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ABSTRACT

This thesis contains the formulation and development of a space-time Sinc-
Galerkin method for the numerical solution of a parabolic partial differential

equation in one space dimension. The space-time adjective means that a Galerkin:

technique is employed simultaneously over the spatial and temporal domains.
Salient features of the method include: exponential convergence rate, an easily
assembled discrete system, production of a global approximation to the solution,
and the ability to handle singular problems. Methods of solution for the discrete
system and implementation of the method for a number of test problems are

included.




CHAPTER 1
INTRODUCTION

A two-dimensional Galerkin scheme for the solution of the differential equa~-

tion
(1.1) Lu=g

on a domain D C IR? can be summarized as follows. Let uy be an approximation

to u defined by

- (1.2) uy (2,) = o (z,8) + ) a;¢;(z,1)

j=1
where the ¢; are known basis functions and u, is defined to satisfy the boundary

.conditions. Define the residual R by _’ ‘
R(alaa2’° «esanN ,‘Z,t) = Lu’N -9
A standard weighted inner product will be used, given by

(13) (.0 = [ [ stetdo(e,poletdec

A Galerkin scheme d'etermir_lés the unknown coefficients by orthogdnalizing the

residual with respect to the basis functions for £k =1,...,N
(14 . (R,é) =0

The properties of the method are governed by the basis functions ¢, in (1.2), the
inner product defined in (1.3) and the quadrature used to evaluate the integrals

arising from (1.4).
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The linear operator considered here is the constant coefficient parabolic op-

erator with zero boundary conditions,
Pu(z,t) = u,(z,t) — s (z,t) = g(z,t) ; (z,t) €D
(1.5) u(z,t) =03 (z,t) €D
D={(z,t):0<z<1,0<t<o0}

The subject ‘of this thesis is the numerical solution of (1.5) using a Galerkin method
simultaneoﬁsly in space and time with emphasis placed on the temporal approx- -
imation. Nonhomogeneous boundary data may be handled by transforming the
pr(;blem to one of the form of (1.5). This procedure is illustrated in Examples
6 and 7 of Chapter 5. For spatial product regions contained in R", n > 2, the
te'i:hnique of the pfe_sent thesis is applicable via Kronecker products of the matri-
ceé developed in this thesis. This has been developed and discussed in [2|. For
more general spatial domains in R®, n > 2, the pro?:edure developed in [14] is
applicable. As this approach is somewhat unconventional, a brief description of
th;a standard approach used for constructing an appro_ximation to (1.5) is provided
for contrast..
Generally, construction of an approximate to the solution u of (1.5) begins "
with a discretization of the spatial domain using a finite diﬁ'erence,,ﬁn‘ite' element,
collocation or Galerkin method [4,6,7,10]. This approach yields a system of ordi-
| nary differential equations in the time variable. To complete the approximation,
one uses a time-differencing scheme in which the approximation at a given time
is dependent (;n the approximation constructed at the previous time level or in
dome cases on several previous time levels. Stability constraints on the discrete
evolution dperator result in low order methods that require “small” time steps to

obtain accurate approximations [1]. When the approximate solution is desired at
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moderate (or large) times, a large number of applications of the discrete evolution
operator must be used to rea..ch that time.

A great deal of effort has been expended on developing methods which im-
prove the approximation of the time derivative. The survey paper [10] classifies
méthodé of order greater than two for the time integration. In [4], methods which
are up to fourth order accurate in time are developed by employing various extrap-
olations at each time level. While each of these approaches possess certain advan-
tages they all result in methods ‘that converge algebraically in time. When used in
conjunction with an exponential order spati.';ml approximation (e.g. Galerkin, spec-
tral) the result is a method that is exponentially convergent in the spatial domain
a.£1d algebraically convergent in the temporal domain. A type of space-time finite
element technique was developed in [15]. When piecewise polynomials are used in
* the temporal domain, the resulting method remains an algebraically convergent
method. In contrast the method presented here enjoys an exponential c;)nvergen;:e
rate in each coordinate direction, and appropriate parameter selections allow oné
to balance these rates.

The present method maintains its exponential convergence rate in the case
of problem (1.5) whose solution has a singulé.rif,y on the boundary of D. This is
in marked contrast to polynomial based methods whose approximation qualities
deteriorate in the presence of singularities.

The basis elements employed in the Sinc;Galerkin method are translate; of

the sinc function, denoted sinc(z), which is defined by

. ‘ ) ~ sin(7z)
6) . = R
(1.6) sinc(z) . TE ’

The approximation procedures herein are based on the following 'folrI:nal expansion




of a function f:

z—kh

(1.7) C(f,h,z) Z f(kh sznc[

| #>0
k=—oc0

The expansion (1.7) was developed and studied by E.T. Whittaker [16] who
dubbed the function C(f,h,z) the “cardinal function” of f (whenever the series
converges). He conjectured that given a function with singularities and fluctu-
ations, the “cardinal function” could be substituted for it “in all practical and
some theoretical investigations since they are identical at an infinite number of
values.” He called C(f,h,z) “a function of royal blood in the family of entire
functions, whose distinguished properties separate it from its bourgeois brethren.”
Currently, the function C(f,h,z) is called the Whittaker cardinal function. The
cardinal function used as a tool in numerical analysis is of relatively recent vin-
tége. The survey paper [13] provides both historical information on the cardinal
function as well as an exhaustive list of its properties through 1981.

F. Stenger [11] showed that for functions defined on the real line, interpolation
and integration procedures based on the Whittaker cardinal function have the
exponential convergence rate 0(exp —kvVN ) where £ > 0 is a constant independent
of N and 2N + 1 basis elements are used in the procedure. By using conformal
maps, he expanded these procedures to include functions defined on an-arbitrary
. interval (a,b) and showed that the exponential convergence rate was maihtained.

In [12] Stenger showed that the convergence rate O(exp —k+/N ) was optimal
over the class of N -point approximations whether or not the fuﬁcti(_)n being ap-
. proximated had singwlularities at the endpoints of the.interval, (a,b). Included in
[12] is an initial development of the Sinc-Galerkin method to approximate the
solution of linear and nonlinear second order ordinary differential equations. Thé

approximate solution of some elliptic and parabolic partial differential equations is
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also discussed. The reduction of the differential equation to a system of algebraic
equé.tions was accomplished via explicit approximations of the weighted inner
product defining the Sinc-Galerkin scheme. In each case the matrix formulation

of the system of algebraic equations can be expressed in the form
(1.8) Ag=5b

where « is the vector of unknowns and the components of the matrix 4 and the
vector b are known. Unlike the sparse matrices arising from polynomial approxi-
mations, the matrix A for the Sinc-Galerkin method is full.

Specifically, when applying the method to a second order ordinary differential
equation Stenger showed that the discretization yields a matrix A represented by

a sum of m#trices
(1.9) A=I1%D, + 1Y D, + D,

where I?) is a full skew-symmetric matrix, I(?) is a full negative definite ,sym-.
metric matrix and the matrices Dy, D, and D, are diagonal and dependent upo'n
“the domain of definition. In the case of a self-adjoint second order problem, the
matrix A is not in general a symmetric matrix. However, the method is applicable
to any second order problem including those with regular singular points. While
it is possible to make assertions about the spectrum of each term of A, a specific
c}ilara.cteriza.tion of the spectral properties of A is domain dependent.

Lund [9] showed. that for self-adjoint second order differential equations, the
skew-symmetric matrix I*) could be eliminated from A in (1.9) by selecting a
weight function different from that used in [12]. The selected weight produced
a symmetric discrete system (1.8). Numerical testing showed an unexpected in-

crease in the accuracy of the approximation produced by the symmetrized method
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over that produced by the method of [12]. In exchange for the symmetrization,
a stronger assumption is required on the behavior of the true solution. As a
consequernce, the methodology of [9] applies to a more restrictive class of prob-
lems than the methodology in [12]. Due to the nature of the solution of broblém
(1.5), the method of [9] is applicable and is the method of choice for the spatial
approximation in this thesis.

Initially the methodology outlined in [12] was used in the time domain. When
this method was applied to a variety of test cases, the numerical results often failed
to exhibit the expected exponential rate of convergence. Whereas the accuracy
of the interpolation for the various derivative approximations can be guaranteed,
a closer examination of the discrete system for (1.5) indicated that matrix condi-
tioning was the source of these discrepé.ncies. When the development was carried
out us;ing a general weight it was clear that the conditioging was dependent on: the
weight function used in the inner product. It is shown that both the eigenvalues
of the discrete system as well as matrix conditioning are controlled by selecting
a‘ different weight than that proposed in [12]. Additionally, when the new weight
was tested, the numerical results in each test case exhibited the anticipated rate of
convérgence. As in the symmetrization method of [9], this new selection requireé
a stronger assumption on the behavior of tile true solution.

Chapter 2 contains an outline of the approach taken to produce a numeri-
cal approximation to the solution of (1.5) using the Sinc-Galerkin method. This
technique is a product approximation and as such the spatial and temporal approx-
imations are given separately. Various results from the work of Stenger [11,12,13]
germaine to the development are included for completeness. The chapter con-

cludes with the symmetric Sinc-Galerkin method applied to the one-dimensional




problem

u'(z)=¢g(z) , z€(0,1)
(1.10)
u(0) =u(l) =0

Chapter 3 begins with a detailed development of the Sinc-Galerkin method
using an arbitrary weight function in the inner product for the one-dimensional

problem

u'(t) =g() , te(0,00)
(1.11)

The focus here is toward identifying the impact of the weight function on the
conditioning of the resulting discrete} system. The analysis shows that in the one
parameter family of weight functions identified, there is a range of values of the
parameter for which the conditioning is controlled. Correspondingly there is a
range of values of the parameter for which the exponential convergence rate of
the method is enhanced. In the intersection of these two ranges is a parameter.
defining the weight function for which the conditioning of the system is controlled
and the exponential convergence rate is maintained.

The approximations in Chapters 2 and 3 are assembled in Chapter 4 to
"produce the discrete system which determines the numerical approximation -of
the solution to (1.5). Three methods for solving the discrete system are dis-
cussed. The ﬁrst method is in the form of (1.8) where the coefficient matrix is the
Kronecker sum of the matrices developed in Chapters 2 and 3. This form is
‘amenable ‘to either direct or iterative solution methods. The second method is -
b;a,sed on the diagonalizability of the matrices from the spatial and temporal dis-
cretizations. Due to the weight selection from [9] the former is orthogonally diag- -

onalizable. The diagonalizability of the latter is a conjecture of this thesis. This
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method is included both to numerically test the conjecture and to clearly reveal
the eigenstfucture of the system. The validity of the numerical results of this the-
sis do not depend on this diagonalizability conjecture. Indeed, the third method
of solution presented, based on the Schur decomposition, produces identical nu-
merical results without the assumption of diagonalizability.

. Finally, Chapter 5 includes the numerical results for seven examples. From
the many examples tested, these were selected to illustrate implementation aspects
of the method. Both homogeneous and nonhomogeneous problems are included.
Specifically, the first four examples were selected to numerically illustrate the ex-
ponential convergence rate for singular and nonsingular problems. In the former
case, problems exhibiting algebraic or logarithmic singularities are included. The
last three examples were taken from the literature and could provide an initial ba-
sis for a comparative study of this Sinc-Galerkin method and alternative methods

of solution of parabolic problems.




CHAPTER 2
THE DISCRETE SYSTEM FOR THE SPATIAL DOMAIN

The development of the Sinc-Galerkin method for either of problems (1.10) or -
(1.11) depends on the accurate interpolation and quadrature formulas of [11,12,13]
for the approximate inner products defining the method. Both to see why the two
problems (1.10) and (1.11) arise from (1.5) as well as to review the results needed
from [11,12,13], an outline of the space-time Sinc-Galerkin method is given in this
chapter. Following this general discussion, the specific development for problérn
(1.10) is presented. |

The space-time Sinc-Galerkin scheme to approximate the soiution of the

parabolic problem

Pu(z,t) = u,(z,t) — u..(z,t) = 9g(z,t) ; (z,t) €D

(2.1) u(z,t) =0 , (z,t) €8D
D={(z,t):0<z<1;0<t< o0} _
‘may be sumrharized as follows: Select the basis functions {S;(z), S; (¢)} and define

‘an approximate solution to (2.1) by way of the formula

N,

(2.2) | Umaom e (T,1) = D Z us; S () S; (t)

i=—M, j=-~M,

where
(2.3) - m,=M,+N,+1 and m; =M, + N, +1

The coefficients {u;;} in (2.2) are determined from the discrete system

k=-M,,...,0,...,N,

B mg,mqg ] S S* =0 )
(24) (Pu 2Tt g k Z) £=—M¢,-.-,0,---,Nt
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where (-,:) is an appropriate inner product. The choice of the inner product
in (2.4) coupled with the choice of the basis functions in (2.2) determines the
prdperties of the approximating method.

f‘or the Sinc-Galerkin method, the basis functions are compositions of the sinc
function (1.6) with conformal maps and will be defined later. The inner product

indicated in (2.4) is defined by

(2.5) N (u,v) = /000 /;1 u(z, t)v(z, t)w(z, t)dzdt

where w is a weight function that will be selected as the development proceeds. To
motivate the one-dimensional development that follows, assume that the weight

w(z,t) = wy (£)ws (£) so that the residual in (2.4) with (2.5) may be written
/o ) /0 " e (2,1) S, (2)5; (6w, (2) s (¢)dlt
[ [ veelws005@)5; s o), (1t
_ /0 " /0 ! (B0 (2)S: (1) () (1)t

While construction of the discrete system defined in (2.4) is the result of direct

computation, it is tedious, obscures important parameter selections and fails to
provide direction in selecting the weight function. A product-method of approach

is achieved through developing the Sinc-Galerkin method for the one-dimensional

problems
: u"(z) =¢g(z), 0<z<1
(2.6) '

‘ u(0) =u(1) =0
and
o W (t) =g(t) , >0
(2.7)
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The latter approach produces matrices that are identical to those derived from
a direct discretization of (2.4) and illuminates parameter and weight function
selection.

Before attacking either problem (2.6) or (2.7), the foundation and basic
assumptions necessary for the Sinc-Galerkin method are presented. Since the
domain of concern differs in problems (2.6) and (2.7), the preliminary results are
developed on the general interval (o, b) with a™ h

Let a and b be real and let P be a simply connected domain in the complex
plane such that a,6 dD. Letd> 0and ¥:D  Sd be a conformal single valued

mapping onto the infinite strip

(2.8) Sd={$=T[i+iv:|ill <d

Furthermore, select ) such that (@ = —e0 and ()l) —oo0. Let <>1 denote the
inverse of () and set F = (0, b) —<>1((—o0, 00)) and xk = <t>1{kh) where /i > 0
and k is an integer. A graphic respresentation of the situation is supplied in Figure

Figure I. The domains V and Sd.
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The basis functions used in the Sinc-Galerkin method are translates of the
si;nc function (1.6) composed with the conformal mapping ¢:
Si(z) = S(k,h) o ¢(x)

¢(z)h— kh]

_ sin [% (¢(z) — kh)]
= (4(z) - kh)

It is convenient to note a property of the basis functions and to introduce some

(2.9) = sine [

npta.tion at this time. Define

(n) — n
(2.10) 5 =h <£> S(k,k) o ¢(z) .
- so that, in particular,
o J1 ifg=k
(2.11). b = {0 7Lk
0 ifj=k
2.12 61 = { C1)F s ,
- (212) k3 (_31__)_2_ if 5 +k
and
zxl ifj =k
2.13 63 =40 3 .
219 MU A Ak

bf primary importance to the Sinc-Galerkin method is the quadrature rule
1,515¢d to evaluate the integrals resulting from the various inner products 1n (2.4);
in particular, the form of fhe error incurred by the quadrature rule is needed.
The following theorems are given without proof (see [11,12] for the proofs) and
.embody the tools required to construct an approximation to the solution u of
either (2.6) or (2.7) using a finite set of the basis elements. The theorems are

stated for a contour T in the complex plane though they are used in this thesis on
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subintervals of the real line. Theorem 2.1 identifies the class of fuﬁétions for which

sinc interpolation yields an exponentially accurate sinc interpolant. The result of

Theorem 2.2 exhiBits the exponential rate of convergence of the quadrature rule

and Theorem 2.3 provides a technique for truncating the infinite sum resulfing
from the quadrature rule.

Let B(D) denote the class of functions f that are analytic in D such that

(2.14) / [f(g)dgl —0 as u— oo
¢~ (u+L)

where

L="{v:|v|<d}

a.ﬁd

(215) N0 = [ 11 < oo
Theorem 2.1: Let 2, = ¢~ *(kh) and f € B(D). Then for every z € T’
I 1)
“=56 Zw # ) >
(2.16) :
_ sin (¥ ¢(2)) / f(w) i
27t Jop [$(w) — ¢(2)]sin (£ ¢(w))
.a.nd
N(f,D)

(2.17) B < S gink (9)

Theorem 2.2: Let f € B(D). Then

I = /F fedz—h 3 ;((Zz’;))

(2.18)
_ i [ K(8,h)(w)f(w)

( w
T2 2 sin(m¢(w)/k) d




14

where
(2.19) K(#,h) (w) = exp {inp(w)sgn [Im(qS(w))] /R} .
Fﬁrthermore, a short calculation produces the identity‘

ea0) K($R)@)| = exp(-rd/h)

wedD

and the inequality

. e—ﬂ'd/h .
(2.21) , |If| < W N(f,D) .
Theorem 2.3: Suppose f is analytic in D and that there exist positive

constants a, 8 and C such that

,ZEI‘LV

(2.22) li,((?) <o { Zgg:gng{ ,2€Tx
where |

Py ={z:2€ 47 ((~00,0))}
and

Tp={z:2€¢7*([0,00))}
Then

L

(2.23) E

<| 'S L

i3 de)

k=N+1

< c{(1/a) ~exp(,—aMh) (1/8) exp(—ﬁNh)}
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Combining the result of Theorems 2.2 and 2.3, the error in the finite sinc

quadrature can be expressed as
N
f(2)
f(2)dz -
IREERRYR [

(2.24) <c{(1/a) exp(——aMh) +(1/B) exp(—BNh)}

e~ "2 N(f,D)
2stnh(mwd/h)

The boundary integral and truncation errors in the finite sinc quadrature (2.24)
are asymptotically balanced when 7d/h = aMh and aMh = SNh or when

' wd
and
(2.26) N= H%{[— -+ 1“

where [[]] denotes the greatest integer function. The inequality in (2.24) is main-
tained if - M is an integer and N = 5 M. The addition of 1 in (2.26) is required
only when % M is not an integer.

It should be noted that the exponential rate of convergence in (2.21) and
(2.23) does not depend on the boundedness of derivatives of f. It is this fact that
preserves the exponential accuracy of the Sinc-Galerkin method when applied to
problems with singular solutions.

The inner product employed for either of problems (2.6) or (2.7) is defined
by

@) (w,0) = [ u(e)o(a) (¢@)" de

'l?hé value of o is prbblem dependent and will be identiﬁea during the ensuing

development for each problem.
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The remainder of this chapter is devoted to identifying the form of the dis-
crete system which produces the Sinc-Galerkin approximation of (2.6). A detailed
development of the approximation is provided in [9], thus only the results are in-

cluded here. Select the conformal map

(2.28) Hz)=in (i3 ")

which carries the *“eye”-shaped region

(2.29) Ve - {z = x-\-iy: |orsr[z/(l - 2)]] < d < w2}

onto the infinite strip Sd in (2.8). These domains are depicted in Figure 2.

Figure 2. The domains Ve and Sd.

The inverse map, 4 1, is given by
(2.30) = 0fZ(H-Ct) ,

thus the sine nodes are

(2.31) xk = @ 1[kh) = Gdh/(1 + ekl)
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The basis elements, S, (z), are defined as in (2.9) and an approximate solution of

(2.6) is defined by

N
(2.32) Um (2) = D u;S;(z) , m=M+N+1
j=-M

The discrete system produced by orthogonalizing the residual with respect to the

basis functions Sk (z),
(2.33) (v’ —g¢,8%)=0, - M<k<N ,

provides the defining relationship which determines the coefficients {u;} of (2.32).
The use of v in (2.33) as opposed to u,, is a convenience which facilitates the
derivation of the discrete system. The weighted inner product (2.27) with o =

—1/2 assumes the form

(2.34) (u,v) = /0 1 w(z)v(z) (' ()~ 12 g

In [9], it was shown that this selection produces a symmetric discrete system. The

initial step in constructing the discrete system is achieved by setting

0= (" 0,5 = [ [w"(s) - o(a)}5: @) (o))

and is followed by two applications of integration by parts. This leads to the
equality
n

(2.35) /0 ' 0(2)5 () (¢(2)) " dz = By + /0 ' u(2) (5.2 ()] do

where the boundary term Br is given by

~1/2

Br = u'(2)8: (z)(¢'(2))

0

~u(e) | 5 (5 (#)" -

1

1

3 5E@0E) " (#@)

0

1 ! ' _
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If the function u satisfies the inequality

(2.36) [u(2) (¢ ()"

T ' 0<z<1/2
< 3
L{(l—z)" , 1/2<z<1

then with the weight function selected, By =0 if o > 0 and § > 0.
Applying the quadrature rule of Theorem 2.2 to the integrals in (2.35) and

truncating the infinite sum according to Theorem 2.3 produces

(2.37) 0=h Z {[hz 8§ — 5,53’]u(xj)[¢'(xj).]1/2—Wﬁ—f;])m5;3)} .

J=~-M

Let I‘?) denote the m X m (m = M + N + 1) matrix whose kjth element is
given by (2.13) and define

(2.38) A = D[¢'] [ 2 = I(O)] D[d)']

The matrix D[¢'] is an m x m diagonal matrix with elements ¢'(z;),
j=—M,...,N and I®) is the m x m identity matrix.
If an approximate solution of (2.6) is (2.32) and if one replaces u(z;) with u;

iﬁ (2.37) then the discrete Sinc-Galerkin system for (2.6) is
(239) A7 = D[(¢)"*?g]1

where 7 = D[(¢')"*/?@, @ = (u_pr,...,%0,...,uy)” and 1=(1,...,1)7.
The specific parameter selections made in (2.39) are defined by
(2.40) . h = (rd/(aM))*

and

(?.41) | N=[[%M+1H
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It has been shown in [9] that, asymptotically, the error incurred by approximating
the true solution of (2.6) by (2.32) has the order 0<exp(—(7rdaM)1/2)). As
shown in [12], the matrix I(?) in (2.38) is a negative definite symmetric matrix

with condition number of order O((N + M + 2)/ 2)2.

The weight (¢')~'/2 in (2.34) produces a symmetric system to determine the -

coefficients of the approximation to the solution of (2.6) unlike the selection (¢')~*
used in [12]. For a general ¢, the convergence rate is less rapid when the weight
function selected is (¢')~'/2. For the map ¢ in (2.28) it was shown in [9] that the
convergence rate is the same whether (¢')~*/2 or (¢')~? is used. This plays a role

for the problem (2.1) in the parameter selection of Chapter 4.
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CHAPTER 3
. THE DISCRETE SYSTEM FOR THE TEMPORAL DOMAIN

The Sinc-Galerkin method for problems (2.6) and (2.7) differs in two major

reépects, the conformal map and the choice of the weight used in the inner product. -

The difference in conformal maps is due to the obvious diﬁ’érence in domains, (0,1)
versus (0, 00). The selection of the weight for problem (2.7) is not as obvious. This
- chapter is devbtec_l to the development of the discrete system for (2.7) and is carried
out with an arbitrary weight in the form indicated in (2.27). More detail will be
devoted to the selection of ¢ both with respéct' to the elimination of the boundary

terms in the integration by parts and in the conditioning of the discrete system.

Recall problem (2.7)

(3.1)

u(0) =0
Seiect the conformal map
(3.2) P(z) =Lnz

which ¢arrics the wedge shaped region Dy = {z =t +14s: |arg(z)| < d < 7/2}
onto the s‘tri.p Sy (2.8). The domains Dy and S, are depicted graphically invFigure

3. The sinc nodes in Dy are defined by

(33) - t, = ¢t (kh) = ¢kt
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Figure 3. The domains Vw and Sd.

The basis functions S*(t) are defined as in (2.9) with 4>and x replaced by ip and

t respectively. An approximate solution of (3.1) is given by

(3.4) um() = 2 WSy(@®) , m —M + N + |

J=-M

The weighted inner product for (3.1) assumes the form
1(3-5) (u,v) = Jf u(t)v(t)[ip'(t)Y dt
0

where a is real and as yet unspecified. Orthogonalizing the residual using the

inner product in (3.5) yields, after a single application of integration by parts,

O= (u'-g,5%) = Jf [u'(®) - g()1S*{t)(ip'(t)y dt
(3.6) 0
==Bt~Jo {*() (O(fwW)T + s;(QOCA())*} dt

where
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[+

(3.7) B, = u(t)S; ())(¢'(¢))°

o]

Again,.u is used in (3.6) instead of u,, to derive the discrete system.

If it is assumed that  vanishes at a sufficiently rapid rate at infinity and that
u is Lip v at £ = 0 then, coupled with the initial condition in (3.1), B, = 0 for
all 0 < ~. The assumed vanishing of u at infinity is not a restriction for most
parabolic problems and will be discussed in what follows. Taking the derivative

of the bracketed term in (3.6) yields the equality

,0 = /0°° —{U(t) [ﬁ/)— (S’,’: (t))[¢'(t)]a+1 + 8 (t)0(¢'(t))”—1¢"(t)

| S OW O |
(3.8) .

T LE e e OB e ]
_/ { 2 (500 +22 50 wow )

+9(8)Sc (B)[¥' ()] }dt

Applying the sinc quadrature (Theorem 2.2) to the integral in (3.8) yields

(39) 0=—h Z {[ 8 + ((Z{J) 5‘0’] ui (¢4)° }—hgk(¢;)”"1+lu+lg

=00

where the following notation has been introduced: f}") represeﬁts the sth deriva-
“tive:of f evaluated at ‘the sinc node tJ The elements 5,51.) and 6,20.) are as defined
iﬂ (2.12) and (2.11), respectively. The integrals I, and I, are defined by (2. 18)

with f replaced by u[S; (¥')°] and ¢S; (¥')°, respectively.
The bounda.ry 1ntegra.ls I, and I, are bounded using (2.20) and the following

inequalities:

h
(3.10) < — =0Co(h,d)
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and

2y (S (w))
sin(m/)(w)/h)

nd + tanh(rd/h) _
— wd?tanh(nd/h)

weapw

(3.11)

Ci(h,d)

In the interest of completeness, the bound on the equality |1, | proceeds as follows:

i K@@, A)()e(c){S W' €I .
2 Jap, , sin(7f¢(§)/h)

/ {K(rﬁ,h)(du(f)z"’.; (Ss())' ()7 +
a0y, ' sin(m,b‘(g) / h)

K (3, h)(¢)u(¢)S; (¢)aly' (¢)]7~ 4" (¢)
* sin(m () /) } %

|Iu l =

-2

—7d

< % exp< ; ) {C‘(h’d)/apw Iu(s*)hb’(s*)]_”“dS‘l-

+|o|Co (R, d) / I_Q(s*)'[z/z"(é)]”"w”(g)dcl} ,

aDw

where it is assumed that the final integrals are bounded as in Theorem 2.1.
To truncate the infinite sum in (3.9) suppose that u(¢') is analytic in the
domain D and satisfies
e 7, 0<t<1
(3.12 wOwOri<x{f, > 05
for positive constants K, 4 and § (assumption (2.22) with f/¢’ replaced by

u(¥')'*?). Employing the results of Theorem 2.3 on the infinite sum in (3.9)
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yields the iﬁequality

hz Busts (4" = o ()

i=-M

< {Iﬂl exp(— th)+ 'ﬂl | exp(- 6Nh)}
(§.13) | | +% exp <_T7rd) {01 (h,d) /aDw |u(§)[¢'(§)]“+1d;|
| +|o|éo(h,d) /a g Iu(s‘)[«ﬁ'(s*)]"“‘¢"(s‘)ds‘|
4 Col(hyd) /a o lg(s) ' (¢))” dcl}

In (3.13) the quantity

¢" 0
B = = (1) + ’J 5( )
(3.14) bR O [w;]2 %
: _1 (1) (
= E 5k; it 0'6,‘3)

since, from:(3.2),. 1[)}' /['l,b;]2 = —1 for all j. The quantity |3| on the right-hand side
of (3.13) is, from (212) and (3.14), bounded by

1< (3 +1o)

Assuming the boundary integrals on the extreme right of (3.13) are bounded, the
exponential error terms in (3.13) are asymptotically balanced when the parameters

h, M, N, ~ and 6 satisfy 7d/h = yMh = §Nh. This yields the selections
(315) b= (rd/(xM))""*
and

(3.16) : ‘ N = [[ll_u_“ﬂ.
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Before idgntifying the final form of the discrete system given by the left-hand
side of (3.13), it should be noted that the calculation of N in (3.16) only assumes
that the solution v decays algebraically at infinity, (3.12). For many Pparabolic

problems the solution u satisfies
(3.17) u(t) = O(exp(—6t)) as t — oo
for some § > 0. In this case, the upper sum is bounded by

B19) > u)rl<(Fril) O ew-an)

J=N+41 j=N+1
Upon noting that
h Z exp(—6t;) < / e % dt
Nk

the truncation of the sum on the right-hand side of (3.18) is bounded by

(Z?.flg) (% + |a|> —’;13: exp(—é6e™*)
In this case, the truncation errors are asymptotically balanced if

(3.20) N= ‘HM + 1]]

h
as opposed to (3.16). As the examples in Chapter 5 will show, this choice of N
significantly reduces the dimension of the discrete system while maintaining the

exponential convergence rate. If (3.4) is assumed to be an approximate solution of
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(3.1) then, since u,, (¢;) = u;, the discrete Sinc-Galerkin system which determines

the {u,} is given by

(321) B = —D|(¥)"g]
where
(3:22) B = D[y'|((1/m)I*) — oI'?)

" IM is the m x m matrix whose kjth element is defined by (2.12) and I(®) is the

m X m identity matrix. The vector ¥’ is defined by
(3.23) - @=D()]a

where @ = (U ps U pri1y.005Uy )T and the matrices D[f] are m X m diagonal
matrices with diagonal elements f(t;), = —M,...,N. ‘

A unique solution to (3.21) is guaranteed provided B is nonsingular. This
may be seen as follows: The matrix I(?) is a real skew-symmetric matrix and
therefore has spectrum that is pure imaginary. Hence for all non-zero o the matrix
(1/R)I®) —oI(®) is invertible. Since ¢ is conformal the matrix D[¢'] is invertible
so that B, as the product of invertible matrices, is invertible.

- As important as the invertibility of B in (3.22) is its distribution of eigen-
values. This plays a role both in the conditioning of B as well as the method of
solution employed in the two-dimensional problem (detailed in Chapter 4). Indeed
t‘;his author believes that the eigenvalues of B are distinct. There is ample numef-
ical evidence indicating that B is diagonalizable but an analytic proof remains
elusive. Another concern which surfaces in Chapter 4 is how the eigenvalues of A

in (2.38) and B intermingle. As will be seen, the solution requires a division by
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the sum of the eigenvalues of B with the eigenvalues of A (in all possible combi-
nations). Recalling that A is a negative symmetric definite niatrix, it is required
'that no real eigeﬂva.lue of B is the additive inverse of an eigenvalue of A.

The appréa.ch taken is to-show that the real part of each’ eigenvalue of B is

negative provided an adroit selection of o is made. To this end, let C be defined

by

1

(3.24) C=+ IM —of

The matrix IV is a skew-symmetric Toeplitz matrix with eigenvalues in the
interval (—im, ), thus the eigenvalues of C are translates of those of I{*) where
the translation is dependent on the sign of o. Notice that t,lE matrix

D(1/+/4' )BD(\/%' ) has the same spectrum as D(y/4' )CD(+/¥% ). It follows from
the definition of C that if A € 0(C) then Re(A) < Oor Re(A) > 0aso 1> Ooro <0,
respectively. Hence, the same is true of any spectral point of D(1/4/4%' )BD (/%)
and since the latter is a similarity transformation of B it follows that if 8 € a(B)
then Re(8):< 0 if o > 0 or Re(8) > 0 if 0 < 0. Hence, selecting 0 > 0 guaran-
tees that the real part of the eigenvalues of A and B have the same sign, so that
no eigenvalue .of A is the additive inverse of an eigenvalue of B. The following

theorem has been shown.

Theorem 3.1: Let the matrices A and B be defined as in (2.38) and (3.22)

respectively, and let § € o(B) and a € 6(A4). If 0 > 0 then

Re(a+8) <0

In light of the discussion following (3.7), if u is Lip v at ¢ = 0 then B, = 0 for

all 0 where 0 < 0 < . Consequently, one should select a reasonably small o. The
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selection of ¢ also impacts the convergence rate of the method. Rewriting (3.12)
in terms of a bound on u yields

| trte 0<t<l1
. <K ?
(3.25) |u(t)[ = {exp(—&t) , t>1 ’

where (3.17) is being assumed. The truncation error term leading to the selection
(3.20) assumes the form ,exp(—(’y +o)M h) Hence, to speed the convergence of
the method one should select o “close to” 4. As will be seen in the examples of
Chapter 5, ¥ = 1 is a common case so that the selection 0 = 1—¢, ¢ > 0, is

optimal with respect to the preceeding sentence. However, besides optimizing the

convergence rate, the selection of g plays a competing role in the conditioning of -

the matrix B in (3.22).

: To begin this investigation note that the matrix C in (3.24) is normal and

cTC = (—-’1; I —O’I) (% I —aI)

=~ (1) +0°1

the computation

shows that the eigenvalues of CT C are real and lie in the interval (02, o2 + 72 /h?).

THe condition number of C is then

#(C) = IClllC™* |2

= \/o(c7C) - \/o((c-1)rC-)

(3.26) = [
. <y/o%+ " V s
Vo2 +29M

where the last equality follows from (3.15) with d = 7 /2. Using (3.26) and the

Q-
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identity ¢’ (¢;) = e~ 7 there follows
(D((#'))B) = [ D((®")7**)CllID((%') = *)C |l

(3.27) <IClllle D (") ) ID((%") )2

< _1_ 02 + 2vM max {ezNh(a+1) : eth(0+1)}

— o b
Hence for positive o the right-hand side of (3.27) is minimized for ¢ “near” zero
(as opposed to ¢ = 4 as in the discussion following (3.25)). In the interest of
balancing the competing inequalities (3.25) and (3.27) governing the selection of

o this author, with the common case 4 = 1 in mind, selects their average value

o=1/2.
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CHAPTER 4
| :ASSEMBLY OF THE ONE-DIMENSIONAL SYSTEMS
‘Reea.ll_ _t’he parabolic partial differentie.l eqeatien: |
Pu(z,1) = w(2,8) — pa (,8) = 9(2,1) ; (2,8) € D
(‘4.1)‘ - u(m) =0, (5t)€dD |
D={(z,t):0<z<1,0<t<00} ,
e,nd the a's_seeia.ted. Sinc-Galerkin 'a,pproxima.tien of u _
(42) . | U . ,m ¢ (T t Z Z u;; S > (t)
. ) i=-M; j=—-M,

'The subscrlpts z and t are used to identify pa.ra.meters of the discrete system that
. are 51m1lar in nature. For example, the d1mens1on of the coefficient matrix and the
mesh size h will be subscripted since they depend on the independent Yarlables z
and t.

The weighted inner product (2.5) applied to (2.4) yields
(43), o

/ fmzttmhﬂ o(21)]5, (2)S; (18 (@] /*[¢ () ddt .

' .As 1n the one-dlmenswnal problems, u is used in (2 4) instead of u,,, , as a
ma.tter of convenience. Proceedlng asin the one-dimensional problems by perform-
| ing the necessary 1n1§egra.t10n by parts and applying the quadrature rule (Theorem

2.2) to the result, the following discretization for (4.3) is obtained:
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.- 1 1 1 41— ’
o= 3 {[& & -3 0] o)
. J=-o00 . “
I U (LTI .
' o +'Z 77’?515?)_2615?) [¢i]1/2uu[¢¢] 1/2}

G guelde] 7

. Assuming that u satisfies 2 growth bound of the form
(4.5) : lu(z,8)] < K t1+1/2¢= 8t ga+1/3(1 _ g)s+1/2

" the infinite sums in (4.4) can be truncated without impingement to fhe conver-
- .gence rate of the method. To transform (4.4) into a finite dimensional matrix
equation, suppoée that —M, Sl_k,i < N, and —M, < 7,€ < N,. The discrete
Sinc-Galerkin system can then be written as follows:
1 y-3/2 ; 1727 | 1 anr 1
DI(¢h)* DI 2] | 5 ) =3 1
6) 1 1 |
(46) g 1 - 1] Pl Dl
= —D|(¢})7*/*]G D[(4;)*/?]

where

[ U_m,,- M, Uy -Me+1 0 UYonroN, ]
UM +1,-M¢ UM +1,-M+1 """ Uy 41N, |
U= |
:
L Un,,—-M, UN,,-Mg+1 " Un,,N,

- The order of the coefficients, u;;, in the first column of U results from fixing ¢ at
the first timé node, t_ s, , and letting k& and ¢ assume each value from —l\‘/.f,c to N,
in (4.4). Subsequent cplumhs of U are generated by advancing to the next time

- node and repeating the process. The order of the elements of G in (4.4) is precisely
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that of U. This particular ordering was precipitated by mimicking the approach
used in a standard time-differencing scheme. It should be noted that the Sinc-
Galerkin method is not bound to any specific ordering of the grid. Additionally,
it should be noted that the concept of stability, inherent in a time-differencing
scheme, does not apply to the Sinc-Galerkin method in the standard form of the
Ieigenva,lue growth of an iteration matrix. In the preéent setting the approximate
solution U, me is computed at all times ¢;. The stability is “controlled” via the
selection of o outlined at the end of Chapter 3.

To obtain a more convenient form for the disérete system (4.6), multiply (4.6)
on the left and right by the diagonal matrices D[(¢')] and D[(¢")] respectively and
rewrite the matrix D[(¢')!/2] in the second term on the left of (4.6) as the product
b[(¢' )ID[(¢')~*/?]. The final form of the discrete system is then

i)l ) { |5 1 - 3 1] Dl

40 i {1 - 1] D601} o 71w Dl

= —D|(4,)" /"G D) |
One could argue the purported “convenience” of (4.7) over (4.6), however, the
dispersement of the derivative of the conformal maps and associated weights ex-
hibited in (4.7) provide a sense of “symmetry” to the Sinc-Galerkin method. The

matrix equation (4.7) can be written as
(4.8) o VBT + AV =F

where B is defined in (3.22), A is defined in (2.38),

49)  v=D{(#) U D)
and |
(4.10): - | F = D|(¢;)"*/?]G D|(¢,)*/*]
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The solvability of the system in (4.8) can be characterized in terms of the

intermixing of the eigenvalues of A with those of B. This characterization is a
well known result from linear algebra but is revealed in the first method of solution
presented for solving the system in (4.8).

Algebraically, (4.8) is equivalent to-the system

kY
4

(4.11) ' AT={I®A +B ®'I} co(V) = co(F;

where the tensor product of an m X n matrix F with a p X ¢ matrix G is defined
by
E ® G E [e"jG]mpx ng

—_
The vector #' = co(V') is the concatenation of the m, X m, matrix V obtained by

successively “stacking” the columns of V', one upon another, to obtain an m,m, x 1

vector. It is known [8] that the eigenvalues of A in (4.11) are given by the sums

{a.- + B} -rosisn.

—My<FEN,

so that the system (4.8) has a unique solution if and only if no elgenvalue of Ais
the negative of an eigenvalue of B. Theorem 3.1 implies then that (4.8) is unlquely
solvable.

A direct method of solving the system (4.11) consists of the implementation
of aﬁy of the decomposition methods available for linear systems. From a compu-
tational point of view, a more economical method of solution proceeds as follows:

Since A is orthogonally dia;gonalizable there exists an orthogonal matrix Q so that

| (4.12) QTAQ = A,

where A, is a diagonal matrix containing the eigenvalues a; of A. Define the

m,m, X m,m, maftrix
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S=IQ®Q

(note I is m, x m,). Factoring S and S” from the matrix 4 in (4.11) and pre-
mﬁltiplying the result by ST- produces
(4.13) (I®A, +BRI(I®QT) co(V) = (I ® Q) co(F)
The system in (4.12) may be solved either by a block Gauss elimination method
or via a block Gauss Jordan routine. | .

" A second solution method for the system (4.8) is obtained by a diagona.liza.tﬁon
procedure. It is the method of solutior_l oriéinally used by Stenger [12] to solve

system (4.8). Specifically, assuming that B in (4.8) is diagonalizable then there is

an invertible matrix P so that
-(4.14) P 'BTP =\,

where A is a diagonal matrix containing the eigenvalues 8, of BT. If the change

of variables

(4.15) . W=QTVP
and
(4.16) H=QTFP

is made in (4.8) the result is
(4.17) QWP'BT + AQWP~! = QHP™*
Multiplying (4.17) on the left by QT and right by P yields

(4.18) WA, + AW =H
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The solution of (4.18) in component form is

(4.19) wyy =
Z 'J—ﬂj‘*'ai

for —-M, <: < N, and —M, < j < N,. Once W is determined, V is recovered
via the relationship defined in (4.15) and U follows from (4.9).

Due to Theorem 3.1 the w;; in (4.19) are well defined and tile solution U
of (4.7) is obtained via the outlined procedure, the only analytic constraint to
the method being the assumed diagonalizability of B in (4.14). In the interest
of support.ing the conjectured diagonalizability of B, the examples of the next
chapter are all computed via the p1"ocedure outlined in (4.14) through (4.19).
To motivé,te the conjectured diagonalization of B consider the following intu-
itive discussion: The matrix hB is the product of a .positive diagonal matrix
(D(¢')) and a normal matrix (r () _ L I). The matrix D(3')I*) may be written
as D(v¥' ) [DvA& I D(/4")] D(1/+/¥ ) hence the eigenvalues of D(¢')I(*) are
the same as the eigenvalues of the normal matrix D(\/W YT D(y/4"). As an 0(h)
perturbgtion of a diagonalizable matrix, it seems reasonable that for A sufficiently
small, hB‘ and hence B is diagonalizable. r

An alternative procedure, based on no diagonalizability assumptions, consists

of replacing (4.14) by the Schur decomposition of B [5]. That is, replace (4.14) by
(4.20) ' BT =2TZ"

where Z is orthogonal and T is upper triangular. The discreté system (4.8) is now
eqﬁivé.lent to

(4.21) ' VZT + AVZ =FZ

In (4.21) use the diagonalization of A in (4.12) to transform (4.21) to

(4:22) ~ WT+AW =Q"FZ =M
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where

W=QTVZ

The components of w;; are given recursively by
n
(4.23) . Zw;ptpj + W, = My,
p=1
where, for convenience, it is assumed that all matrices are n x n and indexed from
1 to n. Also t,; = O for all p > j. Notice that (4.23) yields the same solution
as the diagonalization procedure beginning with (4.14) since (4.8) has a unique

solution. !
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CHAPTER 5
NUMERICAL IMPLEMENTATION

The Sinc-Galerkin method for approximating the solution of the parabolic
problem (4.1) was tested on several examples with known solﬁtions. The numer-
ical results for seven distinct problems are presented here, Problem dependent
-parameters are identified and the results for each problem are listed in a tabular
format which reveals the exponential rate of convergence of the method. Exam-
ple 1, whose solution is analytic, is included to compare with Examples 2 and 3
which have singular solutions. The latter two examples converge at the same or
a faster rate than that of Example 1. As emphasized in Chapters 2 and 3, it is
the Lipschitz character of the solution that governs the rate of convergence of the
Sinc-Galerkin method. Indeed, Examples 2, 3 and 4 demonstrate the method’s
ability to approximate singular solutions whether the singularity is logarithmic
or algebraic (in space and/or time) or both. Examples 5 and 6 are taken from
the literature. The last two examples demonstrate a technique for transforming
a parabolic problem with non-zero boundary conditions to a problem in the.form
of (4.1).

Recall that the approximate solution of (4.1) is defined by

N, N,
(5.1) U (@) = D ) i 8i(2)S;(t)
: i=—M, j=-M, :

where the basis elements S;(z) and 5 (t) are defined in (2.9) with ¢ replaced by

(2.28) and (3.2), respectively. The coefficients, {u;;}, are determined by solving
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the discrete system
(5.2) VBT + AV = F

for V' then recovering the u,;; from the v;; by way of the relationship (4.9). The
matrices V and F are of dimension m, x m, while BT is m, xm, and A is m, S(mz.
The technique used to solve (5.2) is outlined in Chapter 4. Based on the discussion
following (4.19) the solution technique is based on the diagonalizatioﬁ procedure
in (4.14)(4.19).

The stepsizes h, and h, and limits of summation M,, N,, M, and N, are
selected so that the errors in each coordinate direction are asymptotically bal-
anced. For solutions u(-,t) analytic in the right half-plane (D with d = /2) the
contour integral error I, in (3.9) is. 0(exp(—=?/(2h,))). The contour integral error
for solutions u(z, -) analytic in the disc (Dp with d = 7/2) is 0(exp(~n?/(2h,))).

C;onsequently the coﬁtour integral errors are asymptotically balanced provided_
(5.3) h, = l;z

The conditions (2.36) and -_(3.25I) translate to the bound

(5.4) lu(z,t)] < Kt"'*1/""e“":z:""+1/2 (1—z)p+t/2

~on the solution u of (4.1). If the selections

: a2 \1/2 :
(5:2) - s (2aM,> ’
(5.6) N,—ﬂa];l’ +1ﬂ. ,
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and

o _ _}_ [ YM;h, L
o e[ () )

are made, then the err(;rs incurred by truncating the infinite sums are asymp- '
totically balanced with those arising from the contour integrals. The balance is
maintained whenever 5 M, and % M, are integers. In practice, the addition of 1
in (5.6) and/or (5.7) is required only if & M, and/or % M, is not an integer. The

six terms contributing to the error all have the form

(59) , ACR = exp(—(mv/aM, [2))

This asymptotic convergeﬁce rate prpvides a measure of the accuracy of the com-
put.;ed solution (4.1) to the true solution of .(4.1).

The methodology used in each e).cample was to first determine the pa.rametefs
a, 3, v and 6 from (5.4), then for a given M, , determine k, N, , M, and N, from the
relationships (5.5), (5.6), (5.7) and (5.8), respectively. Then the approximation
(5.1) is constructed using the technique of Chapter 4.

To demonstrate the exponential convergence rate of the method, approxima- .
tions were constructed for a sequence of values of M, on each problem. Each .

é.pproxima.tion was compared to the true solution at the sinc nodes
(5.10) ' (z:,t;) = (e /(e +1), &™)

and the maximum absolute error was recorded. Each table identifies the mesh
size used, h = h, = h,, the lower and upper summation limits M,, N,, M, and

~ N, and the maximum error
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maximum
M <i<n, [ — u(Zi, ;)]
-Mi<Jj<N,;

E,

at the sinc nodes (5.10).
In order to gage the sharpness of the asymptotic convergence rate in (5.9) a

- subset of the examples include in their displa.j a column corresbonding to
(5.11) . NAC = E,/ACR

This “numerical a.symptotié constant” sﬁould, as M, ‘increases, .rema.in “rela-
tively” constant if the asymptotic convergence rate in (5.10) is an accurate expres-
sion for the convergence rate of the method. The displays in Examples 1, 3 and
5 numerically verify this accuracy. These three examples correspond to the cases
when a = 1/2, 1 and 3/2, respectively. In particular, it is of interest to note tflat
although the solution in Exa.mplé 1 is analytic whereas the solution in Example
2 is singular, the latter convergés more rapidly. This corresponds to the fact that
the « in (5.10) is larger for Example 2 than it is fc;r Example 1. Similar remarks
reéard-ing increased accuracy apply in comparing the results of Example 3 with
Example 5. These three examples highlight the remarks from the introduction
about the Sinc-Galerkin method’s “permanence” of convergence in the presence
of singularities.
| All. computations were performed in double precision using the ANS

FORTRAN-77 compiler on a Honeywell Level 66 computer. The notation .xy(Fd)

denotes .zy x 10~ ¢ in all examples.

Example 1. If one sets

9(z,t) =et[z(1 —t)(1 — z) + 2t]
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in (4.1), the analytic solution is
(5.12) - u(z,t) =te"tz(l — x)

Fr;>m (5.4) one determines that « = 8 = v = 1/2 and § = 1. The numerical
results for runs with M, = 4, 8,16 and 32 are listed in Table 1. The values of N,
listed in Table 1 were determined by (5.8). The dimension of matrices V and F
in (5.2) is 9 x 6, 17 x 11, 33 x 20 and 65 x 37 for the given sequence of M,. Had
N, been determined from relation (3.16), the dimension would have been 9 x 8,

17 x 14, 33 x 26 and 65 X 50.

Table 1. Numerical results for Example 1.

h M, N, M, N, E, AEC
15708 4 4 4 1 0.92(-3) 21(-1)
1.1107 8 8 8 2 0.27(-3) 23(-1)
0.7854 16 16 16 3 0.84(;4) 45(-1)
0.5554 32 32 32 4 0.71(-5) B51(-1)

Example 2. For this problem, set

g(z,t) = t'/%e" [(g — t> z(l —z) + Zt}
The singular solution of (4.1) is

u(z,t) = "% 'z(1 - z)
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Here, v has an algebraic singularity at ¢ = 0 yet the numerical results listed in
Table 2 exhibit the anticipated exponential rate of convergence. For this problem,

the values of the parameters e, 8, v and § are 1/2,1/2, 1 and 1 respectively.

Table 2. Numerical results for Example 2.

h M, N, M, N, E,
1.5708 4 4 2 2 0.17(-2)
1.1107 8 8 4 3 0.45(-3)

10.7854 16 16 8 4 0.40(-4)
0.5554 32 32 16 7 0.11(-5)

-Example 3. If one sets
__ 1)z -t —1/2 -1/2 3 2 2 3 2
g(z,t) =t'"2e 2z~ 1/2(1 — z) 3¢ z*(1 — z) —Zt(Sz — 8z +1)
then the solution of (4.1) is
u(z,t) = t*2e t[z(1 — z)]*/2

In this problem, u has algebraic singularities at each of ¢ = 0; z=0and z = 1.
The parameters o, 8, v and § are readily identified to be « = 8 = vy = 1 and

= 1. Table 3 contains the numerical results for each of M, = 4,8,16 and 32.
Exa,mining the maximum error for each run shows that in spite of the singularities,
the exponential convergence rate is maintained. Note that the convergence rate for
this example is greater than it was for Example 1 as per the comments following:-

(5.11).
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Table 3. Numerical results for Example 3.

h M. N. M N E, AEC
1.1107 4 4 4 3 0.36(-3) 31(-1)
0.7854 8 8 8 5 0.66(-4)  .35(-1)
0.5554 16 16 16 9 0.81(-5)  .58(-1)
0.3927 32 32 32 17 0.22(-6)  .63(-1) '
F;xample 4. If in (4.1)

g(z,t) =t3/2¢t [(3/(2t) —1)zénz — i}
then the singular solution is given by
u(z,t) =t’/%e *zinz

Note the algebraic singularity at ¢ = 0 and the logarithmic singularity at z = 0.
The parameters used are & = # = 1/2 and 4 = § = 1. The results for this problem

are listed in Table 4.

Table 4. Numerical results for Example 4.

h "M, N, M N BE
1.5708 4 4 2 1 0.40(-2)
11107 8 8 4 2 0.11(-2)
0.7854 16 16 8 3 0.21(-3)

0.5554 32 . 32 16 4 0.26(-4)
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The results presented in Tables 2 through 4 emphasize the fact that the expo-
nential convergence rate of the Sinc-Galerkin method is maintained in spite .of
a singular solution. It is the parameters a, 8, v and § that govern the rate of

convergence, not the existence and boundedness of higher order derivatives.
E;cample 5. In this problem
g(z,t) = (1 —t)e*z?(1 — z)® — 2te™*(1 — 6z + 62?)
the arflalytip solution of (4.1) is then
| u(z,t) = te”*z*(1 — z)?

A slight variation of this problem was considered by Hlava’cek [6] and by Fair-
weather and Saylor [4]. The values of @, 8, v and § are readily identified in the
solution: they are = # = 3/2, 4= 1/2 and § = 1. The numerical results for

M, = 2,4,8 and 16 are listed in Table 5.

Table 5. Numerical results for Example 5.

h M, N,. M, N, E, AEC

1.2826 2 2 6 2 0.22(-3) .10(-1)

0.9069 4 4 12 2 0.57(-4)  .13(-1)

0.6413 8 8 24 4 0.50(-5)  .11(-1)

0.4535 16 16 48 6 0.21(-6)  .11(-1)
Example 8. Evans and Abdullah [3] considered the problem

Wy = Wy, — Wy
(5.13) w(0,t) = w(1,t) =0

w(a:,"()) = exp(xz/2)z(1 — z)
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Two simple transformations are required to obtain a problem in the form of

(4.1). The'ch‘ang_e of variables v(z,t) = exp(t/4 — z/ 2)w(z,1) yields the problem
UV — Uy = 0
(5.14) v(0,t) = v(1,t) =0
v(z,0) = z(1 — z)
which has the solution
v(z,t) = (8/7°) Z(Zk +1)7° exp(—(2k + 1)*7°t) sin[(2k + 1)7z] .
- k=0 )
This problem: was also consi_dered by Joubert [7] (replace v by 4v), To get zero

béund_ary conditions set
u(z,t) = v(z,t) — e ?*z(1 - 1)
This yields a problem in the form of (4.1) with
9(z,t) = -2 (2> —z+ 1)

From the Sinc-Galerkin approximation to this problem, one can approximate the

solutions of (5.13) and (5.14) by back substitution. For example

'U(x,',tj) ~ 'U;J' = u,'j + exp(—2t_,-):z:,-(1 — Il:,-)

where (z;,t;) are the sinc nodes found in (2.31) and (3.3), respectively.
The parameters used for the Sinc-Galerkin method on this problem are § = 2

and a = f = v = 1/2. The results are listed in Table 6.
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Table 6. Numerical results for Example 6.

h M, N, M, N, E,
11.5708 4 4 4 1 0.14(-1)
1.1107 8 8 8 1 0.22(-2)
0.7854 16 16 16 2 0.29(-3)
0.5554 32 32 32 3 0.29(-4)

A table to illustrate the error distribution at different time levels has been
included for the run with h = 0.7854. Table 7 shows the maximum absolute érrors
at t = 0.2079, 1.0 and 4.3105 for a sample of the .z grid points as listed. It should
be remembered that the numerical solution (5.1) is actually global and these data
are given only as an indica.tién of the actual time levels generated by the Sinc-
Galerkin method and the observed error a.f these time levels. Note the maximum
absolute error of 0.29(—5) occurs at zp = 0.5 and £, =1 which is the “center” si'nc-
node in the grid. Also the error is symmetric about z = 0.5 at -each time level.

This may be seen in the last three columns of Table 7.
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Table 7. Error for Example 6 at time levels ¢ = 0.2079, 1 and 4.8105
when h = 0.7854. '

E,
; z; t_, =02079  t,=1 t, = 4.8105
16 0.35(-5) 0.39(-5) 0.10(-5) 0.10(-7)
12 0.81(-4) 0.39(-5) 0.10(-5) ~  0.10(-7)
8 0.18(-2) 0.43(-5) 0.27(-5) 0.51(-6)
-4 041(1) 0.13(-4) 0.38(-4) 0.11(-4)
0 05 0.94(-4) 0.29(-3) 0.91(-4)
4 . 0.958576 0.13(-4) 0.38(-4) 0.11(-4)
8  0.98136 0.43(-5) 0.27(-5) 0.51(-6)
12 0999919  0.39(-5) 0.10(-5) 0.10(-7)
16 0.999996 0.39(-5) 0.10(-5) 0.10(-7)
Example 7. Consider the problem
W, = w,,
(5.15) w(0,) = w(l,t) =0

w(z,0) =sinnz

To transform (5.15) to a problem in the form of (4.1), set
(5.16) u(z,t) = w(z,t) — e * sinnz

yielding the problem

Uy — Uy, = (4 —72)e" *sinnz
(5.17) |
u(0,t) = u(1,t) = »(0,z) =0
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which has the solution
u(z,t) = (e'"" — e”‘“) sinwz

The parameters o, § and « can be obtained by examining the Taylor series of u s
expanded about ¢t = 0, z = 0 and z = 1, respectively. One arrives at the values

a=f =+v=1 and § = 4. The numerical results are listed in Table 8.

Table 8. Numerical results for Example 7.

h M, N. M N, E,
‘1.570‘8_ 4 4 4 0 0.0(-1)
1.1107 8 8 8 1 0.33(-2)
0.7854 16 - 16 - 16 . 1  0.23(-3)

0.5554 32 32 32 2 0.13(-4)
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