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Abstract:

Intersymbol interference is one of the main problems encountered in high-speed data transmission over
telephone, radio and undersea channels. This interference, caused by the time dispersion and multipath
characteristics of the channels, has been a major hindrance to increased data rates at acceptable error
probabilities. Various linear and nonlinear receivers have been proposed to combat the intersymbol
interference problem. It has been found by Proakis and Magee that a receiver consisting of a Viterbi
decoder in combination with a channel estimator provides a receiver structure which is realizable and
asymptotically optimum. The object of this research has been the development of faster adjustment
algorithms for the channel estimator so that the estimator can be used on more rapidly varying
channels. Forney has proposed a suboptimum algorithm for sequence estimation in the presence of
ihtersymbol interference. This suboptimum algorithm is suitable for a particular type of partial
response system. Another aspect of this research is to study the sensitivity of Forney's suboptimum
algorithm and to develop an adaptive equalization scheme for making Forney's suboptimum algorithm
suitable for some other type of partial response system. Simulation results are obtained for this adaptive
equalization scheme.
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ABSTRACT

Intersymbol interference is one of the main prob-
lems encountered in high-speed data transmission over
telephone, radio and undersea channels. This interference,
caused by the time dispersion and multipath characteris-
tics of the channels, has been a major hindrance to in-
creased data rates at acceptable error probabilities.
Various linear and nonlinear receivers.have been proposed
to combat the intersymbol interference problem. It has
been found by Proakis and Magee that a receiver consisting
of a Viterbi decoder in combination with a channel esti-
mator provides a receiver structure which is realizable
and asymptotically optimum. The object of this research
has been the development of faster adjustment algorithms
for the channel estimator so that the estimator can be
used on more rapidly varying channels. Forney has proposed
a suboptimum algorithm for sequence estimation in the pres-
ence of intersymbol interference. This suboptimum algo-
rithm is suitable for a particular type of partial re-
sponse system. Another aspect of this research 1is to study
the sensitivity of Forney's suboptimum algorithm and to
develop an adaptive equalization scheme for making
Forney's suboptimum algorithm suitable for some other type
of partial response system. Simulation results are ob-
tained for this adaptive equalization scheme.




Chapter I
INTRODUCTION

1.1 Historical Review

‘It seems inherent in nature that signalslare dis~
persed--that is, spread out and chénged—-in transmission.
This dispersion manifests itself in two ways:  in radio
communication it is called multipath, and in wire communi-
cation it is called linear distortion. Multipath trans-
missioﬁ can-be viewed as communication through a group of
parallel, distortion-free channels of different lengths.
The wire communication channel may have a single obvious
transmission path but a non-ideal frequency characteristic
(ah ideal transmission frequency characteristic is here
defined as one having a flat amplitude frequency response
and a linear bhase frequency response). Figure 1.1 dis-
plays frequency response curves fof‘such a non-ideal chan-
nel. This linear distortion present in wire communication

causes what is called .intersymbol. interference.

Intersymbol Interference:

Transﬁissioh of data on voice channels, over the
switched téléphone network, has increased ﬁarkedly over the
past few years. The data ié used to amplitude modulate a

train of idéntically shaped pulses. These pulses are
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3
transmitted over the channel, demodulated by the receiver,
and processed. Although the signal-to-noise ratio (SNR) is
sufficient to permit higher ratés, the ﬁon-uniform trans-
mission characteristics of the channel causes what might be
termed a distortion Barrier prohibiting faster transmission.
The distortipn‘bf'data pulses by the channel results in
these pulses being spread out in time so as to overlap
other trapsmitted pulses. The phenomenon of pulse overlap
and the.reéultant difficulty with receiver'decisions is
termed intersymbol interference. This intersymbol inter-
ference is oné of the chiéf degrading factoré in present
data—transmission system and becomes the determining factor
in the design of higher rate system.

Intersymbol interference normally arises in pulse
modulatioh‘systems. It is the primary impediment to reli-
able high-rate digital transmissioh over high signal-to-
noise ratio narrow bandwidth channels such as voice~grade
telephone circuits. Sometimes a controlled amount of
.intersymbol interference is introduced deliberately to
achieve certain beneficial effects in data transmission.
These systems, which utilize a controlled amount of inter-
symbol inﬁerference, are called partial response systems

[41-42].
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The channel can be represented, as shown in Fig-
ure 1.2, by a time-varying impulse response c(t), plus
additive white noise. The outpuf of this channel typi-
cally differs from its input in two ways,' First, the
channel may modify the message in a deterministic, al-
though not necessarily known, fashion. Examples of this
type of modification are dispersion, frequency offsef,
and nonlinear action. The channel can also corrupt the
transmitted signal statistically. In this category are
various types of additive and multiplicative noise such
as thermal and impulse noise; Normally, the frequency
offset is very small compared to the system bandwidth and
is, therefére, neg&eqted. Impulse noise is characterized
by long, quiet intervals followed by bursts of much
higher amplitudeé than would be predicted by a normal or
Gaussian distribution law, and, therefore, this noise is
usually ﬁot considered in the mathematical modei-of the
channel. The model, therefore, accounts for the most
deterministic impairment, time dispersion, as well as
the most prevalent and mathematically tractable Gaussian
noise.

Intersymbol interference represents a kind of

deterministic impairment. If the channel characteristics
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are known, it may be possible in theory to remove inter-
symbol inﬁgrférence.‘ However, the'transmission channel
is never known exactlx; thus, it is impéssible to elimi-
nate completely the effects of intersymbol interference
in real data transmission systems. There are several
methods of combating intersymbol interference. The one
which has béen quite extensively used in symbol—by—symbol
decision systems is tha£ in which fhe trapsmitted signals
are designed'so that all signals except the desired sym-
bol have zero value when the waveform is éampled at the
receiver. This method is based on the work by Nyquist
[1] and ﬁhe resulting specification-is known as the
Nyquis£ cfiterion°

In the case of PAM (pulse—amplitudé modulation)
systems, different criteria have been used to design the
optimum receiver in the presence of intersymbol inter-
.ference. The aiffergnt criteria used are: (1) Minimi-
zation of probability of error caused by intersymbol
interferénde and noise, (2) Minimization of mean-square
error resu}ting from intersymbol interference and noise.

Under either of these criteria, the optimum linear

receiver is invariably a matched filter followed by a
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transversal filter. The matched filter might be inter-
preted as treating the noise while the transversal filter
corrects intersymbol interference. When the signal-to-
noise ratio is low, the principal correction must come
from the matched filter; for high signal-to-noise ratios,
intersymbol interference must be almost.cémpletely sup-
pressed and the principal correction éffected by the
transversal filter.

The approach used in deriving the optimum receiver
has been to minimize the effect of intersymbol interference
at the receiver. The decision about the input sequence is
again made on a symbol-by-symbol basis. Most of the work
in the derivation of optimum linear receiQer has ‘been done
by Tufts, George, RAaron, and Ericson [2-6]. Ericson [5]
has also shown that any reasonable criterion of goodness
will lead to an optimum filter that has the form discussed
earlier. Berger and Tufts [2;4] considered the joint
optimization of transmitter and receiver in pulse ampli—
tude modulaﬁion using the criterion of total mean-sguare
- error. The optimum linear receiver based on receiver
filter optimization is shown in Figure 1T3" The trans-

versal filter is shown in Figure 1.4.
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" The transversal filter consists of a delay line
tapped at T-sec intervals (the Nyquist 1nterval) Each
tap along the delay line is connected through an ampll-
fier (and;pessibly an inverter to enable negative gains)
to a summing bus which provides the output. The frequency‘
response for the transversal filter is repetitive with
points of SYmmetry in real and imaginary components lo-
cated at E%E-radians. | |

All the optimum receivers that resulted from the
" work of.fufts, Berger, Aaron, and George [2-6] are linear
recelvers. ‘They are called linear receivers because the
outputs of. the matched filter are combined.linearly and
the estimate of the input alphabet is made from the com-
bined signal obtained at the output of the transversal
filter. |

In the design of the optimum receiver, it is
often assumed that the channel characteristics are known.
More commonly, the chanhel is not known. This implies
that the receiver has to be adaptive to the unknown -
channel. One approach used in making the receivef adap-
tive 1is called the adaptive equalization approach. The
idea of adaptive equalization was originated b§ Lucky

[l5;l8]. The approach consists of deriving a receiver
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for the time-invariant case and then using a fixed struc-
ture with a limited number of parameters, having it ad-
just to the éhanging‘conditions in the channel. This
fixed structure with adjustable pérameters is called ap‘
equalizer. A basic receiver structure has evolved from
this épproach and is shown in Figure 1.5. The equalizer
used in the adaptive receiyer is shown in Fiéure 1l.6.

This receiver basically consists of a matched fil-
ter followed by a tapped delay line with a weighted sum
of the taps being added to form an estimate 6f‘the infor-
@ation symboi. This receiver structure is again linear
since it p£ovides a linear estiméte for the information
éymbol which 'is then quantized. A mean-square' error
criterioh is used in the adjustment of the filter shown
in Figuré 1.6. It is also péssible to adjust the param-
eters using a zero intersymbol interference forcing algo-
rithm. This zero forcing algori;hm is the original
method déveloped by Lucky [15] for an adaptive receiver
structure. Unfortunately, the zero forcing algorithm is
nonconvergeﬁf for highly dispersive channels. Gersho [20]
" has sugéested an adaptive _equalization scheme using a

' mean-square error criterion, and it has been found that’
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this scheme will converge for any kind of channei. The
adjustment parameter (or step size) A also affects the
convergenée of the algorithm.- The effect of adjustment
parameter A has been analyzed by Proakis and Miller {21].
The disadvantage of the linear equalization scheme is
that it teﬁds to enhance the noise, particularly at the
band edges.

Although the linear receivers discussed earlier
are called éptimum receivers, they are not optimum in the
true sense for the detection of a sequence. Tﬁe reason
for this is that the optimum detection of an N-symbol
message requires a joint decision concerning the data
sequence {x_}, n =0, 1, ...,N-1, after processing the
entire recei&ed signal. Since mN messages are possible,
the size o?-the optimum receive; grows exponentially with
the message length N, where m is the size of the input
alphabet. 1In practice, such a receiver is an impossi-
bility. A basic requirement that any practical receiver
must meet is that the number of computations required to
process a message of N symbols must grow only slowly with
N. A signal detection system based on an iterative pro-
cedure wﬁich meets‘this requirement (and under certain

conditions is optimal), has been proposed by Chang and
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Hancock [9]. This mnonlinear receiver structure assumes

that the symbol x_ causes intersymbol interference only

n

with the (K;I) succeeding symbols x The

n+ll o ° o ¢ ‘xn+K"‘l°
symbols are then detected in block of K symbols. Thus,
each block has mK possible values from which a decision

must be made. The advantages of blocking the data into

groups of K symbols will not be apparent without discuss- ‘ |

ing the original paper by Chang and Hancock [9] in great
detail. In all the computations involved in this'pro—
cedure, mK sets of numbers are involved. Furthermore, f

each current a posteriori probability, of which there are

mK, requires'mK calculations itself. Therefore, in most
applications the cost of implementation would be prohibi-

tive.
There have been several other nonlineax receiver

structures developed to compensate for intersymbol inter-
ference. Austin [8] has analyzed a nonlinear nonadap-
tive structure which employs decision feedback, i.e., the.
pfevious decisiohs of the receiver are used to cancel the
tails of the intersymbol interfefence. Hilborn [13] has
employea the theory of "unsupervised learning" to find a
Bayes optimai m—ary‘communication receiver which operates

causally on a received data sequence. This structure is
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6ptimum (bgt‘nonlinear) for detection of a digital se-
qguence in the presence of intersymbol interference.
Abend and Frifchman [12] have derived an optimum non-
linear détector under a fixed delay constraint for chan-
nels having memory and additive noise. The resulting
receiver is reéursive and does not grow with the message
length. ,Ungérboeck [14] has provided a general solution
to the préblem when using binary bipolar signals. All
these noniinear receivers have the disadvantage of being
complex in structure. The performahce of noﬁlinear re-
ceivers is very difficult to evaluate; resort is often
made to simglationn Because of the intimidating complexity
of these'noﬂlinear receivers, they-afe not considered
praqticai solutions to the problem of intersymbol inter-
ference.'

Recently, Forney [22] has introduced a receiver
structure éonsisting of a linear filter, called a whitened
.matched filtgr, a symbol rate sampler and a recursive
nonlinear processor, called the Viterbi algorithm. This
structure ié a maximum—likelihood estimator of the entire
sequence. The outputs of the whitened matched filter,
sampled once for each input symbol, are shown to form a

set of sufficient statistics for estimation of the input
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sequence. The Viterbi algorithm is easier to implement
than earlier optimum nonlinear processors, and its perfor-
mance can‘bé easily and accurately estimated. It is shown
that performance (by whatever criterion) is effectively
as good as could be attained by any receiver structure
and in many cases is as good as if intersymbol interference
were absent."Forney [22] has also shown that the channel
for digital'data transmission can be represented as a con-
volutional coder when the channel impulse response is of
finite duration. Since the. performance of the Viterbi
algorithm can be easily analyzed and the Viterbi algorithm
can be implemented in a straight-forward manner, the use
of this algorithm has potential for combating fhe inter-
symbol intérference (ISI)., A comparison of the partial-
response schemes proposed.by Kretzmer [41l] on the bésis of
error probability of the maximum~likelihood sequence esti-
métion (MLSE) is presented in Table 1. The discrete chan-
nel model (discussed in Chapter II) is used in evaluating
the performahce of the three detection methods listed in
Table 1. Also note that for the decision-feedback equal-
izer, degrédation in performance due to error propagation

is not taken into account. The channel f(D) represents




Table 1. Comparison of Some Partial Response Systems

Output SNR degradation over ideal binary in dB,

-0.5+D-0.5D? 8.0

. ' o . e : Maximum
Channel Precoded with’ Decision—-feedback likelihoqd
£(D) - level detection equalization sequence esti.
1+D 3.2 3.00 0.5
0.5+D+0.5D? 8.0 7.75 2.2
1+0.5D-0.5D% 8.0 1.6 0.33°
1-pD? _ 3.2 3.0 0.5
7.75 2.2

8T
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the sampled response of the channel in terms of a D-
transform.1

We see that with maxiﬁum-likelihood sequence esti-
mation the output SNR (signal-to-noise ratio) degradation
relative to ideal binary transmission is much less than
for any bit—by-bit detection method. The receiver struc-
ture proposed by Forney [22] is discussed in greater de-
tail in Chapter III. Forney [22] has also suggested a
simple suboptimum algorithm which works as well as the
eptimum Viterbi algorithm for a particular type of

partial-response system.

l.2 Statement of the Problem

One of the problems encountered in Forney's receiver
structure is that this structure is suitable for known
channels only. In the real world, the impulse response of
the channel: is not usually known. Proakis‘and Magee [31]
have developed an adaptive receiver for maximum-likelihood

sequence estimation of a digital sequence in the presence

l'I'he D-transform of a certain function w(t) is
given by

=Cc0

W(D) = IZw(nT) D"

n=—oo
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of intersymbol interference for slowly varying chanﬁeis.
In this adaptive receiver strﬁcture, a channel estimator
has been developed that, when used in combination wifh the
- Viterbi algorithm, forms an adaptive maximum-likelihood
sequence estimator. The major problem faced in this adap-
tive receiver is that the channel estimator is quite slow
in convergence. Part of the research describéd in this
thesis has been carfied out toAdevelop more rapidly con-
verging algorithms for channel estimation.‘

As mentioned earlier, Forﬁey [22] has developed a
suboptimum‘algorithm which works as welltas the Viterbi :
algorithm. This sﬁboptimum algorithm has been derived for
a particulaf type of partial-response system. An obviou$
question arises as to the sensitivity of this algorithm.

A second obﬁective of this research is to study ﬁﬁe sensi-
tivity of-£h¢ suboptimum algorithm when the partial system
response is slightly different from the required response.
It is found that analytic results are hard to obtain, and

the sensitivity anélysis is carried oﬁt byvsimulation.

Finaily a scheme has been developed in this thesis
to make the suboptimum algorithm suitable for partial-

response system which is different from the one for which
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the suboptimum algorithm has been developed. A liﬁear
equalizer has been used in conjunction with the channel
model and the purpose'of the eéualizer is to make the
overall response (of channel and equalizer) behave like
the desired response for the suboptimum algorithm. This
scheme is evaluated by simulation results.
The outline of the thesis is as follows:

Inuchééter II, a discrete~time channel model is
developed. The discussion of this discrete-time channel
model is impoftant because this model will be used through-
out the thesis. It is shown that the discrete-time channel
model is equivalent to the continuous-time channel. \

Chapfer IITI deals with the maximum-likelihood re-
ceiver for éequence estimation. Basically, this chapter
describes fhe work by Forney [22]. Limitations of Forney's
maximum—likéiihood sequence estimation receiver are dis-
~cussed. Several schemes developed for adaptive MLSE re-
ceivers are.presented in detail. Relative compariéon of
adaptive MLSE receivers is also made.

Chapﬁer IV describes more rapidly converging algo-
rithms deVe;oped.in this thesis for channel eétimation.

.Analytic results are derived, and these analytic results
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have been verified by computer simulation. This chapter
also compares the results of the algorithms with those
obtained by Proakis and Magee [31] using fixed~step-size
algorithm.

Chapter V basically contains a descriétion of the
suboptimum algorithm developed by Forney [22]. Results
obtained by computer simulation regarding sensiti&ity of,
the subéptimﬁm algorithm are also given. Finally, an
adaptive equalization scheme developed.by the author for
making this suboptimum algorithm suitable for other chan-
nel responses .is disqussed. |

Chaptér VI summarizes the results, discusses their
significance, and points out possible extensions. The

- appendices derive some of the equations and discuss the

computer simulation.




Chapter II

DEVELOPMENT OF A DISCRETE~-TIME
CHANNEL MODEL
In this chapter, a discrete-time channel model is
developed which is equivalent to the continuous-time model
of Figure.l.2, and this discrete model is much easier to
use. Moreover, the continuous model is not convenient for

‘most computations.

2.1 P.A.M. Communication System

A pulse amplitude modulation scheme is consideféd
in developing this discrete model. The simplest model of
digital communication system subject to intersymbol inter-
ference occurs in pulse amplitude modulation (PAM), illus-
trated in Figure 2.1. The actual transmitted signal u(t)

can be written as

u(t) (t-kT) (2.1)

X Ip

[ ]

k=0
where {xk} is a sequence of real numbers drawn from a dis-
crete alphabet, gT(t).is the transmitting filter, and T is
the sampling interval. The actual receiVed_signal r(t) is

characterized by

K .
r(t) = I xkgT(t—kT)*c(t) + n(t) (2.2)
k=0
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Figure 2.2 Maximum-likelihood sequence estimation receiver.
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where the duration of the impulse response c(t) is longer
than the time T between symbols and where * denétes con-
volutiqn. The overall response of the transmitting fil-

ter and channel is h(t); h(t) is represented as

h(t) = gT(t)*C(t) (2.3)

The noise iﬁ assumed white and Gaussian, and the channel
impulse response is assumed to be of finite duration.

The maximum-likelihood sequence estimation receiver de-
veloped by Forney [22] is shown in Figure 2.2. - The re-
ceiver consists of a linear filter called the whitened
matched filter (WMF), a sampler taking samples once évery
T seconds, and a nonlinear recursive algorithm calied the
Viterbi algorithm. This receiver structure is optimum
for maxiﬁqm-likelihood estimation of the entire trans-
mitted sequence, provided unbounded delay is allowed at
the output,'and is effectively optimum in the same sense

for reasonable finite delays.

2.2 The Matched Filter
Reference- to Figure 2.1 shows that the received
signal r(t) is s(t) plus white Gaussian noise n(t). When

the intersymbol interference is zero (also called
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one-shot communication), the matched filter is the opti-
mum receiver. In the case of serial data transmission,
the sampled_(every T seconds) outputs of the matched fil-
ter have been shown by Forney [22] to provide a set of
sufficient statistics for decoding the transmitted se-
quence. That is, he has shown that the sampled values of
the output 6f the matched filter provide the same infor-
mation for making a decision as the continuous received
waveform. It is true because in the detection of signals
that are linear combinations of some finite-set of squre-
integrablel basis functions, the output of a bank of
matched filters, one matched to each basis function, form
a set of sufficient statistics for estimating the trans-

mitting signals. Thus the K+1 guantities

k-4

a, = Jr(t) h(t-kT) dt 0<k<K (2.4)

- form a set of sufficient statistics for estimation of the

X OikiK. But it turns out that a set of sufficient

kl

lThe impulse response h(t) is a square-integrable
response if

ln) [ 4 f n*(p)at <o




27

statistics for estimation of the input sequence is simply

‘the sampled outputs of a filter h(-t) matched to h(t).

X, [ h(t=iT) h(t-kT) dt + ? n(t) h(t-kT) dt
(2.5)

ax T

K
i=0

. oo . ~—c0

Now, let each integral term of (2.5) be represented as

Rey = S h(t-kT) h(t-iT) dt (2.6)

-—00

ol
-

il
(.

and n(t) h(t-kT) dt_ (2.7)

Equation (2.5) reduces to

K
a, = I
ko

OxiRk—i + nit (2.8)
‘ \

The input noise n(t) is white Gaussian with auto-
correlatibh’function 0?8 (t) where 0% is the spectral den-
sity of the noise n(t). If the duration of h(t) is
larger than the input symbol separation, i.e., if L>1,
where L is thelsmailest integer éuch that h(t) = 0 for
t>LT, then at 1eas£ adjacent sampleé ére correlated. The
channel is thus characterized by a finite impulse response

h(t) of lenéth L symbol intervals. To get an exact meas-

ure of the'correlation of the noise samples, their
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autocorrelation must be determined. Taking the expected

'n! gives

value of the product nyn}

E(ngn}) = 62Rk-i (2.9)

Referring to equation (2.6), it is evident that.Rk_i is

- nonzero for k-i<L because of the 6ver1ap. Aiso, Rk-i is
symmetrica;, i.e., Ro_; = Ry_x+ Therefore, it is obvious
from (2.9) that the noise samples nﬁ at the output of the
matched filter are correlated whenever L>1. But in order
to insure the simple and recursive property of the
Viterbi algorithm it is necessary that the output se-
quence'before the final processor should be a sequence of
statistiqally independent, identically distributed

Gaussian random variables. Thus, the sample outputs of

a matched filter need further processing.

2.3 The Whitened Matched Filter

When the noise is colored, it is a standard pro-
cedure in defection theory to have a prewhitening filter
to make.the noise white; this greatly simplifies 6ptimum
Ireceiver derivations as well as performance computations.
Forney [22] has basically used this technique to dérive

a so-called whitened matched filter (WMF). The
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properties of this filter are that it provides an equiva-

lent set of étatistiCs’while fécovering the simpiicity of
the white noise. |

Since the noise samples at the output df'a matched
filter h(-t) are statistically dependent, some kind of
whitening transformation must be pefformed in order to
have the noise samples as statistically independent. From
the theory.of random variables [52] it is known that a
linear transformation on a, sequence of Gaussian random
variablés is also Gaussian. Further, if the random vari-
ables are statistically dependent, then there exists a
linear transformation that will produce statistically
independent random variables. The linear transformation
on the 6utput'samples of a matched filter h(-t) is accom-
plished by a transversal filter (tapped delay line). The
cascade of a matched filter with a transversal filter
characteriéed by a certain response (to be derived later)
is called a whitened matched filter. The required re-
sponse for the transversal filter is derived next.

Recall from Figure 2.1 thét the input to the over-
.all response h(t) (of the transmitting filter and chan~-
nel) is a sequence of numbers, each separated from its

adjacent neighbors by T seconds. Associated with this
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sequence is a formal power series in D. This series is

called the D-transform of x(t) and is given by

K
x(D) = I x.D (2.10)

where xi.is a symbol chosen at the transmitter from some
predetermined alphabet; e.g., in the binary case X equals
1l or 0. Di can be thought of as a delay operator repre-
senting 1T units of delay. It can be shown easily that
the D-transform of the sequence at the output of a

matched filter can be represented as
a(D) = x(D) R(D) + n'(D) (2.11)

where x (D) is the D-transform of the input sequence, -
n' (D) is the correlated noise D-transform and R(D) is the

D-transform of the sequence whose coefficients are given

by (2.6). We define the pulse autocorrelation function
of h(t) as
L-1 X
R(D) = & RD (2.12)
k=1-L '

Since R(D) has 2L-1 nonzero terms, it has 2L-2 complex

1

roots; further R(D) = R(D ~), the inverse of a root is

also a root of R(D), so the roots of R(D) break up into

AN
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L-1 pairs. 'This makes it possible to factor R(D) into a
product of two polynomials, £(D) and £(D"1). From now
onwards, a certain sequence will mean in fact.the D-
transform of that sequence. With this much background in
mind, we are now in position to derive the transversal
filter reéponse so that the noise samples at the oﬁtput

of this filter are uncorrelated. The pulse auto-

correlatioh function of n' (D) is
o~ 2 a2 =1,
Rn,(D) = 0°R(D) = 0°£(D)Ef(D ) (2.13)

The white noise sequence must have a pulse auto-
correlation function that is constant. We can represent
the D-transform n' (D) of the colored noise sequence by

1

n'{D) = n(D)E(D ) (2.14)

{
where n(D) is our desired white noise sequence. Conse-
quently, we may write (2.11l) as

1

a(d) = x(D)EMD)E(MD ™ Y) + n(d)£(D" 1) (2.15)

If we pass the sequence a(D) through a filter with re-
sponse l/f(D_l) (transversal filter with response
l/f(D_l)), we obtain

2(0) = HBlyw = x(D)£(D) + n(D) (2.16)
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with pulse autocorrelation for n(D) equal to

_Eln*mn' (0™H1 _ o?r(D)

. ~1
E[n(D)n(D )] £(D)E(D) -~ "R(D)

= 0% (2.17)

where 0% is constant and is the spectral‘density of the
input noise n(t). Thus, noise at the output of the trans-

versal filter is uncorrelated.

2.4 Discrete-Time Channel Model

Equétion $2.16) tells us that the cascade of the
transmitting filter, a PAM channel, a matched filter, and
a transvérSai filter can be represented as a discrete-
time filter with impulse response f£(D) plus an additive
white Gaussian noise sequence n(D). The block diagram
. of the PAM commuﬁication system including the receiver
is shown in ‘Figure 2.3.

We have now seen that by the use of a whitened
matched filter we may confine our attention to.the
discrete-fime model, without loss of optimélity. Without
loss of generality, we assume that £(D) is a polynomial
of degree v (equal to L-1) with nonzero constant term.

Let us define the signal sequence

y(D) = x(D)£(D) - (2.18)
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as the convolution of the input sequence x(D) with the
finite impulse response £(D). Thus, the received se-
quence z(D).is the éum of the signal sequence y (D) and a
white Gaussian noise sequence n (D) with autocorrelation
function 02,3 It is obvious that the signal sequence
y(b) may be taken: to be generated by a finite state ma-
chine driven by the'ihput seéuence x(D). We may imagine
a shift register of v m-state memory elements containing
the v moétArecent inputs, with Yy formed as the weighted
sﬁm of the shift register contents and the current input
X, as shown in Figure 2.4. This model of Figure 2.4
will be uséd_mostly in the thesis. Clearly part of the
'receiver,,thg whitened matched filter has been absorbed
into the chénnel model.

So far nothing has been said about the impulse
response w(-t) of the whitened matéhed filter. Indeed,
do the saméled outputs of the whitened matéhed filter
form a set of sufficient statistics for estimation of
_fhé input_sequence.x(D)? Forney [22] has in fact shown
that the Seéuence z(D) is a set of sufficient statistics
for estimating the input sequence. We sum Forney's re-

sults [22] into the following theorem.
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Theorem: Let h(t) be finite with length L and let
R(D) = f(D)f(D-l). Then the filter whose chip D-

= h(D,t)

transforml‘is w(D,t) = Fm) has square-integrable im-

pulse response, and the sampled outputs of its time

reverse (w(-t))

©

Z = S r(t)w(t-kT) dt. _ (2.19)

-0

.
i

form a sequence
z (D) = x(D)£(D) + n{(D)

in which n(D) is a white Gaussian noise sequence with
variance 02 and which is a set of sufficient statistics

for estimation of the input sequence x(D).

The discrete-time channel model discussed earlier

is derived under the basic .assumption that the channel is

lThe chip D-transform of h(t) is a polynomial in
D of degree v with coefficients in the set of functions
[o,T)

: v
h(b,t) = Z h (t)D
i=0

where hj (t) is a function that is nonzero only over the
interval [0,T); i.e.,

‘R(£) = hy(t) + h, (£=T) + °°° + h_(t-vT)
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fixed with known impulse response. If the impulse re-
sponsé is now-allowcd tccbe clcw}f varying with time} the
same modelihg proccdure can be applied but tﬁe matched
filter or the whitened matched filter musf vary to match
" the channel‘cha:acteristics. Proakis and Magee [31] have
assumed that the WMF is always matched to the chanﬁel
characteristics, and therefore, the model of Figure 2,4'
with time—vérying tap gains can be used;. it is entirely
equivalent to the continuous-time model. The design of
~an adaptive proccssor to follow'the WMF has'been developed
by Proakis and Magee [31]. ‘

In most of the cases, the whitened matched filter
is fixed rather chan being adaptive; in which case the
noise at the cutput of the matched filtcr may become cor-
related. . The‘effect_of correlated noise haé been anal-
yzed by chayashi [29] and Quershi [32i. ' Their resﬁlts
indicate that-eveﬁ highly correlated noise does not cause
.significant‘loss in the performance of the maximum-
1ike1ihocd'sequence estimation receiver using a Viterbi

deCOder,_“'




Chapter III
SEQUENCE ESTIMATION TECHNIQUES

3.1 Maximum-Likelihood Sequence
Estimation

While 1lip service has long been paid to the idea
that receiver decisions ought to be based 6n'the entire
received séquence, the fact that straightforward likeli-
hood ca;culations grow exponentially with message length
ﬂaéﬁ}ustifiéd d retreat to simple symbol-by-symbol de-
cisions in most theoretical and practical work. As yet,
no simplification of these results has been devised which
results in alfairly simple receiver without seriously
degradiné the performance. Having failed to minimize the
average number of errors simply, one can inVestigate mini-
mizing the probability that the entire received sequence
'is not correct. This type of decision making islasymptot—
ically optimum, which means that at moderate to high
signal-to-noise ratios, it is effectively as éood as the
optimum éompound detector [10]. The Viterbi algorithm is a
simple efficien£ algorithm for this task.

The discrete-time chanhel model developed in Chap-
ter IIvis shown again here in Figure 3.1l. The inputs and

outputs are now expressed in D-transform notation, where
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D is the delay operator and the unit of delay is the sig-
nalling interval T seconds. The output signal sequence

y (D) = x(D)£(D) (3.1)

is the convolution of the input sequence x(D).with the sam- .

pled response f£(D) of the discrete~time model, whose pulse
autocorrelé£ion function is R(D) = f(D)f(D—l). The output
sequence y (D) ‘is then corrupted by additive.white Gaussian
sequence n(Dj with autocorrelation function 026ij to form
the received sequence z (D). The channel consists 6f a
"shift register of v memory elements each having m (the
size of input alphabet) states. These memory elements
contain the v mostlrecent inputs. The machine has m’

possible states given by the v most recent inputs

Sy f (xk—l' Xyt Xp_37 ooy Xk-v) (3.2)
where by convevtion X = 0 for k<0. We define the state.
sequence s (D) as

's(D) = s, + s,D + s,D* + ... : (3.3)

where each Sy takes on values from an alphabet of m’
states sj,-lijgmv. The maps from input sequence x(D) to

state sequence s(D) and thence to signal sequence are.
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obviously 6ne:to one and hence invertible. In fact, two

successive states uniquely determine an oﬁtput
Y = ¥{sps s )i (3.4)
i.e., giyen a transition from Sy to Sl ” the corres-
ponding output Yy is determined.
" An allowable state sequence s (D) or signal se-
quence y (D) is defined as one that could result from an

allowable input sequence.

Definition: Maximum-likelihood sequence estimation is

defined as the choice of that x(D) for which the proba- -
bility dehsity p(z(D)/X(D)) is maximum. Since the maps
from x(D) . to s(D) and to y(D) are one to one, maximum-
likelihood sequence estimation can be defined equivalently
as choosingxfrom the allowable s (D) that which maximizes
p(z (D) /s (D)) or from the allowable y (D) fhat-whichrmaxi—
mizes p(z(D)/y(D)). It will usually be convenient to
consider the estimation of the state sequence of a finite

state machine from noisy observations.

2 3.2 The Viterbi Algorithm

The .Viterbi algorithm (VA) was proposed as a method

of decoding convolutional codes [24]. Since that time it
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has been recognized as an attractive solution to a variety
of digital estimation‘problems, somewhat as the Kalman fil-
ter has been adopted to a variety of real-variable esti-
mation problems. This algorithm was also later shown to
be a shortest-route algorithm of a type long known in oper-
ations research, which in turn can be expressed as a vari-
ant of dynamic programming; Forney [22] has also shown
that it is'the maximum—-likelihood decoding rule fof.the
entire sequence in the presence of intersymbol interference.

The epplication of the Viterbi algoritﬁm to maximum—
_llkellhOOd sequence estimation of a dlgltal sequence in
the presence of intersymbol 1nterference is now described.
Since the noise is white and Gaussian, the noise terms n,
are independent, the log likelihood 1ln p(z(D)/s (D)) reduces

to a sum of independent increments.

In p(z(D)/s(D)) = L 1ln pn[zk—y(sk, (3.5)

S0 1
X k+1
where p (.) is the probability density of each noise term
nk. For notational convenience we define the partlal sums
k, _ K27l
I'[s(D)-]k-1 = kikl In p [z, -y (s, sk+1)1 0<ki<kz (3.6)
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Suppose for the moment that we knew that the state
Sy at time k was Sj' Then for any allowable state se-
quence s (D) that starts with the initial state s, and
passes the state sj at time k, the'log likelihood would

expand into two independent parts:
ris (1 = Iis(0)1% + Iis (D) K (3.7)

CIf éj(D) is the allowable state sequence from
time 0 to k,lwhich has the laréest log-likelihood among
all allowable state sequences starting with s, = 0 and
"ending w;ﬁh sk = 85, we call §j(D) the su£vivor at time
k cbrresponding to state sj. This occurs because if §j(D)
is replaced by another sequence in the 0 to k interval,
it will have a smaller log-likelihood and, therefore,
can not be part.of the maximum-likelihood sequence.

In fact, we do not know the state s, at time k;

k
but we do‘know that it must be one of the m' poééible
states at time k. Consequently, while we can not make a
final decision as to the identity of the initiél segment
of the maximum-likelihood state sequence at time k, we

know that' the initial segment must be among the m’ sur-

vivors §j(DY} 1<j<m, one for each state Sj' Thus, at
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each time k, the paths ending at every possible state afe
compared and the one with the largest likelihood ending in
each state is retained as a survivor. Thus, we need only
store m' sequences §j(D) and their log likelihoods
P[§j(D)1%, feﬁapdless of how large k becbmes. To update
the memory'ét time k+1, recursion proceeds as follows: ,
(1) Compute the partial sum |
ris; (015 = rI8, ()1 + Inlp, (z-y (85, 31 (3.8)

for each ofAthe m allowable continuations s%(D) to time
k+1 for eaéh of the m' survivors sj(D) at time k. This
involves mV+l = mL.additions.

(2) Compare the log likelihood of the m continuations
terminating in each of‘the m’ possible states and select
the largeét as the survivor.

Using the above procedure, the Maximum-likeiihéod
sequence (in the sense of the entire fedeived sequence) is
néver eliﬁinated but remains along the m' survivors. The VA
can not make a decision until all the surviving sequence
at time k. have the same initial state sequence up to time

k-1t. The decoding delay T is unbounded but finite with

probability 1. 1In practice, one actually makes a final




45

ldecisibn after somé fixed delay §, with § chosen large
ggoﬁgh so that the degradation due to preméture decisions
is negligible.. |

'Whep-the noise sequence is white and Gaussian with
variance oé, |

(z) =y, ) *

5= (3.9)

In(p, (z,~y,)) = = 5 In(200?)

8o the metric computation becomes
: k. +n+1 kKi1+n
a 1 1 - 2 6 32
E'ﬂ =_'il: Z Az -y,) -(z—y)j{
oL k, 20 K=k 1 k *k k *k
p ' (3.10)
It is obvious from above that the decisions do not
depend on the noise variance so that only the possible
values for y (D) are needed to compute the metric. If the
channel impulse response is available, it is simple to
compute the possible values of y (D) since the possible
state Valués are known.

3.3 - Performance of the Maximum-Likelihood
Sequence Estimation Recelver

Forney's [22] approach for dalcﬁlating the perfor-
mance of a maximum-likelihood sequence estimation re-

ceiver is -summarized here. Before starting the analysis,
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the following definitions are important.

Error Event: An error event & is said to extend from time

ki to k2 if the estimated state sequence §(D) is equal
to the correct sate séquence s (D) at times k; and k, but
nowhere in between (s =§k1; Sy, =8y,i sk+§k, ki<k<k,)
‘The length of: the error event is defined as n 4 ko~ k-1,

Euclidean Weight (d*(%))
-~ of an Error Event:

The Euclidean weight d%(f) of an error event is
defined as the energy in the associated signal error
sequence[

Hamming Weight of the
Error Event:

The number of errors in the associated input error
sequence is defined as the Hamming weight'WH(E) of the
event. ‘

We define

>

¥ RPN N - r]:—v
(xk17Xk1)+(Xk1+l-Xk1+l)D-+°'° (Xk2*V+l xkz-v+l)D

e (D)
(3.11)
as the input error sequence associated with the error

event. eX(D) is a polynomial of degree n~v in D and with
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nhonzero constant térm eXo' Since the channel is linear,

the input error sequencé maps simply to the output

&y(D) = ex(D)f(D) (3.;2).

Thus, ey(D) is a polynomial with nonzero constant term

and degree n. Also by definition it follows that

N>

) & oje = 3 e
. Yy - i

L, (D) EY(D—l)]o'

[e (D£(D) e (D"HED ™I,

[e (D R(D) e (11,

where | ]5 means the constant term inside the brackéts.

Probability of a Particular
Error Event:

Wé now calculate the probability that a particular
error event identified by a starting time k; and an asso-
ciated input error sequence ex(D).of degree n-v will.
actually occur. Three subevents must occur:

E£i: At time k; we must have skl = §

£2: Between k; and k;+n-v the input sequence x(D) must

be such that x(D)+€x(D) is an allowable sequence %(D). -

(3.13)l
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£s: The noise terms n,, klgkikl+n; muét be such that.
over this segment X(D) has greater likelihood than x(D).

The subevent &, is possibly dependent on the noise
terms involved in.ga and the joint probability is not
easiiy calpuléble. However, the probability that &, is
~not true is of the order of the error probability, sd
that in the normal operating region.p(gl/ga) is closely
approximated as well as overbounded by 1. ‘Therefore, the

probability of the particular error event £ is given by

Px (£) Pr(Ea)P:(Ez)Pr(E1/€é)

n-v - i
5Q(d(g)/20)[: i T;LiiiiZ} (3.14a)

i=0 m

where ¢? is the variance of the noise, and

Pr(&s) = Qla(g)/20] : (3.14b)
n-v m=jgo: .

Pr(g;) = T—lgfii (3.14c)
1=0

If E is the set of all possible error events, then the
probability Pr(E) of at least one error event is upper-

bounded by

Pr(E)< I Pr (&) | , (3.15)
EcE : '
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The symbol error rate Pr(e) is obtained by weight-
ing each error event with the number of syhbols which it
represents. Pr(e) contains an exponential facto? in
d(£), where d?(£) is the energy associated with the error
sequence at the channel output. 'Because of the presence
of the expohehtial term, a good approximation, at error

rates below about 10”3

; is to consider only error events
associated with the minimum d(&)--called dmin——for any
nonzero sequence. Therefore, the symbol error rate is

approximated by

{

Pr(e)=K2Q(dmin/20) (3.16)

where
D=V m~|ey; |
=z M7 Exil
K2 = Eel FWH(E).H m ]
a . i=0
min

is the factor which takes account of all error sequence
with d(g) = dmin'

WH(E) = Hamming weight of the error sequence €2(D).

2 2
Q(x) = (2m) "% f &Y/ 2:. ay.
X

If the channel is known, the lower bound on per-

formance for any receiver structure can be computed by




50

Pr(e)ZKOQ(dmin/Zc) (3.17)

where K, is just the probability that the original input
sequence x(D) plus the error sequence éX(D) is an allow-
able input sequence. A slightly tightef version of the
lower bound is given by

Pr(e)zxaQ(dmin/Zo) (3.18)

2 (m-1)
m

where K3 =

Thus, the uéper bound is just a constant multiple
(%% of %%)‘times the lower bound. This explicity demon-
strafes the:ésymptotically optimum performance of the
Viterbi algorithm. In Figure 3.2, we plot the predicted
symbol-error probability as a function of output signal-
to noise rafciol with m=2 and m=4 for the three cases:
1) no intersymbol interference; 2) a partial response of
the class ka)=1iDn with precoding2 and maximum-likelihood

~sequence estimation; and 3) the same partial response with

Yrhe output signal-to-noise ratio is defined to be

“[22]. Ox, 2 o2 2 . 2 v
A £ m°=-1
SNR==7¥F-= ——#g;“—— where.oi = =5~ and ||fll2=i£0fi2

2P.recoding is a technique that has been used in
partial response systems to prevent infinite error propa-
gation in recovery of the transmitted sequence [41].
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Pr (e)

OUTPUT SNR IN dB.

Figure 3.2 Probability of error versus output signal-to-
noise ratio for m=2 and m=4. p-perfect response; ML-
partial response f (D)=11iD? with maximum-likelihood se-
quence estimation and precoding; C-partial response
f(D)=1-D with conventional sample-by-sample decisions and
precoding; black dots - results of 10,000 sample simu-
lations of ML (Taken from Forney [22]).
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precoding‘ahd with symbol-by-symbol decisions. Simulation

results (10,000 symbols) for the maximum—likelihood se-
quence estimator at low signal—fo-noisé ratios are also
given.

Forney [22] has derived these results undér the
assumption that channel is known exactly. Consequently,
for_unknqwn‘channels these results have to be modified.
It would be desirable to know the worst possible perfor-
mance whiéh can be expected for any chanﬁel; Proakis ahd
Magée [31] have derived an expression for an upper bound
on the proﬁébility of error which depends upon the length
of the channel impulse fesponse. This approach basically
consists of deriving minimum distance (wofst) codes under
a fixed energy and impulse response length constraint.
Also computations [31] have shown that the error sequenée
for the minimum distance channel is always of the form
1-D. Préakis and Magee [34] have found miniﬁum distance
channels for different lengths and performance loss in
ds, for all these channels. The actual‘nonunique minimum=-
distance channels for lengths up to 10 are listed in
Table 2.

In order to complete the upperbounding for the im;

- pulse responses, the constant K,.in (3.16) must be
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Table 2. Performance Loss and Corresponding Nonunlque
Mlnlmum-Dlstance Impulse Response

Channel 1ength

Performance
loss (dB)

-10 logjoe d;in

Minimum-distance %
channel

10

1

(a,b) whereva2‘+ b? =1
(0.50,0.71,0.50)
(0.38,0.60,0.60,0.38)
(0.29,0.50,0.58,0.50,0.29)

(0 23,0.42,0.52,0.52,0.42,
0.23)

(0.19,0.35,0.46,0.50,0.46,
0.35,0.19)

(0.16,0.30,0.41,0.46,0.46,
0.41,0.30,0.16)

(0.14,0.26,0.36,0.43,0.45,
0.43,0.36,0.26,0.14)

I(0.12,0‘023'0-3‘2’0.39[0.42,
0.42,0.39,0.32,0.23,0.12)
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eValuated.‘ This is a simple matter because the worst
'.possible condition is a channel which éan have a continu-
ous string of errors without increasing the ﬁinimum error
distance. This can be evaluated by actually computing
the channels which correspond to this case. ‘These are
the so-called maximal distortion channels of Austin [81.
The constant K, for these channels and thus for all pos-

sible channels is upperbounded by

o) n ’
Ko< I (2n) (5 = 2m(m-1) (3.19)
n=l ,

3.4 Various Types of Adaptive Maximum-
Likelihood Sequence Estimation
Receivers and Their Performance

The maximum-likelihood sequence receiver structure
was initially formulated under the assumption that the
channel respsnse c(t) is known. It is often the éase in
the reallworld, the channel response is not known to us.
In this case, the receiver has to be adaptive to the un-
known channel. In tﬁeory the WMF (whitened matched fil-
ter) must also adapt to the channel impulse respénse as
well as the Viterbi decoder. If the WME' is fixed rather
than being adaptive, the noise at the output of WMF

'becomes‘corfelated. The effect of correlated noise has
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been partie;ly analyzed by Kobayashi [29] andeuershi
[32]. ‘These results indicate that even highly‘correlated
noise does not cause significant loss in the performance
of the Vlterbl decoder. Recently, quite a few adaptive
MLSE receiver structures have been proposed, and some of
these structures are described briefly now,
3.4.1 An Adaptive Maximum~Likelihood

Sequence Estimation Receiver
Using a Channel Estimator

‘This receiver structure has been suggested by
Magee and ffoakis [31]. Figure 3.3 shows the adaptive
receiver to be considered. This receiver structure as-
‘sumes that a whitened matched filter precedes the sampler
and thus only the sequence {zk} of sampled values is con-
sidered in_the anlysis. Since the Viterbi'algqfithm
requires a knowledge of the channel impulse respoﬁse to .
function, a channel estimator is provided which operates
on the 1nformatlon sequence estimate and received signal
sequence to provide a measurement of the channel response.
The channei estimator used is shown in Figure 3.4.

The eétimator'approximates.the actual channel with
a finitelstete'linear machine, that is, in exactly the

same manner. as .the channel model shown before in
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An adaptive maximum-likelihood receiver.
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Figure 3.1. The estimated channel path gains'{gi} are
ddjusted‘by:the steepest descent algorithm to minimize
the mean-squa;e error (MSE) between the actual received _
sequence and a received sequence estimate formed from the
output of the finite state machihe model. A is the ad-
justment paraméter,and the rate of convergence and accur-
acy'of‘the estimate depends upon this paramefer. - A delay,
the same as the VA decision deiay, is required to prop-
erly time the comparison between the received séquence
and the received sequence estimate. The operation of the
channel estimator is discussed in detail later.

It will now be shown that when the MSE between
2y and 2k'is minimized, the resulting values for the tap
gains of the channel estimator are the values of the sam-
pleé channeliimpulse response. For mathematical tracta-
bility, it is assumed that the estimated information se-
quence Lﬁk} is correct; i.e.,.{ﬁk} is identical to the
transmitted sequence'{xk}. This is a reasonable aSsqmp—
tion for a receiver operating at a low probability of

error. The MSE between the received sample Zz, and the

k
estimated sample Ek is

e = E(zk-Ek)2 (3.20)
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where

(3.21)

. X '
95 *x-j

. It is easily shown (Appendix A) that the tap gains
that minimize the MSE in (3.20) must satisfy the set of

w + 1 linear equations

-E‘ gkéjk = Bj J = 0, l, o v o0 g w (3.22)

k=0

where

=]
|
e}
X
»

ik j k) (3.23)

w
(]

]
<
th
©

In matrix notation, (3.22) becomes
G = B _ (3.24)

where © is.a (w+l) x (w+l) covariance matrix of the in-~
formation sequence Xy 1 and B is a column vector of the

(w+l) cross-correlations Bi = E(xi zk). The solutign to
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this set of equations is expressed in matrix form as’ '

1

GOpt =& 7B (3.25)

where Gopt'is the optimum set of tap gains in the‘sense

of minimum MSE. The minimum MSE is

MSEmin = E[(zk - zk) k]

£
E(zk . zk) B GOpt (3.26)

]

From ébove equations,‘it is obvious that as long
as the information sequence'{xk}'is uncorrelated, the
optimuﬁ tap gains for the channel estimator are exaétly
equal to the respecﬁive values of the channel impulse re-
- sponses. It is also apparent fhat when the length Q of
the channel estimétor is greater than or equal to the
length v oflfhe channel impulse response, the optimum
tap gains are equal to the respective values of the chan-
nel impulse response even when the information sequence
is correlated.

The ébvious way to solve (3.24) is to invert the
covariance mat:ix ®;.but B is not'known, and frequeﬁtly
the statistics of £he information sequence may also be

unknown. So this is not a practical solution to. the
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problem qf'findipg Gopt' An alternative technique used
here is the steepest descent algorithm for finding the
minimum of a function. This algorithm élso hélps in
making the receiver self adjusting. The algorithm becomes
ih this éase |

. k+1 k k.
g.. T = gL o+ A
gq gJ (e)

ﬁk_j 3 =0, 1, eoe, w (3.27)

where gk ﬁk;j is the product between the efror at the

kth iteration and the information symbol in the Jjth tap

at. the kth iterétion. Each iteration corresponds to the

entrance of new data into the channel estimator.
The'oberation of the channel estimator is now ex-

plained. Every T seconds a new data point z, and a new

k
information symbol ﬁk are fed into the CHanﬁél éstimator.
" An estimate of the received data Ek is formed by multi-
plying the’séquence of symbols §j stored in the tapped
delay iiné.by the corresponding tap-gains gi ana summing
the (w+l)lproducts. An error symbol ek is formed by taking

the difference between the actual data sample 2z, and the

k
estimate Qk. This error, scaled by a factor A, is then
multipiied by the symbol §j at the appropriate tap. The

resulting.broducts are added to the corresponding values
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of the previbus tap gains to form a new set of tap gains.
The dotted section of Figure 3.4 does two operations.
Firstly, the jth tap gain is incremented by the amount
~which is ek Aka_j. Secondly,'the incremented tap gain
multiplies the stored symbol and the-resulting product
'is then added together with the products obtained from
the other tap gains to form an estimate of the received
sample. In the receiver structure of Figure 3.3, these
new taps are fed to‘the Viterbi decoder for the next
computations. The convergence of this channel estimator
depends upon the adjustment parameter A. The behavior
and choice of the adjustment parameter A is discussed in,
more details in Chapter 1IV. . N

The above receiver makes use‘of the estimated in-
formation éequence'at the output of the Viterbi decoder
in making the adjustments. One may also send a short
training'seqﬁénce £o perform the initial adjustmeht of
the tap éains. Magee [31] has shown that this training
sequence- is not required in binary signalling, but it is
expected that multilevel signalling wéuld require a
training sequence during start up operation for most

dispersive channels.
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3.4.2 Performance of the Adaptive MLSE
Receiver Using. Channel Estimator

The §erformance of this type of adaptive receiver
structure has been derived by Magee [31] in combination
with Forneyls'Work [22]. When the information sequence
consists 6f‘l's and -1's sent with equal probability,
the upper bound on the symbol erro:.probability can be

expressed as

Pr(e) < K erfe(d , /20.) (3.28)

where K and dm. are constants dependent upon the error

in

structure of the channel and o, is dependent on the noise

N
variance and. the errors in the channel estimate. The con-
stant K and'dmin are determined as described in section
3.3. The error signal at the output of the channel esti-
mator is.a.result of the noise in-the chanhel, a noise

due to misadjustment of the tap gains in the chénnel ad-

justment and the error in the estimated information se-

quence. GN has been expressed by Magee [31] to equal

(3.29)

where

€, = A(wtl) €, .0 /2 (3.30)
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is thé noiée variance which takes into account tﬁe noise
due to the misadjustment in the tap gains and the error
in the estimated sequence.
A is the adjustment parameter.
W'is the length of the estimated channel.
min

€ . is the minimum MSE when the channel is known

exactly and

— 2 y
am'in = g° + €p(e) (3.30)

The errors inherent in ﬁk form an addition to the error
signal caused by the information sequence estimate. The
mean-square value of this noise (denoted as Ep(e)) is

approximately given by

A i
. 2 . min
ge_(e) =4d i Ki erfc( 5 ) {(3.31)

where déin is the energy contained in the minimum weight
error event and the remainder of the expression is the
probability'of'that error event described in- section 305.
It is obvious from (3.29) that there are two inde-
pendent noisé ferms affecting the decisions being made:
additive noise in the channel and channél estimation noise.

These two terms are additive in the way in which they af-

fect the metric computations in the Viterbi decoder. It
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is also assumed in deriving (3.28) that total noise is
Gaussian. This is approximately true because ny is a
Gaussian random variable and misadjgstment noise is ap-
proximately'Gaussian due to its being generated by channel
noise and the information sequence estimate summed over |

many terms.

The calculations necessary to evaluate (3.28) were
made by Magee and Proakis [31] for two channels shown in
Figure 3.5. -The results obtained by simulation for these
two channels are shown in Figure 3.6. The lower bound
corresponds to one derived by Forney [22]. The results
are plottéa with. symbol error probability versus iﬁput
signa;—to-hoise ratio. Input signal-to-noise ratio is

defined to be [31].

_ X 2
ISNR = 553 .and OX = 3 (3.31)

It is éuiﬁe clear from Figure 3.6 that this re-
ceiver structure provides a ;arge improvement over the
other nonlinear' schemes (decision—feedback schemes in
particulgr) and very nearly eliminates the effect of

intersymboi interference.
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Figure 3.5 Samples of channel impulse response.
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Figure 3.6 (a) Pr(e) vs. input SNR in dB. (Taken from [31]).
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Figure 3.6 (b) Pr(e) vs. input SNR in dB. (Taken from [31]).
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3.4.3 An Adaptive Maximum-Likelihood
Sequence Estimation Receiver
Using a Linear Equalizer

This basic receiver structure was mentioned by
Fprney [22] in his'cohclusions as a potential research
.area. But Quershi aﬁd Newhall [32] have considered this
suboptimum but simple and practical receiver in more
detail..

The receiver consists of a iinear adaptive equal-
izer in caﬁcade‘with a maximum-likelihood sequence esti-
mator. The purpose of the linear adaptive equalizer is to
limit the time spfead of the channel and mitigate time
variation before maximumhlikelihood'sequence estimation.
A block diaéram of -this type of receiver is shown in
Figure 3.7. Thé,adaptive equalizer helps in making the
overéli responéé of the dotted portion (see Figure 3.7)
equal to the desired response. Since thé complexity of
the MLSE increases exponentially with L (length of- the
channel), the adaptive receivér structure proposed by
Magee [31]'becomes'impfactical for éhannels with large L.
In such cases this type of receiver becomes é practiéal
alternative. The proposed adaptive receiver is shown in

Figure 3.8.
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Figure 3.7 An adaptive receiver with equalizer.
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In the present receiver structure, the matched fil-
ter is omitted, thus incurring some information loss.
However, for channels that are strictly band limited to
. 1/2T Hz, such as partial response channels, a low pass
filter to remove out-~of-band noise and a symbol-rate sam-
pler provide a set of sufficient statistics for estimating
{xk}. The Qperation of this receiver structure is now ex-
plained. The received sequence {zk} is first passed
through a‘linear édaptive equalizer which limits the inter-
symbol interference introduced by the channel. The equal-
izéd sequence {qk} is fed to a‘Viterbi defeétor which
produces an estimate'{ﬁk}:of the>information sequencé {xk}
with a delay of D symbol periods. .This estimate is the
recovered data. A sequence {ﬁk} of tentative decisions
chosen from the surviving path with the maximum log-
1ike1ihood is used for equalizer adjustment in the de-
cision directed mode. This sequence, which has suffered
a delay of B<D units in the Vitgrbi decoder, is passed
through a fixed non-recursive digital filter, the coeffi—
cients of WhiCh represent the desired pulse response
{gdk} of the channel and the equalizer in cascade. The

output of this digital filter is then the desired output




B STORAGE UNITS

s

A

RECEIVED
SEQUENCE
D > =
{zk}
CO Cl C2
A
ERROR
_ SEQUENCE | DELAY {ay}
B UNITS
¥

Figure 3.8

Proposed adaptive receiver.

VITERBI
DETECTOR

RECEIVED DATA
——

x (DELAYED BY
B UNITS)

~

|

TRAINING
MODE

cL




73
to prqducé.the error sequence {ek}. The tap gains of the
adéptive equalizer are adjuétéd to minimize the mean-
square error'iE(eﬁ), Since the error sequence is delayed
by B symbol périods, B additional storage units are needed
in the equalizer delay line to adaptively adjust the B
right—most'tap:gains.

The gist of the propésed approach is that the task
of the reéeption éf digital signéls in the presence of
intersymboi'interference is shafed by the equalizer and a
Viterbi deﬁector. This allows the MLSE receiver to be
made of practical size with only a small degradatioa in
performance. In addition, the equalizer perfbrmé better
and needs fewer taps since it is not'required to remove
intersymbol interference completely. It is obvious that
the choice of the desired channel-equalizer response is
an important factor. As mentioned earlier, the complexity °
of the MLSE is proportional to mL, practical considér-
ations demand that the number of samples L in the desired
impulse response be kept small (say, .2 or 3 for 8- or 4-
level systems). Second, a linear equalizer can equalize
valleys 6r_nuiis, in the‘transmissioﬂ chardcteristics of
the channél only at the cost of noise enhancement. Inter-

symbol interference caused by such channel characteristics
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can be better handled by the nonlinear MLSE. This sug-
gests that the desired impulse response of the channel-
equalizer combination should retain the gross channel
characteristics. One strategy is to select L contiguous
samples, inciuding the reference sample, from the actual
channel impuisé responsé. This choice of‘the desired
channel-equalizer pulse response decreases‘the mean-
square error at the input and, consequently, at fhe.out—
put of tﬁelequalizer; For unknown éhannels, the equalizer
can initially be used to find a ieast—mean-square error

estimate of the discrete-time channel model.

\
s

3.4.4 Performance of an Adaptive MLSE
Receiver Using a Linear Equalizer

The performance of this type of adaptive receiver
has been evaluated by Quershi and Newhall [32] quite ac-
curately. :The noise sequence'{nk} at the input to the
Viterbi detector consists of 1) white Gaussian.noise
passing through the equalizer, 2) excess ﬁoise due to
random fluctuations in the tap géins about their optimal
(least méaﬁésquare error) values, and 3)‘any interéymbol
interferénce other than the desired qontrolled value.

' The effect of this noise has been taken into account by
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Quershi [32], and the upper bound for symbol error prob-
ability is |
n=V m-|e

Pr(e) < I P (&) [W,(g) I
EEE u H i=0

xi|

- 1 (3.32)

where WH(ﬁ) is the Hamming weight defined earlier and
Pu(E) is defined in [32]. The lower bound for probability
of symbol'ertor is taken to be the samé as calculéted by
| Forney [22],

The ?ésults obtained for binary transmission over
a typical telephone channel are iilustrated.in Eiguré 3;9.
The sampled impulse fesponse of the channel is shown. in
Figure 3;10(a). The desired chanhel—equalizer impulse
response i;,éhown in Figure 3.10(b). It consists of three
main impulsés of the channel response. The frequenc&—
domain respénses correéponding to the sampled impulse
response~of Figﬁre 3.10(a) and the desired impulse response
of Figure 3.10(b) are illustrated in Figure 3.10(c). The
performance of a 33-tap linear adaptive equalizer for the
channel of Figure 3.10(a) is evaluated by computer simu-
lation and. is also presented in Figure 3.9 for comparison.
Figure 3.9 aiso shows the reéults obtained by compﬁter

simulation.
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Figure 3.10 (a) Samples of channel response, (b) Desired
channel-equalizer response, (c) Frequency-domain response.
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3.4.5 Comparison of these Two Adaptive
Receiver Structures -

If the channel is highly dispersive, the receiver
structure proposed by Magee [31] is not suitable because
the cémpleiity of the MLSE increases exponentially with
L énd conseqﬁently, this adapti&e recéiver strucéure
becomes_impraétical. In such cases a receiver using a
linear equalizer is less complex énd more practical. For
channels with small L, the receiver structure using a
channel estimator is nearly as good as optimum MLSE

receiver,




Chapter IV

DEVELOPMENT OF FASTER CONVERGING
CHANNEL ESTIMATION ALGORITHMS

In Chapter III, some adaptive maximum-likelihood
receivers were discussed. One of these receiver struc-
tures consists of a channel estimator to be used in con-
junction with the Viterbi algorithm. The tap gains of the
channel estimator are adjusted by minimizing the mean-
square error between the received signal and the estimated
signal. The algorithm used in the iterative process is
the steepest de;cenﬁ algorithm. The aéjustment parameter
(or step #ize) A is kept the same'iﬁ all iterations, i.e.,
A is fixed thfoughout the time during which the tap gains
are adjusted for the channel estimator. This fixed-step-
size algorithm often converges réther slowly, mahy iter-
ations may be needed to achieve reasonable performance.
Magee [31] ‘also suggested that more-rapidly-convérging
algorithms for channel estimation should be developed. In
this chapter, two algorithms for channel estimation are
developed and are shown to be much faster in convergence
than the fixed-step-size algorithm. Both these algorithms

make use of a variable step size.




4.1 First—-Order Algorithm
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The so-called first-order algorithm employs a

variable-step-size gradient search procedure for adjusting

the tap gdins of the channel estimator, and this algorithm

guarantees improvement at the end of a.fixed number of

iterations. Therefore, this algorithm is suitable only in

-the training mode. In other words, the prbposed algorithm

makes use of a set of isolated training pulses called the

test signal for the iterative adjustment of the parameters

of the channel estimator.

4.1.1 Variable Step Size

Some. of the equations described in Section 3.4 are

reproduced here in order to derive the corresponding re-

lations for a variable step size.

is again shown in Figure 4.1.

The

estimator are adjusted so that the

sample 2y and the estimated
€ (MSE)
where
%k
~
2z

sample

il

E(zk

The channel estimator
tap gains of the channel

MSE between the received

Qk is minimized.

- 2,)° (4.1)
A\

r f. %, .

3=0 J “k-3

Xy s (4.2)
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It is shown in Appendix A that the tap gains that

minimize the MSE in (4.1) must satisfy the set of (w+1)

linear equations.

w

L g, @, = p. i =0, 1, ... (4.3
k=ng jk BJ J ' r r W ( )
where
(o) =
5k = Bl .
- (4.4)
v _
B. = L £0&. .
I x=0 ¥ K
In matrix notation, (4.3) becomes

oG = B (4.5)

where ¢ is a (w+l)x(w+l) covariance matrix of the infor-
mation sequence'{xk}, and B is a column vector of the (w+1l)
cross—correlations B; = E(xizk)i The formal solution to

this set of equations is expressed in matrix form as

o a-1 |
GOpt = ¢. B (4.6)

where Gé is the row vector for the (w+l) optimal tap

pt
gains in the sense of minimum MSE. Since it is not pos-
sible (explained earlier in Chapter III) to find the solu-

tion of (4.5)'direct1y, gradient techniques are used. A
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steepest descent algorithm used by Proakis and Magee [31]

has the recursive relation

k+1 k A 3¢ . L
957 =95 - 7(557) J=0,1, ..., w (4.7)
J :

9 . . .
where 'gg— is the gradient of the mean-square error (4.1).
i
It follows from Appendix A that

de k A

; gj = - 2 e Xk—j (4.8)
Substituting (4.8) in (4.7), we get
k+1 _ k . kK a
gj = gj + A e xk—j (4.9)

Now in the variable-step-size approach, 4 is replaced by'a
variable step size, say ay - Then (4.7) becomes
k+1 _ k %k e
- TT(

gj = gj gg;) . | (4.10)

doe, ' . . .
Let-(;%) represent the gradient row vector at the kth
iteration: In vector notation equation (4.10) can be

represented as

¢ =6 - Sy : (4.11)
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Definition: The difference between the estimated tap gain
and optimal‘tap gain is defined as the deviation in the

estimated tap gain from the optimal tap gain.

b- = dgdg, - g j =0, l" ceeg W (4-12)

J J jopt
Where'bg is the deviation in the jth estimated tap gain from
the optimal tap gain at the kth iteration. In vector

notation equation (4.12) becomes

k _ -~k _ ' '
where Ek, Gk, Gopt are all vectors.‘ It follows from
equétion (4.11) that
K+l | gk %k 2, (4.14)
= - 5 (55 .
k+1 _ k+1 _
E = G Gopt (4.15)
k _ ~k _ -
E" =G Gopt '(4.16)

E -E =G -G (4.17)

Sﬁbstitutingl(4.l7) in (4.14) results into
3 [0
k+1 k "k Q¢
E - ET = 5 (Tﬁ) (4.18)
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It follows from Appendix A that

d

alo

Commbining (4.19) and (4.18) yields

-0
gktl _ gk

Ek+l k

k

= (~2) (B-2GK)

k
E™ + ak(B oG™)

= (55 (-2) (B-eck)

= E° - 0. 0G + 0.B

k

k

k

= g - o, 08

k

The solution of (4.21) at the Mth step is

(I-de) E

M _ 0
E" = PM(Q) E
where
M=1
-~ P (%) = II (I-
" k=0: K

k

k

®)

k

k
E -qu(G -0

_lB)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

polynomial of degree M in 9.

. The best‘fiked-steg-size algorithm suggested by Proakis

and Magee IBl] is optimum locally in the sense that the
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optimum step size to go from one iteration to ' the next is

given by
A = 2/Ama

is the largest eigenvalue of the matrix ¢. How-.

% (4.24)

where A
max

ever, we shali consider the error vector only at the Mth
iteration and minimize the norm of the tap-gain error vec-

M” M-1

tor ||E 0

by finding the optimum set of step sizes'{ai}
to be used in M iterations. The local behavior of the.
error norm for the M~1 intermediate iterations will be dis-

regarded. From (4.22) it follows that

IEY]] = llp, (). E°[l<[py (2]

- ||E?]] (4.25)

We shall consider finding the set {ai}%-l which minimizes
an upper bound to the norm of PM(®). Thus, the minimum
will be independent of any given initial setting.

' The.ﬁorm of PM(Q), as defined 5y Varga [37], is the
larggst eigéhvalue of PM(Q) in magnitude. Since PM(Q) is a
polynomial‘injé, the eigenvalues of PM(Q) are the values of
the polynomial PM(x) when evaluated at the eigenvalues of
0. Thereforé, the problem is reduced to finding the set of
step sizes géﬁerating the polynomial operator PM(X)'such

that
e (®) ]| = max |P_(r,)] (4.26)
. M Xi(é) M1

is minimum.
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The eigenvalues of ¢ aré not known ih advance Sihce
the statistics of the input information are not completely
known. However, one can assume that upper and lower bounds
to the eigenvalues are known. Let us rep;esent the upper
and lower bound as.)xu andllz, respectively. Given thatl_
only the range 6f eigenvalues (AQ,AH) is known, the opti=-
mization problem.can be restated in termé of the upper
bound |

max |P, (A.)

. < max |P_(x) (4.27)
@] MU )

.Aﬂfxiku

Instead of minimizing the maximum magnitude over
the discrete set {xi}, we shall minimize for the worst
distribution of the eigenvalues; The step sizes {ai}?_l
will be chosen so as to minimize the peak value of the
resulting pdlynomial over the range (AZ,Au). Among poly-
nomials of.degree M, the polynomial of least magnitude in

the interval (-1,1) is the Chebyshev polynomial (Varga [37],

p. 137) TM(y) defined by

T, (¥) = cos (M cosly) ly] <1, M >0

cosh (M cosh-ly) y >1, M>0




AThe‘mapping

y = (fx—:x———x - (4.29)

maps the regidn (Au,AR) to the (-1,1) region. Theréfore,
the solution to our problem is simply given in terms of
the Chebyshev polynomial

A+A —2x%

A u
PM(X) = Constant . TM‘(W) (4.30)

Using (4.23), we obtain PM(O) = I. Therefore, the optimum

polynomial operator is’

Au+kz-2x

Ty =
P (x) = u 4
M A +A
(_E__&)
T —
M lu AK

)

(4.31)

Equation (4.23) shows that the zeros of the polynomial

Py (x) are at x = 5;. It follows that the step sizes {ak}

k .
are the reciprocals of the zeros of PM(x). The zeros of

the Chebyshe& polynomial TM(y) are given by

(2kt1) T
cos (——21\—4———) - (4 .32)
k = O' l" .oy M—l

Yy

(A +hg -2

K
%) (4.33)
}‘u A .

L
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Thus, the equation for the optimum set of step sizés is’
0, = 2 = 2[ (A +2,) - (h-2,) cos ({21 T, 1
k Xy SRRTRR 4 u "4 2M
Since ¢ is a positive-definite matrix, a lower bound to

the eigenvélués of ¢ can be taken as zero. Using the

relation 1 - cos® =.2 sinzg, the relation for o

k
becomes
v = 2 1
k Au 2 .sin28/2
‘ k=0, 1, ..., M-1
_ 1 g
= X sin?8/2 . (4.34)
u
_ (2k+1)1II
where 0 = ~—§E———
For k = 0 or M = 1, equation (4.36) yields Q, = %L which
u

is just the optimum fixed step size (4.24). The upper
bound to the largest eigenvalue for the positive definite
matrix ¢ is given as

trace & = I A, > A : {4.35)
P max

Then, a simple upper bound is

Au = trace @ (4.36)
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4.1.2 Performance of First-Order Algorithm and Simulation
Results

As mentioned earlier, the decrease in the norm of

the error vector is guaranteed at the Mth step, while after

some of the M-1 intermediate steps the norm of the error
vector may have. increased depending on the order of using -
step sizes. That is why this algorithm is suitable only.
‘in the tra;nihg mode not in the tracking mode; The track-
ing mode QOes not require test signal and thﬁs this mpde
obviates fhe_necessity for a long training period. The
analysis for rate of convergence of this algorithm has

been carried out in Appendix C.

Simulation Results

Théusimulation results were obtained for two chan-
nels referred to as channel A and channel B as shown in
Figure 4.2. The length of the channel was assumed to be
5. The largest eigenvalue upper bound was calculated from
the trace of the covariance matrix ¢. The input symbols
were assuﬁed to be equally probable. The fixed step.size
. was taken to be 0.01. The input signal-to-noise ratio was
held at 16.99 or 50 dB. Bipolar binary information Qas
used throughout the simulation. The recursive algorithm

-for updating the tap gains of the channel estimator, given
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Figure 4.2 Samples of channel impulse response.
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in (4.10), employs unbiased noisy estimates of the (w%l)
gradients. The noise in these estimates causes random
fluctuations in the tap gains about their least—ﬁean-
square-error-optimal values and thus leads to an increase
in the MSE. The increase in MSE above thé minimum
achievable MSE due to the estimation of noisy gradients
has been terméd "excess-mean-square-error" [53];

It is obvious that the amplitude of the random
fluctuatioﬁs of the tap gains increase with an increase in
the value of Oy » Thus, -a large value of Oy v which causes
rapid adaptation results in a large excess MSE, wﬁile a
small value'of Oy v causing slow adaptation, results in a

small excess MSE. It is clear from this discussion that

the choice of O involves a tradeoff between the speed of

convergence of the recursive algorithm and-the amount of
excess MSE that can be tolerated. The author has found
that a useful guideline in selecting a value of.the param-
eter Oy for a given channel islto choose O sé that it is
ten percent of its analytic value. The norm of the error
vector vefsus the number of iterations is plotted in
Figures 4.3 and 4.4 using first-order élgorithh for

channels A and B. These plots,cleariy illustrate the
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Figure 4.3(a) Plot of norm of the error vector vs.
iterations.
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Figure 4.3(b) Plot of norm of the error vector vs.
iterations.
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Figure 4.4 (a) Plot of norm of the error vector vs.
iterations.
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Figure 4.4 (b) Plot of norm of the error vector vs.
iterations.
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advantages of the first-order algorithm relative to the

fixed-step-size algorithm.

4.2 Second-Order Algorithm

The fifst-order algorithmldescribed above is useful
only in a tréﬁning mode because the imprbvement is guaran-
teed only at the end of every M iteration, not at iter;
ations in between. Therefore, we consider a second-order
search algorithm designed to provide the minimum norm of
the tap—gaiﬁ-érror at each iteration. Convergence in an

average sense is thus always monotonic.

4.2.1 Second-Order Algorithm Derivation

The recursive relation used in the second-order
algorithm is of the form
k-1

k
+ N
Bk (gJ g

Ck+l _ k _ %k se
2 J

= g, - ag_

95 3 ; ) (4.37)

where ak‘and Bk are to be found so that the norm of the
error vector decreases at each step. We know from our

previdusireSults that

G

I
w

and

opt
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.

where ¢, G, Gopt’ and B have the same meanihg as described
earlier. It is also cléar from the derivation of first-
order algorithm that

E = G - & 7B

¢t = Bl 4 o7y (4.38)

k+1 k  %k,0e, .. k k-1
where
de _ foe
6 = 155.)
95
Substituting the relation for G5'1 from (4.38) into (4.39),
we get
k+1 , -1, _ -k _ %k d¢ _ k-1
E + & "B =G Z(BG) + Bk(G G )
Cok+l _ ok o.=1. %k 5e _ k-1
E = G ® °B 2(3G)+Bk(G G )
_ , . (4.40)
Now GF - ®—1B.; EX ana ¢f - gkt = gf - gk-1 which are
" used in (4.40) to obtain
gl gk ??(%5) N Bk(Ek'- k-1,
‘ ‘ (4.41)
-1+ gy BN - EQE L g gkl
k 2 '3C %
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But from Appendix A,

'g% = (=2) (B - @Gk) and (4.41) becomes
¥l = (148 EF - %%(-2)(5 - 9¢*) - g, BT
= (14 8) gF + ak®(¢"lB - c5 - By gL
= (1 +8,) B+ a0~ - g B
- {}1 +8) T - ak%} B - g, BT (4.42)
where I is the (w+l) x (w+l) identity matrix.
Equation (4.42) can aiso be written in the form
Bl = p () B  (4.43)

where Pk(éy is a polynomial of degree k in' the matrix ¢

-and is readily shown to satisfy the second-order recursion
-Pk+l(®) = [}1 + Bk) I - aké] Pk(é) - BkPk_l(Q)(4.44)

In the first-order algorithm derivation, it is

k||, was minimized in a

shown that the norm of EY, || E
least upper-bound sense, by forcing Pk(®) to be a
Chebyshev polynomial of order k. 1In particular, we showed

that g
T (VI = 5=
u R

-(4.45)

Py () = 'Tk(Y)
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with Tk(y)”the first-Order_CheByshev polynomial,
¥ _-Au+AL
Au_Az

lower bounds to the eigenvalues of ®. With the first-order

P and.Au and_Kg, respectively, the upper[and

algorithmlIEk || could be minimized in a least-upper-bound

sense at one value of k only. We demonstrate now that the
second~order algorithm enables us to continually minimize

tﬂe norm of the tap gain errof. Recall [51] that Tk(A)

‘satisfy the recursive relation
Tk+l(A) =2AT () - T _;(a) (4.46)

Substituting (4.45) into (4.44) and letting
2

A= ~yI -~ s @ it is apparent (Appendix B) that (4.46)
u "4
and (4.44) are identical, provided that
Tpmq (Y)
Bk = m‘r k - l, 2, e e s (4.47)
k+1
and
: Ll (1+8) (4.48)
B = — = 1 + °
2

with By = 0, and o, = X‘i?;
- - Tu
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The Oy and Bk parameters can be readily calculated recur-
sively from (4.46) and 4.47). From Appendix B, it also

follows that

- (1+8,) ‘
Bk+l = (4.Y2_l_sk) k = l’ 2, oo . (4.49)
. VPN, |
with 8, = (2y°-1)
ag = 2/ (A +A,)
%k+1 =.“o(1+5k+1) k=20,1, ?' e ~ (4.50)

Equations (4.49) and (4.50) thus p;ovide the valués of Oy
and Bk to be used in the iterative algorithm of (4.37) to
guarantée that at any Value’of k,.E ig minimum in é least~-
upper~bound sense.

As meﬁtioned earlier, & is in general a positive-
definite matrix. So the lower bound Az can be assumed as

zero. Hence,

A
y. = A“*Q -1 (4.51)
u-0 co

Equations (4.49) and (4.50) are further simplified to the

following equations:




Bk+l = W k = l, 2, oo (4.51)

Oppp = % (1 + B 0)  k=0,1,2, ... (4.52)

Equations (4.51) and (4.52) are to bé used in the second-
order recursive relation (4.37). The superiority of this
algorifhm over the fixed-step-size algorifhm has been

shown by simulation as described next.

4.2.2 Performance of Second-Order Algorithm and Simulation

Results

It has been shown [36] that with the second-order
algorithm, the norm of the tap-gain error decreases at
each step; and therefore, this algorithm performs better
than the‘firsf-order algorithm.. Considerable improvemént
in the rate of convergence over the fixed-step algorithm
is possible using the second-order algorithm. In terms
of comﬁuting machine applications, the second-order iter-
ative method requires an additional vector of storage over

- the iterative method of first-order, an item which can be
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of considerable weight in the solution of large matrix
problems.

Simulation Results

Simulation results using second-order algorithm
were obtaihed.again for the channels A and B. The recur-
sive_(4.37) for the adjustment of the tap éains of the
channel estimator makes use of the gradients of the mean-
square error. Unbiased estimates of the gradients are
used in the recursive relation (4.37) as it is not possible
(in general) to find the true-value of the gradients. As
explained‘earlier, this noisy estimate of the gradients
caused an increase in an excess MSE. Thus, the a's ob-
tained analytically in equation (4.52) were not employed
directly, but ten percent of actual afs were used in the
recursive'relétion (4.37) to account fpr fhe‘noiéy esti-
mate of £he.graaients. All other parameters were taken
to be the same as for the first-order algorithm. The‘
results obtained are shown in Figures 4.5 and 4.6 for two

channels.
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Figure 4.5(a) Plot of norm of the error vector vs.
iterations.
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Figure 4.6(a) Plot of norm of the error vector vs.
iterations.
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Figure 4.6 (b) Plot of norm of the error vector vs.
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Chapter V

SENSITIVITY STUDY OF FORNEY'S SUBOPTIMUM ALGORITHM
AND EQUALIZATION SCHEME FOR MAKING FORNEY'S
SUBOPTIMUM ALGORITHM ADAPTIVE

5.1 Forney's Suboptimum Algorithm

This suboptimum algorithm is suitable for the class
of partial respénses £(D) = 1:D%, and we will describe in
detail the suboptimum algorithm for a pérticular type of
partial response £(D) ='l—D. This scheme involves making
tentative decisions that are then corrected by a single

error detecting and correcting decoder. Since

£(D) = 1-D | (5.1)
and . -
y(D) = x(D)£ (D) (5.2)
it follows that
Yo T X T ¥y (5.3)

With m-level inputs xk,'the output signals Yy take
on (2m-1) differént levels. These output signals‘yk are
~corrupted by noise to form 2y whiéh is the observed output.
Tentative decisions Yy are made from the noisy outputs as

to which output signal level is most probable. Since
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there are more (2m-1l)-ary sequences than,m—ary1 sequences,
certain sequences of tentative decisions can be recognized
as impossible in the sense that no allowable input segquence
could have caused them. This type of redundancy is used
to detect errors in the tentative decisions.

In order to determine if the tentative decision se-
quence is allowable, the general method is td pass ¥ (D)
through an inverse filter with impulse responsell/f(D) and
to see whether an allowable input &(D) comes out. For the
particular'reSponse f(D) = 1-D, such a filter is realized.

by the feedback circuit in which % This

x = ¥t Ry
feedback circuit is shown in Figure 5.1.
Whenever a single error is made, say'§k= Yi * 1, the
output ﬁk'at that time will be one unit higher thén the
corresponding input xk.csee Figure 5.1). Because of the
feedback,lthe error continues to propagaté in the circuit
and raiseé all subsequent ﬁk by one unit as well. At the
first time k'>k for which x! = m-1, we will observe the
unallowable lgvel xﬁ = m and detect the error. At this

time we can reset xi to m~-1 and error propagation ceases.

lm—arﬁz sequence is a sequence with alphabet size
equal to m. - :
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X
= "k

Figure 5.1 Inverse linear filter with response 1/(1-D).

34 0 = UNIT STORAGE }—>

TENTATIVE | §, +
DECISIONS e > LIMIT—>= D

= CORRECTIONS

l:l\k ¢?k f k

CORRECTION CIRCUIT

Figure 5.2 Error-correction algorithm block diagram.
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Similarly, negative errors are detected when x,_, <0.

!

The error detection circuit yields additional infor-
mation befond simply detecting the error. First, it indi-
cates the polérity of the error. Second, observe that
whenever ﬁk =‘0 it is certain that no positive error is
circulating in the circuit, since that would imply xk<0;
similarly ﬁk = m-; implies no negative error. When we
detect a positive error we can thereférekkasure'that it
occurred in the finite time span since the'last time
%, =0 andllikewise for a negative error.

To localize the error within this time span rééuires
information about the reliability of each tentative de-
cision. Let the apparent error ﬁk be defined as
ﬁk = 2z —.§k7 for any reasonable noise distribution the
téntative'deéision most likely to be in error is that fdr
which ﬁk has the largest magnitude with appropriate polar-
ity. We, thereﬁore, correct in' that place. Figure 5.2
shqws.the circuit that generates ﬁk, ﬁk' and ﬁk and stores
tentative dgcisions for § time‘units awaiting correction.
To deterﬁine how long the storage time 8 should be, we

note that the probébility an error at time k will not have

" been detected before k+t is (l-l/m)T, the probability that
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T consecutive input symbols are not eqﬁal to m-1 or 0, as
the case may pe. For m=4 and 6=20, (1-%)6 = 0.003; thus,
if 6=20, one out of 300 errors will not be detected in
time. This is satisfactory if and only if we are lookihg
for not moré;than about two orders of magnitude of error
rate improvément,

This algofithm has been used in a commercially

available 9600 bit/s telephone line modem with 4800

inputs/s, m=2 or 4 and a partial response for m=2 or 4 with

£(D) = 1-D?. To implement an equivalent algorifhm for m=2
or 4 with £(D) = 1-D? with integrated resistor-transistor
logic (RTL):circuits (2 flip/flops per IC) took about 50
integrated dircuits, including all of the control logic.
With'this algorithm, the errof rates are in the range of

1073 - 1072

which is an order of'magnifude or so improve-
ment in error rate with a tendency to less improvement at
the higher error rate and more at the lower.
The:equivalence'of this algorithm to maximum-
likelihood sequence estimation under two. assumptions has

been shown by Forney [22]. These assumptions are:

Assumption 1. No noise of magnitude Inklzl occurs.
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Assumption 2. After any single tentative decision erfor
[]nklzéj,.no second error occurs before the error is
detected.

Using these assumptions, Forney [22] has been able
to show the equivalence. Moreover, the probability that
the above assumbtions are not true is very small. There-
fore, this suboptimum algorithm works almost as well as
the Viterbi -algorithm. The advantége of the suboptimum
algorithm over the Viterbi algorithm is that it is very

simple and much easier to implement.

5.2 Sensitivity Study of Forney's Suboptimum Algorithm

In.actual practice £ (D) will not be exactly equal
to 1-D. 'In this section, we consider the effects of élight
variations in £(D) = l—ﬁ. Since analytic resuitg are hard
to obtain, the effects of slight differences in f(ﬁ) from
1-D have been iﬁvestigated using simulation. Simulation

results were obtained for the following £ (D):

1-D o (5.4)

£(D) =

£(D) = 1-0.98D (5.5)
£(D) = 1-D-0,1 D? L (5.6)
£(D) = 1-D+0.2 D? (5.7)
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Simulation Results

The simulation results were obtained for the above
sampled channel responses using the method of computer sim-
ulation explained in Appendix D. The lower and upper bounds
‘were takeﬁ to be the same as.given by Forney [22]. Fig-
ﬁre.5.3 shows:the results obtained for different £(D) with
log of probability of error versus output signal-to-noise
ratio. It is obvious from these plots that this suboptimum -

algorithm is not sensitive to small fluctuations in £(D).

5.3 Adaptive Version of Suboptimum Algorithm

As mentioned earlier, Fbrney‘s suboptimum algorithm
is suitable for £(D) = lipn. This seétion will describe a
scheme to make the suboptimum algorithm suitable for f£(D)
which is different from 1iDn. A linear equalizer is used
in conjunction with the channel model and the purpose of
the equaliZer is to make the overall response (of channel
and equalizér) behave like the desired response for the
suboptimum algorithm.

The test signal is used for adjusting'the tap gains
of the equélizer, and hence this scheme can be used on;y
in the training mode. The basic scheme is rebresented by

the block diagram in Figure 5.4.




n (D)

TEST SIGNAL NOISE ?igAéﬁﬁR
SEQUENCE
TRANSMITTER e CONTROLLER

A7

¢
N DISCRETE-

TIME CHANNEL i EQUALIZER
MODEL

DATA SUBOPTIMUM
TRANSMITTER ALGORITHM

6TT

Figure 5.4 Block diagram of equalization scheme for suboptimum algorithm.
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Notation:

x(D): Test signal sequence (This scheme will work in the
best way if we have advance knowledge of the trans-
mitted signal, i.e., if the transmitted signal is
thelsame as the test signal.).

£f(D): Sampied éhénnel response.

e(D): Sampled equalizer response.

F(D): Sampled résponse obtained by convolving f(D) and

e(D), i.e.,

F(D) = e(D) £(D) (5.9)
v Span'of the channel response.
£(D): £(D) % £, + f;D + £,0% + ...+ £ DV (5.10)
e(D): e(D)’= e, + e,D + e2D2 + e+ epr (5.11)
p: The degree of the polynomial e(D).
r: r = (p+v) is the degree of the polynomial F(D).
F(D) = (e, + ,D + ... epr)(f0 +'£;D + ... £D)
,Fj: #j = jth coefficient of the polynomial F (D).
S - (5.12)
i=o *+ J7%

z(D): Output sequence after equalization

z (D) x(D) F(D) + n(D) (5.13)

n (D)

e (D) n' (D) (5.14)
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n'(D): Noise sequence before equalization.
n(D): Noise seqﬁence at the output of the equalizer.

p

. = LI ‘
ne:o Ny _E ejnk—j (5.15)
3=0
Z 3 z, = Received signal after equalization
rl
= I F, .+ n 5.16
j=o 3 k-3 7 Tk (5-16)
Substituting forEﬁ from (5.12), (5.16) becomes
. I (% e £, ) I e.nt (5.17)
z2, = ‘ e.f. .) x, _. + e.n’ . 5.17
k §=0 i=0 iTj-1 k=3 4=0 3 k=]
Zrat %kag = desired output after equallzatlon
= X T X g (5.18)
Ek: Ek = (zk - de)
g ( g f ) g !
= e.f. ) %X _. + 2Ze.n . =X + X _
j=0 i=0 i7j-1 k-j 5=0 J k-3 k k-1
(5.19)
- - 2
ER. ER E(Ek)
- 2
E(E'f) gi'
= B e, f. .)x, _. + e.n_ . - X + X _
§=0 i=0 173=-1""k~j =0 ik=-J k k-1

(5.20)
The problem is to minimize the mean-square error ER by

' adjusting the taps of the equalizef. Differentiating the
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expression (5.20) with respect to ey and interchanging the

order of expectation, we get

BER r :
1 . 3=0 (5.21)
For i = 0, (5.21) reduces to.
BER r
= E|2(E L £f.x . + n!
= (B,) (j=0 Koy )
But r v r
2 f, x L. +n'. = L f.x . 4+n'+ I f. x, .
=0 J "k-J k §=0 37k=3 k j=v+1 j Tk-=3
(5.22)
and r
z £. X _. = 0 (because f. = 0 for j>v)
j=v+1.J J I (5.23)
So (5.22) reduces to
v
LIS |
jiofj Xk—j + nk 'Zk (5.24)

where zi is the actual received signal obtained before

equalization.

BER
53: = BE(2 Ek zi) (5.25)
Similarly
OB, . r
Per E[Z Ek(jiofj—l k-3 7 nﬁ-ﬂj (5.26)




t -— t
B T T P W R 1
J . (5.27)
v+l ' r
= I £, .+ I £, . + n'
521 31 g - joysa 371 =g T -1
Let j = g+1,
r-1 v
+ ] z ]
q=0fq -g-1 T k-1 q=0fq *k-g-1 © Pk-1
So in general,
BER
= 1
’F“ej E(2 By zg_s) (5.28)

The recursive relation to be used in the adjustment of the

taps of the equalizer is

OE
k+l _ k A R . : :
ej = ej -55_6—3- J = 0, 1, ecsey P (5.29)

It is not pbssible to calculate E(E, zi_j) because this
calculation depends on the channel response which in gen-
eral is not known. To overcome this difficulty, one can
use the uﬁbiased estimate of the gradient as suggested by
Widrow [45]{. Using the unbiased estimate the recursive

relation (5.29) becomes
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Ck+l _ k _ A \
ey = ey 5(2)Ep 2k
. j=0,1, co., P
=X -am 2o
J k “k-]

(5.30)

where A is the adjustment parameter.

The complete diagram for the adjustment of the tap
gains of the equalizer is shown in Figure 5.5.
5.4 Simulation Results Obtained

for an Adaptive Equalization
Scheme

The simulation results were obtained for two types
of channels. The sampled responses for these two channels

is given by

£(D)

1-D+ 0.5 D?

f(D) =1 - 0.5 D - 0.5 D2

The eQﬁalizer had 11 tabs and the main tap was
set equal to 1 for start-up operation. 1000 symbols were
used.in order to adjust the equalizer tap gains before the
receiver started making decisions. The simulated proba-
bility of error was calculated by actually counting the
" number of efrors in 10,000 symbols. The lower bound for
the probability of error was assumed to be the probability

of error with no intersymbol interference. The upper
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bound for probability of error was taken to be one derived
by Forney [22]. 1In actual practice, the probability of

symbol error will be somewhat higher than given by the

above upper bound because the equalizer will not be perfect

in having the desired response. Moreover, the equalizer
-+ introduces séme additional interéymbol interference and
‘it also enhances the noise.

The results were plotted with log of probability of
error versus output signal-to-noise ratio. The simulation
results afe shown by dots in Figures 5.6(a) and 5.6(b).
The crosses on the plots show the results without equal-
ization. Thus, it is obvious from Figures 5.6(a) and
5.6 (b) Ehat equalization heips a great deal in reducing

the probability of error.




Chapter VI
SUMMARY AND SUGGESTED FUTURE RESEARCH

6.1 Introduction

This .chapter summarizes the results obtained and
describes the conclusions drawn from the research con-

ducted. The significance of the findings of this thesis

is discussed, and possible directions for the extension of'

the work are mentioned.

6.2 Summary and Conclusions

The general problem of intersymbol intefference in
pulse transmission is of considerable practical interest
and has received much attention in this thesis. Most of
the attempts to combat the problem generally fell short of
optimum pérformance until recently when the applicability
of the Vitegbi algorithm was recognizea. The superiority
of Forney;s [22] optimum receiver over £hé other nonlinear
and linear receivers was discussed in this thesis, and'it
was indicatgd that Forney's [22] receiﬁer had a great po-
tential for_combating the problem of intersymbol interfer-
ence. The diécfeté—time model developed by Forney [22] was
presented in detail, and it was shown that this disciete

model was more suitable than the continuous~time model
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Maximum~-likelihood techniques for sequence estima-
tion were discussed, and the usefulness of the Viterbi
algorithm for the task of sequence'estimation was described.
Maximum-likelihood sequence estimation using the Viterbi
algorithm was later proven to be asympototically optimum.
Some adaptive-maximum-likelihood sequence estimation re-
ceivers were-presented.and their relative:performance and
complexity were discussed.

An adaptive receiver structure proposed by Proakis
and Magee [31] had a channel estimator to be used in com-
bination with the Viterbi algorithm. This channel esti-
mator suffered from the disadvantage of being slow in con-
vergence to the optiﬁum channel pulse response. Two al-
gorithms for channel estimation were developed in this
thesis and which were shown to converge more rapidly than
the fixed-step-size algorithm used by Proakis and Magee
[31] in their adaptive receiver structure. Simulation re-
sults obtained showed the superiority of these algorithms.
| .Fihally, Forney's [22] suboptimum algorithm for se-
qguence estimation was described; it became apparent from
simulation results that small changes in f£(D) did not
cause a significant loss in the performance of this algo-

rithm. An adaptive version of the suboptimum algorithm
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was developed; the results indicated that the equalization
scheme did reduce the probability'bf error significantly.
The‘foilowing conclusions were reached during the
conduct of this research:
(1) Forney's [22] optimum receiver has superceded all the
other linear and nonlinear receivers for the detection of
digital signals in the presence of intersymbol interfef—
ence and ﬁoise. The work performed on symbol=-by-symbol
nonlinear detection techniques was nonproductive.

(2) An adaptive MLSE receiver structure using a linear

equalizer is found to be more useful for highly dispersive

channels than the édaptive receiver suggested by Proakis
and Magee [31]. But the adaptive receiver using channel
estimator [31l] is asymptotically optimum and less complex
for channels with lengths of 2 or 3. Also, an adaptive
receiver using a linear‘equalizef is suboptimum, but more
readily implemented. The linear equalizer enhances noise
near nulls.

(3) Two faster converging algorithms for channel esti-
mation were derived. The second-order ‘algorithm performs
better than the first-order algorithm, while the first-

order algorithm works much better than the fixed-step-size

algorithm.
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(4) Forney's suboptimum algorithm performanée is not de-
graded much by the small fluctuations in the channel im-
pulse response. An adaptive equalization scheme used in
combination with this suboptimum algorithm helps a great |
deal in reducing the probability of symbol error for chan-

nels whose pulse response is different from lipn.

6.3 Suggestions-for Future Research

The following areas appear to be fruitful for future
work:
(l’ It would be desirable to have simplified or approki—
mate forms for the Viterbi algorithm for channels having
response other than lipn in order to enhance the economic
feasibility of the BA receiver structure.
(2) Some additional work on sequential receiver struc-
tures, éuch:as the results of Ungerboeck [14] is in 6rder
to see if simpiified adaptive realizations of these struc-
tures are possible.
(3) The WOfk,of Proakis and Magee [31] assumes that an
adaptive realization of a whitened matched filter is used
to track channel response and that this tracking is exact.
They .then concentrate on adjusting the parameters of the

traﬁsversal'filter f(D); What happens when these
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assumptions are not met? How does this affect the perfor-
mance of the MLSE receiver?
(4) Forney'é [22] work is based on the fact that the
channel impulse response is of finite duration. It would
be interestiﬁg to extend Forney's work to channels wifh
infinite-duration impulse responses.
(5) It should be possible to develop a variable-step-size
algorithm for channel estimation using aynamic programming
[28] as a tool for selecting the step sizes'ﬂH}'by imposing
constraints on the average excess mean-squared error and

the number of iterations.
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APPENDIX A

DERIVATION OF EQUATIONS (3.22),
(4.3), (4.8), AND (4.19)

It follows from (4.1) that MSE is given by

, _ _ 2 2 .
€ (MSE) —-E(zk zk) (1)
where
v
z2, =n + L X
k k j=0 3 “k-j
and
\
2, = Z g, x _
K 52073 k3

Substituting the relations for z, and Ek into (1) and we
get

2
v w

'€(MSE) = E|(n_+ ¥ f..x . - I g, x _z) (2)
~ [ k=0 3 Tk 55073 7R3
‘ Differentiating (2) with respect to 9,0 the relation ob-

tained is

d¢ v w

= I £, x Ig.x _.)(-2x .} 3)
ag; = Bliny + S -
95 | k 5=0 3 “k-j 5=0 j “k-3j k=i
JdE L
5= =0 for minimum mean-square error.

93




w
E{(n, + Zf,. x .~ Lg.x _)(-2x% _.)}=0
k 3=0 J *x J =0 j “k-j k-1
v W
(-2) E{n, x,_; +( I L (;.:ogJ Xe_g) ¥eoi} =0
- v : w
E{nk.xk—i +(j£0f. Xk—j)xk-i (jiogj Xk_j) Xk-i} 0

(4)

Assumptions:

l. The noise sequence and information sequence are not
correlated.
2. The information sequence'{xk} is uncorrelated.

Using the above assumptions, (4) reduces to

v w :
| jzofj B 5% _,) = jiogj B(xy 5% _y) (5)
- But E(Xk—jxkri) = ¢3i
Thus, relation (5) reduces to
w v
.jiogj jS - jiofj jS _ (6)
= By

i=0,1, 2, coo, w
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v
where Bi = 2 f,

o, ..
. j ji
j=0

Equation (6) is the same as (4.3) and (3.22).

Equation (3) can also be put in other form as shown below

o€ { ‘{: Vz\:I '

= £. .- . ) (- .
R jm0 3 k3 T 2% key) 20 b

= E(zk - ﬁk)(— 2xk_i)

- _ k

= E(- 2 e X3 ) (7)

Sinceiit is hard to find the expected value of the quan-
tity on the right side of equation (7), an unbiased esti-

mate of the gradient is used. Therefore, (7) becomes

Q

€ k

9.
i

|

Q

Furthermore, it is assumed that the receiver is making

correct decisions; using this fact in (8), we get

[ —_— kA .
3 =-2e% . (9)

Qo

Q]

=-2ex (8)




138

Equation (3) is written here again to derive relation

(4.19)
{ z r }
= Ei{(n, + Z f. x _s - L g. x ) (=2 % )
k j=0 J k=-J j=0 J k-3 k=i
v w
= —2E{(E,fj Xk—j)(xk'i) - (_E 95 xk_J)(xk_l)}
. 3=0 3=0
: v w
= -2( 2 f, ¢,, - I ¢
} (j=0 J Ja J=Ogj Jl)
w .
= - w = & g. .
2(By 52073 %51 (10)

In matrix nqtation (10) can be written as

gé; = —.2(B - 3cK) (11

Equation (11) is exactly the same as (4.19), and hence

(4.19) is derived.




APPENDIX B
DERIVATION OF EQUATIONS (4.47-4.50)

(4.44) and (4.45) give the following relatiohs:
Pryp (®) = [}1 + B I-ak%} Py () - B Py _; (@)

—2
Aoy

k() (T, ()

(1)

(2)

(3)

Substituting (3) into (2) and letting A = YI"X_%T__ o,
u "
we get
®) T, (VI - 3) O I-—Qa—-@)
T VT Au X, (Y xu X, k-1 VT
(1+s)1 o @ -B
T (V) [ ] T, () k Ty o1 (Y)
T (A) T (B)
k k-1
=(L$)I-a%}——— - B ——
[: k kT (V) kT,
T, (A) (A7)
k T-1
T B E“B )I-a ﬂfr " Treer 0 By W'Tk+l(Y)

(4)
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If Tk(A) is to be Chebyshev polynomial,

Ty 41 (B) =2 A T (A). - Ty 1 (&) (5)

Comparing (4) and (5), we get the following relations:

o . wnM
kT

(6)

[(1 +8,) 9] D1 (V) 2
. + I - q,. = A
k k Tk(Y)
or
B.) 0] 2 Tk(Y) (7)
(1 + I - o = A
k k Ty (V)
We know that
N
u &
A = 2__ ¢
"'YI"'TTT
u 2
(YI-A) (A _-A)) '
¢ = L | (8)

2

Substituting (8) into (7),

o a - T, (Y)
k k _ k
(1487 + 5 B ) = 5 (AT = 2 A T
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Comparing terms on both sides of above equation, we get

EE:(A -A ) = E_Ehiil
2 Tu e Trq (V)
T, (v)
_ 4 Tk
T TG T ) @
OLk '
(L +8) =5 Ay

A=A

2 a2
O = o3 (1 + B,) (—==)
k 'Auv R k -Au AZ

2
(1 + By)
Agthg Pk

= uo(l + Bk) (10)
‘where
2
o = -X—T_ (ll)
’ u+ ')

Equations (6) and (10) verify (4.47) and (4.48).
In order to verify‘(4.49), we start with (6)

; Tk(Y)
k+1 Tk+2lY5

But we knowlthat Tk+2(Y) = 2 Tk+l(Y) - Tk(Y), apd there-

fore (6) reduces to




But

T, (

k+1

Y)

Tee1 ™)
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T, (¥)
A T, - TN
- 1
oy k1T N

.OLO k
T (l + Bk)‘( u—x&)

_ 2 (l+5k)ﬁkuflz)
(Au+A&) 4 '
o1
= 57 (1+Bk)
Thereforé,
Tre1 () oy
Tk(Y) | 1+Bk
_ 1
Bk+1 - 2y
ZY(I:E—) -1
k
1+Bk
= =18,
g = To(N) 1
LT, () 2¥2-1

(12)

(13)

(14)

(15)




APPENDIX C

ANALYSIS FOR RATE OF CONVERGENCE OF A
VARIABLE-STEP-SIZE ALGORITHM

It follows from (4.25) that

e = |z, (0) B0 (1)
and
ey 11 < Nyl lE° ] (2)
where
P (@) ]| < max |P,(x)] (3)
M —_ M
Alfxiku
- (Au+A2—2x)
<  max M> A=Ay
Agxihy T (4)
| TM(T\BTi&)
u 2
 But’
A +A,-2x%
i u 2
Tog (== )| < A, <x<A
M Au AR 2 u

Thus (4)-tékes the form as

P (0] < —— b (5)
o s st
u 2
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) A .
Let XE = a  and (5) reduces to
2

1
[Pu (@] £ a7y
M'a-1
But
atl, _ . LMz, 6 -Mz
Ty{z=F) = Cosh Mz = (e "+e )
where
_ -1 ,a+l,
z = Cosh (E:T)
Solving cosh z = %;% for e? gives
eZ = ak-1
ak+1

Substituting for e? in (7)), we get

a+l L M, =M
TM(E'—‘I) 5 (0 +p )_
where
o = ak-1
als+1l

Thus, PM(Q) can be written in the form

2
AP < o,

(6)

(7)

(8)

(9)

(10)

(11)

(12)
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Using the abové results for PMIQ).in (2), we get
M
&) 2
HE® ]l = (oM+p™

(13)

It is obvious from (13) that with the increase in the
number of iterations, the norm of the tap-gain error de-
creases. The norm of the tap-~gain error will approach

zero as M becomes larger.




APPENDIX D
METHOD OF COMPUTER SIMULATION®

All the computer simulations reported in this thesis
were dbne aF'the Mohtana State University computation
center usiﬁg an XDS Sigma 7 computer. The simulations
were iﬁplemeﬁted by writing Fortran statements for the chan-
nel model of Figure 2.4, and feeding it a ranaomly gener-
ated inforﬁation sequence, a se£ of independéntIGaussian
random numbers for the noise seque?ge, and a chosen set
of fixed values {fi} for the channel pulse response. The
output of the channel model fed directly into the receiver
which was ‘simulated by writing Fortran statements for the
particular operations involved. The error rates reported
were for 10,000 information symbols after the receiver
had adopﬁed to the channel.

The .information symbols were generated by using the
random number generator "RANDOM" and using +1 for the
symbol if the random number was greater than 0.5, and 0
if the ranaom number was less than 0.5. The Gaussian noise
was generated by using a subroutigeA"GAUSS“ available in
one of the files in the Sigma 7 system. This subroutine

makes use of a set of random numbers. These numbers were
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genérated by using the random number.generated described
above, and by adding 12 of the numbers together to form
each Gaussian random number; The Gaussian numbers were

generated according to the equation

n=R+0(-6+ I X.)
. 1
. i=1

where R is the mean and 0% is the variance of noise and -
X; are the random numbers.
The listings of the program are given on the

hext page. -
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VERSUS NUMBER OF ITERATIUNS

SNR IS THE INPUT SIGNAL=TO=NOISE RATIO®

TEN PERCENT OF THE ANALYTIC VALUE OF DELTA

IS USED IN THE ALGORITHMS

‘THIS IS DONE IN ORDER TQ TAKE INTO ACCGUNT THE

EFFECT OF NOISE AND NOISY ESTIMATES OF THE GRADIENTS
"LABEL' IS A CURVE IDENTIFIER®

'ITY IS AN ARRAY QF 24 CHARACTER MOLLEWITH
WORDSs THE FIRST 42 OF wHICK WILL FORM THE

FIRST TITLE LINE AND THE LAST 12 THE SECOND
TITLE LINEe THE ARRAY MUST BE DIMENSIOMNED

AT LEAST 24 IN THE CALLING PRUGRAM:s; MUST CCNTAIN
THE USERS NAME, AND MUST LEAVE UNWANTEC
CHARACTERS SET TO BLANK:

'LAST' INDICATES 70O CRAW PROGRAM THAT

THIS IS THE LAST CALL TO DRAW TO BE MAULE

IN THE USERS PROGRAMs IN THE VERY LAST

CaLlL TO DRAW LAST .sHOULD BE SET TO 4HLAST.

THE SIZE OF THE GRAPH IS 8X8 INCHES:

"8PT
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IP AND IX ARE INTEGER NUMBERS CHOSEN ARBITRARILY:
suvxnyat DATA CARDS REGUIRED suesea

OATA SET )

FIRST CARD FORMAT (213])

FIRST FIELD! Ms THE DEGREE OF CHEBYCHEY POLYNOMIAL.
SECOND FIELD! L# THE NUMBER OF TIMES THE ITERATIVE
PROCESS IS TO BE REPEATEDs

"SECOND CARD: SAMPLED CHANNEL RESPONSE
-TQ BE ESTIMATED) .FORMAT(BF1Ce8) . -

THIRD CARD! FOR THE PURPOSE OF IDENTIFICATTON
OF THE PLOT
FOURTH CARD! NAME AND ACCOUNT NUMBER
LS F SRR SRR L T2 LY
DIMENSION ERF(400),ERV(100),1IT(24)
REAL ITER(100)
DIMENSION EOF(400);EO0V(100)
DIMENSION VYE(400),YV(100)
INTEGER X{4100)
DIMENSION Y(400)2Z(100)sFF(40)0FV(10)
DIMENSION F(410) :
DIMENSION EF(100),EVI4C0)
D0 87  KKe1540
READ(1085,41) M,k
FORMATIZ2I3)
READ{109s1%) (FlY),12148)
FORMATISF10058)
READ(105518) (IT(I)sIm1024)
FORMAT(12A4/42A8)
EIGEN I8 THE UPPER BOURND ON THE EIGEN VALUE
OF THE COVARTANCE MATRIX OF THE INPUT SEQUENCE.
EIGEN=5¢Q
###&#¥¥%4¥¥%¥###444$#44#¥##4%*##444%44“4¥$4¥#¥
s IS THE STANDARD ODEVIATION OF THE NOIEE.
T I I YT YR FEPE RS PR PP Ty T Ty - ST Ry
IP299656
§80:001

AN




OO0 0

[aXaN ¢!

i8
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SNR=(100¢)#AL0GL10(0:125/7(85x2))

R TR LY Ny Y PP L P T T R TR I

AM IS THE MEAN OF THE RANDOFM NOISE:
L Y R Y e P PPy T Ty e

AM=20o»

C IX=65495

D0 18 I4=4,5
FF(I4)=000
FV(14)=000
CONTINUE
FV(1)20e5
FF(1)=0s5

DO 65 J4s1,L
ERF(J41)a0%
ERV(J4)50

.CONTINUE

AGF (2)18F(2)+F(31aF (3)0F (4)F (4)SF (S hFS)

EOF (41l (F(4)=FF (1) )s22)%A '

EOVI1 ksl {F(1)=FV(1))422)2A

EOF(1)=SERT(EOF (1))

EQOVI1)1&8ART(EOV1))

ITER(1)%0. :

ERV(4)=E0V(1)

ERF(1)=EQF (1)

ITER(1)8060

Lis0

00 20 Juesisl

DO 8 Jalsm
4’.”-":“3-’6“#'\"-‘4¥$’."|‘#4&§#&‘4’64¥’$¥%“¥¥¥’i‘¥¥ﬂ’@’&¥¢4’é¥#&“}#&(#
NOWw THE RANDOM INPUT SEQUENCE IS GENERATEDs
EEE R LR R RN S L R F P T IVE S T P g g g ey |
CALL RANDOM(IX,IYsYFL)

IF(YFLo0e5) 20203

X(J)=1 '

GO TO &

0ST




3

4

5

3z

6
c
o
c

8
c
c
c

X(J)o=q

IXaiy

CONTINUE -

D0 32 KAoiM

X(KA)=FLUAT(X(KA))

Y(4)oX(1InF(41) :
Y(E)sX(Z)#F(1)¢X(i)¥F(E)
Yt3)aX(3)¥F(i’¢X(21¢F(23¢X(1)¥F(3)
Y(Q)mX(#)%F(i)+x(3!¢F(2)#x(&)*F(3)+x¢1)4F(4)
D0 &6 KeBsH
YiK)-X(K)*F(i)#XiKmi)4F(Z)+X(K62)4F(3l+X(K 3)*F(4)+tha#)$F(Sl
DO B I191sM

RPRRRRARP RN RSP RO R BN B YRR B AR R RN RN R AR RN R R
V I8 THE RANDOM NGOISE GENERAYEDs
BRERBRRRNRUAURPER SN RY RPN F L LN RB R R A R Ay Y
CALL GAUSS(IPs8sAMsvV)

Zil1)=yY(I1)4V

CONTINUE

PI=3:41428
st L LTSS LEL ST TR L IR LSRR T
tSTEP!' IS THE FIXED STEP SIZEe

YT T T S PR TP LT PR T PP E Y P e

STEP=0401

YV(1)eX(1)8FV (1)
YF(1)=xX(1)sFF (1)
EV(1)=2(1)aYVIi1)
EF(1)82(1)8YF (1)
ARG=3014BB/(40uFLOAT(M))
DELTA=100/((SIN(ARG) ) »%2)
DELTA=0¢14DELTA/EIGEN
FF(1)=FF(1)14STEPSEF (102X (1)
FV{1YaFV(1)+DELTAXEV(1)8X (1)

- La=L1+2

RVBIFVIL)eF (11 ) %224 (FVI2)sF(2))%%2+(FVIQ)eF(3))ra2

* S(FVI4)=F(4) )52 (FV(E)sF(B) ) 2ap

RFﬁ(FF(l)ﬁFli))4¥2+(FF(E)=F(2))#%E#(FF(B)oF(G’)¥¥a

TST




11

i2

8 4(FF(&)SF(4)) %22 (FF(5)aF(5))xu2
ERV(L2)&SART(RVI/Z(EOVIL))
ERF(L2)8SQRT(RF)/(EOF(1))
ITER(L2)®FLOAT(LE=Y)
YV(2)aX(2)4FV(114X(1)#FV(2)
YF(2)mX(Z2)4FF (114X (1) %FF(2)

EV(2)8Zi2)=sYViR)

EF(2)0Z(2)=YE(2)

ARG® (Be%301428)/(4exFLOATIN))
DELTA=1s0/( (SIN(ARG) ) #%2)
DELTA=0c1#DELTA/ETGEN
DO 11 1581,2
FF(I5)8FF(1B)¢STEP#EF (2) X (251841
FV(IS)IaFV(IS)¢DELTAXEV ()X (221541
CONTINUE
L2l 1+3
RVE(FVI1)aF (1))8524 (FVI2)aF(2) 15524 (FVI3)oF (3)) 852

S (FV(4)oF (4))2¥26 (FVIB)sF(5) 1542
RFE(FF(3)aF (1) 12029 (FF(2)sF(2) ) ue2s(FF(3)oF (31)4n2

% ¢IFF(&)oF (&) ) 2824 (FF(5)BF (5] )ax2
ERF(L2)2SQRT(RF)/(EQF (1))
ERV(L2)48QRT(RVI/IEOV(1))
ITER(L2)=FLOAT(L2=1)
YVIZIeX(B)wFV (L)X (2)#FV(2)4X (1) 8FV(3)
YF(S)BX(3)4FF(1)+X(2)#FF(2)+X(1)$FF(?)
EVI3)sZ(3)sYV(3)

EF(3)=2(3)aYF(3)

- ARG2(5e%3:1428)/(4.5FLOAT(M))

DELTA=4¢0/({SINIARG) ) #»2)
DELTA=01#DELTA/EIGEN

DO 12 16453

FF(16)oFF(16)+STEPAEF (3)AX(3a1641)
FVI16)FV(16)4DELTAREY (3) XX (321641

CONTINUE

Lasli+s | |
RVE(FV(1)=F (1)) %824 (FVI2)=F (2) 18524 (FV(3)aF (3))xx2

ST




139

R ${FV(4)oF{&)IR2Z2L(EFVIBIaF{5)len2
RFG(FFtllmF(il)¥4E¢(FF(230F(21)a¥a+(FF(3)mF(3¥)¥$a

B e {FF(&4)=sFI4) I na2e(FFIB)aF(5) ) 042

ERF(L2)aBART(RFI/Z(EGF (1))
ERV(LE)SSORT(RVI/Z(EOV(L)])

ITER(L2)EFLOAT(LRY)
YV(#)EK!@)@FVtil#x(S)@th2)+X(2)¢FV(3)%X(i)#??(#)
YF(#)?X(#)&FFli1¢x(3)¥FF(2)+x(2)¥FF(3)¢R(1)4FF(43
EV(&s)a2(4)ayYVig)

EF(4)nZ2(4)aYF(&)

ARGu(7:%361428)/(4euFLUATIM))
DELTA=1¢0/((SINIARG) ) *22)

DELTABQo1#DELTAZEIGEN

DO 19 (72134

FEFUI7)aFF (17 )+STEPLER(4)4X(401741)
FVII7)aFV(I7)+DELTASEV (4 {4=1721)

CONTINUE

L2u{1+8
Rvﬁ(FV(E)ﬁF(i))¥$2+(FV(2!ﬂFtEl)@#2¢(FV(3)&F(3))*#2
B S{FVIG)sF (&) 1 esRe(FVIBIEF(E) ) ag2
REE{FF(L)aF{4))1%424+(FF(2)afF(2) 14224 (EF(3)aF(3))ax2
B & {FFl4IcF(8) )R (FF(B)sF(8) lare
ERF(L2)ZSARTI(RF)I/Z(EQE (1))
ERV(L2)aSQRT(RVI/Z(EQYI(1)]

ITER(L2)2FLOAT(L2=Y)

DO 9 I2585sM

YV(IE)@X(IE)&FV(1)¢X(IEﬁi)$FV(E)¢X(IE“E)&FV(3)+X(IEGS)¥FV(#)

$¢X (1204 )R8FV(5)

EViIziaZ(i2)=YV(]2)
YF(LE)mx(IE)4FF(1)¢X(xamz)vﬁF(z)¢X(Isz)4FF(%)+
SX(I253)RFF (&)X 184 ) 2FF(5)

EF(I2)sZ(I2)sYF(I2)

ARGE (2 #FLOATII2)ols )2 (PI) 2 (Le2FLOAT(M))
DELTAD4s/{{SIN(ARG))%%2)

DELTASQ 1 #DELTA/EIGEN

DQ .10 13=1:8

€GT




FF(I3)=FF(13)¢STEPREF(I2IuX({12=1341)
FVII3)6FV(I2)4DELTAEVIIZ)#X(12=13¢1)
10 CONTINUE
LaaL1+12%+1
ITERIL2)EFLOATILRSY )
RVEIFVI1)oF (1)) 5424 (FVI2)aF (2) 18224 (FVI3)aF (3)) k2
B 4(FVI4)aF(4))1u%24(FVIBS)ap(5) ) ss2
RE=(FF(1)aF (1)) 8524 (FF(2)aF(2) ) 8524 (FF(3)aF (3) )aup
# S (FFlL)oF (&) )42 (FFIS)aF(5) ) 8x2
ERF(L2)=SQRT(RFI/ZIEQF (1))
ERV(L2)E8QRT(RV)Z(EQVIL))
9 CONTINUE
Lial1em
20 CONTINUE
ERF(1)51¢0
ERV(i)=1e0
Nal #M
WRITE{108,107) SNR
107 FORMAT(10X,'INPUT SIGNAL TO NOISE RATIC',F10:5,' DECIBELS'/)
WRITE(108,100) N
10C FORMAT(20X, 'NUMBER OF ITERATIONS!tsI4/7) "
WRITE(108,101)
101 FORMAT(10X, 'SAMPLED CHMANNEL RESPONSE 1IS'/)
WRITE(108,102)(F(1),191,8)
102 FORMAT{8F10:3//)
WRITE(108,103) '
103 FORMAT(210X, 'ESTIMATED SAMPLED CHANNEL RESPONSE us:ue FIXED STEP SI
eZE 1S'/)
WRITE(40B,104) (FF(T)s181458)
104 FORMAT(5F1003/7/)
WRITE(408,108)
105 FORMAT(10X, 'ESTIMATED SAMPLED CHANNEL RESPONSE USING FIRST ORDER A
SLGORITHM I81/)
WRITE(4108,1061(FV(1)s12155)
106 FORMATISF10:3//)
LASTakh :

bat
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LABELo4HFSTP

CALL DRAW(ITERBtRF;NlisoiLABELJIT;lSeJCeEOOJOIOiEJSJColAST)

LABEL=4MHVSTP

LASTa4H

IF(KKeEQe410) LASTag4HLAST

Catl DRAN(ITER:ERVaNaBJOJLABELDIT;15090020030303838909LAST)
CONTINUE

END

- Q9T




BN AR AR SRR RS SRR AR R B R AN BRI RR R R LR R
SECONDoQRDER ALGORITHM
LR PR L EEES L PL LY R LI EL LR L Y-

THIS PROUGRAM IS FOR RAPID CHANNEL ESTIPATION

- "USING SECOND=ORDER ALGQORITHMe

THE SECOND=ORDER ALGCRITHM IS OF THE FURM
FS(J)EFS(J)+DELTA¥ERROR(R)4X(KEJ+1)+BETA#(FS(#)“D(KH1345)
WHERE D(K=l1,J) IS THE ESTIMATED SAMPLE ﬁT(K“ilITERﬁTIﬁN!
DELTA AND BETA ARE VARYING FOR EACH ITERATICNG

THIS PROGRAM WORKS FOR CHANNEL LENGTH EQUAL TO B«

THIS PROGRAM MAKES USE OF SUBRQUTINESs GAUSS,RANDOM.
AND DRAW:s AVAILABLE IN THE SYSTEM OF SIGMA 7.

THIS PROGRAM PLOTS THE NORM OF THE ERRUR VECTER

VERSUS NUMBER OF ITERATICONS

SNR IS THE INPUT SIGNAL=TO=NQISE RATIO®

TEN PERCENT OF THE ANALYTIC VALUE OF DELTA AND BETA
ARE USED IN THE ALGORITHMe

THIS I8 DONE IN ORDER TO TAKE INTO ACCUUNT THE

EFFECT OF NOISE AND NOISY ESTIMATES OF THE GRADIENTSS
'LABEL' IS A CURVE IDENTIFIER:

"ITt 1S AN ARRAY OF 24 CHARACTER HOLLERITH

WORDSs THE FIRST 12 OF WHICH WILL FORM THE

FIRST TITLE LINE AND THE LAST 12 THE SECOND

TITLE LINEe THE ARRAY MUST BE DIMENSIONED

AT LEAST 24 IN THE CALLING PROGRAMs MUST COCNTAIN

THE USERS NAME, AND MUST LEAVE UNWANTED

CHARACTERS SET TO BLANKe

'LAST'! INDICATES TO DRAW PROGRAM THAT

THIS Is THE LAST CALL TO DRAW TO BE MADE

IN THE USERS PROGRAM: IN THWE VERY LAST

CALL YO DRAW LASY SHOULD BE SET TO &4MLAST.

THE SIZE OF THE GRAPH IS 8X8 INCHES»

IP AND IX ARE INTEGER NUMBERS CHOSEN ARBITRARILY.

weagennd  DATA CARDS REQUIRED s#rrxs#ngsnsxsy

f9GT
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00N
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24
1é

DATA SET :

FIRST CARD FORMAT(14)

FIRST CARD FIELD?! Ms» THE NUMBER OF ITERATIGNSS
SECOND CARD! SAMPLED CHANNEL RESPONSE

TO BE ESTIMATED! FORMATISBF1005)

- THIRD CARD! -FUR THF RURPDSE .OF -IDENTIFICATION

CF THE PLOTo -
FOURTH CARD:! NAME AND ACCOUNT NUMBER

. BRAR YRR e R AR RE R R R RER SR
DIMENSION IT(24).. . . _ e el
DIMENSION D(10510)
DIMENSION EOF(100):E0S5(100)
REAL ITER(100)
DIMENSION FS({10)sFF(10),ES(100)4EF(100)
INTEGER X{(100)
DIMENSION Y(400),Z(400)sF(10)2YF(10Q0)2YS(4C0)

" DO 57 KK&=1,10

READ(108s441) M

FORMAT(I4)

READ(105s24) (FU1),781:5) e
FORMAT(BF1005) S

READ(1069s16) (IT(I)sI0d,84)

FORMAT{12A4/712A4%)

CON21e0

IPE99656 -
RAENRRERVERR RSB RARERUARREN SRR R YRR e R R/ AR R
§ I8 THE STANDARD DEVIATION OF THE NDISE:.

Y R Y T TR E T IR P TR S F PP Py S ey

$80¢004

IXe65499

B AR R R A R A A R A M S S NS R R R RN RS RS R NRR
AM I8 THE MEAN OF THE RANDOM NOISEw

B RRERR BN AR RN SRR R R R R RN R R AR B R LR KRR BB AN AR R

AM&0.O
DO 18 14%81:5
FE&(I4)a0e0

LST




[aNgXa)

i8

n

or B W

32

FF(I4)=0e0

CONTINUE

FS(1)o0+¢5

FF(1)=0:e5

AcF (2)aF(2}+F(314F (3)1+F (&) %F(4)¢F(5)%F(5)
EOF (1)al(FF{1)oF {11 )542)2A
EOS(i)ﬂ((FS(i’GF(i))44E)¢A

EQF ({41 )aSARTI(EQF (1)) ‘
EOS(i)BSQRT(EOS(i))

ITER11)200
44#44¥m#*4#»#*#44#4&##&444%&%#&4#4&#4m$¥44#4¥#
NOW THE RANDOM INPUT SEQUENCE IS GENERATED.
BB RBA RS RN R RSN RN E R MR N NS R AN N
OC 5 J=isHM

CallL RANDOM(IX,IYsYEL)

IFIYFLe0eB) 25223

X{Jd)E1l

GO TO 4

X(dJyeeq

IX=ly

CONTINUE

DD 32 KA=i,M

X({KA)BFLOAT(X(KA))

Y(1)aX({1)8F (1)

Y(2)eX(2)4F (114X {4)aF(2)

YU3)aX(3)aF (4)+R12)nF ()X (1) #F(3)
Y(4)aX(4)4F (114X (3)uF(2)eX{2)4F13)¢X(118F{4)
DO & KoBSsM

Y(K)BXLK)$F(1)+X(Km1)%F(2)+X(KW2)@FL3)¢X(Kﬁ3)$F¢5)*X(K=4)4Ff§!

2 I I R P N S P TSP PR PR R Y
V I8 THE RANDOM NOISE GENERATED:

NRBERER RO MR BIE R AR RN R RS AR BRI RR A B REAR R R B R
DO & I4€1,M

CALL GAUSS(IP2sS2AM,V)

Z(T4)8Y1I1)4y
CONTINUE

- -BST




35

12

G

S

8

FRERBLPRRRL R AL RS RSP R SRR A RE R R AR R BN
'STEP' 18 THE FIXED SBTEP SIzZEo

#444%4#4#&4#4#4##4#a###44#44#####¥4#¥4%m######

STERP=0001

DO 35 J494,10

DO 35 J581,10

D{J45J5)E060

D(1s1)aF8(1)

YS{1)eX(1)%FSi1)

YF(1)eX(1)FF (1)

ES(1)22(1)aY8t1)

EF(1)8Z(1)aYF(1)

DELTA=Qe¢04

FS(1)EFS(1)+DELTARES(1)&X (1)

FFUL1)aFF{1)+STEPREF(1)8X (1)

REE(FF(1)=F (1)) 8824 (FF(R2)aF(2) ) %424 (FF{3)aF(3) ) %824
IFF{4)cF(4)) %32+ (FF(B)aF(5) )22

EOF (2)aSURT(RE)/ZEQOF (1)

RSE(FS(1)=F (1) )2%24(FS{2)oR(2))8%2+(FSI3)aF (3] )2uas
(FS(&)aF (&) )%%84(FG(B)aF(5))nsup

ECS(2)aSART(RS)ZE0S(1)

ITER(2)81

D(2,1)aFS(1)

BETA=160

YS(2)eX{2)8Fsi1)14X(1)8F812)

YF{2)=XI2)8FFIL)4X (1) 0FFI2)

ES(2)Z2{2)aYg(2)

EF(2)aZi2)oYF(2]

DELTA20U4#(1¢0*BETA)

00 12 I2mis2 -

FF(I2)oFF (12)¢+STEPSEF(2)4X(2012%1)

FS(T12)sFS(J2)4DELTAAES (2)4X {21241 ) +CONABETAX (FSI12)aD(1,12))

D(1,12)8F8(12)

CONTINUE

REE(FF(i)mFtil)*¥2+¢FFCEJEF(2))¢¥2+tFF(3)aF<31)**2+
(FF{4)=F (4)) %524 (FF(S)oF(G))x»2

6ST




EOF(E)ESQRT(RE)/EQF(%)
S“(FS(%)GF(i))$#2+(FS(215F(E)3##2*(F5f3)aF(3’)$42+
g (FS(4)2F(4))%%24(FS(BlaF(5))ss2
EOS(3)=8QRT(RS)ZEDS(1)
ITER(3)82,
YS(3)ax{3)aFS(114X(2)%FS(2)+X(1)%#FS(3)
© O YF(3)eX {3 4FF LI+ {2V #FFL2)+X (1) #FFL(3)
" ES(3)u2(3)=YS(3) :
EF(3)8Z(3)=YF(3)
BETAZ(1¢+BETA)/(3euBETA)
DELTA=0004%(10+BETA)
DO 14 I121,3
FSII)aFS{II+DELTASES(314#X(3al+1)+CONSBETARIFSIII=D(2,1))
FF(I)-FF(I)+STEP#EF(3)¥X(351¢1)
Dt2,1)aFS(1)

»

14 CONTINUE

RE2(FF(1)sF (1)) %424 (FF(2)aF(2))2%24{(FF{3)aF{3) ) 222+
$ (FF(#)“F(@))**E*(FF(E)”F(E”**E
EQF (4 )=SARTI(RE}ZEQF (1)

RS=(FS{1)=F (1) )8884(FS{2)oF(2))202+(FS{3)aF{3))ax2s
$ (FS(4)“F(4))*42¢(FS(§)EF(5)’4*E
E0S{4)2SART(RS)ZEQS (1)

ITER(4)23. '
YS(4)eX(4)vFSIA)4X(3)12FS(2)+X(2)#F8(31+X(1)14F8B(4)
YF(Q)”X(&)%FF(i)#X(a’#FF(2)+ﬂ(2)¥FF(3)¢X(1)¥FF(4,
ES(4)sZ(4)a¥YS({4)
EF(4)aZlg)aYF(4)
BETA=(41¢BETAI/(3csBETA)
DELTABDO 042 (4:04BETA)
DC 15 J=i,é
FSUJICFS(J)+DELTABES(4)8X(4aJél)¢CONSBETASIFSCJ)I=D(1,d))
FFIJIoFFIJ)+STEPREF (44X {4=041)
: D(ilsd)eFSLY)
15 CONTINUE .
RE“(FF(i)EF(l))””E¢(FF‘2’“F(Z))4¥2+(FF(3)@F(3’)¥¥2¢
& (FF{4J=F(4))84225(FE(S)aF({B))as2 :

09T



EOF (5)5SQRT(RE)/EOF (1)

RSG(FS(Z)EF(i))**2+(FS(EI§F(2))4#2#(?5(3)0F(3114¥2+
$ (FS(#)aF (&) ) %024 (FS(B)cF(5))%42

EQS (5)25QRT(RS)/E0S(1)

ITER(E 184

C . THIS PROGRAM USES PAST TAP GAINS

DO 9 I396,Ms2-

YS(Ia)ﬂX(13)4FS(1)+X(IBai)#FS(E)#X(13”2)¥FS(3)¢X(IBBS)#FS(#)
' 84X(135414FS(5)

YF(Ia)mX(IB)#FF(1)+X(2331)%FF(2)+X(Isﬂd)¥FF(3)+X(IamﬁiﬁFF(Q)
64X (1324 ) #FF(5)

ES(I3)0Z(13)=Y8(13)

EF(13)9Z(13)=YF(13)

BETAB(1¢¢BETA)/(3s=BETA)

DELTA=0004%(1s0+BETA)

DO 10 I484,5

FS(I#)éFS(I#)¢DELTA&ES(IZ)@X(IBEI%#&)¢COB$BETA#(FS(I&)mD(EaIQ)l

FF(I4)oFF (14)+STEP#EF(13)4X(13=14+1)

DA2sT4)}EFS(14)-

10 CONTINUE

RES(FF(1)aF (1)) %82+ (FF(2)oF (2) ) 252+ (FF(3)aF (3) )42+
6 (FF(4)oF(4)) %24 (FF(B)aF (§))5n2

Jua13+q

EOF (JJ)@SQRT(RE) /EOF (1) _

RSE(FSI1)mF(4))%82¢ (FS(2)aF(2) ) vu24(FES(3)aF (3] )5u2e
$ (FS(4)SF(4))%n24(FS(5)oF(5) 442 .

EQS(JJIESART(RSI/EQS (1)

ITER(JJ)BFLOAT(13)

K181341

YS(K4)eX (K1) 8FS(1) X (K101 )#FGIB)+X (KA=E)£FS(3)4
H#X(K4a3)4FS(4)+X(Kiak)2FS(5)

YF (K4 YEX(KL)8FF(4)4X(K1e1)4FF(2)4X (K192 ) RFF(3) 4
AX(K1a3)#FF(4)+X(Kiak)¥FF(5)

ES(K1)eZ(Ki)aYSIKY )

EF(K1)9Z(K1)=YF(KY)

BETA=(10+BETA)/(3¢=BETA)
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31

107
100

101
102

103

104
108

106

DELTA=Qs0442(4104BETA)
DO 31 K291,5

‘FS(KZ)aFS(K2)¢DELTAMES(Ki)#X(K1=K2¢1)+C0N¥EETA#(FS(KE)ED(1:KE)i

D(1,K2)=FS(K2]

FF(K2)aFF (K2)¢STEPREF (K1) #X (Ki=K2+1)
CONTINUE

JJBKi+4

ITER(JJI=FLOAT(KY).

'RE“GFF(I)HF(i’)**E+(FF(E)EF(2’)¥¥E¢(FF(3)WF(3’)*¥E¢

(FF(#)”F(#)i##E#(FF(5)°F(¢))¥42
EOF (JJ)2SQRT(RE) /EOF (1)
Rs-(FS(iiaF(il)¥4E¢(FS(2)8F(2))#$E¢(FS(3)=F(3!)¥42¢

(FS(4)=F (&) )232+(FS(B)aF(5))nra2
EOS(JJ)=SQRT(RS)IZEQS(1]

CONTINUE

SNR= (109 ) RALOCG10(01256/7(8xx2))

WRITE(4108,107) SNR

FORMAT(10X, 'INPUT SIGNAL TO NOISE RATIC';FiOoE»'DECIEELS'/)
WRITE(4108:100) ™

FORMAT(10Xs "NUMBER OF ITERATIONS! 151477}
WRITEl108,104) . '
FORMAT (10X, 'SAMPLED CHANNEL .RESPONSE 18'/)
WRITE(10Bs102}{F(1),1461.5)

FORMAT(BF10:3/7)

WRITE(4108,103)

FORMAT(10X, 'ESTIMATED BAMPLED CHANNEL RESPCNGE USING FIXED STEF .61

29T

$ZE I18'/)

WRITE(4108Bs404)(FF(I)s181,5)

FORMAT(5F10.3//)

WRITE(4108,4105)

FORMAT(10X, 'ESTIMATED SAFMPLED -CHANNEL RESPONSE USING SECOND ORDER

$ALBORITHM IS'/)

WRITE(108,106)(FS(1)s18155)
FORMAT(5F10.3)

EQF(1)=le

E0S(1l1als
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LABELo4HFSTP

LASTo4H

Call DRAW(ITER:EOF;MiilciLABELJIT;iEuJCSEaOpOBBASJOALAST)
LABELB4HVETP

LASTa4H

IF(KKeEQ@e10) LASTa4HLAST

Call DRAN(ITERaEOStM33ﬁOdLABEhJITJ156&06250:0385§30aLAST)

CONTINUE -
. END
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R R I R L N L P Y I LA Y LY
FORNEY'S SUBOPTIMUM ALGORITHM
LR R FL LT LA EESEL LRI LE Y YT LR TR

THIS ALGCRITHM IS FOrR ESTIMATION OF A UIGITAL
SEQUENCE IN THE PRESENCE OF INTERSYMBOL INTERFERENCES
THIS PROGRAM IS FOR F(D)E1sDus :
THIS PRUGRAM HAS BINARY SIGNALLING' : :

THIS PROGRAM PLOTS THE LUGG OF PROBABILITY CF"

SYMBOL ERROR VERSUS QUTPUT SIGNAL=TO=NCISE=RATIO«
THIS PRUOGRAM MAKES USE OF SUBROUTINESs GAUSS;

RANDOM, AND DRAW, AVAILABLE IN THE SYSTEM OF SIGMA 7.
A FUNCTION SUBPROGRAM 'DEIMPRHM' IS USED TO

EVALUATE THE ERROR FUNCTIONG

'DSIMPRH' IS ALS0O AVAILABLE IN THE SYSTEM OF BIGMA 7.
IX AND IP ARE INTEGER NUMBERS CMOSEN ARBITRARILY

S IS THE STANDARD DEVIATION QF THE NOISEs

AM IS THE MEAN OF THE NOISEs

'A' IS THE UPPER LIMIT FOR EVALUATING THE ERROR FUNCTIONG
1 AREAZ! IS THE VALUE OF THE ERROR FUNCTION WMEN

THE LONER LIMIT 18 ZERG AND THE UPPER LIMIT IS EQUAL TC Ao
RRRRBERBD UL ERRRAEAROR LR R g R R R R A np i enresy

DEL I8 DELAY FOR LOCALIZING THE ERRQOR¢

CEEEEE L R R LI IS RL RN R FE-LEEELEY

"LABEL' IS A CURVE IDENTIFIER?®

VITY Is AN ARRAY OF 24 CHARACTER HOLLERITHM

WORDSs THE FIRST 42 OF WHICH WILL FORM THE-

FIRST TITLE LINE AND THE LAST 12 THE SECOND

TITLE LINEs THE ARRAY MUST BE DIMENSIONED

AT LEAST 24 IN THE CALLING PROGRAMs MUST CCNTAIN

THME USERS NAME; AND MUST LEAVE UNWANTED
CHARACTERS SET 7O BLANKo

'LAST'! INDICATES TQO DRAW PROGRAM THAT

THIS 18 THE LAST CALL TO DRAW TO BE MAEBE

IN THE USERS PROGRAMs IN THE VERY LAST

CALL TO.DRAW LAST SHOULD BE SET TO &4MLASTe

o1
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THE S1ZE OF THE GRAPH IS &X8 INCHES

DATA SET

peqrppnny DATA UARDS REQUIRED saxnaus¥rrades
FIRST CARD FORMAT (13}

FIRST CARD FIELD! pBEL

SECOND. GARD FDRMAT(IIOJZFiooE)

" FIRST FIELD! IP

SECOND FIELD: S

THIRD FIELDS! AM

THIRD CARD FGRNAT(IS:iCFSeE) :

FIRST FIELD? IFAs DEGREE OF FI(D)

OTHER FIELDS! COEFFICIENTS OF FI(D)

FOURTH GCARD FURMAT(I4)

FOURTH GARD FIELD! N THE NUMBER OF TERMS IN X(D)s

FIFTH CARD: FOR THE PURPUSE OF IDENTIFICATICON OF THE PLOTo

SIXTH CARD! NAME AND ACCOUNT NUMBERs
CRRRREARTARBRBL ARSI R L R aRNRY S

DIMENSIUON Z(4000)

DIMENSION F(ic[' ,

INTEGER X(41000)sXEGT(4000),Y(1000)

EXTEBNAL F1

REAL%8F%,AREAZ,DSIMPRHIEPS, A

INTEGER DEL

DIMENSION SN(icO)aPREtioa):PRL(iOO)aPRL(icoiaITtE%)
READ(4105Bs4) DEL

READ(105+6) IPsSsAM

FORMAT(I3)

FORMAT(1105,2F10¢82)

READI10557) IFAs(F{I)si84sIFAISF(IFA1)
FORMAT{I3,10F502)

READ(105,33) N

. FORMAT(1#)

READ(105,8)(IT(I)s1misB4)
FORMAT(12A4/71244%)

DO 22 Ké=1,6

EPS=4:D=4
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14

15
ié

11

NERR=0

MolQ

DO 47 -J13o1M

IX2e5662

DO 14 J184,N )

LR L LR EL S LY EEFE L ST LI EREEE-L-ESES YN
NOW THE RANDOM INPUT SEQUENCE IS GENERATED.

ST R R R T YL TN R R S e

CALL RANDOMUIX,IY,YFL)

IF(YFL=0e¢5) 14;14,15
X{J1)=0
Go TO 16

X{di)ed

IXaly

CONTINUE
INT=NY
X{UINT)YEO

AR ERARS R R RN AR RN RN R R AR AR RN R BRI R RY N

V Is THE RANDOM NOISE GENERATEDe

;@@4@4&@$$$¢¢$5##%#4¥44#4&44$¢¥$4¢4$&$$¥4&$#4#
-CALL GAUSS(IPsS:AM)V)

Z(1)aF(1)8FLOATIX(1) )¢V

CALL GAUSS(IPISsAM,V)
2(2)0F¢1)¢FLOAT(X(2))#F(E)%FLOAT(X(1i3¢V
DO & 1e3sINT

CALL QAUSS(IPsSsAMsV)

o Z(I)ﬁFti)@FLOAT(X(I))¢F(2)$FLQAT(X(IB1})*F(S)gFLGAT(X(IGE)3
9 &V

DO 8 JmlsINT

IF(2(J)eGE0eB) Y(J)=1
IFtZ(J)eLEea0eB) Y{J)usl
IF(ABS(Z(J))elTo008) YI(J)e=0
CONTINUE :
CALL ERDC(ZsYsINT,DEL)

DO 27 11m1,INT
IF{Y(I4)e@GTod) Y(I1)81

99T




. 27

1¢

31

&7

25

22

IF(Y(I4)eLTeal) Y(Iq)esq
CONTINUE '
Ji2aINTal

XEST(1)4v(1)

CIF(XEST(1)eGTe1) XEST(1)84

IF{XEST(1)eLTeQ) XEST(1)EQ

DO 40 K4uzsJi2 )
XEST(K&)BY(KL)SXEST(K421)
IFIXESTIK4)eGTs4) XESTIK&)D1
IF(XESTIRG) e, TeQ) XEST(K4)=C
CONTINUE

NERsQ

DO 31 K3B1,J1i?2

IFI{RIKS)=XEST(KS) JoNEsQ) NERENER®1
CONTINUE

NERRENER®NERR

CONTINUE

Anis/(1e¢414%8)
AREAZ=DSIMPRHIOtDO0,AsF1,EPS,128s5,.)
PUg2ss{ 42 AREAZ)

PLEQeBwAREAD

PRUIK6)=ALOGL0(PU)
PRLIKS)=ALOB10(PL)

SN(K& 2 (10 ) 2ALOGLAO(0B/(Saus))
AUSFLOATINERR)

PE=AU/Z{FLOAT(N&M))

IFlAUcEQ:0s) PRE(K@)a=8e 3 GO TO 2%
PRE(K6&6)ZALQUGL0(PE) '

CONTINUE

SaS4000%

CONTINUE

LASTa&H

LABEL =4HUPBD

CALL DRAW(SN,FPRUs 6,9s0,LABELsTT25¢s1606,028,8,05LA8T)

LABEL=4HSMRL
LAST=4M

“LOT




5¢C

50
52

60

CALL DRAW{(SN,PRE: 6,2:s3sLABELIIT250,404640,8,8,0,LA87)

LABEL=4HLOBD
LASTo4HLAST

CALL. DRAW(SN,PRL3: 6:3:0:LABELJITJS!:1016:O:815:CALAST)

END

SUBRQUTINE ERDC(Z2,YaINTsJ)
INTEGER - X(1000)sY(4C0C)

DIMENSION Z(41000)

X{1)sy(1)

IFIX{8)eLEss1) X(1)=0

Ji1oINTe1

DO 50 I=2,J11

X(I)ey(I)+x{1=1)

IFIX(I)8GTed) X(I)=m4) CALL CORP(XsYsZs1sd)
IF(X(IVelTe0) X(I)0} CALL CORN(XsYsZolsd)
CONTINUE

RETURN

END

SUBROUTINE CORP(XaYsZalsd)

INTEGER X(1000)sY(1000)

CIMENSION Z(1000),GN(1000)

COMPUTE ‘NOISE TERMS FOR ALL TERMS FOR AFTER
00 50 K=1.J

KK&lak+1

IFIKKeEQsO) GO TO 52 :
IF(X{KK)SEQeQ) IdlmKKei! GO TO 51
GNIKK)8ZIKK) =Y (KK)

CONTINUE

CONTINUE

XMAXaGN(T)

1ga]

DO &0 Kzo2,J

Ki8laK2+1

IF(K1:EQ:0) GO TO 25

IF(GNIKL) sLTeXMAX) I22K1) XMAX=2GN(K1)
CONTINUE

R
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25
51

5§
20

5C
52

6C
25

51

585

CONTINUE

GO To 20

XMAX=GN(I1)

Ig=14

DO 55 K3I=I1,1

IF(GN(K3) oL TeXMAX) [2vK3) XMAXSGN(K3)
CONTINUE -

Y{I2)ey(I2)=aq

RETURN

END

SUBROUTINE CORNIX,YsZsIsd)

INTEGER ‘X(1000)2Y(41060).

DIMENSION Z(1000),6N(1000)

COMPUTE NOISE FOR ALL TERMS AFTER Xeoi
DO 50 K=1,4

KKEloK+1

IF(KKsEQs0) GO TO B2

IF{X(KK)sEQ@e4) IisKké1l GO TO 51
GN(KKIaZiKK)=eY(RK)

CONTINUE

CONTINUE

GNIKK) IS AN APPARENT NOISE TERM
XMINSGN(T)

I2s]

DO 60 K282,

K18I=K2+1

IF(K1+EQsQ) @G0 TO 25
IF(GN(K1)e@TeXMIN) [23K1J XMINSGNIKL)
CONTINUE

CONTINUE

Go To 20

XMIN=GN(IY)

Ias]

DO 55 K3=I14,1

IF(GN(K3)s@GTXMIN) I28K3J XMIN=GN(K3)
CONTINUE

-69T




20

Y(I2)=Y(1I2)+1
RETURN

END

FUNCTION F1(X)
REAL*#8F1sX
Fi=(SQRT(7)) /(8
RETURN

END '

QRT(&B)7#(DEXP(téX4X)/Et))
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