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Abstract:
Williams has shown that one-dimensional connected hyperbolic attractors can be realized as the inverse
limits of bouquets of circles with single bonding maps that fix branch points. Suppose (formula not
captured in OCR) are diffeomorphisms on manifolds with one-dimensional connected hyperbolic
attractors Λ and Γ, respectively. Let A and B denote the transition matrices for the bonding maps on the
bouquets of circles whose inverse limits correspond to X and Y with spectral radii μA and μB. We
show that if λ and Γ are orientable and homeomorphic then A and B are weakly equivalent. We lso
show that if λ and Gamma; are non-orientable and homeomorphic then there exist Perron numbers α
and β and positive integers m and n such that αμA; = μ^mB and βμB = &mu^nA. These two results
together imply, the weaker result, if A is homeomorphic to Γ and the topological entropies (formula not
captured in OCR)then the algebraic extension fields Q(μand Q(μB are identical 
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ABSTRACT

Williams has shown that one-dimensional connected hyperbolic attractors can be 
realized as the inverse limits of bouquets of circles with single bonding maps that fix 
branch points. Suppose f : X  X  and g : Y  -> Y  axe diffeomorphisms on manifolds 
with one-dimensional connected hyperbolic attractors A and F, respectively. Let A 
and B  denote the transition matrices for the bonding maps on the bouquets of circles 
whose inverse limits correspond to X  and Y  with spectral radii fiA and Hb - We show 
that if A and F are orientable and homeomorphic then A  and B  are weakly equivalent. 
We also show that if A and F are non-orientable and homeomorphic then there exist 
Perron numbers a  and /3 and positive integers m  and n such that olha = Hb anc  ̂
Phs = H1A- These two results together imply, the weaker result, if A is homeomorphic 
to F and the topological entropies Atop(ZU) =  Iog(Ad) and Atop (5 Ir) =  Iog(^n) then 
the algebraic extension fields Q(Ha ) and Q(hb) are identical.
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CHAPTER I 

INTRODUCTION

One important area in smooth dynamical systems is the study of structurally 

stable diffeomorphisms. In fact, one of the main problems introduced by Smale in 

his paper Differentiable Dynamical Systems [22] was the classification of structurally 

stable diffeomorphisms.

J. Palis and S. Smale made two fundamental conjectures in this area which were 

subsequently shown to be valid. The first was the Structural Stability Conjecture 

which states that a C1 diffeomorphism is structurally stable if and only if it satisfies 

Axiom A and strong transversality. Robinson [20] showed the sufficiency and Mane 

[14] showed the necessity of this conjecture, necessity of this conjecture. The second 

was the ^-Stability Conjecture which states that a C1 diffeomorphism is D-stable if 

and only if it satisfies Axiom A and has no cycles. Smale [22] showed the sufficiency 

and Palis [19] showed the necessity of this conjecture.

One theorem, due to Smale [21], concerning the non-wandering sets of C1 Axiom 

A diffeomorphisms is the Spectral Decomposition Theorem which states that if /  

is a C1 Axiom A diffeomorphism then there is a unique way of writing the non­

wandering set f2(/) as the finite union of disjoint, closed, invariant, indecomposable 

subsets f2(/) =  D1 U ...  U Qfc in such a way that on each subset /  is topologically
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transitive. The simplest subsets that appear in the spectral decomposition of an 

f2-stable diffeomorphism, after isolated periodic sinks, are expanding attractors.

R. F. Williams realized an important tool for the study of expanding attractors 

was inverse limits. Williams [24] showed that if a diffeomorphism F  has a one­

dimensional hyperbolic attractor A then T1Ia is topologically conjugate to the shift 

homeomorphism /  on an inverse limit of a branched one-manifold G with a single 

bonding map /  satisfying certain properties. In the same paper, he proved a converse 

for diffeomorphisms on S'4. Williams [26] showed similar results for all diffeomor- 

phisms with expanding attractors.

This relationship between expanding attractors and inverse limits sparked interest 

in the investigation of inverse limits of finite graphs in hopes that by studying the 

dynamical properties of the bonding maps that topological properties of the inverse 

limit spaces could be obtained, and vice versa.

One such result, relating the dynamics of a map on a finite graph and the topo­

logical properties of the associated inverse limit space, is the following due to Barge 

and Diamond [3]. Suppose / :  G G is a piecewise monotone map on a finite graph 

G. The following are equivalent: the topological entropy of /  is positive; /  has a 

horseshoe; there are positive integers r and M  such that /  has a periodic point of 

prime period rm  for all to > M; and the inverse limit space ^m{G, /}  contains an 

indecomposable sub continuum.
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Barge and Diamond [4] introduced the relation of weak equivalence for nonneg­

ative square integral matrices to study the inverse limits of finite graphs. Barge, 

Jacklitch, and Vago [7] then introduced the stronger relation of weak equivalence for 

substitutions to further study the inverse limits of finite graphs.

The two main results of this dissertation are the following:

Theorem I . Let G and G' be orientable bouquets of circles with branch points 

b and b', respectively, let f  \ G G and f  : G' ^  G1 be collapsing surjective 

immersions such that f(b) = b and /'(&') =  b', let Mf be the transition matrix for 

f  relative to an ordering of the components of G\{b}, and let Mp be the transition 

matrix for f '  relative to an ordering of the components of If  lfm{(jr, /}  is

homeomorphic to ^m{G', / '}  then Mf is weakly equivalent to M p .

Theorem 2. Let G and G' be finite connected graphs with branch points but 

without end points and let f  : G ^  G and f  : G1 ->■ G' be aperiodic collapsing 

surjective immersions such that the branch sets of the graphs are invariant under the 

immersions. If]^m{G, /}  is homeomorphic to IfmIG', / '}  and the topological entropies 

htop(f) =  Iog(Ay) and Zrtop(/')  = Iog(Ay) then there exist Perron numbers a and (3 

and positive integers m and n such that a \ f  — Xp and PXp = A” .

The second theorem includes collapsing surjective immersions on bouquets of 

circles which fix branch points since they are automatically aperiodic. Both theorems 

give us corresponding results for one-dimensional connected hyperbolic attractors by 

results of Williams [24], [25].
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CHAPTER 2 

PRELIMINARIES 

Finite Topological Graphs

A compactum is a nonempty compact metrizable space and a continuum is a 

connected compactum.

Suppose z is a point in a one-dimensional compactum K. If x is an end point of 

every arc in K  containing x then x is called an end point of K. If K  contains a simple 

n-od (n > 3) with vertex x then x is called a branch point of K. The set of all end 

points of K  will be denoted by £{K) and the set of all branch points of K  will be 

denoted by B(K).

A finite graph is a compactum which can be written as the union of finitely many 

arcs each pair of which intersect in at most a common end point, We will call a 

finite connected graph without endpoints, having only one branch point, a bouquet of 

circles. By definition, a finite graph is locally connected and locally path connected.

Suppose M is a metric space with metric d. The metric d is called Menger-convex 

if for every pair of distinct points x ,z  £ M  there exists a point y 6 M \{x, z} such 

that d(x, y) +  d(y, z) =  d(x, z). The following result is due to Bing [8] and Moise [17], 

independently.
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Theorem 2.1. Every locally connected continuum admits a compatible Menger- 

convex metric.

Since every finite connected graph is a locally connected continuum, it admits a 

compatible Menger-Convex metric, by the above theorem.

If U is an arc or simple n-od in a compactum K  such that U\£ (U) is open in K  

then we will call U a star in K. If I/ is a star in a finite graph without end points 

then Int(IZ) =  U\£(U).

P roposition 2.2. I f V  is an open neighborhood of x in a finite graph graph G 

without end points then there exists a star neighborhood U of x such that U C V .

The following theorem is due to Menger [15].

T heorem 2.3. Given any two distinct points in a compact Menger-convex metric 

space, there exists an arc between the points such that the length of the arc in the 

metric is the same as the distance between the points.

Suppose (M, d) is a compact Menger-convex metric space. By the above theorem, 

the distance between any two distinct points is the same as the length of the shortest 

arc between the points. So B d(x, e) is arc connected for each x E M  and e > 0.

Suppose tZ is a star in a finite graph G and A(U) is a finite collection of distinct 

arcs in G whose union is U. If the end points of U can be partitioned into two subsets 

such that:

i) given an arc in A(U) the end points of that arc are not contained in the same

element of the partition,
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ii) given a point from each element of the partition, the arc between the points 

that is contained in U is contained in A(U) 

then A(U) is called an arc structure on U. If U has n end points then there are 

2"-1 — I different arc structures that can be placed on U. An arc structure on U 

naturally induces an arc structure on any star contained in U.

Figure I. A star U with arc structure A(U) = {A, / 2 , h ,  -M-

Let G be a finite graph without end points. Since the collection of all stars in G 

with end points removed forms a basis for the topology on G, we only need to work 

with these kind of neighborhoods when studying G.

Suppose U and V are arc structured stars in G. Since a nondegenerate component 

of the intersection of two stars in G is a star, the arc structures on U and V induce 

arc structures on each nondegenerate component oi U C\V. If the arc structures on 

each nondegenerate path component of U C\V, induced by the arc structure on U 

and the arc structure on V, are the same then U and V are said to have coherent arc 

structures. A choice of coherent arc structures on each star contained in G is called

an arc structure system for G.
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Suppose [/ is a arc structured star in G with arc structure A(JJ) ■ Ii p U R 

is a map, by which we always mean a continuous function, such that p|j : I  R is a 

topological embedding for each arc I  e A(U) then we will call p a directing map on U. 

Two directing maps, pi and p2, on U are called equivalent if for each arc I  G A(U) the 

homeomorphism (p2\i) ° (pi|/)-1 : Pi(I) -> Pz(I) is increasing. This is an equivalence 

relation that partitions the collection of all directing maps on U into two equivalence 

classes, each of which we will call a direction for U. We will call an arc structured 

star together with a direction for it a directed star.

If [/ is a directed star then the direction for U naturally induces a direction for 

any star contained in U.

Suppose U and V  are directed stars. If the directions for each nondegenerate 

path component of U ( lV ,  induced by the direction for U and the direction for V, 

are the same then we say U and V  are coherently directed.

Suppose pi is a directing map on a star Ui in G and p2 is a directing map on a 

star U2 in G. If x e Int(Ui) H Int(TZ2) and there exists a star neighborhood V  of x 

contained in TZ1 n TZ2 such that pi|y and p2|y are equivalent then px and p2 are said 

to be equivalent near x. This is an equivalence relation that partitions the collection 

of all directing maps on all star neighborhoods of x into two equivalence classes, each 

of which is called a direction at x. We will let V x denote the collection of these two 

directions at x. The direction for a directed star naturally induces a direction at each

point in the interior of that star.
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Suppose (U,Du) and (VjDv ) are directed stars in G. If x G Int(IZ) n Int(Vr) 

and there exists a star neighborhood W  oi x contained in U C\ V  such that the 

directions for W  induced by Du and Dv  are equal then we say (I/, Du) and (V, Dv ) 

are coherently directed near x. If [Uj Du) and [Vj Dv ) are coherently directed near x  

for each x  E Int(IZ) D Int(V) then [UjDu) and (VjDv ) are coherently directed.

Suppose G is endowed with an arc structure system. We say G is orientable if 

there exists a collection of coherently directed stars whose interiors cover G. If G is 

orientable then a choice of coherently directed stars whose interiors cover G induces a 

direction at each point of G. This continuous choice of directions at each point of G 

is called an orientation of G. If G is connected and orientable then there exist exactly 

two distinct orientations of G.

Suppose G' is finite graph without end points endowed with an arc structure 

system. We call a map /  : G G' an immersion if for each point x in G and each 

star neighborhood V  of f[x)  in G' there exists a star neighborhood U of x in G such 

that the restriction of /  to each arc in A(IZ) is a topological embedding into an arc 

in A(V). We call an immersion f  : G G1 collapsing if for each point x in G and 

each star neighborhood V of f[x)  in G' there exists a star neighborhood IZ of z in G 

such that the image of U under /  is contained in an arc in A(V).

If /  : G -> G is an immersion such that f[B[G)) = B(G) then B(G) C f~ 1(B(G)) 

and /  is one-to-one on each component of G \f~ 1(B(G)). Thus /  is a Markov map 

and we can associate a matrix to /  relative to an ordering of the components of



9

GXB(G) in the following manner. The transition matrix for /  relative to the ordered 

components, [J1, , Jm}, of G\B(G) is the m x  m  matrix whose y -th  entry is the 

number of times the component Jj covers the component Ji under / ,  that is, the 

number of components of G \f~ 1(B(G)) in Jj that map onto J,. If A and B  are 

transition matrices for /  relative to different orderings of the components of G\B(G) 

then A  is similar to B by a permutation matrix.

We define Ay to be the spectral radius of the transition matrix for /  relative to 

an ordering of the components of G\B(G). This definition is independent of which 

ordering is chosen by the similarity remark made above.

It is a well known result, due to Block, Guckenheimer, Misiurewicz, and Young 

[9], that the topological entropy of a Markov map on an interval or circle is equal to 

the logarithm of the spectral radius of an associated transition matrix. We can easily 

extend this result to Markov maps on finite graphs using similar techniques. Thus

/ W / )  =  Iog(^y)-

The following result about topological entropies is due to Bowen [10].

Theorem 2.4. Let f  : X  X  and g : Y  Y  be maps where X  and Y  

are compacta. I f  k : X  Y  is a uniformly finite-to-one surjective map such that 

k o f  = g o k then htop (Z) — Zî op (g) ■

Two maps f  : X  X  and g : Y  Y  axe called shift equivalent provided there 

are maps r \ X  Y  and s : Y  ^  X  such that r o f  = gor, f o s  = s o g , s o r  = f m, 

and ?" o s =  for some positive integer m.
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Lemma 2.5. I f  G and G' are finite graphs and f  : G —¥ G and f ' - . G ' —t G' are 

surjective immersions such that f  is shift equivalent to f  then htop(f) = htop(f').

P roof. Since /  is shift equivalent to /', there exist maps r : G G1 and 

s-. G' ^ G  such that ro  f  = / 'o r ,  /  0 5  =  5 0 / ' ,  s o r  =  / m, and r 0  s = ( / ')m for 

some positive integer m. Since G and G' are compact and f m and ( f ')m are surjective 

immersions, f m = s or  and ( / ')m = r 0  5 are uniformly finite-to-one surjective maps. 

Then r and s are uniformly finite-to-one surjective maps. Thus Zitop (/) = htop( f )  by
I

Theorem 2.4. ' D

A square nonnegative integer matrix A  is called aperiodic if there exists a positive 

integer m  such that Am is a positive integer matrix. We will call /  aperiodic if 

the transition matrix for /  relative to an ordering of the components of G\B(G) is 

aperiodic. This definition is again independent of which ordering is chosen by the 

earlier similarity remark.

A real number A > I is called a Perron number if it is an algebraic integer that 

strictly dominates all of its other algebraic conjugates. The spectral radius of an 

aperiodic matrix is a Perron number. Thus, if /  is aperiodic then Xf  is a Perron 

number.

We will say two square nonnegative integer matrices, A and B, are weakly equiv­

alent if there exist sequences of positive integers, (Tii)-L1 and (Tni)-L1, and sequences 

of nonnegative integer matrices, (S1i) iL1 and (Ti) iL1, such that SiTi = An* and
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TiSiJrI =  B rrii for all i G N. If Aj and B k are weakly equivalent for positive in­

tegers j  and k then A  and B  are weakly equivalent by definition. The following 

theorem is due to Barge and Diamond [4].

■Theorem 2.6. Let A and B be aperiodic nonnegative integer matrices with spec­

tral radii Xa and Xe , respectively. If A is weakly equivalent to B  then there are 

Perron numbers, a and /3, and positive integers, m and n, such that ctAa = Ag and 

(3 Xe = A .̂

It should be noted that this Perron relationship between spectral radii is weaker 

than weak equivalence of the matrices. We provide an example of this in. the next 

chapter.

Inverse Limit Spaces

An inverse sequence of spaces is a double sequence f i j ^ i  of spaces X i, called 

coordinate spaces, and maps /* : Xj+'i —»■ X i, called bonding maps. If [X i, ^ iI 1 

is an inverse sequence of spaces then the inverse limit of [X i, f i } ^ ,  denoted by 

Ifml-W, is the subspace of the product space X i defined by IfmlW, =

{(au)-fii € n ” i X i I fi{xi+1) = Xi for each i 6 N>.

Theorem 2.7. I f  [X i, f i } ^  is an inverse sequence of compacta (continua) then 

IfmlW , f i j t^ i  is a compactum (continuum).

P roof. See [18]. D
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Let X  be a space and /  : X  -)► X be a map. If X  ^  X  is the projection

map of the product space into the j'-th coordinate space, defined by Trj-((Xi) ^ 1) =  Xj , 

then TTj I^n(Xj) : ^m{X, X  is a map. It can be shown that if /  is a surjective 

map then Trj ) ^ x j )  is a surjective map. Although we should write Trj Iym(Xj) when 

referring to the j-th  projection map acting on the inverse limit space ^m{X,/} , we 

will write Trj  without this restriction for brevity. It can be shown that the collection 

[Tr^1(U) I I/ is an open set in X  and 2 E N} is a basis for the subspace topology on

Let y  be a space, let # : Y Y be a map, and let {pi}™i be a collection of maps 

Pi : X  —¥ Y  such that Pi ° f  = g ° Pi+i for each 2 E N. If (Xi)î 1 E ^m{X, /}  then 

=  (Pi(xi))Zi G g} since g(pi+1(xi+1)) = p i(/(x i+i)) =Pi (Xi)

for each i E N. So (H^iPi)Iym(Xj) maps ^m{X, /}  into We will call

Poo =  (H^iPi)Iym(Xj) : -J  lyn{Y, g} the ladder map induced by { p i} ^ .

If P00 : ljm{X, /}  ^m{y, g} is the ladder map induced by (Pi) î 1 and Tri and

Ui are the 2-th projection maps acting on ljjn{X, /}  and ^m{y, g}, respectively, then 

Pi o Tri =  CJi o P00 for each i E N. Note that P00 is the only map from ^m{X, /}  into 

ljm{ Y, g} such that Pi o Tri = CJi o P00 for each 2 E N.

Theorem 2.8. Let X  and Y  be compacta, let f  : X  X  and g : Y  —$■ Y  be 

maps, and let (Pi)^d1 be a collection of maps Pi : X Y such that Pi° f  = g o pi+1 

for each i E M I f  each p* is an open k-to-one surjective map such that f \p-^{y}) is
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a one-to-one map for each y G Pi{X) then the ladder map induced by is an

open k-to-one surjective map.

P roof. Assume P 00 : / }  Iimjy, q } is the ladder map induced by

{Pi}i^i where each Pi is an open A;-to-one surjective map such that is a

one-to-one map for each y E p i(X).

P00 is surjective: Let G )^a{Y,g}. Since Pi is a surjective map, {%} is

closed in Y,  and X is a compactum, the subspace P f1Hyi]) of X  is a compactum. 

Then ^ { p f 1 ({yi}) J i \ p:f li{yi+l})}™i is a compactum, by Theorem 2.7, which maps

onto W g r

Pco is k-to-one: Let G P00^ m jX ,/}) = ^mjT, p}. Since % G Pi(X) = Y

and Pi is ft-to-one, P f1Hyi]) has k elements. Suppose {xitj}^=1 =  P f1Hvi])- Since 

Pi o /  =  g opi+i, / W i({ ^ + i} ))  C R X(PJ)- Since Z fX W ) ^  A: elements for each 

i G N and f  Ip7̂ yi+1}) is a one-to-one map, f  (pf+i({yi+i])) = P f1HvH)- For each 

xid G P f1HvH), let xi+ld be the unique element of pflHiVi+i]) such that f ( x i+id) =

xid. Then Pff(Hyf)iZ1]) = (W O ^ 1)-J=I-

P00 is open: For i G N, let -Ki and Cri be the Lth projection maps acting on 

IfmjX 1 /}  and ^m jT 15 }, respectively. Let K f1(U) G [Kf1(U)IU is an open set in X 

and i G N}, which is a basis for Ijm jX ,/} . Since pk is open and U is an open 

set in X, pk(U) is an open set in Y. So a f  1^ k(U)) is open in IfmjT1 p}. Let 

(Pi)lcL1 G (Jf1(PkfU)). Let xk E U U p f1Hyk]); the latter set is nonempty since 

to =  % ( W S J  e Pt(U). Since / 't e i t t to + i} ) )  =  P t1({m}) for * S N, let xk+i G
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P/j+j({z/fc+i}) suck that f^(xk+i) — Xjc. Then x_ — ( /  (î-A;), ■ ■ ■ , / {%k)i ^ki %k+i> ■■■) G

T T ^ and poo W  =  So E Poo^t X ^)) ^^(p&(U")) C Poo^* X^))-

Since ak o Poo = pk o ^ kl P0 0 ^ 1 (U)) C ^ ( P k(U)). So p ^ i ^ 1 (U)) = a^1(pk(U)) is 

an open set in ^m{y, g}. D

If p : X  —> y  is a map such that p °  f  = g op  then we will call (H ^ i P) |î m{x,/} : 

^m{X, /}  —̂ ^m{y, 5 } the ladder map induced by p. Let /  : ^m{X, /}  —̂ ^m{X, /}  

be the ladder map induced by / .  By definition, rKk =  7r*+i 0  /  for each /c E N. The 

map /  is a homeomorphism called the shift homeomorphism'induced by / .
OO

If X  is a compactum with metric d then (!((Xi) ^ l , (Zi)^l1) = d(a:;,Zi)/2' is
i= l

compatible with the subspace topology on ^m{X, /} .

Matchbox Continua

Let X  be a continuum. Following closely notation introduced by Aarts and 

Martens [1], we make the following definitions. If C is a zero-dimensional compactum 

and h : C x [-1,1] X  is a topological embedding such that h(C x [-1,1]) is 

closed in X  and h(C x (—1,1)) is open in X  then the set M  =  h(C x [—1,1]) is 

called a matchbox in X .  For each c E C1, the set h({c} x [ -1 ,1]) is called a match in 

M. If every point in X  has an open neighborhood homeomorphic to the product of a 

zero-dimensional compactum and an open arc then X  is called a matchbox continuum.
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Let G be a finite connected graph with branch points but without end points, let 

d be a Menger-convex metric compatible with G, and let /  : G —> (7 be a collaps­

ing surjective immersion such that f(bi) = 6* for each bi G (Z)1, . . .  , br} = B(G). 

Let ( J 1, . . .  , Jm} be the path components of G\B(G) and (Z)1, . . .  , Z)r , .. .  , Z)s} =

P roposition 2.9. For each k G N and Ji G ( J 1, . . .  , Jm), TaT1(Ji) C (im(G, /}  

is homeomorphic to the product of a zero-dimensional compactum and an open arc.

P roof. Let (J1, . . .  ,In} be the path components of G \ f~ 1(B(G)) and a be 

the discrete metric on the set ( I , . . .  , n}. Let Q  =  ((Sj)^L1 G H j t1( I ) .. .  , n} | 

Ji = f  (Isi) and I 3j C / ( / s.+1).for each j  G N} which is a closed subset of the zero­

dimensional compactum H j t 1 ( I > • • • with metric a defined by ^ ( ( s , ) ^ ,  ( t j ) ^ )  =

E  o-(sj,tj)/2L Let hitk : Ci x Ji ^  Tr̂ 1(Ji) be defined by Zii,/=((Sj))-L1, a;) = 
j ' = i

- - - ,a;, ° w ,  - -

hj>A; is surjective: Let x G Tr̂ 1(Ji). Then 7r*.(ac) G Ji and /  o Trm (X) = tt̂ x) for 

each £ G N. Since Trfc(X) ^ S(G), Trm (x) ^ / _1(S(G)) for each j  G N. For each j  G N, 

let Sj be the element of ( I , . . .  , n} such that Trm (x) G I3j. Since Trfc+1(x) G I31 and / o 

Trfc+1(x) =  Trfc(x) G J i, Ji =  / ( J si) and ( / |/S1)_1 ° Tfc(x) =  Trfc+1(x). Since Trfc+j+1(x) G 

I3j+1 and /  o Trm m (x) =  7rk+j(x) G I3j, I3j C / ( J s,+1) and ( / | js.+1)-1 ° Tm (x) = 

Trfĉ j+],(x). So (Sj)^L1 G Gi and (/|r^.) 1 ° ■ ■ ■ ° ( / |/S1) 1 ° Tfc(x) =  Trfc+j(x). Thus 

((Sj)^LTrfc(X)) G Gi x J( and \ fc((sj)^L7rfc(x)) =  ( / ^ 1QTrfc(X),. . .  ,7rfc(x), ( / I ^ J - 1Q

T tW X /I ^ J ^ O ^ I ^ J - lo T T t^ ) , . . . )  =  (TT1(X),... ,TTfc(x), Trm (X ),...) =X.
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hitk is injective: Suppose Hijk((Sj )Jll jX) =  h i ^ t j ) ^ ,  z ) . Then x = irk °

=  Tl* O \ t ( ( 4 ) ^ i , z )  =  -Z- Also for ;  6 N, s,- =  since 7Tt+j ° 

G 7 .̂, 7r&+j o E 7*,, and %&+,- o \t((gj)^= i,a:) =  ^ + ;  o

W W ^ = I ,z)- Thus ((sj)?li,a;) =

hijk is continuous: Let e > 0 and ((Sj )j I l jX) e Ci x Ji. Choose a positive inte­

ger K  such that diam(G)/2K < e/3 and a positive integer £ such that k + £ > K. 

Since f k~̂  is continuous for each j  E { ! , . . .  , k}, there exists a -̂ > 0 such that 

if d(x,z) < Sj then d ( fk~3 (x), f k- 3 (z)) < e/3. Since ( / |rSj_ J _1 ° . . .  o (/Ijsi)-1 

is continuous on Ji for j  E {/c +  I , . . .  , /c +  £}, there exists a <5j > 0 such that 

if z E Ti and d(x,z) < Sj then d (( / |Js._ J -1 o . . .  o ( / |j si)-1(x), ( / |j s._ J_1 ° °

(/Ijf4i)-1^ ))  < e/ 3- Let S =  rain{l/2fc+V i )--- , h+A and ( (^ jJ llj z) e Ci x Ji

such that P(((Sj ))Ill jX)j ( ( t ^ ^ . z ) )  < 5. Then Oj((Sj )Jll j ^ j )JL1) < S and d(x,z) <

6. So (r(sj,Zj)/2J' < < 1/2*+ ,̂ that is o/gj,/,-) =  0, for /  E
OO

{1, . . .  , & +  7}. Thus %), z)) =  E  ° ^  °
j=i

k k+ i

j= l j=fc+l
oo

3 j=k+i+i
e/3 +  e/3 +  diam(G)/2A:+€ < e.

h jl  is continuous: Let e > O and x E Tr̂ 1(Ji). Then there exists a posi­

tive integer £ such that 1/2^ < e and an (S^fj I 1 E Ci such that ((Sj)^L11Trfc(X)) = 

hjl(x). For j  E { ! , . . .  ,7}, since Isj is open in Gj there exists a 5,- > O such that 

Bd(7rfc+j(x),dj) C I1.. Let 5 =  min{e/2fc,5 i/2fc+1,.... J5&/2k+i} and z. E TvJ1(Ji)



17

such that d{x,z) < 5. Then d{'Kj (x),Tvj {z))/2j < 5 for each j  G N and there ex­

ists a G Ci such that 71̂ U)) =  NjtW - So ^ n k(X), Kk(Z)) < e and

d{7Tk+j(x),7rk+j(z)) < 5j for each j  G ,n}. Then 7rk+j(z) G I sj for each j  G
OO OO

,n}  and OX(Sj )JL1, (t ̂ 1) =  E  W )/2̂  = £  < l/2 l < e.
i=i j'=^+i

Thusp(hJ(^),h^(z)) =  p(((g,.)91i,7rkW), =  max{c[((g;)^=i,

d(7rt(%),7rt(z))} < e. O

Corollary 2.10. For each k  £ N  and x G G\B(G), TtaT1 (Z7) is a matchbox in 

]jhn{G, /}  for every star neighborhood U of x contained in G\B(G).

P roof. Let Ji be the component of G\B(G) containing U and let Ci be the one­

dimensional compactum and Ziijfc : Ci x Ji -A TtaT1 (U) the homeomorphism defined in 

Proposition 2.9. Since U is an arc, let p : C [-1,1] be a homeomorphism. Then 

(K k l c i X v ) O M a  X ycr1) : Ci x [-1,1] -A TTk1(U) is a homeomorphism. □

P roposition 2.11. For each /c G N and Xi G B(G), there exists a 5i;fc > O such 

that Irfi1(U) is a matchbox in IjmjC, /}  for every star neighborhood U of Xi contained

in B([(xi, 5ijk) .

P roof. For each i G { ! , . . . ,  r}, let Wi be a star neighborhood of X i such that the 

only element of f ~ 1(B(G)) contained in Wi is Xi and let pi : Wi -A [—1,1] be a map 

such that Pi Iji : Ij —> [—1 ,1] is a homeomorphism for each Ij G A(Wi). We can choose 

each Wi so (Wi , . . .  , Wr) is a pairwise disjoint collection. For i G {1,. . .  , r}, let Vi be 

a star neighborhood of Xi contained in / -1 (Int(Wi)) PlInt(Wi). For i G {r + 1,. . .  , s},
r r

let Vi be an arc neighborhood O f x i contained in (G\ [J W j)n f~ 1((J Int(Wi )). We can
j = i  j = i
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choose each Vi so {K + i,. . .  , Vrs) is a pairwise disjoint collection. For % E ,r},

let A i =  {Ie E U A V j)  I h  n  f - 1Hxi]) ^  0}. Then fj PT1 0 A 0  / W  is a star
j=l

neighborhood of a;, contained in For z 6 , s}, let Ui be the path component

of / -1( U P| p~l o Pi o J(U) contained in Vi. For each i E {1 ,... , r}, we choose
J=I I(£Ai

a liomeomorphism Hi --Wi -* Wi such that the end points and branch point of Wi

are fixed and the end points of fj p f1 op, o f ( I e) are mapped to the end points
HeAl

of U1. Let h -. G G be the homeomorphism defined by h(x) =  hi{x) for x  E Wi 

and h{x) = x otherwise. By definition, Zi(Ji) =  Ji and h preserves the canonical 

orientation of Ji. Let f '  \ G -A G be the collapsing surjective immersion defined 

by f '  = h o f . We now construct a homeomorphism P00 : ^m{G,/}  -> ljm{G, /}  

in the following manner. Let pi : G —> G be the identity map. Suppose that for 

j  — I , . . . ,  N, we have defined homeomorphisms p̂  : G — G such that Pj(Xi) = Xi 

for each Xi E f ~ l (B(G)), Pj(Ji) = Ji, Pj preserves the canonical orientation of J1 for 

each J i E { J i , . . .  , Jm}, and the following diagram commutes.

G
/

G
/ /

G

Pi P2 Pn

G
f '

G G

Let Piv+iU,f : Ji,e -> Ji,t be the homeomorphism defined by PN+i\ji<( = (/'U i,,) 1 °
m ri

Pn ° f \ j - r  Then pN+i extends from (J (J J ijf to a homeomorphism on G such that
i=H=l
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pN o f  = f  O pN+1. Let Poo : ^m{G, /}  -> ^m{G, /}  be the ladder map induced by 

{Pi}£i- Since p, is a homeomorphism for each i £ N, P00 is a homeomorphism by 

Theorem 2.8. Let Tr1k be the &-th projection map acting on I^mjg1 /'} .

Claim. For each /c 6 N and [/i £ [U1, . . .  ,Ur}, « ) -1(£/) is a matchbox in 

^m{g, / '}  for every star neighborhood U of Xi contained in Int(CZi).

P roof of Claim. Let [Us+i , . . .  , Ut} be the components of G\  Ui=i Int(Ui) 

and let (J1, . . .  , Jra} be the collection of open arcs such that (Cl(J1) , . . .  , Cl(Jra)} = 

U A(Ui). For i £ ( I , . . .  , r}, we assume that Cl(Ji) is the arc in A(CZi) such that
i=l
/'(Jj-) =  Ji for every Ij with Cl(Ji) £ A(CCi). Let Ci = [(Sj)JL0 £ • >n} I

Cl(Jso) £ A(CCi) and Js. C f'(Isj+1) for /  =  0 ,1 ,...} , which is a closed subset of the 

zero-dimensional compactum ( ( ^ ( l , . . .  , n}. Let CC be a star neighborhood of Zi 

contained in Int(CCi) and p : CC -A [—1,1] be a map such that pIuurj- : UnIj —> [—1,1] is 

a homeomorphism for each Ij with Cl(J7) £ A(CCi). Let ZiiiJt : Q  x [—1,1] (7rI) X(U)

be defined by Hitk((Sj )Jl1U) = ( ( D k^  ° (Pluniso)"1 (t), • • • , (pItrnzsJ -1^); (/'IaJ -1 °

(dItznzsJ -1OO, • ■ •

ZiiiA surjective: Let x £ (7rJ ^ 1 (CC). Then 7r((z) £ CC C Int(CCi), p Oir1k(z) £ 

[-1,1], and / '  0  7r'-+1(z) =  tt' / z) for j  £ N. Since 7r((z) ^ E(Ui), ^ + J z )  ^

M - X U L i f o r / £ N.

If TtjJj(z) £ Int(CCi) for each j  £ {0,1,,...} then z r j j z )  £ Ji for each /  £ 

(0 ,1 ,. . .  }. So, let Sj = i for each j  £ (0 ,1 ,...} . Then Cl(Jso) =  Cl(Ji) £ A(CCi) and

=Zi =  T(Zi) =  /'(Zs,+ J for /  £ (0 ,1 ,. . .} . So (S j)^1 £ Ci. Since / '  is one-toone
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on Ii and Tr'k+j(x) G Ii for each j  G {0 ,1 ,.,.} , =  U+j+ife) for

each j  G {0,1 ,. . .  }.

If U+jfe) ^ Int(f/J for some j  G {0,1 ,. . .  } then there exists an £ G {0,1 ,. . .  } 

such that U+^fe) G Int(IZ) but U+^+ife) £ Int(IZ). So TT'k+j{x) £ Ufefent(IZ) and 

thus only one element of {h , ■ ■ ■ , In} contains fe+fex). For j  > £ + I, let Sj be the 

unique element of {1 ,... ,n} such that fe+fefe) G I sj- Let g/ G { ! , . . .  , n} such that 

/ '( J sw ) =  Isr For 0 < j  < £, let Sj = i. Then Cl(Jso) G A(Ui) and Js. C / '( J s,+J 

for j  G {0,1 ,. . .  }. So (Sj )^i1 G Ci. Since / '  is one-to-one on Ij and fe+J-fe) G Ij for 

each j  G {0,1 ,. . .  }, ) Hfe+jfe)) =  Tt+j+ife) ôr eac 1̂ 3 ^ I 5 ■ • •

Then ( ( g ^ i , p o ^ ( T ) )  G Q x  [-1,1] and U t W ^ p o T i t f e ) )  =  ( ( / J ^  °

f e W J - H po<fe)), - - , fefenz,0)- Hpo<fe)), ( / '|z ,J - ^ feknz ,0)- Hpo4fe)), - - -) =

( ( / T - I o ^ f e ) , . . .  ,< f e ) , ( / ' | r , J - ^ < ( z ) , . . . )  =  K W , . . .  ,< f e ) ,7 r ^ W ,- - - )  =

x.

hijk is injective-. Suppose that Hijk((Sj )JL1A) = fefefefeferfe)- Then t = po  

(p|[/n/S0)-1(J = p o  (p\unis, )- 1fe) = t'. For purposes of contradiction, assume 

(Sj)^l1 (S1j )JLl . Let £ be the smallest index such that Si A s'i- Without loss 

of generality, assume S1i ^  i. Then Js/+i Cl Int(IZ) = 0- So Js'+i Cl ISl+l = 0 since

SM ^  4 + r  Then o . . .  o (/'Ifii)"1 o ^  (/'Ijw ,)" 1 ° »

(/'Izs i ) - 1  ° (p|c/n/so)- 1 fe). But this contradicts the supposition that Hijk((Sj )JL1A) =

Thus ((Sj)^i, t) =  ((sl)9ii, f) .

Hijk is continuous: Similar to continuity argument in Proposition 2.9.
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Since Ci x [-1,1] is compact and (K1k)^1(U) is Hausdorff, hi>k is a homeomorphism 

and (7t̂ )-:l([/) is a matchbox .in ^m{G,/'} , which proves the claim.

To finish the proof of the proposition, let Xi e B(G). Since pk is a homeomorphism 

such that pk ( Xi ) =  X i , there exists a Sijk > 0 such that pk(Bd(xi, Sitk) )  C  Int(LTi). 

Let [7 be a star neighborhood of Xi contained in B d ( Xi ^ i tk) .  Then pk(U) is a star 

neighborhood of X i contained in Int(LL). So (Tr1k ) - 1  (pk(U)) is a matchbox in ^ m { G , / ' }  

by the above claim. Since P00 is a homeomorphism and P00( ^ 1 (^-)) =  Wt)_1(Pfc(^))’ 

Kk 1 (U) is a matchbox in IjhnjLL /}  D

P roposition 2.12. ^mjG, /}  is a matchbox continuum.

P roof. By Theorem 2.7, fim{G, /}  is a continuum. Let x  €  ^m{G, /} . If 

Kk(B) ^ S(G) for some L e N  then 7r&(a;) G Ji for some Ji G { J i , . . .  , Jm}- Let 

/  be an arc neighborhood of Trfc (x) contained in Ji. Then Kk 1 (I) is a matchbox 

neighborhood of x by Corollary 2.10. If Kk(B) G S(G) then there exists a 5 > 0 

such that TTfc1 (G) is a matchbox in ]fm{G, /}  for every star neighborhood U of Kk(B) 

contained in B d(Kk(x), S) by Proposition 2.11. Let G be a star neighborhood of Kk(x) 

contained in B d(Kk(B), 5). Then K^1(U) is a matchbox neighborhood of x. □

Suppose G is a matchbox in a continuum. If p : G —>• E is a map such that 

p|/ : J  -> E  is a topological embedding for each match 7 in G then we will call p a 

directing map on U. Two directing maps, pi and pg, on G are called equivalent if for 

each match I  in G the homeomorphism (p2|z) ° (Pil/)-1 : Pi(L) ->■ Ps(L) is increasing. 

This is an equivalence relation that partitions the collection of all directing maps on
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U into equivalence classes, each of which we will call a direction for U. A matchbox 

together with a direction is called a directed matchbox.

P roposition 2.13. Let M  be a matchbox in a continuum X  and let pi and 

p2 be directing maps on M. If M+ is the union of all matches I  in M  such that 

(p2\i) o (p i|j)-1 : Pi(Z) —t Pg(Z) is increasing and M_ is the union of all matches I  

in M  such that (p2\i) o (pi|/)_1 : Pi(Z) -> p2(Z) is decreasing then M+ and M_ are 

matchboxes or empty.

P roof. Let C be a .zero-dimensional compactum and h ■. C x  [—1,1] -> X  

be topological embedding such that h(C x [—1,1]) =  M  and h(C x (—1,1)) = 

Int (AZ). Assume a is the metric on C and d is the metric on C x [—1,1] defined by 

d((si,ti), (s2, t2)) =  m ax{a(si,s2), |ti -  t2\}. Let C+ = pri(M+) and CL =Pr1(MJ). 

For each s E C, let es = min{|pi o h(s, —I) — pi o h(s', l) |/2 , |p2 o h(s, —I) — p2 ° 

h(s, l)|/2}. Since P1 oh and p2oh are uniformly continuous, let > 0 be such that if 

d((si,ti), (s2, t 2)) < then |p joh (si,ti)-p ioh (s2, t2)| < es. Let Cs be a clopen neigh­

borhood of s such that Cs C Ba(s, Ss). For i E {1, 2}, if p%oh(g, —I) < p; o /i(s , I) and 

s' e  C - s  then d((s,t), (s'J ))  < Ss and |pio h (s ,t) -p io/i(s/,t)| < es for alii G [ - 1 ,1]. 

Thus pioh(s', —I) < pi°h(s, —l)+ es < (p*oh(s, —l)+pioh(s, l))/2  < pi°h(s, l ) —es < 

Pi o h(s', I). Similarly, if pi o h(s, - I )  >p%o h(s, I) then p, o h(s', - I )  > p; o h(s', I) 

for each s' E Cs. Thus (p2|j) o (pi|j)_1 : P1(Z) -> P2(Z) is increasing for each match 

in the matchbox h(Cs x [—1,1]) or (p2|j) o (pi|/)-1 : Pi(Z) -4- P2(Z) is decreasing 

for each match in matchbox h(Cs x [—1,1]). So Cs C C+ or Cs C CL for each
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s G C. Since C is compact and {Cs}sec  is an open covering of C there exists a finite 

subcollection (C1si, . . .  ,C sJ  that covers C. Thus C+ and C_ are a finite union of 

elements of (CSl, . . .  , CsJ  which means they are clopen subsets of C. If C+ ^  0 then 

M+ =  h(C+ x [—1,1]) is a matchbox. If C+ = 0 then M+ = h.(C+ x [—1,1]) = 0- 

Similarly M_ is either a matchbox or empty. ' □

If [7 is a directed matchbox in a continuum then the direction for U naturally 

induces a direction for any arc contained in U.

Suppose U and V  are directed matchboxes in a continuum. If the directions for 

each nondegenerate path component of U n V  induced by the directions for U and V  

are the same then U and V  are said to be coherently directed.

Suppose pi is a directing map on a matchbox Ui and p2 is a directing map on a 

matchbox C2. If z G Int(Ci ) PlInt(C2) and there exists a matchbox neighborhood of x 

contained in Ci PC 2 such that pi|y and p2|y are equivalent then pi and p2 are said to 

be equivalent near x. This is an equivalence relation that partitions the collection of all 

directing maps on all matchbox neighborhoods of x into two equivalence classes, each 

of which is called a direction at x. The direction for a directed matchbox naturally 

induces a direction at each point in the interior of that matchbox.

If z G Int (C) Pint (y) and there exists a matchbox neighborhood W  of x contained 

in CPV such that the directions for W  induced by the direction for C and the direction 

for V  are equal then we say C and V  are coherently directed near x. If C and V  are
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coherently directed near x  for each x  G Int(CZ) n Int(V) then U and V  are coherently 

directed.

Suppose M is a matchbox continuum. We say M  is orientable if there exists 

a collection of coherently directed matchboxes whose interiors cover M. If M  is 

orientable then a choice of coherently directed matchboxes whose interiors cover M  

induces a direction at each point M. This continuous choice of directions at each 

point of M  is called an orientation of M. If M  is orientable then there exist exactly 

two distinct orientations of M.

P roposition 2.14. G is orientable if and only if ]j.m{G, f \  is orientable.

P roof. By Proposition 2.11, we can choose a pairwise disjoint collection of sets 

in G, {U i,. . .  , Ur], such that Ui is a star neighborhood of the branch point bi and 

TrjT1 (I/;) is a matchbox in IimlG11 /}  for each i G { ! ,. . .  , r}. We can then choose a 

pairwise disjoint collection of sets in G, {Ur+i , . . .  , Ur+rn}, such that Ur+i is an arc 

contained in Ji for each % G m] and G \ (JLll Int(IZi) C IJLi Int (^4+J-

Assume G is orientable and choose an orientation for G. Since G =  IJi=L Int(IZi), 

we can choose a directing map pi on IZi for each i G { ! , . . .  , r +  m] such that if 

IZ is a nondegenerate path component in Ui A IZ7- then p j j  o / J j 1 : p j l )  —» pj(I) 

is an increasing map for each I  G A(U). Let p. be the directing map on Trk 1J i)  

defined by Pi = Pi ° ^k- For each match I  of Trk 1 (IZi), TrJj is a homeomorphism 

onto Trk(I) G A(Ui) and p.|j =  PiUk(I) ° TrJj is a topological embedding. If J is a 

nondegenerate path component of TrJ1(Li) Li TrJ1(IZ7) =  rKk 1 (Ui A IZ7) and IZ is the
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nondegenerate path component of Ui A Uj containing Trfc(J) then Trfc(J) G A(U). Since

Pj Ii0P^ 1 =  Uft(Z)07r^ k 07r* ! / 1 I^1(Z) =  Uft(J)0 A l^1(Z), J j k 0 J j z 1 : Pi iK1) Pj iK1)

is an increasing map. So the matchboxes ^ 1(Ui) and f t (Uj ) with directions [pj and 

[p ], respectively, are coherently directed. Since (UI=™ (Int(^k))) =

U-I1mInt(TT^1(t7J ) 5 is orientable.

Assume ^m{G, / }  is orientable and choose an orientation of ^m{G, /} . For i G 

{ ! , . . .  , r}, let p be a directing map representing the direction for TT̂ 1(Ui) and Ii be 

the match in Tr̂ 1(Ui) containing Si =  (h, bu . . . ) .  Choose a directing map pi on Ui - 

such that (Pi OTTfc)Izi op.I}"1 : Pi(Ii) ->■ Pi Oivk(Ii) is an increasing map. Let Uij+ be all 

matches J in TtaT1 (Li) such that (pi o Trfc)|z o p .^ 1 ; p.(J) -4 - pi o Trfc(J) is an increasing 

map. Then bt e  Ii C U_it+- Since pi o TTfc and p. are directing maps on TT̂ 1(Li), 

L i)+ is a matchbox in IfmjGf, / )  contained in Tr̂ 1(Li) by Proposition 2.13. Choose 

e > O such that B d( ^ e )  C Lij+ and positive integer J such that diam(G)/2fc+M < e. 

Then for s  G Tf^((Z)i)), i(6i;x) =  ^°U fc+2m  d(bi,nj(x))/2? < e. Choose a star 

neighborhood of 6j contained in Li such that / 2̂ (Vri) C Li. Since /  is an immersion,

j J r ^ ft+2dL ° ° J'l^+«(/) = ^ + 2/(/) 7r̂ (Z) Ia ^  increasing map for each match

J in TTkI 2e(Vi). Since TifcJ 2̂ jfri)) C B dCbi, e) and P e(Vi)  C Li, TtaTJ2̂ (Vi) C Li>+. Thus 

(Pi0Tffc)Iz0 Ji Iz1 : Ji(Z) - t  Pi QTTfc(J) is an increasing map for each match J in TT̂ J2g(Vri) 

and [(A07r*) U ^(V i)I =  Ui Ujj2̂ vi)] ■ For each match 1 in 7rU ^ (^)> consider the map 

(pi o TTfc) Iz o (Pi O TTfc+2z)]71 : TTfc+2z(J) -> TTfc(J), which is an increasing map since (p{ o 

Tffc)|z0 ( j i07r*+2/)k  ^  PiUft(Z) 07r*k07r*+2z|z °J* Uft+2̂ (Z) _  Pi |/M07rft+2̂ (Z) ° /  °J®Ufc+2̂ (Z)'
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So 0 7TA+%] =  [(# homeomorphism,

y0J / - mC-Z") ° f ~ 2i ° y0Jzrl • P i ^  P i0 is an increasing map for each match I

in TrzT1 (Vi). For each match I  in Tr̂ 1(Vri), consider the map (#  o Trfc) |/ o p~l : p.(/) -> 

Pi0 Trfc(I), which is increasing since (Pi0 TTfc)IjopJj1 =  (p^O7Tfc) |/ 0 Z2 0̂ PjI (I)0PiI 2s(j ) 0  

=  ((P iO ^+ W I/-^(J)°& l/^^)0 (^|/-2((j)0 7 ^ 0 ^ lF ^ . SoTTj1̂ )  C [&,+. 

Since TrJ1 ((Z)i)) is a cross-section of both TrJ1 (Ui) and TrJ1 (Vzi), TrJ1 (Ui) =  Ui)+. Thus 

[Pi 0  Trfc] =  [pj. For j  G ( r  +  I , .. .. , r +  m), let p be a representative of the directing 

map for TrJ1 (U)) and Ij be a match in TrJ1 (Uj). Choose a directing map Pj on 

Uj such that (pj 0  TrfcJ j j. 0  Pj-Ij1 : Pj-(Ij ) —t Pj ° Trfc(Ij) is an increasing map. If 

Ui G (U i.. .  , Ur} and U is a path component of UiDUj then each match in TrJ1(UiCUj) 

maps onto the arc U.. Let I  be the match in TrJ^Ui C Uj ) that is contained in Ii. The 

map Pjnt(J) ° PjG(Z) = Pj ° Pi ° ^ (I )  ^ mcreaaing since pi|^(z) 0  Pjl^j) -

(pi 0  TTfc) IJ 0  ( P j  O TTfc) Ij1 =  ((Pi 0  TTfc) |j O p j j 1) O (pjj O p j j 1) O (p.\j O (pj O TTfc) J 1) .

So the directing maps [p̂ ] and [pj] coherently direct the stars Ui and Uj . Thus G is

orientable. □
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X

CHAPTER 3 

MAIN RESULTS 

Orientable Bouquets of Circles

Our goal in this section is to prove the following theorem utilizing techniques 

similar to those used by Mioduszewski [16] and by Barge and Diamond [4] to construct 

“nearly” commuting infinite diagrams from homeomorphic inverse limit spaces.

T heorem 3.1. Let G and G1 be orientable bouquets of circles with branch points 

b and b', respectively, let f  : G -> G and f '  : G1 G' be collapsing surjective 

immersions such that f(b) = b and f(b')  =  b', let Mf be the transition matrix for 

f  relative to an ordering of the components of G\{&}, and let M f  be the transition 

matrix for f '  relative to an ordering of the components of G'\{b'}. If  ^m{G, /}  is 

homeomorphic to ^imjG\  / '}  then Mf is weakly equivalent to M fi .

We know begin the proof of the above theorem. Let ( J i , . . .  , Jm} be an ordering 

of the components of G\{b} and let {J[ , . . .  , } be an ordering of the components

of (7\{f/}. Since two matrices that are similar by a permutation matrix are weakly 

equivalent, without loss of generality, we assume Mf  is the transition matrix for f  rel­

ative to {J i , . . .  , Jm] and M f  is the transition matrix for / '  relative to { J (,... , J^}.
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Assume ^m{G, /}  is homeomorphic to /'} . Let ^ be a homeomorphism

from ^m{G, /}  to ^m{G,/, /'}■ We will spend the rest of this section showing that 

Mf  is weakly equivalent to M f . -

Since G and G' are connected, f 2 : G G and ( f ) 2 : G' G' are orienta­

tion preserving collapsing surjective immersions. Since ]jm{G, /}  is homeomorphic 

to ljin{G,/, / '} , ^ m { G , f 2} is homeomorphic to ljm{(7, ( f ) 2}. If we can show that 

the transition matrix Mfi  of f 2 relative to {J i , . . .  , Jm} is weakly equivalent to the 

transition matrix M ^ y  of ( f ) 2 relative to {J[ , . . .  , J%} then M f  is weakly equivalent 

to M f  since M f 2 = (Mf )2 and =  (Mf )2. Thus, without loss of generality, we

assume that /  and f '  are orientation preserving.

Choose Menger-convex metrics, d and d', compatible with the topologies on G and 

G1, respectively, and let d and d' be the induced metrics on ljm{(3, /}  and ^m{G% /'} , 

respectively. Let TTk be the k-th projection map acting on ^m{G, /}  and let -K1k be 

the k-th. projection map acting on ljm{(T, f } .

Choose an orientation of G. Since ^m {G ,/} is orientable by Proposition 2.14, 

choose the orientation of ^m{G, /}  induced by the orientation of G using the map 

Tfj6. Since /  is orientation preserving this orientation is independent of which Trk is 

used. Since ]^m{G',f'} is orientable by Proposition 2.14, choose the orientation of 

Ifml (T, / '}  induced by the orientation of ̂ m{G', /}  using the map cj). Then choose the 

orientation of G' induced by the orientation of ^mjG', / '}  using the map Tr1k. Since 

f '  is orientation preserving this orientation is independent of which Tr1k is used.
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For each Ji G {J\, ■ ■ ■ , Jm}, let Q  be the zero-dimensional compactum and 

hitk : Ci x Ji TT̂ 1(Ji) the homeomorphism defined in Proposition 2.9. For each 

% G m },  choose an S i G Ci. For k > I, let ek ■■ G -*■ Um{G, /}  be the function

defined by ek(x)  = Hijk(Si^x) for x e Ji and ek(b) = b. For each Ji G {J[, 

let Ci be the zero-dimensional compactum and H1itk : Ci x J1i —> (Trk)-1 (Ji) the home­

omorphism defined in Proposition 2.9. For each i G , n}, choose an Ji G Ci.

For k > I, let e'k : C  ->• 1gm {C ,f '}  be the function defined by Jk(Xr) = H1itk(JijXr) 

for X1 G J- and Jk(V) = V. By definition e&|G\{b} and JliIo'\{b’} are orientation pre­

serving topological embeddings. Let tg,)k : G G1 and Sgyk : G' —)• G be defined by 

=  TT̂ O <2,0 and =  Tr/ o ^  o e ^ ^ ) -

Given e > 0, a metric space (Y, d), and two functions f  : X  -^-Y  and g : X  Y , 

we will use the notation f  — g when d(f(x),g(x)) < e for all x e X .

Lemma 3.2. Given e > 0 and a positive integer n, there exists a positive integer

M  such that S riym o tmyg =  for all integers m >  M  and £ > n.

P roof. Let e > 0 and let n be a positive integer. Since Trn o </>_1 is uniformly 

continuous on ljm{G% there exists a 5 > 0 such that if Y , J  G ^m{G/, / /} with 

J ( Y jJ)  < S then d(7rn o ^ 1(Y) jTrn o ^ 1 (J)) < e. Choose a positive integer M  such 

that diam(G')/2M < 6. Let m  and £ be integers such that m > M  and £ > n. I fx  E G 

thend%e^o7r^o^oe/(a;),^oe/(a;)) =  =

°  °  % (3), o ^ o °  C  o <  °

° ° e/(T)),/2J < E%=m+i diam(G')/2^ =  diam(G')/2^ < By definition of
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e / , =  Thusd(sn,m<>W(z),.^ =  ^e^o7r^o^oe/(a;),7rnO

(p-1  o  (f)o e i { x ) )  <  e. • D

Lemma 3.3. Given e' > 0 and a positive integer m, there exists a positive integer 

N  such that tm>n o sn>£ = ( f Y ~ m for all integers n >  N  and £> m.

P r o o f . A s above. D

L e m m a  3.4. Given e' > 0 and a positive integer m, there exists a positive integer 

L such that for each integer £ >  L there exists a Af > 0 such that if x, z E G with 

d(s;,z) < A/ (Aen W W ) <

P r o o f . Let e' > 0 and let m be a positive integer. Since Tr̂n o ^ is uniformly 

continuous on ^imjGr, /}  there exists a a  > 0 such that if x , z  G ^m{G,/}  with 

d(x, z) < a then o f ix) ,  Tr1m o f(z))  < e. Choose a positive integer L such

that diam(G)/2Z/ < a/2. Let I be a integer such that £ > L. Since f e~j is uni­

formly continuous on G for I A j  there exists a > 0 such that if x, z G G 

with d(x,z) < 5j then' d{fe~i{x )> / ^ j (2O) < cr/2- Let Af =  min{5i,.. .  , <5f}. If 

G G with d(z,z) < A/ then d(ef(%),e%(z)) =  E j l i  ° ef(a;),7rj o ef(z))/2^ =

E J f +1 diam(G)/2J' < cr/2 +  diam(G)/2^ < a. Thus d'{ t ^ x ) , t ^ d z ) )  = d'^U ° f °

Lemma 3.5. Given e > 0 and a positive integer n, there exists a positive integer 

M  such that for each integer m > M  there exists a A 1m > 0 such that if X1yZ1 G G' 

with dlix , z ) <C A m then d(snim(x ), Snjm(z )) e.
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Since d is a Menger-convex metric, there exists an E > 0 such that Bd(x, E) is an 

open star neighborhood of x  for each x e G and the shortest arc between any two 

distinct points in Cl(Bd(a;, E)) is contained in G\(Bd(x,E)). Similarly, there exists 

an E' > 0 such that B di(x',E') is an open star neighborhood of x ! for all x1 G G1 

and the shortest arc between any two distinct points in Cl(Bdi(x', E')) is contained 

in Cl(Bd'(x', E')). Given two distinct points in a star there exists a unique arc, 

contained in the star, between the points. By Lemma 3.4, given 0 < e' < Ez and a 

positive integer m, there exists a positive integer L such that for each integer £ > L 

there exists a A/ > 0 such that if d(x, z) < A i then d'{tm>g,(x), tm^z))  < e'. For 0 < 

6 < min{Ai,E}, we define a map tmit>5 : G -> Gz such that tm^ 5(x) = tmie(x) for all 

x £ B d(b, 5)\{b}. If x G B d(b, 5)\{b} then we define tmA5(x) in the following manner. 

Let z be the end point of the star Cl(Bd(Z>, 5)) such that x is on the arc between b 

and z contained in B d(b, E). If tm/(b) =  then define 1,5 (2 ) to be tmti(b). If

tm>i(b) ^  tmj(z)  then define tmA5(x) to be the point x' on the arc between tm!i(b) 

and tm>i{z) contained in B di(tm!i(b), Ez) such that d'(tm/(b),x')/d!{tm>i (6), (z))■ =

d(b,x)/d(b,z). By definition, d'{tm^ 5{b),tm,,i,&(x )) < e' ôr x  G B d(b,S). Define the 

map sn,m,5/ : Gz G similarly.

Lemma 3.6. Given 0 < e' < E1 and a positive integer m, there exists a positive 

integer L such that for each integer £ >  L there exists a 0 < A  ̂ < E such that

P roof . As above. □
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tm ^, 5 =  tmj. and tf G G with d(x,z) < A/ then d'(tm^ 5{x ) , tm /^z ) )  < e' for 

O < <5 < A/.

P roof. Let 0 < e' < E' and let m be a positive integer. By Lemma 3.4, there  ̂

exists a positive integer L  such that for each integer I  > L there exists a 0  < A/ < E 

such that \ f x , z e G  with d{x, z) < A/ then d'{tm /(x) , tmji{z)) < P/3.

Let x G G and 0 < 5 < A .̂ I f z  ^ B d{b,5)\{b} then d'{tm^ s{x),tm>(,(x)) = 

o('(W W , W W )  =  o < P. If z  G gd(6,^)\{6} then W W )  ^

d'(tm^six) , tm/ ts(b)) +  ^  eV^ +  eV^ < e' .

Let x , z  E G with d(x,z) < A/ and 0 < 5 < A .̂ If x, z ^ Bd(b,5)\{b} then 

d,{tmt£!5 {x),tmA5(z)) =  W ( z)) < eV3 < e'. If x , z  G B d(b,S)\{b} then

< e'/3 +  P/3 <

e'. If z G B d(b, 5)\{b} and z — b then d,(tm/ !5(x),tm!£ts(z)) < P/3 < P. If 

z G B d(b,5)\{b} and z ^ B d(b,5) then z G B d(z,Ae). Let w be the end point of 

G\(Bd(b, 5)) on the arc between z and z contained in B d(z, A f j . So d'( ^ ^ ( x ) , tm / ^ l z ) )

W p(b)) +  d'(tm>£{b),tm /{w)) +  M jW ( 2O) < eV3 +  P/3 +  P / 3  = 

P. □

Lemma 3.7. Given 0 < e < E and a positive integer n, there exists a positive 

integer M  such that for each integer m > M  there exists a 0 < A 1m < E' such that 

Sn,m,5' =  sn,m and if x ' , z' G G1 with d'(xfz') < A 1m then d{sn<m̂  (z'), Srttm̂  (P)) < e

/or 0  < 6 ' < A^.
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L e m m a  3.8. Given 0 < e < E and positive integers n and M t there exists an 

integer m > M ; a 0 < A' < E', and an integer L > n such that for each integer 

£> L there exists a 0 < < E such that sn>m)5/ o = f £- n for 0 < 5' < A' and

0 < 6 < A/.

P r o o f . Let 0 < e < E and let n and M  be positive integers. By Lemma 

3.2, there exists a positive integer M1 such that for integers m > M1 and I > n, 

d(sn,m o /^"(a;)) < e/3 for all x e G .  By Lemma 3.7, there exists a positive

integer M2 such that for each integer m > M2 there exists a 0 < A'm < E' such that 

if d'(x1, z1') < A^j then d{sntmts'{x1), sntmtsi{z )) < e/3 and d(snjmtsi(x ), snim(x )) < e/3 

for 0 < 5' < /S!m and x',z'  G G'. Choose an integer m > max{M, M1, M2}. By 

Lemma 3.6, there exists a positive integer L1 such that for each integer I  > L1 there 

exists a 0 < Ai < E such that d'(tm^ 5 {x),tm,i{x)) < A 1m for 0 < <5 < A/ and 

x e G. Let L =  HiaxlL1, n +  1}. If £ is an integer such that I > L then o

tm,£,5 { x ) ; f ^  n ( ^ ) )  A  d ( s njm!S' °  s re,m,5' °  "h d ( s njTnf i  O t m ^ ( x ) , Sn>m O

W (^)) +  O < V3 +  V3 +  c/3 =  C for 0 < a' < A^ and

0  < 5 < Al. D

L e m m a  3.9. Given 0 < e' < E' and positive integers m and N t there exists an 

integer n > A, 0 < A < E, and an integer L > m such that for each integer £ > L 

there exists a 0 < A 1i < E1 such that tm ^ 5  o Sn^  = {f 'Y~m for 0 < 5 < A  and

o < a ' < A^ .

P roof . As above. □
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L e m m a  3 .1 0 .. Given 0 <  e <  m in{E , E '} there exist two strictly increasing se­

quences and of positive integers and two sequences and { ^ } g 2

of positive numbers such that SnumuS1i °  tmitni+usi+1 =  f ni+1~ni and tmijni+usi+1 °

=  ( f  /or eocA 2 6 N.

P roof. Let 0 < e < mm{E, E'}. Choose positive integers ni and M. By Lemma 

3.8, there exist an integer TOi > M, 0 < A' < E', and an integer TV > ni such that 

for each integer n > N  there exists a 0 < Ara < E such that Snijmi^' ° tmi,n,5 = f n~ni 

for 0  < 5' < A' and 0 < 5 < Ara. Choose 0 < < A'. Assume Uil <%, and

N  > Ui are given such that for each integer n > TV there exists a 0 < Ara < E such 

that SnumuS'. o Imunj5 =  f n~nz for 0 < 5 < Ara. By Lemma 3.9, there exists an integer 

n i+1 > TV, 0 < A < E, and an integer M  > such that im i ,rai+1)5 ° sni+umjs' = 

(fijm-rm for 0  < 5 < A and 0 < 5' < A 1m. Choose 0 < 5i+i < min{Arai+1, A}. Then

Assume r^+i, &+i and M > are given such that 

for each integer n >  M  there exists a 0 < A'm < E' such that tmijni+ljsi+1°sni+ljmi+ljs' =  

^fiyn-rm for 0 < 5' < A'm. By Lemma 3.8, there exists an integer mi+i > M, 

0 < A' < E', and an integer TV > n i+1 such that s ni+ljmi+ljs' ° Wn,n,« =  f n~ni+1 

for 0  < 5' < A' and 0 < 5 < Ara. Choose 0 < 5'i+l < min{A(ra.+1, A'}. Then

t mi jni+1,5i+1 °  Sni+i,mi+1,5(+1 =  (f')m'+1 mU □

The collections of 1-cycles (C l(J i) ,... , Cl(Jrra)) and (C l(Jj),,... , Cl(Jra)} form 

bases for the free abelian groups Jfi(G; Z) and Jfi(G'; Z), respectively. Let F  and F 1

P roof . As above. □
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be the matrices of /* and / ' ,  respectively, relative to the above bases for H\{G\ Z) and 

H^G'] Z). Since /  and f '  are orientation preserving, F  and F' are square nonnegative 

integer matrices.

L e m m a  3.11. F and F' are weakly equivalent.

P r o o f . Let 0 <  e < min{E, E'}. By Lemma 3.10, there exist two strictly increas­

ing sequences and {m *}^ of positive integers and two sequences {5'}°^ and

{ ^ } ~ 2  °f positive numbers such that Snurni^i o tmi>„i+1,5i+1 =  / n<+1-n< and tmuni+lt5i+1 o 

sn.+1>m.+i i5'+i =  -TTii for each i E N. Let H : G x [0,1 ] G be the map defined

in the following manner. Given x £ G, there exists a unique arc.J2,, possibly degen­

erate, contained in B d( f ni+1~ni(x),E) between the points / ni+1_ni(a;) and sn^mitSi ° 

'tmuni+u5li+1{x)■ Let H(x,t)  be the unique point on Ix such that d ( fni+1~ni(x),H(x, t)) = 

t o  W)- ^ ( 3 ,0) =  and I) =

T̂ii,T a , , for aH z E G, is homotopic to Sni^ a i Ofmi,,Ii+ ! ,^  M '

Thus ( / * ) rai+1 ni = ( / ni+1 ni)* =  (Srajj7rlilSl 0  fmi,raj+i,5i+i)* (sTij 0  (̂ mj,nj+i,5i+1')*- 

Similarly, ( / * ) mt+1 =  (fmiirai+i,5i+i)* 0  ( ,̂+!,Tni+idi+i)*- ^or  ̂ ôt Si and T7

be the matrices of [Snumu6i)* and (tmi,rai+1,s(+1)*, respectively, relative to the bases 

for ^i(G;Z) and #i(G';Z). Then ^  and Since

Sni,mi,Si is orientation preserving on G \B d[b,5i) and snitmi,6i(Bd(b,5i)) is contained in 

B di(sni>mit6i(x), E'), Si is a nonnegative integer matrix. Similarly, Ti is a nonnegative 

integer matrix. Thus F  and F 1 are .weakly equivalent. Q
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Since Mf = F  and M f  = F', Mf  is weakly equivalent to M f , which concludes 

the proof of the Theorem 3.1.

Orientable Finite Connected Graphs without Endpoints

We first prove the following lemma utilizing techniques developed by Williams 

[25].

L e m m a  3.12. If  G is an orientable finite connected graph with branch points but 

without end points and f  : G G is an aperiodic collapsing surjective immersion 

such that f(B(G)) =  B(G) then there exist a positive integer n, an orientable bouquet 

of circles G> with branch point b*, and a collapsing surjective immersion /* : G* —>■ Gif 

such that /*(6*) =  6* and /* is shift equivalent to f n.

P r o o f . If #B(G)  =  I  then G is an orientable bouquet of circles whose branch 

point is fixed by / .  Thus by letting n =  I, G* =  G and /* =  / , / *  is trivially shift 

equivalent to f n.

If f f  B(G) > 2  then we first construct a positive integer n, an orientable finite con­

nected graph Gi without end points where #B(Gi)  = HzB(G) such that there exists a 

branch point of Gi that intersects the closure of every component of GiYB(G1), and 

a collapsing surjective immersion / i  : G1 G1 such that fi(b) =  b for all b G B(G1) 

and f i  is shift equivalent to f n.
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If there exists a branch point of G that intersects the closure of every component of 

G\B(G) then by letting n be a positive integer such that f n(b) = b for each b 6  B{G), 

G1 = G, and / i  =  f n, / i  is trivially shift equivalent to f n.

If there does not exist a branch point of G that intersects the closure of every 

component of G\B(G) then we construct n, Gi, and / i  as follows.

Let 'm be a positive integer such that f m(b) =  b for all b G B(G). Since there 

does not exist a branch point of G that intersects the closure of every component of 

G\B(G), we choose a & G B(G) and let [V1, . . .  , V,} be the components of G\B(G) 

such that b £ Cl(Vri). If I/ is a star neighborhood of b then there exists an I  G A(U) 

such that f m(V) C I  for all sufficiently small star neighborhoods V oi b since f m is 

a collapsing immersion. For each Vi G [V1, .. .  , Vj ], there exists a positive integer Zci 

and an X i  G Vi such that f kim(xi) = b and f kim(V) C I  for sufficiently small star

neighborhoods V  of Xi since f m is an aperiodic collapsing immersion. Let n =  km
!

where k =  max{/ci,. . .  , kj}.

Let G1 be the partition of G consisting of the finite set =  {6 , Z i,. .. , X j }  and 

the one-point sets {%} for x £ [b, X 1 , . . .  , X j ]  and let r : G G1 be the surjective 

function that takes each point of G to the element of G1 containing it. Assume G1 is 

given the quotient topology determined by r. Since only 'a finite number of points of 

G are identified to obtain G1, G1 is a finite connected graph without end points and 

JtB(G1) > 2 . By the construction of G1, Zt1 intersects the closure of every component
X

ofGi\& (G i). ^

)
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We now proceed to define an arc structure system for Gi- Each star in Gi which is 

an arc will have the natural arc structure an arc possesses. I ix  E B(G)\{b} then there 

exists a star neighborhood U of x in G such that UDbi = 0. . Since r is one-to-one on 

U, r (U) is a star neighborhood of the branch point {%} in Wl. Then A(r(U)) = {r(J) |

I  G A(LQ) is the arc structure on r(U) induced by the arc structure on LL This arc 

structure on r(U) then induces a coherent arc structure on every star neighborhood of 

{x}. To construct an arc structure on every star neighborhood of bx in Gij we choose . 

a star neighborhood U0 of b and a star neighborhood Ui of each X i G { x i , . . .  , X j ]  

such that Ui is an arc and {U0, .. .  , Uj ] are pairwise disjoint. Then r(U -=0 Ui) is a 

star neighborhood of bi in Gi- For each LL G {Uq, . .. , Uj}, let Se(Ui) be the left end 

points of Ui and Sr(Ui) be the right end points of Ui determined by an orientation
v

of G. Then £i (l((J^_0 LL)) =  Ui=O r (£i(LL)) &nd S2 (r((Ji^0Ui)) =  U f= o r (^r(Ui)) is a 

partition of £(r(ULo LL)) into two nonempty subsets. Let A(r(ULo ^ ) )  be the arc 

structure on r(U-=o LL) induced by this partition. This arc structure on r(U-=o
t

then induces a coherent arc structure, on every star neighborhood of bi in Gi. Thus 

we have defined an arc structure system for Gi- By definition of the arc structure 

system for Gi, r  is a surjective immersion which is not collapsing and an orientation 

of G induces an orientation of G i.

Let s : Gi —y G be the function defined by s(x) = f n ° Aalbiix ) ôr x e Gi\{bi} 

and s(bi) = b. Since r |G\6' is a topological embedding, f n o r [ ^ 61 : Gi\{bi) -> G 

is continuous. So s is continuous at each x G Gi\{&i). The image under s of every
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sequence of points converging to bi converges to & = s(&i). So s is continuous at bi. 

By definition, s is a collapsing surjective immersion such that s(bi) = b.

Let / 1  : Gi -» Gi be the map defined by / i  =  ros. Since s is a collapsing surjective 

immersion such that s(&i) =  b and r is a surjective immersion such that r(b) = h ,  J1 

is a collapsing surjective immersion such that / 1(61) =  h.  Since f n = sor, fa = ros,  

r 0  f n = J1Or, and s 0  J1 = f n 0  s, f i  is shift equivalent to f n.

Now we construct an orientable bouquet of circles with branch point &* and a 

collapsing surjective immersion /* : G* —> G* such that /*(6*) =  6* and /* is shift 

equivalent to / 1  in the following manner.

Let [U1, .. .  , Um} be the components, of Gi\{&i}. Then each Ui is an open arc 

or simple open n-od (n > 3) in Gi . For each Ui, there exists a unique collection of 

distinct open arcs {Z y,.. .  , Iitii] such that there exists a component of G1V f 1 ({&i}) 

whose image under / 1  is Iijj. Since / 1  is surjective, IfjL 1IiJ = Ui.

For each I < i < m  and I < j  < Ii, let Oitj be the set of ordered triples 

(x,i , j )  such that x G Cl(Zi j ) and let pitj : Oij -> G1 be the function defined by 

Pij{x,i , j)  = x - Since Pij is one-to-one, the topology on G1 naturally induces a 

topology on Oij such that Pij is a topological embedding. Since Cl(Zi j ) is a circle 

in Gi and Pi j (Oi j ) =  Cl(Zi j ), Oij is a finite connected graph without end points or 

branch points, that is, a circle.

Assume G2 =  Ui<i<m Oij  is given the topology generated by the union of the
i<Z<4

topologies on each space Oi j . Then G2 is a finite graph without end points or branch
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points, that is, a finite union of disjoint circles. Let p : G2 —t Gri be the map defined

by

Let G* be the partition of G2 consisting of the one-point sets {(2 , i , j )}  for x ^ b 1 

and the finite set &* =  {(6 1 ,^, j)  \ I < i < m  and I < j  < 4} and q : G2 G* be 

the surjective function that takes each point of G2 to the element of G> containing 

it. Assume G* is given the quotient topology determined by q. Since only a finite 

number of points in G2 are identified to obtain G*, G> is a bouquet of circles with 

branch point 6*.

Let r  : G* —» Gi be the function defined by r(%*) =  P0<?Ig2\6, (%*) ôr x* e G*\{b*} 

and r ( 6*) =  bi. Since q is one-to-one on G2Xbs,, p 0 is continuous. So r is

continuous at each 2 * G G*\{6*}. The image under r of every sequence of points 

converging to 6* converges to bi =  r(b*). So r  is continuous at 6*.

We now proceed to define an arc structure system for G* using the arc structure 

system for Gi . Each star in G* which is an arc will be given the natural arc structure 

an arc possesses. Let U be & star neighborhood of bi in G1. Then r -1([/) is a star 

neighborhood of &* in G*. The arc structure on U naturally induces an arc structure 

on r - 1  (U) in the following manner. The end points of U, 8 (U), can be partitioned into 

two subsets, Si(U) and S2(U), such that the end points of each arc of A(U) are not 

contained in the same partition and given a point from each partition the arc between 

the points contained in U is an element of A(U): Then £ i(r_1([/)) = W1 (T1 (G)) 

and S2^ 1(U)) -  ^ ( S 2(U)) is a partition of £ (r_1 (G)) into two nonempty disjoint

]
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subsets. Let A(r~l (U)) be the arc structure on r -1(£/) induced by this partition. 

This arc structure on r - 1 (Z7) then induces a coherent arc structure on every star 

neighborhood of 6*. Thus we have defined an arc structure system for G*.

By definition of the arc structure system, r  is a surjective immersion such that 

r ( 6*) =  bi which is not collapsing and an orientation of Gi induces an* orientation of 

Cr*.

Let {Vi,. . .  , Vn} be the components of G iV 1- 1  ({bi}). ^or each V, Ji(Vi) is an 

open arc such that / i  (Cl(Vi)) is a circle in G1. By the construction of G*, there 

exists one and only one open arc Ii of G*\{6*} such that T(Ii) — Ji(Vi) and for each 

open arc I  of G*\{6*} there exists a V G (V1, .. .  , Vn} such that r(I) = Ji(V). Let 

s : G1 -* G* be the function defined by s(x) =  (r|/i)- 1 o / 1(a;) for % E V and s(x) '= 6* 

for x G J i 1(Ibi)). Since r|;. is a topological embedding, (r |j . ) - 1  o Z1 Jyi : Vi ^  Ii is 

continuous. So s is continuous at each x G GiXZf1 ((Z)1)). If % E Z f1 C(M) then the 

image under s of every sequence of points converging to x converges to 6* =  s(x). 

So s is continuous at each % G ZfX (M )- By definition, s is  a collapsing surjective 

immersion such that s(h)  = h  and Zi =  r o s.

Let Z* = G* G* be the map defined by Z* = s o r. Since r is a surjective 

immersion such that r(Z>*) =  h  and s is  a collapsing surjective immersion such that 

s(h)  =  Z)*, Z* is a collapsing surjective immersion such that Z*(M = h-  Since 

s o  Zi =  S o r o s  =  Z*°s  and r o f *  — r o s o r  = J ° r, J* is, shift equivalent to Zi-

Thus Z* is shift equivalent to Jn. □
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Theorem 3.13. Let G and G' be orientable finite connected graphs with branch 

points but without end points and let f  : G —$■ G and f '  : G1 -4- G' be aperiodic 

collapsing surjective immersions such that f(B(G)) = B(G) and f  (B(Gt)) =  B(Gt) .

/}  is homeomorphic to (7, f }  then there exist Perron numbers a and 

(5 and positive integers m and n such that a \ f  = \™ and fiXf = A” .

P roof. B y Lemma 3.12, we can choose positive integers, £ and £', orientable 

bouquets of circles, <3* and G(, with branch points b., and &*, respectively, and col­

lapsing surjective immersions, /* :( ? * —» G* and /* : (?'* -4 Gtie, such that /*(6*) =  6*, 

f I(Vie) =  Vie, /* is shift equivalent to f ,  and /* is shift equivalent to (f')e ■ Then 

Iog(Ayt) =  htop(/*) =  htop( /0  =  £htov(f) = Iog(Ay) and Iog(Ayi) =  htop(/ ')  = 

htoV((f'Y') =  i'htoptf') = Iog(Ay)) by Lemma 2.5. So Xft = Xj and Ayi =  Xjl-.

Since /* is shift equivalent to f l , lim{<3*,/*} is homeomorphic to lim{g, f }  

which in turn is homeomorphic to ^m{g, /} . Similarly, ^m(G), /*} is homeomorphic 

to U m jG V ri.

Let Mfft be the aperiodic transition matrix for /* relative to some ordering of 

the components of G*\#(G*) and Myi be the aperiodic transition matrix for / '  . 

relative to some ordering of the components of G*\#(G*). Suppose ^m{G, /}  is 

homeomorphic to ^m{G% /'} . Then ^m{G*, /*} is homeomorphic to ^m(G), / '}  and

Mft is weakly equivalent to Myi by Theorem 3.1. By Theorem 2.6, there exists a
:

Perron number a and a positive integer p such that aAy, =  Xj,. Let a = aXj”1,' 

which is a Perron number since Ay is a Perron number and Perron numbers are-

/
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closed under multiplication [13], and let m  =  £'r], which is a positive integer. Then
]

aXf = aXj = aXf, =  Xvfl =  (Xift)71 = Xf,. Similarly, there exists a Perron number /3 

and a positive integer n such that QXf, — Xnf . □

Non-Qrientable Finite Connected Graphs without Endpoints

Our goal in this section is to prove the following theorem utilizing techniques 

similar to those used by Fokkink [12] to analyze matchbox manifolds.

Theorem 3.14. Let G and G' be non-orientable finite connected graphs with 

branch points but without end points and let f  : G —̂ G and f '  \ G' —¥ G' be aperiodic 

collapsing surjective immersions such that f(B(G)) =  B(G) and f'(B(G')) =  B(G'). 

Jf IfmIG ,/]- is homeomorphic to ^m{G% / '}  then there exist Perron numbers a and 

(3 and positive integers m and n such that aXf = Xfi and f3Xf , =  Xfi

We begin the proof of the above theorem by constructing an orientable double 

cover for each finite graph. Let G be the set of all ordered pairs (x, Dx) such that 

x e G and Dx G V x. Given a directed star (Cf, Du) in G, let Udu be the set of all 

(x, Dx) G G such that x G Int(Cf) and Dx is the direction at x induced by Du.

The set G naturally inherits a topology from the topology on G in the following, 

manner. Let S g be the collection of all subsets of G induced by all directed stars in 

G. If (x, Dx) G G then there exists a directed star (Cf, Du) such that x G Int(Cf) and 

Dx is the direction at x induced by Du. So (x, Dx) G Udu 6  Bg - If Cf and V  are 

elements of S g then there exist directed stars (UjDu) and (VjDy) in G that induce
y
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0 +

G

Figure 2. A non-orientable graph G with corresponding orientable covering space G.

/

U and V, respectively. If (x, D x) E U D V  then (I/, D jj) and (V, Dy) are coherently 

directed near x. So there exists a directed star neighborhood (W, Dw ) of x such that 

W  C. U C\V, (W, Dw ) and (UyDu) are coherently directed, and (W, Dw ) and (VyDv ) 

are coherently directed. Thus (x, D x) G Wdw <Z U DV. Therefore S g is a basis for a 

topology on G. We will assume the set G is endowed with the topology generated by

I

Let Pr1 : 5  ^  G be the open surjective .two-to-one map defined by p n  (x, Dx) = x. 

Let x £ G and (U, Du) be a directed star neighborhood of x  in G. Then UDu and 

U-Du are two disjoint open sets in G whose union is p r f 1 (Int(G)) and pri\uDu and 

pn\y_D are homeomorphisms onto Int(G). Thus G is a two-fold covering of G with 

covering map Pr1.

L e m m a  3.15. G is a finite graph with branch points but without end points.

i
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P r o o f . Since G is a compact second-countable metric space and p n  : G —> G is 

a two-to-one covering map, G is a compact second-countable metrizable space. Since 

p n  is a two-to-one local homeomorphism, G is a finite graph with branch points but 

without end points. D

Let U be an element of Sa and (G, Du) be the directed star in G that induces 

it. Then Cl(G) is a star in G and PGlci(P) is a topological embedding. Let A(G) be 

the arc structure on G and A(C1(G)) =  {Pr i|^^ (-f) |-f G A(G)}. Since PfiIci(P) a 

homeomorphism onto G, A(C1(G)) is an arc structure on the star Cl(G). Thus an 

arc structure system for G naturally induces an arc structure system for G. When 

considering G, we will assume it is endowed with the arc structure system induced 

by the arc structure system for G.

L e m m a  3.16. G is orientable.

P r o o f . Let (G1, .. .  , Gn} be a finite collection of elements of S g that cover G. 

For z =  I , . . .  ,n, let (UijDui) be the directed star in G that induces Ui. Let p* be 

a directing map for Ui representing Dui and pi : Cl(Gj) -A- E  be the map defined by 

p i = Pi o p r i |Ci(p,). % ^ G A(Cl(Gj)) then Pr1(I) G A(Ui) and pj|j =  PiIpn(Z) ° PLlIf 

is a topological embedding. So p i is a directing map for Cl(Gi). Let (Cl(Gj)j -Dci^ )  

be the directed star with direction Dci^  =  [p i]. If (x, Dx) G Gj A Uj then (UijDui) 

and (UjjDuj) are coherently directed near x. So there exists a star neighborhood V  

of z in G contained in Ui A Uj such that pj|y is equivalent to pj\v- Let (VjDv ) be 

the directed star with direction Dy = [p i \v ] = [p j \v \- Then (x, Dx) G Vdv C Ui A Gp
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If J  G A{C\{VDv)) then Prl (I) G A(V). Since o =  pj\pri{!) o pr^ j  o p r ^ 1 o 

# K (f )  =  ^ U ( f )  ° ° -> ^  increasing map. So

Pi\ci(vDv) is equivalent to Pj\Ci(vDv) and (Cl(^i), Dci^.)) and (Gl(Uj ), Dci^ )  are - 

coherently directed near (x, Dx). Thus ((Cl(IZi)1B ci^ i)) ,. . .  , (Cl(Bn), B ci^ ) )  is a 

collection of coherently directed stars in G whose interior covers G. Therefore G is 

orient able. D

■ Lemma 3.17. G is connected.

P r o o f . For purposes of contradiction, assume G is mot connected. Since pri is 

a two-to-one clopen map and G is connected, there exist two disjoint clopen subsets,

Gi and G2, of G such that G - G i  U G2 and pri(Gi) =  Prq(G2) =  G. Since G is 

orientable and Gi is hometimorphic to G, G is orientable. But this ,contradicts the 

fact that G is non-orientable. Thus G is connected. □

Let PT2 --G-+ Uzeo%  be the surjective function defined by pr2(x,Dx) = Dx, 

Assume UzeG ^  is endowed with the quotient topology induced by pr2. Then 

{pr2 (IZ)IB G Sg) is a basis for the topology on UseG ^et (x,Dx) G G and 

y  be a star neighborhood of f (x)  in G. Since /  is a collapsing immersion, there 

exists a star neighborhood B of z in G such that the restriction of /  to each arc in 

A(B) is a topological embedding into an arc of A{V)  and /(B ) is contained in an arc 

of A (V ) . Let Du be the direction for B that induces Dx and let py be a directing map 

on V. Then py o /|[f = B R is a directing map on B. Let /+ : UseG %  UseG %  

be the function defined in the following manner. If [ p v °  f \ u ]  = D u, let f+(Dx) be the
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direction at f (x )  induced by [pv\- If-[py ° f\u\ =  —Du, let f +{Dx) be the direction 

at f{x)  induced by — [pv] ■

Let Dx <E UxeGv * and P7̂ (V) G {pr2(U)IU G 5G} such that /+(Da.) G pr2(V).

liet (V, Dy) be the directed star neighborhood of f(x)  that induces V. Then f+(Dx)

is the direction at f (x)  induced by Dv . Since /  is continuous at x there exists a star

neighborhood U of x such that f(U)  C V. Let Du be the direction for U that induces

Dx. Then Ipr2(UDu) is a neighborhood of Dx such that f +(pr2(UDu)) C pr2(V). Thus

/+ is continuous at Dx. Hence f + is continuous. ,

Let /  : G G be the function defined by f ( x ,D x) =  ( f  o p n (x ,D x)7 f+ °

pr2(x, Dx)). Then pr\o  f  = f  o p n  by definition. y

Lemma 3.18. /  is an aperiodic collapsing surjective immersion such that • \
(  \

/(B(G)) =  B(G). ' ,

P r o o f . /  is surjective-. Let (z, D z) G G and (V ,D v ) be a directed star neighbor­

hood of z such that D y  is coherent with D z. Since /  is a surjective map, there exists 

an Z G G such that f (x)  = z and a star neighborhood U of x such that f(U)  C V. Let 

D u =  [pv  o f\u] where p v  is a representative of D y,  and D x be the direction at x  in- 

duced by Du. Then /+ (B 1) =  S ,. T h u s =  (/Opn(X1A n),/+Opr2 ( I 1D1)) =

(z,D z). . ’ '

f  is a collapsing immersion-. Since /  o pri and /+ o pr2 are continuous, /  is ;

continuous. Let (x, Dx) G G and V € Sg containing f ( x , D x). Then Cl(P) is |

a star neighborhood of f ( x , D x) = ( f ( x ) , f+(Dx)) and V  =  pri(Cl(V)) is a star i
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neighborhood of f(x).  Let Dv  be the direction for V  that induces f +(Dx). Since /  is 

a collapsing immersion at x  there exists a star neighborhood U oi x and a J  G A(V)  

such that the restriction of /  to each arc in A(U) is a topological embedding into 

J. Then F h ° / I /  is a topological embedding into P n G  A(Cl(y)) for 

each I  G A(U). Let Du be the direction for U that induces Dx. Then C\(UDu) 

is a star neighborhood of (x, Dx). For I  G A(Cl(Cfot7))j p n ( /)  G A(CZ) and /I /  = 

p r iIa(F) ° Îpn(Z) ° P n |j  is a topological embedding into P n Q ^ ( J ) .  Thus /  is a 

collapsing immersion at (x, Dx).

f  is aperiodic: Let ( J 1, . . .  , Jn} be the components of G\B(G). Since /  is aperi­

odic, there exists a positive integer M  such that Jm(Ji) = G for each Ji and m >  M. 

Let {Ji,i, Ji,2} be the components of G\B(G) such that Jiil U Jii2 =  PrJ1(Ji). So 

Pn ° f m(Ji,i) =  f m o p n (J i/)  =  Jm(Ji) =  G for each component Ji^ of G\B(G) 

and m > M.  By definition of /,. if Jiil C J(Ji,t) then Jii2 C J(J^-J).  So either 

Ji l  c  j m(Ji,i) or J i 2  C Zm(Jij)- Choose m > M  such that ’Jm(b) = b for each 

b G B(G) and Ji^ C f m(Ji,e) for each Jiji. Since the number of branch points and 

components of G\B(G) are finite there exists a k such that J km(Jij) =  / ^ +1 m̂(Jij) 

for each Jiji. Let A1 =  /^m(Jpi) and A2 =  Jkm(Jij2)- For purposes of contradiction, 

assume A1 HA2 =  0. If z G Ai\B(G)  then there exists a Jiji containing x that is con­

tained in A1. So Jiji is an open neighborhood of x contained in A1. If z G A1 D B(G) 

then given a star neighborhood VF of z there exists a star neighborhood V of z and 

an Z G A(W)  such that JmJVJ C I. Since z G A1, there exists a z G J lll and a star
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neighborhood U of z such that f  ̂ +Vm(U) C l .  So I  C A1. Since f m(V) C I  and 

A1 AA2 =  0, "Iz C A1. So Int(F) is an open neighborhood of x contained in A1. Thus 

A1 is an open set. Similarly, A2 is an open set. Since A1 and A2 are two disjoint open 

sets whose union is G, G is not connected. But this contradicts the fact that G is 

connected. Thus A1HA2 f  0. If z 6  A1 HA2XS(G) then there exists a Jig containing x 

that is contained in A1 HA2. If J ljl C f km{Ji/) then A1 =  Zfcm(Jljl) C A1H A2.' Thus 

A1 =  A2 =  G. Similarly, if J lj2 C / fcm(J^) then A1 -=A 2 =  G. Ifx  G A1 H A2 HS(G) 

then given a star neighborhood W  of x there exists a star neighborhood F  of % and 

an J G A(W)  such that f m(V) C / . Since x G A1, there exists a Z1 G Jljl and a-star 

neighborhood G1 of z contained in Jljl such that /^fc+1 r̂a(Jljl) C J. Since z G A2, 

there exists a z2 G Jlj2 and a star neighborhood G2 of z contained in Jlj2 such that 

JikW m(J1̂2) c l .  So J C A1 H A2. If JijI is a component of G\S(G) such that 

Jitl H J ^  0 then Jitt C A1 H A2. So A1 =  A2 =  G by earlier argument. If Jitt is a 

component of G\S(G) then Jljl or J lj2 is a subset of Jm(Jitt). If J ljl C Jm(Jijt) then 

CZ =  Zfc"(Ji,i) C Z(fc+i)"(j.^ . Similarly, IfJ lj2 C Zm(Jv) then G =  Z ^ ™ (J v ). 

Thus Z is aperiodic. ' D

Let P : ^m{G, J} ]jm{G, /}  be the ladder map induced by Pr1.

Lemma 3.19. P is a. two-to-one covering map.

P roof. Since Pr1 is two-to-one covering map and Jlpr- 1̂ x]) is a one-to-one map 

for-each z G Pr1(G) =  G, P  is an open two-to-one surjective map by Theorem 2.8. Let 

Tri and Tri be the Fth projection maps acting on ljm{G, /}  and IjmjG, J}, respectively.



50

Let x  G /}  and (U, Du) be a directed star neighborhood of Tri (V) in G. Since

Int(CZ) is an open neighborhood of Tri ^ )  in G, Trf^Int(CZ)) is an open neighborhood 

of x  in /} . By definition, Udv and U-Du are two disjoint open sets in G such

that p rf  i (Int(CZ)) =  UDuUU-Du and bothPri L  andpri\u_Du are homeomorphisms 

onto Int(CZ). So Tff1 (CZ0tr) and Trf1 (CZ-Dt7) are two disjoint open sets in ^m{G, /}  such 

that P - 1  (-TTf1 (Int(CZ))) =  Trf 1^ r f 1 (Int(CZ))) =  Trf1(CZDtr) UTrf1 (CZ-Dt7). Since P  is an 

open map, P |_ _ i^ ^  and P\~-i^ _ d^  are open maps. Let z G Trf1 (Int(CZ) ) 1 As a 

result of the construction of P _1({ .̂}) given an element z of ljm{G, /} , in Theorem 

2.8, if ( I 1jZ2) =  ^ 1 (W ) then (Tr1 (Zi)jT1 (I2)) = P p 1((Tr1 ( ^ ) ) ) 1 Since Pr1] ^  and 

pri I fj_D are homeomorphisms onto Int(P), one element of p r f 1 ((Tr1 (z))) is contained
u  V

in Udu while the other element is contained in U-Du- Thus one element of P “1((^}) is 

contained in TTi (Udu) while the other element is contained in T1 (P-Dt7)- So P\~-i^ d^  

and P |^ -1(d_d ) are homeomorphisms onto Trf1 (Int(P ) ) 1 Then Trf1 (Int(P)) is evenly 

covered by P . Thus P  is a two-to-one covering map. □

Since P  is a local homeomorphism the direction at each x  G ]fm(G, / )  induces a 

direction at P(x).

Lemma 3.20. The directions at each x G ljm(G, / )  induced by the directions at 

the two dements o /P _1 ((x}) are different.

P roof. Let 1im{G, / ) + be the set of all x G ^m(G, / )  such that the directions 

at x induced by the two elements of P~"1((%)) are the same and ljm {G ,/)_ be the 

set of all x G ^m(G, / )  such that the directions at x induced by the both elements
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of P - 1  ({a;}) are different. If ]fm{G, /}_  =  0 then the orientation of /}  would

induce an orientation of ̂ imjG, /} . Since ]^m{G, f }  is non-orientable, ^m{G, /}_  ^  0.

For purposes of contradiction, assume ^m {G ,/}+ ^  0. Let x e ]^m{G, f } +. Since P

is a two-to-one covering map, there exists a matchbox neighborhood M of z such that

P ^ 1(M) is the union of two disjoint matchboxes Mi and M2 such that the restriction

of P  to each is a homeomorphism onto M. Let pi be a directing map on Mi and p2 be/

a directing map on M2 coherent with the orientation of ljm{G, /} . Then pioP|jT and 

p2 o P l are two directing maps on M. Let M+ be the union of all matches I  in M  

such that (p2 o P |^ ) |Jo(p1 o P |^ 1i)|71 : P ioP I^i (J) ^  P2OPlz12(I) is increasing. Then 

M+ is a matchbox neighborhood of x contained in IjmjG', /}+ by Proposition 2.13. So 

^mjG, /}+ is open. Similarly, ^mjG, /}_  is open. Since IjmjG 1 /}+  and IjmjG, /}_ 

are two disjoint open sets whose union is IjmjG, /} , ^mjG, /}  is not connected. But 

this contradicts the fact that IjmjG, /}  is a continuum. Thus IjmjG, /}+ = 0. □

We construct G', prj : G' ^  G', f  : G' ^  G', and P ' : ^mjG', /'}  ^  I^mjG', f } 

similarly.

Assume Ijm jG ,/}  and IjmjG",/ '}  are homeomorphic. Let ^ : Ijm jG ,/} ->■ 

jimjG ', / ' }  be a homeomorphism. For each element x in |m jG , /} , let <fr(x) be the 

element of IjmjG', / '}  such that the direction at /  0  P(z) induced by the direction at 

x is the same as the direction at ^ 0  P(x) induced by the direction at ^(z).

Lemma 3.21. </> is a homeomorphism.
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P r o o f .. 4> is surjective-. Let x' 6  / '} . By Lemma 3.20 and the fact that 4>

is a homeomorphism, there exists one and only one x  G {(j)o P ^ ^ P ' (x')}) such that
v/ /

the direction at ^ o P(x) induced by the direction at x is the same as the direction 

at P'(x') induced by the direction at x ' . Then j){x) =  x'.
f

4> is injective-. Suppose that (p(x) = 4>(z). Then 0 o P (x) = cf> o P(z) and the 

direction at </> o P{x) induced by the direction at x is the same as the direction at 

<fi o P{z) induced by the direction at z. Then cc =  z by Lemma 3.20.

^ is continuous: Let x G lyn{<5, /}  and V  be an open neighborhood of (f>(x). Since 

<p o-p and P 1 are two-to-one covering maps, there exists a matchbox neighborhood M

of 0  o P(x) contained in P 1(V) such that (cj) o P y 1(M) is the union of two disjoint
\

matchboxes such that o P  restricted to each is a homeomorphism onto M  and

(P1Y 1(M) is the union of two disjoint matchboxes such that P' restricted to each

is a homeomorphism onto M. Let M  be a matchbox neighborhood of x such that

(j) o P\m is a homeomorphism onto M  and M 1 be a matchbox neighborhood of cf)(x)

such that M 1 C V  and P '|^ , is a homeomorphism onto M.  Let p be a directing

map on M  coherent with the orientation of pm{G, /}  and p' be a directing map on

M 1 coherent with the orientation of hm{G\ / '} . Then po (<fio and p' o P|jT

are the induced directing maps on M. Let M+ be the union of the matches I  in M

such that (p o (cj) o P |m)-1)|t ° (p' 0 I/ 1 : 'P' ° P° ( ^ 0 -p Im) - 1  W  18

increasing. By definition of 4>(x), the match in M  containing oP(x)  is contained
/

in M+. Let M+ = (<f>o P ^ y 1 (M+) and M'+ = P 'g (M + ). Then M+ is a matchbox
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neighborhood of x  such that'^(M f ) =  M'+. Since M+ cV,( f ) is  continuous at x. Thus 

4> is continuous at each x G ^m{G, /} . Since ^m{<5, /}  ig compact and / '}  is

Hausdorff, 0 is a homeomorphism. □

Since G and G' are orientabl.e finite connected graphs with branch points but 

without end points and f  : G G, f '  : G1 G' are aperiodic collapsing surjective 

immersions such that f(B(G)) =  S(G) and / '(B(Gr)) = B(G'), and IjmjG, /}  is 

homeomorphic to ^mjG', / '} , there exist Perron numbers a  and P and positive inte­

gers m  and n such that = Xr-, and fiXp = XJ by Theorem 3.13. Since pri G —> G 

and pr[ \ G' ^  G' are two-to-one covering maps such that pr\ o f  = f  o prx and 

prj o htop(f) =  ^op(Z) and btop(/') =  ^op (f) by Theorem 2.4. So

Xj  =  Xf and Xj, =  A//. Thus OtXf =  Xr/  and PXr  =  Xnf , which concludes the proof of 

the theorem.

' i

Finite Connected Graphs without Endpoints

I

Theorem 3.22. Let G and G' be finite connected graphs with branch points but 

without end points and let f  \ G G and f ' : G ' - >  G' be aperiodic collapsing surjec­

tive immersions such that /(S(G )) =  S(G) and /'(BjG')) =  B(G'). If  IjjnjG, /}  is 

homeomorphic to IjmjG', / ' }  then there exist Perron numbers a and /3 and positive 

integers m and n such that aXf = XJi and fiXy = Xn.

P roof. Assume Ijm jG, / I  is homeomorphic to IjmjG', /'}• Then either Ijmj G, /}  

and IjmjG', / '}  are both orientable or both non-orientable. So either G and G' are
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both orientable or both non-orientable. If G and G' are both orientable then then 

there exist Perron numbers a  and /3 and positive integers m  and n  such that aXf = XJ; 

and PXfi = Al by Theorem 3.13. If G and G1 are both non-orientable then then there 

exist Perron numbers a  and /3 and positive integers m  and n such that aXj = XJ, 

and j3Xfi =  A" by Theorem 3.14. □

Barge and Diamond [4] have shown that given two Perron numbers A and 7 , if 

there are Perron numbers a  and /3 and positive integers m  and n  such that aA =  7 ™ 

and /ty =  An then Q(A) =  Q(7 ) . This results in the following corollary to the above 

theorem.

Corollary 3.23. Let G and G1 be finite connected graphs with branchpoints but 

without end points and let f  : G ^  G and f '  : G1 G' be aperiodic collapsing sur­

jective immersions such that f (B(G)) = B(G) and f (B(G' ) )  =  B(G') . I f  Ifm-fG, f } 

is homeomorphic to ljm{(T, / '}  then Q(Xf) =  Q(Xf).

It should be noted that the algebraic extension relationship between spectral 

radii is weaker than the Perron relationship between the spectral radii. To see this, 

let A/ =  2 and Xf  = 3. Then Q(Xf ) = Q(Xf )  but there do not exist Perron numbers, 

a  and /3, and positive integers, m  and n such that aXf = Xfi and fiXf> = Xfi

Two Examples

Our first example shows that we can use weak equivalence of matrices to determine 

when certain inverse limits of collapsing surjective immersions on orientable bouquets
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of circles which fix branch points are not hdmeomorphic. Our second example shows 

that weak equivalence of transition matrices is not a complete topological invariant 

for inverse limits of collapsing surjective immersions on orientable bouquets of circles 

which fix branch points. The second example requires a  slight understanding of

substitution tilings. For a discussion of this topic, consult Anderson and Putnam [2].
\ 1

Example I

Let G be an oriented,bouquet of two circles Si and Si- Let /  : G —>■ G be an 

immersion which fixes the branch point such that Si —> Si Si S2Si Si and S2 —> Si. Let 

/ '  : G —> G be an immersion which fixes the branch point such that Si —¥ SiS2S2SiSi 

and S2 -> SiS2Si- Then f  and f '  are collapsing surjective immersions. The transition
- i •;

matrices for /  and / '  relative to the natural ordering of the components of G\B(G) 

are Mf  =  ^  ^  and M f  =  ^  Swanson and Volkmer [23] show that these 

primitive matrices are not weakly equivalent by an ideal argument. Thus fim{G, /}  

and ^m{G, f ' }  are not homeomorphic by Theorem 3.1.

Since A/ =  2 +  V5 =  X f 7l there trivially exists Perron numbers a  and /3 and 

positive integers m  and n  such that aAf = Af  and (3Af == A". Thus we can not use 

Theorem 3.22 or Corollary 3.23 to determine whether IjmjG 1 /}  and IjmjG 1 f }  are 

homeomorphic or not.

/
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Example 2

Let ip be the substitution on two letters given by ip{l) — 11221, </?(2) =  I and Ttp

be the associated tiling space. Let % be the substitution on two letters given by %(1) =

12121, x(2) =  I and Tx be the associated tiling space. Using techniques developed

by Anderson and Putnam [2], there exist orientable bouquets of two circles Gip and

Gx and collapsing surjective immersions Jip Gip Gip and f x : Gx Gx, which fix
\ v

branch points, such that Tp is'homeomorphic to ^mjGrv,, f p} and is homeomorphic 

to ^m{Gx, f x}. We can order the components of GP\B(GP) and GX\B(GX) such that 

transition matrices for f p and f x relative to these orderings are Mp q)  =  Mx-

These transition matrices are, trivially, weakly equivalent. But, Barge and Diamond

[6] show that Tp and Tx are not homeomorphic using weak equivalence of associated 

substitutions. Thus ljm{Gp, f p} is not homeomorphic to IjmjGT, f x}.

One-Dimensional Hyperbolic Attractors

We first state the following result due to Williams [24], [25].

T h e o r e m  ‘3.24. If  g : X —> X  is a diffeomorphism of a manifold having a con­

nected one^dimensional hyperbolic attractor f2 then there exist two positive integers k
- I

and I, a compact branched one-manifold G which is topologically a bouquet of circles, 

and an expansive immersion f  : G G where the branch point of G is fixed under f ,  

every point of G is non-wandering under f , and every point of G has a neighborhood

i \
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whose image under f l is an arc such that g\^ is topologically conjugate to the shift 

homeomorphism induced by f .

Let g : X  -> JY" be a diffeomorphism of a manifold with one-dimensional connected 

hyperbolic attractor XL By Theorem 3.24, there exist two positive integers k  and I, 

a compact branched one-manifold G which is topologically a bouquet of circles, and 

an expansive immersion f  : G ^  G where the branch point of G is fixed under / ,  

every point of G is non-wandering under / ,  and every point of G has a neighborhood 

whose image under f £ is an arc such that the shift homeomorphism induced by f  is 

topologically conjugate to g ^ .

Assume G is endowed with the arc structure system that the differentiable struc­

ture on G naturally induces. Williams ,[25] showed that if I  is an arc in G then there 

exists a positive integer j  such that G C P(I ) ,  f  as above. So f £ is a collapsing 

surjective immersion that fixes the branch point of G.

Let g' : X 1 —> X 1 be a diffeomorphism of a manifold with one-dimensional con­

nected hyperbolic attractor XL. By Theorem 3.24, there exist two positive integers 

k' and £', a compact branched one-manifold G' which is topologically a bouquet of 

circles, and an expansive immersion f '  : G' G' where the branch point of G1 is fixed 

under / ' ,  every point of G1 is non-wandering under / ',  and every point of G' has a 

neighborhood whose image under ( f 1)1' is an arc such that the shift homeomorphism 

induced by f  is topologically conjugate to g'\^,.
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Assume G' is endowed with the arc structure system that the differentiable struc­

ture on G' naturally induces. Then ( f ) 1' is a surjective collapsing immersion that 

fixes the branch point of G'.

Assume £7 is homeomorphic to £2'.. Since p|& is topologically conjugate to the shift 

map /  induced by /  and g'\% is topologically conjugate to the shift map f '  induced 

by / ',  ljm {G,/} is homeomorphic to ^m {G ',/'}. Thus fimjG', f e} is homeomorphic

to ^mjGfi { fY '}-

Let M f be the transition matrix"for /  relative to an ordering of the components 

of G\B(G) and let be the transition matrix for f '  relative to an ordering of the 

components of G'\B{G').

P roposition 3.25. IfQ l and Ql are orientable then M f is weakly equivalent to 

M f .

P roof. Since f2 and Q1 are orientable, ljm{Gfi f £} and IjjnjGr', ( f 'Y  } are ori­

entable. So M f  is weakly equivalent to y  by Theorem 3.1. Since M f  =  {Mf)1 

and M ^y i  =  ( M f Y ' , Mf  is weakly equivalent to M f . □

Assume ht0p(g\o) = Io g H  and /itopHnO =  log(w')- Using results of Williams 

[24], there exists a connected finite graph K  and an aperiodic collapsing surjective 

immersion h : K  K  where h(B(K)) =  B(K)  such that the shift homeomorphism 

h  induced by h is topologically conjugate to g\n- Bowen [10] showed that the the 

topological entropy of the induced shift homeomorphism on an inverse limit of a 

compactum with single surjective bonding map is equal to the topological entropy of
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the bonding map. By Theorem 2,4 and above result, htop (h) =  Jitop (h) =  Jitop (yjn) =

1X

log(o;). If Mh is the transition matrix for Ji relative to an ordering of the components

of K \B (K )  then the spectral radius of Mh is w. Since Mf is aperiodic, cv is a Perron

number. Similarly, to' is a Perron number.

P roposition 3.26. TJiere exist Perron numbers, a, and /3, and positive integers,-
■ ,

m  and n, such that au> = (v/)m and (3uj' = a/1.

P roof. By Theorem 2.4, htop(f) = Zitop(yIn) =  k\og(u) = log(w&) and htop( f )  =
3

Zitop (s 'In'') =  k' Iog(CVz) =  log((iv,)fc'). Since the topological entropy of the induced shift 

homeomorphism on an inverse limit of a compactum with single surjective bonding 

map is equal to the topological entropy of the bonding map, htop(f) = htop(f) = 

Io g M  and Zkop(f) =  Z^p(f) =  lo g ((w f). Then Z^p(^) =  H og(^) = I o g M )  

and htop((fY')  =  IzIo g (M fcz) =  log((w 'M ). Sb Xft = cvH and =  (iv')fcr. 

By Theorem'3.22, there exists a Perron number a and a positive integer rj such that 

aXje — Y . Let a = Gcoki-1, which is a Perron number since ( v i sa  Perron num­

ber, and let m  = k'i'rj, which is a positive integer. Then coo =  aXfi =  A = 

((u/)fcr)77 =  (cv')m. Similarly, there exists a Perron number /3 and positive integer n 

such that /3cv' =  Cv71. . D

The above Perron relationship implies the weaker result that Q(cv) = Q(cv').
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