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Abstract:
Exact solution generating methods for the stationary axially-symmetric Einstein-Maxwell equations are
investigated in this thesis. In particular, the attempt has been made to extend Cosgrove's vacuum
symmetry groups, Q and Q~, to the electrovac case. The primary method used is that of invariant
groups, but due to the close relationship to Backlund transformations, a brief review of the latter is
given.

The symmetry groups Q and Q~ are found to exist for the electrovac case, but as of yet their
application has met with minimal success.

It is still felt by the author that more of the vacuum results pertaining to Q and Q~ can be extended to
the electrovac case. 
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ABSTRACT

Exact s o lu t io n  g e n e ra t in g  methods f o r  th e  s t a t io n a r y  a x i a l l y -  
symmetric E in s te in -M a x w e ll  equations  are  in v e s t ig a te d  in  t h i s  th e s is .  
In  p a r t i c u l a r ,  th e  a ttem pt has been made t o  extend Cosgrove's vacuum 
symmetry groups, Q and Q, t o  th e  e le c t ro v a c  case. The p r im ary  method 
used is  t h a t  o f  i n v a r ia n t  groups, but due t o  th e  c lo se  r e la t io n s h ip  
to  Backlund t ra n s fo rm a t io n s ,  a b r i e f  re v ie w  o f  th e  l a t t e r  i s  g iv e n .
The symmetry groups Q and Q are  found t o  e x i s t  f o r  th e  e le c t ro v a c  
case, but as o f  y e t  t h e i r  a p p l ic a t io n  has met w ith  minimal success.
I t  i s  s t i l l  f e l t  by th e  au thor t h a t  more o f  th e  vacuum r e s u l t s  
p e r ta in in g  t o  Q and Q can be extended to  th e  e le c t ro v a c  case.
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CHAPTER I  

INTRODUCTION

This  th e s is  in v e s t ig a te s  a method o f  f in d in g  exac t s o lu t io n s  

f o r  th e  s t a t io n a r y  a x ia l ly -s y m m e tr ic  E in s te in -M a x w e lT  e q u a t io n s .  The 

a d je c t iv e s  preceding  th e  words E in s te in -M a x w e ll  imply t h a t  a system w ith  

a x ia l -s y m m e try ,  u n ifo rm ly  r o t a t in g  about i t s  a x is  o f  symmetry, is  being  

i n v e s t ig a t e d .  The words E in s te in -M a x w e ll  revea l t h a t  t h i s  th e s is  

belongs to  th e  s u b je c t  areas o f  g r a v i t a t io n  and e lec trodynam ics  w ith  

t h e i r  r e la t e d  e q u a t io n s .

Being n o n l in e a r  and coupled , th e  E in s te in -M a x w e ll  equations  

developed in  Chapter 2 a re  very d i f f i c u l t  t o  s o lv e .  B efore  sp ec ia l

methods were in tro d u ced  f o r  f in d in g  new s o lu t io n s ,  on ly  a handful o f
'

s o lu t io n s  were known. Two methods which have been found ys e fu l in

f in d in g  new s o lu t io n s  are  th e  methods o f  group t ra n s fo rm a t io n s  anc|
• •

Backlund t r a n s fo rm a t io n s .  These are  reviewed in  Chapters 3 and 4 ,  . 

r e s p e c t iv e ly .

The case where no e x t e r i o r  e le c tro m a g n e t ic  f i e l d s  a re  present  

has been in v e s t ig a te d  by numerous workers in  recent y e a rs .  There is  a 

growing consensus among these  workers t h a t  t h is  problem is  n e a r ly  

so lved . A b r i e f  rev iew  o f  t h i s  vacuum case is  given in  Chapter 5,

A llowance f o r  e le c tro m a g n e t ic  f i e l d s  w ith  th e  g iven symmetries 

in tro d u ces  a source term  in t o  th e  E in s te in  eq u a t io n s .  Chapter 6 reviews  

r e s u l t s  found prev ious  to  t h i s  th e s is  f o r  t h i s  case.
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Chapter 7 extends th e  Q and Q tra n s fo rm a t io n s  found by Cosgrove 

(1979a) f o r  vacuum t o  th e  case where s t a t io n a r y  a x ia l ly -s y m m e tr ic  

e le c tro m a g n e t ic  f i e l d s  are  p re s e n t .  Th is  is  th e  f i r s t  ch a p te r  in  which 

o r ig in a l  m a te r ia l  is  p resen ted .

C hapter 8 uses th e  new tra n s fo rm a t io n s  in  an a ttem p t to  

generate  a new s o lu t io n .  The r e s u l ts  o f  t h i s  th e s is  are  given in  

C hapter 9.
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CHAPTER 2

THE FIELD EQUATIONS

At th e  tu rn  o f  th e  cen tu ry  on ly  two fo rces  in  n a tu re  were 

known, the  g r a v i t a t io n a l  fo rc e  and the  e le c tro m a g n e t ic  f o r c e .  Both were 

b e a u t i f u l l y  p o rtra y e d  by two p h ys ica l t h e o r ie s ,  th e  fo rm er by Newton's 

Law o f  U n iv e rs a l  G r a v i t a t io n  and th e  l a t t e r  by M axw e ll 's  f i e l d  

eq u a t io n s .  E in s te in  founded th e  th e o ry  o f  sp e c ia l  r e l a t i v i t y  on what 

has amounted to  th e  choosing o f  M a xw e ll 's  f i e l d  equations over Newton's 

laws o f  motion. In c lu d in g  th e  g r a v i t a t io n a l  f i e l d  e v e n tu a l ly  led  

E in s te in  t o  th e  th e o ry  o f  general r e l a t i v i t y .  Thus, both c la s s ic a l  

f i e l d s  p layed im p o rta n t  ro le s  in  th e  development o f  genera l r e l a t i v i t y .

General r e l a t i v i t y  c o n s is ts  p a r t i a l l y  in  th e  s o lv in g  o f  th e  

equations  governing th e  g r a v i t a t io n a l  f i e l d ,  the  E in s te in  eq u a t io n s . I f  

e le c tro m a g n e t ic  f i e l d s  a re  p re s e n t ,  then general r e l a t i v i t y  ipodifies  th e  

Maxwell equations  to  in c lu d e  th e  e f f e c t s  o f  curved spacetim e. The f i e l d  

equations a re  w r i t t e n  in  th e  d e c e p t iv e ly  s im ple  te n s o r  form:

Ri k - IZ Z g i k R = (-SirGZc1O T 1k ( 2 .1 )

are  th e  E in s te in  equations  and

F l k ;k = " 4irsl ; Fi k , l +Fl i , k +Fk l , i  = 0 ( 2 . 2 , 3 )

a re  th e  Maxwell eq u a t io n s .  Together they  are  c a l le d  th e  E in s t e in -

Maxwell e q u a t io n s .  ' .

The E in s te in -M a x w e ll  equations  a re  u s u a l ly  thought o f  in  the  

fo l lo w in g  manner. On th e  le f t - h a n d  s id e  o f  Equations ( 2 . 1 )  a re  th e
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terms r e la t e d  t o  th e  c u rv a tu re  o f  spacetim e. . Th is  c u rv a tu re  has as i t s  

source th e  energy-momentum te n s o r  T1-Jc which stands on th e  r ig h t -h a n d  

s ide  o f  Equations ( 2 . 1 ) .  Th is  source term  in c lu d es  th e  e f f e c t s  o f  a l l  

th e  m a tte r  f i e l d s ,  e xc lu d in g  g r a v i t y ,  and is  b a s ic a l ly  th e  s tatem ent o f  

mass-energy eq u iv a le n c e  in  th e  gen era t io n  o f  the  g r a v i t a t io n a l  f i e l d .

In  p a r t i c u l a r ,  i t  w i l l  c o n ta in  th e  energy and momentum o f  the  

e le c tro m a g n e t ic  f i e l d s  p re s e n t .

The Maxwell equations are  m o d if ied  d i r e c t l y  by th e  c o v a r ia n t  

d e r iv a t iv e  which c o n ta in s  th e  e f f e c t s  o f  th e  g r a v i t a t io n a l  f i e l d ,  (As 

i s  usual in  th e  l i t e r a t u r e ,  a comma rep resen ts  p a r t i a l  d i f f e r e n t i a t i o n ,  

and the  sem i-co lon  rep resen ts  c o v a r ia n t  d i f f e r e n t i a t i o n . ) I n d i r e c t  

e f f e c t s  o f  th e  g r a v i t a t io n a l  f i e l d  a re  conta ined  in  th e  c u r re n t  d en s ity  

term  Si on th e  r ig h t -h a n d  s id e  o f  Equations ( 2 . 2 ) .

Taken t o g e t h e r ,  th e  E in s te in -M a x w e ll  equations are  9 very  

d i f f i c u l t  se t  o f  equations t o  s o lv e .  They a re  h ig h ly  coupled and 

n o n l in e a r .

In  t h i s  t h e s is ,  severa l s im p l i f y in g  c o n d it io n s  w i l l  be added. 

F i r s t ,  th e  reg ions o f  space considered  w i l l  be e x t e r i o r  t o  th e  sources;  

t h a t  i s ,  th e  c u rre n t  d e n s ity  s1 w i l l  be z e ro ,  and th e  energy-momentum 

te n s o r  T1Jc w i l l  co n ta in  terms which depend on ly  on th e  f r e e  e l e c t r o ­

magnetic f i e l d s .  Th is  s i t u a t io n  is  c a l le d  e le c t r o v a c .  Second, the  

f i e l d s  w i l l  be assumed s t a t io n a r y .  T h i r d ,  th e  f i e l d s  w i l l  be assumed 

a x ia l ly - s y m m e t r ic .  F i n a l l y ,  th e  f i e l d s  w i l l  be assumed in v a r ia n t  under 

th e  s im ultaneous t ra n s fo rm a t io n  o f  th e  c o o rd in a te s ,  ( t , * ) + ( - t , ^ & ) .

The f i r s t  c o n d it io n  s im p l i f i e s  th e  f i e l d  equations  t o

R .k = (-STrGZc^Tik  ( 2 .1 a )
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and

( 2 . 2 a , 3 )

A x ia l-sym m etry  means th e  e x is te n c e  o f  an a x is  o f  symmetry

around which any r o t a t io n  leaves the  f i e l d s  i n v a r i a n t .  M a th e m a t ic a l ly ,  

t h i s  d e f in e s  an az im uthal c o o rd in a te  *  which measures th e  degree o f  

r o t a t io n  about th e  a x is .

S t a t io n a r y  means t h a t  a l l  o f  th e  sources have reached a un iform

s t a te  o f  motion such t h a t  a l l  th e  f i e l d s  a re  independent o f  t im e .  

M a th e m a t ic a l ly ,  t h i s  d e f in e s  th e  t im e  c o o rd in a te  t  o f  which a l l  the  

f i e l d s  a re  independent.

fo l lo w in g  p h ys ica l meaning. I f  th e  o b je c t  producing th e  f i e l d s  is  

r o t a t in g  about i t s  a x is ,  then th e  above t ra n s fo rm a t io n  b r ings  the  

v e lo c i t y  d i s t r i b u t i o n  back in t o  i t s e l f .  Th is  means t h a t  th e  energy-  

momentum te n s o r  and c u r re n t  d e n s ity  go in t o  them selves . S ince nothing  

has changed w i th in  th e  source under th e  t r a n s fo r m a t io n ,  th e  e x te rn a l  

f i e l d s  produced by th e  source should be th e  same.

This  l a s t  c o n d it io n  g r e a t ly  s i m p l i f i e s  the  form o f  th e  m e tr ic  .

te n s o r  g ^ .  B efore  adding th e  l a s t  c o n d i t io n ,  th e  l i n e  element had the  

form

F i n a l l y ,  th e  symmetry, t ra n s fo rm a t io n  ( t , * ) + ( - t , - * )  has the

= g11d td t+ 2 g 12dt<4 + 2 g 13d td x3+ 2 g i4dtdx4+ 

g22d<i>d<|>+2g23d<j>dx3+2g24 d<i>dx4+g33dx3dx3+ 

2g34dx3dx4+g44dx4 dx4 . ( 2 .4 )

(Here t  = x 1 , <j> = x2 , and g ^  = g ^ ( x 3 ,x 4 ) . )
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Imposing th e  l a s t  c o n d it io n  r id s  t h e .g ik  o f  th e  13 , 14 , 23 , and 

24 components. The l i n e  element can now be w r i t t e n  in  th e  box diagonal  

form

ds2 = f ABdxAdxB”hMNdxMdxN; A ,B = 1 ,2 ;  ( 2 . 5 )

M9N = 3 ,4 .  . , '

N o ta t io n

A b r i e f  rev iew  o f  th e  n o ta t io n  to  be used in  th e  development o f  

th e  f i e l d  equations  w i l l  now be g iven . Th is  n o ta t io n  fo l lo w s  K in n ers ley  

(1 9 7 7 a ) .

To r a is e  in d ic e s  in  a tw o-d im ensional space w ith  m e tr ic  f^ g ,

AB
e i t h e r  (Ta b ) ' 5 in v e rs e  m a tr ix  o r  e may be used, ( e 12 = e 12 = re21 

- £ 2 i = I ; E11 = £22 = e22 = E u  -  0 . )  Th is  can be seen by th e  

fo l lo w in g  argument.

For a general two by two m a t r ix .

The in v e rs e  is  e a s i ly  shown to  be 

A ' 1 = I  / d  -b
(ad -b c )  \ - c . a

w ith

(a d -b c )
eaV . (2.6)

E =
0

s
and th e  s u p e rs c r ip t  t  in d ic a t in g  m a tr ix  t r a n s p o s i t io n .  In  th e  case 

where th e  m a tr ix  ( f^ g )  is  sym m etric , th e  in v e rs e  m a tr ix  is  given by

( f AB^ 1 '  d e t ( f AB) e f̂ AB
( 2 . 7 )
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or in  index n o ta t io n  by

= ( f A B )"1 .p -2cACeBDf r -P ~ d e t ( f ^ g ) .

T h e re fo re ,  d e f in in g  f ^ B by

.AB AC BD_ 
E e f , -P

( 2 .7 a )

(2,8)

i t  is  seen t h a t

f ABf , ■p W .
2 ,A“p 6

C°
( 2 ,9 )

AC
S t r i c t l y  speak ing , s in ce  e is  a te n s o r  d e n s ity  o f  w e ight minus one  ̂

fAB is  a te n s o r  d e n s ity  o f  w eight minus two (W einberg, 1972: 9 9 ) .  For 

c o o rd in a te  t ra n s fo rm a t io n s  which have th e  Jacobian equal t o  ope, they  

a re  s t r i c t  te n s o rs .  Th is  d e t a i l  w i l l  be ignored as i t  does not a f f e c t  

th e  fo l lo w in g  development.

Given th e  v e c to r  V^, r a is in g  th e  index is  d e f in e d  by

V8 = eBAVA. ( 2 .1 0 )
I

I t  is  im p o rtan t t o  note t h a t  th e  c o n tra c te d  index is  th e  second index in  

th e  e BA. With t h i s  convention  and th e  i d e n t i t y

E
AC

eCB (2. 11)

i t  i s  seen t h a t  t o  low er th e  index on Vb r e q u ire s  m u l t ip ly in g  by e ^q .

I
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That i s ,

V0 -  S g / .  ( 2 .1 2 )

Th is  is  c o n s is te n t  w ith  th e  r a is in g  o p e ra t io n  le a d in g  back to  the  

o r ig in a l  v e c to r .

Return to  th e  s ta t io n a r y  a x ia l ly -s y m m e tr ic  m e tr ic  o f  Equation  

( 2 . 5 ) .  The in d ic e s  w i l l  be ra is e d  using in  th e  (t,<|>) c o o rd in a te  

block and th e  in v e rs e  o f  (h^^) in  th e  (x 3 ,x 4 ) c o o rd in a te  b lo c k .  I f ,  

in s te a d  o f  r a is in g  in d ic e s  in  t h is  manner, th e  in v e rs e  o f  ( f f ts )  and 

are  used, then th e  ra is e d  in d ic e s  w i l l  be marked w ith  a s u p e rs c r ip t  

t i l d e .  For example, '

VM ( 2 .1 3 )

w i th  e34 -G43 = -Glt3 = I  and G33 = G(

The tw o-d im ensiona l c o v a r ia n t  d e r i v a t i v e  a s s o c ia te d  w ith  h^w 

w i l l  be des ignated  v .  The d ivergence  o f  a v e c to r  f i e l d  V = (V g .V * )  is  

given by

V V  = h ' (H1̂ K k nVm) j n , ( 2 .1 4 )

Xk  hMNh being the  d e te rm inan t o f  h^^. The express ion  h " h in  two-  

dimensions is  co n fo rm a lly  i n v a r ia n t .  That i s ,  i f  the  m e tr ic  is

= etransform ed to  h ' " \  w ith  h ^  = e ^ ^ h ^ ,  then h ^  h ^  = h ^  h ^"MN

tra n s fo rm a t io n  is  not a c o o rd in a te  t ra n s fo rm a t io n ;  under t h i s
■ . , .

t ra n s fo rm a t io n  and V ^ + e^ V ^  . T h e re fo re ,  i f  V»V = 0 -

( h 1 /2 hMNVM) jN s then v . V = h ' 1 /2  (h 1 /2  hM\ ) jN =

This
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h ' (h z h V^) ^ = 0. S ince every  tw o-d im ensional m e tr ic  space is  

co n fo rm a lly  r e la t e d  t o  th e  Euclidean  tw o-d im ensional space, (E is e n h a r t ,  

1 9 0 9 :9 2 -9 3 ) ,  i t  i s  p o s s ib le  to  p ick  h ^  = 6 ^  . In  t h i s  case , th e  

c o v a r ia n t  d e r i v a t i v e  V reduces t o  th e  o rd in a ry  g ra d ie n t  in  re c ta n g u la r  

c o o rd in a te s .  The l i n e  element is  now w r i t t e n

ds2 = f ABdxAdxB- e 2 r 6MNdxMdxN ; A ,B -  1 ,2 ;

M,N = 3 ,4 .  ( 2 .5 a )

.A n o th er  common form o f  the  l i n e  e le m e n t,  Lewis (1 9 3 2 ) ,  is  

r e la t e d  t o  th e  above by th e  r e la t io n s

f  11 = f , f  = " fw * ^22 = ^  ™p*"f ^ ,

e 2 r  = T 1B2y. ( 2 .1 5 )

In  t h i s  p a r a m e te r iz a t io n ,  th e  l i n e  element is  w r i t t e n

ds2 = f  (dt-a)d<j> J2 - T 1B^y  ( ( d x 3 ) 2+ (d x4 ) 2 ) + r 1p2 d(|>2 e ( 2 .1 6 )

A ga in , - p 2 = d e t ( f AB) and is  a fu n c t io n  o f  x3 and x4 .

The Maxwell Equations

Using th e  l i n e  element o f  Equation ( 2 . 5 a ) , th e  f i e l d  equations  

w i l l  now be w r i t t e n  b u t ,  beg inn ing  w i t h . t h e  Maxwell equatipns  ( 2 . 2 a , 3 ) .

In t ro d u c in g  th e  e le c tro m a g n e t ic  p o t e n t ia l  A1- by th e  equation  

Fik  " Ak , i " Ai , k »  Equations ( 2 . 3 )  a re  a u to m a t ic a ly  s a t i s f i e d .  The Fik  

a re  independent o f  (t,<j>), and th e  Ai w i l l  a ls o  be assumed independent o f  

(t,<f>). Hence, th e  only  s u rv iv in g  components l e f t  a re  -  - A ^ ^  and

f MN = aN,M- aM,.N- The Maxwell equations ( 2 .2 a )  may be w r i t t e n ,

(W einberg , 1 9 7 2 :1 2 5 ) ,

(/^g F1k) >k = o. ( 2 .2 b )
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These f a l l  in t o  two sets  o f  eq u a t io n s .

0 =  (^ g  Fmn) iN == (pe2rFMN) jN

which has s o lu t io n s

FMN = Cp- I eMNi

The f i r s t  s e t  is

( pFV , N # ( 2 .1 7 )

( 2 .1 8 )

This corresponds t o  a magnetic f i e l d  in  th e  az im uthal d i r e c t io n  f a l l i n g  

- I
o f f  as p , which would be produced by an i n f i n i t e  l i n e  c u r re n t  a long  

th e  symmetry a x is .  Since t h i s  s o lu t io n  is  not p hys ica l f o r  a bounded 

source th e  co n s tan t C w i l l  be se t  t o  z e ro .

The f i n a l  se t  o f  equations  is

0 = (v^g FAM) = V .(p fABVAB) = Vo(P-1TabVAb). (2.19)

D e fin e  v by V = (d /d x 4 , - 3 / a x 3 ) , then one has th e  fo l lo w in g  i d e n t i t y .  

For a l l  s c a la r  fu n c t io n s  U, v * ( vU) = 0. C o n verse ly ,  i f  v»V = 0, then  

th e re  e x is t s  a s c a la r  p o t e n t ia l  U such t h a t  V = VU. T h e re fo re ,

Equations ( 2 .1 9 )  in d ic a t e  th e  e x is te n c e  o f  s c a la r  f i e l d s  such t h a t

VBa = P -1 Ta 6VAb. ( 2 .2 0 )

Using th e  r e la t io n s  V = - V  and f ABf BC = -P 2S ^  , an in v e rs e  r e la t io n  can 

be d e r iv e d  y ie l d i n g

VAa = -P - 1 Ta8VBb. (2 .2 0 a )

Forming th e  complex combination <&A = AA+ iB A, th e  $A a re  seen to  s a t i s f y  

V@A = - i p ~ 1 f ABv$B. ( 2 .2 1 )

The E in s te in  Equations

The E in s te in  equations  ( 2 .1 a )  a re  next co n s id ered . I t  can be 

shown t h a t

2RAc = P- 1 V - ( P - 1V mV f, , , . ) ( 2 .2 2 )
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4 *T Ab = P- 1V- (p " 1 ( f ACABVAc -  1/2 6ABf CDAcVAD) )  . ( 2 ,2 3 )

Hence, th e  E in s te in  equations  a r e ,  s e t t in g  G = c = I ,

V - ( p - ^ f ^ V f ^ ^ f ^ A g V A ^ A g f 00 AcVAd ) )  = 0. ( 2 .2 4 )

Using th e  i d e n t i t y

vW  = ^ B ^ C '  ( 2 .2 5 )

t h is  can be w r i t t e n

v - (p- 1 ( f ACVfBC- 2 f ACABVAc- 2 f BCAAVAc ))  = 0. (2 .26)

T h is ,  in  t u r n ,  im p lie s  th e  e x is te n c e  o f  th e  s c a la r  p o t e n t ia ls  ^ c such 

t h a t  '

’ *AC ’  I f A6 v f B r 2 f A V V 2 f CV AB> '  ■ ( 2 - 27)

One notes t h a t

. v / A = = i ^ p - V f X )

= -P-1Vp2 = -2Vp (2.28)

or

V*Aa = -2 V P . ( 2 .2 8 a )

This  im p lie s  t h a t

V-Vp = 0. ( 2 .2 9 )

As a consequence o f  Equation ( 2 . 2 9 ) ,  one can choose new coord ina tes  

x3 1 = p, x4 ' = z  , where z is  d e fin ed  by

Vp = Vz , ( 2 .3 0 )

and then th e  l i n e  element ( 2 .1 6 )  becomes

ds2 = f(dt-a)d<|))2 - f * e 2Y (dp2+dz2 ) + f * p 2d<t>2 ( 2 .3 1 )
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w ith  e2y = e 2Y/ ( p , 32+p ^2 ) .  Th is  form o f  th e  l i n e  e lem ent is  known a? 

the  l i n e  element in  Weyl canonica l c o o rd in a te s .

An in v e rs e  r e la t io n  can be found to  Equation ( 2 .2 7 )  and is

7 f Ac = V v 2V bC >

w ith  th e  symmetry c o n d it io n  on th e  f^Q r e q u ir in g

fAB(, 1'BA+2V BB+2flB7BA) = °-
L e t

= V 2a A8 ,O
A C

( 2 .3 2 )

( 2 .3 3 )

( 2 .3 4 )

and d e f in e

HAC = f AC+1 flA C " W eACK» ^2e35^

w ith

VK = $X*V»X. ( 2 . 3 6 )

Then i t  has been shown, K in n e rs le y  ( 1 9 7 7 a ) s t h a t

7HAC -  - ^ ' l f AB7HBC > . <2 - 37>

which is  th e  same form as Equations ( 2 . 2 1 ) .

D e f in in g  G = and @ = * i ,  a f t e r  some a lg e b ra ,  th e  fo l lo w in g  

equations r e s u l t .

f n V2$ = (VG+2@*V$)«V$, ( 2 .3 8 )

f n V2G = (VG+2@*V$)'VG. ( 2 .3 9 )

These equations  ar,e th e  E rnst e q u a t io n s ,  E rnst (1 9 6 8 b ) ,  and c o n ta in  a l l  

th e  in fo rm a t io n  necessary f o r  th e  s o lu t io n  o f  th e  E in s te in -M a x w e ll  

eq u a t io n s .  (V2 is  th e  L a p la c ia n  o p e ra to r  asso c ia te d  w i th  th e  t h r e e -  

dimensional m e tr ic  (d x 3 ) 2+(dx ‘t ) 2 +p2d<|>2 ; t h a t  i s , 1 82 /d p 2+32/ 3 z 2+ l / p 3 / 3 p . ) 

Equation ( 2 .2 9 )  must a lso  be added to  Equations ( 2 .3 8 ,3 9 )  i f  

noncanonical co o rd in a te s  a re  chosen.
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Nothing thus f a r  has been sa id  about th e  and R ^  f i e l d  

eq u a t io n s .  The f i r s t  s e t  o f  these  are  i d e n t i c a l l y  z e ro .  The R ^  

equations a l lo w  f o r  th e  y in  Equation ( 2 .1 6 )  to  be found by in t e g r a t in g  

the  fo l lo w in g  two e q u a t io n s .  :

- I  f _2
P Y»3 = % [ G , 3 G * , lt+G,ltG * , 3 + 2 6 ( G , 3 » * , 4+G,44>*,3 ) +

2 $ * ( G * , 3 * , 4 + G * ,4@ ,3 )+ 4 * * $ ($ ,3 @ * ,4+@,4$ * , 3 ) ]  -

r \$ ,3 $ * ,4+$*,3*,4), (2.40)

and
-2

P ^Ysi+ = -  % [ G , 4 G * , 4 -G,3G*,3+2@(G,4 $ * , 4 - G , 3 $ * , 3 )  +

2 $ * ( G * 94» , 4 - G * $3 » , 3 ) + 4 * * $ ( 6 , 4» * , 4 - $ , 3» * s3)]  +

( 2 .4 1 )

I f  s o lu t io n s  to  Equations ( 2 .2 1 ,3 7 )  o r  ( 2 . 3 8 ,3 9 )  are  known, then the  

r ig h t -h a n d  s ides o f  Equations ( 2 .4 0 ,4 1 )  a re  known. Hence, Equations  

( 2 .2 1 ,3 7 )  or ( 2 . 3 8 ,3 9 )  a re  solved f i r s t ,  and then Equations ( 2 .4 0 ,4 ) . )  

are  in t e g r a t e d .

The f i e l d  equations  have now been in tro d u c e d . O ther forms of  

th e  equations e x i s t ,  but these  s h a l l  be in troduced  on ly  where  

necessary . Equations ( 2 . 2 1 , 3 7 )  or ( 2 .3 8 ,3 9 )  a re  very e le g a n t  and 

suggest t h a t  the  g r a v i t a t io n a l  f i e l d  and e le c tro m a g n e t ic  f i e l d  have much 

in  common.

The next two chapters  w i l l  develop some mathem atical machinery  

usefu l in  f in d in g  new s o lu t io n s  to  these  eq u a t io n s .
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CHAPTER 3

TRANSFORMATION GROUPS

In t h i s  c h a p te r ,  t ra n s fo rm a t io n  groups w i l l  be reviewed and a 

method presented  by example t o  f in d  them f o r  a g iven se t  o f  p a r t i a l  

d i f f e r e n t i a l  eq u a t io n s .  The p re s e n ta t io n  given in  t h is  c h a p te r  fo l lo w s  

c lo s e ly  t h a t  given by Hamermesh (1962: 279^321) and Cosgrove (1979a: 37 -  

64) and is  s u f f i c i e n t  f o r  th e  understanding  o f  t h is  t h e s is ,  A more 

d e t a i le d  e x p o s it io n  concerning t ra n s fo rm a t io n  groups is  given in  

E is e n h a r t  (1 9 3 3 ) ,

P ro p e r t ie s  o f  T ransfo rm ation  Groups

Consider th e  t ra n s fo rm a t io n  on th e  v a r ia b le s  x \  i  = l , 2 , , , , , n ,  

gi ven by z

x1 +X1 = Ti ( x 1 ,X2 , . . . , x n ; a1 ,a 2' , . . .  ^at ) ( 3 . 1 )

or s y m b o l ic a l ly  by

Xi - X i = T i ( X j a ) .  ( 3 .1 a )

The fu n c t io n s  f 1 a re  a n a ly t i c  in  th e  parameters aa , w ith  a = l , 2 , . . . , t ;  

t h a t  i s ,  they  are  expandable in  a convergent T a y lo r  s e r ie s .  In o rd er  

f o r  th e  t ra n s fo rm a t io n s  ( 3 . 1 )  to  form a group, th e  f i must s a t i s f y  

c e r t a in  c o n d i t io n s .

Group c lo s u re  re q u ire s  t h a t  i f  two t ra n s fo rm a t io n s  w ith  

parameters a “  and ba are  performed in  success ion , then th e r e  e x is ts  

parameters ca such t h a t
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f 1 ( x ; c )  = f 1 ( x ; b ) -  f i ( f ( x ; a ) ; b ) ,  ( 3 , 2 )

This  means t h a t  th e  c01 may be expressed in  terms o f  th e  a °  and b”  as

c "  = ( 3 . 3 )

The »a w i l l  be assumed a n a ly t ic  in  i t s  arguments. Using Equations  

( 3 . 3 ) ,  Equations ( 3 . 2 )  may be w r i t t e n  as

f 1 ( x , » ( a ; b ) )  = f 1 ( f ( x ; a ) ; b ) .  ( 3 . 4 )

E x is ten ce  o f  th e  group i d e n t i t y  im p lie s  th e  e x is te n c e  o f  th e  

unique param eter se t  e °  such t h a t

X1 = f 1 ( x ; e )  = x1 ( 3 . 5 )

f o r  a l l  x .

Each t ra n s fo rm a t io n  must have an in v e rs e .  Th is  im p lies , th a t  

f o r  each param eter se t  a " ,  th e r e  is  a param eter s e t  aa such t h a t

, X 1 = f 1 ( x ; a )  = f 1 ( f ( x ; a ) ; a )  = X i .  ( 3 . 6 )

This  im p lie s  t h a t  th e  t ra n s fo rm a t io n s  ( 3 . 1 )  a re  s o lv a b le  f o r  th e  Xi in  

terms o f  th e  x1 ; th e  c o n d it io n  on th e  f 1* be ing  t h a t  th e  Jacobian o f  th e  

t ra n s fo rm a t io n  must be d i f f e r e n t  from z e ro .  Taken w ith  Equations ( 3 . 3 ) ,  

Equations ( 3 . 6 )  im p lie s  t h a t

e« = $ « ( a ; a ) ,  ( s i? )

which in  tu rn  im p lie s  t h a t  th e  a“  can be w r i t t e n  in  terms o f  th e  a01, 

s ince  th e  e® a re  f i x e d ;  t h a t  i s ,

Sa = o " ( a ) .  ( 3 . 8 )

The fia (a )  w i l l  be assumed a n a l y t i c .  The anaI y t i c i t y  requirem ents  are  

used to  make th e  group a L ie  group.

Using Equations ( 3 . 3 , 8 ) ,  i t  i s  p o s s ib le  t o  show t h a t  th e  a® 

may be expressed in  terms o f  th e  aa and c“ . In  o th e r  words, th e
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Jacobians |3 » a /8 a ^ |  and |3»a /3 b ^ |  a re  nonzero, im p ly in g  th e  m atrices  

3»a /9 a p and 3$a / 3 b e a re  i n v e r t i b l e  m a tr ic e s .

A t te n t io n  w i l l  now be s h i f t e d  from th e  f i n i t e  t ra n s fo rm a t io n s

( 3 . 1 )  t o  th e  i n f i n i t e s i m a l  t ra n s fo rm a t io n s  assoc ia ted  w ith  Equations

( 3 . 1 )  . I n f i n i t e s i m a l  t ra n s fo rm a t io n s  are  tra n s fo rm a t io n s  c lo se  to  the  

i d e n t i t y ;  t h e i r  parameters a re  c lo se  to  th e  i d e n t i t y  param eters ea .

Let aa be th e  parameters t h a t  ta k e  th e  p o in ts  x1 in t o  x 1. The 

ne ighboring  param eters a^+da™ w i l l  ta k e  th e  p o in ts  x1 in t o  th e  p o in ts  

Xi -Klxi s s ince  th e  f 1 a re  a n a ly t ic  in  th e  aa . Parameters t h a t  are  c lose  

to  th e  i d e n t i t y ,  Bot-^Saots can be found which w i l l  ta k e  th e  p o in ts  x1 in t o  

th e  p o in ts  X1V d x * .  Two d i f f e r e n t  paths from Xi t o  X1V d x 1 a re  thus

p o s s ib le  and a re  given by

X1 +dx1 = f i (x ;a + d a )  ( 3 . 9 )

or th e  path

X1 = f 1 ( x ; a ) , and x1+dx1 = f 1 ( x ,e + S a ) .  ( 3 .1 0 )

Expanding th e  l a s t  equation  in  a T a y lo r  s e r ie s  y ie ld s

dx1 = ( d f 1 ( x ; a ) / 3 a S )a _ gSa^ = F1g (X)Sa9 . ( 3 .1 1 )

Equation ( 3 . 3 )  y i e ld s

aa+daa = $a (a ;e + S a )  ( 3 .1 2 )

so t h a t  by expanding th e  l a s t  equation  y ie ld s

da" = (3$“ ( a ; b ) / 3 b &) b ' = e6a0 = 0a g ( a ) 6ae . ( 3 .1 3 )

At aa = ea s Ga = Sct .
p p

Since Ga ( a ) i s  i n v e r t i b l e .  Equations ( 3 .1 3 )  a re  s o lv a b le  f o r
P

th e  Sact in  terms o f  th e  daa .

Sact = IjJctg (a )d a3 . ( 3 .1 4 )
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w ith  th e  i|»a 0 (a )  d e f in e d  by

P

and * % ( * )  = *"n- O ' " )
S u b s t i t u t in g  Equations ( 3 .1 4 )  in to  Equations ( 3 .1 1 )  y ie ld s

dx1 * = F1g ( x ) / a (a )d a a ( 3 .1 6 )

o r ,  e q u iv a le n t l y ,

3x1/3 a a = F1g ( x ) / a ( a ) .  ( 3 .1 7 )

I f  the  F1 ^ (x )  and i|^a (a )  a re  known, then th e  tra n s fo rm a t io n s  ( 3 .1 )  may 

be found.

The in f i n i t e s i m a l  t ra n s fo rm a t io n s  ( 3 .1 0 )  change th e  fu n c t io n  

A (x ) as f o l lo w s ,

dA = O A Z9Xi Jdxi = ( 9AZaxi )F 1' ( x ) 5 a 3
P

= Sa3F13 (X)(BAZdxi ) = Sa3 XgA ( 3 .1 8 )

w ith  th e  o p e ra to r  X d e f in e d  by
. 3

Xg = F13 ( X ) O Z a x 1 ) . ( 3 .1 9 )

The Xg are  c a l le d  in f i n i t e s i m a l  opera to rs  o f  th e  group because the  

o p e ra to r  ( ! + X flSa3 ) is  c lo se  to  th e  i d e n t i t y .  Using (1+X Sa^) on the  x1
P " P

y ie ld s  Equations ( 3 . 1 1 ) .

D e f in in g  th e  commutator o f  th e  in f in i t e s im a l  o p e ra to rs  by

! * « ,  X6 I -  X A - x „ x ,o 6 8 o ’

i t  is  shown in  Hamermesh (1962: 2 99 -301 )  t h a t  the  commutators s a t i s f y

( 3 .2 0 )

l Xo- X6 ] '  = V t - ( 3 . 2 1 )

w ith  th e  cK independent o f  the  aa ; and they  are c a l le d  th e  s t ru c tu re  
010

c o n s ta n ts .  I t  has been shown, see Cohn (1957: 9 4 - 1 0 6 ) ,  t h a t  i f  the  

s t r u c t u r e  constan ts  a re  known, then th e  group tra n s fo rm a t io n s  can be

found v ia  th e  equations
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Fj J a F 1 / a xJ ) - F J ( a F1 /a x J ) = cK F1 ,

o '  T 7 t '  a  TO K

and

(av|;Kij/aax)-(dij,Kx/3ay ) = ^

( 3 .2 2 )

( 3 .2 3 )

Needless to  say , th e  equations  above are  d i f f i c u l t  to  s o lv e .  I f  they  

can be s o lv e d ,  then Equations ( 3 .1 7 )  a re  then used t o  f in d  f 1. The 

im p o rtan t p o in t  is  t h a t  i f  th e  Cktq a re  found and correspond t o  those o f  

a known group, th e  t ra n s fo rm a t io n s  are  determ ined near th e  i d e n t i t y .

A p p l ic a t io n s

T ransfo rm ation , groups are  used to  genera te  new s o lu t io n s  from a 

given s o lu t io n  o f  th e  E in s te in -M a x w e ll  e q u a t io n s .  For example, s t a r t in g  

w ith  th e  f l a t  space m e t r ic ,  i t  is  p o s s ib le  t o  genera te  th e  Schwarzschild  

m e tr ic ;  t h a t  i s ,  a t ra n s fo rm a t io n  e x is t s  which has th e  ph ys ica l p ro p e rty  

o f  producing mass. Although in  th e  c la s s ic a l  th e o ry  t h i s  is  on ly  a 

m athem atical c u r i o s i t y ,  in  a quantum th e o ry  i t  could have m ajor  

im portance.

In  i t s  most general sense, th e  symmetry t ra n s fo rm a t io n  changes 

both th e  dependent and th e  independent v a r ia b le s  w h i le  le a v in g  the  f i e l d  

equations  in v a r i a n t .  C l a r i f i c a t i o n  is  needed as to  th e  meaning o f  

in v a r ia n c e  and i t  is  w o rth w h ile  t o  rev iew  t h is  be fo re  examining methods 

o f  f in d in g  symmetry t ra n s fo rm a t io n s .

Take th e  Lap lace equation  in  th r e e  dimensions as th e  f i r s t  

example. I t  is  w r i t t e n  in  m a n i fe s t ly  c o v a r ia n t  form

V2$ = 0. ( 3 .2 4 )

Th is  equation  holds t r u e  in  a l l  c o o rd in a te s ;  however, th e  p a r t i a l
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d i f f e r e n t i a l  equation  i t  rep resen ts  has d i f f e r e n t  forms in  d i f f e r e n t  

c o o rd in a te s .  In  C a r te s ia n  c o o rd in a te s ,  th e  p a r t i a l  d i f f e r e n t i a l  

equation  is

( 3 2» / 9 x2 ) + ( 9 2» /3 y 2 ) + (9 2$ / 3 z 2 ) = O9 ( 3 .2 5 )

in  s p h e r ic a l  c o o rd in a te s .

_9 ' r 2 _3$ + 1 3 si ne _3$

r 2 dr
I

3 r  ; r 2s i ne
. r 90

I  92$ 

r 2s in 20 3<j>2
0 , ( 3 .2 6 )

and in  c y l i n d r i c a l  c o o rd in a te s ,  i t s  form is

_3

3p

p3$

3p

W
I  92*  , 92$ 

)2 3<j>2 9 Z2
( 3 .2 7 )

I t  is  c le a r  t h a t  th e  form o f  th e  p a r t i a l  d i f f e r e n t i a l  equation  depends 

on th e  co o rd in a tes  chosen, even though Equation ( 3 .2 4 )  i s  c o v a r ia n t .  

In v a r ia n c e  o f  form is  p r e c is e ly  what is  meant when th e  equations  are  

sa id  to  be in v a r ia n t  under a given symmetry t ra n s fo rm a t io n .

The t ra n s fo rm a t io n  o f  co o rd in a tes  which do leave  Equations  

( 3 .2 5 )  in v a r ia n t  a re  th e  r o ta t io n s  and in v e rs io n s .  For in s ta n c e ,  under 

th e  r o t a t io n  o f  c o o rd in a te s ,  ( x , y , z )  transfo rm s in t o  ( x , y , z )  by an 

orthogonal t r a n s fo r m a t io n ,  and Equation ( 3 .2 5 )  becomes

(32»/3x2) + (92$ /9y2) + (92* / 9z2) =; 0. (3, 28)

This means t h a t  i f  $ ( x , y , z )  is  a s o lu t io n  t o  Equation ( 3 . 2 5 ) ,  then  

$ ( x , y , z )  is  a lso  a s o lu t io n  t o  Equation ( 3 .2 5 )  when ( x ,y » z )  a re  

expressed in  terms o f  ( x , y , z ) .

As an example o f  a noncoord inate  t ra n s fo rm a t io n ,  ta k e  the  

equation  to  be th e  vacuum Ernst e q u a t io n ,  see Equation ( 2 . 3 9 ) ,

(G+G*)V2G = 2vG«VG . '  ( 3 .2 8 )
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The t ra n s fo r m a t io n ,  c a l le d  th e  E h le r 's  or g r a v i t a t io n a l  d u a l i t y  

t r a n s fo r m a t io n ,  is  given by

G->6 = G / ( l + i y G ) ; ( 3 .2 9 )

Y is  a re a l  param eter . I t  is  s im ple t o  v e r i f y  t h a t  G s a t i s f i e s  Equation  

( 3 .2 8 )  and is  a new s o lu t io n .

How are t ra n s fo rm a t io n s  l i k e  th e  ro ta t io n s  and th e  E h le r 's  

t ra n s fo rm a t io n  ( 3 .2 9 )  found? O b v io u s ly ,  th e  r o ta t io n s  a re  encountered  

e a r ly  in  a p h y s ic is t 's  c a re e r  and have a c le a r  p hys ica l meaning. Many 

o th e r  t ra n s fo rm a t io n s  in  physics a re  modeled a f t e r  th e  r o ta t io n s  and 

have a s i m i l a r  i n t u i t i v e  f e e l i n g .  E h le r 's  t ra n s fo rm a t io n  ( 3 . 2 9 ) ,  

however, is  not i n t u i t i v e  a t  f i r s t  en co u n ter .  A method is  needed 

independent o f  i n t u i t i o n  whereby such tra n s fo rm a t io n s  can be found. 

F o r t u n a t e ly ,  such a method e x is t s  and co n s is ts  f i r s t  in  f in d in g  th e  

i n f i n i t e s i m a l  t ra n s fo rm a t io n  which leaves  th e  p a r t i a l  d i f f e r e n t i a l  

equations i n v a r i a n t ,  and then th e  in t e g r a t io n  o f  Equations ( 3 .2 2 ,2 3 , 1 7 )  

may be performed to  y i e l d  th e  f i n i t e  t r a n s fo rm a t io n .  Although th i?  

method o f  f in d in g  symmetry t ra n s fo rm a t io n s  is  complex, i t  again  has th e  

advantage o f  not r e ly in g  on i n t u i t i o n .  ( I n t u i t i o n  is  good to  have, but 

seldom is  i t  proved w ith o u t  e f f o r t . )

A Method

I
The vacuum E rn st equation  ( 3 .2 8 )  w i l l  be used t o  demonstrate  

t h is  method. In  p a r t i c u l a r ,  th e  Eh ler^s t ra n s fo rm a t io n  ( 3 .2 9 )  w i l l  be 

one o f  th e  symmetry t ra n s fo rm a t io n s  found,

Consider a f i n i t e  t ra n s fo rm a t io n  ta k in g  G in t o  G w ith  the  

t ra n s fo rm a t io n  param eter s . R e s t r i c t  G to  be an e x p l i c i t  fu n c t io n  o f
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only  G, G*, and s ,  w r i t t e n  out as

G+G = G (G ,G * ;s ) . ( 3 .3 0 )

S im i la r l y  f o r  G *,  , i

G**G* = G * (G ,G * ;s )  . ( 3 .3 1 )

G is  not assumed t o  be th e  complex con jugate  o f  G*. Expand Equations

( 3 .3 0 ,3 1 )  in  a M c C la u r in 's  s e r ie s  w ith  th e  boundary c o n d it io n s  G(s = 0) 

and G*(s  = 0) = G*. To f i r s t  o rd er  in  s ,

G = G+sA(G,G*)iS A
dG
ds

and

( 3 .3 2 )

( 3 .3 3 )

I t  is  necessary f o r  G t o  s a t i s f y  Equation ( 3 .2 8 )  and f o r  G* t o  s a t i s f y  

the  complex con jugate  equation

(G+G*)V2G* = 2VG*.VG*. ( 3 .3 4 )

Using th e  chain  r u le  o f  c a lc u lu s ,

VG = vG+s(AgVG+Ag*vG*) ( 3 .3 5 )

and

G* = G *+ s B (G ,G *j ,  B = -T-—

V2G = V2G+s(AgV2G+AG*V 2G*+AGGVG«VG+

2Agg*VG.VG*+Ag* g*V G * .V G * ) , ' ( 3 .3 6 )

w ith  Ag = 3A/9G, Agg4, = 32A /3GdG*, e t c .  A ls o ,

(G+G*) = (G+G*)+s(A+B) . ( 3 .3 7 )

S im i la r  express ions f o r  vG* and V2G* can a ls o  be found. P u t t in g  these  

r e s u l t s  in t o  Equations ( 3 .2 8 ,3 4 )  and using th e  f a c t  t h a t  G and G*
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a lre a d y  s a t i s f y  these  e q u a t io n s ,  th e  f i r s t  o rd er  terms in  s are  l e f t  

equal t o  z e ro .  The r e s u l t in g  equations  are

(2(A+B)/(G+G*) -  2Aq + (G+G*)AGG)VG.VG +

(2 (G +G *)A GG*  -  4AG*)VG«VG* +

((G+G*)AG* G* + 2AG<r)vG*.vG* = 0 ,  (3.38)

and

(2 (A + B ) /(G + G *)  -  2Bg*  + (G+G*)BG* G*)V G *.V G * +

(2(G +G *)B gg*  -  4BG)VG.VG* + ((G +G *)B GG + 2Bg )v G.VG = 0. ( 3 .3 9 )

The c o e f f i c i e n t s  o f  VG-vG, v G *-v G * ,  and vG®yG* a re  s e t  equal t o  ze ro .

(G and G* a re  assumed f u n c t io n a l l y  independent; t h e r e f o r e ,  (G+G*) i $  not  

a fu n c t io n  o f  ( G - G * ) . )  The fo l lo w in g  coupled se t o f  l i n e a r  p a r t i a l  

d i f f e r e n t i a l  equations  r e s u l t s :

(G+G*)2AGG-2(G +G *)A G+2A .= -2B ,

(G+G*)Agg*-2AG£ -  0,

(G+G*)Ag*G*+2AG*  = 0 ,

(G+G*)2BG* G* -2 (G + G *)B G*+2B = -2A ,

( g+ g* ) bg* g- 2b g = ° '

(G+G*)Bgg+2Bg = 0 . ( 3 . 4 0 a - f )

F i r s t  so lve  Equation (3 .4 0 c )  using th e  in t e g r a t in g  f a c t o r  

(G+G*). Th is  y ie ld s  th e  s o lu t io n  

A =  - f (G ) / (G + G * )+ g (G ) .

From Equation (3 .4 0 b )  i t  is  found t h a t

^ r( I n f )  = 4 / (G+G*) .
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Since f  is  a fu n c t io n  o f  G o n ly ,  th e  above im p lie s  t h a t  f  = 0. (Do not 

confuse th e  f  here w ith  th e  m e tr ic  fu n c t io n  in troduced  in  Chapter 2 . )

The only s o lu t io n  p o s s ib le  is  then A =; g (G ) .  In a s i m i l a r  manner, using  

Equations ( 3 . 1 7 f , e ) ,  i t  is  shown t h a t  B = h ( G * ) .  Two coupled o rd in a ry  

d i f f e r e n t i a l  equations  now r e s u l t  from Equations ( 3 , 4 0 a , d ) .  They are  

( G+G*) 2 g^Q- 2 ( G+G*) gQ+2g = -2h  

and

(G+G*)2hG* G* -2 (G + G * )h G*+2h = -2 g .

To so lve  th ese  two e q u a t io n s ,  use th e  power s e r ie s  expansions

g = I  Oi G1 and h = I  h ( G * ) 1 , 
i = 0  1 i = 0  1

w ith  g-j, h-j c o n s ta n ts .  The s o lu t io n  is

A = go+OiG+gaG2 , ( 3 .4 1 a )

B = - g 0+g1G *-g 2 ( G * ) 2 , (3 .4 1 b )

w ith  g0 , g l f  g2 a r b i t r a r y  complex c o n s ta n ts .  I f  th e  added requirem ent

o f  G* = (G ) *  is  g iv e n ,  then th e  g0 and gg a re  p u re ly  im a g in a ry ,  and g^

is  r e a l .  The i n f i n i t e s i m a l  t ra n s fo rm a t io n s  are  now w r i t t e n

G+G = G+s(g0+g1G+g2 G2 ) ,  ( 3 .4 2 a )

G*+G* = G *+ s ( -g 0+g1G*-g2 (G * )2 ) .  (3 .4 2 b )

To work only  w ith  re a l  p a ram eters , d e f in e  a* = is g q ,  a2 = sg^, and

a^ = is g 2 . Then th e  in f i n i t e s i m a l  t ra n s fo rm a t io n s  may be w r i t t e n  in  th e

form o f  Equation ( 3 .1 1 )  w ith

G = G - ia 1+a2G - ia 3G2 , (3 .4 3 a )

G* = G *+ ia 1+a2G *+ ia 3 (G * )2 . (3 .4 3 b )

The in f i n i t e s i m a l  o p era to rs  a r e ,  comparing Equations ( 3 .4 3 a ,b )  w ith  

Equations ( 3 . 1 9 ) ,
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X3 = i 9 / 3 G * - i 3 / 3 G  , X2 = G3/3G+G*3/3G* ,

X3 = i ( G * ) 23 /d G * - iG 2d/dG , ( 3 .4 4 )

w ith  th e  commutators

[ X i *  X2 ] -  X1 , [X 1 , X3 ] = -2 X 2 , [X2 , X3 ] = X3 . (3 .4 5 )

Equations ( 3 .4 5 )  y i e l d  th e  s t r u c t u r e  c o n s ta n ts ,  and these  may be used t o  

i n t e g r a t e  th e  group. In s te a d ,  d e f in e  th e  fo l lo w in g  o p e ra to rs  by

J l  = ! / E ( X 1H-X3 ) ,  J 2 = X2 , J 3 = ! / E f X 1 -  X3 ) .  ( 3 .4 6 )

Then th e  new commutators a re  given by

[ J 11J2 ] = J 3 , [ ^ 2 *^3 ] = - ^ 1 » [*^3 »^ i]  = -^ 2 *  ( 3 .4 7 )

These a re  th e  same commutation r e la t io n s  as f o r  th e  L o re n tz  

t ra n s fo rm a t io n s  in  th r e e  d im ensions, Hamermesh (1962: 3 0 7 ) ,  and d e f in e  

the  group S 0 ( 2 , l ) .  Thus, th e  symmetry group found above is  l o c a l l y  

isomorphic t o  5 0 ( 2 , 1 ) .

One Parameter Subgroups

One param eter subgroups o f  Equations ( 3 .4 3 a ,b )  w i l l  now be 

examined. An im p o rtan t  p o in t  t o  note on one param eter groups is  th a t  

th ey  are  a l l  l o c a l l y  isomorphic t o  th e  t r a n s la t io n  group in  one 

dim ension, Hamermesh (1962 : 2 9 5 ) .  Th is  means t h a t  f o r  one parameter  

groups, th e  6a o f  Equations ( 3 .3 )  s a t i s f y

<&(a;b) = a+b. ( 3 .4 8 )

This  im p lie s  t h a t  th e  tjj(a) in  Equations ( 3 .1 7 )  is  equal to  one, meaning 

Equation ( 3 .1 7 )  can be w r i t t e n

I r = F 1 ( X) .  . ( 3 . 4 9 )

and to  get th e  t ra n s fo rm a t io n  fu n c t io n s  Ti , i t  is  only necessary to  

so lve  Equation ( 3 . 4 9 ) .
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The one param eter subgroups o f  Equations ( 3 .4 3 a ,b )  

fo l lo w in g  d i f f e r e n t i a l  eq u atio n s:

s a t i s f y  th e

= - i f = i , a1 = I ,  a2 = a3 = 0;
d a 1 da1 '

( 3 .5 0 a )

= G, = G *, a2 = I ,  a 1 = a3 = 0;
da2 da2

(3 .5 0 b )

' = - i G 2 , - i ® * =  i ( G * ) 2 , a3 = I ,  a1 = a2 = 0.
da3 da3

(3 .5 0 c )

These equations are  e a s i ly  solved and have s o lu t io n ; -

G = G- i  a 1 , , ( 3 .5 1 a )

G =  ea2G, (3 .5 1 b )

G = G / ( l + i a 3G). y (3 .5 1 c )

As promised, th e  E h le r 's  t ra n s fo rm a t io n  has been reproduced in  Equation  

( 3 .5 1 c )  as a one param eter subgroup o f  th e  symmetry group o f  form given  

by Equations ( 3 . 3 0 , 3 1 ) .  The o th e r  two subgroups are  e x p la in e d  as 

f o l lo w s .  Equation (3 .5 1 a )  r e s u l t s  from th e  d e f i n i t i o n  o f  i|iAg in  

Equations ( 2 .2 7 )  up to  an a d d i t i v e  c o n s ta n t ,  and Equation (3 .5 1 b )  

corresponds t o  th e  change o f  co o rd in a tes  ( t ,< |> )> (e " ^ ^ ^  t , e ^ a <ti).

The whole group o f  t ra n s fo rm a t io n s  is  represen ted  by a rea l two 

by two m a tr ix  w ith  d e te rm inan t equal to  one;

A = (c d ) ’ ad-l)C = I ,  ( 3 .5 2 )

such t h a t

G = ( d G - i c ) / ( a + i b G ) .  ( 3 .5 3 )

See Cosgrove (1979b: Equation 2 . 3 ) )  f o r  example. I f  two t ra n s fo rm a t io n s  

are  p e r fo rm e d .in  success ion , th e  f i n a l  transform ed G w i l l  have thq same
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form given in  Equation ( 3 . 5 3 ) ,  but th e  elements w i l l  be those o f  th e  two . 

re p re s e n ta t io n  m a tr ic e s  m u l t ip l i e d  to g e th e r .  This group is  named H by 

K in n e rs le y  (19 7 7 a :1 5 3 1 )  and (P) by Cosgrove (1 9 7 9 a :5 6 ) .

The Neugebauer-Kramer Mapping

Only continuous tra n s fo rm a t io n s  have been considered  up to  t h is  

p o in t .  At t h i s  p o in t ,  a very im portan t d is c r e t e  symmetry t ra n s fo rm a t io n  

w i l l  be rev iew ed.

D e f i ne

2 f  = G+G* and 21i|> = G-G*. ( 3 .5 4 )

Using th e  vacuum E rnst equations y ie ld s

V3O ( f “ 1V f + f ’ 2^V^) = 0 , ( 3 .5 5 )

V3* ( f ~ 2V<|>) = 0 , . ( 3 .5 6 )

and these  a re  e q u iv a le n t  to  the  E rnst e q u a t io n .

Equation ( 3 .5 6 )  im p lie s  th e  e x is te n c e  o f  a p o t e n t ia l  w such

t h a t

Vio = p f" 2Vij). (3.57)

E l im in a t in g  tJj in  fa v o r  o f  <o y ie ld s  th e  fo l lo w in g  two e q u a t io n s ,  .

V30 ( f^ V f+ p -^ io V io )  = O , ( 3 .5 8 )

V3O (p"2f  2Vio) = O .,  (3.59)

(Equations ( 3 .5 8 ,5 9 )  a re  res ta tem ents  o f  Equations ( 2 .2 6 )  f o r  vacuum in

the  Lewis p a ra m e te r iz a t io n .  L ik e w is e ,  Equations ( 3 .5 5 ,5 6 )  a re

res ta tem ents  o f  Equations ( 2 . 2 7 ) . )

I t  was noted t h a t  th e re  is  a mapping between Equations

( 3 .5 5 ,5 6 )  and ( 3 . 5 8 , 5 9 ) ,  given by 

- If+pf , lo-Hij), i|)-*—iio, ( 3 .6 0 )
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which sends one se t o f  equations  in t o  the  o th e r  and v ic e  ve rsa . This  

mapping is  th e  Neugebauer-Kramer mapping and w i l l  be used in  l a t t e r  

ch a p te rs .

The concept o f  group t ra n s fo rm a t io n s  has now been reviewed. A 

method has been presented  by which symmetry groups may be found f o r  

given p a r t i a l  d i f f e r e n t i a l  e q u a t io n s . Using t h is  method f o r  the  vacuum 

Ernst e q u a t io n ,  a known symmetry group has been reproduced. This  

symmetry group w i l l  reappear in  C hapter 5 where th e  vacuum case w i l l  be 

b r i e f l y  rev iew ed .
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CHAPTER 4

BACKLUND TRANSFORMATIONS

Another t ra n s fo rm a t io n  which has proved usefu l in  g en era t in g  

new s o lu t io n s  from o ld  s o lu t io n s  is  th e  Backlund t ra n s fo r m a t io n ,  see 

E is e n h a r t  (1 9 0 9 :2 8 4 ) .  The v a r ia b le s  t o  be transform ed a re  now th e  f i r s t  

p a r t i a l  d e r i v a t i v e s .  These, in  t u r n ,  may be in te g ra te d  t o  y i e l d  new 

s o lu t io n s .  In  t h i s  c h a p te r ,  Backlund tra n s fo rm a t io n s  a re  in troduced  and 

then demonstrated by an example. The p re s e n ta t io n  in  t h i s  chap ter  

fo l lo w s  c lo s e ly  t h a t  g iven by Lamb (1974 ) and Neugebauer (1,979).

• •

P ro p e r t ie s  o f  th e  Backlund T ran s fo rm atio n

The n o ta t io n  used in  t h i s  s e c t io n  i s :  z = z ( x , y ) ,  z = z ( x , y ) ,  

p = 3 z /3 x ,  p = 3 z /3 x ,  q = d z /d y ,  q = 3 z /3 y ,  r  = 32z /3 x 2 , r  = d2z /d x ? ,  

s = 32z /3 x 3 y ,  s = 32z /3 x d y ,  t  = d2z /3 y 2 , I  = 32z /3 y 2 . S ubscrip ts  

i n d ic a t e  th e  p a r t i a l  d e r i v a t i v e  w ith  respect t o  th e  s u b s c r ip te d  

v a r ia b le .

The Backlund t ra n s fo rm a t io n  t o  be considered is  w r i t t e n

P = f ( x , y , z , z , p , q ) ,  q = h ( x , y , z , z , p , q ) , ( 4 . 1 )

and

x = x ,  y  = y .  ( 4 .1 a )

In  o rd er  t h a t  th e  i n t e g r a b i l i t y  c o n d it io n  py  = qx h o ld s ,  f  and h must . 

s a t i s f y
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W -  Py - S x

— f — . -  h - + f —□ -  h-p + f  Q -  h p +
y  x z z K z h z k

( f p -  h - )s  + f - t  = h - r  = 0 . ( 4 . 2 )

Th is  equation  may be s a t i s f i e d  i d e n t i c a l l y  in  which case f -  -  h - = 

f -  = h - = 0 and f -  -  h -  + f - q  -  h-p K+ f^q -  h^p -  0. Equation ( 4 .2 )  may 

a lso  be considered  as a second-order p a r t i a l  d i f f e r e n t i a l  equation  f o r  

z .  I f  t h is  equation  is  o f  a form known as Monge-Ampere, Forsythe  

( 1 9 5 9 : 2 0 0 ) ,  then th e  t ra n s fo rm a t io n s  ( 4 . 1 )  a re  known as Backlund  

t ra n s fo rm a t io n s .

In  p r a c t i c e ,  i t  is  th e  p a r t i a l  d i f f e r e n t i a l  equations  ( 4 .2 )  

which a re  s t a r t e d  w ith  and th e  Backlund tra n s fo rm a t io n s  ( 4 , 1 )  which 9 re  

sought.

Neugebauer's  Backlund T ransfo rm ation

The example w i l l  again  be th e  vacuum Ernst equation  ( 3 . 2 8 ) .  In  

th e  case o f  noncanonical c o o rd in a te s ,  th e  f i e l d  equations a ls o  in c lu d e  

Equation ( 2 . 2 9 ) .  W r i t te n  o u t ,  th e  f i e l d  equations a re

(GtG*)[Gj 3j 3+G>4j 4 + i (p>i3Gi3tPi4G>4)] '

-  2[(G + {G . ) 2 ] ,9 u 9 ̂ (4.3)

(G+G*)[G*j3 j3 +G^m + ^ 3 6 ^ 3 +0 ^ 4 )]

= 2 [(G*j 3 )2 +(G^ 4 ) 2 ) , (4.4)

P,3,3+»,4,4 = 0' (4.5)

I t  is  conven ien t t o  change v a r ia b le s .  F i r s t ,  th e  independent v a r ia b le s  

are  changed t o  X1 = x3+ ix 4 and x2 = x3 - i x 4 . Equations ( 4 . 3 - 5 )  become
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( 4 .4 a )

(4.3a)(G+G* ) [ G , i >2 + 2^( p , l G , 2 +P ,2 G, l ) ]  "  2G,1 G,2»

(G + G *) [G *9l>2 + ^ ( p $i G * i 2+p $2 G *i 1 ) ]  = 2 6 * ^ 6 * ^ ,

and

P 1 9 = O .  - ( 4 .5 a )

At t h is  p o in t ,  Neugebauer (1979) changes th e  o rd er o f  th e  equations by 

in t ro d u c in g  th e  fo l lo w in g  dependent v a r ia b le s :

M1 = G i / ( G + G * )  , M2 = G * y ( G + G * )  , M3 = p ^ / p ,  ( 4 .6 a )

N1 = G* 2/(G + G *)  , N2 = G 2/(G + G *)  , N3 = p , / p .  ( 4 .6 b )

The Equations ( 4 .3 a - 5 a )  then become e q u iv a le n t  t o  th e  system o f  f i r s t  

o rd e r  coupled p a r t i a l  d i f f e r e n t i a l  equations

Mi ,2  = c i  Mk Nl » Ni , l  = c i  NkMl 8 ^ . 7 )

w i th  C 111 = c222 = C333 = - C 112 = - C 221  = - I ,  and C 132  =  C1 13 = C2 31 =

c2 23 = - 1 / 2 .  These equations  a lre a d y  co n ta in  th e  i n t e g r a b i l i t y

c o n d it io n s  G 1 2 = G 2 1  and G* 1 2 = G* 2 j .  T h e re fo re ,  Equation ( 4 .2 )

w i l l  be s a t i s f i e d  a u to m a t ic a l ly  i f  th e  transform ed M / s  and N / s  s a t i s f y

Equations ( 4 . 7 ) .

The Backlund t ra n s fo rm a t io n  is  assumed to  have th e  fo l lo w in g

form .

M1 -  Aj kMk , N1 = (A -1 I 1kNk ,

w ith

X

0 0 ' 
0 0
0 Y

«0 = Y •

( 4 .8 )

( 4 .9 )

The requirem ent t h a t  and N̂  s a t i s f y  Equations ( 4 .7 )  r e s u l t s  in  the  

f o l lo w in g  equations  f o r  a and y .
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dy = Y ( Y - I )M g d X i t (Y - I )N g d X g , ( 4 .1 0 )

d (aY” 1^2 ) = [ - Y 1^2M2+ (a Y "1^2 )(M2 -M1 )+(aY '‘ 1^2 ) 2M1Y1/ 2 ]d x 1 +

[ - Y " 1 / 2 N1+ (a Y " 1 / 2 ) (N 1 -N2 )+ (a Y " 1 / 2 ) 2 N2Y‘ 1 / 2 ]d x2 . ( 4 .1 1 )

The. s o lu t io n  o f  these  equations  introduces, in t e g r a t io n  c o n s ta n ts .  For 

example, th e  s o lu t io n  t o  Equation ( 4 ,1 0 )  is

where b is  an in t e g r a t io n  c o n s ta n t ,  p s a t i s f i e s  Equation ( 4 . 5 a ) ,  and z 

i s  p 's  harmonic co n ju g a te .  Each se t o f  in t e g r a t io n  constan ts  rep resen ts  

a d i f f e r e n t  t ra n s fo rm a t io n  and w i l l  be l a b e l le d  ( I i ) a . The 1% 

rep resen ts  a l l  th e  t ra n s fo rm a t io n s  o f  Equation ( 4 . 8 , 9 ) ,  and th e  a 

rep resen ts  th e  in t e g r a t io n  c o n s ta n ts .  For example, th e  m a tr ix  

re p re s e n t in g  ( I i ) a w i l l  be w r i t t e n  in  th e  same form as th e  m a tr ix  o f  

Equation ( 4 .9 )  w ith  elements a a ,3 a ,Ya , The a a and y a must s a t i s f y  

Equations ( 4 . 1 0 , 1 1 ) .  I t  w i l l  now be shown t h a t  th e  I i  form a group.

Given two t ra n s fo rm a t io n s  ( I i ) b  and ( I i ) a , i t  must be shown 

t h a t  th e  product ( I i ) a ( I i ) b  is  a ls o  an I i  t r a n s fo rm a t io n .  By 

d e f i n i t i o n ,  th e  t ra n s fo rm a t io n  ( I i ) a ( I i ) b  is  represented  by th e  m a tr ix

Then i t  can be shown t h a t  a ba g and YbYa s a t i s f y  Equations ( 4 . 1 0 , 1 1 ) ? 

remembering t h a t  th e  ( I i ) a t ra n s fo rm a t io n  ac ts  qn th e  ( I i ) b M - j ,  ( I l ) b Ni e

(4 .1 0 a )

(XbOta 0 0

1V a lllW  ' 1V a 1' ( 4 . 1 3 )



32
Hence, th e  I 1 t ra n s fo rm a t io n s  e x h ib i t  th e  group c lo s u re  p ro p e r ty .  S ince  

th e  m atr ices  re p re s e n t in g  th e  group tra n s fo rm a t io n s  are  d ia g o n a l ,  the  

t ra n s fo rm a t io n s  I 1 a re  a ls o  commutative.

A s s o c i a t i v i t y ,  e x is te n c e  o f  th e  i d e n t i t y ,  and inverses  f o r  each 

t ra n s fo rm a t io n  are  then shown t o  f o l lo w .  The major s tep  in  each o f  th e  

above proofs  is  th e  step showing t h a t  th e  re s p e c t iv e  m a t r ix  element 

s a t i s f i e s  Equations ( 4 . 1 0 , 1 1 ) .

The Neugebauer-Kramer mapping in tro d u ced  in  Chapter 3 now p lays  

an im p o rtan t  r o le .  In  th e  (M1 ,N1- )  r e a l i z a t i o n ,  t h is  mapping is  

rep resen ted  by th e  m a tr ic e s  U1-^ and V1- ^ 9 where

( U j k )
0  - I 1 / 2  1 t/ - I  0 1 / 2
- I  0 1 / 2 , and (V 1 ) -  

1
0 - I 1 / 2

0 0 1  J I 0  0
I

( 4 . 1 4 )

With t h is  d is c r e t e  group, to  be c a l le d  S, d e f in e  a new group o f  

t ra n s fo rm a t io n s  Ig  by S I 1S. Ig  is  a ls o  a group o f  Backlund  

t ra n s fo rm a t io n s  given in  th e  (M19N1) r e a l i z a t i o n  by th e  m a tr ic e s  W1  ̂ and 

Z1  ̂ where

1 $ 0 (y - B ) / 2
(W .k ) = 0 a ( y - a ) / 2 > ( 4 .1 5 )

0 0
Y

and -

-Ot - I - I .  \
0 (2 a y )  1 ( a - y )

( Z i k ) = 0 b" 1 ( 2 g Y ) ~ \ e - y ) ( 4 .1 6 )

0 0 r " 1 i

From th e s e ,  f o r  Ig  t ra n s fo rm a t io n s ,  y  s t i l l  s a t i s f i e s  Equation ( 4 . 1 0 ) ,

but now
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d ( a y " 1 / 2 ) = [ - Y 1 / 2 (M3 /2 -M 1 ) + ( aY ' 1 / 2 )(M2 -M1 )+ 

(aY1 / 2 ) 2 (M3/2 -M 2 )Y 1 / 2 ]d x 1+

[ - Y - 1 7 2 CN3^ - N 1 M a y " 1 7 2 ) (N2 -N 1 )+ .

(aY- 1 7 2 ) 2 (N3/ 2 - N 2 )Y172]d x 2 . ( 4 ,1 7 )

I t  would seeip t h a t  a f t e r  each t r a n s fo r m a t io n ,  f i r s t  o rd er  p a r t i a l  

d i f f e r e n t i a l  equations would have to  be solved s ince th e  M1- , N1 are  

f i r s t  d e r i v a t i v e s .  But Neugebauer has produced a very im p o rtan t  

theorem.

Neugebauer's Commutation Theorem

Given an i n i t i a l  s o lu t io n  , N̂  and an a r b i t r a r y  Backlund  

t ra n s fo rm a t io n  ( I i ) a . then th e r e  a re  always th r e e  n o n t r i v i a l  Backlund 

t ra n s fo rm a t io n s  ( I 2 )b ,  ( I l ) c »  ( I 2 )d» such 1̂ a t  thq  product  

t r a n s fo rm a t io n  ( l 2 ) d ( I l ) c ( I 2 ) b ( I l ) a  is  th e  i d e n t i t y  t ra n s fo rm a t io n .  The 

corresponding  a 's  and y ' s  a re

1V lfa 1 .  Ta
“b -  Ty J v -TTT • “c -  ^ * a d

( ' a - ' )

Y b = 1T  - y C =  Y a > T d = T T  •  ( 4 - 18d d
Here th e  ag and ac s a t i s f y  Equation ( 4 .1 1 )  and th e  and s a t i s f y  

Equation ( 4 . 1 7 ) .  A l l  th e  y ' s  s a t i s f y  Equation ( 4 . 1 0 ) .

This  is  a very im portan t theorem. I t  co n s id e ra b ly  s im p l i f i e s  

g e n e ra t in g  new s o lu t io n s  from o ld  s o lu t io n s  w ith o u t  having to  in t e g r a t e  

p a r t i a l  d i f f e r e n t i a l  equations  a t  each s te p .
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Now t h a t  two major methods o f  s o lu t io n  g e n e ra t io n  have been 

rev iew ed , t h e i r  use w ith  the  vacuum equations w i l l  be summarized in  th e  

next c h a p te r .
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CHAPTER 5

REVIEW OF THE VACUUM CASE

In th e  l a s t  two c h a p te rs ,  two methods were presented  f o r  

g e n e ra t in g  new s o lu t io n s  o f  th e  vacuum E rn s t  eq u a t io n s .  In  Chapter 2 ,  

both th e  e le c tro m a g n e t ic  and g r a v i t a t io n a l  f i e l d s  s a t i s f y  s i m i l a r  

eq u a t io n s .  This  s i m i l a r i t y  has been used t o  extend vacuum r e s u l ts  to  

e le c t r o v a c ;  t h e r e f o r e ,  i t  is  n a tu ra l  t o  rev iew  th e  vacuum case f i r s t .

The n o ta t io n  t o  be used in  t h is  c h a p te r  fo l lo w s  t h a t  g iven by K in n ers ley  

and C h i t r e  (1 9 7 7 a ,b; 1 9 7 8 a ,b ) .

F ie ld s ,  P o t e n t i a ls ,  and G en era tin g  Functions

D e f in in g  by

VNAB = V vhV  ( 5 - 1 )

i t  is  p o s s ib le  to  show t h a t

HAB = 1 ^ A B +hAXh B) ^5 , 2 )

s a t i s f i e s  th e  f i e l d  Equations ( 2 . 3 7 ) .  C on tinu ing  in  t h i s  way, d e f in e  
mn m n»

? NAB = HX A *? H B : ( 5 ' 3 )
then i t  i s  p o s s ib le  to  show t h a t  

n+1 In  nY

HAB '  K 1W h AXh B> „ ( 5 - 4 )

s a t i s f i e s  Equations ( 2 . 3 7 ) .  A l l  o f  th e  H s a t i s f y  
n i v~n

VHAB = - 1P V v h XB-
( 5 . 5 )
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D e f in in g

AB

im p lie s  t h a t

'AB' ( 5 .6 )

On

NAB

n
- iH

AB ( 5 .7 )

and th e  f i e l d s  HAg are  in c o rp o ra te d  in t o  th e  h ie ra rc h y  o f  p o t e n t ia ls  
mn
N^g ., Th is  extends th e  range o f  m and n to  a l l  in te g e r  v a lu e s .

K in n e rs le y  and C h i t r e  (1977b) have given c e r t a in  r e la t io n s  s a t i s f i e d  by 
mn

th e  Na b . These a re

and

mn nm m nY 

NAB-NBfl* *  HXA*H B *eAB5 0« 0

m ,n+l m +l,n  ml nY m n

NAB " NAB = lN AXH B- 3eAB6 - I 6 Oe

( 5 . 8 )

(5.9)

I t  has proven usefu l to  d e f in e  g e n e ra t in g  fu n c t io n s  in  terms o f  the  

p o t e n t i a ls .  The two g e n e ra t in g  fu n c t io n s  used in  th e  vacuum case a r e ,  

somewhat changing th e  n o ta t io n  o f  K in n e fs le y  and C h i t r e  (1 9 7 8 b ) ,

. N ( s . t )  = I  I  W n ( s . i o )
AB m=0 n=0

and
0 „n

Fa b (t )  -  I .  t " H 1R -  1Nl n ( 0 . t ) .
n=0 AB AB ( 5 . H )

There a re  a lg e b r a ic  r e la t io n s h ip s  between these  two g e n e ra t in g  

fu n c t io n s ,  such t h a t  when th e  F / ^ t )  a re  known, the  N ^ g ( s , t )  can be

found.
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The Symmetry Groups

In Chapter 3 ,  th e  group H was found s t a r t in g  w ith  th e  vacuum 

E rn st e q u a t io n .  There a re  o th e r  groups beside H and these  are  now 

rev iew ed.

The Groups G and H

K in n e rs le y  (1977a) s t a r t s  w ith  th e  (t,<|>) c o o rd in a te  

t ra n s fo rm a t io n  group G, isomorphic t o  th e  group o f  2 by 2 rea l m atr ices  

w ith  u n i t  de te rm in an t S L (2 ,R ) .  G's th r e e  genera tors  are  chosen as

t '  = t+a<|>, <|>' = > , ( 5 .1 2 )

t '  = t ,  f '  = <{>+bt. ( 5 .1 3 )

t '  =
I

C t , <j>' = c" <j>. ( 5 .1 4 )

named (G1 ) a , (G2)b» (G3)c» r e s p e c t iv e ly . The f i n i t e  a c t io n  o f  these

th re e  g enera to rs  on th e  f ^ B is  given by

f I l ' = f I V  f 1 2 ' = f 12"a f l l *

V = f 2 2 - 2 a f 12+ a 2 f U ; ( 5 .1 5 )

f 2 2 l = f 2 2 , f 1 2 ' = f i 2 - b f 2 2 >

f I l ' ‘  h r Zb fK +b\ f > ( 5 .1 6 )

f I l ' ■ c 2fI V  f Ia '  = f 1 2 ’ ^22 -  c2f 22 . ( 5 .1 7 )

Being a group o f  c o o rd in a te  t r a n s fo rm a t io n s ,  G does not 

p h y s ic a l ly  a l t e r  th e  spacetim e. However, by d e f in in g  th e  group H = SGS 

w ith  S being th e  Neugebauer-Kramer map, H is  found to  be th e  group f o r  

Equations ( 3 . 5 5 , 5 6 ) .  I t s  th re e  g e n e ra to rs ,  (H1 ) a = S(Gl ) „ 1- aS,
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( H 2 ) b = S ( G 2 ) i b S ,  ( H 3 ) c = S ( G )  _ i S ,  

and r e s p e c t iv e ly .

produce th e  fo l lo w in g  a c t io n  on f

f '

f '

f ,  \l>' = ^ - a ;

( l - b f + b 2 f 2 )

T|)-b ( f2 + ^ 2 ) 

(l-bi|»2+b2 f 2 )

' ( 5 .1 8 )  

( 5 .1 9 )

f '  = c2f ,  ij,' = C2Ij,. ( 5 .2 0 )

These th re e  f i n i t e  t ra n s fo rm a t io n s  a re  recognized as th e  one parameter  

subgroups found in  Chapter 3 .

The Group K

N e x t ,  th e  in f i n i t e s i m a l  a c t io n  o f  G (H) is  found on th e

^AB This  a llow s  th e  in f i n i t e s i m a l  a c t io n  o f  G and H t o  be found
mn

on th e  H^g, and then on th e  .

Forming commutators w ith  th e  d i f f e r e n t  in f i n i t e s i m a l  opera to rs

o f  G and H, an in f in i t e - d im e n s io n a l  L ie  a lg e b ra  is  g en era ted , th e
k

o p era to rs  thus d e f in e d  w i l l  be named Tyv and d e f in e  th e  group K. T h e ir

a c t io n  on th e  N .g is  given by
k mn A m+k,n m,n+k

1XYnAB “ eA(XNY)B"NA(Xe Y)B+ "A(X inY)B *

k ms k -s ,n

S=1 NA(XNY)B * ( 5 .2 1 )

where th e  parentheses in d ic a t e  sym m etr iza tion  w ith  resp ect t o  th e
0

enclosed in d ic e s .  The o p e ra to rs  Tvv a re  th e  i n f in i t e s im a l  opera to rs  o f  
- 1 0 1  XY

G, and th e  ( T ^ ,  T ^ ,  Tgg) a re  th e  i n f i n i t e s i m a l  o p era to rs  o f  H. The 

commutators by which th e  Tyy were o r i g i n a l l y  de fin ed  are

k I  k+1 k+1

*-TXY* tAB-* = gB(Xt Y)A+gA(Xt Y)B1

0 1 I
For example, th e  commutator o f  T ^  and d e f in e s  T ^ .

( 5 .2 2 )
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The Groups Q and Q

Another group, Q, ly in g  o u ts id e  th e  K group was found by 

Cosgrove (1 9 7 9 a ) .  Th is  group changes not on ly  th e  p o t e n t i a l s ,  but a lso  

th e  co o rd in a tes  ( p , z ) .  The in f i n i t e s i m a l  a c t io n  o f  Q on th e  coord ina tes  

( p , z )  is

Qp = p z ,  Qz = l / 2 ( z 2 - p2 ) ,  ( 5 .2 3 )
mn

an,d on th e  p o t e n t ia ls  N is
mn A ' m +l,n  m ,n+l ml n

QNab = l / 4 [ ( m + A - l )  Nab+ (n+B -1) N ^ + i N ^ H ^ ] .  ( 5 .2 4 )

Given th e  Neugebauer-Kramer map S, a con jugate  group Q =  SQS is  d e f in e d .

I t s  in f i n i t e s i m a l  a c t io n  on ( p , z )  is  id e n t ic a l  t o  Equation ( 5 . 2 3 ) ,  and

i t s  in f i n i t e s i m a l  a c t io n  on N^g is  
.mn m +l,n  m ,n+l
QNab = l / 4 [ ( m + l )  NAB+n Nab ] .  ( 5 .2 5 )

From Equations ( 5 .2 4 ,2 5 )  i t  is  seen t h a t
I

Q-Q = -  1 /4 T 12 ( 5 .2 6 )

holds f o r  th ese  in f i n i t e s i m a l  o p e ra to rs .

A p p l ic a t io n s

The problem o f  g e n e ra t in g  new s o lu t io n s  from a given s o lu t io n

now separa tes  in t o  th re e  p a r t s .  Given a s o lu t io n ;  f o r  example f l a t
mn

spacetim e , th e  p o t e n t ia ls  Nab must be found. Second, th e  in t e g r a t io n  o f

th e  in f i n i t e s i m a l  o p e ra to rs  must be perform ed. T h i r d ,  on ly  those

tra n s fo rm a t io n s  which produce p hys ica l s o lu t io n s  should be used. By

ph ys ica l s o lu t io n ,  i t  i s  u s u a l ly  meant t h a t  as the  q u a n t i ty  p2+z2

approaches i n f i n i t y ,  th e  m e tr ic  approaches th e  f l a t  spacetim e m e t r ic .

F in d in g  th e  g e n e ra t in g  fu n c t io n s  N / \g (s , t )  and F ^ g ( t )  has proved
mn

th e  most e f f e c t i v e  way in  f in d in g  th e  p o t e n t ia ls  NAg. An example o f  a 

g e n e ra t in g  fu n c t io n  which has been found is  th e  f l a t  spacetim e
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g e n e ra t in g  fu n c t io n  F^8 ( t ) ,  K in n e rs le y  and C h i t r e  (1 9 7 8 a ) ,

fA B ^

w ith

t
T m "

■i ( l - 2 t z + S ( t ) ) 
S ( t )

i
S W

( l - 2 t z - S ( t ) ) 
2 t $ ( t )

\
( 5 .2 7 )

/

S ( t ) 2  = ( l - 2 t z ) 2 + ( 2 t p ) 2 . ( 5 ,2 8 )

O ther g e n e ra t in g  fu n c t io n s  which have been found f o r  a g iven spacetime  

are  l i s t e d  below.

1 . Z ip o y-V o o rh ees; K in n e rs le y  and C h i t r e  (1978b)

2 . W eyl; Hoensela e r s ,  K in n e r s le y , and Xanthopoulos (1979)

3 . Kerr-N U T; Hauser and E rnst (1979a)

G enera ting  fu n c t io n s  have proved use fu l in  th e  in t e g r a t io n  o f  

i n f i n i t e s i m a l  t ra n s fo rm a t io n s  to  f i n i t e  t ra n s fo rm a t io n s .  For example, 

Cosgrove (1980a) has s u c c e s s fu l ly  in te g r a te d  th e  in f i n i t e s i m a l  Q and Q 

t ra n s fo rm a t io n s  to  th e  f i n i t e  (Q )^ s and (Q) t ra n s fo rm a t io n s  using  

N ^ g ( s , t )  and FAB( t ) .  Some o f  these  f i n i t e  t ra n s fo rm a t io n s  a re

^ 4 s ^ A B ^ 19 ^2 )
t 2

s + t2

s
NAR( s + t 1 ,s + t 2 )+ --------

s + t2

( Q ) 4 s F n ( t )
I t F 1 1 ( S n )

( s + t ) F u (s )

^ U sF 1 2 ^ ^

i F 12 ( s + t )

F1 2 (S)

( 5 .2 9 )

(5 .3 0 a )

(5 .3 0 b )

More r e la t io n s  o f  t h is  type  are  found in  th e  l a s t  re fe re n c e  c i t e d .  In  

th e s e ,  i t  must be remembered t h a t  ( p , z )  a ls o  changes.
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Other f i n i t e  t ra n s fo rm a t io n s  which have been found are  l i s t e d

be! ow.
k

1 . The n u l l  param eter case; t h a t  is  when th e  parameters q in
k k k k . x”

th e  o p e ra to r  qxyT s a t i s f i e s  q ^ q  = 0„ K in n e rs le y  and C h i t re  (1978a)  
xy kxy

2. For s t a t i c  m e t r ic s ,  has been in te g r a te d  t o  y i e l d  a l l  

th e  s t a t i c  spacetim es. K in n e rs le y  and C h i t r e  (1978a)

3 .  The B subgroup, having in f i n i t e s i m a l  o p era to rs  
k v k k+2
B = Tn +T2 2 $ k = .......... p reserves asym pto tic  f l a t n e s s .  This

subgroup has been used t o  genera te  new s o lu t io n s .  For example, K err -N u t  

was f i r s t  generated from th e  Schw arzschild  p o t e n t ia ls  us ing t h i s  

subgroup. I t s  a p p l i c a b i l i t y  does depend on th e  i n i t i a l  s o lu t io n .  

K in n e rs le y  and C h i t r e  (1 9 7 8 b ) .

4 .  The HKX tra n s fo rm a t io n s  may be used to  genera te  

a s y m p to t ic a l ly  f l a t  spacetime w ith  a r b i t r a r y  m u lt ip o le  moments, 

H oen se lae rs , K in n e rs le y ,  and Xanthopoulos (1 9 7 9 ) .

BackTund T ran sfo rm atio n s

In Chapter 4 ,  th e  Backlund t ra n s fo rm a t io n  found by Neugqbauer 

was d es c r ib e d .  Cosgrove (1979b) has shown t h a t  I 1 and Ig  a re  e q u iv a le n t  

to  th e  two groups HQ and GQ. (HQ sim ply  means the  group c o n s is t in g  o f  

products o f  th e  elements in  th e  groups H and Q. Since th ese  two groups 

commute, o rd er  is  no p ro b lem .)  Neugebauer (1 9 8 0 a ,b) has a p p l ie d  I 1 and 

Ig  and tha . commutation theorem to  g enera te  a r b i t r a r y  m u l t ip o le  moments 

f o r  a s y m p to t ic a l ly  f l a t  spacetim e. Cosgrove (1 9 8 0 a ) ,  us ing  both  

H a r r is o n 's  Backlund t ra n s fo rm a t io n  and Neugebauer's commutation theorem.
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has a lso  been a b le  to  g enera te  a s y m p to t ic a l ly  f l a t  spacetimes w ith  

a r b i t r a r y  m u lt i  po le  moments.
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Summary

Other methods e x is t  besides th e  group t ra n s fo rm a t io n  and th e  

Backlund t ra n s fo rm a t io n .  B e lin sky  and Sakharov (1 9 7 8 ,1 9 7 9 )  use an 

i n v e r s e - s c a t t e r in g  te c h n iq u e .  Hauser and Ernst (1 9 7 9 a ,b; 1 9 8 0 a ,b) use 

an in t e g r a l  equation  method. Both are  capable  o f  g e n e ra t in g  

a s y m p to t ic a l ly  f l a t  spacetimes w ith  a r b i t r a r y  m u lt ip o le  moments. With 

so many methods capable  o f  g e n e ra t in g  e q u iv a le n t  r e s u l t s ,  see Cosgrove 

(1 9 8 0 a ) ,  i t  is  no wonder t h a t  these  workers fe e l  th e  vacuum case t o  be 

e s s e n t ia l l y  so lved .
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CHAPTER 6

REVIEW OF THE ELECTROVAC CASE

Many o f  th e  r e s u l t s  from th e  vacuum case have been extended to  

th e  e le c t ro v a c  case. These e le c t ro v a c  r e s u l t s  w i l l  be reviewed in  t h i s  

c h a p te r .  The n o ta t io n  again  fo l lo w s  t h a t  given by K in n ers le y  and C h i t r e  

(1 9 7 7 a ,b; 1 9 7 8 a ,b ) .

F ie l d s ,  P o t e n t i a ls ,  and G enera ting  Functions  

n mn
The f i e l d s  Hab and th e  p o t e n t ia ls  Nftg were in tro d u ced  in

Chapter 5 . In  a l i k e  manner, th e  f i e l d s  HAg and <|>A and th e  p o t e n t ia ls  
mn mn mn mn
NAg, Ma , Lg , K a re  in tro d u ced  f o r  e le c t r o v a c .  They a re  d e f in e d  

r e c u r s iv e ly  by th e  fo l lo w in g  r e la t io n s h ip s :

/.

\

I  I

$A = V  hAB = hABs ( 6 . 1 )

mn m n» mn m nY
VK = $ x * V $ \  VLg = » X*VH g , ( 6 .2 )

mn m n v mn m nY
VMa  -  Hx a *V» , VNab = Hxa*VH b , ' ( 6 . 3 )

n+1 In  In  ny

• a - 1 I V 2V + V  >• ( 6 . 4 )

n+1 In  In  nY

HAB = nAB+2^Al B+hAXh B ^ ( 6 . 5 )
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n n

A l l  th e  f i e l d s  <&A and Hftg s a t i s f y  th e  same f i e l d  eq u a t io n s .

IaiIi-C

v~n

f A 74X-
( 6 . 6 )

vhAB = - ip "
I x~n 

f A v h XB1 ( 6 . 7 )

D e f in in g
10 0

im p l ie s

K = - l / 2 i .
HAB = l e AB1

( 6 .8 )

On n On n

MA = - U A- NAB = " thAB1
( 6 .9 )

and t h a t  th e  o r ig in a l  f i e l d s  a re  co n ta ined  in  th e  h ie ra rc h y  o f

p o t e n t i a ls .  The r e la t io n s  found by KinnersTey and C h i t r e  (1977b) a re

and

mn nm m nY
K -K *  = $%*$ ,

mn nm m nY11*CO
ZICO
-J

* X * H B1

mn nm m n

nAB-nBA* -  h xa* h

m ,n+l m +l,n  i

„n

ml In  ml n,
-K ' = 21K K + iL x $ A+ ( i 6 m05n0) / 2 ,

(6. 10)

(6.11)

(6. 12)

(6.13)

m ,n+l m +l,n
L

B

t
ml In  ml nv

2iK Lg+1L, H*g, (6.14)

m,n+l m +l,n  ml In  ml nY
Ma -Ma =2iMA K +iNA/ ,  , (6.15)

msn+l m +l,n  ml In  ml nY

nAB - nAB = 21MA 1 Bh n AXh B -3eAB6 - I 6 O'
(6.16)
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G enera ting  fu n c t io n s  a re  d e f in e d  by

CO CO m „mn °° I n
K ( s , t )  = I  I  smt nK 9 K ( t )  = I  t nK s 

m=0 n=0 n=0

LA( s , t )  = I  I  S1W flj Lf l ( t )  = I  t " L
mn

m=0 n=0 n=0

»  o» _ „mn oo n
M n ( s , t )  = Ji J  s t  M . ,  @ . ( t )  = % t  

A m= O n=0 M A n=0

m mn oo n

NAB(S > t )  = J0 J0 A  "SB' f ABtt ) -  I a t  HflB.

Taking  th e  g ra d ie n t  o f  Equations ( 6 . 4 , 5 )  leads to  th e  equations

v f A B ^ 1 t  [ ( ( l - 2 t z ) v H AX-2tpVHAX) FXb ( t )+
S2 ( t )

2 ( ( l - 2 t z ) V » A-2 tp V » A)L B( t ) ] ,

V$A ( t )  = - L L  [ ( ( l - 2 t z ) 7 H AX-2 tp 7 H AX)$ X ( t ) +  

2 ( ( l - 2 t z ) V * A- 2 t p V * A) K ( t ) ] ,  

S f ( t )  = ( l - 2 t z ) 2+ ( 2 t p ) 2 .

The f i r s t  in t e g r a l  o f  th e  above equations  is

2 K ( t ) D e t ( F ( t ) ) - 2 $ X( t ) L Y( t ) F XY( t )
i

S ( t )
Im portan t a lg e b r a ic  r e la t io n s h ip s  can be d e r iv e d  from Equations  

1 6 ) .  Some o f  these  a re :

N,
2 i t S ( s ) ,

=  T = T  =AB+ ^ t l : t t 4 [ K ( = ) F X A ( = ) F B ( t ) +  
(LA( s ) F XB( t ) - L B ( t ) F XA( s ) ) $ X( s ) ] ,

MA ( s , t )  = ^ g i 5 l [ K ( s ) $ x ( t ) F XA( s ) - K ( t ) » A( s ) F XA(s )  -

( 6 .1 7 )

(6. 18)

( 6 .1 9 )

(6. 20)

(6.21)

(6 . 2 2 )

( 6 .2 3 )

( 6 .2 4 )

(6. 10-

( 6 .2 5 )

( 6 .2 6 )
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LB( s , t )  = ^ l j  [ D e t ( F ( t ) ) L B( t ) - L Y(s )F XY( s ) F XB( t ) ] e ( 6 .2 7 )

K ( s , t )  = + [ K ( t ) D e t ( F ( t ) )  -

LY( s ) F XY( s ) » X( t ) ] s ( 6 .2 8 )

K * (s )  = - * X$x* ( s ) - i S ( s ) D e t ( F ( s ) ) / 2 ,  ( 6 .2 9 )

La (S) = -$XFxa* ( s )+S(s)$x (s)FXa (s) / s , (6.30)

FcaM s ) = - 2 i S " 1 ( s ) ( ( l - 2 s z ) 6 cB+ 2 i s f cB) x

(K ( s ) F BA( s ) - * B(s )L A( s ) + $ B* * x ( s ) F XA( s ) ) ,  ( 6 .3 1 )

»c * ( s )  = s S '1 ( s ) ( ( l - 2 s z ) 6 cB+ 2 i s f cB) x

(F BX( s ) L X( s ) - » B* D e t ( F ( s ) ) .  ( 6 .3 2 )

In  th e  above, D e t ( F ( s ) )  is  th e  d e te rm in an t  o f  FAB( s ) .

The Symmetry Groups

The vacuum groups can be en la rg ed  to  th e  e le c t ro v a c  case. The 

groups G1 and H1 a re  d e f in e d  and used t o  f in d  an en larged  symmetry group 

K ' .

The Groups G1 and H1

The group G1 is .co m p rised  o f  th e  c o o rd in a te  t ra n s fo rm a t io n s  

given in  Equations ( 5 .1 2 - 1 4 )  and th e  e le c tro m a g n e t ic  and g r a v i t a t io n a l  

gage t ra n s fo rm a t io n s

4A ^ A +aA* hAB^hAB"<$A*aB"4Aa b * ' aA *a B+1otABe ( 6 .3 3 )
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These gage t ra n s fo rm a t io n s  have aB complex and aAB re a l  and symmetric;  

they  do not change th e  m e tr ic  o r  th e  e le c tro m a g n e t ic  f i e l d  Fam.

Th is  now d e f in e s  G1 which is  an e ig h t  param eter group.

The group H1 is  a ls o  an e ig h t  param eter group le a v in g  Equations  

( 2 .3 8 ,3 9 )  i n v a r ia n t .  The g enera to rs  o f  H1 a re  th e  g r a v i t a t io n a l  apd

e le c tro m a g n e t ic  gage t ra n s fo rm a t io n s :

H ii^Hn+ia, (6.34)

$^-*$i+a, Hii»Hii-2a*@ i-a*a; (6.35)

th e  g e n e ra l iz e d  E h le r 's  t ra n s fo rm a t io n  
*1 H11

* 1 *  ( !+YH 11 ) '  " l l +  ( I f i y H 1 1 ) ; ( 8 .3 6 )

th e  H arr iso n  (1968 ) m ixing t ra n s fo rm a t io n
$ i+ c H i i

* 1 *  ( I - ^ 1-C aCH1 1 ) » (8 °3 7 )

H n

" i l *  (1 -2 C *$ 1-C*CH1 1 ) ; ( 6 .3 8 )

and th e  s c a l in g  and e le c tro m a g n e t ic  d u a l i t y  t ra n s fo rm a t io n

•  !+Be1® * ! ,  H11-^B2H11. ( 6 .3 9 )

In th e  above, a ,  3 ,  y » e' a re  re a l  constan ts  w h i le  a and c a re  complex 

co n s ta n ts .  There is  no s im ple  way to  get H' from G1 s in ce  the  

Neugebauer-Kramer mapping's a c t io n  on th e  m e tr ic  f AB has not been found;  

however, th e  mapping's a c t io n  on th e  group generators  has been found and 

w i l l  be d escribed  l a t e r  in  t h i s  c h a p te r .

The Group K'

A g a in , by form ing a l l  p o s s ib le  commutators o f  th e  I n f in i t e s im a l  

opera to rs  o f  G' and H ' ,  an in f in i t e - d im e n s io n a l  param eter group is  

g en era ted . Th is  group is  c a l le d  K' and is  th e  e le c t ro v a c  g e n e r a l iz a t io n
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k k k k

o f  K. The i n f i n i t e s i m a l  o p era to rs  a re  T , Cx , Cx * ,  Z ,  and t h e i r  p o tio n  

is  given in  K in n e rs le y  and C h i t r e  (1977b :1540 ) and reproduced h ere . ( In  

th e  above re fe re n c e ,  th e  a c t io n  is  g iven w ith  th e  group parameters  

a lre a d y  im p l ie d .  For example, what K in n e rs le y  and C h i t r e  r e f e r  to

k k»k ky k
as cA is  the  in f i n i t e s i m a l  o p e ra to r  cACx+cA*Cx* .  To avoid

k k k k .  k k k k
c o n fu s io n ,  y Xy , cx , cx* ,  a w i l l  be th e  param eters and TXy ,  Cx ,  Cx* ,  z

w i l l  be th e  o p e r a t o r s . )

k mn m+k,n m,n+k k ms k^s,n

1XYnAB = eA(YNX)B ‘  NA(XEY)B + J 1 NA(XNY)B '

k mn m+k,n k

7XYmA = eA(YMX)

k mn m,n+k k

t XY1B = e B(Yl X) +  I
S=

k mn k ms k -s ,n

7 XYk = J 1 L (XMV)

k mn m+k,n k

CXNAB = 2lG XALB - 21 I
S=I

k mn m+k,n m,n+k
CvM, = E ie u-K + N.vX A XA AX

k mn k ms k - s .

CXLB = -21 I L-
S=I * LB

nA(XmY)

k ms k - s ,n  

(X nY)B !

AX B

21 ' I  NAXK 
s = l

( 6 .4 0 )

( 6 .4 1 )

( 6 .4 2 )

( 6 .4 3 )

( 6 .4 4 )

( 6 .4 5 )

» ( 6 .4 6 )
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k mn m ,n + k - l  k -1  ms k -s ,n
CyK = Ly -  2 i £ Lv K

s= l  X
( 6 .4 7 )

k mn m,n+k k ms k - s ,n

CX *NAB = r 2 l e XBwA +21 J 1 MA NXB » ( 6 .4 8 )

k mn k ms k -s ,n

cX1mA =- 2 i V a  mX ’S = I
( 6 .4 9 )

k mn m,n+k . m + k - l ,n  k ms k -s ,n  .

CX *LB = - 2 i 6 XBk + NXN +2 i J 1 K NXB 9 ( 6 .5 0 )

k mn m + k - l ,n  k ms k-s»n
C y * K  = My + 2 i  % K My ,

X x s= l  X
( 6 .5 1 )

k mn k ms k-s+1 ,n

e n AB = - 2 ^ A l B • ( 6 .5 2 )

k mn m,n+k k ms k - s + 1 ,n
X M a  = - I  Ma  - 2J i mA k • ( 6 .5 3 )

k mn m+k,n k ms k - s + 1 ,n

1 l b = 1 l b ” 2s^1 k lb 9
( 6 .5 4 )

k mn m+k,n m,n+k ml k - s + 1 ,n _ „ .
Z K = i K - i  K. - Z l  K K - I ^ S mnSnnSk 1 , ( 6 .5 5 )

w ith  k running over a l l  in t e g e r  v a lu e s .
m,n

K in n e rs le y  (1980) has found e ig h t -p a ra m e te r  subgroups ( G ) o f  

K1 isomorphic t o  S U ( 2 ,1 ) .  They a re

(m ,n) -m 0 m n (m+n) (1 -m -n )  (1 -n )  0 
G -  ( Y m Y i a  »^22 »C1 » ^2 *  Cl *  » c2 *  »o}. ' ( 6 .5 6 )

A lso found were in v o lu t iv e  automorphisms which map th e  subgroups in to  

one a n o th e r .  These a re

AL
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( r ss )  ( r , s )  (m ,n) ( r - m ,s - n )
I  : K '+ K ' ,  I  : G + G

( r , s )  k ( r , s )  k - r  
1 Y n  I  = 1722,

( r , s )  k ( r , s )  k 
I  Y 12 I  = - Y i z ,

( r 9s) k ( T 8S) k - r
I  Y22 1 = - i Y n »

( r 8s) k ( r 9s )  k + l - s  
I  C1 I  = c2 *  9

( r 9s) k ( r 9s )  k + l - r - s  
I  c 2 I  = i  C1 *  ,

( r 9s) k ( r 9s )  k+s+r-1
I C 1*  I  = - i  c2 ,

( r 9s) k ( r 9s )  k+s-1  ( r , s )  k ( r , s )
I  c2*  I  = C1 , I  b I

k
-or . .

( 6 .5 7 )

( 6 .5 8 )

( 6 . 5 9 )  .

( 6 .6 0 )  

( 6 .6 1 )  

( 6 .5 2 )

( 6 .6 3 )

(6 .6 4 )

(O 8O) ( I 8O)
The subgroups G and G are  G1 and H' r e s p e c t iv e ly ,  The 

( I 9O)
automorphism I  is  th e  Neugebauer-Kramer map. In  vacuum, i t s  a c t io n  

on th e  p o t e n t ia ls  has been found, but t h i s  does not hold t r u e  in  the  

e le c t ro v a c  case.

T h is  completes th e  rev iew  o f  e le c t r o v a c ,  the  next chap ter  w i l l  

extend Cosgrove's vacuum Q and Q t ra n s fo rm a t io n s  t o  th e  e le c t ro v a c  case.
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CHAPTER 7

THE EXTENDED Q AND Q GROUPS

In t h i s  c h a p te r ,  th e  vacuum t ra n s fo rm a t io n  groups Q and Q w i l l

be extended t o  in c lu d e  th e  e le c tro m a g n e t ic  f i e l d  described  ip  Chapter

2. F i r s t  Q w i l l  be extended and then Equation ( 5 .2 6 )  w i l l  be used f o r

th e  i n i t i a l  an sa tz  o f  th e  i n f i n i t e s i m a l  Q t ra n s fo rm a t io n .  This  ansatz

w i l l  be m o d if ied  a l lo w in g  th e  f i n i t e  t ra n s fo rm a t io n  t o  be in te g ra te d ,

b r in g in g  agreement w ith  th e  vacuum r e la t io n  
_ ( I 9O) ( 1 , 0 )
Q = I Q i ;

( I 9O)
being th e  d is c r e t e  automorphism descr ib ed  in  Chapter 6 .

A ssoc ia ted  w ith  Q is  i t s  complex con jugate  group Q* found in  t h is
( I 9I )  ( I 9I )  . ~

ch ap te r  t o  be e q u iv a le n t  t o  I  Q I  . Th is  Q* t ra n s fo rm a t io n  

merges w ith  Q in  th e  vacuum case and i s ;  t h e r e f o r e ,  a new fe a tu r e  

belong ing  to  th e  e le c t ro v a c  case.

The Extended Q Group

The vacuum t ra n s fo rm a t io n  group Q was f i r s t  extended to  th e  

e le c t ro v a c  case by Cosgrove (1980b) d u r in g  a bout w ith  th e  f l u .  This  

group 's  a c t io n  on th e  f i e l d s  and p o t e n t ia ls  was f i r s t  found by m yself in
V

a roundabout manner. A s im p l i f i e d  ve rs io n  is  presented in  t h i s  th e s is .

Cosgrove (1980 ) has found th e  f i n i t e  a c t io n  o f  th e  vacuum Q 

t r a n s fo rm a t io n  on th e  g e n e ra t in g  fu n c t io n s  F^g( t )  =? i N ^ g ( Q , t ) .  From h is  

r e s u l t s ,  th e  i n f i n i t e s i m a l  a c t io n  o f  Q is  found t o  be
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n n+1 n

QHn  = l / 4 [ n  H1^ I H 12H11] ,  ( 7 . 1 )

n n+1 In  n
QH21 = l / 4 [ n  H2 i +1N2 l +1H22Hl l ] ’ ( 7 . 2 )

n n+1 n
QH12 = l / 4 [ ( n + l )  H12+ iH 12H12] ,  ( 7 . 3 )

n n+1 In  n
QH22 = l / 4 [ ( n + l )  H22+1N22+1H22Hl'2]e /  ( 7 . 4 )

These r e la t io n s  a re  assumed t o  hold u n a l te r e d .  The on ly  choice
n

rem ain ing is  th e  i n f i n i t e s i m a l  a c t io n  o f  Q on Since th e  f i e l d  
n n

equations  f o r  th e  a re  s i m i l a r  to  th e  f i e l d  equations  f o r  Hfl1, th e
n ! n

ansatz  is  made which tran s fo rm s  » fl l i k e  Hfl1. Hence, *
n n+1 n ’

Q^1 = l / 4 [ n  ^ 1 + IH 1^ 1L  ( 7 . 5 )

n n+1 In  n
Q*2 = l / .4 [n  $ 2 + IM2 + I1H22^ 1 ] .  ( 7 . 6 )

The cons is tency  o f  Equations ( 7 . 1 - 6 )  is  shown in  Appendix A. The

i n f i n i t e s i m a l  a c t io n  on th e  p and z co o rd in a te s  is  assumed th e  same as

in  th e  vacuum case; t h a t  i s ,  Qp = p z ,  Qz -  l / 2 ( z 2 -p 2 ) .  Using Equations

( 6 . 2 , 3 ;  7 . 1 - 6 ) ,  th e  in f i n i t e s i m a l  a c t io n  o f  Q on the  p o t e n t ia ls  can be

determ ined . The a c t io n  on th e  p o t e n t ia ls  is  given by
mn m ,n+l ml n ml n ml In

QK = l /4 [ ( m + n )  K -ImL 1$ 2+ i ( m + l ) L 2 $ 1-2imK K ] ,  ( 7 . 7 )

mn m ,n+l ml n ml n ml In
QM1 = l /4 [ ( m + n )  M1 -imNn » 2+ i (m + l)N 12» 1-2imM1 K ] ,  ( 7 . 8 )

mn m ,n+l ml In  ml n
QM0 = l / 4 [ ( m + n + l )  M0 - 2 i ( m + l ) M 0 K + i(m +2)N  O1 -  

^ m l  n  .
i (m + l )N  0 ] ,  ( 7 . 9 )



mn m ,n+l ml In  ml n ml. n
QL1 = l /4 [ ( m + n )  Lj  - 2 1 mK L j - Im L 1 H21+ i ( m + l ) L 2 H j j ] ,  ( 7 . 1 0 ) .
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mn m ,n+l ml In  ml n ml n
QL2 = l / 4 [ ( m + n + l )  L2 -2imK L3 - Im L j  H22+ i ( m + l ) L 2 H j3 ] ,  ( 7 .1 1 )

mn m ,n+l ml In  ml n ml n
QNj1 = l / 4 [ ( m + n )  Njj-21'mMj L j - t m N j j H g j + i f m + l j N j g H j j ] ,  ( 7 .1 2 )

m ,n+l ml In  ml n ml n
l / 4 [ ( m + n + l )  N12-2imMj L2+ i ( m + l j N j g H j g - i m N j j H ^ ] ,  ( 7 . 1 3 )

m ,n+l ml In  ml n
l / 4 [ ( m + n + l )  N , . - 2 i ( m + l ) M ,  L .+ i ( m + 2 ) N „ H  -

ml n 1 1
i (m + l )N 21H21] ,  ( 7 .1 4 )

mn m ,n+i ml In  ml n
QN22 = l /4 [ (m + n + 2 )  N22- 2 i ( m + l ) M 2 L2+i.(m+2)N22H j2 -

i (m + l )N 21H22] .  ( 7 ,1 5 )

As an example o f  how th e  above r e la t io n s  were o b ta in e d .  Equation ( 7 .1 2 )

is  d e r iv e d  in  Appendix B.

F i n a l l y ,  th e  in f i n i t e s i m a l  a c t io n  o f  Q on th e  m e tr ic  fu n c t io n  

Y (see Equation ( 2 . 1 5 , 1 6 ) )  is  shown in  Appendix C to  be

Qy = 0 ( 7 .1 6 )

The F i n i t e  Q Transfo rm ation

The f i n i t e  t ra n s fo rm a t io n s  are  found by using th e  gen era t in g  

fu n c t io n s  F ^ ( t )  and <&A( t )  = iMA( 0 , t ) .  For example, th e  in f in i t e s im a l  

a c t io n  on @ j ( t )  and H j2 ( t )  is  found from Equations ( 7 , 3 , 5 )  t o  be

.Q $ j ( t )  = l / 4 [ D 1$ 1 ( t ) - $ 1 ( t ) / t  + iH 12$ j ( t ) ] ,  ( 7 .1 7 )

QF1 2 ( t )  = l / 4 [ D 1F 1 2 ( t ) + i H 12F 1 2 ( t ) ] ,  ( 7 ,1 8 )

w ith  Dj = 3 / a t .  These equations a re  in t e g r a t e d  in  Appendix D tP  y i e l d
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th e  f i n i t e  t r a n s fo rm a t io n s .  The o th e r  f i n i t e  t ra n s fo rm a t io n s  a re  found

in  a s i m i l a r  manner; a l l  o f  th e  f i n i t e  t ra n s fo rm a t io n s  a re  l i s t e d  below.
I t F n  ( s + t )

(Q )4sF n ( t ) -  ( s + t ) p  ( s ) » ( 7 .1 9 )

( Q ) 4 s F l2 ( t )

12 '

1F1 2 (s + t )  

F io (S )  >
( 7 .2 0 )

(Q )4sF2 IC t ) -  ( s + t )
is

( s + t )

Noi (s » s + t )  ■.
N2 2 ( s , s ) F 1 1 ( s + t )

F19(S)

(Q )4sF2 2 ( t )  = 1
N ( s , s ) F . _ ( s + t )

N22( S 1S H )  -  ^  P ( s )

i t * i ( s + t ) -

(Q )4s * i ( t ) = ( s + t ) C 1 2 (s )

(Q )4s$ 2 ( t  ̂ " ( s + t )

( 7 .2 1 )

( 7 .2 2 )

( 7 .2 3 )

( 7 .2 4 )

Since th e  a c t io n  o f  th e  in f i n i t e s i m a l  Q t ra n s fo rm a t io n  was obta ined  

d i r e c t l y  from th e  vacuum case , i t  should be no s u rp r is e  t h a t  th e  r e s u l ts  

here a re  s i m i l a r .

The vacuum r e s u l t  y '  (p '  , z ' ) = y ( p , z )  is  seen to  follovy  

im m edia te ly  from Equation ( 7 . 1 6 ) .  Th is  means t h a t  th e  new m e tr ic  

fu n c t io n  y ' ( p , z )  equals  y ( p , z ) ,  where p = (Q )^ 4sP and z = (Q )_ 4sz .

Search f o r  Q

In Equation ( 5 . 2 6 ) ,  th e  r e la t io n s h ip  between th e  vacuum 

i n f i n i t e s i m a l  t ra n s fo rm a t io n s  Q and Q is  g iv e n . This  equation  w i l l  be 

taken  as th e  s t a r t i n g  ansatz  t p  f in d  Q f o r  th e  e le c t ro v a c  case. A 

f u r t h e r  requ irem ent w i l l  be t h a t  th e  Q group should be a co n jugate  group



55
( r » ? )

SQS where S is  one o f  th e  i n v o lu t i v e  automorphisms I  . To begin

w i t h ,  d e f in e  an o p e ra to r  Qn by
I  u

Q-Q0 = - W 12 . ( 7 .2 5 )

Q0 has th e  fo l lo w in g  a c t io n  on th e  p o t e n t i a ls .
~ mn m+1,n m ,n+l ml In
Q0 Nab = l / 4 [ ( m + l )  NAB+n NAB+iMA L , ] , ( 7 .2 6 )

 ̂ mn m +l,n  m ,n+l ml n .
Q0K = l / 4 [ ( m  K +n K - 1 / 2 1 Lx » X] , ( 7 .2 7 )

~ mn m +l,n  m ,n+l mn nY
Q0Ma = l / 4 [ ( m + l / 2 )  Ma +n - l / 2 i N AX» X] , ( 7 .2 8 )

~ mn m +l,n  m ,n+l ml In
Q0 La = l / 4 [ ( m + l / 2 )  La +n L_A + iK  Lft] .  ( 7 ,2 9 )

Equation ( 7 .2 6 )  is  very s i m i l a r  t o  th e  express ion  found by Cosgrove

(1980: Equation ( 2 . 1 4 ) )  f o r  vacuum. The d i f f e r e n c e  l i e s  in  th e  term  
ml In

iMA Lg. I t  is  t h i s  term  and th e  s i m i l a r  terms in  Equations ( 7 .2 6 - 2 9 )

which p reven t a sim ple in t e g r a t io n  t o  th e  f i n i t e  t ra n s fo rm a t io n .  An

a l t e r n a t i v e  d e f i n i t i o n  f o r  Q i s ;  t h e r e f o r e ,  sought.
I

At t h i s  s ta g e ,  th e  Z  t r a n s fo rm a t io n  o f  Equations ( 6 .5 2 - 5 5 )  was 

n o t ic e d .  In  p a r t i c u l a r .
mn ml n„
K = Lx * x . ( 7 .3 0 )

mn m +l,n  ml In

LB = 1 LB ~2K LB * ( 7 ,3 1 )

mn m +l,n  ml nY
i
i

M b =  mB + V >
( 7 .3 2 )

mn ml In
'  I

NAB = - 2MA LBe ( 7 .3 3 )

I
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D e f in in g  Q as

-  ' -  I
Q = Q0+ i Z / 8 ,  ( 7 .3 4 )

th e  a c t io n  on th e  p o t e n t ia ls  is  much s im p le r .
,mn m +l,n  m ,n+l
QK = l /4 [ m  K +n K ] ,  ( 7 .3 5 )

~mn m +l,n  m»n+l
QMa  = l / 4 [ ( m + l )  Ma +n Ma ] ,  ( 7 .3 6 )

»mn m +l,n  m ,n+l
QLa = l / 4 [ m  La +n Lft ] ,  ( 7 .3 7 )

~mn m +l,n  m ,n+l
QNab = l / 4 [ ( m + l )  Nab +n Nab] .  ( 7 .3 8 )

U n f o r t u n a t e ly ,  due to  th e  i  in  Equation ( 7 . 3 4 ) ,  t h i s  Q is  not H q rm it ia n .  
.  I
Q and Q* = QQ- i z / 8  must be regarded as two d i f f e r e n t  in f i n i t e s i m a l

o p e ra to rs .  For t h i s  reason , (QA)* *  QA** but r a th e r  (QA)* = Q*A*. Th is

is  an e s s e n t ia l  c o m p l ic a t io n ,  s in ce  th e  tran s fo rm s o f  K * ,  LA* ,  Ma* ,  Nab*

a re  needed. Using th e  complex con jugates  o f  Equations ( 7 .3 0 - 3 ? )  and

Equations ( 6 .1 3 - 1 6 )  y i e l d
-mn m +l,n  m ,n+l ml nv
QK *  = l / 4 [ m  K *+n K * + i L xV * ] ,  (7=39)

-mn m +l,n  m ,n+l ml nx
QMa *  = l / 4 [ m  Ma *+n Ma * + iN AX* » A* ] ,  ( 7 .4 0 )

-mn m +l,n  m ,n+l ml nY
QLa *  = l / 4 [ m  La * + ( n + l )  LA* + i L x* H \ * ] ,  ( 7 .4 1 )

-mn m +l,n  m ,n+l ml nY
QNab*  = l/4 [m  Nab* * ( „ +1) Nab*+1' NAX*H B*t3EAB« - I s (7' 42>

Equations ( 7 .3 5 - 4 2 )  and t h e i r  complex con jugates  (Q rep laced  by Q*) may 

be solved using g e n e ra t in g  fu n c t io n s .  In terms o f  th e  g e n e ra t in g  

fu n c t io n s .  Equations ( 7 .3 5 - 3 8 )  ,are
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Q K tt1 st 2 ) = l /4 C D 1+D2- ( t 1+ t 2 ) / ( t 1t 2 ) ] K ( t 1t 2 ) +

M t 2A 1 - t 1/ t 2) /8 ,  (7 .4 .3)

QMa (t ^ t 2 ) = l / 4 [ D 1+D2- l / t 2 ]MA ( t 1 , t 2 ) ,  ( 7 .4 4 )

= l / 4 [ D 1+D2- ( t 1+ t 2 ) / ( t 1t 2 ) ] L A( t 1 , t 2 ) ,  ( 7 .4 5 )

^NAB( t l » t 2 ) = 1/ 4 [ D 1+D2- l / t 2 ]NAB( t v t 2 )+ eAB/ t 2$ (7.46)

where D1 = 3 / 3 t 1$ D2 = 3 / 3 t 2 . Equations ( 7 . 4 0 , 4 2 ) ,  in  terms o f  the  

g e n e ra t in g  fu n c t io n s  FAB* ( t )  = - i N AB* ( 0 , t )  and »A* ( t )  = - iM A* ( 0 , t )  a re  

Q$A* ( t )  = l/4[D$A* ( t ) - $ A* ( t ) / t+ iH Ax * $ * ( t ) * ] ,  ( 7 .4 7 )

QFAB* ( t )  = l / 4 [ D F AB* ( t ) + i H AX* F xB( t ) * ] ,  (7.48)

where D = 3 / 3 t .  Equations ( 7 .4 6 ,4 8 )  a re  in te g r a te d  in  Appendix E as 

examples. The r e s u l ts  a re  th e  f i n i t e  t ra n s fo rm a t io n s :

(Q)4sK(ti,t2) = (Sft1)(Sft2) K(Stt1^tt2) + ■

is(t2-t1)(s+t1+t2)
— 2 ( s n 1 ) ( s + t 2T “  • (7 "49 )

(Q )4s lA ^ i ' t Z^ = ( S H 1 ) ( S H 2 ) ^ A ^ M l ' S + t g )  s ( 7 .5 0 )

^ H smA ^ I $t 2^ = ( s + t 2 ) MA( s + t 1 , s + t 2 ) ,  ( 7 .6 1 )

•w to  Sg ad

NAB̂ s+tl’S+t2̂  + (SH2) ’ t7"52)

= 1(Ft"l(s))AXf*B‘(s+t)’ (7.53)

(Q)4sV t t) =TriIr (F*"1(S,)AX*X*(S+t)- '7.54)
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The r ig h t -h a n d  s ides o f  these  equations  co n ta in  th e  o r ig in a l  g en era t in g  

f u n c t io n s .  The t ra n s fo rm a t io n s  o f  ( Q * ) 4s may be found by ta k in g  the  

complex co n jugate  o f  Equation ( 7 . 4 9 - 5 4 ) .

I t  remains t o  be shown t h a t  (Q )4g and (Q *)4s a re  r e la te d  to

( r ss)
(Q )4s by one o f  the, d is c r e t e  groups I  . This is  done by look ing  a t  

th e  commutators o f  th e  in f i n i t e s i m a l  p p e ra to rs .  Using Equations (7 .2 6 -  

29) and Equations ( 6 . 4 0 - 5 5 ) ,  th e  fo l lo w in g  commutators are  ob ta in ed .
_ k k+ l „ k k+ l

CQqstXy] -  kTXy /4  , CQ0E]  ? k E / 4 ,

~ k k+ l , k k + l
CQqsCx] = ( 2 k - l )  Cx/ 8  , CQqsCx* ]  = ( 2 k - l ) C x* / 8

Equation ( 7 . 2 5 ) ,  i t  is  a ls o  found t h a t
k k+ l k k+ l

= ( k - l ) T n /4 s CQsT22]  = ( k + l ) T 22/ 4 ,

k k+ l k k+ l
W -T12] = kT12/ 4  , CQsC1]  = ( k - 1 )  C1M ,

k k+ l k k+ l

HI—
I OJ 

OC
r

L-J k C2 / 4  ,  CQsC1* ]  ? ( k - l ) C 1* / 4 ,

k k + l k k + l
C Q .C , * ] = k C * /4  , CQsE ]  = k E / 4 .

( 7 .5 5 )

( 7 .5 6 )

I f  an o p e ra to r  J is  t o  be a con jugate  o p e ra to r  SQS, J 's  commutators must

be co n jugate  t o  Q's commutators. That i s ,

CJ»A] = S [Q ,A ]S , ( 7 .5 7 )
( r , s )

where S is  to  be one o f  th e  I  . I t  is  found t h a t  f o r  no combination

o f  in t e g e r  ( r , s )  is  t h i s  t r u e  concerning th e  o p era to rs  Qq and Q0

D e f in in g  th e  o p e ra to rs
I

Qn = Q0+ in z /8 , ( 7 .5 8 )
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w ith  n ranging  over a l l  in t e g e r  v a lu e s ,  us ing th e  nonvanishing  

I
commutators o f  £ in  Equations ( 7 .5 5 ,5 6 )  and in

I k
[ £ ,C X]

I k
i  Cv , [Z ,C  * ]
k+1
:x - 1 CX* ( 7 .5 9 )

(r,s) (r,s)
then Qn = I Q I for the following integer values of (n,r,s) =

( 2 m + l , l , m + l ) ; m=0 , 1 , 2 , 3 , . . .  I t  i s  seen t h a t  th e  opera to rs  Q* and Q
(1, 0) (1, 0) (1, 1) (1, 1)

defined previously in the chapter are I Q I  and I Q I . ,

r e s p e c t iv e ly .  ( I n  f in d in g  t h i s  r e s u l t ,  i t  must be noted t h a t  Equations

( 6 .5 7 - 6 0 )  hold f o r  th e  parameters o f  th e  t ra n s fo rm a t io n .  I t  is  a lso

p o s s ib le  t o  w r i t e  t h is  in  terms o f  th e  o p e ra to rs ;  f o r  exam ple, in  
k k+r

Equation ( 6 . 6 0 ) ,  T g E ^ l l  • )  Now t h a t  Q and Q* have been foupd, th e  next  

step  is  t o  app ly  them.
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CHAPTER 8

APPLICATION OF THE Q GROUP

In t h is  c h a p te r ,  th e  f i n i t e  t ra n s fo rm a t io n  (Q )4 s l S a c t io n  w i l l  

be found on th e  m e tr ic  components f ^  and f ^ -  I t  w i l l  then be a p p lie d  

t o  th e  R eissner-N ordstrom  m e tr ic  and p o t e n t ia ls  found by T .C ,  Jones 

( 1 9 8 0 ) .

A ction  on th e  M e tr ic  Components and f^g

Equations ( 6 . 2 4 ,  2 9 -3 2 )  imply th e  fo l lo w in g  use fu l r e la t io n s .

( ! " 2 t z I=AB+ 2 i t f AB =

Sz ( t ) [ F * x * ( t ) F g * ( t )  + 2I  ( 8 . 1 )

For the  m e tr ic  components f ^  and f ^ *  t h is  im p lie s

Z i t f i i  = S 2 ( t ) ( F 11* ( t ) F 12 ( t ) - F 12* ( t ) F 11 ( t )  +

| 1  $ i * ( t )  * i ( t ) ) ,  ( 8 . 2 )

Z i t f 12 = S 2 ( t ) ( F n *F 2 2 ( t ) - F 12* ( t ) F 2 1 ( t )  +

| 1  $ i * ( t ) $ 2 ( t ) )  -  ( l - 2 t z )  ( 8 . 3 )

The f i n i t e  a c t io n  o f  (Q )4s on f ^  w i l l  be d e r ived  here . Due to  the  

leng th  o f the  c a lc u la t io n ,  th e  f i n i t e  a c t io n  o f  (Q )4s on f ^  w i l l  only  

be s ta te d .

The fo l lo w in g  usefu l r e la t io n s  w i l l  be used.

(Q )4sP = pS“ 2 ( s ) , ( 8 . 4 )

(Q )4 s z = " k  " (z  - & ) S " 2 ( s ) , ( 8 . 5 )

(Q )4sS f t )  = S ( s + t ) / S ( s ) . ( 8 . 6 )
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Here and e lsewhere in  t h is  c h a p te r ,  

S 2 ( t )  = ( l - 2 t z ) 2  + (2 tp )2 „  

Using Equation ( 8 .2 )  in  th e  form

( 8 .7 )

2 i t f 11 = S2(t)(F11* ( t ) F 12( t ) .F 12* ( t ) F 11(t)  + § l $ i * ( t ) * i ( t ) )

where the overhead bars indicate transformed quantities, and using 

Equations ( 7 . 1 9 , 2 0 , 2 2 ) ,  i t  is possible to show that

2 i t f  i tS 2 ( s + t )

(s + t )S 2 ( s ) F 12* ( s ) F 1 2 (s )

[ F i i * ( s + t ) F i 2 ( s + t ) - F 12* ( s t t ) F u ( s + t )  +

* i * ( s + t ) $ i ( s + t ) ] .

Comparing Equation ( 8 .7 )  w ith  Equation ( 8 . 2 ) ;  i t  fo l lo w s  th a t  

(Q )4 s f l1  S 2 (s )F 12* ( s ) F 1 2 (s )  "

(8. 8)

( 8 . 9 )

This  is  e x a c t ly  th e  form found fo r  th e  vacuum case by Cosgrove (1980: 

Equation ( 3 . 1 c ) ) ,  I t  can a lso  be shown th a t ,  the  fo l lo w in g  equation  is  

t r u e .

(Q )4 Sf i2
i (z - l /2s )  

S2(S)

N2 2 ( s » s ) f j i

S2 ( s ) F 12* ( s ) F 1?( s )

[ ( f 12+ i z ) [ F 1 2 ( s ) d e t ( F * ( s ) )  +

| 1  ( $ i * ( s ) F 22* ( s )  -  $2 * ( s ) F 12* ( s ) ) $ 1 ( s ) ]  -

f i i [ F 22 ( s )det ( F * ( s )  + ( # i * ( s ) F 22* ( s )  -

*2*(s)Fi2*(s))*2(s))]]. (8.10)
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A p p l ic a t io n  o f  Q. to  R eissner-N ordstrom

T .C . Jones (1980: Equations ( 6 .4 4 - 4 7 )  found th e  fo l lo w in g  

r e s u l ts  f o r  R e issner-N ordstrom .

* i ( t )  o - 4 t 2 r 1 / 2 . ( 8 .1 1 )

F l l ( t )  ' T x W
e ] [ i ” 4 t 2 ] " 1/ 2 . ( 8 .1 2 )

3 ] [ l - 4 t 2 r 1 / 2 , ( 8 .1 3 )

f l l  = (X2~ l ) / (x+B )2 . (8 .1 4 )

In  these e q u a t io n s ,  B is  a constan t a sso c ia te d  w ith  th e  charge-to-m ass

( 8 .1 5 )

( 8 .1 6 )

( 8 .1 7 )

( 8 .1 8 )  

( 8 4 9 )

r a t i o , _x and y  are  p r o la t e  sphero ida l co o rd in a tes  d e f in e d  by 

X = ^  [  / ( z + k ) 2  +  p2 +  / ( z - k ) ?  +  p 2 ] ,  

y  = -2Y  [  v' (z+k)2 + p 2  -  /  ( z - k )2  + p 2 ] ,

which may be w r i t t e n

x = l / 2 [ S ( - l / 2 k ) + S ( l / 2 k ) ] ,  

and

y  = l / 2 [ S ( - l / 2 k ) - S ( l / 2 k ) ] .

From Equation ( 8 . 8 ) ,

f i i ( x , y )
f in ( x , y )

S2(x,y;s)F12 *(x,y;s)F12(x,y;s)

This  is  e q u iv a le n t  to

f n  (x ,y )
f i i ( x ' , y ' )

S2(s,,y';s)F12 *(x',y';s)F12 (x',y';s)
(8. 20)

w ith  ( x ' , y ' )  = ( ( Q ) _ 4sx , ( Q ) _ 4sy ) .  Using

S ( x ' , y ' ; s )  = (Q )„ 4sS ( x , y ; s )  =. l / $ ( - s ) ,

and using Equations ( 8 . 1 0 - 1 2 , 1 7 , 1 8 , and 2 0 ) ,  i t  fo l lo w s  t h a t  

;  ( X i y ,  -  ( l - 4 s ) 2 [ ( S ( - s - l / 2 k ) + S ( - s + l / 2 k ) ) 2 _ 4 S 2 ( . s ) ]  

11 ' [ S ( - s - l / 2 k ) ( l - 2 s ) + S ( - s + l / 2 k ) ( l + 2 s ) + 2 $ ] 2

(8. 21)

(8. 22)
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Use o f  Equation ( 8 .1 0 )  is  not needed in  c a lc u la t in g  ( Q ) ^ 1S a c t io n  on 

f l 2 » s ince  f o r  R e issner-N ordstrqm  f ^  is  z e ro .  Another way o f  seeing  

t h is  is  to  begin w ith  Equation ( 7 . 9 )  in  K in n e rs le y  (1977a) reproduced  

here as 1

Vw = p f 2 (VS11+i((J.1*V(j.1- <(,1V<|)1* ) ) .  ( 8 .2 3 )

The f a c t  t h a t  F1 1 ( I )  and S1 ( t )  a re  re a l  and F12 ( t )  is  pure im aginary fo r  

R eissner-N ordstrom , combined w ith  Equations ( 7 . 1 9 , 2 0 , 2 3 ) ,  im p lie s  t h a t  

th e  transform ed F1 1 ( t ) , S1 ( t )  a re  r e a l .  Th is  in  tu rn  im p l ie s  th a t  the  

r ig h t -h a n d  s ide o f  Equation ( 8 .2 3 )  is  z e ro .  This  means th a t  the  

transfo rm ed  w is  a c o n s ta n t ,  which we a re  f r e e  to  choose as z e ro ,  Thus, 

i t  is  seen t h a t  (Q )4 S leaves  the  R eissner-N ordstrom  spacetime s t a t i c .

In  an argument s i m i l a r  to  t h a t  f o r  f in d in g  (Q )4Sf n »  beginning  

w ith  Equation ( 7 . 2 3 ) ,  i t  is  p o s s ib le to  show th a t

I 1 ( X 1V )  = ------------- :-------------------- ^ ------------------------ --------- ---  ( 8 . 2 4 )
[ S ( - s - l / 2 k ) ( l - 2 s ) + S ( - s + l / 2 k ) ( l + 2 s ) + 2 f j ]

Since t h is  is  r e a l , i t  is  equal to  A^, and is  equal t o  z e ro .  Then 

Equations ( 6 . 6 )  im p ly ,  s ince w = 0,
** I
V t2 = - I p f  V * j ,  ( 8 .2 5 )

which may be in te g ra te d  to  y i e l d

A



64

CHAPTER 9 

SUMMARY

The main r e s u l ts  o f  t h is  th e s is  were found in  Chapters 7 and 

8 .  In Chapter 7 ,  the  vacuum groups found by Cosgrove were extended to  

th e  e le c t ro v a c  case. In  Chapter I ,  the  Q t ra n s fo rm a t io n  on an a r b i t r a r y  

m e tr ic  was found. As, an example, t h is  was a p p lie d  to  th e  R e is s n e r -  

Nordstrom m e t r ic ;  however, no new s o lu t io n  was found in  t h i s  way. Up to  

t h is  p o in t ,  the  ex tens ion  o f  th e  vacuum case to  e le c t ro v a c  has been 

s u c c e s s fu l .

A problem t h a t  has a r is e n  res id es  in  th e  a p p l ic a t io n  q f  the  

Q and Q* found in  Chapter 7 . The c a re fu l  avoidance o f  th ese  

t ra n s fo rm a t io n s  in  Chapter 8 was no a c c id e n t .  They have been 

troublesome s in ce  f i r s t  d isco vered .

F i r s t ,  th e  in f i n i t e s i m a l  a c t io n  o f  Q(Q*) on th e  m e tr ic  fu n c t io n  

has not been found. Second, and most p ro b le m a t ic ,  is  th e  meaning o f  

Equations ( 7 . 4 9 - 5 4 ) .  As an example t o  what is  meant by th e  l a s t  < 

sentence , cons ider th e  fo l lo w in g .  Equations ( 7 .5 2 ,5 3 )  im ply th a t  

(Q )4 s I H u * )  is  not equal to  ( ( Q j ^ H ^ ) * .  Now by d e f i n i t i o n ,

2 f I l  = Hi i +Hn * +2$ i * t i i ‘ ( 9 . 1 )

To c a lc u la t e  th e  transform ed f ^ ,  (Q)^js (H11* )  and ( Q ) ^ f a 1* )  must be 

used. What then is  ( ( Q ) ^ H 1 1 )*?  Th is  problem was a lre a d y  mentioned in
I  I

C hapter 7 and was fo rced  upon the  problem when th e  i z / 8  te rm  was added
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to  the  t ra n s fo rm a t io n .  I t  may be b e t t e r  to  leave  out t h is  term  i f  

complex m etr ics  are  to  be avoided.

The fo l lo w in g  argument suggests th a t  the vacuum case may be 

f u r t h e r  extended to  e le c t r o v a c .  There are  a group o f  theorems known as 

Baker-CampbelI -H ausdorf  theorems. The one o f  use is

exp (sQ )exp (-sQ ) = exp(sQ-sQ+|-2 [Q sQ]+-|^ [Q sCQ9Q ]]+

Y2" [ [ Q » Q ] s Q ] + ° • ° ( 9 . 2 )

From Chapter 7 ,
I  1 2  2

CQ9Q ]  = l / 2 [ Q , T 12] + i [ Q ,% ] /8  = T12/1 6 + iZ /3 2 , ( 9 .3 )

S i m i l a r l y ,
3 3

CQ9CQ9Q ] ]  = T12/ 3 2 + i z / 6 4 , ( 9 . 4 )

3 3
CCQ9Q ] Q ]  = T12/3 2 + iZ /6 4 . ( 9 . 5 )

What t h is  seems to  imply is  t h a t
«» n n

exp (sQ )exp (-sQ ) = exp( I  (a^T + b ^ ) ) .
n= l

( 9 .6 )

k k
Because a l l  th e  T12 and z commute, and as long as the t ra n s fo rm a t io n  

( 9 . 6 )  e x i s t s ,  the  th e  t ra n s fo rm a t io n s  o f  th e  form e*p (sQ )exp(^sQ ) w i l l  

commute w ith  each o th e r .  This may be the  ex tens ion  o f  H a r r is o n 's  s in g le  

Backlund t r a n s fo rm a t io n ;  see Cosgrove (1 9 8 1 ) .

The importance in  s tudy ing  th e  Q(Q*) t ra n s fo rm a t io n  or t h e i r  

e q u iv a le n t  modes o f  express ion  in  o th e r  methods w i l l  p robab ly  b ring  th e  

e le c t ro v a c  case to  th e  s t a te  o f  success o f  the  vacuum case.
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APPENDIX A

CONSISTENCY OF EQUATIONS ( 7 . 1 - 6 )



I

The p roof f o r  Equations ( 7 . 1 - 6 )  is  given h ere . The f i e l d

equations a re  
n -I, X_n

and

= - i p  f^

n -I y—H

VHAB = ™1p f A VHXB*

(6. 6)

( 6 . 7 )

In  o rd er  f o r  Q to  leave  th e  f i e l d  equations in v a r i a n t ,  th e  transform ed  

q u a n t i t ie s  must s a t i s f y  Equations ( 6 . 6 , 7 ) .  ( I t  must not be fo rg o t te n  

t h a t  V and v a re  a lso  t ra n s fo rm e d .)  In  terms o f  the  i n f in i t e s im a l  Q

o p e ra to r ,  t h is  re q u ire s  th a t

v (Q*a ) = - ip " 1f AXv(Q»x )+ ip ‘’ 1z f AXv$x- ip " :l(QfAX)v *x
n y

and

- I jr x;,™" - i_ «  x:,1 , - i , „ ,  x , - nV(QHab) = - i p - V / , ( Q H x B) + 1 p - ' z f A' , H x B- , p - i ( Q f A* ) , H x B.  

I t  is  seen th a t  the  q u a n t i t i e s  QfAg are  needed. Using  

f n  = 1 / 2 (H i i +Hh * )  +

f 12 = l /4 (H i2 + H i2 * ^ H 2 i+ H 2 i * + 2 $ i * $ 2 + 2 $ 2 * $ i ) »

f 22 = 1 /2 (H 22+H 22 * )  + * 2 * * 2 »

i t  can be shown t h a t
- f 11^12

Qf I l  = ------ 9------  + f I l Z ,

( A . l )

(A .2 )

(A .3 )

(A .4 )

(A .5 )

(A.6)

and

" f 11^22
Qf  12 = -----9-------  + f I l Z ,

f  22^12
Qf 22 =  2------  + f 22z " f  12^22'

( A .7)

(A .8 )

W r i t in g  Equations ( A . l , 2 )  out in  f u l l  y ie ld s  the  fo l lo w in g  equations ,  
n I _ n

v (Q *i) + ip™ f i 2v ( Q * i )
_i -  n ~n »n ~n „n

-  ip  Cf l l V ( Q * 2 ) +Zf l 2 ^ * l - Z f i i V $ 2 -  (Qf l2 ) V * i+ ( Q f i i ) V $ 2 ] ,  ( A .9)
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M  -9 »  M

V(Qs2 ) -  ip "  f I 2V(Qs2 )
I  I l  M i l  M i l  M M  M M

= - i p "  [ f 22V ( Q S i ) - z f 2 2 vs1+ z f 21vs2+ (Q f2 2 Jvs1- ( Q f 2 1 )VS2 ] ,  (Ao lO)

V(QH11 )+!'? ^ f 1Zv (QH11)

-  ip  C f11V(QH2 1 ) + z f ^ V H 11- Z f 11VH21- ( Q f 12)VH11+ ( Q f 1 1 )vH2 1 ] ,

( A . l l )

V(QH21 ) - i p  1^ 2V(QH2 1 )

= - i p  1C f22v(.QH11 ) - z f 22VH11+ z f 21VH21+ (Q f2 2 )vH11- ( Q f 21 )v H2 1 ] ,

V(QH2 2 ) - I p  f 12V(QH2 2 )
_1 -  n _n _n _n „n

. = - i p  Cf22V(QH12 ) - z f 22VH12+ z f 21VH22+ ( Qf2 2 )vH12- (Q f2 1 )VH2 2 ] .

( A .14)

A l l  o f th e  above equations f a l l  in t o  p a irs  o f  equations s i m i l a r  to  

v (Q A )+ ip " 1f 12v(QA)
i _ n _n _n „n „n

= ip  C f11V (Q B )+ z f12V A - z f 11V B - (Q f1 2 )vA +(Q f1 1 )V B ],

( A .12)

V(QH1 2 )+ ip  1̂ f12V(QH12)

• - I r jCip  C f11V(QH2 2 ) + z f 12VH12- z f  ̂ v H 22 - ( Q f 1 2 JvH12+ ( Q f 1 1 JvH2 2 ] ,

( A .13)

and

V (Q B ) - ip " 1f 12v(QB)

-  - i p  Cf 22V (Q A ) -z f22VA+zf21VB+(Qf2 2 JvA -(Q f2 1 )V B ]. ( A .16)
n n

Furtherm ore , a l l  th e  A and B s a t i s f y  th e  f i e l d  equations

VA = - i p  ( f 12V A - f11VB) (A .1 7 )

and
. n _ i  ~n ~n
VB = - i p  ( f 22V A -f21VB).

n n
Equations ( 7 . 1 - 6 )  imply t h a t  th e  A and B s a t i s f y  

n n+1 n

( A .18)

QA = l / 4 [ n A + iH 12A ] , ( A .19)
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n n+1 In  n n+1 In  n

QB = l /4 [n B + iM 2 -HH22A] or l / 4 [ n B H  N21H  H22A] (A. 20)
n n n n n n

f o r  th e  A c o n s is t in g  o f  G1 or H11 , and th e  B c o n s is t in g  o f  G2 or H2 1 ,

and
n+.l n

QA = l / 4 [ ( n + l ) A  -HH12A] , (A .2 1 )
n n+1 In  n

QB = l / 4 [ ( n + l ) B  + iN 22+ iH 22A] (A .2 2 )
n n n n

when th e  A a re  H12 and th e  B are  H2 2 .

The p ro o f begins by examining th e  le f t - h a n d  s id e  o f  Equation

( A . 1 5 ) ,
n , » n n+1 n n

V (Q A )+ ip '1f 12v(QA) = l / 4 [ ( n + l ) v  A + iH 12VA + IAvH12
I _n+l _h n_

+ ip "  f i z C f n t l ) ?  A + iH 12vA+iAvH12] ] ,

w ith  (n+1) e q u a lin g  n i f  Equation ( A . 19) is  used or (n+%) i f  Equation

(A .2 1 )  is  used. Using Equation (A .1 7 )  and Equation ( 6 , 7 ) ,  th e  le f t - h a n d

s id e  is  now
i ~n+l _n+l

l / 4 [ ( n + l ) ( - i p "  f 12V A + ip _ i f  U V B ) 
i ~n _ I ~ n

+ i H i 2 ( - i p  f 12VA+ip f ^ V B )  '

+ i A( - i  p f 12VH12+ ip  f n y H 2 2 ) 
i _n+l ^n ! n_

+ i p ~ ^ f i 2 [ ( n + l ) V  A+iH12v A + iAvH12] ]

I
ip "  ' n  ~n+l „n n„

= ------  [ ( n + l ) V  B + iH 12VB+iAvH2 2 ] .

Now the  r ig h t -h a n d  s id e  is  examined.
i .  n _n _n „n _n

ip  11V (Q B )+ z f12V A - z f 11V B - (Q f12 )vA +(Q f1 1 )vB ]

i „ n+1 In  In  In  n
= ip  [ f i i V  l / 4 [ ( n + l )  B + i (M2 ,N2 1 ,N2 2 ) + i H22A]

~n „n f 11^22 o f 11^22 h
+ z f 12V A - z f n VB+( ■■ g—  ■ , f  12z )v A + ( -  g + ^ i 1z JvB]



;

- l  75I p - T n  ~n+l „ ln  „ ln  ^ ln  „n n_
------ 2— - C (n + l )v  B + i (VM2 ,VN2 I ,V N 2 2 ) + i H22VAtiAvH22

n n 
+Zfi22VA-Zn12VB]

w  _n+l „n „n _n „n
^------  C (n + l )v  B +1 (H 12*V»2 -H22*V $ i ,H 12*VH21 -H22*vHn  »

** n n #w n n n*
Hi2*?H22-H22*VHi2)+(iH22+Zn22)vA-Zni2VB+iAvH22].

~n _n
Since th e  q u a n t i t i e s  in  parentheses a l l  rep resen t  H12aVB-H2 2 *vA ,

ip-1 f n  _n+l „n „n n
= ------ ^------ [ ( n + l ) v  B + i ( H 12*vB-H22* v A ) + ( iH 22+ZQ2 2 )vA

n n~
-Z n 12VB+!* AvH2 2 ]

I p - ^ f i i  _n+ l n . n
------Jf------ [ ( n + l ) V  B + ( i H 12* - Z n 2 2 )v B + ( - iH 22*+ iH 22+Zn2 2 )vA

n_
+ i AVH22 ]

i p - 1 f i i  _n+ l ■ n n_
------ ^------ [ ( n + l ) V  B + iH 12vB+iAVH2 2 ] ,

s in ce  iH 12* - Z n 12= iH 12 and O=- i H22* + i H22+Zn2 2 » ,

The le f t - h a n d  s id e  and r ig h t -h a n d  s ide  o f  Equation (A .15 )  match 

f o r  a l l  n. Th is  im p lie s  Equations ( A .9 ,1 1 ,1 3 )  are  t r u e  f o r  Equations  

( 7 . 1 - 6 ) .  N ex t,  Equation ( A .16) must be checked. Since th e  procedure is  

s i m i l a r ,  no e x p la n a t io n  w i l l  be g iv e n . F i r s t  examine th e  le f t - h a n d

s id e .
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n i ~ n n+1 In  In  In  n

V (Q B ) - Ip ^ f12V(QB) = l / 4 { v [ ( n + l )  B +1 (M2 ,N21 ,N2 2 ) + i H2 2 A]

1 n+1 In In In n
-ip f i 2V[(n+l) B + i (M2 ,N21,N22JtiH22A]>

n+1 n n n n
= l / 4 [ ( n + l ) v  B t i (H 12*VB-H22* v A ) + iH22VAtiAvH22

\  ' \

1 -n+1 -n  -n  „n n_
- i p "  f l 2 [ (n + l )V -  B + i (H12*VB-H22*vA )+ iH22VAtiAvH22] ]

*i _n+ l . n+1
= l / 4 { ( n + l ) ( - i p "  f 22V A + I p - ^ f 21V B )

+ iH i2* ( - i p  f 22VA+ip ^ f21VB)

- iH 22* ( - i p - 1f 12VA+if11p-^vB)

_ i -n  _n n n
+iH22( - ip  f 12VA+ip f  1 j^vBj+i H22VAtiAvH22

, _n+l „n „n „n n„
-ip™ f i 2[ (n + l )v  B + i (H12*vB-H22*vA)+iH22vA+iAvH22]}

i ~n+l -i -  n I «. n
= l / 4 { - i p " i f 2 2 (n + l )V  A - ip " Af 22 ( iH 12*v A )- ip ” i f 12(-2 iH 22*vA)

- ip  (iH22*VB-ip z f 12 (2iH22VA)+(ip ^ f11(IH22VB)

. -I >- ip  f 22 (iAvH12)}

,• - I  -n+1 -n
-  { f 2 2 ( n + l ) v  A + ( i f 22H12* - 2 i f  12H22* + 2 i f  12H22 )v A
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~n nr

+ ( I f l l H 22* “ 1^11^22)VB+if22AVHi2)

N ext,  th e  r ig h t -h a n d  s id e .
_i .  n „n _n f 22^ i2 ~n

- i p  [ ]f22V (QA)- z f 22^A+Zf2 i VB+( —— + f 2 2 2 ~ t j2^ 2 2  )^A

, f I l nZZ
+ ( g— f l 2 z)7B3

1 f 22 -  . n+1 n
= - i p  {— V[ ( n + 1 )  A + iH 12A3

^22^12 ^11^22
+ (----- 2-------- f 12022 )9 A + --------- 2—  VB}

- I  . _n+ l -p  n_
— — {>( n+l ) f 22V A +i f 22 H i2 V A + if22AvHi2

-P - v  ~n 
+ ( 2 f 2 2 0 i2 ” Af  ̂ 2^ 2 2 )VA+4fjlOg^VB}

• - I  , -n+1 -n
—  { ( n + l ) f 2 2 ^  A + ( i f 2 2 ^ 1 2 +2 f2 2 £212~^f 12^22 )7 A

~n n„
+ Z f 1 $2 22' ®̂̂ ’  ̂^22AVH12}

One sees, a f t e r  a l i t t l e  a lg e b ra ,  t h a t  th e  r ig h t -h a n d  s id e  again equals  

th e  le f t - h a n d  s id e  o f  Equation ( A .1 6 ) .  Th is  im p lies  t h a t  Equations  

( A . 1 0 ,1 2 ,1 4 )  a re  t r u e  f o r  Equations ( 7 . 1 - 6 ) .  T h e re fo re ,  Equations ( 7 . 1 -  

6) a re  t r u e .
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APPENDIX B

EXAMPLE CALCULATION FOR EQUATION ( 7 .1 2 )
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The o b je c t  o f  t h is  appendix is  to  show how Equation ( 7 .1 2 )  was

o b ta in e d .

Begin w ith  the d e f in in g  r e l a t i o n  fo r  
mn m n m n

vNI I =Hi i * V H 2 i -H 2I * v H i i .

mn
N n »

( B . l )

From t h is  i t  can be shown t h a t  the  in f i n i t e s i m a l  o p e ra to r  Q a c t in g  on 
mn mn
N n , QNu , must satisfy

mn m n m n m n m n
v (QNi i )=(QHi i * ) vH2i -(QH2i * ) vHi i +Hi i *v (QH2i )-H2i *v (QHh ). (B.2)

m m+1 m
The Q H n *  = l / 4 [ m H i i * - i H i 2 * H i i * ] ,  can be expressed as

ml ml m
- i/4[mNii+2m$i*M1-Hn*(mH2i+2m»i*$2+(m-l)Hi2*)

+ H2i*m (H ii+ 2 $ i*$ i+ H ii* ) ], (B,3)

a f t e r  using Equations ( 6 . 4 , 5 , 1 0 ^ 1 1 ) .  A s i m i l a r  express ion  may be 
m

obta ined  f o r  QH2 i * ,  and is
ml ml m

-  i / 4 [ ( m + l ) N i 2+2m62* M i -H u * ( ( m + l ) H 22+2m$2 * » 2+ (m - l )H 22* )

+ H2 i * ( ( m + l ) H i 2+2m$2*$i+mH2 i * ) ] .  (B .4 )

Using th e s e ,  i t  can be shown, a f t e r  some a lg e b ra ,  th a t  
mn m m n

V ( Q N n )  =  i /4 [2 (m + n )  ( H n * ( f  i 2 - i z ) - H 2 i * f  n  )v H2 i  + 
. - , m m  m

2 (m + n )( -H i  i * f 22+H2 i * ( f  i 2+ i z )  )v H n  +
ml n m l' n ml In  In  In

( -m N n  ) v H2 i + (m+1) Ni 2 VHi i-2mMi VLi + 2 n l i  VMi  + 
n ml n ml

nH2iV N ii - (n - l )H i iNi2 j .  (B.5)



80
Using

i t  is

which

m$n+l
VN11

m n+1 m n+1
H i i * V H 2 i -H 2 i * V H i i

m m n
iC 2 (H 11* ( f 12- i z ) - H 21* f 11 )vH21 

m m ri
+ 2 ( - H 11*f22+ H 21* ( f 12 + i z ) ) v H 11 

In  ml n ml ml 
+ ZL1VM ^H21VN11-H 11VN12] ,

seen t h a t
mn m,n+l ml In  ml n

V(QN11) = l /4 [ ( m + n ) v  N11-Z im vfM 1 L1 J -Im v(N 11H2 1 )
ml n

+ I(HW -I)V(N12H11) ]  

proves Equation ( 7 . 1 2 ) .

(B .6 )
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APPENDIX C

CONSISTENCY OF EQUATION ( 7 .1 6 )

/
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Equation ( 7 . 1 6 ) 1 is  d e r ived  in  t h is  appendix. Begin w ith  

Equations ( 2 .4 0 ,4 1 )  and w ith  the  v a r ia b le  change

X 1 = p + iz ,  x2 = p - i z .  ( C . l )

Equations ( 2 .4 0 ,4 1 )  then become

-  ^ f - l l I V i 1V  (C- 2 )

w ith  i  = 1 ,2 .  Under th e  Q t r a n s fo r m a t io n ,  th e  le f t - h a n d  s id e  o f  

Equations ( 0 . 2 )  becomes

Y 1 . - = Y  ,+ ( ( Q y ) , I l x 1Y .■)
$J @ J 9 J J 9 J

( 0 . 3 )

where th e  plus sign a p p l ie s  i f  j = l  and th e  minus sign a p p l ie s  i f  j=i2.

For the  t ra n s fo rm a t io n  o f  th e  r ig h t -h a n d  s ide  o f  Equations ( 0 . 2 ) ,  th e  

fo l lo w in g  r e la t io n s  w i l l  be u s e fu l .

Qp = p z ,  Qz = l / 2 ( z 2 - p 2 ) ,  Qx 1 = - i x 12 / 2 ,  Qx2 = i x 2 2 / 2 ,  ( 0 . 4 )

9 /3 x 1 l = ( I f i e x 1 )SZax1 , a Zax2 ' = ( l - i e x 2 )aZ3x2 , ( 0 . 5 )

2
QG = lZ 4 (H u + iH I 2 G) = i ( N n +2$1L1+GH2 1 )Z 4 ,  ( 0 . 6 )

2
QG* = lZ 4 (H n * - i H 12*G *)  = - i  (Nn *+ 2 » 1*L 1*+G*H21* ) Z 4 ,  ( 0 . 7 )

2
Q»^ = lZ 4 ($ ^ + iH ^ 2$^) = i(M^+2@^K+G@2 )Z 4 ,  ( 0 . 8 )

2
Q^1*  = l Z 4 ( $ 1* - i H 12* $ 1* )  = - i (M1*+ 2 » 1*K*+G*»2* ) Z 4 .  ( 0 . 9 )

Then i t  is  seen

4I »  P p U  (B12- Z )  (C .1 0 )
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and

- E p f 1 + - E p r 1- E p f - 1^ 12 . ( C . l l )

The b racketed  term on th e  r ig h t -h a n d  s ide  o f  Equation (C .2 )

goes in to

cS f  I +2V j I V 1I t 2 V 13̂ 1 M +4V 4 I V j I 4 I , ! ]  +

C -B jj+U K -K 'J itZ ix^ lp )] +

1^ f 6 j I 4 I e Ji - 1V fG ‘ Ji 4 l . i + 2 ( K- K* ) f V Ji l l , i ] l  ■ <c - 12>

where the  ± means the  same as in  Equation ( C .3 ) .  F i n a l l y ,

4I t j I 4U i  + l l t Ji 4l Ji +e{l/24l ‘ Ji 4l Ji C-a2 l+2l' ( K- K* ) l (41xi - 21p^

1 (4 2 GJi 4 l t Ji - V G* . i 4 l Ji ) /4> ( C ' l ) )

Combining terms on th e  r ig h t -h a n d  s id e  o f  Equations , (C .2 )  then

y ie ld s

± ix . . { t h e  r ig h t -h a n d  s ide  o f  Equations (C .2 ) }

= I i x 1Y j .  (C .1 4 )

From Equations (C .3 )  and ( C .1 4 ) ,  i t  can be concluded t h a t

(Qy) . = 0  Qy  = a c o n s ta n t .  (C .1 5 )
9 J

s ince  Y+0 as p2+ z2 approaches i n f i n i t y ,  th e  conclusion is

Qy = 0. (C .1 6 )
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APPENDIX D

INTEGRATION OF EQUATIONS ( 7 .1 7 ,1 8 )
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Equations ( 7 .1 7 ,1 8 )  a re  in te g r a te d  using Equation ( 3 . 4 9 ) .  They 

then become th e  p a r t i a l  d i f f e r e n t i a l  equations

D2S1 ( ^ s )  = [D1̂ 1 ( t , s ) -■ £  * i ( t , s ) + 1 H i 2 ( s ) * i ( t , s ) L  ( D . l )

D2F 12( t , s ) = [D 1F 1 2 ( t , s ) + i ( D 1F1 2 ( 0 , s ) ) F 12 ( t , s ) ] ,  (D .2 )

w ith  D1 = 9 / a t ,  D2 = 9 /9 s ,  Q4gF1 2 ( t )  = F1 2 ( t , s ) ,  and

(Q)4sM tO = » i ( t , s ) .

Equation (D .2 )  is  solved by a s e p a ra t io n  o f  v a r ia b le s  

F i 2 ( t » s )  = g ( s ) h ( s + t ) .

S u b s t i t u t in g  t h is  in to  Equation (D .2 )  y ie ld s

■i

whose s o lu t io n  is  t r i v i a l l y

g(s)

T h e re fo re ,

F i z f t ' S )  -  c _ i h ( s )  *

The i n i t i a l  c o n d it io n  F i g f t . O )  = F ^ g f t )  re q u ire s  c = 0. Since h (s )  is

c -  i h ( s )  > 

h ( s + t )

(D .3 )

(D.4)

(D .5 )

( D . G )

a r b i t r a r y ,  h (0 )  may be se t  equal t o  one im p ly in g
i F 12( s + t )

F i 2 Ct',s) =
F i2T s )

which f u r t h e r  im p lie s  

H i2 (S)
i

F12 (S) os

(D .7 )

(D.8)

Equation ( D . l )  becomes

. D2w ( t , s )  -  D1W f t , s) = — w ( t , s ) , (D .9 )

where w ( t , s )  = F 1 2 (S ) ^ 1 ( t , s ) .  Th is  is  solved by s e p a ra t in g  v a r ia b le s  to  

w ( t , s )  = g ( t ) h ( s + t ) .  (D .1 0 )

S u b s t i t u t in g  in t o  Equation (C .9 )  y ie ld s

| a  = i t  ♦ g = ct. (D.ll)
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T h e re fo re ,

c t h ( s + t )  
F iz ( S )  ‘ 

The i n i t i a l  c o n d it io n  ( t , 0 )

h ( t , .  ,

=  $ i ( t )  re q u ire s

or
i t $ i ( s + t )

= ( S H ) F 12 (S) *

( D . 12) 

(D .13 )  

(D .1 4 )
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INTEGRATION OF EQUATIONS ( 7 .4 6 ,4 8 )



88
Equation ( 7 .4 6 )  rep resen ts  th e  p a r t i a l  d i f f e r e n t i a l  equation

/3_ 9
9s " W T  " k " )  ^ ( t i ' t z . s )  = (Na b ^ 1 $t 2 ,s )  -  eAB) ,  ( E . l )'I ou2 

s being th e  group param eter

Th is  equation  is  solved by th e  method o f  c h a r a c t e r i s t i c s ,  the

(E ,2 )

equations being e q u iv a le n t  t o
- t a d Nab

ds = - d t i  = - d t 2 -  w — ^
AB AB

The s o lu t io n s  a re

s + t% = C l ,  

s + t 2 = c2 .

AB 9ABt 2 + eAB9

where gAg is  determ ined by th e  i n i t i a l  c o n d it io n

NAg( t 1 , t 2 , 0) = NAB( t 1 , t 2 ) .  Set s = 0 ,  then

NAg ( c i ,Ca) -  E

9A B = r 2

T h e re fo re ,  f o r  Sj i 6 O,

AB

NAg ( t i , t a , s )  = (NAB( s + t l a s + t2 )

t z

'  eAB  ̂ + eAB

= s + t2 NAB^s + t l9 S + t 2  ̂ + s + ^ pAB* 

Equation ( 7 .4 8 )  rep resen ts  th e  p a r t i a l  d i f f e r e n t a l  equation

FAB*^t , S  ̂ = ^ A X * ( s ) F * g * ( t , s ) ,

( E .3 )

(E .4 )

(E .5 )

(E .6 )

(E .7 )

( E .8 )

&  -  &  FV ( t , s )  = 1 l t FV ( t * s)  t = 0 FV ( t , s ) i

or in  m a tr ix  n o ta t io n

&  -  i t  F* ( t , s )  = i  f t  F* ( t , s )  t = 0  F * ( t , s ) .

The ansatz  is  made t h a t

F * ( t , s )  = g ( s ) h ( s + t )

(E .9 )

(E .1 0 )

( E . U )
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where g and h a re  2 by 2 m a tr ic e s .  P u t t in g  t h is  in t o  Equation ( E . 1 0 ) ,  

and being c a re fu l  t o  m a in ta in  th e  m a tr ix  o r d e r ,  th e  equation  becomes

•yg- = /ig  g,dh

S -1 S  S -1
i dh 
1 3s

N ex t ,  use th e  m a tr ix  i d e n t i t y
- IdA 

3s  =

to  f in d  t h a t

If1 -
T h e re fo re ,

g_1(s)

■i •3s *

i h ( s ) .

(E .1 2 )

(.E.13)

(E ,1 4 )

(E .1 5 )

(E .1 6 )

where C is  a constan t 2 b y .2 m a t r ix .  Th is  y ie ld s

F * ( t , s )  = (C -  i h ( s ) ) “ 1h ( s + t ) .  (E .1 7 )

S e t t in g  t  = 0 , and using th e  i n i t i a l  c o n d it io n  F * ( 0 , s )  = i  req u ires  

C = 0 .  T h e re fo re ,

F * ( t , s )  = i h ' 1 ( s ) h ( s + t ) .  (E .1 8 )

Set s = 0 ,  use th e  i n i t i a l  c o n d it io n  F * ( t , 0 )  = F * ( t ) ;

F * ( t )  = i h ’ 1 ( 0 ) h ( t ) .  (E .1 9 )

Since h ( t )  is  thus f a r  a r b i t r a r y ,  i t  is  p o s s ib le  to  se t  h "1 (0 )  = I  so 

t h a t

h ( t )  = - i F * ( t ) .  (E .2 0 )

T h e re fo re ,

, - I
F * ( t , s )  = i ( - i F * ( s ) ) “ - i F * ( s + t )

= i F * " 1 ( s ) F * ( s + t )  

FAR* ( t , s ) . =  i ( F * - 1 )AY( s ) F XB* ( s +t ) .

(E .2 1 )

( E .2 2 ) .
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