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Abstract:

A theory, based on the Newtonian balance equations is developed for a generalized mixture of n
constituents which respond as a whole in a "fluid" manner. These constituents are capable of
inter-constituent exchanges of mass, linear momentum and moment of momentum. The physical
requirement that the mixture behavior be the sum of its constituent behaviors leads to a set of
restriction on each of the constituent balance equations.

This theory is specialized for the case of a snow and air mixture flow. A constitutive assumption is
made concerning the transfer of linear momentum between the air and snow phases of the flow. The
resulting equations of motion for the snow phase are expanded to include the effects of a turbulent
mixture flow. A constitutive assumption is made for the turbulent variables of the snow phase in terms
of the intensity of shearing in the airflow. The resulting turbulent momentum balance equation for the
snow phase contains a set of terms which could be characterized as apparent or turbulent buoyancies.
As a consequence of the constitutive assumption the magnitude of this set of terms is large where the
shearing of gradients of the airflow are large.

The system of non-linear partial differential equations resulting from the turbulent equations of motion
for the snow phase are approximated by finite difference techniques. Solutions for the snow phase
velocity and density fields are investigated for a variety of one and two dimensional airflow regimes.

The snow phase velocity and density field solutions are then compared with the observed phenomena
of snow and air mixture flows over flat surfaces and over the crest of a mountain ridge. Lastly the
accumulation rates of deposited snow on the immediate lee slope of a mountain ridge are compared
with observations.
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ABSTRACT

A theory, based on the Newtonian balance equations is developed for a generalized
mixture of n constituents which respond as a whole in a “fluid”” manner. These constitu-
ents are capable of inter-constituent exchanges of mass, linear momentum and moment of
momentum. The physical requirement that the mixture behavior be the sum of its constit-
uent behaviors leads to a set of restriction on each of the constituent balance equations.

This theory is specialized for the case of a snow and air mixture flow. A constitutive
assumption is made concerning the transfer of linear momentum between the air and snow
phases of the flow. The resulting equations of motion for the snow phase are expanded to
include the effects of a turbulent mixture flow. A constitutive assumption is made for the
turbulent variables of the snow phase in terms of the intensity of shearing in the airflow.
The resulting turbulent momentum balance equation for the.snow phase contains a set of
terms which could be characterized as apparent or turbulent buoyancies. As a consequence
of the constitutive assumption the magnitude of this set of terms is large where the shear-
ing of gradients of the airflow are large.

The system of non-linear partial differential equations resulting from the turbulent
equations of motion for the snow phase are approximated by finite difference techniques.
Solutions for the snow phase velocity and density fields. are mvestlgated for a variety of
one and two dimensional airflow regimes.

The snow phase velocity and density field: solutions are then compared with the ob-
served phenomena of snow and air mixture flows over flat surfaces and over the crest of
a mountain ridge. Lastly the accumulation rates of deposited snow on the immediate lee
slope of a mountain ridge are compared with observations.




CHAPTER 1
INTRODUCTION

The desire to create physical theories which rétionélly describe the mech/anical
behavior of the observed environment is_a prime motivation in. the sfudy of Newtonian or
classical mechanics. | '

The evolution of mechanics has evolved to the point where the systems under theoret-
ical consideration can be represented as mixtures of constituents which are capable of
inter-constituent transfers of mass, linear momentum and moment of momentum. The
range of mechanical behavior displayed by various types of mixturés‘ is large. One limiting
case is that of a mixture or composite of elastic solids. At fhe other extreme is the case o¥ a
mixture of constituents which respond as a whole in a ““fluid’”’ like manner, even though
sc;me 'of the constituents may not be fluid elements. There is a confinuous variation of
mixtures between these limiting cases.

The present state of the art in mixture mechaﬁics is the theoretical investigation of
these limiting cases. These investigations involve the development of'internally consistent
~ theories Which arise from the balance principles and thermodynamic principles of classical
Newtonian mechanics. These theories may then be investigated, usually by numerical
approximation techﬁiques, for solutions. If solutions do exist then their applica-tio-n or
degree of correlation witﬁ an observed phenomenon may be affected. |

This investigation contains these three elements. A mixture theory is developed for a
system of constituents which réspond as a whole in a fluid manner. This the.ory is theq

applied to the specific phenomenon of turbulent sedimentation of snow in an atmospheric




2
flow. The systems of partial differential equations which arise from_the turbulent equa-
tions of motion for the snow phase are then solved by finite difference numerical tech-
niques. The resulting solutions for the snow'phase density fields and velocity fields for one
dimensional and two dimension mixture flows are then compared qualitatively with
observations. Lastly, theoretical snow phase accumulation distributions and Arates .for the
two dimensional mixture flow are compared qualitatively with observations 6f wind-aided

snow accumulation on the immediate lee side of a transverse mountain ridge.

Historical Perspectives: Mixture Theories

J. Clerk Maxwell made the first in-depth investigation of the Newtonian mechanics of
a system of particles. Maxwell’s mixture was a system of variable sized sphereé in a friction-
less medium. These spheres are allowed to ?nteract with each other via conservative'o'r elas-
tic collisions. Arguing from the necessary probabi.listic forms of a functional for this
system of discrefe particles MaxWeIl derived the Kinetic Theory of _Gases' (Maxwell, 1860).
This very eloquent theory has since been verified to be an excellent physical analogy of gas
behavior. |

During the first half of the twentieth century the concepts of the Newtonian
mechaﬁics for continuous systems have been highly refined, verified and summarized
(Truesdell & Toupin, 1960). Ir-litially mixture theories were developed for elastic com-
posites and consolidating porous solids. These Works have been summ‘arized (Boit, 1963).
From these foundations the theories of continuous systems of flowing and reacting con-
stituent.s were argued (Bowen, 1976; Eringen & Ingram, 1965; Green & Naghdi, 1965). The
-development' of internallv consistent mixture theories continues presently. A Iérge portion
of recent research efforts is aimed at developing constitutive relationships for chemically '

reacting thermo-mechanical  mixtures. These efforts are inhibited by the form and
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restrictions which a constitutive relationship must take to satisfy the entropy'in;aquality
(deGroot & Mazur, 1962; Green & Naghdi, 1971; Prigogine & Defay, 1954). | '
" Investigations into the existence of solutions to the accepted continuum mixture
theories for multi-phase flows and comparison of.thgse solutions to obsérved mixture flow
phenomena are all fairly recent (Decker & Brown, 1983, 1985; Drew, 1975; Hill, Bedford

& Drumheller, 1980; McTique, 1981, 1983).

Historical Perspective: Wind-Aided Snow and Air Mixture Flows

The investigation of wind-aided snow sedimentation, known variously in the literaturé
as blowing snow or drifting snow was initiated as an element of the original polar-regions
geophysical studies. In this eafly literature there is no diétinction in fche definition between
blowing snow and drifting snow, the latter also being a snow and air mixture flow. How-
ever, in lay terms drifting snow would imply the acc.urhulation or sedimentation of snow in
the lee of structures or la_nd forms. The bulk of this pioneering research was directed at
gauging and deriving emperical expressions for snow and air mixture flows over flat terrain
(Budd, Dingle & Radok, 1966; Dyunin, i954, 1954, 1959; Kobayashi, 1972; Mellor, 1965;
Radok, 1968,. 1977). These early works were often shown to compare favorably with the
emperical expressions derived for sand and air mixture flows (Bagnold, 1941).

It was recognized that, if the snow and air mixture ﬂow over flat terrain is to be one
dimensional, the mass fraction of the snow phase in transport must be équilibrated with
respect to chanées in horizontal distance. The horizontal distances required for a snow and
air mixture flow to equilibrate have been gauged (Takeuchi, 1980).

The salient material of this early work in one dimension snow and air mixture flows
has been summarized (Schmidt, 1982).

The initial research into two dimensional snow and air mixture flows was aimed at

determining emperical expressions for the spatial patterns of deposited snow in natural
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environments and adjacent to structures (Alford, 1980; Tabler, 1975, i~980). Further,
rational theories using the trajectories of discrete SnOV\; particles have been derived and
solut{ons for the resulting depositional patterns presented (Schmidt .& Randlbph, 1981).

Two dimensional snow .and air mixture flows in the immediate Ieg of a transverse
mountain ri‘dg';e have been investigated emperically and rationally only recently (Decker &
Brown, 1983, 1985; Fohn & Meister, 1983). These investigations have considered the snow
phase density and velocity fields in the mixture flow aﬁd the spatial patterns of deposited
or accumulated snow on the lee slope.

Lastly, it should be noted that successful efforts af scale modeling of snow and air
mixture flows have been made for one, two and three dimensional flows {Anno & Konishi,

1981; Anno, 1984, 1984; lversen, 1980; Wuebben, 1978). -




CHAPTER 2
-MI‘XTU‘RE THEORY: THE THEORETICAL DEVELOPMENT
Definitions

Consider a continuous material composed of n consti-tuents. This continuum mixture
is in shear (viscous) flow. Due to the possibility of phase changes or in:ter-coﬁstitueht reac-
tions the mass density of any single constituenjc: a may vary'with time. However we define
the instantaneous mixture density p at a point as the sum of the instantaneous constituent
densities at that poin;c, vyhere P, is the mass per unit mixture volume for th'e a constit-

uent.,

n
p=Z p, : - (1)
a=1

We define the mixture velocity to be the material time derivative of a “’parcel” of mixture

as:
—x =X . . (2)
The diffusion velocity is defined as the velocity difference between any single constituent
a with respect to the mixture velocity.
Ug = Xg— X | (3)
Where 3‘<_a is the velocity of the a constituent. In this development both. the overdot‘and
back-facing overscore represent the material derivative with respect to either the mixture
or a specific constituent, respectively.

We impose the condition that the sum of all constituent linear momenta must be

equal to the linear momentum of the mixture.




21paia = pX : (4)

Note that this implies that the sum of all constituent diffusion linear momenta must equal

2ero.
n . n .
T paXy = Z polug+X) = px (5)
a=1 =1
or
n . n . .
Z paly, =pX— T p,X=0
a=1 a=1

At this point it is of interest to examine a set of relationships with respect to any
differentiable function of the mixture, I'. Consider the time derivative of I" with respect to

the motion of the mixture.

@
1<t

r=—rT+X -

" r _ R

Unless otherwise stated the gradient operator is with respect to the spatial coordinate

system. Likewise the time derivative of I" with respect to the motion of the a constituent

is:
\ a . 6 L
N ML PR (7)
Note that Equations 6 and 7 imply that
r =, T ifandonlyif x, = X . (8)

This is a physically consistent result.
In a similar manner let ', be any differentiable function of the a constituent. Then

the substantive derivative of r, with respect to the motion of the mixture is:
. o ->
r =—7T_ +Xx-VTD (9)

Likewise the substantive derivative of I', with respect to the motion of the a constituent is:




‘ 3 C L7 (10)
ofa=77Ta ™% =T )

Subtracting Equations 6 from 7 results in:

. . => _V)‘
Fg =T = (Xg-%)- ¥r =y, V¥r N ]
Similarly, subtracting Equations 9 from 10 results in:
‘ . . - 6 - % .
Ja = X,-Xx)- ¥Yr,=u, - Vo ‘ (12)

a I-—CL — " a
That is, the difference in derivatives for any mixture (or for any a constituent) funcﬁon
with respect to mikture motion or a constitnent motion is due solely to the diffusion
velocity, |

This deQeIopment.wiII be' an exploration of the vari’ous .constituen;c and mixturel

field equations which arise as a consequence of Newtonian balance laws.

Balance of Mass: Continuity

Consider Figure 1. There exXists an arbitrary fixed closed region R characterized by
surface S totally bounded within the contmuous mixture body B. A surface element dSR,
is charactenzed by surface normal n, and there EXlstS at dSp an instantaneous a constitu-
ent velocity _>5a and an instantaneous mixture velocity_>'5 with respect to a spatial Cartesian
coordinate frame. The velocity difference is the diffusion velocity of the a constituent: u,

It is possible to write an expression for the balance of mixture mass p within region R
J 0 J x dS (13)
ROt s . R .

The leftside term is the time rate of change of mixtul;e mass in region R. The rightside term .
is the convective flux of mixture mass from region R through the surface of the region S .
and by convention is negative. By an application of divergence (Gaus‘s’)‘ theorem the right-

side term may be rewritten as an integral over the volume of region R.




Figure 1. An arbitrary region R totally bounded by the continuous body of mixture B

where a surface element dSj* is characterized by normal ri, a constituent veloc-

ity xa, diffusion velocity ua mixture velocity x, a constituent pressure dP a and
mixture pressure dP.



= N .
= pdV =~ V. pxdy (14). .
ROt R . .
or, rearranging
~> ) ‘
f{——p+z°pj(__}dv=0 (15)

Sense region R is totally arbitrary, as long as it remains bounded in the body of mixture B
this requires that for the integral Equation 15 to be equal to zero that the integrand itself

must be identically equal to zero.
——p+'v’px=0 . (16)

This is the balance. of mass or continuity equation for the mixture and is recognizable as
being identical to the continuity equation for single phase flow.
. Similarly it is posssble to write an expression for the balance of a constituent mass

Py within reglon R.

(17)

T
©
Q
o
<
|
1
W —
1=
©
Q
>4
Q
Q.
w
o v]
o

The addltlonal second rightside term characterizes the mass supplied to or taken
from the a constituent by the n-1 other constituents comprising the mixture. ThIS posntlve
or negative mass supply to thg a constituent may be due to phase chariges and/or chemical
reaction with the n-1 other constituents of the mixture. An application of divergence theo-

rem and rearranging of Equation 17 results in:
. y , 6 | A 1 '
f{g?"a‘J’—’f’aia‘Ca}dV:O . (18)

Agéin, based on the arbitrary nature of region R it follows that:

5 - g ) S |
rodl =& A (19)

PaXq a

This is the continuity equation for the a constituent of an n constituent mixture.
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Clearly Equation 19 represents a set of n equations, each one being the continuity
equation for a specific constituent.
If-we impose the physical requirement.that the mixture behavior be the sum of the

constituent behaviors and apply this requirement to the continuity equations then:

2 V=2 %, 4V 2 oo > & (20)
ot ot g=1 ¢ a=1 % g4=1 ¢

Recalling Equations 1 and 4, the definitions of mixture mass and mixture linear momen-

tum, respectively, then Equation 20 reduces to:

s~?11\4:3

: =0 | (21) |

1 a
That is, the sum of the inter-constituent mass supplies must be zero.

It is of interest to examine a relationship between the mass of a specific constituent:

a and the motion of the mixture. Recall Equations 9 and 10 and consider the difference:

- Y

-
Pa = aPa = o %t Yo n (22)

= _Ha . v pa
Note that the transient terms have cancelled. Rearranging Equation 19, the.continuity

equation for the a constituent in _light of Equation 10 allows for the substitution of
j

-

= V.

aPa = TPg—

-

+ C (23)

a a

Ix-

into Equation 22, which after rearranging and the identically zero addition and subtraction
-
of the term: p , V . xresults in:

- e - -
ba=pgYox, +E-uy Vo, +p, V-x-p V-x
- i
- 'paZ'(Xa~—&) “Ugt IRy Tl Xt gy
' ‘ (24)
7 Ty Teae
T Pt lUg Uyt g Pyl Xt Gy
v v
=-Ypguy, - XX+ C,

v
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or

> -
5 V.yx=_V. a
Pg T ogX X LU,

In light of Equation 16, the continuity equation for the mixture we can form the following

quotient about the second leftside term of Equation 24
. >
] pogY - x > X
pa+T=—z-paua+Ca (25)
-p Y ok

or

or

~

N
p(%) ==Y.p,u, + ¢,
where the overbar implies differentiation of both factors in the quotient. Note that tl"le‘
quotient is an expression for the instantaneous dimensionless concénfration at a point fbr
the a constituent. Also take note that if there is no diffusion of the a constituent with
respect to the mixture (u, = 0) an.d no mass exchange with the a constituent (éa = 0} then
the instantaneous concentration at ‘a point of the a constituent must be constant. This
‘result is physically consistent and intuitively satisfying. |
At this point in the theqretical development it is of interest to generate a generalized
identity which is a consequence of the physical requirement that the mixture behavior be

sum of the constituent behaviors. Then for any function of the mixture, T

ol = g re Ty . (26)
a=1
or
b= a2=:1—;)— Va

where the derivatives with respect to the mixture of both sides of Equation 26:




. n (Pa ) n {(Pa) Pg . \i
r= = (—r =z —)r_ + —7r 27)
a=1 p ¢ g=1L p 7%, T@] (
or
. n p .
pL = Z4p(—)0y + p,Ty
a=1 e

By substitution of Equation 25 and the identically zero addition and subtraction of the

term: ,I', into Equation 27 results in:

" ‘n > . . v .
el =, 21{(—2 pUGFCIT, + pg(Ty+,Ty= g a)} (28)
a= .
or, in light of Equations 9 and 10 and noting that the transient terms arising from Equa-

tions 9 and 10 cancel:

.. n —> . . . . - >
pl‘=a2=1{ (¥ pu, +E )T, + o, (T, za-Zrau-Zra)}
e A
=a2=)1{ 'y L p5a+raca+paara_-pay—a'—Fa}
n . .=
=az__:1{paara+raca_z'rapqga}

Balance of Linear Momentum

Consider Figure 1. It is possible to write an.expression for the balance of mixture

linear momentum p X within region R.

3 o .
— pxdV =-J (n-X){pX)dS + f dP + f pbdV (29)
at Sg Sg R

X

The leftside term is the time rate of change of mixture linear momentum in region R. The
rightside terms are, respectively: the convective flux of mixture linear momentum from

region R through the surface of the region: S, the addition or subtraction of mixture finear
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momentum in region R due to mixture surface forces on the surface of the region and the
addition or subtraction of mixture linear momentum in region R due to body forces in
the region.
Note that the term characterizing the mixture surface forces can bg expressed as a
mixture stress 6r traction vector,,_’g(”),and then recall that any mixturg stress vector on a

surface with surface normal n can be expressed as the product of the surface normal n and

the local ‘mixture stress tensor I

jdP =7 tinhds =7 nTds . (30)
Sg Sg Sg .

Applying divergences theorem to Equation 30 résults in:

-
[ nTds=,V-Tdv

(31)
Sk R

The term characterizing the convective flux of mixture linear mometum may be
rewritten about a dyadic product of the mixture velocities and divergences theorem may

then be applied to the resulting expression.

-
[ An-X)(pX)ds = nlpoxk)ds = SV - {px %) dV £ (32)
Substitution of Equations 31 and 32 into 29 and collecting all terms under a single

integral results in:

3 . .7 cel 9 '
+V. ¥ .T- b} dv = 0 33
{{{ g PXTZ (oxx)=Y -T-pb ( ')
Since region R is totally arbitrary this requifes that:
2 v v
x+V.eloxx)-V.eT-0b=0 34
s Pxt L loxx) =¥ -T - pb (34)

Consider the following reorganization of the first and second terms of Equation 34:
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)+ pX(itX)

Ixe

. ﬁ . a . +
px+ Ve (pxx) = g;prrX(Y'p

(35)

<

- X)

il
—

pX) + pX

. " . -9
px+ px + px(V - x)

X+

. +
px+ X(p+pV -

T =X
Where the factor in parenthesis is recognizable as Equatio‘h 16, the continuity equation for
the mixture and is identically zero. Substituting this result into Equation 34 leads to:

px =V -T +pb (36)

This is the momentum balance equation for the mixture and is recognizable as being identi-
cal to the momentum balance equation for single phase flow.
Similarly it is possible to write an expression for the balance of a constituent linear

momentum p , X, within region R.

Pa¥a ==f (noX)lpXy)ds + [ dRy + [{pghy + 8K, + By)dV (37)
. SR Sg . R , . .

V)
2|

S
R

The additional terms: éaga and ﬁza characteﬁze respectively the d constituent linear
momentum addition or subtraction in region R due to mass supplied to or from the a con-
_stituent by the n-1 other constituents of the mixture and a-constituent linear momentum
supplied to or from the other constituents by means other than mass exchange, such as
particulate coIlisions.or fluid drag. |

Note that the term characterizing the a constituent surface forces on the surface of

region R can be expressed:

J dp, =£ _(g)ds = glads' ' . (38)
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where 151“) and Tg are the a constituent traction vector and a constituent stress tensor,

respectively. Applying divergence theorem to Equation 38 results in:

é ﬂI/ads={R‘z~IadV' (39)
R

The term characterizing the convective flux of a constituent linear momentum may

be rewritten about a dyadic product of the a constituent velocities and divergence theorem-

may then be applied to the resulting expression.

|-
<

2 log Xy XAV (40)

I

fo(ne3c) (kopo)ds = nle %k )ds = f
SR -a’''‘—a“a SR a R

Substitution of Equations 39 and 40 into 37 and collecting all terms under a single

integral results in:

k4T k) -V P
f{gepaka + Yo loadak) - Yo To naby - Sk B J av =0 1)

Since region R is totally arbitrary this requires that:

a ->

—
ﬁpaza + V. (poXgXg) - v "Ta = Paba - Cu X

~p,=0 (42)

Consider the following reorganization of the first, second and fifth terms of Equation 42:

a 1 ; \ 1 ~ N — a \ _-’_\ -3 1 )+ 1 (_v? v ) ~ 1
StPaXat (g XaXg) =Ca Xy = —mp Xyt X (L pgXg) T oo Xg (L - Xg)-CoXg
. ‘ . ‘
= PaXy +pal<-a(—°l(-a) ~CaXy
6 -~ \
= pgXg T PXg X (Y 2 Xg) -Cy X, (43)

The factor in parenthesis is recognizable as Equation 19, the continuity equation for the a
constituent and written in this form is identically zero. Substitution of this result into

Equation 42 leads to:
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N . .
paXe = VT, + b, + B, (44)
This is the balance of linear momentum equation for the a constituent.

Recall that as early as Equation 19, the continuity equation for the a constituent we
have imposed the physical requirement that the mixture behavior musf be the linear or
unweighted sum of the constituent behaviors. We have applied this requirement tb specific
behaviors or quantities such as mass, linear momentum and the hass bala.nce equatioﬁs, the
latter which resulted in the physically consistent result that the sum of ihey constituent
mass supplies will be zero.. '

In light of these successful impositioné of the ““summed behavior” requirement we
logically presume to impose this _requirement on the balance of linear momentum.

Consider the mix;cure external body force term from Equation 36 and the a constitu-

ent external body force term from Equation 44 and let:

n
L= Z pghg ' ' (45)
a= .

Consider now that if the sum of the balance of linear momentums of the constituents is

equal to the balance of linear momentums of the mixture then, via Equations .36 and 44 -

<1y

n n - .
1‘.Ia+a2=1pga.+az_:1:pa—az=: Paz(_a=2‘:\|:+pb—p5 (46).

‘T]M:

Via Equation 28, if we let ' = X and T, = x,, we obtain:

[

oL = X, results in:
- n 1w n Al ~ n o .\ '
pX= % po X+ T X8, - T Velokouy) (47)
a=1 a=1 a=1
Substitution of Equation 47 into 46 in light of Equation 45 results in:
n $ n —V> n = n 6 ‘
az'l — .,Ia + az,l-pa N :\l: - a,z=;‘l X, Cq +-a2=1 Yo logXup) (48)
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Recalling Equation 3 and substituting into Equation 48 leads to:

n V n o, 3 n n
T VT, +2p, =¥Y:T-%XxZ ¢ -2 ¢u
a=1" V% g=17¢ v a=1 * g=1 *7¢
' (49)
=> n n -
+ %V 2 pou,+ = Vepu u
=1 a=1
Note that.by Equations 6 and 21 Equation 49 further reduces to
n - n . = n = n
Z L Tat 20 =Y T+ 2 Vogueus - 2 Gu, 0 (50)
We may deduce from the order of the various terms that:
no. . -
2 (R +CLu,) =0 (51)

a=1
. . . n - .
If there is no mass exchange between constituents { ¢, = 0} then we are left with
: a=1
the physically consistent result that the sum of the interconstituent linear momentum
n ~
supplies must be zero { = £, = 0). Further, also note that the mixture stress tensor is the
a:
sum of the partial stress tensors of the constituents and the sum of the convective flux of

constituent Iinear momenta.

n ' : .
I =2 (Ta-rglglg) {52)
a=1
: n
By definition of the dyadic product the term p, U, u,, the sum of terms 21 pPolu,L Y,
a=

must be symmetric.

Balance of Moment of Momentum

Again, consider Figure 1. It is possible to write an expression for the balance of
moment of momentum, about the o-rigin of the spatial frame for the a constituent with

region R.
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a .
ég—( X pgXx;)dV
= -éR(xXpa_a)(i(a n)ds+f x X dP +f{xx(pab + 8 %, +D,)
SR

B’

The additionai term of [n:a characterizes the moment supply to and from the a constituent

via couple interaction with the n-1 other constituents of the mixture.
Consider the first rightside term of Equation 53 (the flux of a constituent moment
of momentum through the surface of R). Application of the divergence theorem can

result with:

J (XX pgX ) X, = n)ds = [ (X, X pgX; )X, )n ds
Sg SR

. - . .
FUXX pgkg)i) - ¥ v - 64

Consider now the second rightside term of Equation 53 (the moment of momentum
from the surface of R due to the surface forces of the a constituent) and note that by

Equations 38:
T
XX T,nds (65)

—,
x
o
)

—
X
>
~t

E)
o
w

1

—,
X
x

1>
-
W —

By appiication of the identity a X (g b)=1(a X ,C\%)b for all vectors a and second order

tensors % and the divergence theorem, Equation 55 rhay be written:

T = T Ty. ) .

[ xXTgnds =/ (xxTgln =/(xxTg) Vav - (87)
R : R :

<
<

Hence, the balance of moment of momentum for the a constituent can be reorgan-

ized under a single volume integral:
' a | Al . ) \ Al @
f{a—t(xx PaXg) + (XX px )X e V- (xxThH. ¥
R .

- XX (pgbg + 8k, +By) - ) AV = 0 ' - (8)

] | | 50
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Since region R is totally arbitrary this requires that:

<<

0 . ' . . : pas
I (XX poXg) + (XX pgX, )X, )+ z - (X X IZ) -V
- XX (pghg+E X%, +p,) - m, =0 (59)
Now, by application of the identity
; .V T.V '
(ax QN -¥ =ax(Q"-¥) + 0, (60)

for all vectors a and tensors Q Q, is the axial vector of tensor % and has the components:

QA1 = Q3 — Qs
QA2 = 031 - 013 ’ (61)
QA3 = 012 - 02‘1

the third term of Equation 59 can be rewritten
(xX TV =xx(l-V)+1T (62)
Also sincez is a time independent position variable, the first and second terms of Equation

59 can be reorganized such that:

0 < .
(XX pyX,) + (XX p X )%,) - Z=x><{

ot 'Da—a pa—a ’

«~ . . >
ofnie i o) = xxoatorident o) e
Hence in light of Equations 62 and 63, Equation 59, the local form of the balance of
moment of momentum equation can be rewritten:
+ (pa‘*',DaY - &) —a} m, =0 (64)

The first four terms of Equation 64 constitute the balance of linear momentum of the a

constituent (Equation 44) while the fifth through seventh terms is the expression for
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continuity'of mass for the a constituent (Equation 19). Both sets of terms, written in

these forms sum identically to zero leaving the result:

IaA tm, =0 (65)
or in component form
Taza - Taaz - mdl
Tas1 - Ta13 = m‘iz
Ta12 - Taz;-: maa

“This result implies that any given constituent or paﬁial stress tensor is net symmetric
except in the case of no inter-constituent moment of momentum or couple interaction
(m, =0).

If we accept the axiom of balance of moment of momentum for the mixture to be:
- 1T 56)
-1 (66)

then, by Equation 52, the definition of the mixture stress tensor:

n n . I
Z, (Ta=palialg) = 2 (T3 -pau,u,) (67)
or
n n
= T
a2=1 :\l’-a B az——:’l IC-L

In words, the balance of moment of momentum principle shows that the per constituent

or partial stress tensors may not be symmetric but that the sum of the partial stress tensors

is symmetric.

In summary we can tabulate for the mixture and on a per constituent basis the results

of this mixture theory formulation:




Continuity (Balance of Mass)

0 g .
a—tp*‘z‘pL:O

-

3t’a + Y-'pa)—(a = G

o
subjectto £ ¢, =0
a=1

Balance of Linear Momentum

-

k=Y

-1 + b

1

Pa

éx

<

: Ia + pa-b-a + -pa

n .
subjectto T (p,+¢c,u,) =
a=1

and

a=1

Balance of Moment of Momentum

= 77
=71
—aA + ma =0
' n no_;
subject to: Z_ -,"\I;a =z Ta
- a=1 a=1"

0

21

(mixture)

{a constituent)

(mixture)

{a constituent)

n
J=z (Ia"'pa-qdﬂa)

{mixture)

(a constituent) -

(68)

(69)

(70)

(71)

(72)

(73)

(74) ..

- (75)

(76)

(77)
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CHAPTER 3

THE THEORY OF TURBULENT, WIND-AIDED
SNOW SEDIMENTATION
In the previous chapter a mixture theory is developed, through the momentum bal-
ance equations for a mixture of n constituents which resplond asa whole in a fluid manner.
It will be of interest to apply this theory to the well docum(_ented but mechanically
complek phenomena of turbulent wind-aided snow sedimentation. This investigation is
made for two purposes, one: to 'determing whether or not solutions to the theory exist and
two: to detemine if these solutions model or approximate in a qualitative sense certain
observed aspects of the phenomena. However, in this next chapter and preliminary to any
' applications it will be necessary to derive the turbulent equations of motion for the snow

phase of the mixture flow.

" The Equations of Motion for a Mixture of Snow and Air

The pertinent equations of motion for a mixture of snow entrained in an atmospheric

flow are summarized below (Decker and Brown, 1983). The subscript s and a are indicative -

of the snow phase and air phase respectively of the mixture.

Continuity ,
0 o \ "
roll N Viopx, =¢ - (78)
2 R
SRS SPR TR 79)

and
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Balances of Linear Momentum

v

"IS + ps-b-s + ﬁs (80)

<t

\

PsXs =

vy

PaXy =

<

‘Tp tPebatBa (81)

«

Note that x; = us and x, = u,. These are the velocity fields for the snow phase and
air phase respectively and should not be confused with diffusion velocities as previously
defined'.

_ Consider that if the intrinsic time scale of the snow sedimentation process {> 1.0 hr)
is large compared t‘o the inertial time scale {(~ 1.0 sec) of the process, then the transient
' effects may be neglected and the process could be considered steady. This assumption is
con-sistent with other attempts to apply a mixture theory to sedimentation processes
(Drew, 1975; McTique, 1981, 1983). Further, consider that if approximately 40% of the
‘total entrained snow in transport over a flat surface sublimates into the air phase over a
distance of 3 km (Schmidt, 1982}, then for the transp.ort distances of this investigation
{10 m), it is reasonable to neglect the effects of inter-phase mass exchange. Further, i;c is
assumed that the only body force a‘ct.ﬁng on either the show or air phase is the gravitational
potential. However, it should be noted that the formation of snow cornices does occur in
blowing snow environments on the immediate lee of mountain slopeé and there is good evi-
dence to support the hypothesis that snow cornices form as a consequence of very large
electrostatic potentials (Latham & Montagne, 1970). Lastly, it is assumed that if the mass
fréction of snow in transport remains small (< 10%) compared to the total mass of the
" mixture. Therefore the components ofl the partial stress tensor of the snow phase are
negligible relati\;g to those of the air phase. This assumption is consistent with those
postulated for dispersed multi-phase flows. (McTiqu'e, 1983) and is analogous to the state-

ment that as long as the mass fraction of snow in transport remains small the streamlines of -
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the airflow will remain essentially unchanged from those of single phase airflow, i.e., the
snow phase does not have a significant effect upon the air phase flow.
| In light of these assumptions the equations of motions for the snow phase when the

motion of the air phase is known are:

-

Vep,u =0 Continuity ' (82)
and

+
pu - Yus =p.a + pg Balance of Linear Momentum (83)

Momentum Supply Between the Air and Snow Phases

At this point it is necessary to make a constitutive assumption for the momentum
supply or transfer terms: »Ela and fzs between the air phase and snow phase of the mixture

flow. Let:

- a

B, = —Rg = p D (ug—uy,) ‘ (84)

* That is, the momentum supply between the air and snow phases is equal and opposite i‘n'
sign and is dependent on. the velocity difference between the phases and a drag coefficient:’

D with dimensions 1/time. This satisfies the restriction of Equation 51 on the balance of

linear momentum when mass supply: ¢, = Ea = 0. Further, momentum supply between the

s
phases is dependent on 'the local mass density' of the snow phase, which is physically con-
sistent inasmuch as mass density of the snow ph;ase approaches zero so does thé momen-
tum.supply between the phases.

Equation 84 characterizes the transfer of momentum between the snow an‘d air phasé "
of the mixture flow. It is effectively a description of the drag between the air and snow
phaseé. It would be possible to describe this term as the aifference of some po‘lynomial

value of these velocities. The difference of the squares of the snow phase and air phase

velocities would be a logical increase in the degree of theoretical complexity. This would




25

lead to an increase in the degree of non-linearity of the }esulting systems of partial differ-
ential equations to be solved for the snow phase velocity field. ;Since this system of partial
differential equations will be solved by numerical approximation techniques the instabil- -
ity of the subsequent algebraic equation system fnay also increase. Also, a velocity squared
drag or momentum transfer term may not be an objective or frame indifferent constitutive
assumption. Lastly, it will be shown that the theory in fact oversuspends the snow phase |
within the mixture flow. Increasing the magnitude of the momentum transfer between the
phases via a velocity squared drag term would increase the ov-ersuspension of the snow
phase in the mixture flow.

For any constitutive assumption theimagn‘i.tude and direc’tion\ of the term must
remain object-ive or retalxins its values regardless of the frame of reference, i.e., a valid con- '
stitutive assumption -must be‘indifferent to any time dependent c;rtho'gona'l change of refer-
ence frame. Therefore now consider that for any time dependent orfhogonall transforma-
tion of coordinate frame % where Xs and 3‘3 are the snow and air velocities with r>espect to
the original coordinate frame and ﬁs* and x,* are thesé -velocities with resbect to the new

~a

coordinate frame such that:
X" = Qx5+ ¢ - - (85)
and '

L(.a* = ,(\)I-l(_a + ¢ ' (86)

Where ¢ is a time dependent translation of the coordinate frame.

Then:

U = X% = (Qxg+o) = Qxg + Qx_s + & (87)
and

U™ = X" = (Qxate)= QX + Ox, + & (88)
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Therefore

-

ug® - u,* = QX +0x,+¢-Qx%x, - Qx, - ¢
~ ~ ~NTa oA Ta =

= Q {X-%g) + Qlxg-xp) (89)
Since x5 = x, (i.e., the position vectors to the point where the momentum transfer is
effected are the same) then
* * = ] :
Esﬁga_g(!s—u) ‘ (90)
Hence, the constitutive assumptions on the supply or transfer of momentum between the

air and snow phases is objective or frame indifferent (Malvern, 1969).

In summary, the equations of motion for the snow phase of the mixture flow are:

-

V. pgug = 0 Continuity | (91)

and

- .
pUg Y_y_s =p.8 - p, D(ug-uy) Balance of Linear Momentum  {92)

The Turbulent Equations of Motion for the Snow Phase
‘ of the Mixture Flow

Consider the dimensionless Reynolds’s number, classically a ratio or measure of the
inertial féfces to the viscous forces of a flow. For large Réynold’s n‘umbe‘rs, when inertia is
the predominant force of a flow these flows are observed to be turbulent. Fdr a variety of
engineering applications a large Aamount of research has been done on determining the
“critical” Reynoldh’s number for which a laminar flow may become unstable and go
thré)ugh transition to turbulent. At Reynold"s number much greater than the critical .
Reynold’s number the flow will be fully turbulent.

By definition the Reynold’s number is:

Vref Lyef .
R=—"7m7 (93)

14
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where V¢ is a reference or characteristic velocity, L ef is @ characteristic length and » is
the kinematic viscdsity of the fluid. Obvioﬁsly the magnitude of the Reynéld’s number for
any given flow is controlled in part.by the researcher’s perception of what constitutes a
’characteristic’’ set of velocities and‘lengths. '

In the specific case of atmospheric flows there is a large volume of research investigat-
ing the domains of these characteristic dimensions. However, irregardless of the Vief and
Lref chosen for an atmospheric flow Yair = 1.3 X 1075 m?/s. Coﬁsequently, over the result-
ing~ range of ﬁeynold’s numbers, the magnitudes of these Reynold’s numbers are quite
large and these flows are consiaered fully turbulent (Britter, Hunt, & Richards, 1981;
Bradley, 1980; Jackson & Hunt, 1975; Plate, 1971).

The equations of motion of the sﬁow phase of the mixture flow can be decomposed

S

and expanded to include the effect of a turbulent mixture flow.

Adopting the standard Reynold’s description (Hinze, 1975) of a turbulent variable

for the snow phase results in: '
+ U . (94)

Ug = Ug + Uy
Uy =0, +u'y (95)
pg = Pg T P (96)

That is, the instantaneous value of any turbulent variable is the sum of its mean dr time
averaged value and its turbulent fluctuations, denoted by the overbar and overscore,
respectively. Any product of mean and fluctuating variables may be subject to additional
time averaging and must conform to the following conditions, where for any time depen-

dent variables g and f:

| SN -




| 5 O & P

T =71 ' | (97)

frg=Tfztg : (98)
Fg =T (99)
’g’_f -VF . (100)
\ =0 .‘ (101)
fg #fg =0 | (102)‘
(f)27-1 =0 n=1,2,3,... | (103)
(£92n " 0 | n=1,23,... | (104)

Substituting Equations 94 and 96 into the continuity equation (Equation 91) for the

snow phase of the mixture flow results in:
C -

Ve (to)@gtu’y =0 B (108)

or

|y

{7,

When a subsequent time average of Equation 105 is taken the terms pu’ and p'.u_, by

N p’s!s} =0

Je

Equation 101 are identically zero, resulting in:

N . : . -
Vo {pg, +pru,}=0 - (106)
Now consider that if the turbulent fluctuations of a variable are joint-normally distri-

buted then the conservation of mass at a point will be independent of the turbulence and

the turbulent continuity equations will be:
' -

-
Vepu =V 5.0 =0 | | (107)

This requires that:

| <iy
b\
=

1
o

(108)
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In the absence of any information about the nature of a turbulent flow the assumption
that the turbulence is joint-normally distributed is a simplication but is also the enly logi-
cal description available (Oral communication, J. T. Oden). The resultarllt turbulent con-
tinuity equation (Equation 107) is identical with that derived by Drew (1975) and
McTique (1981) for the particulate phase of a multiphase turbulent fléw.
Substitution of Equations. 94 through 96 into the linear momentum balanée equation

(Equation 92) for the snow phase of the mixture flow results in:

{(F+o)T@+ug) - ¥ (@ +uy)

= (B, + 09 ~ (By+p7) D (Gg+u's-Ty-U'y) (109)

or

—_ — ’

(psHs+ps!s+p’sHs+,psEs) -

| <t
I<i

T+

’
s u's)

=P8+ 09 -pD(Ug-U,) - b D(Us-u'y)

’

- pISD(Es—Ea) - ‘p’sD(!,s"H a)

When the left side is expanded and a subsequent time average of Equation 109 is taken, by

. -> S -> - -
. _— = ’ — ’ — rOTT . - B r, ’
Equations 101 and 103 the terms p U -V u’s, 5, u' "V T, o' T -V T, o, U/, ng,'

p'sg, p,D(u's-u’y) and p'sD{(ug - u,) are identically zero resulting.in:

-
pgUg ng =08~ pD(Ug-uy) — Fy (110)

- - -6
Er =p,u -Vu + p'g U -Vu U s YU+ o Dlug-u

=5 a)

Note that if p’'; < b, U'g < U, U’y < Uy and u'g ~ u’, then the fourth term of Fy

may be assumed to be negligibly small relative to the other terms.
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The Constitutive Assumption for Turbulent Fluctuating Variables
in Terms of Mean Flow Variables

In order to render the system determinate, a constitutive assumption relating the tur-
bulént fluctuation of a given variable-in'terms of a mean flow variable must be made. If
the bulk of the mixture flow inertia and all the shear of the mixture f_low are intrinsié to
the air phase then it would be consistent to relate the ;curbulent fluctuations of the snow
phase variables to a mean_flow variable of the air. Consider then the following constitutive

assumption for p’; and u’g.

V2bse 1 (111)
P Rl VA [ :
S 3 ,%a
z v (112)
u’', = — I :
=S J 2 k’,a .
[ aﬁa aua-
where: 0
ay 0z
ov v
— a a
' = 0 —e 113
%a 0X 0z ( )
dw 9w
092 9%a
| 0X oy |
' VY | (114)
) ”r;,a“g,%aij%aij"J '

a
~
and w, are the components of the mean airflow velocities. ¢ is a vector valued function

with the dimensions of time and y is a vector valued function with the dimensions of
fength,

Note that the constitutive assumption for the turbulent fluctuation is. by definition
of a scalar valued varia_ble objective (Malvern, 1969). The form given by Equation 112

must be proven frame indifferent. For any orthogonal transformation of coordinate frame

i E is the second scalar invariant of the deviatoric mean airflow gradient tensor.u,, v, -
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,(3 that y* = Ql where the starred quantity is the value of that variable in the transformed

coordinate frame.

X
u'.* = v I T
S J 2 ,%a
Y
=Q—— VIl A (115)
’\/\/2 ’\/ka

Note that u’.* transforms like a frame indifferent vector value function and hence the con-

stitutive assumption on u’, is objective.

a 3  _
For the special case of one-dimensional mixture flow (— = —= Vg = wgy =0) the
axX 9z
constitutive assumptions for o' and u’g reduce to
ps_(ex + €y +e,) aﬁa s p e, + e, + €,) aUa
- N = 116
o'y s Vg —3 ) (116)
Tx a“a 2 Tx au '
u'. = (117)

5T Vig =g

These results are analogous to the one-dimensional phenomenologically derived Prandtl

mixing length theory for turbulent single phase flow (Hinze, 1975; Schlicting, 1979).

By substitution of the constitutive éssumptions for p’, and u’g into the terms of Fr

the turbulent balance of linear momentum equation for the snow phase of the mixture

flow results

Fs:s"z Ug = p, g - p,D(ug-4,) - Fyp
where _ .

5oz \/2 Fa

FT=_{——\/II Vo VI \/uk) V=g
. ‘\/2 a \/2 /\/a \/2 ’\Ja

2 -

+((l/__€.1\/”k)_\/”k) ZE} (117)
Vv 2
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Equation 117, the turbulent balance of linear momentum equation along with the turbu-
lent continuity equation below:
. - |
V-p,u =20 (118)
form the turbulent equations of motion for the snow phase of the mixture flow.
. 0 ' N
For the case of a two dimensional mixture flow {— = w, = w4 = 0) the constitutive

0z
assumptions on Py and !'s reduce to

V2p,e dug , BV, ,-
Pl = ————— .1 = __2} :
s 3 _'\/(ay) =) (119)
and
ou v, ‘
, _.L "a 2 a2
s = 2\‘/{( ay) +(ax)} (120

Consider the following upper bound approximation to the factor:

au, Vv, au, v, -
a .z a 2 a a
( — Al + . } = [ R + —rr—
¢{ TR N NI N} (121)
The error inherent in this approximation can be analyzed by considering the binomial

expansion:

9T, 9V,
N av U, oV 2(—)(—)
a a
v{(——)z + (_)2} = (—2 4 ——a)\/{1 I AL
oy oX ‘ oy oX aua ava )
- (—+ —)
oy 0X (122)
AT, oV AU . oV
a a a a
0T, v, (5 =) (a—)z(—g—x—f
= (Y oY ox Y 90X
oy X duy ov ou ava4

e TS

Inasmuch as all terms of the expansion are positive after the first sum in the expansion
truncation at the second sum will result in a measure of the maximum error. Note that the
error in this approximation is large when gradients of the airflow are small. However when -

gradients of the airflow are small the terms of Eq are also small and the error to 2 and
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g’s will not be of consequence. Further, when gradients of the airflow are large the terms

of Fr will be large but the error to 2 and g’s will be minimized.

By evoking the concept of a joint-normally distributed turbulence it is possible to

writtey =y 1 and e =€ 1.

Lastly, the turbulent balance of linear momentum equation (Equation 118) can have

Py divided out on a termwise basis. This results in the hon-conservative form of the turbu-

fent balance of linear momentum equation, which is uncoupled from the turbulent contin-

uity equation.

In light of the above.for a two dimensional mixture flow, the components of the non-

conservative turbulent momentum balance equation are

where

and

duy. aug
Us = + Vsa_y' =gy - Dlug-u,) - FT‘x
A OV
U —+ vo.— =g, - D(v.-v,) - F
S ax S 3y y s Va T,

X-comp -

y-comp

2

2

auS E)us v

FTx = ¢yC X + e4C —a-y— + evAug + eyByg + 7 (A+B)
E avs avs v

Ty = ¢vC o + ¢9C W + e'yAus-i.- eyByg + 7 (A+B)

(123) -

(124) -
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av a2%v 2u au v a%u
a a a a. a a
A= (1 et 1) + 1 i [+ )
X X XY oy 9x? IX0Y
B~ B I(IMal | +|azua )+ | aual_“azva |+ ot ) (125)
ax IXdy oy? ayl X0y oy? l
av&I ava .aua aua ava ou
C=1—Illl— 1+i— I+ | —l{I— |+ — )
0X X oy oy oX - 0X

Ug, Vg, Wg, Uy, Vg, wy are the components, in rectangular cartesian coordinates of the
snow and air phase velocity vectors: ugand Y, The overscore has been dropped, since now

all variables are in terms of the mean values.

These component equations can be reorganized into the following system of non-

linear partial differential equations:

((us +eyC) 0 Ug (vg + e7C) 0 i Ug
] 5]
—_ + — +
oX oy
0 (us + eyC) Vg 0 {vg+evC) | [ Vg
_ : - \ L, : (126)
Y
(D+eyA) B Ug {gx + Du, - 7 (A+B) \?
i A (D + ¢vyB) kvs - 9y + Dv, - 2 (A+B} |
The two dimensional turbulent continuity equation is summarized below:
d . d _ o :
apsus +—pyv, =0 ‘ (127)
: . . L 0 3 '
For the case of one dimensional mixture flow (—a— = a_z= wgy =V, = wg =0) the com-
X

ponent form of the momentum balance equation for the snow phase reduces to the follow-

ing system of non-linear partial differential equations:
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D evB Ug ] 9x+D“a"Z B
. . {
(vg + exc) — + | b= . (128)

’ Y
01 Vg 0 (D+eyB) vs) 9y - 7 B

The turbulent continuity equation for the snow phase reduces to:

- ‘ |
5y PV =0 (129)

Lastly, by examining the nonconservative form of the turbulent balance of linear
momentum equation for the case of still air (wy=vy = uy = 0) mixture motion the coef-

ficient: D of the momentum supply or transfer term may be analyzed. Consider:

avs'
Vg W+ Dvg = dy : “{130)
or
oV, g '
9% \
— =Y (131)

| gy is the gravitational acceleration (-9.81 m/sec?®) and the snow phase mixture motion
has a domain of constant still air fall velocities of -1.0 to -0.5 m/sec then D will have a
range from 9.81 to 19.6 1/sec. For all following calculations D is set at 13.0 1/sec. This

corresponds to a still air fall velocity of -0.75 m/sec.
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CHAPTER 4

SOLUTIONS OF THE SNOW PHASE EQUATIONS OF MOTION
FOR A ONE DIMENSIONAL AIRFLOW

In the previous chapter the turbulent equations of motion fo; the snow phase of an
_atmdspheric mixture flow of snow and air were derived.

It is of interest to solve these equations of motion for the snow phase velocity and
density profiles as function of height above the solid surface for a one dimensional atmo-
spheric boundary layer flow. These soiutions can be compared with observations concern-
ing the nature of the snow phase velocity and density profiles for snow sedimentation
flows over flat surfaces (Buad, Dingle & Radok, 1965; Mellor, 1965; Kobayashi, 1972;
Schmidt, 1977; Takeuchi, 1980).

Consider a one dimensional turbulent atmospheric béundary layer airflow of the form

(Plate, 1971):

u* .y .
y—a a k y . ( )
" with the following gradients
a,ua u*
By ky
3%u *
a u
T (133)

where u¥, k and Yo, are the friction velocity, Von Karman'’s constant and the surface rough-

ness height respectively.
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For this specific case of a one dimensional airflow the system of partial differential
equations (Equation 128) for the snow phase may be solved by finite difference techniques
for the component snow phase velocities as functions of height above the solid boundary.
Consider 'the forward difference approximation to % (Ames, ‘i977; Smith, 1978)
applied to the snow phase momentum balance partial differential equation system. j is the
cell location description on a vertical column solutioﬁ domain of m cells aﬁd G is the cell

height. The snow phase subscript, s, has been dropped.

‘ : n . _uly . n
.1 0 (uJ‘+1 uj)(G D e'yBJ ur
(V?_1+ eycj) +
0 1 (VP -v)/G 0 (D+evB:) v
) A | AT . (134)
Z .. _ "
(Duaj—z Bj\l . n=1,23...
o4
gy'ZBJ' , i=12,3,...m

The non-linear term is treated quasi-linearly by retaining its value from the n-1 iteration

during the nth solution iteration procedure. Further we have defined the y coordinate axis

to be parallel to the gravitational potential. The above discrete system of linear algebraic,' ,

equations can be reorganized:

- n - ‘n-1 . ‘ .
vrj’ 1+eij 10 Uit , D (vj +eyGy) €vB; u
G . (Vrj'_‘l +€’)’Cj)
n . ' ) | V"
0 1 Vj+1 0 (D+€7?j) 3 LVJ
2 : ' (1356)

n=1,2,3...

. .
Lgy“zB' } i=123...,m
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By using the one dimensional airflow velocity description of Equations 132 and 133, defin-
ing gy = -9.81 m/sec?, D = 13.0 1/sec, setting> boundary conaition v-a‘lues for ug,41 and
Np+1 a@nd defining e and v, primarily to maintain computational stability renders' Equa-
134 a determinant system of 2 m algebraic equations in 2 m unknown snow phase velocity
components. |

ONEDEE is a Fortran code (see Appendix for listing) designéd to solve Equation 134
by Gauss-Seidel iteration {(Ames, 1977; Smith, 1978).

The ONEDEE solution for the snow phase is dehicted in Figure 2. Note that the snow
phase contains sufficient inertia to have a positive horizontal impact velocity at the snow
surface, where the air velocity goes to zero. This is consistent with the mechanisms of
saltation flow or impact induced restitution of the snow phase from the solid surface back
into the mixture; flow (Kobayashi, 1972). | |

In a nat'urally‘ occurring snow-air mixtufe flow the bulk of the snow phase in trans-
port over a flat surface is a product of saltation flow. However, this theory requires that
some component of the snow in transport be a product of the apparent or turbulent buoy-
ancy of the snow phage in regions of large airflow gradients. In other words, even when
there is no snow phase restitution from the solid surface there should still be a discernibly,
variable snow phase density profile vs. heighlt Snow density profiles for snow-air mixture
flows adjacent open water (i.e., a non-restituting lower boundary) have been measured
(Takeuchi, 1980). '_I'here is a non-uniform snow phase density profile where the difference
in"density maximum and r_ni‘nimum for these profiles are approximately one order of mag-
nitude less than that for ~salta‘cio'n flows (Oral cc.)mmunication, M. Takeuchi).

The turbulent continuity equation for the snow phase for a one-di.mensional'airfl;)w
(Equation 129) has the solution: .

pgVg = constant (136)
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NEGATIVE
VERTICAL COMPONENT
S5NOW VELOCITY

AIR VELOCITY

CM

HORIZONTAL COMPONENT
SNOW VELOCITY---------

PISTANCE.

VELOCITY M/SEC.

Figure 2. Component snow phase and airflow velocities vs. height above the surface ua
(10 m) = 10 m/sec, us (I m) = ua (I m) =7.0 m/sec, vs (I m) =-1.0 m/sec, 7 =
0.6 m, e = 0.6 sec, u* = 0.33 m/sec, k = 0.25, y0 = 0.005 m.
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If we define the snow phase mass density at the top of the boundary layer flow to be
1.0 X 107* kg/m? then the snow phase density profile cdrresponding to the sndw ;;hase
ver-tical or fall velocity 6ompoﬁents of Figure 2 can be calculated. These data are presented

in Figure 3. It is satisfying to note that a theoretical snow phase density profile does exist

and has a range of 1.5 X 105 kg/m?.
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Figure 3. Snow phase fall velocity and corresponding density profile for the one dimen-
sional airflow of Figure 2, ps (I m) = 1.0 X 10'4 kg/m3.
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CHA;PTER 5

-SOLUTIONS OF THE SNOW PHASE EQUATIONS OF MOTION FOR TWO

: DIMENSIONAL AIRFLOW ON THE IMMEDIATE LEESLOPE

OF A MOUNTAIN RIDGE

In the previous chapter the turbulent equatioﬁs of motion for the snow phase of a
snow and air mixture flow were derived. If the airflow for.a specific two-dimensional -
geometry can be determined_, then the system of partial differential equations (Equation
126) for the momentum balance equations for the snow phase can be solved for the
velocity field. Once the snow phase velocity field is determined, these results can then be
used to solve for the snow phase mass density field using the continuity equation (Equa-
tion 127) for the snow phase. The results can then be qualitatively corﬁpared to observa-
tions. Lastly, using the snow phase velocity and density fields adjacent a solid surface the
distribution and rate of wind-aided snow accumulation ca;n be fdund and qualitatively
compared with observation (Decker & Brown, 1985).

As a phenoménon the wind-aided deposition of .snow on the fmmedi‘ate leeslope of a
mountain ridge has been studied by a number of researchers for two purposes. First, wind-
aided snow deposition on mountain slopes is the single most important factor in the pro-
duction of direct action or new snow avalanching (Mellor, 1968; Perla & Martinelli, 1976).
Second, inasmuch as snow is a significant mecHanism of hydrologic storage the areal extent
of snow distribution in the alpine ha;s been studied., including the area of above average
seasonal .snow accumulations on leeslopes due to wind-aided snow sedimentation (Mon-

tagne et al., 1968; Alford, 1980).
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The ability of snow in mixture flow to attenuate light and decrease visibility has been

‘ poétulated and confirmed to be a linear function of local mass density of the snow phase
in the flow (Budd, Dingle & Radok, 1965; Mellor, 1965; Schmidt, 1977). On the immedi-
ate leeslope of a mountain ridge during periods of mixture flow a characteristic plurﬁe
develops. Figure 4 is a photograph of a set of typical leeslope snow pluhes taken on the
crest of the Bridger Mountains, Montana. The mixture flow is left to right and closely nor-
mal to the axisl of the ridge crest. It should be noted that these plumes also exist during

snow-air mixture flow periods when there is additions to the snow phase due to atmo-

spheric precipitation, but in general these plumes are visibly obscured. However, the

existence of snow phase mass flux profiles at ridge crests during storm periods has been

verified and these data have been used for boundary conditions in the solution of the

systems of partial differential equations derived from turbulent equations of motion of the

snow phase of the mixture flow (Decker & Brown, 1985; Fohn, 1980).

Additionally, wind-aided snow accumulation depth profiles down the immediate
leeslope of' mountain ridges have been taken (Deckér, 1982; Fohn & Meister, 1983): These
profiles often show an accumulation maximum at or near ridge crests which then decreases
over the next 10 meters to the average snow accumulation depth for that storm. In addi-
tion, these profiles sometimes display an accumulation minimum, less than the avera.ge
accumulation depth at or near 10 meters down the lee_siope. It is these asymmetric
““wedges”’ of wind-aided snow accumulation which may release from the Ieesiope -as a
wind-slab snow avalanche. Figure 5 is a photograph of an artificially (explosives) released

wind-slab avalanche at Bridger Bowl Ski Area, Bridger Mountains, Montana as the slab or

wedge of wind-aid snow accumulation first begins to accelerate down the leeslope bufc

before it has mechanically broken up.




Figure 4. Snow plumes on the Bridget mountain ridge crest, Montana, photo credit



Figure 5. An avalanching slab of wind-aided snow accumulation on the immediate lee
slope of the Bridger mountain ridge, Montana, photo credit: D. Richmond.
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The Discretized Leeslope Environment

Figure 6 characterizes the discretized environment on the immedia';e Ieeslopé of an
idealized two-dimensional section of a mountain ridge. It is over this domain that ;solu-
tions for the systems ofﬂpartial differential equations derfved from the turbulent equations
of motion for the snow phase of the mixture flow will be generated. Further, the snow
accumulation distribution and accumulatioh rates on the leeslope surface will be investi-
gated.

The 90° angle in the ridge crown is an artifice of the geometry of solution dorﬁains
required for airflow modelling; recalling that knowing an airflow regime within this domain
is a prerequisite to any solution of the system of partial differential equations derived fro}m

the turbulent equations of motion for the snow phase of the mixture flow.

Airflow Models

Four different models for the airflow regimes through this two-dimensional domain
are investigated. Two computational solutions to the Navier-Stokes equations. for single
phase flow, an empirical solution for a half-jet with viscous flow and empirically derived
data from a 16 mm movie of smoke laden airflow filmed on the Bridger mour'1tain ridge,
Montana. The smoke test movie and hence all subsequént airflow regimes are calculated for
a free stream windspeeds of 10 m)sec.

Figure 7 characterizes the airflow velocity field within the discretized iesslope domain
as computed from the Fortran code: SOLA (Hirt, Nichdls & Romero, 1975). SOLA solves

the incompressible transient Navier-Stokes equations in two dimensions for a user specified

fluid viscosity; in this specific case, that of air at 0°C. SOLA has been successfully used to

model airflow on the immediate leeslope of mountain ridges where the airflow regimé has

been modified by the presences of a “jet-roof” structure (Dawson & Lang, 1979).
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Figure 6. The discretized solution domain on the lee slope of a two dimensional model ridge.
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Figure 8 cﬁaracterizes the airflow yélocity field within the discretized leesiope domain
as computed from the Fortran code: SMAC (Amsden & Harlow, 1970). SMAC éolves the
two-dimensional incompressible transient Navier-Stokes. equations. A biviscous modifica-
tion was used to model snow avalanche debris motion (Dent & Lang, 1980; Dent, 1982).

The airflow velocity fields calculated by SOLA and SMAC are for a backward (lee)
facing 90° step with_ gravity at 45° to the step. SOLA was calculated for an unconfined
upper boundary and a no-slip lower boundary. The airflow velocities depicted along the
left boundaries of Figures 7 and 8 as calculatea_ by SOLA and SMAC, respectively are
internal and intrinsic to the specific solutions and are not fixed boundary conditions. It is
disconcerting to note that two codes which are designed to solve the same equation systerﬁ
produce such a disparity of results. |

Figures 9 and 10 are, respecti_ve'ly,' a still photo of the airflow velocity field and the
flow field as derived empirically from a 16 mm movie of a smoke laden airflow taken on
Bridger mountain ridge, Montana.

Figure 11 contains the airflow regimes as calculéted from an empirically derived
expression for two-dimensional viscous half-jet flow ' (YL]U, Yasukouchi, Hirosawa &
Jbtaki, 1978). JET is a Fortran code (see Appéndix for listing) which calculates the values

of the component velocities of the airflow within the discretized leeslope solution domain.

- Snow Phase Velocity Field

For these airflow regimes and this specific two dimensional solution domain geéme-
try, the system of partial differential equations (Equation 126) for the turbulent momen-
tum balance for the snow phase may be solved by finite differencé techniques.

Consider the asymmetric difference approximation (forward in the leeslope normal
or y coordinate direction and backward in the leeslope parallel or x coordinate direction)

0 0
to — and o {Ames, 1977; Smith, 1978) applied to the snow phase momentum balance
x .
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Figure 8. Airflow velocity field with the discretized solution domain as computed by SMAC.
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Figure 10. Airflow velocity field within the discretized solution domain as determined from motion pictures of a smoke
laden airflow.
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partial differential equation system. i and j are respectively the x coordinate and y coordi-

nate cell location. G and H are respectively the x coordinate and y coordinate cell dimen-

sions. The snow phase subscript s label has been dropped for the sake of brevity.

1 0 ul. -u /G
(w14 i,J 11,1

ij *erCi)) o
0 1 Vit Vi 1,]/G

(1 0] / u" rl' /H

( i+l i )}
+ (V- 1+67C ) H . :
- E e U i VM ) - (137)
WL
72
(D+e'yA gx+‘Dua- _— (Ajj* B
+ i,
. . 72
evAjj  (D+erBy gy * DV = 7 At By
n=1,2,3...
i =1,2,3,...k

j=123,...,L
The non-linear terms are treated quasi-linearly by retaining their values from the n-1 itera-
tion during the nth solution iterate. The above discrete system of algebraic equations can

be reorganized:

1 of{u?,
Vit ertiy )
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+

n-1 n-1
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N .
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I, 4
. LS = (138)
G 2
n - T A+ B
0 1_ Vi1 gy+Dvai’J 2 (A,,j+,B,j)
n=1'23...
i=1,2,3,...k

i=1223...L
By using one of the foulr airfloW velocity regimes (SLA, SMC, MVE or JET), defining the
componeﬁts of the gravitational accleration vector, D = 13.0 1/sec, setting the component
velocity boundary conditions on the snow phase velocity field on the left and top bounda-

ries of the solution domain equal to the airflow velocities and defining e and v, primarily

to maintain computational stability renders Equation 138 a determinant system of 2 kL

algebraic equations in 2 kL. unknown snow phase velocity field components.

DURBY is a Fortran code (see Appendix for listing) designed to solvé Equation 138
by Gauss-Seidel iteration (Ames, 1977; Smith, 1978).

Consider the DURBY solution for the snow phase velocity field, along with the corre-
sponding JET airflow field depicted on Figure 11. For the boundary conditions (leftside
and top of the solution_domain). the snow phase velocity components are set equal to the
corresponding discretized_ airflow velocity components. It is of interest’ to note that only
the airflow regime models: SMC and JET as inputs to DURBY produced computationally
stabile solutions for the snow phase vélocity field. Considering Figures 7, 8, 10 and 11 note
that both the SLA and MVE airflow regimes have centers of vorticity within the solution

domain where as both the SMC and JET airflow regimes codld be éharacterized as diver-

gent or diffuser ;cype flows. This leads to the postulate that airflow models with vorticity A

produce a singular coefficient matrix for the system of algebraic equations by violating the




56
requirement that the coefficient matrix be irreducible (Ames, 1977). Furthermore, using
SMC or JET airflow regimes as input and choices of ¢ and v less.tha_n approximately 0.1 m
or sec or greater than apprbximately 10 m or sec produced non-convergent DURBY solu-
“tions for the sﬁow phase velocity field which are respectively either harmoni;: between

zero and positive infinity or monotonically increasing to positive infinity.

The Snow Phase Density Field

Consider the following expansion of the two dimensional turbulent continuity equa-
tion (Equation 139) for the snow phase of the mixture flow:

ou op - av, 0p - )
S S S S
US 'E-'i' ps —+ v, — =0 (139)

Ps ¥ oy S dy.

aX
Note that this form of the turbulent continuity equation can be reorganized, with the
snow phase sub s label has been dropped:

ou ov 0 0 ’
ul v 29 (140)
X Yy oX ay

: D 9
Consider now the following asymmetric difference approximation to E and o
. X

(Ames, 1977; Smith, 1978) applied to the above snow phase turbulent continuity equation.

(Ui - di i ik - v ) lojj=pi,j) (oj,j+1 - #i,
Pi,j + [ty T YV T/

G H G T
i=1,2,3,...k - (141)
i=1,2,3,...L '

This system of algebraic equations can be reorganized:

Vi Wij-vig i Mgeovigho M vigy o Yy
WMy T T Ho TG T H (P g AT O
i=1,2,3,...k , (142)

i=1,2,3,...L
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By using the discretized values of the snow phase velocity components from a DURBY
solution and setting the boundary conditions on the snow phase mass density aloﬁg the
left and top boundaries of the solution domain renders Eq’uation 142 a determinant systeh
of kL algebraic equations in kL unknown snow phase densities.

FLAX is a Fortran code (see Appendix for listing) desigﬁed to solve Equation 142 by
Gauss-Seidel iteration (Ames, 1977; Smith, 1978).

Consider the FLAX solution for the snow phase density field depicted on Figure 12.
This snow phase density field corresponds to the‘snow phase velocity field of Figure 11.
For the boun;:iary conditions the snow phase density was allowed to decrease logrithmi-
cally frorr; 1.65 X 1073 kg/m® to 6.5 X 10~ kg/m? along the left boundary and held con-
stant albng the top boundary at 6.5 X 10* kg/m®. In the absence of wind-aided snow
accumulation (i.e., a “still air’’ snow fall) a snow phase density 61‘ 6.5x 10™ k‘g/m3 would
accumulate at a rate of 1.0 cm/hr at a depositional density of 175 kg/m?3.

Note that the snow phase density field of Figure 12 qorrespondé well quantitatévely to
the distri.bution of snow in the photographs of ridge top snow plumes debicted in Figure 4.

It is of interest to note that even though both SMC and JET airflow models would
produce computationally stabile DURBY snow phase velocity field solutions only those

DURBY solutions corresponding to JET airflow models would produce computationally

stabile (all positive densities) FLAX snow phase density field solutions.

Wind-Aided Snow Accumulation on the Leeslope

At any point along the leeslope surface, the rate of wind-aided snow accumulation
must be less than or, in the absence of surface erosion, equal to the slope normal flux of
snow to the leeslope surface due to the snow-air mixture flow.

Vgpg = — (snow accumulation rate) (accumulated snow density) (143)




Kg/M3

0.0-0.01
0.01-0.02
0.02-0.0b
0.03-0.04
0.04 0.05
0.05-0.00

0.0k-0.10

Figure 12. Snow phase density field corresponding to the airflow and snow phase velocity field of Figure 11
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If we assume a constant accumulated or deposited snow d'ensity of 175 kg/m? and vg and
- Pg 'values at the leeslope surface from DURBY and FLAX squtions, respectively, then
the wind-aided snow accumulation rates as functions of position along (down) the leeslope
may be calculated.

SLAB is a Fortran code (see Appendix for listing) designed to calculate the wind-aid
snoW accumulation rates vs. distance down the leeslope. | | |

Figure 13 depicts the wind-aided snow accumulation rates vs. distance dowh the lee-
slope for a DURBY snow phase vel;)city field solutbion corresponding to a JET airflow
model with freestream velocity of 10 m/sec and three FLAX snow phase density field
solutions for three separated snow phase density boundary conditions. Note that these
theoretical wind-aided snow accumulation rates would produce asymmetric.”wedges;'_
of deposited snow with an accumulation maximum at ~ 4 m down thé leeslope from the
ridge-crest. Further, by 10 m down the Ieeélope the excess or wind-aided accumulation
has decreased to_that value which would be expected outside the wind-aided accumulation
zone.

Figure 14 depicts the SLAB wind-aided snow accumulation rates vs. distance down
the leeslope fo'r a DURBY snow phase velocity field solution corresponding to a JET air-
flow model of freestreém velocity of 5'm/sec and three FILAX snow phase densityu field
“solutions. It is disconcerting to note that the theory, at this freestream airflow velocity has
ovér-suspended the snow phase to the point that tﬁe makaum wind-aided. accumulation
rates do not exceed the still air accumulation rates intrinsic to the FLAX snow phase
density field boﬁndary conditions. However, the loci of the theoretical wind-aided snow
accumulation maximums have shiffed closer to the ridgecrest as compared with those of
Figuré 13, where the freestream airflow velocity i;s 10 m/sec. Further, thése accumulation

. )
rates produce a wind-aided accumulation minimum at ~ 7 m down the leeslope.
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PISTANCE M

Figure 13. Theoretical wind-aided snow accumulation rates vs distance down the lee slope,
Ug (freestream) = 10 m/sec



61

STILL AIR

ACCUMULATION
RATE: 2.5 CM/HR

STILL AR
ACCUMULATION
RATE : 1.0 CM/HR

GIROUNP &LIZZARP,
STILL AIR ACCUMULATION
RATE : 0.0 CM/HR

PITTANCE. M

Figure 14. Theoretical wind-aided snow accumulation rates vs distance down the lee slope,
ua (freestream) = 5 m/sec
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Figure 15 depicts the new snow accumulation for a model storm of 4 hour duration
“using the theoretical wind-aided snow accumulation rates of Figure 12. Superimposed on
Figure 15 is a set of new snow accumulation profiles from the Bridger ridge, Montana.
Despite the fact that the theory oversuspends the amount of snow in the snow-air
mixture flow, it is gratifying to note that the theory correctly predicts the location of the
wind-aided snow accumulation maximum and models, in a qualitative fashion the apparent
effect that th.e wind-aided snow accumulation maximum shifts_ towards the ridgecrest as

the freestream airfl;)w velocity decreases.
Further, the theory does reproduce the secondary effect of a wind-aided snow accum-

ulation minimum at or near 10 m down the leeslope.
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Figure 15. Theoretical and measured wind-aided snow accumulation vs distance down the

lee slope for a model storm of 4 hour duration, nonwind-aided snow accumula-
tion rate of 1 cm/hr.
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CHAPTER 6
SUMMARY AND CONCLUSIONS

In Chapter 2 a mixture theory was developed,.through the momentum balance equa-
tions for a mixture of n constituent which respond as a whole ir;'a ”ﬂ‘uid” like manner.
The constituents of this mixture are capable of inter-constituent exchanges of mass, linear
momentum and moment of momentum. Imposed on this theory was the physical require-
ment that on a specific and balance equation basis the mixture béhavior must be equal to
the sum of the constituent-behaviors. This requirement resulted in a set of restrictions on
the per constituent balance equations. These balance equations and restrictions were sum-
marized in Equations 68 through 77. |

In the preface of the Mathematical Principles of Natural Philosophy,-the source of the

“balance equations used in this and virtually all classical mechanics theories Sér |saac New-
ton states: “"The error is not in the art, but in the artificer. For if one could work with per-
fect accuracy, he would be a perfect mechanic’”’ (Newton, 1687). In other words the
unbiased theory of the balance equations is wholly objective but by our very nature we
impose subjective elements into these theories. Thé “sum behavior’’ requirement of Ch'ap-
ter 2 is an example of this subjec;cification of a mechanical theory which lead. to some very
satisfying intuitive and physical results.

In Chapter 3 the equations of motion for the snow ‘phase of a snow and air mixture
flow were derived (Equgtions 82 and 83). The balance of linear momentum equation con-
tained a constitutive assumption for the momentum supply or transferlbetween the air

and snow phases of the mixture.
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Under the rationale that single phage atmosphéric flows are considered fully turbu-
lent the equations of motion for the snow phase were expanded to include the‘ effect of
turbulence. This expansion produced a set of terms which could be characterized as
apparent or turbulent t;u;)yancies. Due to our choice of constitutive assumptions for fhe
turbulent variables in terms of mean flow variables these apparent or turbulent buoyén-
cies were large where the intensity of the shear flow ‘of the air phase was large. The turbu-
lent expansion and subsequent constitutive assumptions resulted in the turbulent equa-
tions of motion for the snow phase of the mixture flow, summarized in Equation-117.

. The qontinued subjectification of this mechanical theory by turbulent expansion i‘s
certainly less than perfect. Consider thét when discussing ‘the justification for treating
only the intensity of a turbulent stress without'regard to its algebraic sign Dr. Herman
Schlichting states: “The qualifying word ‘mostly’.in the above context expresses the fact
that the appearance of particles for which u’ has the opposite sign to the above is not
completely excluded but is neyertheless much less frequent’’ {Schlichting, 1979). Furthe‘r-
more when introducing the mathematically necessary concept of an isotropic turbulence,
that is a turbulence which is objecfive with respect to changes of coordinate frame Dr. J. O.
Hinze states: “It is a hypothetical type qf turbulence, because no actual turbulent flow
shows true isotropy” (Hinze, 1975). Obviously the need to include the effects of turbu-
lence in any flow theory are gained at the expense of mechanical objectivity.

In* Chapter 4 solutions for the snow phase velocity field and density field-are deter-
mined by numerical techniques for a one dimensional airflow regime. These result-s com-
pare wéll qualitatively with observed inertial effects and density profiles for snow and air
mixture flows adjacent a flat surface. |

.In Chapter 5 solutions for the snow phalse velocity field and density field are deter-
mined by numerical techniques for a two dimensional airflow regime in the immediate‘

lee of a transverse ridge. These results compare well qualitatively with observed optical
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effects of snow plumes in natural snow and air mixture flow environments. Further, the
theoretical distribution and accumulation rates of wind-aided snow distribution on the
immediate leeslope are investigated. The theory correctly reproddces to wind-aided snow
accumulation rates and geometries with the exception that the theory in general oversus- .
pends the snow phase in the airflow.‘ However, recall that in Equation 121 we effectively
maximized the magnitude of the apparent or turbulent buoyancy terms. Hénce, that the
theory tends to oversuspend the snow phase should not be unéxpected.

Laétly, in the formulatibn of the constitutive assumptions for the turbulent fluctu-
ations of the snow phase velocity and density there arose two physical constants y and e
whoée dimensions were- length and time, respectively. There is a very strong intuitive desire
to relate these to a turbulent mixing length and mixing time analogous to Pranti’s mixing
length for turbulent velocity fluctuations for single phase flows (Schlichting, 1979). y and
e were used primarily to maintain computational stability of the system of algebraic equa-
tions resulting from the numerical solution techniques. However it is gi‘atify‘ing to note
that if v and e are to be conceptualized as turbulent mixing parameters that their magni-
tudes (0.01 m or sec to 10 m or sec) are of reasonable physical scale.

In conclusion: it is this author’s opinion that the formulation and exploration of mix—
ture theories purely for the purpose of testing for the existence of and degree of correla-
tion between theoretical solutions and a giveﬁ reality was fully warranted and successful.

It is now left to the more clever and needy. to formulate the arena of their future civilized

and useful application.
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APPENDIX

Fortran Code Listings: ONEDEE, DURBY, FLAX,
JET and SLAB
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Figure 16. ONEDEE Fortran Code.
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FORVAT (A

FORVAT (/25 1 13)

FORVAT
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FORVIAT
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n-.w-iiu

Cree*
e xx NO ze, o, ns-°ut the

PP SSksoKLEZ

SNAE_(IK, ID «O

00 900 INI™I, N
00 900 INPml, N
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INDE«? -1 ?*’}*<0?*IK
IKDO MOEH

303 GONNNLE
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0D 1300 ILmDL
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ISAE (IL- 1)s " K24 K
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ISCSOMISCLES
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C
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0D 1400 | L2
DD 1

400 IQ>]5*X K 1¢
ECLE»>(1L-1)*2*K+2*
I(H]_O.I&E\l

Cr*** thb

Q0 1500 | L*1#
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1M |I5'9PM 9tV 0)»((Ce (X, IL) *ESMIXV(IX.IL), /(S)) *
VBEIpriCpVREIIM (CCJllc’ IL)ASMPI XV (1~1L)1 / (GD.
,a ; s??.,1 ... H,..
5050 1+ <IGPCE .LI. ((L-1) *2*0+2) GD TO 1500
15NTOCr(!K)B ICFVIEN ttcct 1K, 1D ¢S\M YW(IX, IL) ) Z(M))*
1501
O***
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S Kk Kk
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5141

O‘***
EIEH |t.J<é‘:]L) o"c;’l\I
<<,
00 IR R
TER-O
70011 [TERS

TERH
0D 31 1ISS= N
SUM=0.0

IE f\/IE EG 1) GO TO 7020
IfiSMI=ISS-
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o261 00 5200 JGSI"I, INEM
81 M K IM oo™ JGSDHKEIGSL>)
o3 ol

(FiS_EC. N GO TO 7030
0766 7020 1fiSM SIS

A 3300 IGEIGEPL
{033 LE(IGS)-I SIFDSUMANE | GSDYA(IGSDGS)
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G 1O 7010
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Exe
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e SRR 1D URIGS

IL-DL
mD WER iK-D
I SNRQEL (IKal 1)7S" snxVEL (IKalL)-SNNDM 1K, L))/

i G)ny(ik i1 )»aos<(snyvel (iKALL' -s'miYVeKA'L" /
o B VkEl S NGB BB D
Cr e ﬁo105170
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DLROVMIVAIN 13-Jul-mt 15:5
13-Jul-im 155
C****
*kk mwmwmaannn
Qe SgHKLTr
If (OAE .Eo< O} GO TO 5080
- <
x5 isoo T1md #_
0D 1800 1K« K
SNM 1K, IW 'SNXVEL(IKFIL)
1 SNMIYMIK, ID»>SNYVEL(IK, 1L
C.qu CONIN
Cr*** *%k k% *k k% *kkk *kkk **#* *»** *kk*k
g
g FETURN FOR AN ACOTIONAL CCMAUTATIONAL. O E
- GO TO 5000
8::: *kkq * gk k * gk k * * *kk*k *kyyk
g**» VRTE STATEMENTS IR CONVERGEENT « NONCONVERGENT SOLUNICONS
8003 'GSSS‘SHH. RIN OD NOT GONV'

030

SSi W
5073 \K2TE(06,60) Tits IS A CONERGENT SCLUTION
-DID NOF CONERGE CTAVK

m 1So0 'k«I'%
WETR(GE: FO) 1K, 1 L>SNAALLIK, 1D . SWAL (IX. 1D
Mg, s

END
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H- LL XX XX
. i AR KK
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= LLLLLLLLLL A& AA X
= LLLLLLLLLL A& A A X
LL L SSSSSSSS
LL [REEER SSSSSSSS
LL | Ss
LL | SS
LL | SS
LL 1 sS
LL I SSSSSS
LL I SSSSSS
LL I ss
LL I SS
LL I Ss
LL I SS
LLLLLLLLLL L Ssssssss
cees LLLLLLLLLL 111111 SSSSSSSS
00000
no [10]
m m
on 0000
; SS 00°°33
m on o
nono a
| (00} rsg
HHE s
§ nooonn

. records are variable
with inmplied (CA carriage control. The longest recorlris 132 bytes.
Job O FOY qgueved to SVSeRINT an ZS-NOV-199S  15:39 user UEfIROQOI, UC
A HIREBD1L1# uyier account | a orlority 4# started on prlr]%p Lfil lén > B NDV-1006
17:54 from gqueve LPI.

[SSSi|Se=S)i] oBsE8
[@=S=Si(@nz=) =SS5
BEEaH [E====t

Figure 18. FLAX Fortran Code
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22-Nov-1985
55 Aug-1984
(Dm CF 7
roexH*
m CF**s>
oS CO“* FHX <«o(wvei by Finite OiMerenee technique.
g** * - e%35cc ok HE ** eeee eee*
!;];9 C,fiig \VB8IA0L6 DEFINTIONS
881 CH*»
2 Crrky
Shxn) AD CGRADENTS
8’;’,’2’; 80(K,Li;"oFIFTASNOW'DENSITY
cc***
E e
1 G
O***
(@4 -
C™*e* | OAC ASSG\MENTS
C}‘O)»;
8’*** I NLMERGAL. FACTORS  FORDOL
CRFT S\ CENSTY O.C.: RRaPR
0025 pS et SN NME.QOTY..HE.D IRV OB FORn)
(S OUTPUZ°WVELOCIIr n-G= Pt
Cx DRFT S\OW CENSTY ABD FORDO6
H»
E &
V\M Gexrn  INTI ALIZAT IONPARAVETERZATION t DIVENSICNNG
"I ?JSU?TI3I?:?8:. LRI BB oroll sIM su,,2 m
mEn
8319 n in *O(K'L)'ROLSC(L), ROTRC(K), URO(M), UROML(M), TOL(M)
I Gz Ta ND('O.%
eeee

831% (C(i)*:’g{ INPUT/QUTPUT  FORMINS
881 FORMINT (2F7.3)

E II FORMAT(45X, 1E12.5)
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FLAXtIMN
FORMAN-30

88% % raRVIAE

OSH FORVATMIO,
FORMAT- 213H3X, 1E12e5)

C *k
% Cro*e *kkk *kkk Fyykk

%’) C*¥* e /O 1/CR WRTE SIAITEMENTS

REAQIO1 1S£G,H
1 [« > Xas B[ B A
001l GNMNLE 5>,0L',CkL>
OO0 100
o, zsa;:95s"
dgl &0 200 ILx1/L
a0 200 IK*I,K
IJ 200 A0 (03120)SNXVEL(NAIL )/ SNMEL (1K D
60 300 IL*NL
ao SFP(RE2 DD
o84 45 racva
8% ¥R ) 0
i) C * * k% %k *kk*k *kk*k *k k% *kk*k
C -
"- il CAOUAING THE COMPUTATIONAL. VARARLES

FO 500 |Lml, L
@ 500 | Kml, K

g KBCI:NTINE*

0D 600 IL*1,L
I_Zg)&])IKkI,K
1

9? (K .ECe’' 1) ap TO 5000
WEBNC (1K, IL)*(SNXVEL (1K, IL)-SNXVEL( IK-1 ,1D )/G
31 (SM A N2:BK:A:* -2 NoaE® ,&Siv-v“Lgcan, /G
o057 EN L S>SNTAEL( JAL*1)-SNTAELUK, 1D I /H
% C% Y “jzll_l"(SNT(I_NI IKI-SN\WAL I IK, ID)/H
*kk*k *kkk *kk*%k ‘*** *kk*k **«

Cr***x

C >3
I I g:;f ZHRO NOQJT THE GOMRUTATIONAL. AARYS
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A%« IN 2Z-Nov-1915 17:2
25 »uc-198* 21:1
o105 OD 700 Al «1,M
. D 703 | A2ml . M
Mg; IAI . 1-V)
700 NE
M]g('j D 800 101*1,M
q SRR E
a1l *00 NLE
o112 CX »*%
aLi3 C+*+
Cr*+e
gm Ge*+ ALLINGOUT THE
116 G+
[oililg C*™»* NMAN DAGNAL O

O***
00 1000 IL*1, L
HH; 0D 1003 | K2, K
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ILCM * ILC-
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&
| 0D 1200 | 1<
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. 501 IF (10 AT. éﬂl_-oﬂ@l& G TO | 200
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cek* * 5y 4% *kk g ok kK *kk ok ko Kk *kk gl
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] 3200
fifl
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(&4 -
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SNSI Tr B STRQJNICM

30 3000 IUROMIK1 .M
lm«&ngl)»&O
QN

ITEHRO
ITER-IT

=RM
1 ISS-I-M

SUM-SUM- (Al IGSJIGSI) -URX(JICSI ) |

Bl M G TO 7030
BO 1300 JGS2-IGSRI-M
QD 3300 JGS2-155P1 -M
SING- S MR- (A(IGSIIGR2) -URCM (IGSD))
CONTNINLE

EI) A0 ISS-| -M

@u’;’é‘s&Wﬂo RGN

SO TO 7050

-(SUMI-SUNMZ-O(ISS))/ AU GS-IGS)

IF (ITER I HRVKY) SO TO -010
gEiJD I(SS}I

BO

URON (ISS)-UROAGS)
3503 CONM
GO 1O 7010

*k ke

*qkk

*kkk *Keyy

WWOITISG LRO \ECIKR TO RXK,D
00 nog %x»i,L

GO TO 5350
*k gox

K+I<
RO 1K ||_) URO(I1JRO)

* kK

*kkk *kk*k *kkk *k %k

22-Nov-19S5 17:2
25-ALO-198* 21:1

gk k
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G OovSSsHMHE. RN OD NO GOV
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)

THS

IS A CONERENT SO UNCN
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ﬂ
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[SSESSSSSSS
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L n SSSSSSSS
L n SSSSSSSS
L 1 ss

L 11 ss

L 11 Ss

L 11 ss

L 11 SSSSSS

L 1 SSSSSS

L

L

L

L

L
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| Sy Ty Iy iy rrrrni SSSSSSSS
[y Ty Iy B Y Lrrrrd SSSSSSSs

888333

File ,OU1:CIE1IROO9| JJFT .LI S;10 (1597312<0? lait revised an 25-NOV-1995 15:33,
sequential file onred The records are varlable lenot

0
with inplied (cr) carriage control. The Iongest record is 132

Jdb QFOY (2933) gueted to SYSSPRINT an 25-NOV-1985 15:3 by user UBAVRE001, UC
CEVRROOL account | at oriority 4, started an arinter LA an 25-NOV-1965
17:55 fro> queve LPI.

QI CcCCcceee noouoo0nN00c00000000N000NN000ONN0000000000000N0000000000000 Cccce
QC CCCCCCCC
GC cccceecc 0000390990c8900099099009900009000000000000000000000060000 Cccce

Figure 19. JET Fortran Code.
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11-Jul-1904
11-Jul-1984
S>> JET fills a ARI solution dorain with coroo-
* rent airflow velocities based a1 g1 enorical hal f-
et nodel .
OIMENS ION YTER4I222,1H) Y TEa«2(22,12) 12
FORMAT (X =7
I 5,3X,El2.5)
READ(01,0S1UJET, SCALE
EAXI"0.1049/SCAL
FAX2*0, 01CC00123/(SCALE *3)
ARXVEL(I,1 )"0.
Y, Ld. T
03 100" f<*2'2F
1 L*|
ARXVEK IK ,ID "0.0
loo
XTERL11(IK,[L)"(FIX1"S,A*SCALE"rL»0.5)/(rK"0.5)
200 ?59?7?5<I"H,.2Sn.<,«ScALE..K.0.5)/UL.0.5.,
M 10 IL*2 I2
00 300 -
IL-0.S1)"(XTERII (IK, IL)*XTERN7< IK, IL)*

HO

407

[XTen" |(IX» IL)) 12K D

ITTEM2(“I('IL)),<UJET*SI:'LE,/<IK‘n"'5,,* <6-8tVTEI,,"1<
CONTINUE

JR TE(CS, | OUJBE.SCALE, FA4L . FAR

00 400 !'K"D %
&%IN]I',F'(\ISEA,SS)IK,IL,ARXVEKIK,IL),ARYVEL(IK,IL)

e,

L

Wt



miimn riooooncmMNcaoomooi i00amomnNMNOO0TO00i00NMOro000P000g il
00000NONNOCTi000iN00I000NNO0S00i00NNO000CI000'000CIO000000 EEEEE
BEEE M L R ss0s a @
E W R R 9 9 O Q0 g’ @ -1
BEEEE M M HER 9999 00 3 [0}
v RR d
BEEEEE M M 0939 3.V I
SSSSSSSS LL AAAAAA 88999919
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SS LL AAAAAAAAAA 99 99
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SSs LL AA AA 89 99
SSSSSSSS LLLLLeeeet AA AA 89999990
SSSSSSSS LLLLLLeeee AA AA 89099 900
LL SSSSSSSS
LL [ SSSSSSSS
LL [N SS
LL [ SSs
LL [ SSs
LL 11 SS
LL [ SSSSSS
LL 11 SSSS Ss
LL [ SS
LL 11 SS
LL 11 SS
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LLLLLLLLLL [ SSSSSSSS
.« LLLLLLLLLL [ SSSSSSSS
oo
1l 1 88880°
HHM 1111 00
m @;
I a @
@ @
i 38 1
FileoéEJ_‘L rICEMRBIDUSI AS.LIS: 10 {5601,4,0 last revised an 25-NOV1915 15:31,
7 block RPrital file onel TIc ). The records are variable lengt
with inolied (OR carriage confrol. The longest record is 13? bytes.
Job 2030) queted to SYSIRRINT an 2SNOV-19S5  15:39 user uc
11,( anaer iccount | a oriority 4, started an Crin?ér LP1 an 25 ~1955
17:56 fran agqueve LRI.
[SS=SSSS=sg 0000NCO00CCCNO00000Ni000NOONPNOCOONNO0000000000CO00000000 EEEEE
T i EEEEE
! | 0000"*0MOo0CCCO000000i0000000N000000000NON000000CCO00bCco00 EEEEE

Figure 20. SLAB Fortran Code
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