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method and using the shape functions which give good results in the linear case to solve the nonlinear
version.

The investigation revealed that combining shape functions resulted in an averaging of their residuals
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ABSTRACT

This paper presents an analytical method for calculating the
maximum deflection of a rectangular cantilever beam subjected to blast
loading. The method is based on the modified Galerkin method and uses
a nonlinear stress-strain relation together with the nonllnear geometry
changes of large deflection motion.

The paper also presents a method whereby the approximate solution
can be improved. By variation of the shape functions used the corres-
ponding equation residuals are studied. A preferred or "better residual”
is defined and then used to select the shape function which best satis-
fies the governing equation of motion.

Results show that a one term Galerkin solution gives satisfactory
accuracy. Both the linearized and nonlinear beam equations are solved.
Residual properties of both the linear and nonlinear problems are found
to be identical. This suggests first solving the linearized version of
a physical system by this method and using the shape functions which
glve good results in the linear case to solve the nonlinear version.
The investigation revealed that combining shape functions resulted in
an averaging of their residuals which can be used to good advantage
when attempting to reduce equation residuals..




CHAPTER I: INTRODUCTION

The classical linearized theory of beam deflections is known well
and has been used extensively with good results in some engineering
problems encountered in the past. This fheory is based on the restric-
tive assumptions of small deflecﬁions and a linear stfess-strain re-
lation. Bofh assumptionS'elimipate highly ndnlinear terms from the
governing equations of motion. Previous Works‘[l,2]l have included some
nonlinear aspects of beam motion but still only approach the general
form of the equation of motion as developed by Eringen‘[3]. Another
popular approach used in the past [h-8] has been the Rigid-Plastic
theory, but in most cases it is again restricted to smali or moderately
large deflections. The literature presently available to the author
suggests a need to investigate more of the nonlinear terﬁs involved in

. the general governing equations.

The purpose of this péper is to present an approximate ﬁethod of
solution for the large defleétion motion of a blast loaded rectangular
cantilever beam. Fewer restrictive assumptions have been made in the
derivation of an equation of motion which is a befter approximation to
the general form. An inverse fangent function was used to approximate
g true stress-strain relation. An approximate solution for the maximum
deflection is obtained by the modified Galefkin’method. This method
involves choosing deflecfion shape functions which reduce the continuous

system to one of a finite number of degrees. of frgedom.~ The difficulﬁy

1 Numbers in brackets refer to literature consulted.
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of solving nonlinear equations led to a one term solution of the
motion. A procedure to improve the approximate solution by mode shape
variation is then described and evaluated. To aid this study the
method is applied first to the claséical beam equation using the cor-
responding exact eigenfunctions with variation. The results of mode
shape variation in the linear case are studied, then the same technique
is used on the nonlinear equation of motion:; In this case the deflec-
tion shape of the noplinear‘motion [9]‘15 assumed to bé approximately

that of the linearized beam.




CHAPTER II: SOLUTION METHOD

2.1 The Galerkin Method as a Weighted Residual Method

Many physical problems. encountered in engineeriﬁg, such as the
large deflections of a beam, léad to nonlinear mathematical models.
The present methods avaiiable do not provide exact solutioné in such
cases. The engineer, quite practically, turns to methods which yield
approximate solutions. The method of weighted residusals [lO], of which
the Gale£kin method is one type, is such a method. The method involves
as;uming a particular form of the solution which is a sum of products
of space and time functions. The. space or shape functions are known
from assumptions made through experiencé and intuition in most cases.
Nonlinear problems meke the choice of shape functions much more diffi-
cult. The time functions are unknown. The assumed solutioﬁ, being
inexact, will not satisfy the system model but will yield an error
termed the equation residual and/or boundary residuals. These residuals
are weighted in,different fashions resuiting in differential equations

to be solved for the time functions.

The accuiacy of the resulting approximate solution depends on
the accuracy of the chosen shape functions. Finlayson and Scriven:[lO]
point out the difficulties involved and the scant knowledge available
on convergence, especially in a nonlinear problem. Crandl [11] tacitly
assumed that convergence oceurs with an increasing number of terms in

the assumed solution.
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Consider the mathematical model in two independent variables

for y(x,t):

N[y(x t)] (X t) =0 forxinV, t> 0 (Eq'. 1) |

where N[y]-denotes a general differential operator involving spacial
derivatives of y in thé three dimensional domain V with boundary S,

and t represents time.

The inital and boundary conditions are:

¥ (x,0)

yb(x) for x in V

y(x,t)

fs(x,t) for x on S ’ (Bg. 2)

A trial solution is assumed of the form:
- R .
N .
v (%) = vy (x,8) + z q; (£) 6, (x) (Eq. 3)
. : i=1 .
where ys(x,t)-satisfies all the nonhomogeneous boundary conditions

and Gi(x) satisfies all homogeneous boundary conditions; i.e.,

yS=fS

for x on S
e, =0 (Eq. 4)
i
Substitution of the assumed solution Equation (3) into the
governing Equation (1) yields the equation residual:
o %
J

b Eg. 5)
12 (Eq

Hy Ge,t) ] = 0 -
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The residual is a measure of the exsctness of the assumed solu-
tion. When the assumed solution is the exact solution,  the residual
will be identically zero throughout the domain V. It is a premise of
this paper that the magnitude and qistribution of the residual can be

used to Jjudge the merit of the assumed solution.

The next step in the procedure is an approximation to the ideal
case of a zero residual. The weighted integrals of the residual are

set equal to zero over thé domain of interest:
wj Ry )av =0 j = 1,2,3,...,0 (Bq. 6)
v

where the Wj are prescribed weighting functions and can be chosen in
several different ways [10]. Each criterion for choosing the weighting
functions corresponds to a particular weighted residual method. The

Galerkin method uses the chosen space modes as weighting functions;
f * . .
0, Ry ) av = 0 . J = 1,2,3,...50 (Eq. 7)
v ) . , ~

Equations (7) represent a'system of n ordinary second order
differential equations in time for the timé modes qi(t). They may be
linear or nonlinear, coupled or uncoupled, depending on the spacial
operator N(y) and the orthogonality of the space modes with respect to
the residuvwal. The original initial conditions‘a}e imposed on the
qi(t), term by term, thus completing the approximate solution, Equa-

tion 3.
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2.2 The Modified Galerkin Method

The modified Galerkin method is nearly identical to the Galerkin
method. As discussed by Anderson [121, it is used for problems which
present'great difficulty in choosing shdpe_functions which sétisfy all
boundary conditions. The modified‘Galgrkin method permits the use of
functipns which satisfy only_ﬁhg displacement boundary conditions. As
an example, let y(x,t) represent the nonlinear large deflection motion
of a cantilever beam fixed at x = O and free at x = L. The displace-~

ment boundary conditions at the wall are:

f(oat) =0 (zero displacement )
dyv(0,t) =0 o (zero slope) (Eq. 8)
ax

which can be easily satisfied. The force boundary conditions of zero
moment and shear at the free end are very difficult to satisfy since
these expressions are highly nonlinear. Using space modes Qi(x) which
satisfy only the displacement £oundary conditions will result in errors
in force at the free end termed boundary residuals. The modified |
Galerkin method includes the boundary errors in the weighﬁed residual
condition, Equation (7);.

f ej R(y*) av + E, @J. + 'EV gj =0 J=1,2,3,...,n (Eq. 9) s

Vv

wheré EM and EV are the moment and shear force errors at the free end.
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@j and Gj are weighting terms usually chosen as a rotation and dis-
placement of the free end in the 34, Space mode. Equations (9) simi~ .

Jarly result in n differential equations in the time modes ;-




CHAPTER III: FORMULATION OF SYSTEM MODELS

Gl The Blast Loaded Linear Beam

The derivation of the linearized equation of motion of a canti-

lever beam is well known and is presented here only for easy comparison

with that of the nonlinear large deflection equation of motion.

4 w 1¥
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Figure 1. Linear Beam Deflection and Elemental Forces

Referring to Figure 1, it is assumed that there exists a neutral
plane at the beam center, initially on the x-axis, which does not de-
flect longitudinally. Neglecting shear deformation and assuming that
cross-sectional planes remain plane, let y(x,t) represent the motion of
the neutral plane. The beam is fixed at x = O and free at x = L. The
ex-ternal loading is represented by w(lbs/in). Referring to the free
body diagram (Figure 1-b) of a beam element of length dx, we can write

the equation of motion from a Newtonian force balance in the y direction:




-0~

i E: External Forces - Inertia Force = O

5
wdx+v-(V+—~3—‘3’:dx)-u'dx—-a—y -0
Ix ' 348
2 .o, ) L
oV 0y
or: LAl el 3t2 = 0 (Bq. 10)
vhere V = Shear Force (psi) _

Linear Beam Density (lbsm/in)

=
]

Time (sec)

1

¢

Summing moments and neglecting rotational inertis yields:
M _ o |  (Eq. 11)
where M = Internal Moment (in-lbs).

Substituting Equation (11) into Equation (10):

% 2 | | '
.{ W'";? -_u—j;% = 0 _ (Eq. 12)

Note that it was assumed that geometry changes do not effect the direc~
tion of forces. ‘Assuming a linear stress-strain relation and small

deflection, from elementary beam theory”[l3] we have:

2
and M = EI 2% (Eq. 13)
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where ¢ = Deflection Angle at x (Radians)
I = Cross-Sectional Area Moment of Inertia
E = Constant Modulus of Elasticity (psi)

Substituting Equation (13) into Equation (12) results in the final

equation of motion

> 3%
X

An exponential function is used to describe the pressure loading

caused by the blast shock wave as presented in [lh].

?

Maximum Blast Pressure (psi)
Blast Decay Constant (sec-l)

™
]

Figure 2. Blast Load Approximation
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Note that we have assumed that the blast I'Jressure is independent of x.

The external loading function is now:

w(t) = D Pmax é'ﬁt (lbsf/in)

where D = Beam Width (in.). The governing equation of motion becomes:

Lo 2
1{ ae-Bt-EI—g—% -H—Sbfaf:o (Eq. 15)
X

where @ = D Pmax.

. 3.1.2 EBxact Solution of the Linear Beam Motion

The linear mathematical model describihg the beam motion due to

blast loading is a nonhomogeneous, inital-boundary value problem:

| 2 b '
governing 7 —g-% + EI—5—£ - ae-ﬁt

equation: t X

Boundary Conditions:

y(0,8) =0 (zero displacement at wall) B.C. (1)
d ;;f) = 0 (zero slope at wall) B.C. (2)

, .
_é—%féﬁzl— 0 (zero moment at free end) B.C. (3)
x

3 .
—§¥2§L§El— = 0 (zero shear at free end) B.C. (4)
x .




-12-

The solution is assumed to be a sum of a homogeneous part and a

pa?ticular part:

y(x,t) = 3 (e,t) + &P"(x,t) (Eq. 16)
The particular part has the form

yP(x,’t;) = 0 &) N o (Eq. 17)

where O (x) is an unknown function of x.

v

We‘next impose the‘conditions that Iy satisfies the homogeneous
'équatioh of motion and ¥p satisfies the nonhomogeneous equation of
motion. Substituting the particular.;olution Equation (17) into Equa-
tion (15), applying the appropriate transformed boundary conditions and

De Moivre's theorem‘[lsj for the extraction of roots, results in:

{ €x ; -€x .
y?(x,t) = Le (Dl Sin ex + D, Cos €x) + e (D3 S}n €x + D Cos €x)

PRI Y
uf
2'1/l+'
where €= Z%;- <%%?—>

and the constants Dl’ D2, D_, and Dh are found from the boundary

32

conditions on ¢ (x):

5©) =50 b @+3 @ =o
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The technique of separation of variables is used to obtain the
homogeneous solution presented by Wylie [:16],

oo

wlo®) = ) %) 1,(0)
end

Xn(J‘{) = (Cos z, + Cosh zn)(S'ln b"nx - Sinh B‘n;c)
< (Sin z + Sinh zn)(Cos ¥ x - Cosh U‘nx) (Eq. 17a)
Tn(t)‘= E, Sin wt + Fn.Cos.uht
where ‘bhezn are the roots to the frequenéy equation:

Cos z Cosh z = =1

and W = (natural frequencies)

Application of initial conditions gives the coefficients E

and Fn:

JL
0 B (x) X (x) ax

JL xi (x) dx (Bq. 175)
5 ™




1)

thus resulting in the complete solution
' foe)

y(x,t) = z X, (x) Tr;(X) + P (x) e P
n=1

3.2 Equation of Motion for Large Deflections of a Blast Loaded

Cantilever Beam

Referring to Figure 3, the effect 6f geometry changes due to
large deflections will now be inéluded. Unlike the general form of the
equations of motion developed by Eringen [3], normal elemental forces
are neglected ahd a nonlinear stress=~strain relation is used. Cross~
sectiongl planes are assumed to remain plane. Again let y(x,t) repre-
msentithe motion of the neutral plane of a beém fixed at x = 0 and free

at x = ﬁ, neglectiné shear deformation and longitudiﬁal deflection.
Since the duration of the blast load is very short it is assumed that
geometry changes do not affect the direction of the pressure force.

Results justified this. End deflections of only (.01l)L occurred after

a 99% decay of the pressure function.

Consider the forces on the beam element of length Ax in the

deformed position. Summing forces in the positive y direction we getb:

L b (bv)c«bﬂ)aﬁo
+ V Cos +wa-V+5—}ZAx 08 +bex -1 xat2=

(Eq. 18)
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where: V = Total Shear Force (psi)

I

=
I

- Deflection Angle at x (radians)
t

w = Loading Function, w = « e__ﬁ (Losf/in)

g = Linear Beam Density (lbsm/in) o
= Time ‘(sec)

M=

Internal Moment (in-lbs)

Summing moments about the right face, ﬁsing counterclockwise as posi-
tive, and neglecting the effect of rotational inertia, we get:

M+ VAx Cos ¢ + VAy Sin ¢ + (wAx) %-}5 - M+ —g—zg Ax) =0

rearranging,
Vv = _b_%_ Cos - | . (Eq. 19)
therefore —g-;’—c = - —b% —bg Sin ¢ + QEM-Z- Cos ¢ (Eq. 20)

Substitution of Equations (19) and (20) into (18) gives the
governing equation- of motion in terms of the displacement y and the

internal moment M:

. 2
w(fo)-{ angOSQQ)-bb}g--%%Sinzq)}—ﬂg—x:O
x

) 2.
(Bg. 21)

Note that neglecting the rotational inertis ;E'o’rce enabled elimination

of the shear force from Equation (18‘).
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w(x,t)

o
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Figure 3. Large Beam Deflection and Elemental Forces

It is now desirable to eliminate the internal moment M from
Equation (21). To accomplish this, a relation between the moment and
displacement is needed. Referring to Figure 4, we begin by defining
the strain (€ ) of a longitudinal fiber at a distance z from the neutral
plane. From the definition of the neutral plane and assuming symmetri-

cal deformation about it, it can be seen that

€ G, e LR Lok Min (Bq. 22)




=17

which conforms to the popular sign convention of positive for tension

and negative for compression.

b + ap

Fiber Deformation Defining Strain.

Figure L.

The true stress-strain relation of a material (shown in Figure 8)

can be approximated by the relation

g = %tan-l Le: ") (psi) (Eq. 23)

where 0 = stress (psi),
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and a and b are constants which are selected for best fit. The in-

ternal moment can now be defined

c . : ,
j O zdz =% f tan™ (a'€) zdz "~ (Bq. 2k)

=C

Tntegrating Equation (2&) results in

M =5 {c 'ba.n ad)'c. + (tan-l aq)'.c ‘;—'a;"(l)':cp)'":/azd"'z } (Eq. 25)
where '(I) - Deflection Angle
¢ = aq)/a x

leferen’clatlon of Equation (25) glves the necessary relations to

elim:mate the internal moment from Eq_uatlon (21)

" ' -1 ' : |
X | . . .
and /
2M 112 | 12 ! '
—g~ ) -]?2; { b [3(1 + 2% ¢®) tan™ (ad c) - 30 c

t 1)"' 1
2(p )®}/0" (@ + o =y
(X1l 1 _l. v |3
+ ¢ [ad)_ ¢ - tan ~ ad c]/d) ’

(Eq. 27)
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The final elimination to obtain an equation of motion only in terms of

the displacement is to define the deflection angle ¢ as:

0 = ten™ 4T | (kq. 28)

Substitution of Equatiéns (26), (27), and (28) into Equatioh (21)
gives the final governing equation of motion in terms of the displace-
ment y only, which for brevity is not wfitten here. Needless to say,
the complete equation of motion is highly nonlinear, thus an approxi-

mate solution is the most reasonable appioach.

To complete the nonlinear mathematical model, the initial and

boundary conditions are defined as:

Initial Conditions:

y(x,0) = 0 o (zero initial displacement) I.C. (1)
—a—ﬁal‘-tﬁl =0 , (zéro initial velocity) I1.C. (2)

Boundary Conditions:

y(0,t) = 0 (zero displacement at wall) B.C. (1)
—éj%%%igl =0 (zero slope at wall) B.C. (2)

ML) = 0 = 2[c® tan™ (a0'c) + (bant (ad'c) - ad c)/

2
2']
"0 x=L,

(zero moment at free end) B.C. (3)
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V(L,t) =0 = [ _aa—kM Cos (b] el

(zero shear at free end) B.C. (&)

Note the complexity of the moment and shear relations coﬁpared
with that of the linear case. Shape functions which satisfy these
co;ditions are difficult to find, hence the modified Galerkin method_
was used. It was found that the static deflection shape of a linear-
ized cantilever bean %ith a constant loading function did satisfy all

boundary conditions. TFurther inﬁestigation showed that the condition

for satisfying B.C. (3) and B.C. (4) was:

), =(33) -0

T e,
o ~’r.~1't
;




CHAPTER IV: APPLICATION OF THE MODIFIED GALERKIN METHOD

AND COMPUTATIONAL PRObEDURE.

4,1 The Modified Galerkin Method Applied to the Linearized Problem.

A one term Galerkin solution of the linearized beam problem was
studied so that comparison of the results to the exact solution could
be made. The availability of an exacf solution gave -a foundation for
evaluation of the method itself and the mode shape variation technique
to be presented. We begin by restating the initial-boundary value

problem which models the motion of the beam.

Equation of motion:

&

CF N 2 ' ‘
-pt 0 D) :
o - EI -p-LL -0 (Bq. 15)
' ° _b—;c% * )t° S

Initial conditions:

y(x,0) = 0 N - I.c. (1)
il’a%‘-ﬁ)— =0 - 1.c. (2)

Boundary conditions:

v(0,8) = 0 - ) B.C. (1)

2y(0,t) _ B.C. (2)
dX :
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2 s
EI_a__ﬂM_) =0

342 B.C. (3)
3
EI _aM = 0

dx3 P'q' ()
First, a form of the solution is assumed corresponding to Equa-
tion (3) of Chapter II. ’Since the boundary conditions are all homo-
geneous, ¥ is zero. As was shown in Chapter II, the final step.in
the process, Eguafion (9), is the solution of a system of differential
equations in qi(t). A two term solution in the nonlinear case would
result in two coupled nonlinear equations :‘Ln'ql énd 9 The difficulty
of solving such a system of equations led to using a one term épproxi-

mation which was used in both the linear and nonlinear cases.

2

¥y (x,8) = q(t) 6 (x) . (Eq. 29)

-As can be seen from the linear boundary conditions, selection of shape
functions which satisfy all of them can be made with relative ease.
Again, to aid the linear-nonlinear comparison, mode shapes satigfying

only the displacement boundary conditions were used.

Substitution of Equation (29) into Equation (15) results in the

equation residual:

L % T\2 ¥
R(x,t) = o e P® - w1 Bax - a—bf—é




or R(x,t) =ae " -EIq0 -pgqeo (Eq. 30)
2 nn ,4
where g = Q_% and © = g_g
dt ax
/]
/]
Ve
/]
/
7
A
\ udh o) o
/A
/]
|

Figure 5. Boundary Residuals

Referring to Figure 5, consider a beam element at x = L. Since
the shape function ©(x) does not satisfy the force boundary conditions
of zero moment and shear at x = L, there will be boundary residuals.
Summing forces on the end element, using the same sign convention as

used in deriving the equation of motion, we have

*
32 "

*
c Oyl R £
m Ey = M(y )x=L 0 = EI gt EI q O (Eq. 31)




~oh .

3 * n
‘ -vGT -0 =g LT _ '
1 B =Vl -0=EI vl P EL q O (Bq. 32)

Note that each term in the equation of motion and the boundary
" conditions are in units of force. The residuals can then be thought
of as errors in force. . The first term in the equation residual,

Equation (30), is an inertial force error,
i A _ L (Eq. 33)

The second term is an .error force related to internal beam forces;

nn

The weighted residual condition, Equation (9), can be inter-

preted as the total virtual work (A&Wé) of the error forces resulting

from a virtual displacement of the coordinate q; i.e.,

6y = 6a - ©
L .
@ Ay = [ RGut) 6 v ax+ B(-50) + By by =0 (Eq. 35)
| ) |

corresponding to the principle of virtual work. Another interpreta-
tion of Equation (35) is that it is a condition which distribubes the
error over the domain of interest (0¢<x ¢ L). Note the weighting

terms for the boundary residuals. The moment error is weighted by the
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resulting virtual rotation at x = L. Considering positive virtual

work:

v
- 80 =-5 (ax

) = -68q 0 (Eq. 35a) .
x=L ‘

and the shear error is weighted by the virtual displacement at x = L;

both terms having units of work.

The weighted residual condition, Equation (35), then leads to a

second order differential equation in the unknown g¢(t),

L 2 Py L 1 1" K] n
.pf@ axy g+ EIj © ©0ax+EILQ O -EL O € iq

0 o
s -
= { f de} o e:ﬁt *(Bq. 36)
0

where

L
M=y f o® ax | (q. 37)
A | .

is the generalized mass term in the g coordinate system,
Ve

Y e L 1nn 1" 1 [Ri ' °
K = EI f @ eax+e e -6 o , (Eq. 38)
0 .

is the generalized stiffness.

and
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. The differential equation in g has the form:
Mg+Kq=A e Pt ’ (Eg. 39)

where

Solution of Equation (39) with the initial conditions
q(0) =0

dq(0) = 0

at

completes the approximate solution of the motion
*
vy (x,t) = q(t) 6 (x)

.2 Linear Beam Computer Program

Fortran IV-H level computer programs for the linear and non~
linear problems were Written to aid the analysis. An incremental
plotter was used to plot equation residuals for evaluation of mode
shape‘variations. Listings of the plotting routines are not included.
The plotting routines were based on an XDS Sigma VII machine language
character generator which uﬁdoubtediy would not be compatible with
other machines. Plot data is array stored before plotting, allowing

easy insertion of compatible plot statements.
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The necessary input is read in by statements 200 and 206 (see
Appendix A). The program was designed for ease of mode shape changes.
Statement functions were used to define the mode shape and its first
four derivatives. IChanging_the mode shaﬁe requires changing only
statements 51 through 59. Shape functions normslized to 1l at x = L
were used, thus q(t) and é(t) represents the displacement and velocity
of the free end. Integrations were performed by Simpson's 1/3 rule

[17]. Refer to Appendix A for more detail on the linear program.

Referring to Equation (36), the program first performs the
necessary integrations for.ﬁ, K, and A. Note that the first term in

(Xq) represents the virﬁﬁal'work of internal error forces (WI):

. , | L _
WIi(q) = f (EI ‘e"" q ©)dx (Eq. 40)
O .

The integrand of WI is a weighted internal force residual

t

FYY(qL,x) = (BI 9"' 0)g = kg (Eq_. 41)

The remaining two terms are the virtual work of boundary force errors:

"

)
w(q) = (BI o GL)q = K,q (virtual work of boundary
‘ moment error) (Bq. L2)
Wwiq) = -(EI e QL)q = K3q (virtual work of boun-

dary shear error) (Eq. 43)
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The total virtual work of internal forces (DW) is then linear in q:

DW(a) = Kq = (Kl + K, - K3)q (Eq. 4k)

The solution of q(t) and q(t) from Equation (39) is then

generated: . .
A M .. K - K
Q(’G)=m {B\/_‘%‘Sm /—ME-—t+.eBt' -'Cos /—%—t}
(Eq. b5)
'(t)=—-£‘-g—;{ c X oo Bt X g —E—t}
TR . % Ao /5 " e N N
| B B (Eq. 46)

' The maximum deflection of the free end is found by noting the
. end displacement (q) corresponding to the velocity (c.l) being zero. The -
approximate solution being complete, the equation residual R(x,t),

Equation (30), can be generated:

R(x,t) = RL + R2 - R3

where RL = g9 (inertial residual)
171 -
R2 =EI q © (internal force residual)
‘R3 = « o Pt (forcing term)
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4.3 The Modified Galerkin Method Applied to the Nonlinear Problem.

Solution of the large deflection motion of a cantilever beam by
the modified Galerkin method proceeds in like manner to that of the
. linearized pfoblem. The integrations performed and the computer pro-

gramming is somewhat more complex.
We begin with the equation of motion (21); after substitution

- of Equations (26), (27), and (28), it has the form:

) .
- _33_;% -F ) +ae P oo (Bq. ¥7)

where Fx(y) is a nonlinear differential operator operating on y(x,t).
As mentioned, a one term solution was assumed:

B * * ' : . - ]

¥ (x,%) = aft) o(x) : : . (Eq. 48)

Substitution of Equation (48) into (47) results in the equation

residual.:
R(x,t) = 4 q 6 - £(q,x) + @ NG ~ (Bq. k9)
*
where £(q,x) is a result of Fx(y ).

The boundary force residuals are similar to Equations (31) and

(32) and are obtained from Equations (19) and (25).

By = My ) | (Ba. 50)

E, = vy ) | o (Bq. 51)
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L
Similarly, the inertis force error is

Erg = 140 | ‘ (Ea. 52)

and the internal force error is
Erp = ~f(a,x) : . - (Ba. 53)

The weighted residual condition is:

L .
f-R(:E,t) 6ydx+EM(-6¢)+EV6y=O
O -
where
_ -1 dy Bq |
6= dftan™ S5) = - (Eq. 53b)
L 1+ q 6 X=L'
&y =6 q)e
which résults in a ﬁonlinear differential equation in q -
L ' (L E s
o 1 - 5 2
f po“ax 'y q+ f £aox) 0 ax + B/(L + g~ 6 )
0 : -0 . '

L
_EVQ'L ={f 0dax | o e PP (Eq. 54)
0

where similarly

L

f 1) 92 ax
5 .

L
A=« Jr 0 dx
0

M
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But note that the stiffness term is now a nonlinear function of a,

Equation (54) has the form

Mg+ o6wq) =aePt u (Eq- 55)
" where . L | - : .
6 W(g) = f £(q,x) © dx + EM/(l + q_2 o 2)1,‘ - E; 6
0 .
_ (Eq. 56)

with the initial conditions
q(0) = q(0) =0 ‘ : (Eq. 57)
Solution of Equation (55) completes the aspproximate solution.

¥ (x,t) = q(t) 9(x)

“The corresponding weighted internal force Tunction is

FYY(Q:X) = f(Q_sx) e (Eq' 58)
The virtual work of the internal force error is: -
L -
WI = f f(g,x) © dx (Eq. 58a)
0

The virtual work of the boundary moment error is:
o, % 2 2
W= My )/(1+ q” 6%) o ‘ (Eq. 58b)

and the virtual work of the boundary shear error is:

W o=v(y ) e (Eq. 58¢)
x=L
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L.L Computer Program for the Nonlinear Problem

4L.4,1 Nonlinear Program Input and Output

Input and output of the nonlinear program follows that of the
linear program except for an exact solution. Mode shape changes are
made in an identical manner. Input of stress constants is required

for the inverse tangent fit of the true stress-strain relation.

4.4.2 Computational Procedure of Nonlinear Beam Program

The main difference of the nonlinear program is in the compu-
tational procedure for q(t). The solution of Equation (55) required a
numerical approach as a result of the nonlinéarity of the virtual work
term O6W(g). Referring to Figure 6, a small interval A q was chosen

and O W was approximated by a straight line within the interval.

sW(a)
P d
//’ Ki
A il
’/
6Wi+l --------
oW, b .
ik praler
- | :
_l___r' *JA.=
q - pt—
&4 § %
; L iq
9G U

Figure 6. Approximation of Virtual Work Function




6W(a) = K;q + &y for .q; <q(t) <q (Eq. 57)
where
e L M - OW
i - Aq
Within the interval q(t) approximately satisfies,
Vi a - -pt _. ' | < ‘
Mag+Kqg=Ae ¥, for q; <aqlt)<q,, (Bq. 58)

with the initial conditions at 4

alty) = a4

93

yol(ti)

The program steps through the solution, Equation (59), of q(t)

in this manner stopping the calculation at the maximum deflection.

(t) = B Sin/ﬁ'- t + E, Co /K—it -Bt (B 9)
q = E, = + B, Cos,/ = +ecy e + C, q. 29)

M M
where
A ¥i
e, =—5—— , ¢c,==-— forgq. <q(t)<q,
1 MB2 + Ki 2 Ki 1 i+l
and,El and E2 are determined from initial conditions at q; - Refer to

Appendix B for more detail on the nonlinear program.




CHAPTER V: RESULTS AND CONCLUSIONS

5.1 The- Mode Variation Technique

As mentioned in Chapter II, if the assumed solution chosen for
the modified‘Galerkin method is the true solution then the residual,
Equation (5), will Dbe identiéally zero, It seems to follow, therefore,
that the smallest fesidual magnitﬁde, distributed unifdrmly over the
interval 0 € x € L, would denote the best.approximation. The "best"
refers to that which best satisfies the governing equatiop of motion.
Four mode shape'functions were chosen, fhree of whiéh could be varied.

All shape functions were normalized to 1 at' x = L. The functions used

were:
1), e ) = G - bad el
which is the static deflection shape of a linearized beam;
3 200 = e
1 82 %
where Xl(x) and Xz(x) are the first two eigenfunctions, Equa-
tion (17a), of the linearized beam motion, and 2y is the vari-
‘ation parameter;
' Xl(x) +ag Xlz(x)
X, (L) + 8y X3 (L)
and the final shape function used was:
0w EaED
*1 4 %2




-35-
where

Ol(x) (the static deflection shape)

z, (x)

B[R

and zz(x) =1 - Cos

Shape functions 92, 93, and Gh could be varied by variation of
the constants a2, a3, and a), - Evaluation of the particular shape func-
tion was made by the size of the residual and the stiffness of the re-

duced system reflected by the magnitude of the maximum deflection.

5.2 Problem Data

The same problem data was used for all runs for uniformity of
results. Experimental results were not available; therefore an arbi-
trary problem was chosen. Figure 7 shows the dimensions of the beam

used.

Cross Section

i T
2¢c = 6 in.

l

Q%

I

i
I, 1 2 ; l

}
f

Figure 7. Beam Dimensions
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Figure 8 shows ‘the stress-strain relation used. The modulus of
elasticity of aluminum was used for the linear problem (E = 107 psi).

The nonlinear relation used had the same initial slope and an ultimate

stress of 65,500 psi.‘

The impulse (I) of.the blast preséure was chosen to insure de-

flections into the nonlinear range:

5.3 Results of Linear Beam Problem
Table L is a summary of maximum end deflection results for both
the linear and nonlinear problems. The mode shape variation inves- .

tigation proceeded as indicated by the order in the table.

First, the accuracy of the method was tested. The normalized
exact first eigenfunction, Xl,.of the linear beam problem was used as’

a shape function in the Galerkin apprOXimation; As expected, this

yielded the true first mode motion:
yxst) = X; (x) T, (6) + yplx,t)

Figure 9 compares the Galerkin results of end deflection with the true
motion, illustrating the results that can be expected from a correct

choice of the shape function in a one term approximation.




Chae

Stress (psi x 1000)

60 _

1 -1
2% &
us | 0= % tan (a€)
361
ok 1 a = 257
b =2.k x 1077 (psi-l)
Max. Stress = 65,500 psi
E = lO7 psi
124
0 | 1 L L |
' I T T st
0 .004 .008 JO12 .016 .020
Strain (in/in)
Figure 8. Stress-Strain Approximation
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Table I. Linear-Nonlinear Comparison of Deflection Results

: Max. End Deflection
Shape Function ©(x) -
: Linear Nonlinear
|
ox) = ¥1(x)/ ok, 2l 31.92
Xl(L) . .
- X () + 0.3 %,(x)
1
; i Xl(x) + X2(x)
| o(x) = T L) % X.(0) 3.62 10.85
} X, (x) + 0.1 X, (x)
| it X (C) + 0.1 %,2 (@) 24,36 31.38"
4
X 0.25 X
o(x) = i B lz(x) 2l.12 30.12
: Xl(L)_+ 0.25 X, (L)
: (x) + 0.5 X, 2(x)
e(x) = ) 12 23.15 28.05
X, @) + 0.5 %, (L)
Xl(x) - 0.2 de(x)
o(x) = > 22.91 31.12
Xl(L) - 0.2 Xy (L)
N 3 C
e L i 6L x 24,02 304"
3L
Glx)iev2 = cos (7 /o1.) 23.81 28.31
Zl(X) : SZZ(X) 24.09 29.12
9 = " . .
g
X
Bl ) B it 24,36 30. 64
zl(L) * z?(L)

¥ Denotes "best" shape function.




Y(Lst) dn.
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Lo

True Motion

Gelerkin Apprax imafion
(0(x) = x, (x) /x, (L))

time (sec)
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0 .008 .0016 .0024 .0036 .0040

Figure 9. Approximation of True Linear Beam Motion by the Modified Galerkin Method.
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The beam, though, is not being forced in a manner which results
in only the‘first mode motion. It was then ﬁheorized that a shape
function, other than Xl(x), could be chgsen which would give "better"
results. As suggested by Anderson [lg], & "better” shape function
will result in a reduced system stiffness, thus resﬁlting in larger
deflections. The criterion used here to gelect the best shape function
was to choose that which resulted in a smaller and "better" shaped
equation residual. The "better residual” will Be defined in this

Section.

The first attempt at an improvement over Xl was the selection of
a linear combination of the first and second eigen functions Xl(x) and
Xa(x), respectively.

Xl(x) + aeﬂxa(x)
Xl(L) + a, X2(L)

Q(X) =

As the shape variation parameter a,. was increased, including more of

2
the second mode, the equation residual increased tremendously and
oscillated wildly over the interval of interest: 0<£ x £ L. Maximum
magnitudes were of the order of 107 lbs/in. The system became stiffer,
'resulting in smaller deflections. From the magnitude of the residual
and the decreased deflections it was deduced that this combination was

a poor choice and that shape functions similar to Xl(x) would be more

desirable.
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Final deformation shapes shown by Bodner and Symonds [SJ sug-
gested that a shape having a larger curvature at the wall (x = 0)
would be a better choice. A linear combination of Xl(x) and Xle(x)

was chosen, namely:

X, () + oy %2 (x)

0(x) 5
X, (@) + ag Xy (L)

Figure 10 illustrates the residual changes resulting from vari-
ation of a3. Note that the maximum magnitudes of the residuals have
been reduced greatly over that of the previous combination. Referring
back to Table I, it can be seen that yariation of the parameter a3

resulted, in one case (a, = O.;), in a larger deflection than that ob-

3
tained when using only Xl(x), (a3 = 0). All other variations of'ga’

resulted in smaller deflections.

With the aid of Figure 10 the "better residual” ean now be de-
fined. As an approximation to the ideal case of an identically zero
residual, the preferred residual is of smaller magnitude over the
interval 0 £ x £ L. Thus the épproximate solution exhibits less error
over the interval and better satisfies the governing equation of motion.
When judging the relative merits of two residuals, the best is that
which conforms to the definition over a greater portion of the inter-

val.
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Referring to Figure 10, consider the residuals resulting from'

the variations a, = 0.1 and a

3 3

"= 0.1 has a smaller magnitude than that of a

= 0.5. The residual resulting from

= 0.5 over the entire

3 3
length of the beam. In keeping with our definition, the shape func-

tion with a3 = 0,1 is then judged as a better approximation. Deflec-

tion results showed a, = 0.1 giving_the largest deflection, which was

3

also slightly greater than that obtained from using Xl(x)-or ag = 0.

It can be seen from Figure 10 that the a., = 0.1 residual is of smaller

3 N
magnitude over a greater portion of the interval than that resulting.

from a_, = 0, thus again a

3 3

be made for each variation on a

= 0.1 is judged best. Similar arguments can

3 ‘ ‘ 3 =-O.l as Dbest.

resultiﬁg in a
. Two shapes, which through physical considerations were chosen as
being feasonable approximations,'were then used giving favorable re-

~sults. They were the sfatic deflection shape

(x) = xh - th3 + 6L2x2
le = ll-
3L
and
zz(x) =1 - Cos g%

Figure 11 shows their corresponding residuals.




R(x,t) 1lbs/in.
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120071
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a3 = 0.1
8.3 = 0.5

Figure 10. Comparison of Equation Residuals of the Shape Variation
2
0 =X, + a3Xl (Linear Beem).
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A final linear combination was then used, namely:

o(x) = zl(x) + ey z2(x)

zl(L) + 8 zz(L)
Referring to Figure 11, by our Qefipition the:above combination with
8y, = 5 is a better approximation thgn_gither z, OT z, alone. Deflec-
tion results show that this combination gives a larger deflection.

Note that the residual resg}#;qg frqm\ah = 5 is approximately
0.6 of that resulting from z2(x) alqng. This suggested decreasing the
amount of the cosine function in‘the_cpmbingtion 9(x). The parameter
8y, Was'decregsed to l.O?Vresulting ;p_a.gpeatly.aecreased residual.
Note that the combination éf thg'shape function; resulted in an aver-
aging of residuals in some sense. This property, if repeatable, could
be used to good advantage when attempting to minimize equation resi-
duals. Further vériation of a), could result in further decrease of the

residual. Again large deflection results coincided with the selection

of au = 1 being best.

It is interesting to note that a maximum end deflection of
2Lk.36 inches resulted from two different mode shapes having differently
shaped residuals. Figure 12 illustrates this point. From our defini-

tion the z, + z, residual is better, yet Xl + .1 Xl2 gives the same

1 2
maximum deflection results. It is speculated that the latter may give

poorer resulis for deflections at other points on the beam. Higher
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order deflections such as slope or curvature may not be appréximated

as well, either.

5.4 Results of Nonlinear Beam Probiem

In generél, rééults of the'nonliheér.beam problem followéd the
same patterns as the linear problem%:using exaétly the same shape func-
tion variations. .Maximum.deflectiong qccﬁrrgd for different shapes as
a result of the expectéd different def;§qtion shape. The overall maxi-
mum deflection achieved by mode variatipn_was_that of the sta£ic de-~
flection éhape‘whose residual was determined as best according to the

definition.

Figure 13 illustrates residuals reéulting from the variation on

..the.combination
X (x) + 8, % 2(x)
1 3 71

o(x) = -
.Xl(L) + ag Xl(L)

for the nonlinear problem. Similarly, the variation (a. = 0.5) giving

3
the smallest deflection resulted in ﬁhe "worst" residual, while the
variation (al = 0) giving the largest deflection of this'combination
resulted in the "best" residual. All nonlinear deflections were larger
than the linear case. This is a result of the system stiffness de-
creasing as deflection increased approaching the fully plastic state

for the nonlinear problem. This is reflected in the decreasing slope

of the nonlinear stress-strain relation used.
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The nonlinear problem exhibited the same averaging of residuals
from the combination of zl(x) and za(x) as the linear problem. This is
illustrated in Figure 1li. Note the small magnitude of the static shape

residual which gave the largest deflection.

Introduction of the second eigenfunction Xz(x) similarly gave

small deflections and residuals of large magnitude.

5.5 Conclusions and Further Studies

.From comparison of the_gpproxiga?g soluéion of the-linearized
beam deflection to the true motion (Figuré 9), it appears that the one
term modified Galerkin solution has merip; ‘Selection of a shape func-
tion simi;ar to the first mode shapg'is preferred. Inclusioﬁ of a
”,shaﬁélsimilar fo the second mode shépe,is not.. This“correspondé.to
forcing a deflection in the second méde at a frequency near the first
natural frequency requiring a large amount of energy, thus increasing

the stiffness of the reduced system.

In both the linear and nonlinear cases, separately, differences
in deflection results were small between shape functions Judged best.
Refer to Table I. This suggests that the method is a stable one where

reasonable shapes will give reasonable answers.

Comparison of the deflection results presented here should be
made to experimental results. It would be a simple task to modify the

computer programs to the experimental beam dimensions and cross-
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sectional geometry. The "better residual" criterion presented may

give more dependable analytic results.

The method presented for se}ectipg_of a best shape function by
" the preferred residual definition also gppears to have merit. -The |
averaging property of the system residpal foupd in @his investigation
coula prove to be valuable if this is.a”genera} prpperty. This sug-

. gests a technidue to }educe.equatiqn“regiduals.’ Two shape functions
which resulted in reasonably flat residuals, one of positive value and
the other negative, must first.be founq:” Thgse shapes could then be
combiﬁed in some manner_to reduce the'residual, as illustrated in

Figure 11. ‘The large deflegtions resulting from shape functions Judged

A -
best corresponds to the previously implied shape function eriterion.

That is, the best shape function gives the largest deflection. This

correspondence strengthens the merit of both approaches.

The similarity of residual properties and deflection results be-
tween the linear and nonlinear casés suggeéts an approach to solving
nonlinear system models. PFirst investigate a linearized version which
in'genefal will have an .exact solution available. Solve the linear
problem by the modified Galerkin method noting the shape functions
which give the best results. Use these same functions for a modified
Galerkin solution of the nonlinear system. If both.solutions exhibit

similar properties, as did the beam problems, it does not seem unreas-
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onable to assume that the solution of the nonlinear system will possess

the same merit.

The shape function selection‘techniqug presented should be in-
vestigated further to dete?mine its merits in different problems.
Other preferred residual definitions could prove to be more desirabie.
Possibly the minimization of area under ihe absbiute value of the
residual is mére significant,._Another possibility is minimizing the
area under the square of the_residual. This corresponds to the method
of Least Squares (see [lO]) which is difficult to apply in a nonlinear

case.
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APPENDIX A

Flow Chart of Linear Beam Program.

Define Mode Shape
and Derivatives

Read Input Data

L

Perform Integrations
for M and A

Generate Internal Forcqd

Residual FYY

b i

Perform Integration

for K

Generate
ow(Q) = kKQ

Generate a, é, q

Generate Residual
R(x,t)

Plot Mode Shape ©(x)
and Blast Pressure

Calculate Exact Solution
of End Deflection

(51-59)

(200-206)

(222-253)

(255-316)

(355-410)

- (449-490)

(505-543)

(570-675)

(705-1026)

(1100-1430)
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Linear Program Nomenclature

Variable Name

AA

ALPHA

BETA

CAPX

DD

EP

EPL

QT
QDT
QDDT

_55_

Description

Augmented Coefficient Matrix,
Exact Solution

=P D

« max

B = Blast Decay Constant
L = Beam Length (inches)
M = Generalized Mass

© 2C = Height of Beam Cross-

section (inches)

' Exact Eigenfunctions Xn(x)

D = Thickness of Beam (inches)

- Coefficients of Particular Solution

Iime.Incremeﬁt‘.(sec)
Deflectionklncrement (inches)
Exact End Deflection
Modulus oqulasticity

€= % /e

€(L) L
P=a=a [ 0
Blast Pressgre function
Maximum Blast Pressure
End Displacement (inches)
End Velocity (in/seé)

End Acceleration (in/secg)
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A-2. Linear Program Nomenclature (continued)

Variable Name

'RHO
8K

THETA, Y

THETAL, YX1

THETA2, YX2
THETA3, YX3

THETAL, XL

Description
Material Density (1bs/in3)

K = Ceneralized Stiffness

0(x), y(x) = q(t) 0 (x)

1 1

.9,y

n oon
e, ¥
[} LR

e , V¥

onn Tt

e , ¥

i = Linear Beam Density (lbsm/in)

Beam Length Coordinate (inches)

Exact Particular Solution
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A-3. Linear Program Listing

c MAXIMUM DEFLECTIBN BF A CANTILEVER BEAM UNDER BLAST LBAD
C MBOIFIED GALERKIN METHBD USED WITH LINEAR STRESE™STRAIR™RELATION
c AND SMALL DEFLECTION GEBMETRY, fa ik o U 5
45 DIMENSTON XA(500)sYA(500)sYYA(500)2YYYA(500),YBL500)sAA(425)sDD(4)
46 DIMENSIBN R150),2(50),G(50),FF(50) - ped St b iy S
T CZI(BLaX)SIXunbhabuB X n3+EnB #uDuXu02)/3/BL 00k
CZIS(BLoX)m{Xuu3m3ipLaXunps3pLanbX)wi/3/BL0"4
CZi2(8L)X)m4u(X=BL)##2/BLunk 1
CZ13(BL,X) w8 (X»BL)/BLu#k
CZi4(BL,X)u(B/8L*s4) % (Xe1mX)
CZ2(3LiX)w1=C3S13+1415923#X/2/BL)
CZ21{BL,X)=(301415923/2/BL)#SIN(3¢14159234X/2/BL)
C222(BL X)w(3¢1415923/2/8L ) ##2#COS(341415923#X/2/BL)
CZ23(BL,X)®(3¢1415923/2/BL)##3#SIN(3¢1415923%X/2/BL|#(e1)
CZ24(BLox)=(3¢1415923/2/BL ) #o4#COS(341415923#x/R/BL)% (1)
THETA(BL, X)s{CZL(BLoX)+ 0e5S0#CZ2(BLyX))/(41¢ DeSE) = " °°
THETAL(BL,X)s(CZ111BL,X)+ O.SOGCZZI(BLJX))/(1*'8-50)
THETA2(BLsX)»(CZi2(BL,R)+ 0e50%CcZ22(BLsX))/(1¢ Di50}
THETA3(BLsR)#(CZ13(BLsX)+ 0e50#CZ23(BLsX))/(1s Di50)
THETA&(BLoX)o(CZ14(BL,X)+ 0050%CZ24(BL,X))/(1+ 0150
60 PT(PMAX,BETA,T)=PMAX#EXP («BETAT) ~ R
70 CAPX{ZiGyXJs(COS(ZF+COSH(Z))#(SIN(GHX)=SINH(G#X])
T4 «(SIN(2)SSINH(2))#(COS(GuX)=COSH(G#X))
100°Y(Q,BLaX)®QeTHETA(BL,X) ~ =~
105 YX1(02BL,X)sQeTRETAL(BL,X)
110 YX2(0,BL, X §=QeTHETA2(B(,X)
115 YX3(GsBL)X)w0#THETA3(BL,X)
120 YX&(Q,BL,X)=QeTHEYA4(B(,X)
125 FlE,CsDsBLyX)n2#E#DCH¥3#THETA4 (BLX)#THETA(BL,¥)/3
188 C1(P,ALPHA,BM,BETA;SK)sP#ALPHA/ (BM#BETA##2+SK) :
190 QT(PIlLPHloBM:BETA:SK:T)'CI(P;QLPHA;BHJBETA;5K)’(BEI§0§0RI(§Q/§§!O
© TSIN(SQRT(SK/BM)#T)+EXP(=BETA#T)=CBS(SORT(SK/BMIPT))
192 ADT(P,ALPHA,BM, BETA,SK, TiwC1(P,ALPHA,BM,BETA,SK1* (BETA#(COS(SART(S
© AK/BM)#T)=EXP{«BETA#T))+SQART (SK/BM) #SIN(SGRT(SK7QMI&TT)
195 QDOT(PsALPAA,BM,)BETA,SK,T)sC1 (P, ALPHA,BM, BETA;SKT# (¢BETA®SGRT (SK/B
: AM)SSIN(SORT (SK/BM)#T)+BETA##2#EXP (eBETA#T) +SR/BM4COSTSORTISK7BRAT e T

2))
198 PHI(EP,D1,0D2,03,D4,C0,X)sEXP(EP#X)#(D1#SIN(EP*X]+D20COS(EPX))
T TYHEXP(*EP#X)#(D3#SIN(EP#X)+D4*CBS{EP*X))+CO
199 YP1EP,D1,02,03;04sC0,BETA,XsT)sPHI(EP,D1,02,03,D4,C0sX) @EXP(=BETA
FERT © ) ¢ IRl Syl My 41 il s A
200 READ(105,201) EsCsDsBLSRHE,PMAX,BETA
201 FBRMATI7F1040)
C  * NeEVER NU“BER BF INTEGRATIBN STEPS == Ja¥ DATA ROINTS IN @
" 205 IF(E) 2000420004206 _
206 READ(105,207) ~ NoJ
207 FERMATL215)
208 Pl=34¢1415927
210 CALL PINIT :
C ° ~ PLBT INTERNAL FBRCE FUNCTION FYY(Q,X)
- 211 CALL AXIS(1,04¢0,1504,%200¢2800¢s605,445)
212 WRITE(108,213)
213 FORMAT(LRY,/27/7/77/7/7777/728%) YMAXIMUM DEFLECTION 8F A CANTILEVER
“YBEAMT//28X, 'BY:  DANIEL Me KBSZUTA!/34X, 'AERGSRACE 5§ MECHANICAL E
2NGINEERING DEPT#1/34X, 'MBNTANA STATE UNIVERSITY!)
215 WRITE(1C0Bs216) BL,C)D,EJRHB,PMAXIBSETA
216 FAORMAT(1M1///723X)VINPUT DATAL ~ BEAM LENGTH eceoevvcee ay']of}o
“1e4/748%X, 'HALF BEAM HEIGHT seoee C-"F10.4/802;'5EAH RIDTR ,ees0ess
200 Dut,F1l0¢4/40Xs tMBDULUS BF ELASTICITYs EsYsE12¢3/30X) 1HATERIA




-58-

3L DENSITY eeoeeRHE®mI,F704/40X, 'MAX BLAST PRESSUREQOoPHAXll,FBcZ/“O
le'BLAST DECAY" CBRST-...BETA- :FB.E/////)

222 DT&0«0001

227 NPilsi+i

230 HuBL/MT

235 X1ude

240 XNaB8(

241 QMAXsBL

262 BMeH&(THETA(BL, X1 )#%2+4THETA(BLAXN) ##2)/3

263 PIHO(THETA(BL;Xi)*THETA(BL;XQ))/3

244 DB 249 Ks1p2

245 NXaN=K

248 D6 249 LeKaNK,2

247 Rsl e

248 PsPesuHaTHETA(BLSIX)/3/K

245 B”lBW&#.HGTHETA(aLoX)ﬁi2/3/K

250 Du'Q*AX/J

252 JisJ+l’

253 BMsC#D#RHO#BM/164085/120

254 ALPHASPMAX#D

255 DB 316 Lei,3

260 IF(L=1) 200,270,265

265 IF(L-2) 2002800290

270 0=D}

278 GB& 19 295

280 Q=(J76)#DG

285 GO& YO 295

290 Qu(J/74)eDQ

295 D8 310 wisNPY

300 XA(l)s(l=4)aH

305 YA(1)aQaF(E,C,DsBL)XA(I))

310 WRITE(108,315) XAll)aYA(D)aQ

312 CALL PLOTS{1,1sNP1,040s15009=200028000s605,4152XA)YA)

313 IFiL=1) 2000316031# 7

318 LKKaL+{ X

- CACLT ’LOTS(LKKo1JNP100001150-0'2000:800-060504O$JXA37A)

316 CBNTINUE "

315 FERMAT(10Xs'Xa! ;El?oSoiOX:'FYY-'151205010X1'0-'AE12\5)

350 WPITE(108s351)"

351 FEORMATUIHL) ~

355 SKkiaR#(F(EsCsDsBLIX1)+F(E,CsDsBLIXN))/3

360 D" 380 Kl102

365 NKaNeK

370 D? 380 LesKyNK,2

375 XsL#H

380 SK1sSKi+4#H#F (EsCsDsBLIX)/3/K

G300 SK2e2#E#D#C##3#THETA2(BL,BL)*THETAL(BLaBL)/3

%08 $K3-z~EOD'C0~30THETA3(BL:BL)'THETAIBL;BL)/( 3)

10 SKeSK1+4SK2+SK3

845 WRITE1108,4108) SK1:SK2:SK3:SK

316 FHRHAT(1ox;vK1-'oE12.5:10X:'K2-|;E12-5;1ox;!K3- 151205010X,'Kl'151
12+5) .

418 WRITE(108,419) SK1,SK2,SK3,SK

419 FORMATISX, 'Wls'sEL12e5," # Q1o10Xs 'WMa1,EL2+551 9 Q12 7Xl'hv"lE12o

T 71520 « Q1 X, 'DWa',EL2e50 w QV///77)

449 JJ2uJ/241

450 D9 480 lsl,JJ2

455 XA(1)m(I=1)#DQ
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470 4YVmS<3exa(l)

475
420
481

" 485

§90
5co
505
510
515
520
525
$30
531

YA(l)sSKeXA(])
ARITE(108,481) XA(I),WI,WVaWM,YA(T)
‘HRMAT(sXI'Qi'lEiaoslSXl'NI-';E12.5;5X)'NV";EiZ.S:EXl'HM.|;E12.5;

15X, 'Ive1,E1245) ; : Vi ]
PLOT VIRTUAL WBRK FUNCTIBN DWeSK#Q
CALL AXIS(1s2004 7540002 7500002605)4e5
CALL PLOTS(1/1+JJ2s0e0s 75420002 750000+ 0504450 XA2YA)
WRITE(10%,351) R The
D2 'S3C 1s1,250
XA(I)e(le1)aDT
YA(I)=QT(P,ALPHA,BM,BETA,SK)XA(1))
YYA(1)=QDT (P, ALPHA,BM,BETA;SK,XA(1))
YYYA(I)=QCDT (P, ALPHA,BM,BETA, SR, XA(]))

WRITE(108,531) XA(I)oYACT)SYYATIIaYYYA(T)
renngvxsx,in'.Engs;sga031.3:E1z.s.sx.vootoiniggosigxo30901-1o5;2

1e5)

- 535

540
542
543
550
$70
575
580
$90
5§91
$92
595
600
821
[ {1
508
810
611
612
815
20
625
630
638
&40
645
46

713X, 'R3m1,E1204, 3%, TRES=1,E1245]

650
655
656
660
6e]
665
666
670
671
875
700
728
710

PLOT DEFLECTIEN QT AND VELBCITY QDT

CALL AX1S(1sC¢0009045040s5092645s4¢5)

CALL PLOBTS(1+1,250200000004200025000645s4052XAsYA)

CALL AXIS11/Ce000004500052500006¢55405) 3

call pLOTsliiio2503000;0.050000)250011605'Qo50§6;YXQ!
WRITE(108,351) ¢ . ) ;

DE 675 L8153

IF(L=1) 200,590,580

1¥(L=2) 200,600,610

TsS5«0T" O

YMINS=400C,

YMAX®160000

39710 615

TaagenT

T¥INsek00.

YMAX®1600¢

C2°TO 6315

T=100#DT

Y~INs=&00,

YMAX=160Ce

CS 645 1ai,NPY

XA(])w(lel) M §
TA(T)sRHB4C#DSTHETA(BL, XA(T))#QDDT (P, ALPHA, BN, BETA SK) T) /193402
YYA(I)s2uEsDaces3s THETAG(BL)XA(I)) QT (PsALPHA,BMIBEYA, 5K, T)
YYYACI)sD#PT(PMAX,BETA,T) =

YECI)sYALI)4YYA(I)aYYYAL(])
WPXTE(10806~6,-TiXA‘I)‘YA(I)IYYA(!’IYYYA(I,IYB(;,
FORMATIAX, 1 Tu?)E1204)3Xs IXn1)E120443%, 'R1n1)EL204,3%s 1R2u1,EL204,
PLBT RESIDUAL AND COMPBNENTS'

CALL AXIS(1sCe0s150ssYMIN SYMAX 2645s445)

CALL PLETSU1,1,\NP1,040,15040 YMIN 5 YMAX 1645, 445, XA) YA)
CALL PLETS(3s1sNP1,0eCs150esYMIN sYMAX 895,435, RA0 YR}
CALL PLOTS(1,1sNP1,00¢0,1500s YMIN ,YMAX 16¢5,835,%A,YTA)
CALL PLETS(4,1aNP1,000s1500sYMIN 2YMAX 605,435, XAsYYA)
CALL PLBTS(1,1,NP120¢0,15Ces YMIN 2YMAX 46050445, XA2YYTA)
CALL PLBTS(5s4sNP1s000s15002YMIN 2YMAX 46452405, RA0YYYA)
CALL PLBTS(1s4/NP1s0e0s1500sYMIN 2YMAX 645,405, RA2YE)
CALL PLBTS(3,1,NP1,040,1500s YMIN 2YMAX 645,855, RAsY8)
CONTINUE ] .

WRITE(108,351)

D9 725 1si1,NP1

XA(1)®(lat)eH
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720 YA(I)sTHETA(BLsXA(I1))
725 WRITE(108,726) XA(1)sYA(I)
?26 FBRMAT(iox;'R-'JE12.5;1ox;'THETA-'oE1a.5>
c PLBT MBDE SHAPE THETA(BL,X)
730 CALL AXIS(1,000015000C00s10252605:445)
731 CALL PLOTS(1,1,NP170¢0s15002000s1025,605:4952XAsYA)
1000 DXA=Qe002/50¢
1008 D9 1020 1s1,51
1040 RA(1)s{]=l)aDXA
1015 YA(I)sPT(PMAX,BETAIXA(]))
1020 WRITE(108,1021) I XALI)slaYA(D)
io21 FBRHAT(35X"T('JI?:')":EIE-SJiOX:'PRES(':IE:')"Isiaos)
PLBT PRESSURE FUNCTIBN P(T)ePRAX#EXP(<BETA#T)
1025 CALL AX1S{1,04020¢002,0¢0,100000s60¢5)445)
c GALEULATE ERACY BACUTIBN -~ - aduls R R
o FIRST FIND CBEFFICIENTS BF PARTICULAR soLuTleN
CO AA(171)m1s
01 AA(1,2)eis
€2 AA(1,3)sis
€3 AA(1sb)enl,
ch AA(1s59s0¢"
AA(241)000
AA(2,2)880
AA(203)e00
AA(2s4)0l0
UsC#D#RHE/193,02
AA(225)enALPHA/U/BETA®#2
EP'O-SOZO"005'(3¢U'BETA"2/2/E/D/C0'3)'*0025
EPL=EP#B|
EXREXP(EPL)
EXMsEXP(=EPL)
CS=COS(EPL) -
SksSIN(EPL)
AA(371)mERSCS
AA(3,2)amEX#SEN
AA(323)seERMECS
AA(3s4)sEXMaSN
AA(3,5)800
AA(4,1)sEX#(CSaSN)
AAt4s2)ueEX® (SNCS)
1126 AA(4s3)sEXP® (SN+CS)
1125 AA(4s4)uEXM#(CS=SN]
1126 RAA(4s5)e00
1127 CO--AA(215)
1130 CALL "SBLTN(AA,DD,4,5)
£ PRINT COEFFICIENTS 6F PARTICULAR SOLUTIBN & THE PART]CULAR
C SELUTIBN EVALUATED AT THE BEAM ENDy
WRITE(108,1136)
FﬁQFAT(lHI////EOX;'PARTICULAR SBLUTION'////)
c® 11§11 I1s1,4
WRITE(108, P142) 1,DD(1)
FARMATI20Xs'0D( 1211, 1) 1,EL205)
WRITE(108,1138)
Do 1175 1-11250
Te(l={)aDT"
YPL-YP(EPJDD(13000(2)100(3)000(4)ICOJBETAIBLIT)
WRITE(10%,1176) TaYPL
FERMAT(15X, 1Tu!,E1245,10X, 'YP(BL,T)s=! 1E1245)
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1196 FERMAT(1M1////5X, 'W(NN)«NATURAL FREQUENCIES!///
c CALCOLATE NATURAL® FREQUENCIES BF HBMBGENEOUS seﬁur:aN
12C0 D2 1285 NN81,;50
f2¢5 1F(Nv=1) 1500,121Cs1215
1210 2091¢9 '
1211 G* 1€ 123¢C
1215 IF(NVe2) 1500, 122001225
1220 2004467
{221 Gs 18 1230
§225 20s2INNe1)+P]
1230 1C»0
1235 2Ve204(COS(20)+1/COSH(Z0))/(SIN(ZO)+SINH(Z0)/COBH(Z0) weR)
{240 1Cs1Cat
§245 DZeABS{2ZN=20)
1250 IF(DZe1+E=~5) 1265512651255
1255 1F(1C=20) 1260,1265,1265
1260 20s2N
f281 38 79 1235
§265 2(NNJu2N
1290 DINSZ(NN)=Z(NNel)
{278 V(NN)'SGRT(2*DOC'03¢E/3/U)'(Z(NN)/BL)"&
1280 G(NNJs(UsW(NN)##283/2/E/D/C#%3) ##0325
{1285 WRITE(108,1286) NNsW(NN)2NN,G(NN),»BNsZ(NN)2DZsDEN
1285 FERMATU 2X; VR(112,7)®1,EL1205,5Xs 'A( 1212, )87 0EX24548Xs 120112, 1)
TLY4EL12e5,5%Xs V028 1,E1205,5Xs 1DINaI,E]245)
c CALCULATE HBMBGENEGUS SBLUTIBN COEEFICIENTS F(NN)
1300 WRITE1108,1301)
$301 FORMATUIM17/720X, 'HOMBGENEOUS COEFFICIENTS!///)
1308 D% 1355 NNei,50
1310 FI-H'(PHI(EPoDD(i)oDD(a)oDD(B)oDD(#):COoOoO)'CARX(Z!NN):G(NN’:O_O)
“44PHI(EP,DD(1),0D(2),0D(3),0D(4),C07BL)SCAPR(Z(NNT,G(ANI,BL)}I23"""
1318 ra-HG(CAPX¢Z(NN)oG(NN)oooo)ona&cAPx(z(NN),G(NN):&LquttIQ
1320 D5 1345 Ks1j;2
{325 NKsNeK ~ ~
1330 06 1345 LeK,NK,2
338 XsLef’
§340 F1aF144eHaPH]I(EP,DD(1),0D(2)2DD(3)40D(4)sC0»X)*BAPXCZINN)2GINN)SX)
T3/ T
1345 F2uF2+40HeCAPX(Z(NN)JG(NN))X)waR/3/K
§350 FF(NN)seF1/F2
1355 WRITE(108,1356) NNsFF (NN)
§356 FORMAT(20Xs1F(1212s7)81,E1245)
€™~ ~ CALCULATE DEFLECTION (DEF) BF BEAM END USING 10420430,40,550 TERMS
71380 DA 1430 11,5
1388 NTs!
1390 WRITE(108,1391) NT
§391 FBRMAT11H17/7710X, TDEFLECTION B8F BEAM END'.xox.'USSNE'ol3" 75865'/
o Y4 .
1395°D9 1425 L»1,250
1500 Te(L=1)#DT"
1501 XA(L)et
{405 DEFa0ed
14810 DB 1418 Usi,NT
1315 osr-o£r¢rrtuxucAPx<z(J);G(J);BL)o(ceStw(J)-T)-BEIA-BIN(NtJ:“T)/H!J
1))
1420 DEFDEF+YP(EP,DD(1),0D(2)s0D(3),0D(4),C0»BETAIBRsT)
1§21 YA(LI=bEF
1425 WRITE(108,1426) T,DEF
1425 FERMATI20Xs ' Tu!sEL245,)10Xs 1DEFu1)EL2e5)
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SOLUTION OF SIMULTANEBUS EQUATIONS BY GAUSSIAN ELIMINATION
N “NUMBER BF SIMULTANEBUS EQUATIONS =~ = = ~'°7=°°
M NUM?ER OF COLUMRS IN THE AUGMENTED MATR]X
L ® Ne g A gy R P S
AtI,J) ELEMENTS OF THE AUGMENTED MATRICIES
1 "MATRIX R8W NUMBER TR I R
J MAYRIX CBLUMN NUMBER
JJ TARES ON VALUES OF THE ROW NUMBERS WHICH ARE POSSIBLE P1VOT
REWS, "EVENTUALLY TAKING 8N TRE VALUE IDENTIFYING THE RBW HAVING
THE LARGEST PIVBY ECEMENT ~ 77 i ,
B1G "TARESTON VACUES OF THE ELEMENTS IN THE COBLUMN CONTAINING
PeSSIBLE PIVOT ELEMENTS, EVENTUALLY TAKING 8N THE VACUE™@F 1TRe
ELEMENT USED g .
TEMP TEMPBRARY NAME USED FBR THE ELEMENTS 8F THE RQW SELECTED TO
BECOME™THE P{VBT ROW, BEFBRE TRE INTERCHANGE ‘15 MADE
R JRDEX OF A DB LOBP TAKING 8N VALUES FR8M 1 TB°Negj) IT IDENTIFIES
;HE'Q:&UMN”CONTAININQ PESSIBLE PIVBT ELEMENTS ~ L iyl
Pt Gt e it LVOT EL AlE
AB™ ABSOLUTE VALUE BF A(l,K)
QUOT™ QUBTIENT A(1,K)/ZA(KyR])
X(1J UNKROWRS BF THE SET BF EQUATISBNS BEING S8EVED
SUM ™ SUMMATIBON BF A(I,J)#X(J) FREM Jelei TO N
NN'IN?Ex 8F A DB LBBP TAKING ‘8N VALUES FR8R { TB Nej
R by r. TARIR Y :
SUBROUTINE SBLTN(AsXsNyM)
DIRERSTON AIR M), X(N)
El@-i' 4 Nt
D812 Keisl
Jek® T~ T T
B1GeABS{A(KIK))
RPIsRéf = ° °
DO 77 18KP1,N
ABwABS(A(14K))
IF (B1GeAB) 65747
BlGsAB™ " " -
WNTD
CONTINUE
IF {JJeK) 8,10,8
DO 9 'JekyM™
TEMP § A(JJaJ)
AlJdJad) e A(KpJ)
A(KsJ)s TEMP -
09" 11 JeRPIHN
QUOT & ATI,K)/ZA(K)K)
DO {1 JsKPi)M '
A1 ,0)8AL15J]eQUETRA(K,J)
08 12 TsKP1,/N :
A(1,K)e0,
X(N)SA(NIMI/ZA(NIN)
08 14 NNei,L~
SUMabe™ 7
1eNefR
IPia]+l
08713 JwIPi,N
SUMsSUMeA(1,J)#X (V)
X(1)a(ACT M) SUR)ZA(T,T)
RETURN i -
END




1429 CALL AXIS(1,0404Cs
1830 CALL PCBTSI1:1,250
1800 G» 18 200

2000 END

SUBPRBGRAMS

BFIPIN BF §SL BF §FN BFSITF ces §IN

SINKW SIRT BF 1S3 BFIF] BFISF BFI]

BFiS6 PLOTS BFIFR SOLTN ABS BFISX
PROGRAM ALLBCATIBN
EOC.0 E EODe? c EOEe0 D KOFeQ
E11.0 PMAX Ei2e0 BETA E13e¢2 N Rised
E16.C oY Ef7¢¢C NPQ E18¢0 H £i9+0
EiBe0 QMAX EiCeC BM E1De0 P EiEe0
€200 L E21eC X E2200 oQ E23e0
E25+0 ) €260 1 E27¢0 LKK k2800
E2A«D S¥3 E2840 SK E2CeC JdJ2 k20e¢)
E2F«0 wv E30¢2 T E31¢0 YMIN k3200
E34¢0 V] E35.0 EP E36¢C EPL £37e0
E39.0 cs E3Ae0 SN E3Be0 Co R3Ce0
E3E.0 20 E3Fe0 ) { = E40¢0 IN K830
E43¢0 Fi E&4e0 Fe . E&5e0 NY k8600
EA7+0 XA 103840 YA 122F 0 YYA ib!&go
180840 AA 181F 0 DD 182340 W {85539
18890 £F

PRBGRAM SIZE §8EB

PROGRAM END

53~

042000s50026055405)
iOOO;OOOha0000503)6051605:XA1YA)

EXP

pINIY

YMAX

0z
DeF
YYYA
4

c
A

Ei10
EiSe
E{Ae
ESFe
E24¢
E29¢
E2E«
E33s
E38s
E3De
EA2¢

1617
1887




Appendix B
Nonlinear Program Nomenclature
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Variable Name

A
APC

ALPHA

BMX1
BMS1.
BMX?2

BMX2S

BETA

BL

cl, c2

. .

DT

W

DX
.DQ

DWN & DWﬁl

El, E2

. 0M/ dx with series for tan~

Description

Stress Constant a, Eq. (23)
Argument of tan~l, a ®c. Eq. (25)
o«="P D, Eq. (15) ' _
Stress Constant (psi~l), Eq. (23)
oM/ dx, Eq. (26)
L

2 2
oM/ 0x", Eq. (27)

bZM/axg, with series for tan-l

Moment at x = L

Moment with series for tan—l

ﬁlast Decay Constant (sec-l)

Beam Length (iq:)'.

2C = Beam Height. (in.)

Constants of Eq. (59)

Beam Thickness (in.)

Time Increment

Virtual Work, Eq. (56)

Beam Length Coordinate Increment, (in.)
Displacement Increment; (in.)

v, & 5Wi+1’ Fig. 6

Constants of Eq. (59)
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Nonlinear Program Nomenclature (continued)

Variable Name

FYY

FIN

PHIL
PHI2
" PHI3

PHIL

QDNT
QDT
QDOTO
Q0
RHO

RES

THETA, Y

Description

Weighted Internal Force, Eg. (58)

Internal Force Errof, Eq. (53)

Straight Line Intercept ;» Fie. 6

L
P = jﬁ e dx
0 ' , -
Deflection Angle b, Fig. 3
o x o
%0/ dx° N
30/ 33
60, Eq. (53p) _ _
Blast Pressure Function (psi) Fig. 2
Free End beflection (in.)
Free End Velocity (in/seé)
Free End Acceleration (in/secz)
Initial Velocity
Initial Displacement _
Material Density klbsm/in3)

Equation Residual, Eq. (49)

Time (sec)

ox), ¥ (x,t)
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Nonlinear Program Nomenclature (continued)

Variable Name

THETAL, YX1
THETA2, YX2
THETA3, YX3
THETAL, YX4

U

2 B 7§

Description

1 *l
®, ¥
t *"
8, v

i xtn

. ® s ¥

nn *" 1t

° 5 Y_

Linear Density (1bsm/in)

 Internsl Work, Eq. (58a)

Bqt_z_r;déyy Moment Work, Eq. (58b)

Boundary Shear Work, Eq. (58c)
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B-2. Nonlinear Program Listing

c MAXIMUM DEFLECTION BF A CANTILEVER BEAM ASSUHIN? LARGE
c DEFLECTIONS™ AND A NONLINEAR STRESS=STRAIN RECATION: =
45 DIMENSTIBN XAT500)sYATI500),XXA(500)2YYA(500),XBT3007,YB(500)
CZL(BL X)0IXuuhutuBLuxru3sbnB wadu)nad)/3/BL 004 =~
CZILIBLIX)m(Xwa3a34B  eXns2F34B nekX)nb/3/B #0h
CZ12(BL,X)nkd(X"BL)#22/BLu#4 - T
CZI3(BL,X)u8u(XeB[)/BLuE
CZiA(BL,X)o(B/BLe"4) s (XeiaX)
CZ2(8LsX)#1=COS13¢14159230%/2/BL)
CZ211BLsx)#(3e1415923/2/BL)eSIN{3¢1415923ex/2/Bk)
CZ22(BL X}n(3+1415923/2/8| )#42#C0S]3+14159234X/3/BL
CZ23(BL,x1n(3,1416523/2/B Ju#38SIN(3,1415923%X/2/BL}®(e1)
CL2M(BL/X)o(3¢1415923/2/8( JunssC0S[301415923uX/2/BL)¥ (0!}
THETA(BL,X)o{C2I(BL,X) ¢ 0050#CZ21BhsX) /(44 0e50) - " =°
THETAL(BLsX) e (C2Z141BL,X)% 0¢504CZ21 (BLsX) )/ (1% 6450
THETA2(BL,R)»(CZ12(BL,X}+ 0s50¥CZ22(BL,X))/(1+ §:so

THETAI(BL,R)=(CZI3(BLIX)¢ 0s50#CZ23(BLsX))/ (1 Bi50)
THETA4 (BL/R)0(CZik(BLIX)+ 0s500CZ2E(BLIX) )/ (Lo B350
60 PT(PFMAX,BETA,T)*PMAXSEXP(eBETA¥T) o
100 Y(Q,BL X)=Q@THETA(BL,X) i
£05 YX1(0)BL,X)sQeTRETAL(BL,X)
150 YR2(Q/BLsR)sQeTHETA2(BL,X)
145 YX3(Q,BL,X)*QeTHETA3(BL,R)
120 YX&(Q,6L,XJaQuTHETAH ( BL,X)
1325 PRI(Q,BL,X}eATAN(YX1(Q)BLsX))
330 PHIL(QIBLIX)SYX2(Q2BLAX)7(1+YX1(QsBL)X)an2) .
§35 PH12(Q,BLoX)a(T4+YX110,BL,R) ##2) #YR3(0sBLIX)22*YX1 (GsBLIX)aYX2(0,B
Lo X)ee2) 70 14YX110sBLIX) #52) 402
AMO PHIS(RIBLIR)B(114YR1(Q/BL)X)#w2)#n20YXA(Q)BLIX)82%(1¢YX1(Q,BL)X) e
TTTABI#(3eYXY(Q,BL,X)#TX2(Q,BL,X)#YX3(0,BL,X)*YX2(QsBL, X1 #83)eg#YXI (0,
2BLaX)#*28YX2{0)BLIX) ##3) 7114YXT(QsBLIX) #02) %43 :
145 BMX1(0QsBLIRsAIBICID)24D#PRIZ(Q)BLIX)/Ann2/B*IAIPHIL(QsBLIX)#CoATA
IN(A&PHI1(Q/BL,X)#C] ) /PHIL(QsBLIXT#a3" : ' e
350 BMR2(0,8LsXsAsBsCsD)02uD/Au#2/Be (PHI2(QsBLoX)##2% (38 (14ARAQCRCHPH]
“11(QsBLIX)# 42T RATANTASPHIL(Q)BLIX)#C)m3nAsPHI L (QeBLIX) 4CR2E (A¥PHT(
20sBLIX)#C)##3) /PRI1(T,BLIX)#ak/ (LeARAPHI1(QsBLaR) #426Cul) 4PHY 3G,
L 3BL XIS (APHIL(QsBLIX)#CAATAN(A®PHI{(Q,BLsX)#C)) ¢PHTLIQ/BL,X)¥43)
151'RIAPC)-(1/11‘APc-oES)Oéol6APC/15¢APCO-3/356APC095/§§0APC007199]'
152 S(APC)n1/3eAPCo#2/5+APCan4s/T7=APCH86/9¢APCH#8/11 gk ar
153 'BMREBL0,BLIR)AIBICIDIAPCIn2#DeARARCRe4RPH]Z1Q)Bls X) 4#2%R(APC) /B
T T4428DEARCHRIIPHIZ(0sBLIX)S(APCT/B '
- 154 FYS(O:BLIX:AJB:CJD:APC)-THETQ(@L)X)O{BMXES(QlBLSXoQIB)CDDJAPF))COS
T TA(PRI(QIBLsX) )e#2nBMRY(QsBLIRIAIBICID)wPHIL(QsBLER) #SIN(20PHT(Q2BL,
2X1) 2§ Ao A o1 !
155 FY(Q)BL,X)AsB,CyD)=THETA(BL, X)#(BMX2(Q,BLyXsA)BsC,D)#COS(PNIQ,BL,
© T1X))ee2eBMXI(QsBL/XsA2BICoD) #PHT (0B X) #EINTR2ERHITQIBLYX)))
160 VL(Q,BL,A,B,C,D)#BMX1(Q,BLIBL,A,B,C,D)#COS(PH] (B)BLEBLY)
168 BHLtG;BL:AoB:C}D)-D/B'(C'C'ATAN(A-PHI1(Q'BLbBL)z§)3(§!5ﬁt50C§PH;1(
" 10,BL,BL) )=A#CHPRILITQ,BL,BL) ) /A®#2/FH11(Q,B(,BL)%#2)
170 THETALIBL)STHETA(BL,BL) =~
$75 PHILTQ,BL)«THETAL1(BLJBL)/(14QuQueTHETAL(BLyBL)#e3)
180 WVIB,)BLJAIBIC,D)®YL{Q,BLIASBICIDT#THETAL(BL) =~
185 WR(Q,BL,A,8,C,D)*BML(Q,BL,A,B,C,0)4PHILIQ,BL)
186 SKN(DWR1,DWN,DQJ= (DWNL=DWN)/DQ
{87 GN{DRNi,DWR,DQ, 00)=DWN=QGsSKN (DWNYsDWN,DQ)
188 Ci(PyALPHA,BM,BETA,DWN])OWN, DQ)uP#ALPHA/ (BM#BETA##2SKN (DWN1s DEN,D
=2 e s DL 1.t 4o fethde, U s : !
189 C2(DWN1,DWN,DQ,Q0)s=GN(DWN1,DWN,DG2Q0)/SKN(DWN125DWN,0Q)
190 E1(DWN1,DWN,D0, @0, BM; TN2ODBTOsPsALRHALBETA) e SIRLSQRTTSKN(DWN1 4 DWN,
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100)/BM)#TN)#(Q0=C1 (PsALPHA,BM,BETAsDWN1,DWN,DQ) EXP{«BETA®#TN)=C2(D
24N1, 04N, D0,Q0) J+SORT (BM/SKN(DWN17DWN,DQ) ) 6COS (S RT(SKN(DRNy3DWN, DQ
31/8M)#TN) * (QDOTO+BETA#C1 (PyALPRA, 3y BETA, DWN1s DHNs DGTeEXP L nBETAS TN

4))

191 EZ(Dwa,DwN.PO.OO,QM.TN.oooro,P,ALPHA,BETA).cas;soa¥(sxncowyx,gww,
ACQ)/3M) e TN)#(QOwC1 (PsALPHA,BM,BETASDWN1 DWNs DO} 9EXP(=BETARYNI=C2(p
awwi.owN.oa.coa)-scRTtan/st(owN1;Dw~,oa))-sxs(sgarxsKN(oﬁN;;owN,oo
31/BMI#TN) @ (QDBTO+BETA#CY (P, ALPHA,BM, BETA,DNN{,0 NsDQT®EXP{,BETAaTN

4))

192 FIN(SsBLsXsAsBsCsD)s (BMX2(QsBLs XsA2B4C)D) #COB(PKI(Q,BL,
IX))002-BMX1(Q:BL;X;A:B;C;D)OPHli(Q»BL;X)OSIN(B‘RHI(goBCoX),i 3

193'EHS(StCoDIAPC)ié’p'C"Z/@'(APC/3-APC5'3/15*APC5§5/3 wAPC&e#y/63

i di-sdeibt g A, P ATERIRIAIRNLEN2

194 5“51(OiBLogoQ:QJCIDIQPC?'2'§?C"3’D’PH12(QlBLJXQ/Bf(10/300APC'32/5
14APCaas/7=APCas6/94APCHe8/11) M = gl o

;95'EX@S(QBBLJXJA:?iCoPoAPC)iBHXZS(QoBLJX:A:B:CJDIARC"FQS(PHI(009508)
1)"2-BH81(thleaA:BJC:DJAPC)’PHI1100BE:X)’S]NIE!PHI‘Q:BLix2)

196 WVS(QsBLsAsBsCsDsAPC)#BMS1(QsBLIBLIAIBICIDIAPC)HCOSEPH] (§2BLIBLY)
1#THETA(BLABL) 3 iy . siEntli

197 WS (0,BL)B;C, D) APC) «BMS (B,C,D, APC) #PHIL (0, BL)

2C0 READ(105,201) AsB,C,0,BL,RHB,PRAX, BETA™ i

2CI FORMAT(BF1040) | TPl R A

~~ NeEVEN NUMBER 8F INTEGRATION STEPS «ee Ju # DATA PBINTS FOR STIFFNESS K

208 IF(A) EOOOiEOOOiZOQ' i e i 5 t = e Sl T

206 READ(105,207)  NoJ

207 FORMAT(215) =

210 CALLPINIT'

212 WRITE(108,213)
213 FORMATUVIR,, 7277777777 7777728%, YMAXIMUM DEFLECTIEBN BF. A CANTILEVER
| TIBEAMY7/28X,1BY1  DANIEL Me KBSZUTA!/34X, 'AEROSRACE 'S MECWANICAL €
2NGINEERING DEPTs!/34X, IMONTANA STATE UNIVERSITYV] <
215 WRITE(1085216) BLyCaDsAsB,RHE, PMAXSBETA & %)
2186 FORMATUIHL1/77723X; VINPUT DATAY BEAM LENGTH eveescves B&‘llf}ﬂ
" T194/40%s 1HALF BEAM HEIGRT eseve Cu?,F10¢4/40%s 1BEAR RIDTA qassssse
2eve DutyFlUes/40Xs ISTRESS CONSTANTS sseee Anty F!Oo‘/!’!ltooo!l
3" "Be!;F1098/40Xs FFATERTAL DENSITY eeoeeRHO#1,F774/50%; TMAX BLAST P
ARESSURE s s sPMAXS 1) FBe2/40%) 1BLAST DECAY CONSTeed3BETR#15FB32/7777)

220 WRITE(108,221) ;

e2y FQRﬂAT(10X6IG'114¥o'HX'11480'#!'olQXo|!H'o§§§o!9§'o§§§ol§1//!

222 DT#0:000§" ~ ' "7 s '

223 T=0es 7

224 TNaO.

225 0DOTOs0.

226 Q0w0e

227 NPlafel

230 HaBL/NT

235 X1

240 XNsBL

241 CMAXaBL ‘

242 BMaK® (THETA(BL,X1)##24THETA(BL, XN) #%2)/3

243 PeHe(THETATBL,X1)#THETA(BL,XN))/3

BAR DN 249 g8l,2 0 ¢ 0 7

245 \KeNek -

246 DB 249 LsK)NK,2

247 XmleH il

. 248 PuPe4epnaTHETA(BLYX)/3/K

249 BMaBMeswHe TRETATBL,X)*#2/3/K

250 DQ=Q%AR/y ~ S

251 Quoe

252 JisJe+l
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253 B”'C'DORHBGBM/160085/120
258 ALPHAsPMAX#D"
255 Dd 900 M=i,J1
260 1PC-AOCOPH11(QJBLJX1)
261 IF(APC=041) 262,262,263
‘262 FYYsFYS(QsBLsX14AsB,C)DsAPC)
Gh TH 264
263 FYY-‘Y(Q;BL;Xi:A:B;C:D)
268 WlsH#FYY/3™
XA(1)sX1
YA(L)eFYY
265 IF(Qea¥DQ) 267,266,267
266 WRITE(108,296) Q:XIaFYYoAPC
267 APCaA#CePHI1(Q,BLsRN)
288 IF(APC=0¢1) 269,269,270
269 FYYsFYS(QBL)XN2AIBSC)D)APC)
as 16 271
270 FYY-FY(Q:BL;XN:A:B:C:D)
271 WIsWIeHaFYY/3
TT ORAINPL)eXN
YA(NPijeFYY
272 JF(Qe44p3) 27%,273,275
273 WRITE(108,296) Qs XNsFYY,APC
278 0B 299 Kais2~
280 NXsNeK
285 DB 299 LeK)NK,2
286 XsLeH
287 APC-AoCoPHIl(QJBLJX)
288 IF(APC=0¢1) 289,289,292
289 FYY-FYS(Q)BL:X:A:BJC:DJAPC)
250 G° 19 293
2%2 FYYIFV(QJBLJXJAIBICoD’
293 NIONIOQOHOFYY/3/K
T T LPlsLe] 1
XAILP1)eX
YA(LP{)eFYY
294 IF(Q=4#D3) 299,295,299
295 WRITE(108,298) Q,XsFYY,APC
296 FCRMAT(I3XJ'Ql'tEiEoSJSXa'X-':EiZ-S:SX:'rY-'aEiE.SoQXo'APc.'oEiEoS
1)
299 CENTINUE
300 IF(M=2) 315:3100315
310 CaLL AX15(1200001500,%2000280002645,445)
311 Msay
312 69 T8 324
315 lF(H'J?b'i) 32003160320
316 MSe3
317 G3 T9 324
320 !F(“'J/#-i) 350,321,350
321 MSsy
324 WRITE(108,998)
325 D9 330 JLei,sNPY
330 WRITE(10B,331) QsuUlsXA(JL)aJdLaYALJL)
?31 FﬁRMATKEOXa'Cl'IEIZ 5;10Xl'X1'01201)"05120511°"0'F!Y('J‘a ')"051
1245)
PLOT INTERNAL FBRCE FUNCTION,
335 CALL PLBTS(1,1sNP1,04¢0s15042%2000,800026052425 KA, YA)
336 IFIMS=1) 2003504337
337 CALL PLOTSIMS,1,NP1,0, 0415002 »200¢28000s605s %050 XAsYA)
350 APCLwA®PHI1(Q,BLsBL)*C
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IF (APCL=0¢1) 351,351,352
351 WVVsWVS(Q;BL,A,»B,CsDsAPCL)
" WFRaWRS(Q,BL,B,CoDsAPCL)
G676 353 e
352 WvveWV{Q,BL,A,B,C,D)
= WRRaWR(Q,BL,A,8,C)D)
383 DWaWlaWyVeWMA ~
354 SYIFeDW/Q
355 WRITE(108,356) QaWI,WVV,WMM,DW,STIF
356 FORMATUI4X,SIE{20504X|sEL2e5)" ~
360 XXA(MjsQ PR Y L
381 YYA(M)eDW
400 DWNisDW
310 1F10) 510,510,420
420 SKBwSKN(DWN{;OWN, DO)
830 IF(SKB) 560,445)445"
845 CI=CI(P,ALPHA,BM;BETA,DWN1,DWN,DQ)
8§50 CLeC2(DWNi1,DRN,DG,RDY -~ =~~~
455 EY=EL(DWN1,DWN,DQ,Q0,8M, TN,GDBT0,PsALPHA,BETA)
%60 EL=E2(DWNI,DWN,0Qs @0, BMs TN, GDBTO,P#ALPHA,BETA)
485 gRITEl1085466) BMs Py ALPHA, BETAJDWN{, DWN, SKB,BD8T0, Q02 TN, CJ,CLIEL,
L 108, %60) raALFRA, BETA,DWNY 2010 TheCl :
466 FBRMAT(//10X, 1BM»1,E124510Xs 1P 1,E1245,10Xs 1ALPHA®42E1245,10Xs
TTTA'BETARY,E1245/10X, 'DWNIwt,E1245,10X, 'DWNs1,E1235,10%s 1SKBe|;E1245/
210X, TQDOTOe1,E12¢57 10Xy 1008 1E12¢5510Xs 1 TNa15EL1Re5750Ki T61a1EL248
310X 'C2e1)E12457 10K/ IELn1)EL120510Xs 1E2R1ELREH)
470 QQE.EI-SIN(soRf(sgB/BM)~T>oEL~CeS¢soR7(SKB/B@)g J¢CI®EXP (aBETA4T)
2 e : b Uk b L bl W e L ST B T 5 £

GDDT2CI#BETA##24EXP (eBETA®T)«5KB/BM# (E1#SIN(SORY (SKB/BM)eT)+ELHCOS
1(SQRT(SKB/BMYeT)) *~ =~ "7 < i 4 ’ / -
471 "QDNTWSORT (SKB/BM)# (£1#COS (SORT(SKB/BM)#T)«EL*SINISGRT (SKB/BMI #T)
T T1eBETARCISEXP {«BETA#T)
472 WRITE(108+473) GNT,QONT,T
§73 FERMATI10Xs IGNT®1,EL2¢5,10Xs 'GDNT= +)E1205,10Xs 1o 12EL205)
875 TF(TY 475;475,489 ‘
&75 QNT®0e~ fille
476 QORT#0.
477 1Bay °
878 1Ae{ .8
§79 IF(1Be1) 487,480,487
580 XB(1A)aT ~ ;
581 YB(1A)=QNT
582 YB(1A+250)=QDNT
T XB(1R4250)=QDDT
IF(1A=250) 483,483,545
483 An]Ael e
585 1Be2™ °
485 TsTeDT
{8 GBTTH 470
487 1Bey -
488 GA TO 485
§89 IF(QNT=Q) 490,490,495
490 1F (QDNT) 550,550,479
495 QD=QNT” by
$CO GCBTOSQDNT
S05 TNaT
510 DWNwDWNY
545 GA TS5 900
545 WRITE(108,546)




550
551
555
660
561
565
900
904
908
906
8¢?

908
209
910
911
912
913
91%

9145

916
920
921
922

923
Se&
925
926
927

928
929
930
931
832

933
934

935
936
937
938
939

940
941

Il

WRITE(108,551) GNT,QDNT,T
FERMATI1H10/7///710Xs ' ONTe1,E12¢5,10Xs 1GDNTe 1sE12¢5210Xs 1 Tu12E1245)
G? TY 904

WRITE(108s56%) SKB

FORMAT{1M1////710X, 'NEGATIVE STIFFNESS SKBl'lE;aos,

G6 T9 950

QeMaDQ

WRITE(108,998)

D8 906 MLsi,m™

WRITE(108,907) ML XXACML) g MLaYYA(ML)
FORMAT(20Xs'Q( 121221 )»1,E1265,10Xs 'DW (12122 )814EL1265)

PLBT VIRTUAL WBRK FUNCTION DwWe

CALL AXIS(1,0000750,000,7500Ce26055405)

CALL °LBTS{1,4sMsCe0s75050002750000s6052445sXXAsYYA)
NR]TE‘1080998)

I1Ps]A=y

DB 913 MN=i,IP

15sMN+250

WRITE(108s914) MNsaXB{MN)sMNsYB(MN)21S,YB(IS)s!
FARMATT SXa'T('21321)u1,E12e5) SXo'Q( 121351 ) !
13,7)81,E12:5,5%Xs'GDDT( 1,13, 1)81,E1245)

PLET DEFLECTIBN O6F BEAM END Q(T)s

CALL AXIS(1,00040004500045002645,445)

CALL PLOTS{144,1Ps0e0s0eCks000s500260524052%XB2YB)
8 915 1ai,IP >

YB(1)eYR(]I4250)

PLOT VELBCITY B8F BEAM ENDs

CALL AXIS(1,040,0004,000,25000060¢52405)

CALL PLBTS{141,1Ps040s0e042000s25000s645,)405,XBsY8)
UsRH9#CaeD/193¢02

DXsDR

DY 949 Kaeis3

IF(K=1) 200,922,925
Tes2«07

YMINe=4000,
Y~MAX=16000%

IAm2

G& T8 933

IF(K=2) 200s926+930
IHsIP/2

Te2e4aDT

FMINe=&00

YMAXu16000

JAs]H+]

59 T 933
Te2#(1P=1)«DT

IAs]P

YMIN®=4QD

YVAXu1600.

amYB(IA)
QPDT=XB(1A+250)
PRS=PT(PMAX,BETA,T)#D
0% 943 lsi1,J}
Xs(l=1)eDX
APCsA#CuPHIL (Q,BLIX)
IF(APC=0y) 939,939,940
FIINWFINS(Q,BLsXsAsBsCsD,APC)
GB TO 941
FIINsFIN(GsBL)X2AsB,C,yD)
XXA(1)sUsTHETA(BL,X)#Q0DT

Sas XB
sB12 SXs'gD0T (1)1




c

“J2%

XXA(]1+25C)=F]IN
YYA(])=PRS
RESeXXA(])+XXA(I+250)=PRS
942 XA(])sX
943 YA(])=RES
h PILLOT RESIDUAL AND COMPBNENTS.
CALL AXIS(4sCe0s150esYMIN SYMAX 26055445)
WRITE(102,998)
DY 944 lei,Jl
1€Ss]+250
S44 WRITE(108,999) TlIIXA(I)IIJXXA(X)lISS;XXA(ISS)ll:YYA(X)
»RITE(108,998) i
CaLL PLETS(1,1,J1,040,1504,YMIN ,YMAX 26052045 XA XXA)
CALL PLOBTS(3,12J10000,1500sYMIN 2YMAX 260524090 XKsRXA )
D8 945 leil,Jl ?
945 XXA(1)aXXA(I+4250)
CALL PLETS(1,1,J1,000,15000YMIN ,YMAX 264524052 XA2XXA)
CALL PLOTS(4,1,J1,060,1500sYMIN S YMAX ,605204e5)XAs RRK)
CALL PLOBTS(1,12J1+000,150esYMIN ,YMAX ;605:ho;axxoVYK}
CALL PLETS(521sJ12000215000YMIN 2YMAX 2605240 lXEaYYI)
D8 946 1s1,J1
946 WRITE(108s947) IoXA(I)alsYA(I)aTs1ANXB(LIA)
947 FERMATISXs 'X( 1,12, 7)e!,EL12e5:5X) 'RES( 1012, 1)01)E12e¢8:8Xs1To'2EL12¢5
105X 'XB('513,1)81,E1245)
948 CALL PLOTS(1,1,V15000215002YMIN SYMAX 6¢504e50XATYA)
949 CALL PLOBTS(9,15J1,0:0,15000YMIN SYMAX 26054 eJsXAaYA)
950 D¥AsSL.,J
958 ARITE1108;998)
955 D8 970 I=i,J!
Y60 XA(l)m(lel)aDXA
965 YA(1JeTHETA(BLIXA(L))
970 WRITE({08,971) :iXA(I)IlJYA‘X)
971 FORMATIZSX)IX(1512,1)01,E12e5,10Xs tTHETA( 12120 1]01,E1205)
PLET MBDE SHAPE.
975 CALL AXIS(1,0¢0s15002Ce0s1¢25,)605,405)
976 CALL PLOTSU1,40J12Ue0s12000000s1025260528050%XA0YA)
998 FERMATIIHY)
999 FORMAT(1X, 'Tot,E12e4,4X, 'X(1,13,1)81,E12.5,4X, 'R1(1,13,1)91,E12,5,
18X, 'R2( 1,13, 1 )a 1 E12e5,4Xs"R3( 1,134 )u1,EL1265)
1000 OXA=Qe002/50¢
{cos WRITEL108,998)
1005 D9 1020 1w21,51
1010 RA(I)m(lel)#DXA
1015 YA(I)sPT(PMAX,BETAsXA(]))
1020 WRITE(108,1021) I2XA(1)al,YAL(])
1021 FORMATI3SX, 'T(!,12,1)ul,E12¢5,10X, 'PRES(1,]2,1)e',EL2,5)
PLBT PRESSURE FUNCTIOGN BF BLAST
1025 CALL AXIS(1s0¢000e002,000,100000s60554¢5)
1026 CALL PCBTSU1,1251000020000220002100000260524052XAsYA)
1500 G 19 200
2000 END

—
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