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Abstract:

This study investigated students use of mathematical representations and translations during probability
problem solving. The purpose of the representation research was to identify the representations used by
students, when they chose to use a representation, and how frequently and successfully they used the
representations. The research looked for patterns of behavior that characterized students’ successful
and unsuccessful use of the representations. The research also identified the translations between the
representations. The purpose of the translation research was to identify patterns of movement between
representations that characterize the students’ use of translations and identify the time spent using any
particular representation. A qualitative research design was employed. The subjects (n = 21) were
selected from a finite mathematics course. The data gathering included an interview to familiarize each
volunteer with the research process, a problem-solving session in which each attempted to solve five
probability problems while vocalizing the process, and a post-session interview in which students
explained then-solution method.

This research demonstrates that there are distinct differences in the manner that successful and
error-prone students use translations and representations. Successful problem solvers are able to
analyze the problems and discover a solution method before translating, know when and how to use
Venn diagrams, and use symbolic algebra competently. Error-prone problem solvers are often unable to
discover a solution method and hence will initially use a Venn diagram (or other representations) to
“discover” a solution method. Error-prone problem solvers do not separate, their use of translations and
representations as distinctly (as do the successful solvers) and often do not finish a translation before
attempting another translation. This indicates that the error-prone are unable to arrive at a conclusion
on how to solve problems and do not understand (a) how a representation will clarify a problem, (b) the
purpose of representations, and (c¢) which . representation to use.

Recommendations include the following: students need extensive practice translating between
representations, need to understand what the various representations reveal, and need practice using
many different representations. Further research is needed to identify when and how students should
receive instruction with translations and representations.
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~ ABSTRACT

This study investigated students use of mathematical representations and
translations during probability problem solving. The purpose of the representation research
was to identify the representations used by students, when they chose to use a o
representation, and how frequently and successfully they used the representations. The -

.research looked for patterns of behavior that characterized students’ successful and

- unsuccessful use of the representations. The research also identified the translations’
between the representations. The purpose of the translation research was to identify patterns
of movement between representations that characterize the students’ use of translations and
identify the time spent using any particular representation. A qualitative research design was
employed. The subjects (n = 21) were selected from a finite mathematics course. The data.
gathering included an interview to familiarize each volunteer with the research process, a
problem-solving session in which each attempted to solve five probability problems while
vocalizing the process, and a post-session interview in which students explained their
solution method. -

This research demonstrates that there are distinct differences in the manner that
successful and error-prone students use translations and representations. Successful
problem solvers are able to analyze the problems and discover a solution method before
translating, know when and how to-use Venn diagrams, and use symbolic algebra
competently. Error-prone problem solvers are often unable to discover a solution method
and hence will initially use a Venn diagram (or other representations) to “discover” a
solution method. Error-prone problem solvers do not separate their use of translations and
representations as distinctly (as do the successful solvers) and often do not finish a
translation before attempting another translation. This indicates that the error-prone are
unable to arrive at a conclusion on how to solve problems and do not understand (a) how a
representation will clarify a problem, (b) the purpose of representations, and (c) which
representation to use. . : ~ '

" Recommendations include the following: students need extensive practice translating
between Tepresentations, need to understand what the various representations reveal, and
need practice using many different representations. Further research is needed to identify
when and how students should receive instruction with translations and representations.




CHAPTER 1
INTRODUCTION TO THE STUDY

- Introduction to Re_presentations and Mathematical Connections’

| 'Throa‘ghout the past céntury, the mathematics and mathematics education
communifies'ha\}e noted the im_por_taace of multiple representations as tools for teaching andl
learning. In"the early years of the‘t.wen'tieth century, for instance, the Reorganizatioﬁ of
Mathematics in Secondary Education Report (National Comrrﬁttee on Mathematical
Requirements of the Mathematics As.sociation of America, 1923) recommended that
stﬁdents shauld develop the ability to use algebra, understand and interpret graphical =
representatidﬂs, and have familiarit'y with-geometric forms and the elementary properties and'
relations of thése forms. Throughout the 1920’s and 1930’s (due, in part, to the inﬂ'uence-.
of the 1923 MAA publicatian), teacher education journals contained numerous articles -
advocating and demonstrating the uses of multiple representations to solve geometric and
“algebraic problems (e.g. Nyberg, 1925; Bradshaw, 1925; or Haertter, 1931). o
Recently, the recommendations of the National Council of Teachers of Mathematics.
(NCTM, 1989, 1991, 1995, 2000) have prompted renewed interest in mathematical
representations. In particuiar, there appears to be reéognition of a relationship between
students’ facility using multiple representations and their auccess at problem solving. As an
example, the_ Curriculum and Evaluatibn Standards for School Mathematics (NCTM,
1.989) state that the use of multiple rep.res.entations‘ empower students as problém solvers:
Students who ar,e‘ablé to apply and ,franslate among different represeatatiohs' of the
same problem situation or of the same mathematical concept will have at once a
powerful, flexible set of tools for solving problems and a deeper appreciation of the
consistency and beauty of mathematics. (p. 146) :

In support of this belief, the Standards include a Mathematical Connections

standard at each of the grade bands: K-4, 578, 9-12'. In a departure from recommeﬁdations
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* that focus on trad1t10nal mathematlcs content, the 9-12 Mathematlcal Connect1ons standard
recommends that representatlons become an object of explicit study

~ In grades 9 - 12, the mathematics curriculum should include 1nvest1gat1on of the -
‘connections- and interplay among various mathematical topics and their applications
so that all students can -~ :
-0 recognize equivalent representatlons of the same concept;
o relate-procedures in one representations of the same concept;
o use and value the connections among mathematical topics;
o use and value the connections between mathematlcs and other d1801p11nes

(NCTM, 1989, p. 148)
‘ Merebver, the connections-_concept'is woven into nearly all of the various other stalndards;
' The 9-12 Functions standard, for example, recommerids that the mathematics curriculum
include the continued Stﬁdy of functions so that all students can “represent and analyze. .
“ reléﬁohehips ﬂusin‘gr ta‘bles, verbal rules_,‘, equations, and gtéphs [anti]" tra.n.slate\amc')ng tabular,
: symbohc and graph1ca1 representatlons of functions (NCTM, 1989, p.154).”
More recently, a focus on representatlons is embodled in the problem—solvmg
- recommendations of the newest set of standards, the Prznczples and Standards for School
Mathematics' (NCTM 2000) ‘For example, the Standards 2000 document states:
‘Of the many descr1pt1ons of problem—solvmg strategies, some of the best known can
be found in the work of Polya (1957). Frequently cited strategles include using -
diagrams, looking for patterns, listing all possibilities, trying special values or cases,
working backwards, guessing and checking, creating an equ1valent problem, and
creating a s1mpler problem. (p.53-54)
Notice that each of the aforementioned strategies entails a translation and a
‘- “representation” of the problem. That is,‘each. strategy involves the censtruetion ofan |
etlternetive representation of the problerri information. As a teachet", the obvious question that

“comes to mind is; how should these strategies for representing mathematics problems be

taught? In particular, should the construction of alternative representations of mathematics

i Herein the NCTM Standards documents are collectively referred to as the
Standards or the NCTM Standards. However, when referring to a particular Standard the
. document will be so designated, e.g. the Principles and Standards for School Mathematics

- 1is called Standards 2000.
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information receive expﬁ'cit attention, and, if so, how should this content be integrated into
the mathematics cunriculum?

In addition. to implicit recommendations regarding the teaching of multiple
representations, the Standards 2000 document takes a very explicit stand on the subject.
S]peciﬁcall‘y, Standards' 2000 includes a separate.Representations standard at each of the
four grade bands (K-2, 3-5, 6-8,9-12), rather than as part of the Connect1ons standard as

: Was done i in the 1989 Standards-document. It should be noted however, that Standards
2000 recognizes that connectlons and representatlons ar¢ 1nterre1ated concepts and
assocmtes these two standards throughout its curricular: recommendatmns*

To provide teachers with models of the classroom uses. of mathematlcal connections
and multiple representatlons, all versions of the Standdrds documents contain example .
problems and classroom Vignettes.' The 9-12 R_epresentations standard of S tandards 2000,

for instanice, examines typical student solutions to the following problem: _ |

A flight from SeaTac Alrport near Seattle, Washmgton to LAX Alrport in Los

~ Angeles has to circle LAX several titnes before being allowed to land. Plot a graph
.- of the distance of the plane from Seattle against time from the moment of takeoff
» .unt11 landing. (Hughes-Hallet et al. 1994, p. 6) -

Jnits dlscussmn of problem-solving strategles Standards 2000 malntams that part of the
teacher’s role is to help students connect their personal 1mages to more convent10na1
representations: |

One very useful window into students’ thinking is student-generated

representations. To illustrate this point, consider the...problem [stated immediately

above] that might be presented to-a tenth-grade class: Students could work
individually or in pairs to produce distance-versus-time graphs for this-problem, and
teachers could ask them to present and defend those graphs to the classmates.

Graphs produced by this class, or perhaps by student in other classes,-could be

handed out for careful critique and comment. When they perform critiques, students
geta con31derable amount of practice in communicating mathematics as well as in

? In the mathematics education literature, representations are oftén represented as one branch of mathematical
connections. Standards 2000 recognizes this relationship, but exphcltly differentiates between the two for
teaching, learning, and research-. ‘




4
constructing and i improving on representatrons and the teacher gets 1nformat1on that
can be helpful in assessment (p. 363)
| Through the use of examples such as the one above, the Standards suggest that
) connectrons between the descriptive (contextual) algebralc graphical (geometrrc) and
" tabular formats fac111tate concept development and mathematical problem solving.
Overall it can be concluded that the Mathematical Connect1ons and Representat1ons -
: standards focus on two primary areas: (1) the connections that can be made among
mathematrcal toplcs and (2) connections that can be made between mathematrcs and other
d1sc1phnes
In addition, two classes of connections are generally discussed 1n the research literature. The -
| first is the connectio_ns that are made between real-life problems and mathematics (often '-
- called “mathematlcal modeling”). The second class of connections are those that are made:
between two or more mathematical representations of a problem. Both types of connections
are illustrated in Figure [1.1]. | |
With the newfou‘,nd‘ curricular interest in multiple r'epresentations- there is newfound
1esearch 1nterest in the top1c Research by Skemp (1987) Janvier (1987), and Janvier, |
Girardon, and Morand (1987) refer to each form of representat1on (e. g contextual
xalgebra1c, geometric) as a mode” and the process of transferrlng between two modes as a
“translation.’ s The representations research will be reviewed and presented in the
subsequent review of literature chapter, as will formal deﬁnitions of the termjnology used in

the research.




Problem Situatlen

"™\ . Modelin g A~

Connections

‘Representation 2
[e.g., graph]

Representation 1
- [e.g., algebraic
equation]

: l>\Matl'l_ematical /d
/ ‘Connections \

Solution

e.g., graphlcal

T eg., alg'ebraic X
analysis

- processing

-Figure 1.1 Connections
Two general types of connect1ons (NCTM 1989 p- 148) -

Although the Standards have helped to focus attent1on on the translat1ons and
representat1ons the Standards naturally overs1mpl1f1es the processes by which students -
construct and use representattons. Several related studies (Behr, Lesh, Post, & Silver, 1983;
Janvier, 1987; Lesh, Landau, & Harmlton, 1983) provide comprehensive descriptions of
" mariy of the representetion and translation concepts. Lesh, Landau, and I-lami-lton (1983),

. for example, examined the development and use of student’s conceptual models in the
_‘-setting of lnveetigaﬁng children’s rational-number uhderstanding and problem-solving
‘behaviors in realistic proble‘m—.sqlving situations. Lesh and his colleagues define the |

. conceptual model as
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an adaptive structure cons1st1ng of (a) within-concept networks of relat1ons and
operatioris that the student must coordinate in order to make judgments concerning
the concept; (b) between-concept systems that link and/or combine within-concept

- networks; (c) systems of representations (e.g. written symbols, pictures, and
concrete materials), together with coordinated systems of translations among and
transformations within modes; and (d) systems of modeling processes; that is,
dynamic mechanisms that énable the first three comporents to be used, or to be
modified or adapted to f1t real situations (p. 264).

The research then focuses on the manner in which middle-grade students solved problems.
- that Were-presented ina Variety of formats. Toward this end, the researchers report that in
" applied problem-solving, important translation and/or modeling processes include
(a) simplifying the original problem situation by ignoring ‘irrelevant’ characteristics =
in a réal situation in order to focus on other characteristics;
(b) establishing a mapping between the problem situation and the conceptual
- model(s) used to solve the problem; '
(c) investigating the properties of the model i in order to generate information about
_ the original situation; and
(d) translation (or mapping) the pred1ct1ons from the model back 1nto the or1g1nal
situation and checking whether the results “fit’ (p. 270).
The models presented by Lesh and his colleagues (1983) sdescribe how students
use representatlon and translation. However Lesh et al. made no attempt to (a) explam What
. effect the use of inappropriate representat1ons or incorrect translat1ons has on problem

solvmg success (b) examine how more mathematlcally mature students use translat1ons and

“ representatrons during problem solving, or (c) illustrate the types of mistakes made by the

. subJects as they used representat1ons and translate between representatrons

In the d1ssemlnat1o_n of his doctOral study, Hodgson (1993) describes aspects and-
~ patterns in students’ errors in translation betvtzeen representatlon, in particular, the
procedural nature of the translation tasks. The translation Hodgson investigated is illustrated
“in- Fig 1.2 by the arrow pointing from the Algebraic format to the Visual or Graphical
format. | ‘
Hodgson’s research i_d.entifies and characterizes the sjzstematic procedural errors
- students make as they translate algebraic expressionS‘ into Venn diagrams. Note that

- Hodgson investigated translation tasks and characterized.errors as the students translated in




T
-one direction, from algebra to Venn diagrams. Hodgson made no attempt to investigate
. students.efforts. to translate in the other direction (from the Venn diagrams back to the

algebraic representation) or between other representations. '

Algebraic
Format

) ‘Contextual _
Format

Visual
. OF

Graphical
. Format -

Figure 1.2: Translatlons '
Directionality of Translations between: Representat1ons during Problem Solv1ng and
Concept Development Activities ‘

Need for the Study

Probability problems provided an ideal contei(t for examining students use of ‘
multiple representations ‘becausethe students have opportunity to use graphical, symbolic
algebra and language representations The research herein extends the work of Hodgson
(1993) and other researchers in that it (a) identifies and characterizes the translat1on process
between more than one representation and (b) investigates translations in both directions

- between the representations, This study differs from Hodgson’s in that it does not attenipt
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to identify students’ procedural €ITOTS. Rather, th_e study identifies the representations used,
whether the student was able to successfully translate between repreSentations,_ and why the
© student choose to translate Figure 1.2 illustrates the modes and pOssible translation paths
that were investigated. The author found no research that examines (in detail) translation
p1 ocesses between these three representations Moreover no ex1st1ng study examines the
: patterns of behav1or in the use of translations by student problem—solvers
‘ The. present study, therefore, contributes to the existing résearch base in that it
- elaborates on and extends the existing problem—SOIVingj and multiple representation research’
(e.g., Gfeller, Niess, & Hamilton, 1999; Hodgson, 1993; Lesh, Landau, & Hamilton, 1983;
; 'Schoenfeld, 1985; and J anvier, 1-987), It is believed that the study herein will contribute
. information that provides researchers with a better understanding of how students use
multiple representatlons in problem solvmg, as well as information as to where and how
‘ problem solvers have. difﬁculty using multiple representations In domg S0, the study Will
provide improved and informed direction for both teaching and curriculum design of |

instruction involving translations and representations in mathematical problem solving.

Introduction to Data Collection and Methodology

| The data from the student interviews and probability problem solutions were
‘ gathered at Indiana Un1ver‘s1ty in Bloomington Indiana.‘ The analysis of this research took
: place at Montana State Univer51ty—Bozeman and at Oregon Institute of Technology. The
representation and translation data were collected from 1nterv1ews w1th a group of student
Volunteers For the study, five probability problems were admmistered to students (n = 21) .
from various sections of a ﬁnite mathematics course. Each of the probability problems can
be solved using elementary‘ algebra, Venn diagrams‘, or by.using.both_ of these

representations. Each participant was video taped while attempting to solve the problems and




their solution methods were analyzed tode_termine their use of multiple representations and
ttanslations. |
For the purpose of this 'research, the term successful problem solver describes an
indlvidual that vva's competent at ‘solving the assigned probability problems, thatis, the
- student oonsistently obtained oorreot solutions to probabiliit'y pfoblems that requite
translations _be_t'vveen several representat_ions- |
Likewise, unsucbesSful problent solver desoribes an individual that was. I.’lo,t.
comipetent at solving the assigned-probability problems, that is, tlle' student did not ‘"
consistently obtain correct solutions to probability problems that requir_e'ttanslations'
between several representations.
The ident'ification as to whether the student was a successful or unsuccessful
problem solver was made. post hoc, on the basis of whether the student was able to )
“successfully solve a set of probab111ty problems.
Each subJect demonstrated h1s or her solution method(s) as he or she attempted to
solve probability problems llke that of Example 1. The participants were asked to verbalize

their th1nk1ng and each solutlon attempt was video and audio recorded.

1 EXample L

At Giant State University a survey of students taking college mathematics

* found that 40% took collegealgebra,- 30% took statistics, and 42% took

: neither course. If One_of the students from the survey is chosen at random,

" | what would be the probal.)ility that she or he took either algebra or statistics

| but not both courses?

The video taped “out loud” problem-solving sessions were analyzed to identify and
characterize the subject’s use of representations and translations. The methods of data

collection.an'd analysis are further described in the Methodology chapter. Appendix A

T——— T
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provides a description of the rubric used to id‘éntify (a)‘ when a subject was usihg a
- particular representation and (b). whén a subject was translating between re‘presentationé,
Appendix B provides an example of how the rubric was used to identify and characterize a
subject’s use of translations and represeﬁt_afidns’ - ‘
In-p-articular, this- research focused ori_ (a) the subjects use of muiltiple -

'représentations and (b) on thé cognitive links the subjects made between the _repfgsentations
(translations).".l“his research identifies (a) w_hat representations successful énd unsuccessful
‘students use, (b) when they choose to use representations, (c) how ffeqﬁently they use each
representétion, and (d) how successful they are at using the representations. Further,‘this _
reseérch identifies (e) patterns of movement between the representatiéns that characterize the
successful and unsuééessful students use‘of translations and (f) patterns in the time spent
using each representation (between tranéiations) that ch'aractérize the s’ucc’é’ssful and
unsuccessful students use o.f--translations.,The research questidns are introdﬁced in the .

- following section. _ _
) For the pu.r,pose of this research (a) the contextual format is probability pfoblefns
written in English; (b) the.algebraic format is Symbolic Algebra at a college introductory
level; and (c) the visual or .graph‘ical format is usually Venn diagrams, aﬁthough two students

attempted (unsuccessfully) to solve the pfoblems using Tree diagrams.

Research Questions:

The researcher entered the study with four research questions, two that were considered
- “Primary” and two “Secondary” questions. Primary research questions focus on the
mechanics of students’ representation use, whereas secondary questions focus on the role

of representation use in problem solving.
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- Primary Research Questions: |
1. Istherea difference in successful andunsucgess‘fi]l' students' use of mﬁltiple
re'presentations; to solve pfobability problems? o | |
2. Is there a difference 1n the _pat'temsfe"xhibited by succeésfu*l' and unSubcéssfql s‘tudenfs
with regard to their translation between représenfations? |
Secondary ReSearch Qﬁestiqns: ‘
3. With_ regard to the problerﬁ 'sqlv'ing process as é wﬁole, what benefifs (if any)-do
students gain through the use of multiple represéntat;ion“?- |

4. What difficulties (if any) do students encounter in their use of multiple representations?
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" CHAPTER TWO

A REVIEW OF RELATED LITERATURE

Through a detailed investig‘at_iqh of students’ solutions to probability problems (and
" 3 theirvsolutie'n proeesses)’,vthis study__examined' students” use of méthematical representations
" and their tr_ensllatiefh. between representations. Specifically, the students’ use of ‘Venn-

4 dietgtams, symbolie al‘g‘ehra, and contextual (English) language, ahd translations between -
these representation modeé, were -analyzed in reference to two primary (Questions 1 and 2)
and two secohdary :(Questions 3and 4) reseerch questions:- | l

1. Istherea deference in successful and unsuccessful students' use of multlple

T epresentatlons to solve probablhty problems? |
2. Is there a difference in the patterns exhibited by successful and unsuccessful students
with regard to their translatlon between representatlons? |

3. With regard to the problem solv1ng process as a whole, what beneflts (if any) do

students gain through the use of multlple representation?

4 “What difficulties (if any) do students encounter in their use of multiple repreéentations?

In this ehapter, research related to this investigation is reviewed in order to lay a B

. theoretical f(')\undation for an examination of students’ use of representations and

translations dhring problem solving. Namely, the fandamental elements of translation and

representatiori activities are presented ar‘_lc'-l: reviewed in light of existing research literature.

Secendly; theoretical and empirical considerations are examined regarding the'ﬁse of |

| translations and rei:)resentatior_ls. In particular, this review seeks to identify the utilityl and

limitation of translations and representations during problem solving. The chaptef concludes
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: with a brief review of the research literature regarding learning styles, with a particular focus -

on problem solvers’ use of visual and analytic .strategiesi

"Mathemati'cal Problems, Translations, and Representations

Problein solving, a tepic that has long been of interest to educators and '
_ psychologlsts served as the basis of th1s study. According to Lester and Charles (1985)
'problem—solvmg situations are those in wh1ch an 1nd1v1dual or group (a) must solve some
- type of problem;‘ (s)) the'prOblem may be presented either as a “real life” situation or in
SOme other mode, such as an English' or mathematical question; and (c) the solver:does _not
have ready access to a schemata or algorithm to apply to the problem or question That “the
problem solver does not have a solution schemata” does not 1mply that he or she doesn’t
' possess the necessary cogmt1ve and mampulative tools to solve the problem However
answering the question is only an “exercise’ 1f the. 1nd1v1dual possesses a solution
~ schemata, algorithm, or knows immediately how to “do” the problem.
| In the study-described herein, students were administered five probability problems.
.The problems were “true” problems in that they met Lester and Charles (.l”985) ~o'riteria of
| problem solving, as mentioned above, However, many of the students, especially the more
mathematically mature 'stlidents, were able to solve the problems. Yet, the method of solution
- was not immediately apparent nor did asolution algorithm exist. Rather, stlidents solved the -
- problems through the use of a broad class of tools called mathematical “,conneetions.”’

In Chapter One, it was noted that two classes of mathematical connections are
discussed in the research literature. The first class of connections involves mathematieal
modeling, or the translation of information (generally relational in nature) observed in the
“real world” into some alternative expression. In the setting of ‘mathematics; edlication, the

: “expression;’ of the event is generally made in context (i.e., in the spoken or written

language native to the individual expressing the relationship), as a set of algebraic symbols

T T
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and expressions, as va Caitesian or data graph, or as some combination of these
representations o | |
The second class of connections includes those that can be made between two or
‘more- expressions That 1s, this class of connections includes those connections that can be
made between contextual descriptions graphics or -algebralc- expressrons——or any other of
the several descrrptors of real- world events Specrflc descriptors may 1nclude geometrrc
-figures Venn diagrams tree diagrams, Cartesian graphs tables, lists, ﬂow charts, letters and
numerals in descriptive patterns, written descr1pt1ons, of any mix of these (Bell, 1976). This
research focused on thlS second class of connections: those that can b_e.made between the
_various. models or representations.of real—world.events but not on the real—world events.
| As a word, representation is open to many 1nterpretations In the context of this

: study, asin most mathematics education research, representatron refers to any observable

embodiment that symbolizes-or expresses an event or relationship. It should be noted that
 this definition represents a departure from that employed by Bell (1976), Janvier (1987)
and some other. researchers Namely, this study did not restrict its focus to expressions
directly related to realav'vorld events. |

| An additional issue concerning representation research, and an important issue that -

needs to be addressed, is the need to observe the representation. Mental imagery is an
essential component -of -thought; As such, Lesh, Post, and Behr (1987) remark that it is both
naive and restrictive to require a representation.to be observable. In particular, these
researchers maintain that a representationamay-be an internal‘ conceptualization and;
therefore, unobservable .to the researcher. The research literature (e.g., Behr, Lesh, Post, &
'SilVer, 1983; Lesh, 1981; Lesh, Landau, & Hamilton, 1983) identifies at least six distinct
types of representations used by problem solvers. These include (a) manipulative models
such as arithmetic blocks and fraction bars; (b) graphics, pictures, and diagrams; (c)

- experience-based “scripts” wherein students’ knowledge is organized around “real-
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rworld”;eVents or experiences that seive ‘as'context to describe and solve other problems; (d)
specialized‘ forms of spoken languages such as used by ‘mathematicians and logicianS' (e)
| spoken or written language as used in context by lay persons, i. e., non-scientists and hon-
| mathematrcrans and ) written symbols and phrases——mcludmg algebraic equations or set-
© logic expressions. Note that this study focused on three of the aforementioned
1epresentations--graphs spoken language and algebra--and the translations and.
tr. ansformations among and between these three modes of ; representation
The SIX representation modes ‘lrSted above, together ‘with t_he translation processes

that link thers, are essential features of t-he steps 1n mathematical modeling. 'Lesh and his

| colleagues (1987) 1dent1fy these modelrng steps as (a) simplifying the origlnal s1tuat10n to

- reveal the ‘most important aspects of the model (b) building a map (le.,a translatron)
between the. ongrnal situation and the model ©) 1nvest1gat1ng the model to understand the
original situation, (d) translating the rélevant information from the model back to the original
situation, and (e) checking that the tran’sl‘ated, information is a sensible representation of
some observable elements of, and relevant to, the original situation. With regardj to this
research, the original situation presented to each research subject was a probability problem
in-written English. That is, the “context” of the problem yv‘as written English (as opposed to
spoken English). For most of the subjects, the representation modellchosen was a Venn
diagram representation of the problem information, symbolic algebra, or som_e c_ombination
of the two. |

' Lesh'and colleagues (1987) suggest that the modelin'g action (i.e., those -

representations reached through acts of translation and'trans'formation) tend to be plural,

. unstable, and evolving. Moreover, these three attributes play important roles in the evolution
of concepts and representations during the course of problem-solving sessions. | .

| An act of representation is plural in that problem solvers commonly use more than

one representational system (with appropriate acts of translation) to attain the necessary

My ey o o
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understanding of the problem. In particulér, Lesh and colleagues found that problem solvers
typically employ several different representations when solving a problem, and the various
representations used may be incompatible with one another. However, the researchers noted

that each of the representations help the student to undeistand or solve some aspect of the

A pfoblem.

The mOdeliﬁg acﬁon-may also be plural in the sense that the problem solver may use

" a connected series of representations while aftemptiﬁg to solve a problefn. For example,'with

* regard to a probability problem, a student rmght translate contextual information into a Venn

diagram, solve the Venn by translating 1nformat10n into a symbohc algebra mode, and then
translate information back to the Venn and into the contextual.mode. Each of the various
representations may depict only a portion of the modeled syétem, and several serial acts of
translation may be needed before t-he)problem solver gains a good understanding of the
problem. Furthermore, Lesh aﬁd his colleagues (1987) assert that good problem solvers
tend to be sufficiently flexible in their use of a variety of felevant representational systems
that they instinctively switch to the most convenient representation to emphasize at any given
point in the solution process. It is interesting to note that the present study does not support
the assertion that good problem solvers instincltiv.ely switch between representations.

Acts of representation are said to be evolving when the representational mode is

used by the problem solver not only to represent and solve some aspect of a problem, but

- also as a tool to gain understanding of the basic natufe of the problem. Through the use of

representations, a problem solver may discover and understand relationship inherent in the

- problem that were previously not accessible or not noticed.

The act of representation is unstable in that the problem solver may focus on a
particular representation of the problem and, in so doing, forget the “big picture” or other
important aspects of the problem. Alternatively, problem solvers that attempt to focus on the

“big picture” may forget to account for important aspects of the problem.
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Lesh and his colleagues (1987) also remark that not only are the distinct types of
representations systems important, but translations among the representations and
transformations within them, are also important. A translation identifies “the psychological
processes involved in going from one mode of representation to another” (Janvier 1987).
For example, one translation event is the process whereby a written English description of a
relationship is re-expressed as a set of algebraic equations. Also, the process of expressing
a set of algebraic equations into written English is another translation act. Note that these
two examples are inverse translations with respect to one another and are said to be
complementary. Any translation may involve one, two, or several representation modes.
Also, any translation identifies a complementary translation.

Janvier (1987) describes the translation process with respect to four modes of
representation, as in Table 3.1.

Table 3.1 Translation Processes
(Janvier 1987)

To: Situations, Tables Graphs Formulae
Verbal
From: Description
Situations, Measuring Sketching Modeling
Verbal
Description
Tables Reading Plotting Fitting
Graphs Interpretation Reading off Curve fitting
Formulae Parameter Computing Sketching
Recognition

Note, Each non-diagonal region of tHe table indicates a mode (representation). Translation
is the process of making a cognitive and representational shift between two or more

modes.

Each shaded region along the diagonal of the table represents a transformation (or

transposition) within a mode. By the definition used herein, a transposition is not a
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translation. An example of a set of transposition_s. is the process by which an equation is
being 'Simplified or solved. Althiough each algebraic step does present a new representation
of the initial relationship, there is no new mode of representation because each of the
representations is in symbolic algebra. Hence, the algebraic steps are not defined as
translations. Note that the equations are not transpositions. Rather, a transposition is the
process that changes one equation into another. |

As Janvier (1987) notes, not all translations can be. represented by this simple two-
dimensional table. In.parﬁcular, some translations are indirect and include the use of one or
several intermediate modes. As an example, the translation “table — formula” is often
processed as “table — graph — formula.” Likewise, the complementary translation
“formula — table” is often processed as “formula — graph —>.tabl‘e.” Note that direct
translations are substantially different from indirect translations. From a research
perspective, a subject’s use of an indirect translation may be much more difficult to identify
than a direct translation and, because of internalized mental represeﬁtations, may be
mistaken for a direct translation. | |

As noted above, a translation must involve at least two modes of representation.‘ To
complete a translation, therefore, Janvier ( 1987) maintains that one must transform the
source ‘target wise.’ In other words, one must examine the source (the representation to be
translated) in the context of the target (the representatién to be constructed by.the
translation). As an example, to translate an English statement into an algebraic relation, the
translator must (a) frame a cognitive correspondence between each relational identifier (e.g.,
English nouns) and an appropriate algebraic symbol, (b) identify any relationships between
and among the identifiers in the English statement of the problem, (c) qliantify each
relationships to be translated, (d) represent the relational quantifiers in algebraic notation, .

and (e) make an algebraic equaﬁon using the symbols and quantifiers. Only when each of
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these tasks is achieved is the contextual to .symbol‘ic algebra translation completed.
Moreqver,'by performing each of the five steps, the translator has identified the source .
rel_afi_’onship in the context of thef.térget.‘ Note that a wrong identification between é symbol
and a identifier or aquant‘iftic.aﬁon error could produce an inaccurate répresentation‘and |

might make the translation unattainable.

Tfanslations"and Representations as Problem Solving Tools -

On any occasion wherein a “real-world” event is described, a translation has taken

: place and a mode of re;;resentation ha_s»bé_en selected (by the translator). That is, ’ghe

description of the event is not the same as the event itself. Rather, the description isare-

"prcsentationi of the event in some mode chosen by thé one making the description (i.e., the

~-describer). The ‘répresentation‘ mode is chosen on the basis of the abilities, .aptitiidés, and/or

the cognitive inventory of the describer. Consequently, a single real-world'event niay be
described via music, song; poem, picture, objects such as sculpture or models, re-enactment,
or com'zersatibnal :lgar‘lguage. Also, the primary représentation may be translated intoa
secondary mode of representation, as when spoken language is used to describe a picture.
In any case, whatever the répresentation chosen, the
representational systems differ from one another because they emphasize or de-
emphasize different aspects of the underlying structure of the concept: They also
differ in generative power and in their ability to manipulate relevant ideas and data
simply and economically in various situations. For example, sometimes a picture is
. worth a thousand words; sometimes language is clearer and more efficient. (Lesh,
R., Landau, M., & Hamilton, E. 1983, p. 265) ‘ .
. In their summary of two research studies, the Applied Problem Solving project and

the Rational Number Project, Lesh and colleagues (1983) reviewed students’ use of

representation and translations during problems solving. They report that:

(a) during the solution process, subjects frequently change the problem
representation from one form to another (e.g., written symbols to spoken words, -
spoken words to pictures or concrete models, etc.); and (b) at any stage, two or more

™TTT
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| representational systems may be used sirnultaneously, each illuminating some
aspects of the situation while de-emphasizing or distorting others. (p. 264)

‘Interestingly, Lesh and his colleagues foun(l that a number of sub'jeets :
(approx‘imately ~17%) believed that their-solution may depend on the type of
representation(s) used while solving the problem. That is, these problem selyers believed
that if they chose a particular representation to selve the problem they might find a correct
solution;. But, if they had chosen é different method of representing and solving the |
problem a drfferent but equally correct, solutron might have emerged.

During their 1nvest1gat10n Lesh and h1s colleagues (1983) asked students who had
made errors while adding fractions to “act out” the 1neorrect problems using manipulatives.
After each student found a correct answer with the manipulatives, he or she was then
.confronted with the wrong enswers in their written work. After seeing both answers, about .
half of these students continued to maintain thet their written work was correct, even though
it disagreed with their second solution. Lesh and his colleagues report: |

The discrepancy between the results obtarned from the two different representations.
apparently did not trouble these children; several explicitly stated somethmg l1ke
‘That’s okay! These are pizzas and those are numbers -- they aren’t the same.’
Such comments seem to indicate either a belief that mathematical computations (in
symbolic form) need not agree with real-world observations (of clay pizzas) or that
mathematics is simply unpredictable, so sometimes one obtarns one answer and

' sometimes another for the same problem. .

The presence of concrete materials in the follow-up problem did not enhance

performance. Whereas 30 children had obtained the correct answer to the work
problem (all of them using written symbols), a total of only 20 children arrived at the
correct answer when the same problem was posed using concrete materials. Three
students attempted to solve the problem using the concrete materials; they all
obtained incorrect results. All 20 children who were correct were. among the 27
children who persisted in using written symbols to obtain an answer. This means the
7 subjects who had previously obtained the correct answer using written symbols
were no longer able to solve the problem using written symbols after it was
presented in concrete form. They became confused and reverted to adding both
numerators and denominators rather than using the LCD [lowest common
denominator] approach as before. This outcome runs counter to the widespread
belief that materials make a problem easier to solve because it is more meaningful
and real. (Italics added) ... Attending to the concrete materials somehow contributed

 to the breakdown to an effective symbolic method for solution. (1983, p. 280-281)
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Lesh et al. (1983) argues that, although a concrete model may provide a
representaﬁon that allows students to 1nvest1gate some or many aspects of a situation, it may

obscure other portions of the relationships. Therefore, it may be difficuit or 1mp0551ble for

- the problem solver to carry out the entire solution process with a concrete model. Lesh and

his colleagues conclude that good students eventually learn to select an appropﬁate
représentational system to fit each particular part of a problém situation or each specifié
stage in the overall solution. Moreover, this undersléanding builds slowly and requires |
coordinating complex within-concept networks and between-concept systeins. '

In his research on university students efforts to solve routine and non-routine

. problems, Schoenfeld (1985) found that problem solving is influenced by four aspects of

. knowledge and behavior: resources, heurlstlcs control and belief systems Of these,

Schoenfeld maintains that control is the most essential. Supccssful st_udents, Schoenfeid
found, engage in periodis monitoring ahd assessment of solutions as they eVol\-/e and the
curtailing of -attempts that are unfavorably assessed. That is, the successful problem solver
continually monitored her or his translations and 'representation modes so as to verify their
validity and usefulness in solving the problem. It is seen then.‘that Lesh’s immature problem
solvers--those ihat arrived at different solutions via different representation and did not see a
conflict--were unable to monitor and assess their solutions as they evolved. That is, théyi
were unable to make a strong connéection between the various representations; and they did
not understand that the various representations were nothing more than looking at the same
situation or relationship from a different point of view.
| According to Schoenfeld (1985), a review of the research concerning students’
flawed resources and consistent error patterns serves to document three points:
1. Itis easy to underestimate the complexity of ostensibly simple procedures,
especially after one has long since mastered them. A complete delineation of the
skills required to perform an operation as simple as subtracting one three-digit

number from another is much more complex than one might expect. It also
points to many places where one can go wrong.
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2. A large number of mistakes in simple procedures may be the result of
mislearning. That is, students’ flawed attempts at implementing a procedure may
not be, as one might naively assume, the result of their “not having gotten it
yet.” Rather, the students may be 1mplement1ng the same incorrect procedure
over and over again:

3. Part of the support structure for resources consists of knowledge
representation. The ways in which information is represented (structured,
perceived) by an individual may determine how successful the 1nd1v1dual can be
in using that information. (p. 61)

Recent research indicates the validity and importance of item three of Schoenfeld’s
conclusions. In' a study of students’ representational style in CAS-aésisted problem solx}ing,
Heid et al. (1997) report that many studenté show a marked preference for a particular -
representation in which to test conjectufes’. Further, some subjects rely on the preferred
représentation as the initial arbiter for the truth of their conjectures. That is, a subject’s use
of a partiéular representation not only effected how he or she attempted to solve a problem, .
it also influenced his or her determination of whether their solution was correct. Heid and
her fellow researchers found that students generated multiple-fepresentations for various
purposes, including (a) to have a manipulable fepresentation (e.g., algebraic), (b) to serve as

a “place holder” for a concept or idea to which the student can return, and (c) as a

conceptual or memory aid. The representations used as conceptual aids were often student

generéted or non-standard symbolic representations. Their purpose seemed to be to allow

the student to mentally hold onto aspects of the concept that he or she was trying to depict
or understand--but not as a represéntation to be manipulated or refined.

Heid and her colleagues report that a number of the students seemed to use
symbolic representatién as place holders to which they could later return and which they
could refine in successive returns. These representations seemed not to be intended to

represent the actual mathematical ideas the 'students were entertaining. Instead, these

~ representations apparently reminded the students that, although they had not yet represented

- the exact relationships, they knew the magnitudé and position of what they intended and

would later revisit to refine the representations.
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Research also demonstrates that to successfully teach subject matter_ understanding, _
in'struetors mUst-possess conceptual and flexible representations‘of the material they are
teaching (McDrarmld Ball and Anderson, 1989). However recent research 1ndrcates that
preservrce teachers may have dlfﬁculty learning and using multiple representatlons in
“ -.problem solving. In a study of 1nvolv1ng understandings of the arrthmetrc mean, Gfellery -
- Niess, and Lederman (1999) found that many of the subJects (pre—servrce teachers in a |
Masters of Arts i in Teachrng program) had trouble viewing a mean in multrple ways Many :
| of the subjects were able to solve problems involving the mean using a computational
algorithm, but Were unable to provide solution using a graphical method. These researchers
assert that professional development courses geared at building pre-service teachers’
repertoire of representations should pay careful attention to representations in different
settings., Pre'—servioe teachers may feel confident in knowing various views, yet may be
limited in their understanding in atternative settings |
B1shop (1989) remarks “whilst it is tempting to beheve that all visualizations
[representatlons] must necessarrly play a useful role i in mathematical actrvrty, we clearly
need research whrch helps us understand more about which of their features contrrbute
~ significantly to the role.in a given r_nathematrcal problem situation.” (p. 9) It was with this ..

broad objective that the present research was initiated.

Visualization and Analytic Strategies during Problem Solving

Any researcher or teacher would find it difﬁcult to argue with Piaget‘s 1977)
contention that some people are particularly visual; whereas, others prefer motor, auditory,
or other modes. However, whether or not we believe there are visual, motor, and/or auditory
individuats, identifying and classifying individuals of groups as such has been very difficult

~ for researchers to accomplish.
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Various researchers have attempted to define and analyze visualization and visual

thinking, included among these are definitions rooted in intuition, pictorial representations

of obj ects, gebmetrical_ and graphical representations, mixed Visualizer/Analeer model, and
as questions of internal versus external representations (Siﬁmemmn & Cunningham,
1991; Leaﬂ & Clements, 1981; Pylyshyn, 1973; Zazkis, Dubinsky, & Dautermann, 1996;
Webb, 1979). |

Recent research by Zazkis:, DuBinsky, and Dautermann (1996) suggests the

relatioriships between visualization, visual thinking, and analytical thinking are vefy complex

~ and directly affect one another. Further, their research may indicate that a visual or analytic

. classification of an individual may represent only the individual’s mental process,

understandings, and preferences at a given moment. That is, as a problem solver matures in
his or her understanding, the visual and analytic aspects of his or her thinking become more
closely related and integrated. |

To arrive at their conclusions, Zazkis and colleagues (1996) studied students’ (n=
32) use of visualization an_d analysis in mathematical thinking. The subjects, all of whom
were enrolled in their first abstract algebra course, were given the task of listing the elements
of the dihedral group and finding the product of elements. The subjects were familiar with
the dihedral group elements and structure from class discussions and group work. The
subjects modeled the group in one of two wa&s. The model that relates to visual thinking
expreéses the group in terms of the symmetries of a square. In the visual-thinking model,
the elements of the group are the four rotations of the square together with the four |

reflections about the diagonals or line segments connecting the midpoints of the opposite

-sides. The product of two symmetries is modeled by performing two of the operations on

~ the square.
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The model associated with analytié thinking represented the group in terms of

permutations of four objects. The product of two of these objects is obtained by applying a

specific multiplication algorithm to the elements.

" On the basis of their research, Zazkis, Dubinsky, and Dautermann (1996)
constructed a model of mathematical thinking that sYnthesizéd visualization and analyﬁc
thinking. In this model, which thé researchers refer to as the Visualizer/Analytic model, the
thinker begiﬁs with an act of visualization or a merﬁal picture. Then, using the visualization,
an analytic process takes occurs that either solves the problem or refines the previous
visualiz-étion. The thinker then, through the use of the refined visualization, re-analyzes the
problem and either solves the problem or once again refines the visualization. Zazkis and
colleagues state that; as the analysis and visualization cycle continues |

the acts of visualization and analysis become, for the individual (but not necessarily
for the observer), successively closer. This is meant in at least two senses. At first,
acts of visualization and analysis may be seen by the individual as being very
separate and quite different. The passage from one to the other may represent a
major mental éffort, which can even be resisted in some cases. Gradually, the two
kinds of thought become more interrelated and the movement between them
becomes less of-a concern. Part of the reason for this development is the second
sensé in which the two kinds of acts approach each other. In the beginning, the
individual may interpret visualization as relating to events that are mainly external to
her or himself (as in picturing a physical square or drawing 4 picture on the
chalkboard), whereas analysis may be seen more as originating from the individual
(as in inventing and using a symbol system). As the acts continue, both kinds of
thinking become more and more deeply interiorized within the mind of the
individual. After some time...analysis and visual understandings are synthesized so
that it may be very hard for the individual or the observer to distinguish between
them. (p. 447)

Clements (1982a, 1982b) argues that, while there may be “visualizers” and
“verbalizefs,” there also appears to be a group of learners he identifies as “mixers.” The
“mixers™ are individuals who “do not appear to have a tendency one way or another”
(Clements, 1982b, p. 34). If, as Clements suggests, there do exist individuals that have traits
of both “visualjzers” and “verbalizers,” theh there should be some identifiable gradation

of “visualization” or “verbalization” that can be used to categorize the learner. However,
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Anderson(1978) contends that it is not pcssibie to make this type of differéntiation among - -

learners.

If there do eXist classifiable groups of “visualizers” and “verbalizers” then a
mathematrcs currrculum and pedagogy could be designed to cater to the individual needs of
the each group. That is, the © v1suahzer would receive mathematical instruction via a
curriculum that Would best use his or her visual talents. Likewise, a student identified as
“verbal’;-woul'd be instructed in a rrlore verbal manner and be expected'to produce his or .
her school work-in a verbal made. However would this currrculum then relieve the

verbahzer from learmng to read and analyze 1nformat10n usmg graphs tables and

drawings? Likewise, would the ¢ ‘visualizer” not be trained to usé symbolic algebra and .

mathematical notation to analyze problems or to‘ -verbaliied descriptions to vhis or her

mathernatical solutrons. Zazkis et al. (1996) suggest that if. such a learning trait
categorization could be designed then “defining some peopleas a ‘visualiz-ers’ may imply
that certain,in.dividuals are closed out of understanding certain mathematicai concepts that
have no concrete ’anteCed_ents”: (p. 43.7).. |

So, it is seen that the literature. ’demonstrates the following:-

1. _Stndents do not naturally make connectiens hetween the yari’ons representations. And in
fact,-stndents may not see any connecticn between physical representations and |
mathematical representations. This indicates that research is needed that will
demonstrate how best t‘ollteach so that students can begin to understand the relationship

.of the various representations. It may take considerable practice on the studen'ts part and
very directed teaching for the student to begin to make connections between Ithe"
representations. -

2. Lesh and colleagues (1987‘) studied how good problem solrlers use representations. The
research is much less complete in examining how less competent prohlems solvers use

translations. In particular, there is little research that demonstrates the difficulties that the
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3. The research indicates that there-may be “visualizers,
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less competent problem solvers have using feprésentations and how their use of
representations differs from that of the competent problem solvers.

L

verbalizers,” and there may be

© problem solvers that mix these two traits or have no tendency. toward either of the two

traits. However, the research does not clarify if the ability to mix the two traits is learned

or inherent. Research is needed that d‘crﬂonstrates if the mixing of the two traits makes

: for more successful problem solving and if students can learn to strengthen and mix -
' their verbal and visual skills to cnhaﬁce their problem solving skills.

‘The research demonstrates that both translations and representations are important

aspects of problem solving (e.g., Lesh, Post, and B‘éhr, 1987). The research is much less

comprehensive in explaining how the problem solver uses representations, and in

 particular, why a problem solver chooses to use any particular representation. If the

cheice of representations is “instinctive” as is asserted by Lesh arid his colleagues, then

* the natural question is; why does this “instinct” develop? Further, if a pr,oblgam solver
“has an insﬁinct to use a particular representation, and the representation is not
~ appropriate for the problem, how and when does the problerri solver chose to use a none

instinctive representation.
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‘CHAPTER 3

. MET HODOLOGICAL DETAIL OF THE STUDY
_ Introdu_ction

The data analysrs of th1s study took place at Montana State Unrver31ty-Bozeman and
Oregon Institute of Technology The data were collected dur1ng a three-week period at
Indiana Un1vers1ty in Bloormngton, _Indlana. _For the study, five probability problems were
adnlinlstered to a set of twenty-one participants. Each of the probabllity pro_blems is-
solvable using set algebra and/or Venn diagrams. The stu'dy- participants were student
Volunteers .drawn from four sections of a finite mathematics course. Each subject was (a)
interviewed, (b) v1deotaped while attempting to solve the ﬁve probab1l1ty problems and (c)
interviewed after the problem—solvmg session. The first 1nterv1ew was intended to build
rapport between the subject and the 1nterv1ewer,,make the subJ ect comfortable with the
videotaping' equipment' and explain how the problem-solving session would be conducted.
~ Also, each partrcrpant was asked a set of quest1on about the his or her mathemat1cal SklllS
and educational background An outline of these questrons is 1ncluded in Appendlx D
- However, because many of the subJects Volunteered 1nformat10n about themselves not all
the questions were asked of each interviewee. | |

- The post-session interview. was used to bave the subject explain any aspect of the
problem—solvlng session not understood by the researcher. In general, the post-session was
. used to askquestions about any remarks made during the problem-solving session that
were either not heard clearly or not understood by the résearcher. |

The pre-session interview and post session 1nterv1ew were audrotaped The problem-

solving session was videotaped and the students written work was collected.
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This chapter includes descrrptlons of the p1lot study, subJects method of data

collect1on data sources, and method of data analysis.

).

Pilot Study

A pilot study undertaken at Montana State University-—Bozeman' (MSU) was used
to develop and refine a set of probability problerns to be-used in the study. Prior to-the pilot
o study, seVen pr_ohability problems were developed. Each of the seven questions was |
- designed to be similar to problerns _found in the flnite ‘rnathematics (Math 118) course
textbook (Malq and Thompson 1 996) used at Indiana University. This was done so that the
study subjects each of whom would be a student talqng Math 118, would be familiar with
_the mathernatrcal tools needed to solve the problems |
Five students from the Department of Mathernatrcal Scrences at MSU volunteered to
take part in the pilot study. .Four of the volunteers were rnasters—level graduate students and
one a senior undergraduate Each of the prlot volunteers was asked to Work the questions in
the problem set wh1le be1ng v1deotaped just as would be the research subJects After each |
volunteer completed the problem set, he or she wasquestloned about the problems to (a)_
rnal{e ‘su‘re that_: the problems were unambiguous and (b) ensure that each problem was -
_vvorded as. intended. As each volunteer reacted to the questions, the questions were refined
as needed. The reli.ned questions were then used with t~he next pilot study volunteer. It was
found that the videotape recording was clearer if each of the five questions was printed on a
| separate sheet of paper with the participants identification included on theas.heet. Also; this
: ensured each student’s work was attached to the proper problem.
During the course of the pilot study; it became clear that the problem set contained
too many questions. Consequently, two of the seven questions were eliminated. Also, the
- order of the questions was changed so that the questions the ‘volunteers perceived to be

easier would be earliest in the set.
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Throughout the pilot study thé researcher positioned the video camera.at various.
locations and angles attempting to find a pesition that would give the clearest picture of the
student’s writing and give the clearest sound reproduction while not interfering with the |
student’s work. It was discovered that the camera angle and position must be changed-for
left—handf_id and right—handed subjects. In general, thé besf‘position for the camera was
' behind the subjec’; while viewing. thé subject’s work over the subjecf’s shoulder on the side
. of the wﬂting hand. Bécause of the video recordings limited rééolution, the font size of the
p_roblem set was increased from twelve to fourteen. Also, it was found ‘;hat the participanté
were mulch more verbal and explain their think more thoroughly if they read each
probability problem aloﬁd before attémpting to solve the problem. |

It became apparent during the pilof that a four function calculator and pencil and .
scratch paper should be supplied to the pérticipants. |

After the five pilot Voluﬂteers had completed the probability problems, the set was
again reviewed by Df. James Robison-Cox and Dr. Th’eodore Hodgson. Several of the
problems in the set were revised on their counsel. The problem set as given to the students
can be found in Appendix E. Notice that only'one problem is on each sheet of paper. This
was done so that each student’s written solution would be attached to the related problem

when it was collected.

Participarit Selection

Subjects participating in the study were drawﬁ from students enrolled in Indiana
University’s introduc'tory finite.niiathematics course (Math 118), during fall serﬁester; 1996.
In Math 118 the daily curriculum is prescribed by the Départment of Mathematics and -
parallels the sequence of topics presented in Maki and ‘Thorrip.son (71.9'9'6). During the initial
we;eks of the course, the topics covered in lecture included: sets, set operations, Venn

. diagrams, partitions, size of sets, set outcomes, and tree diagrams. Thus, it was expected that




the participants would be exposed, both hy direct instruction and via the homework, to |
examples ‘and problems.mu'chf like those presented during the p‘roblem—s'olving" sesSions.

An announcement of the study was naailed to all Math 118 instructors, and severavl, ‘
of the instructors read the announcement to his or her sectio.n. The researcher was per‘mitted
to personally make an announcement about the study and 'lobby for participants in three
- Math 1 18 sect1ons The prospect1ve volunteers were told that each would receive ten dollars -
- for part1c1pat1ng Twenty one students volunteered for the study The resealcher did not
questron the partrc1pants as to which sect1on of Math 118 they were enrolled; however :

' several of the part1c1pants mentioned the1r Math 118 teacher’s name or the sect1on number
S0 it is known that there were part1crpants from at least three sections of" Math 118 and

therefore, from at least three drstmct 1nstructors

Participant Description

The subjects 1ncluded in th1s study Were recruited from Indiana Un1ver51ty S.
‘ 1ntroductory finite mathemach course, Math 118. The organization and selectron of tOplCS
in-this course are guided by Maki and Thompson’s (1996) text, Finite Maz‘hematzcs. The
| text and classroom instructionineluded many examples of worked probability problems.
The text problems require the use of coll‘ege;leve‘l algebra and (in many cases) Venn
diagrams. The use of the Venn: d1agrams and algebra.was demonstrated frequently during
" classroom instruction. Many problems were assigned that requ1red the use of Venn
“diagramis to ﬁnd‘ the solutions. Also, classroom quizzes were grven, 'collected,. and graded,
covering the ’prob.ability sections of the text. | |

Twenty-one students, eleven men and ten women, from three or more seetions of
,‘ Math 118 volunteered to oartieipate in this study. Nine of the students were majoring in
-busine_s‘s-,related subjects (business, ﬁnance, accounting, or marketing), two were elementary

education majors, and one major from each of German studies, public administration,
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computer _science, telecommunicatioﬁs, eriviron‘mental affé;irs, English, speech, and music. -
Two participants were still undecided about their majors. Of the twenty-oné, seven said they
disliked mathematics, six said they liked mathematics, and €ight -were undecided as to
* whethier they liked or disliked mathematics. Fifteen of the participants were Freshman, three
were Seniors, one a Junior and one a graduate student. One qf the participants,.a foreign

student, did not state an academic standing.

Data Collection

The data gathering includes mateﬁal from each of the following: (a) A pre-session
interview used to acquaint each volunteer with the_research process, audio and video
equipment, and establish a small biographical base, (b) a problem-solving sessioﬁ in which
each participant attempted to solve five probability quéstions, followed by (c) a post-séssion
interview, in which each participant explained (if asked) his or her solution technique, (d)
any writte_n material producéd by. the participant during the problem-solving session, and (e)
a field journal which record the researchiers observations and comments. The 'pre—sessioh
and tﬁe post-séssioﬁ were audiotaped. The problem-solving session was vidiotaped. The
field journal was used tQ'provide written reminders to the researcher of questions to ask of
the pérticipant for the post-session and to record the general impressions of the researcher.
The journal had no formal order and was not written in sentehce structure. |

The following methods were used to collect and triangulate the research data:

Pre-Session Interview -

Each participant, prior to attempting the problem set, was audiotape recorded
- answering a nuinber of questions about their mathematics skills, academic endeavors,
previous mathematics course, and their opinions and feelings about mathematics. The

purpose of this preliminary interview was to gather the necessary data to identify and-
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classify the participants, to help each of the participants become comfortable with the

recording equipment (the videotaping and audiotaping equipment was quite-obtrusive), to

~ encourage them to speak loudly, and to familiarize themselves with the data collection

process and the researcher. To accomplish these objectives each student was asked about

his or her major, high school and colle_ge'mathematics course -WOI‘k, favorite and least
favorite subjects, if the liked or disliked mathematics and Math 118, to identify their
acadernié year, and any other relevant questions that might come up during the conversation
with the researcher. An outline of the questions asked in the pre problem-solving session is

included in Appendix C.

Videotaped Prqblem—Solving Sessions

Each of the selected reééarch participants Was videotaped attempting fo solve a set of
five probability problems. Participants were asked to read each probability problem aloud
before beginning the'problem and to verbalize their thinking while attempting to solve the
problems.? The video recorder was focused on the student’s written work to detail the

physical manifestation of the problem-solving process. Also, each student’s written work

- was collected to document the process and to identity when translatioris occurred. As each

participant worked, the researcher operated the video camera and (when possible) made
notes about his own observation of the student’s work. These notes were then used to
question the participant during the post problem-solving interview. In particuiar,_ the
researcher attempted to identify and note any patterns that were occurring in the student’s
work, record any sections of the student’s work that were not clear to the researcher, and

note any uniqueness or originality in the student’s work.

* “Bricsson and Simon’s (1980) ‘Verbal Reports as Data’ concludes that certain kinds of talking aloud
instructions--those that ask for verbalization as one solves a problem, without calling for explanation
(elaboration or retrospection of what one is doing)--do not seem to affect people’s performance while
solving problems. The issue is still very much unresolved.” (Schoenfeld, 1985, p. 275)
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Although the problem set had been refined by fhe_ p&lot study, it b‘ec.:ame apparent
- during the first three interviews that the first problem was too éasy--thc participants were
doing the problem in their heads without using diagrams or synibolic algébra. Hence,
problem '6n-e Was refined and, because it then became much tﬁe same as problem three,
problem three was also.changed. Consequently, the data collected on problems one and

three from the first three participants have not been included in the analysis.

Post-Session Interview

Thé post problem-solving interview followed immediately after the participént’.s. :
problem-solving session. This interview was audio recorded. Tflé post session interview was
| used to clarify.the reseércher’s underé,_tanding of fhé mathematical'techniques used during
his or her problem-solving session. In particular, each participant was asked to clarify or

. explain any matheﬁaticd steps she or hé had not explained sufficiently during the problem-

. solving session. If Venn diagrams were used the, participant was asked why he or she used
a Vénn and askc_ad when in his or her mathematical schooling he or she had first been
exposed to Venn diagrams and similar graphs. If the student uéed only set algebra to solve a
problem, he or she was asked why he or she had not used Venn diagrams and asked what
cues the student used in deciding when to use a Venn or when to use an algebraic method.

- Also, because there were variations among the participants as to how they drew their
respective Venn diagrams, severél were asked.why‘ they-had drawn their Venn diagrarns in a
particular manner. For example, some students drew a box representing the universal sét
around their Venn circles while other étudents did not draw the box around the circles on
some or all of their Venn picturés. The researcher asked each of the participants who had
not included the box on some of his or her diagrams why he or she had not included the

, Venn box. If the participant could not recall what steps she or he had taken on a probleﬁ,

_ the researcher and the participant would watch the problem session video together and
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conseqﬁently the participant was often ahle to explai-n what steps he or she followed and
why. |

-The netes taken duri_ng t:he 'problem—selviné eessien were not fermalized——that is, the
netes'were (generally) (a) reminde_rsfof questions te ask ;of the subject at rthe. end o-f-"th.e '
problem-solving sessio.n',' (h) impressions the researcher had ceneerning some aspeet ef a
problem or seésion, or (c) a"rerrﬁnder to “look-at” some aspect of the seésion ata futtire
timie. The notes afe not included with the-‘détai-'—rather, they were ﬁsed as a memory aid while '

" the researcher‘was reviewing and analyzing the problem—solving'session video data.

Fieldnotes
The researcher’s fleldnotes 1nclude the audlotape and v1deotape of participants’
verbal and nonverbal act1v1t1es and a ertten record of those 1nd1v1dua.l activities that mlght
| not be (fully) recorded by the v1deotape or aud1otape. These notes also record the
researcher’s thoughts, impressions, and reflections of the participénts’ a_ctivities dhring the
~course of the i)-roblem—solving sessions and follow-up interviews. The researcher’s notes
include his thoughts and questions that were written during the probiem—solving session and
any impression_'s'an'd thoughts that were noted after each participant had concluded her or
his session. | | |
" Bogdan and Biklen (1992) advocate fieldnotes containing descriptive and reflective
aspects. They recommend that the descrip’gilxle aspects of the fieldnotes should encemﬁass
) the following 'aieas: | |
1. Portraits of the subject. The subject portraits eheuld‘ include descriptions of the subjects
demeanor, interview behavior, and mannerisms. The descriptions should also include
any aspects of the subject that might set them apart from others or feveal thinking ‘ahd

behavior patterns.
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2. Reconstruction of Dialogue. The reconstruction of dialogue should contain a record of
all non-taped conversations and private dialog between the participants and the
.researcher. The written record is to suppleinent and clarify the audiotape and video -
records and to record any dialog that may have been missed by the electronic
1ecord1ngs The researcher only included a record of the dialogue in his note if he

L believed that the- recorder had failed to record something because of outside noise or
_ equipment failure.

3. Accounts of partzcular events The notes of a particular event are a record of who Was ‘
1nvolved in an event, in what manner they were involved, and a description of the
charactenst1cs or nature of the event.

- 4. Depiction of actzvztzes ThlS isto record deta1led descriptions of the behav1or of the
research part101pants to reproduce the sequence of behaviors, reactlons and the nature of
the actions.

5. The observer’s behavior. Bogdan and Biklen (1992) recommend th'e following

In qualitative res‘earch the subjects are the people interviewed and found in the
research setting, but you should treat yourself as an object of scrutiny as well.
Because you are the instrument of data collection, it is very important to take stock
of your own behavior, assumptions, and whatever else might affect the data that are
gathered and analyzed. ... the descriptive part of the notes also should contain
materials on such things as your dress, actions, and conversations with subjects.
Although you attempt to minimize your effect on the setting, always expect some

impact. Keeping 4 careful record of your behavior can help assess untoward
‘ 1nﬂuences (p: 121) :

.The field jOurnal also includesla reﬂ‘ective acconnt‘ of the obserifations. According to
Bogdan and Biklen (1992), the “emphasis is on-speculation, -feelings,‘ problems, ideas,
hnnches, impressions, and prejudices. Also included is material in which you lay out plans
. for future research as well as clarify .and correct mistakes or misunderstandings in your
fieldnotes™ (p. 121). They.recommend that the reflective account.of the journal include.the

- following categories:
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1. Reﬂectzons on analysis. The reﬂectlons on anaiys1s contain 1n1t1a1 speculatlon about the
patterns and themes that may be emerging from the observations and recorded data.” |
This 1nc1udes speculation about what the researcher 1s learning and how various parts of
--7the data and observations may be connected

2 Reﬂectzons on method The reﬂectron on method section contains comments about the
(a) procedures and strategies employed in the study s data collectlon process (b)

) decisions madé about the studies desrgn, and.(c) necessary changes ‘made to the des1gn.'

3. Reﬂectio'ns on ethical dileminds and conflicts. - -

4. Reflections on the resedrcher’s Jrame of mind. This portion of th'e field journal contains
comments concernmg the researcher S personal opimons and assumpt1ons about the
subJects and setting of the study These reflections were used to control researcher b1as
and personal assumptions during data analysis. | | |

5. Points of clarification. This portion of the notes inc_ludes any post problem-solving
session information provided by the participants and’ any corrections that need to be
inserted 1n the researcher’s notes or transcripts of the sessions or interviews.

| For the -purpose'of this research, the field notes c’_ontained () audiotapes of the pre
problem—solvrng and post problem-solving sessions, (b) videotape of the' problem—solvrng
- session, (c) written notes made by the researcher during-the sessions, (d) transcripts of the
various sessrons (e) written notes of participant’s behavror that were made while the ‘
_ researcher viewed the videotapes of the problem—solying sessions, and (f) the researcher’s

notes concerning the study’s methodology.
Data Analysis

The process of constant comparison of data was used during and after the period of
data col',le'ction.: Glasser (1978) enumerates the steps in the constant comparison method of

data analysis and theory formulation as follows:




. 38

1. Begin collecting data. |
2. Look for key issues, recurrent events, oractivities in the data that becorne categories of

focus. |
3. Collect data tha'tprovide rnany incidents of 'the categories of focus, with an eye to seeing

the diversity of the dimensions under the categories. |
4. Write about the categorles you are explorlng, attemptrng to describe and account forall - -

., the incidenits you have in your data while continually searching for new incidents.

5. Work with the data and emerging modeI to discover basic social processes and

relationships. | | |
| 6. Engage in samphng, coding, and wrrtmg as the analysis focuses on the core categorres
Glasser (1978) notes that although the constant comparrson method is enumerated above as
aseries of steps, the method is not linear. That is, the researcher could be involved wrth
' several of the steps at any given moment and any step may reoccur,as research and analysis
proceed. | |

For this research the database includes the participants’ verbal remarks, written :
aléebraic and graphical material, and observable motor actions collected via videotape-during
problem-solving sessions and during pre and post problem-solving session interviews. The
videorecording of each problern—solving session was transcribed and correlated with the
subjects’ written work. The transcripts were also made of any comments, explanations‘; and
translation information that came from the post session interview. The transcripts of the pre
and post problem-solving session were used (when needed) to ensure the accuracy of the
transcript of the problem-solving session.
In the transcripts of the students’ work (protocols). presented in the Analysis of the

' Data (chapter four), the left column is a transcript of the students’ spoken remarks as they
- worked the problem. The right column is a transcript of any written work, including any

graphs and algebra. Each drawing is correlated with the verbal transcript found immediately
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to the left of the d,rawing‘.‘ That is, (as closely as possible) each drawing i'n-the..l‘ight column
corresponds with the transcript of the. spoken words appearing to the drawiiigs immediate-
-‘ left. Breaks in the su'bjec"ts’r verbalization (quiet times)‘ are distinguished by line épaces,
although. there is no correlation between the number of line spaces and the length of the
quiet time. | -. | |
All marks (y,vith three cﬁ(éeptions) included on the transcript of the written work are
also found on the subjcct‘s" written work. The_threé exceptions are (a) a printed hand is used
* to indicate that a student pointed to some part of his or her drawiﬁg, (bya sty_lized-éalculator
indiCatéSthat the subject‘used a calculator, and © “unaerlining” indiqateé"the"student made’ -
an addition to an existing 'equéti_on or drawing. Whe'n; the subjeet pointed to an item on his
or her’draWin‘gv, a hand is included ‘01"1 the transcript of the written work with a finger |
_ jﬁdicﬁting fhé position én the dréwing té which the subject was referring. The words spoken -
by. fhe subject as.he or she poiﬁfed are found in the transcﬁpt immédiately to the left of the
hand. | _

' All data, numbers, or graphics"that- the sgbjec':ts added to their drawings duriﬂg tﬁe :
pfoblem-solving sessions are iri‘chid‘ed in the transcript. These additions are ﬁnderlined‘ the -
'firét fime ‘they appeér on the. drawing. The figures in the right column of the protocols |
app,eér (as closély as possible) identical to the students’ written work. In the t.r'a'nscript‘ of
the spoken words, a éegment number is included in brackets (e.g.; [Segment 1]). Insertions
-are included so that the reader can Jocate in the protocol aﬁy words or phrases referred to in

 the discussion of the .protocoi; | -

o Prqtocol 3.1isa transéript of Mi'seon' doing problem number two.lThe' numbers in
pgrenthesi’s in_serted in the spoken transcﬁpt re‘:co_rd_\ thé elapsed time. The timing started the
- moment she finished reading the problem and began working on a solution. (For the sake -

of réadability, these timings are not included in the pro.tocols“ in chapter four).
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'Protocol 3.1

Name: Miseon' Problem' Two

At Giant State University a survey of students taking college mathematlcs found that 40%
took college algebra, 30% took statistics, and 42% took neither couise. If one of the
- students from the survey is chosen at random, what would beé-the probability that she or lie
- took either algebra or stat1st10s but not both courses? .

[Segment 1] .
Okay. (5 seconds) - Al = 40%
Tl go-—okay, forty percent took college math. - .
Thnty percent StatIStICS—-thll'ty percent o Sf:;' 30% -
“For ty -two percent took neither. |
. That means hke A--S is--. o © (AUS) = 42%
(35 seconds) : o ' ' :

Okay, so the question is--asks.
(40 seconds)

[Segrnent 2]
This is algebra and this is statistics.
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They want to know either Algebra or the
Statistics but not both courses, meaning that
you want to have--this side

of this side. (60-seé¢onds)

So this is forty-two percent.

- (1 minute 5 seconds)

" [Segment 3]

So uhh all this total should be one hundred
minus forty-two. I think fifty-eight percent,
right. (1 minute 25 seconds) _

Like total A S is A plus S minus--uhh S.
So fifty-eight equals forty plus thirty minus--.
Okay, X will be--

seventy minus fifty-eight.

Umm--Okay.

7 42%

100 - 42 =58%

AUS=A+S-ANS

58=40+30-X




Twelve. -
(1 minute 50 seconds)

" [Segment 4] -
We know that’s--this is twelve.

Like, so what we do is subtract forty -

[laugh] minus twelve is like--

twenty-eight. -

* Thirty minus twelve is eighteen.

(2 minutes 5 seconds)

[Segment 5]

42

Bi=1)

T 42%

‘ooog
{0000
Qoo

C 42%
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" So like--either Algebra or Statistics--so you
just have to add it. :

Twenty—'eight plus twenty-eight--fifty-six! . 28 +28 =56

(2 mlnutes 20 seconds)

(End of Protocol 3.1)

' The Vldeotapes transcnpts -and students wr1tten Work were analyzed to detemune |
(a) what representa’uons the students used in each solution attempt, (b) the beg1nn1ng and |
endmg tnnes of each translation task, {(c) whether or not the students coul‘d successfully
translate between representatlons and (d) whether or: not the students were: competent us1ng
the representauons Each protocol S representat1on and t1rmng 1nformat10n [ (2) and (b)
above] was coded onto a trme—hne An example ofa t1me—l1ne 18 g1ven in T1me—lme 3.1,
included below which relates to protocol 3.1. An explanauon of the procedures used to
develop the t1me—l1nes 1S 1ncluded in Appendlx A, and an example of the parsmg of Protocol
3.1is 1ncluded in Append1x B. The time-lines (and the method of parsing the protocols). are
an adaptat1on of those developed by Schoenfeld (1985) in h1s research 1dent1fy1ng Polya S
problem—solvmg steps. The protocol tables identify each student’s activities in five second
intervals, Any change recorded in a student’s behavior is rounded to the nearest five second
timing break.- | |

The time-lines are used to 1dent1fy (a) any representatlons the student used, (b)

patterns in the use of the representatlons and (c) time patterns in the: student S translat1ons
The tables from the various part1c1pants are compared n chapter four, with a particular focus
on .,identifying, descr-ibinf.;, and comparing the hehavior patterns of successful" and

 unsuccessful problem solvers.
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Time-Line 3.1
Student: Miseon

Problem: Two
Comments: Competent, Incorrect Answer (subtraction error on final step of the problem)

EPISODE

Context

CfAVvV

Venn

VfAS

Symbolic

CfA S :

Time O 05 :10 :15 :20 :25 :30 :35 :40 :45 :50 :55 1:00 1:05 1:10 1:15 1:20 1:25 1:30

EPISODE

Context

CfAV

Venn

VfAS

Symbolic

CfA S

Time  1:30- 1:35 1:40 1:45 1:50 1:55 2:00 2:05 2:10 2:15 2:20 2:25 2:30 2:35 2:40 2:45 2:50 2:55 3:00

Note. Context refers to the contextual (English) representation, Venn refers to the Venn
diagram representation, and Symbolic refers to a symbolic representation. C <->V
indicates a translation between the contextual mode and a Venn diagram. V<->S indicates a
translation between a Venn diagram and a symbolic mode, and C <-> S indicates a
translation between the contextual mode and a symbolic mode. The times are in five second

intervals.

Time-line 3.1 indicates that Miseon started her attempt by using 5 seconds
analyzing the problem in context, that is, she first studied the problem as an English
statement. Miseon then spent 30 seconds translating the problem into symbolic notation, as
is seen in the first portion of Protocol 3.1. She then returned to the contextual problem
statement (5 seconds) and translated information from the problem into a Venn diagram,
taking her 25 seconds. Miseon then spent 20 seconds translating information from the
Venn diagram into symbolic algebra, building an algebraic equation. She then spent 25
seconds solving these equations for the unknown amounts and 15 seconds more
transferring (translating) this information back into her Venn diagrams. Miseon saw she
had the information necessary to answer the problem and then spent 15 seconds translating

the information from the Venn diagram into the mode in which the problem was stated.
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Research Questions:

- The researcher entered the study with 'fOur‘ré,searchr questions, two that were considered
“Primary” and two“_‘_S_gaconda;y-"’ questions. Primar-y research questioris focus on the -
| - mechanics of students rep,reéentaﬁon use, whereas secondary 'questibr_ls focus on the roie of
represent'atioﬁ use in 'p'rbblém‘ s.leing..' | |
- Primary Re’searc‘_h. Questions: -
L. ‘Is.th.er'e- a_“diffcfc.nce in successful and unsuccesé_ful students' _ﬁée of multiple
representations to solve probability prob’lems? - |
- 2. Is there a difference in the patterns -exhibited by successful and unsuccessful students
with regard to*fh_ejr translation between _représentations? |
| S‘e'co‘nda:ﬁr Reseaféh Que_stiéns: .
3 - With fegard to the problemisélving process as a whole, what Benefits (if any) do
| stﬁdenfs gain through the use of mulﬁple representation? | o

4. What difficulties (if any) do students encounter in their use of mﬁlti_ple representations?
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'CHAPTER FOUR

'REVIEW AND ANALYSIS OF THE DATA
' QvervieW

This chapter begins with a review of data eollec';ted fren”t twenty-one students
attempting to solve ﬁve'prob-abivlity preblems. The data are used to develop definitions :
describing the students’ probiem—solving skills and translation activities. Two groups of
problem solvers are -identified (‘;eompetent” -and "‘“error—nrone”) and described. Tables
enumerate the number of correct and incorrect solutions (itemized by beth student and
problem number) and include related details about the students’ solutions. The chapter -
continues by describing the translation and problem-solving uetivities of the competent and -
‘error—prone-problem soltfefs ‘and eontrasting the work of these two groups. In particular, the
were are examined for patterns of behavior that characterize students use of translations

and multiple representatlons

Introduction- to the Data

The -fOIlouv‘ing"summaIizes the types of answers giver by tvt/ent’y—one students
attempting five probability word prob‘le‘ms.'The students, data gathering methodol‘ogfz, and
‘student selection process are deseribed in ehanter thtee. The data for problems one and

three Were ptov.ided for eighteen-students instead of for twenty-one. (Questions one and
three were chunged zt_fter the data from the first three students were collected.)

For the purpose of this research, being unable to answer a question is distinct from

answ‘ering a question incOrrectly An incorrect answer is one in which the student wrote or

v

Verbahzed an answer but the numeric port1on of the answer was incorrect. However, ifa -

student d1d not finish a problem or did not give an answer that included a number either -
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-written or _spoken-, then he or she Was reCOrded as having a DNF (di'd-not-finish)‘. Further,

the term not solved the problem refers either to an answer that is incorrect or to a problem

. that was.not finished.

‘Table 4.1 categorizes by correct or 1ncorrect the answers given by each student The
 right column of the table hsts (from left to right) the number of correct answers, 1ncorrect
_ ‘answe_rs, and “DNFS provided by e_ach student. For example, an entry of (3,2,1) indicates the
student answered three questions correctly, two questions incorrectly, end' did not finish one
problem. The bottom row liéts the total number of correct, incorrect, and incomplete
solutions given by the students for each problem. |

Table 4.1 -indic:ltes that no student correctly answered all five.questions. Notice,
however, Kelli is recorded as having no incorrect answers and no problems she failed to
finish (i.e., DNF). It is recorded as such because the datd, for problems one zlnd three Were
not included for Kelli, George,, Tand-Miseon (as explained in chapter three). Although Kelli’ s
answers for questions one and three are not recorded, 'ehe did correctly answer a different _
version of' the two problems. L1kew1se both George and Miseon correctly answered a |
different version of problems one and three. Thus @Gf the unrecorded versions were
- . included) of the twenty-one students,three had no correct answers, four had one correct,-
four had two correct, fourhad three correct, five had four correct, and one had all fiye
questions correct. |
There were seven students who missed four or more of the problems, that is, hed'

either none or only one problem correct. Of these, Don and Mindi each had four DNFs.
Bob, with four incorrect and David, With three incorrect, each had only one problem he
failed to finish. Thus, for the students missing four or more of the problems there is a large
variation between the number of incorrect solutions and the number of problems not
comipleted. .

Problem three appears to be the most difficult with fifteen of the twenty-one
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students nﬁssiﬁg the problem. Five of the students did not finish problem three, and ten
students gavé an incorrect solution. However, the students also had difficulty with both |
pfoblems two and four. Problem two had the highest number of DNFs (7) with a total of _
“eleven students not 's,olving.the problem. ‘Thirteen students were not.able to solve problem
fourteen. |

Table 4.1. Answers Given by Problem and Student

Student: | Problem 1 Problem2 Problem 3 Probiem 4. Problem 5 C,I,DNF.

Arnie DNF DNF Incorrect  Incorrect  Incorrect 0,3,2)
Bob Incorrect  DNF Incorrect  Incormrect  Incorrect 04,1)
Chad Correct Correct Correct Incorrect  Correct 4,1,0)
David Correct Incorrect  Incoirect  DNF Incorrect (1,3,1)
" Deb Incorrect  Incorrect  Incorrect Correct Correct - (2,3,0)
Don DNF DNF Correct DNF DNF (1,04)
Erin Correct Correct DNF Incorrect  Correct (3,LD
. George —_ Correct . Incorrect  Correct (2,1,0) -
- Greg Correct DNF ~ Correct Incorrect  Correct (3,1,1)
Jack Incorrect  Correct Incorrect  Incorrect  Correct 23.0)
‘Karen Correct DNF Incorrect Correct Correct (3,1,1) |
Kelli _— " Correct —_— Correct Correct (3,0,0)-
Kyle Incorrect . Correct . DNF DNF DNF (1,1,3)
Liz Correct ~ Incorrect ~DNF Incorrect ~ DNF (1,2,2)
Lori Correct DNF Incorrect  Correct DNF (2,1,2)
Marty . Correct Correct DNF Correct Correct (4,0,1)
Meredith  Correct Correct Incorrect Correct Correct 4,1,0)
Mike Incorrect Correct Incorrect Incorrect Correct (2,3,0)
Mindi DNF DNF DNF DNF Incorrect 0,1,
Miseon ——  Incorrect —— Correct Correct 2,1,0)
Sue Incorrect  Correct Incorrect Correct Correct (3,2,0)

- TOTALS (9,6,3) - (104,7) (3,10,5) (8,9.4) (13,44) (43,33,23)
Note. (n = 21) DNF indicates the student did not finish the problem. Dashes indicate
data were not recorded. Amounts in parenthesis record numbers of problems cofrect,

incorrect, and not finished, respectively.
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Perform’ance-Based D‘eﬁ_nitions

-

Based upon an’ analysrs of the students’ solutions and the data in Table 4 I, two
'classes of problem solvers were deﬁned |

-1. Competent problem solvers are able to analyze a problem, develop an appropriate _
SOlL'lthI’l strategy, translate between representatrons (modes) accurately, and operate w1th1n
' the representations competently Asa result competent problem solvers are able to analyze a
problem, find a method to solve the problem, 'choose and use appropriate translations, and,
but for min‘or errors, find a correct solution. The competent students use translations and
representations in a manner appropriate to the problem and can qmcklv and accurately |
translate between the various representations. B |

It should be noted that competent problem solvers are so labeled because of their -
abihty to use the mathematical tools and concepts available to them in a competent manner,
not because of their ability to always find a correct solutions to the problems. Indeed, the
fact that competent problem solvers can translate between representations and operate within
the various representations enables each of them to find correct solutions. However, the
competent and the error-prone students both made “slips” (Norman, 1981). That is,
individuals from either group made errors in arithmetic, copying, or reading the problem.

2. Error-prone problem solvers have less success (than the competent Students) at
solving problems because they' are unable to (a) develop or implement an appropriate
problem-solving strategy, (b) complete the necessary translations, or (c) perform the
- necessary arithmetic or algebraic operations while working within the various modes. That

is, error-prone students often have difﬁculty translating the English statement of the
" problem into a Venn diagram and often have difficulty translating information from a Venn
or English representation into an algebraic statement. Also, the error-prone students may be

unable to operate successfully within the various representations. For instance, several of the
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students had ".difficiJlty performing algebraic 6peratio’ns_ (e. g., Karen’s Protocol 4.3y and, as;
a result, had difﬁéulty.ﬁnding numeric 'valueé representing regions in the Vcnn_ diagreims. |
Further, "theref isa distinét subgrbup of th¢ error-prone students t.hat.appea‘rs unable to
successfuliy. anély_zé: the English representaﬁori of the broblem(s,_). Conséquently,, the
'membe'rs‘ of this 'sub'grc;up are -ﬁnaBIe to translate the problem ‘ffor"n Ehgliéh'into any other
| repre§¢ntation. For the purpose of clarity, the error-prone stpdents' are not strictly the same
group aé the sef labeled unsuccessful. Several of the un.sIJCc'essful_”students‘ weré ﬁot efro'_r—. _
prone, rather, theﬂy-we're‘ careless in their _wérk‘ or tncbncémed about getting a correct
- ‘zmsv_ver. To _é,_umméerC, the error-prone students are cl‘as,sif.ied as such because eacﬁ is prt;ne
- to making errors in franslétio_n, in mathématical manipulations, orin problem qnalysis, not |
'becausé gheir einéwers are in error. In fact, incorrect a'n’sv?e'rs are caused by.thé s_tudent"s
inability to complete a tfansl‘at-idﬁ, by mistakes made during a translations, and, to a lesser

degree, by mistakes made while operating in some non—.E’nglish mode.

-S.olhtiqns Data by Subject Claérs‘

This section looks again at the soluti_on attempts of the tweﬁtyjone studéﬁts; -
however, the data aré'cl_assified into sets of efrof-brone-and ,cémpetent problem solvers,
~These two classes were formed through énalysis' of ‘each student’s work. o
As before, béing uﬁable to answer a’'question correctly is distinct from anSWering a
question incoijreé_ﬂy. An incorrect answer is one i which the student wrote or v’_erbai}ized an
~answer, but the riumeric portion of the answer was incorrect. However, if a student eithér'did |
not finish a problem; did'not produce an answer that included a number (the number could
. be either written or spoken), or éxpressed‘fhat he or she did not und’efstand some portion of
a problem, then he or she waé recordéd as ﬁaving a DNF (did-not-finiish). Being unable to |
+ finish a question does not imply that the _student did'not understand how to approach the

. problem or that her or his method was incorrect. Cases were recorded wherein a student was

1
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unable to complete some partiéhlar translation or manipulation, which.pro‘hibited her or him |
from__finis-hing.‘ HoWever, it was clear that she or he uﬁderétood how to approach the
. problem and would héve found a cor;éct solution, but for an inability to finish stéps in the
problem (e.g., Protocol 4.6). ‘

The following two tables display the type of answer (correct, incorrect, or DNF)
given on each problem for each student in the two classes of problem solvefs. “

Si){df the twenty‘—one" students afe classifie& as competent. Oﬁfy one of the
competent students did all five of the problems c'orrecﬂy but none of the six missed more
than one question. Also,- on-ly. one of these students was unable to give an answer and that .
was only on one problem. |

’Table 4.2: Types- Qf Answers Given by Competent Students
Student . Problem I | Problem 2 | Problem 3 lProblem 4 Problem 5 C,LDNF

Chad Correct Correct Correct Incorrect  Correct “4,1,0)
George : Correct Incorrect  Correct 2,1,0)
Kelli = Comect =~ — Correct  Correct (3,0,0)
Marty ~ Correct  Comrect ~ DNF Correct - Correct . (4,0,1)
Meredith Correct -Correct Incorrect  Correct . Correct - (4,1,0)
Miseon ' Incorrect " Correct Correct (2,1,0)
TOTALS L _ : - : (194,

Note. (n = 6) DNF indicates the student did not finish the problem. Dashes indicate the

‘problem was not recorded. Amounts in parenthesis record numbers of problems

cofrect, incorrect, and not ﬁhished, respectively.

From Table 4.2 it is seen that the compéteﬂt students answered 79% of the problems,
~ correctly (19 of_ 24 ques.tions); 17% incorrec_:t-ly (4 of 24), and were unable-to answer a
question only 4% of the time (one question of the twenty-four). So, 21% percent of the time
competent students eﬁher did not give a solution or gave an incorrect ai{sweri -

' As shov_vn in Table 4.3, fifteen of the twenty-one research students afe classified as

~ error-prone. Three of the fifteen were unable to answer any of the five problems correctly,
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four were able to answer one problem correctly, four answéréd two broblems correctly, and
four studeﬁts énswere_d three of the problems correctly. None of the error-prone étudents
were able to correctly answer more than three of the five questions.

Table 4.3 shows that the erroﬂprone students correctly answered 32% of the

quesﬁons (24 6f 75 questions), 39% incorrectly (29 of 75), and were unable to answer 29%

of the questions (22 of 75). We see then that the eﬁor—prone students either did not finish a

' ‘problem. or-gave an incorrect answer 68% of the time (29 + 22 of 75 questions).

- Table 4.3: Types of Answers Given by Error-Prone Students
Student Problem 1 Problem 2 Problem 3 Problem 4 -Problem 5 C,I,DNF

Arnie DNF - DNF Incorrect  Incorrect Incorrect 032)
Bob Incorrect DNF Incorrect  Incorrect  Incorrect 04,1)
David Correct Incorrect  Incorrect ~ DNF Incorrect (1,3,1)
Deb Incorrect Incorrect  Incorrect  Correct Correct 2,3,0)
Don DNF DNF Comrect  DNF ~ DNF = (1,04)
Erin . Correct Correct DNF Incorrect  Correct (3,1,1)
Greg - Correct DNF Correct-  Incorrect  Correct (3,1,'1)
Jack Incorrect  Correct Incorrect  Incorrect  Correct (2,300
Karen' Correct DNF Incorrect  Correct Correct (3,1,D
Kyle Incorrect  Correct ~ DNF DNF DNF (1,1,3)
Liz Correct Incorrect” DNF Incorrect  DNF : 7(1,2,2)
Lori  ~ Correct DNF Incorrect Correct ~ DNF = (2,1,2)
Mike = Incorrect Correct Incorrect  Incorrect - Correct - (2,3,0)
Mindi DNF DNF DNF DNF Incorrect. 0,14
Sue Incorrect Correct Tncorrect  Correct Correct (3,2,0)
TOTALS _ ' . (24,29,22)

Note. (n = 15) DNF indicates the stljdent did not finish the problem. Amounts in

parenthesis record numbers of problems correct, incorrect, and not finished, respectively.

Tables 4.4 and 4.5, respectively,' show the number of correct, incorrect, and DNFs
for each problem by the ‘competent and error- prone problem-solvers. Again, we see that
problem three appears to be the most difficult for the students. Of the two competent

students who missed the problem, one gave a wrbng answer and the other gave no answer.
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o Howevet 'thirteen of the ﬁfteen error-prone students missed this problern Nine of the
~fifteen answered 1ncorrectly and four were unable to f1n1sh the problem

'Table 4.4: Answers leen by Competent Students ‘

| (n 6)
Question# =~ Correct. Incorrect . DNF.
Questionl -~ 3 0 0

Question2 -~ 5 - 1 0

Question 3 1 1 1

Question 4 4 2 0

- Question 5 6 0 0

~ TOTALS - 19 4 1

Four of the six competent students had one incorre_ct solutions, and-one student had
a DNF. None of the six r'rlissed more than one, and one student nnssed none of the |
problems. .. | | |
It should -Be' noted here that although the number of incorrect or ]5NF ‘solutions
glven by the competent students may appear hlgh (5 of 24 problems not solved), their
WIONg answers are very different in nature from those of the error—prone students How and
‘why these answers are different will be discussed in later sections.

Table 4.5: Answers leen by Error-Prone Students

_ (n=15)

QuestiOn # Correct Incorrect . DNF
Qu_estion 1 6 _ 6 - .3
Question 2 -5 3 7

" Question 3 2 9 4
Question 4 4 . 7 4
Question 5 7 . 4 4

- TOTALS 24 29 -22

~Notice that eleven of the fifteen error-prove students were unable to find an answer
to one or more of the five problems, and fourteen answered one or more question(s)

incorrectly. Typically, error-prone students giving incorrect answers either (1) have some
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- misunderstanding about the facts and relationships expressed in the problem statement, (2)

make a translation error, or (3) make an arithmetic or algebraic mistake; however, each of
these students did give a numerical solution, albeit incorrect. Twelve of the error-prone

students correctly answered one or more question(s) but were unable to find an answer to

other problems.

Characteriétics of Competent Problem Solvers

The examples and analysis that follows purposes to (a) identify and characterize
successful-and unsuccessful students’ use of (a) multiple representatioﬁs and.(b) .
t'ranélations between representations during problem solving. This is done in'order to
answer the foll‘oWiﬁg questions: | |
1. Is there a difference in successful and unsuccessful students’ use of multiple
representations to solve p.ro'ba,b.ility problems? | |

2. Is theré a difference in the patterns exhibited by successful and unsuccessful students
with regard to their translation between representations? |

3. With regard to the problem-solving process as a whole, what benefits (if any) do
students gain through the use of multiple represeﬁtation?

4. What difﬁculties; (if any) do studénts éncounter in their use of multiple representations?

This section seeks tb identify and describe various _characteﬁstics demonstrated by
the compétent problem solvers, specifically, the successful students’ use of multiple
representations and translations. Included are several detailed examples demonstrating these
characteristics and the students’ problem-solving techniques.

In particular, this research focuses on the following attributes demonstrated by

competent problem solvers:

- 1. An ability to make translations between the varjous representations accurately and

efficiently.
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2. Aclear understanding of the type of information that will be revealed by a trahslation -
and cqnsequeﬂtly, a reaﬁzation of the need for a translation and new repfesentation.

3. The realization of the nature of the connection and relationships between the various
representations. In parti'cuiar,‘ that a translation does not change data and relationships,
but rat.her, that translations and representaﬁons are ﬁsed to reveal félaﬁonships and
categorize data.

4. ‘ ‘The aBility to refocus their attention from the “';t:>i g picture” onto .“smalle.r?’ aspects df a
problem until they gained from the smaller piece some insight or information that is |
needed to solve the larger p‘roblém..

_ 5. A realization of the 'rélevance and non—rélevance.of déta, relatidnships, and facts

expressed in the problem statement or revealed by a.‘translat,ion or representation.

Examples of Competent Characteristics:

Competent problem-solvers vdispléy an ability to make translations between the .
various representation 'modes efficiently (and generally, quickly) with few errors. They view
the Venn diagram as a tool to assist them during problem solving and seé algebra and
symibolic notation as tools to use while completing the. Venn diagrams. It should be notéd
‘here thét, in both the competent and error-prone groups, algebra and sy.mbolic notation are
not one tool, but rather, two distinct but (often) inseparable tools. As will be seen in the
examples that follow, symbolic notation is uéed when translating between the contextual and
Venn diagrams or used while solving algebraic equations. However, algebra is a tool using
both symbols and algebraic steps to solvé for an unknown quantity. In the examples, the
unknown quantity is moét often an unknown value represented by a region of a Venn |
' diagram. The two tools are generally indistinguishable (to an outside observer) because, in
most instances, the act of translating to the symbolic mode includes developing a symbolic

algebraic relationship. However, in the error-prone students’ protocols, a different kind
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: .translatlon act was observed: a contextual to symbohc translatlon in which the students
symbohzed” the nouns referred to in the problem statement. Dur1ng this * symbohzatlon
step,” symbols were a331gned to each of the objects mentloned i the problem statement.. -
This symbolizing process often took place while the student was translatlng the. problem
' statement into a Vénn diagram. The symbols were assigned to the regions of the Venn
diagram and also-used in the algebra equatlons that were used to find the values ‘represent‘ed
"by.the Venn diagram regions; | - | | |
| Regarding attribute three, the competent ctudents made very strong ccnnections
B be‘tween ‘t_he-representétions. The stfong connections allowed_ them to realize that a logical |
' cOntra(iicﬁon-on a Venn diagram orin an.‘a_lge‘b.rai‘c equation implies that they had made an
‘ e'rror.either during a translation or while operating in an earlier mode. |

Notice that the fifth characteristic is closely related to the second and forth
R characteristic. In particular, the competent students realized how a translation would help in
solving a problem, what data Would be revealed by the translation, and how the data wonld
' be ca,tegOrized‘by a translation. They were-'able to take thejf focus off the larger problem to
refccus on some'particula“r aspect(s) of the prcblem (such as é particular piece of a Venn
diégram) a'nd, while doing so, were eble to see Whét f‘acts and_da’ca were felevant to'th_at piece
of the problenl. |

Instances of the ease of translation and the competerit use of the various modes are
found in nearly every one of the competent students’ work. As an example, consider Kelli"s..
nse of the various modes as che solves problem five. In this protocol, Kelli wrote out ahnost
every algebraic steps needed to solve the prcblem. However, many of the competent
students were 50 comfortable with algebra and ‘sclving Venn diagrams that they were able to
‘ nﬁninﬁze their written algebra by (a) skipping steps or (b) doing much of the work 1n their
head. No_tice Kelli’s efficiency as she transiated between the various modes (characteristic

_ one), how she appeared to understand why and when she should use a translation
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(character1stlc two and ﬁve) and how easrly she change her focus from the larger problem
" to the algebra when needed (character1st10 four).

Notlce also Kelli’s remark as she begms the problem [segment one] “Okay, againa
little Venn d1agram Kelh knew that she needed a Venn diagram, and she knew why she
| needed:a Venn diagram. She was aware that the Venn d1agram would aid her in categorizing
and describing t’he.data ina mann_er that wouild lead to an answer, demonstrating |
"cha‘racteristic’s two and five. B | o

‘As a reminder, the protocols are a transcr1pts of the students work and words only.
-N one of the words recorded were spoken by the researcher. The left column is a transcript
of the student’s spoken words and the right column i$ of their written work. Chapter three
proVides a detailed e)rpl‘anatii_on of the-protocols. - | |

Protocol 4.1

Name: Kelli Problem' Five -

A secuntles analyst is rev1ew1ng the performance of a group of computer manufacturers.
She finds that 75 percent have increased sales and 30 percent have increased earnings. She
also finds the 15 percent have increased neither sales nor earnings. One manufacturer is -
selected at random from the group. What is the probability that it has increased both sales
and eammgs‘7 : ,

[Segment l]Qkay.

Okay, again a little Venn d1agram
So this one will be sales.
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And this one Wi_ll be earnings. | ~ ‘ -

So sales, 'eaming’s. ‘ S = B=
[Segment 2]
Seventy-five percent have increased on their . S=75 E=30
sales and thirty percent have increased on — =
their earnings. :
-S=75 =30

- She finds that f1fteen percent have increased .
- for neither of them so that goes right there. °

a.

~ [Segment 3] '
One manufacture is selected at random.
“What is the probability that they have increase
both sales and earnings?
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[Segment 4]

So you want how--what’s the probablhty of  8=75 . | E_:_?,O
its falling? uhh in this category right here. — o

7 [Segment 5]

So again, you Just have to make that X . S=75 - - B=30

‘And then seventy-five minus X | _ - S=75 E=30
15

thirty minus X, 85 E=30

15
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_and since th1s union will equal one hundred
you have to.have--umm.

[Segment 5]

So.one-hundred will have to equal this fifteen
-plus seventy- f1ve minus X plus X plus thirty

_ minus X. _

~ And then those cancel out each other.
One-hundred equals fifteen plus seventy-five
plus’ th1rty

A hundred--and twenty minus X.

And then add X here, add X here and subtract
- a hundred, subtract a hundred

And X equal to f\n}enfy.

[Segment 6]
So it’s just twenty.

So X équals twenty.

S=75 E=30

u:lOO‘

100=15+75-X +X +30- X

100 = 15 + 75 X3+ 30 - X .

100=120-X.

100=120-X

+X - 100 -100 +X

S=75 E=30 _

| u=100

X =20

(BEnd of Protocol 4.1)

‘Kelli completed this problem qﬁickly and with little hesitation. She translated the

English statement into a Venn diagram accurately and efficiently [Segments 1.and 2] and

. she was able to immediately see what region of the Venn was needed [Segment 3] to solve
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. the problem (demonstrating characteristic one). She used symbolic algebra accurately,

competently, and efficiently [Segment 5] as needed to solve the Venn diagram regions.

Notice also that once Kelli started her algebra solution éhc focused entirvely_on'_ the éigébra

until she had a solution, that is, a Vélue for her X variable. She then transferred the algebraic

information back to the Venn representation and only then did she refocus her atténtion
[Segment 5-and 6] to solving the larger problem, demoristrating both characteristics one and
fourl. B | |
In Protocol 4.1, and in other competent students’ problems, it is seen that the
students uﬁderStood the connecﬁons between and among the English, Venn, an_d symbolic ‘
representations. More than just seeing that a connection exists between the various modes,
these students understood the relationships between the various modes. These students
understood that a V'eriﬁ";épresentation allows the data to be organized or categorized in a
manner that helps one to “see” data relationships in the information presented in the
contextual mode. Further, these students were confident that their algebraic steps were

correct and were comfortable using symbolic notation. Consequently, the comipetent

-students translated competently and conﬁderitly between the various modes.

Because competent problem solvers have such a good understanding of the

" connections between and among the fepresentations, they realize that (if the translation is

- performed correctly) the modes represent the same information but one representation may

present data or information in a clearer manner than another. For this reason, if a competent
problém solver (1) completes a translation and beginé operating in the new repreéentation
but (2) finds a statement that appears illogical or incompatible with other information he or
she (3) will then conclude that either a mistake had been make in ﬁanslation or that there is
an error in her or his analysis of the problem. The competent problem solver will then work
to find thé error and not continue with attempts to solve the problem until he or she has

resolved the apparent contradiction.
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Chad’s solution to problem orne (Protocol 4.2) demonstrates a competent problem
solver s use of translat10n (character1st1cs one and two) error analys1s and.correction -
procedure (character1st1c 3), and again demonstrates how the competent student is able to
focus attention away from the larger problern and onto a portion of the problem |
(character1st1c 4) NOthC also that both Kelli and Chadhave a clear understandrng of the
relatlonshrps given in the problem and consequently are both able to qurck_ly. analyze the
problem and' see a.solution méthod. - |

Protocol 4.2:

Name Chad' Problem: One

In the evenmg, between 7 and 9 PM, Ann S phone is not busy 15% of the t1rne ‘John’s

- phone is busy 35%.of the time, and both of their phones are busy 10% of the time. What'is
the probability that neither. of their phones will be busy at some moment durmg this part of
the evening?

[Segment 1]

All right. So, when I.do this I’m looklng
for—that neither of the phones will be busy.
So I know that Ann’s phone is not busy
seventy-five percent of the time.

[Segment 2]
I’m going to do the circle d1agram—the Venn
-thrng-—and I’m just gomg to put—. '

I know seventy-five’s in this circle. = l .15
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~And I know his, John’s, is busy at thlrty -five 65 75
percent so I know. 1ts not busy at sixty- f1ve '

And then, both of their phones are bﬁsy_ atten 65- . 75
percent of the time so their not busy at ninety ;
percent. That will go in the middle. '

That doesn’t wbrk. Hold on.
[Segment 3] ‘
‘Okay, I'm gomg to switch th1s around.

Okay, I'm going to switch it around and
‘make this thirty-five percent over here.

" Both are busy at ten percent—that s.in the
middle. ‘
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And, hers, Ann s, i not—is busy twenty-flve
percent. .

So, I knoW;I know that Ann’s is 'blisy
fifteen percent of the time '

and John is not—John’s isn’t at all. And his 35 25
is busy twenty-five percent of not all so—.

[Segment 4]

Okay, so you add all that together—.

I want to find the probability that neither of
the phones were busy at some moment during
this part of the evening so to find that I'm just
going to find out what’s the probability—

what percent will be and just add all this 1, _
together which is twenty-five, ten, fifteen 25
which is fifty. 10

’ 15

50
So, it’s one minus fifty percent The answer
is fifty percent. , i-50% = 50%
[Segment 5] ' J‘ ,
~ I’1l just write it out. Probab111ty not busy— : Pr(Not busy) = 50%

- That’s figured out.

(End of Protocol 4.2)
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. Notice that Chad was very pos1t1ve about his need to draw a diagram. He real1zed
| 1mmed1ately that the Venn would allow him to categonze the 1nformat10n needed for the

~ solution. However he d1d not draw a box around h1s Venn, c1rcles Th1s fallure may have

‘mislead him on his ﬁrst attempt at solving the problem in that he d1d not real1ze the universe

‘vof poss1ble outcomes 1ncludes the percentages for “busy” and “not busy ” Other students
‘that didn’t place the Venn circles in a box representmg the outcome universe also had

| difficulty solving those problems. | | | _.

A Chad’s 1n1t1al approach to solving the problem [Segment 1 and 2] was essent1ally

| correct However as he f1lled out the Venn d1agram with the “not busy percentage, he
real1zed that the numbers he had placed in the various regions were not compatible with the
“90%” that he thought should go into the Venn dlagram s region of intersection. He saw -
that the 90% he had placed in the Venn 1ntersect1on was not poss1ble if the two c1rcles had
the v-alues seventy-five and s1xty;f1ye. He then stated “That doesn’t work. Hold on.”
[Segment 2]. He then redrew the Venn diagram [Segment 3] and changed the Venn circles
to represent the percentages for "‘busy phones’; instead of “‘not busy phones‘.” Chad "
continued wo'rl{ing until he solVed the Venn diagram, found a correct 'ansyve'r, and translated
his answer back into English. | | |
| Chad is very efﬁc1ent and competent with the translations, in fact, so much so that
when he saw the contrad1ct10n and then realized there was a more appropriate Venn
representation for the problem he didn’ t hesitate to stop, change the representatrons in his
Venn diagrams, and re-translate the Enghsh 1nf0rmat10n into the new Venn Chad saw the
contradiction because he had a clear understandmg of the type of 1nfonnat1on that would be | .
revealed by the Venn diagram. On noticing the contradiction, he almost immediatelysaw
that a different representation of the Venn diagram would more appropriately represent the |

information needed for his solution method. Chad is so comfortable with the process of
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| solving the Venn. diagrams and the related algebra that he saw no need to write out the |

‘equations. Instead5 'he did the algebra 1n his head while verbalizing the nee_ded -n‘umbers.. o

‘Notice that Chad realizes the values given in the problem (35 and 25) do not
Tepresent the Values inside the Venn reglons which is the reason he Wrrtes these values '

» [Segment 3] on top of the crrcles 1nstead of 1ns1de the c1rcles Like was seen 1n Protocol 4.1,
once Chad begrns to perform the algebralc operat10ns [Segment 4] he focuses his complete
attentron on only that aspect of the problem and continues to do so until he finds values for

_ all of the regions of the Venn. However, unlrke with Kelli; it is not cléar that Chad saw :
initially what regions of the Venn he needed for the solution. This may be the reason he

fsolved for all the regions of the Veni, Or, he may have realized that he _needed the outside

B regions of the circles and that he would have to solve the entire Venn to find those t/alues.‘ |

l\/lany competent problein solvers become so _focused on flnding the mathematical
solution toa problem that they do not ﬁnish the problem with their answer stated in the
contextual mode, that is.,, as an English statement‘. Rather, they quit Working, believing they

are done with the problem, as soon as they find a number t-hat symbolically represents the .

solution W1thout translatrng the number into the contextual mode As an example of this,

notice how Kelh (Protocol 4.1) presents her solutron Kelii stated “So X equals twenty”

[Segment 6] rather than stating “The probabrhty of the manufacturer has 1ncreased sales..-

and earnings i$ twenty percent.” Also, when Chad first stated his solution (Protocol 4.2) he

" said [Segment 4], “The answer is fifty percent,” but he didn’t wr1te anythrng Then, after a

pause [Segment 5] he stated, “T’1l just write it out. Probablhty not busy ” However, he

didn’t ‘write the word “probability.” Rather, he\uses the mathematical symbol “Pr” for the

- probability. These examples may. indicate that competent students construct such strong

connections between representatrons that they believe they have answered the questron :

appropriately using symbolic notation. That is, they believe there is no need to translate back
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into the English representation because, to them, the symbolic or-\ algebraic representation )
‘portray.-?sthe information just as clearly as does a contextual statement of the solution.
During 'problem solving, ‘competent. problem solvers often refocus their attention for
a-period of time on some selected aspect or portron of the problem in an attempt to
| understand that part1cular p1ece of the problem In general to gain an understandmg of the
' problem segment -the competent problem solver translates some portion of the problem into-
-a d1fferent representation, such as symbol1c algebra inan attempt to clarify, class1fy or
solve (ie., f1nd a value) for sorne part of the problem |
The prevrous examples seive to demonstrate two aspects of the use of
representat1ons that charactenze the competent students: (a) The competent problem solver
translates all or some approprrate port1on of the problem from one mode 1nto another mode
performs some operations or analysrs in the new mode, and after obtammg the needed
understanding of the portion of the problem that was translated translates the new- |
1nformat10n back into the original mode and attempts to 1ntegrate th1s new knowledge 1nto
the larger problem However (b) if the competent student performs a translatlon but then
concludes that the new representat1_on is not useful in analyzing or solvmg the problem, he
or she wil-l_ then return attent_ion to some earlier representation, make anew tr‘ansla_tion, and
use a different representation to help solve the problem. This second characteristic was
demonstrated by Chad in Protocol 42. | |
These two. charactenzatlons support research by Lesh, Post, and Behr (1987) in
which they reported (during problem solving sessions) “students seldom Worl_{ed through
solutions in a single representational mode. Instead students frequently use several
‘representa_tional' systems, in series and/or 1n parallel, with each depicting only a portion of
the given situation” (p. 37). Lesh and his colleagues report that while students were solving
- word problems their solution paths often “weave back and forth among several

representational systems, each of which typically is well suited for representing some parts




‘o_f the situation but is ill suited for reprcséﬁt_ing_othérsf” ‘(p. 38). This is clearly seen in the '
- various students’ use of Venn diagrams to c_a_tegori;e the numerical data from the English
statément‘ of the problem and with 'tl_leir use of algebra to solve for the values in Venn
diagrams. Howevar; the students. did not try to represent the problein statement algebraically
or with a Véhn, rather,‘ fhéy used t_hé yrepreslt;,ntations to énalyzé and categorize fhe data given
in the prdblem statement. - | | |

It shoulc.i“ be thed that in many cases the competent probleni solvers were able to’ |

' franslate and analyze a portion of a problem without writing out any of the translated
information, that is, wi_’_cholif displaying any written work in the new mode. In fhese cases, the
.étudents verbalized why the trahslatic)n and new represéntation was need‘ed, arrived ét a ”
mathematical deci_éion or obtained a numeric value with a calculator (or other means), and
-then translatecf back to the -:o‘rigirllal mod‘e.'Thésg steps were all accomplished without the

| students wfiﬁng down an algebraic equation or maklng a diagram in the new mode. In fact, ’
cfomp_etent problem solvers are so comfortable doing algebra and solving the Venn circles
that often they Will oniy verbalized their Work and not write Ou:t' their algebraic |

~ manipulations. This is demonstrated in Protocol 4.2 [Segment 4]; Chad is able to analyze

- the Venn diagfam without ‘Wﬁting any symbolic notation and arfives at the needed values by
.using addition rather than by solving an algebraic equation.

Competenf prbblem solvers are able to sebarate th'e‘ relé\}ant facts from the irrelevarit
facts within the problem stétgmeﬁt as they analyzed the problem. These students generally
aﬁpeér to understand the details given in the problem statement and are able to see the
logical fconsequenc'es‘ and relationships demanded by the facts stated in the problem
statement and chsequentIy' are able to discover or visualize a possible solution method -
before translating the probiem or some portion of the problem into a non-contexfual
represehtati‘on. That is, competefit problem solvers appear to be cdgniéant of what

information will be revealed by any given translation. The competent problem solver might
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not kﬁow the detailc or the exact nurnbers that will be revealed by the translation,‘ but he or -
she does kncw the type of inforfnation or character of the l_data thét will be revealed by the
‘ translaticn Cons'equently, the competent problem solver chooses a translation because he or
she knows that a partlcular mode w1ll classn°y or categonze the 1nformat10n from the

problem in a manner useful for f1nd1ng a solution..

CharaCtérist‘ics of Efrcr—Prone Problem Solvers

This section describes various characteristics demonstrated by the error-prone -
) problem solvers. Included areseveral detaﬂed examples demonstrating these charactenstlcs
and the students’ problem—solvmg techmques

In part,tcular, this research focuses on the followiﬁg attributes demcnstrated by the

error-prone problem solvers:

1. Error—prone students often (initially) use an English to Venn translation in an attempt to

discover a method of ﬁnding a solution rather than as a method of finding a solution.

2. The error-prone students often appear to have no undersfanding of the purpose of the .
transla;[ions'cr the various representations. Rather, they seem to -ﬁse the translation -
blindly in the hope of “getting somewhere”.on a problefn, or be'c.ause it is a technique
demonstrated by the classy instructor.

3. Error—proﬁe students are very cpt to make‘ errors during translations. In particular, many
error-prone students displayed difficulty translating £he contextual problem statement

. intoa Veﬁn diagram.

4. Error-prone students display significant difﬁcultieé understanding and interpreting the
English statement of the proclem. In paﬁicular, these students often demonstrate aﬁ
inability to understand the problem sta?enient well enough to determine what initial
course should be taken to solve the.problem and appear fo have poor understanding of

. the relationships expressed in the contextual statement of the problem.
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‘Er_ror-prone studentsv often use the Englis_h to Venn transl'ation in an attempt to
~ “discover a solution method rather than:as method to find a-solution. These students use the
‘ _translatlon as a method of restating the problem in the hope that the “restatement” will
somehow revea.l a technlque or method for solv1ng the problem N ote however, these .
students do not appear to regard the Venn diagram spe01f10ally as a restatement of the "
. problem, Ra_ther, the Venn diagram is.used in conJunction with the English statement of the
' problem to analyze the question while they are attempting to find a method or technique that
can be used to solve the problem. . |
The error—prone students often express something to the effect that they are not
" sure Why a translation is need but that they [the translat1ons] always seem to work for
- solving the problems.” These students often appear to have no understan_dmg of the
- purpose of the translationsr-or, at least, some of the translations. Rat.her,._ they seem to use
the translations blindly in the hope of “getting somewhere” on the problem, or because it
was a technique demonstrated by the class instructor.
Further, the error—prone students are very likely to make certaln types of translation
| errors. In partlcular many of the students demonstrated difﬁculty translating from the
co_ntextulal to the Venn diagram. However, they display much less difficulty translating
" information from the Venn diagrams into English statements than they do translating
' English into-a Venn diagram. Also, many of these students appear‘ to have little difficulty
understanding and analyzing Venn diagrarns. | |
Characteristic one implies that .the error—prone students used‘ t‘ranslations ina much
different manner and for a much different purpose than the use typically displayed by .
| competerit problem solvers. As demonstrated in the preyious section, the competent problem
solver analyzes the problem in context, detennine__s,a solution method, and then uses the
' Venndiagram and other mathematical tools to analyze and categorize the data with the intent

‘of finding a number or set of numbers that will answer the given question. As will be seen
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in the protocols that follow the error—prone students often are unable to successfully
analyze the problem in context and thus are unable to readily determine a solution method
Consequently, they then attempt to translate 'problem statemeént into a Venn diagram in the
hope that this will then lead them to some understanding of how to solve the problem--or to

| the solution to the problem w1thout their hav1ng gained any understanding However, it was
noted that many of the error-prone students, after they had translated the problem statement:
to a Venn diagram and “discovered” a solution method, then used the Venn diagrams and
other representations as tools to re—represent and categorize data. That is, after the error-

~ prone student discovered a solution method via a translation or Venn diagram, he or she
would use the Venn and other representations in much the same manner as did the
competent student-. | |

CharacteriStic tWo will be demonstrated both explicitly and implicitly in the
protocols that follow. In particular, it is demonstrated by the error—prone students use of
algebra in solving for the regions of the Venn diagrams. Because the cornpetent students
knew exactly what they wereloOk.ing for and how: the Venn -regions were related with one-
another, many of them were able to use short cuts, skip algebra steps, or solve in their heads
for the numbers to put in the regions. However, it is seen that the error-prone students were
much more likely to follow a pattern or algorithm when solving a Venn, that is, a method
that was demonst‘rated’by an instructor. Few of the error-prone students (successfully)
skipped steps or solved the Venn in their head. Also, two of the error-prone students |
attemptedl to solve some of the problems using a tree diagram; this happened' immediately
after the technique was demonstrated in class to solve‘a conditional probability problem.
Note that characteristic three and four dre someWhat related. It is natural that if a

student does not understand the statement ofa problem or what the problem is asking for,
then he or she may well have difficulty translating the contextual information into a Venn

diagram. However, there were cases where the student was unclear about what the problem
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_ was asking (in context) but as (or after) she or be translated the problem into a Venn
diagram came to enough of an understand of the-question so as to able to find an answer.
Also, there were cases where the student (seemingly) understood the problem in context but

was unable to translate the contextual information into a Venn diagram.

Examples of Error-prone Characteristics:

'Agéjh, several detailed examples are given to demonstrate chara'cteriéticstof eITor-
prone students’ problem solving skills. Howevér, it is very important to nbte that some of
the characteristics that most clearly demonstrate why students are error prone are found in
their failure to display certain explicit attributeé, attributes that are displayed as beneficial to
problem solving by the competent students. Therefore, thro’ughoutl.this section the explicit
characteristics are demonstrated through the use of examples. The non-explicit
-qhar'acteristics are demonstrated by comparing various problefn—solving sessions. These
comparisons are used to identify the techniques, skills, or knowledge needed to solve the
problem(s) that were not ‘displayed (or used) by error-prone students.

Each of the fifteen error-prone problem solvers appeared to know that it is
appropriate to use Venn diagrams on the problems. That is, every error-prone student voiced -
that he or she should use a Venn diagram on these problems-or attempted on at least some
of the préblemsvto translate English or algebraic information into a Venn diagram. This may
be due to theif having seen the Venn diagrams used both in class and in the text to solve. -
similar problems. Eight of the fifteen used Venn diagrams on each of the problems. Five
other students attempted to use a Venn diagram on one or more of the problems, and
further, these students didn’t try any other methods on the problems that were not attempted
with a Venn diagram. Two of the students (Mike and Arnie) attempted the problems with a

mix of Venn diagrams and tree diagrams. Mike tried a tree diagram with problem three but

Tt mah ry——r
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used a Venn d1agram w1th the other problems. Arnie used a tree d1agram on numbers three
and f1ve but used Venn diagrams on numbers two and four.

Furthermore, nine of the fifteen error—prone students knew how to perform the
- needed algebra. That i is, each of the nine demonstrated dunng the problem solvmg session
that she or he possessed the algebra1c skills necessary for solvmg the problems. S1x of the
error-prone students did not show'enough algebra to afford an assessment of their algebraic |
skills. This is not to say that the error-prone students didn’t hatve trouble with at least some
of the algebra and algebraic concepts. However, it is clear that many of the ertor—prone
students were able to perform the necessary. algebraic manipulations, even if they (might)
not have understood why the manipulations were needed or.not understood what the algebra
symbols and equationsrepresented after they had completed a series of algebraic |
-_manipulations.

Karen’s problem number two (Protocol 4.3) provides an example of an error-prone '
student’s misunderstandings of the relationships expressed in an algebra equation. Notice
that Karen dict all her algebra in a.formal or “classroom demonstration” manner, just as
would an instructor when demonstrating a problem to a.class. . |

Protocol 4.3

Name: Karen 'P‘roblem: Two

- At Giant State University a survey of students taking college mathematics found that 40%
took college algebra, 30% took statistics, and 42% took neither course. If one of the
students from the survey is chosen at random, what would be the probability that she or he..
took either algebra or statistics but not both courses?

[Segment 1]
Okay. So, let’s see.

Algebra is point four. . A=A
Statistics point three. S=.3
And, A intersect S complement is--and forty- (ANS) =

_two percent took neither course--
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Cpoimtfourtwo. . T (AAsyoap

- One of the students from the survey is chosen
at fandom, what would be the probability that

. she.or he took either algebra or statistics but
not both? Hmm--Okay, -

- [Segment 2] _ o
Well, the first thing--my instinct is always to
draw a Venn diagram and fill in what I know.

- And then, try and put that together with.
‘what’s being asked. ~°

So,l_ we have A, which is algebra, and S is-
' statistics. . o o S

We know that forty percent took algebra,.
thirty-two took statistics, and forty-two took
neither. ' ‘

Okay, so that is algebra--point four,
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statistics peint three,

and outside of them both is point four-two.

Ufnm-—Actually; point four -

and point three.
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[Segment 3] .

* And, if you have an 1ntersect10n——e1ther
algebra or statlstlcs—-okay, so you have to find .
the intersection first before you actually know
what this part 1s out here.

~ Okay--.

| [Segment 4] ‘
Ol_le is the total.

| Onc eqlials

point four-two plus pomt four minus X plus
pomt thre¢ minus X plus X.

~ Okay, so we have point four—two plus pomt
' seven minus X equal one.

One minus pomt four—two minus point seven.
One minus point four-two equals pomt five-.
eight minus point seven :

hmm.

Don’t think so. Oh, T know. .

- Point four--and point seven equals--.

OOPS that’s not r1ght
I'm stumped

Try this, minus point four two--.

'Oh I do know.
.No I m gettlng negatlves

& S
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[Segment 5]

-Okay. All rlght this is not a dlfflcult problem.
Do not panic:
If one of the students from:the survey is -
- chosen at:random, what would be the
_ probablhty that she or he took either algebra
. Or statistics but not both?. :
I understand the problem. Pm justhaving a
hard time with the math, which is not
surpnsmg That s.what happens to them all.
‘ [Segment 6] .
The question is: What is s the probab111ty that
they took either algebra or statistics but not
both courses? :

So, you _ha_ve to first find the intersection |

- and subtract it from here.-

You-want'to find this area of the diagram.




‘plus this area of the diagram.

Now, I know the formula for flndlng the
intersection. o

Why am I having such trouble"
[Segment 7] l A

- Okay. Point four minus X plus point three
" iminus X plus X equals A 1ntersect S

- The first thmg that I’1l do here, given thJS -

formula, is I cancel plus X and & mins X

3 ‘So then I have point four plus point thrée =

is point seven minus X equals
- what I had before.

[Segment 8] ,
. Laughs. Okay now, one more way to find

~ that, given this information, is:

I know one’s the total and know pomt four-
two is out here so one minus point four-two

" minus. pomt seven--.

I’m frustrated. I'm ready to give up and go
on to the next one. Can I do that?

{ She returned to thlS problem after
completing problem four}

78

| (4 - X)+(3 X)+X ="

AnS

(4- X)+(3/}/

[-.42-7
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[Segment 9
I’ll redo this one. ‘ ‘ ‘
Algebra equals point four. . _ A=4
Statistics equals pomt three ' - S=.3
| And A union S complement equals point ' (ANS) =.42
_ four—two . . L o

[Segment lO] ‘

[Draws Venn diagram] .

A poiht four. S p'oint thr_ee..

Neither point four-two.

42

So, point four minus X plus pomt three minus - (4-X)+ .(,,31 -X)+X
X plus X plus.point four-two- equals one. +42=1

‘Point four minus ummm plus um-- ]

aoogoo
Oogoy
N in|u|mmiE
":DDDC,.
CIOuly
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Point four." . o I 4
(4 - X) +(.3 /x( /
+ 42 = 1
_ Pomt four minus X plus p01nt four-two o A4-X4+42=1.
equals one. - ‘ -
Point four plus point fdur—tWo equals—-. —
‘ | - |oooo
1gooa|
g nininm|
EID,EID
(=20

{‘Laﬁgh‘.} I guess I won’t WOfk these--.
Point eight-two ﬁﬁnus X equals one.
That doesn’t compute.

* So, I give. The end.

(End of Protocol 4.3)

Karen tried to solve the f)roblem four times. On ea'cﬁ of her atterﬁpts she correctl'y. '
represented the Venn relafioﬁships alg_e’braicél’ly.‘ Hbvyéver, on each attempt when she
reached the point [as in Segment 9] of solving for X in the equation: - |
(4-X)+(3-X)+ X +42=1
X rgpresent; the value of intersection of the two Venn circles) she became confused. She |
correctly arrived at the equatio_n;. '
4-X+3+42=1. |
and found;

-X=1-4-3-42=-.12
At this point she saw the value “ - .12” and concluded that a negative number could not be
the correct numerical value for-the Venn intersection. But, she didn’t fealiz‘é that the negative:

value was equal to (- X) and therefore the value f_dr X was actually positive. On each attempt .
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3 she arrrved at this point in her algebra and became styrmed by the equat10n Karen fmally
‘ gave up completely after her fourth attempt when she was not able to resolve the percerved
contradiction. |
The error-‘prone students are characterrzed by their non-competence, (i. e , prone to
'makmg errors) while translatmg between modes and Whlle Workmg in the various -

representat1ons and lack of confldence when translatrng from the Englrsh to the Venn

dragram mode. (This does not mean the error-prone were not competent translatmg from the
| Venn mode to the Enghsh mode In fact, the error-prone students appeared to be- qu1te |
_competent translatmg Venn dragrams into- Engllsh statements ) Notice Karen s remark _
“Okay. All r1ght this is not a drffrcult problem Do not panic.” [Segment 5] Remarks like
these were not uncommon among the error-prone students. Several other error—prone |
students also. expresseda lacl< of confidence about either their solutlons or work. -

Greg’s at‘tempt to solve problem two (Protocol 4.4) d‘emonstrates an error-prone ‘
Students inabllity to translate .a problem from context into a Venn diagram.

Protocol 4.4

' Name: Greg Problem:, Two .o

At Giant State University a survey of students taking college mathemat1cs found that 40%
took college algebra, 30% took statistics, and 42% took neither course. If one of the -
students from the survey is chosen at random, what would be the probability that she or he
took either algebra or statistics but not both courses‘7

[Segment 1] ‘

- At Giant State University a survey of students
taking college mathematics found that forty
percent took college algebra.

A equals forty. o T A=40
‘ ’l“hirty percent took statistics. S equal thirty. S =30

Forty two percent took neither. Uhh--all rrght n(AuUS)
.50, N A U S--no, that’s ‘wrong.




R
‘Tll.do that later. I’ll just leave that there.
[Segment 2] -
If-one of the students from the survey -is
.chosen at random, what would be the

- probability that she or he-took either algebra
. or stat1st1cs but not both courses? .

- Okay, I ve: got——I really don’ tknow what I’
“doing. _

" [Segment 3]

Umm——I suppose 1 need to do this.

Aigebra. Statistics.

‘ [Segment 4] ‘
And forty-two percent took neither. So, 1f
neither is the complement of both {laugh}

- then fifty-eight is one-hundred minus forty- 100
- two. . -42
' ‘ 58

Fifty-eight took--.

- [Segment 5]
No, that’s not right at all

'Boy, I-
If one--if one of the students from the survey
is chosen at random, what would be the
.probability that she or he took either algebra
- or statistics but not both courses?
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Umm-—Or 1s L'lI’llOI’l So we need to f1nd the
~ union of algebra and statistics.

And forty-two is N A 1ntersect--A prime n(A’ N S”)
intersect S prlme

- So, uhh I guess that would be N A 1ntersect S ﬁ[( AN S)]
prime. _ _ o

So we, wﬂl—— It doesn t make sense to-me
because--.

[Segment 6]

Okay, well uhh we’re going to have to do--
find the complement of that because that’s all
I'know how to do. And that’s fifty-eight once

again.

- So this would go here.

[Segment 7] -
Now the union of A and S equals forty plus n(A U S) =40 + 30 - 58
thirty minus fifty-eight. : s

_ Whichequal‘stwelve. | .  n(AUS)=40+30-58=12

* Okay, so that’s the union of the--.
One of the students from the’ survey is chosen
at random--but not both. :

[Segment 81 '

I'm very confused right now because I
always have problems thinking these out.
Umm--It’s not the words really.

It’s just the—-the fact that I can’t decide what
to use to get to where I am--where I'm going.
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. Umm--So we need to find that.

We neéd to find—-.
Okay, I know how to do it. I just don t know-

[Segment 9 . :
We need to find what this is for real, because
- it can’t be fifty- elght Because that would
. make these negative numbers if I'm
‘partitioning uhh--.

And we need to figure out how many did take
- both sothat I can add those two together to
get the answer.

‘Only, I don’t know how-to do that because
‘once you partition these two with--

- with this.
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" Once--once this is subtracted from

both of these--

then you add whatever you get from these
subtractions--these two together--and you get
the answer.

Because that would be either algebra or

+ . statistics but not both. ' B
[Segment 10] ' -

I just don’t know how to get there. Umm--
So--. Um--I don’t kiiow what to get. My--
my mind is blank because of trying to uhh--.
show.what would be the probability--. Took
algebra or statistics but not both courses. So
forty-two percent took neither. That does--

that doesn’t mean that forty-two--that fifty- -

eight took both though. So that’s totally
wrong. Umm--Forty took algebra, thirty took
statistics, and forty-two took neither. So
forty-two is--. Maybe fifty--umm.

Forty-two is N A u S prime.

~ [Segment 11]
I think umm--. That’s a problem because I
don’t know how--I don’t know what to use
these numbers with. That’s the furthest I
think can go with this problem because I'm
totally--totally blanked right now. Umm--I--.

- Point-four. Point-three. I'm not sure. I--I
don’t know where to go. I kniow what should
be done but I don’t know how to do it.

n[(A U S)’]

(End of Protocol 4.4)
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I thé protocol of Greg’s attempt to solve problem two, it is seeri that he did not
understand that the forty- two percent that took: “neither course” should fall out31de the two
Venn circles. Because of his inability to translate facts given in Enghsh 1nto a Venn diagram
he was unable to find the number of 1nd1v1dua1s in the intersection (those taklng both
algebra and statistics) of the Venn circles. | | |

Greg was correct when he subtracting 42 from 100 [Segment 4] thus obtalning the
percent of students taking “either or both courses.” And Greg was correct [Segment 5}

when he stated, “So we need to find the union of algebra and statistlcs.” However, he did-

. ‘not‘ understand that‘ the nunﬁber ‘(5‘8)9he found ‘[Segment 4] represents the area covered by o

both Venn circles rather than just the intersection of the circles. Due to this error in his

i

understanding, he incorrectly placed [Segment 6] the nilmber 58 in the intersection of the

' Venn 01rcles However Greg was able to translate from the Venn d1agram back into English,

SO as soon as he tried to 1nterpret (ie: translate 1nto the contextual mode) h1s Venn diagram
[Segrnents 8 and 9] he reahzed that the numbers in the regions of the Venn had to be .

1ncorrect._ After concluding that he had made an error, he was able to analyze the Venn and

"[Seg'ment 9] diScernthat he had to find-the sum of the numbers. representing the areas of the

two Venn c1rcles outside there 1ntersection But, even at thlS point he remained unable to

translate the given Enghsh statement into his Venn After struggling to find his error, he

~ finally ended the attempt [Segment 11] stating, “I know what should be done but don’t

‘know how to do it.”

:G"reg was able to look at the Venn and understand what each part represented. Also,
he was able to identify the portion of the Venn diagram for which he needed to find
representative values. But, Greg was not able to translate the English statement of the

pr’oblem into the Venn diagram and consequently was also unable to find the numbers need

to describe each-region of the Venn diagram. This inade it impossible for him to finish the.

.- problem.

T
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- ‘I_n'ter_estingly, although Greg had difficulty translating from English to the Venn
| representations, he was much more competent translating Verin diagram information back
into context. 'Because of this competence, he was able to correctly answer proble'm one -
(Prvotocol.’ 4.5): 'I:hat.is, on question one G_reg was unahle to translate the _English sta_tement
; of the problem lnt_o the Venn-di'agram.- But, after drawing a Venn diagram, he was vable to -
'describe what each Venn region represented. Consequently, by the process of elimination, |
he was able to arrive at a descrlpt1on ofa reglon on his Venn d1agram that matched the sets
given'in the problem statement |
Protocol 44 also demonstrates another attribute of the error prone students; Greg
states several times that he is unsure of what to do and suggests [Segment 8] that he doesn’t
really understand the relationships expressed in the problem statement. This msecunty
(actually, a more accurate definition may be the word unsure rather than insecure) caused
| his inability to translate from the English to the Venn and further, hlS 1nab111ty to translate
caused him to remain unsure of what the problem statement was askmg Even after correctly
answering the problem he remained unsure that h1s answer was really an answer for the
question asked in the contextual problem statement.

Protocol 4.5. 7

N ame:‘ Greg Problem: One

In the evening, between 7 and 9 PM, Ann s phone is not busy 75 % of the time, J ohn s _
phone is busy 35% of the time,-and both of their phones are busy 10% of the time. What is -
the pI'Obablllty that neither of their phones will be busy at some moment during this palt of

the evening.

[Segment 1]
In the evening, between seven and nine PM
Ann’s phone is.not busy seventy-five percent

- of the time.
Ann not busy seventy-five, ‘ . Ann - notl busy 75%
s0 1s busy twenty-five. Ann - not busy 75%

iS. busy _ 725‘%
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Ann’s. phone i is not busy seventy -five percent
of the time. John’s phone i is busy thirty-five
' percent of the time.

“John not busy one hundred ninus thirty-five | John - nct busy 65%
IS 31xty five--sixty- frve :

Is busy thirty-five. - John - not-busy 65%‘ :
- . - ‘ isbusy 35%
‘And both of their phones are busy.ten percent

of the time: -
Both not busy ninety percent. Both - not busy 90%
Are .busy'ten percent. e ' Both - not bnsy | 90%

' _are busy  10%
[Segment 2] '

What is the probability that neither of their
- phones will be busy at the same moment '
~during this part of the évening?
Okay, let’s see what I need to do. Well, if
neither of their phones will be busy at the ‘
same moment during this part of the evéning-

-S0 if--. . .
[Segment 3] :

‘I think what we need to do is draw the Venn
dragram .

So we’ll draw one and box around it.

' And-—-now let’ s see, if they’re both--if the
phones are not busy--if both are not busy
ninety percent of the time. :
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Let’s try that. That’s weird. '

Okay. .

Oh--what is it that both will be.'.I’llvlea-ve: that
there. . ' -

[Segment 4]
Umm. Dfaw another one.

Okay--both. That neither of their phones will
~ be--will be busy during this part of the
evening. Okay. ‘

Ann’s is not busy seventy-five--put that there.

John’s is not busy sixty-five.

[Segment 5]

And umm let’s see--how do we do this? How
- do you define when their phones will--will
not be busy at the same moment. So, we
probably need umm--. :
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[Segment 6] -'

If it’s busy--let’s try it this way.

I'm very unsure what to do right now.

" Okay, if it is. busy--twenty-five.

This is Ann’s—John’s .

And thirty-ﬁve and ten.

That makes a partition--that.




- 91
_ [Segmén't 7]

'So we’ll try it this way.

i 11 draw one more so that Would be fifteen,
ten-and twenty- “five.

And this is when they are busy So. 1f We-—lf
we can find--. : :

[Segment 8]

~ 'We need to firid the--the comphment of this 7

or something.

So let’s see--the probab111ty that neither of
* their phones will be busy at the same

moment--so this is When-—thls is phone-being
busy. -




- are busy

o

Sol guess it’s one hundred percent.

Okay umm So that would be--, Okay, these

' '[Segnaent 9]

And that--. Okay, if she--if her phone is busy.
Let’s see. Probably need to add, from the
partition, Ann’s and John s since--. Maybe
‘we-don’t.

Maybe we need to find: the union of the Ann

- and John phone being busy. Because then

that would equal one-hundred percent. Let’s
see.
Seventy-five percent plus thirty-five.

| No,-'that’s not right. Okay.

Umm——twenty—ﬁve percent plus thirty-five
equals s1xty

then minus ten.

- 100%,

+_35
60

25

+ _35
60

- 10

~ rr—— T r—— T
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" [Segment 10] -
* So N Ann union John equals fifty So n(Aul)=50
altogether their phone’s busy fifty percent. =

S0, if I'm doing this corréctly, then the -'n(A U ) =50%
complement of that should equal--I'm.not--I ‘ .
don’t know if ’m doing that correctly but I

. think I am--umm fifty percent also.

So, the probability that neither of their phones
will be busy at the same moment during this
part of the evening is fifty percent = 50%

=Or one over two.

D=

I’m not sure how 1t s suppose to be

_answered. I think I--I guess we’re suppose to

break this down to point umm--. Well, we’ll
just try it that way. I think that’s it.

' (Bnd of Protocol 4.5)

N otice Greg’s remark [Segment 3], “I think what we need to do is draw the Venn
diagram Th1s remark parallels [Protocol 4.4, Segment 3] the remark “Umm--I suppose I
need to do this” made in problem two JUS'E, as he begins to draw a Venn d1'agram. In both of
these problems Greg was using thevenn as a tool to find a solution method rather than as a
tool to describe and categorize data. (Hovs'/ever,'the Venn diagram does categorize data ‘

whether or not he uses it for that purpose--that is the reason the Venn didgram helps the

- error-prone student find a-solution method). Greg’s two remarks about using a Venn

- | diagram indicates that he does not understand how the Venn diagram will categorize data or

~ what it Will revéal about data. Rather, he.is using the Venn “blindly” in the hopes the Venn

will lead him into a method to solve the problem He hopes the Venn diagram will help him

: understand the problem and help him sée what he must do-to solve it.

The Venn diagram categorized the data for both the error- prone and competent

: students no matter the intention of the student. However, the competent students knew

. before translating from the contextital to Venn mode wha_t manner of information would be

T TTT




94
revealed by the Venn diagram and how this'wo_uld help them to solve the problem. The

error-prone students appeared to not understand how the Venn would help solve the

‘.problem only that it might Somehow help‘solve the problem

Protocol 4 6 is Bob’s problem two solut1on attempt Th1s example again

| _ demonstrates an error—prone student S 1nab1hty to translate the Enghsh statement into a -

Venn. However Bob does appear to understand what each of the Venn reg1ons represent.

Bob gave his answer as “A intersect S,” [Segment 3] wh1ch is correct symbohcally But, he

- was unable to find the numeric value for this reglon because as he stated [Segment 2], he

~-did not know “what’s not both.” That is, Bob was not able to see that “not both” means

the reg‘1on of the Venn th_at includes the two Venn circles except for'their zone of
intersection | | | |

Notlce also Bob’s remark, “Okay, th1s looks like one of those good diagram
things [Segment 1]. He made this remark just as he began to draw the Venn dlagram As
was seen in the earlier error—prone examples, Bob is using the Venn as a tool to d1scover a-

solut1on or because he saw in class that problems- like th1s were done w1th ‘Venn diagrams.

In any case, at this p01nt in his solution attempt, he is not using the Venn d1agram to order

and classify data g1ven in the problem statement.

” Protocol 4.6

‘Name' Bob Problem: Two -

At Giant Stafe Un1vers1ty a survey of students taking college mathematics found that 40%
took college algebra, 30% took statistics, and 42% took neither course. If one of the
students from the survey is chosen at random, what would be the probab1l1ty that she or he
took either algebra or statistics but not both courses?

[Segment 1] :
Okay, this look's like one of those good

' chagram things.

I’ll say algebra is over here

1>

g

ey
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|v]

and statis_ties over here. - L A
A B
~ And forty-two took ne1ther S0 they re both N 42 B

going to be outside:.

So forty’s going to go over here and th1rty S ) 42
going to go over here. , —

[Segment 2] .
Find the probability that she orhe took either ‘ 42
algebra or statistics but not both. We don’ t A
know what S not both. This.

Don t know how many—-what percentage
~ takes both.

So it should be seventy percent minus umm--. 70 -
[Segment 3] o
_ You want the student that are going to take 70-(ANS

both SO you take off A intersect S
That’s my answer. {Laugh}

(End of Protocol 4.6).
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The error-prone students were often unable tol determine or discover a solution

| method while working with the English re'preslentation. of the problem. These student; :
fréquently translated (or attempted to translate) the problem into a non-contextual
representation with the intent of discovering a solution method. However, in many cases the
| frahslation was 'performed inco‘rrectly, and consequently, the new mode incbrrectly
represehted the original information. Further, unlike the competent problem solvers, the
error-prone students geﬁerally did not realize that a logical contradiction in a mode indicated
that an error ﬁad been made during the translation. In several cases, the error-prone students
were so lacking in confidence in their rhathematical skills that they were ﬁnable to determine
- whether or not there was a logical error in the new representation. Instead of making a
logical analysis of whether or not they had an error, these students just assumed that their
mathematics had to be wrong. In many cases their belief was correct, although, in several

" instances they were _incorrect in the assessmenf of their work énd their work réally was

coﬁect.

However, the error-prone students, once they accomplished an initial translation
(whether or not the representation accurately \re;presented the facts given in the problem
statement) and discovered a solition method, then used the repreéentations and further
' translations in a manner or proéess similar to that of the competeht problem scﬂvérs. That is,
the error-prone students (a) often had a difficult time determining how to soh}e a problem
and (b) often made their initial translation without any knowledge of how or why the
translation would aid with solving the pfoblem. However, after they determined an approach
for solving the problem, they used subsequent translations and representations in much the
same manner as competent s_tucients. Upori finding a possible solution method (that is, after
their initial translation) error-prone students will use subsequent translations (a) to clarify

. particular aspects of the problem, (b) to find the values of the regions in a Venn diagram, (c)

to represent éspects of the problem symbolically, and (d) to solve algebraic equations. It
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appeared as if many of the error-prone student possessed the mathematical tools to solve the

probability problems but did not know how or when to appl-y the tools. Tﬁat is, they often

did not know how to translate the ptoblem into a mode in which they could effectively apply

Vtheir.mathemat.ical tools.

'The error-prone students frequently displayed interpretation errors in their

understanding of the problem statement. They often did not appear to undefstand the
relationships and conditions expressed in the English statement of the problem. These
students appear to have problems with high-level reading analysis. They seemed to have

“ understood the words and sentences in the problems staterent, but appeared qnable to

decipher the problem—statemént parégréph, That 'is,. these students understood the Words, ‘

- understood the sentences, but did not understand how to interconnect the ideas and

.relationships expressed by the sentences.

| Sadly, the students that did not understand the Venn .'di:agrams, or Were not
competent using the Venn diagrams, or were nf);t successful méking translations between
Venn diagrams and other modes had no other tdpl of metﬁOd _t—hét enabled fher'ﬁ to |
categorize and ofganize the n‘urhéricai elements of the problems. So then, i>f“a student was
unable_to u.se the Venn diégrams in the manner described by the text (or in class) then he or
she vs'/as also unable t§ devise ariy, other method of solving the problems‘,‘. This would
iﬁdicate that those students who have léaming styles that are not conducive to'usin_g Venn
diagrams and-graphical methods may have to spend extra time and effort mastering these
préblem—solvihg-tools. | |

Some students understood the function of the Venn diagrams and were competent

- using Algebra, but were not competent and not confident with making the translation from

the English into the Venn diagram. These students either had logic errors in there

understanding of the contextual statement of the prdblem_ or they didn’t understand how the

" question related to the set of elements as given in the problem.
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Several of the error—prone students, when usmg the Venn d1agrams were not clear
about when the Venn circles should or should not overlap. These 1nd1v1duals appeared to-
have no clear understandmg that the overlapped region could be empty. This
rmsunderstandmg may 1ndlcate that these error-prone 1nd1v1duals beheve that Venn
diagrams are spat1al or geometnc representat1ons and thereby contain some measure aspect
rather than there being set representatrons | |
Those students that could not translate (or could not translate accurately) were
unable to.solve the problems. Indeed, only one student was able to do any of the problems
“without translating--and he only solved one problem. Further, if a student could .
successfully 'perform the initial translation then she/he was likely to solve the problem, but if |
that same student, when he/she_ attempted a different problem, was unable to complete the. ‘
-initial translate then he or she was unlikely to solve the problem
Protocol 4.7 characterizes the error-prone students that were unable to finish a
problem. This final protocol demonstrates Lori’s attempt to use the contextual to Venn
translation as a method of d1scover1ng “how” to solve the problem (characterrsuc 1) and

her lack of understandmg of what will be revealed by the Venn diagram (charactenst1c 2).

; Protocol 4, 7

N ame: Lori Prob'lem' Three |

Each Monday a student attends finite mathematics class with probability 0.8, skips
accounting class with probability 0.4, and skips both with probability 0.1: What is the
probability that he attends at least one of these two classes on Monday?

[Segment 1]
I’d like to draw another Venn diagram--they
seem to. work for about everything.




Well, if he attends finite with point eight and -

he attends accounting class with point six and
attends both with point nine--.

© o

What is the probablhty that he attends at least
one of these classes? -

- T’ll come back to that one.

{She returned to this problem after attemptlng
problem five}

[Segment 2]
Tl try this one again. : o

Okay, I'll draw a Venn d1agram '

ThlS one is for math class and this one is for
accounting.

Attends both with a probability of point-one.

Uhh--That’s not going to help.




He skips both——sklps accounting class with a
probab111ty of point four.

. He SklpS th1s one w1th a probablhty of point
~ two.

And he attends at least on of these two .

~ -classes?

[Segment 31 . -
‘Well, if he’s skipping one of these w1th pomt
four then he’d have to be attending at least
one of these--point six.

- Point one, pomt three point four when he -
. skips--

100 -

1+3=24

lon
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So it would have to be point six in terms of
when he’s gomg

1+3=4

[Segment 4]
Or point nine. -

I vote point six because Idon’t know how to
~doit.- : , .

I have the point six because if he goes to math
- he attends with a probability of point eight--
‘that means he’ll skip w1th a probability of
point two.

[Segment 5] ‘

See, I messed up on my diagram. I need to
-find where he attends and I found where he
skips. I'don’t know how to do this one.

[Segment 6] .

If he attends class with a probability of point
eight, then he skips with a point two. .

Then if he attends accounting--if he sklps
accounting class with probability point four
and skips both with point one--and so to find
the probability that he attends at least one of
these classes--.

The probability that he skips at least one of
these classes is point four so my orily guess
"~ would be to subtract that from one and get
point six. '

But that just doesn’t sound right.
Idon’t know how to doit.

(End of Protocol 4.7

Lori’s remark in segment 1 of protocol 4.7, “I’d like to draw a Venn diagram—-fhey seem to

work for everything,” again demonstrates how the error-prone students used Venn
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diagrams. To many of these students, the Venn was just a picture used to find a method of
sol{/ing the problem. They did not see it as a device used to sort and cétegorize. data--even
though t_hat"s why the Venn is effective at helping them find a solution method.

Students became very single minded while performing translations. Many of the
stud‘ents, from both the competent and the error-prone groups, became so involved in the
translation process that they lost‘ sight of the original problem. These students would

continue with a translation until every piece the problem was translated into the new mode

~ when in fact the piece of information they needed for answering the question was found

early on in the translation. That is, they could have stopped before finishing the full
translation. There is no indication that the students did this so that they could check their
answers (seeing if the Venn or algebra made sense to them), but rather, it appears that they

were so involved in the translation, and the related mathematical success, that they lost sight

- of the original reason for performing the translation. This is particularly true among the

error-prone students, possiBly because they are not as confident of what the question is
asking and how to find the answer. However, almost none of the error-prone students
reviewed their work to see if the answers made sense with the problem statement. In fact,
those that did check their answers were generally the more competent of the error-prone
students. The competent students were able to perform error checking as they performed the
various translations and solved the problems.
The most competent students appeared to be able to visualizé the problem pieces-;

.data, and relationships in their minds. The Venn diagrams were used as memory or visual
aids for these internal visualizations. The error-prone students appeared unable to generate
these internal visualizations of the relationships. The error-prone students used the Venn
diagrams to discover the relationships expressed in the problem statement. That is, the error-

prone students used the Venn diagrams to discover and categorize the relationships between
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and among the ideas expressed in the problem statement--whether or not the ideas were.

internalized is unclear.

Time-Protocol Comparison of Problem Solving Behavior

The following section contain_s tables that compare the times—of—usage of |
translations and representations by’ competent and error-prone problem solvers The
comparison is accomplished: through the analy51s of a representative: group of time-line
tables. The procedures and method of analys1s of the time-line tables are explained in -
chapter three However itis worth noting the followmg about usmg the tables to analyze
| student.problem _solvmg‘ behaviors: First, for each problem solving task, the table records (a)
how much time was spent translating between representatiOns and (b) how much time was
spent usin'geach representation.' Secondly, and possibly more impOrtantly,\the time—line B

tables record what translations and representations were used and the sequence of use.

5 Notice also, the t1me-hne tables are analyzed with reference to the 1nformation gleaned from
‘ the previous qualitative analy31s of the students problem solving.

The qualitative analysis of the'_previous sections is useful in examining (a) how the
problem solvers used representations, (b)-what difficulties they had with the'representations
and- tran'slations,‘and (c) how the representations and translations aided the students in
solving problems. The time-line tabl‘es are used to (a) record which representations and

“translations are used by the successful and error—prone probl‘em solvers, (b) record the order -
or sequence of use of the tools, © record‘ the time spent using the various representations
and translations, and (d) compare the patterns of behaviors of the successful‘ and error-

_prone pr_oblern solvers as they. transitioned through the various. translations and
representations. |

The seventeen time-line tables that follow were all developed via a timed task

analysis of problem number two. The students of the first six time-lines (Time-line 4.1
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through 4.6) are representative.of the group of competent problem solvers. The students of

the remalning time-lines (Time-line 4. 7 through 4.17) are samples from the sét of error-

- prone students The first ﬁve of the error-prone time-lines (Time-line 4.7 through 4.1 l)
represent those error-prone students that were able to find an answer, whether correct or
incorrect, to problem two. Time-lines 4.12 through 4.17 represent the error-prone students -
that were-unable to find a solution (DNF) to problem two.

| In particnlar, in comparing 'the competent and error-prone groups-of problem
solvers, this research focuses_ on the following: o
1. | COmpetent and errorfprone,students display quitedifferent methods of anal}}sis and
problem-solving strategies from one another during the initlal -seeonds of attempting a
problem.
2. Competent problem solvers appear to use symbolic al'gebra and algebraic manipulation
much more frequently than do the error-prone students. In fact, the t1me line tables
| demonstrate that many error-prone students don’t even reach the point of need1ng touse
symbol1c algebra during the problem-solving sessions. The error-prone students
however, do spent muchmore_time “symbolizing” the problem statement (i.e.,
.translating the problem statement from context into symbolic notation) than do
competent. problem solvers.
3. Competent students appear to be much more successful translating information between
modes than do the error-prone students. In particular, the time—line tables illustrate how
:dlfflcult it is for many of the error-prone students to express with a Venn d1agram the
relationships g1ven i the contextual problem statement. |
With reference to characteristic one, the time-line tables demonstrate that nvhen
presented with a problem the competent problem solver will spend a period of time
: analyzmg the problem in context before proceedmg with a solution method. On the other

hand, the trme-hne tables demonstrate that many error-prone student w1ll either spend no
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pereeptible time or a very long period of time on the initial contextual analysis. Whenan . - - -
: error-—prone student spends a lengthy period of time on the initial analvsis, it appears as ifhe
" orshehasa poor understanding of the problem statement and consequently will have

| difficulty conceptuahzmg a method of solving the problem

Characterrsuc two is demonstrated by. the t1me—l1ne tables in that (a) the competent
problem solvers were much more l1kely (than were the error-prone students) to attempt a
| translation between a Venn diagram and symbolic algebra, and (b) the competent students’
Venn d1agrarn to symbohc algebra translations were more frequently completed (correctly)
: than those of the error-prone students Item (b) is dlscermble by comparing “the time- l1ne
. tables of the competent and error-prone. The time-line tables demonstrate patterns in the use
of the various representations and translations and these pattems were compared Notice
however because the competent students more. often used correct algebrarc techmques they
are much more l1kely (that are the error—prone students) to fmd the correct values
" represented by the reg1ons in the Venn d1agrams |
Characteristic three is-demonstrated by noting that the error-prone students using |

much more time translating (or ’attempting‘ to translate) the probleéms into the Venn mode
' than did the competent students. The qual1tat1ve analysis demonstrated that the contextual to
| Venn translat1on is very difficult, and was the cause of many errors, for the error-prone

students.‘ This drfﬁculty with the Contextual-Venn translation was particularly noticeable -
* with the error—prone.students who were unable to finish the problem(s) (DNF). The time-
~lines demonstrate that these individuals spent much more time. attempting the contextual to

Venn translation than did the competent or error-prone ﬁnishers

Before beglnmng the analysis of the t1me—l1ne tables itis s worth noting the followrng

~ about the codmg of a translatron event into a time-line table: The time-line tables
demonstrate 'onl-y the initial and final modes of any translation attempted during a particular

. tlme period. That is, if a time-line table records a student 'attempting a Contextual to Venn
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. translation, (i.e., C o V) this. indi‘cates" only that'the student'-‘Started the transl‘ation in the
contextual mode and attempted to finish the translat10n in the Venn mode. However in -
many 1nstances a more accurate representatron of the process may well be Ce S © V '
because the student was.also translating the “nouns” grven in the contextual material 1nto
symbols used on the Venn diagram. In particular, many of the competent. students
symbolized the contextual 1nfornimt10n during their translation from the contextual to the
Venn dragrarn The tinie-line tables demonstrate that the competent students spent lrttle time .
translatrng from context to symbolic as compared w1th the time spent on this translation by
the. error—prone students.

| Note also that the symbol “Ce S” (1nd1cat1ng that the student is translatmg

| between the contextual and symbohc modes) is, in many cases, not indicting that the student

is making an algebralc equatlon In many cases students used this translatron to 1dent1fy

each “noun’ found in the contextual mode with a representatrve symbol. For example in

" Protocol 4.4 (the qual1tat1ve analysrs associated w1th Time- l1ne 4.12), Greg used the first

- several seconds [segment 1] symbolrzrng the words “Algebra,” “Statrst1cs and

“Nelther,” but he did not make an equation using the symbels until much later.

- Time-line Tables: Competent Problem Solvers
The first time-line table is for Marty, a competent student that successfully solved

problems one, two, four, and five but was not able to finish number three.
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Time-Line 4.1
Student: Marty
Problem: Two
Comments: Competent, Correct Solution

EPISODE

Context

C<>V

Venn

V<->8

Symbolic

C<-» S

Time oMV DBHADDIDAHSIDDHIMVIBEI0s IDIBID
EPISODE

Context

C<->V

Venn

VfAS

Symbolic

Ce) S

Time  1:30- 1:35 1:40 1:45 1:50 1:55 2:00 2:05 2:10 2:15 2:20 2:25 2:30 2:35 2:40 2:45 2:50 2:55 3:00

EPISODE
Context
Ce)V
Venn
Ve)S
Symbolic

Ce) S
Time 3:00- 3:05 3:10 3:15 3:20 3:25 3:30 3:35 3:40 3:45 3:50 3:55 4:00 4:05 4:10 4:15 4:20 4:25 4:30

After his initial reading of the problem, Marty spent fifteen seconds studying the
problem and formulating an approach to solving the problem. Marty then spent 55 seconds
translating the problem from context into a Venn diagram and another 15 seconds analyzing
his Venn diagram and attempting to solve each of the regions of the Venn. At this point
Marty realized that he needed more information from the problem statement and so spent 20
seconds translating information from the contextual mode into his Venn diagram. Marty
then spent 50 seconds analyzing his Venn, attempting to identify what regions he would
need for a solution and figuring out how to solve for each of the regions. Next he spent 5

seconds translating information from the Venn into symbolic notation and making a
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symbolic relationship (equation). Beginning at time 2:45, Marty spent 20 seconds solving
the algebraic equations and finding the values for each region of the Venn. Marty then
translated the information from his algebra (the value of the intersection of the two Venn
circles) into his Venn diagram. He returned his attention to the Venn drawing, solved for the
other regions in the Venn using subtraction, and re-analyzed the regions to reassure himself
that both what he was doing and what he had done was correct. The solving and re-analysis
took about 20 seconds. Marty then translated the information in the Venn diagram into a
written addition problem and stated his answer to the problem by speaking and writing the
sum of the addition problem in English, finishing the problem in 3 minutes 45 seconds.
Time-line 4.2, of George, is also the work of a competent student. George found
correct answers on problems one, two, three, and five but didn’t answer four correctly.

Time-Line 4.2

Student: George

Problem: Two

Comments: Competent, Correct Solution

EPISODE

Context

C<>V

Venn

V<-»S

Symbolic

C<>S

Time :05 10 :15 :20 :25 :30 :35 :40 :45 :50 :55 1:00 1:05 1:10 1:15 1:20 1:25 1:30

EPISODE

Context

c<->v

Venn

vV<->5s

Symbolic

C<->S

Time 1:30- 1:35 1:40 1:45 1:50 1:55 2:00 2:05 2:10 2:15 2:20 2:25 2:30 2:35 2:40 2:45 2:50 2:55 3:00|

Time-line 4.2 indicates that George did not appear to spend any time at the onset
analyzing the problem. Instead, he began immediately to translate the problem into a Venn

diagram. However, an examination of the video tape and transcript of his work demonstrates
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that George analyzed the problem while he was reading it aloud and realized then that he
would have to draw a Venn diagram. However, he did not immediately know which regions
of the Venn diagram were needed for the solution. In fact, it wasn’t until 1:40, after he had
finished solving for the values of all the Venn regions, that he looked back to the problem in
context to find what region of the Venn was needed for the solution.

Also notice that George did not spend any perceptible time translating information
from his Venn into the symbolic mode. Instead, he solved the Venn using arithmetic and a
symbol free notional system of his own invention, as is described in the analysis of Protocol

4.4,

George finished the problem in two minutes including checking his answer. His is
one of the fastest and most efficient problem-solving tasks demonstrated by the students.
Time-line 4.3 is of Kelli’s work. She answer all five of the questions correctly;

however, as explained earlier, the data from her questions one and three were not recorded.

Time-Line 4.3
Student: Kelli
Problem: Two
Comments: Competent, Correct Solution

EPISODE
Context
cGrVv
Venn
VGAS
Symbolic

C<>S
Time 0 :05 :10 :15 :20 25 :30 :35 :40 :45 :50 :55 1:00 1:05 1:10 1:15 1:20 1:25 1:30

EPISODE

Context

CGAV

Venn

VGAS

Symbolic

C<>S

Time 1:30- 1:35 1:40| 1:45 1:50| 1:55 2:002:05 2:1012:15 2:20 2:25 2:30 2:35 2:4d2:45 2:50 2:55 3:00
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EPISODE
Context
C<->V
Venn
VCAS
Symbolic

CCA S
Time 3:00- 3:05 3:10 3:15 3:2013:25 3:30 3:35 3:40 3:45 3:50 3:55 4:00 4:05 4:10 4:15 4:20 4:25 4:30

Notice that both Kelli and Marty used several seconds at the onset of the problem-
solving session analyzing the problem determining what exactly the problem was asking
and how to approach the problem. Kelli’s time-line table clearly demonstrates how a
competent student uses the translations and modes in a logical and progressive manner to
solve a problem. At the onset Kelli analyzed the problem, next she spent 45 seconds
translating the problem into a Venn diagram, she spent 35 seconds analyzing the Venn
diagram. She then spent a few seconds clarifying her symbols and another ten seconds
translation the Venn into an algebraic equation. She used 55 seconds solving her equations
and another 40 seconds translating the solutions back into the Venn diagrams. She used 5
seconds analyzing the Venn diagram for the answer and another five seconds stating her
answer in English. In particular, notice how Kelli (like other competent students) has a very
logical progression through the various modes and translations.

Miseon (Time-line 4.4) was one of the most mathematically competent students.
She missed only one problem (number two) and that was due to a subtraction error as she
completed solving her Venn diagram. Like is seen in the earlier time-line tables, she used
several seconds at the onset of the problem analyzing the problem and determining what
approach she to use.

Notice that Miseon has much the same time-line pattern as Kelli. Miseon however,
unlike Kelli, used 30 seconds “symbolizing” the problem before proceeding with
translating to the Venn diagram. From that point of time onward, her pattern is very much

like Kelli’s in that both of these students had a very logical and ordered progression



through the various modes. However, they used significantly different amounts of time
performing the various tasks necessary for obtaining the solutions. Kelli used 35 seconds
on her initial Venn analysis, Miseon used 25 seconds in that portion of the solution. Kelli
used 55 seconds in the symbolic mode solving the Venn diagram, Miseon used 25 seconds
on this portion of the solution. However, after finding the Venn solution, Kelli proceeded to
work back through the Venn and other translation giving her answer in 10 seconds, much
faster than Miseon who used 30 seconds translating back through the representations.
However, it did take Kelli about a minute longer than Miseon to solve this problem.

Time-Line 4.4
Student: Miseon

Problem: Two
Comments: Competent, Incorrect Answer (subtraction error on final step of the problem)

EPISODE

Context

C VAV

Venn

VVAS

Symbolic

CVAS

Time O :05 :10 :15 :20 25 :30 :35 :40 :45 :50 :55 1:00 1:05 1:10 1:15 1:20 1:25 1:30

EPISODE
Context
CVAV

Venn

VVAS

Symbolic

c VAs

Time  1:30- 1:35 1:40 1:45 1:50 1:55 2:00 2:05 2:10 2:15 2:20 2:25 2:30 2:35 2:40 2:45 2:50 2:55 3:00

Marty’s, Kelli’s, and Miseon’s time-lines illustrate how the prototypical successful
student uses the various modes and translations. Each of the three analyzed the problem
before starting a translation, translated from contextual into a Venn diagram, translated from
the Venn to the symbolic, and used the symbolic mode to solve the Venn diagram. Each
then proceeded to finish the problem with a time-line pattern (loosely) the reverse of this

first pattern. That is, each translated information from the symbolic back to the Venn
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| diagram-uand’then (from the Venn d_iagrarn) stated their answer. Kelli and M-iSeon translated
- -from the Venn diagram to the contextual to state their answer; Marty‘ translated the Venn
into the symboljc mode as ‘he stated his answer.

Chad (Time-line 4.5) SITJCCessfully solved four of the problems but ;gave a incorrect
answer to problem four. Chad demonstrateda quite different approach "to solving problem
two than Was seen in Time- hnes 4 1 through 4.4. Many competent students translated from
the: contextual mode to the Venn dragram then solved for the values in the Venn diagram |
using symbolic algebra. That is, the focus of their problem solving method was the Venn. .
diagram_. Chad however translated from the contextual mode to the symbolic mode and then

from the symbolic to the Ve,nnd,iagram. By time 2:25 Chad had ﬁnished analyzing the
| .Venn and knew which regions of Athe-Venn diagrarn he needed values for to solve the
| . problem He then returned to the Enghsh statement of the problem (contextual mode),
~ translated 1nformat1on from context into symbol1c algebra, and solved equations for the
variables representing the regions of the Venn diagram. However, Chad did not use the
Venn diagram as the focus of his problem solving. Instead, he*used symbols to- represent
each region in the Venn; that is, he solved Pr(A U S)’ = X without idcntifying this with a
particular Venn region. He finished solving the symbolic. algebra' at 2:55.‘. He used from time
| 2:55t0 3:15 symbolizing and explai'ning how to solve for the other regions. From 3:15 to
3:25, he Ttranslated the Venn diagram' into English and explained that values for one of the
. regions did not need to be found to solve the problem. From time 3:25 to 3:40, he'read and
explained the problem statement. From 3:40 to 4:00, he concluded the problem solving by
adding together the values represented by the regions in the'Venn diagram and identified
“each with a part1cular phrase from the contextual (Enghsh) problem staterment. For example,
during this per1od he explalned “So you add the what’s in A not in S, which is the twenty- . -

el.ght_ percent, plus the eighteen percent which is in S not in A and you get forty-six percent
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either takes algebra or statistics but not both.” Both of the phrases “what’s in A not in S”
and “in S not in A” represent regions of the Venn diagram.

Like the other competent students, Chad used a very ordered progression through
the translations and representations. That is, he worked in an ordered manner forward
through the translations towards solving for the regions of the Venn diagram and then back
through the translations and modes until he was able to state the solution.

Time-Line 4.5
Student: Chad
Problem: Two
Comments: Competent, Correct Solution

EPISODE

Context

C-CAV

Venn

VCAS

Symbolic

CCA S

Time 0 :05 :10 :15 :20 :25 :30 :35 :40 :45 :50 :55 1:00 1:05 1:10 1:15 1:20 1:25 1:30

EPISODE

Context

CCAV

Venn

VCAS

Symbolic

CCA S

Time 1:30- 1:35 1:40 1:45 1:50 1:55 2:00 2:05 2:10 2:15 2:20 2:25 2:30 2:35 2:40 2:45 2:50 2:55 3:00

EPISODE

Context

CCAV

Venn

VCAS

Symbolic

C CA S

Time 3:00- 3:05 3:10 3:15 3:20 3:25 3:30 3:35 3:40 3:45 3:50 3:55 4:00 4:05 4:10 4:15 4:20 4:25 4:30|

The next time-line table student, Meredith, correctly answered all the problems
except number three. On problem number two Meredith appeared initially to not understand

what the problem statement is asking. In fact, Meredith made three attempts before she was
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able to correctly solve the problem. However, as the time-line table reveals, as soon as
Meredith grasped exactly what the problem was asking, she was able to use the
mathematical tools necessary to solve the problem. Moreover, it was her ability to make
translations and use the various modes competently that allowed her to finally figure out
what the problem statement was asking and formulate a solution method.

Time-Line 4.6

Student: Meredith

Problem: Two, First of Three Attempts
Comments: Competent, DNF

EPISODE

Context

C<->V “ 1 |99

Venn

v<->5§

Symbolic

C -CAS

Time 0 :05 :10 :15 :20 25 :30 :35 :40 :45 :50 :55 1:00 1:05 1:10 1:15 1:20 1:25 1:30

EPISODE

Context

C<-AV

Venn

V fAS

Symbolic

C S T (1- $

Time 1:30- 1:35 1:40 1:45 1:50 1:55 2:00 2:05 2:10 2:15 2:20 2:25 2:30 2:35 2:40 2:45 2:50 2:55 3:00

Student: Meredith
Problem: Two, Second of Three Attempts
Comments: Competent, DNF

EPISODE
Context

C 4-4V
Venn
V4-4S
Symbolic

C 4-~S
Time 0- :05 :10 :15 :20 :25 :30 :35 :40 :45 :50 :55 1:00 1:05 1:10 1:15 1:20 1:25 1:30
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EPISODE
Context

C<->V
Venn

Vf-AS
Symbolic

Cf-AS
Time  1:30- 1:35 1:40 1:45 1:50 1:55 2:00 2:05 2:10 2:15 2:20 2:25 2:30 2:35 2:40 2:45 2:50 2:55 3:00

Student: Meredith
Problem: Two, Third of Three Attempts
Comments: Competent, Correct Solution

EPISODE

Context

Cf-AV
Venn

Vf-AS

Symbolic

Cf-AS

Time 0- :05 :10 :15 :20 :25 :30 :35 :40 :45 :50 :55 1:00 1:05 1:10 1:15 1:20 1:25 1:30

EPISODE

Context

Cf-AV
Venn
Vf-AS
Symbolic

Cf-AS
Time  1:30- 1:35 1:40 1:45 1:50 1:55 2:00 2:05 2:10 2:15 2:20 2:25 2:30 2:35 2:40 2:45 2:50 2:55 3:00

On her first attempt Meredith, began the problem in much that same manner as did
the other competent students. She first used several seconds analyzing the problem. She
drew a Venn diagram upon realizing that one would be needed, but she didn’t attempt to
translate information from context to the Venn until later. Meredith then spent
approximately 25 seconds symbolizing the problem, that is, translating the contextual
material into symbolic notation and algebraic relationships. She then used 15 seconds
attempting to translate her symbolized problem into a Venn diagram. At this point she
realized that she didn’t fully understand the problem and ended her attempt at translation
between the symbolic and Venn modes. She then re-read the problem (five seconds in

context) and attempted to translate the problem statement directly from context to the Venn
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diagram. After 30_seeonds she realized she was not able to 'complete the translation. She
‘spent about one and a half minutes attemptmg once again to translate the contéxtual
statement into symbols_. On realizing she was not going to be able to ﬁmsh thls translatlon
,lshe went on to- the next problem

. Onher second attempt to solve problem two, Meredith attempted to translate d1rectly
between the contextual and Venn modes. Meredlth continued with her second attempt for
three minutes before once again gomg on to another problem. The time-line shows she
focused for the entire time on an attempt to-translate between the- contextual and Venn |
modes

On startlng a th1rd attempt Mered1th realized she was not gorno tobeableto =
translate the problem from context into the Venn dlagram She 1nstead used a technique
much like the method described in Protocol 4.5. Meredrth first re-read the problem then
went directly to the Venn diagram and examined the various Venn regions. Using a process
of elimination of the various regrons of the Venn dragram, she was able to conclude that

‘ only one region of the Venn diagram could possibly represent the number for which the

~ problem is asking. She then was able to solve the Venn diagram for the unknown number

and answer the question. Notice that once she was able to determine what the problem
statement asked-and found a solution method, Meredith’s time-line table pattern is very
much like the p_atterns of the other competent students. However, unlike many of the
competent students, Meredith did restate her'an‘swer in the contextual- mode, thereby

reassuring herself that she had really answered the problem.

Time-Line Tables: Error—Prone with Solutions

The next five time-line tables are examples of error-prone students’ work Each of '
the students was able to find a numeric solution on problem two. Two students found a

correct answer; three found an incorrect answer.
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Mike (Time-line table 4.7) was able to find a correct solution on his first attempt. He
also answered number five correctly but gave incorrect answers to the other three problems.
Mike did not start his work with an analysis of the problem. Instead he immediately began
to translate the problem from context into symbolic notation. It is not clear if Mike did this
to help him analyze the problem or for some other reason—such as having seen the
instructor demonstrate a similar method in class. But, Mike did not continue by translate
from the symbolic mode to the Venn diagram. Instead, after finishing the contextual to
symbolic translation he, at time 1:05, transferred his attention back to the contextual mode.
He then translated information directly from the context to a Venn diagram. He found the
needed values in the Venn diagram regions, compared this information with the contextual
problem statement, and stated his solution. Notice also that Mike did not translated from the
Venn diagram into the symbolic mode. Instead of writing and solving an equation, as did the
competent students, he used subtraction and addition (using no symbolic notation) to solve
his Venn diagram.

Time-Line 4.7
Student: Mike
Problem: Two
Comments: Error-prone, Correct Solution

EPISODE

Context

C \V

Venn

V<->S

Symbolic

C S

Time 0 :05 :10 :15 :20 :25 :30 :35 :40 :45 :50 :55 1:00 1:05 1:10 1:15 1:20 1:25 1:30

EPISODE
Context
C<->V
Venn
V-WS
Symbolic
CWS
Time  1:30- 1:35 1:40 1:45 1:50 1:55 2:00 2:05 2:10 2:15 2:20 2:25 2:30 2:35 2:40 2:45 2:50 2:55 3:00
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EPISODE | .

Context Ok
C H V ) iy '

Venn

\ASw)

‘Symbolic

C&2S

"Time 3:00-[3:05{3:10{3:15|3:2013:25 3:3013:3513:4013:4513:5013:55 4:00{4:0514:1014:1514:2014:2514:30

David (Time-line 4.8) incdrreétly answered problem two due to a subtraction error.
He answered probiem one cdrrectly, answered three and five incorrectly, and did not finish
number foﬁr. | |

David approached problem two in much the'same manner és did Mike in Time-line
4.7. David used no discernible time analyzing the problem in context. Immeciiate‘ly after
reading the problem, he attempted to franslated the problem into synibolic not‘ation. He uéed
1:55 minutes transiating frém the contextual mode into the symbolic mode and then used 45

seconds more translating the information from the symbolic mode into the Venn diagram.

David, like Mike, did not use symbolic algebra to solve for the values in the Venn diagram.

Time-Line 4.8
Student: David

Problem: Two 4
Comments: Er_r'or—prone, Incorrect Answer (Subtraction Error)

EPISODE
Context
COV

Venn
V&S
Symbolic

Time

EPISODE |
Context

C<V -

Venn

V&S

Symbolic

Time 1:30-]1:35[1:40{1:45]1:501:55[2:0042:0512:10/2: 1512:2012:25}2:30{2:3512:40{2:45]2:50|2:55/3:00
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Context

CoV
V&2

Symbolic |

Ce S

Time  3:00-

EPISODE |

3:05

3:1013:15

3:203:25

3:30) 3:35

3:40)

3:45

3:504

3:55

4:0014:05

4:1014:15

4:2014:25

4:30

Context

CoOV

V235

Symbolic

C< S

- Time 4:30-

4:35

4:4014:4514:5014:5
Kyle correctly answered question num

4:5014:55

5:00{5:05

ber two |

5:10

5:15

5.:20

5:25

5301535

5:40(5:45

5:50{5:55

Time-line 4.9) on his second attempt,

6:00 . .

answered number one incorrectly, and did not finish either of numbers three, four, or five:

Time-Line 4

9

‘Student: Kyle _
Problem: Two, First of Two Attempts
Comments: Error-prone, DNF

EPISODE

Context |

CoV

Venn

V&3S

Symbolic -

CeS

Time - 04

EPISODE |

05

IOt

15

20

25,

30| :35

40

45

<50

155

1:001:05

" Context

CovV B

. Vernn

5  SRp R i Py b
1 Sa S T W st i

b

1:10{1:15

e
2

V&S

Symbolic

C S

Time 1:30-

1:35

1:40

1:45

1:50)

1:55

2:0012:05

2:1012:15

2:20)

2:25

2:30§2:35

2:4012:45

2:‘5_0

2:55

3:00
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EPISODE |
Context ’
CEOV
Venn
V&S

Symboli¢
C& S ] , . § - ‘
Time 3:00-|3:05[3:103:15|3:2013:2513:3013:35(3:4013:45|3:50{3:5514:0014:05[4:1014:154:2014:25(4:30

EPISODE | .

CoOV |

Venn
NS
Symbolic
C&S : : , i :

Time 4:30-|14:35|4:40{4:45{4:5014:55 5:0015:05)5:1015:15]5:2015:2515:3015:35]5:40{5:45|5:5015:55]6:00

Kyle was unable to translate the problem data from the contextual rﬁodé into a Venn
diagram. Initialiy he examined the pfoblein in context. Then he attempted é contextual to
Venn translation. This translation attempt lasted for over two minutes before he realized he
was not able to complete the'_franslation. He then focused his éttention to the probiem iri the
contextual que and attempted to determine what e’xéctly the problem was asldng. waever,
at time 4:05 he decided he was ﬁot able to understand the problem statement and so quit.. He
then went on to try problem three before coming back to retry problem two. B

Student:. Kyle- _
Problem: Two, Second of Two Attempts
Comments: Error-prone, Corr_ect Solution

EPISODE _

Context Eiing E: <::(.. Y xy 3 '- A e i “x 3 y B i S A . -

COV ‘ b

Venn | 1 _

V<=8

Symbolic

C<2>S : ‘ , ‘ _ ‘
Time o :051:10l:151 :20] :251 :30| :35] :40] :45| :50] :55 [1:00{1:05}1:10]1:15]1:20]1:25]1:30}
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Context

C&oV

Venn

V&S

Symbolic

C&S

Time

‘EPISODE

1:30-{1:

2:30

2:35]2:

Context

CoOV

Venn

V&S

Symbolic
C2 S
Time 3:00-

EPISODE

Context .

CoV

Venn

V&S

Symbolic

C< S

Time 4:30-

4:35

4:40

4:45

4:5044:55

5:0015:05

5:1015:15

5:2015:25

5:30{5:35

5:40]

5:45

5:5045:5516:00

On Kyle’s second attempt, he focused on the problem in context for 1:15 minutes.

At this point he tried to translate information into a Venn diagram but was unable to

complete the translation. At that time he made the remark, “I know a Venn diagram is a

good way to look at it, but it’s not the correct way to solve the problem.” He then began to

analyze the problem using symbolic notation and what he called “common sense” instead

of “formulas or anything.” Although Kyle was able to find a correct solution to this

problem, his last statement before quitting was; “I’m not sure whether that’s correct or

whether that would be a correct probability answer but right now--in my eyes--I guess

that’s the way I’d answer it.” Kyle’s statement illustrates one of the most noticeable non-

mathematical differences between the competent and error-prone students--that of

confidence in their solutions to the problems. Competent students are so able at performing

translations between the various modes that, after having completed a series of translations,
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, ~they- appear to be able: to “see” across the t_'ranslations into the various modes and thereby
detect and correct th_eir' transla_tion- errors. Consequently, the competent students express.
| much more confidence, both during the nroblem—SOlVing session and with their answers,
' than do the error—prone students “ | |
In part1cular Kyle had no means avarlable to him to check his solutron for errors.
. His common sense-had not farled him on this problem——but he had no way of comparrng his
number with the other values in the problem..t'o -determjne if his answer made sense. Kyle
would have been able to check his solution 1f he had made a correct translation from the
symbolic mode to theVenn‘diagra‘m and then- found numeric.values for each of the various .
regions of the Venn dragram representlng relatlons or data given 1n the problem statement |
Liz- (Trme-llne 4; 10) gave an mcorrect answer on problem two. She was able to
ua'nsv'ver number' one correctly, did not finish numbers three and ﬁve? and gave an incorrect "
answer to problem four | ‘
Liz thought this was a probab111ty problem and consequently attempted to find the
- probability of each event taking place (e g., probability of a student takrng statistics). She
“did not try to draw a Venn diagram‘ or attempt to translate the contextual information into a
picture or graph.
” Asgstated earlier; many of the error-prone students used a Venn diagram to help
| di’scover a solution method. While this is an appropriate use for the Venn, Liz’s attempt. |
illustrates why it is best that students understand what a Venn will describe and in what
situations the Venn and other graphs ar‘euseful_problem—soluing tools. If Liz had known
thata Vemn could be used to categoriae the contextual data, she would have attempted a .
contextual to Venn translation. If she had correctly performed the translation, she would
jhave immediately known the values of the probabilities she was attempting to find. The

point is, Liz failed to use this mathematical tool because she didn’t know what the tool
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“did.” Aside from the issue of knoWing how to make and use a Venn, she didn’t know

when to use the tool.

Time-Line 4.10

Student: Liz

Problem: Two

Comments: Error-prone, Incorrect Answer (Failed to account for probability of
taking both classes) ‘
EPISODE
Context
CoV
Venn
V<&=2S -
Symbolic

C&—S B o |
Time 04 :051: :15] : :251:301 :35( : 451 : :5511:00]1:0

EPISODE
Context
C—V
Venn
VS
Symbolic

Time 1:30-]1:35]1:40}1:45]1:501:55|2:0012:05]2:10{2:15[2:20]2:25/2:30{2:35[2:40[2:45(2:50{2:55[3:001 |

% 7
i

EPISODE
“Context o b : . ) o ke
CoOV ‘
Venn
VS
Symbolic

C<29S .
Time 3:00-|3:05]3:1013:15]3:20{3:25|3:3013:35]3:40(3:45[3:50|3:55|4:0014:05{4: 10{4:15[4:2014:25/4:30

EPISODE

Context s
CeoV
Venn
VS
Symbolic
C‘H S : :
Time 4:30-]4:35]4:40]4:45)4:5014:55|5:00]5:0515:10]5:1515:2015:25{5:3015:35|5:40]5:45 5:50|5:55 6:00

poeot RE
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EPISODE
Context

T CEeeV
Venn

Time 600 505 6:10l6:15l6:20[6: 2516:30l6:33(6:4016:4516:5016:53/7:00[7:017:10[7:1517:20[7:23{7:30 -

Time-Line 4.10 Contmued
“Student: Liz

Problem: Two
Comments: Error-prone, Incorrect Answer (Failed to account for probab111ty of

taking both classes)
. EPISODE
Context

CEOV
,Venn

Time“ 17:30."—”7:'3,5 7:40|7_:45 7:5017:5518:0018:0518:1018:15 8:20{8:25 8:3018:35]8:40]8:458:5018:55/9:00

. Deb (Time—line 4. 11) answered problems one, two, and three incorrectly but did find
| correct solutlons to problems four and ﬁve She attempted to use a Venn dlagram on
problem two but d1d not draw the reglon of intersection for the two Venn circles; hence she '
was unable to find correct numencal‘ values for the various reglons. |

Time-Line 4.11

Student: Deb

Problem: Two' '

Comments: Error-prone, Incorrect Answer (Did not 1ntersect Venn reg1ons d1d not

- correctly analyze problern statement)
. EPISODE

Context

CEOV

Venn .

VS :

Symbolic |

e

35| :40[ :45 | :50] :55 |1:0011-05 1:1011:15[1:20{1:25]1:30
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EPISODE
Context

Venn
VS

Symbolic-
C<S : N
"Time. 1:30-11:35[1:401:45[1:50{1:55]2:00{2:0512:10/2:15[2:2012:25]2:30{2:35]2:40{2:45]2:5012:55/3:00f

EPISODE |
Context

N 7

. Venn
AL

Symbolic
C& S ‘ i
Time 3:00-13:0513:1013:15]3:2003:25]3:30) 3:35(3:40(3:45 3:50 3:55 4:0014:0514:1014:1:514:20{4:2514:30

Itis seén that the error-prone students Who were able to find a sélutioﬁ were less
likely to spend time analyzing .'the. problem in coﬁtext at the onset, and those tﬁat did spend
time iﬁ context spent more time in this mode that did the competent students. Further, none '
of the error-prone students with solutions used symbolic algebra to solve the Venn diagram.
Each of the students that used é Venn diagram either solved it by some means of non-
éymbolic arithmetic. Notice that if Deb had used the standard algebraic method (as was
demonstrated in the text) she would have caught and corrected her error of not intefsecti‘ng
the two Venn éircles. .

Notice that there does not appear to be any significant difference between_.the
competent and the error-prone w'ith answer groups in the amount of time spent attempting to
make the translation into the Venn diagram. Nor does there appear to be a lot of difference

in the total time spent solving the problem from onset to stating an answer.

Time-Line Tables: Error-Prone “Did Not Finish”

Time-line Tables 4.12 through 4.17 are examples of students who did not finish
- problem two. As was typical with the error-prone DNF students, none of these students

successfully trarislated the contextual information into a Venn diagram. Each of these
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students demonstrated that they recognized that a Venn diagram was needed for a solution;
they showed this by trying to translation the contextual information into a Venn diagram.
However, not one of these students was able to successfully ‘translate' the information stated
in the contextual mode into a Venn diagram. Some of these students tried to translate
directly between the contextual and Venn diagram modes. Others attempted the translation
using the symbblic mode as an intermediate step in the translation. In any case, these
students were not able to successfully complete the translation from the contextual mode to
the Venn diégra‘m.
Greg answered problems one, three, and five correctly. He answered number four
incorrectly and did not finish number two.
Time-Line 4.12
Student: Greg
Problem: Two ‘
- Comments: Error-prone, DNF-
EPISODE | |
Context -
C<>V
Venn

VS
Symbolic

04:05]: 45 :510 :5511:0011:05]1:10 1:1'5|1:20 1:2511:30] .

Time

EPISODE |
Context -~
T CeoV
Venn
VS
Symbolic
C& S
Time . 1:30-]1:35
EPISODE |
Context
CEoOV o
Venn )
‘Symbolic i ‘ el
C<>S B ‘ _

’ T;me 3:00- 3:05,3:101 3:15 3:20'3:25 3:3013:35|3:40|3:45 3:50'3:55 4:00]4:0514:10]4: 15| 4:20'4:25 4:30

B
SE

s

oo
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EPISODE
Context i

VIS - _
Symbolic
COS ‘ - - : ' ‘

‘Time  4:30-14:35|4:4014:45]4:50]4:55]5:0015:055:10]5:15]5:20]5:255:3015:3515:4015:43]5:50| 5:5516:00

EPISODE’ _
Context o e
CEoV | '
Venn
V€S M |
Symbolic
C<2>S : , a b S
Time 6:00-16:0516:1046:15/6:20 6:25/6:3016:3516:40]6:45(6:5016:55/7:00[7:05|7:1017:15]7:20|7:25|7:30

Greg first performed a translation from the contextual mode to the Symbolic mode,

_ _symbolizihg the contextual tefrns». Hé'then returned to the context and attempted a
contextual-to-Venn diagram trénslation- When he discovered he couldn’t successfully
perf‘onﬁ this translation, he triéd to find the values in the Venn diagram ﬁsing a contextual-
to-symbolic-to-Venn diagram-translation. This attempt was'alsp"unsucces,sful. He then used
2:00 minutes analyzing the Venn di_agrém hoping-he could ﬁéure out Wh,ét each region |

| should represent and thereby complete one of the t;_anslatibns..When this was also

unsuccessful, he trjed again to complete a translation from the contextual to the Venn

diagfam and then a context-to-syfnb_olic—tq—Venn diagram. translation. These attefnpts were -

also unsuccessful. He quit at time 4:45. |
Mindi (Time-line 4.13) was unable to finish problem two. In fact, she was unable to

find an answer to any of the first four problems and found an incorrect answer to problem

- five. |

Notice that Mindi, on both attempts at problem two, began by ﬁsing é few seconds
analyzing the problerﬁ. On her first attempt; Mindi tried to translate from the contextual

mode to a Venn‘ diagram. At time 1:35 she realized she was not going to be able to finish




128
: this_t'ralnslation, She then tried to bl_Jild the Vénn uSing a tfanslatiori_ from the symbolic mode .
to a Venn diagra;n. She realized at time 4;.40 that this' was als;o unsuccessful:
On I}er second attempt she again tﬁ;e_d“ to translate the problem from context i'nto.‘a
| Venn diagram. She realized at 1:00 that she was not going to be able to finish the franslat'ion '
" ~ and so ended her attempt. As she finisvhed“ her‘ second attempt, she made the révealing
comment, “I don’t know where to .étarf.” | |

Time-Line 4.13

Student: Mindi o
Problem: Two, First of Two Attempts
- Comments: Error-prone, DNF ‘

EPISODE
- Context  §
. COV

. Venn ,
V28 .
Symbolic |
Time 04 :051 :101 :15] :20] :251 :30} :357 :401 :451 :50] :55 [1:0011:0511:1041:15/1:2011:25[1:30

e

et

" EPISODE
Context
C&HoV
‘Vrennr
V&S
Symbolic - |
Time 1:30- 1:3511:40 1:4‘_5 1:5011:5512:0042:05 2:1012:1512:2012:2512:3012:3512:40{2:45]12:5012: 55 3:00

 EPISODE
- Context

CEOV
Venn

e

Sy»mboli’cr
Time . 3:00-3:0513:10{3:15]3:2013:2513:30{3:35{3:40|3:4513:5013:55|4:0014:05|4:1014: 15]4:20 4:25 4:30
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Context

CEOV

Venn

Symbolic

C< S

Time 4:30-

4:35

. Student: Mindi- '
- Problem: Two, Second of Two Attempts
Comments: Error-prone, DNF

EPISODE |

4:46

4:45

4:50

4:55

5:00

5:05

5:10,

5:15

5:204

5:25

5:30)

5:35

5:40

5:45

5:5015:55

6:00

Context i

CoV

Venn -

V<23

Symbolic

C<S

Time 0

:05

110}

15

20

25

30

:35

140

45

50

:55

1:00

1:05

1:10

1:15

1:20

1:25

1:30)

- Lori correctly answered numbers one and four, incorrectly answered number three,

and did not finish number two. On both of her attempts at prdble_m two, she focused on

making a translation from the contextual mode to a' Venn diagram. She was not able to

complete the translation and ended her first attempt at time 2:35 and her second at time 1:40.

Time-Line 4.14

* Student: Lori
Problem: Two; First of Two Attempts
Comments: Error-prone, DNF

EPISODE.

Context
CEoOV

“Venn .

EESE BhRghrls
Bt

V23S

Symbolic

C<2S

Time 0

:05

:.10

:15

20

25

230

:35

140

45

350

55

1:00

1:05

1:10

1:15

1:20

1:25

1:30)
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Context

Venn

et

Y8

Symbolic'

C<2 S

"Time 1:30-11:35

Student: Lori

1:40

1:45

1:50)

1:55

2:00{2:0512:1012:15

Problem: Two; Sécond of Two Attempts
Comments Error—prone DNF

EPIS ODE,

2:202:25

2:3012:3512:4012:45 2:5002:55

3:004

Context

COV

Venn

V<28

Symbolic

C<S

Time 04
EPISODE

:05

:10

:15

20

25

:30

:35| :40

45

:50

:55

1:00{1:05

1:1011:15

1:2011:25

1:30

Context

C<oV [

Venn

V<285

Symbolic.

C<S

Time 1:30-

1:35

1:40§

1:45

1:50§

1:55

2:004

2:0512:10;

2:15

2:20

2:25

2:3012:35

2:4042:45

2:5012:55

3:00

Don (Time-line 4.15) answered problem three éorrectly but was unable to finish the

other four problems. He attempted problem two three times. On each-attempt he was unable

to successfully translate information from the contextual mode into a Venn diagram. On his

first attempt, Don first tried to make a translation from the Context into a Venn diagram. At

time 0:20 he realized he didn’t understand the problem. He then used from time 0:20 until

1:35 in the contextual mode analyzing the problem. He quit at time 1:35 and went on to

another problem. On his second attempt, he again tried to translate from the context to a

Venn diagram. When he realized he was unable to finish the trénslation, he changed his

attention to the Venn diagram and attempted to analyze what edch of the regions of the Venn

diagram représented in the context of the problem statement. This reverse translation attempt
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is eomewhat like that of Greg on nroblem one as seen in Protocol 4.5. Don ended his
second attempt at time 1:50. Don’s third try was again an attempt to translate dlrectly from

~ context'to the Venn. He reahzed after 0:45 that he still did not understand the problem
statement in context and so ended his attempt.

Time-Line 4.15

Student: Don .

Problem: Two; First of Three Attempts
Comments: Error-prone, DNF

EPISODE |
Context
CEOV.
Venn .
Y8
Symbolic

C&— S ‘ , 1 |
Time 04:051:10] :151 :201 :251| :30} :351 :401.:45] :50 :5511:00{1:0511:1041:15]1:2041:25]1:30

EPISODE
Context
CEeoV
Venn
V=S
Symbolic

C<>8 ' - , ‘
Time 1:30-]1:35|1:40}1:45]1:5001:55]|2:0012:05}2:10{2:15]2:2012:25{2:30{2:35]2:4012:4512:5012:5513:00

Student: Don .
Problem: Two; Second of Three Attempts
Comments: Error-prone, DNF

EPISODE
Context
- CEoV
Venn
VS
Symbolic

C<S ‘ B _ | ) .
Time 04 :051:101 :151 :20] :251 :30| :351 :40{ :451 :501 :55[1:0011:05]1:10{1:1511:20{1:25]1:30

b TTT" - - T=r
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EPISODE |
Context
Venn
V<S8
‘S'ymbohc
' Tii’ne 1:30-11:35|1:4011:45 1:56 1:55 2:0012:05]2:10]2:1512:20{2:2512:3012:3512: 40, 2:45 2:502_:55 3:004

‘ Student Don '
Problem: Two; Third of Three Attempts
Comments: Error—prone DNF

EPISODE

COV
Venn
Symbolic
T_ime 04 :051:10] :151 :20] :251 :30] :35] :40] :45| :50] :5511:0011:05]1:1011:15]1:20{1:25]1:30)

Bob (Tirne-line 4.16) incorrectly answered problem one, three, four, and five; He did
not finish prob'lem two. Bob first attempted a translation from Context to a Venn diagram.

' And, as was observed with several other students, when he was unable to ﬁnish‘ the
translation, he focused his attention to the Venn diagram attempting to analyze the Various
regiorisand thereby “back” translate the‘problem. That is,.at 1:15 , it became obv_ious to him
that he was not going to be able to translate the information from the contextual rnode_vto the
Venn diagrarn. At 1:25 he tried anotlier technique. He attempted to figure out what each-of
the regions of the Venn diagram represented (in context to the information given in the
problem statement.) He was not able to decide what each of the regions represented and so
ended this attempt at time 2:00, He then tried a translation between the symbolic and Venn

| ’ dragram modes This was also unsuccessful and he ended this attempt at time 2:25. He then

| re-read the problem and quit at time 2 30
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Time-Line 4.16

Student: Bob

Problem: Two-

Comments: Error-prone, DNF

EPISODE |
Context ‘
CEo Vo
Venn
Y8
Symbolic

C S ‘ | _ :
Time 04 :051:10] :151 :201 :251 :30{ :35| :40] :45] :50{ :551:00{1:05[1:10{1:15|1:20{1:251:30

EPISODE
Context

Venn & T
VS
Symbolic

C<>S 1 g N I
Time 1:30-11:3511:4011:45[1:5001:55|2:0012:05{2:10|2:15[2:2012:25[2:30{2:3512:4012:45)2:50{2:55]3:00

AR

. Arnie inicorrectly answered problems three, four, and five. He was unable to finish
problems one and two. .

- On His first attempt at problem two, Arnie spend 0:30 analyzing the ﬁroblem (in :
context) and ten attefnpted a translation between the coﬁtextual and sy_mbol'ié moclies.‘ He |
realized he did not know how to ﬁnish.this translation at.1:25 and, after reading the problem
again, ended his attempt at time 1:30. .

Arnie.then tried a éontext to Venn translation. This attempt was also unsuqcessful
and he quit at fime 2:15. He then remarked ‘.‘I’m just going to keep re-reading the problem
to look for a hint of something else I can do.” After another ten seconds he decides to go

on to another problem.

- - T™TT Ty p—
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Time-Line 4.17

Student: Arnie

Problem: Two, First of Two Attempts
Comments: Error-prone, DNF

EPISODE

- Context
CeoV
Venn
V&2 S
Symbolic
C<>S ' -
Time 04:051]:10] ;15[ :20] :251 :

Student: Armnie o :
Problem: Two, Second of Two Attempts
Comments: Error-prone, DNF '

EPISODE
Context
CEoV
Venn
VS
Symbolic

C<S ‘ , ‘ ,
Time 04 :051 :10] :15| :20] :25[ :30[ :35] :401 :45{ :50] :5511:0011:0511:1011:15]1:20{1:25]1:30}

EPISODE
Context

L
Venn
VS
" Symbolic
C<2>S | , ‘
Time 1:30-11:35|1:40{1:45[1:50{1:55]2:0012:05 2:10[2:152:202:25]2:3012:35]2:4012:45]2:5012:5513:001

Finally, the data analysis and time-lines demonstrate an important point about the
' relationship of translations to representations. in problem solving: The students used the
representations to (a) clarify or organize data and (b) restate the problem (or part of the
problem) in a solvable form. However, although the representations may clarify the data and
problem, the "tra_nslation is the tool that allows the solver to achieve the clarification. In most
- cases, the problems v;/eré solved by the translation, that is, via the translation. An appropriate

translation is the process whereby the problem information is arranged or categorized in

e T—per—— s
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such a manner that an “apswe;r’; is either available upon in_speétion or after a set of
trzi_nspositibﬁs (e.g., algebra steps). Ind‘c;ed,‘ that is the purpose of trapsIating.‘ Thé time-line
~demonstrate that after a t:anslfatipﬁ is completed (if the proper repreéentatioﬁ was éhdSen)

little time is actuéll& spént exalmining thé.n_ew representatibn. Rather, if the proper
' "transl‘atior‘l a_nd representation was chosen, the needed information was either available upon

i‘nspection‘ (ie., obvioﬁs) or it was clear what steps should be takén to get the neéded ..
' informaﬁon (e,g.;-algebraic .Steps), And, most likefy, if it is not obvious hO\'N'tO get the
| ansWef fhe student will make another transiation. The ti;ne—lineé d‘emonstrafe that the "
* students .épent very little tifné in probleﬁd analysié in any ﬁlode othef than contextual. But,' '
the fimc;lines do demons&ate that the students did spend a significant portion bf the time
making uanslationé._ | |

“So‘ theri, a translati;jn (1f done correctly) Wili represeht the problem so that ‘eitherf:. (a)

the answer isf.ava-’jflabll‘e upc;n- in'spectiori, (b) the ansv;/‘e'r will be. ayailable af_tér 'a-ser‘ie's of |
transpositions, (c) it is clear that another (or more) tranélation(s) is needed, or (d) it is clear
that the representation is not appropriate and a différenftranélation éhould‘ have been -

chosen.
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CHAPTERFIVE |

IMPLICATIONS, DISCUSSION, AND RECOMMENDATIONS -

Overview of the Study. -

The follo_\;vin'g chapter provides an overview of this research. Included are the
research qﬁestioln's, a review of the methods of data acquisition, and a.sﬁm_mary of the
.teéhniques used fo analyze the data. Also included is a review of the major findiﬂgs of the
- study and a nurﬁber of remarks regarding the findings. The chapter rconcludes4witf1_‘
r‘ecofhmend‘ations and questions for further research.
| Through an investigation of prpcésSes, methods, and.procedures displayed during
problém solving tasks, this stu'dy examinesj the use of representations and translations
‘during matﬁerhatical problem solving. SpeéifiCally, the study focused on how problem
solvers used frfanslatidns and representations’ with reference to the-_following questioﬁs: ‘
1 Is there a difference in successful-and unsucces.sful students' useof multiple |
representations to solve probabilit:y problems? |
2. Istherea difference in the patterns exhibited by sﬁcCessful and unsuccessful students
~ with regard to their translation between ref)reséﬁtatioris? _
3. With regard to the problem-solving process as a whoie, what benefits (if any) do
. Students gain through thé use of mﬁltiple ‘represent'ation?
4. What difﬁcﬁlties (if any) do students encounter in their use of multiple representations?
. The problem solving data were c;ollected during interviews with individuals selected
from students enrolled in a college finite-mathematics coﬁrse. The identification as to-
" whether a student was a competent or efror-prone problem solver was made post hoc, on the

_ basis of whether the student was able to successfully use mathematical tools, accurately -

-
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_ translate between the various representation modes, and use the modes to solve probability
probler'ns : . . \

For the purpose of this research:

| 1. Competent problem solvers are able to analyze a problem develop an appropriate
solut1on strategy, translate between representat10ns (modes) accurately, and operate within
the representatlons competently. As a result, competent problem-solvers are able to analyze
a problem firid a method to solve the problem choose and use approprlate translat10ns and,
but for mmor errors, find a correct solut1on The competent students use translat1ons and
representaﬂons ina manner appropnate to the problem and can qulckly and accurately

‘ translate between the various representattons., -
| 2. Error—prone problem solvers have less success (than the competent students) at
solv1ng problems because they are unable to (a) develop or 1mplement an appropnate
| . problem solv1ng strategy, (b) complete the necessary translat10ns or () perform the
necessary arithmetic or algebralc operations while workmg w1thm the various modes Error- -
prone students often have difficulty translatmg the English statement of the problem into a
~ Venn diagram and often have difficulty translating 1nformat1on from a Venn or Enghsh

representation into an algebraic statement. Also, the error—prone students may be unable to
operate successfully within the various repres;entatmns. To summarlze, the error-prone
students are classified as such because each is prone to making errors in tr'anslation,in
mathematical manipulations, orin problem analysis, not because their answers are in error.
Competent problem solvers are so labeled because of their ability to use the mathematical
tools and concepts available to them in an competent manner, not because. of their ability to

. always find a correct solutions to the problems. |

Students selected from'several sections-(n=2‘1) of a finite mathematics course

demonstrated their mathematical and translation skills as they attempted to solve a set of five

P e — T T
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: .pfobability problems. Each studeht was asked to verbalize his or her thinking process as he
~or she attempted to solve the problems The problem solving sess1ons were v1deo recorded.
The v1deotapes and written work were used to make a transcnpt of the students”
N problem sessions. The transcrlpts correlgte the students_ spoken words with any wntten.
material, symbolic alg;.ebra, and graphical data made during the sessions. | |
o The videotaped prob'lem-.solving sessions and transcripts were analyzed with focus
onr*students’ use of ml'iltipl‘erepresentatjions and translations. Also, the video recordings
were used to identify the times (f_rom. the beginnipg of the session) when the subjects Iﬁade
a translation, fhe lengfh of time tekeri to corhplete the translatioh, and how long the subject _
operated within each representation. These data were transferred to a time—line. The time-
lines were used to loOk for p-atterns 1n the time of use of the representations and | |
~ translations. | _ |
In particular, this research focuse(i on (a) the students’ use of representetions- aod
(b) the links the students made between the representation mod_es, that is, the students’ use
. of ‘trans;l_eitior‘ls. | "
"The purpose of the representation research was to identify (a) which repr,esentations
the competent and error-prohe students use, (b) when they choose to use any particular
» representatlon (d) how frequently they use each representat1on and (e) how successful they
areat using the representatlons This research looked for patterns of behav1or that
. characterize the competent and error-prone st_udents use of representations and translations.
As "iillustr,ated in Fi‘gore4.2, for the purpose of this research, (a) the contextual
representation was brobability problems written in English; (b) the al‘gebraic mode was
Symbolic Algeb_ro (college introductory'level); and (c)»t‘he '\_Iisuai or graphical mode was

Venn diagrams. The translations were between these three representations

I3 B Sl i ¥ I "7 p—a—Te
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Symbolic
Algebra
Mode

Contextual
Mode
(English)

Figure 4.1: Translations and Representations
The purpose of the translation research was () to identify patterns of movement
between the repreéentatiohs and. (b) tb identify patterns in the time spent translating and

operating in each of the représéntations.

Summary and Implications

‘A Venn diagram is a graph that uses circles to represent sets. The circles
overlapping, and non-éverl‘apping; zoﬁe_s represent set relations. The relations are
demonstratedlflia the inclusion, exclusion, or iﬁtersection of the zones of ‘the,‘ci.rclzles drawn
on the Venn diagram. That is; for the purpose of this reséaréﬁ, Venn diagralﬁs allowed

l-lstudeiﬁnts to éategqrizg: and enumerate set data.

The primary purpose. of this research was to answer the following two questions:
1. Isthere a difference in successful and unsuccessful students’ use of multiple

representations to solve probability problems?
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2. Isthere adiffer_e_n_ce in the patterns exllibited by successful and unsuccessful students-
- with regard to their translation between representations?
The data suggest that there is adifference in'the use of multiple representations by the two
| groups. Further, the,time lines demonstrate a difference in patterns of beharfior of the two |
l. groups. | |
This'research demonstrates that the competent problem solvers used Venn diagrams
to categorize and enumerate the problem data. The data suggest that competent students are
cognizant that the -purpose of the Venn diagrams isto categorize and enumerate data.
However the research data indicate that many error-prone problem solvers used the Venn.
. dlagram as a vehicle of d1scovery, that is, as at tool used to “figure out” how to solve a
problem. Many of the error-prone students were unable to discern how to solve the
| problems while studying the English statement of the problem and. COns'equently, often
translated to a Venn_diagram while attempting to “discover” a solution method. They used
a translation and a new representation to “see” if they could figure out how to do the
' problem. This is not to say that error-prone students didn’t also use the Venn to categorize
and enumerate problem data. In fact, that is what a Venn d1agram does to data no matter the
1ntent1on of the translator. Indeed, it is because Venn dragrams so clearly categorize logical
set relations that the error-prone students were able to solve any of the problems. The error-
prone students generally translated the problem (often incorrectly) into a Venn |
representation to see if they could discover a solution method, and once the translation was
complete they often did see how to complete the problem. The fact that the error-prone
stuclent_s were enabled, via the Venn representation, to discover a solution path serves to
_demonstrates the appropriateness and power.of translations and multiple representations. .
Competent students appeared (generally) to understand the written problem
: statements and were able to see or discover a solution method before translating the problem

into a non-English representation. Moreover, the competent students appeared very
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.confident and competent doing translations and hence, often translated portions of a

- problem to discover the relevance of a particular piece of information or to clarify some

aspect of fhe problem or their solution method.

.The error-prone students, on the other hand, were very prone to make efrors in
translations and often expressed a lack of confidence in their translations. In particular, the
error-prone students had d1ff1culty translat1ng Enghsh statements into Venn diagrams.
Interestmgly, many of the error-prone subjects appeared to ‘have little difficulty translating

information from a Venn diagram into an English statement. The fact that the error-prone

students were able to translate information from the Venn into an English statement, but

were unable to successfully translate from the English to the Venn, demonstrates both the
purpose and usefulness of Venn diagrams and graphical repfese,ntations. By design, the
Venn diagraln is meant to clarify and classify informaﬁon so that the problem solver can
easily understand and interpret data relationships. Hence, the error-prone students were able
to see the relationships (expressed via the Venn diagram) in the data and express these
relationshipé as an Englisn statement. In several instances, the error-prone students arrived
at a correct solution without really realizing the purpose of @e Venn representation or really
knowing why they were using a Venn diagram.

The time-lines indicate that error-prone students jumped between using the various
translations and representations much more frequently than did the competent students. The -
error-prone students often would try making a translation to some mode, would not be |
successful making the translation, and then would immediately try a different translation.
They would continue this process of trying different representations until they finally gave
up in frustration. Notice though, the error-prone students were not successful using the
representatlons because they were unable to successfully complete the translations

necessary to use the representation.
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The time li_nes‘ show that the' competent students tended to stay within.a

representation until .reaching some conclusion as to.how thel representation would benefit

them in f1nd1ng a solution, or unt11 they concluded that a different representation was |

needed. They Would then translate (if they needed to) and use another representat1on to

clarify data relat1onsh1ps or find a needed numeric value. The competent students contmued

this process of translating and clarifying the problem and finding the needed values until |
. they had found a solut10n - |
It is seen then that the competent subJects used translations to arrive at conclusmns |
5 -about aspects of the problem The translations were seen as a tool to use in the solution
process. However, the err_or-prone ‘students used translations (a) as a method of discovering
a solution method or (b) because they “just don’t know what to do.” The ‘group that used a
Venn diagram to discover a solution method demonstrate that 'theerror-prone students |
' realized that translating helps with finding a solution. (Even though they ‘did not know why
or how it helps.) The students that “don’t know what to do” illustrate the error-prone
students that do not know how to do the problem and do not realize that a translation rmght
help‘them to solve the problem. This second group used the translation because “that s
what was done in class and that’s all T know to do | - | )

The followmg remarks are made regardmg the subjects that chose a solution method

- on the basis of “that was how I saw it done in class.” Oné -hopes that through ‘suff1c1ent
practice, and yvith clear classroom demonstrations, the error-prone subjects will master the
skills displayed by the competent problem solvers, and hence, become competent problem |
solvers. If error-prone students, through study and practice, are able to masteér the problem-
solving techniques then this research is quasi—longitudinal in that the intervie‘.ws are a |
“before” and “after” view of students problem-solvmg skills. It appears that the error-
: prone subJects because they were unable to develop their own problem solving strategics-—

or because they had 1nsuff1c1ent out-of—_class practice--used classroom instruction as their
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prohlem solving model. These students-mimicked: the successful behaviors they observed in
- the claSsroom and attempted to apply it to any and all problems that they believed to be
somewhat smular to the demonstrated problems. Interestlngly, those error—prone subjects
with insufficient practlce often d1d not realize why they could not do the problems and d1d
not understand Why their solutlons were not working out as smoothly as those
| demonstrated in the classroom.
A secondary purpose for this research was to answer the following two quest1ons
1. W1th regard to the problem—solvmg process asa whole what benefits (if any) do.
students gain through the use of multlple representat1on‘7 N
2. What difficulties (if any) do students encounter in their use of multiple .r{epresentations?'
The follow1ng comiments are made in regard to these questions. ' |
, Lesh Post, and Behr (1987) reported “good problem solvers tend to be suff1c1ent1y
flexible in their use of a variety. of relevant representational systems that they instinctively
(italics added) switch to the most convenient representational system at any given point in
the solution process”«(p.38). This research indicates that the choice of representational |
_'systems is not instinctive. Rather, it appears as if subjects learn from pract1ce and
' demonstratlon which representat1ona1 cho1ces are most approprlate for the various types of
probability problems. This learning cycle 'becomes eV1dent as the students struggle to
interpret -and' analyze the probability problems. ’Ihe researcher recorded several instances
: that indicate that if a student understands, or appears: more comfortable with, one particular
translation and/or representation rather than another he or she will use the “comfortable”
translatron and representation rather than analyz1ng the problem to see if the particular
‘ representation chosen is appropriate for solving the_problem. This “comfortable choice” is
particularly true for those students who'do not have a clear understand of what aparticular
translation and representation will reveal about the data, that is, the error-prone students.

"This indicates that if students are to become competent problem solvers they need to be able
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to (a)»operate in many differ’ent representations ) translate accnrately and conﬁdently
between the representations and (c) be able to discern before starting the translation, how
the new representatron will present the data and relationships expressed in the problem.
Furthei ‘the research suggests that students need early exposure to the various
representations and lots of practice miaking translations between the representatrons

| Moreover, it_'should be made clear to students, both. by text and instruction, which

representations are appropriate an_d'whi_ch. are not appropriate‘ _for the various types of
problems presented in the cu_rriculu'm.'For example, some of the subj ects attempted to solve
the research problerns with‘ atree diaéram, not realizing that tree diagrarns were not an
apprOpriate graphical method for representing the problems.

T_herefore, for the error-prone problem-solvers to become competent problem
solvers, they need to (a) have so_rne understanding of the-‘.problem. statement, (b) understand
why a translation is needed, (c) discern which translatlion and representation is'appropriate,

'~ and (d) be abl_e_to make the translatio_n. Indeed, no individual wil‘l use a tool if he of she_ |
~doesn’t possess'.'a,knowledge of the tool’s existence, know why' .the tool is useful_, wherethe
‘tool'is lisable, and how to use the tool.,‘ o |

| 'According to_J anvier’s ‘('1'987.) discussion of “the Source and Target Paradigm,” to
achieve a &anslation‘, the translator has to transform the source “target wise” or, in other
words, to look at the sonrce from a “target point of view.” Therefore, in a direct translation,
the translator must examine the source (the representation to be translated) in the- context of
the target. This research reveals that, as subjects attempt to translated between
representations, they often switched back and forth between the modes; that is, they translate

. information in one direction (in relation to the representations) for a tirne" then they appear

to be translatlng in the other direction for a time. ThlS “back and forth” aspect of the
translatlon process reveals the students’ efforts to transform the source “target wise” into a

form compatlble_- with the target representatlon. N ote, however, it also points out the
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limitationsof using the sOurce—targetaanalogy in that; while an arrow only goes one
d1rect10n as does a translation, many of the students went back and forth between
representat1ons (that is, between the source and the target) many times before flnlshlng the

_ t_ranslatron and bu1ldﬁ1ng a correct * target, representatron.

" The time lines together with the analysis of the students’ protocols demonstrate that :
“the ‘competent students are able to “hit: the target” (i.e., translate competently) while the
| error-prone students commonly either (a) are unable to understand the relatlonshlps . '

: expressed n the problem statement well enough to be able to translate from context mto
relatlonal symbols or, (2) do not understand how to.represent the source 1nformat1on in the
new r‘epresentation mode. Many of the €rror-prone subjects were able to translate from the
Venn diagram to the English mode but not vise-versa. That s, many;error—'prone subjects.
‘understood the ;problem when the data was presented viaa Venn dragram but drd not
understand how to solve the problem when it was presented as a written Enghsh statement
This. demonstrates, how powerful the Venn diagram is as a tool for categorizing and
pr_esenting data, and 'hence, how important translation and representation skills are in
problern solv1ng

It is 1mportant that students partlcularly those that are the least confident and

' competent mathematmally, begm to see the connections between the representat1ons And
they need to become cognizant of the “translation drrectlon” during-a translat1on attempt. If
a student has an-understanding of the connections and translatlon direction but is unable to
tranislate forward from one mode to anot'her then they may be able to decode the translation
by 100klng at the reversé translation. This translation technique was observed when one of

- 'the stiidents, although he did not understand what is being asked for in the problem
statement, knew what each,region of the Venn diagram represented in English. Then, by
using_a process of elimination of the various regions of the Venn diagram, he was able to

decode the problem statement and figure out what it was a’skjng. He related each zone of the
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Venn diagram with a relation expressed.in_: the problem statement, rather than relating eaeh
- statement to a zone of the Venn diagram. This then, in the context of J anr(ier’s “Sonrce and .
Target Paradigm-”- Would have the student use the target to decode the source. The research
herein suggests that for the error-prone subJects to attain problem—solvmg and translat10n
competence they must (a) have much more practice translatrng between representations, (b) .
have the source—target decodmg teChmques demonstrated and explalned by text and teacher,
| and (c) somehow come to an understanding of why to translate, that is, what the new
representation will reveal about the data or relat10nsh1ps expressed in the problem statement.
This research does not indicate how these mathematrcal skills can best be accomplished or “
at what educational level this knowledge and. skﬂl can best be attained. |
Many of the error-prone subjects seemed unable to come to a. good understandmg
of the relationships expressed in the problem statement. These students had no chance of
translating the problem into a Venn diagram because either (a) they did not understand the
English expression of the relationships or (b) they were unable make a cognitive connection
' between the two modes. That is, they did not apprehend that the new representatlon revealed
~ for them anythmg useful about the contextual statement of the problem. This finding
indicates that mathematics teachers need to spend time teaching “reading mathematics for
understanding.” Teachers should assign and demonstrate logic problems (i.e., that give the
students opportunity to read problems and clarify problem statements). And, the students
. need to practice the algorithms (i.e., standard methods demonstrated by text and class
lectnre): to solve the problems. The NCTM (2000) appears to acknowledge these needs with |
followmg comment: |
- An important part of learning mathemat1cs is learning to use the language,
- conventions, and representations of mathematics. Teachers should introduce
students to conventional mathematical representations and help them use those
representations effectively by building on the students' personal and idiosyncratic

representations when necessary. It is important for teachers to highlight ways in
which different representations of the same objects can convey different information:
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and fo emphaszze the importarnce of selecting representatzons Suzted to the
partzcular mathematzcal tasks at hand. [Itahcs added] (p.361-362) '

* ‘Many of the error-prone students appeared to be unable to make a cogn1t1ve

connection between the representatrons. Regarding this, on sever_al occasions error-prone

- students expressed that they knew they needed to-make a Venn diagram but-that they were- - -~ -~

not sure why they necded the Venn diagram. That is, students knew they needed a Venn
djagram. (that was:the only way they had seen the problem solved) but were unsure what the
'. Vénn diagramrevealedabout the problem and data. Also, they were unclear why the Venn
| diagram was the method-usedto analyze and solve the problem. In general, teachers act-and '
teach like competent problem solvers, thereby never giving students the opportunity to |
explore (in‘a class sett1ng w1th teacher partlcrpatron) various methods and approaches to
solving the problems It may be that teachers should teach (sometimes) as if the were not -
competent problem solvers That is, teachers need to explore with the students. They need to
present and explore a variety of problems in greater detail. And teachers need to look at the -
various translation and representations" and explore how the representations may, or may
not,.apply to problems and 'the_reby demonstrate which translations and'represl'entations are'
appropriate for solving the various types of problems. Further, the students would then .
'_ understand (hopefully) why certain representatlons are approprrate for some types of
problems and Why other representatlons are not appropnate and maybe understand why a
representation will produce wrong answers for one problem type and produce right answers -

for a different type of problem.
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Recommendations for Further Research

This research 1ndlcates that further research is justified. The comments and
questlons that follow address some of these topics.

Is it possible to teach translatlon skills to students and how best can this be
accomplished? On the basis of this research, it appears as though students have amuch
easier time tran'slating information. from Venn diagrams into natiye language than from -
native language to the Venn diagram. Thisthen may indicate that students should first learn: |
to translate Venn diagrams. 1nto native language and-then use th1s translatron Sklll to .
“deconstruct” Englrsh statements, via a Venn dragram and thereby learn to translate
mformatron from the natrve language (context) into the Venn- diagram. However, it may be
that students best leam by exposure and practrce in translatlng both drrectrons at the same
time. Could the student, by practicr_ng the translations in both directions during the same
period of time learn to use the “target”_ to decode the “source” information? Further |
research may reveal whether students learn translation skills best by repeated practice of one
translation, or if students should be exposed to and practice two or even several types and
directions of translations during the learning session. . -

This research indicates that there may be a correlat10n between reading abrhty and
translatron skrll Many of the error-prone students were competent at reading the words of
the probability problems, but appeared “functionally 1111terate” at decoding the relatronships
1mpl1ed by the problem statement. It would be of interest to drscover whether or not there -
exists a statistical correlation between higher level reading skills and mathematical
translation skills. Further, if this correlation does exist, it would appear to indicatethat
training in reading and decoding would improve mathematjcal understanding and translation

~ skills.
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If problem—solvmg Skll]S are developed via'the student rmrmckmg observed -
tlanslatlon and problems solving behav1ors then one has to wondér how and when does a -
successful student use_thes_e mimicked skﬂls to de\_/elop her or his own set of problem .
" solving skills? That is, by What process does the competent stl_ident “internalize” the

_translation skills‘observed:in the clas'sfoom? _Furthe'r,, how does the competent student |
- integtate all the observed methods and decide which to use duling aprohlem-solving tasks? '

If translation and ~r'epresentation skills can be taught, then it would seem that a study

. modeled on Schoenfeld’s (1985) study of heuristic mstructlon and problem—solvmg

ab1l1t1es would demonstrate and clarlfy how and when students integrate translatlon and
representation skills. into the1r problem—solvmg reperto1re Such research could provide
d1rectlon as to when and how teachers should integrate translation and representat1on sk111s :
into problem—solvmg sesslons. In particular, the q_uestlon arises: do ehﬂdren learn |
translation skills more efficiently at a younger age (as they appear to do with l'anguage
skills) or should the teaching of translations and representations be reserved (for-the major

p‘art) until the student is algebra ready?
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ANALYSIS OF PROBLEM-SOLVING PROTOCOLS
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A Franiework for the Macroscopic Anal'ysis of Problem-Solving Protocols

| The rnethodof protocol analysis employed in this study is a direct adaptation of
- Schoenfeld’s (1985) proble_rn-solving research. In his study, Schoenfeld reviewed protoeols
-'generated by university students during problem-solving sessions and categorized students -
behavior into one of four categories: reading, pl‘anning, implementing, and checking. |
Likevilise, this research examined problem-solving protocols generated by university
+ students. Rather than focusing on students’ problem solxting behaviors, however, this
research examined students’ (1) use of representations, and ‘(Zl) transl'ation hetween the
representations. The overall intent of the method was to identify a set of potentially
1rnportant problem—solvrng tools and the manner in Wthh students use these tools to solve
probabihty problems. Although specific to the problems adminlstered as part of thlS study,
‘the niethod of analysis is generalizable. That is, the method could (with some adaptation) |
serve as a framework for ini/estigating students’ use of multiple representations in other
problem settings. | |

In general translations are act1v1t1es (cognitive and overty that result in are-
presentatlon of problem 1nformation That i is, the act of “translating” allows-the problem- .
solver to depict all or part of a problem in 2 new and different manner. Thus, itis
appropriate to look for translation activities at pomts in the protocol data where the problem-
solver significantly changes the problem representation. A representation is 1dent1f1ed by the
manner in which the problem is (1) depicted on paper or (2) spoken of by the problem-
solver. Using this definition, the method’of protocol analysis employed in this study sought
to distinguish between the act of translating between representations from the use of a
'particular representa_tion. |

To assist in the categorization of student behavior, the protocols were partitioned

into macroscopic (time) segments of uniform behavior called “episodes.” An episode is a
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‘ period during whrch a problem—solver is engaged ‘in.only one task. For the ‘purpose of this
research, the tasks identified aré either (1) making a translation or (2) performi’ng some
pieCe of the problenl—soh}ing task using, a single representation (non-translation task).*:Each
- task was categorized into one of the following six classes of episodes: “
I | , Translation Behavior (bet\zieen representations): ,. |
a) Context and Venn d1agram
b) Venn d1agrarn and Symbohc Algebra
) ) Context and Symbohc Algebra
II. . Non-translation Behavior (Inner-representation actii{ity):
a) Context
b) “ "Venn Diagrarn.
o Symbolic Algebra
Itis important to note that student behaviors must be identifiable to be coded. ToWard this
,‘ end, the nlethod' employed by this study is consistent with that of Lucas and his colleagues
(1980) All behav1or is requ1red to be exphc1t Otherw13e it is not coded. v |
Once a protocol was parsed 1nto eplsodes the moment at which the transition
‘ between episodes took place was 1dent1fied In other Words the researcher sought to identify
episodic Junctures—-pomts at wh1ch the problem—solver changed from “using a ‘
o representation” to “constructing a representation,” Or vise-versa.
The fol'lo'\.?ving.‘is a list of the criteria used for_pars_ing the protoools. Appendix B
presents an enampi‘e of hovsithe criteria were used to parse a protocol. |
| ' Criteria 1. An explicit action indicating a translation. :
Criteria 2 An e)rplicit action indicating no translation taking place.
Criteria 3. Verbalization indicating a translation. o

- Critetia 4. Verbalization indicating no translation taking place.
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As a technical issue, it éhould be notéd- that the pfesence of the verbal criteria in a
protocol does not necessarily verify thé‘t a translation did or did not take place. In part, this

is due to the nature of the data: talk-aloud protocols. In the process of solving the problem, :

| an explicit action (criteria one or two) was generally accomparﬁed by é verbal explanation of
the activity- (cfiteria three or four). Together, the two served as clear-indicators of cognitive

activi_ties in which the problem-solver was engaged. However, a verbalization indicating a

trainslatibn (criteria three) was not always accompanied by an observable translation. Rather,

thé subject may only have been thinking .(aioud) of taking the action. The verbal criteria, )
tﬁergfore, are indicators of actions, but do not guarantee that the verbaliiéd éctivity occurred.'

The following explicit actions (criteria one) were viewed as indicative of translation
behavior: |

(D Placing values (numbers) from the problem statement into regions of the Venn
diagram [contextual to Venn diagr&n translation], |

- (2) Constructing syinbolic ‘expressions and equations for the purpose of the numerical
value of a region of a diagram [Venn diagram to symbolic algebra translation], or

(3) | Transfe_fring the Soluﬁons obtained through symbolic (algebraic) manipulations .into
the regions of a Venn diagram [symbolic algebra to Venn diagram translation].

Explicit actions indicative of no transiation (criteria two) include the following:

(D) Solving an algebraic equation for an‘unk'nown [symbolic algebra mode],

2) Making sense (through pointing or other outward action) of the information
contained in the Venn diagram (after having placed the values given in the problem
statement into regions to the Venn diagram) and voicing something to the effect, “T -
think I need to find the number that goes in this intersection.” [Venn diagram
mode] - '

' Note that for category (2), the explicit action indiéating no translation was identified by a |

combination of the subjects’ body language, verbal activity, and the fact that the “natural”
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' next activity (natural to someone that has done, or k’nost hoW to do the problem) hasn’t
o taken place. In ‘this-case, the “natural” next step is to use algebr'a to find the unknown value
1epresented by a region of the Venn. Thus, subjects operated within the Venn d1agram mode
in-order to dec1de what course of action to pursue.
The following types of verbalizations (criteria three).were viewed as indicative of
translation behavior: | o |
| O Stating that a given value should be plaeed in a particular Venn region [Context to
Venn d1agram translatlon] ‘or | |
(2) Verbalizing an equation that relates the values of the regions of a Venn d1agram that
can be solved to find an unknown value represented by one region of the Venn
diagram [Venn diagram to symbolic algebra translation]‘.
Verbalizations indicative of no translation (criteria four) include the following:
‘(1) Explanation of an algebraic step while solving for an unknown value [symbolic
algebra mode], .
(2) Making sense of (i.e. re-reading aloud) the information stated in the problem
'staternent- [Contextual mode]. ' |
The parsed protocol in Appendix B (and in the body of the text) was constructed by
considering the problem-solving behav1ors displayed on the video record of the problem
“sessions and 1dent1fylng distinct episodes Therefore, it is indicative of the precise point.in
~the problem—solving session where translation activities (or non-translation activities)
‘changed.. Once the episodes were identified, the time at Which the change of hehavior took
place was identified by a re-checked through the use of video recordings and transcripts.
Reliability in the parsing of protocols appears to be quite high. After several of the
protocols vtzere parsed (by the researcher), the transcripts were reviewed by comrni.ttee 'co-
chair Ted Hodgson. He independently review_ed the protocol data and developed his parsed

version of the data. The parsed transcripts were then compared. Differences in the
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‘ researchers’ interpr‘etation of the data were-then noted and discussed..A consensus was then
reached by: reviewing the Video-”recordingsrof the problem—SOIVing session. AlthOugh no |

._ ~data'v(/.'ere. collected regarding inter-rater rei‘iability (this is certainly one area in which the
study can be improved and- wil’l need to be improved prior to consideration by the broader
sc1ent1f1c communlty) no major- (and Very few minor) d1fferences in the researchers :
parsings were detected This f1nd1ng 18 cons1stent w1th the Schoenfeld’ (1985) assessment
of his parsrng process. In part1cu1ar Schoenfeld remarked that “W1th a small amount of |

training, part1t10n1ng protocols 1nto ep1sodes and delineating new-information pornts are

- both rather straightforward processes » To parse the protocols in h1s study, Schoenfeld

“used a team of three undergraduates (that he had trained). As with the present study, he
' found the re11ab111ty to be qu1te high, albeit Schoenfeld presents no formal data to support

his clarm.
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AN EXAMPLE OF PROTOCOL ANALYSIS AND PARSING
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AnExample'of Protocol An_aly.sis and Parsing

Protocol B, below, is a transcript of one student’s written and spoken work. To
make the protocol, the audio tapes and the audio portion of the video tapes of the subjects”
interviews were transcribed. Then, the video tape of 'the'problem‘—solving session; the
students written work, and the tr'anscript of the students’ Verbal comments were used to.
make a full transcrlpt of the problem—solvmg sess1on The full transcnpt correlates the
subJects spoken words w1th his or her written work.

Protocol Bisa transcr1pt of M1seon solving problem number two. In this protocol,.
| and those 1ncluded in the Analys1s of the Data (chapter four) the left column isa transcr1pt
of the students spoken remiarks as she or heé worked the problem The numbers in
parenthes1s inserted i in the spoken transcnpt are the elapsed times from when Miseon .'
‘started‘ working on her solutlon. (For the sake of readabrhty, the tmu_ng marks are not
included in the chapter four examples.) The timing started when the student finished reading
the statement of the problem-aloud. The left column is a transcript of all of the problem
~ solver’s spoken wordsl The right column is a transcript of the written work,..including all
graphs and algebraic symbols. Each drawing or figure is correlated with the verbal remarks
irnmediately to it’s left . That ‘is? each drawing in the right column eorresponds (as closely
as possible) with the transcrlpt of the spoken words ‘appearing to the drawings immediate
left. Breaks in the subject’s verbaliza_tion (quiet times) are indicated by line spaces in the
- transcript, although there is no correlation between the number of line spaCes and the length
of quiet time. All marks (with three general exceptions) included on the transcript of the
written work are also found on the subjects written work. The three exceptionsare (a)a
printed hand indicates thatthe student pointed to some part of his or her 'drawlng, (b)a
styliied calculator indlcates' that the subject used a calculator for a period of tlme, and (c) an

underline indicates that a number or some other mark has been added to an existing graph, |
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'drawing-, or equation. The underlin_e'is included only at the ‘firstoccurrence of the new mark.
The underline will not be shown on any subsequent appearance of the drawiné or et]uation,
‘ If a student pointed to something on ‘his or her drawing a hand is 1ncluded on the transcrrpt
of the written work w1th a f1nger 1nd1cat1ng the place where the student- po1nted 'The words
spoken by the subJect as he or she po1nted are found in the transcr1pt 1mmed1ately to the left
of the. hand All data, nuinbers; or graph1cs that the student: used durlng the problem solv1ng '
: sessron are 1ncluded in the transcr1pt The figures in the. r1ght column of the transcript .
appear (as closely as possible) 1dentlcal to the written Work turned in by the student In
.Protocol B, asin the protocols 1ncluded in chapter four a segment number is 1nc1uded in "
brackets (e.g., [Segment 1].) These are included so that the reader c_an eas1ly. locate in the
transcript any of the subjects words or .‘phras'es that are referred to in the data analys1s |
discussion. | | - o

Protocol B

Name: Miseon‘ Problem' Two '

At Giant State University a survey of students takmg college mathematrcs found that 40%
took college algebra, 30% took statistics, and 42% took neither course. If one of the
students from the survey is chosen at random, what would be the probab1l1ty that she or he
took e1ther algebra or stat1st1cs but not both courses? :

[Segment 1] _
-Okay. (5 seconds) ; Al = 40%
"1l go--okay, forty percent took college math. o

Thirty percent statistics—thirty percent. St= 30% ‘
Forty-two percent took neither.

‘That means like A--S is—. - O (AUSY = 42%
(35 seconds) ‘ : ' ‘

Qi Ml =TT — oy —————r—re——
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: Okay, so the question is—-asks.

(40 seconds) .

[Segment 2]

This is algebra and this is statistics.

- They want to know either Algebra or the
Statistics but not both courses, meaning that
" you want to have--this side

or this side. (60 seconds)

So this is forty-two percent.

T TT T e
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(1 minute 5 seconds) '

‘ [Segment 3] :
So.uhh all this total should be one hundred
minus forty-two I think fifty- elght percent,

- . right.

(1 mjnute‘ 25 éecond‘s)
. Like total A Sis A plus S minus--uhh S.

So ﬁfty—cight equals forty plus thirty minus--.
Okay,,X will Be—-- -

seventy minus fifty-eight.

Umm--Okay.
‘Tweive.
(1 minute 50 seconds)

[Segment 4]
We know ‘;hat"s—-this is twelve.

Like, so what we do is subtract forty
[laugh] minus twelve is like--

100 - 42 = 58%

AUS=A+S-ANS

58=40+30 - X -

“X=

42%
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twenty—éighf.

T 42%

Thirty minas twelve is eighteen.

L 42%
(2 minutes 5 seconds) 2
[Segment 5]
- So like--either Algebra or Statlstlcs-—so you
© just have to.add it. ‘ :
Twenty-eight plus twenty-éightJ—fifty4si§c! 28428 | = 56

(2 minutes 20 seconds)

(End of ffotocol B)
The video-tapes, tranScr'ipts,- and student’s written work wére analyzed to detefm.ine

© (a) what rnpresentations the vstnc.lent used, (b) the beginning and ending ‘tirnes_ of each

.t.ranslation task, (c) whc_fher or not the student could successfully translate between

réppesentatidns, (d) and if the subject Was' cnmpetent' using the representations. How the

various: prqfonols was pérsed is described in- Appendix A. The timing information was

transferrec_l to a time-line. An exalnple is shnwn in Time-line B, included below. The time-
- lines are an adaptation of Schonnfeld’s (1985) i;ime—line tnbles. The time-lines identify the

' student’s activities in five second intervals. Any change in the student’s behavior is

Byl il o i
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‘récorded and the time of the change is rounded and recorded to the nearest five second - -

interval.

~The folloWing 1s a list of the criteria used for parsing the protocols.

Criterla 1.An explicit action indlcating a translation.
| C_'rlte_rié 2. An expl'icit action indicating no translatior taking pléce._
* Criteria 3. Verbalization indicating a translation. |
Criteria 4 Verbalizatiorr-indieating, no translation takjng.pléce.- '
Protocol A is parsed as follows; |

Time O: OO unt1l 0: 05 l\/hseon studled the problem in context: (cr1ter1a 2). No words

. were spoken. Because she is studymg the problem in context this is a contextual eprsode

Time 0:05 until 0:35; Miseon is assoelatlng. values from the problem statement with

symbols (criteria 1) arld verbalizirlg the values assigned _(criteria 3): This is a translation

~ between Context and Venn diagram.

Time 0:35 until 0:40; Miseon. reads problem statement (cri't_eria 2 and 4). Sheis -
operating in Context representatjon. | '
Time 0:40.until 1:05; She drew a Venn diagram, described the regions of the Venn

diagiam (associating them with names given in the problem statement), and placed a value

found in the problem statement in a region of the Venn diagram (crireria 1 and 3). She is

tran'slating betWeen Context and Venn diagram.

Time 1:05.until 1:25; Miseon wrote down but did not solve a series of equations.

.‘ '(criteria 1). The equations used symbols representing regions of the Venn diagram and

values she had previously placed in the Venn diagram. She explained the process as she

wrote the equations (criteria 3). She was translating between the Venn diagram mode and

the symbohc mode

Time. 1 25 untll 1:50; Miseon developed and solved a set-of equations, but the values

- and symbols were not taken from the .Venn diagram or earlier work (criteria 2). She
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‘descr«ibed" her work as it developed (criteria 4) itlithout‘ r'eferr_ing to any -otherl mode. The
solution to her équation was assigned to a symbol but nOt ,assi'gned?tuntil later) to a region

of the Venn diagram (criteria‘2): She was operating in‘ the symbolic mode.
| Time 1:50 until 2 05 FlI'St she wrote a value on the Venn diagram (criteria 1). This -
* -was the number she had found using algebra during time 1:25 to 1:50. She then used her
.-calculator and algebra to ﬁnd other values that were written on the Venn diagram (criteria l)v.,‘
As she found the Vaiues;,‘ she explained what the values were and Where they iye‘re to be
- pl‘aced on the Venn (eriteria 3). This was ‘a.translation between the Symbolie mode and’the S

- Venn diagram mode. Notice, she made an error on the Venn diagram. She spoke the word
eighteen but wrote 28 on the Venn diagram. | ‘

Time 2 05 until 2:20; Miseon looks at the problem statement (Contextual mode) and .

- reads “Algebra or Statist_i_cs--so you just add it.” (Criteria 3) The “it” being. the regions of B
the Venn diagram representing algebra and statistics but not the intersection of the two
regions. She wrote down the values from the Venn diagram (criteria 1) and added them.
This is a translation between the Venn diagram ‘_mode and the vcontextual_ mode. |

The parsing and episode information is coded into Time-line B included below.

™11 - - T p—T
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Time-line B
Student: Miseon -

Problem: Two
Comments: Competent, Incorrect Answer (subtraction error on final step of the problem)

EPISODE
Context
C>V
Venn
VS
Symbolic
CS o
Time of:051:

s
e

i o T

,,,,,

10] :15] 201 :25 1 :30] :35 [ 401 45| -50] -55 11:0011:0511: 101 1:15|1:2011:25]1:30

EPISODE ' .
. Context : ‘
C<V
Venn

V&S,

CS : :
Time 1:30-{1:35]1:40}1:4511:5011:55{2:00{2:0512:10/2:15]2:20{2:2:512:30{2:35{2:40{2:45]2:5012:55|3:00
Note. Context refers to the contextual (English) representation, Venn refers to the Venn
diagram representation, and Symbolic refers to a symbolic representation. C <>V
indicates a translation between the contextual mode and a Venn diagram. V<—=S indicates a
translation between a Venn diagram and a symbolic mode, and C <> S indicates a
translation between the contextual mode and a symbolic mode. The times are in five second
intervals.

Time-line B indicates that Miseon started her attempt at s,olviﬁg problem two by
spending five seconds analyzing the problem in context, that is, she first thing she did was
study the problem as an English statement. Miseon then used thirty seconds transiating the
problem into symbblic notation (as is seen in the first portion of Protocol B.) She then
returned to the contextual problem statement (five seconds) and translated information from
the problem into a Venn diagram, using 25 seconds. Miseor then used 20 seconds
translating information from the Venn diagram into symbolic algebra, forming an algebraic
equation. She next spent 25 seconds solving these equations for the unknown amounts and
15 seconds more transferring (translating) this information back into hef Venn diagrams.
Miseon realized she had the information neéessary to answer the problem and used 15

seconds translating the information from the Venn diagram into the representation in which
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the problem Wzis‘orfigiﬂna.lly stated, that is, translation between the Venn diagram and the -
contextual mode.,' | ;
The 'pyqtocols and time—lines "érc used td idenﬁify: () any representations the student

used, (b) pattérns in the use of the representations, and (c) time patterns in the student’s

translations. -

——r—— i 4 e T— A e
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~ APPENDIXC

. SAMPLE QUESTIONS FOR PRE-SESSION INTERVIEW
S AND SAMPLE INTERVIEW
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Pre Problem-Solving Interview Questions

1‘. What year of college are yoﬁ: in?
. What is your major?
. What H1gh School Mathematics classes d1d you take?

. What grades did you get in your high school mathematics classes?

2
3
4
5. Have you had'any prior college math classes?
6. Are you ever afraid of Math?
7. What is your favorite Subject? -
8. And your least favorite ‘su‘bj ect?
9. Doyou feel. confident about Math?

iO. Do you feel cohfident about Math 1187

11. In what subjects are you most competent?
- 12. In what subjects are you least competent? ‘

13. Do you feel confident about doing Math 1187

14, What grade are you getting in Math 1187
" 15. What grade did you get on the first test in Math 118?

16. Are there any questions you would like to ask me?

- Sample Interview Transcription

Interviewer: What year are you in college‘7
Kyle: I'm a freshman. -

Interviewer: Is this your first semester?

Kyle: Yes, it is.

Interviewer: What math did you take in high school? ‘

Kyle: I took algebra and College Algebra my senior year--and then geometry.

Interviewer: The geometry was your senior year?

Bran: I beheve the geometry was my sophomore year or my junior year--my sophomore
year. .

Interviewer: So you had freshman algebra then geometry and then--what did your have your
junior year? .




-Kyle: Yes, I am. I'm confident. Umm--I'm confident that I can understand the concepts and
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Kyle: It was algebra agam then College Algebra. It was just the advanced--I mean it touched

on some calculus but it was basically college algebra.
Interviewer: What grades did you make in high school math?
Kyle: On average in the area of a B--about.

I: What grade are you making in Math 1182

Kyle: I believe probably in the area of a high D or low C.
Interviewer: What did you get on the first test?

Kyle: A fifty-five percent.

- Interviewer: A sixty was about average"

Kyle: Yeah, I think a fifty-five came to a C.

Interviewer: Do you like math?

Kyle: Yes.

Interviewer: Do you like Math 1187

Kyle: Umm--I do. I mean, I can appreciate what it is and understand it.

Interviewer: What is your major in college?

Kyle: Umm--Undecided at this point in time.

Interviewer: What are you leaning towards?

Kyle: Umm--It may be some form of business or on the opp031te end, some form of
journalism.

Interviewer: Why are you taking Math 118? ‘
Kyle: As abasic class. It applies to a lot of majors and being undec1ded I.decided to take

‘uhh classes that would sort of fill some prerequlsltes for other classes, hlgher levels. Just to

get me started.

Interviewer: Have you ever been afraid of math or been afraid when you do math?

Kyle: No.

Interviewer: For your tests, do you ever get anxious?

Kyle: No, I really don’t get anxious. I’m pretty confident in math. Umm——It s always been
one of my stronger subjects. I just think sometimes whether or not I’'m anxious is affected
by whether or not I’ve studied or know the material.

Interviewer: What is your favorite subject?

Kyle: My favorite subjects would umm basically a form of English. I do-enjoy history and
.all the other classes but uhh I'enjoy English and music.

Interviewer: What is your least favorite..

Kyle: Probably any form of science. Biology or probably chemistry.

Interviewer: On the other hand, not favorite and least favorite, what’s your strongest subject?
Kyle: My strongest subject would have to be uhh that would be math. Because of the way
that I--I guess I learn it. I learn it in a practical sense, common sense.

Interviewer: And what’s your weakest?

Kyle: My weakest would probably be chemistry and biology. But that——because I'm--I'm
lazy to it. I don’t appreciate it or enjoy it so I don’t exactly put the effort forth and therefore
I suffer for it.

Interviewer: Do you consider. yourself pretty competent in mathematics?

Kyle: Yes, I do.

Interviewer: And in Math 1182 '

Kyle: Umm--I do. But again, I think a lot of the times, my effort shows that umm I end up
not understanding it because I don’t put the effort forth.

Interviewer: Are you pretty confident when you do math? Not competent but confident.

g}-—lt will really register in my head and I--I do. I do understand it a lot of the time, most of
e time. : ‘ |
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- Ihterviewef: What about in Math 1187 Are you confident when you do the problems and

when you do the tests?.

Kyle: I am confident in the material that I know. The test was a bit confusing. Umm--I was
a little bit caught off guard bemg my first year. Umm, I'am confident when I take quizzes
and test. I--I just umm sometimes my lack of knowledge on the material ends up affecting
my grade.

Interviewer: What grades have you been getting on the quizzes?

 Kyle: The first few quizzes I was receiving uhh I think it was ten out of ten, eight out of ten

umm, but the last few quizzes I"ve received four out of ten’s and I know I had a quiz today
that I got zero out of ten on.

Interviewer: Why is that?

Kyle Uhh--1 haven’t been understandmg the material lately. The last few classes I haven’t—
it hasn’t registered. He has been going over it too fast for me in class and I think I'm trying
to learn it a different way on my own and it’s just not working.

Interviewer: Do you study a lot on your own‘7 '

Kyle: No, I donot.

Interviewer: Should you be?

Kyle: Yeah, I should.

Interviewer: Are there help sessions and stuff?

Kyle: Yes, there are. My schedule at night conflicts with a lot of the help sessions so I tend
to be out on my own on it and I just work beyond in class.
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'APPENDIX D

CONSENT FORM
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Subject Consent Form For Participation In Human Research -

Indiana University

Students Use of Multiple Representations in Mathematical Problem Solving -
You are being asked to participate 1n a study of hew students use-mathematical

representations while probability problem solving. Tbe term “mathematical representation”

means any ofuthe written or spoken forms which can be used to represent any part of a

mathematical problem. These forms could inclucie written or spoken English; graphs or

diagrams, or algebraic equations. | .

‘ This research will help us better understand how students use the various
representations while problem solving. This research will help to. identify how various tasks
are completed using representatione and where students have trouble ‘using the

-repreeentations. With this information it may be bossible to give teachers information about
better ways to. teach mathematics.

You are being asked to participate in this research because you are enrolled in Math
| 118. That is, because the subject material you are studying in Math 1‘18‘ uses both algebraic
“and graphicai data and the probability problems in Math 118 require you to use these |

representations to find solutions. For this reason the representations being observed in this
| research will be familiar to 'ybu. There will be subjects used from several of the Math 118
sections. How you eo‘live'd the problems will be examined, but there is ri‘o grading of the
problems Or comparisons made between you and other students.
- Ifyou agree to‘participate you will be asked to solve between four (4) and six (6)
pr'obability prbblems while being video taped. Your face will not appear in the video, only
your hands will show as you work the various problerns ona sheet of paper. You will also

be asked to explain what steps you are using to solve the problem as you attempt to work
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each of them. Some of the prbblems yoﬁ might solve with little difficulty. Others are
designed to be difficult. |
It rﬁay take you one-half to one hour to work through the problem set. After you
have completed the problems I will ask you to view thé video with me sé that you can
' éxplain why you used various procedures or methods to solve the problems. That is, I will
ask you to explain your thinking. This last part of the interview will be recorded with a tape
recorder.
The entire session should require between oné and one and one-half hours of your
- time. |
There is no risk to you as far as your grade in Math 118 and no one else besides
myself and Dr. Ted Hodgson will view the video recording. I will make a written franscript
of the video and tape recdrdings for-my research, but you will not be identified in any way |
on the written transcript. That is, no one will be able to identify you through the tfanscript.
Further, the video tapes will be erased after they have been transcribed. The transcriptions
- will be coded so that theré; will be no way to identify any individual’s work.
After the interview you will be given ten dollars.
If you choose not to participate there will be no fepercussio’ns and thére will be no
effect on your Math 118 grade.
Do you have any questions now? Be sure to ask if you have questions at any time
during the research. |
You can reach me, Jim Ballard, at Ted Hodgson’s office 201 Swain East (855-1960)
through Octobér 10. 1996. After that time I can be reached at: Math Dept, MSU, Bozeman,
MT 59715. | - |
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If you have further questions at any time about the rights of Human Subjects they.
can be answered by the Human Subjects Committee Chairperson here at Indiana University,

phone 855-3067.

Authorization: I have read the above and understand the discomforts,
inconvenience and risk of this study. I,

, agree to

peirticipate in‘this research. I understand that I may later refuse to participate,
and that I may withdraw from the study at any time. I have received a copy
- of this consent form for my -own records.

Signed

Investigator

Date
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APPENDIX E

PROBLEM SET
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‘ ) Problem 1

| ‘Pmblem 1 Name:_

- In the evening, between 7 and 9 PM, Ann’s phone is not busy 75% of the
time, John’s phone is busy 35% of the time, and both of their phones are
busy 10% of the time. What is the probab111ty that neither of their phones will.
be busy at’ some moment durlng this partof the evening?
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Problem 2

Problem 2 Name:

At Giant State University a survey of students taking college mathematics

- found that 40% took college algebra, 30% took statistics, and 42% took

neither course. If one of the students from the survey is chosen at random, -
what would be the probability that she or he took either algebra or statistics
but not both courses?
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Problem 3

Problem 3 Name:

Each Monday a student attends flmte mathematlcs class with probability 0. 8,
skips accounting class with probability 0. 4, and skips both with probability

0.1. What is the probablhty that he attends at least one of these two classes on
| Monday? ‘
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. Prleem 4

Problem 4 Name:

A group of television viewers were questioned about whether they enjoyed
Star Trek DSNine, Star Trek Voyager, or Star Trek Next Generation. The
following data were obtained.

~ 38 percent commented favorably about Next Generation. -
15 percent commented favorably about Voyager.
17 percent commented favorably about DSNine.
/] percent commented favorably about both Next Generation and Voyager.
8 percent commented favorably about both Next Generation and DSNine.
5 percent commented favorably about DSNine and Voyager.
3 percent commented favorably about Star Trek Voyager, Next
Generation, and DSNine:.

A questionnaire is selected at random. Find the probability that the viewer
commented favorably on exactly one of the three Star Trek shows?
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Problem 5

A securities analyst is reviewing the performance of a group of computer

manufacture_rs. She finds that 75% have increased sales and 30% have
increased earnings. She also finds that 15% have increased neither sales nor
earnings. One manufacturer is selected at random from the group. What 1s the

- probability that it has increased both sales and earnings?




3 1762 10344168 7



