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ABSTRACT

In biology, genome rearrangements are mutations that change the gene content of
a genome or the arrangement of the genes on a genome. Understanding how genome
rearrangements occur in a genome can help us to understand the evolutionary history of
extant species, improve genetic engineering, and understand the basis of genetic diseases.
In this dissertation, we explored four problems related to genome partitioning and tandem
duplication and deletion rearrangement operations. Our interest was focused on determining
how difficult it is to solve these problems and identifying efficient algorithms to solve
them. The proposed problems were formulated as string problems and then analyzed using
complexity theory.

In the first chapter, we explored several variations of F-strip recovery problem called
XSR-F and GSR-F and their complexity under different parameters. We proved that the
XSR-F problem is hard to solve unless we restrict the allowed block sizes to one size. We
provided a polynomial time algorithm for GSR-F under a fixed alphabet and fixed F'. In
the second and third chapters, we introduced two string problems named longest letter-
duplicated subsequence (LLDS) and longest subsequence-repeated subsequence (LSRS)—
formulated as alternative problem formulations for the tandem-duplication distance problem
that allow to extract information about segments of genes that may have undergone tandem
duplication—analyzed the complexity of their variations and devised efficient algorithms to
solve them. We proved that constrained versions of LLDS and LSRS problems are NP-
hard for parameter d > 4, while general versions were polynomially solvable which hints
that any variations closer to the original tandem duplication distance problem are still
hard to solve. In the final chapter, we delved into two heuristic algorithms designed to
compute genomic distance between two mitochondrial genomes and a heuristic algorithm
to predict ancestral gene order under the TDRL (tandem-duplication random loss) model.
We improved the previously studied method developed for permutation strings by tweaking
heuristic choices aimed at calculating the minimum distance between two genomes to apply
to non-permutation strings. These heuristic algorithms were implemented and tested on a
real-world mitochondrial genome data set.
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CHAPTER ONE

INTRODUCTION

1.1 Motivation

During biological evolution, the gene content and the arrangement of the genes within
the genomes of species have been modified by various kinds of mutations. A genome is
made of a set of chromosomes, and each chromosome contains a set of genes. A chromosome
represents a circular or linear string of DNA where genes are located. Each gene has an
orientation depending on which of the two strands of DNA it is located on. A change
or mutation that changes the arrangement of the genes on a chromosome is called a
rearrangement mutation (or rearrangements). These rearrangements can occur in different
ways; for example, inversion, which reverses the order and orientation of a subsequence of
genes in a chromosome; transpositions, which move a segment of a chromosome to another
location on the chromosome; duplications, which duplicate a part of the chromosome and add
it to the chromosome; see reference [50]. Some other examples are fusion, which merges two
chromosomes and forms a single chromosome, and fission, which splits a chromosome into
two chromosomes. Basically, there are different types of rearrangement operations that can
occur in nature. Some rearrangement operations do not change the content of the genome,
while others do; for example, when a deletion occurs, a chromosome can lose some contents,
whereas rearrangements like transpositions or translocations do not change the contents of
the genome.

Gene order analysis helps to explain the differences in gene arrangement between

extant species and helps to construct their phylogenetic evolution. For example, maximum
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parsimony is used to analyze the gene order, in which it tries to explain the differences
within a set of genomes by the minimum possible number of changes. One can ask what the
minimum number of rearrangement operations is that we need to perform to transform one
genome into another genome; this is called the genome sorting problem. The problem that
asks for the smallest number of such mutations is called the distance problem. Such distance
information can be used to construct the phylogenetic relationship between species [106].

Combinatorial and computational problems related to gene order analysis started with
Sankoff and Blanchette [97] and Watterson et al. [109]. Some variations of the sorting
problems were shown to be solved in polynomial time, such as sorting with inversions [47]
and sorting with inversions plus fission and fusion [48]. Many other related problems in
rearrangement space have been shown to be NP-complete, such as sorting with inversions
for unsigned genomes (ignoring the orientation of genes) [20], the inversion median problem
(the problem of finding the parsimonious common ancestral gene order from more than two
given gene orders) [21], and the problem of sorting by transposition [16]. Therefore, a lot
of research has been done on finding heuristic algorithms for such problems. The MGR
algorithm for solving the inversion median problem [11] and approximation algorithms for
sorting by transposition are some examples of heuristic algorithms [39].

Another important task in comparative genomics is to partition two genomes with
duplicated genes into syntenic blocks, which are blocks that have the same gene content.
Finding these blocks could help to identify ancestral gene order [2, 12], reconstruction of
phylogenies [36, 45|, gene tree reconciliation [32], the study of whole genome duplication
[38] or prediction of orthologous genes [69, 77]. Extracting information about these syntenic
blocks when comparing genomes would help us find duplications or deletions that occurred
during the evolution of genomes. A popular problem to find these common syntenic blocks
in genomes is the Minimum Common String Partition (MCSP) problem, where two genomes

are represented as strings and the problem asks to find a minimum number of blocks in
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a common partition. The purpose of this problem was to extract information about the
orthology assignment [25]. Orthology assignment is the process of identifying orthologous
genes (genes in different species that evolved from a common ancestor by speciation) among
a set of sequences. Orthology assignment is useful for functional inference, comparative
genomics, and phylogenetics [33]. It has been argued that MCSP does not necessarily give
the best partition in terms of syntenic blocks due to the fact that MCSP may output syntenic
blocks that are too small in order to minimize the number of blocks. Therefore, in [115]
authors argued that small blocks should be treated as noise, then proposed an alternate
problem formulation called Strip Recovery. This problem aims to find a common partition
in which blocks must have at least length k, where k£ is an input parameter. This led to
another alternate problem called the Maximal Strip Recovery (MSR) problem, in which
the goal is to find the maximum length subsequences S’ and 7" of the input genomes S
and T such that S’ and 7" admit a common string partition with the desired block sizes.
The minimization version of this problem is called Complementary MSR, where one asks to
delete the minimum number of genes such that two input genomes admit a common string
partition with desired block sizes. However, MSR has not received as much attention as
MCSP. Furthermore, most of the attention given to MSR was for the permutation model, in
which genomes do not contain duplicates. Therefore, it would be interesting to dig further
into the theoretical and algorithmic aspects of MSR with duplicated genes.

In biology, duplication is a major rearrangement operation in biological evolution. There
are two types of duplications: arbitrary duplications (a segment in a gene is copied and
inserted somewhere else in the gene) and tandem duplications (in the form of X — X X),
where X is a segment of the input sequence. The important property of tandem duplication
is that the copied segment is inserted at the copied location. It is known that tandem
duplications of 3 nucleotide CAG is closely related to the Huntington disease [82]. Whole-

genome sequencing (WGS) data from tumors has revealed that massive rearrangements,
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as in the tandem duplicator phenotype, are a specific cancer phenotype [54]. Tandem
duplications occur in some cancers [103], particularly in ovarian and breast cancer genomes.
A subset of ovarian cancer samples shares a marked tandem duplication phenotype with
triple-negative breast cancers [84]. In 1980, Szostak and Wu showed evidence that gene
duplication is the main driving force behind evolution and that the majority of duplications
are tandem [104]. In the first sequenced human genome, around 3% are in the form of
tandem repeats [73]. Tandem duplications were further studied in copying systems [37]
and formal languages [13, 30, 110]. In 2020, Lafond et al. answered the open question
regarding the complexity of computing the minimum tandem duplication distance between
two sequences A and B (the minimum number of tandem duplications to convert A to B).
The problem was shown to be NP-complete for the unbounded alphabet [71]. Later, Lafond
et al. proved that the problem is NP-hard even when 3 > 4 by encoding each letter in
the unbounded alphabet proof with square-free string over a new alphabet of size 4 (using
the method from Leech’s construction in [78]). This is important since it covers the most
relevant case in biology, where ¥ = {A, C, G, T} for DNA sequences and ¥ = {A,C,G,U}
for RNA sequences [71]. Therefore, it would be interesting to find new problem formulations
that could extract information about tandem duplications between two genomes. Note
that in the evolution of genomes, there could be multiple rearrangement operations that
occur. Suppose some genomes undergo tandem duplications and some other mutations
like insertions and deletions; then, due to mutations in the genome, it would be harder to
extract information about the segments that underwent duplications. Therefore, it would be
interesting to propose new problem formulations that would allow us to extract information
about duplicated segments under tandem duplications. For example, given two genomes with
a starting sequence and a target sequence where the target sequence has undergone some
rearrangements, it would be interesting to see which blocks have been duplicated by tandem

duplications while disregarding some mutations (deletions, insertions, etc.) that may have



occurred.

This dissertation presents four problems related to genome rearrangement. In Chapter
2, we explored several variations of the Maximal Strip Recovery (MSR) problem, called the
F-Strip Recovery problem. We proved that the Exact F-Strip Recovery problem is NP-hard
for unbounded alphabets and unbounded F' (block size list). Notably, we demonstrated that
it is challenging to partition two genomes into blocks of sizes from any fixed list, unless we
restrict ourselves to one size. However, we presented a polynomial-time algorithm for the
optimization version of the GSR-F problem for fixed F' and alphabets. In Chapter 3, we
focused on the longest letter-duplicated subsequence problem and its variants. We introduced
polynomial-time algorithms for the LLDS and weighted LLDS problems. Furthermore, we
proved that the decision version of the LLDS+(d) problem is NP-complete, even when the
maximum number of duplications d of each gene is 4. We also demonstrated that obtaining a
bi-criteria approximation for LLDS+(4) is as difficult as approximating LLDS+(4). However,
we found that when d = 3, the problem is polynomially solvable. In Chapter 4, we introduced
the Longest Subsequence-Repeated Subsequence (LSRS) problem. We proved that the
decision version of the LSRS+(d) problem is NP-complete, even when the maximum number
of allowed duplications d of each gene is 4. However, we also demonstrated that when
the maximum number of allowed duplications is 3, the problem is polynomially solvable.
Additionally, we provided an algorithm to calculate the longest cubic subsequences of all
substrings in a given sequence in O(n%) time. In chapter 5, we looked at a new distance
measurement for calculating the distance between mitochondrial gene orders under the
tandem duplication random loss (TDRL) model for non-permutation strings. We introduced
two heuristic algorithms to calculate the distance between two mitochondrial gene orders
under «, 8 parameters, which determines the cost of duplications and deletions under this
model. Finally, we introduced a heuristics algorithm to calculate the ancestral gene order

of two given non-permutation gene orders. Throughout this dissertation, we are interested
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in the theoretical and algorithmic aspects of these problems, including complexity, decision

algorithms, and optimization algorithms.
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CHAPTER TWO

THE COMPLEXITY OF FINDING COMMON PARTITIONS OF GENOMES WITH
PREDEFINED BLOCK SIZES.

2.1 Introduction

In comparative genomics, a common task is to partition two genomes with duplicated
genes into syntenic blocks, which are blocks that have the same gene content and order.
Finding these blocks can have many applications, such as inference of ancestral gene order
2, 12], reconstruction of phylogenies [36, 45] or prediction of orthologous genes [32]. The
concept of synteny is a loosely defined concept; however, in most definitions, it requires that
syntenic blocks have a minimum number of genes in common. If we are given two genomes, S
and 7" then finding syntenic blocks can be modeled as finding common string partitions, where
we need to split the genomes into two equal-sized sets of substrings. A popular formation is
the Minimum Common String Partition (MCSP), where given two genomes, we are asked
to find the common string partitions such that the number of partitions is minimum. This
problem was initially proposed [25] for the purpose of an orthology assignment. However,
it is argued that MCSP does not necessarily find the best partition in regards to syntenic
blocks. The reason is that it might infer blocks that are too small for syntenic blocks.

In [115], it was argued that these small blocks can be treated as noise in the context of
genome comparison and proposed the Strip Recovery formulation. In this version, the goal
is to find a common string partition such that every block has a length of at least k, where
k is an input parameter. It could be that such a partition does not exist. This leads to the
Mazimal Strip Recovery (MSR) problem. In this version, the goal is to find the maximum-
length subsequences S” and T” of S and T such that S’ and T” are a common string partition

with desired block sizes. The minimization version of this problem is called Complementary
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Maximal Strip Recovery, which asks to delete a minimum number of genes from the two
strings so that they admit a desired block partition.

However, MSR has received less attention compared to the MCSP problem. In fact, an
open problem from [18] states that it is not known whether we could find a common partition
into blocks of size 2 or more without deleting any gene. Furthermore, previous work on MSR
mainly focused on the permutation model, where we consider genomes without duplicates.
However, most of the applications deal with genomes with duplicates.

In this chapter, we are interested in understanding the theoretical and algorithmic
aspects of MSR with duplicated genes. Here, we will provide several generalizations of the
MSR problem. First, we allow the input to specify an arbitrary list F' of allowed block
sizes in the desired partition, with F' possibly being infinite. With this generalization, the
maximal strip recovery problem becomes a special case in which the allowed input block
sizes are F' = {2,3,4,...}. Furthermore, if we want the common partition with block sizes of
at least size k then list " becomes F' = {k,k+ 1,...}. In fact, in this chapter, we will show
that an infinite set F' of block sizes can be reduced to a finite set F” that is not necessarily
contiguous. Second, we allow the input to consist of two sets of strings, WW; and W, instead
of individual strings. The two sets can differ in size and total string length. We can use
this generalization to analyze comparisons of multiple chromosomes or unrelated segments

between two species.

2.2 Related Work

The decision version of the MSR and complementary MSR problems were shown to
be NP-Complete by Wang and Zhu in [107]. Then MSR and CMSR were proved to be
APX-hard in [15, 63]. Some heuristic algorithms based on the maximum independent set
and maximum clique were used in [27, 115]. Chen et al. proposed a factor-4 approximation

algorithm for MSR in [26]. Then, in [59], a factor-3 approximation algorithm for CMSR
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and an O*(3*) FPT algorithm were proposed, where k is the parameter representing the
minimum number of deleted genes. Then the approximation factor was improved to 2 in
[58]. In terms of fixed-parameter tractability, Jiang and Zhu obtained a linear kernel of size
78k for CMSR in [60]. This kernel was improved to 58k in [53] and recently to 42k in [80].
Combined with these kernel bounds, CMSR can be solved in O(n? + 2.36%k?). The MCSP
problem received some algorithmic improvements in [44, 80]. The best known approximation
to minimize the number of blocks has a factor of O(logn) [42]. Then the fixed parameter
tractability of MCSP was considered in [29]. For d-occurrence strings, the problem was
shown to be FPT in [29, 61]. Lastly, in 2014, MCSP was shown to be FPT parameterized
by solution size ¢ [17]. More recently, in 2021, Lafond and Zhu considered variants of MCSP

when a permutation was given in advance[70].

2.3 Preliminaries

Let S be a string. We denote the size of S using |S| and S[i..j] for the substring of S that
starts from position ¢ and ends at position j. We denote the integer set {1,2,3,4,..., n} using
[n]. In this chapter, each individual character is called a marker. Thus, S has |S| distinct
markers, and two markers may represent the same symbol but are considered distinct if they
are located at different positions on S. We say that S is a subsequence of S if S can be
obtained by deleting some set of markers from S. A permutation string is a string in which
each symbol occurs exactly once.

A partition of the string S can be used to reconstruct S by concatenating them. The
strings in the partition set are called blocks. If W is a set of strings, then the partition of W
is the union of the partitions of each string w € W. For a given set of integers F', we say that
partition M is an F-partition if the length of each block of M is in F'. A common partition
of two sets of strings W, and W, is a multiset of strings M such that M is a partition of

both W; and W,. M is also a common F-partition if M is also an F-partition.
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2.4 F-Strip Recovery Problems

In this section, we are going to define the variants of the F-Strip Recovery problem
that we are going to propose. Here we give definitions for two variants of the strip recovery

problem. Assume that F' is a fixed set of integers, possibly infinite.

Definition 1. The General F-Strip Recovery Problem (GSR-F)
Input: Two sets of strings Wy and Ws.
Question: Delete a minimum number of markers from the strings in Wy and Wy so

that the resulting strings admit a common F'-partition.

Definition 2. The Exact F-Strip Recovery Problem (XSR-F)
Input: Two sets of strings Wy and Ws.

Question: Does there exist a common F-partition of Wi and Wy ?

The original Strip Recovery problem can be considered a special case of the GSR-F,
where [W;| = W] =1 and F = {2,3,...}. Note that the set F' here is fixed, but we will
consider the variant of XSR-F in which F' is unbounded but the alphabet is fixed in later

sections.

2.4.1 The Exact F-Strip Recovery With Fixed Block Sizes

First, we will provide results for the XSR-F problem, in which XSR-F can be solved in
polynomial time if all elements of F' are multiples of its minimum; otherwise, it is NP-hard.
The problem with an infinite set F' is that: how does an algorithm use an infinite set to

access its elements? The idea is to replace the infinite set with an equivalent finite set.

Definition 3. For two sets F' and F’, we say that XSR—F and XSR—F" are equivalent if

Wi, Wh is a yes-instance of XSR— F if and only if Wy, Ws is a yes-instance for XSR— F'
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Definition 4. For a set F' of integers and an integer t, we say that t is expressible by F

if there exists {g1,...,9x} C F and positive interger coefficients ay,...,ay such that t =
k
> i1 Widi-

Lemma 1. XSR—F and XSR—F' are equivalent if and only if the set of integers expressible

by F is equal to the set of integers expressible by F'.

Proof. First, let us assume that XSR — F' and XSR — I’ are equivalent. Then, consider
k € F. Then, if we look at an instance of X SR — F that is W) = W, = {a*}, where a”
is a string with k£ a’s. Then, if this is also a yes instance of X SR — F’, the only way this
is possible is if k is expressible with F”. Since this holds for every k € F, all elements are
expressible with F’. Using the same idea, all elements in F’ should be expressible by F' as
well.

On the other hand, suppose F' and F’ express the same set of elements. Then, let
Wi, W5 be a yes instance of XSR — F' and let M be the common F-partition. Now, if we
take any block B in M, it is clear that |B| could be expressed by F', Take the value that
is used to express B in partition M; this value is expressible by integers in the set F” (by
the definition); therefore, B should be expressible by F’. If we apply the same idea to all
the blocks in M, we prove that if W) = W, is a yes instance of XSR-F then they are a yes
instance of XSR — F’ as well. Thus, XSR — F and XSR — F’ are equivalent. O

Now, we show that when F' is a set with infinite number of positive integers, it could

be reduced to finite set I C F such that XSR — F and XSR — F' are equivalent.

Proposition 1. Let F' be an infinite set of positive integers. Then there exists a finite set

F" C F such that XSR — F and XSR — F' are equivalent.

Proof. The first observation is that there must exist a finite set G C F' such that ged(G) =

ged(F). We can observe this by using the following procedure: Start with G = {min(F)}. If
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gcd(G) = ged(F), then we are done; otherwise, there must be some k € F such that gcd(G)
does not divide k. Add k to G. Now observe that the ged of {min(F),k} is strictly less
than the ged of {min(F)}. Therefore, we can repeat this process until we get a set G such
that ged(G) = ged(F). Since at each step ged decreases monotonically, the process finishes
in min(F) steps.

Now let us use g to denote g := ged(G) = gcd(F'). Since every k € F is a multiple of g,
every integer expressible by F' is a multiple of g. Let us argue that there exists an integer
t(G) such that every multiple of G greater than ¢(G) is expressible by G. If g = 1, this means
that every integer above some #(G) is a linear combination of elements of G. In this case,
one of Schur’s theorems states that ¢(G) is known to exist. If g > 2, let G' = {z/g : x € G}.
Then ged(G') = 1, as otherwise G would have the common divisor g-gcd(G’), which is larger
than g. Thus, there is some ¢(G’) such that every integer greater than ¢(G’) is expressible
by G’ This implies that every multiple of g greater than ¢(G) := g-t(G’) is expressible by G.

Since G C F, every multiple of g greater than #(G) can be expressed by F, and these
are only expressible integers greater than t(G). It follows that integers expressible by F
and F' = GJ{z € F : 2 < t(G)} are equal. By Lemma 1, XSR — F and XSR — F' are

equivalent. O

Proposition 2. Let F' be set of integers and let ¢ = min(F). If every element of F is a

multiple of ¢, then XSR — F' is solved in polynomial time.

Proof. Let Wi,W, be an instance of XSR-F. Then, by Lemma 1, XSR — F and XSR — {/}
are equivalent. Therefore we can assume F' = {¢}. This means that all the string partitions
must have the same length ¢; therefore, there is only one way to split W; and W,. Then we
can conclude that W, and W, admit a common F-partition if and only if each substring in

the forced partitions appears with the same number of occurrences. O

Theorem 1. Let F' be any set of integers in which some element is not a multiple of min
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F. Then XSR-F is NP-Hard, even when each symbol appears at most 6 times in the input

strings.

Xi=P' P’ . Pl P LaMaRa QLo Mo Ry Si Le M. R TV TV T7 ... T7
X{=P' P ... PP LaMyR, Qi Lo M{ R, S; L. My R. Ty T} T? ... T7

Figure 2.1: Partition of X; and X/ corresponding to x; = true.

Xi=P P! ... PP LaMaRs QiLy My Ry Si Lo Mo R T T} T ... 17
Xi=P' P ... Pl P/ LaM, Ra Qi Lo My R Si Le M, R T, T} T7 ... T}

Figure 2.2: Partition of X; and X! corresponding to z; = false.

Proof. We reduce the Positive Cubic XSAT problem to the XSR-F problem. In this SAT
problem, we are given a boolean formula ¢ in which each variable occurs exactly three times
and each clause has exactly three literals that are all positive. The objective is to find
whether there is an assignment such that each clause has exactly one of its variables that is
true (the other two are false). When we say that ¢ is 1-in-3-satisfiable if there exists a truth
assignment that completes the objective, this problem was shown to be NP-hard in [86].
Now, let ¢ be an instance of this problem, and let x1, xs, ..., x, be its variables, and let
Ci,...,C,, be its clauses. Then let £ = minF and let h be the smallest element of F' such
that h is not a multiple of ¢. We assume that h exists and F' is finite. If F' is not fixed, we
convert it to a finite set, F’. Therefore, we treat F' as a finite set. Then we can find ¢ and
h in constant time. Note that every element between ¢ and h in F' is a multiple of ¢, and
by Lemma 1, we can ignore them and still have an equivalent instance. Therefore, we can

assume h is the second-smallest element of F'.
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Then, let r = [h/¢] be the number of times we can fit ¢ into h. Let s = {(r + 1) — h,
which is the excess we get if we try to fit one more ¢. Since ¢ is not a divisor of h, we know
that 0 <s </l (h=1rl+{—5s).

Now we define a set of strings that would act as the building blocks for the instance.
Each string mentioned here is a permutation string; therefore, no symbol occurs more than
once, and no symbol is shared among the other strings.

To each clause C, in ¢ corresponds to four strings IL,, M,, M’,, R, (which stand for left,
middle and right):

L, and R, are permutation strings of length s,
M, and IM’, are permutation strings of length h — s,
none of the L., M,, M’,, R, have a symbol in common.

The strings IL,IM, and IM’, R, will represent the clause C, being chosen by the variable,
and strings M,R, and IL,IM’, will represent C, not being chosen by a variable.

Let x; be a variable. Let C,, (3, C. be the clauses that contain the variable z;. The x;
variable has two corresponding strings X; and X built as follows using strings from above

and other substrings Pij, Pr.Q;,S;, T and T’ where j € [r]:

)

e for j € [r], P/ is a permutation string of length ¢,

2

o P (), S;, T; are permutation strings of length ¢ — s,

e for j € [r], T} is a permutation string of length /.

(2

These strings do not share symbols. Then let us define X; and X/ as

X, =P'P?... P'P'L,M,R,Q;L,M,R,S;,L.M.R T T}'T7 ... T,
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X/ =rPr'P?. . P/ P'LM R, QLM R, S; LM R.T; T ... T

Note that each X; and X/ is a permutation string, but X; and X! have symbols
in common. The only difference is M,, My, M, My, M., IM’.. Then we put W; =
{X1, X1, Xo, X0 ..., X, X} For W, each of its strings has length ¢ or h. For each variable

x;, that is present in clauses C,, Cy, C,, we add the following strings to W:

o P! P? ... Pr (rstrings of length ¢),

7

P!P?... PP (one string of length r{ + ¢ — s = h),

e P’L, (one string of length { — s+ s ={),

7

RoQi, Q;Ly, Ry S;, S; L. (four strings of length s 4+ ¢ — s = {),

e R.T (one string of length ¢ — s+ s = {),

TrTIT? ... TT (one string of length 70 + ¢ — s = h),

)

THT? ..., T (r strings of length ¢)).

]

Then for each clause C,, we add the following strings to Wh:

o L,M,, M R, (two strings of length h),

o M,R,, L, M, M,R,, L, M, (Four strings of length h).

Note that M,R,, L,IM’, is included twice in the W, while I, IM,, M’, R, included once.
Since [ and h are constants, we can build this instance in polynomial time. Note that for
each i € [n], each variable substring Pij ,PrLQi, Si, Tij , T occurs only twice in W, and twice

in W,. The clause substrings L., M,, M’,, R,, L., R, occur six times in W, twice for each
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variable that C, contains. Each M,, IM’, occurs three times. The same holds for W,. It
follows that the maximum number of occurrences of a symbol is six.

Now, we show that ¢ is 1-in-3 satisfiable if and only if there exists a common F-partition
of Wy and W;.

Suppose that ¢ is 1-in-3 satisfiable using some assignment, then for each z; that is true
under this assignment, we partition the strings of W, as follows: We partition X; and X/ as
referred to in figure 2.1. If z; is false, then we partition X; and X/ as in figure 2.2. We can
see that each partition block is either ¢ or h.

For W5, we do not partition the strings. Since all the strings in the W, are of size
either ¢ or h, each string acts as a partition block. Now, we need to show that blocks that
were created in W; and W, have a bijection. Let us consider the clause C, which contains
the variables z;,z;,z;. Since we have a 1-in-3 satisfiable, we can assume that only one of
the z;, x;, x; is true. Suppose z; = true and x; = z, = false, then X, is partitioned as
in figure 2.1 and X;, X}, is partitioned as in figure 2.2. Note that in W), the substrings
L,M,, M,R,, M,R,, M',R, only occur in XZ-,X{,X]-,XJ’.,X;C,X,’C. The way we partitioned
the W, we only have one block of IL,IM, which is in X; as we assumed x; = true. Since
L,M, appears only once in W, there should be only one block of I.,]M, in W;. Then, the
substrings IM,R, appear twice in the W, from the way that we partitioned W; which is in
X, and Xj. This can be mapped to two instances of M,R, in W,. Similarly, M’',R, is
used once in X} and L,M’, is chosen twice in X} and X;. This can also be mapped to its
corresponding instances in W,. Now, we have to consider the rest of the strings in W, that
were added for each variable z;, if z; = true, then PLP? ... Pr P R,Q;, RpS;, R.T; and Tij
is covered by X;. The strings P} for j € [r], P{LLq, Q;ILy, SiIL, and T;T} ... T} is covered by
X/. These strings are distinct for each z; and we can put one-to-one correspondence in W,
and Wh. If x; = false, then the roles are reversed and the same strings are covered by X!

and X;. Therefore, a common partition exists.
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Now, we must demonstrate that if there is a common F-partition, then a 1-in-3-
satisfiable truth assignment for ¢ exists. Initially, we establish that none of the sequences
in W, can be split into smaller segments. This is because ¢ is the minimum value in F,
implying that none of the ¢-length sequences can be further partitioned. Let’s examine a
sequence of W, that has a length of h. As per our assumption, h is the second-smallest value
in F'. Therefore, it cannot be partitioned any further because the only way to do so would
be to divide the h-length string into substrings of length ¢. This is unattainable because ¢
cannot divide h.

Let’s analyze a sequence X; from W, where C,, Cy, C, are the clauses in which z;
occurs. We assert that X; can only be partitioned in two ways, illustrated in figures 2.1 and
2.2. To demonstrate this, let us assume that W,, where m € [k]| are the partition blocks of
X;. Since the strings in W, have lengths ¢ and h, the only viable way to divide the first
block (W7) of X; is by segmenting it into blocks of length ¢ or h. Consequently, W; must be
either of size ¢ or h, which is P'P?... P/ P} or PL.

Assuming that Wy = P}P? ... P/ P}, then the partition shown in figure 2.1 is obligatory
for X;. This is because in X;, Wj is succeeded by IL,, and the only strings in W, that start
with L, are L,M, and L,IM’,. Thus, we are obliged to include L,IM, from X;. Then,
the only substring in W, that starts with a prefix of R, and is in Ws is R,Q;. Following
the same logic, we are compelled to choose L,M;, then RS;, L.IM., R.T}, and lastly, Tij s
separately. Hence, X, is divided as shown in figure 2.1. If we examine the X/ partitions, they
must comprise P!, P2, ..., Pl PL,, Q;Ly, SiL., and T;T} ... T7. These substrings contain
distinct symbols from X; and X]. As these were not included in the X; partition, they must
be included in the X! partition. Consequently, the X/ partition follows the figure 2.1.

The second scenario is when W; = P!. In this instance, the initial string in the
partition of X must be P!... P/Pf. By symmetrically exchanging the roles of X; and

(2

X/ and utilizing the same reasoning as before, we can conclude that both X; and X/ are
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partitioned, as depicted in figure 2.2.

Then we assign x; = true for X;’s partitioned as in figure 2.1 and x; = false if the
partition is as in figure 2.2. Since L,IM, and IM’,R, strings are in W, exactly once, it follows
that exactly one of X;, X; and X}, is partitioned as in figure 2.1. This implies that only one

of the z;, x;, xj is true. Therefore, ¢ is 1-in-3 satisfiable. O

Next, we will also show that even if we restrict the problem to have only two input

strings, the problem is NP-hard.

Theorem 2. Let F' be any set of integers in which at least one element is not a multiple
of minF. The XSR — F problem is NP-hard, even when restricted to instances in which

Wi, Wy both contain only one string, and even if each symbol occurs at most 6 times.

Proof. We begin by reducing the XSR — F' problem, which is known to be NP-hard by
Theorem 1. In the XSR — F problem, input sets can have more than one string, but
occurrences are limited to at most six. Let W, and W, be an instance of this problem, with
W, = {Ay,..., A} and Wy, = {By,..., B}, and assume without loss of generality that
n > m. Let ¢ be the minimum length of F. We define a new set A consisting of n new
permutation strings, each of length ¢ and containing symbols that occur in no other string.
These new strings are denoted as Xy, Y1, 21, Xo, Y5, Zo, ..., Xy, Yy, 2.

We then construct a new instance of the X.SR — F' problem, denoted by W'; and W's,
by setting W1 = WiUA and Wy = WhUA. Note that Wy, W is a Yes-instance of XSR—F
if and only if W', W', is a Yes-instance of XSR — F, since the new strings in A must be
matched. Therefore, we can use the instance W;, W, for our reduction. Now we build the

single strings S and T as follows:

S=A1 X\ 21 AXoYs 72y .0 AL XY 2,

T =By Z1Y1 X1 By Zy Yo Xo ... By Zp Yoo Xon Zint1 Y1 X1 -+ Zn Yo X
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]

Note that the order of the A triples is reversed from S to T, meaning that X;Y;Z;
appears in S, while Z,;Y;X; appears in T. We will now demonstrate that YW, and W’y have
a common F-partition if and only if S and T have a common F-partition.

Suppose that W, and W’'5 have a common F-partition. It’s important to note that S
is a concatenation of the elements of W', while T is a concatenation of the elements of Ws.
Therefore, this partition is also a common F-partition of S and 7.

Conversely, assume that S and 7" have a common F-partition. Let’s consider a substring
X;. Observe that X is preceded and succeeded by a different symbol in S and T'. Specifically,
X; is preceded by some symbol of A; in S and preceded by Y; in T', while it is succeeded by Y;
in S and succeeded by some B; symbol or Z;,1 in T'. As a result, since X; has a fixed length,
any common F-partition must include X; as a block. By the same logic, every substring Y;
and Z; must also be a block. Consequently, the remaining blocks must form a partition of

Ai,... A, and By, ..., B,,. Therefore, there is a common F-partition of W and W's.

2.5 GSR-F in Polynomial Time for Fixed Block Sizes and Alphabet

We will now focus on the optimization version GSR — F', which aims to minimize the
number of characters that need to be deleted from input strings in order to allow for a
common F-partition. It is worth noting that this problem is NP-hard, as shown in the
previous section. However, the hardness reduction applies only to strings with alphabets of
arbitrary size. We demonstrate that if F'is a fixed set of integers and Y is a fixed alphabet,
then GSR — F can be solved in polynomial time. Specifically, we prove that GSR — F' can
be solved in O(n!FIPI*+3) time, where k = max(F).

This solution can also be applied to solve the XSR — F problem under the same

conditions. Furthermore, since Proposition 1 states that most infinite sets of interest reduce



20

to the finite case (including F' = 2,3, ..., which can be replaced with F' = 2,3), requiring F’
to be finite is not a severe limitation for XSR — F'.

Let B denote the set of strings in the alphabet 3 whose length is in F'. It is noteworthy
that |B| = ) .p|X|° < Zle 1X|¢ < |FI||X]*, which is a constant. Moreover, every block in
any F-partition must be a string in B.

To obtain a polynomial-time algorithm, we need to compute the set of possible ways to
split the input into blocks that are in B and check if there exists a common split between
the input sets of strings. This can be accomplished using dynamic programming, which we
explain in detail.

In order to achieve a polynomial-time algorithm, it is sufficient to calculate the possible
ways of splitting the input into blocks that belong to B and then check if a common
split exists between the input sets of strings. This can be accomplished using dynamic
programming, which we will describe in detail.

We will use a block count table, denoted by C': B — N, that assigns to each X € B a
value C'(X) representing the desired number of occurrences of X in a common F-partition.
For a given set of strings W and a block count table C', we say that W is C-splittable if
there exists an F-partition of W in which each string X € B occurs exactly C'(X) times.

In our dynamic programming approach, we arbitrarily order the strings in W; and W,
and then process each string one marker at a time, from left to right. We will rely on a table

that is described as follows:

Definition 5. Let W be a set of strings and let C be a block count table. Then we denote
by DOW,C) the minimum number of markers to delete from the strings in W so that the

resulting strings are C-splittable (with D(W, C') = oo if this is not possible).

Our objective is to minimize D(Wy, C) + D(W,, C), where C' is a block count table.

Note that this value is always less than infinity, since we can take C with all zeroes in the
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worst case, i.e., delete everything from W, and W,. However, the number of C’s to consider
is possibly infinite. We will consider the size of C later.

Let us introduce some definitions. For two strings X and Y, we write X <Y to mean
that X is a subsequence of Y. Furthermore, for a block count table C' and X € B, let
C' — X denote the block count table in which C'(X) is reduced by one. Precisely, C — X = C’
where C'(X) = C(X) —1and C'(Y) = C(Y) for all Y € B\ X. Note that C"(X) = —1 is
possible under this definition. Despite this, we still refer to C” as a block count table and
allow negative values. It is important to observe that in this case, no string is C’-splittable.

We can now define a recurrence, as stated in Lemma 2, for D(W,C) where W is a
general set of strings. The main idea is that to find a partition of W with counts C, we
can select some W, € W and concentrate on the last block of W}, in this partition. For
each suffix Wy[j + 1..|W},|] and each possible X € B that is a subsequence of this suffix, we
compute |W,,| — j — | X| deletions from that suffix to obtain X. After removing this suffix,
we get a set of strings with a shorter total length. We can use a recurrence on this shorter

set of strings, but with the target count table C' — X.

Lemma 2. Let W = {Wi,...,W,} be a set of strings and let C be a block count table. Then

the following holds:
1. if O(X) =0 for all X € B, then D(W,C) = S |Wi|;
2. otherwise, if C(X) < 0 for some X, then D(W,C') = oo;
3. otherwise, if W =0, then DOW,C) = oo;

4. otherwise, if |Wy| < min(F), then DOWV,C) = DIW\ {W,},C) + |Wy| (note that this

includes the case where Wy, is the empty string);
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5. otherwise, for j € {0,1,..., |[Wy| — min(F)}, define WU = (W \ {W,,}) U {W,[1..5]}.
Then D(W,C) is the minimum between D(W \ {W},},C) + |W},| and the expression

min min
0<j<|Wh|—min(F) \ X€B: X <W}[j+1..|W4]]

DOV, C = X) + Wi = - X])).
Proof. We will start by considering the first four cases. If all elements in C' are zero, we must
remove all markers from every string in W to obtain a count table with all zeroes, which
leads to Case 1. If some element in C'is negative, it is impossible to achieve that count table,
and this leads to Case 2. From here on, we assume that all elements in C' are non-negative,
and at least one element is positive. If VW is empty, it is not possible to achieve count table
C' with an empty set of strings, especially for those X with C(X) > 0, which leads to Case
3. If [W,| < min(F), then W), cannot contribute to any block, and we need to remove all
its markers, which leads to Case 4.

Next, we consider Case 5. Let W), and W) be defined as in the statement. We will
refer to the longer expression in Case 5 as the "long expression.” Firstly, note that the long
expression is well-defined, meaning that the two minimizations are not over empty sets.
This is because we assume that |W),| > min(F’), and hence there exists an X € B that is a
subsequence of Wp[j + 1..|W,]] for any j < [Wj| — min(F).

Now, let j* € {0,1,...,|Wy| —min(F)} and X* € B, with X* < W,[j* + 1..|[W,]], such

that 7* and X* minimize the long expression. Let us define,

R AT UARSELA

DWU), C = X*) + [Wy| — j* — | X

which is the value chosen in Case 5. Let M be a minimum-size set of markers to delete

from W so that after deleting these markers, we obtain a C-splittable set of string. By
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definition, we have |M| = D(W, C), and we need to prove that |M| is both an upper bound
and a lower bound on d.

Let’s begin by proving that |M| < d. When d = oo, this inequality is trivial. For
finite d, we can obtain a C-splittable set of strings by deleting a maximum of d markers
from W. To see this, consider the following cases; If d = D(W \ W, C) + |W3]|, we remove
all markers from W), and D(W \ W, C') markers from the remaining strings to achieve a
C-splittable set of strings. Alternatively, if d = D(WU"),C — X*) + |[W,,| — j* — | X*], we
remove |Wy| — j* — | X*| markers from the suffix of W), to create X*, a block in B, and then
remove D(WU") O — X*) markers from WU") to create a (C'— X*)-splittable string. Either
way, we obtain a C-splittable set of strings by deleting d markers. Since M is optimal, it
follows that |M| < d.

We now aim to prove that |M| > d. Let W' be the set of strings obtained by deleting
each marker in M from W. Suppose P’ is an F-partition of YW’ that attains count table C.
One possibility is that all markers of W), are deleted by M. In this case, P is obtained solely
with W\ W), and we have |M| = |[W,,| + DOW \ W}, C) > d.

We make the assumption that W), contributes to at least one block. In this case, there
exists a suffix Wy[j" + 1..|]W,|] of length at least min(F') such that some markers of M are
removed from it, resulting in a block X’ that is included in the F-partition P’. It should
be noted that j’ falls between 0 and |W,| — min(F), and |Wy| — 7" — | X'| markers must be
removed from this suffix to form X’. Furthermore, the count table C' — X’ is obtained by
removing markers from (W \ {W,,}) U {W,[1..5]} = WU, As a result, DOV, C) = |M| =
DWU),C — X') 4+ |Wy| — j/ — | X'|. The value of d is no greater than this value, since d is
determined by minimizing over all possible values of j and X, including j' and X’. Hence,

|M| > d, which concludes the proof. ]

We now need to outline the computational aspects of our approach. To compute the

recurrence, we must perform computations on both W; and W,. Let n be the maximum of
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the sums of the lengths of all strings in Wy and Wy (n = maz (3w e, W 2 wem, IW1))-
If there exists a common F-partition P of W, and W, then no string in B occurs more
than n times in P. We define C(n) as the set of all possible count tables with values that
are at most n. In other words, C' € C(n) if and only if C(X) < n for every X € B. We can
determine that |C(n)| = (n + 1)!Bl € ©(nlPl), which is a polynomial function of n, since |B]|
is a constant.

To solve the strip recovery problem for W; and W5, we need to find a count table C'
such that both W, and W, are C-splittable after a minimum number of marker deletions.
Thus, we need to compute:

Crénégl)(D(Wl, C)+ DW,, C)).

Also, note that this idea generalizes trivially to the case where more than two sets of

strings are given. The main algorithm is given below.
Theorem 3. Algorithm 2.1 solves the GSR — F problem in time O(n‘FHE‘mM(F)).

Proof. Assuming that computeD produces the correct values of D, it is easy to see the
correctness of the algorithm. The algorithm computes D(W, C) in ascending order of the
number of strings and the prefix of the last string. For a particular iteration with W =
{Wy, ..., Wy_1,Wy[1..i]} and h € [l], the computation of D(W, ') requires access to either
D(W\W,, C), which has one fewer string, or some D(W), C' — X), where YW\ has the same
number of strings as VW but whose last string is shorter. As per the recurrence of Lemma 2,
the order of computation allows us to assume that all values required for a specific D(W, C')
have been calculated in previous iterations. Therefore, the algorithm is correct.

To determine the time complexity, we can focus on the time required to compute one
DWW, C) entry. We can see that computeD function iterates over n - |C(n)| combinations

of W and C. The worst-case scenario is Case 5 of the recurrence, which requires the
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. Function getMinStripRecovery (W, W)
computeD (W)
computeD (W)
return Crenégl)(D(Wl, C) 4+ DWWy, C))
: End Function
. Punction computeD(W, = {W1,...,W;})
Let D be a map, initially empty
For h =1..
For i = 1..|W,,]
Let W = {Wy, Wa, ..., Wy_1, Wi[1..i]}
For C € C(n)
Compute D(W, () using Lemma 2
end
end

end

: End Function
Algorithm 2.1:
Pseudocode for the computation of the dynamic programming.
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enumeration of O(n) values of j and |B| values of X. For each j and X combination,
it takes O(n) time to check whether X < W,,[j + 1..|W,|]. Thus, one D(W, C') computation
takes O(n? - |B|]) = O(n?) time. As a result, the total time spent in computeD(W))
and computeD(W,) is O(n® - C(n)) = O(n/B1#3). The search for the best C after these

computations does not add any complexity, resulting in a running time of O(nl?I¥3) =

O(n‘FHEImaz(F}FS) D

2.6 Fixed Alphabet with Unbounded Block Sizes Is NP-hard

Previously, we made the assumption that F' was a fixed set of integers. However, we
will now demonstrate that if F' is a part of the input, then XSR — F becomes NP-hard,
even if the alphabet is constant. This indicates that for polynomial-time feasibility, F' and
> must remain fixed, unless P = NP.

To prove this, we utilize a reduction from the strongly NP-complete problem 3-Partition
[43]. In 3-Partition, we are provided with an integer D and a set of integers S = a;|i = 1..3m,
where D/4 < a; < D/2 for all i. The question is whether we can partition S into m subsets,
each comprising three integers, such that the sum of each subset is exactly D. Due to
3-Partition being strongly NP-complete, each a; € S is bounded by a polynomial in m.

For our XSR — F instance, we construct the input strings A and B, as well as the
input set F', in the following manner: The alphabets of A and B are both ¥ = {0, 1, #, $},
and we define F' = {ay,ay,...,a3y,, D + 1}. The strings A and B are defined as follows:

The fundamental idea behind this construction is that because F' only contains the a;’s
and D + 1, any common F-partition must contain the 1..1 blocks of A. To address the 1..1
blocks of B, there must be a way to partition them into groups of three that achieve length

D. We will now provide further details.

Theorem 4. The XSR problem is NP-hard, even if the input consists of two strings on an
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Figure 2.3: Strings A and B.

alphabet of size four.

Proof. First, we note that the construction above can be carried out in polynomial time
since the values of the a;’s (and therefore of D) are polynomial. We prove that a 3-partition
instance (S, D) admits a 3-Partition if and only if the constructed A and B strings have a
common F-partition.

Assuming (S5, D) admits a 3-Partition S,...,S,,, we construct a common F-partition
M of A and B as follows: In M, we add 3m copies of ... of length D+ 1, one copy of #...#
of length D 4 1, m copies of 0...0 of length D + 1, and for each a; € S, we add a 1...1
substring of length a;. Each string of M has its length in F', and it remains to show that
they can be concatenated to obtain A or B. For A, this is easy to see as M is partitioned as
shown in the figure above (plus the m copies of 0...0 that result in the last 0 block of A).
For B, the #-block and $-blocks are easily covered. We must form m copies of 0...01...1
blocks. This can be done by taking, for each S; = a;,a;,a; in the 3-Partition, one 0...0
block of length D + 1 followed by the 1...1 blocks of length a;, a;, and a;. Since these sum
to D, this can be used to create the desired m blocks of the form 0...01...1.

On the other hand, let us assume that A and B have a common F-partition M. It
is important to note that the unique #-block in A is adjacent to the unique 0-block and
the last 1-block, while in B, the #-block is not adjacent to a 0 or a 1. As a result, any
substring in M that contains a # can only have # symbols. Additionally, the $-blocks in A

are adjacent to the 1-blocks in A, but no $ is adjacent to a 1 in B, so any substring in M
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with a $ can only contain $ symbols. Furthermore, the 0-block in A is only adjacent to the
#-block and not in B. Therefore, each substring in M with a 0 can only contain 0s, and
any substring in M that contains a 1 can only have 1s.

Consider the 1...1 block of length a; in A. Since D/4 < a; < D/2, this block must be in
M. If this block were not in M, it would mean that the block was obtained by concatenating
two or more blocks of 1s from M with a smaller length in F'. This is not possible due to the
bounds on a;. Thus, M must contain a 1-block of length a; for each a; € S. It is then easy to
see that each of the 1-blocks in B must be partitioned into three blocks, with lengths a;, a;,
and ay, respectively, such that a; + a; + a; = D. This partition corresponds to a solution

for the 3-partition instance. O

2.7 Conclusion

In this chapter, we explored several variations of F-Strip recovery problem. This
problem can be viewed as a generalization of the maximum strip recovery (MSR) problem. In
retrospect, we looked at the general F-Strip recovery problem (GSR-F) and the exact F-Strip
recovery problem (XSR-F). We showed that the GSR-F problem can be solved in polynomial
time for fixed F' and alphabets. Furthermore, we explored the complexity of XSR-F under
fixed F', fixed alphabet, and unbounded F'. We showed that if all the elements in F' are
multiples of its minimum, then XSR-F can be solved in polynomial time. Consequently,
we proved that if there exists some element in I’ such that it is not a multiple of min F,
then XSR-F is NP-hard. We used a clever reduction from the positive cubic XSAT problem
to the XSR-F problem to prove the NP-hardness. Then we proved that even when we are
restricted to instances in which W, W5 both contain only one string each and each symbol
occurs at most 6 times, the problem is still NP-hard. This demonstrates that the properties
of set F' directly affect the complexity of the XSR-F problem. Notably, XSR-F is NP-hard

even if the set F' only contains elements 2 and 3 (F' = {2, 3}). Furthermore, we showed that
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XSR-F problem under a fixed alphabet with unbounded F' is also NP-hard using a reduction
from the 3-partition problem. We believe this chapter helped to fill some gaps in existing

literature about the complexity of variations of the MSR problem.

2.7.1 Notes

Part of this chapter has been published in Comparative Genomics: 19*" International

Conference (RECOMB-CG 2022) [68].
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CHAPTER THREE

THE LONGEST LETTER-DUPLICATED SUBSEQUENCE PROBLEM

3.1 Introduction

In biology, duplication is an important part of evolution. There are two major types
of duplication: arbitrary segment duplications and tandem duplications. Arbitrary segment
duplication means when you select a segment in a genome and paste it somewhere else in the
genome, and tandem duplication (TD) is defined as a structure rearrangement whereby a
segment of DNA is duplicated and inserted serially to the original segment [91] (X — X X).
It is known that segment duplications are frequent in cancer genomes [28, 74, 100]. Tandem
duplications are common in different scenarios. It is known that tandem duplications of 3
nucleotide CAG is closely related to Huntington disease [82]. Whole-genome sequencing
(WGS) data from tumors has revealed that massive rearrangements, as in the tandem
duplicator phenotype, are a specific cancer phenotype [54]. Tandem duplications occur in
some cancers [103], particularly in ovarian and breast cancer genomes. A subset of ovarian
cancer samples shares a marked tandem duplication phenotype with triple-negative breast
cancers [84]. In 1980, Szostak and Wu showed evidence that gene duplication is the main
driving force behind evolution and that the majority of duplications are tandem [104]. In
the first sequenced human genome, around 3% are in the form of tandem repeats [73].

Furthermore, tandem duplications were further studied in copying systems [37] and
formal languages [13, 30, 110]. In 2020, Lafond et al. answered the open question of the
complexity of computing the minimum tandem duplication distance between two sequences
A and B (the minimum number of tandem duplications to convert A to B). The problem was
shown to be NP-complete for the unbounded alphabet [71]. Later, Lafond et al. proved that

the problem is NP-hard even when the |X| > 4, by encoding each letter in the unbounded
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alphabet proof with square-free string over a new alphabet of size 4 (using the method
from Leech’s construction in [78]). This is important since it covers the most relevant case
in biology, where ¥ = {A,C,G,T} for DNA sequences and ¥ = {A,C,G,U} for RNA
sequences [71].

Motivated by the above applications (especially when some mutations occur after the
duplications), new problem formulations related to duplications are proposed in this chapter.
Given a sequence S of length n, a letter duplicated subsequence (LDS) of S is a subsequence
of S in the form of #{' 24> - - - 2* with 2; € ¥, where z; # 2;,, and d; > 2 for all i in [k] and
jin [k —1]. (Bach 2% is called a LDS block.) Then we can define the problem of finding
the longest letter-duplicated subsequence (LLDS) of S. We can obtain a simple linear-time
algorithm for this. Let’s consider the following example: Here, the original sequence is H and
after some local mutations, insertions, and deletions, it becomes S. Now, when we calculate

the longest-letter duplicated subsequence, we either get S; or Sy which gives us a skeleton

of the initial sequence. As an example,

H = AACACAGATGAT,
S = AACACGTCGAT,
S, = AACCGG,

Sy = AACCTT.

A similar problem has been proposed recently called longest run subsequence problem,
which was studied in [98], it differs from the longest-letter duplicated subsequence problem
in that it asks for subsequence where each letter appears consecutively at most once in the
solution and does not have to be repeated.

In this chapter, we will introduce variations of the LLSD problem, focusing on the
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constrained and weighted cases. The constraint is to include all the letters in ¥ in the final
LDS solution. This helps to extract information about the maximum duplicated pattern
that includes all the genes. Now, we can create two problems with this: feasibility testing
(FT) which decides whether the given sequence S has a LDS that includes all letters in X
and the problem of maximizing the LDS of S containing all the letters in the alphabet X
(LLDS+). It would be interesting to find the complexity of these problems under different
parameters, like the maximum number of occurrences d each letter can appear in the input

sequence.

3.2 Preliminaries

Given a sequence S of length n, a letter-duplicated subsequence (LDS) of S is a
subsequence of S in the form of x{'z4> ... 2k with x; € %, where z; # z,,1 and d; > 2
for all 4 in [k] and j in [k — 1]. (Each 2% is called an LD-block.)

In this chapter, we focus on important variants around the fundamental LLDS problems,
focusing on the constrained and weighted cases while exploring the complexity of these
problems under the following constraint. The constraint is to demand that all letters in X
appear in the resulting LDS. Using this constraint, we can define two main problems for
LLDS. The first problem is feasibility testing (FT) which decides whether a given input
sequence S has a LDS that contains all the letters in the alphabet . The second problem is
to find the maximum length LDS for a given sequence S which we denote LLDS+. We found
out that the complexity of this problem relies on the parameter d which is the maximum

number of times a letter can appear in S. When this parameter varies, we define each

problem as FT(d), LLDS + (d) etc.
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3.3 LLDS Problem

A subsequence S’ of S is a letter-duplicated subsequence (LDS) of S if it is in the
form of z{' 32245 .. 2% where z; € ¥,2; # ;41 and d; > 2, for i € [k],j € [k —1]. 2 a

letter-duplicated block or LD-Block. An example is given as follows:

S = acgaacgttaccgt,
S1 = aaattce,
So = ggttce,
S3 = ccc.

In the above example, S, S, and S5 are all letter-duplicated subsequences of S. aaa,
tt, and cc are LD-Blocks of Sy, gg, tt, cc are LD-Blocks of S5 and ccc is the LD-Block of Ss.
However, we are interested in the longest letter-duplicated subsequence. We solve the LLDS
problem using a dynamic programming approach.

First, let’s look at the following observation:

Observation 1. Suppose there is an optimal LLDS solution for a given sequence S of length

dy,.do dg

n, in the form of a'x5* ... x\*. Then it is possible to decompose it into a generalized LD-

subsequence y{'ys® ...y, where
b 2§6i§37f0r7:€ [p]i
*p=k,

e y, does not have to be different from y,1, for j € [p—1].

To prove this, we say any natural number £ > 2 can be decomposed as k = ki + ko +

ks+---+k,, such that 2 < k; < 3 for 1 <4 < n. Therefore, every d; can be decomposed into
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a sum of 2’s and 3’s. Then, using the given optimal solution and its decomposed sums of
LD-Blocks, we could obtain the corresponding LD-subsequence by combining yfyffll when
Yi = Yi+1-

Now let us design a dynamic programming algorithm for LLDS. Let L(4) be the length

of the optimal LLDS solution for s[1---4|. Then the recurrence relation is defined as follows:

L(0) = 0,
L(1) =0,
Li—x—1)42 x=min{z|S[i —z] = S[i]},z € (0,i — 1]
L(1) =max q (i — z) + 1 z = min{z|S[i — z] = S[i]},z € (0,i — 1]
L(i—1) otherwise.

\

L(i—x)+1 is the condition to handle the LD-Blocks of length 3 (by keeping the S[i— ]
for the next level computation). The reason why this step is important is that we would
miss optimal solutions to the following sequences: S = agfdaa, where the optimal solution
is aaa. The optimal solution is found in L(n). For the running time for each S[z] we need
to find the closest S[i] such that S[z] = S[i]. We can precompute this information and keep
it in a data structure. With this change, the value of L(n) could be found in linear time.

Therefore, LLDS can be solved in linear time.

3.3.1 The Variants of LLDS

We will look into two variations of LLDS problem.

Definition 6. Constrained Longest Letter-Duplicated Subsequence (LLDS+)
Input: A sequence S with length n over an alphabet X and an integer (.

Question: Does S contain a letter-duplicated subsequence S’ with length at least £

such that all letters in 3 appear in S'?
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Definition 7. Feasibility Testing (F'T)
Input: A sequence S with length n over an alphabet X.
Question: Does S contain a letter-duplicated subsequence S' such that all letters in

Y appear in S'?

Definition 8. Weighted-LDS (W-LDS)

Input: A sequence S with length n over an alphabet ¥ and a function w,(l) which
is the weight of LD-block =, v € ,2 <1 < d, where d is the mazimum number of times a
letter appears in S.

Question: Compute the maximum weight letter-duplicated string (weighted-LDS).

Note that feasibility testing for LLDS+ (FT) and LLDS+ are two different problems.
If there is no feasible solution, then there is no LLDS+ solution, but if there is a feasible
solution, then finding the longest letter-duplicated subsequence will still be non-trivial. Let
d be the maximum number of times a letter in 3 can appear in S, then we represent that
version of the LLDS+ and FT as LLDS+-(d) and FT(d).

It turns out that the decision versions of LLDS+(d) and FT(d) for LLDS+ are both
NP-complete when d > 4, when d = 3, LLDS+(3) could be decided in polynomial-time,
and we can come up with a factor-1.5 approximation algorithm for it in O(n?). We will also
consider one more variation of LLDS called weighted-LDS, where the weight of an LD-block

is an arbitrary positive function.

3.4 Hardness Result for LLDS+(d) and FT(d) When d > 4.

3.4.1 FT(4) Is NP-complete

For this reduction, we use a special version of the SAT problem called Monotone-(+, 2)-
SAT problem. We will denote this problem as (3%, 1,27)-SAT problem henceforth. The basic

idea is to show (3%,1,27)-SAT problem is NP-complete by reducing the 3-coloring problem
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and then reducing (3%,1,27)-SAT problem to the FT(4) problem. In the (37,1,27)-SAT
problem there are sets of 3-CNF clauses (F) and set of 2-CNF clauses (F~). In 3-CNF
clauses all three literals appear in their positive states, and each variable appear in exactly
one of the 3-CNF clauses. 2-CNF clauses are defined using the same variables used in the
3-CNF clauses, however they appear in their negated format. Therefore, 2-CNF' clauses
contain negated variables. The (3%,1,27)-SAT problem asks whether there exists a truth
assignment for F'* A\ F~. The reduction for this problem was posted on the internet. First,

we will prove the (3%,1,27)-SAT problem is NP-complete.

Definition 9. (37,1,27)-SAT problem: In this special case of SAT problem, we are given
a set of 3-CNF clauses (FT) and a set of 2-CNF clauses (F~). In 3-CNF clauses, all
three literals appear in their positive state, and each variable appears in exactly one of the 3-
CNF clauses. 2-CNF clauses are defined using the same variables used in the 3-CNF' clauses;
however, they appear in their negated format. Therefore, 2-CNF clauses contain only negated

variables.
Theorem 5. (37,1,27)-SAT problem is NP-complete.

Proof. The problem is clearly NP. Thus, let us move on to the reduction from 3-COLORING.
In the 3-COLORING problem, we are given a graph G = (V, F) and we need to assign one
of 3 colors to each vertex v € V' such that any adjacent vertices are given different colors.

For each vertex v, we create three boolean variables vy, vy, v3 to denote 3-colors, which
can be assigned to vertex v. Then we create the 3-CNF clause using these three variables:
(v1 V vg V v3). We do this for all the vertices in the graph G. The conjunction of all the
3-CNF clauses (F'*) is denoted as follows:

F+: /\(Ul\/vg\/vg).

veV
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Now we move on to the 2-CNF clauses. We have two types of 2-CNF clauses. First, for
each v € V we need to guarantee that only one color is selected for each vertex. Therefore,

for type-1 2-CNF clauses, we create the following three 2-CNF clauses for each vertex, v € v.

for1<i#j<3 (v;ANv;)=(U; V7).

Note that we have three of these clauses for each vertex because we want to guarantee
that only one of the vy, vy, v3 variables is selected.

Then, for each edge (u,v) € E, we create type-1I 2-CNF clauses. For i = 1,2, 3.

w Av; = (W V 55).

Note that for each edge (u,v) € E we create three of the above 2-CNF clauses. Let F'~
be the conjunction of these 2-CNF clauses. Then ¢ = F™ A F~.

For the “Only-If” direction, obviously, if 3-COLORING has a solution, then for each
vertex v € V only one of the colors is assigned, therefore we pick the variable that corresponds
to that color, which will make the 3-CNF clause specific to that vertex true. Since only one
of the colors is assigned to each vertex, type-I clauses are also true because only one of
the three variables corresponding to vertex v, vy, vy, v3 will be true at a given time. In
the 3-COLORING solution, for each neighboring vertex, we have to pick different colors.
Therefore, type-1I clauses are also true.

For the “If” direction, suppose we have a solution for ¢, First, let us look at the 2-CNF
clauses. We know that for each vertex v € V we have three variables, and type-I 2-CNF
clauses guarantee that only one of them can be true at a time; otherwise, at least one of the
type-I clauses would be false. Then, because of the type-II clauses, truth assignment cannot
have the variables corresponding to the same color be true at the same time. Therefore, it

guarantees that variables corresponding to different colors are selected by the type-II clauses.
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Finally, the 3-CNF clauses guarantee that at least one of the variables corresponding to each
vertex is assigned true. Due to these reasons, if ¢ has a truth assignment, then the 3-

COLORING instance also has a valid 3-COLORING. Hence, the theorem is proven. ]

Let us consider the example in the figure 3.1. First, the C'* clause involving wu is
(u1 Vug Vug), then the type-I 2-CNF formula involving w is (uy Vug) A (uy V ug) A (uz V u3),

the the Type-II formula involving u is as follows:

for edge (u,w) : (w vV wr) A (W V W02) A (T3 V W03),
for edge (u,v) : (W V1) A (W2 V 12) A (T3 V 3),
for edge (u,z) : (W Vz1) A (U2 V2) A (U3 V 7).

Then, we reduce (37,1,27)-SAT problem to FT(4). Given ¢ as the input over 3n
variables 1, %9, T3, ,T3,, we label the 3-CNF clauses as C;f,Cy", Cf .-+, CF and its
2-CNF clauses as C;,C,,C5,---,C, .. Note that we label the vertices in the graph
alphabetically. Therefore, 1 = u,x9 = v,x3 = w, x4 = z, etc. For each vertex x; there are
three variables defined in the reduction: w;1,x;2,%;3. We define L(z; ;) where j € {1,2,3}
as the sequence that contains type-1 2-CNF clauses containing 7; ;, each of them repeated
twice, followed by type-II CNF clauses, which are repeated twice as well. Each 2-CNF clause
appears exactly 4 times in all of these lists. For example, L(u;) = L(x;,) is the variable for
the vertex u and color 1. As we can see, C], (5 are the type-1 CNF clauses that contain

x11 and C) , C5 , Cy are the 2-CNF clauses that contain x; ;. As an example,

L(w) = L(x11) =C;Cy -CyCy - CyCy -C5 Oy - Cg Gy,

Lug) = L(z13) = C3 Cy - Cy Gy - C1Chg - Oy Oy - Ol
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Let C;" be the clause (z;1 V T2 V 2;3), we construct H; = C;" - L(x;1) - CF - L(w;9) -
C - L(z;3) - C;t, Note that C; appears 4 times in H;, and C;" only appears in H;. Then we

construct the full sequence H:

H = gogo- Hi1- 191 - Ha - 9292 - H3 -+ gn—19n—1 - Hy, - GnGn.

Each separator character ¢;(0 < < n) appears exactly twice consecutively. Our claim
is that if ¢ has a truth assignment, if and only if H induces a feasible LDS that contains all
characters C;" fori=1...n, C; forj=1...mand g where [=0...n.

Forward direction is straight forward, suppose we have a truth assignment for the ¢,
then for each w;, at least one of the (x;1,%;2,2;3) is assigned TRUE. Let’s say z;; where
1 < j < 3is assigned TRUE, then we drop the L(z; ;) in H; and then delete the other two
copies of the C;t in H; to form the C;"C;" LD-block. Since each 2-CNF copy appears 4 times
in H and only one of the z;; where 1 < j < 3 is TRUE and since the same color is not
assigned to neighboring vertices, at least two of them would appear as an LDS-block in a
feasible LDS solution H'.

Now we look at the reverse direction.

Lemma 3. If H admits a feasible solution, then in H; exactly two non-empty subsequences

of L(x;1), L(x;2)and L(x;3) appear in the feasible solution H'.

Proof. Suppose we drop two of L(z;1), L(z;2) and L(x;3) and only one of them appears in
the feasible LDS solution. For example, if L(x;;), L(x;2) are dropped, then type-I 2-CNF
clauses involving x; ; and z; » cannot be selected in the LDS solution. Note that type-1 2-CNF
clauses involving z; ; and z; 2 only appear in L(z;1) and L(x;2); therefore, it contradicts our
initial assumption that H has a feasible solution.

Furthermore, we cannot pick all the L(z; 1), L(z;2) and L(z;3) subsequences because,

then, we cannot pick C;" for the feasible LDS solution in H'. If we pick all the L(z; 1), L(z;2)
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Figure 3.1: Example Graph for the (3%, 1,27)-SAT problem reduction.

and L(z;3), none of the C;" LDS blocks are feasible in H; which contradicts our assumption

that H has a feasible solution. O

Now we need a way to identify which subsequence came from L(z; 1), L(z;2) and L(x; 3).
We already stated that in each L(z; ;), we represent the type-1 2-CNF clauses first. If L(z;2)
is dropped, it is easier to find L(x;;) and L(z;2) because they are divided by C;", However,
if we drop the L(x;;) or L(z;3) then after deleting the redundant C;", we could figure out
the subsequences by looking at where type-I to type-II clauses change.

Therefore, if C;"C;" is selected by deleting L(x; ;) then we assign z;; < TRUFE and
the other two variables to FALSE. This would give us a valid truth assignment for ¢. This

implies the following theorem:
Theorem 6. FT(}) for LLDS+ is NP-Complete.
Since FT(4) for LLDS+ is NP-complete, it is apparent that LLDS4-(4) is also NP-hard.

Corollary 1. The optimization version of LLDS+(4) is NP-hard.

3.4.2 Inapproximability Results

The previous section’s findings imply that the optimization version of LLDS+(d), where
d is greater than or equal to 4, cannot be approximated in polynomial time (regardless of

the approximation factor). This is because any such algorithm would need to produce a
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feasible solution. One way to approximate LLDS+ is to develop a bicriteria approximation
algorithm for LLDS+. A factor-(«, 5) bicriteria approximation algorithm is a polynomial
time algorithm that returns a solution of length at least % and includes at least % letters,
where N = || and OPT is the optimal solution value of LLDS+. We prove that obtaining
a bicriteria approximation algorithm for LLDS+ is no easier than approximating LLDS+

itself.

Theorem 7. If LLDS+(d), d > 4, admitted a factor-(c, N'=°) bicriteria approzimation for
any € < 1, then LLDS+(d), d > 6, would also admit a factor-a approximations, where N is

the alphabet size.

Proof. Assuming the existence of a factor-(c, N'=¢) bicriteria approximation algorithm A,
we can construct an instance S* for LLDS+(4) as follows, where S is a sequence obtained
from a (37, 1,27)-SAT problem;instance ¢ in the proof of Theorem 6. In addition to the set
{Cili = 1.m} | U{g;]j = 1..n + 1} in the alphabet, we include a set of integers {1,2, ..., (m +

n+1)* — (m+n+ 1)}, where z is an integer to be determined. Therefore,
S={Cli=1m} Jgli=1.n+ 1} J{L2....(m+n+1)"— (m+n+1)}
The sequence S* is constructed as follows:
1-2--((m+n+1)*—(m+n+1))-S-((m+n+1)*—(m+n+1))-((m+n+1)*—(m+n+1)—1)---2-1.

It is evident that any bicriteria approximation for S* would result in an approximate
solution for S because any solution containing a number in {1,2, ..., (m+n+1)"—(m+n+1)}
would produce a solution of size only 2.

Notice that N =m+ (n+ 1)+ (m+n+1)*—(m+n+1) = (m+n-+1)*. In this

case, the fraction of letters in 3 used to form such an approximate solution satisfies
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m+ (n+1) P
(m+n+1)r = Nl-’

This implies that it is sufficient to choose x > [2 —¢| = 2. O

3.5 Polynomial Time algorithms for LLDS+(d) and FT(d) When d = 3

3.5.1 Solving Feasibility Testing When d = 3

We have established that LLDS+(d) is NP-complete for d > 4. In the following, we
demonstrate that LLDS+(3) is solvable in polynomial time. Additionally, we refer to an
LD-block of length j as a j-block for ease of expression. For the purpose of our discussion,

we focus only on j = 2, 3.

Lemma 4. Given a string S over 3 such that each letter in S appears at most 3 times, if a
feasible solution for F'T(3) contains a 3-block then there is a feasible solution for FT(3) that

only uses 2-blocks.

Proof. Suppose Sis S =-- -z ... 2@ ... 20 ... and 2W2®2G) is a 3-block in a feasible
solution for FT(3). Then we could replace z(Vx(Mz(M) with 2(M 2 or 2@ 2®). The resultant

solution would still be a feasible solution for LLDS+(3). O

Corollary 2. Gwen a string S over X such that each letter in S appears at most 3 times,

if there is an optimal solution, after renumbering, for any i € ¥, i® must be in the optimal

solution of LLDS+(3).

The Corollary 2 is immediately evident from Lemma 4.
Lemma 4 implies that we can solve FT(3) in O(n) time as follows. We first re-number
of the letters of S by their middle occurrence (from left to right) as c1,co,...,c,. Let

By (i) == 051)0(2) and By (1) := 052)053). Let F' be a feasible solution for S.

)
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Let us start from ¢ = 1, we put F':= By(i) = 051)02(2) as the first 2-block of the current

solution. Then, we loop through ¢ = 2 to n as follows:
e If F overlaps Bj(i) and Bs(i), then output ‘no solution’ and exit.
e If F overlaps Bi(i), then F < F - By(i); otherwise, F' < F - B1(j).

The returned solution F' by the above algorithm is a feasible solution for FT(3) if the
above algorithm does not exit with ‘no solution’. We can clearly see that the returned

solution must include all the letters in the alphabet.

Theorem 8. Let S be a string of length n. FT(3) of the string S can be decided in O(n)

time.

Theorem 8 implies that LLDS+(3) has a factor-1.5 approximation, as any feasible
solution for FT(3) would be a factor-1.5 approximation for LLDS+(3). However, the
LLDS+(3) problem can be solved in polynomial time after checking that there exists a

solution using FT(3) on S, in fact in linear time as well.

3.5.2 Optimization Version of LLDS+(3) When d = 3

We have developed an dynamic programming algorithm for LLDS+(3) that operates
in polynomial time. Our approach leverages the fact that each letter in the input string
appears exactly three times. This assumption is justified because if a letter appears only
once, then a feasible solution cannot exist. Similarly, if a letter appears twice, both instances
of that letter must be present in any valid solution, which allows us to eliminate any other
occurrences of any letter that exist in between those two letters in S. Additionally, we can
safely assume that a solution exists, as we can use the FT(3) method to verify its existence
prior to applying the LLDS+(3) algorithm.

Recall that we re-numbered the letters in S by their middle occurrence (from left to

right) as ¢, o, . .., ¢,. Following the previous lemma 4, any LLDS+(3) solution must have
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a natural structure ordered by the middle occurrence cz(?). We exploit this structure to come
up with a linear dynamic programming solution for LLDS+(3).

For each character ¢;,1 < i < n, we define By(i) := cgl)c§2),B2(i) = 052)053), and
Bs(i) := cgl)cf)cz(»?’). Then, we define the dynamic programming algorithm tables as follows.
We define D[i, j] as the maximum value of LDS for the sequence of letters (cy,co,...,¢;)
where LD-block containing ¢; is B;(7), for 1 < j < 3; otherwise, if none of the B;(i) leads
to a feasible solution, then DJi,j] - —oo. Similarly, we define another table D[i| as the

maximum value of LDS for sequence of letters (¢, ca, ..., ¢;) as follows:

Then, we calculate the tables D[—| and D[—, —] in linear time as follows:

D[i —1,k] + |B;(z)| if Bg(: — 1) does not overlap B;(i),
Dli, j] = max
1<k<3
—00 if Bi(7 — 1) overlaps B;(1).
Recall that the value |B;(i)| is either 2 or 3. The optimal value for the final LLDS+(3)

solution is stored in D[n].

Theorem 9. Given a string S of length n, where each letter appears exactly 3 times, the

LLDS+(3) problem can be solved in O(n) time.

Proof. We first check whether there exists a feasible solution for FT(3) using the theorem
8. Then, we obtain an optimal solution for the LLDS+(3) solution by using the using the
above dynamic programming algorithm. The above recurrence relation provides an optimal
solution because the algorithm scans all (middle) letters from left to right and extends the
previous solution using the best possible choice available. It also guarantees that the final

solution includes all the letters in the alphabet. The linear running time is evident from the
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fact that D[, j] can be calculated in constant time; hence, D[i] can be calculated in constant

time as well. Since we only have O(n) number of cells to update, the total running time is

O(n). O

We provide an example of the above-mentioned dynamic programming algorithm as
follows: Let S = 112132323, then D[1, 1] = 2, D[1,2] = 2, D[1, 3] = 3. After the update for
i =2, we have D[2,1] =4, D[2,2] =5, and D|2,3] = 5. Then, after updating i = 3, we have
D[3,1] = 00, D[3,2] = 6, and D3, 3] = —oo. Therefore, the final value for D[3] would be the
maximum value of DI[3, 1], D[3,2] and D[3, 3], which is 6.

3.6 Dynamic Programming Algorithm for Weighted-LDS

Let S = S[1...n] be an input string, and let w,(I) denote the weight of an LD-block z!,
where x € X, 2 <[ < d, and d is the maximum number of times a letter appears in S. The
weight function w,(l) can be any positive function of x and [, and need not be increasing in
[. For example, w(aaa) = w,(3) = 8, and w(aaaa) = w,(4) = 5.

Our objective is to compute the maximum weight letter-duplicated string (Weighted-
LDS) using dynamic programming, given w,(l) for all x € ¥ and [. We define T'(n) as the
value of the optimal solution of S[1...n] which contains the character S[n]. We also define
wli, 7] as the maximum weight LD-block S[j]! (I > 2) starting at position i and ending at
position j. If such an LD-block does not exist, then wli, j] = 0. Note that S[j]' does not
necessarily have to contain S[i| but it must contain S[j]. We can express the recurrence

relation as follows:

T(y) +wly + 1,4 if wly+1,i >0,
T = oy,
e otherwise.
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The final solution value is max T'(n). This algorithm clearly takes O(n?) time, assuming

wli, j] is given. We compute the table w[—, —] next.

1. For each pair of [ (bounded by d, the maximum number of times a letter appears in

S) and letter x, compute

wl,(l—1)
w (1) = max

w (1)

with w/,(1) = w,(1). This can be done in O(d|X|) = O(n?).
2. Compute the number of occurrence of S[j] in the range of [i, j], N[i, j]. Notice that
i < j and for the base case we have S[0] = 0.
N(0,0) = 0,

, {ylsly] = s[j],1 <y < j}
N(0,7) =N(0,k)+1, k=max

N(l—l,j), 'Lf 8[2_1]7&8[17]

N(i—1,7) =1, if sli—1]=[j].
This takes O(n?) time.

3. Finally, we compute,

wli, j] =
0, else.

This step takes O(n?) as well.
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Theorem 10. Let S be a string of length n over an alphabet 33, and d be the maximum
number of times a letter appears in S. Given the weight function w,(l) for x € ¥ and | < d,
the mazimum weight letter-duplicated subsequence (weighted-LDS) of S can be computed in

O(n?) time.

3.7 Conclusion

In this chapter, we considered the longest letter-duplicated subsequence problem and
its variations. First, we demonstrated that the LLDS problem can be solved in polynomial
time using a dynamic programming solution. Subsequently, we explored the constrained
longest letter-duplicated subsequence (LLDS+(d)) problem, in which the final solution must
encompass all the letters in the alphabet. We proved that for d > 4, the LLDS+(d) problem
is NP-hard. Moreover, we proved that even the feasibility testing (FT(d)) of this problem is
NP-hard, indicating the absence of an approximation. Furthermore, we demonstrated that
we cannot even have a bi-criteria approximation for the LLDS+(d) problem. When d < 3,
the LLDS+(d) problem becomes polynomially solvable, for which we provided a dynamic
programming solution. We also provided a dynamic programming solution for the weighted-
LDS problem, wherein we have an input function for the weight of an LD block. This could
be useful in a biological context, especially when assigning different weights to specific genes
in the input sequence.

We believe that the constrained longest-letter duplicated subsequence problem holds
particular relevance in biological contexts, as it aims to extract a skeleton of the original
sequence containing at least one copy of each gene. Notably, we provided a polynomial-
time algorithm for the LLDS+(3) problem. In a biological context, a gene can appear more
than three times in the genome, suggesting the need for heuristic algorithms to address the
LLDS+(d) problem in future research.

In table 3.1, we provided an overview of the complexity of variations of the LLDS+(d)
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Table 3.1: Summary of results on LLDS+ and F'T

d | LLDS+(d) FT(d) Approximability of LLDS+(d)

d >4 | NP-hard | NP-complete No approximation

d= P P Not applicable

problem.

3.7.1 Notes
Part of this chapter has been published in 33" Annual Symposium on Combinatorial

Pattern Matching (CPM 2022) [72].
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CHAPTER FOUR

THE LONGEST SUBSEQUENCE-REPEATED SUBSEQUENCE PROBLEM

4.1 Introduction

The task of discovering patterns within long sequences is a fundamental issue in string
algorithms, as well as in the fields of combinatorial pattern matching and computational
biology. This chapter focuses on identifying long patterns that occur on a global scale.
Previous research has tackled this issue, including the challenge of determining the longest
square subsequence within a given sequence S, which has a length of n. The objective is
to locate the longest subsequence within S that appears twice. Kosowski’s work in [64]
found a solution to this problem with a time complexity of O(n?). It has been demonstrated
that improving on this time complexity is not likely, as any algorithm with a complexity
of o(n*¢) would lead to a subquadratic limit for the longest common subsequence (LCS)
problem. This is only feasible if the SETH conjecture is proven false, as demonstrated in
[14].

As previously mentioned, duplication plays a crucial role in evolution in the field of
biology. There are two primary forms of duplication: arbitrary segment duplications and
tandem duplications. Arbitrary segment duplication involves the selection of a specific
segment within a genome and its subsequent insertion in a different location. On the
other hand, tandem duplication is a structural rearrangement that involves the duplication
of a DNA segment and its insertion adjacent to the original segment in a serial manner
(X — XX) [91]. Studies have shown that segment duplications are commonly observed
in cancer genomes [28, 74, 100]. Meanwhile, tandem duplications are frequently found in
various scenarios. For example, the expansion of a three nucleotide CAG repeat through

tandem duplications is closely linked to Huntington’s disease [82]. Furthermore, the analysis
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of whole-genome sequencing data from tumors has revealed that massive rearrangements,
similar to the tandem duplicator phenotype, are a specific characteristic of cancer [54].
Tandem duplications have also been observed in certain cancers, such as ovarian and breast
cancer genomes [84, 103]. Notably, a subset of ovarian cancer samples exhibits a distinct
tandem duplication phenotype shared with triple-negative breast cancers [84]. In 1980,
Szostak and Wu presented evidence suggesting that gene duplication, particularly in the
form of tandem duplications, is the primary driving force behind evolution [104]. In fact,
the first sequenced human genome revealed that approximately 3% of the genome consists
of tandem repeats [73].

In addition to duplication, another driving force behind evolution is mutation. Suppose
we have a genome ACGT and we evolve this genome by doing several tandem duplications.
Suppose we retrieve S’ = ACGT - ACGT - ACGT, then we do a couple of more duplications
on the first ACG in S’ to retrieve H = ACG - ACG - T - ACGT - ACGT. Then we do
some mutations on H such that the first A is changed to G the second A is changed to T’
and the third C' is deleted. Then we would retrieve H' = GCG - TCG - T - AGT - ACGT.
Then it becomes harder to figure out the tandem duplications that occurred in the latest
sequence. Motivated by this application, Lai et al. proposed [72] a problem called Longest
Letter duplicated subsequence problem. The longest letter-duplicated subsequence problem
can be used to retrieve a skeleton of such genomes.

In this chapter, we propose a more general version of the longest-letter duplicated
subsequence (LLDS) problem, which we denote as the Longest-Subsequence Repeated
Subsequence (LSRS) problem of S. In this version of the problem, instead of finding letter-
duplicated blocks, we try to extract subsequence-repeated blocks from the given sequence.
In other words, each z; is a subsequence instead of a letter. If we use the previous example
H’, the LLDS of H" would be G*T* while the LSRS would be (CGT)?*(AGT)? which implies

that LSRS gives more information about the tandem duplications. This motivates us to
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study LSRS and its related variants. Specifically, we are interested in the LSRS problem
and its complexity when the maximum duplication number d is bound. This variation has a
practical interest in bioinformatics, as in many genomes, whole genome duplication is a rare
event, and the number of duplications is a small constant. For example, it was discovered
that plants have undergone up to three rounds of whole genome duplications, resulting in a

number of duplicates bounded by 8 [114].

4.2 Preliminaries

Let N be the set of natural numbers. For ¢ € N, we use [g] to represent the set of integers
{1,2,3,...,q} and [i,j] = {i,i+1,...,j}. Throughout this chapter, we will use ¥ to denote
a finite alphabet, and we will define the sequence S over ¥. S[i] will be used to denote the
i" letter in S and S[i...j] to denote the substring of S starting from 4 and ending at j
indices. Using the run-length representations, S can be represented as yflyéb x -y?q where
Y € 3, y; # yj41 and d; > 1 for all i € [¢], 7 € [¢ — 1]. If a letter y appears multiple times
in S, we could use 4 to denote the i** copy of it. A subsequence of S is a string obtained
by deleting some letters in S. A square subsequence of S is one in the form of X? where X
is a subsequence of S, a cubic subsequence of S is a sequence in the form of X? where X is
a subsequence of S.

A subsequence S’ of S is a subsequence repeated subsequence (SRS) of S if it is in
the form of z{'z - -:ci’“ where z; is a subsequence of S and x; # z;41 and d; > 2, for all
i € [k], j € [k —1]. We name z; a subsequence-repeated block (SR-block). For example,
let S = ATAGATGACGCGGCGCGT, then Sy = ATA- ATA-CG-CG-CG - CG and
So = ATG - ATG - CG - CG - CG - CG are solutions for the longest subsequence-repeated
subsequence of S. Also, the longest square subsequence and cubic subsequence of S are

(AT AG)? and (AT)? respectively.
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4.3 LSRS Problem

A subsequence S’ of S is a subsequence-repeated subsequence (SRS) of S if it is in
the form of 2% xf2x .. ‘xi’“ where z; is a subsequence of S, z; # z;41 and d; > 2, for
i€ [kl,jek—1]. xf" a subsequence-repeated block or SR-block.

Assuming we have a polynomial time algorithm to solve the longest cubic subsequence
problem, we can come up with a dynamic programming solution for LSRS. In fact, trivially,
we can come up with a polynomial-time algorithm for the longest cubic subsequence problem
by using the longest common subsequence solution for three input sequences. The idea is
that we divide the input string into all the possible 3-partitions and run the longest common
subsequence solution for three input sequences for every instance. Since there are O(n?)

possible ways to divide the string into 3-partitions, we can solve the longest cubic subsequence

problem in O(n®) time since the longest subsequence problem for three input sequences takes
O(n?).

Observation 2. Suppose there is an optimal LSRS solution for a given sequence S of length

n, in the form of xcflxgz .. .xZ’“. Then it is possible to decompose it into a generalized SR-
subsequence y'ySs? ...y, where

°2<e¢ <3, foriep
*p>k,
e y; does not have to be different from y;1, for j € [p— 1].

Proof. To prove this, we say any natural number k£ > 2 can be decomposed as k = ki + ko +
ks+---+k,, such that 2 < k; < 3 for 1 <14 < n. Therefore, every d; can be decomposed into
a sum of 2’s and 3’s. Then, using the given optimal solution and its decomposed sums of

SR-Blocks, we could obtain the corresponding SR-subsequence by combining y;*y;1;' when

Yi = Yit1- O
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4.3.1 Solution for The LSRS Problem

Now let us design a dynamic programming algorithm for LSRS . Let L(i) be the
length of the optimal LSRS solution for S[1---i]. Let LSQuareS[i, j| be the longest square
subsequence and LCubicS|i, j] be the longest cubic subsequence of S[i, j] respectively. Then

the recurrence relation is defined as follows:

L(j) + LSQuareS[j + 1,i], j<i—1

L(i) = max
L(j) + LCubicS[j +1,1], j<i—2

Computing the longest square subsequence of length n sequence takes O(n?) [64], since
there are O(n?) cells in the dynamic programming table, it will take O(n?) to calculate
all the longest square subsequences, and using the trivial algorithm for the longest cubic
subsequence, it will take O(n") time to calculate all the O(n?) cells. Once all the longest
square subsequences and longest cubic subsequences are calculated, it will take quadratic
time to calculate L(n). Therefore, the time complexity is O(n”). One of the interesting areas
is to further look at whether we could improve the Longest Common Subsequence algorithm
to O(n?) for length n sequence. However, using the idea presented in Section 4.7 we can
compute all the longest cubic subsequences of all the substrings in a given sequence S in
O(n®) time (note that this is different from finding the longest cubic subsequence of a single

string). Using this idea, we can solve LSRS in O(nf).

4.4 LSRS+ Problem

In this section, we focus on the following variations of the LSRS problem.
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Definition 10. Constrained Longest Subsequence-Repeated Subsequence
(LSRS+ for short)

Input: A sequence S with length n over an alphabet 3 and an integer (.

Question: Does S contain a subsequence-repeated subsequence S’ with length at least

¢ such that all letters in ¥ appear in S'?

Definition 11. Feasibility Testing (F'T for short)
Input: A sequence S with length n over an alphabet 3.
Question: Does S contain a subsequence-repeated subsequence S” such that all letters

in X appear in S"?

4.5 LSRS+(3) Is Polynomially Solvable

Our objective is to solve LSRS+(3), where we are given a sequence S of length n such
that each letter occurs at least twice and at most three times. In fact, any optimal solution
can be expressed as z{' - - -xi’“, where x; is a subsequence of S and d; € {2,3} for i € [k].
Throughout this subsection we assume that all letters in S appear at least twice and at most
three times - if a letter appears only once in S then there is no solution for the corresponding

LSRS+(3) instance. To accomplish this, we propose a dynamic programming approach. We
define six tables: Sy, j], Cali, 7], Sslé, 5], Cslé, j], L[i, j], and C[i, j], where 1 < i < j < n.
1. Cs]i, j] is the set of letters that all appear at least twice in S[i, j| and at least one letter

has to appear exactly twice in S[i, j]; otherwise, Csli, j] is empty.

2. Ss[i, j] is the length of a longest square subsequence containing all the letters in Cs]i, j].
If such a local feasible solution does not exist, set Sy[i, j] - —1; otherwise, we say that

this local feasible solution is 2-feasible.

3. (i, j] is the set of letters that all appear three times in S[i, j] if no letter in S|i, j]

appears exactly twice; otherwise Cs]i, j] is empty.
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4. Ssli, j] is the length of the longest cubic subsequence containing all the letters in
Cj3li, j]; otherwise Ssi, j]| is the length of a longest square subsequence containing all
the letters in Cs]i, j]. If such a local feasible solution (cube or square) does not exist,
set S3[7,j] < —1; otherwise, we say that this local feasible solution is 3-feasible or

2-feasible respectively (depending on whether the local solution is cubic or square).

5. Cli,j] is the set of letters appearing at least twice in S[i..j]. The CTi, j|’s can be
computed, each with a linear scan, in a total of O(n?) time. C[i, j]’s are only used to
enforce the coverage condition.

6. L[i, j] is the length of a feasible solution of S[i, j| that covers all the letters in C/[i, j].
The initial values of L[i, j], for i < j, can be set as follows:

(

L[, j] = § S,[i,j] else If Sofi, 5] > 0

-1 Otherwise

\

Then update the general case for L[i, j| recursively as follows.

Note that the initialized solution might not be final. Hence, we need to update L], j].
We update the general case for L[i, j] recursively as follows. This is done bottom-up,

ordered by the ascending length of S[i, j].
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(

max {max;c,<;{L[i,k] + LIk +1,j]}} U L[i,k] >0and L[k+1,5] >0
and

Cli,j] == Cli,k]UClk + 1, 7]

-1 Otherwise

The initial value of C[i, j],i < j can be set as

(

Cli,j] = Culi, j] else if Sofi, 5] > 0

0 Otherwise

\

The C[i, j] == C[i, K]JUC[k+1, j] condition is used to ensure that L], j] is only updated
when all the letters in C[i, j] are covered. Then, the maximum of L[i, k]+ L[k+1, j], if greater
than the : [7, j], replaces the previous L[, j] value.

An optimal solution is computed if L[1,n] > 0, and its solution value is stored in L[1, n].

Clearly, with an additional table, one can easily retrieve such an optimal solution, if exists.
Lemma 5. Cyfi, j] N Cs[i, j] = 0.

Proof. This is obvious by definition. Cy[i, j] is non-empty only when there is at least one
letter appearing exactly twice in S[i, j|. Conversely, C3[i, j] us non-empty when there is no
letter appearing exactly twice in S[i, j|. These two conditions are complementary, therefore

there intersection is empty. [

Regarding S5, j], the following lemma says that if a 3-feasible solution does not exist

then any of those 2-feasible solutions could be stored.
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Lemma 6. If a 3-feasible solution for Ss|i, j] does not exist, then any 2-feasible solution for

Sli, j] can be stored (without changing the optimal solution value).

Proof. By definition, Csli, j| contains all the letters in S[i, j] which appear exactly three
times; moreover, there is no letter  which appears exactly twice in S[i, j]. Hence, if a letter
y appears exactly once in S|i, j| it would never appear as a local feasible solution for Ss[i, j].

Therefore, if a 3-feasible solution does not exist, by definition, we would consider only
a 2-feasible solution for S[i..j] which covers all the letters in Cs[i, j]. The length of such a

2-feasible solution is exactly 2 - |Cs]i, j]|. O

Theorem 11. Given a string S of length n, where each letter appears exactly three times,

the problem of LSRS+(3) can be solved in O(n?) time.

Proof. The cost is dominated by filling S3[i, j] and Ss[z, j]. Updating L[i, j] takes O(n?) time.
Ss[—, —] has O(n?) cells, and the initial update of Ss[i, j] cell can be done in O(n) time. If
there exists a longest cubic sequence that contains all the letters in Csi, j], then it must be
unique, and all the letters must only appear once in the repeated sequence. Therefore, we
could divide the sequence into three segments of length |Csé, j]| and check for the repeated
sequences. If a cubic sequence exists, we can check whether it covers all the letters in Cs]i, j]
in linear time. If not, then we need to calculate the longest square subsequence of Ssli, j|
and check whether it has the length 2 -|C3[i, j]|. Calculating the longest square subsequence
can be done in O(n?) using Kosowski’s algorithm [64]. Therefore, in the worst case, the time
taken to update the Ss[i, ] cell is O(n?) and since Ss[i, j] table has O(n?) cells, the total
time would be O(n?). Similarly, updating the Ss[i, j] table takes O(n?) time.

O

Clearly, LSRS+(3) has a solution (i.e., L[1,n] > 0) if and only if FT(3) has a feasible

solution.
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Figure 4.1: Example Graph for the (3%, 1,27)-SAT problem reduction

4.6 FT(4) and LSRS+(4) Are NP-hard

In this section, we will demonstrate that LSRS+(4) is NP-complete through a reduction
from (3%,1,27)-SAT problem. Firstly, we establish that (3%,1,27)-SAT problem is already
known to be NP-complete, as shown in the previous chapter. Refer to the Theorem 5. We
then proceed to construct a reduction from (3%, 1,27)-SAT problem to LSRS+(4). In fact,
we will reduce (3%,1,27)-SAT problem to FT(4) and then FT(4) to LSRS+(4) to complete
the reduction.

Now, we will reduce (37,1,27)-SAT problem to FT(4). We construct the input ¢ for
(37,1,27)-SAT problem directly from a 3-coloring instance. The resulting ¢ will contain
3n variables x1,xo,--- ,x3, and m 2-CNF clauses, with the 3-CNF clauses labeled as
Cf,Cf, -+ CF and the 2-CNF clauses labeled as C;,C, ,--- ,C. The vertices in Figure
4.1 can be renamed alphabetically as x1,xs, -+ , x3,, etc. It should be noted that the same
C;" and C; clauses used in the proof of Theorem 5 are utilized in this reduction. The proof
of Theorem 5 introduced two types of 2-CNF clauses, Type-1 and Type-2, as vertex color
restriction and edge color restriction clauses, respectively.

For example, in Figure 4.1, the C; clause (the 3-clause for vertex u) would be,

Cf— = (Ul \/UQ\/Ug)
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The type-1 2-CNF clauses for vertex u would be,

(W V) A (V) A @G VEE) =Cr ANCy ACy

The Type-2 clauses for edge (u,v) would be,

(ur Vor) A (U Vog) A (3 Vo3) = Cf ACy ACq

The type-2 clauses for edge (u,w) would be,

(uy V) A (ug Vws) A (ug V) =C; ANCg ANCy

The type-2 clauses for edge (u, z) would be,

(W VZ)A (@ VzEm)A Uz VzE) =ChANChACEH

Let L(z;) denote the set of type-1 2-CNF clauses that include 77, followed by the set of
type-2 2-CNF clauses containing 7; repeated twice consecutively. In the example shown in
Figure 4.1, L(x1) = L(uy) = C{ Cy C5 Cy - Cy CyCrCr CryCro- Additionally, three unique
letters 1;, 2;, and 3; are defined for each C;', and the alphabet used to create the final
sequence H is constructed from these letters. Hence, the alphabet we use to construct the

final sequence H is,

S =A{Fj1j € [ml} {1, 23l € [n]} U{gr, gi|k € [n —1]}.

The g, g, are used as separators and each appear twice. Then for each C;" = (x;; V
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Ti2 V x;3). We construct:

Each 2; and all the 2-CNF clauses appear 4 times in H;, while 1; and 3; appears twice.

Finally, we construct the final sequence H as

H = Hy - g1919191 - Ha - 92959295 - Hs - -+ Gn-19),_19n-1Gp_1 - Hy -

We claim that ¢ has a valid truth assignment if and only if H admits a feasible LSRS+(4)
solution (the solution contains all the letters in the alphabet ¥).

The forward direction is pretty straight-forward. If there is a truth assignment, then
only one of the variables x; 1, x; 2, x; 3 for each 7 is assigned true. Then, for each z; ;,1 < j <3,
we delete L(z; ;) in H;. Then we delete some 1;,2;,3; to obtain a feasible solution H; as

follows:
1. If j =1, we have H] = 2,1,2;1; - L(x;2)L(z;3) - 3;3;
2. If j =2, then H] = L(x;1) - 1,2;1;2; - L(x;3) - 3;3
3. If j =3, then H] = L(x;1) - 1;1; - L(x;2) - 2,3,2;3;
Then, for the reverse direction, we show the following lemma:

Lemma 7. If H admits a feasible (SRS) solution, then exactly two (non-empty) subsequences
of L(x;1y, L(;2) and L(x;3) appear in the feasible solution H' (or, exactly one of the three

is completely deleted from H ).

Proof. As aresult of constructing type-1 2-CNF clauses on x; 1, @; 2, and z; 3, if only one of the

three lists, namely L(x;1), L(x;2), and L(x;3), which is a non-empty subsequence, appears
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in a possible solution H' for the SRS problem, then the type-1 2-CNF clauses associated with
x;2 and z; 3 would be absent in H’, which contradicts the definition of a feasible solution.
However, the construction of H; leads us to assert that leaving all three non-empty
subsequences of the lists L(z;1), L(z;2), and L(x;3) in a feasible SRS solution H’ is not
possible (we only need to consider the portion obtained from H;, say H]). If this were the
case, we would consider five scenarios: (1) if 1;1; and 3;3; are substrings of H; (2) if 2, X -2, X
is a substring of H'i, with the first X being a substring in L(z; ;) and the second X being a
substring in L(x;2), (3) if 2,X - 2,X is a substring of H'i with the first X being a substring
in L(z;2) and the second X being a substring in L(x;3), (4) if X2;-X2; is a substring of H'i
with the first X being a substring in L(x;;) and the second X being a substring in L(x;2),
and (5) if X'2;- X2, is a substring of H'i with the first X being a substring in L(z; ) and the

second X being a substring in L(x;3). We assert that all five of these cases are impossible:

1. Case 1: This is impossible as 2;’s would not be present in a feasible solution.
2. Case 2-4: This is impossible as 1;’s would not be present in a feasible solution.

3. Case 5: This is impossible as 3;’s would not be present in a feasible solution.

O

Let L'(x; ;) be a non-empty subsequence of L(z; ;). With the above lemma, the reverse

direction can be proved as follows.

1. If H{ = 221122111/(1’1’2)L/(IZ73)313“ then assign Ti1 < TRUE, Tjo < FALSE,I@:; —
FALSFE.

2. If Hz/ = L/(l’iJ) -1,2;1,2; -L’(mi,3)3i3,~, then assign Tjo < T‘.R(]E'7 Ti1 < FALSE,JZ@Q, —
FALSE.
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3. If Hz/ = L/(l'z,l)1111[/(:[;1,2)213121317 then assign Ti3 < TRUE, Ti1 < FALSE,.’L'Z"Q —
FALSE.

This assignment satisfies all the 2-CNF clauses (7, ; V Ty,;) in ¢. Each of these clauses must
appear in either L'(x; ;) or L'(zy,) in H'. At least one of z;; and xy; is assigned FALSE,
making the clause TRUE. Thus, this proves the validity of this truth assignment for ¢. This

leads us to the following theorem:
Theorem 12. FT(4) is NP-complete.

Since FT(4) is NP-complete, the optimization problem LSRS+(4) is certainly NP-hard.
Corollary 3. The optimization version of LSRS+(4) is NP-hard.

Note that the above proof implies that the optimization version of LSRS+(4) does not
admit any polynomial-time approximation (regardless of the approximation), as any such
approximate solution would form a feasible solution for FT(4). In fact, using a similar
argument as in [72] (Section 3.4.2), even finding a good bi-criteria for LSRS+(4) is not

possible.

4.7 An O(n®) Algorithm for The Longest Cubic Subsequences of All Substrings in a Given

Sequence

First, we define LC'S(S, b, ¢). We consider a sequence S of length n and integers b and ¢
such that 0 < b < ¢ < n. The value LC'S(S, b, ¢) represents the length of the longest common
subsequence between S[1..b], S[b+1..c|, and S[c+1..n]. In the problem of finding the longest
cubic subsequence, the objective is to determine max, .LCS(S,b, c). A match in S refers to
a triple (7,7, k) where i < j < k and S[i| = S[j] = S[k]. We say (i,7,k) < (', 5, k') if i <7,
j <j',and k < k. Given integers b and ¢ such that 0 < b < ¢ < n, LCS(S, b, c) corresponds

to the length of the longest sequence of matches (iy,j1, k1) < (ia, Jo, ko) < ... < (i, 71, k1)



63

where [ is the length of the sequence, and each triple satisfies 45, € [1,b], jn € [b+ 1,¢|, and
kp € [c+ 1,n].

To show that LC'S(S, b, ¢) corresponds to the shortest path between two specific vertices
in the alignment graph of S against itself three times, we define the alignment digraph of
S as follows: First, we construct a 3D grid graph with sides labeled 0,1,...,n, and edges
oriented from the vertex labeled (0,0,0) to the vertex labeled (n,n,n). Next, we add a
diagonal path of length two from (i — 1,7 — 1,k — 1) to (i, j, k) for each triple of positions
(1,7,k) in S that match. Then, we consider the alignment graph of S against itself three
times. In this graph, the vertices correspond to triples (i, j, k), where 4, j, and k are indices
in S, and the edges correspond to matches between the characters in S.

Given this definition of the alignment digraph, we can observe that LCS(S,b,c)
corresponds to the length of the shortest path from (0,b,¢) to (b,c,n) in the alignment
digraph. Specifically, the path consists of a sequence of diagonal edges that correspond
to matches in S, where the " diagonal edge corresponds to the 7" match in the longest
sequence of matches (i1, j1, k1) < (ia,Jo, ko) < ... < (i1, 71, k) that satisfies the conditions
described above. Thus, finding the longest cubic subsequence in S is equivalent to finding
the shortest path from (0,0, ¢) to (b, ¢,n) in the alignment digraph.

Formally, let

V(G) :{Ui,j,k . i,j, k c {O, 1, Ce ,n}}U

{dij:i<j<kand S[i] = S[j] = S[k]}.

As for E(G), for each vertex v; j, € V(G), add an edge from v; ; ;. to the existing vertices
in {Vit1,)k, Vij+1,k Vije+1}- All the edges created in this step are called straight edges. Then,
for each match (7,7, k) in S, add an edge from v;_1 j_1 -1 to d;;; and an edge from d;

to v; ;. We call these two diagonal edges and refer to the created path of length two as a
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diagonal. When possible, we may write v;;;, instead of v; ;.

It is important to note that |V (G)| and |E(G)| are both in O(n?) since each vertex has
at most four incoming and outgoing edges. The diagonals have a length of two to ensure
that the distance from any vertex v;;; to another vertex ¢ is no greater than the distance
from v;_1 j g, vij—1k, OF V;jr—1 to g. This property is retained for all preceding vertices in
the graph as well.

The purpose of G is shown below.

Figure 4.2: An illustration of the subgrid containing wvg,. cells. (the y-axis has the b
coordinates, the z-axis the ¢ coordinates). We can think of the cell (a, b, ¢) in the 3D-grid
as the vertex v, p.c.

Lemma 8. For integers 0 < b < ¢ < n, there exists a common subsequence of length r
between S[1..b], S[b + 1..¢|, and S[c+ 1..n] if and only if G contains a path of length n —r

from vope 10 Vpen -

Proof. Suppose @ is a common subsequence of length r between S[1..b], S[b + 1..c], and

Sle+1..n|, and let (i1, j1, k1) < ... < (4, jr, kr) be the set of matches that correspond to @,
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ordered from left to right in the three substrings. In the graph G, there exist diagonal edges
from wv;, 1 j, —1.k,-1 tO i, j, K, fOr every h € [r]. Moreover, since the matches are ordered, we

can traverse from vy, j, &, O Vi, ju.1, with a path of length.

kpt1

ihp1 — L —ip + Jhpr — 1 — g+ k1 — 1 — kp + 2

=ipt1 — ih + Jht1 — Jn + kng1 — kp — 1

(To see this, go from v;, j, k, tO Vi, —1jp,1—1,kn.1—1 UsSIng straight edges, and take the

Jh1
length two diagonal.)

Consider the path that starts at vo,. and goes to v;,—1 j,—1,—1 using straight edges, and
then to v;, j, 1, using the length two diagonal. From there, we visit the other v;, ;, r, vertices

in order using the aforementioned paths, then go from v;_;, . to v, using straightedges.

This can be done with a path of length:

i1+ —b+k —c—1+
r—1

> (inr =i+ dnr = Jn + kner — b — D+
h=1

b—i,+c—j.+n—~k,

After removing all the canceling terms, this becomes —1 + 22;11 —14+n=n-—r,as

desired.

On the other hand, suppose there exists a path P of length n —r from vgp. to vpe,. Note
that a path containing only straight edges would require b — 0+ ¢ — b+ n — ¢ = n edges.
However, each diagonal skips three straight edges but costs only two edges. Therefore, the
length of P is n minus the number of diagonals used. This implies that P must use exactly r
diagonals. Let v;, j, ki, -- -, i, j. & be the endpoints of these diagonals in the order that they

are visited, and let (i1, j1,k1),. ., (ir, Jr, k) be the set of matches corresponding to these
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vertices. We claim that these matches form a set of » matches in a common subsequence of
S[1..0], S[b+ 1..c], and S[c+ 1..n].

Observe that due to the directions of the edges in G, we have iy, < ip11, jp < Jpat, kn <
kpyq for h € [r—1]. Furthermore, since each diagonal corresponds to an increase of exactly 1
in each of the three coordinates, the above inequalities must be strict. Therefore, (i1, j1, k1) <

< (i s br)-

We need to establish that every triple in the list is a match between characters in the
substrings S[1..b], S[b + 1..¢], and S[c + 1..n]. Let (ip, jn, kn) be an arbitrary triple from
the list. We aim to show that i), belongs to the range [1..b], j, belongs to [b+ 1..c|, and ky,
belongs to [c + 1..n].

Since no diagonal in GG ends with a zero coordinate, we have i, > 1. Moreover, if i;, > b,
then visiting the vertex v, j, x, would prevent us from returning to the starting vertex vyen,
because of the directed edges in G. Therefore, we must have i, < b. Similarly, we have
In < c and kj, > ¢, since otherwise, we would be unable to return to vpe,.

Since the path P starts at vg,., we know that j, must be greater than b because,
after traversing any diagonal, the second coordinate must be b + 1 or more. By the same
reasoning, we must have k;, > c¢. Hence, we have shown that 1 < i, <b, b+ 1< j, < ¢, and
c+ 1 <k, <n, which implies that all the triples in the list correspond to matches between
S[1..0], S[b+ 1..¢], and S[c+ 1..n].

Consequently, we can conclude that there exists a common subsequence of length r

between S[1..b], S[b+ 1..c], and S[c + 1..n]. O

The proof presented in Lemma 8 shows that G' captures all possible cubic subsequences
of S. To determine if a common subsequence of length r exists, one approach is to try all
possible combinations of b and ¢ and, for each pair, compute the shortest path from vertex

Vobe tO Vpen. Unfortunately, this method requires examining O(n?) choices of b and ¢, and
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each shortest path computation could take cubic time, leading to an overall time complexity
of O(n?).

However, when it comes to finding the longest cubic subsequences of all substrings of a
given sequence S, we can achieve this in O(n%) time. This may seem counterintuitive because
calculating a cubic subsequence for one string takes O(n®) time, and since there are O(n?)
possible substrings, we would expect to perform this calculation O(n?) times, resulting in
a total time complexity of O(n”). However, the key is that these calculations share O(n?)
source vertices.

Therefore, when we run a breadth-first search on a particular source vertex to calculate
the distance to a target vertex, we can reuse the information calculated in that run for other
substrings’ longest cubic subsequence calculations. To summarize, to find the longest cubic
subsequences of all substrings in a given sequence S using the alignment graph, for every
a < b < c<d<mn, the longest cubic subsequence for S[a + 1..d] is the minimum shortest
distance from v, to 4 across all pairs of b and c¢. By computing this for all pairs of a
and d, where 0 < a < d < n, we can find the longest cubic subsequences of all substrings in
S.

When calculating the shortest distances from v, . to a particular v .4 using breadth-
first search, we are essentially computing the shortest distances from v, to vy .q for all
¢ < d < n. Since there are O(n?) combinations for all a, b, ¢, and d, there are only O(n?)
source vertices in these O(n4) combinations. Since each breadth-first search for vertex v, .
calculates distances for all vertices v . 4 where ¢ < d < n, we only need to run O(n3) breadth-
first search queries in the alignment graph G. Since the alignment graph G contains O(n?)
vertices and each breadth-first search takes O(n?) time, the total time to calculate all the

necessary shortest paths is O(nf).
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4.8 Conclusion

In this chapter, we investigated the longest subsequence-repeated subsequence (LSRS)
problem. This problem can be viewed as a higher generalization of the LLDS problem
investigated in Chapter 3. First, we demonstrated that the LSRS problem can be solved
in polynomial time using a dynamic programming solution. Subsequently, we explored the
constrained version of the LSRS problem (LSRS+(d)). In this variation, we require the
solution to contain at least one occurrence of each letter in the alphabet. We showed
that the LSRS+(d) problem is NP-hard for d > 4 using a reduction from (3%,1,27)-
SAT problem. Notably, we showed that even the feasibility testing (FT(d)) version of the
LSRS+(d) problem is NP-hard, implying the absence of a constant factor approximation.
Furthermore, we showed that the LSRS+(3) problem is polynomially solvable using a
dynamic programming solution. Notably, we used two sub-problems named longest square
subsequence and longest cubic subsequence in the dynamic programming formulation. We
provided a graph-based algorithm to calculate the longest square subsequence and longest
cubic subsequence of all the substrings in a given sequence.

In biological contexts, tandem duplications may be accompanied by other types of
rearrangements and mutations, such as deletions, substitutions, and insertions. Therefore,
formulating a problem to recover the skeleton of a genome that has undergone tandem
duplications along with other mutation events would be valuable. Thus, the LSRS
formulation offers greater flexibility compared to the LLDS problem explored in Chapter
3. Furthermore, exploring the constrained version of LSRS is more suitable for biological

contexts, as it aims to recover the original genome skeleton containing all the genes.
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4.8.1 Open Problems

1. The current basic algorithm for the longest cubic subsequence problem has a time
complexity of O(n%), which is not efficient enough. This is because we need to compute
the longest common subsequence of three sequences for O(n?) possible splits, and
each calculation takes O(n?) time. Hence, the total time complexity of the trivial
algorithm is O(n®). The method used to compute longest cubic subsequence of all
the substrings in S does not help reduce the time complexity of finding the longest
cubic subsequence of a single string. Therefore, we need to improve the upper bounds
of the longest cubic subsequence problem. Additionally, we should look into finding
a better lower bound for the longest common subsequence. The current trivial lower
bound is O(n?) because any algorithm that runs in O(n3¢) would solve the longest
common subsequence problem for three strings in O(n37¢) time. We comment that
recently Wang and Zhu gave a parameterized algorithm for the problem in O(k3n?)
time, where k is a parameter at most n [108]. Therefore, when k is small, this problem

can be solved in o(n®) time; but in the worst case it still runs in O(n%) time.

4.8.2 Notes
Part of this chapter has been published in 16* Annual International Conference on

Combinatorial Optimization and Applications (COCOA’ 23) [67].
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CHAPTER FIVE

DISTANCE MEASUREMENT FOR MITOCHONDRIAL DNA COMPARISON UNDER
TDRL (TANDEM DUPLICATION RANDOM LOSS) MODEL FOR
NON-PERMUTATION STRINGS

5.1 Introduction

Mitochondria are cellular organelles containing an extra-chromosomal genome that is
distinct and separate from the nuclear genome. Responsible for the cell’s energy production
and other metabolic functions, mitochondria are inherited from the mother to offspring
through the egg cell [35]. Typically, each organelle contains several identical copies of
mitochondrial DNA (mtDNA) [1]. Functioning as a small circular chromosome within
mitochondria, mtDNA serves as a significant molecular marker with notable characteristics,
including high mutation and substitution rates, infrequent gene recombination, maternal
transmission, a high copy number, and easy accessibility [52].

Due to these distinctive features, mtDNA is widely employed in phylogenetic analyses
and phylogeographic studies [62, 81]. Additionally, mtDNA serves as a valuable tool for
testing microevolutionary processes, exploring population genetic structure, and identifying
cryptic species [113].

Typically, the length of mitochondrial DNA (mtDNA) ranges from 14,000 to 18,000 base
pairs. For instance, human mtDNA is a double-stranded, circular molecule measuring 16,569
base pairs, and it encodes 37 genes, including two rRNAs, 22 tRNAs, and 13 polypeptides
(ND1-6, ND4L, COI-COIII, ATPase6, ATPase8, and Cytb) [105]. Mammalian mtDNA
exhibits remarkable organizational efficiency, with genes lacking introns and intergenic
sequences, except for one regulatory region, being either absent or limited to a few bases.

Both rRNA and tRNA molecules in mtDNA are unusually small [111].
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Compared to the nuclear genome (nDNA), mtDNA is significantly smaller, making it
more manageable for analysis. The reconstruction of evolutionary trees using mtDNA data
is a common method for inferring relationships among living organisms. The widespread
utilization of mtDNA is facilitated by the ease of obtaining new sequence data for a set
of orthologous genes and the availability of numerous existing mtDNA sequences across
various species. A comprehensive understanding of mitochondrial biology and its evolution
is crucial for the robust application of mtDNA in inferring the evolutionary history of species
and populations.

Mitochondrial genomes generally exhibit infrequent gene rearrangements, with identical
or highly similar arrangements observed across numerous major animal groups and a greater
number of differences between them. While most arrangements are comparable, a few cases
showcase such significant differences between groups that they appear unrelated. Notably,
these variations are also observed within specific major groups, such as nematodes [87, 88|,
mollusks [51, 112], and cnidarians [6, 7, 93].

A number of well-established evolutionary lineages are characterized by unique gene
rearrangements (e.g., birds [34, 49, 65, 94|, marsupials [56, 57, 89], echinoderms [3, 19,
31, 55, 101], the nematode family Rhabditidac [99], and the cnidarian group Octocorallia
(93, 102]). This has encouraged optimism that mitochondrial gene arrangements may retain
some signal of the ancient pattern of animal evolution. Some reports [9, 10, 101] have used
the comparisons of these gene arrangements to resolve contentious evolutionary relationships.

It should be noted that successful comparisons of mitochondrial gene arrangements
among plant [83], protist [46, 75, 76], and fungal [22, 90] have been published. With
these successes and our greatly increased ability to sequence whole genomes, it is likely
that comparisons of gene arrangements and other kinds of higher-order genomic structuring
will become a common and useful source of phylogenetic information.

In [8], authors outlined a set of characteristics deemed ideal for inferring phylogeny.
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Specifically, they proposed that the data set should be present in all studied taxa,
unambiguously homologous, selectively neutral, sufficiently labile to generate robust signals
across multiple branches, yet not so labile that subsequent changes would erode these signals.
Authors in [8] mentioned that mtDNA exhibits some of these characteristics at exceptional
levels. Several notable characteristics of mtDNA were highlighted in [8]. Firstly, mtDNA
gene content is nearly invariant, with only minor exceptions. Secondly, the great number of
potential arrangements makes convergence unlikely; therefore, gene arrangements are likely
to be shared only as a result of common ancestry. Thirdly, all of the genes commonly found
in animal mtDNA are homologous in the mtDNAs of plants, fungi, and/or protists, making
their homology near certain.

A critique against the use of mtDNA for phylogenetic reconstruction is its maternal
inheritance, which means it may not fully represent the nuclear inheritance of an organism
[5]. Although mtDNA may not consistently reflect nuclear inheritance patterns, it does serve
as a fundamental component of an organism’s heritage and evolutionary history. It should be
noted that although mtDNA may not be the only or definitive source of genetic information,
it remains a valid source for understanding an organism’s genetic makeup. Moreover, nuclear
genes suffer from multiple technical drawbacks as well. Nuclear loci (nDNA) can be difficult
to work with because of heterozygosity, low substitution rate, low copy number, and the
frequent presence of paralogous loci with multiple copies [95]. Additionally, there is evidence
that mtDNA and nDNA provide different inheritance patterns [95]; nevertheless, this is
not necessarily uninformative because disagreement between these two data sets does not
imply a false phylogenetic signal. In fact, when aiming to describe species boundaries, the
incongruence observed among true trees (nDNA vs. mtDNA) should be considered and
integrated [79].

Hence, to enhance the construction of phylogenetic trees, it is important to adopt

an approach that incorporates both nuclear DNA (nDNA) and mitochondrial DNA
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(mtDNA). Any incongruence observed between the datasets should be utilized to enrich
the interpretation of the evolutionary history of the taxa under consideration.

There are several prevailing models for describing gene arrangements in mitochondrial
DNA. a) Tandem duplication-random loss model (TDRL): part of the genome is duplicated,
followed by random loss of the redundant copies; b) Tandem duplication and non-random
loss (TDNL); ¢) Inter- or intra-mtDNA recombination; and Double replications and random
loss (DRRL) model. Out of these models, the TDRL model is considered the most likely
hypothesis for the gene arrangements in mtDNA. In this chapter, we introduce a distance
metric under the Tandem Duplication and Random Loss (TDRL) model specifically designed
for non-permutation strings, aiming to fill gaps in the exploration of distances between non-

permutation strings.

5.2 Background

In [23], authors first introduced the theories surrounding the TDRL model on
permutation strings. In this chapter, we try to improve this for non-permutation strings. One
of the main differences in this model is that we do not consider TDs and deletions as atomic
events but rather as two different events. This allows us to compare sequences of different
lengths. Most of the time, after a tandem duplication, a duplicate gene is deleted from either
the original or duplicated segment. However, this is not true for all the cases in a biological
context. In fact, we can find scenarios where duplicate genes exist in the mitochondrial
genome after TD occurs (i.e., Boulengerula taitana mitochondria [96], Breviceps adspersus
mitochondrial, Hyperolius marmoratus, Trichobatrachus robustus [66], and Aeluroscalabotes
felinus [85]). Therefore, we need a way to handle non-permutation strings in order to figure
out the necessary TDs and deletions for phylogentic applications.

In our model, we adhere to the convention of defining a genome as a linear, unsigned

string of integers ranging from 1 to n. We allow integers to appear more than once, essentially
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transforming the string into a non-permutation. While it seems intuitively clear that the cost
of a duplication should be some non-decreasing function of the length of the duplication, the
precise functional form of this cost function is not evident. In this chapter, we employ two
geometrically increasing cost functions for tandem duplications and deletions. We specify
the cost of duplicating a segment of length k as o, where « is a constant parameter greater
than or equal to 1, and the cost of deleting a segment of length k as 5*, where 3 is a constant
parameter greater than or equal to 1 and 8 < a. It is noteworthy that when o = 1, the cost
of duplicating a segment of length k is 1 regardless of the length of the segment.

We address the problem of determining the minimum-cost sequence of duplications
and deletions needed to transform one sequence into another. In this chapter, we present
a heuristic algorithm designed to minimize the overall cost of duplications and deletions

required for this transformation.

Definition 12. Distance between two sequences using TDLR model under «,j
parameters

Input: Sequences S and T over an alphabet 3, along with two cost functions o and
B* where B < a. We denote S as the starting sequence and T as the target sequence.

Goal: Find the minimum cost sequence of duplication and deletion steps required to
transform the sequence S into T. In other words, suppose the " duplication step copies a
segment of length k; then cost of tandem duplications c,q is Z?Zl ok where n is the total
number of duplication steps. Similarly, the cost of duplications cq is > ;- 3. We aim to

find the n such that 377, o’ is smallest and m such that >_;", 8% is the smallest.

By ensuring that § < a, we establish that the cost of a deletion operation is either less
than or equal to the cost of a duplication operation for a segment of the same length.
In this chapter, we present a heuristic algorithm designed to minimize the costs

associated with tandem duplication and deletion operations. Initially, we delve into the
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distinctive property of tandem duplication and deletion operations, exploring how we can
leverage it to formulate a straightforward heuristic algorithm. This algorithm aims to identify
a sequence of duplications and deletions that transforms one given sequence into another.
Additionally, it is crucial to note that deletions alone cannot rectify the order of characters
in the starting sequence. For instance, consider the sequences S = 11234 and T = 432112;
in this case, a deletion operation alone cannot rearrange the order of occurrences of 1 and
4. Achieving this requires performing tandem duplication operations.

Next, let us introduce a special property of a tandem duplication and a deletion

operation.

Lemma 9. Given a string S = 515253 ... 5y,, copy of the segment s;s;11...5s; to the end of

the S can be mimicked by a tandem duplication and a deletion.

Proof. We can use the tandem duplication on the segment s;s;,1...s, and then delete part
of the second copy.

S =515... ,
5128182... : )
SQ:8182...81'...8]‘...SnSZ‘...Sj .
[l

By leveraging this property, we can formulate a straightforward algorithm to identify
a sequence involving tandem duplications and deletions. Essentially, the process involves
identifying partitions within the target string using substrings from the original sequence.
Subsequently, each partition can be appended to the end of the original string to construct
the starting string.

We begin by presenting a finding from [40]. In this study, the authors proposed an

approximation algorithm for two edit distance problems involving segment insertions and
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deletions to transform a starting string into a target string. The first problem permits
the copying of any segment from the starting sequence and inserting it anywhere, while
the second problem allows the copying of a segment from the starting sequence or any
intermediate sequence to create the target string. This result is particularly significant in
our context because we can simulate a segment insert operation on a string using tandem
duplication and deletion. Consequently, we can utilize the algorithm outlined in [40] to
identify the necessary segments for insertion in order to transform the original string into the
target string, employing tandem duplication and deletion to mimic the insertion operation.

The authors in [40] utilized a slightly modified Lempel-Ziv-77 algorithm that greedily
partitions a string S into “phrases” (LZ phrases) from left to right, ensuring that each phrase
Sli @ j] for j > i must occur previously in S. To ensure the use of substrings from the original
or intermediate strings, we can use S#7T for the modified Lempel-Ziv compression, where #
is a character not present in either S or T.

Let’s take a look at the following example:.

S =1234512532 ,

T = 12345345122532 |
LZ(S) ={1,2,3,4,5,12,5,3,2} |
LZ(S#T) = {1,2,3,4,5,12,5,3,2,12345, 34512, 2532}, and
LZ(S#T) — LZ(S) = {12345, 34512, 2532} .

In the example provided, we consider two strings, denoted as S and T', with S serving as
the initial string. Using a slightly modified version of the LZ —77 algorithm as outlined in [40],

we process the string S#T from left to right, identifying the LZ phrases. Subsequently, we
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eliminate the LZ phrases obtained from processing the source string S alone. The remaining
phrases constitute the decomposition of string 7" using substrings from S. Finally, each of
these retained LZ phrases can be appended to the starting string through the application of

tandem duplication and deletion operations.

S = 1234512532 ,

S

Sy = 12345125?;2- ,
D, = 123451253212345 ,
Sy =12 3451253212545 . ,
Dy = 12345125;:”)21234534512 ,
S3 = 123451 - 253212345\534512 . ,

D3 = 123451253212345345122532 |

T = 12345§45122532 :

The green color segments represent the duplicated copy for each tandem duplication,
while the underlined segments represent the segment that is deleted right after the
duplication operation. The red segment at the end symbolizes the deletion of the starting
sequence from the intermediate string, which leads to the creation of the final target string.

This idea enables us to generate an approximation of tandem duplications and deletions.
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The count of tandem duplications corresponds to the number of LZ phrases produced by
the compression algorithm, while the number of deletions is the sum of LZ phrases plus one
(accounting for the deletion of the starting sequence at the end). This approach provides a
heuristic algorithm for estimating the distance using the TDRL model, potentially addressing
challenges associated with duplicate genes.

Subsequently, we will explore improvements to refine this approach for a more accurate
approximation of the TD cost and deletion cost. We will examine different parameter
configurations for o and . Initially, let’s examine the parameter set where o = 1 and
0 < B < a. In this configuration, the TD cost of a segment of length £ is 1, irrespective
of the length k. If 8 = 0, we can treat duplication and gene loss as a unified atomic event.
If 5 = 1, we distinguish deletions as a distinct event, although with less than or equal

significance compared to the duplication event.

5.3 Heuristic Algorithms

5.3.1 Heuristic Algorithm for a =1, 8 < «

The idea behind this heuristic algorithm is to initially prioritize minimizing the number
of tandem duplications required to transform the starting string into the target string.
Subsequently, we aim to minimize the number of deletions needed based on the tandem

duplications.

Theorem 13. Given a parameter « = 1 and two strings S and T where S is the original
string, the minimum number of tandem duplication operations (T D(S,T)) needed to convert
S to T" such that T is a subsequence in T" can be calculated as follows. Let us define ps(T)
as the set of mazimal increasing substrings in T' relative to S and v as follows:

OCCr(c)

ceT OCOS(C)
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where OCCr(c) calculates the frequency of character ¢ in sequence T'. Consequently,
~v represents the proportion of character c¢ in the target string, specifically referring to the
character with the highest ratio of occurrences in the target sequence compared to the initial

sequence.
Then we define,
[loga ()]
S =827 and

TD(S,T) = [loga(lps (T)])] + [loga(7)] -

For example,

S = 1234512532,

T = 1234534515253244 |

g 2CC1 )
T REN0CCs(e)

0CCr(4)
0CCs(4)

)

4
[loga(7)] = [loga( )= Hoga(Iﬂ =2,c=4,
S = ((1234512532) - (1234512532)) - (1234512532 - 1234512532) |,
ps(T) = {123453451525234, 4}, [logs(|ps/(T))] = 1, and

TD(S,T) = [loga(|ps (T))] + [log2(7)] = [loga(2)] + [loga(4)] =1+ 2.

Then,

T’ = ((1234512532) - (1234512532)) - (1234512532 - 1234512532)-

(1234512532 - 1234512532 - 1234512532 - 1234512532).

Proof. When a = 1, duplicating the entire string in each tandem duplication operation is
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always optimal. The cost function being 1* ensures that the cost of duplication remains
independent of the size of the duplicated string. As deletion operations do not enable the
correction of order changes between the starting and target strings, tandem duplications
must be employed to address order changes.

First, we have to note that the [logs(y)] number of TDs are required to compensate for
the extra characters in 7'. The reason for this minimum requirement becomes evident when
considering the need to duplicate the extra characters. Since each TD allows to double the
current number of occurrences of each character in the string, using WGD ( Whole Genome
Duplication), we can double the number of occurrences of each character at each step. Given
that v represents the maximum ratio of the occurrence of any character in 7' to its occurrence
in S, [log2(y)] number of TDs would be enough to duplicate all the necessary number of
occurrences for every character in 7'

Once we perform the initial [loga(y)] WGDs, we transform the S into S’ such that
it possesses the necessary occurrences of each character to align with their respective
counterparts. To determine the minimum number of TDs required to transform S’ into
T’, we associate the steps of radix sort with each duplication step. Identifying the maximal
increasing substrings of T’ compared to S’ allows us to label each character in the i** maximal
increasing substrings using the binary representation of i. It’s important to note that in
S’ there are enough occurrences of each character present in 7' to establish a mapping
between each character. Utilizing these labels, we can associate characters mapped with
their respective counterparts in 7' using binary representation. While it is not mandatory
for all characters in S” to be mapped to characters in 7T, it is essential for all characters in
T to be mapped to characters in S’.

Proceeding with the characters in S’ that are mapped in the order of appearance in
S’ and considering their assigned binary values in the same order as they appear, we can

create a vector v containing these binary values. Then, we can utilize radix sort to sort these
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binary values in v. We can map the k™ step of the radix sort, which organizes the k" least
significant bit of elements in v- to the £ TD step that transforms S’ into 7" and vice versa.
By mapping these steps to the steps of radix sort, we can establish that [logs(|ps (T)]) is
the minimum number of TDs required to transform S’ to 7" such that T is a subsequence
of T".

For the above part, let us say d(v) represents the number of steps needed to sort the
vector v. To show that d(v) = [loga(|ps/(T)|)], we show that d(v) < [logs(|ps/(T)])] and
d(v) > [loga(|ps (T)])].

For the part of d(v) < [logs(|ps/(T)])], we use induction to claim that after the first
k steps, the maximal increasing substrings are sorted with respect to the k least significant
bits of their label. When k = 1, this is trivial. For the inductive hypothesis, we assume
that after k steps, the maximal increasing substrings are sorted with respect to the k least
significant bits. Using the fact that radix sort is a stable sort, we can say that for the
inductive step, elements in a maximal increasing substring are sorted with respect to the
k + 1 least significant bit while maintaining the order of the k' significant bit (using the
stability property). Since the number of bits in binary representation is [loga(|ps (T)|)],
after [logs(|ps/(T)])] steps, elements in the vector v are sorted with respect to the binary
labels.

Then, to show that d(v) > [loga(|ps(T)|)], we use the idea that, at each duplication
step, we create at most two maximal increasing substrings from each maximal increasing
substring of the previous string. The starting string S’ has one maximal increasing substring,
and 7" would have |pg/(T')| substrings. Therefore, the number of duplication steps required
to create 1" is [loga(|ps (T')])]-

This concludes that the minimum number of TDs required to fix the order changes is

[Loga(lps (T))T + [loga(7)]- =

Now that we have established a method to create a string 7" such that T is a
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subsequence, we can delete unnecessary blocks of strings from 7" to create 1. Let us now
explore how we can extend the former Lempel-Ziv algorithm to find a solution that outputs
the number of deletions as well.

Basically, we use the modified Lempel-Ziv algorithm introduced in [40] to find a
partition of the target sequence T relative to 7'. We calculate the LZ(T'#7T) — LZ(T")
which allows us to denote T using substrings of 7”. Note that this compression algorithm
tries to find the longest possible substring that exists in 7”; therefore, it minimizes the
number of partitions of 7. Now, we can count the number of deletions required to transform
T’ to T. Suppose the compression algorithm outputs k& LZ phrases, then at most we need
k + 1 deletions of blocks from 7" to create T

Next, we will prove a slight improvement in the notation of the maximal increasing

substring calculation.

Theorem 14. The number of minimum tandem duplications is in fact equivalent to the

maximal increasing substrings of T' compared to S, i.e.,

TD(S,T) = [loga(lps (T + [log2(7)] = [loga(lps(T)])] -

Proof. While not immediately evident, we can calculate the minimum number of tandem
duplications needed to convert S to 7" under parameters o = 1 where T is a subsequence of

T’ for non-permutation strings, using [loga(|ps(T)|)], i.e.,

TD(S,T) = [loga(lps (T))] + [loga(7)] -

Let’s consider the string S’, which consists of 2[°92M1 copies of S. Therefore, we can

: ps(T)
write PS’(T) as SMlogz (T *
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TD(S.T) = [loga(| oo L)1 + THoga(a)]

= [loga(|ps(T)])] — [loga (2T + [loga(v)]
= [loga(|ps(T))1 — [[loga2(7)] - log2(2)] + [loga(7)]
= [loga(|ps(T)|)] — [loga(7)] + [loga(7)]

= [loga(|ps(T)|)]

]

Lemma 10. Given two non-permutation strings, the cost of transforming S to T under
parameters « = 1 and § < (a = 1), using tandem duplications and deletion operations can

be calculated using Theorems 13,14 as follows:

d(S,T) = ([log2(lps(T)NT) + (LZ(T'#T) = LZ(T") + 1) - 5.

Proof. Since the number of TDs ([logs(|ps(T)])]), and number of deletions are (LZ(T'#T')—
LZ(T") 4+ 1), the total cost d(S,T) would be,

d(S,T) = ([loga(lps(T))]) - a + (LZ(T'#T) — LZ(T") + 1) - B .
Since o = 1,

(5, T) = ([loga(|ps(T))) + (LZ(T'#T) = LZ(T") + 1) - 8 .
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5.3.2 Heuristic Algorithm for a@ > 2

Now, let’s look into the heuristic algorithm designed for cost functions where a > 2. It’s
important to note that duplicating the entire sequence may no longer be optimal for rectifying
changes in the order of characters. This is due to the fact that the Tandem Duplication (TD)
cost is o, and the cost increases exponentially with the size of the duplicated sequence.
Consequently, utilizing whole genome duplication (WGD) as an approximation for TDs is
no longer a favorable heuristic choice. Our proposed approach involves converting both .S and
T into stabilized permutation strings and then determining the bubble sort distance between
them to approximate the number of TDs and deletions. To clarify, stabilized permutations
are introduced to handle non-permutations. By converting these sequences into stabilized
permutation sequences, we ensure equal length and an equal number of occurrences for each
character.

The distance calculation between the transformed sequences involves two components:
the number of operations required to convert the strings to stabilized permutations and the
bubble sort distance between the stabilized permutation sequences. This combined approach
provides a more effective means of estimating the overall distance. The significance of the
bubble sort distance in this context lies in its ability to quantify the number of swaps of
adjacent characters required to sort a permutation into the identity permutation. This is
crucial because the act of swapping two adjacent characters can be simulated by employing

one length-2 Tandem Duplication (TD) and two length-1 deletions.

Definition 13. Given two sequences S,T' that are mon-permutation sequences, the corre-
sponding stabilized permutation for S,T would be two sequences S', T’ such that they are of

equal length and each character in S’,T" has equal occurrences in both sequences.

For example, given two sequences S = 1132145 and T' = 13335245, one such possible

stabilized permutation sequences would be,
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S = 1133321455 ,
T' = 1113335245 .

In the subsection 5.3.2.1 we will provide an algorithm to transform two sequences into

stabilized permutations.

Lemma 11. Given a string S = 515983 . .. 5i8i4+1 . ..5,, we can swap the order of the i'" and

(i + 1) characters in the string S using one length 2 TD and two length 1 deletions.

Proof. We can easily do this by performing a tandem duplication on the substring s;s;,1 and

then deleting the first occurrence of s; and second occurrence of s;..

52818283... oo Sn
512818283... . oo Sn
Sl = 515283 ...5;Si41 " SiSi+1---Sn, and
So = 518983 ... Si115;---Sp -

The green color segment represents the substring that is duplicated while red color
segments represents the deletions. Final blue color segment represents the swapped

characters. O

Corollary 4. Given a sequence S and parameters o, 3 with cost functions o, B*, we can
swap two adjacent characters in S with one length 2 TD and two length 1 deletions that costs

a?+2- 3.

a? is the cost for the duplication and 2 - § is the cost for the deletions.
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ceX | OCCs(c) | OCCr(c)
1 3 3
2 5 4
3 2 2
4 1 3
5 1 4

Table 5.1: Occurrences of each character c € X in S and 7.

5.3.2.1 Algorithm to Create Stabilized Permutations Given T'wo Strings S, T'. Basically,

we are given two non-permutation strings S and T defined on the alphabet ¥ where each
string contains at least one occurrence of each character ¢ € ¥. Then we go through each
character ¢ € ¥ and check the relevant occurrences of ¢ in S and T'. If OCCs(c) = OCCr(c),
we leave it as it is. If OCCg(c)! = OCCr(c), then we define 6, = |OCCgs(c) —OCCr(c)|, and
we add J. occurrences of character ¢ to the string that contains fewer occurrences. We add

the extra characters next to the last occurrence of character ¢ in those strings. For example,

S =122321124325 ,
T = 5452321243215415 ,
S’ =12232112411325 ,
T' = 54523212432215415 .

In the preceding example and as illustrated in Table 5.1, it is evident that character 4
occurs only once in S compared to its three occurrences in T'. Consequently, we appended

two additional instances of the character 4 after its last occurrence in S. Similarly, in the case
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of T', which exhibits only four occurrences of character 2, we introduced an extra instance of
2 adjacent to the last occurrence of 2. These newly added characters are highlighted in green.
It is worth noting that both S and T” are of equal length, and each character maintains an

identical frequency in both S and T

Lemma 12. The cost C' for transforming non-permutation strings S and T to stabilized

permutations S’, T' can be calculated as follows:

C=d(s, 58 +d (1,7,

0 if OCCy(c) > OCCr(c)
S, =
OCCr(c) — OCCs(c) OCCs(c) < OCCr(c) ,
d(S,8)=> 6.-a',
ceS
0 if OCCr(c) > OCCy(c)
S, =

OCCs(c) — OCCr(c) OCCr(c) < OCCs(c)

d(T,T) =) 6.-B".

ceT

Essentially, the process involves determining the additional characters inserted into
the string S and evaluating the cost of duplicating these extra characters using the cost
of a length-1 tandem duplication. Conversely, in the case of the string 7', the approach is
reversed, as the transformation is from 7" to T'. Hence, the focus is on identifying the extra
characters introduced into 7" and calculating the cost of deletion for these characters. For

example,

S =122321124325 ,
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T = 5452321243215415
S’ = 12232112414325 )
T' = 54523212432215415

d(S,S") =5-a",
d*(T,T")=1-4", and
C=ba+p.

Next, we will look into the heuristics algorithm involving bubble sort distance for the
a > 2 parameter. We will prove why it is not a good choice for using WGD for this parameter

in following theorem.

Theorem 15. For two stabilized permutations with a parameter o > 2, if provided with a
sequence of arbitrary length tandem duplications (TDs) and deletions of any size, it is always
feasible to formulate a sequence utilizing only TDs of length 2 and deletions of length 1 that

incur no greater cost than the original sequence.

Proof. Since these are stabilized permutations, we can replace each character with a unique
character and create two proper permutations. Suppose we transform them into proper
permutations using any mapping that we can find.

The idea for this proof is to show that the minimum cost of any k-length duplication
and deletions associated with it can be simulated for lesser cost using a set of length-2
duplications and a set of length-1 deletion operations. Suppose we start with S” and perform
a tandem duplication of k length followed by k character deletions (it could be of one whole
block of length &k or up to k different length 1 blocks individually) to create the string S”.
Note that since these are now permutations, we need to drop k characters after we do a

k length duplication. Then, we can observe that, at most, there could be two maximal
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increasing substrings in S” compared to S’. Suppose P consists of the characters in the
first maximal increasing substrings, and @) is the set of characters in the second maximal
increasing substrings. Then, to calculate maximal bubble sort distance introduced between
S’ and S”, we need to consider all the ordered pairs of P and Q.

Note that any two characters in P will not contribute to the order difference since
they belong to one maximal increasing substring (respectively for @) as well). Only pairs of
elements between P and () can contribute to bubble sort distance. For example, in any (i, ;)
pair where ¢ € Q and j € P, if i appears before j in S”, it will contribute to bubble sort
distance since they are out of order. Therefore, the maximum bubble sort distance that can
be introduced by a k length duplication is |P| - |Q|. We can maximize this value by making
|P| = |Q| =% for even k and |P| = £ and |Q| = %5+ for odd k. Therefore, the maximum

(k+1)(k—1) .
~——,— for even and odd £, respectively.

bubble sort distance is either £ I or
Note that cost C' for length £ duplication and subsequent deletions will always lie in
between o + ¥ and of 4+ k- 3. The maximum cost will occur when we delete k-length block

at once and the minimum cost will occur when we delete &k length 1 characters individually.
k- C <o+ 68,

Now we can consider the functions f(k, o, ) = of + k-3 — (%042 + % -2- 1) for even k

and f(k,o,B) =a*+k-3— ((k_la‘(kﬂ) 2y (bl (kH 2- 81 for odd k which represents the
cost difference between choosing length £ TDs vs. length 2 TDs (using swapping adjacent
characters to sort the string). Note that under this model, we choose 3 < . We added S to
represent k deletions that occur after k-duplication. Since for each adjacency swap we need
to do two length 1 deletions, we added 2 - ﬁk— and 2 - —kH) to the cost function of the
length 2 duplication. When plotting for integers £ > 2 and a > 2, § < «, we will see that

the minimum value is attained at £ = 2. This proves that, under the o > 2 parameter, it
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is always better to use adjacency swaps for transforming the starting sequence to the target

sequence. ]

Theorem 16. Given a parameter a > 2 and two strings S and T where S is the original
string, we can approximate the number of tandem duplication operations needed to convert
S to T by calculating the bubble sort distance between S’ and T' where S','T" are stabilized

permutations,

d(S,T) =d(S,S") +dps(S",T') - (&*+2-B) +d*(T,T") .

Note that d(S,S’) is the cost for transforming the starting sequence into a stabilized
permutation, and d*(7,7") is the cost of transforming the stabilized permutation back to
the target sequence (Lemma 12). dpg(S’,T") is the bubble sort distance between S’ and T".

However, the distance metric under o = 1 is not symmetric, while the distance metric
for a« > 2 is symmetric. It is extremely difficult to create a symmetric distance metric
for non-permutation strings under the TDRL model. Therefore, in order to make the first

distance metrics symmetric, we offer the following resolution:.

Definition 14. We define symmetric distance measurement D(S,T) between two sequences
under the TDRL model and with o = 1, 8 < a parameters as follows,
d(S,T)+d(T,S)

D(S,T) = . .

We take the average distance from S to T" and T" to S under these models. This metric

can be used as a symmetric measurement for phylogenetic tree construction.
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5.3.3 Experiments

5.3.3.1 Experiments on Real-World Data Sets. We implemented the heuristic algo-

rithms in Java. These algorithms were run on a desktop with an Intel (R) Xeon (R)
CPU, 3.70 GHz, and 64 GB of RAM. These algorithms were subjected to testing using 43
distinct species’ mitochondrial gene order data, compared against the ancestral gene order
of vertebrates as detailed in [85]. The sequences and gene annotations for these 43 species
were obtained from the NCBI (https://www.ncbi.nlm.nih.gov/) database. The vertebrate
ancestral gene order utilized for testing was sourced from the same reference [85].

For the a = 2 heuristic algorithm, we calculated the bubble sort distance by modifying
the merge sort algorithm. Specifically, during the merge step of the algorithm, we computed
the inversions necessary to sort each sub-array. The inversions needed to calculate each
sub-array can be computed in linear time with respect to the size of the sub-array. This
allowed for the calculation of the bubble sort distance in O(nlogn) time complexity. On
the other hand, the o = 1 heuristic algorithm operates in O(n?) time, as it necessitates the

identification of maximal increasing substrings.

d(s,T) d(T,S)

Species MIS | TD | Dels | d(S,T) | MIS | TD | Dels | d(T,S) | D(S,T)
Clinocottus Analis 4 2 7 10 2 1 5 7 8.5
Boulengerula Taitana | 2 1 3 5 1 0 3 4 4.5
Lampris Guttatus 1 0 3 4 - - - 0 4
Hapalogenys Analis 1 0 3 4 - - - 0 4
Trichiurus Japonicus 1 0 3 4 - - - 0 4
Rudarius Ercodes 1 0 3 4 2 1 4 6 5
Dallia Pectoralis 2 1 4 6 2 1 4 6 6
Normichthys Operosus | 2 1 5 7 2 1 5 7 7
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Ambassis 7 7 7
Gymnocephalus

Aulorhynchus Flavidus 7 7 7
Trachyrincus Murrayi 7 7 7
Squalogadus Modifica- 7 7 7
tus

Cetonurus Globiceps 7 7 7
Coelorinchus 7 7 7
Kishinouyei

Ventrifossa Garmani 7 7 7
Uroplatus Fimbriatus 4 0 4
Kurtus Gulliveri 7 7 7
Ponticola Kessleri 7 7 7
Chamaeleo Arabicus 10 10 10
Xenagama Taylori 10 10 10
Uromastyx Benti 7 7 7
Phrynocephalus 10 10 10
Putjatai

Pagothenia 7 7 7
Borchgrevinki

Rhineura Floridana 7 7 7
Coloconger Cadenati 7 7 7
Ariosoma Shiroanago 7 7 7
Paraconger Notialis 7 7 7
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Conger Japonicus 2 1 6 8 3 2 6 9 8.5
Heteroconger Hassi 2 1 D 7 2 1 ) 7 7
Derichthys Serpentinus | 2 1 ) 7 2 1 ) 7 7
Nessorhamphus 2 1 D 7 2 1 ) 7 7
Ingolfianus

Cynoponticus Ferox 2 1 5 7 2 1 5 7 7
Muraenesox Bagio 2 1 5t 7 0 7
Facciolella 2 1 D 7 2 1 5 7 7
Oxyrhyncha

Hoplunnis Punctata 2 1 5t 7 2 1 ) 7 7
Nettastoma Parviceps | 2 1 ) 7 2 1 ) 7 7
Ophisurus Macrorhyn- | 2 1 6 8 2 1 5 7 7.5
chos

Chaenocephalus Acer- | 2 1 5 7 2 1 5 7 7
atus

Chionodraco Hamatus | 2 1 5 7 2 1 5 7 7
Notothenia Coriiceps 2 1 5) 7 2 1 5) 7 7
Aneides Flavipuncta- | 2 1 5 7 2 1 5 7 7
tus

Stereochilus Margina- | 2 1 D 7 2 1 ) 7 7
tus

Siphonops Annulatus | 2 1 7 9 3 2 7 10 9.5

Table 5.2: The table presents the results obtained by running the heuristics algorithm with
parameters a« = 1 and § = 1. It displays the distances from the vertebrate gene order to 43
different species, calculated using the heuristics algorithm.
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Species dps(S',T") | d(S,S") | d*(1T",T) | Distance
Clinocottus Analis 67 4 0 406
Boulengerula Taitana 0 2 0 2
Lampris Guttatus 0 0 1 1
Hapalogenys Analis 0 0 1 1
Trichiurus Japonicus 0 0 1 1
Rudarius Ercodes 25 0 1 151
Dallia Pectoralis 2 0 0 12
Normichthys Operosus 1 0 0 6
Ambassis Gymnocephalus | 1 0 0 6
Aulorhynchus Flavidus 1 0 0 6
Trachyrincus Murrayi 2 0 0 12
Squalogadus Modificatus 2 0 0 12
Cetonurus Globiceps 3 0 0 18
Coelorinchus Kishinouyei 3 0 0 18
Ventrifossa Garmani 3 0 0 18
Uroplatus Fimbriatus 0 0 1 1
Kurtus Gulliveri 1 0 0 6
Ponticola Kessleri 1 0 0 6
Chamaeleo Arabicus 2 0 0 12
Xenagama Taylori 2 0 0 12
Uromastyx Benti 1 0 0 6
Phrynocephalus Putjatai 37 0 0 222
Pagothenia Borchgrevinki | 6 0 0 36
Rhineura Floridana 6 0 0 36
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Coloconger Cadenati 4 0 0 24
Ariosoma Shiroanago 4 0 0 24
Paraconger Notialis 4 0 0 24
Conger Japonicus 7 0 0 42
Heteroconger Hassi 4 0 0 24
Derichthys Serpentinus 4 0 0 24
Nessorhamphus Ingolfianus | 4 0 0 24
Cynoponticus Ferox 4 0 0 24
Muraenesox Bagio 4 0 1 25
Facciolella Oxyrhyncha 4 0 0 24
Hoplunnis Punctata 4 0 0 24
Nettastoma Parviceps 4 0 0 24
Ophisurus Macrorhynchos | 7 2 0 44
Chaenocephalus Aceratus | 4 0 0 24
Chionodraco Hamatus 4 0 0 24
Notothenia Coriiceps 4 0 0 24
Aneides Flavipunctatus 4 0 0 24
Stereochilus Marginatus 4 0 0 24
Siphonops Annulatus 3 0 0 18

Table 5.3: Heuristics distance between vertebrate gene order and 44 species using the
heuristics distance method, where &« = 2 and § = 1 parameters. The d(S,S") column
indicates the cost of transforming S to S’, while the d*(7”,T) column indicates the cost of
transforming 7" to T.
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5.4 Ancestral Gene Order Reconstruction Using The Feedback Arc Set Problem for

Non-Permutation Strings.

5.4.1 Reducing Ancestral Gene Order Reconstruction Into a Feedback Arc Set Problem

For the construction of the ancestral gene order derived from two gene orders, we adopt
a slightly modified graph-based solution outlined in [23]. Let’s revisit Theorem 14, wherein
we established that the minimum number of tandem duplications required to transform S
into T is log,(ps(T")). This can also be represented in terms of the number of descents in
a graph. Consider non-permutation strings S = s182...5;...5, and T = titots.. . t; ... Ty,
Let us construct a graph G for S, where each character ¢ € S corresponds to a vertex. For
each (s;,s;41) with ¢ € [m — 1], we introduce a red edge e;, forming a chain-like structure
with m — 1 edges (refer to Figure 5.1 for an example). Next, we encode T into the graph
G. To achieve this, it is imperative to establish a mapping between characters in S and
T. This can be achieved by finding maximal increasing substrings of 1" relative to S and
recording the characters mapped by the increasing substring. Subsequently, for each (¢;,¢;11)
with ¢ € [n — 1], we add a blue edge to the graph G. Given the existence of a mapping for
each character, we can precisely determine the vertices corresponding to the edge (t;,t;11).
Let us call this modified graph Ggr. A descent in 7' relative to S occurs when an edge
e; = (t;,t;+1) signifies that ;41 precedes ¢; in S (as per the established mapping). For
example, let us consider the sequences S = 12234 and T' = 2133442 in Figure 5.1.

If we look at Figure 5.1, we can observe that by using maximal increasing substrings,
each character in 7' can be mapped to some character in S. The Gg 1 graph contains distinct
red and blue edges for each corresponding adjacency in .S and 7. The descents in the graph
Ggr in Figure 5.1 are edges (2,1), (3,3), (4,4), (4,2) (relative to ). We can see that each of
the mapped characters in these descents (edges) violates the order in S. Using this idea of

descents, we can see that the number of descents relative to S (denoted as k) in this graph is
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| T = 2133442

ps(T) = {2,13,34,4,2}

AL
T:] 2 1 3 3 4 4 2

1 2

N

2

Gsr

3 4
v S,

Figure 5.1: Example for the mapping between two strings S and 7. Note that there can be
some characters in S that are not mapped or mapped to more than one character in 7.
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k = ps(T) — 1. Consequently, TD(S,T) = [loga(k + 1)], where k is the number of descents
in the graph.

Suppose we can find a sequence P such that the descents of S and 7" in the graph Ggr
are ki and ks relative to P, If P minimizes the value [logs(k1 + 1)] + [loga(ke + 1)], we can
use P as a possible ancestral gene order for S and 7.

Therefore, our goal is to find a pair (b, 7) that minimizes the [logs(k1+1)]+[logs(ke+1)].
Hence, we aim to find the set of blue edges and the set of red edges that transform the graph
Ggsr into a directed acyclic graph (DAG). Then, we can pick any permutation of vertices
that is consistent with the topological sort of the remaining DAG, resulting in a string P that
minimizes the tandem duplication distance to S and T. In Figure 5.2, we illustrate three
possible directed acyclic graphs achievable by removing the minimum number of blue and red
edges, based on the example presented in Figure 5.1. In this example, we could remove two
edges and render the graph a DAG (note that we do not consider self-edges to be violating
the acyclic constraint). It is important to note that there could be multiple solutions for
the given directed graph, resulting in different possible ancestral gene orders. Furthermore,
depending on the string that we choose to be the source sequence S, the resulting ancestral
gene order may differ from other solutions (the roles of S and T could be interchanged).
Additionally, we do not consider the self-edges to be violating the order of the vertices. This
is because, when we can consider a sequence P that uses the consecutive repeating characters
represented by the self-edges, self-edges would not be considered as descents in regards to
S or T'. Thus, they maintain the continuity of consecutive repeated characters in the final
solution.

Figure 5.2 illustrates three possible DAGs that we can get by removing two edges from
the Ggr in Figure 5.1. Let us consider the 5.2 (I) DAG. As we can see, the graph does not
have any cycles except self-edges. Therefore, we can find a topological order in this graph.

One possible order would be 212334. Note that when we reach a node with self-edges, we
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exhaust the weight of the self-edges by repeating the character represented by that node
before moving to the next node in the topological order. If we have multiple self-edges at a
particular node, we can consolidate all the self-edges by replacing them with one self-edge

with weight attached to it. The weight would signify the number of previous self-edges.

P = 2123344,
pp(S) = {12,234},
pp(T) = {213344,2} .

For the 5.2 (III), possible topological orders would be 2123344 and 1223344. For P =
1223344,
P =1223344 |

pp(S) = {12234},
pp(T) = {2,13344,2}

We can see that the sum of maximal increasing subsequences from P to S and T is
4 in both of these cases. Therefore, possible ancestral gene orders for S and T" would be
2123344,1223344.

Finding the set of edges that remove cycles in a DAG is called the feedback arc
set problem. However, this problem is NP-complete. Given that real-world gene orders
of mitochondrial genes typically comprise around 35 to 50 genes, we could use several
approaches to solve this problem. These include using brute force, approximation algorithms
[41], FPT-algorithms [24], or the MIP formulation [4] of the feedback arc set problem.
It is important to note that we do not input the self-edges to the MIP instance of the

implementation. However, when we output the ancestral gene order, we use the self-edges
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Figure 5.2: Three possible directed acyclic graphs achievable by removing the minimum
number of blue and red edges, based on the example presented in Figure 5.1.

to output repeated consecutive characters.

5.4.2 Experiments

The feedback arc set solver was implemented utilizing the Mixed Integer Programming
(MIP) formulation outlined in [4]. Google OR-Tools were used to solve the MIP formulation
[92]. A concise overview of the MIP formulation is presented below.

The primary objective of the formulation is to determine the minimum cost ordering 7*
of the nodes of G = (V, E). Let ¢; ; denote the cost of the edge (i,7) € E, and let ¢;; = 0 if
(i,7) ¢ E. Depending on the objective, we can make ¢; ; be 1 or the weight of the edge (3, j)
in the graph. If we need to minimize the cardinality, we can make ¢; ; = 1. Otherwise, ¢; ;
is the weight associated with the edge. Furthermore, we define binary variables y; ; for all
i,7 € V,i# j. We encode the following information in the binary variable y; ;: let y; ; = 0 if
node ¢ precedes node j in 7, and let y; ; = 1 otherwise. Any ordering 7 uniquely determines

a corresponding y. We can use the following integer linear programming formulation:
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n 7j—1 n
mymz (Zlc;w-y;m + Z Cl,j(l - yj,l))

j=1 k= l=j+1
subjects to

Yij tyik—Yix <1, 1<i<j<k<n
—Yij — Yk — Uik <0, 1<i<j<k<n
vi; €{0,1} 1<i<j<n

Any y that correspond to the above formulation must corresponds to an ordering. Note
that there are O(n?) binary variables and O(n?®) constraints. During the experiments, if
multiple directed edges were observed from node ¢ to node j within the directed graph
instance, we simplified these edges by substituting the multiple edges with a single directed
edge. The weight of this consolidated edge is equal to the cumulative edge count of previous
directed edges originating from node 7 to node j.

The ancestral gene order reconstruction algorithm was subjected to testing using 23
distinct species’ mitochondrial gene order data. These specific species have been previously
studied and documented in references [85] and [66]. From the pool of 23 species, we
selected 18 pairs of mitochondrial gene order sets for further analysis using the ancestral gene
order prediction algorithm. The sequences and gene annotations for these 23 species were
sourced from the NCBI (https://www.ncbi.nlm.nih.gov/) database. In order to facilitate
easier comprehension of the gene order, one-letter abbreviations of amino acids were used
to annotate certain genes within the mitochondrial gene order. The summary of ancestor
prediction tests is summarized in 3.1. Please refer to the figures mentioned in Table 3.1 for

more information about the predicted gene order.
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Test Species Elapsed | TD(A,S) | TD(A,T) | TD(S,T) | Fig.
time
(1ns)

Siphonops Annulatus

1 452 1 1 2 5.3
Trachyrincus Murrayi
Siphonops Annulatus

2 738 1 1 2 5.4
Ponticola Kessleri
Hamaeleo Africanus

3 107 0 2 2 5.5
Siphonops Annulatus
Siphonops Annulatus

4 639 1 0 2 5.6
Lampris Guttatus
Rhineura Floridana

5 577 0 2 2 5.7
Siphonops Annulatus
Siphonops Annulatus

6 580 1 0 2 5.8
Hapalogenys Analis
Normichthys Operosus

7 96 0 2 2 5.9
Pagothenia Borchgrevinki
Dallia Pectoralis

8 131 0 1 1 5.10
Muraenesox Bagio
Dallia Pectoralis

9 116 0 2 2 5.11
Squalogadus Modificatus
Clinocottus Analis

10 90 0 2 2 5.12
Aulorhynchus Flavidus
Ventrifossa Garmani

11 111 0 2 2 5.13

Normichthys Operosus
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Test Species Elapsed | TD(A,S) | TD(A,T) | TD(S,T) | Fig.
time
(ms)

Aulorhynchus Flavidus

12 94 0 2 2 5.14
Ponticola Kessleri
Rhineura Floridana

13 509 1 1 2 5.15
Chamaeleo Africanus
Hoplunnis Punctata

14 97 0 2 2 5.16
Ventrifossa Garmani
Hemisus Marmoratus

15 227 1 2 3 5.17
Chamaeleo Arabicus
Hemisus Marmoratus

16 276 0 2 2 5.18
Hyperolius Marmoratus
Hyperolius Marmoratus

17 269 1 2 3 5.19
Trichobatrachus
Robustus
Hyperolius Marmoratus

18 284 1 2 3 5.20
Breviceps Adspersus

Table 5.4: This table contains a summary of the ancestor gene order prediction tests.
TD(A,S) and TD(A,T) columns represent the minimum tandem duplication needed to
transform the ancestor (A) into S and 7. The elapsed time column contains the time taken
by the algorithm to generate the ancestor sequence (ms). The TD(S,T) column represents

the minimum number of tandem duplications required to transform S to T
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[F[12s]v]1es] L [npa]i]a]m]np2]a]c]w]n]v]coxa]s][o]cox2]k]aTrs]aTtes]coxa]c[np3 R[NDaL[ND4a]H]s] ] nDs]nDe] el cvra]T]P[cR]
Siphonops Annulatus
[Fl12s]v]16s] © [np1]i]a]m]np2]w]a] n]c]¥]coxa[s]p]coxa[k]atps]aTrs] cox3]6[nD3]r] D4t [nDa]H]s] i nDs]nDs]e] cvraT]p] cq]
Predicted ancestor gene order
[Fl12s]v]1es|nD1] 1 [i]a]m[nD2|w]a] N]c|v]coxa|s|o]cox2|k|aTrs|aTes|coxa|c|[nD3 R[NDaL|ND4[H|s| | nDs|nD6| Ef cvra|T]P|cR]
Trachyrincus Murrayi

Figure 5.3: Ancestor gene order prediction between Siphonops Annulatus and Trachyrincus
Murrayi.

[Fla2s]v]1es]fnoa] 1 Jalm]no2] a]clw]n]v]coxa]s[o]coxa]k]atrs]atre] coxa] g npa]r]nDaL] nDa]H]s] [ nDs[npe] el cvre] ] p]cr]
Siphonops Annulatus
[Fl12s]v]16s]i|np1] 1 |alm]np2|w]a| n]c]y|coxi|s|p|coxz|k|atrs|aTrs | cox3| 6| np3[r|nD4L | nDa[H5] | ND5 [nD6 | €| cvTB[T] P| CR]
Predicted ancestor gene order
[Fl12s]v]16s| i nD1]a] 1 [m]nD2[w]a| n]c]¥]coxi|s|p|cox2|k|atrs|aTPs| coxa| | nDa[r|ND4L| nD4[H[s] | nDs [ND6 | | cvTe[T]P] cR]
Ponticola Kessleri

Figure 5.4: Ancestor gene order prediction between Siphonops Annulatus and Ponticola
Kessleri.

[Fl12s]v]1es]i[np1]a] 1 [mM][nD2]w]a] n]c]¥]coxa|s|p]cox2]k[aTra] atP6] cox3]c|nD3| R nDaL[nDa|H]s|  [nDs|nDs| E] ore] 1] cr] P |
Hamaeleo Africanus
[[12s]v]1es[ i noa]a] 1 [m]no2lwla] n]c]v]coxa]s]p]coxa]k]atps] ape] coxa] 6 np3[r] npaL nDa]H]s[L]nos]nDe] ] crra] ] cr] P ]
Predicted ancestor gene order
[F[125]v]16s][i[np1] 1 [a]m]no2] Al c]w]n]¥]coxa]s]p]cox2k[aTra] atP6] coxa]c[np3| R nDaL[nDa[H]s|  [nDs]nos| e] T[] P [cA]

Siphonops Annulatus

Figure 5.5: Ancestor gene order prediction between Hamaeleo Africanus and Siphonops
Annulatus.

[Fl12s]v]1es]fnpa]i]alm]np2] A w]n]v]coxi]s|o]coxa[k|aTps|aTPe] coxa] | nDa|r[NDat]npa]u]s| L[ nDs | npe|e]cvta]T] P | cr]
Siphonops Annulatus
[Fl12s]v]16s] i np1]i]a[m]np2|w]a] n]c|v][coxi]s|o|cox2|k|aTrs|aTPe| coxa]c|nDa|R[nD4aL]nD4 H]s| L nDs [NDe|E]cvta|T] P | ch]
Predicted ancestor gene order
[Fla2s]v]1es]noa]ilam]np2]w]a] n] c[v][coxi]s[o]coxz]k[atps]atre] coxa]c[nD3]r[nDa]nDa]H]s] L nDs D6 e] cvia] ] cr]
Lampris Guttatus

Figure 5.6: Ancestor gene order prediction between Siphonops annulatus and Lampris
Guttatus.
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[l 12s]v]1es]i]nD1]i]a]m[nD2[w]a] n]c]¥[coxi]s]o]coxz| k] aTes|aTPs| cox3| 6] nD3[r[NDaL[NDa] H]s] (] nDs [cvTe]T] P [nD6]E]cR]
Rhineura Floridana
[Fl12s]v]1es]noa]ilalmno2]w]a] n]c]v]coxa]s]o]coxa]k]atra]atre] coxa] s np3[r]nDaL]noa]H]s] nos]cyre] 1] P [npe]€e]cr]
Predicted ancestor gene order
[l 12s]v]1es]i]no1]i]alm[nD2] A ]c]w]n]¥[coxi]s] o] coxz| k] aTeg|aTPe| cox3| 6] np3[r[NDaL[nDa] H]s] (] nDs [ npe [ e] cyte] T [r]crR]

Siphonops Annulatus

Figure 5.7: Ancestor gene order prediction between Rhineura Floridana and Siphonops
Annulatus.

[Fl12s]v]1es]L]npa]i]a]m]np2] A c]w]n]v] coxa]s]p]coxz[k|atps] atp6] coxa] s [npa] ] nD4aL] nDa]H]s]L[nDs | nos] e cvma] 1] P [ cR]
Siphonops Annulatus
[Fl12s]v[1ss]inp1]iIfa]m]|np2]w[a] N|c]Y|coxi]s|p]|coxa|k|aTrs|aTPs| cox3| a|ND3|R| ND4L|ND4|H]s]1[ND5|ND6|E[cvB[T] P [ cR]
Predicted ancestor gene order
[Fl12s]v]1es] i np1]i]a]m]np2]w]a] n]c]v] coxa]s]p]coxz k] ates] atr6] coxa] s]npa]r[nDat]npa]n]s] L nDs | nD6] ] cvma] 1] cr]
Hapalogenys Analis

Figure 5.8: Ancestor gene order prediction between Siphonops Annulatus and Hapalogenys
Analis.

[Fl12s]v]1ss]i]nD1[i]a]mnp2]w]a]n] ] v[coxi]p]s[coxz|k]atpa]aTrs] cox3] ] nD3]r] nDaL] nDa]H] ] nps] nos [e] cyta] T [r]
Normichthys Operosus
[F]12s]v]1ss]i|nD1[i]a]m[no2]w]a|n]c]v[coxi|p]s|[coxz|k]| ates|aTes | cox3| G| nD3| &| nDat | nDa]H| 5|1 nDs | noe [E] cyra] T |P]
Predicted ancestor gene order
[F]12s]v]1ss|i|nD1[i]a]m[no2]w]a|n]c]v[coxi] s| o coxz|k|aTrg|aTes| cox3| 6| nD3|R| ND4aL| D4 H|s| | nDs|cyme|T] P [nD6|E|
Pagothenia Borchgrevinki

Figure 5.9: Ancestor gene order prediction between Normichthys Operosus and Pagothenia
Borchgrevinki.

[F]12s]v]16s] i np1]i{alm]no2]w]a]n]c]¥[cox1]s]p] coxa[k]aTra]aTre | coxa] 6] nD3[r] D4t ] nD4]H]s] 1] nDs | D6 ] ] cvre]p] cr] 1]
Dallia Pectoralis
[F]12s]v]1ss] i np1]i{alm]no2]w]a]n]c]¥[cox1]s]p] coxa[k]aTPa]aTPe | coxa] 6] nD3[r] nD4L ] nD4]H]s] 1] nDs | D6 ]l cvra]p] cr] 1]
Predicted ancestor gene order
[Fl12s|v|16s|i|nD1]1]afm]np2]w]a]n|c|v]coxa]s|p|coxa|k|aTre|aTrs | cox3] 6| nD3|R|NDaL | nDa|Hs] 1] nDs | ovre] 1] nDe | E] cr]

Muraenesox Bagio

Figure 5.10: Ancestor gene order prediction between Dallia pectoralis and Muraenesox bagio.
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[Fla2s[v]ies] L [noi]ilalm]no2]w]a]n]c]y]coxa]s]p]coxz[k]atrs]atre] coxs]s|npa]r]npat] npa]H]s] L nDs]nD6]E] ovTs]
Dallia Pectoralis
[Fl12s|v[1es] L [noi|i]alm|np2{w|a|n]c]y|coxi|s|o|coxa|k]|aTra|atre|cox3|c|nD3|r]NDaL|NDa|n]s| L [nD5|NDB|E] CvTa|
Predicted ancestor gene order
[F]a2s][v]1es]noa] 1 Ji[a]m[np2]w]a]n]c]¥[coxa]s]p]cox2[k[aTrs]aTr6| cox3] 6 [nD3[R] ND4L]ND4[H] [ L[nD5]ND6 | E[ crTB]
Squalogadus Modificatus

Figure 5.11: Ancestor gene order prediction between Dallia Pectoralis and Squalogadus
Modificatus.

[F[a2s]v]1es[cr] P [i[noa] 1] a [m[no2]w][a]n] ¢ Jv[coxa] s JoJcoxa] « Jatps[atre[coxs[c] nD3 ] R [npafnoa[H] s | L [wnps]noe]e[cvis] T]cr]p]
Clinocottus Analis
[Fla2s]v]aes[cr] P [i[noa] 1] a [m[no2]w]a]n] ¢ Jv[coxi] s JoJcoxa] k Jatre[atrs[coxs[c] nD3] R [npa]noa[H] s | L [nps[nos]e[cvie] T]cr]p]
Predicted ancestor gene order
[F[12s]v]1es] L [noa[i] o [m[no2]w] a [n]cv[coxa][s] o Jcoxa[k[atre]atrs[cox3] [ no3[rR[npai]npa] s [ v Ji]nps[nos] € Jovis[t] p Jcr]
Aulorhynchus Flavidus

Figure 5.12: Ancestor gene order prediction between Clinocottus Analis and Aulorhynchus
Flavidus.

[J12s[v[16s[cr] P Ji]npa] 1] a [m]np2]w]a[n] ¢ [¥]coxa] s [bJcoxa] « [ates|ates[coxs]c] no3] & [noai[noa]u] s T [nos]noee[cvrs] 1]cr]e]
Ventrifossa Garmani
[F[2s[v[1es[cr] P JuInpa] 1] a [m[np2]w]a[n] ¢ [¥]coxa] s [pJcox2] « Jatrs|atrs[coxs[c] no3] r [noa[noa[u] s | v [nos]noe]e[cvrs] T]cr]r]
Predicted ancestor gene order
[F]azs]v]16s] L [no1] 1] @ [m[np2]w] a [n]c[v][coxa[s] o [coxz[[ates[atps[coxs] & [ wnp3[r]npai[npa] s | n Ji[nos[nos] € Jovms[i] P Jcr]
Normichthys Operosus

Figure 5.13: Ancestor gene order prediction between Ventrifossa Garmani and Normichthys
Operosus.

[F[a2s]v]1ss[i]np1] 1 Ja]m]np2]w]a[n]c] v[cox1]s]p] coxa][k]atr8]aTPs | coxa] ] np3]r[ D4t nD4] s [H] ] nDs[nDe €] cva]T]P] cR]
Aulorhynchus Flavidus
[F]a2s]v]16s|i{npa| i [a]m[np2[wla[n]c]¥|coxa|s|p|cox2|k| atpg] aTre | coxa| 6| N3] r[nDatL |nDa] s [H]1[nDs[nDe| e| cvra|T]P| cR]
Predicted ancestor gene order
[Fl12s]v]1ss]t]np1]a] 1 [m]nD2]w]a[n]c]v[cox1]s]p]coxa[k]atra]aTPs | coxa] ] np3]r[ D4t [NDa] ] s 1] nDs[nD6 €] cvia]T]P| cR]
Ponticola Kessleri

Figure 5.14: Ancestor gene order prediction between Aulorhynchus Flavidus and Ponticola
Kessleri.
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[Fl12s]v]1es]L[nDa] 1 [a]m]np2]wla]n]c]Y] coxi]s]p]coxz|k]atra] atps] coxa] c[npa] R nDaL nDa]n]s]L[nps] cvre] ] P [npe] £
Rhineura Floridana
[F]12s]v]1es[i[no1] 1 Ja]m]np2]w]a]n]c]v]cox1]s][p[coxz2[k]atrs] atP6] coxa] s [nDa[r[ D2 ] nDa]H] ]t [nDs] no6 [e]cyme] T [cr
Predicted ancestor gene order
[F]12s]v]1es]i[np1]a] 1 [M]nD2]w]a]n]c]v]cox1]s]p[coxa|k] atrs] atPs] coxa] s [nD3[r[nDa L] nDa]H]s] L [nDs] N6 [e]cyme] T [cr
Chamaeleo Africanus

Figure 5.15: Ancestor gene order prediction between Rhineura Floridana and Chamaeleo
Africanus.

[[12s]v]1ss[ ] no1]i] o] m] no2[w]a]n] ] ] coxi[s[ o] coxa [k] ates] atre ] coxa]a] no3[r] npat [ npa]H] s] [ nos[ cvte] 1 [nos[e]p]cr]
Hoplunnis Punctata
[[12s]v]1ss[ ] D1 a] m] no2[w]an] ] ¥] cox1[s] o] coxa [k] atrs] aTre ] coxa] 6] np3r] nDat [ npaH] s] [ nps cve] T [nos[e]pP]cr]
Predicted ancestor gene order
[[12s]v]1ss[ ] o1 o] m] no2[w]an] ] ¥] cox1[s] o] coxa [k] atrs] aTre ] coxa] 6] np3[R] nDat [ npaH] s] ([ nos] nos [avte] T Te]E]cr]
Ventrifossa Garmani

Figure 5.16: Ancestor gene order prediction between Hoplunnis Punctata and Ventrifossa
Garmani.

[F[12s]v][16s][L]noa] 1Ta[mno2]w]n]otJa[c] v Jcoxa]s] o Jcox2] k [atrs[atpe]cox3] & [np3] R [npai[npa[n[s[nos[nps] € Jovme] P [ L] T]cr]
Hemisus Marmoratus
[F[12s]v]16s][ino1] 1Ta]m[no2]w]n]ot]a]c] v Jcoxa]s] o Jcoxz] k [atrs[atpe[cox3] @ [np3] R [wpai[npa[n[s] L [nos[noe] € Jovme] T]cr[ p]
Predicted ancestor gene order
[[12s]v][16s]i[np1]a] 1 [m[np2]w]a] n]c[¥[cox1] s [oJcox2] « Jates]atre[cox3] 6 [mp3] R [npat] npa] w [s[i]nos[noe] € Jovms] 1 Jer]p]
Chamaeleo Arabicus

Figure 5.17: Ancestor gene order prediction between Hemisus Marmoratus and Chamaeleo
Arabicus.

[Fl22s[v]1es] L [npa] 1 Ja] m [noz[w]n] oL [aJc] v Jeoxi]s] oJcoxz[k[atrs] atpe]coxs]c] no3 [R[nDat]nDa[ H [s[nos[nos] e Jorms[r[ 7 [ cr]
Hemisus Marmoratus
[Fl22s[v]1es] L [npa] 1 Ja] m [noz[w]n] oL [aJc] v Jeoxi]s] oJcoxz[k[atrs] atpe]coxs]c] no3 [R[nDat]nDa[ H [s[nos[nos] e Jorms[r[ 7 [ cr]
Predicted ancestor gene order
[P[ 7 ] F Jazs[ v Jaes[i]np1] 1 Ja]m[no2][crR]m]np2] w [nJo] A Jc[ v Jeoxi] s [oJcoxz[k]aTrs]atrs[coxa[c[np3] R [npai[npa[n[s[nps[nDe[E]cyB]cr]
Hyperolius Marmoratus

Figure 5.18: Ancestor gene order prediction between Hemisus Marmoratus and Hyperolius
Marmoratus.

[coxa[s[p[coxz[k]atps]aTre] coxa]G[nD3[R[nDaL[NDa[H]s[NDs[NDe]e[cvTB[cR[P] T[] ¢ T12s]v] 16s] L [nD1]iJo]m]np2]cr] m [np2] w [nJoi[al ¢ TYT T T 111
Hyperolius Marmoratus
[coxa[s[p]cox2[k]ates]aTre] coxa][nD3[R[nDaL[NDa[H]s[nDs[ND6]E[cvTB[cR[L] T]P] ¢ T12s]v] 16s] L [nD1]iJo]m]np2]crR] m [np2] w [nJoi[al c TYT T T 111
Predicted ancestor gene order
[coxa[s[p[cox2[k]ates]atre] coxa]G[nD3[R[nDaL[NDa[H]s[NDs] cR JL] T [ e [e[H]s[nos[nos[e[cvts]cr] L [r[p] e[12s] v]1es] L [no1]i] a]m]no2]w]n]oi]a]c]Y]
Trichobatrachus Robustus

Figure 5.19: Ancestor gene order prediction between Hyperolius Marmoratus and Trichoba-
trachus Robustus.
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[coxa]s[o[cox2]k]aTps]aTPe[coxa[c[np3[R[nDa]nDa[H] s [nos[nos] € Jovrs[cr[p] T [ £ Jizs]v]ies[i[noa]1] @ [m][nD2]cr]m[nD2]w] N Jou] A []Y]

[cox1[s[o[cox2]k]aTrs]aTPe[cox3[G[ND3[R[ND4L]NDa[H] s [nDs[npe] € [evrs] T]i] cr[p] £ J1zs]v]1es[L[npa]1] @ [m][nD2]cR[m[ND2]W] N Jou] A [c]Y]
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Figure 5.20: Ancestor gene order prediction between Hyperolius Marmoratus vs Breviceps
Adspersus.

5.5 Conclusion

In this chapter, we explored a distance measurement for non-permutation strings
under the tandem duplication random loss (TDRL) model with the objective of facilitating
phylogenetic tree construction for mitochondrial gene order data. In the previous literature,
distance measurements for the TDLR model did not consider non-permutation strings, as
per our knowledge. Moreover, it considered tandem duplication and deletion operations as
one atomic event. To address this gap, we introduced two parameters, o and 3, serving as
cost function parameters for duplicated blocks and deleted segments. We considered o* and
(% as the costs associated with duplicating and deleting length k blocks, respectively. Our
objective was to develop heuristic algorithms to calculate the minimum distance between
two input sequences under the given parameter values.

For @« < 1 and o > 1, we proposed two different heuristic algorithms to compute
the TDRL distance between two input sequences. When o = 1, the cost of duplication is
independent of the length of the block. Thus, whole genome duplication (WGD) was used
as a heuristic choice. Conversely, when o > 1, WGD was no longer a good heuristic choice;
thus, bubble sort distance was used as the heuristic choice. Finally, we introduced a heuristic
algorithm to predict ancestor gene order between two input gene orders for non-permutation
strings. We reduced predicting the ancestor gene to finding the feedback arc set of a graph
instance.

We implemented TDRL distance heuristic algorithms and tested mitochondrial gene
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order data from 43 species. We calculated the distance from these 43 species to the vertebrate
gene order. The ancestral gene-order prediction algorithm was tested on 23 distinct species’
mitochondrial gene-order data. The algorithms were implemented in Java and tested on a
PC with an Intel (R) Xeon(R) CPU, 3.70GHz, and 64 GB of RAM. As the feedback arc set
problem is NP-hard, we used a mixed integer programming (MIP) formulation and solved it
using Google OR-Tool libraries.

As for future research directions, future research could explore extending distance
measurements to circular gene order data. As mitochondrial genomes are circular, lacking a
distinct starting point, it would be beneficial to extend the distance measurement algorithm
and ancestral gene order prediction algorithm to consider all the possible alignments of two
circular gene order data. Moreover, it would be useful to incorporate the signs of the genes

into these distance measurements and the ancestral gene order prediction algorithm.
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CHAPTER SIX

SUMMARY

In this dissertation, we have investigated four problems related to genome rearrange-
ment. Chapter 2 presents several variants of the MSR (Maximal Strip Recovery) problem,
termed the F-Strip Recovery problem. Part of this chapter has been published in the
proceedings of the 19" International Conference on Comparative Genomics (RECOMB-CG
2022) [68]. Chapter 3 discusses the longest letter-duplicated subsequence problem, which is
related to tandem duplications and aims to extract information about duplicated genome
blocks. Part of this chapter has been published in the proceedings of the 33"¢ Annual
Symposium on Combinatorial Pattern Matching (CPM 2022) [72]. Chapter 4 introduces
the longest subsequence-repeated subsequence problem, which can be viewed as a higher
generalization of the longest letter-duplicated subsequence problem. Part of this chapter has
been published in the 16th Annual International Conference on Combinatorial Optimization
and Applications (COCOA’ 23) [67]. The final chapter focuses on distance measurements
for non-permutation strings under the tandem duplication random loss (TDRL) model. We
tested proposed heuristic algorithms on real-world data sets and published the results in this

dissertation.



111

CHAPTER SEVEN

CONCLUSION

In this dissertation, we have investigated several problems related to genome rearrange-
ments.

In chapter 2, we investigated variations of Maximal Strip Recovery (MSR) problem,
which we call the F'-Strip Recovery problem. Basically, this problems deals with partitioning
a given sets of strings into blocks of available sizes. These variations could be considered
as higher generalization of MSR problem. We explored variations of this problems under
different parameters and conditions such as allowed block sizes, bounded and unbounded
alphabets and allowing markers to be deleted. We proved that Exact F-Strip Recovery
problem is NP-hard for unbounded alphabets and unbounded F' (block size list). Most
importantly, we showed that it is challenging to partition two genomes into blocks of sizes
from any fixed list unless we restrict ourselves to one size. Additionally, we provided
a polynomial-time algorithm for the optimization version of GSR-F problem for fixed
alphabets.

In chapter 3, we looked at the problem of longest letter-duplicated subsequence (LLDS).
Essentially, given a sequence S, letter-duplicated subsequence is a subsequence in the form
of xPaP .. 2™ where z; € ¥,2; # 2;4, and d; > 2 for all i € [k] and jin[k — 1].
Each xfi block is called a LDS block. Finding the longest such subsequence for a given
sequence is called longest letter-duplicated subsequence problem. We showed that LLDS
problem can be solved in polynomial-time using a dynamic programming solution. Then
we looked at a special variation of this problem called constrained longest letter-duplicated
subsequence problem (LLDS+), wherein we require LLDS solution contain all the letters in

the alphabet. We proved this version of this problem is NP-hard for parameter d > 4, using
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a reduction from (3%, 1,27)-SAT problem. In this case d is the maximum occurrence of any
letter in the alphabet. Furthermore, we showed that when d < 4 LLDS+ is polynomially
solvable. Essentially, we found the parameter that makes this problem difficult to solve.
Additionally, we showed that obtaining a bi-criteria approximation for LLDS+(4) is as
difficult as approximating LLDS+(4).

In chapter 4, we investigated the longest subsequence-repeated subsequence (LSRS)
problem. This problem can be viewed as a higher generalization of LLDS problem that we
investigated in chapter 3. The major difference of LSRS problem is that we aim to find
the subsequence-repeated blocks in the given sequence instead of letter-duplicated blocks.
In retrospect, given a sequence S, we are asked to find a subsequence-repeated subsequence

in the form of z{'z{"

-z where x; is a subsequence of S and z; # x;11 and d; > 2, for
i€ [k],j€[k—1]. 2% is called a subsequence-repeated block (SR-block). First we showed
that finding the longest subsequence-repeated subsequence for a given input sequence .S is
polynomially solvable. We provided a dynamic programming solution for LSRS problem.
Notably, we used two sub-problems in this dynamic programming formulation; the longest
square subsequence problem and longest cubic subsequence problem. We demonstrated a
graph based algorithm that allows us to calculate longest square subsequence and longest
cubic subsequence of all substrings in a given sequence. We showed that longest cubic
subsequences of all substrings can be calculated in O(n®) time. Next, we explored the
constrained version of LSRS problem (LSRS+), and showed that this problem is NP-hard
for parameter d > 4. Similarly, parameter d is the maximum allowed duplication of each
letter in the given input sequence. The strings problems that we explored in chapter 3 and
chapter 4 can be used to extract information about the genes that may have underwent
tandem duplication events. As mentioned in chapter 4, finding minimum number of tandem

duplication to transform a source sequence S to 7" is NP-hard [71], therefore, LLDS and

LSRS formulations can be used to extract some information about genes that may have
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underwent tandem duplications.

In this last chapter, we explored a distance measurement for non-permutation strings
under tandem duplication random loss model (TDRL) for mitochondrion gene order data.
Existing literature was based on the permutation strings, therefore we improved distance
measurements calculations for non-permutation strings. This distance measurement could
be used to generate phylogentic trees for gene order data. We introduced two heuristics
algorithms for calculating distance between non-permutation strings under TDRL model.
These heuristics algorithms were implemented and tested on 23 set of real world data sets.
Furthermore, we introduced an algorithm for predicting ancestral gene order of two given
gene orders. We tested this algorithm on a pool of 23 species’ mitochondrial gene order data.
A possible direction for future work for this chapter would be to consider mitochondrial gene
order data as a circular string and extend this proposed distance measurement for circular

strings.
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