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Abstract:

The nonlinear programming problem (NLP) is presented in its standard form for a constrained
minimization problem. The general method of sequential-unconstrained minimization is then given,
showing how the constrained NLP problem functions may be transformed into a single unconstrained
function having the same solutions as the original problem. A unique unconstrained function,
incorporating both equality and inequality constraints, is formulated by augmenting the Lagrangian
with weighted problem functions of the constrained NLP. First-order necessary and second-order
sufficient conditions are then established for this function to possess local minima that minimize the
objective function and satisfy the constraints of the NLP, thus showing the equivalence of constrained
minima and unconstrained minima of the augmented Lagrangian. A multiplier algorithm based on
satisfying the Kuhn-Tucker first-order conditions of optimality is presented. The algorithm consists of
alternating minimization and update phases. This procedure establishes a way to select an active
inequality constraint basis, such that during a minimization phase these inequality constraints exhibit a
'locked on' feature and are treated the same as equality constraints. The inequality constraints that are
not locked on during a particular minimization phase are held from excessive constraint violation with
the penalty terms of the augmented Lagrangian. Although the algorithm is based on first-order
conditions, a theorem is presented showing that if second-order conditions are satisfied by the NLP
problem functions, the algorithm converges locally for finite penalty weights. As the sequence of
minimizers converge to a local minimum, the Lagrange multipliers also converge to their optimal
values. These optimal multipliers provide well-known sensitivity information, and a practical
interpretation of these multipliers is presented. A FORTRAN coded computer program ALGOR that
implements the multiplier algorithm is described. It generates conjugate gradient search directions by
the DFP method. An efficient quadratic-convergent unidirectional search technique is presented for
conducting the search. ALGOR was applied to several test functions, and the results were compared to
results obtained by other well-known NLP solution algorithms. When based on the number of function
calls required to obtain a desired degree of accuracy in the objective function, ALGOR was shown to be
a more efficient code than the multiplier program MULTMETH, and the penalty-function codes
OPTKOV, POWCON, and SUMT. The formulation of several real-world problems into the NLP
format is presented, along with their solutions and interpretations of the sensitivity information
possessed by the Lagrange multipliers at the solution points.
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ABSTRACT

The nonlinear programming problem (NLP) is presented
in its standard form for a constrained minimization problem,
The general method of sequential-unconstrained minimization

-is then given, showing how the constrained NLP problem func-

tions may be transformed into a single unconstrained func- -
tion having the same solutions as the original problem. A .
unique unconstrained function, incorporating both equality
and inequality constraints, is formulated by augmenting the
Lagrangian with weighted problem functions of the con-
strained NLP. First-order necessary and second-order suf-
ficient conditions are then established for this function
to possess local minima that minimize the objective func-
tion and satisfy the constraints of the NLP,. thus showing
the equivalence of constrained minima and unconstrained
minima of the- augmented Lagrangian. A multiplier algorithm
based on satisfying the Kuhn-Tucker first-order conditions
of optimality is presented. The algorithm consists of al-
ternating minimization and update phases. This procedure

"establishes a way to select an active inequality constraint

basis, such that during a minimization phase these. inequal-
ity constraints exhibit a 'locked on' feature and are
treated the same as equality constraints. The inequality
constraints that are not locked on during a particular mini-
mization phase are held from excessive constraint violation
with the penalty terms of the augmented Lagrangian. Al-
though the algorithm is based on first-order conditions, a
theorem is presented showing that if second-order conditions
are satisfied by the NLP problem functions, the algorithm
converges locally for finite penalty weights. As the se-
quence of minimizers converge to a local minimum, the
Lagrange multipliers also converge to their optimal values.
These optimal multipliers provide well-known sensitivity
information, .and a practical interpretation of these multi-
pliers is presented. A F@RTRAN coded computer program
ALG@R that implements the multiplier algorithm is described.
It generates conjugate gradient search directions by the

DFP method. . .An efficient quadratic-convergent unidirec-
tional search technique is presented for conducting the

‘'search. ALG@PR was applied to several test functions, and

the results were compared to results obtained by other well-
known NLP solution algorithms. When based on the number of




xii

function calls required to obtain a desired degree of ac-
curacy in the objective function, ALG@R was shown to be a
more efficient code than the multiplier program MULTMETH,
and the penalty-function codes OPTKOV, POWCON, and SUMT.
The formulation of several real-world problems into the
NLP format is presented, along with their solutions and

_ interpretations of the sensitivity information possessed
by the Lagrange multipliers at the solution points.,




CHAPTER ONE

INTRODUCTION TO THE NLP AND SEQUENTIAL
UNCONSTRAINED MINIMIZATION




1.1 Introduction

The golutioh techniqueé of the nonlinear prbgram-
.ming problem (NLP) are a powerful tool in mathematicai
programming and real-world problem solving and decision
making. The NLP arises from_many'apparently unrelated
areas and-takés'on many forms as fouﬁd in‘mathematicé,
the natural and physical sciences, engineering, economics,
agriculture['business, and government.

In the abstract form the NtP'is that of optimizing.
" (minimizing or maximizing) some entity while satisfying
side conditions or constraints. The éntity_to be optimized
may be profit, cost, production, efficieﬁcy,.consumer'
utility, social tension, social.bengfit,.energy, iﬁventory,
etc., to fina an optimal solution or a state of oétimal
operation. Constraints are often imposed that may limit
thé possible steps or actions that may be taken to achieve
this optimﬁm. The constraints may involve'manpower,
availabilify of space, raw materials or funds, machine
capabilities, limitations impoéed by time, governmental
controls, behavior patterns, physicélllaws, etc.

The NLP presents a solid framewofk for problem

formulation. When an NLP is explicitly stated, a solution
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can generally be obtained. Many situations afise, however,
where only numerical data or qualitative information is
available and the problem functions cannot be determined
explicitly, in which case the precise calculation of
optimal points is impossible.

Of course the sagacious decision maker does not
blindly accept the optimal point for the NLP as the best
answer for his real-wbrld probleﬁ.- The optimal point is
considered only as advisory, and the assumptions and the
accuracy of the NLP are scrutinized kefore a decision is
made. In many instances, however, NLP solutions have
proven themselves in practice, in which cases the optimal
point is accepted and implemented almost without question.

Although the t;ansformation of a real-world prob-

A

lem into an exélicit NLP is largely an art, there exists
a theoretical framework that faciiitates problem formu-
lation. The theory clarifies the nature of those problem
.formulations which are most efficiently solved, and those

which have né-solution. This thesis is devoted to the

development, presentation, and application of this theory.




l.2 The NLP in Standard Form

Ih a méthema;ical context’ we are:given a funqtion
© £(x) which maps the variables X.{€ E® into scalar values,
where E" denotes. n-dimensional Eucl;dean space; . The func-
tion f(x)-is called an objective function, cost function,
‘or performance measure because f(x) is that entity to be
extremized, that is, to be minimized of maximized with
respeét to‘$. Since maiimization and minimization are
equivalent problehs (max £ = min (-f)), only the latter
is considered here. The point x, howevér, may not be
chosen arbitrarily because of constréints imposed upon it.
:The constraihts are classified as.equélity or inequality
constraints and are defined in térms-of.#. Any x which
satiéfies all of the constraints is termed a feasible
point and becomes a candidate for the primal point. For
a solvable problem there exists a non-empty set of feasible
points. From this set of feasible poihts, a point x*, at -
which f achieves its minimum value, is called an optimal
poiht.

éﬁafed mathematicélly; the NLP takes the followin§

form: Find a point x* to

minimize f(x) (1-1)




subject to the constraints

hi(X) = O’ i l, 2, e o ey ml (1_2)

and

| v

' g5(x) > 0, j=1,2, ..., m, (1-3)

where x is an n-dimensional vector. The hi's, gj's and

f are nonlinear in general and are ‘given (explicit) func-

tions of class C!. Also it is assumed that the n- .

dimensional gradient vectors Vhi & Bhi/ax and ng

li>

90g./90x
gj/

0 and

are nonzero at those x values which satisfy hi(x)
L(x) = 0.
gj( ) |
The problem as stated above seeks the constrained
absolute minimum of f. 1In general practice, however,
constrained local minima of f are found first; the abso-

lute minimum of f is then found by comparing all con-

strained local minima.

1.3 Sequehtial Unconstrained Minimization

Basic to all NLP solution algorithms is a search
in n-space fbr constrained extrema, Many constrained
search techniques depend heavily upon the classical theory.

and methods for computing unconstrained extrema.
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Unconstrained search techniques often incorporate a se-
quence of unidirectional searches in n-space, and are

_ based,on'an iterative scheme of the form+

PP S : (1-4)

where a parametrlc step ¢ is taken in a search direction

rk. The _step ¢ is selected to obtain the- mlnlmum value

of £ in the rk direction. The search direction rk is
usually chosen on the basis of information concerning f
and its partlal derivatives evaluated both at the point
xk and at prev1ous iteration points.- The influence of
constraints imposed on x must be taken into consideration
as they alter the way in which the censtrained search
direction is chosen. This may be a difficult task if the
constraints are nonlinear. Accordiné to Davies and‘éwahn
[16]i, there'are two ways in which constraint information
is incorpprated in the estabiishmeht of search directions.

They are as follows:

1-The superscript notation is used generally to de-
note a change in value of a vector or parameter from one
. iteration to another. The subscript notation will be

used to denote components of a vector or matrix.

*References are associated with numbers in brack-
ets and are listed alphabetlcally at the'end of thls
thesis. '
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1. Function modlflcatlon followed by unconstralned
optimization.

These methods seek to define a new funchion that
has an unconstrained optimum at the same point as
the optlmum of the given constralned problem. Opti-
mization of this new function.will then define the
required change in the search,directioh.

2. Direction modification without altering the
function.

Some of the methods in this category attempt to.
follow constraint boundaries while.others try to
rebound from them, so as to continue the search in

“the feésible region .

There are advantages.and disadvantages to both types of
méthods which are explored in detail by McCormick [43], by
Wolf [70]}, and in [16] where it is stated that no one
method for conetrained optimizatioh is uniVefsally superior
to all othefs and.care must be exercised in choosing the
appropriate one for a given situation.

The solution techniques oeveloped in this work fall

into the.first category. The approach in these methods is

that of transforming a given constrained minimization .

. problem into a sequence of unconstrained minimization
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problemé as outlined by Fiacco and McCormick [231. This
transformatioh is accomplished by augmenting ‘the original
cost function with weighted terms of thé_prbblem fuhctionS{
to define 'a new objective function whose minima are uncon-
strained iﬁ,some domain of interesﬁ.. By gradually removing
the effect of the constraints in the new objective function
by controlled parameter values, it is pos;ible to generate
a sequencé of unconstrained‘problemé tha£ have solutions
'converginé\to a solution of the original constrained
problem. |

Thus, the sequential unéonstrained method of mini-
mizing the-NLP is one associated with finding a sequence
of problem solutions x" such that
x™ = min A(£, h, g, w9, mo=1, 29 ... (1-5) .

XER ‘

where A is the new objective function fqrmed by augmenting -
the cost function f with weighted terms of problem func-
tions, h,énd g, W is the controlled weighting factor, and
‘R is the démain of x. The functions 6f.(l—5)+ are con-

structed so that as m * ®, a convergent sequence of

THyphenated numbers in parenthesis refer to
equations by (Chapter - equation number).




9

unconstrained minimizers {x"} approacheé a .constrained
minimum point x* of thé NLP.

As an example of this type of method, consider an
-augmented function A(x,wm) whicﬁ incorporates the equalitf
constraints by Courant's qﬁadratic penalty function [13],
and the inequality constraints by Carroll's invérse'pgn—

alty function [11}.

rDefine
- m, ) ma
Ax, W) = £(x) + W Z hiz(x) + %; z 1 (1-6)
- i=1 W oj=1 94 (%)
To use this. function we require a starting point x° which

is in the strictly feasible region R® associated only with

the inequality constraints, i.e.,
0 s A .
x'CR” S{x] gj(x) >0, 3 =1, 2, «o., My - (1-7)

Because the function A(x,wm) is to be minimized, and be-

cause A(x,w") assumes the value of +« at the boundary of °

RS, it is guaranteed that no boundary of infeasible points

will be generated,with‘respect to the inequality con-
straints (1-3), i.e., all points generated.will remain in

R®.
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The method generally proceeds as folléws. Select
a monotonic sequence {w'}, where
"= {w™|W™ > o, WL > W, and W' > © as m > ©} (1-8)

and compute a minimum  point xm, where

'™ = min A(x, W% C(1-9)
XE RS : '

for m = 1, 2, ... . The desirable result is that

lim ™ = x* (1-10)

m > o

where x* is a solution to the NLP. It is also well known

that
I'['I.1 R .
lim w" §J h,2 (™) =0 = (1-11)
. 1
m > o« i=1
and thaf
. m2
lim = ] L _ _ ©(1-12)
m > oy J=1 gj(x ) :
Thus ’

lim A(xX™, W' - £(x*). = 0 o (1-13) .

Lt | I
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In effect;.the influence of the coﬁstraints on the aug-
mented function is relaxed and finally removed in the
limit, and the augmented function converges to_the same
minimal value as the original cogt funiction.

The function A(x, w) of (1-6) is called a mixed

interior-exterior-point penalty function. - If there were

no equalify constraints of the form (1-2), then (1-6)

would have the form

iy
1 1
f(x) + o jzl. g. (%)

(1-14)
:] .

and would be called an interior-point pénélty function,
allowing'énly feasible points with respect to the inequal-
ity constraints. On the other hand, if thére were no in-
equaiity constraints-of the form (1-3), then (1-6) would
have the form

m,

£(x) +w ) h,%(x) (1-15)
i=1 * .

and would be called an exterior-point penalty function.
Although it is possible to handle inequalitYICOnstraints
with an exterior penalty function'method, as is done in

this work, equality constraints can be incorporated only
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through exterior-point methods. These methods allow points
ﬁot feasib;e to the éonstraints, but forqé convergence t§
a‘feasiblé point in the limit as m + o,

The development and use of sequential unconstrained
methods has a long history. The mainstream of developments
are reviewed in [23] and in references cited there. Impor-
tant resulfs éf many of the previous and more recent
methods can also be found in [1, 8, 20, 21, 22, 23, 24, 39,

42, 43, 53, 70, 721.

1}4 Motivation for Research

The usual penalty methods for solving nonlinear
programming problems ,are subject to numerical instabili-
ties, because the derivatives of the penalty functioné or
the penalty functions themselves increase without bound
near the solution as computatiénlproceeds, and are held in
check by penalty weighting factors which, to insure con-
vergence, must either increase to.infinity or decrease to
zZero [60].. It is noted [34] that penélty function methods
can become computationally ineffective if certain.con-
straints tend to dominate the entire constraint set. Sev-
eral authors [38, 41, 51, 52] confirm this_fact by showing

that ill-conditioning can occur in the Hessian matrix in.
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the final phases of a penalty function search, although a

method to avoid this situation is given in [41]. When
problems do arise in a penalty function search, they in-
variably occur during the final phase of the search'[54].
It is in this phase, however, that relationships between
Lagrange multipliers and certain penaity terms become vi-
able, as showﬁ in {7, 23, 54}. 1In past yéars the idea has
arisen that terminal search instabilitiés might be circum-
vented By an approach involving a Lagrangian function con-
taining additional penalty-like terms. Most of £he work
in this direction has been fof problenis treating equality
constraints. Only recently has this tybe of method been
extendedlto dccount for ineqﬁality constraints. The con-
vergence proofs for these new methods often pertain to a
class of functions which exhibit a certain property,
usually convexity, and few algorithms are posed or oper-
ational tha£ treat mixed equality and inequality con-~
straints 6f.the general NLP,

Because no penalty function is fépnd to be superior
for all types of problems, this author feels that the use.
of Lagrangian functions and the Kuhn-Tucker theorem [23]
affords promising methods of solution to be explored. Be-

sides being.viewed directly as special~casés of augmentedl
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objective functions, Lagrangians are associated with
every method for mathematical programming. There are
extremely close connections between the Lagrangian of an
NLP and the particular objective function being utilized
"to transform that particular problem into a sequence of
unconstrained minimizations, in that the conditions of the
Kuhn-Tucker theorem are directly involved in the aséociated
Lagrangian.

As a practical aspect, Lagrange multipliers provide
well-known sensitivity information [1, 72] concerning NLP
solutions. While it is true that the results of a penalty
function search can be used to estimate Lagrange multi-
pliers, the estimates can be inaccurate because of the
problems encOﬁntered in the final phases of the search.
This authorlfeels, therefore, that it is important that
solution techniques for the NLP also solve the dual prob-
lem of constrained minimization--that of finding the asso-
.ciafed Lagréhge multipliers.

Thé conditions stated in this section have motivated
the author to puréue the research presentéd in this thesis.
In Chapter 2 pertinent background material is reviewed,
and the theoretical structure is developed to place the

multiplier algorithm of this thesis in perspective.
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Sensitivity information is presented in Chapter 3, and a
‘practical'interpretation of Lagfange multipliers is given.
In performing a search in n-space for a solution point to
an NLP problem, consideration must be given to generating
a search direction and performing a search in that direc-
'tion for a minimum. Chapters‘4 and 5 treat these topics
in light of the Lagrangian presented here. Chapter 5 re-
views the basic theory of unidirectional searches and pre-
sents a quadratic convergent search developed in this re-
search. Chapters 1 through 5 provide the necessary devel-
opment for the computer implemented algorithﬁs présénted
in Chapter 6. Numerical results from a number of test
problems ahd selected application problems are given in
Chapters,7 and 8. The significant results of this research
effort are reviewed in Chapter 9, along with suggestions
for further research that are in line with current trends

in mathematical programming.




CHAPTER TWO

CONSTRAINED MINIMIZATION BY
MULTIPLIER METHODS
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2.1 Introduction

In a particular situation one is usually interested
in the global solutions to a mathematical programming prob-
lem. But ih general, only theorems concerning local solu-

. tions can be readily proved, unless the problem has ceftain
properties that can be exploited; One such proéerty is
that of conVexity; in a convex programming problem every
local solution can be proved to be a global solution. For
most NLP's, howevér, minimization algorithms converge to
various local minima depending upon initial starting con-
ditions, and global minima are obtained by comparing the
known local minima. A local minimum point is a point for
which, in an opén neighborhood about that point, there is
no other point that both satisfies the constraints and
gives ‘a smaller value of the objective function. Points

of global minima are those points of local minima which
yield the smallest value of the objective function. Useful
theorems can be developed stating necessary conditions and
sufficient conditions that a point be a local minimun point
to the geﬁéral NLP, without relying upon special properties
of a particular problem. This chapter is devoted to the
development of such conditions with regard to an augmenﬁed

Lagrangian function that is used in solving the NLP.

§ i i
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2.2 Review of Multiplier Technigques

Althoﬁgh Courant [13] férmalized the use of penalty
functions for noﬁlinear programming in 1943, it was the
works of Fritz John [33] in 1948 and the fundamental theo-
retical paper [37} of Kuhn and Tucker in 1951 that placed
nonlinear proéramming on a substantial theoretical foun-
dation. The results of Kuhn and Tucker on neéessary con-
ditions and sufficient conditions characterized the solu-
tion of the nénlinear convex programming problem and gave
an equivalence betwéen this problem and the saddle point
problem of the Lagrangian. It is known that‘the existence
of a saddle point of the Lagrangian function is heavily
dependent upon convexity properties of the underlying prob-

lem. In 1956 Arrow and Hurwicz [3] showed that convexity -

'éssumptions could be relaxed by using a modified Lagrangian

approach. ' Differential gradient schemes by Arrow and

Solow [4] in 1958 presented additional saddle point results

in terms of a different modified Lagrangian function. King

in 1966 [35], by relinguishing the convexity property and
thus'sacrificing the Kuhn-Tucker global properties, gave

local necessary conditions for inequality constrained

~extreme values.
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The method of multipliers for (equality constrained)
ﬁonlinear programming st ihdependently introduced in 1968
by Hesteneé‘[30, 31] and Powell [58]. They proposed a
- dual method of solution in which squares of the constraint -
fuﬁctions are added to the Lagrangian. . A series of uncon-
strained miniﬁizations on the penalized Lagrangian is fol-
léwed by a multiplier vector update according to a simple
rule. Hestenes did not theoretically develop the idea~be—
.yond this‘étage, but Powell [58]\showed that if second-
order sufficiency conditions for optimality are satisfiéd,
the algorithm should converge locally at a linear rate,
without rquiring the penalty factors to grow without
bound. The main advantage of the algorithm lies in the’
latter property, since it provides a numerical stability
that is not found in the usual penalty methods. Miele,
et al. [45, 46, 48, 49, 501 have modified and improved thé
original methods of Hestenes and Powell and havé obtained -
many computational results for the equality constraint
case. Haarhoff and Buys [29] advanced a similar method in
1970. Their method was concerned mainly with the equality .
const;aint case; their extension to accommodate inequélity

constraints was simply that of including slack-variabie
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terms to traﬁsform inequality constraiﬁts into eqﬁality
constraints.- Fietcher'[25, 26] advanced yet another tech-
nique related to that of Hestenes and Powell. Instead of
'updating the multiplier vector after a seduence of mini-
mizations, the multiplier was adjusted continuously as the
minimization on the peﬁalized Lagrangian wa$ performed.
Suggestions were given as to how this method could be éx-
tended to include inequality constraints. Termination and
convergence properties were also giﬁen in [25]. Kort and
Bertsekasl[36] treat both equality and inequality con-
straints in ‘their multiplier methods for convex program-
ming. | | |

In 1970 Roékafellar [59]'introduced an augmented
Lagrangian for inequality'cdnstrained convex programming
problems for which an unconstrained saddle point‘corre-
sponded to axsolution of the convex programming préblem.
This approach was further studied by Rockafella; in a
series of papers [60, 61, 62, 63].

Arrow, Gould, and Howe [2] in 1971 studied Rocka-
fellar's augmented ?agrangian, included in a general class
of augmenfed Lagrangians, for nonconvex programming prob-

lems and established local saddle point properties for this
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class of problems.. Related approaches to a different class
of augmented Lagrangians has been treated by Mahgasarian
[44] as recently as 1973. The Lagrange multipliers of

Rockafellar and Mangasarian are not constrained to bé non-
negative. Various Lagrangian functions citéd above are
listed in Appendix A,

In 1971 Pierre [54]'suggested more widely applicable
multiplier algoritﬁms,-accounting for both equélity and
inequality constraint functions. Pierre ISST introduced a
particularly.interestiﬁg augmented Lagrangian in August,
1973, with local convergence properties and numerical re-
sults from an operational algorithm. One qf the purposes
Qf.this work is to study in detail the augmented.Lagrangian'

of [55].

2.3 Theoretical Preliminaries

The theorems and proofs presented in this chapter
for.the general NLP require the objective function and the.
constrainf;functionsto be continuous and to have é suitable
degree of differentiability. Also the n-dimensional grad—.
ient vectors Vhi(xj and ng(x) are-assumed to be nonzero at

those points x, which satisfy h,(x) = 0 and gj(x) = 0,
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With these requirements the following definitions are in

order

Definition 1l: [Continuity]

A numerical valued function f; defined on a set X

in En; is said to be continuous at a point X, E X if,
given any number € > 0, there is a nonémpty-neigh--
borhood ﬁe/xo’ such that |[£(x) - £(x )] < & for every
point XE:NE/XB(W X. The function f is said to be

continuous on X if it is continuous at each point of

X.

Definition 2: [Class of differentiability]

A function f is said to be of class C! in an open
regioﬁ X in E® if f is continuous in X and its first-
order partial derivatives with respect to

x, 8£/3x;, i=1, 2, ..., n, are defined and con-
tinuous in X. It is said to be of class C? in X if
it is of class ct and its second-order partial de-
rivatives, azf/axixj, i,j =1, 2, ..., n, aie.de-

fined and continuous in X.

Differentiability of higher order Cp, p > 2, can be
defined similarly by use of Definition 2, but will not be

required in this work. Well formulated multiplier
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algorithms make effective use of first-order necessary con-
ditions of optimality [55]. These conditions will now be

developed. -

2,4 First-Order Necessary Conditions

From the classical theory of minima and maxima, a
first—order'necessary condition is given by the following

theorem. (For prodf, see Appendix B)

Theorem l: [First-order necessary conditién for an
unconstrained local minimum]

A necessary conditioﬁ that a function f of class C!
have an unconstrained local minimum at a point x*

is that

7 vEx*) = 2L | =g (2-1)

Consider again the general constrained problem re-

stated hefe from Section 1.2. Find x* and f(x*) where

£(x*) = min £(x) : (2-2)
X

subject to the constraints

h (x) = 0, i=1,2, .v., m (2-3).
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and .
gj(x) > 0! j=1,2, ..., my (2-4)
L - . L ' : :
Let X be a point which satisfies (2-3) and (2-4),
%
and let Ax denote an incremental change in x from x , i.e.,

* ’ .
Ax = x - x , where the magnitude HAX” is the Euclidean normf

o . .
(Ax“Ax) 2. .We may then define a constrained local minimum.

Definition 3: [Constrained local minimum]

For continuous functions -defined on a set X in En, £
- %
is said to have a constrained local minimum at x ~if
there exists a real number € > 0 such that
* ® '

f(x) < £(x + Ax) .~ (2-5)

for all
: *

{ax|o<||ax|] < e, hy(x +4&x) =0, i=1, 2, ooy my,

- *
'gj(X .+ AX) io, j = ll 2[ s e 0 f m2}

If (2-5) in the above definition can be replaced by
* *
f(x ) < £(x + Ax) - (2-6)
then f is said to have a strict constrained local minimum

*
at x .

+'I‘he symbol © is used to denote the transpose of a
vector or matrix. Let C be an m x n matrix. Then C” is the
transpose of C and has dimension n x m where the (i,3)
entry of C” is cjl
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As a -basis for understanding necessary conditions
for constréined local minima, the following Lemma is of

fundamental importance. (For proof, see Appendix B)

Lemma l: ([Farkas [23]. Theory of linear inequalities]
Let {§kj, k =0, 1, ..., g, be a set of n x 1 vectors.
A necessary and sufficient condition that‘there exiét
nonnegative scalar values {sk},' k = l,.2;'...; d,

such that
q
v, = )} sV (2-7)

is that for every vector z such that z’vk > 0,

k=1, 2, ..., g, it follows that z”v, > 0.

The necessary conditions that apply to the NLP are
associated with the Lagrangian L:

m; ’ mp

L(x, & o, B) = gf(x) - izl aghy () - jzl.sjgj(X) (§-8)

where o and B are lagrange multiplier vectors of dimension
m, and m,, respectively. The objective function f(x) has
an associated multiplier g > 0. The conditions that result

for £ > 0 are those of Fritz John [1, 33] which are’
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discussed and implemented by Pierre [56]. For the speéialf
case where £ = 1, the resulting conditions are those of
Kuhn and Tucker from [23] and are presented in the folloQ—
ing development.

With § = 1, and using matrix_notation,_equation
(2-8) is rééast in the form '

L85, o, 8 =£-ah-pg (2-9)

From-(2—9) the gradient of L with.respect to x foilows as‘

VL = VE - Vh o - Vg~B (2-10)

Notation to be used in establishing the necéssary
conditions that must hold for x* to be a local minimum is
as follows: ©Let f* denote f(x*), VE® denote Vf(x*), etc.,

and let Ax = x - x* denote a sufficiently small change in

x*. Define the following sets in EnA
A . . .
s,* & {ix]|Ax ng* >0, JES,i bx Vhi* =0,
i=1, 2, eouy my; Ax“VE* > 0} (2-11)
Sz* A {AxIAx’ng* > 0, j€:Sa; AX’Vhi* =0,

i=1,2, «.., my; Ax7E* < 0} (2-12)

and
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I{AXIAX‘ng* < 0, for at least one jES_;

>

S,*
or Ax“Vh,* # 0 for at least one il (2-13)

" where x¥ is assumed to éatisfy (2-3) énd,(2—4) and where

s 8 (j]g.(x*) =0} ‘ (2-14)

a -gj _ :

Also to be used are the sets

s, é‘{jlgi(x*) > 0} (2-15)
c. & (3]s, > 0} | (2-16)
a 3
and
A s = - -
c, = {lej = 0 and gj(x) < 0} (2-17)

Clearly, s, *() s.*() S, equals the null set &, and

any Ax in for belongs to one of the three sets S,%, Sz*, or

*. The set S,* of (2-11) is of limited interest because

S3

any Ax in this set does not show obvious reductions in

: < ky Vo, ok . ‘ *
£(x); 1.e., £(x) - £(x") = AXx"VE" > 0. Also, the set Sj

of (2-13) is of limited interest because any Ax in this

set does not give ah x point that satisfies all of the

constraintsf. The important set is therefore S,¥ of (2-12) .

A necessary condition that x* be a constrained local mini-

mum point is that all Ax's contained in S,* result in x's
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which Violate.one or more of the constraints in (2-3) and
(2-4). For tﬁe great majority of problemé, Sz*-contains
no. Ax's which violate constraints, in which case a neces=
sary condifion that x* be a constrained local minimum
point is that S,* = ¢. Unfortunately,  there is a re-
stricted class of problems for which the preceding state;
meﬁt does not hold. This restricted class of Problems '
includes the class of problems for which the first—brdef
constraint qﬁalification condition [231 is not satisfied;
these special problems must be treated separately. The

following theorem, which is proved in Appendix B is given

for the 8% = ¢ case.
Theorem 2: [Existence of Generalized Lagrange
Multipliers]

If i) x* satisfies constraints (2-3) and (2-4),

ii) the functions £, {n,}™"! , {g.}m2 are.of class
: i7,_ 7.
i=1 i=1
ct,
iii) Sz* = ¢

then there exist vectors o*, B* such that (x*, a¥*, B*)

satisfies the following conditions:
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.ﬁi(x) = 0 i=1, 2, ...; m; ~(2-19a)
gj(x) > 0, 1 =1, 2, ..., my (2-19b)
Bﬁgj(x) =0, - =1, 2, ..., my . (2—19&)

8y 20, § =1, 2, .u., m (2-194)
VL = 0 | . ‘ (2719e)

3 The relations (2-19) are the Kuhn~Tucker relations

that constitute a necessary condition that x* be an optimal
solution to the NLP. Note that assumption iii implies that
the hypothesis of Lemma 1 are satisfied by the set A at x*

where

A= {Vf*, ‘[Vhi*, i= l' 2' * e o f ml}l

{"Vhi*, i = l, 2, e o oy ml}’

. % . ' o
{ng , ]CSa}} : (2-20)

To ensure the existence of finite multipliers when
applying Theorem 2, one must:be able tq determine if |
S:* = &. A useful criterion that can be used to,test-
S,* = ¢ is given in Theorem 3, which requires the followiné

definition.

™
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Definition 4: |[Linear independence and dependence]

The vectors vi, Va, es.q vq are said to be linearly

independent if

ci1v; + cava+ ... + Cc v =0 o (2-21)

where Ci1, Cay 4oy cq.aré constants, implies that
Ci = C2 = +s4s = cq = 0. Conversely, vectors v, Vi,
Ry vq are said to be linearly dependent if and
only if v, can be expressed as a linear combination

of vj (3 =1, 2, eeer Qi | % i),

Theorem 3: [Suﬁficient condition thét S, * = o]

A sufficient condition that S,* = © and also that the
hypothesis of Lemma 1 ié satisfied by the set A of
(2—20) is‘that the gradients of the ;ctive constraints
{Vhi}, i.= 1, 2, ..., my, and {ng}, j€:Sa, are lin-

early independent at x*._ (For proof, see Appendix B)

Theorem 2 is a first-order characterization of local
minima in that it involves first-order differentiability of
the problem fﬁnctions. It therefore does not take into

account the curvature of the funétions,if they are
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nonlinear. The curvature is measured by second~order de-
rivatives of the.problem fuﬁctioﬁs; '
Computational advantages can be.obtained by augment-
ing the Lag?angian with additional terms. Consider the
augmented Lagrangian La [55]:

m;

L, A4 +'W1IZ .hiz + wz.z g.j2 + Warz ng (2-22)
i=1 jCCa 3 €Cb
-where L is the Lagrangian of (2-9), and wi, wWa, and wy are
penalty weights where 0 < {wi, W2, W3} < <. With slight
loss in generality, we could let w, = walénd replace the
corresponding summations in (2-22) by wz_z g.? where
c=cC,|JC,. Note also that C_ c b = @jgig therefore the
last summation in (2-22) is equlvalent to

J¢C

2g (g -Ig [) whlch is a term suggested by Pierre

[54].
The gradient of L, with respect to x is
mi . .
VL, = VE - .2 (@; = 2wih,)Vh; - ) (sj - 2w2gj)ng
jEC,
- ~-2wsqg.) Vg, ‘ : : 2-23
Y 393) gj | ( )

JjeCy
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Consider the direction of the vectors that sum to
- form fVLa; The first tgrm, -Vf points in the direction of
' greaﬁest incremental decrease in f [47]. A typical equal-
ity constraint vector (ai'— 2w1hi)Vhi tends to force con-
straint satisfaction by pointing in the direction of de-
creasigg [hi], i.e., if h; > 0 and h; > ai/2w1, or if
hi <0 andhhi < ui/2w1. A stronger statement applies
toward forcihg constraint satisfaction for inequality con-
étraint terms gf the form (Bj - 2w2gj)ng.' Since'_Bj >0
for these terms, the gradient vector points in the direc-
tion of.deéreasing Igjf either if 95 < 0 or if |
93 > Bj/2w2 > 0. Finally, the ;ast vector terms in (2-23)
always point away from infeasible areas of cqnstraint'
satisfaction. Since these terms, associated with the set
Cb' apply oniy for inequality éonstraints where Bj =0
and where gj < 0, these vectors point in the direction of
increasing gj's. ‘

With the aﬁgmehted Lagrangian defined in'(2—22),
there is a airect felationship betweeﬁ the constrained
local minima of the original probléﬁ aﬁd the unconstraingd
local minima of L,- This can be shown from the following

theorem given by Pierre [56].
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Theofem_4: [Equivalence between NLP solutions and
unconstraineq minima of La]
Given (x*, o Bf) that satisfy (2-19), and given w,,
W2 s and wgithat are sufficiently large such that

. . 3
{0 <wy < o} then L, assumes a local minimum with
' i=l % *
respect to x at x if and only if x is a constrained

local minimum of £.

* * * 3
Proof: Let (x , o , B ) satisfy (2-19) with {0<<wijiw} .
. * i=l
The inactive constraints at x are those associated with
* .
Sy, = {j]gj(x ) > 0}. Let e be a sufficiently small posi-
. * .
tive number such that gj(x + Ax) > 0 for all j{:sb and for
any Ax which satisfies 0 < ||Ax|| < €. The terms in Sy,
theérefore will not affect the formulation of the gradient
N .
of L at x ..
a
% .
First, assume that f(x ) is a constrained local mini-

: * *
mum of ‘£, and therefore S; = ®. Consider Ax€Ss . Sup-

pose the ithrequality constraint is violated by Ax. The
mi . ' '
term wi ) hiz(x + Ax) in (2=~22) will force
i=1 :
, * * ) T
L (x + 4x) > L (x) for some w, £ . Also, suppose Ax
violates the jth inequality constraint for some jE:Sa,

~ where B. > 0. Then one of the terms

T
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w2 ) gjz(x* + Ax) or wy ) g.%(x* + Ax) in (2-22) will
L Jjecy JEC, '

forcé La(x* + Ax) > La(x*)=for sufficieﬁtly large w,; or
w3 where wz, wiz < «,
Thus, we are left to consider only those nonzero

Ax€8,%. For.any Ax in this set we have

L (x* + ax%) = £(x* + ax) > £(x") = L_(x*) (2-24)

from which
Lo (x* + ax) > L_(x") - . (2-25)

Thus, L, aséumes‘an unconstrained loc;l minimum at x* if £
has a local constrained minimum at x*.

Now assume that La(x*) is an unconstrained local
minimum of La' For the constrained problem, only those
'Ax are allowed for which x* + Ax satisfies (2-3) and (2-4).
For any such Ax, with ||Ax|] < €, equation (2-22) reduces

to

La(x* + Ax) = f(x* + Ax)
- ) [ngj (x* + Ax) - wzéjz(x* + Ax) ]
JE€C,
(2-26)

Consider a fypical term of the summation in (2-26)
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5 * 2 * .
g + A - . + A
ngj (x X) wgJ (x x)

= - * * -
[1 (wz/Bj) gjv(x‘ T Ax) ] ngj(x + Ax) '(2 27)

for Bj >0 and w, < », and for sufficiently small [|Ax]|, .
it is clear that ‘the right-hand side of (2-27) is non-

negative.- Thus,
* ‘ *
La(x + Ax) < £(x" + Ax) (2-28)
By assumption La(x*) is an unconstrained local minimum of
'-La, and thus,

£ = L") <L "+ (2-29)

and froﬁ (2j28) and (2-~29), therefore,
£(x*) < £(x" + Ax) (2-30)

Thus, f(x*) is a constrained local minimum of f£.

In the above proof if the‘inequalitiésvih (2-25)
~and (2—30).can be replaced by strict-inequalities, then in
‘.Theorem 4 it can be stated that La.éssumes a strict local
ﬁiniﬁum with reépect to x at{x* if and only if x* is a

strict constrained local minimum of f.
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2.5 Second-order Sufficient Conditions

.Secoﬁd—order sufficient conditions are developed to
measure thé'éurvature of the problem fungtions neér a lpca;
minimum. The following devélopments requiré second-order
, differéntiability of the problem functions. Before second-
order suffiéient qonditions'for constrained local minima
are presented, the following definition and theorem are in

order. 4

Definition 5: [Positive definitness]

A real symmetric n X n matrix M is said to be positive

definite if for every nonzero vector yE}En, y'My > 0.
Theorem 5: [Sufficient conditions for unconstrained
local minima]l
‘Sufficient conditions -that a function f of class c?

have an unconstrained local‘minimum at x* are that
' *
VEf = 0 | ’ (2=-31)
and that, for all Ax # 0
Ax7VEEFAx > 0 C o (2-32)
If V2f is continuous at x*, (2-32) is equivalent to

the statement that
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*

2% _ 2
VZET = [9 f/BxiBXj][
: X =X

is positive definite. - (For

proof, see Appendix B)

Sufficient conditions based on the Kuhn-Tucker con-
ditions of Theorem 2 are given in the following theorem. '

(For a pfoof, see [23])

:Theorém é; [A.sef of sufficient conditions for é con-=
straiﬁedvlocal minimuﬁ] |
If i)  x* satisfies (2-3) and (2-4),
ii) the functions f,'{hi}él ,_{gj}Ifl2 are of class
i=1 j=1
c?, .
iii) the gradienté of the active constraints'{Vhi},
: i = 1, 2, ..., mi, and {ng}, j€:sa are
. linearly independent at x*,
then sufficient conditions thHat x* be a corstrained
local miniﬁuﬁ are that there exist vectors o and g*
such thati(x*, a*, B*) satisfies conditiohs (2-19) .and
that for ‘every nonzero vector Ax satisfying
Ax’Vhi*'=-O, i =.l, 2, ceedq My, and Ak’ngf = 0 for
j€)Cé, and Ax’ng*]i 0 for jE:Sa - C, at x*, it
follows that |

AxX“V?LAX > 0 (2-33)

T 7
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When second-~order sufficient conditions are satis-

fied, Theqrem.4 can. be replaced by the following theorem.

Theorem 7: [Equivalence between NiP solutions and
unconstrained minima of L,i finite weights guaranteed]
Given (x*, o, 8%) that satisfy (2~19) and given suf-
ficiently large but finite wi, wz, and wg, La satisfies’
second-order sufficient conditions for an unconstrained
local minimum at x*, if aﬂd only if the NLP satisfies
second-drder sufficient conditions for a coﬁstrained"

local minimum at x*.

Before‘proVing Theorem 7, wé will state and prove
Lemma 2, suggested by Pierre and related to a theorem
(Theorem 3_6f [17]) on quadratic forms.

Let A be an n x n symmetric matrix of reals and

let B be an n x m matrix of reals. Further, let

N>

v & {ax|B"Ax- > 0, Ax # 0}, and v {A%x|B“Ax < 0}. Also

define 6(6):
1if Ax €V

- (2-34)

>

§ (V)

0 if Ax &V

T
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In terms of the above notation we can now state and prove

Lemma 2.

. Lemma 2: [Quadratic forms énd linear inequalities]
Let V, V, and §(V) be defined as above. Then for |
AXEV, Ax"Abx > 0 (respectively, < 0) if and only if
there exiéts a.number A such that, EQE all Ax f .0,

A

F 2 Ax“AVx + AAX BB AXS(V) > 0 (2-35)

(respectively, < 0).

Proof: First suppose F > 0 for all Ax # 0. For AXEV,
F = Ax’AAQ >,Q which proves the sufficient part of the
Lemma . ' |

Next, suppose that AxXx AAx >. 0 for AXx€V. For these
Ax, it is obvious that for any finite A, F > 0. For AxE:§

we use the following argument: Let

6 (Ax) & - (Ax"AAx/Ax“BB Ax) (2-36)
- which is a continuous function over fhe normalized set Gn
defined by Gn 4 {Ax|Ax"A% = 1 and AxEV}. As Ax approaches
the boundary of Gn’ i.e., B"Ax -+ 0, the numerator Ax"AAx of
6 (AX) is positive, but the denominator approaches 0+, and

therefore 6 (Ax) tends to -, The preceding'statement,.with
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N

" the fact that S(Ax) is continuous on Vn' gives that 8 (Ax)
assumes a finite maximum value A at some point in Gn'

: : *
Thus, for any A > A ,

A > = (Ax"BAX/Ax"BB"AxX), AxEV_ (2-37)

Rearranging (2-37) we obtain the desired result that

Ax“RAAx + MAx“BB’Ax > 0, AxEV, (2-38)

which, when combined with those AxX&£V, yields (2-35) for

all Ax # 0, thus proving the necéssary part of the Lemma.

0

We may now utilize the results of Lemma 2 in proving

Theorem 7.

_ Proof: (Theorem 7). Under the assumed conditions-of the
theorem, it is clear that VLa* = VL* = 0. It must be
‘shown that, for all Ax # 0 and f£inite wi, W2, and ws,
Ax’VzLa*Ax > 0 if and only if Ax’VZL*A; > 0 for Ax # 0 and
Ax ‘such that Ax’Vhi: =0,i=1,2, ..., my, and

% *
0, Jejca, and Ax ng‘ > O( jE:Sa - Ca at x .

Ax7V *
x Vg
g]

* .
Note that Ax’Vhi = 0 is equivalent to the requirement
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that both Ax Vhi > 0 and - Ax Vhi > 0._ The proof fol-

lows directly ffom‘Lemma 2 when the following identities

are made:

F

A V2L

11
h}\H

- 2 *
LAXTV La Ax

A > max {w,, wp, w3}

Columns of B

)

_

A7% h

SN CIVAN Vhi*

wa/X ng*

- AR gy

| Vg,
®

(2-39a)

(2—-39Db)

(2-39c)

i=l, 2, o e e p ml
i=l, 2, * o s g ml

.jeca (2-394)

With the necessary and sufficient conditions of

local minima now established, we may present the multiplier

algorithm that operates on the augmented Lagrangian of

(2-22) to find these minima.

2.6 The Multiplier Algorithm

. * * k3
When L, is formed using (x , o , B ) which satisfy

necessary and sufficient conditions for the constrained




42

* .
" problem, x 1is a constrained local minimum of £ if and

. . . *
only if L, assumes a local minimum with respect tox at x .

In section 1.2 the problem functions are aséumed to be of
class C!. 1In the posed multiplier algorithm, the DFP con-
jugate search direction method is used. This method re-
quires the ?foblem functions to be'bf class C!': the firsf
derivatives .of the prqblem functions:must.be explicitly’
available.for operation. However, the method is more ef=-
ficient in geﬁeral if the problém functions are of class
C?. Then, if second~order sufficient conditions are sat-
isfied, and- if Sa - Cb is empty, each matrix of a sequence
generated bj’the DFP method remains positive definite and
the sequence tends to the inverse of VzLa in the vicinity

of a local minimum,. thus ensuring that a minimum is reached
3

for finite penalty weights {wi} .. Even if second-order

, i=1 - ‘ *
sufficient conditions are not satisfied at an x , which is

a local minimum, the algorithm is constructed to giVe a

. * - . .
close approximation to x by effectively minimizing Lawith

- respect to x such that Ly is forced to satisfy the first-

order conditions given in (2-19); however, .in this case

3
the weights {wi} may be required to approach infinity

i=1

to attain convergence.
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The aigbrithm consists of alternating'minimizafion
'and. update phases. Du;ing the minimization phase the mul-
tipliefs aha penalty weights are held fixed, and a quadrat-
' icaily convergent search is employed to find x™ that mini-
miéeé L_(x) such that x™ satisfies .
La(x™ =0 (2-40)
Because of computational roﬁndoff efrors and becéuse
nonlinear‘functionsfaré involved, 0 generally satisfies
(2-40) onlf in an approximate sense: thexﬁermination of
the minimization phase must be bésed on a get of pragmatic
conditions. - One condition of the set is as fo;lows: Let
€ be a sméli nuﬁber:ana feplace (2-40) by
VLé(xm)'VLa(xm) < g | (2-41)
At_the'éompletion of a minimization phase the multi-
pliers aré-updated in an attempt to satisfy (2-19). .Thus,
the multipliefs are updated to obtain

VL(x™) = Lg(xM) % 0 | (2-42)
(new) (old)'

The multlpller updatlng rules that tesult in (2= 42) follow
by comparlng (2 10) and (2-23):
Equallty constraints: -

(new) (old) ' '
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Inequality constraints:

| for jE;Ca,
0,  if By - 2wag(x) <O
. By = (Oldl)n | | (2-44)
" {(new) 1 Bj - 2w2gj(x )+ otherwise
B (01d)
for jQCb,
| 0, if gy (x™) > 0
B. = (2-45)
J - L . m
(new) 2W39j (x7), if gj (x7) <0

, _ 3
The {wi}' values used in (2-43), (2-44) and (2-45)
i=1 . : : '
are those values which were used during the preceding mini-

mization phase. After the new Bj's are generated, the

indices belonging to the sets Ca and C, are updated, and

b
are héld.fixéd for the next minimization phase.

Equatiohs (2-44) and (2-45) prescribe a constraint

basis for thé inequality constraints duriné a minimization
phaseq Throﬁghout such a minimization phase, those in-
equalities having positive mulﬁipliers are in a 'locked on'
status [56] and are treated the same as equality con-
straints. Inequality constraints with.ass¢ciated zZero-

valued multipliers are held from excessive constraint

violation, as in penalty function methods; by the exterior
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penalty terms- associated with ws. Upon termination of a

‘given minimization phasé, the equality‘constraint multi-

pliers are updated by (2-42), and the inequality constraint

multipliers are updated by (2-44) and (2-45) in order to

. prescribe a new inequality constraint basis for the next

minimization phaée..,If a Bj multiplier‘f;om the previous
basis tends negative, as in (2-44), the implication is
that £ wiil tend to decrease if x is free to move away
from thg corresponding constraint boundary withlgj(x) in;
creasing, tﬁhs relinquishing its logked-oh status. The
constraint then becomes a free constraint., A free con-
straint is added to the new constraint basis if the coﬂj
sfraint is violated at the end of a minimization phase.
Thus, with the violated constraint having a value less
than zero, the corresponding multiplier is assigned a
positive value; as in (2-45), and the constfaint maintain;
a locked-on status throughout the next minimization phase.
Theilécked—on feature is especially important when
x" is in the vicinity of a constrained minimum at x*. If
the problem fupctions are of class Cz and if strict com-

*

plimentary slackness holds near x , i,e., if Sa = Ca’ all

active inequality constraints (characterized by

* .
gj(x ) = 0) have associated positive multipliers
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(Bj > 0), and the matrix of second partiai derivatives
VzLa*.is continuous. Continuity of second derivatives is
a prbperty that facilitates the,uncohstrained minimization
of a function by the use of quadratic éonvergent tech-
niques.

For most problems the wi's could be assigned in=~
itially and held fixed throughout the algorithm. But be-
cause the terms édded to the Lagrangian to form La are
penalty terms, it is more logical £o parallel to some de-
greeAthe brocedure used with penalty function methods.
Thus, the wi”s are assignea some relatively small positive
values and are updated, after the multipliers are updated,
by a factor 'y > 1. This procedure continues until given

upper bounds'wi

's are reached. The penalty weight
max ' : _

.update rule then is

—~
Yimax’ 18 YWy 2 Yinax
w, =< ~ (old) (2-46)
(new) Ywi ; otherwise
.L(old)

It is important to note that the initial wi's must be large
enough to prevent a constraint breakthrough from occurring:

[53].
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At x", after .the multipliers and weights have been.

updated, the search for a minimum of L, is conducted in-

itially in the'-VLa(xm) direction, where

VLa(xm) =
(o, B, w) = (Oi«r B, W)
: (new)
om ' ‘
2w, ) h,Vh, + 2w, ) g.Vq. : (2-47)
' [ i=1 * % jec. 3] _o.m
a X = X

The search direction of (2-47).is one that tends to move x
towaras the constrainﬁ basis, and in general the corre-
sponding constraints will be more closely satisfied at the
. end of the next minimization phase.:

Pierre [56] shows that this algorithm generates .the
constrained minimum of f after a finite number of uncon-
strained quadratic-convergent minimizations under the

following conditions:

l) f is linear in x

2) -,{hi'}m1 ¢+ 19.¥"? are affine linear of the form
i=1 J =1

b + a”’x where b and the components of the vector
a are real cohstants

* .
3) a unique and bounded x exists
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* . * .
4) gj(x-) > 0 if Bj = 0 (strict complementary '
" slackness)
Pierre's justification of the above is as follows. At some
finite point in the sequence of alternating minimization
and update phases, the constraint basis Ca contains only

*
those constraints that bound x and the set C, is empty.

b
A quadratic-convergent minimization is then performed
where the last summation in (2-22) remains at zero. The
resulting <™ satisfies VLa(xm) = 0, apart from roundoff
errors, because L is quadratic in the domainlleading from
the last xm to the present <. The'multipliers obtained
at this sﬁage are optimum because the gradients of the
linear problem functions are. constant vectors. Thus, the
new VL = 0, and the new VLa is that given in (2-47), with
the terms-aSsociatéd with wi and w» guadratic in x", One
final quadratic-convergent minimization at ﬁhis stage

yields the true minimum within numerical accuracy limi-

tations.

2.7 Summary
In this chapter we have presented an unconstrained
function Lé’ that is formulated by augmenting the La-

grangian with weighted problem functions of the constrained
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NLP. First-order necessary conditions (Theorem 4) and
second-order sufficient conditions (Theorem 7) have been
established showing the equivalencelbetween NLP solutions
and,thé unconstrained minima of L, - The Kuhn-Tucker re-
lations (Theorem 2) which are conditions for the existence
of generalized Lagrange mulﬁipliers, are.the first-orxder
conditions of optimaiity upon which all mulfiplier algo~

‘ rithms-are formulated.

A ﬁultiplier algorithm is presented giving the gen-
eral procedure for updating the multipliers during the
minimization process guch that, ‘as the sequence of mini-
mizers {xm} converges to a local minimum x*, the multi-
pliers also converge to a* and_B*. Although the algorithm
is based and 6perates on first-order conditions, if the
problem functions are of class C?, such that second-order
conditions are satisfied, thén the algorithm converges
locally.without requiring the penalty weights to increase
without bouhd. This provides a numerical stability not
found in the usual penalty methods.

In order for the algorithm to work, we must have a
means of generating search directions in n-space and a

means of searching along this direction for an
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unconstrained minimum. The theory and algorithms forhﬁhese
procedures'will be discussed in Chapters 4 and 5, but first
a practical interpretation of the Légrangé multipliers,
which are.obtaiﬁéd at the minima 6f the NLP, will be given

in the discussion of sensitivity in Chapter 3.




CHAPTER THREE

SENSITIVITY
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3.1 Introduction

A practical question that often arises in solving
either a mathematical or a real-world problem is how much
the optimum changes when changes are made in the con-
straints or when changes are made in the optimal parameter
values or system.elements. Sensitivity analysis allows
one to examine the variations in an objective or cost func-
tion when such changes are made. PhySical systems cannot
be constructed or operated exactly as in theory because of
the inherent limitations on man's capabilities and limi-
tations caused by a real-world environment. But these sys-
tems may be constructed and operated satisfactorily if the
elements that influence system operation maintain certain
tolerance limits. Tolerance specifications are ah impor- -
tant pert of a complete solution to a practical probiem,
and to specify them realistically one must know how changes
in the system elements influence the characteristics of the
system or problem under consideration. Sensitivity analy-

sis provides the means of obtaining such information.

3.2 Microscopic Sensitivity [53]

The fractional change in a given system character-

‘istic; which is a function of system parameters, can be
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estimated on the basis of fractional changes in the param-
eters. When these fractional changes are required to re-
main within specified bounded régions or tolerance limits,
worst—case sensitivities of system characteristics may be
estimated by directly incorporatiﬁg toleqﬁnce limits in
the performance measure and constraint equations. For ex-
~ample, syétém parameters are set to tolerance.extremes
-which are most likely to cause constraint violation .and
are least févorable to optimal performance. The perfor-
mance meésure is then optimized under these worst-case
conditions. . A similar analysislcould be performed whefe
the tolerance limits are at the oppodsite extremes and the

. performance measure is optimiéed under best-case conditions
yielding best-case sensitivities. Based on the above
analysis, a designer can choose design-center values for
system parameters. Microscopic sensitivity can then be

analyzed.
Microscopic (incremental) sensitivity measures are

usually based on a truncated Taylor series; since the in-

cremental éensitivity of a system characteristic is appli-

cable to small regions within the tolerance extremes about
some design-center. Let us consider the variation of the

performance measure f(x*) where x* is the design?center
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value of the system parameter vector x. If we assume that
£(x) is of .class C?%, we can-expand £ (x) about x* in the

truncated Taylor'éeries
£(x)=F (x*) + (x-x¥)" VE(x*) + 4(x-x¥)"V2E(x¥) (x~x*)  (3-1)

‘Define F,and‘A as follows [53]:

A |B1 - X1¥ X2 - Xo¥ Xn = Xp*
r = [: Xlﬁ 7 Xz* y ooceyg ——;—;fi— (3-2)
n .
and
— . —
X, 0 ... 0
0 x,*
. : ' !
AR . (3-3)
*
With these identities, (3-1) can be rearranged to
obtain
£(x) ~ £(x*) v . AVE(x*) A APPE(x*)N _ el £ pe (e
£ Ft) T L 2R Isy +1Iisq T (3-4)

where the column sensitivity matrix SXf is defined by

%
£ A AVE(x )

Sx —-—ETEWT— (3-5)
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and the square sensitivity matrix quf is defined by

£ A AVZE (x%) A )
Sq, = 2f (x*) ' (3-6)

Both f(x) and x* are assumed known so that SXf and
quf can be e#aluated. If x* happens to be a local mini-
mum (or maximum) Sxf = 0. Equaticn (3-4) yields the frac-
htional change in f(x) which results in the fractional
changes in x as specified in the I matrix. If f(x*)_# 0
or if any xi* = 0, however, equations (3-4), (3-5), and
(3-6) sHouidlnot be uscd——in such cases equation (3—i)

should be considered directly with sensitivity measured in

magnitude of change rather than in fractional change.

3.3 Macroscopic Sensitivity

Macroscopic sensitivity of a system characteristic
is sensifi?icy with fespect to large parameter changes._
For exampie; if a-range of values of a particular system
paramcter gives rise to a range of values for a system
characteristic of interest, a design-center value may be
selected so that the system characteristic is least sensi-
tive to changes in the parameter. In many applications,

: *

tolerance limits Zi are known for design-center values X

such that, in matrix form




~L < T <L , (3-7)
where L = [21, %2, «ue, 217

The question that often arises then is: “WhatAis
the maximum of the absolute value of [£(x) --f(x*)]/f(x*)
in (3-4) with respect to allowed variations of T as in
(3-7)?" This question is posed such that it can be put
intq the format of the NLP and can be answered by solving
the NLP Qith search techniques such as presented in this
thesis.. In general, the application of search techniques
results in the accumulation of large amounts of macro-

scopic information.

3.4 Sensitivity and Lagrange Multipliers

Sensitivity in the broad sense of the‘term may be
applied to small changes in the problem functions as com-
pared to changes in the paramétérs for fixed functiops.
"The Lagrange multipliers that satisfy the Kuhn-Tucker con-

ditions are frequently térmed shadow prices or attribute

~costs, in that they have the property of giving an attrib-
uted cost to a constraint. Consider the problem that often

arises:

max P (x) ' (3-8)
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subject to

= l' 2,‘9.., rﬂl (3_9)

I
o]
l_l

|

si(x)

and

il

'.tj(X)

A

b, 3

5 1, 2, ...p my (3-10)

- As a'éeneral example, ka) may be viewed as a profit
fqution for  some productibn process; the éoﬁStraintsléf
(3-9) maf be machine operation and manpower costs needed to
produce a line of products from given resources while the
constraints of (3-10) may represent the.availability'or
limitation oﬁ the total amount of the jth resource. By
- some investment or reduction in reéources, or by effecting
*a change in personnel or production policy, the manager
confronted with the above préblem could obtain a displace-
ment dk,'k = 1, 2,'.;., m; + mz, in the constraints (3-9)
-and (3-10). Assuming that by shifting the right-hand side
of the consfraints by a small amount dk’ and assuming-that'
there is.an associated savings or cost ™. per unit of
change; an in&estmeﬁt cost of savings “kdk results. The

following question theh arises: "Is the investment or

policy change profitable or not?"
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To. answer this question let us first reformulate

the management problem into the format of the NLP so that

we may directly use the Kuhn-Tucker conditions developed

in Section 2.4. Define f(x) = -P(x), hi(x) = si(x)

and gj(x) = b. - tj(x). Viewing the displacements, d

J

with these identities the problem becomes

min £ (x)
subject to .
and
gj(x) - dj+m1i 0, ji=1, 2,

°c e ey

* o oy

m;

ms

—a',

1

k

(3-11)

(3-12)

(3-13)

Of primary interest is the local behavior of the

minimum value of the objective function as the di's are

varied. The Kuhn-Tucker conditions for this problem are

hi(X) - di = 0, i =‘1, 2,

gj (X)._ dj+m1 z 0, j =1, 2,

B] (g] (x) - dj+m1) = 0, j =1, 2,

By 2 00 j =1, 2,
my mp

8 - 7.4 7. 30 o, g,

@
o
.

¥ i=1 thxy  j=1 )

® o e g

LI 4

e« o e g

LI I

° e o g

mi

(3-14)

(3-15)

(3-16)

(3-17)

(3-18)
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Let {Vh } for i = 1, 2,_..., m; and {Vg } for all jE€s_ be
llnearly independent S0 that (x } a*, B ) is the minimum
solution satisfying the Kuhn-Tuckef conditions at di'é =0,
and assume that the di's are small enough so that the fgné-
tions x(d), a(d), and B(d) are of class C!, Where
(x(&), o(d), B(d)) alspnsatisfies the Kuhn-Tucker condi-

tions as the-di's are varied.

Using the differential.chain rule

n
: . . 0X.
PE(R(A), g Z ohy, 395
Rl o St S P o, ——— + Z B. —_ (3-20)
Bdk 5=1 \ i=1 l:8xJ i ij Bdk

All equality constraints in equation (3-14) must be

. . *
satisfied by x(d) in a neighborhood of x , i.e.,

hi(x(d)) = di (3-21)
Clearly, from (3-21),
ahi
k
where
di,k = A | (3-23)
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Using the chain rule on (3-22),

g g dh,. Ax

QJ
(=
i
O2

i,k (3-24)

w

Suppoée that the ith constraint in (3-15) is active

at d = 0. By assumption, it will remain active at x(d) in

. *
a neighborhood of x so that

g3 (x(d)) = &5, (3-25)

and this constraint can be treated in the same way as the

equality constraints.' Thus,

. 99, n 0g. 9X.
s L s St (3-26
k j= l j k ’ !

Now suppose the ith constraint in (3-15) is inactive
at d = 0. By assumption, if the displacement di's are
small, 95 will remain inactive at x(d) in a neighborhood

*
of x so that

gy (x(d)) = d; o > 0 (3-27)

Consequently, by (3-16),
L B, =0 (3-28)
for all inactive constraints.

Substltutlng (3~ 24), (3-26) , and (3—28) into equation

(3~ 20), we obtain
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m; ma
of(x(d)) _

ody i i

1
which reduces to the value of the mulitplier associated
with the index value of k. Thus,

OLk, k = 'l, 2, .o ey m]_
ixld)) (3-30)
k

B

k—m I 4 k = m1+ly m1 +2r N m1+ m2
1

To first-order terms, (3-29) is used to find the incre-
mental change, Af(x), in f(x), where,
mi ' ms

AE (x) ¥ "a, o+
X = Ol ‘
i=1 *+ ¢

&
} B. d. (3-31)
j=1 J Jtm
Thus, in regard to the management question, we see
from (3-31) that when the di's are small, the answer is

*

- obtained by comparing the T, with the corresponding Oy

k
and B;_ml values. The practical implica#ion of this result
is that we can easily obtain an indication of how the opti-
mal value of the objective function changes as the resource
or policy éhénges. In using a'multiplier algorithm, the
multipliers for the constraint functions are readily avail-
able at the solution of the problem, and the indication of

favorable and unfavorable investments or .policy changes are

obtained without solving numerous NLP problems.
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It must be noted, however, that large changes based
on incremental indications may lead to results quite con-
trary to those expected. Incremental changes assume that
a fixed set of constraints hold in a small neighborﬁood of
the optimal solution. Large changes may violate this as-
sumption, and the constraint basis may vary with the dis-~
placements. Thus, before large scale changes based on
incrementai indications are implemented, it is wise to

solve the NLP under the new conditions.

Summary

The sensitivity analysis presented in this chapter
gives a method for finding how the objective or cost-
function changes when changes are made in the constraints
or when changes are made in the optimal parameter values.
Of most significance to.the general NLP is the sensitivity
information contained in the Lagrange multipliers that
satisfy the Kuhn-Tucker conditions. In using a multiplier
algorithm for solving a real-world NLP, the muitip;ie;s
are readily évéilable at the solution. These multipliefs.
have the property of giving an attributed cost to the prob-
lem constraints. And with proper interpretation of the =

multipliers, indications of favorable investments or policy
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changes are obtained without solving numerous NLP problems.
Several examples of practical application of the NLP and
interpretation of the resulting multipliers are given in

Chapter 8.




CHAPTER FOUR

GENERATING SEARCH DIRECTIONS
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4.1 Introduction

For general comparison purposes sequential éearch
techniques can be divided into two categories: 1) tech-
niques that utilizé derivatives of the problem functions,
and 2) techniques that do not require derivatives of the
problem functions. 1In general, the best sequential methods
which utilize the gradient are moré efficient than thése
that do not [53]. The search technigques of this thesis
utilize the gradient in generating the search direction;
the techniques are applicab;e to the case where the gradi-
ent is defined analytically at each point, as opposed to
the case where derivatives are apéroximated by differences
in the values of the performance measure in the neighbor-
hood of each search point.

Sequential unconstrained minimization procedures
locate the minimum x as the limit 'of the sequence'{xk};

° is an initial estimate of the

k+1

k=20, 1, é, ...,'where X
minimum, and for each k > 0, x is the minimum of the
performance measure with respect to variations along the
line through xk in some specified direction rk,

A desirable property for an iterative search method

to possess is that of quadratic convergence; meaning that
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for quadratic functions, the minimum will be located ex-
actly, apart from roundoff er;ors, within a finite number
Qf iferatiqns [28]. vIn general, éhe unconstrained pexrfor-
mance measure f, resulting from the transformation of the
constrained NLP into an unconstrained problem, is not
%

quadratic, but in the neighborhood of the minimum x it

may be expanded in a Taylor series of the form

% . % . *
f (x) f(x ) + AX“VE(x ) + LA V2f(x )Ax

-+ higher order terms . (4-1)

* *
where Ax X - x , VE(x ) is the gradient of f evaluated

at x* and.is equal to zero, and where sz(x*), the Hessian
matrix of second partials evaluated at x*, is symmetric

and positive definite. For general functions, as the mini-
.mum is appfoached, the function appears more closely quad-
- ratic, and the rate of convergence generally increases.
Fﬁrthermore, in regions remote from the minimﬁm, such
methods often account for the curvature of the function and
are thereby able to deal with complex situations which are
created, for example, when active constraints are incor-
porated with penalty functions. Information about the

local behavior of the function is most efficiently used

when iterative search methods calculate each new direction
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of search as part of the iteration cycle. In the remain-
der of this chapter, we investigate the properties of dra—

dient methods used in generating search directions.

4.2 Gradient Techniques

Common to all gradient techniques is the iteration

equation (1~4) given here in the form

el . (4-2)

_ JK
X =X

where xk+l is the new value of x obtained from a variation

o along the direction Hg through the old point xk.

x = %,

H is an 1 x n matrix, g is the.gradientf 6f f, and o is a
real number. Gradient methods differ in the way o and H
are selectéd,

In the method of steepest descent H in (4-2) is
set equal to the identity matrix I. At the miniﬁum point
of a given search direction, the next search direction is
set to the negative gradient at that point, which is the

~direction of greatest incremental decrease of £(x).

TIn this chapter, g will be used as standard nota-
tion for the gradient of £, V£, and is not to be confused
with the constraint set (1-3).
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Evaluéting f(x) at the point defined in (4-2) with

H = I, we have

’ + k ‘ . .
£x*") = £ - ag () 4 yia)  (4-3)
which forms a parametric equation in d. The gradient of

(4-3) with respect to a is

W= g g6 : (4-4)
which is always negative at o = 0, since g(xk)'g(xk) > 0.
Therefore, a aecrease in £ is guaranteed at every step if

o is sufficiently 'small. If o is too sma;l, a decrease is
guaranteed, .but convergence may be sloQ, and if o is too
large f may éctually increase. The §reatest decrease
occurs frém (4-4) at the value of o where 3f/3a = 0. This
optimum value of o -is found by solving (4-3) with a uni-
directional search as outlined in qhapter 5.

Convergence, although almost certain with this
method, is slow and relatively inefficient when nonlinear
problem functions are involved, as oscillatory search di-
rections are often génerated. Curry [14] also notes that
the converéence rate of this methodAis affected by scaiing
of the'xi vafiables. In En, if the function being mini-

mized is spherical, the minimum can be found in one
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itefation, because the negative gradient is normal to the
spherical surface qnd points toward the~cen£er.r if a
scdle change for any coordinate is made, however, the‘sﬁr—
face becomés elipsoidal, tﬁe negétive gradient.generaliy
no longér_points,to the center, and minimization requires .
more than'oﬁé iteration, resulting in an increased conver-
gence rate. These problems can be reduced to some exteﬁt
by the use of conjugate gradient search directions dis-

cussed in Section 4.4.

4.3 WNewton Search '

Suppose that in the vicinity of the current search
-point-xk,.f(kk+l) can be adequately represented by the

truncated Taylor series

k+1 k

£ = £(5) + ax” g(x5) + uax“nFax (4-5)

where Ax = xk+l - xk, and Ak is the n x n matrix of second

'partial derivatives of f evaluated at xk. The Ax that

~minimize (4-5) must satisfy

2 ax = -g(x5) | (4-6)

Equation (4-6) is in the form of (4-2); where H = (A.k)_l

and o = 1. If the function to be minimized is quadratic,

equation (4-6) giveé the minimum in one iteration, provided




70

that the inverse of the matrix of second partial derivé—
tives is.available. )

The Newton search ié a gradient method that.employs
the above approach. It has the property of quadratic con-
vergence, but requires the evaluation of second deriva-
tives, and a ﬁatfix inversion per iteration. When X is

‘ . e . . . k.
near a local minimum of a nonquadratic function, A" is

nearly conétant,'and-convergence is fast: but if xk is

not in thg vicinity of a local minimum, such that the
higher—order terms in (4-1) tend to dominate, the ﬁewton
-method may actually diverge. Another problem with this
method.océurs when Ak is a singular matrix, such that the
k
|

determinate |A”| = 0. Under these circumstances no in-

‘ k. ' k . ' s
verse of A" exists. Even when X is near a minimum and

k

'|Ak| # 0, it may be close to zero so that A is ill-

conditioned, leading to erroneous results.

4.4.'.Conju§éte Gradient Techniques

Thefcbnjugafe gradient method was'developed in 1952
by Hestenes and ‘Stiefel [32] to solve a set of simulﬁaﬁeoué
linear eqﬁétioné having a symmetric.positiVe—definité.

~matrix of coefficients. The equivalence of that problem
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and the minimization of a quadratic function can be seen
from equétion (4-6) in that

* , -1 - -
X = x - A “g(x) - (4-7)

Since A is a constant positive-definite matrix, the solu-
tion is obtained in one step from any point x. Before the
presentation of conjugate gradient techniques, some prop-

erties of conjugate directions are examined.

Definition 6: [Conjugate vectors].
Let A be a positive-definite matrix. A vector v, -
is said to be conjugate (with respect to A) to a

_vector vz if vi and v, satisfy

vi7Av, = 0 ' - (4-8)

When-vﬁ,and V2 are interpreted as direction vectors
in EF énd satisfy (4-8), they are said to be A-conjugate
directions; For example, in the method of'steepest descent,
the vectoré'Q(xk) and g(kk+l)-are conjugaté with ?espect to

the matrix I because, if the optimum value of o is found
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for each search such that By/ad = 0, equation (4-4) yields

k+1.. , k

1) 19 (%) = g () 79 () = 0 (4-9)

-g(x
Consider the following properties of conjugate di-

‘rections, which are given in [53] as theorems with proofs.

If A is an n x n positive-definite matrix, then

Pl: If n. nontrivial directioens rl, i=1, 2, ..., n,
are known to be A conjugate to one another, then these

r's are linearly independent.

S

: ‘When f£(x) is quadratic with A equal to the matrix

of second partial derivatives, and when nontrivial

1

directions r i=06,1, ..., n-1 are mutually conju-

' i &
gate with respect to A, the exact minimum point x
of £(x) can be obtained by a sequence of n unidirection

searches starting at x%. The xk are determined from

the iteration formula
K*ly o min £x° + ar®), k=0, 1, 2, ..., n-1 (4-10)
0. .

£(x

%
with the final result being = x .
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Property 2 demonstrates that the method of sequential uni-

’ ditectional'searches is quadratically convergent when
. qsing é set of A conjugate search diréctions.'

Equafion (4-8) gives a definite criterion fér con—.
jugate search directions. In some problem formulations,
such as the NLP, only the problem functions -and their gra-

dients are defined numerically so that A, the matrix of

second partials, is not explicity available. Additionally,

the f(x) to be minimized in general is not gquadratic, and
if x is far from the minimum such that the quadratic ap-
proximation to £ is not valid, other relations must be

used to determine conjugate directions. One such relation

can be found by the following theorem. (For proof, see
Appendix B)
Theorem 8: [Conjugate directions by linear A
independence]

Consider the quadratic equation
£(x) = £(x7) + (x - x*)7g(x*) + &(x - x¥)"Ax - x%)
where A is n x n and positive definite. If

by dfl)/aa = 0

3f (axrd) /%0 = 0 at o = 0 and 9f (x* - x
at o = 0, where r! # 0 and r? = x° - xP # 0 are lin-

early independent, then r! is A-conjugate to rZ2.

(4-11)
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Theorem 8 suggests'that conjugate directions can be
generated without using the gradient of f(x). Methods of
this sort are discussed in [57,66,71]. Two well-known
methods for generating conjugate directions when A is not
explicitly available are given in the following sections.

(See [42] for derivations.)

4.5. The Method of Fletcher and Reeves

In the conjugate gradient method of Fletcher and

Reeves [28], the conjugate directions are generated as

follows:
rt = -g* for i = j(n+l), j=0,1, 2, ...
(4-12)
and
. . i+1, . i+l .
L —gl+1 L lg” )" (g ) r-, otherwise . (4-13)
i,. i
(g7) " (g7)
where gl+l équals the gradient of f(x) at the point xl+l,
and where xl+l is détermined'from
£(x**) = min £(x + arh (4-14)

o

This method and the DFP method of the next section are

adaptive in character in that the search directions are
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not precalculated, but generated in the iterative process

as the algorithm proceeds.

4.6. The DFP Method

To datg, one of the most powerful and sophisticated
of the gradient methods is Fletcher and Powell's [27] ex-
tension (1963) of Davidon's [15]. variable metric method
developed in i959. The method is a conjuéate gradient
method and is called the DFP method.

In this method the A-conjugate directions are gen-

erated by
rt = -gtgt : (4-15)
where
B = I  for i = j(n+l), =0, 1, 2, ...
' (4-16)
and
. . iv., 0 1 i i iyegd
Hl+l = H" + QA%i) (Axi) - B (Ag )(ﬁg )IH r. otherwise
tax™) “ (Ag™) (Ag™) “H™ (Ag™) (4-17)
where Axl-=:xl+l - xl, Agl ='gl+l - gl, gl+l is the gradiént
of £(x) at the point xl+l, and x**t is found from the

relation

£(x1*ly = min £(x* - antgl) (4-18)
(oA ; L
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n-1

The sequence H? H!, ..., H is a sequence of sym-

metric positive definite matrices. As x approaches the

1

* i - y
minimum point x , H' tends to. A , the inverse matrix of

second partial derivatives of the quadratic approximation
% .
to £(x) at x . It was shown in Section 4.4, eguation

(4-7), that the minimum of a quadratic function could be

1

attained in one iteration provided that A ~ was available.

If the DFP method is applied to a quadratic function, the -

T = -(a*g’) with the

following results: 1) (r;')"Arj =0, 1i# 3, 2) H? = A-l,

’ L] L3 i [}
search directions r~ are given by r

and’ 3) gn = 0. If the function in question is not qua--
dratic, the sequence'{Hi} still remains positive definite
and the unidirectional search is.conducted'over o >0
only. '
Both the method of Fletcher and Reeves and the‘DFP
method are éuaranteed, apart from rounding errors, to lo-
cate the minimum of any quadrafic function of n variables
in at most n iterations. For functions that are not qua-
dratic, the processes are iterétive rather than>n-step,
and tests for convergence should be used. Both processes
are quadratic convergent; and sinceinonquadratic functions,

when in the proximity of a local minimum, can be adequately
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approximated by a quadratic function, rapid convergence

often results.

The search directions that are generated are those

corresponding to the current local.quadratic approximation
to the function, énd the rate of convéréence depends ‘upon
the responée to changes in the local quadratic approxi-
mation from iteration to iteration. Thus, in applyipg |
these methods to general functions, consideration must be
given to 1) the choice of a starting point x%, 2) the type
of unidirectional search employed to locate each xi+l,

3) the overall efficiency of the algorithm, and 4) the
final convergence criterion. These points are discussed
in Chapter 5.

4.7. The Method of Generating Search  Directions
for the Multiplier Algorithm

It was,Shown that in the DFP method the sequence’
{Hi} > A_l,‘the inverse matrix of second partial deriva-
tives of f(x), as x - x*, a local minimum of f(x). Thus,
the DFP method yields information about the curvature of
f(x) near x*._ This information is, however, obtained at
the price.of providing storage space for H and time for

its manipulation when implemented on a computer. The
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method of Fletcher and Reeves is more econdﬁicalAin that
the minimum is located but no information about the curva-
ture of f is acquired [53]. Of the methods investigated,
this author feels that the DFP method is the best method -
for the fqllowing type of problem: i) the problem func-
tions are giveh énalytically and are of class C? with re-
spect to théir arguments, and ii) evaluation of the model
(problem functions and their gradients) requires relativelf
large amounts of computation time as to that fequired for
matrix maﬁipﬁlations that are associated with the method.

Because the DFP method generates A™T without the
use of éecond partial derivatives and because the NLP fits
the format of problems most suitable to the DFP method,
the DFP mefhbd is used in implementing the multiplier'alf

gorithms of this thesis.




CHAPTER FIVE

THE UNIDIRECTIONAL SEARCH IN EP
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5.1. Introduction

To define a straight line in n-dimensional Euclidean
‘space, E®, either two points or a point and a direction

must be specified.

Definition 6: [Straight line]

If x2 and xb are specified points in E®, then

(o) = (1 - a)x® + axP, —w < < o (5-1)

defines a straight line which passes through points
x(0) = x% and x(1) = xP. If r is a specified direction

véctor, then

x(a) = x* + ar, Coomw < g < o | (5-2)

is a line which passes through the point x(0) = x° in

the line direction r.

It can be shown that these two representations of a

line are equivalent by identifying r with xb - x? to obtain
x(d) = x% + cx,(xb -x*) =x% + ar (5-3)
Consider y(a) = £(x2 + dr). The first derivative of

y (o) with respect to o is

(5-4)
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%}x’- = _r'Vf'(xa +ar) (5-4)

and the second derivative of y(d) with respect to o is

. .
%E¥ = r’vzf(xa + gr)r {(5-5)

'Because‘of the n(n+l) /2 functions that must be evaluated
to obtain the symmetric matrix A = v2f, and the additional
operations that increase as n?® to find A_l,'as required by
second-derivative seérch methods like the Newton search,
it becomes quite evident that the more efficient n-~
dimensional search techniques make no direct use of second

derivatives.

5.2. The Unidirectional Search Problem

In any'practical situation, the time spent in evalu-
afing the modél (i.e., objective ahd constraint functions
and their gradients) at various points may well dominaté
thg time for the whole minimization process. It is theré¥
: foré desirable to ﬁake the unidirectional search as effi-
.cient as possible using the generated data at previous
points to the utmost in locating future points, and limit; - ‘

ing the number of model evaluations as much as possible.
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The unidirectional

mine Og such that-i~
¥ (ag)
where
v (o)
since y(0) = £(x) and the

from the minimum point of

82

search problem then is to deter-

= é% Y (o) =0 (5-6)

= et o+ @l ©(5=7)

search directions r' are gener-

ated such that y(0) = (rl)‘vf(xlf < 0 are readily. available

the previous search, it is only

natural to use a search technique that utilizes this in-

formation.

5.3. A Cubic Convergent S

earch Without

Second Derivatives

A highly successful and recommended method is that

proposed by Davidon [15].

The method has three stages of .

calculation. The first stage establishes the order of

magnitude of o and is guadratic convergent. The second

stage establishes bounds on Og such that the minimum is

bracketed, and the third stage, which is cubic convergent

1-For the remainder
a function y with denoted

of the thes1s, the derivative of.
by V. :
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interpolates'otS to a desired degree of accuracy from the
upper and lower bounds determinéd from the second stage.
In general, the method préceeds as follows:

(the

Phase I. Given: xl, f(xl), Vf(xl), fl, and fest
estimated minimum of £f(x)). Find: do, where do is the
minimum point of y(a) = f(xl + drl).which is the local

quadratic'approximation to f£(x) and Qhere fest is assumed
to be the well defined minimum of y(a). | |
Phase II. With do obtained from phase I, y(a) is evaluaﬁed
at o = do, 2dy, 4do, eeey d1, dz2, ds where the s;ep is
~doubled each time until a step d; is determined with the
property that y(d,) < y(d;). At this point the gradient
v(a) is evaluated at d, and, depending.upon its sign, the
points da and db are assigned to two of the.points from the
set {d,, dz, dj} which bracket the minimum.

Phase III; This phase performs a cubic interpolation be-

tween the points da and db to locate an approximate minimum

Og of y(a), Where y(o) is of the cubic form

y(a) = ala - da)a + b(o - da)z + cla - dy)) +4d (5-8)

The derivatives 9(da) and ?(db) are computed and are

]

used with the values y(da) and-y(db) in (5-8) to determine
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the constants a, b, ¢, and d. With these constants deter-
mined, the minimum oy is'given by the fdllowing.formula,
which is found from the solution of (5-8) using ordinary

min/max theory.

. 1
_ _ b " /bN\? ¢
OLS = da Ty + sgn(a)l:(§> —;T{} | (5-9)
where '

+1, a >0
sgn(a) = - (5-10)

Davidon gives a compact representation of (5-9)

whereby as can be found from

Y(db) + uz =

o  = d. - (d (5-11)

g = 9 b~ %) | Ty - y@E) oo
where
y(d, ). - y(d)
up = ¥(dy) + ¥(d) + 3|—7g——7 o (5-12)
‘ b !
and

up = -E“z - y(da)y(db):ll’z - (5-13)
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If y(ug) is less than both y(d_) and y(d,) then a
may be acéepted as a sufficiént}y accurate éstim@te.of the
minimum point. On the other hand, phase III may‘be re-
peated over one of the intervals (da, as) or (as, gb) that
brackets the minimum until the desired accuracy of Y(as)
is obtained. |

A éingle application of thé'interpo;ation formula
(3—11), (5-12), and (5-13) produces the exact_Value.of &s
in the limit as f(x) becomes quadratic in the neighborhood
of a local minimum [28]. Further,_increésed accuracy in
the general case is-obtainédjgnly at thé cost of more
evaluations of the model.- Interpolation.is.mostllikely to
be -inaccurate in regions remote from the minimum, and it
is uneconémic to require a high degree of accuracy in such
regions. Numericél tests have shown that higher accuracy
interpolation does not yield a significant'reduction:in the
number of iterations required in ﬁﬁe minimizétion,érécésé.
From the’stahdpoint of stability, howévéf,_a cértain dégree -
of accuracy must be achieved to enéure'that the values of
£(x%) do fdfm a decreasing sequence’(.;.‘i £ (x+" 1) > £ (x*)

> £(x”"7)..,). Hence, the provision for repeating the in-

térpplation over smaller intervals.
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Since high accuracy is not required in regions re-
mote from a local minimum, and in the vicinity of such a

minimum £(x) is adequately represented by the local qua-

dratic aﬁproximation,~this author feels that a single . -—=

stage, quadratic convergent search algorithm would be
highly efficient in a unidirectional search for a minimum.
For the general constrained NLP where the model ié complex
and the variébles are highly interactive, it can be as-
sumed that one gradient evaluation is approximately équiﬁa—
lent to n funcfion evaluations. Thus, the required number
of gradient evaluations in the unidirectional éearch should
be held to:a minimum. It can be seen that a single appli-
cation of Davidon's cubic interpolation formula requires
three grédient evaluations per search, and an additional
gradient evaluation for each repeated interpolation. The
search algorithm presented by this author in the next sec-
tion requires‘only one gradient evaluation per search.

This gradient evaluation occurs at the end of the Search
when as‘is located, .and is used for‘generating tHe next
search direction,'for ensuring that ay(O)/Bd < 0 at thé

beginning of the next search, and for testing the effi-

ciency and overall convergence of the minimization process. .




87

5.4. A Quadratic Convergent Search‘Without
Second Derivatives

Consider again the unidirectional search problem
given by (5-6) and (5—7)-where y(o) is assumed to be a

quadratic of the form
y(a) = ala = d;)2 + b(a - d;) + ¢, a > 0 (5-14)

with a well-defined minimum at

= _ b | -
OLS = dl' 3a / - (5 15)

Suppose two points, d: and dz, are specified such
that y(dl); y(d:1) and y(dj) can be evaluatea from (5—14).
Since three data are sufficient to solve for all three cén-
 stants of the quadratic function, the data v(dy), ¥(di1)
and y(dz),'where d: = 0, are used in (5-14) to deterﬁine
the constants. a, b, and c such that o, may be determineq
from (5—15). 'With a, b, and ¢ determined by these three

data, the minimum point o is

1 (da) §(dy).

% T &y @) F y(@,) - y(d;) © (5-16)

Su?pose now a gecond situation whefe d;., dz( and d;
are specified and y(d;), y(dz), and y(d;) have been évalu-

ated. Again, these three data are sufficient to determine
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a, b, and ¢ from (5-14) such that the minimum ag can be
"found from (5-15). With a, b, and ¢ determined by these

three data, the minimum point Og is

o =as 4y (GEily(@s)-y(a)] -d8i Iy (ds) = y(d))]
s 1 *\d21 [y (ds)-y(d1)] - ds:1 [y (d2) =y (d1)]

(5-17)

where

dy; = dz - d) dsi

ds -~ di
(5-18)

a3, = (dpp)° © A5, = (dan)?

Both (5-16) and (5-17) will be used in the following
search technique as a means of estimating the minimum of
the local quadratic approximationvto f(x), depending upon
the available data at each point of thé unidirectional

search. In general, the search proceeds as follows:

Step l: Given: xk, f(xk), f(xk) and rk.

'Find: o  which is the step in the r® direction that- yields

the minimum value of y(o) = f(xk +,mrk), where yﬁd) is of

k

the form (5-14). 1In general, f£(x + ark) is not quadrétic

but (5-14) -is used regardless.

- . -
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Step 2: Set.d, = 0 and y(d) = f(xk), The search direc-
tions gené;gﬁed by the DFP method allow.a search over
a > Ovonly, and from the development in Chapfer 4 we know
that ¥(0) = (rk)’f(xk) < 0. Assign a lower boﬁnd,

d

: 4 a
low >-0, and an upper bound, dup > 1 on the parameter ©¢.

Also assign a reduction (division) constant vy > 1, and an
acceleration (multiplication) constant p > 1, such that a
step di may be reduced or accelerated in the rk direction.

The initial step d, is assigned by

%] < 200
k _ 2,k . ‘ . .
0.1, r" = -f(x"7) (negative gradient direc-
d, = : tion)
2 = : .
1.0, otherwise (conjugate gradient direction)
' (5-19) .
or
I1X] > 200
k k
frozlie s 2o/ > Ay,
d; = ' ’ (5-20)
dlow’ qtherw1se
feassign: d1 = .01 4 r Y = Zy.

ow : low

For most searches d, is assigned by (5-19), bu; in

the initial search iterations of the minimization process,
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the point xk‘may be far away from the minimum x*, and ‘the
magnitude of the search dlrectlon.llr || may be extremely
large. When this 51tuatlon arises, the fixed step ds
assigned by (5-19) may lead to a constraint breakthrough.
Thus, for llrkll > 200, d,, 4

Low’ and vy ére modified ac-

cording to (5~20).

¥ (o)
P | .

G y(d,) > y(0)
M{’ ¥(0) <0
YO J = e — Q6 Y(dy) =¥ (0)

/
4 G y(d,) < ¥(0)

1
!

d),, 0-1lde dz

O

Figure 5-1. Possible s1tuatlons considered in
: step 3 of unidirectional search.

iSteE 3: With dz2 determined, 'y(d:) is evaluated and com-
pared to y(d:). Three possibilities arise frbm this com-
parison as shown in Figure 5-1: y(dz) > y(dl) is consid-
ered in step 4; y(d2) = y(di) is considered in stép 5; and

y(dz) < y(dlj-is considered in step 6.
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1.

/Y0 <o
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Quadratic fit

—y@) > y(©)

-0 low

Figure 5-2.

.Stepféz y(dz) > y(di). and d; =

~equation (5-16) .

i’ :
— S 5| .
t — g —P o
d 0:1d> d,

Représéntative:case of step 4
where‘as is determined by using
y(0), 7~ ¥(0) <0, and y(dz) in

0. - The values y(d:),

y(dl)_aha y(d2) are used in (5~16) to estimate ag. It can

be seen'from Figu:é'5-2'that'as is contained in .the open

intgrval'(oj dzj;

If 0 < o id;lazand d, > Qiow,then d, is reassigped

as follows

',and'stepr3:is again repeated.

< 0.y h
| (521
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If 0 < as < dz and d» : dlOW

\

then o is the accepted

minimum point of the search: evaluate y(ds) and continue to

step 8.

If 0.1d, < Oy <'d2 and.dz > dlOW

, then y(ds) is

evaluated and compared to y(d;). If y(us) > y(dll, d, is

reduced by vy, i.e., d, = d,/y, and step 3 is repeated. On -

the other hand, if y(qs) < y(d,) as shown in Figure 5-3;

v(d,), Y(ag) and_y(dzf are used in (5-17) to yield the

quadratic minimum Oga

of these three points. The value

o is calculated as a check on the accuracy on the local

sScC

quadratic approximation to f(x). Define the * 10% ‘'window’

interval w(o)

w(a) = [0.9a, 1l.lo]

w(as)

Quadratic
fit

4 e , 4 —> O
0 0.1d; - Lo ds .

Figure 5-3. Representative case of step 4 where o

(5-22)

SC

is determined by using y(0), y(a_), '
and y(d:) in equation (5-17). Th8 shaded
area represents the window interval w(ag) .
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If O is contained in w(as) then y(as) is considered an

accurate estimate of the minimum of the search. Continue
9 - .
to step 8. Otherwise O is the accepted step and
Y(as) is the accepted minimum of the search.
o, = o
s sc

Continue to step 8.

" Step 5: y{(d) = y(d1) where d; = 0. Assign d3 = pd,..

Evaluate y(ds) as shown in Figure 5-4 and dompare it to

y(da).
¥ (o)
y(d,) > y(d,)
: ¥ (dy) T 3 2
(0) fm — — —0m — — = — —
y(d;) < y(dz)
-} : D> O
é dz ds .
Figure 5-4. Possible situations considered in
step 5 of unidirectionaknsearch.
If y(ds) < y(dz)ﬂgo'to step 7. The condition where

' y(d)) = y(d;) = y(ds;) may occur when HrkH is extremely

‘small. In this situation the initial fixed step d. from
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(5-19), and hence ds = pdz, are not large enough to cause

‘a significant'changé in y(u), due to roundoff errors, be-

cause f(x) is relatlvely flat w1th these step sizes. Thus,

acceleration steps are taken to force d,;, d,, and d; away
from o = 0 as shown in step 7. _
If y(ds) > y(d2), y(di), y(d2), and y(ds) are used

in (5—1?) to estimate ds; y(ds).is then the accepted mini-

-mum of the search. Continue to step 8.

Step 6: v (da) < y(d;) where d; = 0. The values.y(dl),
v(di1), y(d2) are used in (5-16) to locate the minimum
point a, of the resulting quadratic fit, as shown in

Figure 5-5.

y (o)

y(Or y(dy) < y(d,)

Quadratic fit

g . '. a, £

-, . S —> o
dp i dup ' :

Figuré 5-5. Represeﬁtativé case of step 5 where
' a) is determined by using y(0),
v(0), y(dz) in equation (5-16).
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If a) is contained in w(dz), then the local qua—'
dratlc approx1mat10n to f(x) is accurate, dz 1s the gc-

cepted mlnlmum p01nt, and y(u ) is the accepted

: a_, = d
v _ s 2

minimum of the search. Continue to step 8.
If al'i.dup, assign d3‘=jdup and continue to etep 7.
If. 1.14, < a; < dup’ y(d:), y(da) and y(a,) are

used in (5-17) to estimate oy, as a check on the local

quadratic'apﬁroximatiOn. If y(a:) > y(d,) then ag = Ay

is the minimum step and y(as) is the accepted

o =
S aSC

minimum of the search. Continue to step 8. If.

y{a,) < y(d,) and Ogq is contained in w(a:), then o

1]
)

S

is the minimum step and y(as) is the minimum of

o =a1

‘'of the search. Continue to step 8.

If aéé is not contained in w(a;), then assign

d, =d,, y(d;) = y(dy), d, = a;, y(d,) = y(a,), d; = pd,,
and continue to step 7.

If O <Ha1.< 0.9d, and if y(a;) i,y(dz), a. = a; is

'S
the minimum point and y(ds) is the. accepted minimum

=]
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of the search. Continue to step 8. Otherwise assign
dz = a3, y(da) = y(ai1), apd continued to step- 7.

If a; ? 0 continue to step 7. This condition.occuré
when the ldqal'éuadratic approximation of f£(x) is not
valid and y(dz).is below the projected gradient y(0) as
shown iﬁ Figure 5-6. In this situation y(d) has the wrong.

curvature resulting in a; < 0.

y (o)
Qo
Quadratic fit vy (0)
NS
o projection of
7(0) < 0
7 + k N ¥(© § ]
4 0 d, qup

Figure 5-6. Representative case of step 6
where using y(0), y(0), y(d:)
in (5-16) gives the wrong
durvature to f(x) .

Step 7: Evaluate y(d) at the points ds, pds, pzds,'pada,
'..., déf,db’ dc, where the terminal vaiue‘dé is determined
.on the basis that Y(dc)'z,y(db) as shown in Figure 5-7.

At each evaluation the points 4d,, dz, dj~are accelerated

by reassigningithe values d; = d,, dy = d3, and ds = pdy,
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such that at the terminal condition y(d4,;) = y(da), -

y(dy) = y(db), and y(d;) = y(dc). .The values y(dl), y(dz),_

and y(d3;) are then used in (5—17) to estimate ds' If-
y (o) i.y(dz), y(a ) is the accepted minimum of the search.
Continue to step 8. Otherwise Og = d, is the minimum step

and y(as) A is the accepted minimum of the search.
ds = 4,

Continue to step 8.

y (o)

!

Quadratic fit

y(dy)

y(d,)
j ] A |'| 2 3 Q (x
d,=0r .
1 d, ds pds o p2d,4
d; d; ds
4, ds ds

Figure 5-7. Representative case of step 7
showing acceleration of points
d;, dz, and d; away from o = 0.

Step 8: With the estimated minimum step‘as and minimum

value calculated from the above steps, the new point.xk+l

is-
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with the desired result that

KLy 2 omin £65 4 or®) (5-24)

o
In the above procedure, suppose that the initial

f(x

value of. the function y(0) was saved as the initial best
lpoint of the search Yhest® Then for each step o, y(a)
could be cémpared to Ypest and if y(a) < Ypest’ y (o) would
become the new Ypest of the search. Generally, the point
y(us), obtaiﬁed when step 8 is entered, is the best pbint.
Bﬁt as a check against accepting a greater function value
for a search in areas far from x*, where the quadratic
approximation:is not valid and La is highly nonlinear,
y(as) should be compared to ybest.and the smallest value
taken for the end point of the search. This additiénal
check-is included in the computer implementation oflthe
séarch procedure, and will be discussed further in
Section 6.6 and 6.7.

5;5. The Unidirectional Search for fhe
Multiplier Algorithm

Both search techniquesfpresented in this chapter
were implemented and tested on various sample problems of
- Chapter 7 with the DFP method for generating search direc-

tions. The quadratic search technique of Section 5.4
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consistently required fewer function evaluations (20% to
40% less) than that of Davi@on's,'both in function calls
per itefation, and in total function calls for the entire
minimizatioh.process. Only one gradient call, as compared
to three (or more)for Davidon's method, per iteration is
required for the quadratic search.

From Chapters 2, 4, and 5 we now have a multiplier
algorithm, a means of generating search directions. in n-
space, and an efficient quadratic search technique for

locating the minimum along each search direction. Consid-

eration can now be given to the choice of an initial point

x%, the overall efficiency of the algorithm, and the final

convergence criterion.
The augmented Lagrangian of (2-22) incorporates
both the equality and inequality constraints by exterior

 need not be in the

pénalty functions.' Therefore, x
strictly feasible area of the inequality constraints.
Therefore, no additional stage need be incorporated into
the algorithm for finding a starting point; The starfing
point for a particular problem using thié algofithm then

is selected from the best starting point known from past

analysis or on the basis of a sensible guess.
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The overall efficiency of this algorithm is based.
on [[vL_|| < e,; and l|aAx]] < e,. The final convergence
criterion is based on IvL_|| < €,. These criteria are
explained in detail in Chapter 6 where they occur in the

algorithm implementation.




CHAPTER SIX

IMPLEMENTATION OF THE ALGORITHM
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6.1. Introduction

The multiplier algorithm, like most penalty—funcfioh
alégrithms, solves the constrained minimization problem by
a sequence of unéonstrained.minimization problems. The es-
sential structure of tﬁis type of algorithm is shown in
Figure 6.1. Aftef initialization it consists of the itera-
tive Sequend¢; 1) generate the search direction r‘k from
information'évailable atAthe current search point xk;

2) find the'étep o in tﬁe search direction which yields

the minimum of the augmented function in the * direction;
3) calculate and output the status at the new search point
xk+l; 4) test conditions for updating multipliers, penalty
weighté, and other algorithm parameters, and perforﬁ the
update if conditions are satisfied; 5) test for convergence
or.-.stopping conditions and output termin;l status if satis-
fied; 6) if the minimization seguence has not been termi- -
nated, reéeat the process. with thé,new current ‘search point
xK+L A‘F¢RTRAN code is given in this thesis for solving
~the NLP by aicomprehensive_implementation of the‘above_sé—
. quential process. Pigure 6-2 shows the'subroutines used

to implemen£ the_multiplier algorithm. _The gene;al parf

of the codé consists of l3isubroutines which are shown

within the dashed lines; the code for these subroutinesA




initialize

algorithm
k=0
4
calculate find xXt1. calculate search
| int status
search __T k+1 - e poin
direction Lo(x ")=minL_(x"+ar") P
rk a
4
k = k+1

output search

é point status
onvergenc

or
topping conditions
atisfied

€0T

J,

output gie 7o
: pu. conditions for
G e n updating multipliers
status P g P

and/or weights

satisfied

update multipliers
and/or penalty y
weights

Figure 6-1. Minimization sequence using a multiplier algorithm.




l calling program '

e

| Subroutine ALG@R

| , | |

l Subroutine DFPRV Subroutine SEARCH

l , i

| Subroutine MATMUL SubroutineDMIN |
: l Subroutine VALUE |

| Subroutine OUTPUT

| ¥ '

' Subroutine MULTUP Subroutinr AUGLAG |

zl g _ |

I Subroutine DELTA 7 Subroutine GALAG |

| |

' Subroutine WUP

l Subroutine INITL

DATA Subroutine CONST Subroutine FXNS

Subroutine GRAD

Figure 6-2. Subroutines used to implement algorithm.

0T
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remains the same for every problem. Only the 4 remaining
routines and data block require.modification\from problem
to problem as they supply the anaiytiéal repreéentation of
a particular problem apd'information dictating operating
modes of the general routine for that problem. An expla-
nation of_each subroutine, to describe its particular func-

tion in relation to the total algorithm, is now in order.

6.2. User Supplied Subroutines

Four subroutines for any given problem and one data

deck are required to supply the analytical model and param-

eter settings for the general routine. The short calling
program properly dimensions all of the arrays and makes a
. call to the general working subroutine ALG@R. Subroutine
ALG@R in turn directs subroutine INITL to'reéd initial
condi£ions and values for flags, counters, and paraﬂetefs
supplied in DATA, and to set operational modes of the al-
gorithm. Once the algorithm is initialized, it performs
the problém ﬁinimization sequentially, calling subroutines
FXNS and GRAD whenever an evaluation of thé problem model
is requi;ed.

Subroutine FXNS supplieé thé cost function, f£(x).

.and the equality and inequality constraint functions,

|||||
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{h, (x) ™ and {qg. (x)}™2
1 f=1 7] j=l

; respectively. Subroutine C@NST
supplies all nonzero constant gradient Cpmpgnents of Ehe
problem functions given in subroutine FXNS. It is called
only -once during the initialization of the algorithm. The
dynamic grédiént components (those dependent upon x) of
the pfoblem functions are assigned in‘subroutine GRAD.
Reference [40] contains an analytical model for gen-
eral problems and the information required for dimensioning
vectors, calling ALG@R, and supplying the data, For con-
venience the main body of this information is iisted in
Appendix C. In subsequent sections the subroutines inside
the dashed line of Figure 6-2 are explained. 1In the flow
connections, the numbers that are encircled and assigned to
blocks correépond to statement numbers’in the program list-
ing in Appendix E. The letters ﬁhat aré enclosed in-the
small, pointed semi—sqﬁare boxes are page connectors; some
flow diagrams are continued on more than one page. A sum;
mary of the key notation used in the F@RTRAN coded progfam
and the flow connections for this program is given in

Appendix D.
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6.3. Subroutine ALGZR

Subfdutine ALG@R is the organization and command
program. It directs the minimization sequence as depicted

in Figure 6-1. Control is given to this subroutine from

the calling program. It then coordinates the operation of

all remaining subroutines until the algorithm is termi-
nated, returning coptrol to the calling program which then
ends computer execution.

The algorithm has the capébility of .operating in
three modes: 1) straight penalty-function mode with all
mpltipliers equal to zero; 2) a straigﬁt multiplier mode
where multipliers can be iﬂitialized from the data input,
or are initialized by the algorithm at the end of the first
cycle (each cycle denerally consists of between N+1 and
NSRCH (usually NSRCH = 2N+1) unidirectional searches):

3) a combinéd mode in which the penalty-function method
operates for a number (NCYCL) of searches, after which
the mulitplier method is intéfnally initialized and used
for the remainder of the minimizatidn process. KSRCH is
_the counter for the number of cycles completed during the
total process.

Thé flow connection for subroutine ALG@R is given

in Figure 6~3. The algorithm is initialized and the mode




enter

ALG@R
ICON = 0
call INITL
NN = N2

XS = X

b3
n
FES = FE

call DFPRV
call SEARCH
call GRAD
NGE = NGE+1
call GALAG
call DELTA

N0,

.

IT

=0

L

o

ITOT
KSRCH
T

]

ITOTHA

KSRCH+1 -

I+

FIS FI

B |

-
FS = F

Figure 6-3.

Essence:
command.

Organization and operation

T

Directs minimization sequence
as depicted in Figure 6-1.

Flow connection for subroutine ALG@ZR.

80T




IBSD = IBSD+1

IBSD = IBSD + 1

Figure 6-3. (continued)

60T




call WUP
call AUGLAG
call GALAG

1UP = TUP +1

MULTUP

calculate: GMAG

@

KSRCH =
IBSD =

I
O o

Figure 6-3. (continued)

i
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of operation established by a call to INITL. After the
‘iﬁitial starting point information is saved C:), the mini-
mization sequence is then started; the search direction R
is_generated by DFPRV; the unidirectional search is con-
ducted by SEARCH to find an approximate minimum (ALFA) qf
the augmented’LaQrangian (AL) in the R'difection; the gra-
dient of AL (GAL) is then evaluated, and the search point
status is updated by DELTA. Appropriate counters are in-
cremented,tand thé search point status is érinted '
if NPRINT séérches have been made since the last output;

Tests to determine if the last unidirectional
search -made a' significant change in the search point are
conducted Gg» : \

i) DELG < e, and DELX < €3

" ii) ALFA = 0
If either of thése conditions is satisfied, the last uni-
directional search made no signifiqant change‘in the search
point x; and the poor search counter (IBSD) is incremented.

Afte? tﬁe above efficiency tests have been conducted
the following conditions are tested to determine if the
weights of multipliers should be: updated :

iii) KRSCH > N iv) IBSD = 2
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v) KSRCH = NSRCH vi) NSTP = 1

. vii) GMAG < e€; or IBSD i,3

viii) GMAG < €, aﬁd DELX < €3
As seen'from Figuré 6-3, if conditions iv and vi are sat-
isfied, the total number ofliterations (ITOT) is compared
to the prescribed maximum limit. (‘IMA_}EI) . If this limit
has been reached without convergehce, IS?OP is set equal
to 1 and the algorithm is terminated after printing
the status of the last point CEE@ . Otherwise, if condi-
tion iii and one or more of conditions v, vii, and viii
are satisfied, the updating procedure proceeds aé follows:

a) if the problem is unconstrained (NEPI = 0) no
update is effected

b) if IUP < NCYCL, the weights only are updated by
weight update rule (penalty function mode)

c) if IUP NCYCL, the multipliers are initialized
(IMULT 1), and the weights for the multiplier

- phase are initialized (IFLAG = @ (change
.from penalty~function to multlpller

d) if IUP > NCYCL, both the multipliers and welghts
- are updated by their respective update rules
(multiplier mode)
The ﬁpdating procedure changes the value of the
augmented Lagrangian and its gradient. Thus, they are re-

evaluated by' calling AUGLAG, and GALAG . An update

also signifies the completion of a cycle, thus IUP is
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incremented , and the céunters KSRCH and IBSD are re-

initialized ' .
Aftér the updating procedure,‘the algorithm is
tested for overall convergence as follows:
ix) QMAG > e, |
%) DELX > €4
If neithef of the conditions ix or x~5re.satisfied,
convergence criteria'ére satisfied, i.e., both GMAG and
DELX have ‘been reduced below their respective prescribed
values €; and ;. When convergence criteria are satisfied,
ICONV is set equal to 1, ISTOP is.set equal to 1 Qg», and
the algorithm is terminated after pfinting the status of
the last poirit . If one or both of the cbnditions ix

and x are satisfied, the process is again repeated by re- '
turning to’ .

6.4, Subroutine INITL

It is the purpose 6f this subroutine to effect the
initialigation'of the'algorithm.. A flow connection’ for
this subfqhtine.is given in Figure 6—4.‘ Flags, éounters,_
and some:pérameterS'are set by INITL, and others are read

‘from the data deck (see Appendix C)}




enter
INITL

Set following = 0:
KSRCH, IBSD, IUP
IT, ITOT, IMULT,

Set following = 1:
NG, NFE, NGE

DUP = 4,

A

Read: N, NE, NI,
IMAX, NPRINT, IHE,
IHI, ICON, NCYCL,

NSRCH,NUP,€3,€2,€3, X

o

¥

N +1
NE+NI

NP1
NEPI

]

.Essence®s Initialize 'algorithm; read
set flags, counters, and
parameters; output initial conditions.

data;

Figure 6-4.

READ: WI1M, W2M,
W3M, W1MAXM,
W2MAXM, W3MAXM,
WFM
READ: W1, w2, IFLAG = 2
W3, W1MAX, IMULT = 1
W2MAX, W3MAX, IUP = 1
WEF call WUP
l =
‘III’ .
GE =
READ: HE

Flow connection for subroutine INITL.




call FXNS
call GRAD

CONST

L
call AUGLAG
I call GALAG
HE READ: HI
GO = GAL
calculate: GMAG
Figure 6-4. (continued)

STT




Output: N, NE,
NI, El's €2, €3,
IMAX, NPRINT

r

__f Output:
G

X, F,
MAG

Output

NSRCH

NCYCL, NP1, /

L2

l¥ Output: FI,

AL,
RETURN

Output: W1, W2, W3,

W1MAX, W2MAX,

Output:

FE, HE I

Figure 6-4.

(continued)

W3MAX, WF

Output: Ww1M, W3M,
W3M, W1IMAXM, W2MAXM,
W3MAXM, WFM

O
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If the problem is constrained the multiplier weights
are read. NCYCL is then tested to determine the.operating
moae:of the algorithm, and if the'penalty-function mode or
penalty/multiplier mode is specified the penalty-function
weights are also read.

Only the nonzero components of the function gra-
dients are iisted in subroutine GRAD and CONST. Before
these subroutines are called ail gradient components of
the cost function are zeroed . If there are any eéual-
ity constraints, their gradients are élso_ zer;b'ed . If
any of the multipliers for the equality constraints are to
be initialized to some nonzero cohstant (IHE = 1) they are
read from the data deck. Otherwise they are initialized
to zero by" INITL ' . A similar procedur.e is followed
for the inequality constraints , .

The. iproblem model is then evaluated r and ’t.:he
augmented’ Lagrangian and its gradient are formed .
Subroutine INITL then pfints the initial conditions of all
-importénﬁ variables, parameters, and flags before_feturn-

ing'fO‘subrqutine ALG@R as shown in Figure 6-4 by the

pafhs through blocks ' _@, and .
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6.5. Subroutines DFPRV and MATMUL

'The search direction R is generated by these subrou-

tines. As shown in Figure 6-5 the direction flag (NG) is
set to zerp; If the last unidirectional seafch‘did not’
find a better point (NSTP ; 1), or if this is the first
search of a new cycle (KSRCH = 0) the DFP method is rein-
itialized @ED » the H matrix is set to the identity matrix
(20) , and R is set to the negative of the gfadient of Li@ﬁl
The H matrik ié f&rméd through a series of 4 calls to sub-
routine MATMUL which performs vector matrix multiplications
@ED. .One additional call to MATMUL in (€® generates the
conjugate diféction R.

After the search direction has been genéréted, the
slope and magnitude of R are calculated @ED , and are
tested under the following conditions:

xi) RMAG > 0.001 GMAG xii) SLOPE < 0
The unidirectional search is conducted over positive step-
sizes only. Thérefore, at the begipning of a search where
ALFA = 0, the slope is required to be negative.' Also, if
the conjugate directions generated afé less in magnitﬁde
than the magﬁitude of the gradient of the.augmented Lagran-
gian by a factor of 0.001, a more significant reduction in

L, will usually be produced by a search in the negative




Essence: To conduct matrix multi-
plication using a vector format.
Called only by subroutine DFPRV.

IDFP = N+1

‘II'} C = AB
2 B0
ok TR
R
IDFP = IDFP+1 l

calculate:
SLOPE, RMAG

Essence: Calculate search
direction vector R, via DFP
method, equations (4-16), (4-17)
with conditional resets to the
negative gradient direction.

o}

Figure 6-5. Flow connections for subroutines DFPRV and MATMUL.
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‘gradient direction. Thus, if either condition xi or xii is
not satisfied, a poor airection has been generéted. There-
fore, IBSD is incremented @E@) aﬁd R is set té the nega-
tive gradiénf by returning to block @Eﬁ . If both condi-
tions xi and xii are satisfied, the generated R is re-

turned as the direction for the next search.

6.6. Subroutine SEARCH

This subroutine conaucts the guadratic unidirec-
tional search that is presented in Section 5.4. The flow
connection for subroutine SEARCH is shown ih Figure 6-6.
Initially'Di'= 0 and Y1 = AL correspond to the minimum of
the last sea;¢h. This point is saved as the initial best
point of the present search. The slope is also known to
Ee negétiﬁe'at Dl = 0 in the R directioh given by DFPRV.
An initial‘stepsize D2 is assignedla value of 1 if R is a
conjugate gradient direction or a value of 0.1 if R is a
negative gradient direction. The stepsize D2 may be modi-—
fied as shown in Figure 6-6, and a lower bound (DLOW) and
a stepsize reduction factor (CUT) are established for tﬂe
value of D2 finally selected for the initiai Step{ The
parametric equation y(d)_=‘La(xk + ark), where y(0) = Y1,
. is then evaluated at o = D2 to yield ¥2 in GED . The

value Y2 is then compared to Y1 resulting in one of three




enter ) o
SEARCH._ k
I RMAG < 200
n

0
YS = AL
D1 = 0 call VALUE
ICL = 0 D2 = 10/RMAG (2)
AL
1

n
D2 = DLOW
CUT = 6

DLOW =(.01)D2

Essence: Conducts unidirectional search
DLOW = .001 in n-space along direction r. Finds o,
CuT = 3 k+1
ol , Such that
k+ 3 k k
La(x l) = min La(x T

Qo

Figure 6-6. Flow connection for Subroutine SEARCH.
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call DMIN
(ALFA)

D2

D2/CUT |

Y

.

call VALUE
(AL)

call VALUE

(AL)

Figure 6-6.

L call DMIN
(A1)

(continued)

XT = XS
FE = FES
Fi-= RIS
F=FS
ALFA = DS
AL = YS

ceil




TCI*=sFCL+N

call VALUE
(¥3)

D1 = D2
Yl = Y2
D2 = D3
Y2 = ¥3

call DMIN
call VALUE
(ALFA) , (AL)

()

Figure 6-6. (continued)

A




call DMIN
K (Al)

call VALUE
(YAL)

PeT

call DMIN
(ALFA)

D3 = Al
Y3 = YAl

Figure 6-6. (continued)
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cases: Case 1) Y1l < ¥Y2; Case 2) Y1 = ¥2; and Case 3).
Y1l > y2.

Case 1. The estimated quadratic minimum point ALFA
of L, is obtained by a call to DMIN which finds ALFA using
a point-élope—point (PSP) gquadratic fit of the values Y1,

slope, and Y2 . . If D2 has been reduced to or below
.the lower bound DLOW then Lé1 is evaluated at ALFA

and either ALFA or the best point of the search is returned
to ALG@R. If D2 is greatef than DLOW and ALFA is
less than or equal to (0.01) D2, then D2 is reduced'to'the
largest of ALFA and DLOW, Y(D2) is again evaluated

and compéred to Y1 as above. Otherwise Y(ALFA) = AL is
-evaluated, and AL is compared to Yl. If AL is greater than
Yl, D2 is reduced . and the search continues at .
If AL is less than or equal to Y1, an accuracy check is
made on the local quadratic approximation as follows. An
estimate Al of the minimum point is obtained ffom DAMIN‘
which estimates Al by a point-point-point (3P) qua-
dratic fit of the values of Y1, Y2, AL. If AL is within '
the * 10% window of the previous .estimate, ALFA, then ALFA
or the best point of the search is returnéd . If Al

is not within the window, ALFA is set equal to Al, AL is

evaluated ' , and the best point returned A
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Case 2. A step D3 = (3)D2 is taken and Y3 'is evalu-

ated and compared to Y2. If ¥3 is not greater than Y2,
the search steps are reassigned as in , and a step
D3 = (3)D2 is again taken. This process is continued for

a maximum of 10 steps at which time the best point of the"

search is returned through blocks - and '. If dur-

ing this process a value of Y3 is found which is greater
than Y2, the vé.lues ¥l, Y2, and Y3 are passed to DMIN ,
"which estimates the minimum ALFA by a 3p guadratic fit.

AL is evaluated, aﬁd the best point of the search is re-
turned.

Case‘3. The quadratic'apéroximation is tested by
obtaining an estimate of the minimum Al, found from a PSP
f£it in DMIN (300). If Al is within the +10% window of D2,
D2 or the best point is returned through . If Al is
negative - + a step of D3 is takén as in case 2.
. If Al is poéitive and less than DUP then, after YAl is
evaluated ,, A_l is compared to D2. If Al is less than
D2, Y2 and YAl are cbmpared. If YAl is less than or equél
to Y2, Al or the best point is returned through ;
otherwise D2 is reassigned as in and the search con-
tinues under case 2 at . if Al is greater than D2, a

3P quadratic fit of Y1, Y2, and YAl is made to
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estimate ALFA. If YAl is greater than Y2, ALFA or the best
pointn 1s returned . If ALFA is within the *10% win-
dow of Al, Al or the best poipt is returned through '
otherwise D3 is reassigned and the search continues under
case 2 at .

In several situations inthis subroutine a test is
made to see if an estimated minimum is withiﬁ +10% of a
éoint already evaluated. If it is, the evaluated point,is
returned. This reduces the number of model evaluafions
for each unidirectional search. Whenever a point is evalu-
ated, it ié compared to the best point of the search. If
this néw point has a smaller value of La, it becomes the
best point. Since the minimum point of the last search is
saved initially, we are guaranteed that the miniﬁum of
each search is less than or equal to the value obtained in
the previous search. Thus, the sequence |
...Lé(xk_l), La(xk), La(xk+l)... isla monotonic decreasing
‘sequence for each cycle. At the completion of each cycle,
the multipliers and weights are updated. If the searches
of each cyclé have been effective, in that the multipliers

are converging to their optimum values, and if there is at

least one value of La in each cycle that is smaller than
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the smallest value of La in the previous cycle, the se=~-
quence'{La(xk)}tends to a constrained minimum of the prob-

. . k . - %
lem as the sequence {x} tends to x .

6.7. Subroutines VALUE and DELTA

Subroutine VALUE is used by subroutine SEARCH in
performing a unidirectional search. A flow connection for
this subroutine is given in Figure 6~7. This subroutine
evaluates the problem functions, by a call to FXNS, at a
test point.XT, which is a given stepsize D away from the
initial point of the search X, along the search direction
R C:). The augmented Lagrangian La(AL) is forméd by call-
ing éubroutine AUGLAG, and La is compared to the best
point of the search YS. 1If Ly is a better point, it be-
comes the new best point of the search, and the point XT
is stored along with the problem function values at
XT, and the values of F, D, and Y . |

Subroutine DELTA is called by subroutine ALG@R when
the best minimum point is found by SEARCH. The flow con-
nection for subroutine DELTA is given in Figure 6-7. DELTA
updates the search point status for the new minimum and
calculates DELX, DELG, and GMAG which are used by ALG@R

for testing convergence and updating criteria.




Essence: Evaluate the problem func-
tions and L, for a given 0 of a uni-

enter directional search. If Ly(a) is less enter
VALUE than the previous best value Ly (a) DELTA

becomes the new best value. All
5 evaluations are saved.
XT = X+(D)R A
= -
call FXNS 2= Xvew) T *(o1d)
call AUGLAG a (new) a(old)
) X(01d) - *(new)
L = VL
> a(old) v a(new)
y n DELX = [|Ax||
XS = XT DELG = ||AG||
GMAG = || VL. || (new)
RETURN ¢
Y “EII’ RETURN
FS = F
DS = D Essence: Update
¥YS = Y FIS search point status

for the minimum of
each unidirectional
search.

Figure 6-7. Flow connections for Subroutines VALUE and DELTA

6CT
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6.8. Subroutine DMIN :

Subroutine DMIN estimates the minimum step o by
making a quadratic fit of 3 data values along the éearch
‘direction. Depending ﬁpon the information available,
either a point-slope-point fit is made r Or a 3-point

fit is made @ED“ as shown in Figure 6-8.

6.9. Subroutine AUGLAG

This subroutiné is called by INITL in initializing
the algorithﬁ, by SEARCH in conducting a unidirectional
search, and by ALG@R after a mﬁltiplier and/or weight up-
date; Its purpose is to formulate the augmented Lagrangian'
La(AL) at-a‘given pdint. For this purpose; it uses the
problem function values, muitipliers,'and weights at that
point, as in equation (2-22). A flow connection for this

subroutine is given in Figure 6-9.

6.10. Subroutine GALAG

This subroutine is called by INITL in initializing
the algor;thm and by ALG@R after the best point minimum is
found in SEARCH. As seen from the flow connection given
in Figure 6-10, its purpose ‘is to formulate the gradient

VLa(GAL) df the augmented Lagrangian at this point




Essence: Make a quadratic fit
of 3 data values in a given
direction to obtain an estimate
of the minimum point in that
direction.

enter
DMIN

15 (D2) 2 (SLOPE)

o =

Y1-¥Y2 + (D2)SLOPE

Figure 6-8.

|

(D2-D1) 2 [Y3-Y1] - (D3-Dl)2[Y2—Yl)}
(D2-D1) [¥3-Y1] - (D3-D1) [Y2-Y1]

=Dl +% {

Flow connection for Subroutine DMIN.

TET




AL = F ‘ RETURN

n Essence: for a given point
formulate the augmented
FILAG = 0 Lagrangian, L,, from problem
FEW1 = 0 function values, multipliers,
LR = FIW2 = 0 and weights, as given in
I 0 equation (2-22).
FLAG=FLAG+HE (I)FE(I)
FEW1 = FEW1 + FE?(I) 3

FLAG=FLAG+HI (J) FI (J)
| FIW2=FIW2 + FIZ(J)

AL=F-FLAG+ (W1) FEW1l+ (W2) FIW2+ (W3) FIW3 n
?
T i

‘ RETURN ’

Figure 6-9. Flow connection for Subroutine AUGLAG.

¥

| FIW3 = FIW3 + FI2(J) |




Essence: For a given point formulate the
enter - 3
GALAG gradient of the augmented Lagrangian, VLa,
from problem function values and gradients,

multipliers, and weights as given in
equation (2-23).

=1 ‘ GAL(I)=GF(I) |

n
X NE U ol
GLAG = 0
GIwW2 = 0
GIW3 = 0

GLAG = GALG+HE (J) GE (INDX)

GEW1l = GEWI1+FE (J)GE (INDX)

Figure 6-10. Flow connection for Subroutine GALAG.

n
3 e
INDX = INDX+N

EET




S J=J+1
INDX = INDX+N

GLAG = GLAG+HT (J) GI (INDX)
GIW2 = GIW2+FI (J)GI (INDX)

L

| L o

GIW3 = GIW3 + FI(J) GI(INDX)

Y

GAL(I) =

GF(I)-GLAG+2[ (W1)GEWl + (W2)GIW2 + (W3)GIW3] __'D

Figure 6-10. (continued)

PET
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from problem function values, problem- function gradients,

multipliers, and weights as in equation (2-23).

6.11. Subroutine MULTUP
The flow connection for this subroutine is given
in Figure 6-11. The purpose of this subroutine is to es-

tablish the constraint basis for each search cycle by up-

dating the multipliers according to the multiplier rules

given in equations (2-43), (2-44), and (2-45). The new
multipliers are then pprinted along with the problem func-

tion values at the point of update.

6.12. Subroutine WUP

This subroutine updates the penalty Qeights ac-
cording to"the weight update rule; equation (2-46). A
flow connection is given in Fiéure 6-12. If the algorithm:
is used in the multiplier mode, or in thé penaity/

mﬁltiplier mode, this algorithm initializes the multiplier

- weights ‘when the multiplier phase is introduced.

' 6.13. Subroutine OUTRUT

A flow connection for this subroutine is given in
Figure 6-13. This subroutine prints the general search

point information for the minimum of a unidirectional




enter
MULTUP

(2-44) , and (2-45)

I=1 / Output: FE, HE]
57 T N

HE (I)=HE(I)-2(W1l)FE(I)

b

HI(J) = HI(J)-2(W2)FI(J)

Essence: Update the Lagrange
( i ) multipliers by multiplier rules,

as given in equations (2-43),

FI(J) < O

R

HI(J) = -2 (W3)FE(J)

E[ Output: FI, HI HI (J)

D

Figure 6-11. Flow connection for Subroutine MULTUP.

9




Essence: Initialize penalty weights for multiplier phase;

update penalty weights by weight rule as given in
equation (2-46).
3

(W2)WF
Y

=WEM

Wl

| X

[€ W3 = W3MAX

IFLAG = 0
St}
l’ Output: W1, W2, W3

W3 = (W3)WF

IFLAG =

s S

Figure 6-12.

Flow connection for Subroutine WUP.

LET




Output: ITOT, NFE, NGE, /

enter DELX, DELG, RMAG, NG,
QUTPUT R, F, AL, GMAG, X /
NUP = 1

call MULTUP

€ ———F output: FI, HI /

8ET

Output: FE,

Figure 6-13. Flow connection for Subroutine OUTPUT.
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search. At the termination of thé-algorithm (IsToP=1),

this subroutine calls MULTUP. (only if the algorithm has

" operated in the straight penalty-function mode such that .

IMULT = 0) to get an estimate of the multipliers. The
final values of the problem functions and the values of
their associated multipliers are also printed as terminal

information.




. CHAPTER SEVEN

TEST PROBLEMS
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" 7.1. Introduction

In this chapter the multiplier algorithm, ALG@R, is
,gpplied to several standard test problems, and the solu-
tions are compared to thoée obtained by other methodé‘
which solve the NLP. Examples of the formulation of the
NLP from selected real-world problem situations, and the
solutions of these problems, are presented in Chapter 8.

Execution time to convergence or termination of the
algorithms is a good standard of comparison, but is a
function of the computer language and the type of computer
'which is used for solution, both of which vary’signifi—

" cantly. Tﬁefefore, the comparison is made on the basis of
the number of functioﬁ evaluations required to reduce
|£(x) - f(x*)l to a desired degree of accuraéy. The solu-
tions obtained for the problems presenfed here are tﬁe re-
sults of double-precision calculations én the XDS Sigma-7
at Montana State University. All reéults are from ALG@R

operating in the - straight multipiier mode.

7.2. Test Problems and Results

Tl: Banana Valley (Rosenbrock [65])
Rosie (Banana Valley) is a widely used test function

for nonlinear programming routines. This unconstrained




- £(x) was reduced to below 10~
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function has a steep (banana shaped) valley along

To be minimized is
£ =100(x,% - x,)% + (L - x,)?
* .
The optimum point is at x = (1, 1) at which
* . . ‘
f(x) = 0.
The standard starting point is at x = (;1.2, ).
The parameter settings for the algorithm are

£, = 1078, €2 = €3 = 107%, and nsrch = 6. The function

5 in 142 funetion calls and
38 gradient calls, and converged to the exact optimum point
in 152 function calls and 44 gradient calls. The user sup-

plied routines, data, and computer results are . given for

this problem in Appendix C.4.

T2: .Around the World (Pierre [55])
The problem is to find the minimuﬁ of £ on a sphere,
subject to ;emaining on one side of a -plane  that passes
through the sphere.

Minimize




ized as follows: x = (~0.1, -1.0, 0.1), e, =_10_‘,
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subject to

1+ x;, - 2%, >0

‘ ‘ *
The thimum point is x = (0.6, 0.8, 0) at which
* x ’ * :
f(x) = -0.8, o = -0.25, and B = 0.3.

For a typical solution, the algorithm was initial-
6

€9 = €3 = '10_4,,"»d =.8 = 0, W1 .= W2 = W3 = 0.25' w.

e = 1,
imax's

wE =.2; and nsrch = 7.  Four place_accﬁracy in f(x*) was
obtained after 42 function calls and 19 gradient calls,
and convergéd to the optimum in 65 function calls and 29
gradient calls. For the same initial values, Pierre's
method obtained four place accuracf in f(x*) after 87
function calls and 17 gradient calls. The user sﬁpplied
routines, data, and computer results are given for this
problem in Appendix C.5.

Pierre also notes that a saddle point Xg exists at

O’ [0 = 0025, and B = 0:50

In one test case with the initial x; = 0, his solution
converged to the saddle point. A slight perturbation away

from the saddle (initi&l X = (—1.0, 0, 0.05)), however,
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caused the solution to converge to the optimum. This test

case was not investigated for this thesis.

T3: A Linear Problem (Pierre [55])

Minimize
f=-0.5%x; - x5 -~ 0.5x3 = x4
subject to

X1 + X3 + X3 - 2%y - 6 =0
4

10 - J x, >0
i=1 t 7

10 - 0.2xy =~ 0.5x%x, ~- X3 = 0.2%x, bd 0

x, >0, i=1,2,3,4

*

The optimum point is at x = (0, 26/3, 0, 4/3) at

which £(x') = -10, o = 0, and

3* = (L, 0, 0, 0.5, 0, 0.5, 0), where'thé last fouf com-
ponents of B are the multipliers associated with

X > 0, 1i=1, 2, 3, 4.

For a typical solution the algorithm was initialized

as follows: x, =0, i=1,2,3, 4, ¢ =107°,
62=€3=10_'4I0,=0’ Bj=0' j=l, 2, « s o0y 7,
W =W, =w; = 1, Yimax's, 16, wf = 2, and nsrch = 9,

The optimum was obtained after 50 function calls and 22
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gradient calls. For the same initial values, Pierre's
method obtained the optimum after 118 function calls and

23 gradient calls.

T4: A Seven Variable Problem (Pierre [55])

Minimize
f = -5x; - 5%, - 4x; - X1‘X3 - 06Xy _"__§3<5___
l+X5
8xg -X ~2X
- oas ‘ 7. 7
T+ % 10(1 + 2e e )
subject to
2X4+X5+O.8}.{6+X7"5=0
X% + %32 + x5 + x6% - 5 =0-
7
10 - ) x, >0
i=1
4
5 - )] x>0
i=1t 7
5 -« x; = X3 - X5 - Xg +X722_0

x; 20, i=1,2, «ou, 7

A constrained local minimum exists at’ _
* .
x = (3.24182, 0, 1.63416, 0.124021, 0.889614, 1.24021,
* * .
2.87018) at which f(x ) = -44.4687, o = (0.317079,

. *
-0.185926), and B "= (1.38658, 5.24758, 0, 0, 1.63416, O,




l4e6
0, 0, 0, 0), where the last seven components of R .

are the multipliers associated with

Xi_>_0, i=l' 2[ .‘001,70

For a typical solution the algorithm was initialized
-4

as follows:' X, = 0.1, i=1, 2, ,.,) 7, ¢, = 10 7,
: =5 _

?2 = g3 = 10 7 OLi = 0, i=1, 2, Bj =0,

j =.l’ 2,. e ny 10’ Wl = W2 = W3 = l’ w = 32’

imax's

wf = 4, and nsrch = 15. Four piace accuracy in f(x*) was
obtained after 131 fﬁnction calls and 52 gradient calls,
and converged to the minimum in 179 function calls and

76 gradient Calls; For the same initial values, Pierre's
method obtained four place accuracy in f(x*) after 212
function éalls and 45 gradient calls.

The following test functions were found in a com-
putational comparison study of some nonlinear programs [5].
Three sequential unéonstrained minimization methods, ‘
OPTKOV, POWCON, and SUMT, were compared on the basis of
computer execution time and number of fuﬁction evaluations.
All three methods were written in the same.lénguage, |
ICL ALGOL 60 and run on the same computer. For the test
éroblemsAlisted here, the donclusions drawn from that

study were; considering function evaluations, POWCON was
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the best method; considering execution time, SUMT was the
best method; OPTKOV was relatively inefficient considering

both number of function evaluations and runtime. The con-

vergence test criteria for these three methods are not in-

dicated in‘[5], and therefore, the comparison with ALG¢R
is based on the number of function evaluations required to
obtain a desired degree of accuracy in f£(x). The same
starting points were used for each test problem. Function
evaluations for OPTKOV, POWCON,. AND SUMT are obtained from

a table in [5].

T5: (suggested by Fiacco and McCormick)

Minimize
f = %(xl + 1) + Xz
sﬁbject to
X -1>0
X, >0
This fuﬁction has an optimum at x* = (1, 0), at

X ' %,
which f(x ) = 8/3, and g = (4, 1).
The algorithm was initialized as follows:

x = (1.125,0.125), e; = 10°°, e, = e; = 107%, g.= (0, 0),
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Wi = W =0, w» =ws = 1, w2, = Ws = 64, wf = 4,

max max max

nsrch = 5.  Five place.accuracy in f(x*) was obtained
after 46 function calls and 21 gradient calls, and con-
verged to"ﬁhé'optimum iﬁ'88 function calls and 29 gradient
calls. Fivé place accuracy invf(x*) was obtained by
OPTKOV after 103 function calls, by POWCON after 134

function éalls, and by SUMT after 181 function calls.

T6: (Rosen and Suzuki's problem)

Minimize
f= %2 + %22 + 2%3% + %4% - 5%1 - 5x%x2 - 21xs + 7xu

subject to

4
-( ) xiz) - X3 + X - X3 +x +82>0

i=]1
- %32 = 28p% = x3% = 28?2 4+ %) + xRy, + 10 >0
2312 = %22 -~ X% - 2X1 + Xp + Xy + 5 >0

A ‘constrained local minimum exists at
*
x = (0, 1, 2, =1) at which f(x ) = -44, and

(L, 0, 2).

™
il

The algorithm was initialized as follows:
x= (0, 0, 0, 0), €; =€, =¢€3 =100, B=(0, 0, 0),

= = = = Wo. =W = 16, wf =4
w1 w1 0, w2 = ws 1, W2 oy W3 ax p ’
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and nsrch = 9. Five place accuracy in f(x*)’was obtained
after 79 function calls and 32 gradient calls, and con-
verged to the minimuﬁ in 162 function calls, and 63 gradi-
ent calls. Five place accuracy in f(x*) was obtained by
- OPTROV after 198 function calls, and by SUMT after 175
function calis. POWCON stopped prematurelf.after 68 func-
tion calls at the value of £ = -44.9307, obtaining only

two place accuracy.

T7: (Beale's problem)
Minimize
f=9-8x; - 6x2 - 4%3 + 2x1% + 2%,% + xX3?% + 2x1%,

+ 2X1X3
' subject to
—X_I“X2—2X3+310

This -function has a constréined local minimum at
the point-x*‘= (4/3, 7/9, .4/9) at which f(x*) = 1/9, and
B* = (2/9, 0, 0, 0), where the last three components of.B
are the multipliers associated with éi‘ilo,' i=1, 2, 5.

The algorithm was initialized as follows:

x = (0.5, 0.5, 0.5), e, =109, e, =¢e5 =102,
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(0, 0O, 0)1 w1 =W1max' = 0, WZ = w3 = 1,

B

Wzmax = W3 o = 16, wf = 4, énd nsrch = 7., Five place
accuracy in f(x*) was obtained after 33 function calls and
17. gradient calls, and converged to the minimum in 51
function calls and 25 gradient calls. Five place aécuracy
in f(x*)-waé.obtained'by POWCON in 61 functioﬂ calls,' and
by SUMT sqmewhere after 130 function calls. OPTKOV con-

verged to f£(x) = 0.1111 in 184 function evaluations after

obtaining only four places of accuracy.

T8: '(suggested by Powell)

Minimize-
5
£f = 1 Xi
i-1-
subject to
' 5
] x, - 10=0
i=1
XoX3 — 5Xyxs = 0

12+ %, +1=0

This function has a constréined local miﬁimum.at
x* = (—l.7l7i4, 1.59571, 1.82725, -6.763643, —6.763643)
at which f(x*) = ~-2.91970, and a* = (-0.744446, 0.703573,
~0.096806) . | '
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The algorithm was initialized as follows:
-6 =5

X = (-25 _1.5, _2’ —l, _l), El = 10 -7 €op = €3 = lo Y
o = (0, O, 0), w1 = 0-5, Wlmax = 8’ 3 ‘
W2 = W3 = W2 . = Wa . = 0, wf = 2, and nsrch = 11.

Five piace accuracy in f(x*) was obtained after 75.function
calls and 36 gradient calls, and converged to the mlnlmum
in 99 functlon calls and 45 gradient calls. Flve place
accuracy in f(x ) was obtained by OPTKOV after 187 func-
tion calls, by POWCON after 90 function calls, and by

SUMT after 126 function éalls.

Powell [58] notes that some difficulty could occur
with constfaint breakthrough because £ is not bounded from
below. Thgréfore, f = exp(x1xZX3X3x;) is the recommended
function to be minimizéd Subject“£b,the same constraints
as above. The problem was run'usiné”this modified cost
function. The algorithm was initialized as above except

that w; = 16. The minimum of this problem was located

max
: * * A
at the same point x as above at which f(x ) = 0.0539498,
*
and oo = (-0.040163, 0.037958, =-0.005223). Five place ac-

*
curacy in £(x ) was obtained after 46 function calls and
19 gradient c¢alls, and converged to the minimum in 101

function calls and 38 gradient calls.
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T9: (suggested by Wong)

Minimize
£ = (x1-10) 245 (x2-12) 24+x3"+3 (x4 -11) 2+10xs ®+7x¢ 2+x, *
-4xsX7-10xs;8x}
subject to
~2x1% = 3x,% - x3 - 4x4? - 5xg + 127 > 0
=7%X1 = 3X%o _10x32'_ Xy + x5 + 282 > 0
-23x%x; - X22 - 6X52 + 8x7 + 196 b 0

'—4X12 - X22 + 3x;%x, - 2}'{.32 - 5X5 + 1lxo > 0

A constrained local minimum of this function exists
at x* = (2.33050, 1.95137, -0.477541, 4.36573, -0.624487,
1.03813, 1.59423) at which £(x') = 680.630, and '
8¥ = (1.13972, 0, 0, 0.368615). |

The algorithm was initialized as follows:
-4

x=(, 2,0, 4, 0, 1, 1), €1 =¢€5 = €3 = 10 7,.
g = (0, 0, 0, 0), wi = Wlmax = 0, w2 = w3 = 0.25,
W = w3 = 16, wf = 4, and nsrch = 15, Five place

max max

" _ .
accuracy -in- f(x ) was obtained after 124 function calls
and 36 gradient calls, and converged to the minimum in

179 function calls and 59 gradien£ calls. Five places of

* ' . : .
accuracy in f£(x ) was obtained by OPTKOV after 334 function
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calls, and by POWCON at convergence in 123 function calls.
SUMT failed to find the minimum in 160 function calls as
it stopped prematurely at the value f£(x) = 680.739, after

obtaining only three places of accuracy.

T1l0: (suggested by Wong)
Minimize
f = x12 + X22 + X31Xp, - l4X1 - 16X2 + (Xa-lO)z +4(Xl+"‘5)2
+ (x5=3)2 + 2(xg-1)2 + 5%,2 + 7(xg-11)2

+ 2(%,-10)2 + (x,,-7)2 + 45

subjec£ to

S3(x, - 2)2 - A(x, - 3)2 - 2,2 + Tx, + 120 > 0
-5%,2 - 8%, - (x5 - 6)2 + 2x, + 4 > 0 |

-0.5(x, - 8)2 —- 2(x, - 4)% - 3x5% + x¢ + 30 > 0
—xrzl— 2(x, = 2)2 + 2x;%, ~ 14xs + 6% > 0

-4x, - 5x, + 3x, - 9x4 + 105 i.O

-10x, + 8x, + 17x; = 2x4 > 0

3x, =. 6%, - 12(xg ~ 8)2 + Tx;, > 0. -

8x; = 2x, - 5Xg + 2x%;, + 12 > 0

Thig function ﬁas a constrained local minimum at

® : :
x = (2.17200, 2.36368, 8.77393, 5.09598, 0.990655,

1.43057, 1.32164, 9.82873, 8.28009, 8.37593) at which
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#* - *
f(x ) = 24.3062, and B = (0.020546, 0.312029, 0, 0.287049,
1.71653, 0.474520, 0, 1.37593).

The algorithm was initialized as follows:

X = (2, 3, 5, 5,.1, 2, 7, 3,‘ 6, 10), €1 =10_4,
€2 = Ea = 10-5, Bj = .0, j‘ = l, 2] e 0 oy 8,
Wi = Wi =0, wp o= ws o= 0.25,0 wp o= ws = 4;wE = 4,

nsrch = 21. Four place accuracy in f(x*) was obtained
after 185 function calls and 66 gradient calls, and con-
verged to the minimum in 233 function calls and 85 gradi-
ent calls.— Four place accuracy in f(k#) was obtained by
OPTKOV after 621 function calls, and by SUMT after 532
function calls. POWCON stopped after 272 function calls
at the value f£(x) = 24.30 after obtaining 3 places of

accuracy.

Tll: (suggested by Wong)
Miﬁimize
£=x1% + x2? + x1x2 - 14x1 - 16x2 + (x5-10)2 + 4 (x4~5)>
+ (x5=3)2% + 2(xs-1)% + 5x,° + T(xe-11)?
b 2(xs=10)2 + (x10-7)% + (x11-9)% + 10 (x12-1) 2
+ 5(x13=7)2 + 4(x14=14)2 + 27 (x15-1)2 + x,6" .

+ (x17-2)% + 13(x;8-2)2% + (X19-3)2% + %202 + 95
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~subject to '
=3(x,-2)% - 4(x2-3)% ~2xs% + Txy + 120 > 0.
1'5x"12 - 8x2 - (X3-6)% + 2xy + 40 > 0
0.5 (x1-8Y2 - 2(kp-4)2 - 3x52 + x¢ + 30 > 0
-x,2 -2(xz42)2 + 2X1X, = 1l4x5 + 6% > O
-4x; - 5%, + 3x7 - 9xg + 105 > 0
-10x; + 8xp + 17x7 - 2%s > O
3%; - 6Xp = 12(%X9-8)2% + Tx3¢ > 0
8x; - ggz - 5x%g + 2%, + 12 > 0
“X1 - Xz - 4x1i + 21x3, > 0
~x1% = 15%;; + 8x1, + 28 > 0
-4x; = 9%, - 5x3132 + 9x,4 + 87 > 0
-3x; - 4%, - 3(x13-6)2% + ldx;4 + 10 > O
~14x;2 - 35%;5 + 79%;5 + 92 > 0

~15%,2 = 1llx;s + 61x; + 54 > 0

' -SX].2 - 2X, - 9X174 + Xig + 68 > 0
~x12 + Xp = 19%19 + 20%X,¢ + 19 > 0
-7X12 - 5X22 - X]_g2 + 30x29 _>_ 0

This function has a constrained ﬁinimum at
x*=;(2.04697, 2.20954, 8.74453;5.06281, 0.956773, 1.43783,
1.33789, 9,97534, 8.17526,,5.45979, 2.31093, 1.35675,

6.10588, 14.1647, 0.998377, 0.495293, 1.49227, 2.00033,
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2.64329, 2.02426) at which £(x) = 130.490, and
B* = (0.071786, 0, 0, 0.291890, 1.47694, 0.526358, 0,
1.45979, 0, 0.146436, 0, 0,,0&007967;_0.008488,,0,‘
- 0.134951).,

The algorithm was initialized as follows:
x = (2, 3, 5; 5, 1, 2, 7, 3, 6, 10, 2, 2, 6, 15, 1, 2,‘1,

-4 » -5

2, 1, 3), gy = 10 r €E2 = €3 = 10 VBj=OI

3 =10 2, veuy 17, Wy = Wlmag =0, W, =ws = 0.25,

Yomax = Yimax = 8, wf = 4, nsrch = 41, Four place accu-
. racy in f(x*) was obtained after 313 function calls and
100 gradient calls, and converged to the minimum in 490
function calls and 166 gradient calls. OPTKOV failed to
find the.minimumr this method stopped prematurely at the
value f (x) 5‘133.98 after 583 functiopAcalls. POWCON -ob-
tained only three place accuracy at f(x) = 130.81 after
stopping witﬁ 270 function calls. SUMT obtained four .
place accuracy in f(x*) after 581 function calls and con-
verged to - f(x) = 130.489 in 1120 function calls.

The following problem [64] is one that does not

satisfy second-order sufficient conditions.




157
T1l2: (Rockafellar's problem)

Minimize
f = x1" + X1X2 + %2
subject to
X2 = 0
The Légrangian for this problem is
L=x1* + x1%2 + x2 - 0xs (7-1)

If we solve (7-1) by the classical approach, we have that
*® * *
x = (0, 0), £(x ) =0, and o = 1. The corresponding -

augmented Lagrangian, L, is

L = X.1l+ + X1xX2 + W1X22 (7"‘2)
a * .
o = 0
The gradient of (7-2) is
4x,% + x,
VLa . = (7-3)
o6 = o X1 + 2wiXa

If we set (7-3) equal to zero and solve for x, we
find that (7-2) has a saddle point at x = (0,,0), and
minima at x = *(1/vV/8w;, -l/32w13). As w; -+ » the minima

points approach (0, 0). The Hessian of (7-2) is
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!

(7-4)
a = o 11 2w,

For (7-4) to be positivé definite x;2 > 1/24w,,

“but x; tends to zero only as w; tends to infinity, and

therefore the second-order sufficient conditions are not
satisfied. An attempt was made tolsolve this problem with
ALG@PR. Several sblutions were obtained, each with a
larger value éf Wiiaxe B maximum iteration limit of 400

was set for each solution, and was initialized each time

under the same conditions; x = (0,5, 0.5), ;i = 10_60,
-3 .

€2 = €3 = 10 0, w1 = l, Wo = W3 = Wzmax = Wamax =

wf = 2, nsrch = 5. The results are given in Table 7-1.

7.3. Sumﬁa;z

The mﬁltiplier program ALG@R was applied to eleven
test probléﬁs, and the résulfs were compared to Pierre's
program MULTMETH (55], and the penalty-function methods
OPTKOV, POWCON, and SUMT. The solution statistics of the
eleven test pfoblems run under ALG@R are given in |
Table 7-2. Thg tabulated run time in seconds was execution

time for the problem solution on an XDS Sigma=7 time share




Table 7-1. Results of problem T:12.

function calls
at search

W pax X - X2 o ffvnall £ point 400
lo- 1.5-10-1 -1.6-10-2 1.1525 3.2-10-L -1.7-10-2 1360
102 -4.6-10"% 3.9.107% 0.9545 7.8.107%  3.7:107¢ 1650
10®  -1.3-107%2 1.2.107° 0.9874 2.5-107% . 1.2-107° 1792
10 -1.1-10"% -9.2-107*' o0.9999 1.8-107% -9.2.107%1 2254
105  -1.2.10"% -5.0-10"'% 0.9999 1.0-107°® -5.0.107%2 2411
108 -1.1-10"% -4.1-107%3 o0.9999 8.2.1077 -4.1-10713 2423
1010 5.6-10729 7.4.107%7 1.0000 2.2:207'%  7.4.107%7 1953
102° -5.1:10"12 -4.8.1073% 1.0000 5.3.1073% -4.8-10738 2777

6ST
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computer. All problems were stored on file prior to execu- -

tion, and only initial and final search point status was
printed for obtaining run time statistics. All execution
was initiated from remote terminal, and the output re-

ceived on the line printer at the computer center.

Table 7-2. Summary statistics for test problems.

function calls . _ , :
per search to functioen  calls run time.

test 4 or 5 place per search to to convergence
problem . accuracy : convergence (sec)
Tl . 3.74 _ . 3.45 0.852
T2 _ 2.21 . . 2.24 0.960
T3 _ - 2.27 1.134
T4 2.52 2.36 3.420
T5 2.19 3.03 : 0.912
T6 - 2,47 - 2.57 1.656
T7 - 1.94 2.04 0.918
T8 o 2.08 2.20 1.470
T9 3.44 3.03 2.586
T10 . 2,80 2,74 5.598
T11 . 3.13 ' 2.95 33.156
- Average 2.652 ~ 2.888

The results of test probleﬁs T2, T3, and T4 were
compared to the resuits obtained by the multiplier method
of Pierre [55]. ALG@R solved all three problems more effi-

ciently than Pierre's method, which typically requires
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5 function calls'per search‘(iteration). The test prob-
lems were sclved by ALG@R to thé same degree of accuracy,
in half . (on the average) the number of function calls re-
quired by Pierre's method, and in approximately the same
number of searches (1 gradient call per seérch required
for both methods). The main difference of the two methods
appears to be in the efficiency of the unidirectional
search. ALG¢R reéuires less than 3 (on the average),fuhé—
tion calls per éearch (see Table 742).

In test problems T5 through T1ll ALG@R was compared
to OPTKOV, POWCON, and SUMT, which are penalty-function.
methods. A comparative study found in [5] provided the

results for comparison for these problems. The number of

function evaluations was chosen as the comparison criter- -

ion as the £h:ee penalty-functions were coded in ALGOL
(A£G¢R chea in F@RTRAN) and run on a different éomputer
making the runtime to convergence an unfair comparison.
The convefgence test criteria for these methods was un-
known, so the number of function calls required to reach
‘a desired dégree of accuracy in |£(x) - f(x*)] were
compared. -
The results of POWCON for test problems T9, T10,

and Tll were approximately the same as those obtaihed by
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' ALGPR. 1In.all other problem runs, ALGZR solved thé prob-
lems, to a comparable degree of accuracy, much more effi-
- ciently than did the.three penalty~fuﬁction methods. The
function calls required for these three methods ranged
from 2 to 5 fimes more than the number required by ALG@ZR.
From the resulﬁs presented hefe; the multiplier
program ALG@PR appears to be a better solution technique
than the multiplier program of Pierre, and a much better
technique than either POWCON and SUMT, which are two of

the leading penalty-function methods in use today.




CHAPTER EIGHT

APPLICATION PROBLEMS
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8.1. Introduction

In Ehe:first 7 chapters of thisvthesis.the NLP has
been givgn as an explicit set of equations from which the’
cost function was to be minimized subject to constraints
on the x variables. The theoretical frémework for problem
formulatioq; solution identification, and an implementation
of this thédry into a working algorithm have been presented
and testedk. We now turn to real-world problems, their
transformation into an explicit NLP, and their solutions.

The NLP arises in many forms from many unrelated
areas. Zangwiil [72] treats the NLP formulation from“
problems that aris? in production and inventory‘control,
'regression analysis, consumer behavior, chemical condensor
design, rocket control, equation solﬁing, cost-benefit

analysis, financial analysis, as well as application in

‘the areas of economics, business, government, and engineer- .

ing. Several tgxts and monographs have been published to
bring the many aspects of problem formulatidn in a partic-
ular area into a stronger and more unified perspective
than is offered in most journal articles. Dennis [18] in-
vestigatéé-the application of mathematical programming in

electrical networks. Trends in automated network design -
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optimization as applied to computer-aided design of
lumped-distributed and microwave networks aré.reviewed '
and_discussed in [6]. Duffin et al. [19] treat a wide
class of engineering problems with both fixed and adjust-
able pafameters from the aspect of geometrical progrémmihg
which is a special form of NLP particularly useful in
engineering and physical sciences. Optimal control is one
of the most active fesearch areas in modern technology,
having applications in many areas, including aerospace,
chemical, nuclear reactor, and transportation technolo-
gies. The basic cbncepts of mathematical programﬁing ahd
the techniqués for implementing the solution for optimal
control problems are presented in [67], along with many
examples and.case studies in the sub-areas of bptimal con-
trol such as linear and nonlinear,-continuous, and dis-
_crete time systems as well as stochastic and distributed
parameter systems.

For mény years the practice for on-line control of
power systems has been to approximate the nonlinear re-
lations of sucﬁ systems to obtain linear proéramming prob-
lems. The équationé are then solved by well-established

linear programming techniques. Application of nonlinear
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optimization for on-line control has the advantage of more
accurate reﬁreséhtation of the system, and the possibility
of dealing with larger probiems. Recent advances in this
area are éxpiored in [10]. Bracken and McCormick [9] pre-
sent several nonlinear problem formulations including
modelé on wéapons‘assignment, bid eValuétioh, alkylétion
process optimization, chemical equilibrium, structural
optimization, launch vehic;e design and costing, parameter
estimation in curve fitting, optimal sample sizes in
stratified sampling on several variates, and.deterministic
nonlinear programming’equivalents for stochastic linear
programming problems. | ‘

Three selected real-world problem situations are
now presehtéd} From thé problem statement, the NLP model
will be formulated -and then solved by -the multiélier al—‘

gorithm ALG@R.

8.2. A Circuits Problem

Consider the ci;éuit shown in Figure 8-1 (Problem
6.31 of [53]). The ratio Vo (Jw) /Vy (Jw) | is of interest
at two givéﬁ frequencies ¢ = w; = 10%, and w = w, = 210
]Vz(jwl)/v1(jw1)| is to be maximized subject to the con-

straint tﬁat,}Vz(jwl)/Vl(jwl)l = |V2(j@2)/V1(jwz)l-




167
Components. R1 = 10KQ, anq 32 =,1Kﬂjare fixed; Ci1, Cz2, Li,
énd L2 are to be selected to give the constrained optimum.
Additional constraints are‘L; > 0,‘L2 >0, Cy > 10

picofarad, and C; > 100 picofarad.

L,
L2294 R

R,
c, |L, c, R,
. T £ — Va (s)

Vi(s)

Figure 8-1. Circuit for NLP formulation.

This maximization problem may be put into the NLP

format by the following

minimize (8~1)
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subject_to
_ 2
‘ﬁ'— - E.. = 0
2ly = w, Va O=wp
L; >0 L, >0
c,-1071 > o c,-10710 5 o (8-2)

Reiations (8=1) and (8-2) cannot be solved directly
in this fdrm. The elements Ly, Lg, Ci1, and C, must be re-
lated to Vl,'Vg, and w through appropriate circuit rela-
tions. Proper reduction of this circuit by the use of

Laplace transform theory yields the following relation:

R1/R2 N sLy
1 vi(s) _ (8GR e N sciRy ¢ (8CaRetl) = 41
H(s) Va (s) sLi 1
S R; (R1/Rz) (sLiC1)+(sLy+Ry)+1 .
- ‘ (8-3)
Define
né é R; /Ry, = 10 b é w2 /w1 = 2
X1 é wlRldy : X2 é Wi1R2C2
X3 A wiL; /R, Xy = w1L2/Bz (8-4)
so that
bx é ng1CI - bxo é waR2Co
bX‘a:é 4 w2Li2/R2

szl/R; ' bxy
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Let s = jw. If we substitute the identities: of

(8-4) into (8-3) and collect terms we_ have

Vi (Juwi) . , Xy
o = +1- 1y, - —_
75 Goy) la+l-x;xy xzx4+xa]
+ J [X1+aX2+X4-X1X2Xu+}—{2—§i - _l._] . (8—6)
X3 X3

We see from (8-6) that the ratio Vl(jwl)/Vg(jw1) is a com-

plex number, having both real (Re) and imaginary (jIm)
cbmponents.- Similarly, a second ratio is obtained when

(8-3) is evaluated at w w2 using the identities of (8-5):

%%U‘jif,— = Re(wz) + jIm(wy) (8-7)

If we use the fact that

Vi
Va

1
= (Re? + Im?)” (8-8)

then upon substituting (8-6) ihto_(8—8) and squaring we
have

2
V .
LS = r12 + Y, =
V2 -
w = W

2

EAELQL + x4

) .
X
[ll—X1Xq—szu+§§] + [Xl-X1X2X4+lOX2+

(8-9)
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Similarly, upon solving (8-7) and substituting into (8-8)

and squaring we have

4xX2%y~1 2

[11—4X1Xq—4X2Xn+§%] + [2x1-8xX1xX2Xy+20x2+
(8-10)
From the definition of x; in (8-4) and from the

relations in - (8-2) we know that

€1 = wfél - 1?10 > 107 ’, (8_11).'
from which
X1 = .1 >0 (8-12)
Similarly wé find that
xz - .1 >0, x3 >0, % >0 (8-13) .

From the above development we can now state the NLP
for this problem in the familiar form. We collect equa-
tions (8-9), (8-10), (8-12) and (8~13) and upon comparing

@

them with (8—1) and (8-2) we have
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A: 8.2 (Ciréuit Application)

Minimize
f = 1;12 + r22
subject to
(12 + r2%) = (r3? + ry2) =0
X1 = 0.1 >0
X2 - 0.1 >0
X3 >0
Xy >0
where
r, = [11 - X1Xy - XzXz,.‘ + Eu;
. s
' -1
ro = [x; = Xi1XyXy + 10x, + X2Xu7~ + x ]
xg 4
rzs = [11 - 4x1xy = 4xp%x, + E%
' -1
ry, = [2x; - 8x1X,Xy + 20x, + dxoxy=d 2% 1

Conve;gence to a minimum for this problem was very
slow in tﬁat X3 was ever so slowly confinually increasiné
without bound, and convergence was obtainea only when x;
reached a'lérge value. The problem was feformuiated by

replacing x; with 1/x3; wherever it occurred in the above
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problem. The resulting formulation was the same as A:8.2

except that r;, r2, rs, and ry, were redefined as follows:

r1 = [11 = xX1Xs = XXy + X3Xy]

Y2 = [X1‘— X1X2Xy + 10x2 + X3 (X2xXu=-1) + x4]

rs = [11 - 4x1Xy ~ 4%2%Xy + X3Xu)

ry = [2x1 - 8xXi1x2Xy + 20x2 + 0.5%3 (4X2xy-1) + 2xy]

A constrained local minimum for this problem was
then found at x* = (1.91663, 0.1, 0, 1.97181) .at which‘l
£(x") = 69.6755, o = 0,197551, and 8" = (0, 10.7851,
11.4656, 0).

Interpreting the results of the NLP into terms of
the given préblem we find that the voltage ratio
]Vl(jw)/Vz(j:w)I2 will have the same minimum value of
69.6755 at the two frequencies w; = 10° and wz = 2-10°%.
This minimum value will be for the selection of C; = 192
picofarads, C2 = 100 picofarads, ﬁl = o, and Ly = 1.97
millihenries. The value L; = indicates that the inductor
L, should.npt be included in the circuit.

The équality constraint multiplier u* has no'sensi—.
tivity meaning if the voltaée ratios must be the same at

the two qiveh frequencies. However, we see from the small
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: ' * %
value of o (o % 0.2), that the circuit is relatively in-

sensitive to small differences in the voltage ratios at

the optimum. The multiplier'associated with L; has no
sensitivitflﬁeaning in that an incremental change of the
value of ® has no significance. The multiplier associated
with the inequality constraint on éz does have signifi-
cance. The incremental sensitivity indication is that if
the right siae of x - .1 > 0 is decreased incrementally,
a reductibn.of 10.7851 will occur in-the square of the"

voltage ratio for each unit of reduction in the right.

.side of the_conétraints. Consider a 0.05 reduction in the

right hand side of the constraint. The constraint is then
X2 -~ .1 > =0.05, or X2 > 0.05. Solving this relation for

C; as defined in (8-4) we have that x, = w;R2C» > 0.05,

and C, >. 50 picofarads. Thus, is we can reduce the lower

bound on Cy; from 100 picofarads to 50 picofarads} we will

reduce the square of the voltage ratio by

'(10.7851) (0.05) = 0.5392. This reduction compared to the

value of 69.6755'indicates the circuit is insensitive to

small variations in the C, capacitor around the design

center value of 100 picofarads.
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8.3. A Geometric Problem

The following problem is a geometric programming
' problem. It is an adaptation from [19] and is presented
in [72]. |

As vice president of a-small but dynamic chemical.
company, yéu are to investigate cohtaiherization for ship--
ping. Not only should the containers simplify shipmeht,
but also because the containers will be left with the cus-
tomers, sales should be enhanced. Upon.sélecting a par-

ticular cuétomer:as,a representative example of the prob-

lem, you find that each month 1000 cubic feet of a chemical

must be sﬁipped to this customer. The chemical is to be
sent in rectangular containers of length xi, width x,, and
height x3. The thickness of all material used is negli-
gible. The éontainer seams are fused during the filling-
process ﬁo prevent moisture from entering. The sides and
bottém must be made of scrap material for which there is no
charge.- Howéver, only 10 square feet of tﬁis scrép caﬁ.be
guaranteedvand processed per container gach month from the -
materials deéartment, but can be processed to any dimen-
sion. Mate£ial for the ends costs $2;00 per square foot,

while material for the top costs $3.00 per square foot.
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There is also a shipping charge of 20 cents per container
sent. You must determine how many and what éize of con-
tainers are needed to ship the chemical at the lowest pos-

sible cost. Thus, the total cost (shipping'plﬁs the costs

of the two ends and the top for 1000/x1x2x3 containers)
must be minimized subject to the scrap.limitation.

The total cost per container is

‘cost = (0.2 + 4xs2x3; + 3x1x%2) dollars (8-14)

subject to the scrap limitation

2x1x3 + x1%X2 < 10 (8~15)

Additional constraints must be added to ensure that the

dimensions remain nonnegative

x1 >0, x2>0, x>0 . (8-16)

Considering the total cost for all (1000/x1x2X3) con--

tainers, equation (8~14) becomes

200 4000 3000

cost, = + + (dollars) (8=-17)

t X1X2X3 X1 X3

Let f£(x) be the total cost in thousands of dollars.

Then from (8-15), (8-16), and (8-17) we can formulate the

NLP as follows.
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. A: 8.3 (Container problem)

Minimize
= 0.2 4 3
£ = TR TR (thousands of dollars)
subject to

1 = 0.2x1%s5 - 0.1 X%, > O

X1>O

The optimum for this problem is at x* = (2.37976,,
©0.316228, 1,94294) at which £(x') = 3.36168, and
8% = (1.81762, 0, 0, 0).

Interpreting the optimum of the NLP in terms of the
given problem we find that 684 containers of length 2.380
feet, width 0.316 feet, and height 1.943 feet are.réquired:
to ship lOdQ cubic feet of chemical each ﬁonth at a cos£
of $3362. The scrap limitation constraint is active (all
10 squaré feét.per container are used) at the solution and
has an assbciated positive multiplier of 1.81762; Thére is
no shadow cost for the free scrap material. Therefore, if
by some meahs, additional scrap material could be.obtained

at no cost, the incremental sensitivity indication is that
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' an approximate savings of $182.00 from the total cost
.could be obtained for each additional square foot of scrap
for each of the 684 containers. Redgéing thé above analy-
sis to a single container basis; each container holds 1.46
cubic feet, and costs $4.92 for construction and shipping.
For each additional square foot of scraé'pér container;
apprdximatel§ 27 cents could be savéd.

8.4. Déterministic Nonlinear Programming

for a Stochastic Linear Programming
Problem

The problem presented here is equivalent to a
stochastic linear programming problem of the chance-
constrainéd type. 1In the chance-constrained problem, the
constraint coefficients are normélly distributed random
Variableé;_.The determination of leést-qost optimal cattle
feed was modeled by van de Panne and Poép [68], and is
‘treated in [9]1. The presentatién here of a least-cost op-
timal hog ration parallels that in [91].

The problem concerns the mixing of a number of raw

materials in such a way that a hog ration is obtainéd that .

satisfies certain specified nutritive and other require-
ments with minimum cost for the input quantities of raw

materials. If the nutritive contents and dnit‘costs of




Data for deterministic problem.

81T

Table 8-1.
Fraction Cost/ton Protelin Calcium Phosphorus
g _x(i) Constituent_ $100 mean var. -mean var. mean var.
X1 barley 0.80 11.6 .0.4844 0.05 0.0001 0.35 0.0010
X2 wheat 1.10 13.7 0.3003 0.07 0 0.37 0.0009
X3 corn 0.85 9.5 0.1444 0 0 0.10 0.0001
Xy soy 3.45 48.5 0.588 0.33 0 0.62 0.0005
Xs mustard 2.00 31.9 4.9863 0 0 0 0
X6 dried milk 2.10 51.1 0.0653 1.27 0.0040 1.03 0.0021
X7 fish soluables 3.00 65.5 21.0222. 1.27 0.1404 1.69 .0.0825
Xg d; ~cal.phos. 0.80 0 0 23.35 1.3631 18.21 0.2073
X limestone 0.45 0 0 35.84 0.5138 0.01 0
X1 " molasses 0.72 0 0 0.81 0.0289 0.08 0.0004
K11, -dehydrated. : ‘ '
alfdlfa 1.80 21.8 0.2970 1.79 0.0097 - 0.31 0.0005
X1g shrimp meal 3.00 46.9 9.2933 7.34 0.3893 1.59 0.0107
X13 mono-sodium=- ' o
phosphate 0.60 0 0 0 0 22.45 1.0206 -
S : 2 .2 2
l— l, 2, . -'¢, 13 ai bi Gb. Ci O'c. di Gd.
: i i i
Co starter 18 : 1.0 0.9
Requirement for: grower 16 . 0.8 0.7
14 ' 0.7 0.6

finisher:
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raw materials and the requirements for nutrients are known,; -

 the problem can be solved in a straightforward manner by
lineaf programming methods; One problem that'arises is
that the ﬁutritive content of raw materiais varies random-
'ly, SO that'ﬁhe solution given by linear programming using
expected (nean) values, for instance, doee not always sat-
isfy the requirements. That is, using the expected vaiues
from a normal distribution, there is only a 50%-érobabii-
ity (confidence interval) that the nutritive requifements
of the ratien‘will be satisfied. |

Table 8-1 gives the data of the problem. The per-
.centage conteént of protein, calcium, .and phosphorous are
given for 13 constituents. The eoef per ton (in huﬁdreds
of dollarsj is'given for each constituent. The requirments
of protein, calcium, and phosphorue‘are given for stafter
pigs, growers, and finishers. The problem is to detefmine‘
the mix with minimum cost per ton that satisfies the given
requirements. Since the method of eolution is the same for
all three retions, only the ration for starter pigs will
be given.

Letfai;i.=]q 2, «.., 13, denote the cost per ton of
each constituent. Let bi’ Cyv and di' i‘=.l, 2, ..;, 13,

‘denote the percentage content for protein, calcium and
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and phosphorous, respectively. Let Xy i=1, 2, ..., 13,

denéte the fraction of the mixture that is composed of
each of the constituehts. Witﬁ these definitions the de—
terministic linear programming model is as follows.,

A: 8.4L (linear hog ration)

Mininize

RS

‘subject to




181

The optimal solution is at x* = (0.785587, 0, 0, O,
0, 0.173919, 0, 0, 0.020643, 0, O, 0, 0.019853) at which
f(x*) = 1,01490, a* = 0.417284, and B* = (0.032743,
0.000911,.0.0081388, 0, 0.231060, 0.120842, 1.143933,
0.538211, 0, 0.423103, 0.213246, O, 0.301328; 0.664765,
1.02744, 0).. |

Interpreting the optimum of the NLP we find that a

mixture of

x1 = 0.7856 (barley)-

xs = 0.1739 (dried milk)

Xs = 0.0206 (limestone)

x13 = 0.0199 (mono-sodium phosphate)

will satisfy the minimum requiréments of the ration for a
cost of $101.49 per ton. But this ration will satisfy the
requiremeht only 50% of the time, since the proﬁein,.cal-
cium, and phosphorous percentage contenté were calculated
from the mean values. In actuality the percentage cpntents
can vary from batch to batch éinée they are normally dis-.
tributed'iﬁdependeﬁt random.variables. The nonlinea;l
equivalent 6f this stochastic linear problem tékes iﬁto aé-
count the distribufion of these random variables by coh—

straints of the form
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n n ;E

- L ugxgt ¥(a) T otxtl 20 (8-18)

i=1l i=1

where Y (a) is the perceﬂtagé point correséonding to (1-a).
- If o = .95 (95% confidence interval), ?(a) is the .65
fractile. A value of a = .95 corresponds to a value of
Y(a) = =1.645.
If we use the means and variances listed in
Table 8.1 in:inequality (8=18), and a 95% confidence inter-

val, we obtain the following nonlinear model.

A: 8.4N (nonlinear hog ration)

Minimize
13
f = izla Xy
subject to
13 13
Lpixg + (-1e6es) (-izlo;ixiz)l/z - 18 > 0
. 13 13

i 1
] cix, + (-1.645)( ] 0% x.2)% 1= ¢
11 i=1 cl'l : :
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- 13 ' 13

Y d.x, + (-1.645) (
i=1 * 1 i

1
I of %% -0.92>0

i §

X, >0 i=1,2, «.., 13

Initial solution of this problem revealed that the
éercent confent of calcium .of the ration exceeded a'knbwn
upper bound set for proper growth regulation of sfarter
pigs. Therefbre,lrather than add an additional constraint
for the uppér bound, the requirement for calcium was con-
.verted to an equality constraint as evidenced by the above
.cdnstraint set,

A conétrained locai minimum for this problem was
located at x* = (0.760844, 0, 0, 0, 0, 0.196658, 0, 0,
0.02083OK'Q, d, 0, 0.021669) at which f(x*) = 1.04403,
a*'= (-0.000405, 0.464116), and B* = (0.031922, 0.066357,'
0, 0.196227, 0.819881, 1.43385, 0.517568,-0,'0.434755,
‘0.529566, Q, 0.255704, 0.638736, 1.03160, 0).

Interpreting the minimum of the NLP we find thaf a

ration mixture of
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x1 = 0.7608 (barley)
x6 = 0.1967 (dried milk)
X9 = 0.0208 (limeetone).

X313 = 0.0217 (mono-sodium phosphate)

will satisfy the minimum requirements for 95% of.all
Ibatchee mixed. The cost per ton is $104.40, which is an
‘increase Qf approximately $3.00 over the linear program
fation, But‘the $3.00 additional cost has bought a 95%
probability that the ration requirements will be satisfied
as compared to a 50% probebility. ;

Thé mixture constituents are the same. The ﬁain
mixture difference for the nonlinear problem is an in-
creased fraction of dried milk and a decreased fraction of
barley. Proper interpretation of the Lagrange‘multipliers
will give ee‘incremental indication of additional costs or
savings'that‘would result from the requifementfchanges fqr
the ration.

. The first component of u* indicates incremental
change in.f(k*) for changes in the calcium requirement.
Its small negative'value has little effeet on f for small
changes, but indicates a savings if the calcium requirement

were increased. The second component has no sensitivity
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significance, in that the associated‘equaiity constraint
is a mathematical law, stating that the percentage'frac—.
tions of thé constituents for the total ragion must be
100% and cgﬁnot be chahged.

. The associated multipliers with the X 2 0 con-
straints ihdiéate a savings for a small decrease from 0
‘ in these constraints. But due to the fact that the cdnf
stituents of the ration cannot have a negative fraction,
this sensifivity information is of no value. The first
two coﬁponénts of B* associated with the regquirement con-
straints on brotein and phosphorous. indicate a small sav-
ings could be obtained if these ration requirements could .
be reduced, i.e., loﬁer the minimum ration requirements
for proteiﬁ and phosphorous. The first coméonént is 5
times largéi than the second indicating fhat the price per
- ton of the tétal'ration is more sensitive to the reqhirej
.ment for protein than that for phosphorous. But the magﬂi-
tudes of bdth_multipliers show relative insensitivity to

both requirements for small changes.

8.5, Summary
Three interesting real-world application problems

are'p;esehted in this chapter. The first is a circuit
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design problem in which design center values of certain
components are to be selécted to maximize the Qutpﬁt vol-
tage to the‘same value for two éiven frequencies; The
second is a géometric containerization problem, in which
similar réétangular containers are to be designed to ship
a given émount of chemical, for minimum total cost. The.'
total cost is a function of a fixed chafge fdr‘shiéping
of each conﬁainer, and the price of materials availaﬁle
for the construction of the containers.

The - third problem is a direct application to the
livestock industry. A minimum-cost optimal feed ration for
hoés is obtained both from the linear programming model,
and the noniinear model. The merits of the results from
both models_aré evaluated.

The three-prqﬁlems are presented'to show how the
NLP may bé*fdrmulated from real-world problem situations,
and how ﬁhé results may be interpreted and implementéa.
The importahée of the Lagrange multipliers are seen through
the interprefation of the éensitivity'information they
contain, and.how this indicative information may be used \
in making investment and poliéy changes without soiving

numerous NLP problems.
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These examples give a minute representation of the
type of problems that can occur in alﬁoét any‘area. Prob-
lems that afise from other situations could be‘mﬁch larger
in scale and complexity. But with prober transformation
into the ﬁLP format, they may be solved using-noniinear

techniques.




CHAPTER NINE

EVALUATION AND CONCLUSIONS.
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9.1. Summary

| In Chépter 1 the NLP is introduced in its standafd
form for a constrained minimization problem. The geﬁeral
method of sequential unconstrained minimization'is'then
given, showing how.the donstrained NLP problem functions
may be transformed into a single unconstrained function
having the same solutions as the original préblem. in
Chapter 2 the theoretical framework for the identification
and characterization of local unconstrained minima are pfe—
'sented. An unconstrained function, ﬁorﬁulaﬁed by augment-

ing the Lagrangian with weighted problem functions of the

constrained NLP is presented, and first-order necessary and-

second-order sufficient conditions are established for
this functién to possess local minima that minimizé f and
satisfy the constraints of the NLP. A multiplier algo-
rithm, based on satisfying the Kuhn-Tucker first-order
conditions éﬁ optimality, is posed. The algorithm paral-
lels that of Pierre [55] and consists pf alternatin§ mini—
mization4and_update phaseé. It has‘an added flexibility(
however, in that it has three modes of operation. It can
. be used as: 1) an exterior penalty-function method, where

the multipliers are held equal tb zero, and the penalty
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weights are updated after each cycle, 2) a multiplier method
where both mulfipliers and penalty weights are updated'.
.after each cycle, or 3) a combination of both méthods with'
an initial penalty phase and a terminal multiplier phase.
An initial pfemise of this thesis was that an algorithm
operating iﬁ mode 3 would be most efficient, i.e.; using
a multiplier;method for termination would alléviate the
ill-conditioning effects oftén-encountered in straight
penalty—fupction,methods. It was supposed that if the al-
gorifhm were allowed to operate in the penalty-function
phase for; several cycles, the multiplier phase could then
be initialized with good approximations to x*, u* and B*,'
and faster convergence would result in the finél phases.
Computatioﬁai experience, however, has been that ihitial
penalty phases before the introduction of the multiplier
phase are.less efficient than utilizing the straight multi=-
plier method, where both multipliers and penalty weights
are updated'after every cycle.

The géneral procedure for updating the multipliers
and weighfé during the minimization process is also pre-
sented in Chapter 2. This procedure establishes a way to

select an active inequality constraint basis, such that
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during a minimization phase these inequality constraints
exhibit a 'locked on' feature and are treated the same as
equality constraints. .Although the algorithm is based on
first-order conditions, if second-order conditiéns are
satisfied by fhe NLP problem functions, the algorithm con-
verges locally without requiring the penalty weights to
increase withéut bound. As the sequence of miﬁimizers
{x™} converges to a local minimum point x*, thé multipliers
also convgrge to their optimal values a* and,B*. These
optimalAmultiplier values have a practical interpretation
when the NLP is formulated from a real-world problem as
shown in Ehé:sensitivity analysis given in Chapter 3.
Meéhods of generating search direcfions based on
the gradient information of the problem functions are dis-
cussed in .Chapter 4. It was found that the extensién of
the basié éradient methods to conjugaﬁe graaient methods
alleviated some of the difficulties presénted by steep
ridges and ravines that are often encountered in steepest
descent search techniques, when the functions are non-
linear. ,if was'shéwn that if the inverse matrix of second
partials A_l was available, the minimum of a quadratic

function could be attained in one iteration if the Newton
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method was used, and in one cycle if a conjugate gradient
method was used. The general NLP is not.quadratic, but may
be adequatgly represented by a quadratic appréximatibﬁ
when in the'vicinity of a local minimum. AS the minimum
of a problem is approached, such that the local quadratic
- approximation becomes valid, the DFP method generates a
sequence {H'} that tends to A_;, the inverse matrix of
secbhd partiél derivatives, without requiring the use df,
second derivatives of the problem functions. ‘Even.if the’
function in.question is not quadratic, thg sequence {Hi}
remains pqsitive definite, and the unidirectional search
is conducted over o > 0 only. The above features influ-
enced the selection of the DFP method to be used for gen-
‘erating conjugate search directions for the multiplier
algorithm. Computational experience with both the DFP
method and'the method of Fletcher and Reeves in the early
phases of this research showed the DFP method to be the
better methodﬁ This is also verified chputationaliy by
'Pierre [55].

An efficient quadratic convergent unidirectional
search technique developed by this author is posed in

Chapter 5. High accuracy is not required by a

T
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unidirectional search in regions remote frdm a local ﬁini-
mum, and since in the vicinity of such a minimum, f(x)
'can be adequately reﬁresented by fhe local quadratic
approximation, a guadratic convergent search technique
is highly efficient. The detailed analysis of the search
procedure is presented and compargd to a popular cubic
convergent search tecﬁnique.

The material of Chapters 2, 3, 4, and 5-is then
integrated into a working multiplier algorithm ALG@R.
The algorithm is coded in FPRTRAN. The implementation
of this algé;ithm is discussed through the flow connec-
tions given}innchapter 6.
| The ‘algorithm was applied to several test functions
and the results were compared £o the results obtained by
other well-known NLP solution algorithms._ When based on
the number of function calls required to obtain‘a desired
degreé of accuracy in the cost function,xALG¢R was shown
to be a more efficient code than the multiplier program
.of Pierre, énd,the penalty-function programs OPTKOV,
'POWCON, and SUMT.

The formulation of three selected real-world prob-

lems into the NLP format is presented in Chapter 8, along

TTr—
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with their solutions and interpretations of the sensitivity

information possessed by the Lagrange multipliers at the

solution ?oihts.

9.2. Evaluation of the Multiplier Algorithm

The multiplier algorithm ALG@R, developed in this

thesis to solve the general NLP has the following desirable .

properties:

l.

2.

The algorithm is based on the Kuhn-Tucker first-
order conditions for optimality.

The algorithm converges to constrained local
optimum points and tends to avoid other points
which may satisfy first-order necessary conditions.

The algorithm is guadratic convergent.

The algorithm converges in a finite number of
steps for a class Of linear programming problems.

The terms used to augment the Lagrangian are
formed from the NLP problem functions in a simple '
way that requires a minimum amount of computation.

Highly nonlinear functions do not present unusual
problems, since the minimization procedure is not
governed by linear models that apply over small
nelghborhoods of a given’ p01nt

The search directions are generated by a conjugate
gradient technique. Thus, steep ridges and

ravines often caused by nonlinear problem functions
do not unduly hinder the algorithm.
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11.

12.

13.

14.
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The search directions are calculated as a part

-0of the iteration process based on accumulated

information from past search points rather than
following pre~calculated search directions.

Only the problem functions and their first derlva-
tives must be specified.

The constraints need not be satisfied at initial
starting points for x.

The algorithm has no problem in dealing with
inequality constraints. The simple multiplier
updating rules can effectively determine the
active inequality constraint basis 1ncorporat1ng
the locked-on feature.

The algorithm generates mulfipliers which pro-
vide well-known sensitivity information.

The selection of search parameters is generally
not critical. However, the penalty weights
should be selected large enough to avoid con-
straint breakthroughs and ensure an adequate
rate of convergence, but not so large that the
solution path is unduly confined to constraint-
boundaries during the initial interations of the
algorithm. This may lead to inefficient Optl-
mization and a slow convergence rate.

The algorithm requires only 1 gradient evaluation
and less than 3 (on the average) function evalu-
ations per iteration. This is important when the
evaluation of the model for the NLP requires a
relatively large amount of computation time as to
that required for the search iteration. The more
efficient minimization methods tend to keep the -
model evaluations to a minimum.

The above properties of the multiplier algorithm

developed and presented in this work may hopefully give
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impetus to multiplier algorithms in general such that they

can displace the currently more ?opular penélty methods.

9.3. Suggestions for Continued Research

When compared to the penalty-function methods dis-
cussed in Chapter 7 on the baéis of the number of function
evaluétions; the multiplier algorithm appéafs to be a bet-
fer NLP solution methéd. A more comprehensive comparison
to a wider class of methods, and wider class of‘problems
should be conducted to justify ﬁhe validity of the above
stétement.' A coméafison to other methods should be madé‘on

both the humber of function evaluations and on execution

times for the particular problems. This would requiré that

"all methods be coded in the éame computer language and run
on the same or an identical computer. Such a comparative
study has been conducted by Colville [12]. The particis
pants of this study coded their programs in FORfRAN aﬁd
were requifed to run a standard timing package on their
particula;,computer, to estimate the compgting poWer of the
particular machine used. In this way execution time could
be normalized.and compared on a fair basis. Consideration
should be given to comparing the mul%iplier technique to

the many techniques evaluated in this study.




197

It was-shown that the multiplier algorithm con-
Vérges in a finite number of steps-for-a class of linear
programming éroblems. This algorithm should be applied to
a wide cléss‘of linear problems and the results compared
to the results of-well known linear programﬁihg (LP) tech-
niques. AﬁG¢ﬁ may prove to be as efficient as, or perhaps
superior to,LP'techniques as the size of the linear prob-
lem increaées.

Consideration should also be given to converting
the minimiéétion algorithm to one that treats maximization
problems in which functions are constrained to be less than
or equal to specified values. This could be done without
significantly altefing the theoretical stfucture of the
algorithm. |

The éuémented Lagrangian of this wérk should be
studied in thé light of duality theory, where the multi-
pliers are the object of the search. During the optimi—
zation sequenée, as the multipliers éonverge to their op-
timal values, the x values are updatéd such that‘qt'con—
vergence the optimal x values are obtained.

The.general routine implemented for. this research

should be maximized for efficiency. This could result in
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a reorganization of the program and a reduction in code.

Also the convergence rate of fhe algorithm should be in-
vestigated in.a more rigorous manner as done in [427.
Several alternative methods for augmenting the.
Lagrangian;with penalty terms and updating multiplieré have
been suggested in the.liter'ature,° These should be studied
-in the light of the algorithm presented in tﬂis work. None
Qf the other penalty terms or updéting rules are as easily
computed as those used here, but some may be develqped
through an analysis of convérgence rates to lead to a

significant improvement.
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For the general NLP in Section 1;2, make the follow-

ing definitions:

¢ = a ¢(h(x), a, w) is a multiplier function associated

with the equality constraint functions h (x) =0,
i=1,2, «o., m

A 4 Ag(x), B, w) is a multiplier function associated
with the inequality constraint functlons g.(x) > 0,
]-l 2, oo o g m2 J

o is an equality constraint multlpller vector of
dimension m;

g is an 1nequa11ty constralnt multiplier vector of.
"dimension mz :

w is a weighting parametef, w >0

6, t are parameters

Define also the generalized modified Lagrangian,. Lm’ as

follows: m,

Lm(xl o, Bys W) = f(x)ﬁ"' Z ¢(hi(x)l uil:W)'
i=1 ,
ma
. jzl}\(gj (x‘)l BJI w)
Examples of multiplier functions for the ¢ class are:

Al: oh + wh? . (Hesteneé)
‘ (Arrow, Solow)
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A2: =-hp + VEf + % 6h?

(Fletcher)

where § is a curvature parameter (matrix) > 0
(positive definite), and p is:the generalized

inverse of n = Vh, p = (n°n)~1n~ ' .
A3: w(h + 0)2 | (Powell)
Adi g;l((wh +oc)t - at),. (Mangasarian)
whgfe t is an even integer t > 4
A5: cpsh(wh + o) —'%(wh f a)? - cosho + %02
' | (Mangasarian)
_of ﬁultipligr functions for the A'class are:
37: ,Ei%%%%;ii_, (Ar;ow, Hurwicz)

where t is an ‘even integer

A8: (B/w) exp (wg)

_ B < - L.
4w’ g = 2w
A9:
1
2 _
Bwg* + Bg, g > XT:
_ g2 - B
e 95" 2g
AlO0:
2 B
wg + Bg, g 2 = 5=

(Gould, Howe)

(Arrow, Gould, Howe)

(Rockafellar)’
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Bg + %g2 + g5, g > 0

All: B9 + Lg2?, -8B <g <0
-4B%, g < - B,

(Rort, Bertsekas)

where t > 2 selected arbitrarily.

zZ, z >0
: in the following z, =
0, z < 0
-1 t t ' .
Al2: T ((wg + B)+ - B, (Mangasarian)

where t is an even integer, t > 4
Al3: cosh (wg + B)-+ - L (wg + ‘B.)_,_.2 -coshB + LR2
‘ ' (Mangasarian)

Al4:  %(cosh(wg + B), -1)% -}(coshp - 1)2
(Mangasarian)

Each of the functions above give the general form
._of'their class of functions from which other multi?lier

functions may be generated.
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Proof of Theorem 1.

. % . I .
Let £(x ) be an unconstrained local minimum. Thus,

. _ , * *
it may be assumed that f(x ) < f(x + Ax) for all Ax with
0 < |[ax]] < €. since f is of class C!, we can furthér

assume that the limit

* *
. . -— : *
g0 T B
i=l, 2, LI Y 4 n R R
% . * . *
exists, where Axi =X; - xi'.' Since f(x + Ax) - f(x )

is never negative, letting each element: 6f the Ax veéctor
*
approach zero from above and below, we find that Vf(x )

* *
obeys VE(x ) . > 0 and VE(x ) < 0 so that necessarily

*
VE(x ) 0

Proof of Lemma 1. [69, 73]
Let a & {zlz’vk >0, k=1,2, ..., q}

a

If V°='ZSka, S >O, kn=l‘l 21 "O‘I.gl
: ' k=1 ’

then for all z€A, z7vy, > 0.
Proof: zEZA'implies z'vk >0, k=12, ..., g. Since

Sp 2 0, k=1, 2, ..., g, it follows that skz’vk >0
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k=1, 2, ..., g from which

)
Vo = S,V
k=1 = K
where sk >0, k=1, 2, .../ g’
. . N q
Proof: Let c 4 {yeely = 7 skvk}
- - Cok=1 *

The set C ié a convex polyhedfal Eéne.in E®, i.e.,
| i) for ahy yCC and scalar A > 0, AyEC
ii) for yi, y2€C, (y1 + y2)€C
Now let yé;C and 27V, > 0 for all'éE}A, Suppose vy ch.
Let g be thé'projection of vo onto C such that g - r = vy

and g + t = y. Then

and
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-which imply

r’'g+r’t=x7y >0, for all yE€C

hence,

which implies r€A. Now
r’ﬁo =r’g-rir=-r'r <0

which contradicts z°vy > 0 for all - ZEA. Hence, voEC

and thus
q
Vo ) s,V
k=1 k'k
O
Proof of Theorem 2.
* R
For all i write {hi(x ) = 0} as"two inequalities

* * . ‘*
{hi(x ) > 0} and {hi(x ) < 0}. Assumption iii that S, = ¢

: ’ * . .

implies that Ax=x - x* belongs to S; . Then by Lemma 1

. *
‘there exist nonnegative scalar values ui,,
*

- . . ‘*
l=.l' 2, e o o g m1, Vi, l=l, 2, o e e g m1, and Bj [

jesa such that




m
' * * *® * *
VE = ) (g - v, )Vh, + J B. Vg
i=1 jEs, J .7
% * * . ' *
Let a; = (ui- -v ), i=1, 2, .., mi, and Bj = 0
for all j ¢Sa, then
. mi mga ‘
ve¥ = T aivh, "t - 3 B.Yvg.T = 0
. - o,Vh, - . Vg, =
i=1 1 1 j:l J. J

% *
which is just condition (2-19e), VL = 0, where Bj >0

* ' * C % .
for gj, = 0, and Bj = 0 for gj > 0.

Proof of'Theorem 3.

% .
Let the vectors {Vhi }, i=1,2, ..., m and

. * .
{ng };jEDSa be a linearly independent set of vectors v,

V2r ecoey vq where g = m; + total number of indices j, for

jG;Sa. And let the VeCtors Vi, Vo, eeey, V., V be a set.

q g+l
of linearly dependent vectors where

* . T '
Vel = VE . It is assumed that {Vhi } # 0 for all i and

{Vg.

* . .
5 } #.0 for jE}Sa. Then for constants c;, C2, +ee, C

g+l

ci1vy + Covy + ... + CqVq + Cq+qu+l =
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where not all cy are zero. Clearly cq+l # 0. (Otherwisé
vi, vz, ...,‘vq become linearly dependent which contra-
dicts that they are linearly independent.) Thus, V-q+l

can be expressed as a linear combination of ¢

V]., VZ, DRCEE N 4 V_.
q

Hence

q )
Vgl = £ t, v

where {tk}, k=1, 2, ..., q are constants. Given a vec-

tor z such that z°v, >0, k=1, 2, ..., q, then it fol-

k
lows from Lemma 1 that

z Vq+1 >0

%
which implies S, = &

Proof of Theorem 5.

Consider the Taylor series expansion of £ (x) about
. ,
the point x -

x * . * - PR
f(x + Ax) = £(x ) + AX“VE(x ) + LAx"V2f Ax

+ higher order terms
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* * '
Suppose at x that VE(x ) = 0, then for sufficiently small

Ax, ||Ax]|| # 0, the higher order terms become negligible

and it follows that
* ® o *
£(x. + Ax) = £(x ) = LAX“V?f Ax
* . * -
Suppose VZf is positive defirnite. Then Ax“V?*f Ax is al-
ways positive, independent of Ax. Hence, -

% Tk
f(x + Ax) > £(x )

%*
and X is an unconstrained local minimum of f.

O

Proof of Theorem 8.
Given the equation
f(x) = £(x%) + (x—xa)’g(xa) + %(x—xa)’A(x—xajih
then
3f (ar!) _
o0, =0
¢ =0 ’

implies that

If
o

(r!)“[g(x®) - ax?]




Similarly

implies that

Subtracting the second implication from the first yields

210

Af (x2 - x° + ar!)
da 0 -

(r!)“[g(x®) - axP] = 0.

(£) " x*-x) = (£})Ar? = o
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C.l. General
Subfoutine ALG@ZR solVesUthe geheral nonlinear prob-

lem (NLP) when stated in the following form:
minimize F (x)
subject to the constraints

FEi(x)=0 i=1,2, ..., NE -
and

i, 2, ..., NI

\'

o
w
Il

FIj (x)

where X 1is én n-dimensional vector, F(x) is the objéctive
or cost funétion, FEi(x)'s are the equality-constraiﬁt
functions, and FIj(x)'s are the inequality;constraint
fqnctions.' The FEi's, FIj's, and F are given functions
of class C', and mayvbe linear or nonlinear. NE and/or
NI may be equai to zero. If both NE and NI are zero, the
problem is unconstrained.

ALG@R generates conjugate gradient search directions
by the Da&idon-Fletcher-Powell (DFP) method for eachAuni;
directionai search (UDS). The UDS finds the 'best' step-
size in a particuiar search direction by means of a qua-

dratic fit'df data generated along that direction.
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ALGPR can be used as 1) an exterior penalty functioﬁ

method, 2) a multiplier method, or 3) a combination of
both methods with an initial penalty phase and a terminal
multiplier pﬁése. The type of method to be employed is

controlled fhrough data cards.

C.2. User Supplied Routines and Data

The following four routines must be supplied to
ALG@ZR by the user. A brief description and form listing

of each-subroutine will be given.

Main Calling Program:

The user supplied main program properly dimensions
all vectors and makes the appropriafe call to ALG@R. The
calling program is:

DIMENSI@N X (N) ,XT(N),XS (N),GF(N),G@(N),GAL(N),
&DLX (N) ,DLG (N) , R(N)

DIMENSI@N FE (NE),FES (NE) , HE (NE)

DIMENSI@N FI(NI),FIS(NI),HI(NI)

DIMENSI@N H(N*N),FM1(N*N),FM2 (N*N)

DIMENSI@N GE (N*NE)

DIMENSI¢N GI (N*NI)

CALL ALG@R(X,XT,XS,FE,FES,HE,FI,FIS,HI,GF,GE,GI, .
&G@,GAL,DLX,DLG,H,FM1,FM2,R)

ST@P

END

Note: The arguments in the dimension statements are sym-

bolic; specific integer values greater than or equal to
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these values must be used in the dimension statements when

running aiprogram. N is the number of X, variables, NE is

the number of equality constraints, and NI is the number

qf inequalify'constraints. If NE = ijthé vectors FE,

FES, HE, and GE need not be dimensioned. If NI = 0, the

vectors FI; EIS, HI, énd GI need not be diﬁensioned;

.Since the argument list of ALG@R is long, the user is

cautioned to check that precisely 20 arguments are preseﬁt.
In the remaining user supplied routines, all vectors

are given the dimension 1, as allowed by FORTRAN.

Subroutine for Supplying Problem Functions:

The user supplied subroutine FXNS lists the cost
function F to be minimized, and all equaiity—constrainf
functions FE, and all inequality—cohstraint functions FI.

The subroutine FXNS is of the form:
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SUBR@UTINE FXNS (X,F,FE,FI)
DIMENSI@N X(1),FE(1),FI(1)
F = ceesscceseecss . cost function
FE (1) =
. NE equality
. csesecesocssne constraints; if
NE = 0, no listing

o3

FE(NE) =
FI(1l) =

. . ~ NI inequality

L = cesasesencesass constraints; if

. , - NI = 0, no listing
FI(NI) = . ,
RETURN
END '

Subroutine for Supplying Nonconstant Gradient Components
of Problem Functions: ‘

Thié user supplied gradient subroutine gives the
nonconstant.gradient components of all equality, GE, and
inequality; GI, constraint functions. (Nonconstant gra-
dient components are those components which are functions
of x.) This routine is called after every unidirectional
search when'a.new x is found. If there are no nonconstant
gradient components, the SUBR¢UTINE, DIMENSI@N, RETURN,
and END statements must still be supplied by the.user.

This routine is of the form:
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SUBROUTINE GRAD(X,GF,GE,GI)
DIMENSION X(l) GF (1), GE(l) GI(1)

GF (1) =- N (gradlent) components of F. If a
. given (total) GF component is a
. = wsese.0.. constant, it need not be listed here.
. If there are no nonconstant GF com~ -
GF (N) = ponents, no listing is needed.
GE (1) - N (gradient) components of FE(1l),
° - then N components of FE(2), ..., then
: ©°*T****® N components of FE(NE). If NE=0, ho
GEEN*NE) — listing is needed. If a give? (total)
GI(1). = GE compogenﬁ is a constant, it need
not be listed here.
o .- = Leceessso N (gradient) components of FI(1l) jthen:
. N components of FI(2),. ..., then N
GI (N*NI) = components of FI(NI). If a given GI
RETURN component is a constant, it need not
END : be listed here.

Subroutine for Supplying Constant Gradient Components of
Problem Functions:

This user supplied gradient subroutine gives the
constant gradient components of the cost function GF, and
the constaﬁt‘grédient components of all equality, GE, and
inequality, - GI, constraint functions. All gradient com-
pﬁnents equal to zero need not be listed. This routine is
called oniy once by ALG@R, and these compbnents remain
fixed throughout‘the algorithm operation. If there are no
constant gradient components, the SUBRPUTINE, DIMENSI¢N,
RETURN, énd-END statements must still be supplied by the

user. This routine is of the form:
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SUBROUTINE CONST (GF,GE,GI)
DIMENSION GF(1),GE(1l),GI(1)

GF (1) - =

GF (N) = .

GE (1) = Same as SUBR@UTINE GRAD but
. applies to (total) constant
. T i ieicecess gradient components that .
. are nonzero.

GE (N*NE) =

GI(1l)- =

GI (N*NI) =

RETURN

END

Information and Format of Data Cards:

| The data cards communicate to Subroutine ALG¢R the
initial cpnditions, convergence and update criteria, print
interval, and the type of method to be used in solving the
problem: i.e., 1) Penalty meﬁhéd; 2) Multiplier methbd;
and 3) Penalty/Multiplier method..

Thé correct order and format of the data cards, with

parameter definitions and typical values where applicable,

are as follows:

-------
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DATA CARD 1:

READ 10, (ID(I),I= 1,18)
10 F@RMAT (18A4)

Thi§ is an identification card to be printed.at the
.beginninélof the output. It is a problem title card con-
‘taining such information as: problem number, book, author,
or any other description such as linear, nonlinear, 6th-

order, constrained, unconstrained, etc.

DATA CARD 2:

READ 100,N,NE,NI,IMAX,NPRINT,IHE,IHI,IC@N,NCYCL,
&NSRCH, NUP ' _
100 FPRMAT (11I5)

.N = number of variables
NE. = number of equality constraints
NI = number of inequality constraints

IMAX = maximum iteration limit on the number of uni-
" directional searches; ALG@R stops when IMAX
searches have been made.

print interval: initial values and the final’

search point information are printed automati-

cally by ALG@R. If this is all that is desired
set NPRINT = 0. If search point information is
desired every J searches, set NPRINT = J, where
Jg e {1, 2, ..., IMAX}

NPRINT

e
o




IHE

IHI

IC@N

NCYCL

NSRCH
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0 if NE = 0 or if all initial equality con-

_straint multipliers for the Multiplier method

are initialized to zero
1 if NCYCL = 0 and any 1 or all of the equallty

. constraint multipliers are initialized to some

nonzero constant.

- -(multipliers can be initialized only when the

Multiplier method is used.)

0 if NI = 0 or if all initial inequality con-
straint multipliers for Multiplier method are
initialized to zero.

1°if NCYCL = 0 and any 1 or all of the in-
equality constraint multipliers are initialized
to some nonzero constant (multipliers can be
initialized only when the Multiplier method. is

".used )

0 if there are no constant gradient components
listed in SUBR@UTINE C@NST

1 if there are constant gradient components
listed in SUBRPUTINE C@NST

-0 if NE = 0 and NI = 0, (i.e., unconstrained),

or if the Multiplier method is used.

"IMAX 4+ 1 if Penalty method is used

J if J cyclest of Penalty method are desired
before the Multiplier phase is introduced,
where JE {1, 2, ..., IMAX}

K, where K is the maximum number of unidirec-

tional searches in each cycle. Typically

K = (N+1) or (2N+2) if Penalty method is used,
and K = (2N+1) or (2N+2) if Multiplier or
Penalty/Multiplier method is used.

TA éycle generally consists of between N+1 and # uni-

directional searches, where the upper bound # is given by

' NSRCH.
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0 causes the update information to be printed
.when the multipliers and/or weights are up-
dated.

1l suppresses update information

DATA CARD 3:

READ 200," EPS1, EPS2, EPS3
200 F@PRMAT (3D10.5)

EPS1

EPS2,EPS3

it

Convergence criterion; ALG@R stops when

GMAG < EPS1 and DELX < EPS3, wheré GMAG is the.
magnitude of the gradient of the augmented
-Lagrangian, and DELX is the magnitude change
in X between consecutive search points. This

. test is made at the end of a cycle, after

i

the multipliers and weights have been updated.
‘Typical values of EPS1 are (1.D-06 to 1.D-08)

Update criterion; multipliers and/or penalty
weights are updated at the end of a cycle or
anytime after N+1 searches of a cycle if

.GMAG < EPS2 and DELX < EPS3. EPS2 does not

have to egqual EPS3, but typical values are
(.001, .001) to (.0001, .0001) '

DATA CARD 4:

READ 300, (X(I), (I=1,N)
' 300 F@RMAT (8D10.5)

This.card provides the initial x; values. List 8

values per card with as many cards as necessary to list all

N values X(1), ..., X(N). The last card may have less
than 8 values. -
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DATA CARD 5:.

READ 400,W1M,W2M,W3M, W1MAXM, W2MAXM, W3MAXM, WFM
400 FPRMAT (7D10.5)

This card provides the multiplier phase penalty
weights. This card must not be included if NE = 0 and
NI = 0 (i.e., unconstrained). Otherwise if the Penalty
method only is used, a blank card is included. If the
Multiplier method or Penalty/Multiplier method is used,
the Multiplier-phase penalty weights are initialized as:

W1M = initial weight for all equality constraints
=0 1if NE = 0 '
W2M = initial weight for inequality constraint func-

tions with associated positive-valued multi-
pliers
= 0 if NI = 0

W3M = initial weight for inequality constraint func-
" tions with zero-valued multipliers
= 0 1f NI =-0

WIMAXM = maximum value of W1M, WIM is held fixed at
' WIMAXM when WIM > WIMAXM
= 0 if NE = 0

W2MAXM = méximum value of W2M; W2M is held fixed at
W2MAXM when W2M > W2MAXM
= 0 1f NI = 0

W3MAXM = maximum value of W3M; W3M is held fixed at
W3MAXM when W3M > W3MAXM ' A
0 if NI =0
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WFM =. factor by which W1, W2, and W3 are updated
through multlpllcatlon by WFM, i.e.,’

WlM( ew) = WEM®* WlM(old) Typically

(2.0 < WFM < 4.0)
1 if weights are to be held fixed at initial
values .

Note: For a.écaled problem usually W1M, W2M, and W3M are’
initialized in the range from 0.25 to 2.0, and-WlMAXM,
W2MAXM, and WBMAXM are in the range from 16.0 to 64.0. If
a constraint breakthrough occurs, prevénting'convergence,
ihitial and maximum values of all parameters except WFM

- should be. increased and the problem rerun.

- DATA CARD. 6:

READ 400,W1l,W2,W3,WIMAX, W2MAX ,W3MAX , WF
. 400 F@RMAT (7D10.5)

This -card must not be included if NE = 0 and NI = 0
(i.e., an unconstrained problem is to be solved.i. _

The card must not be included if NCYCL = 0 (i.e.,
the Multlpller method. is used.)’

If the Penalty method or thé Penalty/Multiplier
method is used, the penalty phase penalty parameters are
initialized .as:

initial weight for all equality constraints
0 if NE = 0

Wl
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W2

= .initial weight for all inequality constraints
=0 if NI =0
W3 = W2
WIMAX = maximum value for Wl; Wl is held fixed at

W1MAX when Wl > WIMAX
=0 1f NE = 0

W2MAX = maximum value for WZ{ W2 is held fixed at
' - -W2MAX when W2 > W2MAX - '
= 0 if NI = 0

W3MAX = W2MAX
WF = factor by which W1, W2, and W3 are updated
. through multlpllcatlon by WF (see WFM) .
Typically (2.0 < WF < 4.0)
= 1.if weights are to be held fixed at 1n1t1al
. value. ‘

Note: Forfa'scaled problem, usually Wl =W2 = W3 = 1.0

and WIMAX "= WZMAX = W3MAX are in the range from 50.0 to .

100'0; If a constraint breakthrough occurs, initial and
maximum Values of all parameters except WF should be in-

creased, andnthe_problem rerun.-

DATA CARD (8):7:

READ 300 (HE(I) ,I= l /NE)
300 F¢RMAT (8D10 5)

Thisfcard mnst not be incluaed if IHE = 0.

If any one or all equallty constralnt multlplrers

are to be 1n1t1allzed to some nonzero constant, all
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multipliers must be initialized through data cards. Multi- -

pliers equal to zero must be set to zero. List 8 HE

values per card with as many cards as necessary to list all
NE of the HE values HE(l), ..., HE(NE). The last card

may have less than 8 wvalues.

DATA CARDS(S) 8:

READ 300, (HI(J),J=1,NI)
300 FPRMAT (8D10.5)

This card must not be included if IHI = 0.

If any one or all inequality constraint multipliers
are to be initialized to some positive nonzero constant,
all multipliers must be initialized through data cards.
Multipliers equal to zero must be set to zero. List 8 HI
values per card with as many cards as necessary to list
all NI of the HI values HI(1l), ..., HI(NI). The last card
may have less than 8 wvalues. '

Stacking Data Decks

Data decks may be stackea for as many runs on the
same problem as desired, each with different iﬂitial con-
ditions, of.different methods of solution. Each daté deck
must coﬁfain the correct order and number of data cards as
described above. To stack data, a loop must be introduced
into the main calling program SUCh'that-AiG¢R is called

once for each data deck included.

T
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C.3. Contrél Cards

The system control cards for the XDS Sigma 7 com-
puter at MSU for any problem to be solved by ALG@R are:’
Y LIMIT~———————
I|F@RTRAN LS,G@,ADP
user supplied routines

ILOPE (G@), (EXEC), (EF, (ALGPR, account number for
ATGZR) ) ' : .

data deck 1
data deck 2

etc.

Note: Subroutine ALGPR is written for single precisioﬁ
calculations to work on most computers. The XDS Sigma 7 at
MSU has a.control statement for "automatic double
precisionh (ADP) as shown above. If this program>is to be
run on a different computef system, modifications must be
made to comply with fhat system'for double pfecision, which
may mean modificatiéns to the subfogtines contained in
ALGPR. It is advisable to run under double precision.
Problems may'ge run under single precision, but convergence

may be slower, or may not be obtained at all due to the




226

numerical accuracy required for the unidirectional séarch
to be efficient as the optimum value of xlis approached.

If modifications must be made to the subroutines,
insertioo of the spocification statement

: IMPLICIT REAL*8 (A-H, @#-2)
into each subroutine will allow the algofithm to operate in
double precision.
If storage 'is limiting such that all variables cannot be
double prooision, the specification statement
IMPLICIT REAL*8 Arg,, Argz, ... etc.

will allow only those variables named to bé double pre-
cision. Iq order of importance; the argument list should "
include: (ALFA,_Dl,D2,D3,Al)(X,XT,AL,F,FE,FI,HE,HI),(GF,
-GE,GI,GAL), (R,H,FM1,FM2).
It should oe,oemembered that most of the above are Vectoré,
and étorage requirements will change with the size of the
problem.

To better illustrate the requirements for proper im-
plementation of the subroutines and data, two sample prob-
lems are giveo (problems Tl and T2) in the next sections{

showing proper user supplied routines and data.
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C.4. Results of Test Problem T1

The user supplied routines, data, and computer re-
sults for a typical run of test problem Tl are given in

this section.
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C.5. Results of Test Prqblem T2

The user supplied routines, data, and computer re-
sults for a_ﬁypical run of test problém:TZ are giﬁen in
this section. WNote that aloop has been introduced into
the main caliing program calling SUBR¢UTINE_ALG¢R once for
each data.déck. Although there are 4 stacked data decks,

only the pfintout of the first run is included here.

T
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APPENDIX D

SUMMARY OF NOTATION FOR
PROGRAM LISTING




1. FLAGS

ICEN:

IFLAG:

IHE,IHI:

IMULT:
IST@P:

NG:
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Convergence flag; initialized (=0) and set

(=1) when convergence criterion are satisfied.

Multiplier weight flag; initialized (=0) and
set (=1) to initialize penalty weights to
multiplier phase weights when NCYCL > 0; set
(=2) to initialize multipliers phase weights
when NCYCL = 0.

IHE is multiplier initialization flag for
equality constraints; (=0) if all initial
multipliers HE; = 0; (=1) if one or more

multipliers are to be read in as data; IHI

same as IHE but for inequality constraint
multipliers, HI.

Multiplier update flag; initialized (=0), set
(=1) when multipliers have been updated for -

' the first time.

Termination flag; initialized (=0) and set
(=1) when convergence or stopping conditions

-are satisfied.

Search direction flag; (=0) when R is a con-
jugate gradient direction, (=1) when R is a

. negative gradient direction.

NSTP:

NUP:

2. COUNTERS

IBSD:

Flag for ineffective unidirectional search; _
(=0) for stepsize ALFA > 0; (=1) for ALFA = 0.

. Output flag; (=0) output information printed °

at each multiplier and/or weight update (=1)
suppresses all update output. o

Counter for bad search direction generated

by subroutine DFPRV and poor unidirectional
search; set (=0) at beginning of each cycle,

. and incremented when one of the above ‘is

encountered.




ICl:

IDFP: -

IT:

IT@T:

IUP: .
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Counter for NFE during a 51ngle unidirec-
tional search.

Counter for conjugate search directions; (=1)
when R is a negative gradient direction; in-
cremented after each consecutive generation

of a conjugate search direction.

Tteration counter for print interval NPRINT.

Iteration counter; 1ncremented after each
unidirectional search. :

Cycle update counter; incremented at the end
of each cycle after multipliers and/or

~ weights have been updated.

KSRCH:

NFE:

NGE:

Iteration counter for the number of itera-
tions in each cycle; reset (=0) at the
beginning of each cycle.

Function evaluation counter; incremented each

time subroutine FXNS is called.

time subroutine GRAD is called.

3. PARAMETERS

' CUT:
DL@W:

DUP:

EPS1,
EPS3:

IMAX:

Reduction factor for éteps taken along R.
Lower bound for a step of size D2 along R.

Upper bound for initidl estimate of ALFA in

unidirectional search.

EPS2,

Small numbers used in test crlterlon for’
convergence, convergence rate, and updating
multipliers and/or weights.

Maximum iteration limit for IT@T.

Gradient evaluation counter; incremented each '




4,

N:
NCYCL:
NE<: .
NI:

 NPRINT:

. NSRCH:

Wl, WM,
- etc.:

W1MAX,
WIMAXM, -
etc.r

WF, WFM:-

VARIABLES

AL. .

" X

ALFA:f

245

Number of Xy variables, i=1, 2, vee, N.

Number of cyclés to be completed in the

Penalty function mode before Multlpller mode

'is introduced.

‘Number of equality constralnts (HE ),
i =‘l', 2' RN 4 NE.

Number .of 1nequallty constralnts (HI ),
j = 1’ 2’ e o oy NI

Number of 1terat10ns between prlnt 1ntervals,
-search point status is printed at this

interval.

Number of unldlrectlonal searches allowed 1n
one cycle.

‘Wl, W2, W3 are penalty weights used in

Penalty mode; W1M, W2M, W3M are welghts used

" in Multiplier mode.

Upper bounds on W1, and WiM, ‘etd.

. Factor by which welghts are updated through B
multiplication in Penalty or Multlpller mode,

respectlvely

Value of the augmented Lagranglan at a’ p01nt

,Best step along search direction R;" ylelds
‘minimum value of the: augmented Lagranglan

(AL) for unldlrectlonal search

T >




DELG:

DELX:

D1, D2, -

D3, Al:

DS:.

¥, FS:

FE, FES:

FI, FIS:

GAL, G@:

GE, GF,

GI:

GMAG:

HE, HI:

H, FM1,

FM2: -

” k+l kl
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" Magnitude change in the gradient of augmented

Lagrangian (GAL) between consecutlve search

" points;

VL k+1l _ VIL k
a a

Magnitude change in X between consecutive
search points;

Stepsizes taken along R.
Storage (saﬁe) for D1, D2, etc.

F is cost function value at x; FS is storage
(save) variable for F.

-FE is equality constraint function value

vector; FES is storage (save) vector for FE.

FI is inequality constraint function value;
FIS is storage (save) vectdr for FI.

. GAL is the gradient vector of the augﬁented

Lagrangian (AL); G@ 1s a storage (save)
vector for GAL.

- Gradient vector of FE, F, and FI.

‘Magnitude of the gradient vector of the aug-
. mented Lagrangian; :

| vo
a

k

Multiplier vectors for FE and FI.

Matrices used for the generatlon of conjugate
gradlent search directions.
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R: Search direction vector.

RMAG: Magnitude of the search direction’ vector;
=1l

SLOPE: Slope of the augmented Lagrahgian function at
" the beginning of a unidirection search where
ALFA = 0.

X, ¥f: X is vector of - ] varlables, X@ 1is storage
(save) vector for x.

XT, XS: Test points evaluated albng'R which yield
: information used in the estimation of ALFA;
XS is storage (save) vector of XT.

Yl, Y2'
¥3,:YAl: Value of the augmented Lagrangian at a point
. XT resultlng from a step Dl, etc., along R;
YS is storage (save) for Y
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ORGANIZATTON AND OPERATICN OF ALGORITHM
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