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Abstract:

In this work the concept of a homeomorphism group H(X) is analyzed in the category of convergence
structures as developed by H. Fischer. In Chapter II, some general results are shown concerning lattice
pro-perties of convergence structures on function sets. In Chapter 111, a convergence structure ¢ on
H(X) is developed which is the coarsest of the admissible convergence group structures on H(X). This
struc-ture is compared with the convergence structure of continuous conver-gence on H(X). These
concepts are then generalized in the construc-tion of convergence transformation groups over a
convergence space.

In Chapter IV, X is given a uniform convergence structure. Uniform convergence structures are then
constructed on subgroups of H(X).

In each case, the question is asked whether these uniform convergence structures induce convergence
group structures on the underlying ho-meomorphism subgroup.
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ABSTRACT

In this work the concept of a homeomorphism group H(X) is analyz-

ed in the category of convergence structures as developed by H. Fischer.

In Chapter II, some general results are shown concerning lattice pro-
perties of convergence structures on function sets. In Chapter III,
a convergence structure ¢ on H(X) is developed which is the coarsest
of the admissible convergence group structures on H(X). This struc-
ture is compared with the convergence structure of continuous conver-
gence on H(X). These concepts are then generalized in the construc-
tion of convergence transformation groups over a convergence space.
In Chapter IV, X is given a uniform convergence structure. Uniform
convergence structures are then constructed on subgroups of H(X).

In each case, the question is asked whether these uniform convergence
structures induce convergence group structures on the underlying ho-
meomorphism ‘subgroup.




"INTRODUCTION

In 1959 H. Fischer formalized the concept of a convergence struc—
ture aé a generalizationnof a topology. The generalization is a good
one in that many of the fundamental ideas of topology carry over to
this new category, and in addition, as the category is so much fuller,
we can find convergence structures satisfying certain properties for
which no- such topologies exist.

The primary intent of this work is to show similar results with
respect to homeomorphism groups. R. Arens has analyzed the properties

of various topologies on the group of homeomorphisms, H(X), of a topo-

logical space X. Basically, meaningful results are obtained only after

the assumption that thg topological space X is at least locally com-—
pact and Hausdorff. In this work, by beginning with the assumption
that X is given just an arbitrary ccnvergence structure and consider-
ing homeomorphisms in this new category, we analyze convergence struc-
tures on the new H(X). In particular,'we construct a convergence
structure o 6n H(X) which is the coarsest of the admissible conver-
gence group structures on H(X). By an admissible convergence group
structure we mean the convergence structure guarantees the continuity
of the group operations and the evaluation mapping. Properties of
this o convergence structuré are analyzed and compared with those of
Yo» the convergence structure of continuous convergence. A counter-

example using the rational numbers shows that these two convergence




vii
structures are distinct.

The topological generalization of a homeomorphism group is a to-
pological transformation group on a topological space X. We define
the concept of a convergence transformation group on a converéence
space X and thain a characterization of these groups by a mapping
property. Finally we define a convergence structure on a convergence
transformation group in an analogous way to that of o on H(X). It is
shown that this convergence structure has properties similar to those
of o in this mofe general setting.

In the 1last chaptér we let X be an arbitrary uniform convergeﬁce
space. We comstruct uniform convergence structures on both the homeo-
morphism group H(X) and on U(X), the subgroup pf uniformly continuous
homeomorphisms of X. These uniform convergence structures are analyz-

ed with respect to the question of whether they induce convergence

group structures on the underlying homeomorphism group.




CHAPTER I

Let (S,<) be a partially ordered set with the additional property
that every subfamily. {Fa} of S has an infimumé\ Fu in S. A A-ideal
is a subfamily T of S ;vhich satisfies:

1. F, F'eT=>FAF'e T, and

2. FeT, F' >F =F €T,

A (proper) filter F on a non-empty set X is a A -ideal in (P(X), S)with
the additional requirement that § ¢ F. A filter base B is a family
of subsets of X satisfying

1. B, B'€ B => there exists a B''€ B such that B''C BN B',

and

2. ¢ ¢B.

We say that B generates a filter F if BC F and for every IFe F there
exists a B € B such that B Q F, and in this case we write F = [B]. The
family of filters F(X) on a non-empty set X forms a partially ordered
set with infima with < defined by F < F' <=>F CF'. If {Fu} is an
arbitrary family of filters on X, then 9 Fa is just 2 Foc and if for
each o, Bu is a filter base for Fa’ then é\ FOL is generated by the fil-
ter base { U Ba[ B € Ba}‘

A convergence structure T on a non-empty set X is defined if for

each x € X there is assigned a A-ideal, tx, of filters of subsets of
X with the added requirement that the fillte,r" of supersets of the poiﬂt

o]
%, denoted by x, also is a member of tx. If X has a convergence struc-
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. ture 7, then (X,T) is called a convergence space. If the filter

F € tx, we say F converges to x.

If 7, t' are two convergence structures on X, we say T is coarser
than ', ( f < 1t'), or ' is fimer than t if for each x € X, t'x C 1x.
With this, the family of convergence structures on X forms a complete
lattice. [7, p.275].

If t is a convergence structure on X, let P71 be the convergence
structure on X defined by prx = {F' e F(X) ] F' > Fé@x F}. These con-
vergence structures are called principal and the corresponding spaces

are called principal convergence spaces. Every topology T on X de-

fines a convergence structure on X, namely, T, X =

Tp T

"{F e F(X) | F> V(x)} where V(x) is the neighborhood filter of x de-

fined by the topology T. It should be noted if T < T' for two topolo-

gies T and T', then T, < T, For every convergence structure T on X

T— T
there is a finest topology wt which is coarser than t. Namely, consid-
er those sets- A in X such that for each x € A, A € F for each F€ 1tx.

These sets are called the t-open sets and for each x € X, they gener-

ate a neighborhood filter V(x). So for each x € X, WIx =

{Fe FX) l F > V(x)}. It is clear that for each convergence struc-

ture T on X we have the relations wt < YT < T,

If f: X > Y is an arbitrary mapping between the non-empty sets

"X and Y, then for any F ¢ F(X), {£(F) I F & F} is a filter base on Y.

Hence, let f(F) denote the filter that this filter base generates.

A function f: (X,71) = (Y,71') between convergence spaces is said to be
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continuous if for each x € X, f(rx) C t'f(x). A bi-continuous bijec—

tion between convergence spaces is called a homeomorphism.

- If F, F' are filters on X, X' respectively, FX F' is the filter
on XX X' generated by the filter base {(FX F' | Fe F, F'e F}. 1f
(X, t) and (X', 1') are two convergence spaces and G is a filter on

X X X', the product convergence structure TX t' on XX X' is given

by: pl(G)E X, and

G e (X 1")(x,x") <=>
P,(G) € 'yt

where Py and p, are the projection mappings. It is easy to see that
the continuity.of a mapping f: (XX X', T X ') > (X",1") is équiva-
lent to the condition; |

Ferx -
=> f(F XF')e t"f(x,x") for all (x,x') € X X X'.

- F' e "%’

The usual properties of products, valid for topologies, hold also in
this more general setting. For a more detéiled analysis see
[7, p.290-291].

If (X,t) and (Y,T') are convergence spaces and YX denotes the

family of all continuous functions from X to Y, then for any H Q;YX,

the convergence structure ‘of continuous convergence Yo is defined on H

by F € ch <=> for all x € X and for all ¢ ¢ tx, F(?) =

w(F X ¢) € ' £(x) where w: HX X > X is the evaluation mapping de-

fined by w(f,x) = £(x). It should be noted that inherent in this de-

finition is the minimum of conditions to guarantee the continuity of w.
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For an extensive analysis of the properties of Y, see [4] and [2].

Let X be a non-empty set. If A represents the set
{(x,x) [ x € X} then [A] is the filter of all supersets of A in X X X.
If F and G are subsets of X X X, let FA_='{(y,x) | (x,y) € F} and also,
FoG = {(x,y) | there exists a z € X such that (x,z) € F and (z,y) € G}
(note that composition reads left to fight). Then for filters F.and'G
on Xx X, let F2 = [{F! | F ¢ F}] and also FOG = [{FoG| Fe F, G € G}].
For this latter filter to exist it is clear that FoG must be non-empty
for all Fe F and G € G.

A uniform convergence structure J, is a A -ideal of filters on

X X X satisfying:
1. [al e,
2. Fe J=>Fle 7, and
3. F,G e J => FoG €. J, whenever this latter filter exists. The
uniform convergence structure J induces a convergence structure Ty om
X by the definition: - .
/

Fe"rjx <=> F X fce J.

(X,TJ) is then said to be a uniform éonvergence space. The family of

uniform convergence structures on X forms a complete lattice where
J<J' <= JCTJ". If'{Ja} is a family of uniform convergence struc-

tures on X, then T = sup Ty . Finally, a function

6P 7
¢4

fe (X,TJ) - (Y,TJ') is said to be uniformly continuous if

(Ex £) JC I




If (X,T) is a convergence space and (Y,TJ) a uniform convergence
space with Ty induced from the uniform convergence st?ucture J, then
for any non~empty F Q;YX>< YX and C some non-empty subset of X, let

[F,C] = {(f(x),£'(x)) | (£,£')e F, xe C} .

Moreover, for any filter F € F( YX:X YX ), let [F,C] be the filter
in Y XY that is generated by {[F,C] | FE€ F}. Now let Mo be the
family of filters on YX X YX defined by

Feng <= [F,cle J.

. . X , -
B, is a uniform convergence structure on Y and is called the uniform

i

c

‘convergence stricture of uniform convergence on C. If C is a non-

empty family of non-empty subsets of X, let Hp = SUD e Up is then
cec
called the uniform convergence structure of uniform convergence on

" the collection C. If C = {{x} I x € X}, He is called the uniform con-

vergence structure of simple convergence.' Here F € {“ £ <=3
C
F(x) = w(F x {x}) € Ty f(x) for all x € X.

For more detail on the subject of uniform convergence structures,

3

see [5].




CHAPTER IT

We first observe some basic results concerning the lattice of
topologies on function sets that are also valid in the lattice of con-
vergence structures.

Let X and Y be convergence spaces and let YX denote the set of
all continuous functions.from X to Y. A convergence structure on YX
is said to be conjoining if for every convergence space Z, the contin-
uity of ﬁ:Z +-YX implies the continuity of a: ZxXX + Y where
a(z,x) = 5(z) (x). .Secondly, a convergeﬁce structure on YX is said to
be splitting if for every convergence space Z, the continuity of
0: ZXX~+ Y implies the continuity of %: Z YX. A convergence struc-
ture on YX is.said to be admissgible if the evaluation mapping
w:YX:K XY (w(f,x) = £(x)) is continuous.

For the following four theérems, convergence structures apply to

‘the set YX.

]

Theorem 1: A convergence structure is conjoining if and only if that

structure is admissible.

Theorem 2: A convergence structure which is finer than a conjoining

structure is conjoining.

Theorem 3: A convergence :tructure which is coarser than a splitting

~

structure is splitting.




Theorem 4: Any conjoining convergence structure is finer than any

splitting structure.

The proofs of the above theorems are virtually .identical to the
proofs given in [6,p.274-275]. We demonstrate the technique for

Theorem 1 only:

Proof: As u: YX>< X+ Y is given by w(f,x)
X

f(x), we have

D Y > YX as the identity mapping since @ (f) (x) w(f,x) = £fx).
Assuming then that T is a conjoining convergencé structure on YX,

the continuity of G:(YX, T) *> (YX, T) as the identity mapping implies
the continuity of w: YX>< X > Y. Conversely, if w is continuous and

if a: Z > YX is continuous for some convergence space Z, then the compo-

L. i
f oy axid _X . . . . .
sition of ZXX X5 v"XX “» Y is continuous. But this composition is

precisely a: ZXX - Y showing that t. is a conjoining structure.

The Y, convergence structure of continuous convergence is both

splitting and conjoining [2,8atz 2, p.7], so with thg theorems above,

)
Yo is characterized as the unique finest splitting and coarsest con-

joining or admissible convergence structure on Y . As the discrete
convergence structure (topology) is conjoining and the indiscrete con-
vergence structure (topology) is splitting, we can schematically re-

present these results as follows:




X~ discrete convergence structure

T conjoining or admissible
finer

convergence structures

$\\YC convergence structure of
continuous convergence

:} splitting convergence structures

coarser l
<— indiscrete convergence structure

In the case X and Y are topological spaces we know first that the
compact-open topology is always splitting and secondly, there is always
a finest splitting topology for YX. This gives rise to the following
diagram:

X,Y topological spaces
“—discrete convergence structure

conjoining or admissible
convergence structures

<7, {Eonvergence structure of
ontinuous convergence
Gyc {finest splitting topology
{compact-open topology

splitting convergence structures

indiscrete convergence structure




It is well known that when X is locally compact then

Yo © ayc = compact-open topology [6,p.275]. 1In general, Yo is not a

*

topology when X and Y are topological spaces.




CHAPTER III

Let H(X) represent the group of homeomorphisms of the convergence

space (X,T).

Definition: For each f in H(X) let of consist of all filters F on

H(X) such that:
1) for all x € X and for all derx, F(®) € T£(x), and

2) for all x € X and for all & € tx, F_l(é) € Tfnl(x).

Here F(®) = w(F X ®) where w: H(X) X X + X is the evaluation mapping,
and F1 is the filter with filter"base'{‘Fm1 | F e F} where

-1 -1

F .={f ¢ HEX) | fe F}

Theorem 5: o is a convergence structure on H(X) making (H(X),0) a

convergence group.

Proof: A: E € of .
1) E(Q) = f(9) ¢ T£(x) as f is continuous.
2) @ L@) = £2) ¢ £ (x) as £ 1s continuous.
B: G > Fe€ of = G €.of
1) G > Fe of => G(@) > F(&) € 1£(x) => G(?) € 1f(x).
2) 6> F = ¢t > FL oo G_l(<I>) > F—l(q)) € Tf-l(X)‘
= 6 Y@) ¢ £ (x).
C: F,Gec of == F AG € of .

1) F(@), G(®) ¢ tf(x) => F(?) AG(®) € 1f(x) and as




F

11

F(2) A G(@) = (F A 6)(2) it follows (F A G)(2) € tf(x).
2) FL@),675 ) ¢ wex) = F L) A 6-1¢o) € 16 L)
 and similarly FL(o) A 6 1(o) = IO
FAG) @) = (FAG) @) et ).
Dt Continuity of composition: If F ¢ of and G € og, we
want to show that FoG € o(fog). |
1) (FoG)(2) = F(G(2)) € t(£(g(x))) = t(fog) (x).
2 Fooy @) = @RF ) ¢ tg e ) -
T (fog) T (x).
E: Continuity of :i;.nversion\: We need to‘s‘how that f € of =>
Fle ot |
1) FLl@) e 1) by part 2) of the definition.
2 FH@) = F € e = wtH M@ by part 1)

of the definition.

Theorem 6: o is the coarsest admissible convergence structure on H(X)

such that H(X) is a convergence group.

Proof: By the definition of o it is clear that ¢ is admissible.
Let o' be any convergence structure such that (H(X),c') is an admis-
sible convergence group. We want to show o < ¢', that is, for all
f e H(X), o'f Cof. Let Fe o'f, and let x € X, & € Tx. As ¢’ is
admissible-m(F‘x 3) = F(®) € tf(x). Mofeover, Fe o'f implies
-1

€ c'f—l, so again using admissibility, F_l(é) € Tf—l(X) implies

F € of.
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Theorem 7: o on H(X).has the following property:

for all x € ‘X and for any filter & on X
F € of =>
F(2) € tf(x) if and only if ¢ € 1x.

Proof: Assume F € of and that ¢ is some filter on X such that

F(®) € t£(x). By 2) of the definition of o, F_l(F(Q)) belongs to

Tf—l(f(x)) = Tx. But(bz_Fyl(F(é)) Which-impiies o ¢ .Tx. ‘The reverse

implication is immediate from 1) of the definition of o.

The convergence structure of continuous convergence, Yos applied .
to homeomorphism groups is given by:

Fe ch in H(X).if and only if fo; all x € X and for all
® ¢ ™x, F(&) ¢ tf(x). As Yo is the coarsest of all admissible éon~ .
vergence structures=oh H(X), and as ¢ is admiséiblé, we have Yc_i'c.‘

Arens' example [1,p.601], although presented in a different setting

shows thatio #‘Yc. To quickly see the distinctness of ¢ and Yo though,

‘consider the following example:

~N

Counterexample: Let Q be the set of rational numbers with the usual

topology. TLet F be the filter on H(Q) generated by the filter base

of homeomorphisms fk: Q - Q defined by:
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X X < 1
k V2
e ol T i S TR
£ () = k k V2 k k V2
x—k+L k——1-—+ X <y &k %
k k k /2 k V2
x x> ki -
k /2
Graphically fk has the following appearance:
Q /N S f
k4t
k V2
1
1 +T€
k V2
> Q
k /2 il %]
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It is clear that F € Yo id where id is the identity homeomorphism.
However, if ¢ is a filter on Q defined by a sequence {xk} of rationals
1
€ X =
k /2 k /2

but F_l(Q) does not converge. Hence F ¢ ¢ id and therefore, in gener-

1
+ ——,then ¢ converges to zero

such that for all k,

al, Yc is strictly coarser than g.

In case X is a locally compact Hausdorff space, o0 and Yc are
topologies [1]. Namely, o is the g-topology on H(X) defined by taking
as subbasis the family of sets {( K, W )} where K is closed in X, W is
open in X, and either K is compact, or the complement of W in X is com-
pact. The Y, convergence structure is the familiar compact-open topo-
logy. We can picture this topological case as follows:

H(X) for locally compact Hausdorff topological X

g—-topology

Q
]

:

compact-open topology

If in addition to locally compact and Hausdorff, X is also locally
connected, the o and Y, are identified [1,p.598].
In [1,p.596] Arens states the following theorem:
"Given any admissible topology for the group of homeomor-
phisms H of the rational number system, one can construct another

admissible topology for H which is not weaker [finer in our
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sensé] than the firsé;"
This shows precisely that Yc on H(Q) is not a topology;
Thé natural question arises now if similar results can be deter-—
mined for ¢ on H(X) for arbitrary topological X. The problem appeafs
to be much more involved thgn in the Y, case and is left here as an

open question.

Theorem 8: For any convergence group (G,7), G isomorphically imbeds

in (H(G),0). (We still interpret H(G) as the group of homeomorphisms

of the convergence space (G,1).)

Proof: Let 8: G = H(G) be defined by 8(g) .= eg € B(G) where
eg(g') = gg'., Clearly 6 is a monomorphism. To show continuity, we

need to show that if F ¢ tg for g € G, then.e(F) € oo(g) = oeg,

' So, fo satisfy the definition of o, let g' € G and Q € 7g'. Then

1) o(F)(R) has as a %il.ter—b.ase- {6(F)(®) | Fe F, Pe QF =
{{oGx) (x") | x e Fe'F, x'e Peql} =
ixx' | xe Fe F, x'e Pe a1} =
: {FoP | Fe F, Pe‘ Q. |
Hencé 6(F)(@) = Fo e t(gg") = Teg,(g') by',the continuity of
composition in G.

2) (6(F)) (@) has as a filter-base {(o(F)) “(P)| Fe F, Pe g} =

'{{(O(X))_'l(x')‘ | x¢ FeF, x'e Pe 0}}

'{{(ex)"l(x') | x ¢ FeF, x'e P.eal)
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{{x—l
rt

x

ox'[x€F€F,x'€P€Q}} =
oP | Fe F, Pe Q},

Hence (G(F))_l(ﬂ) = F_l

o Q¢ f(g_l og') = Teg—l(g') =
TB;l(g') by the continuity of both of the group operations
in G and the homomorphism property of 6.

Now let & = 6—1 ] 6(G)" Namely B(Gg) = g where again Sg(g') = gg',

But note that G(Bg) = w(eg, e) = eg(e) = ge = g, where w is again the

evaluation mapping. This shows that the inverse mapping & is none

other than y restricted to 8(G) x {e}. But w is continuous since ¢ on

H(G) is admissible. Hence § is continuous and the proof is complete.

The natural generalization of a homeomorphism group is the con-
cept of a topological transformation group. [8,p.40] Again by study- "~
ing these groups in the category of convergence spaces we obtain slight-
ly more general results than are obtained in the strictly topological

case.

-

Definition: A convergence group G is a convergence transformation

group on a convergence space X relative to a function 8§: GX X > X if
1) 9 is continuous,
2) 9(e,x) = x for all x € X, and
3) 6(gg',x) = B(g, B(g',x)) for all g,é'e G and x € X.
If in addition
4) B(g,x) = x for all x € X implies that g = e, \

then the convergence transformation group is said to be effeétive.
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We first state a lemma, the proof of which is identical to the

corresponding portion of the proof of Theorem 1.

Lemma 9: (H(X),0) has the conjoining property, that is for all con-
vergence spaces Y, the continuity of a: Y + H(X) implies the continui-

ty of G: YX X = X where A(y,x) = a(y)(x).

Theorem 10: (G,t) is a convergence transformation group on (X,T')
relative to B if and only if 6: G » (H(X),0) is a continuous

homomorphism. ( 6(g)(x) = B(g,x) )

Proof: Again represent 6(g) by eg and eg(x) ?(g,x). Then

8yt () = 0(gg’sx) = CICR @.(g',x_).) .,/=‘6<g, 8,1 (X)) eg<eg.<x)} =
6 o6 x). Hence 6 =8 o 9 4 . and 6 is a homomorphism. -
(0,0 651) (x) ge' %% %" morphi:

" To show the pontinﬁiiy bf_6;;let g€ Gand G € 1g. We want to

. ' Lo T ! FE i}.;: e
. . show that 6(G) ¢ qeg. S6 let.x"e X and let F € 1'x.

%,
g

1) 0@ (F) = 86,F) ¢ ¥'8(g,x)'= '6_()

2) As 6 is a homomorphism (G(G))-1 = e(G'l) and eg"l = eg-l.
-1

N

Now as G is a convergence group G € tg implies G_le Tg
and repeating the procedure used in 1), we have
0E™)(F) € 10 -1() and hence (0(6)) ™ (F) € T (0) 7 (o).
Conversely if 6 is a continuous homomorphism, then by Lemma g,
D: ¢ X X > X is continuous. Moreover since 0 is a homomorphism,
Be,x) = 6_(x) = idx) = x. Finally, ?(gg‘fx)‘= 8yt () = 6, (0,1 (X)) =
eg(@(g',x)) = @(g,@(g',x)) showing that éG;leié a convergence trané—

formation group on (X,t') relative to B.




18

Corollary 11: G is effective if .and only if 6 is one-to-one.

As (H(X),0) is a convergence transformation group over X relative
to the evaluation mapping w, the natural question arises as to
whether the o© constructién on H(X) generalizes to arbitrary transfor-
mation groups on a convergence space X. The answer is affirmative as
described by the folléwing: |

Let X,T be a convergence space, G a group, and % a function,

8: GX X + X satisfying
1) 6(e,x) = x for all x € X, and
2) B(gg',x) = §(g,3(g',x)) for all g,g'e G and x € X, and

3) 8 | {g} X X is continuous for each g € G.

"

Definition: Tor each f in G'let(<xfconsist of all filters F on
, )
G such that:
1) for all x € X and for all ¢ € tx, §(F x ®) € *6(f,x), and

2) for all x € X and for all o € 1x, B(F T X 8) € 10(F T ,x)

With this definition of K on G the next five theorems follow immedi-
ately from the previous discussion of o on H(X). The differences in

proof are notational only.

Theorem 12: Ky is a convergence structure on G making (G,mé) a con-

. ~
vergence transformation group on X relative to ©.
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Theorem 13: k4 is the coarsest of the convergence transformation

G

o
group structures on G over X relative to 6.

Theorem 14: ks on G has the following property:

]
_ for all x € X and for ahy filter & on X
F € kgt => . o
6(F X @) € 160(f,x) if and only if & € 1x.




CHAPTER 1V
Throughout the following discussion we assume (X,TJ) to be a uni-
forﬁ convergence spacé with Ty induced from the uniform convergence
structure J. [5,p.291] Again let H(X) be the family of homeomorphisms
of the convergence space (X,TJ),'and now.let U(X) represent automor—
phisms of X in this new setting, that is,

)

U(X) = {f € H(X) | f,f'-l uniformly continuous on X}

Theorem 15: U(X) is a subgroup of H(X).

Proof: Let f,g € U(X). If we can show fog is uniformly cohtin—
uous on X, we are done since (f}:*g)—l = gml'Of—1 will also be uniformly‘
continuous 6n X. So let & € J. Then (kag)X(ng))(é)‘=
(£xF) ((gxg) (8)) which is in J by the uniform continuity of g and £

respectively which demonstrates the uniform continuity of fog.

Definition: Let { be the uniform convergence structure on U(X) defined

by:
F ¢ U if and only if [F,X] € J.

Note that this is the uniform convergence structure induced from the

, : X .
uniform convergence structure on X of uniform convergence on X.

[5,p.301]

~

Theorem 16: (U(X), Tu) is a convergence group.
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Proof: Continuity of composition: Let f,g € U(X) and

F, Ge'ruf, T8 respectively., We need to show FoG ¢ T fog. But

F e

G ¢

ot

T

o]
> FXtelU = [FXE, x]€ J and also,

' o] o
& = GXgel = [6X g, Xx]1€ J . Similarly we want to

show [FoG X fog, X] € J:

Now [G X g, X] = [{{(g'(x),g(x)) | g'e Ge G, xe X}}]

so that with f uniformly continuous on X we have

H =
H'=

1t

]

[FoG X fg, X]

[{{(fg' x),f5(x)) | g'e G € G, x € X}} also in J. Now let
[{{(f'g" x),fg'(x)) | f'e¢ FeF, g'c Ge G, xe X}}]
[HLE" @ @),fE' &) | £f'e FeF, g'®) e X}}]

{E" ®),fx)) | f'e Fe F, x ¢ X}}] since g' is a homeomorphism, .

[F X %, X] which belongs to J by assumption. But L

H{(E'g") ®), (Fe) (x))[£f' € F € F,g' € Ge G,x € X}}]

H'o € J which is what was needed.

o]
Continuity of inversion: Let F € 'ruf, that is again, [FX £, X] € 7J.

- (]
We need to show [F 1>< £ l, Xx]e J. But

(o]
[F x £, x]

So,

[{E"®),fx)) | f'e Fe F, x € X}}]

[ E ™), 6 @) | £'e Fe F, x e X))
as each f'-_1 is a homeomorphism of X,

& EE @) | £ FeF, xe X1 e J.

. . N -1
using the uniform continuity of £ =, we have

-1

['{{(f"l(x), £ ff"l(x)) | £'e Fe Fy, x € X}}]

[{E @), 7 @) | £ eveF, xe X3}
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°1 -1 A

= 1e i FL okl e mur [Fix £71, x) = 220 L, )t
hence tF_l>< fgl, Xle J.

It should be noted that this last theorem will not hold in general
for H(ﬁ) with the corresponding uniform convergence structure:. To see
this, simply let X represent the real numbers with the usual topology
and let F be the filter generated by the sequence

/3 1

/3 _ 1
fn(x) = x o

with the limit homeomorphism f(x) = x1/3. Here F converges uniformly
on X but clearly F—l does not converge uniformly to fml on X.
To guarantee the continuity of inversion it would appear that

we need to use new definitions in this setting, similar to those in

the last chapter. We proceed in this manner.

Definition: Let C be any mon-empty subset of X. Let Vo be the family

of filters on H(X) X H(X) defined by:
[Fa C] € J
» CFlcles

Theorem 17: v, is a uniform convergence structure on H(X).

C

Proof: (This proof is primarily that of [5,p.300] with the
appropriate modifications to apply to this new definitjon.)

First we note that Ve actually does form a A-ideal:

1: If F, F'e v, then [FAF', c] = [F, CIA[F', cl€ J, and

C
[EAFDY™, el = IFPA Bl el = [F, cd AP, el e T,




2: If#'iFQ\)
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then [F', Cc] > [F, c]'€ T, and as
1

C,

Fl s F L then [F7Y, ¢l > [FY, cle T .

Secondly we check the three requirements for a uniform'convergence

structure:

3:

[AT € v

a1t = Toeeet e

: Fe \Z implies FAG v

: F,.G € v

C

[A] = [¥{(£,£) | £ € H(X)}}] so that [[A], C] =

[{{UEE),f(x)) | fe HEX), x € C}}] 2_[AX] € J . Moreover, as

Ly | £ e 5®II] = [A], we have

[[a1™, ¢l er.

c

72, ¢l = [F, ¢1%e 7, and [(FDY7L, 1 = [FDH, ¢ =

iFL, e e 7.

implies FoG € v

c c

We claim initially that [FoG, C¢] > [F, ¢] o [G, Cle T .
To show this it suffices to show for basis elements F € F,

G €G, that [ F, C] o [G, C] 2 [FoG, C]. So let

(f(x),g(x)) e [FoG, C] with (f,g) € FoG. This implies there

exists h ¢ H(X) such that (f,h) € F and (h, g) ¢ G. Hence

for x € ¢, (£(x),h(x)) € [F, C] and (h(x),g(x)) € [G, C]

which gives the desired result that (f(x),g(x)) ¢ [F, Clo[G, C].
Secondly, we need to show that [(FoG)—l, cl >

[F—l, cl o [G_l, Cc] which is in Jhby assumptinn. As above,

this will be true if for F ¢ F and G € G, that

-1

[F, c] o [G"l, c] 2 [(FOG')—l, c]. So let
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(f'l(x),g"l(x)) € [(Foc)"l, C] with x € C and (f,g) € FoG.

This implies there exists h € H(X) such that (f,h) ¢ F and

(h,g) € G, or equivalently, (f—l,h—l) € F—l and

(h_l,g_l)e G_l. Hence (f—l(x),h_l(x)) € [F_l, C] and
(h_l(x),g—l(x)) € [G—l; c] fo£ x €C, and so

¢ @ .et@) e [FL, ¢l o (¢, cl.

For convenience purposes we will say that if F ¢ %v that F
. . e

converges biuniformly to f on C, that is both F and F—l respectively

converge uniformly to £ and f_1 on C.
Now if C is any non-empty family of non-empty subsets of X, form

Ve = sup VC.= M vé. Ve is then the uniform convergence structure
ceC ceC :

of biuniform convergence on C, that is Fe T, f if and only if F con-

F et £ if and only if F and F_l converge simply to f and f
3

C

verges biuniformly to f on every C € C.

Initially, consider the case where C = {{x} [ X ¢ X}. Here
) : 1

ve
respectively. [5,p.301] An example similar to the example given in
the previous chapter shows that this new uniform convergence struc-
ture is distinct from the uniform convergence structure of simple
convergence,'that is F convérging simply to the homeomorphism f does
not imply the simple convergence of Fkl to f—l. Namely let Q be the

set of rational numbers with the usual topology and let F be the

filter generated by the sequence of homeomofphisms of Q given by:
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1
X <
k V2
Wy v R
k V2 k k V2
k——1—+ <x < k + !
k k V2 k V2
x>k + 1
k V2
Graphically, we have:
Q T
S £
AT
k /2
i W
k V2
b LR TR
k V2 k V2

For each x ¢ Q we have w(FX {x}) = F(x) converging to id(x) = x

but clearly m(F_lx {0}) = F_l(O) does not converge.
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By our construction of Ves we know that inversion in (H(X),Tvc)
will be continuous, regardless.of the nature of C. However when
C=1{{x} | x € X}, the counterexample given in [3,p.74,(14)] is appli-
cable here also and sﬁﬁws that composition in (H(X),Tv‘) is not contin-
uous in general. Hence in general, (H(X),TV ) for C =C{{x} | x € X}
is not a convergence group.

The problem.now appears to center on finding those families of
subsets C of X for which composition in-(H(X),TvC) is continuous.

The question appears to be difficult to answer and in this paper is
left as an open question. It seems unlikely that C.='{{X}} will
suffice although this has not been determined. A more likely candi-
date for C is the family of all compact subseﬁs of X. Investigation
here has led to unanswered questions conéerning relationships of com—

pactness to uniform continuity. Hopefully, these questions can be

analyzed successfully -at a later date.
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