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Abstract:

The group relaxation procedure for determining moments and reactions at the fixed ends of a
three-dimensional pipe structure subjected to expansion resulting from temperature change utilizes
principles of the neutral point method and the moment distribution process. The given pipe structure is
subdivided into groups or system such that each system has one terminal that is common to all systems
and the other terminal a fixed end. This subdivision has the advantage of requiring only the control of S
degrees of freedom of the common terminal during the solution. Before permitting expansion the
common terminal is restrained against rotation in each plane and against translation in each direction.
When expan-sion occurs, moments throughout the structure, end reactions and restraints at the common
terminal are induced.

The restraints at joint B may be released by either of two methods as follows: (1) By first allowing
rotational equilibrium to occur and then releasing the restraints against translation. (2) By releasing the
restraints against translation first and then allowing rotational equilibrium to occur® but balancing
shears each time the common terminal rotates.

In Appendix II the six neutral point equations are derived and are used to provide the following items
needed to perform the moment distribution process and to eliminate the restraints against translation at
the common terminal: (a) Distribution factors (b) Carry-over factors (c) Shear correction factors (d)
Forces required to produce a unit translation of the common terminal For a pipe structure with from 1
to 4 degrees of freedom for translation it is probably more advantageous to use Method I. If there are
more than 4 degrees of freedom for translation Method II appears to have merit*
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ABBTRAGT

The group relaxation procedure for debermining moments
and reac¢tions at the fixed ends of a thres-dimensional pipe
strucbure subjected bo sxpansion resulting from temperature
change utilizes principles of the neutyal point method and
the moment distribution processs The given pipe struecture is
subdivided into groups or systems such that each system has
one terminal that is common to all sysbtéems and bhe other termi-
nel a fixed end; This subdlvision has the advantage of re~
guiring only the conbrol of 3 degrees of freedom of the common
terminal during the solution. Before permitting expansion,
the common terminal 1s restralned against rotablon in each
plane and against translation in each direction. Uhen expane
siocn occurs, moments bthroughout bthe structure, end reactlons
and restraints st the common terminal are Induceds

_ The restraints at joinkt B may be released by either of
two methods as follows: (1) By first allowlung rotabional
gouilibrium to oceur and bthen relessing bthe restrainis
against translations (2) By releasing the restreints against
trenglabion first and then allowing rotationsl eguilibrium
to ogeur, bub balaneing shears each time the compmon terminal
rotateds ) :

In 4ppendix IT the six neutral point equations are de=-
rived and are used to provide the following items needed to
perform bhe moment distribution process snd to elimlnate the
restraints againgt translation ab the common terminal:

(o) ®istridubion factors

{b) Carvy-over factors .

(¢) ‘Bhear coprectlon fagbors

(@) Porees vrequired to prpoduce a unlt translation’
of the common terminal '

For & pipe structure with from 1 bo 4 degrees of freedom
for translation it is probably wmore sdvenbtageous b6 use Hebh=
od I, If there are more than 4 degress of freedom for transs
lation Method II appears bto have meribs
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~ The primery objective of ‘this thesis ls to present a

group relaxation procedure for determining maﬁents and
forces at the flxed én@s of - a three-dimengional pipe
structure with 3 or more.fized ends subjeected to expansion.
resﬁlting from btempersture ch&ﬁgé; A comparison af'ﬁwa

methods by which the velaxation is execubed is the second=

ary objechives

Previous Investigation o e o
' Two availsble methods of evalusbing the momenbts and

forces at the fixed\ends of & three~dimensionsl pipe
strysture wiﬁh.tﬁree fixed ends requiré the solution of a
minimom of sixl‘and a maximun of tWleez simultsneous equa=
tionsge

The method ihvolving six simultaneous eguations ubill-~
Ze8 tﬁe moment area princigles and the priﬂcipleg'@f the
neuﬁral point m@thodga If the structure hes mﬁfe‘than ]
fixed ends, the number of aimultansous egusbions 50 be

A

solyved increases.

Te. "dimplified Mgthg@\éf.gnalysis.éf’RGAQtigﬁﬁu@syelﬁyeq by
. TWxpansion in a Three-anchor Piplng System, ™ by Borls

' Lochak, AeB.MsE. Transe, Vol., 66, 1944, pps BLLEBLE

2, ""Design of Piping Systems," published by Ms Wy Kellogg
Go., New York, N, ¥, 1941. ‘

3, "Theory of Modern Steel Structures,” Vol, 2, by Ls E.
Grinter, published by the Macmillan Co., No Yo ‘
ppe 206210

A
% -

A
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o The equatisns of the generai method ef indeﬁerminatg

4 along WLth the vivuual gork p@iﬂc;plesE‘ re

sbrictures
applied in the mebhod involving twelve simnltaneaus squa~=
ticns, Thl$ metho&.faquiréa that hhe sbructure be cuﬁ back
to a aﬁﬁtiﬂally datermimate ones then knewing that tne freed
en&s cannot translata or rmtate» ths displaeem@nt due to
expanslon is elim;nateﬁ with %he a&d af virtuaT work prlnclw
ples,
o ‘ﬁ %hird‘ﬁathadﬁ makes use of the moment diaﬁributibn?
péoééss; Eédh’msmber of the structure is sllowed to expand
while restfainﬁﬂ égainst rotabions Then aach joint is
allowsd to pofate with trénslaﬁion prohibhiteds After a

Joint rotates, the reosbraint againa%‘ﬁranslab%on is relessed,
This praaadufe of alternately allowing a Jjoint to roiate

and then the entirs sbructure to translete will finslly re-
silt in & condibion whereby fthere will be no further btendency
for translation or rétatioﬁ wheén the ;@inta sre released,

indicating bhat the shtrusture has reached equilibriums

4y Ibid pp. T4=75

5‘(;;- Ikia PPy " &b=-4d

6s Discussion of "Moment-Disbribution Analysis for Thrse-
Dimensional Plpe Structures;™ by Bs C. Eeﬁartg As el B,
Trans., Vols 66; 18944, pp. A?&DaA244

7« "Conbinuous Frameg of Reinforced Concrete;™ by Hardy
Uross and N. Dy Morgan publlshed by Johmn %&ley and Song,
znﬁw & No Yo PPe 81l=145
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Importance
The group relaxablon procedure requires the solution of

>
only 3 simultaneous equations“at any one time and'thereby

vreduces the tedious task of solving six or more simultaneous
equatlons as presented by two of the avallable metho&so A
phxgical pleture of the effecﬁ of join@ rotation and joint 
t%anslation»on the moments and on the forces ab the fized
ends is presented‘by applying tﬁa‘group relaxation prcoeépré
Whlch is of assistance to the engineér analyz;ng the
:structurea ‘ |

“While the solution éiﬁeﬁ is for square corners, bthe
method can be applied to pipe structures with bends at the -
corners. . When quafter bends are a part of thé pipe structure,
théir lengths-must be medified when computing thefcentroid,of
an orthoéonal projection and when compubing the moments of
inertia and products of inerbtia to account for the added .
floxibility due to flattening of the curved éectiom whén sub=
Jjected to bendingo & three-dimensional pipe structure wiﬁh
two fixed ends contalnlng circular quarter bends has been
solved bv tne neutrél point method by S, W gpielvogelgs
The use of quarter bends reduces stress COncentrgtions at
the cornérsa o ot | 23  ' C .; o

8e rStress balculation for High Temperature Plpingoll by
Se W &pielvagelg Powerb Fabruarv 194l, pp. 67-69

7
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PROGEDURE

The pipe gtructure shown in Fig@‘lg is subdivided into
groups or systems with B being ore ferminal of each sysbem
end a fized end the other terminals These sysboms are AB;
EDB, and GFCB, Joint B ig réatraimed against rotabion in
each plane and against translution in the ¥ and % ﬁirecvions
_heque*eXpansion is perwitteds The effect of direcht stress
relative to elongation or contraction is to be neglected in
this anaiysi§; therefore AB must be allowed Lo expand., Thig
permanently displaces joint B in the X direction by bhe a=
mqunt.of expansion of AB. Afber AB expands, 1b aer&es 88 &
permanent restrainht in the X direaﬁibn@_ '

For each ortﬁaganal‘progaQtian eof the elastic areas,
ds/EI, of each complex system as EDB and GFUB, the centrdid
or the neubral point is evaluabed:. For a member thatb app@é?s
as a point in an orﬁhogomal projechion, an eqﬁivalenﬁ length
is uséélaiﬁca in this piane'ﬁhe member scts in btorsion
rather than flexure, The equivalenﬁ,leﬁgthuia equal. to the
- product of the actual length of the member and a constants
This constant is equal to the ratio of BIL to GJs. The

ecoordinate axes pass through the neutral points The moment

9. Theé plpe sbtructure used 1g the semeé ag the one glven in
" eclosure to discussion of paper, “Homent Distribution
Analysis for Thiee~Dimensional Pilpe Structures,” by Rs Ce
DeHart, Journsl of Applied Mechenies; A.:S.M;Bs YUrans.,
Voly 67, 1945, pps A=-188 :
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A= 58-

All members are 8” schedule 80 carbon steel

E =24x10 psi in tension and compression

at VSQOF
G= 9.6x106 psi in shear at VSOOF

1=211.4 4

Fig. I Three-Dimensional Pipe Structure to be Analyzed
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_of inerbtla and th@ preduot of inertia of the slastic mreas

abeub the axes through the neutral p@;nt are camputed,and
babulated in Tableg I and IX, Slnae B is camaﬁanﬁ 1nvthis
problem end sihce it msygn.the deﬁmmin&tom, mﬂlﬁiélying‘éQuaﬁ
tions 3b through 8b shown iﬂ Appendix IT by BE r@moveé this‘
denominatorg The termSJEB-Tﬂbla I and 1T are @f‘tﬁis furég

mlmn Convanniun

The sign for btranslation is plug if the movement is in

the posibive ﬁlrecnion mf the aies 28 1ndlcaﬁe@ in B ables I o

o and II. The siga for a forue ig plus if it acts in the po«1~

" tive direction of the axess -Moment in a,pLane i positive

if the a¢hion of the joint on the member is clockwise when
the plsne is viewed as inditated in Tsbles I end Lls

Unit Translation #ffech

The trensiation of the neutral point in ene ¢of the coore

'dlnate directions implLGS thah ﬂulnb B also translates in ths

same dlrection and the same auounty, buﬁ it ig restrained

. against traﬁslatiom in whe athar two directions and restraine

ednagaiﬁét protation in each planes The neubtral point forces

Py o oand Py Eﬁfresppnding to a positive unit translation in

¥
the X &irection of the neutral point of system GFOB are come

a puﬁed from the neubral point equations &b bhrough 5b shomn

Tin Appendix Il
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TABLE |+LOCATION OF NEUTRAL POINT AND ELASTIC PROPERTIES OF EDB

ED

pB 1510 O

SYSTEM

X-Y PLANE

-i-X

L Y LY

96

Xl
48 4608

0]

4608

00 %

ZAb

4608

ED
DB

ED
DB

ED
DB

- 181"

24D

Ixv

96 ~ 29.3 -0 = o0
L25+120*(-187)-0 - o

1"xx
i .96k 96.29.3I .
125.120» 1671 =

|.5fatk105
.525-t05
2.086-10s

lv

NEGLECT
NEGLECT

PROJECTION IN
X-Z PLANE Y-Z PLANE
B
+X o
+X-
EID
+ Z
CENTR.OI D
LX" I Ly
ED 125e% 0] O e 96 O O 43 4606
DB 120 -7200 O DB 120 60 -7200 (0]
240 -7200 -7200 4608
-7200 -7200
=-30" . 3
240 216 333
1« | vz
ep 125-96-30-0 -0 ED % »333+%26.7 = .854-105
pB 1zo *30 mo -0 DB 120»(-26.7«(-21.3)= .682»10s
1536-105
Ixx iy
ep 125-96-30* - 1080-105 ED 96»33.32 - 1065-10b6
pg r.»1203+120»302=2520-105 b8 A»120L1z0+%26.72-2.295'0 5
3.600-105 3.360* 105
i
ED NEGLECT ED i7*963+ D -zb1l-1421510s
DB neglect pe 120» 22.51 544 ., 10s

1.965«10s
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TABLE 11: LOCATION OF NEUTRAL POINT AND ELASTIC PROPERTIES OF
GFCB SYSTEM

X-Y PLANE
+x*
y |
G
"0
2
. NP,
X FC '* d B
>x"1
75" 225°
L vy byex 1 x
GF 120 7200
FC 11S-lU
CB O 150 45000
GOO 7200 45000
7200 45000
600 600
Ixr
GF 1Z0«75»48 - 4.320-105
FC 1.Z5'144»75»(-12)»- 1.620»105
CB 300« (-75)»(-12)- 2.700»105
5.400-105
Ixx
GF 4-120S>1Z0»482» 4.205»105
FC |.Z5»144»t2z = .259» 105
CB SOO-lzz - 432.10s
4.&96-105
Irr
GF 1Z0»75z - 6.750»105
FC 1.25-144*751 = 10.125-105
CB "»3003+300»751- 39.375»105
56.250-105

B
PROJECTION
X-Z PLANE Y-Z PLANE
75- 6 224.2%*
c 1c.B
% I
NP
o 3
+*V
+Y« G F
CENTR.OID
L Lz X+ L Z Yy LY!
GF 11s120 O O OcrF 60 7100
FC 144 10368 O OFC 144 10368 120 17280
CB 300 144 43200 150 45000 cB 115-3001144 54000 HO 45000
594 53568 45000 639 64368 69480
53568
90 2+ 45000 64368 o . 69480 | o ..
594 639
Ixz Itz
GF L25»120»75.8»90.2 = 10.26»105 GF 120»48.7 »100.7 - 5.885.10s
FC 144«756-18.2 - 1.97-105 FC 144»(-||.3)»287 =- .467.10s
CB 300»(-74.2)»(-53.6>(.98»105 CB |.15-300.(-|L3)»(-433)--|.835-10s
Z4.21*10S 7253-105
XX Irr
GF 125»120»90.Zz - 12.204.10s GF 120»100.7Z *12.169-105
FC [j»|443+|44»18.2Z- 2.965-105 FC ~5144S+144»2M Z= 3.674»10s
CcB 300-53.82 = 8.683.10s CB [.25»300»43.32 - 7031-l05
23852»105 22.874.10s
lzz 1zz
CF L25-120.75.81 “ 8.618-105 GF j‘t203120-48.7Z=4.286. 105
FC 144»75.8z - 8.274.10s FC 144»I11.3z = 184.10s
CB ” -3003+300»74.2Z»39.017»1C6 CB 1.25»300»|.3z - 479.10s,
55.909» ICB 4.949»105
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‘Be) -EI + 28,748x105%, - 5.40xl0%F - 24¢21xl0°F, =.0
o) |+ B.40mI0%B, 4 79@124x1@5w§<~ 74258x30°%F = 0
o) - 24.22x10°Fy - 7.253x10°F, + 60,856x10°F, = 0

$imi&éﬁlyifhe neutral point forses corresponding to positive
unit‘transiétieﬂ of the neutral point in the ¥ and % direc-
tiong are found. These are tabulated slong with similap
transiatipns for sysbem EDB in Tables ?.and Vie Determinsnts
provide the best solubion for thls type of work since the |
. depqminatpr determinant is alwayg the seme for & given sys~
t e, The denominabor d@ﬁe?minants are eﬂalua@aduin Tgﬁleg ITT
and IV for systemé DY wnd GFeB ?Gb@&GtiVﬁlyy sysﬁam AB ls a
alngle member and is treabed &8 sueh§ “

in rigw 2 gystem GFGB is shown w1ﬁh the neutral point
forces required to produce a positive unit trsnsiatlon of the
neutral point in tﬁsvx direeblonp The mamenb at B in hhe XY
plane produced by this bramalablon iz ‘
ey = (o ooaamlo'balé)(zaaﬁ} - s 0548x19“bbx#)(1a") = 16@2@“#
This moment is~¢1ocRW1se and it 1s the momemﬁ whlch gaia&
must exert on the sysbem at B to prevent robabion, The abso-
lube VElues of the lever arms used &re obtalned from Table ITe
The. momanL st ¢ in the XY‘plane 1
Myy = (o @548x1@“5mx#)(1@8") - (aQObaxle“ﬁwz#}gvgvj = 159000"#

J




: Valuo af Dencmirator Baterminant for EDB Syatan

. Dp=

TABLE 1l
v(IKx I Ly ozyy}(r oT3) 5,686x10° x 8,360210° x 1.965x10° +37,582210"°
ol Ly )% (I o1%) - |~(~1.5%6x10°)% x 5.688x10° | -isoélexiqls*'
& -Ixy.) (137 +I33) 0 |
wal L) (I ) (<L) o
R S ¢ S T R
. Dy= | ¢a4°1413x1015
'MBI.E IV : \hlue of Denomina%or Determinant for GFCB Syatem
Ly *Tge) (Tgy uyy)(xZz 1) 28,746x10°. x 79,124x10° x 60,858810° | +158.431x10"
o <Tgp )P (g o1y ~(=7.255510°)° x 28.748x10° - L.s12020'8
ol ~Ly 2 (L, *13) ;(.5°4o£i05)2 = 60.858x10° - 1.775210%°
o2( ~Ipy ) (oTgg ) “Iyz ) -2(-5,40x10° )(-24.21x10 )(-7.asax10 ) | - l.esex10™
=( =L, )g (Iw -a;;n) -(-2.4,217:10 ) x 79°m4x10 - 4603761:1018 |
| | » 86s872x10°° "




TABLE V:NEUTRAL POINT FORCES REQUIRED FOR A UNIT TRANSLATION OF NEUTRAL POINT OF
EDB .SYSTEM IN +X DIRECTION . +Y DIRECTION +Z DIRECTION
SOLVING FOR NUMERATOR DETERMINANT (Dx) ' -
+ CAXE LN Iyy +19y N Izp+I'22)|| EL ¢ 3.360x105% 1.965x105 +6.602x10'ELl O 0
: ~(AXEL)( -1y2 V2 -EI = (-1.536x105)2 . -2.359>10VEL|| © 0 .
= (AYE1)( -Ixy Yzz+I'z2)|| O o . (o] .
*CAYEL W =Iy; M -Iyz MO o] 0
A= CAZEI N -Tx7 Wy *IG)|| © o] 0
+(‘AZEI)("1XY )( -IY7- )i © (o] (0] T
. Dy [+4.24340"E] . X Dy| © - . : : Dx | ©
SOLVING FOR NUMERATOR DETERMINANT ° (Dy) 5
= CAXEDN( Ty Wzz*T52)| © : o o b
+(-AXEL)( ~Ixz ) -Iyz Ol O o , 0 i
+ (AYEI MIy v I'nx MWzt l'22 )| © El>5.686210%x1.965x1053 LAT2:109EL || ©
K ‘("AYE]- )( ‘Ixz-)z o (o] ' - o
- (~AZE1X '1‘(1 ,)(Inﬁ-’l'xx) Q 0 o ~EI~ (~1.536*105)x5.686x105 +8.73321019E]
+ (-AZETXN -Ixy M -TIx, J|f © . q o . 0
Dy|©O . o . DY +11.1T72x10%E ] Dy [+8133:10°E]
SOLVING FOR NUMERATOR DETERMINANT  (Dy)
=(-AXEIN ~Ixz MIyw+Iyy)) © ' 0 o)
+-AXED (=Iyy X -Iyz [ © 0 . 0.
—(~AYED( =Iyz Mxx+Ixx )| O ~EIx (-1.536%105)25,686x105  [+8733x10¥EL || O
+(-AYE1L)( —IXY )(, ‘Ixz M- o] 0 oo (o]
+ GO TZEL IuxLx M+ iy )| © o ELx5.686x105%3,360x105 +19105»1010E ]
‘ ~(-ATZEL)( -Ixy)2j O . o - , 0. :
Dz |0 - - D, [+8.T33+10°E] D7 [+19.105:100E]
NEUTRAL POINT FORCES ) . " .
Fx= Dx ~ Dp F=4.243x10'EL + 2413 x10'5 = 1T6x1075EL - |[R=0 N Fe= O ,
Fy= Dy + Dp Fr=0 Fe= IL1T2210'0EL < 24.13%10%= 4631075 E1  [[Fy= 8.733x100E] + 24113 10'5= 362 xG5ET
Fz= Dz+ Dp =0 ) = 8.733¢10'°ET + 24.43 210'S * .362410"5EL || Pz~ 19.005x10'°E1 £ 24,13 410155 192 x10-5E]




|~ ~AZET ) -Ixz

SYSTEM IN

—(-OXEI ) (-1yz )?
~CAYEL X -Ixy ) (Taz*1z2)
+(AYEIW -Ixz V0 ~Ivz )
) (Iyy +I'vx )

+(‘é,Z.EI\("1XY )( —I\{z )

[N

+X DIRECTION

E1 x79.124 %105 *60.858 %10
-El x (-7253x105)2

[sNeoNeXe]

Dx

—AXEDN( ~Ixy Mizz+lzz)
+(AXED( -Ixz )(J'Ivz )
+ (-AYE]L) Ixx+I'xx )(sz"l’zz )]

~(~AYELl ¥ -Ixz)z
—~(-AZE1 ) -Tyz Wixx*+I'xx)
+(-AZEDN( -TIxg ) ~Ixz )

SOLVING

- (-AXEI X
+ CAXEIY -Ixy
=~ (<AYEL)( ~Iyz MIn+Ixx)
+ (~AYEL)( ~Ixy ) ( -Iyxy )
+ (-AZED ) (Hxn +1yx Wlyy+ly)

. mEAZED)( -Ixe )2

Wy +L'yy)

~Ixz

SOLVING FOR NUMERATOR DETERMINANT

-El*(-5.40+105)x60.858x10%
EI « (-24.21=10%) x (- T.253 <10°)

o000

Dy

FOR NUMERATOR. DETERMINANT

~El x(-24.21 x10°) x 79.124 x| 05

NEUTRAL POINT FORC

Elx(~5.40 »105)x(-7253x105)
o}
0
o}
0
D2
ES

SOLVING FOR NUMERATOR. DETERMINANT (Dx) )
- CAXET )(Iyy*‘I'YY )(Izz*’llzz )

H-4.8151013E T
~ .053«103EL

+4,7620107EL

(Dy)
+,329 »\0BETL
+.1TEx103E ]

+505x03EL

(D2)

1916 2102 E1
+.039x10"E]

41,955 %1013 E]

+Y DIRECTION

)
0

~E1x(-5.40+105)*60.858x 105
EIx(-24.21x105)x(~7 253105}
o :

o

0
0

Dx

"EIx28.748 x10%260.858 x(0°

-EIx (~24.21x10%)2
0
o]

0
0

Dy

-ELx(-7.253%(0°)x 28,748 £105
EIx(-5.40%10%)x (-24.21x105)

(0]
-0

Fi=.505:10'3E1+ 86.272x10'8« 005821075 £1

Dz

+,329 %103 E1
+.176x10'3E1

+.505x10E]

+111502103 €]
- .586x102E]

+1.164x103E]

+.209x10"°E1
+.131x10BEL

+.340<10E1

TABLE Vt: NEUTRAL POINT FORCES REQUIRED FOR A UNIT TRANSLATION OF NEUTRAL POINT OF GFCB

+Z DIRECTION

o
o]
o)
0

~EIx(-24.212105)x79.124 2105

EI*(-5.40+10%) x(-1253:10%)
" Dy

0000

€1 %(-12532105) x 28148105
El%(-5.40x105)x(~24,21x105)
. . DY

[eNeNoNe}

EI x28.748x10%x 79,124 x| 05
-E1x (-5.40x105)2

Dz

Fx= Dy + Dp s 4.76210PET + 86.872+0'% = 05484107EI F=1955 «10”E] + 86.8722(0'8 = 0225 x j075E
Fyv= Dy + Dp Fr= 505x02E] + 86.872+10'® = .0058*10°5EL |[F= 1164 xI0PE] +86.872:108=.0134xJ0-3 ET ||E= 339xi0%E]< 86.872x10'%= 0039 xi0"SEL
= Dz==Dop-- Fz= 195540 EL + 86.872x10'®= .0225:1075EL [|F;= .340x103€1+ 86.872x10'8=.0039 4105 EI  [[F;= 224610%F + 86.812+10'8=.0259x10-5€ T

+.916» 103 E]
+,039x1013F]
+1.955x10'3 €]

+.208:10P €]
+.131 2103 E]
+.339x103E]

+2.275%10% €1
- .029x10'3E1
+2.246 2103 E]

w0




0548x0°E1

Fig. 2 Neutral Point Forces Required to Produce a Unit
Translation of Neutral Point in Positive X Direction

.0058 xio'%‘EI
» L

.0225 x10°°E1
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This moment is also- ¢lockwise bubt it 18 the action of the mems
ber on the Joinbt; therefore bhe action of the jolint on the -
member ig oounte&plockwise“ér g negative moments In Tsble
VIIE the fixed end moments in- each plane ab B and ab the  *
fixed end are tabulated,qu'eaéh complex éysﬁam@ Thege .-
moments are due te a pogitive unit translation of th@'ﬁéﬁﬁ;al'
points For system AB; the momertts at B and A, due %o a posi-'
tive wnid translation of{B are eV¢1uated Lronm the formila
M = 6EIA/LZs Q';*

Exmgnsi@n Forces anduMQmaﬁﬁé

With the neutral pointd ferceﬁ correspon&ing to unit trange
lations of the neuﬁral point, the reactions ab G and ¥ due Lo
actual expansion are determined in Table VII, When mamber gB
@xpanﬁsﬁlﬁhe berminal B of each complex asystem must translate;
however, wheh expansion takes plsce witﬁim 8 eemplex.syskam@
the terminal B can be raatvaﬁn&d againsk translation, Thig
oceurs since the ecmplex ajmuem.can take up Lhe ehunge in’
length of the mewmbers by flexure while the single member uycu

bem canpobs The restraints at B are equal bubt of opposibe

gign to the sum of the gorﬁaspan@ing forces shown in Fable VIT.

?he only reaation at 4 1s in the X direection anﬁ bJ‘the baws

'of statloq Lt is &qudl but of 0pp051tu sign o bhe sum of the

farees in the X.di#aet¢on in Table VLI,

With the moments for unit translation in Teble VIII, it

-




TABLE Vil

& End Reactions in Pounds

=gg;

. # Rotation effect given in terms of moment in inch pounds.,

- n¥ Reactions Due To. 'CorréctionS'Dué To Final-<
Expansion Rotationst i Translations -Reactionst
At A || X< 0 | AY= 0 ‘| az= 0 i_ﬂ’lcg: '_Ig;g:o | -52;; aypAY=L | azphZel
S Fy .+8730 % 85 | + 390 ‘-' 1 = 690 [neglect -7- 39 (- 88 - +8391
F&' 0 .:O .0 negiect 0 0 || + 56 -_+ 33 + 579
' i«‘z ol o 0 0 + 520 o || + s ~<~1126 +1695
L .
At E i):ls" Afi n Afﬂ.ssn iggn _h;zz;o _st:?{';:o AYFAY=14 AzpAZ=l.
Fy ~5130 0 o |+ 1 + 796 0 - 28 - 295 -L656.
R, o | ~skoo | -5330 0 0 | +5550 |l +1498 | +3h90 ~ 192
'E;Z 0 | -k220 | -11650 0 o | +2u90 || +2190 11210 + 20
T E EFREN I RN e
Fo : " =3600 - 8'5 - 394 0 - 106 | neglect’ + 67- + 383 | -3135%
‘ Fy'..‘ - 381 - 197 L 68 0 - 28 +092 ||+ 164 .| + 28 - 390
F, | -1h7§' | - 57, | ,-_h53 0 ' - 231 - é'ljl+ _hé . ‘+ 490 - =1702
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Table VIII:

Moments in Ineh Pounds. at Fiied>fndo of Rach.
Complex Sysbem Dueg bo a- Positive Tnit '
Translation of HeutralPolnti

A;{ = “rl" ::.-.«AY = 4-1“*5‘»,. ol oam = 10
Ty - 83500, o 0
S By +402000 0 0
a | '
= iy 0 +823000 +368000
g - —— — ‘ :
5 My ~545000 o 0
T2 T, | . #1s4000 0 0
4 : .
My 0 ~295000 =1195000
ﬁxy + 16420 + 74700 + 15420
A M, = 53200 +"14270 ~116600
a| & F .
B | Ty - 8l ~+ 18600 “ 5140
g T '
2 Y., »139000 + 9610 = 54200
“ By ) — .
i R + 82200 + 5770 + 1675
e = ‘ ]
Mgy, - 47200 |+ 23500 -~ 61400

Table IX:

sEpsnsion

Fized End Homents in

Ineh Pounds Dué to

Syshem GFCB’

Systen EDB

Plane At B AL At B At B

X + 96500 =39 2500 - 96000 ' | . -396900
Ko 226500 +EL7B00 +462100 #154000
Y7 + 5510 | -=~181100 +592100 | =B828400

T




is posgsible to evaluabe fixed end moments.for any .translatione-

FOP‘GX&mplGQ:E'ﬂfﬁﬁyﬂtém'GFCB’WDV?S infﬁhelﬁaaiﬁiVe.X,diyeam
tion 1:15" due to expension in 4B, The member OB expends
1:44", making a total X:ﬁranslatian-of 24597 in‘the sysﬁem;
The fized end momeﬁﬁ at B in the XY plane due(tanAK.=:%2$59“
s computed by multiplying (16420 “#/M)(+2,50") = 425000#, .-
To bbtain the.hbﬁal fized end moment at B in the XY‘plane;
thig value must be. added To the mﬁments produced at B in the
XY plane due. o tha b4 anﬁ % expanqzons in the system PFbe
ALL fixed: end momenbs due Lo expansion in Lhﬁ plpe struetuwe
are tabulated in Table IX,

Dlgtrlbution Factors
The distrivution factora at Jjoint B are d&pendcnt upen

the  moment or torgue at B required teo produse a unit rotation .
at B im each plane of eacﬁ systems - For AB, %hs.mom@nt_réquir~
ed for a unit rotatiaﬁ at B is obtained from M = 4EIS/£ for
flexures an@ the “torgue required ‘for “a un;b r@tat¢on i abm
bained from @ = 6J6/L = BI/1,25L for gopstons

To find the moment required to produce a unlt rotation at
B in any plene of the gomplex sysbtem, B i1 given s negative
‘unit rotation iﬁlghaﬁ plene while it ils fixed agsinsght transla=
1 tions This vobabion causes the neutral point Lo be displaced
s shown in Filgs 6, Appendix IIIo Phe neubral peoint forces

and moment act Lo restore Jhe gondition existing before robae

h




w25 e '

tion and thevefore produce s pogitive wunit rotﬁ%ioﬁ'ét Be
If this rotatioh ie in' the XY plane, equation 6b -is used ib
ebbain’ the moment at the neubral point cerréSQéndingAtéua
unit rotation at B in the XY planes Hquation 7b énd 8b are
‘used when the rotation is in the X&Z and Vi plénssuﬂ By sube.
stlbubing - the displacements of the neutral psin§4 due tnfa'
unlit. rovation of B, into equation 3b, 4b &and. Bb, ﬁhé néutral
point forces reguired for a positive wnlt rotation of B aré.
determined: These values are-tab@latéa in Tables X and XL,
The momenﬁs induced at the btermimals of eszch system'due ﬁa a
wnit rotation at B In éach’ plane are babuloted in Table XL
ahd “are obtalhed by, uaklng moments of the neutral ps:at
forees and moment about each Lerminalq.

© The digbribution facbtor fér a system at B infa given
plane such ag the XY plane is‘foun&~bw'tha ratio of M/ZMQ
where B is bthe moment required to produes unit rdtaﬁion at B
. for the system in guestion ard ZH¥ is the-sum §f th@ moments
required to produce unit potation in the XY pl&hé‘ﬁhvB'far-all
sysbenss . Uging Téblé XII in which ﬁh@.eﬂd moments>for é&ab
system due‘ﬁo unilt rotation of jJjoint B are listed, hhe-dis-
tributlion factors at B in gach plane are deberminsd and babu-
lated in Teble XITI; -

Carry-over Factors
' ﬂatﬂtion of the term;nal B of a‘com@lak syatam in one




EDB SYSTEM IN

TABLE X.'- NEUTRAL POINT FORCES AND MOMENT REQUIRED FOR AUNIT POS!TWE ROTATION OF JOINT B OF
X-Y PLANE

X~-Z PLANE Y-Z PLANE
SOLVING FOR NUMERATOR DETERMINANT (Dyx) '
4 (~AXET WLy + I3y )T 2z +122 }||~18.TEL x3.360 105 = 1.965x105 123,46 »I0'EL |} 90E] »3.360 2105 x1.965 x |03 +594.18 »10'OELlf O
T~ (~AXEI (- Iyz)? |[187EIx (-1.536 x105)2 +44.41510'°EL|-90EL * (- 1.536x105)2 -217.3110CELfl O
—(~AYEI N -Ixy YIpz+T'22)f O o] . . s)
+(=AYEIN -Ixz M0 -1z § O o 0
~(~AZEIN( -Ixz Wiyy+I'wiff O 0] o]
+('A7—EI 16 "].x\( M —IYI ) (o] 0 — O -
Dy |~T79.35x10%E] Dy [+381.87x101°E] Dy |O
SOLVING FOR' NUMERATOR DETERMINANT (Dy) ]
=EAXEI N - Ixy Migz+T'zz )} O 0 0
+{-ARE1X "Ixz )( -IY7_ |- © (o] 0
F(-AYEI) (Txx*TxxNIzz+l'22)| O (¢] B6.TEI »5.686210%21.9652105  [+968.69x10'°E]
: ~FAYEL)X(-Ixz12 Il O o] o -
~(-AZEII ~Iyz WixtI'sx)l| O 0 [[243€1 «(-1.5362105)x5.686=105 |-186.02x109E]
+CAZEIN ~Txy W =1z M- O o] 0
Dy |0 Dy|© Dy [+782.67x10%g1
SOLVING FOR NUMERATOR DETERMINANT (Dgz)
"(’AXEL)“ Ixz )(Iyy+1’~(y) (o] (e} (o]
+(-AXEL)( =Ixy )0 -Iyz M O (0] 0
~(-AYEI X ~Iyz MIn+I'xx)]| O o ~86.TE1 » (-1.536 x105)15.686 1105 [+757.20x10'¢1
+(~AYEI) ~Ixy X -Ixz )| © fo) 0 ) .
*+ (~AZEL ) Ixx+L'sx Xlyy+I'yylfl O . o ~2L3EL*5.686%10° x3.360x105  |-40693x10'0Ff
~(-AZELIN -Ixy)%|] © (o} 0 :
D2 | O Dz O De +350.2Tx10'0E]
NEUTRAL POINT FORCES AND. MOMENT
Fx= Dx <+ Dp F=-19.35x10'°F] +24.i13210'5=~3,291x 10" FEL [[F=381.87x10'°E1 < 24113 x10'°=1584x1074EL  [[Fx= O -
Fy= Dy + Dp Frz O Fy=O i . Fy=T82.67510'9E] + 24,113 %10'5= 3246x10-%€1
Fz= Dz + Dp Fz= O Fz=0 Fz=350.27x10'°E] +24.13 %103 = 1,453 j0~4E]
M=-9EI=+ EL Mxy = EL +2406= 4,065x1073E1 Mxz=EL + 240 = 4,16Tx1073EL Myz=EL+ 216 = 4.630x10~3 EL




GFCB SYSTEM N

+ (—AxEl)(Iyy*I'wry)(111_*I'1_7_ )

=(-AXEL)( -Iyg)2
- (“AYEI)( .'IxY )(1114' 1'11)
+(‘AYEI)( -le " *IY7_ )
-(-AZEIX “Ixz )(IY.Y*'I'Y\I)
+("AZE1)( "Ixy )( "‘I\{'[_ )

X= Y PLANE

SOLVING FOR. NUMERATOR. DETERMINANT

~IZEI 2 79.124.x10%x60.858 x| 05
I12EI x (-T.253x105)2
-225E1% (~5.40x105)x 60.858 <105
225EL * (-24.2x105) x(~T.2931105)
o}
o]

Dy

(Dx)

-5.778x10"*E1
+.063x10" E]
47,394 10V YET
+3.951210% g1

+5.630¢10V*E L

-(~AXEL X -IXY Wizz+1'22)
+(—AXEI)(_ ‘IVX'L )( "1\'7_ )
+(~-AYEL )(1xx+1'xx)(lzz_+ I'z22)

—-(-AYEL }{( ~1xz B2
S(AZEI N ~Iyz MIxx+I%)
+(—AZEI)( "lx\r )M ~Ixz )

N

SOLVING FOR ‘NUMERATOR DETERMINANT

225E1228,748x(05260,858%105
~225E1» (-24.21+105)2

Dy

(Dy) .
12EL 2 (-5.40210%) x60.858x105 - .394xi0YEL
-12ED »(-24.24x105)x(~7253:10%) |~ 211 %101

+39, 365x10'4EX

-13.188x10ME]

+25.572:10'*E}

~AXEDN ~Txz May+Thy)
+(~AXEIX -Ixvy 10 -Tyy )
- (‘AYEI‘)( —IYZ )(Ixx +1'xx)
+(-AYE1 )( _IXY )( ‘Ixz )
+(-AZEI )(Ixxfllxx )(Iyy*Ilwy)

~(AZEL )( ~Ixy )2

SOLVING FOR NUMERATOR DETERMINANT

I2E1 % (-2422105) » 79.124x105
~J2E1x(-5.40%105)x(-7.253x105)
~225E1x(-1.253x)05)x28.748 2105
225E1+(-5.401105)x(~24.21 »105)
(o)
o

D2

X-Z PLANE

53.8E1 x79.124 x{05x60.858 2105

-53,8ELx (-7.253x[05)2

o}

o .

224.2E1 »(-24.211105)279.124 x 105

~2242E1 x(-5,40x105)%(-7.253105)
. DX

+25.906x10'4€]
283 x10%-E]

-4294Tx10%ET
= 51&, QI"'E
-18.202:10'4E]

i

-538EL=(-54.02105)x 60.858x105
53.8ELx(-24,21x105)x 1253 105)
0
0 -
224.2E1x(-7.253105) 5 28.748~10%
~224.2E1 x(~5.40110%)»(-24.21x10%)
. Dy

TABLE X\: NEUTRA\_ POINT FORCES AND MOMENT REQU\RED FORA UNIT POSITIVE ~ROTATION OF JOINT B OF

Y-Z PLANE

0
0
~433E12(~5,40%105)»60.858x10°
43.3E] »(-24.212105)x(-1,253 x105)
1.3 E1x(-24.2)105)279,124-x105
~1L3ET«(~5,40110%)x(-7.253:105
Dx

41168104 E 1
+ 945x10"EL

- 4,675 x101%EL
-2.931 <10MEL
- 4.893:101%E1

(Dz)

~2.299x10'%EL
- 0AT:I0"EY
+4.6911 1014 EY
+2.94{«l0"EL

+5286:1014EL

Fx=Dx = Dp
Fy=Dy + Do
Fz= DZ —'.-DD
M=-QEL+ ZL

NE-UTQAL POINT FORCES AND MOMENT
.0648x10"4EL

Fyx= 5.630 ~10*E1+ 86,872 x10'8=

~53,8EL = (-24.21x105) x 19.124-x105
53.8EL = (~5.40%105)x (-7.253x10%)
0 .
(o]
~224.2E128,7485105x79.124 x 105
224.2E1%(5.40x105)2
Dz

+ 2lx10'%E]

-50.998:10"E1
+ .654:101%E)
-39.827xI0V3E1

Fy= 25.572+10"E] + 86,872 108294 n 10~4EL

Fz=5.286<10'4E1+- 86.8T2x10'8=
Mxy=EI+600 = {.6Tx|0"3E1

.0608x1074E1

Fx=-18.202:10"*E1 + 86.872x0'8=~

.210x10" % E1

Fy==4.893x10"E] + 86.872+10'® = -.05630-4E ]

Fz=-39.827x10 "4 € + 86.812x(0'8
Myz=E1+ 594 = 1,68x1073E]

458 x10-4E1

+1.423210M¢]
+ 760 x10EL
~2.165 x1014E]
- 04 4xI0V4E]
- .026»10'4E]1

0
0

43.3EL % 28,748 x10° 1 60.858 <105
-433E1x(-24.21%105)2

1.3 EI 2(-1.253x105)x28,74-8x105]-

~IL3E1x(-5.402105) »(-24.24x105)
Dy

+10.306x10'*EL] O

0
~43.3E]2(-1.253510%)x28.74 8x10%
43.3EIx(~5,40x105)x(-24.21¢105)
~U3EIx 28'748“05:'19\7.4-105
1.3E1x(-5.40x105)2
D;

+1.576 510" EL
- 2.538x10'4ET
23611014 E1
— 148104 ET
+4.65411014£]

+ 903 x0“EL
+ .5bbx10ME]
- 2.570410'4E]
+ .033x10%EL
~1.068x0 ET

F==026x10'*E1 + 86,872 x10'8

Fy=+4.654:10"%E 13- 86.872 v10'%=

Fz=~1.068 x10'%ET + 86,872x10'8: - 0123 x]0~4E]
Myz=EI+639 = | 56x10"3F].

L0003 x10"YET
.0536x10~4€ET

D2 teA
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fable HLI:

Moments in Inch Pounds at Fized Ind and Joint B
of Bach System Due to a Posibtive Unit Robtabion
of Joint B of Each &yatem w1th no ﬂranalation

of H
Oy Oz’ - Oy
ey | +160 67x10551 0 0
m | : / Py < o
| g 0 +16467210° 551 0
g ¥ ‘ . : —
= TR Bz ()
5 Tyz 0 0' + B.555107 V8L
| g My | + 8453x107H) 0o 0
| |y, 0 + 85510281 0
g —= - v hng
Tyz 0 O e Ged3x1L0VTEL
| Tyy | + 40682107%8T | = 2496x10"%n1 0
ey | - 2.96x107%ED | +18.4zx10”%mI 0
m “ . . ’ 3
& Mgy 0 0 +,,M*7x1.o EI
g : szf = 2:’:19“"1@ hizlé.‘zaé;x}ao”?’m O
el | - '-‘%%?xw“?’m + ., 585x10™ %1 0
& | | ‘ = ”
oy o 0 - 4467x10°5K1
Mug | + 8621x107°BI | = 1,025107%BI | + 1.23x10°3RI
M lyy | = 2.01x10°%m1 | +3Q,82x307%BI | + .274x10°%pI
| o« . - N .
Bl |Tyz | + Le20xl0"BET | + ,274x207%mI | + 1.81x10"%EI
gl |y 54x107OBT | + 1.85x1079BI | + ,405x10~°mI
g M}f.}}f = S AB4x1L0 TYEL b Le8 B t PRl Y
B : ' T ' et
Tlede, | +- 41255007080 | » l022107%8I | +  .0906x10°5%1
& . oy A . o w; - -
gy |+ Be0x107%ET | 4 4,41x207%BT | - .886x207%m:
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plane may givs-barrywwver mam@nﬁa.in the other two planes ab
‘the terminal'ﬁ and in three planes ab tﬁe obher bterminals
This produces a maximum of B carry-over faetoré %hen the - -
terminal B rctab634 Gaﬁrngver faota?a are computed using
vﬁluea listed iﬁ Pable XL, For example, a mﬁm@nb of |
S5 21x10'3EI"# in the XY plane at B of system GEeB praduces a
moment of wlyGlle“SEL”#-in the XZ plane atb B, therafqre the
ca?ry«ovéx factor from B in the XY plane to-B in the X& plane
is
| »1 01;(10*‘*’:33:/8@21&0”‘5“& = =, 123 |
A Labulablon of the carrymaver Factors is made in T bi@ KIII»

Releasging Restraintg ;fj,
The restraints atb juint B may be releascd by @ibhar of

two methods as Tollows: _
(1) By ilﬁaﬁ allowing rotational equillbrlum.to ooour and
then reléssing the restrainbs agsinst txanslah&On,
{2} By rgleésimg the restrainbe sgainst tranalétién‘first
and then alldwing.rwtaﬁional equilibriuwm Ho. occur, bub
balénging shears each bime Joint B rotabtes. |
. Mﬂthoa i will be a@piieﬁ firabe
| Method I
The resbtraint agsinst rotatioan ig successivelﬁ released
in eéch plone by moment distributions: This is shé&nvin‘Tablé

KITTe N o




TABLE Xi: BALANCING FIXED END MOMENTS. DUE TO EXPANSION

X-Y PLANE

SYSTEM GFCB
CARRY-0VER FACTORS

Gyy= —.020
Gyz= +.0[5
Byxz = —.124
Gyz = +.280
. Byz =+ .147
‘ Yz = B
_Ga m FLEXURE 4
kB A58 | - - ¢
BOF GFCB B OF EDB B OF AB
-3925 + 965 - 900
- 95 + 52 "+ 152
+ . - 58 - 33 -18 - 59
- 10 “=zo1
- 1 + 517 + 33 +1I7 + 58
+ 2 - =3
o Q
0 + 1 + 1 ¥z .+ 1

|—4~088

+809

]
@
—* )
+
*

X-Z PLANE

SYSTEM GFCB
CARRY-OVER FACTORS
-Gxz= —.00943

Y-Z PLANE

SYSTEM GFCB
CARRY-OVER FACTORS

[oer) [aes7) [ress] [e38] [Faia)

[]
0

1

Gyz= — .49
Gyz=.+.408 Gy = +.224
Byz= +. 0253 - BKY = + .,0068
Gxy = +.171 Gxz = t.050!
Byy = —.0938 Byz =+ .,152
.B
4 .236 [.363° FLEXWRE _ f ER -052 | .0% ToRsteN [
G .40 7| G2 852 A
BOFGFCB B OFEDB B OF AB BOF GFCB B OFEDB B OF AB
+2173 -2265 +4621 M EN] + 55 +5921|
+ 5 -~ 556 -~ 945 -855 =427 -227 -4 ’
= | + 1 + 21 - e - 9
- e - 41 ) + (52 =310 -5070 ~ 574 1574
+ 1 - 71 - 21 + le + 8§
0 + 11+ 19 + 1T + 9 + 4 o .
0 o : - -0 - 1 + |
0 0 [¢]

o* - *) [Canc - -
[-545 *] ?ze’“l [-838* -5011“ ~515 %] .
SYSTEM EDB SYSTEM EDB . SYSTEM EDB
CARRY-OVER FACTORS CARRY-OVER FACTORS CARRY-OVER FACTOR
Ex‘a— - 325 E.)g'L-"= +.0318 EYZ.= - 457
Exp = ~.211 Eyy = — .664 -
Byz * —.633 Bxy = —-lG}
-3969 +1540 -8284
+ 621 - 30 + 198
+ 1 + 1 + 1
- 1 - 7
-~ 13 + |
o) 0
it A 1485
E E

NOTE: MULTIPLY ALL MOMENTS BY 100.

s% INDICATES MOMENTS DUE TO ROTATION

Ha st
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Joint Restraint Peterminstion , ‘ . -
- With the restraints agalnsb robasien raleased @h@'end

reactlons determined bel@re r@tatian occurred must ba eorract»
ed For this effecta The amuunt of momsnt ﬁsed to determlne
ﬁhe cbange in the end reactmona for a giVun system 1& tha
algebramc sum of Lhe mmmeats ﬂddod 1n&o the $y3tem due to
moment balanclng only¢ Garry~OVGr moments are not lﬂGlJQng
.Kho maments arismng from balancing mmmenbs are & measure 0f
the raaation h&t bakes piaceél The mum@nts and, reaeLion at
‘ﬁ and ut the flxed end of each HYStQm are known for a, unlt
robatlon 1n a glven plane, Erom‘these values hh@ reactLaﬂs
-for a given system due to a unit msment aL B in & glven nlane
‘are comput@d ‘and babulated in Table hlVﬁ' |

the compututien of change in reachion st G in bma aySuem
' GFCB due to robabtion in the X2 plene is as f@llswa¢u-The alge=
braic sum of the balaneing mementq in the X% plane at’ B Gf
system GFCB as given in Table XIIT lis ~b400@”#\ The end reac=
tions for systemﬂﬁFﬁByeorrespoﬁdiﬁg Yo & unit moment in the
Xz plaﬁa-are taken from Table XIVﬁ.lﬁherefere; the ¢changes iﬁ-
the reactions ave : c '

(o oo1ga®/ ") (w5400® "#) < ~1og#

Z

B z
Fy }4(§00052#/ ) (ﬂbéS@O'#) = - 36# |

g 3 R} i . s 3 . Lo o
F (4@0425#/ ¥y («sus500"#). = Jom# \




e F
In Table VIIL the changes in the resellions for each system are

tabulated, and from these the resbtraints at B afber votasion

ave Fy < +5762" and F, = +150067,

Table XIV: FEnd Regetlons in Poundg Due to a Eosiﬁive Unic
ggmgnt“ gt B of Fach %ygtam‘wiﬁh no . Translation
R, | ‘ Fy
Mo, = 1 o #;00625 0
;} M, = +1 o 0 -00625
T, = H 0 0 .0
T, = +1 | . +s00704 0 S0
f’ My, =+ f . =300880 ¢ . 0
B M, =4 | 0 ol =.00094 - 00490
o |m =+l | ~000789 ~s00858 ~ | =,000741
°lu,, =+ . +,00194 4, 00052 00423,
B _Tyz =+l | . #.000017 m¢Q0297 : _ +;o©g681

#*Moment in Inch Pounds

Flimination of Joint Restraints '
Since joint B has only two degrses of freedom, bthe exist-

ing r@straints‘a?e.elimimatad by allOWing‘ﬁ'ta'branslat& a
positive unib distanéé in the ¥ and % diréctiana; The chenge
in the améunt of Jjoink reéﬁﬁaimt ia the Y and % direcblons
produced by a positive unib bransiatiah‘in the Y direction ;5
com@uﬁed ag followss . The joint B of each system ig tranélated

a positive unit distence in the ¥ direction while B is




w Bl
reqbrainmd againsu rOtabLDﬂ in each plane and PPSEP&LH@@
agalnst tvans¢aﬁlon 1n tﬂe remaining two diractionsa The end
redctions and the figed end momeﬂos due b0 thig translation
sre obtained for eaqh qf the By abems &@s already mubllnadu;~Thé
end.reactioﬁs ére tabulated in Table %V |

The resbraint sgeinst rotatigﬂ,is,succeﬁsively feleaééd
in esach plane until‘rotéti5n @quilibﬁium'ia-attﬁined while B
is restrained agalnst twénsiaﬁiana ‘Phis is shown in Table
.KVIIG_,The'reaetioné 1isted in Table XV are corvecteéd for the
amount of robation which occurred sas previeuslyvﬁescriﬁed,
These reaction changes are lisbed in Table XV along wiﬁh the
correched end reactions. The change in ﬁha Jjolint. restraint in
.the ¥ end Z dirvectlons due to a positlive unit translation in
the ¥ dirsctlon is équal bﬁt of oppogite sign to the eérrécted
end reactionss The same procedure ig carmlcd out for a unit
ﬁranslaﬁion in the % direction which 'is the other dégre@ of
freadémq This -information is given in Tables XVI and ﬁvxmzw

éinca hﬁ chapnge in Tﬁdﬂrélntﬁ produeced by a unit cranslaw
tion in the Y and 4 directions are kncwn and the ”estralnts to
be removed in the f and 3 directions ave known,”gne fOllOW}ﬁ%

TR
v 0

equatlona are wrlt 1SYa k]

!
<

Co{1) By + A&’I‘yAY 1o Az.wym‘:L =
() ¥, + Avm AL + AZH, AZ=L




AR
+136100 ||° - +18400 »81200 r
, , _—
ol . o "0 0 of +02
*'mSW "o ._»o o o -2
0 [|-o00825 | - 115 0 o] =115
q—:?izo Yz *1 ¢M2§:O ‘ _Myz‘= 1
"+ 247 || -s00860 | - 175 0
of = o 0 H-;owa‘z |
0 k .0 0 [{=00480
N - o =
’ ig Mez= +1f :;sz Tyz= 211
T -347 [-.000780 | - 49 +§§om + 25 |[+,000017
By ‘|- - -840 [-.003s8 | 222 L -a,ooosz "+ .6 [|=.00207
,rfz' - 99 |-.0007a1 _ ;45L¢',6b423 + 51 +;_ooo§er'

. © Rotation offest givem in torms of moment in ineh pounds.




PABLE XV

I

Corroction Due %o Rotation®.

: End Rogetions in Pounds Due to AZ= +1" Corrected For Rotation

. S Mgee Tyz= Corrocted
M= 41 53200 Tyz= +) -34900 ' FAZGI
0. 0 of o
0 0 0 0
-.00625 +333 0 0
M= ¢l MKZ:. Mﬂn +1 Myzn
‘ -58800 . -309600 .
+,00704 17 [l~500860 +508 0 o 8
-~'9180 o o 0 o || -o02004 o3387
~20100 0 o 0 o || ~c00e00 s
s e 2 Lo a2 [ |
=571 || =.000789 e 5 | so00104 | - 67 [.000017 | neglect =835 .
- 90 || =.00358 «15 | +.00052| - 18 200297 es6 | -‘46 -
'F, 657 ﬂooobovg . 3 _to'océza -6 |p.000881|  ~13 -

% Rotasion offect given in terms of moment in inch pounds,




TABLEXVit: BALANéING FlXED END MOMENTS DUE TO A UNIT TRANSLATION

IN +Y DIRECTION AT B

X-Y PLANE

. SYSTEM GFCB
CARRY~OVER FACTORS

X-Z PLANE

SYSTEM GFCB.
CARRY-OVER FACTORS

Y-Z PLANE

SYSTEM GFCB
CARRY-OVER FACTORS

Gyy= =.020 Gyxz= —'.00943 Gyz = —.491
zez +.018 GY1= +.408 ‘Gx\(“ +.224
Bxz= —.124 Byz = +.0253 By = +.668 .
GYZ ="+ .280 GXY = 4,071 Gxz = +.0501 -
Byz= +.147 : Bxy = —.0938 Bxz = +.152
B . B . B
4. [278 [.504 | g 4 [236 [ 363 ] N 052 |.096 P
“3 Liss | - ol _ .40t | , L i .852 . 1?_A
BOFGFCB BOFEDB B OF AB BOFGFCB B OFEDB B OFAB BOFGFB B OF EDB B OFAB
+9%  +T47 " -2640 -2640 +58 -143 +235 + 136 +8230 :
i~ il +526  +298 41069+ 535 + 8 -~65 -189-" +147  + 11
+tle = 9 .- 206 =1 494 4159 +144  + T2 +38 + 2
- 98 -294 . . - 22 - o1 +2%6 -439 -1195 - 811 + 811
-2 4+ 9 4+ 52, _+186 + 93 + 1 -1 - 33 + 25 + 13 -
+4 - 7 - 1 0 +26  + 45 + 40 + 20 L+
o - _ 0 0 : 0 = 1 =2 - i+
+ 3 + = _+ 6 + 3 - : :
[+ 5] [noot] [+318] [-319] [2009] | [Faa] [1ee] [FT8] [*18a] [¥oz | | [ven2] [-2t] [tr023] [-si2] [+si2]

&ezocl [ +351% L+|zm’5|

SYSTEM EDB
CARRY-OVER FACTORS

[+120% [ +204% [+184%

SYSTEM EDB
CARRY-OVER FACTORS

|—44ogl [-'no'(EH —sn.E]‘

SYSTEM EDB
CARRY-OVER FACTOR

‘ w““&

i

-y
b,

Exy = ~.,325 E!Z = +.0318 EYZ = = {57

Exz = ~ .20 E#Y = —,0664

Byz = —.033 Byy= —=.161 A

. . .

F - 97 - 63 ~2950
- 106 + 5 . +1130
~ 7 = 1 + 2
- 30 + }
-
) E : E E " -
NOTE: MULTIPLY ALL MOMENTS BY 100,

#INDICATES MOMENTS DUE TO ROTATION




TABLE XVill BALANCING FIXED END MOMENTS DUE TO A UNIT TRANSLATION IN ;*jZ DIRECTION AT B

" X-Y PLANE

SYSTEM GFCB
CARRY-OVER FACTORS

X~Z PLANE

SYSTEM GFCB
CARRY-OVER FACTORS

Y-Z PLANE

SYSTEM GFCB
CARRY-OVER FACTORS

Gyy = —.020 Gxz = ~.00943 Gyz = —.491
Gx7_= +.015 GY1-= +.408 Gx\{': +.224
bxz= —-.124 BY7_= +.0253 BxY""' +.668
GYZ= +.280 Gx\r'—" +.17! Gx1_= +.050}
Byz= +.141 ) Byxy=~ —.0938 Byxz = +:152° .
YZ = & XY B Xz a
ol |,z1a |,se4| rowe Fal ol ].236 I.sea | pexne ¢ | g1 |.osz ].oge | Torsion f o
| [.is2 ] ' * 1 |.201 | E i .852 F
B OF GFCB B OFEDB B OF AB B OF GFCB B OFED8 B OF AB B OF GFCB B OFEDB B OF AB
~-542 + 154 + 17 -~llee : +2640 +2640 - 6l4 -~ 31 +3680
+ | - 43 - 24 - ®1 - 44 - I + 5 + 15 - 12 - e -
- 60 + 33 + 96 + 3 . -352 - 600 - 542 - 271 -143 - 9
~ 42 -i26 oo - 9 - 29 . . D + 93 - 189 -3096 - 349 + 349
o - 1 0 -~ 2 ~ 1 o o o - 0 )
+ 1 o - z - 0 + -1 4+ 12 + 10 + 5 + 3 o
+ i ) + i .

[Fe+z] 18] [ 7o [ =e). E 45] | [ o] Eis35) [C513] [rzios} [raara] | [Fet3) [-z35] [+s8e] [349] [3as]
[- 439 [-2a%] [“e&”] [-325% [Csee¥] [-5327] - [-189*] Ijoéeil [- 3494 .
SYSTEM EDB SYSTEM EDB SYSTEM EDB
CARRY-OVER FACTORS CARRY-OVER FACTORS CARRY-OVER FACTOR
. EXT = —.325 Exz = +.0318 Eyz“ ~.157
Exz = —.21 Exy = =664 T

Byz = — -633 Bxy = ~.161
+ 8 + 5 ~11950
+398 - lg' + 486
0
f 8 (o]
- 14 .
o —— E ‘

i

NOTE: MULTIPLY ALL MOMENTS BY 100. % INDICATES- MOMENTS DUE TO ROTATION

WG




C oD

Substituting the value of the restralnts in the equazbions gives
Q
0

H

5762 + STO7AY + 5894ME
15096 + 5BBOAY + 212650

fhich when s0lved yield AY —Vaque? and A% = =603 and aorras»
pond to the smount ef vranslation of B in the ¥ and Z direc-
tiong reguiraead ta eliminate the restralints,

¥inal Reactionsg and Mements B
The carrectlan;ta the end reacﬁwons duée to allowing jJoint

B to bransglate are,qbbalnad wien ﬁhﬁ values 1list.d in Tables
AV anﬁ XVI_@?@ ﬁultiplied by AY and AZ raapecﬁivelyﬁ Table VIL
shows the finsl e¢nd reaatiansQ A |

The corrections ho the momenbts shown in Table Xlii, ﬁue
to all@W&ng joink B bo hrans&ahey are amtained when the balane~
ed moments shown in Tables XVII and XVIIL are multiplieé~by
AY and AZ respectivelys The final mﬂménts sre tabulabted in
Pable KIX,

Method IT .

Fr@m the‘reactimns_ﬁue toreﬁpanﬁienﬁ the restrainks
' against translation at B are evaluabted and ares

P = 115767 and Py = 41788567
Thesgs re%trainﬁq are elimimated by allowing B.tc translate in
the ¥ and Z dirsctions since Joint B has only two degrees of
fr@e&om% fhe resbraint against ro%&timﬂ is mainbaineds The

change In the &mﬁunb af joint restraint in the ¥ and 4 direc-

tions produced by a positive unlt tranalation in the ¥

¥




. s
diregtion is chpubed.as follows, . The joint B of ‘gach gystem
is;translated'a pasiéive uﬁit distenes in the Y dirvection Wﬁile'
B is restrained sgalnst rfotation in each plane and réebrained
egainst translation in the Pepsining two dirgetionss The end
reactions end bhe fiked énd moments due to this brangia%iéﬁ§t

are obtained for each sysbem as previously eutlined, The end,

_resctions are lisbed in Tsble XV ond from these the restrainbs

8t B are: ‘
: FyA"jf"l = 142007 and F, S - erved

&imildrlys ‘the charige ih the amounb of Joinb ?&strainu 1ﬂ.tﬂe

¥ snd Z dlfeG?TOn pweéuﬁed by g poesibivé unit tr¢n31 s5ion in

k

the & ﬁlrection ave 6Gﬂput9d¢_ They ares

yM 1L 9.,»,'79# o -a"r}l’d" S e BERL L pogan#
ﬁﬂneu'bha @hange in rws*falnta produ0$d by & unit hransiatian
in the ¥ and % d&rwctmon are known and thﬁ restraints to be pes
meved in the ¥ and % divections ere known; these values are
gubstituted into equations 1 snd 2 and salved for AY and AZy

11576 + T4200AY + 927904 =

s ;;giﬁi?;t85.§5‘_:.ri; 927OAY 4 R296YAZ = D

AY = -p307°

kY . ’ " an emd
. ' - AZ wxﬁ.@lfﬁj

bl

These are the translations required te remove the restraints ab

B while B is regtrained against rotatlon




Table XIXj

vl w

' Pine) Moments in Ingh Pounds

i Correctlion Fop
Yoments Tranglatbion
from T o1 Final
Table 12 AXMAY i AZMAé * | Boments
Mo |07 od $PT700 | 4, 270 | 4 B04LO
ﬁ“ ' . . e e _ L s o !
Y Myy | = 41800 - .:7'355@  =143200 33788560
| my, | + 878007 .| ~Bi4e0 .| ="glo0e | + 5100
M | +B58500 4 9680 | = 24000 | =B49820
&] © -
F. +1.511.00 + 2630 | + 844 | +LB45T4
o, | =748500 #704Q0 |  #691000 | + 12900
| om,, | =s0s800 - 194 | + 28700 | 570294
t""’ ' LR ." o -'._,l oy’ o | "LL“, "’3.,
g | T_, @1@.3@{3 , * 1,'7@@ b 600 | #R13300
Mvz wlﬁﬁﬂ@@ ﬁ?ﬁOOQ “+ 40600 “145600

Effect of Translstion :
The reactlions dite to expansion are correchbed for ﬁhese

'translatiuns in Toble XX, . The moments at the Pixed ends due
tm exnansman are cnrrected fOP these ﬁ?&ﬂ&latiﬁns in - fable
KT

Raleasing Robablon Restraimts ' .
" To remove thé restralnt sgainst ratati@n at B in a gilven

plameghﬁhe'goint B is'figed againstgtranslaﬁion and allowed o
rotate untll rotatiensl equlilidbriwea is atteineds After vobg -
tion, the resbraints againgt tranﬁiauism which develdpsd dups
ing the robabtion are removed by letting the jomnb t?anslateq
The moments resulting froum the tranglablan ara then Qpp11ed to

the strueture a8 a corrpction for translatx@ny The correchion




: End Reactions in.Pbunds Due to Expanaion Corrected For Translation ‘of B With B

e

TABIE XX
Restrained Againat Rotation
Gofrectisn For Translation- : - o
B = 5 - — Corrected
Due to AY= 1" [AY= o, 3977 W DZ= +1" | AZ= «,815% For
"Expansion ' . Transglation
+9209 0 o 0 0 +8800°
, = 4 _ . —
0 -0868x10 EI + 874 0 S ¢ + 874
-5 EIJ T
0 0 0 -0868x10 + 1354 +1354
AYs #1% © [AY= =307 . || Az= +1» |azZ= -.615" :
Fy. ‘- 5130 0 0 0 o || -5130
- |- E’y =10730 =463x10 EI +4660 =362x10 BI +.5650 - 420
4 — : —~ o
L% [ © Py -15870 . ~362x10 ~ EI +3650 -792x10 ° EI +12360 + 140
AY= 21" [AY= 03977 ||| AZ= +1® |AZs «,615"
- . D, : . =5 o .
By 4079 =0058x10 RI + 58 [} =0225x10 RI . +35) 3670
Bl | | ~5 5 ]
e -Fg T - 646 - &-,01341510 EX +135 =0039x10 El*‘ "+ 61 - 450
- - ' :
. H M L8 - o
F, - ©1988 " -0039x10 EI|  + 39 [ =0259x10 smi +408 “ ~1545°

. =3%=
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TABIE XXI : Fized End Moments in- Inch Pounds Due to Expanoion Corrected For Translation
Uith B Restrained Against Rotation )

- T | ' cometion For Translation Corrected

Bue o - . : — . Por . .

: }= Expansion DAY= +1® AYe =,3977 AZ= +1"  |AZ= «,615° |Translation
xy o || -262000 2108800 || . 0 0 [ +lo4800
g e o ) 0 +264000 -162400 | -162400
19 e 0 0 0 0 o o
3 Moy 0 || -284000 - | »102800 -0 o || +l04800
& I e 0 0. 0 (+264000 |  -162400 | -162400
Y = -0 0 0 0 0 0

' I AY¥= 417 |A¥e <o397° || AZ= +1®  |AZ= =.615° % ,
N =y - 96000 o 0 0 ' 0 || - 96000
é 2 Mo +462100 0 0 (v} o +462100
g Mo 502100 || +B823000 - | ~327000 2368000 =226000 - | + 39100
é . Mry -»596900 i 0 0. 0 o =396900
ﬂ 2 Txz ¢W q- o _ 0 o o +15§000
. Moz -8268400 || -295000 | +117100. . =1195000 2735000 | + 23700
‘ AY= +1° AY= «,397° || AZ= 217 | AZ= <0615 ]

. My -+ 96500 || ¢ 74700 | - 29700 + 15420 | - 9500 | < 57300
a i‘ Mg -=228500 | - 14270 + 5670 <116600 |. + 71700 ~149100
B |9 Ton » 5510 | < 13600 - 5400 | - 3140 | < 1830 | + =020
-5 o || Mxy 392500 || 4 9610 - 3820 . ‘- 54300 | + 33300 <363000.
Blel e 217300 || + 5770 - 2200 || + 1675 - 1030 | +214000
| My o 151100 | + 23500 = 9330 - 61400 + 37800 -|| 122700




i
moments réquired b0 éliminebe the restralnts ageinst btrang=
lotion resulting from‘a‘unit moment change 'at Joint B in a
given plane are aaiied shear correchbion factors. -

. Shear Gorrechtion Fadbors ‘
To evaluﬂte the shear earrectlon factors, thc gelnt 8 1s

allowed to ratane separately 1n sach pTane sn amountd corresw
p@nding to & unit momenb while B is rﬂstralnad aga¢nst Lrans»
latlona This ls shewn in Table XXII» The reaulting three sets
of end reactlens anu threa aets of reatvaimts af B are evaluatu
ad as shown in Tabla XXIIIQ ’ ‘ .' L

The %ranﬁlatmans wequlred t@ eliminate saeh sat QL e
atra;nta are ﬁeﬁermJnad by uslng‘@quations kR and Sqﬂ &hﬁ tranas
lationg vequlred to el¢m1nate the rastraints due to ﬁxy- +1 ab
B &Té‘déﬁﬁfmln@d &as follow

»gOORB3 -+ 14@90A¥ s 9279&2"
¢u000306 s QE?QAY h 22957AZ 0 c oo~
g AY = #+2,48x10%7
| - D% = -1,087xL0"7

Tabhle XXIV sﬁmwa the ﬁ%aﬂslatibnﬁ.requiﬁéd to eliminabe each seb
of raéﬁraintsa The moments corresponding to eaeh*p&iryo£ d@?
flectlons amﬁ tabulated ¢n mabla Xﬁﬂ; Thess aré_the_ghear‘

eorrecblon factnrsw




X-Y PLANE

TABLE XXIEFFECT OF A + UNIT MOMENT

CHANGE AT JOINT B

IN EACH PLANE

%Q%’w

X~-Z PLANE Y-Z PLANE
CARRY - OVER. FACTORS FOR . CARRY-OVER FACTORS FOR. CARRY-OVER FACTORS FOR
GFCB oe AB GFCB EDB AB GFCB EDB AB
Gxy=—.020 E,(Y = =.325 |Axy=+.50 Gxz=—00943 -| Exz= +.0318 |Ayz=+.50 Gyz= —.491 |Eyz*~-I157 Ayz = =}
Gxz=+.015 Eyz = —.211 - Gyz=+.408 Exy=—.664 Gyy=+.224 ’
Byz=—.124 | Bxz=—.633 Byz~+.0253 |Bxy=-.16l Biy= +.668
Gyz=+.280 Gyy=+.17T1 - Gyg= +.050]
Byz=+.147 Byy=—-0938 Byz=+.152
FUMIT MOMENT CHANGE ATB |
.278 | 564 . . .
4 B 3 4 B Eal a1 B £
&3 , IR EL tA| G3 _ — A| 64 - £A
—-.00556 +.278 +.158 +.564 +.282 +.00417 ~° -.0345 -.j00 +.0779 +.0409
-.0514 -.0334 .
E E - ) -
+UNIT MOMENT CHANGE AT B )
: B . - I.236 |.f563| i ' B
G} gA c¥ _ B 4 Al G% —£A
.40} 1
-0403  -022 -0645 00222 . +.236 +.40] +. 363 +.18l +.0964 +.00596
~.266 Jﬂ +. OIZ-’ iy
E £ E
Y +UNIT MOMENT CHANGE AT B
1- l.osz 1 .096 .
q [ E 1 ¥ 1 : g
¥ PA | 61 A | ¢ 852 A
+.0116 +.0341 ’ +.00260  +. oo19( —.0255 +052 +.852 +.096 ' -.096.
~.134
E E




|

- TABLE XXill 3 End Reaetions and Reatraints at B in Pounds Due to a Positive Unit Moment 1n Inech
B Pounds Applied at B with B Fixed Against Translation
[ T
- A% A of AB At E of EDB- A% G of GFCB
. - Ty . S . - 2 Restraint
» %‘: *l Mn=*0564 . Txya + Txyg ¢015 Mm ‘°’ }_lxyn' 40,378 at B i
& —— ; 1
;% 0 0 || +.00704" +.00111 1| =-.000789 | -.000219 || -.00089
. +000625 +.00353 " a 0 | «.00358 «0o000995 || =-,00253
0 0 0 =.000741 | -.000206 | +,000206"
41* = = = - : = 1
At A of AB- At E of EDB At G.of GFCB S
— : — — Restraint
M =+1 M = +.363 Myp= #1 | Myp= +0401) Moo= 4] M= +.,236 at B :
ot =L : = 1
+ I - ' . L T i
e P 0 0 || -.00860 -.00345 || +.0019¢ = | +,000458 || +.00299 . b
Fy oo 0 0 0 . +,00052 +,000133 =0.000123
F, - 00625 «00227 -0 +,00423 +,000998 || +.00127
At A of AB At B of EDB- At G of GFCB
. . - Restraint’
Tyz® *1 | Typ= #0006 | Myp= 01 | Mpp= 2,852 Tyz™ *1 | Typ= #.052|| "at B
;“ . 0 0 0 +,000017 | .00000086 || -.00000086
EP' Ty 0 0 «501084 | ©.00932 [ '«,00207 . .C00154. +,00047
E, "0 O ||  =c00490 | =.00817 | +,000881 [+.0000854 || '+.00413




; "“d’ 7?““"

|Table XXIV: = Tranglations Remulred to Eliminate the Restraints
|- Due o o Upit Woment in Inch Pounds ab B .
FA B ¥k§~= fl'&ﬁ B ﬁxz = 41 ak 3 .Myzﬁ=.¢L ét B _
AY" | #2d8m07T | +.s071077 “7, 405107
Az | a,087x10%" -4 796x10"" %1?ia8xiof7
"Final Momenﬁs snd Heactions ’ ' o

In Table XXVI the moments correched far translation are
balanced successively in sach plane-until QqullibriUm is
_a@ﬁainedg after joint B ig allowed to raﬁat@‘in-& given plane,
the shear correcbion is appliea-£c eliminate the restraint
agalnst translation which developed during. rotation - fhé
flnal moments are obtamned by adﬂing the colwmas in Table. XKVIQ

Th@ end reactlons shown in.Table F 9 must bp correctod for

- . the amount of fatatisn and for the amounb oi translation which

oeeuvraa during the mmment and shear balancing shown in Table
X:XV‘IQ Since the momenkts at B for- each system which corres-
ponds %o the-amoﬁét of rotation ave khown_and‘Sincs'ths end
raactiané due to & unit moment ab B are known, the corrsctions
to be applied due to rotation are compubed and tabulated in
Table ¥XVIIT, In Teble XXVIT are lisbed the end rezctions
eorreéponaing to the translabion regquired 4o release the re-
‘straiﬁt-against tranglation due Ho a-paaitivé rotational unip
monment Qhang; at joint Be These values, multiplie& by the .

total rotabtional moment chenge which oceurred, yields the
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TABLE XXV Shear Correction Factors:

-

W Mxy = #1 at B‘ . Mxz =+1 at B ’ Myz =41 at B
v " ay = —7| . B2 _,| Shear bY= 7| BZ= _7 | Shear A= 7| . 82 _7] Shear
+2,18x10 " |-1,087x10 " jCorrection [} +.607x10 ' |-,.796x10 ° |Correction [|-7.40x10 ' |+1.188x16 '|Correction
My | -e0655 0 -.0655 -.01602 o - -.01602 +.195) 0 +.1954
i i, 0 -.0287 -_.oé87 -0 [~020 . |-.0210 0 +.0314 +.0314
] - ; : j
9 Tow . O o -0 0 0 0 0 0 0
.’ E My, —40655 0 =065 |l-.om6ez | 0 "~ |-.01602 +.195) 0 +41954
_JZ’_:: . - . . )
T e, 0 -.0287 -.0287 0 -.0210 -.0210 0 |+.031h . |+,03L
+ .
[ : .
. Tys | 0 .0 0 0 0 0 0 0 0
e Tyy " 0 0 0 -0 0 0 0 0 0
T | M " 0 0 0 o 0 0 0 0 0
=l —— : .
- W, ||+,2oh ~.0L0 +.16} e ,0500 -.0293 +.0207 =609 0437 —-.565
Q
3 . g -
B My “ 0 . 0 0 0 0 0 0 0 0
“ _
e " 0 0 0 o 0 .0 0 o 0
I‘!. Myz R I -.0732 “'01299 "‘005\67 -001791 +00951 +00772 "’\0218 -011-12-0 ‘9'0076
. +,0185%  |-.001676 +,01685 +,00453 -.00123 +,00330 -.0553" +,001832  |-.0835
o | o ¥ -.0035L  [|+,01267 +,00913 - || -.000866 |+.00928 +.008L1 +,01056  }-.01385  {-.00329-
(&) « =
B Tyn || *+00337  [+.0003L1 +.00371 || +.000826  [+.000250 . |+.001076 -.01006  |-.,000373 |-,01043
§ MW .‘..00238 +.00589 +.00827 ,.,.000583 +..OO)_‘31‘ 4'.'00).189 -.00711 -.OOéhh -n01355
. ! - - - .
L 4 . . R .. .
O [|+e00131 |-.000182 +.001249 || +,000350 |-.0001333 [+.000217 -.00L27  |+.000199  |-.00407
- v '_«‘U N -
: Myz 4JI+.00583 +,00667 +,01250 +:001h2§ +,00L89 +,00632 =.01739 =.00729 -.0247 -

vy




TABLEXXVI: MOMENT AND SHEAR.
X-Y PLANE.
CARRY-OVER FACTORS
QFCB ED% AB
cvm020 Q=3B avy 50
G*t » +.015 PAN
A*%"-.124 B(Z—GS
Gyi-+.ZBO
Byi. +141
B
BOfGfCB B of EOB B Of AB
-ShSO +513 -9t>0 +1046 +1046
- bl + 31 +91
- Tr - 5T + 24r & Z4T
. EI -225 -126 - 451 - 229
- 1t - IﬂT + 51T+ 53
‘ &"‘ - 19T - 39+
- 5
- Ot + 2T + 2T
+ 61_ - Z2Zv - ZZt
-2
+ 3T
+ 7+ <t
+ fe + + 1>
+ — 4T — 4t
+ t - Zt -Z t
0 - e
+ Z + 5
1-31051 |+381 1]-918 | [+591 | [+814 |

|-2n*| [-124 * | |-441 » |

IHARCOAKECHOH
FACTORS FOR +
UNIT AMxy AT B
-.0655 Bxy'AB
-.0261 B»x-AB
- 0655 Axy
- 0iST A.1
tH>4 Brr-EDB
+.0561 Eyz
+.0Ib&5 B xy -GFCB
+.00911 Bxz-GFCB
+.00111 BYX-GFCB
+.00627 Gxy
+.00125 Gxz
+0125 Gtz

MOTE'MULTIPLY ALL MOMENTS BY 100.

- 3949

+ 4
+
+

01
42
31

- 1-34901

g

BALANCE

X -z

RLAME

CARRY-OVER FACTORS

Y-2Z

PLANE

CARRY-OVER FACTORS

GFCB AB FCB B AB
Gxz- - 00941 Exz "+ OBia A xz-+-50 Gyg. -.491 EE_P'-H YRb- 1
Gyz- +.406 Exvm-.464 GXV s + 2%4 a )
Byz-+ 0233 Bxy-- .IGI B*y ¢ +.GgB
G*v-+.HI G xz-+.0501
B ky m-.0936 Bxr-+.152

lom | I®6l 061
‘- 621
BFTGCB BOfEDB B OF AB BftftfCBftOFEDB BOFAB
*‘141 <1491 +4421  -1624 1624 41221+ 20 ¢ 391
0 355 - 604 - 54-1 . 13 S5 L g
- + 32+ 9T zT 31+
- 3T -133+
-z + 5 - -no 49
+ Gt - 6+ + 5T
-32 - 55 - SO - 25 -1
ot - I+ - it or - 3T
0o - 1 - 5 - 95
Ot Ot + X+ + 63+
0 0 - 55
ot or -2 T - 2+ 3:I.T + 3feT
0 0 + 1 2 - 32
0 0 + 1+
0 - -2
0 0 o o + 3+
0 0 0o -_ 1 20 2 4+ 2
0 o -t - Xt 0 + 13
0 o o
0 0 0 +£
+7 .

I+atv | 1-IMt | 1+40+5 | 1-m *1 |-I6TT| 1-14501 |- 46 1|+92Z 1 |- 44| |+44]

1-3M*| I-W T* | |-594«| [-23» 1 |-692* 1 1-44% |

SHEAR COKRECTtON SHEARCOtAECTION

FACTORS FOR + FACTORS FOR +

UNIT AM i AT B UNIT AMxz at B

-.01402 Bxy' a& + 1954 6,1 - A6

—021 B*x-AB +.0314 B*x AB

-.01602 Axy +.1954 Axy

-021 Am. +.0314 Axr

+0201 Byz-EDB -.565 Byl EDB

+.OTTt Err +.076 Eyx

+.00110 Bxy -QFCB -.0535 Bxy GFCB

+-00841 Bx I GFCB -.00129 Bxz-GFCB

..00IOTh Br r -QfCB -.01043 Btz -GFCB

+.00489 G xy -.01355 Gxy

+.000211 Gxz -.00407 G,,.

+00632 GtZ -.0241 Gyi

231
1 1feT
46+
21
15+
It
15
2 6T
+ 9
- 5T
+ 5
- 3T
+ 1T
+ 3
+1540 - It
- 19 + 2
+ 21 - r
- Z + 1
0
- 1
1.1S45]| 1 +941

* INDICATES MOMENTS DUE TO ROTATION. T

INDICATES SHEAR CORRECTION



_ TABEE XXVil

mogg

: End Reastions in Pounda bue to ‘Emnalation Requirad to Eliminate R@straints vhen.
Jeint B Romt@s on Amount Corrosponding to a Unit Moment in. Ineh Pounds
Yeg= +1 at B Mzn=.+1 at B 1] _Myza +1l at B
AY= AZ= S AY=- AZa R S & Z= :
-7 -7l ZF -7 -7| E£F o=l -1 " XF
N b2,48210 1.087x10 | - - +0607%10 [w,796x10 - ~7.40x10 |+1,188x10 .
By 0o 0 |=0000256 0 0 [0000366 0 0 |=0000412
< . N N . , -

& | By || =000546 0 [=000546 (l=0001337 -0 [R0001337 I +001629 0 |%001629
7, 0 [+000220 |+000340 0 [+0001753 50001753 0 |=000261 |-000261
Py 0 Y 0 0 0 0 -0 0 0

# o N ‘ o .

& | Fy || =-00291 | +.000999 |~.00191 |i=o000713 | +.000731 | +,000018 |+,00869 | =.00109 |+,0076
Fy ||~-00228 |+,00219 |-,00009 ||-,000857 | +,00160 |+.00104 - [+,00679 | =,00238 |+.00441
Fg || =-0000365|+,0000621 | +,0000256 {[=. 00000893 +.0000455| +.00003686||+,0001088 |-,0000677 |+.0000412 -

° By || =00000843| +5,0000108| = 0000735 (|- 0000205 [+,00000788| <,0000127||+.000252 |=.00001173+ ,00024

] A 4 : '
| B, ||=-00002451 2.0000715 | +,000047 u.qooocamioooooosas»aooooass +.0000732 (=,0000780 |-.0000048




: Pinal End Rosctions in Pounds

TABIE XXV ) )
‘ Before . Correction For Rotation® - j” Correction For Translation”
pnd Shear Ny | Mxzm Tyz= My Mep= Myz=- Final
R Balaned - ' _a4100 |- -50400 | -4400 | -78800 | -163400 | -45900 |[Roactions
Fr || +8800 = 70 ~488 0 + 3 +.86_ | + 2 | +8302
< ' ' — — ——— , | —
g | By ||+ o7 =275 - 0 0. + 43 ¥ 32 -7 + 590
F, | +1354 0 +371 o | -1 -20- | +22 | sl689
Ley™ Yoz Myz= Mey= Mez= = | Mgz=
-12400 -65500 ~39200 ~78200 |=163400 ~45900
B, |-5130 -87 | 565 0 0 0 0 -4654
.ﬁ '_ - - — " 3 N .- ' B = N
s | Py |- e20 0 0 +429 +149 -3 -349 - 194
B, |+ 10 0 0. s198 | « 7 -170 -202 - 33
%:: . Bama . Tyzn | = 'A&KZB’ . Myza
-21700 | -38500 -=2300 -78200 |~163400 | -45900 -
F, ||=3670 £17 | =7 . |nogleet -2 ol -2 | -3738
-y - . = ' . _ .
F, [-1545 -+ 18 -163 - - - 4 =8 - |neglect | ~1708

* Rotation and Translation effect giver in toxms of moment in inch pounds,




i
correction due bo translatlmn and are RS bulabed in, Table.

KXVIII along wibh the finsl ehd raaebionsa
Conclugion ' o
The solution of this type mf strucﬁur&l prablem is dlff-

erent from the usudl ¢age in that no atsempt 1s mede . 5o obm
bain W@ﬂklﬂglgﬁreﬁEBS as near tha allow“bl@ ag p@sslblem ' The
piping arrengeient iﬁ 1&1ﬂ oub for the whorﬁesL? mogt economis
| ¢ak route. JThislprpblem then yresolves itsalﬁ;;ﬁﬁg a matéar

of determining whether or not the pipe &il;,be overstressed

or the end reactions excessivey In'alnumb&r.éfyqases.bna debep-
mination of the initial Fixed end moments and corraspendiﬁg
reactions are so low that it is é%i&enﬁ that the plping layout,
15 satisfactorys = If this ocours no Further analyais ia‘nacaasw
8rys The;grouglfelaxativn precedure can be readily spplied to
structures subj&éted to cancentrated loads yrdvidigg the tefu
_sional properties of the members are available.

The &UQQIVLElGH of the structure into groups makes 1t
posqabla fgr mobe than one pevson to work on the aralysis, .
\tﬁareby exped;tlng the sdlutiofi, _ .

The'Methmé I probably is more adventageous, as & procedure
for analyaié of a strusture wibh'l o 4 degrees of freedom for
translations If there are more than 4 degrees of freedom for

/

translatiaﬁg balancing h@mem%s and‘sheays at ﬁhe‘sama tinme

_appears to be better;




DB
APEENDIX T
A & Hlasbic area; A subseript XY'lndicates the elastic
arsa in 'the XY plama,. A
E i Hodulus af Elasﬁielbg in tens&on or campress¢on |
F s Porce, A subsaripi, of X, ¥ or 2 ‘!ndicabeﬂ the
ﬁirectnany b aupgrsaript AY = 1ndlcabe$ forae due
h)AY l# _ iij"?ffﬁlef ' |
é g Nedulus ef Elagticlty‘in shear S
I Mamenb gf Inarti& of pipe eross«seetion ‘
-Ixxleyi_ﬁomenﬁ,af Inertla and product gf Inertia of qlgéﬁio.
 ares I_ - | 1 :
J ¢ Polar Moment of Inertla of plpe GFO&E“&@GblOﬂ
L ; Dengbh of member | , ,  4 -
M .* FMoment. A subacripﬁ of XY, X% or YZ in@iéaﬁes the .
plama in whi¢h momenbt achse | -
T 3 Torgues A4 subscrlpt of XY, X4 or ¥Z inﬁiqaﬁes the
| ﬁléne in.whieh‘tdrgﬁ@»aatsﬁ | “
XﬂY@Z : Goordinate axes |
g 3 Rmtatiwna A subqeript of XY, XZ or YZ 1nﬁlcateb the
pldne in Which robation ogours, A -
A ¢ Translationq & suffix of X, Yor & indﬁéates direc=

L4

tion of trandlabion,




APPENDIX 11
Development of the Neutral Point Equations
The tnree dimensional structure shown In Pig. 5a will be
used to develops the equations required for the solution of

end reactions and moments at the fixed end due to any loading

by the Neutral Point Method, +Y
(b)
Fig, 3 Three-Dimensional Pipe Structure with Two
Fixed Ends

The fixed end D is cut free; a rigid bracket is attached
at D and is extended to an arbitrarily choosen point 0, from
which the coordinate axes originate as shown In Pig, 5b,

When any load is applied to the structure shown in



i
|

w55
Flgg 3b, the rigid braeket at 0 will nave deflecﬁlmns NX ;
AX‘ and AZ along with rotablons Asgww Aeiz and Aey ,‘ These
&eflections and rovations of the rigid beacket abt O imply .
that point D will also have idémtical-deflecticna and rota-
tionss The conditions shown in Pigs 3a»inﬁiea%e‘nhaﬁ @jiaf,
unable tg traﬁélate or rotate. Therefore it is required to

x% bEA

will be requxred‘at 0 to prevent nhe deflectiens and rcL

find what forces Fog Fy and F and moments M <y ¥ and H

Llans at D due ta the loadingﬂ

the three dexleatlgus and the three rotations due t; any
load can be &eterminedc the three forces and three momenis at
0 are unknawﬁg therefore if six equations can be written In-
volving the unknowns, they will be determineds

Using the general metvhod of indeberminate structures,

ﬂhe3following six equations d¢an be writteng

5)'MAX? * Xﬁyx =1 + Ydiy Lo dej=l + mxyaxmxy=l +
s Mers | T
; D ‘ 2’ ] 3 N[ =L TN
4) AY + %37 s wayt L e Zayt ol 4 - A
- ';MKZ & Wiyz=l 0
My, Gy & Myz v
: ? =1 =] =1 Wy =L .
5) zsz +-Xdzx ; o+ Xﬂzx ; + Zdzz 1 + szdz A -+
Ce o MXZ =1 . Myz =1 -
‘szdz + Myz@z 0




i

6) WAng ¢ Xd@x! +'Yde § Ly a8 ; 1‘+ Mxy exyxy*l +

7) b8, i + %8, x~1 ¥ ﬁdex§=l + 249, z.l +-nﬁy¢sﬁ§¥y=l.+.“,'n
My G0 Maz™d .myz@eﬁyﬁ -0

8) Aéy# + xae A= 1 f~¥d9y§ L zdeyz by Mx$ae?§§$'1ﬁ;'
A8, yzm -1 +‘-m®§2‘&6&;§§’.§ ‘l =0

The explansﬁlan which ioliaws far equahian 5 hoxds 3Lmiw
larly fqr_ﬁhe remaining five equations. 4z was pr®V10u£ly
sﬁat%d,'it ié requifedﬂtq‘find.fofces Fgﬁ Fé and=FZ and mo
menﬁé ijg @xa anﬂ«M&Z whioﬂ will'eliminate the @eflepniong-
and- rotagions @ué ﬁo”the applied leads ”ach of the forées
Fx’.yy and F when applied at O, will nes oniy affect the Gem
f&eevlun in the direction in which it is agplleﬁ but also in
the other Hwo directlons, along with pro&uciag am angle change
of the rigid-braaket in esch piaﬁe@ fhe aa@ﬁ hoids for the
appllcatlon of 1:&ya sz and my, at O« Thefefure AXPlrill be
sliminated by the sum of the products made up af the acbual
fﬁrces or moments and the defleanmsn 1n the' v dﬁraatiqn due to
g wnit load at O« -

Using the principles of vmrtual work, the del@GtLQnS
and robabions dus B0 a unii lqad—and due to a unit moment ab
0 ean e evéluétedb léaving six eguatlong with six unknowns.

L]
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#igss 4a through 4f show the application of a unxt load
or a unit moment at C.. The moment diagranms, ylatned‘qn‘the'
eompression side, ave drawn on the figur@sa These are uséd.
wivh the equaplons of virbual works |
9) ixA*JFMQ/EI' | 10 1 X,S-;Jﬁimﬁs/%lﬂf

o find the value ﬁf X -

: & real load of unidby ls op~
plied at O in ‘ths paﬂitiVa % &ireatian& and a unit virtu&l
loaa ig also epplied in the posibive X ﬁerGEWQHn"#igg 3
can be useﬁ for each 1uadangg
: & ~B . A '
K p: i
3. % ax ?‘ j Y’J r1 /m +§ 'szi ds/6d .-:—j _352 ds/BI +

ot
5 Ziﬂs /E-'ﬁ’*‘j 52 da/EI*‘f Zz as/Gd
L S YR
Note thet each inbegral g of Uhe fb%ﬁigggd&:which'repﬁeseﬁﬁﬁ
a moment of iﬁarﬁia about ﬁhﬁ £ axize Thé‘fifaﬁ ﬁhrae intes
grals regresenﬁ the moment of 1ner Hia about the X axis of the.
orthogonal progect*on of tne ekastle ares, ds/miﬁ in the %Y
plene, if ds/BI is used as dAy dg/GJ can be faﬂ@iﬂé& Bo
laQSéa/EI@. Let thevfirsﬁ-ﬁhmeefiﬁﬁegﬁals be replaced by Exxg
- the aunveqtiomalusymbcl‘fmr'mqmént.df inertia sbout the X axis.
The éeaond three integrals represent Eha moment ﬂf'inerﬁia
sbout the X saxis of the opt phiogonal pregﬁchian of the elagtic
area, ds/8T, in the XZ plene, which will We replaced by:the.

1
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IItINfX DIRECTION AT O POSITIVE M AT O
IN+Y DIRECTION AT O POSITIVE Mxz AT O
IN +Z DIRECTION AT O POSITIVE AT O

FIG 4 Unit Load Applied at Origin of Coordinate Axes



S ‘ : + i
$ymbol.Iéﬁ¢ this w;il nake

T l

ax" - I

Tox . -
To: fing fthe valus ﬁxY l, a raai losd of unity is applléd
at 0 in the posibive X direcbion as shown in Tig, 4a and &
vnlt virtual losd -is applied at‘O in the positive ¥ direction

as shown in #ligs 4bs Then
Va l ~3 : B : £ ‘ o
1x a J Y4 ds/BI “Jj LE ds/Gd «f "s;ml ds/BI

Bach of these inbegrsls bakes the lorm ofagxydﬁ which.repre*
sents the product of lnertia of zn arvess Using tﬁe~cénven;
tional symbol fo¥ the @rmdugﬁ pf im@#ﬁiag lxy; ﬁhé ﬁhﬁée ine
tegrale may be replaced by 1%, since they represenkt the prow
d?ct of inertia of the elastic area in the X¥. plane, anﬂ
! day-l-;&lxy |
To find the velue of &xz=l, 5 real load of uniby is ape
plied a% @ in the positive X @iraetion as shown in Fig. 44
and g unit vivtual losd is apﬁlied'aﬁ 0 in the positive Z

direction as shown in Figs 4¢s Then

H

1 x ax™ @J Z,X ds/EI f«j ZX, ds/B1 -@5 2212 ds/G-J
SR & g - JB !
Thege intsgraxs‘reprasent the preduct of inertla af the elasgw
tic area An the XZ piaﬂem o) ' .
Z 1_ ‘

ﬁixz'




a3 {Jod

Flarw=d '
!y‘ s & resl load of unity is

To f¢nd the value of ax’
applisd at Q in the poaibive X @iﬂeéﬁion ag shown in Pigs 4a
an&-a virtual vhlbt posliive mmmént~is applisd at 0 in the KY:
plane asg shown in Fi@;aéd» 2
Then
R T VT Y S G N

% dx = ‘gzl &g(EI % j 2 6;5/(4.1 rff j\ Y ds/RY
£ =, ¢ B
This antegral Takes tha Sorm of k[wd& whiah 1s & momsnﬁ of

an -Aveds Again lettlng da/EI @4y the inbegrals neprauenh~

a:MﬁMEﬁﬁ Gf the elastie aréa in ﬁhe,xy piané'ahmﬂtfbheax axiﬁg’

I Q is nged for thé symbol to déhote the mmment of'ths
-1
aresn; then diz xy = Qge
' sz =%
To £ind the value of dx y 8 peal load of unity is
applied at O mﬂ'ﬁh@ positive X dirsvtion as shown in Flga 4a
and a virtual unmt positive moment is gpplled &b Q in the - X%

plane ag shown In Plge 4€.  Then
.' & : B N
“{Z"l . . e _ . )
iz ax = =) % d¢/EL - | -Z ag/BT =7 .3, ds/ad
& RT d e , By,
This SQt of lntegfalss as in the previens pafagrapﬁﬁ repreaant
& moment‘af an areag Here tney are the moment of The eiasﬁic
srea in the XZ‘élaméwa%duﬁ ﬁﬁg £ axigs heb Q reprﬁganﬁ this
moment of the avea; then '
Bzl t
A%k HZ

= »Qm




N =Bl

From a- V1Sual inapeetion of PFigs éf it can be seen that
ax e LG bacause the virtual Lnit positiVa moment applled
at 0 in the YZ pldne hag 10 mom@nt in the same planeg as the
poaitive unlt load applied in the X divection sghown' In Figg day
This would make the virtual work equatbion equel Lo Zerfe.

The remaining dellectland or rotatieng due to s unlt load
or unit momeﬁt'may be fﬁuﬁd in a simiiaf manner; Now eguas _‘

tlons & Thrcugh 8 may ba writteh as

Ba) AX x };(1 :&Gﬁ‘) - Msﬁy o ZTg * ,ﬁfxy%m o M&aﬁm 0
. g‘ .

] . o m AL, wm M@ L .=
éa),‘ARJ;_ x:xy * T Ege) ?‘yz My ™ Vel = 0
Ba) AZ e XD, w ¥, + (1, 5#555) MooQpn = Mgy Qy, = 0

P o a o - | "
6a). AS.. xy LECTNE CREES 0
; _
7a) Ae:;z = RQpy * ‘*"Qtzz + szf‘xz 20
ga) Aef «.yg -0
a) Agp, = YQ:‘W 4@ ¥

The origin af Phb cbordlnh»e axis 0 was arbibrarily
choogems By ch&osing,anﬁprigiﬁ suoh Bhat bhe Q berms which
represent the momenﬁ,éf an arse ave zero, the above equatimné
can be\simplifiedg The moment of an ares will be zero 1if the
momen’b is.taken about a céentroidal axisy Therefomre if the
-origin 0 is taken as bthe centroid of the elasbic avesa, ds/BI,
the @ terms will be eliminated and the éix eguatioﬁs will Teo
duce to |
Bb) AX b R(I#T ) = YL = BL, = 0

xy

) AY XD w Y(?Iyyfé*-‘ yy) Zsizyz =0




5p) Az ;,xsz - iiyz.r Z(Izzwigéﬁ = 0
6b) A0%y + Mxyﬁxy'%.é |
7o) A8y * M A =0

8b) ael, + M,hy, = O

These are the general equationg of the Neutral Point Msﬁhod'

for a threes dimensional structure.
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APPENDIX ITI -
In Figy B is shown s ring of elastle material which is
out and separated an amounb RQs Por small values of angle@,,

the arce RO will be equal o th@ chord, therafowe by $iM¢l&?

triengles, = i L o TR
AX/RQ= Y/R Cend A‘X/EUZ K/a
or  AX= Y@ = ma 1 avs X@

Wigs 6 éahewé *bh.e pro §zﬁciiﬁm i the Y24 plane of system
e

GFCB with ,a'_i negatzva unlt reLation apy}.iea at 33.@ The corresw= _

pending dai‘leeti«ons W.Lll ’oe

~;—A.& = ¥
wAY Zp = 11,3




+Y

Fig. 5 Ring of Elastic Material Cut and Separated



RESTRAINTS
AT B

+AZ =Y Ae
-AY =Z AG

Fig. 6 Displacements of Neutral Point Due to Negative
Unit Rotation of B in YZ Plane
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