MONTANA

STATE UNIVERSITY

New solution generating transformations for the stationary axially-symmetric Einstein-Maxwell
equations
by Terry Lee Lemley

A thesis submitted in partial fulfillment of the requirements for the degree of Doctor of Philosophy in
Physics

Montana State University

© Copyright by Terry Lee Lemley (1983)

Abstract:

Exact solution generating methods for the stationary axially-symmetric Einstein-Maxwell equations are
investigated in this thesis. In particular, the attempt has been made to extend Cosgrove's vacuum
symmetry groups, Q and Q~, to the electrovac case. The primary method used is that of invariant
groups, but due to the close relationship to Backlund transformations, a brief review of the latter is
given.

The symmetry groups Q and Q~ are found to exist for the electrovac case, but as of yet their
application has met with minimal success.

It is still felt by the author that more of the vacuum results pertaining to Q and Q~ can be extended to
the electrovac case.



NEW SOLUTION GENERATING TRANSFORMATIONS
FOR THE STATJONARY AXIALLY-SYMMETRIC
EINSTEIN-MAXWELL EQUATIONS

by

Terry Lee Lemley _

A thesis submitted in partial fulfillment
of the requirepents for the degree

of
Doctor of Philosophy
_in

Physics

MONTANA STATE UNIVERSITY
Bozeman,Montana

May 1983




L543

APPROVAL
of a thesis submitted by

Terry Lee Lemley

This thesis has been read by each member of the thesis committee
and has been found to be satisfactory regarding content, English usage,
format, citations, bibliographic style, and consistency, and is ready
for submission to the College of Graduate Studies.

ld. / 5 la

Date / / Chairperson, Graduate Committee

Approved for the Major Department

Approved for the College of Graduate Studies

Date Graduate Dean



|

STATEMENT OF PERMISSION TO USE

In presenting this thesis in partial fulfillment of the requirements
for a doctoral dégree at Montana State Univergity, I agree that the
Library shall make it available to borrowers under rules of the Library.
I further agree that copying of this thesis is allowable on]y for
scholarly purposes, consistent with "fair use" as prescribed in the

U.S. Copyright Law. Requests for extensive copying or reproduction of

"this thesis should be referred to University Microfilms International,

300 North Zeeb Road, Ann Arbor, Michigan 48106, to whom I have granted
"the exclusive right to reproduce and distribute copies of the disser-
tation in and from microfilm and the right to reproduce and distribute

by abstract in any format."

Signature VWW ,\%79/ (\\709;"'4 /M/
pate May Qg; 1983




.1°

2.

iv

. TABLE OF CONTENTS

ABSTRACT.D.OOBG.G.09.000000@..000..00;.O09.000.Q.i’..’.QOOGOOQDOQ

INTRODUCTIONDCO..9.0.00.'..OQOOBOOODG.0.9900090..000?9.000;00

THE FIELD EQUATIONS..lOO.9..’00..OJ...’PPOG0.0‘O0.0..OOOQG.OQ

Notation.0o5000D00OO‘............OQ.ODOQ..G.OOO'.OO0090000000

The Maxwe]T Equationso....0....0°00.0.00'G.OOD.OQQ;Q.OOOOQPO'
The Einstein Equations...DOOG...;0.00?09.00.90.0.000;00000’00

TRANSFORMATION GROUPSOOOOOOD'0.O.0000.ODOGQOOOOGQDPOOQDODOQOD

Properties of Transformation GroupS.cceecceccesscsoccovecaaacocs

App]icationsbr....0...0...0000.0.0.05.0900000?000000000000000

A Methodooi-oooooeoaooo-eooccooooioobeoooéonoooopoooopooooapo

_One Parameter SUDGrOUPSeeecoccoscocsococccoscoscocoiaooooooonse

The Neugebauer-Kramer Mappingeeecessoscosossccccccscsccccoscoce
BACKLUND TRANSFORMATIONSOQD0.0#..00OOOOOQDOOQODOOOOOODQOOOOOF

Properties of the Backlund Transformat1on,..,..,..,.,.Q,,....
Neugebauer's Bicklund Transformation,.ccccecoccccscccoscoccos
Neugebauer's Commutat1on THEOrEM. 0 s esccssscoscsssssscnsonoocs

'REVIEW OF THE VACUUM CASE...0..;;°.00'0’OOODOOQG}DOOQOGOOQOOD

Fields, Potentials, and Generating Functions........g..,.og..
The Symmetry GroupSooo;ooooo'c.ooooooooopo?ocoooocooooooooqoo
The Groups G and HOOIOOOOOOOOOOOO}O..000000000000000.000.00

The Group K.O....L..00.0.0.0.0..00.0000’00903.0DOOOOO‘OOQQD

The Groups Q and QC.0’0.0.0.Q..0.0..0’000..0.0000.00.009.0.

App]icationS?ool90000.00000@...0.0000QD.OD!OOOODOOOODUOQOCD
Backlund TransformationSecsecocceeocoossoscsoesoccossocooccoes

Summaryooooocooooooooooooocooooooo-ooooonoooooooooooohoéooo?o

REVIEW OF THE ELECTROVAC CASEG90090..0.00.0'?0000000099000000

Fields, Potentials, and Generating FUNCLiONS..eceococoscosocs
The Symmetry GroupSceccccsscoscocsccosocccoscccaosonoceonsccs
The Groups G! and H...;,ﬂ........°°0°.?‘.9°°°".°Q.0°.°°°°.

The-Group K.00OD...0.0..;099..00009FQ.O.‘O0.0000QOODOOQ0.0.

Page

vi




9.

REFERENCES CITED..O00\.9C°0.000.0.GOO0GG?00-0009.0‘.0;0000.00‘0.00000 ..

v

TABLE OF CONTENTS--Continued

THE ‘EXTENDED Q AND ’6GROUPO°'00DOB00_0.9.0UQ.DOOQO...OOBGO"OOO.O

.The Extended Q Groupo.0'6lO......'00000.0COQQ0.0QQOGQOOOOOPOO

The Finite Q Transformation.scecococoocsccccocccoccssscccooscsao

Search for 0000000000000 00000000000000000000CB0O000000CO0000COOCO

APPLICATION OF THE Q GROUP.OOOBODGD.Q00‘0690000000000090590099 '

Action ‘on the Metric Components f17 and f12epcccccecscscscoso
Application of Q to Reissner-Nords POMocooo0os0s0000000000s0s

SUMMARY..O....00000‘.‘.0.00‘.00.000..00000...0?00.0000000000.00.

APPENDICESDG.G.0.090000....0.00.0..O00°°°°°°000000000000000000009

Consistency of Equations (7.1- 6),......,,,.,,,,,
Example Calculation for Equation (7.12)ccesccccs
"Consistency of Equation (7.16)cccocccscocsscsoss
Integration of Equations (7.17,18)cccccsceccccco

Appendix A
Appendix B
Appendix C
Appendix D
Appendix E

Integration of Equations (2,46,48),f...°..°°e,,,




vi

ABSTRACT i

Exact solution generating methods for the stationary axially-.
‘symmetric Einstein-Maxwell equations are investigated in this thesis..
In particular, the attempt has been made to extend Cosgrove's vacuum
symmetry groups, Q and Q, to the electrovac case. The primary method
used is that of invariant groups, but due to the c¢lose relationship
_to Bdcklund transformations, a brief review of the latter is given.
The symmetry groups Q and Q are found to exist for the electrovac’
case, but as of yet their application has met with minima] success.

It is still felt by the author that more of the vacuum results
pertaining to Q and § can be extended to the electrovac case.




CHAPTER 1

" INTRODUCTION

‘ This thesis investigates a method of finding exact solutions

for the stationary axially-symmetric Eiﬁstein-Maxwé11~equatibns.\ The
~adjectives preceding the words Einstein-Maxwé]l imply that a system with
axial-symmetry, uniformly rotatiﬁg about its axis of Symmétry,-is being
investigated. The words Einstein-Maxwell reveal that this thésis
belongs to the subject areas of gravitation and eiectrodynamics with
their related equations, ' | _

| Being nonlinear and coupled, the Einstein-Méxwél] equatfons
deve]oped in Chapter 2 are very difficult to solve. Before special
methods were introduced for finding new solutions, only a handful of
solutions were known.' Two methods which have been fduné uséfu1 in
finding new solutions are the mefhods of group transformations.and
' B;6k1unq transformations. These are reviewed in Chapters 3 and 4, .
respectively.

The case where -no exterior e1ectromagnetic fields are bresent

has been investigated by numerous workeés‘in recent years. There is a
growing'consensus among these worker§ tﬁét thi§ prqb]em is nearly
solved, A brief review of this vacuum case is given in Chapter 5.
| Allowance for electromagnetic fields with the given symmétriés
introduces a source term into the.Einstein equations. Chapter 6 reviews

'resu]ts found previous to this thgsis for this case.
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Chapter 7 extends the Q and 6 transformafions found by Cosgrove
(1979a) for vacuum.to the case where stationary axia]]y-symméfric

eiectromagnetic fields are present. This is the first chapter in which

original material is presented.

Chapter 8 uses the new transformations in an attempt to

generate a new so1utfon. The results of this thesis are gjven in

Chapter 9.




CHAPTER 2
THE FIELD EQUATIONS

At the turn of the century only two forces in nature were
known, the gravitational force and the e]ecﬁromagnetic.forceq Both Were
beautifully portrayed by two physical theories, fhe former by Newtdn's e
Law of Universal Gravitation and the latter by Maxwell's field
equations. Einstein founded the theory of special relativity on what
“has amounted to the c¢hoosing of Ma*wel]'s fie]d.equations over Newton's
laws of motion. Inc]uding,the gravitéfiona] field eQenfﬁa]]y led
Einstein to the theory of general relativity. Thus, both c]assica]
fields played important roles in the>development of general relativity.

General relativity consists partially in.the solving of the
equations governing the gravitational field, the Einstein eduations.' If
e1ectroﬁagnetic fields are present, then general re]ativity-modifies the
Maxwell equations to inp1ude the effects of curved_spécetimeo The fie]d
equations are written in the deceptively simbYe tensor form: | _

Rip-1/29; R = (-8nG/c*)Ty (2.1)
are the Einstein equations and

ik _ a0, -
| F " dns’ Fik,1+F1j,k+Fk1,i 0 (2.2,3)
are the Maxwell equations. Together they are called the Einstein-
-Maxwell equations.
The Einstein-Maxwell equations are usually thought of in the

following manner. On the left-hand side of Equations (2.1) are the
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terms related to the curvature of spacetime. . This curvature has aé its-
source the énergy-momentuh tensor Tig wﬁich stands on the‘right-hand
side of Equations (2.1). This source term includes the effects of all
the matter fields, excluding gravity, and is basically the statement of
mass-energy equivalence in fhe'generatioﬁ of the gravitational field.
In pafticu]ar, it will contain the energy and momentuﬁ of the
e]ectrbmagnetic fie]ds.present. .
| The Maxwell equations are ﬁodified directly by'the coVariant

'derivatjve which contains fhe effects of the gravitatibna] field, (As
is usual in the literature, a'comma.represents partial d{fferehtiation,
“and the semi-colon represents covariant dffferentiation,) Indirect
effects of the gravitationai field are contained fn the current density
term si on the right-hand side of Equations (2.2). |

Taken together, the Einstein-Ma#we]l equations aré a very
>diffich1t set of equgtions to solve, Théy are highly coup]ed-énd ‘
nonlinear.

In this thesis, several simpTﬁfying conditions wi11_be added.
First, the regions of space considered will be exterior to the sources;
that is, the curfent density s'i wii]'be zero, and fhe energy-momentum
tensor T, will contain terms which ‘depend only on’ the free e1ectro;»
magnetic fields.- This situation is called electrovac. Second, the
fie1d§ will be assumed stationary., Third, the fields will be assumed
axié]ly-symmetric.‘ Finally, the fields will be assumed ihvariant under
the simultaneous transformation of the-coérdinates, (tod)+(-t,=9)s

The first condition simplifies the field equations to

Ry = (-Br6/c)Ty, : | (2.1a)




and

ik _ .
F Kk " 0 ; Fik,]+

Axial-symmetry means the existence of an axis of symmetry

Frik*Fer,i = O ' (2.2a,3)
around which any rotation leaves the fields invariant. Mathematically,
fhis defines an azimuthal coordinatg ¢ which measures the degree of»
rotation about the axis.

Stationary means that all of the sourcés have reached a uniform
state of motion such that all the fields are inﬁependent of time.
Mathematically, this defines‘the time coordinate t of which all the
fie}ds are independent.

Finally, the symmetry transformation (t,¢)+(-t;-¢) has the
following physical meaning. If the objégt'producing the fie]ds is
rotating about its axis, then the above transformation brings the
velocity distribution back into itself. This means that the energy-
momentum tensor and current density g0 into themselves. Sihce nothfng
has changed within the source under the:transformation,.the external
fields produced by the source should be the same, |

This last condition greatly simp1ifies‘the formlof the metric .
tensor gix. Before adding the last conditioﬁ, the line element had the
form

ds2 k

i
gikdx dx . A
g, dtdt+2g,,dtdy+2g, 3dtdx3+2g;,dtdx"+

9220646+2923dpdx3 +2g2, dpdx* +g33dx3dx3+
295, dx3dx't+g, , dx*dx*, o (2.9)

(Here t = x1, ¢ = x2, and 95y = gik(x3,x“).)-
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Imposing the last condition rids the g;, of the 13, 14, 23, and

24 components. The line element can now be written in the box diagonal

form .
2 - Ay .B_ ML, N, - N
ds fAde dx hMqu dx"; A,B =1,2; (2.5)
M.N = 3,4,
' 'Notation

A brief review of the notation to be.used in the development of
the field equétions will now be givgh. This notation follows Kinnersley
(1977a). |

| To raise indices in a two-dimensional space with metric fag,
either (fag)'s inverse matrix or " may be used. (€12 = g} = =21
-eg1 = 13 €1l = g5 = €22 = ¢gy; = 0.) This can be seen by the
following argument, | |
For a general two by two matrix,

el

The inverse is eési]y shown to be

-1 1 fd b} _ 1 t t ' «
A = Tad<pe) Cc, a) = Tadbey A e - : (2.6)

{0 1
E=l-1 o

and the superscript t indicating matrix transposition. In the case

with

where the mqtrix (fAB) is symmetric, the inverse matrix is given by

A1 1 § ' |
(fag) ='EEET?;EY €(fAB)€ , | . (?.7)




or in index notation by

A8 (‘i"AB)'1 =.-p-zeAcéBchD; -;2 = det(fAB}._ . (2.7a)
' Therefore, defining fAB by'
AAB eACeBDfCD . 26MB | (2,8)
it is seen that
ey, = -pszEch'= -pzaAc; - | | (2.9)

Strictly speaking, Since_eAC is a tensor density of weighfhminus one,
#AB is a tensor density of weight minus two (Weinberg, 1972: 99), For
coordinate transformations which have the Jacobian équa] to oné, they
are strict tensors. Thi; detail will be ignored as it does not affect
the fo116wing development,

Given the vector Vj, raising the index is defined by

vB = Bhy

Ao ' ) ‘ ‘. ' (2°10)
It is important to. note that the contracted index is the second index in

BA

the €. With this convention and the identity

eca = S It : (2.11)

it is seen that to lower the index on VB requires multiplying by €ap°




That is,

v vB, x (2.12)

D~ ®BD
This is consistent with the raiﬁing operation leading back to the
original vector.

Return to the stationary axially-symmetric metric of'Equation
(2.5). The indices will be raised using eAB in the (t,4) coordinate
. block and the inverse of (hmy) in the (x3,x*) coordinate block. If,
instead of raising indices in this manner, the inverse of (fag) and |

eMN are used, then the raised indices will be marked with a superscript

!

tilde. For example,
N | _ | | (2.13)

with 3% = g4, = =e*3 = -, 3 =1 and €33 = g3 = ght = €yy = 0
The two-dimensional covarianf derivative associated with hyy
will be designated v. The divergence of a vector field V = (V3,Vq) is

given by _
1,1 ‘
vov = h 2 (2N (2.14)
) - 9 )

7

hMN

| I
h being the determinant of hyy. The expression h 72 in two-

dimensions is conformally invariant. That is, if the metric is

- - - -1, - 1
transformed to hMN, with hMN = e 21‘hMN, then h 72 hMN = h /2 hMN « This

+ transformation is not a coordinate transformation; under this
transformation VM+VM and VM+e2rVM . Therefore, if VoV = 0 =
172, MN 1/2  MN

-1/2

(h VM),N , then veV = h (h VM),N =
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-1/2 1/2

(h M),N = 0. Since every two-dimensional metric space is’
conformally related to the Euclidean two-dimensional'space, (Eisenhart,
1909:92-93), it is possible to pick HMN = 6,y - In this case, the
covariant derivative V reduces tq the ordinary gradient in rectangular

coordinates. The line element is now written

ds? = f, dxPdxB-els,, dxMaxN ; 1;2;

AB S 3 AsB - |
M,N = 3,4, (2.5a)
.Another common form of the line element, Lewis (1932), is

related to the above by the relations

fi1 = o f1p = fu, oy = ful-pPfL,
2l = 1lg2v, (2.15)
In this parameterization, the Tline element is written '
ds? = f(dt-wde)2-F~1e2Y ((dx3)2+(dx)2) +F~ 1P de2, (2.16)

Again, -p2 = det(fAB) and is a function of x3 and x4,

The Maxwell Equations

Using the 11ne element of Equation (2.5a), thenfield equations
| will now be written out beginning with.the Maxwell equations (2 2a »3).

Introducing the electromagnetic potent1a1 A; by the equa§1on
Fik = Ax,i-Aj,k» Equations (2.3) are automaticaly satisfied. The Fyy
are independent of (t,s), and the A; will also be assumed independent of
(t,¢). Hence, the only surviving components left are Fpy = -Ap m and
#MN = AN, M-Am,N-  The Maxwell equations,(é.Za) may be written,
(Weinberg, 1972:125), _

(V-9 Fik),k-= 0. ' . -~ (2.2b)
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These fall into two sets of equations.' The first set is.

0= (G FMN) 4= M) - 6P
“which has solutions |
PN o ol MN, | '  (2.18)

Th{s corresponds to a magnetic field in the azimhtha] direction falling
off as p-l, which would be produced by an infinfte line current along |
the symmetry axis. Since this solution fs not physical for a bouﬁded
source the constant C will be set to zero.

The final set of equations is

0= (/=5 FAM)’M = y.(pfABVAB) = v«}p'lfABvAB). (2.19)
Define Vv by v = (a/ax“, -3/5x3) , then one has the fb]]owing identity.,
For all scalar functions U, ve( GU) = 0, Conversely, if v-V = 0, then
there exists a scalar potential U such that V = GU. Therefore,

Equations (2.19) indicate the existence of scalar fields Bp such that
- -1.8B ‘

VBA =p fA VABo . ' ' (2020)
Using the relations V = -V and fABch = -pZSAC', an inverse relation can
be derived yielding '

vA, = 071t 5B, o (2,20a)

Forming the complex éombination °A = AAfiBA, the oA are seen to satisfy

_ . =1. B2 . '
Vo, = -ip .f, Ve, (2.21)

The Einstein Equations

The Einstein.equations (2.1a)- are next considered. It can be

shown that o

2RM, = o7lve (o7 eA0ys (2.22)

DC)
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and
A _ 1., -1,.AC, . A CD, .
4"T B -_ p v.(p (f ABVAC_ 1/26 Bf ACVAD)) ° (2023)
Hence, the Einstein equations are, setting G =c¢ =1,
Ve (o™ (fACVf -aeACpva +2sh fCDA vAy)) = O, (2.24)
B C .
Using the 1dent1ty .
A A A \C o "
V B VB = § BV ¢ '. (2.25)
this can be written
v (o™ (FACuryp-2f"Ca, vA.-2f,CAYAL)) = | (2.26)

This, in turn, implies the existence of the scalar potentials Yac such
that

-2, *A VA2 BA VAB) | | (2.27)

21,. 8
(T Vfpe2fp A c

Ve = 0
One notes that

~ AR . -1 AB ., «1_,.AB

V¥ A - (f VfAB) = 1/20 V'(f fAB)

o lvp? = —2vp (2.28)

or

why = -2v . (2.28a)
This implies tbat
' VeVp = 0. ' - (2.29)
As a consequence of Equafion (2.29), one can choose new coordinates
x3' = p, x*' = z , where z is defined by

Vo = Vz, | (2.30)
and then the line -element (2.16) becomes

ds? = f(dt-wde)2-Fle?Y’ (dp2+d22)+f'1p2d¢2 (2.31)
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with e2Y'

the line element in Weyl canonical coordinates.

= ezﬂ/(p,32+p 42). This form of the line element is known as

~ An inverse relation can be found to Equation (2.27) and is

_ -1.B,. z el
Vige = 0 Ty (V¢BC+2ACVBB+2ABVBC)

with the symmetry condition on the fAC requiring

AB ' -
f (V¢BA+2AAVBB+2ABVBA) = 0,
Let
e = Yact?PaBe
and define
Hac = Facti®ac ®a™ctencks
‘with
_ X
VK = @X*V<b .
Then it has been shown, Kinnersley (1977a), that
- _si.=1g Bg
VHAc = -ip fA VHBc .

which is the same form as Equations (2.21).
Defining G = Hjj and ¢ = @), after some
equations result. |

(VG+20*Vp ) Vo,

1,720

112G = (VG+29*Vp)-VG.

A

(2.32) -

(2.33)

(2.34)

(2.35)

(2.36)

.(2,37)

algebra, the folilowing

(2,38)
' (2,39)

These equations are the Ernst equations, Ernst (1968b), and contain all

"the information necessary for the sqlution of the Einstein-Maxwell

equations. (V2 is the Laplacian operator associated with the three-

dimensional metric (dx?)2+(dx“)2+p2d¢2; that is,:

Equation (2.29) must also be added to Equations

noncanonical coordinates are chosen.

32/392+32/322+1/93/399 )
(2.38,39) if
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Notﬁing thus far has been said about the Rpy and Ryy field
equations. The first set of these are identically zero. The Ryy
equations allow for the y in Equation (2.16) to be found by integrating

the following two equations.

=2 : _ :
P-lY»s = '% [Gy5G%,,+6,, 6%, 3+20(G, 30%,,+6,,0%,3) +
20%(G*, 30 3, #6%,, 0,3 )+40%0 (0,30%,,+0,,8%,3)] -
-1 ' _ _
f (¢s3®*’u+¢*’3@’u)’" (2¢40)
and
-1 f-2 ,
P Yoy = “ 7. [6346*94‘6936*93f2¢(qu¢*9u'Gs3¢*93) +

2§*(G*94¢sq‘6*93¢93)+4¢*¢(¢9u¢*9q'¢’3¢*93)] +

f'1(®,4®*,“-¢*,3¢,3). _ (2.41)

If solutions to Equations'(2.21,37).qr (2.38,39) are known, then'the
right-hand sides of Equations (2.40,41) aré known, ﬁence? Equétions
(2.21,37)/or (2.38,39) are solved first, and then Equations (2.40,41)
are integrated. - -

The field equations have now been introduced. Other forms of
the equations exist, but these shall be introduced only where
necessary. Equations {2.21,37) or (2.38,39) are very elegant and
suggest that the gravitational field énd’e1ectromagnetic field have much
in common.

The next two chapters will develop some mafhematica1 machinery

useful in finding new solutions.to these equations.
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CHAPTER 3

TRANSFORMATION GROUPS

Iﬁ th%s.chapfer, transformation groups will be reviewed and a
method presehted by example to’ find fhem f&r a given set qf partial
differential'equationso/ The presentation.given in this chapter follows
closely that given by Hémermesh,(1962:'279-321) and Cosgrove (1979a: 37-
64) and is sufficient for the understanding of fhis tﬁesis° A more

detailed exposition concerning transformation groups is given in

Eisenhart (1933).

A

Properties of Transformation Groups

© Consider the transformation on the variables x', i = 1,2,.,,,n,
given by

X' 2% = fj(xl,xz,o.,,xﬂf al,az},,,,at) ‘ (3.1)

or symbolica]]y by

X% = fi(x;a), . (3.1a)
The functions f1 are analytic in the parameters a%, with o = 1,2,...,t;
that is, they are expandable in a°convehgent Taylbr series. In order .
for the transformatiohs (3.1) to form a group, the £ must satisfy
certain conditions.

Group closure requires that if two transformations with
parameters a® and b® are performed in succession, then there exists

pafametgrs ¢ such that
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flxse) = £ (Rsb) = £ (F(a)ib). (3.2)
This means that the c® may be expressed in terms of the a% and,bé a§

c® = o%(asb). . o (3.3)
The &% will Be assumed analytic in its arguments. Using Equations
(3.3), Equatfons (3.2) may be written as . '

f1(x,0(asb)) = 1 (f(x3a);b). ‘ (3.4)

Existence of the group identity impiies the existence of the
unique parameter set e* such that

X = fi(x;e) = ;i | ‘ (3.5)
for all x. |

Each transformation must have én inverse, ‘This implies, that
for each parameter set a®, there is a parameter set a® such that

X' = f1(%;8) = £ (F(x;a);d) = x1. (3.6)
This implies that the transformations (3.1) are solvable for the x1. in
" terms bf the'ii; the condition on the fi being that the Jacobian of the
transformation must be different from zero. 'Taken'with Equations (3.3),
'Equations (3.6) imp]ieslthat

e® ='¢“(a;5), ' : | (3;i)
which in turn implies that the 5“ can be written in terms of the a“,
since the e® are fixed; that is, | |

% = o%a). | ‘  (3.8)
" The ga(a) will be assumed anaiytfc. Thg analyticity requirements are
used to maké the group a Lie'group.

Using Equations (3.3,8), it is possible to show that the a%

may be expressed in terms of the a® and ¢% In other words, the
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Jacobians |30%/3a®| and 1aéa/ab3| are nonzero, implying the matrices
36%/2a® and 30%/abf are invertible matrices.

Attention will now be shifted from the finite transformations
(3.1) to the infinitesfma] transformatidns associated with Equations
(3.1). 1Infinitesimal transformations are transformations close to the
- identity; their parameters are close t& the identity parameters'e“.

Let a® be the parameters that take the points,-xi intonii. The
neighboring parameters a%®+da® will take the poinfs-xi into ‘the points
§i+d§1, since the fi are analytic in the a%. Parameters that are close
to the identity, e“+6a?,‘can Qe found which will take the boints ii into
the points ii+d§i. Two different paths from xi to §i+d§i are thus
possible and are’ given by | .
| 31+dx! = £ (x;a+da) o (3.9)
or the path ‘ |

i

%' = £ (x;a), and X +d%' = ' (X,e+sa). (3.10)

Expanding the Tast equation in a Taylor series yields

dx' = (af‘(i;a)/aas)a ='06aB z F1B(§)6a8. (3.11)
Equation (3.3) yields
a%+da® = ¢%(a;e+sa) (3.12)

"so that by expanding the last equation yields

da® = (36%(asb)/ab® sa = o (a)sa’. ' (3.13)

)b = e

o a o o
= e ¢} = §" .
At a s 8 8

Since eaB(a) is -invertible, Equations (3.13) are solvable for

the sa® in terms of the da%.

sa% = w“é(a)das, (3.14)




with the was(a) defined by '

w“nons = 6“6 and'¢“n(e) = Gan. (3.15)
Substituting Equations (3.14) into Equations (3.11) yields

dx' = F‘B(§)¢Ba(a)da“'  (3.16)
or, equivalently,

o e/ = F(RE (). (3.17)

If the Fié(i) and ¢Ba(a) are known, theq the transformations (3.1) may
be found. |

The infinitesimal transformations (3.10) change .the function

A(x) as follows,

(aA/ax )dx! = (aA/axi)FiB(x)aaB

dA =
= GaBF1B(x)(8A/ax1) = SaBXBA . (3.18)
with the operator XB defined by
Xg = F‘B(x)(a/ax‘) . ‘ : (3.19)

The XB are called infinitesimal operators of the group because the

operator (1+X saB) is close to the identity. Using (1+X GaB) on the xI

8
yields Equations (3.11).

B

Defining the commutator of the infinitesimal operators by

[xa, XB] = X Xg-XX s | | (3.20)
it is shown in Hamermesh (1962: 299-301) that the commutators satisfy
— K ‘
[X_s Xs] = ¢ X (3.21)

with the CK&B independent of the a®; and they are called the structure
constants. It has been shown, see Cohn (1957: 94-106), that if the
structure constants are known, then the group transformations can be

found via the equations
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§ papl jandVopd (apt sedy o K gl '
F o(aF T/ax )-F T(aF G/ax ) =¢c ToF "y | (3.22)
and

v

(?¢Ku/aax)-(awKA/aa”) = chcwruw°A. | - (3.23)

Needless to say, the equations above are difficu1t_to solve. If they
_can be solved, then Equations (3.17) are then used to find fi, The
important point is that if the c"To are found and corrgspond to those of

a known group, the transformatibns are determined near'the identity.

Applications

Trénsformation.groups are used to generate new splutions from a
given solution of the Einstein-Maxwell equations. For example, starting
with the flat space metric, it is possible to generate the Schyarzschild
metric; that is, a transformation exists which has the physical property
of producing mass. Although in the classical theory this is only a
mathematical curiosity, in a quantum theory it could have major
importance. ’

In its most general sense, the symmetry transformation changes
both the dependent and the independent variables while leaving the field
equations invariant., Clarification is needed és to tﬁe meaning of
invariance and it is worthwhile to review this before examining methods
of finding symmetry transformations.

Take the Laplace eqdation in three dimensions as the_first'
exaﬁp1e. It is written in manifestly covafiant form

| v26 = 0. (3.24)

This equation holds true in all coordinates; however, .the partial




19
differential equation it represents has different forms in djfferent
coordinates, In Cartesian coordinates, the partial différentia1

equation is

(52¢/ax2) + (328/3y2) + (320/322) = 0, (3.25)
in spherical coordinates,
2 , ;. - 82
1jafriael, 1 gasinoden, 1 0870 _ 4 (3,26)
rZisr ar || r2sine |30 390 rZsine 3¢2

~and in cylindrical coordinates, its form is _
1/ [eaell, 13% 3% _ g (3.27)
pldp op p2 8¢2 . 922 ‘ !
It is clear that the form of the partial differential equation depends
on the coordinates chosen, even though Equation (3.24) is'covariantd
Invariance of form is precisely what is meant when the equations afe
said to be invariant under a given symmetry transformation.
| The transformation of coordiﬁétés which do leave Equations
(3.25) invariant are the rotations and inversions. For instance, under
‘the rotation of coordinates, (x,y,z) transforms into (X,¥,Z) by an
orthogonal tranSforﬁation, and Equation (3.25) becomes
(520/3%2) + (320/3y2) + (32@7322) = 0, (3.28) ‘
This means that if #(x,y,z) is a solution to Equation (3.25), then
8(X,y,2) is also a solution to Equation (3.25) when (x,y,z) are
expressed in terms of (X,¥,Z). |
 As an example of a noncoordinéte transformation, take the
equation to be the vaéhum Ernst equation, see Equation (2.39),

(G+G*)V2G = 29GeV6 . - . (3.28)
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The transformation, called the Ehler's or gravitationa](dua1ity
transformation, is given by

GG = G/ (1+ivG); : | | (3.29)
v is a real parameter. It is simple to ve;ify that_é satisfies Equation
(3.28) and is a new solution.

How are transformations like the rotations and the Ehler's
transformation (3.29) found? Obviously, the rotatipns are encountered
early in a physicist's career and have a clear physical meaning. Many
other transformations in physics are modeled after the rotations and
have a similar intuitive feeling. Eh]ér's trangformation (3.29),
however, is not intuitive at first encéunter; A method is needed
independent of intuition whereby su;h fransformaﬁiong can Le found,
Fortunately, such a method exists aﬁd consists first in finding the
- infinitesimal transformation which leaves fhe partial differential
equation§ invariant, and then the intggration of Equdtions (3.22,23,17)
may be performed to yield the finite transformation. Although this
method of finding symmetry transformations is complex, it again has the
advantage of not reiying on intuition. (Intuftion is good to have, but

seldom is it proved without effort.)
- A Mgthod

The ‘vacuum Ernst eqqation (3.28) will be_dsed to demohstrate
this method. In particular, the Ehler's transformation (3.29) Qi]] be
one of the symmetry transformétions founa, |

Consider a finite traﬁsformation taking G fnto é with the

transformation parameter s. Restrict G to be. an explicit function of
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only G, G*, and s, written out as
GG = G(G,6%;8). o | (3.30)

Simitarly for G*, 1

G*26* = G¥(G,G*;s) . - ' (3.31)

G- is not assumed to be the comp]éx conjugate of G*. Expand Equations
(3.30,31) in a McClaurin's series with the boundary conditions G(s = 0)

and G*(s = 0) = G, To first order in s,

dG

6= GrsA(G,6%), A =S8 (3.32)
and '
6% = G++sB(6,6*), B = J- | _ o (3.33)

It is neéessary for G to sétisfy Equation‘(3.28)'and for G* to satisfy
the complex conjugate equation _
" (G+G*)V2G* = 2VG*.VG*, : C(3.34)

Using the chain rule of calculus,

VG = V+s(AVGHAL,VG*) | E (3,35)
and
26 = y2 2 2 .
VG =V G+s(AGv GHAG,Y G*+AGGv§ vG+ .
ZAGG*VG°V6*+AG*G*VG*-VG*), \ - (3.36)

with A. = 3A/5G, A

: age = 22A/3GaGH, etc. Also,

(G+G*) = (G+G*)+s(A+B), o : (3.37)‘

Similar expressions for vG* and V2G* can also be found. Putting these

results into Equations (3.28,34) and using the fact that G.and G*¥
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already satisfy these equations, the first order terms in s are left
equal to zero. The resulting equations are
(2(A+B)/(G+6%) = 2A; + (G+G*)A..)VGVG +

(2(G+G*)A - 4AG*)vGovG* +

GG
((G+G*)Aé*G* + 2A )VG*.VGx = 0, | ©(3.38)
‘and _
(2(A+B)/(B+6%) - 2B, + (G+6%)Bgyq, )VGHeTGH +

(2(6+6%)B,,

The coefficients of VG-VG, VG*VG*, and VG-VG* are set equal to zero.

- o L * ° © =
4BG)VG v6* + ((G+G )BGG + ?BG)VG V6 = 0. (3.39)

(& and G* are assumed functionally indépgndent; therefore, (G+G*) is not
a function of (G-G*j.) The following coﬁpléd set of linear partial
differential equations results: _ B

(G+G6*)2Ac0-2(GHG*)An+2A = -2B,

(6+6%)Ageu=2Acy = 0,

(6+6*)Agyeut2Agy = 0,

G*

(G+G*)2B -2(G+G*)BG*+ZB = =2A,

G*G*
ax6 28 = O
(G+G*)BGG+ZBG = 0, | (3.40a-7)

First solve'Equation (3.40c) using the integrating factor

(G+G*)B

(G+G*), This yields the solution
A = -£(G)/(G+6*)+g(G).
From Equation (3.40b) it is found that

de(Inf) = 4/(6+6*) .
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Since f is a function of G only, the above implies that f = 0. (Do not
confuse the f here with the ﬁetric function introduced in Chapter 2.)
fhe only solution possible is then A = g(G). In a similar manner, using
~ Equations (3.17f,e), it is shown that B = h(G*). Two coupled ordinary
differential equations now result from Equations (3.40a,d). They ére

(G+6*)2gpa-2(GHG*)gg+2g = -2h
and

(G+G*)2h ~2(G+6*)h,, +2h = -2g.

G*G*
To solve these two equations, use the pbwer series expansions
g = ;_"giGi, and h = ;=ohi(6*)i,
with g;, h; constants. The solution is
A = go+g1G+g,G2, | - (3.41a)
B = -gy+g,6%-g,(6%)2, - (3.41b)
with g4, 9,, 9, arbitrary complex constants., If the added requirement
of E: = (é)* is given, then the gy and gp are purely imaginary, and g1
is real. The infinitesimal traﬁéformations are now written
G+é = G+s(g,+g,6+g,62), - i (3.42a)
GrsG* = Gres(-gotg) G¥-gp (G¥)2). (3.42b)

2 = sdy, and

To work only with fea] parameters, define al = isgq, a
ad = isgo. Then the infinitesimal transformations may be written in the -
form of Equation (3.11) with
6 = G-ial+a26-ia’@?, © (3.43a)
6% = Greialsa2Greiad (6%)2, | (3.43b)
The infinitesimal operators are, comparing'quations (3.43a,b) Qith

Equatidns (3.19),
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X3 1’8/36*—1?/36 s X, ‘Ga/aG+G*a/aG* ’

X3 = i(6G*)25/5G6*-1G23/3G , _ (3.44)

with the commutators
[X1s X2] = X1s [Xys Xg] = -2Xp, [Xzs X3] = X5 (3.45)
Equations (3.45) yield the structure constants, and these may be used to

integrate the group. Instead, define the following operators by

Jp = 1/2(Xy#X3)s  Jp = Xps 3 = 1/2(Xy - X3)e (3.46)
Then the ‘new commutators are given by
[91592] = 935 [J2.05] = =dy, [J3,03] =-=dpe (3.47)

~These are the same commutation relations as for the Lorentz
transformations in three dimensions, Hamermesh (1962: 307), and define
the group S0(2,1). Thus, the symmetry group foun&.above is locally
isomorphic to S0(2,1). '

One Parameter Subgroups

One parameter subgroups of Equa;fons (3.43a,5) will now be
examined. An impbrtant point to note on one parameter groups is that
they are all locally isomorphic to the translation group in one
dimension, Hamermesh (1962: 295). This means that for one parameter
groups, the @~ of Equations (3.3) satisfy |

a(a3b) = a+b, : (3.48)
This implies that the y(a) in Equations (3.17) is equal to one, meaning
. Equation (3:17) can be written '_

dx_ _ el 5, | (3.49)

da— . -
and to get the transformation functions fi, it is only necessary to

solve Equation (3.49).
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The one parameter subgroups of Equations (3.43a,b) satisfy the

following differential equations:

6, de*

= -j, — =14, al =1, a2 =ad=10; (3.50a
dal! dal ’ ' " : )
- -
_d_(i_. = ’ EIE. = G ’ a2 = 1’ al = a3 = 0; (3. 50b)
da2 da? '
, =0 4Gk
46, . -162, g (G*)z, a3 =1, al = a2 = 0, (3.50c)
da3 da3 '
These equations are easily solved and have solutions
G = G-ial, S . (3.51a)
G = e° G, o ‘ (3.51b)
G = 6/(1+ia3G). ~(3.51c)

As promised, the Ehler's transformation has been répébduced in Equation
(3.51c) as a one parameter subgroup of phe syﬁmetny group of form given
by Equations (3.39,31). The ‘other two ;ubgroups are explained as
follows. Equation (3.51a) results from_the definition of Yag in

Equations (2.27) up to an additive constant, and Equation (3.51b)
- 2 2
)»(e"1/28% e1/22%,

corresponds to the change of coordinates (t,0

The whb]e-group of transformatfons_is represented by a real two
by two matrix with deferminant equal to one;

A =(§ 'g), ad-be = 1, o - (3.52)
such that o '

6 = (d6-ic)/(a+ibE). . (3.53)

See Cosgrove -(1979b: Equation 2.3)) for example. If two transformations

are perfdrmed.in_succession; the final transformed G will have the same
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form given in Equation (3.53), but the elements will be those of the two .
representation matrices multiplied together. This group is named H by

Kinnersley (1977a:1531) and (P) by Cosgrove (1979a:56).

The Neugebauer-Kramer Mapping

1

Only continuous transformations have been considered up to this
point. At this point, a very important discrete symmetry transformation

will be reviewed,

Define

2f = G+G* and 2iy = G-G*, R (3.54)
Using the vacuum Ennst‘equations yields l

Vae (Flufef Zyvy) = 0, | - (3.55)

Vie (F20y) = 0, ~ - . (3.56)

and these are equivalent to the EEnsf equation.

Equation (3.56) implies the existence of a poatential w such

that _ o ‘
Yo = of 20y, | - (3.57)
Eliminating ¢ in favor of w yields the following two equations, .
Ve (FLvf4p™2f%uT0) = 0, | | (3.58)
V5o (p2F%v0) = 0. | : | (3.59)

(Equations (3.58,59) are restatements of Equations (2.26).for vacuum in
the Lewis parameterization. Likewise, Equations (3.55,56) are
restatements 6f Equations (2.27).) |

It was-ndted that there is a mapping between Equatipns
(3.55,56) and (3.58,59), given by |

fFrof L, wrip, pr-iw, . (3.60)
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which sends one set of equations into the ofher and vice versa. This
mapping is the Neugebauer-Kramer mapping and will bé used in latter
chapters. |

The concept of group transformations has now been reviewed. A
method has been presented by which symmetry groups may be found for
given partial differential equations. Using'this method for the vacuum
Ernst equation, a known symmetry group has been reproduced. This
symmetry group will reappear in Chapter 5 where the vacuum case will be

briefly reviewed.
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CHAPTER 4
BACKLUND. TRANSFORMATIONS

Another transformation which has pfoved ugequ in generating
new solutions from old solutions is the’B;cklund transformation, see
Eisenhart (1909:284).‘ The variables to be transformed are now the first
pahtfa] derivatives. These, in turn, may be integrated to yield new
“solutions. In this chapter, Backlund transformétions.are introduced and
then demonstrated by an example. The presentation in this chapter

follows closely that given by Lamb.(1974) and Neugebauer (1979).

Properties of the ngklund Transformation

= i(iﬁy)s

Nt

The notation used in this section is: z = z(x,Y),

52/3%, P = 32/3X, q = 32/3y, q = 82/3y, r = 322/3x2, ¥ = 32%/3%2,

P

s = 32z/5x3y, S = 32Z/3Xdy, t = 32z/9y2, T = 52Z/3y%2. Subscripts
indicate the partial derivative with respect to the subscripted
variable. |

The Backlund transformation to be considered is written

p = £(X,¥32525P5q), q = h(X,¥,2,2,p,4), (4.1)
and

X=Xy §=Ye (4.1a)

In order that the integrability condifion Py = dx holds, f and h must
satisfy
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W= pyqu | : -
= f&- h)—( + fzq- h;p + fzq - th +
- - h.. + '. = - = 0. °
(f5 - hg)s + fot = hor , (4.2)

This equation may be satisfied identically in which case fﬁ - ha =

fa = h5 = 0 and f; - h;‘+ f-q - th‘+ fzq‘- hzb - 0. Equation (4.2) may
also be considered as a second-order partial differential quation for
z. If this equation is of a form known as Monge-Ampere, Forsythe
(1959:200), then the transformations (4.1) are known as Backlund
transformations. _ ' |

In practice, it is the partial differential equations (4.2)

which are started with and the Backlund transformations (4.1) which are

sought,

Neugebauer's ngklund Transformation

The example will again be the vacuum Ernst equation (3.28). In
the case of noncanonical coordinates, the field equations also include

Equation (2.29). Written out, the field eqﬁations are

(6+6%)[G 5 3+6 4 4+ N 38,370,468 4)]
= 2[(6_3)2 + (6 4)2], - (4.3)
(G+G*)[G*’3’3+G*;4’4+-%(p’3G*D3+p’4G*§4)] | :
= 2[(6% 5)2(E* 4)2), | (4.4)
and | | |

P 3,3 4,4%0 - : (4.5)

It is convenient to change variables. - First, the independent variables

are changed to x; = x3+ix* and x, = x3-ix*, Equations (4.3-5) become
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1 _ f
(G+G*ﬁ=)[(-‘-»1,2 +-?;(p’16’2+p’26’1)] = ZG,IG,Z’ (4.3a)
1 .
(G+G*)[G*,l,2 +.?E(p’16*’2+psze*’1)] = ZG*,IG*,Z’ (4.4a)
and
P 1.2 = 0, , - ‘ (4.5a)

At this point, Neugebauer (1979) changes the order of the equations by
introducing the following dependent variables:
Ml ("“’1/(6'-{76*) > Mz = G*sl/(G““G*) ’ M3 = p’l/P’ ' (.4.63)
N]. = G*,Z/(G+G*) ) Nz = G’zl(G"'G*) ) N3 = 992/90 (4e6b)

The Equations (4.3a-5a) then become equivalent to the system of first

‘order coupled partial differential equations

ok _ kI,
256 MmN NN (4.7)

with Clll = c222 = C333 = -c-112 = _C221 = _1’ a.nd C132 = C113 = C231 =

M

c,23 = -1/2. These equatfons a1ready'contain the integrability
conditions G,1,2 = (592’1 and G*,1;2 = G*,2,i° Therefore, Equition (4.2)
will be satisfied automatically if the transformed Mi's and Ni's satisfy
Equations (4.7).

The Backlund transformation is assumed to have the following

form.
.k _oya-ly Kk '
Myo= AM s Ny = (750N, (4.8)
with '
. fa 00 4
(A;7)={0 8 0} ,aB =Y. l (4.9)
0 0 vy

[

The requirement that Mi and Ni satisfy Equations (4.7) results in the

following equations for a and vy,
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dy = y(y-1)Madx +(y-1)Ngdxp, V - 410

O N e R e [ o E R LR

L2 4oy Y 2) (N )+ (ar ™ 2) PN 2 o, (4.11)

[-v

The. solution ofﬁthese equations introduces integration constants. For
examb]e, the solution to Equation (4.10) is

Y =-§;—;§§%}% , (4.10a)
where b is an integration constant, p satisfies Equation (4.5a), and z
is p's harmonic conjugate. Each set of dintegration constants represents
a different transformation and will be labelled (Ilia. 'Thé I3
represents all the transformations of Equation (4.8,9), and the a
.rEpresents the {ntegration constants. For example, the matrix
‘representing (I11)a wi]]lbe written in the same form as the matrix of
Equation (4.9) with elements a.,8,,v5. The a, and y, must satisfy
Equations (4.10,11), It will now be éhowﬁ that the Ij form.a group.

Given iwo transformations (Ip)p and (I1)a, it must be shown
that the product (I7)a(I1)p is also an Ij transformation. By
definition, the transformation (I;),(I1)p is represented by the matrix

apty 0 0

0 BbBa 0

0 0 vy,| (apa5) (Bp8,) = (pvade (4.13)

a

Then it can be shown that apa, and YpYa satisfy Equations (4.10,11),

remembering that the (I1), transformation acts on the (I1)pMi, (I7)pNje
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Hence, the I transformations exhibit the group ciosure property. Since
the matrices representihg the group transformatibns are diagonal, the
transformations I; are also commutative,

Associativify, e*istence of the identity, and inverses for each
transformation are then shown to follow. The major step in each of the
above proofs is the step showing that the respective matrix element
satigfiés Equations (4.10,11). | |

The Neugebauer-Kramer mappiné introduced in Chapter 3 now plays
an important role, In thé (M5 ,N;) realization, th%s mapping'is

represented by the matrices Uik and Viks wﬁere

‘ 0 -1 1/2 . [-1 0 172 |
(U;) = |-1 0 1/2] , and (V;°) = [0 -1 1/2) .  (4.14)
! 0 0 1 0. 0 1 |

With this discrete group, to be called S, define a ﬁéw group of
transformations I, by SI{S. I, is also a group of Back]und

transformations given in the (M;j,N;) realization by the matrices wik and

~Zik where
;) = [0« (r-adiz| , | (4.15)
00 Y ‘
and
-t 0 (2ar) Hamy) |
¥y =10 &1 (20| - (4.16)
0 0 Y'l

From these, fof Io transformations, y still satisfies Equation (4.10),

but now
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alor™2) = [y 2 (Mgr2om )4 (ay™ 2 iy, )
(7220 12, 12 ey 4
(v 2 (g 72-0 y (e 2y oM ) ’
(or 2 )2 Ny r2-Np )y /¥ ax, (4.17)

It would seem that after each transformation, first order partial
differential equations would have to be solved since-the M;, N; are
first derivatives, But Neugebauer has produced a very important

theorem,

Neugebauer's Commutation Theorem

_Given an initial solution M;, Niiand an arbitrary BsckTund
transformation (I1),, then there are always three nontrivial Backlund
transformations (I2)p, (Il)c, (Io)gs such that the product
transformation (Iz)d(Il)c(Iz)b(Il)a is the identity transformat1on. The

corresponding a's and y's are

| (0 -v,) Yy (« -1)
O = Zyalaa-ISS 2 % T E; > &g zaa-yas ®
1 1
Y = — Yo =Yy s Vg T e (4.18) .
b Ya * Ie a®'d Ya

Here the o and @, satisfy Equation (4.11) and the oy and ay satisfy
Equation (4.17). A1l the v's gﬁtisfy Equation (4,10).

This is a very important theorem. It considerably s1mp11f1es
generating new solutions from o1d solutions without hav1ng to 1ntegrate

partial differential equations at each step.
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Now that two major methods of solution generation have been
reviewed, their use with the vacuum equations will be summarized in the

next chabter.
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CHAPTER 5
-REVIEW OF THE VACUUM CASE

In the last two chapters, two methods were presented for
generafing new solutions of the vacuum Ernst equations. In Chapter 2,
both the electromagnetic and gravitational fields satisfy~similar
equations. This similarityfhas been used to extend vacuum results to
electrovac; therefore, it is natural to review the vacuum'cqse first,
The notation to be used in this chapter follows that given by Kihner§1ey

and Chitre (1977a,b; 1978a,b).

Fields, Pptentia]s, qnd ngera;ing_Functions

Defining Npp by

- X ‘ ' -
TNyg = My *7H g o L (5.1)
it is possible to show that '
2

= 3 X
Hag = 1(NagHayH gy
satisfies the field Equations (2.37). Continuing in this way, define

(5.2)

mn m o ny
VNAB = HXA*VH Y (5.3)
then it is possible to show that -
C o+l ~1n ny ' i
Hag = 1(NAB+HAXH B) , 'n : (5.4)
satisfies Equations (2.37). A1l of the H, _ satisfy

AB : x
noo gy xn : 5 5
VHAB - -1p fA VHXBQ ( ° )
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Defining

Hag = Tepp (5.6)
implies that

On n

NAB = -1HAB ’ (5.7)

n B
and the f1'e'lds‘HAB are incorporated into the hierarchy of potentials
mn

N This extends the range of m and n to all integer values,

AB*®
Kinnersley and Chitre (19776) have given certain relations satisfied by
mn :
the NAB‘ These are
mn nm m n :
oy X m N
Nag=Npa™ = Hxa™H g*eags o8 g (5.8)

and
‘ m,nfl‘m+1,n .ml Ny Cmo.n
Nag - Mag = NaxH g3eag8 18 00 (5.9)

It has proven useful to define generating functions in terms of the
potentials. The two generating functions used in the vacuum case are,

somewhat changing the notation of Kinnersley and Chitre (1978b),

Ny(sst) =] 1 SN, (5.10)
S, = . . °
AB 20 nlo AB
and
FAB(t) =nZO tTHyp = 1NAB(O,t). (5.11)

There are algebraic relationships between these two generating
functions, such that when the Fpg(t) are known, the NAB(s,f) can be

found.
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The Symmetry Groups

In Chapter 3, the group H was found starting with the vacuum
Ernst equation. There are other groups beside H and-these are now

reviewed.

The Groups G and H

Kinnersley (1977a) starts with the (t,¢)';oordihate
transformation group G, isomorphic to the group of 2 by 2 real matrices

with unit determinant SL(2,R). G's three generators are 6hosen as

t' = t+ap, ¢' =¢, : : - (5.12)
t' = t, o' = ¢pebt, | - (5.13)
t' = ct, o' = c o, | (5.14)

named (Gy);, (G2)y, (G3)cs respectively. The finite action of these

three generators on the fpp is given by

f11" = f11s Fi2' = fro-afyps

- 2¢
f22' = fyp-2af ,+a fy; | (5.15)
foa' = fazs T12' = T120%5p; |

— 2 .
fllli = f11'2bf12+b f22, " . (5016)
PRI S I S S (5.17)

11 11> 12" = 120 T2 22° -

Being a group of coordinate transformations, G does not
physica11y alter the spacetime. However, by defining the group H = SGS
with S being the Neugebauer-Kramer -map, H is found to be the group for

Equations (3.55,56). Its three generators, (Hj), = S{G1).jaS,
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- (H2)p = S(G2)ipSs (H3)e = S(G ) 1S, produce the following action on f
' 3¢ , _
and ¢ respectively.

fs v = y-a; ' - (5,18)

! =

s Ly o umb(f2hy?) (5.19)
(1-by2+b2§2)” (1-by2+b2f2)

f' o= c2f, y' = c2y, (5.20)

These three finite transformations are recognized as the one parameter

subgroups found in Chapter'3.

The Group K

Next, the infinitesimal action of G (H) is found on the

vpp (fpg)e This allows the infinitesimal action of G and H to be found
mn \

on the HAB’ and then on the NAB

Forming commutators with the different infinitesimal operators

of G and H, an infinite-dimensional Lie algebra is generated The'

k
operators thus defined will be named TXY and deflne the group K, Their
mn :
action on the NAB is given by
k mn m+k,n  m,n+k k ms k-s,n
TxyMag = eaxMyys~Na(xev)s? s§1 MaoxNyyg (5.21)
where the parentheses indicate symmetrization with respect to the
_ 0
enclosed indices. The operators TXY are the infinitesimal operators of

-1 0 1
G, and the (Tll’ 19 22) are the infinitesimal operators of H. The

commutators by which the TXY were or1g1na11y defined are

k 1 k+1 k+1

[Tyy> Tagd = epixTyyateaqxTyys: (5.22)

o 1
For example, the commutator of_'T11 and T22 det1nes le.
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The Groups Q and Qﬁ

Another group, Q,.]ying outside the K group was found by
Cosgrove (1979a).- This group changes not only the potenfja]s, but also

the coordinates (p,z). The infinitesimal action of Q on the coordinates

(p,2) is

G = pz, Gz = 1/2(22-p2), (5.23)
mn
and on the potent1als NAB
© m+l,n m, n+1 ml n
QNAB = 1/4[ (m+A-1) N gt (n+B 1) N +1NA2 1B]

Givén the Neugebauer-Kramer map S, a conjugate group Q = SQS is defined.

(5.24)
Its infinitesimal action on (p,z) is identical to Equation (5.23), and

its 1nf1n1tes1ma1 act1on on Npg is
m+l,n m, n+1

QNAB = 1/4[(m+1) NAB+n ag I , - (5.25)
From Equations (5.24,25) it is seen that \
~ 1 ' :
Q-Q = - 1/47y, : (5.26) -

holds for these_infinitesimg] operators.

App]icatﬁons

The problem of generating new solutions from a given solution

now separates into three parts. Given a solution; for example flat
mn

spacetime, the potentials NAB must be found. Second, the integration of

the infinitesimal operators must be performed. Third, only those
transformations thch produce physical solutions should be used. By
physical solution, it is usually meant that as the quantity p2+72
approaches infinity, the metric approaches fhe flat spacetime metric.
Finding the generating functions Npg(s, t) and FAB(t) has proved
the most effective way in finding the potentials NA An example of a

generating function which has been found is the ftat spacetime
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generating function -Fpg(t), Kinnersley and Chitre (1978a), |

ST S
Fap(®) - (12tz5(t)  (1-2tz-s(t)) | (5-27)
—3TE) i“?fgrf§‘ll
with |
S(£)2 = (1-2t2)2+(2t0)2. | (5.28)

Other generating functions wh1ch have been found for a given spacet1me
are listed below. /

1. Zipoy-Voorhees; Kinnersley and Chitre (1978b)

2. Weyl; Hoenselaers, Kinnersley, and Xanth6p0u1o§ (1979)

3. Kerr-NUT; Hauser and Ernst (1979a)

Generating functions have proved ysefu] in the iﬁtegration of
infinitesimal transformations to finite transformations. For example,
Cosgrove (1980a) has successful]y 1ntegrated the infinitesimal Q and Q

transformations. to the finite (Q)4S and (Q) 4s transformations using

Nag(s,t) and Fpg(t). Some of these finite transformations are

v ‘ t

'(Q)4sNAB(t}’ ty) = ot Npg(s+ty»s+ty )+ e €ap (5,29?
itFll(s+t) .

(Q)4SF11(t) B (5.30a) -
(S+t)F12\(S)

(Q) 4 Fip(t) = Fiplert) . (5.30b)
Flz(s)

More relations of this type are found in the last reference cited. In

these, it must be remembered that (p,z) also changes.
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Other finite transformations which have been found are listed
below.
. _ k
1, The null parameter case; that is when the parameters qu in

k. k k. k :

the operator quTXy satisfies g xy 0. Kinnersley and Chitre (1978a)

q
2. For statié metrics, #12 has been integrated to yield a]l
the static spacetimes. Kinnersley and Chitre (1978a)

3. The B subgroup, having infinitesimal operators
k “k k+2 : ‘
g = T11+T22, k = 0,1,2,...5 preserves asymptotic flatness. This
subgroup has been used fo generate new éo]utions. For example, Kerr-Nut
was first generated from the Schwarzschild potentials using this
subgroup. Its applicability does depend on the-initial solution.
Kinnersley and Chitre (1978b). . |

4, The HKX transformations may be used to generate
- asymptotically flat spacetime with arbitrany,mu]tipole moments,

Hoenselaers, Kinnersley, and Xanthopoulos (1979). .

B;cklund Transformations

In Chapter 4, the Backlund transformation found by Neugebauer
was described. Cosgrove (1979b) has shown thét.11 and Ip are equivalent
to the two groups HQ and Ga. (HQ simply means the group consisting of
products.of the elements in the groups H and Q. Since these two groups
commute, order is no problem.) Neugebauer (1980a,b) has applied I énd
I, and the. commutation theorem to generate arbitrary multipole moments
for asymptotically flat spacetime. Cosgrove (1980a), using both

Harrison's B;cklund transformation and Neugebauer's commutation theorem,

’
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has also been able to generate asymptotically flat spacetimes with

arbitrary multipole moments.,

Summary

Other methods exist besides the éroup transformation and the
Backlund transformation. Belinsky and Sakharov (1978,1979) use an
inverse-scattering téchnique. Hauser and Ernst'(1979a,b; 1980a,b) use
an integral equation method. Both are .capable of generating
asymptotically f]at‘spacetimes with arbitrary multipole moments, With
S0 many'methods capable of generating equivalent results, see Cosgrove
(1980a), it is no wonder that these worker; feel the vacuum casé to be

i

essentially solved.
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CHAPTER 6
REVIEW OF THE ELECTROVAC CASE

Many of the results from the vacuum case have been extended to
the electrovac case. These electrovac results will be reviewed in this

chapter. The notation again follows that given by Kinnersley and Cﬁitre

(1977a,b; 1978a,b),

Fields, Potentials, and Generating Functions

n mn
The fields HAB and the potentials NAB were introduced in
' n n .
Chapter 5. In a Tike manner, the fields HAB and ¢A and the potentials
mn  mn mn mn
NAB’ MA’ LB’ K are introduced for electrovac. They are defined

recursively by the following re]ationshfps:

1 1

®p = ¥ps Hap = Hpgs : (6.1)
mn m nX mn m nX .

VK = @X*v¢ s vLB = ¢X*VH B (6.2)

mn m n X mn m nx

VMA = HXA*V(b ® VNAB = HXA*VH B ' - (6°3)
ntl  1n In ny ‘ .
@A = 1(MA+2®AK+HAX® ), : : (6°4)

ntl  1n In n* .
/ HAB = 1(NAB+2®ALB+HAXH B). | ' (6.5)




n n :
A1l the fields oy and HAB satisfy the same field equations.
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n -1 X~n

thA = «1p fA VCDX,
n n
e =1e X3y -

Defining

10 - 0 )

K = f1/21’ HAB = iepps
implies '

On n On n

IM -

p = "1eps Npg = -iHpgs

and._that the original fields are contained in the hierarchy of

(6.6)
(6.7)
(6.8)

'(6.9)

'potentials. The relations found by Kinnersley and Chitre (1977b) are

mnoamo Mo ny

KK * = a5,

vmn nm* m nx

- = *H"
LpMg* = o H o,
mn nm n
- X m on

Nag-Nen™ = Hxa™ g*eps® 0% 00

and .
myn+l m+l,n
K -K

m,n+l m+lyn

LB -LB -

myn+l m+l,n

MA -MA

myn+l m+l,n
Nag ~Nag

ml ITn ml n
. X ,:.m .n
2iK K +1LX ® f(16 o8 0)/2

_ml 1n .ml ny
-2iK ,LB+1Lx H RS

ml In ml nX

= 2iM, K +iN, 6",

A AX

-ml Tn ml n

2iM, L +iN, HX -3¢ &M

N
A "B TAX" B TTAB" -1

00

(6,10)

(6.11)

(6;12)'
(6.13)
(6.14)
(6.15)

(6.16)
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Generatinb functions are defined by

0 o mn o In-
K(s,t) = ¥ 7 -s™t, k(t) = 7 tk,
- =0 n=0 =0
L(sst) = T3 ™My, Ly(e) = e,
= L S , = ] 5
AT me n=0 A A n=0 A
o o0 mn @ n
Mo(s,t) = 5. T s™™,, e,(t) = T tV,,
A m=0 n=0 A* A n=0 A

00 00

..mn © n
= n _ n
Npg(sst) = 1 1 s"t™Waps Faglt) = ﬁzo tMH g

m=0 n=0
Taking the gradient of Equations (6 4,5) leads to the equations
) o X
VFAB(t) " (t) 2tpVHAX)F B(t)f
Vo, (t) = —t [((1-2tz)vH, -thVH Lot ()
AT ey

Sz(t) (1 2tz)2+(2tp)2 '
The first integral of the above equations is

2K (t)Det (F ())-20" (£)LT (£)F  (¢) =-g;i-.
‘ t

(6.17)

(6.18)
(6.19)

(6.20)
(6.21)
(6.22)

(6.23)

(6.24)

Important algebraic relationships can be derived from Equatioﬁs (6.10-

16). Some of these are:

Npg(5st) = 2 epgt 3%E§i§l[x(s)F A(s)F k()

(L ()F g (£)-Lg (E)F g (108" (5),

a(s,t) = Z1ELUK(5)6% (6)Fp (5)K(£)X ()P (s) =
La(s)ey(s)eX ()1,

| (6.25)

(6.26)
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La(s,t) =SB et (F(1))Lg(1)-LY ()P ()P (1)1, (6.27)

K(S,t) = i(St-SZ-tzl +.St$(-5) [K(t)Det(F(t)) -

" 2(s-t) (s-t) .
L' (s)Fyy(s)e" (£)1, (6.28)
k*(s) = -o*o,*(s)-15(s)Det (F(s))/2, (6.29)
La(s) = 0 Fyx(s)+8(s)oy ()F () /50 (6.30)

Fep*(s) = -ZiS'l(s)((l-Zsz)scB+Zisch) X

(K(5)Fga (5)-s5(s)Ly (s) g ey (s)F "5 (5)), (6.31)

0c*(s) = 5371 (s)((1-252)s,242is8,°) x
(Fay ()L (5)-05*Det (F(s)). - x (6.32)
In the above, Det(F(s)) is the determinant of Fpp(s). |

The Symmet ry Groups .

The vacuum groups can be enlarged to the e1ectrovab case. The
groups G' and H' are defined and used to find an enlarged symmetry group

K's

The Groups G' and H'

The group G' is.comprised of the coordinate transformations
given in Equations (5.12-14) and the electromagnetié and gravitational
~gage transformations C

eproptan, HpgrHpg-0p*ag-2pap*-ap agriong. | (6.33)
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These gage transformations have apg cdmplex and %R real and symmetric;
they do not change the metric fag or the electromagnetic.field Fame
This hbw defines G' which is an eight parameter groub;
The group H' is also an eight parameter group 1eavin§ Eéuations
(2.38,39) invariant. The generators of H' are the gravitational and

electromagnetic gage transformations:

8140y, Hyp*Hy +ia, ' . (6.34)
@1"@1“’3, H11+H11-23*@1-a*a; ' . | (6035)
the generalized Ehler's transformation
3 Hp o , ,
@1"* -('Ij'_—Y-Frl—i—y ’ Hl]_"’ TT‘TWH]_—],_T ’ ' (6036)
the Harrison (1968) mixing transformat1on ‘
¢1+CH11 ‘
> TT=2cFa;=cFer; ) ° (6.37)
1 (6.38
W1 rozesmeRe Y (6.38)
“and the scaling and electromagnetic dua]ity transformation
a18e'%0;, Hy1o8%Hy; . o - (6.39)

In the above, o, 8, Y, € are real constants while a and é are complex
constants,. There is no simple way to get H' from G' .since the
Neugebauer-Kramer mapping's action on the metric fag has not been found;
however, the mapping's action on the group generators has been found and

will be described later in this chapter.

The Group K'

Again, by forming ai] possible commutators of the infinitesimal-
operators of G' and H', an infinite~-dimensional parameter group is

generéted. This group is called K' and is the electrovac generalization
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: k k
of K. The infinitesimal operators are T&Y’ C

is given in Kinnersley and Chitre (1977b:1540) and reproduced here. (In

k
s Z, and their action

k
*
x? cx

the above reference, the action is given with the group parameters

already implied. For example, what Kinnersley and Chitre refer.to

k | kek ky K
as c, is the infinitesimal operator ¢ Cx+c *CX*. To avoid

k k k k. . o Kk 'k kK
confusion, Yyy» CX"CX*’-° will be the parameters and TXY’ CX° Cx*, )3

will be the operators.)

mn m+k,n m, n+k k ms k -S,N

k

Tav™as = eav™os = Maexsv)s 521 AGK Nyyge (6.40)

k mn m+k N k ms  k~s, n '

TxyMa = eapvMyy ¥ Z YWty (6.41)

k mn m, n+k k ms k-s,n

Tyl = epeylxy ¥ Szl LixMyys - (6.42)

k mm k ms k-s,n 3

Tk = Loty o (6,43)
s=1 .

k mn . m+k,n k mS k-s,n ' '

CXNAB 21sXALB -21 21 NAXLB . | : ‘ o (6.44)

k mn o m+kyn myn+k-1 k-1 ms k-s,n -

CXMA = 21eXAK + NAX - 2§ 521 ﬂAXK s (6.45)

k mn 'k ms k-s,n .

c,L, ==-2i § L, L s - (6.46)

X"B M
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k mn myn+k-1 k=1 ms kes,n - - .
CXK = LX -2i ) LX K . - (6.47)
. - s=1 .
k *mn myntk © ~ k ms k-s,n S
FX NAB = p21eXB y 21 Zl Ma NXB R ~ (6.48)
k *mn _k ms k-s,n a :
CX MA 21 Z MA MX . . ‘ (6.49)
s=1 . :
k *mn _ myntk  mtk-1,n -k ms k-s,n ‘
Cx LB = -21eXBK + NXN +21SZ1 K NXB . (6,50)
k mn m+k-1,n _k ms k-s,n
CX*K = MX +21-Z"K MX s . . . (6.51)
. s=1
k mn K ms-k-s+1;n
z NAB = "2 z MA LB ’ (6052)
s=1
k mn = m,n+k k ms k-s+l,n -
X MA = -1 MA -2 }_: MA K Py ' A : (6053)
s=1 . :
k mn .m+k,n k ms k-s+l,n
z LB = i LB -2y K LB . . (6.54)
‘ s=1
kmn m+k,n myntk ~  m] k-s+l,n ' k
tK=1 K -iK -2y K K -1/25m . (6.55)
, - : 0 0 1 .
: s=1
with k running over all integer values. - -
' m,n

Kinnersley (1980) has found eight-parameter subgroups ( G ) of
K' isomorphic to SU(2,1). They are ' '

(myn) -m 0 m - n (mn) (l—m;n) (1-n) 0
G = {Y]15Y125Y225C1> C2 s C1¥ 9_C2* 50} ' (6.56)

Also found were involutive automorphisms which map the subgroups 1nto

one another. These are
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(r,s) {r,s) m,n) (r-m,s-n - '

I ¢ K'sK'y, 1. ( G )+( G ), -(6.57)
(rss) k (rys) k-r

Y11 1 = Y99, : (6.58)

(rss) k (ros) Kk ' .

I vy = =Y12s (6.59) .
(rys) k (rys) k-r .

I vy, I = =iy , o (6.60)
(rss) k (r,s) k+l-s

I Cl I = Cz* Iy (6"6.1)
(rys) k  (r,s) k+l-r-s

I CZ I = j Cl* s . ‘ (6.62)
(ro,s) kK (r,s) k+s+r-1 o ‘

I 1 =1 ¢ » - (6.63)

(r,s) k (r,s) k#s=1 (r,s) k (r,s) k
I c* I = ¢, o I =« : . (6.64)

(0,0) (1,0) . |
The subgroups G and G are G' and H' respectively, The
autoﬁorphism (1f0) is the Neugebauer-KEamer map, .In vacuum,.its actiqn-‘
on the poténtia1s has been found, but thfs does not hold true in the
electrovac case. ' '
This completes the review of electrovac, the next chapter will

extend Cosgrove's vacuum Q and-a transformations to the electrovac case.
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CHAPTER 7
THE EXTENDED Q AND 6 GROUPS

In this chapter, the vacuum transformation groups Q.and 6 will
be extended to include the electromagnetic field described in Chapter
2, First Q will be extended and then Equation (5.26) will be used for
the initial ansatz of the infinitesimal 6 transformation. This ansatz
will be modified allowing the finite transformation to be integrated,
bringing agreement with the vacuum relation ‘

: . (1,0) (1,0)
. Q= 1 Q I ;
(1,0) .
I  being the discrete automorphism described in Chapter 6.
Associated with 6‘15 its complex conjugate groupta* found in this ..
(1‘91)' (1 1) . ~ ..
chapter to be equivalent to I Q i o+ This Q% transformation

merges with Q in the vacuum case and is; therefore, a new feature

belonging to fhe electrovac case.

The Extended Q Grdup

The vacuum transformation group Q was first extehded to the
electrovac case by Cosgrove (1980b) during a bout with the flu. This
group's action on the fields and potentia]s was first found by myself in
a roundabout manner. ‘A simplified ver;fon is presented in this thesis,

Cosgrove (1980) has found the finite action of the vacuum Q
transformation on the generating functions Fpg(t) = 1NAB(O,t). .From his

results, the infinitesimal action of Q is found to be
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n n+l

n n+l .1n n
QHyy = 1/40n Hy +iN, +iH  H, ], | (7.2)
n n+l : ‘ . ’

n n+l Tn | n

QHy, = 1/4L(n+1) H,,+iN,, +iH (7.4)

22 12]°’

These relations are assumed to hold unaltéred. The only choice
, : n ‘
remaining is the infinitesimal action of Q on @p. ‘Since the field

n n
equations for the @A are similar to the field equations for HAl’ the

n n N
ansatz is made which transforms @A Tike HAl Hence, \
n+l n . ' I
Q¢ = 1/4[n ¢, +iH; 0,1, (7.5)
n n+l  1In ‘
Qu, = 1/4[n ¢, + iM +1H22 1] ﬂ7.6)

The consistency of Equations (7.1-6) is shown in Appendix A, The
infinitesimal action on the p and z cbordinates'js-assuméd the same as
<in the Qacuum case; that is, Q = pz;“Qz =.1/2(Z2—pz); Using Equations
(6.2,3; 7.1-6), the infinitesimal action of Q on the potentials can be

defermined.' The action on the potentials is given by’

mn n+l  ml n ml n ml In
K = 1/4[(m+n) K -imL 1d>2+1(m+]) g ©1-2imK K 1, (7.7)
mn mon+l  ml n " ml on ~ml In_ .
M, = 1/4[ (m+n) My -imN, @ 2+1(m+1)N12§1-21mM1 K ],- (7,§)
mn n+l In ml n

. QM2 = 1/4[(m+n+1) M2 —21(m+1)M K +1(m+2)N22 1"

ml n

1(m+1)N21 23ds (7.9)
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mn m,n+1 ml In_ mln ml n _
Q, = 1/4[ (m+n) L, ~2imK L,-iml, H21+1(m+1)L2 Hlljf (7.10) .
mn myn+1 ml In ml n
QL2 = 1/4[ (m+n+1) L2 -2imK L -1mL1 22+1(m+1)L2 12], (7.11)
mn m,n+l ml In mln ml n
QN11 = 1/4[ (m+n) N11~21mM1 Ll 1mN11 21+1(m+1)N12H11], (7.12)
oomn ' m,n+l mi In ml n ml n
/ QN12 = 1/4] (m+n+1) N1 -21mM1 2+1(m+1)N12 12-1mN11H22] (7 13)
mn m,n+l - Cml ln ml n
QN21 = 1/4[(m+n+;% nN2 -21(m+1)M +1(m+2)N22 11
i(m+1)N, H 21], | | (7.14)
mn m,n+1 . ‘ml 1n-_' ml n
QN,,, = 1/4[(m+n+§% nN22-21(m+1)M2~szl(mf?)szﬂlz - |
i(m+1)N21H22]. ‘ : . (7,15)

As ah example of how the above relations were obtafned, Equation (7.12)
is derived in Append1x B. | |

F1na11y, the 1nf1n1tes1ma1 act1on of Q on the metr1c function
v (see Equation (2.15,16)) .is shown in Appendix C to be

Qv = 0 ' : | ' (7.16)

The Finite Q Transformatibn

The finite transformations are found by us1ng the generat1ng
functions FAB(t) and ) (t) 1MA(0,t). -For example, the infinitesimal
action on ¢l(t) and le(t) is found from Equations (7,3,5) to be

Qe (t) = 1/4[D;9, (t)-8, (t)/t +1H12®1(t)], ' (7.17)

QFlz(t) = 1/4[D1F12(t)'+iH12F12(t)]’ (7.18)

with D1 = a/ét. These equations are integrated in Appendix D to yield -
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the finite transformations. The other finite transformations areifound

in a similar manner; all of the finite transformations are listed below.
itFll(s+t)

(Q)ﬁsFil(t) = Tg:fyr;;rgy > (7.19)

(Q)4sF12(t) =f“p;;rgyj R : , (7.20)

- . : N, (5,5)F,, (s+t)
t . 22 11 i
(Q)4SF21(t) = '(s__;:fts?y {NZI(S"S.H?) - Flz(s) - i°

TsH) : _ (7.21)

N ks,s)F (s+t)
(Q)4SF22(t) = i {sz(sps"'t) S FIZ(S' o .} - (7.22)

- ' © - iteg (s+t) t o , ‘( )
Q),.2,(t) = — s : - . 7.23
4571 , is+t$F12($5 . : L a
: Noo(s,5)8q (s+t)
. it 22\ 1 ‘
(Q)4s¢2(t) - W {MZ(S,S‘H'.) = F]_z(‘s) » (7.24)
Since the action of the infinitesimal Q'tr§n§f9rmatiqn was obtained

directly from the vacuum case, it'shou1q be no éurprfse that the reéﬂlts
here are similar, | ‘

The vacuum result Y'(p'?z;)‘= y(p,i) is séen to foj]ow
immediately from Equation (7.16). This means that tﬁe ney wetrig

function y'(p,z) equals y(p,Z), wﬁere p = (Q);4Sp and z = (Q)_4Sz.

Search fqr 6

In Equation (5.26), the relationship between the vacuum
infinitesimal transformations Q and 6 is given. This eduatiqn Qj11 be
taken as the starting ansatz to find 6 for the electrovac case. A

further requirement will be thatjthe 6 group -should be a conjugate group
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‘ , - {r,s)
SQS where S is one of the involutive automorphisms I . To begin

with, define an operator 60 by
' 1

60 has the following action on the potentiaTs.

~mn ml,n myn+l mln

QONAB = 1/4[(m+1) NAB+n NAB+1MA LBJ, : (7.26)
. mn m+i,n m,yn+l ml. ny '

QOK = 1/4[(m K +n K -1/21L ) ], (7.27)
~ Mn m+l,n myn+l A mn Ny

QOMA = 1/4[(m+1/2) MA +n M -1/21N X° ], (7.28)
. mn m+l,n mentl ml In . _

Qpla = 174 (m+1/2) LA oLy +iK L ] : (7 29)

Equation (7.26) is very s1m11ar to the express1on found by Cosgrove

(1980: Equation (2.14)) for vacuum. The d1fference lies in the term
ml In - . ‘
iMA LB It is this term and the simi]ar terms in Equations (7.26-29)

which prevent a simple integration to the flnlte transformat1on. An -
alternat1ve definition for Q 1s, therefore, sought.

At this stage, the % transformat1on of Equations (6.52-55) was
noticed. In particular,

1mn ml ny . '
(7.30)

AB. A "B°

ZK-=LX<I>,

1 mn m+l,n ml 1n :

£ Ly =1 LB 2K Lg, : I (7.31)
i .

1 mn _m+l,n ml ny :

EMy = -1 My Noye™s | (7.32)

lmn . ml In . ?

I N -2M. L_, . ' (7.33)
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Defining 6 as

| ‘

Q= QO+iZ/8, (7.34)
the action on the potentials is much simpler.

~Mmn m+l,n  myn+]

QK =1/4[m K +n K ], L - (7.35)

~nn mtl,n myn+l :

QMy = 1/4[(m+1) My +n- M, 1,  (7.36)

~mn m+l,n m,yn+l g

QLA = 1/4[m LA +n LA 1, (7.37)

<mn m+l,n m,n+l

QNAB = 1/4[(m+1) NAB +n NAB]’ (7.38)
Unfortunately, due to the i in Equation (7.34), this Q is not Hermitian.
. , 1 ; : ,

6 and 6* = 00;12/8 must be regarded as two different infinitesimal
operators, For this‘reason, (6A)* ¥ 6A#, but rather (6A)* ;~6*A*. This
is an essen%ia] complication, since the'traﬁsforms of k*,'LA*? Mp¥*, Nag*
are needed. Using the comp]ex‘consugates of Eduations (7.30-33) and

Equations (6.13-16) yield

~mn m+l,n  m,n+l ml "X ‘

K * = 1/4[m K *n K *ily%e*], (7.39)
~mn mtl,n myn+l  ml "X : :

M, * = 1/4[m M, *+n M *+1N *7, (7.40)
A A A

~mn m+l,n myn+1 m1 Ny '

QLA‘ * = 1/4[m La *+(nf1) L_Af+iLX*H A*], . (7.41)
~mn m+l,n myn+l  ml n

_ s X m <N :
QNAB* = 1/4[m NAB*+(n+1) N *+1NAX* B*+3€ABG 1 0] (7.42)
Equations (7.35-42) and their complex conJugates (Q replaced by Q*) may
be solved using generat1ng functions, In terms of the generat1ng

functions, Equations (7.35-38) are
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QK(t;stp) = 17400, #D,-(ty4t,)/(t,t)) K (¢, t)) +

i(ty/ty - ty/t)/8, (7.43)
QM4 (tytp) = 174D, 4D,-1/t, My (£,1t,), (7.44)
QLp(tysty) = 17400, +D,-(t 4t,)/(t t,) I, (t0t,), - (7.85)
QNAB(tl,tz) = 1/4[D1+Dz-1/t2]NAB(t1,t2)+eAB/t2, | (7346)

where D1 = a/atl,iDé = a/atz. Equations (7.40,42), in terms of the
generating functions FAB*(t) = 'iNAB*(O’t);q"d @A*(t) = -iMA*(O,t) are
Q2 *(t) = 1/4[D¢A*(t)-¢A*(t)/t+iHAX*?X(t)*], (7.47)
| §FAB*(t) = 1/400F pg*(t)+iH, #F¥5 (£) ], (7.48)
where D = 3/3t. Equations (7.46,48) are integrated in Appendix E as
‘examples. The results are the finite transformations:

. - tt, . -
(Qgekltyts) = Tem)owe,y KIStE1osHER) *

(s (57E,) (7.49)
(gstalty ty) = gemeyrere,y balstpstty) (7.50)
. t, ‘

' (Q)4SMA(t19t2) = W MA(S“"tlgS."'tz), ) | (7.51)
(Q)4SNAB(t1’t2) = W NAB(S+t1 ,S+t2) + -(?_rrz)- s (7952)
(@), Fag*(E) = 1(F¥(s))3Fg*(s4t), (7.53)
- ' _ it ey Xers
(Q)4S®A*(t) = W (F (S))AX¢ (S'i't). (7.54)
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The right-hand sides of these equations contain the original generating
functions. The transformations of (6*)4S may be found by taking the
complex conjugate of Equation (7.49-54).

It remains to be shown that‘(a)4S and (6*)45 are related to
(Q)4s by one of the,dfscrete groups (rfS). This i§ done‘by Tooking at
the commutators of the infinitesimal operators. Using Equations (7.26-
29) and Eqdatlons (6.40-55), the fo]]b@ing commutators are obtained.

. k+1 Lk ‘k+l
[QO”TXY] = kay/4 s [QOZ] = kI /4,

. K k1, kK k+1
[QpsCy1 = (Zk-?) Cy/8 5 [Q:Cy*] = (2k-1)c, */8. (7.55)
Using Equation (7.25), it is also found that -
k k+1 k- k+1

[Q,T),1 = (k-1)T) /4 [QT,,0 = (K41)T,, /4,

k - k+1 k k+1
[Qlezj = kT12/4 s [Qaclj (k‘l) c1/49

k k+1 k k+l
- *
[Q’CZJ =k C2/4 H) [Q’Cl ] (k'l)cl /49

4,

k k+1 k k+1
[Q,C,*] = k €,*/4 , [Q,2] =k z /4. - (7.56)

If an operator J is to be a conjugate operator SQS, J's commutators must
be conjugate to Q's commutators. That is,
[J,A] = S[Q,A]s, (7.57)
S () -
where S is to be one of the I . It is found that for no combination
of integer (r,s) is this true concerning the operétors 60 and Q.
Defining the operators

~ ~ 1 ,
Q, = Qgtine/s, . (7.58)
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with n ranging over all'fnteger values, using thé nonvanishing
1

- commutators of L in Equations (7.55,56) and in

1k k+1 1 k k+1
[zscx*] = -i CX* ’ (7.59)

~  (rys) (rys) .

then Qn = I Q I for the following integer valuyes of (n,r,s) =

(2m+1,1,m+1); m=0,1,2,3,... It is seen that the operators 6* and 5

' (1,0) (1,0) (1,1) (1,1)
Q I d I Q0 1

defined previods]y in the chapter are I an

respectivély. (In finding this result, it must be notéd that Equations-
(6.57-60) hold for the parameters of the transformation. It is also
possible to write this‘in terms of the éﬂerators; for example, in
Equation (6.60), $2é+#;; .) Now thatva-and-ﬁ* have been found, the next

step is to apply them.
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CHAPTER 8

APPLICATION OF THE Q GROUP

In this chapter, the finite transformation (Q)4¢'s action will
be found on the metric components fy1 and fy,. - It will then be applied

to the Reissner-Nordstrom metric and potentials found by T.C, Jones .

(1980).

Action on the Metric Components f1; and f1j

Equations (6.24, 29-32) imply the following useful relations.
(1-2tz)eAB+21thB =
2(E)IF gt (E)F N (8) + ELay(t)eg(t)]. . (8.1)
For the metric components fyy and fyp, this implies

2itfyy = S2(t)(F1r*(t)Fia(t)-Fra*(t)Fy (L) +

Zogx(t) oy(t), - - (8.2)
2itfyy = S2(t)(Fy1*Fpp(t)-Fya*(t)Fpy(t) + :
%i 81*(t)a,(t)) - (1-2tz) S (8.3)

The finite action of (Q)4g on fyj will be derived here. Due to the
Tength ;f'the calculation, the finite action of (0545 on fio will only
be stated. |

The following useful relations will be used.

(Q)4¢p pS'z(S), ' ' (8.4)

Qg2 = - 35 = (z = 52)572(s), (8.5)

(Q)4S(t) = S(s+t)/S(s). (8.6)
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Here and elsewhere in this chapter, . ,
$2(t) = (1-2tz)2 + (2tp)2. o | (8.7) -

Using Equation (8.2) in the form '

‘21£;11 ='Sz(t)(Fll*(t);;Z(t)’Flz*(t);;l(t) + %1 ;:;(t);;(t))9

where the overhead bars indicate transformed quantities, and using

Equations (7.19,20,22), it is possible to show that
tS2 (s+t)

Zitfll = - - . X
: (s+t)S2(s)F12*(s)F12(s)
[F11#(s+t)Fyp (s+t)-F o *(s+t)Fy) (s+t) +
.21 '
T+t ?1*(S+t)§1(5+t)]- (8.8)
Comparing Equation (8.7) with Equation (8.2); it follows that
' 1
(Q)4sf11 = - (8.9)

S2(s)Fyo*(s)Fya(s)

This is exactly the form found for the vacuum case by Cosgrove (1980:

Equation (3.1c)). It can also be shown that. the following equation is

true,.

S Moo (558)F)
P i(z-1/2s) _ 22 2
(Q)4S 12 = P35 * $2(s) S2 (S)Flz*(S)Flz (s)

'F'IZ_EFS [(f,,+12)[F,, (s)det (F¥(s)) +

Z1 (9)%(5)Fp0*(s) - 02*(s)F1p*(s))e;(s)] -
F11[F 50 (s)det (Fo(s) + ZL (8,%(s)Fpp%(s) -

@2%(s)F12%(s))e2(s))1]. B (8.10)
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Application of Q to Reissher-Nordstrom

T.C. Jones (1980: Equations (6.44-47) found the following

results for Reissner-Nordstrom,

0y(t) = 208 [1-4t2T71/2, (8.11)
Fra(t) = oebey [ 4§52 - I01-482T71/2, (8.12)
F1a(t) = gy [ L + a101-062T71/2, (8.13)
f11 = (x2-1)/(x+8)2. _ (8.14)

In these equations, 8 is a constant assdciated with the charge-to-mass

ratio, x and y are prolate spheroida1‘toordinates defined by

X éléz [ /(z+K)2 + p2 + /(z-k)2 + 021, (8.15)

y ='%F [ v(z+k)2 + p2 - /(2-k)? + 02], | | | (8.16)
which may be written _. .

x = 1/2[S(-172k)+S(1/2k)1, - | (8.17)
and | |

y = 1/2[S(-1/2k)-S(1/2k)]. h (8.185‘
From Equation (8.8),

F11(x.y) = ube) | (8.19)

S2(x5y38)F12%(X,¥38)F12 (X,¥38)

This is equivalent to '

;ll(x,y) = by (8.20) |

SZ(S',y';s)Fiz*(x(;y';S)Flz(X‘,y';S)

with (x',y') = ((Q).4sX,(Q).gg¥). Using
S(x',y'5s) = (Q).4s8(x,y35) = 1/8(-s), (8.21)

and using Equations (8.10-12,17,18,and 20), it follows that "
| ;11(x y) = {1-45)20(S(=s-1/2k)¥S(-s+1/2k))2-452 (-5)]

8,22
[S(-s-1/2k)(1-25)+S(~-s+1/2k)(1+2s)+28 ]2 ( )
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Use of Equation (8.10) is not needed in calculating (Q)g¢'s action on

 f12, since for Reissner-Nordstrom fi, is zero. Another way of seeing

this is to begin with Equatioﬁ (7.9) in Kinnersley (1977a) reproduced
here as - ' | . ./ ' A

Vo = of2(721 1+ (61%701-61 791 %) ). o ' (8.23)
The fact that Fi;(t) and &,(t) are real and Fi2(t) is pure imaginary for
Reissner-Nordstrom, combined with Equations (7.19,20,23),»imp11es that
the transformed Ell(t), ;l(t) are real. This in turn implies that the
right-hand side of Equation (8.23) is zgho. This means that the
transformed w is a cbnstant, which we are free to choose as zero, Thus,
it is seen that (Q)g4g leaves the Reissner-Nordstrom spacetime static.

In an argument similar to that for finding (Q)45f11, beginning

.with Equation (7.23), it is possible to show that

/g2-1 —
[S(-s-i/Zk)(1-25)+S(-s+1/2k)(1+2$)+2$]v

o3 (x,y) = (8.24)

Since this is real, it is equal to Al,'and By is equal to zero.  Then

Equations (6.6) imply, since w = 0,

Ve, = -iof lve,, : - (8.25)

which méy be integrated to yield ¢,.
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CHAPTER 9
SUMMARY

The main results of this thesis were found in Chapters 7 and
8. In Chapter 7, the vacuum groups found by ‘Cosgrove were éxtended to
the electrovac case. In‘Chapter 1, the 6 transformation on an arbitrary
metric was found. As. an example, this wés applied to the Reissner-
Nordstrom métric; hoWever, no new solution was found in this way, Up to
this point, the extension of the vacuum case to electrovac has been
successful,
) _ A problem that has arisen resfdes in the épp]ication*Qf the
Q and Q* found in Chapter 7. The careful avoidance of these
transformations in Chapter 8 was no accident. They have been
troublesome since first discovered. o

First, fhe infinitésimal action of Q(Q*) on the metric function
has not been found. Second, and most prob]ematic,fis the meaning of
Equations (7.49-54). As an example to what is meant by the last &
sentence, cdnsfder the following., Equations (7.52,53) imply that
(6)4S(H11*) is not equal to ((6)45H11)*° Now by definition,

2f11 = HyptH *e20, %), ' (9.1)
To calculate the transformed fi1s (6)4S(H11*) and (6)4S(¢i*) hust Se
used. What then is ((5)4SH11)*? This prob]em was already mentioned in

. . . 1
Chapter 7 and was forced upon the problem when the iz/8 term was added
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to the transformation, It may be better to leave out this term if

~« complex metrics are to be avoided.

The following argument suggests that the vacuum case may be
further extended to electrovac. There are a group of theorems known as

Baker-Campbell-Hausdorf theorems. The one of use is

exp(sQ)exp(-s0) = exn(sQ-sﬁtg-Z[Q,f)]%;- [0,[0,Q17+

5 [00,81,33+...). (9.2)
From Chapter 7, | '
. 1 1 2 2
[Q,qQ] = 1/2[Q,T12]+1[Q,E]/8 = Ty,/16+11/32, (9.3)
Similarly, . .
- 3 3 ,
[Q,[Q,qQ]] = T12/32+12/54,' ' : : (9.4)
. 3 3 | S
[[Q,Q]q] = T12/32+i2/54- (9.5)
What this seems to imply is that
' : - ' o n n
exp(sQ)exp(-sQ) = exp( } (anT + bnz)). (9.6)
n=1
k k

Because all the T12 and © commute, and as long as the transformation
(9.6) exists, the the transformations of the form exp(sQ)exp(-sQ) will
commufe with each other. This may be the extension of Harrison's single
Backlund transformation; see Cosgrove (1981). |

The importance in studying the 6(6*) transformation of their
lequiva]ent‘modes of expression in other methods will probably bfing the

electrovac case to the state of success of the vacuum case.
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APPENDIX A

CONSISTENCY OF EQUATIONS (7.1-6)
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The proof for Equations (7.1-6) is given here. The field

equations are

n -1 x=" - ' .
VQA = -1p fA V@x (6::6)
and
n ~Nn
_ 1 X
VHAB = fA VHXB | . (6.7)

In order for Q to leave the field equatidns invariant, the transformed
quantities must satisfy Equations (6.6,7). (It must not be forgotten

thaf V and v are a1so transformed.) In terms of the infinitesimal Q

operator, th1s requ1res that

-1

v(Q¢A) -1p fa v(0¢x)+1p zfA v¢x-1p 1(Qf )\7@X . | (A.1)

and

1 X3 -1

Xzo Xyon |
ZfA VHXB-lp (QfA )VHXBo l (A.2)
It is seen that the quantities Qfpg are needed. Using

n
V(QHpg) = -ip V(QHXB)+19

1/2(Hy1+H11%) + o1%y, (A.3)

fi1 =
f1o = 1/4(Hyp+H)p*+Hy +Hp1 %420, %0420, %0, ) , - (A.4)
fap = 1/2(Hyp+Hpo*) + 0,%0,, R (A.5)
it can be shown that
-f11012
Qfyy = ——m—+ f112, (A.6)
-f11922 - : '
Qf12 =___2___+ fnZ, ) (A'7)
and
f22R12
Qf2p = —5—— + T222 - f12Q7. (A.8)

Writing Equat1ons (A.1,2) out in full y1e1ds the f0110w1ng equations.
V(Q®1) + ip 1f12V(Q®1)

) ~N ~N ~N
= ip [fl1V(Q@2)+Zf12V¢I-ZfIIV®2- (Qflz)v¢1+(0f11)V®2], (Aog)
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n 1. =, N
v(Qe,) - ip f12V(Q¢2)
= -1p [fZZV(Qél) zf22v¢1+zf21v¢2 (szz)val-(QfZI)vaz], (A.10)
-1
V(QH11)+1D f12V(QH11)
_ . ~n - N N
= o [f11V(0H21)+Zf12VH11‘Zf11VH21'(Qf12)VH11+(Qf11)VHzl]s
(A.11)
-1
V(QHzl) -ip. f12V(QH21)
= -ip” [fsz(QH11) Zf22VH11+Zf21VH21+(Qf22)VH11 (Qf21)vH21],
(A.12)
n 1.~
V(QHy2)+ip “f12V(QH;2)
-1 ~ N N .N N .n
= ip "[f11V(QHyp )+2f 5 VH 5 -2F THy, - (QF 5 )VH; 5 +(QF ) JWH, T,
(R.13)
N n -I L~ n .
V(QHzp)-1p “F12V(QHz2)
1., =N <N N N N
= =ip [V (QH 5 ) -2 VHy 5 +2F 5 VHy o +(Qf 5 )VHy o - (QF) JVH, 1o
' (A.14)
A1l of the above equat1ons fall into pairs of equat1ons similar to
T(OA)+ip™ 1f12V(QA) |
[fIIV(QB)+Zf12VA-Zf11VB (Qflz)VA+(Qf11)VB],
and
n 1 - N
v(QB)-ip f12V(QB)
= -'Ip [fsz(QA) ZfszA+Zf21VB+(Qf22)VA (QfZI)VB] (A.16)
Furthermore, all the A and B sat1sfy the field equat1ons
VA = -ip"L(f), A, 7B) - (A7)
and
.Nn -1 ~N ~N ;
VB = -'ip (fszA fZIVB) ’ (Aolg)
Equations (7 1-6) imply that the A and B sat1sfy

n+l n
QA 1/4[nA+iH,,A], - (A.19)
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n . n+l 1n n+l 1n
QB = 1/4[nB+1M2+1H22A] or 1/4["B+1N21+1H22A] (A{ZO)
n n n n n
for the A consisting of @, or H;;, and the B consisting of &, or H,,,
“and | A
n+l n : :

QA = 1/4[(n+1)A +iH,,A] , (A.21)

n ntl 1In

QB = 1/4[(n+1)B +1N22+1H22A] . (A.22)
n n n n

when the A are H;, and the B are H,,.
The proof begins by examining the left-hand side of Equation

(A.15), .
-1 n+l "N 'n
V(QA)+1p flzv(QA) = 1/4[(n+1)V A +iH),VA + 1AvH12
N+l
+ip 1flz[(n+1)v A +1H12VA+1AVH12]],

with (n+l) equaling n if Equation (A.19) is used or (n+1) if Equation
(A.21) is used. Using Equation (A.17) and Equation (6.7), the left-hand
side is now .
-1 N+l 1 ~n+l
1/4[(n+1)( 1p f12V A +1p f 11V B )
N

+1H12( ip-1f12VA+ip-1f11V?) !

+ 1A( 1p 1f126H12+ip-1f116H22)

N+l Lnong
+1p flz[(n+1)V A+1H12VA+1AVH12]]

io71f), .+l on
= [(n$1)V B +1H12VB+1AVH22]

Now the rfght-hand side is exémined.
-1 . N .Nn .Nn N .n
1p [fl1V(QB)+Zf12VA-Zf11VB-(Qf12)VA+(Qf11)VB]

n+l In 1n 1n
= 1p [fllv 1/4[(n+1) B + 1(M2,N21,N22)+1H22A]

i . N f IQ ' n fllg 22
+ 2f,VA-2f |, VB+( - f1,Z)VA+(- —-—7?- + fllz)VB]
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ip "1 ~ntl  _1n .1n .1n
"‘TT"“ [(n+1)v B +1(VM2,VN21,VN22)+1H22VA+1AVH22

n ‘ n
+2922VA-2912VB]

ip T3 N+l
———1——- [(n+1)V B +1(H12*V¢2-H22*V¢1,H12*VH21'H22*VH11s

~N - =N ~N ~N Na
Hyp*VHyp =Hop *VHy 5 )+ (1iHp5 4205, JVA-20,, VB+iAVH,, 1.

~N ~N
Since the quantities in parentheses all represent H;;*VB-H,,*VA,

19 lfll n+1
= e [(n+1)V B +1(H12*VB HZZ*VA)+(1H22+2922)VA

‘ n n.
-2Q,,VB+iAVH,, ]
= —— (n+1)V B +(iH;p*- 2922)V8+( 1H22*+1H22+2922)VA

n.
+iAVH22]

io7lf), ol
———E——— [(n+1)V B +1H12VB+1AVH22],

since ile*-2912=iH12 and 0=-iH22*+1H22+29229| 

The left-hand side and right-hand side of Equation (A.15) match

for all n. This implies Equations (A.9,11,13) are true for Equations

(7.1-6); Next, Equation (A.16) must be checked. Since the procedure is

similar, no explanation will be ‘given. First examine the left-hand

side,
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n+l In 1n 1In

V(QB) ~1o™L¢ ,7(0B) = 1/4(VL(ni1) B +1 (Mg Ny SNy )+iHp AT

t

-1 ' ntl  In 1n 1n on
_1p f12V[(n+1) B +i(M2,N21,N22)+1H22A]}

n+1 '
1/4[(n+1)V B +1(H12*VB H22*VA)+1H22VA+1AVH22

~n+1 ~N ~Nn
-19 flz[(n+l)v B +1(H12*VB H22*VA)+1H22VA+1AVH22]]

' o1, =Ml n+l
l/4{(nf1)(-ip fzzv A +ip f21V B )

S PR L
+1H12*(-ip f22VA+ip f21VB)

-1 ~N _1~n
-iH22*(-ip f12VA+if11p 'VB)

1. <M _q D non
+iH22(-ip f12VA+ip fllVB)+iH22VA+jAVH22

Lntl o n
-1p f12[(n+l)v B +1(H12*VB sz*VA)+1H22VA+1AVH22]}

' ©oan+l ~N
= 1/4{-1p" 1, (N¥1)7 A -ip 1f22(1H12*VA) 10”1, (<21H,,*TA)

n N
-ip lfll(Tsz*VB 19 1f12(21H22VA)+(1p 1f11(iH22VB)

-1 n.

. -1 ~n+l -n
=ilﬂz_ {F20 (NF1)V A +(i 5 Hyp *=2iF 5 Hyp #4215 Hy, JVA
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N n.
+(1f11Hap*-1F ] 1Hpp )VB+ifp2AVH) 5}

. Next, the right-hand s{de.

One

MR PYISP)
-ip” [fsz(QA) Zf22VA+Zf21VB+C——1g—-‘+ fzzz‘flzﬂzz)VA

f11922 ~N

_1 fo2 n+1l
f-z— v[(n+1) A +1H12A]

f22912 LN 19, L0
e - flznzz)vA+ — B

-ip’l ~Nn+l ~N n.
T {)(n+1)f22V A +1f22H12VA+1f22AVH12

~N . ~N
+(2f229 12~4f12922 )VA+4f1 1922‘75}

. =1 ~n+l
-1
= {(n41)F2,7 A +(1f22H12+2f22912'4f12922)VA

~N n.
7 42f11R22VB+if,, AVH; 0}

sees, after a little algebra, that thé right-hand side again equals

the left-hand side of Equation (A.16). This implies that Equations

(A.10,12,14) are true for Equations (7.1-6). Therefore, Equations (7.1-

6) are true.
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APPENDIX B

EXAMPLE CALCULATION FOR EQUATION (7.12)
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The object of this appendix is to show how Equation (7.12) was
obtained. '
mn
Begin with the defining relation for Niys

mn m’ n m N .
UNp=H} 1 *VHy  =Ha *VH o (B.1)

From this it can be shown that the infinitesimal operator Q acting on
mn mn
Ni1s QN3ys must sat1sfy
V(QN11) (QH11*)VH21 (QH21*)VH11+H11*V(QH21) H21*V(0H11) (B.2)

m m+l
The QHy;* = 1/4[mHy, -1H12*H11*], can be expressed as

ml ml m
- i/4[mNy;+2me; *My -Hy ) *(mH, ) +2md; *0, +(m=-1)H;, *)

mo . _
+ Hyp*m(Hy ) +28, %6, +H, 1 %) ], ' (B.3)

after using Equations (6.4,5,10<11). A similar expression may be
m
obtained for QH,;*, and is -

ml ml m
- /80 (m+1)Np p+2mo, *M; -Hy ) *((m+1)Hyp+2mey %0, +(m-1)Hyp *)

m .
+ HZI*((m+1)H12+2m®2*®1+mH21*)]. . (B.4)
Using these, 1t'can be shown, after some algebra, that

V(QNll) = 1/4[2(m+n)(H11*(f12-1z) H21*f11)VH21 +

m
2(m+")( H11*f22+H21*(f12”Z))VH11+
n mi‘ n ml In 1In 1In

(-lel)VH21+(m+1)N%ZVHII-ZlivL1+2nL1VM1

] .
LPL R O LIS PRE ‘ (B.5)
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Using
myn+l m n+l m n+l
VNy; = Hy VH21'H21 VH11

{]

1[2(”11*(1:12-12) H21 fll )VH21
m

2(- H11*f22+H21*(f12+1Z))VH11

Tnml n ml ml

2L\ VM +H, YNy g -H)  VN; 5 T,

+

+

it is seen that - -
mn m,n+1 ml Tn - ml n
V(QNy,) = 1/4[(m+n)v Ny -2imv(M; L, )-imv(N; Hy;)

) ml n
+ i(m+1)v(N;,H, ;)]

which proves Equation (7.12).

(B.6)
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APPENDIX €

CONSISTENCY OF EQUATION (7.16)
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Equation (7.16) is derived in this appendix. Begin with

Equations (2.40,41) and with the variable change

Xy = p+iz, Xy = o-iz. ' ' (C.1)
Equations (2.40,41) then‘become
-2
= of” o * *0Q* 5
T L6 6% 420,06 50 4201 %G G0y +A0%010 % s0q 4]
1 :
b pr @1 ’i 1319 (Coz)

with i = 1,2, Under the Q transformation, the left-hand side of

Equations (C.2) becomes
', o= C.3
v o= v () t1XJY J) (. )
where the .plus sign applies if j=1 and the minus sign applies if j=2.
For the transformation of the right-hand side of Equations (C.2), the
following relations will be useful.

Qe = pz, Qz.= 1/2(2-0%), Qxy = -ixi /2, Oy = %272, (C.4)

a/axy' = (l+iex;)a/dxy, 8/oxy' = (l-iexy)3/9xy, (C.5)
2 > > .
QG = 1/4(H11+1HIZG) = 1(N11+2¢1L1+GH21)/4, | - (c.6)
2.* *, -k.*'k %
. = T ws # o i
QG* . 1/4(H11 1H12 G ) 1(N +2¢1 L, *+G H21 Y/4, (Co7)
2
Qe, = 1/4(¢1+1H12 1) = 1(M1+2®1K+G¢ )/4 | (C.8)
2* %, XU RLLxG *
* = - = =i
Qo,* = 1/4(0,*=1H),*0,*) = =i (M, %420, *K*+Ga ) /4, (C.9)
Then it is seen
-2 -2 -2
o el vl (0),2) | (C.10)
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and

“2of 1 5 c2pflogprlg (C.11)

12°
The bracketed term on the right-hand side of Equation (C.2)

goes into
[G’iG*,i+2¢16’i¢1*’i+2¢1*e* .¢1 '+4¢1*°1¢1*,i¢1-i] N
E{[G,iG*,i+2®1G,i¢1 ’1+2¢1 *G . @1 +4¢1*¢1®1 ’1¢1 1] X
[-9 +1(K-K*)t(21x.—1p)] +
10,fG c0,* IR . (C.12)

where the t means the same as in Equation (C.3). Finally,

i-1¢2*fG* @1 .+2(K- K“’)‘i"<i>1”"1

b

¢1*,i¢1,i > @1*’i¢1’i+e{1/2¢ * %1, .[-921+21(KdK*)t(4ixi;Zip)]

1(@ G ¢ o, *G* 0. .)/4 (C.13)

1 i 2 o1 1,1

Comb1n1ng terms on the right- hand side of Equat1ons (C.2) then
yields

tix;{the right-hand side of Equations (C.2)}

= t1x Y ' (C.14)
From Equat1ons (C 3) and (C. 14), it can be conc]uded that _

(@) 5 =0 Q= a constant. . " (C.15)
since y»0 as p2+Zé approaches infinity, the conclusion is

Qy = 0. ' - (C.16)
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APPENDIX D

INTEGRATION OF EQUATIONS (7.17,18)
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Equations (7.17,18) are integrated using Equation (3.49). They
then become the partial differential equations |

Dp8y(tss) = [Dy81(t,5) - 2 &1 (t,5)+iH 5 (s)e, (£,5)], (D.1)

DoFya(t,s) = [DyF 1o (t,s)+i(DyF12(0,s))F (tss)], (D.2)
with D, = 3/3t, D, = a/as; QpcF12(t) = Fia(t,s), and ‘ ‘
(Q)ggo1(t) = o1(tss).

Equation (D.Z) is solved by a separation of variables’

F1a(t,s) = g(s)h(s+t). S (D.3)

Substituting this into Equation (D.2) yields
d ,1 . dh ‘ :

=g, o (D.4)

whose solution is trivially _
\ = 1 _ _ ‘

g(s) m O - (D.5)

Therefore, '

Fia(t,s) =iy, ' (D.6)

The initial condition Fy5(t,0) = Fyp(t) requires ¢ = 0, Since h(s) is

arbitrary, h(0) may be set equal to one implying

Fo(bas) = iFy12(s+t) —_—
12{868) = —yoey | (0.7)
‘which further implies ‘
] dFlZ ’
Hya(s) = FL(5) 05 ° - (D-s)ﬂ

Equation (D.1) becomes
Dow(t,s) - Dyw(tss) = 2k w(t,s), (D.9)
where w(t,s) = F}Z(s)¢l(t,s). This is solved by separatiné variables to
w(t,s) = g(t)h(s+t). - ~ (0.10)
Substituting into Equation (C.9) yields "

G-fogec. - (0.11)
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Therefore,

01(t,s) = SSL) | (0.12)

The initial condition &;(t,0) = &;(t) requires
ey (t)
h(t) =

R (D.13)

or .
ity (s+t)

(ﬁl(t,S) = W . | “ ‘ ‘ (D014)
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APPENDIX E

INTEGRATION OF EQUATIONS (7.46,48)
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Equation (7.46) represents the partial differential equation
-1
’ ( = "‘t—' T) NAB(t19t29S) 2 ‘(NAB(tl’tZ’S) - EAB)’ (E.l)
s being the group parameter.,

This equatibn is solved by the method of characteristics, the

equations being equivalent to

ds = dtl=Ld%'=_QdMB ' (E.2)
Neps * | .2) .
The solutions are :
s+t = ¢y, o (E.3)
S +ty, = Cy, ‘ (E.4)
Nag = 9agtz + eppo (E.5)

where gpg is determined by the initial condition
NAB(tl,tz,O) = NAB(tl,tz). Set s = 0, thgn

Npg(cisc2) - ¢ '
_ AB AB .
9 = A " . (E.6)

Therefore, for s # 0,

-

. -t
NAB(tl,tz,S) .= m‘z‘ (NAB(S+t1 ,S+“t2) - GAB) + EAB

t2 S
= -s-—ff- NAB(S+t1 ,S'*'tz) + "'—f- €ABo . (E"7)
Equat1on (7.48) represents the partial d1fferenta1 equat1on
(EE"'ﬁf) Fag® (t,s) ',1HAX*(S)F 8 *(t,s), , (E.8)
“or '
-a_— L A * = 4 a A *
a5 ~at T opi(tes) =1 gy e S)

or in matrix notation

oo 5r PHts) =1 ZpFr(tes) g FE(t,s).  (E.10)

g0 Fp*(8s8),  (E9)

9S ot
The ansatz is made that

F*(t,s) = g(s)h(s+t) : (E.11)
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where g and h are 2 by 2 matrices. Putting this into Equation (E.10),

v ;éndjbéing careful to maintain the matrix order, the equation becomes

dg . ;. dh
a’s— ’193'5—9’

or :
-1 dg -1 . ; dh
g et =i g,
Next, use the matrix identity
. -.1 ’
dA™* _ ,-1dA ,-1
T ° -A I AT,
to find that '

dg™! _ . dn’
ds ds °
Thérefore,

)

g7l(s) = C - in(s),
where C is a constant 2 by.2 matrix. This yields

F*(t,s) = (C - ih(s)) th(s+t).

Setting t = 0, and using the initial condition F*(0,s)

C = 0. Therefore, .

F¥(t,s) = ih™}(s)h(s+t).

Set s = 0, use the initial condition F*(t,0) = F*(t);

F*(t) = ih"1(0)h(t).

(E.12)
(E.13)
(E.14)
(E.15)
(E.16)

(E.17)

= i réquires
(E.18)

(E.19)

Since h(t) is thus far arbitrary, it is possib]e'to set h'l(O) =1 so

that
h(t) = -iF*(t).

Therefore,

F*(t,s) = i(<i1F*(s))™1 -iF*(s+t)

iF* L (s)F*(s+t)

FABé(t,s)\= i(F*‘?)AX(s)FXB*(s+t).

(E.zof

(E.21)
(E.22).
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