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Abstract:
This dissertation addresses the areas of identification and robust control of uncertain systems. The first
portion of this dissertation concerns system identifica-tion. The focus of system identification is
grounded in the signal analysis technique developed by G. R. B. Prony in 1795. This approach uses two
separate least-squares solutions, with the first least-squares solution resulting in the eigenvalues of the
out-put signal and the second yielding the output residues. Previous system identification methods
based on Prony signal analysis apply to systems utilizing a continuous-time input. This research
develops a method that allows for a sampled-and-held version of the previously used continuous-time
input. The new method results in a more simplified algorithm due to the nature of sampled-and-held
input signals. Various examples are provided to show the characteristics of the method. The second
portion of this dissertation concerns control of systems which are modeled through system
identification techniques that provide models with a parametric uncertainty set. The robust control
strategy is viewed from dynamic game theory such that a saddle point solution is desired. The game
theory method employed has two players: the first player, the feedback control signal, minimizes an
energy cost function; and the second player: the set of uncertain parameters, maximizes an energy cost
function. It is shown that the optimal control signal necessarily is derived from Linear Quadratic
Regulation (LQR) theory. The maximization is performed on the final cost function from the LQR
solution and is constrained by an ellipsoidal parameter bound and an appropriate Lyapunov equation.
Iterative algorithms for both continuous-time and discrete-time systems are developed. A sufficient
condition for the existence of the maximization portion of the discrete-time algorithm is given.
Examples show the fixed-point solution of the algorithm is a saddle point. A closed-loop discrete
controlled servo-mechanism problem uses the Optimal Volume Ellipsoid (OVE) algorithm of
Man-Fung Cheung (1990) for identification of a model and an ellipsoid uncertainty region. The
discrete minimax algorithm is applied to determine the optimal state-feedback gain. The servo example
is stable and shows the worst-case tracking for the noisy, uncertain system and is compared to the
known system. 
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A B ST R A C T

This dissertation addresses the areas of identification and robust control of 
uncertain systems. The first portion of this dissertation concerns system identifica­
tion. The focus of system identification is grounded in the signal analysis technique 
developed by G. R. B. Prony in 1795. This approach uses two separate least-squares 
solutions, with the first least-squares solution resulting in the eigenvalues of the out­
put signal and the second yielding the output residues. Previous system identification 
methods based on Prony signal analysis apply to systems utilizing a continuous-time 
input. This research develops a method that allows for a sampled-and-held version 
of the previously used continuous-time input. The new method results in a more 
simplified algorithm due to the nature of sampled-and-held input signals. Various 
examples are provided to show the characteristics of the method. The second portion 
of this dissertation concerns control of systems which are modeled through system 
identification techniques that provide models with a parametric uncertainty set. The 
robust control strategy is viewed from dynamic game theory such that a saddle point 
solution is desired. The game theory method employed has two players: the first 
player, the feedback control signal, minimizes an energy cost function; and the sec­
ond player: the set of uncertain parameters, maximizes an energy cost function. It 
is shown that the optimal control signal necessarily is derived from Linear Quadratic 
Regulation (LQR) theory. The maximization is performed on the final cost function 
from the LQR solution and is constrained by an ellipsoidal parameter bound and an 
appropriate Lyapunov equation. Iterative algorithms for both continuous-time and 
discrete-time systems are developed. A sufficient condition for the existence of the 
maximization portion of the discrete-time algorithm is given. Examples show the 
fixed-point solution of the algorithm is a saddle point. A closed-loop discrete con­
trolled servo-mechanism problem uses the Optimal Volume Ellipsoid (OVE) algorithm 
of Man-Fung Cheung (1990) for identification of a model and an ellipsoid uncertainty 
region. The discrete minimax algorithm is applied to determine the optimal state- 
feedback gain. The servo example is stable and shows the worst-case tracking for the 
noisy, uncertain system and is compared to the known system.
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CHAPTER I 

INTRODUCTION

Very often, a dynamical system is sufficiently complex such that linear or 

nonlinear sets of equations that adequately describe the system are not available. 

This is true for many systems, including sophisticated aircraft, chemical processes, 

large power systems, etc. Under these circumstances it may be necessary to assume a 

particular parameterized model and apply system identification techniques to arrive 

at a useful mathematical model of the system to be controlled. The subject of this 

dissertation addresses system identification and robust control of uncertain systems.

System identification deals with the problem of building mathematical models 

of dynamical systems based on observed data from the system. A system is an 

object in which variables of different kinds interact and produce observable signals. 

Observable signals that emanate from the system are often referred to as outputs. 

External signals that can be manipulated by the observer and applied to the system 

are called controlled inputs. Other system input signals are called disturbances, 

some of which can be directly measured, while others can only be observed through 

their influence on the output. Systems such as aircraft, space structures, bridges, 

ships and power grids, to name a few, are considered dynamical, which means that 

the current outputs depend not only on the current inputs but also on their earlier 

values. Outputs of dynamical systems whose external stimuli are not observed, e.g., 

the sound of a human voice generated by the vibration of the vocal chords, are often 

called time series. This term is common in economic applications. Clearly, the list 

of examples of dynamical systems can be very long and it stretches over many fields 

of human endeavor.
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A major part of the engineering field deals with how to make good designs 

based on mathematical models. A model describes the relationship among system 

variables in terms of mathematical expressions like difference or differential equations. 

Such models are called mathematical (or analytical) models. Mathematical models 

may be further characterized by a number of adjectives: time continuous or time 

discrete, lumped or distributed, deterministic or stochastic, linear or nonlinear, single 

or multi-input/output, etc. When input and output signals from a system that are 

subjected to data analysis in order to infer a model, the activity is known as system' 

identification.

The construction of a model from data involves three basic entities [I]:

I. The data.

II. A set of candidate models.

III. A rule by which candidate models can be assessed using the data.

The data record should be selected to be maximally informative, subject to constraints 

that may be at hand. Obtaining maximally informative input-output data is affected 

by which output signals are measured, when and how the signals are measured, and 

the choice of input signals for external stimuli. The set of candidate models to choose 

from is certainly the most important step of the identification procedure. It is here 

where prior knowledge, engineering intuition and insight have to be combined with the 

formal properties of models. After selection of an appropriate model one is faced with 

various methods of fitting the model to the data. One approach to the assessment of 

the model quality is based on how the model performs when it attempts to reproduce 

the measured data.

The first part of this dissertation is concerned with system identification. The 

focus of system identification in this research is grounded in the signal analysis tech­
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nique developed by G. R. B. Prony [2] in 1795. In this work, Prony proposed a basic 

signal analysis method to approximate a signal y{t) by a summation of n weighted 

exponentials, i.e.,

Vit) ~  y{t) = Biexit
<=i

for continuous time f > 0, where B1- € Ql . The approach uses two separate least- 

squares solutions, each of order n, with the first least-squares solution resulting in 

the eigenvalues of the signal {A1-}, and the second yielding the weighting terms (or 

output residues) (B1). The basic Prony method is a signal analysis method rather 

than a system identification method. Extending this signal analysis method of Prony 

to system identification was possibly first presented by Poggio, et ah, [3] in 1978. The 

system input in [3] is a summation of two real exponential inputs.

Typically the number of eigenvalues (or poles) n is chosen sufficiently large 

(greater than the ‘actual’ number of eigenvalues) prior to the formulation of the first 

least-square problem. The problem of solving the first set of equations is equivalent 

to a linear prediction (LP) problem. Kumaresan and Tufts [4]-[7] address the effect of 

noise on the solution to the LP problem in the first least-squares formulation. Their 

work shows, that from the over-determinization (i.e., large n), the effect of using 

a truncated singular value decomposition (SVD) essentially increases the signal-to- 

noise-ratio (SNR) in the data prior to obtaining the solution. The sample variance of 

the parameter estimates are compared to the Cramer-Rao (CR) bound for the pole 

damping factors and pole frequencies. A description of the Cramer-Rao bound can be 

found in [I, pages 183-187] and is briefly described here. Suppose we are interested in 

estimating a set of parameters 9 from a set of data denoted by yN. Let the estimated 

set be defined as 0(yN) and the “true value” of 6 be denoted by 60. The quality of 

the estimator can be assessed by its mean-square error matrix:

P = E[«(!,w) -  0„][%K) -  «o]T



where IE evaluates the mean. We may be interested in selecting estimators that make 

P  small. It is then interesting to note that there is a lower limit to the values of P  that 

can be obtained with the various unbiased estimators. Let the probability density 

function of yN be given by f y(0o; yN) and assumed to be known. The definition of 

the Cramer-Rao inequality is stated as follows:

. 4

D efinition 1.1 (Cramer-Rao inequality) Let 0(yN) be an estimator of 6 such that 

JEid(yN) = O0 and suppose that yN may take values in a subset o/IR^, whose boundary 

does not depend on Oq . Then

> M - i

where

M  =JE dO log/»(6; v N) T o^ m v K)
B=Bo

log
0=00

The matrix M  is known as the Fisher information matrix and evaluation requires 

the knowledge of 0O, so the exact value of M  may not be available to the user. More 

information on the Cramer-Rao bound when dealing with dynamical systems can be 

found in [I, pages 186-187].

Further analysis of the effect of the truncated SVD and the variance of the 

parameter estimates is given in [8] and references therein. Although much of the 

work in [4]-[7] deals with signal analysis aspects, a transfer function identification 

example is given in [7]. In this example, however, the input is an impulse signal 

and after the poles of the system are determined using Prony’s method, the zeros of 

the transfer function (roots of the numerator polynomial) are found using Shank’s 

method [9]. Further investigation of Prony’s method for signal modeling of noisy 

data and model order selection can be found in [I O]-[12]. Parameter estimation of 

exponentially damped sinusoids using higher order statistics (HOS) utilizing Prony’s 

method is explored in [13].
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The work in [14]- [20] progressively extends the flexibility of using Prony anal­

ysis to perform system identification. In [14] and [15] the input is restricted to be a 

single square-wave pulse: This approach was improved in [16] where the input is al- 

' lowed to exhibit a series of step changes, with the input characterized by a single real 

eigenvalue between step changes. In [17], using an input similar to [16], it is shown 

that nonzero initial conditions can be identified in addition to the system transfer 

function. For the results in [14] through [17], the assumed system is not allowed to 

have a feedthrough term, and the system input is not allowed to have an eigenvalue 

that is identical to an eigenvalue of the system. Feedthrough terms are included in

[18] and [19], however, and in [19] the assumed conditions are relaxed to allow the 

system to have an eigenvalue that is identical to the one associated with the input. 

In [20] the class of allowed input signals is expanded: the signals can exhibit jump 

discontinuities and can be characterized by a finite number of eigenvalues between 

discontinuities. The advantage of this more general input form is that it can be tai­

lored to excite system modes in frequency ranges of interest. A point in common with 

several of the later methods mentioned above is that all input signals are required to 

be time-continuous during each interval of discontinuity, which does not lend well to 

systems that are microprocessor controlled. This research addresses this point and 

results in a method that allows for a sampled-and-held version of the general input 

of [20]. The method developed here provides a more simplified algorithm than that 

of [20] as a result of the sampled-and-held input.

While there are a large number of identification methods available in the 

literature; only a few methods of system identification techniques are reviewed in 

Chapter 2. Following this review of system identification techniques the method 

based on Prony signal analysis is developed for a discrete controlled system. Once 

the method is developed, several examples are provided to show various attributes
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of the method. Further analysis is provided by comparing the Prony based method 

to another technique based on a signal energy analysis method, that utilizes singular 

value decomposition. While the method that utilizes SVD for signal decomposition is 

easier to implement than Prony, there are fewer ‘knobs’ available for the user to work 

with in arriving at an optimal model. From an engineering perspective, it is often 

possible, that the more ‘knobs’ there are available to use, the better the chance to ob­

tain an acceptable solution. Under the noisiest conditions the Prony method performs 

slightly better than the SVD method. As a last example, discrete Prony identification 

is applied to a one-machine infinite-bus power system to obtain a low-order.model. 

Linear quadratic control synthesis based on this model is used for transient damping 

while the system experiences a transmission line fault. The control based on the 

discrete Prony identified model provides significant damping.

The second portion of this dissertation is concerned with control of systems 

which are modeled through system identification techniques that result in a model 

with an associated uncertainty set. Control systems are designed so that certain desig­

nated signals, such as tracking errors and actuator inputs, do not exceed .prespecified 

levels. Hindering the achievement of this goal are uncertainty about the plant to 

be controlled and errors in measuring output signals. Uncertainty about the plant 

is a direct result of the fact that we use mathematical models in representing real 

physical systems. Furthermore, because sensors can measure signals only to a certain 

accuracy and because of the natural presence of noise in a system, additional uncer­

tainty through identification occurs in the mathematical modeling process. The issue 

of uncertainty in the mathematical model leads to the robust performance problem, 

with the goal of achieving specified signal levels in the face of plant uncertainty.

Prior to the 1950s, classical control theory was well established based, in part, 

on the works of Nyquist [21] and Bode [22]. Following classical methods, control
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theory entered the modern control era with emphasis placed on “state-space methods” 

(a name for all kinds of methodical procedures that has already been used for a long 

time, e.g., in analytical dynamics, quantum mechanics, theory of stability, in the 

solution of ordinary differential equations and in other fields). The application of these 

methods to automatic control was stimulated in the second half of the 1950s mainly 

by the work of L. S. Pontryagin [23, 24], by the method of dynamic programming as 

suggested by R. E. Bellman [25] and by the general theory of filtering and control 

theory elaborated by R. E. Kalman [26]. The recent literature on control systems 

that is based on state -space methods is very extensive.

Despite the seemingly obvious requirement of bringing plant uncertainty ex­

plicitly into control problems, it was only in the early 1980s that ‘modern’ control 

researchers re-established the link to the classical work of Nyquist, Bode and others 

by formulating a tractable mathematical notion of uncertainty in an input-output 

framework and developing rigorous mathematical techniques to cope with it. The 

basic technique is to model the plant as belonging to a set V, where such a set can be 

either structured or unstructured. The important work of Doyle and Stein [27] estab­

lished the basic framework for robust control synthesis for systems with unstructured 

uncertainty.

For an example of a structured set consider the plant model [28]

This is a standard second-order transfer function with natural frequency I rad/sec. 

and damping ratio a /2  -  it could represent, for example, a mass-spring damper or an 

R-L-C circuit. Suppose that the constant a is known only to the extent that it lies 

in some interval [am,n, amaT]. Then the plant belongs to the structured set

I
s2 + as + I
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For an example of unstructured uncertainty consider the nominal transfer func­

tion plant P  with the perturbed plant transfer function of the form V  -  {(l + AW)P) .  

Here Hz is a fixed stable transfer function, the weight, and A is a variable stable trans­

fer function satisfying IIAH00 < I. The uncertainty may be the result of unmodeled 

dynamics, particularly at high frequency. The infinity-norm on a transfer function is 

defined as

IIGII00 =  sup |G(;w)|
W

and in simple terms says compute the maximum magnitude of the transfer function 

G over the entire frequency domain (i.e., the maximum gain of the transfer function).

As elaborated in [28], |Mz(jw)| provides the uncertainty profile and at each 

frequency point the evaluation of V f P  lies in the disk with center I, radius |HZ|. 

Typically, |Mz(jw)| is an increasing function of w such that uncertainty increases with 

increasing frequency. The main purpose of A is to account for phase uncertainty 

and to'act as a scaling factor on the magnitude of the perturbation (i.e., |A| varies 

between 0 and I). This type of uncertainty is referred to as multiplicative uncertainty. 

More detail on other types of frequency domain (unstructured) uncertainty can be 

found in [29, 30] and references therein.

The focus of the robust control research in this dissertation is directed towards 

those dynamical systems that involve structured uncertainty in the form of a bounded 

ellipsoidal domain on the parameters of the model. In particular, the uncertainty is 

a direct result of system identification in the presence of noise.

Most identification methods when applied to a set of input/output data provide 

a model that is usually assumed to be exact for the particular operating point of 

interest. Quite often, the model is adequate for control design and implementation. 

In some instances, however, this approach may not be adequate. Thus, we consider 

the problem where the identified model is given in the form of a nominal set of
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parameters including a range of uncertainty associated with the parameters. This 

type of uncertainty is sometimes referred to as “parametric uncertainty” and indeed 

falls under the class of structured uncertainty.

Recently, the works of [31]-[33] provide system identification methods where 

the uncertainty on the identified parameters is given in the form of a bounded ellip­

soidal region around a nominal set of parameters. The ellipsoid uncertainty region 

resulting from the method given in [31] is strictly due to additive noise at the output 

of the system. The method given in [32] and [33] is due to a combination of includ­

ing a model of unstructured uncertainty in the parameterized model and of additive 

noise at the output of the system. These methods of identification that result in a 

nominal set of parameters bounded by an ellipsoidal uncertainty domain are reviewed 

in Chapter 3.

A brief discussion on set-membership robust control is provided in Chapter 3. 

Set-membership robust control is simply a control strategy that assumes the system 

model is given in the form of a nominal set of parameters and an associated bounded 

uncertainty region. The idea of set-membership control may first have been intro­

duced by Bertsekas and Rhodes in 1971 [34]. While set-membership is a general term, 

we consider a method of control where the parameters of uncertainty are known to lie 

within a bounded ellipsoidal domain. Recent results in set-membership control can 

be found in [35]-[37].

The robust control strategy is approached from a dynamic game theory point 

of view such that a saddle point solution is desired. For excellent discussion on 

differential and dynamic game theory see, for example, [38]-[40]. The saddle point 

is the result of a minimaximization of an energy (cost) function. The game theory 

method here has two players. Player one is the feedback control signal that attempts 

to minimize the cost. Player two is the set of uncertain parameters which attempts
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to maximize the cost.

It is shown that the optimal control signal necessarily relates to Linear Quadratic 

Regulation (LQR). The theory of LQR formed a corner stone of the modern control 

era of the 1960s. The final cost function associated with a given plant and the LQR 

solution provides the means for an iterative approach to the minimaximization so­

lution. The maximization is performed on the final cost function and is constrained 

by the ellipsoidal parameter bound and an appropriate Lyapunov equation from the 

LQR solution.

An iterative algorithm for both continuous-time and discrete-time systems is 

developed in Chapter 4. That the fixed-point solution of the algorithm is a saddle 

point is illustrated by several examples. A sufficient condition for the existence of the 

maximization portion of the discrete-time algorithm is given.

A closed-loop discrete controlled servo-mechanism example is also provided. 

The second order system is assumed to be unknown (i.e., a black box). Through 

an identification technique known as the Optimal Volume Ellipsoid (OVE) algorithm 

[31] (discussed in Chapter 3) a model and ellipsoid uncertainty region is found using 

noisy input/output data. A Kalman filter is used for state estimation. The discrete 

minimax algorithm is applied to determine the optimal state-feedback gain and the 

loop is closed. The servo example is stable and shows the worst-case tracking for the 

noisy, uncertain system. Results are compared to the case where the system is known 

(i.e., actual plant parameters are used).

A discussion of the results is provided in Chapter 5 and is followed by a section 

on possible future research in Chapter 6.
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CHAPTER 2

DISCRETE PRONY IDENTIFICATION

In this chapter we extend previous results on transfer function identification us­

ing Prony signal analysis methods [20]. Recent work resulted in a generalized Prony 

identification method that incorporates piecewise continuous system input signals; 

between points of discontinuity, the input is characterized by input eigenvalues and 

input residues. We refer to the development of [20] as the continuous Prony identi­

fication method. Here we extend this work to account for sampled-and-held inputs 

that arise in digital filtering and control. This new method is referred to as discrete 

Prony identification. Using sampled input and output data, initial condition residues 

are estimated along with transfer function residues and eigenvalues. The two major 

phases of the continuous Prony method are modified to account for the sampled-and- 

held input; a major contribution is made to the way in which the residues are fit to 

corresponding eigenvalues in the second phase.

The organization of this chapter is as follows. First, a review of various 

parametric identification techniques is given as a means to establish the category in 

which Prony identification falls. Following this review of identification, techniques the 

method of discrete Prony identification based on Prony signal analysis is presented. 

The discrete Prony algorithm was implemented using MATLAB, and examples are 

provided. The chapter ends with some concluding remarks.

R eview  of System  Identification M ethods

As a means of motivation for this chapter, a review of several methods of identification
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is provided. This review is not meant to be exhaustive as this subject area is covered 

thoroughly in the literature, (e.g., see [1], [41] and [42]).

We can categorize identification methods in a number of ways. In this chap­

ter we consider, among others, the attributes associated with model order selection 

and whether the method may be used on-line (real-time) or off-line (batch mode). 

Occasionally, exact knowledge of the system order is known, and identification meth­

ods that assume a priori system order should be used. For those situations where 

exact knowledge of the system order is not known, methods which make no a priori 

assumption on system order must be used. These methods start over-parameterized 

and must employ a stage within the identification process where model order selec­

tion (reduction) can be accomplished. Methods are available that optimally select 

the model order of the over-parameterized system. These order selection methods 

are well suited for on-line identification since they can often be coded. For off-line 

methods, optimal procedures for model order selection can be used but are not always 

necessary. Some applications, e.g., those that apply adaptive control require identifi­

cation methods that can be implemented on-line. The nature of the system and the 

type of control strategy implemented often will dictate the type of identification to 

be used; thus, there are always trade-offs between identification schemes.

Identification methods can also be categorized further by considering the effects 

of noise in the system or the effects of modeled uncertainty. Those models that do not 

take into account noise are considered deterministic while those that do account for 

noise are considered stochastic models. Methods of identification that utilize models 

which include modeled uncertainty are referred to as robust methods of identification.

In the following subsections, we consider two popular models used in the con­

trol community and review some of the methods of analysis used to arrive at re­

alizations of the model from the measured input and output data. Following this
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review the continuous Prony method is introduced and the discrete Prony method is 

developed.

A utoregressive M odels (ARX) . ,

Consider the autoregressive model with exogenous input (ARX). The exogenous input 

is u : IN IR. Assume that na parameters are associated with the AR part of the 

model, and n-b parameters are associated with the exogenous input. The ARX model 

is single-input/single-output (SISO) and can be given as

Tlq Tlb

y(k) =  ' -  £  aiy(k -  0  +  £  bM k ~ j)
«=i j=i

= 0T 4>{k) (2.1)

where the parameter vector to be estimated is

Q  -- [a l) ‘ ‘ ) 6lTla I b I l  ‘ ‘ ' I b TLf,]

and the regression vector containing the past input and output values is given by

(J)(Jc) = [—y(k — I), • • •, —y{k — na), u(k — I), - ■ ■ ,u(k -  nb)]T.

The model order is assumed to be known a priori. Equation (2.1) is considered 

deterministic since there is no inclusion of noise in the model. The stochastic version 

can be obtained by introducing an additional noise term, say i/(k) to the right hand 

side of (2.1) as seen below.

Tlq Tlb

y ( k) =  -  £  (Hyik - 0  + 13 bM k ~ i )  + v (k)
i=i j=i

. =  . O r # )  + y(&) (2.2)

where 6T and 4>(k) are defined above.

An expanded version of the ARX model is the autoregressive, moving average 

model with exogenous input (ARMAX). The moving average part comes from a third
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set of parameters operating on the noise terms u(k)., and is given in (2.3).

ftp 71& n c

y(k) =  -  Yl  aiy(k - z) +  53 bM k - 5 2  c^ i k ~ 1) + ^ik)
»=1 J1=I Z=I

= 0T<t>{k) + v(k) ' (2.3)

where the parameter vector to be estimated is

® [®1 ■>'''•> ^ n a ) i " " " ; > Cl, • • • , Cnc]

and the regression vector containing the past input, output and noise values is given

by

H k) = [~y{k -  I ) ,1 •1 , ~ y ( k ~ na),u(k — I), • • • ,u(k — nbji u{k -  I), • • •, v{k -  nc)]T.

Here the size of the moving average vector, nc, must be given a priori. Also, past noise 

terms are seldom known exactly, in which case estimates of them are used in place 

of actual noise values in the regression vector. It should be noted that the ARMAX 

model has become a standard tool for both system description and control design.

L east Squares E rro r M ethod After the model is established the method 

of determining the estimate of 0 can be formulated. Consider the least-squares 

method. With (2.1) the prediction error becomes

e(k,6) = y(k) -  4>T(k)6. (2.4)

The least-squares criterion for (2.4) is

A f ^ 2 ' (2.5)

The least-squares criterion is a quadratic function in 0 and can be minimized analyt­

ically, which gives, provided the indicated inverse exists,

— arg min . . ° 0eR i  i :
. Zfc=X

- I

Ti J2 <f>(k )y(k )
Zfc=I

(2.6)
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the least-squares estimate (LSE). From this development, one could introduce differ­

ent weights on different measurements in the least-squares criterion resulting in the 

weighted least-squares criterion.

This method has not appealed to any statistical arguments for the estima­

tion of 6. In fact, the framework of fitting these models to the input/output data 

makes sense regardless of the stochastic setting. Methods such as maximum likeli­

hood are considered statistical parameter estimation techniques. Recursive forms of 

the ARX/LS and ARMAX/LS methods are available for on-line identification and 

adaptive control [41]. For a. review of these and other methods see [1] and references 

therein.

S tate-Space M odels

In the state-space form the relationship between the input and output signals is writ­

ten as a system of first-order differential or difference equations using an auxiliary 

state vector x(t). This description of linear dynamical systems became an increas­

ingly dominating approach after Kalman’s work in 1960 [43] on prediction and linear 

quadratic control. This model is especially useful in that insights into physical mech­

anisms of the system can usually more easily be incorporated into state-space models 

than into models of the ARX form.

Consider the multi-input multi-output (MIMO) state-space model given by

x(t) = Ax.(t)+.Bu(t), (2.7)

where A G IRnaxn", B  G IR7loxm', the number of inputs is given by m; and control 

u : IR+ t—> IRmixl, and state x : IR+ i—> IRn"xl. The output of the system is given by

y(t) -  Cx(t) + Du(t),  (2.8)

where C G IRmoxn" and D G IRm°Xm‘; the number of outputs is given by m 0.
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Consider the single-input single-output (SISO) version of (2.7) and (2.8) with 

mi = m 0 =  I. Let the Laplace transform of u(i) and y(t) be given as U(s) and Y (s), 

where s 6 C. The transfer function of the input/output model from U(s) to y(s) is 

given in the Laplace variable s as

where rn, < na. The poles of (2.9) are defined as the roots of the denominator 

polynomial which are equivalent to the eigenvalues of A from (2.7). For multi-input 

multi-output (MIMO) transfer functions and their characteristics, see [44, 45] and 

references therein. •

A discretized version of the continuous time system of equations of (2.7) and 

(2.8) is given by (2.10) and (2.11) [46]. This discretized version is obtained when the 

input u(f) is sampled-and-held periodically for a time period T.

r<( \ _  ^n6-H-Snfc + bnbsnb 1 +  ^n6-I-Snfc 2 + • • • + &2-S T 6]
u I5I — In- , _ „n- — I i , „ , „S 7la +  G71oS71a-1 +  • • • +  G2S +  Gi

(2.9)

x((fc + 1)T) = F{T)x{kT)  + H(T)u(kT) (2. 10)

and

y{kT) = Cx(kT) + Du(kT). ( 2 . 11)

Here we have

F{T) = eAT (2 .12)

and

H{T) = eAXd\ B. (2.13)

If matrix A is nonsingular, H(T)  given by (2.13) can be simplified to

H(T)  = A - \ e AT -  I)B.

Note that the values of C and D of the continuous time state-space model are not 

affected by the sampled-and-held input signal, u(kT).
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There have been various approaches to system identification using the state- 

space model. Most of the methods involve extensive use of singular value decomposi­

tion (SVD). The derivations of these procedures are relatively lengthy and only a few 

are described below. It is noted that each of the identification approaches is based 

on some distinctive method of analysis, as can be seen in the following sections.

P rincipal C om ponent Analysis M ethod  Consider the approach based 

on the pulse response matrix of the strictly proper (Z) = 0) discrete system of (2.10) 

and (2.11). The response y(k)  of the system is given by
k

y(k) = CF kx(0) +  £  C F i- 1H uik - i ) , k > l .  ' (2.14)
1=1 ,

The pulse response matrix (also termed Markov parameters) is given by

y M(k) = CF k- 1H, Z = 1 ,2 ,... (2.15)

The system Hankel matrix can be constructed from these Markov parameters as 

follows

Trs(k — I) =  .

yjtf(fc) Ym (& + <i)
YmC?! +  k) YmOi + & +  Zl)

YM(fc +  ts_i) ' 
Ym Oi -\- k +

. Ym CiV-i +  k) YmOV-i + & +  1̂) • • • Ym OV-I +  & + ^s-i) .
where ji(i = I , . . . ,  r — I) and i,-(* = I , . . . ,  s — I) are arbitrary integers which can be

. adjusted to include (or eliminate) specific observations in the Hankel matrix. In [47]

a realization (identification) method is developed which provides a full signal model

in a single stage, from a single SVD of the system Hankel matrix. Let us suppose for 

the sake of simplicity that Trs(O) is a square matrix of order N  = m 0r = rriiS, where 

m 0 and m, are defined in (2.7) and (2.8). The SVD then consists of finding an IV x iV 

orthonormal matrix and axi N  x N  orthonormal matrix Qn  so that

Trs(O) — Pn ^ n QJj
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with A /v — , A2, . . .  j A/v) find {A1' J .■ A% ^  Ag ^  . . .  ^  Â  ^  c ^  Â _̂i ^  ^

Ayv > 0. Based on this decomposition, the rank 77 of Frs(O) is found as the index of 

the first nil singular value (for noisy matrices and the relative sizes of the singular 

values, the nil value is subject to interpretation and is here shown as e).

If the order is chosen as 77, the realization becomes

F = A ,-W jfrr„(l)Q,A„-V=

H  = A1J 1CfiEm.

C = ' E l P rA J 1

where E^,. = [/m,, ©] and Efno = [-Zmo, ©]• The terms Imi and Irrlo are identity matrices 

and the term © is the null matrix of appropriate dimension. The construction of Pv 

and Qv are from Py and Qyv, respectively; further details can be found in [47].

The method may be considered to be a two-stage algorithm since the model 

order must be determined prior to calculating the final model. However, once the 

model order is chosen, all parameters are calculated in one step; thus, the algorithm 

is, in truth, a single stage algorithm. This approach to system identification, although 

simple, is not realistic for systems with significant amounts of noise. The model 

order selection, which is based on the singular values of the Hankel matrix, becomes 

unreliable under noisy conditions. Also the type of input used for probing is limited 

to that of a pulse. However, the models to be realized can be SISO, MIMO, or SIMO 

and are all minimal, which is an advantage over ARX methods.

Canonical V ariate Analysis M ethods The fundamental concept in the 

canonical variate analysis (CVA) approach is the past and futiire of the process [48], 

and is based on statistical principles. Associated with each time & is a past vector p t 

consisting of the past outputs and inputs occurring prior to time k as well as a future
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vector fk consisting of outputs at time k or later,

Pt =  - 1), y r (k -  2 ) , ,  uT(^ -  i), \iT(k -  2 ) , . . . ] 7' ,.

f* =  [yT(&),yT(fc + 1) , - - - ]7 - (2.16)

The vector processes y{k) and u(&) are assumed to be jointly stationary arid the 

covariance matrices among the past p& and the future ft are denoted as E //, Epp, 

and Eyp. Now suppose that for a specified state order 77, we wish to determine 77 

linear combinations of the past p t which allow the optimal prediction of the future 

ft. The set of 77 linear combinations of the past p t is denoted as an 77 x I vector m t 

and considered as 77-order memory of the past. For any selection of the memory m t, 

the optimal linear prediction ft is the function [48]

ft(m t) = E /m E ^ m t  (2.17)

of the reduced order memory ftif  The prediction error is measured using the quadratic 

weighting

B W  -  ftHL) =  IE{(ft -  f t^ f t  -  ft)} (2.18)

where IE is the expectation operation and A is an arbitrary positive semidefinite 

symmetric matrix so that the pseudo-inverse is an arbitrary quadratic weighting 

that is possibly singular. For system identification, the use of the weighting matrix 

A =  Eyy results in a near maximum likelihood system identification procedure.

In terms of these quantities, the following problem is stated. For a given order 

77, determine an optimal 77-order memory

m k - JvPk (2.19)

by choosing the 77 rows of Jv such that the optimal linear predictor ^ (n u )  based on 

mt, minimizes the prediction error (2.18). The method to arrive at Jv is the subject of
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the following discussion. The vector is intentionally called ‘memory’ rather than

‘state’. A given selection of memory normally will,not correspond to the state of

any well defined 77-order Markov process. For the system identification problem, this 

is not a problem since many orders of 77 will be considered and the one giving the 

best prediction will be chosen as the optimal order.

T heorem  2.1 (Larimore [48]) Consider the problem of choosing 77 linear combina­

tions rrifc = J77Pfc of pfc for predicting ffc, such that (2.18) is minimized where Epp, and 

A are possibly singular positive semi definite symmetric matrices with ranks m  and 

n respectfully. Then the existence and uniqueness of solutions are completely char­

acterized by the (Epp, A)-generalized singular value decomposition which guarantees 

the existence of matrices J , L, and generalized singular values 71, • • • , 7, such that

JE ppJ r  = Im, LKLt = In,

JE p; J r  =  d ^ ( 7i > "  > 7, > 0, - , 0). (2.20)

The solution is given by choosing the rows of J 77 if the 77-th singular value satisfies 

7P > 77J+1- If there are r repeated singular values equal to 7%, then there is an 

arbitrary selection from among the corresponding singular vectors, i.e. rows of J . 

Thus, the condition that Jv > j v+1 merely defines a decision point for model order 

selection. The model order 77 is to some degree arbitrary, however, the optimal state 

order can be determined by use of the Akaike information criterion. The minimum 

value is

, ,min IE{||ffc-ffc Il^,} = ^ A tEyy- 7l2 ---------72. (2.21)rank(JrjEppJfj )=7]

The vectors of variables c = Jpfc and d =  Jffc are canonical variables and (2.20) 

characterizes a canonical variate analysis. Now consider the system described by 

(2.10) and (2.11) where u(k) and y(k)  are random processes. In [48] models of
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noise are included; here we have omitted them for ease of presentation. We wish to 

model and predict the future of y(k)  by an 77-state x(k). The particular multivariate 

regression equations are expressed in terms of covariances, denoted by S, among 

various vectors as

F  H  
C D

m{k  +  I)
y(&)

m(&)
u ( & )

m(£)
n(k) ( 2.22)

Explicit computation is obtained by the substitution of = JriPk-

To decide on the model state order or model structure, recent developments 

based upon entropy or information measures are used. Such methods were originally 

developed by Akaike [49] and involve the use of the Akaike Information Criterion s 

(AIC) for deciding the appropriate order of a statistical model. In simplest terms the 

AIC is a procedure that minimizes negative entropy. ,The AIC for each order 77 is 

defined by

AfC(Ty) =  - 21o g p ( y " , +  2M,, (2.23)

where p is the likelihood function based on the observations (YN,UN) at N  time 

points, and where Or, is the maximum likelihood parameter estimate using an 77-order 

model with Mv parameters. For more information on likelihood functions see [I, 

pages 181-190]. The model order 77 is chosen corresponding to the minimum value of 

the AIC{t}). The number of parameters in (2.10) and (2.11) is

Mv - (277 + mi)m0 + mim0 +  m 0(m0 + l)/2

where m,- and m 0 are the number of input and output variables, respectively. This 

result is developed by considering the size of the equivalent class of state space mod­

els having the same input/output and noise characteristics [50]. Thus the number 

of functionally independent parameters in a state-space model is far less than the 

number of elements in the various state-space matrices. Effectively, the AIC imposes 

a statistical penalty on the order (parameter size) of the model.
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S ta te  Variable Analysis M ethods An approach that is in some ways 

similar to CVA, referred to as. State Variable Analysis (SVA), attempts to estimate 

the state of the system, and from the state, produce a realization of the state-space 

model. A particular formulation of an SVA algorithm is given in [51] and is briefly 

discussed as follows. First, a time-series state-vector basis for the dynamical system is 

realized as the intersection of the row spaces of two block Hankel matrices constructed 

with measured input/output (I/O) data. This step is done by repeated use of SVD. 

The second step solves a set of linear equations for F, H  and C. The set of linear 

equations for step two is constructed from the basis vector estimated in step one.

The algorithm assumes that the data are consistent with the discrete-time 

state-space model of (2.10) and (2.11). The algorithm utilizes a Hankel matrix T,

T 1
T 2 (2.24)

where

and

u(k) u(k + I) ••• u(k + j - l )  I
y(&) y ( *  + 1) y (^  + i  — i )

u(& T  I) u(k T 2) u(& + j )
= y(k  + i) y(& +  2) y ( & + j ) .

\i(k + i — I) u(k -j-i) ••• u(k + j  + i - 2 )
. y(k  + i — I) y(k  + i) ••• y(k  + j  + i - 2 )  .

r u(k + i) u(k + z + I) ••• u(k + ;  + z -  I)
y(k  + i) y(k  + z + I) ••• y(k  + j  + i -  I)

U (fc i + I) u(& + z -(- 2) . u(k + j  + i)
y(k  + i + I) y(k  + z + 2) y(k  + j  + z)

u(k T 2z — I) u(k + 2z) • • • \i.(k T  j  + 2z — 2)
. y(k  + 2* - 1) y(k'+ 2z) ••• y(k  + j  + 2z -  2) .

Application of singular value decomposition is used to estimate a basis, X,

from which the time-series state vector can be obtained. It is shown in [51] that

Spanrow(X )  = Spanrow(T i)  H (T2),



23
where the basis, X ,  is given as

• • • ^A+i+j—2 j •

Note, we have replaced x(&) with subscript notation x*. As stated in [51], i and j  

should be chosen sufficiently large (insuring sufficient information about the system), 

and j  i so that computational load and noise sensitivity'are reduced. With the 

state-vector basis determined the order of the system must be decided before the 

state-space matrices of (2.10) and (2.11) can be estimated. If the system is completely 

noise free the singular values of the SVD will reveal the exact order of the system. If 

- noise is present one must observe the relative magnitudes of the singular values and 

determine an appropriate order for the model. This problem of the effect of noise on 

the singular values of the system Hankel matrix has been addressed in [52]. In [52] it is 

shown that small perturbations in the input and output matrices H  and C can reveal 

those modes that are associated with the actual system and those modes associated 

with noise. Also, a selection procedure similar to the AIC may be employed for model 

order reduction.

With the order and resulting basis X  established, the following set of linear 

equations may be solved in a least-squares sense for F , Hr, C and D.

-Va+I + I 5 * ’ * 5 X  — I
y A+*-1 t y  A+j+t—2

This method can be adapted for on-line identification.

This review has described some of the modern techniques of identification 

being used and it revealed issues that one must be concerned with when choosing a 

method. Each of the methods was presented in its simplest form. Each method has 

been extended to account for various types of noise, see, e.g., [53, 54]. Following is 

the. development of the discrete Prony method. At the end of this chapter discrete. 

Prony will be compared to the SVA method just described.

F H Xk+i, • • •, Xk+j+i-2 
C D U f c + , Ujt+j+i_2 (2.25)
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Prony Signal Identification for D iscrete Control System s

In troduction : D iscrete Prony

The Prony method for system identification is based on a signal analysis method for 

approximating a signal with a weighted sum of exponentials. A complete survey of 

the development and uses of Prony methods in system identification is given in [20]. 

Since the original work of Prony [2], much has been accomplished in the way of system 

identification based on this analysis technique.

Most recently [20] has provided a general Prony approach for system identifica­

tion where the probing input is piecewise continuous; between points of discontinuity, 

the input is characterized by input eigenvalues and input residues. The procedure is 

given in essentially two steps: a) modal (eigenvalue) identification and b) residue fit­

ting. Within each of these steps there are additional steps that can be taken to aid in 

the final transfer function model optimal selection. The method results in estimates 

of initial condition residues, transfer-function residues, and system eigenvalues. The 

development in [20] is set in the continuous time domain and leads to a relatively 

complicated procedure in step b.

Unlike the method in [20] the development here is for those systems that are 

implemented using sampled-and-held inputs. This development leads to a straight­

forward procedure for step b.



25

System  C haracterization

System  M odel The system model shown in Figure I is a SISO system. 

Through partial fraction expansion the system model from (2.9) has the Laplace 

transform function represented in standard parallel form:

G(S) = R0 + Y l (2.26)
J = I  s  W

In Figure I the initial condition terms are included explicitly in the summation 

preceding the output y(t) , so that the input u(t) can be taken as O for t < 0. The 

input u(t) is sampled-and-held prior to its application to both the model and the 

system. The constant sample period is T. Although a zero-order-hold (ZOH) circuit 

is indicated in Figure I, the approach that follows can be modified to account for 

other, hold circuits. The £;’s are the eigenvalues of the system model, is a feed­

through gain, f2] through R 11 are the model residues, and E i through Eri are initial 

condition residues. The £j’s are assumed to be distinct and can occur in complex 

conjugate pairs. Residues corresponding to complex conjugate eigenvalues also occur 

in complex conjugate pairs. The objective of the identification procedure is to find 

values of £j’s, Rj's, Ej's and rj so that the model’s output y(t) is close as possible, in 

some appropriate sense, to the actual system output y(t).

If there is a dc offset in the output, then some will equal zero with the 

associated Ej ^  0; and if there is no eigenvalue with value zero in G(s), then the 

associated Rj = 0.

G eneral System  In p u t For the identification method that is developed in 

this thesis, the input u(i.) for f > 0 is assumed to be of the general form:

q mk
u(t) = X ! I 3 cu ( eM,' (<~T'i™l)) K(< -  7-Jt-i) -  us(t -  n )] ,

k=l Z=I
(2.27)
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model and %

u(f) Z O #

Q,cta.al sys tem  and.

r0 + E

Figure I. System and actual,model in parallel form.

which is discontinuous at a finite number <7 + I points in time. Here the step function 

is represented by ws(-). The kth input time interval is characterized by t E [rk-i, r^) 

where T0 = 0 without loss of generality. A total of 9 + I time intervals exist for t > 0, 

where the (q + l ) t/l time interval corresponds to t > Tq in which u(t) = 0.

For each input interval, (r*. — Tk-i)/T is assumed to be an integer value. Let 

the integer Mk be defined by

Mk = k = 0,1, . . .  ,q.

The input time intervals can be characterized in terms of the Mk s: letting t'= pT, p = 

0, 1, . . . ,  the input time interval is characterized by integer time p E \Mk-\, Mk) for 

k =  1,2 ,. . .  ,q. During the kth time interval, the input signal is characterized by 

the set of input eigenvalues {pk,i}™k with corresponding amplitude set The

input eigenvalues can be selected to excite specific frequency ranges of interest. All 

values of the input signal parameters are assumed known.

Zj



O u tp u t Response Using u(t) of (2.27) as the input in Figure I, the model 

output y{i) is given by

m  =  +  m  (2.28)
' J=1‘ .

where y(t) is shown in Figure I.

In order to employ the method of Prony in modal identification a thorough 

understanding of the sampled output signal in terms of the input and system modes 

is necessary. The analysis can be quite tedious because the system is being driven by 

a zero-order hold circuit and the input signal is piece-wise continuous. Therefore, for 

purposes of explanation, consider a first-order model

• 27

R

with initial conditions IC,

Allow the input to be given by

7C(a) =
E

s - t

u{t) -  -  Tk~\) -  us{t -  Tt)]. ' (2.29)

The following derivations make use of various properties and theorems of the 

z-transform and may be found in [46, pages 51-57, 86 and 152]. Let the z-transform 

operator be represented by .£{•}; then the z-transform of the input of (2.29) is

U(z) = Z  {u{t)} = z m^ 1 [I — z aM^aJV]—£— )
. z ~ l

(2.30)

where

A m = Mk — Mk-i and 7 = e^T.

The z-transform of IC(s) is

- t .
= E-;c (z )  =  z 2 - A’ (2.31)
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where

Next, consider Figure I and (2.30) and (2.31); then the z-transform of y{t) is 

given by

f(z)  = 7C(z) + C/(z)(l-z-i)Z
A 3 - O .

= E ----- - + -Mk-I [I _  -,-AjVfxyAMj__If ( A - l ) z
z — \  1 ' J (z — A)(z — 7 )

There are three cases to consider when analyzing the output signal.

(2.32)

Case I) p : pT < Mk-\T

It can be seen from (2.32) that the only part of Y(z) that has nonzero inverse when 

p < M k-i  is

-A

and thus

y{pT) = EXp, p < Mk--I.

Case 2) p : Mk--^T < pT < MkT

In this case, those parts of Y (z) having nonzero inverse terms over the time interval 

are
Z -—Mk-i f ^ - 1^
-A +  Z- ( z - A ) ( z - 7 )

and thus

y{pT) =  E \ p + [Ap- ^ - 1 -  Mk. ,  < p < Mk;

Case 3) p : pT > MkT

It can be seen from (2.32) and (2.33) that y{pT) takes on the following form

R{\  — I)

(2.33)

y{pT) =  E \ p +
£(A - 7 )

\P-Mk-i _  \P-Mk  ̂ p > Mk'



29
Hence, it can be seen that while.the input is off the output signal contains only 

those modes associated with the system, whereas, while the input is on, as in .case 2, 

the output signal is comprised of input and system modes. Further note that in case 

3 the modal content of the output signal is comprised of linear combinations of the 

system mode, A, where the constant multipliers of this system mode are a function 

of the past input mode, 7 .

In general it can be said that during a given interval k the modal content of 

the output signal consists of linear combinations of both the input and system modes, 

and while the input is off, the modal content of the output signal consists of linear 

combinations of the system modes.

Thus, for any interval defined by [T^1, 77) such that the probing input is 

on, (i.e. for k = 1, 2, ...,</), the part of Y(z) that has a nonzero inverse can be 

characterized by

iT lL  =
r t y ( z  *) [ n y { z  i)],

(2.34)

where dg(z-1) is the characteristic polynomial of the model, [du(z-1)]fc is the charac­

teristic polynomial for the input over the kth interval and [n^z-1)]  ̂ is an appropriate 

numerator polynomial. Otherwise, for k = q + I or while the input is off

[n5( z - %
T T  = (2.35)dg(z-i) '

From (2.34) it can be seen that the modal content of the sampled output signal 

consists of a combination of input and system modes, whereas, from (2.35) the modal 

content of the sampled output signal consists only of those contributed by the system.

P rony  Based Analysis

Basic P ro p ertie s  The objective of the first step of Prony analysis is to find 

the eigenvalues of the sampled output signal y(t). We assume that the signal y(t) is
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sampled at a sample period T  smaller than the Nyquist period. During the kth time 

interval the sampled signal y(pT) can be'rewritten in discrete-time form as

Vp =  P k j Z i ^ - 1, -p =  M * _ i , . . . ,  M k  — I ,
1 =  1

where p is integer time, yp = y(pT), /3k.i € (D for i =  1, 2, . . . ,  i/k, Vk = TI + m k, and 

each Zi is a discrete-time eigenvalue of the system or of the input. It is well known 

that yp satisfies its own characteristic equation, [2, 9]; thus from (2.34) and (2.35), it 

follows that

Vp 0, p = Mk-i + vkr. . . ,  Mk — I, (2.36)

where the characteristic polynomial of (2.34) and (2.36) is defined as

4 ( z - ') Jl f - I -  ( ^6, 1 Z 1 +  ^A-,2 Z 2 + -------1" < j> k ,v k  Z - (2.37)

Thus, for p G [Mk^  + 77+ 777̂ , Ma- 1], where the definition for vk has been substituted, 

we have from (2.36) and (2.37)

Vp — ^kpyp-I + <t>k,2yP-2 + • • • + (j>k,v+mky P - T t- T n k - (2.38)

Allowing p to range over the defined interval and substituting yp for yp provides 

a system of over-determined linear equations (i.e., more parameters than necessary 

to describe the ‘true’ system) that can be solved in a least-squares sense for the 

coefficients Factoring (2.37) then results in estimates for the eigenvalues of the 

signal. By removing the eigenvalues {p-kAv* associated with the input signal, the 

desired estimates for the eigenvalues {^}j of the system are obtained along with 

residual eigenvalues due to the over-determination.

M odal Identification Three different approaches to obtaining the set {£,•}!( 

are described in detail in [20] and are referred to as i) Separate least-squares solu­

tions; ii) Combined least-squares solution for system eigenvalues; and ill) Combined
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least-squares solution for all eigenvalues. Equations (2.36) - (2.38) are the basis for 

method i. .

The second approach provides a good degree of insight to the first stage of 

Prony analysis and will be discussed below. Method ii requires the construction of 

auxiliary equations with knowledge of the input signal and solves directly for the 

system eigenvalues, £j’s. Let the characteristic polynomial of the system be given by

da(z~') = 1 ~  (V’i.z-1 + i>2z~2 + -----b V v -77) (2.39)

and in factored form

dG ^ 1) =  H i 1 -  e^ z ' 1) ■ (2.40)
j=l

The characteristic polynomial of the input for the kth interval is given by

\ d v ( z  1)J  ̂ =  I +  a/cpZ 1 +  OCk,2z  2 +  • • ' +  & k , m k Z ~ Tnk

and in factored form

U z ~})}k =  n  (! -  ^ k'lTz - x)  - (2.41)
/ =  1

Over the kth time interval, from (2.34) we have

=  0

or

0' (242)

where Pk{p) is generated based on the known [du(z-1)]A. of (2.41). The form of Pk{p) 

is given by

Pk{p) =UpjT Olk,\yp--[ jT OCkaUp- 2  +  • • • + Otk,mkUp-mk, (2.43)

where p € [Mk-i + mk,Mk — I]. Using (2.39), (2.42) and (2.43), and appropriately 

narrowing the range on p, we have

P t to  =  </'iPt(p -  I) +  V1ZPtfp -  2) + ----- 1- V ,pt(p -  f ) , (2.44)
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where p G [Mk-\  +  m k +  r), Mk -  I].

For some input interval, say k = r, if TVfr — I is less then Mr-i + mr + 77, 

then the rth interval of data cannot be used in the construction of the above set of 

equations. Also, for interval k = q I or any interval where the input u(t) = 0, it 

follows from (2.35) and (2.39) that

Vp = fayp- 1  + fayp- 2  + ---- 1- fayp-o, (2.45)

where
{ P G [Mk-\ + 7?, Mk -  1] i f  u(i) = 0,

' \  P > Mk-! + y  i f  k = q + I.

The unknowns in (2.44) and (2.45) are the ipfs. For each time interval of sufficient

width, and where n(i) ^  0, a set of linear equations in the following form result:

v t  =  W ,  (2.46)

where G FT consists of fas,  the Toeplitz matrix $ k G consists

of appropriate ordering of pk(p—l ) , . . .  ,pk{p — rj), and \ k G ] ^ Mk~Mk-'~rnk~Tl̂ consists 

of appropriate ordering of pk(p). For intervals where u(t) — 0 or k — </ + 1, we have the 

same ip, however, the Toeplitz matrix G and v k G

each consist of appropriate ordering of yp. As suggested in [20], it may be necessary 

for numerical reasons to row scale each interval set of equations such that the matrices 

have same order of magnitude. In any case, with all input intervals of sufficient length 

used in (2.46) the concatenation results in an over-determined set of equations:

v =

To arrive at a set of parameters ^ f s ,  the following least-squares problem can be solved

•0 = ar̂ rmin ||v — $7/)||2.
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Once tfj is determined, a high precision root-finding algorithm or eigenvalue solving 

algorithm can be used to factor' of (2.39) to obtain Zj = e^T, (the roots of

(2.40)). It is then a simple matter to solve for the set, {£j}j.

R esidue F ittin g  With the first phase of Prony identification resulting in 

the set of £/s it remains to estimate the Rj 's and E /s . Equation (2.26) can be 

rewritten as

G(s) = Rq + ^2  Gj(s), (2.47)
j=i

where Gj(s) =

■ Each subsystem Gj(s) can be written in state-space parameters as

GXs) =  C /s 7 -A ,) - :R ,- l -D „

where Aj = </, Dj — 0 and we are free to choose Bj = I and Cj = Rj for all j .  

Next, recall that the system has been probed by an input signal which has been 

sampled-and-held, thus"the discretization of Gj(s) (see (2.10) and (2.11)) is given by

x,. ( ( ,  +  1) n  =  ^ ( r ) x / p T )  +  ^ (T )u (^ T )  (2.48)

and

Here we have

Fj (T) = e^T

and

If 0 ^ 0

T

Hj (T) = J  e&dt.
o

Hj (T) =
eZH -  I

(2.49)

(2.50)

(2.51)

6'
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otherwise

Hj [T) = T. "

From (2.28) and (2.49) the estimate of the output can be written as

y(pT) = 53 W +-Rqu(PT) +  ^2-Ej e(ipT,
j'-i j'=i

where p =  0 ,1,2 , . . . ,  jV. The problem statement can be stated in the following form:

(2.52)

Using (2.48) - (2.51), let e be defined by

£ = y _  [01 0 2]

[R, E] = arg min ||y -  y||2.

where

0 i =

and

R — [-f2o R\ • ■ • R-n?i

E  = [E\ F 2.. .  F^]T,

V =  b ( 0 )  ! Z ( T ) . . . ! , ( W T ) I t ,
u(0) Xi(O) ••• X7f(O) 
U(T) Xi(T) ... X7f(T)

. U(NT) X1(NT)  . . .  Xn(NT)

0 2  =

I i  . . . I

Zl Z2 . . . Zn

2 I2 4  . . z V

N N
L ~i Z1 Zr, J

(2.53)

Thus, (2.52) can be re-stated as

=  «>•«, (2.54)
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D eterm ination  of M odel O rder rj There are various methods of deter­

mining the optima] order selection r). Using the parsimony principle [42], the best 

model of a system is defined as the one that accurately represents a transfer function 

with a minimal number of parameters. Using Prony,.the first phase estimates a large 

number of modes and then performs various reduction procedures to arrive at an 

optimal order selection. The first phase invariably places many discrete-poles in the 

2nd and 3rd quadrants of the complex z-plane. These poles relate to modes that are 

near the Nyquist rate and often may be discarded.

Once a set of modes is selected the residues are fit to these modes as described 

above. An ordering algorithm is applied to this set of mode/residue pairs. An ordering 

scheme proposed in [55] provides a practical approach. The method sequentially 

compares subsets of mode/residue pairs by a given error criterion. The mode/residue 

pairs that provide the least amount of error are placed at the top of the order and 

new subsets are formed. An outline of the ordering algorithm used is as follows.

I. Define:

(a) Each real eigenvalue and its associated residue constitute a mode/residue 
pair. For complex conjugate eigenvalues, we use the same terminology, 
mode/residue pair, to denote a complex conjugate pair of eigenvalues and 
their associated complex-conjugate residues. Let M  denote the number of 
mode/residue pairs.

(b) The ordering-criterion is based on the minimization of the relative error 
between the actual output and the estimated output over combinations of 
mbde/residue pairs.

(c) The error-criterion is the relative error between the actual output and the 
estimated output.

II. Let k= l.

(a) Evaluate the relative error for each of the mode/residue pairs according to 
the error-criterion.

(b) Order each of these mode/residue pairs according to the ordering-criterion.
(c) Place the mode/residue pair associated with the minimum in a separate 

list defined as the sorted-set. The remaining M — I residue/pairs are placed 
in a second list defined as the remaining-set.

(d) k = k + I.
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III. While k < M

(a) Construct M  — k combinations with each combination consisting of the 
sorted-set and one mode/residue pair of the remaining-set.

(b) Evaluate the relative error for each of the M  — k combinations according 
to the error-criterion.

(c) Order each of these combinations according to the ordering-criterion.
(d) Place the mode/residue pair associated with the combination that gives 

the minimum in the sorted-set. The remaining M  — k mode/residue pairs 
constitute the remaining-set.

(e) k = k + I.

IV. end

The final choice of model order is established when the change in error from 

one pair to the next is insignificant. For more detail on this approach see [55].

A method based upon objective entropy or information measures can be used 

to optimally decide on the model state order [54]. The Akaike information criterion 

(AIC) [49] minimizes the Kullback discrimination information [56]. The resulting 

error criterion includes a penalty on the order number which lends itself well to auto­

mated optimal order selection. This approach is well suited for various identification 

approaches. In regard to Prony identification and model order selection, the reader 

is referred to [57].

An automated procedure to determine model order is not employed in the 

examples that follow. Instead, plots of the error in dB vs number of modes are con­

structed and used to note the point of diminishing return (no significant improvement 

on error) as the model order increases.

Exam ples

For our examples the linear system ’’benchmark” of [58] is used and is shown in Figure

2. Three examples are provided. The first example is noise free. The second example 

is the same as the first except for the addition of white noise to the measured output.
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UUUUL/

Figure 2. Tlie linear mass/spring diagram for Examples 1-3.

In the third example, both the discrete Prony algorithm and an SVA method are 

applied and compared under conditions of additive white process noise. The system 

of Figure 2 conforms to that of Figure I for specified values of system parameters 

and initial conditions, as are listed in Table I. The input drive signal for Examples 

I and 2, shown in Figure 3, is described in Table 2. The input drive signal was 

chosen in somewhat of an arbitrary fashion to show the variety of input drive signals 

the discrete Prony method can handle. The system is known to have modal content 

below the 3 Hz range, and the frequency content of the drive signal, as shown in 

Figure 3, is adequate for Examples I and 2. The system output y(t) in all examples 

is Pi(Z) of Figure 2. In Examples I and 2, d(t) = 0 in Figure 2.

Exam ple I: No Noise Case For the first example white noise was not 

added to the measured output. An initial model order y of 30 was chosen prior 

to applying the Prony identification technique. After the first phase of Prony was 

complete, 14 of the 30 modes found were in the I sl or 41/l quadrant of the 2-plane.
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j 5 T r J e J
I -31.400 -0.9863 0.3000
2 -0.2500 0.0031 0.1000

3,4 -0.0500
±5.7276*

0.3034
#.0392*

0.2000
# . 1000*

5,6 -0.0500
±3.4913*'

0.1882
#.0047*

0.0500
# . 2000*

Table I. Actual system model data for Examples 1-3.

SIGNAL vs TIME

TIME (seconds) 

FFT of SIGNAL

5  0 05

FREQUENCY (Hz)

Figure 3. Probing input u(t) and its Fourier transform equivalent for Examples 1-2.

T1 = 2 seconds 
m.] = 4 modes

T2 = 4 seconds 
m2 = 0  modes

T3 = 6 seconds 
m3 =  I mode

I / i U C l,/ I ^ 2 ,/ C2.Z I ^ 3 ,Z C3.Z

I 3.1416*: -0.5000* I —3.0000 ± 1 .0 0 0 0

2 -3.1416?: ±0.5000*
3 6.2832,: -0.5000*
4 -6.2832, ±0.5000*

Table 2. Input drive data for Examples 1-2.
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j 0 • Rj E3 error(dB)
1,2 —5.OOOOe -  02 

=F5.7276e + 00*
3.033Se — 01 

±3,9152e -  02*
2.0000e -  01

+i.oooo.e -  oi?:
-3.774Se+00

3,4 -5.0000e -  02 
=p3.4914e + 00?:

1.8817e -  01 
±4.7146e -  03?

5.0000c -  02 . 
± 2.0000c -  01?'

-2.0229e+01

5 —2.5000e -  01 3.1427e -  03 1.0000c -  01 -2.6472e+01
6 —3.1400e + 01 —9.8626c -  01 3.0000e-0 1 G.9910e+02

7,8 —8.6376e -  01 
q=1.3699e +  01*

-4.5645c -  11 
±2.0300c -  10?

-1.1734c -  11 
±1.0299c -  11

-2.0103e+02

9,10 -1.0742e + 00 
+1.8757e + 01*

-1.5061c -  11 
±2.8731c -  10*

—7.7889c -  12 
±6.8718c -  12*

-2.0292e+02

11,12 — 1.2172e + 00 
+2.3587e + 01*

1.4187c -  10 
±2.8776c -  10?

-5.4991c -  12 
±5.3120c -  12*

-2.0400e+02

13,14 -1.3234c + 00 
+2.8317e + 01?:

2.7987c -  10 
±1.8675c — IOf

-3.6150c -  12 
±4.8013c -  12?'

-2.0422e+02

Table 3. Data, from Prony algorithm for Example I.

The second phase of Prony fit system and initial condition residues to these modes. 

An ordering algorithm based on [55] was applied, and the results are given in Table 3.

A plot of the error in dB (column 5 of Table 3) is shown in Figure 4. From 

this graph a model order of 6 was selected. Figure 5 shows both actual and model 

output data when the input probing signal described by Table 2 is applied. There is 

negligible difference in the actual and estimated outputs since there is no noise added 

to the output of the system.

E xam ple 2: Noisy Case For the second example white-Gaussian noise 

was added to the measured output. The signal-to-noise ratio of the output signal 

was 21.5 dB. An initial model order ij of 30 was chosen prior to applying the Prony 

identification technique. After the first phase of Prony was complete, 15 of the 30 

modes found were in the l s< or 4th quadrant of the 2-plane. The second phase of 

Prony fit system and initial condition residues to these 15 modes. ■

A plot of the error in dB similar to Figure 4 is shown in Figure 6. From this
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-so

m-100
CC

-150

-200 * * * * * H * Il

250O 2 4 6 8 10 12 14
M ODE#

Figure 4. Error in dB for each additional mode set for Example I.

MbDEL O U fP U T  - 
ACTUAL OUTPUT

TIME (seconds)

Figure 5. The output for both actual, y(t) and model, y(t) for Example I.
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I
GC
g -8
UJ

-10

-12

-6

M O D E#

Figure 6. Error in dB for each additional mode set for Example 2.

graph a model order of 7 was selected due to the diminishing return in error with 

increased model order. Figure 7 shows both actual and model output data when the 

input probing signal described by Table 2 is applied. The error between the actual 

and estimated signal is -12.4 dB. Figure 8 shows both actual and model output data 

without additive noise at the output when the input probing signal described by Table 

2 is applied. A plot of the s-domain poles of the actual system and model can be 

seen in Figure 9. Note that the dominant modes (the less damped modes) have been 

well identified which is an important feature from a dynamical control point of view. 

Depending on the type of control being used for system stabilization this model may 

or may not be adequate.

Exam ple 3: SVA vs. D iscrete Prony For a third example we compare 

discrete Prony identification results to those of the SVA method described at the 

beginning of this chapter which is based on the paper by Moonen1 et ah, [51]. This
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■MODEL OUTPUT - A  
ACTUAL OUTPUT

TIME (seconds)

Figure 7. The output for both actual, y(t) and model, y(t) for Example 2 with 
additive output noise.

MODEL OUTPUT 
ACTUAL OUTPUT _

TIME (seconds)

Figure 8. The output for both actual, y[t) and model, y{t) for Example 2 with 
additive output noise removed.
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COMPLEX S-PLANE

-20 -15
REAL AXIS

Figure 9. The poles of the s-domain for the actual system and the model for 
Example 2.

method is referred to as the Moonen algorithm. The Moonen algorithm was chosen 

because it parallels the method of discrete Pronxy . The Moonen algorithm estimates 

the states of the system over a time period, whereas Prony estimates the modes in 

the first step and then builds the states of the system prior to fitting the residues to 

the modes.

A different input probing signal was used in this example for the discrete 

Prony method compared to the previous examples. Here we chose a combination of 

14 sinusoidal waves that span the bandwidth of interest, namely, the frequency range 

from 0 to 3 Hz. The input signal was on for I second and then it remained off. The 

parameter values for (2.27) are given as below and in Table 4:

• 9 = 1  interval

• mi = 14 input eigenvalues

•  T 1 = I second
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/ = 1,2 / = 3,4 / = 5,6 / = 7,8 OofIl / =  11,12 I = 13,14
m ,;/(2%-) ±0.25/ ±0.75, ± 1.00, ±1.25, ±1.75,' ± 2, ±2.5,

CU 4=0.07, 4=0.07, 4=0.07, 4=0.14, 4=0.14, 4=0.07,' 4=0.07,

Table 4. Input drive data for discrete Prony of Example 3.

SIGNAL vs TIME

TIME (seconds) 

FFT of SIGNAL

g  0 .0 1 5 -

0 005

FREQUENCY (Hz)

Figure 10. Probing input u(t) and its Fourier transform equivalent for Example 3 
using the discrete Prony algorithm.



45

SIGNAL vs TIME

TIME (seconds) 

FFT ol SIGNAL
0 0 1 5

5  0 005

FREQUENCY (Hz)

Figure 11. Probing input u(t) and its Fourier transform equivalent for Example 3 
using the Moonev algorithm.

For the Moonen method authors of [51] suggest a pseudo-random input drive 

signal that sufficiently excites all the modes of the system. Additionally, the signal 

is assumed to be on for the entire record length. Here we chose to use a SINC type 

input of (2.55) with energy content that is close to the input used in the discrete 

Prony method (compare the Figures of 10 and 11).

sin(27r/(Z — At))
^sinc(t) — T71" 2 TT/ ( t  — At) (2.55)

where m =  I, /  = 18, and At = 4. Figure 11 shows the SINC type input used. To 

insure there was no rank deficiency in the Hankel matrix of (2.24) a small amount of 

normally distributed, zero mean noise was added to the SINC signal of Figure 11.

The Moonen algorithm was run for the same case as in Example I, and the 

results were very similar to the discrete Prony algorithm. Note that there is no user 

interaction in deciding the model order as can be seen by Figure 12. The algorithm, 

after computing the rank of the Hankel matrix of (2.24), found the system to be
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Figure 12. The singular values of the Hankel matrix for Example 3 using the Moonen 
algorithm, no noise case.

of order 6. However, once noise is added to the system, the order selection is not 

determined by simply computing the rank of this Hankel matrix.

With the input probing signal established for both algorithms the system was 

subjected to increasing amounts of system noise at a second input, </(<), shown in 

Figure 2. The noise was normally distributed with zero mean. The variance of

the noise input was adjusted to obtain several signal-to-noise ratios at the measured 

output; these values are given in column one of Table 5. Since the noise is entering at 

d(t), the effect of the noise on the output is colored due to the dynamics of the system.

Note the plot of singular values of the Hankel matrix for the Moonen algorithm 

associated with an SNR of 50 dB in Figure 13. The algorithm shows that the order

selected is 23. However, through observation, it appears that the model order may 

be chosen as 6, which is at the first bend of singular values. This graph of singular 

values is typical for each of the cases shown in Table 5. From this table it is clear
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Figure 13. The singular values of the IIankel matrix for Example 3 using the Moonen 
algorithm with SOdB output SNR.

that each method performs relatively the same, where the discrete Prony method 

only does better in the worst noise case. The Moonen method has less computation 

and has less in the way of user interaction.

Noise at Output Moonen Method discrete Prony Method
SNR (dB) order error (dB) order error (dB)

O O 6 -260.00 6 -199.00
50 6 -55.64 6 -30.85
30 6 -28.73 6 -27.87
20 6 -22.12 6 -21.38
10 6 -6.89 6 -10.85

Table 5. Example 3 error data for noise applied at d(t).

Exam ple 4: One M achine/Infin ite  Bus Power System  As a final ex­

ample, we consider a power system consisting of one machine, a transmission line and 

an infinite bus (refer to Figure 14). The infinite bus is an approximation to a large
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Figure 14. One-machine/infinite-bus power system diagram.

power grid connected to the one machine through a transmission line represented by 

x t. The per unit value of the infinite bus voltage is IZO0 and the per unit value of 

the injected current of the infinite bus is the negative of Tt. In this example we use 

discrete Prony identification to obtain a low order model of the system for control 

purposes. The ultimate goal is to control speed deviation of the machine following a 

transmission line fault. This is done by affecting the field voltage of the synchronous 

machine.

Assuming the system remains in quasi steady-state we are able to write a. set 

of algebraic equations describing the machine bus voltage and the current injected 

into the transmission line. A set of ordinary differential equations (ODE’s) is used 

to describe the dynamics of the synchronous machine^ The algebraic and differential 

equations are correlated through the so-called D-Q (Direct-Quadrature) axis relations. 

More detail on these equations is provided in Appendix A. The order of. the set of 

ODE’s is 4. The sampling period of the system is set at T = 0.05 seconds. The 

input probing signal for discrete Prony identification was a single pulse of amplitude 

I and duration 0.05, seconds and was applied at the reference input to the exciter. 

The exciter unit is a first-order low-pass filter with gain of 10 and a time-constant 

of 0.04 seconds. The exciter output is applied to the field voltage input, Ej,  of the 

synchronous machine. The input to the power system stabilizer (PSS) unit was.taken 

as the the speed deviation of the machine. A model of the system using discrete Prony
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*  *

MODE #

Figure 15. Residue ordering for example 4.

Eigenvalues Residues
-1.4056e+00 -1.765 Ie-I-OOi -2.3091e+00 + 1.8099e+00i
-1.4056e-H)0 + 1.765 Ie+00i -2.3091e+00 -1.8099e+00i
-2.9920e-01 +7.2809e+00i 1.8320e+00 + 1.1226e+00i
-2.9920e-01 -7.2809e+00i 1.8320e+00 -1.1226e+00i

Table G. Final model for Example 4.

used the single pulse described above and the speed deviation of the machine as the 

input/output data. In the first phase of discrete Prony identification, 21 eigenvalues 

were identified. Of these 21, 18 were used in the second stage for residue fitting. A 

plot of the ordering by the residue method is shown in Figure 15. A model order of 

4 was chosen (see Table 6 for the discrete model eigenvalues and residues) with an 

error in fitted to actual data of -16.7 dB. Using the 4th-order model of Table 6, an 

LQ gain of

K  = -[4.8163 2.7961 0.64204 -  1.4312]
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was computed for the PSS unit. For state-estimation, a Kalman observer was used 

(details on the Kalman observer equations are given in the section containing the 

servo example of Chapter 4). For a detailed diagram of the control scheme, see 

Figure 16. The disturbance on the transmission line reactance was a change from

Figure 16. Detailed diagram of control scheme for Example 4.

x t = j0.2 p.u. to x t = j 0.35 p.u. from time t = I second to < = 2 seconds. The results 

of two simulations are given in Figure 17 where the output signal y(t) is the speed 

deviation of the machine. The first simulation is for the open-loop case, whereas the 

second simulation is for the LQG state-feedback case. The value for the LQG input 

weighting scalar R was chosen to be 10. As shown in Figure 17, the LQG approach 

using the discrete Prony model does improve the damping of the transient condition.

D iscussion o f R esults

A review of various identification methods is given at the start of the chapter. The 

methods reviewed are based on autoregressive and state-space models. Characteristics
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Figure 17. Transient simulation of example 4: Open loop vs. LQG.

of each method were discussed to establish a baseline for the new method developed 

in this chapter. The method of this chapter is classified as a Prony method because it 

has two main phases, paralleling the original Prony signal analysis method, in which 

eigenvalue estimates are generated in the first phase, and residue estimates are calcu­

lated in the second phase. Both phases involve linear least-squares solutions that can 

be obtained with high accuracy using singular value decomposition techniques. The 

detailed steps used in the two Prony phases of this chapter differ considerably from 

those of previous Prony-based methods because of the sampled-and-held nature of the 

input signal. An interesting feature of including the sample-and-hold on the input is 

that the resulting second Prony phase is actually simplified from the corresponding 

second Prony phase of [20].

The discrete Prony method is for single input/single output systems. The AR 

methods have this same limitation as opposed to the state-space methods which can 

handle the multi-input/multi-output case. One feature that is not dealt with in the
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AR method and some of the state-space methods is that of establishing an estimate of 

initial conditions. The state-space method based on SVA does allow for the estimation 

of initial states of the system. The striking difference of the Prony method from those 

reviewed is the fact that modes of the system are estimated first. The user may be 

able to use prior knowledge of the system modes to eliminate extraneous modes from 

the set. This feature allows for reduced numerical calculations and potential for more 

accurate residue fitting. The final feature of the discrete Prony method is the use 

of a generalized class of input probing signals that are sampled and held. Prior to 

being sampled and held, the input signal is piecewise continuous and is characterized 

by input eigenvalues and input residues between points of discontinuity. The sample 

period T is the same as that used to collect the sampled system input and output data, 

which lends itself well to digitally controlled systems. By appropriate selection of the 

input signal, its energy can be allocated to particular frequency ranges of interest 

with regard to transfer function identification. Most of the other methods utilize 

a pseudo-random input signal that essentially has much of its energy at frequency 

ranges that are not of interest. This type of signal will often not adequately excite 

those modes that are of interest.

The examples show that with the addition of measured output noise, the ap­

proach developed in this chapter can generate fairly good estimates of initial condition 

residues, transfer function residues, and system eigenvalues. Example 3 shows that 

the discrete Prony method performs relatively well under colored noise environments 

as compared with other methods. While the effects of system noise on the method 

presented here remains to be analytically examined, there is a foundation of previous 

work (e.g., [59, 7, 10, 11, 12, 60, 13]) to build on.

The last example demonstrated the discrete Prony identification use in power 

system stabilization (damping). A low-order model was obtained and used for LQG



53

state-feed back control. The LQG control based on the discrete Prony identified model 

provided significant damping. In practice, it was found that higher-order models 

obtained from discrete Prony identification were more difficult to utilize in this non- 

adaptive LQG state-feedback configuration.
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CHAPTER 3

SET-MEMBERSHIP APPROACH TO CONTROL DESIGN

In the previous chapter we developed an identification method for digitally 

controlled systems. Traditionally, the problem of system identification and control 

design is formulated in an entirely stochastic framework in which the system and 

its parameters are described by stochastic models. Although the development in 

Chapter 2 was not formulated in a stochastic framework, a salient.feature is that the 

control input can be easily constructed such that specific frequency ranges of interest 

are excited, which gives it the ability to overcome (compensate for) the effects of 

noise in the system. In the ideal case, it is assumed that there exist parameters 

that exactly describe the true system, which is essentially what many identification 

schemes assume. This is the case for the discrete Prony method, and even though the 

type of input used can compensate for effects of noise on the estimated model there 

will always be uncertainty in the parameters estimated.

Once a model is determined one then tries to find a controller which minimizes 

the expected value of a loss function. This is known as the dual-control problem. A 

heuristic approach to solving this problem is the traditional adaptive control system 

in which a model with unknown parameters is assumed for the system. Parameter 

estimates are obtained recursively in real time, and the controller is designed as if the 

parameter estimates were in fact the correct parameters for describing the plant. This 

is known as the certainty equivalence principle. Even in the ideal case, the transient 

errors between the identified model and the true system can be large enough to lead 

to significant reduction in system performance.
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To overcome these shortcomings, a sel-membership approach to control design 

is suggested in [36]. The idea of set-membership was first introduced by Fogel [61]. 

The concept is based on the idea of first estimating a parameter set which, in the 

ideal case, contains the true parameters of the system. Let this membership set 

be represented by Ad. A control scheme based on this model set is then proposed. 

Note, the control scheme assumes that each plant within the model set as described 

by the parameter set estimate is equally likely to be the true plant. Therefore, the 

controller, if it exists, must stabilize all plants within the membership set Ad and 

as such is considered robust. A diagram of such an identification/control scheme is 

depicted in Figure 18.

MODEL SET

ROBUST
CONTROLLER

DESIGN
ESTIMATOR

STATE
ESTIMATOR/

CONTROLLER
PLANT

Figure 18. Set-membership adaptive control scheme diagram.

Thus, unlike traditional adaptive control schemes, where parameters are esti­

mated from input/output data and assumed to be equivalent to the true parameters, 

the set-membership approach, in a sense, selects the worst-case set of parameters 

from the membership set for the design of the optimal control.

Before describing any particular control strategy for the set-membership ap­



proach we will describe some identification methods that produce membership sets.

Ellipsoid Set Estim ation

Two methods of set membership identification are described, .each producing a set 

of real-valued parameters of dimension n that are described by a bounded hyper­

ellipsoid in the space Elnxn. The first method of identification assumes no models of 

uncertainty and arrives at an ellipsoid set which is directly affected by an assumed 

known bound on the disturbance/noise that acts on the system. The second method 

of identification assumes a model of non-parametric uncertainty in the model of the 

system and uses an identification scheme that produces an ellipsoid set of parameters. 

As expected, this set is directly affected by the model of uncertainty assumed for the 

system.

Before continuing, consider the following definition of an ellipsoid set.

n = {o:  (o -  o0)Tr{o -  60) < i , r  = r T > o}.

Geometrically, this ellipsoid set has its center at O0, and the matrix F gives its size 

and orientation; i.e., the square roots of the reciprocals of the eigenvalues of F are 

the lengths of the semi-axes, and the eigenvectors of F give their direction. 

D istu rbance /N o ise  Induced Ellipsoid

Cheung, et ah, [62], have developed what they refer to as the Optimal Volume .Ellipsoid 

algorithm (OVE). The algorithm is recursive and is derived for set estimation of a 

SISO linear time-invariant system with bounded noise. Cast in a recursive framework, 

where a minimal volume ellipsoid results at each recursion, the algorithm extends a 

result due to Khachian [63] in which a technique was developed to solve a class of 

linear programming problems (see [64] for extensions of Khachian’s results).

56
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Consider the the SISO ARX model

n a n h

y(k) = -  53  aiy(k - z") +  IZ  bM k -  i )  +  u(k )
t=i j=i

= 0T <j)(k) + v{k) (3.1)

where 6T =  [cti, • • •, ano, &i, • • •, 6nJ  is the parameter vector to be estimated; the 

regression vector containing the past input and output values is given by <j>{k) = 

[—y{k — I), • • •, —y{k — na), u(k — I), • • •, u(k — ni)]T. The term v(k) is a sequence 

of bounded disturbances/noise corrupting the system output with |Zv(Zr)I < 7 for all 

Zr > 0. It is assumed that the number of parameters is known a priori as well as 

the bound on the disturbance; thus we are given na, rib, and 7 . .  The total number of 

parameters is n — na + nt.

Let T  E IR71 be a set such that all B Q. T  are feasible parameter estimates of 

the plant which are consistent with the measurements. That is

f = { 4 : | # ) - 0 % ) | < 7 , .  6 =  0 , - ( 3 . 2 )

The membership M. is defined by (3.2). The problem of parameter set estimation 

is to find T  explicitly in the parameter space. In general, T  is an irregular convex 

set; therefore, the algorithm finds the smallest ellipsoid that contains the set J r where 

the hyper-volume of an ellipsoid is used to measure “smallness”. Consistency of 

measurement provides a pair of constraints which establishes the framework for a 

minimal volume ellipsoid. The first constraint comes directly from (3.2) and the 

second is in terms of the predicted set Tk+x which are given by

constraint! : |t/(Z:) — 9T<f)(k)\ < 7

constraint2 : ^k+i = {& • \y{k + I) — Qr 6(k + 1)| < 7 }.

Geometrically, Fk+\ is the region between two parallel hyper-planes defined by con­

straint 2. The set estimation problem is then stated as: Given an ellipsoid LZjc, find
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another ellipsoid with minimal volume, such that f2*+1 contains for

k = 0, - ■ ■ ,N ,  where N  is the number of data records. Mathematically, the optimiza­

tion problem becomes

min{uo/(f2*+1) : Q,k+1 D ft* n T k+\}.

The authors of [62] define fU and f2^+i as

Slk = { 0 : { 0 -  0k)TTk(6 - O k) < 1;0 € IRn} (3.3)

and

Ot+1 = {o: (o -  rt+i(̂  -  %+i) < I; g G nr},
where F is symmetric and positive definite and Ok is the center estimate of the ellipsoid 

at time k. The algorithm amounts to recursively estimating Ok and Tk at each time 

instant k. The algorithm is initialized by assuming that Oq and Fq are such that 

the ellipsoid f2o includes the true parameters of the system. This is accomplished 

by selecting the eigenvalues.of F0 such that f20 is sufficiently large. For details and 

attributes of the OVE algorithm see [62] and references therein.

Non-parametric Uncertainty Induced Ellipsoid

The method of identification outlined below is found in [36]. The model set Ai  is 

defined as follows:

Ai = {y = Gu '■ G (z G) - (3.4)

and

G = {Co(l + AgWg) : 6 G Tlprior, HAgIIhco < 1}, (3.5)

where Gg{z) is a parametric z-tra.nsform transfer function with parameters 0 E Tlprior, 

referred to as the prior parameter set. The system AgJFg is referred to as the 

multiplicative non-parametric uncertainty, which is a dynamic uncertainty described
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by an uncertain but unity bounded stable transfer function A g(z) and a known stable 

transfer function Wq(z). Having knowledge of Wq is precisely the assumption made 

in robust control design, e.g., [28]. The H00 norm for z-transform functions is defined 

as

IIGIIh00 = sup |G(eJ“)|. 
M<fr

Solving for Ag in (3.5) in terms of G and 0, we get

We define

w  = I q -. G(z) — Ge(z) < I

and refer to SI* as the true-plant set because it does not depend on the data set but 

rather on the true but unknown system G. Since the decomposition of G into Ge 

and Ag is not unique, it is not possible to consider a “true” parameter value for the 

plant. Therefore, we want to find a set. estimate,

f2 = fl* A Q p r i o r ,

where Si* is an estimate of SI*. As a result, f2, is a set estimate of all possible parameter 

values consistent with the assumption that the true system G is in the model set Q. 

We further characterize the parametric transfer function Ge(z) by using the standard 

ARX form of (3.1).

Before we state a main result of [36] we must define several terms. Let £*.(•) 

be defined as the sample-mean operator,

' & W  =  t E * ( A  (3.6)
*  J = I

and ||z ||t2 be defined as the truncated h-norm of a sequence,

IMIm = ^ C xO')2)  •
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Hence,

t IM IL  =  t 23  x U) 2 =  £*(x x )
J = I

where a; is an scalar value. Next, we define the following regression vectors:

I-* y

<t>u =  [ - Z  1U

4>y 

<t>U

<!> A

a t -  £k(yy),
A

—  Z y]J

A  = «f/=(#),

Pt A ^ ( # 1 -
o o

where ctk 6 IR, ^  G IR71, and Fjt G IR71 x with 77 = n0 + «(,. By the definition of 

given in (3.6) we see that £k{yy) is computed by first performing the multiplication 

out term-by-term before taking the sample mean. To compute Sk(4><j)T), multiply (j) 

and <j)T to produce a matrix of sequences, then take the sample mean of each element. 

Finally, by letting Go{z) = Bg(z)/Ag{z) where

Be(z) = h z  1 + -----h bnbz 716,

Ag(z) — I t  UjZ 1T ---- 1- Una z

we can state the primary result of Lau’s and give the solution for estimation of fF.

Theorem 3.1 (Lau [36]) Suppose the measured data {y,u : j  = I , . . . ,  A7} is gener­

ated from y = Giv as defined in (3.4)- Then the following holds:

n* c  n[N]  c  n k, g [i , a7], va7 g in

where (![A7] and Tlk are given by,

Tlk = [0 : \\Agy -  Bgu \ \ k 2 < \\WGBgu\\k2 }
. /V

ti[n ] = n n * .
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An estimate of the parameters can now be obtained from Q k  since Q *  is a subset of 

Q k -  Lau goes on to show that:

I. Q k  can be expressed in quadratic form as

Q k  —  : 6 T T k Q  — Z P 7 Q +  <**; <  0} .

II. If Fjr1 exists, then

= (3.7)

where

& =  r ; 'A .

14 =

Assuming Vk is nonzero we can divide through the inequality of (3.7) by Vk and obtain 

an expression similar to the ellipsoid expression found in (3.3). Note, Qk is-identical 

to the ordinary least-squares estimate when Wq — O (no nonparametric dynamics), 

i.e.,

Ql s  = (£ t(# T)) S k ( P y ) -

This gives the set estimate f^. a nice geometric interpretation because it is centered at 

the estimate one usually gets by ignoring.the nonparametric uncertainty and applying 

least-squares estimation. The center of the ellipsoid estimate of Cheung does not 

necessarily have as its center the least-squares estimate.. For ellipsoid uncertainty 

algorithms similar to Cheung that have the least-squares estimate as their center see 

[65].



62
Linear Quadratic R egulator

This section includes a tutorial on linear quadratic regulator (LQR) control theory. 

We first describe the standard cost function that is commonly used in control theory 

for the continuous time system. We introduce the algebraic Riccati equation and 

its role in optimal state feedback control. Lastly, the discrete counterpart to the 

continuous time solution is given. Following this section we combine the ideas here 

and in the previous sections to state a set-membership control method in the form of 

a minimaximization problem.

Continuous-T im e LQR

A common objective for the feedback regulation problem is to minimize the energy 

of the output signal over time. This is accomplished by determining a control signal 

u(t) that optimally minimizes the integral of y{t)Ty(t) over time. The control signal 

that accomplishes this is referred to as the optimal control and is represented by 

u*(t). However, without any penalty on the magnitude of the control signal u(Z), it is 

possible that u(f) may reach amplitudes that are not acceptable in the actual system. 

To introduce trade-off between magnitudes of u(t) and y(t) we place weights on both 

u(f) and y(t) and construct what is commonly referred to as the LQR cost function 

which when minimized over time gives the optimal LQR state-feedback gam K L q R . 

Essentially, the objective is to keep the magnitude of the output y(t) small while not 

using too much control effort.

For the remainder of this and other chapters, K  will be considered the same as 

K lqr unless otherwise noted. Following is a summary of the standard LQR results. 

Given a linear time-invariant system represented by (2.7) the quadratic regulator 

problem is to find a control u(f) to minimize the cost

J  — J  [u(QTi2u(t) +  x(t)TQx(Q dt. (3.8)
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Note that J  is an explicit function of y(^) under the condition that y(t) — Cx(<) and 

Q = CTC. In general, the weighting matrix Q should be positive-semidefinite, and 

R  should be positive-definite. Under the assumptions that (A, B) is stabilizable and 

(Qz, A) = (C, A) is detectable, this problem'has the well-known solution [66]

u*(t) -  (3.9)

where the state-feedback gain K  is given by

K  = R - 1B t P  (3.10)

and P  denotes the unique positive-definite solution of the algebraic Riccati equation

At P + PA — P B R - 1B t P + Q = 0. (3.11)

With the optimal control u*(f), the LQR cost is

J  = x(0)T.Px(0).

Since the close-loop system must be stable for the cost to be finite, there exists a 

positive-definite matrix L which solves the associated Lyapunov equation,

(A -  B K f L  + 1{A -  B K )  + 5 = 0 (3.12)

for any positive-semidefinite symmetric matrix S. In particular, if 5 = x(0)x(0)T, 

then

L = r  UA-BKptSe{A-BK)t\ ^  (3.13)
Jo L ■ -1

which is sometimes referred to as the controllability gram mi an [29]. Finally, the stable 

closed-loop solution of (2.7) for the control gain given in (3.10) is simply

x(t) = eM-BA')tx(o).
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D iscrete-T im e LQR

Given the discrete-time linear system of (2.10) and (2.11) the problem is to find u(k) 

so that
N

J  = ^  [x(fc)TC2x(&) + u(k)TRu(k)j
Ar=O

(3.14)

is minimized. The optimal solution [46] is given by the state-feedback

u'(&) =  - / f ( 6)x(t),

where the state-feedback gain-A' is a. time-varying gain given by 

K(k) = [R + H TP{k +  I) A/] ™1 H TP{k + I) A

(3.15)

(3.16)

and P  obeys the discrete Riccati equation

P(k) = F TP ( k + l ) F - F TP{k+l)H  [A + H TP(k + 1)H] 1 HTP(k+l)F+Q  (3,17)

with boundary condition

Note that even though K(k)  is time-varying, it can be precomputed as long as the 

length N  is known. This is because K  is not a function of the initial state x(0). The 

LQR cost for the optimal control is

J = x(0)TP (0)x(0),

For the infinite-horizon problem, where N  —» oo, the constant gain solution is the 

optimum. In steady-state, P(k) becomes P(k  + I) and the Riccati equation reduces 

to .

P00 = F r PrxjF  -  F r P00H [R + H r P00H A = F + 0 . (3.18)

The optimal control is

\i(k) = -Tx00X(Zb), (3.19)



65

where

K oa = { R  + H t P00H y 1 H t P00F. . (3.20)

The cost associated with this control law is

J 00 =  X (O )r P 00X (O ) .

M inim axim ization Problem s

We now state the general set-membership approach to control design. Let us first 

consider the continuous time system of (2.7) and (2.8). We assume that the plant to 

be controlled is known to belong to a set M  as described by fl of (3.3). Specifically, 

this means 0 ^  Cl, where Oi s a  parameter vector that parameterizes the plant. We 

want to find a control u : IR+ i—> IRn that solves the following minimax problem:

min max J  (3.21)

where J  is the usual quadratic cost given in (3.8). More precisely, the goal is to find 

a saddle-point (u*,0*) such that

J(u*,0) < J(u*,0*) < J(u,0*) Vu and 8 £ Cl. (3.22)

From a game-theoretic point of view, the first player, 0 E Cl, attempts to maximize 

the cost and the second player, u € IRn, attempts to minimize the cost. Since 

no particular form is assumed for the control u, such as linear state-feedback, the 

minimization is over all possible u's, i.e., all time functions. Note that this same 

assumption is made initially for the linear quadratic optimal control problem where 

the plant is known, but the optimal control in that case exhibits the form of linear 

state-feedback control, (3.9). When this control design is implemented in conjunction
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with a set-membership identifier, as described above, a new controller can be designed 

each time the set estimate, M ,  is updated.

The minimax problem formulated in [36] is a good example where the first 

player is a vector 0 as defined in (3.3) which describes a parametric uncertainty for 

the output matrix C of (2.11) and the second player is u of form shown in (3.9). 

Exam ple: Lau

The formulation of the problem is as follows. Consider the strictly proper system 

(D = 0) of (2.7) and (2.8) of an uncertain system M  where A, B  and x(0) = X 0 are 

given. The elements of C G IRmoxna are in the set $1 defined as:

O =  {#  : (4 -  r (4  -  %,) <  I } , (3.23)

where F is symmetric and positive definite and 0O is the center of the ellipsoid. In 

general, we can take the rows of C, turn them into column vectors and stack them 

on top of each other to form a IRmoria column vector c such that 0 = c € fi, i.e.,.

C1

c =

[Cl Cs . . .

Cl

G I R mo7laxl

-mo J

For a given control, u : IR+ i—> IRm' , and a fixed c € f2, the objective is defined

to be

J(U5C ) = /  \u(t)TRu(t)+  y{t)Ty(t)\dt  (3.24)Jo
where R  £ IRmixm' is a known weighting matrix. Equation (3.24) can be obtained 

from (3.8) with Q =  Ct C and y(t) = Cx(t). We assume that (A, B) is controllable 

(at least stabilizable) and (C, A) is observable (at least detectable) for all c in fl. 

The robust control problem is to find a control u that solves the following minimax
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problem:

min max Jfu , c). ueiRm. cen v '
Rewriting (3.24) as

J(u , c) = [u(t)TRu(t) + X(^)r Cr Cx(Z)] dt

leads to another interpretation. We can say that we are designing a controller for a 

set of uncertain plant cost objectives; in contrast, the standard LQR design is to find 

a controller for fixed weighting matrices, Q and R. In [36] (u*,c*) is shown to exist 

such that

-/(u*, c) < J(u*, c*) < J(u , c*) V u a n d c G f I  . (3.27)

and that the optimal control is actually the state-feedback LQR control of (3.9), 

Le., u*(Z) = U£,qr(c*). Lau proves existence of (u*,c*) by fixed point theory and 

shows that the solution must reside on the boundary of the ellipse; two methods for 

finding the saddle-point solution are given. The first method is an iterative fixed-point 

algorithm for which there are no guarantees of convergence. The second approach is 

based on linear matrix inequality methods (LMI, see [67]) where the feedback gain 

K  of (3.10) is computed directly. The method is guaranteed to converge to within 

any arbitrary degree of accuracy to the solution (u*,c*). For details see [36] and 

references therein.

Example: Mills

An approach based on the calculus of variation is proposed in [68]. The approach 

uses a parameter-change norm, <7, which was first proposed in [69]

^  (3.28)

Ag is a vector of plant parameter changes from nominal. E is a symmetric weighting 

matrix, typically a diagonal matrix of standard deviations of the parameters about the

(3.25)

(3.26)



68
nominal, mean values. A larger element of S allows more variation in the correspond­

ing parameter for a given norm a. The quadratic norm (3.28) therefore has Gaussian 

interpretation. Physical system uncertainty often closely follows and is modeled with 

Gaussian distribution.

Of particular interest is a minimax problem proposed in [68] which iteratively 

determines the worst-case plant and optimal controller for a set of plants defined by 

the parameter-change norm (3.28). The cost function is given as

J  =  min max J  (X(I)tQx(I) + u(t)T dt

with standard assumptions on Q and R. The parameter-change norm a is assumed 

a priori. The procedure first involves the maximization for a given linear quadratic 

control Ulqr over the set of plants related to the equality constraint defined by (3.28). 

Necessary conditions are provided for achieving a maximization. The maximization 

procedure is the result of standard methods used in the calculus of variations. After 

the plant associated with the maximization is determined the procedure continues by 

computing the optimal LQR feedback control u r q r . The algorithm proceeds until a 

saddle-point is found. Conditions for obtaining a saddle-point are discussed in [68].

Proposed Minimaximization Problems

While Lau has considered the problem where uncertainty is only in the output matrix 

C, it is natural to consider the problem where uncertainty in the matrices A and B  can 

be placed in the form of ellipsoidal bounds on the associate parameters. Furthermore, 

unlike the approach taken in [68], it is worth considering the case where the parameters 

are allowed to vary over the entire space defined by the ellipsoidal bound. In addition, 

current ellipsoid identification schemes are restricted to SISO systems as seen in 

[65, 62, 36, 70]. A natural minimax problem to consider then is for the SISO system. 

Next, we construct the minimax problem for both the continuous time and discrete
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time system where the uncertainty in the numerator and denominator parameters is 

contained in a bounded ellipsoidal domain.

C ontinuous P lan t Consider the strictly proper case of the system of (2.9) 

(i.e., set 6„fc+i =  0 and < na) where there is uncertainty in the numerator and 

denominator parameters. In observable form (2.7) and (2.8) are represented as

and

0 —ctj
-0.2

— Or

C =

Define the parameter set Oab by

B

0 • • • 0 I j .

h
62

Onb
Q ( n a - n b )

O7AB O j 0 2 bj bo • • • b-n (3.29)

The parameter uncertainty set in 6 A b  is defined as follows:

O = {OylB : (gylB -  ^ ) ^ r ( ^ B  -  0.) < 1}, (3.30)

where O0 contains the nominal values of the system parameters defined as

lT A Ôl Oqo • • • Oi0{na+ni,} (3.31)

and matrix F defines the bound and is symmetric and positive definite given by

Ti 7 2 73 T tj- I T tj

7 2 T tj+ I 7 t)+2 7 2 tj- 2 7 2 tj—I

7 3 7 tj+ 2 7 2 tj 7 2 t?+1 I

T tj- I  7 2 tj- 2  ............................................  :

T tj 72TJ-1 • • • ' .......................... I n i n l l l

(3.32)
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where 77 = nQ + n .̂

The problem is to find a control signal that stabilizes G(s) of (2.9) for all 

6ab € and,is optimum in the sense of the minimaximization of the quadratic cost 

function

J(u,0ab ) = J  \u{t)TRu(t) + y2(t)^dt (3.33)

where E  > 0 is a known weighting scalar. In general, the existence of such an optimal 

control signal will be dependent on the size of T and the stabilizability of the system 

(2.9) over the parameter space Oab G fL From dynamic game theory [71], J(u*,0AB) 

is optimum if and only if

J K ,  W  <  J K ,  <%a) <  J K  W  (3.34)

for all u : IR+ ► IR. and Oab G fL Note that the type' of control has not been

established and therefore can either be linear or nonlinear. However, from LQR 

control theory, the second inequality in (3.34) is true if and only if

u* =  ^lqr(Oa b ),

where uBqB(0*ab) denotes the LQR control designed for the plant with Oab — Oab G fL 

Thus, if a saddle point exists, the type of control implemented must be of the state 

feedback form given by (3.9).

Discrete Plant The discrete counterpart to the continuous time SISO sys­

tem is now stated. If the sampling rate is given by T  and z =  eTs the pulse-transfer 

function is simply given by

h z - 1+ ■■■ + bnbz - nb
I + GiZ- 1 H------ 1- anaz~n- (3.35)
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where rib < na. In observable form (2.10) and (2.11) are represented as

g ( n a - n b )

0 • • • 0 —a

I

n a 

—  tiTla-I

-G 1

^nb
^nb-I

h

and

C = 0 • • • 0 I

It is clear that the a,- 's and 6t- 's of (3.35) differ from those of the continuous case of

(3.29). However, the parameters in a,- and 6, can be assigned in the same way as in the 

continuous case  ̂ as also can the parameter uncertainty set Cl (3.30). Replacing the 

subscripts AB  with FII  we obtain the parameter uncertainty set in Opc as follows:

m -  0.) < 1}, (3.36)

where O0 contains the nominal values of the system parameters. The nominal param­

eter vector and the matrix F are defined in the same way as in the continuous time 

case.

The problem is to find a control signal u(k) that stabilizes G(z) of (3.35) for 

all Ofh G Cl and is optimum in the sense of the minimaximization of the quadratic 

cost function
OO

J{u,0Fh ) = 53 [u(k)TRu(k) + t/2(&)] (3.37)
Ar==O

where R > 0 is a known weighting scalar.

D iscussion of R esults

This chapter has served to introduce two minimaximization problems. The review of 

linear quadratic control theory provided the necessary tools to establish the statement 

of the problem. Motivation for these problems is primarily due to the efforts of Lau,
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Fogel and Cheung [32, 61, 62] in the area of system identification and the efforts 

of Lau and Mills [72, 68] in the area of set-membership control. From standard 

results in linear quadratic control theory we see that, in order to determine the saddle 

point solution, the control strategy for the minimaximization problem must be LQR 

linear state-feedback. The problems are different from those of Lau and Mills in 

that the uncertain parameters are the parameters of the state-space matrices A and 

B  (or F  and //)  and are allowed to vary within a bounded ellipsoidal domain. The 

ellipsoidal domain is determined through identification schemes similar to the method 

of Cheung [62]. The following chapter proposes a fixed-point iterative algorithm to 

find the desired saddle-point solution. The iterative solutions for the continuous and 

the discrete time systems are very similar.
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CHAPTER 4.

MINIMAXIMIZATION FOR SINGLE-INPUT SINGLE-OUTPUT
SYSTEMS

In this chapter we derive an iterative algorithm for finding a saddle-point to the 

minimax problem developed in the previous chapter. Both the continuous-time and 

discrete-time SISO plants are considered where the system parameters are allowed to 

vary over the entire ellipsoidal domain defined by (3.30) and (3.36), respectively.

C ontinuous-T im e System  Problem  Statem ent

The system is described by (2.7)-(2.9) where we set bnb+1 = 0 and nb < na, and by

(3.29) and (3.30). As discussed in Chapter 3, the form of the control that is of interest 

here is linear state feedback

u(t) — —/\x(i).

The set of stabilizing controllers is defined by

JC = {K : K  stabilizes G(s) V Oab € P}.

Those cases where K, is nonempty are of interest.

S ta tem en t of P roblem : Find a controller K* € K. that stabilizes G{s) V Oab G f2 

and is optimum in the sense of the minimaximization of the quadratic cost function

roo
=  /  x ^ (()(A ^ A A  +  C ^C )x(t)dt, (4.1)

where R  is symmetric and positive definite, and x(t) = ê j4_BA^x(0). Since the system 

is SISO, A G IR is scalar and must be greater than 0. This problem is equivalent
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to finding a saddle point solution. Note that (4.1) is equivalent to (3.8) under the 

condition that y(t) = Cx(t) and Q = CTC.

As shown in Chapter 3, J(K*,0*AB) (the saddle point of interest) is optimum 

if and only if

Following, we show that the solution may not be unique, however, if there are multiple 

solutions, all optimal LQR costs must be equal. If it is the case that more than one 

solution exists, then it does not matter which solution is chosen in the final design. 

T heorem  4.1 (Uniqueness of Solution): I f  there are more than one (K,0) which 

satisfy (4.2) then: their associated LQR costs must be equal, and any one of the solutions 

can be used to compute the minimax control.

Proof: (This proof follows from [36]). Assume there exist (Ah, ^i) and (Ah, #2) such 

that '

<  J ( A - ^ a )  < J (A T ,^ ) . (4.2.)

J(Ah,4)<J(Ah,gi )<J(Ar,9i )  VAhO (4.3)

and

J(Ah, 0) < J(Ah, %,) < J ( # ,  %) V A:, 9. (4.4)

Setting 6 = O2 and K  = K 2 in (4.3), we get.

From (4.4)

J % ,4 i )  < J(Z W z) => J(A W i) < J(A W z) (4.5)

Similarly, setting O-Oi  and K  = Ah in (4.4), we get

J(Z W ])<  J(ZWz) < J(ZWz)..

J(ZWz) < J(ZW ,) => J(ZWz) < J(ZWi). (4.6)

From (4.3)
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Equations (4.5) and (4.6) imply J(A \,0 i) = J (Ji2, 02). It follows that if there are & so­

lutions J (hk, Ok) that satisfy (4.2) then J(K^ Oi) = J (Kj, 6 j )  for any i , j  — 1 , 2 , ,  k. 

Thus, any one of the solutions (K^Oi) for i — 1,2,. . .  ,k  may be used for the final 

control design. □

Assuming a saddle point exists, it is necessarily true that

p o o

0*AB = a.rg max - / x T(t)(K*TRK* + CTC)x(t)dt. (4.7)

This fact is used in the following section. From this viewpoint we seek a two-step 

iterative algorithm, that first solves the LQR minimization for K , and second solves 

(4.7) for 0Ab , such that the algorithm converges to (K m, 0*AB).

Some Useful Results from LQR Control Theory

Since we are seeking a controller in the form of standard LQR state-feed back it can 

be shown that the minimization of (4.1) over K  € K, yields the following sets of 

identities.

First Set:

K t R K  + Ct C = -[(A  -  B K f P  + P{A -  BK)] (4.8)

for any set 0Ab E f2 where P, symmetric and positive definite, is the solution to the 

standard Riccati equation of (3.11) and the feedback gain K  is given by (3.10). We 

also know from LQR theory that for a given [A, B], the optimal cost is given by

mm J(/V, 0AB) = x(0)TPx(0). (4.9)
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Second Set:

Using the identity zT$z = <r{$zzT}, where tr = trace, the standard linear 

operator, the cost function from (4.1) can be written as

' /CO
J{K,6AB) = tr Jo Z(K)-x(t)xT(t) dt, (4.10)

where Z(K)  is given by

Z(Tt) #

and x(t) is a function of Oab- Using the fact that Z(K)  is independent of time, (4.10) 

becomes

J(K, 0Ab ) = tr Z (K )J o x(t )xT(t)clt . (4.11)

Since the closed-loop system must be stable for the cost, to be finite, there exists a 

positive definite matrix L which solves the associated Lyapunov equation,

(A -  B K )L  + L ( A - B K f  + x0x^ = 0 (4.12)

where Xo = x(0). The solution L of (4.12) is actually a function of Oab and is given 

by

T = y x(t)xT (t)dt. (4.13)

Equation (4.13) is sometimes referred to as the controllability grammian. Thus, (4.11) 

becomes

J(K,0AB) = tr  [Z(K)L].  (4.14)

These sets of identities lead to two possible iterative approaches for finding 

[K*,0ab] and are given in the following sections.

Iterative Solution Approaches

The first approach follows from the first set of identities using equations (4.8)-(4.9).
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Algorithm I:

Let [A(-),B(j)] be given at the j ih iterate.

I. (minimize) Solve the Riccati equation of (4.15) and the feedback control law of 

(4.16) for and I\(j), respectively.

P(J)A(j) ~  P(J)P(J)P P(J)P(J) C = O. (4.15)

K (J) = R ~lB (j)P(J)- (4.16)

II. (maximize) Solve (4.17) for [/l(j+]),5(j+i)].

[A(j+1),Pu+1)} = arg max x£>x0 (4.17)
Vab€M

subject to

(A -  B K {j])TP + P(A -  BK(J)) + K(J)RKa) + Ct C = 0 .

where P = P{A. B) 'm (4.17) because of the above constraint.

IIL (check convergence) If [A(J+1), B(j+i)] — [A(j), B(j)] is less than some desired 

tolerance, then stop. Otherwise, let [A(j+1), f?(j+1)] —» [A^), and continue 

at step I.

The algorithm may be initiated .by selecting the nominal parameter values of f2 for

[A(o), .B(O)].

The second approach follows from the second set of identities using equations 

(4.12)-(4.14) and also equations (3.10) and (3.11).
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Algorithm 2:

Let [A(j), B(j)} be given at the j th iterate.

I. (minimize) Solve the Riccati equation of (4.18) and the feedback control law of 

(4.19) for P(j) and K(j), respectively..

A U)PU) + FU)AU) ~  P(j)B U)R l B Jj)P(i) +  C t C  =  0.

p (i) =  R lB fj)PU)-

II. (maximize) Solve (4.20) for [>l(j+1), 5(j+i)].

[AU+i):B(j+i)] = arg,max - t r  [z{KU))L\

subject to

{A -  B K U))L + L(A -  B K {j))T + X0Xq = 0 . 

where L = L(A, B, X q) in (4.20) because of the above constraint.

(4.18)

(4.19)

(4.20)

III. (check convergence) If [A(j-+1), B u+1)] -  [AU), B {j)] 

tolerance, then stop. Otherwise, let [A(j+i), B(J+i)] 

at step I.

is less than some desired 

> [A(jj, B^)] and continue

Remarks:

o In step III of both iterative approaches, the norm on the differences would 

actually be performed using the equivalent vector of parameters and Ô j3.

o The first iterative approach is dependent on the initial conditions through the 

■ final optimal cost equation of (4.9); the second iterative approach is dependent 

on the initial conditions through the controllability grammian of (4.12). How­

ever, this dependence on X 0 can be removed if we start with the assumption
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that Xq is a random vector with known mean m. and covariance V and the ob­

jective in (4.1) is an expectation over Xq. In that case, XqX^ may be replaced 

by + 777. ivF. Another alternative is to use the worst initial condition of unit 

magnitude as in [69].

o Equivalence of each iterative approach is implied by virtue of existence of the 

. LQR minimization solution and thus the existence of the associated controlla­

bility gram mi an of (4.12).

o The maximization in step TI of A lgorithm  I may be stated more precisely.

Let the symmetric matrix P be defined as

Pi P2 Ps 
P2 Pna+1 Pna+2

Pna-I Pna 
P 2 na—2 P i n a - I

P3 Pna+2 P i n a P i n a +1

Pna-I P i n a - i  

Pna P i n a - I "P Tiq ( ng -}-1) 
2

Next, let /((f) = Xu Px0 where <f is given as

£  — «1 «2 • • ' «na h  ■■■ K b P l  P i  ' “  Pna(na + I)
T

Solve (4.21) for £(k+i)-

£(k+i) = arg max /( f ) (4.21)

subject to

Oa b  6 fl (4.22)

and

(A -  B K (j])t P + P{A -  BA (J)) + KfflRKu) +  Ct C = 0 , (4.23)

where K = 77.a + 77+ + na(na + l)
2
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o Similarly, the maximization in step II of A lgorithm  2 may be stated more 

precisely.

Let the symmetric matrix L be defined as

h

h

h

^na+ 1

Z3 • -.

La + 2
^na — I ^na

h n a- 2  h n a- \

h +2 ^2na 2̂na+l

Tla-I
L a

h n a - 2  

2̂na—I I n„(na + l)
2

Next, let /(£) = tr ( K where £ is given as

«1 ti2 a n a 62 h 2̂ ' nfl(na + I) 
2

Solve (4.24) for £(/.+1).

subject to

^A-+!) = arg max /(^) 5enN (4.24)

E 0

and

(Al -  BK(j))L + L(A -  + X0Xq = 0 .

where H = ?ia + ??.(, + - "(w2n+1).

0 The primary difference between the algorithms is that the first algorithm results 

from a parameterization in the elements of the Riccati matrix P  and the second 

results from a parameterization in the elements of the gram mi an matrix L. '

0 With these simple changes in notation we still check for convergence using 

and O^b .

Although it is true that multiple saddle points exhibit equivalent LQR costs, 

it is possible for the algorithm to converge to a local saddle-point and not necessarily
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a global saddle-point. For this reason, it is necessary to apply K* to all plants within 

the plant set (I to insure that (/V*, 0*AB) is a global maximum or stated another 

way, to insure that the control gain K* does not cause destabilization for any other 

plants. It is not practical to test the optimal controller on all plants; therefore, a 

selection of plants from the plant set f2 must be chosen to determine the likelihood 

that all plants in are stabilized by K*. One approach is to select. Ne sub-ellipsoids 

of the bounding ellipsoid Vt such that O0 =  Vtl C Vt2 C ■■■ C Vifre C fL Note-that 

the limiting case Q1 is actually the center of the ellipsoid Vt and is simply given by 

the nominal parameters O0. For each sub-ellipsoid, f2;, select Nb plants, Ô b , j ' = 

1 ,2 , . . . ,  Nb, on the boundary, apply the optimal gain A'*, and compute the LQR cost 

J{K*,Ox̂b ). This procedure checks a total of NeNb plants within Vt. If (/V'*, 0*AB) is a 

global maximum then according to (4.2) the following must hold

< ; ( A - ,  ^ g ) .

Exam ples

In all examples, unless otherwise stated, the convergence criterion is given by

II^AS  ̂ — ^AB Il2 <  tol

where the tolerance is tol = 0.0001.

E xam ple I: Two System  P aram eters (StabiIizable) The first exam­

ple is for a first-order system with two uncertain parameters, Q1 and bi. The output 

matrix C =  I, the LQR weight R = r^, and the initial condition .t(0) = x0. The 

positive symmetric matrix F of (3.32) has three parameters, 71,72 and 73 while the 

nominal vector O0 of (3.31) has two parameters Om and O02. The Riccati matrix of
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(4.15) is a scalar, i.e., P = and the feedback gain of (4.16) is scalar, i.e., K  =

The number of parameters to maximize over is K = 3, thus, «f of (4.21) is given by 

£ =  [<Zi 6] Pijr  =  [£i 2̂ The function of (4.21) reduces to

f t t )  =  6®o-

The inequality constraint given by (4.22) is given by

[(6 — Ooi), (& — 0 q2 ) ] T  r  [( î — Oq i ) ,  (̂ 2 — G0 2 )] — I <  0 (4.25)

and the equality constraint given by (4.23) is simplified to

-  2(6 + )6  + V^k2l +1  = 0. ‘ (4.26)

While the existence of a. solution has not been shown, it is worthwhile to consider 

where the solution may reside. If the domain of if is convex, then the function /(£), 

which is convex by linearity, will have its solution at an extreme point of the domain 

[73, Theorem 3, page HO]. Consider the following definition of convexity.

Definition 4.1 A set f2c in IfV7 is said to be convex if for every 6 , 6  E f2c and every 

real number a , 0 < a  < I, the point a 6  + (I — a )6  E f2c.

Let the domain defined by the equality constraint (4.26) be represented by fi5. The 

domain of f is f6  = Q flflt- where Q is the ellipsoidal domain given by the inequality 

constraint (4.25) and is defined in (3.30). It is well known that the intersection of 

any collection of convex sets is also convex [73, see Appendix B]. In order for Qtt to 

be convex it is sufficient to show Qt to be convex. While it would be helpful for Qtt 

to be convex, this is, in general, not true. It can be seen by further analysis of (4.26) 

that Qt is, in general, not convex and thus Qtt is, in general, not convex. We show 

this through theorem and proof.
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T heorem  4.2 Iv general, defined by (4.26), is not convex and therefore, = 

ft n ft^, where Q is defined by (4.25), is, in general, not convex.

Proof: {Proof by counterexample} Assume there exist two vectors £a and <= Ct̂

such that a^a + (I — a ) ^  G fig for any scalar a where 0 < o < 'I. From (4.26), this 

is equivalent to saying

h (Oifa + (I — o : ) £ b )  = d for any a : O < o < I (4.27)

where A(f) A ((, + )6 and d A Defining & A and & A

[6>i ib2 6̂3]T and using the fact that /?.(£) = d, fig, it can be shown, with some

algebraic manipulation, that (4.27) reduces to

h (#& + (I -  o)6 ) = I Q’( l  -  a)
, I,a3(,b3

+ (I — 2O') I d

for any a  such that O < o < I. Hence, using (4.27) again, we obtain 

a  = l —
, 2^3^63 J

(&1 + ^a2^l)2 +  (&1 + ^ fc l)2 ̂
, 2(^ i + & 2^l)(&] + & 2^l) /

(4.28)

Note that (4.28) is independent, of T1. Equation (4.28) is generally not true for any 

arbitrary selection of £a, fig and for any o G (0,1), as can be seen by the following 

example.

Let P = J2 x 2, the weight T1 = I, the nominal values .[0Oi, ô?] = [2,. 0.2]T, 

and the initial condition .T0 = I- Further, let [^ 1, ^ 2] = [I 1] and [&,i, ^ 2] = [3 1] 

(although each point satisfies the inequality constraint (4.25), this is not a require­

ment since the intersection of fl and fig has not yet been taken). We see that (4.28) 

is only true for 0 = |  and not for any arbitrary a G (0 ,1). Therefore, in general, fig 

as defined in (4.26) is not convex. It follows that, in general, the intersection of the
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convex domain $1 with the non-convex domain is also non-convex. D

R em ark: This observation does not preclude the possibility that a saddle 

point exists on the boundary of fh

Indeed, for this example, i.e., F = /2 x 2i the weight rj = I, the nominal values 

[0oi,0o2] = [2, 0.2]t , and the initial condition z0 = I, the system exhibits a saddle 

point on the boundary of f2. The saddle point is shown in Figure 19. A lgorithm  I 

converged in 15 iterations to the worst-case plant parameters 0'AB = [1.0002, 0.1337]T. 

The optimal gain associated with these parameters is /V* = 0.0664 and the LQR cost 

is J* =  0.4967.

K lor PLANT
PLANT

Figure 19. Illustration of saddle point on the boundary of f? for Example I.

In Figure 20, “PLANT” is equivalent to 0Ab of (4.2). The horizontal axis 

represents 40 plants uniformly distributed along the boundary of fL The vertical axis 

is the LQR cost for a controller/plant pair. The optimal cost, J ( I \ m,0‘AR), is shown 

as a horizontal dashed line. The curve above the optimal cost line is for the optimal



85

plant OmAB hut with the application of the LQR gains for the plants distributed around 

the perimeter of $1. The curve below the optimal cost line is for the plants distributed 

around the perimeter of $1 and with the optimal control gain A'* applied. Clearly, 

Figure 20 reveals that the saddle point condition of (4.2) is at least satisfied for those 

plants around the perimeter of fL

J(K",PLANT-) :_____
0 .45  -

J(K 11PLANT):_____

UNIFORMLY DISTRIBUTED PLANTS ON ELLIPSOID BOUNDARY

Figure 20. Illustration in two dimension of saddle point condition for Example I.

Remark: The controllability matrix, C = 6i, is singular for some plants in 

the ellipsoid, fL Although the system is not controllable it is at least stabilizable. 

If 0O = [0, 0.2]T, the system is not controllable nor is it stabilizable for some of 

the plants in the ellipsoid. For this system Algorithm I fails to converge. It is 

well known that the solution to the standard Riccati equation exists as long as the 

system is at least stabilizable and detectable. Since Algorithm I solves a Riccati 

equation, it is necessary for all plants in f2 to be at least stabilizable. To support 

this observation consider the following example. We obtain the same results using 

Algorithm 2.
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E xam ple 2: Two System  P aram eters (C ontrollable,U nstable) The 

following example is an uncertain system where all plants in the region Q are con­

trollable, yet are possibly unstable. The description of the uncertain system is sum­

marized below.

o r  = /2 x 2

O T1 = I

o 0o =  [0.1 2]T

o Z0 =  I

After 14 iterations A lgorithm  I converged to the following optimal values: 

o 6*ab = [0.4627 1.1733]T 

o K* = 1.4692 

o J{K\6*AB) = 1.2522

These results are shown graphically in Figure 21. Note that the cost increases sharply 

as other optimal LQR control gains are applied to the plants that are near to the 

plant given by 0*AB. This is really of no concern, however, the question remains as to 

whether the gain given by /V* results in larger costs than J(K *,6AB) when applied 

to plants in the interior off).

Figure 22 shows the LQR cost for plants located around the perimeter of ellip­

soids contained in f2. The size of the interior ellipsoids are monotonically decreasing in 

size. The limiting case is the single point corresponding to the center of the ellipsoid. 

The limiting point becomes a horizontal line at an LQR cost of 0.5198. As is evident, 

the true saddle point is located on the boundary of Cl. For several other examples
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K lo r  PLANTPLANT

Figure 21. Illustration of saddle point on the boundary of fl for Example 2.

we noted that all the solutions tended to the boundary of the ellipsoid. A proof for 

existence of solution is not provided for the continuous time problem.

D iscrete-T im e System  Problem  Statem ent

The system is described by (3.35) and (3.36). As discussed in Chapter 3, the form of 

the control that is of interest here is linear state feedback

u(k) = -Kx(Ie).

where K = K 00 of (3.20). The set of stabilizing controllers is defined by

K. = {K : K  stabilizes G(z) V Om E f2).

Those cases where K is nonempty are of interest.
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SMALLER

ELLIPSOIDS

PLANT

Figure 22. LQR costs for plants within interior of uncertainty region using K m = 
1.4692; Example 2.

S ta tem en t of Problem : Find a controller K ‘ E AC that stabilizes G(z) V Ofh E f2 

and is optimum in the sense of the minimaximization of the quadratic cost function

N  -+ O O

J(K,Of „ )=  Y l [x(k)T(K TR K  + CTC)x(k)} (4.29)
k=0

where R is symmetric and positive definite. Since the system is SISO, /? € IR is 

scalar and must be greater than 0. This problem is equivalent to finding a saddle 

point solution. Note that (4.29) is equivalent to (3.14) under the condition that 

y(k) = Cx{k) and Q = CTC.

As shown in Chapter 3, (the saddle point of interest) is optimum

if and only if

(4.30)
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As in the case for the continuous time system T heorem  4.1 holds for the discrete 

case. Assuming a saddle point exists, it is necessarily true that

AT-i-oo

0F// = argflmax {x{k)T(K TR K  + C,rC)x(^)] . ' (4.31)

This fact is used in the following section. From this viewpoint we seek a two-step 

iterative algorithm, that first solves the LQR minimization for K , and second solves

(4.31) for dfff, such that the algorithm converges to (Ti*, 0)?#).

I te ra tiv e  Solution A pproach

The iterative approach that follows is similar to A lgorithm  I of the continuous-time 

problem. In this algorithm we make use of (3.18), the infinite-horizon discrete-time 

Riccati equation. We also make use of the discrete-time Lyapunov equation

(F -  H K f  P (F  -  H K) - P  + K t R K  + Ct C =  0 . . (4.32)

For a  stable matrix F  — H K , there exists a positive definite matrix P which satisfies

(4.32) [46].

Algorithm 3:

Let [Fy), Lf(j)] be given at the j th iterate.

I. (minimize) Solve the Riccati equation of (4.33) and the feedback control law of 

(4.34) for P(j) and /Q3), respectively.

A(,, = F r Pm F  -  F r Pm H [R + H r Pm H ] H r Pm F  + Cr C (4.33) 

K m  =  [7! + Hr Pm H ] H r Pm F  (4.34)

II. (maximize) Solve (4.35) for [F(j+1),

[F(j+i),H {j+1)] =  Mg max Xt P x 0 (4.35)
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subject to

{F -  H K {o))TP(F  -  HK(j)) -  P + K f^ R K ^  + Ct G = 0 .

III. (check convergence) If ||[F(j+1), % +1)] -  / / (i)]|

tolerance, then stop. Otherwise, let -

at step I.

is less than some desired 

* and continue

The algorithm may be initiated by selecting the nominal parameter values of Vt for 

[F(o),

On T he N a tu re  Of The Solution Of A lgorithm  3

From the previous sections dealing with the continuous time problem we saw that 

the examples provided had solutions on the boundary of the ellipsoid. Here we look 

at A lgorithm  3 for the discrete problem.

Consider the first-order problem where there is only uncertainty in the param­

eter of F and the parameter of H is constant. The uncertain parameter is simply a 

symmetric interval about some nominal value gq. The state-space equations are'given 

by

x(k  +  I) = ax(k) + bu(k) (4.36)

and

y(k) = x(k).

First consider the minimization portion of A lgorithm  3. The R.iccati. equation of

(4.33) for the solution to the control law is given by

„22 a2b2p2 p = a2p ----- —— + I,r -f b2p

which simplifies to a quadratic polynomial in p

b2p2 + ((I — a2)r — b2)p — r = 0.
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Using the positive solution to this polynomial for any value of a in the corresponding 

uncertainty region, we know from (4.34) that

abpK  =
r + b2'p

Thus R is a scalar which may be positive or negative depending on the the values of 

a and b. Next, consider the maximization portion of A lgorithm  3 . Equation (4.35) 

reduces to

subject to

a = arg max px% 

(a -  a0)27 < I

(4.37)

and

((a -  b K f  -  l)p + r K 2 + 1 = 0. (4.38)

Solving (4.38) for p we arrive at

I + rA'2
P ~ l - { a - b K ) 2'

If we assume that K  stabilizes (4.36) for all values of o, we see that \(a-bK )\ is always 

less than I. Since r > 0 we note that p > 0 and is finite. Next, if we substitute p 

above into (4.37) we obtain

which is equivalent to

a = arg max (I +  r K 2)xl  
I - ( a -  b K f

a = arg max (a — bK]2.

The function being maximized is a quadratic function. Furthermore, since we have 

assumed that K  stabilizes (4.36) over all a then we know that |(a — bK)\ < I which 

implies (a — bK)2 is a convex function. Hence, the solution resides on the boundary 

[73, Theorem 3, page 119].
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As expected, the existence of the solution to the maximization problem relies 

on the condition that K  stabilizes (4.36) for all values of a. A sufficient condition for 

the existence of the maximization problem is shown in T heorem  4 .3 .

T heorem  4.3 (Existence of Maximization in A lgorithm  3): I f  the gain K  given in 

(4-34) stabilizes all plants Opfj E f2 and furthermore, for all plants Ofh 6 it is true 

that (Tm {F — H K ) < I (<tm denotes maximum singular value) then

exists.

Before proving this theorem, we shall make use of the following lemmas.

L em m a 4.1 For any n x n matrices P and Y  such that P > 0, Y  > 0, the following 

inequalities are satisfied:

where Xm and Xm denote the minimum and maximum eigenvalues, respectively.

L em m a 4.1 was taken from [74] and the proof can be found in [75].

Lem m a 4.2 For the discrete Lyapunov equation X t P X  — P + Z = 0 and Z > 0, 

the following inequality is true

max XqP x0 eFHen u

subject to

(F -  H K )tP(F  -  HK) - P  + K t R K  + Ct C =  0

A m (Y M f) < (r(f Y) < W Y M f )

Zr(Z) <  Zr(P) < Zr(Z)
I -  Am(XAfT) I - A M ( X X T ) '

The proof of Lem m a 4.2 is given in [76].
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Proof: (Theorem  4.3) Making use of the fact x^ P xq = Zr(jPxoX^) and Lem m a

4.1 where Y  = XqXq , we see that

max XnPx0

subject to

(F -  H K ) t P(F -  HK)  ^ P  + K t R K  P C t C = Q

is less than or equal to

m ^ a tr (P ) \¥ [Y)

subject to

(F - I J K f  P(F -  UK)  - P  + K t R K  P Ct C = 0 .

-Using the results of Lem m a 4.2 and letting X  = F -  H K  and Z = K t R K  + 

Ct C we obtain the following.

subject to

^ m (Y) max tr(P)

X t P X  - P p Z  = Q

is less than or equal to
\ i\r\ „  Zr(Z)

Since am{X)  < m?:n.,|AX%)| < TnaxiIXi(X)I < Cm (X)  for i = l , 2 , . . . ,n  [77], 

where the definition of singular value is given by cr = ^ X ( X X r ), we see that

max Zr(Z)
- max Zr(Z)

SfhZH I — Xm ( X X t ) SfhZH I — Cr^(X)

Thus, if <j m(F — H K ) < I V Qfh E f2 then the original maximization problem has 

a bounded solution. Hence, a sufficient condition for the existence of solution to the 

maximization problem of A lgorithm  3 has been shown. □
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To show for a given K  that it stabilizes all plants Ofh G f2 is not a trivial 

matter and is left for future research. T heorem  4.3 does not tell us where the 

solution resides and this is a subject of continuing research.

Set-m em bership  Control P roblem

Following is an example of set-membership identification and control problem. The 

ellipsoid bounding algorithm of [62] is used for set-membership identification. The 

example is in discrete-time; therefore, we. use A lgorithm  3 for the robust control 

design. The states of the system are estimated using a Kalman filter. Implementa­

tion of a set-membership control problem raises an interesting question when one is 

employing a Kalman filter for state estimation; which plant within the uncertainty 

region does one select for use in the Kalman filter? For this example we take the 

parameters of the center of the ellipsoid for use in the Kalman filter. The reasoning 

behind this selection is that the center of the ellipsoid is “likely” closer to the actual 

plant than the worst-case plant associated with the robust control, design and will 

likely offer a better estimate of the true system states.

Second O rder Servo Exam ple Consider the controlled plant (this exam­

ple is found in [78, page 385])

x(fc+ I) = 1.5 I 
—0.5 0 x(6) + I

0.6 'ti(fc).+ w(k)

y{k) = [I 0]x(£) + v{k)

where w(k) and v{k) are independent Gaussian noise disturbances. The object of this 

servo control is to determine an optimum controller

u{k) = —K Tx(k) + Vr{k)
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minimizing the cost function

where

and

CO

A-=I

( k )  =  [ z i ( & )  X 2 (Jc) r ( ^ ) ] ,

Q =
1 0 - 1 ' 
0 0 0 

- I  0 I

Uss - u(oo),

R — I.

The command variable r(A:) may take the values ( — 1,0,1). The sampling period 

T  = I. The variable V  is a scaling factor determined from the condition of zero 

steady-state control error. The scaling factor is adjusted depending on the gain

vector A used for state feedback control. We note that this servo example is unusual 

in the way we are using the variable V for adjusting the steady-state error. A more 

popular method is to remove the gain block V  and introduce an integrator into the 

forward path of the system (see, e.g., [46, page 850]). In order to keep the example 

simple and to follow the example as given in [78, page 385], we did hot introduce the 

integrator.

The states are estimated using a Kalman filter. The associated equations are 

given below and can be found in numerous sources, see for example [46, 78]. We use 

F0 and H0 to denote the nominal plant given by the center of the bounding ellipsoid. 

Using steps (a) and (b) below x(k  + 1|& + I) can be solved given the Kalman gain 

K e(k + I) and the initial estimate x(t|&).

(a) x(fc + l\k) = F0x(k\k) + H0u(k),
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(b) x(fc +  1|A: + I) =  x{k + l\k) + K e(k + I) [y(k + I) -  Cx(yk + l|ifc)].

For an initial Riccati matrix Pe(k\k) the Kalman gain K e(k + I) is solved using steps 

(c) and (d) below. The Riccati matrix Pe is updated in step (e).

(c) Pe(k +  1|*) =  F0Pe(k\k)FT + H0QeHZ,

(d) K e(k +  I) =  Pe(k +  l\k)C T [CPe(k + l\k)C T +  R e]_1,

(e) Pe(* + l|*  + l) = [ I - K e( k +l ) C] Pe(k + l\k).

The adjustable weights which are the dual to the weights seen in the linear 

quadratic cost, function are R e and Qe. These weights are often set to the approxi­

mate values of the variance of the measurement noise v(k) and process noise w(k), 

respectively. The Kalman gain is proportional to Qe/R e and as such R e and Qe are 

often adjusted to obtain better state estimation. Sophisticated methods such as Loop 

Transfer Recovery can be employed for adjusting the Kalman weighting factors [44].

A diagram showing the set-memebership robust control scheme is shown in 

Figure 23.

For our example the process noise w(k) is negligible; the measurement noise 

v(k) has. a variance of 0.01 and mean of 0.0. When calculating the controller gain 

K  we make use of the fact that the solution is invariant to the elements of the third 

column of Q above. The solution of the Riccati equation of (3.18) may be carried out 

with the simpler matrix

0= [o o]' ■
Using the actual values of the plant the solution of (3.20) gives the LQR gain

K  = [0.7886 0;6119]t .

The scale factor V  in the control equation is computed from the condition of 

the zero steady-state control error. For a value of k approaching infinity it holds that
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y ( k  /  k - 1 )

Y
SET-MEMBERSHIP IDENTIFICATION 

MINIMAX (LQR) CONTROL GAIN UPDATE 
KALMAN FILTER GAIN UPDATE

Figure 23. Set-membership adaptive control detailed block diagram.
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parameter lower nominal upper
-Gi -2.0489 -1.4958 :0.9428
- a 2 -0.0451 0.4952 1.0355

bi 0.2991 0.9610 1.6230
62 -0.0876 0.6156 1.3187

Table 7. Interval bounds on parameters of Example I using OVE algorithm.

x(& + I) =  x(k)  and Xi(k) = y(k) = r(k). Allowing r(k) to take on the value of 

I, the following set of equations can be solved for V  and the steady-state value for 

X2 (k). Let Eel = F -  H K t be the 2 x 2  closed-loop control matrix with elements 

f CliiI f ch ,2 /c /2,1 and /c /2,2, and let H t = [Zq b2}. The solution to V  and X2(Ic) in 

steady-state is given by

V
x2(k)

h  /c/1,2
-I

I — /Cl,I
&2 /c/2,2 — I -/C2.1 (4.39)

Using actual values of the plant we find that V = 0.4826 and X2(Ie) = —0.5000. The 

initial starting value of x for calculation of the final cost was taken as a random 

sample from the Kalman filter estimates of the plant states before the feedback loop 

was closed. The initial starting value of x was also used in A lgorithm  3 for the worst- 

case gain calculation. In the first case, system identification was not used and actual 

parameter values of the plant in the Kalman filter , were used for state-estimation. 

The initial starting value of the states was x(0) = [0.2325 0.8409]. The estimated 

cost using actual plant values is J  = 0.8118. The bound on the noise sequence v(k)  is 

^max =  0.328229 which was used in the ellipsoid bounding technique of Cheung, et ah, 

referred to as the OVE algorithm. The input probing signal was adjusted to obtain a 

signal to noise ratio at the output of approximately 65 dB. Using the OVE algorithm 

we determined a bounding ellipsoid which had an associated bounding interval given 

in Table 7. After 9 iterations of A lgorithm  3 the LQR gain was found to be
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K  = [1.2852 1.0291]r

and the worst-case LQR cost was J = 2.5627. To calculate V and the steady-state 

value of T2(k) we defined Fcl = F0 -  H0K 1 and H0 = [&i b2], where F0 and H0 are 

the appropriate matrices using the nominal values given in Table 7. The solution to 

V and T 2 (Ic)  in steady-state is given by (4.39) and the values are V = 0.7749 and 

x 2(k) = —0.4955. The results for this servo example can be seen in Figure 24.

The LQR cost measure using actual parameters is 0.8118 
The LQR cost measure using optimal parameters is 2.563

i \
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Reference input —  ji
Output using Iqr gain for actual system and estimated sta tes.....
Output using worst case Iqr gain and estimated states from nominal •

5 10 15 20 25 30
TIME (seconds)

Figure 24. Servomechanism problem for standard LQG and set-membership control.
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D iscussion o f R esults

Prior to the development of the minimax algorithms of Chapter 4 the statement of 

the problems are established, and in particular we assume state-feedback control. In 

Chapter 3 state-feedback control is shown to be the necessary type of control to reach 

the optimal minimax solution. It is shown in T heorem  4.1 that if a solution exists 

for the minimax problem, that in the case of nonunique saddle point solutions, the 

associated costs will be the same and that any one of the solutions may be used in the 

final design. Two algorithms are developed for the continuous-time problem where 

the uncertainty on the model parameters is in the form of an ellipsoidal domain. 

The algorithms are equivalent yet differ in the choice of Lyapunov equations used. 

While A lgorithm  2 more naturally follows from the original problem statement, we 

choose to use A lgorithm  I due to the more commonly used measure of final cost 

for the LQ problem. In practice it can be seen that either algorithm gives the same 

result, however no examples are provided in this chapter. It is noted that there is a 

dependence on the initial conditions of the systems. This dependence on X 0 can be 

removed if we start with the assumption that Xq is a random vector with known mean 

m and covariance V  and the objective in (4.1) is an expectation over X 0 . In that case, 

X0Xq may be replaced by P  + m mT. Another alternative is to use the worst initial 

condition of unit magnitude as in [69]. Since the solution is not guaranteed to be a 

global saddle point a method is offered to divide the uncertainty region into a grid 

and methodically check to determine the nature of the solution.

In the examples provided it is shown that the maximization portion of the 

algorithms are performed over a region that is not necessarily convex. Because the 

region is not convex we are unable to make definitive remarks as to the existence and
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location of the solution. In the low-order examples using A lgorithm  I we find that 

the solutions reside on the boundary of the uncertainty domain. We also show that 

it is necessary for all plants in the uncertainty region to be at least stabilizable. This 

necessary condition is shown in Exam ple 2 .

For the discrete-time problem, A lgorithm  3 is developed along the lines as 

was A lgorithm  I. The first-order problem, where the uncertainty is only in one 

parameter, namely a of the state matrix F,  is reviewed for analytical purposes. In 

this analysis, it is shown that the sufficient condition for the existence of solution to 

the maximization portion in A lgorithm  3 is simply that K  stabilizes the uncertain 

plant over all possible values of a. We carry this analysis further to the generalized 

higher-order case in Theorem  4.3. This analysis provides necessary conditions for 

existence of solution. In particular. Theorem  4.3  shows that if the maximum sin­

gular value of the closed-loop system is less than I for all plants in the uncertainty 

set, the maximization step of A lgorithm  3 is bounded, and therefore, the solution 

exists.

Finally, Chapter 4 concludes in a complete example of Set-membership control. 

A second-order servo example is provided where the system is considered a black box. 

The OVE algorithm of Cheung [62] is implemented for system identification. This 

algorithm provides the nominal model with parametric uncertainty in the form of 

an ellipsoid. Since the system is considered to be a black box we employ a Kalman 

filter for state estimation. The nominal model from the OVE algorithm is used in 

the Kalman filter. The complete uncertain model of the OVE algorithm is used in 

A lgorithm  3 to arrive at an optimal control gain K . Once this gain is computed the 

feedback loop is closed and the reference signal for tracking is allowed to change from 

discrete values of -I, 0 and I. The system remains stable and the worst performance 

of the system is shown by way of time simulation.
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CHAPTER 5 

CONCLUSION '

A review of various identification methods is given in Chapter 2. Character­

istics of each method were discussed to establish a baseline for the method based 

on Prony signal analysis. The method of identification developed in Chapter 2 is 

classified as a Prony method because it has two main phases, paralleling the original 

Prony signal analysis method; in which eigenvalue estimates are generated in the first 

phase, and residue estimates are calculated in the second phase. Both phases involve 

lipear least-squares solutions that can be obtained with high accuracy using singular 

value decomposition techniques. The detailed steps used in the two Prony phases of 

Chapter 2 differ considerably from those of previous Prony-based methods because 

of the sampled-and-held nature of the input signal.

An interesting feature of including the sample-and-hold on the input is that 

the resulting second Prony phase is actually simplified from the corresponding second 

Prony phase of [20]. A second feature is that of establishing an estimate of initial 

conditions. The striking difference of the Prony method from those reviewed is the 

fact that modes of the system are estimated first. The user may be able to use prior 

knowledge of the system modes to eliminate extraneous modes from the set. This 

feature allows for reduced numerical calculations and potential for more accurate 

residue fitting.

The final feature of the discrete Prony method is the use of a generalized class 

of input probing signals that are sampled and held. Prior to being sampled and held, 

the input signal is piecewise continuous and is characterized by input eigenvalues and
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input residues between points of discontinuity. The sample period T is the same as 

that used to collect the sampled system input and output-data, which lends itself well 

to digitally controlled systems. By appropriate selection of the input signal, its energy 

can be allocated to particular frequency ranges of interest with regard to transfer 

function identification. Most other methods utilize a pseudo-random input signal 

that essentially has much of its energy at frequencies that are outside the bandwidth 

of the system being identified. This type of signal will often not adequately excite 

some modes of the system.

Examples show that with the addition of measured output noise, the approach 

developed in this dissertation can generate fairly good estimates of initial condition 

residues, transfer function residues, and system eigenvalues. Example 3 of Chapter 

2 shows that the discrete Prony method performs relatively well under colored noise 

environments as compared with other methods. The last example demonstrates the 

model obtained from discrete Prony identification and used for LQG state-feedback 

control provides significant damping while the power system experiences a transmis­

sion line fault. In practice, it was found that higher order models obtained from 

discrete Prony identification were more difficult to utilize in this non-adaptive LQG 

state-feedback configuration.

Chapter 3 served to introduce two minimaximization problems. The review of 

linear quadratic control theory provided the necessary tools to establish the statement 

of the problem. Motivation for the robust control problems of this thesis is primarily 

due to the efforts of Lau, Fogel and Cheung [32, 61, 62] in the area of system identifi­

cation and the efforts of Lau and Mills [72, 68] in the area of set-membership control. 

From standard results in linear quadratic control theory, it is shown that in order to 

determine the saddle point, solution, the control strategy for the minimaximization 

problem must be LQR linear state-feedback. The problems are different from those of
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Lau and Mills in that the uncertain parameters are the parameters of the state-space 

matrices A and B  and are allowed to vary within a bounded ellipsoidal domain. The 

ellipsoidal domain of interest may be determined through an identification scheme 

based on the method of Cheung [62].

In Chapter 4, it is shown in T heorem  4.1 that if a solution exists for the 

minimax problem, that in the case of nonunique saddle point solutions, the associated 

costs will be the same and that any one of the solutions may be used in the final design. 

Two algorithms are developed for the continuous-time problem where the uncertainty 

on the model parameters is in the form of an ellipsoidal domain. One algorithm is 

provided for the discrete-time problem.

It is noted that there is a dependence on the initial conditions of the systems.
•>

This dependence on X 0 can be removed if we start with the assumption that X 0 is a 

random vector with known mean m and covariance V and the objective in (4.1) is 

an expectation over X q . In that case, XqXq may be replaced by K + m mT. Another 

alternative is to use the worst initial condition of unit magnitude as in [69]. Since the 

solution is not guaranteed to be a global saddle point, a method is offered to divide 

the uncertainty region into a grid and methodically check to determine the nature of 

the solution.

In the examples provided it is shown that the maximization portion of the 

algorithms are performed over a region that is not necessarily convex. Because the 

region is not convex, we are unable to make definitive remarks as to the existence and 

location of the solution. By way of example, we see that the solutions tend to reside 

on the boundary of the uncertainty domain.

Concerning the discrete-time algorithm we look in more detail at the existence 

of solution to the maximization portion in A lgorithm  3. The first-order problem, 

where the uncertainty is only in one parameter, namely a of the state matrix F,
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is reviewed for analytical purposes. In this analysis, it is shown that the sufficient 

condition for the existence of solution to the maximization portion in A lgorithm  

3 is simply that K stabilizes the uncertain plant over all possible values of a. We 

carry this analysis further to the generalized higher order case in Theorem  4.3. 

This analysis provides a sufficient condition for existence of solution. In particular, 

T heorem  4.3 shows that if the maximum singular value of the closed-loop system is 

less than I for all plants in the uncertainty set, the maximization step of A lgorithm  

3 is bounded, and therefore, a solution exists.

Chapter 4 concludes in a complete example of Set-membership control. The 

problem considered is a second-order servo control system. The OVE algorithm of 

Cheung [62] is implemented for system identification. We employ a Kalman filter 

for state estimation using the nominal values from the OVE identified model. The 

complete uncertain model of the OVE algorithm is used in A lgorithm  3 to arrive 

at an optimal control gain K. Once this gain is computed the feedback loop is closed 

and the reference signal for tracking is allowed to change from discrete values of - I, 0 

and I. The system remains stable and the worst performance of the system is shown 

by way of time simulation.
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CHAPTER 6

FUTURE RESEARCH

During the course of this research, some problems have hot been fully ad­

dressed. This, of course, is the nature.of research. Following is a list of possible areas' 

for future research in which significant contributions still can be made:

1. The discrete form of Prony identification assumes no repeated eigenvalues in 

the system. While some may consider the likelihood of a real dynamical system 

having repeated eigenvalues small, it is still worthwhile investigatiifg-changes to 

the algorithm to account for this possibility.

2. The effects of system noise on the discrete Prony_ method presented remains 

to be analytically examined. There is a. foundation of previous work (e.g., 

[59, 7, 10, 11, 12, 60, 13]) to build on. One may pay particular attention to 

the higher-order statistical approaches as presented in [13]. The methods of 

higher-order statistics found in [13] focus more on the signal analysis problem; 

it would be worthwhile to incorporate these methods in system identification.

3. The algorithms presented in Chapter 4 provide a foundation to work on for this ■ 

type of robust control problem. While a sufficient condition for the solution to 

the maximization problem has been stated, it becomes quite obvious that the far 

more difficult problem is that of developing a technique for determining whether 

or not a given state-feedback gain K  stabilizes all plants in the uncertainty 

domain.

Methods of stability analysis based on Kharitonov’s theorem [79] have been 

developed for the continuous-time problems where the uncertainty is in the form
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of bounds on the parameters of characteristic polynomials in Laplace variable s. 

In order to describe Kharitonov’s Theorem for robust stability, we first define 

four fixed polynomials associated with an interval polynomial family T-5.

Definition 6.1 (Kharitonov Polynomials): Associated with the interval poly­

nomial p(s, a) = XaLo[tii IctL]5' are ^ie fowl" fixed Kharitonov Polynomials,

K-I (s) =  GEq +  Ofs +  <4 s 2 +  «3 s3 +  a~.sA +  «5 s5 +  g+s6 +  • ■ ■ ;

I < 2 { s )  =  d o  +  a If"-S +  a J 52  +  a J 5 3  +  +  G g S 6 +  ;

^ 3 ( 5 )  =  G ^"  +  G f s  +  G ^ s 2 +  G ^ s 3  +  G + S 4 +  G “ s 5 +  G g  S 6  H-; •

AL(s) =  Gg +  G+S +  G^s2 +  G js3 +  G^s4 +  G^S5 +  G^S6 -;

We now state the celebrated theorem of Kharitonov [80] (the proof can be found 

in either [80] or [79]).

T heorem  6.1 (Kharitonov, 1978): An interval polynomial family V  'with in­

variant degree is .robustly stable if and only if its four Kharitonov polynomials 

are stable.

If a comparable method of the Kharitonov analysis for the discrete-characteristic 

polynomial p(z, a) = ITiL0 gi+]z1 were available, we could simply bound the 

ellipsoidal domain with a multi-dimensional box before attempting the maxi­

mization procedure of A lgorithm  3. This approach would obviously be conser­

vative but would certainly provide the sufficient condition for existence of solu­

tion as stated in T heorem  4.3. Unfortunately, as shown by Barmish [79, page 

219], Kharitonov’s Theorem does not generalize to the discrete case. Hence, this 

may or may not be an avenue of research for further investigation into stability 

analysis of gain K  over the uncertainty region. Other results and references 

stated in [79] may provide the necessary tools for further investigation.
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Another possible approach may be to consider the actual computation of

tr{K T R K  + CTC)
I — — H K)

This is equivalent to considering

max (tm(F — B K ).8FH ESI

4. The OVE identification method along with the discrete minimax algorithm of 

Chapter 4 were unsuccessfully applied to the same problem outlined in Chapter 

2, Example 4. The minimax algorithm was unable to converge for a 4th-order 

uncertainty model obtained from the OVE algorithm. Reasons for nonconver­

gence and possible solutions is a path for further investigation.

5. Another area of research is to follow the uncertainty modeling approach of Lau 

[36] where, prior to identification, a model of unstructured (nonparametric) un­

certainty is included. This approach to uncertainty modeling is widely accepted 

for robust control [29]. The minimax problem will have to account for both 

structured and unstructured uncertainty. This control problem is sometimes 

referred to as mixed robust control, see for example [81, 82].

6. Robust identification is a fairly new and emerging area of research. Although 

this subject is only discussed in this thesis, it promises to have considerable 

developments in the near future. Other methods of identification that provide 

different types of parametric uncertainty regions may be investigated.
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The following code is for all results presented in .Chapter 2. The appendix is 
made up of four sets of code. The first set of code includes runcomp.m, id.plt.'m, 
difLmodel.m difLmodes,.m, difLnn.m, difLnoise.m which allows the user to access 
either the discrete Prony or the Moonen code for identification comparison.. The 
second set of code is comprised of prl.m, prlb.m, pr2.m, pr2b.m pr3.m, prony_in.m, 
u-prony.m, get_pronyJn.m, in_exmpl.m, rm_mode.m, xdisp_mode.m, ma.ke_obsvble.m, 
obsv.m, sys2obsv_can.m, and sys2obsv_can.m which is all of the discrete Prony iden­
tification code. The third set of code is for Moonen identification and is comprised 
of moonl.m, moon2.m, moonJn.m, u_moonen.m, and get_moonJn.m. The last set of 
code, comprised of u.modes.m, sysmG.m, discr.m, fftst.m, dir_stamp.m, file_stamp.m, 
and time.m, is common to both the discrete Prony and Moonen code.

The main code for conducting the comparison between discrete Prony identi­
fication and Moonen identification is runcomp.m. This code allows the user to select 
between either identification approach. All results, except for example 4 of Chapter 
2 were arrived at by running runcomp.m. Example 4 code is given at the end of this 
appendix.

Each M-file has a. preamble that provides enough information to understand 
and use the code.
runcomp.m

fu n c t io n  [ ] =runcomp(system,in.drive)  
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% FILE:
% runcomp.m This M -f i le  runs a comparison between 

i d e n t i f i c a t i o n  routines  from Moonen and 
H ietpas(Prony) .

%
%
%
% INPUT
% system -  Prior to  running the i d e n t i f i c a t i o n  

program the  user i s  allowed to  crea te  an 
output f o r  some system which i s  assumed 
to  be in continuous s t a t e - s p a c e  form, i . e ,

%
%
%
%
%
%
%
%
%
%

Secondly,  i t  i s  a lso  assumed th at  the  
system has a second input where the  no ise  
can be i n j e c t e d .  The f i r s t  input i s  for  
i d e n t i f i c a t i o n  probing and the  second for  
n o ise .

xdot=ax+bu, y=cx+du.

% in_drive -  The input contro l  f i l e  i s  provided by the  
user at the  s t a r t  of the  program or%

%
%
%

prompted by the  program i t s e l f  th ese  items  
are not g iven at the onset of the  program.



120

EXAMPLES OF INPUT DRIVE CODE:

As an example of  an input f i l e  that  generates  the disturbance  
input to  the  system, consider  the  fo l low in g  "in_drive", f i l e  that  
generates  a SINC type i n p u t :

%
%
I  
%
I  
%
•/.**•/. fu n c t io n  uu = u_moonen( t , k , d t , m)
%**% '/,******************************=»:************************** 
'/.**•/. % INPUT:

t  = time;
k = time m ult . f a c t o r ,  

dt = time s h i f t  f a c t o r . 
m = a magnitude f a c t o r .

•/.**•/.

•/.**•/.

•/.**'/.
%**%
%**%

%**%

%**•/.
%**%

%**%
%**%

%**%

%**%

%**%

OUTPUT:

%
%
%
I  
%
%
%
%
%

uu = the input contro l  s ig n a l .

For the  SINC input,  k i s  the  frequency adjustment 
knob.
For k = 30 
of 2 .5  Hz.
The center  
I f  dt = 5,
5 second s . 
dt seconds

the bandwidth of u i s  5 Hz, k=15 g ive  a BW

of the SINC input i s  lo ca ted  at dt seconds . 
the peak of the  SINC s ig n a l  w i l l  occur at 

The peak magnitude of the input located  at 
i s  determined by the value m.

%*************************************=k*******************
i f  ( t -d t)==0  

uu=m;
'/.**'/. e l s e
%**% uu=m*sin(k*(t-dt))/(k*(t-dt));
'/.**'/, end
%**% yi*********************************************************
%

This input f i l e  i s  fo r  the  Moonen a lgor i thm .
The d i s c r e t e  in teg r a t io n  routine  dif f_nn.m w i l l  execute  t h i s  
input r o u t i n e .
Pr ior  to  execut ing  the  in_drive  f i l e ,  however, moon_in.m w i l l  
prompt the  user f o r  k, dt and m.

%
%
%
%
%
%
%
%
%
%
X**1/.

As a second example, which i s  necessary  fo r  the Prony method, 
cons ider  the  fo l lo w in g  input f i l e ,  which i s  used f o r  construct ing  
a sum of damped and non-damped s in e  wave:

fu n c t io n  uu = u_p ron y(t ,d d ,m p i ,cc , s s )
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*/.**•/.

’/.**'/.
%**%
%**%
%**%

%**%
%**%
%**%
%**%
%**%
•/.**•/.
%**%

%**%

%**%
%**%

%**%

%**%
%**%
•/.**•/.
%**%
%**%

%**%
%**%

%**%
%**%

•/.**•/.
%**%
%**%
%**%
%**%
%**%
%**%
%**%
•/.**•/.
%**%
%**%
%**%
%**%
%**%
%**'/.
%**%

%****************************************1|C****************
% INPUT:
%
%
%
%
%
%

t  = time;
dd = vector  of duration f a c t o r s  in seconds;  

mpi = number of modes/interval;  
cc = vector  of amplitude f a c t o r s ; 
ss  = vector  of mode f a c t o r s .

% OUTPUT:
% uu = the input contro l  s i g n a l .
%
% For a s in e  wave of 5 Hz, amplitude I ,  f o r  2 sec .
% then
% dd=2; mpi=2; c c = [ - i / 2  i / 2 ] ; s s= [ i*2*p i*5  - i * 2 * p i * 5 ] .
% From E uler 's  id e n t i t y :
% s i n ( 2 * p i * 5 * t ) = c c ( l ) * e x p ( s s ( l ) * t ) - c c ( 2 ) * e x p ( s s ( 2 ) * t ) ;
%
%*********************************************************
q=len gth(dd); 
i f  t<=dd(q)

i i=m ax(f ind(t>dd)); 
i f  i s e m p ty ( i i )  

m_i=0; 
i i = l ;

e l s e i f  i i< q  
m_i=0;
f o r  k = l : i i

m_i=m_i+mpi( k ) ; 
end
i i = i i + l ;

e l s e
end
i f  m p i ( i i ) ~=0 

i f  i i = = l  
ddd=0; 

e l s e
d d d = d d ( i i - l ) ; 

end
uu=0.0;
f o r  k=m_i+l:m_i+mpi(ii)

uu=uu+cc(k)*exp(ss(k )* ( t -d d d ) );
end

e l s e
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'/,**'/, uu=0.0;
%**% end
%**% e l s e
%**'/. uu=0.0;
'/.**'/. . end
%**% %*********************************=k**=f:********************
%
% The d i s c r e t e  in teg r a t io n  routine  dif f_nn.m w i l l  execute  t h i s  
% input r o u t i n e .
% Prior  to  execut ing  the in .d r i v e  f i l e ,  however, prony_in.m w i l l  
% prompt the  user  fo r  dd, mpi, cc and s s .
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

Once dif f_nn.m i s  executed, d i f f . n o i s e . m  w i l l  use the  probing  
input and generate  the no isy  s ig n a l  f o r  the second input and 
drive  the  system again.

GLOBAL:
None.

CALLS:
{sy s tem } .m 
moon_in.m 
prony_in.m 
diff_nn.m  
d i f f_ n o is e .m  
d i f f _model.m 
id_plt .m  . 
moonl.m 
prl.m

DATA FILES WRITTEN:
{ d a ta _ f i l e } .m a t  -  { d a t a _ f i l e }  i s  prompted to  the user

fo r  data to  be saved in .
To see  what i s  s tored in  t h i s  data 
f i l e ,  j u s t  search on ' d a t a _ f i l e '  
and ' e v a l ( s v ) ' .

{data_f i le}_m od.mat -  _mod i s  appended to  { d a t a _ f i l e }  and
the  f i n a l  f i t t e d  model i s  stored  
h e r e .

DATA FILES READ:
{d a ta _ f i l e } .m a t
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% AUTHOR:
% Steve H ie tp a s , January 1994
%
% SYNTAX:
I, I f  your system f i l e  i s  labe led  sys l .m  and you d e s i r e  Moonen 
It i d e n t i f i c a t i o n , and the in_drive  f i l e  i s  u_moonen.m, you would 
% type at the  Matlab prompt the fo l low ing:
%
% >> runcomp( ’s y s I ' , ju moonen');
%
% I f .  however, you des ired  to  do the  Prony i d e n t i f i c a t i o n ,  and'
% the  input f i l e  i s  u.prony.m, you would type at the  Matlab 
% prompt the  fo l low ing:
%
% >> runcomp( ‘ s y s I ; ; u prony');
%
% The user  i s  a l so  g iven the  opportunity to  ju s t  enter  the  
% fo l lo w in g  at the  
% the  Matlab prompt.
%
% >> runcomp;
%
% The user  w i l l  then be prompted f o r  the  name of the  two f i l e s ,
% system and in_drive .
^+++++++++++++++++++++++++-H -++++++++++++++++++++++++++++++++++++++
d ia = 0 ;
s t r g = 'Which type of i d e n t i f i c a t i o n ,  [I=Moonen] and (2=Prony) »  '; 
id_type=input(s trg )  
i f  is em pty( id . ty p e )  

id_type=l;  
end
ans=input('Do you want a diary? [n,N,<ret>=no] »  ' , ' s ' ) ;  
i f  "(isempty(ans) I ans=='n' I ans=='N') 

dia= l;
s t r g = 'Enter diary name:. [<ret>=id_compare.dia] »  '; 
d i a r y _ f i l e = i n p u t ( s t r g , ' s ' );  
i f  i sem pty(d iary_f i l e )

d ia r y _ f i l e = ' id_compare. d i a ' ; 
end
d isp ( [ 'T h e  diary  f i l e  i s :  ' , d i a r y _ f i l e ] ) 
i f  id_type~=2

i f  e x i s t ( d i a r y . f i l e )
s t r g = 'Append to  the  e x i s t i n g  diary? [y ,Y ,<ret>=yes] >> ';
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ans=in p u t ( s t r g , ' s ' ) ;
i f  ~(isempty(ans)  I ans=='y' I ans==, Y, > 

rmm=[; !rm ' ,d iary_f i le ] ;eva l (rm m )  
end 

end
do_diary=['d iary  ’ , d i a r y _ f i l e ] ;eval(do_diary)
disp('******************************************************;) 
d i s p C *  MODNEN IDENTIFICATION *>)
dispC'******************************************************') 

e l s e
i f  e x i s t ( d i a r y _ f i l e )

strg='Append to  the  e x i s t i n g  diary? [ y , Y,<ret>=yes] >> 
a n s = in p u t ( s t r g , ; s ; ) ;
i f  ~( isempty(ans)  I ans==;y' I ans=='Y')

Tmm=C'Irm ' ,d iary_f i le ] ;eva l (rm m )  
end 

end
do_diary=[ ' diary ' , d i a r y _ f i l e ] ;eval(do_diary)
d i s p ( ' ******************************************************') 
d i s p ( ' *  PHONY IDENTIFICATION *')
d i s p ( '****************************************************** >) 

end
[ t im ,d a t ]= t im e ;
dat=['The date i s  ' , d a t ] ; d i s p ( d a t ) , d i s p ( '  ') 
t im =['The time i s  ' , t im ];d isp ( t im )  

end 
what
i f  nargin==0 

notdone=!; 
while  notdone

s t r g = 'Enter the  m-fi l e  contain ing the  system e q ' ' s >> '; 
s y s t  em=in p u t( s t r g , ' s ' ) ;  
i f  e x i s t ( s y s te m )  

e v a l ( [ sy s t em , ' ; ' ] )  
notdone=0; 

e l s e
disp( 'That  system m-fi l e  i s  nowhere to  be fo u n d . ' )  
notdone=!;  

end 
end
notdone=!; 
while  notdone

s t r g = 'Enter the  m-fi l e  contain ing the  input dr ive  code >> ';
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i n _ d r i v e = i n p u t ( s t r g , J s ' ) ;  
i f  e x i s t ( i n . d r i v e )

I iotdone=O; 
e l s e

disp( 'That  unput dr ive  m - f i l e  i s  nowhere to  be fo u n d . ' )  
notdone=!; 

end 
end

e l s e i f  nargin==!
s t r g = 'Enter the data f i l e  contain ing the  input m - f i l e  »  '; 
in_d r ive= inpu t( s t r g , ' s ' ) ;  

end
notdone=!;
d e f au lt_data= ' ex_uyt'; 
while  notdone

s t r g = 'Retr ieve  previous  data,  enter  a data f i l e  name: [<ret> 
s t r g = [ s t r g , d e f a u l t _ d a t a , '] >> ' ] ;  
d a t a _ f i l e = i n p u t ( s t r g , ' s ' ) ;  
i f  “isem pty(data_f i l e )

i f  e x i s t ( [data_f i l e , ' .mat'])
Id=[ ' lo a d  ' , d a t a _ f i l e ] ; e v a l ( l d )  
notdone=0; 

e l s e
disp( 'That  f i l e  does not e x i s t . ' )  

end 
e l s e

d a ta_ f i le= d efau lt_d ata ;  
i f  e x i s t ( [d ata_f i l e , ' .mat' ] )

Id=[ ' load ' , d a t a _ f i l e ] ; e v a l ( l d )  
end
notdone=0; 

end 
end
sys=system;
in=in_drive;
dispC' ' ) , d i s p ( ' S t a r t  t ime w i l l  be s e t  to  O. ' ) , d i s p ( ' ') 
i f  e x i s t ( ' F T ' )

f p r i n t f ( 'The previous value  of FT was: %g seconds \n ' ,FT)  
f p r i n t f ( 'The previous  value  of DT was: %g seconds \n',DT)  
ans=input( 'Keep these?  [y,Y,<ret>=yes] »  ' , ' s ' ) ;  
i f  "( i sem pty(ans) I ans=='y' I ans=='Y')

FT=input( 'Final  Time = ' ) ;
DT=input( ' Sampling Rate = ' ) ;
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end
e l s e

FT=Input(jFinal Time = ' ) ;
DT=Input( ;Sampling Rate = ' ) ;  

end
Id=[ ’ load ; , s y s ] ;e v a l ( ld )  
e igA =e ig (A );
[F,G] =discr(A,B,DT) ; ' / ,d iscret ize  the  system.  
e ig F = e ig ( F ) ;
var_svd_sys=; A B C D F G DT eigA e igF ';  
sv_dat=[var^svd_sys ,'  var_svd_sys ' ] ;  
s v = [ ’ save ’ , s y s , s v . d a t ] ;e v a l ( s v ) ; 
i f  id_type~=2  

u_in='moon_in'; 
e l s e

u_in='prony_in';
end
uin= [u_in, > (> > > , s y s ,  ' " , ' " , i n , " '  ,FT) ; '] ; e v a l ( u i n ) ;
Id=[ ' lo a d  ' , u _ i n ] ; eva l ( Id )  %var_svd_in
%
d i f f  l= 'd i f f _ n n '  ; '/ ,difference equation s o lu t io n  w/o n o is e  
d i f  = [ d i f f  I , ' (' ' ' , s y s , '  ,u_in,  ' ' ' ,FT) ; '] ; e v a l ( d i f ) ;
Id=[ ' lo a d  ' , d i f f 1 ] ; eva l (Id )  %var_svd_nn 
i f  id_type==2

s t r g = ' Zero-value i n i t i a l  condit ions?  [n,N,<rtn>=no] >> 
ans=input( ' s t r g , ' s ' ) ;  
i f  ( i sempty(ans) I ans=.= 'n' I ans=='N')  

disp( 'The  modes of the  system a r e : ' )  
disp(e igA)  
i f  e x i s t ( ' e e ' )

s t r g = 'The previous values  fo r  i n i t i a l  condit ion  '; 
s t r g = [ s t r g , ' amplitudes w ere : ' ] ;  
d i s p ( s t r g )  

d is p ( e e )  
end
d i s p ( ' ')
s t r g = 'New amplitudes of i n i t i a l  condit ions  '; 
s t r g = [ s t r g , ' [<rtn>=old values] >> ' ] ;  
ee_new=input( s t r g ) ; 
i f  isempty(ee_new)' 

ee_new=ee; 
end
d is p (  'Your choice  fo r  i n i t i a l  cond it ions  is : ,  ')
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ee=ee_new
len_e igA =length(e igA );
Z=eigF;
t h e t 2 = z e r o s ( l e n g th ( t s d ) , len _e igA ); 
t h e t 2 ( I , : ) =ones( I , l e n _ e ig A ); 
fo r  p=2:l e n g th ( t sd )  

z=Z. "p;z= z ( : ) ; z = z . ; ; 
t h e t 2 ( p , :)=z; 

end
y _ i n i = t h e t 2 * e e ( :) ; 
ysnn=ysnn+y_ini; 

e l s e  
ee= [] ; 
y _ in i= [ ]  ; 

end 
e l s e  

■ ee=[] ;
y _ i n i = [ ] ;  „

end
d i f f 2 = , d i f f _ n o i s e ' ;
d i f =  [ d i f f  2 , ’ ’ ' , s y s , '  ,u_in ,  >>>,>>> , d i f f l / ' » ,F T ,y _ i n i ) ; ;] ;
e v a l ( d i f )
Id=E1Ioad ' , d i f f 2 ] ; e v a l ( l d )  %var svd no ise
%
var .svd= E1 sys in  FT ee y _ i n i 1, var_svd_sys , var_svd_in]  
var.svd= Evar_svd, var_svd_nn, var_svd_noise] ; 
sv_dat=Evar_svd , ’ v a r . s v d 1] ; 
what
Strg=E1Enter a {new} data f i l e  name E < r e t > = ' ,d a t a _ f i l e , 1] >> 1I ; 
data_f i le_new=input( s t r g , 1S1);  
i f  i sem pty(data_f i le .new)  

data_f i le_new=data_fi l e ; 
end
data_f i le=data_f i le_new ;
disp(E'The data f i l e  najne fo r  saving data to  i s :  1, d a t a _ f i l e ] ) .
sv= E1 save 1,d a t a _ f i l e , s v _ d a t ] ;eva l ( sv )
ysd0=ysd2;
SNR= E] ; sgnro= E] ;
E r r , c c ] = s i z e ( y s d 2 ) ;
an s= in p u t(1Add n o is e  to  output s igna l?  En,N,<ret>=no] >> ' , 1S1);  
i f  ~ (isempty(ans) I ans=='n1 I ans==1N1) 

notdone=!; 
while  notdone
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s t r g = 'Retrieve  n o is e  from data f i l e ?  [y ,Y,<ret>=yes] »  '; 
a n s = i n p u t ( s t r g , ' s ' ) ;
i f  ( isempty(ans) I ans=='y' I ans=='Y')  

what
fn = in p u t ( ' Enter a f i l en a m e : >> ' , ' s ' ) ;
Id=C'load ' , f n ] ; e v a l ( l d )  

e l s e
n o i s e = in p u t ( 'Which n o i s e  type: (normal=!) or ( [ u n i form=2]) >> ') 

nnmag.def=0.0001;
s t r g = 'Enter the  n o is e  m u l t ip l i c a t io n  f a c t o r : ' ;  
s t r g = [ s t r g , ' [d ef= ' ,num2str(nnmag_def) , ' ]  >> ' ] ;  
nnmag=in p u t ( s t r g ) ; 
i f  isempty(nnmag) 

nnmag=nnmag_def; 
end
i f  noise"=!

nn=rand(size(ysdO)); 
nn=nn-0.5; 

e l s e
nn=randn(size(ysdO));
[nnr , nnc] = s i z e (nn) ;■ 
f o r  k = I :nnc

nnm=mean(iin(:,k)); 
nn( : , k ) =nn( : , k)-nnm; 

end 
end
nn=nnmag*nn;

ans=input( ' Save t h i s  n o ise  vector? [y,Y,<ret>=yes] >> ' , ' s ' )  
i f  ( i sem pty(ans) I ans=='y ' I ans=='Y') 

what
fn = in p u t ( 'Enter a f i l e  name >> ' , ' s ' ) ;  
sv = [ ' sa v e  ' , f n , '  n n ' ] ;eva l ( sv )  

end 
end
ysd2=ysd0+nn; 
f o r  k k = l :cc

sgnro=20*logl0(norm(ysnn)/norm(ysnn-ysd2));
SNR=[' ' ,num2str(sgnro), ' , ' ] ;  

end
s t r g = ['The SNR(s)  i s ( a r e )  ',SNR,' dB. ' ] ; d i s p ( ' ' ) ,d i s p ( s t r g ) .  
an s= in p u t ( ' I s  the  SNR su i ta b le?  [y,Y,<ret>=yes] >> ' , ' s ' )  
i f  ( isempty(ans).  I ans=='y' I ans=='Y') 

notdone=0;
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end
end

e l s e
s g n r o = l /0 ;
SNR=[SNR, ’ ’ ,num2str(sgnro)
s trg=[ 'The  SNR(s) i s ( a r e )  ',SNR,' d B . ' ] ; d i s p ( '  ' ) , d i s p ( s t r g )  

end
var_svd=[var_svd, ' SNR sgnro ' ] ;  
sv_dat= [var_svd , ' v a r _ s v d ' ] ; 
sv = [ ' sa v e  ' ,d a t a _ f i l e , sv _ d a t ] ; ev a l ( sv )  
i f  id _ ty p e“=2 

d i s p ( '  ')
d i s p ( ’The Hankel matrix s i z e  f a c t o r  i s  t y p i c a l l y  >= to  5 ' )
s t r g = ' Hankel Matrix s i z e  fa c t o r  ( f a c t o r : #columns > #rows) >> ';
g= in pu t( s t r g ) ;
var_svd=[var_svd,'  g ' ] ;
sv_dat= [var_svd , ' v a r _ s v d ' ] ;
sv = [ ' sa v e  ' , d a ta _ f i l e , s v _ d a t ] ;ev a l ( sv )
moonl(d a ta _ f i l e ) ;
d i s p ('********************************************************')  

e l s e
p r l (d a ta _ f i l e ) ; 

end
model_fi l e = [data_f i l e , '_mod'];
Id=[ ’load ' ,m o d e l_ f i l e ] ; e v a l ( ld )  
d i s p ( ' ')
d i sp ( [ 'T h e  model data i s  s tored in ' ,m o d e l_ f i l e ] ) , d i s p ( ' ')  
s t r g = 'The response of the  model to  the  o r ig in a l  input ';  
s t r g = [ s t r g , 'now c a l c u l a t e d : ' ] ;  
d i s p ( s t r g )
ysdm=diff ,model(data_fi l e ) ; 
var_svd_m=[var_svd_m,' ysdm ']; 
sv_dat=[var_svd_m,' var_svd_m']; 
s v = [ ' save ' ,model_fi l e , sv _ d a t ] ;e va l ( sv )  
i d . p l t ( d a t a _ f i l e ) ; 
i f  dia==l  

diary o f f  
end
d i s p ('You have reached the  end of runcomp.m') 
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++.++++++++++++ 
% That i s  the  end of runcomp.m
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
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icLplt.m

fu n c t io n  [ ] = id _ p l t (d a ta _ f i l e )
y£+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% FILE:

id_plt .m  -  Primarily  a p l o t t i n g  routine  f o r  Moonen or 
Prony i d e n t i f i c a t i o n .

INPUT:
d a ta _ f i l e -  Data f i l e  name /  i f  l e f t  empty user w i l l  be 

querried fo r  a f i l e  name.

OUTPUT:
None.

GLOBAL:
None.'

CALLS:
None..

DATA FILES WRITTEN: 
None.

DATA FILES READ:
{d a ta _ f i l e } .m a t

AUTHOR:
Steve Hietpas January, 1994

REFERENCES: 
None.

% SYNTAX:
% i d _ p l t ( ' data_f i l e ’ );
% or
% ' id_plt
5̂ ++++++++++++++++++++++++'+++++++++++++++++++++++++++++++++++++++++ - 
disp( 'Running the fu n c t io n  id _p lt .m ' )  
g lo b a l  f i g _ t a b l e  
i f  nargin~=l  

what
no_f ile_name=l;
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. whi le  no_file_name
■ d a ta _ f i le = in p u t ( 'E n te r  a data f i l e  name (uyt#) »  ' , ' s ' ) ;

no_fi le_name=isempty(data_f i l e ) ; 
end 

end
model_fi l e = [data_f i l e , '_mod'];%
Id=[ ' lo a d  ' , d a t a . f i l e ] ; e v a l ( l d )
Id=[ ' lo a d  ' , m o d e l _ f i l e ] ; e v a l ( l d )  
f f t s t ( u s d , t s d , I , 'Y ' ,data f i l e ) ;
%
s i = ['SNR of second input to  probing input i s  ' ,num2str( s g n r i ) , '  dB'] 
s s = s t r 2 m a t ( s l ) ;
d i s p ( ' P l a c e  I s t r in g  of information on f i g u r e . ' )
t t = [ ' N o i s e  Input Disturbance to  Generate Colored Noise on Output . ' ] ;  
XX='TIME ( s e c o n d s ) '; 
yy='Magnitude u . s e c o n d ' ;
[t im,dat]=t ime;t im=['The time i s  ' , t i m ] ;disp(tim)  
f i g u r e
f i g _ t a b l e = [ f i g _ t a b l e ; g c f ]  ;
p l o t  ( .tsd,usd2( : ,2 ) )  , t i t l e ( t t )  , x la b e l (x x )  ,y lab e l (yy )  , 
g t e x t ( s s )
t ime_stamp,dir_stamp,f i le_stamp(data  f i l e ) ;
%
i f  " e x i s t ('ysdm')

ysdm=diff .model(data_fi l e ) ; 
end .
ordr=length(eigAm);
tt= 'Response  of model and actual  to  input I (second input o f f ) ' ;
yy='y(t)';
s i = ['SNR of second input to  probing input i s  ' ,n u m 2str ( sgn r i ) , ' dB']
s2a='MODEL OUTPUT......... ';
s2b='ACTUAL OUTPUT
s3=['Order of model i s  ' ,num2str(ordr)] ; 
n2=norm(ysnn-ysdm)/ (norm(ysnn));  
sn r5= 20* log l0 (n 2 ) ;
n2dif=[ 'The  normalized d i f f e r e n c e  i s :  ' ,num2str(n2)]; 
n 2 d i f = [ n 2 d i f , '  ( ' ,num2str(snr5) , '  dB) ' ] ;  
s s = s t r 2 m a t ( s 2 a , s 2 b , s l , s 3 , n 2 d i f ) ; 
d i s p ( ' P l a c e  5 s t r in g  of information on f i g u r e . ' )
[ t im ,dat]=time;tim=['The time i s  ' , t i m ] ;disp(tim)  
f i g u r e
f i g _ t a b l e = [ f i g _ t a b l e ; g c f ]  ;
p l o t (tsd,ysdm, ' , t sd .y sn n ,  ' - ' )  , t i t l e ( t t )  ,x la b e l (x x )  ,y la b e l (y y )  ,gr id
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g t e x t ( s s )
t i m e . s t a m p , d i r _ s t a m p , f i l e _ s t a m p ( d a t a  f i l e ) ;
t
S S S = P l o a d  ' , sys ]  ; e v a l ( s s s )  ; 
t t = , P o l e s  o f  sys tem  and m o d e l . ' ;
s2=['Model(o) ----  ActualC*)' ];
xxx='Real a x i s ' ; yyy=' Imaginary a x i s ' ;
[ t im,dat]=time;tim=['The time i s  ' , t i m ] ;disp(tim)  
s s = s tr 2 m a t ( s 2 ) ;
d i s p ( ' P l a c e  I s t r in g  of information on f i g u r e . ' )  
[ t im,dat]=time;tim=['The time i s  ' , t im ];d isp ( t im )  
f i g u r e
f i g _ t a b l e = [ f i g _ t a b l e ; g c f ] ;
p l o t (eigAm,' o ' ) , h o l d  On,p l o t ( e i g A , ' * ' ) ,gr id  
t i t l e ( t t ) , x l a b e l ( x x x ) , y l a b e l ( y y y )  , 
g t e x t ( s s )
t i m e _ s t a m p , d i r _ s t a m p , f i l e _ s t a m p ( d a t a _ f i l e ) ; 
h o l d  o f f  
%
s t r g - 'D r i v e  model with v a r ie t y  of inputs? [n,N,<ret>=no] >> ' 
ans=input( s t r g , ' s ' ) ;
i f  ~ (isempty(ans) I ans=='n' I ans=='N')
%

p l t 2 = in p u t ( 'Do you want p lo t t in g ?  [ y , Y, <ret>=yes] >> ' , ' s ' )  
i f  ( i sem pty(p l t2 )  I ans=='y' I ans=='Y')  

p l t 2 = l ; 
e l s e  .

p lt2=0;
end

%
s s l = [ ' ' ' ' , d a t a _ f i l e , , s y s , ' ' ' , ' 'u_modes' ' , p l t 2 ' ] ;
s s 2 = [ 'd i f f_ m o d e s ( ' , s s l , ' ) ' ] ; e v a l ( s s 2 ) ; ,
load uuyytd
p l = l e n g t h ( t s d e ) ;
p lb y 2 = p l /2 ;
p l 2 = ( l : p l b y 2 ) ;
p 2 2 = (p lb y 2 + l : p l ) ;
t t='Response  of Model and Actual to  a l l  modes of Model. ' ;  
s n r 6 a = y l t o y 2 ( t s d e , y 2 , y l , t t , p l t 2 , d a t a _ f i l e ) ; 
t s d a = tsd e ( p ! 2 ) ; y 2 a = y 2 ( p l2 ) ; y l a = y l ( p l2 ) ; 
s n r 6 b = y l t o y 2 ( t s d a , y 2 a , y l a , t t , p l t 2 , d a t a _ f i l e ) ; 
tsda= tsd e(p22) ;y2a= y2(p 22) ;y la= y l(p22) ; 
s n r 6 c = y l t o y 2 ( t s d a , y 2 a , y l a , t t , p l t 2 , d a t a _ f i l e ) ;
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%
md= [];
mdk=imag(eigA); 
f o r  j j = l : l e n g t h ( e ig A )  

i f  mdk(jj)>eps
ii=find(md==mdk(jj) ) ;  
i f  i s e m p ty ( i i )  

md=[md;mdk(jj)]; 
end 

end 
end
mode=md;
len_mode=length(mode);
snr7a=zeros(len_mode,I ) ;snr7b=snr7a;snr7c=snr7a;  
f o r  k j = l :len_mode 

md=mode(kj);
SSl=E' ’ ’ ' , data_f i l e , > > > ^  > > , s y s , ' ' ' , ' ;u_modes'' , p l t 2 ,md'];  
s s 2 = [ ' d i f f _mod.es(',s s l , ' ) ; e v a l ( s s 2 ) ; 
load uuyytd
s t r g = ' Response of Model and Actual to  mode: '; 
t t = [ s t r g ,num2str(md), '  r a d / s e c . . ' ] ;  
s n r 7 a ( k j ) = y l t o y 2 ( t s d e , y 2 , y l , t t , p l t 2 , d a t a _ f i l e ) ; 
t s d a = t s d e ( p l2 ) ; y 2 a = y 2 ( p l2 ) ; y la = y l ( p l2 ) ; 
s n r 7 b ( k j ) = y l t o y 2 ( t s d a , y 2 a , y l a , t t , p l t 2 , data_f i l e ) ; 
t sd a= tsd e(p22) ;y2a=y2(p 22) ;y la= y l(p22) ; 
sn r7 c (kj ) = y l to y 2 ( t s d a , y2a, y l a , t t , p l t 2 , data_f i l e ) ; 
a x i s ; 

end
%

var_svd=[var_svd, ' snr5 snr6a snrSb snr6c snr7a snr7b snr7c mode']
sv_dat=[var_svd, '  var_svd'];
sv = [ ' sa v e  ' ,d a t a _ f i l e , s v _ d a t ] ; e v a l ( s v )
d isp( 'The  error in dB f o r  a l l  the  modes:')
disp(mode)
d i s p C ' f o r  f u l l  t i m e ,  f i r s t  h a l f , and second  h a l f  a r e : ' )  
d i s p ( [snrGa  snrGb s n r G c ] )
disp( 'T he  error  in  dB f o r  ind iv idu a l  modes:')
disp( 'Mode: f u l l  t i m e , f i r s t  h a l f , ,  and second h a l f  a r e : ' )
disp([mode snr7a snr7b sn r7 c ] )
s s = [ ' load ' , s y s ] ;
e v a l ( s s )
[n _ a c t ,d _ a c t ]= s s2 t f (A ,B ,C ,D ,I ) ;
dispC'The numerator c o e f f i c i e n t s  of the actual  system a r e : ' )
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W = I e n g t h ( n _ a c t ) - I  : - l  :0;
. d i s p ( . [ v v ( : ) , n _ a c t ( : ) 3 )

[n_mod, d_mod]=s s 2 t f (Am, Bm, Cm, Dm, I );
dispC'The numerator c o e f f i c i e n t s  of the  model a r e : ' )
W = Ie n gth  (n_mod) - 1 : -  1 :0; 
d i s p ( [ v v ( : ) ,n_mod(: ) ] )
disp( 'The  denomenator c o e f f i c i e n t s  of the  actual system a r e : ’ )

• W = I e n g t h (d _ a c t ) - l  : - l  :0; 
d i s p ( [vv( : ) , d_ac t ( : ) ] )
dispC'The denomenator c o e f f i c i e n t s  of the model a r e : ' )
W = Iength  (d_mod) - 1 : - l  :0; 
d i s p ( [vv ( : ) , d_mod( : ) ] )  
d i s p ( ’ ' ) , d i s p ( ' ' ) 

end
%++++++++4*++++++++-f+++++++++++++++++++++++++++++++++++++++++++++++  

% That i s  the  end of id_plt .m
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

difF_modeI.m

fu n c t io n  [ysdm]=diff_model(data_fi l e )  
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% FILE:
% d i f f _model.m -  This fu nct ion  eva luates  the d i s c r e t e
% d if f e r e n c e  equations  for  the fo l lo w in g  system
%
% x((k+l)T)  = F*x(kT) + G*u(kT)
%
% y(kT) = C*x(kT) + D*u(kT) '
%
%
% INPUT:
% d a ta _ f i l e -  Data f i l e  name, i f  l e f t  empty user w i l l  be
% querried fo r  a f i l e  name.
%
% OUTPUT:
% None.
%
% GLOBAL:
% None.
%
% CALLS:
% None.
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%
% DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:

%
% AUTHOR:
% Steve Hietpas October, 1992
%
% REFERENCES:
% None.
%
% SYNTAX:
% [ysdm] =diff_model( Jdata_f H e ' ) ;
% or
% [y s d m ]= d i f f .m o d e l ;
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
disp('Running the  d i s c r e t e  d i f f e r e n c e  equation so lv er  d i f f _model.m') 
d e f au lt_d ata= 'ex_u yt '; 
i f  nargin~=l  

what
Strg=C1Enter a d ata  f i l e  name [ \ d e f a u l t _ d a t a , 1] >> 1I ; 
d a t a _ f i l e = i n p u t ( s t r g , 1s 1) ; .  
i f  i s e m p t y ( d a t a _ f i l e )  

d a ta _ f  i l e = d e f  ault_dat.a;  
end 

end
Id=C1Ioad 1, d a t a _ f i l e ] ; e v a l ( l d ) ; 
model_fi l e = Cdata_fi l e , 1_mod1];
Id=C1Ioad 1, m o d e l _ f i l e ] ;e v a l ( I d ) ; .
'/.pr3 _f i I e=  Cdat a_f i I e , 1 _pr31 ] ;
'/,Id=C1Ioad 1 , p r 3 _ f i l e ]  ; eval  (Id) ;
CFi,F j ]= s ize (F m ); 
xk=zeros( I , F j ) ;xk =xk( : ) ; 
t = 0 ; t t = l e n g t h ( t s d ) ;
T = tsd (2 ) - t sd ( l . )  ; 
ysdm= Cl ; 
f o r  k = l :t t  

uk = u s d ( k ) ; 
yk=Cm*xk + Dm*uk; 
ysdm= Cysdm; y k 1] ; 
xkk=Fm*xk+Gm*uk;



136

xk=xkk; 
end
i f  e x i s t  OEE')

i f  "isempty(EE) '
len_P=length(P) ;
Z=exp(P*T);
t h e t 2 = z e r o s ( l e n g th ( t s d ) , l e n _ P ) ; 
t h e t 2 ( I , : ) = o n e s ( l , l e n _ P ) ; 
fo r  p=2:le n g th ( t sd )  

z=Z. “p ;z =z ( : ) ; z = z . ' ;  
th e t 2 ( p j : ) = z ;  

end
y_ini_m=thet2*EE(:);  
ysdm=ysdm+real(y_ini_m); 

end 
end
return
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That i s  the end of d i f f ,m odel .m
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

difF-modes.m

fu n c t io n  [ ] =d if f ,m odes(data_f i l e , sy stem ,u _ ,f i le , p i t ,md) 
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% FILE:

-  This fu nct ion  eva luates  the d i s c r e t e ,  
d i f f e r e n c e  equations  for  the fo l lo w in g  
system:

d i f f ,m odel .m

INPUT:
d a ta _ f i l e

x ((k+l)T)  = F*x(kT) + G*u(kT)

y(kT) = C*x(kT) + D*u(kT)

Data f i l e  name, i f  l e f t  empty user w i l l  be 
querried f o r  a f i l e  name.

%
%
%
%

system 
u _ f i l e  

p i t  
md

- Data f i l e  th at  contains  o r i g i n a l  system
-  Input probing f i l e  used.
-  i f  p i t  == I then do p lo t in g ,  e l s e  not .
-  a vector  of modes that  can be applied to
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% to  the modeled system.
%
% OUTPUT:
% None.
'I
% GLOBAL:
% None.
%
% CALLS:
% None.
%
% DATA FILES WRITTEN:
% {uuyytd.mat} -  see  ,saving s e c t io n .
%
% DATA FILES READ:
% { ' dat a_f i l e .mat
'I
% AUTHOR:
% Steve Hietpas October, 1992
%
% REFERENCES:
% None.
%
% SYNTAX:
% d i f f _modes(data_fi l e , s y s t e m , u _ f i l e , p i t ,md);
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
disp('Running the  d i s c r e t e  d i f f e r e n c e  equation s o lv er  d i f f .modes.m') 
m o d e l . f i l e = [ d a t a _ f i l e , ' .m o d ' ] ;
Id=[ ' load ' , d a t a . f i l e ] ;eva l(Id)
Id=[ ’ load ' , m o d e l . f i l e ] ;eva l (Id)
Id=[ ’ load ’ , sy s te m ];e v a l ( I d ) ; 
i f .  nargin<=4

d i s p ( • The continuous time ’ )
d i s p ( ’ e igenvalues  of the model are a r e : ' )
d i s p ( ' ____________________________________ ')

disp(eigAm)
%
‘/ ,generate input
s t r g = 'Do you want to  apply a l l  complex e igenvalues? '; . 
s t r g = [ s t r g , ' [ y ,Y,<ret>=yes] »  '] ; 
a n s = i n p u t ( s t r g , ' s ' ) ;
i f  "( isempty(ans) I ans=='y ' I ans=='Y’ ).
s t r g = ' S e l e c t  a vector  of modes to  apply,  in r a d / s e c .  [ . . . ]  >> ';
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md=input(s trg )
ma=input( ' S e lec t  a vector  of amplitudes to  apply [ . . . « ]  >> ’ )

e l s e  
md= [] ;
mdk=imag(eigA); 
f o r  j j = l ! l e n g t h (eigA) 

i f  mdk(jj)>eps .
i i=find(md==mdk(jj)) ; 
i f  i s e m p ty ( i i )  

md=[md;mdk(jj)] ; 
end 

end 
end
d i s p ( '  ’ )
dispC'The mode(s) to  apply a r e : ' )  
disp(md)

ma=input( ‘S e le c t  a vector  of amplitude(s) to  apply [ . . . . ]  >> ' ) ;
end 

e l s e
d i s p ( '  ’ )
d isp( 'The  modes to  apply a r e : ' )  
disp(md)
ma=input( ' S e lec t  a vector  amplitude(s) to  apply [ . . . . ]  >> ' ) ;

end
d i s p ('  ' ) ,
d i s p ( ’********* The f i n a l  s e l e c t i o n  i s  *************j ) ,dispC' ; )
d i s p ('The mode(s) to  apply a r e : ' )
disp(md)
d i s p ('The amplitude(s)  a r e : ' )  
disp(ma)
t t = 2 * l e n g t h ( t s d ) ; 
ft=tt*DT;
f p r i n t f ( ' \n  The t o t a l  time of s imulat ion w i l l  be %g \ n ' , f t )  
dt=input ( 'How long to  apply the s ig n a l  (seconds) >> ?.) ; 
notdone=!; 
while  notdone

t= 0 ; t s d e = [ ] ;u s d e = [ ] ;  
f o r  k = l :t t '

u = fe v a l ( u _ f i l e , t ,m d ,m a ,d t ) ; 
usde=[ u s d e ; u ] ; t s d e = [ t s d e ; t ] ; 
t=t+DT; 

end 
i f  p i t
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f f t s t ( u s d e , t s d e , p l t , 'Y ' , d a t a _ f i l e ) ;
a n s= in p u t( , Is  t h i s  acceptable? [y ,Y,<ret>=yes] »  ' , ' s ' ) ;  
i f  ( i sempty(ans) I ans==’y' I ans=='Y')  

notdone=0; 
e l s e

d isp( 'The  previous values  of modes a r e : ' )  
disp(md)
d isp( 'The  previous value  of mode amplitudes a r e : ’ ) 
disp(ma)
md=in p u t ( ' What value  f o r  frequencies?  ' ) ;  
ma=input( ' What value  fo r  amplitudes? ' ) ;  

end 
end 

end
'/,Now apply the  input dr iv ing  s ig n a l  
subplot(111)
[Fmj'.Fmj] = S ize (F m ) ;
CFj, F j ] = s i z e ( F ) ; 
t=0;
yl=  [] ; y 2 = [ ] ;
x k l= z e r o s ( I , Fmj) ; xk l= xk l( : ) ;  
xk2=zeros( I , Fj ) ; xk2=xk2( : ) ;  
f o r  k = l : t t  

uk = usde(k);  
ykl=Cm*xkl + Dm*uk; 
yk2=C*xk2 + Dl*uk; 
y l = CylJ y k l ' ] ; y2= Cy2; yk2' ] ;  
xkkl=Fm*xkl+Gm*uk; 
xkk2=F*xk2+Gl*uk; 
x k l= xkk l; 
xk2=xkk2; 

end
y l = r e a l ( y l ) ;
y2=rea l (y2) ;
save uuyytd usde t sd e  y l  y2 
return
%+++++++++++++++++++++++++++++++++++++++++++++++++++++4*+++++++++++
% That i s  the end of diff_modes.m
5(+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
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diff_nn.m

fu n c t io n  ysnn=diff_nn(system,u_in,FT)
5i+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% FILE:
% ' d i f f _nn.m ■ This fu n c t ion  eva luates  the  d i s c r e t e
% d i f f e r e n c e  equations  fo r  the  fo l lo w in g
% system:
%
% x((k+l)T)  = F*x(kT) + G*u(kT)
%
% y(kT) = C*x(kT) + D*u(kT) '
%
%
% INPUT:
% system Data f i l e  th at  contains  o r i g i n a l  system
% u_in Input probing f i l e  u sed .
% FT Final Time.
% OUTPUT:
% ysnn The output of the  system with out any
% n o ise  added.
%
% GLOBAL:
% None.
% .

% CALLS:
% None.
% -

% DATA FILES WRITTEN:
% {diff_nn.m at} -  see  saving s e c t io n .
% ■
% DATA FILES READ:
% {'sys tem '} .m at
% { 'u_in'} .mat
%
% AUTHOR:
% Steve Hietpas October, 1992
%
% REFERENCES:
% None.
%
% SYNTAX: .
% d i f f _ m o d e s ( d a t a _ f i l e , s y s t e m ,u _ f i l e ,p i t ,md);
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J£+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
d i s p C  Oj d i s p C j ')
disp('Running the  fu n ct ion  d i f f_n n .m ;)
Id=CjIoad ’ , sy s te m ];e v a l ( l d ) ;
Id=CjIoad J, u _ i n ] ; e v a l ( l d ) ;
CFi,F j ] = s i z e ( F ) ; 
xk=zeros( I , F j ) ; xk=xk( : ) ;  
xkO=xk;
'/.Now compute y with no extra  n o is e  at second input ,  c a l l  i t  ysnn 
'/, (n o-no ise )  
ysnn= Cl;
D1=D(: , 1 ) ;G1=G(: , 1 ) ;  
f o r  k = l :l e n g t h (tsd)  

uk=usd( k ) ; 
yk=C*xk+DI *uk; 
ysnn=Cysnn;y k ] ; 
xkk=F*xk+Gl*uk; 
xk=xkk; 

end
var_svd_nn=J ysnn xkO Dl Gl ’ ; 
sv_dat=Cvar_svd_nn,J var_svd_nnJ] ; 
sv=CJsave d i f f _nnJ, s v _ d a t ] ;e va l ( sv )  
return
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That i s  the end of diff_nn.m
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

difF-noise.m

fu n c t io n  Cuout, to u t ] = d i f f _ n o i s e ( s y s t e m ,u _ in ,d i f f_ in ,F T ,y _ in i )  
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
%
%
%
%
%
%
%
%
%
%
%
%

FILE:
d i f f_ n o is e .m  -  This fu nct ion  eva luates  the d i s c r e t e

d i f f e r e n c e  equations  for  the  fo l lo w in g  
system:

x((k+l)T)  = F*x(kT) + G*u(kT) 

y(kT) = C*x(kT) + D*u(kT)

INPUT:
system -  Data f i l e  th at  contains  o r i g i n a l  system.
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%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

OUTPUT:

u_in -  Input probing f i l e  used
d i f f _in -  The d i f f e r e n c e  equation  

n o ise .
FT - Final Time.

y . i n i -  I n i t i a l  value of y o u t .

UOUt -  The input s i g n a l .
tout -  The time s ig n a l .

GLOBAL:
None.

CALLS:
None.

DATA FILES WRITTEN:
{ d i f f _ n o i s e .mat} -  see  saving s e c t i o n .

DATA FILES READ:
{ 'system'} .mat  
{ 'u _ in '} .m a t  
{ ' d i f f _ in '} .m at

AUTHOR:
% Steve Hietpas October, 1992
%
% REFERENCES:
% - None.
%
% SYNTAX:
% d i f f _ m o d e s ( d a t a _ f i l e , s y s t e m , u _ f i l e , p i t , md);
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% This fu n c t io n  eva luates  the d i s c r e t e  d i f fe re n c e  equations  for  
% the  fo l lo w in g  system:
%
% x((k + l )T )  = F*x(kT) + G*u(kT)
%
% y(kT) = C*x(kT) + D*u(kT)
%
% Written by Steve H ie tp a s : January, 1994
•/.
%
d i s p C  ' ) , ’d ispC’ ')
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disp . ( ‘Running the  d i s c r e t e  d i f f e r e n c e  equation s o lv e r  d i f f _ n o i s e .m') 
Id=CjIoad J, s y s t e m ] ; e v a l ( ld ) ;
Id=CjIoad J,u _ i n ] ; e v a l ( l d )
Id= C’load J, d i f f _ i n ] ;eva l ( Id )
C Fi ,F j]=s ize (F) ;
t=0;t t= f ix (FT/DT);
%
CDi,Dj]=size(D) ;
Cusdi,usdj]=size(usd); 
sgnri= Cl ; 
notdone = I; 
while notdone

S t r g = jUse an e x i s t i n g  data  f i l e  f o r  n o i s e  input J;
S trg = C strg ,JCn1N,<ret>=no] »  J] ; 
a n s = i n p u t ( s t r g , ' s J);
i f  ~ (isempty(ans) Ians==Jn J I ans==jNj ) 

what
nn=input( JS e lec t  a n o is e  data f i l e :  >> J, Js J);  
i f  e x i s t ( Cnn, J.matJ] )

Id=CjIoad J, n n ] ;eva l ( Id )  ‘/,should g iv e  back a n o i s e  vector  nn. 
end 

e l s e
n o i s e = in p u t ( jWhich n o is e  type: C(normal=l)] or ( u n i f orm=2) >> J);  

i f  is em pty(noise)  • 
n o i s e = l ; 

end
nnmf_def=0.0001;
s t r g = ’Enter the  n o i s e  m u l t ip l i c a t io n  f a c t o r : ’ ; 
strg= Cstrg, J Cdef=J,num2str(nnmf_def) , J] >> J] ; 
nnmf=in p u t ( s t r g ) ; 
i f  i sem pty(nnmf) 

nnmf=nnmf_d e f ; 
end
i f  ~ (no ise==l)

nn =rand(s ize (usd)) ;
nn=nnmf*nn; '/,as nnmf i s  larger  the  SNR goes down. 
nn=nn-0.5; '/,uniform d i s t r i b u t i o n ,  mean=0 

e l s e  '/,normal d i s t r i b u t i o n ,  0 mean, un it  variance  
nn=randn(s ize(usd));
nn=nnmf*nn; '/,as nnmf i s  larger  the  SNR goes down. 
nnm=mean(nn); '/.force mean to  be as c lo s e  to  0 as p o s s ib l e  
nn=nn-nnm; 

end
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end
sgnri=20*logl0(norm(usd)/norm(nn));
SNR=[ ' The SNR of probing to  n o ise  input i s  ; ,num2str( s g n r i ) ] ; 
disp(SNR) 
usd2=[usd n n ] ; 
ysd2=[] ; 
xk=xkO; 
f o r  k = l : t t  

uk=usd2(k ,:) 
i f  “isem pty(y_ in i)

yk=C*xk + D*uk + y _ in i ( k ) ;  
e l s e

yk=C*xk +. D*uk; 
end
ysd2=[ysd2; yk' ] ;
xkk=F*xk+G*uk; ,'
xk=xkk; 

end
sgnr2=20*log!0(norm(ysnn)/norm(ysnn-ysd2));  
f p r i n t f ( 'The SNR of ysnn to  ysnn-ysd2 i s  %g dB \ n ; ,sgnr2)  
a n s= in p u t( , Is  t h i s  acceptable? [y,Y,<ret>=yes] »  ' , ' s ' ) ;  
i f  ( i sem pty(ans) I ans=='y' I ans=='Y') 

notdone=0;
S t r g = 'Save t h e  n o i s e  v e c t o r ,  nn,  t o  a f i l e ?  [ n , N, <ret>=no] »  ' 
a n s = in p u t ( s t r g , ' s ' );
i f  “ ( isem pty(ans) I ans=='n’ I ans=='N')  

what
fn=in p u t ( ' Enter a f i l e  name to  save nn to:  ' , ' s ' ) ;  
sv = [ ' sa v e  ' , f n , '  nn s g n r 2 ' ] ; e v a l ( s v )  

end 
end 

end 
%
var_svd_noise=' usd2 ysd2 sgnri sgnr2'; 
sv_dat= [var_svd_n o ise , ' v a r _ sv d _ n o i s e ' ] ; 
s v = [ ' save d i f f _ n o i s e ' , s v _ d a t ] ;ev a l ( sv )  
return
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That i s  the end of d i f f . n o i s e .m
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
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prl.m

fu n c t io n  [ ] = p r l ( d a t a _ f l i e )
%+ + + + +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% FILE:

prl -m -  Forward p r e d ic t io n  using backward d i f fe re n c e
e q u a t io n s .

INPUT:
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

d a ta _ f i l e  -  Data f i l e  name, i f  l e f t  empty user  w i l l  be
querried fo r  a f i l e  name.
See -'runcomp.m' fo r  a l l  v a r ia b le s  saved.
I f  you are not running prl .m a f t e r  having  

■ run 'runcomp.m', and your data i s  generated  
elsewhere than you w i l l  need to  make 
a v a i la b le  the  fo l lo w in g  data, v a r i a b l e s :
DT -  d e l t a  T
FT -  f i n a l  time
cc -  magnitude of input modes} see
dd -  de lay in t e r v a l s  of input}  u_prony.m
ss  -  modes of input}
mpi -  number of m odes / interval}

ee -  magnitude of i n i t i a l  cond it ion  modes 
t s d  -  t ime data vector
ysd2 -  output data vector
usd -  input data vector  from u_prony.m 

p o s i b l y .
var_svd -  v a r ia b le s  saved, i . e . ,  

var_svd= , DT FT cc dd ss  ee mpi t sd  ysd usd var_svd'

OUTPUT:
None.

GLOBAL:
None.

CALLS:
% prlb
%
%

-  A subprogram of pr l  that a llows fo r
prel iminary reduction of the  modes found in  
t h i s  subrout ine .

%
% DATA FILES WRITTEN:
% p r l . mat -  See saving s e c t io n .
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%
% DATA FILES READ:
% None.
%
*/. AUTHOR:
% Steve Hietpas August 1993
'i
% REFERENCES:
% None.
%
% SYNTAX: .
% p r l ( ' d a t a _ f i l e ' ) ;
% or
% p rl
% +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

% +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

% y(n) = sum A z~n where z=exp(s ) ,  for  n=0, 1 , . . . ,N 
% {k=l:M> k k
% and where s = -  a + j*2*p i*f  , f o r  k = l , 2 , . . . , M ,  a are 
% k k k
% p o s i t i v e .
% Thus a are the damping c o e f f i c i e n t s ,  f  are the  pole  
% k k
% frequenc ies
% and A are the amplitudes fo r  M damped e x p o n e n t ia l / s in u so id s .
% k
%
% The input s ig n a l  to  the  system, u, may or may not be of t h i s
% form, but i t s  s ig n a l  decomposition can be expressed in the same
% way.
% There are b a s i c a l l y  four methods fo r  modal decomposition:
% I .  Separate (each in t e r v a l )  modal decomposition:
% For each i n t e r v a l  of s u f f i c i e n t  length ,
% (to  be def ined below)
% s o lv e  f o r  a s e t  of modes th at  inc ludes  both system and
% input modes.
% Remove the  input modes f o r  each s e t ,  f in d  an
% i n t e r s e c t i o n  of the  output modes.
% This may be f a i r l y  d i f f i c u l t  to  do, s in ce  f o r  numerical and
% p r a c t i c a l  reasons  the i n t e r s e c t i o n  may be the  n u l l  s e t .
% Therefore ,  each mode w i l l  have an assigned un cer ta in ty
% p r o f i l e ;  i f  a modes from each s e t  f a l l  w ith in  th ese
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% un certa in ty
% reg ions  a system mode i s  thus determined and a corresponding
% un certa in ty  p r o f i l e  i s  def ined .  This approach i s  d i f f i c u l t ,
% however, an uncerta inty  model i s  automatica l ly  b u i l t  into
% the  process  and can be q u i te  u s e fu l  fo r  robust contro l
% des ign .
% - For s u f f i c i e n t  length  consider  the  fo l lo w in g  example.
% Consider any in t e r v a l  (denoted by i )  with an input drive
% s ig n a l
% with k_i modes a s so c ia ted  with i t .
%. Assume L modes fo r  the system. An in t e r v a l  of s u f f i c i e n t
% length  needs to  have more than 2xL + k_i samples of data.
% I I .  A l l  modes per in t e r v a l  decompostion:
% Consider a l l  in t e r v a l s  of s u f f i c i e n t  length
% (to  be def ined below) and form a large  (overdetermined) s e t
% of equations  and so lv e  fo r  the  c o e f f i c i e n t s  of systems
% c h a r a c t e r i s t i c  eq u at ion .
% S u f f i c i e n t s  length  i s  determined by the  sum of a l l  number of
% modes used fo r  each in t e r v a l  and the number of modes one
% chooses  to  es t im ate  fo r  the system. Say there  are three
% i n t e r v a l s  (denoted by i )  of d i f f e r i n g  input dr ive  s ig n a l s
% and each in t e r v a l  has k_i  modes a s so c ia ted  with i t .
% Assume L modes fo r  the system. An in t e r v a l  of
% s u f f i c i e n t  length  must n e c e s s a r i l y  have more than L +
% sum(k_j) samples, where the modes k_j are the  union of
% modes k _ i .
% A d d it io n a l ly ,  there  needs to  be enough i n t e r v a l s  and
% data to  form more than L + sum(k_j) equations .
% I I I .  System modes over a l l  in t e r v a l s  where input is, o f f :
% Consider a l l  in t e r v a l s  of s u f f i c i e n t  length
% (to  be def ined below)
% f o r  which the  input probing s ig n a l  i s  o f f  and form a large
% (overdetermined) s e t  of equations  and so lv e  f o r  the
% c o e f f i c i e n t s  of the system's  c h a r a c t e r i s t i c  equation.
% S u f f i c i e n t s  length  i s  determined by the number of modes
% one chooses
% to  es t im ate  fo r  the  system. Assume L modes f o r  the system
% then
% th ere  needs to  be enough i n t e r v a l s  and data to  form more
% than L equations .
% IV. System mode decomposition:
% Consider the  known c h a r a c t e r i s t i c  equation of the  input and
% form a u x i l l i a r y  equations  in v o l in g  equation and the output
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% data.
L These a u x i l l i a r y  equat ions can than be used f o r  each
% in t e r v a l  to  form a l i n e a r  s e t  of equations to, s o lv e  fo r  the
% c o e f f i c i e n t s  of the  c h a r a c t e r i s t i c  equation f o r  the system
% d i r e c t l y .
% An i n t e r v a l  of data can be used to  form equations  i f  i t  i s
% of  s u f f i c i e n t  length  (to be def ined be lo w ) .
% The s e t  of equations can be used a l l  toge th er  to  determine
% one s e t  of system modes s im i la r  to  s tep II  or an approach
% s im i la r  to  I above can be employed to  determine separate
% s e t  of modes from which an i n t e r s e c t i o n  can be determined.
% The method of a l l  in t e r v a l  equations  combined as in II i s
% preferred from the standpoint of ease  in numerical example.
% S u f f i c i e n t  length  in t h i s  case ,  using the example from II
% above i s  ah i n t e r v a l  with at l e a s t  L+l samples of data.
% A d d it io n a l ly ,  there  must e x i s t  enough data such that  more
'/. than L equations can be formed.
% I f  n o is e  i s  an i s s u e ,  t h i s  may not be a good method.
'I ,
% Method II  and I I I  are the approaches implemented in t h i s  
% r o u t i n e .
%
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
disp('Now running pr l . m' )  
d e f au lt_data= ’e x . u y t '; 
i f  nargin~=l  

what
Strg=CjEnter a data f i l e  name [ ' , d e f a u l t _ d a t a , ' ]  >> ' ] ;  
d a t a _ f i l e = i n p u t ( s t r g , js j );  
i f  is em pty(data_f i l e )  

data_ f i le= defau lt_data ;  
end 

end
Id=[ ' load 1, d a t a _ f i l e ] ;eva l(Id)
T=DT;yy=ysd2;
N=Iehgth( y y ) ;
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

%
m_ti t l e = ’Choose method of decomposit ionj ;
I = j I >> Not a v a i la b le  at t h i s  t ime,  s o r r y j ;
I I = '2 >> A l l  modes over each in t e r v a l  (ok approach)j ;
I I I = jS >> System modes over a l l  i n t e r v a l s  s . t .  input i s  o f f  (good)j ; 
IV=j4 >> System modes only (best in no n o is e  c a s e ) j ;
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meth=menu(m.ti tle , 1 , 1 1 , 1 1 1 , IV) ; 
y,disp(m_ti t le )
X d i s p ( I ) , d i s p ( I I ) , d i s p ( I I I ) , d i s p ( I V )
Xmeth=InputC1Enter your choice  [<ret>=3] >. ' ) ;
Xif  isempty(meth)
X meth=3;
Xend
L=input(1What order system do you predic t?  1);  
d i s p ( 1 1)
dispC1 --------------------- CRUNCHING-------------------------- >)
d i s p ( 1 1)
X+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
q = len gth(dd);
Phi= [] ;v=[] ;
XStart of  loop f o r  construct ing  c h a r a c t e r i s t i c  e q . of input s ig n a l  
X f o r  each i n t e r v a l .
M=dd/T; 
i f  meth==2

XDetermine how many d i s t i n c t  input modes fo r  a l l  i n t e r v a l s  
Xcombined. 
d _ s s = s s ( l ) ; 
fo r  kk=2:l e n g t h (s s )  

f Iag=I;
f o r  kkk=I:length (d_ss )  

i f  s s (kk)==d_ss(kkk) 
f Iag=O; 

end 
end
i f  f Iag==I

d _ s s = [ d _ s s ; s s ( k k ) ] ; 
end 

end
Ld_ss=length(d_ss)  ;
L=L+Ld_ss;

end
i f  meth~=l 

f o r  k=l :q
m_k=mpi( k ) ; Xmodes per i n t e r v a l . 
i f  k==l

M_1=0; XM_{k-l) 
e l s e

M_l=M(k-l); XM_{k-l> 
end
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i f  meth==2
'/.Decide i f  t h i s  in t e r v a l  w i l l  be of s u f f i c i e n t  length ,  
i f  (M(k)- I ) >(M_1+L) 

f l a g 2 = l ;
P-k=yy(M_l+l:M(k)); 

e l s e
f lag2=0;

end
e l s e i f  meth==3

^Determine i f  input i s  o f f .  
i f  mpi(k)==0
. '/.Decide i f  t h i s  in t e r v a l  w i l l  be of s u f f i c i e n t  length ,  

i f  (M(k)- I ) > (M_l+L) 
f l a g 2 = l ;
P_k=yy(M_l+l:M(k)); 

e l s e
f lag2=0;  

end • 
e l s e

f lag2=2;  '/,Input i s  on, can 't  use data during t h i s  i n t e r v a l . 
end

e l s e  '/,meth=4
'/.Decide i f  t h i s  in t e r v a l  w i l l  be of s u f f i c i e n t  length ,  
i f  (M(k)-l)>(M_l+m_k+L) 

f l a g 2 = l ;
m_tot=sum(mpi(l:k))-m_k;  
i f  m_k~=0

'/,Construct input c h a r a c t e r i s t i c  po ly .  a_k fo r  in t e r v a l  k.
a_k=l;
f o r  j=l:m_k

a_tmp=[l -exp(ss(m_tot+j)*T)]  ; 
a_k=conv(a_k,a_tmp); 

end
a_k= rea l (a_k );
'/,Find vector  p_k by operating a_k on measured output y. 
pl=M_l+m_k+l;p2=M(k); 
c o l = y y ( p l : p 2 ) ; •
row=yy(M_l+1:pl);row=flipud(row);
Y _ k = t o e p l i t z ( c o l , row); 
a_k=a_k(:) ;  
p_k=Y_k*a_k; 

e l s e
p_k=yy(M_l+l:M(k));
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end
e l s e

f lag2=0; 
end 

end
^Construct Phi_k which i s  used to  so lv e  fo r  the c h a r a c t e r i s t i c  
'/,polynomial c o e f f i c i e n t s  of the system,  
i f  f lag2= =l

Lp_k=length(p_k) 
col=p_k(L:Lp_k-l) ; 
row=p_k(l:L);row=flipud(row);
P h i_ k = t o e p l i t z ( c o l , r o w ) ; 
v_k=-p_k(L+l:Lp_k) ;
Phi=[Phi;Phi_k]; 
v = [ v ;v _ k ] ; 

e l s e i f  f lag2==0
intvl=num2str(M_l*T); intv2=num2str(M(k)*T); 
s = [ ' Output data from time ’ , i n t v l , '  sec .  to  1, i n t v 2 ] ; 
s= [ s , ' s ec .  could not be used; i n t e r v a l  was to  s h o r t . ' ] ;  
d i s p ( s )
d i s p (' Hit <rtn> to  co n t in u e ')
pause

e l s e  %flag2=2
intvl=num2str(M_l*T); intv2=num2str(M(k)*T); 
s = [ ' Output data from time ' , i n t v l , '  sec .  to  ' , i n t v 2 ] ; 
s= [ s , ' s ec .  could not be used; probing input i s  o n . ' ] ;  
d i s p ( s )
d i s p ( ’ Hit <rtn> t o ,co n t in u e ')
pause  

end 
end
i f  M(q)<N

i f  (N - I ) >(M(q)+L)
col=yy(M(q)+L-1:N-1);
row=yy(M(q):M(q)+L-l);row=flipud(row);
P h i _ k = t o e p l i t z ( c o l , row); 
v_k=-yy(M(q)+L:N);
Phi=[P h i ;Ph i_k]; '
v= [ v ;v _ k ] ; 
bb=pinv(Phi)*v;
B=[I r o t 9 0 ( b b ) ] ;
Z_sys=conj(roots  (B)) ;
'/,Remove a l l  modes in 2nd and 3rd quadrants of complex Z-plane
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I=find(real(Z_sys)>=0);
2_Sys= so r t (Z _ sy s ( I ) );
dispC'The r o o t s ,  exp(s_ j)  of the system a r e : ' )  
disp(Z_sys)
dispC' Hit <rtn> to  c o n t in u e ')
pause  

e l s e
intvl=num2str(M(q)*T); intv2=num2str(N*T);

> s = ['Data from time in t e r v a l  ' , i n t v l , '  sec .  to  ' , i n t v 2 ] ;
s = [ s , '  s e c . could not be u s e d . ' ] ;  
d i s p ( s )
d i s p ( '  Hit <rtn> to  c o n t in u e ’)
pause 

end 
end 

end
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
new.data=' Z_sys T'; 
i f  i s em p ty ( f indstr(new_data ,var_svd)) 

var.svd=[var_svd,new_data] ; 
end
sv_dat= [var_svd , ' v a r _ s v d ' ] ;
s v = [ ' save ' ,d a t a _ f i l e , s v _ d a t ] ; e v a l ( s v ) ;
d i sp ( [ 'T h e  fo l lo w in g  v a r ia b le s  were saved in ' ,d a t a _ f i l e , ' .m at ' ] );
dispC' ')
disp (sv_d at)
dispC'---------------hit <rtn> to continue---------------- ')
pause
dispC'This  i s  the  end of p r l .m ’ )
dispC'prlb.m w i l l  d i sp la y  system modes and allow f o r  removal o f )  
dispC'modes from t h i s  l i s t . ' )
ansl=inputC'Do you want to run prlb.m? [y,Y,<rtn>=yes] >> ','s'); 
if CisemptyCansl) I ansl=='y' I ans=='Y')

p r = [ ' p r l b ( ' , ' ' ' ' ,d a ta _ f i l e , ' ' ' ' , ' ) ' ] ; eval(pr)  
return  

end
return
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That i s  the end of prl.m
'/,+++++++++++++++++++++++++++++++++++++++++t+++++++++++++++++++++++
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prlb.m

fu n c t io n  [ ] =p rlb (data_f i l e )
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% FILE:
% prl.m
%
%
%
% INPUT:
% d a ta _ f i l e
%
%
%
% OUTPUT:
% None.
%
% GLOBAL:
% None.
%
% CALLS:
% pr2
%
%
% DATA FILES WRITTEN:
% d a ta _ f i l e  -  See saving s e c t io n .
%
% DATA FILES .READ :
% d a ta _ f i l e  -  See prl.m.
%
% AUTHOR: ■
% ' Steve Hietpas August 1993
%
% REFERENCES:
% None.
%
% SYNTAX:
% p r l b ( ' data_fi le_name') ;
% V
% prlb;
yi+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

-  This code fo l lo w s  prl.m. A l l  continuous time 
modes are d isp layed .  Removal of modes i s  made 
p o s s ib l e  by t h i s  r o u t i n e .

-  F i l e  name that  contains  a l l  data necessary  for  
a n a ly s i s .  I f  not provided, user  w i l l  be 
q u er r ied .

-  This routine  f i t s  res idues  to  the  s e l e c t e d  
values  of system modes.

y 4.++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
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% Get data.
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
disp('Now running p r lb .m ') 
d e f au lt_data=; ex_uyt'; 
i f  nargin~=l  

what
S t r g = [ ' E n t e r  a d a t a  f i l e  name [ ' , d e f a u l t _ d a t a , ' ]  >> ' ] ;  

d a t a _ f i l e = i n p u t ( s t r g , ' s ' ) ;  
i f  i s e m p t y ( d a t a _ f i l e )  

d a t a _ f i l e = d e f a u l t _ d a t a ;  
end 

end
I d = [ ' l o a d  ' , d a t a _ f i l e ] ; e v a l ( l d )
%
'/,Consider the  output modes, Z_sys.
'/,Zero out r ea l  and/or imaginary parts  of modes i f  they are of 
' / , in s ign if icant  s i z e .
L=length(Z_sys) ; 
f o r  k=l:L

Sre_sys(k)=log(abs(Z_sys(k)  ) ) / I ;  '/.Convert to  continuous time
'/.eigenvalues

Sim_sys (k)=angle(Z_sys(k)  ) /T; '/.Convert to  continuous time
' / . e igenva lues

i f  a b s ( S f e _ s y s (k ) ) <le -5  
Sre_sys(k)=0.0 ;  

end
i f  a b s (Sim_sys( k ) ) <le -5  

Sim_sys(k)=0.0; 
end 

end
S re_sys=S re_sys( : ) ; Sim_sys=Sim_sys( : ) ;
S_sys=Sre_sys+i*Sim_sys;
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
'/, Make sure l i s t  of complex-valued modes have a conjugate present .
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
S_sys2=[] ; 
k=l;
while  k<=L

i f  Sim_sys(k)~=0  
i f  k+K=L

check=norm(S_sys(k ) - c o n j (S _ s y s ( k + l ) ) ) ;  
i f  check<=eps '/. Keep S _sys (k) and S_sys(k+l)  . 

S_sys2=[S_sys2;S_sys(k) ;'S_sys(k+l)] ;
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k=k+2;
e l s e  % Don't keep S_sys(k) and S_sys(k+1). .

k=k+l; 
end ■

e l s e  % Don't keep S_sys(k)  and S_sys (k+ 1) .
k=k+l; 

end
e l s e  % Keep S _sys (k ) .

S_sys2=[S_sys2;S_sys(k)] ; 
k=k+l;

end -
end
S_sys=S_sys2;
Sim_sys=imag(S_sys);Sre_sys=real(S_sys) ; 
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% Display and remove s e c t io n .
yt+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++  

Nq=2/(T);
Nqr=2*pi*Nq; 
notdone = 1 ;  
while  notdone

xdisp_mode(S_sys, ' system');
a n s l= in p u t ( ' Do you wish to  remove modes? [n,N,<rtn>=no] >> ' , ' s ' )  
i f  " ( isem pty(ansi)  I ans l==’n' I ans i=='N')
strg= 'The Nyquist frequency in Hz i s :  %g ( in  .rad/sec  i s :  'Zg) ' ; 
s p r i n t f ( s t r g , Nq1Nqr)

S_sys2=rm_m6de(S_sys); 
xdisp_m ode(S_sys2 , ' sys tem ');
s t r g = ' Are you s a t i s f i e d  with t h i s  se t?  [y,Y,<rtn>=y'es] >> ' ; 

ans2=input( s t r g , ' s ’ );
i f  ( isempty(ans2) I ans2=='y' I ans2=='Y')'

S_sys=S_sys2; . 
notdone=0; 

e l s e
c l e a r  S_sys2 ansi ■ 

end 
e l s e

notdone=0;
end

end
c le a r  S_sys2
y +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

% Save s e c t i o n .
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'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
new_data=; S _ s y s ';
i f  i s em p ty ( f indstr(new_data ,var_svd)) 

var_svd=[var_svd,new_data]; 
end
sv_dat= [v'ar_svd, ' var_svd'] ;
sv = [ ' sa v e  ' , d a ta _ f i l e , s v _ d a t ] ;e v a l ( s v ) ;
d i sp ( [ 'T h e  fo l lo w in g  v a r ia b le s  were saved . in  ’ ,d a t a _ f i l e , ’ .mat' ] ) ;
d i sp O  0
d isp(sv_d at)
d i s p (  ' -------------------------h i t  <rtn> to  c o n t i n u e -------------------------- ’ )
pause
d i s p ( jThis i s  the  end of prlb .m J)
ss= Jp r 2 .m w i l l  use r e s u l t s  of prlb.m and in a l e a s t - s q u a r e s  s e n s e J 
d i s p ( s s )
d i s p ( Jf i t  res id u es  to  th ese  modes.J)
an s= in p u t(JDo you want to  run pr2.m? [y,Y,<rtn>=yes] >> J, J s J); 
i f  ( i sem pty(ans') I ans==Jy ' I ans==JYJ)

p r = [ Jp r2( J, J' J J,d a ta _ f i l e , J J J J, J) J] ; e v a l (pr) 
return  

end
return
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That's  the end.of prlb.m
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

pr2.m

fu n c t io n  [ ] =pr2(data_f i l e )
^ + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + 4 - + + + + + + + + + + + + + +

% FILE:
% p f 2 . m
%
%
%
%
%
%
%
%
%

-  This i s  the res idue  f i t t i n g  s tage  of d i g i t a l  
Prony. This code fo l lo w s  pr lb .  A ll  modes of 
the  system are d isp layed for  the .cont inuous  
time model.
This routine  w i l l  take each in d iv id u a l  
system mode and form a d i s c r e t i z e d  system for  
i t .
Each system i s  then driven by the  o r ig in a l  
input producing a new se t  of data from which 
a sso c ia te d  res idu es  can be est imated.

%
% INPUT:
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% d a ta _ f i l e  -  F i l e  name that  contains  a l l  data necessary  for
% a n a ly s i s .
% I f  not provided, user w i l l  be querried.
%
% OUTPUT:
% None.
%
% GLOBAL:
% None.
%
% CALLS:
% . pr2b -  A subprogram of pr2 that  a llows fo r  ordering
% of mode/residue data.
%
% DATA FILES WRITTEN:
% d a ta _ f i l e  -  See saving s e c t io n .
%
% DATA FILES READ:
% d a ta _ f i l e  -  See prlb.m.
%
%. AUTHOR:
% Steve Hietpas August 1993
%
% REFERENCES:
% None.
%
% SYNTAX:
% p r 2 ( { d a t a _ f i l e } )  ;
% or
'/. p r 2 ;
%++++++++++++++++++++++++++++++++++++++++++++++++++++++'++++++'+++++

*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% The f o l lo w in g  s e t  of equations are formed:
%
% xk((p+l)T)= Fk(T)*xk(pT) + Hk(T)*u(pT); k = 0 , l , . . . , L  and 
% P=O, I , . . . , N.
% yk(pT) = Rk*xk(pT);
%
% where Hk(pT) = in t{0 ,T }[exp(S _sys (k )T )]  and 
% Fk(T)=exp(S_sys(k)T),
% Then zk=gk(T) and the  fo l lo w in g  r e s u l t :
%
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% [Thetal Theta2]* [R(:) E( : ) ] ’ = y y ( : )  + error
%
% where
%
%
% I u(0) Xl(O) • • . xL(0) I
% Thetal = 
%

I Tl(I) 
I :

X l(I ) . xL( I) I
I

% I Tl(N) Xl(N) . xL(N) I
% - -
%
% - -
% I I I I I
% I Zl z2 zL I
% Theta2 = 
%

I zl~2 z2~2 . . . zL~2 I

% I zl-N z2"N . . zL'N I
%
%
% I RO I
7. R(:) = I Rl 'I
% 1 : 1
y. i RL I
% - -
% - -
% I El I ■
'/. E(:) = I E2 I
% I : I
•/. . I EL I
% - -
%
% - '
% l ' y y ( o )  I
% yy(:) = I yy(D I
% I = I
% I yy(N) I
% -
%
y,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% Get data.
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++'++++
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dispC'Now running pr2.mJ) 
d e f au lt_d ata= ’ex_uyt '; 
i f  nargin~=l  

what
S t r g = [ ' Enter a data  f i l e  name [ ' , d e f a u l t _ d a t a , '] >> ' ] ;
d a t a _ f i l e = in p u t ( s t r g , Js 0 ;  
i f  is em pty(d ata_ f i l e )  

data_ f i le=defau lt_data ;  
end 

end
l d = [ Jload ' , d a t a _ f i l e ] ; e v a l ( l d )
T=DT;
yy=ysd2;N=Iength( y y ) ; 
uu=usd;
L=length(S_sys) ;

*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
%
% This s e c t io n  eva luates  the d i s c r e t e  d i f fe re n c e  equations  for  
% n 1st order continuous system s , assuming the input u ( t )  i s  
% zero-order  sample-and-held dr iv ing  f u n c t i o n , u u ( t ) :
%
% d / d t ( x k ( t ) ) ,= A(k)*xk(t)  + B(k)*uu(t)
%
% D is c r e t i z e d  f o r  T
%
% Xk(Cp-H)T) = F (T) *xk(pT) + H(T)*uu(pT)
%
% yk(pT) = Ck*xk(pT)
%
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
t h e t a l = [] ;
FF= [] ; HH=[].; 
f o r  k=l:L

f= exp (S_sys(k )*T ); 
i f  f==l  

h=T; 
e l s e

h = ( f - l ) / S _ s y s ( k ) ; 
end
FF=EFF;f];HH=EHH;h] ; 

end
xk = ze r o s ( s iz e (F F ) ) ; xk=xk(:) ;
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% '
'/,For th ese  1st  order system s , Ck = I fo r  k=l ,2 ,  . . . ,L 
'/,(we w i l l  so lv e  fo r  R l a s t )
'/.Thus
'/. T
'/, C =  [  I  I  . . . I  ]
'/.
'/,and yk=C. *xk=xk
%
f o r  p=l:N

th e t a l=  [ th e ta l  ; x k . '] ; 
uk=uu( p ) ; 
xkk=FF. *xk+HH*uk; 
xk=xkk; 

end
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
'/,If the  i n i t i a l  cond it ions  were not assumed to  be z e r o , then se t  up 
’/,theta2 f o r  i n i t i a l  condit ion  res idu es  to  be found.
Strg=jWas system at zero-va lue  i n i t i a l  condit ions?  J; 
s t r g = [ s tr g , ' [y ,Y ,< r e t> = y e s ]  >> ' ] ;  
in i_cond_0=input( s t r g , ' s ' ) ;
i f  ~ ( i sem pty(ini_cond_0) I ini_cond_0=='y' I ini_cond_0=='Y') 

in i_cond_0='N';
% construct  t h e t a 2 .
Z=exp(S_sys*T);

. th eta2= zeros (N ,L ); 
t h e t a 2 ( l , : ) = o n e s ( l , L ) ; 
f o r  p=2:N

z=Z. “p ;z= z ( : ) ; z = z . ' ;  
t h e t a 2 ( p , : )=z; 

end 
e l s e

theta2= [] ;
' end ■ •

y(+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
'/,Now s e t  up the  matrix to  so lve  fo r  Rk and Ek where k = l , 2,  . . . ,L .
% '

s t r g = 'Do you have feedthru in your system? [n,N,<ret>=no] ->> '; 
feedthru=in p u t( s t r g , ' s ' ) ;
i f  " (i sempty(feedthru) I f eedthru=='n' I feedthru=='N') 

f eed th ru = ' Y ' ;
'/,Then feedthru i s  p r e s e n t . 
t h e t a l=  [uu't h e t a l ]  ;
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i f  ini_cond_0=='N;
f i t = I ; ‘/,Data i s  being f i t  to  system with f  eedthru and non-zero  

'/.value i n i t i a l  cond it ions ,  
th e t a  = [ t h e t a l  t h e t a 2 ] ;
RE = pinv ( theta )  *.yy;
R = RE(1:L+1);
E = RE(L+2:2*L+1); 

e l s e  . 
f i t = 2 ;

'/.Data i s  being f i t  to  system with f eedthru and zero value  
' / , in i t ia l  cond it ions ,  

t h e t a  = t h e t a l ;
R = p in v ( t h e t a ) * y y ;
E = C ] ;

end
e l s e

i f  ini_cond_0== jN’ 
f i t = 3 ;

'/,Data i s  being f i t  to  system with no f eedthru and non-zero  
'/,value i n i t i a l  c o n d i t i o n s . 

t h e t a  = [ t h e ta l  theta2]  ;
RE = p in v(th eta )*yy;
R = RE(I=L);
E = RE(L+1:2*L);

e l s e  
f i t=4;

'/.Data i s  being f i t  to  system with no f eedthru and zero value  
' / , in i t ia l  cond it ions .

. t h e t a  = t h e t a l ;
R = p in v(th eta )*yy;
E = [ ] ;  "

end 
end
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
to l= ep s* 1 0 0 ;
/,zero out very small  values  of r ea l  and imaginary parts  of R 
i f  ( ( f i t = = l )  I ( f i t = = 2 ) ) .

Lt=L+I ; 
e l s e  

Lt=L; 
end
f o r  k=l:Lt .

Rre=real(R(k));Rim=imag(R(k));
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i f  a b s (Rre)<to l  
Rre=O; 

end
i f  a b s (Rim)<toi  

Rim=O; 
end
i f  ( ( f i t = = l )  I ( f i t = = 2 ) ) 

i f  k > I
i f  imag(S_sys(k-l ))==0  

Rim=O; 
end 

e l s e  
Rim=O; 

end 
e l s e

i f  imag(S_sys(k))==0  
Rim=O; 

end 
end
R(k)=Rre+i*Rim; 

end
i f  ( ( f i t = = l )  I ( f i t = = 3 ) )

'/,zero out very small values  of r ea l  and imaginary parts  of 1E 
fo r  k = l :L

Ere=real(E(k));Eim=imag(E(k)); 
i f  ab s (Ere)<tol  

Ere=O; 
end
i f  ab s (Eim)<to l

Eim=O; *
end
i f  imag(S_sys(k))==0 .

Eim=O;
■ end

E(k)=Ere+i*Eim ; 
e n d . 

end
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% Save s e c t i o n .
y( + + + + + + + + + + + + + + + + + + + + + + + + + + + + + +++ + + + + + + + + + + + + +'+ + + + + + + + ++ + + + + + + + + + +

new_data=' t h e t a l  theta2  R E f i t ' ;  
i f  i s em p ty ( f indstr(new_data ,var_syd)) 

var_svd=[var_svd,new_data] ; ’
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end
sv_dat= [var_svd , ' var_svd;] ;
s v = [ J save ' ,d a t a _ f i l e , s v _ d a t ] ; e v a l ( s v ) ;
d i s p ( [ 'T h e  fo l lo w in g  v a r ia b le s  were saved in ' ,d a t a _ f i l e , ' .mat' ] ) ;
d i s p ( '  ')
d isp (sv_d at)
d i s p ( ' -------------------------h i t  <rtn> to  c o n t i n u e -------------------------- ')
pause
d i s p ( ’This i s  the  end of p r 2 .m')
d i s p ( ’pr2b.m w i l l  apply so r t in g  algorithms to  the data from pr2.m’ ) 
ans=input( ’Do you want to  run pr2b.m? [y,Y,<ret>=yes] >> ’ , ’s ' ) ;  
i f  ( i sempty(ans) I ans=='y’ I ans==’Y’ )

p r = [ ’pr 2 b( ’ , ' ' ' ’ , d a t a _ f i l e , ; eval (pr)  
return  

end
return
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% That’ s the end of pr2.m
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

pr2b.m

fu n c t io n  [ ] =pr2b(data_fi l e )
* /,+ + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + +  
% F I L E :

pr2b.m -  This code fo l lo w s  p r 2 . The fu n ct ion  of
t h i s  code i s  to  sort  the s e t  of systems  
modes and res idu es  according to  some 
ordering c r i t e r i o n .
Two methods of ordering are a v a i la b le .  
Sequential  and by Residue.

%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

INPUT:
d a ta _ f i l e

OUTPUT:
None.

GLOBAL:
None.

F i l e  name th at  conta ins  a l l  data necessary  
for  a n a ly s i s .  I f  not provided, user w i l l  
be q u err ied .
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% CALLS:
% pr3 -  This routine  w i l l  d isp lay  and p lo t  model
% verses  o r ig in a l  data subjected  to  the
% , probing input uu.
%
% DATA FILES WRITTEN:
% d a ta _ f i l e  - See saving s e c t io n .
%
% DATA FILES READ:
% d a ta _ f i l e  -  See pr2.m.
%
% AUTHOR:
% Steve Hietpas August 1993'
%
% . REFERENCES:
% None.
%
% SYNTAX:
% p r 2 b ( { d a t a _ f i l e } ) ;
% or
% pr2b;
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

% + + + + + + + + + + + + + + + + + + + + + + +++ + + + + + + + + + + + "{’ + + + + + + + + + + + + + + + +++ + + + + + + + + + +
% Get data.
•/,++'+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
dispC'Now running pr2b.m')  
d efa u l t_ d a ta = , ex_uyt '; 
i f  nargin~=l  

what
strg= [ ' Enter a data f i l e  name [ \ d e f a u l t _ d a t a , ' ]  >> ' ] ;  
d a t a . f i l e = i n p u t ( s t r g , ' s ' ) ;  
i f  i sem pty(d ata_f i l e )  

data_ f i le= defau lt_data ;  
end 

end
Id=E1Ioad ’ , d a t a _ f i l e ] ; e v a l ( l d )
T=DT;
yy=ySd2;N=Iength(yy);
L = len gth (S _sys ) ;
%
% f i t = l :  '/,Data i s  f i t  to  system with feedthru and non-zero value  

' / , in i t ia l  c o n d i t i o n s .
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% f i t = 2 :  '/.Data i s  f i t  to  system with feedthru and zero value  
' / . in i t ia l  con d i t ion s .

'/, f i t = 3 :  '/,Data i s  f i t  to  system with no f eedthru and non-zero  
'/.value i n i t i a l  cond it ions .

'/, f i t = 4 :  '/,Data i s  f i t  to  system with no f eedthru and zero value  
' / , in i t ia l  con d i t ion s .

■thetaRl=thetal; '/,thetaI has to  do with system r e s i d u e s , R. 
th etaE=theta2; %theta2 has to  do with i n i t i a l  cond it ion  res id u es ,  

'XE.
Rl=R;
i f  ( ( f i t = = l )  I ( f  i t = = 2 ) ) '/.Feedthru term e x i s t s .

RO=Rl(I) ; Rl=Rl(2 :L ) ;
thetaRO=thetaRl( : , I ) ; thetaRl=thetaR l( : , 2 : L ) ; 

e l s e
RO= [ ] ;  thetaRO= [] ; 

end
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
'/,This s e c t io n  w i l l  compute yhat fo r  each mode and determine a root  
'/,mean square error fo r  the d i f f e r e n c e  between yhat and y y , the  
'/,measured output data.
'/.From t h i s  data the modes w i l l  be ordered in such a way that  those  
'/,modes contr ibu t ing  the l e a s t  amount of error for  the  g iven error  
' / , cr iteria  w i l l  be placed f i r s t  in the ordering l i s t .  
ytemp=zeros(N, I ) ;
R l len = Ien g th (R l) ; 
t h e t a r l= t h e t a R l ; 
t h e t a e = t h e t aE; 
rl=Rl;  
e=E;
thetaRl= [] ; 
thetaE=[] ; 
ord=[] ;
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
d i s p ( '  This phase of ordering i s  SEQUENTIAL; )
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
k=0;
i f  ( ( f i t = = l )  I ( f  i t = = 2 ) ) '/,Feedthru term e x i s t s .

ytemp=real(thetaR0*R0); 
end
while  Rllen>0

y h e r r= ze r o s (R l len , I) ; 
k = l ;
while  k<=Rllen
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i f  ( ( f i t — I) I ( f i t —3) ) '/,non-zero i n i t i a l  cond it ions  e x i s t . 
i f  im a g ( r l ( k ) )==0.0

yh=ytemp+.real( t h e t a r l ( : ,k )* r l (k )+ th e ta e ( :  ,k )*e (k ) )  ; 
yherr(k)=20*logl0(norm(yh-yy)/norm(yy) ); 
k=k+l;

e l s e  • . '
yh=ytemp+real(thetarl( : ,k : k + l ) * r l ( k : k + l ) + t h e t a e ( : , k : k + l ) * e ( k : k + l ) ) ; 

yherr(k)=20*log!0(norm(yh-yy)/norm(yy) );
. y h err (k + l)= yherr (k ) ; 
k=k+2; 

end
e l s e  ‘/ ,Zero-value i n i t i a l  cond it ions ,  

i f  im a g ( r l (k ) )==0.0
yh=ytemp+real( thetarl( : , k ) * r l ( k ) ); 
yh err (k )=20*log10(norm(yh-yy) /norm(yy) );  
k=k+l; 

e l s e
yh=ytemp+real( thetarl( : , k :k + 1 )* r l ( k :k + l ) );  
yherr(k)=20*log10(norm(yh-yy) /norm(yy) );  
y h err(k+ l)= yherr(k) ; 
k=k+2; 

end 
end 

end
[ y h e r , index]=sort(yherr);  
rlord= [] ; 
eord= [] ; 
t h e t a r lord=[] ; 
thetaeord= G ; 
mode'ord= [] ; 
f o r  k k = l :Rllen  

i i = i n d e x ( k k ) ;
r lo r d = [rlord; r l ( i i )  y h e r (k k ) ] ; 
th e ta r lo rd = [ th e ta r lo rd  t h e t a r l ( : , i i ) ] ; 
i f  ( ( f i t = = l )  I ( f i t = = 3 ) ) 

eord=[eord; e ( i i ) ]  ; 
th etaeord = [thetaeord t h e t a e ( : , i i ) ] ; 

end
modeord=[modeord; S _sys ( i i ) ] ; 

end
c le a r  yher index

, i f  ( ( f i t = = l )  I ( f i t = = 3 ) ) '/,Non-ero i n i t i a l  c o n d i t io n s ,  
i f ( i m a g ( r l o r d ( l , I ) ) )==0.0
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ytemp=ytemp+real(thetarlord(: , I ) * r l o r d ( l , I ) + . . .  
t h e t a e o r d ( : , l ) * e o r d ( l , I ) ) ;

. r l = r l o r d ( 2 : R l l e n , I ) ; 
e=eord( 2 :R l l e n , I );
S_sys=modeord(2:Rllen);
ord=[ord; modeord(l) r l o r d ( l  ,• : ) e o r d ( l ) ]  ; 
thetaRl= [thetaRl t h e t a r l o r d ( : , ! ) ]  ; 
t h e t a r l = t h e t a r l o r d ( : , 2 : R l le n ) ; 
thetaE=[thetaE t h e t a e o r d ( : , I ) ] ; 
th e t a e = th e ta e o r d ( : , 2 : R l l e n ) ;
R l le n = R l l en - I ; 

e l s e
ytemp=ytemp+real(thetarlord(: , I :2 ) * r l o r d ( l : 2 , I) + 

t h e t a e o r d ( : , I :2 )*eord(I : 2 , I ) ) ;  
r l = r l o r d ( 3 : R l l e n , I ) ; 
e = e o rd (3 :R l le n , I ) ;
S_sys=modeord(3:Rllen);
ord=[ord; modeord(l:2) r l o r d ( l : 2 , : )  e o r d ( l : 2 , : ;  
thetaRl=[thetaRl t h e t a r l o r d ( : , I :2 ) ] ;  
t h e t a r l = t h e t a r l o r d ( : , 3 : R l l e h ) ; 
thetaE=[thetaE t h e t a e o r d ( : , I :2 ) ] ;  
th e t a e = th e ta e o r d ( : , 3 : R l l e n ) ;

, Rllen=Rllen-2;  
end

e l s e  '/,Zero-value i n i t i a l  cond it ions ,  
i f ( i m a g ( r l o r d ( l , I ) ) )==0. O

ytemp=ytemp+real( t h e t a r l o r d ( : , l ) * r l o r d ( l , I ) );  
r l = r l o r d ( 2 : R l l e n , I ) ;
S_sys=modeord(2:Rllen); 
ord=[ord; modeord(l) r l o r d ( l , : ;  
thetaRl=[thetaRl  t h e t a r l o r d ( : , ! ) ] ;  
t h e t a r l= th e t a r lo r d ( : , 2 : R l le n ) ;
R l le n = R l l e n - I ; 

e l s e
ytemp=ytemp+real(thetarlord(: , I :2 ) * r l o r d ( l : 2 , I ) ); 
r l = r l o r d ( 3 :R l l e n , I ) ;
S_sys=modeord(3:Rllen); 
ord=[ord; modeord( l:2) r l o r d ( 1 :2, : ) ] ;  
thetaRl= [thetaRl th e ta r lo r d (  : ,1:2)].;  
t h e t a r l = t h e t a r l o r d ( : , 3 : R l l e n ) ;
R l len = R l len -2 ; 

end
end
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c le a r  r lord  eord th e ta r lo rd  thetaeord modeord 
end
S_sys=ord(: , I ) ;
Rl=ord( : , 2 ) ;  
ord_err=ord(: ,3 ) ;  
i f  ( ( f i t = = l )  I ( f i t = = 3 ) )

E=ord( : , 4 ) ;  
end
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% Save s e c t io n  I.
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
S_sys_seq=S_sys;
RO_seq=RO;
thetaRO_seq=thetaRO;
Rl_seq=Rl;
E_seq=E;
thetaRl_seq=thetaRl;  
thetaE_seq=thetaE;  
ord_err_seq=ord_err; 
d a t a _ f i l e 2 = [ d a t a _ f i l e , ' _ o r d ' ] ;
new_data=' S_sys_seq RO_seq thetaRO_seq Rl_seq E_seq thetaRl_seq  
new_data=[new_data,' thetaE_seq- ord_err_seq'];  
i f  e x i s t ( , var_svd2')

i f  i s em p ty ( f indstr(new_data ,var_svd2)) 
var_svd2=[var_svd2,new_data] ; 

end 
e l s e

var_svd2=new_data;
end
sv_dat= [var_svd2, ' var_svd2']';
Sv=Ej Save ’ , d a t a _ f i l e 2 , s v _ d a t ] ; e v a l ( s v ) ;
d i s p ( [ jThe f o l lo w in g  v a r ia b le s  were saved in J, d a t a _ f i l e 2 , J.matJ] );
d i s p ( J J)
d isp (sv_d at)
d i s p ( J-------------------------h i t  <rtn> to  c o n t i n u e -------------------------- J)
pause
'/,This completes the f i r s t  approach to  ordering.  
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% This s t a r t s  the second approach to  ordering which i s  done by 
% res idu e  s i z e ,  the  l a r g e s t  magnitudes to  the sm a l le s t .  
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
ytemp=zeros( N , I ) ;
o r d _ e r r = E ] ;
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R l len = Ien g th (R l) ;
r l = R l ;
e=E;
t h e t a r l= t h e t a R l ; 
t h e t ae=th etaE;
X +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
dispC' This phase of ordering i s  RESIDUE')
X+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% Sort the  res idu es  and save the ordering by index.
[ r r l , in d ex ] = so r t ( r l ) ; 
r l = f l i p u d ( r r l ) ; 
index=fl i p u d ( in d e x ) ;
% Now use index to  a l l i g n  the modes, e t c .  
s _ sy s= S _ sy s ( in d e x ) ; 
t h e t a r l = t h e t a r l ( : , ind ex ') ;
i f  ( ( f i t = = l )  I ( f i t = = 3 ) )  XNon-zero i n i t i a l  con d i t ion s .  

th e t a e= th e ta E ( : , in d e x ') ;  
e=E(index);  

end
% Save th e s e  va lues  in o r ig in a l  v a r ia b le s .
Rl=rl;
t h e t a R l = t h e t a r l ;
S _ sy s= s_ sy s ;
i f  ( ( f i t = = l )  I ( f i t = = 3 ) )  '/,Non-zero i n i t i a l  cond it ions .  

th etaE = thetae ;
E=e;

end
Rl=Rllen;  
ytemp=zeros(N,I ) ;
i f  ( f i t = = l )  I ( f i t= = 2 )  %Feedthru term e x i s t s .

ytemp=real(thetaRO*RO); 
end
r r l = r l ;
re=e;
i f  ( ( f i t = = l )  I ( f i t = = 3 ) ) XNon-zero i n i t i a l  cond it ions ,  

while  R1>0
i f ( i m a g ( r r l ( l ) ) ) = = 0 . 0

ytemp=ytemp+real( t h e t a r l ( : , l ) * r r l (I )  + t h e t a e ( : , l ) * r e ( l ) ) ;
yherr=20*logl0(norm(ytemp-yy)/norm(y y ) );
ord_err=[ord_err; y h e r r ] ;
r r l = r r l ( 2 : R l ) ;
re= re (2 :R 1 ) ;
s_ sy s= s_ sy s (2 :R 1 ) ;
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t h e t a r l = t h e t a r l ( : , 2 :R1); 
t h e t a e = t h e t a e ( : , 2 :R1);
Rl=Rl-I;

e l s e
ytemp=ytemp+real( t h e t a r l ( : , 1 :2 ) * r r l ( 1 :2) +. . .

t h e t a e ( : , I :2 ) * r e ( l :2 ) ) ;  
yherr=20*logl0(norm(ytemp-yy)/norm(yy)); 
ord_err=[ord_err; yherr; y h e r r ] ; 
r r l = r r l ( 3 : R l ) ; 
re= re (3 :R 1); 
s _ s y s = s _ s y s ( 3 : R l ) ; 
t h e t a r l = t h e t a r l ( : , 3 :R1); 
t h e t a e = th e ta e ( : , 3 : R l ) ;
Rl=Rl-2;

end
end

e l s e  '/,Zero-value i n i t i a l  cond it ions ,  
while  R1>0

i f ( i m a g ( r r l ( I ) ) )==0.0
ytemp=ytemp+real( t h e t a r l ( : , l ) * r r l ( l ) ) ;
yherr=20*logl0(norm(ytemp-yy)/norm(yy));
ord_err=[ord_err; yherr];
r r l = r r l ( 2 :R1);
s _ s y s = s _ s y s ( 2 : R l ) ;
t h e t a r l = t h e t a r l ( : , 2 :R1);
Rl=Rl-I; .  • 

e l s e
ytemp=ytemp+real(thetarl( : , I : 2 ) * r r l ( I :2) );  
yherr=20*logl0(norm(ytemp-yy)/ norm(yy)); 
ord_err=[ord_err; yherr; yherr];  
r r l = r r l ( 3 : R l ) ; 
s _ s y s = s _ s y s ( 3 : R l ) ; 
t h e t a r l = t h e t a r l ( : , 3 :R1);
Rl=Rl-2;

end
end

end
i f  ( ( f i t = = l )  I ( f i t = = 3 ) )

E=re;
end
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% Save s e c t io n  2.
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
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S_sys_res=S_sys;
RO_res=RO;
thetaRO_res=thetaRO;
Rl_res=Rl;
E_res=E;
th etaR l_res= the taR l; 
thetaE_res=thetaE;  
ord_err_res=ord_err;
new.data=' S_sys_res  RO^res" thetaRO_res Rl_res E_res th e t a R l_ r e s '; 
new_data= [ne.w_data, ' thetaE_res  ord_err_res '] ; 
f in dstr (new _data ,var_svd2) ; 
i f  i s em p ty ( f indstr(new_data ,var_svd2)) 

varisvd2=[var_svd2,new_data]; 
end
sv_dat=[var_svd2, ’ var_svd2'] ;
sv = [ ' sa v e  ' , d a t a _ f i l e 2 , sv _ d a t ] ; e v a l ( s v ) ;
d i s p ( [ JThe fo l lo w in g  v a r ia b le s  were saved in ' , d a t a _ f i l e 2 , ' . mat' ] ) ;
d i s p ( J ')
d isp (sv_d at)
d i s p C -------------------------h i t  <ftn> to  c o n t i n u e -------------------------- ; )
pause
'/.This completes the  second approach to  ordering.  
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
dispC'This  i s  the end of pr2b.m')
d isp( 'pr3 .m  w i l l  take data from pr2b.m and d isp lay  the  ordering')  
d isp ( 'a n d  the  a s so c ia te d  errors .  From t h i s  the user  can make') ■ 
disp( ' , fur th er  reduct ion and obtain a f i n a l  model. ' )  
ans=input('Do you want to  run pr3.m? [y,Y,<ret>=yes] >> ' , ' s ' ) ;  
i f  ( i sem pty(ans) I a n s = = 'y ' I ans=='Y')

p r = [ ' p r 3 ( ' , '  ' ' ' , d a t a _ f i l e ,  ;eval(pr)
return  

end
return
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% That's  the end of pr2b.m
y£+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

pr3.m

fu n c t io n  [ ] =pr3(data_fi l e )
^ + + + + + + + + +++++++++++++++++++++++++++++++++.+++++++++++++++++++++++4-

% FILE:
% pr3.m -  This routine  uses  data from'{data_f i le> .mat
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% ■ fo r  SEQUENTIAL and RESIDUE o r d er in g .
% ' •

% INPUT:
% d a ta _ f i l e  -  F i l e  name that  conta ins  a l l  data necessary
% fo r  a n a ly s i s .
I. I f  not provided, user  w i l l  bei querried.
%
% OUTPUT:
% • None.
%
% GLOBAL:,
% None. ’
%
% CALLS:
% sys2obsv_can -  A routine  to  take any system and transform
% i t  into  canonical observable form.
% discr.m -  A routine  that  d i s c r e t i z e s  the  continous
% model.
% rm_fig.m -  A routine  th at  allows for  the I removal of
% f ig u r e s .
% '
% DATA FILES'WRITTEN: ' _ ,
% d a ta _ f i le .m a t  -  A f i n a l  model of the system d a t a .
%
% DATA FILES READ:
% . d a ta _ f i le .m a t  -  SEQUENTIAL and RESIDUE ordering of model
% data.
%
% AUTHOR:
% Steve Hietpas August 1993
%
% REFERENCES:
% None.
%
% SYNTAX:
% p r 3 ( { d a t a _ f i l e } )  ;
% or
% pr3;
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
format short e
^ + + + + + + + + + + + + + + + + + + + + + + + + + 4 - + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + +  

% Get data.
^+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
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dispC'Now running pr3.m; ) 
d e f au lt_data= ' ex_uyt’ ; 
i f  nargin"=!  

what
s t r g = [ ’Enter a data f i l e  name [ ’ , d e fa u l t _ d a t a , ’] >> ’] ;  
d a t a _ f i l e = in p u t ( s t r g , ’s ’ );  
i f  is em pty(d ata_f i l e )  

data_ f i le=defau lt_data ;  
end 

end
Id=[ ' load ' , d a t a _ f i l e ] ; e v a l ( l d )  
d a t a _ f i l e 2 = [ d a t a _ f i l e , ’_ord' ] ;
Id= [ ’ load ’ , data_f i i e 2 ]  ;.eval (Id) ;• 
d a t a _ f i l e 3 = [ d a t a _ f i l e , ’_pr3’];  
i f  e x i s t ( [ d a t a _ f i l e 3 , ' .mat’] )

Id=[ ’ load ’ , d a t a _ f i l e 3 ] ;eva l(Id)  
end 
T=DT; 
t t = t s d ;
yy=ysd2;N=Iength( y y ) ;
L = length (S_sys ) ;

•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
notdone=!; 
f Iag=O; 
while  notdone

ansl=menu(’Menu fo r  ordering c h o i c e ’ , . . .  
’ SEQUENTIAL’ , . . .
’RESIDUE’ , . . .
’ Ind iv idua l  Mode S e l e c t i o n ’ , . . .
’Construct Final Model' ,  . . .
’Q u i t ’ );
if (ansl==l I ansl==2) 
flag=!; 
if ansi==!

d i s p ( ’You have s e l e c t e d  SEQUENTIAL') 
S_sys=S_sys_seq;
RO= R0_seq; 
thetaR0=thetaR0_seq;
Rl=Rl_seq;
thetaRl=thetaRl_seq;
thetaE=thetaE_seq;
ord_err=ord_err_seq;

'/,Selection I 
' /,Selection 2 
' /,Selection 3 
' /.Selection 4 
' / .select ion 5
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E=E_seq;
s s = 'The fo l lo w in g  data i s  fo r  SEQUENTIAL ordering';  

e l s e
d i s p ( ' You have s e l e c t e d  RESIDUE')
S_sys=S_sys_res;
RO= R0_res; 
thetaRO=thetaRO_res;
Rl=Rl_res;
th etaR l=th etaR l_res ; 
thetaE=thetaE_res;  
ord_err=ord_err_res;

1 E=E_res;
s s = 'The fo l lo w in g  data i s  fo r  RESIDUE ordering' ; 

end
i f  ( ( f i t = = l )  | ( f i t = = 3 ) )  ‘/.Non-zero i n i t i a l  cond it ions  e x i s t  

s sS = 'I n i t i a l  condit ion  res idues  are not shown.';  
end
R l len = Ien g th (R l) ; 
num=[I: I : R l l e n ] '; 
ord=[num S_sys o r d _ e rr ] ;
s s l = ' Mode # Modes
s s l = [ s s l , ' Error(dB)' ] ;
s s 2 = ' _____________________________________________________________
ss2= [ss2  , ' _________ '] ;
d i s p ( s s ) , d i s p ( s s l ) , d i s p ( s s 2 )  
disp(ord)
i f  ( ( f i t = = l )  K f i t= = S ) )  '/.Non-zero i n i t i a l  cond it ions  e x i s t . 
ssS=' - Modes Residues
s s S = [ s s S ,'  I n i t . Cond. Re s . ' ] ;
s s 4 = ' _____________________________________________________________
s s 4 = [ s s 4 ,  ' _________________________ '] ;

d i sp ( s sS )
d i s p ( s s 4 )
d i sp ( [S _ sy s  Rl E]) 

end
'/ .t l='D i g i t a l  Prony f i t ' ;  
f i g u r e
p l o t ( o r d _ e r r , ' * ' ) , xlabel('MODE # ' ) ,  
y l a b e K ' ERROR (dB)')  ,grid'/., t i t l e  ( t l )
t ime_stamp,dir_stamp,fi le_stamp(data _ f i l e . d a t a _ f i l e 2 ) ;
s t r g = 'How many terms do you wish to  keep? [<ret> = a l l ]  ' 
s t r g = [ s t r g , ' 0=quit >> ' ] ;  
jk = in p u t ( s t r g ) ;
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d i s p ( ; ’ ) 
i f  Jk-=O

i f  isempty(Jk)
disp( 'You have chosen to  keep a l l  modes. ')
Jk=Rllen;

end
RRl=Rl(Irjk);
P=S_sys( I :j k ) ;
i f  ( ( f i t = = l )  I ( f i t = = 3 ) )  '/.Non-zero i n i t i a l  cond it ions  e x i s t s .  

EE=E(Irjk);
s s l = '  Modes Residues
s s l = [ s s l , '  ' I n i t . Cond. Re s . ' ] ;
s s 2 = ' _________________________________________________

s s 2 = [ s s 2 ,  ' _______________________'] ;
d i s p ( s s l )
d i s p ( s s 2 )
d isp ( [P  RRl EE]) 
e l s e  

EE=[];
s s l= '  Modes Residues' ;
s s 2 = ' _________________ ;_______________________________' ;
d i s p ( s s l )
d i s p ( s s 2 )

•d i s p ( [P RRl]) 
end
•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ . 
' /,Plotting s e c t io n  
xl='TIME (secon d s) ' ;  
y l = ' y ( t ) ' ;
Lyy=length(yy);
i f  ( (  f i t = = l )  I ( f i t= = 2 ) ) '/,Feedthru term e x i s t s .

ytemp=real(thetaR0*R0); 
e l s e

ytemp=zeros (Lyy, I).; 
end
i f  ( ( f i t = = l )  I ( f i t = = 3 ) )  ‘/,Non-zero i n i t i a l  cond it ions  e x i s t s .  

yhat=ytemp+. . .
r e a l ( t h e ta R l ( : , I :jk )* R l( I :J k ) + t h e t a E ( : , l : j k ) * E ( l : j k ) ) ;

e l s e
yhat=ytemp+real( th e ta R l( : , I :jk)*R1( I :j k ) ); 

end
disp( 'You have 4 s t r in g s  of information to  p la c e ,  use mouse. ')  
n 2 = 1 0 - (o r d _ e r r ( j k ) /2 0 ) ;
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n2db=20*logl0 (n2); 
t c = ' ACTUAL OUTPUT 
t c 2 = ;MODEL OUTPUT
t c 3 = [ 'Number of Eigenvalues are: ; , i n t 2 s t r ( j k ) ] ;  

n 2 d i f = [ 'The d i f f e r e n c e  i s :  ’ ,num2str(n2), '  ( ' ,num2str(n2db), '  dB)' ] ;  
s _ m = s tr 2 m a t( tc2 , t c , t c3 ,n 2 d i f ); 
xmax=max(tt);xmin=min(tt); 
ymax2=max( [yy;y h a t ] ) ; ymin2=min( [yy;yh a t ] );
'/.tl= 'D i g i t a l  Prony f i t ' ;  
f i g u r e
a x i s ( [xmin xmax ymin2 ymax2]);
p l o t ( t t , y y , ' - ' , t t , y h a t , , x l a b e l ( x l ) , y l a b e l ( y l ) , g r i d ,
% , t i t l e ( t l )
g tex t ( s_m ) ,
time_stamp,dir_stamp,f i le_staihp(data_f i l e ,d a t a _ f i l e 2 )  ; 

e l s e
f Iag=O; 

end
e l s e i f  ansl==3

d i s p ( 'You have s e l e c t e d  Indiv idual Mode') 
f Iag=I;
'/,+++++++++++++++++++++++++++++.+++++++++++++f++++++++++++++++++++
'/,Data d isp la y  s e c t io n  fo r  s e l e c t i n g  s p e c i f i c  e igen va lues .  
S_sys=S_sys_res;
RO= R0_res; 
thetaRO=thetaRO_res;
Rl=Rl_res;
E=E_res;
thetaR l=th etaR l_res ; 
thetaE=thetaE_res; 
ord_err=ord_err_res; 
s e l e c t io n =  [] ;
R l len = Ien g th (R l) ; 
num=[I: I : R l l e n ] '; 
ord=[num S_sys R l ] ;
SS='The fo l lo w in g  data i s  from RESIDUE o r d e r in g ' ;
s s l = ' Mode Number Eigenvalues  System Residues ';
s s 2 = ' ______________________________________________________________ ' ;
i f  ( ( f i t = = l )  I ( f i t= = 3 ) ) '/,Non-zero i n i t i a l  cond it ions  e x i s t .  

s s 3 = ' I n i t i a l  condit ion  res idues  are not shown, but are in c lu d e d . ' ;  
d i s p ( s s 3 ) , d i s p ( '  ' ) , d i s p ( s s ) , d i s p ( s s l ) ,d i s p ( s s 2 )  

e l s e
d i s p ( s s ) , d i s p ( s s l ) , d i s p ( s s 2 )
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end
disp(ord).
s e —in p u t ( ' Which e igen va lue /res idu e  pa irs?  i . e .  [ 1 , 2 , 6 , 7 , 9 ]  > 
i f  isempty(se)  

s e= l :R l len ;  
end
s e l e n = l e n g t h ( s e ) ;
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% P l o t t i n g  s e c t io n  
x l = , TIME ( s e c o n d s )J; 
y l = ' y ( t ) ' ;
Lyy=Iength( y y ) ;
i f  ( ( f i t = = l )  I ( f i t = = 2 ) )  ‘/,Feedthru term e x i s t s .

yhat=real(thetaRO*RO); 
e l s e

yhat=zeros (Lyy, I );  
end
s s e = ' J ;RRl= [ ] ; EE=D ;P= [] ;
i f  (Cfi t==I)  I ( f i t = = 3 ) )  ‘/,Non-zero i n i t i a l  cond it ions  e x i s t s ,  

fo r  k k = l :s e len  
i i = s e ( k k ) ;
yhat=yhat+real( th e ta R l( : , i i ) *R1( i i )  + t h e t a E ( : , i i ) * E ( i i ) ); 
s s e = [ s s e , i n t 2 s t r ( i i ) , '  ' ] ;
RRl=ERRl; R l ( i i ) ] ;EE=[E E ;E ( i i ) ] ;P = [P ;S _ sy s ( i i ) ]  ; 

end 
e l s e

f o r  k k = l :s e le n  
i i= s e ( k k ) ;

yhat=yhat+real( th e ta R l( : , i i ) *R1( i i ) ) ; 
s s e = [ s s e , i n t 2 s t r ( i i ) , '  ' ] ;
RRl=[RR1;R1( i i ) ] ;P=[P;S_sys( i i ) ] ; 

end 
EE= [] ; 

end
dispC'You have 5 s t r in g s  of information to  p la c e ,  use mouse.')
s s e = [ ' [ ' , s s e ,  ' ] ' ] ;
n2=norm(yhat-yy)/norm(yy);
n2db=20*logl0 (n2);
tc='ACTUAL OUTPUT
tc2='MODEL OUTPUT
tc3=[ 'E igenvalues /Res idue  used from RESIDUE ordering a r e : ' ] ;  

n 2 d i f =,['The d i f f e r e n c e  i s :  ' ,num2str(n2), ' (' ,num2str(n2db), ' dB)']  
s_ m = s tr 2 m a t ( t c 2 , t c , t c 3 ,n 2 d i f , s s e ) ;
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xmax=max(tt);xmin=min(tt);
. ymax2=max( [yy ;y h a t ] ) ;ymin2=min( [yy;y h a t ] );

'Ztl=jD i g i t a l  Prony f i t ' ;  
f i g u r e
a x i s ( Cxmin xmax ymin2 ymax2]);
p l o t ( t t , y y , , t t , y h a t , , x l a b e l ( x l ) , y l a b e l ( y l ) , g r i d ,  
' Z t i t l e ( t l )  ,• 
g t e x t ( s _ m ) ,
time_stajnp,dir_stamp,f i le_s t Eimp(data _ f i l e . d a t a _ f i l e 2 )  ; 

e l s e i f  ansl==4
disp( 'You have s e l e c t e d  Construct Final Model') 
i f  f la g '

i f  ( ( f i t = = l )  I ( f  i t = = 2 ) ) 'ZFeedthru term e x i s t s .
feed=RO;

e l s e
f eed=0. O; 

end
[num,den]=residue(RR1,P , f e e d ) ; 
num=real(num);den=real(den);
[Am, Bm, Cmc, Dmc]=tf2ss(num,d e n ) ;
[Fm,Gm]=discr(Am,Bm,T); % D i s c r e t i z e  the  model.
[Fm, Cm, Cm, Dm, f lagl]=sys2obsv_can(Fm, Cm, Cmc, Dmc); 
eigFm=eig(Fm);
[Am, Bm]=discr(Fm,Gm,T); 
eigAm=eig(Am);
L=Iength(eigFm);
d isp( 'The  modes of the model a r e : ' )  
disp(eigAm)
new_data=' Fm Gm Cm Dm'; 
i f  f Iagl==I

d isp( 'The  system has been reduced due to  u n o b s e r v a b i l i t y ! ' )  
d i s p ( 'You should choose ind iv idu a l  modes v ia  the  menu s e l e c t i o n . ') 

end
new_data=[new_data,' num den RO RRl EE P y h a t ' ] ;  
i f  " e x i s t ( ' var_svd3') 

var_svd3=new_data; 
end
i f  i s e m p t y ( f in d s t r (new_data,var_svd3)) 

var_svd3=[var_svd3,new_data] ; 
end
sv_dat=[var_svd3, ' ' var_svd3'] ; 
sv = [ ' sa v e  ' , d a t a _ f i l e 3 , s v _ d a t ] ; e v a l ( s v ) ; 

d is p (  [ 'The fo l lo w in g  v a r ia b le s  were saved in ' ,data_f  i l e 3 , , ' .mat'] );
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d i s p ( '  ')  
disp(sv_d at)
d i s p (  ' ------------------------ h i t  <rtn> to  c o n t i n u e -------------------- ------- ’ )
pause

e l s e
dispC'You have not s e l e c t e d  any mode/residue p a ir s  y e t . ' )  
notdone=!; 

end 
e l s e

disp( 'You have s e l e c t e d  Quit')  
notdone=0; 

end 
end
d i s p C  ')
model_fi l e = [data_f i l e , '_mod'];
var_svd_m=’ Am Bm Cmc Dmc Fm Gm Cm Dm'eigAm eigFm sys EE P y h a t ';
sv_dat=[var_svd_m,' var_syd_m'];
sv = [ ' sa v e  ' ,model_fi l e , s v _ d a t ] ;eva l ( sv )
d i s p ( 'T h i s  i s  the end of p r 3 .m')
return
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

% That's  the end of p r 3 .m
'/ ,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

prony-in.m

fu n c t io n  [usd ,tsd]=prony_in(system,u_fi l e ,FT)
y,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

F i l e :
prony_in

INPUT:
system

u _ f i l e  
FT

-  This fu nct ion  generates  the  input drive  
s ig n a l  fo r  the  fo l lo w in g  system:

x((k+l)T)  = F*x(kT) + G*u(kT)

y(kT) = C*x(kT) + D*u(kT)

-  The data f i l e  th at  contains  the  system 
matrices  and DT.

-  The name of the  input probing f i l e .
-  The f i n a l  t ime fo r  eva luat ion  of system;

OUTPUT:
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% usd -  Vector of input s i g n a l ;
% t sd  -  Vector of t ime s i g n a l ;
'I
% GLOBAL:'
% None.
%
% CALLS:
% get_prony_in -  A routine- th at  r e t r i e v e s  information for
% u _ f i l e .
*/.
% DATA FILES WRITTEN:
% prony_in
%
% DATA FILES READ:
% - None.
%
% AUTHOR:
% Steve Hietpas August 1993
%
% REFERENCES:
% None.
%
% SYNTAX:
% [usd ,tsd]=prony_in(system,u_fi l e ,FT)
•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
g lo b a l  f i g _ t a b l e  
d i s p C  ' ) , d i s p ( '  ’ )
disp( 'Running the d i s c r e t e  d i f f e r e n c e  equation s o lv er  prony_in.m')  
Id=[ ' load ' , s y s t e m ] ; e v a l ( I d ) ; 
i f  e x i s t ( Jprony_in.mat’ ) 

load prony . in  
e l s e

dd=[] ;mpi=[] ;cc=[] ;ss=[]  ; 
end
d i s p ( '  ')
[dd,mpi, c c , s s ]=get_prony_in(dd,mpi, c c , s s ) ; 
u s d = [ ] ; t sd = [ ] ;
e e= [ ] ;  '/,zero-value i n i t i a l  condit ions  are always assumed fo r  these  

’/,comparisons. 
t= 0 ; t t= f ix (F T /D T ); 
f o r  k = l : t t

u = f e v a l (u _ f i l e , t , dd, mpi, c c , s s ); 
usd= [u sd ; u ] ;
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t s d = [ t s d ; t ] ; 
t=t+DT; 

end
var_svd_in=' usd t sd  dd mpi cc ss  DT'; 
sv_dat= [var_svd_ in , ; var_svd_inJ]
Sv=CjSave prony_in; , s v _ d a t ] ;eva l ( sv )  
return
%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That's  the end of prony_in.m
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++.+++

U-prony.m

fu n c t io n  uu = u_prony( t ,dd.mpi, c c , s s ) ' 
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% FILE:
% u_prony -  This routine  provide a p iecewise
% - discontinuous input probing s ig n a l  for
% Prony i d e n t i f i c a t i o n .
%
% INPUT:
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

GLOBAL:

OUTPUT:

None.

s in (2 * p i* 5 * t )  = c c ( l ) * e x p ( s s ( l ) * t )  + c c ( 2 )* e x p ( s s ( 2 ) * t )  
= [exp( i*2*p i*5)t  -  e x p ( - i * 2 * p i * 5 ) t ] / ( 2 i )

uu -  input control  s ig n a l .

t  -  t i m e ;
dd -  vector  of duration f a c to r s  in second s ; 

mpi -  number of m o d es / in terv a l ; 
cc -  vector  of amplitude f a c t o r s ; 
ss  -  vector  of mode f a c t o r s .

dd=2; mpi=2; c c = [ - i / 2  i / 2 ]  ; s s = [ i*2*pi*5 - i * 2 * p i * 5 ] ..

One can see  t h i s  from Euler 's  i d e n t i t y , ju s t  
plug in appropriate values:

e . g .  a s ine  wave of 5 Hz, amplitude I,  
fo r  O to  2 seconds would be:



182

7.
% CALLS:
% None.
%
% DATA FILES WRITTEN:
% None.
I.
% DATA FILES READ:
% None.
%
% AUTHOR:
% " Steve. Hietpas October 1992
%
% REFERENCES:
% None.
%
% SYNTAX:
% ' uu = u_prony(t , dd,mpi, c c , s s ) ;
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++' 
q = len gth(dd); 
i f  t<=dd(q)

i i= m ax(f ind(t>dd )) ; 
i f  i s e m p ty ( i i )  

m_i=0; 
i i = l ;

e l s e i f  i i< q  
m_i=0;
f o r  k = l : i i  ■

m_i=m_i+mpi( k ) ; 
end
i i = i i + l ; 

e l s e  
end
i f  m p i( i i )~=0  

i f  i i = = l  
ddd=0; 

e l s e
d d d = d d ( i i - l ) ; 

end
uu=0.0;
f o r  k=m_i+l:m_i+mpi( i i )

uu=uu+cc(k )*exp( s s ( k ) * ( t -d d d ));
end
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e l s e

u u = 0 .0 ;  
end 

e l s e
u u = 0 .0 ;  

end
r e t u r n
X+++++++++++++++++++++++++++++++++++++++++++'+++++:++++++++++++++++++ 
% T h a t ' s  t h e  end of  u_prony.m
•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

get_prony_in.m

f u n c t i o n  [ d d , m p i , c c , s s ] = g e t _ p r o n y _ i n ( d d ,m p i , c c , s s )
y,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++•
% FILE:
% get_prony_in -  Routine for  getting- input probing information
%
% INPUT:
% dd delay i n t e r v a l s  for  input s i g n a l ;
% mpi number of modes per in ter v a l ;
% CC vector  of amplitude fa c to r s ;
% SS vector  of mode f a c t o r s ..
% OUTPUT:
% dd,mpi, c c , s s
%
% CALLS:
% None.
%
% GLOBAL:
% u _ f i l e Input f i l e  name f o r  probing.
%
% DATA FILES WRITTEN:
% The output data i s  save in  a f i l e  named by u _ f i l e .
%
% DATA FILES READ:
% None.
%
% AUTHORS:
% Steve Hietpas November 1993
% •

% REFERENCES:
% None.
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% SYNTAX:
% [dd ,mpi ,cc ,ss ]=get_prony_in(dd,mpi, c c , s s ) ;
X++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
g lo b a l  u _ f i l e
s t r g = , Do you want an example fo r  how to  enter data?';  
s t r g = [ s t r g , '  [n,N,<rtn>=no] >> ' ] ;  
ans1=in p u t ( s t r g , ' s ' );
i f  ~ ( isem pty(ansi)  I ans i=='n' I ans i=='N') 

d i s p ('  ' ) , d i s p ('+++++++++++++++' EXAMPLE +++++++++++++++'), d i s p ( ' ') 
in_exmpl;
d i s p ( ' ++++++f++++++++ END EXAMPLE +++++++++++++++'), d i s p (' ') 

end
i f  "isempty(dd)

d i s p ('The previous  values  for  d e lays ,  dd, were: ' )  
disp(dd)
d isp( 'The  previous  values  fo r  m o d es / in terv a l , mpi, were: ' )  
disp(mpi)
d isp( 'The  previous  values  fo r  modes, s s ,  were: ')  
d i s p ( s s )
d isp( 'The  previous  values  fo r  mode amplitudes,  cc ,  w ere: ' )
d i s p ( c c )
d i s p ( ' ')
ans=input('Do you want to  keep these?  [y ,Y ,<ret>=yes] >> ' , ' s ' ) ;  
i f  " ( isem pty(ans) I ans=='y' I ans=='Y')

d isp( 'The  previous  values  for  d e l a y s , dd, were: ' )  
disp(dd)
disp('What va lues  f o r  dd_new [ . . . ]  (<rtn> for  old v a l u e s ) ? ')
dd_new=input('dd_new: ' ) ;  ■
i f  isempty(dd_new) 

dd_new=dd; 
end
d i s p ( 'The previous, values  fo r  m odes / in terval ,  mpi, were: ' )  
disp(mpi)
d isp  ( 'What va lues  f o r  mpi_new [ . . . ] ?  (<rtn> fo r  old  values). ') 
mpi_new=input( 'mpi_new:. ' ) ;  
i f  isempty(mpi.new)  

mpi_new=mpi; 
end
d i s p (  'The previous  value's fo r  modes, s s ,  were: ' )  
d i s p ( s s )
d i s p ( ' What values  fo r  ss_new [ . . . ] ?  (<rtn> fo r  old  values).  ') 
ss_new=input( ' ss_new: ' ) ;
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i f  isempty(ss_new) 
ss_new=ss;  

end
disp( 'The  previous  values  fo r  amplitudes,  c c ,  w ere: ' )  
d isp ( cc )
disp('What values  fo r  cc_new [ . . . ] ?  (<rtn> for  old  va lues )  ') 
cc_new=input( ' cc_new: ' ) ;  
i f  isempty(cc_new)  

cc_new=cc; 
end
dd=dd_new;
mpi=mpi_new;
ss=ss_new;
cc=cc„new;

end
e l s e

disp('What values  fo r  dd [ . . . ] ?  ')
dd=input( ' dd: ‘ ); 
d i s p ( ' ‘ )
d i s p ( ' What values  fo r  mpi [ . . . ] ? ' )  
mpi=input( 'mpi: ' ) ;  
d i s p ( ' O
disp('What va lues  fo r  ss  [ . . . ] ?  ')
ss=input ( ' ss': ' ) ;  
d i s p ( '  ')
dispC' What values  fo r  cc [ . . . ] ?  ')
c c= inpu t( ’c c : ' ) ;  
d i s p ( '  ')  

end
disp( 'The  f i n a l  choices  a r e : ' )
d i s p ( ' ')
d i sp ( 'd d :  ')
disp(dd)
d i s p ( '  ')
d i s p ( 'mpi: ')
disp(mpi)
d i s p ( ' ')
d i s p ( ' s s :  ')
d i s p ( s s )
d i s p ( '  ')
d i s p ( ' c c : ')
d i s p ( c c )
d i s p ( '  ') •
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•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% That' s the end of get_prony_in.m
y,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

ih -ex m p l.m

y++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% 'FILE:
% in_exmpl -  Routine fo r  d i sp la y in g  an input probing example
% fo r  Prony i d e n t i f i c a t i o n .
%
% INPUT:
% None.
%
% OUTPUT:
% None.
%
% CALLS:
% None.
I.
% GLOBAL:
% None.
%
% DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:
% None.
%
% AUTHORS:.
% Steve Hietpas November 1993
%
% REFERENCES:
% None.
%
% SYNTAX:
% in.exmpl
y+ ++ + + + + + + + + + + + ++++++++++++++++++++++++++++++++++++++++++++++++++++ 
s='As an example, consider  the  time l i n e  b e lo w .I; 
d i s p ( s )  
d i s p C  ')
s t r g = ' H--------1--------1--------1--------1--------1--------1--------H-------1--------1--------1--------•"1
d i s p ( [ s t r g , ; ------+------ +; ] )
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s t r g = ' O IT 2T 3T 4T 5T .61 7T SI 9T IOT I lT';  
d isp C E strg , ' 12T 13T'])
d i s p ( '  ')
d i s p ( ' In terva l  I ,  2 modes')
d i s p ( 'L e t  the  input, be c l* ex p (s l* t )+ c2*exp (s2* t )  fo r  0-2T s e c o n d s , ’ ) 
d i s p ( '  ’ )
d i s p ( ' In terva l  2, 0 modes')
d i s p ( 'L e t  input be o f f  fo r  2T-4T s e c o n d s . ' )
d i s p ( '  ')
d i s p ( ' In terva l  3,  4 modes')
s t r g = 'Let the  input be c3*exp(s3*t)+c4*exp(s4*t)+c5*exp(s5*t ) '; 
d i s p ( [ s t r g , ’+c6*exp(s6* t ) ' ] )  
d i s p ( '  ')
d i s p ( ' f o r  4T-8T seconds,  and then o f f  f o r ’ remaining t i m e . ' )  
d i s p ( ' ’ )
d i s p ( 'F o r  t h i s  example s e t  T = I  ( s e c o n d ) . ' )  
d i s p ( ’ ')
s t r g = 'You w i l l  be prompted fo r  the times  that the input ' ;  
d i s p ( [ s t r g , ' in t e r v a l s  e n d . ' ] )
d isp ( 'T o  t h i s  prompting you would enter: [I 4 8 ] . ' )  
d i s p ( '  ')
s t r g = 'You w i l l  next be prompted fo r  the number of modes f o r ' ;  ■ 
d is p (  [ s t r g / '  each i n t e r v a l . ' ] ; )
d isp( 'To  t h i s  prompting you would enter: [ 2 0 4 ] . ' )  
d i s p ( '  ')
d i s p ( ’You w i l l  next be prompted for  amplitude v a l u e s . ' )  
disp( 'T o  t h i s  prompting you would e n t e r : - [ c l  c2 c3 c4 c5 c 6 ] . ' )  
d i s p ( ’ ')
d isp( 'You w i l l  next be prompted fo r  mode v a l u e s . ' )
d isp ( 'T o  t h i s  prompting you would enter: [ s i  s2 s3 s4 s5 s 6 ] . ' )
d i s p ( ’ ’ )
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% That's  the end of in_exmpl.m
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

rm _m ode.m
.

fu n c t io n  [Modes]=rm_mode(modes)
*/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% FILE:
% in_exmpl -  Removes modes produced by prlb.m and other
% m - f i l e s .
%



J

188

% INPUT:
% modes -  vector  of modes.
%
% OUTPUT:
% Modes -  new vector  of modes.
%
% CALLS: ,
% None.
% ,
% GLOBAL:
% None.
%
% DATA FILES WRITTEN:
% None.
% ■ ' ;"i
% DATA FILES READ:
% None.
% ;
% AUTHORS: |
% Steve Hietpas April  1993
% ;
% REFERENCES: .
% ' None.
•/.
% SYNTAX:.
% [Modes]=rm_mode(modes);
% +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ I

mode_len=length(modes);
f o r  i i= l :mode_len  :

f p r i n t f ( ' \ n \ n ; ) 
d is p ( m o d e s ( i i ) )
ans=in p u t ( 'Remove t h i s  above mode? [n,N,<rtn>=no] >> \ ' s ' ) ;
i f  ( i sempty(ans) I ans=='n' I ans=='N') , 1

Modes=[Modes;modes(ii)]; 
end

end I
r e t u r n . . I
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% That's  the end of rm_mode.m
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
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xdisp_m ode.m

fu n c t io n  [ ] =xdisp_mode(mode,tit le)  
+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

% FILE:
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

xdisp_mode -  Display s e c t io n  fo r  modes produced by prl.m 
and other m - f i l e s  fo r  X-windows environment.

INPUT:
modes -  modes to  d isp lay
t i t l e  -  name of s ig n a l  to  be used in header of  

displayed modes.

OUTPUT:
None.

CALLS:
None.

GLOBAL:
None.

DATA FILES WRITTEN:
- None. "

DATA FILES READ:
None.

AUTHORS:
% Steve Hietpas April  1993
%
% REFERENCES:
% None.
%
% SYNTAX:
% [ ] =xdisp_mode(m ode,t i t le ) ;
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
mode_len=length(mode(: , ! ) ) ;
mode=[real(mode) imag(mode)]; - -
Ssl=C1 The ' , t i t l e , 1 modes a r e : 1] ;  
s s 2 = 1 Real • Imag1;
s s 3 = 1 _____________________________1 ;
d i s p ( s s l )
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d i s p ( s s 2 )
d i s p ( s s 3 )
disp(mode)
return
Jl+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That-s the end of xdisp_mode.m
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

make_obsvble.m

fu n c t io n  [num, den, C, D, f la g ]  = make_obsvble(nuin,den,C,D) 
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% FILE:
% make,_obsvble -  Take any arb itrary  system and make i t
% observab le .
%
% INPUT:
%
%
%
%
%
%
%
%
%

e l s e i f  nargin i s

i f  nargin i s  2

num
den
C
D

num
den

The numerator polynomial.
The denominator polynomial.
4
Sta te -sp ace  t r a n s i t i o n  matrix ,  A 
Sta te -sp ace  input matrix,  B 
State -sp ace  output m atr ix , 
State -sp ace  d ir e c t  m atr ix .

% OUTPUT:
%
%
%
%
%
%
%
%
%
%
%
%
%

e l s e i f  nargout i s  5

i f  nargout i s  3 
num 
den

num
den
C
D
f l a g

f l a g

-  S ta te -sp ace  t r a n s i t i o n  m atr ix , A
-  S ta te -sp ace  input matrix , B
-  S ta te -sp ace  output matrix ,
-  S ta te -sp ace  d i r e c t  m atr ix .
-  f Iag==O i f  system was not reduced,  

f Iag==I i f  system was reduced.

The numerator polynomial .
The denominator polynomial,  
f Iag==O i f  system was not reduced. 
f Iag==I i f  system was reduced.

% GLOBAL:
%
%

None.



191

% CALLS:
% s s 2 t f  -  S ta te -sp ace  to  t r a n s fe r  fu nct ion  (S ignal  toobox)
% t f 2ss  -  Transfer funct ion  to  s ta te - sp a c e  (S ignal toobox)
%
% DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:
% None.
%
% AUTHOR:
% Steve Hietpas December 1993
%
% REFERENCES:
% None.
%
% SYNTAX: '
% CnumjHen,flag] = make_obsvble(num,den)
% or
% [AjBjCjD,f la g ]  = make_obsvble(AJBJC,D)
%
%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
to l= in p u t ( 'E n te r  to le r a n c e .  [<ret>=0.01] >> ' ) ;  
i f  ( i s e m p t y ( t o l ) ) 

t o l = 0 .01; 
end
i f  nargin==2

[AJBJC,D]=tf2ss(numJd e n ) ; 
e l s e  

A=num;
B=den;

■ [num, d e n ] = s s 2 t f (AjBjCjDjI ) ; 
end
num_old=num;
den_old=den;
A_old=A;
B_old=B;
C_old=C;
D_old=D;
[n,n] = s ize (A )  ; . . .
obs_M=obsv(A,C); '/,The o b s e rv a b i l i ty  matrix,  
i f  rank(obs_M)<n 

notdone=!;
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while  notdone
% Try to  make system observable .  
z,er=roots(num) ; 
p o l= r o o t s ( d e n ) ; 
l z = l e n g t h ( z e r ) ; 
l p = l e n g t h ( p o l ) ; 
z er _ k e e p = [ l : I : l z ] '; 
pol_keep=[ I : I :I p ] ’ ; 
k_rid=[] ; 
kk_rid= [];  
f o r  k = l :Ip 

fo r  k k = l :Iz
d i f f =min(abs (pol(k) - zer  (kk) )., abs (pol (k)-conj (zer(kk) ) ) )  ; 
i f  d i f  f  <=tol '/,mark th ese  endices  fo r  mode's to  remove. 

i f  i s em p ty ( f ind(k==k_rid)) 
k_rid=[k_rid;  k ] ; 

end
i f  isempty(f ind(kk==kk_rid)) 

kk_rid=[kk_rid; k k ] ; 
end 

end 
end 

end
l_ k r id = le n g th (k _ r id ) ; 
i f  "isempty( l_krid)  

f o r  k = l :l_kr id
zer_keep=zer_keep(f ind(kk_rid(k)~=zer_keep));  
poi_keep=pol_keep(find( k_rid(k)~=pol_keep)) ; '  

end 
end
zer= zer(zer_k eep ); 
p o l= p o l(p o l_k eep ); 
num=poly(zer); 
den=poly( p o l ) ;
[A, B, C, D] =t f  2ss (num, den) ;
A=real(A) ;
B=rea l (B ) ;
C=real(C);
D=real(D);
[n ,n ]= s ize (A );
obs_M=obsv(A,C) ; '/,The o b s e r v a b i l i ty  m atr ix . 
i f  rank(obs_M)<n

d i s p ( , An attempt was made to  make the  system o b s e rv a b le . ' )
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disp( 'You may increase  the value fo r  t o l ') 
d i s p ( ' t o  make i t  o b serv a b le . ' )

ansl=input( 'Do you want to  t r y  again? [y ,Y ,<ret>=yes] >> ' , ' s ' )  
i f  ( i sem pty(ansi)  I ansl=='y' | ansl=='Y')

t o l = i n p u t ( ' Enter a new to lera n ce  value: >> ' ) ;
notdone=!;
num_old=num; .
den_old=den;
A=A_old;
B=B_old;
C=C_old;
D=D_old;
[n,n] = s i z e ( A ) ; 

e l s e
notdone=0; 
i f  nargout==3. 

num=num_old; 
den=den_old; 
f Iag=O; ■
C=f l a g ;

e l s e i f  nargout==5 
num=A_old; 
den=B_old;
C=C_old;
D=D_,old; 
f Iag=O; 

e l s e
disp( 'No output r eq u es ted . ' )  

end 
end 

e l s e
notdone=0;
d isp( 'The  system was unobservable but now i s . ' )  
i f  nargout==3

f Iag=I; '
C=flag;

e l s e i f  nargout==5 
num=A; 
den=B; 
f Iag=I; 

e l s e
disp( 'No output r eq u e s t ed . ' )  

end
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end '
end 

e l s e
d isp( 'The  system i s  observab le . ’ ) 
i f  nargout==3 

num=num_old; 
den=den_old; 
f Iag=O;
C=f lag;

e l s e i f  nargout==5' 
num=A_old; 
den=B_old;
C=C_old;
D=D_old; 
f Iag=O; 

e l s e
'd isp( ;No output req u es ted . ' )

end
end
return
7,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That's  the end of make_obsvble.m
•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++.+++++++++

obsv.m

fu n c t io n  ob = o b s v ( a , c)
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% FILE:
% obsv ■ -  Formulates the o b s e rv a b i l i ty  m atr ix .
% ■ Borrowed from the contro l  too lbox ,  no copyright
% ob Il P O P O P

> to

%
% INPUT:
% a - S ta te -sp ace  m atr ix .
% C -  S ta te -sp ace  output m atr ix .
% OUTPUT:
% ob - o b s e r v a b i l i ty  m atr ix .
%
% GLOBAL:
% ,None.
%
% CALLS:
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% None.
%
% DATA FILES WRITTEN: 
% , None.
%
% DATA FILES READ:
% None.
%
% AUTHOR:
% Unknown.
I
% REFERENCES:
% None.
%
% SYNTAX:

•/,+++++++++++++++++++++++++++++++++++++++++++++++++.++++++++++++++++ 
[m,n] = s i z e ( a ) ; 
ob = c; 
f o r  i = l : n - l

o b =  [ c ; ob*a] ; 
end
return
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That’ s the end of obsv.m
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

sys2obsv_can.m

fu n c t io n  [num, den, C, D, f la g ]  = sys2obsv_can(num, den, C, D) 
'/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++f++++ 
% FILE:
% sys2obsv_can -  Take any system and place  in observable
% canonical form.

% ob = o b s v ( a , c ) ;

% .

% INPUT:
%
%
%
%
%
% '  

%

e l s e i f  nargin i s  4

i f  nargin i s  2 
num 
den

num
den
C

-  S ta te -sp ace  t r a n s i t i o n  m atr ix , A
-  S ta te -sp ace  input matrix,  B
-  S ta te -sp ace  output matrix,

-  The numerator polynomial.
-  The denominator polynomial.
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%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
.%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

OUTPUT:
• i f  nargout i s  

num 
den 
f l a g

e l s e i f  nargout 
num 
den 
C 
D
f l a g

GLOBAL:
None.

-  S ta te -sp ace  d i r e c t  m atr ix .

3 '/.This i s  an u n l ik e ly  r e q u e s t .
-  The numerator polynomial .
-  The denominator polynomial.
-  f Iag==O i f  system was not reduced,  

f Iag==I i f  system was reduced.
i s  5
-  S ta te -sp ace  t r a n s i t i o n  m atr ix , A
-  S ta te -sp ace  input matrix,  B
-  S ta te -sp ace  output m atr ix ,
-  S ta te -sp ace  d ir e c t  matrix.
-  f Iag==O i f  system was not reduced,  

f Iag==I i f  system was reduced.

CALLS:
s s 2 t f  
t f  2ss

Sta te -sp ace  to  t r a n s f e r  fu nct ion  (S ignal  toobox)  
Transfer fu nct ion  to  s ta te - s p a c e  (S ignal  toobox)

DATA FILES WRITTEN:
None.

DATA FILES READ:
None.

AUTHOR:
Steve Hietpas December 1993 

REFERENCES:
[1] For transformation approach.
G. H. H o s t e t t e r , "D ig i ta l  Control System Design,"  
pp.. 193-195, Holt ,  Rinehart and Winston, I n c .

[2] For transformation approach.
K. Ogata, "Discrete-Time Control Systems," 
pp. 491-493," P r i n t i c e - H a l l , Inc.  ;

SYNTAX:
[num,den,flag]={sys2obsv_can(num,den) or sys2obsv_can(A,B,C,D)}
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% or
% [A,B,C,D,flag]={sys2obsv_can(num,den) or sys2obsv_can(A,B,C,D)}  
/il+++ +++ +++ +++ +++ +++ + ++ ++ ++ ++ ++ ++ ++ ++ ++ + ++ ++ ++ ++ ++ ++ ++ ++ ++ ++ ++ ++ ++ +
f Iag=O; 
i f  nargin==2

[A,B,C,D] =tf2ss(num,'den) ; 
e l s e  

A=imm;
B=den;
[num,den]=ss2tf(A,B ,C,D, I ) ; 

end ' .
num_old=num;
den_old=den; -
A_old=A;
B_old=B; >■
C_old=C;
D_old=D;
[n,n] = s i z e ( A ) ;
obs_M=obsv(A,C) ; '/,The o b s e rv a b i l i ty  matrix . 
i f . rank(obs_M)<n

disp( 'The  system i s  not ob servab le . ' )
d isp( 'Do you want to  make the system observab le ')
dispC'by removing po le -zero  matches?’ )
rem=in p u t ( 'Remove matches? [n,N,<ret>=No] >> ‘ ‘ s ’ ) ;
if ”(isempty(rem) I rem=='n' I rem== jN 1)

[A,B,C,D,flagl=make_obsvble(A,B,C,D);
[num,den]=ss2tf(A,B,C,D,I ) ;
[n,n] = s i z e ( A ) ; 

end 
end
do_canon=l; 
i f  do_canon

char_eq_A=poly(A);
Q=C; . ■
for k=l:n-l

Q(k+1,: )=Q(k,: ) *A+char_eq_A(k+I)*C; 
end
cq=cond(Q); 

a n s l = ' n ' ;
i f  ~ ( isem pty(ansl)  I ansl=='n'  I ansl=='N') % See referen ce  [1] 

iQ=inv(Q);
A=real(Q*A*iQ);
B=real(Q*B);
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C=real(C*iQ) ;
to l= in p u t ( 'E n te r  to le r a n c e .  [<ret>=le -4] >> ' ) ;  
i f  ( i s e m p t y ( t o l ) ) 

t o l = l e - 4 ;
end
fo r  k=l:n

I = f i n d ( a b s ( A ( : , k ) ) < t o l ) ; 
f o r  k k = l :I e n g t h ( I ) ;

A(I(kk);k)=0;  
end 

end
I = f i n d ( a b s ( B ) < t o l ) ; 
f o r  k k = l :I en g th ( I ) ;

B ( I (kk))= 0 ; 
end
I = f in d (a b s (C)< t o l ) ; 
fo r  k k = l :I e n g t h ( I ) ;

C( I (kk))=0; 
end

e l s e  % See reference  [2]
A=[ z e r o s (n , I )  [ e y e ( n - l , n - 1 ) ; z e r o s ( l , n - l ) ] ] ;
A ( : , I )= -  [ d e n (2 :n + l ) ] ';
B= [num(2 :n+ l ) -den (2  :n+l)*nufn(l)]  ' ;
C=[I z e r o s ( I ,n - 1 ) ] ; 

end
[n,n] = s i z e ( A ) ;
obs_M=obsv(A,C); '/.The o b s e rv a b i l i ty  m atr ix . 
i f  rank(obs_M)<n

disp( 'The  system i s  not observab le . ' )  
disp( 'Do you want to  make the system ob servab le ' ) 
d is p ( 'b y  removing p o le -zero  matches?') 
rem=input('Remove matches? [n,N,<ret>=No] >> ' , ' s ' )  
i f  " ( isem pty(rem) I rem=='n' I rem== 'N')

[A,B',C, D, f l a g ]  =make_obsvble(A, B, C, D) ;
[num, d e n ] = s s 2 t f (A, B, C, D, I ) ;
[n , n] ' = s i z e ( A ) ; ■ 

e l s e
do_canon=0;
disp('Warning: The system i s  unobservable ! ' )

end 
e l s e

d isp( 'The  transformed system i s  observab le . ' )  
do_canon=0;
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end

e l s e
A=A_old;
B=B_old;
C=C_old 
D=D_old; 
f Iag=O; 

end
i f  nargout==3 ‘/,This i s .  an u n l ik e ly  r e q u e s t . 

[num, d en ]= ss2 t f (A , B, C, D, I );

e l s e i f  nargout-=5  
num=A; 
den=B; 

e l s e
d i s p ( ;No output r eq u es ted . ’ ) 

end
return
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That's  the end of sys2obsv_can. m'
^ + + + + + + + +++ +++++ +++ + + + +++++ +++ + + + + + ++-H—H+ +++ + + +++ + + + + + + + + + + + + + + + + +

mo on I . m

%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

"data_fi l e " .mat. The vectors  or m atr ic ie s
of data,  usd and ysd2, are used to  construct  
the Hankel matrices  which in turn i s  used for  
the  est im at ion  of the d i s c r e t e  
s t a te - s p a c e  model, (y=ysd2, u=usd):

x ( (k+l)T)  = A*x(kT) + B*u(kT)

y(kT) = C*x(kT) + D*u(kT)

This algorithm assumes u.(kT) s u f f i c i e n t l y  
e x c i t e s  the system modes. For more on 
' s u f f i c i e n t ' e x c i t a t i o n  see  notes  ( i , i i , i i i )  
on pp. 222 and 223 of Moonen, e t  a l .
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% INPUT:
% d a ta _ f i l e  -  Data f i l e  name, i f  l e f t  empty user w i l l  be
% querried fo r  a f i l e  name.
%
% OUTPUT:
% None.
%
% GLOBAL:
% None.
%
% CALLS:
% moon2.m -  see moon2.m
%
% DATA FILES WRITTEN:
% moonl.mat -  see  saving s e c t io n .
%
% DATA FILES READ:
% •{'data_f i l e ’} .mat
%
% AUTHOR:
% Steve Hietpas A p r i l , 1993
%
% REFERENCES: -
%
% [1] M. Moonen, B. De Moor, L. Vandenberghe, J . Vandewalle,
% "On- and o f f - l i n e  i d e n t i f i c a t i o n  of l in e a r  s ta te - s p a c e  models,"
% I n t . J . Contr . ,  1989, v o l . 49,  no. I ,  pp. 219-232.
% The s p e c i f i c  algorithm used i s  taken from Algorithm I,
% pp . 228-229. of ( I ) .
%
% SYNTAX:
% moonl(data_fi l e )  ;
% or
% moonl;
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
disp('Running the fu n c t ion  moonl.m') 
d e f au lt_d ata= ' ex_uyt '; 
i f  nargih"=!  

what
s t r g = [ ' Enter a data f i l e  name [<ret>=' ,d e f a u l t _ d a t a , '] >> ' ] ;  
d a t a _ f i l e = i n p u t ( s t r g , ;s J) ; 
i f  i sem pty(d ata_f i l e ) ; 

d a ta_ f i le= d efau lt_d ata ;
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end
end
Id=[ ' lo a d  ' , d a t a _ f i l e ] ; e v a l ( l d ) ;
%The fo l lo w in g  code allows the user to  s p e c i f y  at what time  
'/,data i s  to  be used fo r  system i d e n t i f i c a t i o n ,  
t s d i= le n g th ( t s d ) ;
[ y s d i , y s d j ] = s i z e ( y s d 2 ) ;  [ u s d i ,u s d j ] = s i z e ( u s d ) ; 
m=usdj; %m i s  the number of inputs .  
l=ysdj ; '/,I i s  the  number of outputs.  
u = f l ip u d (ro t9 0 (u sd ) );  y= f l ip u d (ro t9 0 (y sd 2 ) );
%
'/,Building the  Hankel Matrix of equation (6) , pg. 223 of ( l ) .
'/,First determine the number of rows of H,
'/, the  concatenation of Hl and H2. 
notdone=!; 
while  notdone 

notdone-0; 
notdonel=!;  
while  notdonel  

notdonel=0;
'/,To maximize the use of the data determine from the  user supplied  
%g what the dimension of H should be.
H i= 2 * f ix ( ( y s d i + l ) / ( g + 2 ) )  ;'/,Total number of rows f o r  H w i l l

'/.be (m+1) *Hi.
H j= f ix (g * H i /2 ) ; used=Hi+Hj-l; Uli=m*Hi/2;Y l i= l* H i /2 ;' 

f p.rintf ( ' \n \n  There are %g data po in ts  of which %g w i l l  be u sed . ' , . . . 
y s d i , u s e d ) ;
f p r i n t f  (' \n \n  The dimension of Ul and Yl are %g and %g by '/,g, . . . 
r e s p e c t i v e l y . ’ , U l i 1Y l i ,H j );
s t r g = ' Do you want to  try  another m u l t ip l i c a t io n  f a c t o r , '; ■ 
s t r g = [ s t r g , ' [n,N,<ret>=no]7 > > ' ] ; '  

ans=input( s t r g , ' s ’ );
i f  ( i sempty(ans) I ans==’n' I ans=='N')  

notdonel=0; 
e l s e
notdonel=!;
g=in p u t ( ' Enter another m u l t ip l i c a t io n  f a c t o r : ')  

end 
end
d isp ( 'C on s tru c t in g  Hankel Matrix') - 
U=[] ;Y= [] ;H=[] ; 
f o r  j j = l : H i

j j f i n = ( j j - l ) + H j ;
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ytmp=y(: , j j :j j f i n ) ; utmp=u(: , j j :j j f i n ) ;
H=[H;ytmp;utmp];
Y= [Y-;ytmp] ; U= [U;utmp]; 

end .
Yl=Y( I : l * H i / 2 , :);  Y2=Y(l*Hi/2+l: l*Hi , : ) ;
U 1 = U ( 1 :);% U2=U(m*Hi/2+l:m*Hi, : ) ;
H1=[Y1;U1] ;•/. H2=[Y2;U2] ; 
c l e a r  Y U
'/,This part i s  from Equation (5) and proof on pg 224 of (I )  . 
rHl=rank(Hl) ;• rUl=rank(Ul); 
i f  rUl~=m*Hi/2

f p r i n t f ( 'The rank of Ul i s  %g \ n ' , r U l )  
f p r i n t f ( ' \n  Ul has %g rows \ n J,m*Hi/2) 
d i s p ( 'U l  i s  not f u l l  row rank!')  
ans=input( 'Redo t h i s  run? [y,Y,<ret>=yes] ' , ' s ' )  
i f  ~ (isempty(ans) I ans=='y ' I ans=='Y') 

notdone=0; 
n=rHl-rUl;  
i i=Ul i /m ;
'/,Now th at  H i s  constructed we can proceed with 
'/.Step I pg 228 of (I )  . 
disp('Computing SVD')
[U,S,V] =svd(H) ; '/, H=U*S*V 
var_svd=' U S V H  rHl  rUl  i i  n m I ' ;■ 
sv_dat= [var_svd , ’ v a r _ s v d ' ] ; 
sv = [ ' sa v e  moonl ' , s v _ d a t ] ;ev a l ( sv )  

e l s e
notdone=!;

end
e l s e

notdone=0; 
h=rHl-rUl;  
i i=Ul i /m ;
'/,Now th a t  H i s  constructed we can proceed with 
'/,Step I pg 228 of ( I ) .
d i s p ( '  ' ) , d i s p ( '  ' ) ,disp('Computing SVD') ,d isp('  ' ) , d i s p ( ' ') 
[U,S,V] =svd(H); % H=U*S*V 

. var_svd=' U S V H  rHl rUl i i  n m I.';
• sv_dat= [var_svd , ' var_svd']; .  

sv = [ ' sa v e  moonl ' , s v _ d a t ] ;eva l ( sv )  
end 

end
y(+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
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'/,Now run the  second part of the system i d e n t i f i c a t i o n  program. 
dispC’Moonl i s  done' ) ,pause(2).  
moon2(data_fi l e )
dispC' ' ) , d i s p ( '  ‘ ) , d i s p ( ,Moon2 i s  done. ’ ) ,pause(2)
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
return
y,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% That's  the end of moonl.m
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

mo on 2. m

fu n c t io n  [ ] =moon2(data_fi l e )
'/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
•/. FILE:
%
%
%
%
%
%
%
%
%
%
%
%
%
%

moon2.m

INPUT:
None.

OUTPUT:
None.

GLOBAL:
f ig _ ta b le

This s e c t io n  i s  the second s tage  of the  
i d e n t i f i c a t i o n  procedure fo r  Moonen et a l . 
Moon2 should always be executed a f t e r  having 
executed Moonl.m

Table of e x i s t i n g  f ig u r e  numbers.

% CALLS':
% discr.m -  A routine  that  d i s c r e t i z e s  the cont inous  model
%
% DATA FILES WRITTEN:
% see  saving s e c t i o n .
%
% DATA FILES READ:
% V d a t a . f i l e '  .mat} -  see moonl.m
%
% AUTHOR:
% Steve Hietpas September 1992
%
% REFERENCES:
% [1] M. Moonen, B. De Moor, L. Vandenberghe, J . Vandewalle,
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% "On- and o f f - l i n e  i d e n t i f i c a t i o n  of l in e a r  s ta te - s p a c e  models ," 
% I n t . J . Contr . ,  1989, v o l . 49,  no. I ,  pp. 219-232.
% The s p e c i f i c  algorithm used i s  taken from Algorithm I,
% pp . 228-229. of ( I ) .
%
% SYNTAX:
% moon2(data_fi l e ) ;
% or

. % moon2;
%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
dispC'Running the  fu n ct ion  moon2.mJ) 
g lo b a l  f i g _ t a b l e  
i f  nargin~=l  

what
s t r g = ' Enter a data f i l e  name [<ret>=orig_dat] >> '; 
d a t a _ f i l e = i n p u t ( s t r g , ' s ' ) ;  
i f  i sem pty(d ata_ f i l e ) ;

d a ta _ f i l e = ' o r ig _ d a t '; 
end 

end
Id=[ ' lo a d  ' , d a t a _ f i l e ] ; e v a l ( l d ) ; 
load moonl
sl=['SNR of co lored n o is e  induced on output i s ,  ' ] ;  
s l= [ s l ,n u m 2 s t r ( s g n r 2 ) , '  dB'] ;
s2=['SNR of ad d i t iv e  output n o ise  i s  ' ,num2str(sg n r o ) , '  dB'];  
s s = s t r 2 m a t ( s l , s 2 ) ;
d i s p ( ' Place 2 s t r in g s  of information on f i g u r e . ' )  
t t = 'S ingular  Values of Hl';
yy='S ingular  Value Mag.' ;xx='Singular Value Order # ' ;
[t im,dat]=t ime;t im=['The time i s  ' , t im ];d isp ( t im )  
f i g u r e
f i g _ t a b l e = [ f i g _ t a b l e ; g c f ] ;
p lo t  (diag(S ( I :n , I :n) ) , ' * ' )  , t i t l e ( t t )  ,x lab e l (xx )  , y l a b e l (yy)-,grid 
g t e x t ( s s )
t im e_ s ta m p ,d ir_ s ta m p ,f i l e_ s ta m p (d a ta _ f i le ) ;
notdone=!;
while  notdone

order=input( 'What i s  the f i n a l  choice  of system order? ' ) ;  
i f  isempty(order) order=n; end, n=ordef;
Y1*********************************************************
’/,Form HQ, which i s  from Theorem 4, page 225:
% HQ = U12'*U11*S11*V',
% where d im (Sl l )  i s  taken to  be (2*m*ii+n)X(2*m*ii+n)
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% dim(U l l )  i s  taken to  be (m*i i+l*ii )X(2*m*ii+n)
% dim(U12) i s  taken to  be ( m * i i+ l* i ) X (2 * l* i i -n )
'/.Next perform SVD on Hq:
% -
% HQ = [Uq Uq(perp)] I Sq 0 I [Vq Vq(perp)];
% I O O l
% -
'/. • where dim(Uq) i s  chosen to  be (2 * l* i i -n )X (n )
% *********************************************************
U11=U(1: ( m + l ) * i i , 1 :2*m*ii+n);
U12=U(1: ( m + l ) * i i , 2*m*ii+n+l:2 * ( m + l ) * i i ) ;'
S l=S( I :2*m*ii+n,:);
HQ=U12'*U11*S1*V';
[UQ.SQjVQj=Svd(HQ);
'/.dim(Uq) i s  taken to  be UQ( : , I :n)
Uq=UQ( : , I : n ) ;
%*********************************************************
'/,Form the l e f t  and r ig h t  matrice of Theorem 5, page 227-228:
% -
'/. USl=I Uq, *U12, *U(m+l+l: (m + l)* ( i i+ l )  , :)*S I
'/. I U( (m+1) * i i + l : (m+l)*ii+m, : )*S I
'/. -
%
'/.
'/. USr=I Uq'*U12'*U(l : (m +l)* i iJ:)*S I
'/, I U((m+l)*ii+m+l: (m + l)* ( i i+ l )  , :)*S I
% - -
*/.
'/, I Fm Gm I =USl*pinv(USr)
'/. I Cm Dm I
%
'/.
%********************************************************* 
USll=[Uq, *U12, *U (m + l+ l : (m + l)* ( i i+ l ) , : ) * S ] ;
US12=[U( ( m + l ) * i i + l : (m+l)*ii+m,:) * S ] ;
U Sl= [U Sl l ;US12];
USrl=[Uq, *U12, * U ( l : ( m + l ) * i i , : ) * S ] ;
USr2=[U( (m+l)*ii+m+l: ( m + l ) * ( i i + l ) , : ) * S ] ;
USr=CUSrI ;USr2];
FtoD=USl*pinv(USr);
C l l ,mm]=size(FtoD);
Fm=FtoD(l:n,I : n ) ;
Gm=FtoD( I :n,n+l:mm);
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Cm=FtoD(n+1: 1 1 , I : n ) ;
Dm=FtoD(n+l:11 ,n+1:mm); 
eigFm=eig(Fm);
eigAm=log(eigFm)/DT; ■ ■ '
d i s p ( ' Complete Set of Eigenvalues  (z -domain)')
d i s p ( ' _____________________________________ •____' )
disp(eigFm)
d isp C 'I f  some of the r e a l  parts  of the  e igenvalues  a r e ' )  
d i s p ( ' n e g a t i v e , you should try  choosing a larger  o r d e r . ' )  
ans=input( 'Try la rg er  order? [n,N,<ret>=no] >> ' , ' s ' ) ;  
i f  " (isempty(ans) I ans=='n' I ans=='N')  

notdone=!;  
e l s e

notdone=0;
end

[Am,Bm]=discr(Fm,Gm,DT);
[n_mod, d_mod]=ss2tf(Am, Bm, Cm, Dm, I );
n_mod=real(n_mod);d_mod=real(d_mod) ; ,
[Am, Bm, Cmc, Dmc]=tf2ss(n_mod, d_mod); 
model_fi l e = [data_f i l e , '_mod'];
var_svd_m=' Am Bm Cmc Dmc Fm Gm Cm Dm eigAm eigFm s y s ';
sv_dat=[var_svd_m,' var_svd_m'];
sv = [ ' sa v e  ' ,model_fi l e , s v _ d a t ] ;eva l ( sv )
return
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% That's  the end of moon2.m
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

m oon-in .m

fu n c t io n  [usd,tsd]=moon_in(system,u_f i l e , FT)
J J + + + + + + + + + + + + + + + + + + + + + + + + + + .+ + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + +  
% F i l e :
% moon_in -  This fu nct ion  generates  the  input drive
% s ig n a l  fo r  the  fo l lo w in g  system :

end

%
%
%
%.

x((k+l)T)  = F*x(kT) + G*u(kT)

y(kT) = C*x(kT) + D*u(kT)
%
% INPUT:
% system - The data f i l e  that  contains  the  system
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% matrices  and DT.
% u _ f i l e -  The name of the input probing f i l e .
% FT - The f i n a l  t ime fo r  eva luat ion  of system;
%
•/. OUTPUT:
% usd -  Vector of input s i g n a l ;.
% tsd -  Vector of t ime s igna l ;
%
% GLOBAL:
% None.
%
% CALLS:
% get_moon_in -  A routine  that  r e t r i e v e s  information for
% u _ f i l e .
%
% DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:
% None.
%
% AUTHOR:
% Steve Hietpas January 1994
%
% REFERENCES:
% None.
%
% SYNTAX:
% [usd, tsd]=moon_in(system,u_fi l e ,FT)
•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
d i s p ( ; ' ) , d i s p ( '  ')
disp('Running the fu n ct ion  moon_in.m')
Id=[ 1 load 1, sy s tem ]; e v a l ( I d ) ; 
i f  e x i s t ( 'moon.in .maV) 

load moon.in 
e l s e

k k = [ ] ;d t= [ ] ; m = [ ] ; 
end
tsd= [] ;usd= [] ; 
t= 0 ; t t= f ix (F T /D T );
[kk,dt  ,m] =get_moon_in(kk,dt ,m) ; ‘/,Get information fo r  disturbance input  
f o r  k = l : t t

u = f e v a l ( u _ f i l e , t , k k , d t , m ) ;
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usd= [usd;u] ;■ 
t s d = [ t s d ; t ] ; 
t=t+DT; 

end
var_svd_in=' usd t s d  kk dt m'; 
sv_dat= [var_svd_ in , ' var_svd_in , j ; 
sv= [ ‘ save moon_.in' , sv_dat] ;e va l ( sv )  
return
•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That's  the  end of moon_in.m
’/++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

U -m oonen .m

fu n c t io n  u = u_moonen(t,k,dt,m)
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% FILE:
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

u-moonen.m — This code provides  ,a SINC type input for  
Moonen, et a l .  type i d e n t i f i c a t i o n .

INPUT:
t  - time;
k -  time m ult . f a c t o r . 

dt -  time s h i f t  f a c t o r . 
m - a magnitude fa c t o r .

OUTPUT:
u -  matrix of input control  s i g n a l s .

GLOBAL:
None.

CALLS:
None.

DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:
% None.
%
% AUTHOR:
% Steve Hietpas- October 1992
%
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% REFERENCES:
% None.
%
% SYNTAX:
% u = u_m oonen(t ,k ,dt ,m);
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
%This i s  the  SINC f u n c t i o n . 
i f  ( t -d t)==0  

u=m; 
e l s e

u = m * s i n ( k * ( t - d t ) ) / ( k * ( t - d t ) ) ; .
u = u + (ra n d ( l ) - . 5 ) / (100*m); 

end
return
•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++'++
% That's  the  end of u_moonen.m
'/,++++++++++++++++++++++++++++++++++.++++++++++++++++++++++++++++++++ .

g e t-m o o n J n .m

fu n c t io n  [k,dt,m]=get_moon_in(k , dt,m) 
'/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% FILE:
% get_moon_in -  Routine for  g e t t i n g  input probing information
%
% INPUT:
% k -  time m u lt . f a c t o r .
% dt -  time s h i f t  f a c t o r .
% m ■ -  a magnitude fa c t o r
%
% OUTPUT: '
% k , d t , m - see above.
%
% CALLS:
% None.
%
% GLOBAL:
% None.
%
% DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:
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%
%
% AUTHORS:

None,

% Steve Hietpas January 1994
%
% REFERENCES:
% None.
%
% SYNTAX:
% [k,dt,m] =get_,moon_in(k,dt ,m);
•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
i f  e x i s t ( ' k ' )

d i s p ( jThe previous value for  the time mult, f a c t o r , k , was: ')  
disp(k)
d isp( 'The  previous  value for  time s h i f t  f a c t o r , d t , was: ' )  
d isp ( d t )
d i s p ( ’The previous  value for  amplitude f a c t o r , m, was: ' )

■ disp(m)  
dispC' ’ )
ansl=input( 'Do you want to  keep these?  [y,Y,<rtn>=yes]: ' , ' s ' )  
i f  ~ ( isem pty(ansi)  I ansl=='y' I ans i=='Y ' ) 

disp( 'The  previous  value  fo r  k was: ' )  
disp(k)
disp('What values  fo r  k_new [ . . . ]  (<rtn> for  old v a l u e s ) ? ')
k_new=input( ' k_new: ' ) ;  
i f  isempty(k_new) 

k_new=k; 
end
disp( 'The  previous  value  for  m was: ' )  
disp(m)
disp('What values  fo r  m_new [ . . . ] ?  (<rtn> for  old  va lues )  ') 
m_new=input( ' m_new: ' ) ;  
i f  isempty(m_new) 

m_new=m; 
end
disp( 'The  previous values  fo r  dt was: ' )  
d is p ( d t )
d i s p ( ' What va lues  fo r  dt_new [ . . . ] ?  (<rtn> fo r  old  va lues )  ’ ) 
dt_new=input(.'dt_new: ') ;■ 
i f  isempty(dt_new)  

dt_new=dt; 
end
k=k_new;
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dt=dt_new;
m=m_new;

end
e l s e

d i s p ( ' What values  fo r  k [ . . . ] ?  . ') 
k=in p u t ( 'k :  ' ) ;  
d i s p ( ' ’ )
disp('What va lues  fo r  dt [ . . . ] ?  ’ )
dt=in p u t ( ' d t : ' ) ;  
d i s p ( ' O
dispCWhat va lues  fo r  m [ . . . ] ?  ')
m=input( jm: ; );  
d i s p ( '  O 

end
disp( 'The  f i n a l  cho ices  a r e : ' )
d i s p ( '  ')
d i s p ( 'k :  ')
d isp(k)
d i s p ( '  ')
d i s p ( ' d t :  ')
d i s p ( d t )
d i s p ( '  ')
d i s p ( 'm: ')  '
disp(m)
d i s p ( '  ')
return
^+++++++++++++++++++++++++++++++++4-++++++++++++++++++++++++++++++++
% That's  the end of get_moon_in.m
•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

U -m odes.m

fu n c t io n  u = u_modes(t ,k,m,dt)
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

% FILE:
% u_modes.m - This codes provides  s in u so id a l  inputs
%
v

fo r  any i d e n t i f i c a t i o n  r o u t i n e .
/I
% INPUT:
% t - time;
% k -  Vector of modes in rad /sec .
% m -  The amplitude vector  for  each mode.
% dt -  How long you want the drive  s ig n a l  on
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% OUTPUT:
% u input contro l  s i g n a l s  to  system.
%
% GLOBAL: '
% None.
%
% CALLS:
% None.
%
% DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:
% None.
%
% AUTHOR:
% Steve Hietpas October 1992
%
% REFERENCES:
% None.
%
% SYNTAX:
% . U =  u_m odes(t ,k ,m ,dt) ;
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
u=0;
i f  t<=dt

Ik=Iength( k ) ; 
f o r  j j = l : 1 k

u = u + m ( j j ) * s i n ( k ( j j ) * t ) ; 
end

end  ̂ •
return
î++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

% That's  the end of u_modes.m ■ "
^++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

sysmG.m

y^+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% FILE:
% sysmG.m' -  This i s  an example of a 4th order mechanical
% system with a second.order low-pass/wash-out
% f i l t e r .
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%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

We want to  contro l  v e l o c i t y  of Ml := v l .

%
%
%
%
%

++++++++ k3
/ \ / \ / \ / \ -

INPUT:
None.

+ + ----------

uin + +
— > + Ml + kl  +++++++ k2

+ + - - / \ / \ / \ - - +  M2 + / \ / \ / \ —
+ + din + +
++++++++. — > +++++++
########bl #######b2 '

I/
-I/
I/
I/
-I/
I/
I/

Pi
- >

I P2
---- >

###### in d ic a te s  f r i c t i o n  on the  mass with 
bl  and b2 the damping c o e f f i c i e n t s .
Let Xl=Plj d / d t ( x l ) = x 2 , x3=p2, d / d t (x3)=x4 
thus the v e l o c i t y  of Ml i s  x2 and of M2 i s  x 4 . 
The output vl=x2 i s  passed through a 
low-pass/wash-out f i l t e r  given by:

I x l f  I I - 3 1 .4 '  - 3 1 .4  I I x l f  I I 31 .4  I 
I . I =I I I 1+ I 1x2
I x2f I I 0 -0 .2 5  I I x2f I I 0 .25 I

y = x l f  = f i l t e r e d  value  of x2 := v l f .
The addit ion  of t h i s  f i l t e r  can be seen below.

Df A and of Cj producing 
Thus the s t a t e s  a r e :

% in the construction
%
y

a 6th order system.
/I
% I Xl' I I pi I
% I x2 I I v l  I
% I x3 I =I p2 I
% I x4 I I v2 I.
% I x l f I I v l f  I
% I x2f I I x2f I

OUTPUT:
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% None.
%
% GLOBAL:
% None.
%
% CALLS: -
% None.
%
% DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:
% None.
%
% AUTHOR:
% Steve Hietpas October 1992
%
% REFERENCES:
% None.
%
% SYNTAX:
%' sysiriG;
y,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
din=l;
%
'/.The A Matrix
%
kl=10;'/.spring constant 
k2=10;'/,spring constant 
k3= 15 ;'/,spring constant 
bl=. I;'/.damping coef . for Ml 
b2= . I; '/.damping coef . for M2 
Ml=I; '/,Mass I 
M2=I; ’/.Mass 2
all=0; al2=l; al3=0; al4=0; al5=0;

a!6=0;
a21=-(kl+k3)/Ml;a22=-bl/Ml;a23=kl/Ml; a24=0; a25=0;

a26=0;
a31=0; , a32=0; a33=0; a34=l; a35=0;

a36=0;
a41=kl/M2; a42=0; a43=-(kl+k2)/M2;a44=-b2/M2; a45=0;

a46=0;
a51=0; a52=31.4; a53=0; a54=0; - a55=-31.4;
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a61=0; a62=.25; a63=0; . a64=0;
a56=-31.4; 
a65=0; 
a66=-.25;

'/,The entire system with filter.
A = [alI a!2 a!3 a!4 a!5 a!6 

a21 a22 a23 a24 a25 a26 
a31 a32 a33 a34 a35 a36 
a41 a42 a43 a44 a45 a46 
a51 a52 a53 a54 a55 a56 
a61 a62 a63 a64 a65 a66];

'/,The input matrix for the entire system and filter.

B= [0 0 
I 0 
0 0 
0 I 
0 0 
0 0] ;

'/,The output matrix for the entire system with filter.
C=[0 0 0 0 I 0];
%
'/,The D matrix 
D= [0 0] ;
%
if din==0 

B=B(:,I) ;
D=D(: , I) ; 

end
%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That's the end of sysmS.m
%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

discr.m
function [F,G]=discr(A,B,T)
^ + + ++ ++ + ++ + ++++++++++++++++++++++++++++++++++++++++++++++++++++++++

%

'/.

'/. File:
% discr - Compute z-plane state matrices from 

continuous state eqn's: 
x_dot=Ax+Bu

%
%
%
% Discrete form from ZOH with sample period T

y=Cx+Du
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% x(k+l)=Fx(k)+Gu(k)
% y (k)=Cx(k)+Du(k).
% Note matrix C and D remains the same.
%
%
% INPUT:
% A - The state matrix.
% B - The input matrix.
% .
%
% OUTPUT:

T - The sampling time.

% F - The discretized.state matrix
'I H - The discretized input matrix
%
% GLOBAL:
% None.
%
% CALLS:
% None.
%
% DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:
% None.
%
% AUTHOR:
% Tia Sharpe, May 1992
%
% REFERENCES:
% Franklin, Powel, and Workman,
% "Digital Control of Dynamic Systems,"
% Pg • 53.
%
% SYNTAX:
% [F,G]=discr(A,B,T)
•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++.++++++++ 
s=size(A);
I=eye(s(l)); 
psi=I;
‘/,To increase accuracy increase the variable ‘ acc' . 
acc=20;
for m=acc:-I :2
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psi=I+(A*T)/m*psi; 
end
G=psi*T*B;
F=I+A*T*psi; 
return
%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That's the end of discr.m
X++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

fftst.m

function [sigf ,.f , energy] =fftst (sigt,t ,pit ,N,data_f ile)
X +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
X FILE:
X fftst.m -
X
X
X INPUT:
X sigt
X
X t
X
X pit
X N
X
X
X
X
X
X
X data_file -
X
X OUTPUT:

This routine performs a Fast Fourier Transform 
on the vector of data, sigt.

The signal, vector of data over time 
(real or complex) .
Either a vector of time or the step 
(sampling) time.
Plotting on for plt=l, else no plotting.
The size of the FFT to be performed, (optional) 
If N is not given, you will be asked if you want 
radix-2 fft to be performed.
If, however, N=jY', then a radix-2 fft will be 
performed.
If, however, N=O, then N will be set to length 
of sigt.
The name of the data file from which the data 
originates.

X sigf
X f
X

The resulting FFT of sigt over frequecy (complex). 
The vector of frequency (real).

X GLOBAL:
X None.
X
X CALLS:
X None.
X
X DATA FILES WRITTEN:
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% None.
% '
% DATA FILES READ:
% . None.
%
% AUTHOR:
% Steve Hietpas November 1993
%
% REFERENCES:
% None.
%
% SYNTAX:
%■ C sigf,f ,energy]=fft st(sigt,t ,pit,N ,dat a_file);
'/,+++++++++++++++++++++++++•++++++++++++++++++++++++++++++++++++++++ 
if ~nargin>=2

disp(’Must enter at least 2 variables') 
return 

end
if nargin==2 

plt=0; 
end
tlen=length(t);sigtlen=length(sigt); 
if tlen~=sigtlen 

T=t;
t=0:T:(sigtlen-1)*T;' 

else
T=t(2)-t (I); 

end
if nargin<4

strg='Do you want radix-2 fft to be performed? '; 
strg=[strg,'[y,Y,<ret>=yes] >> ']; 
rad2=input(strg,'s');
if (isempty(rad2) I rad2=='y' I rad2==’Y')

N=2~ (ceil(loglO(sigtlen)/logl0(2))) ;'/,This step insures radix 2 FFT 
else , /

N=sigtlen;
end

else
if N==O 

N=sigtlen; 
elseif N=='Y'

N=2" (ceil (loglO (sigtlen)/loglO (2))) //,This step insures radix 2 FFT 
end
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.end
sigf=fft(sigt,N); . 
onebyNT=!/(N*T);
Nby2=N/2;
f=onebyNT* [0 :Nby2-l] ■;
Smag=(abs(sigf)/N)j;
Sby2=Smag(l:Nby2); 
energy=0; 
for k=l:Nby2

energy=energy + Sby2(k)~2; 
end
energy=sqrt(energy) 
if pit 

figure
Itl=1Signal vs Time1;yyl=1Signal1;xxl='Time (seconds)1; 
tt=1FFT of data1Jyy=1Magnitude1;XX='Frequency (Hz)1; 
axis([min(t) max(t) min(sigt) max(sigt)]);
subplot(211),plot(t,sigt,1r 1),title(ttl),xlabel(xxl),ylabel(yyl),
axis;subplot(212),plot(f(I:Nby2),Smag(l:Nby2),'g1) ,
title(tt),xlabel(xx),ylabel(yy)
time_stamp,dir_stamp,
if nargin==5

file_stamp(data_file); 
end
subplot(ill) 

end
return
'/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That's the end of fftst.m'
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++'+++++++++++++

dir_stamp.m
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% FILE:

dir_stamp.m -  Prov id es  th e  a b i l i t y  t o  d i r e c t o r y  stamp your 
p l o t s .

INPUT:
None.

OUTPUT:
None.
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%
% GLOBAL:
% None.
%
% CALLS:
% None.
%
% DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:
% None.
%
% AUTHOR:
% Steve Hietpas- January 1994
%
% REFERENCES:
% None.
%
% SYNTAX:
% dir_stamp; )
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
curr_dir=cd;
disp('Place current directory listing on plot using mouse')
gtext(curr_dir)
return
*/,+++++++++++++++++++++++++++++++++++'+++++++++++++++++++++++++++++++ 
% That's the end of dir_stamp.m
•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

file_stamp.m

function []=file_name(dfI,df2,df3,df4) 
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
% FILE:
% file_stamp.m - Provides the ability to file stamp your 
% plots.
%
% INP1UT :
% df# - Four possible file names can be entered.
%
% OUTPUT:
% None.
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%
% GLOBAL:'
% None.
%
% CALLS:
% None.
%
% DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:
% None.
% .

% AUTHOR:
% Steve Hietpas January 1994
%
% REFERENCES:
% None.
%
% SYNTAX:
% file_name(dfI,df2,df3,df4);
'/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
data_f lies= [] ; 
no_files=nargin;
if no_files==l '/,Could be a matrix of string data.

[no_files,c]=size(dfI); 
for k=l:no_files

kl=findstr(' ’ ,dfI(k,:)); 
if “isempty(kl)

fl_nm=dfl(k,I:min(kl)-l); 
else

fl_nm=df l(k, :) ; 
end
data_files=[data_files,fl_nm,’ .mat, ']; 

end 
else

for k=l:no_files
fl_nm=eval([’df’,int2str(k)] ); ,
data_files=[data_files,fl_nm,'.mat, ']; 

end 
end
data_files=data_files(l:length(data_files)-2); 
disp( 'Place file name on plot using mouse,.')
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d _ f= [ 'D a ta  from f i l e ( s ) :  ' , d a t a _ f l i e s ] ;
g t e x t ( d _ f )
re tu rn
5i++ + + +++ +++ +++++"+++ +++ ++++.+ +++ +++ + + + + + +++ +++++++++++ +++++ +++ +++ +++ + 
% T h a t ' s  th e  end of  f i l e_ s ta m p .m
y,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

time.m

function [tim,dat]=time
y,+++++++++++++++++++++++++++++++++++++++++-++++++++++++++++++++++++

% FILE:
time.m - Retrieves the time and date and converts it to 

something readable.

- The time.
- The date.

INPUT:
None.

OUTPUT:
tim 
dat

GLOBAL:
None.

CALLS:
None. -

DATA FILES WRITTEN:
None.

DATA FILES READ:
None.

AUTHOR:
Steve Hietpas January 1994

REFERENCES:
None.

SYNTAX:
time;

y +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
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fix(clock);
cc=clock';
hr=cc(4);mn=cc(5); 
if mn<10
mn=['0',num2str(mn)];

else ■ ,
mn=num2str(mn); 

end
if hr>=12

part=' p.m.'; '
if hr>12 

hr=hr-12; 
end 

else
part=1 a.m.'; 

end
tim=[num2str(hr),mn,part];
dat=date;
return
%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That’s the end of time.m
*/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

C hap ter 2, E xam p le  4: E quations and C ode

Fqllowing is a detailed description of the necessary code for producing the simulation 
results of example 4 in chapter 2. Figure 14 is the classical model diagram for the one- 
machine infinite-bus power system. The data for machine M1 and the transmission 
line is as follows:

■ Although there exist programs that compute the steady-state load flow of 
power systems, the simplicity of this model allows for manual calculation and is 
therefore presented below. As stated in Example 4 of Chapter 2, the value of the bus 
and transmission line voltages and currents are given by

o vt = up
o Ii = I tl(j)

O V00 = IZO0

0  Ioo  --- I t

At steady-state, the electrical power output of the machine, Pf 
equal to the mechanical input power,

"  . |Z,|

is approximately

(A.I)
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Description Symbol Value Units
M
A
C
II
I
N
E

d-axis synchronous reactance X j ji.o p.u.
d-axis transient reactance f'j j0.18 p.u.
d-axis transient time-constant TL 3.0 seconds
q-axis synchronous reactance j0.6 p.u.
q-axis transient reactance jO-15 p.u.
q-axis transient time-constant TL 1.6 seconds
Inertia constant ii 7 M Wat ( -seconds/M VA
Mechanical power input Pm 1.5 p.u.
Transmission line reactance Xt j0.2 p.u.

Table 8. Machine data for Example 4 of Chapter 2.

From (A.I) we compute ft = 17.458°. The injected current at the machine bus is 
given by

/, = ItIft = V ( -  v:
■rt

and using values from Table 8, we find that I1 = 1.518 and ft = 8.729°. Next, we 
compute the steady-state value of the machine shaft angle denoted by 6 (this angle 
is equivalent to the angle between the quadrature-axis and the infinite bus voltage). 
Refer to Figure 25, which describes the relationship between the bus voltages and the 
machine’s internal quadrature-axis voltages.

Figure 25. Steady-state vector diagram of bus voltages.

With reference to the infinite bus voltage, V00, we obtain the following equa-

E' = E 1/.6 = Vt + IlXq
tions:
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Hence, E 1 = 1.451 and S = 55.792°. As an algegraic check the following equations 
may be used:

o \Id\ = = |/j|sin(<$ — 0) = l.lllO

o \Jq\ = Iq -  IZzI cos(<5 — cf)) = 1.0338 

o |V |̂ = Vd = \ Vt \ sin(5 — /3) = 0.6202 

o |V,| - V q = I HzI cos(6 — fi) = 0.7843

o P t = \vd\\Td\ + lHH/ , 1  = vdi d + vqi q = i,5 

° IAl =-B; = A l + K lltil  = O-DW
The state-equations of the machine may be written now that the steady-state 

values of the system have been determined. Let the states of the system be defined 
as follows:

o .T1 =  ($ : the quadrature-axis voltage angle which is equivalent to the shaft
angle

o .T2 = T1 = cv : the shaft speed deviation

o Ta = \E'q \ = E1q : the quadrature-axis- synchronous voltage
The final set of state-equations are listed as follows:

*7
I 2 =  cv =  —  (P m  ~  P t )  

J i

and

-Ta =
.Pj ~ (xd — x 'd)Id — Eq

TL
(A.2)

where, /  = 60, is the steady-state line frequency and Ej  is the field voltage. At 
steady-state E 1 =O  which allows the use of (A.2) to compute the initial (steady- •
state) value oi Ef 0 = Ej  = 1.8954. The machine has an exciter whose purpose is to 
adjust the field voltage Ej  for voltage regulation. The exciter introduces a 4th state,
T4 =  Ej\  thus the last differential equation is

T 4
U V rej — V i ) ~  3-’4

where ke is the exciter gain, tc is the exciter time constant, and Vrej is the voltage 
reference.

With this 4th state defined as above, we see that (A.2) becomes

23
T 4  -  (.Trf -  X 1d ) I d -  T 3

TL
The algebraic side equations are listed below:



226
J j X i + r ' , Vcc, c o s ( a 7 | ) 

x ' + x d

0 y  =  VfCo S infr1 )xa
d  X t + X q

L  = ^

0 Id  =
_ +̂ 3

X 1.

°  P e  =  Vq I q +  V dId

° 4  =

The code used for Example 4, which includes the above equations, is found in 
sys_infty.m and rk.m (both are listed below).
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sys.in fty .m

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

FILE:
sys.infty.m

INPUT: 
None.

OUTPUT: 
None.

GLOBAL: 
None.

CALLS:

This routine simulates a one machine 
infinite bus power system 
dynamics problem using 'rk.m'.
The routine rk.m performs the Runge-Kutta 
integration.
The state derivative, xdot, and the counter, 
k, for controlling which stage of integration 
the R-K routine should be evaluating are 
passed between each routine.

% rk.m - a Runke-Kutta (4th order) integration routine.
%
% DATA FILES WRITTEN:
% uyt.mat - all output data
%
% DATA FILES READ:
% Iin.mat - state-space matrix values for augmented linear
% control (PSS unit) to exciter unit.
%
% AUTHOR(s):
% Steve Hietpas, March 1992 
% Cannabalized by Jim Smith January 1993 
% Completed by Fereshteh Fatehi 
% Majorly modified by Steve Hietpas, June 1994
%
% REFERENCES:
% None.
%
% SYNTAX:
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% sys.infty;
X+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
global K ThO Th0_int gamO R Q xO fO hO Fa n m F H 
t0=0. OO; '/.initial starting time
deltat=0. Ol; '/,time step for performing RK integration. 
oens=5; '/. output every n steps ( every n deltat steps)
DT=oens*deltat; '/, sampling interval for digital analysis and control 
t=t0; '/, t is the time variable
k=0; '/. k is the control variable for Runge-Kutta;
J=0; % j is the the control variable for displaying the time

'/, of simulation and also for data output control; 
xtO=.2 ; % line (transmission) impedance 
xt=xt0;
dxt=.15; '/. perturbance on line impedance 
Vinf=I-O;'/, magnitude of infinite bus voltage 
vt=l. 0; '/, magnitude of terminal bus voltage
H=7 ; '/, inertia constant
pm=1.5; '/, mechanical input power
pe=1.5; ,'/, electrical power output at steady state 
ke=10; '/, exciter gain constant
te=0.4; '/, exciter time constant
dd=55.7903*pi/180;

EfO=I.8954; 
EqpO=O.98439;

angle delta of V_infty (infinite bus) 
with respect to Eq' (Eqp) 
initial value of field voltage 
magnitude of initial value of quadrature 
voltage of machine 

xdp=0.18; '/, magnitude of d-axis impedance of machine 
xq=0.6; '/, magnitude of q-axis impedance of machine
'/, The states of the system with exciter are:
'/, x(l) = angle (delta) of V_infty (infinite bus) with respect 

to Eq' (Eqp)
x(2) = change in angle (omega = delta dot = d/dt of.delta) 
x(3) = quadrature voltage of machine (Eqp) 
x(4) = field voltage (Ef)
[dd;0.0;Eqp0;Ef0];

initial state derivatives of machine 
initial reference voltage value 
initial control voltage 
initialize control voltage

%
'/.
'/.
'/.

xdot=[0;0;0;0]; 
vref0=(EfO/ke)+vt;
VscO=O.0;
V S C = V sc O ; 
vref02=vref0;
it=l. 5175; '/, initial magnitude of line current
nout=1500; '/, specifies # of steps of deltat in the simulation
tfinal=nout*deltat;
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[<ret>,n,N,=no] >> ','s') 
[<ret>,n,N,=no] >> ','s') 
[<ret>,n,N,=no] >> ','s'): 
[<ret>,n,N,=no] >> ','s'); 
[<ret>,n,N,=no] >> ','s’); 
[<ret>,n,N,=no] >> ','s'); 
[<ret>,n,N,=no] >> ','s’);

del_ref=input('Disturb vref? 
del_xt =input(’Disturb xt? 
do.lin =Input(’Control with linear PSS? 
do_lqr =input (’ Control • with LQ-R PSS? 
do_mm =input(’Control with minimax LQR? 
do_pr =input(’Run Prony id? 
do_ove =input(’Run OVE id? 
kk=l; % this variable is used by either Prony ID or LQR control 
if ~ (isempty(do_pr) I do_pr=='n' I do_pr=='N')

% make sure no disturbances,
% control or other identification are present
del_ref='n ';
del_xt='n';
do_lin='n';
do_lqr='n’;
do_mm='n';
do_ove='n';
disp (' All disturbances are neglected and control unit is off)
disp(['The initial reference voltage is: ',num2str(vref0)]);'
[usd,tsd]=prony_in('prony_in','u_prony',tfinal);
load prony_in
vsc=usd(kk);
kk_len=length(usd);

elseif ~(isempty(do_ove) I do._ove=='n' I do_ove=='N')
% make sure no disturbances,
'/, control or other identification are present • 
del_ref='n';

do_lin='n'; 1
do_lqr='n'; 
do_mm='n'; 
do_pr='n';
disp ('All disturbances are neglected and control unit is off) 
n=4;
m=n;
N=nout; % see above 
usd=rand(N+l,I); 
usd=usd-mean(usd); 
max_usd=max(usd);
strg='Enter maximum value for input probing signal [<ret>=l] >> '; 
usd_max=input(strg); 
if isempty(usd_max) 

usd_max=l;
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end
usd=usd*usd_max/max_usd;
■vsc=usd(kk); 
usdO=usd;
kk_len=length(usd);

elseif ~(isempty(do_lin) I do_lin=='n' I do_lin==,N ))
% make sure no other control or identificaiton are present 
do_lqr='n/;
do_mm=
do_pr=

'n'
'n '

xc=[0;0;0;0;0]; %
x=[x;xc] ; %
xdotc=[0;0;0;0;0];'% 
xdot=[xdot;xdotc]; % 
load Iin

elseif ~(isempty(do_lqr) I do_lqr=='n' I do_lqr=='N')
% make sure no other control or identificaiton are present

states of the linear controller 
combine states of entire system 
state derivatives of linear controller 
combine state derivatives of entire system

do_mm=;n ;; 
do_pr='n'; ■ 
do_ove='n';
load sys_infty_pr; % this file is initially created by sys.infty, 

% then by prl.m, prlb.m, pr2.m, pr2b.m, and pr3.m 
load sys_infty_pr_mod % this file is created by Prony ID (pr3.m) 
n=length(eigFm); 
m=n;
'/,LQR gain setup 
Q=Cm'*Cm; 
not_done=l; 
while not_done

strg=;Enter scalar value R for LQR cost [<ret>=l] >> ;;
R=input(strg); 
if isempty(R)

R=I; 
end
[K,Plqr]=dlqr(Fm,Gm,Q,R); 
cls_pls=eig(Fm-K*Gm);
disp('The closed-loop poles of the discrete system are:') 
disp(cls_pls)
strg='Are the closed-loop poles acceptable?'; 
strg=[strg,' [<ret>,y,Y=yes] >> '] ; 
ans=input(strg,'s');



231

if (isempty(ans) I. ans=='y' I ans==;Y J) 
not_done=0; 

end 
end
‘/.Observer, Kalman filter setup 
E=eye(n); 
x_est=zeros(n,I);
P=zeros(n,n);

, KKe=[];
Y_est=0;
Ke=x_est;
‘/.w=randn(10000,1);
%w=w-mean(w)
*/,w=w/10; '/,standard deviation is approximately 0.1 
'/,w=zeros (10000,1) ;
Qe=O.1-2*100; 
const_e=Gm*Qe*Gm';
'/,v=randn( 10000,1) ;
'/.V=V-Inean (v) ;
%v=v/lb; '/,standard deviation is approximately 0.05 
Re=I/(10-2);

elseif ~(isempty(do_mm) I do_mm=='n' I do_mm=='N')
'/, .make sure no other control or identif icaiton are present
do_lin='n';
do_lqr='h';
do_pr='n';
do_ove='n';
load sys_infty_ove '/, this file is created by sys_infty when

'/, ove id is selected.
n=length(H0); 
m=n;
'/,LQR setup
'/, use the center of the ellipsoid for the nominal values. 
Fm=FO;
Gm=HO;
Cm=CO;
Q=Cm'*Cm; 
not_done=l; 
while not_done

strg=‘Enter scalar value R for LQR cost [<ret>=l] >> ’; 
R=input(strg); 
if isempty(R)

R=I;



232
end
% run the minimax algorithm to find K . 
mmJd;
cls_pls=eig(F-K*H)
dispC’The closed-loop poles of the discrete system are:') 
disp(cls_pls)
strg='Are the closed-loop poles acceptable?'; 
strg=[strg,' [<ret>,y,Y=yes] >> ']; 
ans=input(strg,'s');
if (isempty(ans) I ans=='y' I ans=='Y')
. not_done=0; 
end 

end
'/,Observer, Kalman filter setup 
E=eye(n); 
x_est=zeros(n,I);
P=zeros(n,n);
KKe=D ; •
Y_est=0;
Ke=x_est;
'/,w=randn(l0000,1) ;
'/,w=w-mean(w) ;
'/,w=w/lO; '/,standard deviation is approximately 0.1 
'/.w=zeros (10000,1) ;
Qe=O.1-2*100; 
const_e=Gm*Qe*Gm';
‘/,v=randn(l0000,1) ; - '
'/,v=v-mean(v) ;
'/.v=v/10; '/,standard deviation is approximately 0.05 
Re=l/(10~2); 

end
xi=x; '/, initial state vector used by rk.m 
xd=x; '/, intermediate state vector used by rk.m
'/, Initial setup of output variables
tout= D  ; uout=[]; yout= [] ; xout= [] ; poutl= [] ; vscc= [] ;.
vtout= [] ; it out= [] ;
var_svd=D;
%++++++++++++++++++++++++++'+++++++++++++++++++++++++++++++++++++++ 
•/. BEGIN MAIN PROGRAM LOOP
•/,++++++++++++++++++++++++++++.+++++++++++++++++++++++++++++++++++++ 
while t <= tfinal

'/,Data output section 
if rem(j,oens) == 0.0
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if k==0

y = Ex(I) x(2)] ; % specify output y to be some of.the states 
tout = [tout; t].; 
yout = [yout; y]; 
pout 1=[pout I;pe] ;
V SC C =[vscc; vsc]; 
vtout=[vtout;vt]; 
itout= [itout;it]; 

end 
end
% Prony identification section
if ~ (isempty(do_pr) I do_pr=='n' I do_pr==,N').

'/.probe reference input for Prony identification 
if rem(j,oens) == 0.0 

if k==0 
kk=kk+l; 
if kk<=kk_len;

vsc=usd(kk); 
end 

end 
end 

end
% OVE algorithm for finding bounding ellipsoid, 
if ~(isempty(do_ove) I do_ove?='n' I do_ove=='N') 

if rem(j,oens) ==0.0 
if k==0 
.kk=kk+l; 
if kk<=kk_len;

vsc=usd(kk); 
end
if (t>l & t<=(1+DT)) 

xO=x;' 
end 

end 
end 

end
% disturbance section.
if ~(isempty(del_ref) I del_ref=='n' I del_ref=='N')

'/,Change reference input 
if t>0.0

vref02=1.05*vref0; 
end 

else
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vref02=vrefO ; 

end
if ~ (isempty (del_xt) I del_xt== 'n' I del_xt='='N' ) 

‘/,Change line impedance 
if (t>l & t<2) 

xt=xtO+dxt; 
else

Xt=XtO;
end

end
% Algebraic side equations. 
vq=(x(3)*xt+xdp*vinf*cos(x(l)))/(xt+xdp); 
vd=vinf*sin(x(l))*xq/(xt+xq); 
vt=sqrt(vq~2+vd~2) ; 
iq=vd/xq;
id=(-vq+x(3))/xdp; 
pe=vq*iq+vd*id; 
it=abs(pe/vt); 
vref=vref02+vsc;
'/,Runge-Kutta control section and state derivative -update 
'/, xdot (1:4) are for the main system 
xdot(l)=x(2);
xdot(2)=(pi*60/H)* (pm-pe);
xdot(3)=(x(4)-.82*id-x(3))/3;
xdot (4) = (ke* (vref-vt) /te)- (x(4-) /te) ;
% xdot(5:9) are for the linear augmenting PSS control 
if ~(isempty(do_lin) I do_lin==;n' I do_lin=='N') 

xdot(5:9)=a_lin*x(5:9)+b_lin*x(2); 
vsc=c_lin*x(5:9)+d_lin*x(2); 

end
if k==0 

ti=t; 
xi=x; 

end
% xd are the intermediate state values from the 
'/, Runge-Kutta routine.
[x,t,xd]=feval('rk',ti,deltat,xi,xdot,xd,k);
k=k+l;
i f  k==4

j = j + i ;
k=0;

end
if ~(isempty(do_lqr) I do_lqr=='n' I do_lqr=='N')
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if rem(j,oens) == 0.0 

if k==0 
kk=kk+l;
if kk>(n+1) '/,wait until the estimates of the states 

'/,is approximately stable.
vsc=-K*x_est; '/, K is the Iqr gain as designed above. 

else 
V s c = O ; 

end
'/,Observer equations. 
x_estb=Fm*x_est+Gm*(vsc); 
y_est=Cm*x_estb; 
x_est=x_estb+Ke*(x(2)-y_est);
Pb=Fm*P*Fm'+const_e;
Ke=Pb*Cm'*inv(Cm*Pb*Cm'+Re);
' KKe=EKKe Ke] *;
Y_est=[Y_est;y_est];
P=(E-Ke*Cm)*Pb; 

end 
end 

end
if ~(isempty(do_mm) I do_mm=='n' I do_mm=='N') 

if rem(j,oens) == 0.0 
if k==0 

kk=kk+l;
if kk>(n+l) ‘/,wait until the estimates of the states 

'/,is approximately stable.
vsc=-K*x_est; '/, K is the Iqr gain as designed above, 

else 
V sc = O ; 

end
'/,Observer equations. 
x_estb=Fm*x_est+Gm*(vsc); 
y_est=Cm*x_estb; 
x_est=x_estb+Ke*(x(2)-y_est);
Pb=Fm*P*Fm'+const_e;
Ke=Pb*Cm'*inv(Cm*Pb*Cm'+Re);
KKe=[KKe Ke];
Y_est=[Y_est;y_est];
P=(E-Ke*Cm)*Pb;

end
end

end
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end
•/,+++++++++++++++++++++++++++++++++++++++++++-i-+++++++++++++++++++++
% This section saves variables, etc. 
•/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
tsd=tout;
ysd2=yout (: , 2) ; '/,prl.m needs variable named ysd2 to run properly. 

'/,Here ysd2 is taken as speed deviation.
Usd=Vscc;
% Ellipsoid variables 
FO= [];
H0*[];
gam0=[]
if ~(isempty(do_ove) I do_ove=='n' I do_ove=='N ')

‘/,Determine bounding ellipsoid:
nb=input('Enter the noise bound: >>'’);
[gam0_inv,Th0_int]=ove(0,usd,ysd2,nb);

'/,ThO, the center of the ellipsoid 
'/,is returned as a global variable. 

gamO=inv(gamO_inv);
Fa= [eye (n-1) ; zeros (I ,n-1)] ;'/,For observable form.
FO=[-Th0(l:n) Fa];HO=ThO(n+1:n+m);CO=[I zeros(I,n-1)];DO=O; 

end
ee=[] ;FT=tf inal;'
if ~(isempty(do_pr) I do_pr=='n' I do_pr=='N') 
data_file=,sys_infty_prJ;
var_svd=' DT FT cc dd ss mpi ee tsd ysd2 usd yout’; 

elseif ~(isempty(do_ove) I do_ove=='n' I do_ove=='N') 
data_file='sys_infty_ove';
var_svd=' DT FT tsd ysd2 usd usdO yout FO HO CO DO'; 
var_svd=[var_svd,' gamO ThO Th0_int xO']; 

else
var_svd=' DT FT tsd ysd2 usd usdO yout K Ke Q R Qe Re'; 
data_file='sys_infty'; 

end
■sv.dat=[var_svd,' var_svd']; 
sv= ['save ' ,data_file,sv_dat] .; 
eval(sv) 
return
%+++++++++++++++++++++++++++++++++++++++++'++++++++++++++++++++++++ 
% That is the end of sys_infty.m
}£++++++++'+++++++++++++++++++++++++++++++++++++++++++++++++++++++++
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rk .m

function [x_new,t,_new ,xd] = rk(ti,dt,xi,xdot,xd,k)
•/, +++ + + ++++++4 +++ ++++++ ++++++++ +++ +++++ +++ +++++++ + + + + +++ + + +++ ++++++
% FILE:
% rk.m - This routine is called by rkode.m found
% in the same directory. This routine
% integrates a system of ordinary differential
% equations using a 4th-order Runge-Kutta
%
v

formula. ■
U
% INPUT:
% ti - initial starting time for Runge-Kutta;
% dt - delta step time;
% xi. - initial state values;
% xdot - vector of state derivatives;
% xd - vector of Runge-Kutta state derivatives.
%
•/

k - index f or Runge-Kutta control.
/i
% OUTPUT:
% x_new - vector of new state values; .
% t_new new time value.
%
%

xd vector of Runge-Kutta state derivatives.

*/. GLOBAL:
% None.
%
% CALLS:
% None.

7.
% DATA FILES WRITTEN:
% None.
%
% DATA FILES READ:
% None.
•/.
% AUTHOR(s): .
% Steve Hietpas, January 1991
%
% REFERENCES:
% None.
%
% SYNTAX:
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% [x_new,t_new,xd] = rk(ti,dt,xi,xdot,xd,k); 
*/,+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
.if k==0

xd(:,I) = xdot( : ) ; 
x_new = xi+0.5*dt*xd(:,I) ; 
t_new ='ti+0.5*dt; 
return 

end
if k==l

xd(:,2) = xdot(:); 
x_new = xi+0.5*dt*xd(:,2); 
t_new = ti+0.5*dt; 
return 

end
if k==2

xd(:,3 ) = xdot(:); 
x_new = xi+dt*xd(:,3); 
t_new = ti+dt; 
return ■ 

end
if k==3

xd(:,4) = xdot( : ) ;
x_new = xi + (dt/6.0)*(xd(:,l)+2*xd(:,2)+2*xd(:,3)+xd(:,4)); 
t_new = ti+dt; 
return 

end
^++++++++++++++++++++++++++++++*f++++++++++++++++++++++++++++++++++

% ' That is the end of rk.m
Ĵ +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
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A P P E N D IX  B

Robust Control Code
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The following code is for all results presented in Chapter 4. The appendix is 
made up of primarily two sets of code. The first set of code is for all continuous­
time minimax solutions, while the second set is for the discrete-time set-membership 
control example.

The code for the continuous-time minmax problems are comprised of mmJ.m, 
minJl.m, maxJl.m, gradJl.m, minJ2.m, maxJ2.m, gradJ2.m; and ricc.m. The main 
code is mmJ.m which prompts the user to either use the code for A lgorithm  I 
or for A lgorithm  2 . After this selection is made, mmJ.m will use the appropriate 
minimization and maximization code.

The second set of code is comprised of servo.m, maxJd.m, mmJd.m,' and ove.m 
which are for the discrete-time set-membership control example at the end of Chapter
4. The main code for this example is servo.m which makes calls to maxJd.m, mmJd.m, 
and ove.m. 
m m J.m

function [x,kl] =mmJ (xO , alO ,blO, cl ,rl ,gan^kl /tol ,max_i'ter, . . .■
max_gain,in_a_row)

' / ,+++++++++++++++++++++ +++++++++++++++-M-H-+++++++++++++++++++++++++++
% FILE:
%
%
%
%
%
%
%
%
%

mmJ.m - This program solves a minmax problem where the 
parameters of the characteristic polynomial 
vary within an elipsoidal domain, and the 
domain is bounded. This program is written 
for an 1st order plant.
Simple modifications can be made to extend
this code to nth order single-input single-output
systems.-

% INPUT:.
% xO
% alO
%
% blO
%
% cl
% . rl
%
%
%
% gam
%
% kl
% tol
%

- Initial value of the system state.
- The nominal value of the state matrix 

(denominator) coefficient.
- The nominal value of the input matrix (numerator) 

coefficient.
- Constant value for the output matrix.
- The cost function input control weighting matrix, 

real-valued, symmetric and positive definite; 
Since we are only dealing with SISO system, r
is a scalar;

- The ellipsoidal bound matrix for parameters of A, 
real-valued, symmetric and positive definite;

- Initial value of gain;
- The tolerance for the iterative scheme; the check 

for the norm-value of theta(k)-theta(k-l), where



I IL

241

% theta is the vector containing the parmaters of
% the system;
% max.iter - Maximum iteration count-.
% max_gain - Maximum gain allowed for kl. ■
% in_a_row - Convergence criteria must be met this many
%
V

times in a row.
Ze
% OUTPUT:
% X - Final (optimal) value of numerator and denominator
% coefficient.
%
y

kl - Optimal gain vector at termination of algorithm;

% CALLS:
% constr.m - Constrained optimization program from the
% optimization toolbox.
% miniI.m - The functions to be minimized for alg. I and 2.
% maxJI.m - The functions to be maximized for alg. I.
% gradJI.m - The gradient functions used by constr.m for
% algorithm I.
% minJ2.m - The functions to be minimized for algorithm 2.
% ' gradJ2.m - The gradient functions used by constr.m for
% algorithm 2.
% GLOBAL: ■
%
•/

None.
/•
% DATA FILES WRITTEN:
%
V

None.
/•
% DATA FILES READ:
%
v

None.

% AUTHORS:
%
y

Steve Hietpas March 1994

% REFERENCES
%
I/

None.

% SYNTAX:
% [x,kl( =mml(xO,alO,blO,cl,rl,gam,kl,tol,max_iter,...
% max_gain,in_a_row);
y<++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++  

global xO alO blO cl rl gam kl
alg=menu('Which algorithm' , 'Mg. I (Riccati)', ' Alg. 2 (Lyapunov)');

X
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i f  alg==l

Jmin=^minJl' ; 
Jmax='maxJ l ' ; 
Jgrad= 'g ra d J I ’ ; 

e lse
Jm in= 'm inJl' ; 
Jmax='maxJ2' ; 
Jgrad= 'g rad J2 ' ; 

end
i f  nargin==0 

xO=l;
% al0=2;
% blO=.2; 

a l0=0. I ; 
bl0=2;

% al0=0;
% blO=.2;

c l = l ; 
r l = l ;
gam=eye(2 ) ;  
k l = 0 ;
t o l = .0001;  
max_gain=10000 
m ax_iter=1000; 
in_a_row=2; 

end
k in a r o w = i n t 2 s t r ( i n _ a _ r o w ) ; 
n o t d o n e = ! ;
'/ .options ( I )  = 
•/,options (2)  = 
•/.options (3)  = 
' / ,options (4) = 
•/.options (5)  = 
•/,options (6)  = 
•/,options (7)  = 
•/,options (8)  = 
•/.options (9)  = 
’/,opt io n s  (IQ) = 
% options( l l )=  
‘/,opt io n s  ( 1 2 ) :

[ d e f = 0 ] , 1 , - 1  
[d e f= l e - 4 ]  
[ d e f = le - 4 ]  
[d e f= l e - 7 ]

•/. Display Control,
*/, Terminate for x,
*/. Terminate for f ,
*/, .Terminate for g,
*/, Main algortihm, [def=0]
'/. SD algorithm, [def=0]
'/. Search algorithm, [def=0]
’/, Function, value at the last iteration - 
*/, Gradient check, [def=0]
*/. Function count, - 
•/, Gradient count, - 
*/, Constraint Count, - 

options(13) = 1; */, Equality Constraints, # of, [def=0]
'/,options(14)= */, Max iterations,

*/, [def=100n] where n is number of parameters
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'/,options(15)= % Objective used, [def=0]
'Zoptions(IG)= % Min perturbations, [def=le-8]
Xoptions(17)= % Max perturbations, [def=O.1]
Xoptions(IS)= X Step-size, -
'/,options= [];'/,leave empty if you want to take defualt values
vub=[alO+1,blO+1,max_gain];
vlb=[alO-1,blO-1,eps];
xl=rand(l);
x2=randn(l);
x=[xl+al0;x2+bl0;0];
[kl,pi]=feval(Jmin,x);
d i s p C ------------------------- ■-----------------')
disp(; •------- At initialization ------- ')
th=[x(l)-alO;x(2)-bl0]; 
ellip_val=thJ*gam*th; 
if ellip_val<l 
fprintf(’Interior: 

elseif -ellip_val==l 
fprintf('On Boundary: 

else
fprintf ( ' Outside Boundary: measure= '/,e\n' , ellip_val) 

end
disp('---------------------------------------- — ')
disp(’ ')
disp( '__________________________________________ ')
x_new=constr(Jmax,x,options); 
x=x_new;

measure= '/,e\n' , e l l i p _ v a l )  

measure= */,e\n' , e l l i p _ v a l )

kk=0; 
k = l ; 
k _ s t = 0 ; 
f Iag=O; 
w h i l e  notdone

k=k+l;
[kl,pl]=feval(Jmin,x);
x_new=constr(Jmax,x ,options,vlb,vub,Jgrad); 

X x_new=constr(Jmax,x,options,vlb,vub);
X x_new=constr(Jmax,x,options); 

if rem(k,10)==0
fprintf(' Iteration Xi\n',k)
th=[x_new(l)-alO;x_new(2)-bl0]; 
ellip_val=th'*gam*th; 
if ellip_val<l 
fprintf('Interior: measure= ' / ,e \n ' , e l l i p _ v a l )
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elseif ellip_val==l
fprintf('On Boundary: measure= %e\n',ellip_val)

else
fprintf('Outside Boundary: measure= %e\n',ellip_val) 

end 
end
efr=norm(x_new(l:2)-x(l: 2 ) ) ;
x=x_new;
if err<tol

fprintf('Error Below Tolerance: error= %e\n\n',err) 
if fIag==I

if k-k_last==l 
k_last=k; 
kk=kk+l; 
if kk==in_a_row 

notdone=0;
strg=['Error criterion met at least ']; 
strg=[strg,kinarow,' times in a row.']; 
disp(strg)

end
else

fIag=O; 
kk=l; 

end 
else

fIag=I; 
k_st=k; 
k_last=k_st; 

end
elseif err<10*tol

fprintf('Error within 10*Tolerance: error= %e\n\n',err) 
end
if (k==max_iter)

fprintf('\n\n Maximum iteration count exceeded!') 
notdone=0; 

end 
end
[kl,pl]=feval(Jmin,x) ;
J=x0~2*pl;
fprintf('\n\nThe final number of iterations was %i \n',k) 
fprintf('The final value for den. al is %e \n',x(l))
fprintf('The final value for num. bl is %e \n',x(2))
fprintf('The final value for Riccati pi is %e \n',pl)
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fprintf('The final value for Lyapunov 11 is %e \n',x(3))
Xfprintf('The final value for LL is Xe \n',LL) 
fprintf('The final value for gain kl is Xe \n',kl)
'fprintf ('The final value for cost J is Xe \n\n\n' , J) 
if J>=max_gain-tol

disp(' » » » » » » » » » » » » » » » » » » ’ ) 
disp('/\ Maximum Gain Exceeded. \/')
disp('A  (results should be questioned) \/') 
disp(' <<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<) 

end
return
X++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
X That's the end of mmJ.m
X++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++.

m in J l.m

function [kl,pi]=minJl(x)
X++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
X FILE:
X minJl.m - This program is called by mmJ.m to solve the
X minimization portion of the minimax algoritm.
X
X INPUT:
X X
X 
X
X OUTPUT:
X
X kl
X pi
X
X CALLS:
X ricc.m
X
X GLOBAL:
X None.
X
X DATA FILES WRITTEN:
X None .-
X
X DATA FILES READ:
X None.

- Optimal value of numerator and denominator 
coefficient from mmJ.m

Optimal gain vector at termination of algorithm;
- The value of the Riccati matrix.

- A matrix Riccati equation solver.
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%
%
%
%
%
%
%
%
%

REFERENCES: 
None.

SYNTAX:

AUTHORS:

[kl,pi]=minJl(x)

Steve Hietpas March 1994

•/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
global cl kl rl 
al=-x(l) ; 
bl=x(2);
pi = ricc(al,bl‘'2/rl,cl"2,-al;);
kl = bl*pl/rl;
%check by looking at the quadratic equation. 
eZpla= (al+sqrt (al"'2+bl"2) )/bl~2 
eZplb= (al-sqrt (al~2+bl'"2) )/bl“2 
return
eZ++++++++.++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% T hat's  th e  end of minJI.m
%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

m axJl.m

function [f,g]=maxJl(x)
%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

% FILE:
%
%
%

maxJI.m -  This program i s  c a l le d  by mmJ.m to  so lv e  the  
maximization portion  of the minimax a lg o r itm .

% INPUT:
%
%
%
%
%
%
%
%
%
%
%

OUTPUT:

f
g

x -  Optimal value of numerator and denominator 
c o e f f i c i e n t  from mmJ.m

-  Value of the fu n c t io n  being maximized.
-  Value of the c o n s tr a in t  eq u a t io n s .

CALLS:
None.
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% GLOBAL:
% None.
'/.
% DATA FILES WRITTEN: •
% None.
%
% DATA FILES READ:
% None.
%
% AUTHORS:
% ■ Steve Hietpas March 1994
%
% REFERENCES:
% ' None.
%
% SYNTAX:
% [ f ,g ]= m axJ l(x );
'/,+++++++++++++++++++++++++++++++++++++ +++ ++++++++ + -(-++++++++-H-M-++++
g lo b a l  xO alO blO c l  k l r l  gam
g a = g a m ( l , l ) ;
g b = g a m (l,2 );
gc=gam (2,2);
x l = x ( l ) ;
x2=x(2);
x 3 = x (3 ) ;
zk=rl*kl~2+cl~2;
f=-x3*x0'2;% note the negative sign -- optimization toolbox.

'/,does min o n ly .
e l= x l - a iO ; 
e2 = x2-b !0 ;
g (l)= -2* (x l+ x2*k l)*x3+ zk ; '/,equality con stra in t
g (2 )  = (ga*el+ gb *e2)*e l+ (gb *e l+ gc*e2 )*e2 -l; '/,inequality co n stra in t  
return
%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
'/, T hat's  the end of maxJI.m
% ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

g r a d J l .m

function [df,dg]=gradJ2 (x)
%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% FILE:
'/, gradJ2.m -  This program i s  c a l le d  by mmJ.m to  so lv e  the
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% maximization portion  of the minimax algoritm
%
% INPUT:
% x -  Optimal value of numerator and denominator
% c o e f f i c i e n t  from mmJ.m
%
% OUTPUT:
% ■
% df -  Value of the gradient of the fu n c t io n  being
% maximized.
% dg -  Value of the gradient of the co n stra in t
% e q u a t io n s .
%
% CALLS: _
% None.
%
% GLOBAL:
% None.
%
% DATA FILES WRITTEN:
% None.
% ■
% DATA FILES READ:
% None.
%
% AUTHORS:
% Steve Hietpas March 1994
%
% REFERENCES:
% None.
%
% SYNTAX:
% [ d f ,dg]= gradJ2(x);
^++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

g lo b a l xO alO blO c l  k l r l  gam
ga=gam (l, I ) ;
g b = g a m (l,2 );
gc=gam (2,2);
x l = x ( l ) ;
x2=x(2);
x3=x(3);
z k = r l* k l“2+cl~2; 
d f= [ 0 ; 0 ; - z k ] ;
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el=xl-alO; 
e2=x2-bl0;
dgl=[-2*x3;-2*kl*x3;-2*(xl+x2*kl)]; 
dg2=[2*(ga*el+gb*e2);2*(gb*el+gc*e2);0]; 
dg=[dgl,dg2];
return -
'/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% That's the end of gradJ2.m
X++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

m a x J 2 .m

function [f,g]=maxJ2(x)
'/,++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
% FILE:

maxJ2.m - This program is called by mmJ.m to solve the 
maximization portion of the minimax algoritm.

%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

INPUT:

OUTPUT:

Optimal value of numerator and denominator 
coefficient from mmJ.m

Value of the function being maximized. 
Value of the constraint equations.

CALLS:
None.

GLOBAL:
None.

DATA FILES WRITTEN: 
None.

DATA FILES READ: 
None.

AUTHORS:
Steve Hietpas

REFERENCES:

March 1994
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