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Abstract:
The object of this investigation was to develop an analytical method for predicting the permanent
deformation of a simply supported circular plate subjected to a blast loading. This development is
based upon using the circular plate equations in conjunction with a hyperbolic tangent stress-strain
relationship. The Modified Galerkin Method was used in obtaining solutions. The linear stress-strain
relationship (Hooke's Law) was included to allow a comparison of results. The effects of strain rate
sensitivity and time duration of blast loads upon deflection were also investigated.

By using the results of an experimental bomb blast test, a comparison of results was performed. From
this comparison, it was found that by using the method developed, the plate deflections are greatly
overestimated. This error results from using the plate equations which neglect the stretching effect
upon the plate. Evidently, the energy absorbed by stretching is very significant when compared to the
energy absorbed by bending. 
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ABSTRACT

The o b j e c t  o f  t h i s  i n v e s t i g a t i o n  was t o  d e v e lo p  an  a n a l y t i c a l  
m ethod f o r  p r e d i c t i n g  th e  p e rm an en t d e fo rm a t io n  o f  a s im p ly  s u p p o r te d  
c i r c u l a r  p l a t e  s u b je c t e d  to  a b l a s t  lo a d in g .  T h is d e v e lo p m en t i s  
b a s e d  upon u s in g  th e  c i r c u l a r  p l a t e  e q u a t io n s  in  c o n ju n c t io n  w ith  a 
h y p e r b o l i c  t a n g e n t  s t r e s s - s t r a i n  r e l a t i o n s h i p .  The M o d if ied  G a le rk in  
M ethod was u se d  i n  o b ta in in g  s o l u t i o n s .  The l i n e a r  s t r e s s ' - s t r a i n  
r e l a t i o n s h i p  (H o o k e 's  Law) was in c lu d e d  t o  a l lo w  a co m p ariso n  o f 
r e s u l t s .  ■ The e f f e c t s  o f  s t r a i n  r a t e  s e n s i t i v i t y  and  tim e  d u r a t i o n  of 
b l a s t  lo a d s  upon d e f l e c t i o n  w ere a l s o  i n v e s t i g a t e d .

By u s in g  th e  r e s u l t s  o f  an  e x p e r im e n ta l  bomb b l a s t  t e s t , 'a  com­
p a r i s o n  o f  r e s u l t s  was p e rfo rm e d . From t h i s  c o m p a riso n , i t  was found  
t h a t  by  u s in g  th e  m ethod d e v e lo p e d , th e  p l a t e  d e f l e c t i o n s  a r e  g r e a t l y  

■ o v e r e s t im a te d .  T h is  e r r o r  r e s u l t s . fro m  u s in g  th e  p l a t e  e q u a t io n s  w hich 
n e g le c t  th e  s t r e t c h i n g  e f f e c t  upon th e  p l a t e . E v id e n t ly ,  th e  e n e rg y  
a b s o rb e d  by  s t r e t c h i n g  i s  v e ry  s i g n i f i c a n t  when com pared to  th e  e n e r g y  
a b s o rb e d  by  b e n d in g .



CHAPTER I

INTRODUCTION AND STATEMENT OF PROBLEM

A t th e  p r e s e n t  t h e r e  a r e  no a n a l y t i c a l  m ethods a v a i l a b l e  t o  a c ­

c u r a t e l y  p r e d i c t  th e  p e rm a n en t d e fo rm a t io n  o f  a s im p ly  s u p p o r te d  p l a t e  

s u b je c t e d  t o  b l a s t  l o a d in g .  T h is  b l a s t  lo a d in g  may r e s u l t  i n  l a r g e  

d e f l e c t i o n s  b e in g  e x p e r ie n c e d  by  th e  p l a t e .  I n  g e n e r a l ,  a n a l y t i c a l  

s o l u t i o n s  do n o t  p ro d u ce  v a l i d  r e s u l t s  s in c e  th e  e q u a t io n s  o f  m o tion  

o f  th e  p l a t e  a r e  b a s e d  on s m a l l  e l a s t i c  d e f l e c t i o n  th e o r y .  T h is  b l a s t  

p ro d u c e s  an  im p u lse  ty p e  lo a d in g  when th e  tim e  d u r a t i o n  o f  th e  b l a s t  i s  

much s h o r t e r  th a n  th e  fu n d a m e n ta l  mode o f  v i b r a t i o n  o f  th e  p l a t e .

When a p l a t e  u n d e rg o e s  la r g e  d e f l e c t i o n s  r e s u l t i n g  i n  th e  p l a t e  

b e in g  s t r e s s e d  beyond th e  m a t e r i a l  y i e l d  p o i n t ,  th e  p l a t e  p a s s e s  th ro u g h  

th e  e l a s t i c  d e fo rm a t io n  r e g io n  i n t o  .the  p l a s t i c  r e g io n .  T hus, a com­

p l e t e  s o l u t i o n  o f  th e  p l a t e  d e f l e c t i o n  p ro b le m  ta k e s  i n t o  a c c o u n t  th e  

.d e fo rm a tio n  d u r in g  th e  e l a s t i c  r e g io n  and  th e  p l a s t i c  r e g io n .  Wang ( l ) * 

h as  d e r iv e d  th e  t h e o r e t i c a l  p e rm an en t d e fo rm a t io n  o f  a s im p ly  s u p p o r te d  

c i r c u l a r  p l a t e  s u b je c te d  t o  a i r  b l a s t s ,  w hich  i s  b a se d  upon th e  " P l a s t i c  

R ig id "  th e o r y  he d e v e lo p e d . In  W ang's t h e o r y ,  a p e r f e c t l y  p l a s t i c - r i g i d  

m a t e r i a l  c a n n o t d e fo rm  when th e  s t r e s s  i s  be low  th e  y i e l d  p o i n t ,  th u s  

th e  e l a s t i c  r e g io n  i s  ig n o r e d .  Some alum inum  a l l o y s  a p p ro a c h  t h i s  i d e a l  

p l a s t i c  r i g i d  c o n d i t io n .

* Numbers w i th in  a p a r e n t h e s i s  r e f e r  t o  r e f e r e n c e s .
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Hoffman ( 2 ) ,  i n  h i s  t h e s i s  p r e s e n te d  t o  th e  U n iv e r s i ty  o f  D e law are , 

u se d  W ang's P l a s t i c  R i g i d . th e o r y  to  c a l c u l a t e  th e  p e rm an en t d e fo rm a tio n  

o f  a 24 i n .  d ia m e te r  s im p ly  s u p p o r te d  61S-T6 alum inum  p l a t e  s u b je c te d  t o  

b l a s t  lo a d in g .  He a l s o  p e rfo rm e d  b l a s t  t e s t s  to  o b ta in  th e  a c t u a l  

d e fo r m a t io n ,  th u s  a l lo w in g  a c o m p a r is io n . The s t r e s s - s t r a i n  r e l a t i o n ­

s h ip  f o r  6 I S -Tb alum inum  can  be i n t e r p r e t e d  a s  b e in g  p l a s t i c  r i g i d .  

H ow ever, i t  was fo u n d  b y  c o m p ariso n  o f  th e  t h e o r e t i c a l  r e s u l t s  w ith  

e x p e r im e n ta l  t h a t  th e  t h e o r e t i c a l  g r e a t l y  o v e r e s t im a te s  th e  p e rm an en t 

d e fo r m a t io n .  T h is  w a s •t r u e  f o r  th e  t h r e e  d i f f e r e n t  p l a t e  th ic k n e s s e s  

u se d  i n  h i s  e x p e r im e n t;  l / 8 , l / 4 , and  3 /8  i n .

T h is  p a p e r  p r e s e n t s  th e  d e v e lo p m en t o f  an  a n a l y t i c a l  m ethod f o r  

c a l c u l a t i n g  th e  d e f l e c t i o n  o f  a s im p ly  s u p p o r te d  c i r c u l a r  p l a t e  s u b ­

j e c t e d  t o  a bomb b l a s t .  T h is  d ev e lo p m en t c o n s i s t s  o f  u s in g  th e  fu n ­

d a m e n ta l p l a t e  e q u a t io n  g iv e n  by- Tim oshenko and W oinow sky -K rieger (3) i n  

c o n ju n c t io n  w ith  a h y p e r b o l ic  t a n g e n t  s t r e s s - s t r a i n  r e l a t i o n s h i p .  The 

M o d if ie d  G a le rk in  M ethod was u se d  t o  re d u c e  th e  g o v e rn in g  p a r t i a l  d i f ­

f e r e n t i a l  e q u a t io n  t o  a d i f f e r e n t i a l  e q u a t io n  in  t im e . By s o lv in g  t h i s  

d i f f e r e n t i a l  e q u a t io n ,  th e  p l a t e  d e f l e c t i o n  was o b ta in e d  a s  a f u n c t io n  

o f  t im e . The d e v e lo p m en t u s in g  th e  l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  

(H o o k e 's  Law) was a l s o  p e rfo rm e d  t o  a l lo w  a c o m p a riso n . I t  was assum ed 

t h a t  th e  b l a s t  lo a d  was sy m m etric  a b o u t  th e  o r i g i n ,  th u s  r e d u c in g  th e  

p ro b le m  t o  one d im e n s io n , and  t h a t  a l l  e n e rg y  im p a r te d  t o  th e  p l a t e  

was a b s o rb e d  by  th e  b e n d in g  o f  th e  p l a t e .  A m ethod f o r  o b ta in in g  th e  

p e rm a n en t d e fo rm a t io n  fro m  th e  d e f l e c t i o n  was n o t  d e v e lo p e d .



CHAPTER I I

THEORETICAL ANALYSIS

2 . I  Eq u i l i b r iu m  E q u a tio n

The b e n d in g  moment e q u i l ib r iu m  e q u a t io n  f o r  th e  s y m m e tr ic a l  b e n d in g  

o f  a c i r c u l a r  p l a t e  i s  g iv e n  by  Tim oshenko and  W oinow sky -K rieger (3) a s

( I ) M +IMcr-Mt-H-Qr
r  d r

d r  dd = O

Where Mf and  M|. d e n o te  th e  r a d i a l  and  t a n g e n t i a l  b e n d in g  moments p e r  

u n i t  l e n g t h ,  r e s p e c t i v e l y .  Q i s  th e  s h e a r in g  f o r c e  p e r  u n i t  l e n g th  

a lo n g  th e  p e r ip h e r y  o f  a c y l i n d r i c a l  s e c t i o n .  The e q u a t io n  f o r  Q, 

d e v e lo p e d  by  u s in g  th e  c o n c e p t o f  e q u i l ib r iu m ,  in c lu d e s  b o th  th e  s u r f a c e  

lo a d  and th e  i n e r t i a  e f f e c t  (F ig u re  l ) .

F ig  I .  C y l i n d r i c a l  s e c t i o n  o f  p l a t e .
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T hus, th e  r e s u l t i n g  s h e a r  f o r c e  p e r  u n i t  l e n g th  i s

/ - . r

( 2 ) Q = ^ - C h

Vo

P d p

w ith

P

qL

e
h

g

d i s t a n c e  to  e le m e n ta l  s e c t i o n  fro m  o r i g i n .

u n ifo rm  lo a d  on p l a t e ,  psi-.

d e n s i t y ,  l b / i n ^ .

p l a t e  t h i c k n e s s , i n .

g r a v i t a t i o n a l  a c c e l e r a t i o n ,  i n / s e c ^ .

se co n d  d e r i v a t i v e  o f  assum ed d e f l e c t i o n  e q u a t io n  
w ith  r e s p e c t  t o  t im e , i n / s e c 2 .

Tim oshenko and  W oinow sky-K rieger- (3) d e v e lo p e d  th e  r a d i a l  and t a n ­

g e n t i a l  b e n d in g  moments u s in g  th e  r e c t a n g u l a r  c o o rd in a te  sy s te m  and th e n  

c o n v e r t in g  t o  th e  p o l a r  c o o rd in a te  s y s te m  f o r  th e  c i r c u l a r  p l a t e .  How­

e v e r ,  i n  th e  d e v e lo p m en t o f  th e  b e n d in g  moments p r e s e n te d  i n  t h i s  p a p e r  

p o l a r  c o o r d in a te s  a r e  u s e d . The r a d i a l  and  t a n g e n t i a l  b e n d in g  moments 

p e r  u n i t  l e n g th  on th e  e le m e n t a r e  d e v e lo p e d  by t a k in g  th e  sum o f  th e  

moments a b o u t  th e  n e u t r a l  a x i s  (F ig u re  2 ) .  These b e n d in g  moments p e r  

u n i t  l e n g th  a r e

r h / 2

(3) ■ rd d z <r ' dz  'rdfi 
■ ■ r
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p h /2

(4) d r  = I z dz d r  

-h /2

F ig  2 . E lem en t o f  c i r c u l a r  p l a t e .

A ssum ing t h a t  p la n e  s u r f a c e s  rem a in  p la n e  d u r in g  b e n d in g  o f  th e  

p l a t e , th e  u n i t  e lo n g a t io n s  ( s t r a i n s )  i n  th e  r a d i a l  and  t a n g e n t i a l  

d i r e c t i o n  o f  th e  e le m e n ta l  lam in a  a b e d  (F ig u re  2) a t  a d i s t a n c e  z 

fro m  th e  n e u t r a l  a x i s  a r e

(5 ) € r  = ^
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(6) z

r t

W here l / r ^  and  l / r ^  a r e  th e  p r i n c i p l e  c u r v a tu r e s  o f  th e  c i r c u l a r  p l a t e  

in  th e  r a d i a l  and t a n g e n t i a l  d i r e c t i o n s ,  r e s p e c t i v e l y .  Tim oshenko and 

W oinow sky -K rieger (3) p r e s e n t  th e  f o l lo w in g  g e o m e tr ic  r e l a t i o n s

(7) I  _ -  c>2v

( 8 ) 1_
r t

i  3w
r  B r

Where w i s  th e  d e f l e c t i o n  o f  th e  p l a t e  a s  shown i n  F ig u re  3 . P a r t i a l  

d e r i v a t i v e s  a r e  u sed  s in c e  w i s  a f u n c t io n  o f  b o th  tim e  and d i s t a n c e  

fro m  th e  o r i g i n .

< ------  R -------->

I
Z

F ig  3 . S im ply  s u p p o r te d  c i r c u l a r  p l a t e .

2 .2  L in e a r  S t r e s s - S t r a i n  R e la t io n s h ip

By u s in g  th e  l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p , 0* = E 6, th e  

s t r e s s e s  i n  th e  lam in a  a b  c d o f  F ig u re  2 a r e
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(9 ) 0". = — E

( 1 0 )  CT =  -  E  

I - V xi
v £ r  + * t

Where E r e p r e s e n t s - t h e  m odulus o f  e l a s t i c i t y  and  v r e p r e s e n t s  P o i s s o n 's  

r a t i o .  A f t e r  th e  s u b s t i t u t i o n  o f  E q u a tio n s  5', 6 , 7 ,  8 , 9 ,  and  10 i n to  

E q u a tio n s  3 and 4 and  i n t e g r a t i n g ,  t h e ’ moment e q u a t io n s  become

(11) M =■ E hr
1 2 ( 1 -v 2 )

h2 o w
d r

v  dw 
r  d r

(12) PL E hJ
1 2 ( 1 - v 2 )

V C2 W +  I

r d r

S u b s t i t u t i n g  E q u a tio n s  2 , l l ,  and 12 f o r  Q, Mr  and  Mfc i n t o  E q u a tio n  I ,  

th e  e q u i l ib r iu m  e q u a t io n  u s in g  th e  l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  i s

(13) E h3

12(1-v2)
- r  -  d 2w + _1 dw \ + ĉ Lr  

d r^  d r 2 . r  d r /  2

~ C h - 
g

z~r .

o

^  (? ) R
a t 2 -

dp d rd 6 -  0

2 .3  N o n lin e a r  S t r e s s - S t r a i n  R e la t io n s h ip

The n o n l in e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  u se d  to  a p p ro x im a te  th e  

a c t u a l  s t r e s s - s t r a i n  c u rv e  f o r  th e  p l a t e  m a t e r i a l  i s
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(14) ta n h  a €  .
b

By v a ry in g  th e  c o n s ta n ts  a and  b ,  E q u a tio n  1 4 , th e  i n i t i a l  s lo p e ' a n d /o r
\

p o s i t i o n  o f  th e  s t r e s s - s t r a i n  cu rve  can be a d ju s t e d .

A d i s c u s s io n  o f  d i f f i c u l t i e s  w hich  o c c u r  w i th  o th e r  n o n l in e a r  

s t r e s s - s t r a i n  r e l a t i o n s h i p s  w hich  a p p ro x im a te  th e  m a t e r i a l  s t r e s s - s t r a i n  

cu rv e  i s  g iv e n  i n  A ppendix  A.

Hoffman (2) p e rfo rm e d  s t a t i c  t e n s i l e  t e s t s  on th e  p l a t e  m a t e r i a l ,  

61S-T6 a lum inum , t o  o b t a in  th e  m a t e r i a l 's  s t r e s s - s t r a i n  d ia g ra m . From 

t h i s  d ia g ra m , th e  a v e ra g e  v a lu e ' o f  th e  y i e l d  s t r e s s  was c o n s id e re d  to  

be 4 1 ,0 0 0  p s i .  H is d ia g ra m  i s  shown i n  F ig u re  4 a lo n g  w ith  th e  cu rve  

f o r  th e  h y p e r b o l i c  t a n g e n t  s t r e s s - s t r a i n  r e l a t i o n s h i p ,  E q u a tio n  14.

W ith  a y i e l d  p o in t  o f  4 1 ,0 0 0  p s i ,  th e  c o n s ta n t s  a and b a r e  303 

(d im e n s io n le s s )  and  2 .4  x  10~5 i n ^ / l b ,  r e s p e c t i v e l y .

S in c e  many m a t e r i a l s  a r e  s t r a i n  r a t e  s e n s i t i v e ,  i t .w a s  d e c id e d  to  

i n c r e a s e  th e  y i e l d  p o in t s  to  6.1,500 and  8 2 ,0 0 0  p s i  (F ig u re  4) to  

d e te rm in e  th e  e f f e c t  o f  t h i s  phenomena upon p l a t e  d e f l e c t i o n .  The 

l i n e a r  s t r e s s - s t r a i n  cu rve  i s  n o t  s t r a i n  r a t e  s e n s i t i v e .  - S t r a in  r a t e  

t e s t s  (4) have b e e n  p e rfo rm e d  on alum inum  6061-T6 ( p re v io u s  a l l o y  ■ 

d e s ig n a t io n  (5) 61S-T6) w h ich  show t h a t  t h i s  p l a t e  m a t e r i a l  i s  n o t  s t r a i n  

r a t e  s e n s i t i v e  f o r  th e  ra n g e  o f  s t r a i n  r a t e s  e x p e c te d  i n  t h i s  a n a l y s i s .  '

By u s in g  th e  n o n l i n e a r ■s t r e s s - s t r a i n  r e l a t i o n s h i p ,  E q u a tio n  1 4 , - 

th e  b e n d in g  moments p e r  u n i t  l e n g th  become
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z  I I I

Curve f o r  61S-T6 Aluminum

^  ta n h  a £

Curve

S t r a i n

F ig  4 . S t r e s s - s t r a i n  d ia g ra m .
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(15) Mr = ^ -
rh /2

z ta n h  Az dz

4_h/2

h /2
( 16) M,. I

b
z ta n h  Bz dz

J -h /2

A and  B a re  d e p e n d e n t upon th e  p r i n c i p l e  c u rv a tu re  o f  th e  p l a t e , th u s  

th e y  a r e  c o n s id e r e d  to  be c o n s ta n t s  i n  th e  i n t e g r a t i o n  f o r  th e  b e n d in g  

m om ents. The e q u a t io n s  f o r  A and B a re

E q u a tio n s  '15 and  16 w ere n o t  d i r e c t l y  i n t e g r a t e d  i n  t h i s  i n v e s ­

t i g a t i o n  b e c a u s e  o f  th e  d i f f i c u l t i e s  in t r o d u c e d  by th e  h y p e r b o l ic  

t a n g e n t  t e r m s . I t  i s  p o s s ib l e  to  expand  th e  h y p e r b o l ic  t a n g e n t  i n to  

a s e r i e s  and  th e n  i n t e g r a t e , b u t  a f t e r  th e  M o d if ied  G a le rk in  M ethod i s  

a p p l i e d ,  an  u n s ta b le  d i f f e r e n t i a l  e q u a t io n  i n  tim e  i s  o b ta in e d .  To 

b y p a ss  th e s e  d i f f i c u l t i e s , i t  was d e c id e d  to  r e p la c e  th e  z ta n h  zA te rm  

w i th in  th e  i n t e g r a l  o f  E q u a tio n  15 w ith  a n o th e r  f u n c t io n  and  th e n  

p e rfo rm  th e  n e c e s s a r y  i n t e g r a t i o n .  I t  s h o u ld  be n o te d  t h a t  E q u a tio n s  15 

and  16 a re - i d e n t i c a l  w i th  th e  e x c e p t io n  o f  c o n s ta n ts  A and  B . By

b e n d in g  moment becom es
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r A h/2

(19) -  I - I  +  V j  +  5.&IX
V-A h /2

C urves o f  X. ta n h  X and  +— Vl + 5.64X, , a r e  shown i n  F ig u re  5.
2

By assu m in g  t h a t  th e  24 i n .  d ia m e te r  p l a t e  u n d e rg o e s  a maximum c e n te r  - 

d e f l e c t i o n  o f  3 i n c h e s ,  i t  i s  p o s s ib l e  t o  e s t im a te  th e  v a lu e s  o f th e  , 

p r i n c i p l e  c u r v a tu r e s  o f  th e  d e f l e c t e d  p l a t e . Then, by  u s in g  E q u a tio n s ' 

7 ,  8 , and  1 7 , and  a p l a t e  th ic k n e s s  o f  l / 4  i n . , th e  maximum v a lu e ' o f 

Ah can  be e s t im a te d  t o  be 4 .5 ,  w h ich  r e s u l t s  i n  X ^ x  = 2 .2 5 .  Ag shown 

i n  F ig u re  5 , t h e r e  i s  l i t t l e  d i f f e r e n c e  b e tw een  th e s e  two f u n c t io n s  f o r  

X - 2 .2 5 .  A ppendix  B l i s t s  th e  m ag n itu d e  o f  e r r o r  b e tw een  th e s e  two . 

c u rv e s  f o r  X - 5 .  .

A f t e r  i n t e g r a t i n g  E q u a t io n .1 9 , th e  b e n d in g  moment p e r  u n i t  l e n g th

i s

(20) Mp =
2bA<

A h' -1 ,- V l .4 1  A2h ^ +  I

+ 0 .2 1 1  I n 1 .1 8 5  Ah + V l .A l  A2h 2 + I  
-1 ,1 8 5  Ah + - / lTAi a V  + I

. D i f f i c u l t i e s  w i l l  a g a in  a r i s e  when a p p ly in g  th e  M o d if ie d  G a le rk in  

M ethod .due' to  th e  n a t u r a l  l o g a r i th m ic  te rm  i n  E q u a tio n  2 0 . To e l im in a te  

t h e s e  d i f f i c u l t i e s ,  t h i s  n a t u r a l  lo g  te rm  w ith  th e  0 .2 1 1  c o n s ta n t  was 

r e p l a c e d  by  0 .3 3  A h .■ T h is  re d u c e s  E q u a tio n  20 t o



X 
ta

n
h

 X
 

&
 

~L
+ 

V
l 

+ 
5.

64
X

'
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X ta n h  X

X

F ig  5 . A p p ro x im a tio n  o f  X ta n h  X.



-  13 -

( 21) Mr  = __ 1 _
2bA^

/  '__________  N

- .6 7  Ah + / ]L 4 1  A2h2 + I
2

C urves o f  2bA^Mr  v e r s e s  Ah f o r  E q u a tio n s  20 and  21 a r e  p l o t t e d  i n  ' 

F ig u re  6 t o  i n d i c a t e  th e  e r r o r  r e s u l t i n g  fro m  t h i s  s i m p l i f i c a t i o n .  

A ppend ix  C l i s t s  th e  m ag n itu d e  o f  t h i s  e r r o r  f o r  Ah -5-.

The e q u a t io n  f o r  Mj. can  be o b ta in e d  by  r e p l a c i n g  A by  B, th u s

/  ___ _________ __s
(22) Mfc = I  . - .6 7  Bh + Bh \Z l .4 1  B 2 h 2 " T T

ZbB^ - %

A f te r  s u b s t i t u t i n g  E q u a tio n s  17 and  18 i n t o  E q u a tio n s  21 and 2 2 , th e  

b e n d in g  moments become

(23) M = ( l  -  v 2) .5 I  >41 h2a 2 f ^ 2W
( l_ v 2 )2 \ ^r 2 r

*

I—I +ro\

*  ■ j j

(24) Mfc -h  ( 1- v 2 )
2ba V O2W + I  OW

^ r 2 r  d r

- . 6 7  + .5 _____ Zv^2W + 1 + i
( l - v 2 )2 ^ ^ r 2 r hr)

2 2
I . Alh a

I n s e r t i n g  E q u a tio n s  2 , 2 3 , 2 4 , and  th e  f i r s t  d i f f e r e n t i a l  o f 

E q u a tio n  2 3 , i n t o  E q u a tio n  I ,  th e  e q u i l ib r iu m  e q u a t io n  u s in g  th e  non ­

l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  i s

i'



2b
 A 

M

- H -

E q u a tio n  20

-  — E q u a tio n  21
(A p p ro x im a tio n )

F ig  6 C urves o f  E q u a tio n s  20 and 21
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(25)
2ba •

1 .4 1 a 2h2/ ! 2w + v {HiA +1
2

-.67  + .5 .(1 -v ^ ) 2 r  %r)
S^w + v  ^ M

+ r .6 7  -  .5

'  p p
I . 41aV
( l- v ^ )

3  W +  V C lW  
>r 2 r

+ I
i

<1 + v  w\ 2
r  d r  y

+ 1 .4 1  h2a 2
2 ( l - v 2 f .

1 .4 1  a 2h2 &
( l _ v 2 ) 2  V ^ r

v hw 
r  b r  ,

+1
-i

Cl̂ W
^ 3

+  V ^ W  -  V 5  W

r '

1 .4 1 a 2h2 /v ^ 2W + I  ^w \  +1
2

.67  -  . 5 _(l-v2) "̂ \  o r^  r  hr J

V ^  Wr +  I  ciw
d r ^  r J

qTr
L__  -  I & w(&) R d B f  d r  d 8  = O

' a  f  ^

2 .4  A p p l i c a t io n  o f  M o d if ied  G a le rk in  M ethod

The M o d ified  G a le rk in  M ethod (6 , 7) was u se d  to- re d u c e  th e  e q u i l i b ­

r iu m  e q u a t io n  t o  a d i f f e r e n t i a l  e q u a t io n  i n  t im e . In  u s in g  th e  M o d ified  

G a le rk in  Mfethod, i t  i s  n e c e s s a r y  t o  assum e a s o lu t io n ' t o  th e  e q u i l ib r iu m  

e q u a t io n  w hich  s a t i s f i e s  th e  d is p la c e m e n t  b o u n d a ry  c o n d i t io n  b u t  n o t  

n e c e s s a r i l y  th e  f o r c e  b o u n d a ry  c o n d i t io n s .  I f  th e  assum ed s o lu t i o n  

d o es  n o t  s a t i s f y  th e  f o r c e  b o u n d a ry  c o n d i t i o n s , th e  v i r t u a l  w ork done 

on th e  b o u n d a ry  m ust be ad d ed  t o  th e  v i r t u a l  work done i n t e r n a l  t o  th e



-  16 -

b o d y . The M o d ified  G a le rk in  M ethod r e q u i r e s  t h a t  th e  v i r t u a l  work done 

i n  e a c h  assum ed mode o f  d is p la c e m e n t  be z e r o . I n  t h i s  c i r c u l a r  p l a t e  

p ro b le m , th e  assum ed mode o f  d is p la c e m e n t  was a v i r t u a l ,  r o t a t i o n  

The v i r t u a l  w ork , W, done i n  t h i s  r o t a t i o n  can be w r i t te n -  a s

( 26 ) ¥ =
J

r2V

0.

(E q u il ib r iu m  E q u a tio n )  M
i n t e r n a l
e le m e n t

( V  *)*(£) r d 0 = 0
r=R-
s u r f a c e
e le m e n t

Where M g - M r  r e p r e s e n t s  th e  b e n d in g  moment e q u i l ib r iu m  e q u a t io n  f o r  

th e  s u r f a c e  e le m e n t , i . e .  R = r .  Mg i s  th e  e x t e r n a l  b e n d in g  moment a t  

R = r  and  i s  z e ro  f o r  a s im p ly  s u p p o r te d  p l a t e .

■ One o f  th e  m ost c r i t i c a l  s t e p s  i n  t h i s  i n v e s t i g a t i o n  was th e  

c h o o s in g  o f  an  assum ed s o l u t i o n  f o r  th e  p l a t e  d e f l e c t i o n .  Such f a c t o r s  

a s  th e  g e o m e tr ic  shape  ta k e n  by  th e  p l a t e , th e  d is p la c e m e n t  and fo rc e  

b o u n d a ry  c o n d i t io n s  on th e  p l a t e ,  and  th e  assum ed s o l u t i o n  p e r m i t t in g  

th e  i n t e g r a t i o n  o f  E q u a tio n  26 w ere c o n s id e re d  i n  m aking t h i s  c h o ic e . 

The assum ed s o l u t i o n  f i n a l l y  d e c id e d  upon t o  r e p r e s e n t  th e  g e o m e tr ic  

sh ap e  ta k e n  by  th e  p l a t e  due to  b l a s t  lo a d in g  i s

(27) w = q (R2 -  r 2 )
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W ith  q b e in g  a tim e  d e p e n d e n t f u n c t i o n .  T h is  a s s u m e d 's o lu t io n  (E q u a tio n  

27) does n o t  s a t i s f y  th e  f o r c e  b o u n d a ry  c o n d i t io n  b u t  d o e s  p e rm i t  th e  

i n t e g r a t i o n  o f  E q u a tio n  26 to  be p e rfo rm e d . The p l a t e  d e f l e c t i o n  a t  any. 

p o i n t  can  be c a l c u l a t e d 'u s i n g  E q u a tio n  27.

By s u b s t i t u t i o n  o f  th e  r a d i a l  b e n d in g  moment and th e  e q u i l ib r iu m  

e q u a t io n  (E q u a tio n s  11 and  13) w hich  w ere d e v e lo p e d  u s in g  th e  l i n e a r  

s t r e s s - s t r a i n  r e l a t i o n s h i p ,  and th e  d e r i v a t i v e  o f  E q u a tio n  27 i n t o  

E q u a tio n  26 a l i n e a r  d i f f e r e n t i a l  e q u a t io n  in  tim e  i s  o b ta in e d :

(28) C h R4 q  + h3 E q = q L ^
12g ' 6 ( l - v )  8

S i m i l a r l y ,  by  s u b s t i t u t i n g  th e  r a d i a l  b e n d in g  moment and  e q u i l i b ­

r iu m  e q u a t io n  (E q u a tio n s  23 and  25) d e v e lo p e d  by  u s in g  th e  h y p e rb o l ic  

t a n g e n t  s t r e s s - s t r a i n  r e l a t i o n s h i p ,  and  th e  d e r i v a t i v e  o f  E q u a tio n  27 

i n t o  E q u a tio n  2 6 , a n o n l in e a r  d i f f e r e n t i a l  e q u a t io n  i n  tim e  i s  o b ta in e d :

(29) ChR^ q
12g

+ h ( l - v )  ■ I  
4 ab  q

^ .6 7  + .5 5 .6 4  h2a 2 ( l+ v ) 2 q 2
( I - V 4i) 2

+ I

The p l a t e  d e f l e c t i o n  can  be c a l c u l a t e d  by  f i r s t  s o lv in g  e i t h e r  E q u a tio n  

28 o r  E q u a tio n  29 f o r  q and  th e n  u s in g  E q u a tio n  27.

2 .5  L o ad in g  F u n c t io n  . -

The a p p l i e d  lo a d ,  q ^ , was r e p r e s e n te d  by  an- e x p o n e n t i a l l y  d e c a y in g  

f u n c t i o n  to  s im u la te  a b l a s t  lo a d in g .  The e q u a t io n  f o r  q^ i s
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(30) qL = P e~ Xt

W ith  P b e in g  th e  maximum p r e s s u r e  ( p s i )  and % b e in g  a tim e  c o n s ta n t  

( l / s e c ) .

I n  a bomb b l a s t  th e  p r e s s u r e  d e c re a s e s  w ith  tim e  t o  z e r o ,  goes 

n e g a t iv e  and  th e n  r e t u r n s  to  z e ro  ( S ) . The a r e a  u n d e r  th e  n e g a t iv e  

p o r t i o n  o f  th e  c u rv e  i s  s m a l l  when com pared t o  th e  p o s i t i v e  p o r t i o n .  

When u s in g  an  e x p o n e n t i a l  d e c a y in g  f u n c t i o n ,  th e  n e g a t iv e  p o r t i o n  o f  

th e  c u rv e ■ i s  n e g le c te d .  Note F ig u re  7 f o r  a co m p ariso n  o f  th e  two 

c u r v e s .

Bomb b l a s t

tim e

F ig  7 . P r e s s u r e - t im e  cu rv e  o f  b l a s t .

H offm an (2) s t a t e s  t h a t  th e  b l a s t  lo a d in g  .on th e  c i r c u l a r  p l a t e  i s  

e s s e n t i a l l y  an  im p u lse  i f  th e  a p p l i c a t i o n  o f  th e  lo a d  i s  much s h o r t e r  

th a n  th e  fu n d a m e n ta l  e l a s t i c  mode o f  v i b r a t i o n  o f  th e  p l a t e .  T h is
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im p u ls e , I ,  i s  e q u a l  t o  th e  a r e a  u n d e r  th e  p r e s s u r e - t im e  c u r v e . When 

th e  b l a s t  lo a d  i s  r e p r e s e n te d  by  an  e x p o n e n t i a l  d e c a y in g  f u n c t i o n ,  th e  

im p u lse  i s  g iv e n  a s

(31) I  =

.00
-)s t d t  = P_

*
0

2 .6 A nalog  Com puter M ethod o f  S o lv in g  D i f f e r e n t i a l  E q u a tio n s

To s o lv e  th e  l i n e a r  and  n o n l in e a r  se co n d  o r d e r  d i f f e r e n t i a l  

e q u a t i o n s ,  E q u a tio n s  28 and  2 9 , f o r  q ,  an  E l e c t r o n i c  A s s o c ia t e ,  In c .

Pace TR-48 A nalog  Com puter was u se d  ( 9 ) .  The d i f f e r e n t i a l  e q u a t io n s  had 

t o  be m ag n itu d e  s c a l e d  and  tim e  s c a le d  t o  a l lo w  th e  u se  o f  th e  a n a lo g  

com puter'. . By tim e  s c a l i n g ,  th e  com puter tim e  was slow ed  down by  a 

d e s ig n a te d  f a c t o r  fro m  th e  p h y s ic a l  t im e .  M d e n o te s  th e  m ag n itu d e  o f 

tim e  s c a l i n g .

I n  s o lv in g  th e  l i n e a r  e q u a t io n  f o r  q ,  E q u a tio n  28 was r e a r r a n g e d  

i n t o  th e  fo rm

(32) ' q + C q = D P e • 

w i th

C ■ h 2E (2). g. '
.(1 -v ) 6 P.4

D = 12g
SR2 e  h
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A f te r  m ag n itu d e  s c a l i n g ,  E q u a tio n  32 becom es

(33) Q = C q
Jlmax _ cImax cImax

^max DP

^max

-A t
e

Where ^ nax and  tIjrax a r e  e s t im a te s  o f  th e  maximum v a lu e s  o f  q and q ,

r e s p e c t i v e l y .  The e s t im a te d  maximum v a lu e s  o f  q and q w i l l  c o rre sp o n d

t o  10 v o l t s  on th e  a n a lo g  com pu ter and w ere e x p re s s e d  i n  e q u a t io n  form

a s  ^max ^  DP and I max^  *4 / C. T h is  i s  th e  u n i ty  m ethod o f  s c a l in g

w ith  10 v o l t s  b e in g  th e  maximum v o l ta g e  o f  th e  co m p u te r. The maximum

v a lu e  f o r  q can be e s t im a te d  t o  be h a l f  way betw een  q and q „ . Thema x iIiia x

com pu ter d ia g ra m  used  in  s o lv in g  th e  l i n e a r  d i f f e r e n t i a l  e q u a t io n  i s  

g iv e n  in  F ig u re  8 .

+10 V.

max

•max•max

M = tim e  s c a le

max

F ig  8 . Computer d iag ram  f o r  E q u a tio n  33.
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The same s c a l i n g  m ethod was u se d  in  p ro g ra m in g  th e  n o n l in e a r  

e q u a t io n  on th e  com pu ter a s  u se d  f o r  th e  l i n e a r  e q u a t i o n .■ E q u a tio n  29 

i s  r e a r r a n g e d  i n t o  th e  f o l lo w in g  fo rm :

(34) q + H
q

VFq2 + I

w ith

H = 3£ ( l - v )
2 ba £ R 4

F = 5 -6 4  a^h^  ( l+ v )
• ( l - v 2) 2

D = ___ l&E.__
8<?h R2

S .

1 .34

2

DP e ” x t

The r e s u l t i n g  n o n l in e a r  s c a l e d  d i f f e r e n t i a l  e q u a t io n  i s

(35) H K ■
q „ q [ qunax ^max

Hmax

r

^m ax
max

+ ' I

-  I - M
' K

■DP e

\ a

-Xt

Where K was a n . a r b i t r a r y  c o n s ta n t  u se d  t o  r e a r r a n g e  th e  m ag n itu d e  o f  

n u m b e rs . As i n  th e  l i n e a r  c a s e ,  q x  ( e s t im a te d )  F 10 v o l t s  ^ D P  and 

( e s t im a te d )  -  10 v o l t s  ^ liax H o w e v e r ,  s in c e  th e  e q u a t io n  i s  

n o n l in e a r  th e  maximum v a lu e  o f  q  may v a ry  g r e a t l y  fro m  th e  e s t im a te d  

v a lu e  o f qm ax / c ,  b u t  t h i s  do es  p ro v id e  a s t a r t i n g  p o i n t .  A g a in , qmax 

can  be. e s t im a te d  t o  be h a l f  way be tw een  ^ max and qmax. The com puter 

d ia g ra m  u se d  f o r  th e  n o n l in e a r  e q u a t io n  i s  shown in  F ig u re  9 .
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Time d e p e n d e n t p l o t s  o f  q and w ere o b ta in e d  by u s in g  an  X -  Y 

r e c o r d e r  i n  c o n ju n c t io n  w ith  th e  a n a lo g  co m p u te r.

---- 10 V.

r . .  i
q q q

^max
— V ^max r—K ^max

F ig  9 . Computer d iag ram  f o r  E quation  35.



CHAPTER I I I

DEFLECTION OF CIRCULAR PLATE

3 . 1 D i f f e r e n t i a l  E q u a tio n s

As d i s c u s s e d ' i n  C h a p te r  I I ,  th e  d i f f e r e n t i a l  e q u a t io n s  i n  tim e 

m ust be s o lv e d  t o  o b t a in  q a s  a f u n c t i o n  o f  t im e . By u s in g  th e  maximum 

v a lu e  o f  q ,  th e  maximum d e f l e c t i o n  o f  th e  p l a t e  can  be c a l c u l a t e d .

A f t e r  r e a r r a n g in g  E q u a tio n s  28 and 2 9 , th e  l i n e a r  and n o n l in e a r  

d i f f e r e n t i a l  e q u a t io n s  a r e

(36) q + 2 Eh2 g q '=  12g Pe X t-
( l - v )  C? R4 . SR2 C h

(37) q + 3g ( l - v )  ( I  
2 ab  G R4 I q

V4

5.6A a2h2 ( l+ v ) 2 q2 + I  -  1 .3 4 '
( l - v 2) 2

-%t-
12g P e  •
S e  h W -

w here '

g ,  a c c e l e r a t i o n  o f  g r a v i t y  = 386 i n / s e c 2 - 

E , m odulus o f  e l a s t i c i t y  = IO^ p s i  

v , '  P o i s s o n ’ s r a t i o  = 0 . 3 3

C,  d e n s i t y  = 0 .0 9 8  I b / i n ^  ' . ’ y ■

R, p l a t e  r a d iu s  = 12 i n .

The l e t t e r s  P , . h ,  a ,  b ,  and  X r e p r e s e n t  v a r i a b l e s  w hich  d epend  upon- th e  

c o n f i g u r a t io n  b e in g  s t u d i e d .  , A f te r  s u b s t i t u t i n g . t h e s e  c o n s ta n t s  i n t o   ̂

E q u a tio n s  36 and  3 7 , th e  l i n e a r  and n o n l in e a r  e q u a t io n s  become 

: (38) q  + C q = DPe™Xt = 'Dql i -. ' -
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' / F q 2 + T  -  1 .3 4 ^  = D P e-^ t = ^

r e s p e c t i v e I y , where ' .

C = 5 .6 ?  x  IO6 h2 ( l / i n 2s e c 2 )

D = (4 l/h ) (in ^ /lb  secf)

H = ( 0 .1 9 l / a b )  ( l / l b  s e c 2)

F = 1 2 .5 8

I t  was d e c id e d  t o  u se  one o f  H o ffm an 's  (2) e x p e r im e n ta l  im pulse 's  

o f  I  = 0 .1 4 8 3  p s i - s e c .  t o  r e p r e s e n t  th e  b l a s t  l o a d i n g . H offm an, i n  h i s  

t h e s i s ,  l i s t s  t h i s  im p u lse  a s  0 .2 0 7 5  p s i - s e c . H ow ever, s in c e  th e  

w r i t i n g  o f  h i s  t h e s i s ,  more know ledge h as  b een  a c q u ir e d  i n  c a l c u l a t i n g  

im p u ls e s .  I n  a r e c e n t  te le p h o n e  c o n v e r s a t io n  Mr. Hoffman c o r r e c te d  th e  

im p u ls e s  g iv e n  i n  h i s  t h e s i s  and  in c lu d e d  th e  peak  p r e s s u r e s  fo r. e ach  

im p u ls e .

The a n a lo g  com puter was u se d  t o  o b t a in  s o lu t i o n s  t o  E q u a tio n  3 8 , 

f o r  v a lu e s  o f  h ,  P , and  A a s  g iv e n  i n  T ab le  I .  A ls o , th e  a n a lo g  com puter 

was u se d  t o  o b t a in  s o l u t i o n s  t o  E q u a tio n  39 f o r  v a lu e s  o f  h ,  P , A , a ,  

and  b ,  a s  g iv e n  i n  T ab le  I I .  The v a lu e s  i n  T a b le s  I  and  I I  were 

s e l e c t e d  t o  d e m o n s tra te  th e  e f f e c t s  o f  s t r a i n  r a t e  s e n s i t i v i t y ,  d i f ­

f e r e n t  p e a k  p r e s s u r e s  w i th  c o n s ta n t  t o t a l  im p u ls e , d i f f e r e n t  im p u lse s , 

w i th  c o n s ta n t  p e a k  p r e s s u r e s , and p l a t e  th ic k n e s s  upon th e  d e f l e c t i o n  

o f  th e  p l a t e .

(39) q + H
q
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TABLE I .  V a r ia b le s  u se d  i n  l i n e a r  d i f f e r e n t i a l  
e q u a t io n ,  I  = 0 .1 4 8 3  p s i - s e c  . .

■ Run 
#  '

•h • 
in .

c -
( l / s e c ^ )  x  105

P
p s i

/Y
l / s e c

I 1 /4 - 3 .5 5 20 • 135

2 50 337

' 3 50 674

4 100 674

5 100 1348

6 -
r

582 3920

7 3 /8 . 7 .9 6 100 674

8 . 1 /8 0 .8 8 5 10 6 7 .4



TABLE T I . V a r ia b le s  u se d  i n  n o n l in e a r  d i f f e r e n t i a l  e q u a t io n ,  I  = O.1483  p s i - s e c .

RIM
#

YIELD PT. 
p s i

h
i n .

a b
( in ^ / lb ) x lO  5

D
i n / l b - s e c ^

H
l / i n 2lb O

P
p s i

X
l / s e c

' I 41 000 1 /4 303 2 .4 164 ' 2 6 .3 . 7 .2 3 20 135

2 50 337

3 50 674

4 100 674

5 ' ( ' ' ' I '
I 100 1348

6 61 8
.

I c 1 .6 2 5 6 0 .6 2 .9 6 50 . 337

7 50 674

8
••

100 674

9 ' I f 100 1348

10 82 ,000 146 . 1 .2 2 1 0 9 .0 1 .6 3 50 337

11  . 50 674

12 100 674_

134813 ' t I 1 I
....... _ \ f \ f f 100

14 41 ,000 3 /8 303 2 .4 109 • 2 6 .3 ,16 .21 100 674  I
115 4 1 ,0 0 0 3 /8 303 2 .4 328 2 6 .3 1 .8 0 5 10 6 7 .4  I
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3 . 2  A nalog  Computer R e s u l t s

F i g u r e s  10 t o  17 a r e  c u rv e s  o f  q v e r s e s  t im e  o b t a i n e d  by s o lv i n g  

t h e  d i f f e r e n t i a l  e q u a t i o n s  on t h e  a n a lo g  co m pu te r .  A lso  i n c l u d e d  i n  

e a c h - o f  t h e s e  f i g u r e s  i s  a c u rv e  o f  t h e  l o a d i n g  f u n c t i o n ,  q ^ .

3 .3  P l a t e  D e f l e c t i o n s  . . ,

The maximum p l a t e  d e f l e c t i o n  was c a l c u l a t e d  u s i n g  t h e  maximum v a lu e  

o f  q and E q u a t io n  2 7 ,  w = q (R2 -  r 2 ) , t h e  assum ed s o l u t i o n  f o r  th e  

p l a t e  d e f l e c t i o n  t h a t  a p p ro x im a te s  t h e  g e o m e t r i c  shape  t a k e n  by  th e  

p l a t e  a f t e r  b l a s t  l o a d i n g .  A l l  d e f l e c t i o n s  p r e s e n t e d  i n  t h i s  p a p e r  

a r e  a t  t h e  p l a t e  c e n t e r ,  r  = 0 , .  s i n c e  d e f l e c t i o n s  a t  o t h e r  p o i n t s  a lo n g  

t h e  r a d i u s  o f  t h e  p l a t e  a r e  n o t  r e q u i r e d  i n  c h e c k in g  th e  v a l i d i t y  o f  

t h e  a n a l y t i c a l  method d e v e lo p e d  i n  t h i s  p a p e r .  The c a l c u l a t e d  v a lu e s  

o f  d e f l e c t i o n s  a r e  g iv e n  i n  T ab le  I I I .

3 t4 D i s c u s s i o n  o f  A n a l y t i c a l  R e s u l t s

I n  t h e  f o l l o w i n g  d i s c u s s i o n ,  r e f e r e n c e  i s  made t o  t h e  c u rv e s  o f  q 

v e r s e s  t im e ,  F i g u r e s  10 t o  17; th e  p l a t e  d e f l e c t i o n  i s  d i r e c t l y  

p r o p o r t i o n a l  t o  t h e  v a lu e  o f  q .

As shown i n  F ig u r e  10 , w i th  a p l a t e  t h i c k n e s s  o f  l / 4  i n . , y i e l d  

p o i n t  o f  4 1 ,0 0 0  p s i ,  and q^ = 2 0 e ~ '^ '^ , .  u s i n g  th e  n o n l i n e a r  s t r e s s - s t r a i n  

r e l a t i o n s h i p  r e s u l t s  i n  a s m a l l e r  d e f l e c t i o n  ( l . 2 6  i n . )  t h a n  th e  l i n e a r  

r e l a t i o n s h i p  ( 2 .3 8  i n .  d e f l e c t i o n ) . T h is  was e x p e c te d  s i n c e  t h e  n o n ­

l i n e a r  s t r e s s - s t r a i n  c u rv e  h a s  a s t e e p e r  s lo p e  a t  low s t r e s s e s
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.015  -

.0 1 2 -

12 H .009  '

- 1 3  5 t
.006  -

L i n e a r

N o n l in e a r------ q

.003  -

Time t ,  s e c

-13 5tF ig  10. Curves o f q and qL; h = l / 4  i n . , qL = 20 e
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-  qL = 50 e

q L i n e a r

—  q N o n l in e a r

C urves

I I I  Y ie ld  p t .  = 82 ,000

Time t ,  s e c

F ig  12. Curves o f q and q^; h = l / 4  i n . , q
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- 100 e

L in e a r

N o n l in e a r

C urves

Y ie ld  p t .  = 41 ,000

F ig  13. Curves o f q and q^; h -  l / 4  i n . ,  q^ -  100 .
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-  1348t100 e

q L in e a r

— q N o n l in e a r

Curves

Y ie ld  p t .  = 41 ,0 0 0

I I  Y ie ld  p t .  = 6 1 ,5 0 0
Z /  N

I I I  Y ie ld  p t .  = 82 ,000

- 1 3 4 8 tF ig  14. Curves o f q and q^; h -
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582.0

4 6 5 .6

- 3 9 2 0 t

349./4 r4 .06  ' q L in e a r

232.8

1 1 6 .4 . 0 2 -

F ig  15. Curves o f q and qL; h = l / 4  i n . , q^ = 582 e 3920+^
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. . 12-

-6 7 .AtqT = 10 e

q L i n e a r

—  q N o n l in e a r
Y ie ld  p t .  = 4 1 ,0 0 0

Time t ,  s e c

-67 .AtF ig  17.
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TABLE I I I .  D e f l e c t i o n s  a t  c e n t e r  o f  p l a t e

#

Y ie ld
P o i n t

p s i
h

l / i n
P

p s i
X

l / s e c

q l / i n .max ■

D e f l e c t i o n  w 
in 'che s

L i n e a r
Non-

L i n e a r L i n e a r
• Non- 
L in e a r

I 41,000 1 /4 20 ■, 135 0.0165 0.0088 2 .38 1.265

2 50 337 0.036 0.0653 5.18 9 .4

3 • 50 674 0.029 0.0353 ' 4 .18 5.09

5

—— —„
100 . 674 0.0589 0 .194 8 .48 28.0

100 1348 0.0425 0.0692 '6 .1 2 9.95

6 ' 582 3920 0.117 16.85-

7 61,500 50 337 0.0372 5.35

8 50 674 . 0 .024 - 3.46

9 100 674
-

0.105
_

15.12

10 ' . ) f 100 1348 0.048 . . .. 6 ..91

11 82.000 50 337 0.0283 - 4 .0 7 -

12 50 674 0.021 3.02

13 100 674 0.0722. 10.4

14 \ f 100 1348 0.0389
i

5.6

15 4 1 ,0 0 0 3/8 '■'100 .6 7 4 0 .0200 ' 0.0247 2.88 3.56

16 4 1 ,0 0 0 1 /8 . .1 0 6 7 .4 0.0662:
■
0 ; 1 2 4 ^ _

. I
.9 ,5 2  I  17 .8 8
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( F ig u r e  4) t h a n  th e  l i n e a r  c u r v e .

When lo a d i n g  f u n c t i o n s  o f  50e a n d . I O O e a r e  a p p l i e d  t o

t h e  l / 4  i n .  p l a t e  u s i n g  th e  n o n l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  w i th  

a y i e l d  p o i n t  o f  4 1 ,0 0 0  p s i  r e s u l t s  i n  p l a t e  d e f l e c t i o n  o f  9 . 4  and  28 

i n c h e s  w h i le  t h e  l i n e a r  method r e s u l t s  i n  p l a t e  d e f l e c t i o n s  o f  5 . 1 8 -and 

8 .4 8  i n c h e s , r e s p e c t i v e l y  ( F ig u r e s  11 t o  1 4 ) . .  At t h e s e  h ig h  s t r e s s e s  

t h e  n o n l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  c r e a t e s  a s o f t  s p r i n g  e f f e c t .  

T h e o r e t i c a l l y  th e .  s t r a i n  c o u ld  become i n f i n i t e  f o r  s t r e s s e s  a t  th e  

y i e l d  p o i n t  u s i n g  th e  h y p e r b o l i c  t a n g e n t  s t r e s s - s t r a i n  r e l a t i o n s h i p .

I t  i s  p h y s i c a l l y  im p o s s ib l e  f o r  a 24 i n .  d i a m e t e r ,  l / 4  i n .  t h i c k  

alum inum  p l a t e  t o  d e f l e c t  28 i n . , o r  even  9 i n . , w i th o u t  u n d e rg o in g  a 

c o n s i d e r a b l e  amount o f  s t r e t c h i n g .  Y e t ,  i n  t h e  t h e o r y  u s e d  i n  t h i s  

i n v e s t i g a t i o n ,  a l l  s t r e t c h i n g  e f f e c t s  were n e g l e c t e d .  These v e r y  l a r g e  

d e f l e c t i o n s  i n d i c a t e  t h a t  t h e  e n e rg y  a b s o rb e d  i n  t h e  s t r e t c h i n g  mode 

m ust be i n c l u d e d .

When t h e  l o a d i n g  f u n c t i o n  i s  i n c r e a s e d  t o  5 8 2 e ~ ^ ^ ^ ^  on th e  l / 4  i n .  

t h i c k  p l a t e ,  a s o l u t i o n  t o  t h e  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n  was n o t  

o b t a i n e d .  At t h i s  h i g h e r  p e a k  p r e s s u r e  o f  582 p s i ,  t h e  e q u i l i b r i u m  

e q u a t i o n  d e v e lo p e d  u s i n g  th e  h y p e r b o l i c  s t r e s s - s t r a i n  r e l a t i o n  r e q u i r e s  

t h a t  t h e  maximum s t r e s s  e x c e e d s  t h e  p o s s i b l e  v a lu e s  a s  d i c t a t e d  by th e  

s t r e s s - s t r a i n  r e l a t i o n  c a u s in g  th e  v a lu e  o f  q t o  be i n d e t e r m i n a t e .  

However, a s o l u t i o n  u s in g  th e  l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  was 

o b t a i n e d ,  w hich  r e s u l t e d  i n  a p l a t e  d e f l e c t i o n  o f  16.85 ' i n .
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Tne r e l a t i o n s h i p  be tw een  peak  p r e s s u r e s  and d e f l e c t i o n  f o r  t h e  

l / 4  i n .  p l a t e  a t  a y i e l d  p o i n t  o f  4 1 ,0 0 0  p s i  i s  shown i n  F ig u r e  18 f o r  

b o t h  t h e  l i n e a r  and  n o n l i n e a r  s t r e s s - s t r a i n  m ethod. These c u rv e s  a r e  

s i m i l a r  t o  t h e  s t r e s s - s t r a i n  c u rv e s  (F ig u re  4 ) ,  which would be e x p e c te d  

s i n c e  t h e  m ag n itu d e  o f  t h e  s t r e s s  i s  p r o p o r t i o n a l  t o  th e  p e a k  p r e s s u r e , 

and  t h e  m ag n i tu d e  o f  t h e  s t r a i n  i s  p r o p o r t i o n a l  t o  th e  d e f l e c t i o n .

Using l i n e a r  s t r e s s -  
s t r a i n  r e l a t i o n s h i p

U sing  n o n l i n e a r  s t r e s s -  
s t r a i n  r e l a t i o n s h i p

D e f l e c t i o n  w, i n .

F ig  18. Peak p r e s s u r e  v e r s e s  d e f l e c t i o n ;  h -  l / 4 i n . ,  c o n s t a n t  t o t a l  
i m p u l s e .
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The t im e  d u r a t i o n ,  a t  a c o n s t a n t  p e a k  p re ssu re" ;  o f  t h e  l o a d in g  

f u n c t i o n  e f f e c t s  th e  m agn itude  o f  t h e  p l a t e  d e f l e c t i o n .  As a n  exam ple ,  

t h e  d e f l e c t i o n  o b t a i n e d  by  u s i n g  th e  n o n l i n e a r  s t r e s s - s t r a i n  r e l a t i o n  

was 9 - 4 ' i n .  a t  = 50e - " ^ ' ^  and  5 .09  i n .  a t  = 5 0 e ~ 6 7 4 t_ T h is e f f e c t

o f  d o u b l in g  t h e  t im e  d u r a t i o n  was g r e a t e r  u s i n g  a p e a k  p r e s s u r e  o f  100 

p s i  a s  shown i n  Table  I I I .  One would e x p e c t  t h i s  t o  happen  s in c e  

d o u b l in g  th e  t im e  c o n s t a n t  r e d u c e s  t h e  im p u ls e  by 50 p e r c e n t .

When th e  m a t e r i a l  y i e l d  p o i n t  was i n c r e a s e d ,  u s i n g  t h e  n o n l i n e a r  

s t r e s s - s t r a i n  r e l a t i o n s h i p ,  t h e  p l a t e  d e f l e c t i o n  d e c r e a s e s  a s  shown i n  

T a b le  I I I . '  To i l l u s t r a t e  t h i s ,  a t  q^ = lOOe- ^ ^  and  h = l / 4  i n . ,  th e  

d e f l e c t i o n  was 28 i n .  a t  a y i e l d  p o i n t  o f  4 1 ,0 0 0  p s i ;  a t  a y i e l d  p o i n t  

o f  6 l ;500  p s i ,  t h e  d e f l e c t i o n  was 1-5.12 in .* , and a t  8 2 ,0 0 0  p s i  th e  

d e f l e c t i o n  was 1 0 .4  i n .  Thus, i f  th e  p l a t e  m a t e r i a l  were s t r a i n ,  r a t e  

s e n s i t i v e ,  t h e  m ag n i tu d e  o f  t h e  d e f l e c t i o n  would be i n f l u e n c e d .  However, 

a s  p r e v i o u s l y  m e n t io n e d ,  61S-T6 alum inum  was n o t  s t r a i n  r a t e  s e n s i t i v e  

b u t  t h e s e  t e s t s  w ere i n c l u d e d  t o  i l l u s t r a t e  t h e  s t r a i n  r a t e  s e n s i t i v i t y  

e f f e c t . I f  a m a t e r i a l  were s t r a i n  r a t e  s e n s i t i v e , t h e  d e f l e c t i o n  

o b t a i n e d  by  u s i n g  t h e  l i n e a r  s t r e s s - s t r a i n  r e l a t i o n  would n o t  be 

a f f e c t e d .

I n c r e a s i n g  th e  p l a t e  t h i c k n e s s  t o  3 / 8  in-, r e s u l t s  i n  d e c r e a s in g  

th e  m agn itude  o f  t h e  d e f l e c t i o n  w hich  would be e x p e c t e d . At 

q^ -  1 0 0 e t h e  d e f l e c t i o n  was 2 .8 8  and  3 .5 6  i n .  o b t a i n e d  by u s in g  

th e  l i n e a r ,  and  n o n l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p s ,  r e s p e c t i v e l y .
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W ith  t h e  same l o a d  and h = l / 4  i n . , t h e  d e f l e c t i o n s  were 8 .4 8  ( l i n e a r  

r e l a t i o n s h i p )  and  28 i n .  ( n o n l i n e a r  r e l a t i o n s h i p ) - .  One t e s t  was 

p e r fo rm e d  w i th  a p l a t e  t h i c k n e s s  o f  l / 8  i n .  and  q^ ' = I O e ^

( F ig u r e '  17) w hich  r e s u l t e d  i n  p l a t e  d e f l e c t i o n s  o f  9 .5 2  ( l i n e a r )  and 

1 7 .8 8  i n .  ( n o n l i n e a r ) .  At ■ th e  same l o a d  o f  IOe- ^  and  w i th  

h  = l / 4  i n . ,  i t  was e s t i m a t e d ,  u s i n g  F ig u r e  1 8 ,  t h a t  t h e  d e f l e c t i o n  was

1 .3  and  0 .5  i n .  f o r  t h e  l i n e a r  and  n o n l i n e a r  c a s e s ,  r e s p e c t i v e l y .

A c u rv e  o f  th e  l o a d i n g  f u n c t i o n  i s  a l s o  i n c l u d e d  i n  F i g u r e s  10 

t o  17 . T hus ,  t h e  r e l a t i o n s h i p  be tw een  and  q can be r e a d i l y  s e e n .

The l a r g e s t  s o u rc e  o f  e r r o r  i n  s o l v i n g  t h e  e q u i l i b r i u m  e q u a t io n s -  

f o r  t h e  p l a t e  d e f l e c t i o n  w i l l  r e s u l t  f rom  u s i n g  th e  a n a lo g  c o m p u te r .  

E r r o r  a s  l a r g e  a s  20 p e r c e n t  i s  p o s s i b l e  i n  u s i n g  th e  a n a lo g  com puter  to  

s o lv e  t h e  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n  w h i le  e r r o r  o f  l e s s  t h a n  3 ■ '

p e r c e n t  i s  l i k e l y  t o  o c c u r  i n  s o l v i n g  th e  l i n e a r  d i f f e r e n t i a l  e q u a t io n  

on th e  c o m p u te r .  A .s m a l l  s o u rc e  o f  e r r o r  was t h e  a p p r o x im a t io n  o f  th e  

X t a n h  X te r m  and t h e  n a t u r a l  l o g a r i t h m i c  te r m  w i th  o t h e r  f u n c t i o n s  i n  

t h e  d ev e lo p m en t  o f  t h e  b e n d in g  moments. However, i t  is , u n l i k e l y  th a t -  

t h e s e  e r r o r s  r e s u l t e d  i n  su c h  l a r g e  p l a t e  d e f l e c t i o n s  b e in g  o b t a i n e d .  

These l a r g e  p l a t e  d e f l e c t i o n s  m ust be t h e  r e s u l t  o f  n e g l e c t i n g  th e  

s t r e t c h i n g  e f f e c t  upon th e  p l a t e .



CHAPTER IV

ANALYTICAL AND EXPERIMENTAL RESULTS

4 • I  Com parison o f  A n a l y t i c a l  and E x p e r im e n ta l  R e s u l t s

I n  one o f  H o ffm a n 's  (2) e x p e r i m e n t a l  t e s t s  u s i n g  a l / 4  i n .  t h i c k  

24  i n .  d i a m e te r  6 IS-T o  alum inum  p l a t e  w i th  an  im p u lse  o f  0 .1483  p s i - s e c  

and a p e a k  p r e s s u r e  o f  a p p r o x im a te ly  $82 p s i /  a pe rm an en t  d e fo r m a t io n  

o f  l . $  i n c h e s  was o b t a i n e d  a t  t h e  c e n t e r  o f  t h e  p l a t e .  U sing  th e  P l a s t i c  

R ig id  t h e o r y  d e v e lo p e d  by  Wang ( l ) , Hoffman c a l c u l a t e d  a p e rm anen t  

d e f o r m a t io n  a t  t h e  p l a t e  c e n t e r  o f  1 9 - I  i n c h e s  u s in g  th e  same p l a t e  

t h i c k n e s s  and l o a d i n g  f u n c t i o n .  In- th e  i n v e s t i g a t i o n  p r e s e n t e d  i n  t h i s  

p a p e r  w i th  t h e  same t e s t  c o n d i t i o n s  ( I  = 0 ,1 4 8 3  p s i - s e c . ,  P = $82 p s i ,  

h  = l / 4  i n . )  a d e f l e c t i o n  o f  1 6 .8 $  in c h e s  was c a l c u l a t e d  u s in g  th e  

l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p .  As p r e v i o u s l y  s t a t e d ,  t h e  d e f l e c t i o n  

was n o t  o b t a i n e d  u s i n g  th e  n o n l i n e a r  s t r e s s - s t r a i n  r e l a t i o n .  Using th e  

l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  o v e r e s t i m a t e s  t h e  a c t u a l  p l a t e  

d e f l e c t i o n ,  b u t  t h i s  one exam ple r e s u l t e d  i n  a lo w e r  d e f l e c t i o n  t h a n  th e  

v a lu e  p r e d i c t e d  by  u s i n g  th e  P l a s t i c  R ig id  t h e o r y .  Hoffman was d e a l i n g  

w i t h  p e rm a n en t  d e f o r m a t io n  w h i le  t h i s  i n v e s t i g a t i o n  d e a l t  w i th  maximum 

d e f l e c t i o n .  The p e rm a n en t  d e f o r m a t io n  would be somewhat l e s s  t h a n  th e  

d e f l e c t i o n  when th e  p l a t e  i s  s t r e s s e d  .above t h e  p r o p o r t i o n a l  l i m i t .

By u s i n g  t h e  method d e v e lo p e d  i n  t h i s  p a p e r  w i th  h = 1/ 4 . i n .  and 

q-  ̂ = IOOe 674^ _ Q.1483  p s i - s e c . ) ' ,  t h e  n o n l i n e a r  s t r e s s - s t r a i n
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r e l a t i o n s h i p  r e s u l t e d  i n  a d e f l e c t i o n  o f  28 i n .  and t h e  l i n e a r  i n  a 

d e f l e c t i o n  o f  8.4-8 i n c h e s .  Y e t ,  t h i s  p e a k  p r e s s u r e  was 1 7 .2  p e r c e n t  o f  

H o ffm a n 's  582 p s i  ( l  = 0.14-83 p s i - s e c )  w i th  t h e  a c t u a l  p e rm an en t  

d e f o r m a t io n  o f  t h e  p l a t e  b e in g  1 .5  i n .  a t  t h e  c e n t e r .  The r e a s o n  f o r  

u s i n g  t h e  h y p e r b o l i c  s t r e s s - s t r a i n  r e l a t i o n s h i p  was t o  e n a b le  o b t a i n in g  

a good a p p r o x im a t io n  o f  t h e  a c t u a l  p l a t e  d e f o r m a t io n .  However, u s in g  

t h i s  n o n l i n e a r  s t r e s s - s t r a i n  r e l a t i o n  g r e a t l y  o v e r e s t i m a t e s  t h e  d e f ­

l e c t i o n  a t  l a r g e  l o a d s .  By u s in g  th e  l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  

th e  d e f l e c t i o n  was a l s o  o v e r e s t i m a t e d  b u t  was l e s s  th a n  t h e ■ e s t i m a t e d  

v a lu e  u s in g  t h e  n o n l i n e a r  r e l a t i o n s h i p .  Even i n  t h e  c a se  where th e  

y i e l d  p o i n t  was d o u b le d ,  t h e  n o n l i n e a r  method g r e a t l y  o v e r e s t im a t e s  th e  

d e f l e c t i o n .  A p o s s i b l e  e x p l a n a t i o n  f o r  t h i s  o v e r e s t i m a t i n g  i s  e r r o r  i n  

n e g l e c t i n g  t h e  s t r e t c h i n g  e f f e c t  oh t h e  p l a t e .  The e n e rg y  p u t  i n t o  

s t r e t c h i n g  m ust be v e r y  s i g n i f i c a n t  when compared t o  t h e  e n e rg y  a b s o rb e d  

by  b e n d i n g .

4 . 2  C o n c lu s io n s

1 .  P l a t e  t h e o r y  i s  . i n v a l i d  f o r  p r e d i c t i n g  th e  p e rm a n en t  

d e f o r m a t io n  o f  a p l a t e  s u b j e c t e d  t o  a bomb b l a s t .

2 .  A v a l i d  s o l u t i o n  m ig h t  be o b t a i n e d  by u s in g  e l a s t i c i t y  m ethods 

i n c l u d i n g  b o th  b e n d in g  and s t r e t c h i n g  e f f e c t s .

3 .  I f  a m a t e r i a l  i s  s t r a i n  r a t e  s e n s i t i v e ,  t h i s  w i l l  i n f l u e n c e  

th e  p e rm a n en t  d e f o r m a t io n s .
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4 .  Changing  t h e  t im e  d u r a t i o n  o f  th e  b l a s t  w i t h  th e  p e a k  p r e s s u r e  

b e i n g  h e l d  c o n s t a n t  i n f l u e n c e s  th e  p e rm an en t  d e f o r m a t io n s  o f  

th e  p l a t e .
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APPENDIX A

• OTHER NONLINEAR STRESS-STRAIN RELATIONSHIPS

O th e r  s t r e s s - s t r a i n  r e l a t i o n s h i p s  t h a t  were i n v e s t i g a t e d  a r e  

= KCn (IO) , Cr= e (C -  a f 2 ) , and O' = i / b  t a n - ^a£ .

The r e l a t i o n s h i p  Cr = K£n r e s u l t e d  i n  a p o o r  a p p r o x im a t io n  o f  t h e  

a lum inum  s t r e s s - s t r a i n  c u r v e . The i n i t i a l  s lo p e  o f  t h e  s t r e s s - s t r a i n  

c u rv e  i s  z e r o ,  t h e n  i t  becomes v e r y  s t e e p  a t  s m a l l  s t r a i n s . .  . T h is  

r e l a t i o n s h i p  a l s o  c a u se d  d i f f i c u l t i e s  i n  i n t e g r a t i n g  f o r  t h e  ben d in g  

m om ents .

The n o n l i n e a r  r e l a t i o n s h i p  CT = E( ( + a £ ^ ) , was u n a c c e p t a b l e  due t o  

t h e  r e s u l t i n g  s t r e s s - s t r a i n  c u r v e . A f t e r  t h e  s t r e s s  r e a c h e d  a maximum 

v a l u e ,  t h e  s lo p e  o f  t h e  s t r e s s - s t r a i n  c u rv e  r a p i d l y  becomes i n c r e a s i n g l y  

n e g a t i v e .

The a r c t a n g e n t  r e l a t i o n s h i p ,  CP= l / b  tan~"*"a£, g i v e s  a f a i r  a p ­

p r o x im a t io n  o f  th e  a lum inum  s t r e s s - s t r a i n  c u r v e . -  However, i t  was found  

t h a t  th e  h y p e r b o l i c  t a n g e n t  r e s u l t e d  i n  a much b e t t e r  a p p r o x im a t io n  i n  

t h e  r e g i o n  where t h e  a c t u a l  cu rve  bends  o v e r .  D i f f i c u l t i e s  a l s o  a r i s e  . 

i n  a p p ly i n g  th e  M o d if ie d  G a l e r k i n  Method when u s in g  the. a r c t a n g e n t  

r e l a t i o n s h i p .  ■ ' •
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APPENDIX B

ERROR ANALYSIS OF X TANH X APPROXIMATION

The f o l l o w i n g  t a b u l a t i o n  l i s t s  t h e  e r r o r  r e s u l t i n g  f ro m  a p p ro x ­

i m a t i n g  X t a n h  X by  ( - 1  + s f l  + 5 .6 4  X^) / 2  f  o r ,0 ^  X -  5:

X X t a n h  X . ( - 1+ 1+5.61x2) / 2 E r r o r

0 .0 0 .0 0 .0 0 .0
0 .2 0.03947 0 .05354 0.01405
0 . 4 0.15198 0.18963 0.03765
0 .6 0.32223 0.37040 0.04817 '
0 .8 0.53122 0.57349 0.04226
1 .0 0.76159 0.78841 - 0.02681

1 . 2 ' 1.00039 1 .0 1 0 1 "0.00971
1 . 4 1.23949 1.23597 0.00352
1 .6 1.47467 1.46459 0.01008
1 . 8 1.70425 1.69509 0.00916
2 .0 1.92806 1.92693 0.00112

2 .2 2.14663 2.15977 0 .0 1 3 1 4  ■
'2 .4 2.36082 2.39337 0.03255 .
2 .6 2.57147 2.62755 0.05608
2 .8 2.77938 - 2.8622 0.08283
3.0 . 2.98516 3.09722 0.11205

3 . 2 3.18938 3.33254 0.14316
3 . 4  . '3 .39243 3.56812 0.17568
3 -6 3.59463 3.8039 0.20927
3 .8 3.7962 4.03987 0.24367
4 .0 . 3.99731 4.27598 0.27866

4 . 2  . ' 4.19811 ■ 4.51222 0 .3 1 4 1 1
4 . 4 4.39867 . 4.74858 0.34991
4 .6 4.59907 4.9850 0.38596
4 .8 4.79935 5.22157 0.42222
5 .0 4.99954 . 5.45818 0.458641
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APPENDIX C

ERROR ANALYSIS OF NATURAL LOG APPROXIMATION

The fo llo w in g  i s  a ta b u la t io n  of the e r ro r  in  the  .bending moment 

r e s u l t in g  from  approxim ating  0 .211 tim es the  n a tu ra l  lo g a rith m ic  term

by 0.33 Ah:

Ah Equation  20
' Equation  21 

(approxim ation) E rro r

0 .0 0 .0 0 .0 0 .0
0 .2 0.00187 -0 .0 3 1 2 1 0.03308
0 . 4 0.01453 -0.04658 0.06112
0 .6 0.04731 -0 .03364 0.08096
0 .8 0.10739 0 .0 1 5 7 1  . 0.09168

1 .0 0.19995 0.1062 0.09374
1 .2 0.32864 0.24048 0.08816
1 . 4 0.49606 0.41999 '0 .0 7 6 0 6
1.6 0.70402 0.64559 0.05243
1.8 0.95389 0.91776 0.03612

2 .0 I .24666 1.23681 0.00984
2 .2 ' 1.5831 1.60293 0.01982
2 . 4 1.96379 2;01623 0.08761
2.6 2.38919 - 2.47681 0.08761
2 .8 2.85968 2.98471 0.12502

3 .0 3.37557 3.53999 • 0 .1 6 4 4 1  ■
3 . 2 3.93709 - 4 . 14266- 0.20557
3 . 4 4 .5 4 4 4 6 4.79277 0.2483
3 .6 5.19785 5.49029 0.29244
3 .8 5.89740 6.23528 - 0.33787

4 .0 6.64325 7 .0 2 7 7 1 0.38445
4 .2 7.4355 7.86762 0 .4 3 2 1 1
4 ■ 4 8.27424 8.75499 - 0.48074
4 . 6 ' 9.15957 9.68983 0,53026-
4 .8 10.09155 " 1 0 .67217 0.58062
5 .0 11 .07023 •11 .70197 0 .6 3 1 7 4
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