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Abstract:
A theory, based on the Newtonian balance equations is developed for a generalized mixture of n
constituents which respond as a whole in a "fluid" manner. These constituents are capable of
inter-constituent exchanges of mass, linear momentum and moment of momentum. The physical
requirement that the mixture behavior be the sum of its constituent behaviors leads to a set of
restriction on each of the constituent balance equations.

This theory is specialized for the case of a snow and air mixture flow. A constitutive assumption is
made concerning the transfer of linear momentum between the air and snow phases of the flow. The
resulting equations of motion for the snow phase are expanded to include the effects of a turbulent
mixture flow. A constitutive assumption is made for the turbulent variables of the snow phase in terms
of the intensity of shearing in the airflow. The resulting turbulent momentum balance equation for the
snow phase contains a set of terms which could be characterized as apparent or turbulent buoyancies.
As a consequence of the constitutive assumption the magnitude of this set of terms is large where the
shearing of gradients of the airflow are large.

The system of non-linear partial differential equations resulting from the turbulent equations of motion
for the snow phase are approximated by finite difference techniques. Solutions for the snow phase
velocity and density fields are investigated for a variety of one and two dimensional airflow regimes.

The snow phase velocity and density field solutions are then compared with the observed phenomena
of snow and air mixture flows over flat surfaces and over the crest of a mountain ridge. Lastly the
accumulation rates of deposited snow on the immediate lee slope of a mountain ridge are compared
with observations. 
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ABSTRACT

A theory, based on the Newtonian balance equations is developed for a generalized 
mixture of n constituents which respond as a whole in a " f lu id " manner. These constitu­
ents are capable o f inter-constituent exchanges of mass, linear momentum and moment of 
momentum. The physical requirement that the mixture behavior be the sum of its constit­
uent behaviors leads to a set o f restriction on each of the constituent balance equations.

This theory is specialized for the case of a snow and air mixture flow. A constitutive 
assumption is made concerning the transfer of linear momentum between the air and snow 
phases o f the flow. The resulting equations of motion for the snow phase are expanded to 
include the effects of a turbulent mixture flow. A constitutive assumption is made for the 
turbulent variables of the snow phase in terms of the intensity of shearing in the airflow. 
The resulting turbulent momentum balance equation for the snow phase contains a set of 
terms which could be characterized as apparent or turbulent buoyancies. As a consequence 
of the constitutive assumption the magnitude of this set of terms is large where the shear­
ing of gradients of the airflow are large.

The system of non-linear partial differential equations resulting from the turbulent 
equations of motion for the snow phase are approximated by finite difference techniques. 
Solutions for the snow phase velocity and density fields are investigated for a variety of 
one and two dimensional airflow regimes.

The snow phase velocity and density field solutions are then compared with the ob­
served phenomena of snow and air mixture flows over flat surfaces and over the crest of 
a mountain ridge. Lastly the accumulation rates of.deposited snow on the immediate lee 
slope of a mountain ridge are compared with observations.
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CHAPTER I 

INTRODUCTION

The desire to create physical theories which rationally describe the mechanical 

behavior of the observed environment is a prime motivation in the study of Newtonian or 

classical mechanics.

The evolution of mechanics has evolved to the point where the systems under theoret­

ical consideration can be represented as mixtures of constituents which are capable of 

inter-constituent transfers of mass, linear momentum and moment of momentum. The 

range of mechanical behavior displayed by various types of mixtures is large. One limiting 

case is that of a mixture or composite o f elastic solids. A t the other extreme is the case of a 

mixture o f constituents which respond as a whole in a " f lu id " like manner, even though 

some of the constituents may not be fluid elements. There is a continuous variation of 

mixtures between these limiting cases.

The present state of the art in mixture mechanics is the theoretical investigation of 

these limiting cases. These investigations involve the development of internally consistent 

theories which arise from the balance principles and thermodynamic principles of classical 

Newtonian mechanics. These theories may then be investigated, usually by numerical 

approximation techniques, for solutions. If solutions do exist then their application or 

degree o f correlation with an observed phenomenon may be affected.

This investigation contains these three elements. A mixture theory is developed for a 

system of constituents which respond as a whole in a fluid manner. This theory is then 

applied to the specific phenomenon of turbulent sedimentation of snow in an atmospheric
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flow. The systems of partial differential equations which arise from the turbulent equa­

tions of motion for the snow phase are then solved by finite difference numerical tech­

niques. The resulting solutions for the snow phase density fields and velocity fields for one 

dimensional and two dimension mixture flows are then compared qualitatively with 

observations. Lastly, theoretical snow phase accumulation distributions and rates for the 

two dimensional mixture flow are compared qualitatively with observations of wind-aided 

snow accumulation on the immediate lee side of a transverse mountain ridge.

Historical Perspectives: Mixture Theories

J. Clerk Maxwell made the first in-depth investigation of the Newtonian mechanics of 

a system of particles. Maxwell's mixture was a system of variable sized spheres in a friction­

less medium. These spheres are allowed to interact with each other via conservative or elas­

tic collisions. Arguing from the necessary probabilistic forms of a functional for this 

system of discrete particles Maxwell derived the Kinetic Theory of Gases (Maxwell, 1860). 

This very eloquent theory has since been verified to be an excellent physical analogy of gas 

behavior.

During the first half of the twentieth century the concepts o f the Newtonian 

mechanics for continuous systems have been highly refined, verified and summarized 

(Truesdell & Toupin, 1960). Initially mixture theories were developed for elastic com­

posites and consolidating porous solids. These works have been summarized (Bolt, 1963). 

From these foundations the theories of continuous systems of flowing and reacting con­

stituents were argued (Bowen, 1976; Eringen & Ingram, 1965; Green & Naghdi, 1965). The 

development of internally consistent mixture theories continues presently. A large portion 

of recent research efforts is aimed at developing constitutive relationships for chemically 

reacting thermo-mechanical mixtures. These efforts are inhibited by the form and
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restrictions which a constitutive relationship must take to satisfy the entropy inequality 

(deGroot & Mazur, 1962; Green & Naghdi, 1971; Prigogine & Defay, 1954).

Investigations into the existence of solutions to the accepted continuum mixture 

theories for multi-phase flows and comparison of these solutions to observed mixture flow 

phenomena are all fairly recent (Decker & Brown, 1983, 1985; Drew, 1975; Hill, Bedford 

& Drumheiler, 1980; McTique, 1981, 1983).

Historical Perspective: Wind-Aided Snow and A ir Mixture Flows

The investigation o f wind-aided snow sedimentation, known variously in the literature 

as blowing snow or drifting snow was initiated as an element of the original polar regions 

geophysical studies. In this early literature there is no distinction in the definition between 

blowing snow and drifting snow, the latter also being a snow and air mixture flow. How­

ever, in lay terms drifting snow would imply the accumulation or sedimentation of snow in 

the lee of structures or land forms. The bulk of this pioneering research was directed at 

gauging and deriving emperical expressions for snow and air mixture flows over flat terrain 

(Budd, Dingle & Radok, 1966; Dyunin, 1954, 1954, 1959; Ko bay ash i, 1972; Mellor, 1965; 

Radok, 1968, 1977). These early works were often shown to compare favorably with the 

emperical expressions derived for sand and air mixture flows (Bagnold, 1941).

It was recognized that, if the snow and air mixture flow over fla t terrain is to be one 

dimensional, the mass fraction of the snow phase in transport must be equilibrated with 

respect to changes in horizontal distance. The horizontal distances required for a snow and 

air mixture flow  to equilibrate have been gauged (takeuchi, 1980).

The salient material of this early work in one dimension snow and air mixture flows 

has been summarized (Schmidt, 1982).

The initial research into two dimensional snow and air mixture flows was aimed at 

determining emperical expressions for the spatial patterns of deposited snow in natural
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environments and adjacent to structures (Alford, 1980; Tabler, 1975, 1980). Further, 

rational theories using the trajectories of discrete snow particles have been derived and 

solutions for the resulting depositional patterns presented (Schmidt & Randloph, 1981).

Two dimensional snow and air mixture flows in the immediate lee of a transverse 

mountain ridge have been investigated emperically and rationally only recently (Decker & 

Brown, 1983, 1985; Fohn & IVIeister, 1983). These investigations have considered the snow 

phase density and velocity fields in the mixture flow and the spatial patterns of deposited 

or accumulated snow on the lee slope.

Lastly, it  should be noted that successful efforts at scale modeling of snow and air 

mixture flows have been made for one, two and three dimensional flows (Anno & Konishi, 

1981; Anno, 1984, 1984; Iversen, 1980; Wuebben, 1978).
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CHAPTER 2

MIXTURE THEORY: THE THEORETICAL DEVELOPMENT

Definitions

Consider a continuous material composed of n constituents. This continuum mixture 

is in shear (viscous) flow. Due to the possibility of phase changes or inter-constituent reac­

tions the mass density of any single constituent: a may vary with time. However we define 

the instantaneous mixture density p at a point as the sum of the instantaneous constituent 

densities at that point, where pa is the mass per unit mixture volume for the a constit­

uent..

P = S p 1. ( I )
a=1 a

We define the mixture velocity to be the material time derivative of a "parcel" of mixture 

as:

12)

The diffusion velocity is defined as the velocity difference between any single constituent 

a with respect to the mixture velocity.

Uo = X o -  x (3)

Where x a is the velocity of the a constituent. In this development both the overdot and 

back-facing overscore represent the material derivative with respect to either the mixture 

or a specific constituent, respectively.

We impose the condition that the sum of all constituent linear momenta must be 

equal to the linear momentum of the mixture.
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n
Z P a i a = P X  (4)

a= I

Note that this implies that the sum of all constituent diffusion linear momenta must equal 

zero.

2  Pa Xa ^ 2  Pa (ua + x) = px  (5)
a—I a—i

or

n n
2 Pa Ua = px -  Z  pa x = D 

d—I a—I

A t this point it is of interest to examine a set of relationships with respect to any 

differentiable function of the mixture, r. Consider the time derivative of r with respect to 

the motion of the mixture.

—  r  -f x • V r  at -  ~ ( 6 )

Unless otherwise stated the gradient operator is with respect to the spatial coordinate 

system. Likewise the time derivative of r  with respect to the motion of the a constituent 

is: ■

a - r  + k a - l r 17)

Note that Equations 6 and 7 imply that

r = ar if and only if A a = x (8)

This is a physically consistent result.

In a similar manner let r a be any differentiable function of the a constituent. Then 

the substantive derivative of r a with respect to the motion of the mixture is:

H r -  + i  " - r O (9)

Likewise the substantive derivative o f Ta with respect to the motion o f the a constituent is:
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—  r a + -  r O

Subtracting Equations 6 from 7 results in:

( 10)

r o - ‘ T = (X0 - X ) ; -  V r  = Ua -- ? r  (Tl )

Similarly, subtracting Equations 9 from 10 results in:

-  T0 = ( X0 - X )  - I  T0 = U0 - V p o (12)

That is, the difference in derivatives for any mixture (or for any a constituent) function 

with respect to mixture motion or a constituent motion is due solely to the diffusion 

velocity.

This development, will be an exploration of the various constituent and mixture 

field equations which arise as a consequence of Newtonian balance laws.

Balance of Mass: Continuity

Consider Figure I. There exists an arbitrary fixed closed region R characterized by 

surface S totally bounded within the continuous mixture body B. A surface element, dSR> 

is characterized by surface normal j i ,  and there exists at dSR an instantaneous a constitu­

ent velocity Xa and an instantaneous mixture velocity x with respect to a spatial Cartesian 

coordinate frame. The velocity difference is the diffusion velocity of the a constituent: Jj q,.

It is possible to write an expression for the balance of mixture mass p within region R

/  —  p dV = - / n • pxdSp 
R 91 . S

. (13)

The leftside term is the time rate of change of mixture mass in region R. The rightside term 

is the convective flux of mixture mass from region R through the surface of the region S . 

and by convention is negative. By an application of divergence (Gauss') theorem the right- 

side term may be rewritten as an integral over the volume of region R.
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Z

O - X

Figure I .  An arbitrary region R totally bounded by the continuous body of mixture B 
where a surface element dSj^ is characterized by normal r i, a constituent veloc­
ity x a, diffusion velocity ua mixture velocity x, a constituent pressure dP a and 
mixture pressure dP.
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/  —  p dV = - f ' Z  ‘ PX  dV 
R 9t  R

9
(14).

or, rearranging

n l a t  p + ^  * ^ ] dV = 0 (15)

Sense region R is totally arbitrary, as long as it  remains bounded in the body of mixture B 

this requires that for the integral Equation 15 to be equal to zero that the integrand itself 

must be identically equal to zero.

—  p + - V  • p x  = 0 (16)

This is the balance, o f mass or continuity equation for the mixture and is recognizable as 

being identical to the continuity equation for single phase flow.

. Similarly it is possible to write an expression for the balance of a constituent mass 

P^ within region R.

£ ^ a dv  = - / H - P a Xad s R + / ^ d V  ( I 7)

The additional, second rightside term characterizes the mass supplied to or taken 

from the a constituent by the n-1 other constituents comprising the mixture. This positive 

or negative mass supply to the a constituent may be due to phase changes and/or chemical 

reaction with the n-1 other constituents of the mixture. An application o f divergence theo­

rem and rearranging o f Equation 17 results in:

M  Pa' + -  ' -  ca ]  dV = 0 (18)

Again, based on the arbitrary nature of region R it  follows that:

—  Pa + I  • Pa Xa = ca (19)

This is the continuity equation for the a constituent o f an n constituent mixture.
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Clearly Equation 19 represents a set of n equations, each one being the continuity 

equation for a specific constituent.

If we impose the physical requirement.that the mixture behavior be the sum of the 

constituent behaviors and apply this requirement to the continuity equations then:

d

dt
9 n

p + V . p x  -  —  s  pa + V . 2  Pa Xa  -  2  c (20)
0L a -1  a=1 a = I

Recalling Equations I and 4, the definitions of mixture mass and mixture linear momen­

tum, respectively, then Equation 20 reduces to:

n
( 21)

That is, the sum of the inter-constituent mass supplies must be zero.

It is o f interest to examine a relationship between the mass of a specific constituent: 

a and the motion of the mixture. Recall Equations 9 and 10 and consider the difference:

a a^a k  • 1 p „  -  k „  • Va -lHi L P r ( 22 )

’ —a * — Pa

Note that the transient terms have cancelled. Rearranging Equation 19, the continuity 

equation for the a constituent in ,light o f Equation 10 allows for the substitution of

a.P a Pa — L a + Ca (23)

into Equation 22, which after rearranging and the identically zero addition and subtraction 
—̂

of the term: p V . x results in:

Pn = - P n l '  + Cn - U n - I p n + p „  V . x  _ pa— lHi ~a ~ — a'— ^a Pa-

Pa I '  ( k a ~ L )  -  Ua - V  p a -  p a V . x + 5a

a l ' L

= ~ Pa I  ‘ —a ~ H a Pa ~ Pa I '  L +  Ca

- I  ' Pa Ua -  Pa V • x + ca

(24)
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or

Pa + Pa ?  * X = * Pa —a + 6a

In light o f Equation 16, the continuity equation for the mixture we can form the following 

quotient about the second leftside term of Equation 24

. . ' P a - ' *  3
Pa  + ^ — 7 -  ~ '  Pa u a + ca (25 )

- P l 1 X

or

P P,

y - P a ^ a  + ea

or

P ( y )  = -  Y - P a Ua  + Ca

where the overbar implies differentiation of both factors in the quotient. Note that the 

quotient is an expression for the instantaneous dimensionless concentration at a point for 

the a constituent. Also take note that if there is no diffusion of the a constituent with 

respect to the mixture (jJa = 0) and no mass exchange with the a constituent (ca = 0) then 

the instantaneous concentration at a point of the a constituent must be constant. This 

result is physically consistent and intuitively satisfying.

A t this point in the theoretical development it  is of interest to generate a generalized 

identity which is a consequence of the physical requirement that the mixture behavior be 

sum of the constituent behaviors. Then for any function of the mixture, r

P f = % PaTa (2ma= I 

or

n Pa

r  =  J , 7 r -

where the derivatives with respect to the mixture of both sides of Equation 26:
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r
n
2

a =1

n
2

a= I
(27)

or

pr
n
2 p ( — > r „  + PnTa aa=1l P

By substitution of Equation 25 and the identically .zero addition and subtraction of the 

term: ar a into Equation 27 results in:

n
pr J 1I  ( - Z . - / - ^  + C0I r ll + p0 ( r a + ara- 0r0)j (28)

or, in light of Equations 9 and 10 and noting that the transient terms arising from Equa­

tions 9 and 10 cancel:

pr = J=I { ' P~a + £a)ra + Pa iâ a + V ra)j  ■

= a=1 {  Fa “  ’ P~ a + Fa £a + Pa a ^ a ' - P a ^ a  * ^  r a J

Balance o f Linear Momentum

Consider Figure I .  It is possible to write an expression for the balance of mixture 

linear momentum px within region R. I

I  ~  P xd V  = - /  (n ° k )  (px)dS + /  dP + /  pbdV (29)
R 3 t  S r Sr R

The leftside term is the time rate of change of mixture linear momentum in region R. The 

rightside terms are, .respectively: the convective flux of mixture linear momentum from 

region R through the surface o f the region: S, the addition or subtraction o f mixture linear
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momentum in region R due to mixture surface forces on the surface of the region and the 

addition or subtraction of mixture linear momentum in region R due to body forces in 

the region.

Note that the term characterizing the mixture surface forces can be expressed as a 

mixture stress or traction vector, jt n̂ ,̂ .and then recall that any mixture stress vector on a 

surface with surface normal j i  can be expressed as the product of the surface normal and 

the local mixture stress tensor T.
zV

/  dP. = /  ds = /  n T ds (30)
5 R 5 R 5 R

Applying divergences theorem to Equation 30 results in:

/  n Tds = /  V . J d V  (31)
SR ~  R

The term characterizing the convective flux of mixture linear mometum may be 

rewritten about a dyadic product of the mixture velocities and divergences theorem may 

then be applied to the resulting expression.

/  .(n • x) (pk)  ds = /  i i(p x  x)ds = /  V • (Px x) dV (32)
S r S r R

Substitution of Equations 31 and 32 into 29 and collecting all terms under a single 

integral results in:

/£  —  px + l  * ( p x x ) - Z . ' T - p b j  dV = 0 (33)

Since region R is totally arbitrary this requires that:

px + V • (px x) -  Z  " IT' -  Pb = 0 (34)

Consider the following reorganization of the first and second terms of Equation 34:
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= ( px)  + px ( V  . x) (35)

= px+  PX + px (V . x)

= px + x(p +pV . x)

' = px

Where the factor in parenthesis is recognizable as Equatibn 16, the continuity equation for 

the mixture and is identically zero. Substituting this result into Equation 34 leads to:

This is the momentum balance equation for the mixture and is recognizable as being identi­

cal to the momentum balance equation for single phase flow.

Similarly it is possible to write an expression for the balance of a constituent linear 

momentum Pa Xa within region R.

The additional terms: CaXa and ^ a characterize respectively the a constituent linear 

momentum addition or subtraction in region R due to mass supplied to or from the a con­

stituent by the n-1 other constituents of the mixture and a constituent linear momentum 

supplied to or from the other constituents by means other than mass exchange, such as 

particulate collisions or fluid drag.

Note that the term characterizing the a constituent surface forces on the surface of 

region R can be expressed:

px = Z  * IT + P_b (36)

(37)

(38)
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where and T a are the a constituent traction vector and a constituent stress tensor, 

respectively. Applying divergence theorem to Equation 38 results in:

/  E t a  ds = / V . ^ a dV (39)
5 R R

The term characterizing the convective flux o f a constituent linear momentum may 

be rewritten about a dyadic product of the a constituent velocities arid divergence theorem • 

may then be applied to the resulting expression.

/  (H-XaM i^ p a)Cis n lP a i^ X a ld s  = /  V . (Pa ^ x a)dV (40)
S r S r R

Substitution of Equations 39 and 40 into 37 and collecting all terms under a single 

integral results in:

f [-^Pa Xa + 5? 1 baZaZa) ' ‘ Za ~ P a K  ~ dV  = 0 (41)

Since region R is totally arbitrary this requires that:

— Pa Xa + I '  (Pa Xa Xa ) -  I ' Z a -  P a ba ~ "  0 (42)

Consider the following reorganization of the first, second and fifth  terms o f Equation 42:

—  Pa Xa + x j !  • Pa Xa I + Pa Xa ^  ' X a I - C a Xa

Pa Xa + P a Xa ( I - X a ) - C a Xa

Pai L  + ' Xa ) -  Ca Xa (43)

Pa Xa + Xa (pa + Pa I  - X a - C a )

Pa^a

The factor in parenthesis is recognizable as Equation 19, the continuity equation for the a 

constituent and written in this form is identically zero. Substitution of this result into 

Equation 42 leads to:
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Pa Xa "  ^  * X a  + pa b a + i a (44)

This is the balance of linear momentum equation for the a constituent.

Recall that as early as Equation 19, the continuity equation for the a constituent we 

have imposed the physical requirement that the mixture behavior must be the linear or 

unweighted sum of the constituent behaviors. We have applied this requirement to specific 

behaviors or quantities such as mass, linear momentum and the mass balance equations, the 

latter which resulted in the physically consistent result that the sum of the constituent 

mass supplies w ill be zero.

In light of these successful impositions of the "summed behavior" requirement we 

logically presume to impose this requirement on the balance of linear momentum.

Consider the mixture external body force term from Equation 36 and the a constitur 

ent external body force term from Equation 44 and let:

Pb = S pa b a (45)
a=1

Consider now that if  the sum of the balance o f linear momentums o f the constituents is 

equal to the balance of linear momentums of the mixture then, via Equations .36 and 44

Z ' I  + P b  - (46).

Via Equation 28, if we let r  = x and aYa = xa we obtain: 

dr a = X a results in:

P X =  S Pa Xa + 2 Xa Ca -- 2 V - (Pa Xa Ua) 
a—I a= I a= I

(47)

Substitution of Equation 47 into 46 in light of Equation 45 results in:

J 1 J l  V a  ^ | i  A M „ , (48)
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Recalling Equation 3 and substituting into Equation 48 leads to:

n v? n2 V . + s _n
_ n n
v  . J  -  x 2 c_ -  2 a.

a=1 “  ' a=1 ^  ~  a=1 ^  " o=1 Ca" a

+ X -V  s  pa ua + 2 V - p u a u a 
0—1 0—1

(49)

Note that.by Equations 6 and 21 Equation 49 further reduces to

i i  t I A " - i , - -  • ■ i ,
(50)

We may deduce from the order of the various terms that:

2 , lD o  + t a ua) = O (51)
o=1

n A
If there is no mass exchange between constituents ( 2  c = 0) then we are left with

o=1 a
the physically consistent result that the sum of the interconstituent linear momentum

n „
supplies must be zero ( 2 _pa = 0). Further, also note that the mixture stress tensor is the

o=1
sum of the partial stress tensors of the constituents and the sum of the convective flux of 

constituent linear momenta.

I  = V ^ 0 - P aUa Ua) (52)
a — I

n
By definition of the dyadic product the term pa u_a u.a, the sum of terms 2  PaJJa Ĵa

0=1
must be symmetric.

Balance of Moment of Momentum

Again, consider Figure I .  It is possible to write an expression for the balance of 

moment of momentum, about the origin of the spatial frame for the a constituent with 

region R.
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(53)

The.additional term of m a characterizes the moment supply to and from the a constituent 

via couple interaction with the n-1 other constituents of the mixture.

Consider the first rightside term of Equation 53 (the flux of a constituent moment 

of momentum through the surface of R). Application of the divergence theorem can 

result w ith: ■

Consider now the second rightside term of Equation 53 (the moment of momentum 

from the surface of R due to the surface forces of the a constituent) and note that by 

Equations 38:

By application of the identity a X (Q b) = (a X Q )b for all vectors a and second order 

tensors Q and the divergence theorem, Equation 55 may be w ritten:

Hence, the balance o f moment of momentum for the a constituent can be reorgan­

ized under a single volume integral:

(54)

(55)

I  x X ^ J n d s  = /  ( x X ^ J ) n  = /  (x X ) - V d V  
3 R 5 R R

(57)

(58)
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Since region R is tota lly arbitrary this requires that:

—  (x X / ,Jc J  + ((x X x^) ' Z  -  (x X - 7

- x X  + + -  Ela. = 0

Now, by application o f the identity

(a x  Qt ) • V = a x  (Qt  • Z ) + Qa

(59)

(60)

for all vectors £  and tensors Q. Qa  is the axial vector of tensor Q and has the components:

Qa , -  Q2 3 _ Q3 2

q A2 -  Qsi "" Qis 

Qa 3 -  Q i2 -  Qzi

(61)

the third term of Equation 59 can be rewritten

( X X X ra) ' !  = XX - I )  + I aft (62)

Also since x is a time independent position variable, the first and second terms of Equation 

59 can be reorganized such that:

( x X P o X j  + ( ( x X p ^ ) j ^ ) . 7  = +

= x x { / ) ^  + = x x | p ^  + p ^  + p ^ 7 . ^ j  (63)

_d_
at

Hence in light of Equations 62 and 63, Equation 59, the local form of the balance of 

moment of momentum equation, can be rewritten:
» -4“

.X X £ Pa Xa _ ^ a " Z - Pa- a ~ -Oa

-+ ( ^  + Pa Z - X a - C j x aJ -  I aA - ma = 0 (64)

The first four terms of Equation 64 constitute the balance of linear momentum of the a 

constituent (Equation 44) while the fifth  through seventh terms is the expression for
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continuity of mass for the a constituent (Equation 19). Both sets o f terms, written in 

these forms sum identically to zero leaving the result:

i a A + m a = o (65)

or in component form

T -  T — ma2 3 «32

T -  T = m«3 1 «13 A2

T -  T = m«12 «21 A3

This result implies that any given constituent or partial stress tensor is not symmetric 

except in the case o f no inter-constituent moment of momentum or couple interaction 

(ma = 0).

If we accept the axiom of balance of moment o f momentum for the mixture to be:

i-T

then, by Equation 52, the definition of the mixture stress tensor:

n n
a=1 "" pa—a — -  ~ p a—a —cJ

( 66 )

(67)

T
o-1 *  0-1

In words, the balance o f moment o f momentum principle shows that the per constituent 

or partial stress tensors may not be symmetric but that the sum o f the partial stress tensors 

is symmetric.

In summary we can tabulate for the mixture and on a per constituent basis the results 

o f this mixture theory formulation:
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Continuity (Balance o f Mass)

~ P  + Z - P X  = O
Ot

(mixture.) (68)

^ I V ' *- P a + V . Pa Xa = Ca (a constituent) (69)

n .
subject to 2 ca = 0 

a = I
(70)

Balance of Linear Momentum
->

P X =  V • ^  + prb (mixture) (71)

Pa Xa = Z - ^ a + Pa b a + i>a (a constituent) (72)

n
subject to 2 (Ra + ca ua) = 0 

<2=1
(73)

3  = Z .  ( ^ a - P a Ua U 
CL- I

(74)

Balance of Moment of Momentum

Z = Z r (mixture) (75)

TaA + S S a " 0 (a constituent) (76)

subject to: -  J 1 ^ ■ - (77)
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CHAPTER 3

THE THEORY OF TURBULENT, WIND-AIDED 
SNOW SEDIMENTATION

In the previous chapter a mixture theory is developed, through the momentum bal­

ance equations for a mixture of n constituents which respond as a whole in a fluid manner.

It w ill be o f interest to apply this theory to the well documented but mechanically 

complex phenomena o f turbulent wind-aided snow sedimentation. This investigation is 

made for two purposes, one: to determine whether or not solutions to the theory exist and 

two: to detemine if  these solutions model or approximate in a qualitative sense certain 

observed aspects o f the phenomena. However, in this next chapter and preliminary to any 

applications it  w ill be necessary to derive the turbulent equations of motion for the snow 

phase of the mixture flow.

The Equations o f Motion for a Mixture of Snow and A ir

The pertinent equations o f motion for a mixture of snow entrained in an atmospheric 

flow are summarized below (Decker and Brown, 1983). The subscript s and a are indicative

of the snow phase and air phase respectively of the mixture.

Continuity

9 ^ V—  P s +  I -  P sX s - Cs • (78)

9—  P s + I  ; P s x a = Cg (79)

and
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Balances of Linear Momentum

"s4  ■ ?  • Is  + + Os (SO)

#ax„ -  V • + »at i ,  + Ba ■ (SO

Note that x g = jjs and x g = u^. These are the velocity fields for the snow phase and 

air phase respectively and should not be confused with diffusion velocities as previously 

defined.

Consider that if the intrinsic time scale of the snow sedimentation process (> 1.0 hr) 

is large compared to the inertial time scale N  1.0 sec) of the process, then the transient 

effects may be neglected and the process could be considered steady. This assumption is 

consistent with other attempts to apply a mixture theory to sedimentation processes 

(Drew, 1975; McTique, 1981, 1983)! Further, consider that if approximately 40% of the 

.total entrained snow in transport over a flat surface sublimates into the air phase over a 

distance of 3 km (Schmidt, 1982), then for the transport distances of this investigation 

(10 m), it  is reasonable to neglect the effects of inter-phase mass exchange. Further, it is 

assumed that the only body force acting on either the show or air phase is the gravitational 

potential. However, it should be noted that the formation of snow cornices does occur in 

blowing snow environments on the immediate lee of mountain slopes and there is good evi­

dence to support the hypothesis that snow cornices form as a consequence of very large 

electrostatic potentials (Latham & Montagne, 1970). Lastly, it  is assumed that if the mass 

fraction of snow in transport remains small (< 10%) compared to the total mass of the 

mixture. Therefore the components of the partial stress tensor of the snow phase are 

negligible relative to those of the air phase. This assumption is consistent with those 

postulated for dispersed multi-phase flows (McTique, 1983) and is analogous to the state­

ment that as long as the mass fraction of snow in transport remains small the streamlines of
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the airflow will remain essentially unchanged from those of single phase airflow, i.e.„ the 

snow phase does not have a significant effect upon the air phase flow. -

In light o f these assumptions the equations of motions for the snow phase when the 

motion of the air phase is known are:

V • ps us = O Continuity (82)

and

PsMs * Z m s = PsM + -Ps Balance o f Linear Momentum (83)

Momentum Supply Between the A ir and Snow Phases

A t this point it is necessary to make a constitutive assumption for the momentum 

supply or transfer terms: j2a and p.g between the air phase and snow phase of the mixture 

flow. Let:

^  = -M s = Ps D(Ms - M a) (84)

That is, the momentum supply between the air and snow phases is equal and opposite in 

sign and is dependent on the velocity difference between the phases and a drag coefficient: 

D with dimensions 1/time. This satisfies the restriction of Equation 51 on the balance of 

linear momentum when mass supply: Cg = Cg = 0. Further, momentum supply between the 

phases is dependent on the local mass density of the snow phase, which is physically con­

sistent inasmuch as mass density of the snow phase approaches zero so does the momen­

tum supply between the phases.

Equation 84 characterizes the transfer of momentum between the snow and air phase 

of the mixture flow. It is effectively a description of the drag between the air and snow 

phases. It would be possible to describe this term as the difference of some polynomial 

value of these velocities. The difference of the squares of the snow phase and air phase 

velocities would be a logical increase in the degree of theoretical complexity. This would
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lead to an increase in the degree of non-linearity of the resulting systems of partial differ­

ential equations to be solved for the snow phase velocity field. Since this system of partial 

differential equations w ill be solved by numerical approximation techniques the instabil­

ity  of the subsequent algebraic equation system may also increase. Also, a velocity squared 

drag or momentum transfer term may not be an objective or frame indifferent constitutive 

assumption. Lastly, it  w ill be shown that the theory in fact oversuspends the snow phase 

within the mixture flow. Increasing the magnitude of the momentum transfer between the 

phases via a velocity squared drag term would increase the oversuspension of the snow 

phase in the mixture flow.

For any constitutive assumption the magnitude and direction of the term must 

remain objective or retains its values regardless of the frame of reference, i.e., a valid con­

stitutive assumption must be indifferent to any time dependent orthogonal change of refer­

ence frame. Therefore now consider that for any time dependent orthogonal transforma­

tion of coordinate frame Q where xg and Xa are the snow and air velocities with respect to 

the original coordinate frame and Xs* and Xa* are these velocities with respect to the new 

coordinate frame such that:

(85)

and

(86 )

Where c_ is a time dependent translation of the coordinate frame.

Then:

(87)

and

(88)
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Therefore

us* - u a* = Q x s + Q x s + c -  Q x a - Q x a - C

= Q (Xs - X a ) + Q ( X s - X a) (89)

Since x s = Aa (i.e., the position vectors to the point where the momentum transfer is 

effected are the same) then

u% *  u*a = Q (U5 - U a ) (90)

Hence, the constitutive assumptions on the supply or transfer o f momentum between the 

air and snow phases is objective or frame indifferent (Malvern, 1969).

In summary, the equations of motion for the snow phase of the mixture flow are: 
—>■
I  • PsUs = 0 Continuity (91)

and

PsH s * Z -U s = Pŝ  -  Ps D (U s -JJg) Balance of Linear Momentum (92)

The Turbulent Equations o f Motion for the Snow Phase 
of the Mixture Flow

Consider the dimensionless Reynolds's number, classically a ratio or measure of the 

inertial forces to the viscous forces of a flow. For large Reynold's numbers, when inertia is 

the predominant force o f a flow these flows are observed to be turbulent. For a variety of 

engineering applications a large amount o f research has been done on determining the 

"critica l" Reynold's number for which a laminar flow may become unstable and go 

through transition to turbulent. A t Reynold's number much greater than the critical 

Reynold's number the flow w ill be fu lly turbulent.

By definition the Reynold's number is:

^ re f L ref
R v (93)
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where Vref is a reference or characteristic velocity, Lref is a characteristic length and v is 

the kinematic viscosity of the fluid. Obviously the magnitude of the Reynold's number for 

any given flow  is controlled in part .by the researcher's perception of what constitutes a 

"characteristic" set of velocities and lengths.

In the specific case of atmospheric flows there is a large volume of research investigat­

ing the domains of these characteristic dimensions. However, irregardless of the Vref and 

Lref chosen for an atmospheric flow ^gjr ~ 1.3 X IO"5 m2/s. Consequently, over the result­

ing range of Reynold's numbers, the magnitudes of these Reynold's numbers are quite 

large and these flows are considered fu lly turbulent (Britter, Hunt, & Richards, 1981; 

Bradley, 1980; Jackson & Hunt, 1975; Plate, 197.1).

The equations of motion of the snow phase of the mixture flow  can be decomposed 

and expanded to include the effect of a turbulent mixture flow.

Adopting the standard Reynold's description (Hinze, 1975) of a turbulent variable 

for the snow phase results in:

Us = Us + ti's (94)

—a ~ —a + — a (95)

Ps = Ps + P's (96)

That is, the instantaneous value of any turbulent variable is the sum of its mean or time 

averaged value and its turbulent fluctuations, denoted by the overbar and overscore, 

respectively. Any product of mean and fluctuating variables may be subject to additional 

time averaging and must conform to the following conditions, where for any time depen­

dent variables g and f :
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f = f (97)

f + "g = f ± g (98)

fg = f g (99)

V f  = V f (100)

f  = 0 (101)

f '  g' #  f' g' = 0 (102)

( f ' ) 2n -1  = 0 n = 1,2, 3, . . . (103)

(f')2n >  o n = 1,2,3,  . . . (104)

Substituting Equations 94 and 96 into the continuity equation (Equation 91) for the 

snow phase o f the mixture flow results in:

V -  (p s + p 's) ® s + u 's> = 0 (105)

V • {  Ps u^ + ps u's + p 's us + P's u's ]  = 0

When a subsequent time average of Equation 105 is taken the terms p su ' s and p 'sj j g , by

Equation 101 are identically zero, resulting in:
—> '
V ° {  P sH s + P'su's J = O  (106)

Now consider that if the turbulent fluctuations of a variable are joint-normally distri­

buted then the conservation of mass at a point w ill be independent o f the turbulence and 

the turbulent continuity equations w ill be:

0 (107)Z - P sUs = V - P s Us

This requires that:

V • p V (108)
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In the absence of any information about the nature of a turbulent flow  the assumption 

that the turbulence is joint-normally distributed is a simplication but is also the only logi­

cal description available (Oral communication, J. T. Oden). The resultant turbulent con­

tinu ity equation (Equation 107) is identical with that derived by Drew (1975) and 

McTique (1981) for the particulate phase of a multiphase turbulent flow.

Substitution of Equations 94 through 96 into the linear momentum balance equation 

(Equation 92) for the snow phase of the mixture flow  results in:

{ C s +<>■,) O s + m 's) }  - Z G s + u y

= (ps + p 's)a -  (ps + p 's) D (us + u ' s - u a -  u'g) (109)

or

(p s u s + p s u 's + P 's us + p 's u 's) O (V Us + v  u's)

= P s CL + p ',4  -  P sD ( U s - U a) -  P sD ( u ' s - u ' a)

-  P's D ( u s - . u a ) -  p 'sD ( u / s - a ' a )

When the left side is expanded and a subsequent time average of Equation 109 is taken, by 

Equations 101 and 103 the terms P s Ug- V u 'g( p s u's- V us, p's I s- Z l s, p 's u y V  u 's.

Pfs-S, PsD(LLfs -UZa) and p's D (u.s -JJg) are identically zero resulting in:

Ps Us - V p 5 = 7 s S - -  PsD(Hs- U a) -  Ft  (110)

where

E t  = P s Ufs - V  u 's + p' s us . V  u fs + p's u ' s - V us + P r5 D ( U r5 - U r3)-s r  s '— s a'

Note that if p's p s, u.'s <  E s, u.'a <  E a and u.'s ^  J j fg then the fourth term of Ft  

may be assumed to be negligibly small relative to the other terms.
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The Constitutive Assumption for Turbulent Fluctuating Variables 
in Terms of Mean Flow Variables

In order to render the system determinate, a constitutive assumption relating the tur­

bulent fluctuation of a given variable in terms of a mean flow variable must be made. If 

the bulk of the mixture flow  inertia and all the shear of the mixture flow  are intrinsic to 

the air phase then it would be consistent to relate the turbulent fluctuations of the snow 

phase variables to a mean flow variable of the air. Consider then the following constitutive 

assumption for p's and j j 's.

V 2 p ,e
I V I I

I

V 2

9u

v %

, 9 TL

(111)

( 112)

where: 0 -----
ay

^ a
U  - -----  0AJ3 9x

9u .

9z

! L a
9z

ay

(113)

a =
(114).

I K  is the second scalar invariant of the deviatoric mean airflow gradient tensor. ug, v g 

and cJg are the components of the mean airflow velocities. e_ is a vector valued function 

with the dimensions of time and 7 is a vector valued function with the dimensions of 

length.

Note that the constitutive assumption for the turbulent fluctuation is, by definition 

of a scalar valued variable objective (Malvern, 1969). The form given by Equation 112 

must be proven frame indifferent. For any orthogonal transformation of coordinate frame
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Q that y *  = Q 7 where the starred quantity is the value o f that variable in the transformed 

coordinate frame.

“ 's*
7*

V  Il I -
V  2

Q — V  Ii r (115)
^  V 2 ^a

Note that iu's* transforms like a frame indifferent vector value function and hence the con­

stitutive assumption on u/g is objective.

For the special case of one-dimensional mixture flow (—  =: —  = 7  = Z3 = 0) the
dx dz a a

constitutive assumptions for p's and u's reduce to

, ^ s (ex + ey + ez> , / " a ,  ^s (ex + ey + e z> 9 u a
P s ----------------3------- V ( — ) ----------------5---------H - H (116)

(117)

These results are analogous to the one-dimensional phenomenologically derived Prandtl

mixing length theory for turbulent single phase flow (H.inze, 1975; Schlicting, 1979). 

By substitution of the constitutive assumptions for p's and u/s into the terms of Ft

the turbulent balance of linear momentum equation for the snow phase of the mixture 

flow results

Ps us ‘ V Us = _g - ps D(Us-Ua) - Fs —a'

where

V 2 j

ivilV 5 = - " 7  Vl%azVc

t l l ^ i - i v V T i v V N
(117)
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Equation 117, the turbulent balance o f linear momentum equation along with the turbu­

lent continuity equation below:

7  ' (118).

form the turbulent equations o f motion for the snow phase of the mixture flow.
3

For the case of a two dimensional mixture flow Wg = Wg=O) the constitutive

assumptions on p 'g and u/g reduce to

V  2 p. e.
’ I  4

and

(119)

Consider the following upper bound approximation to the factor:

v , ( ^  ♦  , ^ , 1J ( I I )

( 120)

( 121)
dy 1 ■ ' dx 1 J ' '  ay ' ' dx

The error inherent in this approximation can be analyzed by considering, the binomial 

expansion:

a Ti- dv„
) V i -

au dv

, 5 + 5 , .
dy dx

dua. . 9va.

( 122)

dua ava -H-

dy
I -

dua dva 2 dua 9Vg
 ̂ + ------ ) 2(2 ! ) ( ------=+

ay a x ay ax

Inasmuch as all terms of the expansion are positive after the first sum in the expansion 

truncation at the second sum w ill result in a measure of the maximum error. Note that the 

error in this approximation is large when gradients of the airflow are small. However when 

gradients of the airflow are small the terms of are also small and the error to p 'g and
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u/g w ill not be o f consequence. Further, when gradients of the airflow are large the terms 

o f F1- w ill be large but the error to p 's and u 's w ill be minimized.

By evoking the concept o f a joint-normally distributed turbulence it is possible to 

write 7 = 7 1_ and _e = e I .

Lastly, the turbulent balance of linear momentum equation (Equation 118) can have 

P s divided out on a termwise basis. This results in the non-conservative form of the turbu­

lent balance of linear momentum equation, which is uncoupled from the turbulent contin­

uity equation.

In light of the above.for a two dimensional mixture flow, the components of the non­

conservative turbulent momentum balance equation are
I

dus- 8 Ug

uS " d ^  + vS 1)7 = 9X " D(us " ua) -  f Tx  x-comp

9 Vg 9 vg

uS T T + vS 7 7  = 9Y " D(vs " va) -  pTy V-comP (123)

where

9 us 9 ug ?2
F-i- = e7C------- h e7C ----- + 67A u + 67Bv + — (A+B)

1X 9x 9y s s 4

r- 9vs dvS 72
*"Tw = 67c -----+ 67C ------  + e7Aus + 678V + — (A+B) (124)

V 9x 9y b . 5 4

and
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ax

a V3

32v 92ua 4 9ua 92va 92Ua
I ( I - x - l + I I ) + I id  , 1. + 13 X2 3x3y 3y 3 x2 dxdy

I n H a I + 92 ua
I— r l) + I 1+ 1

9 2 ua
dxdy 3y2 3y 3xdy 3y2

dva 9ua 9ua 9va 9ua
1(1—  I + I -----  I + I — Kl—  II + I3x 3y 3y 3x 3x

I)

i) (125)

uS' vS' 6 jS' ua' va' wa are t îe components, in rectangular cartesian coordinates of the 

snow and air phase velocity vectors: jus and The overscore has been dropped, since now 

all variables are in terms of the mean values.

These component equations can be reorganized into the following system of non­

linear partial differential equations:

(us + eyC) 0
f \

us
- +

(vs + eyC) O
3

us

3y
vS

O (Vg + eyC) . vs0 (us + eyC)

(D + eyA) B 

A (D + 67B)

th e  two dimensional turbulent continuity equation is summarized below:

'I
Uc

I

( X + Dua -  ^  (A+B) i

I  Sy + Dva -  (A+B)

(126)

9 . 3
^  =  0 .

(127)

_3_ _  3 
3 x 3z

ponent form of the momentum balance equation for the snow phase reduces to the follow-

For the case of one dimensional mixture flow (—  = — = coa = va = cos = 0) the com­

ing system of non-linear partial differential equations:
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(vs + eye)

I 0

i l l

D 67 B I

0 I W 0 (D + eyB) f\

k  I

vS i

f 9 x + Dua - -  B

.2  '
(128)

. 9 y - ;  B

The turbulent continuity equation for the snow phase reduces to:

^  = 0
(129)

Lastly, by examining the nonconservative form of the turbulent balance of linear 

momentum equation for the case of still air (a>a = vg = ug = 0) mixture motion the coef­

ficient: D o f the momentum supply or transfer term may be analyzed. Consider:

9vs
vS - ^ + dvS = 9Y (130)

_ 9y
ay Mi

-  D (131)

If Qy is the gravitational acceleration (-9.81 m/sec2) and the snow phase mixture motion 

has a domain of constant still air fall velocities of -1.0 to -0.5 m/sec then D will have a 

range from 9.81 to 19.6 1/sec. For all following calculations D is set at 13.0 1/sec. This 

corresponds to a still air fall velocity of -0.75 m/sec.
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CHAPTER 4

SOLUTIONS OF THE SNOW PHASE EQUATIONS OF MOTION 
FOR A ONE DIMENSIONAL AIRFLOW

In the previous chapter the turbulent equations o f motion for the snow phase of an 

atmospheric mixture flow of snow and air were derived.

It is of interest to solve these equations of motion for the snow phase velocity and 

density profiles as function o f height above the solid surface for a one dimensional atmo­

spheric boundary layer flow. These solutions can be compared with observations concern­

ing the nature of the snow phase velocity and density profiles fo r snow sedimentation 

flows over fla t surfaces (Budd, Dingle & Radok, 1965; Mellor, 1965; Kobayashi, 1972; 

Schmidt, 1977; Takeuchi, 1980).

Consider a one dimensional turbulent atmospheric boundary layer airflow of the form 

(Plate, 1971):

w ith the following gradients

u , • y 
u„ = — ■ In —
9 k Vo

9y

9 2 u£

9y2

u”

ky

u-*
ky2"

(132)

(133)

where u*, k and y0 are the friction velocity, Von Karmah's constant and the surface rough­

ness height respectively.
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For this specific case o f a one dimensional airflow the system of partial differential 

equations (Equation 128) for the snow phase may be solved by finite difference techniques 

for the component snow phase velocities as functions of height above the solid boundary.
a

Consider the forward difference approximation to —  (Ames, 1977; Smith, 1978)
3y

applied to the snow phase momentum balance partial differential equation system, j is the 

cell location description on a vertical column solution domain of m cells and G is the cell 

height. The snow phase subscript, s, has been dropped.

(V1H t e7Cj )

I 0 ' (U1Jt l  - uJI/g X D G7Bj

0 I .
( <v j+1 - v j ,/G J 0 (D + C7Bj)

9V - i  Bi

n = I ,  2,3 . . .  

j = I ,  2, 3, .  . ., m

(134)

The non-linear term is treated quasi-linearly by retaining its value from the n-1 iteration 

during the nth solution iteration procedure. Further we have defined the y coordinate axis 

to be parallel to the gravitational potential. The above discrete system of linear algebraic 

equations can be reorganized:

V1J - V e 7Cj I ( f
K r

+
G

0 I I  VnH

(v1?"1 -He7Cj ) e7 B:

(D + e7Bj)

J

(v1?"1 +G7Cj)

[Ur?

V1?

f  Du,
- I

9Y •  I  Bj

n = 1 , 2 , 3 . . .  

j = I ,  2, 3, . .  ., m

(135)
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By using the one dimensional airflow velocity description of Equations 132 and 133, defin­

ing gy = -9.81 m/sec2, D = 13.0 1/sec, setting boundary condition values for um+i and 

Mm+1 and defining e and 7, primarily to maintain computational stability renders Equa- 

134 a determinant system of 2 m algebraic equations in 2 m unknown snow phase velocity 

components.

ONEDEE is a Fortran code (see Appendix for listing) designed to solve Equation 134 

by Gauss-Seidel iteration (Ames, 1977; Smith, 1978).

The ONEDEE solution for the snow phase is depicted in Figure 2. Note that the snow 

phase contains sufficient inertia to have a positive horizontal impact velocity at the snow 

surface, where the air velocity goes to zero. This is consistent with the mechanisms of 

saltation flow or impact induced restitution of the snow phase from the solid surface back 

into the mixture flow (Kobayashi, 1972).

In a naturally occurring snow-air mixture flow the bulk of the snow phase in trans­

port over a fla t surface is a product of saltation flow. However, this theory requires that 

. some component of the snow in transport be a product of the apparent or turbulent buoy­

ancy of the snow phase in -regions of large airflow gradients. In other words, even when 

there is no snow phase restitution from the solid surface there should still be a discernibly, 

variable snow phase density profile vs. height. Snow density profiles for snow-air mixture 

flows adjacent open water (i.e., a non-restituting lower boundary) have been measured 

(Takeuchi, 1980). There is a non-uniform snow phase density profile where the difference 

in density maximum and minimum for these profiles are approximately one order of mag­

nitude less than that for saltation flows (Oral communication, M. Takeuchi).

The turbulent continuity equation for the snow phase for a one-dimensional airflow 

(Equation 129) has the solution:

PgVs = constant (136)
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NEGATIVE
VERTICAL COMPONENT 
5N0W VELOCITY

AIR VELOCITY

HORIZONTAL COMPONENT 
SNOW VELOCITY---------

V E LO C IT Y  M /S E C .

Figure 2. Component snow phase and airflow velocities vs. height above the surface ua 
(10 m) = 10 m/sec, us (I m) = ua (I m) = 7.0 m/sec, vs (I m) = -1.0 m/sec, 7 = 
0.6 m, e = 0.6 sec, u* = 0.33 m/sec, k = 0.25, y0 = 0.005 m.
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If we define the snow phase mass density at the top of the boundary layer flow to be 

1.0 X IOr4 kg/m3 then the snow phase density profile corresponding to the snow phase 

vertical or fall velocity components of Figure 2 can be calculated. These data are presented 

in Figure 3. It is satisfying to note that a theoretical snow phase density profile does exist 

and has a range of 1.5 X 10 '5 kg/m3.
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IOO 1.05 1.10 1.15
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VERTICAL COMPONENT 
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Figure 3. Snow phase fall velocity and corresponding density profile for the one dimen­
sional airflow of Figure 2, ps (I m) = 1.0 X 10 '4 kg/m3.
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CHAPTER 5

SOLUTIONS OF THE SNOW PHASE EQUATIONS OF MOTION FOR TWO 
DIMENSIONAL AIRFLOW ON THE IMMEDIATE LEESLOPE 

OF A MOUNTAIN RIDGE

In the previous chapter the turbulent equations of motion for the snow phase of a 

snow and air mixture flow were derived. If the airflow for a specific two-dimensional 

geometry can be determined, then the system of partial differential equations (Equation 

126) for the momentum balance equations for the snow phase can be solved for the 

velocity field. Once the snow phase velocity field is determined, these results can then be 

used to solve for the snow phase mass density field using the continuity equation (Equa­

tion 127) for the snow phase. The results can then be qualitatively compared to observa­

tions. Lastly, using the snow phase velocity and density fields adjacent a solid surface the 

distribution and rate of wind-aided snow accumulation can be found and qualitatively 

compared with observation (Decker & Brown, 1985).

As a phenomenon the wind-aided deposition of snow on the immediate Ieeslope of a 

mountain ridge has been studied by a number of researchers for two purposes. First, wind- 

aided snow deposition on mountain slopes is the single most important factor in the pro­

duction of direct action or new snow avalanching (Mellor, 1968; Perla & Martinelli, 1976). 

Second, inasmuch as snow is a significant mechanism of hydrologic storage the areal extent 

o f snow distribution in the alpine has been studied, including the area of above average 

seasonal snow accumulations on Ieeslopes due to wind-aided snow sedimentation (Mon- 

tagneetal., 1968; Alford, 1980).
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The ability o f snow in mixture flow to attenuate light and decrease visibility has been 

postulated and confirmed to be a linear function o f local mass density of the snow phase 

in the flow (Budd, Dingle & Radok, 1965; Mellor, 1965; Schmidt, 1977). On the immedi­

ate Ieeslope o f a mountain ridge during periods of mixture flow a characteristic plume 

develops. Figure 4 is a photograph of a set of typical Ieeslope snow plumes taken on the 

crest of the Bridger Mountains, Montana. The mixture flow is left to right and closely nor­

mal to the axis of the ridge crest. It should be noted that these plumes also exist during 

snow-air mixture flow periods when there is additions to the snow phase due to atmo­

spheric precipitation, but in general these plumes are visibly obscured. However, the 

existence o f snow phase mass flux profiles at ridge crests during storm periods has been 

verified and these data have been used for boundary conditions in the solution of the 

systems of partial differential equations derived from turbulent equations of motion of the 

snow phase of the mixture flow (Decker & Brown, 1985; Fohn, 1980).

Additionally, wind-aided snow accumulation depth profiles down the immediate 

Ieeslope of mountain ridges have been taken (Decker, 1982; Fbhn & Meister, 1983). These 

profiles often show an accumulation maximum at or near ridge crests which then decreases 

over the next 10 meters to the average snow accumulation depth for that storm. In addi­

tion, these profiles sometimes display an accumulation minimum, less than the average 

accumulation depth at or near 10 meters down the leeslope. It is these asymmetric 

"wedges" of wind-aided snow accumulation which may release from the leeslope as a 

wind-slab snow avalanche. Figure 5 is a photograph of an artificially (explosives) released 

wind-slab avalanche at Bridger Bowl Ski Area, Bridger Mountains, Montana as the slab or 

wedge of wind-aid snow accumulation first begins to accelerate down the leeslope but 

before it  has mechanically broken up.
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The Discretized Leeslope Environment

Figure 6 characterizes the discretized environment on the immediate Ieeslope of an 

idealized two-dimensional section of a mountain ridge. It is over this domain that ,solu­

tions for the systems of partial differential equations derived from the turbulent equations 

of motion for the snow phase of the mixture flow will be generated. Further, the snow 

accumulation distribution and accumulation rates on the Ieeslope surface will be investi­

gated.

The 90° angle in the ridge crown is an artifice of the geometry of solution domains 

required for airflow modelling; recalling that knowing an airflow regime within this domain 

is a prerequisite to any solution of the system of partial differential equations derived from 

the turbulent equations of motion for the snow phase of the mixture flow.

Airflow Models

Four different models for the airflow regimes through this two-dimensional domain 

are investigated. Two computational solutions to the Navier-Stokes equations for single 

phase flow, an empirical solution for a half-jet with viscous flow and empirically derived 

data from a 16 mm movie of smoke laden airflow filmed on the Bridget mountain ridge, 

Montana. The smoke test movie and hence all subsequent airflow regimes are calculated for 

a free stream windspeeds of 10 m/sec.

Figure 7 characterizes the airflow velocity field within the discretized Iesslope domain 

as computed from the Fortran code: SOLA (Hirt, Nichols & Romero, 1975). SOLA solves 

the incompressible transient Navier-Stokes equations in two dimensions for a user specified 

fluid viscosity; in this specific case, that of air at 0°C. SOLA has been successfully used to 

model airflow on the immediate Ieeslope of mountain ridges where the airflow regime has 

been modified by the presences of a "je t-roof" structure (Dawson & Lang, 1979).
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Figure 6. The discretized solution domain on the lee slope of a two dimensional model ridge.
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Figure 7. Airflow velocity field within the discretized solution domain as computed by SOLA.
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Figure 8 characterizes the airflow velocity field within the discretized Ieeslope domain 

as computed from the Fortran code:. SMAC (Amsden & Harlow, 1970). SMAC solves the 

two-dimensional incompressible transient Navier-Stokes equations. A biviscous modifica­

tion was used to model snow avalanche debris motion (Dent & Lang, 1980; Dent, 1982).

The airflow velocity fields calculated by SOLA and SMAC are for a backward (lee) 

facing 90° step with gravity at 45° to the step. SOLA was calculated for an unconfined 

upper boundary and a no-slip lower boundary. The airflow velocities depicted along the 

left boundaries of Figures 7 and 8 as calculated by SOLA and SMAC, respectively are 

internal and intrinsic to the specific solutions and are not fixed boundary conditions. It is 

disconcerting to note that two codes which are designed to solve the same equation system 

produce such a disparity of results.

Figures 9 and 10 are, respectively, a still photo of the airflow velocity field and the 

flow field as derived empirically from a 16 mm movie of a smoke laden airflow taken on 

Bridget mountain ridge, Montana.

Figure 11 contains the airflow regimes as calculated from an empirically derived 

expression for two-dimensional viscous half-jet flow  (Yuu, Yasukouchi, Hirosawa & 

Jotaki, 1978). JET is a Fortran code (see Appendix for listing) which calculates the values 

o f the component velocities of the airflow within the discretized Ieeslope solution domain.

Snow Phase Velocity Field

For these airflow regimes and this specific two dimensional solution domain geome­

try, the system of partial differential equations (Equation 126) for the turbulent momen­

tum balance for the snow phase may be solved by finite difference techniques.

Consider the asymmetric difference approximation (forward in the Ieeslope normal

or y coordinate direction and backward in the Ieeslope parallel or x coordinate direction)
d a

to —  and —  (Ames, 1977; Smith, 1978) applied to the snow phase momentum balanceay ax
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Figure 8. Airflow velocity field with the discretized solution domain as computed by SMAC.
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Figure 10. Airflow velocity field within the discretized solution domain as determined from motion pictures of a smoke 
laden airflow.
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partial differential equation system, i and j are respectively the x coordinate and y coordi­

nate cell location. G and H are respectively the x coordinate and y coordinate cell dimen­

sions. The snow phase subscript s label has been dropped for the sake of brevity.

<u u , + « A i i

♦ l v Uu = A V

(D +  e-yAj p  eyB; j 

e?A; j  (D +  eyB; j)

uU  "

vU - Vi- 1 , / G j

Uu+1
X=

>I
vU-H

- V l  jZIH J

u U j ,  j  9X t  DX i - (Ai,j + Bi,j)

vU  I \  9y + Dva. .  -
7 2

4 (Ai,j + Bi , j )

(137)

n = 1 , 2 , 3 . . .

i = 1 ,2 ,3 ........k

j = 1 ,2 ,3 ........L

The non-linear terms are treated quasi-linea'rly by retaining their values from the n-1 itera­

tion during the nth solution iterate. The above discrete system of algebraic equations can 

be reorganized:

V1?":1 + E7Cj
i,j

H

I

0

0

I

(D + e7Aj j) -
<v u u = A i>  | ' uU u = A j i

' 7Bi,j
+ Ji,j

S7A iJ (D + e7Bj j) -
'v U u = A i 1 luu 1+= A i '

V i1 .
U
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G
O I

I O

(138)

i = I ,  2, 3 ,. . k

By using one of the four airflow velocity regimes (SLA, SMC, MVE or JET), defining the 

components of the gravitational accleration vector, D = 13.0 1/sec, setting the component 

velocity boundary conditions on the snow phase velocity field on the left and top bounda­

ries of the solution domain equal to the airflow velocities and defining e and 7, primarily 

to maintain computational stability renders Equation 138 a determinant system of 2 kL 

algebraic equations in 2 kL unknown snow phase velocity field components.

DURBY is a Fortran code (see Appendix for listing) designed to solve Equation 138 

by Gauss-Seidel iteration (Ames, 1977; Smith, 1978).

Consider the DURBY solution for the snow phase velocity field, along with the corre­

sponding JET airflow field depicted on Figure 11. For the boundary conditions (leftside 

and top of the solution domain) the snow phase velocity components are set equal to the 

corresponding discretized airflow velocity components. It is of interest to note that only 

the airflow regime models: SMC and JET as inputs to DURBY produced computationally 

stabile solutions for the snow phase velocity field. Considering Figures 7, 8, TO and 11 note 

that both the SLA and MVE airflow regimes have centers of vorticity within the solution 

domain where as both the SMC and JET airflow regimes could be characterized as diver­

gent or diffuser type flows. This leads to the postulate that airflow models with vorticity 

produce a singular coefficient matrix for the system of algebraic equations by violating the
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requirement that the coefficient matrix be irreducible (Ames, 1977),. Furthermore, using 

SMC or JET airflow regimes as input and choices of e and 7 less than approximately 0.1 m 

or sec or greater than approximately 10 m or sec produced non-convergent DURBY solu­

tions for the snow phase velocity field which are respectively either harmonic between 

zero and positive in fin ity or monotonically increasing to positive infin ity.

The Snow Phase Density Field

Consider the following expansion of the two dimensional turbulent continuity equa­

tion (Equation 139) for the snow phase of the mixture flow:

9pc 9 Vg9uc 

' s 9x
s "<-s 

P. - —  + uC +  P
s 9x s 9y

dPs '
+ Ve -----— 0

s 9y
(139)

Note that this form of the turbulent continuity equation can be reorganized, with the 

snow phase sub s label has been dropped:

, 9u 9v dp dp
p ( —  + — ) + u —  + v —  = 0

9 x 9y 9 x 9y
(140)

Consider now the following asymmetric difference approximation to —  and —
9y 9x

(Ames, 1977; Smith, 1978) applied to the above snow phase turbulent continuity equation.

pU \
( K r uM j )  (vi,j+1 - v i,j)

+ U
G H j  U G

i = 1,2 , 3 ........k

J = I, 2, 3........L

This system of algebraic equations can be reorganized:

vU , f  K r uM j )  , (vi,j+1 - vi j )  ui,j vi,j 1 TT Pu + 1 + \  —  ̂ + H " g  iT

( P j J - P j - I j )  (Pj J-F1 - P iJ)
+ V:I,J

(141)

u U  ■
j p i j ~  I T pM J  "  0

i = I ,  2, 3 ,. . ., k 

j = 1 ,2 ,3 ........L

(142)
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By using the discretized values of the snow phase velocity components from a DURBY 

solution and setting the boundary conditions on the snow phase mass density along the 

left and top boundaries of the solution domain renders Equation 142 a determinant system 

of kL algebraic equations in kl_ unknown snow phase densities.

FLAX is a Fortran code (see Appendix for listing) designed to solve Equation 142 by 

Gauss-Seidel iteration (Ames, 1977; Smith, 1978).

Consider the FLAX solution for the snow phase density field depicted on Figure 12. 

This snow phase density field corresponds to the snow phase velocity field of Figure 11. 

For the boundary conditions the snow phase density was allowed to decrease Iogrithmi- 

cally from 1.65 X IO"3 kg/m3 to 6.5 X IO"4 kg/m3 along the left boundary and held con­

stant along the top boundary at 6.5 X IO"4 kg/m3 . In the absence of wind-aided snow 

accumulation (i.e., a "still a ir" snow fall) a snow phase density of 6.5 X IO"4 kg/m3 would 

accumulate at a rate of 1.0 cm/hr at a depositional density of 175 kg/m3.

Note that the snow phase density field of Figure 12 corresponds well quantitatively to 

the distribution of snow in the photographs of ridge top snow plumes depicted in Figure 4.

It is of interest to note that even though both SMC and JET airflow models would 

produce computationally stabile DURBY snow phase velocity field solutions only those 

DURBY solutions corresponding to JET airflow models would produce computationally 

stabile (all positive densities) FLAX snow phase density field solutions.

Wind-Aided Snow Accumulation on the Leeslope

A t any point along the Ieeslope surface, the rate of wind-aided snow accumulation 

must be less than or, in the absence of surface erosion, equal to the slope normal flux of 

snow to the Ieeslope surface due to the snow-air mixture flow.

VgPs = -  (snow accumulation rate) (accumulated snow density) (143)
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Figure 12. Snow phase density field corresponding to the airflow and snow phase velocity field of Figure 11
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If we assume a constant accumulated or deposited snow density o f 175 kg/m3 and vg and 

P s values at the Ieeslope surface from DURBY and FLAX solutions, respectively, then 

the wind-aided snow accumulation rates as functions of position along (down) the Ieeslope 

may be calculated.

SLAB is a Fortran code (see Appendix for listing) designed to calculate the wind-aid 

snow accumulation rates vs. distance down the leeslope.

Figure 13 depicts the wind-aided snow accumulation rates vs. distance down the lee­

slope for a DURBY snow phase velocity field solution corresponding to a JET airflow 

model w ith freestream velocity of 10 m/sec and three FLAX snow phase density field 

solutions for three separated snow phase density boundary conditions. Note that these 

theoretical wind-aided snow accumulation rates would produce asymmetric, "wedges" 

of deposited snow with an accumulation maximum at ^  4 m down the leeslope from the 

ridge-crest. Further, by IOm  down the leeslope the excess or wind-aided accumulation 

has decreased to that value which would be expected outside the wind-aided accumulation 

zone.

Figure 14 depicts the SLAB wind-aided snow accumulation rates vs. distance down 

the leeslope for a DURBY snow phase velocity field solution corresponding to a JET air­

flow  model of freestream velocity of 5 m/sec and three FLAX snow phase density field 

■ solutions. It is disconcerting to note that the theory, at this freestream airflow velocity has 

over-suspended the snow phase to the point that the maximum wind-aided accumulation 

rates do not exceed the still air accumulation rates intrinsic to the FLAX snow phase 

density field boundary conditions. However, the loci of the theoretical wind-aided snow 

accumulation maximums have shifted closer to the ridgecrest as compared with those of

Figure 13, where the freestream airflow velocity is 10 m/sec. Further, these accumulation
!

rates produce a wind-aided accumulation minimum at ^  7 m down the leeslope.
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P IS TA N C E M
Figure 13. Theoretical wind-aided snow accumulation rates vs distance down the lee slope, 

Ug (freestream) = 10 m/sec
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Figure 14. Theoretical wind-aided snow accumulation rates vs distance down the lee slope, 
ua (freestream) = 5 m/sec
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Figure 15 depicts the new snow accumulation for a model storm of 4 hour duration 

using the theoretical wind-aided snow accumulation rates of Figure 12. Superimposed on 

Figure 15 is a set of new snow accumulation profiles from the Bridger ridge, Montana.

Despite the fact that the theory oversuspends the amount of snow in the snow-air 

mixture flow, it  is gratifying to note that the theory correctly predicts the location of the 

wind-aided snow accumulation maximum and models, in a qualitative fashion the apparent 

effect that the wind-aided snow accumulation maximum shifts towards the ridgecrest as 

the freestream airflow velocity decreases.

Further, the theory does reproduce the secondary effect of a wind-aided snow accum­

ulation minimum at or near TO m down the leeslope.
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Figure 15. Theoretical and measured wind-aided snow accumulation vs distance down the 
lee slope for a model storm of 4 hour duration, nonwind-aided snow accumula­
tion rate of I cm/hr.
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CHAPTER 6

SUMMARY AND CONCLUSIONS

In Chapter 2 a mixture theory was developed, through the momentum balance equa­

tions for a mixture of n constituent which respond as a whole in a " f lu id "  like manner. 

The constituents o f this mixture are capable o f inter-constituent exchanges o f mass, linear 

momentum and moment o f momentum. Imposed on this theory was the physical require­

ment that on a specific and balance equation basis the mixture behavior must be equal to 

the sum of the constituent behaviors. This requirement resulted in a set of restrictions on 

the per constituent balance equations. These balance equations and restrictions were sum­

marized in Equations 68 through 77.

In the preface o f the Mathematical Principles o f Natural Philosophy, the source o f the 

balance.equations used in this and virtually all classical mechanics theories Sir Isaac New­

ton states: "The error is not in the art, but in the artificer. For if  one could work with per­

fect accuracy, he would be a perfect mechanic" (Newton, 1687). In other words the 

unbiased theory o f the balance equations is wholly objective but by our very nature we 

impose subjective elements into these theories. The "sum behavior" requirement of Chap­

ter 2 is an example o f this subjectification o f a mechanical theory which lead to some very 

satisfying intuitive and physical results.

In Chapter 3 the equations o f motion for the snow phase of a snow and air mixture 

flow were derived (Equations 82 and 83). The balance of linear momentum equation con­

tained a constitutive assumption for the momentum supply or transfer between the air 

and snow phases o f the mixture.
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Under the rationale that single phase atmospheric flows are considered fully turbu­

lent the equations o f motion for the snow phase were expanded to include the effect of 

turbulence. This expansion produced a set of terms which could be characterized as 

apparent or turbulent buoyancies. Due to our choice of constitutive assumptions for the 

turbulent variables in terms of mean flow variables these apparent or turbulent buoyan­

cies were large where the intensity of the shear flow of the air phase was large. The turbu­

lent expansion and subsequent constitutive assumptions resulted in the turbulent equa­

tions of motion for the snow phase of the mixture flow, summarized in Equation 117.

The continued subjectification o f this mechanical theory by turbulent expansion is 

certainly less than perfect. Consider that when discussing the justification for treating 

only the intensity of a turbulent stress w ithout regard to its algebraic sign Dr. Herman 

Schlichting states: "The qualifying word 'mostly'.in the above context expresses the fact 

that the appearance of particles for which u' has the opposite sign to the above is not 

completely excluded but is nevertheless much less frequent" (Schlichting, 1979). Further­

more when introducing the mathematically necessary concept o f an isotropic turbulence, 

that is a turbulence which is objective with respect to changes of coordinate frame Dr. J. 0. 

Hinze states: " I t  is a hypothetical type of turbulence, because no actual turbulent flow 

shows true isotropy" (Hinze, 1975). Obviously the need to include the effects of turbu­

lence in any flow theory are gained at the expense o f mechanical objectivity.

In"Chapter 4 solutions for the snow phase velocity field and density field are deter­

mined by numerical techniques for a one dimensional airflow regime. These results com­

pare well qualitatively w ith observed inertial effects and density profiles for snow and air 

mixture flows adjacent a fla t surface.

In Chapter 5 solutions for the snow phase velocity field and density field are deter­

mined by numerical techniques for a two dimensional airflow regime in the immediate 

lee of a transverse ridge. These results compare well qualitatively with observed optical
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effects of snow plumes in natural snow and air mixture flow environments. Further, the 

theoretical distribution and accumulation rates of wind-aided snow distribution on the 

immediate Ieeslope are investigated. The theory correctly reproduces to wind-aided snow 

accumulation rates and geometries with the exception that the theory in general oversus­

pends the snow phase in the airflow. However, recall that in Equation 121 we effectively 

maximized the magnitude of the apparent or turbulent buoyancy terms. Hence, that the 

theory tends to oversuspend the snow phase should not be unexpected.

Lastly, in the formulation of the constitutive assumptions for the turbulent fluctu­

ations of the snow phase velocity and density there arose two physical constants 7 and e 

whose dimensions were length and time, respectively. There is a very strong intuitive desire 

to relate these to a turbulent mixing length and mixing time analogous to Prantl's mixing 

length for turbulent velocity fluctuations for single phase flows (Schlichting, 1979). 7 and 

e were used primarily to maintain computational stability of the system of algebraic equa­

tions resulting from the numerical solution techniques. However it is gratifying to note 

that if 7 and e are to be conceptualized as turbulent mixing parameters that their magni­

tudes (0.01 m or sec to 10 m or sec) are of reasonable physical scale.

In conclusion: it is this author's opinion that the formulation and exploration of m ix­

ture theories purely for the purpose of testing for the existence of and degree of correla­

tion between theoretical solutions and a given reality was fu lly warranted and successful. 

It is now left to the more clever and needy to formulate the arena of their future civilized 

and useful application.
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Fortran Code Listings: ONEDEE, DUBBY, FLAX, 
JET and SLAB
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Figure 16. ONEDEE Fortran Code.
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0001
88%;
888i
0006
0007

»Ij1
0015
88?7
0019

ill

Si?
042
RH
045 

00 46IiiE

C*** * 
C * ***c***»
C * *** 
C * * * * 
C **** 
C * *• * 
C * *** 
C * ** * 
C**** 
C * * * *c* ** * c* ** • c * *•* c**«* 
C * * * • 
C*** 
C * *** 
C*** 
C ****

0NED6E i s a Fortran code for evaluating the Momen­
tum balance, in one to ace variahl 

ert* non-r e a ct innon-susoencen* non-reacting particulate 
one-dI meni ional fluij flow. Soecifically 
mixture of snow md lir near the ground

e va I u at ing 
e for a dispersed* 

a t u r bin a t u rDul 
an atmcsph

r near the ground surface 
DEE solves by Finite Difference techni

lenteric
ene e techniques.

**•*  * * * * * ***
LOGIC ASSIGNMENTS 

I NPUTs

OUTPUT;
AIR VELOCITY PROFILE* COMP SNOW VELOCITIES: F 0R006 

**** * * ** * * * * * * * * » * * * **** **** 
INTIALIKT ION, P AR AI E I E Al Z A T I 3N t DMENS ZONING

C * * * * 
C**** 
C * *** 
C * * * * 
C * ** »

I55 Ca*** 
C*** c * * * * c**«*
C * *

INTEGER CYCLE,CYCMX
R E AL * 5 APXVEL/UC.'JC/RC.CC.fC
RE AL * 8 SNNIXV.S'MIrV,SNIVEL,SNIVEL
RE5LJ8TA,9,UKN1,UK,SUN1,SUMZ.IOL.CONX.CONY

DIMENSION AC 2*L* ?*L)*8 <2*L),UKMI (2*L)*UK(2*L)*T0L(2*L) 
**** **** **** **** * * * * *»** ***« 

I/O FORMATS % DATA 
READ(01,12)USTR,VNKC,RUFFY
: i:s
SIiSS8!:J§ISJci^x., sT̂ ? ; T0L,,<' CNVC"T 

IS IIif I i H ; " "
FORMAT ( 6F 7. 3* I M)
FORMAT ( 5 F 7.3)
FORMAT (12X,1I3,3X*1E12.5*3X,1E12.5,3X,1E12.5)

**** * * * * **** * * * * * * * * ***• ****
CALCULATING ARXVEL CL)*UC CL > *WC CL )
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E
SIii
00 14 
0015
98 !P001R0019

1  

I  

S i
00 38 
00 39
88i?
00 42

SKii
00 4 5 
00 46

SH;;

SSI;

C * * * • 
C ♦ *** 
C ♦ ** * 
C * * * * 
C * ** » 
C * •• • 
C • •c***»
C * * * * 
C * *♦* 
C * ♦* * 
C * * * • 
C * * * * 
C • ♦c* **» c**»* 
C * * * * c * • c* ***
C ****

c * ** * 
C**** c***» 
C *»» 
C * ** *

I
U

C * * • *c**»*
C * * * *c * * * »
C * * • *

0Nf58E 111 fortrjn code for eveluit fng the ho»en- 
tu« balancer In one toace variable for a diioeraedr 
non-su»nenced, non-reacting Particulate In a turbulent 
one-diientionat fluid flow. Soeciffcally an atioaoheric 
"liiture of snow ind air near the ground surface.

ONEhEE solves by Finite Difference techniques.
* * * * **** ***» **•* •»»* *»** *•**

LOGIC ASSIGNMENTS 
INPUTj

, -0N5^»^|L,L1Cr .? T ^ ; ,^ 8 ^ AMErE"SOUTPUT:
AIR VELOCITY PROFILE, COMP SNOW VELOCITIES: F0R006

* * * * * *** * * * * ♦* * * * * *• ***• ****
INTIALITATICN, PARAMETERIZATION t DIMENSIONING
INTEGER CYCLErCTCNX
REALvR A RXVELrUCrW Cr ICrC Cr FC
R E AL * 8 SNMiXVrS INI YVrSNXVELrSNYVEL
RCRLJRTArO.UX Mi,UXrSUM1.SUM2rTOLrCONXr CO NY

DIMENSION A ( 2*L, Pv L ) r9 (2*L) rUXNI (2 • L ) r UX ( 2 v|.) , T OL ( 2» L )VVVV VVVV VVVV VVVV VVVV VVVV VVVV
I/O FORMATS t DATA

READ (OIriP)USTRrVNXC,RUFFY 
RE AO(01,I?)EPSLN,GAMMA, ORGCF 
READ(Oiri2IROOYXrlODYYrG

FORMAT(3X,F7,1,3XrF7*3) 
Cl "1’

FORMAT ( AF 7. 3,I I SI
m i ; ' " '

FORMAT (5 F 7.3)
FORMAT (12X,1I3,3X,1E12.5,3X,1E12.5,3X,1E12.5)

* * * * * * * * * ♦ * * * * * • * * * * »*»4
CALCULATING A R XV EL (L I r U C (L I r U C (LI
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ONEDEESMA IN

00 5 3

1  
I !
Ef
0065IIi
I  
I f
I I

'SM

BH
0094
88%;
00 9 7

01 01

1000

1103
C * ♦* * 
C * * • * 
C * •* » 
C ♦ * 
C * * * *

1115 
C * • * * 
C *•** 
C * *** 
C • • 
C •
C****
4000

1 1 1 0

1123

1143 
C * ** * 
C'**** 
C * ♦ • • 
C * •**
c***»

I 203
C * ** * 
C * * * * 
C **• *

90 IOOO IL»1,L

VC C IL )■-( USTR * VNKO *( I / ( I L * IL * G* f>) >
CONTI NUE
OO I I OO I L *I #I
9C(IL)»*nS(EPSLN»GAMMA*UC(IU * WC(ID) 
CC(IL)*AaS<EPSL N *GA M-Â UC(IL)* UC (ID) 
rC(IL)«A8S((GA.,1’1A*GA0MA/2)*UC(IL)*WC(IU) 
CONTINUE

ESTABLISHING AN INTIAL VALUE FOR SNMI(X,Y)V(L)
DO 1115 IL*1/L 
SNMIXV(IL)"0.0 
SNMlYV(IL)aC.O 
CONTINUE

ZEROING A(2Lz2L)z0(?L) I  SN(XzY)VEL(L) 
AND UPDATING THE CYCLE COUNTER
CYCLEaCYCLEH 
OO 1110 IL-IzL 
SNXVEL(IL)"0.0 
SNYVEL(IL)*C.O 
CONTINUE
DO I I 20 IL2a1z2*L 
OO 1 I 20 ILI - Iz2*L 
A (ILIzILZ)"0.3 
CONTINUE
DO 1140 IL2=1z2*L B(IL3)-0.0 
CONTI NUE

MAIN DIAGONAL: A(2Lz?L)
DO 1 200 I L ■ I z L 
I ME"?*IL 
IMOaIME-I
A(!MO,140)aDRGCF-((SNMIYV(IL)+CC(IL))/G) 
A(IMEzIME)«0RGCF+BC(ID-((SNM1YV(IL)+CC(IL))/G> CONTI NUE
FIRST (UPPER) CODIAGONAL: A(2Lz2L) 
DO I 300 ILaIzL

I2-Nov - 
5-Aug-I 984 21.-4
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ONEOEESMAiN

E
E
I
8 1 1 ?

IS
i
8:3
0 1 4 4
0145

E
01 49

8:9
01 52

I!!!

1303
C* *** 
C * ** •c***»

1403c***»
C * ** • 
C * ** »

1?05c* ***
C **** 
C ***» 
C • ** * 
C * • • * 
C • * * *

1603
7013

7020

1903

IVDE*2*IL 
IUOO»IUOE- I 
A(IUD0,IUDE)»9C(IL) 
CONTINUE
EXTREAME (UPPER) CODIQONALS; A (2L/2L)
00 1400 IL«Z,L
1 EDLE'2*IL
I SOLO"IEDLE-I 
IEOSE" IEOLE-2 
IEDSO=IEDLE-I
A(IEDSÔ  IEDL0)"(SNM1YV(IL-I)^CCCIL-I))/CO) 
A( I^OSE,IE OLE) = (SNMIYV(IL-I) + CC(IL-I))/(G)

COEFF . VECTOR: '3 (2 L )
DO 1500 IL"1,L 
I OE »2 * IL 
100"I9E-1
M(I90)"inOVX*(DRGCF*ARXVEL(IL))-FC(IL) 
9(I9E)"IODYY-FC(IL)
IFdL .L T. L) GO TO 5113 
B(IJl)"O(IEO)-SiTICX+((
B(IOE)",3(1EE) -S iTlCY *((I (IOE)"J(IEE) 
CONTINUE 
CONTINUE

((SN 11YV(IL)+ CC(IL))/(G)) 
SNT1CY*((SNMIYV(IL)+CC(IL))/(G))

****  **** **** ****  **** * * * *
S O L V I NG  C A ] ( U K > " ( 1 ) ,  FOR ONE CYCLE 
U S I N G  A GU AS S- SE I D EL I T E R A T I V E  METHOD

DO I 6 0 3  I U K M I * 1 , 2 * L  
UKMI  ( I UKM I  > " 3 . 3  
CONTI  NUE 
I  TER * 0  
I T E R " I  TER + I 
DO I 7 0 0  I G S " 1 , 2 » L  
S U M I " 0 . 0
IFdGS .ES. DGO TO 7020
IGSMl■ IGS-I
DO I 5 3 0  J G S I " I , I  GSMI
S U M I " S U M 1 - ( A ( I G S , J G S 1 ) + U K ( J G S D )
CONTI NUE
SUM2"0.3
IFdGS . EO. 2+L) GO TO 7030 
IGSPI« IGS + I
DO 1 9 0 0  J GS2» I GS P1  f 2+L  
S U M 2 » S U M 2 - ( A (  I GS f  J CS?)  +I IKM1 ( J G S 2 )  )
CONTI NUE

22-Nov-1955 17:2 
25-Aug-1 934 21:4
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ONEDEElHAtN

01 57 7151
01 59

I 79]

8!S?
01 A? 
01 63

’ HO]
0164 7041
01 65 
0167 211]was c»**»
01 70 Ca***
01 71 C * * * *
01 7 7 C * * * *
01 73 C ♦*••
01 74 
01 75

7050

81%
01 7fl 
01 79 2201
01 AP C * * * *
01 SI c * * * *
01 SJ C * ***
01 83 c***»
01 SA C * ** *
01 S3 C * * * *

M
01 90 
01 91 2 SOD
Ql 92
01 93 C * **•
01 94 C * ***
01 95 C * * * *w;; C * ***c * ♦* *
01 99SiSS

8000

sis! 2400

E c * * * * 
C*** 
C * * * *

0208 c * *• *

J2-NOV-1985 
25-Aug-I 984

UK(I IS)*(SLPI+S'J"2 + 9(I GS))/A(IGSfIGS) CONTI NUE
OO 20OO I G S■If 2♦LDU I u a ■ i  •  L

CONTINUE 
GO TO 7 05x0
IEtITER .ST. ITER IX)GO TO 9000 
OO 2100 I G S* I f 2*L
UKMI(IGS)«LK(ISS)
CONTI NUE 
SO TO 7010

* * * * ***» * * * *
WRITING IK TO SN(XfY)VEL
DO 2200 ILC1*1,L
ILCIE'2*IL Cl
I LC10»ILC I E-I
SNXVEL ( ILCi )*UK(IL Cl ))
SNYVEL(ILCDaUKdLCIE)
CONTI NUE

AC2$?5iTNGs^ f (5.a?r$R,ENCE or SN<X' ,,VEL
90 2300 IL=IfL
CONX( IL)»A8S((SNXVEL(IL)-SNMIXV(IL))/SNXVEL(IL)) 
C ON Y (IL)»AaS( (SN YV EL(IL)-SN Ml YV(ID)ZS NY VE LC ID)  IFtCONX(IL) . G T. CNVCRT)GO TO 8000 
I F(CONY(IL) .ST. CNVCRT)GO TO 8000 
CONTI NUE 
GO TO 9010

* * * * * • * * * * * * » * * • * • * * * * * *
UPDATING SNMI (XfY)V AND CYCLING AGAIN 
CONTINUE
IFtCYCLE . EO. CYCMX)SO TO 9020
90 2410 IL»1fL
SNMI XV(IL) *SNXVEL( ID
SNMIYV(IL) aSNYVELCID
CONT I NUE
GO TO 4000

WRITE STATEMENTS FOR CONVERGENT t NON-CONV ERG ENT SOLUTIONS
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O NEDE=SNAI N

C * ♦* »
9000O010 VRI TE (OS, 70

WRITE(OS,7Q) 
WRITE (06,80
M 'n a n fE i,
VRl TE(06,8 5) 

2*00 CONTINUE
OO TO 9900 WRITE(06,65) 
STOP 
END

* 02 0
9000

•r,UASS-SE I DEL RTN DID NOT CONVERSE*
* US TR,VNK C,PUFFY, 90 0YX,«t90yy,G,CYCLE* 
USTR, VNKC,olJ FFY,f)ODYX, OO DYY,G,CYCLE 
' E*SLN/SAM̂ A,ORGCF,SN TOCX,SNTflCY *

L
IL,ARXVEL(IL),SNXVEL(IL),SNYVEL(IL) 

•DID NOT CONVERGE CYCLE* ' ,CYCLE
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AA AA A AA AA A 
AA AA A A A AA A 
AAAAAAAAAA

noo000OTTOCOOrHIOOOHOOOOTOOOOOQTOOCn 0 0 onoooooonOOOOP0 0 0 0 0

oooooooooocooojioooooooooooSotootooooooooooooOOcooooooooo
U U EEEEE I 9 9 9 9 POOR OOO 0 0 0 i
U U E 1 9  M l 9 9 9 R O O T T i i
U U E I I  I R 9 R 9 T OO O OO 1
U U EEEE I M 9 9 9 9 9 9 3 8 O O O  O O C i
U U E I M 9 9 9 9 OO 0 OO T i
U U E I I

;t
9 9 R R O O T O i

UUUUU EEEEE I 9 9 ROi lR OOO OOO i n

n o n o o o o o UU
UU

UN 9 9 9 9 9 0 9 9 R R 0 89  BR 3 YY
H h h D O d 00 UU 9 9 9 9 9 9 9 9 OORBDf lgR YY
TO 00 UU UU 99 99 09 80 YY
Oh HO U1U UU 99 99 OR RA YYDO 00
HO HO

UU
UU : : 99

RR
99
99 38  AR YY

OR 83  YY
VV
YYno do UU UU 9 9 9 9 9 9 1 9 ORRf l f l I Rf l YYDO 00 UU UU 9 9 9 9 9 9 9 9 RARBBf lDB YY00 DO UU UU 9 9 99 RO RR YYDO 00 UU UU 99 PR BR Rfl YYOh 00 UU UU 99 99 SB RR YYDO 90 UU UU 99 99 AR RR YY

0 0 0 0 0 0 0 0
0 0 0 0 0 9 0 0

UUUUUUUU'JU
UUUU'JUUU'JU

99
99

PR
PR

9A 8 9 RA 9 B
BBBBBRf lO

YY
YY

L L I  I I I  I  I 5SSSS5SS
L L I I  I I  I  I  S5SSSSSS
L L I  SS
L L I  SS
L L I SS
LL I  SS
LL I SSSSSS
L L I  SSSSSS
LL SS
L L I SS
L L I  SS
L L I  SS
L L L L L L L L L L I I  I ! I!L L L L L L L L L L I  I I

VY
YY
YY
YY

AAAAA
AAAAA
AAAAA

;;

11 nooooo11 rJoooon1111 OO OO1111 no noI I OO 000011 OO OOOO01 OO OO11 OO OO 13I I 0000 1111 0100 30I I OO 10I I on no11 on no
; m ; i  338338

2*j-N0V-1 985 1 5:32, 
are variable Ie 

y t es.

File _0UA1 :['JFY0eOT1 ]DUREV.LI5;iO (3555,7,0), last revised on 25 
a 42 block sequential file owned hy UIC [11 = 199001 1. The records 
with imolied (C 9) carriige control. The longest record is I 3 7 b

UFlKauui, UiC 
on 2 5-N0V-1985

AiAAAAAtM nioirlonnioc^^̂ inTOijSSoRSoSaaTonanX 5ion3

?LJ? 9 Y .  ( 2 3 1 3 )  3 u . u e - 1  t o  S Y S t P R I N T  o n  J S -  N OV - 1 9 S 5 1 5 : 3 3  b y  u l e r  U F I R a O O I z  U I C
started on or inter L°1

Job
CUE „___ ____
1 7 : 5 3  f  r o n  q u e u e

AA AA A AA AA I  T TOO0 0 0 0 0 0 C0 0 TOTOOOOTTOmOOTOO0 0 0 0 0 OTO0 0 TO00P00CTOOO0 00 00

CUENR90Oil, under account I at oriority 4

AAAAA
AAAAA
AAAAA

Figure 17. DURBY Fortran Code



81

I 3-Jul-1984 15:5 
13-Jul-1*8* 15:5

oo n i
gss;
Ei
Es00101011
m
0015
88;; 
00 18 
0019

00 30

00 3*

00 38 
0039
882?Sg;;
882S
0346

gsil

C ♦ • * » 
C * ♦* * 
C ♦ *c»*»* 
C * * * » 
C * * » *
c**»* 
C • 
C * * ** 
C * *** 
C • ** * 
C * **» 
C ****c* »*»
C * *** 
C * * * * 
C • * • * 
C * *♦ * 
C ♦ *c**»*
C * ♦* * 
C ♦ ** *
C * * * *
C * * • *
C * *** 
C * *♦»
C ♦***
C * »
C * ♦ * *
C * **•
C * * * *c* *** c**»*
C ♦ ***
C * *** c*»*»
C * ** *c»*»»
C • ** *
C • * * * c**»* c**»*
C* ***
C * * * »
C * ** »
C * • ♦ *
C * * • *
C * *♦ *
C • ♦ • *
C * * * •
C » ** *

o u i n r  I S a F o r t r a n  c o d e  f o r  e v i l u a t  I n g  t he Momen-  
t um T a l i n c e ,  i n  t wo so a c e  v a r i a b l e s  f o r  a d i s o » r * e d ,  
n o n - s u i p e n c e d /  n o n - r e s e t i n o  o a r t i c u l a t e  i n s t u r b u l e n t  
M u i l  f l o w ,  S p e c i f i c a l l y ,  an a t m o s p h e r i c  m i x t u r e  o f  
snow and a i r  n e a r  t h e  g r o u n d  s u r f a c e .

O U H i r  a t  t e i o t i  t o  s o l v e ,  by  F i n i t e  O l f f e e e n c e  
t e c h n i o u e l  f o r  t h e  p a r t i c l e  v e l o c i t y  f i e l d  l i v e n  a 
s p e c i f i e d  f l u i d  f l o w  r e g i m e .

VtRIASLE DEFINITIONS

l:- IN; 188: g; ;:eg% oricRfrizIo CcI l t I
0MENS10N OF THE LINEAR ALGEBRAIC SYSTEM

a, e counting vaai^ es
fi ig;;8%: °F x-co,,p °
N; 2*K *L, DIMEN

INTEGER VAFIAdL=S

C M U V ' r < I  Zy L c S e
G; OISCRETIZEO X OIRENSION 
HF OlSCRETIZFO T DIMENSION
E = SLN.; ""IXING-;-! IMF COEFF ASSOCIATED WITH DENSITY

h$CRl;"iiiv8lGEEFl ^
TOLMXI ITERATION CONVERGENCE CRITERIA 
OOOYCX,Y>; JOOY FORCES IN COMPONENTS

ACCK,L),OC(K,L),CC(K,L),FCCK,L); PRODUCTS AND SUMS 
OF UC,VC,WC,XC,YC,ZCi;:%it;::t,': :;;;i8ti ;:83% sitgi;;;

S N M I X V(K » L >I PARTICLE X-COMP VELOCITY AT THE PREVIOUS 
CYCLE

SNMIYVIK,DI PARTICLE Y-COMP VELOCITY AT THE PREVIOUS
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13-Jul-198t 15:5 
I 3-Jul-19*4 15:5

I
005 7
BSSS00-50I0065
0069

I
88%
0040no M
8 8 H
0044 
00 4 5
88:; 
00 38E 
E
»11 
0098
00 °9II
01 04

C * ** * 
C * * * * 
C *♦** 
C * ** ♦ 
C ♦ * * » 
C * * * •c**«

C ♦ *
C * ♦ * * 
C * • * * 
C * * • • 
. . . . .

Ic* ***
C *
C * ** • 
C ♦ ♦♦* 
C * •*»

i; ;g ;
* * * * * * * * * * * * * * * * * * * * * * * * * * * *

INTMLIZ4T ION# PARAMETERIZATION % DIMENSIONIN'!
INTEGER CYCLE,CYCMX
REALMS SNL BCX,S NLOCY,SNTlCX,SNTOCY
RE AL* 5 SN XVEL,SNYVEL,SNMIXV,SNMl YV
RF AL*5 ARXVEL , AR YVEL
R E AL * 5 VC,VC,WC,XC,YC,ZC
REAL *4 AC,EC,CCxFC
REAL *8 CONXxCONY
RE AL » 3 A,UK,UK Ml,0,TOL,SUM I ,SUM2 
PARAMETER (K=?0,L*10,N*/,00)
DIMENSION SNLflCX (DxSNLf)CY(L) ,SNTnCX(K), SNTOC Y(K)
gisiziigz
::%%|g:;
DIMENSION CONX(KxL),CONY(KxL)
DIMENSION A ( N, N) X1JK (N) ,UKMI (N) Xfl(N) ,TOL(N)
CYCMX•30 
I TERMX*30 
CNVCRTaO.05 
TOLMX*0.05

* * * * * * * * * * * * * * * * * * * * * * * * ***«
I NPUT/OUTPUT FORMATS
FORMAT (5F7.3)
FORMAT (2F7.3)
FORMAT (30X,1E17.5,3X,1E12.S)
FORMAT (A 30)
FORMAT ( A 2 5 , I 13)
FORMAT (ASC)
FORMAT (21 3,7F7.3,I I 3)
FORMAT < A 3 C)
FORMAT (Z1X,2I3,3X,1=12.5,3X,1E18.5)

READ i/IR WRITE STATEMENTS
READ(01»1O )fi.N,E = SLN,GAMM A, DRSCF 
RfAO(01,15)eODYX,8ODYT 
D I I OO IL = I ,L
READ!02,70ISNLMCX(IL),SNLMCY(IL) 
DO 200 IK«1,K
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DUPBY V t A I N 13-Jul-198*
13-Jul-198*

01 05

0110
v l
MW
s;;; 
0118

MiV

i
ou$

i
11
01 40 
01 41

m
0145

S lil
01 4 9

sill
,!I!

READ(0?,?n)SNTi;CX(IK),SNT9CY(IK)
203 CONTINUE

DO 300 IL*1,L+2 
HO 300 IK"1,K+2
R 6 40 (03,23) AR XVEL C IK# ID # ARYVEL C IK# ID 300 CONTINUE

C * •
C * * * * * * * » i
C » ♦* »
C* *» CALCULATING
C*»«» THE NON-CYCLING COMPUTATIONAL VARIABLES

i:s i% L iK :;cw  Z " " " " - ' " " '

, ii% W 5clW :K% ;iKW K!% z;H;M;:SIK?r
401 CONTINUE

DO 53.1 IL * I # L 
DO 500 IK»1.K

" " " " I * ' " " " " " '\UCI i>#lLJ "(XCi lK#IL)^YClIK#IL))))

503 CONTINUE
OO 630 IL* 1 
DO 600 I K * I

603
C**»* 
C * * • * 
C *
C * ** * 
C ♦ ♦ * *c***»

700

UU O'JU
CONTI NUE1 S<GA'1'1A/<EPSLN*2>>*(AC(IK,IL>*BC( 1k̂  IL>>

TiONAL 1Variaoles ML VALUES F0R T'1E cycling conputa-

CYCLE-O 
no 730 I L * I #L 
OO 700 I K• I #K 
SNMIXVC IK#ID»0.0 
SNMIYVC IK#ID»0.3 
CONTI NUE

C * * * * * * * * ** ** * * * * * *•* •* * # * * * * ***•
C * ** •

15:5



84

DURnriKAiN
n - . w - i i u  n n

Si;!
II
OMS
812?

I
1 76

si;sOi no oi ni
8;%; 01 '4 
OMS
SIW01 M
I :?
0:%illi
8133 
S 3! 
8S8I

C * ♦ • * 
C * • * *c*  * • *
5000

OOO

1000
C * * ** c * »**  
C * • • * 
C ♦*** 
C**** 
C * * * *c * * » *
C * ** *

,No ze,o, ns-°ut the

SS'kSo'KLCZ
0 0 803 I < « I /<
SNXVEL (IK, ID «0

00 900 INI"I ,N 
00 900 I N 2 ■ I , N 
A (IN?, INDmO 
CONT I NUE 
DO I 000 I N I * 1,N 
3(INI)m0 
CONTINUE

ARMrsur <INTIALLY) 0R upoatE the cycling computational

main DIAGONAL OF A(N,N)
DO I I 00 ILmI,L DO I I 00 IK"1,K 
IMDE«( IL-I )*?*<♦?*IK 
IKDO*I MOE-I

1103 CONTINUE
C***» c*  »* * 
C **»*

1200
C**** 
C ♦
C * * * *

FIRST U°PER A LOWER CODIAGONALS OF A(N,N)
DO 1200 ILmI,L 
DO 1200 IK"I , K 
I F CE* ( IL- I )*2*K*2*IK 
I FCO« I FCE-I 
A ( IF CO, IFC E)*8C( IK, ID
cS5»6urcc,1ACUK' ,u
SECOND (LOWER) COO IGONAL OF A ( N,.N)
DO 1 300 ILmDL 
DO I 300 I K ■ 2,K 
I SCLE- ( IL - I ) • ;*K*2*IK
ISCSEMSCLE-2
ISCS0*ISCLE-3
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OUROY VAIN

0211

C *
c**** extreame (upper) cooiagonal oe a<n, n>

DO 1400 I L »?»U 
DO 1 400 I<»1 ,X 
(ECLE»(1L-1)*2*K+2*IX 
IECLO.IECUE-1

,AMD

n n

I ) ) ZH ) 
I ) > ZN )

0224 C * * * *
0225 C * * * *

C * * * *

RH*
RH?
83 H02x4
02 35
833* 5030

5141
02 41
0242
0243

5050
02 4 4
02 45 1501
02 4 6 C * * * *
02 4 7 C * * * *
02 4* c * * * *
02 4 9 c * * * *
0250 C * * * *
02 51 C * * * *
8313
0254
0255

3000

8 3* 7011
02 5 R 
0259 
02 60

OfN)
00 15 00 I L *I # L 
DO 1 500 I K«1,K 
ICFV8E»(IL-1)*2»K+2*IK 
ICFVOOsICFVBE-l

1̂ ' ’ |J5'9|J^*9<tcFV,’0)»((Cc(IX,IL) *ESM1XV(IX/.IL), /(S))* 
VBElpr i CpVREI l M  (CCJl lc’ IL ) ASMPI X V ( I ^ I L ) I  /  ( G D .

, a ; s??; . , 1, , , , H,,.
1 * < ICFVOE .LI. ((L-I) *2*0+2) OO TO 1500 

15NT9Cr(!K)B( ICFV'1E ̂ ttcct IK, ID ♦ SNMI YV (IX, IL) ) Z (M))*

I TER MIVELY (OUISS-SIEDEL) 
VELOCITY VECTOR
DO 3000 IJKMI"I,N
UKH ( ItJ<e11 )«0.0
CONTI NUE
ITER=O
ITER=ITERH
DO 3100 ISS=I ,N
SUMI=0.0
IF (JGS .EG. I) GO TO 7020 
IfiSMI=ISS-I

SOLVING FOR THE PARTICLE
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DURRYtHAIN

0261 00 5200 JG SI"I,Iw
8 1 M K I M r " " " '
0? 64 SUMZ'O.l
02A5 I F  ( IfiS .EC. N) GO TO 7030
0? 66 7020 IfiSM »1GS*1

13-Jul-19*4
l3-Jul-19S*

IGS Ml
~ JGSD *UK (JGS1 >)

OO 3300 JGS2»IGSP1 ,N 
SU02»SU12-<A(IGS,JGS7) 
CONTI NU =3300 CONTINUE- ......................» =UE O, , J G S 2 , .

{033 UE (IGS)-I SlfDSU^ANt I GSD/A(IGSDGS)
» i  J . i  I  N u k

00 3*00 IGS-I.N
TOL(IGS)=AES((UK(IGS)-UKN)(IGS))/UK(IGS))

3*00 cSNliSue155’ •sr- T0L"X’ G0 T0 "(0  
GO TO 70S0

70*0 If (ITER . EO. IT ER NK) GO TO 3000 
OO 3500 IGS-I,N

3500 WSSfIASS'"""''=''
C * *** c * * * • c» * * • 
C ♦ ***c* ♦**
7053

GO TO 7010

WRITING UK VECTOR TO SN<X,Y>VEL(K,L>

1600
C****c* •»*
C • ***c*
C •
C * * * *

OO 1600 I L *1/L 
PO 1600 IK*1,K 
IUKE» ( IL- I )*2*K+2*IK 
IUKOs IUKE-I
SNXVEL(IK,IU"UK(IUKO) 
SNYVEL(IK,IL)"UK(IUKE) 
CONTINUE

no
DO WSR IL-DL

IK-DKUU I f U U  ( A - I , A
I SNXVEL (IKaIl)̂ S " snxvEL ( IK a I L ) -SN,NIXVI IK,IL))/
i Cony( ik, il )»aos<(snyvel( iKAtL’ -s'miYvcKA'L”  /
IF (CONX(IkaIL) .G T. CNVCRT) go TO 5060 
I? (CONY (IKaIL) .GT. CNVCRT) GO TO 5060

I 700 CONTINUE
fiO TO 5170C* **•

C * * • • * * * *
C * ♦* »
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DUROYtMAIN

II
13-Jul-mt 15:5 
13-Jul-im 15:5

0325

Ml
0329

m

I
03*0

SI

c* *** c» *** c***»
5050

1*03 c • • * * 
C **** 
€*♦♦* 
C * * * *c*
c* *•*
C ♦ * * * 
C • ** *c***»
C *
8003
5073

S g H K L r " " " " ' " " "
CONTINUE
If (CYCLE .E0« CYCNX) GO TO 5080
DO 1800 11 ■ I # L
DO 1800 IK«1,K
SNMIXV(IK,IW"SNXVEL(IKfIL)
SNMIYV(IK,ID»SNYVEL(IK,IL)
CONTINUE

** * * * * ** * * * * * * * * * * # * *»** ****
RETURN FOR AN ADDITIONAL COMPUTATIONAL CYCLE 
GO TO 5000

***• *•** *•** *«« * * * * * **»*
WRITE STATEMENTS FOR CONVERGENT « NO N-CONV ERG EN T SOLUTIONS 

'GUAS S“S I E DEL RTN DID NOT CONV.'
’Tits IS A CONVERGENT SOLUTION*
•DID NOT CONVERGE CTCMX.

Mg;

SS1Tt I W
V<?I TE (06,60)

nn ISoo !k«l'%
WRITE ( 06, R5 ) IK, I L» SNXVELt IK, I D . SNY VEL (IX. ID CONTINUE 
S TOP 
END
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BBneenpgae
BBflBBOPgnBBBOBBBBggn BBBBB

BBBBB
BBBBB

U U EEEEE d .1 RRRR 0800 000 000U U E •1*1 pm R R 0 3 0 O f l f lU U E I 0 0 R R B B o oo o nnU U EEEE 4 0 RRRR 0080 0 0 o n o gU U E *1 M R R 0 rl 00 0 AO cU U E I I R R 9 B o O f l  flUUUUU EEEEE I I R R OBflfl 000 OflO^

FFFFFFFFFF LL AAAAAA X XFFFFFFFFFF LL AAAAAA XX XX
LL AA AA XX XXF F LL AA AA XX XXF F LL AA AA XX XX

1

'i
, I ,

F F
FFFfFFFF 
FFFFFFFF 
F F 
FF
Ef
FF
FF

Et
LL
LL

LL
L L L L L L L L L L
L L L L L L L L L L

AA AA
AA AAAA AA
A AA AAAAA A A 
AAAAAAAAA A AA AA
AA AA
AA AA
AA AA

XX
XX
xA

XX
XX

XX
XX

XX
XX

XX
XX
XX
XX

LL I I I I I I SSSSSSSS
LL I I I I I I SSSSSSSS
LL I SS
L 1L I SS
LL I SS
LL I SS
LL I SSSSSS
LL I SSSSSS
LL I SSLL I SS
LL I SSLL I SS
L LL LL L L L L L I I I I I I S s s s s s s s

• • • • L L L L L L L L L L I 11 I I I SSSSSSSS

11 0^00001111 no no1111 nn nn11 on oooo
: SS oo°°3311 no on no11 nono on11 11 S311 oo no111111 ooooon111111 nooonn

with implied (CA) carriage control. The longest recori
Job OUROY queued to SVSteRlNT on ZS-N0V-199S 15:39 ,
CUFflR BO 011# un-ier account I at orlorlty 4 # started on printer 
17:54 from queue LPI.

records are variable 
is I 3 2 bytes.

by user UEf lROOOI ,  UIC 
Iter LflI on 2 5 -NOV -19 05

BBBflBOBBnfl
OBBBBflOOBB
BBBBflOBOBfl

0B8B8
BBBBB
BBBBB

Figure 18. FLAX Fortran Code
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00 m
m
0005

E!
0009
881?

1

M

22-Nov-1985
25-Aug-1984

0025

I
E
Wil
I!!!
8819

I
831)
8815
E

C* **» 
r  ♦ * # *  
C***» 
C ♦♦♦*
C
C * ** *c ♦c***» c* **♦ c + **» c***» c***»
C » •** 
C * * * * 
C * * * * 
C **»*c**»*
C * * * * 
C * •
C **•* 
C *♦»»
C * *
C ♦***
C
C * ***
C * *• *
C * * * »c»***
C **** f* + »»
C *c
C ****

FHX «o( vei by Finite OiMerenee technique.
**•* •*»« •«*# «** eeee eee*

V88IA9L6 DEFINITIONS

8 0 ( K , L i ; " o F I F T ^ S N O w ' D E N S I T Y

LOGIC ASSIGNMENTS

ANO GRADIENTS

I NPUT
NUMERICAL FACTORS: F0R001 
DRIFT SNOU DENSITY O.C.: 
......................................... FROMSAON VELOCITY FIELD

0UTPU?i°W VEL0CIrr n-C-=
DRIFT SNOW DENSITY FIELD: F0R006

F O R O 02 
OURBY: 

F OR OO 4
FOROOJ

INTI ALIZAT ION,PARAMETERIZATION t DIMENSIONING

?JSU?Tl3J?!:?8:LR2iT30̂ J2R8oro'11' s,JM1' su,,2' m

Tt?dm5 1 in *0(K'L)'R0L8C(L),R0TRC(K),UR0(M),UR0M1(M),TOL(M)

C***» 
C **** 
C »***c***»
C****

Ii

ITERMXeJQ
TOLMX'0.05

eeee
INPUT/OUTPUT FORMATS 
FORMAT (2F7.3)

FORMAT(45X,1E12.5)



90

FLAXtlMN 22-Nov-
25-Auq-

88%
00 S 5
88W
OOSff
00 S 9
88i?
1  
I  
IJ
88%
II!

88!

E
00 S 9
9;?

J !
0097
0098
0099

I l

%
58

C**** 
C ♦ ♦ * ♦ 
C * * * * 
C * ** • 
C ♦ * • •

FORMAN*30) 
rORMAF(ASO)
FORMA TMIO)
FORMAT<21X,2I3#3X,1E12e5)

* * * * * * * * *»**
AEAO 1/OR WRITE STATEMENTS
REAOI01,1S)G,H 
OO OOI IL»1 ,L

001 CONTINUE 5 >,0L',C<,L>
OO 100

,or, zsa;:95s"
60 200 IL * I /L 
60 2 0 0  IK*I , K
^AO (03|20)SNXVEL( N ÎL ) / 5NYVEL ( !K̂  ID
60 300 IL * NL 
READ (04,2 5 )SNL9CX( ID 
CONT I NUE 
DO 400 I K * I ,K 
READ(04,35 )SNT8CY<IK)
CONTINUE

* * * * * * * * **** * * * * ****
CALCULATING THE COMPUTATIONAL VARIABLES
PO 500 I L■ I ,L 
OO 500 I K■I , K

CONTI NUE 
DO 600 I L * I , L 
DO 600 I K * I ,K

200

300

400
C * * • * 
C * ♦ 
C • 
C • • * • 
C • • * •

503

(SM
5030c#500

C * * * * 
C * » ** 
C * ♦ • » 
C * * * *

if (IK .EOe I ) OO TO 5000
USNC ( IK,IL)*(SNXVEL( IK,IL)-SNXVEL( IK-I , ID ) /G

^ N?:5K:^;*,:?N5voÊ ,( 5 iv - v ''L9cxnL,,/G
VSNC(IK,ILS»(SNT VE L(IK,IL*1)-SNT VE LUK,I D l /H GO TO 600
VSNC I IK,IL!"(SNTOCY I IK I -SNYVEL I IK,ID)/H CONTI NUE

* * * * * * * * * * * * ♦ * * * **** * * «
ZEROI NO-OlJ T THE COMPUTATIONAL ARRAYS

; ; ; ;
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FL *X«1« IN 2Z-Nov-1915 17:2 
25-»uq-198* 21:1

0105 DO 700 I A I «1,M
Mg; DO 703 I A 2 ■ I , M 

A( IAI , I-V) *0.0
Mg; 700 CONTI NUE 

DO 800 101*1,M
0110 0(101)"3.0
01 11 *00 CONTINUE
0112 c* ***
01 13 C* + * +
gm C ♦ * + • 

C • • * • FILLING-OUT THE
0116 C** + +
0117 c**»* MAIN DIAGONAL Olon* C ***ill 19 01 20

I
I!!!01 29

_1 40 
0141

I
01 4 9

g li l

I I

93]C*** »
c *  » * *
C * * * *

10]]
C * * * » 
C ♦ ** * 
C * * * *

1103
C * ** * c** + » 
C * *•*

5041
1203

C * *** 
C * * * * 
C * • 
C * ♦ * *

00 900 IL*1,L 
DO 900 IK*I , K 
MD* (IL-I) *K♦ IK
4(MD,MD).USNC(IK,ID +VSSC(IK,ID+USNdK,ID -VSN(IKfIL) CONT I NUS
LOWER CODIAOONAL OF 4(N, N)
00 I 000 I L * I ,L 
DO 1003 I K » 2,K
1 L C *( IL-I ) • K + IK 
ILCMI * ILC-I
M I L C , ILCN I ) *-'JSN( IK, ID 
CONTINUE
UPPER COD I AGONAL OF 1(N,M>
03 I I 00 I L *2,L
DO I I 00 I K ■ I ,K
IUC*< IL-I ) * K +I K
IUCNKMIL-2) *K + IK
A( IUC NK, IUO * VSNd K, IL-I )
CONTINUE
O(M)
DO 1 230 IL * 1,L 
DO I 200 IK«1,K 
M■(IL-I)*K+ I K
IF (10 .NE. ( ( IL-I ) +K + 1)) GO TO 5040 
3(I0)*USN( IK,ID*ROLNC(IL)
IF (10 AT. ((L-D *K + 1 ) ) GO TO I 200 
9(M)*fl(I9)-VSN(IK,IL)*R0T9C(IK)
CONTINU=

• • * * * » ♦ * * * * • • * * * * * * * * • * * ***#
ITERATIVELY <GAUSS-SE I DEL) SOLVING FOR THE PARTICLE



92

FL AX S MA IN

01 57 C ♦ •

01 60
C * * * *

01 61 
01 62

3000
01 63
81*1 
01 66 
01 67
Siii

7013

f i f !
3200

01 73 7021

01 77
g;;; 
Il 5?
BI!01 «5

i
If
Iili
0 2 0 1

i s l
205

sill

22-Nov-19S5 17:2 
25-AU9-198* 21:1

Sf-NS I Tr BI STRIOUTIOM
30 3000 IUR0M1«1 ,M 
UROMI ( IUROfI)»0.0 
CONTINUE 
ITER-O 
ITER-IT = RM 
30 3100 ISS-I-M 11 «0.0SUNI-u.,
IF ( IGS .EC. 
IGSMI-ISS-I

I) SO TO 7020
DO 3200 JGSI-T-IGSNI 
SUMI-SUMI-(Al IGS-J CSJGSI)-URO(JGS I ) I

EU. Ml GO TO 7030

I -M
I GS2)-UROMI(J GS2))

BO 1300 JGS2-IGSR1-M
OO 3300 JGS2-I5SP1 .
SUN2-SUM2-(A(IGS-JI 

3300 CONTINUE 
7030 URO(IGS)-(SUMI-SUMZ-O(ISS))/A(IGS-IGS)
3100 CONTINUE

BO 34 00 ISS-I -M
TOL(I GS)-AGS((URO(IGS)-UROMI(I SS))/URO(IGS)) 
IF (TOL(IGS) .GT. TOLMX) GO TO 7040 

1400 CONTINUE
SO TO 7050

7043 IF (ITER .ER. IT ER MX) SO TO -010 
BO 3500 IGS-I-M 
URONI (ISS)-UROdGS )

3503 CONTINUE
C * **»
C •*»*
C * •
C *
C • ***
7050

GO TO 701O
*•** * * *• * * * * **•»

W9ITISG URO VECTOR TO RO(K,D
oo nog %L»i,L 
DO I 300 I K■I # K U U I 3 1J U I * * I # K
I U R 0 * ( I L - 1 ) * K + I <  
R O ( I K , I L ) " UR O( I J RO)  

1500  CONTINUE
GO TO 5350

C * *
C ♦ ♦ c***» c • * * •
C * * * *

ROOO

**«* *•** * * * * * * * *
WRITE STATEMENTS FOR CONVERGENT

GVIS S-SEI DEL RTN DID NOT CONV 
THIS IS A CONVERGENT SOLUTION

**** **** *•**
S NON-CONVERGENT SOLUTIONS

W R I T E ( g t , 7C> go T) Oiiog 
5053 WRITF(06,60)
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FL MXSlA IN

I
WRI TE(06,AC) K,L,RO 
DO 1 409 I L * I , L 
OO HOO I <«1 ,K 
WR I TE(04,90)IK,IL,RO(IK,ID 

1409 CONTINUE 
9000 STOP 

FNO

22-Nov-1985 17:2 
25-Aug-1984 21:1
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CC c c c c c c c c  
CC c c c c c c c c  
CCc c c c c c c c

nooooonineeccoioiotnonirnooioooornonoooooooonoocooooonooo
9 O O 9 0 0 0 0 0 0 * 0 0 0 9 0 9 0 O O O O O O 9 0 0 ^ 9 0 0 0 9 0 0 O O O O O 9 0 0 9 0 0 0 0 6 O O f i o O O O O

U 1J EEEEE I i RRRR 9999 000 000 IU U E Ml R R 9 9 0 0 0 C 11U U E M I I R R 0 9 0 00 0 OC IU U EEEE M M RRRR 9999 0 0 0 9 0 0 IU U E I M R R 9 9 00 0 00 0 IU U E 'I M R 7 9 9 0 0 0 0 1UUU1MJ EEEEE M M R R 9999 000 000 111

JJ GEEEEEEEEE TTTTTTTTTT
J J EEEEEEEEEE TTTTTTTTTT
JJ EE TT
JJ EE TT
JJ EE TT
JJ EE TT
JJ EEEEEEE TT
JJ EEEEEEEE TT

JJ JJ EE TT
JJ JJ EE TT
JJ JJ EE TTJJ JJ EE TT

JJJJJJ EEEEEEEEE TT
JJJJJJ EEEEEEEEEE TT

L l i n n s s s s s s s s
L L l i n n S S S S S S S S
L 11 SS
L 11 SS
L 11 SS
L 11 SS
L 11 S S S S S S
L 11 S S S S S S
L 11 SS
L 11 SS
L 11 SS
L 11 SS
L L L L L L L L L L i i i i i i S S S S S S S S
L L L L L L L L L L i i i i i i s s s s s s s s

11 9 00000
11 0 00900

1111 00 00
1111 90 20

11 00 0000
11 00 0000
11 90 00  00
11 00 00  09
11 9 0 0 C 09
11 OOOC 00
11 o n 00
11 00 90

8 8 8 3 3 3

File „0U*1:C JE1R909 I ]JFT .LI S;10 (159 7,12,0), Iait revised on 25-NOV-1995 15:33,
0 block sequential file owned hy UIC CUEMRnOOI ]. The records are variable lenot 
with implied ( C R )  carriage control. The longest record is 132 bytes.
Job OUROY (29 39 ) queued to SYSSP RINT on 25-NOV-1 985 15 : 39 by user UEMR9001, UIC 
CU EM RR001 ), under account I at oriority 4, started on or inter LPI on 25-NOV-1965 
17:55 f ro» queue LPI.
CCCCCCCCCC 
CC CCCCCCCC 
CC CCCCCCCC

n o o u o o o n o o c o o o o o o o o n o o o n n o o o n n o o o o o o o o o o o o o n o o o o o o o o o o o o o  CCCCC
0 0 0 0 3 9 0 9 9 0 C 8 9 0 0 0 9 9 0 9 9 0 0 9 9 0 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0  CCCCC

Figure 19. JET Fortran Code.
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11 -Jul-1904 
11-Jul-1984

o g n i

88%

S o n *

888S
8 8 I9
98%
015

8 8%001»
0019

1 1  
111 
W
00 30

s l \

111
no 38

E

c«*»» JET fills a nUR'JY solution
C♦ * nen t airflow velocities based on

I l

I e t node I .

0IMENS ION YTER4l(22,1?),YTEa«2(22,12) 
F0RM4T ( 3 X/ F 7.3/3X#F7 **

domain with comoo- 
s n emorical h a I f-

XTERMK 22#12)

R E A D ( 0 1 , O S 1 U J E T , SC A L E  
E A X I " 0 . 1 0 4 9 / S C A L E  
F A X 2 * 0 , 0 1 C C 0 0 1 2 3 / ( S C A L E " * 3 )
A R X V E L ( I , I  ) " 0 . 0  
A R Y V E L d . D - U J E T00 I 00 I< *2.22
1 L *  I
A R X V E K  I K , I D " 0 . 0

loo
S3 289
X T E R 1 1 ( I K , [ L ) " ( F l X 1 " S , A * S C A L E " r L » 0 . 5 ) / ( r K " 0 . 5 )

200 ? 5 g ? ? 5 < I ^ H , . 2 S n . < , «Sc A L E . . K . 0 . 5 ) / U L . 0 . 5 . , . " „
00 100 IL*2,I 2
OO 3 0 0  I K - 1 , 2 2

1J J K D  I L - O . S l  ) " ( X T E R I I  ( I K ,  I L ) * X T E R N 7 <  I  K ,  I L ) *lXTen“ i(IX» IL))
1 T T E M 2 ( ‘ l ( ' l L ) ) , < U J E T ‘ S I : ' L E , / < I K ‘ n ' 5 , , * < 6 - 8 t V T E I , , ’ 1 < I I ( , , L , t

H O  CONT I NUE
JRI TE (OS, I OU J E !.SCALE, F AX1 ,F AX2 
OO 4 0 0  ! K " D  %
J R I  T E ( O A , S S ) I K , I L , A R X V E K  I K , I L ) , A R Y V E L ( I K , I L )4 0 J CONTI  NUE 
S TOP 
ENO

5,3X,El2.5)
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m iim n
EtEEEEEEEE

riooooncmncaoomooi iooamomnmnoooToooioonmoroooopooog 
ooooononnocrioooinooiooonnooSooioonnoooociooo'ooociqooooooo IIlIl

EEEEE

EEEEE
E
E
EEEE

EEEEE

M I
'̂I MM MMM 

M M
'4 M
M M
M M

RRRH 
R R 
R R 
RRRR 
R R 
R R

3 8 9 9  
9 9 
9 9 
9 9 9 9  
9 9 3 9 
0 9 3 9

OOO
o oo
0 0 3

OOO 
O O 0 OOo o o
3 „V

-i

j ,
S S S S S S S S L L A A A A A A 8 8 9 9 9 9 1 9
S S S S S S S S L L A AA A AA 9 9 9 9 8 9 9 9

SS L L AA AA 9 0  9 9
SS L L AA AA 0 9  9 8
SS L L AA AA 8 8  99
SS L L AA AA 9 9  9 8

S S S S S S L L AA AA 3 9 0 9 9 0 9 9
S S S S S S L L AA AA 9 9 9 9 9 9 0 9

SS L L A A A A A A A A A A 9 9  9 9
SS L L A A A A A A A A A  A 9 9  9 9
SS L L AA AA 9 9  9 9
SS L L AA AA 8 9  9 9

S S S S S S S S L L L L L L L L L L AA AA 8 9 9 9 9 9 9 0  
8 9 0 9 9  9 0 OS S S S S S S S L L L L L L L L L L AA AA

L L S S S S S S S S
L L I  I I  I  I I S S S S SSSS
L L I I SS
L L I  I SS
L L I  I SS
L L I I SS
L L I  I S S S S S S
L L I I S SSS SS
L L I I SS
L L I I SS
L L I I SS
L L I  I SS
L L L L L L L L L L I I  I  I  I  I S S S S S S S S

•  « L L L L L L L L L L I  I  I  I  I  I s s s s s s s s

111 11 8 8 8 8

0
0

O
O

; ; ;  1111 0 0 0 0m i
li  11 11 11
ii

111111111111

I
3888 
83

00 0000 OOOO
OO OO 
OO OO

1
888388

File „DUt1 rCJEMRBOO USl AS.LIS: 10 (5601,4,0), last revised on 25-NOV-1915 15:31,
7 block Se RU? nt t a I file cwnei by 'I IC CUEMRBOOI ) . The records are variable lengt 
with imolied (CR) carriage control. The longest record is 13? bytes.
Job DfjRgy (2030) queued to SYStRRINT on 2S-N0V-19S5 15:39 by user UEMR9001, UIC
CUE MR90011, under iccount I at oriority 4, started on or inter L P1 on 25-NOV-1955 
17:56 f ron queue LR I .
EEEEEEFEEF
! I l I i l l l I I

ooooncooocccnooooooniooonoonpnoooonnooooooooooocooooooooo 
oooo^oMoocccoooooooiooooooonooooooooononooooooccooobcooo

EEEEE
EEEEE
EEEEE

Figure 20. SLAB Fortran Code
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I
888*
0008
OOOO

□01001Ii

1 9 - J u l - 1 9 a t  1 9 ( 5
19-Jul-198* 19(5

C**»»
Ce

c * * * ♦
C * ** *
C * •* *

SLAfl solves for the ojrticle accumulation rates 
■/hr] at the solid surface, using the ©article fall 

velocity from OUR8 Y and the su soended oartlcle 
density f r o m  FLAX. An accumulation density must 

sumed. In SLAO this accumulation density Is

C * * * * 
I 5

he assumed. In SLAO t h
5eaC* V sny vF l?ro?a Emit 
parameter <K*20)
0 MENS ION SNYVEL (<) ,RO (K ) ,ACMR T(K) 
ACMROm I 75

FORMAT (45X,1E12.5)

0(116 C ♦ ** *
0017
saw

C* ***

882? 30D

401
C* ***

0075
88;;

C * * * *

00’ 8 501
0029i Cs***

c**»*

i
i
i

601

,IE I 2.5)

DO 300 IK«1,K
CONTINUE15>SNYV6L<IK> 
HO 400 I* K » I , K 
REA0(02,20)RO(IK) 
CONTI NU =

no 510  _ 
ACMRT(IK)I K  <360001*SNYVEL(IK)*90( IK)) /ACMRO

00 600 IK«1 ,K
1 L ■ 1
WRI TE(06,90 IK,IL,AC IRT(IK)
CONTINUE
STOP
ENO
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