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Abstract

The Roche limit, or the threshold separation within which a celestial object (the donor) M cannot remain in a
stable configuration due to a companion’s tidal field, has been well established when M is in hydrostatic
equilibrium and has synchronous rotation in a circular orbit. However, limited analyses exist considering
corrections to the Roche limit due to hydrodynamical effects. We fill in the gap by providing a general theoretical
framework involving nonlinear hydrodynamics. We consider both exact nonlinear equations derived from an
affine model describing incompressible ellipsoids and series-expanded ones that can be calculated for realistic
stars and planets. Our formulation addresses the Roche problem in generic orbits and synchronization levels of M,
and fully accounts for the history-dependent hydrodynamical effects. We show that, as the orbital eccentricity
increases, fluid instability is more likely to develop at the pericenter due to the increased dynamical tide that
accumulates over multiple orbits. When M moves in a highly eccentric orbit (with eccentricity around 0.9) and the
damping of the fluid is small, the threshold pericenter separation at which mass loss from M can occur can be at
least 30% higher than the value predicted for a circular orbit with hydrostatic equilibrium. If only a single passage
is considered, however, the threshold separation is 20% smaller than the static limit. The nonlinear interaction at
each pericenter passage can also trigger a diffusive fluid evolution inside M even with moderate eccentricities,
complementing previous studies of diffusive tides caused by random propagation phases. Our work has broad
implications for interacting binaries in eccentric orbits, including migrating gaseous exoplanets, repeated partial
tidal disruption events, and more.
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1. Introduction

The Roche model has long been the foundational framework
for studying mass loss and transfer in interacting binary
systems. Of particular importance is the Roche limit, a critical
separation within which a donor object (with mass M and
radius R) can no longer hold itself but will lose mass due to the
tidal force of the companion (treated as a point particle with
mass M’ here). Many applications of the Roche model rely on
the fit by P. P. Eggleton (1983), which assumes that the donor
is in hydrostatic equilibrium—a valid approximation for
evolved circular binaries but one that may break down in
eccentric systems, particularly when eccentricity is high, and
the donor has not reached synchronization.

Highly eccentric binaries can form in various environments.
One such example lies in the realm of exoplanets. The
formation of hot Jupiters (HJs) and hot Neptunes (HNs) at
separations as close as 0.05 au to their host stars is one of the
longest outstanding puzzles in exoplanetary science (M. Mayor
& D. Queloz 1995; R. I. Dawson & J. A. Johnson 2018). High-
eccentricity migration of HJ and HN is a promising explanation
(D. Fabrycky & S. Tremaine 2007): A giant planet initially
forms with a semimajor axis of O(AU) and is dynamically
excited onto a highly eccentric orbit. It then migrates inward due
to tidal dissipation while the orbit circularizes. This picture
naturally reproduces some key characteristics of HIs
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(R. I. Dawson & J. A. Johnson 2018), including their highly
inclined, sometimes retrograde orbits. While qualitatively
successful, this channel still has large uncertainties on a
quantitative level. For example, the pericenter separation
required for inward migration can be dangerously close to tidal
disruption of the planet, and a small variation in the disruption
threshold can have a significant impact on the formation
efficiency of HJs and HNs (H. Yu & F. Dai 2024).

Another example is found in the nucleus of a galaxy that
hosts a massive black hole (MBH). In such regions, a stellar-
mass binary may be drawn close to the MBH and disrupted by
its tidal forces through the Hills mechanism, which ejects one
star while leaving the other bound to the MBH on an eccentric
orbit (J. G. Hills 1988). If the bound star approaches the MBH
closely enough, it may itself be disrupted, resulting in a tidal
disruption event (TDE; M. J. Rees 1988; S. Komossa 2015).
At slightly greater separations, the star may survive a full
disruption by the MBH and repeat mass transfer over multiple
orbits, causing repeated partial TDEs (rpTDEs; K. Hayasaki
et al. 2013; E. R. Coughlin & C. J. Nixon 2019; M. Cufari
et al. 2022; A. Bandopadhyay et al. 2024, 2025; Z. Liu et al.
2024; P. Z. Yao & E. Quataert 2025). Recently, a new class of
recurring X-ray bursts, known as quasiperiodic eruptions
(QPEs), has been observed and is associated with low-mass
MBHs (G. Miniutti et al. 2019). The mechanism driving QPEs
remains uncertain, yet similar to the production of TDEs
(K. Maguire et al. 2020), several proposed models involve a
star or white dwarf (WD) in an eccentric orbit around an MBH,
undergoing periodic mass transfer episodes that power the
QPEs (A. King 2020, 2022; M. Wang et al. 2022; I. Linial &
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R. Sari 2023). The recent work of S. Y. Lau & H. Yu (2025)
demonstrates that both can be the result of a tidally induced
mass loss at different pericenter distances. For orbits with
moderately high eccentricities (0.90 < e < 0.99) where the
orbital period is short compared to the tidal dissipation
timescale, the tide inside the WD builds up diffusively (i.e., as
a random-walk process) over multiple orbits. The tidal energy
eventually approaches the stellar binding energy and is
released via a mass ejection as the extended tidal bulge
breaks. Neither the WD nor the orbit will be disrupted by a
single break, allowing the process to repeat several times. This
may lead to rpTDEs with time intervals of a few years,
consistent with the observations (e.g., S. Campana et al. 2015;
G. Miniutti et al. 2023; T. Wevers et al. 2023; J. J. Somalwar
et al. 2025). Meanwhile, the model also shows the possibility
of QPEs being sourced by tidal stripping at closer pericenter
separations, where the tidal field is strong enough such that a
single passage is sufficient to induce mass transfer, although
this mechanism is challenged by certain observed features in
some QPEs, like the alternating long—short recurrence time
and brightness of bursts (G. Miniutti et al. 2019; M. Giustini
et al. 2020; R. Arcodia et al. 2022; C. Zhou et al. 2024). The
proposed mechanism by S. Y. Lau & H. Yu (2025) accounts
for the dynamical nature of the tide over multiple orbits,
improving previous studies of A. King (2022) and M. Wang
et al. (2022) based on the static Roche model that does not
apply in eccentric orbits. Nonetheless, the threshold distance
for the tidally induced mass transfer, via either multiple orbit
buildup or a single passage, depends on a phenomenological
parameterization that is not derived from fundamental
hydrodynamics.

Despite the importance of mass loss in eccentric binaries,
illustrated by the examples above, theoretical advancements
beyond the classic Roche model are still limited. Some
pioneering work by J. F. Sepinsky et al. (2007) extended the
Roche model to noncircular orbits with nonsynchronized
donors, identifying significant corrections to the classic fit of
P. P. Eggleton (1983); however, their work was still based on a
quasi-static approximation. In reality, the donor also exhibits a
dynamical response, corresponding to oscillations of the
eigenmodes (mainly the fundamental modes, or f~modes) excited
at each pericenter passage (W. H. Press & S. A. Teukolsky 1977).
This component is known as the dynamical tide. The analysis
of P. Diener et al. (1995), based on an affine model developed
by B. Carter & J. P. Luminet (1983), accounted for the
dynamical tide but focused on the hydrodynamical stability in
a single passage (although they considered the effects due to
varying the ellipsoid’s orientation). Unlike the equilibrium
component, which depends solely on the instantaneous
orbital configuration, the dynamical tide can accumulate over
multiple orbits, allowing its amplitude to grow to a scale
comparable to the unperturbed radius (R. A. Mardling 1995;
P. B. Ivanov & J. C. B. Papaloizou 2004; M. Vick &
D. Lai 2018; Y. Wu 2018; H. Yu et al. 2021). Such an
accumulation is expected to play a critical role in the dynamics
of mass transfer.

The numerical study by J. Guillochon et al. (2011)
examining the threshold separation at which a proto-HI is
disrupted by its host star strongly motivates the need to include
dynamical tide in modeling mass transfer. According to the fit
of P. P. Eggleton (1983), Roche lobe overflow should only
occur when the planet’s pericenter separation D, reaches
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D, < 2.0R, with R, = (M’/M)'/?R, the tidal radius. However,
J. Guillochon et al. (2011) found that, with high orbital
eccentricity (e = 0.9), a planet is disrupted at a much greater
pericenter separation of D, ~ 2.7R;, 35% greater than the
separation from Eggleton’s fit. The discrepancy is further
amplified when the results of J. F. Sepinsky et al. (2007) are
used, which predict a Roche lobe 10% greater than
Eggleton’s fit (mainly due to the lack of centrifugal force),
requiring an even smaller separation for the overflow to occur.
Similarly, the critical single-passage separation of D, ~ 1.7R;
from P. Diener et al. (1995) also cannot explain the numerical
results of J. Guillochon et al. (2011).

In this work, we will show that the dynamical tide is the
needed ingredient to reconcile the discrepancy. For this, we
will consider both the nonlinear hydrodynamical equations
following the affine model of P. Diener et al. (1995; see also
B. Carter & J. P. Luminet 1983, 1985) and those derived by
T. Van Hoolst (1994) following an order-by-order expansion
(see also N. N. Weinberg et al. 2012; H. Yu et al. 2023). Our
model is fully dynamical and makes no (quasi-)static
assumptions. Consequently, it applies to arbitrary eccentri-
cities of the orbit and asynchronicities of the donor (although
we still restrict our analysis to aligned spins). On the other
hand, when the perturbed fluid is in hydrostatic equilibrium,
our model also reproduces the classic results obtained by
S. Chandrasekhar (1963; see also S. Chandrasekhar 1987 for a
comprehensive summary) on homogeneous ellipsoids.

The rest of the paper is organized as follows. We will first
describe a toy model in Section 1.1 that captures the essence of
our model and illustrates the significance of the dynamical
tides. The nonlinear hydrodynamical model is introduced in
Section 2, after which we will demonstrate its consistency with
the analysis of S. Chandrasekhar (1963) in Section 2.1 under
the static limit. A theoretical investigation on instantaneous
fluid stability at the pericenter follows in Section 2.2. Then, in
Section 2.3, a numerical experiment is conducted to address
the buildup of the instability throughout multiple orbits. How
the model applies to different astrophysical settings is
described in Section 3. Lastly, we conclude in Section 4.

Throughout the paper, we will use natural units G =
M=R=1

1.1. A Toy Model

The appearance of the Roche limit can be schematically
shown with a toy model:

E=wi( & + I

linear oscillator linear tide

+ K€ ), ey
——

combined nonlinear corrections

where £ € R denotes the fluid displacement due to a large-
scale perturbation (i.e., the f~mode of the donor whose
eigenfrequency is denoted by wy). The first term on the right-
hand side (RHS) describes the linear restoration of the fluid to
the equilibrium, the Ie term describes the linear tidal drive,
with / > 0 a coupling constant, e = M’/D? describes the
instantaneous tidal field exerted by a companion (the accretor)
with a mass M’, and D describes the instantaneous binary
separation. Lastly, the Héz term represents a combination of
nonlinear effects in both the internal fluid response and the
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external tidal drive. A theoretical calculation predicts x > 0
when I > 0 (see Appendix A). For the linear problem (ignoring
the H§2 term), a static solution (£ = 0) can always be arranged
by setting £ = Ie. With the nonlinear k&% term, the RHS of
Equation (1) must take the opposite (same) sign as £ for the
system to be oscillatory (grow exponentially). We immediately
see that, with H§2 = 0, the nonlinear term can lead to instability
when £ > 0, and an increasing £ will make the system more
vulnerable to instability. This is consistent with the standard
Roche lobe overflow picture where mass loss occurs mainly at
the L1 and L2 Lagrangian points, corresponding to locations of
maximum stretch of the donor. If we assume the hydrostatic
limit and write ¢ e, at the instability threshold (o = 0), we
need

KE2 — £+ Ie=0, 2)

which is formally a quadratic function of &, and a real root
exists only if its discriminant is nonnegative

1 — 4rle = Oore < L for stability. 3)
4kl
We thus obtain that 1/(4xl) is the maximum perturbation
allowed. This is the essence of the static Roche limit found in
S. Chandrasekhar (1963). See later in Section 2.1. Alterna-
tively, Equation (1) can also be viewed as a particle with
displacement ¢ in an effective potential Ug(E), with
§ = —dUqg/d¢ and

U@ = —W}€ — =ra}e Ik, @

2 3 ——
internal energ): + self-gravity

external interaction

As the donor is sufficiently deformed, the total energy of the
internal fluid can decrease (see Appendix A), creating a local
maximum in the effective potential. Going beyond the local
maximum will then lead to a runaway in £ (Y. Wu 1998).

To see the effect of the dynamical effects, we first consider
£ ~ cos(wt)e” with w? < w}. Plugging it back into
Equation (1) and considering the threshold case, o = 0, we
have

wik€? — (WF — @€+ wile= 0, )

which is again a quadratic function of £. It has a real solution
only if

(W} — @%)? — 4ufkle > 0

(W} — w?? -
ore < P for stability . (6)
fr‘i}

Compared to the static case of Equation (3), including the
dynamical effect makes instability more likely to occur as the
maximum e is smaller by a factor of (w} — w?)?/w}. This
model will be relevant for the discussions in Section 2.2 about

4 In numerical experiments to be presented in Section 2.3, we confirm the

presence of the instability by solving the fully nonlinear equations derived in
Appendix A. While previous studies (e.g.. Y. Wu 1998) suggested that the
four-wave interaction (the £* term) in the effective potential could prevent
the instability, the stabilization effect is eventually taken over by even higher-
order corrections. When considering the f~-modes, the full stability threshold is
similar to that obtained at the three-wave order, as presented in the toy
model here.
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finite-frequency corrections to the equilibrium tide, relevant
mainly to asynchronous donors in mildly eccentric binaries.

Another way to incorporate the dynamical effect is to
consider § = &4yp COS(w1) + ne” with Sayn € R treated as a
known quantity. Equation (1) is now treated as a quadratic
function of 7, and a solution with & = 0 can be arranged, by
again examining the discriminant, if

1 — 4(w?/wH)k
€< e Ui stability. 0
4kl

The Eqyn term reduces (increases) the maximum e a stable
configuration can allow if {gyn > 0 (§gyn < 0). If a positive {yyn
has triggered some exponential growth in 7, suddenly
changing its sign will only make 7 oscillatory but not damp
away the growth. Therefore, for a sufficiently large {4, with a
randomly fluctuating sign, the net effect will again make the
instability more likely to occur. This model is relevant to the
dynamical tide in a donor moving in a highly eccentric orbit in
Section 2.3.

The goal of our study is to quantify the enhanced
hydrodynamical instability caused by the dynamical tide
through analytical and numerical investigations.

2. Nonlinear Hydrodynamics

We focus mainly on a homogeneous, incompressible fluid
object with a polytropic index n = 0 and an adiabatic index
I' —  for the theoretical discussion, although our numerical
investigations later in Section 2.3 will be extended to touch
upon n = 1 polytropes. This choice is for simplicity and to
assist a direct comparison with the classical results obtained by
S. Chandrasekhar (1963, 1987). Denote the Lagrangian
displacement of a mass element dM as £ = r — x with r and
x the perturbed and original position vectors, respectively. We
further decompose £ into eigenmodes in the configuration
space, as

£t x) =3 q, 1§, x). (®)

For the Roche limit calculation, it is sufficient to consider only
the quadrupolar (I = 2) fundamental modes (f-modes). We
drop the !> 3 perturbations, restrict our analysis to aligned
spins when rotation is incorporated, and ignore the inertial
modes (W. C. G. Ho & D. Lai 1999; D. Lai & Y. Wu 2006;
H. J. Braviner & G. L. Ogilvie 2015; W. Xu & D. Lai 2017).
Therefore, we label the modes only with their azimuthal
quantum numbers m. The eigenfunctions &, are computed
from a nonrotating background as (e.g., E. Poisson &
C. M. Will 2014)

- %[(x + i) + (i — y)eyl, (92)

2
€= \/—“2 V(2 %)
3Wf

[xe, + ye, — 2ze], (9b)

5
246
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2
€2= |5 VEh o)
3Wf

[(x — iy)ey + (—ix — y)e,]. (9¢c)

&l

We have used w} = 4/5 as the (nonrotating) eigenfrequency
under the linear theory. The modes are normalized so
that w% (€, £,) = w} f&;, - €,,pd*x = bppy. A mode with
|gm| = 1, therefore, has a potential energy of unity (also
approximately the magnitude of the binding energy of M).
Note that the mode amplitudes g, are complex and can be
further decomposed as g,, = vne™% with v, € R and mg,
describing the phase. The m = 1 modes are not excited by
the tide and are dropped from the discussion.

Using the modal expansion, (7, x) is fully determined once
qm(f) is obtained. First, we ignore rotation. The equations of
motion of g, are given by

G = —WFqy + WK, (10)
where
, 956 5
K _ —2id _ _|_ —
2 ce ( Y dn 3
5 .
- feqoe—m, (11
J6 956
Ko= -~ - =042 — 4)
- ?—;(ngzez""’ + V6 g e 2 + 2q,), (12)

with e = M’/D3. We use D and ® to denote orbital separation
and phase. The derivation follows a variational principle and is
presented in detail in Appendix A. Note that, in a
homogeneous ellipsoid, the perturbation satisfies the affine
model of B. Carter & J. P. Luminet (1983, 1985) and P. Diener
et al. (1995), where the perturbed position r is related to the
unperturbed position x via

ri(t, x) = g;(0)x;, (13)

where the mapping between g;(f) and gq,(f) is given in
Equation (A2). The affine model allows the exact nonlinear
form of K,, to be obtained (available in Appendix A,
Equations (A30)—(A45), and allows for arbitrary values of n
and I' with the caveat that Equation (13) may not be accurate
beyond n = 1/(I' — 1) = 0). Nonetheless, we expand the
results to the three-wave order (that is, we count g,, € and
include terms to O(e?) in the energy variations and O(€2) in
the equation of motion). It is already sufficient to reproduce the
Roche limit at this order. More importantly, such expanded
equations can also be obtained following T. Van Hoolst
(1994), which takes a general set of linear eigenmodes as input
to compute their nonlinear couplings and applies to generic
compressible fluids (realistic stars and planets). This is
advantageous over the affine model, which only self-
consistently describes idealized homogeneous ellipsoids.
Therefore, our study bridges the two different formulations
of nonlinear hydrodynamics. The exact agreement between the
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two formulations at the three-wave order for homogeneous
ellipsoids is presented in Appendix B.

We pause here and briefly describe how the nonlinear term
leads to instability. As the eigenfunctions &, e™?
(Equation (9)), we multiply both sides of Equation (10) by
e™” and set ¢ = ¢,. Effectively, this corresponds to evaluating
the fluid displacement along the major axis of the perturbed
ellipsoid. At the linear order and under the static limit 4, = 0,
we have

J6

v = %e > 0, andv$® = - €<0. (14)

with v, = (qme"’"‘?’)¢=¢q. Treating (—vy) v, & we see that
Equation (10) takes the same form as the toy model of
Equation (1), and the nonlinear terms in K, tend to destabilize
the system when & > 0. Thus, instability is most likely to occur
when ¢ reaches its maximum along the major axis. In the
equilibrium limit (without mode resonances; following the
convention of H. Yu et al. 2024), where the tidal bulge follows
the companion, we have ¢, = ®, matching the intuition that
mass transfer first occurs at the L1 Lagrangian point. At the
quadrupolar order, the L2 point (¢ = ® + ) destabilizes at the
same time.

Before solving for the instability threshold quantitatively,
we now extend the equations of motion to include rotation. In
this analysis, we focus on the case where the background spin
is uniform, and the spin axis is aligned with the orbital angular
momentum (along e,). The equations of motion are now
described in a frame that corotates with M with three
modifications.

The first is a simple Doppler effect, which corresponds to a
phase shift & = & — wi. The mode amplitude changes
accordingly, as g = ge "' hile keeping g,,™® = g,,ce"%.
Quantities with a subscript C are evaluated in the corotating
frame. Since the analyses later will be in the corotating frame as
the default, we will drop the subscript C in the mode amplitude g,,
from this point onward. For the orbital phase, however, we will
still make the distinction between the inertial frame ¢ and the
corotating frame @.

The second correction comes from the centrifugal force
whose detailed incorporation is presented in Appendix A.
Since the force can be derived from a specific centrifugal
potential dR/dM = —w?(r* — z%)/2, its impact on the
equations of motion can be obtained through a variational
principle by considering the energy R. When doing so, it is
important to introduce an / = 0 mode whose amplitude we
denote as g, (a perturbation of the trace of g;; in P. Diener
et al. 1995) and allow it to be coupled to the g, mode at the
three-wave level to properly capture the correction at O(e?).
The same result can also be obtained from the formulation of
T. Van Hoolst (1994) by splitting dR/dM = (dR /dM)—y +
dR/dM)_, = —*r*/3 — S (" + y* — 27%)/6, and adding
(dR/dM) =y to the background (monopolar) gravitational
potential and (dR/dM)—, to the first-order, quadrupolar
Eulerian potential perturbation (same as the tidal interaction
potential). Note that our approach treats the centrifugal
potential as a (nonlinear) drive of the modes defined by a
nonrotating background, instead of redefining a new set of
eigenmodes of a nonspherical background where the centrifu-
gal perturbation is absorbed. In other words, the centrifugal
potential is treated on an equal footing as the tidal potential.
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Lastly, to incorporate the Coriolis force to the lowest order
in w, we split the corotating frame mode amplitude g, as

qn = Cm+ + Cm— = Cm,+ + Cfm,+s (15)
with
iwrK,
eme = —isms + = (16a)
iwr K
b = W — ‘wfz il (16b)

This splitting is based on the phase-space expansion of
A. K. Schenk et al. (2002), and the Coriolis force is absorbed
as a frequency shift (D. Lai 2021; H. Yu et al. 2024; H. Yu &
S. Y. Lau 2025),

(Em! —iw X £m>
(€ Em)

Higher-order corrections from the Coriolis force are ignored
(but see, e.g., J. W. Dewberry & D. Lai 2022). The
corresponding second-order equation can be obtained by
differentiating ¢,, . one more time and eliminating the first-
order derivatives with the equations of motion, leading to

Wi = wy S ?w. (17)

G = —w?qm + mwrw(cm+ — Cm—) + w}Km. (18)

Compared to Equation (10), there is an additional term

(Cm+ — Cm-—) due to the Coriolis effect. While this in
principle represents a new degree of freedom (as prograde and
retrograde modes are split due to rotation), under the static
limit ¢,,, ~[1  (m/Dw/wr(Kn/2), we have

2
muw
nwfw(cm,+ — Cm,—) = ( 7 ) Ko
x(z%wzee_zﬂ’c = CQ(SI), for m = 2), (19)

which is O(w?e) ~ O(e?). Since this is already as small as the
smallest terms in Equation (10), we will approximate this term
as C{* from Equation (19) in our analytical discussion. When
doing numerical experiments, we will directly solve the
equations of ¢, (Equation (16)) to account for the additional
degree of freedom.

Summarizing, the equations of motion we will solve in
Sections 2.1 and 2.2 are

Gn = ~Widy + WiKn + C7, (20)
where
3 , 956 5 5
K= —ce 2% 4 — + =€+ —w?
2 2 q> 34 do 3 4
BENCIRIS @1
16
J6 J6 956
Kp= —~—¢— 2 - X2 —q?
0= 6 o8 \2929-2~ %)

5 . .
— %(\/que?.@c + \/gq_ze—m@c + 2‘10)

5
+ Iwzqw (22)
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and C{® is given by Equation (19) while C§V = 0. We will
also consider

Gne™ = —wvm + WiKn + G, (23)

where K,, = K,e™% and C = C$Veim%, In the equilibrium
limit (as considered in Sections 2.1 and 2.2) without free
oscillations of the mode due to resonances, ¢, = ®¢, and one
just needs to replace g,, with v, and drop the phases following
€ in K,, to obtain K,,. Equation (23) is real valued.

2.1. Consistency with Previous Analyses

First, we consider the case where M moves in a circular
orbit with synchronous rotation, so the left-hand sides of
Equations (20) or (23) vanish. Our goal is to establish the
consistency between our formulation based on an order-by-
order expansion with the classic analyses of S. Chandrasekhar
(1963) under this static limit. We write the spin frequency w as
w? = pe, with p =1+ M/M' for synchronized rotation
in a circular orbit. Note that our p differs from the one in
S. Chandrasekhar (1963) by 1, as p = p™ + 1. The
superscript “(Ch)” will be used when we quote notations or
results from S. Chandrasekhar (1963). In our analysis, we will
focus on M’ > M (as for planet migration or TDEs), so a
synchronous donor has p = 1.

Inspired by S. Chandrasekhar (1963), we note that the
perturbed fluid can be described by an ellipsoid with
2/at + y*/a} + 7%/a? =1 at the surface. The barred
coordinates are aligned with the axes of the ellipsoid. In the
limit with circular orbit and synchronous rotation, the barred
frame coincides with the corotating frame. The axes are given
by (Equations A5 and A48)

5 56

=1+ 2w — , 24a

ai + V2 T (24a)
5 546

=12y, - , 24b

a; 72 50 (24b)

a3 = 1 + 566 Vo (24(3)

For a given a5, = as/a,, it defines a linear relation between
vo and vo,

J6[5a3ivy + 2(az; — 1)]_
52 + azy)

Using this relation to eliminate vy, Equation (23) now formally
become two quadratic equations of v,

vo = (25)

Xoavi + Xo1va + Xao
=X02v$ + Xo1v2 + Xoo = 0 (26)

where the coefficients X,,, are functions of (¢, as;). The first
subscript indicates the azimuthal number m of the corresp-
onding equation (of g, or g,), while the second indicates the
power in v,. The expressions of the coefficients X,,, are
straightforward to obtain but lengthy, so we report their values
in Appendix C.

If there exists a v, that simultaneously solves the above two
polynomials, then the resultant of the two polynomials must
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Figure 1. Equilibrium sequences under the static limit. Curves in gray
correspond to synchronized donors (with p = 1), while those in yellow are for
the nonrotating case (p = 0). The solid and dashed lines are evaluated at the
three-wave and four-wave orders, respectively. Vertical lines mark the
locations where ¢ reaches the maxima. The classic results of S. Chandrasekhar
(1963) are shown in the red horizontal lines.

vanish (E. W. Weisstein 2025). That is,

det[S (X, Xon)] = 0, (27)
Xz, Xo1, Xo0, O

WithS (Xon, Xon) = X?}z ?j ;; ‘%" (28)
0. Xo2. Xo1. Xoo

where S(Xa,, Xon) is also known as the Sylvester matrix, and
the resultant is its determinant. For given as;, Equation (27)
can then be used to determine the value of e, thereby
determining an equilibrium sequence.

Some examples of equilibrium sequences (plotted as ¢
versus cos 'as, ore;s = /1 — af,) are shown in Figure 1. We
use the color gray to represent a synchronized donor with
p = 1 (as M <« M'), corresponding to the Roche sequence,
while we use yellow for the nonrotating case with p = 0
(the Jeans sequence; note g, are ignored in this calculation).
As the ellipsoid becomes more deformed (toward the right of
the figure), the ¢ that leads to an equilibrium does not increase
monotonically. Instead, it reaches a maximum, €yax, at around
cos~lay; =~ 60° — 65°. This means, for € > €pa, NO equili-
brium configuration of the ellipsoid can be arranged, indicating
hydrodynamical instability. We can also translate € > e,y tO
(D/Ry) < (1/€max)"/*. In other words, when the binary
separation D measured in the tidal radius R, is less than
(1/ €max)'’?, the donor M cannot remain in equilibrium, and
hydrodynamic instability occurs, defining the Roche limit.

In our calculation, we find that it is sufficient to capture the
classic results of S. Chandrasekhar (1963) with percent-level
accuracy using only three-wave interactions (solid lines;
Equations (21) and (22)). For the synchronous (p = 1) case,
we find epax =~ 0.0747 at cos 'as; >~ 64°8, meaning the
threshold separation is at D™ = (1/¢p)'/ 3 R, ~ 2.38R,,
matching the classic Roche limit (indicated by the horizontal
dotted lines) of 2.44R; to 2.5%. A similar level of accuracy
is also obtained for the nonrotating p = 0 case, with
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€max = 0.110, (1/€ma)'’? =~ 2.09, achieved at cos las ~
65°%4.

The accuracy can be improved further by including the next
order, four-wave interactions. The equations of motion at this
order are derived in Appendix A, Equations (A50a) and
(A51b). Still using Equation (25) to eliminate vy in terms of v
and a3;,” we again obtain two polynomial equations of v,

3
> Wy =0, (29)
n=0

by setting g,, = 0, with m = 2 and 0. The resultant (now
functions of W,,) needs to vanish as before for the two
equations to hold simultaneously. We can thus find the
equilibrium sequences at the four-wave order, shown in the
dashed lines in Figure 1. The result now matches those from
S. Chandrasekhar (1963) almost exactly. For the p = 1 case
shown in gray, we have ema =~ 0.0687 at cos laz; = 61°1,
corresponding to a Roche limit of D™ = (1/¢p) ? R, =
2.44R,.

While the main result of this subsection is to reproduce
the classic ones by S. Chandrasekhar (1963) on homogeneous
ellipsoids, it is significant for two reasons. First, it validates
our formulation based on which g, = 0 corrections
will be introduced. Second, it bridges the analyses of
S. Chandrasekhar (1963) on idealized ellipsoids and T. Van
Hoolst (1994) on general stars and planets (see also
N. N. Weinberg et al. 2012; N. N. Weinberg 2016; H. Yu
et al. 2023). In general, exact nonlinear expressions are
challenging to find, but an order-by-order expansion as in
T. Van Hoolst (1994) is straightforward to compute (although
lengthy). Our result provides a framework for how one can
start from T. Van Hoolst (1994) to determine the Roche limit
of a realistic star/planet theoretically.

2.2. Finite-frequency Corrections in Asynchronous, Low-
eccentricity Systems

In this subsection, we will extend the stability analysis to
analytically consider finite-frequency corrections due to the
equilibrium tide (following the convention of H. Yu et al.
2024), where the perturbation varies with the instantaneous
tidal forcing. In other words, the tidal bulge still points toward
the companion. The component that varies at a mode’s natural
frequency and depends on the excitation history of the mode
(what we call the dynamical tide) will be deferred to the
numerical investigation in Section 2.3 and ignored in the
analysis here. This means that the prediction derived here will
be accurate for binaries with a low eccentricity ¢ < 0.3. For
more eccentric binaries, the dynamical tides can exhibit
complicated, often diffusive, evolutions that may trigger
instabilities at separations greater than the prediction of this
subsection by tens of percent.

To proceed, we write g,, = (1 + Zm)q’ where gV ~
I,,e e™®c represents an approximate solution of the perturba-
tion, with I, = 3/4 and [) = —J6/4 (Equations (21) and
(22)). We treat z,, as a low-frequency variable (whose time
derivatives will be ignored) that we will use to determine the
equilibrium structure of the donor. Note Equation (23) still

5 Strictly, at the four-wave order, one should account for corrections to a 53
from the monopolar mode, g,; Equations (AS5) and (A48). This introduces
nonlinear corrections to Equation (25), which we ignore here.
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holds as long as we incorporate the time derivatives on the left-
hand side due to g, ~ g, ). In essence, this model corresponds
to the toy model described in Equation (6).

The procedure for finding the Roche limit follows
identically those described in Section 2.1. Choosing again a
linear relation between vy and v, as in Equations (25), (23)
now becomes two quadratic equations of z;:

70223 + Zmza + Zoo= Zoazs + Zorza + Zoo= 0.  (30)

The coefficients, now depending on (¢, az;) as well as q,f?) and
their derivatives, are given in Appendix C. Requiring the
resultant of the two polynomial equations in Equation (30) to
vanish allows one to find € given as;. For a given orbit and
synchronization level, the maximum ¢ in the equilibrium
sequence then determines the corresponding Roche limit. As
the tidal deformation is the strongest at the pericenter, we will
evaluate all the quantities entering Z,,, there. Consequently,
the analysis considers the instantaneous hydrodynamical
stability at each pericenter passage.

To find ¢\, we note

$ == M+ M)A +e _

P D] e(l+ )1 +e). (G

at the pericenter (denoted with the subscript p) and
q = M /M'(=0in this work by default). A simple approx-
imation of g ~ I, e e=™® with . = & — wt leads to

[‘i,(,?)]p eim® ~ Ine

1+ M
X [—mz(wp - w)? — 3(13%, - +3 ):‘
D,

= Lm0 + 91 + e) — JpP

+3e(1 + g)). (32)

We have evaluated the result at the pericenter and assumed an
unperturbed Keplerian orbit.

For practical usefulness, we show in Figure 2 the threshold
pericenter separation, D™ /R, = (1/€ma)!/?, below which
hydrodynamical instability can occur. Different colors repre-
sent different spin rates relative to the pseudosynchronization
values wps in P. Hut (1981),

Wps Porb 1 + %ez + %34 + %eﬁ
= 3 -, (33)
2 (1 + 3e* + ge)(1 — €%)*/2

where P, is the orbital period. Also shown as a reference in
the gray-dashed line is the threshold D_!(,m under the static tide
limit (obtained by setting g,, = 0). At a fixed eccentricity, the
nonrotating configuration has the largest D;'h) (most prone to
instability) as it has the largest |§'”| (Equation (32)) among the
configurations we consider. As the rotational rate increases,
D_!(,m first decreases due to the reduction of the |q,§?)| term, and
then increases as the centrifugal potential dominates. The
minimum D{™ is achieved when w/wp, =~ 0.5 for circular

binaries. When the orbital eccentricity e increases, Df,“’)
increases approximately linearly with e, especially for slowly
rotating systems. For synchronous systems, there is a decrease
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Figure 2. The threshold pericenter separation at which hydrodynamical
instability occurs as a function of the orbital eccentricity. The plot is for the
equilibrium tide model and ignores the dynamical tide. Different colors
represent different levels of spin synchronization (gray for pseudosynchro-
nized rotation; yellow for zero spin).

in Df,“’) when e < 0.1 due to the decrease in wps, Which reduces
the centrifugal force.

We pause here to discuss further the meaning of Figure 2.
As the coefficients in Equation (30) are evaluated at the
pericenter, Figure 2 should be interpreted as the instantaneous
instability threshold at the pericenter. Therefore, a donor M
marginally unstable at the pericenter may become stable once
it moves away from the pericenter, and ¢ (defined by the
instantaneous separation) drops below the instability threshold.
As a result, the growth of hydrodynamical instability during a
single pericenter passage may not disrupt M sufficiently to
cause mass loss. Nonetheless, as long as the fluid dissipation
timescale is long compared to the orbital period (which is very
well satisfied for the large-scale f~-mode when 1 — e > 0.01
under the linear theory assuming damping due to turbulent
convection; P. Goldreich & P. D. Nicholson 1977;
Y. Wu 2005), the growth of instability at every pericenter
passage will accumulate over multiple orbits, eventually
disrupting M and triggering mass loss (see also numerical
examples to be presented in the next subsection). For systems
with low eccentricities e < 0.3, Figure 2 provides a decent
approximation of the onset of mass loss as a runaway in mode
amplitude occurs within a few (<10) orbits. For systems with
higher eccentricities, the amount of growth per passage is
smaller, given the smaller fraction of time M spends near the
pericenter (27 /(®,Pyp) o \/'(l — €)*/(1 + €)). This requires
more orbits for the perturbation to build up until a runaway
eventually occurs. However, the dynamical tide component
can also be excited in those systems, significantly lowering the
threshold e for a stable configuration (see Equation (6), and
note the dynamical tide plays the role of gy, in the toy model).
In the weak damping case, mass loss from M can occur at D,
significantly greater than the prediction of Figure 2 for highly
eccentric systems.

2.3. Dynamical Tide-induced Instability and Diffusive Tide

For binaries with significant eccentricities, the truly
dynamical component of a mode can be excited at a pericenter
passage. Such a component oscillates at a mode’s natural
frequency (hence phase incoherent with the orbit) and does not
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Figure 3. Numerical evolution of the g> mode for a nonrotating, homogeneous donor star in an eccentric orbit with e = 0.3. The left panel uses the exact nonlinear
equations, while the right one uses the expanded version to the three-wave order. Runaway of the mode amplitude happens when D, /R, = 2.72 (left) or D,/

R; < 2.66. This matches Figure 2 where the threshold separation is predicted to be D™ =~ 2.66R,.

decrease in amplitude as the companion moves to the
apocenter (assuming dissipation is small). In the next
pericenter passage, the existing component of the dynamical
tide can interfere with the new tidal kick it receives at the
pericenter, hence making this component’s evolution history
dependent (as opposed to the equilibrium tide that depends
only on the instantaneous orbital configuration). This dyna-
mical component formally modifies the stability threshold
according to the toy model in Equation (7), although its
complicated evolution prohibits a simple analytical study as
we have done in Sections 2.1 and 2.2. Nonetheless, the
hydrodynamical equations are sufficiently generic for arbitrary
rotations and orbital configurations. We will use a numerical
approach to investigate the associated hydrodynamical
stability.

In this subsection, we will directly solve the phase-space
expanded equations of ¢, , Equations (16), so that the Coriolis
effect can be accounted for naturally. For the driving terms (K,;),
we will consider both the version expanded to the three-wave
order, Equations (21) and (22), and the exact nonlinear version
derived in Appendix A following the affine model of P. Diener
et al. (1995; see also B. Carter & J. P. Luminet 1983, 1985). The
monopolar mode g, is treated fully dynamically, where a
differential equation of 4, is solved instead of reducing g,, under
the static limit with Equation (A48). Note that the affine model
in P. Diener et al. (1995) allows for generic values of the
polytropic index n and adiabatic index I'. Thus, our numerical
experiments will consider both a homogeneous ellipsoid with
(n,I") = (0, 20) as before,® and a polytrope with (n, I') = (1, 2)
that serves as a good approximation of a buoyancy-neutral
Jovian planet. However, a caveat for the n = 1 model is that
the starting point of the affine model (Equation (13)) is not
self-consistently satisfied as the Lagrangian displacement £ is
no longer linear in position. We fix the companion’s mass to
be M’ = 103 and treat it as a point particle. When computing
the orbital motion, we ignore tidal back-reaction and simply
model it as Keplerian, with

, <
2 _MAM. 5 D% (34)

D= D%
D? D

6 Numerically, [' — is hard to implement. We therefore use a finite
I' = 20 = 1 as an approximation.

The initial conditions are set at the apocenter, with the modes
computed with their linear equilibrium tide solution. The set of
differential equations is evolved using the solve ivp
function in SciPy (P. Virtanen et al. 2020) with an explicit
Runge—Kutta method of an order of 8 (E. Hairer et al. 1993).

In the first experiment shown in Figure 3, we validate the
results of Section 2.2 by considering the numerical evolution
of lg;]l = e+ + c_*g,+| for a nonrotating (p = 0), homo-
geneous (n = 0) star in a moderately eccentric orbit with
e = 0.3. We evolve the system using both the exact nonlinear
equations (left panel) and the three-wave-expanded ones (right
panel). Qualitatively, the two sets of equations yield similar
results, with the exact version allowing the runaway to occur at
a slightly further separation D,/R, ~ 2.72. This is consistent
with Figure 1, which shows that the three-wave equations
slightly underestimate DI™ o (1/€max)'/> .

The numerical result of Figure 3 also matches the theoretical
prediction of Figure 2, which predicts D™ (e = 0.3, p = 0) =
2.66R; at the three-wave order. However, a subtle difference is
worth emphasizing. Figure 2 predicts the instantaneous stability
at the pericenter. Figure 3 shows that the instability may not
directly lead to a runaway in the mode amplitude? in a single
passage. As the donor moves away from the pericenter and ¢
decreases, the mode stabilizes and becomes oscillatory.
However, in the next pericenter passage, the growth resumes,
eventually leading to a divergence in the mode amplitude,
potentially triggering mass loss from the donor.

The accumulation of the dynamical tide becomes more
significant in systems with higher eccentricities, with one such
example shown in Figure 4 for a donor moving in a highly
eccentric (¢ = 0.9) orbit. We still consider a homogeneous
donor but vary its rotation rates (left for the nonrotating case
and right for the pseudosynchronized case). Both cases are

7 In the following, we will use the words “instability” and “runaway™ with

different meanings. “Instability” is said to occur when a mode experiences
exponential growth instantaneously (typically near the pericenter). If the
pericenter passage timescale is much shorter than the growth timescale, the
mode may become oscillatory, and the donor may remain bounded by its self-
gravity once it moves away from the pericenter. In contrast, we use “runaway”
when a mode’s amplitude grows significantly to exceed an order of unity
within a single pericenter passage. A runaway in the mode amplitude will
require the donor to significantly restructure itself to remove the energy in the
oscillation, which likely results in mass loss.
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Figure 5. Numerical evolution of the g, mode for a nonrotating donor with (n, [') = (1, 2) in an eccentric orbit with ¢ = 0.9. Both the exact (left) and three-wave
(right) nonlinear equations are considered. Runaways in mode amplitudes are observed when D,/R, < 2.7, matching nicely the predictions of J. Guillochon et al.
(2011). The threshold D, /R, can be even greater if the system is integrated for more orbits.

evolved using the three-wave equations of motion. As the
hydrodynamical instability grows only momentarily at each
pericenter passage, an eventual runaway in the mode
amplitude requires multiple orbits to occur. On the other
hand, this accumulation allows a runaway to occur at
pericenter separations much greater than the prediction of
Figure 2. For the nonrotating case, the left panel of Figure 4
shows that the runaway can kick in at a separation as large as
DP/R, =~ 3.20, whereas, without the dynamical tide, the
separation needs to be D, < 2.93R; based on Figure 2.
Rotation suppresses the dynamical tide slightly (D. Lai 1997),
requiring a smaller D,/R, ~ 3.05 for the runaway to occur
within 20 orbits. We also note a larger variation in |g,| away
from the pericenter. This is due to the beat of the ¢+
(prograde) and c_,_ (retrograde) modes entering g». Note
from Equation (17) that the two modes have different natural
frequencies when the background is rotating.

Note the mode evolution largely resembles the diffusive tide
(also known as the chaotic tide) studied in, e.g., R. A. Mardling
(1995), P. B. Ivanov & J. C. B. Papaloizou (2004, 2007), Y. Wu
(2018), M. Vick & D. Lai (2018), and H. Yu et al. (2021, 2022).
We will elaborate on this point further in Section 3.1.

As our theoretical study is largely motivated by the
numerical simulations of J. Guillochon et al. (2011), we
consider in Figure 5 the evolution of a donor with n = 1 and
I' = 2 (a decent approximation for gaseous giant planets)
moving in an eccentric orbit with e = 0.9. In the affine model,
the linear tidal overlap ( I,,) of an n > 0 model is smaller than
that of the n = 0 model by a factor of (5 — n) M, with
My = (fxsz)/3; see Appendix A. Forn=1,(5 — n) My~
0.523. As a result, the n = 1 model requires a D,/R; smaller
than the n = 0 model by a factor of ~1/[(5 — n)My]'/3 ~
1.24 for the runaway to occur. Other than this overall scaling
difference, the evolution of the n = 1 model largely resembles
the n = 0 model, and the predictions of the exact nonlinear
equations (left) can be largely captured by the three-wave
equations (right). Remarkably, our results show nice consis-
tency with the simulations of J. Guillochon et al. (2011).
Although the donor is not significantly disrupted in a single
passage, the perturbation accumulates diffusively, eventually
leading to a runaway in the mode amplitude in (O(10) orbits
when D, /R, < 2.7R,.

In Figure 6, we show a survey of the maximum change in
the mode energy AEnqqe reached in 22 orbits versus the orbital
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Figure 7. Similar to Figure 6 but shows the mode energy after only a single pericenter passage.

eccentricity e and pericenter separation D, /R, The mode
energy is defined as AEnoee = AT + AU + AQ,
corresponding to the sum of the kinetic energy AT
(Equation (A9)), internal energy AU (Equation (A12)), and
self-gravity AQ (Equation (A23)). At the leading order and for
n = 0, AEpege =~ (I/Z)Zm(qi/w} + |g,,[*) in our normal-
ization. The exact nonlinear equations from the affine model
are used in the hydrodynamical evolution and the energy
calculation (see Appendix A; B. Carter & J. P. Luminet 1985;
P. Diener et al. 1995). The donor is assumed to be nonrotating.
In the left and right panels, we use, respectively,
(n, I") = (0, 20) and (n, I') = (1, 2). In the color scale, we
saturate at values where runaways in the mode amplitudes are
observed. We empirically determine these saturation values by
plotting AE 4. as a function of |g,|, which leads to two
clearly separate sectors. For smaller values |g,|, we observe a
nearly quadratic relation AE |q2|2, corresponding to
bounded oscillations. The other sector has |g,| piled at unity
(a criterion we use to terminate the integration), and at this
fixed |g,|, AEoq4e is multivalued. The maximum AE 4. from
the first branch is taken to set the maximum in the color bar.

We note an approximately linear increase in the threshold
D, /R; with increasing orbital eccentricity e. This is the most
critical modification of the earlier prediction of J. F. Sepinsky
et al. (2007), which mainly considered the equipotential and

found an expanded Roche lobe in eccentric orbits (harder for
mass loss to occur; opposite of our results). Our study,
therefore, highlights the significance of accounting for the
hydrodynamical response of the fluid. Compared to the
prediction assuming instantaneous equilibrium tide in
Figure 2, the accumulation of the dynamical tide over multiple
orbits makes the runaways occur at even greater values of
Dy /R;. We also note that, at fixed e, the energy AEnqge does
not vary monotonically from red to blue as D, increases.
Instead, a random alternation of red and blue is observed near
the threshold, indicating the stochastic nature of the evolution
(see Section 3.1 for more discussions). We further emphasize
that Figure 6 serves only as a conservative estimation of the
Roche limit, as the integration lasts only 22 orbits. Figures 4
and 5 suggest that more systems may run away given more
orbits, as the evolution is diffusive. However, integrating the
system for longer would require a more careful treatment of
the numerical scheme beyond brute-force integration of the
differential equations to improve both efficiency and accuracy.
This is left for future investigations.

So far, the discussions have ignored damping. If there exists
some efficient damping mechanism that could remove all the
energy in the dynamical tide within one orbit, we would need
to consider the hydrodynamical stability in a single passage.
Figure 7 shows the energy change acquired after a single
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passage (still assuming nonrotating M). When plotting AE .40
versus |gz|, we do not see a clear split into two sectors, and |g>|
does not grow exponentially. Instead, at locations where
bounded oscillations terminate in the multiorbit case, we note
AE 44 becomes multivalued at a given |g,|. Such branching
suggests instability to additional perturbations (and runaways
occur in the next orbit), so we still saturate the color bar as
before. We have also checked with three-wave equations of
motion (which predict runaways in a single passage) and found
consistent thresholds in D,/R; as in Figure 7 (which also
approximately match P. Diener et al. 1995).

At this time, we note a decrease in AE, 4, With eccentricity.
This is because the tidal interaction is significant only for a
fraction of 2ﬂ/(*i>p}?,m) o \fr(l —e)*/(1 + ) of the orbit.
Although the mode becomes instantaneously unstable near the
pericenter as long as D, /R, is below the prediction of Figure 2,
the time for the instability to grow can be too short compared
to the instability growth timescale, thereby preventing a
runaway that could lead to mass loss. The threshold D, /R, can
differ by an order of unity when comparing Figures 6 and 7
due to the dynamical tide. Using the linear damping
calculation of P. Goldreich & P. D. Nicholson (1977) with a
quality factor of O(10'3), it requires 1 — e < 10~* to suppress
the dynamical tide within a single orbit. Even if the quality
factor is reduced to 10° (Y. Wu 2005), damping is significant
only when 1 — e < 10", For less eccentric systems, Figure 6
should be a more accurate representation of the Roche limit.
As a caveat, the discussion considers only linear damping.
P. Kumar & J. Goodman (1996) suggested that nonlinear
damping can be highly efficient with a quality factor of
(O(100). However, their calculation focused on main-sequence
stars with masses 0.5 — 0.75 M, and was based on order of
magnitude estimations. Whether nonlinear damping can be as
strong as claimed in P. Kumar & J. Goodman (1996) for
donors of different types remain to be examined in details by
future studies.

3. Applications

After describing the general theoretical results in Section 2,
we now describe the applications of the model in various
astrophysical settings.

3.1. Relation to the Diffusive Tide

It is interesting to note that the numerical mode evolution
studied in Section 2.3 largely resembles the diffusive (or
chaotic) tide studied in, e.g., R. A. Mardling (1995),
P. B. Ivanov & J. C. B. Papaloizou (2004, 2007), Y. Wu
(2018), M. Vick & D. Lai (2018), H. Yu et al. (2021, 2022),
and S. Y. Lau & H. Yu (2025). In fact, our work presents a
new mechanism to trigger the diffusive tide. In all previous
analyses, the diffusive behavior ultimately originates from a
random phase accumulation away from the pericenter. Such a
random phase could be produced by fluctuations either in the
orbital periods due to tidal back-reactions (R. A. Mardling
1995; P. B. Ivanov & J. C. B. Papaloizou 2004; M. Vick &
D. Lai 2018; Y. Wu 2018) or gravitational-wave radiation
(P. B. Ivanov & J. C. B. Papaloizou 2007; S. Y. Lau &
H. Yu 2025) or in the mode frequencies due to nonlinear
anharmonicities (H. Yu et al. 2021, 2022). A limitation of this
mechanism is that the diffusive evolution can hardly be
maintained once the orbital eccentricity drops below e =~ 0.9,
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and the orbital period is not long enough for the random phase
to accumulate. For example, for M’ = 103, e = 0.7,
and DP/R, = 2.645, we have P,y = 164.5 (deliberately
chosen to be far away from linear resonance) and Eyy =
—MM'(1 — e)/(2D,) = —5.7 (all in natural units). After a
single passage, the mode acquires an energy AE .4 ==
1.7 x 1072 for the (n, I') = (1, 2) model. The one-pass
perturbation of the mode phase from the tidal back-reaction is
2;\‘01}' = waPurb >~ (- 3/2)‘*{}‘Purb(AEdee/Eorb) =~ 0.091 rad,
much smaller than the threshold value of 2A¢,; > 1rad
derived in M. Vick & D. Lai (2018). Moreover, back-reaction
is turned off in our simulations. The anharmonicity-induced
phase perturbation differs from the back-reaction phase by a
factor of O(|Eqm|) and typically has a greater numerical value
(H. Yu et al. 2021), yet 2A¢g = PopAwr  wPorAEmode =
0.34rad is still smaller than unity to trigger the diffusive
growth. Nonetheless, our Figure 6 shows that this system
indeed grows diffusively and eventually runs away.

Crucially, all studies referenced above used the linear theory
of W. H. Press & S. A. Teukolsky (1977) and D. Lai (1997) to
compute the tidal kick each mode receives at the pericenter. In
this work, we incorporate nonlinear hydrodynamics at each
pericenter passage, which may allow the mode to grow
momentarily due to instability. If the mode’s phase at
pericenter is periodic, then the growth will repeat after a few
orbits and accumulate. This allows the mode to reach an
amplitude large enough to trigger the diffusive tide. The
growth then continues stochastically until the mode eventually
runs away.

We emphasize that the instability at the pericenter enters at
the three-wave order (as we have demonstrated in previous
sections both theoretically and numerically), a lower-order
effect compared to the nonlinear anharmonicity of H. Yu et al.
(2021), which fundamentally enters at the four-wave order.” It
is also distinct from the nonlinear kick of P. Arras et al. (2023).
Importantly, the correction to the tidal kick in this work is
nonlinear in the fluid displacement &, which enters the modes’
equations of motion at O(|qm|2) ~ OM ’E/Dg); see, e.g.,
Equation (21). In P. Arras et al. (2023), however, the
correction is nonlinear in (AD,/D,), where AD,, is the change
in the pericenter separation due to tidal back-reaction. In other
words, the tidal kick in P. Arras et al. (2023) is evaluated along
a tidally perturbed orbit instead of the background Keplerian
one. While ignored in this study, one can show that
(AD,/Dp) ox (Jl)p/ﬂ-in‘”)|¢;en,,|2 ~ (M’/Dg) (see Equation (13) of
P. Arras et al. 2023; note that the second term is smaller than
the first one by O[(R;/Dp)*’?]). When evaluating e at
(Dp + AD)) instead of D, the correction to the tidal forcing
is Acoc (M'/D;)(ADy/Dp) ~ (M'?/D}), which is smaller
than the nonlinear-in-£ correction by (1/ Dﬁ). Since the new
correction considered here is of lower order than those studied
previously, the diffusive (chaotic) tide it leads to may occur
over an expanded parameter space (especially for low
eccentricities) than predicted by linear tidal kicks at the
pericenter.

8 While H. Yuet al. (2021) also considered three-wave interaction between f-
and p-modes, the p-modes are not directly sourced by the tide. Therefore, to
produce the anharmonicity, it requires nonlinearly sourcing the p-modes first
and then letting the p-mode back-react on the f~mode; see Equation (36). Since
the three-wave coupling is used twice, it effectively becomes a four-wave
interaction. The direct four-wave interaction was incorrectly ignored in H. Yu
et al. (2021). There is also a numerical error in H. Yu et al. (2021) that
overestimates the coupling strength between f~ and p-modes.
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Figure 8. Numerical evolution of the g mode for a nonrotating, n = 1 donor
in an e = 0.9 orbit with D, /R, = 2.9. Different colors represent different initial
amplitudes given to the mode. A large initial amplitude can be the
consequence of the dynamical tide’s diffusive, long-term evolution, and it
allows runaways in mode amplitude to occur at D, /R, greater than Figure 6.

In turn, for highly eccentric systems, the diffusive tide can
make the threshold pericenter separation greater than the
prediction of Figure 6. Note that, in Figure 6, the modes are
initiated by their leading-order equilibrium tide solution at the
apocenter. For a fixed D, a large eccentricity essentially
suppresses the initial amplitude by a factor of [(1 + e)/
1 - e)]3. Over merely 22 orbits, the diffusive growth is
limited as, on average, the mode energy increases linearly with
the number of passages (M. Vick & D. Lai 2018; Y. Wu 2018).
One can nonetheless capture the long-term growth history of
the modes by giving them different initial conditions. One such
example is shown in Figure 8. We consider in this example the
nonrotating n = 1 model with e = 0.9 and D,/R, = 2.9.
Starting with the equilibrium amplitude, the mode amplitude
remains oscillatory within 22 orbits (the bluest curve; also
Figure 6). However, if a significant initial amplitude is used
(indicated by curves with different colors), the mode may run
away at this large separation. As the diffusive growth is almost
unbounded (until reaching near equipartition with the orbit),
the threshold D, /R, for the mode’s runaway can be as large as
that for the diffusive tide to occur.

In fact, the runaways in our simulation correspond to the
catastrophic wave breakings during the diffusive evolution
postulated in Y. Wu (2018). When a mode’s amplitude runs
away, it cannot be supported by the background and has to
break somehow. However, our model does not describe the
consequence of such a break. One possibility, as suggested in
M. MacLeod et al. (2022), would be shock-heating the surface
layer with some potential mass ejection from the donor. It
further suggests that energy dissipation in highly eccentric
systems can be very efficient due to not a continuous
dissipation as in the linear theory but discrete epochs of
diffusive growth followed by wave breakings as pointed out by
Y. Wu (2018). Meanwhile, mass loss is likely nonconservative
based on J. Guillochon et al. (2011). More detailed analysis
(theoretical or numerical) of the saturation of the instability is
left for future investigations.
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3.2. High-eccentricity Migration of Exoplanets

Related to specific astrophysical settings, the first applica-
tion we consider is the formation of HJs via the high-
eccentricity migration channel (see, e.g., R. 1. Dawson &
J. A. Johnson 2018 for a review). In particular, our model
provides a theoretical explanation for why J. Guillochon et al.
(2011) observed mass loss from a migrating Jovian planet at a
pericenter separation as large as D, ~ 2.7R;, 35% greater than
the Roche-lobe-overfilling separation of D, ~ 2.0R; using the
fit by P. P. Eggleton (1983). Extrapolating the low-eccentricity
Roche lobe calculation of J. F. Sepinsky et al. (2007) will
increase the discrepancy even further. We highlight that our
Figure 5 shows remarkable similarities to the simulations of
J. Guillochon et al. (2011); see, e.g., their Figure 3.
Specifically, there should be no significant mass loss from M
(the planet) in a single passage. Instead, the perturbation
accumulates over orbits, and significant mass loss from M
eventually occurs after O(10) orbits. This consistency validates
our analysis.

More importantly, our theoretical model (in terms of simple
ordinary differential equations; Equations (20) or (16)) allows
the more expensive three-dimensional hydrodynamical simu-
lations of J. Guillochon et al. (2011) to be faithfully
extrapolated to different systems based on each system’s
unique configuration. In particular, the commonly adopted
disruption threshold of 2.7R; (e.g., K. R. Anderson et al. 2016;
M. Vick et al. 2019) is only true for the specific system studied
in J. Guillochon et al. (2011) over O(10) passages. More orbits
of integration may increase the threshold further due to the
diffusive buildup of the mode (captured by a nonequilibrium
initial condition shown in Figure 8). Recent studies by H. Yu
& F. Dai (2024) and G. C. Weldon et al. (2025) adopted a
(potentially more realistic) soft disruption prescription where
the planetary mass loss per orbit is parameterized as an
exponentially decaying function of D,/R;, yet the parameters
are still calibrated to J. Guillochon et al. (2011) and held
constant throughout the evolution. If either the orbital
eccentricity or the planet’s rotational rate varies, a different
disruption threshold (or a different set of mass-loss prescrip-
tions) should apply; see Figures 6 and 4. The dependence of
D_!(,m on these properties may indicate interesting and
unanticipated correlations between the current HJ distribution
and progenitor configurations.

Our Figure 8 further suggests that the Roche limit for highly
eccentric systems can be as large as the threshold separation to
trigger the diffusive tide at about 3.8R; (Y. Wu 2018) for a
typical proto-HJ. Interestingly, this distance coincides with the
location where a pile-up of HJs is observed (with a current
period of about 3 days; R. I. Dawson & J. A. Johnson 2018;
Y. Wu 2018). On the other hand, HJ systems with separations
shorter than this could imply a high spin rate of the proto-HJ
(young system), as the thresholds for both diffusive tide (e.g.,
Figure 4 of H. Yu et al. 2021) and Roche limit (Figure 4) are
suppressed by rotation.

Our Figure 6 may also have implications for formation
channels other than the standard high-eccentricity migration.
For example, a planet may have disk migrated before
experiencing a high-eccentricity migration. In such a hybrid
scenario, the eccentricity excitation required in the second
stage is only moderate, with e < 0.9 (e.g., Figures 5 and 10 of
H. Yu & F. Dai 2024). This two-stage migration is suggested
by J. Guillochon et al. (2011) based on observations available
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at the time and supported by the recent investigation of H. Yu
& F. Dai (2024) on the formation of the WASP-107 system
(their Section 4.3). Both studies found that the initial apocenter
distance of the planet of the high-eccentricity migration stage
is within the snow line. Our Figure 6 suggests that the HJ/HN
formation efficiency for such a system with e < 0.9 may be
higher than originally expected based on a fixed D;(,m) = 2.7TR,
derived from e=0.9. An increase in the predicted HJ
formation rate will improve the agreement between theory
and observation (see, e.g., Table 2 of R. 1. Dawson &
J. A. Johnson 2018).

As discussed above in Section 3.1, the nonlinear tidal
interactions leading to the Roche limit can also help trigger
and maintain the diffusive tide. For highly eccentric systems
with e > 0.9, an expanded parameter space for the diffusive
tide is crucial for explaining the lack of supereccentric proto-
HJs (A. Socrates et al. 2012; R. 1. Dawson et al. 2015). The
efficient energy dissipation due to the diffusive tide naturally
explains the paucity, yet the original study of Y. Wu (2018)
applies only to those with current periods less than 3 days, a
small fraction of the missing population (R. I. Dawson &
J. A. Johnson 2018). Expanding the threshold for the diffusive
tide is therefore crucial for reducing the tension with
observations. For those with e < 0.9, the propagation phase
of a mode itself is not sufficiently random, and the nonlinear
instability at the pericenter is likely what maintains the
diffusive tide and drives the orbital evolution. It is important to
note that there is no consensus on the dissipation mechanism in
moderately eccentric systems after the quench of the diffusive
tide. The predicted dissipation rate of f~modes from first-
principle calculations (P. Goldreich & P. D. Nicholson 1977)
is orders of magnitude below what is needed for a planet to
circularize without the diffusive tide (but see, e.g.,
Y. Wu 2005; G. L. Ogilvie 2014).

We plan to follow up on the points discussed above with a
population synthesis study utilizing a disruption threshold
described in this work instead of fixing it to D{ = 2.7R,, to
explore new features and correlations in the current distribution.

3.3. rpTDEs and QPEs

Repeating X-ray bursts at galactic centers provide valuable
information about the properties of the central MBH and its
surrounding environments. An rpTDE corresponds to a star
partially disrupted by the tidal force of the MBH, with the
remnant continuing to orbit and getting disrupted again in the
future. Compared to a full TDE, rpTDEs have a larger D,/R,,
and a different mass fallback rate (E. R. Coughlin &
C. J. Nixon 2019). Through a hydrodynamic simulation,
T. Ryu et al. (2020) finds that a main-sequence star undergoes
a partially disrupting instead of a full TDE for2 > D, /R, = 0.5
for a single passage in the Newtonian limit. S. Rosswog et al.
(2009) performs a simulation of the tidal disruption of a WD
orbiting a 10° M, intermediate mass black hole, where mass
loss occurs at 1.1R; in a single passage. Unlike full TDEs that
are typically assumed to happen on nearly parabolic orbits,
rpTDEs are likely to have more moderate but still significant
eccentricities with 1 — e 0.1-0.01 (J. Guillochon &
E. Ramirez-Ruiz 2013; K. Hayasaki et al. 2013; M. Cufari
et al. 2022; A. Bandopadhyay et al. 2024, 2025; Z. Liu et al.
2024). The long orbital period limits previous numerical
simulations to binaries with D, /R, < 2 in order for mass loss
to occur in a single pericenter passage. However, the orbital
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period is not long enough to damp out the dynamical tide
(unless the quality factor is significantly lower than 10° in
which case the study of P. Z. Yao & E. Quataert 2025 applies;
see the discussions at the end of Section 2.3), allowing it to
build up over multiple orbits and potentially change the single-
passage predication significantly. Similar to the case with
Jovian planets, our study provides a new, theoretical model to
describe the disruption, accounting for the accumulation
history of the dynamical tide over multiple orbits. In our
picture, the dynamical tide builds up diffusively until it runs
away and ejects mass to power a burst. The stochastic growth
can be a promising mechanism to produce rpTDEs with
irregular recurrence times (S. Y. Lau & H. Yu 2025, 2026, in
preparation), which has been observed in, e.g., J0456-20
(Z. Liu et al. 2024) and HLX-1 (O. Godet et al. 2014;
N. A. Webb et al. 2023) that previous models requiring mass
loss at every pericenter passage struggle to reproduce. For
example, the simulations in Z. Liu et al. (2024) require a
fractional mass loss of almost 90% to reproduce the 30%
fluctuations in the recurrence times of J0456-20 from
300days to 200 days. Furthermore, this amount of mass
loss is also in tension with the inferred eruption luminosity.
Moreover, the threshold pericenter separation D},Lh) for the
disruption to marginally occur may increase by =>60% with the
buildup compared to the single-passage predictions (e.g.,
J. Guillochon & E. Ramirez-Ruiz 2013; T. Ryu et al. 2020;
comparing Figures 6 and 7 at e = 0.9). Since D™ sets the loss

cone radius, an increase in D™ increases the rpTDE event rate
(E. Bortolas et al. 2023). If we assume an isotropic distribution
of a star’s velocity vector at a fixed distance for simplicity, the
increase in loss cone event rates is proportional to the increase
in its radius (D. Merritt 2013).

Our results also complement some previous models on
QPEs. In A. King (2022) and M. Wang et al. (2022), it is
proposed that a highly eccentric WD-MBH binary can
simultaneously produce TDEs and QPEs. The predicted tidal
stripping based on Eggleton’s formula is strictly periodic with
D, < 2R; The QPEs produced via this mechanism would
therefore be highly regular, which contradicts the observed
fluctuations in the recurrence time of bursts. The stochastic
nature of the mode provides a natural explanation for these
fluctuations. The diffusive evolution also means that the tidal
disruption does not repeat every orbit, as the mean mode
energy builds up diffusively over time. Its corresponding
impact on the orbital evolution and mass transfer has been
studied in S. Y. Lau & H. Yu (2025). A significant
shortcoming within this work is that, although the parameter-
ized mass-loss formalism is flexible enough to model the case
with a dynamical tide, the range of the parameters is prescribed
to match the observations and previous hydrodynamic
simulation results in J. Guillochon et al. (2011). In other
words, it still lacks a direct connection to the first-principles
calculation considering the hydrodynamics under an external
tidal field. This paper provides a theoretical description of the
development from mode oscillations into a runaway process
that can potentially lead to mass loss.

For a deep encounter (D,,/R; < 0.5) of a WD with the MBH,
a thermonuclear runaway can be triggered by the tidal
compression (J. P. Luminet & B. Pichon 1989; S. Rosswog
et al. 2009; M. MacLeod et al. 2016; A. Tanikawa 2018),
depending on its composition. Based on the model by
B. Carter & J. P. Luminet (1983), the star undergoes a phase
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in which it becomes flattened in the orbital plane, and the
interior is strongly compressed. J. P. Luminet & B. Pichon
(1989) shows that it can trigger nucleosynthesis processes
similar to that at the core of a main-sequence star. The energy
release can be comparable to that of Type la supernovae
(S. Rosswog et al. 2009). This scenario is favored for lower-
mass MBHs, of 103Mc_3, where the WD orbit can penetrate
deeper without getting directly swallowed. Whether a WD
ignites or loses mass and powers rpTDE depends on how
AEmede from a runaway is released. If AEpqqe is mostly used
to eject mass, then rpTDE is the outcome. If, however, it is
mostly converted into heat in the core, then the WD may be
ignited in a thermonuclear explosion. Determining the out-
come is beyond the scope of the current model, but an
interesting question to follow up on in the future.

4. Conclusion and Discussion

In this work, we studied the nonlinear hydrodynamical
stability of a donor M in a compact orbit around a point-particle
companion M’. Our study considers both the exact nonlinear
equations derived from the affine model (P. Diener et al. 1995),
which self-consistently apply to homogeneous, incompressible
ellipsoids, and the expanded equations following T. Van Hoolst
(1994), which can be readily extended to realistic stars and
planets. Our study extends the classic Roche limit derived by
S. Chandrasekhar (1963) of a donor in hydrostatic equilibrium
with circular orbit and synchronous rotation to the fully
dynamical regime, allowing for arbitrary orbital eccentricities
and donor rotation rates (although restricted to aligned spins).
Schematically, the finite-frequency corrections to the equili-
brium tide (accurate for low eccentricities; Section 2.2) can be
captured by the toy model in Equation (6). The dynamical tide
excited in more eccentric systems (Section 2.3) corresponds to
the toy model of Equation (7). More specifically, the Roche
limit for moderately eccentric systems (e < 0.3) is described by
our Figure 2. While a small asynchronicity tends to decrease
D™ /R, (i.e., making the donor more tightly bound) by reducing
the centrifugal force, eccentricity can dominate and make
D™ /R, greater (donor more subject to mass loss) than the
prediction of S. Chandrasekhar (1963) by the finite-frequency
corrections. For a more eccentric binary with e 0.9, the fluid
perturbation can grow diffusively due to nonlinear interactions
at the pericenter. This eventually leads to a runaway in mode
amplitude at a pericenter separation =>30% greater than
the Roche limit of circular orbits with synchronous rotations
(Figures 6 versus 1). Our theoretical result explains
the numerical simulation of J. Guillochon et al. (2011) on the
high-eccentricity migration of gaseous planets, and allows the
result to be physically extrapolated across possible parameter
space and to other similar systems, e.g., rpTDEs. This study also
provides a new mechanism to trigger and maintain the diffusive
(chaotic) tide that is of lower order in (1/ D,,) than all previously
considered mechanisms (Section 3.1).

We mainly focused on a homogeneous, incompressible
ellipsoid to assist a direct comparison with S. Chandrasekhar
(1963). This simple model is also sufficient to illustrate the
crucial role of dynamical effects in the Roche problem and its
corrections to the commonly used fit of P. P. Eggleton (1983).
We established that predictions based on the exact nonlinear
equations of an affine ellipsoid can be largely reproduced by the
expanded equations to the three-wave order, or O(&3) in AEpoge.
Including the next order improves the accuracy, but does not
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modify the qualitative features (Figure 1). While the affine
model of P. Diener et al. (1995) allows for different values of n
and I', the starting point, Equation (13), is not self-consistently
satisfied by a general fluid. Nonetheless, the expanded equations
of T. Van Hoolst (1994) will apply generically; see also
N. N. Weinberg et al. (2012) and N. N. Weinberg (2016). This
allows the theoretical study of the Roche limit to be extended to
realistic astrophysical objects. It also allows other modes, such as
g-modes (present if I' > 1 + 1/n), or those with / > 3 (important
for binaries with M" ~ 1) to be included in the problem. Based
on the affine model, an increasing n reduces the single-passage
D{™/R; (P. Diener et al. 1995). It would be interesting to revisit
this prediction quantitatively with generic shapes of £ (nonaffine)
nder T. Van Hoolst (1994) and consider the multiorbit effects.

In fact, the set of equations required to derive the Roche
limit has been used in H. Yu et al. (2023) to study the
frequency shift of the f~mode due to the companion’s tidal field
in coalescing binary neutron stars (see also T. Pitre &
E. Poisson 2025 for its relativistic extension). The two effects
share the same physical origin. In particular, our analysis also
predicts an effective frequency shift of the m = 2 f~mode given
by (see Equation (21) but allowing for arbitrary n using results
from the Appendix A)

956 5
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where the linear, static limit of g, ~ —J6( — m)My/4 is
used. This agrees with Equation (16) of H. Yu et al. (2023) in
both the functional form and the numerical value, validating
the affine approximation.

The analysis of H. Yu et al. (2023) also provides further
support for why we can truncate the analysis at the three-wave
order for the Roche limit. Specifically, in this work, the
interacting m = 2 and m = 0 modes are both directly linearly
driven by the tide, allowing them to directly interact at the three-
wave order. This is of the same order as the frequency shift of
H. Yu et al. (2023) and lower order than the anharmonicity and
p-mode—g-mode-instability (pg-instability; N. N. Weinberg
et al. 2013; T. Venumadhav et al. 2014; N. N. Weinberg 2016),
which fundamentally originate from four-wave interaction
(O(&3) in the equation of motion). In the pg-instability, the p-
mode is not linearly forced by the tide, but instead nonlinearly
driven through the three-wave channel by an f~mode and a g-
mode, schematically written as g, ~ kgp, with the subscript
indicating the mode (see Appendix A of N. N. Weinberg et al.
2013). The p-mode then back-reacts on the g-mode, as

Gy + wyg, = wﬁn,q}"q: = w; K4} qr g

or g, + wy(l — ka4 4, = G, + Wperq, = 0, (36)
causing the instability when wf,,eﬂc < 0or anq}" > 1. Because
the three-wave interaction is used twice with the p-mode
acting only as a mediator, the pg—three-wave interaction comes
in the same order as a direct four-wave interaction between
two f-modes and two g-modes, corresponding to a forcing term
of the form gq}‘qfqg in the equation above. See also similar
discussions about the nonlinear anharmonicity studied in
H. Yu et al. (2021) and K. J. Kwon et al. (2024, 2025) caused
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by effective four-wave interactions. In this work, however, the
three-wave interaction is only used once because the m = 0
mode has a linearly forced component (go g2 here instead of
go  €q» as in the pg-instability), making it a lower-order
effect than the anharmonicity. This can also be seen from the
left panel of Figure Bl in H. Yu et al. (2023); compare
specifically the gray (equivalent to the instability of this work)
and the yellow (equivalent to the pg-instability/anharmoni-
city) curves. This theoretical argument is reflected in Figure 1,
and is numerically justified by Figures 3 and 5. Including the
four-wave interaction (Equations (A50a) and (A51b)) modifies
the threshold Df,m)/ R; by only a few percent (Figure 1).
Similar to S. Chandrasekhar (1963), our study does not directly
address the evolution of a fluid element after a mode’s amplitude
runs away. Two crucial questions remain to be addressed. The
first is how much mass is removed from M and at what rate.
Whereas, in circular or low-eccentricity cases, a steady stream of
mass flow from the donor to the accretor may form (F. H. Shu &
S. H. Lubow 1981), in the highly eccentric cases, the mass loss
should occur as discrete bursts whenever the wave breaks (after
the mode amplitude runs away). An upper bound on the mass loss
AM can be set based on the energy released, AEmoqe 0.1 If
most of the energy is converted to heat (M. MacLeod et al. 2022),
then AM from the wave breaking may be much smaller than
AEmnode. Nonetheless, a large amount of heat may inflate the
donor, making it more likely to lose mass in the subsequent
evolution, which quickly disrupts the donor (H. Yu &
F. Dai 2024). On the other hand, if the donor’s density increases
as it loses mass, it may survive the mass loss (S.-F. Liu et al.
2013). One such example could be planets in the HN desert
(D. J. Armstrong et al. 2020). The second question is how a mass
element lost from the donor affects the orbit. The numerical
simulation of J. Guillochon et al. (2011) suggests that the total
mass and angular momentum of the system are likely to be
nonconserved when the mass loss happens with a highly eccentric

5
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i7(q2 — q.2).
0,

orbit. One may study the effects on the orbital dynamics
following, e.g., S.-S. Huang (1963), I. F. Sepinsky et al. (2009),
A. S. Hamers & F. Dosopoulou (2019), and S. Y. Lau & H. Yu
(2025). Alternatively, since the exterior potential of a perturbed,
oscillatory star is simply ng/D3, it is straightforward to find a
test particle’s trajectory under a Roche potential modified by the
quadrupolar potential of the donor (and potentially the accretor).
The trajectory will determine the fate of the ejected mass and its
impact on the orbit. Of particular interest are the changes in the
binary’s total mass and orbital angular momentum. We plan to
study these in follow-up investigations.
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Appendix A
Equations of Motion of the Affine Model

Write

r=x+£&x.D=x+)Y q,0E,x), (A1)

where x and r are the original and perturbed locations of a
mass element. The Lagrangian displacement is denoted by &,
which is further decomposed into eigenmodes with eigen-
functions &, according to Equations (8) and (9). As argued in
the main text, inertial modes and m = 1 f-modes are both
ignored in this work. Because £, is linear in the original
position, perturbations of a homogeneous ellipsoid are
therefore affine as in B. Carter & J. P. Luminet
(1983, 1985) and P. Diener et al. (1995). We additionally
introduce a trace term & = g, X, corresponding to a
monopolar (radial with [ = 0) perturbation. While a
homogeneous ellipsoid has no radial modes in the linear
problem, we find g, is needed to account for rotation and
nonlinear interactions starting at the four-wave order. Note
that the trace (! = 0) mode is normalized differently from the
I = 2 ones; g, = 1 corresponds to a surface displacement of
unity. This allows us to rewrite

0
Xi
0 [xgl . (A2)
5 X3
0, 1+ '\.-'_qu + A

which satisfies the form of an affine model r{t, x) = g;;(t)x;,
with Einstein summation assumed and the indices standing
for coordinates in Cartesian. We further use ¢ to denote the
matrix whose components are g;. The determinant of the
matrix will be useful later and is explicitly given

det[g]=1 + 3¢, — (?ng_g + Eqﬁ

2

8 - 3qll')

1256 1256 3, 2
24 144 B2

q>4q 29y — 2

25
- ?QOZQU - qlf)-

(A3)
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Note that g is diagonalized as

cosqﬁq, —sinqﬁq, 0
q= RaR" = sinqbq. cosqbq. 0

cos ¢q sin ¢q
] —sin q& cos q& 0 (Ad)
1

where the angle m¢, describes the phase of the mode g, and

5J6
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The gas energy is U= f(f/p)dM, where ¢ and p are
respectively the internal energy density and mass density. We
assume that the gas follows a polytropic equation of state,
where

P=T - Dex pL,

with P the pressure and I' = (0logP/010g p)enropy the
adiabatic index. Using further p(rr) = p(x)/det[g], we have

(A10)

M= [Lam = CD and v =L (A1)

The explicit form of AU is readily obtained by plugging in
det[¢] from Equation (A3), and its derivative with respect to g;;

=1+ = + (A5
l‘hI g 07 e ) s 0U/dg; = —II(g")j. This will be used to derive the
equation of motion in terms of g;;. To assist comparisons with
ay=1— Z|g| — 5’-@% + G (A6) T. Van Hoolst (1994), we also provide a series expansion in
2 12 terms of g,,’s, as
N 1 3 25q; + 50g,q_5 + 123 = 2)g;
C5-m@C -1 5-n" 85 — n)
12569, — 7506 909,9 5 + 450G3T — 1)gqgq, + 36T — 1)[25,9 , + 2¢2 (3T — 2)lg, N A12)
144(5 — n)
We have verified that the series matches exactly Equation (19)
of T. Van Hoolst (1994) for n = 0, in which the case &, is
— 546 iven by Equation (9).
az=1+ do + - (A7) g y

It shows the affine model describes an ellipsoid with
semiaxes a;, d,, as. Note that a; > a, and a, > a;. When the
dynamical tide dominates, we further have a; > a3 in general,
although it is also possible to have a; < a3z occasionally. We
further use an upper bar to denote quantities evaluated in a
frame corotating with ¢, e.g., displacement 7 = Rr and
quadrupole moment

2
Ij= f FiFdM = a?‘ég (no summation). (AB)

The equation of motion is obtained from variations of the
energies. While the affine model is self-consistently satisfied only
for an incompressible, homogeneous fluid with a polytropic index
n = 0 and adiabatic index I' = , we nonetheless follow
P. Diener et al. (1995; see also B. Carter & J. P. Luminet
1983, 1985) and allow the energies to be described by a generic
pair of (n, I'), without requiring buoyancy to be neutral (i.e., I' can
differ from (1 + 1/n)), while still assuming the perturbed fluid is
described by Equation (A2). The error due to this inconsistency
will be assessed in future studies through direct comparisons with
T. Van Hoolst (1994).

The kinetic energy can be computed from

1
T =Tri[Ty] = Tr[Ef riridM] = q,qukM*

M
=2 "‘(50‘;-2@-_2 + 2562 + 1243, (A9)

where My = fx,'x,-dM/S. Numerically, My = 1/5forn =0
and M, = 0.1306910 for n = 1.

We then consider the self-gravity. For this, we introduce the
self-gravitational potential energy tensor

_ 1 (ri — r)(r; )
Q== f f L dMdM'. (A13)

[r — 7P

From the definition, it is easy to see that the total gravitational
binding energy (2 is given by the trace of y, € = Tr[(Y].
Because the equations of motion depend on 0f2/dg; =
—Qm(q‘l)ﬂ, we compute the full 2; matrix here. While
B. Carter & J. P. Luminet (1983) gave a formula for €2;; in their
Equation (6.15), it involves solving a complicated integral in
their Equation (6.4) whose explicit solution is nontrivial to
obtain. We instead follow S. Chandrasekhar & N. R. Lebovitz
(1962) to obtain a closed-form solution. For this, it is
convenient to first consider the potentials in the barred frame
obtained by rotating the system azimuthally by an angle ¢, via
the R matrix. In this system, the potential energy tensor is
diagonal and given by

|r — r’|3

= _%S—A I;;6;;(no summation),

(Al4)
where [; is still given by Equation (A8), and we explicitly
include the 5/(5 — n) factor to generalize the result to arbitrary
values of n (with the caveat that, for n > 0, r is not strictly
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affine). The one-index symbol A; is defined in Equation (5) of
S. Chandrasekhar & N. R. Lebovitz (1962) and computed
explicitly in terms of g; in their Equations (15)—(17). For
completeness, we reproduce them below. Define

2 2

. ai —a as

sin?, = ———=, andcos ¢, = —=, (A15)
a; — dp a

and denote incomplete elliptic integrals of the first and second
kinds, respectively, as

F,= F(¢,. m = sin6,)

4, )
:J; (1 — msin? )~ 2dyp,

Yu et al.
(P. F. Byrd & M. Friedman 1954)
Fe(¢,, m)= ;F;[arcsin(ﬁ sin ¢,), L],
~m m
1
m

+ (1 — m)F,[arcsin(y/m sin ¢,), L])
m

Ee(¢,. m)= (mEe[arcsin(ﬁ sin ¢,). L]
m

In the limiting case where a, = a5 (achieved in the adiabatic
tide limit), we have

4 2[1 — a —log(y1 — a + 1) + log(az)]
1= = ;

3 737
ai (1 — a3)*'?

(A19)
E.= E(¢,. m = sin’§,
e (j’e m sin e) 1 _ arclanh(m)
€ - / ) T 737
— f{; (l - m sz (p)+],-2d[p, AZ _ aj —asg - ;1 —ﬂ2|)3 2 (AZO)
1
J1 —a} + a§1(2 log(ﬁ] + arctanh(y/1 — af,)]
Az = - (A21)
afaji(1 — af)*?
and we can then write where a; = ay/a,.
Once (); is obtained, €2; can be readily computed by
A= 2 1 (F. — E,) rotating back to the original, unbarred frame, as
303 4 gin ’
a;’ sin® ¢, sin® G, e 0y = RaiQasRy, (A22)
2 6
-3 2@, + = 2y + - (A16) and the total gravitational energy is
= 3 5 2
, 1 Q= Trl0y] = Trify] = — = nEAfa‘
A= ﬁ_z(“i sin ¢, — Ee), ) i
ayi sin® ¢, cos* 0, \ az .5 [__+_ _q_ﬂ_w_éqz
2 6 T 5 _ tr tr
g+ L tar . @M " oot 0
3 3 3 ~ 2
54, + 3 3 a +3q0qu
5646 28V2 0T g
3 3,
Ay = 3_23 — ! : 4+ 2890 | 2 | (A23)
aj sin3 ¢, sin® 6, cos* &, 4 5
X Ee—ﬂcosﬁg—a—zsinzﬁesinqbe , _ o _
as where we again expanded the exact solution in powers of g,, in
2 246 the last equality to assist with a direct comparison with T. Van
=373 %~ 2Gy + ... (A18) Hoolst (1994). For a homogeneous ellipsoid, discontinuities in

Note that the results are obtained by swapping the subscripts
(2, 3) in the corresponding equations in S. Chandrasekhar &
N. R. Lebovitz (1962). This is because, in our coordinate
system, a, > as > a, most of the time, although, occasionally,
it is possible to have a, > as. In this case, Equation (A16) still
holds as long as one lets sin?f, > 1 and uses the reciprocal
modulus transformation of elliptical integrals to handle m > 1

17

the derivatives of the gravitational potentials at the surface are
nontrivial to evaluate, and we present an explicit evaluation of
those terms in Appendix B.

We consider both the tide and rotation as external
perturbations to the system. For the tide, the interaction
energy truncated to the quadrupolar order can be written as

RS 1
£=2 f EyrirdM = = Eyayqu M. (A24)
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where
%, 3sin®ccos P, 0
0 0 M
__ g g M __ _3
Y OD; OD; |D| ¢ 3 sin $¢ cos B¢, ﬁ_ 0 (A25)
0, 0, -1

Note that we work in the frame corotating with the donor and use &= ® — wf to account for the Doppler effect. In comparison to,
e.g., Equation (B1) of P. Diener et al. (1995), we additionally included the centrifugal force due to a rotation w (assumed to be along
the z-axis, also the direction of the orbital angular momentum), giving rise to an energy

w? 2 2 w?
R =— 5 f(r - r)dM = —?(q.ik‘h'k = Giaqi3) M. (A26)

By varying the energies, the equations of motion are

My, = (I8 + Q) (g — Mgy

+ M*W?'(q,;k - ‘531'9'31,;)- (A27)
By further contracting Equation (A27) with the symmetric-tracefree tensor y_:};'n = (y;lf'_m)* (E. Poisson & C. M. Will 2014), with
15 15
yl]:_:)ﬂ?.: ] yl?.: —i ]
2 2 . 2 v
y_yn_ [ ym_ o[ (A28)
20 20 Tor 20 Tom

we obtain the equations of motion for each spherical harmonic mode.

ém == ]-_-[m + Qm + gm + Rm, (Azg)

where on the RHS, the driving terms are due to variations of, respectively, the internal energy, the gravitational energy, the tidal
interaction, and the centrifugal energy. Explicit expressions are provided as follows. By varying the internal energy, we have

I, = 2319, (125V6 g5 - 45045y + 1) — 7506 aydy. + 36(ge + Dy + 1) — 25059 )" T (A30)

(5 — M)Mx(=25¢5 + 20V6 gy(g + 1) + 625429 — 4(g + 1))

o= {—125g, + 150V6 g5 (g, + 1) + 404,[25¢,9_, — (g, + 1)]
+ 46 g5(qy + DI12(gy + 1)? — 125g,4_,] — 604,q_,[254,q_, — 4gy + 1)1}

T
25 25
X { —?r;'t,(%2 +26,09) + 7o [5V64y(g; — 64,4 ) — 18(ag + 24,9 )1 + q_ + 3a. + 3q, + 1}

x {246(5 — MMy (—25g] + 20J6 go(q, + 1)+ 6[25g,q , — 4(g, + 1* D). (A31)

25 25
e = (24(5 — MMy) ' (—25¢F — 50g,q_, + 24(g, + 1)?) (—?qu(qg + 24,9 ,) + i

-T
x (5V6qy(ag — 64,q.5) — 18(q; + 24,q.5)) + a; + 34} + 3¢y + 1) : (A32)

18



THE ASTROPHYSICAL JOURNAL, 999:129 (25pp), 2026 March 1 Yu et al.

And from the gravity,

_ (A~ A9)e?(5V6gy + 30lg)] — 12(gy + 1)) — 60A1g,

Q A33
2 4005 — MM, (A33)
Qo= 6{alAi[25V6 42 + 30g,(5|g)| — g5 — 1) + 646 (g, + D(5lgy| — 2g, — 2)]
+ a}A[25V6 g2 — 30g,(5g5| + @y + 1) — 636 (g, + 1)(5|gy| + 24, + 2)]
+ a?A3125\62 — 120gy(q, + 1) + 636 (4(g, + 1)? — 25]g,1}
x {55 — MMx(5V6 4y + 6g; + 6) (—25g7 + 2076 gy(ge + 1) + 6[25]gsP* — 4(q + 12D}, (A34)
. — 3V0ay(A1 + Ay — 243) + 61-2(gy + DA + A + A) + Slal(Az — A

.= : (A35)

24(5 — )M,

Note that the equations above are exact up to the affine approximation, Equation (A2). We also present expanded forms of the

driving terms that are complete to the four-wave interaction level. We will further write g, = ql(r” + ql(rz) where qt(rl) ~ w? ~ ¢ will

be sourced by the (I = 0 part of the ) centrifugal potential, while qf) ~ €2 from nonlinear mode interactions. From the internal
pressure,

W _ q o — _ 9‘2[5\/3610 - 6qt(r1)(3F — D]
2 G5 -mM, 6(5 — m) M
me — _ q, [P(SO‘hq_g + 25‘102 - ZOJquqt(r”) + 43I — l)(3[‘[qt(r”]2 - qu))] (A36)
? 85 — MMy '
(1) _ _L H(Z) _ - IOJEQQQ_Q + 5\/6@‘02 + 12(3F S l)qoqt(rl)
0 5 -mM, ° 12(5 — m) M, '
o — _ 25092942 + 4g) = 10¥6Tq,” Carq.5 — g5) + 46T — DaGTlg, T — 24,”) a3
0 8(5 — n) Ms :
©) I o _ _Gr = 2q,”
O P =
(5 — )My G — MMy
o - PO — DCg%a, + gd) + 1237 — 2)(3T — DIg"P? — 2ql9)). A38)
i 245 — MM,
And from self-gravity,
() _ 4 02 — _ ‘?Z(SJEQQ + 42qt(r1))
256 -mM, 70(5 — n) My
Q) _ 21094 + 2545 + 4036 0g,” + 84Clg, P — g1 (A39)
? 140(5 — m) M ’
H__ D o _ 10J6 4,9 , — 5V647 + 844,q."
TS5 M, 140(5 — n) M,
Qo _ 901506:4.5 + 2545 — 20V64yq,” + 84Clg,"F — 4, + 40¥6 4,4 54, (A40)
0 1405 — MM, :
(1)
QO L qn_ M
(5 — n) M, (5 — n)M,
0@ _ _109:a, + Sqg + 241g; P — 167 (Ad1)
> 8(5 — m)Ms,
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We now turn to external perturbations. For the tidal interaction, we have

£ = Ee e 2%

5
€(10g, — 56 g e~ 2% 1+ 12gDe—2i%
€0 = (10g, — 56 q, q. ). (A42)
20
@ _ EW6ae + JBq e +2qp) + 46" (A%)
0 20 ’ )
EP=0,
513 —2idc 2%y 6
g = 3@ + ‘f;e ) = ol (A44)
Similarly, the centrifugal drive is decomposed as
R =0, RY = g,u?, (A45)
(1)
R = 26u? W' @ _ 2~ 204 204 w2, (A46)
? 15 ’ 15
-56 12¢"
Mp;%&,nﬁz Jh%* 2 (A47)
Since the affine model is self-consistent only for homogeneous ellipsoids with (n = 0, ' = ), we discuss the equations of
motion for this case with further details. First, note that the natural frequency of the / = 0 mode is w2 = (3T — 4)/(5 — n)/Mj.,
which approaches infinity as I' — . Therefore, we can approximate g, = 0, allowing us to solve for the trace part as
2
m_ 2
= —w",
% =9
¢m:2“zb¢2+%ﬁ4_l[igqq +q%.+5f@%3”+4mﬂr”¢—d€%)
" 24 rle 272" 7% 36
5J6uwlqy 2wt
-t = A48
54 27 (A48)

We have expanded the results in 1/T" and kept only the leading-order terms. Substituting them back into the equations of motion for
quadrupolar modes, we obtain the complete description of the dynamics for (n, I') = (0, ) at the four-wave order up to the

ignorance of the Coriolis force (which can be included at the leading order following Equations (15)—(17); H. Yu &
S. Y. Lau 2025), which reads

G = —Wrqy + WK, (A49)

where

3 ‘ 956 5 5 56 .
K==ce? 4 g)| ————¢qy+ —e + —w?| — eqpe 2
273 Dl TR, 16 0

425
336

25 . .
- 9‘2[ Qarq_, + q9) + Ee@qzei“" + 3q_e7 % — J6q9) + (AS0)

25«/6{02
7 qp |-
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N6, N6 . 956

4 6 168
5 . . 5
— é(\/ngeh@ + \/Eq_ze—m(b + 29, + Zw?.qo

Ko= (29,9 5, — q3)

425 25 .
+ go| —(2g,9 , + g*) + _6(3 e2id
‘10[ 336( q,q_ o Q'g) T q,

g )]
256

2
36 w? (9,95 — 44)- (AS1)

Note that terms proportional to I' cancel out exactly in sy, making the result regular when I' —

_|_

Appendix B
Surface Terms in the Third-order Perturbations of the Gravitational Potential Energy

At the formulation level, it is clear that the affine model agrees with that in T. Van Hoolst (1994) when applied to incompressible
stars. However, it is not trivial to show the agreement, especially for terms of O(¢7) and above. This is because these terms in
T. Van Hoolst (1994) often involve high-order derivatives of the quantities from the background or the lower perturbation levels,
which produce surface terms that require integrating the Dirac delta functions. In this appendix, we explicitly calculate the O(£%)
terms in the gravitational potential energy and show their agreement with the affine model under careful treatment of the surface
terms.

We first write the O(£%) terms as

AQB) = AQBa) 4+ AQBGH B
where

AQGD — % f pdEiEIEE Y, V; Vi Qo (B2)

AQEH) — %fdeI{fi{;‘jVjVjQ’q (B3)

where the integral is carried within the unperturbed volume. The Lagrangian displacement is expressed in spherical coordinates

& =& + &% + £y (B4)
The unperturbed potential €2, in all space is given by

Q= 2% ~ 3RHOR — 1) — O(r — R), (BS)

where O(x) is the Heaviside step function’ with ©(0) = 1/2. We also replace p by pO(R — r) since the surface terms depend on the
boundary value. The triple derivative contributes only to a Dirac delta term within the domain of integration:

1
AQeY = 2 [ dxo0® - (030

__l 3 _ n3is _
- 2fdxpe(R " ENS(r — R)

_ _,0 : r 3
=2 f sin 0d0dé ("—g ). (B6)

The Lagrangian displacement expanded in terms of the quadrupolar f~mode eigenfunctions is given by Equation (8). The integral of
three spherical harmonics can be evaluated using the Wigner 3-j symbols (see, e.g., N. N. Weinberg et al. 2012):

f Yllml H‘ng Hgﬂ’tg Sln 9d9d¢
:\/(2!1+ DL+ D2k + 1)(1, L L ](1, I 13) B7)

A m my m3J\Q0 0 0O

® The one-half convention of the Heaviside step function is the result fmmatcreating both (x) and ©(x) as finite distribution functions (with even and odd parity,
respectively) and taking the zero width limit for both of them. This gives f_m dx§(x)0(x) = 1/2.
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The nonzero coefficients for [ = 2, m = — 2, 0, 2 are
2.2 2\ _ 2 2 22y _ |2
(000)‘ o (—220)‘ T (B9
Focusing on the [ = 2, m = —2, 0, 2 modes, we have
28D = 24 (64,4, — 4. (B9)
2846 0\0924_o (i}

The integral in AQ®? contains both a surface integral term from the Dirac delta function and a bulk term.

AQED = AQSY 4 AQEP, (B10)

where the subscripts s and b denote the surface term and bulk terms, respectively. To see the delta function arising from the
derivatives of the Eulerian potential, we write the quadrupolar f~mode ' as

e x)=-3 /% [F?O(R — r) + r0(r — R)1q,, Yo B11)

Hence, 82’ gives a term with the Dirac delta in the integrand.

%({’)ZBEQ’ = (€)28(r—R) Y3 ,%qm Yom + bulk terms. (B12)

For [ = 2, m = -2, 0, 2 modes, and using Equation (B7), we have

AQ(SBIJ) = _3A0CD) — _3( )qo(ﬁqzq_z — 9-02)_ (B13)

25
286
Note that the delta term within 92€) is equivalent to —£793€). Therefore, the factor of 3 in Equation (B13) comes from the ratio of

the prefactors 1/6 and 1/2 of the potential terms.
The remaining terms without the Dirac delta function can be integrated to give

53
AQPY = E\/;qo(ﬁng_g - g (B14)
Collecting Equations (B9), (B13), and (B14), we obtain

AQ® = AQCY + AQPY + AQPY = 464,45 — 45): (B15)

5
566

which agrees with Equation (A23).
Appendix C
Coefficients of Polynomials

We present here the explicit expressions for the numerical coefficients of Equations (26), (29), and (30).
For Equation (26), we have

38&31

Xpp = ——— 31 (Cla)

2 T(az; + 2)

3 — —

X = Selasi(p — 1)+ 2p + 1] 104a31+20, (Clb)

35(az + 2)

3 6

Xog = —€ + Spe ), Clc
=10 (031 2 P ) (Clc)
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where a3; = as/a,, and

38,2 [(as1 — Dasi — 2]

Xop =
7(&31 + 2)2
Xo; = O 35@si + Delan(p — 1) = 11 + 12an(4az — 11}
35(az + 2)? ’

J2 351 + Delantp — 6) — 10p — 31 + 12(as1 — DSas — 47))
175(as; + 2)2 '

Xoo =

Note Equation (19) has been used to write C{™.
For Equation (29), we have

170(a? + a3, + 1)
21(as + 2)2
Se 2{13](8{131 - 13?)

a3 + 2 21(az + 2>
_ 105€ (a1 + Dlasi(p — 2) + 2(p + D] — 2a31(77as; + 356) + 110

105(as; + 2)*
+ Sp.e]

Woz =

Why =

Way

Wy = —e¢
2770 ey + 2

and
170 [Zasi(ad; + asi + 1)
T(as1 + 2)3
\Emsaﬂ(a;, + 2)e + 2ay[az,(242az, — 237) — 174] — 436)
21(as + 2)°

Wos =

Woz2 =

Woir =

E{](}Sf(ﬂ'jl + la?(p — 2) + 2as1ip — 4] + 2az1[az1(113a3; — 472) — 19]}

35({13] + 2)3

W =
. 175(as + 2)°

Lastly, for Equation (30), the coefficients are
38a31 (¢,
@+ 2)
_ 35¢0¢€lazi(p — 1) + 2p + 1] — 4¢{”[a31(95¢)” + 26) — 5]
- 35(a3; + 2)

Zy =

21

Zyo = (=70(a3; + 2)[G{Ve*®] + 14¢{5¢"[as;(p — 1) + 2p + 1] + 9}
+ 105(as; + 2)pe? — 4az1q” (95 + 52) + 404,”)

x [70(az + 2)I7,
and

38@ [(as; — 2)az; — 21[gOP

Zp =
T(az + 2)?

23

E{356(ﬂj] + 2)[2(as1 + 2)(2az — S)p — 3(4a§| + az; + 4)] + 4(az1 — 1)[az1(10a3; — 269) — 1191}

() 7
— [G57e¥*,
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(C2a)

(C2b)

(C20)

(C3a)

(C3b)

(C3¢)

(C3d)

(C4a)

(C4b)

(C4c)

(C4d)

(C5a)

(C5b)

(C5c)

(C6a)
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2 )
Zoi= J; 0 (~105a2,4 + 380a2q® g
+ 144a3¢\” — 210314 + 105¢ (a3 + 2)gPlasi(p — 1) — 1]
— 760a319," ¢\” — 396a319” — 7604\"q\"}
x [35(as1 + 2)%¢1°", (C6b)
2 .
Zo= ‘g (—105¢"(az1 + 2[az (3¢ + 2) — 21 + 35¢¢V(as1 + 2){15¢ lazi(p — 1) — 1]

+ 4ayp — 6az — 10p — 3} + 2¢%{475[(az1 — 2)az — 2]

x [g"F + 90a31(4az; — 11)q\” + 6(az; — 1) (Saz1 — 47)})

x [175(as1 + 2)%q 017" (Céc)

Again, Equation (19) has been used to eliminate the Coriolis term, C{®.
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