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ABSTRACT

Williams has shown that one-dimensional connected hyperbolic attractors can be
realized as the inverse limits of bouquets of circles with single bonding maps that fix
branch points. Suppose f: X — X and g: ¥ — Y are diffeomorphisms on manifolds
with one-dimensional connected hyperbolic attractors A and T, respectively. Let A
and B denote the transition matrices for the bonding maps on the bouquets of circles
whose inverse limits correspond to X and Y with spectral radii u4 and pp. We show
that if A and T are orientable and homeomorphic then A and B are weakly equivalent.
We also show that if A and I' are non-orientable and homeomorphic then there exist
Perron numbers o and S and positive integers m and n such that aps = pg and
Bup = u%. These two results together imply, the weaker result, if A is homeomorphic
to [" and the topological entropies hiop(f|a) = log(a) and hiop(glr) = log(up) then
the algebraic extension fields Q(u4) and Q(up) are identical. -




CHAPTER 1

INTRODUCTION

One important area in smooth dynamical systems is the study of structurally
stable diffeomorphisms. In fact, one of the main problems introduced by Smale in
his paper Differentiable Dynamical Systems [22] was the classification of structurally
stable diffeomorphisms.

J. Palis and S. Smale made two fundamental conjectures in this area which were
subsequently shown to be valid. The first was the Structural Stability Conjecture
which states that a C! diffeomorphism is Structufally stable if and only if it satisfies
Axiom A and strong transversality. Robinson [20] showed the sufficiency and Mafié
[14] showed the necessity of this conjecture. necessity of this conjecture. The second
was the §-Stability Conjecture which states that a C! diffeomorphism is Q-stable if
and only if it satisfies Axiom A and has no cycles. Smale [22] showed the sufficiency
and Palis [19] showed the necessity of this conjecture.

One theorem, due to Smale [21], concerning the non-wandering sets of C* Axiom
A diffeomorphisms is the Spectral Decomposition Theorem which states that if f
is a C' Axiom A diffeomorphism then there is a unique way of writing the non-
wandering set Q(f) as the finite union of disjoint, closed, invariant, indecomposable

subsets Q(f) = ; U...UQ in such a way that on each subset f is topologically
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transitive. The simplest subsets that appear in the spectral decomposition of an
Q-stable diffeomorphism, after isolated periodic sinks, are expanding attractors.

R. F. Williams realized an important tool for the study of expanding attractors
was inverse limits. Williams [24] showed that if a diffeomorphism F has a one-
dimensional hyperbolic attractor A then F|, is topologically conjugate to the shift
homeomorphism f on an inverse limit of a branched one-manifold G Wi'th a single
bonding map f satisfying certain properties. In the same paper, he proved a converse
for diffeomorphisms on S* Williams [26] showed similar results for all diffeomor-
phisms with expanding attractors.

This relationship between expanding attractors and inverse limits sparked interest
in the investigation of inverse limits of finite graphs in hopes that by studying the
dynamical properties of the bonding maps that topological properties of the inverse
limit spaces could be obtained, and vice versa.

One such result, relating the dynamics of a map on a finite graph and the topo-
logical properties of the associated inverse limit space, is the following due to Barge
and Diamond [3]. Suppose f : G — G is a piecewise monotone map on a finite graph
G. The following are equi'valent: _the topological entropy of f is positive; f has a
horseshoe; there are positive integers 7 and M such that f has a periodic point of
prime period rm for all m > M; and the inverse limit space @{G, f} contains an

indecomposable subcontinuum.
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Barge and Diamond [4] introduced the relation of vx;eak equivalence for nonneg-
ative square integral matrices to study the inverse limits of finite graphs. Barge,
Jacklitch, and Vago [7] then introduced the stronger relation of weak equivalence for
substitutions to further study the inverse limits of finite graphs.

The two main results of this dissertation are the following:

THEOREM 1. Let G and G' be orientable bouquets of circles with branch points
b and b, respectively, let f : G — G and f' : G' — G’ be collapsing surjective
immersions such that f(b) = b and f'(b') = V', let My be the transition matriz for
f relative to an ordering of the components of G\{b}, and let My be the transition
matriz for f' relative to an ordering of the comploﬁents of G\{b'}. If Q@{G,f} is
homeomorphic to <h'_rg{G”, f'} then My is weakly equivalent to My

THEOREM 2. Let G and G' be finite connected graphs with branch points but
without end points and let f : G — G and f' : G' — G’ be aperiodic collapsing
surjective immersions such that the branch sets of the graphs are invariant under the
immersions. Ifl(iLn{G, f} is homeomorphic to @{G’, f'} and the topological entropies
hiop (f) = log(As) and huop(f') = log(Ay) then there exist Perron numbers a and 3
and positive integers m and n such that Xy = Af and BAp = A%,

The second theorem includes collapsing surjective immersions on bouquets of
circles which fix branch points since they are automatically aperiodic. Both theorems
give us corresponding results for one-dimensional connected hyperbolic attractors by

results of Williams [24], [25].




CHAPTER 2

PRELIMINARIES

~ Finite Topological Graphs

A compactum is a nonempty compact metrizable space and a continuum is a
connected compactum.

Suppose z is a point in a one-dimensional compactum K. If z is an ena point of
every arc in K containing z then z is called an end point of K. If K contains a simple
n-od (n > 3) with vertex z then z is called a branch point of K. The set of all end
points of K will be denoted by £(K) and the set of all branch points of K will be
denoted by B(K ). |

A finite graph is a compactum which can be written as thé union of finitely many
arcs each pair of which intersect in at most a common end point. We will call a
finite connected graph without endpoints, having only one braﬁch point, a bouquet of
circles. By definition, a finite graph is locally connected and locally path connected.

Suppose M is a metric space with metric d. The metric d is called Menger-conves
if for every pair of distinct points z,z € M there exists a point y € M\{z, z} such

that d(z,y) + d(y, z) = d(z, 2). The following result is due to Bing [8] and Moise [17],

independently.
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THEOREM 2.1. Every locally connected continuum admits a compatible Menger-
conves metric.

Since every finite connected graph is a locally connected continuum, it admits a .
compatible Menger-convex metric, by the above theorem.

If U is an arc or simple n-od in a compactum K such that U\E(U) is open in K
then we will call U a star in K. If U is a star in a finite graph without end points
then Int(U) = U\E(U).

PROPOS‘ITION 2.2. If V is an open neighborhood of T in o finite graph graph G
without end points then there exists a star neighborhood U of x such that U C V.

The following theorem is due to Menger [15].

THEOREM 2.3. Gwen any two cﬁstz’nct points in a compact Menger-conver metric
space, there exists an arc between the points such that the length of t.h'e arc in the
metric is the same as the distance between the é)oz’nts.

Suppose (M, d) is a compact Menger-convex metric space. By the above theorem,
the distance between any two distinct points is the same as the length of the shortest
arc betvyeen the points. So By(z, €) is arc connected for each z € M and ¢ > 0.

Suppose U is a star in a finite graph G and A(U) is a finite collection of distinct
arcs in G whose union is U. If the end points of U can be partitiqned into two subsets
such that:

i) given an arc in A(U) the end points of that arc are not contained in the same

element of the partition,
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i) given a point from each element of the partition, the arc between the points
that is contained in U is contained in A(U)

then A(U) is called an arc structure on U If U has n end points then there are

2"-1 —1 different arc structures that can be placed on U. An arc structure on U

naturally induces an arc structure on any star contained in U.

Figure 1. A star U with arc structure A(U) = {A,/2,h, -M-

Let G be a finite graph without end points. Since the collection of all stars in G
with end points removed forms a basis for the topology on G, we only need to work
with these kind of neighborhoods when studying G.

Suppose U and V are arc structured stars in G. Since a nondegenerate component
of the intersection of two stars in G is a star, the arc structures on U and V induce
arc structures on each nondegenerate component oi U C\V. If the arc structures on
each nondegenerate path component of U C\V, induced by the arc structure on U
and the arc structure on V, are the same then U and V are said to have coherent arc
structures. A choice of coherent arc structures on each star contained in G is called

an arc structure system for G
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Suppose U is a arc structured star in G with arc structure A(U). If p: U — R’
is a map, by which we always mean a continuous function, such that p|; : I = Risa
topological embedding for each arc I € A(U) then we will call p a directing map on U.
Two directing maps, p; and ps, on U are called equivalent if for each arc I € A(U) the
homeomorphism (p2(1) o (p1]r)™" : p1(I) — pa2(I) is increasing. This is an equivalence
relation that partitions the collection of all directing maps on U into two equivalence
classes, each of which we will call a direction for U. We will call an arc structured
star together with a direction for it a directed star.

If U is a directed star then the direction for U naturally induces a direction for
any star contained in U.

Suppose U and V are directed stars. If the directions for eaqh nondegenerate
path component of U NV, induced by the direction for U and the direction for V,
are the same then we say U and V are coherently directed.

Suppose p; is a directing map on a star U; in G and p; is a directing map on a
star Up in G. If z € Int(U;) N Int(Us) and there exists a star neighborhood V' of z
contained in Uy N Us such that pi|y and po|y are equivalent then p; and p; are said
to be equivalent near =. This is an equivalence relation that partitions the collection
of all directing maps on all star neighborhoods of z into two equivalence classes, each
of which is called a dz’%ection at . We will let D, denote the collection of these two
directions at z. The dire;ction for a directed star naturally induces a direction at each

point in the interior of that star.
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Suppose (U, Dy) and (V, Dy) are directed stars in G. If z € Int(U) N Int(V)
and there exists a star neighborhood W of z contained in U NV such that the
directions for W induced by Dy and Dy are equal then we say (U, Dy) and (V, Dy)
are coherently directed near z. If (U, Dy) and (V, Dy) are coherently directed near z
for each € Int(U) N Int(V) then (U, Dy) and (V, Dy) are coherently directed.

Suppose G is endowed with an arc structure system. We say G is orientable if
there exists a collection of coherently directed stars whose interiors cover G. If G is
orientable then a choice of coherently directed stars whose interiors (':over G induces a
direction at each point of G. This continuous choice of directions at each point of G
is called an orientation of G. If G is connected and orientable then there exist exactly
two distinct orientations of G.

Suppose G’ is finite graph without end points endowed with an arc structure
system. We call a map f : G — G an immersion if for each point z in G and each
star neighborhood V' of f(z) in G’ there exists a star neighborhood U of z in G such
thaﬁ the restriction of f to each arc in A(U) is a topological embedding into an arc
in A(V). We call an immersion f : G = G collapsing if for each point z in G and
each star neighborhood V of f(z) in G’ there exists a star neighborhood U of z in G
such that the image of U under f is contained in an arc in A(V).

If f : G — G is an immersion such that f(B(G)) = B(G) then B(G) C f~1(B(G))
and f is one-to-one on each component of G\ f~*(B(G)). Thus f is a Markov map

and we can associate a matrix to f relative to an ordering of the components of
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G\B(G) in the following manner. The transition matriz for f relative to the ordered
components, {Ji, ... ,Jm}, of G\B(G) is the m x m matrix whose 4j-th entry is the
number of times the component J; covers the component J; under f, that is, the
number of components .of G\fYB(@)) in J; that map onto J;. If A and B are
transition matrices for f relative to different orderings of the components of G\B(G)
then A is similar to B by a permutation matrix.

We define \; to be the spectral radius of the transition matrix for f relative to
an ordering of the components of G\B(G). This definition is independent of which
ordering is chosen by the similarity remark made above.

It is a well known fesult, due to Block, Guckenheimer, Misiurewicz, and Young
[9], that the topological entropy: of a Markov map on an interval or circle is equal to
the logarithm of the spectral radius of an associated transition matrix. We can easily
extend this result to Markov maps on finite graphs using similar techniques. Thus
hiop (f) = log(Ay).

The following result about topological entropies is due to Bowen [10].

THEOREM 2.4. Let f : X — X and g:Y — Y be maps where X and Y
are compacta. If k: X — Y is a uniformly finite-to-one surjective map such that
ko f=gok then hp(f) = hiop(9)-

Two maps f: X — X and ¢g: Y — Y are called shift equivalent provided there
aremapsr: X — Y ands:Y — X such that ro f =gor, fos=s0g,s07 = f™,

and 7 o s = g™ for some positive integer m.
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LeEMMA 2.5. If G and G' are finite graphs and f : G — G and f' : G' = G’ are
surjective immersions such that f is shift equivalent to f' then hyop(f) = hiop(f)-

PrOOF. Since f is shift equivalent to f’, there exist maps r : G — G’ and
s: G — G such thatrc?f:f’or, fos=sof sor=f" andros= (f’.)m for
some positive integer m. Since G and G’ are compact and f™ and (f')™ are surjective
immersions, f™ = sor and (f')™ =ros are ﬁniformly finite-to-one surjective maps.
Then 7 and s are uniformly finite-to-one surjective maps. Thus Aep(f) = hiop(f') by
Theorem 2.4. | . -0

A square nonnegative integer rﬁatrix A is called aperiodic if there exists a positive
integer m such that A™ is a positive integer matrix. We will call f aperiodic if
the transition matrix for f relative to an ordering of the components of G\B(G) is
aperiodic. This definition is again independent of which ordering is chosen by the
earlier similarity remark.

A real number A > 1 is called a Perron number if it is an algebraic integer that
strictly dominates all of its other algebraic conjugates. The spectral radius of an
aperiodic matrix is a Perron number. Thus, if f is aperiodic then Ay is a Perro'n}
number.

We will say two square nonnegative integer matrices, A and B, are weakly equiv-
alent if there exist sequences of positive integers, {n;}2; and {mi}‘iﬁl, and .séquences

of nonnegative integer matrices, {S;}{2, and {Ti}fQI, such that S;T; = A™ and
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T;S;41 = B™ for all i € N. If A7 and B* are weakly equivaleﬁt for positive in-
tegers j and k then A and B are weakly equivalent by definition. The following
theorem is due to Barge and Diamond [4]. |

THEOREM 2.6. Let A and B be aperiodic nonnegative integer matrices with spec-
tral radis A4 and Mg, respectively. If A is weakly equivalent 750 B then there are
Perron numbers, o and B, and positive integers, m and n, such that ala = A\§ and
BAg = N7.

It should be noted that this Perron relationship between spectral radii is}zveaker
~than weak equivalence of the matrices. We pro{/ide an example of this in the next

chapter.

Inverse Limit Spaces

An inverse sequence of spaces is a double sequence {X;, f;}52, of spaces X;, called
coordinate spaces, and maps \fi : Xip1 — Xi, called bonding maps. If {Xi, fi}$2,
is an inverse sequence of spaces then the inverse limit of {X;, f; ggl,‘ denoted by
](iLn{Xi, fi}$2,, is the subspace of the product space H;’il X; defined by @{Xi, fi}ﬁl =
{(z)R, € [1i2y Xs | fi@iqr) = x; for each ¢ € N}.

THEOREM 2.7. If {X, fi}fi; is an inverse sequence (;f compacta (continua) then
Um{X;, fi}32, is a compactum (continuum,).

PROOF. See [18]. O
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Let X be aspace and f: X — X beamap. If 7; : [[;2; X — X is the projection
map of the product space into the j-th coordinate space, defined by 7;((z:)%2;) = =,
then Wj'gQ{X,f} : @{X, f‘} — X is a map. It can be shown that if f is a surjective
map then ;|ym(x,s} i a surjective map. Although we should write m;|jm(x,y When
referring to the j-th projection map acting on the inverse limit space @{X [}, we
will write m; without this restriction for brevity. It can be shown that the collection

{z7}(U) | U is an open set in X and ¢ € N} is a basis for the subspace topology on

(3

lim{X, }.

Let Y be a space, let g: Y — Y bea map, and let {p;}22; be a collection of maps
p; : X — Y such that p; o f = gop;y1 for each s € N. If (z;)2, € (h'_rg{X,f} then
(T2, 2a) (24)21) = (psl®:))Zs € @{Ya g} since g(piy1(@i+1)) = pilf (%it1)) = pi(w:)
for each i € N. So ([[32, Pi)ljim{x, 7y Maps im{X, f} into Um{Y, g}. We will call
Poo = ([ 1524 pi)h'gl{X,f} Dim{X, f} — im{Y, g} the ladder map induced by {pi}2,.

If poo : Um{X, f} — im{Y g} is the ladder map induced by {p;}2, and m; and
o; are the i-th projection maps acting on (]_ln{X , [} and @{Y, g}, respectively, then
p; O T; = 0; 0 Peo for each i € N. Note that pe is the only map from yin{X , [} into
@{Y, g} such that p;om =00 Peo for each i € N.

THEOREM 2.8. Let X and Y be compacta, let f : X — X and g:Y — Y be
maps, and let {p;}2, be a collection of maps p; : X =Y such that p;o f = g o pia

for each i € N. If each p; is an open k-to-one surjective map such that f| -1y, 18




13

a one-to-one map for each y € p;(X) then the ladder map induced by {p;}32; is an
open k-to-one surjective map.

PRrROOF. Assume Py : @{X, f} = @{Y, g} is the ladder map induced by
{p;}2, where each p; is an open k-to-one surjective map such that f IPII({?J})‘ is a
one-to-one map for each y € p; (X ).

Poo 1S surjecti;)e: Let (y;)2, € @{Y, g}. Since p; is a surjective map, {y;} is
cl(osed in Y, and X is a compactum, the subspace p;'({y;}) of X is a compactum.
Then Tg_n{p;l({yi}), fi|ﬁl7;|_11({yi+1‘})}'?il is a compactum, by Theorem 2.7, which maps
onto (3)2;-

Poo 18 k-to-one: Let (4:)52; € poo(im{X, f}) = lim{Y, g}. Since y; € p(X)=Y
and p; is k-to-one, p;*({y;}) has k elements. Suppose {z1,}¥_; = p;*({11}). Since
piof = gopit, f(p;-i-ll({yi—l—l})) c p;7 ({w:})- Since 07 ({y:}) has k elements for each
i € N and f|p;11({yi+l}) is a one-to-one map, f(pih({vi+1})) = pi*({vi}). For each
z; 5 € p; '({yi}), let zs41,; be the unique element of pi ({yir1}) such that f(zi41;) =
zi5. Then p({(¥)21}) = {(6)821 Hjmr-

Peo 18 Open: For ¢ € N, let 7; and o; be the i-th projection maps acting on
im{X, f} and }im{Y g}, respectively. Let 7 (U) € {m; 1 (U)|U is an open set in X
and 7 € N}, which is a basis for @{X, f}. Since pg is open and U is an open
set in X, py(U) is an open set in Y. So o} '(px(U)) is open in Um{Y, g}. Let
(yi){’i; € o7 (pe(U)). Let mx € U N p; ({yx}); the latter set is nonempty since

ur = 0u((1:)21) € pe(U). Since oy, ({yes})) = i ({ys}) for i € N, let zpps €
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Pt ({Yess}) such that fi(zgys) = zx. Then z = (f*(zr), ..., f(2k), Te, Tet1,-.) €
T | (U) and poo(z) = (1)1 S0 ()21 € ool (V) and o7 i(T)) C poo(ms HU)).
Since 0% © Poo = Dk © Tr, Poo(M5 -(U)) C 05 (p(U))- S0 peo(my (U)) = o Hpr(U)) is
an open set in [im{Y, g}. O

If p: X — Y is a map such that po f = g o p then we will call (Hg’ilp)ll{iﬂ{x,]a} :
@{X, f}— Lir_n{Y,g} the ladder map induced by p. Let f : l(iLn{X, f}— (]_i_n_l{X, I}
be the ladder map induced by f. By definition, m; = 741 © f for each k € N. The
map f is a homeomorphism called the shift homeomérphz’sm‘induced by f.

If X is a compactum with metric d then d((z;)2;, (2:)L,) = > d(zi,2)/2" is
i=1

compatible with the subspace topology on l(in{X )

Matchbox Continua

Let X be a continuum. Following closely notation introduced by Aarts and
Martens [1], we make the following definitions. If C' is a zero-dimensional compactum
and h : C x [-1,1] = X is a topological embedding such that h(C' x [-1,1]) is
closed in X and A(C x (—1,1)) is open in X then the set M = h(C x [-1,1]) is
called a matchboz in X. For each ¢ € C, the set h({c} x [-1,1]) is called a match in
M. If every point in X has an open neighborhood homeomorphic to the product of a

zero-dimensional compactum and an open arc then X is called a matchboz continuum.
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Let G be a finite connected graph with branch points but without end points, let
d be a Menger-convex metric compatible with G, and let f ;"G — G be a collaps-
ing surjective immersion such that f(b;) = b; for each b; € {by,...,b,} = B(G).
Let {Ji,...,Jm} be the path components of G\B(G) and {by,...,b,...,b} =
f7HB(@).

PROPOSITION 2.9. For each k € N and J; € {J1, ..., Jm}, 7 (i) C l(i_rr_l{G,f}
is homeomorphic to the product of a zero-dimensional compactum and an open arc.

PROOF. Let {Il,...‘, I} be the path components of G\f™'(B(G)) and o be
the discrete metric on the set {1,...,n}. Let C; = {(s;)%21 € [[;2,{L,.--,n} |
Ji = f(Is,) and I,; C f(Iy,,,) for each j € N} which is a closed subset of the zero-
dimensional compactum [ 32, {1, ... ,n} with metric g defined by a((s5)321, ()521) =
ig@ﬂ)m Let hig : Cs x Ji — w73 (J;) be defined by hax((s;)24, ) =
i=
@)y (Flry) 7H@), (Flzg) ™o (fln,) @) ).

hiy is surjective: Let z € 7t (J;). Then m(z) € J; and f o 7TZ+1(£) = me(z) for
each £ € N. Since m(z) ¢ B(G), mpyj(z) ¢ f1(B(G)) for each j € N. Foreach j € N,
let s; be the element of {1,... ,n} such that Tyt (2) € Iy,;. Since mpq1(z) € Iy, and fo
me1(z) = me(z) € i, Ji = f(Is;) and (f|151) o mp(z) = mp41(z). Since mpyjpa(z) €
I;,, and f o mepiq1(z) = meai(z) € Ly, Iy C f(Lsyy) and (fln,,,) ™" o mhay(z) =
Trej+1(z). S0 (55)2, € Cs and (flr,,) 7 o... o (fln,)™ o m(z) = mryj(z). Thus
((s7)%21, 7k (z)) € Cix Ji and hig((s5)521, me(2)) = (FF ome(g), .- s mele), (flz, )7 0

mr(2), (1) 7t o (1)~ o mi(2), ~)=(7T1(£),---,%k(z),ﬂk+1(&),-..,)=£-
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i is z'njective; Suppose hzk((sj)jozl, z) = hix((;)321,2). Then z =m0
hie((55)320,2) = g © hip((t)324,2) = 2. Also for j € N, s; = t; since m; ©
hik((85)521,%) € I.sj, s © Big((t5)521,2) € Iy, and mhyj 0 hig((85)521, %) = Metj ©
hi,k((tj)?ilaz)- Thus ((Sj)??_—lax) = ((tj);?ibz)'

h; 18 continuous: Let ¢ > 0 and ((sj);";l,x) € C; x J;. Choose a positive inte-
ger K éuch that diam(G)/2% < ¢/3 and a positive integer £ such that & —I—VE > K.
Since f’““jv is continuous for each 7 € {1,...,k}, there exists a 6; > 0 such that
if d(z,z) < 6; then d(f*(z), f*(2)) < ¢/3. Since (flr,_, )7 o... o (fln,)™
is continuous on J; for j € {k + 1,.... ,k + £}, there exists a d; > 0 guch that
if z € J; and d(z,2) < §; then d((flr,, )7 o...0 (f|151).‘1(:c),(flIsj_k)‘1 0...0
(Fle,)™2(2)) < €/3. Let § = min{1/2%,61,. ., 8pre} and ((t)24,2) € Ci X J;
such that p(((s;)321, %), ((,)321,2)) < 6. Then a((s;)24, (£;)521) < 6 and d(z,2) <
8. So o(sj,t)/2 < o((s5)2q, (8)321) < 1/26FE that is o(s;,t;) = 0, for j €

d(m; 0 hig((57)24,7),m; 0

s

{1,... k+£}. Thus d(hix((55)21,7), hin ()24, 2)) = )

Il

J
k+£

has((6)320,2)) /% = 2 a(f=i(a), £9(2) )2+ o d((flr,, ) e o(fln) (@),

j=k+1 .
(flr,_,)"to- -O(flftl)"l(z))/2j+j=§;+ld(ﬂjohi,k((sj)?ip x), mjohs k((t7)321,2)) /2 <
¢/3 + ¢/3 + diam(G) /25 < c. |

h; + is continuous: Let ¢ > 0 and z € 7 *(J;). Then there exists a posi-
tive integer £ such that 1/2¢ < € and an (s;)32; € C; such that ((s5)32;, mk(z)) _

his(z). For j € {1,...,£}, since I, is open in G, there exists a d; > 0 such that

By(mes5(z),8;) C I;. Let § = min{e/2%,61/254,...,6,/2"%} and z € mi' (V)
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such that d(z,z) < 8. Then d(m;(z),7;(2))/2’ < 6 for each j € N and there ex-
ists a (t;)2; € C; such that (()321, m(2)) = hiy(2). So d(mi(z),mr(2)) < € and
A(Trs(Z), Tty (2)) < 0; for each j € {1,...,n}. Then m4y;(z) € Is; for each j €
{1,...,n} and o((s;)32s, (1)321) = f: o(os 1)/ = 3 olent)/¥ <12 < e
Thus p(h(2), W (2)) = p(((57) 2 ml@)), ()220, mel2))) = ma{a((8,) 20, (5)32:):
d(me(z), m(2))} < e O

COROLLARY 2.10. For each k € N and z € G\B(G), 7, *(U) is a matchboz in
(].irll{G, f} for every star neighborhood U of x contained in G\B(G).

PLROOF. Let J; be the component of G\B(G) containing U and let C; be the one-
dimensional compactum and h;y : C; X J; — 77 1 (U) the homeomorphism defined in
Proposition 2.9. Since U is an arc, let p : U — [—1,1] be a homeomorphism. Then
(hiklo;x) o (idg, x p71) : Gy x [-1,1] = W;I(U) is a homeomorphism. O

PROPOSITION 2.11. For each k € N and z; € B(Q), there exists a ;5 > 0 such
that w; ' (U) is a matchbog in Qr_n{G, [} for every star neighborhood U of z; contained
n Bd(:pi, Sik)-

ProOOF. Foreachi € {1,...,r}, let W, be a star neighborhood of z; such that the
only element of f~*(B(G)) contained in W; is z; and let p; : W; — [~1,1] be a map
such that p;|z, : I; = [—1,1] is a homeomorphism for each I; € A(W;). We can choose
each W; so {W,... ,W,} is a pairwise disjoint collection. Fori € {1,...,7}, let V; be

a star neighborhood of z; contained in f~*(Int(W;)) NInt(W;). For i € {r+1,...,s},

let V; be an arc neighborhood of z; contained in (G\ |J W;)Nf~1(1J Int(W;)). We can
, i=1 j=1

J
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choose each Vi so {K+i,... ,\k) is a pairwise disjoint collection. For %E g
let Ai = {le EjL:JIAVj) Ih nf-1Hxi]) » 0} Then fj PTlo Ao /W s a star
neighborhood of &, contained in Forz6 ,S}, let Ui be the path component
of /-1(U P| p~loPioJ(U) contained in Vi. For each i E {1,... ,r}, we choose
J=1 I(EA
a liomeomorphism H --Wi -* Wi such that the end points and branch point of Wi
are fixed and the end points of HgAlpflop, of(le) are mapped to the end points
of UL Let h -G G be the homeomorphism defined by h(x) = hi{x) for x E Wi
and h{x) = x otherwise. By definition, Zi(Ji) = Ji and h preserves the canonical
orientation of Ji. Let f' \ G -A G be the collapsing surjective immersion defined
by f' = hof. We now construct a homeomorphism P® : *m{G,/} -> Ijm{G, /}
in the following manner. Let pi : G — G be the identity map. Suppose that for

j —1,..., N, we have defined homeomorphisms p* : G — G such that Pj(Xi) = Xi

for each Xi E f~1(B(G)), Pj(Ji) = Ji, Pj preserves the canonical orientation of J1for

each Ji E {Ji,... ,Jm}, and the following diagram commutes.
/ / /
G G G
Pi P2 Pn
G G G
fl

Let Piv+iU,f : Jie -> Ji,t be the homeomorphism defined by PN+i\ji€{ = (/'Ui,) 1°

m n
Pn ° f\j-r Then pN+i extends from (_J (_JI Jijf to a homeomorphism on G such that
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pyof=fopyyi. Let poo : @{G, f}— Li_m{G, f} be the ladder map induced by
{p;}$2,. Since p; is a homeomorphism for each i € N, py, is a homeomorphism by
Theorem 2.8. Let 7}, be the k-th projection map acting (.)n ].gl{(}’ It

CramM. For each & € N and U; € {Us,...,U.}, (7,) 2 (U) is a matchbox in
@{G, f'} for every star neighborhood U of x; contained in Int(U;).

PrOOF OF Cram. Let {Us,i1,...,U;} be the components of G\ i, Int(U;)
and let {I1,...,I,} be the collection of open arcs such that {Cl(1),...,Cl(I)} =

A(U;). For i € {1,...,r}, we assume that Cl(f;) is the arc in A(U;) such that

Cr&-

I

1
FI(I;) = I for every I; with CI(L;) € A(U;). Let Ci = {(s5)%20 € [[52o{L,--- ,n} |
Cl(Is,) € A(U;) and I, C f'(Iy;,,) for j§ = 0,1,...}, which is a closed subset of the
zero-dimensional compactum [[32,{1,... ,n}. Let U be a staf neighborhood of z;
contained in Int(U;) and p : U — [—1, 1] be a map such that plyng; : UNL; — [-1,1] is
a homeomorphism for each I; with C1(I;) € A(U;). Let hiy : Cix [—1,1] = () (V)
be defined by hie((5)523,8) = (F)5 0 (olue) (O, (plonng) 2 (8), (Flr,) o
(Plonr,) 1), - )-

hiy is surjective: Let z € (m},)"'(U). Then m(z) € U C Int(Uj), p o m(z) €
[-1,1], and f' o @}, (z) = mi(z) for j € N. Since 7(z) ¢ EU), mhys(2) §é :
() Uy E) for j € N

If m,;(z) € Int(U;) for each j € {0,1,...} ‘;hen m,.;(z) € I for each j €
{0,1,...}. So, let s; = i for each j € {0,1,...}. Then CI(L,,) = CI(L;) € A(Tj) and

I, = I = f'(I,) = f'(I,,,) for j € {0,1,...}. So (s7)32, € Ci. Since f' is one-to-one
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on I; and 7 ;(z) € I for each j € {0,1,...}, (f'lz,) " (Mhyy(2)) = Thyjpa(z) for
each 7 € {0,1,...}.

If mp,;(z) ¢ Int(U;) for some j € {0,1,...} then there exists an £ € {0,1,...}
such that 7% ,(z) € Int(T;) but 7)., (2) ¢ Int(Ts). So mp,;(z) ¢ Uiz, Int(U;) and
thus only one element of {I1,...,I,} contains 7}, (z). For j > £+1, let s; be the
unique element of {1,...,n} such that 7} ;(z) € I,;. Let sp € {1,...,n} such that
F'Ispyy) = Is,. For 0 < j <4, let s; =i. Then Cl(Is,) € A(U;) and I, C f'(Ly;,,)
for j € {0,1,...}. So (s;)%, € C;. Since f' is one-to-one on I; and 7, ;(z) € I; for
each j € {0,1,...}, (f'lz, )7 (o (2)) = Ty (@) for each j € {0,1,...}.

Then ((57)520,p 0 T4(@) € Ci x [=1,1] and hox((s)524, 00 (@) = (F) 0
(Plong) ™ (pomy(@), - (Plunsy) ™ (pomh(@)), (£, )P (olons,) ™ (orh(@), ) =
() tom(@), .. m(@), (f'ln,) Tt omi(z), .. ) = (i), - - 74 (2), My (@), ) =
z.

hij is injective: Suppose that hyr((s5)%24, t) = hig((s})32,,%). Thent = po
(Plun,)~H(t) = po (plUﬂIsg‘)_l(tl) = t'. For purposes of contradiction, assume
(s5)21 # (5j)%2;- Let £ be the smallest index such that sp # s;. Without loss

Jj/i=1

of generality, assume s, # 4. Then Iy NInt(U;) = 0. So Iy, NIy, = {0 since
st # Shyre Then (Flr, Y7o 0 (7l )™ 0 (olone,) () # (Flag,) o0
(f'l.,) 7" o (plunt,,)~H(t'). But this contradicts the supposition that hik((85)21,t) =

hi((85)521,1"). Thus ((55)521,t) = ((s})521,¢)-

hi is continuous: Similar to continuity argument in Proposition 2.9.
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Since C; x [—1, 1] is compact and (7},)~*(U) is Hausdorff, h; is a homeomorphism
and (7;,)~'(U) is a matchbox in lim{G, f'}, which proves the claim.

To finish the proof of the proposition, let z; € B(G). Since p, is a homeomorphism
such that pg(z;) = 5, there exists a & > 0 such that pr(Ba(2s,dix)) C Int(T;).
Let U be a star neighborhood of z; conj;ained in By(%;,0:). Then pg(U) is a star
neighborhood of z; contained in Int(U;). So (m;) ™ (pk(U)) is a matchbox in @{G, '}
by the above claim. Since peo is a homeomorphism and peo (7} ' (U)) = ()~ ok (U)),
mg *(U) is a matchbox in Lim{G, f} O

PROPOSITION 2.12. Um{G, f} is a matchboz continuum.

PROOF. By Theorem 2.7, Jim{G, f} is a continuum. Let z € Um{G, f}. 1If
mr(z) ¢ B(G) -for some k GI\N then m(z) € J; for some J; € {Ji,...,Jm}. Let
I be an arc neighborhood of m(z) contained in J;. Then ' (I) is a matchbox
‘neighborhood of z by Corollary 2.10. If mz(z) € B(G) then there exists a ¢ >0
such that 73 *(U) is a matchbox in im{G, f} for every star neighborhood U of 7 (z)
contained in By(my(z),d) by Proposition 2.11. Let U be a star neighborhood of . (z)
contained in By(mi(z),6). Then 7 (U) is a matchbox neighborhood of z. O

Suppose U is a matchbox in a continuum. If p: U — R is a map such that
plr : I — R is a topological embedding for each match I in U then we will call p a
directing map on U. Two directing maps, p; and ps, on U are called equivalent if for
each match I in U the homeomorphism (ps|r) o (p1]r)™* : p1(I) = p2(I) is increasing.

This is an equivalence relation that partitions the collection of all directing maps on
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U into equivalence classes, each of which we will call a direction for U. A matchbox
together with a direction is called a directed matchboz.

PROPOSITION 2.13. Let M be a matchboz in a continuum X and let py and
oo be directing maps on M. If M, is the union of all matches I in M such that
(,02.[1) o (p1r)™* : ;o(I) — pa(I) is increasing and M_ is the union of all matches I
in M such that (p2|r) © (p1lr)™' : p1(I) — p2(I) is decreasing then M, and M_ are
matchboxes or empty.

PRrOOF. Let C be a zero-dimensional compactum and » : C x [-1,1] = X
be topological embedding such that A(C x [-1,1]) = M and A(C x (-1,1)) =
Int(M). Assume o is the metric on C' and d is the metric on C' x [—1,1] defined by
d((s1,t1), (82, t2)) = max{o(sy, $2), |t1 — t2|}. Let Cy = pri(My) and C_ = pri(M_).
For each s € C, let ¢, = min{|p; o h(s,~1) — p1o h(s;1)|/2,]p2 © h(s,—1) — pz ©
h(s,1)|/2}. Since p;oh and pg o h are uniformly continuous, let ds > 0 be such that if
d((s1,1), (s2,t2)) < s then |pioh(51;t1)—pi0h(32, t2)| < €. Let Cs be a clopen neigh-
borhood of s such that Cs; C By(s,ds). Fori € {1,2},if p;oh(s, —1) < p;oh(s,1) and
s’ € C—sthen d((s,1), (s, 1)) < &s and |p;oh(s,t)—p;0h(s',t)| < ¢ forallt € [-1,1]. |
Thus p;oh(s', —1) < p;oh(s,—1)+€s < (poh(s, —1)+pioh(s,1))/2 < pioh(s,1)—€s <
p; o h(s',1). Similarly, if p; o h(s,—1) > p; o h(s,1) then p; o h(s', —1) > p;o h(s', 1)
for each s' € Cs. Thus (ps|r) o (p1])™t: ;1 (1) — bQ(I ) is increasing for each match
in the matchbox h(Cs x [—1,1]) or (pe|r) o (p1]r)™" : p(d) — po(I) is decreasing

for each match in matchbox h(C, x [-1,1]). So C; C Cy or Cs C C_ for each
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s € C. Since C is compact and {C;}sec is an open covering of C there exists a finite
subcollection {Cj,, ... ,Cs } that covers C. Thus Cy and C_ are a finite union of

elements of {C,,, ... ,Cs, } which means they are clopen subsets of C. If C # @ then

M+ = h(Cy x [~1,1]) is a matchbox. If C; = 0 then M+ = h.(C+ x [-1,1]) = 0.
Similarly M_ is either a matchbox or empty. ‘ ." O

If U is a directed matchbox in a continuum then the difectiqn for U ﬁaturally
induces a direction for any arc contaiﬁed in U.

Suppose U and V are directed matchboxes in a cpntinuqm. If the directions for
each nondegenerate path component of U NV induced by the directions for U and V'
are the same then U and V are said to be coherently directed.

Suppose p is a directing map on a matchbox U; and p, is a directing map on a
matchbox U,. If z € Int(U;) NInt(Uz) and there exists a matchbox neighborhood of z
con’gained in U; NU, such that p1]v and ps|v are equivalent then p; and po ’are said to
be equivalent near x. This is an equivalence relation that partitions the collection of all
directing maps on all matchbox neighborhoods of z into two equivalence classes, each
of which is called a dz’recﬁon at ¢. The direction for a directed matchbox naturally
induces a direction at eaph point in the interior of that matchbox.

If z € Int(U)NInt(V) and there exists a matchbox neighborhood W of z contained

in UNV such that the directions for W induced by the direction for U and the direction

for V are equal then we say U and V are coherently dz:rected‘near z. If U and V are
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coherently directed near z for each z € Int(U) NInt(V) then U and V are coherently
directed.

Suppos-e M is a matchbox continuum. We say M is orientable if there exists
a collection of coherently directed matchboxes whose interiors cover M. If M is
orientable then a choice of coherently directed matchboxes whose interiors cover M
induces a direction .at each point M. This continuous choice of directions at each
point of M is called an orientation of M. If M is orientable then there exist exactly
two distinct orientations of M.

PROPOSITION 2.14. G is orientable if and only if @{G, f} is orientable.

PROOF. By Proposition 2.11, we can choose a pairwise disjoint collection of sets
in G, {Uy,...,U,}, such that U; is a star neighborhood of the branch point b; and
7, *(U;) is 'a matchbox in im{G, f} for each i € {1,...,7}. We can then choose a
pairwise disjoint collection of sets in G, {Upt1,... ,Urtm}, such that Uy, is an arc
contained in J; for each i € {1,... ,m} and G\ U, Int(U;) C U=, Int(Up44).

Assume G is orientable and choose an orientation for G. Since G = | 11" Int(U;),
we can choose a directing map p; on U; for each 1 € {1,...,r + m} such that if
U is a nondegenerate path component in U; N U; then pjlr o psl7" « ps(I) = pi(1 ).
is an increasing map for each I € A(U). Let p, be the directing map on m; Y(L)
defined by p. = p; o mg. For each match I of 7y *(U;), mk|r is a homeomorphism
onto m;(I) € A(U;) and £i|1 = Pilmy(r) © ;7T]<;|I is a topological embedding. If I is a

nondegenerate path component of m; *(U;) N wy ' (U;) = mp (U; N U;) and U is the
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nondegenerate path component of U; NU; containing 7 (1) then 7 (I) € A(U). Since
plrep |t = pilmnyomslromlr o pil iy = pilmn o il plrep)rt: p,(I) = p,(1)
is an increasing map. So the matchboxes ;' (U;) and mj, *(U;) with directions [p | and
[Bj]7 respectively, are coherently directed. Since lim{G, f} = o (UET (Int(U;))) =
Ui Int (m* (U5)), im{G, f} is orientable.

Assume lim{G, f} is orientable and choose an orientation of Um{G, f}. For'z' €
{1,...,7}, let p, be a directing map representing the direction for 7 1(U;) and I; be
the match in 7, ' (U;) containing b; = (b;,b;,...). Choose a directing map p; on U;-
such that (p; o m)|z, ogiljil 1 p,(Ii) = piomi(l;) is an increasing map. Let U, | be all
matches I in 77 ' (U;) such that (p; o mg)|r o £i|;1 : p,(I) = pi o mi(I) is an increasing
map. Then b, € I; C U, . Since p; o my and p, are directing maps on 7T,;1(UZ'),
U+ is a matchbox in im{G, f} contained in 71 (U;) by Proposition 2.13. Choose
e > 0 such that By(b;,€) C U; , and positive integer ¢ such that diam(G)/ ok+2 e,
Then for z € mylp({0:}), d(bT) = D joproers A(bi;mi(z))/27 < €. Choose a star
neighborhood V; of b; contained in U; such that f2(V;) C U;. Since f is an immersion,
pil p2tomy e(ry © FF 0 pi‘l;klm(f) : Tra2e(I) — mi(I) is an increasing map for each match
I in 7} e, (V;). Since 7rk+24({b }) C By(b;,€) and f(V, ) C Uz, Tioaoe(Vi) CU,; . Thus
(piomy) |I°£¢|I o, (I) = pi omg(I) is an increasing map for each match I in m_ Ly, (V;)
and [(p; o m) il 2e(v)] 12 |7rk+28(V)] For each match I in mj_,,(V;), consider the map

(03 o mk)|1r © (i © Thp2e)| 7"+ Thse(I) — i (I), which is an increasing map since (pi o

T |ro (pioThrae) [7' = Pilmu Okl roThr2el 7 0 il myyner) = pi|f2‘°7rk+ze(f)Ofﬂopil‘v_r;rzz(l)'
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So [pslv; © Trr2e] = [(pi © k)| 2

k+2£(Vi)] = [Bilﬂiizz(‘/%)]' Since f is a homeomorphism,

2l -2ty © f2%o £i|f1 :p,(I) = p, o f~%(I) is an increasing map for each match I
in 7 (V;). For each match I in m ' (V5), coﬁsidep the map (p; o me)|r o p;t: p.(1) —
piomy(I), which is increasing since (piomi)|rop, |7 = (piomi) 1o f*op| 720 1y 08y f-2e()°
J?_.MOEJ.# = ((Pioﬂk+2£)lf—24(1)°£i|}_1u(1))°(£ilf—2e(1)Of_%oﬁi]fl)- Somi H(V) C U 4
Since 75 1({b;}) is a cross-section of both m; ' (U;) and 7, (V;), mg "(Ui) = U, ;. Thus
[piomi] = [p]. Forj € {r+1,...,r+m}, let p; bea representative of the directing
map for n;'(U;) and I; be a match in m*(U;). Choose a directing map p; on
U; such that (p; o mx)|r; © le,l?jl : Bj(IJ') — pj o m(I;) is an increasing map. If
U; € {Uy...,U,} and U is a path component of U;NU; then each match in wgl(UiﬂUj)
maps onto the arc U. Let I be the match in 7y ' (U;NU;) that is contained in I;. The
map pi|,rk.(1) o le;kl(j) : pj o mp(I) = p; o me(I) is increasing since Py (1) © pjl;kl(f) =
(ps o )z o (pg o m)|7t = ((ps o mi)lr o pl7") o (gylr 0 p,17") o (gl o (o © me)lT?)-
So the directing mapé [pi] and [p;] coherentl}'f direct the stars U; and U;. Thus G is

orientable. O
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CHAPTER 3

’ MAIN RESULTS

Orientable Bouquets of Circles

Our goal in this section is to prove the following theorem utilizing techniques
similar to those used by Mioduszewski [16] and by Barge and Diamond [4] to construct
“nearly” commuting infinite diagrams from homeomorphic inverse limit spaces.

THEOREM 3.1. Let G and G’ be orientable bouquets of c?rcles with branch points
b and V', respectively, let f : G — G and f' : nG’ — G be collapsing surjective
immersions such that f(b) = b and f'(b') = V', let My be the transition matriz for
f relative to an ordering of the components of G\{b}, and let My be the transition
matric for f' relative to an ordering of the components of G'\{t'}. If (th{G,f} is
homeomorphic to l(iLn{G’, f'} then My is weakly equivalent to M.

We know begin the proof of the above theorem. Let {Ji,... ,Jn} be an ordering
of the components of G\{b} and let {J{., ..., J5} be an ordering of the components
of G'\{b'}. Since two matrices that are similar by a permutation matrix are Weakly.
-equiva,lent, without loss of generality, we assume M; is the transition matrix for f rel-

ative to {J1,... , Jm} and My is the transition matrix for f' relative to {Ji,...,Jp}.
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Assume @{G, f7} is homeomorphic to @{G’ , f'}. Let ¢ be a homeomorphism
from Um{G, f} to Um{G", f'}. We will spend the rest of this section showing that
My is weakly equivalent to M.

Since G and G' are connected, f2 : G — G and (f)? : G' — G’ are orienta-
tion preserving collapsing surjective immersions. Since LiLn{G, f} is homeomorphic
to Im{G, f'}, Im{G, £} is homeomorphic to Um{G, (f)?}. If we can show that
the transition matrix My of f? relative to {J1,...,Ji} is weakly equivalent to the
transition matrix M(s2 of (f')? relative to {Jj,. .., J,} then My is weakly equivalent
to My since My - (My)? and Mgy = (My)?. Thus, without loss of generality, we
assume that f and f’ are orientation preserving.

Choose Menger-convex metrics, d and d’, compatible with the topologies on G and
G, respectively, and let d and d' be the induced metrics on l(i_ng{G, f}and Liin{(}” f'H
respectively. Let 7, be the k-th projection map acting on ](igl{G, f} and let 7}, be
the k-th projection map acting on l(igl{G’ '} |

Choose an orientation Qf G. Since l(iLn{G, f} is orientable by Proposition 2.14,
choose the orientation of @{G, f} induced by the orientation of G using the map
7. Since f is orientation preserving this orientation is independent of which 7 is
used. Since (liil{G’ , f'} is orientable by‘ Proposition 2.14, choose the orientation of
(hﬂl{G’ I} indﬁced by the orientatic;n of @{G , [} using the map ¢. Then choose the
orientation of G' induced by the orientation of im{G’, f'} using the map m;. Since

f' is orientation preserving this orientation is independent of which m;, is used.
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For each J; € {Ji,...,Jm}, let C; be the zero-dimensional compactum and
hig + Ci x J; — 7,1 (J;) the homeomorphism defined in Proposition 2.9. For each
i€ {l,...,m}, choose an 5; € Cj. Fork > 1,let ez : G — @{G,f} be the function
defined by ex(z) = hix(s;,z) for z € J; and ex(b) = b. For each J; € {J1,..., .},
lét C! be the zero-dimensional compactum and hj,, : Cj x J; — (m,)~*(J;) the home-
omorphism defined in Proposition 2.9. For each i € {1,...,n}, choose an s; € Cj.
For k > 1, let ¢, : G' — Um{G', f'} be the function defined by e (z") = hj (s, ")
for z' € J! and e}(t') = V/. By definition eg|e ) and e;|en\qpy are orientation pre-
serving topological embeddings. Let ¢, : G — G’ and s : G' — G be defined by
ter(z) =m0 poey(x) and spx(z') =m0 ¢—1to el (z').

Given € > 0, a metric space (Y,d), and two functions f : X =+ Y and g: X — Y,
we will use the notation f =g when d(f(z),g(z)) <eforall z € X.

LEMMA 3.2. Given € > 0 and a positive integer n, there exists a positive integer
M such that spm O.tm,g = ™ for all integers m > M and £ > n.

PROOF. Let ¢ > 0 and let n be a positive integer. Since 7,0 ¢~ is uniformly
continuous on l(iLn{G’ , f'}, there exists a 6 > 0 such that if 2',2’ € @{G’ I} W_ith
d(z',2) < & then d(mp 0 ¢~*(z'), 7 0 ¢71(2')) < €. Choose a positive integer M such
that diam(G")/2M < §. Let m and £ be integers such that m > M and £ >n. Ifz € G
then d/(eh, o7 ooes(s), does(s) = T2, d(hoel, om0 poes(a), Thopoex(z)) /2 =
S () 0l 0§ 0 el(s),m] 0 ¢ 0 ex(z)) /2 A Ty & 0 chy 0 7y 0 610

eo(z), i 0 poeg(x)) /27 < Y224 diam(G') /2 = diam(G')/2™ < 4. By definition of
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eg, F¥" = mp0ep. Thus d(spmotme(x), fe(x)) = d(mpo¢~toel, om,, opoeyx), mpo
¢t o doex)) <e. . 0

LEMMA 3.3. Given € > 0 and a positive integer m, there exists a positive integer
N such that tyn © Spe = (f')e™ for all integers n > N and £ > m.

PrROOF. As above. | O

LEMMA 3.4. Given € > 0 and a positive integer m, there exists a positive integer
L such that for each integer £ > L there exists a Ay > 0 such that if z,2 € G wéth
d(z, 2) < Ag then d' (tme(2), tme(2)) < €.

PROOF. ‘Let ¢ > 0 and let m be a positive integer. Since 7], o ¢ is uniformly
continuous on @{G, f} there exists a ¢ > 0 such that if z,z € @{G, f} with
d(z,z) < o then d'(nl, o ¢(z),,, o $(2)) < e. Choose a positive integer L such
that diam(G)/2Y < o/2. Let £ be a integer such that £ > L. Since f*7 is uni-
formly continuous on G for 1 < j < £, there exists a ¢; > 0 such that if 7,z € G
with d(z,z) < §; then d(f*7(z), f57(2)) < 0/2. Let Ay = min{d1,...,0} If
z,2 € G with d(z,2) < A, then d(ex(z), ex(2)) = > 52, d(mj 0 eg(z), ;0 e(2))/27 =
S A (0, )2+ T dlmy 0 eal®), 1 0 ()2 < Sheyo/PH +
>3 diam(G) /2 < o/2 + diam(@)/2¢ < 0. Thus d'(tme(2), tme(2)) = d'(m, 0 o
ee(z), T o poez)) <e O

LEMMA 3.5. Given € > 0 and a positive integer n, there exists a positive integer

M such that for each integer m > M there ezists a A, > 0 such that if 2',2' € G

with d'(z',2") < AL, then d(spm(x"), snm(2')) < €.
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PROOF. As above. O

Since d is a Menger-convex metric, there exists aﬁ E > 0 such that By(z,E) is an
open star neighborhood of z for each z € G and the shortest arc between any two
distinct points in Cl(By(z,E)) is contained in Cl(Bgy(z,E)). Similarly, there exists
an E' > 0 such that By (z',E') is an open star neighborhood of z’ for all z' € G'
and the shortest arc between any two distinct points in Cl(Bg (2',E’)) is contained
in Cl(Bg(z',E')). Given two distinct points in a star there exists a unique arc,
contained in the star, between the points. By Lemma 3.4, given 0 < ¢ < E' and’a
positive integer m, there exists a positive integer L such that for each integer £ > L
there exists a Ay > 0 such that if d(z,2) < Ay then d'(tme(2), tme(2)) < €. For 0 <
6 < min{A, E}, we define a map tp s : G — G’ such that tn, 05(z) = t.m,g(x) for all
z & By(b,0)\{b}. If z € By(b,6)\{b} then we define t;, 45(z) in the following manner.
Let z be the end point of the star Cl(B,(b,d)) such that z is on the arc between b
and z contained in By(b,E). If ty,¢(b) = tme(2) then define tp 45(x) to be ty0(b). If
tmo(b) # tme(z) then define tp445(x) to be the point 2’ on the arc between t,(b)
and tp ¢(2) contained in By (tme(b), E') such that d'(tme(b), 2")/d' (tme(b), tme(2)) =
d(b,z)/d(b, 2). By definition, d'(tm,es(D), tm.,s(x)) < ¢ for all z € By(b,d). Define the
mMap Spm,é - G’ — @ similarly.

LEMMA 3.6. Given 0 < € < E' and a positive integer m, there exists a positive

integer L such that for each integer £ > L there exists a 0 < A, < B such that
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bt = tme and if z,z € G with d(z,2) < Ag then d’(tm,,;,&(x),tm,g,g(z)) < € for
0<d <Ay

ProoFr. Let 0 < ¢ < E' and let m be a positive integer. By Lemma 3.4, there
exists a positive integer L such that for each integer £ > L there exists a 0 < A, < E
such that if z, z € G with d(z,2) < A, then d'(tm (), tme(2)) < €'/3.

Let € Gand 0 < 6 < Ay If z & By(b,0)\{b} then d'(tmes(x),tme(z)) =
& (tme(T), tme(z)) = 0 < €. If € By(b,8)\{b} then d'(tmes(%), tme(z)) <
@' (tmp.6(%), tmes(0)) + &' (tm,e(b), tmye(2)) < €/3+€/3 <€

Let 2,z € G with d(z,2) < Ay and 0 < § < A, If z,z ¢ By(b,6)\{b} then
d (b 26(T), tme6(2)) = d'(tme(z), tme(2)) < €/3 < €. If £,z € By(b,6)\{d0} then
& (trn5(2)s tm,5(2)) < &' (s (2), b5 (D)) + ' (tmes(b), tmes(2)) < €/3+€/3 <
¢ Ifz e By(b,0)\{b} and z = b then d'(tmrs(x) tmes(2)) < €/3 < €. If
x € By(b,0)\{b} and z ¢ B4(b,6) then z € By(z, Ag). Lét w be the end point of
Cl(By(b, §)) on the arc between z and z contained in Bd<z, Ag). So d (tmes(2), tmes(2))
< ' (tmes(2), b s (D)) + & (tm,g,5(0), tmog,s(w)) + d' (b5 (W), tmes(2)) =
@ (b5(2)5 tm 0,5(0) + & (tmoe(B), tmye(w)) + &' (bme(w), tmp(2)) < €'/3+€/3+€/3 =
e. O

LEMMA 3.7. Given 0 < ¢ < B and a positive integer n, there exists a positive

integer M such that for each integer m > M there exists a 0 < Al < E' such that

Snm,d = Snm and if o', 2 € G with d'(z',2') < AL, then d(Spm,s ("), Sm,e (2)) < €

for 0 < &' <AL
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ProoF. As above. | 0

Lﬁ)MMA 3.8. Given 0 < € < E and positive integers n and M, there ezists an
integer m > M, a 0 < A’ < E', and an integer L > n sucﬁ that for each integer
'Z > L there exists a 0 < Ay < E such that émm,d’ 0 tmp6 = fe™ for 0 < 8 < A’ and
0<d <Ay

PrOOF. Let 0 < ¢ < Evanc-i let n and M be positive integers. By Lemma
3.2, there exists a positive integer M; such that for integers m > M; and £ > n,
d(8nm © tme(z), f£(z)) < €/3 for all 2 € G. By Lemma 3.7, there exists a positive
integer.Mz such that for each integer m > M, there exists a 0 < A, < E' such that
if d'(z',2") < AL, then d(spme ('), Snme (2)) < €/3 and d(spm,e ('), Snm(2')) < €/3
for 0 < ¢' < A}, and ',z € G". Choose an integer m > max{M, M, M>}. By
Lemma 3.6, there exists a positive integer L, such that for each integer £ > L, there
exists a 0 < Ay < E such that d'(tmes(2),tme(z)) < Ap, for 0 < 0 < A, and
z € G. Let I = max{Ly,n + 1}. If £ is an integer such that £ > L then d(spme ©
tmes(2), FE(E)) < d(Snme © tmes(Z)s Snmsr © tme(%)) + A(Snme © tme(T), Snm ©
tme(2) + d(Snm © tme(z), f£™(2)) < €/3+¢€¢/3+¢/3 =€ for 0 < 6 < A, and
0<d <Ay ‘ : _ O

LEMMA 3.9. Given 0 < € < E' and positive integers m and N, there exists an
integer n > N, 0 < A < E, and an integer L > m such that for each iﬂteger £>L
there ezists a 0 < A, < B such that tmps 0 Snes = (f)F™ for 0<6< A and

I

0-<d <A}
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PROOEF. As above. . O

LEMMA 3.10. Given 0 < ¢ < min{E,E'} there ezist two strictly increasing se-
quences {n;}2, and {m;}, of positive integers and two sequences {0;}2; and {3;}£2,
of positive numbers such that Sn, m,s © tminii1,8in = ST and tmg np6ier ©
Smigrmiss By = (fymi+r=™i for each i € N.

ProOF. Let 0 <e < min{E, E'}. Choose positive integers n; and M. By Lemma
3.8, there exist an integer mi; > M, 0 < A’ < E/, and an integer N > n; such that
for eéch integer n > N there exists a 0 < A, < B such that sp, m;,50 © tmy s = frm
for 0 < 8 < A and 0 < § < A,. Choose 0 < ¢; < A’. Assume n;, m;, ¢;, and
N > n; are given such that for each integer n > N there exists a 0 < A, < E such
that sn;my,s © tmin,s = fr™ for 0 < 9 < A,. By Lemma 3.9, there exists an integer
niy > N, 0 < A < E, and an integer M > m; such that ;5,006 © Sniyyme =
(f)y™ ™ for 0 < § < A and 0 < §' < Al,. Choose 0 < §;41 < min{An,,,, A}. Then
S ms 8, Obmi mip1,i1 = fritini - Assume my, Nit1, 0i+1 and M > m,; are given such that
for each integer n > M there exists a 0 < Al < E'such that tr;; ;01,601 ©Snig1migs, o =
(fymmi for 0 < & < A!,. By Lemma 3.8, there exists an integer miy1 > M,
0 < A" < FE', and an integer N > n;yq such that s, mi 1.6 © tmiping = from
for 0 < 6 < A’and 0 < § < A,. Choose 0 < &7, < min{A;,  ,A’}. Then
Umigniv,Sirr © Snip1,mig1,0), = (fr)ymarrmms, - | 0

The collections of 1-cycles {CL(J1),...,Cl(Jn)} and {CI(Ji),...,Cl(J;)} form

bases for the free abelian groups H(G;Z) and H1(G'; Z), respectively. Let F and F
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be the matrices of f, and f/, respectively, relative to the above bases for H,(G; Z) and
H1(G";Z). Since f and f' are orientation preserving, F' and F" are square nonnegative
integer matrices.

LEMMA 3.11. F' and F' are w.eakly equivalent.

ProOF. Let 0 < ¢ < min{E, E'}. By Lemma 3.10, there exisf two strictly increas-
ing sequences {n;}%, and {m;}; -of positive integers and two seduences {6/}, and
{0:}32, of positive numbers such that sn, m; g ©tminiss,fin = S+ and tm, ng 6040 ©
Snisrmiprdlyy T (f1)ymi+—mi for eachi € N. Let H: G % [0,1} = G be the map defined
in the following manner. Given z e G, there exists a unique arc,Im,_ possibly degen-
erate, contained in By(f™+' ™ (z),E) between the points Frirm (z) and $p, m;s; ©

¢ 51, (%). Let H(z,t) be the unique point on I; such that d(fr+"(z), H(z,t)) =

Mi5Mi41,
't . d(f”“rl“”i (z), sni,,;h.’(;i O b it ,dlyy (z)). Since H(z,0) = f™+ " (z) and H(z,1) =
Snsmisi © bmiinit By (z) for allz € G, f™+7™ is homotopic $0 Sp, ms,65; © bmsmigsol,, (z).
Thus ()07 = (f517), = (Sngmog, © bmomesty)e = (Smomsi)e © Crmgmess ity
Similarly, (f1)™+ ™™ = (tmimipr,diy,)s © -(sni cimisidin)s For i € N, let S; and T;
be the matrices of (Sn;mq6:)x a0d (fmymeya,01,, )% TeSPectively, relative to the bases
for H1(G;Z) and Hy(G";Z). Then S;T; = F™+~" and T;S;41 = (F')™+ ™. Since
Sns.mss; 1S orientation preserving on G\By(b, 6;) and sn, m;s;(Ba(b; 6;)) is contained in

By (Sn;m, 5 (), E'), S; is a nonnegative integer matrix. Similarly, T; is a nonnegative

integer matrix. Thus F and F' “are weakly equivalent. O
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Since M; = F and My = F', My is weakly equivalent to My, which concludes

the proof of the Theorem 3.1.

Orientable Finite Connected Graphs without Endpoints

We first prove the following lemma utilizing techniques developed by Williams
[25].

LEMMA 3.12. If G is an orientable finite connected graph with branch points but
without end points and f : G — G 1is an aperiodic collapsing surjective immersion
such that f(B(G)) = B(G) then there ezist a positive integer n, an orientable bouquet
of circles G, with branch point b,, and a collapsing surjective z:mmersz'on fe 1 Gu = G,
such that f.(bs) = be and f. is shift equivalent to f™. -

ProOOF. If #B(G) = 1 then G is an orientable bouquet of circles whose branch
point is fixed by f. Thus by letting n = 1, G, — G and f, = f, f. is trivially shift
equivalent to f™. |

If #B(G) > 2 then we first construct a positive integer n, an orientable finite con-
nected graph G; without end points where #B(G1) = #B(G) such that there exists a
branch point of Gy that intersects the closure of every component of G1\B(G1), and
a collapsing surjective immersion f; : G1 = G such that fy(b) = b for all b € B(G1)

and f; is shift equivalent to f™.
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| If there exists a branch point of G that intersects the closure of every component of
G\B(G) then\by letting n be a positive integer such 1;hat f™(b) = b for each b € B(G),
Gy = G, and fi = f", fi is trivially shift equivalent to f.

If there does not exist a branch point of G that intersects the closure of every
component of G\B(G) then we construct n, G, and f; as follows.

Let m be a positive integer such that f™(b) = b for all b € B(G). Since there
does not exist a branch point of G that intersects the closure of every compenent of
G\B(@&), we choose a b € B(G) and let {V4,...,V;} be the components of é\B(G)
such that b ¢ CL(V;). If U is a star neighborhood of b then there exists an I € A(U)
such that f™(V) C I for all sufficiently small star neighborhéods V of b since f™ is
a cdllapsing immersion. For each V; € {V;,...,V;}, there exists a positive integer k;
and an z; € V; such that f%™(z;) = b and frEm(V) c I for sufﬁéient‘ly small star
neighborhoods V' of z; since f™ is an aperiodic collapsing immersion. Let n = km

, .
where k = max{ki,... ,k;}.

Let G1 be the i)artition of G consisting of the finite set b; = {b,z1,... ,z;} and
the one-point sets {:c} for x ¢ {b,z1,...,%;} and let. r: G — Gy be the surjective
function that takes each point of G to the element of Gy containin‘g it. Assume G is
given the quotient topology determined by r. Since only % finite number of points of

G are identified to obtain G4, G is a finite connected graph without end points and '

#B(G,) > 2. By the construction of Gy, by intersects the closure of every component

AN
3

of Gh\B(G). “




38

We now proceed to define an arc structure éystem for G;. Each star in G; which is
an arc will have the natural arc structure an arc possesses. If z € B (G’)\{b} then there
exists a star neighborhood U of z in G such that UNb; = §. Since r is one-to—oﬁe on
U, r(U) is a star neighborhood of the branch point {z} in G1. Then A(T‘(U)) ={r(I) |
I € A(U)} is the arc structure on 7(U) induced by the arc structure on U. This arc
structure on (U) then induces a coherent arc structure on every star neighborhood of
{z}. To construct an arc structure on every star neighborhood of b; in G, we choose .
a star neighborhood Uy of b and‘ a star neighborhood Uj of each z; € {z1,...,%;}

t

such that U; is an arc and {UO, ..., U;} are pairwise disjoint. Then r(J_,Us) is a

star neighborhood of b; in Gy. For each U; € {Uy, ... ,U;}, let £,(Us) be the left end

points of U; and &,(U;) be the right end points of U; determined by an orientation

i

of G. Then & (r(UiLy U) = U (EU9) and Ex(r(Uuo UD) = Ulzom (6:(U9) is a

3

partition of £(r({J’_, U;)) into two nonempty subsets. Let A(r( 7_, Us)) be the arc

structure on 7((J_, U;) induced by this partition. This arc structure on r(U7_, Us)
{
then induces a coherent arc structure.on every star neighborhood of b; in G;. Thus

we have defined an arc structure system for Gi. ‘By definition of the arc structure
system for Gy, r is a surjectixjre immersion which is not collapsing and an orientation
of G induces an orientation of G;.

Let s : G1 — G be the function defined by s(z) = f" o rla{bl (m) for x € Gl\{l;l} )
ana s(b;) = b. Since r|g\, is a topological embedding, f’.L o 'r'|ab1 : Gi\{b} = G

is continuous. So s is continuous at each z € G1\{b:}. The image under s of every
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sequence of points converging to b; converges to b = s(b1). So s is continuous at b;.
By definition, s is a collapsing surjective immersion such that s(b;) = b.

Let f; : G1 — G4 be the map defined by f; = ros. Since s is a collapsing surjective
immersion such that s(b;) = b and r is a surjective immersion such that r(b) = b1, f1
is a collapsing surjective immersion such that fi(b;) = by. Since f* = sor, fi =ros,
rof*=fior,and so f; = f*os, f1 is shift equivalent to f".

Now we construct an orientable bouquet of circles with branch point b, and a
collapsing surjeptive immersion f. : G, — G, such that f.(b.) = b, and f, is shift
equivalent to fi in the following manner.

Let {Uy,...,Un} be the components of G1\{b.}. Then each U; is an open arc
or simple open n-od (n > 3) in Gy. For each Uj, there exists a unique collection of
distinct open arcs {1, ... , L; s} such that there exists a component of Gy Y
whose image under f; is I; ;. Since f; is surjective, Uf’zl L ; - U;.

Foreach I <7< mand 1 < j < ¥, let O be.the set of ordered triplés
(z,1,7) such that z € Cl(I;;) and let p;; : O;; — G1 be the function defined by
pij(z,1,7) = x. Since p;; is one-to-one, the t‘opology on (G; naturally induces a
topology on O;; such that p;; is a topological embedding. Since Cl(I;;) is a circle
in Gy and p; ;(0; ;) = Cl(1;;), O;; is a finite connected graph without end points or
branch points, that is, a circle.

Assume Gy - Ui<i<m O;; is given the topology generated by the union of the

1<5<L,

/ topologies on each space O; ;. Then Gy is a finite graph without end points or branch
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points, that is, a finite union of disjoint circles. Let p : G2 — G1 be the map defined
by p(z,4,7) = pi,i(z,% 7).

Let G, be the partition of G consisting of the one-point sets {(z, z',(j)} for z # by
and the finite set b, = {(b1,%,7) | 1 < i, <mand1<j</}and ¢g: Gy = G, be
the surjective function that takes each point of G to the element of G, containing
it. Assume G, is given the quotient topology determined by g. Since only a finite
number of points in G, are identified to obtain G., G, is a bouquet of circles with
branch point b,. ‘ "

Let 7 : G, — G1 be the function\deﬁned by 7(z4) = poq|gi\b* (z,) for z. € G.\{b:}
and 7(b,) = b;. Since g is one-to-one on Ga\bs, p o q|g,i\b* is continuoﬁs. So r is
continuous at each z, € G.\{b.}. The image under r of every sequence of points
converging to b, converges to by = r(b*). So r is continuous at b,.

We now proceedfto define an arc structure system for G, using the arc structure
system for G;. Each star in G, which is an arc will be given the natﬁral arc structure
an arc possesses. Let U be a star neighborhood of b; in Gy. Then r~*(U) is a star
neighborhood of b, in G,. The arc structure on U naturally induces an arc structure
on r~1(U) in the following manner. The end points of U, £(U), can be partitioned into
two subsets, El(b' ) and &(U), such that the end points of each arc of A(U) are not
contained in the same partition and given a point from each partition the arc between
the points contained in U is an element of A(U): Then & (r~'(V)) = (& (U))

and & (r~1(U)) = r~*(&(U)) is a partition of £(r~*(U)) into two nonempty disjoint
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subsets. Let A(r~*(U)) be the arc structure on r~'(U) induced by this partition.
This arc structure on r7~1(U) then induces a coherent arc structure on every star
neighborhood of b,. Thus we have defined an arc structure-system for G,.

By definition of the arc structure system, r is a surjective immersion such that
r(by) = by which is not collapsing and an orientation of G induces an- orientation of
G..

Let {Vi,...,V,} be the components of Gi\f; '({b1}). For each V;, f1(V;) is an
open arc such that fi(Cl(V;)) is a circle in Gi. Byvthe construction of G, there
exists one and only one open arc I; of G,\{b.} such that r(I;) = f1(V;) and for each
open arc I of G,\{b,} there exists a V € {Vi,...,V,} such that 7(I) = fi(V). Let
s: G1 — G, be the function defined by s(z) = (r|;,) *o fi(z) for z € V; and s(z) = b,
for £ € f71({b:}). Since r|; is a topological embedding, (r|z;)~ o fily, : Vi = L is
continuous. So s is continuous at each z € Gi\f7 ({b}). If z € £ ({b1}) then the
image under s of every sequence of points converging to x cbnverges to by = s(x).
So s is continuous at each z € f;*({b:}). By definition, s is a collapsing surjective
immersion such that s(b;) = b, and fy =ro0s.

Let f. : G, — G, be the map defined by f, = sor. Since 7 is a surjective
immersion such that 7(b,) = b; and s is a collapsing surjective immersion such that
stbl) = b, f. is a collapsing surjective immersion such that fe(by) = b*.; Since

sofi=soros=fiosandrof,=rosor = for, f, is shift equivalent to f;.

Thus f*‘is shift equivalent to f™. O




42

THEOREM 3.13. Let G and G' be orientable finite connected graphs with branch
points but without end points and let f : G — G and f' : G" — G’ be aperiodic
collapsing surjective immersions such that f(B(G)) = B(G) and f'(B(G")) = B(G@).
If lg_n{G’, f} is homeomorphic to l(iﬂl{G', f'} then there exist Perron numbers o and
B and positive z’ntegefs m and n such that al; = Nf and BAp = A}

ProOF. By Lemma 3.12, we can choose positive iﬁtegers, £ and ¢ 3 orientable
bouquets of circles, G, and G, with branch points b, and b, respectively, ancll col-
lapsing surjective immersions, f. : G4 — G, and f] : G} = G, such that f.(b.) = b.,
FI(b) = b, f. is shift equivalent to f% and f; is shift equivalent to ( f¥. Then
log(\s.) = huop(f) = huop(f) = Lhiop(f) = log(X) and log(Apr) = huep(fl) =
haop(f)%) = € huop(f') = log(A%) by Lemma 2.5. So Ay, = A} and Ay, = Xer.

Since f, is shift equivalent to f¥, ].(i_l’I_l{G*, f+} is homeomorphic to @{G, Vil
which in turn is homeomorphic to @{G, f}. Similarly, Q_IQ{G;, [} is homeomorphic
to im{G, f'}.

Let M . be the aperiodic transition matrix for f, rélative to some ordering of
the components of G,\B(G.) and My be the aperiodic transition matrix for f, .
relative to some ordering of the components of G,\B(G,). Suppose Lim{G, f} is
homeomorphic to im{G", f'}. Then lim{G., f.} is homeomorphic to Um{G,, f,} and
M, is weakly equivalent to Mg by Theorem 3.1. By Theorem 2.6, there exists a
Perron number a and a positive integer n such that aly, = X},’,' Let a = aAfc"i,'

which is a Perron number since A; is a Perron number and Perron numbers are.
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closed under multiplication [13], and let m = £'n, which is a positive integer. Then
ads = aXs = adp, = N}, = ‘()\fc',)" = X7. Similarly, there exists a Perron number f

and a positive integer n such that SAp = A%, O

Non-Orientable Finite Connected Graphs without Endpoints

~

Our goal in this section is to prove the follov&iné theorem utilizing techniques
similar to those used by Fokkink [12] to analyze matchbox manifolds.

THEOREM 3.14. Let G and ‘G' be non-orientable finite connected graphs wz’tﬁ
branch points but without end points and let f : G — G and f': G' = G' be aperiodic
collapsing surjective immersions such that f(B(G)) = B(G) and f'(B(G")) = B(G').
If ].(iLIl{G, [} is homeomorphic to L.irll{G’, [’} then there exist Perron numbers o and
B and positive integers m and n such that ady = Af and BAp = A}.

We begin the proof of the above theorem by constructing an orientable double
cover for eéach finite graph. Let G be the set of all ordered pairs (z, D) such that
z € G and D, € D,. Given a directed star (U, Dy) in 'G, let Z?jDU be the set of all

(z,D;) € G such that z € Int(U) and D, is the direction at z induced by Dy.

The set G naturally inherits a topology from the topology on G in the following‘.'

manner. Let Sg be the collection of all subsets of G induced by all directed stars in
G. If (z, D) € G then there exists a directed star (U, Dy) such that z € Int(U) and

D, is the direction at z induced by Dy. So (z,D,) € ﬁDU € gg. If U and V are

elements of Sg then there exist directed stars (U, Dy) and (V, Dy) in G that.induee |

/
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Figure 2. A non-orientable graph G with corresponding erientable covering space G.
7 and ¥, respectively. If (z,D;) € UN V then (U, Dy) and (V, Dy) are coherently
directed near z. So there exists a directed star neighborhood (W, Dy ) of z such that
. W cUNV, (W, Dw) and (U, Dy) are coherently directed, and (W, Dy) and (V, Dv)
are coherently directed. ‘;I‘hus (x, D,) € Wp,, C Un 17 Therefore Sg is a basis for a
topology on G. We will assume the set G is endowed with the topology generated by

Sa. ~

i

Let pry : G — G be the open‘surjective two-to-one map defined by pry(z, D) = .
Let £ € G and (U, Dy) be a directed star neighborhood of,:z: in G. Then Up, and
U_p, are two disjoint open sets in G whose union is pry*(Int(U)) and prl’lﬁDU' and
pra |;(7_DU are homeomorphisms onto Int(U). Thus G is a two-fold cdvering of G with
covering map pri.

LEMMA 3.15. G is a finite graph with branch points but without end points.
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PROOF. Since G is a compact second-countable metric space and pry : G — Gis
a two-to-one covering map, G is a_compact second-countable metrizable space. Since
- pry is a two-to-one local homeomorphism, G is a finite graph with branch points but
without end points. O

Let U be an element of Sg and (U, Dy) be the directed star in G that induces
it. Then CI(U) is a star in G and Priloy) s & topological embedding. Let A(U) be
the arc structure on U and A(CL(D)) = {pr1|511(ﬁ) (DI € A(U)}. Since pri|g g is a
homeomorphism onto U, A(Cl(U)) is an arc structure on the star CL{U). Thus an
arc structure system for G naturally induces an arc structure system for G. W\hen
considering 'CN}’, we will assﬁme it is endowed with the arc sfrupture system indﬁced
by the arc structure system for G.

LEMMA 3.16. G is orientable.

ProoOF. Let {ﬁl, . ,ﬁn} :b;a a finite collection of elements of Sg that cover G.
For i = 1,...,n, let (U;, Dy,) be the directed star in G that induces U;. Let p; be
a directing map for U; representing Dy, and p; : Cl(ﬁi) — R be the map defined by
pi = piopriloy- I I € A(CIT;)) then pri(I) € A(U;) and |7 = Pilpry () © P17
is a topological embedding. So ; is a directing map for Cl(li) Let (Cl(fj}), Dcn(ﬁi))
be the d'irected star with direction D7,y = [fi]. I (z,D,) € U; N U; then (Ui, Dy,)
and (Uj, Dy,) are coherently directed near z. So there exists a star neighborhood V'
. of z in G contained in U; N U; such that p;|y is equivalent to pjly. Let (V, Dy) be

the directed star with direction Dy = [ps]v] = [p;]v]- Then (=, D;) € Vo, € U;NT;.
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If I € A(CL(Vp,)) then pri(l) € A(V). Since 5j|; 0 Bil7" = Pjlpr(ry 0 Pralr o pralFt o

Pil;ll(f) = Pilpri(y © pil;rll(f)’ pjlz o ﬁi‘,fl : 5i(I) — pi(I) is an’ increasing map. S0

ﬁi“Cl(f/D‘,) is equivalent to ﬁjICl(f/pv) and (Cl(ffi),DCl(ﬁi)) and (Cl(ﬁj),DCI(ﬁj)) are ~
coherently directed near (z, Dy). Thus {(Cl(ﬁl),DCI(ﬁl)j., .., (ONT), Dcuﬁn))} is a
collection of coherently directed stars in G whose interior covers G. Therefore G is
orientable. ‘D

LEMMA 3.17. G is connecied.

ProoOF. For purposes of contradiction, assume G is.not connected. Since pry is
a two-to-one clopen map and G is connected, there exist two disjoint clopen subsets,
G, and é2, of G such‘that G = G, UGs and prl(él) = prl(ég) — G. Since G is
orientable and él is homeo)morphic to G, G is orientable. But this contradicts the
fact that G is non-orientable. Thus G is connected. : O

Let pry : G — Uzeg D= be the surjective function defined by pra(z, Dy) = Ds.
Assume Ume'G D, is endowed with the quotient topology inducéd l;)y pry. Then
{prs(D)|U € 8¢} is a basis for the topology on |J,cqDs. Let (z,Dz) € G and
V be a star neighborhood of f(z) in G. Since f is a collapsing immersion, there
exists a star neighborhood U of z in G such that the restriction of f to each arc in
A(U) is a topological embedding into an arc of A(V') and f(U) is contained in an a‘rc
of A(V). Let Dy be the direction for U that induces D, and let py be a directing map
on V. Then py o fly : U = R is a directing map on U. Let f1 : Uyce Do = Usea Do

be the function defined in the following manner. If [py o f|y] = Dy, let f+(Dy) be the

-
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direction at f(z) induced by [pv]. If-[pv o flu] = —Duy, let f; (D) be the direction |
at f(z) induced by —[pv].

Let Dy € Uyeq D= and pra(V) € {pr2(U)|U € <S~’G\} .such that fi.(Ds) € pra(V).
Tet (V, Dy) be the directed star neighborhoéd of f(x) that induces V. Then f(Dj)
is the direction at f(z) induced by Dy . Since fis con’ginuous at z 'there exists a star
neighborhood U of z such that f(U) C V. Let Dy be the direction for U that induces
D,. Then ra(Up, ) is a neighborhood of D, such that f.. (pro(Upy)) C pra(V). Thu‘s‘
f+ is continuous at Dj. Hence' f+ is continuous.

Let f: G — G be the function defined by f(z,D;) = (f o pri(z, Dz), f+ ©
pro(z, Dg)). Then pry o f = f o pry by definition. |

LEmMMA 3.18. f 18 an aperiodic collapsing surjective immersion such that

f(B(G)) = B(G)-

PROOF. f is surjective: Let (z,D,) € G and (V; Dy) be a directed star neighbor-
hood of z such that Dy is coherent with D,. Since f is a surjective map, there exists
an z € G such that f(z) = z and a star nei;ghborhood U of z such that f(U) C V. Let
Dy=lpvof |U] where py is a representative of Dy, and D, be the direction at z in-
duced by Dy. Then fy(D;) = D,. Thus Jz(%Dm) = (fopri(z, Dy), fropra(z, Ds)) =
(z,D,).

f is a collapsing immersion: Since f o pr; and fi o pry are continuous, f \ is

continuous. Let (m,D$) ¢ G and V € 8g containing f(z,D,). Then CI(V) is

a star neighborhood of f(z,D;) = (f(z), f+(D;)) and V = prl(Ci(V)) is a star
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neighborhood of f(z). Let Dy be the direction for V that induces f (D). Since f is
a collapsing immersion at & there exists a star neighborhood U of z and a J € A(V)
such that the restriction of f to each arc in A(U) is a topological embedding into
(J) € A(CI(V)) for

J. Then pri|=t.. o f|; is a topological embedding into pry|~"

cyv) civ)

each I € A(U). Let Dy be the direction for U that induces D,. Then Cl(Up,)
is a star neighborhood of (z,D,). For I € A(Cl(Up,)), pri(I) € A(U) and f|; =

pr1|01(v) Floryy © Prilz is a topological embedding into pri| J). Thus f is a

Cl(V)(
collapsing immersion at (z, D).

f is aperiodic: Let {J1,.-.,Jn} be the components of G\B(G). Since f is aperi-
odic, there exists a positive integer M such that f™(J;) = G for each J; and m > M.
Let {J;1, Jia} be the components of @\B(CNJ) such that J;1 U Jio = prit(J;). So
prio f™(Jig) = fmopri(Jig) = f™(J) = G for each component J;, of G\B(G)
and m > M. By definition of £, if Jix C f (Jiz) then J;io C f (Ji3—2). So either

Jix C fm (Jig) or Jin C fm (J;). Choose m > M such that 'fm*(b) = b for each
b€ B(é) and J; ¢ C fm(JM) for each J;,. Since the number of branch points and
components of é\B(é) are finite there exists a k such thét Frm(J;g) = fEHD™( T, )
for each J;z. Let Ay = f¥™(Jy,) and A, = f#™(J,,). For purposes of contradiction,
assume A;NAy, =0. If z € A\B(G ) then there exists a J;; containing = that is con-
tained in A;. So J;, is an.open neighborhood of z contained in A4;. If z € A; N B(@) |

then given a star neighborhood W of z there exists a star neighborhood V' of z and

an I € A(W) such that f™(V) C I. Since z € A;, there exists a z € J1; and a star
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neighborhood U of z such that f&+Dm({U) ¢ I. So I C A;. Since f™(V) C I and
AiNAy =0,V C A;. So Int(V) is an open neighborhood of z contained in A;. Thu/s
;41 is an open set. Similarly, As is an open s‘et.\ Since A; and A, are two disjoint open
sets whose union is CNQ’, G is not connected. But this contradicts the fact that G is
coﬁnected. Thus A;NAy # 0. Ifz € Ay ﬂAQ\.B‘(é) then there exists a J;; containing x
that is contained in A3 NAy. If J11 C ]?km(.]i,g) then A; = fkm(JLl) C AN A, Thus
A; = Ay = G. Similarly, if Jy, C f¥™(J;,) then A;.= A, = G. If z € AN AN B(G)
then given a star neighborhoo& W of z there exists a star peighborhood V of x and
an I € A(W) such that fm(V) C I. Since x € Ay, there exists a z; € I;; and a-star
neighborhood U of z contained in Ir; such that f('““)m(Il,l) C I. Since z € A,,
there exists a 22 € I; 2 and a star neighborhood Us of z con.tained in I; o such that
FetDm(1,) € I. So I C AN Az.‘ If J;, is a component of G\B(G) such that
JieNI #Q then Jp C A1 N Az So Ay = ‘Ag =G by earlief argument. If J;, is' a
component of G\B(G) then J; ; or J; 5 is a subset of F(Jig). If Jug © F™(Jig) then
G = frm(Jy,) C fOHUm(], ). Similarly, if Jip C f™(Jip) then G = Flstnm( ).
Thus f is aperiodic. | | ! ' 0O

Let P : (]_1_151{6, 1= im{G, f} be the ladder map induced by pr.

LEMMA 3.19. P is a two-to-one covering map.

ProoF. Siﬁce pry is two-to-one coxj/erring map and f Iprl—l( {;}) is a one-to-one map

for-each z € pry (é) = @, P is an open two-to-one surjective map by Theorem 2.8. Let

m; and 7; be the i-th projection maps acting on ]<1_1’I_1{G , [} and le{é , f}, respectively.
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Let z € im{G, f} and (U, Dy) be a directed star neighborhood of m1(z) in G. Since
| Int(U) is an open neighborhood of m;(z) in G,lwfl(lnt(U)) is an open neighborhood
of z in @{G, f}. By definition, U py and U_ py are two disjoint open sets in G such
that pri (Int(U)) = Up, UU_p, and both prllﬁDU and pr1|5_DU are homeomorphisms
onto Int(U). So 7 (Upy) and 771 (U_p, ) are two disjoint open sets in @1{@, f} such
that P~ (771 (Int(U))) = 7 pr Y (Int(U))) = 77H(Upy) U (U_p,). Since P is an
open map, P|%1_1(5DU) and P|%1_1(5__DU) are open maps. Let z € 77 (Int(U)). As a
result of the construction of P~'({z}) given an element z of im{G, f}, in Theorem
2.8, if {£,,2,} = P7'({z}) then {m1(Z,), 7 (Z)} = prit({m(2)}). Since P”'llr?DU and
prllﬁ_DU are homeomorphisms onto Int(U), one element of pry*({m;(z)}) is contained
in Up, while the other element is contained in U_p,- Thus one e\lement of P“l({gj;) is
contained in 7y (Up, ) while the other element is contained in 71 (U- Dy)- So P | %1_1 (Tpy)
and P I%l—l(fj_DU) are homeomorphisms onto 7 *(Int(U)). Then 7y *(Int(U)) is evenly
covered by P. Thus P is a two-to-one covering map. O

Since P is a local homeomorphism the direction at each Z € @{@, f} induces a
direction at P(Z).

LeMMA 3.20. The directions at each z € @{G, f} induced by the directions at
the two elements of P~*({z}) are different.

PROOF. Let @{G, I+ Be the set of all z € l(in{G, f} such that the directions
at z induced by the two elements of P~*({z}) are the same and im{G, f}_ be the

set of all z € @{G, f} such that the directions at z induced by the both elements

\
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of P~}({z}) are different. If im{G, f}_ = 0 then the orientation of @{GN—’, f} would
induce an ;)rientation of @{G, f}. Since @{G, [} isnon-orientable, @{G, fi-#0.
For purposes of contradiction, assume @{G, fis #0. Let :c € ].(iLn{G,' f}+. Since P
is a two-to-one covering map, there exists a matchbox neighborhood M of z such that
P~Y(M) is the union of two disjoint matchboxes M and M, such that ;he restriction
of P to each is a homeomorphism or%to M. Let py be a directing' map on Ml. and po be
a directing map on M, coherent with the orientation of (].1_@{@, f}. Then p;oP |X/I11 and
p2o P |]T/[12 are two directing maps on M. Let M, be the union of all matches [ in M
such that (pQOPI‘XZ,t)IIOv(p10P\]‘VI11)|I‘1 : ploP'Xkll(I) — p20P|]_\.41‘2(I) is increasing. Then
M, is a matchbox neighborhood of z contained in Q@{G, f}+ by Proposition 2.13. So
Um{G, f}+ is open. Similarly, @{G, f}- is open. Since im{G, f}+ and im{G, f}-
are two disjoint open sets whose union is @{G ) @{G, f} is not connected. But
this contradicts the fact that l(i_rg{G, f}is a continuum. Thus @{G fre=0. O

We construct G, pri: G =G, f G' — G, and P : (hin{@’, f’} — LiLn{G’,f’}
similarly. |

Assume @{G, f} and @{G’, f'} are homeomorphic. Let ¢ : l(igl{G’, f} =
Um{G", f'} be a homeomorphism. For each element 2 in @{@, 71, let ¢(z) be the
element of @1{@ , f'} such that the direction at ¢ o P(z) induced by the direction at
« is the same as the direction at ¢ o P(z) induced by the direction at ¢(z).

LEMMA 3.21. ¢ is a homeomorphism.
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PROOF. ¢ is surjective: Let z’ € @a{@’, F'}. By Letama 3.20 and the fact that ¢

is a homeomorphism, there exists one and only one z € (¢ o P)=*({P'(z')}) such that

i
/

the direction at ¢ o P(z) induced by the direction at z is the same as the direction

at P'(z') induced by the direction at z’. Then ¢(z) = .

¢ is injective: Suppose that ¢(z) = @(z). Then ¢ O‘P(:v)/ = ¢ o P(z) and the
direction at ¢ o P(z) induced by the direction at z is the same as the direction af,
¢ o P(z) induced by the direction at z. Then z = z by Len‘ama 3.20:

& is continuous: Let € (th{@, f} and V be an open neighborhood o,jf é(x) Since

$o P and P’ are two-to-one covering maps, there exists a matchbox neighborhood M

of ¢ o P(x) cont’ained in P'(V) such that (¢ o P)‘l(M ) is the union of two disjoint
mat'c\hboxes such that ¢ o P restricted to each is a homeomorphism onto M and
(P"~Y(M) is the union of two disjoint matchboxes such that P’ restricted to each
is a homeomqrphism onto M. Let M be a matchbox neighborhood of z su(;h that
$o P |'M is a homeomorphism onto M and M "be a matchbo;c neighborhood of ¢(x)
such that M’ C V and P'|; is a homeomorphism onto M. Let p be a directing -
map on M coherent with the orientétion of L&n{@, 7} and p' be a directing map on’
M' coherent with the orientation of @{CN}”, 7'}. Then po (po Ply)~" and p' o P|7)
are the induced directing maps on M. Lét M, be the union of the matches I in M
such that (9o (¢ 0 Pli) lro (¢ o PI) : ¢/ 0 PIL(I) — po (60 Pli)™ (1) is

increasing. By definition of ¢(z), the match in M containing ¢ o P(z) is contained

. - -
in M. Let My = (¢ o P|y)"*(My) and M/, = P'|7,(M,). Then M, is a matchbox
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4
bl

neighborhood of z such that' (M) = Mjr Since M, C V, ¢ is continuous at z. Thus
¢ is continuous at each 7 € (h_m{é’, f}. Since l(gl{é, f} is compact and l(iin{é’, f'}is
Hausdorff, ¢ is a homeomorphism. ' ’ O

Since G and G’ are orientable finite connected graphs with branch points but

o~ ~ ~

without end points and f: G = G, f : G' — G' are aperiodic collapsing surjective

immersions such that f(B(G)) = B(G) and f(B(G")) = B( @), and l(l_{G f}is
homeomorphic to pin{é’ , 7'}, there exist Perron numbers o and 8 and positive inte-
gers m and n such that al; = )\ ;and fAn = X} by Theorem 3.13. Since pry - G- G

and pr} : G' — G' are two-to-one covering maps. such that pr; o f = fopr and

pri o f' = f o prh, hop(F) = hiop(f) and hiop(f) = Ruop(f") by Theorem 2.4. So

A F=Ar and Ap = Ap. Thus aXf =AY and BAp =AY, which concludes the proof of

the theorem.

Finite Connected Graphs without Endpoints

THEOREM 3.22. Let G and G' be finite connected graphs with branch points ‘Z‘mt
without end points and let f : G — G and f': G' = G .be apériodz’c collapsing ‘su’rjec—
tive immersions such that f(B(G)) = B(G) and f'(B(G")) = B(G"). Iflim{G, f‘} is
homeomorphz"c to @{{G’ ,f'} théﬁ there exist Perron 'num‘bers a and 8 and positive
integers m and n such that ady = A7 and BAp = A} -

PROOF. Assume lim{G, f} is homeomorphic to im{G", f'}. Then either im{G, f}

and @{G’ , '} are both orientable or both non-orientable. So either G and G' are
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both oﬁentable or both non—orient;cmble. If G and G’ are both orientable then thén
there exist Perron numbers « and 2 and positive integers m and n such that ad; = A%
and fAp = A} by Theorem 3.13. If G and G’ are both non-orientable then then there
exist Perron numbers o and § and positive integers m .and n such that a\; = AT
and Ay = A} by Theorem‘ 3.14. B ' O

Barge and Diamond [4] have shown that given two Perron numbers A and 7, if
there are Perron numbers a and B and positive integers m and n such that al = 4™
and By = A" then Q(\) = Q(v). This results in the following corollary to the above
theorem. | |

CORdLLARY 3.23. Let G and G’ be finite connected graphs with branch points but
without end points and let f :“G — G and f' : G' = G’ be aperiodic collapsing sur-
jective immersions such that f(B(G)) = B(G) and FB(GY) = B(&). If lim{G, f}
is homeomorphic to lim{G', f'} then Q(\r) = Q\p)- '

It sh‘ouid be noted that the algebfaic extension relationship betWeen spectral
radii is weaker than the Perron relationship between the spectral radii. To see this,
let A\; = 2 and Ap = 3. Then Q(\f) = Q();) but there do not exist Perron numbers,

« and B3, and positive integers, m and n such that ady = A7 and BAp = A%
g f il f f

Two Examples |

Our first example shows that we can use weak equivalence of matrices to determine

when certain inverse limits of collapsing surjective immersions on orientable bouquets




. 55 }
of circles which fix branch points are not homeomorphic. Our seco;ld example shows
that weak equivalence 'of transition matriées is not a complete topological invariant
fo—r inverse limits of collapsing surjective immersions on orientable bouquets of circles

which fix branch points. - The second example /requires a. slight understanding of

substitution tilings. For a discussion of this topic, consult Anderson and Putnam [2].

AN

BExample 1

Let G be an oriented bouquet of two circles- S; and Sy. Let f: G — G be an
immersion which fixes the branch point such that S; — 5151525151 and Sy — Sl. Let
f': G — G be an immersion which fixes the branch f)Oint,such that S1 — 5152525151
and Sz — 51525;. Then f ‘and f' are collapsing siirjective immersions. The tran—sition

a

matrices for f and f’ relative to the natural ordering of the components of G\B(G)
4 1 3 2 .
are My = || 4 and Mp = {5 ) Swanson and Volkmer [23] show that these
primitive matrices are not weakly equivalent by an ideal argument. Thus @{G, I}
and @{G, f'} are not homeomorphic by Theorem 3.1.
Since A\ = 2 + /5 = Ap, there trivially exists Perron numbers o and 8 and
positive in’tegers m and n such that ad; = A% and BAp = A}. Thus we can not use

Theorem 3.22 or Corollary 3.23 to determine whether kim{G, f} and Jim{G, f'} are

homeomorphic or not.
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Example 2

Let ¢ be the substitution on two letters given by (1) = 11221, ‘qp(2)' =1and 7,
be the associated tiling Space. Let x be the substitution on two letﬁers given by x(1) =
12121, x(2) = 1 and 7, be the associated tiling space. Usin/g techniques developed
by Anderson and Putnam [2], there exist orientable bouquets Qf two circles G, and
G, and collapsing surjective immersions f, : G, — G(,,.and fx : Gx — Gy, which fix
branch points, such that 7, is homeomorphic to @{GV,, fo} and 7y is hof\rfeomorphic
to im{Gy, fx}. We can order the components of G, \B(G,) and G, \B(Gy) such that
transition matrices for f, and f, relative to these orderings are M, :" (g 3) = M,.
These transition matrices are, trivially, weakly equivalént. But, Barge and Diamond'

6] show that 7, and 7, are not homeomorphic using weak equivalence of associated
¢ X

substitutions. Thus ](iLn{G(p, fo} is not homeomorphic to @{Gx, Fd

One-Dimensional Hyperbolic Attractors

We first state the folIéwing result due to Williams [24], [25]

THEOREM 3.24. If g : X — X is a diffeomorphism of a manifold having a con-
nected one-dimensional hyperbolic attractor § then there exist two positive integers k
a7;d 'E, a compact branched one-manifold G which is topologically a bouquet of circles,

and an ezpansive immersion f : G — G where the branch point of G is fized under f,

every point of G is non-wandering under f, and every point of G' has a neighborhood
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whose image under f* is an arc such that g|& is topologically conjugate to the shift
homeomorphism induced by f.

Letg: X — X bea diffeomorphi;m of a. manifold W.ith one-dimensional connected
hyperbolic attractor 2. By Theorem 3.24, there exist two positive integers & and /,
a compact branched one—manifolci G which is topologically a bpuquet of circles, and
an expansive immersion f : G — G where the branch point of G is fixed under f,
every point of G is non-wandering under f, and every point of G' has a neighborhood
whose image under f* is an arc such that the shift homeomorphism induced by f is
topologically conjugate to g|&.

Assume G is endowed with the arc structure system that the differentiable struc-
ture on G naturally induces. Williams [25] showed that if I is an arc in G tilen there
exists a positive integer j such that G C fI(I), f as ab‘ove.. So f* is a collapsing
surjective immersion that fixes the branch point of G.

Let ¢’ : X' — X' be a diffeomorphism of a manifold with one-dimensional con-
nected hyperbolic aﬁtraqtor . By Theorem 3.24, there exist two positive integers
k' and ¢, a compact branched one-manifold G’ which ié topologically a bouquet of
circles, anci an expansive immersion f' : G' — G’ where the branch point of G is fixed
under f', every point of G’ is non-wandering under f’, and every point of G’ has a

neighborhood whose image under (f')* is an arc such that the shift homeomorphism

induced by f’ is topologically conjugate to ¢’ |’;{,
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Assume G’ is endowed with the arc structure system that the differentiable struc-
ture on G’ naturally induées. Then ()¢ is a surjective collapsing imme’rsion that
fixes the branch point of G'.

Assume 2 is homeomorphic to €. .J'Since\ g|& is topologically conjugate to the shift
map f induced by f and ¢'|%, is topologically conjugate to the shift map f' induced
by f, (Li_rg{G, f} is homeomorphic to liLn{G’ '} ‘Thusllg_ng{G, f%} is homeomorphic
- to hm{G', (7). |

Let My be the transition matrix for f relative to an ordering of the components
of G\B(G) and let M 7 be the transition matrix for f' relative to an drdvering'of the
components of G'\B(G").

PROPOSITION 3.25. If Q and ' are orientable_theh M is weakly equivalent .rto
M;:.

PROOF. Since  and Q' are orientable, @{G,, %} and im{@, ( ¥} are ori-
entable. So My is Weakly equivalent to M by Theorem 3.1. Since My = (M;)* |
and Mz = (M 7)Y, My is weakly equivalent to M. a

Assume hyop(gla) = log(w) and huep(g'lar) = log(w'). Using results of Williams
[24], thére exists a connec’ped finite graph K and an aperiodic collapsing surjective
immersion A : K — K where h(B(K)) = B(X) such that the shift homeomorphism
h induced by h is topologically coﬁjugate to gla- Bowen [10] showed that the the
topological entropy of the induced shift homeomorphism on an inverse limit of a

compactum with single surjective bonding map is equal to the topological entropy of
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the bonding map. By Theorem 2.4 and above result, Aiop(h) = htop(fz) = hiop(9la) =
lo\g(w). If M, is the transition matrix for h relative to an ordering of ’;he components
of K\B(K) then the spectral radius of Mh is w. Since M is aperiodic, « is a Perron
number. Similarly, w’ is a Perron number. |

PROPOSITION 3.26. There exist Perron numbers, o and 3, and positive integers;
m and n, such that aw = (W)™ and vﬂw": w™. | |

PROOF. By Theorem 2.4, heop(f) = htqp(glg) = klog(w) = log(w*) and hyop (f') =
Piop(9'15) — K log(w') = log((w')¥'). Since the topological entropy OP the induced shift
homeomorphism on an inverse limit of a compactum with single surjectivé bond.ing
map is equal to the topological entropy of the .bonding map, htep(f) = Atop( f) =
log(w*) and hto;)(f’) = hiop(f") = log((w)*). Then heop(f*) = lElog(wk) = log(w®)
and oy (F)F) = £10g((@")¥) = log((@/)¥€). So Ase = wH and Ao = (/)2
By Theore?m 3.22, there exists a Perrop number a and a positive integer 7 such that

alpe = A Let o = aw®~!, which is a Perron number since w is a Perron num-

E

ber, and let m = k'f'n, which is a positive integer. Then aw = alp = )\?f,)g, =

n
(e

((W)¥¥)" = (w')™. Similarly, there exists a Perron number B and positive integer n
such that fw' = w". , |

The above Perron relationship implies the weaker result that Q(w) = Q(w'").
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