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ABSTRACT

Galerkin's method is applied to a beam structure that
is forced to nonlinear behavior by a dynamic load. Nonlinearities
in the system include a nonlinear stress-strain relation and con-
sideration of geometry changes due to large deflections.

Several trial deflection shapes are assumed as approx-
imate solutions of the problem and these trial shapes are combined
in various manners in an effort to produce a better guality solution.
All resulting solutions are studied in the light of three criteria
that are postulated in an attempt to define the relative merits and
gqualities of approximate solutions.

It is concluded that although the criteria are good
guidelines to finding reasonable solutions, they are not strict in
defining a good quality solution. ’




CHAPTER I: INTRODUCTION

Earlier works ooncerned witn problems of nonlinear deflec-—
tions have usuwally only considered‘eingle component systems such as
beans, plates? or shells..If is of interest to apply techniques used
in solving these single component'problems to problems involving a
system of such components. | | |

Solutlon technlques very often uged on nonllnear problems
are flnlte difference methods [7 8] and Galerkin's method.[1 2 4 5]
A popular method for both llnear and nonllnear structures is the
finite element method [10 17] Comparlsons of the finite dlfference
and Galerkln methods have been made [3] but crlterla for Judglng
the relative qualltles of solutlons as glven by Galerkln 8 method
" have only been hypothes1zed. Convergence proofs for certaln 11near
problems are sometlmes stated, [9] however, llttle is known about
the convergence for nonlinear - problens. If one is confronted with
two or more approx1mate solutlons to a problem, it is of particular
interest to be able td'discuss the‘relative merits and qualities of
each solution. ‘ |

Previous investigations of nonlinear, dynamically.loaded
systems have included a study ofﬂa blast loaded cantilever beam [1]
and of a blast loaded plate.[2] Large deflections of thin elastic
beams have been stndled [3] and Galerkin methods have been applied

-~

1 Numbers in brackets refen to literature consulted.




.,
to nonlinear problems of finite elastodynamics.[11] Considerable
" work has been done utilizing rigid-plastic theory which is valid
only for moderately large deflections.[4,5,6]

This paper studies a siﬁple'structural system of beams
forced to large displacements by a blast load. Galerkin's modified
method is used to reduoe‘the nonlinear partial differential equationé
of motion to ordiﬂary differential equations ﬁhioh can be solved by
numerical methods. Nonlinearities in the system arise from gepmeirical
changes of large deflections and consideration of a nonlinear stress-
strain relation. The effects of vafious one~term approximate solutions
are studied and the deflection shapes’are combined in an attempt to
improve the resulting answer., Methods of combining the assumed |
deflection shapeé are investigated and compareci° All results are
gtudied in an effort to define the relativé qualities of the various
trial solutions. |

The purpose of this paper will be to ﬁest the hypothesis
that the quality of an assumed solution to a nonlinear problem
solved by Galerkin's technique can be judged.in part by a combination
of three criteria. These criteria are:

‘Criterion 1: The quality of an assumed solution can be
measured by the magnitude of the absolute area under the equation
residual curve. This is a measure of the ”clbséness" of the equa'i:igi'l"l~ B

residual to zero as implied by Finlayson and Scriven in their dis~
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cussion of Qeighted residual methods.[9]

Criterion 2: The larger'the resulting deflection of the
system, the better the assumed solution. This is suggested by Anderson
[11] in that an assumed solution to a linear system, other than the
éxact solution will result in an increased systeﬁ stiffness and there-~
fore smaller deflections of the system. This is stating that forcing'-
the deflection of & system in a shape other than the true deflection
shapé will require more éneréy than forcing the_deflection in the exact
shape. ‘

Criterion‘}élThe_more unifépm the distribution of the
equation residual abéﬁt zé%p, the betfe%rthe assumed solutioﬁ. |
.Koszﬁta[1] §£g£es that a good aséumed solution‘wili exhibit a more
uniform.distribuﬁidn over a“greatef portion of the solution interval.

Trial solution§~to fhe beam system are étudiéd and dis-

cugsed in considerstion of the above criteria.




CHAPTER II: SYSTEM MODEL FORMULATION

2.1 The System

beam cross—-section

Figure 1. The Beam System
An example problem that will test the postulates given in
Chapter I and that will fulfill the requirement that Galerkin's method
be applicable to a beam system is shown in Figure 1. It consists of a
fixed-simply supported beam resting on the midspan of a fixed-fixed
beam. It will be convenient to consider the fixed-fixed beam as two

seperate beams joined at J so that the coordinate directions, X11 ¥y
]

Xo1 y2, and x3, y3, each describe a different beam. Beams 1,
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2 and 3 all have the same length, L, and the same cross-section.

Respective material properties are identical for all the beams

and are assumed homogeneous throughout each beam.

2.2 The Nonlinear Beam Equation

Consider a general beam element with loading w(t) as

shown in Figure 2.

T

e

\ yV
M / V + —ds
s
ds
30
})M 7 ¢)+——ds
M +—ds o
8

Figure 2. A General Beam Element

If it is assumed that the beam element is not in a grav-

itational field and if rotational inertia is neglected, then the

equation of motion of the element can be writien as: (See Appendix A)




-

w(t)dx _{__ cos™¢ - s1n2¢}‘dx -,«Zb——tzdx =0 . .(1) |

6x2 dx dx

Bquation (1) is the governing equation in tefms of the
element's displacemeﬁt, y(x,t), the internal moment, M, mhé rotation,
é, and the forciné function, w(t)..ﬁ/is the weight per unit length
of the material.

Thé‘stress—straiﬁ felatibn of an actual beam material can
be approximatea,by‘inspeqtion,with the functions

1 : o
o = —tan (a€) (2)
b . .

where € is the strain and ¢ is the sfreséo The constants a ;nd b are
chosen such.that the streés—strain cufve‘épproximates that of a true
material,

If the néutrai plane of the beam remains a néufral plane
and if plane sections reﬁain plane, then the strain in a fiber a dis—
tance z from the neutral plane can be written in terms of the change
in rotation with respect to x,-%g. The internal moment is expressed

in terms of the stress on a cross-section and equation (1) can be

written in the following form: (Refer to Appendix A)
w(t) - Fy(x,8)] 45 = 0 -' (3)

where F[y(x,t)] is a nonlinear differential operator on y(x,%) and

Yy Tt w——
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involves y(xlt) and it's first four spatial derivatives.

2.3 The Boundary Conditions

Since the beam sysbem in question is descfibed by three
fourth order, partial differentialAequafions of the form of equation
(3), it will be necessary to deflne twelve boundary conditions. Of -
these twelve condltlons, s1x w1ll be glven by the "foroed boundary
conditions"™ and s1x more w111 arlse from the "natural boundary con—
ditions". These twelve boundary condltlons can be’wrltten ass
y1(0)t)
y2(0 t) =0
SR ERODE

by1{0 t).
dx, -
byz(ovt)
_‘3_"2 .
‘ 'b'y}(ovt)
L

o 7 (1) =y, (1t)
Digplacements at J: ' § :

. : b‘.yz(l’tt) by3(L1'h)
Slope at J: J— + =

d:xz : ~dk3

]

0"

Displacement at the fixed ends:

|
Q

Slope at the fixed ends: =0 R (4)

ft
Q
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0

]

My, (L,t)]

Hly,(Lyt)] = Mly,(1,¢)]

Moments at J:

Shears at J: V[y1(L,t)] + V[yZ(L,t)] + V[y3(L,t)] =0

M[yi(L,t)] and V[yi(L,t)] are nonlinear differential
operators on the yi(x,t) and represent the nonlinear expressions
of moment and shear respectively. They are discussed in detail in

Appendix B.

2.4 Definition of the Forcing Function

The forcing function is taken as an approximation to

an actual bomb blast curve [1,10] and is shown in Figure 4.

Actual Bomb Blast

Approximation

Pressure x Beam Width

Time

Figure 3. The Forcing Function
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The approximation to the load on the beam is given by:
w(t) = e ¥ (5)

where & was chosen to be of sufficient magnitude to insure-deflection
of the system such that a portion of fhe matefial was strained into
tﬁe nonlinear ranée of the stressfstrain relation and that geometric
relations became nonlinear. The time débay constant; @, was chosen on
the basis of experimentation [10] and previous usage by Koszuta°[1]

* The blast source is assumed far from the beam system such that the

pressure distribution is wniform over the system.




CHAPTER ITI: THE SOLUTION METHOD

3.1 Modified Galerkin's Method

The Galerkin method is a form of the geheral weighted
residual méthod as describéd by Finlayson énd‘Scfiven.[9]‘These
methods can be used to rapidly yield approiimate solutions to
difficul% linear and nonlinear problems.

In particular, if one is conffqnted with a system whose

governing equation is of the forms:

2 .
) Y(xri)
Lly(x,t)] + ¥ =0 (6)
. t )
where L[y(x,t)] is a general differential operator involving spatial

derivatives of y(x,t). And if the solution domain is described by

the boundary conditions:

Bly(v,t)] = 0 v = boundary values of x (1)
where B[y(v,t)] is a general differential operator involving spatial
derivatives of y(x,fa)° The procedure is to assume a solution of the

form:
y¥(xy8) = q,(8)8,(x) + a,(t)8,(x) + ...q (v)e (x) (8)

where the ei(x)'s are prescribed functions which satisfy all the
"forced boundary conditions". The modified Galerkin method does not
require the ei(x)'s to necessarily satisfy the "natural boundary con-

ditions". Substituting the assumed solution, equation (8), into the




where R(x,t) is the residual resulting from the fact that the approx—
imate solution was nbt the exaét solution.
Substituting the assumed solution into the equations of -

the boundary conditions, eqﬁation (7), gives:
Bly*(v,t)] = B(v,t)

where E(v,t) is the boundary residual resulting from the unsatisfied
~ boundary conditions. | |

Gaierkin's modified method will require the sum of the
equation residuél and the boundar&‘residual to be ofthogonai to
the assumed functions, ei(x), o&er the so}ution domain. This con-
dition can be writtén as;u

SR(x,t)ei<x)dx + E'(v,t)e;(vf) =0 dstm o (9)
domain ‘ :

The result of equation (9) is h simultaneous ordinary
differential equations in the time mode. They involve qi(t) and the
second derivative of qi(t) with'respect-to'time. Equation (9) states
that the weighted averages of the errors in‘%hé solution are zero

over the solution domain. If one had chosen the exact solution as
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the assumed solution to the problem, then the equation residual,
R(x,%), and the boundary residual, B(v,t), would both be identically

zero over the entire range of solution.

3.2 Galerkin's Method Applied to the Beam System

As stated before, the beam system under study can be
thought of as.a three beaﬁ system as shown in Pigure 1. Ii is a set
of three homogeneous beams coupledﬂby a common joint at J and de-
scribed b& the twelve boundary conditions of equations (4).

| If one assumes a deflection shape, 6(x, ), for each of

the beams in Figure 1, then a one-term solution can be written:

a) y¥(x,t) = a(+)e(x,)
) yi(x,it) = a(t)e(x,) (10)

o) yH(x,t) = a(t)e(x,)

where 9(x1), e(x2), and e(x3) are the deflection shapes for beams
1, 2, and 3 respectively and must satisfy at least the "forced
boundary conditions". The function q(t) is unique.and describes
the displqcements of the beams in the. time mode.

If the trial solution is substituted into the equation of
motion, equation (3), the resulting residual condition consists of

errors over each beam:




g

a) R, (x,t) = w(t) - Fly*] -4¥*
b) Ry(x,t) = w(t) - Fly¥] -4¥} (11)
c) Ry(x,t) = w(t) - F[yg] —/yyg

If the deflection shapes do not satisfy the '"natural
boundary conditions" at the system joint, then errors in the moment

and shear at J must be accounted for.

v(yy)

V(yg)

<: M(yg)

v(y%)

M(y¥)

M(y%)

Figure 4 . The Beam End Element
With the aid of Figure 3 and retaining the same sign con-

vention as used in the equation of motion, the shear and moment errors

can be written as:

a) El = -M[yx(L,t)]

CY
b) B2 = ulyg(L,0)] - M{y§(Lt)] (12)
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o) B, = Viyp(e, )]+ Vipg(e,6)] + vrg(n,e)]

Because of symmetry in beams 2 and 3, the same deflection
shape will be assumed for these two beams and hence equation (12b) is
identically ZEero.

Substituting the residual conditions, equations (11), and
the remaining non-zero béﬁndary condition, egquation (12¢), into
equation (9) will yield an ordinary differential equation in the

parameter g(t). This orthogonality condition may be expressed as:

[R161+R9 + R L

]dx+Ee =0 (13),
system L

2]
33
And the resulting equation in q(t) iss

- —pt ‘ ' -..
A_e . G(Qagpezfe.—s) - Mg = 0. (14)

where:
_ (L
g_;Soq(% + 0, + _93)dx
L _
6¢(q,0, 16,16 ) SO(F[q,G1]61 + F[q,92]92 + F[q,e?)]es)dx -EO
L

M= Sxﬁ((e +92+9)d_x

and 8, = 9(x1); 92 = 9(x2); 93 = 9(x3)

Equation (14) can be written in the general form of a

1

differential egquation:
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a(t) = Ht,q] (15)
where H[t,q] is a nonlinear operator on g(t). Equation (15) is solved

with the initial conditions:

Displacements: y?(xi,O) = Q(O)e(xi) = 0
1 1 . . .* =. =

Velocitiess: . | yi(;i,o) q(O)G(xi)_ 0

Accelerations: yi(xi,O) = &(O)@(xi) =0

Equatiqnz(15) can be reduced to two first order different=
ial equations and then be- solved by one of a number of numerical
methods. In particular, Rungg—Kutta methods [16,17] are valuable
to propégate.the.first three values of q(t). With thé first foui
values of q(t) known (including initial conditions), Milne's ﬁethod
[16,17] with corrector eqﬁations can be used to carry the solution
to ‘the first maximum value of q(t>. Since hysteresis losses are not
accounted for in the éﬁuatién of motion,.the solution is not valid
beyond a point where the strain in any part of the system begins to
relax. This point is maximum q(t).-

The switch is made from tlie Runge~Kutta method to
Milne's method in the interest of increased éomputer efficiency.

Note that if the assumed deflection shapes, e(xi),
are normalized to 1 at the system joint, J, then q(t) will représent
the displacement of the system at J. For the 6asés studied, the maié

imum displacement always occurs at J.
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With the maximum value of q(%t) knewn, the residual equa+
tions (11 a, b, c), can be plotted as a function of the xi.at maximum

a(t) and studied to determine the quality of the assumed solution.

3.3 _Computational Procedure

" In the interest of applying the'criteria as giVen in
Chapter I for determlnlng the q‘uality of a tr:l.al solu‘tlon, five
deflectlon shapes were ohosen as loglcal trlal solutlons to the beam
system. Bach of these were tried as a solutlon to equatlon (15), then
various comblﬁatlons were trled and “the correspondlng res1dua1s were
studied. | ‘

Each of the solutions cons1sts ef a deflectlon shape for

beam 1, and a shape for beams 2 and 3. Because of symmetry in beams
2 and 3, these last two deflectlon shapes are the same and hence
reference ﬁill usually be made only to beam 2, realising that
beam 3 is identical. |
’ Two of the triél defleefion‘shaées‘were chosen as the
resulting shapes of a similar linear system under static load con-

figurations. Another shape was chosen as the first eigenfunction

of a linear system1 and the remaining shapes were chosen as arb-

L The vibrations solution to the system is a difficult problem in
itself. The solution presented here is taken from the yet unwritien
thesis by Daniel F. Prill of the Aerospace and Mechanical Engineering
Department, Montana State University.
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itrary, but logical configurations of the deflected system.
The deflection shapes are:

1. Deflection shape resulting from a uniform static load:

3

e 1

1

(9xf - 28x7L + 3ofo2)/11L4

9

It

4 322 4
(93:2'~ 40x L + 42x L )/ 1L

2. Deflection shape of the first eigenfunction:

A.sinzx, + B,coszx, + C,sinhzx, + D ,coshzx, + E

9 = & 1+ By 1t 4% 1+ 1 8

A,sinzx, + B,coszx, + C sinhzx, + Djcoshzx, + L,

® 2 2 2 2 2 2 2 2

2

3. Deflection shape due to a static point load applied at J:

6, = (x? - 3fo)/-2L3
2y 3
_ 3 - 3Lx))-L
6, = (2x2 2
4, A cosine function:
X
61 =.1 - cog—
' 2L
'Wxg :
6, = (cos—< - 1)/-2
. 2L
5. A sine-cosine functions
x, «%ﬁ_ At x X,
91 =1 -— + — * sin— - cog~—
2L 2L 2L - 2L
«Txe
62 = (cos—= - 1)/—2

2L R

Bach of these trial solutions satisfies the "forced
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boundary cpnditioﬁs" of the.system but does notvnecessarily satisfy
the "natural boundary conditions". Recall that the boundary shear
is accounted for in equation (13).
The procedure will be to try each- of the séts of
deflection shapes in equations (10 a, b, c) and eﬁuation.(15),

solving for the resulting function q(t).




CHAPTER IV: RESULTS AND CONCLUSIONS

4.1 The Residuals

The -resulting residual curves for each trial solution
given in section 3.3 have been found at the time of the maximum de-
flectioﬂ and are shown in Table 1. Liste& adjacent to éach residual
curveﬂare pafametefs thch will be helpful in discussing the criferia
hypothesized in Chaptér I. These paraméters, the maximUm value of the
residual; the maximum deflectiqn of the system, the‘absolute area
under the residual curve, and the aQérage deflecfioﬁ of~the system,

have been nondimensionalized as follows:

w(0)L

y+(x t) . "Y(Xrt)
T L

. ) ax
yavg(x,t) = Ygystem ’
dx
system

where Rmax is the maximum residual, AR is'the area under the.residual
curve aﬁd a + denotes’ a nondimensional quantity.
With Criterion 1 in mind, and consulting Table 1, it

can be seen fhat trial solution 3, the sfatic point load, best ful~

fills Criterion 1 with an absolute area of AR+=.157. Solution 5, a
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sine-cosgine functioh, on the basis of absolute area, seems to be the
poorest quality‘solution. (AR+ = .332) Note that solutions 1 and 2,
the uniform static load (AR+ = ,255) and the first eigenfunction
(Aﬁ+ = .252), have nearly the same absolute areas. Inspection of
thege two deflection shapes iﬁdicates they are nearly identical and
therefore, éimilar resulfs.are not surprising; |

One method of applying Qriterion 2 is to assume that the

makimum resulting deflection will indicate a solution closer to.the
exact solution. Iﬁvésfigation of Table 1 shows that trial solution 1
best Fits this definition, ( y.. = .246), while solution 2, (y© =

‘ ‘ o max T max
.242), is also appareﬂtly a good solutioq.'Trial solution.4, a sine-

cosine fﬁnction, is_apparently the poofest’with a maximum deflection

:".+

yma,:)[= . 209 .

A parameter also having merit inxjudging Criterion 2

might be one considering the average displace%ents of tﬂe‘system.
comparing this parameter will indicate the relative size of the
average displacements of one trial solution over another. These‘aver—
agé displacéments>are listed’in Table 1 and it can be seen that little
change in fulfilling Criteribn 2, eilther By maximum‘deflections‘or
by a;erage deflectioné'is indicated;

| A parameter describing‘Criteﬁ}gn_% is hard to define.

Visual inspection and comparison of the residual shapes is presently




Total

Absolute J Maximum Average
Absolu?e Deflection Deflection
P Aria y+ y+
AR max avg
«166 s255 . 246 121
« 165 e «242 «119
. 140 <157 221 .099
il « 194 +209 .092
.178 B2 221 Lok




Ly

_,
T
3

% e
BEAM 1 BEAMS 2 & 3
Trial Residual Maximum Absolute Residual Maximur
No. Shape Value Area Shape Value
1 J‘ .366 .088 J\V = .234
2 j\\[ «356 .087 J\V 232
3 114 .017 J\[ P
4 S <021% J[ — 24
5 1.02 + 155 J Py

Table 1. Residuals and Parameters
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thg best method of applyiﬂg this criterion. A consideration of the
maximum;value of the residual curve Will be of some aid in comparing
the résidual‘shapeso The residual curves fof beams 2 and 3 for all the
trial solutions seem to be about evénly distributed about zéro. Trial
solutions 3 and 4 would be ruled thé poorest utilizing Criterion 3
‘and solutions 1, 2 and 5 all have esseﬁtially the same résidual dis-.

tribution.

4,2 Residual Averaging 

| Koszuta [1] hag suggested finding fwo‘trial solufions
which yield residua; curves that are similaf in shape‘suéh that the
trial sblufions might‘be~added'orvsubtracted in sﬁch é mahnér‘as
té‘reduce theAequation residual. This technique was sucdessfﬁljy
used by Koszuta to find éolutioﬁs-to a blast ioaded cantilever béam.
Fdr—example, if S1(x) represents a defleCt#on shape for any one of
the beams of the system, and Szki) represents another shapé, then a
new deflection shape, S(x), can be defined by:

Cs(x) = 8, (0%, + 8,(0)%,
where the new assumea éolution iss
7 (nt) = a(1)s(x)

and X, and X, are parameters such thats:

1 2
X, + X, =1 _ (17)

In order to uniquely define X1 and X2, another equation
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ig written that will correlate S1(x) and Sz(x),

One obvious method of correlation is to set the absolute
areas of the equation residuals of S1(x) and S2(x) to zero. For

instance:

ARS1X

,*ARS X, =0 (18)

where ARS, and ARS, are the absolute areas of the equation residuals

1
of S1(x) and SZ(x) respectively.

2

Yet another possibility is to set the sum of the maximum

value of each residual to zero:

RS,X, + RS,X, = O (19)

where RS1 and R52 are the maximum values of the résiduals of 51(x)

and S,.(x) respectively.

2( _ ‘ :

Equations (17) and (18) or (17) and (19) now represent two
equations and two unknowns from which the parameters X1 énd X2 can be
found., Correlation equations (18) and (1§) were used in an attempt to
find a method of summing aﬁy two trial solutions into one aésuﬁed
shape which would hopefully yield a higher quality solution.

These techniques were applied to variéus cbmbinations

of the five original deflection shapes and the results are tabulated
in Table 2.
Applying Criterion 1 to thiébdéfa indicates that a oom;'

bination of trial solutions 3 and 4 related by the maximum residuals




Total

Absolute : Maximum Average Correlation
Abealube Defliction Deflﬁction
Area Arei y Method
AR max yavg

. 166 246 212 o 132 Absolute
Area

= lrie) .259 «251 .138 Maximum
Residual

« 354 «392 . 181 .097 Maximum
Residual

.238 . 266 271 .128 Absolute
Area

.073 .081 «245 42 Maximum

Residual




S0k

BEAM 1 BEAMS 2 & 3
Residual Maximum Absolute Residual Maximt
Shape Value Area Shape Value
&2 4/\\[7 \/ . 320 .080 ( 2.46
1&5 e .102 .038 9.50
3&4 .083 .028 J\lf\/[—/‘l/ e
Table 2. Trial Combinations




—25-

yields a good solution. (AR+ = .081) The size of the residual has
been considerably reduced over that of trial solutions 3 or 4 alone.
The combination of trial solutions 1 and 5 has producéd the laréest
absolﬁte aréa of the residual curves (AR+ = .392) and so, by Criterion
1, is judged the poorest solptipn. The'éther.combinations listed in
Tabie 2 show no significant change in the.&béqlgtezarea of the resid;
ual curve when compared to their counterparts in Table 1.

On the basis of maximum deflections as prescribed by
Criterion 2, the combination of trial solutions 3 and 4, correlated'
by absolute area,.appears to be the best quality solution with y;ax =
.271. On the other hand, if Criterion 2 is applied by the average
deflections of the system, it can be seen that é combination of solu—
tions 1 and 2, correlated by the maximum vaiue of the residual, is
the best quality solution. (y;ax=‘;138) Other appafently éood solu~
tiong are given_by a combination of trials 1 and 2, correlatgd by
absolute area (y;axz .132), and a combinafion of trials 3 and 4, cor-
related by absolute area. (y;ax= .128)

Visual inspection of the residual curves in Table 2 will
enable fhe application of Criterion 3. A good residuwal distribution
is apparent in the combination of tpe trial solutions 3 and 4 cor~

related by absolute areas. This combination also gave the largest

displacements of all the solutions tried.i
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From the foregoing discussisn i% is clear that no one
factor of the three postulates described in Chapter I can be con-
firmed as the onerpositive critepion. Disagfeement of all three of
the criteria are apparént in'Tabie 3. The trial solutioﬁ with the
smallest absolute area'does not have the largest-maximum deflection
or the largest averagendeflection. Likswise; the trial solutisn with
the 1argesﬁ maximum‘sisﬁlacémest aoss not have a small absolute area,
neither does it have the largest‘averaée displacemenf It does hsve{
however, a well distributed resldual and was prev1ously Judged a
good quality solutlon on this bas1s. |

It is the concluslon of thls study that good apprsx1mate
| solutlons to nonllnear problems csn be found by Galerkln s technlque,'
Assumed solutlons that were trled in, thls study and that ‘were intni-
tlvely logical deflection shapes all gave comparable results. It is
postulated that reasonable trlal solutions are- stable and will give
reasonable answers. Solution comparison by the criteria presented
here is a valuable guide in the evaluation of assumed solutions to
problems solved by Galerkin's methods. It was noted by.the author
that if'infuitively poor triéi solutions, or combinations of the
solutions, were assumed for the system, the results would be obviouss
ly inferior. Invariasly the deflsotions would be very small or

negative and the residuals would be exceedingly large. For trial
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TRIAL CORRELATION MAXTIMUH AVERAGE TOTAL
ABSOLUTE
SOLUTION METHOD DEFLECTION DEFLECTION AREA
344 Avs. Arég 271 . .128 . 266
1& 2 Max. Resid. 251 .138 .259
1 - .246 121 .255
3&4 Max. Resid. .245 112 .081
2 - 242 .119 .252
3 - 221 .099 =157
5 - 221 . 107 .332
182 Abs. Area .212 132 .246
4 - »209 -092 - 194
1&5 Max. Resid. .181 .097 .245

Table 3. Parameter-Comparison
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solutions giving reasonable anéwers, further judgement of the
quality of the solution by the three criteria oriéinally posfulated
is apparently unpredictable.

4.3 Further Studies

In the interest of evaluation‘of the deflection magnitude
of a blast loaded beam system, it would be helpfﬁl to obtain some
experimental data to a typical problem. Then, Galerkin's technique
as presented here, could be applied to that problem and the results
compared. A technique such as high speed photography should be used
in the experimentation so-that defleétion shapes as well as‘maximum
deflection -amplitudes could be obtained.

Fin;ayson and Scriven, in their paper on weighted resid—"
uals, [9] state, "+..The convergence of successive approximations
gives a clue, but not necessarily a definitive one to the reasonable-
ness of the approximations." With this in mind, an assumed solution of
more than one term should be applied to the problem presented here.
Then, by successivély applying more and more trial deflection shapes,
the results of a multi-term solution could be studied and the worth
of such a statement as the above could be investigated. Perhaps a
foﬁrth and more significant criteria could then be added to those

postulated in Chapter I.
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APPENDIX
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APPENDIX A
The Nonlinear Beam Equation
Refering to Figure 2 of the-text, the sum of the forces
in the vertical direction can be set equal to the mass times the

acceleration:

| >V SR 2oy
+ {« w(t)dx ~ Veosd + (V +—ds)cos(d +—ds) = dx =
ds ds . . 6#
Now by neglecting rotational inertia, the moments can be summed

about the right face:

: dM dx
M + (M +-—ds) + Vds - w(t)dx— =0
s 2

Neglecting second order terms and realizing that:

7 Cdx
ds =

cosd

equation (2) becomes:

dM

'V = ——cosd
x

and the first spatial derivative of the shear can be written as:

YOV b2 b 20 .
[P YRR WV

Substituting these equations into equaiion 1 and neglecting second

order terms yields:

(1)
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3%y M

A(dx-— = w(t)d.x' +X—-cos ¢)

ot x
2N, 32N 5 A0
+ [ x—cos"p ~ 35 C08 0 dx + 2— — sind cosd dx]
x b:x ‘ 5x x :

By canceling terms and maklng the proper trlgonometrlc substlmutlon,
this equation is wrltten as: |
- 2)2 5 O 0 '
,w(jc)‘. b—;cms.¢-§;gs1n2¢ /?fbt | (3)

Eqﬁatidn (3) oorreéponds to equation (1) in the text and
is the equatlon of motion in terms of the dlsplacement, y(x,t), the
1nternal moment M, and the rotatlon, ® It 1s now necessary to ex—
press the momen% in t;rms of the dlsplacement and rotatlon; Flnally,
the rotation can be expressed 1nvterms of the d;splacememt.

Assuming that the méufral piane pf the~beém element re-
mains a neutmal plane.am& tham blane éectiohs remain plane, the stirain
‘in a fiber a distance z from £he neutral plane can be writtens

%
"

If the stiress-strain curve is described by

.€=

T
4§ = —tan {a€)
b
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as given in the text, then the internal moment on a cross-section

c
M= I)S zdz
) ~C

where D is the beam width“and 2c is the beam height. Performing the

is given by:

integration and taking successive derivatives yields:

D i
I =;[ CZta?—q(a(D'c) + (tan” (adtc) - ad'c)/(ad'2)] (4)
AM  2D0Y adtc - %an"1(aq>'c)
dx a"b ¢! .
BZM 2D o[3(1 + a262®'2)tan*1(a¢'c) - 3af'c - 2(a¢“c)3]
dx2  ab 041 + (ah'e)”]
. : (6)
O ad'c - tan. (al'c)
+
o+

Equations (4), (5), and (6) can be placed in equation (3)
to yield the equation of motion in terms of the displacement and the
rotation. The rotation and it's first three derivatives can be express—
ed-as:

_1 0¥
= tan —
Ox
yll : A

(1+3'°)

t
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g (1 + 3°)° - 2yyr?
- 122

(1 +y

ynn N (6y'y,”y"' + 2}"”3) 8y!2yu3

¢ T (eyd) (G vyD2 (14923

Now all terms in equation (3) can be expressed entirely

in terms of the displacement, y(x,t). It can be readily seen that
equation (3) contains y(x,t) and various nonlinear combinations of

its first four derivatives. Equation (3) may be expressed as:

e

45 =0

where F[y(x,t)] is a nonlinear differential operator on

w(t) - Fly(x,t)]

y(x,%). Equation (7) corresponds to equation (3) of the text.

(1)
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APPENDIX B
Nonlinear Expression of Natural Boundary Conditions
Refering to.Apﬁendix A,yan equation for the moment- was
given in equation (4): ‘ _
téﬁ-1(a$'c) - a@'c‘

a®‘?_

(1)

D, 4
M =—[c“tan (ad'c) +
b .

The expression for the shear was derived in Appendix A

ast A
M S
V=-—cos® , (2)
,_‘bx o ¥
. Recall that the X;—was also given in éppendlx 4, and
the shear can now be written: . 5
2Dpr aftc - tah—1(a¢’c)
V=- [—
' a2b '  -¢'3

‘It'is apparently possible for the expressions for the

] cosd (3)

moment, equatioﬁ (1), and for the shear, equation (3), 1o be un-
defined for cases of ' going to zero.
Recall from Appendix A:.
y"
b o ————
(1+5°)
Clearly'®' can be zero if y"(x,t) is zero.

Applying a zero value of 0' to “the moment, equation (1),
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obviously yields an indeterminent form:
D 0-0
M=—[0+—]
b - 0
However, making successive applications of L'Hospital's rule to the
interior éért of equation (1) will show that the actual value of
- the nonlinear moment, when y"(x,t) is zero, is also zero.
If a zero valﬁe of §' is applied to the shear, equation
(3), another indeterminent form is apparent:
20"D "~ 0-0

o ;
-7 [ 0 -] cos

Again making successive applicat;ons of L'Hospital's
rule will yield a usable result. The nonlinear shear is just a cons--.
tant when y"(x,t) goes to zero. The constant is: '
2 Dad)"c3

Lim V-= -
Pt—=0 3 Db
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