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Abstract:
In this work the concept of a homeomorphism group H(X) is analyzed in the category of convergence
structures as developed by H. Fischer. In Chapter II, some general results are shown concerning lattice
pro-perties of convergence structures on function sets. In Chapter III, a convergence structure ς on
H(X) is developed which is the coarsest of the admissible convergence group structures on H(X). This
struc-ture is compared with the convergence structure of continuous conver-gence on H(X). These
concepts are then generalized in the construc-tion of convergence transformation groups over a
convergence space.

In Chapter IV, X is given a uniform convergence structure. Uniform convergence structures are then
constructed on subgroups of H(X).

In each case, the question is asked whether these uniform convergence structures induce convergence
group structures on the underlying ho-meomorphism subgroup. 
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V
. ABSTRACT

In this work the concept of a homeomorphism group H(X) is analyz­
ed in the category of convergence structures as developed by H. Fischer. 
In Chapter II, some general results are shown concerning lattice pro­
perties of convergence structures on function sets. In Chapter III, 
a convergence structure a on H(X) is developed which is the coarsest 
of the admissible convergence group structures on H(X). This struc­
ture is compared with the convergence structure of continuous conver­
gence on H(X). These concepts are then generalized in the construc­
tion of convergence transformation groups over a convergence space.
In Chapter IV, X is given a uniform convergence structure. Uniform 
convergence structures are then constructed on subgroups of H(X).
In each case, the question is asked whether these uniform convergence 
structures induce convergence group structures on the underlying ho­
meomorphism subgroup.



vi
' INTRODUCTION

In 1959 H. Fischer formalized the concept of a convergence struc­

ture as a generalization of a topology. The generalization is a good 

one in that many of the fundamental ideas of topology carry over to 

this new category, and in addition, as the category is so much fuller, 

we can find convergence structures satisfying certain properties for 

which no such topologies exist.

The primary intent of this work is to show similar results with 

respect to homeomorphism groups. R. Arens has analyzed the properties 

of various topologies on the group of homeomorphisms, H(X), of a topo­

logical space X. Basically, meaningful results are obtained only after 

the assumption that the topological space X is at least locally com­

pact and Hausdorff. In this work, by beginning with the assumption 

that X is given just an arbitrary convergence structure and consider­

ing homeomorphisms in this new category, we analyze convergence struc­

tures on the new H(X). In particular, we construct a convergence 

structure a on H(X) which is the coarsest of the admissible conver­

gence group structures on H(X). By an admissible convergence group 

structure we mean the convergence structure guarantees the continuity 

of the group operations and the evaluation mapping. Properties of 

this a convergence structure are analyzed and compared with those of 

Y »  the convergence structure of continuous convergence. A counter­

example using the rational numbers shows that these two convergence
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structures are distinct.

• The topological generalization of a homeomorphism group is a to­

pological transformation group on a topological space X. We define 

the concept of a convergence transformation group on a convergence 

space X and obtain a characterization of these groups by a mapping 

property. Finally we define a convergence structure on a convergence 

transformation group in an analogous way to that of o on H(X). It is 

shown that this convergence structure has properties similar to those 

of a in this more general setting.

In the last chapter we let X be an arbitrary uniform convergence 

space. We construct uniform convergence structures on both the homeo­

morphism group H(X) and on U(X)5 the subgroup of uniformly continuous 

homeomorphisms of X. These uniform convergence structures are analyz­

ed with respect to the question of whether they induce convergence 

group structures on the underlying homeomorphism group.

*



CHAPTER I

Let (S,<) be a partially ordered set with the additional property

that every subfamily {F^} of S has an infimum A F in S. A A -ideala a a
is a subfamily T of S which satisfies:

1. F, F' e T => FA F' e t , and

2. F e T, F' _> F => F' e T.

A (proper) filter F on a non-empty set X is a A-ideal in (P(X), G)with 

the additional requirement that $ 4- F. A filter base B is a family 

of subsets of X satisfying

1. B, B' E 8 => there exists a B' ' G B such that B ltC  b A B' ,

and

2. 0 /B.

We say that B generates a filter F if B C  F and for every F e F  there

exists a B E B such that B £  F 5 and in this case we write F = [B]. The

family of filters F(X) on a non-empty set X forms a partially ordered

set with infima with < defined by F < F' <=> FQF'. If {F } is an— — a
arbitrary family of filters on X, then A F is just Fl F and if fora a a a
each a, B is a filter base for F , then A F is generated by the fil­ex ct ct a
ter base { U B I B E B }.a1 a ■ a

A convergence structure x on a non-empty set X is defined if for

each x E X there is assigned a A-ideal, xx, of filters of subsets of

X with the added requirement that the filter of supersets of the point 
ox, denoted by x, also is a member of xx. If X has a convergence struc-
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ture T , then (X,t) is called a convergence space. If the filter 

F e  Tx, we say F converges to x.

If T, T ' are two convergence structures on X, we say r is coarser 

than T', ( T <_ T 1), or t 1 is finer than r if for each x e X, t 'x C  t x. 
With this, the family of convergence structures on X forms a complete 

lattice. [7, p.275].

If T is a convergence structure on X, let tJit be the convergence 

structure on X defined by iprx = {F1 € F(X) J F1 > _A^ F}. These con­

vergence structures are called principal and the corresponding spaces 

are called principal convergence spaces. Every topology T on X de­

fines a convergence structure T^ on X, namelyj, T^ x =

{F G F(X) I F >_ t/(x)} where (x) is the neighborhood filter of x de­

fined by the topology T. It should be noted if T <_ T 1 for two topolo­

gies T and T*, then T^ T^,. For every convergence structure T on X 

there is a finest topology Wt which is coarser than t . Namely, consid­

er those sets - A in X such that for each x € A, A G F for each F e t x . 

These sets are called the r-open sets and for each x G X, they gener­

ate a neighborhood filter I/ (x). So for each x G X, wtx =
(Fe F(X) I F >_ (/(x)}. It is clear that for each convergence struc­

ture T on X we have the relations ojt <_ t.

If f : X -»■ Y is an arbitrary mapping between the non-empty sets 

X and Y, then for any F e F(X), {f (F) | F G  F} is a filter base on Y.. 

Hence, let f (F) denote the filter that this filter base generates.

A function f: (X,t ) -»• (Y,t t) between convergence spaces is said to be
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continuous if for each x e X, f (tx) C  r'f(x). A bi-continuous bisec­

tion between convergence spaces is called a homeomorphism.

■ If F, F’ are filters on X, X r respectively, F X  F' is the filter 

on X X X' generated by the filter base {F X F r | F £ F, F r £ F*}. If 

(X, t ) and (X*, t *) are two convergence spaces and G is a filter on 

X X X ' ,  the product convergence structure t X t ’ on X X X' is given

by:

G e  (t X T *)(x,x') <=>
p^(G) £ t x, and 

Pg(G) G T*x*.
where p^ and p^ are the projection mappings. It is easy to see that 

the continuity of a mapping f : (XX X' , t X r') ->• (X",t") is equiva­
lent to the condition:

F e tx
■ F' e T'x'

=> f(F X  F1) € T"f(x,x*) for all (x,x') £ X X X'

The usual properties of products, valid for topologies, hold also in 

this more general setting. For a more detailed analysis see 

[7, p.290-291].
XIf (X,t ) and (Y5Tt) are convergence spaces and Y denotes the

Xfamily of all continuous functions from X to Y, then for any H C  Y , 

the convergence structure of continuous convergence is defined on H 

by F £ y^f <=> for all x £ X and for all 0 e t x, F(<l>) =
0)(F X $) £ Tt f (x) where cu: H X X -> X is the evaluation mapping de­
fined by a>(f,x) = f (x). It should be noted that inherent in this de­

finition is the minimum of conditions to guarantee the continuity of to
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For an extensive analysis of the properties of see [4] and [2],

Let X be a non-empty set. If A represents the set 

{(x,x) I x e X} then [A] is the filter of all supersets of A in X X X. 

If F and G are subsets of X X X ,  let F^ = {(y,x) | (x,y) £ F} and also, 

FoG = {(x,y) I there exists a z € X such that (x,z) G F and (z,y) £ G} 

(note that composition reads left to right). Then for filters F and G 

on X X X, let FA = [{FA | F e'F}} and also F0G = [{F°g | F g F, G £ G}]. 

For this latter filter to exist it is clear that FoG must be non-empty 

for all F e F  and G G G.

A uniform convergence structure J, is a A -ideal of filters on 
X x X  satisfying:

1. [A] G J,

2. F £ J => FA e J, and
3. F,G £ J => FoG E J, whenever this latter filter exists. The

uniform convergence structure J induces a convergence structure Tj on 
X by the definition: k

O jF G TjX <=> F x  X  £ J.

(X1Tj) is then said to be a uniform convergence space. The family of 

uniform convergence structures on X forms a complete lattice where 

J J* <=> J Q J 1. If is a family of uniform convergence struc­

tures on X, then t = sup T t . Finally, a function
%  " jCa

f: (X1Tj) -*■ (Y1Tjt) is said to be uniformly continuous if 
(f X f) J C J \
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If (X,t ) is a convergence space and (Y,Tj ) a uniform convergence

space with Tj induced from the uniform convergence structure J, then
X Xfor any non-empty F C Y  X  Y and C some non-empty subset of X, let 

[F,C] = {(f(x),f'(x)) I (f,f’) G F, x e C} .

Moreover, for any filter Fe F ( YX X YX ), let [F,C] be the filter 

in Y X Y  that is generated by {[F,C] | F e F}. Now let be the 

family of filters on Y^ X  Y^ defined by 

F e Uc <=> [F,C] G J.

Uc is a uniform convergence structure on Y^ and is called the uniform 

convergence structure of uniform convergence on C . If C is a non­

empty family of non-empty subsets of X, let Un = sup Ur,. Ur, is then
c C e C c L

called the uniform convergence structure of uniform convergence on

the collection C. If C = {{x} | x G X}, U^ is called the uniform con-

vergence structure of simple convergence. Here F G t - f <=>
jlC

F(x) = w ( F x  {x}) G Tj f (x) for all x G X.

For more detail on the subject of uniform convergence structures, 

see [5]. '



CHAPTER II

We first observe some basic results concerning the lattice of 

topologies on function sets that are also valid in the lattice of con­

vergence structures.
XLet X and Y be convergence spaces and let Y denote the set of

yall continuous functions.from X to Y. A convergence structure on Y

is said to be conj oining if for every convergence space Z , the contin- 
Xuity of a:Z -> Y implies the continuity of a: ZXX -* Y where

a(z,x) = zCtCz) (x). Secondly, a convergence structure on YX is said to

be splitting if for every convergence space Z , the continuity of

a: Z X X Y  implies the continuity of a: Z-* YX . A convergence struc- 
Xture on Y is said to be admissible if the evaluation mapping 

ti):Y X X -* Y (o)(f ,x) = f (x)) is continuous.

For the following four theorems, convergence structures apply to 

the set YX .

Theorem I : A convergence structure is conjoining if and only if that

structure is admissible.

Theorem 2 : A convergence structure which is finer than a conjoining

structure is conjoining.

Theorem 3 : A convergence :Lructure which is coarser than a splitting

structure is splitting.
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Theorem 4 : Any conjoining convergence structure is finer than any

splitting structure.

The proofs of the above theorems are virtually identical to the 

proofs given in [6,p.274-275]. We demonstrate the technique for 

Theorem I only:
XProof: As m: Y X  X -> Y is given by w(f,x) = f (x), we have

co: YX Y^ as the identity mapping since o)(f) (x) = w(f,x) = f (x) .

Assuming then that t is a conjoining convergence structure on Y ,
X xthe continuity of w:(Y , t) -> (Y , t ) as the identity mapping implies

the continuity of co: Y X X -> Y. Conversely, if to is continuous and 
Xif a: Z-»-Y is continuous for some convergence space Z, then the compo­

sition of ZXX '0tx̂  Y ^ X X  t0̂r Y is continuous. But this composition is 

precisely a: ZXX -> Y showing that r is a conjoining structure.

The Yc convergence structure of continuous convergence is both 

splitting and conjoining [2,Satz 2, p.7], so with the theorems above,
i

Yc is characterized as the unique finest splitting and coarsest con-
Xjoining or admissible convergence structure on Y . As the discrete 

convergence structure (topology) is conjoining and the indiscrete con­

vergence structure (topology) is splitting, we can schematically re­

present these results as follows:

IJ
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discrete

finer

coarser

convergence structure

conjoining or admissible 
convergence structures

Y convergence structure of 
continuous convergence

splitting convergence structures

indiscrete convergence structure

In the case X and Y are topological spaces we know first that the

compact-open topology is always splitting and secondly, there is always
xa finest splitting topology for Y . This gives rise to the following 

diagram:

X,Y topological spaces

discrete convergence structure

conjoining or admissible 
convergence structures

Yc ^convergence structure of
!continuous convergence 

WY (finest splitting topology 
(compact-open topology

splitting convergence structures

indiscrete convergence structure
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It is well known that when X is locally compact then

Y = my = compact-open topology [6,p.275]. In general, y is not a c c . ,  c
topology when X and Y are topological spaces.



CHAPTER III

Let H(X) represent the group of homeomorphisms of the convergence 

space (X,t ).

Definition; For each f in H(X) let of consist of all filters F on 
H(X) such that:

1) for all x e X and for all 4>€xx, F($) e rf (x) 5 and

2) for all x G X and for all 0 G t x , F "*"(5>) 6 xf ^(x).

Here F($) = w(F X $) where a): H(X) X X -> X is the evaluation mapping,

and F ^ is the filter with filter" base {'F | F e F} where
F-1 = {f-1 e H(X) I f G F}.

Theorem 5; o is a convergence structure on H(X) making (H(X),a) a 

convergence group.
t

O
Proof: A: f G of .

O
1) f(0) = f(0) e xf(x) as f is continuous.

2) (f) ^(0) = f "*"($) G xf ^(x) as f ^ is continuous.
B ; G _> F € of => G £ of

1) G >. F £ of => G(0) F(0) £ xf (x) => G(0) £ xf (x).
2) G > F => G_1 > F"1 => G-1(0) > F_1(0) £ xf~l(x)

=> G (0) S X f 1(X).

C : F,G G of => F A G £ of
I) F(0), G(0) e xf(x) => F(0) A G(0) G xf (x) and as
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F($) A G (5>) .= (F A G)($) it follows (F A G) ($) e Tf (x). 
2) F-1Ci-),G'1^) e Tf(x) => F-1Ci-) A G-1C$) e Tf-1Cx) 

and similarly F 1Ĉ ) A G 1Ci-) = CF 1A G-1) C$) =
CF A G) 1Ĉ ) => CF A G) 1Ĉ ) e xf 1Cx).

D: Continuity of composition: If F e of and G e  Ogs we

want to show that FoG 6 a(fog).
I) CFoG)c$) = FCGCs)) 6 TCf CgCx))) = TCfog)Cx).

• 2) (F°G) 1Cs) = CG 1qF 1)Cs) e xCg 1Cf 1Cx))) =
T Cfog) 1 Cx).

E: Continuity of inversion: We need to show that F e  of =>

F-1 6 of-1.
1) F 1 CS) 6 xf 1Cx) by part 2) of the definition.
2) CF 1 CS) = F CS) e xf(x) = T Cf 1) 1Cx) by part I) 

of the definition.

Theorem 6: a is the coarsest admissible convergence structure on HCX)

such that HCX) is a convergence group.

Proof: By the definition of o it is clear that o is admissible.

Let o' be any convergence structure such that Ch(X),o') is an admis­

sible convergence group. We want to show o <_ o', that is, for all 

f e H(X), o'f Q  of. Let F e  o' f, and let x e X, S e t x . As o' is 

admissible Co (F X  S) = F(S) e xf (x). Moreover, Fe o'f implies 

F 1 E o'f 1J so again using admissibility, F 1 (S) 6 Tf 1 Cx) implies

F € of
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Theorem 7 : cr on H(X) has the following property:

for all x € X and for any filter $.on X 

F($) £ rf(x) if and only if.$ e rx..
F £ of

Proof: Assume F € of and that $ is some filter on X such that

F($) 6 rf(x). By 2) of the definition of a, F ^(F(0)) belongs to 
—1 • -Irf (f (x)) = Tx. But $ F (F($)) which implies $ 6 t x. The reverse 

implication is immediate from I) of the definition of a.

The convergence structure of continuous convergence, y^, applied 

to homeomorphism groups is given by:

F e  Y f in H(X) if and only if for all x £ X and for all 

$ e t x, F($) e tf(x). As is the coarsest of all admissible con­

vergence structures on H(X) , and as a is admissible, we have Yq cr„ ■ 

Arens' example [l,p.60l], although presented in a different setting 

shows that a ^ Yc- To quickly see the distinctness of a and Yq though, 

consider the following example:

Counterexample: Let Q be the set of rational numbers with the usual

topology. Let F be the filter on H(Q) generated by the filter base 
of homeomorphisms f^: Q -> Q defined by:
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Graphically has the following appearance:
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It is clear that F e  id where id is the identity homeomorphism. 

However, if $ is a filter on Q defined by a sequence {x^} of rationals

such that for all k,

-I

I 1 . 1< xJc < r ,then $ converges to zero
k A k

but F ($) does not converge. Hence F /  a id and therefore, in gener­

al, Yc is strictly coarser than a.

In case X is a locally compact Hausdorff space, a and Yc are 

topologies [I]. Namely, a is the g-topology on H(X) defined by taking 

as subbasis the family of sets {( K, W )} where K is closed in X, W is 

open in X, and either K is compact, or the complement of W in X is com­

pact. The Yc convergence structure is the familiar compact-open topo­

logy. We can picture this topological case as follows:

H(X) for locally compact Hausdorff topological X

g-topology

Yc = compact-open topology

If in addition to locally compact and Hausdorff, X is also locally 

connected, the a and y are identified [I,p.598].

In [I,p.596] Arens states the following theorem:

"Given any admissible topology for the group of homeomor- 

phisms H of the rational number system, one can construct another 

admissible topology for H which is not weaker [finer in our
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sense] than the first."

This shows precisely that on H(Q) is not a topology.

The natural question arises now if similar results can be deter­

mined for o on H(X) for arbitrary topological X. The problem appears 

to be much more involved than in the Yq case and is left here as an 

open question.

Theorem 8 : For any convergence group (G,t ), G isomorphically imbeds

in (H(G),a). (We still interpret H(G) as the group of homeomorptiisms 

of the convergence space (G,t).)

Proof: Let 6: G -> H(G) be defined by 0(g) = 0^ e H(G) where

0g(g') = gg’. Clearly 0 is a monomorphism. To show continuity, we 

need to show that if F e Tg for g e G, then 0(F) e oQ.(g) = 00 .̂

So, to satisfy the definition of a, let g' e G and e Tg'. Then

1) 0 (F) (£2) has as a filter-base {0 (F) (P) | F e  F, P e fi} =
{{ 0(x) (x*) I x G F e '■F, x* e P e  fi}} =

{{xx* I x G F G F, x ' g Pe fi}} =
' {Fop I F G F, Pe fl}. .
Hence B(F)(Q) = F o Q g t (gg') = T0 (g') by the continuity of' g
composition in G.

2) (0(F)) (ft) has as a filter-base {(0(F)) "*"(?) | F e F, P e Q} =

{{(8(x)) ^(x') I XG F e F, x'e P e  ft}} =

{{(ex)“1 (x') I X G F e F, Xr e P.6 q }}
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{{x ox' I x e F e F, x ’ e P g  fi}}
-I o P I F e  F, Pe  0} .

Hence (6 (F)) = F ^ o f i e  t (§ ^ o g ' )  = t0 -l(g') =

(s') by the continuity of both of the group operations

Now let 6
in G and the homomorphism property of -0. 

 ̂ I  ̂,„x. INamexv Oiu^0 0(G)* Namely '6 (Gry) = g where again 0„(g') = gg'

But note that 8(6g) = w(0 > e) = 0^(e) = ge = g, where w is again the 

evaluation mapping. This shows that the inverse mapping 6 is none 

other than a) restricted to "0 (G) X {e}. But to is continuous since a on 
H(G) is admissible. Hence 6 is continuous and the proof is complete.

The natural generalization of a homeomorphism group is the con­

cept of a topological transformation group. [8,p.40] Again by study­

ing these groups in the category of convergence spaces we obtain slight­

ly more general results than are obtained in the strictly topological 

case.

Definition: A convergence group G is a convergence transformation

group on a convergence space X relative to a function S': G X  X -> X if

1) "S is continuous,

2) #(e,x) = x for all x G X, and
3) S-Cgg' ,x) = 1S (g, D(g',x)) for all g,g' G G and x G X.

If in addition

4) @(g,x) = x for all x G X implies that g = e,

then the convergence transformation group is said to be effective.
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We first state a lemma, the proof of which is identical to the 

corresponding portion of the proof of Theorem I.

Lemma 9 : (H(X),a) has the conjoining property, that is for all con­

vergence spaces Y, the continuity of a: Y -> H(X) implies the continui­

ty of ft: Y X  X -> X where a (y,x) = a (y) (x).

Theorem 10: (G,t ) is a convergence transformation group on (X,t ')

relative to 0 if and only if 0: G-* (H(X),a) is a continuous 

homomorphism. ( 0 (g) (x) = ^ (g,x) )

Proof: Again represent 0(g) by 0 and 0 (x) =l5(g,x). Then 

6 I (x) = 0(gg',x) = ‘0(g, S(g',x)) = 3(g, 0 ,(x)) = 0 (0 , (x)) =OO & O O
(0 ° 0 ,)(x). Hence 0 , = 0 o 9 - and 0 is a homomorphism,g g gg ■ g . g 1 2

, To show the continuity of 0,,/ let g e G and G e xg. We want to
,'' A-/-' i - " • ■■ , . ■show that 0(G) e oQ . So let x e X and let F e x'x.g *

1) B(G)(F) = &(G,F)'e T'S(g,k);= x'8 (x)
2) As 0 is a homomorphism (0(G)) "*" = 0(6"*") and 0 "*" = 0 -I.

\ g g-I _iNow as G is a convergence group G £ xg implies G € xg 

and repeating the procedure used in I), we have

0 (G "*■) (F) G x* 0 -I(x) and hence (0(G)) "*"(F) G x'(0 ) "*"(x).8 8
Conversely if 0 is a continuous homomorphism, then by LemmaQj 

'b: G X  X -* X is continuous. Moreover since 0 is a homomorphism,

§(e,x) = 0£ (x) = id(x) = x. Finally, @(gg',x) = 0gg,(x) = 0g (0gt(x)) = 

Qg(^Cg1Jx )) = ^ (gj^(g'Jx )) showing that (G,x) is a convergence trans­

formation group on (X,x1 ) relative to'©.
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Corollary 11: G is effective if and only if 0 is one-to-one.

As (H(X),a) is a convergence transformation group over X relative 

to the evaluation mapping to, the natural question arises as to 

whether the a construction on H(X) generalizes to arbitrary transfor­

mation groups on a convergence space X. The answer is affirmative as 

described by the following:

Let X,T be a convergence space, G a group, and 0 a function,

S : G X  X X satisfying

1) &(e,x) = x for all x £ X, and

2) ^(gg',x) = 0(g,0(g,,x)) for all g,g' £ G and x € X, and

3) 6 I tg) X X is continuous for each g € G.

Definition: For each f in G let k f consist of all filters F on
§

G such that:

I.) for all x £ X and for all @ £ t x, &(F X §) € T0(f,x), and 

2) for all x £ X and for all 3> £ t x, I) (F X $) £ t0 (f ^,x)

With this definition of on G the next five theorems follow immedi­

ately from the previous discussion of a on H(X). The differences in 

proof are notational only.

Theorem 12: is a convergence structure on G making (G, ka ) a con­

vergence transformation group on X relative to §\
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Theorem 13: Kg- is the coarsest of the convergence transformation

group structures on G over X relative to 0.

Theorem 14: Kg on G has the following property:

\ for all x G X and for any filter $ on X
F e Kgf => 4

I 6 (F X $) G T0(f,x) if and only if $ 6 t x.

)



CHAPTER IV

Throughout the following discussion we assume (X1Tj) to be a uni­

form convergence space with Tj induced from the uniform convergence 

structure J . [5,p.291] Again let H(X) be the family of homeomorphisms 

of the convergence space (X,Tj), and now let U(X) represent automor­

phisms of X in this new setting, that is,

U(X) = {f 6 H(X) I f,f uniformly continuous on X}

Theorem 15: U(X) is a subgroup of H(X).

Proof: Let f,g e U(X). If we can show fog is uniformly contin­

uous on X, we are done since (fog) "*" = g ^of ^ will also be uniformly 

continuous on X. So let $ e J. Then ((fog)X(fog))($) =

(fxO ((gXg)($)) which is in J by the uniform continuity of g and f 
respectively which demonstrates the uniform continuity of fog.

Definition: Let U be the uniform convergence structure on U(X) defined

by:

F e LI if and only if [F,X] e J.

Note that this is the uniform convergence structure induced from the
Xuniform convergence structure on X of uniform convergence on X.

[5,p.301]

Theorem 16: (U(X), t^) is a convergence group.
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Proof: Continuity of composition: Let f,g e U(X) and

F, Ger^f, Tyg respectively. We need to show FoG 6 Ty fog. But 

F e Tyf => F X f e U => [F X f $ x] 6 J and also,
O  OG e Tyg => G X g 6 U => [G X g, x] e J . Similarly we want to

oshow [FoG X fg, X] e J.
Now [G X g 5 X] = [{{ (g' (x) 5g(x)) I g' e G e  G 5 x e X}} J 

so that with f uniformly continuous on X we have 

H  = [{{(fg'(x)5fg(x)) | g'e G e G 5 x e X}} also in J. Now let

H ' =  [{{(f'g'(x)5fg'(x)) I f' e F e F5 g'e G e G 5 x e X}}]

= [{{(£'(g'(x))5f (g'(x))) I f' e F e F5 g '(x) e X}}]

= [{{(f'(x)5f(x)) I f' e F e F5 X  e X}}] since g' is a homeomorphism, 
= [F X f, X] which belongs to J by assumption. But 

[FoG X fg, X] = [{{((f'g')(x)5(fg)(x))|f e F € F5g' e G e G 5X e x}}]
= f/'of/ £ J which is what was needed.

Continuity of inversion: Let F € T y f 5 that is again, [F X f, X] £ J.
— *1 O - I

We need to show [F X f  , X] £ J. But 
o '[F X f , X] = [{{ (f' (x),f (x)) J f ' £ F e F5 x £ X}}]

= ['{{(f'(f'“1 ( x » 5f(f'“1 (x))) I f'e F e F 5 X e x }}] 
as each f ' ^ is a homeomorphism of X 5 

= [{{(x,f(f' 1 (x))) I f' e F e F 5 x e X}}] e J.
So, using the uniform continuity of f , we have 

[{{(f ^(x), f ^ff '''(x)) I f'e F e  Fy x e X}}]
= [({(f ^(x), f ' 1Xx)) I f' e F e F5 x e X}}]

i



22

= [f0lX r1, Xj € J . But [ F 1 X f°l, x] = [f2lX F"1, X]A, 
hence [ F 1 X f Xj e J .

It should be noted that this last theorem will not hold in general

for H(X) with the corresponding uniform convergence structure; To see

this, simply let X represent the real numbers with the usual topology

and let F be the filter generated by the sequence
1/3 Ifn(x) = x

1/3with the limit homeomorphism f (x) = x . Here F converges uniformly
-I -Ion X but clearly F does not converge uniformly to £ on X.

To guarantee the continuity of inversion it would appear that 

we need to use new definitions in this setting, similar to those in 

the last chapter. We proceed in this manner.

Definition: Let C be any non-empty subset of X. Let v- be the family

of filters on H(X) X H(X) defined by:

f [F, c] e j
F e v  <=> V IC ' ^  [F , c] G J

Theorem 17: v̂ , is a uniform convergence structure on H(X).

Proof: (This proof is primarily that of [5,p.300j with the

appropriate modifications to apply to this new definition.)

First we note that actually does form a A-ideal:

I: If F, F' e v^ then [F A F', Cj = [F, Cj A [F', Cj e J , and 
[ ( F A F T 1, Cj = [F-1A F'"1, Cj = [F"1, CjAfF'"1, cj e J .
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2: If F' >_ F e Vc , then [F' , c] >_ [F, C] G J , and as
F' then [F' 1 , c] >; [F C] e J .

Secondly we check the three requirements for a uniform convergence 

structure:

3: [A] € v c
[A] = [{{(f,f) I f e H(X)}}] so that [[A], C] =
[{{(f (x) ,f (x)) I f e H(X), x € C))] _> [Ax ] G J . Moreover, as 

[A] 1 = [{{(f "’",f 1) I f € H(X)}} ] = [A], we have 
[[A]"1 , C] € J .

4: F e  v„ implies F^ G vn

[FA, C] = [F, C]A g J , and [(Fa)"1 , C] = [(F"1)A, C] =
[F"1, C]A e J .

5: F,G e vc implies FoG G vc
We claim initially that [FoG, C] [F, C] ° [G, C] G J .

To show this it suffices to show for basis elements F € F,

G e G ,  that [ F, C] o [G, C] 2  [F°G, C]. So let 

(f(x),g(x)) e' [F°G, C] with (f,g) e FoG. This implies there 

exists h e H(X) such that (f,h) G F and (h, g) e G. Hence 

for x G C, (f (x) ,h(x)) G [F, C ] and (h(x),g(x)) e [G, c] 
which gives the desired result that (f(x),g(x)) e [F, C]o [g , C]. 

Secondly, we need to show that [(FoG) \  C]
[F C] ° [G C] which is in J by assumption. As above, 

this will be true if for F e F  and G e G ,  that 
[F"1 , C] ° [G-1, C] 2  [(F0G)-1, C]. So let
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(f ^ O O , g 1 Cx)) e [ (FoG) \  C] with x £ C and (f,g) G FoG.

This implies there exists h € H(X) such that (f,h) e. F and 

(h,g) G G 9 or equivalently, (f ^5h "*") e F ^ and 

(h 1Jg e G 1. Hence (f ^(x) ,h 1 Cx)) G [F C] and

(h "*"(x) 9g “̂(x)) G [G c] for x E C9 and so
(f 1 Cx) 9g 1 Cx)) G [f"1, c] o [g""1, c ].

For convenience purposes we will say that if F G t that F
vC

converges biuniformly to f on C9 that is both F and F  ̂respectively
-Iconverge uniformly to f and f on C.

Now if C is any non-empty family of non-empty subsets of X9 form
Vn = sup v0 = O  v0. Vn is then the uniform convergence structure 

CGC L c e C L

of biuniform convergence on C9 that is F G t f if and only if F con-
VC

verges biuniformly to f on every C G C.
Initially, consider the case where C = {{x} | x g X}. Here

F g t  f if and only if F and F ^ converge simply to f and f ^ vC '
respectively. [5,p.30l] An example similar to the example given in 

the previous chapter shows that this new uniform convergence struc­

ture is distinct from the uniform convergence structure of simple 

convergence, that is F converging simply to the homeomorphism f does 
not imply the simple convergence of F to f Namely let Q be the

set of rational numbers with the usual topology and let F be the 
filter generated by the sequence of homeomorphisms of Q given by:



25

For each x e Q we have w(FX {x}) = F(x) converging to id(x) = x 

but clearly w (F X {0}) = F ^(0) does not converge.
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By our construction of vC 3 we know that inversion in (H(X),t )
VC

will be continuous, regardless.of the nature of C. However when 

C = {{x} I x e X}, the counterexample given in [3,p.74,(14)] is appli­

cable here also and shows that composition in (H(X),t ) is not contin­
ue

uous in general. Hence in general, (H(X),t ) for C = {{x} | x e X}
VC

is not a convergence group.

The problem now appears to center on finding those families of

subsets C of X for which composition in (H(X),r ) is continuous.
vC

The question appears to be difficult to answer and in this paper is 

left as an open question. It seems unlikely that C = {{X}} will 
suffice although this has not been determined. A more likely candi­

date for C is the family of all compact subsets of X. Investigation 

here has led to unanswered questions concerning relationships of com­

pactness to uniform continuity. Hopefully, these questions can be 

analyzed successfully at a later date.

■I
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