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Abstract:
The behavior of hinged shallow circular arches respectively under arbitrary static loading and under a
moving load is studied.

The first part of this thesis deals with the static stability problem, the second part with the dynamic
instability, and the last part with the deflection and the stresses on the arch rib. The results respectively
due to various types of loading are obtained and examined. It is found that the smallest static buckling
loads for the hinged shallow circular arches occur when the point load lies between the support and the
center of the span. In the dynamic case the results show that except for a small range of v/L
(speed-span ratio) the dynamic buckling loads are greater as v increases. For some range of v/L, the
dynamic buckling load is found to be less than the corresponding static buckling load.

For large geometric parameter λ, the effect of λ upon the deflection and the static stresses is negligible.
However, the effect of the section stiffness upon the static deflection as well as static stresses is quite
significant. 
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ABSTRACT

The behavior .of hinged shallow circular arches respectively under 
arbitrary static loading and under a moving load is studied.

The first part of this thesis deals with the static stability prob 
Ism9 the second part with the dynamic instability, and the last part 
with the deflection and the stresses on the arch rib. The results 
respectively due to various types of loading are. obtained and examined. 
It is found that the smallest static buckling loads for the hinged 
shallow circular arches occur when the point load lies between the 
support and the center of the span. In the dynamic case the results 
show that except for a small range of v/L (speed-span ratio) the 
dynamic buckling loads are greater as v increases. For some range 
of v/L, the dynamic buckling load is found to be less than the corre­
sponding static buckling load.

'
For large geometric parameter X, the effect of X upon the deflec­

tion and the static stresses is negligible. However, the effect of 
the section stiffness upon the static deflection as well as static 
stresses is quite significant.

\
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NOTATION

A cross-sectional area of the arch 

a unit tangential vector
thA ,A the amplitude of the n harmonic; A n n n

A^,Aj critical amplitude associated with the first mode

A . value of A at T = 0 m n  n
b width of the arch

C the distance between the point load and the left support

D damping coefficient
— A , LlD = DL /Elm

E Young's modulus 

e= flL

e axial strain component CKX
strain component in the radial direction

ea  ̂ shearing strain component

&c defined in Eq- (2.23) [ = ~ ^  + ^

g a vector defined in Eq- (2.25)

H rise of the undeformed arch

I moment of inertia of the arch section

I* = / U 2/l - S/R) dA 
A

J( ) indicating unit step function

Kc defined in Eq. (2.23a) [
.2d w

I



k = H/L

L span length of the arch

M maximum moment corresponding to a point of application of the
point load

Abs. M the largest value of M for an archmax max
.M bending moment of an arch section 1

AM small increment of M ■

m mass per unit length of the arch axis

N absolute maximum axial thrustmax
N axial thrust

AN small increment of N ' '

N constant axial thrust o
N1 = -A £ R2/2 . ■ . x

n unit normal vector.

P external point load 3
P = PR3ZEI5 P = ■■ PL. s ; P = P1PZR

2EItt R
-APcr antisymmetric buckling load parameter 

Q Shear force resultant 

AQ small increment of Q

q uniform pressure per unit length of the arch axis

R radius of the deformed arch

R radius of the undeformed arch 
*

R radius of gyration of an arch section 
-  - f t
Rq5R position vectors explained in Section 2-2

xii

L
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position vectors explained in Section 2—2

N L o
EItt2 .

s distance measured along the arch axis from the left support 

As curved length of an arch element 

As', As'* see Figure 2-3 

s = s/R 

T time

t thickness of the. arch rib 

U u/RB2

11 tangential displacement of the arch axis
2u = Ru/t 

jV

¥  = "w/Rg

speed 
2

v  radial displacement of the arch axis

w  = w/t 
*

w  displacement increment associated with the antisymmetric mode 

x a spatial coordinate ,

vertical coordinate of the undeformed arch shape 

y vertical corrdinate of the deformed arch shape 

a angular coordinate 

Aa central angle of an arch element 

Kq _angular position where the point load is acting
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3 angle subtended by the arch

6( ) indicating Dirac delta :function

axial strain
*
6 infinitesimal increment of <£

% length of PQ (see Fig. 2-2)

I = ?/t

n = ea

nO position of application of the point load

H i geometric parameter of the arch

y = eg

? = q/P ■■

Q angle QPQ (See Fig. 2-2)

U = Rfl/t

ton natural frequency of a linear system

toe equivalent natural frequency associated with

a axial stress act
CT the combined stress of the extreme fiber of the section

CT maximum combined stress corresponding to a point of applicationmax c 4.1. ■ 4. i j sof the point load

Abs „ Ct the largest value of CTmo^ for an arch \max .....  "

(abs. = absolute; max. = maximum; and cr = critical)



CHAPTER I

INTRODUCTION

1.1 General Introduction and Scope

Arches are a common type of structure. They are usually 

divided into two categories: shallow and high arches, depending upon

tfoe arch rise. The analysis of high arches is a linear problem since 

the axial strain can be taken as zero. Shallow arches,,however, behave 

in a non-linear character. Many papers dealing with the static stability 

of shallow arches may be seen in the literature. These papers are United 

to the special case of symmetric loading. Since most practical loading 

cases are non-symmetric, a part of this thesis is devoted to the investi­

gation of the static stability problem of hinged shallow circular arches 

under arbitrary loading. The investigation is made by first solving 

the governing equations and then studying the load-displacement curves. 

The buckling loads are obtained either from the load-displacement curves 

or from external load parameter vs. axial load parameter curves. The 

critical (buckling) loads corresponding to a point load and combined 

loads (point load plus uniform load) respectively are tabulated, 

plotted and compared. '

For shallow arches subjected to dynamic loads, the behavior 

is expected to be different from the static case. The behavior of 

shallow arches under step loads or impulsive loads is well documented 

in the literature. To the knowledge of this writer there has been no 

paper in the past that studied shallow arches under moving loads. Thus,
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an additional objective of this thesis is to examine the dynamic sta­

bility of shallow arches under moving loads. This study is of practical 

interest in many applications of arches. The dynamic investigation 

uses a numerical method for solving the governing equations. The 

critical (buckling) loads are:determined by observing the sudden great 

change in the displacement due to a small increase in the external load. 

The critical loads are expected to be different for various arch geo­

metric parameters. They are also a function of the velocity of the 

moving load. The effects of geometry and load velocity are investigated. 

These results are included in,Chapter 4. In addition,the effects of 

the dead weight treated as a uniform pressure in addition to the moving 

load are investigated.

The deflection and the stresses on the arch rib are of concern 

to the structural engineer. To get an insight into how the moving load 

affects the deflection and the stresses of the arches, the•influence 

lines for the deflection and the maximum stresses respectively corre­

sponding to various cases are drawn and compared. Some study about the 

effects of the section stiffness and the arch geometry upon the maximum 

deflection and the maximum stresses are also carried out. Chapter 5 

gives the results of this investigation.

Throughout this work, the following assumptions are made:

1) The material obeys Hooke's law;-

2) The section remains plane.'after deformation;
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3) Shear and rotary intertia effect is neglected; and

4) The undeformed arch shape is perfect.

1.2 Historical Background

In the study of the stability of shallow arch, as early as
i—■

19.35«, Timoshenko [1] investigated a sinusoidal arch under sinusoidal 

loading. In his simple solution, the buckling mode was restricted to 

the symmetrical one. In 1952, Fung and Kaplan [10] worked out the 

same problem by using a series solution. They also examined pin- 

supported circular arches with a point load acting at the crown. Later, 

Gjelsvik and Bodner [5] used energy criteria in investigating snap 

buckling of fixed arches under a central point load. It was not until 

1966 when an exact solution was obtained [4] by directly solving the 

governing differential equations. The closed form solution worked out 

by Masur and Shreyer for fix-ended arches under a uniformly distributed 

load and a central point load was experimentally verified by Cheung and 

Babcock in 1970 [15]. In 1967,. Lo and Conway [43,44] analyzed pinned- 

end arches under opposite end moments and under central point load and 

found that the inextensional theory cannot be applied to the shallow 

arch problem. By verification from experiments, Kennedy and Aggarwal 

[48] found that for longer arches the arch weight has a profound effect 

upon the buckling loads. To compare the results by exact solutions, 

series solutions and by experimental work, Dickie, and Broughton [46] 

carried out investigation of circular arches with different boundary 

conditions and under various types_of loading.
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As for an arch under dynamic loading, Hoff and Bruce [9], Hsu 

[14,21,23,26,27,50] used an energy approach to study shallow arches under, 

a step load, as well as an impulsive pressure. Hoff and Bruce used a 

two-mode approximation while Hsu obtained the results by the exact 

solution. In 1966, Humphreys [22] used the analog computer to solve 

the problem. ' In the same year. Lock [51] analyzed a pinned-end arch 

under step pressure by direct integration.

There are several articles concerning the stresses and the 

deflection. The most noted one probably began with the report [32] 

in which the Rainbow Arch Bridge over the Niagara Gorge was designed 

and analyzed. The difference between the so-called elastic theory and 

the deflection theory was presented and discussed. Earlier, Newmark 

[28] studied the interaction between the rib and the superstructure. 

About the same time Hall [29] examined the effect of the deflection.



CHAPTER 2

DERIVATION OF GOVERNING EQUATIONS

2.1 Introduction

The arch problem, characteristic of its nonlinearity in the 

relationship between load and displacement may not be treated in the 

same way as in the beam problem. With an aim to clarify this problem 

thoroughly, and under the assumptions made in Chapter I, the equations 

governing the arches in general are to be derived in the following 

sections.

2.2 Arch Equations jh General

Consider the small element of a deformed arch as shown in 

Fig. 2-1. Summing all the forces in the radial direction gives:

bqAs - Q Cos + (Q + AQ) Cos + N Sin

+ (N + AN) Sin |^ = 0 --------------- --------------- (2.1)

b = the width of the arch 

q = distributed load per unit area 

As = axial length of the arch element 

Q .= shear force resultant of the section 

AQ = small increment of Q 

Aa = central angle of the arch element

in which



y
*

6

x

Fig. 2-la. Pin-Pin Circular Arches Under Uniform Pressure q

Q + AQ
N + AN

M + AM

Fig. 2-lb. Equilibrium State of the Element As
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N = axial thrust 

AN = small increment of N

Divide the equation by As. Note that As = R Act, where R is 

the radius of the arch in its deformed shape, Cos - I and
• A pj A CtUin = —  . Take the limit as As approaches zero and one obtains the 

following equation:

■ b q + f l + R = 0  ---------------------— (2.2)

Similarly, summing all the forces in the tangential direction

gives:

(2.3)

Taking the moment of all the forces about point 0 and applying 

the equilibrium conditions gives:

—bq As R Sin + M - (M + AM) + Q Cos Ip-

(2R Sin Ie-) - N Sin |^ (2R Sin ^ )  = 0 (2.4)

in which M = bending moment

AM = small increment of M

As before, rearranging and taking the limit as As 0, the 

last equation becomes:
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Z

Q (2.5)

Eqs. (2.2), (2.3) and (2.5) are combined to give:

d3M . I d R  d2M , I dM , bdq ^ bq dR
j 3 R ds , 2 2 ds da R dsds ds R

(2.6)

Eq. (2.6) relates the moment on the section to the external 

- load. To know the relationship between arch displacement and external 

loading, let's consider Fig. 2-2, in which P is a point on the arch 

axis before deformation. After deformation, this point moves to p. 

Similarly, another point Q, which is off the centroidal axis, displaces 

to Q in the deformed configuration. If the position vectors of P, p,

Q and Q are respectively represented by rQ , Rq, r, and R and the 

assumptions in Ch. I are used, one has

r _ r + £ n -----------------  (2.7)o

R = r + w n + u a ----- -------------  (2.8)o o

R = r + w n  + u a  + z;n- £fia ------------------  (2.9)o
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y

/</

LJItQ

Fig. 2-2. An Arch Section Before and After Deformation

R
A*

Fig. 2-3. Deformation of a Small Arch Element

«-x
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in which

From Eqs.

n = unit normal vector 

a = unit tangential vector 

w = radial displacement 

u _= tangential displacement 

X, - length of PQ 

= angle Q p Q

(2.7), (2.9), and noting that

dro -  ' '
di"= a ■ ---------------- ----------<2-10>

dn I —  
ds “ R (2.11)
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one has

dr = a ds + n dr; (2.12)

and

dR = (ds + ds - ds — ĵr ds — £ ds - Odr;) a ds R R ds

+ (^7 ds + ^  ds + ds - ds) n --------------- -—  (2.13)

With the strain component in the axial direction denoted by 

, in the radial direction by e^ 9 and the shearing strain by e ^  

follows:

9

2 (e dsds + -2 e 'ds dr; + e dZ dg) = dR dRaa az ZZ
- dr ° dr ------------------------- --------------- (2.14)

Substituting Eqs. (2.12) and (2.13) into (2.14), carrying out 

the inner products, and equating the corresponding coefficients of 

(dsds), (dsd?) and (d? dr;) respectively, the following tensorial 

strain components are obtained:

aa
du w I ,du. 2 I w^ I ,dwx'2
ds R 2 M s ; 2 R2 ^ 2 M s ;

w du dw 
R d s  ds

xi , 1_ u 
R 2 R2

,Ou dO 
c [?  + ̂

, I du . 0 dw , dO du w w dO.
R ds R ds ds ds R2 R dsJ

+  c2 [ | ( g ) 2 + | ^  + | ( f ) l -  (2.15i
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(2.16)

e (2.17)

Some of the terms in these equations are significant while 

others are not. To sort out the terms which are significant, recourse 

is made to non-dimensionali'zing these terms with the following 

substitutions:

s = s/R 

w = w/t 

I = C/t

R
n = ^  n

- RU = - U

(2.18a)

(2.18b) 

(2.18c) 

(2,18d) 

(2.18e)

in which t is the thickness of the arch. Eq. (2.18d) is

obtained by letting the cross sectional rotation, indicated by ft,

equal , i.e., = ~  —— . Eq. (2.18e)' is derived from the
ds ds R di

consideration that axial displacement is due to the differential in w, 

the radial displacement. Consider Fig. 2-3,

As’ = (R - w) A<j>

2 2 1/2 As" = [(As*) + ( g  As’)2]
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1/2
= (As') [I + ( g ) 2]

4= (As') [I +  ( ^ ) 2 ]

and

du ^ As" - As*
* i  < f )2 * jds." As'

. t ,dwx2 - u v —  (— ) s
ds

Hence

U = - T U
t2

which is Eq. (2.18e)

If each value in Eqs. (2.18) is considered to have the 

magnitude of order unity, and by substituting Eqs. (2.18) into 

Eqs. (2.15), (2.16) and (2.17)» and rearranging the terms in 

ascending powers of t/R$ one can tell the relative significance of 

each term in these equations. By dropping terms with higher order 

power than (t/R)^, one has '

+ ̂  + ------------(2-19)

e„5 = - « + f  --------- --------------- -- <2-20)

e«  " 0 ------------------ --------
(2.21)



Neglecting the transverse shear deformation gives

0 - i f  - ----------- ---------------- <2-22>

14 • .

Introducing two expressions,

ec
du W 1 I ,dw. 2
ds R 2 M s y (2.23)

and

Kc
W (2.23a)

and noting that the tensorial strain is related to the physical strain 

[42] by

—  . — \l/2
eC= ■ 6W 7ts s) -----

in which g is defined by

s - E  - a f  + % if - ( 1 - f ) 1

at G = 0, g = a 

it -follows that

ec - , • ,
6aa I - c/R ~ I - C/R Kc

The axial stress is then

(2.24)

(2.25)

(2.26)

aact act= E e (2.27) •
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in which E = Young's modulus•and the axial force is

N = f a A aa dA B e /c A I - ?/R B K /  CdA 
C A I - C/R (2.28)

or

N EAec

where
*

I A I dA

(2.29)

(2.30)

Similarly, the bending moment is

M oaa
*

BI Kc (2.31)

or

*
M = BI rl du + 1 _ (dW)2 

lR ds 2R M s v ]

Substitution of Eq. (2.32) into Eq. (2.6) yields

*
BI I dR d2

R ds , 2 ds
_ d& i  + Mq_ + M  IR

. 2J ds R dsn.Q '

+ l-d_) rldu + i_ ( ^ 2
2 ds; 1R ds 2R W  

= 0 ---------- 1--------

(2.32)

(2.33)

In this last equation, BI was assumed constant. As before, 

and TTT (4^)^ may be neglected. Eq. (2.33) then becomes.
Ix Q S  Zix Q S
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bdq bq dR
ds R ds-T-=O- (2.34)

Eq. (2.34) is the governing equation of general arches for

small deflection under external load q. For high arch problems in

little modification. The linearization of this process is the 

classical inextensional theory.

2.3 Equations for Shallow Arches

The governing differential equations for shallow arches may 

be derived in the same manner as the derivation of Eq. (2.34). However, 

some appropriate considerations must be made. It is well known that, 

if the arch rise is great, the inextensional theory will hold in general. 

In the case of shallow arches, i.e., the ratio of the arch rise vs. 

span is less than 0.115 which approximately corresponds to the average

fails to predict the behavior of the arch. This is because the 

effects due to the axial thrust can no longer'be ignored in this case. 

In other words, the axial strain now has to be included. Furthermore, 

for shallow arches the axial force N is approximately constant through­

out the span [41], which implies, from Eq. (2.3),

'WhlaCh ec in Eq. (2.23) is set to zero, Eqs. (2.33) and 2.34) need a

ds
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or N = -Nq ------------ .------------------------(2.35)

IThe curvature —  in this case may be approximated as

i "
R T — 2 (w ™ yo) ------------------------------------ (2.36)

' K dxZ °

If The arch is also assumed thin in thickness, Eq. (2.32) gives
,2

M = -EI ------------------------------ ------(2.37)
dx

From Eq. (2.2) , Eq. (2.5) , and Eq.. (2.35) ,

,2 N
— -----2. + bq = 0 -------------------------------------(2.38)
ds

Due to the shallowness of the arch, ds = dx, and by substitution of 

Eqs. (2.36) and (2.37) into Eq. (2.38), it yields

,2 ,2 2
. ~ ~  (El - N  (y - w) - bq = 0 --------------- (2.39)

dx' dxZ ° dxZ °

For constant El, Eq. (2.39) becomes

dV  "d2
EI — T - N — r (y - w) = bq ----------r----.----------- (2.40)

dx* ° dx: °

in which N (=. -N) is defined by Eq.- (2.29), which, with the..second and 

the third terms neglected, reduces to
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(2.41)

-N
Since dx = R dot, e Eq. (2.41) may also be expressed in terms 

of the angular coordinate a, or

I ,du \ . I /dwv2 (2.41a)

For an arch supported at two ends, which implies that u(0) = u(L) = O , 

with the use of Eq. (2.36) arid integrating Eq. (2.41) over the length 

of the arch, one has

No
BA ,1V zdyO12 ,dyo dw, 2,
Zl I0iĉ  ' ^  1 dx ----(2.42)

It should be noted that q in Eq. (2.40) is the distributed 

load per unit length. If, instead, the external load is a point load 

P 9 then Eq. (2.40) has the form

A .2
EI^-| - Nq -A;- (yo - w) = P  6(x - C) ------------ ----(2.43)

dx dx

in.which 6(x - C) represents the Dirac delta function, while C is the 

distance between the left support and the point load. In the same 

manner as Eq. (2.41a) was obtained, Eq. (2.43) may be expressed in terms 

of coordinate a as

,4 ,2
H + h Hdor ^ da

6(a - «o) N1R. (2.44)
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where AeR2
I (2.45a)

PI (2.45b)

1In Eq. (2.44), is the angular distance between the left support and 

the point load. Sometimes it is likely that the point load P and the 

uniform pressure q are acting on the arch simultaneously and q is not
■
negligible when compared with P. In this case, Eq. (2.43) and Eq.

(2.44) may be rewritten respectively as 

,4 2
EI - N -S- (y - w) = P S(x - G ) +  b^P ---------- (2.46)

dx ° dxZ °

and

+ N = P  6(a - a ) + b^RP. - N1R -------------(2.47). 4 I . Z I . O I Ida da

where cj> = q/P — -------------------- ;--------------- -— (2.48)

Eq. (2.43) and Eq. (2.42) [or, Eq. (2.44) combined with Eq. 

(2.41a)] together form the governing equations for shallow arches sub­

jected to a point load at any arbitrary position, while Eq. (2.46) along 

with Eq. (2.42) [or, Eqs. (2.47) arid (2.41a)] is used to analyze any 

type of shallow arches under a point load and uniform pressure simul­

taneously.
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2.4 Equations of Motion for Shallow Arches

The above section deals with arches under static loads only.

If now, instead, any dynamic load is. applied, the behavior of the 

arch becomes quite different from that in the static case. Any 

structural system involving dynamic loads, such as moving load or 

any type of load involving time, the mass must in general be considered 

If one considers a point load P moving across the arch at a constant 

speed v, and if the dead weight of the arch is negligible in comparison 

with P, then, from Eq. (2.43), after some modifications, one has

4 2 2
■ EI - N — „ (y - w) + m ' = Pd(x - vT) ------(2.49)

Bx 9x ° 9T

in which m = the mass of the unit length. In case the dead weight of 

the arch can't be neglected, Eq. (2.49) becomes

A  a2 a2EI — j- -  N — 0 (y - w) + m — j  =  Pd(x - vT) + b<j>P (2.50)
Ba* ° SxT ° a f

where tp and Nq were defined respectively in Eq. (2.48) and Eq. (2.42) .

Eq. (2.49) [or, Eq. (2.50)] and Eq. (2.42) constitute the 

governing equations for shallow arches under a moving load P. These 

equations provide the basis for investigating the behavior of the arch 

under this particular type of dynamic load.



CHAPTER 3

THE STATIC STABILITY OF SHALLOW ARCHES

3.1 Introduction

Just as an ordinary compressive member subjected to critical 

.axial load would buckle, arches become unstable when lateral loading 

reaches its critical value. High arches in general buckle sideways, 

while shallow arches tend to buckle in such a way that the curvature 

becomes reversed. The phenomenon associated with the lateral case is 

known as "snap through." Investigation of this phenomenon has been 

quite extensive [l, 4, 5, 10, 15, 43, 44, 46, 48] . However, most 

investigations were limited to special cases: the external load is

either of uniform pressure type or a single point load acting at the 

center of the span. A general case, for instance, such as the loading 

is the combination of a uniformly distributed pressure and a concentrated 

load applied at an arbitrary position, has not been examined to the 

knowledge of the writer. Therefore, this chapter is devoted to 

investigate the stability of shallow circular arches under two particular 

types of loading: (a) a point load acting at, any position on the arch,

and (b) that same load as in Case (a) plus uniform pressure.

3.2 Point Load '

In this case, the critical load may be determined by solving 

Eq. (2.44) and Eq. (2.41a) simultaneously. Since in Eq. (2.44) is

independent of the angular coordinate a as mentioned in Section 2.3,
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Eq. (2.44) is a linear differential equation which can be solved 

directly either by using the Laplace transformation method or by any 

other mathematic technique. However, the solution so obtained must be 

subjected to the constraint condition expressed by Eq. (2.41a) which 

evidently is nonlinear. -

Introducing

e = n^l ’

p = eg ■

Ti = ' ea 

U = u/R62

W = w/RS2

in which
• defined in Eq. (2.45a) 

g = the subtended angle of the arch 

R = radius of the undeformed arch 

u $w = the arch displacement in the tangential 

and radial directions respectively

Eq. (2.44) becomes
it?? ’ ’

W + W 

in which

6(n - H0)
-2 

PgR

(3.2)

(3.3)

The primes in Eq. (3.2) denote differentiation with respect to n$ and

n is the value of n when a = a .* 0 u
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By using the Laplace Transformation .method, the solution to 

Eq. (3.2) is found to be . ,

used:

w  (n)

- (-1-T--C-0-- -y+ Sin-CtJ-OL - Vl p ) sin n

+

I
P
P

y2 Sin p p? gin p

2 (-1 + % n2 + .Cosq)

C n - r I0 - Sin(n - n0)) J(n - n0) (3.4)

where . J (n - nn) a unit step function defined by

n >J(n - n0) = I 

JCn - n0) = 0 n :< nr
(3.5)

In obtaining Eq. (3.4), the following boundary conditions were

--- (3.6)
W(o) = W(^) = 0

W (o) = W Or) = 0

Using Eqs. (3.1) and noting that U(o) = U(U) = o, Eq. (2.41a)

becomes

4i! y |w - lii (w1 )2] dp -  (3.7)

in which 4 H
/3 R* (3.8)
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In the last equation, H is the arch rise, and R* is the radius of 

gyration of the cross section about an axis perpendicular to the arch . 

plane.

Eqs. (3.4) and (3.7) are solved to obtain load-displacement 

.curves as shown in Fig. 3-1. It is seen that by gradually increasing 

the load parameter P, the displacement W also increases. After Per, or 

01, is reached, a small disturbance would cause the arch to jump to 

point 02, which is the known "snap-through" pehnomenon. Thereafter W . 

increases steadily with increasing P . If the process is reversed, i.e., 

after the arch is buckled and P is steadily reduced, the arch would 

"snap back" as soon as the point 03 is reached. Certainly this is 

possible if, and only if, the material remains in the elastic range 

throughout the loading and unloading history.

Curves indicating the relationship between the external load 

and the radial displacement, such as shown in Fig. 3-1 and Fig. 3-2, 

are customarily plotted with P" versus W (p/2). In other words, in 

general it is convenient to study the load-displacement relation by the 

plot of the load against the displacement of tjie crown of the arch.

For symmetrical arches under symmetric loading such as the uniform 

pressure or the central point load, the curve as in Fig. 3-1 represents 

symmetric equilibrium path [4] . This is expected and is true of any 

other type of structural systems. It may be verified by inserting 

numerical values into Eqs. (3.4) and (3.7). On the other hand, if the
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w (n = y/2)

3-1. Load-Displacement Curve (symmetric buckling)

W (n = w/2)

Fig. 3-2. Load-Displacement Curve (bifurcation instability)
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arch geometry or the loading is nonsymmetrical with respect to the 

central line, one has the so-called nonsymmetrical arches, In this 

case, the curve, as in Fig. 3.1, does not represent symmetric equili­

brium path any more. Nevertheless, a load-displacement curve such as 

in F±g. 3.1 which may indicate either symmetric or nonsymmetric equili­

brium path may be used equally well to determine the critical load (or 

the snap-through buckling load) of the arch. In Fig. 3.1, as discussed 

above, the arch is stable so long as "F — Fcr, but it is true only when 

the load-displacement curve represents nonsymmetric equilibrium path.

In other words, if the arch is of non-symmetric type or is under non­

symmetric loading, the load corresponding to the point ol on the load- 

displacement curve is the critical one. The reason behind this will 

be explained later. For symmetric arches subjected to symmetric 

loading, it is only partly true. The prebuckling deformation which is 

the arch displacement before snap-through, sometimes cannot reach the 

point 01 on the curve in this case. As this deformation reaches another 

point 05 on the same curve as indicated in Fig. 3-2, the arch suddenly 

jumps to point 07. Since in this particular case, as noted above, the 

deformation is symmetrical within the range 0-05 while the path 05-07 is 

characteristic of antisymmetry, the phenomenon of admitting both symme­

tric and antisymmetric solutions is referred to as bifurcation 

instability. The equilibrium point 05 is known as the bifurcation 

point. It must be noted that the admittance of the antisymmetric mode
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at the point 05 on the load-displacement curve merely "triggers" the 

snapping-through of the arch. The final buckled configuration is still 

symmetrical' (4). Therefore, it is evident that symmetrical arches 

under symmetric loading may be "triggered1* to snap-through from two 

possible sources: one is associated with the symmetrical mode while

the other is associated with the ant!symmetrical mode. If one refers 

to the first case as the symmetric buckling, the second as the anti­

symmetric buckling, then one finds that the geometric parameter X as 

defined in Eq. (3.8) would decide whether the arch would buckle 

symmetrically or antisymmetrically. It was found by the writer that

for shallow pin-pin arches under symmetric point loading the anti­

symmetric buckling governs if
X >; 12.0 ---  (3.9)

and the symmetric buckling governs if

4.2 <_ X < 12.0 --- (3.10)

Inequality (3.10) indicates that for X < 4.2 the arch can never buckle.

There is a convenient way to determine both the symmetrical 

critical load as well as the antisymmetric critical load. Referring to 

Eq. (3.4) and (3.7), as W in Eq. (3.4) is substituted into Eq. (3.7), 

one obtains the curve of F  versus y, as shown in Fig. 3.3. It was 

found that the points D and C on the curve of X = 12.8 correspond to the 

points 05 and 01 in Fig. 3-2 respectively. To explain how the point D 

is determined, the following developments are carried out. .
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Fig. 3-3. Relation Between P , the External Load Parameter and p, the 
Axial Load Parameter

2.0

1.5 ..

Fig. 3-4. Relation Between P , the External Load Parameter and y, the 
Axial Load Parameter (the bifurcation point lying in the 
unstable region)
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It is known [5 ] that as the governing equations admit both a

solution W and a neighboring configuration for the same value of P",

the external load, instability in the sense of bifurcation occurs. To

determine this instability, let that neighboring configuration having

,an ̂ ntisymmetrical form be designated w*, and substitute W + w* for

W, e + e* for e in Eq. (3.7). One has
, O "I

ef (s + e*) = [w +.w* - -H-OJ’ + w'*)2 dn ---(3.11)
H Jo l 2 j

Eq. (3.11) is obtained by rewriting the right-hand side of 
Eq. (3.7) as ^

U3 = eei --- --------(3.12)
12X2 y

Compare Eqs. (3.7) and (3.11) 'and their difference is linearized

to be

e* = fU [w* - y2 w'* W*] dn (3.13)

Since w* is antisymmetric, it follows from Eq. (3.13) . .

that
* .E = O  v ------ (3.14)

This states that at the bifurcation point, the buckling in 

antisymmetric mode does not require additional axial force, since the 

infinitesimal increment in the axial strain, i.e. e*, corresponds to 

the infinitesimal increment in the axial thrust N-̂ . With this in mind, 

using the similar substitutions as above, Eq. (3.2) gives
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w + W ^  = 0 --------------- (3.15)

By using the boundary conditions, 

w*(0) = w*(y) = 0

w* (0) =. w (y) = 0
the solution to Eq. (3.15) is found to be

„ Sin y = 0

=> y = nr n = 2,3, 4, ------(3.16)

It was found that for non-trivial, solution n = 0 must be dropped 

out and for consistency in the solution n = I is rejected. The reason 

behind the latter case is that, if n = I were employed then the critical 

load would be all identical for all values of X, the geometric para­

meter. Now among the infinite number of n values, n = 2 is the lowest 

one and of practical interest. In Fig. 3-3, the straight line passing 

through y = 2tt intersects the curve of X = 12.8 at point D and point E, 

which determines the antisymmetrical buckling load. As mentioned pre­

viously, D and E in Fig. 3-3 correspond to 05 and 07 in Fig. 3-2 

respectively. This undoubtedly indicates that' the path D E in Fig. 3-3 

just as 05-07 in Fig. 3-2 is the antisymmetric equilibrium path. 

Furthermore, the curves on P - y plane may be used to determine not only 

the symmetric (or antisymmetric) buckling loads but also determine 

whether the arch would or would not buckle and whether the arch would 

buckle symmetrically or antisymmetrically. It was found that for .
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X <4.2 the curve can never go to the right of point B of Fig. 3-3. In 

the load-displacement plot as in Fig. 3-1 the curves corresponding to 

this range of values of A all show a monotonic form, indicating the non 

existence of the buckling phenomenon. However, if x >4.2, the curves 

•all .-extend to the right of point B in the T? - y plane. On each curve 

corresponding to each value of X, there is a point at which _ Qe

This point is 0 for X =12.8 and G for A = 9. Both points C and G 

correspond to the symmetric buckling loads for the two values of the 

geometric parameter X. For 4.2< X < 12.0, the curves either have no

intersections with the straight line y = 2ir, or the intersections are 

to the right of point C as shown in Fig. 3-4. This indicates that the 

antisymmetric mode either does not enter the picture throughout the 

buckling process or occurs on the unstable range. In other words, in 

this range of X, the arch would buckle symmetrically. On the other 

hand, for X >_ 12.0 the vertical line p = 2tt always stand to the left of 

point C as shown in Fig. 3-3, and the snap-through of the arch is 

always "triggered" by the anti-symmetric mode and the antisymmetric 

buckling load is the critical load. The above discussions clearly 

lead to the results of Eqs. (3.9) and (3.10).

For shallow arches under nonsymmetric loading, the problem is 

more complicated in the sense that the prebuckling deformation is no 

longer symmetrical, but a combination of symmetric and antisymmetric 

modes. As soon as the external load is applied, the antisymmetric
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■modes are present, which marks the distinguished difference from the 

Behavior of the same arch under symmetric loading. For in the latter 

case for X >_12.0 the antisymmetric mode is not present until the arch 

starts to buckle. Accordingly, in the case of nonsymmetric loading,

,the critical load is always the antisymmetric buckling load, and may be 

directly determined from the load-displacement curve.

To further clarify the difference of the behavior of an arch 

between symmetric loading and nonsymmetric loading, one has to go back 

to Fig. 3-1. In the case of non-symmetric loading, as discussed 

before, the load-displacement curve never represents a "symmetric" 

equilibrium path but a "nonsymmetric" equilibrium path, for the anti­

symmetric modes are present from the beginning. By increasing P , the 

displacement increases steadily until point 01 is reached. One small 

disturbance,, and the arch jumps to point 02. This jump is equivalent 

to that jump associated with the bifurcation instability of the symmetric 

arch under symmetric loading. As such, it is evident that for shallow 

arches subjected to nonsymmetric loading, the critical load is always 

governed by the antisymmetric mode. ,

By following what was mentioned in the above, it is found that 

the critical (buckling) load is a function of the geometric parameter X , 

point of application of the point load n0 and the radius of gyration of 

the section R*. If expressed in an equation, it is

Per = f(X, n0s R*) ---(3.17)

• ' ' /.-V-
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The results expressed in numerical values are shown in Table

3-1 (Appendix A) and in Fig. 3-5. It is observed that in a particular

case when n is taken as 0.5p, i.e., the point load is acting at the o
center, the critical values agree with those obtained by Dickie and

"Broughton [46]. Furthermore, Fig. 3-5 clearly shows that the "weak

region" associated with the point of application of the point load lies

somewhere between nQ = 0.3p and Hq = 0.4p, except for very small A.

Fig. 3-6 shows the plot of Eq. (3.8), indicating the relation-

ship among H, R and A. This plot is useful as an aid in practical design.

It is customary to express the critical loads in terms of the rise-span

ratio. By letting k = H/L, the rise-span ratio, the plot essentially
*

is one with k as the ordinate and R /L as the abscissa. If A is known, _ 

the critical load may be obtained from the table. With the aid of Fig. 

3-6 the section of the arch may be determined.

3.3 Point Load and Uniformly Distributed Pressure Acting Simultaneously 

Similar to the foregoing section, the governing equations, Eqs. 

(2..,Ala) and (2.47), by using Eqs. (3.1), can be rewritten" respectively 

as Eq.'(3.7) and as

W m m  + W f ' = —^ 6(q - TIq)+ -- j -------------------------(3.18)
■ p . p p

in which <j) = tjiRg ---------------------:---------------------- (3.19)

Using the same boundary conditions and the same mathematic 

technique as before, the solution to Eq. (3.18) is found to be
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30 thru 100

1.5 *

.1 .2 .3 .4 .5 °

Fig. 3-5. Effect of the Load Position n /u andthe Geometric 
Parameter X upon the Critical Loads P ^
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Fig. 3-6. Relation Aipong the Geometric Parameter X, the Radius of 
Gyration R , and the Arch Rise H



36

W(n)

E

1 + Tln-U p _ (f> P
2y H4

Sin y

ZU3J

- ' 11 - Cos y + Sin (H0 -y) p- + tj) (Cos y-l)
Hd Sin y H Sin y

<J)P _•+ 1-1 + % Tl2 + Cos ril (!£. - — ) 
L - j H4 H2

Sin

+ P [jl ~ riQ “ Sln - V ]  j ^n - no^ ------ (3.20)

in which J (0 - H0) is defined in Eq. (3.5).

From Eqs. (3.20) and (3.7) the critical loads may be determined. 

As before, the lowest buckling loads are obtained from F  versus yi curves 

(or from P versus W curves for nonsymmetric buckling loads). Some of 

these values are tabulated in Table 3-2 through Table 3-8 (Appendix A) 

corresponding to various V s  and i's. . For easy reference, they are 

also graphically shown in Fig. 3-7(a) through 3-7(f). It is seen from 

these tables and figures that, as in the last section, there is a "weak 

region" associated with the point load position. However, if <j> is large 

say $ = 0.1, this region all but vanishes. This is exactly as expected, 

since as <j> becomes greater, the uniform pressure is closer to the order 

of magnitude of the point load, the buckling of the arch is predominately 

due to the. uniform pressure. Thus, the effect of the position of the 

point load becomes insignificant. On the other hand, as <j> becomes less 

and less, say <f> = 0.00001, it is observed by comparing Table 3-8 and 

Table 3-1 that the effect of the uniform pressure upon the critical
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X = 5

0.00001

0.001

(a)
Fig. 3-7. Effect of Uniform Pressure on the Critical Loads Pcr
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0.00001

0.0001

0.001

Effect of Uniform Pressure on
the Critical Loads P. cr

3-7.
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X = 20

0.00001

0.0001

Fig. 3-7(c). Effect of Uniform Pressure on the Critical Loads
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0.00001

0.0001

0.001

Fig. 3-7(d) Effect of Uniform Pressure on the Critical Loads cr"
dl
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0.00001

0.0001

0.001

0.01

.1 .2 .3 .4 .5 °

Fig. 3-7(e) . Effect of Uniform Pressure on the Critical Loads P ^
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50 thru 100

0.00001

0.0001

.1 .2 .3 .4 .5 °

. Effect of Uniform Pressure on the Critical LoadsFig. 3-7(f)
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loads is -very small and may be neglected in practical considerations. 

This indicates that in analyzing arch stability problems, the effect 

of the dead weight may not be disregarded unless it is very small as 

compared to the critical point load.

It is noted that, if the point load is removed, and if only the 

uniform pressure remains acting, the problem reduces to a particular 

case which was solved by Dickie and Broughton (46). It can be shown 

that, by using Eq. (3.18) in which the first term on the right hand side 

is dropped and let tp - unity, the same results as (46) may be obtained 

if the same procedures as developed in the foregoing sections are 

followed.



CHAPTER 4'

DYNAMIC STABILITY OF SHALLOW ARCHES.SUBJECT TO MOVING LOAD 

4.1 Introduction

Shallow elastic arches under dynamic loading have been analyzed 

by many investigators [9,14,15,21,22*23,26,27,47,49,50,51]. Hoff and 

Bruce [9] studied a sinusoidal arch under step load which is distributed 

sinusoidally over the arch rib. Hsu in a series of papers [14,21,23,26, 

27,50] investigated arches subject to impulsive loading and obtained 

sufficient conditions for stability. Cheung and Babcock [15] studied 

clamped arches under center point load and under step load by using an 

energy approach. Humphreys [22] examined the dynamic stability of' clamped 

circular arches by using the analog computer. Lock [51] investigated a 

sinusoidal arch by direct integration of two simultaneous equations which 

correspond to a two-modes approximation. Fulton and Barton [47] re- 

examined the same sinusoidal arch under impulsive pressure as well as 

step load. Smitses [49] assumed a deflection shape combining two symmetric 

and one antisymmetric modes in studying arches under impulsive pressure.

In the above-mentioned literature about the analysis of arches 

under dynamic loading, it is seen that this problem has been well examined. 

However, an arch subject to a moving point load, which is a problem of 

practical interest, has not been studied to the knowledge of this writer. 

Hence this chapter is devoted to the investigation of the stability of a 

hinged, circular, shallow arch under this particular type of loading. In
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addition, the same arch under both the point moving load and its own 

weight (or the uniform pressure) is also studied.

4.2 Point Load

In the case that an elastic shallow arch with hinged ends is 

subjected only to a point load moving at a velocity v, the equation of 

motion is expressed by Eq. (2.49), i.e.,

4 2 2
EI — T- - N0 — T (y0 - w) + m -Mr = ’PS(x - yT) -------------------- (4.1)

3x 9x 91

The solution may be assumed to take the form

w(x, T) In=l,2,
Afi(T) sin (4.2)

By substituting Eq. (4.2) into Eq. (4.1) and letting

n ;2R*

N oL

(4.3)

EIir

2 2EIir* 4R*

IHttXAfter the whole expression is multiplied with sin ■ -Ir ■ dx and then inte-L
grated from x = O to x = L, the following equation is obtained:
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2

An(n^ - n^S) + m An = ZP̂  sin -j--- —- (cos nir - I) ------------- (4.4)
riir RR

n = I, 2, 3, ...

•• eiXin which A = --- %-
n di2

By using Eqs. (4.2), (4.3) and (2.42), one has

S ■ X  (2V „  - A^ - 2 , — -------------------  (4-5)

in which [Xn ] is a geometric parameter. To explain how [Xn ] is defined, 

the following paragraph is presented.

The'undeformed original arch shape may be expressed in the form 

of a series,

J0 -. I %  s i n ^  ---------------------------------   (4.6)
° n=l,2,3 .

or may be approximated as in.the form

y.0 = "  (L - x) —  ------------------ — -------:----------— 7— — (4.7)2r

From Eqs. (4.6) and (4.7), one has

^ ---------------- <4-8)

In other words, [a ] in Eq. (4.6) are

. .... 
x.-.-
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1 TT3R

a3 27 aI

5 125 I

(4.9)

Thus, for convenience, [X j are defined asn

(4.10)

Now one sees that the arch problem reduces to solving n simul­

taneous equations which must be subjected to the constraints expressed 

in Eq. (4.5). To investigate the instability of the problem, however, 

it is not necessary to consider all n modes which correspond to the n 

equations. It is enough just to consider the first few modes [5,22] .

As a matter of fact, if Eq. (4.4) is solved numerically as shown graph­

ically in Fig. (4-la-e), one observes that the amplitude of and 

can practically be neglected, as compared with A^5 A^ or even A^. This 

is further demonstrated by the plot as shown in Fig. 4-lf. Nevertheless, 

all the first six modes are to be included in the present analysis.

The dynamic instability is defined as "a small increase in 

some load parameter results in a large increase in,response" [22]. In
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_̂_____,______,______No. of Modes
4 5 6

Fig. 4-lf. Effect of Number of Modes Upon Buckling Loads I^cr
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fact, in the current study, it is found that all the critical loads 

correspond to those that cause the displacement of the arch to increase 

very rapidly to that about two times as great as the arch rise for a 

small increase in the load parameter. The phenomenon of rapid increase 

iin the ..arch displacement is referred to. as "dynamic snapping-through" 

or "jump" as known in non-linear mechanics.

From Eq. (4.4) the first six equations are expanded as in the

following: '

A (I - S) + in A- = 2P sin ^------------- -----— (4.11)

A2(16 - 4S) + m A2 = 2?2 sin -------------------------------- (4.12)

A (81 - 9S) + m A = 2P sin - 2| ~ T --------- -------------- (4.13)
3 3 2 L 3tj3rr* -

A, (256 - 16S) + in A4 = 2?2 sin -------— — -------- --------- -(4.14)
2

A,(62.5 -.255) +' m A, = 2P„ s i n * ----------------------(4.15)
D 3 5% KR

Ag(1296 - 365) + m Ag =  2P2 sin ---------------- ------------- (4.16)

In the above equations, S is defined by Eq. (4.5), or

S - W 1A1 - A 1 - 4A? + 18X„A„ - 9A2 - 16A2 + 50A_A_ - 25A2 - 36A2 -<4.17) 1 1  I 2 3 3  3. 4 5 5  . 5  6

Due to the complexities and non-linear character of the problem, the 

simultaneous equations cannot be solved analytically. Recourse is made 

of a numerical solution— by using the Runge-Kutter 4th order method.

The Runge-Kutter method has been one of the standard numerical tech­

niques in solving differential equations. With some refinements worked



out by Ralston and Wllf [53], it was reported that for some cases it 

agrees with the exact solution up to the eighth digit. One of the 

features in the refined method is that the truncation error is reduced 

by .letting the step size be variable. In other words, as the truncation 

error I1S greater than a certain value allowed, the step size is automati 

cally cut smaller. To account for the other source of error, i.e ., the 

round-off error, the entire calculations are carried out with double 

precision.

In the investigation, these data are used: L = 50 ft, E =

475,200 psf, I = 1/96 ffc\ A = 0.5 ft^, and m = 1.173 slug.

The results are tabulated in TABLE 4-1 (Appendix A). In the 

table, it is seen that the critical load increases with higher speed 

and also with greater geometric parameter A.. However, for the whole 

range of the speed v, the buckling loads do not necessarily increase 

with higher speed. To clarify this. Fig. 4-2 and Fig 4-3 are drawn.

They are plotted in the non-dimensionalized form. Fig. 4-2 shows that 

as v/L (speed-span ratio) increases, the buckling load Pgcr also 

increases. But this is not the case for v/L <' 0.06, as may be seen 

in Fig. 4-3. it shows that only for v/L > 0.06 does the buckling load 

increase as v becomes greater. Fig. 4-3 also shows that the minimum

dynamic buckling load is less than the corresponding static buckling
:

load about 21.9% for A^ = 6.72 and 17.3% for A^ = 11.2. Hence, it

appears that as increases, the percentage becomes smaller 
' " ' ' ' - - --"■ vV 

'W-
f.*- s'" ■ ; h"

%
%

■"v- ■ C ■?>:, , J r  -i L i S J ' • I f f i l - . , .



v/L = 3

0.0

400.

v/L = 0.8

v/L =0.4

v/L = 0.2

Fig. 4-2. Critical Load Parameter ^ cr Corresponding to Various Values of 
the Geometric Parameter and Speed-Span Ratio v/L

. .  ' - •**
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Fig. 4-

P2cr

11.2

(Static)

Effect of the Speed-Span Ratio Upon the Buckling Load P
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4.3 Point Load Plus Uniform Pressure

The governing equations for this case are Eqs. (2.50) and (2.42). 

With the same procedure and same substitutions as in Sec. 4.2, Eqs. (2.50) 

and (2.42), respectively lead to

4 2 — • • TlirvT k(f>P„
A (n - n S) + m A = 2P sin — --- 1---- (I - cos nir)n n z L n

I -+ — g— Z (cos nir - I) -------------------- (4.18)
nir RR ;

and ■ -

S =  I (21 A - A2)n2 -----------------------------------------(4.19)
n.1%2,3 n n a

2L - 'in which <t> = <p ----------------------- — --- :---------- :-----(4.20)

Again the first six modes are considered. The numerical results 

are tabulated in TABLE 4-2 through TABLE 4-6 (Appendix A). As in the 

static case, if the order of magnitude of the uniform pressure is close 

or equal to the point load, say tj) = 1.0, the critical loads are more due 

to the uniform pressure than due to the moving' point load. This may be 

closely seen by observing Fig. 4-4 or comparing TABLE 4-2 and TABLE 4-6. 

TABLE 4-6 shows the critical values for shallow circular arches under 

uniform step pressure, which is a particular case and may be obtained 

from Eq. (4.18) by letting (j> = 1.0 and dropping the first term on the 

right-hand side. In TABLE 4-2, it is also noted that the increase in

• ■



59

8

P2cr
Uniform 

pressure only
y / V=20 ft./ Z  sec. y^v=10 ft./
yZ  sec.

0.4 -

Fig. 4-4. Comparison of Critical Values for Pin-Pin Shallow Circular 
Arches Subject to Uniform Pressure and Combined Loading,
Respectively
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critical loads due to higher speed is small and insignificant. Hence, 

in case the dead weight of the arch is about the same order as the 

point moving load, the problem may be treated as a step-load problem 

in practical considerations.

When the uniform pressure such as the dead weight is a 

small fraction of the point load P, say <j> = 0.00001, from TABLE 4-5. 

and TABLE 4—1, or more clearly from Fig. 4-5, it is seen that the 

effect of the uniform pressure upon the buckling loads is negligible. 

This is similar to the static case as mentioned in Chapter 3. Thus, 

in analyzing an arch problem under a point moving load, if the dead 

weight of the arch is small, one need not include the dead weight.



Fig. 4-5. Comparison of Critical Values for Pin-Pin Shallow Circular
61

Arches Subject to a Point Load and Combined Loads, 
Respectively v=20.0 ft./

/ v=10.0 ft./ 
sec.

.0 ft./

point load only 
comb. load

00001



4.4 Damping Effects

•62'

In any structural system, damping is always present during 

dynamic oscillation. But it is frequently neglected because of its 

small effects. In an attempt to get an insight into the actual effects 

of damping upon the critical loads which cause the shallow arches to 

snap through, it is necessary to restudy the governing equation and its 

solution in the case when damping is included. Assume the viscous 

damping is proportional to the first derivative of the displacement, 

then the governing equation takes the form:

A 4 2 2
E I - ^ - N  - ~ ( y  - w) + D m P5(x - vT) -------------- (4.21)

9x 9x d 9T

in which D is the damping coefficient. In Eq. (4.21) the dead weight of 

the arch is disregarded, since the main purpose here is to examine the 

relationship between the instability and the damping of the arch. If 

now a series solution taking the form of Eq. (4.2) is assumed, and Eqs. 

(4.3) are also used, as before, one has

A  (n4 - n2S) + D A  + m A - 2P sin + — Sp-*
= . ” 2 L HU3KR

(cos nir - I ) -- (4.22)

d2A
in which

4 / 4  D = DL /EIiT

and S is defined .in Eq., (4.5)

Z
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To understand how the damping affects the amplitude, we con­

sider initially the first two modes, and A^. Let the two equations 

be solved numerically and plotted. In Fig. 4-6, the plots show three 

response curves corresponding to D = 0.0, D = 0.1, and D = 1.0. It is 

seen'that the presence of damping reduces the maximum amplitude of the 

.response. It will be shown later that the arch snaps through as soon as 

the maximum amplitude reaches a critical value. As such, it is evident 

that including the damping effects the critical (buckling) loads of the 

shallow arches are higher than with the damping effects excluded. 

Accordingly, the presence of damping in the arch vibration is generally 

to.advantage as far as the stability problem is concerned.

The results obtained from solving the six equations are tabu­

lated in TABLE 4-7 and shown in Fig. 4-7. In Fig. 4-7, it is seen that 

the critical values are higher than if the damping effect is excluded.

Furthermore, it is also observed that with higher speed, this effect is
'•

more pronounced.

4.5 Ihe New Concept About Dynamic Instability
'

Although the definition of the dynamic instability is generally 

accepted as "a small increase in some load parameter results in a large 

increase in response" as mentioned in Sec. 4.2, many of the investigators 

in this field as cited in Sec. 4.1 have tried to explain why the insta­

bility of the shallow arches occurs. It can be categorized into three
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3.0 h

2.0

1.0
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Fig. 4-6. Response Curves of Associated with D = 0.0, 0.1, and 1.0, 
Respectively
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due to point load with damping included 
- - due to point load only „=qn n /

v=10.0 ft./

f t. /sec.

Fig. 4.7. Effect of Damping (D = 0.1)
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groups. The first group including Humphreys [22] observes the load4 

displacement curves and the displacement response plots and finds that 

the arch would snap through when a load corresponding to the critical 

value causes the maximum amplitude of the vibration of the arch to 

±nrrease very rapidly. The second group including Hoff and Bruce [9] 

and Hsu [26] studies the energy plane in which the local equilibrium 

points are examined. This idea of using the phase plane to study the 

stability of local equilibrium points is a great step forward in the 

analysis of dynamic structural systems. Unfortunately, this technique is 

limited to.the so-called autonomous systems in which time is not expli­

citly involved. The third group represented by Lock [51] attempts to 

form a chart similar to that representing the well known Mathieu equa­

tion. Lock considered a sinusoidal arch subjected to step pressure. Due 

to the complexities of the problem, he used a two-modes approximation. 

However, to obtain the above-mentioned chart, he had to disregard some 

terms which are significant in general. Accordingly, the chart so 

obtained does not accurately predict the actual results, This may be 

seen by actually integrating the equations and^comparing the results. 

Lock's chart has been extensively used as a reference [47]. Consequently, 

there is a great need to develop a refined, concept to predict the dynamic 

instability of the arch system.

To help clarify some points which are to be met later, the 

writer wishes to express some experiences to obtain the inspiration with
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which the following study is made possible. Over hundreds and hundreds 

of computer runnings in numerically solving the six differential equa­

tions mentioned previously, the writer found:

a) The jump phenomenon, will not occur until the first mode 
A^, is equal to or a little greater than the arch param­
eter, I

b) The maximum amplitude of would increase if the load 
parameter was increased.

Since the numerical technique to solve the equations is the 

Runge-Kutter 4 ^  order method, the initial values are generally taken 

to be zero for the solution. To get some insight into the behavior of 

the free oscillation of the system, the writer solved the first equation 

by first letting the amplitude of the forcing function equal to zero but 

giving an initial displacement. The response curve is as shown in Fig. 

4-8. In this plot, the initial -displacement is less than X . This 

implies that one expects no jump .but that the system would vibrate peri­

odically. This is exactly as shown in the figure. On the other hand, 

if the initial amplitude is greater than some value as great as or a 

little greater than X^9 one expects the system would jump or the arch ■ 

would snap through. And this is exactly as shown in Fig. 4-9. It is 

then clear that for a certain critical initial displacement the arch 

snaps through. In a similar case, an initial velocity may cause the 

arch to buckle as may be seen from Figs. 4-10 and 4-11. This kind of 

loading is known as impulsive loading and has been studied by Hsu.



Fig. 4-8. Response Curve of A1 (One Mode Approximation)

I



Response Curve of (One Mode Approximation)

*



Fig. 4-10. Response Curve of A (One Mode Approximation)



Fig. 4-11. Response Curve of A1 (One Mode Approximation)
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Thus one is aware that an arch may buckle either due to initial 

conditions (initial displacement or initial velocity or both) or due to 

the external load on the arch rib.. Now the question arises as to why 

the arch buckles at the time when the maximum amplitude is equal to or 

a little greater than the arch geometric parameter which is about 

equal to the arch rise in non-dimensionalized form. To answer this 

question let's go back to the six differential equations (Eqs. 4.11 

through 4.16). But recall that among the first six modes, and 

are the most significant. So to understand the snapping through of the 

arch it may be enough just to consider the first two equations corre­

sponding to the first two modes: A^ and Ag. The two equations are

— c • 9 - 9. " 9 9 Wi7rT1
m A1 + A1Cl + ZX1 . - SX1A1 + A1 + 4Ag) - 4X1Ag = 2Pg sin — — (4.23) 

m Ag + Ag(16 - SX1A1 + 4A^ + 16Ag) = 2?g sin — ----------- — (4.24)

When Ag is not present, one has the "backbone" equation having

the form

— e e 9 9 'Tr-E7Tm A1 + A1(l + 2X^ - SX1A1 + A p  = 2Pg sin ----— -------------- (4.25)

In this last equation if the third term in the bracket is dropped, one 

has the well known Duffing equation:

A1 + CiA1 + BA1 = sin L (4.26)



in which a 3 (4.27)
I + 2A

3 = -

The jump phenomenon associated with the Duffing equation is 

well known. ' However, if the third term in the bracket in Eq. (4.25) is 

not dropped, the equation is called a non-linear equation with non- 

symmetric elastic force, which is generally more involved than the 

Duffing equation itself. But this last-mentioned equation would show a 

jump phenomenon also. In non-linear mechanics, standard classic tech­

niques such as the iteration method, perturbation method, harmonic bal­

ancing method, linearization method, and so on are excellent in solving 

the Duffing equation;though the solution is approximate. However, these 

methods fail to predict the behavior of the system described by Eq. (4.25). 

This is because the non-linear function is non-symmetric. However, if 

one looks at ,this problem from another corner, this problem is readily 

solved.

Recall that the basic difference between the linear and non­

linear dynamic systems lies in the fact that in linear systems the 

natural frequency is constant, while in non-linear systems it is not. 

Rewriting Eq. (4.25) as 

n 2P,
A1 + WeAl

' 2 . TT vTsin — — (4.28)

2 I + 2A, 3A, , 2
where w ----------------  A1 + - A 1e - - 1 - 1 (4.29)
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Eq. (4.28) clearly shows that if u>e < 0, would increase with­

out bound. If becomes increasing unboundly, it implies that the sys­

tem becomes unstable. In the case of the arch problem, this means the
2arch starts to snap through. Hence, what one now considers is when 

'becomes negative. By plotting Eq. (4.29) , one has

Fig. 4-12. Relation Between the Equivalent Frequency and A.

From Fig. 4-12 it is clear that if the maximum amplitude of A.

is equal to or greater than the critical amplitude A1, the arch wouldX
&&

jump,. But A^ cannot increase indefinitely. As soon as A^ reaches A^ , 

the arch would oscillate periodically again. Thus, to know if the arch

would or would not snap through, all one has to do is to check whether
A ■

the critical amplitude is reached. • To find the critical amplitude A^, 
2one must let we 0, or
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+m m

I + 2X;
■(4.30)

From which

* Ir I,2A1 - 4

** I r j I  2
A1 = 2[3X1 + J A1 " 4.

A
For X^ = 3, A1 = 3.4.

A
A.. < A-, whereas the. Iin I

■(4.31a)

■(4.31b)

ch snaps through in Fig. 4~'9, since > A^.

When Ag is involved, that is, Eqs. (4.23) and (4.24) are sim­

ultaneously. considered, the above criterion is not valid unless some 

modifications are made. Let's rewrite Eq. (4.23) as

A1 + A1 “2e ’ ---m
I + 2A

where co,

sin

2

TrvT , I *2
L I Ag

m

I Sx1 I ,2 4 '
m

A H-- A H--- A11 - 1  -m m

-(4.32)

-(4.33)

Again’-setting ^ge = 0, or

I l M  _ i h  A A2 + 4 a2
-  -  I  -  I  - Zm m m m

(4.34)

* Irfrom which A^ = giSA^ - 2 2X^-4 - 16Ag (4.35)

"i. ■
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To assure A has a real value, one must have I

*
A2 -  4! / 7T r (4.36)

If is large,

(4.37)

Thus, the arch would jump if and only if Eq. (4.35) and ine­

quality (4.36) or (4.37) are satisfied. Moreover, Eq. (4.35) indicates 
* 'that always lies in the range for the two-modes approximation:

lAi - a* — i(3Ai -JxI--4 ) - ■(4.38)

2 . 2  1For large X^9 X^-4 = X ^ 9 then Eq. (4.38) becomes:

3 *^Xi > A i > Xi •(4.39)

Eq. (4.38) was determined by considering that A^ is always positive and
* 3

no matter how A^ varies the extreme possible real values for A^ are yX^

and'y(3X^ - JX1 - 4 ). In other words, the value under the square root
2 2in Eq. (4.35), that is, (X^-4 - 16A^) can at best be equal to zero. By

examining Eq. (4.38) or Eq. (4.39), it is evident that the arch will

definitely not snap through if ^ m a x  "*"s Iess than X^. The previous

finding that the arch jumps when ^ max is equal to or a little greater

than X^ may also be confirmed. Since it is apparent that the presence 
A

of Ag causes A^ to vary approximately in between X^ and 1.5X^, and

-
,
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since A0 is usually small as compared with X. , it follows that as A, ̂ .1 Imax
is ehout equal to X^, the arch is on the brink of buckling.

In the above, only the jump condition of the first equation was 

studied although A^ was also considered at the same time. Then one would 

ask.: ' What is the jump condition of the second equation; that is, Eq. 

(4.24)? What is its effect upon the first equation? To answer these 

questions, one may go back to Eq. (4.24), and equate the equivalent fre­

quency to zero; that is:

. 2 . 216 - SX1A1 + 4A1 + 16Ag = 0 ----------------------------------------(4.40)

from which 4A^ = -4 + ZX1A1 - ------------- ------------------- (4.41)

Substituting Eq. (4.41) into Eq. (4.23) leads to

InA1 SA1 = 2?2 sin - 4X1 ------------------------------- — ----- (4.42)

Apparently., Eq. (4.42) has a solution in which A1 is unbound.

This implies that long before A^ jumps, A1 has reached its critical value. 

In other words, in consideration of both Eq. (4.23) and Eq. (4.24) 

simultaneously, one needs to focus one's attention only on the jump con­

dition of the first equation; that is, Eq. (4.23).

In the discussions above, the critical displacement and the 

jump conditions were studied. Then it seems necessary to study how 

affects ^1 during vibration, and this will be developed in the 

following:

V ' - k
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It is found that A is generally a small fraction of A1 at the 

time when the arch starts snapping through. Accordingly, the critical 

amplitude expressed by Eq. (4.31a) does not differ much from that ex­

pressed by Eq. (4.35). .Howeverinclusion of A^ into consideration in 

,the analysis, the amplitude of A^ is found to increase significantly.

This implies that the critical loads in this case are less than when 

only one mode is considered. To clarify this, let’s study Fig. 4-13 

■ through Fig. 4-1.7; In these figures the data are: = 3, V  = 50., '

L.= 50, D = damping coefficient = 0. . From Figs. 4-13 and 4-14, it is 

seen that corresponding to = 28, ^ m a x  ^or t̂ ie case A only is 

less than that for the case of A1 plus A_. As P0 increases to -30 as 

shown in Fig. 4-15 and Fig. 4-16, A^ jumps for the case of A^ plus A^ 

but not for the case of A^ only. P^ must be increased to 32 when A^ 

starts to jump as shown in Fig. 4-17. Thus, it is seen that with two 

equations considered at the same time, the maximum amplitude of Â, tends 

to increase. As a matter of fact, this fact may be proved theoretically 

too, as will be demonstrated.

Rearrange Eq. (4.23) in the form:

m A1 + (I + 2x2)A1 - SX1A1 + A1 + 4Ag(A1 -.X1) = 2P^ sin ^  -----(4.43)

As noted before, prior to the time when the arch starts snapping 

through, A1 is generally less than X1* Let X1 - A1 =X^ which may be 

considered as positive throughout the following developments. It does



50 ft
50 ft/sec

Fig. 4-13. Response History of A1 (One Mode Approximation: A Only)
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50 ft/sec

Fig. 4-14. Response History of A1 (Two-Modes Approximation: A plus A.)
I



50 ft/sec

Fig. 4-15. Response History of A (One Mode Approximation: A Only)



Fig. 4-16. Response History of (Two-Modes Approximation: A^ plus A^)
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50 ft
50 ft/sec

Fig. 4-17. Response History of (One Mode Approximation: A^ Only)
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not lose generality, if one just considers the homogeneous part of Eq. 

(4,43); that is, is taken as zero. Eq. (4.43) then becomes

m A1 + (I + 2X!T)A - 3X.A? + A? - 4A^X = 0 ----------------------(4.44)I 1 1  1 1  I z a

Xi -one lets the initial velocity be C 9 and integrates Eq. (4.44), . one
*

has
•2 2 *A _2

m -| + (I + 2X^) - X1A^ + J  aJ - 4/ AgX^dA^ = ~ ~  -------------(4.45)

e

It is known that as reaches its maximum, = 0. It follows

2 2

aL x - xiaL x + i aL x ■ */ A2x.dAi+4- — =— — -<a- «)
The right-hand side of the last equation, denoted by K^5 is seen 

to be positive in general. And it is evident that it is this term that 

shows the net effect of A^ upon . In other words, this term repre­

sents the amount with which the second equation affects the first equa­

tion.

Rearrange Eq. (4.46) to take the form

A? [2 + 4X? - 4XiA_ +A? ] = 2mC2 +Imax I I Imax Imax (4.47)

It does not lose generality if the first term in the bracket of 

Eq. (4.47) is dropped, since the present purpose is to show how 

affects A1 . In so doing, Eq. (4.47) reduces to

v  A l
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Almax(AlmaX ' -2xI1 * ±  J +  ^ a - ------------- ----------(4 -48>

„r . . ; ■ ' ' - .

kIMZX- hi-J Xl * ^  + %  . — ------------------M-4W

To determine the sign in Eq'. (4.49) , one notes that for con­

sistency, the sign before the outer bracket must be negative while that 

before the inner bracket must also be negative. To clarify this last

statement, one must note these facts:, (a) If C = 0 and A. = 0, A,
Z Imax

must be zero; (b) A^max cannot be all negative for any value of C.

Then Eq. (4.49) becomes

4IBax * X1 - J xI - J2̂ 4k0 ----------------- ---------------- (4.50)

Eq. (4.50) clearly shows that the effect of A„ represented by K upon
Z  cc

A is to increase it. Since A1 is larger than when An is excluded, Imax . Imax 2

the critical load is.evidently less.

Thus, theoretically and graphically, we show that the presence of
- '

Ag is to reduce the critical load. In a similar manner, it can be shown 

that with Ag, A^ or higher modes included, the critical load will become 

less. However, as stated before, since the effect of these higher modes 

is negligible, in practical considerations, two-modes approximation can 

be justified.



In' the final remark of this section, we conclude, based upon 

the previous findings, that:

1) A pin-pin shallow circular arch snaps through only, and

if only, a critical amplitude is reached. The source of

bringing the maximum amplitude of to equal to or 
*

greater than A^ may be:

a) due to external load (step pressure,point load or 
a combination of both);

b) due to initial displacement;

c) due to initial velocity; and

d) due to a combination of initial displacement and 
velocity.

2) In practical considerations the determination of the cri­

tical loads may be justified by using a two-modes approxi 

mation. And for the two modes, the effect of upon A^ 

is merely to increase the maximum amplitude of A^, and

thus to lower the critical load.



CHAPTER 5

THE DEFLECTION AND THE STRESSES OF 
PINNED-END SHALLOW CIRCULAR ARCHES.

5.1 Introduction

The deflection of the arch axis and the stress distributions 

on the arch rib are the main concerns of the structural engineers in arch 

design. The deformed shape of the arch axis and the stress condition on 

the rib are expected to be quite different for an arch subject to a static 

point load and subject to a moving point load. In the latter case the 

arch rib is subjected to distributed inertia forces in addition to the 

point load. The inertia forces have a significant effect on the deformed 

arch shape and the stress condition on the arch rib. Other factors that 

effect the deformation and stress conditions include the point of appli­

cation of the point load, the stiffness of the arch section, the rise of 

the arch, etc.. In the following sections, some detailed studies about 

the deflection and the stresses of pin-pin shallow circular arches are 

presented. These studies lead to interesting results and are useful in 

practice.

In discussing an arch problem, the two known theories, that is, 

the elastic theory and the deflection theory, often come to mind. The 

elastic theory, also called the first order theory, is one in which the 

deflection of the arch axis is not considered in the stress analysis of 

the arch rib. The deflection theory in which the deformed shape of the
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arch axis is considered has been accepted [32] as one with which the 

exact stress analysis of an arch can be obtained. To get an insight 

into the differences, of the results given by the two theories respec­

tively, a brief study is carried out in the last part of this chapter.

5~2 Static Deflection and-Dynamic Deflection

The static deflection of the pinned-end shallow circular arch

may be obtained by using Eqs. (3.4) and (3.7), while the dynamic deflected

shape of the arch may be determined by solving Eqs. (4.11) through (4.16)

simultaneously. To be convenient in doing the analysis, the external

point load is taken as unity, and the following data are used:
4

E = 475200 psf I = 1/96 ft
A = 1/2 ft2. b = I ft
L = 50 ft

In obtaining both the static deflection and the dynamic deflec­

tion, it is necessary to know the relationship among the geometric param-
*

eter X , the span length L, the rise H, the radius of gyration R , the 

subtended angle 8 and the radius R of the undeformed arch. This rela­

tionship is derived.in Appendix B and tabulated in TABLE 5-1 (Appendix 

A). To make the comparison between the static deflection and the dynamic 

deflection, the relationship between the two geometric parameters X 

(associated with the static deflection) and X^ (associated with the 

dynamic deflection) are related in the expression
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X (X1 + X3 + X5 + V •(5.1)

and X" = -I X 
•3 27 I

X5 = 125X1 -(5.2)

7 343 I
It: is noted that Eq. (5.1) is obtained by considering Eqs. (3.8), (4.8) 

and (4.10) together.

By following what was mentioned in the above, the numerical 

results of the arch deflection corresponding to various types of loading 

(the static load and the moving load with v = 10, 20, 30, 40 and 50 ft/

sec) and various' values of the geometric parameter X are determined and 

tabulated as in TABLE 5-2 (Appendix A). Some representative plots of 

the results are shown in Figs. 5-1 through 5-3. Fig. 5-1 shows the de­

formed shapes of an arch with the geometric parameter X =  10. They 

correspond to ten different points of application of. the point load which, 

is acting statically as well as dynamically (v = 10, 20, 30, 40 and 50 

ft/sec). in this figure, one sees that the maximum static deflection 

is greater than the corresponding.maximum dynamic deflection for some 

points of application of the load but smaller for other load positions. 

However, if one defines the absolute maximum deflection as one which is 

the largest of the maximum deflections corresponding to each point of 

application of the point load, it is seen that corresponding to a cer­

tain range of speed v the absolute maximum deflection in the static 

case is less than that in the dynamic case, as may be seen in Fig. 5-4c.
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In Fig. 5-2 and Fig. 5-3 the influence lines of deflection corresponding 

to v = 0 (static case), v = 10, 30 and 50 ft/sec for X = 10 and X = 30 

respectively are shown. They are the influence lines at x = 0.1L, 0.3L, 

0.5L, 0.7L and 0.9L respectively. One observes that the absolute maxi- 

.nmm deflection.in the dynamic case which, for example, occurs at x/L =

0.7 in Fig. 5-2, is about two times as great as the absolute maximum 

deflection in the static case which occurs at x/L = 0.3.

From Figs. 5-1, 5!-2,. or 5-3, it seems that corresponding to 

each point of application of the point load, the maximum deflection in 

the dynamic case becomes smaller as v increases. But this is not nec­

essarily true for the whole range of speed v, as may be seen in Fig, 5-4a 

and Fig. 5-4b. The curves of these two figures plotted in the non­

dimens ionalized form indicate that there is a peak value for the abs. 

maximum displacement corresponding to a certain value of v/L. (This 

particular value is 0.12.) To the left of this peak value, the maximum 

displacement decreases as v becomes smaller.

Evidently the peak value shown in Figs. 5-4a and 5-4b is of

practical interest. The corresponding value of v/L (= 0.12) indicates

that if the span length is 1,000 ft, then corresponding to the speed v

(= 120 ft/sec = 82 miles/hr.) the arch would reach its abs. maximum
.

deflection. Also, the figures show that corresponding to X = 10 and 

X = 50, respectively, the peak value does not change its location. In 

othet words, the critical ratio 0.12 of v/L is seen to be independent 

of X, the geometric parameter of the arch..
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To get an insight into how the arch rise (represented by A) 

affects the deflection. Fig. 5-5 is drawn, in which the absolute maxi­

mum deflections corresponding to various values of the geometric 

parameter A for a static case and two dynamic cases (v = 10, 50 ft/ 

sec) are shown. One observes that approximately for A > 30 the abso­

lute maximum deflection does not vary significantly. However, for 

A < 30 the absolute maximum deflection increases significantly as A 

becomes smaller, except for high values of v. This is as expected, 

because for relatively small A (in this case A < 30), the arch under 

consideration is close to an ordinary simple beam, which usually has 

greater deflection than arches.

The stiffness of the arch section is expected to effect the 

deflection of the.arch rib. To study the relationship between the 

stiffness and the deflection of the arch, Fig. 5-6 showing the effect 

of radius of gyration (with respect to the axis perpendicular to the 

arch plane)on the deflection is plotted. In this figure, the deflec­

tion shapes due to a point load of unity acting at C = 0.3L and C =

6.51,9 respectively, are shown. Three different values of radius of
A '

gyration R are taken. The figure clearly shows that the maximum deflec­

tion would decrease if the radius of gyration increases. It is seen that 

the stiffness effect is significant, but this effect is apparently not 

linear. This is different from a simple beam case in which, in general, 

the stiffness, effect is linear.

4
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It is interesting to study the deformed shape of the arch as 

v approaches zero. This is demonstrated in Fig. 5-7 in which the 

deformed shapes of the arch due to a point load of unity are shown for 

the static case, and the dynamic case with v = 1.0, 5.0 and 10.0 ft/ 

sec respectively. It is seen that for a smallv (= 1.0 ft/sec in this 

case) the deformed shape is. almost identical with that in the static 

case.

5.3 Static Stresses and Dynamic Stresses

The stresses on the arch rib may be easily determined if the 

deflection curve is known. The procedure to compute the stresses for 

arches under static loading are:

a) Using Eqs. (3.4) and (3.7) to find the deflection 

curve of the arch'axis and corresponding axial 

thrust for each point of application of the point 

load.

b) The vertical support reaction components are 

obtained as though the arch is a simple beam.

c) Find the moment on each section and then compute 

the stress by the formula

a = N/A + Mt/2I (5.3)
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in which N = normal thrust 

A = sectional area

I = moment of inertia of the section 

M = the moment on the section 

t = the thickness of the rib

As for the stresses due to the moving load, the procedures 

are the same except

a) Instead of using Eqs. (3.4) and (3.7), the six

dynamic equations (4.11 - 4.16) are integrated numerically.

b) Add inertia load to E q (5.3).

Adding the inertia load to Eq. (5.3) indicates the difference 

between a static problem and a dynamic problem. The inertia load is 

obtained by multiplying the mass of unit length with the acceleration of 

the arch. Since the acceleration at each section of the arch is differ^ 

ent, the stresses due to the inertia load is obtained by using the same 

technique as solving a simple beam problem subject to non-uniformly 

distributed load. ^

Following these procedures, we obtain the desired results which 

are tabulated in TABLE 5-3. Representative plots of these results are 

shown in Fig. 5-8 through Fig. 5-12. It is noted that all the stresses 

either tabulated or shown in the figures are their extreme values, that 

is, the maximum value on the cross section, and the following data are 

used:



o (psi)

Influence Lines for Stress oFig. 5-8.

C

*v (ft./sec.)

max

4.0 -

10 3.0 -

2.0 -

Fig. 5-9. Comparison of amax



113

A = 1/2 ft2 L=50 ft.

E » 475200 psf 

I =  1/96 ft4 

P = I lb

These figures show that the static stress is generally much 

less than the dynamic stress. Let's define O1max as the maximum value of 

the stresses corresponding-to each load position (point of application of 

the unit load) and abs 0 m̂ax as the largest of these maximum,stresses. 

Fig. 5-8 shows the influence lines for the stressO at x/j_ = 0.5 j 

corresponding to various load positions with V = o. (static case), 10. 

and 50 ft/sec respectively. It is seen that the maximum stress corres­

ponding to 1V  = 50 ft/sec is more than three times as great as that 

corresponding to the static case. Fig. 5r9 shows the comparison of 

CTmax corresponding to the static case, V  = 10, 30 and 50 ft/sec respec­

tively. It is seen that the absolute maximum stresses corresponding to 

V  = 30 and 50 ft/sec are greater than those corresponding to the static 

case and V  = 10 ft/sec respectively. Since the maximum displacement of 

the arch corresponding to V  = 10 ft/sec is greater than V  = 30 or 50 

ff/sec as discussed in the previous section, it seems contradicting in 

the above statement. For it is natural to think that if the maximum 

displacement is greater, the maximum stress should also be greater. But 

it must be pointed out that this is perfectly true in the simple beam



114

problem but not necessarily true in the arch problem. To clarify this 

doubt, we must recall that an arch serves to reduce the bending moment 

when compared with a beam under the same conditions. It is the normal 

thrust that "helps" the arch to achieve this purpose. If the thrust is 

small in magnitude the moment due to the thrust that is to be deducted 

from the bending moment is negligible. If this is the case, then the 

arch is no more than a beam and a high stress, due to the external mom­

ent is expected. With this in mind, let's study Fig. 5-13 in which the 

thrust corresponding to various load positions is shown with v = 10,

30 and 50 ft/sec respectively. It is seen that the thrust corresponding 

to v = 50 ft/sec is a small fraction of that corresponding to v = 10 

ft/sec. Hence, it is evident that it is possible for the maximum 

stress value corresponding to. v = 50 ft/sec to be greater than when 

v = 10 ft/seco

The effect of the geometric parameter X upon the abs. maximum 

stress is also found and shown in Fig. 5-10. One observes that the 

effect of the geometric parameter X upon the abs. maximum stress is 

rather irregular in the dynamic case. But in ,the static case for 

greater X, the abs. Cfjnax is less. It does not vary significantly for 

X > 40.
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It is also interesting to know the effect of A, the geometric 

parameter, upon the bending moment and the normal thrust in the static 

case in addition to the effect of X upon the stress which has already 

been discussed. This is shown in Fig. 5-11. It is observed that the 

normal thrust N reduces as X increases. The bending moment has the \

same tendency but does not vary as sharply as the normal thrust.

In Fig. 5-12 the amax corresponding to three different 

values of radius of gyration is calculated for various points of appli­

cation of the load. The effect of a larger stiffness is to reduce the 

stress. It is seen this effect is not linear. This is similar to the 

case in which the effect of the stiffness upon the deflection is con­

sidered.

In Sec. '5-1. we mentioned the difference of the two theories: 

the elastic theory and the deflection theory. To get some more insight 

into this, we solve the problem by the two theories and use two different 

point loads (P = I lb and P = 10 lb). The procedures to find the stress 

by the elastic theory may be found in many textbooks, say by Maugh [54]. 

The stress by the deflection theory is obtainedby following the proced­

ures listed in Sec. 5:2. With the following data used:

A =  1/2 ft
4I =  1/96 ft

E = 475200 psf 

' L =  50 ft

• ■ ' ' X = so . : • - .
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X = 10

Fig. 5-13. Variation of the Axial Thrust due to v
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The results are tabulated in TABLE 5-4, and is also shown in 

Fig. 5-14. Apparently the values computed by the first theory are 

much less than that by the deflection theory and, more notably, are 

on the unsafe side. It is noted that if P is small the difference is 

■not too severe, but if P is large the difference is too, great to be 

ignored.

'k
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Chapter 6

DISCUSSIONS AND CONCLUSIONS

In Chapter 3 and Chapter 4, we studied the stability problem of 

pin-pin shallow circular arches in the static case and in the dynamic 

case, respectively. It was found that the stability of these arches is 

sensitive to the geometric parameter X which is proportional to the 

arch rise if the radius of gyration of the arch section (with respect to 

the axis perpendicular to the arch plane) is constant. Some important 

conclusions in the static case may be drawn:

1) Symmetric arches under symmetric loading will not buckle if 

the geometric parameter X < 4.2, will buckle symmetrically if 4.2 <_ X 

12, and will buckle antisymmetrically if X > 12.

2) Symmetric arches under arbitrary loading will not buckle 

for the geometric parameter X < 4.2 and will buckle antisymmetrically 

for X _>. 4.2.

3) The presence of the second mode (antisymmetric mode) only 

"triggers" the buckling process, since the final buckled configuration is 

always symmetric.

4) As If (the ratio of the uniform pressure to the point load) 

is small (say, 0.00001), the dead weight of the arch may be neglected 

in determining the critical values.

5) The weak region is found to lie approximately between x =

.03L and x = 0.4L from either support, in which the critical loads are
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relatively less than when the point load is at other positions. However, 

this region disappears when the dead weight of the arch is about on the 

same order of magnitude as the point load.

In the dynamic case, it was found

a) In the series solution, the two. modes approximation may 

be used to determine the critical loads in practice.

b) Except for a small range of v/L (speed-span ratio), as 

v/L increases, the critical load also increases.

c) Greater geometric parameter X corresponds to higher cri­

tical loads.

d) If <f> (the ratio of the. uniform, pressure and the point load) 

is small, the dead weight of the arch may be neglected in obtaining the 

critical load.

•e) Shallow arches will buckle if and only if the critical 

amplitude of the first mode is reached.

f) In two modes approximation, the presence of A0 helps to 

increase the amplitude of Â .. Hence, the critical loads computed by 

using the first two modes are less than when only the first mode is
I

considered.

g) For a certain range of speed-span ratio'the dynamic 

buckling load is less than the corresponding static buckling load.

And it appears that the percentage of the difference between the mini­

mum dynamic buckling load and the corresponding static buckling load 
decreases as the arch geometric parameter X^ increases.
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In studying the deflection and the stress of the arch rib 

in Chapter 5, it was found

a) The absolute maximum static deflection and stresses are 

less than the corresponding dynamic deflection and stresses.

b) The absolute maximum deflection in the static case 

occurs when the point load is in the weak region.

c) For the geometric parameter X > 40, both the absolute 

maximum values of the deflection and the stresses approximately remain 

the same.

d) The effect of the geometric parameter X upon the axial 

thrust is significant. .For greater X, the thrust becomes less.'

e) For the geometric parameter X >30, the maximum bending 

moment does not vary significantly.

f) As in the simple beam problem, greater R (radius of 

gyration) causes less deflection and stresses.

g) The abs. maximum dynamic deflection reaches it peak 

value for v/L (speed-span ratio) =0.12. It appears that this peak 

"va-lue is greater than the corresponding abs. maximum static deflection 

for all values of.the geometric parameter X^.

h) Results computed by using the elastic theory and the 

deflection theory shows significant differences. As such, the elastic 

theory is not recommended in practical design..

, In this work, our studies are limited to a rather narrow field 

and many things have been idealized. In practice, the problem becomes
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much more involved. An arch rib, for example, is often built with the 

hangers and the deck to form a complete unit of the arch bridge system. 

In this case, the arch bridge behaves more as a truss than as a pure 

arch. But, if the connections between the arch rib and the hangers 

are ginned, the problem may then be handled by the techniques suggested 

in this work. The presence of the hangers may be viewed as stiffening 

the arch rib and thus the critical load should be higher.

In treating the stability problem, we assumed that moment 

of inertia, I, is small. Biit if I is large, the arch will have no in­

stability problem. It may fail because the material is overstressed. 

Hence, it is recommended that in practical design both the stability 

problem and the stress conditions should be studied. -
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APPENDIX A

. TABLE 3-1 '

Critical Load Parameter .Per for Pinned-end Shallow 
Circular Arches under Point Load Only

M 0 0.1 0.2 0.3 0.4 0.5

5 1.720 0.910 0.666 '0.570 0.543

. 10 2.403 1.332 . 1.054 1.018 1.138

20 2.680 1.504 1.219 1.238 1.770

30 2.730 1.535 1.249 1.276 1.866

40 2.748 1.546 1.259 1.288 1.898

--
50 2.756 1.551 1.263 1.294 1.913

60 2.761 1.553 1.266 1.298 1.921

70 2.763 1.555 1.267 . 1.300 1.926

. '
80 2.765 1.556 1.268 1.301 1.929

90 . • 2.766 1.557 1.269 1.302 1.931

100 2.767 ■ ■ 1.557 1.270 1.302 1.932

NOTE: The'values in TABLES 3-1 through 3-8 are to be multiplied by
12.
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TABLE 3-2

Critical Load Parameter Per for Pinned-end Shallow Circular 
Arches Under Point Load and Uniform Pressure 

uniform pressure 
point load<♦ 1. 0)

0 ^1
0.2 0.3 0.4 0.5

5 0.143x10"2 0.143xl0~2 0.143x10"2 0.143xl0"2 0.143x10"2

10 0.323 0.323 0.322 0.322 0.322

20 0.500 0.495 0.495 0.497 0:505

30 0.525 0.520 0.520 0.524 0.527

40 0.534 0.528 0.528 0.533 0.536

50 0.538 0.532 0.531 0.537 0.540

60 0.539 0.534 0.534 0.539 0.542

70 0.541 0.535 0.535 0.540 0.543

80 0.541
y

0.536 0.536 0.540 0.544

90 0.542 0.537 . 0.536 0.541 0.544

100 0.542 0.537 0.537 0.541 0.545
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' TABLE 3-3
Critical Load Parameter Per for Pinned-end Shallow Circular 

Arches Under Point Load and Uniform Pressure 
- _ uniform pressure 

point load 0.1)
\  Ho

0.1 0.2 0.3 0.4 0.5

‘5 1.418xl0~2 1.407xl0~2 1.399xl0“2 I.394x10“2 1.392xl0“2

10 3.201 3.170 .. 3.149 3.143 3.144

20 4.770 4.654 4.626 4.589 4.907

30 4.995 4.869 4.§41 4.911 5.150

40 5.070 4.942 4.913. 4.982 5.231

50 5.105 4.975 4.946 5.020 5.269

60 5.124 4.993 4.964 5.038 5.287

70 5.135 5.004 4.975 5.049 5.301

80 5.142 5.011 4.982 <5.056 5.-308

90 5.147 5.016 4.986 5.061 5.314

100 5.151 5.019 4.990 5.064 5.318
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TABLE 3-4

Critical Load Parameter Per for Pinned-end Shallow Circular
Arches Under Point Load and Uniform Pressure

r - r -  uniform pressure
point loadGT 0.05)

0.1 0.2 0.3 0.4 0.5

5 o.asixio"1 0.277xl0-1 0.274X10"1 0.272xl0~1 0.272X10"1

10 0.633 0.619 0.612 0.611 0.612

20 0.922 0.885 0.875 0.892 0.956

30 0.964 0.924 0.914 0.933 1.000

40 0.978 0.938 0.927 0.947 1.020

50 0.984 0.944 0.933 0.953 1,020

60 0.988 0.947 0.936 0.956 1.031

70 0.990 0.949 0.938 0.958 1.033

80 0.991 0.950 0.940 '0.960 1.034

90 0.992 0.951 0.941 0.961 1.036

100 0.993 0.952. 0.941 0.961 1.036
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TABLE 3-5

Critical Load Parameter Per for Pinned-end Shallow Circular 
Arches Under Point Load and Uniform Pressure 

uniform pressure n n-, ̂
(4 = ---= 0*01>

N
0.1 0.2 0.3 0.4 0.5

5 0.132 O'. 124 0.118 0.114 0.113

10 0.285 0.258 0.246 0.246 0.253

20 0.383 0.338 ' 0.324 0.335 0.396

30 0.398 0.351 ; 0.336 0.349 0.416

40 0.403 0.356 0.340 0.353 0.422

50 0.406 0.358 0.342 0.355 0.425

60 0.407 '0.359 0.343 0.356 0.427

70 . 0.408 0.359 0.344 0.357 0.429

80 0.408 0.360 0.344 ' 0.358 0.429

90 0.409 0.360 0.345 0.358 0.429

100 0.409 0.360 0.345 0.358 0.429
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TABIiE 3-6

Critical Load Parameter Per for Pinned-end Shallow Circular
Arches Under Point Load .and Uniform Pressure

uniform pressure
point load .< 7 0.001)

X 0
0.1 0.2 0.3 0.4 0.5

5 0.786 0.559 0.455 0.408 0.394

10 1.346 0.926 0.786 0.772 0.845

.20 1.592 1.085 0.936 0.963 1.324

30 1.635 1.113 0.962 0.995 1.393

40 1.650 1.122 0.971 1.006 1.416

50 -1.656 1.127 0.975 J 1.011 1.427

60 1.660 1.129 0.977 1.013 1.433

70 1.662 1.131 0.979 1.015 1.436

80 1.664 1.132 0.980 1.016 1.438

90 • 1.665 • 1.132 0.980 . 1.017 1.440

100 • 1.665 1.133 0.981 1.017 , 1.441

. •

/ '

• ■

-

I
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0.1 0.2 0.3 0.4 0.5

TABLE 3-7

Critical Load Parameter Tcr for Pinned-end Shallow Circular
Arches Under Point Load and Uniform PressureuiîgtpSre , ;

5 1.538 1.856 0.637 0.548 0.523

10 2.221 1.275 1.019 0.986 1.100

20 2.497 1.446 1.182 1.200 1.714

30 2.548 1.477 1.212 1.240 1.806

40 2.565 1.487 1.222 1.253 1.837

50 2.573 1.492 1.226 1.259 1.851

60 2.578 1.495 1.229 . 1.262 1.858

70 2.580 1.496 1.230 . 1.264 1.863

80 ' 2.582 1.498 1.231 1.265 1.866

90 2.583 1.498 1.232 1.266 1,868

100 • 2.584 1.499 1.232 . 1.266 1.869
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TABLE 3-8

Critical Load Parameter Per for Pinned-end Shallow Circular 
Arches Under Point Load and Uniform Pressure

C? = uniform pressure _ 0<00001)
point load ...

V  Po 
X u

X X O H 0.2 0.3 0.4 0.5

5 1.700 0.904 0.663 0.568 0.541

10 2.384 1.326 1.050 1.014 1.134

20 2.660 1.498 1.215 1.234 1.765

30 2.711 1.529 1.245 1.272 • 1.860

40 2.728 1.540 1.255 . 1.285 1.892

50 2.737 1.545 1.260 1.291 1.907

60 2.741 1.547 1.262 1.294 1.915

70 2.744 1.549 1.265 1.297 1.919

80 2.745 1.550 1.265 1.297 1.922

90 2.747 1.551 1.265 1.298 1.924

100 ' 2.747 1.551 1.266 ;1.297 ' 1.926 .
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■ TABLE 4-1

Critical Load Parameter P2cr for Pinned-end Shallow 
Circular Arches Under Point Load Only

^ ^ 1 1  
V  ft/seh'\ 3. 5. 10. 15. 20, 25.

1.0 3.3 5.6 11.5 17.3 23.0 28.9

10.0 4.4 8.8 17.0 . 26.0 34.0 42.0

20.0 7.9 15.5 32.0 50.0 67i0 80.0

30.0 12.0 24.0 54.0 83.0 112.0 135.0

40.0 16.0 33.0 78.0 119.0 159.0 205.0

50.0 20.0 45.0 101.0 154.0 217.0 272.0

TOO.O 39.0 95.0 195.0 326.0 430.0 550.0

150.0 60.0 140.0 390.0.. 474.0 663.0 872.0
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. TABLE 4-2

Critical. Load Parameter P2cr for Pinned-end Shallow Circular
Arches Under Point Load and Uniform Pressure

a  = pressure _  lj0)
...... point load ... ...

1,0
10.0
20.0

0.12
0.12
0.12

0.30

0.35

0.36

0.57

0.64

0.65

0.84

0.96

0.97

1.12
1.26

0.127

1.40 .

1.57

1.58

TABLE 4-3

Critical Load Parameter P2cr for Pinned-end Shallow Circular 
Arches Under Point Load and Uniform Pressure

Cf uniform pressure 
point load . 0.1)

3 5 10 15 20 25

1.0 1.0 2.0 4.0 6.0 7.5 9.5

10.0 1.0 2.5 5.0 8.0 10.5 13.0

1.1 3.0I 9.5 12.520.0 6.5 15.5



TABLE 4-4

Critical Load Parameter P2cr for Pinned-end Shallow Circular 
Arches Under. Point Load and Uniform Pressure

_ uniform pressure 
■ • . ' point load. 0.001)

3 5. 10 15 20 25

1.0 3.2 5.5 11.2 16.9 22.6 28.3

10.0 4.1 8.4 15.8 24.0 31.5 38.0

20.0 7.4 14.6 30.2 47.5 64.0 74.0

TABLE 4-5

Critical Load Parameter P2cr for Pinned-end Shallow Circular
Arches Under Point Load and Uniform Pressure

/y . uniform pressure = 0.00001)point load

l' ' \ ai
^ ft/seh^\

3 5 10 15 20 25

1.0 3.3 5.6 11.4 17.1 22.8 28.7

10.0 4.4 8.8 16.8 25.8 33.7 41.6

20.0 7.7 15.3 31.7 49.7 . . 66.6 79.5

TABLE 4-6

Critical Load Parameter P2cr for Pinned-end Shallow Circular
Arches Under Uniform Pressure Only
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TABLE 4-7

Critical Load Parameter'P2cr for Pinhed-end 
Shallow Circular Arches'

(Damping Effects Included)

ft/sec 3 . 5 10 15 20 25

1.0
0.001 3.3 5.6 11.5 17.3 23.0 28.9

0.1 3.3 5.7 11.7 17.7 23.6 29.5

10.0

0.001 4.4 8.8 18.0 27.0 35.8 44.8

0.1 5.0 9.6 19.8 29.6 39.2 49.2

50.0

0.001 22.5 48.5 105.0 • 160.0 ^224.0 281.0

0.1 24.0 51.0 110.0 168.0 :232.0 292.0



TABLE 5-1'
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Relationship Among A, L, H/L, H, g and R 
(E = 475200 PSf, I =1/96 ft4, A = %-ft2)

A L
ft

H
ft

H/L 8
rad.

■ R
. . . .  ft

10 50 0.6250 0.0125 0.1000 500.3

20 50 1.2500 . 0.0250 0.1998 250.6

30 50 1.8750 0.0375 0.2994 167.6

40 50 2.5000 0.0500 0.3987 _126.3

50 50 ■ . 3.1250 0.0625 0.4974 101.6

60 50 . 3.7500 0.0750 0.5956 85.2

70 50 4.3750 0.0875 0.6930 73.6

80 50 5.0000 0.1000 0.7896 65.0

90 50 5.6250 0.1125 0.8853 58.4

100 50 . 6.2500 0.1250 0.9799 53.1



TABLE 5-2

Deflection of Pinned-end Shallow Circular Arches 
(E = 475200 PSf, I = 1/96 ft*, A = % ft2, b =. I ft, L = 50 ft) 
__________________________ (a) = 10.___________________________

3
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static 2.35 3.31 3.07 2.18 1.08 0.11 -0.52 -0.71 . -0.49

10 0.4.6 0.26 -0.07 -0.04 ' " 0.04 -0.02 -0.01 0.02 -0.02

30 0.08 0.02 -0.03 0.01 0.01 -0.01 0.00 0.01 -0.01
0.1

50 0.03 . 0.01 -0.01 0.00 ' 0.00 -0.01 o.do .. 0.00 0.00

70 0.02 0.01 -0.01 0.00 0.00 ■ 0.00 ■ 0.00 0.00 0.00

90 0.01 0.00 0.OO • 0.00 0.00 0.00 0.00 . 0.00 ■ 0.00

Static' 3.38 6.15 7.44 ■ 6.61 4.49 2.14 0.28 —0.66' -0.65

10 1.92' 3.23 • 3.07 ' 1.49 -0.15 -0.81 -0.55 -0.01 0.23

30 0.56 0.66 0.24 -0.12 -0.06 0.07 . -0.02 -0.04 0.04
0.3

50 0.29 0.23 ' 0.03 -0.03 0.01.. 0.01 -0.01 • 0.00 0.00

70 0.17 0.12 0.01 -0.01 0.01 0.00 0.00 0.00 0.00

90 • 0.11 0.07 0.00 0.00 0.01 0.00 ' 0.00 0.00 0.00

* The above values (in feet) to be multiplied by 10 ^
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TABLE 5-2 (continued)

C/I>
r - X/L 
f 0.1 • 0.2 0.3 0.4 • °-5 0.6 ■ 0.7 0.8 0.9

Static 1.06 2.48. 4.25' 5.93 6.73 5.93 ' 4.25 .2.48 1.06

10 3,04 5.34 6.72 ' 6.87 5.19 1.87 -1.55 -3.24 -2 ..47

30 . 0.82 ' 1.31 . 1.38 0.84 -0.03' -0.31 . 0.06 0.11 • • -0.13
0.5

50 0.39 • 0.60 ' 0.47 \ • 0.14 -0.02 0.00 ,0.01 -0.01 0.00

70 0.25 0.32 0.21 0.07 0.01 0.00 . 0.00 . 0.00 0.00

90 0.18 0.20 0.11 0.04 0.01 • ■ 0.00. 0.00 0.00 6.00

Static -0.65 -0.66 0.28 2.14 4.49 . 6.61 7.44 ■ 6.15 3.38

10 3.17 6.46 9.22 10.31 9,23 6.47 3.05 . 0.26 -0.72
- • 30 " • 0.95 - 1.85 2.16 1.87 1.35 0.42 ' -0.42 —0.24 0.27
0.7

■ 50 0.50 0.84 0.87 0.61 . 0.29 . 0.10 0.03 -0.01 -0.02

70 0.31 . 0.49 0.43 0.25 0.15 0.09 ' 0.01 • -0.02 0.01

90 0.22 0.31 0.24 0.15 0.10 0.06 ■ 0.01 -0.01 0.01



TABLE 5-2 (continued)

V''''-- x ^l
c/̂ f t 7 S & ^ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static -0.49 -0.71 . -0.52 0.11 ■ 1.08 2.18 3.07 ’ 3.31 2.35

10 " 3.32 5.54 6.42 6.89 8.09 10.15 11.98 11.67 7.50

30. . 1.24 2.02 2.69 2.96 2.32 1.44 0.84 0.03 -0.50
0.9

50 0.61 1.02 ■ 1.20 1.07 0.69 0.40 0.29 0.15 0.00

70 0.37 0.62 0.65 0.49 0,32 0.24 0.19 0.09 ' 0.00

90 0.26 0.40 0.38 0.26 0.19 ■■ 0.16 0.11 0.04 0.01 H4̂
ND

(b) X = .30

Static 1.87 , 2.41 1.86 0.79 -0.34 -1.21 ■ -1.63 -1.50 -0.90

10 0.46 0.25 -0.08 -0.05 0.03 -0.02 -0.01 0.01 -0.02

30 0.08 0.02 -0.03 0.01 0.01 -0.01 0.00 0.01 -0.01
0 . 1 .  .

50 0.03 0.01 -0.01 0.00 0.00 —0. oi 0.00 . 0.00 0.00
.

70 ■ 0.02 0.01 -0.01 0.00 . 0.00 0.00 0.00 , 0.00 0.00

90 0.01 0.00 0.00 0.00 . 0.00 0.00 0.00 0.00 0.00



TABLE 5-2 (continued)

X/L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static 1.92 3.43 3.83 2.56 0.47 -1.48 -2.64 -2.70 . -1.69

10 1.56 2.66 2.44 0.89 -0.75 —1.42 -1.19 -0.59 -0.14

30 0.55 0.64 0.23 -0.14 ■. -0.07 ' 0.06 -0.03 -0.06 0.03
0.3

50 0.29 0.23 0.03 -0.03 0.00 0.00 -0.01 0.00 0.00

70 0.17 ■ 0.12 ' 0.01 -0.01 0.01 0.00 0.00 0.00 0.00

90 0.11 • 0.07 0.00 0.00 0.01 o.oo • 0.00 0.00 0.00

Static -0.39 -0.31 0.37 1.33 • 1.88 1.33 0.37 -0.31 . -0.39

" 10 2.05 ' 3.49 4.23 4.03 2.27 -0.92 -3.99 -5.06 -3.45

30 0.73 . 1.18 1.-25 0.72 -0.16 -0.43 -0.07 -0.03 -0.23
0.5

50 0.37 0.58 0.45 0.12 " -0.04 -0.02 ‘ -0.01 -0.03 -0.02

70 0.25 0.32 0.20 0.06 ■ 0.00 0.00 -0.01 -0.01 0.00

90 0.17 0.19 0.11 0.04 0.01 0.00 0.00 0.00 0.00
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TABLE 5-2 (continued)

W  X/L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static -1.69 -2.70 -2.64 -1.48 0.47 2.56 3.83 3.43 1.92

10 1.37 3.05 4.48 4.67 3.36 ■ 1.14 -1.16 -2.59 -2.16

30 0.65 1.40 1.70 1.44 0.92 -0.02 -0.89 OOI -0.03
0.7

50 0.44 0.76 0.7? 0.54 0.22 0.03 -0.04 -0.09 -0.08

70 0.29 0.46 0.41 ■ 0.23 0.13 0.07 -0.01 —0.04 -0.01

90 0.22 0.30 0.23 0.14 0.09 0.05 0.00 -0.02 ' 0.00

Static -0.90 -1.50 -1.63 -1.21 -0.34 0.79 1.86 2.41 1.87

10 -1.13' -2.54 -3.84 -4.11 -2.83 -0.30 2.61 4.45 3.55

30 0.62 1.03 1.61 1.92 1.30 0.38 -0.27 -0.98 -1.13
0.9

50 0.46 0.81 0.99 0.87 0.50 0.20 0.09 -0.06 -0.15

70 0.32 0.55 0.59 0.43 0.25 0.18 0.13 0.02 -0.05

90 ’ 0.24 ' 0.38 0.36 0.24 0.16 0.14 0.09 0.01 -0.01
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TABLE 5-2 (continued) 

(c) X = 50

.Jt/L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static 1.86 2.36 1.77 0.67 -0.48 -1.36 -1.75 -1.60 -0.95

10 0.45 0.24 -0.09 . -0.06 0.02 -0.03 -0.02 0.00 -0.03

30 0.08 0.02 -0.03 0.01 0.01 -0.01 ■ 0.00 0.01 -0.01
0.1

50 0.03 0.01 -0.01 0.00 0.00 -0.01 0.00 0.00 0.00

70 0.02 0.01 -0.01 0.00 0.00 0.00 0.00 0.00 0.00

90 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Static 1.81 - 3,22 3.55 2.23 0.13 -1.80 -2.91 -2.89 -1.79

10 1.39 2.35 2.06 . 0.52 , -1.09 -1.79 -1.56 -0.89 -0.30

30 . 0.53 0.61 0.20 -0.16 -0.10 0.03 -0.05 -0.09 0.00
O'. 3

50 0.28 0.23 0.02 -0.03 0.00 ■ 0.00 -0.01 -0.01 0.00

70 0.17 0,12 0.01 -0.01 0.01I -0.01 0.00 0.00 -0.01

90 0.11 0.07 0.00 0.00 0.01 -0.01 0.00 ■ 0.00 0.00
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TABLE 5-2 (continued)

X/L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static -0.52 -0.53 0.07 0.99 1.52 ■ 0.99 0.07 -0.53 -0.52

10 . 2.12 3.55 4.17 3.83 2.02 -1.06 -3.94 -4.91 -3.32

30 0.60 1.00 1.08 0.55 -0.32 -0.60 -0.25 -0.21 —0.36
0.5

50 0.34 . 0.55 0.42 0.09 -0.07 -0.05 -0.04 -0.07 -0.05

'70 0.24 0.31 0.19 0.05 -0.01 -0.01 -0.02 -0.02 -0.01

90 0.17 0.19 0.11 0.04 0.00 -0.01 -0.01 • -0.01 . -0.01

Static -1.79 02.89 -2.91 -1.80 0.13 2.23 3.55 3.22 1.81

10 0.67 ; 1.92 3.30 3.71 2.56 0.25 -2.25 -3.63 -2.80

30 0.42 ■ 1.01 1.26 1.04 0.55 -0.42 -1.32 -1.09 -0.25
0.7

50 0.35 0.64 0.68 0.43 0.11 -0.08 -0.16 -0.21 -0.17

70 0.26 0.42 0.37 0.20 0.09 0.03 -0.04 -0.08 -0.05

90 0.20 0.28 . 0.22 0.12 0.07 0.04 -0.02 -0.04 -0.02
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TABLE 5-2 (continued)

C/L\ .
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static -0.95 -1.60 -1.75 -1.36 -0.48 0.67 1.77 2.36 1:86

10 -0.43 . -1.74 -3.59 -4.55 -3.51 -0.56 3.16 5.53 4.42

30 0.40 0.60 1.05 1.35 0.75 -0.18 -0.81 -1.39 -1.34
0,9

50 0.28 0.55 0.74 0.64 0.27 -0.03 -0.17 -0.31 -0.33

70 0.24 0.45 0.49 0.34 0.16 0.09 0.04 -0.09. -0.13

90 0.20 0.34 0.32 0.20 0.12 0.10 0.05 -0.03 '-0.05

(d) X = 70

0,1

Static 1.90 ' 2.40 1.78 0.65

10 0.43 0.23 -0.10 ■ -0.07

30 0.08 0.02 -0.03 0.01

50 0.03 0.01 -0.01 0.00

70 0.02 0.01 -0.01 0.00

90 0.01 0.00 0.00 0.00

-0.54 -1.43 -1.83 -1.66 -0.99

0.01 -0.04 -0.03 -0.02 -0.04

' 0.01 -0.01 0.00 0.01 -0.01

0.00 -0.01 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00
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TABLE 5-2 (continued)

X/L
0.1 0.2 0.3 0.4 0.5 0 . 6 0.7 0.8 0.9

Static 1.81 3.22 3.54 2.18 0.02 . -1.94 -3.05 -3.01 -1.86

10 1.40 2.36 2.05 0.48 -1.15 I
-S
r1 OO LO -1.57 -0.88 -0.28

30 0.5.0 0.58 0.17 -0.19 -0.13 0.00 -0.09 -0.12 -0.02
0,3 -

50 0.28 0.22 0.02 -0.04 -0.01 -0.01 -0.02 -0.01 -0.01

70 0.17 0.12 0.00 ■ -0.01 0.00 -0.01 ; -0.01 0.00 -0.01

90 .. 0.11 0.07 0.00 0.00 0.00 -0.01 0.00 0.00 -0.01

Static -0.56 -0.61 -0.02 0.91 . 1.45 0.91 -0.02 -0.61 -0.56

10 2.06 3.46 4.07 3.73 1.93 -1.14 -4.02 -4.98 -3.37

30 0.52 ' 0.87 0.94 0.43 -0.43 -0.72 -0.39 -0.34 —0.44
0.5

50 0.31 0.50 . 0.38 0.05 -0.11 -0.09 -0.08 -0.11 -0.08

70 0.23 0.29 0.18 0.04 -0.02 -0.03 -0.03 -0.04 -0.03

; \o O 0.16 0.18 0.10 0.03 0.00 -0.01 -0.01 -0.01 -0.01
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TABLE 5-2 (continued)

X/L
X r t T S 1BCc/i\

0.1 0.2 0.3 0.4 0.5 0.6 0.7 . 0.8 0.9

Static -1.86 -3.01 -3.05 -1.94 0.02 2.18 3.54 3.22 1.81

10 0.58 1.74 3.05 3.39 2.24 -0.01 -2.40 -3.70 -2.82

30 0.40 0.94 1.13 0.92 0.45 -0.53 -1.44 -1.16 -0.27
0.7 ,

' 50 0.27 0.53 0.57 0.33 0.01 -0.18 -0.26 -0.32 -0.25

70 0.22 0.37 0.33 0.16 - 0.04 -0.01 . -0.09 -0.13 -0.08

90 ' 0.18 0.26 0.20 0.11 ■ 0.05 0.02 -0.03 -0.06 -0.03

Static -0.99 -1.66 -1.83 -1.43 -0.54 0.65 1.78 2.40 1.90

10 -0.40 ' -1.64 .. -3.47 -4.53 -3.52 -0.40 3.50 5.88 4.60

30 0.44 0.66 1.07 1.30 0.67 -0.21 -0.77 -1.32 -1.30
0.9

50 0.20 0.41 0.57 0.49 0.14 -0.18 -0.33 -0.46 -0.41

70 0.17 0.35 0.40 0.25 0.07 0.00 -0.06 -0.19 -0.21

90 0.16 0.28 0.27 0.16 0.08 0.06 0.00 -0.08 -0.09
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TABLE 5-2 (continued)

(e) X = 90

V \ x/L 0.1 0.2 0.3 , 0.4 0.5 0.6 0.7 0.8 0.9

Static 1.96 2.48 1.83 0.65 ■ -0.58 -1.50 -1.91 -1.74 -1.03

10 0.42 0.21 -0.12 -0.08 -0.01 -0.06 -0.05 -0.03 -0.06

30 0.08 0.02 -0.03 0.01 . 0.01 -0.01 0.00 0.01 -0.01
0.1

50 0.03 0.01 -0.01 0.00 0.00 -0.01 0.00 - 0.00 0.00

70 0.02 0.01 -0.01 ' 0.00 0.00 0.00 0.00 0.00 0.00

90 0.01 0.00 0.00 0.00 0.00 . 0.00 • 0.00 0.00 ■ 0.00

Static 1.85 - 3.30 3.63 2.21 -0.02 -2.05 -3.19 -3.14 -1.94

10 1.36 2.33 . 2.03 0.43 -1.22 -1.87~ -1.59 . -0.90 -0.32

30 0.47 0.54 0.14 -0.22 ' -0.16 -0.03 -0.12 -0.16 -0.05
0.3

50 0.27 0.21 0.01 -0.05 -0.01 -0.01 -0.02 -0.02 -0.02

70 0.16 0.12 0.00 -0.01 0.00 -0.01 -0.01 0.00 -0.01

90 0.11 0.07 0.00 -0.01 0.00 ■ -0.01 0.00 0.00 -0,01
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TABLE 5-2 (continued)

c/r\

X/L
o.i 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static -0.60 -0.66 -0.06 0.86 1.45 0.86 -0.06 -0.66 —0.60

10 1.96 3.36 4.02 3.64 ■ 1.80 -1.23 -4.07 -5.06 -3.47

30 0.51 0.83 0.89 0.39 -0.46 -0.76 -0.44 -0.38 -0.45
0.5

50 0.28 0.46 0.34 0.02 -0.15 -0.12 -0.12 -0.16 -0.11

70 0.21 0.27 0.17 0.03 -0.04 -0.04 ■ -0.04 -0.05 -0.04

90 0.16 0.17 0.10 0.03 -0.01 -0.02 -0.02 -0.02 -0.02

Static -1.94 -3.14 -3.19 -2.05 -0.02 2.21 3.63 3.30 1.85

10 0.51 1.66 2.95 • 3.24 2.06 -0.12 -2.43 -3.72 -2.86

30 0.41 0.95 1.14 0.92 0.44 -0.54 -1.43 -1.14 -0.26
0.7

50 0.24 0.47 0.51 0.27 -0.05 ■ -0.23 -0.33 -0.39 -0.29

70 0.19 0.33 0.29 0.12 0.00 -0.05 -0.13 -0.18 -0.12

90 0.16 0.24 0.18 0.08 0.03 0.00 -0.06 -0.08 -0.05
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TABLE 5-2 (continued)

I

X/L

c/r\ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static -1.03 -1.74 -1.91 -1.50 -0.58 0.65 1.83 ■ 2.48 1.96

10 -0.44 -1.67 -3.49 -4.56 .-3.55 -0.36 3.60 5.97 4.64

30 0.40 0.63 1.05 1.25 ' 0.59 -0.27 -0.79 -1.35 -1.34
0.9

50 0.21 0.39 0.53 0.46 . 0.12 -0.21 -0.38 -0.48 -0.40

70 0.13 0.28 0.33 0.19 0.01 -0.06 -0.12 -0.25 -0.25

90 0.12 0.24 0.23 0.12 0.03 0.02 -0.04 -0.13 -0.12

/
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TABLE 5-3

Maximum Stresses of Pinned-end Shallow Circular Arches
(E = 475000 PSf,■ 2 = 1/96 ft4, A 

(a) X =
= % ft2, b 
10

= I ft, L = 50 ft)
(psi)

C/l\

• X/L
0.1 0.2 0.3 ' 0.4 0.5 0.6 0.7 0.8 0.9

Static 0.661 0.454 0.275 0.128 0.107. 0.179 0.211 0.202 0.152

10 1.056 1.228 1.162 0.904 . 0.713 0.602 0.445 0.281 0.152

30 ' 1.246 1.306 1.105 0.928 0.789 0.627 0.466 0.314 0.156
0.1

50 1.273 1.281 <: 1.065 0.920 0.784 0.606 0.461 0.317 0.146

■70 1.303 1.425 1.198 1.031 0.876 0.682 0.517 . 0.353 0.165

90 1.301 1.377 1.149 0.997 0.848 0.655 : 0.500 0.344 0.157

Static 0.365 . 0.649 1.005 0.586 0.242 0.344 0.479 0.495 0.389

" ■ ■ 10 0.793 1.569 2.440 2.489 2.287 1.741 1.196 0.615 0.199

30 0.892 2.006 3.105 . 2.897 2.262 1.713 1.371 0.927 0.394
0.3

50 0.933 2.148 3.168 2.812 2.268 1.825 1.381 ■ 0.906 0.455

70 0.963 2.153 3.148 2.877 2.350 1.888 1.422 0.937 0.427

90 0.993 2.173 3.145 2.858 2.342 1.882 1.416 0.934 0.473
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TABLE 5-3 (continued)

xV ^  X/L 
XftTsV.

C/L\ s e c \ ^
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static 0.344 0.339 0.230 0.498 0.871 0.498 0.230 0.339 0.344

10 . 0.340 0.858 ' 1.436 1.967 2.560 2.409 2.191 1.750 1.004

30 0.619 1.300 1.967 2.821 3.747 3.203 2.062 1.325 0.879
0,5

50 0.718 1.374 2.191 3.120 3.726 • 3.051 2.242 1.494 0.759

70 0.711 1.436 2.251 3.093 3.700 3.117 2.296 1.516 0.780

90 . ■ 0.724 '1.471 2.276 3.092 3,703 3.137 2.307 1.521 0.790

Static 0.389 0.495 0.479 0.344 0.242 0.586 1.005 0.649 0.365

10 0.070 ' 0.250 0.413 0.301 0.225 1.020 1.846 1.565 0.906

30 0.351 0.512 0.925 1.464 1.814 2.455 3.163 2.100 0.646
0.7

50 0.368 0.741 1.191 1.700 2.207 2.705 3.024 2.122 1.015

70 0.398 0.802 1.296 1.803 2.245 2.723 3.087 2.175 1.014

90 0.402 0.840 1.337 1.809 2.'244 2.736 3.093 2.191 1.032
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TABLE 5-3 (continued)

^ f t ]
C/u\

X/L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static 0.152 0.202 0.211 0.179 0.107 0.128 0.275 0.454 0.661

10 1.075 1.674 1.757 1.583 1.427 1.398 1.413 1.191 0.433

30 0.212 0.036 0.089 0.220 • 0.192 ' 0.516 0.503 0.982 1.445
0.9

50 0.004 0.107 0.178 0.297 0.582 0.762 0.836 1.116 1.264

70 0.045 0.143 ' 0.251 0.411 0.615 0.715. 0.812 1.079 1.165

90 0.081 0.217 0.369 0.542 0.723 0.838 0.982 1.240 1.270

(b) X = 30

Static 0.597 ' 0.374 0.189 0.043 0.109 0.175 0.199 0.181 0.122

10 0.981 1.090 0.981 0.697 0.497 0.395 0.263 0.143 0.076

30 1.234 1.285 1.077 0.897 0.757 0.595 0.439 0.293 0.144
0.1

50 1.269 1.274 1.055 0.909 0.773 . 0.595 0.452 • 0.310 0.141

70 1.300 1.419 1.191 1.023 0.868 0.674 0.495 0.348 0.162

90 1.300 1.374 1.145 . 0.992 0.844 0.650 0.496 0.341 ■ 0.155

155



TABLE 5-3 (continued)

X/L
0.1 0.2 0.3 0.4 • 0.5 0.6 0.7 0.8 0.9

c / i \

Static 0.186 0.414 0.739 0.324 0.110 0.321 0.423 0.412 0.290

10 0.487 0.987 1.637 1.543 1.289 0.848 0.387 0.030 0.114

30 0.738 1.724 2.732 2.470 1.818 1.287 0.998 0.643 0.239
0.3

50 0.865 2.025 2.007 . 2.627 2.076 1.640 1.220 0.782 0.387

70 0.924 2.083 3.056 2.772 2.240 1.783 1.330 v. 0.866 0.434

90 0.969 2.130 3.089 2.794 2.274 1.818 •1.360 • ' 0.891 . 0.449

Static 0.238 0.272 0.171 0.205 0.561 0.205 0.171 0.272 0.238

10 0.470 1.101 1.751 2.314 2.924 2.793 2.573 2.072 1.188

30 0.282 0.671 1.126 1.858 ■ 2.742 2.235 1.217 ' 0.693 0.539
0.5

50 0.541 1.051 1.764 2.632 3.218 2.563 1.815 .1.170 0.581

70 -0.606 1.246 2.001 2.808 3.403 2.831 2.046 1.325 0.675

90 0.657 1.349 2.116 2.909 3.513 2.955 2.148 1.399 0.723
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TABLE 5-3 (continued)

Static 0.290 0.412 0.423 0.321 0.110 0.324 0.739 0.414 0.186

10 1.018 0.983 • 2.672 2.831 2.410 1.537 0.448 0.216 0.091

30 0.125 0.374 ' 0.274 0.084 0.372 1.072 1.964 1.214 0.178

50 0.062 0.174 0.437 0.838 1.309 1.840 2.267. 1.552 0.707

70 0.207 0.452 0.833 . 1.275 1.695 2.195 2.624 • 1.824 0.822

90 0.274 0.607 1.031 1.460 1.879 2.386 2.787 1.958 0.904

Static 0.122 • 0.181 0.199 0.175 0.109 0.043 0.189 0.374 0.597

10 0.815 1.724 2.576 3.131 3.298 3.078 2.507 1.780 1.195

30 0.557 0.707 1.033 1.346 1.008 0.617 0.444 0.313 . 1.095

. 50 0.430 0.688 ' 0.885 0.923 0.689 0.460 0.231 • 0.325 0.840

70 0.253 0.402 0.470 0.413 0.242 0.109 0.094 0.538 0.871

90 0.121 0.151 0.115 0.010 0.151 0.288 0.502 0.875 1.070
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TABLE 5-3 (continued) 

(c) X = 50

X/L

C/I\
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static 0.586 0.362 0.178 0.032 0.101 0.165 0.189 0.171 ' 0.113

10' 0.864 0.878 0.701 0.378 . •0.164 ' 0.076 0.018 0.072 0.042

30 1.211 1.243 1.024 0.836 0.693 0.534 0.385 0.252 0.121
0.1

50 1.261 1.259 1.036 0.887 0.750 0.574 0.432 0.295 0.133

70 1.295 1.409 1.177 1.008 0.852 0.659 0.497 0.338 0.156

90 1.297 1.368 1.138 0.984 0.835 0.642 0.488 0.335 0.152

Static 0.157 , 0.381 0.705 0.293 0.088 0.294 0.393 0.382 0.262

10 0.716 1.413 2.194 2.162 1.928 1.479 0.961 0.468 . 0.128

30 0.515 1.316 2.194 1.855 1.178 0.672 0.459 . 0.235 0.015
0.3

50 0.742 1.803 2.716 2.295 1.729 1.308 0.929 0.560 0.264

70 0.850 1.950 2.882 2.573 2.032 1.583 1.156 0.733 0.360

90 0.922 2.046 2.980 2.669 2.144 1.693 1.251 0.807 0.403
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TABLE 5-3 (continued)

X/L
V f t T ^

C/L\
0.1 0.2 0.3 0.4 0.5 0.6 0.7 • 0.8 0.9

Static 0.208 0.241 p.143 0.173 0.528 0.173 0.143 0.241 0.208

10 0.060 0.277 0.706 1.159 1.728 1.613 1.492 1.213 0.705

30 •
0.5

0.. 144 0.400 0.750 1.425 2.294 1.803 0.843 0.424 0.402

50 0.299 0.608 1.178 1.964 2.522 1.894 1.229 0.726 0.339

70 0.431 0.928 1.583 2.331 2.905 2.354 1.628 1.007 0.500

90 0.535 1.130 1.829 2.581 3.170 2.626 1.860 1.179 0.602

Static 0.262 0.382 0.393 0.294 . i0.088 0.293 0.705 0.381 0.157

10 0.531 1.135 1.643 1.760 1.311 0.429 0.653 0.705 0.445

30
0.7

0.081 0.020 0.171 0.557 0.853 1.550 _ 2.413 1.574 0.379

■. 50 0.189 0.294 0.190 0.127 0.572 1.130 1.645 1.090 0.462

70 0.055 0.026 0.207 0.560 0.951 1.480 1.998 1.350 0.564

90 ' 0.069 0.235 0.542 0.901
\

1.297 1.827 2.297 1.586 0.699
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TABLE 5-3 (continued)

X/L

C/L\
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static 0.113 0.171 0.189 0.165 0.101 0.032 0.178 0.362 0.586

10 0.690 1.635 2.677 3.434 3.683 3.374 2.595 1.682 . 1.069

30
0.9

0.036 0.254 0.223 0.056 0.439 0.795 0.822 1.279 1.626

' 50 0.510 0.858 1.134 . 1.216 0.993 0.752 0.478 0.155 0.760

' 70 0.524 0.908 1.148 1.186 1.045 0.883 0.589 0.032 0.600

90 0.388 0.640 0.762 0.748 0.620 0.453 0.149 0.386 0.804

(d) X = 70

Static 0.582 0.360 0,176 0.031 0.093 0.157 0.181 0.165 0.107

10 0.761 .0.690 0.453 0.904 0.133 0.210 0.267 0.260 0.145

.. ’ 0.1
30 1.179 1.185

Li
0.947 0.748 0.601 0.446 0.308 0.193 .0.088

50 1.249 1.238 1.008 0.855 0.717 0.542 0.405 0.274 0.121

70 1.286 1.394 1.157 0.985 0.828 0.636 0.477 0.323 0.148

90 1.292 1.360 1.127 0.971 0.822 0.629 0.477 0.327 0.147
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TABLE 5-3 (continued)

X
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static 0.149 0.374 0.700 0.290 0.069 0.273 0.371 0.362 0.247

10 0.522 1.065 1.744 1.654 1.400 0.971 0.510 0.117 0.072

30 0.353 1.018 1.797 1.404 0.709 0.220 0.063 0.067 0.150
0.3

50 0.590 1.527 2.355 1.882 1.299 0.895 0.568 ■ 0.285 0.111

70 0.749 1.768 2.645 2.301 1.748. 1.312 0.918 0.551 0.260

90 0.857 1.928 2.825 2.493 1.9630 1.517 1.096 0.689 0.337

Static 0.190 0.220 0.120 0.172 0.527 ' 0.172 0.120 0.220 0.190

10 0.183 - 0.062 0.265 0.651 1.198 1.105 1.049 0.880 0.523

. 30 0.412 0.877 1.365 2.121 3.020 2.502 1.461 0.904 0.673
0.5

50 0.152 0.332 0.811 1.545 2.088 1.475 0.861 0.451 0.192

70 0.246 0.590 1.139 1.824 2.376 1.847 1.184 0.669 0.314

90 0.385 0.858 1.472 2.173 2,745 2.219 ,1.504 0.907 0.495
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TABLE 5-3 (continued)

X
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 ■ 0.9

Static 0.247 0.362 0.371 0.273 0.069 0.290 0.700 0.374 0.149

10 0.486 1.064 1.551 1.642 1.198 0.306 0.750 0.779 0.488

30
0.7

0.201 0.228 0.507 0.922 • 1.218 1.917 2.754 1.823 0.499

50 0.078 0.110 0.039 0.382 0.842 1.336 1.871 . 1.274 0.572

70 0.208 0.312 0.179 0.125 0.500 1.044 1.615 1.064 0.411

90 0.131 0.129 0.068 0.359 0.733 1.286 1.823 1.226 0.502

Static 0.107 0.165 ’ 0.181 0.157 0.093 0.031 0.176 0.360 0.582

10 0.247' 0.789 1.558 2.216 2.456 2.161 1.482 0.841 0.629

30
0,9

0.243 0.124 0.263 0.476 0.101 0.264 0.333 0.901 1.420

50 0.160 0.228 0.318 0.300 0.041 0.171 0.342 0.784 1.108

70 0.479 0.845 1.080 1.109 0.960 0.805 0.520 0.094 0.644

90 0.541 0.927 1.145 1.185 1.072 0.890 0.532 0.099 0.650
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I! • ■

TABLE 5-3 (continued) 

(e) X = 90

• X/L

CZift 0.1 0.2 0.3 ' 0.4 0.5 0.6 0.7 0.8 0.9

Static 0.582 0.361 0.178 0.035 0.085 0.149 0.174 0.158 0.103

10 0.716 0.604 0.338 0.038 0.268 0.340 0.381 0.345 0.190

30 1.138 1.111 0.851 0.638 0.486 0.336 0,212 0.120 0.047
0.1

50 1.233 1.210 0.971 0.813 0.673 0.500 0.368 0.246 0.106

70 1.275 1.373 1.131 0.954 0.796 0.605 0.450 0.302 '0.136

90 1.286 1.349 1.112 0.954 0.804 0.613 ■ 0.463 0.315 ' - 0.141

Static 0.148 ' 0.376 0.705 0.298 0.048 0.252 0.351 0.346 0.235

10 0.642 • 1.253 1.975 1.937 1.713 1.256 0.745 0.309 0.052

30 0.348 1.001 1.769 1.373 0.680 0.190 0.035 0.083 0.154
0.3

50 0.439 1.254 1.997 ■ 1.473 0.872 0.487 0.210 0.012 0.042

70 0.633 1.558 2.370 1.988 1.421 0.998 0.644 0.341 0.143

90 0.77.6 1,783 2.635 2.275 1.733 1.299 0.906 0.544 0.256
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TABLE 5-3 (continued)

X/L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static 0.176 0.200 0.097 0.183 0.538 0.183 0.097 0.200 0.176

10 0.205 0.571 1.047 1.576 2.199 2.045 1.854 1.528 0.917

30 0.592 1.214 1.810 2.620 3.534 3.004 1.908 1.242 0.854
0.5

50 0.201 0.412 0.908 1.658 2.209 1.588 0.959 0.531 0.242

70 0.113 0.348 0.819 . 1.459 1.997 1.482 0.864 0.4268 0.182

90 0.236 0.589 1.120 1.770 ■ 2.325 1.816 1.151 0.638 0.3024

Static 0.235 _0.346 0.351 0.252 0.048 0.298 0.705 0.376 0.148

10 0.278 0.729 1.131 . 1.133 0.643 0.208 1.172 1.120 . 0.700

30 0.112 0.331 0.217 . 0.101 0.362 1.095 2.030 1.265 0.187
0.7

50 0.238 0.452 0.765 1.208 1.703 2.213 2.598 1.834 0.885

70 0.152 0.220 0.067 ■ 0.253 0.637 1.173 1.726 1.155 0.467

90 0.239 0.329 0.202 0.057 0.419 0.983 1.557 1.025 0.394
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TABLE 5-3 (continued)

C/1X
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Static 0.103 0.158 0.174 0.149 0.085 0.035 0.178 0.361 0.582

10 0.096 0.490 1.152 1.769 2.006 1.714 1.073 0.537 0.474

30 0.047 0.367 0.361 0.256 0.680 0.996 0.958 1.392 1.710
0.9

50 0.136 0.164 0.222 0.201 0.049 0.267 0.439 0.849
\
1.043

70 0.176 0.308 0.386 0.318 0.134 0.014 0.176 0.630 0.946

90 0.476 0.821 1.015 0.035 0.913 0.740 0.402 0.205 0.714
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TABLE 5-4

Maximum Stresses' Computed by the Elastic Theory (E.T.) 
and by the Deflection Theory (D.T.)

(X = 50)

(psi)

C/L
P lb

0.1 0.2 0.3 0.4 0.5

P=I-O

E.T. 0.581 0.743 0.679 0.560 ' 0.506

D.T. 0.586 0.762 0.705 0.585 0.528

Difference
% 0.8 2.5 3.8 4.4. 4.3

P=IO-O

E.T. 5.806 7.433 6.786 5.600 5.063

'D.T. 6.191 8.994 9.438 7.323 5.971

Difference
% 6.5 . 21.1 38.9 30.7 18.0



APPENDIX B
RELATIONSHIP AMONG A, L , H 1 H/L, @ AND R

I i

•F L

Ht

R

=>H =

L = 

H =

H = R - R  cos , since cos -| = I - 2

R[1 - I + |(|)2] = ^ -  ----------------------------------- (I)

2R sin = 4R sin -7 cos 7- Z 4 4

R(1 - cos "I") = 2R sin2 -|-

y  tan ---------------------------------- ------------------------(2)

From Eqs. (I) and (2), it is evident that if L is held fixed,

B and R may be expressed in terms of H.
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From Eq. (3.8) ,

X 4 JI 
tl3 R

(3)

Then, if R is constant, X may also be expressed as a single function

of H. Thus, Eqs. (I) and (3) constitute an interrelationship among

the six variables. Of course, to obtain a unique solution, two of the
*

six variables must be held constant. In this work, L and R are. constant.
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