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Abstract:

The object of this investigation was to develop an analytical method for predicting the permanent
deformation of a simply supported circular plate subjected to a blast loading. This development is
based upon using the circular plate equations in conjunction with a hyperbolic tangent stress-strain
relationship. The Modified Galerkin Method was used in obtaining solutions. The linear stress-strain
relationship (Hooke's Law) was included to allow a comparison of results. The effects of strain rate
sensitivity and time duration of blast loads upon deflection were also investigated.

By using the results of an experimental bomb blast test, a comparison of results was performed. From
this comparison, it was found that by using the method developed, the plate deflections are greatly
overestimated. This error results from using the plate equations which neglect the stretching effect
upon the plate. Evidently, the energy absorbed by stretching is very significant when compared to the
energy absorbed by bending.
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ABSTRACT

The object of this investigation was to develop an analytical
method for predicting the permanent deformation of a simply supported
circular plate subjected to a blast loading. This development is
based upon using the circular plate equations in conjunction with a
hyperbolic tangent stress-strain relationship. The Modified Galerkin
Method was used in obtaining solutions. The linear stress-strain
relationship (Hooke's Law) was included to allow a comparison of
results., The effects of strain rate sensitivity and time duration of
blast Toads upon deflection were also investigated.

By using the results of an experimental bomb blast test, a com-
parison of results was performed. .From this comparison, it was found
that by using the method developed, the plate deflections are greatly
~overestimated. This error results from using the plate equations which
neglect the stretching effect upon the plate. Evidently, the energy
absorbed by stretching is very significant when compared to the energy:
absorbed by bending.




CHAPTER I

INTRODUCTION AND STATEMENT OF PROBLEM

At the present there are no analytical methods available to ac-
curately predict the permanent deformation of a simply supported plate
subjected to blast loading. This blast loading may result in large
deflections being experienced by the plate. In general, analytical
solutions do not produpe‘valid results since tﬁe equations of motion
of the plate are based on small elastic deflection theory. This blast
produces an impulse type loading when the time duration of the biast is
much shorter than the fundamental mode of- vibration of the plate.

When'a plate undergoss large deflections resulting in the plate
being stressed beyond the material yield point, the plate pésses through‘
"the elastic deformation region into .the plastic region. Thus, a com-
plete solution of the plate defléction problem taﬁes into account the
deformation during the elastic region and . the plastic region. Wang.(l)%
5&5 derived tﬁe theoretical permanent deformation of a simply supported
circular plate subjected to air blasts, which is based upon the "Plastic
_Rigid” theory he developed. In Wang's theory, a perfectly plastic-rigid
material cannot deform when the stress iélbelow the.yield point, thus
the elastic region is ignored. Some aluminum alloys approach this ideal

plastic rigid condition.

% Numbers within a parenthesis refer to references.
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Hoffman k2), in his thesis presented to the University of Delaware,

used Wang's Plastic Rigid theory to calculate the pe%manent deformation
of a 24 in. diameter'simply supported 61S-T6 aluminum plate subjected to
blast loading. He also performed blast tests to obtain the actual
deformation, thus allowing a comparision. The stress-strain relation-
ship for 61S-T6 aluminum can be interpreted as being plaétic rigid.
However, it was found by comparison of the theoretical results with
experimental that the theoretical greatly_overestimates the permanent
* deformation. This was-true for the three different plate thicknesses
used in his experiment; 1/8, 1/4, aﬁd 3/8'in. |

. This paper presents the development of an analytical method for
calculating the deflection of a simply supported circular plate_sub—
jectéd to a bomb blast. This development‘conéisté of using the fun-
damental plate equation.giveﬁ by- Timoshenko and Woinowsky-Krieger (3) in
conjunctiﬁn with a hyperbolic tangent stgess—strain relationship. Thg
Modifiéd Galerkin Method was used to reduce the governing partial dif-
ferential equation to a differential equation in time. By solving this
differential equation, the plate deflection was obtained as a function
of £ime.. The development using the linear stress-strain relationship
(Hooke's Law) Qas also performed to allow a comparison. it was assumed
that the blast load was symmestric about the origin, thus reducing the
problem to one dimension, and that all energy .imparted to the platé'
was aBsorﬁed by the bending ef the piate. A method for obtaining thé

permanent deformation from the deflection was not developed.




CHAPTER II

THEORETICAL ANALYSIS

2.1 Equilibrium Eguation

The bending moment equilibrium squation for the symmetrical bending

of a circular plate is given by Timoshenko and Woinowsky-Krieger (3) as

(1) M +3er_M +Qr|drde=0
L hdr

! Where M. and M, denote the radial and tangential bending moments per

| unit length, respectively. Q is the shearing force per unit length

along the periphery of a cylindrical section. The equation for Q,

developed by using the concept of equilibrium, includes both the surface

| load and the inertia effect (Figure 1).

Fig 1. Cylindrical section of plate.
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Thus, the resulting shear force per unit length is

_qyr _ 2w
(2 @=L - Sh | 5~_§_at9)JBd§

rg .
with
B = distance to elémental secﬁion from origin.
qL = uniform load on plate, psi.
¢ = density, 1b/in’. o
h = plate thickness, in.
g = ‘gravitational acceleration,.in/sec2.
BZW = second derivative of assumed deflection equation.
5;5_ ‘with respect to time, in/sec?. : )

Timoshenko and Woinowsky-Krieger (3) devéloped the radial and tan-
geniial bending moments usiﬁg the rectangular coordinate system and then .
converting to the polar coordinate systeg for the circular plate. How-
ever, in the aevelppment of the bending moménts presentéd\in this paper
polar coordinates are used. The radial and tangential bénding moments
per unit lengfh on the element are deveioped by taking the sum of the
ﬁoments about the neutral éxis (Figure"2).‘ These bending moments per

“unit length are | .
| h/2
(3): Mf rde = | -~ z_?}'dz'rde

“n/2




h/2

/. = %
(4) Mt dr Z G£ dz dr

“=h/2

Fig 2. Element of circular plate,

Assuming that plane surfaces remain plane during bending of the
plate, the unit elongations (strains) in the radial and tangential
direction of the elemental lamina a b ¢ d (Figure 2) at a distance z

from the neutral axis are

(e)y &L =3

14 rI'




t

Where l/rr and 1/rt are the principle curvatures of the circular plate
in the radial and tangential directions, respectively. Timoshenko and

Woinowsky-Krieger (3) present the following geometric relations

(7) _1_:: —_gg_‘fl
o e B

g) L =-1 9uw

<) I‘t I BI‘

Where w is the deflection of the plate as shown in Figure 3. Partial
derivatives are used since w is a function of both tims and distance

from the origin.

——— R —

e
i A
r\\\\\\\\l[\‘_-_—_'—”’///’/////T
14
2

Fig 3. Simply supported circular plate.

2.2 Linear Stress-Strain Relationship

By using the linear stress-strain relationship,¥ = E€, the

stresses in the lamina a b ¢ d of Figure 2 are




1—v

_(19) o, = - Erér +€JGJ

Where E represents’ the modulus of elasticity and v fepresents Poisson's
ratio. After the substitution of Equations 5, 6, 7, 8, 9, and 10 into

Equations 3 and 4 and integrating, the moment equations become

. 2 ‘ .
1) M = - _EDN Sy + v Ju_
(12) r 12(1-v) [ard r dr
_ - BB | v Y + 1 dw
(12) M£ 12 (1-vR) 3¢ T  Ir

Substituting Equations 2, 1L, and 12 for Q, M. and My into Equation 1,

the equilibrium equation using the linear stress-strain relationship is

. B 2
(13) En’ [ Pw- ¥+ 1y + @T
12 (1—v2) ?r3  3dr? . r dr 2
. . .
-Cn | Y%w@) g apl| ards = 0
g 32 |
A .

2.3 Nonlinear Stress-Strain Relationship

The nonlinear siress-strain relationship used to approximate the

actual stress-strain curve -for the plate material is




(14) & = % tanh a &

By varying the constants a énd b, Equation 14, the initial slope‘gnd/or‘
positipn of the stress-strain cdfve can be adjusted.
A discussion of difficuities which occur with other nonlinear
stress-strain relationships_which approximate the materiéi stress—strain.
curve is given in Appgndix A.' ’
Hoffman (2) beffo;méd static teﬁsile tests on the plate materiél,
61S-T16 aluminum, to obtain the material's stress-strain diagram. From
this diagram, the average value of the yield stress was coﬁsidered to
.be 41,000 psi. His diagram is.shown iﬁ Figure 4-along with the curve
fof the hyperbolic tangent stréssfstrain relationship, Equation 14.

With & yield point of 41,000 psi, the constants a and b are 303 |
(Qimensionlesé) and 2.4 i ILO"5 inz/lb, respectively. |

Since many matérials are strain rate sensitive, it,was”decidéd to

increase the yield points to 61,500 and 82,000 psi (Figure 4) to
detefminé the effect of this phenomsna upon plate deflection. The
linear‘streés—strain:curve is not strain rate sensitive. :Strain rate
'testsl(A) have been berformed'én alumigﬁm 6061-T6 (pfevious alloy -
‘designation (5) 618-T6) which show that fhis ﬁiate materiai is not strain.
rate.sénsitive for the range of étrain_rgtes éxpected'in this ahalysis.'

By ﬁsing the nonlinear- -stress-strain relationship, Equation 14, .

the bending moments per unit length become




/-- “““““ T Sl S T R S i e
7
s 111
I
//_—.“ s S
T
e e SR IR o i
—————— (Curve for 61S-T6 Aluminum
— === 0=1_tanh a¢
Curve
I at= B0g0eh =Rl x 10’5
11 82104 b = 1.625 ¥ 107>
III a =146, b=1.22 x 10~
:‘r"|r1r—71|7. [ l ‘ [ ]
0 0.01 0.02 0.03 0.04 0.05 0.06
Strain in/in

Fig 4.

Stress-strain diagram,
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jﬁ 7z tanh Az dz.
S- z tanh Bz dz

A and.B are dependent upon the principle curvature of the pléte, thus

O“!I—'

(15) M. =

RO

they are considered to be constants in the integration for the bending

moments.  The equations for A and B are
(17) a=--2_ [¥u+ v du
’ 1-v= | dr? r or

o 2 N

(18) B=-_2_ |[v¥u+ 13w

. 1—v2 dr r or

Equations 15 and 16 Qeré not directly in%egrated'in this inves-
tigation because of the difficulties introduced by the hyperbolic
tangent terﬁs. It is possible to expénd the hyperbolic tangent into
a series and'theﬁ‘integrate, But after fhe Mbdified_Galefkin Method is
applied, an unstable differential equation in time is obtained. To
bypass these difficulties, it was'deoidea £6 repléce the z tanh zA term
within the inteéral of Equation 15 with anéthef function and then
perform the necessary intégration. It should be noted that Equations 15

and 16 are- identical with the exception of constants A and B. By

: : - J xR
letting X = Az and then replacing X tanh X with =1 + : 1 ; 5.64%% tpe

. bending moment becomes
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An/2
(19) M =1 -1+ Y1+ 5.64%°  dx
, bA : 2
. ~_Ah/2 :
. ' S 2
Curves of X tanh X and =Lt VL * 5.64X% are ghown in Figure 5.

2
By assuming that the 24 in. diameter plate undergoes a maximum center -

deflection of 3 inches, it is’possiblé to éstimate'the values 6f the ‘
principle curvatures of the deflected‘plate.' Then; by using EquatidnS'
7, 8, and 17, and a plate thickness of 1/4 in., the maximum value of
Ah can be-estimated to be 4.5, which results in Xﬁax = 2.25. Aé'shown
in Figure 5, there is little difference between these two functioné fér
0% X £2.25. Appendix B lists the magnitude of error between these two .
curves for 0% X S5 | ‘ |

After integrating Equation_19,.the'bénding moment per unit length

is

(20) 1 = 5 A <;l-+ $ V141 'A2h2,+. 1 ) '

" 2pAZ

£ 0.211 1n [ 1185 A + V1.4 4702 + 1
| -1.185 Ah + V1.41A%Kh° + 1

. Difficulties will again arise_whén applying the Modified Galerkin
Method .due’ to the natﬁral logarithmic term in Equation 20.  To eliminate
these difficulties, this.nétural log  term with the O;le‘constant was

replabed by 0.33 Ah.- This réduceS'Equation~20 to




Y R AT

g

&

X tanh X

] 2 At

5~
/
4 /7
2
7
v
7/
7
o /
/
/
y
o
X tanh-X
By e RNk Y s T
14 2
Vi
P

0 , : y ;

0 % 2 3 4

Fig 5. Approximation of X tanh X.
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(21) M= Lo | —67 an+ A Y141 A%2 41
2bA 2

Curves of 2bA2Mf verses Ah for Equations 20 and 21 are plotted in-

Figure 6 to indicate the error resulting from this simplification.

Appendix C lists the magnitude of this error for 0% Ah 25.

The equation for My can be obtained by replacing A by B, thus

(22) M, = _1_ | .67 Bn+Bh \/1,41 BRn2 + 1
2bBR | 2 . -

After substituting Equations 17 and 18 into Equations 21 and 22, the

bending moments become

, - |
2 2.2 (<2 1 ,

(23) M -h (1 - v°) .67 + .5|1:41 hTa® { 3%w + v 3uw) +1

T 2ba (Yuw L aw (1-v2)2 \ar<= ror) _J

. arz r or

i

. - ' 2 1
w2y 22/ 2 : 2
(24) Mt‘ 2ba V32W+l§ﬂ {(l—v)Z(aLrZ r or
T r a{)

Inserﬂing Equations 2, 23, 24, and the first differential of

Equation 23, into Equation 1, the equilibrium equation using the non-

linear stress-strain relationship is




2bA2M

(02

N

4

m———mees Fguation 20

— — — — Fquation 21

= Y4 =

(Approximation)

s /
Higros

AUR PR

Curves of Equations 20 and 21

di o



2 .y
€~ F.Alazhzggy + v _ﬁ>-+l} i
(25) —h(l—v2)¢‘7.67 +.5 (1% Pr?  r &

2ba - t 3_2_W+V _}L‘i
. N

2 4

+1.41 nRa? [1.41 a2h2 }EZ + v dw) +1 3y

2(1—-vR) (1-vR)2 'Br T ¥r dr3

2.2/ \2 2 3@
5 E.Ala B (v 3w + 1L du) +1

+v 3w - vdul+ .67 -.5[(A3)° dr< T Ar

e ‘

r rT 9r

2.4 Application of Modified Galerkin Method

The Modified Galerkin Method (6, 7) was used to reduce the equilib-
rium equation to a differential equation in time. In using the Modified
Galerkin Method, it is necessary to assume a solution to the equilibrium
equation which satisfies the displacement boundary condition but not
necessarily the force boundary conditions. If the assumed solution
does not satisfy the force boundary conditions, the virtual work done

on the boundary must be added to the virtual work done internal to the
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body. The Modified Galerkin Method requires that the virtual work done
in each assumed mode of displacement be zero. In this circular plate
problem, the assumed mode of dispiacement was a virtual rotation gcﬁv.

) ) or
The virtual work, W, done in this rotation can be written as

2W¥R
(26) W= (Equilibrium Equation) §(¥
J T/linternal
070 element
X U '
+ My - My f{aw) ride =0
: BI' - |r=R-
_ o surface
element

Where Mz - M, represents tﬁe bending moment equilibrium equation for
the surface elemsnt, i.e. R =r. Mg is the external bendiné moment at
= r and is zéro for a.simplf supported plate.
One of.the most critical steps in this.investigation was the
choosing of an assumed solutién for the plate deflgction. Such factors -

as the geometric shape taken by'the plate, the displacement and force

boundary conditions on the plate, and the assumed solution permitting

‘the integration of Equation 26 were considered in making this choice.

The assumed solution finally decided upon to represent the geomstric

shape taken by the plate due to blast loading is

(27) 'w = q (R - )
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With g being a time dependent function. This assumed-solution (Equation
27) does not satisfy the force boundary condition but does permit the
integration of Equation 26 to be performed. The plate deflection at any.
poinf can be calculated using Equation 27.

By substitution of the radial bending moment and the equilibrium
equation (Equations li aed 13) which were developed esiﬁg the’;inear
stress-strain relatienship, and the derivati%e of Equation 27 into
Equation 26 a linear differential equation in time is obtained:

(29) enw G+ w25 q=0F

12g 6 (1-v) 8

Similerly, by substituting the radial bending moﬁent and equilib-
rium equation (Equations 23 and 25) developed by using the hyperbolic .
tangent st?ess—strain relationship, and the derivative of Eguation 27

into Equation 26, a nonlinear differential equation in time is‘obtained{

A - ‘, tL 3 2
(29) @hR4 Fn(l) 1]-67 + 5 [5.64 1202(10)2 g2 + 1]= R
12g L ab Q] (1-v°)2 ' 8

The plate deflection can be calculated by first solving either Equation

28 or Equation 29 for g and then using Equation 27.

2.5 Loading Function
The applied load, qr,» was represented by an' exponentlally decaylng

function to 51m11ate a blast loading. The equatlon for qL
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(30) q = pe~ At

With P being the maximum pressure (psi) and » being a time constant
(1/sec) .

In a boﬁb blast the pressure decreases with time té zero, goes
negative and then returns to zero (8). The area under the negative
portion of the curve is small when compared to’the positive portion.
When using an exponéntial decaying function, the negative portion of

the curve: is neglected. Note Figure 7 for é comparison of the two

curves.

Bomb blast

pressure
pressure

N—

time ' . time

Fig 7.  Pressure-time curve of blast.

Hoffman (2) states that the blast loading on the circular plate is
essentially an impulse if the application of the load is much shorter

than fhe fundamsntal elastic mode of vibration of the plate. This
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impulse, I, is equal to the area under the pressure-time curve. When
the blast lﬁad is represented by an expoﬁential decaying function, the
impulse is given as
00

(31) I=| Pe

:Vru'

2.6 Analog Computer Method of Solving Differential Equations

To éolve the linear and nonlinear second order differential
equations, Equations 28 and 29, for q, an Electronic Associate, Inc.
Péce TR—Aé Analog Computer was used (9). The differential equations had
to be magnitude scaled and time scaled to allow the use of the analog
computer. By time scalihg, the computer time was slowed down by a
designateé factor from the physical time. M denotes the magnitude of
time scaling. .

In solving the linear equation for g, Equation 28 was'rearranged

into the form

(32) 4+ Ccaq=nDRe "
with
¢ = b3E Q)__g
(1-v) €R4
D=_128

8R2 € h




& Aokt

After magnitude scaling, Equation 32 becomes

. 5 : -At
(33) el WL N, g C 9 Umax _..DP e
Amax Amax | 9max Umnax

. - . il
Where g and q are estimates of the maximum values of q and q,
max nax

respectively. The estimated maximum values of H and q will correspond
to 10 volts on the analog computer and were expressed in equation form

as amaxcj DP and qmaxaj amax //C. This is the unity method of scaling

with 10 volts being the maximum Voltége of the computer. The maximum
The

value for q can be estimated to be half way between q and g

max max"®

computer diagram used in solving the linear differential equation is

given in Figure 8.

+LOR
PO ar,
A
M
DP
Amax

M= time scale ﬂi;;&?\
\&4

Fig 8. Computer diagram for Ejuation 33,
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The same scaling method was used in programing the nonlinear
equation on the computer as used for the linear equation.. Equation 29

is rearrangéd into the following form:
(34) G+ %[\/qu +1 - 1.34| =ppe™

with

B = 3g gl—V)

2 ba CR4A

F = 5.64 a°h> (14+v)2
(1-vR)2

D=__ 128
g@h RR

The resulting nonlinear scaled differential equation is

‘ 2
(35) - aéL = H K - /F _ g C12 + 1
7 se a - max 5
Umax Imax pax E{Jl-J K2 q. K2

Max
max

. At
- 13L) DR €

K -s
83X

Where K was an arbitrary constant used to rearrange the magnitude of

. numbers. As in the linear case, q (estimated) = 10 wvolts 2 DP and

max
%o (estimated) = 10 volts:%tahax//b. However, since the.equation is
nonlinear the maximum value of g may vary greatly from the estimated

value of Emax'/%’ but this does prQYide a sta?ting point. Again, émax

can be. estimated to be half way between?i;naX and qpg - The computer

diagram usea for the nonlinear equation is shown in Figure 9.




= AL
Time dependent plots of q and q; were obtained by using an X -Y

recorder in conjunction with the analog computer.

M’: Time scale q2 :
quax
> N, [l R0 D K
Al =G
K2
o

B +10V,

O

+

Fig 9. Computer diagram for Equation 35.




CHAPTER TIII

DEFLECTION OF CIRCULAR PLATE

3.1 Differential Egquations

As discussed in Chapter II, the differential equations in time

must be solved to obtain q as a function of time. By using the maximum

value of q, the maximum deflection of the plafe can be calculated.

After rearranging Equations 28 and 29, the linear and nonlinear

differential equations are

- (36)

(37)

where

(38)

S+ 2®Rg q= 120 Pt
(1-v) @R grRCn

»e

o = A
q + 3g (1-v) (1 /@.64a2h2<1+v)2 +1-1.34]=128 P
2 abCR4 \ g (1-v<)2 " 8Ch R

g, acceleration of gravity = 386 irAl/_sec'2

" E, modulus of elasticity = 107 psi

v, Poisson's ratio = 0.33
€, density = 0.098 1b/in® =

R, plate radius = 12 in.

The letters P, h, a, b, éhd A represent variables which depend‘uppn-the
configuration being studied.  After substituting- these constantS'intoz

Equations 36 and 37, the linear and nonlinear equations become

Y + C g = DPe~"t ="Dqr,
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(39) §+ g [‘/qu +1 - 1.34] = Dpe ™" = Dq,

respectively, where

C=5.67%10° 1 (1/in%sec?)

D= (41/h) (in°/1b sec?)
H = (0.191/ab) (1/1b sec?)
F = 12.58 a°h°

It was decided to use one of Hoffman's (2) experimental impuises
of T = 0.1483 psi-sec. to represent thé blast loading. Hoffman, in his
thesié, lists this impulse as 0.2075 psi-sec., However, sihce.the
writing of his thesis, more knowledge has beeh acquired in calculating
impulses. In a recent telephone conversation Mr. Hoffman corrected the
impulses given in his thesis and included the pegk pressures for each
impulse.

The analog computer was used to obtain solutions to Equation 38,
for values of h, P, and )\ as'given in Table I, Also, %he’analog computer
was used to obﬁain solﬁtiéné to Equation 39 for values of h, P,A, a,
and b, as given in Taﬁle IT. The values in Tables I and II were

selected to demonstrate the effects of strain rate sensitivity, dif-

ferent peak pressures with constant total impﬁlse, different impulées

with constant peak pressures, and plate thickness upon the deflection

of the plate.
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Variables used in linear differential
equation, I = 0.1483 psi-sec. .

Run ‘h - c - P A
# - in. (l/secz) x 105 psi l/sec
1 1/4 © 3.55 20 | 135
2 50 337

"3 ‘50 674
L 100 67,

5 1100 1348
6- . 582 3920
Y Y
7 3/8 7.9 |- 100 674
8 . 1/8 0.885 .10 67.4




TABLE II. Variables used in nonlinear differential equation, I = 0.1483 psi-sec.

RUN | YIELD PT. | h a b D ﬁ O F ] P A
# psi in, (inz/lb)XlO_5 in/lb-sec® | 1/in?1b | x10% psi 1/sec
1 41,000 .1/4 | 303 2.4 164, 26.3 | 7.23 20 | 135
2 "; . : - 50 | 337
3 i | ] | A 50 | 674
3 | 100 | 674
5 / V¥ \ 1 100} 1348
6 61,500 | | | 194 1.625 | 60.6 2.9 | 50 | 337 éa\
7 50 | 674 |
g | ‘ L . : - 100 | 674
o | ¥ Y Y L | ¥ | Y 100 | 1348
10 82,000 146 1,22 109.0 1.63 | 50 | 337
11 - ‘ ) S 50 | 674
12 | _ . A A 100 | 674
113 Y [ 1 Y / \ i 100 | 1348
14, 41,000 3/8 | 303 2.4 109 - 26.3 16.21 | 100 | 674
is 41,000 | 3/8 ] 303 2.4 328 | 2603 1.805] 10 |67.4
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3.2 Analog Computer Results
Figures 10 to 17 are curves of g verses time obtained by solving
the differential equations on the analog computer. Also included in

each-of these figures is a curve of the loading function, ar,-

3.3 Plate Defleqtions

The maximum plate deflection was calculated using the maximum value
of q and Equation 27, w = q (R® - r?), the assumed solution for the
plate deflection that approximates the geometric shape taken by the

plate after blast loading. All deflections presentéd in this paper

- are at the plate center, r = 0, since deflections at other points aloeng

the radius of the plate are not required in checking the vaiidity of
the analytical method developed in this paper. The calculated values
of deflections are given in Table IIT.

3.4 Discussion of Analytical Results

In the fallowing discussion, reference is made to the curves of q
verses time, Figures 10 to 17; the plate deflection ié di?ectly
proportional‘to the value of q.

As shown in Figure 10, with a plate thickness of 1/4 in., yield
point of 41,000 psi, and q, = 20e"135t, using the nonlinear stress-strain
felationship results in a smaller deflection (1.26 in.) than the linear
relationship (2.38 in. deflection). 'This was expected since the non-

linear stress-strain curve has a steeper slope at low stresses
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TABLE IITI. Deflections at center of plate

Deflection w

ot | s 1/;n. inches |
Point | h_ P A Non- : Non-
#1 psi | 1/in | psi | 1/sec | Linear | Linear Linear | Linear
1 | 41,000} 1/4 20 |, 135 0.0165 | 0.0088 2.38 1.265
2 50 | 337 0.036 | 0.0653 5.8 | 9.4
3 50 | 674 0.029 | 0.0353 418 5.09
4 100 | 674 0.0589 | 0.194 8.48 | 28.0
5 100 | 1348 0.0425 | 0.0692 6.12 9.95
6 . 582 | 3920 0.117 | - 16.85- 1 -
7 | 61,500 50 | 337 - 1 0.0372 - 5.35
8 50 { 674 .1 - 0.02/, - 3.46 |
9 100 | 674 | - 0.105 | - 15.12
10 \ 100 | 1348 _ 0,048 1. = 6.91
11 | 82,000 50 | 337 - 0.0583 4 - 4.07 .
12 56 674, - 0,021 - 3,02
13 ioo 674, - 0.,0722, - 10.4
14 100 | 1348 - 0.0389 - 5.6
15 | 41,00013/8 1.100 | 674 1 0.0200% 0.0247 2.88 | 3.96
116 0 | 1/8 20| 674 0.06-6,2\-“.6.-124. 4 oo | a7

41,000




(Figure 4) than the linear curve.

337 and,lOOe'674t are applied to

When loading functions of 50e”
the 1/4 in. plate using the nonlinear stress-strain relationship with
a yield point of 41,000 psi results in plate deflection of 9.4 and 28
inches while the liﬁear method results in plate deflections of 5.18 and
8.48 inches, respectively (Figures 11 to 14).. At these high stresses
the nonliﬁear stress-strain relationship creates a soft spring effect,
Theoretically the strain could become infinite for stresses at the
yield point usipg £he hypefbolic tangent stress-strain relationship.
It is physically impossible for a 24 in. diameter, 1/4 in. thick
‘aluminum plate to deflect 28 in., or even 9 in., without undergoing a
considerable amount of stretching. Yet, in the théory used in this
investigation, all stretching effects were neglected. " These very large
deflections indicaté that the energy absorbed in:the stretching mode
musﬁ be included. - , -

9=0% on the 1/4 in.

When the loading function'is increased to 582@‘3
thick plate, a solution to the nonlinear differential equation was not
obtainéd. At this higher peak pressure of 582 psi, the equilibrium
equation developed using the hyperbolic stress-strain relation requires
that thé maximum stress ekceeds the possible values as dictated by the
stress-strain relation causing the value of 4 to be indeterminate.

However, a solution using the linear stress-strain relationship was

obtained, which resulted in a plate deflection of 1685 ‘in.




iah S
The relationship between peak pressures and deflection for the
1/4 in. plate at a yield point of 41,000 psi is shown in Figure 18 for
both the linear and nonlinear stress-strain method. These curves are
similar to the stress-strain curves (Figure 4), which would be expected
since the magnitude of the stress is proportional to the peak pressure,

and the magnitude of the strain is proportional to the deflection.
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The time duration, at a cop;tant peak pressure, of the loading
function effects the magnitude of the plate deflection. As an egample,
the defiection obtained by using the nonlinear stress-strain relation
vas 9.4 in. at a = 50637t and 5.09 1n. at ap = 50e674%, This effect
of doubling the tiﬁe duration was greater using a peak pressure of 100
psi as shown in.Table III. One would expect this to happen since
doubling the time‘constant reduces the impulse B& 50 percenf.

When the material yield point was increased, using the nonlinear
stresséstrain relationship, the plateIAeflection decreases as shown in _
Table TIT. To illustrate this, ab a = 1006 074% and b = 1/4 in., the
'deflecfion was 28 in. at a yield point of 41,000 psi; at a yleld point
of 61,500 psi, the deflection was 15.12 in.; and at 82,000 ﬁsi”the
deflection was 10,4 in. Thué, if the plate material were strain. rate
sensitive, the magnitude of the deflection would bg influenced. However,
as previously mentioned, 613-T6 éluminum_waé not strain rate sensitive
but these tests were included-to iilust?ate fhe strain rate sensitivity
effect. If a materigl weré strain'rate sensitive, the deflection
obtained by using thé-linear_stress—strain relation would nét be
affected. |

Increasing tﬂe‘plate'thickﬁess to 3/8 in. results in decreasing
the ﬁagﬁitude of the deflection which.would be expeéted. At
‘qL = ldQe'674t the deflection was 2,88 and 3.56 in..oBtained'by using

the linear and nonlinear stress-strain relationships, respectively.




. —Z"O;
With the same load and h_:>i/4 in., the defiéctioné were 8;48'(1inear
relationship) and 28 in. (noniipear relationship). One test was
performea with a.pléte thickness of 1/8 in. and qL;= 1Oe—67‘4t o
(Figure' 17) which resulted in plate deflections of 9.52 (liﬁear) and
17.88 in. (nonlinear): At - the séme load of IOe_67f4t and with
h = 1/4 in., it.wés estimated, using Figﬁre 18, that the defieéfion was
1.3 and 0.5 in. for the linear and nonlinear casés, respgctively. |

A curve of the loading function qr, is.also includéd in Figures 10
to 17. .Thﬁs, the ;elétionship between g and g can be readily seen.

Ths largest'sduroe of error in solving fhe equilibfiUm equations-
for "the plate defléction will result from using the analog computer.
Error as large as 20 percent‘is possible in using the analog computer ﬁo
solve the nonlinear differential equation while error of less than 3
" percent is likely to occur in solving the linear differential equation
on the computer. A.small source of erro; was the appro?imation of‘the
X'taﬁh X'tepm and the natural.logarithmic term with other functions iﬁ'
the developmgnt of the bending momenfs, However% it is unlikelf thaf
£hesehefrors resulted in'such'large plate defléctions being obtained.
These iarge plate defiectioﬁs ﬁust be the result‘of négleétiné'fhe

.stretching effect upon the plate.




CHAPTER IV

ANALYTICAL AND EXPERIMENTAL RESULTS

4.1 Comparison of Analytical and Experimental Results

In one of Hoffman's (2) experimental tests using a 1/4 in. thick
- 24 in. diameter 61S-Té aluminuﬁ plate with an impulse of 0.1483 psi—sec
and a peak pressure of approximately 582 psi, a permanent deformation
of 1.5 inches was obtained at the center of the plate. Using the Plastic
Rigid'theory developed by Wang (1), Hoffman calculated a permanent
deformation at the plate center of 19,1 inches using the same plate
thickness and loading fuﬁction. In the investigation presented in this
paper with the same test.conditions (I = 0.1483 psi-sec., P = 582 psi,
h = 1/4 in.) a deflection of 16.85 inches was calculated us;ng the
linear stress-strain relationship. As previously stated, the deflectién
was not obtained using the nonlinear streés—straiﬁ relation. Using the
.linear stress-strain relationship overeétimates the aétual plate
dgflection{ but this one example resulted in a lower deflection than the
value predicted gy using the Plastié Rigid theory. Hoffman was dealing
vwith pefmanent deformation while this investigation dealt with maximum
deflection. The permanent deformagion woﬁld bé somewhat less than the
deflection when the platé is stressed above thé proportional limit.

By using the mesthod developed in this paber with h = 1/4.in. and

-674%

qr, = 100e (I = 0.1483 psi-sec.), the nonlinear stress-strain
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. relationship resulted in a deflection of 28 in. and the linear in a
deflection of 8.48 inches. Yet, this peak pressure was 17.2 percent of
Hoffman}s 582 psi (I = 0.1483 psi-sec) with the actual permanent
deformation of the plate being i.S in. at the center. The reason for
using the hyperbolic stress-strain relationship was to snable obtaining
a good approxiﬁation of thé actual plate deformation. However, using
this nonlinear stiress-strain relation éreatly overestimates the def-
lection at large loads. By using the linear stress-strain relationship
the deflection was also overestimated but was less than the-estimated
value using the nonlinear relationship. Even in the case where the
&ield point was doubled, the nqnlinear method greatly overestimates the
deflecfion. A possible explanation for this ovérestimating'is error in
neglecting the stretching effect on the plate. The energy put into
stretching must be very significant when compared to the energy absorbed

by bending.

L.2 Concluéions
1. Plate theory is invalid for predicting the perménént

deformationh of a plate subjected to a bomb blast.

2. A valid solution might be cbtained by using elasticity methods

including both-bending and stretching effects.

3. If a material is strain rate sensitive, this will influence

the permanent deformations.




b
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Changing the time duration of the blast with the peak pressure
being held constant influences the permanent deformations of

the plate.
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APPENDIX
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APPENDIX A

© OTHER NONLINEAR STRESS-STRAIN RELATIONSHIPS

+

Other sfress—strain felationships that were investigated are

o= K€'(10), o= E(¢ - aéz), and O = 1/b tan laé.

The relationship o = K¢” resulted in a poor approxiﬁation of the
aluminum stress-strain curve. .The initial slbpe of the stress-strain
curve is zero, then it bécomes very éfeep at small strains.. This
relationship also caused difficulties in'integrating for the behding>
moments. | |

The nonlinear relétionship o = E(¢+ at?), was unacceptable due to
the resulting stress-strain cgfve. After the stfess reached a maximum_.
&alue, the slope of the stréss—strain curve rapidly be comes incre asingly
" negative.

—

Thé arcﬁaﬁgént relationship; CV-Z 1/b tan'iaé, gives a fair aéa-

- proximation of‘fhe aluminum stress-strain curve.- Howé%er, it was found
A that the hyperbolic fangent resuited iﬁ’a much better épproximation-in ,
‘the region where the actual curve bends over. Difficulties also arise .

in applying the Modified Galerkin Method when using the. arctangent

~ relationship.




imating X tanh X by (-1 + AL + 5.64 X2)/2 for 02X 5:

ERROR ANALYSIS OF X TANH X APPROXIMATION
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APPENDIX B

The folloWing tabulation lists the error resulting from approx-

C(-1+  1+5.61%R) /2

X tanh X Error

0.0 0.0 0.0 0.0

0.2 0.03947 0.05354 0.01405
0.4 0.15198 0.1893 0.03765
0.6 .. 0.32223 0.37040 0.04817 -
0.8 0.53122 0.57349 0.04226
1.0 0.76159 0.78841 0.02681
1.2° 1.00039 1.0101 " 0.00971
1.4 1.23949 1.23597 0.00352
1.6 1. 47467 1.46459 - 0,01008
1.8 1.70425 1.69509 0.00916 °
2.0 1.92806 1.92693 - 0.,00112
2.2 2.14663 2.15977 0.01314
2.4 2.36082 2.39337 0.03255 .
2.6 2.57147 2.62755 0.05608
2.8 2.77938 - 2.8622 0,08283

© 3.0 2.98516 3.09722 0.11205
3.2 3.18938 3.33254 0.14316
3.4 . '3.39243 3.56812 0.17568
3.6 3.59463 3.8039 0.20927
3.8 3.7962 4,.03987 0.24367
4.0 0 3.99731 4.27598 0.27866
4.2 4.19811 - 4.51222 0.31411°
YAVA 4.39867 . 4.74858 0.34991
4.6 4. 59907 4.9850 . 0.3859
4.8 4.79935 5,22157 042222
5.0 4. 99954 5.45818 0

458641
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APPENDIX C

ERROR ANALYSIS OF NATURAL LOG APPROXIMATION

The following is a tabulation of  the error in the bending moment

resulting from approximating 0.211 times the natural logarithmic term

by 0.33 Ah:

‘Equation 21
Ah FEguation 20 (approximation) Error
0.0 0.0 0.0 0.0
0.2 0.00187 . -0.03121 0.03308
0.4 0.01453 -0.04658 0.06112
0.6 0.04731 : -0.03364 0.08096
0.8 0.10739 0.01571 . 0.09168
1.0 0.19995 0.1062 0.09374
1.2 0.32864 0.24048 : 0.08816
1.4 0.49606 0.41999 - 0.07606
1.6 0.70402 0.64559 0.05243
1.8 - 0.95389 0.91776 0.03612
2.0 1.24666 1.23681 0.0098,,
2.2 - 1.5831 1.60293 0.01982
2.4 1.96379 2:01623 0.08761
2.6 - 2.38919 . 2.47681" 0.08761
2.8 2.85968 2.98471 0,12502
3.0 3.37557 3.53999 0.16441
3.2 3.93709 - 414266 0.20557
3.4 b 54446 4L T9RTT 0.2483
3.6 5.19785 5.49029 0.29244
3.8 5.89740 6.23528 0.33787
4.0 6.64325 7.0277L “0.38445
4.2 7.4355 -7.86762 0.43211
Lty 8.27424, 8.75499 0.48074
4.6 9.15957 9.68983 0,53026 -
4.8 10.09155 " 10.67217 0.58062
5.0 11 .11.70197 0.63174

.07023
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