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Abstract:
The photoelastic approach to model study is presented for an indeterminate structure. The appendix to
the thesis briefly contains the theory of light, stress, and photoelasticity that is involved in the solution
of the problem.

The design and construction of the apparatus is presented as well as the visual and quantitative
distribution of stresses acting at a section. The photoelastic stress results are compared with an
analytical solution.

A haunched-girder bant model was used in the investigation.' The results obtained by the two methods
mentioned were in close agreement at a section away from stress concentration. However, at a point
where stress concentration occurs, the photoelastic solution gave a much larger stress than the
analytical solution. 
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■ABBTRAGT ■

The photoelastic approach to model study is presented for an, indeter­
minate structure. The appendix to the thesis briefly contains the theory 
of light. Stress, and photoelasticity that is involved in the solution of 
the problem..

The design and construction of the apparatus is presented as well as 
the visual and quantitative distribution Of stresses acting at a section.■ 
The photoelastic stress results are compared with an- analytical solution..,

A haunched-girder bent model was used in the investigation.' The 
results-obtained by the two methods mentioned were in close agreement at 
a section away from stress concentration. However, at a point where stress 
concentration occurs, the photoelastic solution gave a much larger stress 
than the analytical solution.
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Purpose ' .

The purpose a£ this thesis is to solve a statically indeterminate 

stress problem by photoelasticity =, The experimental results are compared 

with an analytical solution= Before the'photoelasticity solution could be- 

Miade5 it wag necessary to design and construct a Suitable apparatus..

The development o f  a permanent accurate apparatus m t h  a substantial
,

saving in money has been attempted.

It is hoped that the photoelastic apparatus Wiil permit engineering 

students at Montana State Gollege to obtain an introduction to photo* 

elastic analysis. Senior and graduate students may also use the apparatus' 

for specialized study.

Importance

Examples Of design problems which are beyond the scope of the analytic 

methods the designer has at his disposal are numerous. Throughout the air­

plane structure many members are indeterminate, to several degreess thereby 

making an exact solution impractical. The mathematical theory of elasti­

city also becomes highly difficult and tedious when boundaries and loads 

become irregular. Stress concentrations originate at sharp discontinui­

ties such as filletsj Iaoles9 grooves? and small irregularities on the sur- ■ 

face. Failure at any point in the structure or- machine may ultimately 

cause complete failure. The true value of the stress concentrations may be 

of such importance that it must be accurately determined. •
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■The use of photoelastieity makes possible, the solution of extremely. 

complicated problems that cannot be reasonably approached by any mathe­

matical Solution. Experiments also show that actual, stress distribution 

is not always as computed by the theory of elasticity.: This is due to 

assumptions that must be made concerning the application of external loads 

and the behavior1 of internal; strain*, ■ Therefore, thb economical and exact 

method of photoelastieity may be turned to for a more complete under-* 

standing of the internal stress conditions'* By photoelastic studies,, a 

visual as' well as a quantitative solution can be made,

Previous Work x

There have been stress investigations made by photoelastieity for a 

considerable, length of time* Professor E, G. Coker and L. N. Filon of the 

University of London"1" introduced photoelastieity to the engineering pro­

fession. They began their work abOut 1900.

The solution of problems by photoelastieity has been advanced to the 

point that many laboratories are supported by grants from various Indus? 

trial concerns. Refinement of model material has brought forth a resin 

that yields extremely accurate results* This regin is called Bakdlite 

and Its. commercial numbering is BT-6l-893» • Early experiments used models 

of glass, celluloid, or gelatin*; ■

. Ond' foremost American engineers today in the photoelastieity

... ■ "t. . ■ . ■ • . ■ x : . ;TV.Coker, E. G.7 and Filon3 L* N. 1930 TREATISE ON PHETOELASTICITI^ '
Cambridge Press, London..



The twe- books by Br* Froeht providefield is Br* Max Mark Frocht^5^ * 

an excellent background in the field*

■ The general arrangement of the apparatus is somewhat uniform in all 

laboratories. An understanding of the apparatus design' requires a 

knowledge of photoeladtic theory, and a  brief synopsis of the theory will 

be presented here* Appendik A presents a more thorough explanation*- 

Behavior of light ■

The most simple arrangement is called the plane Setup and is shown 

in Fig. A-S. A light wave coming from a light source is passed through 

a Polaroid lense. The Polaroid lense allows only waves vibrating in one 

plane to Continue* This wave next encounters the loaded model* The 

model material has the property of splitting the wave into two waves, 

each vibrating parallel to one of the principal Stress directions. These 

two waves next encounter the second polarpid lense and again are converted 

into a single wave' vibrating in one plans*

The plane setup■shows the stress lines in the loaded model and also 

will be used to obtain the isoclinic lines* The purpose of isoclinic 

lines is explained later*

For an evaluation of the magnitude of the stresses existing in the 

model, the apparatus requires refinement. The light source is filtered 

to allow for the passage-of waves of one color only, since the length of

S T ^ F r ocbtTM, 19lil Sons', Inc.j
Bew York.

3. Frocht, M. H. 19146- FHOTGEMSTIGITf j Vol. 2, John Wiley &  Sons,, Inc., 
Bew York.



the light rave is used in the- stress-optic relationship. In addition, 

a quarter-wave plate is placed on each side of the' stressed model; The 

quarter-wave plates retard the: wave after it has passed through' the 

'Polaroid' IehS fcy i  waVev # @ e  Pigt Such light 'is referred to as

' circularly pblariSed* * The stress pattern only is S t W m  by a circularly 

polarized setup.

With the two setups mentioned,, a visual and quantitative solution 

" can be made;. . . .

Lens .and Light Source ■ ■

A light source manufactured for photoelastic purposes was purchased 

' at a cost of K  This Source (see pig.'I)- consists'of a mercury light 

illuminator^ filter - Lpr #.#! I!,; condensing' lens-,- Snd collimating^ Iens;;, • 

The light emitted is green and is parallel tO- the longitudinal axis of the 

XenseS-;. The diameter Of ■ the light' field is 8|- inches; Polaroid and 

quartern-wave plates were also purchased at a total cost of |3U. ' These 

four plates were also '8§ inches in diameter;.

Mount Design -

- The design and construction of a suitable mount for the' purchased 

equipment was,necessary. The■commercial metal mount costs approximately 

-It W^s I decided a wooden mount could be substituted without any 

great loss in accuracy. The total cost of the wooden mount was $20.

Fig.- 2 gives the necessary data for the mount construction. Select grade 

oak was used throughout, with the exception of the lens frames and they

%  Rew Yprk ’ '
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Assembled Photoelastic Appar
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were built from 3/8 inch plywood,. Pig* I is a photograph of the completed 

apparatus.

Photoelasticity resin, commonly.called Bbkeiite$ was used for the 

model*, .■ Three - sheets^. app#$imately":6 ,. In*/# H  in*,'26 |: in*# were obtained 

f or # 1 W 0  per sheet. ■ The commercial numbering of • the ■ resin' is BT-61-8^3^* 

Properties
6

According to FrOsht the following, properties are necessary for an 

ideal phot qelas.tic material'I

(a) ■ •The material must be transparent* .

(b) $t must be easily machinable to ,prevent' e^sSss. building

•. . . boats*, ■ ■ -

• ' (0) the optical sensitivity mupt be high so etpess lines may be 
counted easily.

(d) • It must have the proper hardness —  not too brittle, to cause 

. machining difficulties but of, sufficient hardness so that

. clamping during machining or other operations will not cause 

distortion or permanent stresses* ■

(e) . There must be an absence of undue optical or mechanical '■

creep*- . . ■ • ■

(f) There must be freedom Of initial,.■ strebnes* 

i s )  The material must be isotropic. ,

'5. Ibid. ..V "  ■  ̂ -r —
6. Frochtj M. M. 19hi Op. cit., p. 323.
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(h) Linear stresa-^str.ain and, Linear' stress-fringe relations

must exist» .

(i) Ibe material, must have a high enough modulus of elasticity 

so that the models: suffer small deformations only and the 

shape stays essentially eonstanti,

(j) There: must "be a constancy of properties during moderate 

changes in temperature and treatment;.

1 ' (k) Thei cost of the material must be moderate .*

' Bakelite is one of the: most ideal materials with which to work at 
7present. Frocht presents the following physical, properties of Baltelite i

Its linear-stress relation holds till 6000' psi., and its stress-fringe

relation holds to 7000 psi, The modulus of elasticity is about Ol^5OOO

psl. The tensile strength is 1 7 ,0 0 0  psi. for a five minute loading:..
Poisson’s ratio is 0.365= '

,Preparation '
6Froeht ■ gives the following chronological rules for building a models

(a) Trim the sealed or cast edges Of the plate and anneal if 

■necessary.. This necessity will be revealed by inspection 

in the polar !scope.

(b) Store' the annealed material"for several months Of years

■ ' i' "'Vy=I before using* 1 Time seems to relieve some of the initial 

■ ■1' ; ■ stresses.

7’-.'' Ibid., p. 328. 1,: '
&». Ibid,, p, 3 6 0 . '
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(c) Gut a piece of material, a blanks slightly larger than that 

necessary for the overall dimensions of the model.

(d) Turn or mill the face of this blank td within 0.020 in. 

of the desired thickness.

(e) Examine this blank in the polariscope** using oil, to increase 

t h e 'transparency. Additional, annealing, if required by the 

material, should be done at this stage, '

(f) Grind the blank to the desired thickness.

(g) Rough Polish with felt cloth and jewelers rouge.

(h) lay but the shape of the model on the roughly polished

b la n k ,

(I) Gut with a scroll or saw to l/l6 in, of the true dimensions, 

and machine with an end mill or fife to within. 0,030 in;'- 

of the shape.

(j) Give the Htodel its final polish with a washed and rinsed 

Sel1Vyt Cloth.,

(k) Carefully machine the polished model td its, final dimen­

sions »

(l ) .Make investigation of take loaded model pictures immediately 

after step k is completed.

The Bakelite Sheet, in its original shape, was put between the crossed 

Polaroid lenses to determine the condition of initial .stress. There were 

severe edge stress conditions extending about & in, into the plate, These 

original stresses were apparently set up when the sheet was molded, ■
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The edge stresses were removed by.trimming the in. off with S coping 

saw. . This operation did not set tip any permanent stresses as the tempera­

ture of the material was not changed a large amount.
Thp faint Stress lifted existing in the plate proper Were removed by 

annealing. This process consisted ,of placing the material on a solid 

smooth glass surface and placing it within, an oven. %  slowly changing 

the heat from G to 2$0 and back to 0 degrees, the internal stresses were 

removed. The process took four cycles to remove all the internal stresses, 

each cycle requiring about 12 hours.

As suggested by f'rocht, nonuniformity in thickness would disperse 

light and cause, a blurred stress pattern*' The sheets were not of uniform 

thickness and were ground to a thickness +0.020 i n . U n l e s s  a laboratory, 

has a machine reserved for plastic work only, it is very difficult to , 

approach the required limitation by milling.

. for this experiment a .surface grinder was used to obtain the required 

uniform thickness* The final thickness Varied £0*00$ in. The only grinder 

available held all stock .in place by a  magnetic field. ,The nonmagnetic 

Bakelite Sheet required some' additional attachments to hold it..

Metal clips were shaped to fit the ends Of the plate and contact the, 

magnetic field. It was,- however, impossible to develop sufficient contact 

area due to - the limited size of the magnetic table and this method was 

abandoned. '

% . Ibid., p, 361." * ^ '



The IiBKt and most successful attempt resulted in gluing the Bakelite ' 

to a past iron block,- Lepage’s glue Tivas used* Lt wU'S'' quite difficult 

to obtain enough bond between the' cast iron and theiBakelite with the glue. 

This step in the model construction should be investigated further.

The sheet was hand polished until all scratches produced by the sur­

face ,grinder were removed. Emery cloth of grades SitG5 3205 and 600 gave 

a final surface clear of all but the very minute marks, Orocus cloth'of 

grade $BB was- first tried but it was not hard Chough to remove the 

Scratches',, Sarpet 'paper, -wet of - dry's of graded 2/0 and h/0 did not suc* 

cossfully remove- the marks as it too was not hard enough, ‘

■ • ' The model wS" cut out of - the sheet in'* larger than true size« The- 

oversize' dimension was precaution against: chipping - or other injury to the. 

model* - See^ Big. it for the finished model, •

■ From the rough .model the exact size was achieved by hand filing. The 

filing operation took considerable time but the finished model had edges 

nearly-perpendicular to the faces' and'a stress-free condition*

Final polishing of the model by Selvyt cloth and-jewelers rouge was 

attempted "by hand without satisfactory results* The success of this step 

calls for -a - firm'polishing' wheel. This 'operation^ when' completed^' elimi-, 

nates all scratches.

The model (Fig* It) had pin end conditions. The diameters of the holes 

for the pins, were 0.1875 in* The final diameter was obtained by starting 

with a l/l6 in* drilled hole and increasing it by 1/32 in, increments.

This gradual enlargement of the hole was precaution against chipping, . v ,

—2.£>"

'I' I' IM'
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rFhe photoelastic method of stress analysis is based upon the discovery 

that in a model of uniform thickness the fringe order is -constant at all 

points at which the difference between principal stresses is constant10. 

This, law can be expressed by the equations

n = ct(p~q> (I)

'Where n * fringe order
o cpnsfant of Material and lfgbt 
t = model thickness

(p-q) ^ difference in principal, stresses.

■ The fringe order at any point can be determined from ,the stress pat­

tern. (Fig. $), The dark lines are fringess each of which is a locus of 

points at which the difference in principal stresses is constant. Fig. g 

shows" the model under a concentrated center load of 58 lb. The fringe 

order is determined by counting the number of stress lines or fringes that. 

move through a given point as the load is; gradually applied.. In Fig. 5* 

five stress lines may be counted at the eoiumh*girder intersection while 

actually seven lines moved, through this point during application of the 

load. The sources or points at which the stress lines first begin to form 

are, also best determined by observation. '

The constant, c, which depends on the model material and light used, 

is determined by calibration as shown later.

The term (p-q) is the difference between the principal stresses. This 

is the term that is to be evaluated, as all other parts of the equation 

will be known.

10. Riggs, Norman 0. and Frocht, Max I..1918 STRENGTH OF MA1TEBIAXiSs
The Bonald Frees Company, Wew fork, p. 375«
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Fig. 5 Stress Pattern (Circularly Polarized Setup)



!The next problem Ig to separate and evaluate p and q for the point 

or section under investigation* But before this step can be completed, 

the magnitude and direction of the shearing stress at the point or section 

in question must be known,# (See Appendix Gi­

lt can be shown that (see Appendix B),

Sxy e S-S sin (2)

where - Sxy is the shearing stress existing on a plane parallel 

to the horizontal axis■and 0 is the angle between the x axis and■the maxi­

mum positive principal stress» (See Appendix B}« It must be remembered 

that no shearing stresses'exist on the planes containing principal stresses 

(See Fig, 16), Ihe angle 0 at any point is determined from the isoclinic 

lines shown in Figs.* 6-15» For convenience, a composite plot of the ten - 

isoclinics is- Shown in Fig, 17* An isoclinic is a locus of points at 

which there is equal inclination of principal stresses* A  10 degree iso- 

clinic denotes that one principal stress has its line of action inclined 

10 degrees from the x axis ̂ It is now possible to compute the horizontal 

shearing stress1 at ai^r point, in the model* Eige. IB showp the variation 

in 0 and p-q values*

Ihe direction■of the shear stress can, be determined by the following 

rule , Fig. 16 shows an element with the principal stresses acting on 

the sides and the shear stress acting on the horizontal plane which is 

under investigation. The direction of the angle between a normal drawn to 

the'shear plane and the extended line of action of the algebraically

11, FrocKt, M, M, 'IpifL op cit., p. 252,.y
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Fig. 6 5° Isoclinic Lines (Plane Setup)
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X
Fig. 7 15° Isoclinic Lines (Plane Setup)
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Fig. 8 25>° Isoclinic Lines (Plane Setup)
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Fig. 9 35° Isoclinic Lines (Plane Setup)



Fig. 10 lt5>0 Isoclinic Lines (Plane Setup)
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Fig. 11 ii5° Isoclinic Lines (Plane Setup)
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Fig, 12 55° Isoclinic Lines (Plane Setup)
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Fig. 13 65° Isoclinic Lines (Plane Setup)
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Fig. Ill 75° Isoclinic Lines (Plane Setup)
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Fig. 15 85° Isoclinic Lines (Plane Setup)
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m t i i m m  principal stress, assmting tension to Pe positive, determines 

the direction of the shearing stress. If Sn turning the angle, from the 

normal line to the extended maximum principal stress line a movement to 

the right is made* the shear stress will, also -he. directed to - the right.

The .separation of the priWipal stresses is obtained %  graphical 

means.* (See Appendix C).. This method involves solving f o r  the normal 

stresses at a section and using the following relationship' between prin­

cipal stresses and normal stresses. (See Appendix. Bj*

- mP - i  " Sxy + ^

The normal stresses at any point, Sny and Snx, (see Fig* 19) may be

evaluated from the known horizontal shear stress existing at that-point
• - - • - . ■‘■v

and a known- normal stress which is evaluated at a boundary* (See Appen-

dix G)* The relationship is as follows s-/ ^

(It)Sny - Snoy v- dx

. where Shy # normal stress parallel to y  axis at any point.
(see Fig. 19)

X Snoy= known boundary stress parallel to y axis

dx.y the algebraic sum of the change in shear from 
o ^  j  the, boundary point to the point being evaluated* .

• ' (Approx*.) iIee Appendix W -  -

The integral is solved by graphical means3*2 . The following relation­

ship is used*. • 1

A (Sxy)p ~ (Sxv)r . . *r .*
j y  A t r . 1—  approximately (5)

10* - ibid*,, p*.m 3.,;:



+33-
The numerator is the difference in shearing stress of two points> 

p and r, which lie to each side of the point being investigated^ respec­

tively^ The denominator is the vertical distance between the two points ■

plotted as .a function of y* at the point tihdidr investigation;;,

The solution Of the Integral involves solving for the shearing 

stresses On two auxiliary lines which lie above and below the line under 

investigation. Lines B-B and G-G of Fig* I? are the auxiliary lines and 

line A-A is the line under investigation,

Equation &. may now be written*

Knowing one normal stress and the shearing stress,' the remaining 

normal Stress may be found by

The stresses in the model were evaluated at section A+A* Fig* If, . 

which is I in. "below the Intersection of the column and the haunch*. The 

stress pattern. Fig. indicated that Section A-A was free from the stress

the mathematical solution used does not account, in full for stress con+ 

Oentrationi therefore, in comparing the photoelastic solution and the 

mathematical solution a close agreement should be reached.

The shear stresses at 0.1 in, intervals for section B-B and Gr-G were

(6)

Snm f; Sny I up-q)^ - h&xy^ (7)

concentration set up at the intersection* This section was selected as

evaluated in terms of fringes and recorded in. Fig* lB and columns 6 and 7 

of Table I. The distance between lines B-B and G-G is 0,1 in.



Table I

Normal Stresses' for Sec, A-A Fig* I?

Sec,. Sec* Sec* See* Sec, Sec* See. B-B Sec* Sec. See* Sec.
B-B . G-C . B-B G-C B-B C-C -Sec. C-G A-^A . A-A A-A A-A
E S

2
E S
2 2^ 20 Say ’ Mxy  - # x  -  . .. Sny Snx -com- 

pression
Sny

+tension
Point Fringe Fringe Degree Degree Fringe. Fringe ASxr(§$) Fringe ^ Fringe psi psi

S 1*6 l .$ $ 0° . 0 . . G 0 e -3.1$ 0 -16A0
I . 1 .3 1*2$ 6 6 +0?136 +0.131 -0*00$ -0.00$ -2>$A$ -  3 -1320
2 1 .0$ 1*0 t i t 12 +0.2$$ +0^08 -O.OA7 -0.0$2 -2.000 —27 -IGAO
3 0. 7$ 0,80 30 +0,AA1 -0 .0 A1 -0,093 -1.383 -AS -  719
Ii . o*$$ $2 $0 +0^3$A +G.A22. +0.028 - 0.06$ -0.862 —3A -  AA8
5 0*20 ■So TA +0.31*7$ +0.192$ +o.0A$ -0.020 • -0.020 -10 - •  10
S 8*2$ o:20 120 111* +0.216$ +0.183 - 0 .033$ ^ .€ $ 3 $ +0.132$ -28 + 69

,7 s ,$ $ o.$o 11*8 IAA +0*291 +0.29A +0 .003■ - -0.0$0$ +0,929$ -26 + A83
0*80 0*80 170 168 +0,138$ +0.166 +0, 027$ - 0.0230 . +l*$A7 -12 + 80A

r 1 ,1 1*0$ 176 1 7 A . +0.077 +0,109$ +0 .032$ +0.009$ .+2 .139$ .+ $. +1110
# 1J($ I.,AG 180 180 O 0 0 *0*009$ +2 . 809$ + $ • +IA60

Gols
Bo t  I . 2 3 .h $ 6 7 8 '9 XO ■ 11 12

Zbgr - — 2 sin 20 = nF sin 20j = *Q,1> A y  - +0 .15 Snx = Snox —  £ iS x y ( ^ °  p  ~ 26Q psi|

Sny - Smc - »(p-q)2 - p = Snx » Sny ^ (Snx - Sny)2 ,

SnOx =■ Oj Snoy = p



. #he quantities are shown in fig. 18 and ware taken from the stress' 

pattern of Figt 5»

Ihe expression for shearing stress in terms of fringes is developed ■ 

as followss

n = ct (p~q) (I)

P-I " = SSxjrjnaic (from eq. 2}

and

Sxy - Era si# 20 (2)

therefore

Bsy = nF sin 20

n = number of fringes
F * constant - :L_

2ct
0 ^ angle- between the maximum principle 

stress and the # axis

(6)

The term F was evaluated by using a Bakelite beam (Fig. 20) to which 

pure bending was applied. The beam must be made from the same piece of. 

Bakelite used for the model. This eliminates the possibility of a dif­

ference of sensitivity that might exist between two pieces of Bakelite.

The stress in the beam model may be solved accurately by the bending stress 

formula. The fringes of the loaded beam are shown in Fig* 20, There' are 

three fringes,. The applied moment was 9,9 in. IbS. and the model was 

O.hOOO in. deep and 0.238 in, thick.

The maximum flexure stress in the beam is y

S * Io # 9,9 (0.200)
I' 1/12 ( . 2 3 8 K , > H  .0.00127IxgQ = i960 psi,

n ct (p~q) (I)



Fringe P a tte rn  o f Beam Under Pure B inding (C ir c u la r ly
F ig . 20

P o la rized  L ig h t)



3 #  C (0.238X1560); 0. 'P' 0,00809

^ 2ct " '2 (0.00809X 0.238)" 0.#385 “ 2̂ ° pai  ̂^
A sample calculation for the shear stress at point I s Pig. 18S Sec, 

B-Bj follows and' is entered in Column 6 S 1’able I*

Sin 2# *' 1.3(PXsin 6 )̂ f 0,136 P fringes)
The normal stress, Bnoy5, parallel to the boundary on the inside of the 

column is known to be Compression due to the type of loading. ' At this 

point the normal stress Is. a principal stress, Pig. 19, and its magnitude' 

may be found as follows^

i : < ! W

(?)

(10)
■ 2 ct

Substituting 9 into I 

p**q f 2np 

q = O at boundary . „

Therefore,

p M  HnP e. Snoy • . ' . . ( n >

ShOy s= p a 2(3,15X260) ? l61f.O psi, compression
= (Col. 12, Table i)

Snox = O as only stress, parallel to the boundary oan exist,
- (See Appendix C)

Then
/

: Snx at point I = Snox w ^A'Sxy ) (6)

ShXq:| # 0 -» (̂ Q-.136 0,-131) ;t: ̂ »@©5 Fringes
(Col,.9, Table I)



Values of Btix, were calculated In this manner for the 11 points

across Sec* A-A-» Khoiving the' Sruc values for the points^ the Sny values
-

may he computed as follows:
' :

. _ Shy - Snx- % l/(p-q)2 + ItSxy2 (?)

Thus Sny at point I  » -0.005 - l/(2.55)2 ^ 1(0.133)2

* -4,003 - 2,5b * FriAgee (Gol, 10, Table I)

Sny was calculated as'above for each point across Sec. A-A. '

Table 'I gives the complete solution to the"normal stresses existing 

at 11 points acrbsS Sec. A-Ai ThP -maximum stress occurs at the ,inside . 

edge of the column or point 0 and. is equal to KSljO psi. compression. The 

magnitudes of the principal stresses across the Sec. A-A .were not evaluated 

except at points 0 and 1 0 where the normal and principal stresses are 

equal. The design of the particular section investigated would be based 

upon the maximum stresses, which occur at the. edges,.

The stress at the inside intersection of the column and girder was 

also computed, as at this point the stress pattern* Fig. $ s indicates maxi+' 

mum stress concentrationt This value will be compared with the mathemati­

cal solution to illustrate the1 inaccuracy Of the mathematical solution.

Seven fringes were observed to pass through the corner. Therefores 

P = 2nF (Il)

= 2 (7 )(26o ) = 3 6 bO psi. compression
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. The error involved in making a mathematical solution for this problem

; ; ,
is in assuming the position of the centerline in the haunch of the girder 

and, determining where the girder action stops and ,the column action begins 

(bee Pig. 21). Pof this analysis, it is assumed that the column Continues 

to the t:op: of the bent or is-10 ft, long and 2 ft*- wide. It ip also 

assumed that the centerline Of the haunch ip 9 ft,- above and parallel to 

the x~x axis of Fig, 22 »,

The Column Analogy method^ is applied to obtain an analytical solu­

tion of the problem. , This method is an extension of the Neutral Point 

Analogy"*^ and the General Method of Indeterminate Structures!^.

From the Neutral Point equations the following expression can be 

developed to solve for the indeterminate moments -

® “  ife ® '

- ■■ A ,  j|| ' -: .

- : : 1S - X ' / S i 8 .' ' ■■■■!.

■ ; - : y"s vertical dista.ncfe from:, the oentrpiddl ityst axis to
, . point under investigation.

' —  ' ' _ Gbda- - - - :
. “y-y ■■ /HjST

I f T ^ i n t e r i  L. E . - 19U7 ' B ' m d ^ t l l a n
Co.,; New York, fol* li,



Fig. 22 j .3 2 i Iura



—•) [T-» •

z  & horizontal distance from the centroidal y - j  axis 
to the point under investigation»

Equation 12 resembles the modified Gordon-tEankine formula^ for

eccentric loaded columns * The Gordon-Hankine formula is as followss

■ 8  ^  ■ . 'OS)

From the similarity between equations 12. hnd H 5 the Column Analogy 

idea is developed*. The real bent is transformed into an Analogous Qolumn 

by the following relationships, See Figs 22*

s = m

P = W  /

A  # A 

Pd -

1 “ 1X-X , •

c = y

' “y-y

p i s V y
C f = X

The value of A for this problem equals infinity as —  for a pin i s . 

infinite, This locates the centroidal x-x axis at the pins. The y-y 

axis may be located by inspection due to symmetry.

The evaluation of the various terms of equation 12 follow. These

14. murson^ 'fi '' OF ' John . '
"Wiley and 'Sons5 Sew York.



terms are. for the Analogous .Golutnn,

Ly * y 'k ■
J BI '* inertia of columns t- inertia of haunch Segment#

t inertia of uniform depth of girder «■ 1 0(1 )(2 )(9)2 *

(0.296 + + (0.36h+ O . ^ W (l)(gW6 . ^  ^
2 . 2 '

( Q 'hSb + 0.980)( i K 2 )($,g)2 * (0*280 t OtTligK l K E H I t̂  ^
■ 2 " -— g—  - ' .

* i _  ( lKS)3 . ■

1620 +, 37.1 + * 31*3 t 86,8 * 21.1 * 18 # 1789 (appro**)

Ix-x (Assumed 9 ft. to centerline of each segment of girder) = 
Zygds
J 'v̂ -  ~ inertia of columns *  inertia of haunch segment# 

inertia of uniform depth of girder ** 2/3 (l)(l0)3 + (0 ,66o)(9)2

0.818(9)^ + 1*03&(9)2 + 1,929(9)2 * 1 .7^9 (9)% + 6(9)2  =

666 + 23t2 * 66,2 t 89,9 * 107*2 t 11(1,3. t 466 * 1602 (approx,)
v  = teds 

1 SI summation of static moment times area of each segment of

column m P (6 *  9)(6) + P (l*#(/66o) + f (2.2)(8,l6) *
2 2 2 2

P (3.S)(l*03k) + ^  ( W X 1 J 2 9 )  *, ̂  (5.3)(1,749) = .2 . 2 f 2
22,5#.* &,k9P 1*83# *, 2433# * W i P  * 9I.8P  (approx,)

% n x  “ moment of'W of each segment about the x-x axis s

2g*5P(9) + 0 , W ( 9 )  * 1.029(9} + 2,33P(9) + 4,819(9} * 

202P + 4,4P + 9*2P + 2Q.9P + 43.3? * 279.8P

- = 0 (Symmetry)-y 1 m

■ From equation 12, Ili at Sec* A-A (Fig*. 22) is Sg follows:



Ii t MM]. ± Xl0ll5P'
1S05 0 172B*

The:flexure stress caused by this moment at Sec. k~A in the model 

with JP equal to $8 lbs. is as followst

There is also direct stress at Sec. A~A, and is equal to 3

a " x A,A t i e M m  ’ *3 2 6 p M ‘ ■ ■'

, ; The total combined stresses on the edges Of the real column are:

* 1585 ^ 126 » -rl7H psi* compression inside + %k$9 psi, ■ 
tension outside

The value of the stress at the inside intersection of the column 

and girder, was also computed.

Ml = ,&s& y  p 880P(?)
1 6 #

I (<?.23>(£)3

» 1.22?

S r p  =. -1 2 6 » -1850 - 126: # -1976 psi. com­
pression

CONCLUSION

Upon completion of the thesis^ several improvements to the laboratory 

apparatus become apparent. A universal ,loading frame should be con­

structed . This would eliminate the present method Of constructing a 

loading frame for each problem. It would, be advantageous to incorporate 

.appropriate lenses So the Image of the stressed model Could be projected. 

Upon a  screen. Group study could more easily be handled with the image 

viewed on the screen. A firm polishing wheel and a milling, machine would



~Ult-

greatly rediiee the t W  Ih preparing the. models They would also help 

reduce the •.error" introduced by hand polishing..

The. photoelastic solution under the most ideal conditions is still 

■subject to some error* The model material toy not have all the properties3̂  

that the ideal material should have* There is .error in interpreting the 

photographs, such as evaluating the fraction of fringes existing at a 

point, or measuring the 0  angle from the isoclinic lines. Errors are also 

caused by lack of ,perfect agreement with the light theory, i,e., the lenses 

may not be exactly parallel, their optic axis not exactly crossed, or t h e • 

.model may not intercept the light at exactly a right angle.' Therefore, it 

must fee remembered that.the results are not precise. However, as mentioned 

earlier- in the. thesisphotoelasticity often gives- a truer picture of in- 

ternal stresses than the. mathematical theory and it can save considerable 

time on extremely complicated stress problems.

Hsing the, photoelastic stress analysis as a. basis for comparison, 

very close results were obtained for the investigated, section. Fig.' 23 

shows the variation in stress as computed by the two methods. The Column 

Analogy gave a maximum compressive stress that was k.33% different than 

obtained by photo,elasticity and. the. maximum tensile stress values agreed,.

The maximum stress values are the controlling points in design and there­

fore are of the greatest interest*'

It is thus seen that while numerous sources- of error existed, the

3#'* o p . * ' 3 2 3 * t:'v'’ 'n"Vl '' ' ' :
I
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composite effect of Such Shrprs ip Yfeli nflthin the accuracy of the accepted 
■ engitieeplBg design calculations. •

. it the inside intersection of the column and girder, where stress 

'concentrations not accounted fop by the column analogy occur, 36^0 psi. 

was found by photoelasticity and only 1976 psi. was found by Column ■ 

inalogy,. This difference was b M * Therefore, in structures where stress 

concentrations- may he, serious it seems wise to make a model analysis.
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Iiiglxt Theory as it Pertains to Photoelasticity 

There several;theories advanced to explain light. The most, useful

theory to explain photoelagtioity is. the-liglit--wave t h e o r y ^ « ■ Some o f . the 

Siaih properties of light pertaining, to photoelasticity will be presented.

, if,a light source usually found in use is- explained in terms o# waves, 

it must be imagined that the waves vibrate in all planes passing through 

the point source^?.. (See Pig,, A-I)» The vibrating particles do not travel 

In the direction in which the wave is traveling but -rather in a direction 

transverse- to the direction of propagation. Ihite light consists of iWaveS1 

having different lengths, and amplitudes- A  definite wave length is needed 

to- mice a ■ quantitative result in photoelasticity; therefore, the light 

is filtered to obtain light of one color or wave length.

' Plano-polarised light consists of, light waves vibrating in one plane. 

(See Fig.' A-S ).. The most common method used, to obtain piano-polarized 

light is to pass light through a commerical material called polarbid, •

■ All homogeneous1 transparent bodied have the characteristic of alter­

ing the' path -Of light when it is-, passed through them* This- phenomenon is 

called single -refraction It may be observed that the original path is 

deflected away from the perpendicular to: the boundary of the medium1 which.

S T " l a ^ n d e r > ' 1 r A :;i?3^:"ldffc '"'V
P* A-3 « - ;

17* Robertson^ John. Keylock F.R.@,0. 193^ D W m G T l Q N  T0 BRfeKM,.
' OPTlGd ̂  VWfostrand Go*^ ihc Newlork^
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■Ass less dense * Materials used in photoelasticity models are single 

refracting when -tmstressed:.,

Double refraction of light occurs -in seme bodies when light As passed 

through them. Shis is considered to mean- a light wave As split into two 

paths -vdthin the Potiy5 for example, the behavior of light passed through

a licol prism-i,' (Sde 'Pig* A-3). It may also mean - a light wave is split
, < I - . - ' .  ■
into two waves Which are in mutually perpendicular planes- but have the 

same path of propagationi. (See Fig. A - U * The position of the optic 

amis of the material will determine the type of double refraction that will 

take place. If piano-polarized light is passed through a double refracting 

body, the light emerging will also be piano-polarised regardless of the: ' 

position of the optic axis . '

. Ahe refracting properties may be explained if a body is thought of 

as consisting of particles forming right angle ± w e  to. each other. (See, 

Fig, A-3). The spacing in the vertical direction is larger than the .. 

spacing in the horizontal direction.. If it is assumed that the particles 

provide resistance to the passage of the waves * the particles farther ■ 

apart will more readily -pass, the waves than those closer together*

The photoelasticity model material - which is homogeneous and single' 

refracting when unstressed Will assume double refracting characteristics 

vjhen stressed. The reason is explained by the separation Of the particles' 

causing a -difference in resistance to light passage- in perpendicular 

planes* The optic axis of the model material is in the plane of the model 

and will split the light wave into two waves in mutually perpendicular
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planes tvith each'having the■same path of propagation* (See Pig. A-5).

Vhen polarized waves pass through a body and each wave id split into ' 

two waves in mutually perpendicular planes' and, with one wave retarded one- 

fourth of a wave Iength9 the- body is a quarter^waVe'plate« Photoelasticity 

terminology calls this light circUlarly-polarized« (See Fig.. A^h).

If polarized ■monochromatic light is passed through a stressed body, 

the double refraction mentioned previously will take place. The two waves 

in mutually perpendicular planes- may be out of phase or one, retarded with 

respect to the other*- The amount, of retardation will depend' upon the in- ■ 

tensity of the stress at the point of passage Of the light. (See Fig. A-$).

■ If the unstressed object is viewed' by eye when the object is between , 

two crossed polaroid lenses9- it will be dark* dp on application of the 

load to the: object, light and dark bands' will appear* The light bands are 

the result of- two waves which support each other and the dark bands may be- 

the result: -of two waves being entirely out of phase and cancelling ,each' 

other, or it may be that the waves are in planes perpendicular to the 

second polaroid optic- axis * The retardation or difference in phase may be 

expressed by the following equation^^-; •

■ 'R olt' (A“l)

- ' where " ■ . .

R = the retardation of the wave
c “• a constant depending on the material and Iighty used 
' I ?=' the- stress condition 
t V the thickness of the material

lBl Alexander, ■ h*- op. cit*, p* 0-6', ” 1 rrr̂ ! ' w  ™
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•
. To correlate the definitions presented> the path of a light.wave 

will be followed through a plane photoelastic setup. (See Fig. A-^),

The light' is first filtered to Obtain monochromatic IightV-.. This light 

wave is passed through the Polaroid lense to confine the vibrations to 

one plane . Thc light next 'passes- through the stressed. object. and undergoes 

double refraction■» The two mutually perpendicular planes are- also planes, 

containing- the:principal,streetss* '.Qpa-wavp ip retarded with, respect, to 

another and the amount of retardation depends upon the , difference in prin-- 

cipal stresses & The, light next- encounters the. second polaroid lens, and 

only waves or components of the, Wave© parallel to,the,optic axis of the , 

Second lens m i l  pass... There , will be some waves which - are perpendicular 

to the .optic axis - of the second- lens and henpp .none of thp Vipves will pass * 

This fact, ie lak&n advantage of. to .plot \isociinic -lines* As all, stressed. 

points causing waves.to be perpendicular to tpe optic axis of the second 

Polaroid IenS also.have principal, stresses perpendicular to/the optic axis 

of the second Polaroid Iensi a locus of -similar points may be plotted. The 

locus of points: are recorded-to indicate, the lines, of-principal stresses 

having the same plane-of inclination.

■ ■■ - To eliminate the isoelinie lines a modification is added to the plane

setup, : A  quarteri*wavO. plate (pig. Art) is. added on. each, side of the 

stressed model... . Using the same light wave as in the plane Setupi the light 

emerging from' the quarter wave will be doubly refracted with one wave
■ ■ . " ' "V1V

retarded | wave length with respect to the other. The vibration of the
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particles now will describe circular motion19. The light under circular 
motion will how pass through the principal stress planes of the - model, 
and emerge with circular motion or elliptical motion& This motion is con* 
verted into plano-poiariaed vibrations by the second i wave plate and 
the second Polaroid plate analyzes as before. A fringe viewed from this 
setup is a locus of points along which the difference in principal stresses 
is constant

19T^obertsOhg E. op. cit., p. 31k. '
20, .Frochtg M f M f l9i|l op.: Citf5 p, 131 <



A P f m m i X  B

Stress Relations as They ■ Pertain to PhotoeIastitClty 
In 9 prismatic bar =Ioaded under a tension load it is usually assumed ■

that the stress parallel to the direction of the applied load on any cross
'

section in the bar is equal to the following egression,. (See Fig* B-I}. '

'area,:af de6^6n"'a% ? "" C^rl)

where Ax is the- area perpendicular to. the load.

if Sx is the stress perpendicular to the section Ax. Then,

. Ga^a = &% Qds #  (B-3)

' • We see that Sa_a is a maximum when $ * Q0 and a minimum when 0 ~ JQ0. 
Sa-a may be divided into components, one parallel and one perpendicular to 
section â a The component parallel to the section is termed shear stress 
and the component perpendicular is known as the normal stress. (See Fig.. 
B-2). The normal Stress may foe written:

Sn = Sâ a cos 0 = Sx cos 0 cos 0 - Sx cos2 0? or
Bn =. S=E IX-=2S-^ , . . . .  (B-I1) ■

The shearing stress may be written;
Ss ̂  Sa„a Sin 20 « -S3E sin 0 cos 0 Sx (B-5)

From the equation B-It it ca'n. foe seen that Sn is maximum when 0 « O0 
and minimum when 0 4 <?Q&. By sijnilar reasoning the maximum Sg occurs when 
-0 e Iih0 and is minirmm when 0 is Q0 or 90°«
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N. Alexander.



By taking isolated element from the tension Speeifflenil the fol­
lowing relationship "between normal and shear stresses may "be obtained-*-
(See Fig. B-3)»

If the above expressions are added and observing 0 + 0* - 909 or 
,0t » 900 _ 0 and. cos 0 '  * sin 0 S the following equations results

The following conclusions are forthcomings
1«. The sum of the normal stresses is constant and equal to ' 

Sn max..

5* The shearing stresses are of equal magnitude.
Consider a bar subjected to tensile forces, in two perpendicular 

directions. (See Fig. B-h), The foregoing analogy may be applied and 
the following results obtained.

Sn + %  ̂  Sx cos2 0  +' S35 cos2 0*' » S3C - Sn max. (B-6) 
sin 20« - sin 2(906 ̂  0)  ̂sin (1809 ^ 20} - sin 20 .

( W )

A3t - Aab cos 0 - A1BCE 
Ay * ■ Aab ®iti, 0 “ AA * EP
Aab “ & — - = _Av  ̂ABGD cos 0 sin 0
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* All figures s u g g e s t e d  o r  d u p l i c a t e d  f r o m  P h o t o e l a s t l c l t y  b y
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Iormgl stresses on plane AB-

Sn ” Tx cos2 0
% 0'Ay

®n + # Sn .•= Es cos2 0 + I x  sin2 0A3t

Sn =»' Sx  cos2 0 >  Sy  sin2 0 
.Shear stresses on plane AB

Ax

S t Ik ^in 20 
.* Ax .- 2' -

Sj| * S|l' (notice opposite signs}

in 
2sp ** SA *  s a ‘» &

Ax Ay 9

Ss P & J L & '  sin 20 
• 2

S* ** Ik si# 20
Ay 2

(Br8)

When 0 is O6 or p©° the normal stresses reach a maximum or iuinirmm 
value and the Shear stress equals zero. Ihe maximum shear stress occurs 

when 0 = h $ ° » The normal stresses shall-he called principal stresses and 

the directions principal stress directions when 0 is 0° or 90°f

Investigating a thin beam subjected to a ooplanar force system (See 

Figp B-5), Sn and Ss can be calculated since 8^, S^*, and S ’1 are known
i P f : ' • 1 J : ' ■ '

The forces acting on the three sides of the element are?
A

SnAa ** SA5A c cosoCi- SAAb since + S | ’A C slncT * S^Ab cos ̂  ■

A c = At0 (areas marked on figure B~S)

SgAa # S A 5A c SintA ‘ - S^Ab doscC - S ^ 5Ac coscT + S 5Ab CindT 

S,» ==' S ’ ’ == S^y ' 1 Ab = Aa Sin=C - A0 - Aa cos=<

Sn ■*» S ”  cos2cC * S^ sin2ce + Sx3r sin 2d: (B^p)
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* Figure B-6

* All figures suggested or duplicated from Photoelastlcity by
N. Alexander.
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Sg- (s±n2of - £L..t-§aI. sin goC (Bi-ID)

;
IBe two equationsV B-9 and B-IDs ean be used to calculate the normal 

and shear stresses at say point in. the beam if the components S^5 S H  j, and 

% y  are known. Ihe element previously considered may be selected in such 

a manner that S3jgr will be zero. ,Solving equation B-ID with Ss equal to 

zer.os the following is obtained?

STrf^gT- = I tan 20 (of = 0) (B-Il)

This expression gives us two angles in which there will be zero. •
' -• ' -

shear. The two directions are called, principal stress directions and the 

normal stresses are called principal stresses* then the principal stresses- 

are founds one will be at its maximum, value and one at its minimum value, 

lf' the x  and y  axis of Fig., B-5 are oriented to the principal stress, direc­

tions equations B-9 and. B-IO reduce to:

. S a =- p cos? 9 f . q , sin^ 9 (B-12)

%  - W j s i n  ( M 3 ) .

B - S ^ 1 q - (p and q are the'principal stresses)'

B = angle measured from principal stress directions

With the following, equations5 the principal stresses may be cal­

culated if the ? and S3gr values are known for any element...

■ 2 (B-Ik)

(,B-19)

I  -

Z



Equations B-3.it and B-l$ m i l  be proven 'by ths Mohr circle, . (See 

Fig* B-6')* The horizontal axis represents principal stresses at a parti**
t ‘ ■

cular point, p = oh and' q - oa, The' vertical axis represents shear 

stresses, line ah represents p - q„ The distances od and of represent 

Sn and S^1 acting on two right-angled planes* The lines de and Tg are the 

shear stresses 0—  acting on these planes.

of: = OC + of = E-I-S * (eg)(cos 2 /j) ■
C

Gi' e SLgJa cos a# ,•'.2 "

which reduces tos

! = p COS^ 0 + q Sin2 0

eg « B-g-S* gf = eg sin 20 

gf f &xy * 6in.20. ..

' - eg - • ]/(fg)2 + (of)2

It is seen, that

oh = oc * ch - oc + eg

fg # S3J3r . Cf =

oh F p

w hich  g iv e s  us

($-16)

(B-l?)

(B—18) :

BA' - B I

also; : . •
oa: = oc - ca = • oc - eg 

therefores.

q = -.nA-f.n.l~|s|y + • (B-20)



%  adding the above two expressions for principal stresses a proof 

is,obtained showing the sum of the principal stresses are always equal•to 

the sum of the normal stresses,ors

: , ■ %  *  * p  + q .

' . ' i - ■ . ■ .



APPENDIX- C

Phoioelastio Analysis of Stresses

There are several methods developed Ori the determination of stresses, 

by photoelasticity. The method used in this thesis is called the Shear 

SifferenOe Solution23-. It makes use of the stress optic law arid the iso-, 
clinic lines in the model.

The first portion of the solution is to solve for the difference, in 

principal stresses by the stress optic law. The stress optic law is (See 

Appendix A ) s

n = ct (p ~ q) • (A-I)

n - the retardation or fringe order

c = a -constant depending upon the material and light source used 

't «* thickness of the model

(p - q) - the difference between the principal stresses-
The retardation of light is an indication of stress intensity® The 

difference in principal stress .may be of such a magnitude that it causes 

the light waves emitted from the model to be out of phase one wave length 

or some even multiple of One wave length. This will cause complete dark­

ness at that particular stressed point in the model®

For an example^ consider a beam having pure bending applied for a 

load,. The stress at the extreme fibers will be maximum and at the neutral 

axis zero, (See Pig® 0-1), Between the two extremes there-is a straight

21, Frocht3 M, I, 191.1 op, cit,, p, 2 5 2 , ~
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Diagram of Seam Under Pare Bending 

Figure C-I

y

Iaoolinics on a Beam Under Pure Bending 
Figure 0-2



line variation of stress,. If the. beam is placed in monochromatic cir­

cularly polarised Iight3. there. M i l  he fringes or alternating, dark and 

light bands of color between the. neutral a&is and the edges of the beam, 

(See Fig, C-I)» T h e .dark bands or fringes are a locus of points at .which' 

the difference between the principal- stresses Is .constant,. The fringe is 

also a lochs of points of equal maximum shear stresses., (See Appendix 13), 

If the model is loaded in monochromatic circularly polarised ■ light 

and a picture is taken of the fringes or stress pattern., the difference 

between the principal stresses may be found by equation A M .  Available 

data will give us the constant of the material and light, and the thickness, 

of the model can be measured.,.

The next step is to separate the principal stresses. This is accom­

plished in part by a graphical, solution. Usually the variation in prin­

cipal stresses is required for a definite cross section in the model. The 

Shear Difference Solution calls'for computing the shear stresses, on paral­

lel ,lines a -small distance apart. These lines-are to either side of the 

original line under investigation* The shear stresses are found by the 

following equation (See Appendix BiI.

Sgy * B-=JS Sih #  (B-13)

— -g-~ =1 the difference in principal stresses found by equation 'A-I

0 - the angle the maximum principal stress makes with the x  axis 

In order to find isoclinic lined are used. An isociinlc is a locus 

of points along which the principal stresses have parallel directions and



are of constant magnitude,,^^ (See -JTig',. 0-2) - - -

Xf the■loaded model is placed between crossed Polaroid lenses, dark 

lines will be seen in. the model*- VJhen the crossed lenses are rotated, some 

of the dark lines'or iso,clinics will appear to rotate. The lines which 

rotate are the iseclinic.lines, (See Appendix A).

By rotating the two crossed lenses through Q0., 10°, 20°, etc,.-, a 

system of isoclinics may be plotted*. The angles are correlated with the 

optic axes. of the lenses-* With the lenses, crossed^ the x  axis is marked 

to correspond to the optic axis of the first lens and this axis is used as 

-a reference for measuring jZL The shear stresses may now be calculated for 

any point* . . . .

An expression will be developed relating the normal and shear stresses 

at a point* Once the normal, stresses are found, the principal stresses 

can be evaluated* (Bee Appendix S)-* -

The relationship between normal and shearing stresses follows .(See

Neglecting the width Fx Q

-  S&dy +(Say *  - Sxydx * O

which reduces.to;

*■ * 0 (c-1)

Fy k 0 .................

22..Ibid., p, 177* """ ..=---- --------
23* Alexander, I. op. oil,, p* 0-21*
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a

r’l.:ure C-3

x

free boundary

la constant

Illustrating Graphical Solution to Principal Stress 
* Figure C-4 *

* All figures suggested or duplicated from PhoSoelaatlclty by
N. Alexander.



C&n* * " 3 ^  dy),d* " *n/d% * (Say t 2^%c dx) dy * Gqydy = O
which reduces to: : ' :

c) ' >  d  Syry ~ q '
5)? a  %  . .

Integrating between the litnita 0 to’ x:1
K ■ 1 •

^n?. ̂  % o  " #  . -

(0-2)

(c-a)

* # *  %  ^  :. ' W
.. ' ' .  ̂ -x -': '

- the normal stress ,at any point between the limits .0 to 'y ■.. 
parallel' to the y 'axis. i' -'"

S1I1P - the lcnoym normal stress at some point in the model and. it 
is parallel to, the y axis-,.

the summation in the y  direction of the variation in • 
the shearing stress in the x direction.

Terms in equation 0-3 have equivalent meanings^ S^ix and S^0 are . 

stresses which m a y ■be. found at a free boundary where one- of'the principal • 

Stresses and the shearing stress disappear,.

The integral Will be solved, graphically:2^

J - f *  - , approximately , ' .

s^yA and are shears that exist at two points a small distance A x 
apart« (See'Fig. G-Ii.). &  line joining' the' two points is parallel to the 

x axis. To make a summation of1 the differences in shears, the shearing ' 

Stresd is found f o r .several points on lines through points'A and B both

2i,' Frocht5 -M.. M.' ipEl"."bpi citij pi 'BbsT



/  -

parallel ip the y axis.

For corresponding points ■ on the lines
A j

these values the following step may he made:
■y

may be computed-.

(0-5)

Knowing

The principal stresses are found by (See Appendix B}§

p t ^ (S;sr)2 # m ^ £ (B-19&2Q)
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