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Abstract:

In this thesis a general method of analysis is developed for single input, single output, linear,
time-varying systems by use of familiar Laplace transform techniques. The method yields the pertinent
information necessary for the engineering utilization of any system containing time-dependent
parameters.

Contents of the thesis are as follows: First, electrical networks containing sinusoidally varying
capacitors and excited by sinusoidal sources are investigated. By a unique block diagram representation
these networks are visualized as feedback systems and from the diagrams a logical and natural series
solution is derived in the complex frequency domain from a basic cause and effect relationship.
Individual terms of the series contain the contributions of the various frequencies present in the
solution. Second, two sufficient conditions for the absolute and uniform convergence of the series
solutions are developed, one valid for the solution after steady-state conditions have been reached, the
other valid for the total time solution including transient response. A different series for the steady-state
solution is obtained by method of harmonic balance and the convergence criteria for this series is
compared with the convergence criteria for the original series. Third, the method of analysis is applied
to the general case of equations with time-varying coefficients and the method is extended to include
the following cases: (1) nonsinusoidal yet periodic variation of system parameters, (2) more than one
time-varying element in the system, (3) systems in which all the elements are time-varying, (4)
arbitrary time variations of system parameters, and (5) time-varying systems excited by modulated
signals.
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ABSTRACT

In this thesis a general method of analysis is developed for
single inpult, single oubput, linear, time-varying systems by use of
familiar Leplace transfoimn technigues. The method yields the pertinent
information necessary for the engineering uwtilization of any system
containing time-daependent parameters.

Contents of the thesis are as follows: First, electrical net-
works conbaining sinusoidally varying capacitors and excited by sinu-
soidal sources are investigated. By a unique block disgram representa-
tion these networks are visualized as feedback systems and from the
‘diagrams a logicel and natural series solution is derived in the complex
~ frequency domain from a basic cause and effect relatiomship. Individual
terms of the series contain the contributions of the various freguencies
present in the solution. Second, two sufficient conditions for the
absolute and uniform convergence of the series solutions are developed,
one valid for the solution after steddy-state conditions have been
reached, the other valid for the total time soluticn including transient
response. A different series for the steady-state sclution 1s cobtained
by method of harmonic balance and the convergence criteria for this
series is compared with the convergence criteria for the original series.
Third, the method of analysis is applied to the general case of equations
with time-varying cosefficlents and the method is extended to include the
following cases: {1) nonsinusoidal yet periodic variation of system
parameters, (2) more than one time-varying element in the system, (3)
systems in which all the elements are time-varying, (4) arbitrsry time
variations of system parameters, and (5) time-varying systems excited

by modulated signals. . .




- CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW




1.1 JTNTRODUCTION

Mos@ of the techniqueé that engineérs apply to the solution of
linear sy;teﬁs with c§nstant parameters fail to be of much‘value to them
ip the solutioﬁ to problems dealing with.systems with varying parameters.
If the parameters vafy in. such a way as' to be‘fugctions of one or more
-bf the sys%em’s dependeﬁf ﬁariables; then @he'sysﬁem is immediatély
ﬁoglinear and the method of solution is sensitive to the type and sever-
‘ity of the nonlineafity,. If, on the other hand, the parameters vary in
* such, a way ‘as to be functions of'the system's independent variable (most
often timé); then %he system remains linéar and is described by a linear
differential equation with varying-coefficients.L}In problems of the
‘latter type, the:engineer is équipped with several ﬁools which he com-
monly applies to constant parameter~§yst¢ms which are also valid and
powerful-tools for the solution of systems with %ariable parameters.,

"One of the most important of these is the principle of superposition.

It would be ideal if all-syétems with time-varying parameters
could be characterize& in complete mathematiqal detail by the appropriate
’differentiai equation and solved to yield.all thg necessafy information.
However, apart from simple first order differential equaﬁions with vary-~
ing coefficients, iittle is known abouﬁ guch solutions; In an effort to
) obtain.éome sort of énswer; the engineér.qsually attempts %o simpl?fy
the sysfeﬁ model or té solve the problem by mumerical techniqﬁeé, n;ither

of'ﬁhich nay yileld the desired qﬁalitatiygnor qﬁantitative result or
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insight. It would be dééirable if theré were other techniqﬁes.évailable‘
which an eﬁgineef could épply to'obtain useful information from time-
varying ﬁafaméter systems without having to resort fo dbubtfui approxi-~
ﬁatibns oy numerical {echniques; In the following section, works from

the technlcal ljterature dlreoted toward thls end are discussed.

1.2 LITERATURE REVIEW

Recorded history of solutions to tiﬁenvar&ing equations begins
with the publicatioﬁ, in 1868, of the solutions to the Mathieu equation
(50). In 1877, Hill (37) generalized the Mathieu equaﬁion and in 1883
Floquet (28) published a géneral treatment of linear differential ggua;
_tions.with periodic coefficiénts. Mathieu and_g;ll equations are special
" cases in the flodﬁet theory (52). In 1887, by means of Hiil‘s analysis,
Lord Rayleigh studied the Melde experlment which concerned the main-

-

tenance of vibrations in a body by forces of double frequency (b7).

Variabie parameter system analysis attracted sc;nt attention among
engineers and physicists prior to 1912, A possible explanstion was the
lack of physical application and the analytical difficulties. Wﬁittgker
(85) in 1912, and van der Pol (77) in ;928, studied the stability of
soiutions oﬁtained by Mathieu, Hill, and Floguet. The phenomenon of
parametric: excitation was 1nvest1gated in 1931 by ‘Mandelstam and Papa-

lexi (49) and later by Lazarev (bL), Migulin (55) Barrow (8 9, lO), and

~.

Gorelik (31,35).
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In 1917 Nichols (60), and in 1921 Carson (18) investigated systems
such as the varlable capa01tor mlcrOPhone and the 1nduct10n generator
with variable mutual inductance. Carson showed that a system described
by a diffe:ential eqﬁetionvwith‘varying cdeffieients could sglgo be Written
as an integrel equation of the Volterra tybe, possessing an infinite
series solution, which unfortunately and unexplainedly diverged.iﬁ many
.cases of'practieal interest. ‘Cafson negleéted.to give any criteria relg-~
tive to conditions under which his series solution would converge. Laser
. in the same'paper Carson suggested yet another series for steady-state
solutions but did not develop the technique in detail. Bolie}(l5), in
19553n?urthe£ed th&s techeié;e, commo#ly referred to as Harmonic Belance,
?by using phasor notation to obtain the first_s%eedy-state solution usable
to an engineer. Later, Desoer k2h) in 1959 aed Sandberg (66) in 1964

-

contributed to Bolle's technique.

A ﬁafeilel path of development has taken place since 1922, due to
the increasing 1nterest in frequency modulation. Analysis was done on -
constant parameter systems with varlable frequency excitation and on the.
similarity between these and time-varying systems. Carson and Fry (19)

, ‘in:l937, studied the conditions for a quési-steady-state to apply, and
their‘wofk was extended by several others includiné Armstrong (2), Stun-
pers (75),,Weiner_(80), and Baghdady (h,5). In 1964, Weiner and Leon
(81,82).actuall§ considered the quasi-steady~state_plus distoftgeﬂ‘

response of. a simple resistor and time-varying caepacibor network excited

by an FM signal.




o
Frozﬁ 1950 to 1960, Zadeh (57;88,89990,91392,93594,95,96) published’

many papers dealing with time-varying and stochastic parameﬁer systems.
In particular, he contribuﬁed.a great deal to the theory of timé;varying
systems in the specific area of timé—varying weighting functions (im-
pulée responses) and their transforms. The papers of Zadeh contribute
mach to the ﬁheory of time-varying systems but_ﬁhe material éontained
therein is little comfort in that it does not provide s usable engineer-

ing analysis unless the system parameters vary slcwly with time.

In 1960, Leon (45) reduced a second order diffevential equation
describing e network containing e single sinusoidally varying elemegt to
a second orxder difference eguation by:transform techniques. In 1962,
Schweizer (71,72) using phasor methods, solved essentially the same sort
of problem. Confined to the steadymétate reséonse, both authors obteined

an infinite series solution. The coefficients of the series were con-

tinued fractions. Although Leon developed convergence criteria for the

conbimued fractions and estimsted the truncabtion error, no physical

significance is abtributed to then. ,

Analytical technigques commonly used in the analysis of nonlinear
systems have often also applied to linear time-varying systems with much
success (97,98), Perturbation methods, for example, when suibtably applied
to the problems discussed within this thesis, yield results in the time-
domain very similaxr to the freéuency domain results cbtained in\this

thesis.
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1.3  TPURPOSE OF THE THESIS

The purpose of the thesis is to conbtribute a sound engineering
method of analysisg applicable to linear systems containing elements which
are functions of the system's independent variable. The types of systems

considered are single input, single ocubpul, lumped linear systems con-

taining peremeters which are arbitrary deterministic functions of time.

A key term in the statement of the purpose of the thesis is the )
adjective 'engineering'. To be of any engineering valﬁe, the method of
anslysis must provide a solution in éuch a form that the quantities of
engineering value are readiljzaccessible and the numerical results re-
guire as little human effort as possible. The method should be mathe-
matically sound and limitations, if any, should be clearly defined and

related to the system's physical parameters whenever possible.




. CHAPTER 2

A SERIES SOLUTION FOR LINEAR TIME-VARYING SYSTEMS.

-
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2,1 INTRODUCTION

Equations characterizing linear time-varying systems ére similai
to thésé characterizing linear‘time~invariant systems with the exception
that in thé time-varying éase, one or-more of the coefficients of the
equation are functions of time. Fiéure 2.1 illustrates 8 time-varying

_1inear system with a single input x(t) and 2 single output y(t).

Time-
Varying = y(t)
System

Y

' x(t)

Figure 2.1 Single Input, Single Output Time-Varying System

The linear time-varying system shown in Figure 2.1 is assumed to be

characterized by equations of the following form:

e 0 + 2 (O + e b e (bd(0)

f (m) v (m-1) |
= bm(t)x (£) + bm~l(t)x (£) + vee + bo(t)x(t) (2.1)
Any set of n lineerly independent functions yl(t), yz(t), ceey
yh(t)’satisfying the homogeneocus, or unforced, part of equation 2.1, ‘

but not necessarily satisfying any particular boundary conditions, is




.

termed a fundsmental seﬁ ?f so%ufions or a set of basis fUnctibns. Any
éolution satisfying the Eomogeneous or unforced part of equation 2.1
mpst-be & linear combination of yl(t), yé(t), cees yh(t). Therefore,
once any set'of basis funé%ions is knbwn, the partieunlar solution satis-
fying a gi?enzset of n boundary cohditions can be found-by algebraic

manipulations of the known basis functions and their derivatives (1).

,Tﬂe:claséical approach to the solution of time-varying differen-
tiél equations such ;s equation.Q.l hingeg on the determination of a
set of basis functions for the unforced ﬁortion 5f_the‘éolution, and the
use of the éuperposition, or convolution, iﬁtegral to determine the

o

regponse of the system to pafticular inputs. The major ffoblem heféin
.1s that the basis:functions aire generally diffié;lt to detefﬁine and no
.general procedure exists for determining a se% of basis functions for an
arbitrary linear differential equation ﬁith time~varying coefficients.
"If a set of basis functions for a_particular linear time-vérying dif-
ferential equation is not knéwn (i.e., the differential equatioﬁ doesn't
belong to a'clasé of equations for ﬁhich the basis functions are known)

or cannot be debermined, then the solution to the equation cannot be

obtained by the classical method and another technique must be found.

‘2.2 LAPLACE TRANSFORM METHOD
”The use of Laplace transforms for analyzing linear btime-invariant
systoms is attracblve because a dlfferentwal equatlon nay be transformed

into an’ algebralc equatlon and alceblalc equaulons as a class tend to be
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- much easier to solwe than do differentiazl equations. On tﬁe other hand,
- the use of Lapiace transforms in this ususl way for ahalyzing linear
time-varying systems is not so attractive. The reason lies in the fact
that the fransformed equation is rarely an algebrsic equation as it is
when enalyzing time-invariaent systens. ﬁost often the resuiting trans-~
formed e@uation is é differential equation in the complex vafiable s, or
it may be a difference equation, or it may be a combination of both -- a
differential~difference equation. In addition, even the resulting trans-
formed egquations generally contain varying coefficients and may or may
not be easier to.solve than the origiﬁal equation. Fortuhnately, these
difficulties in thke use of the Laplace transform for analyziné fime—
varying systems may pe circumvented by the method to be introduced in

Section 2.3. . -l

There may be, however, other diffiguities:associated with the use
of Laplace transforms as an equation solving technique whether applied
to linear time-varying 6r time~invariant systems. First Qf'all, the La~
place transform must exist for each term ai(t)x(i)(t) of the differential

equation, which means that the ihtegral

t
ai(t)x(i)(t)e-Stdt ' o (2{22
o | o

must conﬁerge for some positive, real value of s (46). It is quite

possible that egquations could be encountered for which the integral 2.2
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woulé diverge for one orimore terms of the equation,‘with the result
that the Laplace transfoﬁm method would fail to yield a solution.

Ané%her difficulty.in tﬁe>use of the iaplace transform metﬂqd is
that after the diffefential equétipn is Laplace transformed and the
résulting equation solved, the inverée transform of the result must be
‘obtained. This inversionlprocess ma&, depending‘upon the complexity‘of
the traﬁ;formed expressién, involve lengthy calculafions althougﬁ the

procedure in most cases is straightforward (7,46).

Despite the several difficulties mentioned abo&g, thefe are still
some advahtages of the Laplgce transfofm method over and above its some-
Time ability to yield a simplér—to;solve transformed equatign. The.
'first of these ié that the trénsformed variables céntain valuable in-
formation as to their'frequéncy cha;actgristics that is -lost when the
differenfial equations are solved by the'classiééi method of Séction 2.1,

JIt is thié iﬁformation about frequency characteristicéﬂﬁhat is necessary
. so that £he,designer may determine such important information as_the
frequencies present iA_béth the inbgt’and output of the system, the-

bandwidth of the system, the frequency dependent system gain, and the

figure of merit Q of the system.

" The second additional advantage is that ﬁhen the inverse of the
transformed solution is obtained, the éolution iékcomplete. Both the
transieht solution and the steady-state solutioh are obtained'simul;_,

taneously. There is no need, as in'the ciassical method of Secﬁion-a.i,
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to find a set of basis functions to determine the unforced solution and
then to evaluate the particular convolution integral to obtain the

steady~-state solution. The Laplace transform method obtains both parts

of the solution simultaneously.

ens A SERIES SOLUTION FOR TIME-VARYING NETWORKS

Often, not all the coefficients of a time-varying linear differ-
entisl equation vary with time. In some cases, only a few or perhaps
just a single coefficient actually is time dependent and even then the
coefficient may vary about a fixed value; in which case it may be char-

acterized by the sum of a constant part and a time-varying part, such as
a(t) = 8, + al(t) (2.3)

where a(t) is the total coefficient, e, is the constant part, and al(t)
is the time-varying part of the coefficient.

As a specific instance of the sort of time-varying differential
equation described above, consider the time-varying electrical network

shown in Figure 2.2.

GG

:;é c(t) v(t)

Figure 2.2 Time-Verying Electricsl Network
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The network contains only a single capacitor varying at a sinusoidal rate

of v, radians per second according to the relation

c(t) = C, + Gy cos(w_t) (2.4)

1

In a physically realizable network tﬁe total capacitanée would never be
negative'so the additional requirement that Co >-Cl would guarantee that‘
the equation 2.4 represents & realizable network. Equation 2.4 could
also be visuelized as describing the time variations of the capacitor

network shown in Figure 2.3.

i‘(t) e o -

N

Figure 2.3 Capacitor Network Described by Equation 2.k

The netwbrk of Figure 2.3 consists of a fixed capacitor Co and a time-
varying capacitor Cl(t), where Cl(t) is as defined in equation 2.5,

~

Cl(t) = C; coé(wbt) | . S (2.5)

Therefore, it can be seen that the networks of Figures 2.2 and 2.3 are

mathematically identical. As shown in both figures, the ngéyorks are
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are excited by a current i(t), and ﬁhe problem is to detevmlﬂe the out-
put voltage response v(s)e Bonh networks are described by che time-

varying differential eguation 2.6.

1) = [ o) ] w(s0) = 0
= GO w-gﬂ-"-‘é-:;g“"t"“)“ + Cl d_,g[CO.‘:;(W t) ° v(t)] . | (2°6>

The first term on the right side of the above eguation represents the
current flowing through capacitor C in Pigure 2.3; and the second term
" represents the current {lowing through capacitor C (t) and is de81gnaced

1c(t)e Equation 2.6 maj then be rewritten as eqnatLon 2.7.

i(6) =c, ~EHE L5 @) @

Eguation 2.7 msy then be Laplace transformed and written as
q Y :

I(s) - 1,(s) = C sV(s) ' ‘ | (2.8)
or’
¥(s) = —2—[1() - I ()] = 2G)[x(s) -1 ()] (2.9)
A )

7{s), as it appears in eguation 2.9, is the impedsnce of the fixzed part

of the network of Figure 2.3. In this case, it is the impedance
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N
qf the capacitor C‘O° Fﬁrthemnore; equation 2.9 suggests the following
very interesting inbterpratation, The voltage reéponse‘v(s) of a time~
varying network 4o a'current.I(s) is exactly the samé as tﬁe voltage res-
ponse V(s) of the fized part of the same network to the new forcing cur-

rent.Im(s) shown in equation 2.10,

~

PIp(s) = I(s) - I (s) - (2.10)

This fact becomes apparent afber exsmining equation 2.9. Figove 2.4
o

portrays the meaning of equation 2.9 in block diagram form.

I(s) F N 7.(s) V(s)

Y

IC(S) : <
vFiguré 2.4 Block Diagram Model of Equation 2.9

The current 1 (t) which flows through the bime-varying capacitor

! ¢ g X

is a function of the voltage v(t) across the capacitor. This means that
Ic(s) rmuist necessarily be some specific function of V{(z), and let this

functicnal relstionship be represented by the sywbol F.

I.(s) =¥ [17(5‘)] | N G
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The transformed current Ic(s) may be obtained by performing upon V(s) the
operation signified by F. The symbol F, then, is not a transfer function
in the usual sense of the word; rather, it represents an operation to be
performed.
With the concept of the operator F understood, a feedback path

containing the element marked F may be inserted in the block diagram

describing the network.

I(s) Lo(s) V(s)

Y+

\/

N3
"
~—r
|

I,(s)

Figure 2.5 Block Diagram Model With Feedback Path

For this specific network, the operation designated by F may be
determined by Laplace transforming equation 2.12, which relates ic(t)

to v(t)

I

c —d—[ v(t) cos(wct)] o S laD ) 0

1.(t) = ¢ ¢

(2.12)

Jw t ~jw t
%Cy —%E [ vit)e © 4+ v(t)e e ] .

to obtain equation 2.13 which relates Ic(s) to V(s).




w17 =

IC(S).

i

%sfl L V(s+jw6) + V(s=jwc)] '

H

¥(s) [ V(s+3wb) + V(s»jwb) ] | (2.13)

Here the operation indicated by F means ﬁéke tﬁe sumn of V({s) shifted up
'ip freguency'by'jWé and V(g) shifted down in fregquency by jwb and mxlti-
ply this sum by the admittancé function }ésClo

Suppose; in Figure 2.5 sbove, a current I(Q) is applied to'tﬁe
‘system, and also suppose that the feedback path is, fer‘the moment , open
cirveuited. At the output will appear & voltage, call it Vo(s).

V(s)vn Vo(s) = I{(s)Z(s) | '(g‘lﬁ)

If the feedback path is then reconnected, at the output will appear

another voltage Vl(s) due to the current Ico(s) caused by Vo(s),

I (s) =7 [VO(S)] ' " (2.15)
' V(s) =V (s) + Vy(s) | ~ (2.16)
. Vl(s) = wICO(s)Z(s) : _ (2,175

This new volitage Vl(s) will cause yel another current Icl(s) which, in
turn, will cause another voltage Vg(a) to appear at the oubput of the

system.
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| I, (s) =T [vl(s)] |  (2.18)
V() =V (s) + ¥y (8) + Vy(s) (2.19)
:Ve(s) O ORI - (2.20)

As this ﬁrgcess is repeated again and again, the total transformed out-
pu% voltage V(s) is arrived at by an infinite number of terms, as indi-

‘cated in equstion 2.21, and illustrated in Figure 2.6.

V(s) = Vo(s) + Vl(é) + Vz(é) ; cee + Vn(s) F oeee “(2.21)

‘The_above serieé expréssion for V(s) enables one to gain special insight
into the solution because each term of the series has the following sig-
nificance. Vo(s) is the response of the fixed part of the system to an

external current stimulus I(s).

'5~ V (s) = I(s)z(s) ‘ : (2.22)

Vl(s) is the response of the fixed part of the system to a current

Ico(s).

vy (s) = -I_ (s)2(s) i o~ (ewE3)

ES

Ve(s).is the response of the fixed part of the system -to a current Icl(s).




~10-

o tte )

Cco

Icl(s)

ICZ(S)

cn

Figure 2,6

B V. (b & \
-1 Z(s) o _«m;c(::) V(s)
san T
F o pt——
BN Bigs) .4
PTG e A gy
+4‘.
it 3 Rk T B0 e

An Illustration of the

P
o AL
] it F £ i TG

Solution is Generated,

Process

By Which the Series




-20-

Vz(s) = -Icl(s)Z(s) (2.24)

And, in general, Vn+](s) is the response of the fixed part of the system
to a current I__(s).
cn
Vn+l(s) = —Icn(s)Z(s) (2:25)

Using the procedure described above, it is now possible to obtain
a series solution for linear, time-varying, differentiasl equations,
provided that each term of the equation is Laplace transformable. 1In
addition, this series solution not only provides the steady-state solu-

tion but the total solution, transient included, and each term of the

series has the useful physical significance explained above.

2.h EXAMPLES OF THE APPLICATION OF THE SERIES SOLUTION

For the first of three examples, consider the network in Figure

2.7, introduced in Section 2.3.

el 5

fé c(t) = C, + €, cos(wct)

N

Figure 2.7 A Time-Varying Electrical Network
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This network is described by the time-varying differenﬁial equation 2.26.

#

i) C, _§§§El + C _Q;_[ cos(wct) . v(t)] s v(t=0) = 0

14t
) . . vt -jw t |
= Cg dztt + %0y 5%* [‘v(t)e ¢ v °© ] (2.26)

Equation 2.27 is obtained by Laplace transforming equation 2.26.

I(s) = sCoV(s) + ¥sCy [ V(s+jwc) + V(s-,jwc)] | (2.27)

The sbove equation suggests the use of the following complete system

block diagran.

Z(s) _ . - vis) 3me

Figure 2.8 Complete Block Diagram of the System Described
by Equation 2.27 v B
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The impedence Z(s) shown in the forward path of Figure 2.8 is equal to

the impedance of the fixed part of the capacitor in Figure 2.7.

1

Z(s) = 2 | " (e.28)
‘ o o |

The admittance in the feedback path of Figure 2.8 is defined by equa~

tion 2.209,
Y(s) = %scl ' (2.29)

For conciseness in the following equations, a transfer funcition G(s)

is defined by equation 2.30.

G(s) = 2(s)e(s)  (2.30)

Following the procedure set forth in Séction‘2.3, the individual

terms of;the series solution may be determined. -

- U

V(s) = V_(s) + vl(s).+ Vp(s) + oue + V (s) . (2.31)

Suppose, in Figure 2.8 above, a current I(s) is applied to the system,
and also suppose that the feedback path is for the moment'opsn cir-

cuited. At the outpﬁt ﬁill appear'a foltage; call it Vo(s).
Vv (s) = 2(s)I(s) - (2.32)

If the feedback path is then reconnected, at the output will appear

-

" another voltage Vl(s) due to the current Iéo(s) caused by Vo(s).
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Iéo(s) = Yfé) [ V§(3+3Wc) + Vo(Sijé) ] (2.33)
Vy(s) = ~2(e)I ()

it

«G(g)‘[ V, (ergu,) + VO(Smjwc)j' , (2.3%)

= -G(g) t Z(s+jwb)l(s+jw6) + Z(S»jwb)I(SWJWE)]

When the volltage Vl(s) appears at the oubput it will cause yet another

. current Icl(s) which, in burn, will cause another voltage Vz(s) to

appear at the output of the systenm.

Ty () = ¥6) [ V)« )] - @)

Vy(s) = -B(s)T (&) | L (2.36)

[

i

-a(s) [ Wy (svawy) + v (s-gie) |

i

G(s) ['G(s+jwb) [ Z(s%jﬁwC)I(s+jﬁwb) + Z(s)I(s)]

+ G(snjwe)'[ z(g)1{e) + Z(Bwjﬁﬁé)l(aijWC)];]

The above process should be repeated until the desired number of

t

terms of the series solution is obtained., OFf course; the more accuracy

one desires, the greater is the number of terms of the series thalt must

" be caleulatad.
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From the results obtained in this exewple thus far it is spparent

that each successive term of the series inbroduces two additional fre-
gquency components into the output voltage., Table I illustrates fhat
the output voltage V(s) will contain the frequency of the input current
f(s) plus an infinite mumber of the sum and difference frequeﬁcies be~
tween the frequency of the inpubt current and the frequency of the cap;
scitor variation. Also apparent in this table is the fact that the odd
nunbered terms of the series contribute only odd sideband Treguency

components and the even terms contribute only even sideband frequency

components.

Up to this point in the example, the solution for the output
voltege v{t) has been in terms of a ge;eral input current i(%)vto a net-
work with vaspecified eircuit values. In order thalt a more complete
picture of the performance of this time-varying sysﬁem be obtained, v(t)

was calculated for the particular i(t) and the particular set of circuit

parameters shown below.
i(t) = cos(wbﬁ) amps .

W, = 2m (107) rad. /sec.

w, = 2n (105) rad. /sec.
c(t) = CO + C, Qos(wct) farads

C_ = 300 mmf. C

0~ 0y = (5 minf .




TERMS IN SERIES - ) FREQUENCY COMPONENTS PRESENT

Vo(s) - : L : a s
Vl(s) : ' srjwb 8-3w,
Ve(s) - | ‘s+q2w6‘ s s-jaw,
V3(s) S o s+33w, 1 sJw, s=dw, s-33w¢
Vh(s) o i : s+jhwc - s+jaw, s s-jzwc s-jhwb
. . . . . ‘ . L4 ' - , . 1
) ” e N . * l' ’ : - - » ‘ ‘\)
P . . . . U‘
- ’ ., . . . Te . ) . e * - t
Vn(s) _s+Jnw s+j‘n-2)wb P LA ';s-jwb'... S e s-j(n-z)wb s-Jnw,
v l(s). s+j(n+l)w6 s+j(n-l)w6 "”"§+32WE s s-jaw, ... s~j(n—l)wé s-j(h+l)wé

4

v

"Table I Terms of the Series Solution V(s) and Their Respective Frequency Components.

\
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?wg'cpmputer programs wére writtgn for.the S.D.S. Sigma 7 computer
which calculéted the enﬁelqpe qf the response voltage for the ipﬁut cur-
rent i(t) and ‘the circuitnparameters showna ;bove, Tﬁe first of the two
compgter programs ca;pulates the first four terms of the series for

V(s) by the method described above and obtains v(t), the inverse trans-

form of V(s) by evaluating the residues of V(s) using the Heaviside ex-

pansion method_{7). In order to have a means for‘checking the accuracy

.of the series ;plution, the second computer'program solved the time-

varyiqg_differential equation 2.26 numerically for v(t) by the Runge-

Kutta method (MO). _The results of the computer programs for this

particvlar circuit are shown in Figure 2.9;

j_._It should be enmphasized at thisApoin£ that in Fiéure‘2.9, it is
the.enveloge of the response voltage that is éhown and not the total
response voltage v(t). Noticg fhat the §§ries solution containing just
three terms closely approximates the Runge-Kutta solution, and when the
series contains four terms there is no visible difference between fhe

series solution and the Runge-Kutta solution.

Figare 2.10 is a normalized illustration of fhe frequency content
of the input current I(s) and the output voltage V(s) after the tran-
sients due to the input have subsided. Those frequencies contained

. g o o
within the dashed lines in Figure 2.10(b) are the frequency components

-present.in the first four terms of the‘series solution shown inuFigure

2.9, It is noteworthy that an illustration of the frequency charac-

teristics such as this may ohly be obtained by the series method and. is

4=
u
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Normalized Plot of the Frequency Content of i(t).

w

Figure 2.10(b)

Normalized Plot of the Frequency Content of v(t).
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not at all possible by using the Runge-Kutta method.

As a second example, congider the network showp in Figure 2.11.
This network is similar to the one in the first example except that
there is now a fixed rcsiétor R in parallel with the time-varying cap-
acitor C(t). The problem remains the same: Determine the voltage re-

sponse v(t) to a driving current i(t).

10 L

s

L c(t) = G, C cos(wct)

1

N|

Figure 2.11 Network containing Fixed Resistor and Time-
Varying Capacitor

This network is described by the time-varying differential equatioh 2.36.

i(t) = -lﬁv(t) + a%—«[ C(t)v(t)] (2.36)
- %vv(t) + C, —g%éil— + Cy —%E [ cos(wct) . v(t)]
Jw t -jw t
= % v(t) + Co‘dgétl + %Cl—%g [ v(t)e Ve + vit)e i ]

The procedure to be followed to obtain a solution v(t) for the

above differential equation is exactly the same procedure explained in







T
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7(s) =% ¢ —E (2.38)
. ..o S + =/

As before, for concisenesg, let G(s) be defined by equation 2.39.
G(s) = ¥(s)z(s) (2.39)

Following the sameiprocedure as before, it is possible to obtain

the individual terms of the series solution.
V(s) = Vo(s) + Vl(s) + Vz(s) F oeo +‘Vn(s) F oaes © (2.40)

Suppose, in Figure 2.12 asbove, a current I(s) is applied to the system,
and also suppose that the feedback path is, for the moment, -open cir-

cuited. At the output will appear & voltage; call it Vo(s).

v_(s) = 2(s)1(s) - _, (2.42)

If the feedback path is then reconnected, at the output will appear

another voltage Vl(s) due t6 the current Ico(s) caused by Vo(s)..‘

I (s) = X(s) ['-vo'(erjwc) + Vo(s—jwc)] . | (2.12)

il

Vl(s) ~ZKS$ICO(S)

B

~G(s) [ Vo(s+jwb) + Vo(s;jﬁc) ] - _ -

It

«6(e) [ Blsram)T(erin) + 2(e-gw )T (a-g,) | (2.43)




S =32-
When the voltage V (s) appears’at the output it will cause yet another
current I (s) which, in turn, will cause another voltage v, (s) to

appear at the output of the system.

Iy (s) = Y(s) [ V) (s+gwr_) + Vl(s-jwc)] ' (g‘hr}.;)'

—-Z(s)I s)

it

v, (s)

-G(s) [ vl('s+jwc) + Vl(s-jwc)]

i

G(s) [:G(u+3w [ Z(s+32w )I(s+32w ) + Z(s)I(s)]

+ G(s-jx_rrc) [ Z(S)I(s) + Z(s gzw )I(s-jow )]] | ~(2.#5)

- —— B

- —

The above process should be repeated until the desired number of
terms of'tﬁe series solution is obtainedﬁ_ As in the previous example,
* each succeésive term of the series introduces two additional frequency
components in the output voltage and Table I 1s again appropriate as it
illustrates the terms of the_series solution and their respective fre-

quency components.

As a numerical example of this sort of time-varying network,
v(t) was calculated for the particular i(t) and the particular set of

circult parsmeters shown below.
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i(t) = cos(wbﬁ) SIS .
W | = 2 (3075 rad. [sec
o & . & 7 = q
..A 5 .
w, = 2m (107) rad./sec.
C(ﬁ) =C,+ ¢ cos(wct} fas.
- 2 P - s <
Co = 300 mmf.” €y =75 imf.

R = 265 ohms.

LAgain, ag in the first example, the first four terms of the seriesg

for the response voltage V(s) were evaluated by digital compuier and

i~y

this solution was cowpared to the computer sclution of the differential

[e]
=)

equation 2.36 by the RungewKutta:methoda The plots the envelope of
the fespénse voltage v(%t) are shown in Figure 2.13. Notice the series
solution containing just three £erms closely appioximﬁﬁes the Runge-
Kutta solution, and when the seriés contains four terms there is no
visible difference between the series solution_and the Runge-Kutta

golutvion,

Figurve 2.14 is a normalized illustration of the freguency content
of the ianput current I(s) and the output voltégé V(s) after the tran-
sients due to the input have died away. Those freguencies containeﬁl ‘
within the dashed lines in Figure 2.1k (o) are the freqaency'componeﬂﬁs'

present in the first four terms of the series solution shown in Figure

NS

.13, - -
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As the last of the series of three exsmples, consider the network
in Figure 2.15. The network contains fixed resistance R, fixed induc-

tence L, and time-varying capacitance C(t).

i(t) b

éR E L 74 oie) v(t)

Figure 2.15 Time-Varying Network Containing Fixed Resistance,
Fixed Inductance, and Time-Varying Capacitance

As before, the problem is to determine the response voltage v(t)
to an input current i(t), and the procedure is the same as was used in

both previous examples.

The network in Figure 2.15 is characterized by the time-varying

differential equation 2.h6.
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The block diagram of Figure 2.16 is identical to both the block
diagrems arrived at in the two previous examples except that the im-
pedance of the fixed part of the network Z(s) has changed dueato tﬁe

‘introduction of the fixed inductance.

7(s) = 5=+ —5—2 . T (2.48)
: o S 4+ ==— 8 + =z—
R, * TR,

As before, let G(s) be defined by equation 2.49,

a(s) = z(s)r(s) | " (2.19)

Following the same procedure as“before, it is possible to obtain

the individual terms of the series solution. )

| V(s) = V(s) + Vy(s) + vz(é) o vn(é) + o (2.50)

Suppose, in Figure 2.17 above, a current I(s) is applied to the system,
and also suppose that the feedback path is for the moment open circuited.

At the output will appear the voltage Vo(s);
V,(s) = 2(s)x(s) . - (2.51)

If the feedback path is then reconnected, at the output will appear

another voltage Vl(s) due to the éurrent.Ico(s) caused by Vo(s).

Ico(s} = Y(s) [ v (stiw,) +.V;(s~jw¢) ] - .-f (3.52)
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v, (s)

tl

«Z(S)Iéo(sj : o | (?«53)

it

-G{s) [ Vo(s+jw6) + Vo(s«jwc)]

1]

-G {g) [ Z(s+jﬁé)1(s+jﬁe) + I(é«jwé)l(s~jw6)]

When the voltage Vl(s} appears at the output it will caunse yet another
current Icl(s) which, in turn, will ceuse another voltege Va(s) 1o

appear at the output of the system.

Icl(s)'= ¥(s) [ Vl(stwc? ; Vl(3mjwc)] K2=5a)

-
Vv, (s)

i}

. -2()T,, (s) : | (2.55)

4

6(s) | vy (esgwy) + ¥y (s-gw,) |

4

G(s) [ G(s+Jw,) [Z(s+23wc)l(s+ejwé)+ Z(S)I(S)]

+ G(s=gw,) [z(sipij)I(Suzjﬁb)+ Z(é)I(S)]]

Thevabove process should be repeated until the desired muwber of
lterms of the series solution is obtained. As in the_previbus,two ex-
amplés, éach suééessiVe term of tbe.series introduceﬂstwo additiénal
freqﬁency components in the outpu% voltage and Table T islégain appro=
priate as it illustrates the terms éf the serieé and theiy respecti%e

freguency components.
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As a numerical e;émple of the solution of this type of network,

' the folldwing values were used in fhe calculations.
i(t) = gos(wbt) amps,‘

A om (ib7j.réd./sec,

W = 2Tr‘.(105) rs,d,/séc,-’

c(t) = C,+ Cy cos(wbt) farads

C_ = 300 mmf.
- ¢, = 12.37.mmjj.f". _—
: —_— 26,525 omms. “ /
© L = 0.8443 mh.

As a result of the particular circuit paremeters shown above, the fixed
part of the network (the part consisting of R, L, and Co) is in reso~-

mmnce with the frequenéy of the input current.

L. "“"ELZT; - 27 (107) rad./sec. - (2.56)
~o (QRCO) : ‘ o S

e
~

Becanse the network capacitence is not constant and does vary with time,

_the resonant frequency of the network_w&(t) also changes according to

equation 2.57,




-

’(‘b): 1 R 1 ’
" Le(t) [ZRC(t)]2

red. /sec. (2.57)

The resonant frequency Wi(t) varies around w_ from a high of 6.41 Mhz.

to a low of 6.16 Mhz.

The figure’of merit Q for the fixed part of'the network is given

by equation 2.58.

R
Q = W I = 500. (2.58)

The value of this figure of merit @ for the entire time-varying network
obviously is not constent on account of the changing capacitance but
neverthelessg varies less than four percent away from the value shown in

equation 2.58,

The bandwidth of‘the total network also is not constant and is

given‘by equation 2.59.

w_(t)
BN, = —Lpy = —g = bt (10%) rad./sec. (259

The purpose of introducing the quantities of resonant frequency,
. figure of merit, and bandwidth is not to aid in the solution -for V(s)

but rather to give some qualitative insight into the operation of this

particular network. For example, since a @ of 500 is extremely high,

one would expect this network to have an extremely narrow bandwidth.




iuhzu
~As a direct consequence of this fact, smcll variations in the &alue of
the capacitance would tend to have a relativcly largc effect in de-~ |
tuning the network away from the resonant center frequency Wi; and this
wpuld cause large variabions in the iméedancc of the network'at the
input frequéncy LA | - |

. Again, a8 in the first and second examples, tﬁe first four térms
of the series for the response voltage»V(s) were evaluated by digital
computer and this solution va.s compare@ to the computer solution of the
differential equation 2.46 by the Runge-Kutta method. Tﬁe plots of the

envéloge of the response voltage v(t) are shown in Figure 2.17.

It is quite apparent in this exaﬁple that the series solution did
not-yieid the cc;;ecﬁ solution as given by the results of the Runge-
Kutta method, and in fact, the sefies diverged rapidly. These resulis:
immediatcly pose several questions that demand £§ be answered: "What
were the differences in the ﬁhree-examples that causeédfhe solutions to
the first two to converge and the series solution to the third example
to diverge? Also, "If the reasons can be determined, how can one pre-
dict when the series solution will yield uscful results acd when it will

not?" These questions and several more releted questions will be ex~

emined in Chapter 3.
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CHAPTER 3

PROBLEMS OF CONVERGENCE OF THE SERIES SOLUTION

o
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3.1 INTRODUCTION
Proceeding thfough the dérivation of'the series solution'in Chap-~

ter 2, one is apt to feel.that because of the natural way the-series is
derived, each succeséive térm béiqg a function of the network and the
~pfeceding tefm; that the series ig bound to converge provided the net-
Wérk being analyzed is ph#sically realizable.:-sﬁch is not tﬁe case,
howéver;—as was clearly illustrated in the'last-example of Chaptér-E;
in;which the network was physically realizable and yet the series solu-

tion diverged.

It is the purpose of this chapter to resolve the above diff%puity
and aiso to develop appropriate coﬁvergence cripgria for each of the
'series solutioﬁé-in the three.examples of Chapter 2. Also £o be dével-
oped by meaps oftthe concept of har&oniq balance, is a different series:

for the steady-state solution of time-varying, but not necessarily

linear systens.

3.2 ORIGIN OF THE CONVERGENCE ?ROBLEMS

- Consider equation 3.1 which is the equation in the complex fre- .
quency domain which described the time~varyihg systems in all three .
examples of Chapter_2.

V(s) = 2(s)I(s) - G(s)[ V(seaw ) + V(s-gu )] (3.1)

™~

In the time domain, which is more éppropriate than the complex fre-

-




~domain equivalent of series 3.3.

g
guency domain for inves:t'igating' convergence, equation 3.1 is equivalenf

to integral equation '3.2.
v(t) = f z(t—x)i_(x)dx_ - 2 f g(‘t—x)cos(wcx)v(x)dx (3.2)
- Yo o . .

The solution to eguation 3.1 was found to be a series

v(s) .= Zvn(s) ) (3.3)
B :O ' s . .
where - Vo(s) = I(s~)’Z_(s.) s . (3.4)
and "_"'vml(s.) = - E;(_s) [Vn(s+jwc) + Vn(s-tjxirc)] n = 9,1,2, ...(3.5)

One would expeét the solution to equation 3.2 to be a series, the time

® ‘ . :

v(t) = Zvn(t) (3.6)

, -. . t ‘ -
where . . vo(t) = J: z(t-x)i_(x)dx 5 . '. - (3.7)
and vn+l(t) = —-2f g(’b-x)cos(wcx)vn(x)dx n = 0,1,2, ..., ‘('3.8)

"To insure.that the series for v(t) is indeed.a solution to equat‘ion 3.2,
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equations 3.6 and 3.7 should be substituted in equation 3.2.

o)

' Lot - -
v(t) = vo(t)‘ ._.gfg(‘c-x)cos.(wcx) vn(xl‘)d.x (3.9)

% n=o

In order to reduce equation 3.9 ‘b'o é_quation 3.6 and thus show thg validity
of the series for v(t) as a solution to equation 3.2, it is necessary
that the operations of summation and integra’cion be" intef_changed in
équation 3.9. This interchange is permissible if ‘ohe‘ seriés portion of

' equa‘tion 3.9 is uniformly convergent in the time interval of intérest,
in this case 0 £t £ T, vhere T is any' positive number..

\Assume- for the moment that the interchange in summation and

- integration is justified. Perfoming the interchange yields equation

3.10.

£ .
v (t) - z‘ Qfg(t-x)cos(wcx)vn(x)dx

(o}
el o]
n=0 - :

v(t)

t )
_ yq(t) - 2L[;g'(t-x)<‘:os(wcx)vc;(x)dx

1

. % - ) —
+ '..2_[0 g(t-x)cos (wc}f)v.l(x)dx - L
. £ . . (3.10)
- ()M Qf g(t-x)cos (wcx)vn_l(x)cix + .

-
)
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Comparing the terms of series 3.10 to the terms of series 3.6, the re-
ulting conclusion is that the series for v(t) is truly a solution to

equation 3.2 on O £t £ T, where T ig any positive number.

The problem yet remzins to prove the uniform convergence of series

3.6 for 0 £ %t £7T in order to justify the ivterchange of the opera-

-tions of summation and integration in equation 3.9,

3.3 _ DEVELOFMENT OF THE CONVERGENCE CRITERIA

The method to be employed to show the uniform convergence of
series 3.6 is the Weierstrass M-test for infinite series (86). Con-

sider a series of positive constants

n
=l
n=0 LT

M = Mo, : . (3.11)
such that for all t in the intervel 0 £t & 7T, wvhere T is some posi-

tive number:

Moo= 'vn_(t)i , n=0,1,2, ... . (3.12)

If the seriegs for M is term by term greater than the series for v(t),
and if the series for M can be shown to converge, then the series for
v(t) must also converge uniformly and absolutely. The problem now is

to define a suitsble series for M and to show that it converges.
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Define the terms of the series for M as follows:

i ot
M= S‘,;P lvo(t)l = S}gp Lz(t-x)i(x)dx| (3.13)
M, o= SEP lvh(t)l .
) ] - S C(3n)
. .
= s%p %j;g(t-x)cos(w?x)vn_l(x)dxl n=1,2

D'Alembert's Ratio Test may now be applied to the series for M to in~

vestigate its convergence (86).
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ovs

For gufficiently large n,

r ’ | —
o . sup - . )
2 s{t-%)cos(w x)v (x)dx
¥n+l - g L’ M{:ug( ) ( ¢ ) n( ) ]
Mn : _ Mh

P Y
Su"‘ - = ' 0 bt =
% EhL)Ig(x)cos['wc(t A)] vn(# x)dx’
B M
'
g 4
sup P Y " = I S AAY
£ 2 jﬁalg(x)l cos [w&(o x)]) .n(t x),d“
M

t K
S N .
& zf ‘.g(x)l M, dx
' @]

T

n

S0,

, % : .
- , g£|g(x)[d};' < 1 (3.15

3

T

Ineqﬁality 3.15 is a sufficient condition for the convergence.of series
3.11 snd also a sufficiént condition for the uwniform and absolute con-

-.-vergence- of series 3.6 over the interval O £ 1 £ 7. Although.a suffi-.
clent éonditiou, it is not a neeesgéry‘one; There way exist series
solutions that violate the condition of inequality 3.15 and yet ;re

convergent series solutions.
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Now that the sufficient condition for the uniform convergence of
the seiies solutions has been'developed, it is appropriate.that it be
-~ applied to the three exampies of Chapter 2 'in order %o gein some insighi
ags to the physical significance of the cgnvergence.c£iterion Just

derived.

The first exauple was a single capacitor network eicited by

i(t) = cos(wbt) and the capacitor varied as C(t) = c, o+ Cy cos(wét),

- C
Rl r " l l l ‘ ;
G(s) = ¥(s)z(s) = R (3016)
£ ~ o o
. ¢y . _
g(t) = zg— O (3.17)
@]

vhere 6(t) is the Dirac delta function (61). The criteria for uniform

convergence of the series for v(t) is very simple:

gy

C ' C ’ '
1 sup s A : ~ .
e fz ()ax | = = <1 (3.18)
O &) (@] ]

In this example, when C. is less than CO, the series 3.6 will converge

1

uniformly, ag was seen Lo be true in the exawple.

The second example was a resistor-capacitor network with the -

same input and same capacitor variation as the first example.

it

a(s) T(s)z(s) = - € CF%E T OB, s+ k(319
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Cq ot ' ' :
g(t) = 5a s(t) - ke ] (3.20)
o . '
where kE = - (3 21)
. Rco . © . ‘

The criteria for uniform convergence of the series for v(t) becomes:

. .
L sup | zj"l 5 (x) - ke %] ax
tO.

In this example, when G, is less than %C, the series for v(t) is
guaranteed to converge uniformly.

The third example was & resistor-inductor-capacitor network with
the same ioput and the seme capacitor variation as in the two pre-

ceding exauples.




L L

) sC
. _ a I
¢(s) = Y(s)i(s) = 5= 5 5
o 8
3 Cl s?
20o s2 4+ 2ks + W e
0
Cy Xt
g(t) = 55;' §(t) ~ Ae 81n(w;t + B
1
ko= oRe”
2 2.
W = w -
T o
9
-2 200 T
5 WO - 2K
A = L!-k o] e
‘ W
L.
i 2kw
B = Are tan | eI
.- 2 2
vy o 2K

The criteria for uniform convergence of the series for v{%) becomes:

)|

4

(3.

(3.

.23)

.26)

.28)
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-X3x

31n(wrx + B), A

(3.29)
t

< L sup g!ﬁ[ §{x) + Aemkxi sin(WTX'+ B)l-]dX
o o ’

"The right hand side of ineﬁuality 3.29 may be further slmplified to

yield inequality 3.3C.

b
C
71 sup o -kx:] _
5E 4 %jﬁ[ 8(x) + Le dx
© o)
Cl sup Al <kt
< a gl ]
C t k
o .
1 A - “
== 'C;;" I:l—}- E] < 1 (3 DO)

In %ermé of the values of-the network parameters in The third
example of Chapter 2,‘the series for v(t) is guaranteed to be uniformly
convérgent on O £+1 <7, vhere T is some positivg number, if Cl is les
than .OOZLCO-° Ovserving the valies assigned to both Cl and Co.in this

4, example, (Cl-: 12.4 mof. and CO = 300 mmf.), it is obvious.that they
fall far short of satisfying the convefgence critveria and'consequent;y‘

it is not surprising that the series solution diverged.
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'It would be reassuring to consider an example'siﬁilar to the third

‘example of Chaptler 2, but_wifh the value of C, chosen such that the con-

1
vergence criterion is satisfied. Howefer, when the value of Cl is taken
as .30 mmf., a value which Jjust satisfies the convergence criteria, the
total variation of the capacitance with time is so small as.to be coo-'
sidered practically constant. There is little consolation in the fact
that the series solution does actually converge becaose the capacitance
) varies so little that the waveform forAv(t) appears to be the resoonse
of a time-invariant network. As a result,‘one is apt to conclude that
the series solution for this sort of t1me=vary1ng network only converges
when the time-varying parsmeters change so little that the network for

most practical purposes, can be considered time-invariant.

Fortunately, such is not the case. It must be remembered that

the previously developed convergence criteria are sufficient conditions

only. It is entirely possible to have a value of C which violates the

i
con&ergence criteria and yet discover that the corresponding series
solution converges. As an example, if £he value of Cl is chosen as

7.5 mnf,, a value which is 25.0 times larger than specified by the con-
vergence criteria, and the other parameters are the same as the third
example in Chepter 2, the series-solution for this network converges.
The plot of the envelope of the responSe voltage v(t) is shown in
Figure 3 1. It'is appareot in this figure that the series-solo%ion is

converging toward the corfect solutlon as obtained by the Runge—Kutta

method, but the converuence 1s not nearlj so rapid as in the first and

. —
5 .
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second examples of Chapter 2. In this case, it would 5e necessary to
‘consider more terms in the series solution to obtain the accuracy that

was obtained previously.

Figure 3.2 is a normalized illustration of the frequéncy éontent
:. of the output voltage v(t) after the transients due to the ihput have
subsided, Those frequencies contained within the figure are the fre-~
guency components present in the first four terms of the series solution

shown in Figure 3.1.

3.1 CONVERGENCE CRITERTA FOR-STEADY~STATE SERTES SOLUTION

In the previous section, sufficient conditions for the conver-
gence éf the series solution to equation 3.1 were developed: These
conditions appl&jfo the total-soluﬁion, both transient and steady-state
solutioq, for t+ in the interval O \é t £ 7, where T is any positive
number.‘ Although transient~response is eertainiyfimportant in many
applications, there are solutions in ﬁhich either the"éteadywstate
response is all that is desired or the transient response decays so
quickly that its effect may be neglected. In such a situation the
method of solution is unchanged; it remains the samé a8 explained in
Cﬁapter 2; There may be, however, some slackening in the cbnyergence
criteria for steady-state response_when compared to the eriteria for

steady-state plus transient solution developed in Section 3.3.

-

.

The series solution for the total response is given by equation

3.31.
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: ‘ ' oo | |
l v(t) = Zvn(t) C (3.31)

: n=0 '
_ Each vn(t) in the above series may be éonsidered as being composed of é
transient response v, (‘b)tr which even’cually becomes insignificant as
time becomes large, and a steady-state responsé vn(t)s; vhich is tﬁe
pgri:odic wa.v:efom obtained after sufficient time has elgpsed to gllow

the transient response to become insignificant.

v(t) = Zvn(t) - Z [yn(t)trwn(t)ss] (3.32)
) ' " N=0 n=0 ‘

Since series 3.31 has been shown to be uniformly. cpnvergent on 0<£ t =

T, where T is any positive nmnber; it would be possible to write

' (o) w
v(8) = Z"“) - Z‘&Kt)tw Zvn@)ss (3.33)
n= ‘n=0 n=0

if it can be showm that either of the two serles on the right hand s\ide

of equation 3.33 is uniformly convergent on O£t £ T,
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Before investigating the convergence of the series describing the

v(6). | - i-«nmss (3.34)

it is necessary to define the individual terms of the series. Figure

steady-~state solution,

3.3 illustrates the process by which the individual terms are obtained.
The system 1is excited by a steady-state exponential source and the re-

maining quantities in the figure have been defined in Chapter 2.

jwot
e (o St Z(jW) - S

=

\

cht -jwct

Y(jv) b (X<

Figure 3.3 Block Diagram Model Illustrating the Process by
Which the Steady-State Series is Obtained

The terms of series 3.34 are defined by the recursion relationships:

ijDt
vo(t)SS = Z(Jwb)e (3.35)
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Jw .t

(t) - vy, (t),, [ e ©

~Jw % ]
+ e

Again use the Weierstrass M-test and define pogitive constants Gm and

A as follows: .
m

_ sup
Gm Tow,k
_ Sup
Vm Tot,w

Let P be a series

such that

and Pn+ 1 =

k is an integer
- ®w < k <

[ l C-\[ 3 (\-H—k'c-.rc )“ i ]

' g
[ ! Z(jw)e‘]m' I

of positive constants,

) @3'
(]
. =ZP
n.
. nN=0

| = l Tnel (t)ssl

n=0,1,2,

(3.37)

| (3.38)

(3.39)

(3.40)

(3-8}
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Now that a series has been defined which is term by term greater than or
leqﬁal V(t)ss, it remains to show*that the series P does indeed converée.

The convergence may be shown by D'Alembert's Ratio Tést.

. jw t ~Jw t
c Ve
Pn+l - qun e + e
P P
n . n
< Eém < 1 for convergence of P. (3.L2)

If G as defined by equation 3.37 is less than one-half, then the
series for P cénverges, and consequently the series for v(t)ss converges

uniformly on O <t £T, where T is any positive number.

* " In order to investigate the physical significance of the above -
:convergence criteria for the steady-~state response, let us examine its
application to the three examples introduced in Chapter 2 whose conver-

gence criteria for the total response were developed in Section 3.3.

In the first example, G is as defined by equation 3.ho.

c c .
_ sw | X ¢ _ 1
G = [200] = 55 (3.43)

For the confergence of the steady-state response in this first example,
it is required by inequality 3.42 that the value of the capacitance Cl
be less than the value of Co' Referring back to equation 3.18, in.

Section 3.3, it can be seen that the criterion for convergence of the’

steady-state response is the same as the criterion for the toftal response
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" of the network. The result is not surprising. Since the network con-
‘tains but a single varying capacifance, there can be no transient re-

sponse, only a steady-state response.

"The second example concerned a resistor-capacitor network,

G, = ;Fi [ IG [j(w+kwc)], ] k is an integer
25 ' ~-w<k <® -
c i (wrkw C
_ sup 1 J( C) - —_l_ (3 L}}.,.)
= wk | 36 | - T = 30 .
) o | jGrkw ) + = o :
: ¢’ * R,

For convergence of the steady-state response in this example, it is re~-
quired by inequélity 3.42 that the value of the capacitance Cl again be
less than thé velue of.Co. This céhvergence criterion for the steady-

state response is more lenient, by a factor of ﬁw&, than the requirement

_ on the value of C; for the convergence of the total reépopée.

The third and last example dealt with a very high Q resistor--

inductor-capacitor network.

_ sup i . l k is an integer
Gm - w,kL‘G[J("Hch)] ] - < k&
- 2
. [J(WHW%)]
_ supf _1 :
= wk| 2, 2 L
[3(w+kwc)] + ﬁa—[g(w+kwc)] t 55
- , o* . o
C, .
- 2500_1 . (3.45)
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For convergence of.the sféady—state response in this third example, it
is require& by inequalitf 3.42 that the value of the capacitance Cl be
less than 1/500 the value of Co. This c&nverggnce.criterion'for the
steady~state response représenté a siackening in the fequiremeﬁts on Cl
by 50.0 percent of the requirement on Cl for the convergence of the

;tétal response.

" In this section it has been shown that if only the steady-state
reéponse of'a time-varying network is desired, the method of solutioﬁ
is the same as developed in Chapter 2, but at the same fime, the re-
quirements on the parametefg_of the network to guarantee.the uniform
convergenée of the serieé soiution'have been more lenient than the re-
.quirements for the convergence of the series fo; £he total églution.

It must be remeﬁbered, however, that all the convergence criterié
developed for stéady~state solutions and for totailsolutionS‘thus far,
"are only sufficient conditions for the uniform convergenge of tﬁe series

solution. Violation of the convergence criteria in no way guarantees

divergence of the series solution.

. 3.5 ANOTHER SERTES FOR STEADY—STATE‘SOLﬁTiONS

. In the previous section, convergence criteria were developed for
steady-state series solutions in which the series were derived by the
mefhod of Chapter 2. The series descfibing gteady-staﬁe response was 2 -

-special'case of the series which described the total response but iﬁ

which t was allowed to become sufficiently large so that all the tran-

L
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It has been shown in Chapter 2 that the output voltage V(s) Wiil

contain the frequency of the input, Vo together Witﬁ frequencies of the

sum and difference between LA and the capacitor variation frequency W

such as shown below.

w_.

o
W - W W+ W
c
w_ - 2w W+ 2w
o c o c
w. - 3w w_ o+ 3w
o 3 ¢ 3 e

Since the output voltage will contain an infinite number of frequencies

as shown above, consider a series description of V(w) as shown in

equation 3.47.

" 00

Viw) - Xvn(w+nvrc)

Transformed into‘the time domain, equation 3.&? is eéuivalent to

-

equation 3.48,
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[o.9)

v(t) = E Anej (ernvr )% , (3.48)

. J
N==C0

vhere the coefficisnts An are, in general, complex constaunts which must
be determined.
Substituting series 3.47 into equation 3.46 results in egnation

3,19

&, ' o0
} v, (o) I(w)z(w) - G(w) Zvn[m (] )‘ffc]

st
N -~(D N=z=00 -

n=

4 Z v [ w+4(n~l )Wq ] (3.49)
-...03 . - - ’

The following two transform function pairs ald in the simplification

of the above eguation.
~nhay

w o . ’ .
gy L . ' N g , \‘Yﬂ’ J_,. !.7
- ?: v [w—(ml)w J “E“*}} A ea[w»(n-rl,..c_ v EY >
n cl n . e
. — ) -

Tix= "CO_ :W.QO

(3.50)
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(&3] . oD

An

oo
v [1':f+ {n-1)w ] &1**1=>> A e [ b (n“l)wc] v
N i c . n
brazniend Comerzand

==C0 ' Nm-®

S A o) (wrnw o )t

/s n+l

Nz =00

If it is assumed again, as it was assumed before, that the input

sinusoid of frequency Wos

i(t) = e R

(3.51)

is &

then equation 3.49 may be transformed into the time domain Lo yield
3

QD -
T j(wo+ nwc)'b Jwv b
Ae = Z(w ) e .
Frocmancsl :
=00 ) . .
N i ( )
\'3
e Glw + nw A 'eJ Yot et
[ o c’"n-1
N=eCO

w0

3 (wo+ o, Y

i}
en

G (wg-.L nv, )An+ 1€

Yz =00

(3.53)

Egquation 3.53 presupposes that series 3.48 is a uniformly convergent

series, a topic which will be discussed lester in this section. In

order to force series 3.48 to indeed be the steady-state solution, .
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edquate the coefficients on both sides of equation 3.53 which correspond
to like fregquenciles.

)

‘An = - G-(v,..rOJr nwc) [An«l + An+l{] for gll integers n —7-40
- -~ ®IN @
(3.54-a)
A= Glwy) - G(wo)[ A g+ Al] "n=0 (3.54-b) -

The following definitions simplify the nobtation in subsequent equations:.

Z(n) = Z(WO-}- nwc) i (3.55)
Y(n) = Y(Wo-i— m-rc) ' | (3.56)
G(n) = ‘Y(n)Z(n) ‘ - - (3.57)

Utilizing the above notational changes, equations 3.54 may be rewritten

as follows:

A, = 5(0) - c(0)[a + A | (3.58-2)
A L G(l)[Ao . Az] Ah; ~ - G(«l)[‘Ao + A:_Z] _(3.58‘:0)_
A, = -o@[ A+ ] Ay = -o(2)[a,y +ag] (3.58-)
By = --G(’j).[Ae + | Ay = - é(ms)[Aﬁg_-k Ay (3.58-a)

e

A ‘=- ~ G(n)[An~l + An-.;-l] (3-58'“?)
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The above equations raprefent a dﬁuble infinity of algebraic equationsa
in ‘the unknown gomplex quantity An, where n represents the inbegers,
- miﬁln < . It is impractical to even begin to solve these equations
for the An unlesé the récufsion may be terminated at some sufficiently
large value of n, call it N. This is in gffeét saying that the infinite

seéries solution, equation 3.48, may be well spproximated by a Ffinite

series of berms.

™
, v J(w+ aw )b Jlw + nw )b -
v(t) = Ae ° ¢ ax on e (3.59)
: n
=zl
N=-00

Since, in all real physical systems, the anplitude of the response
decreases a8 the frequency becowes large, the above approximation may be
well justified for some value N, chosen sufficiently large so as to
yield the desired accuracy. Also, if the infinite nuwber cof terms in
equation 3.%9 is truly a good approximation of geries 3.48, then the
problems associated with wiform convergence of the series portion of

L]

equation 3.53 are avoided since a finite sum of bounded terms must also

be bounded and therefore convergent.

The problem now has been reduced to finding the valuss of the An

vhere -N £n £ while assuming that all the remaining An, where

frﬂ =W, ave egual £o zero. .
. - . ‘ i
£ T
b = ~e| a4 A.‘_Ll] . (3.60-2)

3 e {1




L=
o}

g
by = - G(-N)[A fo1 + A ] (3.60-b)

Eouations 3.58 wi% [M(Nél)éérléENQI-] together with equations 3.60
represent ZN+1 algebraic eguations in 2N+1 complex unknowns An, There«

fore, the An way be debermined from this set of eguations.

As sn-illustration of the procedure followed in solving for the
values of The An, consider the case in which a value for N of Y is juse
tified. There are then nine algebraic eguetions and nine unknown An.

Begin by using equation 3.60-a.
Ay = - G(h)A3 (3.61)
Egquation 3.58 yields:

b3

- C—(3)[A2_+ Abr]- : | (3.62)

Now substitute equation 3.61 into equation 3.62 and solve for A3 in

terms of Aé,

Ay = -7~G(3‘) [A? - G(%)ASJ
- G(3) .
T G(é)@(u) By (3.63)

Now substitute equation 3.63 into equation 3.58 and solve for A2 in ”

terms of Al‘




D

g
I

- G(é)[gl + A3]

.

- ¢(3)a, ]
I G(3>G<m]

- al2) . o
T~ G(é)G(B) Ay (3.64)

1 - G(3)G(k)

Now substitute equation 3.64 into equation 3.58 and solve for A, in terms

of A .
o

=3
Y

- 6(1) [ &, + Aa]

it

o = 1 -G(2)G(3)
e - IT-e3Em)

ey [a a2) . Al] ,

S S €9 BN ) (3.65)
. ‘ 1 -ca()ae) ° '
' 1 - 6(2)6(3)
1 - G(3)a(h)

Because of the symmetry in eguation 3.58 for the positive and negative

values of n, A_; is given by equation 3.66.

<1 7 1 - 6(-1)G(-2) )
1 - G(-2)G(-3)
-1 - G(-2)G{-4)

AR =) EN N

By substituting equations 3.65 and 3.66 into equation 3.58«g, the value -

of Ao‘may be solved for in closed form,
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A  = 2(0) --.G(O)[.A_l + Al]

z(0) + a(0)a(1) A | + @(0)e(-1) Al

1 - g(1)a(2) 1~ g(-1)G(~-2)
1~ a(2)a(3) 1 - G(-2)G(=3)

1 - ¢(3)G) 1~ G("B?G(—h)

L ' ] —__7(0)
= 1 - G(0)G(1) ~ G(0)G(=1)
' 1 - G(1L)G(2) 1 - g(-1)c(-2)
' 1 - G(2)G(3) 1 - G(-2)a(-3)
1= a(3)c(H) 1 -~ G(-3)G(-%)

(3.67)
Once the value of AO has been found by the above procedure, the femain;
ing values of the An may be found by usiné the value of AO in equation‘
3.67 to solve fé;AAl and A , in equations 3.65 and 3.66, respectively,

and then using these values of Al and A—l to solve for A2 and A 2

equatioﬁé_3.6h, Continuing this procedure it is p0531ble to find all

the remaining An using the previously calculatedenui.

From the expressions which'define the respective An’ sucﬁ as
equation 3.67, it'ié quite easy to see wha§ the result would be of in—'
crgasing the value of N. It would‘simply extend the continued fracfion
expansions which define the A#, and it is not necessary to fesoive
equations 3.58 and 3.60 again for the An once the reéursipn relation-
ships have been established as they were in equations 3.60 through 3.677




‘BEquations 3.68 and 3.69 together with eguation 3.58 define all the A

e

f

n

- G(n) Ao | ns>o . o (3.68)
1 - G(n)Gn+1) ,
1~ G(n+l)G{ne2)

@

1 - é(N»l)G(N)

A = -6(m)A_ . n<o (3.69)

1 - G(-n)G(-n-1)
1 - g(-n-1)G(n-2)
1 = G{~n-2)G{-n~3)

.

1 - G(-1)a(-w)

for any finite value of M.

The next point of interest 1s what would heppen if the above

finite continuned fracltions were allowed to become infinite continued

fractions. In this case the problem of the uniform convargence of‘tha

continued fraction coefficients and of the series solutiong ag a whole
must be reconsidered becaunse the previouws aisumpltions concerning the

convergence of a finite number of terms does not hold if the number of

terms is allowed to become infinite.

First, to begin the investigation of the infinite continued
fractions, make the following definitions
1
S
Glw)

-a H(D.) =
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X(0) = »2%57 T (3571)

Equation 3.67 may now be rewritten incorporating the'above definitions.

A K(0) " - (3.72)
o ~ H{0)~- T - —T '
S H 15~ 1 : 1)« 1
. Hi2;-— 1 H(-c.5= l

In order ‘o ellmlnatn some of the unwieldiness of the equetlons conta1n~
1ng contlnued fractions, con31der the follow1ng commonly used abbreviated

‘notation (45):

an ® ‘ai h e .
[bo’ F:I = bo + b. + a " ’ (373)
nl,; 1 b2 :
o+ a3 .
b3 + a& -
@ - 2} cd' - ' . S :
'.[fE] = [O,EE] - e (3T
bn‘ 1 n 1 ) L T - _

Using the above nbﬁational changes, equatién 3.72 mgy now be rewritten
. as equation 3.75.

K(O)

B f'§ H(o) ¥ [”ﬁYHTfTD [ﬁTﬁgyu]z’

'\"(3.75)‘
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In order that eguation 3.75 be meaningful, it is necessary that each of
the continued fraetions therein must converge to a finite limit. In
showing the convergence of continued fractions, the following definition

and ‘theorem are of considersble worth (57).

Definition: Continued fractions of the form of equation 3;73 which sat-

isfy the following conditions:

(1) a £ o n =212, ...
(2) Linit 8, = a

) : n - 00
(3) Limit b =D

n—~o

are called periodic _i_gi_"the limit.

The following theorem applies to continued fractions which are

periodic in the limit: S e

Theorem: The condition

Limit | sup
n— o [ n |Cn|] = & (3.76)
is sufficient for the continued fraction
00 . ‘ ,
) Cns _ -
g o= [bo’ “ﬁf‘] S B
1 : ‘ A
t'b be cohvergen‘c in the circle | sl < l/ltg (excepting possibly at cer-

tain poles) to an analytic function,
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Two corolleries follow immedistely from the above theorems.

Corollary 1: The continued fraction

" l -7 )
F pd b 9 E"" . ] : (3v78)
converges 1f

lbnl > 2 for n = isz,

Corollary 2: The continued fraction

g =|v, 2 (3.79)

converges if

0 < |a ] < L4 forn=1p2,

The gbove theorem and corollaries are presenbed here without
proof. ~For the interested reader, the proof for the zbove theorem and
corollaries together with a complete discussion of continued fractions.

may be found in the references (45,57,79).

Conbinued fractions of the gort shown in eqguation 3.72 are periodic
“=inthe  limit Tor all three of the G(w) considered previously -in-the
_ .. ._examples of Chapter 2. This fact Justifies the sppliestion of Corollary

1 to the determination of the convergence reguirements for the continued

fraction coefficients.
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It is requlred by Corollqry l that the follow1ng Jnequalltles must
be satlsfled for convergence of the continued frectlons 1n equations

3.67, 3»68, and 3.69.

el <2 (.80e)

- ' n=l,2,_,.. ) . .
IH("n)I'< 2" o o (3.80-b)
. ‘ . ’ ‘l" IR . ' . ’ -

o) = EciR © . (3.817b)

Notiﬁe that iﬁequalities 3.81 impose essentially the same restriction
upon G(w) as did inequality 3.k42 whicﬁ-gave the requirements that Gtw)
must satisfy 1n‘order to guarantee the uniform convergence of the series
“for the stea@y-state response developed by the method of Cnapter 2. In-

-

equalities 3.81 give the restrictions upon G(v)‘for the convergence of

the continued fraction coefficients of the series developed by the

nethod of Harmonic Balance.

In addition, if the series itself were to be extended to an in-
finite number of terms, ;t woula be necessary also to establish criteria
. for tﬁe‘convergence of the infinite series. Hovever, on‘dccount of the
reasons stated earlier for justifving a Series.containingla fieite nﬁm~,
oer of ferms, it is unnecessary to. extend the series to an-iefinite
'number of terms. lnerefore further 1nvest1getlon 1nto the'convergence
of the 1nf1n1te serlen would be w1thout beneflt for pracﬁlcal appllcam."

" tions.




o _ : ~79-
3.6 . CONCLUSION

In Chapter 3,-the,fol;owing‘items have been accomplished:

‘1.” ‘Reasons for the diﬁergence of some series solutions in
Chapter 2; and the cbnvergence of others were exﬁl&ined
to be due to the previously incorrect assumption of the

-uniform convergence of the series solution.

‘2. Requirements on the value of capacitence Cl were estab-
lished to guarantee the uniform convergence of the series

-solutions for the three examples of Chapter 2 and for a

" general transfer function G(s).

T73. A'geries solution for steady-state response was derived

from the series developed in Chapfér 2, and convergence

criteria were developed for this series.

4. A different series for steady-state response was derived
by the method of Harmonic Balance. The series contalned
continued fraction coefficients and requirements for the

convergence of these continued fractions were established.

Due %o the results of this chapﬁer, it is now possiblg to uée
with confidence the method of séries sblution for analyzing time-
varying networks. The method has been éévéloﬁed~in Chapter 2 and re-
quireﬁents for uniform con%ergence of sériéé sblutions for the threg

'ekamplés of Chapter 2 have been defined in Chaﬁter 3. To. develop
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meaningful convergence criteria for series

varyihg systems and to relate fhése criteri

L ! )| | R

solutions for general time-

a to the magnitude of vari-

ation of an arbitrary system parameter is a pointless task. Convergence

criteria, in any particular case, may be developed by forming an integral

eduation whiqh correspohds to equation 3.2
Tﬁen following fhe same sequence of operati
.on.the s&stem pérameters nmay be found, If
degired, two series'éolutions are now avail
requirements for convergence. What remaigs
ektension.of‘this method qf series solution
more’ﬁban one time~varyiﬁg'éiement; and (2)

which vary in a nonsinusoidal manner.

R

for the previous examples.
ons, éuitable reqﬁifements
only steady—state response 1is
able, both possessing similar
to be accomplished is the
to: kl) systems containing

systems containing elements
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" GENERALIZATION OF THE SERIES METHOD OF SOLUTION
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4.1 INTRODUCTION

. In the preceding.chapte:s attentien was directed almost exclusively
te fime—?arying yetworks whose inputs and paraﬁetef Qariations were both
sinusoids. ﬁetworks'suchles these do represent some of tﬁe most inter-
estlng and practlcal problems fa01ng des1gners today, but there are yet
other systems with varylng parameters that are of grealt interest and

whose solutlons yield to sllght varlatlons of the methods developed in

the prev1ous chapters A few of the examples considered in this chapter

are of the following types.

(l) Systems in whlch tne parameter varlatlons are perlodlc but

not necessarlly slnu501dal.

(2) Systems in whlch the parameter vallatlons are well deflned

but are not periodic.

(3) _§ystems in whicﬁ more‘than 522 parameter %s'a function of
time, | -

) 'é&stems in wﬁich every ﬁarameter of theisystem is a function
of time. | .

(5) Systems whieh are.excifed by wmodulated Signals.

All of the above types are partlcﬁlaf cases of the general 51ngle

1nput, s1nale outnut tlme-varylng system showvn in Flgure h, 1.
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: Time-
x(t) > Varying y(t)

System

Figure 4.1 Model of General Time~Varying System

Systems such as shown in the model of Figure 4.1l are described by

time-varying differential equations such as equation L.1.

o ()™ (e) + o )P e) Lol e (t)y()

(k.1)

@3 @ 1 e) 4 ool s b (8)x(8)

= o ™) s p

Special cases of the above differential equation will be examined in

the following sections.

L.2 SYSTEMS WITH A PERIODICALLY VARYING PARAMETER

Systems which contain periodically time-varying parameters are
perhaps the most encountered of all time-varying systems. In fact, the

three examples of Chapter 2 all had a sinusoidally varying parameter,

which is a special case of periodically varying paremeters.

Consider the following differential equation which describes a
system containing a single periodically varying coefficient ao(t). It
is not necessary that the coefficient be ao(t). It could as well have

been any of the ;.
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In terms of the fixed parameters in equation 4.2, the transfer '
function G(s) of the time-invariant system of Figure 4.2 would be as

" shown in equation 4.k, where s is the complex frequency variable.

G(sj =

n o L
2. | |
ko , m < n P 'S
. : B ‘ . . '

After being transformed into the complex frequency domain, équation h.3

may also be rewritten in terms of the fixed parameters of equation k.2,

Xl§§) = o L z [aé(%)y(t)] -
o ) Zaksk‘ -
kel . =
- H(s)_z[ao(t)y(:)] '_ )

;f denotes the Laplace transform operator.

ao(t) is a perioaically varying parsmeter which perhaps might not
even be specified snalytically. The parametgr might qnly be.graphically
portrayed with the consequent result that the‘Laplace transférm mighf be
very difficult'to find, and if found, it musf thgn bé convolved with
j(s) in order to find Xl(s) (7). All of this representé a very cpmber—'

some précedure which might be greatly simplified if the periodic para-

meter were expanded as a Fourier series (30,61).
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®

- "j]TWéit
ao(ﬁ) = zg: o,e | (4.6)

N=~02

W, is the freguency of parameter varistion, T is the period, and the o

are the complex Fourier coefficients.

T

1 ~jow b ‘

) — fundl e Yo & . Lo

oy = [ ey e (v.7)
o

The complex Fourier series representation for ao(t) in eguation
L,6 is in a very convenient form for obtaining the Taplace transform of

the product ao(t)y(t) to solve for Xl(s) from equation 4.5 (7;46).

' . & ~Jo b |
2 [ogey)] - X }; we ® ()

N=-00

o

j} an(s+jnwa) (h.8)'

A
Nz=aCO

i

’

w

- . ) mn.? . — . °
(XOY(S) + zg; [ unY(s+jan) + “«nYkS“JQY§)] ‘

3
- nal
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Utilizing the results obtained above, the equation in the complex
frequency domein which describes the system shown in Figure 4.2 may be

expressed as equation 4.9.

@

G(s)x(s) ~ W(s) Z onnY(s+jnwa) ~(k.9)

N==CO

Y{s)

-

’ W(S)

—~

G(s)H(s) o | - (.10)
Figure 4.3 illustrates the block diagram model which is déscribed by

equation 4.9.

It would be clearly_impossible to actuall& include aq_infinite
nunber of term§~{ﬂ the feedback path of figure 4.3, The Fourier series
must be truncated after a suffiqieht number of terms to make a detailea
analysis-possible. This termination of the Fourié; series can be jus-

. tif;ed by noting that both transfer functions G(s) andwﬁ(s), will greztly
attenvate high frequency termé and thus reduce to insignificance terms
containing frequency components above'a certain -frequency. The parti-
cular frequency, sbove which higher frequency terms may be neglected,

WOﬁld have to be determined in a particular,problem by conéidering théu

frequency characteristics of G(s) and H(s) and the contribution of the

individual terms of the particular Fourier series involved.

. . o L
‘After an eppropriate truncation of the Fourier series has been

performed it is necessary to solve equation 4,11 for Y(s). .

-
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X(S)—“ J."’ (= Y(S)\__

. [—
——1] H(s) <&»~—<:>%a~~w Pl f4.w_
+ ) et

4+ e g Y(s+] 'a) i
il e

ki Y(s-jw,) ——
o . L
-1
+*
” Y(s+j2w,)
0y | —}*m
+

Y(s~j2wa)

ok

Figure 4.3 Block Diagram Model of Equation 4.9
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N

Y(s) = G(s)X(s) «H(_sj L@ny(swnwa) ‘ | (h,ll‘)'

n=-

A solution Tor Y(s) in the above equation may be found by the successive
substitution techhique described in Chapter 2 to solve equation 2,27,

The solubtion will again be found to be a series,

" Y(s) = LYn(s) s - (4.12)
N=0 T ' . )
whefe Yo(é) = G(sixts) ,A - - (4.13)
end ) Yn+l(s) = - W(S)‘ Z akYﬁ(S+jkWa) k=1,2, ., .-,
| k=T o (4.12b)

To investigate the convergence of the series solution of equation
4,12, it is desirable to transform equation 4.9 back into the time do-
main.
' _ + . L . : . . '
y(t) = ‘]" g(t-z)x(z)dz - [‘w(t-z)ao(z)y(z)dz , - (h.15)

< uO
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Equatioﬁ L.15 is an integral equation of %the Volterra type (1,29,48,76).
The time domain equivalent of series.u.lZ is a solution té the above in-
tegral equation if series 4.16 éan be shown to be uniformly convergent

in the interval O= t =T, vhere T is any positive number.

- " w ‘ . . - ’ -
| y(&) = S y, (6) O (4ae)
- . / A
C n=0 ’ -

The method used to show uniform convergence of the above series is
identical to the method described in Section 3.3 of Chapter 3.  The re-.
sults of the method indicate that if inequality 4.17 is satisfied, then
" series 4.16 converges and is a solution to integral equation 4.14.

~

t : .
Slth flw(t-z>ao(z)|' dz| < 1 (4.17)
o] .

As an application of the analysis of a time-varying system with a
periodically time-varying parameter, consider the practical exauple

shovm below.

Example 4.2.1

-

. A thermoelectric tank cooler is used in an industrial process to -
supply cold water. A sketch of the cooler is shown in Figure Lk, The
tank is_insulated from its surroundings and heat is removed by the

thermoelectric element at the constant rate Q.
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Figure 4.k

Thermoelectric Water Cooler

The demand for cold water is not constant, but is supplied in fixed

quantities at regular intervals so that the flow of cold water from

the tank occurs as shown in Figure 4.5.

3

Figure 4.5

Schedule of Flow of Cold Water from the Tank
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The simplifying assumptions are ag follows:

(1) There is no heat storage in the insulation. This is valid
since the specific‘heat of the insulation is small and

water temperature variation is small.

(2) A1l the water in the tank is at a uniform temperature.

This requires perfect ﬁixing of the water.

The equation governing the process described above 'is given by e@ﬁation
4,18,

X : T_- T(t.) - - , '
4 . n(‘c)S[Ta— T(t)] (4.18)

Q o ¢ = T(t) +

Definitions of the system parameters and variation are a% follows:’

Q - = constaﬁt heat f;ow rate into cooling eiement

é(t) - difference between ambient air temperature and the
temperature'of the water inlﬁhe tank ="T_ - T(t)

T& = temperature of the air surrounding tbe tank and of )
the water entering the tank |

c ; ﬁéat capacity,of'the water in fhe tank

R =.therﬁal resistance of the insulation

n(t) = water flow from tank at a frequency of Ve

S = specific heat of water
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Making the substitution, o(t) = T, ~'T(t), and transposing the
time-varying term to the left hand side of equation 4.18, results in

equaﬁion-hll9.

qQ - n(t)se(t) = /%5%(t) + O | ; (h19)

The Fourier series representation of n(t) may be found by appli-

r

cation of equations and 4.6 and 4.7 to the waveform shown in Figure L.5.

.. . : L
~ ' . jkwft : ‘
n(t) = ‘ uke~ _ _ - - (4.20)
.’*"' N . ) k=~ : S . : B ‘
S [ r-edsn .
- = =. ———— 21
o, = T n(t)e - dt N e ( )

'Using the Fourier series for n(t), equation 4.19 may be trensformed into

the Laplace domain Tésulting in‘equation 4,22,

Qo

.%.- 8 ZE:"QKQ(Sfijfy = '[ %,f SC] o(s) | o .(4.22)‘

¥

=-COA:

Eduation h.22 may be visualized as describing the block diagram_ﬁyéfem

.in Figure 4.6. The truncation of the Fourier series representing n(t)

o - may Benperformed and jﬁstifieq because of the low-pass fréquency-cha;ac;
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.teristics of the transfer function in the forward path of Figure 4.6.
The point at which ﬁhe series is to be truncated is é‘function-of the
frequency characteristic of~this transfer funciion, the speed with which
the Fourier series for n(t) converges, and the desired accuracy of fhe

-

solution. The solubtion for @{(s) in equation 4.22 is an infinite series
b

w : N
o(s) = ng(s),’ - (.23)
M=0 i
where | 0 (8) = & —pt—y L (wa)

K
and e . (s) 5.2 e (s+jkw,.) m = 0,1,2, ...
m+l C 1 k 7 P
ST R o
W k=eX . -(u,gg)

The series solution k.23 will converge uniformly in 0% ¢ = T, where T
is any positive number, if the following inequality is satisfied. This

relationship was derived directly from inequality’h.l7,
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R l\_ng_Sup
' ' c t

. NS sup ' [' ;— RC ] ;
! G £ [ R? 1 e

it

NSR < 1 . - (_h.'26)

h.3 SYSTEMS WITH NONPERIODIC PARAMETERS

. Often, time;varying éystems contain pargmeters which have time

variations WhLCh do not repeat themselves on a regular basis. This is

especially true in cases in which the process is a "one-shot" affair

-such as the launching of a satellite to be pléced in earth orbit. It is

' . the purpose of this section to investigate time-varying systems of this

sort and to attempt to apply to them a variation of the analysis tech-
nique developed in Chapter 2.

Consider s speéiai case of the general time-varying differential
equation in which one coefficient, for example ao(t), is a nonperiodic

function‘of time; and all the other coefficients are constants.

(n)(z) oy l)(t) e v oy ™) v s (0)r(e)

( )(t) ' 0“ l)(1-,) boeeebx(t) (4.27)
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‘G(s). _ = ﬁ{ f n - ' ‘(E.ZQ)

After being transformed inbto the complex_frequency domain, equation 4.28
nay also be rewritten in terms of the fixed coefficients of equation

o7, 2f denotes the Laplace transform operator.

.

]

| e - z[:omzr(t)]

T Ha sk o | 1
D

k=1 B

"

H(s) X [ael®)] (1.30)

The pr§blem_nOW'is to find the Laplace t;ansforﬁ of the product
go(t)y(ﬁ). Nonperiodic, tiﬁenVarying, énalytic fugctiéns’fo% ao(t)
certainly exist sﬁch that the iaplace transform, ;f’[ao(ﬁ)y(t)] , is
- éaSily found. In such a casé %hé-procedure to be follpwed_is exac@iy_

" as explained in Chapter 2. ' R . N




5 "'99"_ . |
Example 4.3.1 ' C

Consider an example in which'ao(t) = aoe-rt., where .r is a real

constant.

O

- Z[a ™" y(6)]
X (S) =
1 : n :
;fksk

k=1

&OY(s+r) _

= 2 N . ] (4;‘3‘1) '

n .
& Sk
k
k=1

—

The Laplacenfransform of ao(t)y(fd in this case was found by
elementary‘Laplace transform.theory, and by applying the procedure of

Chapter.é, it is soon found that the solution f&r Y(s) is a series,

1(s) = ZYn(s) > R (h.32)
. n=o . co. . .

were Y, - e, - )
' and. . o 'hf : (s) =. 4.éOG(s)H(é)Yn(s+r) n ;.O,l;Z;N;::.

n-+

L3y
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The solution to-the above example was obtained in a straightforward
manner becaunse the coeffiqien% ao(t) was described by a well defined
function, which, when multiplied by v (%), led directly to an easily ob-
tained Laplace trensform. This case‘is, of course, an exceptional one.
Only rarely could one expect the Lapléce transform of the product of
time functions, ao(t)y(t), to be found so readily. And, to complicate
the situation efen further, many times a well defined functional des--
cription for ao(t), such as aée"rt in th= above example, is not évailable,
.The coefficlent might only be described by a time plot of the function,
" in which case, obtaining tﬁe Laplace transform of ao(t)y(t) would be a

difficult process at best.

-

In a case-ﬁhere the time-varying éoefficient‘ao(t) is given by a

Ve
time plot, a possible method of solution would be to debermine a poly-
nomial representation for ao(t) by a method such as a least squares

approximation (29).

Equation 4.35 is a very convenieut representation for ao(t) because the

‘Laplace transform of the product ao(t)y(t) is easily obtained.




| K.
-\ “ X /.
Z[oow®)] = Z| ) ot
k=0
K :
. (1), ™) (g)
k=0 .
(4.36)
Equation 4,30 may now be rewritten as
XL,
k X
2. (0ex )
=0 - -
‘Xl(s) = = - (4.37)
| "o sF ’ '
A§: k

-y,

Utilizing the results obtained, in‘equation 4,37 and equation 4.29,
the equation in the complex frequency domain which describes the systenm

in Pigure 4.7 may now be expressed as eguation 4.38.

X .
¥(s) = G(s)x(s) - W(s) 7<ml>kcliy(1§><s> (1.38)

k=0

W(s) is as given in equation %.10.
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Figure k.8 illustrates the block diagrom model which iz described

by equation k.38.

By -the method of Chapter 2, the solution to egquation 4.38 mey be

obtained as a series,

;

Cb)— .
¥(s) = ZYYI(S) , | (4.39)
Nn=0
where Y (3) = G(s)X(s) , | (4.10)
‘ K
and. Ty, (e) - - W(s) Z (1) y, ©s)
. ) k=0

n = 051323

(k)

Using the method described in Chapter 3, Section 3.3, the above series
is found to be uniformly convergent 1f the following inequality is

satisfied:

37 .
. Szp f_lw(tfz)ao(z)! gz | < 1 (4. 12)
(@] . .

As an application of the analysis of a time-varying system with
a grephically given, nonperiodic parsmeter, consider the practical ei-

ample shown below.

-
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LS e R L (;(S_)-l AR Y(s)
¥ T
o
+] e
(1)
ES , —
. e |Vl Y (s)
+ A L

Figure 4.8

Block Diagrem Model of Equation 4.38
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Bxample 4.3.2

Transmitter oscillator stages are designed to produce carrier
waveforas ﬁhich are fixed in both awplitude aﬁd freguency. In opera-
tion, however, any change in the'osciliator parameters, as perhsps
would occur during a warm-up period, would cause changes in tﬂe wave -~

form genersted by the osecillator.

Suppose that during a warn-up period the passive portion of a
certain oscillator may be described by the following time-verying
differential equation.

at?

vis) = &AL, g dalt) L og) o) (1. 43).
L is ‘the constant inductance; R the constant resistancé; and S(t) is
the variable elastance of the oscillator.

Suppose that the elastance variation S{t) is known beforehand

to behave, during a warm-up period, as shown in Figure 4, g,
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v(t) - 8 ;ag.('-z; ) - 8,674 (t)

1
L dg) aq(t)
= J.v"’"":z + R 3E + Soq(t)
at
Laplace transforming equation 4.45 yieldss
2
d - d .
v(e) - 8) & [o6)] -5, S5 [ae)]
- T ds .

= [:saL + 8R + 8 ]-Q(S)

The block diagram model of the system described by equation 4.46 is

illustrated in Figure 4.10.

(k. h5)

(1. 486)

Using the method of Chapter 2, it is found that the solution to

equation U6 is a series,

as) = als)

n=0

v(s)

N~

n

_where _ Q_(
S L+ s8R+ 85
o

(k. 27)




Figure %.10

Block

Diagram

~1.07 -

» J . L g i L-C,
Q A
=—1Q(8)
as [4‘\ ]

A

i ey )]

S [(

ac

4 by Equation u4.h

o

P
0.
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v . . 2 '
_ . _
1 : 1k -
SR SRR
' [ s°L + SR + 8, ] ry ds o
n o= 0,1,2, ... . , (4.h9)

-

The series solution 4.47 will converge wniformly in O & t € T, where

T is any positive nuwber if the following ineguality is satisfied:
-t :
sup 2. C
Sp g jﬁlg(x)i ax | < 1 (4.50)
. o .

- L - (k.51)

2
gL + u3 + So

o

where | N .n.;Zf [g(t)]

Ak EQUATIONS WITH MORE THAN ONE TIME~VARYING COEFFICIENT

In ﬁhe two preceding sections,_s&stems were exsmined which were
described by timemﬁarying differential equations with a single timé«
va;ying coefficient. This, of course, is a sgpecial case, More often
~ the diffefentidl equabtion will contain more than one time-varying co;
efficient, and in fact, a single timevvaryihg parametér in & sysbem may
sometimes wesult in a differventisl equstion containing more than one
timedva¥ying coefficient. Solutions to équations of this sort are Sfili

obtained by the method of Chapter 2. All of the time-varying terms musb
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be transposed to the left hand side of the eguation and considered as a

modified input to a system conteining only constant parameters.

Example 4.k,

Congider the case of an alr-to-air missile. The missile has a
mass M(t) which changes considerably due to the rapid consumption of

propellant- and has an air friction coefficient B which is practically

constant due to the fact that the missile trajectory is néarly horizontal.

The missile is propelled by a constant thrust F. The horizontal compon-
ent x(t) of the migsile trajectory is described by the following dif-

ferential eguation.

=

1
—
o

4 dt at
(h.52)
ey Ex () Coaa(e) | oax(t)

Thus a system with a single tiwe-varying paramster is described, in this

case, by a differentisl equation containing -two <time~varying coeffici-

ents.’

The fuel congumption of the migsile results in a change in the

mass of the missile from an initial high of MO to a low of Ml at the

time of detonation, T The description of the mass M(t) as a function

a

. of time is shown in eguation k.53,
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. . ) _ - . o )
M(E) = Mg+ Mt T » (k.53)

Substituting the value for-M(t) above into the differential equation
and trangposing the time-varying terms to the left hand side resulbs

in equation 4.5h4,

: 2 -2 ,
F o Myt 53?'»-?5%2 - Mgte- < Xg“') - 2yt —-d%il
oart at :
els) 1 ax(x) |
. L.X :Ll . X JG /
=, SR [B » 1 | Th (4.54)

‘Laplace transforming the above equation results in eguation 4,55,

o lae] -G [ae] e g [wo)
o ov My = |8 x(s) M, 2 s“x(s) | + ?42 T2 sx(s)
Cows? 4 ‘-B+M ] s (4.55)
© Lo T A
The above equabion suggests the block disgram nodel of the system shown

in Figure 4.11, where G(s) is defined by eguation 4.56.

- o . | s
I\'l052 n -[B N Ml]‘ . (h.ﬂ;(,)’

H

G(s)
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Utilizing Figure 4.11, the following equation may be written which

describes the system defined by equation 4.55.

X(s) = G(s) g -+ G(s)lj 2M2 a%w [ SX(S)] - M? gg‘[ QX(S)]
p) ' ' o
o [F@]| (b7

o ds

The solvtion to eguation L.57 is the series

o0
X(s) - YXH(S) , (4.58)
' n=0
where - ¥ (s) = G(s) T, (4.59)
and B | X () = G'(S)[ ZMZ)%E‘ [ an(S)] |
a 2 é? 2
= o P = \
"M & [ 5 Xn(”)] ! a2 [ N n(s’]
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The series L4.58 is uniformly convergent in the fime interval 0=t < T

if the requirement of inequality 4.61 is satisfied. -

%
M S‘,ép f}g(}:)lldx < 1 , (4.61)
. ! ;

k.5 SYSTEMS IN WHICH EVERY PARAMETER IS TIME-VARYING

Sometimes sysﬁémé are encountered in which é&ery parameter of the
system is time dependent. it would geem thet the solution of éuch a
system would require very little more effort than the solution of -gystems,
such as those in the previous gection,'wherg all but one.of the systen
paraneters were time-varying. The solution is, however, sémewhat more
invqlved because, if the same proée@ﬁre is fo;lowed, and ali.of the
time-varying terms considered as nodified inputs to a time-invariant
system, there.are essentially né time~inveriant ?érms from which to
form thé invarian£ part. In the method used previously, the first term
Yo(é) of the sgries solution was the response of the time-~invariant
network to the exﬁernél excitation, and if all the parametérs are time-
dependent, then Yo(s).must equal zero, which in turn would csuse all the

remaining terms of the series solution to also equal zero, becausge of

~ the recursive relationships. On account of this situation it is obvious:

that some modification of the method of solution is necessary.

Let us examine the procedure as it was used before. The solu-

tion in all cases was found to be a series.
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Y(s) = SYH(S) o S (14-._.62)

The first term in the series, Yb(s), is the first approximation to

" the solution Y(s). The second approximation to the solution is Yo(s) +
Yl(s) where Yl(s) is determined from Yo(s) in a recursion relationship.

The third approximgtién to the solution is Yo(s) + Yi(s) + Yé(s) where_
Y2(s> is determined from Yl(s). Obviously, then, each successive term

in the series is dependent upon the_first approximation Yb(s); Previously,
the first approximation has always been the response of the time-invari-
ant part of the system to the external input z(s). It is né% necessary,
'ho%ever, that the firsﬁ approximatibn be found in»thié manner. Any real
function which is continﬁous in.the time_interval'bf interest may be

~ used as the first approximation. The reason is that even though each

. term in the series is dependent upon Yo(s), the limit of the series

N ’ .
¥(s) = T ZYH(S) O (w63)

n=0

is independent of the choice of Yo(s) (48,56,76).
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»1l§m.

in cases where all the ;ystem paremeters are time dependent and
there 18 no fixed part of the gystem whogse response maﬁ be used as thg
first épproximation to the solution, it is necessary to choose a first
aﬁproximation Yo(s) to the series solution. Asg has been stated above,
the choice of the first approximatiéﬁ does not affec£ the limit function
of the series Y(s) provided the function used is real and continuous in
the time interval of interest (&8,56976). The choice of Yo(s) may, how-
ever, have an influence on how rapidly the serieé solution converges.
A judicious choice of Yo(s) in such a case might therefore lead to con-
siderable savings in compubtation time required to yield sn adequate éolu«
tion. After the choice of a suitable first approximation Yo(s), the
procedure to obtain the total solution is the same as weas aﬁblied in the

previous section.

Exemple 4.5.1 o -

A menned space module trying to meintain a given attitude may be

consgidered as a simple second order system.

AORS ;‘f‘ {OE-= N ()

A

angle deviaticn from a given attitude position, and J (%) is the moment

T is the reactive torque developed by small thrusters, ©(t) is the
of inertia of the vehicle which is ‘constantly changing due to such fac-

tors as fuel consumption. and the ever changing locations of both men

and material abosrd the crafi.
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The solution for the above system is the series

fe2) -

o(s) = Z@n(s), " (4.66)

N=0

where @O(s) is as given by equation k.65, and the succeeding terms are

found from the recursion relgtionship

gn+i(s)_ = - L E% [J(t) 9%%31] n o= 0,1,2, e (4.67)

4.6 TIMEuVARYiNG SYSTEMS EXCITED Bf MODULATED SICNALS

A very large percentage of ail the electrical circuits used in
transmitting and receiving information are éxposéd to modulated signals
of one soft or another. In the past, most all of the ﬂétwork elements
vere fixed, bub in recent years more and more interest has deveioped in
circuits whose elements ﬁay be changed in some desirable fashion. If is
appropriate, then, that the method of solution developed thug far be

extended {0 include time-varying systems excited by modulated signals.

L.6.1 AMPLITUDE MODULATED INPUT SIGHALS

About the simplest case of amplitude modulation ig the situation
in which a carrvier waveform wilh maximun smplitude Ac and natural fre-
guency w_ ig amplitude wmodulated by a sinusoidal single freguency signal

c . S :

which has a freguency of'ﬁj. Thig amplitude modulalbed signal may be
. Y]
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. described by equation L4.68, where M is the modulstion iﬁdex’(70).

iR

'i(?) A.c [ 1L+ M C?S(Wﬁt) ] COS(Wét)

il

A, cos(wbt? + MA, cos(w6+ Wﬁ)
+ MA, cos(wcwlwm) o (k.68)

As can be seen from the above equation, the effect of the modulation -
process 1s to produce two new frequencies, the sum and the difference
of the carrier and modulating frequencies. In other Vords, the ampliﬁude
modulated signal can be considered as three separateAsignals as shown in
equation L.68. By the use of the principle 6? superpositiog, each of the

three signals may be applied separately to a linear system and the out-

put of the system would simply be the sum of the three responses.

The procedure to be followed to solve ﬁor_the fééponse of time-~
varying systeﬁs excited by amplitude modulated signals is to first re-
duce the signal to the three fréquency components as shown in equation
4.68, and second to apply each signal'separaﬁely to the #ime~varying
syé%em and solve for the outpuﬁ of the partiéular signal by the procedure
of Chapter 2. The total reséonse to the modulated éignal is the sum of

the responses to the three separate signals.

If the modulating signal is not sinuspidai but is still periodic,

it should be expanded in its Fourier series representation and each

-
a
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‘term of the Fourier seriés éonsidere& as a sepaiate moduiating'signal.l
The total respoﬁse would then be obtained Eyﬁperformipg the procedure of
the preceding paragraph for each significant term of the Fourier series.
The computations could eagily get out of hand unless tﬁe Fourier series

can be truncated after a very few terms.

4.6.2 FREQUENCY MODULATED INPUT SIGNALS

As was true in the case of amplitude modulated signals, the fre-
quency modulated waveform is not a éiﬁuﬁoid, but it:éan Be expandéd in s
sefies of sinusoids. The equation describing e carrier of frequency'wc
frequency modulated by a siqusoidal gignal of frequency v, is shown in

equation k%.69.

£(6) = cos [ wt 4 M sin(kvmt)] - (4.69)

M is the modulation index. Equation L4.69 may be expanded in a Fourier

series whose coefficients Jk(M) are Bessel functions of the first kind

(70).
i(t) = JO(M) cos(wct)
+. Jl(M)-i cos (v + Wﬁ)t'~ cos(wbm w;)t]

- 1
‘COS(V§f 2wm)ﬁ + cos(,wc 2vm)u]

+ JQGW)

B,

r R - - .
+ J3(M) cos(w5+ 3w )t - cos(wcf_swm)t]

* - S SR (4.70)
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The frequency modulation process, therefore, produées a serieg of side-~
band freqﬁency pairs. The number of significant pairs depends on the

modulation index M.

In order to find the response of a time—#arying system which is
_excited by a freguency modulated signal, it is necessary to apply the
method of Chapter 2 to each of the significant terms of the series 4.70

and consider each term as a separate input to the system.




CHAPTER 5

SUMMARY AND SUGGESTED FUTURE RESEARCH
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5.1 SUMMARY OF ESSENTIAL VALUES OF THE THESIS RESEARCH

In this ﬁhesié a geﬁeral method of soiution has been developed fox
-'single'inpﬁt, single outbput, time;#arying, linear systems. The method
yields the total solution, trensient as well as ste;dy~state solution |
and is indepen@ent of both the order of the system and the manner of the
timé dependence of the system parameters. The-parameter variations, hovw-

ever, are restricted in maganitude.

In Chapter 2, the method was'uééd to obtain the solution of three
gpecific time-varying systems in which a parameter was a sinusoidal_
function of time. In each case it is found that.the solution is an in-
finite series. In the complex freguency domain, each successive term of
the series contributes two additional frequency components éo the solu-~
tion. The series solution for two of the systems converged. However,

the series for the third system diverged.

In Chepter 3, this problem.of the divergence ofmfhe series solu-
tion was examined and criteria for the uniform.convergénce of the series
solutions were developed in terms of the physical parametérs 6f the
syétems. Also, a series for stéady-state solutions was developed which

had more lenient comvergence reguirements than the series for the total
solution.

In Chapter 4, the series method of solution was spplied to several
problemé which are representative of the most encountered types of time-

varying systems.
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5.2 ASPECTS OF THE THESIS MERITING ADbITIONAL STUDY

Several topics Worthy of further investigation are evident as a

result of this dissertation.

1. Development of necessary as well as sufficient conditions for
convergence of the series solutions would facilitate epplication of this

method of solution.

2. Invesfigation into the realm of frequency domasin character-
isticsAof timenvaryiﬁg filters would éoﬁtribute greatly to the under-
.standiné of such filters. Aé an exaﬁble, consider a frequency tracking
filter whose input is a frequency modulated signal (27,36). The filﬁer
has a véry narrow bandwidth whose passband can be continuously tuned to
the instantaneoug—éréquency of the incoming FM signal. Tﬁe noise re-
Jjection capasbility of the fréquenc& tracking filter is much superior to
the ordiﬁarily used wideband FM filter. The reaéons for this are not
- fully understood. A lucid explanation of the fréquenc&ﬂrejection and
pass characteristics of such time~varying>filters would be a welcomed

contribution. The techniques developed in the frequency domain for the

series method of solution provide an avenue well worth investigating.

3. The results of an analysis such as described iﬁ'topic 2 abdfe
could be put to godd use in the design of special tlme—varylng filters
to perform specxflc functions upon incoming signals that cannot be per—
formed.by time-invariant networks. Again the tracking filter prov1dns

an appropriate examplé. The problem of specifying the propertles of such




ik

o time~varying filter so as to remove in some optimal Ffashion as much of
the incoming noise ag possible is a problem that needs to be solved if
optimal design procedures for ltime-varying filters are going to become

aveilable to electronic circuit designers. -

%, Algo of interest is the performence of time-varying plants or

compensatofé_wi%hin control loops. In tcpic,é a£ovey'it was éhoﬁn that
timeévarying gystems can be used to advantége in particular applicatidﬁsu
In-guch cases, the Question arises as Lo how the stability of the over-
all gystem is affected by the inclusion of time-varying subsystems
"within the control loop. A stability investigatioﬁ night be pursued
~using the Popov Circle crite?ion in light of ﬁh@ freqﬁency domain method

‘developed in this thesis (99);

5. .8Since most linear time-varying parameter systeﬁs encountered
.. are actual}y simplified models of nonlinear systems, it would be logical
to extend the méthods developed herein to an analysis of nonlinear time-
varying sﬁstems, This extension should not be ag drastic as it ey
initially appear because the series solution method is related to an
approximation techniqué for solving Fredholu and Voiterra integral equa-
tions in the time domain (1.,29,48,76). This approximation technique
appliesz also to nonlinear time-varying intégral equations with bubt minor

changes.
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