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Abstract:

This study is an attempt to formulate a dynamic programming decision model of the management
process of a range-livestock operation and to establish the empirical measurements required for the
application of the model.

The dynamic programming formulation is used for the model because the range management problem
may be accurately represented by a multistage decision process.

The analysis is performed on a per-acre basis on the level of the individual ranch. The model
determines an optimal policy for range improvement, through fertilization and artificial seeding, and
for grazing practice, through the adjustment of the stocking rate. The optimal policy is stated in terms
of decision rules that are dynamic extensions of the static equimarginal principle.

An example is presented to demonstrate the derivation of the decision rules from a model with
specified functional forms. The properties of the decision rules are examined for changes in the system
parameters and relevant prices.

The data requirements for the application of the model are presented. It is necessary to specify the
response of livestock output to changes in moisture and nutrient levels, the stocking rate, and the specie
composition of the range area. The effects of each decision on the future production of the range area
must also be measured.

The measurement problems of the model may be classified as: (1) problems that are independent of
animal effects; (2) problems that are dependent on animal effects, but not on animal performance; and
(3) problems that are dependent on animal performance. It is suggested that problems of the first and
second type may be resolved in small-plot experiments; problems of the third type must be resolved in
grazing trials.

The importance of this study is the presentation of the empirical measurements required for future
research. The problem of range management must be approached in a unified research effort by
physical scientists as well as economists. This study expresses the economic viewpoint on the relevant
information and appropriate data for such research.
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ABSTRACT

This study is an attempt to formulate a dynamic programming
decision model of the management process of a range-livestock operation
and to establish the empirical measurements required for the applica-
tion of the model.

The dynamic programming formulation is used for the model because
the range management problem may be accurately represented by a multi-
stage decision process.

The analysis is performed on a per—acre basis on the level of the
individual ranch. The model determines an optimal policy for range
improvement, through fertilization and artificial seeding, and for
grazing practice, through the adjustment of the stocking rate. The
optimal policy is stated in terms of decision rules that are dynamic
extensions of the static equimarginal principle.

An example is presented to demonstrate the derivation of the
decision rules from a model with specified functional forms. The
properties of the decision rules are examined for changes in the
system parameters and relevant prices. '

The data requirements for the application of the model are
presented. It is necessary to specify the response of livestock
output to changes in moisture and nutrient levels, the stocking
tate, and the specie composition of the range area. The effects of
each decision on the future production of the range area must also
be measured. :

The measurement problems of the model may be classified as:
(1) problems that are independent of animal effects; (2) problems that
are dependent on animal effects, but not on animal performance; and
(3) problems that are dependent on animal performance. It is.
suggested that problems of the first and second type may be resolved
in small-plot experiments; problems of the third type must be
resolved in grazing trials. .

The importance of this study is the presentation of the empirical
measurements required for future research. The problem of range manage-
ment must be approached in a unified research effort by physical
scientists as well as economists. This study expresses the economic
viewpoint on the relevant information and appropriate data for such
research. :




CHAPTER I
INTRODUCTION*

‘In 1969, Montana ranchers produced $319.4 million worth of live-
stock and livestock products, an increase of 11 percent over the
previous year., Cattle and calves produced $292.2 million of the total,
an increase of $27 millioﬂ or 10 percent over the previous year. In
1968, livestock accounted for 62,1 percent of the total cash receipts
for all farm commodities and cattle and calves accounted for 51.3
percent.

The marketings of cattle decliﬁéd betweeﬁ 1968 and 1969, so the
increase in cash receipts resulted from an increase in the averagé
price. In 1967, the average prices per hundredweight fbr cattle and
calves were $22,00 and $28.30, respectively. In 1968, the avefage
prices rose to $22,80 and $29.20, and in 1969, to $25.70 and $32.70.

About 55 percent of Montana's total land area is used for grazing,
-and Monténa ranchers are interested in methods of improving their range
areas, One method is fertilization, and the cost of nitrogen fertilizer
has dropped from 13 or 14 cents to about 10 cents a pound. It is hoped‘
that the lower costs of fertilization and the higher prices of cattie
make range improvement by fertilization a practical and profitable
altérnativé. Even at 10 cents a pound, however, nitrogen fertilizer

represents a considerable investment in range improvement.

#The figures reported are from the April 30, 1970 bullctln of
the Montana Crop and Livestock Reporting Serv1ce.
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Before making a decision on such a range improvement practice, the
- ranchers need to know the effect of 'the range improvement on their

. profits. This study is directed toward providing that information.

The Problem.

The output of a range»lives£opk_0peration'may be increased in
several ways: by improving the forage yield of the range, by improving
the livestock characteristics, and by improving the grazing managemenf
practices of the rancher. The forage yield of the range,méy_be improved
by a variety of methods. Those methods th;t have been used in Montana
may be classified as mechanical and chemical treatments, artificial
seeding, and fertilization,

In this paper, mechanical and chemical treatments of the range, and
the characteristics of the livestock are considered to be determined
by purely technical criteria. That is, the production function of the
range-livestock operation is assumed to specify the maximum output, for
a'given factor mix, which results from the use of the best treatments
and type of livéstqck which the existing state of technical knowledge
pro&ides. Then, the yield of the range-livestock operation, in Pounds
of marketable livestock products, is assumed to-be determined by the
nitrogen and moisture levels of the soil, the specie composition of
the range, and the stocking rate of livestock. The site characteristics

such as topography, available water, and native soil productivity are

taken as given.
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The ﬁitrogen level, or the amount of available nitrogen per unit
area of soil, is.a measuré'of the controllable nutrienf'of the soil,
It is expected thét.the rangé yield reacts positively, at least over ’
some values, to an increase in thé nitrogén level. 'Nitrogen fertiliza-
tion also alters the specie composition of the‘range. ‘It is expected
that the change is toward more ‘desirable specie with increased nitrogeﬁ
levels. “

The stocking rate, or the number of head of livestock grazed on a
_ uni£ area or range, is a measure of fange usage* The efféct of an
increased stocking rate on the range yield is complex,

Grazing.animals have harmful effects .on plants because

of over-~ and under-selective grazing; compaction of soils

due to trampling, which retards water infiltration and root

development; uneven fertility and its removal; and outright

herbage wastage due to fouling, trampling, and selective

grazing. [7:p.14]
Over—selective grazing ié the case in which the animal is able to select
the higher quality forage for its grazing. This case results from a
stocking rate that is low relative to forage availability and produces
more output per animal,.generally at the expense of lower output per

acre. Under—selective grazing is the case in which the animal is

forced to graze low quality forage. This case results from a high

*When considering different ages and classes of livestock, the
stocking rate will have to be adjusted by animal unit equivalents.
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stocking rate and producesvlower output per animal,,alfhough the out-
put per acre may increase, The effect of increased stocking rates on
specle composition is expected to be negative.

This is the éentral problem of grazing-manageﬁenf : the compromise
. between gain per animal aﬁd gain per acre. Generalized curves have
been suggested by Harlan [3:p.140] and Mott [5?p.606], which clearly
illustrate this compromise, .Figuré 1 shows ﬁhe curves ﬁresented by
Mott. The vertical axis represenfs the output per animal (solid line)
and the output per acre (dashéd line), £hough thé scale is not the same,
The horizontal axis represents the étocking rate, running from no
animals to heavy stocking rates, It is £eadily seen that. at the maximum
output per acre the output per animal is falliﬁg off rapidly; which
results in animals with lower market value,

fhe net revenue function of -the rancher is a function of both
the 6utput per acre and the output per animal, which are both functions’
of the stocking rate, Such a revenue function may be written as

R(s) = ¢[x(s),y(s)]
where s is the stocking rate, x(s) is the output per acre,_and y(s) is
the outpﬁt per animal. Figure 1 shows that over some range of values,
the output per acre increases with increased stocking rates. The output
per animal decreases for any increase in the stocking rate. An in;rease
in either output per acre or output per animal résults in an increase in

revenue., These relationships may be expressed as




Figure 1.
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where s* is the stocking rate that results in the maximum output per
Ix _
acre CSE-- 0).
In a static framework, the rancher seeks to maximize the revenue
function, R(s), which implies that ¢[x(s),y(s)] is a maximum., The
necessary condition for the maximum is

3% x99 3y _
e T 0.

As the stocking rate increases toward s*, the oﬁtput per.acre increases
at a decreasing rate and the output per animal falls at an increasing
rafe° The optimum stocking rate is that at which the incremental
addition to fevenue due to an incremental increase in output per acre
is equal to the loss in revenue due to an incremental decrease in
output per aniﬁal. The optimum stocking rate will not be s* unless an
increase in the stocking rate does not result in a decrease in the out-
put per animal or in revenue. The management problem is to determine
the optimum stoéking fate.

The rancher approaches this problem with his ability to adjust the

stocking rate through the retention of young stock as yearlings.®* In the

*The teim young stock will be used to refer to the offspring of the
mature livestock from birth to one year of age, such as calves. The
term yearling will be used to refer .to the offspring from age one to age
two, such as yearling heifers and steers.
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- face of a good year, when moisture is expected to be high and forage

“yield larger than normal, the rancher méy hold yearlings in order to

take a@vanpage'of the higher yield; 'Beforé an expected baé year, the
rancher may sell all of his young stock in order to reduce the grazing
pressure on the expected low forage yield.

The specie compesition of the range might be expressed as an index
of the relative abundance of the various specie that comprise the forage.
The index must reflect the desirability oflthe férage, including such
things as energy, protein and fat content, plant characteristics such
as root structure, and so on. It is then expected that the range yield
reacts positively to an improvement in the index of specie composition.,

If a suitable index cannot be constructed, the specie composition may

" have to be expressed as a vector of forage quality measurements.

The moisture level is a measure of the available water in a unit
area of the soil. It is expec;éd that the range yield reacts positively
to an increase in the ﬁéisture level. The.moisture level, measured, for
example, as soil moisgure in the sPring,‘is assumed to be determined
by the precipitation during the year. The precipitation.is assumed to
be determined exogenously in a stochastic mannér.

The yield of the range-livestock operation is to be expressed as
the output of.animal products per acre, ﬁhich.may be measﬁred directly
or based upon measurements of output per animal ;nd the number of

animals per acre, and is to be measured at the end of the production
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period. The revenue function is the market value of the output'that
1is sold, measured on a per acre basis.

The assumption of a stochastic moisture level variable imposes a
probability distribution on the return function¥, bu; in order to
achieve analytical results it is desirable to reduce the stochastic
retufn function to a meaningful deterministic value. This is accamp— f
lished by assuming some specific behavior on the part of the rancher,

For éimplicity, it is assumed here that the rancher is concerned with

his expected returns,‘thé mean value of the return function over the
probability distribution associated with it. The expected return function
does not depend on the moisture level,

The managerial control of the rancher takes the form of alternatives
through which he may influence his expected returns: he may adjust the
nitrogen level of the soil by applying fertilizer, he may adjust the
stocking rate by adding or removing livestock from the range area, and
he may adjiist the specie qomposition by reseeding the range.

The application of fertilizer entails some fixed cost per acre for
application plus an inpreasing cost function of the amount of fertilizer

applied per acre.

*The fact that the return function itself is stochastic allows the
imposition of subjective probabilities on the returns. TFor example, it
might be desirable, on a behavioral basis, to weight higher moisture
(and thereby, higher returns) by a greater probability than climatic
data specifies, It is also possible to attach probabilities to the
predicted future prices of livestock. The analysis remains the same.
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The option of reseediﬁg the range, if carried out, entails some
_fixeq cost per acre for preparing and seeding the rangé;

It is assumed tﬁat ghe rancher ﬁas'an initial:breéding herd which
may be represented by a specific stdcking rate, Fﬁrther, it is assumed
that the rancher maintains the Sreeding herd at a constantlievel. In
other words, the offspring of the breeding stock are fed for omne
production period and then sold, or fed for one additional production
period, as yearlings, and then sold. Any young livestock held for
longer than two production periods is considered to be held for replace~
ment of older.breeding stock, the older stock then being éqld in place
of the young. Thus, the adjustment in the stocking rate available to
the rancher consists of the number of young livestock he holds over as
yearlings, and entails a marketing cost for selliné young stock and
yearlings plus a wintering cost for holding young s;ock over to
yearlings.®

The total éost function of the range~livestock operation is the sum
of the three cost functions, and therefore depends on nitroéen applica~

tion, changes in the stocking rate, and the option of reseeding.®*

%It is conceivable that the rancher may even wish to purchase
additional stock to feed during an exceptionally good year., In that
case, the cost of adjusting grazing intensity also entails the
. purchasing costs of the additional livestock.

%#%The cost function, like the return function, may be stochastic,
in which case the rancher is assumed to consider his expected costs.
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‘ It is assumed that the rancher utilizes the alternatives available
-to him in such a way as to increase the output of his operation, so
that the addition to his expected revenue exceeds his costs, and
maximizes discounted egpected profit over his planning horizon. The
increased oufput may take the form of ﬁeavier animals or more animals
or both. The objective of this paper is to establish a conceptual fraﬁeu
work within which a ;ational policy of utilizing the aiternatives mnay

be found.

Dynamic Programming
The dynamic programming formulation was selected for the problem
structure mainly because its characteristic multistage'decision process
most nearly approximates the decision proce;s of the rancher.

A multistage decision process is characterized by the
task of finding a sequence of decisions which maximizes (or
minimizes) an appropriately defined objective function. The
stage is the interval jinto which the process is divided, a
decision being made at each stage in the sequence of stages .
comprising the decision process. The state of the process, at
a particular stage, describes the condition of the process,
and is defined by the magnitudes of state variables and/or
qualitative characteristics., Decision making at a given stage
controls the state in which the process will be found in the
following stage, the control being either deterministic (with
certainty) or stochastic (w1th a probablllty distribution).
[2:p.121]

These concepts will become clearer as the present model is formulated
in the next chapter,
"Several other characteristics of the dynamic programming formulation

are also desirable. The dynamic nature of the formulation is important,
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. as the continued operation of a range area is a &ynamic problem, " As
.noted above, the dgcision process.may be stochastic, and the formulation
serves to determine an optimum decision under uncertainty. Thé sfecific
decision problem of any partiéular ranéher is imbedded in a general
formulation which specifically embodies any length of planning horizon
and any initial state of the range operation, and thus contains two
dimensions of sensitivity analysis.,

The method of solution will be "value iteration," in which the
maximum value of the objective function is computed at each stage. The
principal advantage of this method is that the general solution displays,
in its development, the optimal decision for each stage of the process.

The investigation will begin with the statement of the range manage-
ment problem, the general assumptions and the relevant variables. The
problem will tﬁen be stated in terms of a multistage decision process
and formulated as a dynamic programming problem, The solution of the
problem will be found, in the form of the necessary conditions for
optimization., An example will be presented to illustrate the use of
the‘model with specified functional forms. The properties of the
solution of the example will be considered. Finally, the problems
of empirical measﬁrements will be outlined and suggestions for their

resolution will be made,




CHAPTER IT .

THE MODEL

Forﬁulation

In.order to utilize the dynamic programming algorithm, it is
necessary to formulate the problem stated above in terms of a multistage
decision process,

befine a stage of the process to be one year, ending in late
£all when the livestock is solcin The state of the process, at any
given stage, is determined by the nitrogen level, the stocking rate,
and the indexlof specie composition.,

The functional form of the decision process for dynamic programming
is.restricted only by the Markov'requirement:

After any number of decisions, say k, the effect of

the remaining N-k stages of the decision process upon the

total return depends only upon the state of the system at

the end of the k—~th decision and subsequent decisions. [l:p.54]
In other Words, at any time during the decision process, the rancher's
future decisions depend only on the value of the state variables at
the end of the last production period. It is assumed that the formula-
tion of this model meets the Markov requirement, althouéh problems with

accomplishing the Markov requirement can usually be avoided by introducing

additional state variables.
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As a matter of notatiop, a superscript always refers to the time
1 period or stage number, Exponents will always be written with parentheses,
" The following variables are defined on a per acre basis to allow

for any ranch size:

yt = expected range yield at the end of period t, in animal
products per acre, :

xi = nitrogen level of the range at the end of period t, in pounds
per acre,

x; = additional stocking rate in period t+l, due to yearlings held,
in head per acre, '

x; = index of specie composition at the end of period t,

6; = nitrogen application at the beginning of period t, in pounds
per acre,

6; = adjustment -in stocking rate at the end of period t, due to

’ the sale of young livestock, in head per acre,

eg = reseeding option, carried out at the beginning of period t.

To clarify the relationships of the state and decision variables
to the stages, Figure 2 is presented. The horizontal. line-represents
time, future time to the right. The occurrences of the state and
decision variables are indicatedlby the variables' symbols,

A very important aspect of the multistage decision process is the
effect of the decision variables at a given stage upon the state vari-
ables in the next stage. These effects, expreésed as transformations
of the state variables, provide the dynamic link.between stages. The

transformations are indicated in Figure 2 by the dashed arrows.
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Figure 2. The relationship of the state and decision variables to the stages.

w1




15
It is expected that the nitrogen ievel at the end of each~s£ege is
_ giyeﬁ by some percentage of the nitrogen level at the beginniné of ‘the
stage, or, some percenpage of'carryover of the sum of the nitrogen_
level at the end of the previous stage and the nitrogén aﬁplied at the
beginnieg of the stage, that is, |

t-1

(1) x‘i = a(x +80, 0<a<l, (t=1,2,...,T),

ll :'

L

where o is the percentage of carryover.™®

The stocklng rate in each stage is given by tﬁe eum of breeding
stock, offspring of that stock, and yearlings held over from the
previous stage, each on a head perlacre basis. Bgeeding stock per’
acre, is eséumed to be constant at K. ‘Then, assuming a proportional
number of weaned young stock, say vy, young stock per acre is yK. The
additional stocking rate from yearlings in each stage is simply the
difference between the young crop of the previous stage and the young
stock sold at the end of the previous stage, or |

t t t
(2) X, = (YK nez), 62 < vk, (t=1,2,.,..,T),

The specie composition at the end of each stage is expected to

depend on the nitrogen level, the stocking rate, and the specie composi-

tion of the range at the end of the previous stage, and also the nitrogen

*The percentage of carryover may depend on the level of moisture,
the level of nitrogen and the production of forage, but for 51mp11c1ty
is assumed to be independent of such effects.,
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‘application and reseeding operation at the beginning of the stage. There
is not sufficient information on the changes in specie composition to

make more than a general transformation statement, such as
t t, t-1 t-1 _t-1_ ¢
=T 30
3 3(

3) x Xy aEy s¥g 307,
~According-to the assumptions,ﬂthe expected returns of the range=~

t .
SBIKsYK)a (t=192:¢_°=’T)'

livestock operation at the end of period t may be written as

&) rEEFLetik,y0) = ptytxt;et

K,vK), (t=1,2,...,T),
where Xtﬂl represents the vector (k;ml,xgwl,xgnl
t

t . ‘
vector (el,ez,eg), and pt is the marKet price of livestock.® It should

), ot represents the

be noted that the stocking rate of the breeder stock and the young
stock, K and YK, are assumed to be constant and become parameters. Also,

the stocking rate of the yearling stock, xtnl, appears explicitly as a

2
result of the assumption requiring their sale at the end of the period;
The rancher incurs his costs, except the marketing costs, as much
as a year before he realizes the revenue that they produce, so the
marketing cost and the revenue function should be discounﬁed to their

present values. .Assuming that they are, the cost function may be

written as

*The revenue function expressed in _equation (4) should be considered
to be completely general. The price, p , may be a vector of the prices
of livestock of different classes and ages and the production function,
yt, would then be-a vector of the output produced by the various livew
stock. The revenue function would then be the simple sum of the
revenue due to young stock, yearlings, and mature,stock of each class.,
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) et hen,  (m1,2,...,m).

. Again, the stocking rate of the yeaflings enters the cost function as a
result of the assumption that'they must be sold and thus entail a
marketing cost,

The rancher is assumed.to act so as to maximize his expected profits

6 @he% = k' et « ¢t TN, (e=1,2,...,m.
In.order to move to the dynamic programming formulation, the
problem must be restated to allow recursion "backwards", from the
last stage of the planning horizon to the current year. This is
accémplished by letting, n, the number of stages remaining in the
rancher’s planning horizon, become a variable.** Define fn(Xn+l) to be
the discounted expected value of the future profits from the n-stage
decision précess'under'gg'optimal_policy when the initial state is
1. (x§+l,x2+l,xg+l). The future profits will

be discounted by the discount factor, B, which is the reciprocal of

. ot
given by the vector x"

one plus the relevant interest rate. The problem may be restated as

follows:

*The cost function, like the revenue function, is very general and
may comprise different costs of different classes of livestock, -

#%If the rancher's planning horizon is T years, from year 1 to year
T, then at the end of year T-l, there is’'one production period left in
the planning horizon, so n is equal to one. The transformation between
n and t is: '
- n=T=1 , (=N, ,N~l;,0.,1,0),
: (t=1,2,...,T=1,T),
N=T~1,
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1+1 1+l i

, N '
(7). Maximize £ 20 ) = ] OV HRTEeh - ctadtoh,

(8) subject to x;,xg,xg > 0,

(1a) 2 = oGl ey,
- (2a) x;_' = 6(YK -9;_1),

(3a) xg'= 13(_n+1,9n), (n=0,l,2,..o;N).* .

The general recursion relations in fn(Xn+1) may be found by the

) application of Richard Bellman's principle of optimality:
An optimal policy has the property that whatever the
" initial state and initial decision are, the remaining decisions
must constitute an optimal policy with regard to the state
resulting from the first decision, [l:p.56]
Application of the principle to the present problem yields the

recursion relation _
(9) fn(xn'Fl) - [R (Xn+l n) - Cn( 1;+l On) _] Sf (Xn)]‘
L O
To clarify the derivation of equation (9), start at the end of the
planning horizon, n equal to zero, and work back to the present, n,
utilizing the principle of optimality at each stage. At the end of the

planning horizon, the end of stage one, it is assumed that the salvage

land value of the range area depends on its state and is given by

*The constraints may be written concisely in vector form as:

and (3a).

0™, (n=0,1,2,...,N). This implies equations (la), (2a),
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0,1_.1 1 1 1 1
R (xl,xz,x3) = L(xl,xz,x3).

There are no decisions possible, so the expected immediate profit is

1, 1
fo(x ) - L(X )ad

Iterating once for the optimal policy for a one~year planning horizon,
the expected profit is

fl(Xz) = Max [Rl(XZ;el) - cl(xz;el) + sfo(xl)]

el

1 . ' s '
where X~ is the state resulting from the transformation of the state X2

by the decision 61; according to equations (la), (2a), and (3a). The
optimal policy for a one~§ea¥ planning horizon is to maximize the
expected immediate profit plus the discounted salvage value of the
land° Continﬁing for planning horizons of two, three,_etc, years, the

iterations are:

£,(x%) = Max [R2(x°;07) = C°(x307) + £, (X1,
; .
0
£,(x") = Max [R2(x*30%) - 2(330%) + 88, (X1,
o3 ’
(0) . ’
£ (Xn) = Max [Rpél(xn;enml) _ Cnml(xn;en—l) + Bf (Xnul)].
n-1 ne1 2 n=2
0

The preceding iterations and their solutions are those used in the

value-iteration algorithm to solve the general problem. The iterations
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continue until n equals N, the number of years in the rancher's planning
" horizon.

: The.maximization problem indicated in egch iteration may be solved
by any adequate magimization techniqueel If the variables and functions
are continuous, the method of Lagrangian multipliers may suffice, .If
the variables are discrete, an exhaustive searéh procedure is rgquifed.
Any technique'will lead to certain necessary conditions for maximization,
and within these conditions will be found the optimal policy to be

followed by the rancher,

The Necessary Conditions
_ The general form of the neceséary coﬁditions for the maximum of
equation (9) to exist may be found by applying the discrete version of
Pontfyagin's maximum principle (see Appendix A). In general, the
maximum, subject to the constraints expressed in equations (8), (la),
(2a), and (3a), is glven by the decision policy *On, where the

s s ) n ,.n .
component decisiomns, *06., *8,, *63, are the solutions of

n n~-1 . BRi nﬁl i 312 5 i
200 e Tyt 2B Y (et 2 R
36" =0 A=t 30" 5"
1 1 1 9%3
n-2 1 . aritl i
n=—i-=1 = 3 IR aC
+ 101 @ ()" ey e o
i=0 3=0 ) 1 3x3 1

and
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3R R -4 >
(A-21) - B O € S 2R
Y b ox i= ' axt  ox™L
2 2 2 %3
_ach ,_',;acn"l
n P nt
862 8x2 _

: - A n -
These two decision rules are conditional upon 6., the decision to

. n s g . . .
reseed.,. Given 63_equa1 to zero, indicating that the reseeding is not

. carried out, equations (A-20) and (A~21) simultaneously determine

values of 8? and 6;. Similarly, the equations determine some other

values for 62 and 62, given the decision_that"eg

indicating that the reseeding is carried out, The two values of

is equal to one;

en, (92,626{§=0) and {62,626[§=l), muét be compared by substitution
into the right-hand side of equation (9). One of the two values should
produce a greater vaiue of fn(Xn+l) and tbe maximum operator rgquires
the selection of the greater result. The associated vector is *en, the
optimal decision policy.

Consider equation (A-20). Except for the summation terms on the
left-hand side, of the equation, the decision rule represents ﬁhe
classical static equimarginal relationship between revenue and cost.
The summation terms have been introduced by the dynamic formulation
of the problem, througﬁ_the state transformation functions.

‘ The épplication of nitrogen to the soil represents a resourée £low

to an asset stock, namely, soil nitrogen. Because nitrogen has a

two~fold effect on range yield, a direct change in quantity and an
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-indirect change in quality thrqugh_specie composition effects, the
.chqnge in the value of the asset results from the two separate effects.
The first summation term is the discounted expected future returns

due to the percentage of an increment of nitrogen retained in the soil,

through its direct effect on forage yield. The second summation. term
is the discounted expected future returns due to an increment of

-nitrogen applied; through its effect upon the specie composition of

the range in all future periods. The third summation term is the

discounted expected future returns due to the percentage of an increment

of nitrogen retained in the soil, through its effect upon the specie
composition of the‘range in each subsequent period. All of these
effects have beeh assumed to 5e positive, so the three summation terms
are positive, The sum of the terms is the present value of an incre=~
mental investment in soil nitrogen.

The first two terms on the left-hand side of equation (A-20)
represent the response of the revenue function to a changg in forage
&ield due to nitrogen. The last two tevms represént the response of
the revenue function to a change in specie composition due to nitrogen.
The first and third texms represent the total response of the revenue

function to applied nitrogen; the second and fourth terms represent

the total response to soil nitrogen retained,

The timing of the effects is indicated by indices on the summation

signs. The application of nitrogen directly increases the revenue in
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‘stage n and changes the specie composition in the future, beginning at

.stage n-l. The percentage of nitrogen retained directly increases the

revgﬁue in stage n-1 and changes ﬁhe specie composition in the future,
beginning at stage n-2.

Equation (A=21) exhibits some similarify0 . Like the first equation,
it is a modified form of the static equimarginal principle. By assump~.
tion, however, the stocking-fate_may not be mgintaiﬁed at.an increased
level by indefinitely retaining the same livestock: yeatlings have to
be sold. As a result, the stocking rate decision spans only two produc-
tion periods: thg rancher may sell young stock in thé present period, |
or yearlings in the next period. Thus, the rancher considers any
difference in revenue, and the associated costs, that might result from
the retention of young stock to be sold as yearlings. The first two
terms on the left-~hand side of equation (A~20) are this difference in
revenue, and the right-hand side is the difference in costs,

The decision to increase the stocking rate also influences the
value of a potential asset, namely, forage yield, through the effect of
increased stocking rates on the specie composition of the range. The
summation.term in equation (A-21) is the discounted expected future
retu?ns due to the stocking rate in the next period through its effect
upon the specie composition of the range in the future, The effect of
livestock on specie composition has been assumed to be negative, so the

third term represents a loss in the future revenué due to yearlings.
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Utilizing the one~to-one (inverse) cofrespondence of young stock sold

" and yearlings held,

equation (A~21) may be written

n=-1 . '

(ae21a) PRT 4 GRD . nZz(B)n"i o3 R _ 3c” Gac“‘"l
BT bie a0 1=0 30" ox™ 1 oD 3o

2 2 2 3 - 29 °%2

Now the left—hand side of equation (A-2la) is clearly the total change
in revenue associated with an increment in the decision to sell young
stock, and the right-hand side is the total change in cost,
Keeping the foregoing discussion in mind, the decision rules may
be stated as:
(1) The present value of the marginal revenue produced by
fertilizer in all future periods must equal the marginal
cost of fertilizer. : ’
and
(2) The present value of the marginal revenue produced by
the sale of young stock must equal the marginal cost of
selling young stock.
Agéin, these decision rules are conditional upon the decision to reseed
. the range area.
The present value of the expected profits under an optimal policy,
given by equation (9), is net of all costs except interest .on the invest-

ment in land and a return to the rancher, The derivation of an -optimal

policy of fertilization and stocking, however, also yields an estimate
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-of the value of the range land in terms of the capitalized future income

that can be derived from the land. -Thus, the maximum price per acre

that can be paid‘for land can be found by using the optimum solution
to equation (9) and specifying the desired return on investment and

management of the rancher,

Sensitivity Analysis

In any optimiéation problem, it is desirable to be able to investi-
gate the response of the optimal decisions and returns fo changes in
the parameters of the syétem° In economic analysis, this cépability;
called sensitivity analysis, is particularly important because the |
nature of the economic system presents significant measurement problems.
The dynamic programming formulation embodies sensitivity analysis in
two dimensions: the values of the state variablés and the number of
stages. [6:p.66]

When the dynamic prograﬁming problem has been solved in its general
form, as in equations (A-~20) and (A-21), the optimal decision policy
is stated in terms of the initial values of the.state variables, the

1, in the présent case., Given any initial values of the state

vectbr Xn+
variablés, the solution determines a decision policy at each stage that
will optimize the objective function. .

This is actually a double advantage. First, the model is general-

ized to livestock operations with any initial nitrogen level, grazing

intensity, and specie composition. Second, for a particular operation
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. the response of the optimal décisions and returns may be detérmined
for any variation in tﬂe values of the state variables.

'In the other dimension, the solution of the dynamic programming
‘problem in its general form is statedhln terms of a general plannlng
horlzon, N. Agaln,.thls generalizes tﬁe problem to 11vestock operatlons
with any length of plann;ng.horlzon, and for a particular operation the
resbénse'of the optimal decisions and returns may be determined for any
variation in the lengtﬁ of the planning horizon,

Although not embodied in. the formulation of the dynamic programming
probiem9 there is another dimension of sensitivity analysis which ié
useful in the present problem, There are several prices and costs
which must be fredicted for each stage of.the planning horizon, and
there will be error‘and uncertainty involved in these predictioﬁso The
response of the optimal solution to variations in such prices may be
determined in order to\examine the stability of the solution.

Convergence |

The property of convergence is closely related, in computation,
to the dimensién of sensitivity analysis on the planning horizon, If
the profit function defined in equation (?) is bounded and does not
depeﬁd on the stage, the presence of the discount factor insures that,
for large values of n, the policy vector éonverges_to a single policy
vector that is independent of the stage. Such a convergent poiicy is

very useful for economic interpretation of changes in the parameters of
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Ethg systeme A sufficient, but nq£ necessary, condition for the
convergence of the model presented is that the prices and costs remain
constant over time.

Another type of convergence results if the'values of the state
variables épproach some steady-state values., The conditions‘for
convergence in this sense'aré noﬁ stated, but may be derived from thé
~necessary conditions for maximization. The convergence of the state
variables has some intuitive appeal for this problem for theée reasons:
&) if.there is a well-defined optimum value of soil nitrogen, it ié
reasonable to expect that, in the long run, the nitrogen state variable
will approach that vaiue,'perhaps corrected by the dynamics of the
situations (2) with a steady-state value of soil nitfogen, it is to be
expected that the specie composition of the range will approach an
equiliﬁrium étate; and (3) with steady-state values of both nitrogen

and specie composition, and thereby a steady-state forage yield, there

must be some optimum steady-state grazing practice. So, it is probably.

not unreasonable to expect convergence in this sense and the existence

of steady-state values will be considered in an example to follow,.

Uncertainty
The dynamic programming formulation allows for uncertainty in the
form of stochastic transformation functions. In this paper, the trans-

formation functions were assumed to be deterministic for the ease of
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. analytical manipulation. However, in an application of the model, such
_things as the carryover of nitrogen or the change in specié composition
migﬁt be considered to be stochastic processes., Another state variable
might also be included, in the form of a moisture level measure, which
by assumption, is stochastic.

The addition of a moisture level variable is considered to be an
unambigﬁous improvement in the practical value of the model, and will
serve as an e#ample of a stochastic process., In order to include such
a variable, the production function would have to be restated as a
" function of moisture level.

Let x4 be the soil moisture of the range area, measured at the
end of period n. Assume that xz is stochastic and distributed according

x2+¥x where y is

a dunmy variable., Then the production function and the revenue function

n-rl) .

become stochastic, distributed with the conditional probability Pr(y[v

+1 _ , ntl n+l n+l n+1

+1 nFZ he}
X -O ) v Pr(yl ), where X = (x1 Xy 5%y 5%,

R (X ).

Assuming that the rancher seeks to maximize his discounted future

‘expected profits, the problem may be restated as

i+ i, i+l
Maximize £ (X)) = & Z MRt - cteg e
i=0
subject to x;,xg,xg,xz > 0,
< = o n+1+e )’

1 Y%
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M
i

n

+1__n,
5 = Tg(Xn _;02),

N
1

l n+l

X, N Pr(y ), (n=oals2,°°°sN)s

where E is the mathematical expectation operator, Assuming that the

. s n ., . ‘ . .
molsture level variable, Xy is discrete*, equation (9) may be rewritten

as

£ () - e, EIR P e - ¢ ’2”1,@“) + 8- (M1,
or,

£ o - Heg IR Ry - dad el L o8, LEerGy 51,
where R (Xn+1'9n) is the mathematical expected value of R (Xn+l n)e The

solution of this problem may be found in the same manner .as in the
deterministic case, but the generality of the probability distribution
and the expectation operator prevent the simple exposition of analytical

results,

#When the stochastic variable is discrete, the mathematlcal expecta~-
tion of any function Z is defined by.

E[z) =) 2- Pr(y|x"

y -
If the stochastic variable is continuous, the summation becomes and

integral, or,
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E(Z) = [ Z°Pr(y|Xz+1)edy.
Yy

' The two cases are completely analogous, and the analysis remains the
same,




CHAPTER III
AN EXAMPLE

In order to illustraté the use of the model, a simplified example
is pfesented° The exgmple is not integded to be definitive, although the
functional forms are thdught to be reasonably accurate. Because there is
so little known about the causes and effecté of“specie composition and
its changes, the state and decision variables associated with specie
composition are not included, The'terminal value of land is taken to be,
constant with respect to the state variables and, since then its magnitude
is not important for decision~making, is set equal to zero., (For a
sufficiently long planning horizon, the terminal value of land haé no
effeét because of discounting.) The statistical reduction of the
production function with respect to moisture level is assumed to have
been accomplished, so that the functions presented may be considered
to be the mean~value functions.

The production surface for livestock is'derived from the generalized
curves suggested by Harlan [3:p.140] and Mott [5:p.606]. TFor a given
level of forage yield, the output per animal unit‘(AU) grazed is assumed
to be a function of the stocking rate of the form

1y, = k-ab?2,

where Yy is the output per AU in pounds, z, is the stocking rate in AU
per acre, and k, a, and b are parameters. Such a curve is illustrated

in Figure 3.
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For'a given stocking rate, the response of the output per animal
ﬁnit grazed to soil nitrogen as reflected through forage yield is
éssumed to be quadratic: |

- _ 2
(12) y, = ¢ + dxl e(xl) s

~ where Y1 is the output per AU in pounds, x. is the soil nitrogen level

1
in pounds per acre, and ¢, d and e are constants; _This curve is
illustrated in Figure‘én. |

An analysis of equation-(ll) sugéests that the paramter k represents
the output per AU due to the quantity of forage yield, An increase in k
results in an increase in output at all rates of stocking; an increase
in the stockiné rate at the point of no gain, but no change in the slope
or the curvature of the output function. An autonomous increase in the
quantity of forage yield should produce the same effects.. The increase
in the quantity of forage per AU results in greater animal gains at the
same rate of stocking or in a greater stocking rate at the same level of
animal gain. Since the plant—-animal. relationship is qualitatively
unchanged, the increase in the quantity of forage does not affect the
rate of gain versus the stocking rate,

A change in a or-b resulfs in a change in the siope and curvature
of the output curve, indicating a changing plant~animal relationship.

It is felt that this effect is similar to a change in specie composi-

tion or in livestock characteristics.
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Figure 3. General form of the curve:

¥ opi k-ab
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Figure 4. General form of the curve:
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. On the basis of that.interpretation of the parameters of equation
(ll), the response of the output per animal unit to the level of nitrogen
ﬁay be included by allowing the parameter k to vary with nitrogen,
according to equation (12). The result is-a family of gain curves as

shown in Figure 5, where the functional form is

z .
- e(x)?] - ab 2,

(13) y = [+ ax;

‘where y is the output per AU, is the nitrogen level, and z, is the

X ,
stocking rate. Parameters a through e represent the genetic character-
istics of the livestock, the quality of soil and forage, and so on.

The output of animal'products per acre is simply the product of
the output per animal unit times the number of animal units grézed-per
The family of curves shown in Figure 6 are the output per acre
curves, The revenue function is the product of the price times the
number of animal units per acre sold times the output per animal unit.

In terms of the notation of Chapter II, the nitrogen level at fhe
beginning of stage n is the sum of the nitrogen level at the end of
1

stage ntl, x?

Y. . The stocking rate in stage n is the sum of breeding stock, K, young

1°
stock, YK, and yearlings held, x2+l, each on a per acre basis, The

stocking rate may be expressed in terms of animal units per acre as

, and the nitrogen applied at the beginning of stage n,

n _ n+l
22 = ml(K) +'m2(yK) + m3(x )
where Z; is the stocking rate in AU's per acre, and mys m, and m, are the
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Nitrogen level k

Nitrogen level k

Nitrogen level kll)

(k3 > k2 > kl)

» Stocking Rate

Figure 5. Representative members of the family of output per animal
curves.
Output/Acre
A
Nitrogen level k
"
k2
n
k
il
> Stocking Rate
Figure 6. Representative members of the family of output per acre

curves.
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.correction factors, in AU per head, for matu?e stock, young stock and
&earlings, respectively. | |
At the time of sale, the weight of young stock and yearlings is some
function of the output per animal unit, equation (13). For simplicit&,

assume that the weight functions are proportional, say

Wl=gl ° y
where w; is the average weight per head of young stock at the end of
' sfage ny yn is the output per AU at the end of stage n, and 81 is.a
constant, and

= n.

W, =8y * Y

where wg is the average weight per head of yearlings at the end of stage

n, and g, is a constant. Then, the revenue produced at the end of stage

n is given by

+
(14) B = pl(wle0h) + phupex by, (@=1,2,....N)
= plep oyPeg® 4 n__ ., noxn+1
zn

n n n n+1 n ntl n
= [peoqloez -+ pxoqzaxz ][C+d(X el)" ( l +0 ) (b) ]

wheré pz is the price per pound for young stock.and pz is the price per
pound for yearlings at the end of stage n.

The cost.function in stage n is éssumed to.be a 1inear.combination
of the costs of fertilizer applied, 6;, young stock wintered, YK—GE, and

n n+l n n+l

the market:ng costs of the animal products sold, VyX, + WXy e
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cost function may be written

n ol

n n
Xz )9 (n=1929°°°9N)9

n _ n, . .n n, n.n
(15) q =P 61+ Cl(yK 82) + Cz(w162+w2

wheré p? is the price per pound of fertilizer at fhe beginning of stage

n, C; is the cost per head of wintering young ;tock, and C; is the
marketing cost per pound, bsth taken at the end of stage n, The marketing
and wintering costs aré assumed to be discounted to the time of ‘decision,
and the revenue is assumed to be réceived‘one year after the time of

~ decision, Thﬁs, the profit at stage n is givén by

n n n

(16) T =B8R =C, (0=1,2,...,N),

where B is the discount factor.

Necessary Conditions
Substituting equations (14), (15), aﬁﬁ (16) into the model and
assuming an interior solution at each stage n,* the decision rule for
nitrégen, equation (A-20), may be solved for e;; (see Appendix B)
n n-1
n ntl - Py 7 0Py

- d
(B=6) 6., = o=~ = X -
1 2 1 n, n okl
e B (nglez'}‘pxgzxz ) (2e)

. . . n
%The assumption of an interior solution requires 61 to be greater

than zero at each stage n., This allows the consideration of a continuous
solution by avoiding the discontinuity imposed by the constraint

e‘; >0, (0=0,1,2,000,8).
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Ihe first ferm on the right-hand side of_eqﬁation (B-6) is the physically
-bptimum level of nitrogen, ioe,; the level of nitrogen at which the
marginal-productivity of nitrogen is zero (see Figure 4), hereafter
written xi, ‘The second term is the amount of nitrogen presently in the
" soil, The third term is an adjustment ffom the physically optimum level
of nitrogen that reflects the asset value éf soil nitrogen in terms of
its cost Ahd its productivity. The form of this term is due to the
‘the simplicity of the functional forms assumed, primarily, the linearity
of the cost function. |

Since fhe percentage of carryovér, a, and the discount factor, é,
are both less than one, the third term is negative for a cdonstant price
of fertilizer. This implies that the cost of fertilization‘diminishes
the profits so that something less than the physically optimum level of
fertilizer should be applied., The term is more negative if the price
of fertilizer in the next stage, p?"l, is less than the current price,
p?o This implies that the reduced cost of fertilization in the next
stage resulté in the decision to apply less nitrogen in the current
stage, presumably iﬁ favor of applying more in thg subsequént stages.
The term becomes positive if the price in the next sfage is sufficiently
greater than the current price. This implies that the increased cost of
fertilization in the next s#age results in the decision to apply more

fertilizer in the current stage, so that a greater nitrogen level will

be retained through carryover,
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The denominator of the third term is the marginal.value product
éf an inc;ement of nitrogen. An increase in the discount factor, the:
prices of livestock, or in the number of livestock séld, represents an
increase in the value of soil nitrogen as an asset, Under such circum-
stances, the third term decreases, resulting in the decision rule moving
closer to the physically pptimum level of nitroéen.

The decision rule for the stocking rate, equation (A-~21), becomes¥*

. : awn--l awn--l
nn 2. n=1 n-1 n-1 n-1l 1 n=1n 2
- an epgwy - Blp, Tw, T H (py "6y T p T )]
o 9%, - 9x
2. 2
awn—l Bwnml
_.nn ‘n=1_ n=1 n=1 1 n 2
= C2W1 - 802 [w2 + (62 —w;f-+ X, = )] C
BXZ 8x2

The left-=hand side of equation (17) is the discounted difference
in marginal revenue between young stock and yearlings. The first term
is the discounted marginal revenue of young stock sold in the present
stage, and the second term is the discounted marginal revenue of yearlings
sold in the next stage. It should be noted that the second term includes
an additional,'differential expression. This expression represenfs the
loss in output per AU which results from the increased stoéking rate that

the holding of yearlings in the next stage entails, The reason for the

*The expression for 6; which results from equation (17) is in the
form of a quadratic function and an exponential function. Such a form

cannot be analytically solved for 62 at this point,
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expression is.thét the stocking rate of the young stock, even those sold,
ié already included as a parameter in the revenue function, but fhe
presence of yearlings in any stage entails a net increase'in the rate
of stocking,

The right~hand side of equation (17) is the difference in marginal
cost between young stock and yearlings. The fifst term is the marketing
cost pér head of young stock and the second term is the discounted
" marketing cost per head of yearlings. Their sum is an incre;sing cost
per head of.ydung stock séld, or a decreasing cost of.young sfock held
over. The third term is the winterigg cost per head of young stock that -
is a decreasing cost of selling young stock.

The decision rule spans only two production periods, a result of
the assumption that yearlings must be sold.

-'The relationship between the two decisions, stocking and fertilizing,
is represented more clearly in equation (B-6). An increased number of
animals sold represents increased returns fo the range-livestock opera;
tion., This allows the rancher to cover the costs of fertilization and
results in the decision to apply more fertilizer., From the other view=-
point, an increased le§e1 of nitrogen represents an increased revenue

per head of livestock, and results in the decision to sell more stock.

Convergence
It is instructive to consider a particular type of convergence at

this point, The properties of the solution will be considered under
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the

the assumption that, for values of n greater than some value nys
' . . .n n
state variables, Xy and X,, converge to some steady-state value. The

assumption may be written as

(18) - X_tll = X1
(19) xg =Xy, T >,

where x, and x

1 9 are constants, The transformation functions then become

_ n
Xy = a(61+x1),
- S am n
X, = YK 62? n > Ny
and may be solved for G; and 92:
n _ (l=a)
(20) 6y =5 s
n - am
(¢2)) 82 YK Xy N % no.

Since %y and x, are constants, the decision variables must also converge
to steady-state values, say 61 and 92, which are given by the right-~hand
sides of equations (20) and (21).

To illustrate the convergence of the decision rules, consider the
nitrogen decision rule, equation (3-6). Substituting equatioms (20) and
(21) into the decision rule for nitrogen results in the expression

n _ 8 n-1

e1 = Xi - (130)91 - n n :
B8 [Peqlez’*'Pqu(YK"'ez) 1(2e)
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The assumption of steady-state values requires the prices to retain the
same relationship for all n greater than 255 which may be accomplished
by assuming constant prices, Py> Py and Pye The steady-state decision

rule for nitrogen is

(26) 8, = (-0 [xf - Coe8ey
1 PP T Bl{pge =p,8,)0, %P gZYK}(Ze)]°

The second term on the right-hand side of equation (24) is the
steady—state'op;imum level of nitrogen, In the steady-state situation,
the rancher applies nitrogen until total soil nitrogen is up to the
optimﬁm level, and maintains that level By'applying the percentage of-
nitrogen lost in each stage, (1-o), as equation (24) states.

A decrease in the price of nitrogen, plé‘r?sg;ﬁglin the convergence
of the nitrogen level to a higher steady-state value; aA increase in the
prices of livestock has fhe same result;.‘An increase in either the
carryover percentage or the discount factor increases the discounted
future returns due to nitrogen and results in.the convergence to a higher
steady-state value of the nitrogen 1eve1e' An increase in the carryover
percentage increases the future returns because more nitrogen is avail-
able in future periods. An increase in the discount factor increases
the fresent value of the future returns because the opportunity cost of
capital is less. |

As the product, of, approaches one, the optimum level of nitrogen o

approaches the point of zero marginal productivity, xf, regardless of
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any finite cost of fertilizer. If the product approaches zero, then
éither no nitrogen is carried over or future returns are not considered
ét all so that the decision is reduced to a static consideration, and
the optimum level of fertilizer converges to the 1e§e1 at which marginal

cost and marginal revenue are equal in a static sense,

Sensiti&ity Analysis
For the purposes of sensitivity analysis, the fesponse of thé
nitrogen decision rule to changes in the prices of livestock and
fertilizer may be found. For example, if the érice of fertilizer

increases by API’ then the new decision rule for nitrogen is

| ((10B) (p+4p,)
1 R I R [(pye,~P,8,)0,+p,8,YKI(2€)

or subtracting 61 from both sides, the change in the decision rule is

- .(luaB)Apl
2 AB = -
(23) 1 [(pg8=P,8y)0,%P, 8, YK](2e)

An increase of Apl in the price of fertilizer decreases the amount of
nitrogen to be applied:by the amount on the right-~hand side of equation
(25). The relationship stated in equation (25) permits the researcher

to examine the effects of price changes on the optimum solution. Such

effects are particularly important when the variables are discrete

valued.
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Notice that equation {B~6) states the decision to apply nitrogen,

62, in terms of any level qf existing soil nitrogen, x?+l; any rate of

xp+1
2

of sensitivity analysis that are embodied in the dynamic programming.

stocking, - 62, and for any stage n., These are the two dimensions

formulation, The same dimensions of analysis are available on the

. decision variable for stocking, 62, in equation (17).




CHAPTER IV

DIRECTIONS FOR RESEARCH

Data Requirements

‘The examination of the necessary conditions for maximization,
equations (A-20) and (A-21), points out the vital information demanded
for the application of the model presented, The hatﬁre of the equatioﬁs
indicates tﬁat reseacrch must be directed toward the specification of
the revenue function and the state transformation functions.

" The imﬁortance of the revenue function is emphasized by its
repeated use in the necessary conditions, over the entire planning
horizon. The direction of this paper has stresséd animal output per

_acve as the measure of production and a means of evaluating range
forage. If the model in its present form is to be applied, the
specification of the revenue function must be the first and
most impogtant aim of further range research. As a second aim, the
transformation functions may be specified by the éata gathered in
the process of determining the revenue functionm.

There are two requirements for the specification of the revenue
function: the prices of livestock must be estimated and predicted
over.the planning horizong ahd the response: of the production function
to fertilizer applications, stocking rates, moisﬁure and specie composi-
tion must be determined. Specification of the transformation functions

entails at least three information requireﬁents: the carryover
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percentage of nitrogeﬁ, the response gf specie composition to nitrogen,
;nd the response of Specie’compositipn to stopking, . -

Cne point should be kept in mind in the development of experimentai
design. The model presented, in its full generality, allows for much
more general functional forms than those assumed; Tﬁe researcher must
not feel beund to the assumption, for exaﬁple, of a constant éarryover .
percentage, The limiting requirement on the revenue, cost and trans-
" formation functions is the Markov requirement [p.10]: it must)be the
case.that, given the state of the system at any stage, the revenue,
cost and transformation funcfions depend only oﬁ that state and the
subsequent decisions.

Another point that is most important to the fesearcher is that
the economic viewpoint of the model presupposes the technical conditions
. on the production function. Thouéh these conditions are not required
for the operation of the model, they are necessary for its specification,
hence, its application. The technical conditions include: the
characteristics 5f the range land and the livestock, the use of
mechanical and chemical treatments on the range land, and the techniques
of fertilization and séeding°

Witﬁ these two points well in mind, consider the problems 6f

data demands.
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The decision rules depeﬁd‘on the ﬁarginal revenue produced by the
decision in all future periods, so the livestock price must be known,
either with certainty or with some established probability, for each
stage in the planning horizon, A prediction model of such scope is

not to be considered lightly, but there is hope'in one fact: the

~ future returns are discounted to present value and corrected by carry=-

.

v

over percentages, If the returns are relatively constant, then with a
discounted carryover percentage, the product of, of 0.8, the error

associated with ignoring all stages more than 10 years in the future

is on the order of only 10 percent; if- the product is 0.7, the error

is less than 10 percent after only 7 years and less than 3 percent after

10 years. The declining importance of future returns also implies the

-declining importance of measurement error on future prices. At the

‘end of 10 years, the error is reduced to 3 percent and 1 percent of

its value, when the product, af, is 0.8 and 0.7, respectively. It is
not unreasonable to expect the product to be less than 0.8, so, if
some level of error can be called acceptable, the demands on a

prediction model for prices may be relaxed in length and accuracyo

The Production and Transformation Functions o -

The specification of the production and transformation functions

cannot be so lightly dismissed, This model has set'extremely high
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objectives for range research, attempting to explaiﬁ férage quantity
énd quality, and animal performanée by the variability of fertilizer,‘
specie,compogition, and grazing pressure in order to form a relation
between the iatter variables and the oﬁtput of animal products from
range iandD The task of coﬁducting a‘single 1argemsgalé experiment
to derive all of the necessary data is surely either impractical or
impossible, The task must be divided into units that may be handled,’
" Chamblee suggests that the problems of forage evaluation may be divideé
into three categories: (1) problems that are largely independent of
animal effecﬁs; (2) problems tha£ are interrelated with animal effects,
but that may be ?esol§ed without agnimal measurementég and (3)'prob1ems

that cannot be resolved without animal measurement. [7:p.150]

"Problems Independent of Animal Effects

To the extent that the effects of animals on fofage yield are
independent of the effects of nitrogen, the response of forage yield
to nitrogen and moisture can be included in the first category.®
Then, it is suggested that small-plot experiments with no animal
trials would be adequate for resolving the problems of nitrogen and

moisture response,

#This does not imply that the animal has no effect on forage
yield; the fact that it does is undeniable. The implication is that
the effects of nitrogen are entirely separate effects, and may be
studied by themselves,
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The specific items to be considered in this category inélude:

;he response of forage quantity to nitrogen application, the reséonse
of specie composition to nitrogen application, and.the percentagé of
nitrogen retained in the soil; all measured at various levels of
moisture. The results of the measurements are to be sfated as the
quéntity of foragé.and the value of the index of specie compésition
produced by each experimental level of nitrogen at the various moisture
levels,

The percentage of nitrogen car?yover should be causually related
to the yield and may also dgpend on the moisture level and gﬁecie
compositiono Smallmplot.experiments should be useful for obtaining
the information necessary for determinigg sqch relationshipéo

These results should specify, at least partially, to the extent
of the independence assumption, the nitrogen transformation function,
equation (la), the specie composition transformation function, ‘equation
(3a), and the forage quantity and quality due to nitrogen, specie
composition and moisture. |

’If the reseeding opfion is to be tested, it must also fall in
this category. It is expected that a separate transformation function
for specie composition would result after artifiqial seeding;

It is suggested that the measurement of soil nitrogen and moisture

be a physical one, not an estimate based on residual effects. Then,

.
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the measurement of nifrogen.applied mus£ be in consistent units, such
_;s'the actual amount of the applied nitrqgen that results in available
soll ni;rogen° The:forage quantity may be measured by clipping and
stated in pounds., There are several survey methods aﬁailable for the
measurement of the index of specie composition but, as indicated
previously, thé structure of the index must first be decided.

The genéral design of the experiments'in this category éhpuld be
rather simple. An area of small plots is laid out and measured
immediately for soll characteristics, moisture and nitrogen level
and specie coinpositipno &reatments are then applied to the plots,
principally experimental levels of nitrogen but also mechanical,
chemical and seeding treatments,; if the latter are to be measufedo
Saﬁples‘are taken yearly of moisture and nitrogen levels, specie
composition and yield, and treatments reapplied in such a way as to

produce an adequate cross=section of results. The precipitation each

year should also be recorded in order to correlate precipitation with

the moisture level, The times associated with green—up and green feed
season might be recorded for use in future improvements of the model

by timing effects.

" 'Problems Interrelated to Animal Effects: No Performance Measurement

The second and third categories stated above.are largely comple-

mentary, and considerable overlapping will be evident, The value of
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the experiments not involving animal measurements deﬁends mainly on
the practicality of conducting grazing trials‘énd animal measureménts,
If grazing trials are not practical, then the results of the second
category of experiments must be used to approximate animal effects,
When grazing trials are carried out, the results of the second category
of experiﬁents are useful as fupdamenfal knowledge on which grazing
;rials may be based,

Problems that might be resolved without the measurements of animal
performance include the effects of the animal én range yield., - Again,
it is suggested that small-plot experiments would be adequate for
resolving the problems of animal effects,

The specific items to be considered in this category include: the
response of yield to the animal due to trampling, nutrient return by
- excreta and fouling, and the response of specie composition to grazing.
The results of the measurements might be stated as the quantity of
yield lost per head of livestock due to animal effects, and the change
in specie composition, including gnimal preference and plant recovery,
under grazing, If the animal effects appear to contribute significantly

to the carryover percentage of nitrogen, this response should also be

~

noted. -

An important problem that must be resolved is the influence of
yield on the percentage of offspring produced by the breeding stock.

This influence is clearly a factor in the decision between selling
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young stock and selling yearlings and may also affect the decision to
fertilizer, Small-plot experiménts w&uld be useful in resolving this
broblem.

These results should complete thé specification of the nitrogen
transformation  function, equation (la), and should contribute to the
specification of the specie composition transfofmation function,

. equation (3a), and of the response of range yield to stocking rates.

The measurements, most likely on a per head basis, must be made
in units consistent with those of the first category in terms of yield;
specie composition and nitrogen level. The plot size must be
recorded, of course, as the results may have to be stated in terms of
acreage and used to approximate the total animal effects,

The experimental désign should be similar to that of the firsf
category and, in fact, should probably represent a simple expansion
of the small-plot design, If it is reasonable to expect a homogeneous
éffect of an animal on an area of several small plots, the experiments
may even approach actual grazing trials. The yield, specie composition,
nitrogen and moisture level are measured before and after the animal
is placed on the range4areae The necessity of an animal depends on. how
closely artificial methods, such as clipping, agproximate the animal
effects, If an animal must be used, it seems that there is no reason
why the animal performance cannot be measured, thereby making these

experiments actual grazing trials,
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‘Problems ‘Interrelated to Animal Effec¢ts: Performance Measurements

The response of the animal to forage quantity and quality and
fhe response of forage and gnimal yield to the stocking rate must be
measured by animal trials. As noted above, if animal effects caﬁ be
considered to be homogeneous over several small plbt areas, then the
same expe?imental design may be expénded and utilized for grazing
trials, | |

The séecific items to be considered in the third category include:
the response of the livestock output to forage yield and to stocking
rates; and the change in specie composition due to stocking rates,
Sincé the output of livgstock pfoducts,is the desired end of the range
operation, the results of the experiments under this category are by
far the most important. Unfortumately, the necessit§ of grazing
trials also makes the results the most difficult to achieve. The
results of the measurements are to be stated as the output of animal
products, either per head or per-acre, produced by each level of forage
yield, as measured in the first category, and by each experimentél
rate of stocking, and the value of the index of specie composition
produced by each rate of stocking, It might also be desirable to record
the response of forage yield to stocking rates, .

These results should complete the specification of the specie
composition'transformation function, equation (Bai, and the production

function for livestock, by inference from the forage yield experiments.




54

It is suggested that the measurement of output be made in pounds of
iarketable livestock products per acre at each level of forage yield
and rate of stocking., All 6ther units must be consistent With the
measurements in the other two categoriés°

If experiménts of a scale sufficient to produce these results are
not feasible, tﬁep the results mﬁst'bé inferred from extensive experi-
ments of the second class., It is possible that time and cost factors
may necessitate just su;h a diréction of research., |

Reid [7:p.45] suggests several indicator methods for forage -
evaluation which could possibly be used in conjunction with limited
grazing trials to produce output results more quickly and more cheaply.
Nitrogen fecal-indicator techniques have some appeal for this model
because fhe emphasis here is on nitrogen fesponses;

- The nmitrogen  indicator technique appeérs to be é valid measure of

- the digestibility and intake of forage. Grazing trials could be-used-
to establish the relationships between these variables and animal
output, and these variables and stocking rates. Small plot experiments
could be used to establish the relationship of these variables to
soillnitrogen and_specie'composition. .Then, it does not seenm
unreasonable to expect that a direct measurement of the production
function could be accomplished tﬁrough the link provided by the nitrogen
indicator in fewer grazing trials., In addition, the indicator

technique provides a direct measure of fecal nitrogen return. For
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these reasons, it is strongly suggested that the methods of the nitrogen

indicator be investigated as a useful measurement technique,

“The Cost Function

The cost function does not seem to present nearly as ﬁany problems
as the production function., The estimation and prediction of costs over
the planning horizon presents éhe same problem as in the case of live-

-stock prices, and the previous discussion applies equally well to both.,
The measurement of the cost function entails the‘specification of
the costs associated with applying fertilizer,'wintering calves, and

marketing livestock. WNo significant difficulties seem to be apparent.

.Extensipns

The extension of the model by the addition of a moisture level
variable has already been discussed., The model might be extended
by the addition of other state variables., One reported effect of
fertilization on range land is an earlier green-up and longer green
feed season, A state variable that expresses such timing effects
provides more precision in the returns function and may provide
another decision variable for the control of the opérationo A decision
to place livestock on the range area earlier or for longér periods of
time, for example, might significantly reduce wintering costs,

To a certain degree, there are already severél extensiops available

in the formulation of the model. The\revenue, cost and transformatiom
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;functions may be considered to‘belvectér‘functions of a vectdr of
state variables,

For example, nutrients other than‘nitrpgen might be éonsidered°
This would entail é.transformation function for each nutrient, nbé
necessarily independent, aﬁd the inclusion of the nutrient variables
in the revenue and cost functionsan if the variﬁBles x?'and 6; are
con;idered as vectors of nutrients, the analysis présented is generaiized,'
" in the form of vector equations, to the case of several nutrienfs.
Similarly the variables xg and 92 can be generalized to includé
several types of livestock or even game énimalso

In line with the vector state variables, the specification of
separate revenue and cost functions for different ages, grades or
types of livestock should result in a more precise model. The |
separate functiéns could take thé form of a vector of revenue énd
of cost functions, and if R" and C" are considered as vectors, the
analysis above is generalized to this case. This change would entail

production functions for each class of livestock, which may be a

prohibitive consideration for research.®

* #Note, however, the treatment of two classes of livestock in the

example on page 34, where the vector of prices is (pz,pZ) and the

. . . n.n _ n n+l
production function vector is (wlez,wzx2 )o
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. Possibly the most ﬁseful,extension of the modgl.is the expansion
ib two stageé per year. One stage might be defined to begin'in the
spring and end in the fall; the second stége might include the remainder
of the year, The éonsideration of two stages allows for decision-making
at two points in the year, éo that the winteringlof li&estock may also be
included in the analysis of the’range operaﬁion; The phaﬁge'to two
stages.creates more flexibility in the decision process and permits the
- rancher tolexaﬁine the climatic and range conditions for changes that
might influence"his decisions during‘the year.

The formulation of.a stochastic model has been-discussed, and
may be more realistic than a deterministic model, The carryover of.
nitrogen and the change in specie composition, for example, are very
likely to be.stochastic processes. The treatment of the stochastic
model has been discussed above,

An extremely important extension of the model is the development
of a macro~model to include an entire region of individual ranches,
A regioﬁ following similar range policies might profoundly influence
the cost and revenue functions., It is conceivable, for example,
that.the construction of a fertilizer plant or a packing plant might
become feasible in such a region,.

Fiﬁally, in speaking of improvements, the objéctive function

must not be ignored. The definition of an objective is cqmpletely

general, allowing for a combination of several objectives, such as
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© maximum profits.at minimum risk, or é combination of conditions, such
és minimizing the maximum losses. The generality of the objective
'function permits the épplication of the model to different.types of

operations and operators.

Conclusions

The data requirements and-extensions'must stand as the results of
this paper., The problem of range improvement is a complex one which
must be approached in a unified effort by soil and animal scientists
as well as: economists, This is not to imply tﬁat all range research
should be carried out by an organized task force, but suggests the
need for better understanding and coordination of résearch activities,
The information on the various phases of range technology muét coﬁe
from the research work of agronomists'ahd animél scientists on
production and utilization, agricultural engineers on technical
probabilities, and producfidn economists and management specialists
an profit maximization., Available data is all too often inadequate,
conflicting, confusing or inapplicable, largely because of duplicated
efforts, The research problems are especially acute in range research,
where limitations are imposed by the number of treatments possible,
given livestock, land and physical resource levélsf [7:p.204]

It is hoped that the direction of this paper has -expressed the
economist's viewpoint on two major problems of research: (1) what

kind of information is relevant to the analysis; and (2) how the
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appropriate data may be obtained, The relevant information.is

outlined above, and some suggestions have been made on data gathering.

It has been pointed out that the research task can be broken down into

segments that may be more manageable, and a weak statement on the -
priority of various research work has been made. The demand is now
made on the joint effort of economists and technical scientists to

develop a research program that will yield the answers to the problem

at hand,
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APPENDIX A
THE DERIVATION OF THE NECESSARY CONDITIONS FOR MAXIMIZATION -

The geﬁeral solution of the dynamic programming'problem stated in
fhe téxt in equations (7), (8), (la), (2a), and (3a) may be found by
solving the recursion relation, equation (9), at -each stage. ngever,
application of the discfete versiﬁn of the Pontryagin maximum prinqipie
[4:p.139] yields the general necessary conditio;s without iteration
in the function space (under suitable assumptions).'

The discrete version of Pontryagin's maximum principle may be stated
as follows: |

The state of the process denoted by an s—dimensional
vector X=(X,,X,ss0¢sX ), 15 transformed at each stage
1°72°° s

according to an r-dimensional decision wvector, O=(el,62,=,.,9r),

which represents the decisions made at that stage. The
transformation of the process at the n~th stage is described
by a set of performance equations in vector form.

a-1) X = E e, (0=0,1,2,...,N0)
ML,

A typical optimization problem associated with such a

process is to find a sequence of On, n=0,1,2,.,..,N, subject
to the constraints

(A-2) §1107,05,000,00] < 0, (0=0,1,2,..0,N; 151,2,.00,7)

which makes a function of the state variable of the final stage

s
0 _ ¥
(A-3) § = z hixi’ (hi = constant)
jal
s s d . N+1 . .
an extremum when the initial condition X = A is given.
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The function, S, which is to be maximized (or minimized),
is the objective function of the process.

The procedure for solving such an optimization problem
by a discrete version of the maximum principle is to introduce
an s—dimgnsional'adjoint vector zZ" and a Hamiltonian function
Hp, which satisfy the following relations:

n.n, n+l n

T.(X 7307),

S
n—
(A~4) H = izlzi i

(A-5) z:+1 = aH“/ax2+1,
and
0

(A"6) Zi = h e (n‘:o,l’z,oco,N; i=l,2,cwo,s)

i

If the optimal decision vector function *Gn, which makes
the objective function S an extremum is interior to the set

of admissible decisions On, the set given by équation (2-2),
a necessary condition for S to be (local) extremum with

respect to o" is
(A-7) * aH"/30" = 0. (n=0,1,2,...,N)

If *0" is at a boundary of the set, it can be determined from

~the condition that H" is (locally) extremunm.

In order to apply the above principle to the present problem it
is necessary to state the objective function as a state variable. Let

" be defined so that

4
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n n+1 n n+1 n n+l n

(A-8) X, = (1+r)x + R X 307) - c” (x 300, (n=0,1,2,...,N)
N1
X, = 0.

) 0,1 0 .. 1l .
where R (X7;0) is L(X7), Co(xl;eo) is zero and r is. the interest rate
used for discounting. The solution of the difference equation (A-8)

with the given boundary condition yields, for n equals zero:

1+1 i+l

Q= ] aoiatel - cdadtleh,
4 )
i=0
. . 0 ntl, |
By equation (7), the relation between x, and f (X ) is
x = () (Y,

or, since B is equal to the reciprocal of (l+r), the objective'function
‘may be stated as: .

(A-9) Maximize (B)Nxz.
| Equations (la), (2a), and (3a) satisfy equation (A-1), equation (8)
satisfies equation (A-2), and equation (75 satisfies equation (A-3),
1° hz, and h3 are zero and h4 is (B)N. So introduce the

vector Z" and the Hamiltonian function Hn, defined by equations (A-4),

where h

(A-5), and (A-6):

(A~10) Hl =zt 1 latx n""1+en)] + znTyK -0 ] + z3[ g(xn+1'on)]

7 [(1+r)xn¥l+Rp(Xn+l On) _ Cn( 2+l en)]’




‘ oT n
,otl  on 3 n 3R _n
Zy =04y # TN
1 1
aTn n n
ntl = 3 n R 3C n
(&-11) ?2 axn+l Z3 [3 nkl 5 n+l]z4’
2 2 %2
BTn n
ntl _ '3 n R ,m
Zg ] Z + N Z's
3. %3
nil _ n
z, = (141)Z,,
and
2 - o,
0
Z, = 0,
0
(a-12) 2z, =0,
0 N
z4 - (B) °

- . n . . . s
If the optimal decision vector %0, is interior to the set of admissible
decisions, i.e.,

%0, < 0,'

- (A~13) %8, < ¥K,

1

%8

wgs NS =s

0 or 1,
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Then the necessary condition for (A-9) to be maximized is given by

equation (A~7), evaluated at on equal to zero or one, whichever yields

3
the larger value of (A-9). Differentiating equation (A-10), according

to equation (A-7), the necessary conditions are:

a .
n ot : n n
oH  _ oz 4 —3 °'3 L [ _aC ]zn 0,
ae” 1 gen 3 so™ = apD 4
1 1 1 1
and
n BTn
_B_H._.. = —Z -+ [_3_}3:._ - .@.9.—.]211 = 0’ since -—-§. = 0’
aen 2 Tao% e 4 20"
2 ] 2 2 2
which may be written
n n n
n n Z, = 9ot Z
9
(A-14) ["Rn -2 4 111’“ i .2 =0,
361 381 24 361 Z4
and
n n VA
C 2
(a-15) [ - &g - 20,
. C o982 a0l VAN
2 2 4

The values of z2 may be found by solving the difference equations

i
(A-11) with the boundaty conditions (A-12). The iterations on Z4, for

n=0,1,2,..., are:

(A-12) =z (8)N

SN RO

)@Y = @,
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) @)V = ()2,

N
]

(a-16) z§ = ) (@ = (@

It can readily be seen that'ZZ"represents the discount factor associated
with the returns at stage n, with respect to the beginning of the
planning horizon, stage N.

The iterations of ZS’ according to (A-11), (A-12), and (A-16),

are:
0
2t = (m)N &
3 Bxl
2 3
311 0 1
N-
22 = (N T3 3R] L oyN-1 3R
3 o ok 2
X3 9%3 ' %3
2 1 2
3 N 973 T3 g0 N-1 °T3 art N-2 3R%
72 = (B)" —= —2 L b ()T =2 Sk (B) T g
3 8X3 9 2 axl 3x3 sz 8x3
3 9%3 ¢%3 3 %3 3
) -l . n=2 1
2 = (@Y 0Ty 9Ty 93 3RC
3 N T G
3 3 3 9%3




-1
N-n+l oR"
+ (B) o 23;;".

3x3

'Note that xg and Tg are the same, by

, +1 :
(3a) xg =‘12(Xn l;Gn), (n=0,1,2,...,N), .

so that

n=-1 n-1
ST3 3x3
n = n s (n=o’1929°°°’N)9

0%y . 0%y

n

3 to get

and the chain rule may be applied to Z

0 1 ) n-1
N 3R N~-1 3R N-n+1
._....ﬁ. - (B) _..;l.. F e + (B) n _B_I%I__,,._,
oxX 90X 9x
3 3 : 3

.n _
or,

- (A-17) -2

n-1 . i

N-i 3R
RO RRle
* .i=0 CEN

n

3

due to an incremental change in the specie composition in stage n.

The multiplier Z, represents the discounted future marginal revenue
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The value of Z -may be calculated directly from equations (Arll),
(Ar16), and (Arl?)

n-1 .

9T n—2 . i | n-1 n—-1
a-18) 75 = —2— [ ] (¥ g4 (T 2R _ LA ),
sz i=0 . . 0x%g - 9X, o,

The first term on the right repfesents the discounted future marginal
revenue due to the specie compoéition change caused by holding yearlings
into stage n~l. The second term represents the discounted net marginal
revenue recéived from yearlings in stage n-1. Thus, Z; represents

the total discounted future‘net marginal revenue due to yearlings

held in stage n-1.

Finally, the iterations of Zl’ by (A-11), (A-~12), and (A-16) are:

1 = o
l - (B) axl,
1
1
0] 9T 1
R0 9Ty 4 N-1 3R
22 = o) 2 ) R
1 BXl BXZ 8X2 '
1 % 1
1 2
0 9T 1 91T 2
2 N-2 23R
22 = @@ B+ o2z eV By 2 (07 2y,
axl, Bxl Bxl 3%3 Bxl




: a0 ' -1
n -1, N3 -2, n=1 3R —~ n
‘ z] = (@)™ (8) _.P:i..l. (@)™ %)t 3,1’_.2.+ oo + (gL 3.13__5_
Bxl ‘ 8x3 _ axl
a1 2 n~1
n 0T _n 9T 9T
+ (a)nz"'g Z;+ (a)nB 322+.oo + 3—Zn-’l-
8% ax3 3 - 3
1 1 1
. : it
From equation (A~17), the value of 23 is
. i . hi
i+l N-j B©R
Z3 - = _Z_ (8) itl®
j=0 ox
3
Substituting these values for Z;+1 into the expression for Z; yields
. . i+1
: n-1 . . i n-2 i . . Il
=i -i 3R i -q
w19z = § @ e 2o ] ] @™ -
. i+l . . i+
i=0 Bxl i=0 j=0 Bxl‘
oRJ
i+l °
9
*3

The first term on the right represents the discounted future marginal
revenue produced by the: percentage of nitrogen carried over into

.stage n-1l. The second-term represents the discéuntéd future marginal
revenue p?oduced by the specie composition change due to 'the nitrogen
carried over into all future periods; Thus, Z;, is the total discpunted
future marginal revenue produced by nitrogen éarried over into stage

n“lo
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Dividing by ZZ is the same as appreciating the future returns.to
their present value at stage n. Substituting the values of the Z: into

equations (A-14) and (A~15), the necessary conditions for the maximiza-

- tion of (A?Q) are:

’ n
n n-1 i n—-1 ., 0T i
. _. - . R
(a-20) 2B 4 7 (@p)™ T 2By Yy (T3 2R
aen 120 a~xll'l 120 aen aXn
1 , 1 1 °%3
i+l
n=2 i . , oT apd n
k|
n n=-i=-1_ ,,n- 3 oR” 3G
+ 1 1@ (8" it2 . iH - _n
i=0 3=0 ox ox 20
= A 1 3 1
and
n-1
A S T A T
(A=21) e B - ) ®
s n b % axn=-1
862 axz i= 2 3
_ sl i aCn-~l
= - B .
a6l oxD




APPENDIX B
AN EXAMPLE OF THE SOLUTION OF THE DYNAMIC PROGRAMMING PROBLEM .
The decision rule for nitrogen may be derived from the first

necessary condition for maximization, given by

w1 ) i . . ’
(B-1) E‘B""*' Z (as)n—-i ~a]i{ = _3_(_]___, (0=1,2,00.,N),
n 121 Bx1+1 aen ) ;
ael i 1 1

: n . ' .
‘where T4 1is assumed to be constant in all stages.

The revenue function is given by equation (14) and the cost func~
- tion by equation (15). Consider the last stage, n equal to one, The

decision rule becomes

1 1 2 2,.1y7 - .1
e[peg162+pxgzle[d~2e(xl+el)] 129

or, solving for 91

13
pl
(8-2) o =4 2 1

1 2" 71 11,1 2 ’
S Blpye, 651P 8,%,1(2e)

Assuming that the solution is interior, i.e., 61 is strictly greater

1

than zero, consider the stage when n is equal to two. The decision

rule becomes .
. 2 2 39140 3,.2 i1, 1 2. 2,1, _ .2
B[peg192+pxg2x2}[d 2e(xl+el)] + aB°B[Pegleszx82X2}[d 2e(xl+91)] P
;or, by eqdation (3-2)

2 2 2 3 3 9 1
B[Pegle?.+pxg2X2][d 2e(x1-l el)] + oBpy = Py
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. 2
-0r, by solving for 61,
p'2 - aBpl
(B-3) 02 =43, B LA
1 2e 1 a[ 2 e2+ 2 x3]
Pg81Y2 Px82%)

This is éhe value;iteration algorithm: Eqﬁation (B-2) is a partial
necessary condition for the maximum to exist in stage one, and équatidn'
{B-3) is a pértial necessary condition for the maximum to exist in
stage two. Coupled with the second necessary condition, equations
(B-2) and (B-3) fepresent the solution of the value iterations at
stageé one and two. The algorithm continues iteration until stage n
is reached, but by the use of the principlé of mathematical induction
the general reSult\may be established without further iteration,

Assume that the solution for the stage where n is equal to k is
given by

k k-1

\ p; -~ ofp
(B-4) ek - _d - xk—!-l - 1 1 p0 = 0.

1 Ze K k. Kk kL > Py
Blpge, 0,1P 8%, 1(2e)

When n is equal to k+1, the decision rule becomes

k+l k1, kFl O ket k+2, kt1

B[pe glaz +px 8,%, ][d-Ze(x1 +61 )1 +
k s . . .
kedtl, i i i 4+l i1, iy, _ kLl 0 _
Yy (aB) Blp 8 0,1P, 8,%, ~1ld-2e(xy _+61)} =Py » Py =0,

a:___:l

but by (Bwéj, the summation term is




73

k L. R
) (@) oty olipls sl ypaezed - i )1
1=1 172 "x*272 2e [ i e1+ i i](2 )

. Blpggy8,tp,8y%, 1 (2

or,
X
i 4 i

I a8y (ploappl™

i=1

which reduces to aBp?. Then, solving the decision rule for ei+1,

Sl ok
ktl _ _d kb2 e , 0 _
(B=5) 67 =g =% PSR P =0,

k+2 ’
.which, by the principle of mathematical induction, establishes equation

(3-4) for any n, particularly,

Pn - aBPn-l
(8-6) o = _d _ xn+1‘~ 1 1 , P0 = 0.
2e . 8l n en+ n xn+l](2e) 1
P81 997 PyBo%y ‘
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