9830 09125 1.0000 0.8934 09838 0.8362
0Q 0.8612 0.9870 0.8934 1.0000 0.8615 0.6448
CML  1.0000 0.9022 0.9838 0.8615 1.0000 0.8685
NED 0.8686 0.6999 0.8362 0.6448 0.8685 1.0000

Notes: A separate correlation matrix (R) is produced for each MRSE analysis (row) in Table 6. The
summary statistics (averages, minimums and maximums) were taken over the 35 R matrices.




Table 11: Bias and MSE for estimators of a. Based on samples of size n=30
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where all methods obtain NB results.

=
—r

EQL

PL

Bias

ML

oQ

CML

ofl »

(@
N

1
2
5

0.251
0.080
0.012

0.178

0.053
0.005

0.182
0.047
-0.003

0.131
0.028
-0.009

0.252
0.080
0.012

NED

0.183
0.033
-0:029

EQL

PL

MSE

ML

oQ

CML

NED

0.185
0.042

- 0.012

0.115
0.033
0.012

0.185
0.034
0.011

0.094
0.029
0.011

0.185
0.042
0.012

0.134
0.032
0.011

0.5

0.190
0.053
0.014

0.079
0.000
-0.015

0.103
0.005
-0.016

0.025.
-0.034
-0.038

0.191
0.051
0.011

0.075
-0.047
-0.086

0.286
0.100
0.040

0.186
0.087
0.043

0.223
0.085
0.036

0.168
0.083
0.042

0.290
0.097
0.039

0.208
0.084
0.043

AN 2O N =

0.185
0.064
0.042

-0.019
-0.051
-0.035

0.059
-0.018
-0.017

-0.087
-0.100
-0.074

0.188
0.056
0.030

-0.035
-0.150
-0.184

0.643
0.263
0.135

0.437
0.252

0.169

0.527
0.226
0.118

0.415
0.243
0.162

0.679
0.259
0.129

0.509
0.238
0.145

—*01'\3—‘01!\)—‘01[\)—&-&)

1.75

25

0.220
0.239
0.294

0.168
0.190
0.242

0.168
0.189
0.246

0.131
0.154
0.208

0.219
0.238
0.2092

0.151
0.162
0.210

0.136
0.143
0.174

0.098
0.107
0.131

0.104
0.110
0.137

0.083
0.090
0.111

0.135
0.141
0.171

0.096
0.098
0.119

2 35

0.120
0.148

0.103
0.131

0.093
0.120

0.081
0.108

0.120
0.147

0.057
0.079

0.050
0.056

0.046
0.051

0.040
0.045

0.040
0.044

0.049

0.055

0.032
0.036

5 75
8.75
10

0.050
0.085
0.131

0.047
0.084
0.132

0.035
0.070
0.114

0.033
0.069
0.117

0.049
0.085
0.130

-0.007
0.020
0.052

0.015
0.020
0.032

0.016
0.022
0.035

'0.018

0.017
0.026

0.014
0.019
0.080

0.015

0.020 -

0.031

0.011
0.012
0.016

05 1 2
25
3

0.230
0.323
0.395

0.155
0.258
0.331

‘0.161
0.253
0.325

0.110
0.213
0.286

0.227
0.318
0.388

0.085
0.147
0.198

0.235
0.300
0.343

0.191
0.271
0.304

0.184
0.235
0.270

0.169
0.237
0.264

0.231
0.293
0.334

0.157
0.180
0.196

2 4
5

0.169
0.258

0.146
0.244

0.124
0.211

0.118
0.209

0.164
0.251

0.016
'0.073

0.117
0.161

0.124
0.176

0.094
0.128

0.109
0.153

0.113
0.1585

0.076
0.085

510
125

0.136
0.221

0.147
0.248

0.105
0.187

0.121
0.220

0.131
0.215

0.036
0.010

0.062
0.095

0.088
0.141

0.051
0.077

0.077
0.122

0.060
0.091

0.037
0.039

1 1 2
25

3

3.5

0.270
0.356
0.473
0.540

0.134
0.247
0.387
0.465

0.164
0.251
0.366
0.433

0.073
0.185
0.324
0.401

0.265,
0.348
0.462
0.527

-0.012
0.026
0.093
0.123

0.514
0.556
0.654
0.709

0.474
0.546
0.690
0.751

0.412
0.440
0.513
0.557

0.432
0.488
0.610
0.661

0.514
0.552
0.644
0.694

0.349
0.332
0.353
0.355

2 4
5
6

0.195
0.306
0.389

0.145
0.289
0.391

0.118
0.226
0.307

0.095
0.236
0.336

0.183
0.291
0.373

-0.100
-0.048
-0.005

0.250
0.335
0.392

0.331
0.454
0.561

0.200
0.265
0.308

0.099
0.403
0.494

0.240
0.320
0.374

0.180
0.186
0.195

5 10
15

Notes: Bias and MSE calculated over all samples of size n=30 which produced NB results { a>0) for all

0.159
0.319

0.147
0.400

. 0.099
0.254

0.104
0.350

0.144
0.300

-0.161
-0.126

0.155
0.241

0.247
0.473

0.125
0.189

0.221
0.415

0.145
0.224

0.130
0.123

estimation methods at a given simulation (parameter) setting. For counts of samples per setting, see "runs"
column in Table 5.
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Table 12: Bias and MSE for estimators of a. Based on samples of size n=50
* where all methods obtain NB results.

2w Wy
0.2 1
2

5

—_

EQL

0.146
0.037
0.004

PL

0.024
0.000

Bias
ML 0oQ CML
0.110 0.108 0.083

0.019
-0.005

0.010
-0.008

0.144
0.036
0.003

NED

0.106
0.006
-0.023

EQL

0.080
0.022
0.007

PL

0.060
0.020
0.008

MSE

ML

0.064
0.020
0.007

0Q

0.053
0.019
0.007

CML

0.078
0.022
0.007

NED

0.064
0.019
0.008

0.5

0.087
0.021
0.010

0.028
-0.009
-0.005

0.035
-0.010
-0.009

-0.003
-0.029
-0.019

0.080
0.016
0.007

0.006
-0.048

.-0.057

0.138
0.058
0.024

0.115
0.057
0.029

0.116
0.052
0.022

0.110
0.055
0.028

0.132
0.056
0.023

0.114
0.056
0.025

0.089
0.045
0.025

-0.031
-0.035
-0.029

0.006
-0.012
-0.016

-0.071
-0.065
-0.053

0.074
0.031
0.012

-0.069
-0.097
-0.125

0.323
0.148
0.074

0.292
0.161
0.100

0.279
0.132
0.067

0.285
0.157
0.098

0.314
0.142 .
0.070

0.279
0.143
0.080

oo o =lon

0.2

-

—h
N o
DO N =D =

0.137
0.158
0.177

0.109
0.134
0.154

0.105
0.128
0.148

. 0.087
0.113
0.134

0.135
0.155
0.174

0.093
0.108
0.125

0.072
0.075
0.081

0.059
0.064
0.071

0.058
0.061
0.067

0.053
0.057
0.064

0.069
0.073
0.078

0.055
0.057
0.060

N
. L
» O

0.066
0.099
0.138

0.059
0.003

-0.132

0.050
0.083
0.121

0.045
0.080
0.119

0.065
0.098
0.136

0.027
0.054
0.089

0.024
0.030
0.040

0.023
0.030
0.040

0.021
0.025
0.034

0.021
0.027
0.036

0.023
0.029
0.039

0.019
0.022
0.028

o
N
o

8.75
10

0.047 0.047

0.085
0.123

0.088
0.128

~0.038
0.075
0.113

0.039
0.080
0.118

0.047
0.084

0.122 -

0.011
0.041
0.075

0.010

' 0.015

0.024

0.011
0.017
0.026

0.008
0.013
0.021

0.010
0.016
0.024

0.010
0.015
0.023

0.007
0.009
0.014

05 1 1.75
2
25

0.139
0.186
0.275

0.102
0.156
0.251

0.004
0.142
0.230

0.075
_0.129
0.224

0.132
0.178
0.266

0.039

0.074

0.147

0.127
0.139
0.178

0.122
0.139
0.182

0.105
0.113
0.146

0.118
0.127
0.164

0.121
0.132
0.170

0.097
0.100

0.116

2 35
4

0.110
0.152

0.008
0.152

0.081
0.122

0.079
0.133

0.105
0.145

0.017
0.045

0.061
0.075

0.070
0.093

0.051
0.062

0.064
0.084

0.058
0.071

0.046
0.050

5 75
8.75
10

0.050
0.090
0.133

0.050
0.099
0.155

0.031
0.070
0.112

0.036
0.084
0.139

0.047
0.086
0.128

-0.036
-0.010
0.013

0.027
0.032
0.043

0.036
0.047
0.067

0.023
0.027
0.036

0.033
0.043
0.061

0.025
0.031
0.041

0.023
0.021
0.023

11 2
25
3

0.234
0.337
0.435

0.178
0.301
0.431

0.160
0.263
0.360

GEPT
0.263
0.392

0.216
0.318
0.414

.0.015

0.088
0.151

0.303
0.356

| 0.437

0.344

0.420

0.572

0.248
0.287
0.353

0.320
0.386
0.525

0.288
0.336
0.412

0.218
0.225.
0.239

2 4
5

0.182
0.276

0.165
0.300

0.127
0.220

0.135
0.269

0.165
0.258

-0.025
0.029

0.167
0.207

0.240
0.329

0.138
0.167

0.223
0.302

0.156
0.192

0.115
0.113

5 8.75
10

12.5

15

0.108
0.143
0.227
0.311

0.114
0.171
0.307
0.431

0.067
0.101
0.183
0.264

0.089
0.145
0.278
0.401

0.093
0.127
0.210
0.202

-0.100
-0.089
-0.059
-0.032

0.087
0.095
0.129
0.182

0.159
0.186
0.297

0.408-

0.074
0.078
0.104
0.149

0.148
0.172
0.272
0.374

0.081
0.087
0.118
0.167 -

Notes: Bias and MSE calculated over all samples of size n=50 which produced NB results ( @>0) for all

estimation methods at a given simulation (parameter) etting. For counts of samples per setting,

column in Table 6.

0.073
0.069
0.066
0.066

see "runs"
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Table 13: Bias and MSE for estimators of a. Based on all samples of size n=30
using a=0 for negative estimates.

)

Wy

EQL

PL

Bias

ML

oQ

CML

NED

EQL

PL

MSE

ML

0oQ

CML

NED

02 1

0.196
0.058
0.007

0.146
0.040
0.001

0.133
0.028
-0.008

0.101
0.015
-0.012

0.197
0.058
0.007

0.111
0.002
-0.037

0.159

'0.040

0.012

0.110
0.033
0.012

0.126
0.033
0.011

0.097
0.029
0.012

0.159
0.039
0.012

0.126
0.032
0.011

0.5

0.146,

0.040
0.013

0.062
-0.004
-0.015

0.064
-0.007
-0.017

0.010
-0.038
-0.038

" 0.146

0.038
0.010

0.005
-0.070
-0.088

0.271
0.100
0.040

0.198
0.091
0.043

0.214
0.085
0.036

0.177
0.085
0.042

0.274
0.097
0.039

0.209
0.084
0.043°

N OO a2l

0.156

0.058

0.042

-0.017
-0.049
-0.034

0.034
-0.023
-0.017

-0.085
-0.088
-0.073

0.160
0.051
0.030

-0.097
-0.166
-0.186

0.634
0.264
0.135

0.465
0.260
0.170

0.519
0.228
0.118

0.434
0.249
0.163

0.668
0.260
0.130

0.513
0.238
0.145

2
5
1
2
5
1
2
5
1

0.2

1.75
2
25

0.185
0.213
0.275

0.150
0.178
0.234

0.137
0.165
0.229

0.114
0.143
0.200

0.185
0.212
0.274

0.099
0.120
0.178

0.122
0.131
0.164

0.087
0.105
0.129

0.097
0.103
0.130

0.084
0.080
0.110

0.121
0.129
0.162

0.094
0.096
0.118

35
4

0.109
0.140

0.097
0.128

0.083
0.113

0.075
0.105

0.109
0.139

0.039
0.064

0.048
0.054

0.046
0.052

0.039
0.044

0.039
0.044

0.047
0.054

0.032
0.036

75
8.75
10

0.046
0.083
0.130

0.044
0.082
0.132

0.031
0.068
0.113

0.031
0.068
0.116

0.046
0.083
0.129

-0.012
0.016
0.049

0.015
0.020
0.032

0.016
0.022
0.035

0.013
0.017
0.026

0.014
0.018
0.030

0.015
0.020
0.031

0.011
0.012
0.016

05 1

2
25
3

0.211
0.305
0.385

0.154
0.252
0.332

0.143
0.237
0.317

0.109
0.207
0.287

0.207
0.300
0.379

0.044
0.117
0.174

0.230
0.290
0.338

0.202
0.270
0.310

0.181
0.228
0.266

0.178
0.236
0.270

0.226
0.284
0.329

0.157
0.180
0.196

4
5

0.164
0.254

0.147
0.243

0.120
0.208

0.114
0.209

0.159
0.248

0.004
0.066

0.116
0.160

0.126
0.176

0.093
0.127

0.110
0.153

0.112
0.154

0.076
0.085

10
12.5

0.136
0.221

0.147
0.249

0.104
0.187

0.121
0.221

0.131
0.215

-0.037
0.008

0.062
0.095

0.088
0.143

0.051
0.077

0.077
0.124

0.060
0.091

0.037
0.039

25

3.5

0.253
0.348
0.469
0.537

0.136
0.259
0.390
0.470

0.148
0.244
0.362
0.430

0.074
0.197
0.326
0.405

0.247
0.340
0.458
0.524

-0.052
-0.007
0.078
0.106

0.509
0.554
0.652
0.708

'0.488

0.578
0.698
0.763

0.408
0.438
0.512
0.556

0.443
0.516
0.617
0.671

0.509
0.549
0.643
0.693

0.351
0.333
0.354
0.355

4
5
6

0.193
0.305
0.389

0.147
0.201
0.393

0.116
0.226
0.307

0.097
0.238
0.338

0.181
0.291
0.372

-0.108
-0.052
-0.011

0.249
0.335
0.393

0.334
0.457
0.564

0.200
0.265
0.309

0.302

0.405

0.497

0.239
0.320
0.374

0.180
0.186
0.195

10
15

0.159
0.319

0.147
0.403

0.099
0.254

0.105
0.353

0.144
0.300

-0.162
-0.128

0.154
0.241

0.247
0.481

0.125
0.189

0.222
0.423

0.145
0.224

Notes: Bias and MSE of & calculated over 5000 samples of size n=30 generated at each simulation
(parameter) setting. Values of a=0 used for non-positive estimates. See Tables 3 and 4 for the counts of
non-positive estimates produced per estimation method.

0.130
0.123
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Table 14: Bias and MSE for estimators of a. Based on all samples of size n=50
using a=0 for negative estimates.

o
b=
prS

EQL

PL

Bias

ML

oQ

CML

NED

EQL

PL

MSE

ML

oQ

CML

NED

e
o

2

(3]

0.115
0.026
0.002

0.089
0.017
-0.001

0.079
0.009
-0.007

0.063
0.002
-0.009

0.113
0.026
0.002

0.063

-0.009
-0.025

0.073
0.022
0.007

0.058
0.020
0.008

0.060
0.019
0.007

0.053
0.019
0.008

0.070
0.022
0.007

0.062
0.020
0.008

0.5

0.065
0.017
0.010

0.016
-0.011

-0,005.

0.014
-0.013
-0.009

-0.015
-0.031
-0.019

0.058
0.013
0.007

-0.026
-0.053
-0.057

0.187
0.058
0.024

0.119
0.057
0.029

0.115
0.053
0.022

0.111
0.056
0.028

0.132
0.056
0.023

0.116
0.056
0.025

0.079
0.044
0.025

-0.033
-0.036
-0.029

-0.003
-0.012
-0.016

-0.073
-0.065

~-0.053

0.064
0.030
0.012

-0.088
-0.088
-0.125

0.324
0.148
0.074

0.302
0.161
0.100

0.280
0.132
0.067

0.292
0.157
0.098

0.316
0.142
0.070

0.280
0.143
0.080

—-*01'\)—-*01[\)—'-01[\)—-5-%

—
N OOl 2l -

0.2
1.7

0.117
0.140
0.164

0.097
0.123
0.146

0.087
0.111
0.136

0.075
0.102
0.126

0.115
0.138
0.162

0.065
0.082
0.106

0.067
0.071
0.077

0.057
0.063
0.070

0.055
0.059
0.064

0.051
0.057
0.062

0.065
0.069
0.075

0.055
0.057
0.060

n
w
A O W

0.060
0.096
0.136

0.055
0.0901
0.131

0.044
0.080
0.119

0.041
0.078
0.117

0.059
0.095
0.134

0.018
0.049
0.085

0.024
0.029
0.039

0.023
0.030
0.040

0.020
0.025
0.034

0.021
0.026
0.036

0.023
0.029
0.03¢9

0.019
0.022
0.028

o1
N
[3))

8.75
10

0.047
0.085
0.123

0.047
0.088
0.128

0.038
0.075
0.113

0.039
0.079
0.119

0.046
0.084
0.122

0.011
0.041
0.075

0.010
0.015
0.024

0.011
0.017
0.026

0.008
0.013
0.021

0.010
0.016
0.024

0.010.

0.015
0.023

0.007
0.009
0.014

05 1 1.75
: 2
25

0.129
0.181
0.271

0.008
0.155
0.249

0.085
0.136
0.226

0.071
0.128
0.222

0.122
0.173
0.262

0.023
0.061
0.141

0.126
0.137
0.178

0.124
0.141
0.182

-0.105

0.112
0.145

0.115
0.129
0.165

0.120
0.131
0.169

0.097
0.100
0.116

2 35
4

0.109
0.151

0.098
0.152

0.080
0.122

0.078
0.133

0.104
0.145

0.015
0.043

0.061
0.075

0.070
0.093

0.051
0.062

0.064
0.085

0.058
0.071

0.046
0.050

5 75
8.75
10

0.050
0.020
0.133

0.050
0.099
0.155

0.031
0.070
0.112

0.036
0.084
0.13¢9

0.047
0.086
0.128

-0.036
-0.010

0.013"

0.027
0.032
0.043

0.036
0.047
0.067

0.023
0.027
0.036

0.033
0.043
0.081

0.025
0.031
0.041

0.023
0.021
0.023

11 2
25
3

0.233
0.337
0.435

0.180
0.303
0.432

0.158.

0.262
0.359

0.142
0.265
0.393

0.215
0.317
0.414

0.010
0.084
0.147

0.303
0.356
0.437

0.348
0.424

.0.574

0.248
0.287
0.353

0.324
0.390
0.526

0.288
0.336
0.412

0.218
0.225
0.239

2 4
5

0.182
0.276

0.166
0.301

0.127
0.220

0.136
0.269

0.165
0.258

-0.025
0.029

0.167

-0.207

0.245

0.330

0.138
0.167

0.227
0.302

0.156
0.192

0.115
0.113

5 8.75
10

12.5

15

0.108
0.143
0.227
0.311

0.114
0.171
0.307
0.431

0.067
0.101
0.184
0.264

0.089
0.145
0.279
0.401

0.093
0.127
0.210
0.202

-0.100
-0.089
-0.059
-0.032

0.087
0.095
0.129
0.182

0.159
0.186
0.299

0.408

0.074
0.078
0.104
0.149

0.148
0.172
0.275
0.374

0.081
0.087

0.118

0.167

Notes: Bias and MSE of a calculated over 5000 samples of size n=50 generated at each simulation
(parameter) setting. Values of G=0 used for non-positive estimates. See Tables 3 and 4 for the counts of
non-positive estimates produced per estimation method.

0.073
0.069
0.066
0.066
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Table 15: Power Comparison of DDT vs. others for samples of size n=30;
Significance Results for NB tests only.

a 2 runs | EQLS PLS MLS ©OQS CMLS DDT - LRT t
02 1 1.75 3052 | 0.4037 0.4089 0.4043
2 3121 ;
25 83185
2 35 3676 6162
4 3628 |0 0.7875 0.7897
5 75 4185 -] 05429 0.5362
875 4231 0.8003 0.7927
10 4181 0.9294 EQL.S
05 1 2 4021 04947 0.4942
25 4135 07289 0.7313
3 4322 0.8637 0.8707
2 4 4581 06197 0.6213
5 4637 0.8342 0.8372
5 10 4786 07386 07524
125 4750 09124 0.9202
1 1 2 4458 0.3948 0.3910
25 4547 05797 05909
3 4667 739 450
35 4740 0.8297 0.8407
2 4 4830 0.4625 0.4714
5 4847 0.6666 0.6825
6 4866 0.7963 0.8132
5 10 4909 04956 0.5119
15 4849 0.8363 0.8579

Notes: Coded power results from tests based on the GEE approach for correlated data.

Each row contains the results of the (simultaneous a=0.05) GEE test comparing power values obtained for
the listed simulation (parameter) setting.

“runs" = number of samples of size n=30 where all testing methods obtain NB test results and over which the
comparison is made. ’

DDT and all tests with power not significantly different from DDT have power values italicized and shaded in
gray.

Tests with power significantly greater (better) than DDT are listed in bold and underlined.

Tests with power significantly less {(worse) than DDT are listed power values in plain text.

Test results listed as another test method abbreviation acheived the same power as, and were highly
correlated with, the abbreviated test. The results of that test were rémoved to avoid singularity of the
covariance matrix. A summary of the correlation matrices produced for these power comparisons is found in
Table 21. :
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Table 16: Power Comparison of DDT vs. others for samples of size n=50;
Significance Results for NB tests only.

w2 w1 rmns | EQLS PLS ' MLS 0QS CMLS DDT  LRT t

0.5446 0,5451
35 4385 | 0.8098 0.8080 0.8105

4 4453 | 0.9367 09362 EQLS

5 75 4891 | 07495 07538 0.7502
875 4901 | 09451 0.9463 09455 O

10 4908 | 0.9955 0.9953 EQL.S
05 1 175 4546 | 05350 05405 05348 O
2 4633 | 07058 07108 07049 0.
25 4752 | 09112 09141 09114 O. )

2 35 4926 | 06630 0.6626 0.6634

4 4947 | 0.8278 0.8231 0.8274

5 75 4997 | 05369 0.5361 0.5361
875 4997 | 07757 07641 0.7755

10 4997 | 0.9113 0.9087 0.9109

1 1 2 4913 | 05455 05363 0.5463
25 4930 | 07769 07738 07769 O

3 4956 | 0.9044 0.8967 0.9048.

2 4 4985 | 0.6441 0.6389 0.6443
5 4995 | 0.8623 08553 0.8629

5 875 4998 | 0.5746 05686 0.5738

10 4996 | 07188 07102 0.7186

125 4996 | 09217 09129 09215

15 4997 | 09762 0.9720 0.9760 .

Notes: Coded power results from tests based on the GEE approach for correlated data.

Each row contains the results of the (simultaneous ¢=0.05) GEE test comparing power values obtained for
the listed simulation (parameter) setting.

"runs" = number of samples of size n=50 where all testing methods obtain NB test results and over which the
comparison is made.

DDT and all tests with power not significantly different from DDT have power values italicized and shaded in
gray.

Tests with power srgnlflcantly greater (better) than DDT are Ilsted in bold and underlined.

Tests with power significantly less (worse) than DDT are listed power values in plain text. ,

Test results listed as another test method abbreviation acheived the same power as, and were highly
correlated with, the abbreviated test. The results of that test were removed to avoid smgularlty of the
covariance matrix. A summary of the correlation matrices produced for these power comparisons is found in
Table 22.
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Table 17: Power Comparison of DDT vs. others for samples of size n=30;
Significance Results for NB and Poisson tests.
EQL.S

PL.S ML.S

Notes: Coded power results from tests based on the GEE approach for correlated data.

Poisson test resuits are used for individual tests failing to obtain a NB result due to a non-positive estimate
for the variance parameter.

Values obtained for the same simulation (parameter) settings are listed in rows.

“runs" = number of samples of size n=30 where all testing methods obtain NB or Poisson test results and
over which the comparison is. made.

DDT and all tests with power not significantly different from DDT are listed in italics and shaded in gray.
Tests with power significantly greater (better) than DDT are listed in bold and underlined.

Tests with power significantly less (worse) than DDT are listed in plain text.

Test results listed as another test method abbreviation acheived the same power as, and were highly
correlated with, the abbreviated test. The results of that test were removed to avoid singularity of the
covariance matrix.

¢
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Table 18: Power Comparison of DDT vs. others for samples of size n=50;
Significance Results for NB and Poisson tests

a p2 m rns |EQLS PLS MLS 0OQS CMLS DDT  LAT t
02 1 15 5000 | 0.4192 04208 04208 04214 04202 | O ¥
: 1.75 5000 ) ;
2 4908

2 3 5000 | 0.5574 05570 0,5584 PL.S 0.5582
35 5000 | 0.8208 O
4 4944 | 0.9391 0.

387 EQL.S PLS EQLS

5 75 5000 | 0.7512 0.7552 0.7518 PLS 0.7514

8.75 5000 | 0.9454 0,946 9458 0.9466 0.9456

10 5000 | 0.9956 09954 EQLS PLS EQL.S

05 1 175 5000 | 05412 05446 05406 05428 0.5416

2 5000 | 0.7092 0.7126 0.7078 0.7092 0.7088

25 4999 | 0.9114 0.9136
2 35° 5000 | 0.6638 0.6624

o
(]
(o]
=
(-]
(]
(=]
o
©
—
[¢.]

(1]
N
N
»
o
)
(1]
(%]
co

4 5000 | 0.8282 0.8234 0.8278 PL.S 0.8276

5 75 5000 | 0.5366 0.5358 0,5358 PL.S 0.5364

876 5000 | 0.7756 0.7640 0.7/754 PL.S 0.7764

10 5000 | 0.9114 09088 09110 PLS 09116

1 1 2 5000 | 0.5444 0.5344 05452 PL.S 0.5454
25 5000 | 07774 07728 07774 0.7726 EQL.S

3 5000 | 09044 0.8964 0.9048 PL.S 0.9054

2 4 5000 | 0.6436 0.6378 0.6438 PL.S 0.6450

5 5000 | 0.8622 0.8552 0.8628 PL.S 0.8630
5 875 5000 | 0.5748 0.5688 0.5740 PLS 0.5746
10 5000 | 0.7186 0.7102 0.7184 PLS 0.7186
126 5000 | 0.9218 0.9130 0.9216 PL.S ML.S
15 5000 | 0.9762 0.9720 09760 PLS 0976

Notes: Coded power results from tests based on the GEE approach for corrélated data.

Poisson test results are used for individual tests failing to obtain a NB result due to a non-positive estimate

for the variance parameter.

Values obtained for the same simulation (parameter) settings are listed in rows.

"runs" = number of samples of size n=30 where all testing methods obtain NB or Poisson test results and
_ over which the comparison is made.

DDT and all tests with power not significantly different from DDT are listed in italics and shaded in gray.

Tests with power significantly greater (better) than DDT are listed in bold and underlined. -

Tests with power significantly less (worse) than DDT are listed in plain text.

Test results listed as another test method abbreviation acheived the same power as, and were highly

correlated with, the abbreviated test. The results of that test were removed to avoid singularity of the

cobvariance matrix.
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Table 19: Power Comparison of LRT vs. others excluding DDT for samples of
size n=30; Significance Results for NB tests only.

a y2 #1' var2 varl runs | EQL.S PL.S ML.S 0QSs CMLS LRT t
02 1 175 12 2.36 4024] 0.4120 04100 0.4118 04008 0.4125

2 2.8 40383| 05713 05720 05686 0.5710 0.5713
25 3.75 4015| 0.8207 0.8242 0.8192 0.8239 0.8217

2 85 28 595 451106294 0.6160 0.6300 0.6178 0.6291
4 72 4522107970 07910 0.7974 0.7917 0.7972 i
5 75 10 188 4946| 0.5469 0.5481 :

8.75 241 4963 | 0.8005 0.8011
10 30 4867} 0.9355 . EQL.S
05 1 2 1.5 4 4731105012 0.4925 0.5001

25 563 47581 0.7299 0.7192 0.7287
3 7.5 4839) 0.8725 0.8609 0.8717
2 4 4 12 49631 0.6252 0.6220 0.6262
5 176 4977 | 0.8397 0.8407
5 10 175 60 5000 | Sli7 s

12.5 "90.6 5000 |
1 1 2 2 6 4942
25 8.75 4962
3 12 4987
35 15.8 4988
2 4 6 20 4999 [
. 50 4000 bibiar UL AE
6 42 5000
5 10 30 110 5000}

15 240 5000 |

Notes: Coded power results from tests based on the GEE approach for correlated data.

Values obtained for the same simulation (parameter) settings. are listed in rows.

"runs" = number of samples of size n=30 where all testing methods obtain NB test results and over which the
comparison is made. )

LRT and all tests with power not significantly different-from LRT have power values italicized and shaded in
gray. .

Tests with power significantly greater (better) than LRT are listed in bold and underlined.

Tests with power significantly less (worse) than LRT are listed power values in plain text.

Test results listed as another test method abbreviation acheived the same power as, and were highly
correlated with, the abbreviated test. The results of that test were removed to avoid singularity of the
covariance matrix.
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Table 20: Power Comparison of LRT vs. others excluding DDT for samples of
size n=50; Significance Results for NB tests only. '

a 2 put var2 vart runs EQL.S PL.S ML.S oQs CMLsS LRT t
02 1 15 12 195 4423 | 0.3832 0.3873 0.3850 0.3857 0.3844
1.75 236 4372 [ 06212 0.6233 0.6212 0.6231 0.6217
2 2.8 4307 | 0.8078 08150 0.8091 0.8145 0.8080
2 3 28 48 4835 | 05481 05477 05491 PLS  0.5489
35 5095 4808 0.8107 0.8155 PLS 0.8155
4 7.2 4794 0.9374 EQLS PLS
5 75 10 188 4995
8.75 241 4999
10 30 4998
05 1 175 15 328 4897
: 2 4 4929
25 563 4966
2 35 4 983 499
: 4 12 4995
5 75 175 356 5000
8.75 47 5000
10 60 5000
1 1 2 2 6 4008
25 875 4998
3 T 12 4999
2 4 6 20 5000 |
5 30 5000 |
5 875 30 .853 5000 ’
10 110 5000
12,5 169 5000
15 240 5000

Notes: Coded power results from tests based on the GEE approach for correlated data.

Values obtained for the same simulation (parameter) settings are listed in rows,

"runs" = number of samples of size n=50 where all testing methods obtain NB test results and over which the
comparison is made.

LRT and all tests with power not significantly different from LRT have power values italicized and shaded in
gray.

Tests with power significantly greater (better) than LRT are listed in bold and underlined.

Tests with power significantly less (worse) than LRT are listed power values in plain text.

Test results listed as another test method abbreviation acheived the same power as, and were highly
correlated with, the abbreviated test. The results of that test were removed to avoid singularity of the
covariance matrix.
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Table 21. Summary statistics across correlation matrices (R) produced for power
analyses in Table 15 on samples of size n=30.

average correlations:

EQL.S PL.S ML.S oQs CML.S DDT LRT t
EQL.S 1.0000 0.9007 0.9961 0.9009 0.9975 0.6316 0.9561 0.6881
PL.S 0.9007 1.0000 0.9032 0.9984 0.9008 0.6548 0.8957 0.7071
ML.S 0.8961 0.9032 1.0000 0.9035 0.9952 0.6324 0.9573 0.6887
oQ.s 0.9009 0.9984 0.9035 1.0000 0.9010° 0.6553 0.8959 0.7074
CML.s 0.9875 0.9008 0.9952 0.9010 1.0000 0.6317 0.9573 0.6880
DDT 0.6316 0.6548 0.6324 0.6553 0.6317 1.0000 0.6244 0.7195
LRT 0.9561 0.8957 0.9573 0.8959 0.9573 0.6244 1.0000 0.6771

t 0.6881 0.7071 0.6887 0.7074 0.6880 0.7185 0.6771 1.0000

minimum correlations:

EQL.S PL.S ML.S 0QSs CML.S DDT LRT t
EQL.S 1.0000 0.8124 0.9928 0.8131 0.9905 0.3671 0.8605 0.5474
PL.S 0.8124 1.0000 0.8155 0.9953 0.8129 0.3840 0.8188 0.5795
. ML.S 0.9928 0.8155 1.0000 0.8163 0.9882 0.3680 0.8569 0.5484
oaQ.s 0.8131 0.9953 0.8163 1.0000 0.8137 0.3840 0.8195 0.5795
CML.S 0.9905 0.8129 0.9882 0.8137 1.0000 0.3664 0.8624 0.5482
. bDT 0.3671 0.3840 0.3680 0.3840 0.3664 1.0000 0.3675 0.5522
LRT 0.8605 0.8188 0.8569 0.8195 0.8624 0.3675 1.0000 0.5512
t 0.5474 05795 0.5484 05795 0.5482 0.5522 0.5512 1.0000

maximum correlations: :
EQLS PLS MLS 0QS CMLS DDT LRT t

EQL.S 1.0000 0.9539 1.0000 0.9539 1.0000 0.8420 0.9916 0.7670
PL.S 0.9539 1.0000 0.9593 1.0000 0.9512 0.8672 0.9430 0.7838
ML.S 1.0000 0.9593 1.0000 0.9593 1.0000 0.8460 0.9938 0.7686
oQ.s 0.9539 1.0000 0.9593 1.0000 0.9512 0.8672 0.9430 0.7838
CML.S 1.0000 0.9512 1.0000 0.9512 1.0000 0.8406 0.9957 0.7672
DDT 0.8420 0.8672 0.8460 0.8672 0.8406 1.0000 0.8460 0.8248
LRT 0.9916 0.9430 0.9938 0.9430 0.9957 0.8460 1.0000 0.7422
1 . 0.7670 0.7838 0.7686 0.7838 0.7672 0.8248 0.7422 1.0000

Notes: A separate correlation matrix (R) is produced for each power analysis (row) in Table 15. The
summary statistics (averages, minimums and maximums) were taken over the 24 R matrices.
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Table 22. Summary statistics across correlation matrices (R) produced for power
analyses in Table 16 on samples of size n=50.

average correlations:

EQLS
EQL.S 1.0000
PL.S 0.9161
ML.S 0.9971

oaQ.s 0.9163
CML.S 0.9980

DDT 0.6233
LRT 0.9807

t 0.6380

PL.S

0.9181
1.0000
0.9179
0.9988
0.9167
0.6371
0.9180
0.6512

minimum correlations:

EQL.S
EQL.S 1.0000
PLS 0.7529
MLS . 0.9871

0Q.s 0.7529
CML.s 0.9914

DDT 0.2353
LRT 0.9381
t 0.3504

maximum correlations:

EQL.S
EQL.S 1.0000
PL.S 0.9740
ML.S 1.0000

oQ.s 0.9734
CML.S 1.0000

DDT 0.8636
LRT 1.0000
t 0.7639

PL.S

0.7529 -

1.0000
0.7655
0.9894
0.7609
0.2744
0.7768
0.3658

PL.S

0.9740
1.0000
0.9746
1.0000
0.9746
0.8694
0.9648
0.7604

ML.S

0.9971
0.9179
1.0000
0.9180
0.9883
0.6230
0.8830
0.6380

ML.S

0.9871
0.7655
1.0000
0.7655
0.9941
0.2368
0.9429
0.3504

ML.S

1.0000
0.9746
1.0000
0.9740
1.0000

0.8614 "

1.0000

0.7623

oQ.s
0.9163
0.9988
0.9180
1.0000
0.9168
0.6374
0.9176
0.6515

0oQ.s

0.7529
0.9894
0.7655
1.0000

' 0.7609

0.2744
0.7768
0.3658

caQ.s
0.9734
1.0000
0.9740
1.0000
0.9740
0.8699
0.9648
0.7609

CML.S
0.9980
0.9167
0.9883
0.9168
1.0000
0.6231
0.9823
0.6379

CML.S
0.9914
0.7609
0.9941
0.7609
1.0000
0.2353
0.9389
0.3504

CML.S
1.0000
0.9746
1.0000
0.9740
1.0000
0.8625
1.0000
0.7642

DDT
0.6233
0.6371

0.6230 .

0.6374
0.6231
1.0000
0.6198
0.7098

DDT

0.2353
0.2744
0.2368
0.2744
0.2353
1.0000
0.2385
0.4352

DDT

- 0.8636

0.8694
0.8614
0.8699
0.8625
1.0000
0.8599
0.8284

LRT
0.9807

0.9180 .

0.9830
0.9176
0.9823
0.6198
1.0000
0.6341

LRT

0.9381
0.7768
0.942¢9
0.7768
0.9389
0.2385
1.0000
0.3504

LRT

1.0000
0.9648
1.0000
0.9648
1.0000
0.8599
1.0000
0.7475

t
0.6380
0.6512
0.6380
0.6515
0.6379
0.7098
0.6341
1.0000

t
0.3504
0.3658
0.3504
0.3658
0.3504
0.4352
0.3504
1.0000

t

0.7639
0.7604

' 0.7623

0.7609
0.7642

- 0.8284

0.7475
1.0000

Notes: A separate correlation matrix (R) is produced for each power analysis (row) in Table 16. The
summary statistics (averages, minimums and maximums) were taken over the 26 R matrices.
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Table 23. Rejection Patterns for Power Comparisons in Table 15 with a=0.2 and

samples of size n=30.

Testing Methods |a=.2, n=30 Settings for Means
. n2=1 u2=2 T u2=5
E P DL t ul=  pl= pl=| pl= pl=| pul= pl= pl=
QL DR 175 2 2 5] 35 4 75 875 10
L STT
S
rejection pattern counts of occurence in this pattern total percent
rejected by no tests
0 0 0 0 0]1542 1052 400 | 1176 592 | 1566 658 194 | 7180 24.54
rejected by 1 of 5 tests ' ‘
1 0 0 00 0 0 0 0 0 0 0 0 0 0
6 1 000 0 0 0 3 3 19 12 5 42  0.144
6 01 0 0] 49 54 23 73 36 139 74 32 480 1.641
0 0 01 0] 68 65 47 32 33 17 11 7 280 0.957
0 0 0 0 1] 25 28 14 36 30 57 36 9 235 0.803
rejected by 2 of 5 tests
11 0 00 0 0 0 0 0 0 0 0 0 0
101 00 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0} 20 12 15 49 24 31 14 18 183" 0.625
10 0 0 1 0 0 0 0 0 0 0 0 0 0
011 00 0 0 0 1 0 9 7 2 19 0.065
01010 7 17 10 6 6 9 9 3 67 0.229
¢ 10 0 1 0 0 0 0 0 7 8 3 18 0.062
0 011 0] 34 32 18 15 9 0 1 1 110 0.376
6 01 0 1] 32 31 13 27 24 80 38 17 262 0.895
0 0 0 1 1 7 4 6 9 3 4 2 3 38 0.130
rejected by 3 of 5 tests
111 00 0 0 0 | O 0 0 0 0 0 0
11 0 1 0] 39 67 53 135 128 | 160 150 91 823 2.813
11 0 0 1 0 0 0 0 0 0 0 0 0 0
10110 5 5 0 2 3 2 2 2 21 0.072
101 0 1 0 0 0 0 0 0 0 0 0 0
1 00 1 1 0 2 1 14 5 10 5 4 41 0.140
011 1 0] 15 17 17 12 12 4 3 1 81 0.277
611 0 1 0 0 -0 1 0 8 11 3 23  0.079
01 0 1 1 2 1 0 5 3 8 1 1 21 0.072
0 01 1 1] 21 22 15 12 7 2 0 2 81 0.277
rejected by 4 of 5 tests
11 1 1 0f172 221 179 | 267 247 | 183 148 92 1509 5.157
111 0 1 0 0 0 0 0 0 0 0 0 0
11 0 1 1] 10 21 20 93 61 240 253 274 972 3.322
101 1 1 1 2 1 4 5 5 - 4 6 28  0.096
01 1 1 1] 18 21 16 7 8 17 9 3 99  0.338
rejected by all tests ‘ ’
11 1 1 1 | 985 1447 2337 1697 2389 | 1608 2775 3408 | 16646 56.89
- total 3052 3121 3185| 3676 3628 | 4185 4231 4181 29259 100.0
Notes: Rejection patterns (left section) indicate which combinations of the testing methods (listed in the

header) rejected (=1) or accepted (=0) Hg. The remainder of the table is a tabulation of the occurrences per
parameter settings (columns, as listed in header).




118

Table 24. Rejection Patterns for Power Comparisons in Table 15 with a=0.5 and
samples of size n=30.

Testing Methods |a=.5, n=30 Settings for Means
u2=1 pu2=2 u2=>5
E P DL t 1= 1= 1= 1= 1= 1= 1=
QL DR u2 %.5 l~L3 u4 u5 LfIO #2.5
L S TT
S
rejection pattern - counts of occurence in this pattern . |total percent
rejected by no tests
0 00 0 0] 1766 927 445 1434 565 910 271 6318 20.23
rejected by 1 of 5 tests '
100 00 1 0 0 0 0 5 0 6 " 0.019
01 0 0 0 12 " 10 6 38 26 38 14 144  0.461
0 01 0 0| 46 41 19 77 29 58 28 298 0.954
0 0 01 0f 25 16 5 13 6 2 1 68 0.218
0 0 0 0 1 58 25 22 58 39 69 23 294  0.941
rejected by 2 of 5 tests .
11 0 00 0 0 0 0 0 1 0 1  0.003
101 00 0 0 0 0 0 0 0 0 0
10 01 0| 58 50 44 74 53 100 42 416 1.332
10 0 0 1 -0 0 0 1 0 0 0 1 0.003
01100 0 0 0. 5 2 10 1 18  0.058
01 0 1 0} 24 11 7 16 16 4 0 78 0.25
01 0 0 1 3 4 8 10 12 | 7 6 -50 0.16
0 0110 0 1 0 0 1 0 0 2 0.006
0010 1 58 42 29 59 47 67 26 328 1.05
0 0 0 1 1 6 1 1 3 1 ] 1 1 14 - 0.045
rejected by 3 of 5 tests
111 00 0 0 .0 0 0 0 0 0 0
11 0 1 0] 179 210 169 316 293 411 305 1883 6.029
11 0 0 1 0 0 0 0 0 0 0 0 0
101 10 1 1 3 2 5 9 5 26 0.083
1010 1] O 0 0 0 0 1 0 1 0.008
100 1 1 13 10 8 13 1] 17 8 80 0.256
01110 3 1 0 1 1 1 0 7 0.022
011 0 1 3. 12 5 15 8 16 5 64 0.205
01 0 1 1 4 6 2 3 2 0 1 18  0.058
0 0 1 1 1 2 2 1 1 1 0 1 8 0.026
rejected by 4 of 5 tests _
11 1 1 0] 129 152 104 134 112 105 73 809 2.59
111 01 0 0 0 0 0 0 0 0 0
110 1 1 85 109 148 248 277 642 644 2153 6.894
101 1 1 3 5 12 7 11 12 10 60 0.192
011 1 1] 21 9 6 7 4 0 2 49 0.157
rejected by all tests '
1 1 1 1 1] 1526 2490 3278 | 2046 3115 | 2300 3283 | 18038 57.75
total 4021 4135 4322 | 4581 4637 | 4786 4750 | 31232 100

Notes: Rejection patterns (left section) indicate which combinations of the testing methods (listed in the
header) rejected (=1) or accepted (=0) Hg. The remainder of the table is a tabulation of the occurrences per
parameter settings (columns, as listed in header).
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Table 25. Rejection Patterns for Power Comparisons in Table 15 with a=1 and

samples of size n=30.

Testing Methods |a=1, n=30 Settings for Means
- u2=1 u2=2 pn2=5

E t 1= 1= ul= 1= 1= 1= 1= 1= 1=

aLor ("2 5 M L5l 5 %M s

L 8T T

S

rejection pattern counts of occurence in this pattern totals percent
rejected by no tests

0 0 0 0 0]2350 1572 901 568 | 2199 1245 676 ({1998 505 | 12014 28.13
rejected by 1 of 5 tests

10 0 0 0] 2 3 4 4 | 17 9 2 7 4 52 0.122
01 0 0 0] 456 32 48 21 7% 69 48] 74 A 454 1.063
0 01 0 0)] 9 59 62 28| 80 55 35| 8 30 533 1.248
0 001 0} 23 25 16 10| 7 5 6 4 6 102 0.239
0 0 00 1] 39 30 19 27 |1 52 40 29| 66 26 328 0.768
rejected by 2 of 5 tests

110 0 0 O 1 1 0| 4 1 1 ‘3 0 11 0.026
101 0 0] O 0 0 01 0 0 0 0 0 0 0.000
1 0 01 0f 74 106 97 97 | 127 136 126| 153 126 1042 2.440
10001} 0 1 0 0 0 2 0 1 0 4 0.009
011 0 0] 2 1 2 0 3 1 2 15 0 26 0.061
01 01 0] 21 21 25 16 8 5 8 3 8 115 0.269
01 00 1} 9 12 12 7 25 14 21 24 16 140 0.328
001 1 0] 1 1 0 0 0 1 0 0 2 5 0.012
00101 78 738 70 34| 77 77 60| 99 32 600 1.405
0 001 1] 4 1 2 2 1 2 0 1 2 15 0.035
rejected by 3 of 5 tests

111 0 0] O 0 0 0 0 0 0 0 0 0 0.000
11 0 1 0]198 270 302 316 | 381 489 466 | 518 546 3486 8.161
11 0 0 1] 3 0 0 0 2 2 0 4 0 11 0.026
1011 0}.2 3 3 2 2 3 1 7 6 29 0.068
101 0 1 1 0 0 01 0 0 0 1 0 2 0.005
10 01 1] 19 28 27 20 19 23 33| 36 31 231 0.541
0111 0] 0 -0 0 0 1 0 0 0 0 1 0.002
011 0 1] 18 13 13 18 19 15 17 | 23 19 -165 0.363
01 0 1 1] 12 3 9 7 2 2 2 1 2 40 0.094
0 01 1 1] 2 0 0 0 1 2 1 0 0 6 0.014
rejected by 4 of 5 tests ' -
111 1 0] 93 70 85 65 | 4 46 .40 | 27 29 499 1.168
111 0 1 1 0 0 0 0 1 0 0 0 2 0.005
1 1 0°1 1] 173 265 357 381 | 427 603 742 | 676 1221| 4845 11.34
101 1 1| 7 14 16 15 14 16 22| 15 24 143 0.335
011 1 1] 10 15 6 14 5 2 7 1 2 62 0.145
rejected by all tests B )

1 1 1 1 1]1175 1933 2590 3088|1237 1981 2521|1064 2171| 17760 41.58

total 4458 4547 4667 4740|4830 4847 4866|4909 4849 42713 100.0

Notes: Rejection patterns (left séction) indicate which combinations of the testing methods (listed in the
header) rejected (=1) or accepted (=0) Hy. The remainder of the table is a tabulation of the occurrences per

parameter settings (columns, as listed in header).
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Table 26. Rejection Patterns for Power Comparisons in Table 16 with a=0.2 and

samples of size n=50.

Testing Methods |a=.2, n=50 Settings for Means
u2=1 ' p2=2 pu2=5

EPDLtp= p= pl=|p= u= pl=|pl= pl= pl=
QL DR 15 175 2 3 35 4 75 875 10
L §TT
S
rejection pattern counts of occurence in this pattern total percent
rejected by no tests ,
0 0 0 0 0|2046 1181 555 {1711 665 204 | 969 192 14 | 7523 221
rejected by 1 of 5 tests ' .
10 0 0 0] O 0 0 0 0 0 0 1 0 1 0.003
01 0 0 0] 4 1 2 1 2 0 30 9 0 49 0.144
0 01 0 0] 53 5 44 | 58 33 14 | 69 23 1 350 1.028
0 0 01 0} 28 29 19 | 30 15 9 1 0 0 131 .0.385
0 0 0 0 1] 37 34 27| 82 42 27| 72 19 4 340 0.999
rejected by 2 of 5 tests :
11 0 0 0] O 0 0 0 0 0 0 0 0 0 0
1 01 0 0] O 0 0 0 0 0 0 0 0 0 0
1 0 01 0] 14 11 6 23 23 8 21 9 1 115  0.338
1 0 0 0 1} O 0 0 0 0 0 0 0 0 0 0
0110 0] 1 1 0 2 0 0 6 3 0 | 13 0.038
01 0 1 0 17 8 7 13 11 5 1 .2 0 64 0.188
010 0 1 1 0 0 0 1. 0 9 4 0| 15 0.044
0 01 1 0} 12 9 5 4 7 2 1 1 0 41 0.12
0 01 0 1] 49 43 36| 58 35 12 | 59 14 2 306 0.899
00 0 1 1 1 5 5 4 6 2 0 0 0 23  0.068
rejected by 3 of 5 tests
111 0 0} O 0 0 0 0 0 0 0 0 0 0
11 0 1 0| 65 81 78 1163 140 76 | 214 99 23 | 916 2.691
110 01} 0 0 0 0 0 0] 0 0 0 0 0
1011 0} 0 1 0 0 2 1 3 0 0 7 0.021
101 0 1] O 0 0 0 0 0 0 0 0| O 0
10 0 1 1] 2 2 1 2 5 3 5 2 1 22  0.065
0111 0} 12 12 15 3 0 1 0 0 0 43 0.126
0110 1 1 0 8 0 1 1 7 2 1 20 0.059
0101 1] 2 1 1 3 5 1 0 0 0 13 0.038
0 01 1 1] 8 12 5 7 6 2 0 0 0 40 0.118
rejected by 4 of 5 tests . )
1 1 1 1 0| 227 242 233 | 287 222 150 | 227 125 42 | 1713 5.032
111 0 1) 0 0 0 0 0 0 0 0 0 0 0
1101 1] 17 17 141 80 75 69 | 261 180 47 | 713 2.095
1 011 1} 3 0 0 4 3 0 4 2 0 16 0.047
c 11 1 1} 7 8 16 9 5 2 1 0 0 48  0.141
rejected by aII tests ‘ A
1 1 -1 1]1096 1917 2599|1815 3081 3864|2931 4214 4772| 21517 63.21

total 3703 3671 3676|4359 4385 4453|4891 4901 4908]| 34039 100.0

Notes: Rejection patterns (left section) indicate which combinations of the testing methods (listed in the
0) Hg. The remainder of the table is a tabulation. of the occurrences per
parameter settings (columns, as listed in header).

header) rejected (=1) or accepted (=
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Table 27. Rejection Patterns for Power Comparisons in Table 16 with a=0.5 and

samples of size n=50.

Testing Methods [a=.5, n=50 Settings for Means .
u2=1 u2=2 p2=5

E P DL t pl=  pl= ul= pl=  pl= | ul= pl= ul=
QL DR 175 2 25 35 4 875 10
L 8§ TT
S
rejection pattern counts of occurence in this pattern total percent
rejected by no tests
0 0 0 0 0]1850 1161 313 | 1402 685 | 1941 891 326 | 8569 22.09
rejected by 1 of 5 tests - .
100 00 0 0 0 | 1 0 8 1 1 11 0.028
c 1 0 0 0 19 23 14 39 22 48 25 21 211 0.544
0 01 0 0] 53 46 21 70 30 89 61 23 393 1.013
0 0 01 0] 15 8 3 1 2 1 1 0 31 0.08
0 0 0 0 1| 66 42 23 61 46 105 66 33 442 1.139
rejected by 2 of 5 tests
110 00 0 0 0 2 3 1 2 0 8 0.021
10100 0 0 0 0 0 0 0 2 2 0.005
10 0 1 0] 34 28 24 50 48 62 76 32 .1 354 0.912
10 0 0 1 0 0 0 0 0 1 1 0. 2 0.005
01100 2 1 1 2 3 12 5 1 27 0.07
01 01 0] 16 18 10 3 1 1 2 0 51 0.131
01 0 0 1] 10 3 5 5 6 23 6 7 65 0.168
0 0110 1 0 1 0 0 0 0 0 2 0.005
0 01 0 1] 59 42 18 61 51 80 54 28 393 1.013
00 0 1 1 2 2 2 0 1 0 0 0 7 0.018
rejected by 3 of 5 tests
11100 0 0 0 0 0 1 0 0 1 0.003
1 1 0 1 0] 246 254 160 | 344 309 | 405 426 321 2465 6.354
11 0 0 1 0 0 0 0 0 0 1 0 1 0.0083
10 1T 1T 0 1 1 0 2 1 3 2 3 13 0.034
101 0 1 0 0 0 0 0 0 1 0 1 0.003
10 0 1 1 5 3 0 7 8 20 12 5 60 0.155
01110 2 1 0 1 0 0 0 1 5 0.013
011 0 1 6 8 4 9 4 14 7 3 55 0.142
01 0 1 1 5 2 2 3 0 0 0 0 12 0.031
0 0 1 1 1 0 2 1 1 0 0 0 0 4 0.01
rejected by 4 of 5 tests ‘
11 1 1 0] 194° 168 138 | 194 170 | 186 168 129 | 1347 3472
11 1 0 1 0 0 0 { 0 1 1 -0 0 2 0.005
11 01 1] 97 99 90 | 208 191 | 362 391 355 | 1793 4.622
1011 1] 3 5 2 6 3 8 13 3 43 0.111
01 11 1 8 4 4 2 1 0 3 0 22 0.057
rejected by all tests
11 1 1 1]1852 2712 3916| 2452 3361 | 1625 2782 3703 | 22403 57.75

total 4546 4633 4752 4926 4947 | 4997 4997 4997 38795 100.0

Notes: Rejection patterns (left section) indicate which combinations of the testing methods (listed in the
header) rejected (=1) or accepted (=0) Hq. The remainder of the table is a tabulation of the occurrences per

parameter settings (columns, as listed in header).
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Table 28. Rejection Patterns for Power Comparisons in Table 16 with a=1 and

samples of size n=50.

Testing Methods |a=1, n=50

Settings for Means

Notes: Rejection patterns (left section) indicate which combinations of the testing methods (listed in the

pu2=1 u2=2 u2=5
E P DL t pl= ul= pl= | pl= ul=1| pul= pl= pl= ul=
QL DR 2 25 3 4 5 [875 10 125 15
LS TT ) )
S
rejection pattern counts of occurence in this pattern total percent
- rejected by no tests ’
0 0 0 0 0|]1913 872 348 | 1436 527 | 1789 1108 283 78 | 8354 18.66
rejected by 1 of 5 tests )
1 0 0 0 O] 4 2 3 5 1 0 3 1 3 ‘22 0.049
01 0 0 0] 36 35 17 61 29 53 54 25 11 321 0717
0 01 0 0] 61 27 14 70 26 88 61 21° 3 371 0.829
000T“1TO0O 5 2 2 3 3 4 2 0 0 21 0.047
0 00 0 1| 77 57 31 62 33 60 55 19 7 | 401 0.896
rejected by 2 of 5 tests
11000 1 1 1 0 -0 3 1 0 0 7 0.016
10100 0 0 0 0 1 0 0 0 0 1 0.002
1 0 0 1 0| 80 72 48 103 75 92 105 65 29 669  1.494
10 0 0 1 1 0 0 2 0 0 -0 0 0 3 0.007
01100 1 1 1 4 1 7 5 0 2 22 0.049
01 010 7 9 4 4 6 3 4 1 2 40 0.089
01 00 1} 10 20 12 21 14 13 20 6 2 118  0.264
00110 1 0 0 0 0 1 0 0 0} 2 0.004
0 01 0 1| 89 55 33 84 38 94 74 28 10 505 1.128
0 0 0 1 1 1 0 0 0 0 0 1 0 0 2 0.004
rejected by 3 of 5 tests
111 00 0 0 0 0 0 0 0 0 0 0 0
1 1 0 1 0J302 2905 210 | 397 386 | 613 656 519 308 | 3686 8.234
110 0 1 0 0 0 1 0 2 0 0 0 3 0.007
10110 2 1 0 9 4 2 5 3 0 26  0.058
101 0 1 1 1 2 0 1 1 0 0 0 6 0.013
10 0 1 1} 27 15 15 13 8 15 21 6 7 127 0.284
01110 0 0 0 1 0 0 0. 0 0 1 0.002
01 1 0 1] 19 16 5 21 9 14 18 8 3 113  0.252
01 0 1 1 6 2 3 4 1 0 1 0 0 17 0.038
001 1 1 3 0 2 0 0 0 0 0 0 5 0.011-
rejected by 4 of 5 tests : - ’
11 1 1 0| 84 79 57 | 125 96 81 89 56 25 692 1.546
111 01 0 0 i | 0 0 1 0 0 0| 2 0.004
1 1 0 1 1] 250 299 293 | 328 365 | 522 621 . 722 643 | 4043 '9.031
101 1 1) 13 11 14 13 6 10 13 9 3 92 0.206
01 1 1 1 4 4 2 3 1 0 2 0 1 17 0.038
rejected by all tests '
1 1 1 1 1f1915 3054 3838 | 2215 3364 | 1530 2077 3224 3860 | 25077 56.02
total | 4913 4930 4956 4985 4995 4998 4996 4996 4997 | 44766 100.0

header) rejected (=1) or accepted (=0) Hy. The remainder of the table is a tabulation of the occurrences per
parameter settings (columns, as listed in header).
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Table 29. Rejection Patterns for Hy settings for samples of size n=30.

Testing Methods [n=30 H, Parameter settings
' g E 8 Iﬁ t a=2 a=5s a=1
é- S T T p=1 p=2 p=5]p=1 p=2 p=5| pu=1 p=2 p=5
rejection pattern . counts of occurence in this pattern total percent
rejected by no tests ' i
0 00 0O | 6043 6688 76927021 8053 8790|7825 8607 8916 69635 92.36
rejected by 1 of 5 tests
1 00 00} O 0 0 1 2 2 3 5 2 15 0.020
01 0 00§ O 0 5 3 16 17 | 21 31 31 124  0.164
0 01 0 O] 3 72 110 49 97 166 | 114 147 202 | 991 1.314
0 0 0 1 0} 42 35 6 20 7 1 [ 10 2 4 127  0.168
0 0 00 1] 8 33 46 | 31 56 63 | 21 44 68 | 370 . 0.491
rejected by 2 of 5 tests
11 0 0 0] O 0 0 0 0 0 1 3 2 6 0.008
101 00 O 0 0 0 0 0 0 0 0 0 0
1 0 01 0] 6 6 12| 13 22 25| 17 32 57-] 190 0.252
1 000 1] O 0 0 0 0 0 1 1 0 2 0.003
011 00| O 0 1| 0 4 6 1. 3 1 16  0.021
01 01 0| 4 9 4 11 8 4 9 3 2 54  0.072
01 001} O 0 3 2 2 12 3 9 22 53  0.070
0 01 1 0] 20 9 4 0 0 0 0 0 0 33 0.044
0 01 0 1| 20 34 50| 3 41 67 | 35 68 103 | 451 0.598
00011} 2 4 1 1 2 0 0 1 0 11 0.015
rejected by 3 of 5 tests )
11 1 0 0} O 0 0 0 0 0 0 0 1 1 0.001
11 01 0} 9 26 41 41 60 100| 67 86 145| 575 0.763
1100 1] O 0 0 0. O 0 0 2 1 3 0.004
1011 0] O 2 1 0 0 0 o 1 3 7 0.009
101 01| O 0 0 0 0 0 0 0 1 1 0.001
1 00 1 1) 3 0 6 1 7 10 6 8 5 46  0.061
01110 7 10 0 4 1 0 0 2 0 24 0.032
01101} 0 0 4 3 7. 5 7 10 18 54 0.072
01 01 1] 0 0 1 1 1 1 3 3 2 12 0.016
0 01 1 1} 19 3 1 1 0 0 1 0 0 25  0.033
rejected by 4 of 5 tests "
1111 0] 88 62 47| 33 42 29 22 16 13| 317 0.420
1110 1] 0 0 0 0 0 1 0 0 1 2 0.003
1101 1] 2 6 42 | 18 3 94 | 37 76 111 | 417 0553
101 1 1] 1 1 3 4 3 4 0 2 4 22  0.029
01 11 1 10 5 4 8 7 1 6 3. 2 46  0.061
rejected by all tests - .
1 1 1 1 1] 154 157 187 | 238 232 200 | 235 218 144 | 1765 2.341
total | 6437 7162 8271|7537 8701 9598|8445 9383 9861 75395 100.0

Notes: Rejection patterns (left section) indicate which combinations of the testing methods (listed in the

header) rejected (=1) or accepted (=0) H,. The remainder of the table is a tabulation of the occurrences per

parameter settings (columns, as listed in header).
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Table 30. Rejection Patterns for Hy settings for samples of size n=50.

Testing Methods |n=50 Hy Parameter settings
(E) E B Iﬁ t a=2 a=35 a=1
g S T T W=l p=2 p=5|p=1 p=2 p=5]p=1 p=2 p=
rejection pattern counts of occurence in this pattern total percent
rejected by no tests . '
0 0 0 0 0[6897 7816 8923|8022 8918 9152|8707 9131 9072 | 76638 92.28
rejected by 1 out of 5 tests : :
1 0 0 0 0] O 0 0 0 0 0 1 3 3 7 0.008
01 0 00} O 0 8 10 14 21 13 18 38 122 0.147
0 01 0 0] 51 50 121 | 68 100 122 | 79 130 182 | 908 1.087
0 00 1 0] 21 17 1 8 2 1 2 3 1 56  0.067 .
0 0 0 01} 21 59 81 43 80 84| 76 69 75 588 0.708
rejected by 2 out of 5 tests
11000 0 0 0 0 1 1 1 2 1 6 0.007
1 01 0 0f O 0 0 0 0 1 0 1 0 2 0.002
1 0 01 0} 5 8 15 12 15 23| 23 31 46 | 178 0.214
1 00 0 1] O 0 1 0 0 0 1 0 0 2 0.002
01 100] 0 0 3| 4 2 5 1 7 1 23  0.028
01 01 0} 1 7 1 7 0 1 4 1 1 23  0.028
01 00 1] 0 0 6 |. 2 5 7 9 7 11 47  0.057
0 01 10] 9 .38 0 0 0 0 0 0 1 13  0.016
0 01 0 1] 30 3 47| 38 64 80 |.73 70 105 | 545 0.656
0 0 0 1 1] 4 3 0 0 1 0 2 0 1 11 0.013
rejected by 3 out of 5'tests
111 0 0] 0 0 0 0 0 0 0 0 0 0 0.000
11 0 1 0] 20 47 9 { 64 101 114 | 68 104 149.| 772 0.930
11001} 0 -0 0 0 0 0 0 1 0 1. 0.001
1011 0} 0 0 2 1. 2 2 0 1 3 11 0.013
1.0 10 1} 0 0 0 0 0 0 1 1 1 3 0.004
10 01 1] O 1 2 5 6 5 5 4 6 34 0.041
011 10| 7 0 1 1 0o 0 0 2 0 11 0.013
011 0 1] 0 0 3 2 7 7 5 9 11 44  0.053
01 01 1] 0 2 0 0 1 0 1 1 0 5 0.006
0 011 1] 5 5 0 0 1 0 0 0 1 12 0.014
rejected by 4 out of 5 tests
111 10|58 8 64| 60 60 48 28 32 19 455 0.548
111 0 1) 0 0 0 0 1 0 0 0 0. 1 0.001
11 01 1} 2 11 55 12 37 T 57 72 .96 413 0.497
1 0111} 0 1 1 2 1 9 1 5 3 23  0.028
011 1 1} 8 5 0 7 3 0 3 1 0 22  0.026
rejected by all tests )
1 1 1 1 1]207 224 242 )| 248 241 225|280 239 173 | 2079 ® 2503
total 7350 8383 9673|8616 9663 9979|9441 9945 10000| 83050 100.0

Notes: Rejection patterns (left section) indicate which combinations of the testing methods (listed in the
header) rejected (=1) or accepted (=0) Hq. The remainder of the table is a tabulation of the occurrences per
parameter settings (columns, as listed in header).
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