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Abstract:
The nonlinear programming problem (NLP) is presented in its standard form for a constrained
minimization problem. The general method of sequential-unconstrained minimization is then given,
showing how the constrained NLP problem functions may be transformed into a single unconstrained
function having the same solutions as the original problem. A unique unconstrained function,
incorporating both equality and inequality constraints, is formulated by augmenting the Lagrangian
with weighted problem functions of the constrained NLP. First-order necessary and second-order
sufficient conditions are then established for this function to possess local minima that minimize the
objective function and satisfy the constraints of the NLP, thus showing the equivalence of constrained
minima and unconstrained minima of the augmented Lagrangian. A multiplier algorithm based on
satisfying the Kuhn-Tucker first-order conditions of optimality is presented. The algorithm consists of
alternating minimization and update phases. This procedure establishes a way to select an active
inequality constraint basis, such that during a minimization phase these inequality constraints exhibit a
'locked on' feature and are treated the same as equality constraints. The inequality constraints that are
not locked on during a particular minimization phase are held from excessive constraint violation with
the penalty terms of the augmented Lagrangian. Although the algorithm is based on first-order
conditions, a theorem is presented showing that if second-order conditions are satisfied by the NLP
problem functions, the algorithm converges locally for finite penalty weights. As the sequence of
minimizers converge to a local minimum, the Lagrange multipliers also converge to their optimal
values. These optimal multipliers provide well-known sensitivity information, and a practical
interpretation of these multipliers is presented. A F0RTRAN coded computer program ALG0R that
implements the multiplier algorithm is described. It generates conjugate gradient search directions by
the DFP method. An efficient quadratic-convergent unidirectional search technique is presented for
conducting the search. ALG0R was applied to several test functions, and the results were compared to
results obtained by other well-known NLP solution algorithms. When based on the number of function
calls required to obtain a desired degree of accuracy in the objective function, ALG0R was shown to be
a more efficient code than the multiplier program MULTMETH, and the penalty-function codes
OPTKOV, POWCON, and SUMT. The formulation of several real-world problems into the NLP
format is presented, along with their solutions and interpretations of the sensitivity information
possessed by the Lagrange multipliers at the solution points. 
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ABSTRACT

xi .

The nonlinear programming problem (NLP) is presented 
in its standard form for a constrained minimization problem. 
The general method of sequential-unconstrained minimization 
is then given, showing how the constrained NLP'problem func­
tions may be transformed into a single unconstrained func­
tion having the same solutions as the original problem. A 
unique unconstrained function, incorporating both equality 
and inequality constraints, is formulated by augmenting the 
Lagrangian with weighted problem functions of the con­
strained NLP. First-order necessary and second-order suf­
ficient conditions are then established for this function 
to possess local minima that minimize the objective func­
tion and satisfy the constraints of the NLP,. thus showing 
the equivalence of constrained minima and unconstrained 
minima of the augmented Lagrangian. A multiplier algorithm 
based on satisfying the Kuhn-Tucker first-order conditions 
of optimality is presented. The algorithm consists of al­
ternating minimization and update phases. This procedure 
establishes a way to select an active inequality constraint 
basis, such that during a minimization phase these inequal­
ity constraints exhibit a 1 locked o n 1 feature and are 
treated the same as equality constraints. The inequality 
constraints that are not locked on during a particular mini­
mization phase are held from excessive constraint violation 
with the penalty terms of the augmented Lagrangian. Al­
though the algorithm is based on first-order conditions, a 
theorem is presented showing that if second-order conditions 
are satisfied by the NLP problem functions, the algorithm 
converges locally for finite penalty weights. As the se­
quence of minimizers converge to a local minimum, the 
Lagrange multipliers also converge to their optimal values. 
These optimal multipliers provide well-known sensitivity 
information, and a practical interpretation of these multi­
pliers is presented. A F0RTRAN coded computer program 
ALG0R that implements the multiplier algorithm is described. 
It generates conjugate gradient search directions by the 
DFP method. .An efficient quadratic-convergent unidirec­
tional Search technique is presented for conducting the 
search. .ALG0R was applied to several test functions, and 
the results were compared to results obtained by other well- 
known NLP solution algorithms. When based on the number of



xii

function calls required to obtain a desired degree of ac­
curacy in the objective function, ALG0R was shown to be a 
more efficient code than the multiplier program MULTMETH, 
and the penalty-function codes OPTKOV, POWCON, and SUMT. 
The formulation of several real-world problems into the 
NLP format is presented, along with their solutions and 
interpretations of the sensitivity information possessed 
by the Lagrange multipliers at the solution points



CHAPTER ONE

INTRODUCTION TO THE NLP AND SEQUENTIAL 
UNCONSTRAINED MINIMIZATION
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1.1 Introduction

The solution techniques of the nonlinear program­
ming problem (NLP) are a powerful tool in mathematical 
programming and real-world problem solving and decision 
making. The NLP arises from many apparently unrelated 
areas and takes on many forms as found in mathematics, 
the natural and physical sciences, engineering, economics, 
agriculture, business, and government.

In the abstract form the NLP is that of optimizing, 
(minimizing or maximizing) some entity while satisfying 
side conditions or constraints. The entity to be optimized 
may be profit, cost, production, efficiency, consumer 
utility, social tension, social benefit, energy, inventory, 
etc., to find an optimal solution or a state of optimal 
operation. Constraints are often imposed that may limit 
the possible steps or actions that may be taken to achieve 
this optimum. The constraints may involve manpower, 
availability of space, raw materials or funds, machine 
capabilities, limitations imposed by time, governmental 
controls, behavior patterns, physical laws, etc.

The NLP presents a solid framework for .problem 
formulation. When an NLP is explicitly stated, a solution
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can generally be obtained. Many situations arise, however, 
where only numerical data or qualitative information is 
available and the problem functions cannot be determined 
explicitly, in which case the precise calculation of 
optimal points is impossible.

Of course the sagacious decision maker doe's not 
blindly accept the optimal point for the NLP as the best 
answer for his real-world problem. The optimal point is 
considered only as advisory, and the assumptions and the 
accuracy of the NLP are scrutinized before a decision is 
made. In many instances, however, NLP solutions have 
proven themselves in practice, in which cases the optimal 
point is accepted and implemented almost without question.

Although the transformation of a real-world prob­
lem into an explicit NLP is largely an art, there exists 
a theoretical framework that facilitates problem formu­
lation. The theory clarifies the nature of those problem 
formulations which are most efficiently solved, and those 
which have no solution. This thesis is devoted to the 
development, presentation, and application of this theory.
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I .2 The NLP in Standard Form

In a mathematical context we are given a function 
f (x) which maps the variables x £  En into scalar values, 
where En denotes, n-dimensional Euclidean space. The func­
tion f(x) is called an objective function, cost function, 
or performance measure because f (x) is that entity to be 
extremized, that is, to be minimized or maximized with 
respect to x. Since maximization and minimization are 
equivalent problems (max f = min (-f)), only the latter 
is considered here. The point x, however, may not be 
chosen arbitrarily because of constraints imposed upon it. 
The constraints are classified as equality or inequality 
constraints and are defined in terms of x. Any x which 
satisfies all of the constraints is termed a feasible 
point and becomes a candidate for the optimal point. For 
a solvable problem there exists a non-empty set of feasible 
points. From this set of feasible points, a point x*, at 
which f achieves its minimum value, is called an optimal 
point.

Stated mathematically, the NLP takes the following 
form: Find a point x* to

minimize f (xj (1^1)
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subject to the constraints

Iii (x) = 0 ,  i = I, 2, Iti1 (1-2)

and

gj (x) ^ Of j = I, 2, Iti2 (1-3)

where x is an n-dimensional vector. The h .1s , g.'s and1 3
f are nonlinear in general and are given (explicit) func^
tions of class C 1. Also it is assumed that the n-
dimensional gradient vectors Vh . = 9h./9x and V g . = 9g./9xi x  3 3
are nonzero at those x values which satisfy hi (x) = 0 and 

(x) = 0 .
The problem as stated above seeks the constrained 

absolute minimum of f . In general practice, however, 
constrained local minima of f are found first; the abso­
lute minimum of f is then found by comparing all con­
strained local minima.

I .3 Sequential Unconstrained Minimization
Basic to all NLP solution algorithms is a search 

in n-space for constrained extrema. Many constrained 
search techniques depend heavily upon the classical theory 
and methods for computing unconstrained extrema.
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Unconstrained search techniques often incorporate a se­
quence of unidirectional searches in n-space, and are

4.based on an iterative scheme of the form

k+1 X^t + or^ (1-4)

where a parametric step a is taken in a search direction
r . The step a is selected to obtain the minimum value

« k kof f in the r direction. The search direction r is
usually chosen on the basis of information concerning f
and its partial derivatives evaluated both at the point 
k 'x and at previous iteration points. The influence of

constraints imposed on x must be taken into consideration
as they alter the way in which the constrained search
direction is chosen. This may be a difficult task if the
constraints are nonlinear. According to Davies and Swann 

+[16] , there are two ways in which constraint information 
is incorporated in the establishment of search directions. 
They are as follows: ■

f ■The superscript notation is used generally to de­
note a change in value of a vector or parameter from one 
iteration to another. The subscript notation will.be 
used to denote components of a vector or matrix.

References are associated with numbers in brack­
ets and are listed alphabetically at the end of this 
thesis.



1. Function modification followed by unconstrained
optimization.

These methods seek to define a new function that 
has an unconstrained optimum at the same point as 
the optimum of the given constrained problem. Opti­
mization of this new function will then define the 
required change in the search.direction.
2. Direction modification without altering the

function.
Some of the methods in this category attempt to 

follow constraint boundaries while others try to 
rebound from them, so as to continue the search in 
the feasible region.

There are advantages and disadvantages to both types of 
methods which are explored in detail by McCormick [43], by 
Wolf [70], and in [16] where it is stated that no one 
method for constrained optimization is universally superior 
to all others and care must be exercised in choosing the 
appropriate one for a given situation.

The solution techniques developed in this work fall 
into the first category. The approach in these methods is 
that of transforming a given constrained minimization 
problem into a sequence of unconstrained minimization

7
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problems as outlined by Fiacco and McCormick [23] . This 
transformation is accomplished by augmenting the original 
cost function with weighted terms of the problem functions,' 
to define a new objective function whose minima are uncon­
strained in some domain of interest. By gradually removing 
the effect of the constraints in the new objective function 
by controlled parameter values, it is possible to generate 
a sequence Of unconstrained problems that have solutions 
converging to a solution of the original constrained 
problem.

Thus, the sequential unconstrained method of mini­
mizing the NLP is one associated with finding, a sequence 
of problem solutions xm such that

xm = min A (f, h, g, wm ), m = I, 2, ... (1-5)

where A is the new objective function formed by augmenting 
the cost function f with weighted terms of problem func-
tions, h .and g, w is the controlled weighting factor, and

+ ■R is the domain of x. The functions of (1-5) are con­
structed so that as m °°, a convergent sequence of 

—
Hyphenated numbers in parenthesis refer to 

equations by (Chapter - equation number).



9
unconstrained minimizers {xm } approaches a constrained 
minimum point x* of the NLP.

As an example of this type of method, consider an 
augmented function A(x,wm ) which incorporates the equality 
constraints by Courant * s quadratic penalty function [13], 
and the inequality constraints by Carroll's inverse pen­
alty function [113.
Define ■

• • m i m 2
A (x, Wtix) = f (x) + Wm £ h . 2 (x) + I — r- (1-6)

i=l 1 Wm j=l 9 j M

To use this function we require a starting point x° which 
is in the strictly feasible region Rs associated only with 
the inequality constraints, i .e .,

x° £  R8 — {x I g_j (x) >0, j = I, 2, m 2 } (1-7)

Because the function A(x,wm ) is to be minimized, and be­
cause A(x,wm ) assumes the value of +°° at the boundary of
gR , it is guaranteed that no boundary of infeasible, points 

will be generated, with respect to the inequality con­
straints (1-3), i .e ., all points generated.will remain in
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The method generally proceeds as follows. Select 

a monotonic sequence {wm >, where

(w }= {w Jwm > 0, Wirt* W inf and Vzm as m ->- «>} (1-8)

and compute a minimum point xm , where

m . _ , m.x = m m  A (x, w ) (1-9)
x C  Rs

for m = I, 2, ... . The desirable result is that

Iim xm = x* (1-10)
m

where x* is a solution to the NLP. It is also well known 
that

Iim wm £ h.2 (xm ) = 0 
m co i=l 1

and that

Thus

Iim — ■ 
m -> oo w j —I

.1 '

g j(xm ) = o

(i-ii)

(1- 12)

Iim A(xm , wm )" - f :(x*). =m co 0 (1-13)
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In effect, the influence of the constraints on the aug­
mented function is relaxed and finally removed in the 
limit, and the augmented function converges to the same 
minimal value as the original cost function.

The function A(x, w) of (1-6) is called a mixed 
interior-exterior-point penalty function. If there were 
no equality constraints of the form (1-2), then (1-6) 
would have the form

f (x) I
9j (x) (1-14)

and would be called an interior-point penalty function, 
allowing only feasible points with respect to the inequal­
ity constraints. On the other hand, if there were no in- . 
equality constraints of the form (1-3), then (1-6) would 
have the form

f (x) + w £ h . 2 (x) (1-15)
i=l 1 -

and would be called an exterior-point penalty function. • 
Although it is possible to handle inequality constraints 
with an exterior penalty function method, as is done in 
this work, equality constraints can be incorporated only
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through exterior-point methods. These methods allow points 
not feasible to the constraints, but force convergence to 
a feasible point in the limit as m +

The development and use of sequential unconstrained 
methods has a long history. The mainstream of developments 
are reviewed in [23] and in references cited there. Impor­
tant results of many of the previous and more recent 
methods can also be found in [I, 8, 20, 21, 22, 23, 24, 39, 
42, 43, 53, 70, 72].

I .4 Motivation for Research
The usual penalty methods for solving nonlinear 

programming problems ,are subject to numerical instabili­
ties, because the derivatives of the penalty functions or 
the penalty functions themselves increase without bound 
near the solution as computation proceeds, and are held in 
check by penalty weighting factors which, to insure con­
vergence, must either increase to infinity or decrease to 
zero [60]. It is noted [34] that penalty function methods 
can become computationally ineffective if certain con­
straints tend to dominate the entire constraint set. Sev­
eral authors [38, 41, 51, 52] confirm this fact by showing 
that iI!-conditioning can occur in the Hessian matrix i n .
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the final phases of a penalty function search, although a 
method to avoid this situation is given in [41]. When 
problems do arise in a penalty function search, they in­
variably occur during the final phase of the search [54]. 
It is in this phase, however, that relationships between 
Lagrange multipliers and certain penalty terms become vi­
able, as shown in [7, 23, 54]. In past years the idea has 
arisen that terminal search instabilities might be circum­
vented by an approach involving a Lagrangian function con­
taining additional penalty-like terms. Most of the work 
in this direction has been for problems treating equality 
constraints. Only recently has this type of method been 
extended to account for inequality constraints. The con­
vergence proofs for these new methods often pertain to a 
class of functions which exhibit a certain property, 
usually convexity, and few algorithms are posed or oper­
ational that treat mixed equality and inequality con­
straints of the general NLP.

Because no penalty function is found to be superior 
for all types of problems, this author feels that the use. 
of Lagrangian functions and the Kuhn-Tucker theorem [23] 
affords promising methods of solution to be explored. Be­
sides being viewed directly as special■cases of augmented
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objective functions, Lagrangians are associated with 
every method for mathematical programming. There are 
extremely close connections between the Lagrangian of an 
NLP and the particular objective function being utilized 
to transform that particular problem into a sequence of 
unconstrained minimizations, in that the conditions of the 
Kuhn-Tucker theorem are directly involved in the associated 
Lagrangian.

As. a practical aspect, Lagrange multipliers provide 
we I !-.known sensitivity information [I, 72] concerning NLP 
solutions. While it is true that the results of a penalty 
function search can be used to estimate Lagrange multi­
pliers, the estimates can be inaccurate because of the 
problems encountered in the final phases of the search.
This author feels, therefore, that it is important that 
solution techniques for the NLP also solve the dual prob­
lem of constrained minimization— that of finding the asso­
ciated Lagrange multipliers.

The conditions stated in this section have motivated 
the author to pursue the research presented in this thesis. 
In Chapter. 2 pertinent background material is reviewed, 
and the theoretical structure is developed to place the 
multiplier algorithm of this thesis in perspective.
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Sensitivity information is presented in Chapter 3, and a 
practical interpretation of Lagrange multipliers is given. 
In performing a search in n-space for a solution point to 
an NLP problem, consideration must be given to generating 
a search direction and performing a search in that direc­
tion for a minimum. Chapters 4 and 5 treat these topics 
in light of the Lagrangian presented here. Chapter 5 re­
views the basic theory of unidirectional searches and pre­
sents a quadratic convergent search developed in this re­
search. Chapters I through 5 provide the necessary devel­
opment for the computer implemented algorithms presented 
in Chapter 6 . Numerical results from a number of test 
problems and selected application problems are given in 
Chapters 7 and 8. The significant results of this research 
effort are reviewed in Chapter 9 , along with suggestions 
for further research that are in line with current trends 
in mathematical programming.



CHAPTER TWO

CONSTRAINED MINIMIZATION BY 
MULTIPLIER METHODS
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2.1 Introduction

In a particular situation one is usually interested 
in the global solutions to a mathematical programming prob­
lem. But in general, only theorems concerning local solu­
tions can be readily proved, unless the problem has certain 
properties that can be exploited. One such property is 
that of convexity; in a convex programming problem every 
local solution can be proved to be a global solution. For 
most NLP's, however, minimization algorithms converge to 
various local minima depending upon initial starting con­
ditions, and global minima are obtained by comparing the 
known local minima. A local minimum point is a point for 
which, in an open neighborhood about that point, there is 
no other point that both satisfies the constraints and 
gives a smaller value of the objective function. Points 
of global minima are those points of local minima which 
yield the smallest value of the objective function. Useful 
theorems can be developed stating necessary conditions and 
sufficient conditions that a point be a local minimum point 
to the general NLP, without relying upon special properties 
of a particular problem. This chapter is devoted to the 
development of such conditions with regard to an augmented 
Lagrangian function that is used in solving the NLP.
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2.2 Review of Multiplier Techniques

Although Courant [13] formalized the use of penalty 
functions for nonlinear programming in 1943, it was the 
works of Fritz John [33] in 1948 and the fundamental theo­
retical paper [37] of Kuhn and Tucker in 1951 that placed 
nonlinear programming on a substantial theoretical foun­
dation. The results of Kuhn and Tucker on necessary con­
ditions and sufficient conditions characterized the solu­
tion of the nonlinear convex programming problem and gave 
an equivalence between this problem and the saddle point, 
problem of the Lagrangian. It is known that the existence 
of a saddle point of the Lagrangian function is heavily 
dependent upon convexity properties of the underlying prob­
lem. In 1956 Arrow and Hurwicz [3] showed that convexity 
assumptions could be relaxed by using a modified Lagrangian 
approach. Differential gradient schemes by Arrow and 
Solow [4] in 1958 presented additional saddle point results 
in terms of a different modified Lagrangian function. King 
in 1966 [35], by relinquishing the convexity property and 
thus sacrificing the Kuhn-Tucker global properties, gave 
local necessary conditions for inequality constrained
extreme values.
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The method of multipliers for (equality constrained) 

nonlinear programming was independently introduced in 1968 
by Hestenes [30, 31] and Powell [58]. They proposed a 
dual method of solution in which squares of the constraint 
functions are added to the Lagrangian.. . A series of uncon­
strained minimizations on the penalized Lagrangian is fol­
lowed by a multiplier vector update according to a simple 
rule. Hestenes did not theoretically develop the idea be­
yond this stage, but Powell [58] showed that if second- 
order sufficiency conditions for optimality are satisfied, 
the algorithm should converge locally at a linear rate, 
without requiring the penalty factors to grow without 
bound. The main advantage of the algorithm lies in the 
latter property, since it provides a numerical stability 
that is not found in the usual penalty methods. Miele, 
et al. [45, 46, 48, 49, 50] have modified and improved the 
original methods of Hestenes and Powell and have obtained 
many computational results for the equality constraint 
case. Haarhoff and Buys [29] advanced a similar method in 
1970. Their method was concerned mainly with the equality 
constraint case; their extension to accommodate inequality 
constraints was simply that of including slack-variable
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terms to transform inequality constraints into equality 
constraints. Fletcher [25, 26] advanced yet another tech­
nique related to that of Hestenes and Powell. Instead of 
updating the multiplier vector after a sequence of mini­
mizations, the multiplier was adjusted continuously as the 
minimization on the penalized Lagrangian was performed. 
Suggestions were given as to how this method could be ex­
tended to include inequality constraints. Termination and 
convergence properties were also given in [25] . Kort and 
Bertsekas [36] treat both equality and inequality con­
straints in their multiplier methods for convex program­
ming.

In 1970 Rockafellar [59] introduced an augmented 
Lagrangian for inequality constrained convex programming 
problems for which an unconstrained saddle point corre­
sponded to a solution of the convex programming problem. 
This approach was further studied by Rockafellar in a 
series of papers [60, 61, 62, 63].

Arrow, Gould, and Howe [2] in 1971 studied Rocke­
feller's augmented Lagrangian, included in a general class 
of augmented Lagrangians, for nonconvex programming prob­
lems and established local saddle point properties for this
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class of problems. Related approaches to a different class 
of augmented Lagrangians has been treated by Mahgasarian 
[44] as recently as 1973. The Lagrange multipliers of 
Rockafellar and Mangasafian are not' constrained to be non­
negative i, Various Lagrangian functions cited above are 
listed in Appendix A.

In. 1971 Pierre [54] suggested more widely applicable 
multiplier algorithms, accounting for both equality and 
inequality constraint functions. Pierre [55] introduced a 
particularly interesting augmented Lagrangian in August, 
1973, with local convergence properties and numerical re­
sults from an operational algorithm. One of the purposes 
of this work is to study in detail the augmented Lagrangian 
of [55].

2.3 Theoretical Preliminaries * 1
The theorems and proofs presented in this chapter 

for the general NLP require the objective function and the 
constraint, functions to be continuous and to have a suitable 
degree of differentiability. Also the n-dimensional grad­
ient vectors Vh^(x) and Vg^(x) are - assumed to be nonzero at
those points x, which satisfy h . (x) = O and g .(x) = 0 .1 J



With these requirements the following definitions are in 
order

Definition I : [Continuity]
A numerical valued function f , defined on a set X 
in En , is said to be continuous at a point x 0£  X if, 
given any number e > 0, there is a nonempty neigh­
borhood , such that I f (x) - f (x „) | < e for every
point x C N 0^x - P") X.. The function f is said to be 
continuous on X if it is continuous at each point of 
X.

Definition 2 : [Class of differentiability]
A function f is said to be of class C 1 in an open 
region X in En if f is continuous in X and its first- 
order partial derivatives with respect to 
x, 9f/3x^, i = I, 2, n, are defined and con­
tinuous in X. It is said to be of class C 2 in X if 
it is of class C 1 and its second-order partial de­
rivatives, 92f/3x.x., i,j = I, 2, ..., n, are de-1 J
fined and continuous in X.

Differentiability of higher order C^, p > 2, can be 
defined similarly by use of Definition 2, but will not be 
required in this work. Well formulated multiplier

22
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algorithms make effective use of first-order necessary con­
ditions of optimality [55]. These.conditions will now be 
developed.

2.4 First-Order Necessary Conditions
From the classical theory of minima and maxima, a 

first-order necessary condition is given by the following 
theorem. (For piodf, see Appendix B)

Theorem I: [First-order necessary condition for an
unconstrained local minimum]
A necessary condition that a function f of class C 1 
have an unconstrained local minimum at a point x* 
is that

= 0 (2-1)
x = x*

Consider again the general constrained problem re­
stated here from Section 1.2. Find x* and f (x*) where

f (x*) = min f (x) (2-2)
x

subject to the constraints

(x) = 0 ,  i = I, 2, ..., m 1 (2-3)

Mix*) = H
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and

gj (x) :> O , j = I, ■ 2, . . . , m 2 (2-4)
, ALet x be a point which satisfies (2-3.) and (2-4) ,

*and let Ax denote an incremental change in x from x , i .e .,
A I

Ax = x - x , where the magnitude ||Ax|| is the Euclidean norm'
' P ■ .(Ax^Ax) 2. .We may then define a constrained local minimum.

Definition 3: [Constrained local minimum]
For continuous functions defined on a set X in En , f

Ais said to have a constrained local minimum at x if
there exists a real number e > 0 such that

* * .. f (x ) <_ f (x + Ax) ; (2-5)
for all
{Ax| 0< j] Ax|| < e , Iri (x + Ax) = 0, i = I, 2, ...,Iti1 ,' 

*■gj (x •+ Ax) >_ 0, j = I, 2, m 2;

If (2-5) in the above definition can be replaced by
* *f (x ) < f (x + Ax) (2-6)

then f is said to have a strict constrained local minimum 
*at x .

+The symbol  ̂ is used to denote the transpose of a 
vector or matrix. Let C be an m x n matrix. Then C" is the 
transpose of C and has dimension n x m where the (i/j)th 
entry of C' is Cji .
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As a basis for understanding necessary conditions 

for constrained local minima, the following Lemma is of 
fundamental importance. (For proof, see Appendix B)

Lemma I : [Farkas [23] . Theory of linear inequalities]
Let {v^}, k = 0, I, ..., q, be a set of n x I vectors.
A necessary and sufficient condition that there exist 
nonnegative scalar values '{ŝ },' k = I, 2, ..., q, 
such that

q
v o = I s v  (2-7)

k=l K K

is that for every vector z such that z >_ 0, 
k = I, 2, . .., q, it follows that z"v0 >_ 0.

The necessary conditions that apply to the NLP are 
associated with the Lagrangian L:

mi m 2
L (x, £, a, 3) = Cf (x) - I a . h . (x) - I 3 .g. (x) (2-8)

i=l 1 1 - j=l. D 3

where a and 8 are Lagrange multiplier vectors of dimension 
In1 and m 2., respectively. The objective function f(x) has 
an associated multiplier C 0. The conditions that result 
for C > 0 are those of Fritz John [I, 33] which are
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discussed and implemented by Pierre [56]. For the special, 
case where £ = I, the resulting conditions are those of 
Kuhn and Tucker from [23] and are presented in the follow­
ing development.

With C = I/ and using matrix notation, .equation 
(2-8) is recast in the form

L = L (x, a, 6) = f - a^h - 8 g (2-9)

From (2-9) the gradient of L with respect to x follows as

VL = Vf - Vh"a - Vg"6 (2-10)

Notation to be used in establishing the necessary 
conditions that must hold for x* to be a local minimum is 
as follows: Let f* denote f (x*), Vf* denote V f (x*), etc.,
and let Ax = x - x* denote a sufficiently small change in 
x * . Define the following sets in En .

S 1* = {Ax|  Ax'Vg^* >_ 0 , j C s a ? Ax^Vhi * = 0 ,

i  = I ,  2 ,  . . . , In1; Ax^Vf* ^  0 } ( 2 - 1 1 )

S^* & {Ax I Ax'Vg^* >_ 0 , j C s a ? Ax^Vhi * = 0 ,

i  —  I ,  2 z • • • , In1; Ax ^ f* < 0} ( 2 - 1 2 )

and
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S 3* - {Ax I Ax^ V g . * < 0, for at least one j £ S  ;J a

or Ax^Vh^* 0 for at least one i } (2-13)

where x* is assumed to satisfy (2-3) and. (2-4) and where

Sa ^Jgj (x*> = 0} (2-14)

Also to be used are the sets

Sb =' {j Igj-U*) > 0} (2-15)

Ca = {jI3j > 0} (2-16)

and

Cb = {j I3j = 0 and g . (a) < 0} (2-17)

Clearly, S 1*!^] Sg*Q  S 3* equals the null set 0, and 
any Ax in En belongs to one of the three sets Si*, Sz*, or 
S 3*. The set Si* of (2-11) is of limited interest because 
any Ax in this set does not show obvious reductions in 
f (x) ; i.e., £ (x) - f (x*) = Ax^Vf* >_ 0. Also, the set S 3'* 
of (2-13) is of limited interest because any Ax in this 
set does not give ah x point that satisfies all of the 
constraints. The important set is therefore Sz* of (2-12). 
A necessary condition that x* be a constrained local mini­
mum point is that all Ax's contained in S2* result in x's



28
which violate .one or more of the constraints in (2-3) and 
(2-4). For the great majority of problems, S2* contains 
no.Ax's which violate constraints, in which case a neces­
sary condition that x* be a constrained local minimum 
point is that S2* = $. Unfortunately, there is a re­
stricted class of problems for which the preceding state­
ment does not hold. This restricted class of problems 
includes the class of problems for which the first-order 
constraint qualification condition [23] is not satisfied; 
these special problems must be treated separately. The 
following theorem, which is proved in Appendix B is given 
for the S2* =.$ case.

Theorem 2 ; [Existence of Generalized Lagrange 
Multipliers]
If i) x* satisfies constraints (2-3) and (2-4),

ii) the functions f, (h.}mi , {g.}m2 a r e .of class
1 i=l 3 j=l

■ C 1,
iii) S 2* = $

then there exist vectors a*, |3* such that (x*, a*,. 8*) 
satisfies the following conditions:
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hi (x) = 0 i = I, 2, • • • / m ] (2-19a)

9j(x) I 0, j = Ir 2, • • e f m 2 (2-19b)

•n.•m
CO. = 0, j = Ir 2, * •»f in 2 (2-19c)

OAl•n
CO. j = Ir 2, • • * r Itl 2 (2-19d)

VL = 0 (2-19e)

3 The relations (2-19) are the Kuhn-Tucker relations 
that constitute a necessary condition that x* be an optimal 
solution to the' NLP. Note that assumption iii implies that 
the hypothesis of Lemma I are satisfied by the. set A at x* 
where

A = {Vf*, (Vhi*, i = I, 2, In1 },

(-Vhi*, i = I, 2, ..., mi},

' (Vg.*, j C  S }} (2-2 0)J a

To ensure the existence of finite multipliers when 
applying Theorem 2, one must.be able to determine if 
Sz* = $. A useful criterion that can be used to test 
Sz* = $ is given in Theorem 3, which requires the following
definition
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Definition 4: [Linear independence and dependence]
The vectors Vi, vz, ..., v are said to be linearly9
independent if

CiVi + C2V 2' + ... + c Vrr = 0 (2.-21)q q

where Cl, C2, ..., c^ are constants, implies that 
Ci = c2 = ... = Cg = 0. Conversely, vectors Vi, V 2,
..., Vq are said to be linearly dependent if and 
only if v^ can be expressed as a linear combination 
of Vj (j = I, 2, ..., q; j ^ i).

Theorem 3 : [Sufficient condition that S2* =' <E>]
A sufficient condition that S 2* = 0 and also that the 
hypothesis of Lemma I is satisfied by the set A of 
(2-20) is that the gradients of the active constraints 
(Vh. ), i'=l, 2, ...,mi, and {Vg . }, j C  S , are Iin-I J 3.
early independent at x*. (For proof, see Appendix B)

Theorem 2 is a first-order characterization of local 
minima in that it involves first-order differentiability of 
the problem functions. It therefore does not take into 
account the curvature of the functions if they are
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nonlinear. The curvature is measured by second-order de­
rivatives of the problem functions.

Computational advantages can be obtained by augment­
ing the Lagrangian with additional terms. Consider the 
augmented Lagrangian L [55]: '

L + Wi £ h . 2 + W 2 I ĝ i2 + W 3 . !
i=i j £ca 3 j G c 1

(2-2 2 )

where L is. the Lagrangian of (2-9), and wi, W 2 , and W 3 are 
penalty weights where 0 < {wi, W 2 , W 3} ^ 00. With slight 
loss in generality, we could let w 2 = W 3 and replace the 
corresponding summations in (2-22) by W 2 5! g -2 where •

, , j C c 3C = ca [J cJ3* Note also that C j |C^ = 0 and therefore the
last summation in (2-22) is equivalent to
w 3 J1 Hg . (g . - I g • I ) which is a term suggested by Pierre

j £ c a : : :
[54] .

The gradient of La with respect to x is
mi

V£ - I («,• - 2wih. ) Vh. - I (3. - 2w2g .) Vg 
i=l 1 1 1 j C C  3 3

Ii€c,
(-2w3gj)Vg^ (2-23)



32
Consider the direction of the vectors that sum to 

■ form t VL . The first term, -Vf points in the direction of 
greatest incremental decrease in f [47]. A typical equal­
ity constraint vector (a^ - 2wih^)Vh^ tends to force con­
straint satisfaction by pointing in the direction of de­
creasing Jhi I, i.e., if hi > 0 and Iv > ai/2wi, or if 
hu < 0 and Iv < ai/2w1. A stronger statement applies 
toward forcing constraint satisfaction for inequality con­
straint terms of the form (3. - 2w2g .)V g .. Since 3. > 0J J 3 3
for these terms, the gradient vector points in the direc­
tion of decreasing |g.| either if g. < 0 or if

3 3
gj > 3j/2w2 > 0. Finally, the last vector terms in (2-23) 
always point away from infeasible areas of constraint 
satisfaction. Since these terms, associated with the set 
Cj3, apply only for inequality constraints where 3 ^ = 0  

and where g% < 0, these vectors point in the direction of
increasing g .'s .

3
With the augmented Lagrangian defined in (2-22), 

there is a direct relationship between the constrained 
local minima of the original problem and the unconstrained 
local minima of . This can be shown from the.following 
theorem given by Pierre [56].
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Theorem 4 :■ [Equivalence between NLP solutions and 
unconstrained minima of L ]

A * *Given (x , a , g .) that satisfy (2-19) , and given W i , 
W2 , and w 3 that are sufficiently large such that

3
{0 < w. < °°} then assumes a local minimum with

1 —  a1 — 1 A Arespect to x at x if and only if x is a constrained 
local minimum of f .

* * * 3Proof: Let (x , a , ft ) satisfy (2-19) with {0<w. < c°}
■ *The inactive constraints at x are those associated with

Sk = {j Igj(x ) > 0}. Let E be a sufficiently small posi- 
. *trve number such that gy(x + Ax) > 0 for all j Q  and for 

any Ax which satisfies 0 < || Ax|| < e . The terms in 
therefore will not affect the formulation of the gradient

Aof La at x . ■
*First, assume that f (x ) is a constrained local mini

mum of f, and therefore S2 $. Consider A x G S 3 . Sup­
pose the i equality constraint is violated by Ax, The 

mi *term Wi £ h .2 (x + Ax) in (2-22) will force
i=l

* *L (x + Ax) > L (x ) for some w% <a. 3. — Also, suppose Ax
violates the j i n e q u a l i t y  constraint for some j 0 S  ,a
where ft. > 0. Then one of the terms I —
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w 2 I g .2 (x* + Ax) or w 3 I g..2 (x* + Ax) in (2-22) will' JCca J JCcb j
force La (x* + Ax) > Lq (x *) ,for sufficiently large w 2 or 
W 3 where W 2, W 3 <_

Thus, we are left to consider only those nonzero 
Ax0Si*. F o r . any Ax in this set we have

L_ (x* + Ax) = f (x* + Ax) > f (x*) = L (x*) (2-24)a. —  Si

from which

L (x* + Ax) > L (x*) (2-25)
Si a.

Thus, La assumes an unconstrained local minimum at x* if f 
has a local constrained minimum at x * .

Now assume that L (x*) is an unconstrained local 
minimum of L . For the constrained problem, only those 
Ax are allowed for which x* + Ax satisfies (2-3) and (2-4). 
For any such Ax, with || Ax|| < e , equation (2-22) reduces 
to

L (x* +. Ax) = f (x* + Ax)cl

I [g.g.(x* + Ax) - Wag.2 (x* + Ax)] JCCa 33 - 3

Consider a typical term of the summation in (2-26)
(2-26)



3 .g.(x* + Ax) - w 2g .2 (x* + Ax)

= [I - (wz/Bj) gj (x* + Ax)] Bjgj(x* + Ax) (2-27)

for Bj > 0 and w 2 < <», and for sufficiently small || Ax|| , . 
it is clear that the right-hand side of (2-27) is non­
negative. Thus,

La (x* + Ax) <_ f (x* + Ax) (2-28)

By assumption La (x*) is an unconstrained local minimum of 
La , and thus,

f(x*) = La (x*) <_ La (x* + Ax) (2-29)

and from (2-28) and (2-29) , therefore,

f (x*) <_ f (x* + Ax) (2-30)

Thus, f (x*) is a constrained local minimum of f .

O

In the above proof if the inequalities in (2-25) 
and (2-30) can be replaced by strict inequalities, then in 
Theorem 4 it can be stated that La, assumes a strict local 
minimum with respect to x at\ x* if and only if x* is a 
strict constrained local minimum of f .

35
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2.5 Second-order Sufficient Conditions

Second-order sufficient conditions are developed to 
measure the curvature of the problem functions near a local 
minimum. The following developments require second-order 
differentiability of the problem functions. Before second- 
order sufficient conditions for constrained local minima 
are presented, the following definition and theorem are in 
order.. *

Definition 5 ; [Positive definitness]
A real symmetric n x n matrix M is said to be positive 
definite if for every nonzero vector y C E n , y ^My > 0.

Theorem 5 : [Sufficient conditions for unconstrained
local minima]
Sufficient conditions that a function f of class G2 
have an unconstrained local minimum at x* are that

(2-31)

and that, for all Ax ^ 0

Ax"'V2f*Ax > 0 (2-32)

If V2f  is continuous at x*, (2-32) is equivalent to
the statemfent that
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V2 f* - [9 2f/9x.9x.] I is positive definite. - (For

3 X = X*
proof, see Appendix B)

-
Sufficient conditions based on the Kuhn-Tucker con­

ditions of Theorem 2 are given in the following theorem. 
(For a proof, see [23])

. Theorem 6 : [A set of sufficient conditions for a con­
strained local minimum]
If i) . x* satisfies (2-3) and (2-4),

i i). the functions f, {h.}mi , {g.}m2 are of class
1 i=l 1 j=l

C2 ,
iii) the gradients of the active constraints {Vh^},

■ i = I, 2, — , mi, and (Vgj), j C S ^  are 
linearly independent at x*, 

then sufficient conditions that x* be a constrained 
local minimum are that there exist vectors o i *  and g *

A * *such that (x , a , 3 ) satisfies conditions (2-19) and
that for every nonzero vector Ax satisfying
Ax^Vh.*' — 0, i = I, 2, ..., mi, and Ax^Vg.* = 0 for 1 3
j 6  Ca ,. and Ax^Vgj *' >_ 0 for j £  Sa - Ga at x * , it 
follows that

Ax"V2LAx > 0 (2-33)
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When second-order sufficient conditions are satis­

fied, Theorem 4 can.be replaced by the following theorem.

Theorem 7: [Equivalence between NLP solutions and
unconstrained minima of L^; finite weights guaranteed] 
Given (x*, a*, g*) that satisfy (2-19) and given suf­
ficiently large but finite Wi, W 2, and W g , L^ satisfies 
second-order sufficient conditions for an unconstrained 
local minimum at x*, if and only if the NLP satisfies 
second-order sufficient conditions for a constrained 
local minimum at x*.

Before proving Theorem 7, we will state and prove 
Lemma 2, suggested by Pierre and related to a theorem 
(Theorem 3 of [17]) on quadratic forms.

Let A be an n x n symmetric matrix of reals and 
let B be an n x m matrix of reals. Further, let 
V = {Ax IB"'Ax- >_ 0, Ax ^ 0}, and V = {Ax| B^Ax < 0}. Also 
define 6 (V):

6 (V) A I if Ax 0  V
(2-34)

0 if Ax 0  V
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In terms of the above notation we can now state and prove 
Lemma 2.

■ Lemma 2 ; [Quadratic forms and linear inequalities]
Let V f V f and 6 (V) be defined as above. Then for 
Ax0V, Ax"AAx > 0 (respectively, < 0) if and only if 
there exists a number A such that, for all Ax ^ .0,

F = AxvAVx + AAx^BETAxfi(V) > 0 (2-35)

(respectively, < 0).

Proof: First suppose F > 0 for all Ax ^ 0. For AxGV,
F = Ax^AAx > 0 which proves the sufficient part of the 
Lemma.

Next, suppose that Ax^AAx > 0 for A x 0V. For these 
Ax, it is obvious that for any finite A, F > 0. For A x G V  
we use the following argument: Let

8 (Ax) = -(Ax^AAx/Ax^BB^Ax) (2-36)

which is a continuous function over the normalized set Vn
defined by V^ = {Ax |Ax^Ax = I and A x 0V}. As Ax approaches 
the boundary of V , i.e., B^Ax -> 0, the numerator Ax^AAx of 
0 (Ax) is positive, but the denominator approaches 0+, and 
therefore 0 (Ax) tends to -°°. The preceding statement, with
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the fact that 0 (Ax) is continuous on V f gives that 0 (Ax)
assumes a finite maximum value X* at some point in V .n

*Thus, for any X > X ,

X > -(Ax"AAx/Ax"BB"Ax), A x ^ V  (2-37)

Rearranging (2-37) we obtain the desired result that

.. Ax'AAx + AAx"BB"Ax > 0, A x G V  (2-38)

which, when combined with those A x 0 V ,  yields (2-35) for 
all Ax 0, thus proving the necessary part of the Lemma.

O

We may now utilize the results of Lemma 2 in proving 
Theorem 7.

Proof: (Theorem 7). Under the assumed conditions of the
* *theorem, it is clear that VL = VL = 0. It must bea

shown that, for all Ax ^ 0 and finite wi, w % , and W 3,
* *

Ax^V2La Ax > 0 if and only if Ax^V2L Ax > 0 for Ax ^ 0 and
Ax such that A x ^ V h ^ = 0, i = I, 2, ..., mi, and
AxlVg. = 0, j 0  C , and Ax^Vg. > 0 ,  j 0 S  - C at x .] - a   ̂j _ , J O a a

*Note that Ax Vh^ = O i s  equivalent to the requirement



J

41iff
that both Ax-11Vtv >_ 0 and - Ax^Vh^ > 0. _ The proof fol­
lows directly from Lemma 2 when the following identities 
are made;

F E JsAx^V2L * a
, *A = I5V2L 

X > max Cw1, '

Columns of B =

With the necessary and sufficient conditions of 
local minima now. established, we may present the multiplier 
algorithm that operates on the augmented Lagrangian of 
(2-22) to find these minima.

2.6 The Multiplier Algorithm
* * *When L^ is formed using (x , a , 3 ) which satisfy 

necessary and sufficient conditions for the constrained

(2-39a)

(2-39b)
I W g } (2-39c)

/wi/A *Vhi I I f i2 f e e • f mi
✓wi/A *Vhi “ I/ 2/ * * * f mi
/wz/A *

Vgj
*

j e c a (2-39d)
/wz/A Vgj

*
j e = a

/Wg/A Vgj i © Sa - Ca
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problem, x is a constrained local minimum of f if and

•ff
only if La assumes a local, minimum with respect to x at x . 
In section 1.2 the problem functions are assumed to be of 
class C 1 . In the posed multiplier algorithm, the DFP con­
jugate search direction method is used. This method re­
quires the problem functions to be of class C 1: the first
derivatives of the problem functions must .be explicitly' 
available for operation. However, the method is more ef­
ficient in general if the problem functions are of class 
C2 . Then, if second-order sufficient conditions are sat­
isfied, and if Sa - is empty, each matrix of a sequence 
generated by the DFP method remains positive definite and 
the sequence tends to the inverse of V2La in the vicinity 
of a local minimum,. thus ensuring that a minimum is reached

3.
for finite penalty weights {w\} Even if second-order

i=l
sufficient conditions are not satisfied at an x , which is 
a local minimum, the algorithm is constructed to give a
close approximation to x by effectively minimizing La with
respect to x such that L is forced to satisfy the first-e
order conditions given in (2-19); however, in this case

3
the weights (w.} may be required to approach infinity 

1 i=l
to attain convergence.
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The algorithm consists of alternating minimization 

and. update phases. During the minimization phase the mul­
tipliers and penalty weights are held fixed, and a quadrat- 
ically convergent search is employed to find xm that mini­
mizes La (x) such that xm satisfies

VLa (Xm ) = 0  . (2-40)
Because of computational roundoff errors and because 

nonlinear functions are involved, xm generally satisfies 
(2-40) only in an approximate sense: the termination of
the minimization phase must be based on a set of pragmatic 
conditions. One condition of the set is as follows: Let
E be a small number and replace (2-40) by

VLa (Xm ) "VLa (Xm ) < e (2-41)
At the completion of a minimization phase the multi­

pliers are updated in an attempt to satisfy (2-19). Thus, 
the multipliers are updated to obtain

VL(xm ) = La (xm ) = 0  (2-42)
(new) (old)

The multiplier updating rules that result in (2-42) follow 
by comparing (2-10) and (2-23):

Equality constraints: '
a± ~ ai ” 2wihi(xm ), i = I, 2, ...,mi
(new) (old)
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Inequality constraints:

for j 6 C a ,
0, if 6 . - 2w2g . (Xin) < 0

(new) -' 3. - 2w2g.(x ), otherwise
(old)

for j e c b ,

•, 0, if g^ (xm ) >_ 0

if (xm ) < 0
(2-45)

3
The {w.} ' values used in (2-43), (2-44) and (2-45)

1 i=l
are those values which were used during the preceding'mini-

indices belonging to the sets Ca and are updated, and 
are held fixed for the next minimization phase.

Equations (2-44) and (2-45) prescribe a constraint 
basis for the inequality constraints during a minimization 
phase. Throughout such a minimization phase, those in­
equalities having positive multipliers are in a 1 locked o n 1 
status [56] and are treated the same as equality con­
straints. Inequality constraints with associated zero­
valued multipliers are held from excessive constraint 
violation, as in penalty function methods, by the exterior
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penalty terms associated with w g . Upon, termination of a 
given minimization phase, the equality constraint multi­
pliers are updated by (2-42), and the inequality constraint 
multipliers are updated by (2-44) and (2-45) in order to 
prescribe a new inequality constraint basis for the next
minimization phase. If a 3. multiplier from the previousJ
basis tends negative, as in (2-44), the implication is 
that f will tend to decrease if x is free to move away 
from the corresponding constraint boundary with g ^ (x) in­
creasing, thus relinquishing its locked-on status. The 
constraint then becomes a free constraint. A free con­
straint is added to the new constraint basis if the con­
straint is violated at the end of a minimization phase. 
Thus, with the violated constraint having a value less 
than zero, the corresponding multiplier is assigned a 
positive value, as in (2-45), and the constraint maintains 
a locked-on status throughout the next minimization phase.

The locked-on feature is especially important when
m * x is in the vicinity of a constrained minimum at x . If

the problem functions are of class C 2 and if strict com­
plimentary slackness holds near x , i.e., if S =3-
active inequality constraints (characterized by 

*gj(x ) = 0) have associated positive multipliers

Ga' a n
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(3j > 0), and the matrix of second partial derivatives 
2 *  •V is continuous. Continuity of second derivatives is

a property that facilitates the unconstrained minimization 
of a function by the use of quadratic convergent tech­
niques .

For most problems the w^'s could be assigned in.1- 
itially and held fixed throughout the algorithm. But be­
cause the terms added to the Lagrangian to form La are 
penalty terms, it is more logical to parallel to some de­
gree the procedure used with penalty function methods. 
Thus, the 's are assigned some relatively small positive 
values and are updated, after the multipliers are updated, 
by a factor y >_ I. This procedure continues until given 
upper bounds W^m a x 1s are reached. The penalty weight 
update rule then is

W i
(new)

wImax- lf 1ewI 2- wImax 
(Old)

Yw^ , otherwise 
(old)

(2-46)

It is important to note that the initial w^'s must be large 
enough to prevent a constraint breakthrough from occurring- 
[53].
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At xm , after .the multipliers and weights have been.

updated, the search for a minimum of L is conducted in­
itially in the -VL^(xm ) direction, where

VLa (xm )
(a, $, w) = (a, 3, w) 

(new)

m
(2-47)

The search direction of (2-47) is one that tends to move x 
towards the constraint basis, and in general the corre­
sponding constraints will be more closely satisfied at the 
end of the next minimization phase.

Pierre [56] shows that this algorithm generates the 
constrained minimum of f after a finite number of uncon­
strained quadratic-convergent minimizations under the 
following conditions:

1) f is linear in x
2) {h.}mi , {g.}mz are affine linear of the form

i=i J j=l
b + a ^x where b and the components of the vector 
a are real constants

*a unique and bounded x exists3)
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4) g .(x ) > 0  if 8. = 0  (strict complementaryJ J

slackness)

Pierre's justification of the above is as follows. At some
finite point in the sequence of alternating minimization
and update phases, the constraint basis contains only

*those constraints that bound x and the set is empty.
A quadratic-convergent minimization is then performed 
where the last summation in (2-22) remains at zero. The 
resulting xm satisfies VL (xm ) = 0, apart from roundoff 
errors, because L^ is quadratic in the domain leading from 
the last xm to the present xm . The multipliers obtained 
at this stage are optimum because the gradients of the 
linear problem functions are. constant vectors. Thus, the 
new VL = 0, and the new VL is that given in (2-47), with 
the terms associated with wi and w% quadratic in xm . One 
final quadratic-convergent minimization at this stage 
yields the true minimum within numerical accuracy limi­
tations.

2.7 Summary
In this chapter we have presented an unconstrained 

function L , that is formulated by augmenting the La- 
grangian with weighted problem functions of the constrained
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NLP. First-order necessary conditions (Theorem 4) and 
second-order sufficient conditions (Theorem 7) have been 
established showing the equivalence between NLP solutions 
and the unconstrained minima of L ^ . The Kuhn-Tucker re­
lations (Theorem 2) which are conditions for the existence 
of generalized Lagrange multipliers, are the first-order 
conditions of optimality upon which all multiplier algo­
rithms are formulated.

A multiplier algorithm is presented giving the gen­
eral procedure for updating the multipliers during the 
minimization process such that, as the sequence of mini- 
mizers {x111} converges to a local minimum x , the multi-

* Apliers also converge to a and g . Although the algorithm 
is based and operates on first-order conditions, if the 
problem functions are of class C 2 , such that second-order 
conditions are satisfied, then the algorithm converges 
locally without requiring the penalty weights to increase 
without bound. This provides a numerical stability not 
found in the usual penalty methods.

In order for the algorithm to work, we must have a 
means of generating search directions in n-space and a 
means of searching along this direction for an
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unconstrained minimum. The theory and algorithms for these 
procedures will be discussed in Chapters 4 and 5, but first 
a practical interpretation of the Lagrange multipliers, 
which are obtained at the minima of the NLP, will be given 
in the discussion of sensitivity in Chapter 3.

\



CHAPTER'THREE

SENSITIVITY
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3.1 Introduction

A practical question that often arises in solving 
either a mathematical or a real-world problem is how much 
the optimum changes when changes are made in the conr • 
straints or when changes are made in the optimal parameter 
values or system elements. Sensitivity analysis allows 
one to examine the variations in an objective or cost func­
tion when such changes are made. Physical systems cannot 
be constructed or operated exactly as in theory because of 
the inherent limitations on man's capabilities and limi­
tations caused by a real-world environment. But these sys­
tems may be constructed and operated satisfactorily if the 
elements that influence system operation maintain certain 
tolerance limits. Tolerance specifications are an impor-■ 
tant part of a complete solution to a practical problem, 
and to specify them realistically one must know how changes 
in the system elements influence the characteristics of the 
system or problem under consideration. Sensitivity analy­
sis provides the means of obtaining such information.

3.2 Microscopic Sensitivity [53]
The fractional change in a given system character­

istic, which is a function of system parameters, can be
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estimated on the basis of. fractional changes in the param­
eters. When these fractional changes are required to re­
main within specified bounded regions or tolerance limits, 
worst-case sensitivities of system characteristics may be 
estimated by directly incorporating tolerance limits in 
the performance measure and constraint equations. For ex­
ample, system parameters are set to tolerance extremes 
which are most likely to cause constraint violation ,and 
are least favorable to optimal performance. The perfor­
mance measure is then optimized under these worst-case 
conditions. . A similar analysis could be performed where 
the tolerance limits are at the opposite extremes and the 
performance measure is optimized under best-case conditions 
yielding best-case sensitivities. Based on the above 
analysis, a designer can choose design-center values for 
system parameters. Microscopic sensitivity can then be 
analyzed.

Microscopic (incremental) sensitivity measures are 
usually based on a truncated Taylor series, since the in­
cremental sensitivity of a system characteristic is appli­
cable to small regions within the tolerance extremes about 
some design-center. Let us consider the variation of the 
performance measure f(x*) where x* is the design-center
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value of the system parameter vector x. If we assume that 
f(x) is of class C 2,, we can expand f (x) about x* in the 
truncated Taylor series

f (x)=f (x*) + (x—x*) Vf (x*) + Sg (x-x* W 2f (x*) (x-x*) (3-1)

Define F and A as follows [53]:

Xl _ Xi* X 2 - X2* xn - xn#
f e e e ̂ (3-2)

and

0 ... 0 
. *

(3-3)

With these identities, (3-1) can be rearranged to
obtain

£(X) ~ = r" AV5fX*v- + F" = T'S f + T'sq fF ' (3-4)f (x*) f (x*) 2f(x*)

where the column sensitivity matrix is defined by

c f A AVfjx*)
x f (.X*) (3-5)
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and the square sensitivity matrix Sqxf is defined by

f A AV2f (x*) A 
Sqx 2f(x*) (3-6)

Both f (x) and x* are assumed known so that and
Sqx^ can be evaluated. If x* happens to be a local mini-

fmum (or maximum) Sx = 0 .  Equation (3-4) yields the frac­
tional change in f (x) which results in the fractional 
changes in x as specified in the F matrix. If f (x*) = 0 
or if any x^* = 0, however, equations (3-4), (3-5), and
(3-6) should not be used— in such cases equation (3-1) 
should be considered directly with sensitivity measured in 
magnitude of change rather than in fractional change.

3.3 Macroscopic Sensitivity
Macroscopic sensitivity of a system characteristic 

is sensitivity with respect to large parameter changes.
For example, if a range of values of a particular system 
parameter gives rise to a range of values for a system 
characteristic of interest, a design-center value may be 
selected so that the system characteristic is least sensi­
tive to changes in the parameter. In many applications,

*tolerance limits iL are known for design-center values x^ 
such that, in matrix form



56
“L i r i L (3-7)

where L =  [Hi, ^.

The question that often arises then is s "What is
* &the maximum of the absolute value of [f(x) - f (x )]/ f (x ) 

in (3-4) with, respect to allowed variations of F as in 
(3-7)?" This question is posed such that it can be put 
into the format of the NLP and can be answered by solving 
the NLP with search techniques such as presented in this 
thesis. In general, the application of search techniques 
results in the accumulation of large amounts of macro­
scopic information.

3.4 Sensitivity and Lagrange Multipliers
Sensitivity in the broad sense of the term may be 

applied to small changes in the problem functions as com­
pared to changes in the parameters for fixed functions.
The Lagrange multipliers that satisfy the Kuhn-Tucker con­
ditions are frequently termed shadow prices or attribute 
costs, in that they have the property of giving an attrib­
uted cost to a constraint. Consider the problem that often 
arises:

max P (x) (3-8)
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subject to

Si (X) = Ui i = I, 2, , Iti1 (3-9)

and

■ tj (x) <_ bj j — If 2 f . . ., m 2 (3—10)

As a general example, P (x) may be viewed as a profit 
function for some production process; the constraints of 
(3-9) may be machine operation and manpower costs needed to 
produce a line of products from given resources while the 
constraints of (3-10) may represent the availability or 
limitation on the total amount of the j^h resource. By 
some investment or reduction in resources, or by effecting 
a change in personnel or production policy, the manager 
confronted with the above problem could obtain a displace­
ment dk , k = I, 2, mi + m z i n  the constraints (3-9)
and (3-10). Assuming that by shifting the right-hand side 
of the constraints by a small amount d^, and assuming that 
there is an associated savings or cost tt̂  per unit of 
change; an investment cost of savings ir̂ d̂ . results. The 
following question then arises; "Is the investment or 
policy change profitable or not?"
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To. answer this question let us first reformulate

the management problem into the format of the NLP so that
we may directly use the Kuhn-Tucker conditions developed
in Section 2.4. Define f (x) = - P (x), (x) = s ^ (x) - a^,
and g. (x) = b. - t . (x) . Viewing the displacements, d, J J J  K
with these identities the problem becomes

subject to

min f (x) (3-11)

h^(x) - = 0, i = I, 2, ..., mi (3-12)

and

9j(x) - dj+rai> Of j = I, 2, . . . z m 2 (3-13)

Of primary interest is the local behavior of the 
minimum value of the objective function as the d^'s are 
varied. The Kuhn-Tucker conditions for this problem are

h i (x) - = 0, i =' I, 2, • e • / m I (3-14)

9j (%)

OAlE+-n
rOI j = I, 2, • • • y IU2 (3-15)

3 j (9j (x) - S+m,' = 0t j = I, 2, • a • f IH2 (3-16)

Bj > 0, j = I, 2, • •• p ICl2 (3-17)

mj m 2

%  J 10^ + ^ 3 xk a k = I a 2 a n (3-18)
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Let {Vh.J for i = If 2, . . . , In1 and {Vg. }. for all j 0 S  be . 1 .3 a
linearly independent so that (x , a , 3 ) is the minimum 
solution satisfying the Kuhn-Tucker conditions at d^'s =.0, 
and assume that the d^'s are small enough so that the func­
tions x (d), a (d), and 3(d) are of class C 1, where 
(x(d), a (d), 3(d)) also satisfies the Kuhn-Tucker condi­
tions as the d^'s are varied.

Using the differential chain rule

9f (x(d)).
4 i (  J i V * r + J i 61

3g A 3x.
3Xj (3-20)

All equality constraints in equation (3-14) must be
Asatisfied by x(d) in a neighborhood of x , i.e..

hi (x(d)) = di (3-21)

Clearly, from (3-21),

1Izk (3-21)

where

Oz . i k

i,k
I, i = k

(3-23)
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Using the chain rule on (3-22),

9hi r. 3h .. .9x .
3dk = “ 6i,k (3-24)

iihSuppose that the i constraint in (3-15) is active
at d = 0. By assumption, it will remain active at x(d) in

*a neighborhood of x so that

gi (x(d) ) = di+mi 0-25)
and this constraint can be treated in the same way as the 
equality constraints. Thus,

9g. n 3g. 9x.
3d^ ■ = 6k,i+ni, |3"26)

Now suppose the i1-*1 constraint in (3-15) is inactive
at d = 0. By assumption, if the displacement d^'s are
small, g^ will remain inactive at x(d) in a neighborhood 

*of x so that

g.(x(d)) - di+mi > 0

Consequently, by (3-16),
= 0

for all inactive constraints.
Substituting (3-24), (3-26), and (3-28) into equation

(3-20), we obtain

(3-27)

(3-28)
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3f (x(d) )
3d,

mi m 2
|.ai5l,k + J .  Si«kii+ini (3-29)

‘k i=l " . i=l

which reduces to the value of the mulitplier associated
with the index value of k. Thus,

r

3f (x(d) )
k = 1 ,  2,

=S < (3-30)
fk-™, > k Itl1 +1, Itl1 +2 , . . . , Itli+ Itl2

To first-order terms, (3-29) is used to find the incre­
mental change, A f (x), in f (x), where.

mi m 2
Af(x) = I a.*d. + I 0.*d. (3-31)i=l 1 1 j=i 3

Thus, in regard to the management question, we see
from (3-31) that, when the d^'s are small, the answer is

*obtained by comparing the Tt̂  with the corresponding a
Aand values. The practical implication of this result

is that we can easily obtain an indication of how the opti­
mal value of the objective function changes as the resource 
or policy changes. In using a multiplier algorithm, the 
multipliers for the constraint functions are readily avail­
able at the solution of the problem, and the indication of 
favorable and unfavorable investments or policy changes are 

obtained without solving numerous NLP problems.



It must be noted, however, that large changes based 
on incremental indications may lead to results quite con­
trary to those expected. Incremental changes assume that 
a fixed set of constraints hold in a small neighborhood of 
the optimal solution. Large changes may violate this as­
sumption, and the constraint basis may vary with the dis­
placements. Thus, before large scale changes based on 
incremental indications are implemented, it is wise to 
solve the NLP under the new conditions.

Summary
The sensitivity analysis presented in this chapter 

gives a method for finding how the objective or cost- 
function changes when changes are made in the constraints 
or when changes are made in the optimal parameter values.
Of most significance to the general NLP is the sensitivity 
information contained in the Lagrange multipliers that 
satisfy the Kuhn-Tucker conditions. In. using a multiplier 
algorithm for solving a real-world NLP, the multipliers 
are readily available at the solution. These multipliers 
have the property of giving an attributed cost to the prob­
lem constraints. And with proper interpretation of the 
multipliers, indications of favorable investments or policy

62
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changes are obtained without solving numerous NLP problems 
Several examples of practical application of the NLP and 
interpretation of the resulting multipliers are given in 
Chapter 8.



CHAPTER FOUR

GENERATING SEARCH DIRECTIONS
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4.1 Introduction

For general comparison purposes sequential search 
techniques can be divided into two categories: I) tech­
niques that utilize derivatives of the problem functions, 
and 2) techniques that do not require derivatives of the 
problem functions. In generalr the best sequential methods 
which utilize the gradient are more efficient than those 
that do not [53] . The search techniques of this thesis 
utilize the gradient in generating the search direction; 
the techniques are applicable to the case where the gradi­
ent is defined analytically at each point, as opposed to 
the case where derivatives are approximated by differences 
in the values of the performance measure in the neighbor­
hood of each search point.

Sequential unconstrained minimization procedures 
locate the minimum x as the limit of the sequence {x^}, 
k = O7 I, 2, ..., where x° is an initial estimate of the 
minimum, and for each k >_ 0, x^+^ is the minimum of the 
performance measure with respect to variations along the 
line through x in some specified direction r .

A desirable property for an iterative search method 
to possess is that of quadratic convergence; meaning that
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for quadratic functions, the minimum will be located ex­
actly, apart from roundoff errors, within a finite number 
of iterations [28] . In general, the unconstrained perfor­
mance measure f, resulting from the transformation of the 
constrained NLP into an unconstrained problem, is not 
quadratic, but in the neighborhood of the minimum x it 
may be expanded in a Taylor series of the form

f (x) = f (x ) + Ax^Vf(x ) + hAx'yzf (x*)Ax
+ higher order terms (4-1)

* *where Ax = x - x , V f (x ) is the gradient of f evaluated
* * at x and is equal to zero, and where V f(x ), the Hessian

*matrix of second partials evaluated at x , is symmetric 
and positive definite. For general functions, as the mini­
mum is approached, the function appears more closely quad­
ratic, and the rate of convergence generally increases. 
Furthermore, in regions remote from the minimum, such 
methods often account for the curvature of the function and 
are thereby able to deal with complex situations which are 
created, for example, when active constraints are incor­
porated with penalty functions. Information about the 
local behavior of the function is most efficiently used 
when iterative search methods calculate each new direction
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of search as part of the iteration cycle. In the remain­
der of this chapter, we investigate the properties of gra­
dient methods used in generating search directions.

4.2 Gradient Techniques
Common to all gradient techniques is the iteration 

equation (1-4) given here in the form

xk+1 kX aHg
x k= x

(4-2)

where xk+1 is the new value of x obtained from a variation
a along the direction Hg through the old point x .

4*H is an n x n matrix, g is the gradient of f , and a is a 
real number. Gradient methods differ in the way a and H 
are selected.

In the method of steepest descent H in (4-2) is 
set equal to the identity matrix I . At the minimum point 
of a given search direction, the next search direction is 
set to the negative gradient at that point, which is the 
direction of greatest incremental decrease of f (x).

In this chapter, g will be used as standard nota­
tion for the gradient of f, Vf, and is not. to be confused 
with the constraint set (1-3) .
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Evaluating f (x) at the point defined in (4-2) with 

H = I ,  we have

f(xk+1) = f(xk - ag(xk)) = Y ‘(a) (4-3)

which forms a parametric equation in a . The gradient of 
(4-3) with respect to a is

I ^ =  -g(xk+1)'' g(xk) (4-4)

k kwhich is always negative at a = 0, since g(x )"g(x ) > 0 .  
Therefore, a decrease in f is guaranteed at every step if 
a is sufficiently small. If a is too small, a decrease is 
guaranteed, but convergence may be slow, and if a is too 
large f may actually increase. The greatest decrease 

occurs from (4-4) at the value, of a where 3f/9a = 0. This 
optimum value of a -is found by solving (4-3) with a uni­
directional search as outlined in Chapter 5-.

Convergence, although almost certain with this 
method, is slow and relatively inefficient when nonlinear 
problem functions are involved, as oscillatory search di­
rections are often generated. Curry [14] also notes that 
the convergence rate of this method is affected by scaling 
of the x^ variables. In En , if the function being mini­
mized is spherical, the minimum can be found in one
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iteration, because the negative gradient is normal to the 
spherical surface and points toward the center. If a 
scale change for any coordinate is made, however, the sur­
face becomes elipsoidal, the negative gradient generally 
no longer points to the center, and minimization requires 
more than one iteration, resulting in an increased conver­
gence rate. These problems can be reduced to some extent 
by the use of conjugate gradient search directions dis­
cussed in Section 4.4.

4.3 Newton Search
Suppose that in the vicinity of the current search 

■point x^,. f (x^+ )̂ can be adequately represented by the 
truncated Taylor series

f (xk+1) = f (xk ) + Ax^ g(xk ) + JgAx^AkAx (4-5)

where Ax = xk+^ - xk , and Ak is the n x n matrix of second 
partial derivatives of f evaluated at x . The Ax that 
minimize (4-5) must satisfy

Ak Ax = -g(xk ) (4-6)
k -IEquation (4-6) is in the form of (4-2); where H = (A ) 

and a  = I. If the function to be minimized is quadratic, 
equation (4-6) gives the minimum in one iteration, provided
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that the inverse of the matrix of second partial deriva­
tives is available.

The Newton search is a gradient method that employs 
the above approach. It has the property of quadratic con­
vergence, but requires the evaluation of second deriva-

k 'tives, and a matrix inversion per iteration. When x is
near a local minimum of a nonquadratic function, is
nearly constant, and convergence is fast: but if x is
not in the vicinity of a local minimum, such that the
higher-order terms in (4-1) tend to dominate, the Newton
method may actually diverge. Another problem with this

kmethod occurs when A is a singular matrix, such that the
determinate |A ^ | = 0. Under these circumstances no in- 

k ■ kverse of A exists. Even when x is near a minimum and 
I A. I 7̂ 0, it may be close to zero so that A is ill- . 
conditioned, leading to erroneous results.

4.4. . Conjugate Gradient Techniques
The. conjugate gradient method was developed in 1952 

by Hestenes and Stiefel [32] to solve a set of simultaneous 
linear equations having a symmetric positive-definite 
matrix of coefficients. The equivalence of that problem
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and the minimization of a quadratic function can be seen 
from equation (4-6) in that

x = x - A  1g(x) (4-7)

Since A is a constant positive-definite matrix, the solu­
tion is obtained in one step from any point x. Before the 
presentation of conjugate gradient techniques, some prop­
erties of conjugate directions are examined.

Definition 6 : [Conjugate vectors]
Let A be a positive-definite matrix. A vector Vi 
is said to be conjugate (with respect to A) to a 
vector vz if Vi and Vz satisfy

Vi'hVz = 0  (4-8)

When vi and Vz are interpreted as direction vectors 
in En and satisfy (4-8), they are said to be A-conjugate 
directions. For example, in the method of steepest descent, 
the vectors g(x^) and g(x^^^) are conjugate with respect to 
the matrix I because, if the optimum value of a is found



72
for each search such that 9y/3a = 0, equation (4-4) yields

- g (xk+1)'Ig(xk ) = -q(xk+1)"g(xk ) = 0 (4-9)

Consider the following properties of conjugate di­
rections, which are given in [53] as theorems' with proofs. 
If A is an n x n positive-definite matrix, then

PI: If n. nontrivial- directions r^, i = I, 2, ..., n,
are known to be A conjugate to one another, then these 
r^'s are linearly independent.

P2: When f (x) is quadratic with A equal to the matrix
of second partial derivatives, and when nontrivial

Adirections r , i = 0 ,  I, ..., n-1 are mutually conju­
ftgate with respect to A, the exact minimum point x 

of f (x) can be obtained by a sequence of n unidirection 
searches starting at x ° . The xk are determined from 
the iteration formula

V-L *! V Vf (x ) = min f (x + ar ), k = 0, I, 2, ..., n-1 (4-10)
a

n *with the final result being x = x .



Property 2 demonstrates that the method of. sequential uni­
directional searches is quadratically convergent when 
using a set of A conjugate search directions.

Equation (4-8) gives a definite criterion for con­
jugate search directions. In some problem formulations, 
such as the NLP, only the problem functions and their gra­
dients are defined numerically so that A, the matrix of 
second partials, is not explicity available. Additionally, 
the f (x) to be minimized in general is not quadratic, and 
if x is far from the minimum such that the quadratic ap­
proximation to f is not valid, other relations must be 
used to determine conjugate directions. One. such relation 
can be found by the following theorem. (For proof, see 
Appendix B) .

Theorem ,8: [Conjugate directions by linear
independence]
Consider the quadratic equation
f (x) = f (xa ) + (x - xa )'g(xa) + %(x - xa)^A(x - xa)

(4-11)where A is n x n and positive definite. If 
Bf(ar^)/9a = 0 at a = 0 and 3f(xa - x^ + a f ^ / d a  = 0 
at a = 0, where r 1 ^ 0 and r 2 = xa - x*3 ^ 0 are lin­
early independent, then r 1 is A-conjugate to .r2 .

73
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Theorem 8 suggests that conjugate directions can be

generated without using the gradient of f (x). Methods of 
this sort are discussed in [57,66,71]. Two well-known 
methods for generating conjugate directions when A is not 
explicitly available are given in the following sections. 
(See [42] for derivations.)

4.5. The Method of Fletcher and Reeves

Reeves [28] , the conjugate directions are generated as 
follows:

In the conjugate gradient method of Fletcher and

for i = j(n+1), j = 0, I, 2
(4-12)

and

ri+1 -gi+1 ( g V  (g1)
otherwise (4-13)

where g^"*" equals the gradient of f (x) at the point X^+'*' 
and where x^+^ is determined from

f (X^+"*") = min f (x^ + ar^) (4-14)
a

This method and the DFP method of the next section are 
adaptive in character in that the search directions are
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not precalculated, but generated in the iterative process 
as the algorithm proceeds.

4.6. The DFP Method
To date, one of the most powerful and sophisticated 

of the gradient methods is Fletcher and Powell's [27] ex­
tension (1963) of Davidon1s [15]. variable metric method 
developed in 1959. The method is a conjugate gradient 
method and is called the DFP method.

In this method the A-conjugate directions are gen­
erated by

(4-15)

where

H1 = I for i = j (n+1) j — O , 1 , 2 , . • •
(4-16)

and

t, otherwise 
(4-17)

where Ax^ =■ - x̂ ", Ag^ = g^+'*" - g'S g^+^ is the gradient
of f (x) at the point x^+ '̂/ and x^+^ is found from the
relation

f (X^+"*") = min f (x^ - aH^g^) (4-18)
a
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The sequence H 0, H 1, . . ., Hn ^ is a sequence of sym­

metric positive definite matrices. As x approaches the 
minimum point x , H tends to A , the inverse matrix of 
second partial derivatives of the quadratic approximation 
to f (x) at x . It was shown in Section 4.4, equation 
(4-7), that the minimum of a quadratic function could be 
attained in one iteration provided that A~^ was available. 
If the DFP method is applied to a quadratic function, the ' 
search directions r^ are given by = -(H^g^) with the 
following results: I) (r̂ ") rAr^ = 0 ,  i ^ j ,  2) Hn = A-1, 
and 3) gn = 0. If the function in question is not qua.-.-'

idratic, the sequence {H } still remains positive definite 
and the unidirectional search is conducted over a > 0 
only.

Both the method of Fletcher and Reeves and the DFP 
method are guaranteed, apart from rounding errors, to lo­
cate the minimum of any quadratic function of n variables 
in at most n iterations. For functions that are not qua­
dratic, the processes are iterative rather than n-step, 
and tests for convergence should be used. Both processes 
are quadratic convergent; and since, nonquadratic functions, 
when in the proximity of a local minimum, can be adequately
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approximated by a quadratic function, rapid convergence 
often results.

The search directions that are generated are those 
corresponding to the current local.quadratic approximation 
to the function, and the rate of convergence depends upon 
the response to changes in the local quadratic approxi­
mation from iteration to iteration. Thus, in applying 
these methods to general functions, consideration must be 
given to I) the choice of a starting point x°, 2) the type 
of unidirectional search employed to locate each x"* *""1"̂",
3) the overall efficiency of the algorithm, and 4) the 
final convergence criterion. These points are discussed 
in Chapter 5.

4.7. The Method of Generating Search Directions
for the Multiplier Algorithm

It was ,Shown that in the DFP method the sequence 
•L I{H } A , the inverse matrix of second partial deriya-

*tives of f (x) , as x x , a local minimum of f (x) . Thus,
the DFP method yields information about the curvature of

*f (x) near x . This information is, however, obtained at 
the price of providing storage space for H and time for 
its manipulation when implemented on a computer. The
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method of Fletcher and Reeves is more economical in that 
the minimum is located but no information about the curva­
ture of f is acquired [53]. Of the methods investigated, 
this author feels that the DFP method is the best method 
for the following type of problem: i) the problem func­
tions are given analytically and are of class C 2 with re­
spect to their arguments, and ii) evaluation of the model 
(problem functions and their gradients) requires relatively 
large amounts of computation time as to that required for
matrix manipulations that are associated with the method.

_  •*
Because the DFP method generates A without the 

use of second partial derivatives and because the NLP fits 
the format of problems most suitable, to the DFP method, 
the DFP method is used in implementing the multiplier al­
gorithms of this thesis.



CHAPTER FIVE

THE UNIDIRECTIONAL SEARCH IN E
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5.1. Introduction

To define a straight line in n-dimensional Euclidean 
space, En , either two points or a point and a direction 
must be specified.

Definition 6 : [Straight line]
If xa and x*5 are specified points in En , then

x (a) = (I - a) xa + ax0, - <» < a < «> (5-1)

defines a straight line which passes through points 
x (0) = xa and x (I) = x*3. If r is a specified direction 
vector, then

x (a) = X a + ar, . -<» < a < » (5-2)

is a line which passes through the point x (0) = xa in 
the line direction r .

It can be shown that these two representations of a 
line are equivalent by identifying r with x*3 - xa to obtain

x (a) = xa + a (x*3 - xa) = xa + ar (5-3)

Consider y (a) = f (xa + ar). The first derivative of 
y (a) with respect to a is

(5-4)
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|Z. = r ^Vf (xa + ar) (5-4)

and the second derivative of y (a) with respect to a is
; ' i

= r •>V2f (xa + ar) r (5-5)

Because of the n (n+1)/2 functions that must be evaluated 
to obtain the symmetric matrix A - V2f/ and the additional 
operations that increase as n 3 to find A as required by 
second-derivative search methods like the Newton search, 
it becomes quite evident that the more efficient n- 
dimensional search techniques make no direct use of second 
derivatives.

5.2. The Unidirectional Search Problem
In any practical situation, the time spent in evalu­

ating the model (i.e., objective and constraint functions 
and their gradients) at various points may well dominate 
the time for the whole minimization process. It is there­
fore desirable to make the unidirectional search as effi­
cient as possible using the generated data at previous 
points to the utmost in locating future points, and limit­
ing the number of model evaluations as much as possible.
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The unidirectional search problem then is to deter-

4*mine a g such that

5r(ots) = db Y(a) (5-6)
a = a.

where

Y (a) = fCx1 + air1) (5-7)

Since y (0) = f(x^) and the search directions r"*" are gener­
ated such that y (0) = (r1) (x^) <_ 0 are readily, available
from the minimum point of the previous search, it is only 
natural to use a search technique that utilizes this in­
formation.

5.3. A Cubic Convergent Search Without 
Second Derivatives

A highly successful and recommended method is that 
proposed by Davidon [15] . The method has three stages of 
calculation. The first stage establishes the order of 
magnitude of and is quadratic convergent. The second 
stage establishes bounds on Ot3 such that the minimum is 
bracketed, and the third stage, which is cubic convergent

+For the remainder of the thesis, the derivative of 
a function y with denoted by f.
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interpolates ag to a desired degree of accuracy from the 
upper and lower bounds determined from the second stage.

In general, the method proceeds as follows:
Phase I . Given: x^, f(x^), V f (x^), r*, and f (the
estimated minimum of f (x)). Find: do, where do is the
,minimum point of y (a) = f (x^ + ar"*") which is the local 
quadratic approximation to f (x) and where fest is assumed 
to be the well defined minimum of y (a).
Phase II. With do obtained from phase I, y (a) is evaluated 
at a = do, 2do, 4do, ..., di, d%, dg where the step is 
doubled each time until a step d 3 is determined with the 
property that y (d2) <_ y(d3). At this point the gradient 
y (a) is evaluated at d2 and, depending upon its sign, the 
points d& and d^ are assigned to two of the points from the 
set {di( dz, d 3} which bracket the minimum.
Phase III. This phase performs a cubic interpolation be­
tween the points d& and d^ to locate an approximate minimum 
a_ of y (a), where y (a) is of the cubic form

y (a) = a (a - da ) 3 + b(a - ^a ) 2 + c(a - d^) + d (5-8)

The derivatives $ (d ) and y(d, ) are computed and are , a D .
used with the values yfd^) and Y (d^) in (5-8) to determine
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the constants a, b, c, and d. With these constants deter­
mined, the minimum ag is given by the following formula, 
which is found from the solution of (5-8) using ordinary 
min/max theory.

where

a = ds a
_b_
3a + sgn(a) (5-9)

r
+1,

sgn(a) = <
-I,

a > 0 

a < 0
(5-10)

Davidon gives a compact representation of (5-9) 
whereby ds can be found from

£(db ) .+ U 2 - u.i 
y (db ) - y (da) + 2uz (5-11)

where

and

Ui y(da) + y(db ) + 3
y(da). - y(db f

*b -
(5-12)

U 2 (5-13)
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If Y (otg) is less than both y(d^) and y (d^) then ag 

may be accepted as a sufficiently accurate estimate of the 
minimum point. On the other hand, phase III may be re­
peated over one of the intervals (d^, ag) or (ag, d^) that 
brackets the minimum until the desired accuracy of y(ag) 
is obtained.

A single application of the interpolation formula
(5-11), (5-12), and (5-13) produces the exact value of
in the limit as f (x) becomes quadratic in the. neighborhood
of a local minimum [28] . Further, increased accuracy in
the general case is obtained only At the cost of more
evaluations of the model. Interpolation is most likely to
be inaccurate in regions remote from the minimum, and it
is uneconomic to require a high degree of accuracy in such
regions. Numerical tests have shown that higher accuracy
interpolation does not yield a significant reduction in the
number of iterations required in the minimization process.
From the standpoint of stability, however, a certain degree
of accuracy must be achieved to ensure that the values of
f(x^) do form a decreasing sequence (... f(x^“ )̂ >_ f(x^)

i+1>_ f (x )..,). Hence, the provision for repeating the in­
terpolation over smaller intervals.
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Since high accuracy is not required in regions re­

mote from a local minimum, and in the vicinity of such a 
minimum f (x) is adequately represented by the local qua­
dratic approximation, this author feels that a single .• —  

stage, quadratic convergent search algorithm would be 
highly efficient in a unidirectional search for a minimum. 
For the general constrained NLP where the model is complex 
and the variables are highly interactive, it can be as­
sumed that one gradient evaluation is approximately equiva­
lent to n function evaluations. Thus, the required number 
of gradient evaluations in the unidirectional search should 
be held to a minimum. It can be seen that a single appli­
cation of Davidon1s cubic interpolation formula requires 
three gradient evaluations per search, and an additional 
gradient evaluation for each repeated interpolation. The 
search algorithm presented by this author in the next sec­
tion requires only one gradient evaluation per search.
This gradient evaluation occurs at the end of the search 
when ag is located,.and is used for generating the next 
search direction, for ensuring that 3y(O)/9a < 0 at the 
beginning of the next search, and for testing the effi­
ciency and overall convergence of the minimization process..
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5.4. A Quadratic Convergent Search Without 

Second Derivatives
Consider again the unidirectional search problem 

given by (5-6) and (5-7) where y (a) is assumed to be a 
quadratic of the form

y(a) = a (a - di) 2 + b (a - d%) + c, a > 0 (5-14)

with a well-defined minimum at

' Cs = a, - ; (5-15)

Suppose two points, di and d z , are specified such 
that y(di), y(di) and y (d2)) can be evaluated from (5-14). 
Since three data are sufficient to solve for all three con­
stants of the quadratic function, the data y(d’i), £ (di) 
and y(dz), where di = 0, are used in (5-14) to determine 
the constants, a, b, and c such that ag may be determined 
from (5-15). With a, b, and c determined by these three 
data, the minimum point ag is

h (d2) (d i)
as ~ d 2y (di) + y (d j) - y(d2) (5-16)

Suppose now a second situation where di, d2, and dg 
are specified and y(di), y(d2), and y(d3) have been evalu­
ated. Again, these three data are sufficient to determine
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a, b, and c from (5-14) such that the minimum a can bes
found from (5-15). With a, b, and c determined by these 
three data, the minimum point ag is

a = d s

Where

, + j. (*2 1 Ey (d3)-y (dj) ] - dli Ey(A2) - y(di)f 
2 ^ d 2I [y (d3)-y (di) ] - d 31 [y(d2)-y(di)]

(5-17)

d2 i = d2 - di d 3 i = d 3 - di
.S d2 i — (d%i) dfi = (d3i)2

Both (5-16) and (5-17) will be used in the

(5-18)

search technique as a means of estimating the minimum of 
the local quadratic approximation to f (x), depending upon 
the available data at each point of the unidirectional 
search. In general, the search proceeds as follows:

Step I: Given: x^, f(x^), f (xk ) and r^.
Find: ag which is the step in the r^ direction that yields
the minimum value of y (a) = f(x + ar ), where y (a) is of

k kthe form (5-14). In general, f(x + ar ) is not quadratic 
but (5-14) is used regardless.
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Step 2 ; Set.dx = O and y(di) = f(x^). The search direc­
tions generated by the DFP method allow a search over 
a > 0 only, and from the development in Chapter 4 we know 
that £(0) = (rk )'£(xk ) < 0. Assign a lower bound, 
dIow > °' and an upper bound, dup > I on the parameter a. 
Also assign a reduction (division) constant y > I, and an 
acceleration (multiplication) constant & > I, such that a 
step d^ may be reduced or accelerated in the rk direction. 
The initial step dz is assigned by

||rk || < 200

d 2

“ k  • 3c0.1, r = -f(x ) (negative gradient direc­
tion)

1.0, otherwise (conjugate gradient direction)
(5-19)

Hrk II > 200

10/||rk ||, 10/|| rk (I > d low
dz - <

dIowf otherwise
(5-20)

reassign: dlQw = .01 d ^ ,  Y = 2y .

For most searches d 2 is assigned by (5-19), but in 
the initial search iterations of the minimization process.
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k &the point x may be far away from the minimum x , and the

magnitude of the search direction ||r̂ || may be extremely 
large. When this situation arises, the fixed step d% 
assigned by (5-19) may lead to a constraint breakthrough. 
Thus, for 11 r^ 11 >_ 200, d 2, ^iow' an^ Y are modified ac­
cording to (5-20).

. Y(a)

<$-—  y (d2) > y(0)
y(0) A g Y (0)

<3~* Y(d ) < y(0)

Figure 5-1. Possible situations considered in 
step 3 of unidirectional search,.

Step 3 : With dz determined, y(d2) is evaluated and com­
pared to y(di). Three possibilities arise from this com­
parison as shown in Figure 5-1: y(dz) > y(d1) is consid­
ered in step 4; y (dz) = y(di) is considered, in step 5; and 
y (d2) < y(di) is considered in step 6.
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Quadratic fit —  Y (d ) > Y (O)

Figure 5-2. Representative case of step 4
where a is, determined by ,using 
y (0) , -J(0). < 0, and yfdz) in
equation (5-16).

Step 4: y (da) > y(di), and di = 0. The values y(di),
y(di) and y(d2) are used in (5-16) to estimate a . I t  can.s
be seen from Figure 5-2 that a is contained in . the opens
interval (0, d 2) . . . .

If 0 < CXg £ 0 . -Id2. and d2 > d^Qw then d2 is reassigned 
as follows

- " aS- ' aIOW < »s I C.ld: '
---a* = I . - (5-2i)

V dIow' 0 " aS i dIow

and step 3.is again repeated. ■

. \
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If O < Oig < da and da ^ o w  ^ en as the accepted

minimum point of the search;'evaluate y(a ) and continue tos
step 8.

If 0.1d2 < Ctg < d2 and d2 > d ^ ^ ,  then y(as) is 
evaluated and compared to y(di). If y(as) > y(di). , d2 is 
reduced by y , i.e., d2 = d2/y, and step 3 is repeated. On 
the other hand, if y(ag) <_ y(di) as shown in Figure 5-3, 
Y(S1), y(ag) and y(d2) are used in (5-17) to yield the 
quadratic minimum a sc of these three points. The value 
a sc is calculated as a check on the accuracy on the local 
quadratic approximation to f(x). Define the ± 10% "window1 
interval w(a)

w(a) = [0.9a, 1.1a] (5-22)

w (a )
Quadratic

Figure 5-3. Representative case of step 4 where a
is determined by using y(0), y (a ), sc 
and y(d2) in equation (5-17). Thl shaded 
area represents the window interval w(ag) .
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If ctsc is contained in W(Otg) then y (otg) is considered an 
accurate estimate of the minimum of the search. Continue 
to step 8. Otherwise agc is the accepted step and
y(os) is the accepted minimum of the search.

S = «sc 
Continue to step 8.

Step 5: y (da') = y(di) where di = 0. Assign dg = pd2 . 
Evaluate y (da) as shown in Figure 5-4 and compare it to 
y (d2 ) •

y(ot)A
y(0) i—

y(d2)
— O —  — ■

o
-S-d2

A
y(d3) > y(d2)

---

^ y(d3) < y(d2)
H--— > a
d3

Figure 5-4. Possible situations considered in 
step 5 of unidirectionait^search.

If y(d3) _< y(d2) go to step 7. The condition where 
Y (di) = y(d2) = y(d3) may occur when ||rk || is extremely 
small. In this situation the initial fixed step d 2 from
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(5-19), and hence dg = Pd2 , are not large enough to cause 
a significant change in y (a), due to roundoff errors, be- 
cause f (x) is relatively flat with these step sizes. Thus, 
acceleration steps are taken to force di, d2, and d 3 away 
from a = 0 as shown in step 7.

If y (da) > y(d2), y(di), y(d2), and y(d3) are used 
in (5-17) to estimate ag; y (ag) is then the accepted mini­
mum of the search. Continue to step 8.

Step 6 : y(d2) < y(d%) where d\ = 0. The values y(d%),
Y (di), y(d2) are used in (5-16) to locate the minimum 
point ai of the resulting quadratic fit, as shown in 
Figure 5-5.

y( 0 ) < o

Quadratic fit

Figure 5-5. Representative case of step 5 where 
ai is determined by using y (0), 
y (0), y(d2) in equation (5-16).
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If ai is contained in w(dz), then the local qua- ■ 

dratic approximation to f (x) is accurate, d2 is the ac-
is the acceptedcepted minimum point, and y (Ot3)

“s = d2
minimum of the search. Continue to step 8.

If a i >_ .dUp, assign d 3 ='4 and continue to step T. 
If I. Id2 -< a % < dup, y(di), y(d2). and y(ai) are 

used in (5-17) to estimate Ugc as a check on the local 
quadratic approximation. If y(ai) >_ y (d2) then ag = asc
is the minimum step and y (a )s is the accepted

minimum of.the search. Continue to step 8. If 
y(ai) < y (d2) and agc is contained in w(ai), then ag
is the minimum step and y(ag) is the minimum of

of the search. Continue to step 8.
If asc is not contained in Wta1), then assign 

di = d 2, y(di) = y(d2), d2 = a^, y(d2) = y Ca1), d 3 = pd2, 
and continue to step 7.

If. 0 < . a % < 0.9d2 and if y Ca1) <_ y (d2) , ag = S 1 is
is the accepted minimumthe minimum point and y (ag)

&i
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of the search.. Continue to step 8. Otherwise assign 
dz = ai, y (dz) = y(ai), and continued to step 7.

If ai < 0  continue to step 7. This condition occurs 
when the local quadratic approximation of f(x) is not 
valid and y(dz) is below the projected gradient ^ (0) as 
shown in Figure 5-6. In this situation y (a) has the wrong 
curvature resulting in ai < 0.

y(a)

Quadratic fit

y(0) < o

Figure 5-6. Representative case of step 6 
where using y (0), y (0), y(d2) 
in (5-16) gives the wrong 
durvature to f (x).

Step 7: Evaluate y (a) at the points da, pda, .p2 d 3, p3d 3,
..., d , d, , d^, where the terminal value d is determined 
on the basis that y(d^) Z. Y (d^) as shown in Figure 5-7.
At each evaluation the points d lf d 2, d j-are accelerated 
by reassigning the values di = d2, d 2 = d 3, and d 3 = pd2,
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such that at the terminal condition y(di) = y(d^), 
y (d2) = y(d^), and y(d3) = yfd^). The values y Cd1), y (d2), 
and y(d3) are then used in (5-17) to estimate Otg . If 
y(a ) ± y (d2), y(ag) is the accepted minimum of the search. 
Continue to step 8. Otherwise a = d2 is the minimum step
and y(as ) is the accepted minimum of the search

Continue to step 8.

Quadratic fit

Figure 5-7. Representative case of step 7 
showing acceleration of points 
di, da, and d 3 away from a = 0.

Step 8 : With the estimated minimum step ag and minimum
k"J” Ivalue calculated from the above steps, the new point x

is
k+1 xk + asr (5-23)



98
with the desired result that

f (X^+1") = min f (x^ + ark ) (5-24)

In the above procedure, suppose that the initial 
value of.the function y (0) was saved as the initial best 
point of the search Ybegt- Then for each step a, y (a) 
could be compared to Ybegt and if y (a) < Ybegtr Y (a) would 
become the new Ybegt of the search. Generally, the point 
y(a ), obtained when step 8 is entered, is the best point. 
But as a check against accepting a greater function value 
for a search in areas far from x , where the quadratic 
approximation.is not valid and is highly nonlinear, 
y (Otg ) should- be compared to Ybegt and the smallest value 
taken for the end point of the search. This additional 
check is included in the computer implementation of -the

search procedure, and will be discussed further in 
Section 6.6 and 6.7.

5.5. The Unidirectional Search for the 
Multiplier Algorithm

Both search techniques presented in this chapter 
were implemented and tested on various sample problems of 
Chapter 7 with the DFP method for generating search direc­
tions. The quadratic search technique of Section 5.4
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consistently required fewer function evaluations (20% to 
40% less) than that of Davidon’s, both in function calls 
per iteration, and in total function calls for the entire 
minimization process. Only one gradient call, as compared 
to three (or more),for Davidon1s method, per iteration is 
required for the quadratic search.

From Chapters 2, 4, and 5 we now have a multiplier 
algorithm, a means of generating search directions.in n- 
space, and an efficient quadratic search technique for 
locating the minimum along each search direction. Consid­
eration can now be given to the choice of an initial point 
x°, the overall efficiency of the algorithm, and the final 
convergence criterion.

The augmented Lagrangian of (2-22) incorporates 
both the equality and inequality constraints by exterior 
penalty functions. Therefore, x° need not be in the 
strictly feasible area of the inequality constraints. 
Therefore, no additional stage need be incorporated into 
the algorithm for finding a starting point. The starting 
point for a particular problem using this algorithm then 
is selected from the best starting point known from past 
analysis or on the basis of a sensible guess.



The overall efficiency of this algorithm is based 
on I) VL^ IJ < e2 , and |] A x|| < e 3. The final convergence 
criterion is based on || VLq || < E 1. These criteria are 
explained in detail in Chapter 6 where they occur in the 
algorithm implementation.

100



CHAPTER SIX

IMPLEMENTATION OF THE ALGORITHM
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6.1. Introduction

The multiplier algorithm, like most penalty-function 
algorithms, solves the constrained minimization problem by 
a sequence of unconstrained minimization problems. The es­
sential structure of this type of algorithm is shown in
Figure 6.1. After initialization it consists of the itera-
■ ktive Sequence: I) generate the search direction r from

information available at the current search point x^;
2) find the step a in the search direction which yields 
the minimum of the augmented function in the r^ direction;
3) calculate and output the status at the new search point 
k'fr' Ix ; 4) test conditions for updating multipliers, penalty 

weights, and other algorithm parameters, and perform the 
update if conditions are satisfied? 5) test for convergence 
or .stopping conditions and output terminal status if satis­
fied; 6) if the minimization sequence has not been termi­
nated, repeat the process with the new current search point 
k+1x . A F0RTRAN code is given in this thesis for solving 

the NLP by a comprehensive, implementation of the above se­
quential process. Figure 6-2 shows the subroutines used 
to implement the multiplier algorithm. The general part 
of the code consists of 13 subroutines which are shown 
within the dashed lines; the code for. these subroutines



output search 
point statusonvergeno

atisfied
output

termination
status

topping conditions

^  conditions for ^  
updating multipliers 

and/or weights ^ 
satisfied

k = k + 1

initialize
algorithm

direction

calculate
search

update multipliers
and/or penalty

weights

calculate search 
point status 

k + 1at x
) = min L (x +ctr )

Figure 6-1. Minimization sequence using a multiplier algorithm.
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Ccalling program I
" I

Subroutine ALG0R

Subrouti ne DFPRV

'
I Subroutine MATMUL

Subroutine OUTPUT 3
I Subroutine MULTUP

Subroutine DELTA
\e

Subroutine SEARCH j
Jf__

f
SubroutineDMIN

_\
Subroutine VALUE

Subroutinr AUGLAG I

Subroutine GALAG |

I Subroutine WUP |X

Figure 6-2. Subroutines used to implement algorithm. f  Subroutine GRAD
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remains the same for every problem. Only the .4 remaining 
routines and data block require modification 'from problem 
to problem as they supply the analytical representation of 
a particular problem and information dictating operating 
modes of the general routine for that problem. An expla­
nation of each subroutine, to describe its particular func­
tion in relation to the total algorithm, is now in order.

6.2. User Supplied Subroutines
Four subroutines for any given problem and one data 

deck are required to supply the analytical model and param­
eter settings for the general routine. The short calling 
program properly dimensions all of the arrays and makes a 
call to the general working subroutine ALG0R. Subroutine 
ALG0R in turn directs subroutine INITL to read initial 
conditions and values for flags, counters, and parameters 
supplied in DATA, and to set operational modes of the al­
gorithm. Once the algorithm is initialized, it performs 
the problem minimization sequentially, calling subroutines 
FXNS and GRAD whenever an evaluation of the problem model 
is required.

Subroutine FXNS supplies the cost function, f (x) 
and the equality and inequality constraint functions,

P



{h.(x)}mi and { g .(xj}m2 , respectively. Subroutine C0NST 
1 1=1 3 j=l

supplies all nonzero constant gradient components of the 

problem functions given in subroutine F X N S . It is called 

only once during the initialization of the algorithm. The 

dynamic gradient components (those dependent upon x) of 

the problem functions are assigned in subroutine GRAD.

Reference [40] contains an analytical model for gen­
eral problems and the information required for dimensioning 
vectors, calling ALG0R, and supplying the data. For con­
venience the main body of this information is listed in 
Appendix C . In subsequent sections the subroutines inside 
the dashed line of Figure 6-2 are explained. In the flow 
connections, the numbers that are encircled and assigned to 
blocks correspond to statement numbers in the program list­
ing in Appendix E . The letters that are enclosed in the 
small, pointed semi-square boxes are page connectors? some 
flow diagrams are continued on more than one page. A sum­
mary of the key notation used in the F0RTRAN coded program 
and the flow connections for this program is given in 
Appendix D .
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6.3. Subroutine ALG0R
Subroutine ALG0R is the organization and command 

program. It directs the minimization sequence as depicted 
in Figure 6-1. Control is given to this subroutine from 
the calling program. It then coordinates the operation of 
all remaining subroutines until the algorithm is termi­
nated, returning control to the calling program which then 
ends computer execution.

The algorithm has the capability of operating in 
three modes: I) straight penalty-function mode with all
multipliers equal to zero; 2) a straight multiplier mode 
where multipliers can be initialized from the data input, 
or are initialized by the algorithm at the end of the first 
cycle (each cycle generally consists of between N+l and 
NSRCH (usually NSRCH = 2N+1) unidirectional searches):
3) a combined mode in which the penalty-function method 
operates for a number (NCYCL) of searches, after which 
the mulitplier method is internally initialized and used 
for the remainder of the minimization process. KSRCH is 
the counter for the number of cycles completed during the 
total process.

The flow connection for subroutine' ALG0R is given 
in Figure 6-3. The algorithm is initialized and the mode



C e n t e r ^  
ALG0R J
T

ICON = 0 
call INITL 

NN = N 2

call DFPRV
call SEARCH
call GRAD
NGE = NGE+1
call GALAG
call DELTA

f
ITOT = 

KSRCH = 
IT =

ITOT+I 
KSRCH+I 
IT+1

Essence: Organization and operation
command. Directs minimization sequence 
as depicted in Figure 6-1.

Figure 6-3. Flow connection for subroutine ALG0R.
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n

y
IBSD = IBSEH-I

.ALFA

Figure 6-3

KSRCH > N

n

IBSD

y
KSRCH = N

(continued)

10 9



IUP < NCYCL call MULTUP

call WUP 
call AUGLAG 
call GALAG

IUP ^ NCYCL

!FLAG = I 
IMULT = I

IUP = IUP + I 
calculate: GMAG

IMAG > E iKSRCH
ICONVIBSD = 0

>ELX > E 3

Figure 6-3. (continued)
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of operation established by a call to INITL. After the

mization sequence is then started; the search direction R 
is generated by DFPRV; the unidirectional search is con­
ducted by SEARCH to find an approximate minimum (ALFA) of 
the augmented Lagrangian (AL) in the R direction; the gra­
dient of AL (GAL) is then evaluated, and the search point 
status is updated by DELTA. Appropriate counters are in­
cremented, and the search point status is printed
if NPRINT searches have been made since the last output.

Tests to determine if the last unidirectional . 
search made a significant change in the search point are

i) DELG < e2 and DELX < e 3 
'ii) ALFA = O

If either of these conditions is satisfied,, the last uni­
directional search made no significant change in the search 
point x, and the poor search counter (IBSD) is incremented.

After the above efficiency tests have been conducted 
the following conditions are tested to determine if the 
weights or multipliers should be updated (30) : 

iii) KRSCH > N iv) IBSD = 2

initial starting point information is saved (T), the mini­
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v) KSRCH = NSRCH vi) NSTP = I

vii) GMAG < Ei or IBSD >_ 3 
yiii) GMAG < e 2 and DELX < E3 

As seen from Figure 6-3, if conditions iv and vi are sat­
isfied, the total number of iterations (ITOT) is compared 
to the prescribed maximum limit (IMAX) (lO) . If this limit 
has been reached without convergence, ISTOP is set equal 
to I (80) and the algorithm is terminated after printing 
the status of the last point (lTo) . Otherwise, if condi­
tion iii and one or more of condition's v, vii, and viii 
are satisfied, the updating procedure proceeds as follows:

a) if the problem is unconstrained (NEPI = 0) no 
update is effected

b) if IUP < NCYCL, the weights only are updated by
weight update rule (penalty function mode)

c) if IUP = NCYCL, the multipliers are initialized
(IMULT = I), and the weights for the multiplier 
phase are initialized (!FLAG = I) (change
from penalty-function to multiplier mode)

d) if IUP > NCYCL, both the multipliers and weights 
are updated by their respective update rules 
(multiplier mode)

The updating procedure changes the value of the 
augmented Lagrangian and its gradient. Thus, they are re­
evaluated by calling AUGLAG, and GALAG (50) . An update 
also signifies the completion of a cycle, thus IUP is
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incremented (§0/ , and the counters KSRCH and IBSD are re­
initialized (to) .

After the updating procedure, the algorithm is 
tested for overall convergence as follows: 

ix) GMAG > 8 i
x) DELX >83
If neither of the conditions ix or x ,are satisfied, 

convergence criteria are satisfied, i.e., both GMAG and 
DELX have been reduced below their respective prescribed 
values 8 % and e3. When convergence criteria are satisfied 
ICONV is set equal to I, ISTOP is . set equal to I (SO) , and 
the algorithm is terminated after printing the status of 
the last point (lTo) . If one or both of the conditions ix 
and x are satisfied, the process is again repeated by re­
turning to (Tcj).

6.4. Subroutine INITL
It is the purpose of this subroutine to effect the 

initialization of the algorithm. A flow connection for 
this subroutine is given in Figure 6-4. Flags, counters, 
and some parameters are set by INITL, and others are read 
from the data deck (see Appendix C ) .



enter
INITL

W3M, W l M A X M , 
W2MAXM, W3MAXM 

WFM

NPl = N +1 
NEPI = NE+NI

IHE = OEssencetsf Initialize algorithm; read

parameters; output initial conditions READ:

IFLAG = 2 
IMULT = I 

IUP = I 
call WUP

W3, W l M A X , 
W2MAX, W3MAX

Read: N, NE, NI,
IMAX, N P R I N T , IHE 
IH I , ICON, N C Y C L , 

NS R C H fNUP,Si,E 2 ,Es

Set following = I:

Set following = 0:

IT, I T O T , IMULT

DUP = 4

Figure 6-4. Flow connection for subroutine INITL.

114



E

call FXNS 
call GRAD

ICON

call CONST

call AUGLAG 
call GALAG

READ:
GO = GAL 

calculate: GMAG

Figure 6-4. (continued)
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Output: N , NE
N I , E i, E g , E 3 
IMAX, NPRINT

Output: 
N C Y C L , NPl 

NSRCH
NEPI

NCYCL
Output: X, F, AL

RETURNGMAG
Output: W l , W2, W3

Wl M A X , W2MAX, 
W3MAX, WF /

Output: W l M , W3M,
W3M, Wl M A X M , W2MAXM 

W3MAXM, WFM

/  O u t p u t : F I ,  HI Out p u t : FE, H E 7

Figure 6-4. (continued)
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If the problem is constrained the multiplier weights 

are read. NCYCL is then tested to determine the operating

penalty/multiplier mode is specified the penalty-function 
weights are also read.

Only the nonzero components of the function gra­
dients are listed in subroutine GRAD and CONST. Before 
these subroutines are called all gradient components of 
the cost function are zeroed (30) . If there are any equal­
ity constraints, their gradients are also zeroed (40) . If 
any of the multipliers for the equality constraints are to 
be initialized to some nonzero constant (IHE = I) they are 
read from the data deck. Otherwise they are initialized 
to zero by INITL (<S0) . A similar procedure is followed

Subroutine INITL then prints the initial conditions of all 
important variables, parameters, and flags before return-

mode of the algorithm, ' arid if the penalty-function mode or

for the inequality constraints
The. problem model is then evaluated and the

augmented Lagrangian and its gradient are formed

ing to subroutine ALG0R as shown in Figure 6-4 by the
paths through blocks and
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6.5. Subroutines DFPRV and MATMUL

The search direction R is generated.by these subrou­
tines. As shown in Figure 6-5 the direction flag' (NG) is 
set to zero. If the last unidirectional search did not 
find a better point (NSTP = I), or if this is the first 
search of a new cycle (KSRCH = 0) the DFP method is rein­
itialized ©  , the H matrix is set to the identity matrix 
(20) , and R is set to the negative of the gradient of L̂ So)̂  

The H matrix is formed through a series of 4 calls to sub­
routine MATMUL which performs vector matrix multiplications

conjugate direction R.
After the search direction has been generated, the

The unidirectional search is conducted over positive step- 
sizes only. Therefore, at the beginning of a search where 
ALFA = 0 ,  the slope is required to be negative. Also, if 
the conjugate directions generated are less in magnitude 
than the magnitude of the gradient of the augmented Lagran- 
gian by a factor of 0.001, a more significant reduction in 
La will usually be produced by a search in the negative

MATMUL in

slope and magnitude of R are calculated (90) , and are 
tested under the following conditions:

xi) RMAG > 0.001 GMAG xii) SLOPE < 0



enter A  
^  DFPRV J

I N G - O %

Q

Essence: To conduct matrix multi­
plication using a vector format. 
Called only by subroutine D F P R V .

H A g A g 1H 
A g 1HAg

\  call /
V m a t m u lto--- *j r  = -HVL

/  ( O )  , t
IDFP = IDFP+I

NC
IDFI
NSTF

= I

= O1 '

r ©
H - 1 I

* enter ^
C  MATMUL J

r
C = AB

\t
^  RETURN ^

Essence: Calculate search
direction vector R, via DFP 
m e t h o d , equations (4-16),(4-17) 
with conditional resets to the 
negative gradient direction.

calculate: 
SLOPE, RMAG

RETURN

Figure 6-5. Flow connections for subroutines DFPRV and MATMUL.
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gradient direction. Thus, if either condition xi or xii is 
not satisfied, a poor direction has been generated. There-

turned as the direction for the next search.

6.6. Subroutine SEARCH
This subroutine conducts the quadratic unidirec­

tional search that is presented in Section 5.4. The flow 
connection for subroutine SEARCH is shown in Figure 6-6. 
Initially Dl = 0 and Yl = AL correspond to the minimum of 
the last search. This point is saved as the initial best 
point of the present search. The slope is also known to 
be negative at Dl = 0 in the R direction given by DFPRV.
An initial stepsize D2 is assigned a value of I if R is a 
conjugate gradient direction or a value of 0.1 if R is a 
negative gradient direction. The stepsize D2 may be modi­
fied as shown in Figure 6-6, and a lower bound (DLOW) and 
a stepsize reduction factor (CUT) are established for the
value of D2 finally selected for the initial step. The

k kparametric equation y (-&,) =■ L^ (x + ar ) , where y (0) = Yl , 
is then evaluated at a = D2 to yield Y2 in (io) . The 
value Y2 is then compared to Yl resulting in one of three

fore, IBSD is incremented and R is set to the nega­
tive gradient by returning to block do) . If both condi­
tions xi and xii are satisfied, the generated R is re-



enter
SEARCH,

RMAG < 200

call VALUE
ICl = 0
Yl = AL

Y l : Y2D2 > DLOW

D2 = DLOW 
CUT = 6  

DLOW =(.01)D2

Essence: Conducts unidirectional searchDLOW
CUT in n-space along direction r Finds a

such that

D2 = 10/RMAG

L (xk+"S = min L (xk + ark). 
3 a  a

Figure 6-6. Flow connection for Subroutine SEARCH.
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call DMIN 
(ALFA)

call VALUE 
(AL)D2 < DLOW

D2 = ALFA

ALFA > (.01)D; FE = FES
FI = FIS

D2 < DLOW
ALFA = Al ALFA

(.9) ALFA

(Ll)ALFAicall VALUE
RETURN

Yl < AL call DMIN 
(Al)

D2 = D2/CUT

DLOW

Figure 6-6. (continued)
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(3) D2

ICl = IC1+1

Yl = Y2

ALFA = D2Yl < AL

call VALUE 
_______ (Y3)

call DMIN 
call VALUE 
(ALFA), (AL)

Figure 6-6. (continued)
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call DMIN 
(Al)

< Al > ALFA = D2 
AL = Y2(1.1)D2

call VALUE 
(YAl)Al < DUP Al :D2

call DMIN 
(ALFA)D3 = DUP

Y2 < YAl YAl < Y2

D2 = Al
Y2 = YAl

ALFA = Al 
AL = YAl

M.9) Al ' 
<_ ALFA < 
(Ll)Al ^ Y3 = YAl

Figure 6-6. (continued)
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cases: Case I) Yl < Y2; Case 2) Yl = Y2; and Case 3)
Yl > Y2.

Case I . The estimated quadratic minimum point ALFA 
of La is obtained by a call to DMIN which finds ALFA using 
a point-slope-point .(FSP) quadratic fit of the values Ylf 
slope, and Y2 (loo). If D2 has been reduced to or below 
the lower bound DLOW then La is evaluated at ALFA (400)
and either ALFA or the best point of the search is returned 
(41o) to ALG0R. If D2 is greater than DLOW and ALFA is 
less than or equal to (0.01) D2, then D2 is reduced to the 
largest of ALFA and DLOWr Y (D2) is again evaluated (lO) 
and compared to Yl as above. Otherwise Y(ALFA) = AL is 
evaluated, and AL is compared to Y l . If AL is greater than 
Y l , D2 is reduced (l30) and the search continues at (10) .
If AL is less than or equal to Y l , an accuracy check is 
made on the local quadratic approximation as follows. An 
estimate Al of the minimum point is obtained from DMIN 
(l20) which estimates Al by a point-point-point (3P) qua­
dratic fit of the values of Yl, Y2, AL. If AL is within 
the ± 10i window of the previous estimate, ALFA, then ALFA 
or the best point of the search is returned (41o) . If Al 
is not within the window, ALFA is set equal to Al, AL is 
evaluated (AOQ'J , and the best point returned (4T0) .
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Case 2 . A step D3 = (3)D2 is taken and Y3 is evalu­

ated and compared to Y 2 . If Y3 is not greater, than Y2, 
the search steps are reassigned as in (240) , and a step 
D3 = (3)D2 is again taken. This process is continued for 
a maximum of 10 steps at which time the best point of the 
search is returned through blocks (230) and (4QQ) . If dur­
ing this process a value of Y3 is found which is greater 
than Y2, the values Yl, Y2, and Y3 are passed to DMIN (220), 
which estimates the minimum ALFA by a 3P quadratic fit.
AL is evaluated, and the best point of the search is re­
turned .

Case 3. The quadratic approximation is tested by 
obtaining an estimate of the minimum Al, found from a PSP 
fit in DMIN (300) . If Al is within the ±10% window of D2, 
D2 or the best point is returned through (310). If Al is 
negative (32o) , a step of D3 is taken (2~Q0) as in case 2.
If Al is positive and less than DUP then, after YAl is 
evaluated (330) , Al is compared to D 2 . If Al is less than 
D2 , Y2 and YAl are compared. If YAl is less than or equal 
to Y2, Al or the best point is returned through (sTo), 
otherwise D2 is reassigned as in (360) and the search con­
tinues under case 2 at (20~o) . If Al is greater than D2, a 
3P quadratic fit of Y l , Y2, and YAl is made (380) to
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estimate ALFA. If YAl is greater than Y2, ALFA or the best 
point is returned (40(f) . If ALFA is within the ±10% win­
dow of Al, Al or the best point is returned through (370) , 
otherwise D3 is reassigned and the search continues under 
case 2 at (2~40) .

In several situations in this subroutine a test is 
made to see if an estimated minimum is within ±10% of a 
point already evaluated. If it is, the evaluated point, is 
returned. This reduces the number of model evaluations 
for each unidirectional search. Whenever a point is evalu­
ated, it is compared to the best point of the search. If 
this new point has a smaller value of L , it becomes the 
best point. Since the minimum point of the last search is 
saved initially, we are guaranteed that the minimum of 
each search is less than or equal to the value obtained in 
the previous search. Thus, the sequence 

% k “ I k...L (x ), La (x ), La (x )... is a monotonic decreasing 
sequence for each cycle. At the completion of each cycle, 
the multipliers and weights are updated. If the searches . 
of each cycle have been effective, in that the multipliers 
are converging to their optimum values, and if there is at 
least one value of L in each cycle that is smaller than



the smallest value of La in the previous cycle, the se- • 
quence .(La (xk)J tends to a constrained minimum of the prob­
lem as the sequence (xk } tends to x * .

6.7. Subroutines VALUE and DELTA
Subroutine VALUE is used by subroutine SEARCH in 

performing a unidirectional search. A flow connection for 
this subroutine is given in Figure 6-7. This subroutine 
evaluates the problem functions, by a call to FXNS, at a 
test point XT, which is a given stepsize D away from the 
initial point of the search X, along the search direction 
R (jP). The augmented Lagrangian La (AL) is formed by call­
ing subroutine AUGLAG, and L& is compared to the best 
point of the search Y S . If L is a better point, it be- 
comes the new best point of the search, and the point XT 
@  is stored along with the problem function values at 
XT, and the values of F, D, and Y (50) .

Subroutine DELTA is called by subroutine ALG0R when 
the best minimum point is found by SEARCH. The flow con­
nection for subroutine DELTA is given in Figure 6-7. DELTA 
updates the search point status for the new minimum and 
calculates DELX, DELG, and GMAG which are used by ALG0R 
for testing convergence and updating criteria.
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Essence: Evaluate the problem func-

enter
VALUE

enter
DELTAthan the previous best value La (Ol) 

becomes the new best v a l u e . All 
evaluations are saved.

(new) (old)
Ax = Vl -Vl .a(new) a(old)

(new)
a(old) vLa(new)

DELX = ||Ax||
DELG = I] AG||

(old)

GMAG = 11 VL

RETURN

RETURN

Essence: Update
search point status 
for the minimum of 
each unidirectional 
search.

XT = X+(D)R 
call FXNS 

NFE = NFE+I 
call AUGLAG

Figure 6-7. Flow connections for Subroutines VALUE and DELTA
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6.8. Subroutine DMIN

Subroutine DMIN estimates the minimum step a by 
making a quadratic fit of 3 data values along the search 
direction. Depending upon the information available,

6.9. Subroutine AUGLAG
This subroutine is called by INITL in initializing 

the algorithm, by SEARCH in conducting a unidirectional 
search, and by ALG0R after a multiplier and/or weight up­
date . Its purpose is to formulate the augmented Lagrangian 
La (AL) at a given point. For this purpose, it uses the 
problem function values, multipliers, and weights at that 
point, as in equation (2-22). A flow connection for this 
subroutine is given in Figure 6-9.

6.10. Subroutine GALAG
This subroutine is called by INITL in initializing 

the algorithm and by ALG0R after the best point minimum is 
found in SEARCH. As seen from the flow connection given 
in Figure 6-10, its purpose is to formulate the gradient 
VLa (GAL), of the augmented Lagrangian at this point

either a point-slope-point fit is made
fit is made shown in Figure 6-8.



enter
DMIN

Essence: Make a quadratic fit
of 3 data values in a given 
direction to obtain an estimate 
of the minimum point in that 
direction.

RETURN

Y1-Y2 + (D2)SLOPE

(D2-D1)^ [Y3-Y1]
(D2-D1) [Y3-Y1] - (D3-D1) [Y2-Y1]

(D3-D1K [Y2-Y1)

Figure 6-8. Flow connection for Subroutine DMIN.
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RETURNenter
AUGLAG

Essence: for a given point
formulate the augmented 
Lagrangian, La , from problem 
function values, multipliers

FLAG
FEWl
FIW2
FIW3 equation (2 -2 2 ).

FLAG=FLAG+HE (I)FE(I) 
FEWl = FEWl + F E 2 (I)

HI(J) < 0

FI(J) < 0

AL=F-FLAG+ (Wl) FEWl+ (W2) FIW2+ (W3) FIW3

RETURN
FIW3 = FIW3 + F I z (J)

Figure 6-9. Flow connection for Subroutine AUGLAG.

FLAG=FLAG+HI(J)FI(J) 
FIW2=FIW2 + FI 2 (J)
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Essence: For a given point formulate the
gradient of the augmented Lagrangian, VLa , 
from problem function values and gradients

enter
GALAG

RETURN

equation (2-23).

GAL(I)=GF(I)

INDX = I

RETURN

INDX INDX+N

GLAG
GEWl
GIW2
GIW3

GLAG = GALG+HE (J) GE (INDX) 
GEWl = G E W 1 + F E (J) GE (INDX)

Figure 6-10. Flow connection for Subroutine GALAG.
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INDX

J = J+l
I N D X = INDX+N

HI(J) < O

FI(J) < OGLAG = G L A G + H I (J)GI(INDX) 
GIW2 = G I W 2 + F I (J)GI(INDX)

GIW3 = GIW3 + FI(J) GI(INDX)

GAL(I) = G F (I)- G L A G + 2 [(Wl)GEWl + (W2)GIW2 + (W3)GIW3]

Figure 6-10. (continued)
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from problem function values, problem function gradients, 
multipliers, and weights as in equation (2-23).

6.11. Subroutine MULTUP
The flow connection for this subroutine is given 

in Figure 6-11. The purpose of this subroutine is to es­
tablish the constraint basis for each search cycle by up­
dating the multipliers according to the multiplier rules 
given in equations (2-43), (2-44), and (2-45). The new 
multipliers are then printed along with the problem func­
tion values at the point of update.

6.12. Subroutine WUP
This subroutine updates the penalty weights ac­

cording to the weight update rule> equation (2-46). A 
flow connection is given in Figure 6-12. If the algorithm 
is used in the multiplier mode, or in the penalty/ 
multiplier mode, this algorithm initializes the multiplier 
weights (20) when the multiplier phase is introduced.

6.13. Subroutine OUTEUT
A flow connection for this subroutine is given in 

Figure 6-13. This subroutine prints the general search 
point information for the minimum of a unidirectional



Figure 6-11. Flow connection for Subroutine MULTUP.
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Essence: Initialize penalty weights for multiplier p h a s e ;
update penalty weights by weight rule as given in 
equation (2-46)enter

3 < W2MAX

NE = 0IFLAG > I
(W2) WF

Wl = WlMAX

Wl=WlM 
W2=W2M 
W3=W3M 

WIMAX=WIMAXM 
W2MAX=W2MAXM 
W3MAX=M3MAXM 

WF=WFM

'2 > W2MAX
Wl < WlMAXI < WlMAX

W2 = W2MAX
(Wl)WF

JV3 < W3MAX
IFLAG IFLAG W3MAX

/  Output W3 = (W3)WF3 > W3MAX
IFLAG

RETURN

Figure 6-12. Flow connection for Subroutine WUP.
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Ou t p u t : ITOT, N F E , NGE
D E L X , D E L G , R M A G , N G , 

R, F, AL, G M A G , X

NUP = I 
call MULTUP ISTOP

IMULT

NEPI

~J OutputRETURN

RETURN

Figure 6-13. Flow connection for Subroutine OUTPUT.
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search. At the termination of the algorithm (ISTOP=I), 
this subroutine calls MULTUR (only if the algorithm has 
operated in the straight penalty-function mode such that . 
IMULT = 0) to get an estimate of the multipliers. The 
final values of the problem functions and the values of 
their associated multipliers are also printed as terminal 
information.



CHAPTER SEVEN

TEST PROBLEMS
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7.1. Introduction

In this chapter the multiplier algorithm, ALG0R, is 
applied to several standard test problems, and the solu­
tions are compared to those obtained by other methods 
which solve the NLP. Examples of the formulation of the 
NLP from selected real-world problem situations, and the 
■solutions of these problems, are presented in Chapter 8.

Execution time to convergence or termination of the 
algorithms is a good standard of comparison, but is a 
function of the computer language and the type of computer 
which is used for solution, both of which vary signifi­
cantly. Therefore, the comparison is made on the basis of 
the number of function evaluations required to reduce 
If(x) - f (x ) I to a desired degree of accuracy. The solu­
tions obtained for the problems presented here are the re­
sults of double-precision calculations on the XDS Sigma-7 
at Montana State University. All results are from ALG0R 
operating in the straight multiplier mode.

7.2. Test Problems and Results
Tl: Banana Valley (Rosenbrock [65])

Rosie (Banana Valley) is a widely used test function 
for nonlinear programming routines. This unconstrained
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function has a steep (banana shaped) valley along
x 2 = X 12 .

To be minimized is

f = 100 (X12 - x2.) 2 + (I - X1)2

The optimum point is at x = (I, I) at which
* ' f (x ) = 0.

The standard starting point is at x = (-1.2, I).
The parameter settings for the algorithm are 
G % = 10 ^, e2 = G 3 = 10 ^, and hsrch = 6. The function 
f (x) was reduced to below 10  ̂ in 142 function calls and 
38 gradient calls, and converged to the exact optimum point 
in 152 function calls and 44 gradient calls. The user sup­
plied routines, data, and computer results are.given for 
this problem in Appendix C.4.

T2: Around the World (Pierre [55])
The problem is to find the minimum of f on a sphere, 

subject to remaining on one side of a plane that passes 
through the sphere.

Minimize

f = - X 2
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subject to

X 12 + x22 + x 32 - 1 = 0

I + X 1 - 2xz ^  0 

*The optimum point is x = (0.6, 0.8, 0) at which 
f (x ) = -0.8, a = -0.25, and g = 0.3.

For a typical solution, the algorithm was initial-
ized as follows: O I—II*—IOIII X 0.1), E 1

Oi—IIl

E2 = E 3 -4= 10 a = .8 =‘ 0, Wi = w 2 = Wa = 0 •25' wImaxlS = 1'

Il£ 2, and nsrch = 7. Four place accuracy *in f (x ) was
obtained after 42 function calls and 19 gradient calls,
and converged to the optimum in 65 function calls and 29
gradient calls. For the same initial values, Pierre's

*method obtained four place accuracy in f (x ) after 87 
function calls and .17 gradient calls. The user supplied 
routines, data, and computer results are given for this 
problem in Appendix C.5.

Pierre also notes that a saddle point x^ exists at 
xg = (-1, 0, 0) at which f (xg) = 0, a = 0.25, and g = 0.5. 
In one test case with the initial x 3 E 0, his solution 
converged to the saddle point. A slight perturbation away 
from the saddle (initial x = (-1.0, 0, 0.05)), however,
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caused the solution to converge to the optimum. This test 
case was not investigated for this thesis.

T3: A Linear Problem (Pierre [55])
Minimize .

f = -0.Sx1 - X 2 - 0 .Sx3 - x 4 

subject to

X 1 + X2 + x 3 - 2x 4 - 6 = 0  
4

10 - I xj_ ;L 0
. . i—I

10 - 0.2xi - 0. Sx2 - X 3 - 0 .2x 4 >_ 0 
Xi ^_0f i = I, 2; 3 r 4

The optimum point is at x = (0, 26/3, 0, 4/3) at
*  *  •which f (x ) = -10, a = 0 , and

*3 - (i; Of 0, 0.5, 0, 0.5, 0), where the last four qom-
ponents of 3 are the multipliers associated with 
Xi >_ 0, i = I, 2, 3, 4.

For a typical solution the algorithm was initialized
as follows:

■ H- Il 0, i = I, 2, 3 , 4 ,  E 1 = 10 6 ,
E 2

O 1—IIlCO

(I • f a = 0, 3^ = 0, j I/ 2 f * * * f 7 f
W 1 = W 2 = W 3 11 H wImaxlS. ~ ^ z wf = 2/ and nsrch = 9.
The optimum was obtained after 50 function calls and 22
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gradient calls. For the same initial values, Pierre's 
method obtained the optimum after 118 function calls and 
23 gradient calls.

T 4; A Seven Variable Problem (Pierre [55] )
Minimize

f = -5xi - Sx2 - 4x3 - X 1X 3 - 6X 1* -

- - 10 (I + 2e~X7-e"2x7)

subject to

2x4 + X 5 + 0 .Sx6 + x 7 - 5 = 0
X 22 + X 32 + X g 2 + X 62 I Ul II 0

7
10 - T x. > 0 

± - i 1 -
4

5 - y x. > 0
i i i 1 -

S - X 1 - X 3 - X 5 - x 6 2 + X 7 2 >_ 0
x^ 0, i = I, 2, 7

A constrained local minimum exists at 
x* = (3.24182, 0, 1.63416, .0.124021, 0.889614, 1.24021, 
2.87018) at which f (x*) = -44.4687, a* = (0.317079, 
-0.185926), and 8* = (1.38658, 5.24758, 0, 0, 1.63416, 0,
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0, 0> 0/ 0)/ where the last seven components of g
are the multipliers associated with 

>_0, i = l, 2, ..., 7.
For a typical solution the algorithm was initialized

as follows: = 0.1, i = I, .2, 7, E1 = IO-4,
E2 = ea = I O 5, a. = 0 ,  i = I, 2, 3. = 0,
j = 1, 2, -- - 10, W 1 = w2 = W 3 = I, wimax• s = 32,

*wf = 4, and nsrch = 15. Four place accuracy in f (x ) was
obtained after 131 function calls and 52 gradient calls,
and converged to the minimum in 179 function calls and
76 gradient calls. For the same initial values, Pierre's

*method obtained four place accuracy in f (x ) after 212 
function calls and 45 gradient calls.

The following test functions were found in a com­
putational comparison study of some nonlinear programs [5]. 
Three sequential unconstrained minimization methods,
OPTKOV, POWCON, and SUMT, were compared on the basis of 
computer execution time and number of function evaluations. 
All three methods were written in the same language,
ICL ALGOL 60 and run on the same computer. For the test 
problems listed here, the conclusions drawn from that 
study were; considering function evaluations, POWCON was
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the best method; considering execution time, SUMT was the 
best method; OPTKOV was relatively inefficient considering 
both number of function evaluations and runtime. The con­
vergence test criteria for these three methods are not in­
dicated in [5], and therefore, the comparison with ALG0R 
is based on the number of function evaluations required to 
obtain a desired degree of accuracy in f (x). The same 
starting points were used for each test problem. Function 
evaluations for OPTKOV, P0WC0N, AND SUMT are obtained,from 
a table in [5].

T5; (suggested by Fiacco and McCormick)
Minimize

f = y(Xi + I) 3 + X2

subject to

X 1 - I > 0

> 0
*This function has an optimum at x = (I, 0), at 

■ * *which f(x ) = 8/3, and 3 = (4, I).
The algorithm was initialized as follows: 

x =  (1.125, 0.125), E1 = 10 E 2 = E3 - I O  , g .= (0, 0) ,
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Wl = "'max = °' %  = Wg = I, Wainax = Wgjnax - 64, wf = 4,

*nsrch = 5. Five place accuracy in f (x ) was obtained 
after 46 function calls and 21 gradient calls, and con­
verged to the optimum in 88 function calls and 29 gradient

ftcalls. Five place accuracy in f(x ) was obtained by 
OPTKOV after 103 function calls, by POWCON after 134 
function calls, and by SUMT after 181 function calls.

T6: (Rosen and Suzuki * s problem)
Minimize

f ^ Xi 2 + X z 2 + 2x32 +Xit2 - 5xi - 5xz - 21X3 + 7X4

subject to 
4

- ( % X .2 ) - X i  + X z  - X 3 + X4 + 8 >_ 0
i=l

- Xi 2 - 2x 2 2 - X 3 2 - 2x 42 + X i  + Xit + 10 >_ 0 
2xi 2 - X2 2 - x 3 2 - 2xi + x2 + Xit + 5 > 0

A constrained local minimum exists at 
x = (0, I, 2, -I) at which f (x ) = -44, and 
3* = (I, Qf 2) .

The algorithm was initialized as follows:
x = (O', 0, 0, 0), Ei = e2 = 
wi = Wimax = 0, w 2 = w 3 = I,

E 3 =  10

w .2max

-6 3 = (0, 0, 0)

max 16, wf 4,



149.
*and nsrch = 9.. Five place accuracy in f (x ) was obtained 

after 79 function calls and 32 gradient calls, and con­
verged to the minimum in 162 function calls, and 63 gradi-

*ent calls. Five place accuracy in f (x ) was obtained by 
OPTKOV after 198 function calls, and by SUMT after 175 
function calls. POWCON stopped prematurely after 68 func­
tion calls at the value of f = -44.9307, obtaining only 
two place accuracy.

T7: (Beale’s problem)
Minimize

f = 9 - 8xi - 6x2 - 4xa + 2xi2 + 2x2 2 + Xg2 + 2x i x 2 
+ 2x 1x 3

subject to

- x.i - X 2 - 2x 3 + 3 >_ Q 
Xi > 0, i = I, 2, 3

This function has a constrained local minimum at
the point x = (4/3, 7/9, .4/9) at which f (x ) = 1/9, and 
*8 = (2/9, 0, 0 , 0), where the last three components of 8

are the multipliers associated with x^ >_ 0, i = I, 2, 3 .
The algorithm was initialized as follows: 

x = (0.5, 0.5, 0.5), G1 = 10 ^, E 2 = Eg = 10 ^ ,



3 = (0, 0 , 0), wi = w Imax = 0, Wz = Wa = I,
W2max = W3max = 16, wf = 4, and nsrch = 7. Five place

*accuracy in f (x ) was obtained after 33 function calls and
17. gradient calls, and converged to the minimum in 51
function calls and 25 gradient calls. Five place accuracy 

*in f (x ) was obtained by POWCON in 61 function calls,', and 
by SUMT somewhere after 130 function calls. OPTKOV con­
verged to f(x) = 0.1111 in 184 function evaluations after 
obtaining only four places of accuracy.
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T8; (suggested by Powell)
Minimize■

5
n x.

i-l 3
subject to

5
£ x . - 10 = 0

i=l 1
X2X 3 - SxitX 5 = 0
Xi3 + x2 3 >  I = 0

This function has a constrained local minimum at
x* = (-1.71714, 
at which f (x )

1.59571, 1.82725, -0.763643, -0.763643) 
-2.91970, and a* = (-0.744446, 0.703573,

-0.096806),
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The algorithm was initialized as follows:

X = (-2 f .1*5, 2, -I/ -I) f Ei = IO'6 , £2 ;

m0
 

t—IIlW11

a = (0, 0, 0), wi Il O Ul W1max = 8 ' ■
W  2 = W  3 = W 2 max = w  3max 0, wf = 2, and nsrch = 11.
Five place accuracy in f (x ) was obtained after 75 function
calls and 36 gradient calls, and converged to the minimum
in 99 function calls and 45 gradient calls. Five place

*accuracy in f (x ) was obtained by OPTKOV after 187 func­
tion calls, by POWCON after 90 function calls, and by 
SUMT after 126 function calls.

Powell [58] notes that some difficulty could occur 
with constraint breakthrough because f is not bounded from 
below. Therefore, f = exp(X1X2X 3X 3X 5) is the recommended 
function to be minimized subject to the same constraints 
as above. The problem was run using this modified cost 
function. The algorithm was initialized as above except
that w Imax = 16. The minimum of this problem was located

* *at the same point x as above at which f (x ) = 0.0539498,
and a = (-0.040163, 0.037958, -0.005223). Five place ac- 

*curacy in f (x ) was obtained after 46 function calls and 
19 gradient calls, and converged to the minimum in 101 
function calls and 38 gradient calls.
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T9.; (suggested by Wong)

Minimize

f = (xi -10) 2+5 (x2~12) 2+x 3 4+3 (X4-II.) 2+10xs 6 + 7x.6 2+x7 4
-4X6X7-10X6-8X7

subject to

-2xi2 - 3x24 - X g -  4xi+% - Sx5 + 127 0
-7x 1 - 3x2 —IOx3 ̂ - xi+ + X 5 + 282 >_ 0
-23xi - x2 2 - 6x 6 2 + 8x 7 + 196 >_ 0
-4xi2 - x2 2 + Sx1X2 - 2x 3 2 - Sx6 + Ilx7 >_ 0

A constrained local minimum of this function exists 
at x* = (2.33050, 1.95137, -0.477541, 4.36573, -0.624487, 
1.03813, 1.59423) at which f (x ) = 680.630, and 
8* = (1.13972, 0, 0, 0.368615).

The algorithm was initialized as follows:
X =  (I, 2 , 0 , 4, 0 , I, I), E I — E 2 — £3

01—1Il -4
f  ■

8 = (0 , OO 0), Wi = Wimax = 0, W 2 = W 3 = 0.25,

W2max w 3max = 1 6 ,  wf = 4, and nsrch = 
*

15. Five place
accuracy in f (x ) was obtained after 124 function calls
and 36 gradient calls, and converged to the minimum in
179 function calls and 59 gradient calls. Five places of

*accuracy in f (x ) was obtained by OPTKOV after 334 function
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calls, and by POWCON at convergence in 123 function calls. 
SUMT failed to find the minimum in 160 function calls as 
it stopped prematurely at the. value f (x) = 680.739, after 
obtaining only three places of accuracy.

TlO: (suggested by Wong)
Minimize

f = X12 + x2 2 + X1 x2 - 14x! - 16x 2 + (X3-IO)2 + 4 (xi* -5)2 
+ (x5-3.)2 + 2 (X6-I)2 + Sx72 + 7 (X8-Il)2 
+ 2 (X9-IO)2 + (X10-J)2 + 45

subject to
- 3 (X1 - 2 ) 2 - 4 (x2 -- 3) 2 -■ 2x 32 + 7xlf + 120 > 0

iC\JXinI Sx 2 - (x3 - 6 ) 2 + 2 x 4 + 4 >_ 0

- 0 . 5 (X1 — 8 ) 2 - 2 (x2, - 4) 2 - 3x 5 2 + x 6 + 30 > 0

- X 1 2 — 2 (x2 - 2 ) 2 + 2 x 1x 2 - 14xs + 6 x 6 > 0

-4x1 - Sx2 + 3x 7 - 9x8 + 105 > 0
-IOx1 + Sx2 + 17x 7 - 2x 8 > 0
Sx1 - . 6 x 2 - 12 (x9 - 8) 2 + Vx1 o >. 0 ■
Sx1 - 2 x 2 - Sx9 + 2x10 + 12 >_ 0

This function has a constrained local minimum at 
x* = (2.17200, 2.36368, 8.77393, 5.09598, 0.990655, 
1.43057, 1.32164, 9.82873, 8.28009, 8.37593) at which
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f (x*) = 24.3062, and 3* = (0.020546, 0.312029, 0, .0.287049, 
1.71653, 0.474520, 0,, 1.37593).

The algorithm was initialized as follows:
x = (2, 3, 5, 5, I, 2, 7, 3, 6, 10), ei = 
e2 = e3 = 10 5, 8j = 0, j - I, 2 , ..., 8,

I O " 4 ,

Wi = Wimav = 0 , w 2 ■= w 3 0.25, W 2 m a x  - W g m a x  - 4, wf - 4,
nsrch = 2 1 .  Four place accuracy in f (x ) was obtained 
after 185 function calls and 66 gradient calls, and con­
verged to the minimum in 233 function calls and 85 gradi-

*ent calls. Four place accuracy in f (x ) was obtained by 
OPTKOV after 621 function calls, and by SUMT after 532 
function calls. POWCON stopped after 272 function calls 
at the value f (x) = 24.30 after obtaining 3 places of 
accuracy.

Til: (suggested by Wong)
Minimize

f = X i 2 + X 2 2 + X i X 2 - 1 4 x i  - I G x 2 + ( X 3 - I O )  2 + 4  (Xit - S )  2 
+  ( x s - 3 ) 2 +  2 ( x  e - 1 ) 2 +  5 x y  2 +  7 ( x g - 1 1 ) 2 

+  2 ( x g - 1 0 ) 2 +  ( x i o ~ 7 ) 2 +  ( x 1 1 - 9 ) 2 +  I O ( X i 2 - I ) 2 

+  5 ( x i g - 7 ) 2 +  4 ( x i 4 - 1 4 ) 2 + 2 7 (xi5-I)2 + X i 6 4 .
+ (x 1 7-2.) 2 + 13 (x 1 e -2.) 2 + (x 1 9--3) 2 + X 2 0 2 + 95
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•..subject to

- 3  ( X 1 - 2 ) . 2 -1 4  (x 2- 3.) 2 - 2 x 3 2 + 7 X 4 + 1 2 0

I S x 1 ^ — S x 2 - (x 3-6;) 2 + 2 x 4 + 4 0 > 0

- 0 . 5  ( X 1 - S )"2 - 2  ( x 2 -4.) 2 - 3 x s 2 + : +  3 0

- X 1 2 - 2 ( x 2 — 2 .) 2 +  2 x ^ x 2 =- 14x 5 + (S x 6 I  0
- 4 x 1 - S x 2 + 3x 7 - 9x 8 + 1 0 5 > 0

- I O x 1 + S x 2 + 17x 7 - 2x 8 > 0

S x 1 - 6x 2 - 1 2 ( X 9 - S ) 2 + T x 10 > 0

S x 1 - 2x 2 - S x 9 + 2 x 1 0  + 1 2  > 0

—X  j, — X 2 - 4 x 1 i + 2 I x 1 2 > 0

- X 1 2 - I S x 1 i + S x 1 2 + 2 8 ' > 0

- 4 x 1 - 9x 2 - S x 1 3 2 + O x 1 4 + 8 7  > 0

- S x 1 - 4x 2 -  3 ( X 1 3-6)2 + 14x14 + 10 > 0
-14x12 - SSx15 + 79x 16 + 92 > 0
-ISx22 - Ilxi s + Slx16 + 54 >_ 0 
-Sx1 2 - 2x2 - 9 x 1 7 4 + X 1 8 + 68 >_ 0 
-X12 + X 2 - ISx18 + 20x2 o + 19 >_ 0 
-Tx12 - Sx2 2 - X 1 9 2 + SOx28 ^ 0 .

This function has a constrained minimum at 
x %  (2.04697, 2.20954, 8.74453; 5.06281, 0.956773, 1.43783, 
1.33789, 9.97534, 8.17526, 8.45979, 2.31093, 1.35675, 
6.10588, 14.1647, 0.998377, 0.495293, 1.49227, 2.00033,



130.490, and2.64329, .2.02426) at which f (x*) =
6* = (0.071786, 0, 0,. 0.291890,. 1.47694, 0.526358, .0,. 
1.45979, 0, 0.146436, 0, 0, 0.007967, 0.008488, 0, 
0.134951) .

The algorithm was initialized as follows: 
x = (2, 3, 5, 5, I, 2, 7, 3, 6, 10, 2, 2, 6 , 15, I, 2, I, 
2, I, 3), e i = 10 4 , E2 = G a =  10 5 , Bj = 0, 
j = I, 2,    17, Wi = w, = 0 ,  W2 = W3 = 0.25,

I lla eX

w 2 = W3 = 8, . wf = 4, nsrch = 41. Four place accu-
I l l a X  I l l a X

*racy in f (x ) was obtained after 313 function calls and 
100 gradient calls, and converged to the minimum in 490 
function calls and 166 gradient calls. OPTKOV failed to 
find the minimum; this method stopped prematurely at the 
value f (x) = 133.98 after 583 function calls. POWCON ob­
tained only three place accuracy at f (x) = 130.81. after
stopping with 270 function calls. SUMT obtained four ..

*place accuracy in f (x ) after 581 function calls and con­
verged to f (x) = 130.489 in 1120 function calls.

The following problem [64] is one that does not 
satisfy second-order sufficient conditions.
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T 12: (Rockafellar1s problem)
157

Minimize

f = Xllt+ X i X 2 + X 2

subject to

X 2 = O

The Lagrangian for this problem .is

L = Xi4 + xiX 2 + X2 -i ax2 (7-1)

If we solve (7-1) by the classical approach, we have that
* * * x = (0, 0), f (x ) = 0 ,  and a = 1 .  The corresponding

augmented Lagrangian, L^ is

L = X i 4 + X i X 2 + Wix22a *
a = a

(7-2)

The gradient of (7-2) is

a = a

4xi3 + x2

Xi + 2w i x 2
(7-3)

If we set (7-3) equal to zero and solve for x, we 
find that (7-2) has a saddle point at x = (0,0), and 
minima at x = ± (l//8w i , -l/32wi 3 j . As Wi 00 the minima 
points approach (0, 0). The Hessian of (7-2) is
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12xi 2 I .

.V2L 'a *a = a I 2w i

For (7-4) to be positive definite xi2

(7-4)

but xi tends to zero only as Wi tends to infinity, and
therefore the. second-order sufficient conditions are not
satisfied. An attempt was made to solve this problem with
ALG0R. Several solutions were obtained, each with a
larger value of Wi_. A maximum iteration limit of 400
was set for each solution, and was initialized each time
under the same conditions; x = (0.5, 0.5), ei = 10 ^ ,

-30= S 3 = 10 , Wi = I, W2 = w 3 = v = w 3mav = 0
III a, X  I i l a X

wf = 2, nsrch = 5. The results are given in Table 7-1.

7.3. Summary
The multiplier program ALG0R was applied to eleven 

test problems, and the results were compared to Pierre's 
program MULTMETH [55], and the penalty-function methods 
OPTKOV, POWCON, and SUMT. The solution statistics of the 
eleven test problems run under ALG(Z)R are given in 
Table 7-2. The tabulated run time in seconds was execution 
time for the problem solution on an XDS Sigma-7 time share



Table 7-1. Results of problem T:12.

function calls 
at search

r max X i X z a' 11 VLa Il . f. point
10 I.5 -IO"1 -1.6-10-2 1.1525 3.2-IO"1 -1.7-10-2 1360
IO2 -4.6-10"2 -43.9-10 4 0.9545 7.8-10™2 3.7»10~4 1650
IO3 -1 . 3 • 10""2 1.2-10"5 0.9874 2.5-10"2 1.2-10"5 1792
10" -I.'I-IO-4 - 1 1-9.2-10 J"L 0.9999 1.8-10"6 -9.2-10"11 2254
IO5 -1.2-10-4 -5.O-IO-12 0.9999 I.O-IO"6 -5.O-IO"12 2411
IO6 -4-1.1-10 * -4.1-10"13 0.9999 8.2-10"7 -4.1-10"13 2423
10 I ? 5.6-10-10 7.4- IO-27 1 . 0 0 0 0 2.2-10"16 7.4-IO"27 1953
IO20 -5.I-IO-12 -4.8-10-38 1 . 0 0 0 0 5.3-10"34 -4.8-IO"38 2777

O O 0 0 I 0 . 0 C O

159
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computer. All problems were stored on file prior to execu­
tion, and only initial and final search point status was 
printed for obtaining run time statistics. All execution 
was initiated from remote terminal, and the output re­
ceived on the line printer at the computer center.

Table 7-2. Summary statistics for test problems.

test
problem .

function calls 
per search to 
4 or 5 place 

accuracy
function calls 
per search to 
convergence

run time 
to convergence 

(sec)
Tl 3.74 . 3.45 0.852
T2 2.21 , 2.24 0.960
T3 —  — 2.27 1.134
T4 2.52 2.36 3.420
T5 2.19 3.03 0.912
T6 2.47 2.57 1.656
T7 1.94 2.04 0.918.
T8 2.08 2.20 1.470
T9 3.44 3.03 2.586
TlO 2.80 2.74 5.598
T H . 3.13 2.95 33.156

Average 2.652 2.888

The results of test problems T2, T3, and T4 were 
compared to the results obtained by the multiplier method 
of Pierre [55]. ALG0R solved all three problems more effi­
ciently than Pierre’s method, which typically requires
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5 function calls per search (iteration). The test prob­
lems were solved by ALG0R to the same degree of accuracy, 
in half • (on the average) the number of function calls re­
quired by Pierre's method, and in approximately the same 
number of searches (I gradient call per search required 
for both methods). The main difference of the two methods 
appears to be in. the efficiency of the unidirectional 
search. ALG0R requires less than 3 (on the average) func­
tion calls per search (see Table 7-2).

In test problems T5 through Tl! ALG0R was compared 
to OPTKOV, POWCON, and SUMT, which are penalty-function. 
methods. A comparative study found in [5] provided the 
results for comparison for these problems. The number of 
function evaluations was chosen as the comparison criter- ■ 
ion as the three penaltyrfunctions were coded in ALGOL 
(ALG0R coded in F0RTRAN) and run on a different computer 
making the runtime to convergence an unfair comparison.
The convergence test criteria for these methods was un­
known, so the number of function calls required to reach 
a desired degree of accuracy in |f (x) - f (x ) | were 
compared. ■

The results of POWCON for test problems T9, TlO, 
and T H  were approximately the same as those obtained by
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ALG0R. In,all other problem runs, ALG0R solved the prob­
lems, to a comparable degree of accuracy, much more effi­
ciently than did the three penalty-function methods. The 
function calls required for these three methods ranged 
from 2 to 5 times more than the number required by ALG0R.

From the results presented here, the multiplier 
program ALG0R appears to be a better solution technique 
than the multiplier program of Pierre, and a much better 
technique than either POWCON and SUMT, which are two of 
the leading penalty-function methods in use today.



CHAPTER EIGHT

APPLICATION PROBLEMS
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8.1. Introduction

In the first 7 chapters of this thesis the NLP has 
been given as an explicit set of equations from which the 
cost function was to be minimized subject to constraints 
on the x variables. The theoretical framework for problem 
formulationp solution identification, and an implementation 
of this theory into a working algorithm have been presented 
and tested^. We now turn to real-world problems, their 
transformation into an explicit NLP, and their solutions.

The NLP arises in many forms from many unrelated 
areas. Zangwill [72] treats the NLP formulation from 
problems that arise in production and inventory control, 
regression analysis, consumer behavior, chemical condenser 
design, rocket control, equation solving, cost-benefit 
analysis, financial analysis, as well as application in 
the areas of economics, business, government, and engineer­
ing. Several texts and monographs have been published to 
bring the many aspects of problem formulation in a partic­
ular area into a stronger and more unified perspective 
than is offered in most journal articles. Dennis [18] in­
vestigates the application of mathematical programming in 
electrical networks. Trends in automated network design
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optimization as applied to computer-aided design of 
lumped-distributed and microwave networks are reviewed 
and discussed in [6]. Duffin et al. [19] treat a wide 
class of engineering problems with both fixed and adjust­
able parameters from the aspect of geometrical programming 
which is a special form of NLP particularly useful in 
engineering and physical sciences. Optimal control is one 
of the most active research areas in modern technology, 
having applications in many areas, including aerospace, 
chemical, nuclear reactor, and transportation technolo­
gies. The basic concepts of mathematical programming and 
the techniques for implementing the solution for optimal 
control problems are presented in [67], along with many 
examples and case studies in the sub-areas of optimal con­
trol such as linear and nonlinear, continuous, and dis­
crete time systems as well as stochastic and distributed 
parameter systems.

For many years the practice for on-line control of 
power systems has been to approximate the nonlinear re­
lations of such systems to obtain linear programming prob­
lems. The equations are then solved by well-established 
linear programming■techniques. Application of nonlinear



optimization for on-line control has the advantage of more 
accurate representation of the system, and the possibility 
of dealing with larger problems. Recent advances in this 
area are explored in [10]. Bracken and McCormick [9] pre­
sent several nonlinear problem formulations including 
models on weapons assignment, bid evaluation, alkylation 
process optimization, chemical equilibrium, structural 
optimization, launch vehicle design and costing, parameter 
estimation in curve fitting, optimal sample sizes in 
stratified sampling on several variates, and deterministic 
nonlinear programming equivalents for stochastic linear 
programming problems.

Three selected real-world problem situations are 
now presented. From the problem statement, the NLP model 
will be formulated and then solved by the multiplier al­
gorithm ALG0R.

8.2. A Circuits Problem
Consider the circuit shown in Figure 8-1 (Problem 

6.31 of [53]). The ratio | V 2 (joi) /V1 (joi) | is of interest 
at two given frequencies w = Wi = IO6., and w = W2 = 2 “106 

IV 2 (jwi)/V1 (jwi) I is to be maximized subject to the con­
straint that. IV 2 (jwi)/V1(jwi) I = IV 2 (jw2)/V1(jw2) I.
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Components. Ri = IOKfi, and Rz = IKfi are fixed; Ci, Cz, Li, 
and Lz are to be selected to give the constrained optimum. 
Additional constraints are Lf >_ 0, L2 :> 0, Cf 10 
picofarad, and C2 ^ 100 picofarad.

L2

Vi (s)1

Figure 8-1. Circuit for NLP formulation.

This maximization problem may be put into the NLP 
format by the following

2
Vi
V 2minimize

0) = 031
(8-1)
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subject to

V1
Vs

Vi
= W I V 2 I

CSl
3Il-
3

Li > 0 L 2 > 0
- n 0 Al1 I C 2-IO (8-2)

Relations (8-1) and (8-2) cannot be solved directly 
in this form. The elements Li, L2, C i, and C 2 must be re­
lated to V i , V 2, and w through appropriate circuit rela­
tions. Proper reduction of this circuit by. the use of 
Laplace transform theory yields the following relation;:

_!__ = Vi (s)H(S) V2(S)
(SC2R2-H) -(Sl7s^ cikl4.!, + (SC2R2H-I) + I

Sljl I
Rl (Ri/R2) (SiLiCi)H-(SL^Ri)+!.

(8-3)

Define

•a — Ri/R2 — 10 
Xi = w i R i C i'

AXg = O) i Li /Ri

b = (I)2/o)i = 2
AX 2 = WiR2Cz

Xit = w i L2 /R2 (8 — 4)

so that
bxi = W2RiCi
bx 3 = w2Li/Ri

b x 2 = W 2R 2C 2 

bxit = W 2L 2Z R 2
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Let s — jo). If we substitute the identities, of 

(8-4) into (8-3) and collect terms we, have

V 2 (ju!) = Iatl-X1X4-X2X4+^-]

+ i[x1+ax2+x4-x1x2x4+ ^ ^ - -- — ] (8-6)x 3 X 3

We see from (8-6) that the ratio V 1 (Jw1)ZV2 Cjw1) is a com­
plex number, having both real (Re) and imaginary (jlm) 
components. Similarly, a second ratio is obtained when 
(8-3) is evaluated at w = W 2 using the identities of (8-5):

Vi Qw2) 
V 7 Qw2) Re(W2) + j Im(W2) (8-7)

If we use the fact that

V 1
V 2 (Re2 + Im2 )^ (8-8)

then upon substituting (8-6) into (8-8) and squaring we 
have

V 1
V 2 = r 1 2 + r2 2

w = W 1

[Il-X1 X 4-x2x4+^it-] + Ix1 -x i X2X 4 +IOx2+^ - -—  + X 4 ]x 3 X 3

(8-9)



Similarly, upon solving 
and squaring we have
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(8-7) and substituting into (8-8)

Vi
V 2

2

W W 2
+ Tif'

2
[ll-4xiX4-4x2xit+ ^ L] + [2x i -8x i x 2X4+20x 2+-~ — ■--- + 2x4]

(8-10)
From the definition of x% in (8-4) and from the 

relations in (8-2) we know that

Cl ' sffer = ^ 10-11 ’ i8-11’

from which

Xi - .1 > 0 (8-12)

Similarly we find that

X 2 - .1 > 0, X 3 > 0, X 4 > 0 (8-13)

From the above development we can now state the NLP 
for this problem in the familiar form. We collect equa­
tions (8-9), (8-10), (8-12) and (8-13) and upon comparing 
them with (8-1) and (8-2) we have
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A: 8.2 (Circuit Application)

Minimize

f = r i 2 + r2 2

subject to

(r i2 + r2 2 ) - (r 32 + r 42) = 0
Xi - 0.1 >_ 0
x2 - 0.1 >_ 0 
x 3 >_ 0 
x4 ^ 0

where

r i = [11 - X iX 4 - x2x4 + ^ i-]X 3
r2 = [xi - X iX2X 4 + IOx2 + 1 + x ]X 3 4

r3 = [11 - 4x i x4 - 4x 2x 4 + ^ t-]x 3

r 4 = [2xi SxiX2X 4 + 20x 2 + 4x-21;4"1 + 2x ]

Convergence to a minimum for this problem was very- 
slow in that x 3 was ever so slowly continually increasing 
without bound, and convergence was obtained only when x 3 
reached a large value. The problem was reformulated by 
replacing x 3 with l/x3 wherever it occurred in the above
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problem. The resulting formulation was the same as A:8.2 
except that r i, , r 3, and r 4 were redefined as follows:

ri = [11 - Xix4-- X2X 4 + X 3X 4]
rz = [Xl - XlXZX4 + IOxz + X 3(X2X4-I) + x 4]
r 3 = [11 - 4x i x 4 - 4x 2x 4 + xsx4]
r4 = [2xi - Sxix2X4 + 20x2 + 0.Sx3 (4x2x4-l) + 2x4]

A constrained local minimum for this problem was 
*then found at x = (1.91663, 0.1, 0, 1.97181) at which 

f (x ) = 69.6755, a = 0.197551, and B = (0, 10.7851, 
11.4656, 0) .

Interpreting the results of the NLP into terms of
the given problem we find that the voltage ratio

2
IV 1 (ju)) /V2 (j to) I will have the same minimum value of 
69.6755 at the two frequencies W i = 106 and W2 = 2 -IO6. 
This minimum value will be for the selection of Ci = 192 
picofarads, C 2 = 100 picofarads, Li = °°, and L2 = 1.97 
millihenries. The value Li = 00 indicates that the inductor 
Li should not be included in the circuit.

*The equality constraint multiplier a has no sensi­
tivity meaning if the voltage ratios must be the same at 
the two given frequencies. However, we see from the small
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* * r\,value of a (a a, 0.2), that the circuit is relatively in­

sensitive to small differences in the voltage ratios at 
the optimum. The multiplier associated with Li has no 
sensitivity meaning in that an incremental change of the 
value of 00 has no significance. The multiplier associated 
with the inequality constraint on Gz does have signifi­
cance. The incremental sensitivity indication is that if 
the right side of Xz - .I >_ 0 is decreased incrementally, 
a reduction of 10.7851 will occur in the square of the 
voltage ratio for each unit of reduction in the right- 
side of the constraints. Consider a 0.05 reduction in the 
right hand side of the constraint. The constraint is then 
X 2 - .1 >_ -0.05, or xz 0.05. Solving this relation for 
C 2 as defined in (8-4) we have that x2 = WiRzCz 0.05, 
and C2 50 picofarads. Thus, is we can reduce the lower 
bound on C 2 from 100 picofarads to 50 picofarads, we will 
reduce the square of the voltage ratio by 
(10.7851)(0.05) = 0.5392. This reduction compared to the 
value of 69.6755 indicates the circuit is insensitive to 
small variations in the C2 capacitor around the design 
center value of 100 picofarads.
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8.3. A Geometric Problem

The following problem is a geometric programming 
problem. It is an adaptation from [19] and is presented 
in [72].

As vice president of a small but dynamic chemical 
company, you are to investigate containerization for ship­
ping. Not only should the containers simplify shipment, 
but also because the containers will be left with the cus­
tomers, sales should be enhanced. Upon selecting a par­
ticular customer as a representative example of the prob­
lem, you find that each month 1000 cubic feet of a chemical 
must be shipped to this customer. The chemical is to be 
sent in rectangular containers of length xi, width x2, and 
height X 2. The thickness of all material used is negli­
gible. The container seams are fused during the filling 
process to prevent moisture from entering. The sides and 
bottom must be made of scrap material for which there is no 
charge. However, only 10 square feet of this scrap can.be 
guaranteed and processed per container each month from the 
materials department, but can be processed to any dimen­
sion. Material for the ends costs $2.00 per square foot, 
while material for the top costs $3.00 per square foot.
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There is also a shipping charge of 20 cents per container 
sent. You must determine how many and what size of con­
tainers are needed to ship the chemical at the lowest pos­
sible cost. Thus, the total cost (shipping plus the costs 
of the two ends and the top for 1000/x1x2x 3 containers) 
must be minimized subject to the scrap.limitation.

The total cost per container is

cost = (0.2 + 4x2x 3 + 3x 1x2) dollars (8-14)

subject to the scrap limitation

2x 1x 3 + X 1X 2 10 (8-15)

Additional constraints must be added to ensure that the 
dimensions remain nonnegative

Xi 0, X2 0, x 3 >_ 0 (8-16)

Considering the total cost for all (IOOO/X1X2X 3 ) con- - 
tainers, equation (8-14) becomes

d°stt - + E r  + E r  (dollars> <8"17>

Let f (x) be the total cost in thousands of dollars. 
Then from (8-15), (8-16), and (8-17) we can formulate the
NLP as follows.
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A: 8.3 (Container problem)

Minimize

£ = ■ + ~ - + ^- (thousands of dollars)A. I A. 2 3 A, I X  3

subject to

I - 0.2x 1x 3 - 0.1 XiXz >_ 0 
xi > 0 
X 2 >  0 

X 3 >_ 0

The optimum for this problem is at x* = (2.37976,
*0.316228, 1.94294) at which f(x') = 3.36168, and 

B* = (1.81762, 0, 0, 0).
Interpreting the optimum of the NLP in terms of the 

given problem we find that 684 containers of length 2.380 
feet, width 0.316 feet, and height 1.943 feet are.required 
to ship 1000. cubic feet of chemical each month at a cost 
of $3362. The scrap limitation constraint is active (all 
10 square feet, per container are used) at the solution and 
has an associated positive multiplier of 1.81762. There is 
no shadow cost for the frfee scrap material. Therefore, if 
by some means, additional scrap material could be obtained 
at no cost, the incremental sensitivity indication is that
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an approximate savings of $182.00 from the total cost 
could be obtained for each additional square foot of scrap 
for each of the 684 containers. Reducing the above analy­
sis to a single container basis, each container holds. 1.46 
cubic feet, and costs $4.92 for construction and shipping. 
For each additional square foot of scrap per container, 
approximately 27 cents could be saved.

8.4. Deterministic Nonlinear Programming
for a Stochastic Linear Programming 
Problem

The problem presented here is equivalent to a 
stochastic linear programming problem of the chance- 
constrained type. In the chance-constrained problem, the 
constraint coefficients are normally distributed random 
variables. The determination of least-cost optimal cattle 
feed was modeled by van de Panne and Popp [68], and is 
treated in [9]. The presentation here of a least-cost op­
timal hog ration parallels that in [9].

The problem concerns the mixing of a number of raw 
materials in such a way that a hog ration is obtained that 
satisfies certain specified nutritive and other require­
ments with minimum cost for the input quantities of raw 
materials. If the nutritive contents and unit costs of



Table 8-1. Data for deterministic problem

Fraction
X(I)

Cost/ton
$100

Protein Calcium Phosphorus
Constituent mean var. • mean var. mean var.

X.l barley . 0.80 11.6 .0.4844 0.05 0.0001 0.35 0.0010
X 2 wheat 1.10 13.7 0.3003 0.07 0 0.37 0.0009
X 3 corn 0.85 9.5 0.1444 0 0 0.10 0.0001
X 4 boy 3.45 48.5 0.588 0.33 0 0.62 0.0005
X 5 mustard 2.00 31.9 4.9863 0 0 0 0
X 6 dried milk 2.10 51.1 0.0653 1.27 0.0040 1.03 0.0021
X 7 fish soluables 3.00 65.5 21.0222 1.27 0.1404 1.69 .0.0825
X 8 d^ - cal. phos . 0.80 0 0 23.35 1.3631 18.21 0.2073
X 9 limestone 0.45 0 0 35.84 0.5138 0.01 0
Xio : molasses 0.72 0 0 0.81 0.0289 0.08 0.0004
X 11. dehydrated

alfalfa 1.80 21.8 0.2970 1.79 0.0097 0.31 0.0005
X 1 2 shrimp meal 3.00 46.9 9.2933 7.34 0.3893 1.59 0.0107
X 1 3 mono-sodium-

phosphate 0.60 0 0 . 0 0 22.45 1.0206

i = I? 2 p ...f 13 ai bi v. ci V d.i V
starter 18 ' 1.0 0.9

Requirement for: grower 16 0.8 0.7
finisher 14 0.7 0.6
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raw materials and the requirements for nutrients are known, 
the problem can be solved in a straightforward manner by 
linear programming methods. One problem that arises is 
that the nutritive content of raw materials varies random­
ly, so that the solution given by linear programming using 
expected (mean) values, for instance, does not always sat­
isfy the requirements. That is, using the expected values 
from a normal distribution, there is only a 50% probabil­
ity (confidence interval) that the nutritive requirements 
of the ration will be satisfied.

Table 8-1 gives the data of the problem. The per­
centage content of protein, calcium, and phosphorous are 
given for 13 constituents. The cost per ton (in hundreds 
of dollars) is given for each constituent. The requirmentS 
of protein, calcium, and phosphorus are given for starter 
pigs, growers, and finishers. The problem is to determine 
the mix with minimum cost per ton that satisfies the given 
requirements. Since the method of solution is the same for 
all three rations, only the ration for starter pigs will 
be given.

Let a^, i = I, 2, ...,13, denote the cost per ton of 
each constituent. Let b^, c^, and d^, i = 1 ,  2, ..., 13, 
denote the percentage content for protein, calcium and

179
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and phosphorous, respectively. Let x., i = I, 2, 13
denote the fraction of the mixture that is composed of 
each of.the constituents. With these definitions the de 
terministic linear programming model is as follows.
A: 8.4L (linear hog ration)

Minimize

subject to

i i M - 18 > 0

13Jm
- I > 0

- 0.9 > 0

Xi > 0 i = I, 2, ..., 13

J i x * '
1 = 0
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&The optimal solution is at x = (0.785587, 0, 0, 0, 

0, 0.173919, 0, 0, 0.020643, 0, 0, 0, 0.019853) at which 
f (x*) = 1.01490, a* = 0.417284, and 8* = (0.032743,
0.000911, 0.0081388, 0, 0.231060, 0.120842, 1.143933,
0.538211, 0, 0.423103, 0.213246, 0, 0.301328, 0.664765, 
1.02744, 0).

Interpreting the optimum of the NLP we find that a 
mixture of

xi = 0.7856 (barley)
xe = 0.1739 (dried milk)
xs = 0.0206 (limestone)
x i 3 = 0.0199 (mono-sodium phosphate)

will satisfy the minimum requirements of the ration for a 
cost of $101.49 per ton. But this ration will satisfy the 
requirement only 50% of the time, since the protein, cal­
cium, and phosphorous percentage contents were calculated 
from the mean values. In actuality the percentage contents 
can vary from batch to batch since they are normally dis­
tributed independent random variables. The nonlinear 
equivalent of this stochastic linear problem takes into ac­
count the distribution of these random variables by con­
straints of the form
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P
n
I ViiX. + Y (a) 

i=l ^

n Jg
I O2 (p.)x.2 > O

i=l 1 1
(8-18)

where Y (a) is the percentage point corresponding to (1-a). 
If a = .95 (95% confidence interval), Y (a) is the .05 
fractile. A value of a = .95 corresponds to a value of
Y (a) = -1.645.

If we use the means and variances listed in 
Table 8.1 in inequality (8-18), and a 95% confidence inter­
val, we obtain the following nonlinear model.

A: 8.4N (nonlinear hog ration)
Minimize

i=laixi

subject to

13 13
I b.x. + (-1.645) ( I ol x.2)1"2 - 18 > 0 

i=l 1 1 i=l Di ^

13
I  C iX

i=l x
+

I

13
(-1.645)( I c2 x.?)% 

i=l ci i - I 0
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13 13I d.x. + (-1.645)( I o* x .2)^ - 0.9 > O 
i=l 1 1 1=1 di 1 -

i = I/ 2, ..., 13
13
l x .  - 1  = 0 

i=l x

Initial solution of this problem revealed that the 
percent content of calcium of the ration exceeded a known 
upper bound set for proper growth regulation of starter 
pigs. Therefore, rather than add an additional constraint 
for the upper bound, the requirement for calcium was con­
verted to an equality constraint as evidenced by the above 
constraint set.

A constrained local minimum for this problem was 
located at x* = (0.760844, 0, 0, 0, 0, 0.196658, 0, 0, 
0.020830, 0, 0, 0, 0.021669) at which f (x*) = 1.04403,
* Aa = (-0.000405, 0.464116), and 8 = (0.031922, 0.006357,

0, 0.196227, 0.819881, 1.43385, 0.517568, 0, 0.434755, 
0.229566, 0, 0.255704, 0.638736, 1.03160, 0).

Interpreting the minimum of the NLP we find that a 
ration mixture of
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Xi = 0.7608 (barley)
Xe = 0.1967 (dried milk)
Xg = 0.0208 (limestone) 
xi3 = 0.0217 (mono-sodium phosphate)

will satisfy the minimum requirements for 95% of all 
batches mixed. The cost per ton is $104.40, which is an 
increase of approximately $3.00 over the linear program . 
ration. But the $3.00 additional cost has bought a 95% 
probability that the ration requirements will be satisfied 
as compared to a 50% probability.

The mixture constituents are the same. The main 
mixture difference for the nonlinear problem is an in­
creased fraction of dried milk and a decreased fraction of 
barley. Proper interpretation of the Lagrange multipliers 
will give an incremental indication of additional costs or 
savings that would result from the requirement changes for 
the ration.

*The first component of a indicates incremental 
■ *change in f (x ) for changes in the calcium requirement.

Its small negative value has little effect on f for small 
changes, but indicates a savings if the calcium requirement 
were increased. The second component has no sensitivity
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significance, in that the associated equality constraint 
is a mathematical law, stating that the percentage frac-. 
tions of the constituents for the total ration must be 
100% and cannot be changed.

The associated multipliers with the >_ 0 con­
straints indicate a savings for a small decrease from 0 
in these constraints. But due to the fact that the con­
stituents of the ration cannot have a negative fraction, 
this sensitivity information is of no value. The first

Atwo components of 8 associated with the requirement con­
straints on protein and phosphorous indicate a small sav­
ings could be obtained if these ration requirements could . 
be reduced, i.e., lower the minimum ration requirements 
for protein and phosphorous. The first component is 5 
times larger than the second indicating that the price per 
ton of the total ration is more sensitive to the require­
ment for protein than that for phosphorous. But the magni 
tudes of both multipliers show relative insensitivity to 
both requirements for small changes.

8.5. Summary
Three interesting real-world application problems . 

are presented in this chapter. The first is a circuit
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design problem in which design center values of certain 
components are to be selected to maximize the output vol­
tage to the same value for two given frequencies. The 
second is a geometric containerization problem, in which 
similar rectangular containers are to be designed to ship 
a given amount of chemical, for minimum total cost. The. 
total cost is a function of a fixed charge for shipping 
of each container, and the price of materials available 
for the construction of the containers.

The third problem is a direct application to the 
livestock industry. A minimum-cost optimal feed ration for 
hogs is obtained both from the linear programming model, 
and the nonlinear model. The merits of the results from 
both models are evaluated.

The three problems are presented to show how the 
NLP may be formulated from real-world problem situations, 
and how the results may be interpreted and implemented.
The importance of the Lagrange multipliers are seen through 
the interpretation of the sensitivity information they 
contain, and how this indicative information may be used 
in making investment and policy changes without solving 
numerous NLP problems.

.1
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These examples give a minute representation of the 

type of problems that can occur in almost any area. Prob­
lems that arise from other situations could be much larger 
in scale and complexity. But with proper transformation 
into the NLP format, they may be solved using nonlinear 
techniques.



CHAPTER NINE

EVALUATION AND CONCLUSIONS.
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9.1. Summary

In Chapter I the NLP is introduced in its standard 
form for a constrained minimization problem. The general 
method of sequential unconstrained minimization is then 
given, showing how the constrained NLP problem functions 
may be transformed into a single unconstrained function 
having the same solutions as the original problem. In 
Chapter 2 the theoretical framework for the identification 
and characterization of local unconstrained minima are pre­
sented. An unconstrained function, formulated by augment­
ing the Lagrangian with weighted problem functions of the 
constrained NLP is presented, and first-order necessary and 
second-order sufficient conditions are established for 
this function to possess local minima that minimize f and 
satisfy the constraints of the NLP. A multiplier algo­
rithm, based on satisfying the Kuhn-Tucker first-order 
conditions of optimality, is posed. The algorithm paral­
lels that of Pierre [55] and consists of alternating mini­
mization and update phases. It has an added flexibility, 
however, in that it has three modes of operation. It can 
be used as: I) an exterior penalty-function method, where
the multipliers are held equal to zero, and the penalty
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weights are updated after each cycle, 2) a multiplier method 
where both multipliers and penalty weights are updated 
after each cycle, or 3) a combination of both methods with 
an initial penalty phase and a terminal multiplier phase.
An initial premise of this thesis was that an algorithm 
operating in mode 3 would be most efficient, i.e., using 
a multiplier method for termination would alleviate the 
ill-conditioning effects of ten encountered in straight 
penalty-function.methods. It was supposed that if the al­
gorithm were allowed to operate in the penalty-function 
phase for;several cycles, the multiplier phase could then 
be initialized with good approximations to x , a and g , 
and faster convergence would result in the final phases. 
Computational experience, however, has been that initial 
penalty phases before the introduction of the multiplier 
phase are less efficient than utilizing the straight multi­
plier method, where both multipliers and penalty weights 
are updated after every cycle.

The general procedure for updating the multipliers 
and weights during the minimization process is also pre­
sented in Chapter 2. This procedure establishes a way to 
select an active inequality constraint basis, such.that
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during a minimization phase these inequality constraints 
exhibit a 'locked on' feature and are treated the same as 
equality constraints. Although the algorithm is based on 
first-order conditions, if second-order conditions are 
satisfied by the NLP problem functions, the algorithm con­
verges locally without requiring the penalty weights to 
increase without bound. As the sequence of minimizers
{x111} converges to a local minimum point x , the multipliers

* *also converge to their optimal values a and 3 . These 
optimal multiplier values have a practical interpretation 
when the NLP is formulated from a real-world problem as 
shown in the sensitivity analysis given in Chapter 3.

Methods of generating search directions based on 
the gradient information of the problem functions are dis­
cussed in Chapter 4. It was found that the extension of. 
the basic gradient methods to conjugate gradient methods 
alleviated some of the difficulties presented by steep 
ridges and ravines that are often encountered in steepest 
descent search techniques, when the functions are non­
linear. , It was shown that if the inverse matrix of second 
partials A ^ was available, the minimum of a quadratic 
function could be attained in one iteration if the Newton
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method was used, and in one cycle if a conjugate gradient 
method was used. The general NLP is not. quadratic, but may 
be adequately represented by a quadratic approximation 
when in the vicinity of a local minimum. As the minimum 
of a problem is approached, such that the local quadratic 
approximation becomes valid, the DFP method generates a 
sequence that tends to A the inverse matrix of
second partial derivatives, without requiring the use of. 
second derivatives of the problem functions. Even if the 
function in question is not quadratic, the sequence {H^> 
remains positive definite, and the unidirectional search 
is conducted over a > 0 only. The above features influ­
enced the selection of the DFP method to be used for gen­
erating conjugate search directions for the multiplier 
algorithm. Computational experience with both the DFP 
method and the method of Fletcher and Reeves in the early 
phases of this, research showed the DFP method to be the 
better methodi This is also verified computationally by 
Pierre [55] .

An efficient quadratic convergent unidirectional 
search technique developed by this author is posed in 
Chapter 5. High accuracy is not required by a
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unidirectional search in regions remote from a local mini­
mum, and since in the vicinity of such a minimum, f (x) 
can be adequately represented by the local quadratic 
approximation, a quadratic convergent search technique 
is highly efficient. The detailed analysis of the search 
procedure is presented and compared to a popular cubic 
convergent search technique.

The material of Chapters 2, 3, 4, and 5 is then 
integrated into a working multiplier algorithm ALG0R.
The algorithm is coded in F0RTRAN. The implementation 
of this algorithm is discussed through the flow connec­
tions given .-i-n. • Chapter 6.

The algorithm was applied to several test functions 
and the results were compared to the results obtained by 
other well-known NLP solution algorithms. When based on 
the number of function calls required to obtain a desired 
degree of accuracy in the cost function,. ALG0R was shown 
to be a more efficient code than the multiplier program 
of Pierre, and. the penalty-function programs OPTKOV,
POWCON, and SUMT.

The formulation of three selected real-world prob­
lems into the NLP format is presented in Chapter 8, along
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with their solutions and interpretations of the sensitivity 
information possessed by the Lagrange multipliers at the 
solution points.

9.2. Evaluation of the Multiplier Algorithm
The multiplier algorithm ALG0R, developed in this 

thesis to solve the general NLP has the following desirable . 
properties:

1. The algorithm is based on the Kuhn-Tucker first- 
order conditions for optimality.

2. The algorithm converges to constrained local 
optimum points and tends to avoid other points 
which may satisfy first-order necessary conditions.

3. The algorithm is quadratic convergent.
4. The algorithm converges in a finite number of 

steps for a class of linear programming problems.
5. The terms used to augment the Lagrangian are 

formed from the NLP problem functions in a simple 
way that requires a minimum amount of computation.

6. Highly nonlinear functions do not present unusual 
problems, since the minimization procedure is not 
governed by linear models that apply over small 
neighborhoods of a given point. 7

7. The search directions are generated by a conjugate 
gradient technique. Thus, steep ridges and 
ravines often caused by nonlinear problem functions 
do not unduly hinder the algorithm.
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8. The search directions are calculated as a part 

• of the iteration process based on accumulated
information from past search points rather than 
following pre-calculated search directions.

9. Only the problem functions and their first deriva 
tives must be specified.

10. The constraints need not be satisfied at initial 
starting points for x.

11. The. algorithm has no problem in dealing with 
inequality constraints. The simple multiplier 
updating rules can effectively determine the 
active inequality constraint basis incorporating 
the locked-on feature.

12. The algorithm generates multipliers which pro­
vide well-known sensitivity information.

13. The selection of search parameters is generally 
not critical. However, the penalty weights 
should be selected large enough to avoid con­
straint breakthroughs and ensure an adequate 
rate of convergence, but not so large that the 
solution path is unduly confined to constraint 
boundaries during the initial interations of the 
algorithm. This may lead to inefficient opti­
mization and a slow convergence rate.

14. The algorithm requires only I gradient evaluation 
and less than 3 (on the average) function evalu­
ations per iteration. This is important when the 
evaluation of the model for the NLP requires a 
relatively large amount of computation time as to 
that required for the search iteration. The more 
efficient minimization methods tend to keep the 
model evaluations to a minimum.

The above properties of the multiplier algorithm 
developed and presented in this work may hopefully give
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impetus to multiplier algorithms in general such that they 
can displace the currently more popular penalty methods.

9.3. Suggestions for Continued Research
When compared to the penalty-function methods dis­

cussed in Chapter 7 on the basis of the number of function 
evaluations, the multiplier algorithm appears to be a bet­
ter NLP solution method. A more comprehensive comparison 
to a wider class of methods, and wider class of problems 
should be conducted to justify the validity of the above 
statement. A comparison to other methods should be made on 
both the number of function evaluations and on execution 
times for the particular problems. This would require that 
all methods be coded in the same computer language and run 
on the same or an identical computer. Such a comparative 
study has been conducted by Colville [12]. The particir 
pants of this study coded their programs in FORTRAN and 
were required to run a standard timing package on their 
particular computer, to estimate the computing power of the 
particular machine used. In this way execution time could 
be normalized and compared on a fair basis. Consideration 
should be given to comparing the multiplier technique to 
the many techniques evaluated in this study.
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It was shown that the multiplier algorithm con­

verges in a finite number of steps for a class of linear 
programming problems. This algorithm should be applied to 
a wide class of linear problems and the results compared 
to the results of well known linear programming (LP) tech­
niques. ALG0R may prove to be as efficient as, or perhaps 
superior to. LP techniques as the size of the linear prob­
lem increases.

Consideration should also be given to converting 
the minimization algorithm to one that treats maximization 
problems in which functions are constrained to be less than 
or equal to specified values. This could be done without 
significantly altering the theoretical structure of the 
algorithm.

The augmented Lagrangian of this work should be 
studied in the light of duality theory, where the multi­
pliers are the object of the search. During the optimi­
zation sequence, as the multipliers converge to their op­
timal values., the x values are updated such that at con­
vergence the optimal x values are obtained.

The general routine implemented for.this research 
should be maximized for efficiency. This could result in



a reorganization of the program and a reduction in code. 
Also the convergence rate of the algorithm should be in­
vestigated in a more rigorous manner as done in [42].

Several alternative methods for augmenting the 
Lagrangian with penalty terms and updating multipliers have 
been suggested in the literature. These should be studied 
in the light of the algorithm presented in this work. None 
of the other penalty terms or updating rules are as easily 
computed as those used here, but some may be developed 
through an analysis of convergence rates to lead to a 
significant improvement.

198



APPENDIX A

LAGRANGIAN FORMS



200
For the general NLP in Section 1.2, make the follow­

ing definitions:

= <j>(h(x),.a , vO is a multiplier function associated 
with the equality constraint functions h ^ (x) = 0, 
i — I, 2, m i
X = X (g(x), 6 ,.w) is a multiplier function associated 
with the inequality constraint functions g . (x) >_ 0, 
j = .1, 2 , .. ., m 2 ^
a is an equality constraint multiplier vector of 
dimension mi
S is an inequality constraint multiplier vector of■ 
dimension m2
w is a weighting parameter, w > 0 
0, t are parameters

Define also the generalized modified Lagrangian,. L^, as
follows:

Lm (x, a , 3 , w)
mi

f (x) , + I cf> (h. (x) , a . ,: w) 
i=l . 1 .

m 2
4 .L X (gj (x) , 3., w)I-1 J

Examples of multiplier functions for the Q class are:
Al: ah + wh2 (Hestenes)

(Arrow, Solow)
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A 2 : -hp + Vf + % Qh2 (Fletcher)

where 0 is a curvature parameter (matrix) > 0 
(positive definite), and . p is the generalized 
inverse of n = Vh, P' = (n^n) "^n^

A3: w (h + 0)2 (Powell)
I t tA4: ((wh +a) - a ), (Mangasarian)

where t is an even integer t >_ 4

AS: cosh(wh +a) - h (wh + a )2 - cosha + ^a2
(Mangasarian)

Examples of multiplier functions for the X class are:

K U g (g+1)1+t 
(T+t) ' (Arrow, Hurwicz)

where t is an even integer 

AS: (S/w) exp (wg) (Gould, Howe)

A9:
JL
4w' g i i

2w

Bwg2 + Bg', g > I
2w

AlO:
B2
4w ' g < -L2w

w g 2 + Sg, g > h

(Arrow, Gould, Howe)

(Rockefeller)
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Sg + %g2 + gt , g ^ 0 
Sg + hg2, -3 i  g. i o
-%s2, g ^  - s,

(Kortf Bertsekas) 
where t > 2 selected arbitrarily

z, z 0
: in the following z+ =

0 , z < 0

A12: ^  ((wg + S)+t - St)f (Mangasarian)

where t is an even integer, t >_ 4

A13: cosh(wg + 3)+ - k (wg + S)+2 -coshB + %S2
(Mangasarian)

Al4 : *5 (cosh (wg + S)+ -I) 2 (coshB - I) 2
(Mangasarian)

Each of the functions above give the general form 
of their class of. functions from which other multiplier 
functions may be generated.



APPENDIX B

THEOREM AND LEMMA 
PROOFS



204
Proof of Theorem I.
"  : *Let f (x ) be an unconstrained local minimum. Thus, 
. * *it may be assumed that f (x ) <_ f (x + Ax) for all Ax with 
0 < H Ax I) < e . Since f is of class C 1, we can further 
assume that the limit

: .Iim Aki -> 0 '
i=l, 2, .. ., n

exists, where Ax. = x.

* * f (x + Axi) - f (x ) yf (x )

Since f (x + Ax) - f (x ) .
is never negative, letting each element'. Of the Ax vector
approach zero from above and below, we find that V f (x )

* *obeys V f (x ) > 0 and V f (x ) < 0 so that necessarily

Vf (x )

G

Proof of Lemma I. [69, 73]
A -Let A = {z I z"v^ 0, k = r, 2, . . ., q}

. g
If v = I s,v, , s >_ 0, k' = I, 2, . . . , q, 

k=l *
then for all z 0A, z"v0 ^ 0.
Proof: z C A  implies z "v̂ . ^ O ,  k = l ,  2, q. Since
s^ >_ 0, k = I, 2, ..., q, it follows that s^z^v^ >_ 0
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k = I, 2, , q from which

I skzX  = z" I SvVv > 0k=l k=l k k

and hence.

z ' v 0 > 0

Converse: If for all z0A, z^vo > 0, then

v° ■

where sv 0, k = I, 2, ..., q.

Proof: Let C = {y C E r I. SvV1J
k=l k k

The set C is a convex polyhedral cone in En , i.e., 
i) for any y G C  and scalar A >_ 0, A y 0 C  

ii) for yi, y 2 6 C, (yi + y 2) G e  

Now let y 0 C  and Z^v0 >_ 0 for all z G A. Suppose vo 0  C. 
Let q be the projection of vo onto C such that q - r = Vo 
and q + t = y. Then

r ' q  = 0

and
r"t > 0
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which imply

r'q + r't = r'y >_ Of for all y C e

hence,

r"vk > 0 ,  k = I, 2, ..., q

which implies r 0 A .  Now

r^V0 = r'q - r'r = -r'r < 0

which contradicts Z^v0 > 0 for ali z 0A. Hence, V 0G C  
and thus

V 0
qJ13kvk

O

Proof of Theorem 2 .
*For all i write {hu(x ) = 0 }  as"two inequalities

{h^ (x ) >_ 0} and {h^(x ) <_ 0}. Assumption iii that S2* *
*

implies that Ax=X.-x* belongs to S 1 . Then by Lemma I
there exist nonnegative scalar values u^ ,
. * * i =. I, 2, . . ., Iti1, v^ , i = I, 2, . . ., m j , and Bj ,
j 0  Sa such that
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* *_  M  TH «  TC -  TCV f - I  (u, - v. )Vh. + I 3. V g .i=i je's 11 3

Let a. (u. - v  ), 1 = 1 /  2, ...,mi, and 3.

for all j 0 S  , then

m i m2* „ * * _ * *
Vf -  I Ui Vhi  -  I 3  ̂ V g . = 0

1=1 j=l
* *which is just condition (2-19e), VL = 0, where 3- ^ 0

A A Afor g . = 0, and 3■ = 0  for g . > 0.] ] ]

Proof of Theorem 3 .
Let the vectors {Vhi }, i = l ,  2, ...,mi and

{Vg . j 0  S be a linearly independent set of vectors Vi ,
3 a .

Vzf v . where q = mi + total number of indices j, for
j C  S . And let the vectors Vi, Vz, ..., v , v ,. be a set3. <3 q“rl
of linearly dependent vectors where

A AVg+i = Vf . It is assumed that (Vhi } ^ 0 for all i and
A{V g . } Ti 0 for j 0  S . Then for constants C i, C2, . . . , C 1 j a Q-hJ-

OiVI + O2V2 + ... + OgVg + cg+1vg+1 = 0
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where not all c% are zero. Clearly cg+1 ^ 0. (Otherwise 
vi, V 2, V^ become linearly dependent which contra­
dicts that they are linearly independent.) Thus, v^+1 
can be expressed as a linear combination of <t> 
v i, Vz , ..., V q .

Hence

q
Vq+1 = J 1V k  .

where {t̂ }-, k = I, 2, ..., q are constants. Given a vec­
tor z such that Z^vfc >_ 0, k = I, 2, ... , q, then it fol­
lows from Lemma I that

which implies S2 =

z vq+1 0

O

Proof of Theorem 5 .
Consider the Taylor series expansion of f (x) about

Athe point x

f(x + Ax) = f (x ) + Ax^Vf (x ) + JsAx^V2f Ax 
+ higher order terms
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* *Suppose at x that V f (x ) = 0, then for sufficiently small 

Ax, I) Ax Il 7̂ 0, the higher order terms become negligible 
and it follows that

f (x + Ax) - f (x ) = ^Ax^V^f Ax

Suppose V2f is positive definite. Then Ax^V2f*Ax is al­
ways positive, independent of Ax. Hence,

f (x + Ax) > f (x )
*and x is an unconstrained local minimum of f.

O

Proof of Theorem 8.
Given the equation

f (x) = f (xa ) + (x-xa) 'q (xa) + % (x-xa ) "A (x-xaj

then

(ar1) _ „

implies that

] = 0(r1)^ [g(xa ) - Axa
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Similarly

9f (xa x*3 + ar 1) 
3a a = 0

0

implies that

( T 1 ) ^ t g ( X a ) -  A x b ] =  0

Subtracting the second implication from the first yields

( T 1 ) ^ A ( X a - X b ) =  ( T 1 ) ^ A r 2 =  0

O
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C.l. General

Subroutine ALG0R solves the general nonlinear prob­
lem (NLP) when stated in the following form:

minimize F (x)

subject to the constraints

FEi (x) = 0 i = I, 2, ..., NE
and

FIj (x) > 0 j = I, 2, , NI

where x is an n-dimensional vector, F (x) is the objective 
or cost function, FEi (x)1s are the equality-constraint 
functions, and F I j (x)'s are the inequality-constraint 
functions. The F E .'s , FI.'s, and F are given functions 
of class C 1,.and may be linear or nonlinear. NE and/or 
NI may be equal to zero. If both NE and NI are zero, the 
problem is unconstrained.

ALG0R generates conjugate gradient search directions 
by the Davidon-Fletcher-Powell (DFP) method for each uni­
directional search (UDS). The UDS finds the ’best' step- 
size in a particular search direction by means of a qua­
dratic fit of data generated along that direction.
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ALG0R can be used as I) an exterior penalty function 

method, 2) a multiplier method, or 3) a combination of 
both methods with an initial penalty phase and a terminal 
multiplier phase. The type of method to be employed is 
controlled through data cards.

C.2. User Supplied Routines and Data
The following four routines must be supplied to 

ALG0R by the user. A brief description and form listing 
of each subroutine will be given.

Main Calling Program:
The user supplied main program properly dimensions 

all vectors and makes the appropriate call to ALG0R. The 
calling program is:

DIMENS10N X(N) ,XT(N) ,XS (N) ,GE (N) ,G0 (N) ,GAL(N) , 
SDIiX(N) ,DLG(N) ,R(N)
DIMENSION FE(NE),FES(NE),HE(NE)
DIMENSI0N F I (NI),FIS(NI),HI(NI)
DIMENSION H (N*N),FMl(N*N),FM2(N*N)
DIMENSI0N G E (N*NE)
DIMENSION G I (N*NI)
CALL ALG0R(X,XT,XS,FE,FES,H E ,FI,FIS,HI,GF,GE,GI,. 

SG0,GAL,DLX,DLG,H,FM1,FM2,R)
ST0P
END

Note: The arguments in the dimension statements are sym­
bolic; specific integer values greater than or equal to
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these values must be used in the dimension statements when 
running a. program. N is the number of variables, NE is 
the number of equality constraints, and NI is the number 
of inequality constraints. If NE = 0, the vectors FE,
FES, HE,. and GE need not be dimensioned. If NI = 0, the 
vectors FI, FIS, HI, and GI need not be dimensioned.
Since the argument list of ALG0R is long, the user is 
cautioned to check that precisely 20 arguments are present.

In the remaining user supplied routines, all vectors 
are given the dimension I, as allowed by FORTRAN.

Subroutine for Supplying Problem Functions:
The user supplied subroutine FXNS lists the cost 

function F to be minimized, and all equality-constraint 
functions FE, and all inequality-constraint functions FI. 
The subroutine FXNS is of the form:
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SUBR0UTINE FXNS(X,F ,FE,FI)
DIMENSION X(I),FE(I),FI(I)
F =  ................ cost function
FE(I)

. NE equality

. = ........ ......  constraints; if

. NE = 0, no listing
FE(NE) =
FI(I)

• NI inequality
• = ......... . constraints; if
. NI = Of no listing

FI(NI) =
RETURN 
END ■

Subroutine for Supplying Nonconstant Gradient Components 
of Problem Functions:

This user supplied gradient subroutine gives the 
nonconstant gradient components of all equalityf GEf and 
inequality, GIf constraint functions. (Nonconstant gra­
dient components are those components which are functions 
of x.) This routine is called after every unidirectional 
search when a new x is found. If there, are no nonconstant 
gradient components, the SUBROUTINE, DIMENSION, RETURN, 
and END statements must still be supplied by the user.
This routine is of the form:
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SUBROUTINE GRAD(XzGF zGE zGI) 
DIMENSION X(I)zGF(I)zGE(I)zGI(I)
GF(I)

GF (N) 
GE(I)

GE (N*NE) 
GI(I)

N (gradient) components of F. If a 
given (total) GF component is a 
constant, it need not be listed here. 
If there are no nonconstant GF com­
ponents , no listing is needed.
N (gradient) components of FE ( I ) , 
then N components of F E (2), ..., then 
N components of FE (NE). If NE=O, ho 
listing is needed. If a given (total) 
GE component is a constant, it need 
not be listed h e r e .

G I (N*NI) =
RETURN
END

N (gradient) components of Fl (I) ,then 
N components of FIC2),, then N
components of F I (NI). If a given GI 
component is a constant, it need not 
be listed here.

Subroutine for Supplying Constant Gradient Components of 
Problem Functions:

This user supplied gradient subroutine gives the 
constant gradient components of the cost function GF, and 
the constant gradient components of all equality, GE, and 
inequality, GIz constraint functions. All gradient com­
ponents equal to zero need not be listed. This routine is 
called only once by ALG0R, and these components remain 
fixed throughout the algorithm operation. If there are no 
constant gradient components, the SUBROUTINE, DIMENSI0N, 
RETURN, and END statements must still be supplied by the 
user. This routine is of the form:
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SUBROUTINE CONST(GE,GE,Cl) 
DIMENSION GF(I) ,GE(I) ,GI(I) 
GF (I)

GF(N)
GE(I) = Same as SUBROUTINE GRADbut

. applies to (total) constant
• =  .....  gradient components that .
. are nonzero.

G E (N*NE) =
GI(I)

G I (N*NI) =
RETURN
END

Information and Format of Data Cards:
The data cards communicate to Subroutine ALG0R the 

initial conditions, convergence and update criteria, print 
interval, and the type of method to be used in solving the 
problem: i.e., I) Penalty method,- 2) Multiplier method;
and 3) Penalty/Multiplier method.

The correct order and format of the data cards, with 
parameter definitions and typical values where applicable.
are as follows:



218
DATA CARD I:

: READ 10, (ID(I), I = 1,18)
10 F0RMAT (18A4)

This is an identification card to be printed at the 
beginning of the output. It is a problem title card con­
taining such information as: problem number, book, author,
or any other description such as linear, nonlinear, 6th- 
order, constrained, unconstrained, etc.

DATA CARD 2 :
READ 100,N,NE,NI,IMAX,NPRINT,IHE,!HI,IC0N,NCYCL,
&NSRCHfNUP 

100 F0RMAT (1115)

.. N = number of variables
NE. = number of equality constraints
NI = number of inequality cqnstraints

IMAX = maximum iteration limit on the number of uni­
directional searches; ALG0R stops when IMAX 
searches have been made.

NPRINT = print interval: initial values and the final
search point information are printed automati­
cally by ALG0R. If this is all that is desired 
set NPRINT = 0 .  If search point information is 
desired every J searches, set NPRINT = J ,  where 
J G  {1, 2, ..., IMAX}
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IHE = O if NE = O or if all initial equality conr

straint multipliers for the Multiplier method 
are initialized to zero

= I i f  NCYCL = 0 and any I or all of the equality 
constraint multipliers are initialized to some 
nonzero constant.
(multipliers can be initialized only when the 
Multiplier method is used.)

IHI = 0 if NI = 0 or if all initial inequality con­
straint multipliers for Multiplier method are 
initialized to zero.

= I if NCYCL = 0 and any I or all of the in­
equality constraint multipliers are initialized 
to some nonzero constant (multipliers can be 

. initialized only when the Multiplier method, is 
used.)

IC0N = O i f  there are no constant gradient components 
listed in SUBROUTINE C0NST

= I i f  there are constant gradient components 
listed in SUBROUTINE CONST

NCYCL = 0 if NE = 0 and NI = 0, (i.e., unconstrained), 
or if the Multiplier method is used.

= IMAX + I i f  Penalty method is used
= J  if J cycles^ of Penalty method are desired 

before the Multiplier phase is introduced, 
where J 0 { 1 ,  2, ..., IMAX}

NSRCH = K, where K is the maximum number of unidirec­
tional searches in each cycle. Typically 
K = (N+l) or (2N+2) if Penalty method is used, 
and K = (2N+1) or (2N+2) if Multiplier or 
Penalty/Multiplier method is used.

i*A cycle generally consists of between N+l and # uni 
directional searches, where the upper bound # is given by 
NSRCH.
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NUP - 0 causes the update information to be printed 

when the multipliers and/or weights are up­
dated .

■= I suppresses update information

DATA CARD 3:
READ 200, EPSI, EPS2, EPS3 

200 F0RMAT (3D10.5)

EPSl = Convergence criterion; ALG0R stops when
GMAG < EPSl and DELX < EPS3, where GMAG is the. 
magnitude of the gradient of the augmented 
Lagrangian, and DELX is the magnitude change 
in x between consecutive search points. This 
test is made at the end of a cycle, after 
the multipliers and weights have been updated. 
Typical values of EPSl are (l.D-06 to l.D-08)

EPS2,EPS3 = Update criterion; multipliers and/or penalty 
weights are updated at the end of a cycle or 
anytime after N+l searches of a cycle if 
GMAG < EPS2 and DELX < EPS3. EPS2 does not 
have to equal EPS3, but typical values are 
. (.001, .001) to (.0001, .0001)

DATA CARD 4:
READ 300, (X(I), (1=1,N) 

30 0 F0RMAT. (8D10.5)

This.card provides the initial values. List 8 
values per card with as many cards as necessary to list all 
N values X (I), ..., X(N). The last card may have less 
than 8 values.
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DATA CARD 5 :.

READ 400,WlM,W2M,W3M,WlMAXM,W2MAXM,W3MAXM,WFM 
400 F0RMAT (7D10.5)

This card provides the multiplier phase penalty 
weights. This card must not be included if NE = 0 and 
NI = 0 (i.e., unconstrained). Otherwise if the Penalty 
method only is used, a blank card is included. If the 
Multiplier method or Penalty/Multiplier method is used, 
the Multiplier-phase penalty weights are initialized as:

WlM = initial weight for all equality constraints 
= 0 if NE = 0

W2M = initial weight for inequality constraint func 
tions with associated positive-valued multi­
pliers

= 0 if NI = 0
W3M = initial weight for inequality constraint func 

tions with zero-valued multipliers 
= 0  if NI = 0

WlMAXM = maximum value of WlM, WlM is held fixed at 
WlMAXM when WlM _> WlMAXM 

= 0 if NE = 0
W2MAXM = maximum value of W2M; W2M is held fixed at 

W2MAXM when W2M > W 2MAXM ■
= 0 if NI = 0

W3MAXM = maximum value of W3M; W3M is held fixed at 
. WlMAXM when W3M _> W3MAXM 
= O i f  NI = 0
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WFM = factor by which Wl , W 2 , and W3 are updated 

through multiplication by WFMf i.e.,
^1 M (new) = WFM*w l M (old)* Topically 
(2.0 < WFM < 4.0)

= I i f  weights are to be held fixed at initial 
values

Note: For a scaled problem usually WlMf W2M, and W3M are
initialized in the range from 0.25 to 2.0, and WlMAXMf 
W2MAXM, and W3MAXM are in the range from 16.0 to 64.0. If 
a constraint breakthrough occurs, preventing convergence, 
initial and maximum values of all parameters except WFM. 
should be increased and the problem rerun.

DATA CARD, 6 :
READ 4 0 0,W l ,W 2 ,W3 ,WlMAX,W2MAX,W3MAX,WF 

400 F0RMAT (7D10.5)

This card must not be included if NE = 0 and NI = 0 
(i.e., an unconstrained problem is to be solved.) .

The card must not be included if NCYCL = 0 (i.e., 
the Multiplier method is used.)

If the Penalty method or the Penalty/Multiplier 
method is used, the penalty phase penalty parameters are 
initialized as:

Wl = initial weight for all equality constraints 
•= 0 if NE = 0
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W2 = .initial, weight for all inequality constraints 

= 0 if NI = 0
W3 =. W2

WlMAX = maximum value for Wl; Wl is held fixed at 
WlMAX when Wl >_ WlMAX '

= 0, if NE = 0
W2MAX = maximum value for W 2 W 2  is held fixed at 

■ W2MAX when W2 >_ W2MAX 
= 0 if NI = 0

W3MAX = W2MAX
WF = factor by which W l , W 2 , and W3 are updated ■ 

through multiplication by WF (see WFM). 
Typically (2.0 <_ WF <_ 4.0)

= .1. if weights are to be held fixed at initial 
value. .

Note: For a scaled problem, usually Wl = W2 = W3 = 1.0
and WlMAX = W2MAX = W3MAX are in the range from 50.0 to 
100.0. If a constraint breakthrough occurs, initial and 
maximum values of all parameters except WF should be in­
creased, and the problem rerun.

DATA CARD (S) . 7 :
READ 300, (HE(I) ,1=1,NE)

300 F0RMAT (8D10.5)

This card must not be included if IHE. = 0.
If any one or all equality constraint multipliers 

are to be initialized to some nonzero constant, all
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multipliers must be initialized through data cards. Multi­
pliers equal to zero must be set to zero. List 8 HE 
values per card with as many cards as necessary to list all 
NE of the.HE values HE(I), HE(NE). The last card
may have less than 8 values.

DATA CARDS(S) 8:
READ 300, (HI (J),J=IrNI) 

300 F0RMAT (8D10.5)

This card must not be included if IHI = 0.
If any one or all inequality constraint multipliers 

are to be initialized to some positive nonzero constant, 
all multipliers must be initialized through data cards. 
Multipliers equal to zero must be set to zero. List 8 HI 
values per card with as many cards as necessary to list 
all NI of the HI values HI(I), ..., HI(NI). The last card 
may have less than 8 values.

Stacking Data Decks
Data decks may be stacked for as many runs on the 

same problem as desired, each with different initial con­
ditions, of different methods of solution. Each data deck 
must contain the correct order and number of data cards as 
described above. To stack data, a loop must be introduced 
into the main calling program such that ALG0R is called 
once for each data deck included.
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C.3. Control Cards
The system control cards for the XDS Sigma 7 com­

puter at M S U ,for any problem to be solved by ALG0R are:
I JOB-----------
!LIMIT--------
!F0RTRAN LS,G0,ADP

user supplied routines
!LOPE (G0), (EXEC), (EF,(ALG0R, account number for 
ALG0R) )

data deck I 
data deck 2 
etc.

Note: Subroutine ALG0R is written for single precision
calculations to work on most computers. The XDS Sigma 7 at 
MSU has a control statement for "automatic double 
precision" (ADP) as shown above. If this program is to be 
run on a different computer system, modifications must be 
made to comply with that system for double precision, which 
may mean modifications to the subroutines contained in 
ALG0R. It is advisable to run under double precision. 
Problems may be run under single precision, but convergence 
may be slower, or may not be obtained at all due to the
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numerical accuracy required for the unidirectional search 
to be efficient as the optimum value of x is approached.

If modifications must be made to the subroutines, 
insertion of the specification statement

IMPLICIT REAL*8 (A-H, 0-Z)
into each subroutine will allow the algorithm to operate in 
double precision.
If storage is limiting such that all variables cannot be 
double precision, the specification statement

IMPLICIT REAL*8 Arg2, Arg2, ... etc. 
will allow only those variables named to be double pre­
cision. In order of importance, the. argument list should 
include: (ALFA, D1,D2,D3,A1)(X,XT,AL,F,FE,FI,HE,HI),(CF,
GE,Cl,GAL), (R,H ,FMl,FM2).
It should b e .remembered that most of the above are vectors, 
and storage requirements will change with the size of the 
problem.

To better illustrate the requirements for proper im­
plementation of the subroutines and data, two sample prob- . 
Iems are given (problems Tl and T2) in the next sections, 
showing proper user supplied routines and data.
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C .4. Results of Test Problem Tl

The user supplied routines, data, and computer re 
suits for a typical run of test problem Tl are given in 
this section.



Ci USER SUPPLIED ROUTINES
DIMENSION X ( 2 ) , X T ( 2 ) , G F ( 2 ) , G O ( 2 ) , G A L ( 2 ) ; R ( 2 ) ' D L X ( 2 ) , DLG(S) DIMENSION X S ( 2 ) # H ( 4 ) # F M i m i F M 2 ( 4 TCALL A L G 0 R ( X # X T > X S i F E * F E S # H E * F I # F I S # H l # G F » G E * 6 ,r"iG0#GAL»DLX#6LG# Sh,FMl,FM2,R)
I n d p

SUBROUTINE F X N S (X #F / F E #F I ) D I M ENSION X ( 1)>FE(1>/FI(1)F = 1 0 0 » * ( X ( 1 ) * * 2 = X ( 2 ) ) * * 2  +RETURNEND
(I »=>X( I ) )

SUBROUTINE G R A D t X i G F # 6 E # G ! i DIMENSION X ( 1 ) # G F ( 1 )# G E (I )^g I (I )A » X ( I ) ° X (2)GF(I) s 400»9A9X(1) ° 2 . J M l s 0 X ( I ) )G F (2) * “ 2 0 0 • ^ARETURNEND
S U BROUTINE C O N S T (G F # G E , G I)DI (MENS1 ON GF (I),G F ( D j G H l )
END R

C! . DATA DECK
b a n a n a  v a l l e y2 0. O 6 0 - 1 4  c O O O 6 O
« 0 0 0 0 0 0 1 . . 0 0 0 0 0 1  « 0 0 0 0 0 1  B1 • 2 .1 •
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b a n a n a  v a l l e y

* it- # it it # It it it 'it it it it it Hitititititttiiititfiitttit INITIAL VALUES it it it it it it it it it fi it it tt it H it it it it it it it it it it it it it

( X ) » * N = EPSl = • 1000^07 CONSTRAINTS! ERSS e ( s ) * • N £ s«I O O D iaOS O (>/B ) e ,N i a OEPS3 = -IOCDeOS
G a i l l V M I f W H S f !  b ^ ^ r i N F 0 ^ A T i o S u ^ u ^ ? 5 { ^ EO E V E R Y : 14 I T E R A T I O N (S )
EQUALITY CONSTRAINT MULTIPLIERS, H E (I ),»»•,H E <NE I .UNCONSTRAINED, NO M ULTIPLIERS
INEQUALITY CONSTRAINT MULTIPLIERS, H I ( I ) , - * , HI (NI).UNCONSTRAINED, NO M ULTIPLIERS
X VALUES, X(I),'**,X(N)= •1200000 Ol .I OOOOOD Ol
$$$ F s «242000D 02 AUG. L A G « = '2420000 OS GMAG ■ '2358680 03
it it it it fi it it fi it it tt fi fi fi it it fi it ft it it fi fi it it it it it it fi it fi fi fi it it fi fi fi it it it fi fi fi fi it fi Hfififiitfifififififififi it fi it it it it it fi fi it fi
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14 **VV* * * * * 9 * # * * V * % * 9 * # * V *SEARCH POINT * # V
FXNS CALLS #•• 64 GRAD CALLS •«• 15
DELX = . ■«2458940^02 D E L G - = .1980730^01
SEARCH DIRECTION TC THIS POINTi R (IT# •« • * R (N ) *2123780' Ol • =*4923940 OO
$$$ F ft «1201350 Ol AUG* LAG* ■ «1201350 Ol
X VALUES# X(l),»**,X(N)=•9457530=01 «1465030=01

ALFA o *1127890=02
RMAG & *2180120 Ol

. NG s O •
GMAG * »2279510 Cl

* * * % v v # * v * v * v % # v * v Y v * v 4 *  SEARCH POINT *** 28 V f * # # f * * v * ****v****vg9**
FXNS CALLS *•* 118 GRAD CALLS »*• 29 ALFA & «9444670=02
DELX == .6329000=02 DELG ■ *1387070 Ol RMAG a *6701130 OO
SEARCH DIRECTION TO THIS POINT, R (I ),**«,R (N ) NG a I*6310080 OO «"2255680 OO
$$* F => *1929220 OO ' AUG*' LAG* ® *1929220 OO GMAG n. *1210870 Cl
X VALUES, X ( I ),«**,X(N)«5644730 OO «3129400 OO

* * 9 v v y * * * * v * 9 * * * * 9 * v # v * *  SEARCH POINT vvv 42 * % * * # * * 9 * * #**99*?****#**
FXNS CALLS »«• 151
DELX = «6410290=06 .

GRAD CALLS •*• 43
DELG to «2290860=05

SEARCH D I RECTION TO THIS POINT, R ( I ),*««,R(N) • 11.87440-06 *2358660 = 06
$$$ F = *7553490 = 24 ■ AUG * LAG*
X VALUES, X (I ) ,•« «,X (N >«1000000 Ol *1000000 Ol

ALFA o »2427500 Cl
RMAG => «2640700=06

NG a C
*7553490=24 QMAG ^ «3866260=10
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IHHWIHHHfIHHHHHHHHtiHH? C O N V E RGENCE CRITERION SATISFIED MHHHHHHHHHHHHHHHHHt *««,*«,»*«»******« FINAL SEARCH POINT VALUES TQ FOLLOW « • • » • * » • « » « » o «•«#

* * # * * * * * * V 9 * * * * * * * * % * * * *  SEARCH POINT 43 * * * * * * * * * * * * * * * * * *9*#***
FXNS CALLS •»» 152 GRAD CALLS » *• 44 ALFA = »1000CCD Ol
D E L X  =' »2175150 = 12 DELQ «= »3866260 = 10 RMAG = «2175210 = 12
SEARCH DIRECTION TO THIS POINT, R ( I ),«*«,R(N) NG = Q=•13 0 1 2 1 0 = 1 2  ' « » 1 7 4 3100=12
$$$• F = »0000000 .00 A U G » LAG* n »0000000 OO GMAG a *0000000 CO
X VALUES# X ( 1 ) # « . » # X ( M«1000000 Ol *1000000 Ol

231
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C .5. Results of Test Problem T2

The user supplied routines, data, and computer re­
sults for a typical run of test problem T2 are given in 
this section. Note that a loop has been introduced into 
the main calling program calling SUBR0UTINE ALG0R once for 
each data.deck. Although there are 4 stacked data decks, 
only the printout of the first

I

run is included here.



C ! USER SUPPLIED ROUTINES

^ j i ^ ? i ! ^ i ? j l = S i ? j iGAPF,31'RI3,'DLX,3,'0LCI31
O i K I n I i On S<l(3' FFES(i'FF!s(i'GE'3,'SI!31 :DO IO ■ 1 = 1,4 •.CALL^ ALGOR (X> XT, XS, EE, PE'S, HE, F I, E IS, HI, GF, GE, G I/60, GAL, DLX, DUG, S N , F M l , E M 2 , R )10 CONTINUE
END
S UBROUTINE F X N S ( X , F , F E # F I ) DIM E N S I O N  X ( 1 ),F E ( I ) , F I (I)F a °X(2)FE(I) = X(1)*X(1) + X ( H U X J g )

‘ i = x tr e I u r nEND
I* + X(I) X(2 xts! X(3)vX(3) =1»

S U BROUTINE G R A D (X , G E , G E , G I ) DI M E N S I O N  X t l  M G F H  >,6E(1 ),G K l  )
a i m  : ism t sin
I j p N -  X m  *  * m

SUBR O U T I N E  C O N S T ; G E , G E , G I ) DIM E N S I O N  G E ( I ) , GE(I),Gt(I) .G F (2 > d °li GI(I) p Io GI(S) ° =Se RETURN END
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Ci d a t a  d e c k s  i 4 s t a c k e d ; n o t e  l o o p  i n c a l l i n g  p r o g r a m )
AROUND THE WORLD!3 I I *000001 «0001 . 0,1 ,OlO«25 *25AROUND THE WORLD: 3 1 1  «000001 »0001 . 0,1 O I O-*25 «25a»2 *25AROUND T h e  WORLD: 3 1 1»000001 «0001 0,1 a I #.

, MULTIPLIER METHOD, 50 7 O O
«000.1 «1. »25 1» ■MULTI P L I E R  METHOD, 50 3 I I»0001 «1»25 1«

PENALTY 50 I 
• 0001 •1

METHODO

MULTIPLIERS INITIALLY ZERC I O 7 I
I*MULTIPLIERS

I,

I « - 2 e
i n i t i a l i z e d

2«

I.a r o u n d I «THE WORLD! P E N A L T Y / M U L T I P L I E R  METHOD;3»000001 a 6 I
I I«0001 

CS I i
50 I»0001 «1

e. O I 2
•25 «25 •25 I « I «I 6 1« . I* 16 o 16•

2 10.0». 4«CYCLES PENALTY 7 I
1 « 2 «16# 4«
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AROUND THE WORLD

# # # # # # # # # # # # # * # # # # # # # # # # # # # #  INITIAL VALUES # # # # # # # # # # # # # # # # # # # # # # # # * # # #
.1( X ) *'N = 3E P S l =  *1000=05 c o n s t r a i n t s :EPS? = I a ).'NE a ,1000=03 ( > / = ) * 'NI a I EPS3 o »1000=03

MAXIMUM ITERATION.LIMIT.*,. 50 I OUTPUT PRINTED EVERY W E I G H T / M U L T I P L I E R  U P D A T E . I N F O R M A T I O N  IS PRINTED . ? I T E R A T I O N ! SI
MULTIPLIER p h a s e  IS INTRODUCED a f t e r  0 PENALTY w e i g h t  UPDATE CYCLES) E a c h  CYCLE CONSISTS OF BETWEEN 4 AND 7 ONE DIMENSIONAL SEARCHES WHERE WEIGHTS ARE HELD FIXED
INITIAL M U LTIPLIER PHASE WEIGHTS ARE „ '25 RESPECTIVELY# AND ARE UPDATED BY A FACTOR OF •VALUES OF elOOO Ol 'IOOD Ol ,IOOD Cl

»25 »252*00 UNTIL THEY EXCEED
EQUALITY C O NSTRAINT MULTIPLIERS# H E (I )>»»«#H E !N E ) MULTIP L I E R S  ARE i n i t i a l l y  ZERO
EQUALITY CONSTRAINT VALUES# F E (I )#*..#F E (N E ) «2000000=01
INEQ U A L I T Y ’ C ONSTRAINT MULTIPLIERS# HI (I) # " # H l  (NI ) M U L T I P L I E R S  ARE INITIALLY ZERO
INEQUALITY C ONSTRAINT VALUES# F I (I ) # "  #F I (M )»290000D Ol
X VALUES# X ( l ) # " e , X ( N i  =«1000000 OO selCOOCCD Ol *1000000 OO
$$$ F = «10000GD Ol A U G . L A G » e *1000100 01 GMAG = »1020000 Cl
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# v v v * * v * * * * * * * # * * * * * v * v *  SEARCH POINT % v*
FXNS CALLS » »• 22 GRAD CALLS »•• 8
OELX = ,7943510=01 DELG «= .5592090=01
SEARCH' D I RECTION TO THIS POINT# R (I. >#»•*# R ( N ) . «2195740*03 =.'3529710 = 02 «3867760 = 01

7 %**?%* ? * * * * * * * * % * % % % # * * *  
ALFA = «2045240 Cl
RMAG a. «3883890=01
•,NG a C .

$$$ F a - =«1050680 01 AUG. LAG* =
X VALUES# X(I )#»»«# x(N )«5841860 OO »1050680 01.

=*9342500 OO 
=•7242650=02

GMAG =>' * 1540930 = 01

EQUALITY C O NSTRAINT VALUES# F E (I )#.«*#F E (N E )• 4452610. OO
EQUALITY CONSTRAINT MULTIPLIERS# H E (I )>»«.#H E (NE I = « 2226310 OO

SgNSTRAINT VALUES# F I (I ) # »• * F I { N I.)
INEQUAILTY CONSTRAINT MULTIPLIERS# H i m #  ../Hl(NI)*2585900 OO
Wl = *5000000 OO W£ *5000000 OO W3 •= *5000000 CO
$$$ F o- =«1050680 Ol AUG* L A G « « =*5849500 OC GMAG = »1955060 Ol

EQUALITY CONSTRAINT VALUES# FE (-1 ),...# FE ( NE I *2579100=01
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INEQUALITY CONSTRAINT VALUES, F I ( I ) , " ' F I ( N t )=•3824100=01
INEQUAILTY- CONSTRAINT MULTIPLIERS, H i ( I ) , ' ' , H l (NI). '2968310 OO
wl = *1OOOOOD Ol '■ W2 & =IOOOOdD Ol W3 b «1000000 Cl
$$$ F = =>«8178390 OO AUG= LAQ' o -»*7979530 00 GMAG 'o '2378000 CO

EQUALITY CONSTRAINT MULTIPLIERS, HE(I >>•*•*HE(NE) -=«2484220 OO

* * v * * % 9 * v * v * # v * g % 9 v * v * * 9  SEARCH POINT *4» 14 *e**v****#9V4pv*vv***#*vg
FXNS CALLS « • » 35 GRAD CALLS • * «• 15 ALFA q *7255800 = 01
DELX ■ »1725430=01 DELG = «6807560=02 RMAG a »2378000 CO
SEARCH DIR E C T I O N  TO THIS POINT, R(I),'''/R(N) NG a I*1484720=01 =»2373360 OO «6792770=06
$$$ F a =«8 0 0 6 1 8 0  OO AUG. LAQ' a «'7999990 OO GMAG ° »6806£3D°02
X VALUES, X(I), " . , X ( N )«5985140 OO »8006180 OO =»1082830=05

EQUALITY C O N S T R A I N T  VALUES, F E ( I ) , ,.',FE(NE) «7759430=03
EQUALITY C O N S T R A I N T  MULTIPLIERS, H E d  I , ' " , H E  (NE) «="2499730 OO
INEQUALITY CONSTRAINT VALUES, F I ( l ) , " ' F I ( M )= »■1513930 = 02
INEQUAILTY C O NSTRAINT MULTIPLIERS, H I (I ),«'•,M I (NI ) »2998590 00
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wi O »1000000 Cl W2 o »1000000 Cl W3 d' »1000000 Cl
$$$ F b = . 8006480 00 A U Q » L A Q « a =*7999970 00 ; QMAG «* »8620000 = 02

* * * * * * * * * * * * * * 4 * * * * * * * * *  SEARCH POINT 2.1 v * * * * * * * * * * * * * * * * * * * * * * *
FXNS CALLS ».» 48 GRAD CALLS •** 22 ALFA = «1971.760 Cl
DELX = »3933720=06 DELG * »2289890=06 RHAG = *1995030=06
SEARCH DIRECTION TO THIS POINT* R (I )#•»•*R (N ) NQ ® O=«10 8 0 2 0 0 = 0 7  = » 1 1 9 3 6 9 0 = 0 8  »1992060=06
$'$$ F.» =»8 0 0 0 2 4 0  OO A U Q « L AQ • o =»8000000 OC QMAG = »5809360=07
x v a l u e s * X ( I )#•*.*X (N )•5999800 00 »8000240 00 =»5626140=08

M U L T I PLIERS AND/OR PENALTY WEIGHTS UPDATED AT SEARCH POINT * 21 **
EQUALITY CONST R A I N T  VALUES* FE(I ),» » »*FE(NE)*1423150=04
•EQUALITY C O N S T R A I N T  MULTIPLIERS* H E <I >i •••* H E (N E )=«2500020 OO
INEQUALITY C ONSTRAINT VALUES* F I (I ) , ♦ • *F I (N I )= » 6 6 6 6430=04
INEQUAILTY CONSTRAINT MULTIPLIERS* H I (I I , * ',HI(NI)»2999930 OO
Wl- a »1000000 Ol -W2 'd . »1000000 Ol . W3 a »1000000 Cl
$.$$ F- B ■ =»8000240. OC AUQ • LAG* = = *8000000 OO QMAG = »3275760 = 03
###*##* # » # # #.## # # i‘ it it it it it it it it it it it it f  # it it it m  it it Itltititii it it it it it it It it it it it it it it it It It it it it it it it it it it it it it
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MULTIP L I E R S  AND/OR PENALTY WEIGHTS UPDATED AT SEARCH POINT * 25 **
EQUALITY C O NSTRAINT VALUES/ F E (I )/•«./F E (N E )« « 7 8 5 6530*06
EQUALITY C O N S T R A I N T  MULTIPLIERS, H E (I )*<»,,H E (NE ).»•'2500000 OO
INEQUALITY CONSTRAINT VALUES, FI (I),, " F I  ( M )=«3 4 7 1 1 9 D » 0 5
INEQUAILTY C ONSTRAINT MULTIPLIERS, HI(l), " , H K N I  )«3000000. 00
Wl m *1000000 Ol ■ W2 B «1000000 Ol . W3 s «1000000 Cl
$$$ F a * , §000010 00. A U G « LAG* = = »8000000 OO GMAG & «143952D»04
##########>#####•####################»#################»###♦#######*####

% v v # * * * * * v * * # v * * * * * * * v * *  SEARCH POINT vvv Sg * * * * * **9************%*%*
FXNS CALLS •«• 65 GRAD CALLS »*» 29 ALFA * «8074400 Ol
DELX = «8282460=06 DELG ° «5327980=05 RMAG = *1025770^06
SEARCH DIRECTION T O  THIS POINT, R ( D , " « , R ( N )  NQ * O«9779960=07 «3085880=07 »2827110-08
$$$ F Q ««8 0 0 0 0 0 0  OO A U G « LAG* = »*8000000. 00 GMAG a «6818680 = 08
X VALUES, X ( I ) , • * «,X (N I*6000000 00 «8000000 OO «1362760=07

EQUALITY' C O N S T R A I N T  VALUES, F E ( I ) , ««*,FE(NE)= «1512890 = 06
EQUALITY CONS T R A I N T  MULTIPLIERS, H E (I ),«»«,H E (N E ) = « 2 500000 00 '
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i n e q u a l i t y  c o n s t r a i n t  v a l u e s #
=•2229070=06

INEQUAILTY C O NSTRAINT MULTIPLIERS# H I (I )#••#H I (N I)• 3000000' OO
-Wl = »1000000 Ol W2 • »1000000 Ol W3 = «10.00000 Cl
$$■$"'F = »*800.0000. OO .AUG« LAQ. e . =»8000000 CO G M a G =■ 8 90,58790 = 06
# # # # # # 4 * # # • * # # # # '# * # # # # # # 9 # * # # # # # # #### # # #####*## # # #### # « # # * # * H «It 4 # it 444994
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# * * * # * * # # * ? * * # # # # * # #  C O N V E R G E N C E  CRITERION SATISFIED if if #$# # # It It ti# IHHWIHht it ,,.,.,.,a*. FINAL SEARCH POINT VALUES.TO FOLLOW •••».«• i ,

* * * * * * * * * * * * * * * * * * * * * * * *  SEARCH POINT W V  Sg * * * $ 9 * v w w * w » * * * * * g * * *
FXNS CALLS, s .» . 65 . GRAD CALLS 29 ALFA M *8074400 Cl
DELX =' «8282460=06 . DELG = ■ «5327980=05 ' RHAG = *1025770=06
SEARCH DIRECTION TO THIS POINT, R(I) R(N) NG = O«9779960=07 «3085880=07 «2227110=08
$$$ F G = « 8000000 00 AUG. LAG* = = «8000000 CO GMAG = «9058790=06
X VALUES, X ( l ),«*«,X(N)«6000000 OO *8000000 OO *1362760=07
EQUALITY CONSTRAINT VALUES, FE(I),...,FE(NE)=«15 1 2 8 9 0 = 0 6
E=o2biiooS°oiTRAlNT MULTIPLIERS, HE(I)>»««,HE<NE )
INEQUALITY CONSTRAINT VALUES, F I <I ) ,«««F I (N I )= « 2 2 29070=06
INEQUALITY C ONSTRAINT MULTIPLIERS, H I (I ),««,H I (N I )»3000000 OO
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APPENDIX D

SUMMARY OF NOTATION FOR 
PROGRAM LISTING
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I . FLAGS

IC0N: Convergence flag; initialized (=0) and set 
(=1) when convergence criterion are satisfied.

!FLAG: Multiplier weight flag; initialized (=0) and 
set (=1) to initialize penalty weights to 
multiplier, phase weights when NCYCL > 0; set 
(=2) to initialize multipliers phase weights 
when NCYCL = 0 .

IHE,IHI: IHE is multiplier initialization flag for 
equality constraints; (=0) if all initial 
multipliers HEj_ = 0; (=1) if . one or more
multipliers are to be read in as data; IHI 
same as IHE but for inequality constraint 
multipliers, HI.

IMULT: Multiplier update flag; initialized (=0), set 
(=1) when multipliers have been updated for 
the first time.

IST0P: Termination flag; initialized (=0) and set 
(=1) when convergence or stopping conditions 
are satisfied.

NG: Search direction flag; (=0) when R is a con­
jugate gradient direction, (=1) when R is a 
negative gradient direction.

NSTP: Flag for ineffective unidirectional search; 
(=0) for steps!ze ALFA > 0; (=1) for ALFA = 0.

NUP: .Output flag; (=0) output information printed 
at each multiplier and/or weight update (=1) 
suppresses all update output.

2. COUNTERS
IBSD:. Counter for bad search direction, generated 

by subroutine DFPRV and poor unidirectional 
search; set (=0) at beginning of each cycle, 
and incremented when one of the above is 
encountered.
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!Cl: Counter for NFE during a single unidirec­

tional search.
IDFP: Counter for conjugate search directions; (=1) 

when R is a negative gradient direction; in­
cremented after each consecutive generation 
of a conjugate search direction.

IT: Iteration counter for print interval NPRINT.
IT0T: Iteration counter; incremented after each 

unidirectional search..
IUP: . Cycle update counter; incremented at the end

of each cycle after multipliers and/or 
weights have been updated.

KSRCH: Iteration counter for the number of itera­
tions in each cycle; reset (f=0) at the 
beginning of each cycle.

NFE: Function evaluation counter; incremented each 
time subroutine FXNS is called.

NGE: Gradient evaluation counter; incremented each 
time subroutine GRAD is called.

PARAMETERS
' CUT: Reduction factor for steps taken along R.
DL0W: Lower bound for a step of size D2 along R.
DUP: Upper bound for initial estimate of ALFA in 

unidirectional search.
EPSl, EPS2,
EPS3: Small numbers used in test criterion for

convergence, convergence rate, and updating 
multipliers and/or weights.

IMAX: Maximum iteration limit for IT0T.
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N:

NCYCL:

NE :.

NI:

.NPRINT:

. NSRCH:

Wl, WlM,. 
etc.,:

W1MAX, 
WlMAXM, 

etc.:
W F , WFM:

■VARIABLES,
AL:

ALFA:

Number of variables, i = 1> 2, *.., N.
Number of cycles to be completed in the 
Penalty function mode before Multiplier mode 
is introduced.
■Number of equality constraints (HE.), 
i = I, 2, ..., NE. 1 ■'
Number of inequality constraints (HI.),
j = I, 2, ..., NI. 3
Number of iterations between print intervals? 
search point status is printed at this 
interval.
Number of unidirectional searches allowed in 
one cycle.

W l , W2, W3 are penalty weights used in 
Penalty mode? WlM, W2M, W3M are weights used 
in Multiplier mode.

Upper,bounds on W l , and WlM, etc.
Factor by which weights are updated through 
multiplication in Perialty or Multiplier mode, 
respectively.

Value of the augmented Lagrahgian at a point
x.
Best step along search direction R? yields 
minimum value of the augmented Lagfangian 
(AL) for unidirectional search.
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DELG: ' Magnitude change in the gradient of augmented 

Lagrangian (GAL) between consecutive search 
points?
H VLak + 1 " VLak H-

DELX: Magnitude change in x between consecutive 
search points;
Il Xk t l - X k H.

Dlf D2, . 
D3, Al: Stepsizes taken along R.

DS:. Storage (save) for Dl, D2, etc.
F f F S : F is cost function value at x? FS is storage 

(save) variable for F .
FE, FES: FE is equality constraint function value 

vector; FES is storage (save) vector for FE.
FI, FIS:. FI is inequality constraint function value? 

FIS is storage (save) vector for FI.
GAL, G0: GAL is the gradient vector of the augmented 

Lagrangian (AL)? G0 is a storage (save) 
vector for GAL.

GE, GF , 
GI: Gradient vector of FE, F , and FI.

GMAG: Magnitude of the gradient vector of the aug­
mented Lagrangian;
Il VL^il •

HE, HI: Multiplier vectors for FE and FI.
H, FMl, 

FM2: - Matrices used for the generation of conjugate 
gradient search directions.
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R: Search direction vector.

RMAG: Magnitude of the search direction vector;
IIr II*

SLOPE: Slope of the augmented Lagrangian function at 
the beginning of a unidirection search where 
ALFA = 0.

X, X0: X is vector of xj_ variables; X0 is storage 
(save) vector for x.

XT, XS: Test points evaluated along R which yield 
information used in the estimation of ALFA; 
XS is storage (save) vector of XT.

Yl, Y2, 
Y3,;YAl: Value of the augmented Lagrangian at a point 

XT resulting from a step Dl, etc., along R; 
YS is storage (save) for Y ..



APPENDIX E

PROGRAM LISTING FOR MULTIPLIER 
ALGORITHM ALG0R
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n 

oo
nn

n 
oo

o 
no

n.

SUBROUTINE A L Q O R {x j X T #XS>F E * F E S # H E # F IJF I S ^ HI *G F < G E * G I *G 0 < GALi S D L X i D L Q#H#FMl#FM2#R)
COMMAND PROGRAM; O R G A N IZATION AND OPERATION OF ALGORITHM
DIMENSION X ( l ) # X m ) # X S ( l ) # F E ( l ) # F E S t l ) # H E ( l  ),FI(1 ),mmm idsnuBfiHijEmjMiHiiwiuiyimi**1-'1'COMMON V C 1 / N # N E # N  I.#NEPI/C2/NFE#NGE/C3/W1# w 2# W3 COMMON VC4/W1M.AX# W2MA'X# W 3 M A X # W F / C 6 / D E L X # D E L G  COMMON / C 9 / k E R C H # ! B S D / C 2 0 / N U PCOMMON / C 1 0 / E P S 1 , E P S 2 # E P S 3 / C H / I M U L T #  !STOP# H O TE8RR8HCOMMON / C 1 5 / W 1 M # W 2 M # W 3 M # W 1 M A X M # W 2 M A X M # W 3 M A X M * W F M  COMMON / C 1 6 / 0 U P # D L 0 W / C l S / N G / C 1 7 / D S # F S # Y S / C i 9 / H S T P
INITIALIZATION.

23
4 5'

I CONVsOCALL I N I T L (X # F # F E # F I # G F # G E # 6 1 # G O # H E # H I # A L i G A L ) N N = N 4 N
XS (I ) = X U ?IF(NE.EQtO) GO TO 3
F E S ? I )^FE 1 1 )
FISt I I = F I ( I )FS = F
TEST: ITERATION LIMIT; GENERATE SEARCH DIRECTION R#SEARCH ALONG R TO FIND MINIMUM ALFA# COMPUTE GRADIENT# UPDATE SEARCH POINT STATUS

10 IFt I.TOT»EQ» IMAX > 60 TO 80CALL DFPRV (GAL# FM1#FM2#H# DLX#.DLG#N# NNiR). CALL SEARCH't X#XT#XS#FE# FESiHEi F I# F iSiHI# R#F, AL > CALL G R A D t X T i G F i G E i G I >■ NGEaNGE + 1CALL G A L A G t G F i G E i G I i F E i F I i H E i H l i G A L )CALL D E L T A ( X T i X i G A L i G O i D L X i D L G i N i G M A G )
UPDATE COUNTERSi TEST I OUTPUT C O N D I T I O N S ' -

• H O T = I T O T  + 1 KSRCHe K S R C H  + I
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nn
nn

 
no

n 
no

n 
no

n

IT=IT * IIF I IT. E Q . NPRlNT) HO TO H OIF I D E L G . L T . E P S 8 . A N D *DELX.LT.EPS3) IB S O = I b SD ♦ I IF (A L F A «EQ »0 *) NSTP = IIfIGIIEHfSfU1 iSSdTJbIS + 1IF( IBSD.EQ.2) KSRCH = N GC TO 10
TEST:
IF(KSRCH.EQ.NSRCH) GC TO 40

UPDATE CRI T E R I O N  FOR. MULTIPLIERS A N D / O r PENALTY WEIGHTS
GO TO 40

J g f ^ A j . L T . E P S B . A N D . D E L X . L T . E P S S )  GO TO 40
U P D A T E ' M U L T I P L I E R S 'AND/OR PENALTY WEIGHTS

40 IF(NEPI.EQ.O) GO TO 70IF I N U P •EQ »O ) PRINT lOOOiITOT IF( IUP.LT.NCYCL) GO TO 50 CALL M U L T U P ( F E * F I , H E » H I  )IF (I U P »N E »N C Y C L ) CO TO 50 IFLAG=I I MULT = I 5.0 CALL WUPCALL AUGL A G (F i F E # F I # H E # HIi AL)CALL G A L A G i G F i G E i G I i F E i F I i H E i H I i G A L )GMAG = O •DO 60 I=1#N60 G M A G = G M A g + GAL(I)*GAL(I)G M A g = SQRT ('GMAG) * '■IF(NUP.EQ.O) PRINT 1 0 1 0 # F # ALiGMAG IUP=IUP + 1  70 KSRCH=O IBSD=O
TEST:- CONVER G E N C E  CRITERION
I F f G M A G . G T . E P S 1 . 0 R . D E L X . G T . EPS3) GO TC 10 ICONV = I.
STOP: CONVERGENCE; ITERATION LIMIT.* FINAL SEARCH POINT INFORMATION ««

80 ISTOP=IIF(ICONViEQil) GO TO 90
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no
n

P RINT 1020 GO TO 100 90 PRINT 1030 ICO PRINT 1040. .H O  CALL O U T P U T ! X T ' R , F , A L f F E , F I , H E , HI) IT = OIF ( ! S T O P . E G . 0) GO TO. 20 •RETURN
* * 9v»v*v** ' FORMATS #¥**###*#*

ICCO F O R M A T ! ///,20%, 'Sfr#####################'#/,S OX a ' MULTIPLIERS AND/OR PENALTY >i 5' WEIGHTS' UPDATED AT SEARCH POINT * ’ , 16, ' **')IClO F O R M A T ! / , 2 0 X , •$$$ F = 1,D13»6,3X, • A U G 6 LAG. @ 1,D13«6,3X#S 1GMAG * 1, D l 3 « 6 , / / , 2 C X , • # * # # # # # # # # * * * * # * * * # # # # # # * # # # # # # # # # # # # # # # * *
1 0 2 0 * ^ & M A ? M l ? * ^ 0 X * ? % # * * * # * # # * * # * * # * # # * * # # # *  MAXIMUM ITERATION LIMIT #

ZiHHHHtftiHtiHti t IHl' i1030 FORMAT! 'I' ,20X, ' ft IHHHHHHHHtftiHHHHHHHHl CONVERGENCE CRITERION U  
l 0 4 0 5 F § i M A ^ 2 § X , ff t f f f f f f f f f f * ^INAL SEARCH POINT VALUES TO FOLLOW 

END 25.1



oo
n 

nn
n 

oo
n I N I TIALIZES ALGORITHM PARAMETERS, AND READS DATA

DIMENSION X ( I ),G F ( I ) , G O (I),G A U  I )#FE(I),HF(I)DIMENSION F I (I),H I (I),G E ( I ) , G I ( I ) , 10(18)COMMON / C l / N , N E , N I , N E P I / C 2 / N F E > N G E / C 3 / k l , h 2 , W 3  .COMMON / C 4 / W 1 M A X , W 2 M A X , W 3 M A X , W F / C 9 / K S R C H , T B S D  ■ COMMON V C 1 0 Z E P S 1 , E P S 2 , E P S 3 / C l l / I M U L T , ! S T O P , IToT COMMON / C 1 2 / N C Y C L # N S R C H , I T , I U P i N P R I N T ) I MAX,NPl COMMON / C 1 3 / R M A G , A L F A , G M A G , S L 0 P E / C 1 4 / I F L A G  .

INITIALIZE COUNTERS, FLAGS, P ARAMETERS
KSRCH=O IBSD=O NG = I NFE = I NGE=I IUP = O IT = O ITOT=O IMULT=O
ISTOP=O - GMAG = O e DUP = 4»
READ DATA, SET WEIGHTS 
READ 1 1 7 0 , ( I D ( I ) , 1=1,18)READ 1 0 0 0 , N , N E , N I , I M A X , N P P I N T , IHE,IH I,IC O N , N C y C L , NSRCHiNLP READ 1 Q 1 0 , E P S 1 , E P S 2 , E P S 3  READ 1010, ( X M ) , I  = 1,N)NPl=N+!NEPI=NE+NIIF(NEPI«EQ«0) GO TO SCREAD 1 0 1 0 , W l M i W B M W S M i W l M A X M >W2 M A X M , W 3 M A X M , WFM IF(NCYCLeEQ.O) GO TO 10READ 1 0 1 0 , W l i W 2 , W 3 , W l M A X , W S M AXiWSMAXiWFGO TO SOIFLAG=SIMULT=IIUP = ICALL WUP

SUBROUTINE INITL(X,F,FE,FI,OF,GE,GI,GO,HE,HI)AL,GAL I
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 n

. 
no

n 
no

n
20 DO 30 I = I j N 30 GF(I)=O,IF(NE.E'Q.O) SO TO 70 K=-NtNE DO 40 I = I j K- ' 40 G E (I )=0, .

GO TO 70 SO DO 60 I= I j NE 60 HE(I)=O,70 IF (N I «E Q •0) GO TO 110 K=NtNI DQ 80 J = I j K SO GI(J)=O*I F ( INI *EQ*0 ) GO TO 90 READ I O I O j (H I (J )j J = I j NI )GO TO H O  90 DO 100 J = I j NI 100 HI(J)=O*
EVALUATE $ $ P» AUGMENTED L AGRANGIAN (AL ) j AND NONZERO GRADIENTS

H O  CALL FXNS(XjFjFEjFI)CALL GRAD(XjGFJGEjGI)I F (ICONeEQoO) QO TO 120 CALL CONST(GFjQEjGI)120 CALL A U G L A G (Fj F E jFIJ H E jH I,A L )CALL G A L A G (GF j G E j G I j F E j F I j H E # H I j GAL)DO 130 I=I j N GO(I)=GAL(I)130 GMAG = GMAG + G A L ( D v Q A L d )GMAG=SQRT(GMAG)
OUTPUT INITIAL VALUES
PRINT H 6 0PRINT H S O j ( ID< I )j I = I j IR)PRINT 1020PRINT 1 030 j N J NE J N I '■ PRINT 1'040jEPS1 j E P S 2 j EPS3 ' PRINT I O S O j I M A X j NPRINT"

INITIALIZE ALL GRADIENT COMPONENTS TO ZEROSET INITIAL MULTIPLIERS

I F t N U P e E Q e l ) P R I N IF(NUpoEQeO) PRINIF(NEPIeEQeO) GO TO 150
12101220
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no
n

140150

160

ill
180

ISO
200205
210

PRINT 1 0 6 0 , N C Y C L f N P l , N S R C HIF ( NCYCL »EQ»0) GO TO 14-0PRINT 1070,'w 1,W2,W3,WF,H1MAX,W2I w1AX,W3!wAXPRINT 1 0 8 0 , W l M ' W 2 M , w 3 M , W F M , w l M A X M i W 2 M A x M , W 3 M A X MPRINT 1090I F (NE *E Q •0) GO TO 160 I F (Ih E 8E Q iO) GO TO 170 PRINT 1 1 3 0 , ( H E ( I ) , 1=1,NE)GO TO 175 PRINT 1140 GO TO 180 PRINT 1150 PRINT 1190PRINT 1 1 3 0 , ( F E (I),I=liNE)PRINT 1100IF (N I «E Q *O ) GO TO 190 IF (IHI,EQeO ) GO TO 200 PRINT 1130, ( N D  J ) , J = 1 , N D  205 1140 210 1150 12001 1 3 0 , (FI(J),J=1,NI)11101130, ( X ( D d  = l,N)1 1 2 0 , F , A L , G M AG 1160

GO TO PRINT GO TO PRINT
I l MPRINT PRINT PRINT RETURN.
* v *****vvv FORMATS %********%

ICOO FORMAT (111.5)
IS 2O F o M A f ( / / } ^ 2 0 & f  I########*####*##########*##.# INITIAL VALUES & # # # # # # # # # # # # # # # # # # # # # # ' )1030 F0RMAT(/,2OX, M X )  *.N = •-# 14, SX, • CO N S T R A I N T S  {. ( = )s.NE = «,S4X, I ( >/= ) • .NI ■■ ',14)1040 FORMAT! 2 0 X , '-EPSl = ' * Dl 0 • 3, lCX, ' EPS2 b 1 , DIG *3,10X, • EPS3 = ' SDlO «3 )
l o l o ' ^ R M # ^ 2 S 5 ! M 5 E T ! ^ ^  „ 1 3 ,

5' PENALTY WEIGHT UPDATE CYCLES J «,/,2 0 X ,'EACH CYCLE CONSISTS S ' BETWEEN '#14,' AND ',15,' ONE D IMENSIONAL S E A R C H E S ',/,20X,S 'WHERE WEIGHTS ARE HELD FIXED')1070 F0RM'AT</,20X, ' INITIAL PENALTY PHASE WEIGHTS ARE • , 3 ( F7 «2,2X ] & 2 0 X , ' R E SPECTIVELY, AND ARE UPDATED BY A FACTOR CF ',F7»2,

######
14,
,

OF.',
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5' UNTIL THEY E X C E E D'*/*£CXt 1 VALUES OF ',3(010.3,2%))1080 F C R M A T ( / , 2 0 X * ' I N I T I A L  MULTI P L I E R  PHASE WEIGHTS ARE «,3 IF 7 «2#2%)</, S 2 0 X , ' R E S PECTIVELY, AND ARE UPDATED BY A FACTOR CF ',F7'2,&' UNTIL THEY E X C E E D 2 0 % , ' VALUES OF ',3(D l O .3,2 X ))
ii!8 F8BfliTl#!i88i!$aySbmT?°i!g$8tlliilNVuhHWEHll.iEimii:{tBi«i|ii1110 F O R M A T ( / , 20%,'X VALUES, X (I ), • • *,X (N )' ).1120 F 0 R M A T ( / , 2 0 X ' ' $ $ *  F = « , Dl 3.6 ,-SX, « AUG * LAG. # ',D13«6,3X,& ' GMAG = I, 0 1 3 * 6 , / , 2 0 X , '
1130 F C R M A T L 2 0 X , D 1 3 » 6 , 5%, 013*6,5%,01.3,6,5 X , 013*6)1140 F O R M A T ! 2 9 % , 'UNCONSTRAINED, NO M U L T I P L I E R S ' )1150 F 0 R M A T ( 2 9 X , ' M U L T I P L I E R S  ARE INITIALLY ZERO')1160 F O R M A T ( 'I')1170 F O R M A T (1 8 A 4 )1180 F0RMAT(20X,18A4)

1220 F O R M A T ( 2 0 % , 'WEIGHT/MU L T I P L I E R  UPDATE INFORMATION IS PRINTED'I END
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on 

oo
o 

o 
oo

oo

SUBROUTINE DFpRVlGN*FPlJFKgjH/DLX#DLGiNiNNiRJ-
COMPUTES SEARCH D I RECTION R > VIA DFP METHOD WITH RESETS CF R = =GAL BASED UPON UPDATE CRITERION/ ETC*

NG = OIFIN S T P * E Q . l ) IDFP=N+! IF(KSRCH.EQ.O) GO TO IC IFIJDFPtNE* (N + D )  GO TO 40 10 NG=IIDFP=INSTP=O
R = o GAL
DO 20 I=IiNN 20 H(I)=O* INDX=O DO 30 I=IiN H I INDX + I )=1» 
R ( I ) a =GN I I ) 30 INDX»INDX+N GO TO 90
R VIA DFP

CC

40 DENl=O*DO SO I=IiN50 D E N l = D E N l t DLX(I)VDLG(I)CALL MATMUL(D L X i D L X / F M l i N i l i N )  CALL M A T M U L I D L G i H i D L X i l i N i N  ) DEN2 = 0».DO 60 I=IiN
CALL MATMUL ( RiDLXiFM2/N/,liN )DO 70 ID=IiNN70 H(ID) ■ H(ID) + FMl(IC)ZDENl » CALL MATMUL(HiGNiRiNiNil)DO 80 I=IiN SO R ( I )= = R ( I )I D F P = I D F p +1

FM2(IDI/DEN2

TEST FOR A-GOOD Rj IF R- BAD SET R = =GAL
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100

H O

RMAG=O'SLOPEoO.DO 100 1=1,NRMAG = RMAGt-RC I )#R( I )SLOPE = SLOPEt-RC I ) VGNC I JRMAG=S0RT(RMAG)

+ 1END

GO TO H O

IxJ
Ul



no
on M A TRIX M U L T I P L I C A T I O N  C * A*BUSED IN D F P R V , * Al NI,NS), 0(NS,N3),

D I M ENSION A l l ) , BI I ) , C(I)
'I Il = O 

. 112=0DO 30 1 =1,NI DO 20 J = I ,N3 SUM=Oe IND = ODO 10 L = I ,N2SUM=SUM + A l II1+L)#B(IND+J)10 IND= IND + N3 20 Cl 112 + J J ®SUM I Il+NS 11 2 = 112 + N3 30 CONTINUE
I M urn

SUBROUTINE ■ MATMUK A/B<C# NI # NS/N3 I
VECTOR f o r m a t  C I M ,  N3 I

toUlCO



on
n 

no
n 

no
on C O N DUCTS SEARCH ALONG R TO FIND STEPSIZE ALFA THAT MINIMIZES THE AUGMENTED L A Q R A N G t AN AL ■ FIX + ALFA#R)

D I MENSION X ( 1 ) i X T ( I ) i X S i l )> F E ( I I i F E S l t )> H E ( I )D I MENSION Fill I i F I S d  I i H I ( D i R d ). COMMON -/Cl / Ni N E i N d N E P I X C S  /NFEi.N GE/C3 / WliWSi W 3 COMMON / C 1 3 / R M A G , A L F A i G M A O , SL0PE/C18/NG •, COMMON /Ci6/DUPi. DL0W/C17/D'S,F S ,YS-
SAVE STARTING POINT (D l » Yl ), SET INITIAL STEP 02, EVALUATE Y3
DS = Oe YS = AL 01 = 0»ICl = O Yl = AL 
D2 = l »IF(NG»EQ»1) D 2 d •I DLOW a *001 CUT = 3 «IF (R M A G •LT » 200•) GO TC 10 D2=10»/RMAGIF(D2*GT*DL0W) GO TO 10DE=DLOWCUT = 6 *DLOW = »01*0210 CALL V A L U E ( X i X T , XSiFEi F E S i H E i F I i F I S i H I i R i F i D S , Y2)IF (Yl = Y E ) I O O i E O O , 300

SUBROUTINE SE ARCHl XiXTi XSiFEi FES* HEjFI>FI-SjH I# R #F> AL)

SEARCH SCHEME WHEN Y2 > Yl AND D1'°0 •
100 ^ k s M a ; ? i!̂ 2 1 ; 2 e ' y 3 'B L O P E '1 '4 L mIF(ALFA«QT.(»1*D2) ) GO TO H O  0 2 = ALFA| F ( ^ » ^ J . D L O W )  DE = DLOW
H O  CALL V A L U E ( X i X T , X S , F E , F E S i H E i F I , F I S , H I , R , F , A L F A , AL) I F (Yl = AL 1130,120,120120 CALL D M l N i D l , A L F A , C E ' Yli A L , Y 2 , S L O P E , E i A l )IF ( Al .GE. ( »-9*ALFA ) « AND. Al «.LEe (I »1*ALFA ) ) GO TO 410 ALFA=Al GO TO 400 130 D2-D2/CUT GO TO 10
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I-KJCJ 
U
U
O

CC 200210
220

230.
240

SEARCH SCHEME WHEN Y2 </= Yl
03=3,#02 ICl=ICl+!CALL V A L U E (X # X T > X S # F E / F E S * H E * F I # F I S t H l > R , F # D 3 i Y3)
C A L L 2D M l N f § l # D 2 # D l ? Y l # Y 2 / Y 3 * S L O P E /2 / A L F A )9fttl%;kYllgi;i6?l;SE'FES'HE'FI,FIS,hI,R,F,ALFA,AL)
ALFA=DE •GO TO 400 01 = 02 Y1 = Y2 02 = 03 Y2 = Y3I F l I C l •L I »10 > GO TO 200 GO TO 230
SEARCH SCHEME WHEN Y2 < Yl AND Dl = C*

300
310
320
330
340
350360
370
380
390

CALL DrilN(Dl#D2>D3/Y1/Y2/Y3/SL0PE/1* Al )IFl A l * G E , ( » 9 * 0 2 ) - A N D - A l t L E » (I,I#02) ) GO TO 310 GO TO 320 A L F A=D2 AL = Y2 .GO TO 41.0IFl A l - L T - O , ) GO TO 200 I F ( A 1 = D U P ) 3 3 0 , 340/340
DG=OUP GO TO 210I F l Y E = Y A l 1360/370/370 D2=A1 'Y2=YA1 GO TO 200 ALFA=Al AL=YAl GO TO 410CALL D M l N l D l * 0 2 * A l /Y l *Y 2 / Y A l /S L O P E / 2 / A L F A I IF IYA1 = Y 2 1390/400,400IF I A L F A , G E - I - S V A l ),A N D , A L F A - L E , ( I « 1 # A 1 I I GO TO 370 D3 = Al Y 3 = Y AI GO TO 240
OPTIMUM STEPSIZE ALFA FOUND FOR THIS SEARCH
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400 CALL VALUE( X#XT* XStFEi FES#HE#FI> FIS* HI# R#F> ALFA# Al. I 410 DO 420 IeliN 420 XT(I) o XS(I)IF(NEtEQtO) GO TO 440 DO 430 I=IiNE ■430 FE(I) = FES(I)440 IF(NItEQtO) GO TO 460 DO 450 I=IiNI 450 FI(I) => FIS(I)460 F=FS - ALFA=DS AL = YS RETURN END
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no
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nn
nn

 n A S S UMES Q U ADRATIC FORM AL = A*( Dl = ALF )**2 + B-V(Dl = ALF) + C MINIMUM ALF ■ Dl » B/(2*A) FOUND BY QUADRATIC FIT OF DATA! (PCINT/SLOPE,POINT) OR (3 POINTS)
GO TO (10/20) a K
QUADRATIC FITj PSP
TPlo=SL0PE*D2A L F = ( • 5 * T P l v D 2 ) / ( Y 2 = Y l + T P l )RETURN
QUADRATIC FITj SR'
D E l = D E a Dl DSl = D S iaDl T P l ^ (Y S = Y l )/021 T P E = (Y S = Y l )/031A L F = D l = « 5 » (DEIV T P E = D S l v T P l )/(TPl=TPE)RETURNEND

SUBROUTINE DMIN(Dl»D2>D3^Yl#Y2>Y3#SLOPE/ALF)
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nn

SUBROUTINE VALUE!X,XT,XS,FEjFEg,HE,FI'FIS,HI'R;F,0,Y )

I o
4050

E V ALUATES AUGMENTED L A G R A N G IAN1 Y, AT STEPSIZE D, ALONG SEARCH DIRECTION Ri SAVES POINT IF BETTER
DIM E N S I O N  X ( l ) # X T ( l > , X S ( l ) , F E ( i ) , F E S ( l ) , H E ( l )  
COMMON /C17/D.S, ES, YS ' I / C a / N F E , N G E / C 3 / H l l ,  Wg# W3

DO 5. 1*1,NXT(I) = X(I) + DvR(I)
SF6h b N ® | ,XT'F'FE'F!lCALL A U G L A G ( F , F E,FI,HE,HI,Y) IF(YeGToYS) RETURN DO 10 1 =1,N XS(I)=XT(I)IF(NEeEQeO) GO TO 30 DO .20 1 = 1 , NE F E S ( I ) s F E t I )IF(NIeEQ.O) GO TO SC DO 40 1=1,NI FIS(I)=FI(I)
FS=S=F DS = D YS = Y RETURN END



O
O
O COMPUTES! NORM(XNEW=XOLD), N O R M (G N E W = G O L C ), NORM(GNEW)

D I M ENSION XNI I I' X O ( U f G N d ) , G O ( I ) , D L X  11 I,DLG(I)COMMON /C6/D E L X , D E L G
D E L X = O «DELG = O •GMAG=OeDO 10 1=1#NDLXt I )= X N (I )e X O (I )DLG(I)=GN(I)=GO(I)D E L X = D E L X + D L X ( I )# D L X ( I )D E L G = D E L G + D L G ( I )# D L G ( I )G M A G = G M A G+GN(I)*GN(I)X O ( D e X N t I )GO(I)=GN(I)DELX=SQRT(DELX)DELG=SQRT(DELG)G M A g = S Q R T (GMAQ)RETURNEND

SUBROUTINE D E U A (XN*XC>6N#GO/DLX#DLG'-N#GMAG)
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on
o 

o 
no

n SUBROUTINE MULTUPtFEiFlJHE,HIj
UPDATES MULTIP L I E R S  
DIMENSION F E U )  J H E t D i F  ICOMMON / C 1 / N # N E # N I , N E R I / C 3 / W D W 2 j W3/C20/NUP
IFt NE.EQ.O ) GO TO 20 I F ( N U P * E Q . I) GO TO 5 .PRINT 1070,PRINT. 1020, ( F E U  ), Is I j NE )T W l = W D W lDO 10 I®1,NEHEt D = H E t  I D T W D F E t  I )I F ( N U P i E Q U )  GO TO 20 PRINT 1000PRINT 1 0 2 0 , ( H E ( I ) , 161,NE)I F t N I .EQ.O) RETURN
PRiKTpIoio11 G° 25PRINT 1 0 2 0 , ( F I (J ),J = I ,NI)Tw2 = W24-w2 TW3=W3+W3 DO 40 J = I j NIIFt H I t J ) . L E . O , ) GO TO 30
S W iii-S iM ni id I:

3040

1000181810701030

=Tws^FI(J)
I F t H I ( J ) » L T . O . ) HI(J)=O.GO TO 40IF(FKJ)»LT*OU HI(J)CONTINUE IF (N U P •E Q •I ) RETURN 'PRINT 1010PRINT 1020,. (HI(J),J*liNI)RETURN
9*****%4*V FORMATS *V4**V*V9*
f o r m a t (/,2 o x j  (e q u a l i t y  c o n s t r a i n t  "m u l t i p l i e r s , h e (d . .IiHE(NE)I) HI(NI) I)
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rlo
rT 

o o
n 

on
 o 

o 
no

on

subroutine WUP

H6i?WEi6fiBp8SJgMULTIPL,ER HEIGHTS
COMMON /Cl/N>NE#NI#NEPr/C14/IFL,AQ/C20/NUP COMMON /C3/W1,W2,W3/C4/W1MAX'W2MAX,W3MAX,WF COMMON /C15/W1M,WSMjWSMjW1MAXM,WEMAXMiW3MAXM'WFM
IF{!FLAG.GE.I) GO TO EC
PENALTY WEIGHT UPDATE

IF ( WI • Q T IFlNItEQ IFiWStLT IFiWEtQT IF(W3.LT IFiWS.GT GO TO 30

•0) GOTO 10 .WlMAX > Wl = WF^Wl • W l M A X )WlawlMAX to) GO TO 30 tWEMAX) WEe-WFMWS . W E h A X ) WS=WEMAX « W 3 M A X ) W3 = WF M w 3 ' i W3MAX > WS = WSMAX
INITIALIZE MULTIPLIER WEIGHTS

20 Wl=WlM W2=W2M W3=W3MWlMAXeWlMAXMWEMAXeWEMAXMW3MAX=W3MAXMWF=WFMIFiIFLAG.EQ.Z) GO TO 40 IFLAG=O30 IF(NUptEQeO) PRINT IOOO>Wl#WE#WS RETURN 40 IFLAG=O RETURN
********%* FORMATS %**%**%***-

lOCO. FORMAT (/. EOXi 1 Wl = ' > DlS . 6> SXi * WE END 1 iD13«6#5Xi • W.3 = 1 iD13 «6)
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on
n SUBROUTINE AUGLAGfFf FE,FIjHEf HI,AL)

2030

Ig70
80

COMPUTES AUGMENTED L A GRANGIAN (AL)
D I MENSION F E I l ),HE(1),F I (I IfHI(I) COMMON /Cl/NfNE, NI#.NEPI/C3/W1* W8, W3
I F (N E P l * E Q » 0 I GO TO 80 FLAG=O*FEWl=O*F I W S asO •Fiwa=O*i g ' l E I S i ? ^ 60 T0 30 
t t i & m  i  G f i i i t f f f i iI F (N I . E Q , O ) GO TO 70 DO 60 I=IfNI
F I W 2 = F I W 2  + FI(I)VFI(I)GO TO 60

FIW3=FIW3AL e F =RETURN AL = F RETURN END

+ FI(I)VFI(I)
FLAG + W l v F E W I + W2VFIW2 4- W3VFIW3



no
on

SUBROUTINE GALAG(GFfGEtGIiFE'FIjHE#Hi#GAU

i fICO.

C O M PUTES N C O M P O N E N T S  CF THE GRADIENT OF THE L A G R A N G l A N  (GAL)

IF(NEPIeEQaO) GO TO H O  DO IOO I=1>N
g f c f i f c g :0181:8:IF (NEeEQeO) GO TO 20 INDX=I .DO 10 J=IiNE G L A G = G L A G t H E ( J ) * G E ( I N D X )
!iBirSSSia6 '-"*"6 ''"""IF(NIeEQeO) GO TO ICC INDX=IDO 40 J = I tNII F ( H I (J )o L E e C e ) GO TC 30
S M i U t t g i D i i d i g i i i K g i iGO TO 40I F ( F I (J ) « L T . O e ) G I W 3 = G l W 3 t F l (J)^GI(INDX) I NDX=INDXtNC GF(I) = GLAG t 2 e JSitWlvGEWl t W2vG IW2R S t t i i iH O  DC 120 I=IiN 120 GAL(I) = GF(I) - RETURN END

a u g m e n t e d

I i F I ( D i H K l )

t W3VGIW3)
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no
n 

no
n 

no
n 

no
n OUTPUTS GENERAL AND TERMINAL SEARCH POINT INFORMATION

DIMENSION Xfl U R d  )iFE(l)*hE<l)*FI (I >>HI(1>COMMON /Cl/NfNE,NI,NEPI/C2/NFE,NGE/C3/Wl,W2,W3 COMMON /C6/DELX,DELG/C11/IMULT,!STOP#ITOT COMMON /C13/RMAG,ALFA;GMAG,SL0PE/C18/NG
GENERAL. SEARCH POINT INFORMATION
PRINT IOOOfITOTPRINT IOlOfNFEfNGEf ALFA
PRINT IOSOfDELX*DELGfRMAGPRINT 1030,NGPRINT 1040f (Rf Df IslfN )PRINT IOSOfFfALfGMAG PRINT 1060PRINT 1040f (X(DfI = IfN)IF(I STOP•EQ e O) RETURN
TERMINAL INFORMATION
IF(NEPI»EQ»0) GO TO 30 Ig(IMULToEQd) GO TC 10

' CALL MULTUP(FEfFIfHEfHI)10 IF(NEoEQeO) GO TO 20 PRINT 1070PRINT IOAOf(FE(DfI=IfNE)PRINT 1080PRINT IOAOf(HE<I),I°lfNE)
20 !SjIo 1 qo to 30
• PRINT IOAOf(FIIJ),J = If NI)
PBiMl iWBf(Hi(j),jdifNiI 

30 PRINT 1110 
PRINT 1120 RETURN
********** FORMATS **********

IOCO FORMAT(///,SOXf'************************ SEARCH POINT & I ************************ I )1010 FORMAT(/, 20Xf1FXNS CALLS * o e 'fISfSXf'GRAD CALLS o,* i S'ALFA = i,013 »6)1020 FORMAT(/f20Xf'DELX P . 'fD13.6f6Xf1OELG s. »fDl3*6f6Xf

SUBROUTINE OUTPim X*R*F# AUFEtFI/HF.* H I )

-*** ' /16f
1 f 16 , SX
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StRMAG - « #D13«6)1030 F O R M A T ( / , 2 0 X ; ' S E A R C H  D I R ECTION To THIS POINT* R ( I I,..., R ( N ) tj S l O X , 'NG s ',Il)1040 F O R M A T ( 2 0 X # D 1 3 « 6 j 5X*D13.6#5X*D13->6>5X*D13»6)1050 F 0 R M A T ( / , 2 0 X , ' $ $ $  F = * ̂ D l 3 • 6 * 3 X > 'A U G « L A G • &S 1GMAG = 013*6) t,0 1 3 * 6 , 3X*
1060 F O R M A T (/,2 0 X , 'X VALUES, X (I )>»•»,X tN )')1070 F O R M A T ! / , 2 0 X , ' E Q U A L I T Y  CONS T R A I N T  VALUES, F E (I ),•* *,F E (N E )•)1080 F O R M A T (/,20X*' E Q U A L I T Y  C O NSTRAINT MULTIPLIERS, H E (I ),*«»,HE I N E )») IOSO F O R M A T ! / , 2 0 X , »INEQUALITY CONSTRAINT VALUES, F I (I ) > •»• F I (NI ) « )1100 F O R M A T ! / , 2 0 X , * INEQUALITY CONSTRAINT MULTIPLIERS, H I ( I ) , * * , H I ( M ) ') 1110 F O R M A T ! / , S O X * t * * # e * * # * * * * v 4 * # * v » * v * * * * * * * 9 * # # # * * * * % * * 9 v v * v * * v # v * * v  &**# * * * # % * * * # * * * * » % * * ' )1120 F O R M A T ! 'I')END
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