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Abstract:
Natural convection heat transfer between isothermal vertically eccentric spheres and centrally located
vertical cylinders and their isothermal spherical enclosure was experimentally investigated. Pertinent
dimensionless parameters and variables utilized in the investigation were Rayleigh number, based on
gap width, N , Prandtl number, N PR, eccentricity to gap width ratio, e/(r - ri), gap width to inner radius
ratio, L/r , and aspect ratio, H/2r, and covered the following ranges: 4.7< N PR < 4148, 4 x 102< N RA
< 9 x 10 7, 0.09< L/ri< 1.18 and -0.75< e/(ro-ri - + 0.75 for the eccentric — spheres; 6< Npr< 14, 3.5 x
103< Nra< 2.2 x 108, 1.14< H/2ri< 2.00 ro-ri and 0.09 < —------ < 1.18 for the vertical cylinder.

— r. — i Examination of the experimental data showed that the eccentricity had a slight effect on the
average heat transfer coefficient. The negative eccentricities were found to produce slightly higher
average heat transfer coefficients than positive eccentricities. The largest eccentricities, either positive
or negative, were also seen to produce heat transfer coefficients larger than the next lower eccentricity,
i.e., the average heat transfer coefficient for e/(ro - ri) = ±0.75 > the average heat transfer coefficient
for e/i(r-r) = ±0.50, etc. Gap thickness to inner radius ratio, L9ri was also found to have an effect on the
average heat transfer coefficient. The larger values of L/r. were found to yield higher values of Nusselt
number. An increase in the viscosity did tend to suppress this behavior, however, the same trend was
still found to exist. Heat transfer correlations for each individual fluid, as well as an overall correlation,
were obtained for the eccentric sphere configuration utilizing conformal mapping techniques to
transform the eccentric sphere configuration. Temperature profiles at five angular locations (0 = 0°,
40°, 80°, 120°, and 160°) were taken and yielded some insight as to the flow behavior and heat transfer
as a result of eccentricity. A negative eccentricity was seen to enhance the convective activity while a
positive eccentricity seemed to suppress the convective activity. A multicellular flow field is postulated
for the smallest diameter ratio configuration.

The experimental data for the cylinders were examined independently and showed that aspect ratio did
have an effect on the average heat transfer coefficient. The smaller aspect ratios for each diameter ratio
produced higher average heat transfer coefficients. Heat transfer correlations were obtained for each
cylinder as well as an overall heat transfer correlation for all of the cylinders. Temperature profiles
were taken and were enlightening as to the nature of the effect of aspect ratio and diameter ratio on the
flow field. The larger aspect ratios for all diameter ratios seemed to curtail the convective activity while
the smaller aspect ratios for all diameter ratios seemed to promote convective activity. A multicellular
flow regime is postulated for the smallest diameter ratio cylinder investigated. 
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ABSTRACT

. Natural convection heat transfer between isothermal 
vertically eccentric spheres and centrally located verti­
cal cylinders and their isothermal spherical enclosure 
was experimentally investigated. Pertinent dimensionless 
parameters and variables utilized in the investigation 
were Rayleigh number, based on gap width, , Prandtl
number, -N , eccentricity to gap width ratio, e/ (r - r^) , 
gap width to inner radius ratio, L/r., and aspect ratio, 
H/2r^, and covered the following ranges:

2 74.7< N „ <  4148, 4 x 10 < N„, < 9 x 10 , 0.09< L/r.< 1.18 ,PR RA —  1 —
and -0.75 < e/(r — r .) < + 0.75 for the eccentric

—  o  i  —

spheres;
3 - 86 < NpR< 14, 3.5 x 10 < N ra< 2.2 x 10 , I .14< H/2r± <̂ 2.00 ,

ro“ riand 0.09 < -------  < 1.18 for the vertical cylinder. ;
ri

Examination of the experimental data showed that the 
eccentricity had a slight effect on ■ the. average heat trans­
fer coefficient. The negative eccentricities were found 
to produce slightly higher average heat transfer coeffi­
cients than positive eccentricities. The largest eccen­
tricities, either positive or negative, were also seen to 
produce heat transfer coefficients larger, than the next 
lower eccentricity, i.e., the average heat transfer co­
efficient for. e/ (r - r ; ) = ±0.75 > the average, heat trans - . 
fer coefficient for e/tr -r%) = ±0.50, etc. . Gap thickness 
to inner radius ratio, L^r_^ was also found to have an ef­
fect on the average heat., transfer coefficient. The larger 
values of L / r . were found to yield higher values of . 
Nusselt numbet. ■ An increase in the viscosity did tend to 
suppress this behavior, however, the same trend w a s ,still . 
found to exist. Heat transfer correlations for each i n ­
dividual fluid, as well as an overall correlation, were 
obtained for the eccentric sphere configuration utilizing 
conformal mapping techniques'td transform.the eccentric 
sphere configuration. ' Temperature profiles at five angular 
locations (0 •-= 0°, 40°, 80°, 120°, and -160®).. were taken

; i

;■ .



xi

and yielded some, insight as to the flow behavior and heat 
transfer as. a result of eccentricity. A negative eccen­
tricity was seen to enhance.the convective activity while 
a positive eccentricity seemed to suppress the convective 
activity. A multicellular flow field.is postulated for. 
the smallest diameter ratio configuration.

The experimental data for the cylinders were exam­
ined independently and showed that aspect ratio did have 
an effect on the average heat transfer coefficient. The 
smaller aspect ratios, for each diameter ratio produced 
higher average heat transfer coefficients. Heat transfer 
correlations were obtained for each cylinder as well as an 
overall heat transfer correlation for all of the cylinders. 
Temperature profiles were taken and were enlightening as ■ 
to the nature of the effect of aspect ratio and diameter 
ratio on the flow field. The larger aspect "ratios for all 
diameter ratios seemed to curtail the convective activity 
while the smaller aspect ratios for all diameter ratios 
seemed to promote convective, activity. .. A ' multicellular 
flow regime.is postulated for the smallest diameter ratio 
cylinder investigated.

' • '■ •' <



NOMENCLATURE

Characteristic physical dimensions; ex­
ponents in functional equations

Area

Constant

Constants in equation (4.9)

Fluid specific heat at constant pressure

Diameter; width of vertical enclosure

Base of natural logarithms (2.71828...); 
eccentricity

Voltage

Denotes function 

Denotes function
2Acceleration of gravity, 32.174 ft/sec

Length of straight cylindrical section

Convective heat transfer coefficient 
(average, defined as h = q^^/AAT)

Height of vertical plate; total height 
of cylinder

Electrical current

Inner body diameter

Fluid thermal conductivity

Equivalent thermal conductivity

Description
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Symbol .Description

k eff Effective thermal donductivity,
k /k = qL/4 irk (T . — . T ) r r .B £ r i 'O o i

I ■ Overall cylindrical length, I = H

L Distance between plates ? gap thickness, 
defined as L = (r^- r^); length of
vertical enclosure

N D • Characteristic physical dimension .ratio, 
a/b

N GRa
2 3 2Grashof number, p gg(T.- T )a /y , a is 

, replaced by any desired characteristic ,
dimension

n n u a
. Nusselt number, ha/k, a is replaced by 
any desired characteristic dimension

n n u * Modified'Nusselt number,
1W = - W 1 + L/ri>

^PR • Prandtl number, Cp lVk •

a .
2 3Rayleigh number, p gg(T.- T )a C /ykX o P

N RA* Modified Rayleigh number, 
P g g C T i - Tq )L CpZykri .

n ' " Exponent on functional notation equation

q •
" Heat transfer .rate, total energy supplied 
to inner body

q i Heat transfer rate., losses

qnet • Heat transfer rate ,, net , q . = ' q-q,'
net:. x

r ' ■ • • Radius to. a point between the . inner . and 
outer surfaces; dimensionless, radius

■ tatio,. r = (R - R q)/(Ro - R q) ■

R ; Radius to a point within the annulus
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Symbol Description

ravg
re

ro

R.i

Ro

T . I
TO
T

T am
Tvm
AT

Average radius, r = (r.+ r )/2avg i o
Reading on dial caliper used in 
equation (3.6)

Radius of inner body

Radius of outer sphere

Reference reading used in equation (3.6)

Mapped radius of inner sphere

Distance from center of the enclosing 
sphere to the surface of the inner body 
along a 0 = constant line

Mapped radius of outer sphere; radius of 
outer sphere as used in equation (3.7)

Temperature of inner body

Temperature of outer sphere

Temperature at some point between the 
inner body and the outer sphere

Arithmetic mean temperature

Volumetric mean temperature

Difference between inner body surface 
temperature, and outer sphere surface 
temperature, AT = (T^- Tq )

Defined by equation (A2.7)

U2 = “U 3
Defined by equation (A 2 .13)

Abscissa in w plane
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Symbol Description

V 3 . Defined by equation (A2.7)

V2 ■ V 2 = “V 3

V1 Defined by equation (A2.13)

Ve xp Value of experimental data

Veqn Value of equation

W 3 Defined by equation (A2.6)

W 2 Defined by equation (A2.ll)

W 1 w =  u. + iv. 1 1  I
W Defined by equation (A2.15)

X2 . Defined by equation (A2.4)

x I Defined by equation (A2.3)

x Defined by equation (A2.2)

X 1 Defined by equation (A2.1)

X . Independent.. variable used in equation 
(2.29) and defined as X = N r a EI-D^ZDq] . *

X l..-n . . Independent variable used in equation 
(4.9).

Y . ■' Dependent variable used in equation (4.9) 
defined by equation (A2.2)

y '

Z

Defined by equation (A2.1) 

Defined by equation (A2.9)

Ct . Thermal diffusivity, k/p C , .•Jr

* '
. Thermal expansion- coefficient ■

v . ■ / •

• . . V - .
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Symbol Description

r Dimensionless temperature ratio,
F = (T - T ) / (T . . — T ) O l O

V Dynamic viscosity of the fluid

$ Functional notation .

P Fluid density

ir Ratio of circumference of circle to 
diameter, 3.1415927 ...1

0 Angular displacement, measured from the 
. ■ upward vertical axis

a Deviation

6 Average percent deviation

n Inverse relative gap width, 2r%/(r^- r^)
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Symbol

am

F

H

i

I

L

m

o

H

S

um

vm

Subscripts 

Arithmetic mean 

Freon-11

Based on height of plate 

Inner body surface, at a point 

Denotes losses

Based on distance between plates
gap thickness (r - r .)o I
Mapped

Outer spherical surface

Inner radius

Stem

Unmapped 

Volume mean

Based on angular positione



CHAPTER I

INTRODUCTION.

During the past fifty years, technology has advanced 

far beyond all its previous years. This occurrence has 

fostered many problems and yielded some developments almost 

too awesome and spectacular to comprehend. During the same 

fifty year period considerable attention has been given to 

the phenomenon of natural convection heat transfer from a 

body to an infinite atmosphere. However, many of the ' 

natural convection problems confronting modern technology 

are those of a body and its finite enclosure, and only a

small amount of data exists for this case. Extrapolation
;

of these existing data to new configurations not.covered by 

the existing data has had to suffice for design criteria. 

Extrapolation is acceptable.only when adequate data are 

not available, and then should be used with extreme, 

caution.

Several papers dealing with natural convection to 

bodies within finite enclosures.have been ,published in 

recent years in an effort to. overcome the ,serious lack of 

data. These papers primarily deal with concentric cylin­

drical and spherical a n n u l i , a n d  the natural convection
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phenomena which occur within these geometries have been 

quite well defined for Prandtl number range 0.7 to 4148 and 

for a wide range of diameter ratios and Grashof numbers. 

Unfortunately, these data are not enough to characterize 

natural convection within the many geometry variations 

possible, even with these simple configurations. There 

exists a need to extend these concentric configurations to . 

ones with the inner body in an eccentric location an d , as 

a further extension, to completely change the internal 

body shape. Absolutely no knowledge of the resulting flow 

field, heat transfer, or temperature profiles which might 

be encountered as a result of these changes is available. 

The. existing data might be extrapolated in some manner to 

yield a prediction of these phenomena> but experimental 

verification attesting to its accuracy and effectiveness 

would be non-existent. Extrapolation of data to a differ­

ent case is quite dangerous and often produces disastrous 

results when used to establish design criteria.

It. might be - appropriate, to consider the. manners in

which,, a .heat .transfer prediction may be accurately made

for a selected geometry.. . The f irst attempt might, be. an, .

analytical solution of the..'governing equations and associa- 
. '■;■■■■ • ■- . ■ : : 

ted boundary conditions. It is immediately evident that
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due to the non-linearity of the governing equations, any 

analytical solution will be extremely difficult and m a y , 

as in the case of Mack and Hardee [I ], be severely limited 

in applicability as well as being quite difficult to em­

ploy. Numerical techniques can. also be utilized to effect 

a.solution, and attempts along these lines have been suc­

cessful in accurately predicting occurrences and trends for

simple geometries but are quite laborious and difficult to
•• '

employ. Therefore,' another method of dealing with the 

problem is considered -- an experimentally determined solu­

tion in the form of an empirical equation. .

The purpose of the current study, is to experimentally 

obtain information concerning natural convection heat • 

transfer between an eccentrically located sphere .and a . 

vertical cylinder and. their spherical enclosure; and to 

determine the temperature distributions that take place • 

within these two geometric configurations. . These new.data . 

should aid in extending the current data to include these 

two new configurations and perhaps yield the necessary in­

sight to. effect, a .correlation that will encompass more than, 

one geometry. .The temperature profiles to be taken will be 

helpful in describing the flow phenomena and the h e a t .trans 

fer that takes place within t h ese.t w o .configurations ... ■
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The basis for the current study will be the recent 

work of Scanlan, Bishop and Powe [2] for concentric 

spheres. This work presents several heat transfer correla 

tions —  one for each of the test fluids involved (air, 

water, Dow Corning 200 Fluid - 20 cs, and Dow Corning 200 

Fluid - 350 cs) and a single equation for all four 

fluids. The Dow Corning 200 fluids are silicone base 

fluids, and the 20 cs and 350 cs designations refer to the 

kinematic viscosity in centistokes at 25°C. An attempt 

will be made in the current investigation to correlate the 

experimentally obtained data with the data for the concen­

tric spherical case [2 ] whenever possible.

The overall goals of this study are thus:

(I) To obtain empirical relationships that will 

characterize the natural convection heat transfer taking 

place between the spherical enclosure and the inner body 

for a wide range of variation of the independent variables 

for the eccentric sphere configuration and the cylindrical 

inner body configuration. The eccentricity is defined as 

the vertical displacement of the horizontal centerline of 

the inner sphere, relative to that of the enclosing sphere. 

It may be.positive (upward) or negative but is confined to 

the vertical axis. The cylindrical inner body is defined
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as a right circular cylinder with hemispherical ends. A 

concentric location of this inner body is defined as the 

centroids of the inner body and the enclosing sphere being 

coincident and the longitudinal axis of the cylinder being 

coincident with the vertical axis of the enclosing sphere. 

The heat transfer, was measured for various eccentricities 

for a spherical body and for a concentrically located cy- . 

Iindrical body as a function of impressed temperature dif­

ferential .

(2) To obtain temperature distributions within the 

gap as the temperature., difference between the two bodies, 

is varied for a wide range of the independent variables.

(3) To correlate the current data with those current­

ly in existence [2 ] for the concentric spherical annuli.

The apparatus used to determine the heat transfer 

rates and the temperature profiles was constructed such 

that the independent variables included the temperatures of 

the two bodies; the size/ shape, and location of the inner 

body; and the test fluid.. The radial temperature profile 

can be determined at five angular locations starting with 

0° (upward vertical axis) and spaced at 40° increments.



CHAPTER.II

LITERATURE REVIEW

Considerable attention has been given to natural con­

vection heat transfer over the last fifty years. The area 

which has received the most attention has-been the case of 

convection from a body to its infinite surroundings. Other 

geometries that also received much attention were■horizon­

tal and vertical rectangular- enclosures. The most recent 

contributions have been relative to convection from bodies 

to their finite enclosures with the geometries most often 

considered being concentric cylindrical and spherical 

annuli. . '/

.For clarity the discussion is presented in three parts 

These are (I) horizontal and vertical rectangular enclo­

sures (parallel flat plates), (2) concentric cylindrical

annuli, and (3) concentric spherical annuli. The main 

topic- of interest is concentric spherical annuli. However, 

the other geometries are presented for completeness and to 

demonstrate similarities between natural convection phe­

nomena which occur in-the various geometries.

The case of. natural convection from a body to an in­

finite, atmosphere will not be treated since.this subject is
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quite adequately covered in standard textbook references. 

Jakob [3 ] and Grdber, E r k , and Grigull [4] present very 

complete and informative reviews on natural convection 

heat transfer from a body to an infinite atmosphere. They 

also treat very adequately the topic of convection within 

vertical and horizontal enclosed spaces. The reader is 

referred to these sources for the case of a body to an in­

finite atmosphere and for a complete list of pertinent 

references for this situation.

Natural convection heat transfer within enclosures 

will be the general topic covered, and specific attention 

will be given to natural convection from bodies to a fi­

nite. enclosure. In order to accomplish this , the intro­

duction of some terminology at this point might be helpful. 

The study of the natural convection process involves both 

fluid mechanics-, and heat transfer considerations. -This 

fact dictates that.any characteristic parameters which • 

describe the phenomena will be derived from a combination 

of these disciplines. The literature on natural convection 

generally agrees that the following dimensionless groups 

characterize the phenomena for finite ,enclosures: .
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N GR a

2 3p gATa g
2y

(2 .1)

NPR k (2 .2)

N D
a
b (2.3)

where "a" and "b" are characteristic dimensions, AT is a

suitably defined temperature difference, is called the
a

Grashof number based on "a", N r r  is the Prandtl number, 

and N^ is a dimensionless ratio of the characteristic di­

mensions. An additional dimensionless group, the Rayleigh 

number, N R^, is often used in place, of the Grashof number 

and is the product of the Prandtl and Grashof numbers:

fRA NPR * N GR. a a
g3a AT

ay (2.4)

When considering natural convection heat transfer 

within enclosures, the literature, in general, states 

that the heat transfer taking place can be determined in 

functional notation as

NU $ [NCR, ' a PR' n d ]f (2.5)



where
NNU a.

ha/k (2 .6)

This type of functional relationship can-easily be verified 

from an examination of the governing equations and the ap­

propriate boundary conditions.

'Jakob [3] and Grober, E r k , and Grigull [4] indicate 

that this functional relationship can take the final form

NU 1nGE 1W  " (2.7)

for natural convection from a body to an infinite atmos­

phere and for either laminar or turbulent flow. In this 

expression a n d .all subsequent expressions, the Nusselt 

number has the same characteristic dimension as the Grashof 

or Rayleigh number appearing in the expression. Therefore, 

the subscript, on Nusselt number will be deleted.in subse­

quent expressions .'(2.7). is indicative of.no explicit de­

pendence of the correlation on the aspect ratio. Here, 

aspect ratio would be defined as the ratio of characteris­

tic dimensions. Further> Jakob [3 ] and Grbber, E r k , and 

Grigull [4] define a pseudo thermal ..conductivity, -k .

first postulated by Beckman [3], which when combined in a 

ratio . with. the.. thermal conductivity of the fluid for pure
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conduction, describes the relative increase of heat trans­

fer due to convection. The k term may be described 

physically as the thermal conductivity necessary to conduct 

the same amount of heat as actually transferred by convec­

tion and conduction combined. Therefore, it is immediately 

seen that has a lower limit of I. The same dimen­

sionless variables and the same functional relationships

associated with Nusselt number hold for k _ /k and take theeff
functional form

$ [NGR' PR' n d ]. (2 .8)

HORIZONTAL-VERTICAL-RECTANGULAR ENCLOSURES ........

Now consider natural convection heat transfer between 

horizontal and vertical enclosures. Jakob [3] gives ex­

pressions, for .ihe at transfer based on the data of MulT and , 

Reiher which, for horizontal air layers reduced from the 

form of the equation (2 .6) to . ■

K ; - -; ' :. . ''Y v- - -  --'
=' 0.195 N t, 1/4 for IO4 < N < 4 x IO5 ■ (2.9)

' k ' g r L-. . , . GRL . •

and v / L- ' 

■ ■ ■
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0.068 N , 1/3 for N. > 4 x 10' (2 .10)

For air contained between vertical plates, Jakob. [3] gives 

the following■equations:

0.18 N . 1/4 H I 4 5-  for 2 x 10. < N < 2 x 10
L | “  GRl “

and 10.6 < —  < 42.2 ; (2 .11)

for 2 x 105 < N __ < 11 x 10^ —  GE —

and 10.6 < —  < 42.2 —  L (2 .12)

Here, H is the height of the plates and L is the distance 

between them. These expressions for both, horizontal and 

vertical enclosures were much simpler than those of Mull 

and ' Reiher . ■'

Globe and Dropkin [5] used "mercury, w a t e r , and sili­

cone fluids in studying heat transfer in liquids confined 

between horizontal plates heated - from below. The work 

covered large ranges of Prandtl number,. 0.02 to 8750, and
5 aRayleigh number, 1.51(10) to 6.76(10). .' They arrived at 

the. following correlation: . -
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Nh u  - 0.069 (Xm )1'3 (Hpr) 0 -074 . (2.13)

Here all properties are evaluated at the arithmetic mean 

temperature of the two plates, and Nusselt and Rayleigh 

number are based on the distance between the plates. An 

extension of this work was carried out by Dropkin arid 

Somerscales [6 ], They studied the heat transfer between 

parallel plates at various angles of inclination with the 

horizontal for the same fluids as Globe and Dropkin. Their 

findings were in agreement with those of Globe and Dropkin • 

[5], They had the same form of equation including expo­

nents on the Rayleigh and Prandtl numbers. The constant in 

front of the equation did, however, vary as a function of 

the angle of inclination from 0.069 for 0 = 0° to 0.049 

for Q = 90°. The Prandtl number range was 0.02 to 11,560
' 4 g

and the Rayleigh number range was 5 x 10 to 7.17 x 10 , 

which represents somewhat of an extension to the previous . 

investigation [5]. ' Landis [6 ],, in' commenting on the in­

vestigation of Dropkin and Sommersbales'[6.] , . stated that 

their results indicate the correctness of the conclusion 

that, for natural convection flows in enclosures,'Nusselt 

number correlations are particularly insensitive to geome­

try, boundary conditions, ,and.flow regimes. . Eckert and
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Carlson [7]utilized a Mach-Zender interferometer to in­

vestigate the flow and temperature profiles in a long ver­

tical rectangular duct for air. The heat transfer coeffi­

cients were then evaluated on the basis of the temperatures 

obtained. For the boundary layer region, they propose the 

following expression for an average Nusselt number based 

on the height of the plate:

»NU = 0 -119 ilW 0 "3 (2-14)

They further proposed another correlation based on the 

distance between the plates., This expression is

15)

Batchelor [8 ] carried out an analytical solution for 

the problem of vertical walls. He was able to predict 

temperature, ,and velocity profiles and, from these data, 

evaluate a Nusselt number. This work has been qualitative­

ly verified ,by Eckert and Carlson [7] and produced the 

following expression for the heat transfer for small to 

moderate. Rayleigh number, based on-distance between plates:

NNU = 0 -119 (HGR)
0.3 0.1

(2 .

. N L + I2X -A
NU D . ' 720 N r a  for N r a  < 3 x 10 , (2.16)

where y is a constant usually taken to be I . For large
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values of Rayleigh number,

NU 0.43 N 1/4
RA.

3/4
(2.17)

Batchelor also set up the mathematical mechanism by which 

subsequent analytical attempts to solve the governing equa­

tions and associated boundary conditions for other geome­

tries were made.

Foots [9] applied numerical techniques to the problem 

of vertical walls' with conducting connecting strips. His 

findings were in good agreement with both those of Jakob 

[3] and Batchelor [8 ], He found the heat transfer to be 

determined by

and

1NU = 1 + 5.08 x 10-8 2for N r a  < IO3 ,
L L.

"HU."' "-1 6 h GE 1 / W  “ ha VXi Xi

(2.18)

(2.19)

He also hypothesized that the expression for N r a  -v 10
' .. . L :

would probably hold for larger values of Rayleigh number.

This was demonstrated by Jakob . [3] who gives

hHU - 0 -18,H GE t 1/4(l
-8/9 4 5for 2 x 10 < N < 2 x 10

-  G R L- '
. . . . .  - . (2 .20 )

which is essentially the same expression except for the
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aspect ratio term.

Wilkes and Churchill [10] applied numerical techniques 

to a long rectangular channel with air as the enclosed 

fluid. Their results agreed well with those of Foots [9] 

but there was a discrepancy between the results and the 

equation reported by Jakob [3] and given previously. Their 

data [10] varied from 0 to 70% in excess of the values pre­

dicted by equation (2.20). The variation was attributed 

to the range of (H/L) used in determining equation (2.20) 

being considerably beyond the range of (H/L) used for the 

numerical solution.

Another numerical solution to the governing equations 

for closed vertical walls is that of Newell and Schmidt 

[11]. They found their results to be in good agreement 

with existing experimental data and gave the following 

relationships for heat transfer:;

NNU = 0.0547 N CR.L
0.397 for . = I (2 .21)

265

(2 .22)
3 5

Their, range of Grashof number was 4 x 10 to 1.4 x 10 .

Elder [12, 13] performed both experimental and numer­

ical. investigations of this problem. / He .did not, as did



Eckert and Carlson, determine any Nusselt number rela­

tionships from his data. He did, however, check his numer 

ical solution against both his experimental data and the 

data of Eckert and Carlson [7 ] for validity and found the 

numerical predictions to be comparable to the experimental 

Iy determined values. On the basis of his experimental 

study, he described various types of flow and temperature 

fields which are generally in agreement with those of 

other investigators.

CONCENTRIC CYLINDRICAL ANNULI .

Natural convection, heat transfer in concentric cylin­

drical annuli has received considerable attention in re­

cent years. This geometry has.been investigated for a 

wide range.of fluids, Grashof numbers, and diameter ratios 

It has been investigated analytically,, numerically, and, 

experimentally.

Beckman' [3] investigated this configuration in 1931 

for air, hydrogen, and carbon dioxide as the enclosed

fluids for diameter ratios (D / D .) of 1.2 to 8.I . .His• ' 0 .1
' ' . 7 ' ■Grastiof number ,range was 640 .to . 1.5 x 10 . He postulated 

an effective thermal conductivity as, a correlating implex 

ment. and, utilizing dimensional, analysis in conjunction
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with physical arguments, arrived at the functional re­

lationship

■ * [h g e ' n PE' (2.23)

Kraussold [3] in 1934 extended Beckman's data utiliz­

ing water and two kinds of oil. His experiments were car­

ried out for diameter ratios, (Dq /D^), of 1.2 to 3.0 and 

Prandtl numbers from 7 to 4000. He used the gap thickness 

L = (Dq - D^)/2, as the characteristic length and arrived 

at the following expressions for heat transfer:

k = I for N fl < IO3 , (2.24)© r.t . .-*'•**

k eff = 0.11 N r a  0,29 for 6.4 x IO3. < N r a  < IO6 , (2.25)

keff - 0.40 Hm '0:20 for IO6 < Nr& <■ IO8 . (2.26)
L L

Liu, Mueller, and Landis [14] performed an experiment 

al investigation: with five sets of concentric • tubes . con­

taining, air, water,.or one of two silicone fluids to ob­

tain a Prandtl number range, of 0.7 to 3672 . It was again 

found that the heat transfer could be correlated in terms 

of. kef _/k . The resulting expressions were
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k
0.278

(2.27)

where
L3.5 < log I .36+N < 8.0 for 0.25 < —  • < 3.25—  DPR

and 1
kQ f f—--  = 1.0 for log 'L < 3.0 (2.28)I.36+N PR

They also compared their data with those of Beckman and 

KraussoI d . Beckman's data were considerably higher than 

values predicted by their correlation. This was attributed 

to Beckman's failure to end insulate his apparatus. 

Kraussold's data', however, followed the general trend of 

the correlation b u t , on the average, was about 10% below 

the predicted values.

An experimental investigation relative to simple and 

obstructed annuli was performed by Lis [ 15 ] . His work 

covered a Rayleigh number range of 4 x 10^ to 4.7 x I O ^  

for diameter ratios from 2.0 to 4.0, with Prandtl number 

varying from 0.645 to 1.32. He found the relation given 

on the following page to correlate his data within ±12%.

The correlating expression for. simple annuli is



log
/keff
k I

0.0794 + 0.625 log X + 0.0154 (log X) 2

(2.29)

where X = [I - ^ - ] ^ ^ and is based on the in-
o

ner diameter. His data showed considerable discrepancy

from the predictions of Kraussold. This was attributed to

the possibility that the use of the gap thickness in eval

uating Rayleigh number did not entirely compensate for all

the geometrical effects as suggested by Kraussold.

Another■study, carried out at essentially the same

time, was that of Grigull, and Hauf '.[ 16 ] . They used a Mach

Zender interferometer to.make their measurements. Their

experimental data covered.a Grashof number, N , range
' GRL

from 320 to 716,000 at a Prandtl number of approximately 

0.7 (air) . The following equation, was presented for' the 

mean Nusselt number:

L . ... . L .

for 30,000 < N '< 716,000 ,—  GR,.. —- L

; and. 0.55 <_' L/D^ < 2.65 . . . . (2.30)

Their data were approximately 20% higher than the correla­

tion. of Liu, Mueller and Landis [ 14] , but’ did agree with
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those of Beckman and the predictions of Crawford and 

Lemlich [19].

Bishop [l7 ],. in a critique of the paper by Grigull 

and Hauf, utilized k^^^/k to obtain a simple correlating 

expression,

= .0.163 (Nq r  ) 0 *2578 for 5 x 103<_ N q r  <7.16 x IO5 , 
L L

and 0.32 < L / D . < 2.65 , (2.31)

which correlated their data to -7.42% to +10.2%. This rep­

resented an extension in the range of applicable Grashof • 

number and gap thickness to inner diameter ratio with the 

additional advantage of its being a simpler expression. .

.An analytical investigation for concentric cylinders 

was carried.out by Mack and Bishop [18]. . They utilized the. 

technique set forth by Batchelor [8] and expanded the 

stream function and temperature in infinite series of pow- . 

ers of the Rayleigh number. They obtained the first.'three, 

terms of the series for both t h e .stream function and tem­

perature. The solution, however, involves a large number 

of constants which must be determined sequentially. Utili­

zing the temperature and stream function solutions, they 

determined local, and overall heat transfer in terms of
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appropriate Nusselt numbers. Due to the fact that only the 

first three terms for both stream function and the temper­

ature were obtained, the solution is necessarily limited 

to low values of Rayleigh number.

Numerical methods have also been applied to this prob­

lem by three investigators, [19], [20 ]., and [21].. Crawford

and Lemlich [19] utilized finite difference techniques in 

conjunction with a Gauss-Seidel iterative procedure to ef­

fect a solution to the concentric cylindrical case. They 

calculated both local and overall heat transfer effects 

through evaluation of the local and overall Nusselt number. 

Comparison^ of their data was made with those of Liu, Mueller 

and Landis [14] and those of Beckman [3]. The agreement was 

fair for . the data of L i u , et_ al_, and within the scatter of . 

the experimental data.on which their correlations are 

based. The comparison with .Beckman is much better.. There­

fore, quantitative as well a s .qualitative credibility has , 

been established for this numerical,m o d e l .

Abbott [20] also carried out a numerical solution to 

this problem utilizing iterative techniques requiring m a ­

trix inversions and multiplication,and his results compared 

quite well with the. work of Crawford, and Lemlich [19]. The 

matrix method was found to converge.faster than the finite
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difference technique for N g r  (L/r\) less than 6 x 10 to 
6 I*2 x 10 . No definite value of the limit was established.

The latest numerical solution to this problem is that 

of Powe, Carley, and Carruth [21]. Their work is for air 

(Nr r  rX, 0.7) and utilizes finite difference techniques to 

obtain a solution. The main concern of the effort was to 

numerically predict values of velocity, temperature, stream 

function, and Nusselt number near Rayleigh numbers where 

the flow will go from a steady condition into an unsteady 

condition for a wide range of inverse relative gap width 

ri, (2.8 - 12.5). The existence of an unsteady condition 

was quite well documented, [14], [16], [17], [22], and

[23]. The existing experimental data had been correlated 

to provide some insight to conditions for onset of the un­

steady condition, but the data were sparse enough so that 

a well defined curve was not possible.

Powe, Carley, and Carruth [21] compared their results 

with the existing data and were reasonably successful in 

their attempts. They observed that the onset or existence 

of an unsteady condition did not noticeably affect the 

Nusselt number for any of the inverse relative gap widths 

considered. Temperature and velocity profiles were affect­

ed in accordance with the inverse relative gap thickness ,
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i.e., for larger inverse relative gap widths, there was 

a pronounced increase in the magnitude of the velocity 

components/and a distortion in the temperature profile was 

also noted for Rayleigh numbers above the value where the 

unsteady condition occurs.
I _ '

CONCENTRIC SPHERICAL ANNULI

Heat. Transfer

Until 1964, no experimental data existed for. concen­

tric spherical annuli. Since that time five investigations 

have been carried out [24],, [25], [26], [27], and [ 2 ] .

The first investigation was carried out by Bishop [24]
4

for air (Np ^ 0.7) and a Grashof number range of 2 x 10 
'6to. 3.6 x 10 . Four inner spheres were utilized to provide

diameter ratios of 1.25, 1.67, 2.00, and 2.50. Four sep­

arate correlations were determined —  one for each gap 

thickness to inner diameter ratio. These, correlations are 

all based on gap thickness as.the characteristic dimension 

and are • V'

Nn u = 0.662 (NGR)0 *2 1 7 for 2 x IO51  N q r  < 3.6 x IQ6 ,

• and ^  = 0 . 7 5 0  ; (2.32)D .



Niarr = 0.1714 (N ) 0 *291 for 3.8 x 105< N < 2 x IO6 NU GR ' —  GR —
T

and -  = 0.500 ; (2.33)

Hn d  - 0.068 (Hgr)0 '348 for 2.3 X 105< H q r  < I X IO6
Land -  = 0.333 ; (2.34)

0 235 4 5»NU = °'205 (Ngg,) ' f°r 2 x 10 < < 1.2 * 1 0

and = 0.125 . (2.35)

All properties in these and all subsequently appearing 

equations are evaluated at a volume weighted mean temper­

ature defined as

24

Tvm [ (ravg 3 - ri3)Ti + <ro3 - ravg3>To]/(ro3- rI3
(2.35)

These, correlations fit the data very well with the largest 

deviation being 8.2% and the average.being approximately 

5%. He also determined a single correlation equation

Nh d - ..Oii2 .s.««£;Dp  ';- • b.SOS
for 0.333 < L/D. < 0 . 7 5 0

: and 2 x IO5 < < 3.6 x IO6 . (2.37). —  GR —
This expression correlates,all his data within the range
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of deviations -9.3% to 7.7%.. This correlating equation, 

while yielding very acceptable results well within the 

range of anticipated experimental accuracy, is quite for­

midable in its appearance. Therefore, a more attractive 

form was attempted:

. NNU a (h g r » D.1 I
The expression of this form obtained was

(2.38)

*NU = °':32 ( N ^  ,O'=? (L/Di/'SZ ,
L

for 0.333 < (L/D.) < 0 . 7 5 0
C z-

and 2 x 10 < < 3.6 x 10 . (2.39)—  GR —

His data deviated from this expression by -12.7% to +14.6% 

The use of an equation with fewer empirical constants is 

quite desirable and a very accepted practice when the loss 

in accuracy is seen to be small. -

Bishop, Mack, and Scanlan [25] utilized the work.of 

Bishop [24] to attempt a different correlating technique. 

They defined.an effective thermal.conductivity,.as sug­

gested by Beckman [3 ], by means of the expression

k.
qnet.L '

4 irk. AT r . r x 0
(2.40)
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and further showed that k __/k can be written in terms ofe f f
Nusselt number based on L as

NNU
(I + ~ >

r

= NNU*

Then a correlation of the form

(2.41)

NU* 1h GE1
(2.42)

was attempted. This type of equation has been seen in 

many previous discussions and indeed is sometimes quite 

successful as a correlation means. The resulting equation 

was

n NU* = 0 -106 (NGR >0 '276 for °-25 I  77 I  1.50 ,
Ii i

and 2 x IO4 £  N q r  £  3.6 x  IO6 , (2.43)

with a range of deviation of -13.4% to 15.5%. This equa­

tion presents, a significant simplification over the pre- . 

vious one given by Bishop [24].

An analytical solution to the problem was carried out 

by Mack and Hardee [l]\ in' much the same manner as that of 

Mack and Bishop [18] for concentric cylinders. They took 

the curl of the. Navier-Stokes equations, which eliminates 

the pressure terms, and then introduced the stream function
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immediately, satisfying the continuity equation. This left 

them with two equations to be solved, the vorticity equa­

tion and the energy equation, both in terms of stream 

function and -temperature. The stream function and the 

temperature, the dependent variables, were expanded in an 

infinite series of Rayleigh numbers and the first three 

terms for both the stream function expansion and the temper 

ature expansion were obtained, along with a large number 

of constants to be determined sequentially.

Due to the fact that only the first few terms were 

obtained, the solution is necessarily limited to low values 

of Rayleigh number. Their highest value of Rayleigh number 

was considerably below the lowest value obtained experi­

mentally by Bishop, et al [25]. Even though direct com­

parison. with experimental data was not possible, it was 

determined that the predictive trends were in the right 

direction, and therefore, qualitatively, the model is cor­

rect. To extend the applicable Rayleigh number range,. ', 

more terms of the series.must be obtained,and obtaining 

more terms of the series presents quite a laborious task.

The most recent study is that of Scanlan, Bishop, and . 

Powe [2], . They extended the existing data of Bishop [24], 

'■(N .0.7) , to include Prandtl. numbers up to approximately



4148 by using water and two silicone fluids. The appli­

cable range of Rayleigh number based on L was 1.3 x IO^
8to 5.8 x 10 with diameter ratios ranging from 1.09 to 

2.81. They obtained a k ^ ^ / k  versus Rayleigh number cor­

relation for each fluid, including air from Bishop's data, 

and then one for all' four fluids combined. Utilizing 

k^^^/k as previously defined by Bishop,'Mack and Scanlan 

[25], the correlation equations determined were

K

—^-£-£ = 0.117 N RA 0 ‘276 for 1.4 x 104< N '< 2.5 x IO*
L

and N. 0.7, (2.44)

= 0.033 N r a  °-328 for 2.4 x 10 4< N r a  < 5 . 4  x IO8 
L L . -

and 4.7. < N_'- < 1 2 . 1  , ■ . (2.45)PR

.. . . • ' . , ‘ ■ . ■ ■ '

= 0-. 031. N _° *353 for 2.4 x 104< N n7l < 9.7 x IO7 k RA RA,

and 148 < NpR < 336 , 1 (2.46)

- | ^ - =  0.056 Nra0 *330 for 1.3 x 103< N r a  < 5.6 x IO6
■ L

. and .1954; < N nn < 4148'. PR . (2.47)



The equation that was determined for all fluids is based 

on a modified Rayleigh number which is the usual Rayleigh 

number multiplied by L / r ^ . The equation given is

= 0.228 N ra*0 ,226 for 1.2 x 102< N ra* < 1.1 x IO9 

and 0.7 < N r r  < 4148 . (2.48)

These equations will therefore form the basis of com­

parison for the concentric and eccentric data.

Temperature Profiles l

The discussion of the temperature profiles that exist 

within an enclosure during the process of natural convec­

tion will be limited in this section to those occurring 

within concentric spherical annuli.. Temperature .profiles 

for this configuration have been obtained both analytically 

and experimentally by a number of investigators, [24], [25]

[2 ] , .and [I ]. . The experimentally determined profiles [24] 

have been utilized to check the validity of. the analytical 

model, thereby establishing the credibility of the proposed 

model [l], at.least■qualitatively.

The firsts temperature profiles for the concentric 

spherical case were measured by Bishop [24] utilizing air 

as his test fluid. The: temperature profiles were obtained
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for selected temperature differences and angular positions 

for each of five diameter ratios. He found that all of the 

temperature profiles were quite similar in form except for 

the smallest L/r^ value whose temperature profiles were 

similar in form,but the ordering of the profiles was dif­

ferent. This fact was further emphasized when he examined 

the effect of impressed temperature difference on the tem­

perature profile for three angular positions, 0°, 80°,

120°. The temperature profiles for these angular positions 

were found to be essentially independent -of the impressed 

temperature, difference for any given diameter ratio.

Bishop plotted his data in terms of dimensionless radius 

and temperature ratios which were defined as

. r - r .

ro“ ri
and :

T - T
T . - Ti o

(2.49)

All temperature profiles exhibited the same characteristics 

and could be divided into five separate•r e g i o n s I) a very 

steep drop at the inner wall, .2) a gently curved inner 

sphere transition region, 3) a region of nominal slope,

4) a gently curved outer sphere transition region, arid

5) a very steep drop at the outer wall. ■ T h e 'steep drops at

the inner and outer walls are. attributable to the high 

rate of radial heat transmission. This condition is cer-
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tainly due to the high velocities in the neighborhood of 

the walls. The transition regions are the physical join­

ing of these steep drop areas to the low velocity central 

region. The central core would then be expected to have 

a shallow slope due to the low velocity.

These same general observations were made by Bishop, 

Mack, and Scanlan [25] for air as the test fluid. ' They 

describe five regions for temperature profile. They noted 

that the region immediately adjacent to the inner sphere 

has a much higher temperature gradient than does the re­

gion adjacent to the outer sphere. One reason offered for 

this is that the velocity immediately adjacent to the in­

ner sphere is. much greater than the velocity at the outer 

sphere .•

It was also noted that for a gap to radius ratio,

L/r^, of 0.25 the temperature profiles did behave in a 

like manner to those just described but the profiles were 

ordered differently. The behavior of these temperature 

profiles could not be explained in terms of visually, ob­

served flow patterns for values .of L/r^ of 0.19 and 0.37. 

This fact led to the postulation of a bicellular flow.pat­

tern in an ef fort to explain these anomalies in the tern- . 

perature profile associated with this. case. The bicellular
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hypothesis was later re-evaluated to possibly be.a multi­

cellular flow condition by Scanlan, Bishop, and Powe [2], 

They combined the. previous work of Bishop [24 ] with their 

results for water and two silicone fluids. Their results 

indicated the existence of a temperature inversion for a 

variety of test conditions. The inversion was attributed 

to the high rate of angular convection of heat relative to 

radial transport, a condition quite possible at moderate to 

high temperature differences. Diameter ratios that were 

different in magnitude to any previously used were utilized 

thereby expanding the range of applicable diameter ratio. 

The multicellular structure was hypothesized relative to

the smallest gap to radius ratio, (L/r. = 0.09). A large
1

cell extending from the lower vertical axis to thie upper ' 

region of. the annulus and an arbitrary odd number of smal­

ler cells filling the remaind e r .of the annulus were postu- . 

Iated. It was further noticed that the size of the large 

cell apparently decreases in magnitude with increasing 

Prandtl number.

Mack and Hardee [I ] also determined temperature pro­

files using their, analytical model which has. previously 

been discussed. They attempted to compare, their results 

with the experimental results of .Bishop, et al [25 ] . A

3 2
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direct comparison could not be made due’ to a difference in 

Rayleigh number for each study. The highest. Rayleigh num­

ber for which the expression was analytically valid was 

well below the lowest Rayleigh number experimentally ob­

tained [25]. However, general trends were noted and com­

pared. It was determined that the same ordering of the 

profiles relative to angular position was obtained. The 

large drops at both walls were not duplicated which could 

be due to the difference in Rayleigh numbers compared. The 

analytical model does, however, reproduce general trends 

observed experimentally, and therefore, the model can be 

said to have qualitative substantiation. As yet no ex­

perimental data- are available, at low enough Rayleigh num­

bers, to effect a direct comparison. • ; '

The preceding discussion on the available literature 

points out the lack of data for.natural convection heat 

transfer between a body and its finite enclosure. , The pur­

pose of-the current study was to experimentally obtain ad­

ditional information covering natural convection heat 

transfer between an eccentrically located sphere and a 

concentrically located cylinder arid their spherical en­

closure, and to determine the temperature distributions 

that exist as a, result, of the induced temperature differ-
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ence within these two configurations



CHAPTER III

EXPERIMENTAL APPARATUS AND PROCEDURE 

EXPERIMENTAL APPARATUS

The heat transfer apparatus, Figure 3.1, consisted of 

either spherical or cylindrical inner bodies, an enclosing 

sphere, and a spherical water jacket. . The spherical inner 

bodies combined with the enclosing sphere to yield values 

for L/r^ (relative gap thickness) of 0.09, 0.40, .0.79 and 

1.18 with inner spheres of 9.00, 7.00, 5.50, and 4.50 inch, 

diameters respectively. The cylindrical inner bodies had . 

dimensions as shown in.Table 3.1. The aspect ratio was. 

defined as the ratio . of cylindrical length to diameter.

All of the inner bodies were fabricated from copper with 

an approximate thickness.of 0.025 inches. The, enclosing 

sphere was fabricated from 0.125 inch stainless steel 

hemispheres with an inner diameter of 9.828 inches.

The inner bodies were supported in the outer sphere by 

. a stainless steel stem 0.50 finches in diameter and. having 

a wall thickness of 0.065 inches. The stem was insulated 

on its lateral surface. The. stem, in addition to providing 

. support for. the sphere, served as a support for electrical 

'. disk heaters and as a transfer tube for the power leads, ■.
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Figure 3.1. Heat transfer apparatus
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TABLE 3.1

DIMENSIONS OF CYLINDRICAL BODIES

DIAMETER
D

(IN)

CYLINDRICAL 
LENGTH • •

h
(IN)

OVERALL
LENGTH

I
(IN)

. ASPECT 
RATIO 

h
ri

■3.50 5.50. 9,00 1.57
2.75 . 6.75 0.786 ,

. 4.50 4.50 9.00 1.0
2.25 6.75 0.50

5.50 3.50 9.0.0 0.636
1.75 7.25 0.318

7.00 2.00 9.00 0.286
1.00 ' 8.00 0.143

OO 9.38 9.38 0.042



thermocouples, and liquid Freon-11. A constant tempera­

ture on the inner body surface was achieved by condensing 

Freon-11 vapor on the inner surface of the inner body.

The saturation conditions of the Freon-11 were varied by 

changing the power input levels to electrical disk heaters 

contained within the body and located below the level of 

the Freon-11 liquid. The level of the Freon-11 liquid 

was controlled to some degree by a small stainless steel 

tube which acted as both a stand-pipe for venting during 

Freon-11 charging and as a means of measuring pressure 

within the inner body. The actual Freon-11 level within 

the body.could be varied to some degree as,a function of 

the ambient temperature and pressure within the body and ' 

the static head available from the Freon-11 reservoir. 

Figure 3.2 shows a typical arrangement of heaters,, thermo­

couples, power leads, etc., within the sphere. A similar 

configuration was utilized on the cylinders. Figure 3.3. 

The number of heaters and their actual position, however, . 

was a function of the size of the cylinder or sphere and, 

therefore, space available within the cylinder or sphere.

The surface temperature of the inner sphere was mon­

itored by means of thermocouples placed in the seams of . 

the two hemispheres prior to final assembly. Copper-con-.
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Figure 3.2. Interior of inner sphere.
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Figure 3.3. Interior of inner cylinder.
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stantan thermocouples were utilized to monitor all temper­

atures . The surface temperatures of the cylinders were 

also monitored by means of thermocouples placed .in both of 

the hemispherical seams and the vertical seam of the cylin­

drical section. The number of thermocouples within a cy­

linder was a function of its size and ranged from five to 

eight in number.

The outer (enclosing) sphere consisted of two stain­

less steel hemispheres which were joined together by an 

external flange. The flanged joint was sealed with an 

0-ring and held together with a flexible band to facili­

tate disassembly for changing of the inner body. The • ■ 

outer sphere was. supported within-the water jacket by a. 

stainless steel spacer which was attached by screws to 

permit removal from the water jacket.

The water jacket was similar in design to the outer 

sphere.in that it was fabricated from two stainless steel 

hemispheres which were joined together with, an external 

flange and sealed with an O-ring. The hemispheres were 

14 inches in diameter. The external flanges were held to­

gether by a flexible band to facilitate disassembly of the 

apparatus. The water which- maintained the outer sphere at.

a constant temperature was introduced to the base and
■ - • ■ • . ■ . . .
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withdrawn from the top through a manifold system. The

water utilized to maintain the enclosing sphere at a 

constant temperature was contained within a closed system 

Which included a reservoir, pump , and two chillers. .

The inner sphere support tube passed through the 

enclosing sphere, and the water jacket through 0 -ring seals 

and was connected to a small stainless steel reservoir.

The reservoir allowed the emergence of power leads, thermo 

couples, standpipe, etc., through Conax fittings to pro­

vide leak-proof integrity of the system. The reservoir 

also housed the Freon-11 fill port. The reservoir rested 

on a threaded lead screw that, allowed vertical positioning 

of the inner body. A stylus was also located on the re- ■ 

servoir as the. position reference. A scale was located 

beside the reservoir so that the inner body could be ac­

curately positioned vertically . relative to the enclosing 

sphere at some predetermined location.

The thermocouple probes which were used to obtain the 

temperature profile data were fabricated from 24 gauge 

copper and constantan wires and inserted in 15- gauge fully 

hardened stainless steel hypodermic tubing arid filled 

with epoxy cement around.the wires to form a leak free

pro b e . All thermocouple junctions, were, of the exposed
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type. Each probe extended through the spherical water 

jacket and enclosing sphere and was long enough to tra­

verse all the way to the inner body regardless of its lo­

cation relative to the geometric center of the enclosing 

sphere. Movement and position of the probe was monitored 

by a specially modified dial caliper graduated in thou­

sandths of an inch. 0-rings and special fittings located 

at each sphere surface were used to seal around the probes 

The probes were positioned at 40° increments starting at 

0 ° (upward vertical axis) and extending to 160° for a to­

tal of five probe positions. The probes were placed in 

only one vertical plane, based on previous work [24] which 

indicated the presence of axisymmetric temperature pro­

files for stable flow patterns. .
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EXPERIMENTAL PROCEDURE

The desired inner body was selected and placed within 

the apparatus. AlI physical connections, such as plumbing 

electrical power, and thermocouple leads > were m a d e . The 

enclosing sphere and the spherical water jacket were in­

stalled and secured. The bottom four thermocouple probes 

were inserted, in their respective locations, and a hollow

tube was inserted in the zero degree location. The hollow
:tube was inserted just far enough into the enclosing 

sphere such that the annulus could be completely filled. 

The test fluid transfer tube was installed, and the reser­

voir containing the test fluid was placed on a shelf con­

siderably above the apparatus, such that the annulus would 

fill via gravity flow. The zero degree thermocouple was 

then inserted into position after test fluid was physical­

ly spewing out of the hollow hypodermic tube. The•Frepn- 

11 fill and vent valves were then opened and the inner 

body was allowed to fill until a steady stream of Freon- 

11 was present in the vent line. Freon-11 flow was then; 

terminated by securing the fill and vent valves.

. The inner body was then placed in the desired loca­

tion. This was accomplished by using the stylus located 

on the reservoir and adjacent, scale. The. inner body was
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lowered and raised to its extreme upper and lower loca­

tions , where the inner body physically hit the enclosing 

sphere, and the scale readings recorded. For central or 

concentric locations, the inner body was placed at a

position one half the difference between the two readings
■

noted on the scale. For eccentric locations (spherical 

inner body), the predetermined location was accordingly 

s e t . These locations were ±0.251,, ±0.51,, and ±0.751,, 

where L (gap thickness) is.equal to one half of the dif­

ference of the two recorded scale readings for the ex- . 

treme locations.

The system was then ready for operation. This was 

initiated by energizing both the D .C . power supply, to the 

desired power level, and the chilling unit. The system 

was allowed to reach thermal equilibrium prior to record­

ing data.

Upon reaching the condition, of thermal equilibrium 

the following data were recorded:

. " (a) ..Inner-body surface temperatures:

(b) Heater voltage and current

(c) •. Inlet water temperature

' . .(d) Outlet water temperature

/(e) ' Run number
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These data-constituted those.necessary to determine the 

desired heat transfer results.

Temperature profiles were taken at selected tempera­

ture differences (low, intermediate, and high) . ' A tem­

perature profile was obtained in the following manner.

The temperature probe was located on the inner body. This 

was ascertained, by observing electrical continuity between 

the temperature probe and the inner body on an ohm meter. 

The temperature probe was then withdrawn in small, incre­

ments and the temperature measured, thereby determining 

the temperature as a function of radial position. Each of 

the five probes was set bn the inner sphere and withdrawn 

incrementally and individually.in this manner. The incre­

mental withdrawal was made utilizing a specially modified 

dial caliper capable of measuring 0.001 inch increments. 

The temperature probes were constructed to be very stiff ■ 

in an effort to resist bending in.the presence of the in­

ternal flow or upon striking the inner b o d y . Heat trans­

fer data as previously described were taken immediately 

before and immediately after each traverse to aid in de­

termining any variation in temperature conditions for the 

inner body and enclosing.sphere existing during the tem- 

.perature traverse. The normal variation was less than
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1°F for the high temperature difference runs and less than 

a quarter of a degree F for the low temperature difference 

runs. The thermocouple probes, when not being used, were 

withdrawn to the surface of the enclosing sphere and there 

fore did not interfere with the reading taken during a 

traverse.

A data reduction program, written for the Sigma 7 

Xerox Data Systems digital computer, was utilized to re­

duce the raw data and return the data in the desired form 

for further treatment as required or desired. A complete 

listing- of this computer program is found in Appendix I. . 

The previously mentioned experimental data for the estab­

lishment of the heat transfer rate were then converted 

within the computer program to the proper form for the 

determination of the heat transfer.. The geometric and ' 

other physical variables affecting the heat transfer were 

pre-established for any given series of heat transfer runs 

These were the experimental fluid, diameter of the inner, 

sphere or cylinder,. diameter -of the outer sphere (always 

the same constant.value) , eccentricity■ (spherical geome- .
.,W ‘ ■ ' - ■
try) , and. the length of the . cylinder.

■ All of. the thermocouple data were converted from 

millivolt readings to degrees Fahrenheit by the data re­
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duction program. These temperature data were then util­

ized in the following manner. The inlet and outlet water 

temperatures were arithmetically averaged and became the 

temperature of the outer sphere. The variation in the in­

let and outlet water temperatures was normally less than 

0.5°F . The inner-body surface temperatures were averaged 

and became the inner-body temperature. The normal varia­

tion in the inner-body temperatures was less than 1°F for 

the spheres' and approximately 10% of the temperature dif­

ference (T .- T ) for the cylinders. The inner-body tem- i o
perature was always larger than the outer-sphere temper­

ature and the difference, between the two is the tempera­

ture difference that is the driving potential for heat 

transfer. The treatment of the experimental data involved 

the evaluation of thermal and physical properties of.the 

experimental fluids which, had to be evaluated at some 

suitable reference condition. Previous experimental ef­

forts, [24], [2],, have indicated that such a reference is .,

satisfactorily yielded by a volume mean temperature, T r 

which is defined by equation (2.36). as

: To1; - «3.i ,
vn i3 >.
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This is physically interpreted as the average tem­

perature obtained by treating the fluid from the outer 

wall to the midpoint of the fluid annulus as being at the 

temperature of the outer- wall and that from the midpoint 

of the fluid annulus to the inner wall as being at the 

temperature of the inner w a l l . This relationship and de­

finition were employed herein. An additional reference 

temperature was also employed. This was an arithmetic 

mean temperature defined as

Tam
T . + Tx_____o

2 (3.2)

The required thermal and physical properties are 

evaluated at the previously discussed volume weighted mean 

and arithmetic mean temperatures in function subprograms. 

These function subprograms. also involved expressions, that 

represent a best fit of the property data for the specific 

fluid. In the case of the two silicone, fluids, the pro­

perty data for the curve fit were supplied by the manu­

facturer . The water data were taken from published in­

formation.

• The heater voltage and current were utilized to ob­

tain the total amount of energy supplied to the inner body 

through the following relationship:
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q = EI . (3.3)

This heat transfer quantity was then corrected for losses. 

Since the fluids utilized are opaque to radiation, a cor­

rection for radiation loss was not required. Therefore, 

the only losses considered are the heat losses from the 

support stem. The lateral surface of the stem was insu­

lated, and, therefore, convective losses from this surface 

were minimal and were not considered. The heat loss that 

was considered and subsequently deducted from the heat in­

put to the system was that of conduction down the stem. 

This was arrived at in the following manner. The product 

of thermal conductivity of the stem and the Freon-11 and 

their respective areas were utilized in the one-dimension­

al steady-state Fourier conduction equation,

(Ksas + k Fr F1
L - -AT (3.4)

with the gap thickness as the material thickness and the 

temperature difference (inner body to outer body) as the 

driving potential. The difference between the total amount 

of energy supplied to the inner body and this heat loss 

quantity was taken to be the net heat transfer from the 

inner body to the enclosing sphere. The average natural 

convection heat transfer coefficient at the inner surface
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was then evaluated utilizing the net heat transfer, the 

driving potential, and the surface area of the inner body 

in Newton's law of cooling which is

h ^net
AAT (3.5)

The inner body surface was utilized in equation (3.5) from 

a purely arbitrary point of v i e w . The fact that the hA 

product , is a constant immediately allows the evaluation 

of the average heat transfer coefficient at the outer 

surface, once the inner one is known, since both areas 

are known.

Temperature Distribution Data
The experimental data for the temperature distribu­

tion within the annulus were taken at five angular posi­

tions (0°, 40°, 80°, 120°, and 160°) as a. function of 

radial position within the annulus. AlI of these data 

were in the form of millivolt readings' for specified posi­

tions. These data were input to a digital computer pro­

gram written, for the Sigma 7. A complete listing of this 

■program arid attendant subroutines is found in Appendix I.

■ Inlet . and outlet water temperature's- and surface tem­

peratures. , taken immediately preceding.and after.each 

probe traverse, were treated within the program to estab-
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Iish average values of the inner and outer wall tempera­

tures during that particular probing. The same function 

subprogram employed in the heat transfer data reduction 

program for the establishment of temperatures was utilized 

to establish the temperatures from the recorded millivolt 

readings for all temperature data taken during an entire 

temperature profile r u n . The temperatures and correspond­

ing radial positions were subscripted variables in the 

data reduction program so that they could be stored and 

specifically called for as required.

The actual radial position of any given point was 

determined in the following manner. The outer body was 

. used as the reference datum. The radial distance from 

the outer body to the inner body as a function of inner- 

body diameter and eccentricity (spheres) had been pre­

determined geometrically. , The value - indicated on the,

; - dial caliper with the probe totally withdrawn to the wall 

of the outer body was recorded as the reference value., 

rre^ , Usually some convenient value, such as 0.000 or in 

some cases 1 .000, was selected. , The diameters of the 

beads oh the end of the thermocouple were measured and 

determined to,be.0^020 inches. The radial position was 

determined by the program.utilizing the following equation
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R = R  - ( r - r  _) + 0.020 o e ref (3.6).

where R = the radius, R = radius of the outer body, r =o e
reading on dial caliper, and ^re^ = reference value. The 

radial position of the inner body surface relative to the 

center of the enclosing body at each of the five angular 

probe positions was also determined within the program. 

This allowed the construction of a dimensionless radius, 

according to the expression

(3.7)

which ranges from 0 to I in magnitude. R is the radius 

at some intermediate point within the annulus, Rg is the 

distance of the inner body surface from the geometric 

center of the enclosing body at a given angular location 

( 0 = constant) , and R is the radius, of the outer b o d y .O
Dimensionless, temperatures.were also constructed 

according to the expression

(3.8)

where T is the recorded temperature at some given point, 

and T^ a n d :T . are the temperatures of the inner body and
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outer body, respectively. These data, along with the act 

ual radius and temperature at a point, were output, for 

each radius and temperature recorded.



CHAPTER IV

DISCUSSION OF RESULTS

This chapter, is presented in sections, one for the 

discussion of the experimental results for the eccentric 

spheres, and one ■ for. the discussion of the experimental . 

results for the concentric cylinders. These sections in­

volve the comparison of the results of that particular 

geometry with the existing empirical correlations for heat 

transfer in the concentric sphere case whenever possible . 

In addition, since the raw experimental data for the con­

centric sphere configuration are available, these data 

and the data for the eccentric sphere are combined to 

gain an overall correlation that involves more than one 

physical configuration.

Each of the sections for the eccentric spheres and 

concentric cylinder bodies treats the temperature distri-

ECCENTRIC SPHERES

H e a t T r a n s f e r D a t a "" '' , ,...

.. One of the goals of the study was to . determine the 

effects, of eccentricity on the. heat transfer. This was
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the reason for selecting six eccentric positions for each- 

sphere, which are indicated in Table 4.1. The eccentric 

experimental data were reduced in terms of the arithmetic 

mean temperature, equation (3.2), and the actual inner 

sphere radius. The experimental data for each sphere and 

fluid for all eccentricities were treated individually in 

an effort to emphasize the effects, if. any, of eccentri­

city on the heat transfer coefficient. The data were com­

pared by plotting Nusselt number versus Grashof number, 

both being based on the radius of the inner sphere. Cer­

tain behavior was apparent, and all the data for each 

sphere and fluid exhibited the same general trends, which is 

depicted by Figures 4.1 and 4.2. Here, each eccentricity 

is represented by a different symbol as noted in the in­

dividual figures. A close check o f ■the data on a much 

enlarged graphical scale, showed that there is an 11 per- . 

cent spread between the ±0.75 eccentricities on Figure 

4.2 and an 18 percent spread between them in Figure 4.1.

The average error due to the experimental apparatus was 

determined to be approximately 13. percent. Therefore, 

spreads of these- magnitudes within, the data is conceiv­

able. The data for the negative eccentricities were 

noted.to always be higher than the data for the positive .



TABLE 4.1

PERTINENT MAPPED DIMENSIONS AND PARAMETERS

ID (ACTUAL) ID (MAPPED) LZri (MAPPED) ECCENTRICITY ECCENTRICITY
' (IN) (IN) (IN)

9.00 9.27 / 0.06 ±0.31 ±0.75L
9.11 0.08 ±0.21 ±0.5L
9.0 2 0.09 ±0.10 ±0.25L

7,00 .. 7.86 0.2 5 ±1.06 ±0 .75L
7.3 2 0.3 4 ±0.71 ±0.5 L
7.08 0.39 ±0.35 ±0.25L

: 5.50 ' 6.67 0.47 ±1.62 ± 0 .75L
. 5.94 . 0 .6.6 ±1.08 ±0.5L

5.60 0.76 ■ . ±0.54 ±0.2 5L

4.50 ' 5.82 .. 0.69 . ±2.00 ±0.75L
. ' 4.98 0.98 ±1.33 ±0,5L

4.61 . 1.13 ±0.67 ± 0 .25L
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Figure 4.1. Eccentric sphere heat transfer data for the 9.00 inch
sphere, 350 cs fluid and all eccentricities.
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Figure 4.2. Eccentric sphere heat transfer data for the 4.50 inch 
sphere, 350 cs fluid and all eccentricities.
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eccentricity of the same magnitude. The ±0.75 eccentri­

city data were always higher in magnitude than the data 

of their associated ±0.50 and ±0.25 eccentricities, i . e . , 

-0.75 > -0.50 data > -0.25 data. A curve fit for each 

set of these data was carried out,and the resulting curve 

and equation for each set of data is shown in the re­

spective. figures. The equation for the data shown in 

Figure '4.1 fit the data with an average deviation of 9.7 

percent, and the equation for the data shown in Figure 4.2 

fit the data with an average deviation of 19 percent.. A. 

separate equation for each data set can be utilized to. . 

represent these data to within reasonable limits. Based ■ 

on the above discussion, the eccentricity does appear to 

have an effect on the heat transfer coefficient, but a 

relatively minor one.

An interesting fact was observed from Figure 4.3.

This figure was constructed utilizing conformal mapping 

techniques, which, are discussed in a. later portion of the 

dissertation, and in detail in Appendix II. Here it is 

seen that the same mapped gap width is obtained for either 

■ a positive or negative eccentricity of the same magnitude.

.Therefore, for the. same inner and outer surface tempera­

tures, . the Grashof number! obtained . for either eccentricity
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Figure 4.3. Mapped gap thickness to radius ratio 
as a function of actual gap thickness 
to radius ratio with e/(r^-r^) as a 
parameter.
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would be. the sam^ a n d ' hence, the heat transfer coefficient 

would be the same. This would indicate that the. mapping 

process removes the effect, even though minor, of eccen­

tricity on the heat transfer coefficient.

There is also an effect of (r - r.)/r. on the heatp i I
transfer coefficient which is exhibited in Figures 4.4

and 4.5. Due to the effect of eccentricity being minor as

presented in the preceding discussion, all of the, data

involving all six eccentricities for a given sphere are

depicted by one symbol. The effect of (r - r .)/ r . is0 . 1 1 .
clearly that the. larger this ratio is for a given Grashof. 

number, the higher the associated Nusselt number, as in­

dicated by Figure 4.5 (Water). An interesting thing, 

however, is seen from Figure 4.4. This figure represents 

the 350 cs. silicone fluid for all spheres and eccentri­

cities. Here, it is. seen that there is a similar effect

of (r - r.)/r. b u t , certainly, it is less prevalent than O i l
with the less viscous fluid, water. This same behavior -

was noted by Bishop [24] . for concentric spheres, and air. as

the test fluid. Bishop's data were indicative of a very
great effect of (r - r .)/ r ., much more so than is indi-o i i . •
cated by Figure 4.5,for water. This leads to the postu­

lation that the more viscous.- fluids tend to damp out the
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effects of (r - r.)/r. on the heat transfer coefficient, o r I
This postulation is based on the fact that the effects of 

(rQ - r\)/r^ are much greater for the air data [24 ] than 

for the water data, and both of these fluids indicate a 

much greater effect, of (r - r\)/r^ than the 350 cs fluid 

does.

The treatment of the experimental data for the eccen­
tric spherical configuration is unique and produced very 
interesting and quite useful results.

The eccentric configuration was first treated mathe­
matically in a manner through which the eccentric config­
uration was transformed into a concentric configuration. 
Techniques germane to complex variable theory .were em­
ployed in this endeavor. A detailed description of this 
process is given in Appendix II. The transformation made 
was purely a geometric one in that only the geometric 
variables of the system were affected.. These new geometric 
variables were then utilized as the basis for determina­
tion of the pertinent dimensionless parameters where these 
variables appeared. • ■

The dimensionless parameters which were considered to 
characterize the heat transfer phenomena taking place 
were arrived at as a result of a dimensional analysis.
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A detailed and complete treatment of this process is 

found in [28]. As a result of this dimensional analysis 

and physical arguments, it was determined-that a function­

al relationship of the form

NNU $ (4.1)

should characterize the heat transfer for the eccentric 

spherical geometry. However, due to the employment of 

conformal mapping, the functional relationship assumes 

the form

NNU $ (4.2)

This, o f  course, is identical to that for a concentric 

sphere configuration and to that which would be obtained 

from the eccentric functional relationship with, e -> 0-. 

Previous investigations, [3], [4] , [14],. [24], and [25]

have demonstrated that a functional relationship of this 

type does characterize the heat transfer.. However, one of 

the. form

k.
f (4.3)
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is a more convenient expression with which to work. The - 

ratio ke^^/k is defined.by Bishop [24] for concentric 

spheres by equation (2.41) as

qnetL
4 TrkAT r . r i o

(4.4)

This definition will be utilized herein. Bishop gives a 

verbal description of the effective thermal conductivity. 

The effective thermal conductivity is the thermal con- ■ 

ductivity that the experimental fluid would have to have 

to transfer the same quantity of heat by conduction alone 

as is actually transferred by. natural convection and con­

duction together.

The type of functional relationship that will be 

utilized in treatment of the experimental data has now 

been established in terms of pertinent dimensionless 

quantities ..

The heat transfer results for the eccentric spheri­

cal configuration were compared to existing empirical 

correlations for concentric spheres with great success. 

The raw experimental data for the eccentric configura­

tion were reduced utilizing new geometric variables based 

on a conformal mapping technique. These variables are .
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given in Table 4.1. These data were then analyzed in 

terms of the dimensionless parameters for both the volume 

mean and arithmetic mean temperatures, previously dis­

cussed, to obtain the desired comparisons with the con­

centric data and empirical correlations. The raw con­

centric data utilized for comparison purposes were those 

of Scanlan, Bishop, and Powe [2], and Bishop [24]. The 

existing empirical correlations which were utilized were 

from the same Sources, [2] and [24].

The comparison of the experimental results of this 

study with the existing empirical correlations was made 

primarily to establish the credibility of the conformal 

mapping technique as a means of data analysis. The' con­

formal mapping technique had never been utilized in this 

manner before, and it w a s , therefore, not clear or obvious 

that this method would produce _usable results. The fact 

also remains that if the. data produced from utilization . 

of the conformal mapping technique do produce usable in­

formation, its credibility as an implement is established, 

only on a physical basis. There are no mathematical 

claims made .at all. T h e .success of the conformal mapping 

.method in transforming the eccentric sphere data such that 

it is correlatabIe with the existing concentric correla-

■ ]■
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tions will only establish the credibility of technique 

for the physical treatment of experimental data.

The data comparisons were made relative to eight 

existing correlations. These eight correlations were of 

the following four forms (three correlations per each of 

the first two forms and one for each of the last two):

keff
k C N (4.5)

^  •  = V  I W 1 (4.6)

(4.7)

(4.8)

The data correlation program compared the mapped 

eccentric sphere data with the established empirical con­

centric sphere correlations and also established new con­

stants based on both the concentric arid eccentric data.

The empirical correlations were arrived at utilizing 

a least squares method of curve fitting for several in­



dependent variables [29]. The desired equational form was 

determined as a result of the previous studies and then 

was written in a linear form. The linear form for a gen­

eral product type expression such as those utilized is

log y = C1 log X1+ log X3+ C3 log X 3+ .. + log X^ .

(4.9)
I

The constants,■C 1 through C ^ , were determined as the best 

constants, in the least squares sense, for an equational 

form of the type selected. These constants and the equa­

tion were"then subjected to an error analysis routine [29] 

which determined the standard deviation, the average per­

cent deviation, the maximum percent deviation, and the 

percentages of the experimental data within 5, 10, 15,

20, and .25 percent of the equation. The constants for 

these equations, fluids of applicability, average devia­

tion, and percentage of data within ±20 percent for both 

the concentric data and the combined concentric and ec­

centric data are given in Table 4.2. The deviation at a 

particular data point is defined as. the absolute differ­

ence between the data and the equation value divided by 

the data value. The average percent deviation is., the sum 

of the individual deviations divided by the total number



TABLE 4.2

COMPARISON OF ECCENTRIC SPHERE RESULTS WITH EXISTING 
CONCENTRIC SPHERE EMPIRICAL CORRELATIONS

Equation
Form FLUID C a b C

Average 
Percent 

Deviation 
. Con/ecc

Percent of data 
within

±20% of equation 
Con/ecc

Water 0.033 0.32 8 _ _ _ _ _ 15.7/16.7 . 71.4/63.7
(4.5) 20 cs 0.031 0.353 “--— 7.1/13.9 98.6/75.9

350 cs 0.056 . 0.330 — 6.5/10.6 96.6/86.4

.Water • 0.078 0.279 0.155 — “ “ “ 13.4/12.7 79.6/77:0
(4.6) .. 20 cs 0.072 0.305 0.124 — — — — 6 .0/12.8 97.9/75.9

350 cs 0.104 0.288 0 . H O 5.3/10.7 97.5/87.8

(4.8) All 0.228 0.226 w " 15.6/18.2 76.0/67.6

(4.7) All • 0.202 0.228 0.252 0.029 13.7/15.6 — — — —/7 2.4
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of points. ■ These two terms are defined in equation form 

as:

exp. - Veqn.
*i

i=l 0I

e x p ,

x 100

(4.10)

(4.11)

where a^ and 6 are the deviation at a point and average

percent deviation respectively. V and V are theexp. eqn.
value, of the experimental data and the value given by the 

equation at the point, and n is the total number of points. 

The eccentric data are graphically compared to these equa­

tions in Figures 4.6 and 4.7. The comparison given in 

Table 4.2 is. quite indicative of agreement between the 

mapped eccentric data and the established concentric em­

pirical correlations. The average percent deviation in­

dicated for. each set of concentric sphere data relative 

to the germane concentric sphere correlating expressions 

is of the same order of magnitude as that indicated for 

the corresponding.eccentric'sphere case. A remarkable 

agreement is seen to occur for both overall correlations 

and the. mapped data. The percentage .of data within ±20 

percent of the equations is also indicative o f .good agree­

ment between the established correlations and the mapped
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data. All of these points strongly suggest that the map­

ped data and the established correlations are consistent. ■ 

It is this consistency that establishes the credibility 

of the method of conformal mapping as applied in this in 

stance. The'eccentric data are representative of 1,100 

experimental-runs, and the results of the comparison cer­

tainly establish the credibility and effectiveness of the 

conformal mapping technique in this instance as a power­

ful tool in the physical treatment of the eccentric sphere 

experimental data..

The experimental data of both studies, concentric 

and eccentric (mapped), were then utilized on the same 

four equational forms to establish new constants that 

would better represent.the entire■spectrum of data for 

both configurations. Table 4.3 is a tabulation of these 

constants, together with the average .deviation and the 

percent of the data within ±20 percent of the equation.

The mapped eccentric data are compared graphically to 

the, new empirical equations in . Figures .4.8 and 4.9. It 

is seen, from the tabular presentation that equations, of 

the form of.. (4.5 ) and (4.7) provide a better fit and, 

therefore,' a more accurate correlation to the data than do 

equations of the form o f . (4.5) a n d .(4.8). However, the



TABLE 4.3

EMPIRICAL CONSTANTS AND DEVIATIONS FOR EQUATIONS OF THE 
FORM OF (4.5), (4.6), (4.7), AND (4.8).

Equation 
. form FLUID C a b c .

Average
percent
deviation

Percent of data 
within ±20% of

equation

Water 0.030 0.336 — --- “ 16.7 66.4
(4.5) 2 0 cs 0.054 0.314 — — — — — — — — 12.2 85.2

350 cs
i

0.069 0,312 — — — — — — — 10.7 87.0

Water 0.187 0.233 0.295. “ — — 13.0 83.9
(4.6) 20 cs 0.258 0.228 0.235 — 10.5 ' 88.8

:
350 cs 0.139 0,268 0.120 — —-- 10.5 88.5

(4.8)
All 0.231 0.225 “ “ — — — — — — 17.2 70.5

(4.7) All 0.06 7 0.282 0.118 0.067 13.0 79.4 .
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fact that there are more empirical constants involved in 

the equations providing the better fit tends to preclude 

their desirability. The general rule in correlating data 

is to. obtain the. best fit possible with the fewest number 

of empirical constants. The additional accuracy obtained 

by using an equation of the form of (4.6) instead of an 

equation of the form of (4.5) is not justification for 

the use of an additional empirical constant. The same 

situation exists when the overall correlations are con­

sidered. In equation (4.8), the Rayleigh number and gap 

thickness to radius ratio have been combined to produce 

a "modified" Rayleigh number, , defined as

■ N RA*
ggL4AT 
■ .Vctri

(4.12)

The dependence of the results on the Prandtl number is 

noticeably small, so .its effect was therefore neglected. 

This procedure.had the effect of increasing the average 

deviation by approximately 4 percent and decreasing the 

percentage of data, w i t h : ±20 percent from 79.4 percent to 

70.5 percent. The net change, however, is not large 

enough to justify the addition of the two empirical con­

stants needed for equation (4.9) . . It is interesting to

note that the modified Rayleigh number, N Ra* f takes into
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account the effects of both the Prandtl number, Np R , and

the mapped gap thickness to radius ratio, L/r., withouti
a significant loss in accuracy. This is a strong point 

in favor of the simpler and less restrictive form of the 

correlating equation. .

The preceding remarks are definitely directed to­

ward rendering the results in the most usable and desir­

able manner to the design engineer. This goal is certain 

Iy quite important in any research study. The manner in 

which the eccentric data should be utilized by the design 

engineer is covered in detail in-Appendix III.

Temperature Distributions

The temperature distributions for the eccentric 

spherical case/ were treated, in the unmapped condition 

since these data are in some ways indicative of the flow 

phenomena and the heat transfer rates present. Another 

reason is that the mathematical applicability of the 

conformal mapping has not been established, and, there-, 

fore, there is no confidence in its applicability to the 

temperature profiles. .•

. Temperature profiles for representative situations 

are presented. These data are plotted in. terms of dimen­

sionless temperature and radius.■ The dimensionless tern-
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perature is defined by equation (3.8), and the dimension - 

less radius is defined by equation (3.7) . The profile 

has five characteristic regions as evidenced in Figure 

4.10. The first region is characterized by a very steep 

temperature gradient in the region very near to the wall 

of the inner sphere. This depicts a rather familiar oc­

currence in forced convective heat transfer where all of 

the heat transfer takes place across the boundary layer. 

This region of high temperature gradient is also one of ■ 

high velocity. The. second area is clearly a transition 

region. This region is characterized by a more shallow 

gradient and j oins an area . of steep gradient to one with' 1 

a very flat gradient. The velocity in this area also goes 

through a transition from high velocity to very low velo­

city. The third region, is one of a very flat temperature 

gradient and very low velocity. ,This region is joined 

by the fourth region,. another transition region . . This

transition region joins.the flat gradient area to one of
. . - ' . ' •steep gradient adjacent... to the outer wall.. The fifth and

final region is ,one of steep gradient and high velocity 

in the vicinity of the outer wall. The final region w a s ,. 

however, not usually present, for the 0. = 160° profile. .

The magnitude of the. steep drop at the. inner surface.

*■;
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was in general greater than that at the outer surface.

This behavior was attributed to the velocity at the inner 

surface being much greater than that at the outer surface. 

Another general trend noted was that the magnitude of the ' 

steep drop at the inner surface increased with increasing, 

angular position, 0.

Figure 4.11 demonstrates the relative independence of 

■the dimensionless temperature profiles on temperature dif- 

ference for an approximately 13 percent variation in 

Prandtl number for water and t h e .5.50•inch inner sphere. 

This same independence was noted for the other fluids and 

spheres. This was also pointed out by Scanlan, Bishop, and 

Powe [2]. Since this lack of dependence on. temperature 

difference exists, the actual value of temperature differ­

ence will not be considered when discussing behavioral 

trends in the subsequent passages..

Another trend that appears to be essentially univer­

sal is clearly depicted in Figure 4.12. This is the exis­

tence of a fairly dormant region around the lower-portion, 

of the annulus > . i . e . ,' 0 == 120 ° and 0 = 160°. Temperature 

profiles for 6 = 120° and 0 = 160° are indicative of a very 

slow moving, low temperature fluid. In these .,areas, the 

heat, transfer.is for the most part by conduction. The
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greatest rate of heat transfer is seen to take place immed 

lately next■to the inner surface as indicated by the very 

large temperature gradient next to the inner wall.

Since the bulk of the data are in agreement in the 

exhibition of general or typical behaviors, only a repre­

sentative number of graphs .will be shown. However, there
■

are situations that occur which are atypical, and these 

situations will be graphically depicted in an effort to 

display and explain these behaviors.. Such a situation 

exists for the 9.00 inch sphere, Figure 4.13. Here, it 

is seen that the temperature profile for the 8 = 0 ° probe 

is significantly lower than that of the 40°.probe. This 

situation can be explained by the presence of a multicel­

lular flow pattern. This is due to the fact that the di­

rection of flow is up the hot body. and ,consequently, if 

the flow were unicellular, the fluid would increase in 

temperature all the way to the top. This situation was 

postulated, by Bishop [2 4] for a similar size, inner sphere 

with air as the test fluid. A multicellular flow field 

was also postulated by Scanlan,'' Bishop, and Powe [2] for . 

the same, 9.00 inch, inner sphere in a concentric loca­

tion, for the three test fluids, ..water, 20 cs silicone, 

and 350 cs silicone. Figures 4.14. and 4.15 represent
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temperature profiles obtained for the 9.00 inch inner 

sphere, eccentrically located as noted on the respective 

figures, with the 20 cs and 350 cs fluids. These plots, 

when combined with Figure 4.13, show another interesting 

trend. The temperature profiles for the Q = O 0 and 

9 = 40 ° probes fall below the g = 80 ° probe for both the 

350 cs and 20 cs fluids. Figures 4.14 and 4.15. This, 

however, is not the case for water. Figure 4.11. This 

indicates that the large cell in the postulated multi­

cellular situation decreas.es in size as Prandtl number 

increases. This fact was also noted by Scanlan, Bishop,-. - 

and Powe [2 ] .

Another behavioral trait that should be mentioned is 

the existence of temperature inversions in the temperature 

profiles which is clearly seen in Frgure 4.16 for both 

the 0 = 0° and 0 = 4 0 °  profiles. This behavior has been 

attributed to the heat transfer in the tangential direc­

tion being much larger than the heat transfer in the ra t 

dial direction for the 0..= 40° profile. However, this 

explanation is not valid for the 0 = 0 ° profile. In this 

case, a possible cause might be the existence of corner ed 

dies .as postulated by Bi s h o p .[24]. A close check of all 

of the temperature profiles for the eccentric sphere
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study Indicated that the temperature inversion for the 

0 = 0 ° profile occurred for the three larger diameter 

ratios, Dq / D ^ , for e/(r - r^) = ±0.25 and the 350 cs 

fluid. No explanation is offered for this set of circum­

stances. This temperature inversion behavior was ob­

served in a number of instances for at least one probe 

and all fluids and gap thickness to inner radius ratios
5for N r a  > 5 x 10 . No attempt was made to establish such

a lower limit in this study since not all eccentricities 

and fluids are represented in the experimental data.

Isotherm plots of the experimental data were made,'.. 

Figures 4.17, 4.18, 4.19, 4.20, and 4.21. These figures 

are indicative of some very interesting facts concerning 

the temperature field and the effects of eccentricity on 

it. Only qualitative information is, available from these 

figures.

Isotherms obtained using an inner sphere of 5.50 inch 

diameter are typical of those obtained for all three of 

the smallest inner spheres.. Therefore, the isotherms for 

this diameter sphere will be utilized in discussions of , 

trends relative to the three smallest, inner spheres. . For 

comparison purposes,. each isotherm plot has two, fluids 

depicted to allow visual observation of the effects of
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Figure 4.21 . Isotherm plot for the 9.00 inch sphere
and e/(r^-r^) = +0.75.
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PrandtI number. From the isotherms shown on Figure 4.17 

for water and the 350 cs fluid, it is seen that the iso­

therms are non-circular in shape, in the upper portion of 

the gap. This indicates the existence of convective acti­

vity in this region. The circular nature of the isotherms 

in the lower portion of the gap indicates that the heat 

transfer in this region is predominantly conductive in 

nature. It is interesting to note that the general shapes 

of the isotherms for both fluids are similar. Also, it is 

clear from Figure 4.17 that the highest rate of the h e a t . 

transfer in the region below the 6 = 0 ° position takes 

. place immediately next to the inner surface. This was •

■ also pointed out in the previous, discussion on the temper­

ature profiles. The migration of the isotherms, for al­

most equal conditions, toward the outer surface d u e .to an 

-increase in viscosity between the 350 cs fluid and water 

is clearly seen by comparing the general location of the 

F = 0.415 isotherm (350 cs) to .the T = ,0.462 isotherm 

(water). The negative eccentricity does not appear t o . 

affect the qualitative nature of the isotherms, which is 

seen by comparing Figures 4.17 a n d '4.18. The shape of the 

isotherms is, in general, similar when going from a con­

dition of zero eccentricity to a negative eccentricity



which indicates that the negative eccentricity does not 

appreciable affect t h e .convective activity. Figure 4.18 

was prepared from the data of Scanlan, Bishop, and Powe

[2] and is presented purely for comparison purposes. How­

ever, conduction does appear more prevalent in the lower 

portion of the gap for the concentric case.

Positive eccentricities are seen to have a stabiliz­

ing effect on the flow. This is indicated by the iso­

therms becoming more circular in shape, Figure 4.19. A 

completely stable, non-moving, flow field would produce a 

completely circular set of isotherms and the heat trans­

fer would then be by pure conduction. The isotherms for 

the positive eccentricity condition are seen to be very 

close to the inner sphere in, all positions except the zero 

degree position. ' This depicts a high temperature gradient 

immediately next to the inner sphere which would result in 

a relatively high velocity. There is then a large very 

slow moving region that is present over most, of the annu­

lus and predominantly the lower part of the annulus. Con­

sulting- Figures 4.20 and 4.21 for the 9.00 inch diameter 

inner sphere, the isotherms are.indicative of the possible 

multicellular regime previously postulated. The isotherms 

increase in value before decreasing in going from 0 = 0
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to 0 = 80°. This was the same effect noted in the pre­

vious discussion. The same type of flow behavior seems

to be present for both positive and negative values of 
eccentricity.
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CYLINDERS

Heat Transfer Data

The effects of the cylindrical inner body on heat 

transfer were studied experimentally. . All experimental 

data for this phase of the study were taken with water as 

the test fluid. The correlating techniques applied in 

this case were, in some instances quite different than those 

applied to the eccentric spheres. In the following dis­

cussions the cylinders will be described in terms of 

their diameter to length, e.g*/ 7.00 x 9.00.

One of the first items investigated in the heat trans­

fer study was the effect of aspect ratio on the heat trans­

fer coefficient. The data were plotted in terms.of Nus-

selt number and Grashof number based on (r - r.) which
... ° :

would then allow some variable involving the aspect ratio

to be the parameter. If there were, no effect, the data

would all be coincident,and if there were an effect, the

data would definitely be separated.; Figures 4.22, 4.23,

and 4.24 are very indicative that a definite effect exists.

Figure 4.22 is for the 7.00 inch diameter cylinders and

the data group quite readily into a narrow band.indicating

that there is no significant effect of aspect ratio for

this diameter ratio, D / D : =1.4.., There is no obviouso * i
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explanation for the data behavior for the 7.00 x 9.00
5 5inch cylinder in the Grashof number range of 10 to 3 x 1 0  

Figure 4.23, the 5.50 inch diameter cylinders, indicates 

a. slightly different occurrence. The data are somewhat 

more spread on the ends and not as clearly grouped.in a 

narrow band, which indicates a small but a more signifi­

cant effect of aspect ratio for this diameter ratio,

D / D . = 1.79. The data for the 4.50 inch diameter cy- O l
linders, D / D . = 2.18, Figure 4.24., shows a marked effect o I
of aspect ratio as these data1 are quite noticeably spread. 

This.leads to. the postulation that the larger the dia­

meter ratio the greater the effect of. aspect ratio on the' ■ 

heat transfer coefficient..

Another interesting fact relative to all of the pre­

viously mentioned data is that the shorter cylinder, smal­

ler aspect ratio, has a higher heat transfer coefficient 

associated with it. Figures 4.22, 4.23,.arid 4.24 show 

this t r e n d .since the heat transfer data in the form of 

Nusselt.number for t h e .smaller aspect ratio is generally 

seen to appear on top.

Figure 4.25 shows all of the cylindrical data plotted 

together in: terms' of Nusselt number and Rayleigh number, 

both based on (r r^) . ■ It . is evident that, a single equa-
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tion involving the Nusselt number and Rayleigh number 

will not fit these data. In addition, there appears to 

be a certain amount of scatter within the various data 

sets as depicted by the different symbols. An estimate 

of the error that might be attributable to the experi­

mental apparatus was found to be approximately nine per­

cent. However, some of the scatter appears to be greater 

than that in magnitude. The reason for. the existence of ' 

scatter within the data was not readily explained.. How­

ever, the use of water as the test fluid for the cylinders 

might account for some of the scatter, since water data 

in experimental studies seem to have a considerable amount 

of scatter [2]. .

An attempt was made to find a correlation of the form

NNU C N (4.13)

This form of the equation fits the data for the individual, 

cylinders very w e l l . The following equations were found:

N„„ = 0.088 N 0,308NU RA.L -V ' 2r. 1.285

3.2 x IO4 < N _ < 2.0 x IO7—  RAt ■ —Ii
(4.14)
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"NB - 0.604 N r a  0 -182
L ' 2r. = I ' l *  'i

4.2 x IO4 < N <—  RAl — 2.2 x IO7 , (4.15)

"NB - 0 -1 33'HM t 0 '284 ' 2r. = I "*4 '

2.8 x IO5 < N <—  RAl — 1.1 x IO8 (4.16)

" N B = O - 2 2 8 h R S 0 '258
L 2^i

' 1.5-X IO4- < N ra^ < 8.4 x IO7 , (4.17)

. . h N B = O - 1 6 0 h RSl0 '253L ' '2r. = 2 -00 -; '

, 58.2 x 10 I N r a - <
■ L

2.7 x IO8 , (4.18)

"NB = O -729 h RSl0 '203
H

• 2r . - '-5C '

. 3.9 X IO5 < N  <
-L

p
1.7 x 10 , (4.19) :
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*RA
0.24

, 277 = 1 ^04 'I

2.5 x IO3 < N < 5.7 x IO5 —  RAt —Li
(4.20)

These equations fit the experimental data within the 

limits shown in Table 4.4.

The heat.transfer data for the cylindrical inner 

bodies were then treated in a manner to allow comparison 

of these data with the' existing concentric overall heat 

transfer correlations. The dimensional analysis carried 

out for the cylindrical case in the manner described by 

Ipsen [28] ..yields a functional equation for an overall 

heat transfer correlation of the form ■

NNU = F N RA' n PR'
r - r . o I (4.21)

Since the overall heat transfer correlations for the con- . 

centric spheres' have involved the use of k _ _ / k t h e  

Nusselt number was modified utilizing equation (2.41), 

which resulted in .the equation below ■_

C N (4.22)



TABLE 4.4
DEVIATIONS OF THE CYLINDRICAL HEAT TRANSFER CORRELATIONS

Equation
Cylinder

Diameter x Length 
(IN) ;

Average
percent
deviation

Percent of data 
within 20% of 

equation

(4.14) 7.00 x. 9.00 8.4 • 8

(4.15) 7.00 x 8.00 14.9 76

(4.16). . 5.50 x 9.00 6.8 97

(4.17) ... 5.50 x 7.25 9.1 91

(4.18) 4.50 x 9.00 , 23.4 59

(4.19) 4.50 x .6.75 20.3 81

(4.20) . 9.00 x 9.33 6.4 94



as the form selected for the overall heat transfer cor­

relation. This,form does allow direct comparison with 

the concentric correlations, since the term (H/2r%) -»■ I as 

the cylindrical height goes to zero and the term 

(r - r.)/r. is exactly L / r . for the case of concentricO i l  I
spheres. The final equation is

0.235N 0.261
RAL

H -0.209

hIO

2 r .i I r *
0.466.,N . 0.075 

PR

(4.23)

It was determined that the empirical constants, the aver­

age , deviation , and the percentage of data within 20 per­

cent of the equation did not change at all with the de­

letion of the Prandtl number as suggested by the very 

small exponent. This results ■ in an equation involving one 

less empirical constant, which is quite desirable and is

NU

I + .ro-ri
= 0.234N 0.261 -0.209 ro~ril0.466

(4.24)

This equation fits the experimental data with an average 

deviation of .17.8 percent and with 68' percent of the ex- . 

perimental data within 20 percent of the equation., The 

deletion of any of the remaining empirical constants.
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either by removal of the parameter entirely or through 

combining- them to form a modified Rayleigh number as in 

the case of the concentric spheres, seriously affects the 

accuracy of the resulting equation. It was stated that 

one of the reasons for using this form, (4.22), of the 

equation was that the equation would reduce to the form 

of the concentric empirical correlating equations as 

H/2r^ -> I. Therefore, it would be expected that the con­

stants in equation (4.24) would, be the. same as the con- .. 

stants given for equation (4 ; 6 ) and water in Table 4.2. 

Consulting Table 4.2 for the constants given for equation 

(4.6) and water, it is immediately seen that they are 

quite different from their counterparts appearing in.equa­

tion (4.24) . . The experimental data for the cylindrical . 

inner bodies have a much greater slope than the experi­

mental data for the concentric spheres. The dependence 

on (rQ - r^)/r^ for the cylindrical data is also much great 

er than that indicated for the concentric sphere data. 

These factors would preclude the correlation for the cy- . 

Iindrical data reducing to the correlation for the con­

centric spheres. If it were possible to find a way to 

conformally map the cylinder-sphere geometry.into a con­

centric spherical geometry, then data comparison would

112
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probably be possible based on the findings for the ec­

centric spheres.

Temperature Distribution

The temperature distribution data for the cylindrical 
inner bodies were treated in a manner quite similar to 
that previously discussed for the eccentric spheres.

Temperature profiles for merely representative sit­

uations are presented since, in general, consistent trends 

were observed. • These data are plotted in terms of dimen­

sionless temperature and radius ratios. The dimensionless 

radius ratio is defined by equation (3.7) . is de­

fined in the same manner as the radius from the geometric 

center of the enclosing sphere to the surface of the cy­

linder along, a given angular path. is,, therefore, a

function of angular position. Utilizing R in this manner 

allows the dimensionless radius ratio to go from 0 to I. 

This, of course, has. the effect of.compressing some of the 

curves and expanding others. The temperature profiles for 

the cylindrical case are similar in nature to those for 

the eccentric spheres. There- are still five characteris­

tic regions present as demonstrated in Figure 4.26. There 

is a region of very steep temperature gradient at the in­

ner surface signifying a large radial transport of heat.
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Figure 4.26. Temperature profile for the 5.50 x 7.25 inch cylinder,
water, AT = 25°Fand NpR = 9.65.
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There is a transition region that joins the high gradient 

region to one of very low gradient and in some cases a 

positive gradient. This transition region takes place 

over a very short distance and is indicative of a trans­

ition from high Velocity to low velocity. The low gra­

dient region constitutes the third region. This is fol­

lowed by a fourth region, another transition region. In 

this region, the flow goes from a low velocity to a high 

one at the outer wall. This transition is seen, to take 

a much longer length than the previously discussed one. 

Again, the transport of heat is high in the radial dir­

ection as a result of this transition. The fifth and final 

region is the.large gradient at the outer wall.

The temperature profiles for the cylinder exhibited 

certain general, trends■which will be described. Figure 

4.27 depicts a very important and typical trend. This is 

the virtual lack of dependence of the temperature profile 

on temperature difference. This was true regardless of : 

diameter .or length of the cylinders compared. This same 

behavior was noted for both the eccentric and concentric

[2] spherical geometries. This fact readily allows the 

use of the data for any size cylinder within the range in­

vestigated to demonstrate a trend regardless of the tern-
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Figure 4.27. Effects of AT on temperature profile for the 5.50 x 7.25 inch
cylinder, water, AT = 44°F and 25°F, and NpR = 8.32 and 9.65.
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perature, difference being impressed.
Figures 4.26 and 4.28 show typical temperature pro­

files for the.two smaller diameter and shorter length, 
cylinders. There are temperature inversions that are 
quite obvious in the first three probes (0 = 0°, 0 = 40°, 

and 0 = 180°). This behavior is attributed to the high 
tangential heat transfer relative to the radial transport 
rate for the 0 = 40° and 0 = 80° profiles. The existence 
of corner eddies in the neighborhood of the 0 = 0° posi- 
tion could possibly explain the existence of a tempera­
ture inversion in the 0 = 6 °  temperature profile. This 
point was previously discussed relative to.the eccentric 
spheres, for a temperature inversion in the 0 = 0° temper­
ature profile. All three of the smallest aspect ratio 
cylinders showed this same trend. The temperature in­
version behavior was noticed for at least one:angular . 
position for every temperature profile taken. .The 0 = 160 

profile has.a very shallow slope over most of the annular 
distance, which is indicative of both a very low velocity 
and a low rate of radial transport of heat. This.trend 
of low heat transfer rate and slow moving ,fluid is very 
vividly exemplified in Figures 4.26 and 4.28. The bottom 
two probes show that there is virtually no temperature
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Figure 4.28. Temperature profile for the 4.50 x 6.25 inch cylinder,
Water, AT = 34°F, and NpR = 8.96.
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drop across the majority of the annulus. Therefore, the 

region of highest heat transfer rate is immediately next 

to the inner wall. The flow pattern that is responsible 

for such temperature profiles might be extremely slow 

moving fluid in the lower portion of the annulus, 0 = 120 °

to 0 = 180°, and a very fast moving cell in the upper por­

tion of the annulus. This could be caused by the presence 

of a vertical surface. However, this condition, the cy­

lindrical inner body and spherical enclosure, will, have 

to be observed visually and photographed in a later study 

to determine the true pattern shape and flow phenomena 

present.

Another trend that was quite evident was the existence 

of a. possible multi cellular flow region. . This was noticed 

for cylinders of all diameters and the 9.00 inch lengths. 

This is shown by Figures 4.29 and 4.30 which are for the 

5.50 x 9.00 inch and the 4.50 x 9.00 inch cylinders re­

spectively. The multicellular pattern is indicated, as 

in the case of the eccentric spheres, by the temperature 

of t h e .0 = 0° probe being considerably lower.in magnitude 

than the temperature profile for the 0 = 80° p r obe. The 

large dormant region is still clearly indicated in both 

figures. Therefore, the multicellular, pattern experienced
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for the cylindrical inner body must be somewhat similar 

to that experienced in the case of the eccentric spheres. 

There exists a large region of slow moving fluid in the 

vicinity of the 8 = 1200 probe down to the lower vertical 

axis. There then must -be an odd number of cells that are 

counter-rotating relative to each other and relative to 

the large cell. This must be true to avoid the existence 

of shear planes between the cells and to satisfy the con­

tinuity equation .

Isotherms were also plotted in an effort to add addi­

tional information relative to the temperature and flow 

phenomena that are present. There appears to be a definite 

effect of cylindrical length on the temperature profile 

and flow phenomena that exist. . The long cylinders (9.00 

inch overall length) tend to have a curtailing effect on 

the convective activity. Figures 4.31 and 4.32. That is 

to say, the isotherms more closely approach an "elliptical" 

pattern which would be indicative, of the condition of pure

conduction. All. of the convective activity that exists 

does take place in the upper portion of the annulus, be­

tween 6 = 0°and 9 = 120° location. The isotherms for the

40° position are somewhat higher at the same distance

from the surface than those for the ", 6 or the 0
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r̂-eo ' r-9o'

CYLINDER

7.00 X 9.00

Figure 4.31. Isotherm plot for the 7.00 x 9.00 inch
cylinder and water.
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CYLINDER
4 .50  X 9 .00

A T = 5 3 ° F A T = 32* F

Figure 4.32. Isotherm plot for the 4.50 x 9.00 inch
cylinder and water.
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positions indicating the possibility of the previously 

mentioned multicellular flow pattern. The large virtual­

ly dormant area is clearly evident also in the lower part 

of Figures 4.31 and 4.32. The effects of temperature dif­

ference on the temperature profile, as.indicated by the 

isotherms ,■ are seen to be quite minimal. The general shape 

of the isotherms for different temperature differences is 

seen to be similar from either Figure 4.31 or Figure 4.32.

The highest rate of the heat transfer must take place 

very near to the inside surface as indicated by the iso­

therms being so close together at the inner surface,

Figures 4.31 and 4.32, signifying a large temperature . gra^ 

dient at the inner surface. This is clearly seen in Fig­

ure 4.26 in the form of a very large steep drop at the 

inner surface for all five profiles. The heat transfer 

must be very predominantly by conduction in the lower 

portion of the annulus and a combination of. both convec­

tion and conduction in the upper portion, as indicated 

by the non-con centric appearance of the' isotherms.

The length of the cylinder quite noticeably had an 

effect on :the isotherm pattern and hence on the heat 

transfer. Figures 4.33 and 4.34 are -,for the two extreme 

cases of the shorter, length cylinders, 7.00 .x 8.00 and
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CYLINDER
7.00 X 8 .00

AT * 3 5 ' F

Figure 4.33. Isotherm plot for the 7.00 x 8.00 inch
cylinder and water.
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Figure 4.34. Isotherm plot for the 4.50 x 6.75 inch
cylinder and water.



128

4.50 x 6.75 inch cylinders. The isotherm patterns are 

quite different than those of Figure 4.31 and 4.32. A 

large temperature gradient is still present at the inner 

surface, but the isotherms' in the extreme upper portion 

are visually non-elliptical. This indicates the existence 

of high convective activity in this area. The lower por­

tions of the annulus are indicative of large dormant areas 

and, therefore, the condition of conduction. This fact 

leads to the postulation that the shorter the cylindrical 

length, the more the convective activity is enhanced. The 

extreme case for comparison would be the sphere, Figure 

4.17, which showed considerable convective activity. These 

three figures, 4.17, 4.33, and 4.34, are seen to compare 

quite closely in general shape of the isotherms.

The largest cylinder utilized experimentally had di-. 

mansions of 9.00 x 9.33 inches. The isotherms for this 

case are somewhat different than those previously dis­

cussed. The isotherms definitely indicate the possibility 

of a multicellular flow field. Figure 4.35. Also, the 

isotherms are quite circular in shape indicating a re­

duced convective activity as compared to that seen for . 

the smaller cylinders, of both lengths. This same trend 

was noted in the investigations of Bishop [24] and Scanlan,
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Figure 4.35. Isotherm plot for the 9.00 x 9.33 inch
cylinder and water.
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Bishop, and Powe [2]. It appears, then, that the smaller 

the ratio of diameters, D^/D^, the more curtailed the con 

vective activity becomes.



CHAPTER V

CONCLUSION

The objectives of this experimental investigation 

were (I) to obtain heat transfer correlations for water,

20 cs and 350 cs silicone fluids for the spherical inner 

body located eccentrically relative to the enclosing body, 

(2) to determine the effects of eccentricity on heat trans­

fer,, (3) to relate the eccentric data to the existing con­

centric data and to obtain an overall correlation for the 

heat transfer, that is valid .for both configurations, (4)

to obtain temperature profiles, for the eccentric sphere 

configurations, (5) to obtain heat transfer correlations . 

for cylindrical inner bodies with an enclosing spherical , 

body, (6 ) to determine the effects of aspect ratio on heat

transfer, and (7) to obtain temperature profiles, for the 

cylindrical configuration. All seven of these objectives 

were satisfactorily achieved. .A brief summary of the re­

sults is presented below. .

An analysis of the experimental heat transfer data 

taken for the eccentric spherical configuration showed 

that the eccentric location of the inner sphere as re­

flected in the dimensionless eccentricity to gap width
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ratio, e/(r^- ), did exert an effect on the average
heat transfer coefficient for all diameter ratios, Dq /D^, 
investigated. The conformal mapping technique was shown 
to be a powerful tool in the correlation of the experi­
mental data and the establishment of the desired heat 
transfer correlations. The size of the inner sphere as 
reflected in the diameter ratio, Dq /D^, had a noticeable 
effect on the heat transfer. This effect was also in­
fluenced by the viscosity of the fluid. The larger the 
viscosity, the less the effect of the diameter ratio.

The analysis of the heat transfer data for the com­
bined . mapped eccentric and concentric data established 
the following.correlations for the fluids and Rayleigh 
number and Prandtl number ranges indicated:

4 “  , 0.030 N °-336 k EAl-

4 74.7. < N titi < 12.1, 2.5 x 10 < N ■< 2.0 x 10PR RAtJj

■ 4 ^  - 0.054 :«,.l0 -314 '

148 < N _ < 336, 5.5 x IO2 < N n71 < 9.0 x IO7 • . • ir R RAIj

(5.1)

(5.2)



133

O .069 N 0.312
RA,

1454 < NpR < 4148, 5.0 x IO2 < N r a  < 6.0 x IO6 . (5.3)

These equations correlate.the data for the specific 

fluids to within an average deviation of 16.7 percent ■

(5.1), 12.2 percent (5.2), and 10.7 percent (5.3). Ad­

ditional equations containing a larger number of empirical 

constants are presented in Table 4.3. However, the im­

provement in the accuracy of the prediction does not justi 

fy t h e .use of the additional empirical constants.

An overall heat transfer correlation for all fluids 

and both the mapped eccentric and concentric configura­

tion in terms of a modified Rayleigh number as defined by 

equation (4.12) was obtained. The equation is

H F = -  - W 0 ' 2 2 5 '

2 8for 4.7. < NpR < 4148, 1.5 x 10. < N ra  ̂ < 9.0 x 10 ,

0.09 < < 1.18 . (5.4)
ri -

This equation, predicts the data to within an average de­

viation of 17.2 percent. . Another empirical expression



134
for the overall heat transfer involving four empirical 

constants instead of just two is given in Table 4.3.

There is a minor improvement in the accuracy of prediction 

through using the equation with more empirical constants. 

However, the gain in accuracy was not considered enough 

to justify the use of additional empirical constants.

Dimensionless temperature profiles, F, as a function 

of dimensionless radius, r, and 0, were obtained. They 

showed several features that should be noted. There was 

no noticeable effect of overall temperature difference on. 

the temperature profile obtained. In general., the tem­

perature profile contained five, definite regions:

(1) a very steep inner body temperature gradient, 

r < 0.05
rV

(2) a transition region, 0.05 < r <: 0.2

(3) a very shallow temperature gradient, .

. O'= 2 = % O'?
(4) a transition region, 0.7 < r < 0.95

and

(5) a steep outer body temperature gradient,

.0-95 < r  < 1.0 .... -: . '
The temperature'profiles for.the 9.00,inch'sphere did not 

follow the same pattern as for the other diameters. They
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had the same shape just described but were ordered dif­

ferently. This led to the postulation of a multicellular 

flow pattern to explain the anomalies in the temperature 

profiles. This same behavior was also observed by
I

Scanlan, Bishop, and Powe [2] for which they postulated a 

multicellular pattern. Temperature inversions in the tem­

perature profile were also noted. These temperature in­

versions were attributed to the high rate of tangential 

heat transfer relative to the rate of.radial transport of 

heat. An effect of eccentricity on the convective activ­

ity was seen to exist . A positive eccentricity appeared 

to suppress the convective activity to some degree while 

a negative eccentricity appeared to enhance the convective 

activity. The viscosity of the fluid did alter the effects 

of eccentricity ..on convective activity to some extent, but 

the trend was still present.

An analysis of the experimental heat transfer data

for t h e .cylindrical inner body showed that there was a

marked effect of the aspect ratio on the. average.heat trans

fer coefficient. . T h e • effect is quite pronounced for the

smallest diameter ratio, D /D. ,..and decreases in magnitude
°  1 . •

as the diameter ratio increases . The smaller aspect ratio 

for:every diameter ratio investigated, produced the highest



136

average heat transfer coefficient for that cylinder dia­

meter r atio. Heat transfer correlations for the individual 

cylinders were determined. An overall heat transfer cor­

relation for all cylinders within the limits of Rayleigh 

numberr (H/2r%) and (r^-r^)/r^ may be expressed as shown:

NU

I + X o-ri
O .2 34N, 0.261

i

H -0.209 -HI0

2 r . r .
. 1

0 .466

H r -r
1.14 < < 2.00 , 0.09 < < 1.18 ,—  2 r i  — ri -

and
3.5 x IO3 < N < 2.2 x IO8 —  RA^ — (5.5)

The experimental data are correlated by this expression 

to within an average deviation of 17.8 percent.

The dimensionless temperature profiles, F, were ob­

tained as a function of dimensionless radius ratio, r, 

and 8 . These profiles also exhibited trends similar to 

those discussed for the eccentric spheres. There was no 

noticeable effect of temperature difference on the tem­

perature profiles. Aspect ratio did exhibit.a marked 

effect on the convective activity. The smaller aspect

ratio for each diameter ratio, D /D. , appeared to enhance.o r
convective activity while the larger aspect . ratios ap­
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peared to suppress the convective activity. There appear 

ed to be a very large virtually dormant zone below the 

G= 120° angular position. Temperature inversions also 

appeared for all sizes of cylinders'. The same five re­

gions described for the eccentric spheres were found to 

exist for all the cylinders. However, the 9.00 x 9.33 

inch cylinder did exhibit behavior like the 9.00 inch • 

sphere, a postulated multicellular flow pattern.



APPENDIX I

COMPUTER PROGRAMS

The computer programs presented herein are the heat 

transfer and temperature profile data reduction programs 

for the eccentric sphere data,. These programs were basic 

in nature and, therefore, they were slightly modified to 

accomplish the data reduction for the cylindrical inner 

body. For this reason, only those for the eccentric 

spheres are included. Also included are function sub­

programs for the reduction of the thermocouple data and 

determination of the thermal and physical properties of 

the experimental fluids.

Heat Transfer Data Reduction Program

The program that follows is the computer program 

written for the reduction of the heat transfer data. The 

nomenclature for the input variables is.as follows:

.NR Run number ' '

JJ Test fluid, J - J = I  . . air, 2 . . water,

3 .. 20 cs fluid, and 4 . . 3 5 0  cs fluid 

DS Diameter of inner sphere, inches

DL " Diameter of outer sphere,, inches .

V Heater voltage, volts
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C Heater current, amps

EC Eccentricity, inches

E(I) Headings from thermocouples 6 - 10, millivolts

This computer program has the following function 

subprograms:

(1) FUNCTION T(E) Converts millivolt readings for

thermocouples to temperature.
' ' /

(2) FUNCTION U (T ,JJ) Calculates the absolute

. viscosity of the specified test fluid as a 

function of temperature.

(3) FUNCTION CP(T7JJ) Calculates the specific

heat at a constant pressure for the specified 

fluid as a function of temperature.

(4) FUNCTION CON (T7JJ) ' Calculates the thermal

conductivity of the specified fluid as a function 

of temperature;

(5) FUNCTION RHO(T7JJ) Calculates the density of .

the specified fluid.as a function of temperature.

• (6) FUNCTION BETA(T7JJ). Calculates the "expansion

coefficient for the specified fluid as a function 

of temperature.



DIMENSION E ( 2 0 ) ? T P ( 2 0 )
AAA=OoO 
XKF = Oo 0 5 5  
X K S = 8 . 5  
D F = 0 , 3 7  .
D S = 0 . 5
DWJ=14oO
A F = 3 . 1 4 1 5 9 2 7 * D F * D F / 5 7 6 - 0  
A S = 3 . 1 4 1 5 9 2 7 * D S * D S / 5 7 6 e 0 - A F  

. W R I T E ! 1 0 6 , 6 0 )
6 0  FORMAT I 20X? * 5 8 3 —7 1 s NORMAN WEBER8 $40X1  
24  READ ( 1 0 5 , 1 )  NR»J J , O S , D L sV , CsEC 

. I  FORMAT ( 2 I 5 , F 1 5 o 4 , 4 F 1 0 o 4 )
. I F  (NR)  2 , 2 , 3

3 READ ( 1 0 5 , 3 0 )  ( E ( I ) , 1 = 6 , 1 0 )
30  FORMAT < 5 F 1 0 o4 )  . .

DO 31  1 = 6 , 1 0
. 3 1  T P ( I ) = T ( E ( I ) ) - 4 5 9 o 6 9  

T S = ( T P ( 9 ) + T P ( 1 0 ) ) / 2 . 0  
T L = ( T P ( 7 ) + T P ( 8 ) ) / 2 . 0  .
DT = TS - T L  
R S = D S / 2 . O 
R L = D L / 2 . O 
DSA=DS 
DLA=DL ...
I F  ( E C)  4 , 5 , 4

4 X l = ( E C + R S J / R L  ;
X 2 = ( E C - R S ) Z R L
R S = R L * ( X l - X 2 ) / { 1 . 0 - X l * X 2 + ( ( l o 0 - X l * X l ) * ( l - X 2 * X 2 ) ) * * 0 o 5 )
DS=2.0*RS : .

5 RAVG=( R L + R S ) / 2 . 0 :
GAP=( D L - D S ) / 2 . O 
RGAP=GAPZRS . .
DRT=DLZDS
Q L = ( X K F * A F + X K S * A S ) * 1 2 o O * p T / G A P  
Q = V * C * 3 . 4 1 2 - Q L .
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H = Q * 1 4 4 o 0 / ( 4 o 0 * 3 o l 4 1 5 9 2 7 * R S * R S * D n  
T M = ( T S - H l ) / 2  o O
TVM= ( ( R A V G * * 3 - R S * * 3 ) * T S - i - ( R L * * 3 - R A V G * * 3 ) * T U  / ( R L * * 3 - R S i * = * 3 )
W R I T E . ( 1 0 8 , 6 )  N R , EC

6 FORMAT ( 8 I e 2 0 X ,  8 RUN NO81 5 , 5 X ,  s ECCENTRIC I  TY= 0E l S e  8;, I X  , ” ( I N ) 8 )
WRITE ( 1 0 8 , 7 )  DSA,DLA

7 FORMAT C8 O0S X , ‘ ACTUAL INNER DI AMETER=8E 1 5 » 8 , 0 U N ) 8 , 8 ACTUAL OUTER 
! D I A M E T E R = 8 E l S o 8 , 8 ( I N ) " )

GO TO ( 3 5 , 3 6 , 3 7 , 3 8 ) , J J
35 W R I T E ! 1 0 8 , 4 0 )
4 0  FORMAT( 0O8 , 5X» 0TEST F L U I D  I S  A I R 0 )

. GO TO 50  . .
36  WRI T E ( 1 0 8 , 4 1 )
4 1  FORMAT( 0O8 , 5 X , 0T E S T -FLUID I S  WATER8 )

GO. TO 50  . . . .
37 W R I T E ! 1 0 8 , 4 2 )
42 FORMATt 0O8 , 5 X , 8TEST F L U I D  I S  2 0  C . S .  S I L I C O N E 8 )

GO TO 50
38  W R I T E t 1 0 8 , 4 3 )
4 3  FORMATI 0 0 ® , 5 X , 8 TEST F L U I D  I S  3 5 0  C . S .  S I L I C O N E 8 )
50 CONTINUE 1

W R I T E ( 1 0 8 , 8 )
8 FORMAT ( 8. 0 0 4 X ,  0 DO ( I N ) 0S X , 0DI  U N ) 04 X , ° G A P  U N ) 06 X , ‘ T6 C F ) ° 6 X ,  

l . ‘ T7 ( F ) ° 6 X , ‘ T8 ( F ) 0 6 X ,  8 T 9  ( F ) 0S X , 8T l O  ( F ) 8 )
. WRITE ( 1 0 8 , 9 )  D L , O S , G A P , C T P ( I ) , 1 = 6 , 1 0 )
9 FORMAT ( 8 E 1 2 . 4 )

WRITE ( 1 0 8 , 1 0 )
10 FORMAT ( 0O8 T X , 8L Z R I ° 7 X , 8D O Z D I 8 I X , 0H ( B Z H R - F T 2 - R ) 8 I X 8Q ( BT UZHR) 8 1X,  

IVQL ( B T U / H R ) ° 4 X , » D T  ( F ) 86 X , ° T M  ( F ) 8S X , 0TVM ( F ) 8 )
... WRITE ( 1 0 8 , 1 1 )  R G A P , D R T , H $ Q , Q L , D T , T M , T V M
11 FORMAT ( 8 E 1 2 o 4 , Z Z )

DO 12 1 = 1 , 2 .
GO TO ( 1 3 , 1 4 ) , I  

13 T V G - T M + 4 5 9 c 6 9  
WRITE ( 1 0 8 , 1 5 )

15  FORMAT ( 3 0 X , 0BASED ON T M 8 )
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GO TO 16
14 TVG=TVM+459<.69 ..

. WRITE ( 1 0 8 , 1 7 )
17  FORMAT . ( 3 0 X , * BASED ON TVM0 )
16 V I S = U ( T V G , J J )  .

SH=CP( TVG1J J )
. CND=CONt TVG, J J )

DEN=RHOt TVG, J J )
BET=BETA(TVGe J J )

. X N U = H* G A R / ( 12oO*CND)
X K R = Q * G A R * 3 / ( 3 « L 4 1 5 9 2 7 * C N D * D T * R S * R L )
PN=VIS*SHZCND
G N L = 3 2 . 1 7 4 * B E T * D E N * D E N * G A P * G A P * G A P * D T * 3 6 0 0 . 0 * 3 6 0 0 . 0 / ( 1 7 2 8 c 0 * V I S *  

I V I S )
RNL=PN*GNL
RASL=RNL*RGAP
GNR=GNL/ ( RGAP*RGAP*RGAP)

. RNR=GNR*PN
WRITE ( 1 0 8 , 1 8 )  .

18 FORMAT ( ' 0 ° 2 X , « D E N  { L B M / F T 3 ) * I X , 9V I S  ( L B M / H R - F T ) 06 X , eBETA ( 1 / R ) °  
1 2 X , ’ CP ( B T U / L B M - R ) 0 I X , 0K ( B T U / H R - F T - R ) 86 X , 9 PRANDTL NO0 )

WRITE ( 1 0 8 , 1 9 )  D E N , V I S , B E T , S H , CNDsPN
19 FORMAT ( 6 E 1 6 . 8 )

WRITE ( 1 0 8 , 2 0 ) .
2 0  FORMAT ( « 0 ° 5 X , "NUSSELT. NO0 I O X i «K E F F / K 12 X , "GRASHOF NO ( L ) 0 I X ,  

! ' R A Y L E I G H  NO. ( L ) 0 I X , 0GRASHOf  NO ( R I ) 0 I X s 0RAYLEIGH NO ( R I ) 0 )
• WRITE ( 1 0 8 , 2 1 )  XNUsXKR, GNL7RNL,GNRsRNR
21 FORMAT ( 6 E 1 6 . 8 , / / ) .

W R I T E ! 1 0 8 , 1 0 0 )
1 0 0  FORMAT( 0 O9 , I X , 0 RAYLEIGH NO *  ( L ) 0 )

12 W R I T E . ( 1 0 8 , 1 0 1 ) RASL
101 FORMAT ( E18^ 8 ).

WRITE ( 1 0 6 , 2 2 1  N R , RGAP7P N i X N U i X K R sAAA
22  FORMAT ( 1 1 0 , 4 E 1 6 . 8 , F 6 . I )

WRITE ( 1 0 6 , 2 3 )  G N L , RNL7GNR,RNR7EC
2 3  FORMAT ( 5 E 1 6 . 8 )
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GO TO 24 
2 CALL EXIT . END

FUNCTION T(E)
DIMENSION C(.8)
DOUBLE PRECISION TOT 
C(l)-49Io96562 .
C(2)=46.381884 Ct 3)=-lo3918864 :
C(4)=Oo15260798
C(5)=-0»020201612 -
C(6J=OoOO16456956
Ct7)=^6.6287090/(10.**5)
Ct 8) = lo0241343/(10,**6)
TOT=OoDO 
DO I 1=1,8

I TOT=TOT-f-Ct I )*(E**( 1-1) )
T=TOT 
RETURN.
END
FUNCTION U(T1JJ)
GO TO (35,36,37,38),JJ

35 C0=134o 375 Cl=-6o 0133834 
C2=1^8432299 
C3=-l,3347050
U=EXP(C1)*T**C2*(T+C0)**C3 
GO TO 50

36 TP=T-593.33203 
. Cl = o0071695149
C2=« Ol1751302 
C3=o 0087791942 
C4=o81654704
VIS=Cl*TP+C2*tlo+C3*(TP**2))**o5+C4
U=IoZVIS
GO TO 50



37 CONTINUEC ABSOLUTE VISCOSITY OF 20CS DOW 200 SILICONE
V=0.03875*(4.6*10**5)/<T-359.69)**1.912: 
Cl=52.754684 
02=0.045437533 
C3=5.1832336/(10.0**5)
RH0W=C1+(C2-C3*T)*T 
RHO=RHOW*0 o 949 

: U=RHO*V 
GO TQ 50

38 CONTINUEC ABSOLUTE.VISCOSITY OF 350CS DOW 200 SILICONE
V=0-03875*(5.495*10**9)/(T-259.69)**2.943 
Cl=52.754684 
C2=0.045437533 
C3=5.1832336/(10.0**5)
RHOW=C1+(C2-C3*T)*T 
RHO=RH0W*0.970 
U=RHO*V 
GO TO 50 

. 50 RETURN 
.. ENDFUNCTION CP(TsJJ)
GO TO (35,36,37,38),JJ

35 00=2.236775/(10.0**5)
Cl= 0.22797749
CP= CO-3- C 1*7 .
GO TO 50

36 Cl-1.3757095 
C2=.0012968965 
C3=1.1110533/(10.**6)
CP=C1— (C2-C3*T)*T
GO TO 50

37 CONTINUE
C SPECIFIC HEAT OF 20CS DOW 200 SILICONE 

TP=5.0*(T-491.69)/9.O
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Cl=O.3448334:
C2=7i7499/t10.■0**5) :
03=4.167/(10.04*8)
CP=Cl+(C2+C3*TP)*TP 
GO TO 50 

38 CONTINUEC . . SPECIFIC HEAT OF 350CS OOW 200 SILICONE 
. TP=5o0*(T—491.69.) / 9.0 
. Cl=O.3259583 C2=2.425/(10.0**4)

. C3=5.41667/(10.0**7)
CP=C1+(C2-C3*TP)*TP 
GO TO 50 

50 RETURN 
END

- FUNCTION CON(TvJJ)
GO TO (35,36,37,38),JJ 

■ 35 XP=O.I
C0=-8.5964965 
C 1=5 34490.89 .
C2=r. 868.23837 
03= 8056583.8

1 X=XPF=CO+ C1*X+C2*X*X+C3*X*X*X—T 
FP=Cl+2c0*C2*X+3.0*X*X*C3 
XP= X-F/FPIF(ABS((.XP—X)/X) —0.0001)2,2,1

2 CON=XP 
GO TO 50

36 Cl=.23705417
. C2=.0017156797 
C3=1.1563770/(10«**6)
CON=—Cl+(C2~C3*T)*T 
GO TO 50

37 CONTINUEC THERMAL CONDUCTIVITY OF 20CS DOW 200 SILICONE
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CON=Oo 00034/Oo004134 
GO TO 50 

38 CONTINUE
C THERMAL CONDUCTIVITY OF 350CS DOW 200 SILICONE 

CON=Oo00038/0o004134 GO TO 50 
50 RETURN 
. END
FUNCTION RHO(T»JJ)
GO TO (35,36,37,38),JJ

35 CONTINUE
C . DENSITY OF AIR AT ATMOSPHERIC PRESS. LBM/FT3 

RH0=14.696*144o/(53o36*T)
GO TO 50

36 C1=52« 754684 
C2=«045437533 
C3=5.1832336/(10«**5)
RH0=C1+(C2-C3*T)*T
GO TO 50 

37.CONTINUE
C DENSITY OF 20CS DOW 200 SILICONE

C1=52»754684 . .............
C2=0.045437533 
C3=5.1832336/(10.0**5)
RH0W?C1+(C2-C3*T)*T 
RH0=RHQW*0 « 949 

. GO. TO 50 
38 CONTINUE

C DENSITY OF 350CS DOW 200 SILICONE 
Cl=52.754684 
C2=O«045437533 
C3=5o1832336/(IOo0**5)
RHOW=C1+(C2-C3*T)*T 
RH0=RHQW*0o970 
GO TO 50 

50 RETURN
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END
FUNCTION BETA(T9JJ)
GO TO (35,36,37,38),JJ

35 BETA =IoOZT 
GO TO 50

36 TR=TZlOOe
IF (T-54.9e59) 1,1,2

1 01=603.11841 
C2=-353e03882 
03=68.297012 
C4=-4o3611460 .
BP=C I-H C2+(C3+C4*TP)*TP)*TP 
GO TO.3

2 Cl=—128»44920 
C2=68 = 827927 
C3=-13.858489 
C4=le2608585 
C5=— .042495236BP=C I +1 02+(C3+(C4+C5*TP)*TP)*TP)*TP 

. 3 BETA-BP/t10e**4)
GO TO 50 •

37 CONTINUE
C THERMAL EXPANSION COEFFe OF 20CS DOW 200 SILICONE

BETA=OeOOlOTZleB 
GO TO 50

38 CONTINUE
C THERMAL EXPANSION COEFF^ OF 350CS DOW 200 SILICONE 

BETA=O.OOO96ZIo8 
GO TO 50 

50 RETURN 
END
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Temperature Profile Data Reduction Program

The computer program that follows was written to 

reduce the temperature profile data. The nomenclature 

for the input variables is as follows:

NR Run number .

DS Diameter of inner, sphere, inches

DL Diameter of outer sphere, inches

EC Eccentricity, inches

E(J) Readings from thermocouples; 7 - 1 0  are read­

ings for these thermocouples preceding the 

probe traverse, 11 - 14 are readings for the 

same thermocouples following the probe 

traverse.

REF Reference reading on dial caliper

RE Reading on dial caliper at point where tem-
■ ■ .perature profile, data is being taken.

EP Thermocouple probe reading, millivolts

This computer program utilizes the following subroutines: 

(I) SUBROUTINE RTHET(RrR S fEC) Computes .R q for use 

in equation (3.8). >

PIN3, AXIS3>■ PL0T2, and PLOT are locally derived subrou­

tines that are utilized to drive.the CALCOMP plotter and 

will not be reproduced. Any other subroutines' or sub­
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programs that are utilized in this computer program that 

are not listed or mentioned above or with the program list 

ing have been previously discussed or are common sub­

routines or subprograms and their "inclusion was not war­

ranted.



DIMENSION TEMPI 5,200)»ANG(5),RADt5*200),X(5,200),Y(5,200)»XP(200), 
IYPt200) , T U 5),TSt5),DT15),E(20),KNT(5),TP(5,200),H(20),R(5)
2,ITt24)
KK = OP=3.1415927 
DO 10 1 = 1,5

10 ANGt I) =(1-11*40
18 READ (105,1)NR,DS,DL,EC 
I FORMAT( I 5,F15.4,2F10.4)

RL=DL/2.
RS=DS/ 2.o 
DR= RL/RS 
IF(NR)2,2,3

. 3 CALL RTHEAT(R,RS,EC)
: WRITEt 108,300)IRt I),1 = 1,5)

300 FORMATt"I',5X,5E12.4)
DO 4 1=1,5 
K=I

. READ (105,5)(E(J)»J=7»10)
READ ( 105,5) (EU), J=Il,14)

5 FORMAT(4F10.4)
DO 6 L = 7, 146 H(L)=TB(E(L))—459.69
TLU ) = (H(7)+FI(8)+H( Il)+Htl2) )/4.
TS ( I )=(H(9)+Mt 10)+H(13)+Ht14))/4.
DT(I)=TS(I)-TL(I)
READ ( 105,7)REF

7 FORMAT(FlOo4)
11 READt105,8)RE,EP
8 FORMAT(2F10.4)

IF(RE)12,12,9
9 K=K+I

TEMP(I,K)=(TB(EP)—459.69-TL(I))/DTtI)
. Y(I,KJ=TB(EP)-459.69 
RADt I,K)=RL-RE+REF+0.02 
X(I,K) = (RAD(I,K)-R(I))/(RL-R I I))
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GO TO 11
12 RADU9D  = RAD(I9Z)-.02 

TEMP(I911=1.0 
Y(I9I)=T Ti (I)
X(I9I)=O.O 
. .K= K+1
TEMP(I9K)=O. ■
Y(I9K)=TL(I)
RAD(I9K)=RL 
X(I9K)=I-O 

4 KNT( D=K .
WRlTE(IOS9IOO)NR

100 FORMAT!1I19SX91RUN NUMBER = D 15)
DO H O  1=1,5
WRITEt108,106) ANG(I)

106 FORMAT(5X,sTHEATA = ',E12.4)
WRITE(IOe9IOl)101.FORHATt «0«,IOX9«RADIUS° 9 3X9 0 RAD RATIO0 92X, 0TEMP RAT IO0,IX9 0 TEMPERA 
ITURE0)
M=KNTt I)
DO 111 J=I9MWRITEt108, 102)RAD(I9J)9X(I,J),TEMP(I9J) ,YU , J)

102 F0RMAT(5X,4E12o4)
111 CONTINUE :
H O  CONTINUE 

XMN=O.O 
XMX=I-O 
YMN=O-O 
YMX=I-O 
NL=O-O
CALL PINB(KD9XN9YN)
CALL PINB(KD9XN9YN)CA L L  AXISBtXMN9XMX9YMN9YMX9O-I9O-I9NR9NL9XS9YS9KD9XN9YN)
DO 50 1=1,5 
J=KNT(I)

. DO 60 L-I9J
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XP(L)=X(ItL)
60 YP(Lj=TEMPtItL)

LL= I+3CALL PL0T2(LL,J,XStYStXPtYP)
50 CONTINUE

CALL PLOT(3tXN,YN)
GO TO 18

2 CALL EXIT 
END-
SUBROUTINE RTHEAT(RtRStEC)
DIMENSION R(5)tA(5),C(5)
DO.I 1=1,5 
A(I)= (I-I)*40 • I C(I)=A(I)*3.1415927/180.
. IF(EC)St15,6

6 DO 2 1=1,5
7 IF ( 1^1)3,3,4
3 R(I)=RS+EC 
GO TO 2

4 Cl I ) = 3® 141.5927—Cl I)
B=C(I)R(I)=(EC**2+RS**2-2o*EC*RS*C0S(B))**.5 

2 CONTINUE 
GO TO .15

5 EC=-EC ..
DO 30 1=1,5 
IF(1-1)8,8,16

8 R( D=RS-EC 
GO TO 30

.16 C(I)=3.1415927-C(I)
14 AA=ASIN(EC*SIN(C(I))/RS)

B= 3.1415927-C( D-AAR(D=(EC**2 +RS**2-2.*EC*RS*C0S(B))**.5 
30 CONTINUE
15 RETURN 

END

153



APPENDIX II

MAPPING OF ECCENTRIC SPHERES TO CONCENTRIC SPHERES

The comparison of measured data with existing correla­

tions is always desirable when possible. ' Natural convection 

heat transfer correlations in existence are for such geome­

tries as concentric spheres or concentric cylinders. No 

correlations exist which consider spherical bodies eccen­

trically located relative to each other. However, com­

plex variable theory suggests that it may be possible to 

conformally map the eccentric configuration into a con­

centric configuration. This method was applied to the 

eccentric configuration in hopes that the mapped geometric 

variables, when applied in the data reduction, would al­

low comparison between the existing correlations and the 

experimentally measured data.

The mapping was to be accomplished for the eccentric 

configuration shown in Figure A2.1. The points A through 

G are designated so that their- positions during the trans­

formation can be followed. The first step was to trans­

form the polar coordinates i n t o .cartesian coordinates by 

defining x 1 and y' as

X-' = r cos 0 ' , . and y ' '= .r sin 9 ./ (A2.1)
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Figure A2.1. Original eccentric configuration.
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where r is the radius to any- point in the annulus and 0 

is its displacement from the upward vertical (0°). Then a 

dimensionless set of c o o r d i n a t e s x  and y, are defined as

x x 1
r / y = Xl

r (A2.2)
o o

with the position of the top and bottom of the sphere in 

dimensionless form designated as

e + r . e - r .
X- = ------—  and x = ------—  . (A2.3)I r  2 ro o

AlI of the coordinates for the transformation are in 

dimensionless form. Considering a region transformation 

as given in Churchill [30]., let the variables a and Rq be 

defined as

a 1 + xIx2 + /(I - X 12) (I
X1 +

(A2.4)

I
R ■ = o

+ /(I -X1X2 + V U . -  X12 ) ( I

= 1 + =2
(A2.5)

for a > I and R > I when -I < x < x < 1 .  The trans-O <4 -L
formation function for the considered region is

z - a
3 az - I (A2.6)

where w. U3 + iv3 , and U 3 and V 3 are given by
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(x - a) (ax ~ I) + ay'2u3 2 2 2 (ax - I) + a y
/ (A2.7)

v y (a2 - I) (A2.8), n . 2 , 2 2 (ax - I) + a y

z = x +  iy (A 2 .9)

i = / -I (A2.10)

The function (A2.9) transforms the original eccentric con­

figuration (Figure A2.1) to a concentric configuration 

(Figure A2.2). The new configuration is inverted (the 

outer sphere is inside the inner sphere) and upside down 

relative to the original configuration. However, the ma­

jor point of interest is that the new configuration 

(Figure A2.2) is concentric. Therefore, the problem be­

comes one of transforming the new configuration to the 

original positions (outer sphere outside and inner sphere 

inside) while still maintaining the concentricity.

Considering now a method to restore the original

positions, let u = -u and v = -v . This has the effect2 3 2 j
of putting the concentric spheres in the position desig­

nated in Figure A2.3. .The positions of the noted points,

A through G , are now in the upright position' but the 

spheres are still inverted.: So now the problem is one of.
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Figure A 2.2 . Configuration as a result of the first 
m a p p i n g .
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Figure A 2.3. Configuration as a result of the second 
m a p p i n g .
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putting the spheres in their proper locations. To ac­

complish this, the inverse of the preceding transformation 

function is taken as indicated by

w I
I
w 2

(A2.11)

where is the original transformation evaluated in terms 

of u^ and v^ . Therefore, we have new variables u_̂  and v^ 

in terms of u^ and v^ as given by the expressions:

• I U2 " iv2
" l  +  l v I - “  u .  '+  i v ------------------------------------

2 U22 + V2 2
(A2.12)

or separating into real and imaginary parts

-v.
I 2 ,

U2 V 2
2 and vI 2 2 

U2 V 2.

(A2.13)

This transformation has the effect of placing the spheres 

in their proper location (outer one outside). Now using 

a final transformation

w = r W 1 , (A2.14)o I

produces the configuration shown in Figure A 2 .4 with the 

outer radius of the mapped and original spheres equal.

All of the previous transformations can now be combined, 

into a single function given by,



Figure A 2.4. Configuration as a result of the final 
mapping.
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r (az - r )
W “ ' (A2-15) o

where rQ is the original radius of the outer sphere.

The foregoing mapping'procedure is successful in 

producing the desired configuration of two concentric 

spheres from the original eccentric sphere configuration. 

The concentric (mapped) configuration maintains the origi­

nal outer diameter and yields an inner sphere with a di­

ameter dependent on both the original inner diameter 

and the eccentricity.



APPENDIX III

USE OF MAPPED ECCENTRIC- DATA IN 

DESIGN APPLICATION

A major goal of many research projects is the pro­

duction of useful empirical relationships for the prac­

tising engineer. This goal was kept uppermost in mind 

during this study, and the results are quite meaningful 

and useable by the design engineer. The intent of this 

appendix is to instruct the engineer in the use of the 

empirical relations resulting from the experimental study. 

To do this, examples are posed where the data are utilized 

starting with a known eccentric configuration and arriving 

finally w i t h .an average heat transfer coefficient or the 

heat transfer rate to be utilized in subsequent design 

calculations.

ECCENTRIC SPHERES >

First, consider an eccentric spherical configuration 

with an inner sphere of radius r and an outer (enclosing)- v I  .
sphere, of radius r. with a n . eccentricity e . Whether the . 

eccentricity is positive or negative makes no difference 

• in the. approach used or the mapped diameter that will oc­
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cur as a result of the geometric transformation. Now 

evaluate the actual gap thickness to radius ratio accord­

ing to equation A3.I.

ro " ri
urn i

(A3.1)
um

Then enter Figure 4.3 at the calculated value of (L/r^) 

and proceed to the curve labeled with the desired value of 

eccentricity. Then read directly across to the value of

(L/r^)m which is defined by equation A3.2 as

r° ~ r M - ie_
ro I Iri

By simple algebra, determine the value of which is the 

"mapped" inner radius that will be utilized in all subse­

quent calculations in place of r ^ .

The evaluation of the average heat transfer coeffi­

cient can now be carried o u t . The first thing which must 

be done is to evaluate the volume mean temperature, Tv m / 

as defined by equations (2.38) and (3.1) which requires 

a knowledge of the temperature of the inner and outer sur­

faces, T^ and T q respectively. . This temperature, Tvin# 

will be utilized in the determination of all of the ther­

mal and physical properties necessary for the evaluation

(A3.2) 
m
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of the Rayleigh number or modified Rayleigh number as the 

situation dictates. It is suggested that the individual 

equations depicted in Figure 4.8 be used when the fluids 

of interest are those involved in this study. This would 

then require the evaluation of the Rayleigh number based 

on the mapped gap thickness. Should, the fluid of interest 

be different than those of this study, the overall cor-; 

relation would present the most desirable approach. This 

would then require the evaluation of the modified Rayleigh 

number.

Now proceed with the determination of the average 

heat transfer coefficient, and consider for simplicity 

that the fluid of interest is one of those involved in 

this study and that the modified Rayleigh number accord­

ing to equation (5.7) has.been calculated. Now use either 

the line on Figure 4.9 or the equation given on Figure 4.9 

to determine the value of k eff/k * Then use equation (2.42) 

to determine the Nusselt number.

k
---- = Nk • ND* (2.42)

Using the expression for. the Nusselt number

h (r - R ) o . x (A3.3)k f
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the average heat transfer coefficient for natural convec­

tion can be determined for the original eccentric config­

uration by solving equation (A3.3) for h .

The process would be the same if the fluid of inter­

est is one of the test fluids for the study with the ex­

ception that Figure 4.8 or the equations listed for the 

individual fluids would be utilized instead of Figure 4.9 

and the equation for the overall heat transfer correlation.

The heat transfer rate is obtained in the following 

manner. The value of obtained from either the

curves of equations indicated on Figures 4.8 and 4.9 is, 

utilized to yield 1Inet directly from the following equa­

tion :

4irk (T - T .) R .r o i x o
^net k r - R o

(A3.4)
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