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Abstract:

An independent assessment has been made of a theory recently proposed for the analysis of two
laminar, steady, two-dimensional streams mixing beyond the trailing edge of a thin partition. By
superimposing the wake-flow solutions of Demetriades and the free-shear-layer solution of Chapman,
this theory known as the “Partition Flow Theory” (PFT) provides closed-form equations for the
variables of a great variety of flows. In the present work numerical solutions were obtained with the
PFT for a wide class of wake flows, base flows, and partition flows. Adding to tests of the PFT
performed previously against numerical solutions and wake test data, in the present work the theory
was tested against two sets of partition flow experiments. The first of these dealt with the merging of
two supersonic flows, one at Mach 2.9 and the other at Mach 2.29. The second experiment had
provided for a Mach 3 stream and a Mach 8 stream. The comparison of the PFT with these data showed
that the PFT generally predicted lower values for the velocity in the mixing layer than exhibited by the
data. In the case of the hypersonic data the minimum velocities predicted by the PFT and those of the
data matched which strengthens the postulate that the minimum velocities of the free shear layer and
the wake flow should coincide at the dividing stream line of the wake component. Suggested
improvements to the PFT consist of (a) use of a polynomial or hyperbolic tangent for an initial profile
due to the inability of the exponential to provide a close fit to the actual trailing edge boundary layer
profile, and (b) considerations of Prandtl number other than unity. The latter is difficult because the
PFT utilizes the Busseman-Crocco temperature relationship which is based on the assumption that the
temperature is a function of the velocity only. This assumption causes the thermal and velocity
boundary thicknesses to be equal.
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ABSTRACT

An independent assessment has been made of a theory recently proposed for
the analysis of two laminar, steady, two-dimensional streams mixing beyond the
trailing edge of a thin partition. By superimposing the wake-flow solutions of
Demetriades and the free-shear-layer solution of Chapman, this theory known as
the “Partition Flow Theory” (PFT) provides closed-form equations for the vari-
ables of a great variety of flows. In the present work numerical solutions were
obtained with the PFT for a wide class of wake flows, base flows, and partition
flows. Adding to tests of the PFT performed previously against numerical solu-
tions and wake test data, in the present work the theory was tested against two
sets of partition flow experiments. The first of these dealt with the merging of
two supersonic flows, one at Mach 2.9 and the other at Mach 2.29. The second
experiment had provided for a Mach 3 stream and a Mach 8 stream. The compar-
ison of the PFT with these data showed that the PFT generally predicted lower
values for the velocity in the mixing layer than exhibited by the data. In the case
of the hypersonic data the minimum velocities predicted by the PFT and those of
the data matched which strengthens the postulate that the minimum velocities of
the free shear layer and the wake flow should coincide at the dividing stream line
of the wake component. Suggested improvements to the PFT consist of (a) use
of a polynomial or hyperbolic tangent for an initial profile due to the inability of
the exponential to provide a close fit to the actual trailing edge boundary layer
profile, and (b) considerations of Prandtl number other than unity. The latter is
difficult because the PFT utilizes the Busseman-Crocco temperature relationship
which is based on the assumption that the temperature is a function of the veloc-
ity only. This assumption causes the thermal and velocity boundary thicknesses
to be equal.




CHAPTER 1
INTRODUCTION

The purpose of this thesis was to determine to what extent existing analyses
of parallel, two-dimensional, laminar mixing beyond the trailing edge of a partition
can successfully predict the experimental observations.

The two typical flows beyond a partition are the wake and the free shear
layer. Wakes are flows behind a partition where viscous effects are involved due-
to a finite boundary layer at the trailing edge while both streams usually have the
same freestream velocities. Free shear layers occur when the two streams upstream
of the bartition have di\fferent freestream velocities and are usually analyzed by
assuming that the trailing edge of the partition has zero boundary layer thickness.
In other words, only an inviscid effect due to the difference in velocities attributes
to this type of flow.

In this work the partition is restricted to a thin one in order to avoid the re-
circulating region that exists directly behind a bluff body. This region complicates
the problem by adding an interior region which is different from both streams on
either side of it. Also, the bluff body adds the problem of reattachment which
further complicates the flow.

Chapman [1] found an exact solution for the free shear layer without boundary
layers. Denison and Baum [2] utilized Chapman’s work in deriving a numerical
solution for the free shear layer problem including initial boundary thickness but

limited to one side of the partition having zero velocity. Kubuta and Dewey [3]




2

solved the free shear layer problem using momentum-integral methods again for
zero velocity on one side. However, when this momentum-integral method was
compared with Denison and Baum’s numerical solution the agreement found was
rather poor [4]. All these solutions have two major drawbacks with respect to this
work. First they all deal with the near wake only and secondly do not cover the
entire flow field. '

The far wake has also been investigated extensively. Tollmien [5] derived the
classic asymptotic solution for an incompressible wake. Goldstein [6] improved on
Tollmien’s work by utilizing the Oseen approximations (small velocity defects).
Kubota [7] developed a closed form solution for the compressible far wake problem
by the use of the Oseen approximations (to linearize the momentum and energy
equations) with arbitrary streamwis'e pressure gradients assuming delta function
initial profiles. Gold [8] extended Kubota’s work to allow for arbitrary initial
profiles. The drawbacks of these far wake solutions were the same as for the near
wake solutions; specifically, no free shear layer and an incomplete treatment was
given of the entire flow ﬁe}ld.

.The treatment of the entire wake was accomplished by Zeiberg and Kaplan
[9]. They utilized a “modified Oseen” approximation to be able to combine the
near and far wakes. Steiger and Bloom [10] developed a closed-form solution to
the entire incompressible constant-pressure wake by applying the one-strip intégral
method. Demetriades [11] solved for the entire wake flow field by utilizing Gold’s
work but without a shear layer.

More recently Demetriades presented a new theory knoWn as the Partition
Flow Theory (PFT) [12] which combines his earlier wake solutions and Chapman’s
free shear layer solution by superpositioning the wake onto the free shear layer.

Though Gold’s wake solution is based on the Oseen approximations (restricted to
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far wake only) the comparison of the PFT with Goldstein’s near wake solution
showed excellent agreement [12]. Therefore it was decided that the PFT best
matched the criteria set forth at the beginning of this chapter.

In this work, after a detailed review of the PFT for completeness, the PFT
was used to compute a large number of classic flows. Earlier, the PFT had been
cémpa.red against experimental data on wakes. In this work it was compared with
experimental data on partition flows.

The two sefs of partition flows that were compared with the PFT results con-
sisted of supersonic mixing [13] and hypersonic mixing data [14] The hypersonic
data consisted of two sets of profiles. The first set consisted of éeven laminar
profiles. The second set of five hypersonic profiles were turbulent fast stream and
laminar slow stream data. Though the PFT is restricted to laminar flows, a com-
parison was made on the basis that it would be interesting to observe how i;he
thebry shows the differences between turbulent and laminar flows. Also since the
slow side was initially laminar the theory would also give an indication of the de-
gree of mixing between a turbulent/laminar flow as opposed to a laminar/laminar
flow.

Several improvements in the PFT are suggested in this work concerning the

modeling of the initial profile and the restriction of a Prandtl number of unity.




CHAPTER 2

PARTITION FLOW THEORY (PFT)
Overview

This chapter gives an abbreviated overview of the PFT as developed by
Demetriades. For a complete explanation of the PFT see [12].

The ladvantages of a closed form analytic solution to the mixing of two laminar
streams are twofold. First, extensive difficulties exist in obtaining numerical codes
to solve the mixing problem. Second, an in-depth knowledge of computational
fluid dyn;amics is needed to utilize these numerical cocies and interpret the output.
The PFT does not require the user to have more than a Ba.sic knowledge of fluid
flow and gas dynamics.

The Partition Flow Theory (PFT) [12] was developed to solve-the problem of
the mixing of two steady, laminar, two—dimensidna.l, flows with dissimilar velocities
behind a thin plate. Figure 1 shows the basic problem and the nomenclature used
to describe it. The PFT combines known analytical solutions for the wake flow and
the free shear layer into one closed form: analytical equation. The uniquehess of

the PFT is the superposition of the wake flow onto the free shear layer compoﬁent.
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Wake Flow

The equations describing the wake flow are those proposed by Demetriades
[12] who based his approach on that of Gold [8]. Gold’s work [8] extended Kubota’s
work [7] on laminar wakes with streamwise pressure gradient to allow for arbitrary
initial profiles. In the PFT the streamwise pressure gradient (dp/dx) is assumed

zero which simplifies Gold’s solutions considerably. The velocity solution is

(h « = =A jAuO(OG(f;i,5K =

The temperature solution is

(2) N~ T7 ~1~ 2\/f/ (&%,!/) df
where

3 G=—pexp - - 6) /45

(€)) N (y -6) 5

W0 = initial velocity profile

4)
hO = initial temperature profile
y* = Z * - ry: |
() y = ReL ” x= ~L 7 Y*= P/P'dY* >
. ueL :
Rei L = Length , u = local velocity
(6)
T = local temperature

7 z* , y* = dimensional coordinates , p = density



and

(8) u = kinematic viscosity , ( )e = edge conditions .

Demetriades [15] chose an exponential for the initial profile. This was an
arbitrary decision based on ease of the mathematics. The problem with an expo-
nential profile is that it shows a much thinner profile than the Blasius [16] profile.

Therefore a stretching factor S was added to the exponent

©)) uod =e-yls
where
(10) V—Y*/O1 , QL= fast stream momentum thickness

The S parameter acts as a control knob to allow for all types of initial profiles.
Figure 2 shows how the S parameter can be chosen to fit the Blasius [16] profile.
As shown in Figure 2, QL was used as a characteristic length. This length (0X)
was utilized in the rest of this work to non-dimensionalize Y*. QL was determined
by the actual trailing edge profile being modeled by the PFT. The S is then
incorporated into the succeeding profiles by altering the y coordinate to

n y +{S- hHhyr

(11) v - S

where

Z P \Y*
(12) y - (p,+1)q >P ~ asymmetry factor

(13) ym = y' position where the wake velocity is a minimum .



u/Ue=1—exp(—?*/(S0,))

Z3 0.6

Z5 0.4 lasius profile

B
S

2
3
A

oo
I

Figure 2. Determination of S for a Laminar Boundary Profile (Blasius Profile).

Physically, the y" coordinate is the mechanism through which the parameter S
stretches or constricts the profiles downstream of the trailing edge of the thin
partition.

A second important parameter in the PFT is the asymmetry factor. This
parameter allows the wake profile to take into account uneven boundary layer

growth (L~ @) and to allow for dissimilar flows (“1 " p2):

14 P =
(14) 27

(15) ( )i = fast stream , ( )2 = slow stream
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With the following initial velocity profiles,

(16) uo = , y>0
(17) uo =C(plyz) , y <0
(18)

Y* = dimensional lateral coordinates

Gold’s velocity solution (I) becomes (see Appendix A for details)
(19) u=1exp(-£7-) "M al)ErfcM+exp{al)Erfc{a2)

where
" o_ V1+ [So- I)ylm
(P' +2) 6lRe,, " Y L

Oi=P+I)(vz) + Y
P V2 * e

Equation (19) is valid for all laminar wake flows including uneven boundary layers.
Free Shear Laver

Chapman’s model [I] for laminar mixing based on zero boundary-layer thick-
ness was used for modeling the free shear layer between the two flows. The PFT

utilizes Chapman’s relationship of

(20) y
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But to be applicable to the PFT three alterations were needed. First, in Chap-
man’s model the velocity on the slow side is zero while in PFT u2 can vary from

o to u1. Therefore the following form must be used:

2) Q rL I = W W + Er' FSL = FreeshearLayer -

Secondly, Chapman’s final form was numerical and the PFT required an analytical

form. A polynomial fit over the following domains was used:

(22) P<-10.—=—
Ui Ul
6
(23) -10 < 77< 0 :/ =~ C n ()"
0
6
(24) 0 <77 <8 :/ = ~C : (%)"
0
(25) 7> 8/ = |
(26) Cn , Cn = numerical constants ([12])

Thirdly, in the Chapman model the two flows separated at Uful = .587 while in
the wake flow the flows separated at the minimum velocities. To superimpose the
wake onto the free shear layer the Chapman variable must be altered to

27 =Y oym

(27) : \[x

This concept is a critical part of Demetriades’ postulate of superposition which

will be discussed shortly.
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Temperature Field

To determine the changes in temperature through the entire flow field the
Busemann-Crocco temperature relationship was utilized [17]:

T-Tw

(28)

For the wake component the initial velocity profiles (16) and (17) were substi-
tuted into the Busemann-Crocco relationship (28). In turn (28) was substituted

for hO in Gold’ solution (2) and the following temperature profile was found:
(29) h=Bu+" exp {exP(al)ErfcM + exp(o!*)Er/c(ad))

where

B =-] + A

a3=2(P + 1) (s/?) + -~=

yl
M - ovx7

The free shear layer uses Crocco’s relation directly by substituting Chapman’s

velocity relation (21) into (28) and obtaining

U
| -

(30) ! FSL .Ul / FSL

* [1 - (U2Zu1l) 2 I VGG s
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Superposition of Flows

The real uniqueness of the PFT is the superpositioning of the wake flow onto
the free shear layer. The basic postulate is
(31) -1l =
Ul XuFSL/ X U1l \]

This concept can be explained by assuming

(32) uVv (

wake Xu-1/ FSL

and then utilizing Figure 3 the following derivation can be shown:

(33) U= urs1 —AU
(34) Au=ue—u=ue |-
Ue/ wake
(35) %= Ufst “ W i -
e' wake -

As part of the postulate replace the constant wake-edge condition with that of

the free shear layer:

(36) Ue — UpglL
(37) U— uUpgL — UpgL | - | - — Ufst | "—
ue/ wake- c/ wake
therefore
U UpgL U
(39) paL ( \ /-y
u1 Ut XU, Lake Ue/ wake Vttl/ FSL

The same concept determined the temperature profile :

T
39

wake "n1/ FSL
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Figure 3. Explanation of Postulate of Superposition.
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 CHAPTER 3
APPLICATIONS OF THE PFT

Overview

The equations of the PFT (e.g. equations (19), (21), (29), (30)) have been
developed [12] into an élgorithm (see Appendix B) that was utilized to solve for -
wake, base, and partition flows. In this work the wake and base flows were solved
by the PFT under subsonic, supersonic, and hypersonic conditions. The partition
flow was solved for under supersonic and hypersonic ;:onditions. As outlined in
Table 1 each case was subjected to various temperature ratios. The general idea
was to observe how the PFT solved such classic wake configurations as an adiabatic
plate, a Hot plate, and a col(i plate.

Each of the following plots is composed of a family of velocity or temperature
profiles. The medium used in all cases was air with a specific heat ratio of 1.4. A
Blasius profile was assumed at the trailing edge and thérefore an S of 3 was used
as an input in all the cases. The shift between each profile enabled the plotting
of nine profiles on one plot, thereby giving a sense of how the entire flow field was
developing. For example in Figure 4 each profile has been shifted to the right by
a factor of .2 from the previous profile. The pumber directl& above each proﬁle is
its position in the flow downstream of the trailing edge (zr =0) pf a thin plate.

This nondimensional variable Z is defined as

&

T

) 62 Re;
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Due to the intricate temperature profiles in Figures 9, 10, 11 and 14 the Z position
has been designated in the legend rathér 1';han above each respective profile.

One observation that applies to all the profiles is the lack of any discontinuities
in the flow field. In each of the following sections a nuinber of the cases will be

discussed.

Wake Flow Solutions

Figures 4 through 11 are solutions to the wake problem by fhe PFT. By
allowing u; /u; = 1 the inviscid free shear layer was removed, while setting 6, /.02 =
1 caused the PFT to solve for a symmetrical wake.

The temperature profiles of Figures 4 through 6 predict the direction of heat
transfer correctly under a low speed condition. As the temperaturé profiles ap-
proach the zero streamline (Y* /0, = 0) near the trailing edge of the plate the
direction of the slope (dT'/dy) is determined solely by the ratio of wall temper-
ature to freestream temperature. Figure 6 demostrates vividly how a hot plate
affects the temperature profile beyond the trailing edge.

Figures 7 through 9 examine the PFT’s ability to handle supersonic flow.
Thé temperature in Figure 7 increased dramatically near the zero streamline
(Y* /6, .= 0) due to the transfer of kinetic energy to thermal energy then abruptly
decreased due to the cold plate condition. Not until a considerable distance down-
stream with respect'to the first few profiles did this temperature “hump” dissipate.
The temperature profile of Figure 8 shows the transfer éf energy under adiabitic
conditions. l

Shifting from sl_1bsonic tb supersonic conditions the velocity profiles begin to

thicken due to the increase of the boundary layer thickness. This can be attributed -
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to the increase in viscosity of air as the temperature increases. The hypersonic

cases amplify the findings of the supersonic profiles.

Base Flow Solutions

The base flows are ﬁows where u, is considered zero. Many of the comments
from the wake solutions apply to these cases. The uniqueness of these temperature
and velocity profiles was the determina.tioﬁ of the size of the “dead air” region.

Figures 12 through 14 consider base flows under low-speed conditions. Again
the temperature of the thin plate determined whether the slope of the temperature
profile was positive, negative, or unchanging,.

Figures 15 through 17 show base ﬂows under supersonic conditions. The
transfer of kinetic to thermal energy has been correctly predicted by the PFT in
these plots..

Figure 18 is base flow under hypersonic conditions with an adiabatic plate.
In this plot the PFT has predicted a greater increase in temperature than the
supersonic case in Figure 16. This is due to the increased transfer of kinetic
fo thermal energy in the trailing edge boundary layer.when fransferring from

supersonic to hypersonic conditions.

Partition Flow Solutions

Figures 19 through 21 predict flows for u; # u, which introduced the invis-
cid free shear layer. Concurfently, a finite boundary layer thickness was pr't_esent
introducing the viscous component (i.e. the wake). The shift of the minimum ve-

locities away from the zero streamline (Y* /8, = 0) can be observed to be towards
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the slow side and slowly increasing in magnitude as the velocity profiles progress

downstream.

Case No. Type S I M1  Tw/TOi
| Wake 3 14 0 0.2
2 |
3 5
4 3 0.2
5 I
6 5
7 10 0.2
8 I
9 Base 0 0.2

Flow
10 I
11 5
12 3 0.2
13 |
14 10 0.2
15 |
16 Partition 8 0.6
Flow
17 714
18 .943

Table I. Flow Fields Predicted by the PFT.

TR/TOL  Wlul

0.2 0

I

5
0.2

I
0.2

I

25 )
428 544
.886 783

1000

1.34
797
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Figure 4. Flow in the symmetric low-speed wake of a cooled plate (Case I).
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YVO

vy Vel

TazZToi=1 7=1.4
Tw/Toi=1 ©i/02=1

Figure 5. Flow in the symmetric low-speed wake of an adiabatic plate (Case 2).
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x= 0.0.0103

Y VO

-100

Y */01

Figure 6. Flow in the symmetric low-speed wake of a heated plate (Case 3).
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Figure 7. Flow in the symmetric supersonic wake of a cooled plate (Case 4).
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Figure 8. Flow in the symmetric supersonic wake of an adiabatic plate (Case 5).
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Figure 9. Flow in the symmetric supersonic wake of a heated plate (Case 6).



24

-120

Yye,

-120

Figure 10. Flow in the symmetric hypersonic wake of a cooled plate (Case 7).
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Figure 11. Flow in the hypersonic wake of an adiabatic plate (Case 8).
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Tothoi=l 7 =1-4
al MAOHI Qilbz= 1000
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Figure 13. Low-speed base flow; adiabatic partition and stagnant region
(Case 10).
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Figure 14. Low-speed base flow; heated partition and stagnant region (Case 11).
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TwiTeiz.2 Q1Z82:1000
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Figure 15. Supersonic base flow; cooled partition and stagnant region (Case 12).
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Yye

02=1000

X=00 .01 .03

Figure 16. Supersonic base flow; adiabatic partition and stagnant region
(Case 13).
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Figure 17. Hypersonic base flow; cooled partition and stagnant region (Case 14).
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Figure 18. ngersonic base flow; adiabatic partition and stagnant region
(Case 15).
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Figure 19. Hypersonic film-cooling example; cooled low-speed flow
and equal boundary layer thicknesses (Case 16).
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Tor/Toi="427% y =1.4
Twl Toi= 7137 0,002= 1.34

Y */0
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Figure 20. Typical hypersonic flow cooling example: moderately cooled
slow stream (Case 17).
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Figure 21. Hypersonic film-cooling example: insufficiently cooled slow stream
(Case 18).
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CHAPTER 4
TESTS OF THE PFT

Overview

It is vital for any theory to be rigorously tested by all means available to verify
its ability to perform as desired. This work will compare the PFT with numerical
work and experimental wake flow and partition flow data. The numerical and wake
results will be presented briefly due to the detailed references already available on

these results. The partition flow results were extensively investigated.

Comparison with Wake Flow Results

Two experimental sets of data were compared with -an earlier version of the
PFT. This earlier version of the PFT contained only the wake component, not the
free shear layer. Sato and Kuriki [18] showed good agreement with the PFT but
only two points were available. Demetriades’ [19] experimental data also showed
good agreement. However in both cases only the zero streamline velocity was
compared. The details of these experiments can be found in their references, a.nd:

their comparison with the PFT is shown in [12].

Comparison with Numerical Results

The PFT was compared with two different numerical results. In both cases as

in the wake experimental results only the zero streamline velocity was compared.
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In the first case the PFT was compared against the incompressible wake computa¥
tions of Goldstein [6] with excellent results. Secondly, the PFT and Denison and
Baum’s [2] base flow computations were compared. Again agreement was very

good. The details of these numerical comparisons can be found in [12].

Comparison with Partition Flow Results

- Supersonic Laminar Mixing

Experimental Setup. The experiment which is provided by [13] consisted of

two streams of air separated by a splitter plate as shown in Figure 22. Mach
numbers for the fast side stream ranged from 2.76 to 2.9 while the slow side Mach
number ranged from 1.87 to 2.29.

Mean flow measurements at .the trailing edge were taken by a pitot probe
to determine the boundary layer profile. A second pitot probe was utilized to
take mean flow measurements of the free shear layer. A Schlieren Optical System -
along vlrith a hot-film anemometer determined transition to turbulgnce. Static
pressure and total temperature were also recorded at each point in the profiles.
Eight velocity profiles downstream of the splitter plate were recorded. Transition
to turbulence was determined to occur at approximately 1.8 inches downstream
of the trailing edge. Therefore only four of the eight profiles were laminar and
considered usable in a comparison with the PFT. |

The actual data and computer codes used to determine the velocity profiles
were not found in usable format. The electronic signals (counts) for the total
and static preésures and the total temperature had to be converted from archaic
format specific to an Intertek Superbrain microcomputer to genéric BASIC format

usable on any late model microcomputer.

v
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Computer codes [20] utilizing the counts to determine the boundary layer and
the velocity profiles also needed to be converted. Additionally the syntax used
by the codes had to be manually updated from an outdated form of BASIC to
cﬁrrent QUICKBASIC standards. |

To verify that this process had been accomplished correctly the trailing edge
boundary layers of the fast and slow side were determined and plotted as shown
in Figure 23. This figure is an exact duplication of Figure 27 in Brower’s work
[20] thereby verifying the updating process. This procedure was carried out on
several of the velocity profiles to ensure the velocity profile code was also correctly
converted.

The comparison of these supersonic mixing data with the PFT was carried

out in the following manner:

1. A direct comparison was made of the original supersonic data with the current
PFT. The stretching parameter S was determined from the measured trailing

edge boundary layer.
2. Any differences between the experimental data and the PFT were explained.

3. The momentum thickness (6,) of the supersonic data was recalculated in

order to match the minimum velocities of the PFT and the data.

4. The supersonic profiles were recalculated with the revised #;. A new S based

on the new trailing edge velocity profile was determined.

5. The updated supersonic velocity profiles were compared against the PFT for

a second time.
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EXPONENTIAL u/ue=1-e

INITIAL PROFILE

(5=3)
Z5 0.6
DATA (REF. 13)
M=2.80 ¢
BLASIUS-FLAT PLATE THEORY M=2.650
dp/dx =0

Figure 23. Verification of Data/Code Reinstallation.

Trailing Edge Boundary Laver. The initial conditions for the data and the
PFT must be the same if a comparison is to be made. Therefore it was necessary
to determine the stretching factor S that causes the exponential to fit the trailing
edge velocity profile. Figure 24 shows the curvefit of the boundary layer. An S of

1.8 is an acceptable fit.
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Z3 0.6
3 0.4
*** * Reference 13 Data
0.2 -/ 1/ — — Blasius Profile

10.0 12.0

Figure 24. Initial Determination of S for Supersonic Data.

Comparison of Original Supersonic Velocity Profiles and the PFT. The fol-
lowing parameters from the supersonic data runs were used in the PFT to solve

for the velocity profiles:

Q=20 FOR/FOL —.98
G/ = .809 Tw/TOL = |
7=14 u2/Ui = .893
S =18

The Mach number and the velocity ratio stated above varied slightly from run to
run.

The resulting minimum velocities from the PFT were compared with the
minimum velocities of the data at various downstream positions. Figure 25 shows

the disparity between the theoretical results and those of the experimental data.
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0.4 -

Reference 13 Data 0O1=.00484 in.
PFT RESULTS 5=1.8

X

Figure 25. Comparison of PFT with Experimental Supersonic Minimum
Velocities.

Next the complete profiles were computed and plotted in Figures 26 through
29. As the profiles develop downstream the PFT shows a thicker profile than the
experimental profiles and as expected the minimum velocities do not match.

One of the possibilities for the disparity in thickness is the assumption in the
PFT of a Prandtl number of I. As the Prandtl number decreases the velocity
profile thins. Since air has a Pr of .73 the recovery factor [21] could cause the
profiles downstream of the trailing edge to thin and show better agreement with
the experimental profiles.

Another possibility is an error in one of the parameters in the experimental

data. This possibility will be investigated in the next section.
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SUPERSONIC DATA (REF 13
PFT RESULTS 5=1.8 X=.108

Z3 0.6

40 -30 -20 -10 0 10) 20 30

Figure 26. Comparison of PFT with Supersonic Data
x* — .25 inches.

SUPERSONIC DATA (REF 13)
PFT RESULTS S=1.8 X=.208

—40 —30 —20 —10 O 1C) 20 30

Figure 27. Comparison of PFT with Supersonic Data
x* = .5 inches.

/10

/tO



3 0.6

j- ++++ SUPERSONIC DATA (REF. 13)
------- PFT RESULTS S==18 X=.314

—40 —30 —20 —10 0 10 20 30

Figure 28. Comparison of PFT with Supersonic Data
xX* = .75 inches

3 0.6

+++++SUPERSONIC DATA (REF. 13)
------- PFT RESULTS S=1.8 %= .42

—40 —30 —20 —10 O 10 20 (30

Figure 29. Comparison of PFT with Supersonic Data
x* = 1 inch.
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Resolution of Disparity between Supersonic Data and the PFT. Due to the

differences observed in the previous four figures it was decided to determine by
how much the two sets of data differed and if such a difference could be explained
by an experimental error rather than a problem with the PFT. It was noticed
that in Figure 25 the PFT and experimental data minimum velocities seemed to
differ by a constant. This led to the decision to investigate the possibility that |
there was a measurement error in the momentum thickness. In earlier MSU wind
tunnel tests, errors from 10 to 50 percent in momentum thickness mga.surements
[22] have not been uncommon for measurements in very thin boundary layers.
Such an error can be traced to the relative size of pitot probes to the thickness of
the bounda.ry‘ layers being measured.

:  Therefore it was decided to match the minimum velocities of the experimental
data with the Ilninimum velocities of the PFT by assuming that the actual 0,
differs from that reported by Brower [13]. The reason for using only the minimum
velocities was that the stretching parameter (S) of the PFT has no effect on the
theoretical minimum velocities. '

This task was accomplished by iterating on the experimental minimum ve-
locity positions by changing 6, which altered Z. The new % and the original
minirﬁum experimental velocities were then plotted agaiﬁst the PFT results as
can be seen in Figure 30. A 6, of .00354 inches was observed to be the best fit.
It is worth noting again that transition to turbulence was determined to occur at
approximately 1.8 inches downstream of the splitter plate. Therefore in Figure 30
agreement with the: PFT is not expected beyond the fifth minimum velocity point

or at approximately z = .77.
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O00od SUPERSONIC DATA 0O1=.00484 in
+++++SUPERSONIC DATA ©,=.00315 in
*x %% SUPERSONIC DATA O1=.00354 in
00000 SUPERSONIC DATA OI=.00394 in
-------- PFT RESULTS

X

MIN

Figure 30. Iteration to Match Minimum Velocities via QL.

Then the trailing edge boundary layer was recalculated and a new S was

determined. Figure 31 shows an S of 2.6 fits the altered boundary layer profile.
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Z3 0.6
D 0.4
00000 SL_JPERSONIC DATA (REF. 131)"
S=2
anaaaa b= 2.6

Figure 31. Determination of S for Revised Supersonic Data.

Comparison of Revised Supersonic Velocity Profiles and the PFT. With the
new Q of .00354 inches and a new S of 2.6 the complete profiles of the two data
sets were re-evaluated. The minimum velocities were not replotted. This was
due to the fact that the S uses the minimum velocity streamline as a reference
to stretch the lateral coordinate. Therefore the S does not affect the minimum
velocities. As can be seen in Figures 32 through 35 the minimum velocities match
as they were forced to. As the velocity profiles develop downstream the PFT

results start to diverge from the experimental data.
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+++++SUPERSONIC DATA (REF. 1 3)
-------- PFT RESULTS S=2.6 X=.2015

—40 —30 —20 —10 O 10 20 30

Figure 32. Comparison of PFT with Revised Supersonic Data
x* —.25 inches.

+++++SUPERSONIC DATA (REF. | 3)
PFT RESULTS S=2.6 X=.403

—40 —30 —20 —10 0 10 20 30

Figure 33. Comparison of PFT with Revised Supersonic Data
x* = .5 inches.

40

40



49

Z5 0.4

_+++++ SUPERSONIC DATA (F
--------- PFT RESULTS S=2.6 X=.6045

-40 -30 -20 -10 @) 10 20 30

Figure 34. Comparison of PFT with Revised Supersonic Data
xX* = .75 inches.

D 0.6

SUPERSONIC DATA (REF.13)

PFT RESULTS S=2.6 X =806

—40 —30 —20 —10 O 10 20 30

Figure 35. Comparison of PFT with Revised Supersonic Data
x* = 1 inch.
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The attempt to gain a better agreement between the entire experimental
velocity prbﬁle and the PFT by correcting for a possible error in the measurement
of the momentum thickness (§,) apparently was not successful. In light of this
finding the comparison of the PFT against the supersonic data with a momentum
thickness of .00484 inches should be considered the appropriate comparison for
this work (see Figures 26~29).

The disparity evident in Figures 26 through 29 could be due to the restriction

of a Prandtl number of unity and the use of the Oseen approximations near the

trailing edge in the PFT. These conclusions will be discussed in more detail in

Chapter 5.

Hypersonic Laminar Mixing

Experimental Setup. The second set of data to be compared with the PFT

is given in [14]. A flat plate model shown in Figure 36 was immersed with its flat
surfaces parallel to the flow, in a steady air flow at Mach number 8. As shown in
the figure the plate formed a backward facing step at some distance beyond its
trailing edge. A Mach 3 nozzle located inside the plate with its exit at the step

discharged its airflow in the downstream direction parallel to the Mach 8 stream.

By controlling the stagnation pressures of the tunnel and jet independenﬂy"

it was possible to match the jet exit and steam static pressures so that the mixing
layer stayed pa.ra.llgl to the plate surface. The laminar or turbulent state of the
flypérsonic boundary layer upstream of the jet could also be controlled by adding
or removing boundary layer “trips” between the plate leading edge and the jet

exit.




-3 4 INCHES
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(HONEYCOMB)

Figure 36. Schematic of Hypersonic Model.
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With the trips in place the fast stream (Mach = 8) hypersonic layer was
turbulent turning the entire shear layer turbulent. This case of a turbulent free
shear layer is of no interest here since it cannot be compared with the PFT which
deals with laminar flows only. Its discussion further below will be limited to an
illustration of its drastic differences from the laminar case.

With the trips removed the boundary layer was laminar up to the jet. This
was verified by the profile measurements to be discussed shortly and also by heat
transfer and Schlieren measurements. For a tunnel stagnation pressure of 200
psia, the ensuing free shear layer was found to be laminar to a distance of eleven
inches from the jet [23]. Henceforth this report will deal only with this untripped,
laminar 200-psia free shear layer.

Table 2 outlines the parameters of the test. The origin for the longitudinal
coordinate z* was placed at the step. Laminar profiles were obtained at z* (inches)
= .1, 4, 1.5, 3.0, 4.5, 7.5, 9.0. The Y* coordinate ran normal to the foor of the
step. The profiles were measured from Y* = 0 (the floor) to Y* = 1.7 inches.

The data was taken by an overhead rake that included a pitot probe and total
temperature probe. The rake was positioned such that the probes were on the
same z* and Y* position.

The flow was considered two-dimensional for data reduction purposes. Data
reduction [14] consisted of utilizing the total and static pressures in the Rayleigh

pitot formula to solve for the local Mach number:

29 prz =17
P ('H-i Mj _"r+1>

P, (22 Mf)"/("‘”

In turn the Mach number and the total temperature used {ihe appropriate isen-
tropic formula to solve for the static temperature. The local velocity was solved

for using the Mach number and static temperature.




Wind Tunnel Flow Conditions
Mach number
Stagnation Pressure (psia)
Stagnation Temperature (OR)
Freestream Re' (per foot)
Jet Flow Conditions
Mach number
Stagnation Pressure (psia)
Stagnation Temperature (OR)
Temperature of Partition (°R)
Static Pressure for each profile
location of
profile(inches)
0.1
0.4
15
3.0
4.5
75
9.0

*varied in boundary layer

Table 2. Hypersonic Experimental Parameters.
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(-.1,4-.3) 8
(+.4,-0.0) 200
(+6.7,-4.4) 1302
(-.8E4,+.5E4) .902E6

3
(-.002,+.003) .786
(-1.33,+.67) 647

944
static pressure (psia)

fast side slow side
.0237 .0300
0223 .0318
.0240 .0240*
.0233 .0233*
.0243 .0243*
.0235 .0235*
.0236 .0237*
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In order to utilize the Rayleigh pitot formula the static pressure needed to
be known. Because of the variation of the static pressure through the profiles
it was determined to use an average of the static pressures recorded in Table 2,
the static pressures measured for turbulent runs under the same conditions, and
selected model surface pressures [24]. |

Beca,usé of the disparity between the static pressure in the first two profiles
as shown in Table 2, the respective fast and slow side static pressures were used
in the determination of the local Mach number at z* = .1 and .4 inches. The rest
;)f the downstream profiles utilized the wall pressure in the boundary layer and

then the averaged static pressure for the rest of the profile.

Trailing Edge Boundary Layer. The experimental trailing edge veiocity pro-
file is necessary to have because the PFT utilizes it as an input. However the
closest velocity proﬁle to the trailing edge was at z* = .1 inches. The decision was
made to make the best estimate of the initial conditions at z* = 0 by combining
the data at z* = .1 inches with expected bounciary conditions.

The .1 inch velocity profile was extrapolated to u/u; = 0.0 at Y* = 0.0 to
meet the no-slip condition at the trailing edge as shown in Figure 37. By invoking
the ideal gas law as the equ;,tion of state the dénsity profile was extrapolated
to meet the boundary condition of Ty /T = 9.67 (or actually p/p, = .103). The
shape of the extrapolation from the .1 inch density data to the boundai‘y condition

Just stated was based on Tritz’s [25] numerical solution of the trailing edge density

profile. The initial density profile is shown in Figure 38.
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-------- EXTRAPOLATED SECTION

00000 HYPERSONIC DATA X=.1 IN -

Y'(inches)

Figure 37. Velocity Profile used in Determining QL.
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0.9 O
0.8
-0.7
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Figure 38. Density Profile used in Determining QL.
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A second alteration to the .1 inch data was performed. A review of the
minimum velocities showed the location of the minimum velocities to be located
approximately at .65 inches from the model surface. The cause of an extra .1 inch
above the trailing edge (located at F* = .55 inches) could be due to the complex
shock interaction occurring at the lip as shown in the Schlieren photographs in

Figure 39.

Figure 39. Spark-Schlieren Photographs of the Partition Flow for Air,
Mach 8 fast stream, Mach 3 slow stream.
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Therefore it was determined to shift the seven laminar velocity profiles by
subtracting .1 inches from each of the lateral positions (Y*/6,) that make up
the velocity profiles. The momentum thickness was now determined utilizing the

velocity and density profiles of Figures 37 and 38 in the following equation:

v* ’
(41) ') :/ £ 2 (1 - i) dy*
0 pe ue ue

The result was 6, = .008148 inches.

Now a parameter unique to the PFT needed to be determined. The stretching
factor S is used to allow for all types of Falkner-Skan type flows as described in
Chapter 2. Figure 40 shows the curvefit of the newly determined initial velocity.
profile in the incompressible plane

. L . Yv* p .
(42) P = / 2oy
0 Pe

An S of 2 was determined as shown in Figure 40. The basis for denoting Y* as
the incompressible plane is the incorporation of the density profile into the lateral

coordinate as a weighing factor as shown in (42).

Next, the PFT was compared against the experimental initial profile utilizing
the dimensional lateral coordinate (V*). The purpose of this was to ensure the
density profile had been corre<.:t1y determined. In other words, the density profile’
was not utilized as a weighing factor in Figure 4;1. Therefore the effect of density
is present in Figure 41 and not in Figure 42. If the densify profile had been

incorrectly determined there would have been disparity in these two figures.
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61 =.0081 48 INCHES

5 0.6

504

INITIAL PROFILE AS PER FIGURE 37

ocoooco S=2

Figure 40. Determination of S for Hypersonic Initial Profile.

ooooo INITIAL PROFILE AS PER FIGURE 37
-------- PFT RESULTS S=2 X=0.0

Figure 41. Comparison of PFT and Initial Profile.
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Comparison of Hypersonic Laminar Velocity Profiles with the PFT.  With
QL = .008148 inches and S —2 the hypersonic laminar velocity profiles were com-
pared against the PFT. The initial comparison was performed on the minimum

velocities as shown in Figure 42 below.

00000 HYPERSONIC MINIMUM VELOCITIES
-------- PFT MINIMUM VELOCITIES

X

Figure 42. Comparison of PFT and Laminar Hypersonic Minimum Velocities.

This figure validates the postulate set forth in the PFT that the Chapman
variable should have as its reference the wake component minimum. The disparity
shown in the comparison of the PFT with the supersonic minimum velocities as
seen in Figure 25 could be due to use of the Oseen aproximations in the near wake
region. The x for the supersonic data extended only to .427 while the hypersonic

data extended to z = 1.8. This possibility will be discussed in Chapter 5.
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The complete hypersonic laminar velocity profiles were then compared against
the PFT solutions. Figure 43 is a duplication of Figure 41 in the vicinity of the
shoulder of the profile. However Figure 43 does show the disparity between the
minimum velocities at .1 inch which was not included in Figure 41. This disparity
could be due to the variation of the static pressure that occurred during the ex-
periment. Figure 44 shows good agreement between the PFT and the experiment.

After x* = .4 inches a noticeable shift in the hypersonic laminar velocity
profiles towards the fast stream occurred. This shift increased until the 4.5 inch

position was reached at which point the shift remained constant.

--------- PFT RESULTS S=2 X=.02
00000 HYPERSONIC DATA X=.I INCHES

(REF. 14) 0QD-Q000000M O
WALL c f

-100-75 -50 -25 O 25 50 75 100

Figure 43. Comparison of PFT with Laminar Hypersonic Data
x* = .1 inches.
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--------- PFT RESULTS %=.081,S=2
00000 HYPERSONIC DATA X*=.4 INCHES

A wa0000 000DQQ Q(

WALL

-100-75 -50 -25 O 25 50 75 100

Figure 44. Comparison of PFT with Laminar Hypersonic Data
xm= .4 inches.

The experimental profiles in Figures 45 through 49 were shifted laterally
(i.e. in the Y*/Q direction) such that the minimum velocities of the PFT and
the experimental data matched so a meaningful comparison could be done. The
reason for this shift was that the slow stream of the hypersonic data was not
infinite as assumed in the PFT. Therefore the mixing layer of the experimental
data was being influenced by the boundary layer on the floor of the step.

Berger [26] came to this same conclusion when investigating the Chapman
model. Berger assumed that the slow side would distort the mixing layer profile
if the mixing layer was not small compared to the length of the slow side region

as is the case for the hypersonic data.
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PFT RESULTS X=.300,
HYPERSONIC DATA X=

waLL (REF 14)

=W
I
N

IN.(-5)

0.2

-100-75 -50 -25 0 25 50 75 100

Figure 45. Comparison of PFT and Laminar Hypersonic Data
x* = 1.5 inches.

PFT RESULTS X=.602,5=2
HYPERSONIC DATA X= 3.0IN.(-11)'

WALL

-100-75 -50 -25 0 25 50 75 100

Figure 46. Comparison of PFT and Laminar Hypersonic Data
x* = 3 inches.
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PFT RESULTS %= .900,5=2

HYPERSONIC DATA X=4.5IN.(-1 6.5)

WALL

-100-75 -50 -25 O 25 50 75 100
Figure 47. Comparison of PFT and Laminar Hypersonic Data
i* = 4.5 inches.
PFT RESULTS 7=1.49,5=2
HYPERSONIC DATA X=7.5IN.(-16.5)
WALL
-100-75 -50 -25 O 25 50 75 100

Figure 48. Comparison of PFT and Laminar Hypersonic Data
x* = 7.5 inches.
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PFT RESULTS %=1.8,5=2
HYPERSONIC DATA X”g IN.(-16.5) -

WALL

-100-75 -50 -25 O 25 50 75 100

Figure 49. Comparison of PFT and Laminar Hypersonic Data
xX* = 9 inches.

Hypersonic Turbulent/Laminar Mixing

Velocity profiles under approximately the same conditions as stated in Table
2 but with the fast side turbulent were also obtained. The profiles were recorded
at x* = 4, 2, 4, 6 and 9 inches.

The basis for including these profiles in this assessment was twofold. First, it
was determined that it would be interesting to observe the differences between the
predicted laminar flow (the PFT) and the experimental turbulent flow. Second,
the jet flow was still laminar and therefore could be modeled utilizing the PFT.

The momentum thickness was determined by reference [14] (.01788 inches)

while the slow side momentum thickness used Demetriades’ [27] laminar predicted
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value (.00768 in). An S of .5 was based on the fast side of the profile at x* = 4
inches. This determination of S was made with the realization that the PFT
is based on laminar flow and therefore a comparison with turbulent flow cannot
technically be made. However the comparison of the turbulent data with the
theoretical laminar case gave insight to the differences in the two types of flow.

In Figures 50 through 54 the turbulent side expanded, as expected, more
quickly than the laminar profiles. Also the rapidity of the distortion of the mixing
layer by the turbulent fast stream was observed. By 4 inches the velocity trough
is eradicated.

Also predicted by the PFT was the overshoot of the freestream velocities
evident in all the laminar slow sides of Figures 50 to 54. This overshoot has been
documented experimentally by McLeod and Serrin [28]. They determined that
for a hot wall and an accelerated flow an overshoot of the freestream velocity will

always exist.

WALL

ooooo TRIPPED HYPERSONIC DATA X=.4IN.
————— — PFT RESULTS S=.5 X=.0166

Figure 50. Comparison of PFT and Turbulent Hypersonic Data
xX* = .4 inches.
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Z3 0.6

0 (REF. 14)
00000 TRIPPED HYPERSONIC DATA X=2IN.~

Figure 51. Comparison of PFT and Turbulent Hypersonic Data
z* = 2 inches.

WALL

P (REF. 14)
00000 TRIPPED HYPERSONIC DATA X=AIN?
— — PFT RESULTS S=.5 X= 170

Figure 52. Comparison of PFT and Turbulent Hypersonic Data
Z* = 4 inches.
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00000 TRIPPED HYPERSONIC DATA X=6IN
--------- PFT RESULTS S=.5 X=.248

,WALL / (I

z5 0.6

Z2D 0.4

Figure 53. Comparison of PFT and Turbulent Hypersonic Data
X* = 6 inches.

00000 TRIPPED HYPERSONIC DATA X=9IN.
--------- PFT RESULTS S=.5 X=.379

WALL

/D 0.6

/D 0.4

Figure 54. Comparison of PFT and Turbulent Hypersonic Data
X* = 9 inches.
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Conclusions on the Comparison with Test Data

Wake experimental results had earlier validated the PFT aﬁd the use of the
Oseen approximations near the trailing edge as did the numerical results [12]. -
However in both cases the data was either very scant or was only available for the
zero streamline (Y* = 0).

In this work the initial comparison of the supersonic laminar velocity profiles
of Brower [13] shows the PFT predicting thicker profiles and an unsatisfactory
matching of the minimum velocities.

Comparison was also made by assuming that the Brower measurement of
8, was in error. If a 27 percent error is assumed the minimum velocities match
but the profiles predicted by the PFT were again found to be thicker than the
experimental profiles. It is worth noting as the profiles progress (iownstrea,m of
the trailing edge the difference in the slow side stabilized while on the fast side the
theoretical profile continued to separate from its experimental couni".erpa.rt. This
asymmetry could be due to the manner in which the algorithm for the PFT was

developed.

The hypersonic laminar velocity profiles showed good agreement with the
PFT with respect to the general shape. However, as the PFT solved for profiles
further downstream the fast side comparison started to diverge while the slow side
and minimum velocities show excellent agreement. Also, the minimum velocity
comparison validated the PFT concept that the dividing stream line of both wake
and free shear layer component must coincide and that they coincide at the wake

minimum velocity.

The comparison of the turbulent /laminar profiles and the PFT laminar pro-

files delineated the diﬁ'erences between the two types of flows quite well. The PFT
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predicted an overshoot due to the flow being accelerated and an existing hot plate
condition with respect to the laminar slow stream. The width of the mixing layer
was much greater in the turbulent flow. The effect of the turbulent flow was to

. erase the velocity trough very close to the trailing edge.
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CHAPTER 5
EXTENSIONS OF THE PFT
Overview

| In light of the discrepancies between the PFT and the partition flow as out-
lined in the previous chapter the PFT warranted further :investigation. Use of
the Oseen approximations, the choice of an exponential for the initial profile and
the ramification of utilizing the Busseman-Crocco relation were the three areas

-scrutinized.

Oseen Approximations

The Oseen approximations are defined as small velocity and enthalpy defects

" as stated below:

~

43) - uEhy)=1-uyt) , E(zty) <<1

(44) h(z*,y*) =1+ h(z",y*) , h(z*,y") <<1

When (43) and (44) are substituted into the momentum and energy equations via
the correct transformations the momentum and energy equations become linear
differential equations. This approach was used by Gold [8] to find the velocity

and temperature solutions of (1) and (2).

)
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The Oseen approxinia.f;ions are supposedly valid only in the far wake region
where the velocity and temperature defects would be small. Howew'rer the PFT
utilizes Gold’s findings for the entire flow. As. shown with the Goldstein evaluation
in Chapter 4 the PFT does shqw excellent agreement close to the trailing edge.
However as shown in Figure 25 the minimum velocity comparison of the supersonic
data which is fairly close to the trailing edge does not give gbod agreement. Also
Figure 42 of the hypersonic data shows excellent agreement only after progressing
downstream. The disparity in the first two points was originally thought to be
due to variations in the static pressure but the use of the Oseen approximation

could be entering the picture.

Initial Velocity Profile -

The fit of the exponential to the Blasius [16] profile even with a stretching
factor S is considered “fair” at best. Therefore several different initial profiles were
investigated. Figure 55 shows that a third degree polynomial is an excellent fit to
the Blasius profile especially when compared with the exponential fit. However
the mathematics of integrating Gold’s solutions become quite complicated. A
hyperbolic tangent was recommended by Gasperas [29] and can be seen in Figure
56.

In.summa,ry, though there are better fits to the initial profile than an expo-
nential, none seem to have the flexibility and ease of mathematics with respect
to incorporating them int§ Gold’s [8] velocity a.nd' temperature solutions as the
exponential while at the same time delivering an acceptable fit. If the stretching
factor is used corre;:tly an excellent fit as demonstrated for the hypersonic initial

profile can be achieved.
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Z5 0.6

=] 0.4

Blasius
Third Degree Polynomial -

7]

Figure 55. Polynomial Fit of Blasius Profile.

-------- Blasius
— — Hyperbolic tangent

V

Figure 56. Hyperbolic Tangent Fit of Blasius Profile.
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Variable Prandtl Number

To attempt to make the PFT more versatile it was decided to investigate the
possibility of including a variable Prandtl number. The wake component without
Chapman’s free shear layer was investigated initially. As can be seén in Gold’s
velocity equation (1) is not affected by the Prandtl number. |

Gold’s temperature equation however is affected via the chosen initial tem-
perature profile A, which is the Busemann-Crocco relationship. The following

Busemann-Crocco equation [30] has been modified to include a recovery factor r:

T Tw Tiw —Tw T 2 12
(45) Tty -0MLS

where

6 —
T =T, <1+\/Pr - ! Mi)
(46) r=+Pr |

f'=wu/u, from Blasius Solution [28]

Though this equation allows for'various Prandtl numbers via the recovery factor,
Figure 57 shows that (45) causés the thermal boundary layer to thicken for an
increasing Prandﬂ number. This apparent contradiction to the actual phenom-
ena is due to the assumption T' = T'(u) in the Busseman-Crocco relatiénship.
This assumptién causes the temperature boundary thickness to follow the veloc-
ity boundary thickness. Figure 58 shows the results of Tritz’s similarity solution
[25] for the boundary layer temperature profile. ~These~‘ results show correctly the
decreasing thermal boundary layer with an increasing Prandtl number as found

by both Schlichting [31] and White [32].
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Figure 57. Busseman-Crocco Temperature Profile.

Pr=1 M=3

0.2

V

Figure 58. Similarity Temperature Profile.
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Equation (47) below shows the Busseman-Crocco relationship rearranged: to

make the effect of the recovery factor more readily seen:

T u ouw ) Ty u ) u (v-1 2
0 e () B (- 2) 2 () e

Since PFT is founded on the Busemann-Crocco temperature relationship the re-

striction a Prgndtl number of unity cannot be modified.

Secondly Chapman’s [1] solution utilized in the PFT is based on a Prandtl
number of unity. However, Berger [33] does provide a second solution to Chap- -
man’s work which does allow for a variable Prandtl number but no numerical
solutions were available. For this second case to be used a numerical solution
would have needed to be determined and then fit to a polynomial to be utilized

in the PFT.




76

CHAPTER 6

CONCLUSIONS |
The results of this investig;ation of solutions to laminar flow downstream of a
splitter plate can be stated as follows:

1. The PFT was deemed to be the most complete theory dealing with lami-
nar mixing behind a thin partition. The PFT encompasses the enfire flow
field allowing for viscous ana inviscid factors. The uniqueness of the PFT
is the combining of the wake and the free shear layer through supefposition
methods.

2. An independent assessment of the PF T was performed and no misinterpreta-
tion of the major works {i.e. Gold, Chapman, Crocco) were detected. Gold’s
velocity solution was integrated and compared with the PFT solution for
correctness.

3. The PFT was utilized to solve for wake, base and partition flows under low
speed, supersonic_ and hypersonic conditions. The results of these predica-
tions, qualitatively, agreed with the expected outcome. No discontinuities
‘were observed in any of the flow fields determinéd by the PFT.

4. The PFT was tested against numerical results and wake experimental daf.a,.
These comparisons validated the PFT’s use of the Oseen approximations élose '
to the trailing edge. However the test data was limited and only obtained for

the minimum velocities and not the entire lateral profile.




7

. The evaluation of the PFT with supersonic data was unsatisfactory. The pro-

files predicted by the PFT were thicker than the experimental data. Also, the
minimum velocities of the two sets of data did not match. The attempt to im-

prove the comparison by matching 8, did not provide any conclusive findings

for the differences between the PFT and the supersonic data. The original

comparison with #, = .00484 inches is considered the valid comparison for

this work.

. The comparison of the hypersonic data did strengthen one of the PFT’s key

postulates. The excellent agreement between the experimental minimum ve-
locities and the PFT’s minimum velocities for the laminar profiles verified the
postulate that the dividing streamline of the free shear layer must coincide
with that of the wake component. Also the PFT profiles showed excellent
agreement on the slow side while the fast side profile was iﬁcreasingly thicker
than the experimental data. As in the supersonic data, this problem of a
thicker velocity profile could be explained by the restriction of a Prandtl

number of one.

. The comparison of the turbulent/laminar hypersonic velocity profiles with

the PFT illustrated the difference between the two types of flow. A major
discovery was the PFT’s ability to duplicate the known overshoot on the lam-
inar slow side. As expected, the turbulent fast side spread much wider than
the laminar theoretical results. This phenomenon is caused by the chaotic
mixing of the turbulent flow causing the mean velocity of the flow to approach

its asymptotic solution much slower than its laminar counterpart.

. The use of the Oseen approximations in the near wake was supported by the

numerical and wake comparisons. However the disparity in the supersonic
i

data could be due to these approximations because the supersonic data was
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close to the trailing’edge. Further investigation of the use of these approxi-
mations close to the trailing edge is warranted.

The use of an exponential as a fit for the trailing edge profile even with a
stretching factor does not fit the Blasius profile as accurately as a polynomial
or a hyperbolic tangent fit.

The use of the Busseman-Crocco temperature relationship in the initial profile

~of the wake and Chapman’s solution based on a Prandtl number of one for

the free shear layer prevents the PFT from being expanded to incorporate to

"variable‘ Prandtl numbers.
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APPENDIX A
" INTEGRATION OF GOLD’S VELOCITY EQUATION
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APPENDIX A
INTEGRATION OF GOLD’S VELOCITY EQUATION

Begin with equation (I)

(48) ~V X/ UCZGtt'ix+y+)dzZ
where
Y*
X+ — )
Re, ' (Si +02)

Gtt,*+,y+) = exp[—y+ - if /Ax+]
uo(6) = exp™6 for y+ > 0

W(C) =expr J fory+ <0

Substitute the above into (48) and rearrange

4z+P'C-(y+ ~ O);

exp \
(49) 2 [/, 4x
N /r exp —4x+£ —(y+ - ty
Jo 4x+
Integrate the first half of (49)
I epux”Mm-s
2V xlir 7-00 [ 4x+
exp[—y+2/4x+] r 2y+f- f:
ex '
2\/x+ T J-cx PPCH

and let

(50) e Ax+P'(+ 2y+(-(3
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Change limits

z=0 Z —00

(51)
NS0T MN—>—00

- z24i + = 4Z+P'"N + 2y+ N

f + (-4x+P'-2y"e + (-4z+)z2=0
and let B = —4x+P' —2y+ and C = —4x+z2. Apply quadratic

N 2y+ + 4AX+P' £ V/(-4X+P' - 2y+)2 + 4 mAx+22
2

let sign be negative, and solve for d*/dz

o T (e e e 2

de = -8 [(—4x+P' - 2y+)2+ 16x+z2]" 1/2 x+zdz

Substitute (50), (51) and (52) into (49) and multiply by -1 to switch limits of

integration
-1) - 8x+exp N-y+2/4x+j
(-1) Py ] 2exPi-z2IlwTr dz
2\/x+ Tt it [(4x+P' - 2y+]2 + 16x+z2]1/2-JL=
Rearrange
exp (_ A
=) (-PHI&) |
J f(4z+ P '-1y")1 172
e PR
from [34]
(54) o A N N
b Vaz+ dz~ 2 e’ Ml N (aVv)I
Letting

(-4z+R'-2y+)2
16x+
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and substituting 02 in (53), (53) can be solved using (54) with ~ = I, $ = Erf

(55)

- exp[P'x+ + P'y+}II-Erf I fVx+ + y L)
pl y+} N5y

Integrate the second half of (48) in a similar fashion:

(56) B . ex Ax+ (-(% /+- Q2 .
2575 wdo TP 4x at
rearrange
exp (~y+2/4x+) r=
(57) _ exp -g+
2yI/x+ir JO
and let
(58) . Ak 2yen o

Change limits

(59) z —0 Z —00
£ 0 £ o0

and apply quadratic
- z224x+ + 4x+N - 2y+N  f = O

N X+ + 2y+ £ V/(AX+ - 2y+)2 - 4(-4x+ z2)
N 2 *

Use + (positive) sign because there is no need to switch limits
(60) <E= (U ((4z+ - 2y*f + Kx* ZAY 1232zx+d(

Substitute (58), (59) and (60) into (57) and */-r by to obtain proper form

e *Mil r

I (1ifl-2y+):
| opeze T
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Substituting the following variable into (61)

02= Mz - 2y)*
16z

(61) can be solved using [34] with // =1, $ = Erf

“[=h r & .
(62) 2Vx+m 30 Va2« 22
lexp[x--L*1|lI-£Er/(V ?2--~)]

Using the identity
Erf(-x+) = -Erf (x+)

on (55) and (62), the complete solution to (48) becomes

exp[P'21+ + P'y+ |-ErflP NAr+ -A7=
L Vv

(63) u=> tyfxV
O PR T IPRTAY
D2 o
(P + 1)2 Y= p 41

(P'+ D2x'=P2X , (p'+ 1)t/ =py
and substitute into (63)

U = |2 exp[(P' + 1)2x' + (P' + I)y']*
|- Erfff" {[P"+ )V f+ i
(64)

+ exp P +0hH2 , [P+ I\

| + Erf +1
\2V f V P

Equation (64) and equation (12) of [12], page 6 are the same.
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APPENDIX B
THE PFT ALGORITHM “SHEAR 147
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APPENDIX B
THE PFT ALGORITHM “SHEAR 14”
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Figure 59. The PFT Algorithm “Shear 14”.
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Figure 59 (continued). The PFT Algorithm “Shear 14”.
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Figure 59 (continued). The PFT Algorithm “Shear 14”.



93

IH\= 1 \AK- S

B4 /8 o

Al

A)+AS|ZA%@II—>H-1?AQ @1
lEIZ—I/(I AN S
géa +ﬁl

mgl.%A m@l X +/]) fﬁ&

LEID:I/ +P*

&Al%@
A» DAPS DADER(ZA)

mﬁw:fﬁq}%mlw (Y/ @1 SBP

IHR= D+R| DA +

Rl +A4 +

@ | BAYA) [ @1 D

IHR= Bsé* 'g"FHI)/FDAQtX WH+) /DI YIR
%LEIY:'S5( - g%* %il)

IHH:u- \EK-ID /

FH>8

FH<-10 FNGDID

FH=0 HNGIDKD

IHO=-34

IHQ =A%}

IHQ=798H3B

IHG=-6318IEB

IH@G=-03%

IHGC=-1012ZE%

IHG=2
16D IHCO= 538

Figure 59 (continued). The PFT Algorithm “Shear 14”.
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Figure 59 (continued). The PFT Algorithm *“Shear 14”.
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Figure 59 (continued). The PFT Algorithm “Shear 14”.
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Figure 59 (continued). The PFT Algorithm “Shear 14”.
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