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Abstract:

The Bubnov-Galerkin method is applied to two elliptic boundary value problems which arise in the
mathematical model of two well known physical phenomena. In each instance, it is shown that the
pertinent physical quantity being approximated can be feasily obtained (accurately and economically)
with the proposed procedures.

The sinc-collocation method is developed to numerically solve the radial Schrodinger eigenvalue
problem. This Strum-Liouville problem is classified as a singular problem for two distinct reasons.

Firstly, there is the infinite domain R+ over which the solution is sought and, in instances, the
eigenfunctions are singular at the origin. It is well known that these types of singularities pose
difficulties for standard numerical procedures. It is shown that the sinc-collocation method surmounts
these difficulties for the Schrodinger problem. Indeed, the method is applicable to Sturm-Liouville
problems defined on infinite intervals in general. With regard to singular eigenfunctions, the error
bound O(N exp{-aN 1/2}), where 2N + 1 basis functions are used, obtained for the eigenvalue
approximations are valid whether or not the eigenfunctions are singular at the origin.

The annular strip method is developed to address a heat transfer problem defined on an annular domain
Q. The curved boundaries of &omege; pose difficulties for the finite element method, and the accuracy
of the resulting approximation will, in general, not be satisfactory relative to the work required for the
acquisition of the approximation. The annular strip method is a viable alternative to the finite element
method in that the former retains the salient features of the finite element method and avoids the
boundary difficulties via a judicious choice of trial functions. The convergence results obtained for the
annular strip method can be extended to applications of the finite strip method of the engineering
literature.
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ABSTRACT

~

The Bubnov-Galerkin method is applied to two elliptic boundary
value problems which arise in the mathematical model of two well known
physical phenomena. In each instance, it is shown that the pertinent
physical quantity being approximated can be feasily obtained
(accurately and economically) with the proposed procedures.

The sinc—collocation method is developed to numerically solve the
radial Schrodinger eigenvalue problem., This Strum-Liouville problem
is classified as a singular problem for two distinct reasons.
Firstly, there is the infinite domain R, over which the solution is
sought and, in instances, the eigenfunctions are singular at the
origin. It is well known that these types of singularities pose
difficulties for standard numerical procedures. "It is shown that the.
sinc-collocation method surmounts these difficulties for the
Schrodinger problem. Indeed, the method is applicable to Sturm-—
Liouville problems defined on infinite intervals in genmeral. W1th
regard to singular eigenfunctionms, the error bound O(N exp{—aN’)),
where 2N + 1 basis functions are used, obtained for the eigenvalue
-approximations are valid whether or not the eigenfunctions are
singular at the origin,

The annular strip method is developed to address a heat transfer
problem defined on an annular domain @. The curved boundaries.of &
pose difficulties for the finite element method, and the accuracy of
the resulting approx1mat1on will, in general, not be satisfactory
relative to the work required for the acquisition of the
approximation. The annular strip method is a viable altermative to
the finite element method in that the former retains the salient
features of the finite element method and avoids the boundary
difficulties via a judicious choice of trial functions. The
convergence results obtained for the annular strip method can be
extended to applications of the finite strip method of the engineering
literature.




1. INTRODUCTION

1,1 Galerkin Schemes

Many béun&ary value problems that describe vﬁrious pﬁysical
phenomena, indeed, man& physical pfoblems in general, have solutions
that satisfy a variational principle. Of the maﬁy numeérical
techniques used to find solutions of such proﬁlems. the finite element
métho& has éstablished itself aéla viafle and competitive alternative
to the classical finiteidifference me thods fo¥ boundary value
problems. The origins of the finite elémenf”method may be traced b#ck
to the work of Walter Ritz [18] in his.pioneering work on various
structural analysis profiems. 'The method is still widely uséd for
these problems tdday; and moreover, the finite element'method has been
successfully applied to probiems in heat conductioﬁ. fluid dyﬁamics
and poténtial'(elegtrié and magnetic).field.tﬁgory.

In this thesis, the Bubnov—Galerkin méthod..a general pfocedure
. for which the finite EIeQent'method is a specific case, is applied to
a cla;s of elliptic differential equationms. Tﬁe Galerkin scheme may
.be described as follows: Assume Ais an e;liptic &ifferential -

operator and it is desired to find a solution W to the problem

(1.1) " fu=f .. onQCEY




where (1.1) is equipped with appropriate boundary conditions It is
assumed that A :H —>H where H is an appropriate Hilbert space. .For
each positive integer'n, let {¢i}?=1 be an independent set in H and
define a trial solution to (1.1) by the formula

n

(1.2) . A u = % aid)i.'
i=1

The o; are determined by the requirement of-orthogonality-of the

error:
Aun - £ .l. ¢j for ji= ]"’o‘a.nn.

Thus, the oy may be computed from the discrete problem

n
(1.3) ;Z . ai(A¢1’¢j) = (f,¢j) for j= 1,°°°,n.
Different Galerkin approximations are obtained according to the
selection of the basis {¢;} which is made. This selection is
influenced by the problem being solved, the domain on which the

problem is defined and, to a degree, on personal preference or

rrejudice.
In the finite element method the trial functions ¢4 are usually

piecewise polynomials. 'A‘given domain 2 is represented as a finite




collection of geometrically simpler subdomains f, (finite elements)

in such a manner that

m

N
= 1 e

¥

The @, may share commbn boundaries but.are otherwise disjoint. A
trial function ¢; is chqsen so that ifs support is contained in oﬁly‘a_
few of the ﬂk.'and over these subdomains‘¢i is pieced togethér from
polynomials of low degree. With the small support, relative to ali of
the domain £, for each ¢i’ many of the terms in (1.3) are zero, and
consequently, the systgm in (1.3) to be solved is a sparse system of
equations. It is this choice of trial functions, and the resulting
sparse system of equations (1.3) to be solved, which is largely
responsible for the success. of £he finite element method.

Although the finite element method is highly adaptable there are
many problems to which the method does not directly apply. This
thesis addresses two of these problems. The first of these problems
is motivated by a sfudy of the classiéal Eadiai Schrodinger equation

and the methods developed apply directly to the case of a singlular

'Sturm—Liouville problem, in particular, a Sturm-Liouville problem

that is defined on an infinite or semi—infinite interval. . The

Schrodinger problem:arises from an elliptic partial differential




equation in 33,- 1g the important_axil—symmetric éasé, the partiai
differential operator admits a separation of variables-iq spherical
coordinates of which th; two angular solutions are well knoﬁn and the
remaining radial portioi is the singular Sturm-Liouville problem. The
second problem arises again as a dGﬁain probleﬁ, but this time for the
Poisson equation in RZ. Here the trouble is not ome of an infinite’
‘doﬁain, indeed the domain is cémpact,.%ut due to its symmetries the 3

classical selection of subdomains Qk (rectangles or triangles)

'boundary errors are introduced. In each problem the given domain £ -

m

must first be replaced by an approximate domain Qk' The finite
' _ k=1 :

element method is then applied to the problem on the approximate

m )

domain ALG.Qk. In general, it is expected that as m increases the

approximate domain approaches Q and more accurate approximations to
m

the true solution are obtained. However, requiring U @k to be close
, k=1 :

to ® does not guarantee an accurate approximation to the true solution -

of the problem. There is an example discussed in Strang and Fix [29]

which illustrates that the approximate solutions may actually fail to
. R :

converge to the solution of the original problem. Even in the case
o , )
that k}H_Qk approaches # and the solution of the discrete problem

approaches that of Au = f, the increasing problem size and resulting

computational ¢osts may be prohibitively large.




1.2 One Dimensional Problem

Atomic and nuclear phyéiés investigations frequently reduire the

calculation of the eigenvalues of the radial Schrodinger equation
(1.4) -u’’'(x) + q(x)u(z) = Ap(x)u(x) xe R (0,2
subject to the boundary conditions

(1.5) u(0) =0 and 1im u(x) = 0,

X 3w

In most physical problems, the functions q and p are of the general -

form

r(x) + s(x)/x2

q(x)

and

p(x) t(x) +‘w(x)/x2,

where r, s, t and w are bounded on every finite interval [0,b]. In

Chapter 3 the singular Sturm—Liouville.problem (1.4) and (1.5) is

investigated.

The differential equation (1.4) with appropriate boundary con—
ditions on a finite interval [a,b] has been amply discussed aﬁd many
;atisfactofy numerical schemes, mostly based on polynoﬁial basis
functions are available for £he'approximate solution of the problem.

The situation for the aforementioned singﬁlar problem is in a much




less refined state. This is the case whether fhe singularity in the
problem is due to the infinite domain (2 = R,) over which (1.4) is to
be solved or whether the solution u of (1.4) is singular at a éoint in
Q.

The .solution of Eﬁuation (1.4) via fhe finite element method,
with bounded q and p on a finite interval, and subject to homogeneous
boundary con&itions, has been studied in a number of papers
[5,11,12,32]. These investigations use polymonial spline function
expansions of the eigenfunctions in the Rayleigh—Rifz method to
calculate approximate eigenvalues. This technique, as well as its
extension by Shore‘[22—24], seeks.a solution of Equation (1.4) on a
finite inferval [0,b] sﬁbject to the homogeneous boundary conditipns
u(0) = u(b) =0 for large b. This method exchanges one sort of
difficulty for another, that is, the singular nature of (1.4) due to
the infinite domain has be;n traded for ; truncation error due to the
altered dqmagn. It should, however; be pointed éut thai Schoombie and
Botha [10] have:recently obtained theoretical error estimates for the
truncation error introduced by the altered domain.

An alternate numerical procedure is developed in Chapter 3 for
the problem (1.4) and (1.5). The method is a Galerkin scheme as
described by (1.2) and (1.3) where the basis functions ¢, are

compositions of certain conformal maps with the sinc function. As the




latter are defined on all of B, the truncation bf‘the infinjite
interval, ﬁs discugsed in the previous paragraph, is not required, and
théréfore, the error introduced by solving an approximate domain
problem is avoided.

_ Another advantage of the method developed in Chapter 3 is due to
the highly accurate approximatidﬁ of the inner products in (1.3)Awhich
are obtainable with the sinc function basis elements. ' These
quadrature rule approximations along with the pertinent sinc fuﬁction
differentiation formulas are.contained in Chapter 2.

Chapter 2 also contains some results obtained on the perturbation
of symmetric ﬁgtriées. These results are needed ;n Chapter 3 to show
the convergepcé of the eigenvalues of the discrete problem (1.3) to

the eigenvalues of the continuous problem (1.4).

1,3 Two Dimensional Problem

In Chapter 4, the pioblem
(1.6) AT = 2L 4 2L ¢ on QCR?

with boundary conditions for T on 98 is considered. The techniques of
Chapter 3 are directly applicable to the problem (1.6) for appropriate
. domains and conformal maps. For the case of the square or rectangle,

see the examples in [26] and [27]. Indeed, if f in (1.6) is replaced




by —AT, then by a separation of variables one is led to an eigenvaluq
problem analogous to the problem studied in Chapter 3 except that in
the present case the domain is-finite.

The investigations of Chapter 4 are motivated by a heat transfer
problem which arises because of chﬁnggs in an aging nuclear reactor.
The domain @ is as pigtured in Figure 1.1 and the'préblem is to solve

(1.6) with £ O on Q.Subject to the boundary conditions

T=20 on aln
an&
dT

£+ oT
dn &

kig + ky on 3,0

'wherefgidenotes the derivative of T in the direction of the outward

normal to the curve 9,2, g is a continuous nonnegative function
defined on 3,9, and k; (i =1,2) are constants.

The equivalent.va£iation;1 form of this problem and the classical
selection of trial functions for the finite elément method are
discussed in Chapter 4. The annulus @ is first approximated by a

m
triangularized polygonal domain U Q. and the trial functions ¢; are

k=1
defined on this partitioned domain. The polygonal approximation of
the circular boundaries in the finite element method produce two types

of boundary errors. This is due to the different nature of the

boundary conditions on 912 and 9,%. Both errors will be discussed in




-}

Y
A
829
\819
> X

Ao R
Figure 1.1 The annulus @ = {(x,y) = Ry ( \/;2 i y2 {Ry}l. 9,92 and
320 denotes the inside and outside boundaries of @, respectively.

Chapter 4.

The numerical scheme developed in Chapter 4 is a semianalytic
method. It, like the finite element method, is a variation of the
Ritz—-Galerkin technique. In order to avoid the error induced by
approximating the boundaries of the annulus, @ is partitiomed into

annular strips. The trial functions, unlike the finite element trial
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functions which are piecewise polynomials in all directions, are
ptoduct; of trigonometric functions defined around the strips and
piecewise polfnomials defined across the strips. This choice of trial
functions avoids the earlier boundary errors, yet retains a sparsé
discfete system (1.3)., It is shown in Chapter 4 how to order the
unknown coefficients of the basis function in (1.3) so‘th;t the
resulting sparse system can 5e efficiently solved. The matrix of the
system (1.3) is (mﬂ)x(mM) where M is the number of trigonometric -
functgons used and m is the number of subiﬁtervals into which the
radial interval is partitioned. Instead of the usual 6((mM)3)
operations in the general Gaussian elimination procedure to find the
unknown coefficients, matters are arranged so that the operation count
is on the order of O((m — 1)M + M3). This, of course, significantly
reduces the computer time and the examples indicate accuracy
comparable to that obtained by the finite element method. -

The scheme developed-in Chapter 4 is an example of what the
engineers call the finite strip method [10]. The strip method was
developed by structural analysts to reduce the high cost of analyzing
regular geometric structures. For mani years'th; strip method
appeared only .in the engineering literature connected with structural
analysis. Not until récently, when.Chakrabarti [9] used the strip

method for his study of heat conduction in rectangular plates, has the
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method dppeared in a field of study outside that of structural
analysis., Tﬂg ideas of.the strip method appear to be applicable to
many problems, and therefore, a thorough analysis of the methoa is
warranted.

in this direction, convergence results for the aforementioned
annular strip méthod are obtained. There have appeared many examples
in the literature [9,10,30] which give numerical evidence of the
convergence of the finite strip method. However, this author is not
aware of any other results showing that the strip appfoximates do
indeed converge to the true solution. This aunthor believes tﬁat the
results of Chapter 4 can be extended to other applications (the:mal
stress and structural analysis) of the finite strip methéd, and
therefore, ghe method merits investigatiqn in order to place it on a

firm mathematical foundation.




2, PRELIMINARY RESULTS

2.1 Introduction

This chapter contains a number of results from Hilbért space
theory, sinc function approximation, and linear algebra which are
required in later chapters of the thesis. Most of the results are
stated without proof but afe equipped witﬁ appropriate referen;esﬂ

The finite element meﬁhod, as.it_applies to elliptic .boundary
vﬁlne problems; is based on Hilbert spacé'theory, and in particﬁlar,
the notions of Sobolev spaces, traces, and interpolationlspacgs° A
brief discussion of Sobolev spaceé is given in Section 2.2, The
material can be found in the works of Adams [1], Agmon [2] and Aubin
[3].

In Section 2.3, various results on sinc function approximation
are given. These results have been extracted from the works of
Stenger, his cqlleagﬁes and students‘[14,i5,25—27]. The suﬁvey paper
[27] is an excellent source for.the numerical methods based on the
sinc function.

Section 2.4 c@ntains various theorems on the symmetric eigenvalue
problem which can be found in Steward [19]. These results are used to
obtain estimates for the spectral radius of perturbed symmetric

matrices.
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2.2 Soﬂolév Spaces -

Sobolev spaces are Banach spaces of weakly differentiable
functions of severai real variables. They arise in conmnection with
numerdus problems ih the theory of partial differential equations and,
in particulér, élliptic-equations. Tﬁe Sobolev spaces also provide a
natural setting for the mathematical foundation of the finite element
me£hod. There are at least two ways of constructing the Sobolev
spaces and since a knowledge of both constructions lends useful
insight to an under;tanding of the variational principles in Chapters
3 and 4, both developments are herein reviewed. The following
notation will be used in both developments.

Let @ be an open domain in n—dimensional euclidean space R, the

points of whﬁch are denoted by x = (xl,xz, pX ) and let 99 denote

n

the boundary of Q. For the n—tuple a = (dl,a2,°",an) of nonnegative

integers define
I(ll = (11 + G.Z + ee. + (ln,

and for x ¢ B and o = (al,az,;".an) define

o, o o
% = x1lx22 xnn
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In particulﬁr, this notation is convenient for the compact

expreésion of the differential operator

’ o ol Qa ]ot|
p® =p,tpy%+--p P = o
n o o o
' 9% 1 - 2 ... 5x I
1 2 n

Con;ider a linear differential operator of order_m'
CAx,D) = I a (x)D®
' ' a|<m

are real valued functions defined on some open domain D

where the ga

in BT, It.is assumed that not all coefficients a, with el = m are
zero on 2. With each operator A(x,D) there is associated the

homogeneous polynomiél

of degree m in thg variable & ¢ BRY, The corresponding operator
AWx;D) is c¢alled the p¥incip1e part of A(x,D). The operator A(x,D)
is said to be elliptic at a point x if and only if for any £ # 0,
A'(xq,8) # O, |

For example, in Chapter 3 the Sturm—Liouville operator

A{(x,D) = -p? + q(x)




15

is investigated for functions defined on B, = (0,»). The principle

part of A;(x,D) is
A{(z,D) = -D?,

It is clear that Al(x,D) is an elliptic operator. In Chapter 4 the

Laplacian operator
= n2 2
AZ(X,D) = Dl + DZ

is considered for funcfions/defined on an annulus in B2, The
~ principle part of Az(x,Di is itself and it is again clear that AQ(x,D)
is an elliptic operator. |

Now, for an open bounded domain 2c<RD, Jet L2(2) denote the usual
space‘of square integrable real valued functions over £ endowed with.

the inner product

(u,v) = [ uv dx.
Y

For any nonnegative integer m, let C™(Q) be the class of m times

continuously differentiable functions on 2. Define
m=

c°(Q) = ﬁl cn(Q)

and let Cg(ﬂ) denote the subset of C”(R) consisting of functions

having compact support contained in Q. Cg(R) is called the set of
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test functions for 4.
The first construction of a Sobolev space follows the development

given by Agmon [2]. For each u & C™(Q) define

(2.1) Hall, =/ 2 0%)2 an)¥/2

2 aljm

and let CF(Q) denote the subset of C™(R) comsisting of the functions u

for which ||u||m { o Forw VvV e C?(ﬂ), let

(2.2) (w9, =S T %) (D% dx.
' ' Q ]a|<m

. For example, if @ cr? andu, v e C%(Q), then

(2.3) lally = (ff 2 + &2y &2 32 axap /2.
and

'_ ang; du 9v
(2.4) (u,v)y = é{ (uv + x5z By 3y By —) dxdy

Note that C?(Q) is an inner product space with the inmer product

,*) Let H™(2) be the completion of CF(®) with respect to l%ﬂﬂm

m*

The Hilbert space H®(Q) is called a Sobolev space.
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The elements of H™(Q) may be thoughf of asvfollows: Let {uk} be
a Céuchy sequenée in.C?(Q) with respect to the Sobolev norm (2.1),
Then for each a, lal < m fhe'inequality
(é (0% - 0% )% a2 ¢ My - 5 11,
inplies that (D%} is a Cauchy sequence in L2(2). Now, since L2(2)
is compléte, there is a u“_; L2(9) sﬁch that {D%y} convérges to u® in
L2(2). Therefore, an eleﬁent u ¢ B®(0) is an L2-function over © with
the property that there exists a sequence {u} G-C?(Q) such that
{Dauk} is a Cauchy sequence in L?(Q) for all a, Ialhi m, and uy
. converges to u iﬁ LZ(Q).

The 1imit function u® is called the strong L2-derivative of order
a of fhe function u ¢ H™(Q), and is unique up to sets of measure zero.
Hence, if u g C?(Q), then ﬁ-é H™(Q) and the strong Lz—défivatives ¢
of u are exacfly D%, This is easily seen by choosing the Cauchy
sequence {uk} associated with u as uy = u for each k.

The seéond construction of a Sobolev space follows the
development given by Adams [1]. Consider the set of test functions
‘Co(2). A sequence {¢} = Cs(ﬂ) converges to ¢g e-Cg(Q) if and only if
there is a compact set K = @ such thét the support of each ¢k
(k-= 0;1,"0 is pontaineq.in K and {D“¢£} converges uniformly to D“¢0

uniformly for all a.
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A linear functional F on Cg(ﬂ) is called a distribution if it is
continuous in the semse that if {¢,} comverges to ¢ in Cg(ﬂ). then
{F(¢k)} converges to F(¢0) in R, An example of a distribution is the

linear functional Fu induced by a function u € Lz(ﬂ), where
F,(¢) = [ u¢ dx for all ¢ ¢ Cg(ﬂ).
Q .

A second example is the dirac mass &p concentrated at the point p & Q

defined by
8p(¢) = ¢(p) for all ¢ & Cy(Q).

Let Cg(ﬂ)* denote the set of distributions om Cg(ﬂ). Cg(ﬂ)* is a

vector space under the usual definitions of addition

(F + 6)($)

F(¢) + G(¢)

and scalar multiplication

(aF) (¢) = a(F(¢)),

where F, G & Cg(ﬂ)*,¢ & Cg(ﬂ), and a ¢ R, CS(Q)* is topologized with

the weak—¥ topology. That is, the sequence {Fk} converges to Fg in

CE(Q)* if and only if F; (¢) converges to Fo($) in R for all ¢ e Cg(ﬂ);
The following observation motivates the definition of the

derivative of a distribution. Observe that for u & C™(Q) and
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¢ e CEGD, lal integration by parts yield the identity
(2.5) f ®%) ¢ax = (-nlel ooy ax
T : Q Q

for each ¢, lal £ m. Equation (2.5) is used to define the

derivatives.of the;distfibution Fu induced by u. The identity
oy -
D F'll = FDau
follows from Eqﬁation'(2.5) and the sequence of equalities
Fpa,(¢) =1 (D%)¢ dx
: Q
= (-nlel [ u@ep) 4
Q
= (-pldl F, (D%) for all ¢ e CH(R).
Hence, the derivative of order ¢ for any distribution F is defined by
por(¢) = (-1) el F(pog) for all ¢ & Cp(R).

With this defiﬂition, baF is indeed a’distribution, andkig fd?t, each
D% js a continuous linear operator on CS(Q)ﬁ.' Therefore, every
distributidﬁ in C8(9)§ has derivatives of all orders in C8(9)$.

An importaﬁt class Qf distributioﬁs are those‘distribqtions whicﬁ'
are induced py_funééiéns in'LZ«p. ‘Let u e L2(Q), 'if there is a

function v e L2(2) such that
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D“Fu(¢) = Fv(¢) for all ¢e Cs(ﬂ): .

then it is unique up to sets éf measure zero and it is called the weak
Lz—derivative of u. It is apparent that if u has a‘continuoué.
"derivative D% iﬁ the classical sense, then D% is also a weak 13-
derivative of u. Thus, the notation D“n‘will be used to denote thé
weak Lz—derivativé of # or the classical derivative of u depending on
tﬁe context. | | |

Now, for each nonnegﬁtive integer m, let W®(Q) denote the class
of functions from L2(2) which have weak L?-derivatives of all orders
a, lal $ m. Note that the Sobolev inner product (2.2) is an inner‘
product on W™(Q), In fact, WH(Q) is complete with respéct to. the
Sobolev norm. Therefore, W™(Q) is also calied a Sobolev space and a
gesult due to Meyers and Serrin [17] shows that H™(Q) = Wm(QL ’

To summarize, there are two ways to conside; a function
u ¢ H™(Q). From ?he»first construction, u is an L2-function witﬁ the
property that there exists a sequence {uk} czcg(ﬂ) which is a Cauchy
sequence with respect to the Sobolev norm (2.1), and u; converges to u
in L2(Q). From the second construction, u.is an L2-function whose
distributional derivatives DaFu, fel < m, are egqual to di;tributions
F_ induced by Lz—fuﬁctions 2

v

Thé problems discussed in Chapters 3 and 4 are naturally posed in
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the Sobolev spacelﬂl(ﬂ) and the remainder §f this section is dévofed
to a closer examination of HL(Q). The problems in these chapters are
boundary value problems, and therefore, it is necessary to assign
boundary values to the elemegts of H?(ﬂ), The following developmegt
is taken from Aubin [31. | |

Let @ denote the closure of @ in BT, The space CL() is den;e-in
cl(@) witn resp;cﬁ to the Sobolev ﬁorﬁ (2;3). and thérefone;-Aehse in
Bl(9) (fgcalirthe first construction of Hl(ﬂ))( If ve Cl(ﬂi, define
the trace ygu ofnu‘to bé the restriction_éf u to the boundary 9% of .

The mapping
1o: CL(E) — 12(3@)

is a continuous linear operator, where Cl(ﬁ) is given the Sobolev norm
(2.3). The operator Yo can be extended to a continuous linear

operator from ml(e) into»Lz(aﬂ). Hence, boundary values have been -

assigned to each function u e ml(9). ADenote'by H%(ﬂ) the class of .

functions.u aiﬁl(ﬂi such that ygu = 0. ' H%(Q) is a Soboiev space._ It
is the completion of 08(9) with respect to the‘Soﬁoiev norm (2.3), and
is dense in Lz(ﬂ). Aubin shows that if @ has a smooth boundary,

then the trace operatoi Yo maps BL1(Q) onto a dense subset of Lz(aﬂ).,‘
and that the imaée S of Hi(ﬂ) under yg is a Hiibert space when it is

suppliéd with .the strongest norm for which Yo is still continuous. -
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Finally, a second trace operator vy from a subset of HI(Q).info S
ﬁill be the gemeralized ﬁormal derivative of the function u from the
appropriate subset of Hl(ﬂ). The foliowing general Hilbert space
development can also be found in [3].

Let U, V aﬁd W be Hilbert séaces, v a continuous linear qperator
from V onto U, Qnd a(*,°) a continuous bilinear form on V x V., Assume
that V is contained in W with a stronger topology and that the kernmel

Vo of v is dense in V.

Vg &— V &—— W

For any fixed u ¢ V, the linear map that associates the value
a(u,v) with v ¢ Vo is continuous on Vo Denote by Au this linear
functional on.VO. That is, if Vg is the dual of VO, then Au & Vg is

the functional defined by : x
(Au,v)y = a(s,v) for all v & Vy.

, & ' ) '
The operator A associating Au & Vj with any u ¢ V is apparently a
continuous linear operator from V into Vg. It W= W% in the sense of

the Riesz theorem (the canonical isomorphism), then W is a dense
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subspace of Vg. Define the set
W(A) = {u e V: Au & W}

and in the case that W(A)'is nonempty, the following generalized

Green’s formula is obtained.

Theorem 2,1. Suppose U,V,¥W, W(A),y and a(*,°) satisfy the above

hypothesis, then there is a unique operator vy mapping W(A) into al

such that
(2.6)  alu,v) = (Aw,v) + Cyqu.yv> for any u ¢ W(A) and v e V,

where (*,°) is the inner product on W and <*,°>. is the duality pairing

on U*x U,

To obtain the generalized normal derivative alluded to earlier,

consider the Laplacian operator

2 2
N
A = * =

3x2 Ay

for functions defined on an open bounded set 2 of B2, the classical

Green's formula is

Theoreﬁ 2.2. Let u and v be twice continuously differentiable on

the closed sef U, then
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Jdu Bv du 9v
(2.7) ff (3x oz 3y 2 )d dy = ff (-Au)v dxdy +a£ g do .

Theorem 2.1, in particular, Equation (2.6), is the extension of
Equation (2.7) to a class of functions in the Sobolev space ml(0),

Identifyythe spaces in Theorem 2.1 as V = HL(2) and ¥ = L2(0),

and the operator'y as the trace operator
7o: BLH(RQ) —> L2(39).

The kernel of 70 is Vo = H%(ﬂ) and U= 8 is the image of vy supplied
with the étrongest norm for which-yo is continuous.

Now define a bilinear form on H(2) x H1(2) by

du 3v . du Bv
a(u,v) = éf (ax ax T oy 3y 3y —) dxdy.

a(u;v) is clearly bilinear and its continuity follows from an -

afplication of the Cauchy-Schwartz inequality in the calculation:

ou av du v
a(u,v) = ff (BX % By By)d xdy

A

§_1£z' “y1/2 (VY2 1/2 -
(éf (ax) dxzdy) (éf (ax) dxdy) -

auy2 1/2 AV 2 i/2
+ ({{ (By) dxdy) ({{ (Sy) dxdy)
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2 ||u||1 “V”l’

Suppose ue Hl(ﬂ) such that u has the weak Lz—derivatives

2
.0 u
— and 2 (Eecall the second construction of a Sobolev space).
9x oy 2
3 3
Notice that —121 and "_‘121 are weak L2—derivatives of du and du »
X dy ox Ay

respectively. That is,

2% g dud
s./;f ) 5 ¢ dxdy = - ff "% nx 9xdy
x
and
2
3 u
I = ¢ dxdy = - ff ay ay dxdy
Q oy

N

for all ¢ e cg(m. Combining these two equations gives the equality

' Bu 3¢ . du d
(2.8) éf (-Au) ¢ dxdy = ff (5% o ay%) dxdy
for all ¢ e Cg(ﬂ). Moreover, the density of Cg(ﬂ) in H(l)(ﬂ) and the
continuity of a(*,*) shows that (2.8) persist for all ¢e HO(Q)
It is apparent that A -A is the formal operator associated with

the bilinear form a(*,°). The set
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i2(-2) = (o & BL(®) : -au e L2(2))

is clearly nonempty since it contains 08(9).
The hypotheses of Theorem 2.1 are all satisfied and Equation

(2.6) reads

ff (311 oV 311 oV

5% ox T oy By) dxdy = ff (-Au)v dzdy + (yln,yov5

for u & L2(-A) and v e HL(Q). The duality pairing <yqu,ygv> on s x s

extends

f-—— V do
BQ

in the classical Green’s formula (2.7), and we take yqu as the

generalized normal derivative of u & L2(-A).

2.3. Sinc Function Approximation

Most numerical approximation methods, such as interpolation,
quadrature and the finite element method, are based on exact
relationships tﬂat éolynémials safisfy. These schemes gean@lly do
very well in a region whefe the functiqn to be approximated is:
analytic; and very poorly in a ﬂeighborhood of a.singularity.of the

function.
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The numerical approximation schemes.reporfed in this section have
roughly the same accuracy whether or not the function to be
approximated has a sipgularity in its domain. In the absence of
singularities, this accuracy is usually not as good as that which.may
be obtained by polynomial methods, but if singularities are present,
this accuracy is mugh bgtter than that obtained by polynomial me thods
[27]1. A1l of the gpproxiqation'methods of the presént-seétion are
based on exacf relationships satisfied by Whitta#er's cardinal
function C(f,h). |

I.et f be a function defined on R and h > 0 a stepsize. Then the

Whittaker cardinal function is defined by

(2.9) © C(f,m) = I £(kh)S(k,h)

= =00
whenever this series converges and where

(2.10) S(k,n) (x) = Sizg;(f ;h§7%/h)'

The function S(k,h) in (2.10) is known as the sinc function based at
kh and is defined by continuity at x = kh, that is, S(k,h)(kh) = 1.
The function C(f,h) was discovered by E. T. Whittaker [33] who studied

its mathematical properties and used it as a means of obtaining
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alternate\expressions of entire functions. He called C(f,h) a
function of royal blooa in the family-of entire fuactions whose
distinguished proéerties separate it from its bourgeois brethren.”’
The functipn C(f;h) has played a role in engineering applications and
engineers have referred to (2.9) as the ""band limitedﬁ or '""sinc
" function'’ expansion of f.
The identity
e 17 if k=73

(2.11) N 8(k,h) (jh) = skj = o .

- 0 if k # 3
is an elementary conséquence of (2.10).and, iq pagticlar, shows that‘
C(f,h)(jh) = fijh) for all j. That is, the function C(f,h) provides a
formula that interpolates the function f on the infinite set {jh]m=_m;v
This is only a first hint qf soﬁe of the beautiful #pprbximation
propertiesiof the Whittaker cardinal function. Indeed, an.elemeﬁfary

integration shows that the sinc functions satisfy the 6rthogona1ity

relation

és(j,h)(x)S('_k,.h)(x) =h 8
which, when combined with (2.9) shows that
J €(£,n) (x)S(k,h) (x) dx = h £(kh).

R

Also, using the fact that the Fourier transform of the characteristic
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function on [-1,1] is (sin x)/x it follows, upon integratimg (2.9),

" that

(2.12) - J C(f,h)(x) dx =h I f(kh).
R k==

For functions f whose cardinal expansion represent them, it should be
pointed out that (2.12) is the familiar frapezoidal quadrature rule.
The class of functions for which this is true is characterized in the

following definition. and theorem.

Definition 2.3. Given h > 0, let B(h) be the family of all
. A
functions f defined on the complex plane € such that f is entire,

f e LZ(R), and
I£(2)1 < € exp(nlyl/n),
for all z=x + iy ¢ € and for some positive constant C.

The following theorem [15] indicates the important role the functions

S(k,h) play in the family B(h).

Theorem 2.4. If f e B(h), then

£ = ClE,m) = 3 £(kh)S(E,h),

= 00
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S £f(x) dx=h £ f£(kh)
R =—co
\
and .
S =2 dx=h0 I (£(xn))2. .

R k=~

Hence, the sequence {h—1/28(k,h)} is a complete orthonormal sequence

in B(h).

The derivatives of f can also be expressed as a sinc function

expansion [14]. In this direction, set

(2.13) - 80 = 50,1 ™).

In particular,

O .
ik 0 if'j # k
0 if j=k
~ (1) .
§,07 =« k~j
jk ._(_—_::.)j-.__ if j # k
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and

-

6(2) _ 3“ if j =k
ik .
2(-n*3
5 if i # k.

(k-3)

Theorem 2.5. If f ¢ B(h), then f' & B(h) and

W am = v xR e
j=—c
f
and therefore)
£ —pm p o (z s{®eGm) Sk,
k=-ow j=—oo J

A class of analytic functions for which the identities in
Theorems 2.4 and 2.5 are no longer exact, but form extremely accurate

hpproximatipns is summarized in

Defiﬁition_&éLA For d > 0, 1let B(Dd) denote the family of

" functions f such that f is analytic in the infinite strip
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d
J Iz + iy)] dy. — 0 as x —> + o,
~-d

gnd

N(f,d) = 1lim (flf(x + iy)] dax + [le(x - iy)] dx} C =,
y—d B | - R

The uniform error of the approximation of a function fiom B(Dy)

has been calculated by Stenger [25].

Theorem 2,7.' Assume that f = B(Dd). Then for all h > 0

€ - cte,m]], ¢ —NED
— 2nd sinh(wd/h)
Lundin and Stenger [14] have extended the ébove result to the
approximation of the derivatives of f by the derivatives
P
e(£,0) ™ (x) = = c(£,h) (x)
ax"

of the cardinal function,

Theorem 2.8. Assume that f e B(D;) and suppose nd/h > 1. Then
forn 2> 1

n

n!eN(f,d) | (ﬂ)

He®) - cce,my @ ¢ .

~ 2nd sinh(wd/h)
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In practice, a truncation of the expansion C(f,h) (or c(£,n) (@)

is used to approximate f (or f(n)L In this direction, define

N
(2.14) Cy(f,h) = I £(kh)S(k,h)
k=-N
and
| N )
(2.15) (e, ™ = 3 f(xn) S, P,
k=N

These approximations are quite accurate for f ¢ B(Dd), but without
further assnﬁptions on the growth of f the N in (2.14) or (2.15) may
be inordinately large for economical approximations. A comnvenient

growth assumption for f is given by the inequality
(2.16) el ¢ ¢ oozl for x e B,

where C and o are positive constants. The following theorem [14]
bounds the uniform error in the truncation of the cardinal expansion

of f and the truncation of the cardinal expansion of f(n).
Theorem 2.9, Assume that f e B(Dy) with

if(x)| ¢ ¢ e—GIXI for x ¢ B,
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where C and «a aré positive constants. Then for all hYO

_ N(£,d) 2C —gNh
2.17 £ »h). i
( ) i Cn(f h)““ < 2nd sinh(nd/h) ¥ on®

and for nd/h > 1 and n > 1

n+l '
I T
h (n+l) am (h )

n

) nleN(£f,d) T
- 21@ sinh(wrd/h) ( )

(2.18) He® - cue,wil,

Notice that the selection h = (nd/aN)1/2 .in (2.17) and (2.18) imply

that the error terms are bounded by
N1 /2 o (—(naa) 12}, for n 3 0.

The positive constant K depends only on n,d,f and «a.

The extension of some of the above formulas to finite and semi-
infinite interval;, and more generally, to contours may be carried out
via the theory of conformal mappings [27]. In this .direction .the‘

following definition is fundamental.

Definition 2,10, Let D be a simply connected domain, with
bouﬁdary 3D, let 2 and b (a' # b) be points of 3D, and let Dy be
defined as in definition 2.6. Let ¢ be a conformal map of D onto Dd’
such that ¢(a) ;.—w and ¢(b) = =, Let ¥ = ¢_l denote the inverse

map and set
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T = {¢¥(x) : —= ( x  ®}
(see Figure 2.1). Given ¢ and ¢, denote by zy = z; (h) the points

zy = ¢ (kh) for k = o*il:i?o"‘-

. Let B(D) denote the family of all functions F that are analytic in D

such that
/ iF(z) dzl—> 0 as u —> o ,.
w(u+L)
where
L= {iy : Iyl < 4},

and such that

N(F,D) = 1im inf J 1E(z) dzl ¢ =,

C1—>8D ClCD Cl .

If F e B(D),.éhen f defined by
f = wp’-[F o ¥l
is_in.B(Ddi, where.B(Dd) is defined in.Définitién 2.6. Th;n_for all
z &€ D, the approximatiop

.
I F(zy)S(k,h) 0 ¢
k=N

o
11
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id

T e e RS ) SRR I i

Figure 2.1, The domains D and Dg.

is the analogue of (2.9) in the above. If F also satisfies
(2.19) IF(z)] < ¢ e—"'l(t’(Z)l for. z g.1,

where C and a are positive constants, then f satisfies (2.16) and the

truncated cardinal expansion

N
FZ I  F(z)8(k,h) 0 ¢
k=-N

satisfies error estimates of the form (2.17).




37

For example, to approximate a function F on I' = [0,»), define
the domain

(2.20) D= {z : larg z| < d}.

The sector D is shown in Figure 2.2.

Figure 2.2. The domain D = {z : larg z|l < d}.

The functions ¢ and Y and the points z, of Definition 2.10 are given

by

(2.21) w= ¢(z) = log z,
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z= P(w) = eV,
and
(2.22) 2 = 5B for k = 0,41,42,° ",
Assume again that T'= [0,») and define, for 0 < d g-% , the
domain
(2.23) D= {z : larg sinh z| < a}.

The pointed tubular region D is shown in Figure 2.3.

id A
N it o G ;// - .
RN
\ 7 \
X /'
__*_.._l:.__._i_‘__._____
\\\
,\
e, D
\.

Figure 2.3. The domain D = {z : larg sinh z| < d}).
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The functions ¢ and ¥ and the points z; of Definition 2.10 are given

by
(2.24) " w= 6(2) =log sinh z,

z = w,(Q) - log (&% + (o2¥ 4+ 11/2y,
and

(2.25) 2z = log (¥R + (2KB + 1)1/2)  for x = 0,141,142,

The iﬁportance of the conformal maps ¢ in (2.21) and (2.24) in

terms of approximate integration is contained 1n the following theorem

[271.

Theorem 2.11. Assume that f ¢ B(D) where D is given by (2.20) or

(2.23). If f satisfies (2.19) for all x ¢ I = [0,®), then by taking
h = (2ra/aN)Y/2 it follows that
N ,

(2.26) I f f(x) dx - h X ET_l—_
0 (2

)f(zk)l i Cé"(ZﬂdGN)’
k=-N k

where the z, are defined as in (2.22)or (2.25) and C is a positive

constant depending only on f, @ and d.

The following appr'oximations can be obtained by an application of -
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Theorem 2.11 [27]. 1In each case, the function f is replaced by its

cardinal expansion

~

N
P ka(k h) o ¢,
k=-N

£

where f; = f(zk),‘and the approximation (2.26) is applied in

" combination with Equations (2.11) and (2.13). The formulas

hg.f.

(2.27) 7 EGEG) §(j,h) 0 d(x) dx = —-L |
o 0G0 )2
(¢3)
'3
g(x)f'(x) o (L
(2.28) é ey $(j,h) © #(x) dx = Ty szkakj ;-

and
(2.29) °fof () S(j,h) o ¢(x) dx E 2‘ (_¢J_ s L L (2)
g ¢ k__\]k(d))z kj th

will be used to show that the sinc~collocation method of Chapter 3 is
indeed a Galerkin scheme as described by equations (1.2) and (1.3).

To facilitate the description of the sinc—collocation method and
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the convergence argument in Chapter 3, defime two (2N + 1)x(2N + 1)

matrices by

SR

and
(2) _ :(2)
= [Gij

] =

] 1 1
o -1 2 3
1
1 0 1 1
] =
-1 1 -1 1
N N-1 IN-2 2N-3
- 2 -2 2
3 12 22 32
2 o 2 =2
12 3 12 22
2 2 wa 2
7 =
| n-1)%  n-2)?  (2n-3)2
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The following theorem can be found in [26].

Theorem 2.12. Iﬁl) is a skew-symmetric matrix having eigenvalues

ixél). where
-1 <D < .
and I§2) is. a symmet?ic mat?ix having eigenvalues —Aéz)a where
4 si;z [n/(4N + 4)] < af2) ¢ 2,
Corollarx._Z__,_._l__3'_'3 -I!Iﬁl)llz < x,

Proof. Recall that the matrix LZ-norm IIAIIZ and the-spectral

radius p(A) of a squqré'matrix A sgtisfy;

N

[p(A)12 = p(A2) and llAl!% = p(aTa).

Therefore, using the result of Theorem 2.12,

o113

pUIEINTIL)) = p(—(xftH?)

o2 = (N2 < 2.

The above are but.a few of the many approximation properties of
the Whittaker cardinal function. These pfoperties have been the basis-

of numerous accurate numerical processes, Lund's numerical evaluation
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of integral transforms [13], Schwing’s approximation of solttioés of
integral equations [21], and Stenger’s approximation of solutions of
ﬁoundary value problems [26], to name just a few. Although the sinc
function techniques have beeﬁ used for many probléms, they have not
been applied fo the nugerically compleg question of estimating the.
eigenvalues of a &ifferential or integral equation. .The wofk in
Chapter 3 is‘a step in this direction. The error bounds given above
for thé aPproximatidp‘of a function and its derivative are used to
prove the convergence of the eigenvalues of the discrete sinc-—

collocation method to the true eigenvalues of the continuous problem.

2.4 Perturbed Matrices

In this section, two theorems on perturbed matrices, found in the
work of Steward [28], are stated. These theorems along with a
corollary are used in the convergence argumenf of Chaptei"S°

For a square matrix A, let o(A) and p(A) denote the spectrum and
the‘spectral radius of A, reépecti?ely. it is weil known that if A is
a symmetric mgtrixy then ﬂIAllz = p(AL Using the following theorem,

a similar result is obtained for a perturbed symmetric matrix.

Theorem 2.14. Let XAy be a simple eigenvalue of the symmetric
matrix A and set § = min {Ikl—kl‘: A & o(A)\{A{}). Given a matrix E ]

with ||E||2 =g, if ¢ is sufficiently small, then there is an ~
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eigenvalue A'of A -+ E such that

a2y <o v (HIAll, + 06D

Corollary 2.15.. Suppose the nxn symmetric matrix A has n

distinct eigenvalues. Let E be an nxn matrix with llEﬂlz =g, If e

is sufficiently small, then
p(A) € p(A + E) + & + (1IAll, + r06H

where & = min {IAg — Mgl : A9, %y & 0(8), g # 2,
Proof. Suppose & is small enough so that Theorem 2.14 holds for

each A ¢ 6(A). Then given a A & o(A) there is a A (L) & (A + E) such

that

L) - al <o+ (1Al +%—)0(ez).

Hence,
a0 + =n L Lol + s+ (Hally + 25002,
Now, calculating the spectral radius of A.gives

max (Al : A & o(A)}

p(A)

max (1A 2 ae o)) +e+ (HAlly + 1906D

I~

max {{A} : A e o(A+E)) +e+ (l1all, +-%')0(82)

f~
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= p(A.+ E) + ¢ + ([lally + %)0(82).

Coxrollary Zgﬁ. Suppose the nxn symmetric matrix A has n distinct
eigenvalues. Let E be an nxn matrix with ||E||2'= e, If g is

sufficiently small, then
(2.30) - A+ Ell, = p(A + E) + Ke + (1Al + -%)0(32),

where 0 ( K £ 2.
Proof. Suppose & is small enough so that Corollary 2.15 holds.

Recall that for any matrix norm I1-11, Hsll > p(B). Hence,

p(d + B) < LA+ Ell, ¢ LAl + TIEI], = pA) + &

I~

p(A + E) +2¢ + (1Alhgy + %)0(82).
Now, (2.30) follows immediately.

The second theorem on perturbed matrices concerns the inverse of

such a matrix.

Theorem 2,17. Suppose A is a nonsingular matrix.

If IIA-1E||2 <1, then A + E is also nonsingular and

(A + E)"1 = A1 4 pa-1,




"where

|
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[[a7 g,
- a7,

HFIL, ¢




3. THE SINC~COLLOCATION METHOD

3.1 Introduction
This chapter considers the numerical approximation of the -

eigenvalues of the radial Schrodinger equation
(3.1) -’ ' (x) + q(x)u(x) = Ap(x)u(x) for x e B, = (0,»)
subject to the boundary conditions

(3.2) _ v(0) = 0 and 1im u(x) =0,
. X =3 o

In most physiqai proﬁlems, the functions ¢ and p are of the general

form

r(x) + s(x)/x?

q(x)
and

th) + w(x)/xz,

p(x)

where r, s, t and w are bounded on evéry-finite iﬁteral [0,b]. It
will also be assumed that the functions r, s, t aﬁd w are nomnegative
on B, so that q(;) 20 and p(x) 2 0 on B,. |

_ The Schrodiqger problem is an examﬁie of a singular Sturm-
Liouville system [6j.- ﬁnlike a regular Sturm—Liouville system, which

always has a discrete spéctrum with square integrable'eigeﬁfunctions,
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the Schrodinger problem can have a discrete spectrum with square
jntegrable eigenfunctions, a continuous spectrum with eigenfuncfions
which are not square integrable, or.a combination of'botﬁ situatioﬁs.
In the case of the Schrodihgér p;obiém, it is'the discrete eigenvalues
which are sought. :Ph§§ica11y, the_éigenvalues correspoﬁd tovthé
energy levels that the system can assume. |

As the method of Section 3.3 is compared to the Rayleigh-Ritz
method, section 3.2 is devoted to a brief discussion of the latter for
Equation.(SJ) subject to homogeneous‘boundary conditions on a finite
interval. The classical finite element procedufe is then introduced
for this problem and the adaption of the procedure, by Shore [22-24],
is considered. | |

The sinc—collocation method is developed -and ;ts.connegtidn'with
the Galerkin procedure, as described by (1.2) and (1.3); is identified
in Section 3.3. After the convergence of the appioximafe eigenvalﬁes
is established in Section 3.4, the method is applied to several test

examples in the final Section 3.5,

3,2 Finite Element Approximation.

Consider the Sturm—Liouville eigenvalue problem

(3.3)  -u''(x) + g(x)ulx) = Ap(x)ulx)  for x & I = [0,b],
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where q and p are bounded positive functions on the interval I and the

solution u satisfies
(3.4) u(0) = u(d) = 0,

‘The Rayleigh;Ritz method; as opposed to classical finite differences,
is not applied directly to the differentialiEguation (3.3). Insteed;.
an equivalent variétiodal form of (3.3) must firet be obtained. . In
this direction, a generalized integration by parts formula is derived
by considering the weak L2—d1fferential operator p? (recall Section
2.2). Suppose u is an element of the Sobolev space HO(I) such that
p2u & L2(D), then by thinking of D2q as the weak 12-derivative of Du,
one obtains

(5.5) S/ (—Dzu)¢'dx = [ DuD¢ dx for all ¢ e Cy(I).

I I . ’

Now, since.Cao(I) is dense in H%(I) (Section 2..2),‘(3.5\) persists for
.a11 ¢8'H}(I) Equation (3.5) is the required integrafion by parts
formula. Suppose that the solution u of (3.3) and (3.4) is an element _
of H1(I) with a weak L2—derivative D2u. Multiplying both sides of
Eguation.(3.3) by ave HO(Q) and integratipg over I leads{ after
integrating by parts, to the identity’ |

(3.6) : + [ (DuDv + quv) dx = r S puv dx.
I : 1
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Equation (3.6) is usually called'the week ot variational ferm.of‘
the eigenvalue problem'(3;3) and-(3.4). Notice that if a number A and
a funetion_ﬁ g ﬂ&(I)~satisfy (3.6)_tor all v e H%(I), then the'pair,‘h
atd u, is a solution of (3.3) and (3. 4) where the derivatives in'(é 3)
"are taken as Weak Lz—derlvat1ves and the equa11ty is in the sense of
L2(1) equality. Indeed, for any Ve CO(I) Equation (3.6) can be
rewritten as tﬁe following statement about distributions on CS(I)

(recail Section 2.2).
(3.7) (—DFDu + Fqu)(v) = kau(V)

where F is the distribution induced by the Lz—function w. Hence, the
distribution -DFDu is equal to the distribution F(Xpu - qu), and Du
has a weak Lz—der1vat1ve D24, Equat1on (3.7) may now be written as
[ (-D2u + qu)v dx = [ Apuv dx . for all v ¢ Cg(I).
I . I - ’ :

Since CE(I) is dense in L2(I), it follows that
_n2 - :
D“u + qu = Apu

as Lz—functions.
It is the above observation which motivates the Rayleigh—Ritz
technique. The eigenvalues and eigenfunctions of (3.3) and (3.4) are

approximated by finding the numbers Xn and functions u, € Sn such that .
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(3.8) [ (Du,Dv + qu,v) dx = A, I pu,v dx for all v & S,
I . I

vhere S_ is a finite dimensional subspace of H%(I).
If S, has the basis {¢5,05,°*",¢_}, then a solution of the above

problem is expressed in terms of the trial functions

n
u, = I 049
n k=1 k*k

and (3.8) reduces to the discrete system

n

. n ’
(3.9 I o { (DoyDo; + adydy) dx = Ay I oy {pcbkd?j dx

for j = 1,2f”,£. for the unknown coefficients Iak}§=1. Notice:that
(3.9) is the orthogonality of. the error in the geﬁéral Galerkin scheme
(1.3). |

Equation (3.9) is 5 system of linear algebraié equations which

can be written in the matrix form
(3.10) : ~ Aa = ) Ba
where A is the nxn symmetric matrix with (k,j) entry:

the nxn symmetric matrix B has (k,j) entry

?’[. p¢k¢J dx,
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and a is-the éblumg v;ctor a= [al,az,"',an]T.‘

Sfaﬁdard techniques are now employed to calculafe the eigenvalues -
of (3.10), The;e eigenvalues are tﬁe‘approximafions to some of the
eigenvalues of the continuous proﬁie@ (3.3) and (3.4) [29]. Thé
finite element method {s exactly the Ritz technique with a specidl
choice of b#sis elements ¢k‘ The intérval I is divided into n — 1
subintervals defined by the partitiog n: 0= xq ¢ xg9 0 K x, = b,
The ¢k Are piecewise polynomials, often cubic splines,}defined in- such
a way that each ¢k is nonzero onli on a few of the subintervals., The
mafrice§ A and B in (3.10) are therefore sparse systems, and -
theoretically, large systems can be handled. |

Birkhoff et al. [5] obtained efrof.bounds for_the'approximaté
eigenvalues obtained via the finite element procedure, with cubic
spline basis, for the case when the.§econd derivatives of p and q in
(3.3) are piecéwise continuous, and their jump discontinuities (if

any) occur at the nodes {x;}}.; of the partition m In this

i
situation, the eiggpfunctions are at least four times continuously
differentiable on [0,b], except for possible finite jumps in 2(iV) 4
the nodes of m.

| Since the eigenfunctions of theAScﬁrodinger eguafion sat?sfy

(3.2), Shore [22-24] suggests replacing the Schrodinger problem by the '

problem (3.3) and (3.4). Shore gives numerical results for the




53

Schro@iﬁger problem with a number of potentials (different functiéns
q) u;ing-éubic-B—spline basis fuﬂdtiéns. |

Schoombie and Bdthé [20] anal&ée-Shére's ﬁethod. They bytain
error bounds composéd'of two parfs; The first part of the error is
introduced by thg fiﬁite element approximation fo the continuoﬁs‘ .
problem. This error is similar to that in [5]. 'The second pértion of
the error is introdﬁced'at the very~butsét of Shore's procedure. That
is, fhe replacement of the infinite interval_in (3.1) and (3.2) by the
finite interval in (3.3f aﬁd (3.4). The analysis in [20] addresses
the question of the erfér incurred in choosing the truncation point b
in (3.3) and (3.4) as;uming a known asymptotic behavior of the
eigenfun;tions. Knowledge of the latter ié useful in the applications
of the method of the next section anq is more fully discussed in

Section 3.5.

3.3 Sinc-Collocation Approximation

To use tie sinc function approximgtions for a function and its
derivatives, as developed in Section 2.3, it is convenient to
transform the radial Schrodinger problem (3.1) and (3.2) onto the
whole real line, Either of the mappings x = el or X = iog (et +
(e2t + 1)1/2) effect the required transformation. Indeed, these

transformations are the inverses, ¥, of the confdrmgl mappings ¢

defined b& (2.21) and (2.24). For simplicity and clarity, the
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following development is carried out using the traﬁsformation x = et,
The derivations using x = log (el + (e2t + 1)1/2) are similar in
nature and will be omitfed._ How;ver,.this mapping is applied in the
examples in Séctibn.3.5; '

Using the change of independent‘variable x = et, Equation (3.1)

is transformed into
(3.11)  v''(t) - v'(t) - e2tqlet)v(t) = —no?tp(et)v(t) for t & R,

The boundary conditioms (3.2) take the form

(3.12) 1im v(t) = 0.

X—»ptw
Now, if Ag is an eigenvalue of (3.1) and (3.2) with corresponding
eigenfunction 8y, then the pair, Ag and vg(t) = uo(et). is a solution
of (3.11) and (3.12).
‘A trial solution v(h,N) for the problem (3.11) and (3.12) has the

assumed form
. N
v(h,N) = I ka(k¥h)
_ . k=-N

with h = CON”1/2, where. Cy is a positive constant, and S(kh) is
defined in (2.10). That is, v(h,N) is a cardinal-type expansion of a
true eigenfunction. Notice that v(h,N) satisfies_the boundary

conditions (3.12), and the coefficients v, are determined by the
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requirement that v(h,N) satisfy (3.11) at each of the nodes t = -Nh,
(-N + l)h,'",Nh.. The resulting discrete system takes the form'

N . N
(3.13) I viS(k,h)''(jh) - = - vy S(k,h) ' (jh)

k=-N . k==N X

3 3 N - - ’ N
-~ e2iBg(ed®) 5 vS(k, ) (j) = -ae2iBp(ei®) T v, S(k,B)(jB)
: =N =N

for j = -N,(-N + 1),°°°,N,
Using the matrices II(\Il) and II(\IZ) introduced at the end of Section
2.3, Equation (3.13) can be written as the matrix eigenvalue—

eigenvector frpbiem' o
(3.14)  I4{® + arfD) - w?py(e?tq(etN)] Ty = & I2Dy(-e?tpet))] Ty

where #N = [v_N,v_N.,_l,"‘,vNI]T anci Dy(£(t)) is the (2N + 1)x(2N + 1)
diagonal matrix with diagonal entries f(—Nh)f £((-N + 1)n); oo,
£(Nh). 'i‘he eigenvalues. of (3.14) will be .shown to approximate the
eigenvalues of the Schrodinger problem (3.11) and"(3.12). |

It should be pointed out thaf the system (3.14) to determime the
unknown éoefficients-l {‘(k}E:—N is reférréd to in the literatgre as a
collocation schen;e. To relate the collqcation procedure to a Ga'lerkin.
development such as (1.2) and (1.3), ‘consider the space H of square
integrable fur-lctions over B, with respect to the weight funci‘:ion.

¢'%t) = t, where ¢ (t) = log t is the conformal map of Section 2.3,
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That is, H is the Hilbert space of fundtiqns with the inmer product
defined by . |
(w,v) = [ w(x)v(z) — >~ dx.
R ¢ (x)
For an eigenvalue A of the Schrodinger problem, it is assumed that the
differential operator

2

L= -5+ (qlx) - ap(x))
: dx '

is. a mapping from H back into H. An eigenfunction uw associated with

the eigenvalue A is then approximated by the sinc function expansion

N
u(h.N) = I uks(k;h) o ¢
: k=—N .

where again h = CON"II2 fo; some positive cdnstant CO' The general
Galerkin method (recall Section 1.1) enables one to determine. the

uy = u(xk) by solving the linear system of equations
(3.15) (L(u(th))pS(j)h) o ¢ ) =0 - for i = "'N:("‘N + 1)90..3N.

Using the quadrature rules (2.27) and (2.29) in Equation (3.15), it
follows [26] that the discrete system (3.14) yields precisely the same
solution as the system (3.15). Indeed, for the present method,

Galerkin and collocation are synonyms.
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3.4 Conzeréenbe of the Eigenvalues.’

Let Ay be an eigenvaiue of the transformed problem (3.11) and
(3.12) with corresponding eigenfunction vge In this se?tion, if is
;hownlthat théré is an éigenvglue Aof the matrix eigenvalue problem
(3.14) which aﬁperimates Ag. Furtyef, the error (A —Aoi is related .

to how weil

(3.16)  Cylvg,h) " (t) - Cylvg,h)*(t) - e2tqlet)Cy(vy,b) (t)
approximates

(317 o' (£) = vp'(t) = e2tqlet)vy(t)

at the points t = -Nb,(-N + 1)h,***,Nh, where h = O(N_lfz), In
(3.16), Cn(vgsh) is the truncated sinc function expansiom of Vo

N
Cn(vg.h) = I vo(kh)S(k,h).
o k=-~N
Since the pair Ay and v is a solution of Equation (3.11), the

following holds for all k = -N,{(-N + 1),°",N
, .
vo''(kh) - vo'(kh) - eZ¥Bg(ekB)vo(kn) = -dge?KPp(eXB)vy(kn),

which is more conveniently expressed as the matrix equation
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[vo (NR) = vgr(aNR) - e 2Nhg(NByy (_p)

(3.18) vo'"(0) - vo'(0) - eoq(eo)vo(O) T o= XODN(—eth(ét))$N

Vo' ' (NB) — vo'(NB) — e2Ng(eNB)y ) (Nm)

where $N = [vg(-Nh),vy((-N + 1)h),"‘,vo(Nh)]T. Muitiply&ng (3.18) by

12 and subtracting the quantity

[I§2)~+ nr{l) - hZDN(e2£q(et))i N
from both.sides of the‘;esulting expression yielés the identity :
' (3.19) ) Wiy = -(1{? + nrfV) - hZDN(e2¥géet))

- XOhZDN(—eth(et))] N

where &E;O = [Avg(=Nh) ,Avqy((-N f‘l)h);'uAvo(Nh)]T and Avo(kh) is
the difference of (3.16) and (3.17) at t = kh. '

Now, if Ay is not an eigenvalue of (3.19), then the matrix
By = [I{®) + n1{?) - n2py(e2tqlet)) - agvoh?Dy(-e2tp(et))]

is nonéingular, and (3.19) can be rewritten as
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21— _ =
hBN ANVO —"‘VN.
The inequality
:20) r wnlly < 2Bty Tl
(3.20) o Hegll, < w21IBgt T, Tagy, il

is elemenfary and it is seen that the morm of the inverse of the
matrix By requires examination. For convenience and to make use of

the results of Section (2.4) By is expressed as the sum
BN=AN+EN
where Ay is the symmetric.matrix
Ay = i - WDy (e?ta(e®)) - aon?Dy(-e?tp(et))
~and EN is the skgw—symmetric matrix
= n7{1)
Ey = hIy .
To make use of the results in Section 2.4, the followingl
assumption is required.

Assumption 3,1 It is assumed that the functions q and p are

such that for each N, Ay has only simple eigenvalues with

321 - min (Al : 2 e o(Ap).2 € 5 0
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and that for some $ < 1/2

(3.22) &y = min {l;ij—ii-l : Ags Ay e oAy, Ap # Ay} 2 GNB > 0,

where C; and C, are constants independent of N.
_The inequality (3.21) hpd the symmetr& of Ay imply that
-1 1 .

¢

vhile the definition of'EN and Corollary 2.13 yield
T =l [rlD)
HEyll, = nllzg*’ 11, < nn.
It therefore follows that
Hagteglly < Hagtly HEgl, < g_l =owwl/2),

For sufficiently small h, llAﬁlENllz ¢ 1 so that an application of

Theorem 2.17 yields
(Ay + Bt = ARt + Bl
where

] agtegl ],
1 llagegl],
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The estimate
g = |iFNA§1||2 < lIFNII |5Aﬁ1|ﬂ2 <'I——~—; =

which when combined with Corollary 2.16 imply that
(3.23) 1ay + B~y = pC(ay + BY™) + €3 ¢ + (Hagtll, + sgho(ed),

where 0 { C3 {2 and 8y is giQen by (3.22), Using each of (3.22) and

(3.23) and selecting h = CON"II2 shows that

(At + sghoce?) = oce).
Combining this equality with (3.23) yields the final estimate
(3.24) Ay + B 1, < pllay + Bp™h + ¢4 ¢

where C, is a positve constant. Recalling that By = Ay + Ey and
substituting (3.24) into the right hand side of (3.20) leads to the

inequality

’ — 1 - JU—
(3.25) Higlly < h2<—lA—_—A—0|— + €4 8) HiAgoll,,

where A is an eigenvalue of (3.14).
Assume now that the eigenfunction vj of (3.11) satisfies the

hypotheses of Theorem 2.9 (this is true for all of the examples of
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‘ Sectioﬁ 3.5). 'The comments following that theorem and the

1nterp01atory nature of CN(VO’h) (the. sinc expansion of vgy in (3. 16))

imply that there exist a positive constant C5 such that

. Y2 - < .
lavg(xn) | ¢ cgN/2qm(nda)” for k = <N, - N.

Therefore,

e N 1/2
’ \4 = v lkh £ N°e
Hagvoll, ( T lavgC 1122 ¢ e e(ndal)

" for seme.positive'constantrc . Thus, ||5_:'l| goes to zero as N
O . ; 6 N0'12 : )

increases.
Finally{lsipee Vo is an eigenfunction, vy # 0, so it is

reasonable to assuﬁe that
N N o 1201/2 s
Hyyll, = Gy ot 1972125 ¢q 5.0
for all sufficientiy large N. 1In partieular, for sufficiently small h

cy? & Higrplly < 15ylly,

.so that the inequaljty (3.25) can be rewritten as

hHA.

- apl ¢ — Yolly
T IR - et ellagll,

In summary, the following theorem has been proven.
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Theorem 3.2. Let Ag be an eigenvaiue of the transformed
Schrodinger problem (3.11) and (3.12) with corresponding eigenfunction

vo. Suppose vy & B(Dy), as defined in Dgfinitidn 2.6, with
lvo(t)l < Ce_altl for all t ¢ R,

where C and o are positive constants. Further, suppose the
coefficient functions q and p-of Equation_(SJl) satisfy Assumption
3.1, Then for sufficiently large N and h = (ra/aN)1/2, there is an

eigenvalue Aof the matrix eigehvalue-problem (3.14) such that

. 1/2.
C6(nd/a)Ne_(ﬂdaN)'

(3.27) In = 2l <

gl

: 1/2°
- 04(wd/a)éNef(ﬂdaN)

where

N : ,
g, = C 30 dvgew) 12172,
. k:—N Lo

2...-1/2
. (nCO/Cl)N
- mC .
1 - 0 N 1/2

¢

and the C; are positiie constants.

Theorem 3.2 states that some eigenvalue A of the discrete
problem is a good approximation (in fact, O(Ne V' )o v > 0) toa

given eigenvalue A of the continuoys problem. But as N —» o, the
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theorem fails to identify which eigenvalue!\js the closest
approximation. | | |

Notice that the matrix eigenvaiue problem (3.14) has at most
2N + 1 distinct eigenvalue;. Howevef,‘many of £he problems (3.11) and

*(3.12) have an infinite discrete spectrum

Mg S Ay CAg &0t

where 1im A, = o, Yet, the inequality (3.16) holds for each A,.

k - k
k—s .

This is explained by the fact ‘that the eigenfunction Vi corresponding

to the eigenvalue Ak’ oscillates more rapidly with {ncreasing k, or

equivalently, its derivatives increase in magnitude with k.

Therefore, the error Avy(jh), with h = CON":”2 held fixed, also

increases in magnitude with k. Thus, it is expected that

approximations for the smaller eigénvalues of (3.11) and (3.12) can be

obtained with a greater degree of accuracy than can the larger

eigénvalues. This expectation is born out by the examples of the next

section,

3.5 Numerical Implementation and Examples.
In this section, the sinc—collocation method ié applied to
various test.examples. The examples are chosén both for comparison

purposes (relative to existiﬁg me thods) and to éxpose the versatility
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and power of the method.

The first two examples appear in the paper of Schoombie and Botha
[20] and the accuracy of the results herein contained are seen to be
competitive with their method. It s#oﬁld also be pointed but‘that
each of the examples were computed using different maps ¢. Ekagple
3.3 was computed using the map ¢ given by (2.21), while Example 3.4
was computed using the mép(bgiven.by'(234). With regards to
implementation in changing from one map to aﬁother. the only changes
require& in the nﬁme?ical computation of (5.14) is a minor change in
the diagonal matrix DN‘dpd the mulfiplicafion of the matrix Iﬁ}) by a
diagonal matrix. The choice of which map to use onnthe [0,=) domain
is based on some asymétotic considerations.‘ Since the solutions of
(3.1) and (3.2) usually die off rapidly for iarge x (of the order
e—lez |

and e %

in the ;ases of Eiamples 3.3 and 3.4, respectively)
either of the maps (2.21) or-(2.245 are, in general, applicable. The
selection is basgd. instead, on the oscillatory behafior of the
solutions. The Eonditions defined in Definitiop 2.10 have been
gnalyzed in [13] where it is shown £hat the log sinh map is more
suitable than the log map for approximafion yhen the fﬁnction being
approximated is oséillatory. This rule of thumb prevails.in the

present case. It should be pointed out that if circumstances ever:

demand computation.of the higher eigenvalues (the typical caées of




66

:physical interest seem to demand the lower end of the speéttum), then
the log sinh map could piay a significant role.

Theleigenfugctions of the third examéle are:singnlgr at zero, and
the?eforé, polynomial based numerical schemes will generally perform
poorly for thi§ example, In particular, due fo the form of the errors
(involving higher derivatives of the eigenfunctions), it is not'blear
that the methods of [20j are even apélicable to this example, The
final examp;e, the classic Hermite differential equatioﬁ, is included

© to nnmerically_strenéthen the suspicion created in the comments

following Theorem 3.2,

Example 3.3. As a first example, consider the Schrodinger

equation with a harmonic oscillator potential

~u’ ' (x) + (x?% i‘j%)ﬁ(x) = Aun(x) for x ¢ &,
X

subject to the boundary conditions

u(0) = 0 and lim u(x) =0,
: X~> ® '

The eigenvalues are given by A; = 4i +1 for i =1,2,***, and the

correspondingAqigenfunctions are

2

2
u;(x) = x y.i(x)e-x /z

where the y; are the polynomial solutions of
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-xy'* + (222 - Oy’ + (5 - A)zy = 0.

In the development.of the previous sectioﬁs, a sinc fﬁnction expansion

) N .
(3.28) v(h,N) = I vy S(k,h)

k=-N . :

of the transformed eigenfunction v(t) = u(¢—1(t)), with h = ‘CONPI/2
and. ¢(x) = lég'x is used to obtain approximate eigenvalues. 'It_wa;
observed that st?ict adhergnce to this convention is not necessary for
the acquisition of_accurate approximations to these eigenvalues., The
fbllowing procedure-is used to obtain the results reported in Tabie
3.1. The mapping ¢(.x) = loé x is used in conjunction with (3.28) and
stérting with h = 1, successive approxim#fions‘;re calculated for
increasing N, It was observed that the smallest’éigenvalues for the
cases N=1, 2 and-3 were essentially the.same. It was concluded that

convergence was 6btained for the step size h = 1. Notice that with

N

i

3 the discrete problem involves the point evaluations v(k),
k==—3,—2,ff,3, of the eigenfunction-v° Hence, it was further
concluded that fsr later approximations no substantial gain was to be
made in evalua;iﬂg v(t) forlt > 3. Now, to increase the accuracy of
the approximatidns a smaller step sizé h‘is seleéted'and fhe'corre-
spondiﬁg N'ié‘chosen so that iN = 3, Table 3.1 contains the true

eigenvalues of the continuous problem and the smalleét_eigehvalue§ of
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Table 3.1.  Approximate eigenvalues for the radial Schrodinger

equation with a harmonic oscillator potential:

w4 (P 4 ulx) =Aulx)  for x o B,
with u(0) = 0 and 1lim u(x) = 0. . .
X oo
True | _ Approximatibns'uéing (3.28)
Eigenvalues " and the log map (2.21)
=10  h=.5 “h = .25 h = ;125

A;- . N=3 N =6 N= 12 N = 24

5 5.476745 - 4.992981  5.00632 5.000366

9 8.239481 - - 9.080732 8.973630 9.012607

13 - 12.40204 ~  13.01165 12.99365

17 - - 16 .88937 17.02145

21 - N 21.42238 21.00994

25 - ' - - 25.00346

29 - - L - 29.00815

33 - - - - 33.00545

37 - - - 37.00822

4 - - - © 40.95694

45 - - - 44.92854

49 - - : - 48.75737

| 53.65775

53 - - . -
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each discrete problem associated with fhe‘siep ;izes ixu‘.s, 25, and
..125."Foﬁr choices of h were used in this example t; demonstrate that
as h decreases (while hN remains consfant)‘not-only are more accurate
.approximations to the lower eigenvalues obtained, but also a greater
number of eigenvalueé of the continuous problem .are simultaneousli
approximated.

It was also obsgrved‘that the symmetric series (3.28) does not
necgss;rily yield optiﬁum apprbximations in the lower end of the
spectrum. A more versatile series is the'nqnsymm;tric cardinal
éxpansion |

. N . .

(3.29) : v(h,M,N) = Z v S(k,h).

. . Jk=—M
For example, with the selection h = .25, M = 18, and N =6 in (3.29),
the first two eigenvglﬁes of thé corresponding d£screte system were
5.000014 and 8.999515. Notice that for exgctly the same aﬁount of
work these approximations are significantly more accurate than those‘
presented in the third column of Table 3.1. Indeed, these
approzimatio#s are more accurate than the case with h = .125 where
twice as many basis'eleménts'are used. These observations are easily
explained by the rapid decay of the eigenfunciions “i(;)' The cﬁbic'
spline procedure of Sghéombie and Botha is based on a wniform par—

tition of the interval [0,b]. However, they conjectured‘that for some
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problems a ﬁon—uniform bartition woﬁld be more advdntagéous than the
uniform partition. In particular, a partition which is closely spaced
near zero but with progressively larger intervals a%ay from ;eré.

This choice of nodes ‘is automatically accomplished in the-sinc—
collocation method.. Moreover, the nonsymmetric series ﬁ3.29)'ﬁith M
N has.the efféct of cohbentrating even more nodes'ﬂear_the-brigin‘than

the symmetric series (3.28).

Example 3.4. Nbxt; consider the Schrodinger equation with a

Vood-Saxon potential
—u''(x) + ulx) = A{1 + expl(x-r)/al}lulx)  ‘for x e R,
subject to the bounda?y qoﬁditions
u(0) = 0 and x&igm u(x) = 0,

where r = 5.086855 and a = .929853. In this problEm, an

analytical solution does not exist in a closed form, howev;r, various
investigators havé computed the smallest eigenvlaue to bé |
approximately A; = 1.424333 and that the eigenfunctions act
asymétotically as qxp[-(i—r)] [201. It was observed that the sinc—
collocation method with ¢(x) = log x, while providing accurate
approximations, did not produce estimates of A as accurate é§'those

of Schoombie and Botha.: A possible explanation for this observation .
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is that the eigénfunctions ha?e a more osciliatory beﬁavior tﬁﬁn
those of Examplé S.i. This combined with the ieés rapid (as compared
éo the previous examplé) dampening of the eigenfunctions would |
produce a élow rate qf convergence of the~COllocatipn method. To
accoﬁmodéte'eigenfunéfions of £hefab6§$ de;cfiption £he siﬁc;-
_collpcatioﬂ method sh&uld'be équipped with the mapping .

$(x) = log sinh x. Table 3.2 contains the results of this proc;dure;
with the symmetric se;ies-(3.30), for‘thé Wood—-Saxon egample; Notice
that columns two and three present thé results for the same step size
h = .5 but with different choices of N. * The same procedure as
described ih the pre?ioﬁs_examile for'seleéting N was usea. However,
the approximation for the case h = ;Srand N = 18 was so accurate‘thaf
insfead of decréasing h again, the vaas increaséd slightly and a more
accurate approximation'to the value of A was achieved. This a#thor
has not been able to find accepted estimﬁtes fo: the othér |
eigenvalues Ay (k =2,3,4,5,6), however, the vélues in Table 3.2
certainly indicate convergence and are thefefore assumed to be ‘good

estimates for these eigenvalues as well.

Example 3.5. Now, consider the Schrodinger equation

1
2

Yulz) = Au(x) for x e 3+ 
4x” C o

—u' ' (x) + (x% +
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Table 3.2. Approximﬁte eigenvalues for the radial Schrodinger
equation with a Wood-Saxon potential:

—u''(x) + u(x) = A{l + expl(x.~ r)/al} In(x)  for x e R,
with u(0) =0 and 1lim u(x) =0, whére r=5.,086855 and a = .929853.
, X—b © ,
True * Approximations using (3.28)
Eigenvalues o and the log sinh map (2.24)
h=1.0 h=.5 b= .25
Ay N=3 N==¢6 N = 12
1.424333 ' 1.424416 - 1.424360 1.424332
Ay 2.445411 2.444823 2.444706
Ag 3.974748 3.972747 3.972347
X4 5.974276 5.994216 5.992959
As 8.260024. 8.505146 8.502698

A 11.44842 11.50417 11.49909
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subject to the boundary conditions

u(0) = O-and 1im u(x) 0.

X—p o

The eigenvalués are given by A; = 4i for i =1,2,"**, and the

corresponding eigenfunctions are
2/2

312

u; (x) = yi(x)é—x

where the y; are the polynomial solutions of
—xy*' + (2x2 - 3)y* + (4 - M)xy = 0.

Notice that tﬁe eigenfunctions are singular at zero, and therefore,
polynomial based nﬁmerical'methods will generally perform poorlj on
this example. Table 3.3 contains the results of the sinc—collocation
method eqﬁipped with‘the log map. The use of the nonsymmetric
approximation (3.25) resulted in only slight improympnt of the

eigenvalue estimates.

Example 3.6. As a final example, consider the Hermite

differential equation
-u’’(x) + x2u(x) = Au(x) Cfor x e R

subject to the boundary conditions
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Table 3.3. Approximate eigenvalues for a radial Schrodinger equation
with singular eigenfunctions: '

l . i
—u''(x) + (x2 + =5u(x) = Aulx)  for x & B,
4x oo
_ with u(0) = 0 and 1im wu(x) = 0.
X—%
True _ Approzimations using (3,28)
Eigenvalues o and the log map (2.21)
A : h=1.0 h=.5 h = .25
N=3 . N=6 - N=14
4 3.970246 - 3.987289 . 4.006780
8 8.014940 8.296159 . 7.994587
12 ' - 11.06397 : 12.03366

16 - ' - 16.03673

20 . - : - 20.03673
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1im u(x) = 0.
X——é_;oo. .

. The eigenvalues are gi&en by xi =2i+1, i=0,1,, and the

eigenfunctions are
—2
ug(x) = Hy(x)e > /2

where the Hi are the Hermite polygomials. Since no transformation is
needed for this exampie the discrete problem has a different form than_
those of thé earlier examples. Using the sinc—function exp;nsion
(3.28) for an eigenfunction{ the discrete'problem is
[féllfJZ) + Dy(x2) 1%y = A%y

Table 3.4 lists some typical eigenvalue approximationms. th;ce the
dramatic increase in accuracy achieved by a single reduction of step
size. |

It must be empﬁasized that the.approximatibns in Tables 3.1
through 3.4 contain the smallest eigenvalues for each particular
discrete problem, That is, tﬁe smallest eigenvalues of the discrete
problem approximate the smallest eiéenvaiues of the continuous
problem and there are ﬁo extraneous eigenvalues{"This phenomenon is

not guaranteed by Theorém 3.2, however, it has been observed for
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Table 3.4. Approximate eigenvalues for the HefmiteAdifferential,
equation: '

—uf'(i) + xzﬁ(x) = lu(#)_ 'for x e R -
with x{iﬂimu(X) =0,
True . : : ,
Eigenvalues - Approximatiops using (3.28)
My . h=1.0 - h=.5
N=S5 N = 10
1 ' .999609 .999999
3 3.005978 3.000000
5 4.942718 ‘ 5.000000
7 , 7.201062 - 16.999998
9 . _ - A' . 9.000000
11 - a  11.00000
13 - 13.00004
15 _ , - : '15.00027
17 ' - - ©'17.00142
19 - o 19.00607
21 _ - - 21.02165
23 - 23.06545
25 - 25.16377
27 . - 27.36334

29 = ) 29.65257 .
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other approximétion sch;mes such as the finite difference method. In
fact, for the latter method it dpﬁears as.much folklore as fact that
this occurqnce is expected whenever a finife difference type method is
applied to a qontinuon§ eigenvalue probleﬁ, The examples herein ;
inclndgd, lend strong numerical credence that this folklore has éome
validity in the present sinc-collocation method as ﬁpplied to the

radiaI'Schrodinger equation,




4. THE ANNULAR STRIP METHOD

i;l Introductioﬁ'

A heat fransfer prgblem. which arises becauge of changes in an
aging nuclear reactor, is considered in this chapter. The reactor
core is a iarée grabhité block thréugh which.there,ﬁré nﬁmeroﬁs
‘channels. Lbng hollow fuel rods are inserted into the core channels,
gnd while the ieact;r is iﬁ operation, water is allowed to flow
through the fuel rods as well as through the core channels around the
fuel rods. In a physically.ideal situation; a ‘straight rod is
inserted into a straight channel. .Figure 4.1 shows the rod part;ally
inserted into the channel. The shaded areas indi;atevthe regions
through which water flows. Figﬁre 4.2 shdws a Cross sectiénal view of
this ideal situation where the cle;r annular region represgﬁts the
fuel rod. There are several layers of claddiﬁé_which form the two
boundaries of this annﬁlus and radioactive materi#l lies between the
two sets of cladding, Again, the.shaded areas'iqdicate the regions
through which water flows. During the reacfion time, the tempqratute
of the rod increases tremendously. The water running through the rod
is heated to extremely high temperatures and the yater that flows
through the core channel around the fuel rod aids in the dissipation
of the heat in the rod.

As the reactor ages, fissures develdp in the graphite core and
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Figure 4.1 Fuel rod partially inserted into core channel.

Figure 4.2 Cross section of the fuel rod within the core channel.
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fhe consequent sﬁiftiﬁé which results %ause Fhe obfe chaﬁnels to bow. -
Now, when a straight fqéi rod is inserted into the bowed cﬁannel, the
rod approaches the wall# of the channel ai cértain points, .Figure 4.3
shows such a situation and Figure 4.4 is a cross sectional view of the
rod an@ chﬁnﬁel at a point wher? tﬁe fue1:¥dd-ﬁs nedr the chaﬁ#elv
wall, |

In this new situation, fhe heat dispersion is not as it was'in
the physically ideal case. There is now concern th;t at some poiﬁt,
as the fuel rod appfqaches the channel wall, the heat dispe?sion may
be extremely poof. So éoor;-in fact, that the tempgrature of the rod
. may increase to a point which will break down the cladding agd-equse
the radioactive material to the wate? flowing in fhe cgre‘channél.

The pfoblem is‘to find the temperatu?e within the_fuel roa when
the rod is at different‘distances frpm the 6hanng1 wgli.' én;e these
temperatures are known, they can be used to determine whether or not
tﬁe reactor wi£h a bowéd core channel is safe to keep iﬁ operation.
The mathematical model of the physical problem is based on a parital
differential equation and, after an appropriate transformation, this
model ié formulated as follows: 'Find'the function T(x,y) definéd on
the domain Q (the cro;s secfion of the fuel ré&), pictured in Figure

4.5, such that
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Figure 4.3. Fuel rod partially inserted into a bowed core channel.

Figure 4.4. Cross section of the fuel rod within the bowed core
channel.




Figure 4.5.

3,0,

(4.1)

(4.2)

and

(4.3)
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The domain @ with inner boundary 94 and outer boundary

dT fd
d_n.+ gT = le T k2 on 329,
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where A is the Laplacian differential operator

‘%%-denotes the derivative of T in the diréction of tﬁe.outward normal
to theé curve 329, g is a continuous nonﬁegative function defined on
992, and the | (i = ;,2) are constants.

In Section 4.2, the equivalent vafiationgl form of th; Boundary
value problem is'stated, an& tﬁe Ritszaierkin technique is discussed.
‘The finite element method is described in Section 4.3 and an annulﬁr
strip approach is developed in Séction 44, To lend numerical

credence to the theory of the method of Section 4.4, the annular strip

method is applied to different test problems in Section 4.5.

4.2 The Ritz-Galerkin Technique

A variationallform of the boundary value probiem (4.1) - (4.3) is
required for the implement;tion of the Ritz—Galerﬁip technique. In
this direction let C%(ﬁ) dénote thevfamily of gontinuously
differentiable functioﬂs on the closed annulus ﬁ which are zero 6n the
inner boundary 940, Let Hi(ﬂ) be the completion of C%(ﬂ) with respect
to the Sobolev norm

Hully = (Jf 2 + @92 + 92) gzdy)1/2
Q 9x ‘ 9y
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(rec#ll the first consfruction of a Sobolev space). H%(Q) is the
subspace of Hl(ﬂ) consisting of the functions which are.zero on 919,
Finally, let L%(A) denote the set of func?ions ue H%(Q) which'have
the weak L2-derivative Au. Recalln(from the discussion at the énd of
Section 2.2) that the weak normal derivativg 11 is‘défined fér
functions in L%(A). '

With this notation and the assumption on g it is known (§ee for
example Babuska and Aziz [4], Mercier [16], or Oden and Reddy [191)

that the following problems are equivalent.

Problem 4.1. Find.the function T & L%(A) such that

AT = 0 in L2(2)
énd
le + gyl = kyg + ko ig.LZ(azﬂ).
Problem i;&,- Find the fuﬁctiqn Te Hi(ﬂ) such that’
(4.4) s (o 3a*+ 3y 3y) dudy + J T do - [ Ghge + k) do
2 9%

for all v e Hi(ﬂ), where it is understood that the boundary integrals

involve the traces of T and v.




85

In particular, notice that ffbblem 4.1 is a weak formulatiﬁn of the
original boundary value pfoﬂlem (4.1) - (4.3). However, if T is a
claséical Qoldtidn of the original problem, then it is a solution.of
ProblemA4.1, and hence of the vafiational Préblem 4.2,
There is also a partial cqnversé. It wi11 $e shown that there is-

a unique solution of Problem 4.2, and thefefore, by‘the hforemgﬁtioned
equivalence, a uniqué solution of Problem 4.1.  In the case that'a
classical solution of .the original problem.(4d) - (4.3) exisfs; it
must also be the unique solution of Problems 4.1 and 4,2.. Thus, the
solution of Problem 4.2 must coincide with the classical solution of
the original‘ﬁroblem if one exists. .

| The fpilowing result, the Lax-Milgram theorem [31], is used to

show that Problem 4.2 has a unique éqlution.

Theorem 4.3. Let H be a Hilbert space, b(*,*) a continuous
bilinear form on H X H, and % a continuous linear operator on H. If

there is a constant c>o sufh that
b?u,u) > clialf? for a11'u e H;
then theré exists a‘ungiue element T ¢ H such that
b(T,v) =2 (v) for all'? e H.

A bilinear form b(*,*) satiéfying the lower bound in“the‘hypotheses.df
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the Lax-Milgram theorem is called H—ell‘iptic.
Identify the space in the Lax-Milgram theorem as H = H%(Q), the

bilinear form as

3u 3v  du 3y

"% oxt oy ‘é;) dxdy + J guv do,

3,8

(4.5) blu,v) = ff
& 2

and the linear functional as

(4.6) 2 () = [ (k4g + ky)u do.
3.0 :

-2

Notice that (4.5) and (4.6) are the left and r'ighf hand sides of
'Equation '(4.4), respectively. It wv-ill. be shown that® is continuous
and that b.(.',') is continuous ‘and H%(‘ﬂ)—elliptic‘. The i.a;x—vMilgr'am
theorem then implies the existence of a unique solution’to Pr‘qblem"
4.2, TUnder ';:he a.ssumptiops oﬁ g, the mapping

v — [ (kg + kg)v do
9,0

2
is a continuous lineatr- functional on Lz(azﬂ). This, combined with the
continuity of the trace opertor y (Sectioq 2.2), implies that Lis a
con.tinuous linear functional ;n H%(Q). |
By a similar ar'g.ument :the mappin:g'

@, v) —> [ guv do

5,9
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is a continuous bilinear form on H%(ﬂ) x H%(Q), and it has been shown

in Section 2.2 that

ff (au Bv du v,

a (u; V)

is a continuous bilinear form on H%(Q) X H%(ﬂ). Hence, the bilinear
form (4.5) is continuous on H%(Q) x H%(Q). "The Hi(ﬂ)-ellipticity of

b(*,*) will require the following lemma.

Lemms 4.4. For any v e HI(Q),

Ry -RE] - RD oy,
(4.7 Jf v? axdy < 5w ff (G5 (——o ) dxdy.
Q 1

Proof. It is convenient to use the polar coordinate system in

this argument. The annulus £ in these coordinates is given by
Q= {(r,0) : Ry <1 { Ry, —-n < 0 < n}.

The result (4.7) will first be obtained for any v e Cll(ﬂ).
Notice that for any (r,0) e &

L oav
v(r,8) = f—a—-(t,ﬂ) dt,
R °T .
1
and an application of the Cauchy-Schwartz inequality yields'

(4.8) Iv(z,0)1 ¢ (f 12 dt)llz(f t——<t,e))2 ar)1/2

Ry . R
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R .
. 2 .
5_(R2—R1)1/2(f(%¥(t56))2 at)1/2,

R

Squaring both sides of (4.8) and integféting.ovef 2 leads to the

inequality
' _ <Ry
I] (v(z,61)% zdzds < (Ry - Ry f f s (¢, e))2 dt) rdrde
Q
(R2—R2) ™ 2 '
B R S S v, 2
= (Ry = Ry)—5——J [ (5(¢,0))" dtds
: -7 R N
1
(R, - R;)(R3 - R?)
(2 2R Lrr (av(t,e))2 tdtds
1 Q °
Hence,
ﬂRZ
[ v? axdy = [ [ v? rdrde
Q . -TR
1
(R, ~ R)@®RZ - R2) = Ry
£ 2 12R 1 S/ f (Sv)z rdrdB
. 1 -7 R
1
®, - R) (&2 - &) 7 R2
—E—— 77 (%2 4 2@?1)2, rdrds
1 - R1 6
(R, - Ry)(R2 - )
=" 7R, fo' ((ax)- + (39%) axdy.

Finally, the fact that C 1@) is dense in H%(Q) guarantees that
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(4.7) holds for all v & H%(QL This completes the proof of Lemma 4.4,

For all v ¢ Hi(ﬂ), the result (4.7) combined with the assumed

positivity of g on 823 shows that

vovy = [I P+ (324 (%)2) azdy

& 2 2
(R, - R) (RS - RY) o
2L 2 11 5 (GH2 + (3H2) axay
1. b4 ay
2 2 :
(R, - R)(R, - RY) '
2
¢t 0 (ED2 4 ED2) axdy + S gv? do]
1 Q . % 24 5.0
, 2
2 2 ’
(R, ~ R (R, - RY) |

1

That is, b(-,*) is Hi(ﬂ)—elliptic and the Lax-Milgram theorem now
guarantees a unique\solution of the variational Problem 4.2, The

problem is now restate as: Find T ¢ Hi(ﬂ) such that
(4.9) b(T,v) =4(v)  for all v & H}(R).

Notice that H%(Q) is a very large space (it is demse in L2(2)) so th;t
the variational‘prob1em (4.9) is, in general, impossible to solve
analytically.

A viable alternative to. obtaining the analyti; solution of the

problem (4.9) is the solution of the Ritz-Galerkin approximate
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pfoblem. The latter ' is formulated as follows: Find Tn € Sn such

that
(4.10) - b(Tn.w) = % (w) for all w e S,

where S is a finite dihensionql subspace 6f ﬁ%(ﬂh The Lax-Milgram
theoreﬁ‘again applies and guarantees a unique'Riti—Galerkin solution
. T,. .Suppose {¢i}%=1 is a basis for the subspace S, thén there exists

n

scalars {o;}]_; so that T, can be expressed as

Now, (4.10) can be rewritten as the linear system of equations
n

(4.11) CI.agb(65,60) =2(6p)  for j =120,
i=1 )

for the deteriﬁination of the coqfficients {ai}?=1.

ThelRitz—Gale;kin solution Tn is an,approxi@ation to the solution
T of the vari;tional proBlem (4.9). To get'a fegling for the accuracy
§f this approximation,lnotice that b(:,*) defines a se;ond inner

product on H%(ﬂ). Subtracting (4.10) from (4.9) shows that this innmer

product satisfies
 b(? —'Tn;w) =0 for all we S .,

That is, T, is the projection of T into the subspace S, with respect
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to the inner product b(°,*). Recall that the projection satisfies
T - Thllb =-inf{l|T - wllb‘: we S}

where ll‘llb denotes the norm induced by b(°,*). The continuity and
elliﬁticify of b(*,*) imply that ||‘||1 and ||‘||b are equivalent
norms, so there is a constant K, independent of the subspace Sy such

that.
(4.12) Ht _‘Tn!II S K inf{llT - wlll :we S},

Hence, to obtain an accurate Ritz—Galerkin approximate, the subspace

Sn is chosen so that inf{l|T - wl[l T w.e Sn] will be small.

4.3 Finite Element Approximation

In the context of the previous section, the finite element method
is exactly the Riti—Galerkin method equipped with special choices of
the subspaces Sn., The'constfuction of the most commonly used suﬂépgce
S, is briefly discussed in this section.

The annulus © is first approximated by a polygonal domain Qh'

depending on the positive number h (see Figure 4.6). Next, the region

bounded by azﬂh is partitioned into triangles with maximum side length
h (see Figure 4.7). A set of continuous functions {¢;} is defined

" on the triangularized domain in such a way that each function ¢y is a
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piecewise polynomial which is zero ovér all but a small nupber'of the
triangular elements. The subspace sn is £aken as the span of a subset
{¢;}5=q of these piecewise polynomials.

There are two difficulties with the finite element method as
described above. Both difficulties occur near thé boundaries ofiﬂ‘and
are results of the polygonal approximation.of the curved boundariesﬂ

To satisfy fhe essential.bdundary condigion T =0 on 9492, each
basis function ¢i must vanish on alah and on the region-between 012
and 9;0,. Due to this, the infimum statémeﬁt'in (4.;2) will in
general not be small. There has ﬁeen»much work on this probiem of
essential boundary conditions on curved boundaries, and the‘surQey
paper of Bramble [7] discusses geveral approaches to this problem;

The second diffiéulty occurs on azé. The discrete problem
(4.11) contains integrals over the boundary 825 and these integrals
will in general be difficult to compute exactlyf A numerical
guadrature rule i; usﬁally employed in the finite element méthod to
approximate these boundary integrals. However, the curQea boundaries
create difficulties which cannot be surmounted by the most accurate of
quadrature rules. Due to the nature of the triangularize@ domain,
there is thé difficﬁlt problem of keeping track of the triang1e§ the
cur?e'azﬂ passes through, fhis is indeed a great difficulty, aﬁd many

times to avoid it the boundary integrals are shifted to the polygonal




924

approkimation‘azﬂﬁ of 829. Whiie this shifting of integrals may

result in easier computations, it must be remembered that the boﬁndary

- integrals implicitly involve the normal derivative of the trial-

functions ¢i' It is quite apparent that the normal derivatives with

" respect to the boundaries 3,%, and 3,2 do not often coincide. Indeed,

the normal‘deriéativé wi£h~respect to the boundary aznh is undef ined
at the Verfiqés~pf.629h. Heﬁbe,‘dnefgggin to the difficulties daﬁsed’
by a cﬁrved bounaarfAtﬁe-iﬁfimum statement in (4.12) may‘not be small.
There have been some techniques déveloped‘to address this problem of
nonhomogeneous Neumann conditions on curved boundaries, and the reade;’
is referred to the di;cussion_of the isoparametric téchnique gifen ﬁy
Strang and Fix [29] or the papers of Zlamal [34-36] on curved
eleﬁents. | |

Although the techniques referre@ to caﬁ; in certain cases, gi%e
betéef approximgfidns to solutibns defined‘onAdohainé with curved
boundaries, they significantly increase the number of computations to
be carried out to obtain the Ritz—Galkerkin apﬁroiimate Tn.‘.Whét.is
needed is a technique that can handle the curved boundaries and remain
efficient and easy to implement. The method of the next section

appears to satisfy these requirements.

4;§ Annular Strip Apgroximﬁtidﬂ.

In this section..the anﬁhlar strip method is pfoposed as an
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alternative to the'cléssical finite elemqqt me thod. :This strip method
avoids the boundary difficulties outlined in the previous section, yet
the method retains certain salient features of the finite element
method. Most notable amoung the;e features, from the point of view of
numerical implementation, is the retention of a ssﬁrse diééretized
system for the efficient ;olntion of (4.11).

As the basis fﬁncfions fﬁr the method‘of,the présent seétion
involve Fonrier'approxiﬁates. it wiil»facilitate the discussion to

have available the following two classical results on Fourier series

[371.

Theorem 4.5. If f is continuous on the interval [-m,n], then the
Fourier series of f converges in mean to f on [-n,n]l. That is
w N :
J (£(8) = (1/2 ag + I (apcos ke + bysin kg)))2 do
o 0 k=1 k k

converges to zero as N—>w», where

1 F
ay = [ £(8)cos ko do,
p :

-

“and

3 [

. ﬂ . ’
by = J £()sin ko de.
—"r .

Theorem 4.6. If f has m, m 2:2, continuous derivatives on the




96

interval [-mn] and is 2x periodié, then the Fourier series of f
converges uniformly to f in [-w,n], and
. g | | ~(m-1)
- [£(8) = (1/2 ag + I (ajcos kO + bysin ko)) < K N
k=1 : :

for all 6 ¢ [-n,n], where K is some positive constant.
Suppose T(r,0) is a continuous function on the closed annulus
. B={(r,0) : Ry {r {Ry, —w < B¢ )

where (r,0) are polar coordinates. For each r, Ry { r { Ry, T(r,*) is
continuous on the interval [-m,ml. This observation motivates the
following approximation scheme.

First, define the set of‘nodes
Ry =11 (g < e Cry =Ry
in the radial direction $y’ . | . S ~
| r; =Ry + ‘i - 1) h,
where

= (Ry - Ry)/(a - 1),

These nodes partition the region @ into annular strips as displayéd in

Figure 4.8. For each r;, approximate T(ri,ﬁ by the truncated Fourier -




o
)

ssssss
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and

m
1
bk =5 J T(r;,0)sin ko do.
=m

These approximations are extended to the entire region Il by connecting
the truncated Fourier series linearly across the annular strips. This
is easily accomplished with the aid of the Chapeau functions {Ai}2=1’
which are geometrically defined via Figure 4.9. Thus, the
approximation of the function T takes the form
n N
T n(r.0) = izl (1/2 2,9 + kil (aj ycos k6 + by ysin ke))A;(r),

which will be termed the Chapeau-Fourier approximate of order (n,N) to

the function T.

A
/I\
/
T N W
/ 1\\1
/
/ ' \
/ \
e VASEES, G N ) .
o Rl WL L A e e U T e

Figure 4.9. The Chapeau function Ai‘
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Theorem 4.5 is used to relate the Chapeau4Fourier approximate TnN

to a continuous function T on § with respect to the Sobolev morm

(2.3).

Theorem 4.7. Suppose the function T along with its first
partials derivatives are continuous on the closed annulus @, Then
there is a sequence {TnN] of Chapeau—Four1er approximates which

converges to T in the Sobolev norm
Hally = U @2 + 92 + (2H2) axap /2,
N Q 9x ay"-

Proof. Notice that by rewriting the Sobolev norm in polar

coordinates _
R
||u||1 = ( f f (a? + (§352 __(au)z) rdrd6)1/2
R 2136
1

it need onlj be shown that given e > 0,.there is a Chapeau—Fourier

approximate TnN such that
BT aTnN
liT - Tanlg < e, ||--— -———1|Q < &, and || 50 IIQ { &

where ||'||9 denotes the L2-norm over. 8. Also notice that since 0 is
9T - 9T ) . ]
compact, T, YL and 30, are all uniformly continuous on .

To get the upper bound for 1T - Tnﬁllﬂ’ the uniform continuity |

of T is used to find a 83 > 0 such that
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IT(z,8) - T(s, 9] < g = (21172 4 212y (2 — }HV2ZH)7T,,

whenever (r,9),(s,d) e ¥ with dist((r,0), (s;¢)) < 8;. Now, choose ny

.such that hy = (Ry — Ry)/(ng; -'1) < 87 and define the nodes
r; =Ry + (i - 1) hy for i = 1,",ng.

Then, for each i and ¢éach 0, dist((r;,0),(r;,7,8)) < 8;. Since the
Fourier series of T(r,,*) converges in mean fo'r(ri,ﬁ on [-m,n]
(Theorem 4.5), for all sufficiently large Ny, the following inequality

holds for each i
| Ny
IIT(ri, 6) - (1/2 ai’o + L (ai"kcos k.e + bi’ksin ke))III < 81,

where ||‘||I denotes the L2~norm over the interval I = [-ﬂ,ﬂj.

With ny and Ny chosen as above, the triangle inequility yields

n n
- M
T -1, § Hg < T - 5 TG pllg + 1 s Tleg )y - Ty y g,
11 - i=1 : i=1 11

Upper bounds for the two right hand terms are calculated as follows:

n R ’ n

1 2T 1
T - = TGy, 013 =1 [ (T(,0) -z T(r;,01;(x))? zdods

i=1 Rl - | i=1
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LR

= 2 [ [ (T(£,0) - T(r;,0)A;(r) ~T(r;,1.,0) Ay,1(x)? rdoar
i=1 r, - '

n-1 r .
-r

1 i+l =« : T
= 1 [ [ (T(x,0) - T(ry,0)(E— )
i=1 r; -w - CoTd+l i
’ r.-\' ri 2
- T(r;,1,0)(C———>))° rdbdr
W gy T
nl'-l ri+1 T i~ F
= I / (ﬁ?-——jj;rﬁ(T(r.e) - T(z;,0))
i=1 r, -m i+l i
T - r, : .
+ (}—_—rj) (T(r,0) - T(r;,41,6)))" rdbdr
i+l i
n-1 r
1 i+l 7 r, -r .
= [ (R 2(Te0) - Tlry, 00)2
i=1 r, -w i+l i .
441~ T r - r, _
+ Z(r - r )(r _‘r )(T(rpe) - T(riae))(T(r:e) - T(ri+199))
1+1 i i+l i
r-r, - _ ) *
+ (———)2(T(r,0) - T(r;,4,0))2) rdedr .
T - Tr 1
i+1 i . ,
- “ R.. -
ERL S S 2l 2 4n(R2 - B2) o2
<z I [ 4 ef rdedr = J [ 4 ¢f rdedr = 4n(R5 - Ry) e7.
i=1 r, -m Rl’ﬂ :
While,
Il 2 Ty, -1,y HE=0T1Cx T(r;,8)A;(x) = T, y (r,0))" rdedr
i=1 11 R,-m i=1 11

1 g
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gl Lo , : N,
= I J f'((T(ri.e) - (1/2 25,0+ I (ai’kcos k6
i=1 «r g ) k=1 :

+ bi’ksinAkG)))Ai(r5

Ny

* (Peyyp,0) = (12 2341, + T (agig,go0s 19

+ by, gsin k8)))Ay,q(r))? rdéar

7t Tia g | N
<t JUT(;,0) - (1/2 a5,9+ E (a;,ycos kO

=1‘ ri —1r. k=1

+ bi,ksin ke))l IAi(r)'

Ny

+ IT(ri+1’e) - (1/2 2;41,0 + I (ai_;_l’kqos k©
k=1 . .

+ bi+1’k5in ke))l IA1+1(I)I)2 rdédr

N Tiag N

X f f (IT(ri,e) - (1/2 ai’o + z (ai"kcos ko6 + bi’ksinke))l
i=1 r, -m =1 :

N

+ |T(r;41.8) = (1/2 823,43 ¢ + kil(ai_,_l"kcos ko

+ bi_,_l’ksin ke))|)2 rdedr
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Bl Tin N . - -
= I : f II IT(ri,e) (1/2 &i 0 + % (ai kCOS k6 + bi kSin kB))I +
i=1 . . k=1 ’ ’

Ny

+ IT(ri+1:e) - (1/2'8.‘1_‘_1’0 + Z (ai+1’kcos ko
k=1 ‘ '

+ bj4q xsin ko)l II% rdr

n.-1 ¢ ’ N

1 i+l 1
£ = / (||T(r ,0) - (1/2 ay 0 + X (ai’kcos k6 + b; gsin ke))lII
i=1 T, k=1
i
+ IIT(ri+lle) - (1/2 8i+1 0 + )y (8i+1 kCOS k6
L4 k=l »

+ bi+1’ksin k0»l|1)2 rdr

n, -1

1 i+l
< I J 4 31 rdr = 2(R% - R%) e%.
i=l1 r, -
i
Hence,
Hr -1, g < Z(n(R2 RINY2 o) + (28] - R}HV2 ¢y = 6.

l 1

By exactly the same agrument as above, there is a Chapeau—Fourier -

approximate (%g)nzﬁ& of %%'such that

1 - é;;%)nzx\,znQ <.




104

Thus, it is sufficient to show that

Notice that

n N
3T 2 2
('a_e ]12N2 = iil (1/2 ai’o + il (ai"kco_s ko + bi,ksin ke))Ai(r) .
while
aTnzNz n, N2 . |
T = % ( % (—kai’ks.in ke + k}')i’kcos‘ ke))Ai(r)o

i=1l k=1

By an elementary integration by parts, it can be shown that
zi,k = kb;  and gi,k = ~ka; y. For example, the first equality
follows from

m
~ 1 Mo
ai’k = - f ae(ri’e)cos kB de

. w v
= Ler(z;,00008 k0l + k S T(r,0)sin 16 a0
- et 1

k bi,k .

Similar calculations lead to the equality si,k = ~ka; 4.
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nN

‘ - R
To get the upper bound for‘llsz- IIQ, the uniform cont1nu1ty

oT :
of 77 is used to find a 83 >. 0 such that -
21/2

—c  _y(Rr2 24y1/24-1
*E, cwp) B - RV

9T aT , . _ 1/2
loo(e:0) - 5-(s,0)] < eg = (n ®,

whenever dist((r,0),(s,$)) < 83.  Now, .choose ng such that

hy = (Ry — Ry)/(n3-1) < 83 and define the nodes
I'i = R1 + (i - 1) h3 for i = 1,"..113.

Again, since the Fourier series of T(rif) converges in mean to
T(r;,") on [-mmnl, for all sufficiently large N3 the following

inequality holds for each i..

N
3 , : €
IIT(ri:e) (1/2 ai 0 + X (ai k¢08 ko + b.‘i. ksin ke))III <——-3—‘—.
k=1 ’ » - n3 —.l

With ng and N3 chosen as above, the triangle inequality yields

BTn N n3—l .
3 3 . 3T "'1 . — .
n3—l 9T

4.13) 112 -

. -1 nSN
+ 1 2 ngt(Tryyg,7) = Tlrg, NF; - —= 3 1gs
i=1 B
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where the Fi are defined by

1 if r; £

A
2]
I~

i+l

0 ARy <

~
L ]
-~

Lrys Tia C T LRy,

The Mean—Value Theorem. is used to bound the first term on the right
hand side of (4,13). For each i = 1,2,“’,n3—1 and each 9; -n <o ¢ 7,

there is a point §,;(0) between r; and r; .y such that

T(ri+l,6) - T(ri,e)

oT \
+——(¢.(0),0) = — .
or 73 Titl T Y4
Then
n3—1 .
oT -1 . . 2
115, = B (T(ry4,0) - Try, " DIF; G
1=1 | S
R2 - éT . n3—l B , '
=[/[ (sz{r.e) - I hg (T(ri+1,e) - T(ri.e))Fi(r)) rdodr
R, -1 i=1
1 .
n.,-1 r
3 i+l 7w T(r ,0) — T(r.,90)
=1 [ 1 Ere) - —E——— 2 )2 rapar
i=1 ri - : i+l i
n3~1 r:L+1 b

_ AT _ar 2
= f f (ar(r,e) ‘ar(ti(e):e)) rdedr
ri -
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n.,-1 . .
3 ri-+1 m 2 R2 b 2 2 2. .2
< 5 [ [ ej rdedr = /. [ e3 rdodr = n(Rj - R]) e3.
i=1 r, - Rl—'ﬂ' )

The second term on the right hand side of (4.13) is bounded as

follows:
n3—l . : . aTn3N3 ,
I B3H(T(ry,,°) - T(ry, )F; - ——1Ig
i=1 - -
- ‘ . 9
Ry n™3 1 -1 Tn3N3 2
=/ (2 13 (T(ry43,0) - Tlry, 0))F;(x) ——5==(r,0))" rdbds
R-m 1i=l. ~
1
237l Tiyg o
= [ J (63N (T(ry4,0) - T(x;,0)
i=l r, -mw :
1 .
N3 v
-h§1(1/2 2541,0 + I (aj41,xc08 KO+ by, o sin k6)
k=1
N
3 ' 2
—(1/2 a; g + I (a; gcos kO + b; ysin k6)))“ rdedr
k=1
nyl Ty - N
= X f h;z ‘IT(1'1+1,9) - (1/2 ai+1’0' + Z (ai+1’k008 ko
i=1 T, ‘ o k=1 : :

+ bi+1’ksin ke))

Ny

- (T(ri,e) - (1/2 hi;O + Zl (ai*chS'ke‘+ b; gsin ke)))ll% rdr '
: . k=
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37l Ty _2 Y3
_<_ b3 f h3 (IiT(Ii.'.l’e) - (1/2 ai+1 0 + I (8i+1 k'cos ko
1=1 r, T k=1 ’ :

+ bi+1’ksin ke))ﬁli

. N
+ IIT(ri: 6) - (1/2 ai,O + kE]- (ai’kCQ‘S k0 + bi,ksin ke)) ' lI)Z rdr
P37 Tany ke B2 el 282 - ®D)
¢ I / hg —= 2 rdr = [ ———————7§-rdr =r—-——————7§82
i=1 T, (n3 . 1) Rl(R2 - Rl) (R2 - Rl)
Substituting fhertwo upper bounds into (4.13) yields
’T 2 2..1/2
n, N . (2(R, - R7))
ST _ "3 3y, - (n2 2y,1/2 2 1 -
”3]’.‘ - o “Q < v(ﬂ(sz - Rl)) ‘€3 + R - R g3 = &,

2”1

Let n = max {nl.nz,hsl, it is dlear that thére exists an N large i

Y
3T nN ,
ilar— IIQK e, and .

enough so that [T - TnNIIQ (e, >

st Tan ~
IISB'— —36—119 ¢ e, This completes the proof of Theorem 4.7.

Theorem 4.6 can be used in an argument éimilgr to the one above

to prove the following.thédrem.
Theorem 4.8. If T e C™(%), m > 3, then
il - : - (m—2)y -
T - 1 1l = o8 ) "+ 0(h)

R, - R : o :
where h = i = 11 is the mesh size of the partition in the radial-

direction.
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Returning now to the variational problem, it is.seen that the
annular strip method, like the finite eiement,methéd, is exactly the’
Ritz—Galerkin method with a special choice of the subspaces Sn' The

Ritz—Galerkin approximates are taken from the spaces
S,N = spén{Ai(r), A;(r)cos k6, Ai(r)sin ko}

where i = 2,***,n and k =1,**,N.. Let inN_denote the éolution from
'S,y of the Ritz—Galerkin problem (4.10) and recall (Equation 4.12) .

that TnN satisfies
(4.14) © T - Telly <K ans(IT - wlly @ w e S

where T is the true soiution of problem.(4.9) and X is a positive
constant independegt of SnN‘ Now, since the Chapeau-Fourier
approximate T y is an elgﬁent of SnN,‘Theorem 4.7 or Theorem 4.8 can
be used in éombination with (4.14) to guarantee the convergence‘éf‘the
annular strip'method, | |

The uée of anﬁnlar strips instead of friangles-(the typical
finite elements), avoids the boundary diffiqulties which were .
encountered in Section 4.3. Specifically, évéry function-in SnN is
zero on 942 but not on a whole region near 819; Also, the bdundafy
integrals in the discrete problem (4.11) ;re essentiaily‘th; Fourier

coefficients of the-fqﬁction g defined‘oﬁrézﬂ; Theiefore,gif these




110

Fourier coéfficiénts are knbwn'br‘have begn‘accnrately approximated o
beforehand, the algebraic system (4.11) ﬁhicﬂhdefines the Ritz—
Galerkin approxim;te is very easy .to assemble.

For the problem (4#) - (4.3), there is one further simplifying
hypothesis'whiéh can be made about the fu#ction g In this direction,

parametrize the curve 3,9 by
x =Ry cos 6 and y = Ry sino = (-m C ¢ < n).

Due to physical considerations, it can be assumed that g'is an even
function defined on.the interval [-n,nl. ﬁencé, the solution T(r,0)
will be an even function on the interval [-mx] for each fixed.
r, Ry { r { Ry. -The Ritz—Galerkin approximate can tﬁeref&re be

selected from the space
S,n = span{p;(r)cos jol,

where i = 2,°**,n and j = 0,**,N. Let the basis elements bf'SnN be

denoted by
¢ij(r,é) = A;(r)cos jo.

then the Ritz—Galerkin approiimate takes the form

~ n N :
Tan =T I aj5035
1=2 =0
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With this notation, the discrete problem (4.11) is expressed as

n
(4.15) ' Sz

aijb(¢ ij'q)km) = 2’(¢km)
i=2 ’

for k =2,°"*nand m = 0,°*°N,

Now, suppose the function g has the Fourier expansion
-

g(0) = 1/2 gg + I gycos kb,
Y k=l

Then the linear algebfaic system (4.15) is assembled as follows:

i
8 (hy) = J (kgg + k9l do = RyM(Ry) f (kyg(0) + kp)cos m6de,

392 -
so that
21rR2(k130 + kz) k=n, m=0
21(¢km) = ﬂRZklgm k:n,-m=1’oo.N
0 otherwise.
. 3., 3, .90, 3 .
. = ij km 7 iJ _kmy geay + S gy i0gy 90
Q | 3,0
Row 8o, 9. 4 a¢i} L
LS T e e ) T
N X 3 il i A N ] . 7
+1/2 Ry Ay (RN (Rp) [ (g(B)cos (j + m)e + glBcos (§ - m)p) do,
R, - Ry o
so that with h =-Z-—- = and r; = Ry + ibh,
n-1 1
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%‘(rn + £ 1) + 2Ry i=k=mn, j=m=0
3 Hoas Ty
2h (rn 1) + h [21: G 2rn_1rn + 5 l'n__l i=k=n
% I'.l‘l—llog(rn/rn—l):| +%‘"R2[82m ¢ 2301 i=m#0
l R [ 4. ] i=k=1n # m
7 ™28 4m™ 8| j-ml » J
‘;l—“rk i=k#n j=m=0
P g (3, 2 2 .
2—1;"— rk +-'—2— f(rk“l = Ik+1) < 4hl‘k i=k # n
v A
it r§+1103(rk+1/rk) b rk_llog(rk/rk_l)] j=m# 0
L L
E(rk + 1yp_4) i=k-1, j=m=0
2
Tm 2ol wd PR, .
Z_(rk * rk‘l) + — ['_( k I'k_l) - k 1
+ rk_lrklog(rk_llrk)] j=m# 0
! i = i = =
—‘t—l(rk+1 - l'k) i=k + 1. J m 0
i ™ l,.2 2 13
‘2_h_(rk+1 + rg +?[—2-(fk+1 - l'k) i=k+1
+ ryrypyqloglry/ryq)] j=m#0

0 otherwise.
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It is apparent that the algebrdic system (4.i5i is very easy to
assemble and, due to-the orthogonality of the Chapeau'fuﬁctions, this'
system has a sparse symmetric coefficient matrix, In Examp1¢-4.§ of
the next sectiom, it is shown how to order the coefficients a;. of

i3 .
(4.14) so that the fesuiting system can be efficiently solved.

4,5 Numerical Implementation and Examples

In this section, -the annular strip method is applied to two
test examples.‘ The‘first problem is ;f the form given by (4.1) -
(4.3). This example is used to exhibit the implementation and
accuracy of the annulaf strip method. Tﬁé Secoﬁd example.is taken
from a paper by Bruch and Sloss [8]. This sec&nd example is includeq ‘
to demonstrate the application of the stripvmethod to a Poisson
problem.

The quch—Sloss paper addresses thejproblép of approximatingnthe
solution of Laplace’s eq;atiqn with essential boundary conditions on
certain doubly connected domains (in particulaf, an annulus). The _
Bruch—-Sloss procedure is ‘to reformulate the problem as an integrgl
equation on the outgr b;undary of the doubly connected domaiﬁ, and
then to use a finite elemént scheme to solve this integral equation.
The Bruch-Sloss procedure, like the annular strip method,navoids the
boundary difficulties'of the_classical finite eleméﬁt‘schemé of

Section 4.3
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To solve the Brdchf510$s-éro£1em via the annular strip method, -
.the problem is refofﬁulated as a Poisson probiem wifh homogeneoﬁs
boundﬁry conditions. The annular sfrip methbd is seen to provide very
accurate approximations at a low cost. In fa?t;‘an'annular strip
approximafioﬁ whic¢h is comparable to the fesults of Bruch.and Sloss
was obtained at a fraction of the combutér cost reported for th?
Bruch-Sloss procedure. This is consistent with the opinion [9,10,30]

i . . o .

that the finite strip method provides a cheap (with regards to

computer costs) means of obtaining accurate approximations to

solutions of problems defined on regular geometric domains.

Example 4.9. As a first exﬁmple, consider the problem of finding

the function T(r,9) which satisfies

and

dT ., 5(2 = cos 0)p _ + 2y 5(2 —cos 8) . on b
@ s F s 8 5 log 2) 22 - con 3 on 8,8

where the @ and 9,9 are defined as in Figure 4.5 with Ry = 1 and

R, = 2. This problem has the known solution
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T(r,0) =5 log r + (;_1:+ r) cos o
Thé approximate qurier expansion
g(o) = 1.091? — 1.0313 cos 6 + .2763 cos 28 —.054 cos 30
+ .,'0198 cos 40 ~.0053 cos 50 + .0014 cos 66

of the function

5(2 - cos.é)'

g(0) = 6(2 + cos 9)

is used in the assembly of the aigebfaic system (4.15) (described at
the end of the previous section), which determines an annular strip
approximation |

N n N

TnN= z z Qs

-9
i=2 j=0 I

ij
to the true ;olutioﬁ T. _Figure 4.10 is an example of the algeb?&ic
system (4;15) .for the casen=35 and N =2, All numbers a1:e réunded.
off to the first decimal ﬁlace to facilitgte thé display in Figure
4,10, Notice the symmetry of the system and that‘by arranging the
unknown coefficients a5 in ascending order according to the jndei‘;
first and the index j second, the fi;st 9 columns of the matrix in

Figure 4.10 have at most 3 nonzero entries and that these entries

occur at the (k,k) and (k + 3,k) positions. Due to the lower right




[20.0 o0 0
0 10.1 0
0 0  10.5

-11.0 0 0
0- -5.5 0
0 0 -5.4
0 0 0
0 0 0
0 0 0
o 0 0
0 0 0
0 0 0

Figure 4.10,
strip approximation,

-11.0

An example of

0 0 0
-5.5 0 0

0 -5.4 0

0 0 -13.0
12.1 0 0

0 0 28.0
-6.5 0 0

0 —6.4 0

0 0 -15.0
0 0 0

0 0 0

0 0
0 0
o 0
0 0
-6.5 0
0 6.4
0 0
14.1 0
0 14.4
0 0
-7.5 0
0 -7.4

@20
%21
222
230
231
@32
240
%41
C42
250

251

Cs52

the algebraic system for the determination of an-annular

28.2
-13.3

3.6

91T
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h?nd subma@rix. the last 3 columns of tﬁe matrix in Figure-4.16Ado no£
follow the pattern of the previous colnﬁns. This submatrix is a ~
result of the boundary integrals in (4;15). In general, if m Chapeau
functions and M ;rigonometric funetions are used iﬁ-the annular ;trif
‘prbceduie, then the aigebraic s&step.(4.15), with the unknown
coefficients a;, arr;nged as above, will have a symmetric (QM)x(ﬁM)
coefficient matrix of which the first (m -1)M columns will_h;ve
nonzero entries occurring only in‘thg kk;k) and (k + M,k) positions.
It is clear that a Gaussian-elimination procedure; written to take
advantage of the special form'éf this sﬁgrse ¢o¢fficiént ﬁatfix;;can
efficiently solve the algebraic system (4.15). In fact, instead of
the usuél 0((mM)3) operations in the general Gaussian elimination -
procedure, matters have been arranged so that th;'operation coﬁnt is
on the order 0((m — 1)M + M3),

Annﬁlar strip appro&imations an to the solution T of the present
problem are computqd-with various choices for n and N and bounas fér .
the unifofm error of these-approximations are listed in Téble 4.1,
These bounds are calculated as foliows:‘ Recall that the dnnular strip
approximate an'is defined on the partitioned domain in Figure 4.8.

Also recall that the annular strips of Figure 4.8 are defiged by the

subdivision
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Table 4.1. Annular strip approximation to the soltuion of Example 4.9:

AT = 0 on 2,
T =0 on 319’
dT 5(2 - eos 8) "oy 5(2 - cos B)
= = + 2 .
dn T 62 T cos 8) " (3 +5 108 2) &5 c0s 0) on 3,0
N - n h Uﬁiform Error Bound
3 3 .5 . .240774
2 5 25 .060252
2 9 .125 - ' .014947

3 17 .0625 .0038161
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1=1ry (xg < " ¢ r, =2

of the radial ihterfal [1,2j where

r;=1+(i-1Dh  withh=1/(n- 1),
An application of the triangle inequality gives a bound on the uniform
error of the annular strip'approximate an;

4.16) 11T - Tplly ¢ [l - 2
' S 1=2 . i=2
where Ai is the Chapeau function defineﬁ iﬁ the radial direction bﬁsed
at the node rj. Thas, the bound on the'nniform error is composed of
two parté; T.he first paré-||T'—-i§2T(rif?Airlm is. a measure of the
linear ipproximatiqn to T in the radial direcfion, and the second part
il g T(ri,‘)Ai‘— anllm is a measure of the trigonometic polymomial
aﬁ;riximdtion.to T(r;,*) for each i = 2,3,°",n.

It should be pointed out that in all cases the unifo:m error
bound is dominated by‘thétlinéaf approximation efro; term of (4.16).
In fact, in all cases the linear appfoximation errog‘compriées at
leasf 90% of the.uniform error bounds reported in Table 4.1, This
explains the apparent 0(n2) convergence of the prrbr boun&é. Such

convergence is expected for linear approxzimations of functions with

two continuous derivatives [29].

. = n _ . -
T(ti’°)AiiIm + II ) T(Ii:i)Ai = TBNII‘”
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As indicated above, the second term of the uniform errgr bound
(4.16) was very small.. That is, in all cases the trigonomefric
polynomial approximation ihN(rif) to T(ry,*) is very accurate.” As an
example, consider the case n = 9 énd N = 2. The true solutiop T af

the radial node r5 = 1.5 is the trigonometric polynomial
T(1.5,0) = 2,027326 — .833333 cos 0,

while the annular strip épproximate fgz_at the radial node rg = 1.5 is

the trigonometric polynomial
Tg,(1.5,6) = 2.02638L — .833378 cos.© + .000012 cos 2 6.

Such accuracy is seen to be typical for the'innular strip méthod
applied to the present probl?m.

The observations of the brevious two paragraphs sﬁggest that more
accurate approximations can be obtained by using smoother
approximations (cubic ;plines for exzample) in:tﬁe';adiél directiomn.
Ho#ever, the use of smoothér radial fqgctions results- in a more
complex algebraic system (4.11). Therefore, due to the simplicity and
efficient solvability of the system (4.15), this author técommends_
that the Chapeau function be retained in the annular strip method and
that convergence be'induced‘by'decréasing the stép sizé h in the

radial direction.




121

Example 4,10. As a second example, comnsider thé problem of

finding the function u(r,8) which satisfies

Aw=0  on8,
u = cos 26 on 3,0,
and
u=1 on 3,0

where the © and 9,2 are defined as in Figure 4.5 with Ry = 1 and
R2 = 2, In order to apply the annular strip method, the present
problem is reformulated as a Poisson problem with homogeneous

boundary conditions. In this direction set
T(r,8) = u(r,0) = (r — 1) + (r — 2) cos 26.

The problem can now be restated as: Find T(r,0) which satisfies

(4.17) AT = £(£,0) = + (—3'+ —85) cos 26 on
r .

and

(4.18) T=0  ond2 UaQ.

This problem has tﬁe known solution
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.2
T(r,e) = 3f§i—-— (r - 1) - (——-— £+ 32—

6 ) c‘os 20.
15r :

The equivalent variational form of (4.17) and (4.18) is [16,19]: Find

Te H%(Q) such that
b(T,v) = 2(v) for all v e HJ(8)

where the bilinear form b(*,*) is defined bSr‘

) = ff (BT 3V BT ov

b(T,v 3% ox T a3y by

—) dxdy t"or.T, ve H(l)(ﬂ")
and the linear functional ‘% is defined by .

z(y$-=;€{ fv dxdy  for v e H%(Q;.
Using the notation of the previous section, an annular s‘trip

approximation TnN to the true solution T is obtained by solving the

Ritz-Galerkin problem: Find 'f'nN e S,y such that
(4.19) - b('f'n-N,v) = p(v) 'for all v e S,N-

The requir;ment (4.19) produces an al'g’el_)raic syétem for thc_a'
determination of 'i‘nN w_liich .is similar. in form to that of the previous
example. 'Bounlds for the uniform errézj. of the Ritz—Galerkin
approximations TnN are calculated and listed in Table 4.2, Once

again, the linear approx1mat1on in the rad1a1 d1rect1on 1s respons1b1e
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Table 4.2, 'Annulgr strip approximation to the solution of Example

4.10:
AT =1 4 (é'— !;0 cos 2 " on @

T r 2

- r

i =0 on 342 U 3,8.

N n h ' Uniform Error Bound

N>2 3 - - 2924724
N2>2 5 25 .0730168
N>2 9 . .125 ©©.0182703

N2 17 .0625 . .0046034
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for the major portibﬁ‘(over 98%) of th; error bounds listed in Tabie
4,2, This implies that the frigonometric polynomial approximations to
eacllT(ri,ﬁ must be very accurate. In faét, for the casen=9 and-
N > 2, the true solption.T.at the radial node r5 = 1.5 is the

trigonometric polynomial
T(rs,e) = ,084963 — ,175926 cos 29,

while the annular strip approximate ng at rg is the trigonométric

polynomial
Tgy(rs,0) = .084853 - .175909 cos 26.

Such accuracy is again typical for the annular strip method as it

applies to the present problem.




5. SUMMARY

The investigdtiqns of thié thesis have addressed the numerical
solution of two e}liptic boundary valﬁe proﬁlems which arisé in'the.
mathematical model of two well known‘phy;ica1~phenomena, In each
instance, it ﬁas beén shown that the per?inent physical quantity being
. approximated can be f#gsibiy obtained (accurately and ecomomically)
ﬁith the proposed methods. These final ;emarks summarize the
procedures and specify e;tensiqns that the author feels warrant

further examination. .

The radial Séhrodinger éigenvalue~pfoblem was defined and studied

in Chapter 3. This‘Sthrm—Liouville problem is classified as a
§ingu1ar problem for two di;tinct reasons, Firstly;.there is the
infinite domain of definition (B+) over which fhe solution i§ sought
and, due to the fact that the eqﬁation adpits Zero as a regula¥ |
singular point, fhé'eigenfunctions can be,.ﬁnd ig'instances are,
singular at the origin, It is well known that thesg,types of
singulﬁrities pose difficulties for standard numeérical procedures such
as the finite difference aﬁd finite element methods. It has beep
shown that the sihc—coliocgtion‘metﬁqd of Chapter 3 surmounts the
above difficulties for‘the radiai.Séhrodinger problqm. Indeed, the
mgthods of Chapfer 3 are applicable'to‘Stﬁrm—Lio%villé probleﬁs‘-

" defined on infinite intervals in gemeral. With regard to singular

A
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eigenfunctions, the error bound obtained in'Theorem 3;2'is valid
whether 6: not the eigenfunctions are singular at.zero (recall, in
particular, Example 3.5).

It ﬁas further noted in the exampIés of Chapter 3 that the
smaller eigenvalues of the sinc-cOIIOcatioﬁ di§crete-prob1em appear to
provide good approximatioﬁs t§ the lower end of fhé spectrum. of the
continuwous problem. A result supporting these numerical obsérvatiogs
is of great interést:to this author. In pafticulﬁr, it .would be o
interesting to have an example Which.dnalytiéally corroborate; the
numerical evidencp of Chapter 3. This-type of example might then shed
light on how a genérallreéult could be obtained. Indeéd,_the'Hermite
equation of Example 3.6 was included solely to lend credence to these

remarks and the following conjecture.

Cbnjecture 5.1. Let q(x) be nonnegative for each x ¢ R. Denote

by
M Lhg £ L haN 41
the first 2N + 1 eigenvalues of the followihg eigenvalue problem:

iu"(;) + gq(x)u(x) = Au(x) for x ¢ R

subject to the boundary cqnditions_
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lim u(x) =
X —>Too -

Then the (2N + 1)x(2N + 1) system

L;lz1§2) + Dylalx))] ¥y = AWy

(defined in Chapter 3) has 2N + 1 d1st1nct eigenvalues {Al}iNIl sauch"

that A, approximates A; for all 1==1,2,'",2N-+1.

Investigat1on by this author. of the’ discret1zed Herm1te equation
has already led to several 1nteresting linear algebra problems. In‘
particular, the theery of Toeplitz matrices and the circle of ideas
centering aronnd the aotions of symmetric—centrosymmetric matrices
have qu1te naturally arisen; but the present theory here does not seem
to answer the conjecture. This author is conf1dent that further
 studies in these areas ef'linear algebra Willleventually lead to the
resolution of the conjecture for the Hermite equation and, hopefully,
to the genmeral Schrodinger equation.

As stated earlier, the sinc function ‘techniques of Seetion_Zﬁv‘
have been the basis.for many'namerical sehemes. However, the sinc-.
collocation hethod of Chapter 3 is the rirst applicatioa.of these
"techniques to the numerically complex probleﬁ'of approaiﬁating.the
eigenvalues of differential or integral equations. This large group
of eigenvalue problems provide other possibilites for the application

.of the sinc fnnction'techniques, and in particular, the sinc-—




128

collocation me thod.

The second e11ip§ic boundary value problem of this thesi§ is a
heat transfer problem défined on an annﬁlar domain, Thé classicai'-
solution of this problem is a hargonic'funcfioﬂ,'and therefore, under
different circnmStanceS,(a diffe;ent domain) would lend itself Qgil to
approximatibn by piecewise polynomials such as those ébtained by the-
finite element method. Héwever, the curved'Boundar;es of the domain
of @he problem pose difficulties for the finite element method and ghe
accuracy of the.résulting piecewise polynomial approxim@tidnxﬁill in
genefal not be satifactory relative to ;he work required.for the
acquisition of the a?proximation; The annu}ar strip method of Chapter ‘
4 is a viable alternativg to the finite ;lement method in that the
former retains the salient featﬁres‘of the finitp g}emént ﬁethod and
avoids the bbundary gifficulties via a judicioms choice of trial
functions,

A distinctive feature of the annular strip method is the
simplicity in the construction and subsequent solution of the discrete
problem from which the annular strip ﬁpproxjmation is obtain?d. This
simplicity is easi}y tréced to the orthogonality of ;ﬁe frigonomefricA
functions and the semi—ofthbgonalit&Aof the Chapeau functidns;

As was noted in the examples of Cﬁaptef.4, the major portion of

the error in the annular strip approximations is due to the .linear
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approximation (use-of‘Chapeau funétio#s) in the radial direction.. An
alternative to the use of'Chape;u functions in the radial direction is
the use of smoother.radiai functions sucﬁ as cubic B—splines. It.ig
clear that this latter choice of radial functioné‘wopld produce a mor;
complex discrete problem and, fike»the-finite element procedure, the
accuracy of the iesulting approximation‘migh£ nq% be satisfactoryv
relative.tb the_work-feqﬁife@-fSr the.aqquiéition of tﬂe
-approximation. A tﬁorouﬁh:analysis of accur;cy in appro;imation
relative to comﬁufer cost for the annular strip procedure with both
linear and cubic splihe radial fﬁnctions is. an interestiig direction
for further investigations. |

‘As stated earliét, tﬁe ideas behind the annular strip ﬁethod are
not new. Indeéd, FOufief eipgnsioms coupled with séline ]
approximations have been used by.thé‘engineering éommunity in.a
proceduré referred to as thée finite strip method. However,:the

Ve ) .

conVergence-resulté obtained for the annular strip method in Chapter 4
appear to be ;héifirst'sﬁ;h results for any finite strip-like
procedure. This author believes that the éqnv;rgence results for the
annplar strip gethqd ;an be extendéd.tovoghe:_applicati;n§ of the
finite strip procedure. In-fdﬁt, the convérgénce resﬁ1£s46fgChapter 4
apply, with only a minor mddifiﬁafion, to establish cqnﬁeréence of the

examples reported iﬂ Chakraﬁarti's investigafiqn of Hegt conduction in .

5
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plates by £ﬁe finite strip method [9];

In the direction of the extemsion of the annular strip mgthod té
hig#er dimension;, this aufhor feels fhét:the dpplic;tion of the
notions and theorems of Cﬂapter.4-touthe problem (4.1) - k43) in BT,
and in_particula? 33 (the domain now.being concentric balls), warrants.
attention for both analytic aﬁd ﬁumerical reasons. Once,agﬁin, the
variational formuiatioﬁ of this probiem is nested in the tﬁeory of
Sobolev spaces as prééentég in Cﬁabier 2. In the B3 si¥uation,
Laplace's equation AT = 0 (Equations (4.1)) is expressed in'spheriégl
coordinates as '

2 ;in ) §E§;+ 2r sin 6 oL + sin ) @EE_+'¢65 6 21l+' L §E$-= 0.

- ar - ae2 - 96 . sin 0-a¢2-.

Any solution T(r;6.¢);of this.equatioﬁ is known as a spherical
harmonic. With regards'fo the apptoximatibn of a spherical harmonic,

" instead of the.oﬁviéus prod;ct Fourieriseriés angular approximation as
in Chapter 4, it is well kﬁown fhat”the angular solution admits an
expres;ion in terms of zonal harmonics, and in particul#r,
representation in terms of the Legendré polynomigls. Zonal hafmsnic
angular approximafioné combined with linear ¥adia1 approkiﬁﬁtions
sh;uld, as in the @wo'dimensionai problems,'prOVide an accurate yet

efficient means of approximation.
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