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Abstract:
An independent assessment has been made of a theory recently proposed for the analysis of two
laminar, steady, two-dimensional streams mixing beyond the trailing edge of a thin partition. By
superimposing the wake-flow solutions of Demetriades and the free-shear-layer solution of Chapman,
this theory known as the “Partition Flow Theory” (PFT) provides closed-form equations for the
variables of a great variety of flows. In the present work numerical solutions were obtained with the
PFT for a wide class of wake flows, base flows, and partition flows. Adding to tests of the PFT
performed previously against numerical solutions and wake test data, in the present work the theory
was tested against two sets of partition flow experiments. The first of these dealt with the merging of
two supersonic flows, one at Mach 2.9 and the other at Mach 2.29. The second experiment had
provided for a Mach 3 stream and a Mach 8 stream. The comparison of the PFT with these data showed
that the PFT generally predicted lower values for the velocity in the mixing layer than exhibited by the
data. In the case of the hypersonic data the minimum velocities predicted by the PFT and those of the
data matched which strengthens the postulate that the minimum velocities of the free shear layer and
the wake flow should coincide at the dividing stream line of the wake component. Suggested
improvements to the PFT consist of (a) use of a polynomial or hyperbolic tangent for an initial profile
due to the inability of the exponential to provide a close fit to the actual trailing edge boundary layer
profile, and (b) considerations of Prandtl number other than unity. The latter is difficult because the
PFT utilizes the Busseman-Crocco temperature relationship which is based on the assumption that the
temperature is a function of the velocity only. This assumption causes the thermal and velocity
boundary thicknesses to be equal. 
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A BSTR A C T

An independent assessment has been made of a theory recently proposed for 
the analysis of two laminar, steady, two-dimensional streams mixing beyond the 
trailing edge of a thin partition. By superimposing the wake-flow solutions of 
Demetriades and the free-shear-layer solution of Chapman, this theory known as 
the Partition Flow Theory” (PFT) provides closed-form equations for the vari­
ables of a great variety of flows. In the present work numerical solutions were 
obtained with the PFT for a wide class of wake flows, base flows, and partition 
flows. Adding to tests of the PFT performed previously against numerical solu­
tions and wake test data, in the present work the theory was tested against two 
sets of partition flow experiments. The first of these dealt with the merging of 
two supersonic flows, one at Mach 2.9 and the other at Mach 2.29. The second 
experiment had provided for a Mach 3 stream and a Mach 8 stream. The compar­
ison of the PFT with these data showed that the PFT generally predicted lower 
values for the velocity in the mixing layer than exhibited by the data. In the case 
of the hypersonic data the minimum velocities predicted by the PFT and those of 
the data matched which strengthens the postulate that the minimum velocities of 
the free shear layer and the wake flow should coincide at the dividing stream line 
of the wake component. Suggested improvements to the PFT consist of (a) use 
of a polynomial or hyperbolic tangent for an initial profile due to the inability of 
the exponential to provide a close fit to the actual trailing edge boundary layer 
profile, and (b) considerations of Prandtl number other than unity. The latter is 
difficult because the PFT utilizes the Busseman-Crocco temperature relationship 
which is based on the assumption that the temperature is a function of the veloc­
ity only. This assumption causes the thermal and velocity boundary thicknesses 
to be equal.

/
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CH APTER I  

INTRO DUCTIO N

The purpose of this thesis was to determine to what extent existing analyses 

of parallel, two-dimensional, laminar mixing beyond the trailing edge of a partition 

can successfully predict the experimental observations.

The two typical flows beyond a partition are the wake and the free shear 

layer. Wakes are flows behind a partition where viscous effects are involved due 

to a finite boundary layer at the trailing edge while both streams usually have the 

same freestream velocities. Free shear layers occur when the two streams upstream 

of the partition have different freestream velocities and are usually analyzed by 

assuming that the trailing edge of the partition has zero boundary layer thickness. 

In other words, only an inviscid effect due to the difference in velocities attributes 

to this type of flow.

In this work the partition is restricted to a thin one in order to avoid the re­

circulating region that exists directly behind a bluff body. This region complicates 

the problem by adding an interior region which is different from both streams on 

either side of it. Also, the bluff body adds the problem of reattachment which 

further complicates the flow.

Chapman [l] found an exact solution for the free shear layer without boundary 

layers. Denison and Baum [2] utilized Chapman’s work in deriving a numerical 

solution for the free shear layer problem including initial boundary thickness but 

limited to one side of the partition having zero velocity. Kubuta and Dewey [3]
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solved the free shear layer problem using momentum-integral methods again for 

zero velocity on one side. However, when this momentum-integral method was 

compared with Denison and Baum’s numerical solution the agreement found was 

rather poor [4]. All these solutions have two major drawbacks with respect to this 

work. First they all deal with the near wake only and secondly do not cover the 

entire flow field.

The far wake has also been investigated extensively. Tollmien [5] derived the 

classic asymptotic solution for an incompressible wake. Goldstein [6] improved on 

Tollmien’s work by utilizing the Oseen approximations (small velocity defects). 

Kubota [7] developed a closed form solution for the compressible far wake problem 

by the use of the Oseen approximations (to linearize the momentum and energy 

equations) with arbitrary streamwise pressure gradients assuming delta function 

initial profiles. Gold [8] extended Kubota’s work to allow for arbitrary initial 

profiles. The drawbacks of these far wake solutions were the same as for the near 

wake solutions; specifically, no free shear layer and an incomplete treatment was 

given of the entire flow field.

The treatment of the entire wake was accomplished by Zeiberg and Kaplan 

[9]. They utilized a “modified Oseen” approximation to be able to combine the 

near and far wakes. Steiger and Bloom [10] developed a closed-form solution to 

the entire incompressible constant-pressure wake by applying the one-strip integral 

method. Demetriades [ll] solved for the entire wake flow field by utilizing Gold’s 

work but without a shear layer.

More recently Demetriades presented a new theory known as the Partition 

Flow Theory (PFT) [12] which combines his earlier wake solutions and Chapman’s 

free shear layer solution by superpositioning the wake onto the free shear layer. 

Though Gold’s wake solution is based on the Oseen approximations (restricted to
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far wake only) the comparison of the PFT with Goldstein’s near wake solution 

showed excellent agreement [12]. Therefore it was decided that the PFT best 

matched the criteria set forth at the beginning of this chapter.

In this work, after a detailed review of the PFT for completeness, the PFT 

was used to compute a large number of classic flows. Earlier, the PFT had been 

compared against experimental data on wakes. In this work it was compared with 

experimental data on partition flows.

The two sets of partition flows that were compared with the PFT results con­

sisted of supersonic mixing [13] and hypersonic mixing data [14]. The hypersonic 

data consisted of two sets of profiles. The first set consisted of seven laminar 

profiles. The second set of five hypersonic profiles were turbulent fast stream and 

laminar slow stream data. Though the PFT is restricted to laminar flows, a com­

parison was made on the basis that it would be interesting to observe how the 

theory shows the differences between turbulent and laminar flows. Also since the 

slow side was initially laminar the theory would also give an indication of the de­

gree of mixing between a turbulent/laminar flow as opposed to a laminar/laminar 

flow.

Several improvements in the PFT are suggested in this work concerning the 

modeling of the initial profile and the restriction of a Prandtl number of unity.
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CH APTER 2

PARTITION FLOW THEORY (PFT)

Overview

This chapter gives an abbreviated overview of the PFT  as developed by 

Demetriades. For a complete explanation of the PFT see [12].

The advantages of a closed form analytic solution to the mixing of two laminar 

streams are twofold. First, extensive difficulties exist in obtaining numerical codes 

to solve the mixing problem. Second, an in-depth knowledge of computational 

fluid dynamics is needed to utilize these numerical codes and interpret the output. 

The PFT does not require the user to have more than a basic knowledge of fluid 

flow and gas dynamics.

The Partition Flow Theory (PFT) [12] was developed to solve the problem of 

the mixing of two steady, laminar, two-dimensional, flows with dissimilar velocities 

behind a thin plate. Figure I shows the basic problem and the nomenclature used 

to describe it. The PFT combines known analytical solutions for the wake flow and 

the free shear layer into one closed form analytical equation. The uniqueness of 

the PFT is the superposition of the wake flow onto the free shear layer component.



FAST STREAM (SUBSCRIPT I)  
U i,Pi, M i,Ti,T0I lRe1I

BOUNDARY
LAYER

SOLID PARTITION

a
BOUNDA
LAYER

RY

s /

TRAILING
EDGE/

------------------------------------>
SLOW STREAM (SUBSCRIPT 2) 
U2-P2lM2J 2J o2lRe12

Figure I. Schematic of Partition Flow.
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Wake Flow

The equations describing the wake flow are those proposed by Demetriades 

[12] who based his approach on that of Gold [8]. Gold’s work [8] extended Kubota’s 

work [7] on laminar wakes with streamwise pressure gradient to allow for arbitrary 

initial profiles. In the PFT the streamwise pressure gradient (dp/dx) is assumed 

zero which simplifies Gold’s solutions considerably. The velocity solution is

(I) « = = ^  j ^ u 0(O G (f ;i , 5 K  •

The temperature solution is

(2) ^ ~  T7 ~~ 1 ~  2\ / f  /  (&%,!/) df

where

(3) G = —p= exp
V7r

- ( y - 6) /45 5

(4)
U0 =  initial velocity profile

h0 = initial temperature profile ,

( 5 )
y* = Z * -  r Y' ,

y = ReL ’ x =  ~L ’ Y * = J  P/P'd Y * >

(6)
Rei

ueL
L  =  Length , u =  local velocity

T  =  local temperature ,

( 7) z* , y* =  dimensional coordinates , p = density
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and

(8) u =  kinematic viscosity , ( )e =  edge conditions .

Demetriades [15] chose an exponential for the initial profile. This was an 

arbitrary decision based on ease of the mathematics. The problem with an expo­

nential profile is that it shows a much thinner profile than the Blasius [16] profile. 

Therefore a stretching factor S  was added to the exponent

(9) u0 = e - yl s 

where

(10) V — Y*/O1 , O1 = fast stream momentum thickness .

The S  parameter acts as a control knob to allow for all types of initial profiles. 

Figure 2 shows how the S  parameter can be chosen to fit the Blasius [16] profile. 

As shown in Figure 2, O1 was used as a characteristic length. This length (0X) 

was utilized in the rest of this work to non-dimensionalize Y* . O1 was determined 

by the actual trailing edge profile being modeled by the PFT. The S  is then 

incorporated into the succeeding profiles by altering the y coordinate to

(11)
n y' + {S -  l)y^ 

v -  S

where

(12)
Z P' \ Y *

y -  ( p ,  + 1 ) q > P ~  asymmetry factor

(13) y'm = y' position where the wake velocity is a minimum .
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u / Ue=  I —e x p (—? * / (S 0 ,) )

Z3 0 .6

B las ius  p ro file  _
S=2
5 = 3
5=4

Z5 0 .4

Figure 2. Determination of S  for a Laminar Boundary Profile (Blasius Profile).

Physically, the y" coordinate is the mechanism through which the parameter S  

stretches or constricts the profiles downstream of the trailing edge of the thin 

partition.

A second important parameter in the PFT is the asymmetry factor. This 

parameter allows the wake profile to take into account uneven boundary layer 

growth (O1 ^  O2) and to allow for dissimilar flows (^1 ^  p2):

(14) P' =
p2 ̂ 2

(15) ( )i =  fast stream , ( )2 =  slow stream .
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With the following initial velocity profiles,

(16) U0 =  , y  >  O ,

(17) u 0 = C ( pl yZs ) , y  < 0  ,

(18)

Y* =  dimensional lateral coordinates ,

Gold’s velocity solution (l) becomes (see Appendix A for details)

(19) u =  i  exp ( - £ 7- )  ^ M al ) Er f c M + e x p { a l ) E r f c { a 2))

where

(P' +  2) 61 Re,, ’

Oi =  (P + I) (V z ')  +

,, _ V1 +  [S -  l)y'm 
y — %

y
2\fx?

Equation (19) is valid for all laminar wake flows including uneven boundary layers.

Free Shear Laver

Chapman’s model [l] for laminar mixing based on zero boundary-layer thick­

ness was used for modeling the free shear layer between the two flows. The PFT 

utilizes Chapman’s relationship of

(20) y'
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But to be applicable to the PFT three alterations were needed. First, in Chap­

man’s model the velocity on the slow side is zero while in PFT U2 can vary from 

0  to U 1 . Therefore the following form must be used:

(21) Q r L l  =  W W  +  E r ' FSL =  FreeshearLayer •

Secondly, Chapman’s final form was numerical and the PFT required an analytical 

form. A polynomial fit over the following domains was used:

(22) 7? < - 1 0 : — = —
U i  U 1

6

( 2 3 )  - 1 0  <  77 < 0 : / =  ^ C n ( 77) "

0

6

( 2 4 )  0  < 7 7  < 8 : /  =  ^ C :  ( % ) "

0

( 2 5 )  77 >  8  : /  =  I

(26) Cn , Cn = numerical constants ([12]) .

Thirdly, in the Chapman model the two flows separated at Ufu1 =  .587 while in 

the wake flow the flows separated at the minimum velocities. To superimpose the 

wake onto the free shear layer the Chapman variable must be altered to

(27) t? = y' -y'm  
\[x'

This concept is a critical part of Demetriades’ postulate of superposition which 

will be discussed shortly.
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Temperature Field

To determine the changes in temperature through the entire flow field the 

Busemann-Crocco temperature relationship was utilized [17]:

(28)
T - T w

T00 G £ )  ( i _ ^ )

For the wake component the initial velocity profiles (16) and (17) were substi­

tuted into the Busemann-Crocco relationship (28). In turn (28) was substituted 

for h0 in Gold’s solution (2) and the following temperature profile was found:

(29) h = Bu + ^  exp {exP(al )E r f cM  + exp(o!*)£r/c(a4))

where

B K = - I  +  ^

a 3 = 2(P  +  l) ( s / ? )  + - ^ =

M -  '
y

2 Vx7

The free shear layer uses Crocco’s relation directly by substituting Chapman’s 

velocity relation (21) into (28) and obtaining

/  F S L
I -

U

. U l  /  F S L

+ *
l ( - )  - i l[ l  -  ( U 2 Z u 1 ) 2  I \ U 1 J  F S L

(30)
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Superposition of Flows

The real uniqueness of the PFT is the superpositioning of the wake flow onto 

the free shear layer. The basic postulate is

( 3 1 )  - ! L =
U 1 X u F S L  /  X U 1 J  

This concept can be explained by assuming

(32) u V  ( w a k e  X u - 1 /  F S L

and then utilizing Figure 3 the following derivation can be shown:

(33) U  =  U f s l  — Au

(34)

(35)

Au =  ue — u =  ue I - U

U e /  w a ke

% = Ufsl “  Uc i -
e '  w a ke  -

As part of the postulate replace the constant wake-edge condition with that of 

the free shear layer:

(36) U e — U p g L

(37) u — U p g L  — U p g L

therefore

I  -  I —ue /  w a k e -
— U f s l  I "—

c /  w a k e

(38) U U p g L  (  U

U 1 U 1 X ue /  wa ke

\  /  U

. U e /  w a k e  V t t I /  F S L

The same concept determined the temperature profile : 

(39)
T1 VT

T

"^1 /  F S Lw a k e
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Figure 3. Explanation of Postulate of Superposition.
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CH APTER 3

APPLICATIO NS OF THE PFT

Overview

The equations of the PFT (e.g. equations (19), (21), (29), (30)) have been 

developed [12] into an algorithm (see Appendix B) that was utilized to solve for 

wake, base, and partition flows. In this work the wake and base flows were solved 

by the PFT under subsonic, supersonic, and hypersonic conditions. The partition 

flow was solved for under supersonic and hypersonic conditions. As outlined in 

Table I each case was subjected to various temperature ratios. The general idea 

was to observe how the PFT solved such classic wake configurations as an adiabatic 

plate, a hot plate, and a cold plate.

Each of the following plots is composed of a family of velocity or temperature 

profiles. The medium used in all cases was air with a specific heat ratio of 1.4. A 

Blasius profile was assumed at the trailing edge and therefore an 5  of 3 was used 

as an input in all the cases. The shift between each profile enabled the plotting 

of nine profiles on one plot, thereby giving a sense of how the entire flow field was 

developing. For example in Figure 4 each profile has been shifted to the right by 

a factor of .2 from the previous profile. The number directly above each profile is 

its position in the flow downstream of the trailing edge (x* = 0) of a thin plate. 

This nondimensional variable x  is defined as

x*(40)
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Due to the intricate temperature profiles in Figures 9, 10, 11 and 14 the x  position 

has been designated in the legend rather than above each respective profile.

One observation that applies to all the profiles is the lack of any discontinuities 

in the flow field. In each of the following sections a number of the cases will be 

discussed.

Wake Flow Solutions

Figures 4 through 11 are solutions to the wake problem by the PFT. By 

allowing U 1 /u 2 =  I the inviscid free shear layer was removed, while setting AlyZfl2 =  

I caused the PFT to solve for a symmetrical wake.

The temperature profiles of Figures 4 through 6 predict the direction of heat 

transfer correctly under a low speed condition. As the temperature profiles ap­

proach the zero streamline (Y* /B1 =  0) near the trailing edge of the plate the 

direction of the slope (dT/dy) is determined solely by the ratio of wall temper­

ature to freestream temperature. Figure 6 demostrates vividly how a hot plate 

affects the temperature profile beyond the trailing edge.

Figures 7 through 9 examine the PFT ’s ability to handle supersonic flow. 

The temperature in Figure 7 increased dramatically near the zero streamline 

(Y* /B1 = 0) due to the transfer of kinetic energy to thermal energy then abruptly 

decreased due to the cold plate condition. Not until a considerable distance down­

stream with respect to the first few profiles did this temperature “hump” dissipate. 

The temperature profile of Figure 8 shows the transfer of energy under adiabitic 

conditions.

Shifting from subsonic to supersonic conditions the velocity profiles begin to 

thicken due to the increase of the boundary layer thickness. This can be attributed
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to the increase in viscosity of air as the temperature increases. The hypersonic 

cases amplify the findings of the supersonic profiles.

Base Flow Solutions

The base flows are flows where u2 is considered zero. Many of the comments 

from the wake solutions apply to these cases. The uniqueness of these temperature 

and velocity profiles was the determination of the size of the “dead air” region.

Figures 12 through 14 consider base flows under low-speed conditions. Again 

the temperature of the thin plate determined whether the slope of the temperature 

profile was positive, negative, or unchanging.

Figures 15 through 17 show base flows under supersonic conditions. The 

transfer of .kinetic to thermal energy has been correctly predicted by the PFT in 

these plots.

Figure 18 is base flow under hypersonic conditions with an adiabatic plate. 

In this plot the PFT has predicted a greater increase in temperature than the 

supersonic case in Figure 16. This is due to the increased transfer of kinetic 

to thermal energy in the trailing edge boundary layer when transferring from 

supersonic to hypersonic conditions.

Partition Flow Solutions

Figures 19 through 21 predict flows for U 1 ^  U2 which introduced the invis- 

cid free shear layer. Concurrently, a finite boundary layer thickness was present 

introducing the viscous component (i.e. the wake). The shift of the minimum ve­

locities away from the zero streamline (F* /O1 = 0) can be observed to be towards
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the slow side and slowly increasing in magnitude as the velocity profiles progress 

downstream.

Case No. Type S I M1 Tw /T0i Tq2/T01 U2Iu 1

I Wake 3 1.4 0 0.2 I I i
2 I
3 5
4 3 0.2

5 I
6 5
7 10 0.2
8 I

9 Base 0 0.2 0.2 0 1000
Flow

10 I I
11 5 5
12 3 0.2 0.2

13 I I
14 10 0.2 0.2
15 I I

16 Partition 8 0.6 .25 .5 I
Flow

17 .714 .428 .544 1.34
18 .943 .886 .783 .797

Table I. Flow Fields Predicted by the PFT.
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Figure 8. Flow in the symmetric supersonic wake of an adiabatic plate (Case 5).
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Figure 9. Flow in the symmetric supersonic wake of a heated plate (Case 6).
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Figure 13. Low-speed base flow; adiabatic partition and stagnant region
(Case 10).
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Figure 17. Hypersonic base flow; cooled partition and stagnant region (Case 14).
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CH APTER 4 

TESTS OF THE P FT

Overview

It is vital for any theory to be rigorously tested by all means available to verify 

its ability to perform as desired. This work will compare the PFT with numerical 

work and experimental wake flow and partition flow data. The numerical and wake 

results will be presented briefly due to the detailed references already available on 

these results. The partition flow results were extensively investigated’

Comparison with Wake Flow Results

Two experimental sets of data were compared with an earlier version of the 

PFT. This earlier version of the PFT contained only the wake component, not the 

free shear layer. Sato and Kuriki [18] showed good agreement with the PFT but 

only two points were available. Demetriades’ [19] experimental data also showed 

good agreement. However in both cases only the zero streamline velocity was 

compared. The details of these experiments can be found in their references, and 

their comparison with the PFT is shown in [12].

Comparison with Numerical Results

The PFT was compared with two different numerical results. In both cases as 

•in the wake experimental results only the zero streamline velocity was compared.
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In the first case the PFT was compared against the incompressible wake computa­

tions of Goldstein [6] with excellent results. Secondly, the PFT  and Denison and 

Baum’s [2] base flow computations were compared. Again agreement was very 

good. The details of these numerical comparisons can be found in [12].

Comparison with Partition Flow Results 

Supersonic Laminar Mixing

Experimental Setup. The experiment which is provided by [13] consisted of 

two streams of air separated by a splitter plate as shown in Figure 22. Mach 

numbers for the fast side stream ranged from 2.76 to 2.9 while the slow side Mach 

number ranged from 1.87 to 2.29.

Mean flow measurements at the trailing edge were taken by a pitot probe 

to determine the boundary layer profile. A second pitot probe was utilized to 

take mean flow measurements of the free shear layer. A Schlieren Optical System 

along with a hot-film anemometer determined transition to turbulence. Static 

pressure and total temperature were also recorded at each point in the profiles. 

Eight velocity profiles downstream of the splitter plate were recorded. Transition 

to turbulence was determined to occur at approximately 1.8 inches downstream 

of the trailing edge. Therefore only four of the eight profiles were laminar and 

considered usable in a comparison with the PFT.

The actual data and computer codes used to determine the velocity profiles 

were not found in usable format. The electronic signals (counts) for the total 

and static pressures and the total temperature had to be converted from archaic 

format specific to an Intertek Superbrain microcomputer to generic BASIC format 

usable on any late model microcomputer.
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Figure 22. Schematic of MSU Tunnel Modifications ([13]).
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Computer codes [20] utilizing the counts to determine the boundary layer and 

the velocity profiles also needed to be converted. Additionally the syntax used 

by the codes had to be manually updated from an outdated form of BASIC to 

current QUICKBASIC standards.

To verify that this process had been accomplished correctly the trailing edge 

boundary layers of the fast and slow side were determined and plotted as shown 

in Figure 23. This figure is an exact duplication of Figure 27 in Brower’s work 

[20] thereby verifying the updating process. This procedure was carried out on 

several of the velocity profiles to ensure the velocity profile code was also correctly 

converted.

The comparison of these supersonic mixing data with the PFT was carried 

out in the following manner:

1. A. direct comparison was made of the original supersonic data with the current 

PFT. The stretching parameter S  was determined from the measured trailing 

edge boundary layer.

2. Any differences between the experimental data and the PFT were explained.

3. The momentum thickness (A1) of the supersonic data was recalculated in 

order to match the minimum velocities of the PFT and the data.

4. The supersonic profiles were recalculated with the revised O1. A new S  based 

on the new trailing edge velocity profile was determined.

5. The updated supersonic velocity profiles were compared against the PFT for 

a second time.
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EXPONENTIAL u /u e= 1 -e

O a _  __9 M -  aQ

INITIAL PROFILE 
(S=3)

Z5 0 .6

DATA (REF. 13)
M = 2 .8 0  •

BLASIUS-FLAT PLATE THEORY M =  2 .6 5 o  
dp/dx =O

Figure 23. Verification of Data/Code Reinstallation.

Trailing Edge Boundary Laver. The initial conditions for the data and the 

PFT must be the same if a comparison is to be made. Therefore it was necessary 

to determine the stretching factor S  that causes the exponential to fit the trailing 

edge velocity profile. Figure 24 shows the curvefit of the boundary layer. An S  of 

1.8 is an acceptable fit.
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Figure 24. Initial Determination of S  for Supersonic Data.

Comparison of Original Supersonic Velocity Profiles and the PFT . The fol­

lowing parameters from the supersonic data runs were used in the PFT to solve 

for the velocity profiles:

JC Il to (O F02 /F 01 — .98

Oi /  =  .809 Tw /T01 = I

7 =  1.4 u2 /  Ui =  .893

S = 1.8

The Mach number and the velocity ratio stated above varied slightly from run to 

run.

The resulting minimum velocities from the PFT were compared with the 

minimum velocities of the data at various downstream positions. Figure 25 shows 

the disparity between the theoretical results and those of the experimental data.



42

0 . 4  -

R e fe ren ce  13 Data O1 =  .0 0 4 8 4  in. 
PFT RESULTS 5 = 1 . 8

X

Figure 25. Comparison of PFT with Experimental Supersonic Minimum 
Velocities.

Next the complete profiles were computed and plotted in Figures 26 through 

29. As the profiles develop downstream the PFT shows a thicker profile than the 

experimental profiles and as expected the minimum velocities do not match.

One of the possibilities for the disparity in thickness is the assumption in the 

PFT of a Prandtl number of I. As the Prandtl number decreases the velocity 

profile thins. Since air has a Pr of .73 the recovery factor [21] could cause the 

profiles downstream of the trailing edge to thin and show better agreement with 

the experimental profiles.

Another possibility is an error in one of the parameters in the experimental 

data. This possibility will be investigated in the next section.
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SUPERSONIC DATA (REF. 13) 
PFT RESULTS 5=1.8 X=. I 08

Z3 0.6

3  0 . 4

4 0  - 3 0  - 2 0  - 1 0  0 1C) 2 0  3 0  /10

Figure 26. Comparison of PFT with Supersonic Data 
x* — .25 inches.

SUPERSONIC DATA (REF. 13) 
PFT RESULTS S=I .8 X=.208

— 4 0  —3 0  —2 0  — 1 0  0 1C) 2 0  3 0  /tO

Figure 27. Comparison of PFT with Supersonic Data
x* =  .5 inches.
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3  0.6

3  0 . 4

j -  + + + + SUPERSONIC DATA (REF. 13) 
-------  PFT RESULTS S ==1.8 X=.314

— 4 0  —3 0  —2 0  — 1 0  0 10  2 0  3 0  4 0

Figure 28. Comparison of PFT with Supersonic Data 
x* = .75 inches

3  0.6

+ + + + +SUPERSONIC DATA (REF. 13) 
-------  PFT RESULTS S= 1.8 %= .42

— 4 0  —3 0  —2 0  — 1 0  0 1 0  2 0  (30 4 0

Figure 29. Comparison of PFT with Supersonic Data
x* = I inch.
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Resolution of Disparity between Supersonic Data and the PFT - Due to the 

differences observed in the previous four figures it was decided to determine by 

how much the two sets of data differed and if such a difference could be explained 

by an experimental error rather than a problem with the PFT. It was noticed 

that in Figure 25 the PFT and experimental data minimum velocities seemed to 

differ by a constant. This led to the decision to investigate the possibility that 

there was a measurement error in the momentum thickness. In earlier MSU wind 

tunnel tests, errors from 10 to 50 percent in momentum thickness measurements 

[22] have not been uncommon for measurements in very thin boundary layers. 

Such an error can be traced to the relative size of pitot probes to the thickness of 

the boundary layers being measured.

Therefore it was decided to match the minimum velocities of the experimental 

data with the minimum velocities of the PFT by assuming that the actual A1 

differs from that reported by Brower [13]. The reason for using only the minimum 

velocities was that the stretching parameter (5) of the PFT has no effect on the 

theoretical minimum velocities.

This task was accomplished by iterating on the experimental minimum ve­

locity positions by changing S1 which altered x. The new x  and the original 

minimum experimental velocities were then plotted against the PFT results as 

can be seen in Figure 30. A A1 of .00354 inches was observed to be the best fit. 

It is worth noting again that transition to turbulence was determined to occur at 

approximately 1.8 inches downstream of the splitter plate. Therefore in Figure 30 

agreement with the PFT is not expected beyond the fifth minimum velocity point 

or at approximately x = .77.
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□ □□od SUPERSONIC DATA O1= .00484 in 
+ + + + +SUPERSONIC DATA © ,= .00315  in 
* * * * *  SUPERSONIC DATA O1 =  .00354 in 
o o o o o  SUPERSONIC DATA O1 =  .00394 in 
--------  PFT RESULTS

X

Figure 30. Iteration to Match Minimum Velocities via O1.

Then the trailing edge boundary layer was recalculated and a new S  was 

determined. Figure 31 shows an S  of 2.6 fits the altered boundary layer profile.
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Figure 31. Determination of S  for Revised Supersonic Data.

Comparison of Revised Supersonic Velocity Profiles and the PFT . With the 

new Q1 of .00354 inches and a new S  of 2.6 the complete profiles of the two data 

sets were re-evaluated. The minimum velocities were not replotted. This was 

due to the fact that the S  uses the minimum velocity streamline as a reference 

to stretch the lateral coordinate. Therefore the S  does not affect the minimum 

velocities. As can be seen in Figures 32 through 35 the minimum velocities match 

as they were forced to. As the velocity profiles develop downstream the PFT 

results start to diverge from the experimental data.
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3  0 .6

3  0 . 4

+ + + + +SUPERSONIC DATA (REF. I 3 ) 
--------  PFT RESULTS S =2.6 X =  .2015

— 4 0  —3 0  —2 0  — 1 0  0 1 0  2 0  3 0  4 0

Figure 32. Comparison of PFT with Revised Supersonic Data 
x* — .25 inches.

+ + + + +SUPERSONIC DATA (REF. I 3 ) 
PFT RESULTS S =2.6 X = .403

— 4 0  —3 0  —2 0  — 1 0  0 1 0  2 0  3 0  4 0

Figure 33. Comparison of PFT with Revised Supersonic Data
x* = .5 inches.
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Z5 0 . 4

_+ + + + + SUPERSONIC DATA (F
--------- PFT RESULTS S =2.6 X =.6045

- 4 0  - 3 0  - 2 0  - 1 0  O 10  2 0  3 0  4 0

Figure 34. Comparison of PFT with Revised Supersonic Data 
x* =  .75 inches.

D 0.6

D  0 . 4
SUPERSONIC DATA (REF. I 3)
PFT RESULTS S=2.6 X = 806

— 4 0  —3 0  —2 0  — 1 0  0 1 0  2 0  3 0  4 0

Figure 35. Comparison of PFT with Revised Supersonic Data
x* =  I inch.
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The attempt to gain a better agreement between the entire experimental 

velocity profile and the PFT by correcting for a possible error in the measurement 

of the momentum thickness (A1) apparently was not successful. In light of this 

finding the comparison of the PFT against the supersonic data with a momentum 

thickness of .00484 inches should be considered the appropriate comparison for 

this work (see Figures 26-2.9).

The disparity evident in Figures 26 through 29 could be due to the restriction 

of a Prandtl number of unity and the use of the Oseen approximations near the 

trailing edge in the PFT. These conclusions will be discussed in more detail in 

Chapter 5.

Hypersonic Laminar Mixing

Experimental Setup. The second set of data to be compared with the PFT 

is given in [14]. A flat plate model shown in Figure 36 was immersed with its flat 

surfaces parallel to the flow, in a steady air flow at Mach number 8. As shown in 

the figure the plate formed a backward facing step at some distance beyond its 

trailing edge. A Mach 3 nozzle located inside the plate with its exit at the step 

discharged its airflow in the downstream direction parallel to the Mach 8 stream:

By controlling the stagnation pressures of the tunnel and jet independently 

it was possible to match the jet exit and steam static pressures so that the mixing 

layer stayed parallel to the plate surface. The laminar or turbulent state of the 

hypersonic boundary layer upstream of the jet could also be controlled by adding 

or removing boundary layer “trips” between the plate leading edge and the jet 

exit.
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Figure 36. Schematic of Hypersonic Model.
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With the trips in place the fast stream (Mach =  8) hypersonic layer was 

turbulent turning the entire shear layer turbulent. This case of a turbulent free 

shear layer is of no interest here since it cannot be compared with the PFT which 

deals with laminar flows only. Its discussion further below will be limited to an 

illustration of its drastic differences from the laminar case.

With the trips removed the boundary layer was laminar up to the jet. This 

was verified by the profile measurements to be discussed shortly and also by heat 

transfer and Schlieren measurements. For a tunnel stagnation pressure of 200 

psia, the ensuing free shear layer was found to be laminar to a distance of eleven 

inches from the jet [23]. Henceforth this report will deal only with this untripped, 

laminar 200-psia free shear layer.

Table 2 outlines the parameters of the test. The origin for the longitudinal 

coordinate x* was placed at the step. Laminar profiles were obtained at rc* (inches) 

— -I) .4, 1.5, 3.0, 4.5, *7.5, 9.0. The Y* coordinate ran normal to the floor of the 

step. The profiles were measured from F* =  0 (the floor) to Y"* =  I .V inches.

The data was taken by an overhead rake that included a pitot probe and total 

temperature probe. The rake was positioned such that the probes were on the 

same x* and Y* position.

The flow was considered two-dimensional for data reduction purposes. Data 

reduction [14] consisted of utilizing the total and static pressures in the Rayleigh 

pitot formula to Solve for the local Mach number:

P
Po

{ j i r  m I ~  tr r )
i / i - i

(3Ti MJ)■y/d-i)

In turn the Mach number and the total temperature Used the appropriate isen- 

tropic formula to solve for the static temperature. The local velocity was solved 

for using the Mach number and static temperature.
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Wind Tunnel Flow Conditions 

Mach number 

Stagnation Pressure (psia) 

Stagnation Temperature (0R) 

Freestream Re' (per foot)

Jet Flow Conditions 

Mach number 

Stagnation Pressure (psia) 

Stagnation Temperature (0R) 

Temperature of Partition (° R) 

Static Pressure for each profile 

location of 

profile(inches)

0.1

0.4

1.5

3.0

4.5

7.5

9.0

(-.1,4-.3) 8 

(+.4,-0.0) 200 

(+6.7,-4.4) 1302 

(-.8E4,+.5E4) .902E6

3

(-.002,+.003) .786 

(-1.33,+.67) 647 

944

static pressure (psia)

fast side slow side

.0237 .0300

.0223 .0318

.0240 .0240*

.0233 .0233*

.0243 .0243*

.0235 .0235*

.0236 .0237*

* varied in boundary layer

Table 2. Hypersonic Experimental Parameters.
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In order to utilize the Rayleigh pitot formula the static pressure needed to 

be known. Because of the variation of the static pressure through the profiles 

it was determined to use an average of the static pressures recorded in Table 2, 

the static pressures measured for turbulent runs under the same conditions, and 

selected model surface pressures [24].

Because of the disparity between the static pressure in the first two profiles 

as shown in Table 2, the respective fast and slow side static pressures were used 

in the determination of the local Mach number at x* =  .1 and .4 inches. The rest 

of the downstream profiles utilized the wall pressure in the boundary layer and 

then the averaged static pressure for the rest of the profile.

Trailing Edge Boundary Laver. The experimental trailing edge velocity pro­

file is necessary to have because the PFT utilizes it as an input. However the 

closest velocity profile to the trailing edge was at x* -  .1 inches. The decision was 

made to make the best estimate of the initial conditions at z* =  0 by combining 

the data at x* =  .1 inches with expected boundary conditions.

The .1 inch velocity profile was extrapolated to Ufu1 = 0.0 at Y* =  0.0 to 

meet the no-slip condition at the trailing edge as shown in Figure 37. By invoking
I

the ideal gas law as the equation of state the density profile was extrapolated 

to meet the boundary condition of Tw /T  =  9.67 (or actually Pjp1 =  .103). The 

shape of the extrapolation from the .1 inch density data to the boundary condition 

just stated was based on Tritz’s [25] numerical solution of the trailing edge density 

profile. The initial density profile is shown in Figure 38.
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-------- EXTRAPOLATED SECTION
ooooo HYPERSONIC DATA X=.I IN. -

Y'(inches)

Figure 37. Velocity Profile used in Determining O1.
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Figure 38. Density Profile used in Determining O1.



56

A second alteration to the .1 inch data was performed. A review of the 

minimum velocities showed the location of the minimum velocities to be located 

approximately at .65 inches from the model surface. The cause of an extra .1 inch 

above the trailing edge (located at F* =  .55 inches) could be due to the complex 

shock interaction occurring at the lip as shown in the Schlieren photographs in 

Figure 39.

Figure 39. Spark-Schlieren Photographs of the Partition Flow for Air, 
Mach 8 fast stream, Mach 3 slow stream.
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Therefore it was determined to shift the seven laminar velocity profiles by 

subtracting .1 inches from each of the lateral positions [Y* /O1) that make up 

the velocity profiles. The momentum thickness was now determined utilizing the 

velocity and density profiles of Figures 37 and 38 in the following equation:

The result was O1 — .008148 inches.

Now a parameter unique to the PFT needed to be determined. The stretching 

factor S  is used to allow for all types of Falkner-Skan type flows as described in 

Chapter 2. Figure 40 shows the curvefit of the newly determined initial velocity 

profile in the incompressible plane

An S of 2 was determined as shown in Figure 40. The basis for denoting Y* as 

the incompressible plane is the incorporation of the density profile into the lateral 

coordinate as a weighing factor as shown in (42).

Next, the PFT was compared against the experimental initial profile utilizing 

the dimensional lateral coordinate (T*). The purpose of this was to ensure the 

density profile had been correctly determined. In other words, the density profile 

was not utilized as a weighing factor in Figure 41. Therefore the effect of density 

is present in Figure 41 and not in Figure 42. If the density profile had been 

incorrectly determined there would have been disparity in these two figures.

(41)

(42)
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6i = .0081 48 INCHES

Z5 0.6

Z5 0.4

INITIAL PROFILE AS PER FIGURE 37
OOOOO S= 2

Figure 40. Determination of S  for Hypersonic Initial Profile.

ooooo INITIAL PROFILE AS PER FIGURE 37 
--------  PFT RESULTS S=2 X=O.O

Figure 41. Comparison of PFT and Initial Profile.
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Comparison of Hypersonic Laminar Velocity Profiles with the PFT . With 

O1 = .008148 inches and S  — 2 the hypersonic laminar velocity profiles were com­

pared against the PFT. The initial comparison was performed on the minimum 

velocities as shown in Figure 42 below.

ooooo HYPERSONIC MINIMUM VELOCITIES 
-------- PFT MINIMUM VELOCITIES

X
Figure 42. Comparison of PFT and Laminar Hypersonic Minimum Velocities.

This figure validates the postulate set forth in the PFT that the Chapman 

variable should have as its reference the wake component minimum. The disparity 

shown in the comparison of the PFT with the supersonic minimum velocities as 

seen in Figure 25 could be due to use of the Oseen aproximations in the near wake 

region. The x for the supersonic data extended only to .427 while the hypersonic 

data extended to z  =  1.8. This possibility will be discussed in Chapter 5.
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The complete hypersonic laminar velocity profiles were then compared against 

the PFT solutions. Figure 43 is a duplication of Figure 41 in the vicinity of the 

shoulder of the profile. However Figure 43 does show the disparity between the 

minimum velocities at .1 inch which was not included in Figure 41. This disparity 

could be due to the variation of the static pressure that occurred during the ex­

periment. Figure 44 shows good agreement between the PFT and the experiment.

After x* =  .4 inches a noticeable shift in the hypersonic laminar velocity 

profiles towards the fast stream occurred. This shift increased until the 4.5 inch 

position was reached at which point the shift remained constant.

--------- PFT RESULTS S=2 X = .02
ooooo HYPERSONIC DATA X = .I INCHES

(REF. I 4) oQO—OOOOOOOOO O
WALL c f

- 1 0 0 - 7 5  - 5 0  - 2 5  O 25 50 75 100

Figure 43. Comparison of PFT with Laminar Hypersonic Data
x* =  .1 inches.
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--------- PFT RESULTS % =.081,S=2
ooooo  HYPERSONIC DATA X*=.4 INCHES

^ w aO O O O  OOODQ Q  Q(

WALL

- 1 0 0 - 7 5  - 5 0  - 2 5  O 25 50 75 100

Figure 44. Comparison of PFT with Laminar Hypersonic Data 
xm = .4 inches.

The experimental profiles in Figures 45 through 49 were shifted laterally 

(i.e. in the Y* / Oi direction) such that the minimum velocities of the PFT and 

the experimental data matched so a meaningful comparison could be done. The 

reason for this shift was that the slow stream of the hypersonic data was not 

infinite as assumed in the PFT . Therefore the mixing layer of the experimental 

data was being influenced by the boundary layer on the floor of the step.

Berger [26] came to this same conclusion when investigating the Chapman 

model. Berger assumed that the slow side would distort the mixing layer profile 

if the mixing layer was not small compared to the length of the slow side region 

as is the case for the hypersonic data.
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PFT RESULTS X =.300, S=2 
HYPERSONIC DATA X= 1 .5 IN .(-5 ) 

(REF. I 4) _WALL

0.2  -

- 1 0 0 - 7 5  - 5 0  - 2 5  0 25 50 75 100

Figure 45. Comparison of PFT and Laminar Hypersonic Data 
x* =  1.5 inches.

PFT RESULTS X = .602 ,S =2  
HYPERSONIC DATA X= 3 .0 IN .( -1 1 ) '

W ALL

- 1 0 0 - 7 5  - 5 0  - 2 5  0 25 50 75 100

Figure 46. Comparison of PFT and Laminar Hypersonic Data
x* = 3 inches.
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PFT RESULTS %= .90 0 ,5= 2  
HYPERSONIC DATA X = 4 .5 IN .(-1  6.5)

WALL

- 1 0 0 - 7 5  - 5 0  - 2 5  0 25 50 75 100

Figure 47. Comparison of PFT and Laminar Hypersonic Data 
i* =  4.5 inches.

PFT RESULTS 7 = 1 .4 9 ,5 = 2  
HYPERSONIC DATA X = 7 .5 IN .(-1 6.5)

WALL

- 1 0 0 - 7 5  - 5 0  - 2 5  0 25 50 75 100

Figure 48. Comparison of PFT and Laminar Hypersonic Data
x* = 7.5 inches.
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PFT RESULTS % =1.8,S=2 
HYPERSONIC DATA X ^g  IN .(-1 6 .5 ) -

WALL

- 1 0 0 - 7 5  - 5 0  - 2 5  0 25 50 75 100

Figure 49. Comparison of PFT and Laminar Hypersonic Data 
x* = 9 inches.

Hypersonic Turbulent/Laminar Mixing

Velocity profiles under approximately the same conditions as stated in Table 

2 but with the fast side turbulent were also obtained. The profiles were recorded 

at x* =  .4, 2, 4, 6 and 9 inches.

The basis for including these profiles in this assessment was twofold. First, it 

was determined that it would be interesting to observe the differences between the 

predicted laminar flow (the PFT) and the experimental turbulent flow. Second, 

the jet flow was still laminar and therefore could be modeled utilizing the PFT.

The momentum thickness was determined by reference [14] (.01788 inches) 

while the slow side momentum thickness used Demetriades’ [27] laminar predicted
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value (.00768 in). An S  of .5 was based on the fast side of the profile at x* =  .4 

inches. This determination of S  was made with the realization that the PFT 

is based on laminar flow and therefore a comparison with turbulent flow cannot 

technically be made. However the comparison of the turbulent data with the 

theoretical laminar case gave insight to the differences in the two types of flow.

In Figures 50 through 54 the turbulent side expanded, as expected, more 

quickly than the laminar profiles. Also the rapidity of the distortion of the mixing 

layer by the turbulent fast stream was observed. By 4 inches the velocity trough 

is eradicated.

Also predicted by the PFT was the overshoot of the freestream velocities 

evident in all the laminar slow sides of Figures 50 to 54. This overshoot has been 

documented experimentally by McLeod and Serrin [28]. They determined that 

for a hot wall and an accelerated flow an overshoot of the freestream velocity will

always exist.

WALL

ooooo TRIPPED HYPERSONIC DATA X=.4IN. 
----- — PFT RESULTS S = .5 X = .0166

Figure 50. Comparison of PFT and Turbulent Hypersonic Data
x* =  .4 inches.
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Z3 0.6

3  0.4

0 (REF. 14)
ooooo  TRIPPED HYPERSONIC DATA X=2IN.~

Figure 51. Comparison of PFT and Turbulent Hypersonic Data 
z* =  2 inches.

WALL

P (REF. 14)
ooooo  TRIPPED HYPERSONIC DATA X=AIN^ 
— —  PFT RESULTS S = .5 X =  170

Figure 52. Comparison of PFT and Turbulent Hypersonic Data
z* =  4 inches.
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ooooo  TRIPPED HYPERSONIC DATA X=6IN 
--------- PFT RESULTS S = .5 X = .248

,WALL /  1 ^ "

Z5 0.6

ZD 0.4

Figure 53. Comparison of PFT and Turbulent Hypersonic Data 
x* =  6 inches.

ooooo TRIPPED HYPERSONIC DATA X=9IN. 
--------- PFT RESULTS S = .5 X = .379

WALL

ZD 0.6

ZD 0.4

Figure 54. Comparison of PFT and Turbulent Hypersonic Data
x* =  9 inches.
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Wake experimental results had earlier validated the PFT and the use of the 

Oseen approximations near the trailing edge as did the numerical results [12]. 

However in both cases the data was either very scant or was only available for the 

zero streamline (Y* =  0).

In this work the initial comparison of the supersonic laminar velocity profiles 

of Brower [13] shows the PFT predicting thicker profiles and an unsatisfactory 

matching of the minimum velocities.

Comparison was also made by assuming that the Brower measurement of 

S1 was in error. If a 27 percent error is assumed the minimum velocities mat^h 

but the profiles predicted by the PFT were again found to be thicker than the 

experimental profiles. It is worth noting as the profiles progress downstream of 

the trailing edge the difference in the slow side stabilized while on the fast side the 

theoretical profile continued to separate from its experimental counterpart. This 

asymmetry could be due to the manner in which the algorithm for the PFT was 

developed.

The hypersonic laminar velocity profiles showed good agreement with the 

PFT with respect to the general shape. However, as the PFT solved for profiles 

further downstream the fast side comparison started to diverge while the slow side 

and minimum velocities show excellent agreement. Also, the minimum velocity 

comparison validated the PFT concept that the dividing stream line of both wake 

and free shear layer component must coincide and that they coincide at the wake 

minimum velocity.

Conclusions on the Comparison with Test Data

The comparison of the turbulent/laminar profiles and the PFT laminar pro­

files delineated the differences between the two types of flows quite well. The PFT
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predicted an overshoot due to the flow being accelerated and an existing hot plate
-
condition with respect to the laminar slow stream. The width of the mixing layer 

was much greater in the turbulent flow. The effect of the turbulent flow was to 

erase the velocity trough very close to the trailing edge.

69
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CHAPTER'S

EXTENSIO NS OF THE PFT

Overview

In light of the discrepancies between the PFT and the partition flow as out­

lined in the previous chapter the PFT warranted further investigation. Use of 

the Oseen approximations, the choice of an exponential for the initial profile and 

the ramification of utilizing the Busseman-Crocco relation were the three areas 

scrutinized.

Oseen Approximations

The Oseen approximations are defined as small velocity and enthalpy defects 

as stated below:

(43) u{x* ,y*) =  I — u{x* ,y*) , u(x* ,y*) «  I

(44) h(x*,y*) = l  + h(x*,y*) , h(x*,y*) «  I .

When (43) and (44) are substituted into the momentum and energy equations via 

the correct transformations the momentum and energy equations become linear 

differential equations. This approach was used by Gold [8] to find the velocity 

and temperature solutions of (I) and (2).
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The Oseen approximations are supposedly valid only in the far wake region 

where the velocity and temperature defects would be small. However the PFT 

utilizes Gold’s findings for the entire flow. As shown with the Goldstein evaluation 

in Chapter 4 the PFT does show excellent agreement close to the trailing edge. 

However as shown in Figure 25 the minimum velocity comparison of the supersonic 

data which is fairly close to the trailing edge does not give good agreement. Also 

Figure 42 of the hypersonic data shows excellent agreement only after progressing 

downstream. The disparity in the first two points was originally thought to be 

due to variations in the static pressure but the use of the Oseen approximation 

could be entering the picture.

Initial Velocity Profile

The fit of the exponential to the Blasius [16] profile even with a stretching 

factor S  is considered “fair” at best. Therefore several different initial profiles were 

investigated. Figure 55 shows that a third degree polynomial is an excellent fit to 

the Blasius profile especially when compared with the exponential fit. However 

the mathematics of integrating Gold’s solutions become quite complicated. A 

hyperbolic tangent was recommended by Gasperas [29] and can be seen in Figure 

56.

In summary, though there are better fits to the initial profile than an expo­

nential, none seem to have the flexibility and ease of mathematics with respect 

to incorporating them into Gold’s [8] velocity and temperature solutions as the 

exponential while at the same time delivering an acceptable fit. If the stretching 

factor is used correctly an excellent fit as demonstrated for the hypersonic initial 

profile can be achieved.
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Z5 0 . 6

=] 0 . 4

B las ius
Third Degree P o lyno m ia l  -

7 ]

Figure 55. Polynomial Fit of Blasius Profile.

--------  B las ius
— — H yperbo l ic  ta n g e n t

V
Figure 56. Hyperbolic Tangent Fit of Blasius Profile.
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Variable Prandtl Number

To attempt to make the PFT more versatile it was decided to investigate the 

possibility of including a variable Prandtl number. The wake component without 

Chapman’s free shear layer was investigated initially. As can be seen in Gold’s 

velocity equation (I) is not affected by the Prandtl number.

Gold’s temperature equation however is affected via the chosen initial tem­

perature profile Zi0 which is the Busemann-Crocco relationship. The following 

Busemann-Crocco equation [30] has been modified to include a recovery factor r:

(45) % -  % +  ^  (4 - l ) A C f

where

Taw = T 00 +

(46) r - V F r

f '  = u/ ue from Blasius Solution [28] .

Though this equation allows for various Prandtl numbers via the recovery factor, 

Figure 57 shows that (45) causes the thermal boundary layer to thicken for an 

increasing Prandtl number. This apparent contradiction to the actual phenom­

ena is due to the assumption T  =  T(u) in the Busseman-Crocco relationship. 

This assumption causes the temperature boundary thickness to follow the veloc­

ity boundary thickness. Figure 58 shows the results of Tritz’s similarity solution 

[25] for the boundary layer temperature profile. These results show correctly the 

decreasing thermal boundary layer with an increasing Prandtl number as found 

by both Schlichting [31] and White [32].
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LiJ I .0 PR=I
------ PR=2

v

Figure 57. Busseman-Crocco Temperature Profile.

Pr= I M= 3

0.2  -

V
Figure 58. Similarity Temperature Profile.



75

Equation (47) below shows the Bugseman-Crocco relationship rearranged; to 

make the effect of the recovery factor more readily seen:

(47)
T  u

Since PFT is founded on the Busemann-Crocco temperature relationship the re­

striction a Prandtl number of unity cannot be modified.

Secondly Chapman’s [l] solution utilized in the PFT is based on a Prandtl 

number of unity. However, Berger [33] does provide a second solution to Chap­

man’s work which does allow for a variable Prandtl number but no numerical 

solutions were available. For this second case to be used a numerical solution 

would have needed to be determined and then fit to a polynomial to be utilized 

in the PFT.
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CH APTER 6

CONCLUSIONS

The results of this investigation of solutions to laminar flow downstream of a 

splitter plate can be stated as follows:

1. The PFT was deemed to be the most complete theory dealing with lami­

nar mixing behind a thin partition. The PFT encompasses the entire flow 

field allowing for viscous and inviscid factors. The uniqueness of the PFT 

is the combining of the wake and the free shear layer through superposition 

methods.

2. An independent assessment of the PFT was performed and no misinterpreta­

tion of the major works (i.e. Gold, Chapman, Crocco) were detected. Gold’s 

velocity solution was integrated and compared with the PFT solution for 

correctness.

3. The PFT was utilized to solve for wake, base and partition flows under low 

speed, supersonic and hypersonic conditions. The results of these predica­

tions, qualitatively, agreed with the expected outcome. No discontinuities 

were observed in any of the flow fields determined by the PFT.

4. The PFT was tested against numerical results and wake experimental data. 

These comparisons validated the PFT ’s use of the Oseen approximations close 

to the trailing edge. However the test data was limited and only obtained for 

the minimum velocities and not the entire lateral profile.
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5. The evaluation of the PFT with supersonic data was unsatisfactory. The pro­

files predicted by the PFT were thicker than the experimental data. Also, the 

minimum velocities of the two sets of data did not match. The attempt to im­

prove the comparison by matching O1 did not provide any conclusive findings 

for the differences between the PFT and the supersonic data. The original 

comparison with O1 =  .00484 inches is considered the valid comparison for 

this work.

6. The comparison of the hypersonic data did strengthen one of the PFT ’s key 

postulates. The excellent agreement between the experimental minimum ve­

locities and the PFT ’s minimum velocities for the laminar profiles verified the 

postulate that the dividing streamline of the free shear layer must coincide 

with that of the wake component. Also the PFT profiles showed excellent 

agreement on the slow side while the fast side profile was increasingly thicker 

than the experimental data. As in the supersonic data, this problem of a 

thicker velocity profile could be explained by the restriction of a Prandtl 

number of one.

7. The comparison of the turbulent/laminar hypersonic velocity profiles with 

the PFT illustrated the difference between the two types of flow. A major 

discovery was the PFT ’s ability to duplicate the known overshoot on the lam­

inar slow side. As expected, the turbulent fast side spread much wider than 

the laminar theoretical results. This phenomenon is caused by the chaotic 

mixing of the turbulent flow causing the mean velocity of the flow to approach 

its asymptotic solution much slower than its laminar counterpart.

8. The use of the Oseen approximations in the near wake was supported by the 

numerical and wake comparisons. However the disparity in the supersonic 

data could be due to these approximations because the supersonic data was
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close to the trailing edge. Further investigation of the use of these approxi­

mations close to the trailing edge is warranted.

9. The use of an exponential as a fit for the trailing edge profile even with a 

stretching factor does not fit the Blasius profile as accurately as a polynomial 

or a hyperbolic tangent fit.

10. The use of the Busseman-Crocco temperature relationship in the initial profile 

of the wake and Chapman’s solution based on a Prandtl number of one for

the free shear layer prevents the PFT from being expanded to incorporate to 

variable Prandtl numbers.
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' INTEG RATIO N OF GOLD’S VELOCITY EQUATION
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A P P E N D IX  A

INTEG RATION OF GOLD’S VELOCITY EQUATION  

Begin with equation (I)

(48)

where

~  V x /  u° ZGtt'ix+ ’y+)dZ

X + —
Y*

Re, ' (Si +O2)

Gt t , * + , y+) =  ^  exp[—(y+ -  i f  /Ax+]

u0(6) = exp™6 for y+ > 0

U0(C) =  expr J for y+ < 0 .

Substitute the above into (48) and rearrange

(49) 2 [/_, exp 4z+P 'C -(y+  ~  C);
4x'

r+ / exp 
Jo

Integrate the first half of (49)

—4x+ £ — (y+ -  t y  
4x+

i r °  exp ux^f-s
2 Vxlir 7-00 [ 4x+

exp[—y+2/4x+
2\/x+

/4x+] r
TT J-cx

exp P'C +
2 y + f -  f:

and let

(50) ,  4 x + P ' (  +  2 y + ( - ( 3
— Z  = ------------------------------------------------------------—
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Change limits

(51) z = 0 z —> oo
 ̂ > 0 ’  ̂ —> —oo

-  z 24 i + = 4z+ P'^ +  2y+ ^

f  +  (-4 x +P ' -2 y ') e  +  ( -4 z +)z2 = 0  

and let B  = —4x+ P' — 2y+ and C =  —4x+z2. Apply quadratic

 ̂_  2y+ + 4x+ P ' ±  v/ ( -4 x + P ' -  2y+ )2 + 4 ■ 4x+ z2
2

lX f \ )  [(—4x+ P' -  2y+ )2 +  16x+ z2] " 1/2 32x+ z

let sign be negative, and solve for d^/dz

de =
(52) V2 /  V2 ,

de =  - 8  [(—4x+ P' -  2y+ )2 +  16x+ z2] " 1/2 x+ zdz .

Substitute (50), (51) and (52) into (49) and multiply by -I to switch limits of 

integration

(-1)  -  8x+ exp ^ -y +2/4x+j

2 \ / x + 7t i :
2exP i - z2Iw T r

[(—4x+ P' -  2y+ ]2 + 16x+ z2]1/2 -JL= dz .

Rearrange

(53)

from [34]

exp (-P+2/4̂ )  r

J o  f (4z+ P ' - l y ' ) 1
[ IOx+ "I

1 / 2

(54)
Io V a 2 + dZ ~  2 e°  ̂ t1 _  ^ (aV^)I

( -4 z + R '-2 y + )2
16x+

Letting
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and substituting o2 in (53), (53) can be solved using (54) with ^  =  I, $  = E r f

(55)

-  exp[P 'x+ +  P'y+} I l - E r f  I fV x+  + y L )
2^5  y

Integrate the second half of (48) in a similar fashion:

(56)

rearrange

(57) 

and let

(58)

Change limits

(59)

2sZ=  / 'X +  TT J0
exp -4x+ ( - ( % /+ -  Q 2

4x d t  ;

exp (~ y +2/4x+) r=

2y/x+ ir J0
exp - e +

- Z 2  =
— ̂ 4x+ +  2y+^ -  f

z —> 0 z —> oo 
£ 0 ’ £ oo

and apply quadratic

-  z24x+ +  4x+ ^ -  2y+ ^ f  =  O

 ̂ _  —4x+ +  2y+ ±  v/(4x+ -  2y+ )2 -  4(-4x+ z2)
 ̂ 2 *

Use +  (positive) sign because there is no need to switch limits 

(60) <i£ = (U  ((4z+ -  2 y * f  +  Kx *  Z ^ Y 1' 2 32zx+d( .

Substitute (58), (59) and (60) into (57) and */-r by to obtain proper form

(61)
expMil r

Jo ( I i f l
I 1

- 2 y + ) :
IGz + +  Z5
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Substituting the following variable into (61)

02 =  Mz -  2y)‘
16z

(61) can be solved using [34] with // =  I, $  =  E r f  

exP [=£
(62) 2Vx+

n  r ze~
TT J0 V a 2 +  2 2

dz =

| e x p [ x - - !, * l | l - £ r / ( V ? - - ^ ) J

Using the identity

E r f ( - x +) =  - E r f  (x+)

on (55) and (62), the complete solution to (48) becomes

(63)
u = 5

exp [P '21+ + P 'y+ I - E r f l P 1V ^ r + -^7=  
L V tIyfxV

+ exp[x+ — t/+ i+ s r / ( S - v̂ ) J
D,2

(P' + I)2 y =
P '

P' + 1

(P '+ I)2 x '=  P 2X+ , (p' + i)t/ =  p y

and substitute into (63)

_  I 
U = 2

(64)

exp[(P' + l )2x' +  (P ' + l)y']*

I -  E r f f f '  {[P'  + l ) V f +  j

+  exp (P' + l )2 , /P '  +  l \  ,

I + E r f + I
\ 2 V f  V P '

Equation (64) and equation (12) of [12], page 6 are the same.
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A P P E N D IX  B

THE PFT  ALGORITHM  “SHEAR 14”
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A P P E N D IX  B

THE PFT ALGORITHM  “SHEAR 14”

REH SHEAR14 VERSION 6/30/89 ALTERED BY FLY FOR GRAPHING PURPOSES
REM Improves pre-1989 versions as follows: a) changes viscous asymmetry"
REM variable to thetalxrhoI/theta2xrho2, b) adds inverse transformation to" 
REM recover untransformed y, ci Corrects previous error of finding T by"
REM wrongly using Crocco relation for entire flow, dl shifts FSL center"
REM 10.587) to wake !min. vel.i center, e) Reminds us to use the fast-”
REM -side Re' in x, fI adds variable gamma and misc. graphics facilities"
REH g) stretches flow laterally by optionally stretching the initial 
REM boundary layer profile (Note: during stretching wake center does 
REM not move.)
DIM YA(50), UA(SO), YB(SO), UB(SO)
DIM Y(150), Xl(501, Z(50), El(50), Fl(50), X2(50), D(501, E2(50)
DIM Yl(150), 16(150)
DIM F2(50i, U(150), H(50), 6(50), J(50), K(50), Ul(ISO)
DIM L(150)
DIM 72(50), 73(50), 74(50), M(50)
DIM 112(150), 75(150), RH(150). M3(150)
DIM Y2(150), Y3U50)
INPUT "ENTER RUN NUMBER:RUNI
INPUT "ENTER FAST-SIDE MACH NO.: “j M
INPUT "ENTER SLOiHO-FAST TOTAL TEMP. RATIO T02/T01: T
INPUT "ENTER SPECIFIC HEAT RATIO GAMMA: "; 61
INPUT “ENTER PARTITION-TQ-FAST-SIDE-TOTAL TEMP.RATIO TW/T01: TH
INPUT "ENTER BOUNDARY-LAYER THICKNESS RATIO THETA1/THETA2: TH
INPUT "ENTER SPEED RATIO U2/U1="; R
PRINT "ENTER STRETCHING PARAMETER S (This is the factor needed to"
PRINT "'stretch' to exponential profile laterally, so it can match”
PRINT "the profile you want; for example 5=3 will approximate a Blasius"
INPUT “initial boundary layer profile="; S 
LPRINT "SUMMARY OF INPUTS "
LPRINT
LPRINT "RUN NUMBER =“; RUNI
LPRINT "FAST-SIDE MACH NO.="; M
LPRINT "SLOH-TO-FAST TOTAL TEMP. RATIO T02/T01="; T
LPRINT "SPECIFIC HEAT RATIO GAMMA:"; 61
LPRINT "PART1TIQN-T0-FAST-SIDE-T0TAL TEMP.RATIO TW/T01="; TH
LPRINT "BOUNDARY-LAYER THICKNESS RATIO THETAl/THETA2="; TH
LPRINT "SPEED RATIO U2/U1="; R
LPRINT “INITIAL BOUNDARY LAYER PROFILE="; S
FOR IL = I TO 9

Figure 59. The PFT Algorithm “Shear 14” .
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BI = STRtiID 
Bt = RISHTtiBt, I)
INPUT :'D0 VOU WANT TO CONTINUE (VYN)"; BGt 
IF DGt = “N" GOTO 2420 
INPUT nKBAR=IitZ(RETHETAl) (THETAl) = '; XBAR 
LPRINT "XBAR="; XBAR
LET Tl = (I + KGl - I) / 2) t (N A 2)> t T - KGl - I) / 2) t (R A 2) I (M ‘ 2)
PRINT
PRINT
LET Pl = TH I Tl
PRINT
PRINT
PRINT “PARTITION FLOW THEORY; SHEAR14 VERSION 4/10/89"
PRINT "Assumes initial exponential b.I.profile, Chapman FSL profile,"
PRINT "and coincident FSL and wake centers in the transformed Y' plane;"
PRINT "it also provides for stretching the initial boundary layer”
PRINT "profiles, which starts as an exponential, to accomodate Blasius"
PRINT "and other shapes."
PRINT "-----------------------------------------"
PRINT
PRINT "INPUT PARAMETERS:”
PRINT
LET X = XBAR / Kl + (I / PD) A 2)
PRINT uXBAR=XtZ(RETHETAl)(THETAl)="; XBAR 
PRINT -T="; X
PRINT "MOMENTUM THICKNESS RATIO THETA1/THETA2= "; TH
PRINT "SPEED RATIO U2/U1="; R
PRINT "FAST-SIDE MACH NO. Ml="; M
PRINT “TOTAL TEMPERATURE RATIO T02/T01="; T
PRINT "GAMMA= “; Gl
PRINT 8 P ART ITION-TO-F AST-SIDE-TOT AL TEMPERATURE RATIO="; TW
PRINT "INITIAL PROFILE STRETCHING FACTOR S="; S
PRINT
PRINT "COMPUTED PROPERTIES IN SLOW STREAM:"
PRINT
PRINT “ T2/T1= "; Tl
PRINT " RH02/RH01= “; I / Tl
PRINT “ M2= "; R t M t SQRil Z Tl)
PRINT
PRINT “ASYMMETRY PARAMETER P,=(THETA1/THETA2)X(RH01/RH02)= “; Pl

Figure 59 (continued). The PFT Algorithm “Shear 14”.



92

PRINT
LET P = .327591 
LET Al = .254829592*
LET A2 = -.284497 
LET A3 = 1.42141 
LET A4 = -1.45315 
LET AS = 1.06141 
LET MIN = 1.2 
FOR I = I TO 20 
LET Y(I) =.15* I- 1.5 LET Y = Y(I)
60SUB 2430 
LET U(I) = I-U 
IF U(I) > MIN GOTO 950 
LET HIN = U(I)
NEXT I

950 LET MIN = 1.2 
FOR J = O TO 20
LET YA(J) = Yd - 2) + (J / 20) » (Y(I) - Yd - 2))LET Y = YA(J)
GOSUB 2430 
LET UA(J) =I-U 
IF UA(J) > MIN GOTO 1040 
LET MIN = UA(J)
NEXT J

1040 LET HIN = 1.2 
FOR K=OTQ 20
LET YB(K) = YAiJ - 2) + (K / 20) * (YAiJ) - YAiJ - 2)) 
LET Y = YB(K)
GOSUB 2430 
LET UB(K) = I-U 
IF UB(K) > MIN GOTO 1130 
LET MIN = UB(K)
NEXT K

1130 LPRINT "MINIMUM WAKE COMPONENT VELOCITY= “j UBfK - I) 
LPRINT "OCCURS AT Y'= YBfK - I)
PRINT
INPUT "INPUT RANGE -RAXyXRA ENTER RA: RA
LETL=O
FOR Y = -RA TO RA STEP RA / 50

Figure 59 (continued). The PFT Algorithm “Shear 14”.
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LET V = (Y + (S - I) I YBiK - I)) / S
LET Xl = ((Pl + I) I SQRiX)) + Y / (2 I SBR(X))
IF Xl < O GOTO 1320 
LET Z = I / (I + P I XI)
LET Fl = (Al I Z + A2 t (Z A 2) + A3 I (Z ' 3)+
A4 I (Z 4) + A5 I (Z A 5)) I EXPHY A 2) / (4 I X))
GOTO 1360

1320 LET Xl = -HPl + I) I SOR(X)) - Y / (2 I SQR(X))
LET Z = I / (I + P I XI)
LET El = 2 - (Al I Z + A2 I (Z A 2) + A3 I (Z A 3) +
A4 I (Z A 4) + AS t (Z A 5)) I EXPMXl A 2))
LET Fl = EXPfUPi + I) A 2) I X + (PI + 1) I Y) I El

1360 LET X2 = (Y / (2 I SQR(XD) - UPl + I) / PD I SQR(X)
IF X2 < O GOTO 1410 
LETD=I/ (I +P * X2)
LET E2 = 2 - (Al I D + A2 I (D A 2) +
A3 i (D A 3) + A4 » (D A 4) +AS* (D A SD * EXP(-(X2 A 2))
GOTO 1450

1410 LET X2 =UPl + !)/ PD I SQR(X) - (Y / (2 I SQR(X)D 
LET D = I / (I + P * X2)
LET F2 = (Al * D + A2 I (D A 2) +
A3 I (D A 3) + A4 I (D A 4) +
AS I (D A SD I EXPHY A 2) / (4 I XD 
GOTO 1460

1450 LET F2 = EXPi(((Pl + I) / PD A 2) t X - UPl + I) / PD I Y) I E2
1460 LET U= .5* (FI + F2)

LETY = S (Y-(S-I)* YB(K - I)
LET H= U- YB(K -ID / SQR(X)
IF H > 8 THEN GOTO 1700 
IF H < -10 THEN GOTO 1720 
IF H >= 0 THEN GOTO 1600 
LET CO = .5874 
LET Cl = .202264 
LET C2 = 7.90697E-03 
LET C3 = -6.90281E-03 
LET C4 = -.0013746 
LET CS = -1.02122E-04 
LET C6 = -2.72423E-06 
GOTO 1670

1600 LET CO = .588094

Figure 59 (continued). The PFT Algorithm “Shear 14” .
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LET Cl = .198703 
LET C2 = 5.08547E-03 
LET C3 = -.0206133 
LET C4 = 4.97013E-03 
LET CS = -4.83879E-04 
LET CS = 1.73527E-05

1670 LET V = CO + Cl I H + C2 I (H A 2) + C3 I (H A 3) +
C4 I (H A 4) + CS t (H A 5)+C6*(HA 6)
LET Ul = (I - R) I V + R 
GOTO 1730

1700 LET Ul = I 
GOTO 1730

1720 LET Ul = R
1730 LET F = ((61 - I) / 2) I (M A 2)

LET U2 = Ul I (I - U)
LET T2 = I + F t (I - (U1 A 2))
LET T3 = ((I -Tl) 7 (I-R) +F * U+ R)) I (U1 - I)
LET T4 = T2 + T3
LET M2 = Ul t M I SORil / T4)
LETC= Ul- GD / 2) I (M2 A 2)
LET B= UW 7 T4) I (I + ((61 - I) 7 2) I (M A 2)) - I - C
LET Y = (Y + (S - I) I YB(K -U)/ S
LET X3=(2* (PI + I) 7 PD I SQR(X) - Y 7 (2 I SQR(X)I
IF X3 < O GOTO 1870
LET Zl = I 7 (I + P I X3>
LET F3 = (Al I Zl + A2 I (Z1 A 2) +
A3 I (Z1 A 3) + A4 * (Z1 A 4) +
AS * (Z1 A SI) * EXP(-(Y A 2) 7 (4 I X))
GOTO 1930

1870 LET X3 = IY / (2 I SQR(XD) - (2 t  (PI + I) 7 PD » SQR(X) 
LETZl = I/ (I + P * X3)
LET E3 = 2 - (Al * Zl + A2 I (Zl A 2) +
A3 » (Zl A3)+A4* (Zl A 4) + AS » (Zl A SI) » EXP(-(X3 A 2D
LET FA = EXP(4 I X I (((Pl + I) 7 PD A 2))
LET FB = EXPI-2 I Y t ((Pl + I) 7 PD)
LET F3 = FA I FB I E3

1930 LET X4 = 2 * <P1 + I) I SQR(X) + Y 7 (2 I SQR(X)I 
IF X4 < O GOTO 1980 
LET Z2 = I 7 (I + P I X4)
LET F4 = (Al I Z2 + A2 I (Z2 A 2) +

Figure 59 (continued). The PFT Algorithm “Shear 14”.
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A3 I <Z2 A 3) + A4 » (Z2 A 4) +
AS * (Z2 A 5)) I EXPl-IY A 2) / (4 I XI)
GOTO 2020

1980 LET X4 = -2 I (PI + I) » SQfi(X) -YZ (2* SQR(X))
LET Z2 = I / (I + P » X4)
LET E4 = 2 - (Al I Z2 + A2 » (Z2 A 2) +
A3 * (Z2 A3)+A4* ill A 4) +AS* (Z2 A 5)) I EXPHX4 A 2)) 
LET F4 = EXP(4 t ((Pl + I) A 2) t X + 2 t (PI + I) t Y) I E4 

2020 LET Hl = B I U + (C / 2) * (F3 + F4)
LETY = S * Y- (S-I)* YBIK - I)
LET TS = (I + HI) t T4 
LET M3 = U2*M* SQRd / T5)
LET L = L + I 
LET Y(L) = Y 
LET U2(L) = 02 
LET TS(L) = TS 
LET RH(L) =IZTS 
LET M3(L) = M3
LET Ti(L) = (TS(L) Z (I + ((Gl - I) Z 2) *
(M A 2))) * (I + ((61 - I) Z 2) * (M3 A 21)
NEXT Y
LET LOW = 1000 
FOR I = I TO 100
IF ABSlY(D) < LOW THEN GOTO 2190 
GOTO 2210

2190 LET LOW = ABS(Yd))
LET AA = I 

2210 NEXT I
FOR I = AA + I TO 101 
LET Yl(AA) = O
LET Yl(I) = YKI - I) + (RA Z 100) t (TSd) + TSd - I))
LET Y3d) = Yl(I) * (I + (I Z PD)
NEXT I
FOR Il = I TO AA - I 
LET I = AA-Il
LET Yl(I) = YKI + I) - (RA Z 100) I (T5(I + I) + TS(D)
LET Y3(D = Yl(I) * (I + (I Z PD)
NEXT Il
OPEN "0", II, "PLACE" + Bi + ".DAT"

XBARi =""+ STRi(XBAR) +

Figure 59 (continued). The PFT Algorithm “Shear 14”.

/
I

■



96

FOR I = I TO IOO 
IF I = 100 THEN

PRINT #1, Y3(I), U2(I), M31I), TS(I), I / TSil). Ti(I), KBARt 
ELSE

PRINT #1, Y3(I), 02(1), 113(1), TS(I), I / TS(I), Ti(I) 
END IF 

NEXT I 
CLOSE 
NEXT IL 

2420 END
2430 LET Xl = ((Pl + I) I SQR(Xi) + Y / (2 t SQR(X))

IF Xl < O BOTO 2480 
LETZ = I/ U + Pt XI)
LET Fl = (Al t Z + A2 t (Z A 2) +
A3 I (Z A 3) + A4 I (Z A 4) +
AS t (Z A 5)) t EXPHY A 2) / <4 I X))
BOTO 2520

2480 LET Xl = -UPl + I) * SQR(X)) - Y / (2 I SQR(XI)
LETZ = I /(I +Pt XI)
LET El = 2 - (Al I Z + A2 I (Z A 2) +
A3 I (Z ,A 3) + A4 I (Z A 4) +
AS I (Z A 5)) t EXPl-IXl A 2)1 
LET Fl = EXPUfPl + I) A 2) I X +
(PI +UtYItEl 

2520 LET X2 = (Y / (2 t SQR(X))) - 
UPl + I) / PD t SQR(X)
IF X2 < O BOTQ 2570 
LET D = I / (I + P t X2)
LET E2 = 2 - (Al t D + A2 t (D A 2) + A3 t (D A 3) +
A4 t (D A 4) + AS t (D A 5)) I EXP(-(X2 ' 2))
BOTO 2ilO

2570 LET X2 = UPl + I) / PD t SQR(X) - (Y / (2 t SQR(X)U 
LETD=I/ U+PtX2)
LET F2 = (Al t D + A2 t (D A 2) +
A3 t (D A 3) + A4 t (D A 4) +
AS t (D A SI) t EXPMY A 2) / (4 t XD 
BOTO 2620

2ilO LET F2 = EXPUUPl + I) / PD A 2) t X - 
UPl + I) / PD t Y) t E2 

2i20 LET U = .StIFl + F2)
RETURN

Figure 59 (continued). The PFT Algorithm “Shear 14”.
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