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Abstract:

A group is indicable if and only if it has an infinite cyclic homomorphic image. We investigate the
properties of indicability and local indicability in groups, and, in particular, in generalized free products
of two groups and in standard wreath products of groups. G. Baumslag proved that any generalized free
product of an indicable group with a finitely-generated torsion-free nilpotent group is indicable, and
any generalized free product of two finitely-generated torsion-free nilpotent groups is locally indicable.
We generalize his results to arbitrary finitely-generated nilpotent groups. We define a group G to be
almost locally indicable if and only if every finitely-generated subgroup of G which is
non-periodically-generated is indicable. We prove that any generalized free product of an indicable
group with a finitely-generated nilpotent. group is indicable, and that the generalized free product of
two locally nilpotent groups with a finitely-generated subgroup amalgamated is almost locally
indicable.

We characterize indicability in the restricted wreath product as well as in unrestricted wreath products
in which the "top" group is finite or non-periodic. We also obtain a complete characterization of local
indicability in wreath products.
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ABSTRACT

A group is indicable if . and.only if it has an'infinite'.
cyclic homdmorphic'image. We investigate the properties of -
‘1nd1cab111ty and local 1nd1cab111ty in groups, and, in par—
'tlcular, in generallzed free products of " two- groups and in
standard wreath products of groups. G Baumslag proved
that any generallzed free product of an indicable group
with-a finitely-generated torsion-free nilpotent group is
iudicable, and any generalized free product of two.finitely-
generated torsion-free nilpotent groups is_iocal;y;indis-
cable. We generalize his results to arbitrary finitely-

" generated nilpotent groups.  We define a group .G to be-
almost locallyhindicable if and only if every finitely-

. generated subgroup of G which is non-periodically- generated .
is 1nd1cable° We prove that Jany generallzed free product of“f
an 1nd1cab1e group. with a flnltely generated nllpotent
group 1s 1nd1cab1e, and that the . generallzed free product of__
two 1ocally nllpotent groups with a flnltely generated. sub=-
. group .amalgamated is almost 1ocally 1nd1cable.“ o

We characterlze 1ndlcab111ty in the restrlcted Wreath
‘product as well as in unrestricted wreath products in which
the "top" group is finite or non-periodic., We also obtain -

. a complete characterizationfof local indicability}infwreath1ﬂr

products.




- CHAPTER 1
INTRODUCTION
The concept of indicability was introduced by'G Higman‘
1n hlS 1nvest1gatlon of group rlngs [M] ' He called a group

'1nd1cable, or 1ndexed, if and only if it has an 1nf1n1te

',cycllc homomorphlc 1mage, and he called'a group G 1nd1cable~

throughout if and only if every subgroup of G is 1nd1cable

..He proved that 1f G is .a group which 1s 1ndlcable throughout'_-'r

: and K is a ring w1th no zero-divisors, then the group rlng,
R(G K), of G over K has no- Zero-d1v1sors and only tr1v1al

units. G. Baumslag [l] noted that to obtain this result 1t _

. is. sufflclent to requlre that every f1n1tely generated sub— Va'”

group of G is 1nd1cable . Hence he dlrected attention to the
clags of locally 1nd1cable groups

In this paper we 1nvest1gate the properties of indica;,
bility and_local.indicabillty;in groups., and.prlneipally-in

‘generalized products and"wreath_products of groups.

Gregorac [31] and Karrassiand-Solitar [5] obtained seVe—f :

ral results concernlng 1nd1cablllty in generallzed free pro—
ducts in whlch the amalgamated subgroup‘ls oycllc. We con-_
struct examples to indicate llmltatlons in generallz1ng l
their results to free products Wlth non- cycllc amalgamatlons.
ﬁBaumslag proved that any generallzed free product of a non- .

trlylal flnltely-generated tors1on~free nllpotent groupgw;th .




'anfihdicablé_grpup is indicablé. He then éppliéd‘this'reSulﬁ
to demonstrate that‘ény generaiized‘frée‘product of two -
._finitely-generated.torsion—free nilpotent groﬁps is locally
‘indiga?le. The main reéult of this papef is a generalizaQ‘
‘tiQn of Baumslag's‘théorems ﬁo arbitfafy-finitely-geﬁerated :
nilpotent groups. | |
With_feference to standard'wreath products,'we'obtain
necesséry'and Sufficient cbndifions ﬁhat the festricted.
wreath product be-respectively, indicable andvldéaily_indi—.:
'cable, neceséary and, sufficient‘COﬂditions that the:uhrestric-
- ted wreéath prodﬁct-be.locéliy indicabie, and, in the case: R
‘that the "top" grbup is finite of-honrperiodic, nécessdry ,
'and'sufficiént coﬁditions-that the unreéfricﬁed;wreath-ﬁro; .

duct be indicable.




CHAPTER 2
INDICABLLITY AND LOCAL INDICABILITY

2.1. The Class of Indlcable Groups. A group G is de-

‘flned to be indicable if there ex1sts a non- ~trivial homo—

. morphism of G’ 1nto the 1nf1n1te cyclic group of ratlonal.

.integers,'Which‘we-denote by Z. ‘Sihce every noneprivial*
subgroup of an 1nflnlte cyclic group is infinite. cycllc, a
group G is indicable 1f and only if there ex1sts an’ eplmor—
phlsm of G onto Z or, equivalently, if G has an 1hf1h1te
cyclic factor group. An 1nd1cable group, therefore, must
be 1nf1n1te and we note that such a group possesses at
1east one_normal subgroup of index n for each po81t;ve_

integer n.

Example-Q.l. Not every non-periodic group is'ihdicable.__

Take, for example,'the infinite'dihedral-group; which has

presehfation D = gp{a,b;ag,a—lbab}. "If 6 is a homomoré"
"phism of D into Z, then a9 = O since (a ) = (ae) =.0, and
b6 = 0 since (a_lba)e = bo = (be) Hence 0 must. be the |

trivial homomorphism. Since D may be mapped homomorphlcally'.
onto the dlhedral group of order 2s for each pos1t1ve 1nte-
ger s, we note-that D does possess-hormal subgroups:of

'eVery poSsibie eVeh index. However D cannot be mapped non-

' trivially onto a group of prlme order other than twWo. //
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We proceed to establish sevefal propérties»of.indieable"

groﬁps;

Lemma 2.1. | L If the greup'G-is geﬁefated byusubgroups

| {Al}lei with each A not 1ndlcable, then G is -not. 1ndlcable.
EEQQE If 6 is a homomorphlsm of G 1nto Z, then5 since

6 restrlcted to A is a homomorphlsm of Ai 1nto Z, we must

have this restriction equal to the zero map-for'eaeh iin I.

But then 6 must be identicaily zZero. ﬁenee the only homo-

morphism of é into Z is the trivial homomorphism, so G is

not indicable.//

_ Prgposition 2.1, Every‘exﬁensien of a gfoup by‘an‘iﬁ-'
dicable groﬁp is indicable, |
Proof. If G/H is indicable, then there exists an epi-
 morphism 6:G/H—>»Z. Hence if p‘is the canonicallprejection'
of G onto G/H, the composition p6 is an epimorphism of G |

onto Z. Thus G is indicable.//

Proposition 2.2, The direct sum of a collection of

- groups is indicable if and only if at least one factor is
indicable.

ieT of groups
is generated by the A s SO by Lemma 2 1 1f the sum is

Proof. The direct sum of a famlly {A }

~indicabley then'at least one factor‘must~be 1nd1cable.
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Conversely, by Proposition 2.1, if some factor is indicable,
‘then the direct sum is indicable, since each factor is a .

homomorphic image of the direct .sum.//

ngman [M] Observed the follow1ng, whlch is a conse—-Jﬂ

quence of the universal mapplng property of free groups,‘~.

‘ Proposition 2 3. TFree groups are :Lnd:Lcable°

Sincé ‘every group is 1somorph1c to a factor group of a free
'group, and non- 1nd1cab1e groups ex1st the follow1ng

' corollary is evident. | |

Corollary.  The class of indicable'groups‘is'not closed

under factor groups.

If G is any group, we let G'.denote‘the commutator

subgroup of G. Hence G' = gp{ta,b]lra and b are elements

of G} where [a,b] =.a-lb_lab is the commutetor.of a with b.

Then G/G' is the largest Abelian factor group of G. That
is, if H is a normal subgroup of G, then G/H-is;Abelian if -

and, ohly if @' is contained in H..

Proposition 2.4. A group G is indicable if and only

1f the Abellanlzed group G/G‘ is 1ndlcab1e
Proof. If 6 is an eplmorphlsm of G onto Z, then'

.G/Kerf is isomorphic to Z and i1s thus Abellan., Hence G' is
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contained in Ker@;:So G/Kere is an infinite cyclic homOmof;"
phic image of G/G' and thus G/G! is indicable, Connereely,'
“if G/G!' is 1nd1cab1e, then, by Prop051tlon 2 l G 1s 1nd1-'
cable.// ﬁ

Our next result characterizes-indicability_in'Abelian‘

- groupé.

Proposition 2.5. An A’belian group G‘r.is indicable if -

and only if G 1s of the form G = H + K where H 1s 1nf1n1te
_Cycllcﬂ» | ' ‘V

EEQQi If H is 1nf1n1te cycllc then certalnly H 1s in-
dlcable, 80 by Propos1tlon 2.2, G is 1nd1cab1e. Conversely,.
if ¢ is a homomorphlsm of G onto- Z then the exact sequence
‘E——>K——aGAQ>Z~—>E w111 be shown to Spllt as fol¢ows. Slnce»
Z 1is free; there ex1sts a homomorphlsm'o:Z—f*G such that
0O = idZ. Henceno is injective, so H = Imo is infinite
cyclic. Now for each g in G the element (g - gec)
“is in tne Kernel, K, 0.8 = geo + g’ 1s anielement ofi
gp{H,K}; Hence G is generatéd by H and:K, .Further;eif h..'
1s a non-zero element of H, fhen‘h’; 20 for some z # O. iSo
he = zo6 = z # O, and hence h is not in the Kernel, K,.‘ |
- Thus HﬂnK = I, Consequently, since G is Abellan, we have -

G=H+K.//




: Corollary. :The class of:indicable.groups is not'cloeed
“under Subgroups.' ‘ |
Proof. For example, let K in Proposition 2.5 be. any

‘finite Abelian Group.//

The fUndamental theoremnof finitely-generated‘Abelian

2 groups states that every flnltely generated Abellan group |
15 equal to a dlrect sum of a flnlte number ' of cycllc groups;
of prlme-power or 1nf1n1te order. Hence by Prop051tlon 2.5
_eVery 1nf1n1te flnltely generated Abellan group 1s 1nd1—'"

.cable. We proceed to prove-a generallzatlon,of.thls faet;

Prop081tlon 2 6. A flnltely generated nllpotent group_ .
?15 1ndlcable 1f and only if it 1S 1nf1n1te. -
Proof. Let G be a flnltely generated nllpotent groupl,
It iS”Welleknown [T, p. 1947 that G 13‘1nf1n1te if and only
'1f G/G' ig infinite. Therefore, by»Proposition 2.4 and‘the
iabove remarks, we have the follow1ng chaln of equlvalences.
G is 1nd1cable-rf_and only 1f G/G' 15‘1nd1cable rf‘and only

if G/G! is'infinite_if‘and Only if G"is infinite,//

A complete group is a group in Wthh extractlon of
roots is always p0551ble. That lS, G is complete 1f and

only 1f for each element g in G, and each p051t1ve 1nteger.




8.
n,‘there exists some element x in G such that xn =g, A

complete Abelian group is usually called divisible.

Proposition 2.7. No complete group is indicable.

Proof. Let G be a complgﬂe group: Suppose § is an’
epimorphism:of G onto Z. Then for some g in G, gé.; 1. ﬁy
the completeness of G there exists somé h in G such ﬁhat |
h® = g. Then 2(h8) = (h%)e = go =1, so gp(he} = gp(1) = 2.
Therefore hé must be a generator and hence equal to +1 or

-1. But we then have 2(h9) = 2(¥1) = 2 = 1. 1mhis is

clearly false. Hence G is not indicable.//

Thig proposition provides.a supply of infinite non-
indicable gibupS‘which includes the torsion-free completg'
nilpotent groups, infwhich réobs can always be extracted
uniquely. Among these, for example, is the additife group

of rational numbers.

2.2. The Class of Locally Indicable Groups. If P is

a group property then a group G is called locally P if’
every non-trivial finitely-genherated subgroup of ¢ has prop;'

erty P. Hence a group G is locally indicable if and only if

every non-trivial finitely-generated. subgroup of G is indi-

- cable. Higman [L4] called a group G indicable throughout if

and only 1f every non-trivial subgroup of G 1s ilndicable. -
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Thus the class of locally indioable'groups oontains:the
class of groups which are indicable throughout. We proceed
“to establish several hereditary and closure properties of

‘the class of locally indicable groups.

Proposition 2.8. If G contalns a normal subgroup H
such that H and G/H are 1oca11y indicable, then G is .
locally indicable.

'Ergoi (ngman demonstrated this property in s1m11ar
fashion for the class of groups 1ndlcab1e throughout ) Let
K be a non-trivial flnltelngenerated subgroup of G. If K
is contained in H, then, by the local indicability of H, K
is indicable. If K is not containeo‘in:H, then Kﬁ/ﬂ,-which
is isomorphic to K/H.NK, is a non-trivial finitelyegenerated
subgroup of -G/H and is hence indicable.'»By‘Proposition 2.1,

since K/HnK is. indicable, so is XK.//

Proposition'2;9. Every subgroup of eslocaliy indif
céble group'is'locelly indicable. | |
. Erggg If G is 1oca11y indicable and His a subgroup
of G, then any flnltely generated subgroup of H is a
frnltely—generated subgroup of G-and is therefore indicable.

Hence H is locally indicable.//
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Proposition 2.10. The Cartesiah product'of'afcollec;‘
tion of looally indicable groups'is locally'ihdicable: -

Erooﬁ. Let {AJ . he~e collection ofrlooally indica-.
ble groupe.‘ Let H be a non-trivial finitely—generated sub—.
'grouo of SES:S If H is generated by the set'Tv=f{(a
(a )] then, since H is non-tr1v1a1 there exists some ¢ 'in
-2

S for which the set T =‘{a 5 a

G2 ,an} does not cons1st

of the identity alone. Hence~ T generates a non—tr1v1a1
fihitely-generated subgroup H of A which is thereby 1nd1—
cable. But H is a homomorphlc 1mage of H under the res-
triction of the‘progectron map of égs S.ohto_Ag.'- Therefore

by Proposition 2.1, H is indicable.//

Corollary. The direct sum of a collection of"locaily 
indieahle-groups is 10Cally indicable. |

Proof. The direct sum is a subgroup‘of theACarteeian
produotylso‘by Proposition 2.8 thesdirect sum is locally t

‘indicable.

Siuce'no finite group.is indibable, we note that
1oca11y indicable groups must be locally 1nf1n1te and henceh'
tors1on-free.. ngman noted that 51nce every subgroup of a
free group is free, free groups are 1nd1cable throughout

Thus we have the follow1ng prop051tlon and corollary which "
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Proposition 2.11. Free,groups are locally indiceble,-

Corollary. The class of locally indicable groups is

not closed under factor groups.

Proposition 2.12. A locally nllpotent group G is. loég

cally 1nd1cab1e if and only if G is tor31on free. .
Erggg. If G is not toreion—free,"then G contains a
" non-trivial finite,subgroup‘whioh is thuS'finitely—
generated but not indicable, so G-is not 1oceliy indioable;;.
Conversely, 1f G is tor51on free, then -any non- tr1v1a1 |
flnltely generated subgroup of G 1s an 1nf1n1te flnltely—

generated nilpotent group Whlch is 1nd1cable by Prop051-

tion 2.6.//

Every locally nilpotent torsion—free group G can be}
embedded in a complete 1ocaliy nilpotent t0f§i5h-free group,
m(G), called a Malcev completion of G. By Proposition é.?,
m(q) is not 1nd1cab1e, but by Prop051tlon 2,12, m(Q) is
. locally 1nd1cable., Thus Propo51tlon 2.12-ver1f1es the
existence of groups which are_not indiceblep'nence not
indicable throughout, but ingwn;ch evelry finiteiy—generated
zsubgroup is indioaple._ So tne groups'whicn are indicable j 
throughout form anproper'Sup}olessxof‘the oless-of locailﬁ

indicabie groups. ‘(We‘will find furtnerfuse'for Malcev




12
completions in Chapter 3,'Whéfe they are helpful in ouf.in—.
vestigation of indicability in generalized freé_produétsqu "

fihitelyfgenerated-nilpotent groups.)




CUAPTER 3

INDICABILITY IN GENERALIZED FREE PRODUCTS

3‘1 Preliminaries. The free product of a famlly of

groups w1th a 81ngle subgroup amalgamated wa.s flrst 1ntro-‘
duced by Otto Schreler 1n 1927 The concept was generall-d‘
zed by Hanna Neumann in 1948 and in 1954 B H Neumann [9]
~collected thelr results, together w1th numerous appllcatlons:
and examples ‘ | o
In- thls paper we are prlmarllj 1nterested 1n'the gen-
erallzed free products of two groups. We begln w1th the‘*
followlng deflnltlon. Tet. A<and B be groups Wlth'presenta— -
“tions A gp{axg' (gx)),'. gp{b Sﬁ(b ), Where x, Ws Qs
'and 5 are elements. of approprlate 1ndex1ng sets° Let U be
'a subgroup of A, V a subgroup of B, and 0] an 1somorph1sm of'?
U- onto Ve Deflne a group G Wlth presentatlon equal. to the
union of the presentatlons of A and B together Wlth an
laddltlonal»famlly of relations [T = (uo) [ueU}, called

the amalgamating.relations. Then G has presentatlon :

'“IL:G gp{ax,b R <a3)$85(bu) T } and G is called the free ui-'w L

product of A and B w1th the - subgroups U and V amalgamated

' under R G Wlll be denoted (A B U V,o)i or, 1f the-lso—:n
fmorphlsm @ is understood We Wlll 51mply 1dent1fy U and Vv

as the same group and use the notatlon (A*B U) K
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It can be shown [8] that ‘the subgroup A* of G genera-
.ted by the set {ax} is 1somorph1c to A, the subgroup B* gene'
-erated by {bu} is isomorphic to B,.end A*nB* = U* is isomor-
phic to U and V.”_Hence'G is generated by ieomorphic copies
of‘A'and B. If di
1nto G, then We have, for each u in U, uo U:po2

and dé are the embeddlngs of A and B

G is a- free product in the sense that if H 1s a group

and 91 A*—>H and 92

each u in U, uel = uo62, then there ex1sts 8 unlque homo-

:B—H are homomorphlsms such that, for

morphlsm 9 G—~>H Whlch extends 91 and 92 S0 that the

following dlagram commutes.

U R, _ 'é L §
1 A\\ogf\\\s 1“\~\\\\;\;;\§~
of G“i_;_/—_)’H |

V—- > B

. We nope thaf this_uhiversel mepping properpy eseures:thet -
the generalized free-product.of groups A and B iegunique‘up
to isomorphism, and 1s independent .of the choice;of'presen—
tations of A and B. We shall find phe~universal‘mapbin€' |
propertj invaluable.in our‘consideratiou of indicability‘in._.

generalized free products.
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- Knowledge of the structure of subgroupe, and especielly
that of finitely-geherated subgroups, is eesenﬁial to the
study -of 1ocel-inaicability; Karrass and éolitar_{5] extene
ded the'results of Hanna Neumano to obtain a complete
,characterization of the subgroups of the geheraliéed free -
product of two groups. In order to-describe this Subgroup’
structure we need first to define the notion of a tree |
product |

| Let {A } be a collection of groups-‘ahd.suppose
that for certaln palrs of groups A and AJ, i # J, there
‘exlst subgroups_U.J of A and UJ of Aj and. 1somorphlsms |
:élJ U_j__>Ujl end QJl 5T ->U'. such that QlJ eJl_l. Lef
J = (;5J)€rxl| 01 5 existsy} . Then for each (1 J) in J, the
amalgamated product (A, *AJ,U:LJ Uji3eij)
generalized free7product of the Ai ie the group G With

exists. -The partial

presentation being‘the'unioo‘ofvthe presentations oft the Ai.i
together with the presentations of the (A:.L*AJ.'-lJ,UJ:L 915)
“for each (i,j) in J, using a fixed presentation for ‘each A4
throughout. It is not difficult to show thetrGfis indepen-
dent of‘the particuler presentation used for each Ai.

Now with the‘partial geheraliéed free product .G we may
.associate a graph whose verﬁiceszare the'groups Ai‘and'

. whose edges join:two vertices A, and Aj if and only if (i;j)
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-and hence (J,i) is in J. If this graph is a tree--that is,
if it is connected and contains no cycles--then G is_cailed

a tree product of the‘factors Ay with the subgroups Uij and»i

U.. amalgamatedrunder 6. ..
Ji sy

Karrass and Solitar verified the following propertiee

. of the tree product G With corresponding graph I, -~

CTL, G contains the vertices A as subgroups in the
natural way——that is, G is generated by a family of sub-
groups Which are 1somorphic to the factors A

T2 » The vertices and edges of any subtree. generate.
their tree product as a subgroup of -G in the«natural Way e
T3. If the vertices ofi* are partitioned into sub-

trees T then we may form a new graph.F* whose vertices.

a?
are the:P@ and whose edges are the edges of~F'which-join‘_;
.uertices of T, and.FB‘for o #B. The graph.I'* may be-shown
to be a tree.’ Let Gd be the‘tree_product corresponding to
T, for each a. Then the tree”product G* COrresponding to
T*, whose vertices are the G, s has the same presentation,
and is hence isomorphic to G.. | ‘ .

In characteriZing the subgroups of the'generalized
free product of two 8roups, Karrass and Solitar showed that

" every subgroup H of (A¥B3;U) has the following propertiesg B

Sl. H is generated by two of its'Subgroups, F and So




, o CoT D |
'82. The subgroup F is called the free part of H F |

' is a free group ‘which has tr1v1al 1ntersectlon W1th SH

,m_?

"normal subgroup of H generated by S.. Hence H/S &= FSH/S
H

rEfpﬂF/FnS = F and so F is a factor group of H

:rtS3- The subgroup S, called the base grg;p of H is. a

- tree product whose vertices .are conJugates in (A*B U) of A "

f.or B intersected with H and whose amalgamated subgroups ares.
conaugates of U 1ntersected with H. ' |

54} If H is, flnltely generated then F is. flnltely—~
generated and S 1s the tree product of flnltely many of 1ts_
vertlces. | ’ . | o ‘
. S5, If S 1s flnltely generated and each amalgamated
subgroup 1s flnltely-generated then each vertex is h

flnltely-generated.

3.2, Indlcablllty in the Generalized Free Products

of Two Groups. We begln Wlth two useful lemmas. o

Lemma 3.1. If neither A nor B is. 1nd1cable, then

(A*B U) is not 1nd1cable.

Proof. (A*B U) is generated by 1somorph1c coples of A.vr" -

- and B, g0 by Propos1tlon 2 1,-the product 1s not ind1cab1e{7J

_ Lemma 3 2 If A 1s indicable and U i not indlcable'“;
V:then (A*B U) is indicable. ;




18
ugzggi . Since A is lndicable, there erists'an epimore;f
-'pnismhei of A onto Z,‘and since U 1s not 1nd1cable, 91 re-
strlcted to U ig the’ zero map- Therefore, 1f 62 B——%Z 1s
the zero map,_then 92-agrees Wlth 61 on U, and hence there

ex1sts an eplmorphlsm 0: G——aZ Whlch extends the Lwo maps //

; Gregorac obtained the follow1ng results -in the case

that the amalgamated subgroup is. cycllc.

Theorem 3.1. [3] If A and B are flnltely-generated

. non-trivial tors1on-free nllpotent groups and U is cycllc, o

then_(A*B,U) ig indicable.

Corollary If A and B‘arelgroups'with normal sub-
‘groups M and N, respectlvely, such that A/M and 'B/N are

non- tr1v1al flnltely generated tors1on-free nllpotent groups

‘ and U 1s cycllc, then (A¥B3U) - is 1nd1cable.

He observed that the generalized free'product Of'two‘free.n
groups with a cyclic subgroup~amalgamated-is therefore4in-
. dicable. More generally, a direct result of his corollary

is the following proposition.

Proposition.3.l If A and B are 1nd1cable and U 1s

cyclic, then (A¥B3U) is 1nd1cable,
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Thus in the case of a cyclic.ameléamation'indioebiiity fo“
‘both factors is sgfficient to assure indioability'of thei‘.
geherelized'free product We note that it is not, in
general, sufflclent that Just one factor be 1nd1cab1e, as

the - follow1ng example shows. |

Example 3.1. Let A = gp{a), an infinité%cyelic grOup.‘.
Let B "-gp{x,y, g,yg} Slnce B 1s perlodlcally generated ﬁ
B is not 1nd1cable. Let U = gp[a 1 and V= gP{Xy} Slncei-
both U end V are infinite cyclio_we'may define'an isomor—
phism o-UL—AV by a2o = XY Letfe-— (A*Bj U V;o) Now if @
is a homomorphlsm of G into Z, then,‘51nce X and y have
finite order, x6 = 0 and yo = 0. Hence (xy)l-= 8%9 = 2(a9)
= 0, and thus ab = 0.- Therefore‘the oniy'homomorphlsm of G

into Z is the. tr1v1a1 homomorphlsm, 50 G ig not 1ndlcable,ﬁ

) although the factor A is 1ndlcab1e //

We consider:next Whether tne conditioh‘ih Proposi-
‘tlon 3 1 that the. amalgamatlon be cycllc can be weakened
- In general, the generallzed free product of two 1ndlcable
groups is not 1nd1cable. In Example 3 2‘we construct a |
generalized . free product of two free groups whloh is not
'1ndlcable. Herice it is clear that the oondltlon on.U may-

be relaxed only when conditions,stronger than indicability
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are placed on the factors.

Example 3.2. Let F, = gp{a,b} and let H, be the éub—

. 1 . . .
grbup of Fq genératedfby the set S = {a3,b35[a,b],[a2,b2]},

F, is a free group on two generators and we will show beloir .

that the set S freely generates H;. Similarly, let F, =

gp{x,y}, and H2_=.gp{x3,y3sfx,y];[xgsy2]}- Define an iso-
" ' % = (%51, b = [x°,5°1, {a;b]¢_%ﬂ
'XB, and, [a25b21¢ ;.y3. .Then the"genera1ized‘frée~prodﬁct
G='(F1%Fé3H1,H2,@) has the:prgséntatiqn.G = gpfa,b,x,y;
a“?[x,y],b'3[xg,y2],[a,b]x_3,{a2,b2]y;3].,‘One can readily
observe that the cqmmutator:subgfbup.of G is of'finité‘
indéx in G, and hence G is npﬁ indicable. .
| - To show that the subgroﬁﬁs Hl and H2 are freely génera—
ted by the given generators, we must shoh that no noniempty
-onrd in the four generators is trivial. The procedure is
well-known ‘and tediqus. Eof'this reason we present:héréh'
only an outline 6f~the proof. | _ o
.1.‘ Sl = {[a,b],[aQ,b2j] is free in.Fl. (One'sho&s by
induction that if.W is é non—empty,.freely—reduced‘word ih-
[a,b] aﬁd_[ag,bgj,‘then W ig non-trivial and, further, W

begins in one ofjaflb_l, b_la-l, a~? _2, b-2a-2, and ends

in either ab, ba, a2b2, or‘bgag.)-

b

2. S, = (a%,b) is free in F,. (If W is a freely-
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3

reduced word in a and b3, then W is also freely—reduced

- with respect to a and b. Hence 1f W is non-empty; then W‘:11;

is non-trivial. )

3. Any word of the form X1X2..;X2n is hon-fri&ialxif_
n 1s'greater than Zero, where X2 is a freely—redﬁced'word
in -a> ‘and b3’.and Xp5_1 18 2 freely—reduced;word in ta,b]",
and [ag,b?], endreaeh Xj’ except possibly Xl’ iS-noh-empty.-
(One shows by induction that W is non-trivial, and,fwhen

53

freely-reduced with respect to a and b, ehds in one bﬁwa ,e
273, 3, p73, a7, vt &7F, 7R |

4, Any non-empty word in the generators S = SiUSéTis.
-either freely-equal (with feépect to 8).to a word of;thef; B
~ type. described in 1 or 2, or is freely—equalZtBTa‘conjugate'
of.a'worq of the type described‘in 3. Hence no non-empty |
word in these generators is tri&ial, and conseqﬁently the

subgroup H. which they generate is.free of rank 4.//

1

Baumslag considered. the case in which the factors are
flnltely generated tor81on-free nllpotent groups and ob-

| talned the following theorem.'

Theorem 3. 2 (1] If A As an 1ndlcable group and B

is a flnltely generated tor51on free nllpotent group, then

, .(A*B U) is 1ndlcable.
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In ?roving this theorem,.Badhslag'uséd‘seVeral'pfoperties‘
of-the Malcev,compiétioﬁ of é finitely—géneraﬁed torsion—.
. free nilpotent group. It may bé.shqwn that everyvlocally‘

nilpotent torsion-free group;G can be embedded in a complete -

locally nilpotent group [6,‘p;256]. A Malcev cdmplétion'
of G is defined to be a minimal element in the cbliéctioh
of all coﬁpléte locally nilpbteht groups.which_contain G.
We include the foliowing prOperties of completions for |
referen&e. Proofs of the first'three'may be founid in the

sources cited.

Lemma, 3.3. [0, p. 256] If M and M are two Malcev
completions of the locally nilpotent group G, then there
exists an isomorphism between them which eXtendé thé iden--

tity automofphism of G.

Hence we may denote by m(G) the Malcev completion of G,
-since it is unique up to'isomorphism. ,

Lemma 3.4, . [6, p. 256] A complete 1bcally nilpotent
grdup_H is the Malcev -completion of the locally'nilpotent
"group G if and only if; for each x ih.H, there exists a

positive integer n such that x™ i§ an element of G.

Lemma 3.5. [2, p. 18] If ¢ is a homomorphism of a
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'finitelyfgenerated toreion—free nilpotent'gfoup G into a
complete group. H, then there exists a homomorphism ® mapping

m(G) into H which extends_Qﬂ

Lemma 3.6. If G is a flnltely generated tors1on free'_

anllpotent group and U 1s a subgroup of flnlte 1ndex in G,

ll

then m(G) m(U).

E{ggg Let x be an element ef.m(G); Then by Lemme, 3.4
a:ﬁhere exists ‘an integer n, greater than zero,lsueh fhaﬁ x
is ah.element of G. Siﬁce_U:is_ef finite index in G, there
exists ‘a normal subgroﬁp K efeG whieh iS'of finite index in
G and is contained in U-[12, p. 53] Thus x“K has finite
order in'the finite group G/K, so there exists an inteéer".
1m, greater than zero, such that (x)™ is in K and hence in
'-U,' Therefore m(G) is a completlon of U. Henee'by Lemﬁe‘3.3

‘we have’ m(G) = (U) //

Ueing‘an;abbroaeh,Similer to Baumslag‘s,‘We.pfoVe that
tﬁe,requiremehﬁ in:Theorem 3:2 that,B be tofsioﬁ;free may .
‘..be_-omitt'ed.° We. use the fact that in a loeally nilpotent
_gfoup g, the elements of finitefofdef form a hormel sub-~ .
group T(G) such that G/T(G) is tor51on—free [6, p.229 ]

We obtaln the following theoren.
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Theorem 3.3. If A is an indicable group and B is a
finitely-generated nilpotent group, then (A*B;U) is indi-

cable. .

The proof of Theorem 3.3 is divided into two .cases

and“wé,present'each in thé‘férm_of a lemnma.

Lemma 3.7. If4A‘iS an‘indicablelgroup,.B‘a_finitelyL
“_genérated niipotent group, and U a subgroup of finite index
,in‘B,-then'(A¥53U) is indicable. e | “

| '”;EEQQQ.T Consider the fo}lowing diégram,'where the un-' 
1abeied.arrows répfesent the ﬁétural injections'andlcanohi_

cal e?imorphisms.

A - 7 — — Q

B B/t (B)

Since_A is indicable, there éxisfs_an epimorphism eljof A
onto Z; .Néte‘thaﬁ_if_U is contained in the_Kernél_of 91
.theh the Zero map of B‘into Z,agreés Wiﬁh 64 on.UQ Hence
by thé_universa1.mapping property‘£heré exists an epim@r—'
phism‘§f~(A*B5U) onto Z andJWe are done. In any cése5'we :

- do have'thé torsion subgroup of U, 1 (U), cbntained in the




'?5

';kernel-of_el;- Hence there exaste an induoed‘homomorpmism
© mapping U/r(U) into Z.- By a fumdamental isomorphism
theorem,'We have U/r(U) = U/Unr(B) = (.)/r(B)b and hence,
since [B U] is finite, U/r(U) is 1somorphlc to a subgroup
of flnlte 1ndex in B/r( ). Now U/r(U) and B/r( )vare‘
flnltely generated tor81on-free nllpotent groups, S0 thelr :
Malcev completlons,' (U/r(U)) and m(B/r(B)) ex1st, and
they are 1somorphlc by Lemma 3 6 Con51der 7 as a sub-
group of Q, the addltlve group of ratlonal numbers. Then
o is a homomorphlsm of U/t (U) -into the complete group Q
Thus, by Lemma. 3.5, ¢ has an extension & mapping m(U/r(r)),'p
| . be the

2 7
composition B—4>B/r(B)~‘>m(B/r(B))J£wQ,-_By the commuta- -

into @ which makes the diagram commute. Now let 6

tivity of the diagram we see that eé is a homomOrphism
which agrees with 6, oh U. Hence there exists a homomor-
phism, 6, mapping (A*B;U)\inbo Q'Which extends el‘and 65
The image of 6, being generated by A6 é-Z and Bo,, is &
finitely—generated'nonetriVialfsubgroup of'Q‘amdlhenCe is
isomorphic to Z. Therefore the generalized free productvis

indicable.//

Lemms 3.8. If A is any group, B a finitely-generated
nilpotert group, and U a subgroup{of‘infimite index in B,

- then (A¥*B;U) is indicable.
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*)'6 :
Proof Baumslag [l] has shown that 1f B 1s flnltely-

)generated and nllpOtent then a subgroup U 1s of 1nf1n1te in--

dex in B if and only 1f UB' is’ of 1nf1n1te 1ndex in B Thusf;7'

B/UB' is an 1nf1n1te f1n1tely generated Abellan group Whlch
5'1s therefore 1nd1cable. Hence“there ex1sts an eplmorphlsm
2‘of B onto 7 with U contalned in the Kernel ' Lettlng .
‘Gl.A——yz be the zero map, we have a pair of homomorphlsms
Whlch agree on U and hence there ex1sts a homomorphlsm

0: (A¥B;U)—>7Z Whlch extends the two. Moreover, 9 is an

fieplmorphlsm 81nce 1ts restrlctlon to B 1s an eplmorphlsm // .f

The proof of Theorem R 3 now follows 1mmed1ately from a

Lemmas 3.7 and 3 8 In addltlon we mentlon the follow1ng

"_ corollary Whlch is an obv1ous consequence of Theorem 3 3

,and Lemma 3 l

<‘Corollarz. If ‘A and B are finltely-generated nilpotentv N
groups, then (A*B4U) is indicable if and only if A and B

are not both flnlte.

3.3. Local Indicability‘in the Generalized FreeﬂPro-

duct of Two Groups. Slnce subgroups of locally 1nd1cable .

groups are locally 1nd1cable, and the groups A and B are - |

N

| 1dent1f1ed w1th subgroups of (A*B U), 1t is clear that

local 1ndlcab111ty of the factors 1s a necessary condltlon
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for the generallzed free product to be locally indicable;q'ﬁf

,However'thiS'condition is notgfin general;‘sufficient ' In

: Example 3.2 we constructed a generallzed free product of

two groups Whlch 1s flnltely-generated but not 1nd:Lcable9

and hence 1t 1s not locally lndlcable. However the factors

“Ewhlch are free,'are locally 1nd1cable by Propos1tlon 2 ll tlf

. Baumslag used the structure theorems of Karrass and

Solltar to prove the follow1ng theorem.

Theorem 3‘4 tl]‘ If A and B are: flnltely generated

_tors1on-free nllpotent groups then. (A*B U) is- locally “

indicable. o

- ThlS theorem 1s clearly false for generallzed free

: products of flnltely generated nllpotent groups Whlch eoh-

tain non- tr1v1al tors1on elements, because such groups arew;-

“not locally 1ndlcable. To accommodate this s1tuatlon, we

make the follow1ng deflnltlon. Let P be a group property. :

A group G is called almost locally P 1f and only if, for

| each non;tr1v1al flnltely-generated subgroup,H of G3‘H has )
"property P if and only if H has no system of generators_f

‘Whlch are all perlodlc.

We turn ouf attentlon to the class £ of almost 1ocally

B 1nd1cable groups,_ We note flrst that an almost locally 1n- fa

.‘? .
1
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‘dicable group is locally'indicable if:and only if it is
torslon free We mention two heredltary propertles of the

class £ whlch parallel Proposltlons 2.8 and 2 9

. Proposition‘3.2;‘ The class £ is closed under sub-

«

groups;

'-PropOSition 3.3. If G has a normal subgroup-H such-

:'that H is almost locally 1nd1cable and G/H is locally indi--
_cable, .then G is almost locally indicable.

Proof. TLet K be a flnltely generated subgroup of G.
If K has some system of generators whlch are: all perlodlc,
then clearly K is not 1ndlcable.' If K 1s not generated by -
a. set of periodic elements, then elther K is a subgroup of
" H and is thereby_lndlcable, or-K‘has a nonftr1v1al homomora-
phic image in the locally indicable group G/H. Since K is :;1
finitely-generated, this image must be indicable. Hence K-

is indicable.//

It is not sufflclent to require in Propos1tlon 3 3
that G/H is almost locally indicable as the follow1ng
example‘lllustrates. ’

Ekample 3'3 CLet @ = gp{a b a2 a 1bab} Then G is

'the infinite dlhedral group Whlch is the semldlrect product-
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ﬂ'Of Z by 22. Ir H = gp{b) thcn H is a normal subgroup-of G _.--
.Whlch is locally 1nd1cable, and hence almost locally 1nd1—f;l
cable. Also G/H > gp{a} = 22, 80 the factor group is -
."almost locally 1nd1cable.' We make the follow1ng observa—"f
tlonsf. | | h |
| }"'ls G is notﬂlndlcable,‘as shownrln Example 2 l

"2.' Slnce a is “the only non trivial. element of flnlte;g

‘5-order 1n G, G has no system of generators whlch are all

, perlodlco To prove this assertlon, we note: that as a con-is'
'sequence of the relatlon a‘lbab = 1, we have a nbm n-_ b— |
for all 1ntegers a and m.- Consequently, every word.ln G 1s
equal to a Word of the form a b . Thus 1f any Word is of
i<f1n1te order we' obtaln a relatlon of the form a b .1" Weh’
show that s must pe equalrto zero,as follows. Let D denote .
'the_dihedral:group of”order és._ Then Dy has presentatlon |
Ds‘# éﬁ{x,ygig,y ,x‘lyxy}, and there ex1sts 8 homomorphlsm--:
@ of G'into D such that bo -y and ag = . X. Then o

1= (a b >® (a¢) = xr; so r must e ‘even and hence -

a¥ = 1. Thus the relatlon is of the form b = l,‘ But‘btisg;.
of 1nf1n1te order in G, 80 S must e equal to zero.;Hence;!
fthe only Words of flnlte order 1n G are l and Qe

s By these remarks and the fact that G 1s flnltely—

'generated, 1t follows that G 1snot almost locally 1nd1cable.“’
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Karrass and‘Solitar proved the3folloWing’theorem:uSihga,'”

thelr characterization of - the subgroup structure of. a gen—'d'”f“.

_erallzed free product of two groups..d

Theorem 3 5. [5] If A and B are locally 1nd1cable

- groups and U is cycllc, then (A*B U) 1s locally 1ndlcable.

" The following example shoWS'that'the conditionaon‘the

factors may not be weakened to almost local indieahility.

Example 3.4. If G is the non-indicable'group‘con-j

structed in Example 3.1, then G is the generalized free'
product of the groups A =‘gp[a}, and B = gp{x,y, ,y } w1th
cyclic subgroups U = gp{a } and V = gp{xy} amalgamated We-
make the,foilowihg observatione._ | |

1, A is infinite‘cyclic, so.ciearly-A is almost lo=

cally indicable. | A - h

B 2, B is almoet'locally ihdicable. We observe that
the elements of flnlte order in B are exactly those of the-
form (xy)™x or (yx) ¥, while the elements of infinite order.
are exactly those of ‘the form (xy) .. Let H be a flnltely-
generated subgroup of B. it is.not_dlffrcult to show that
if H contains at least oné element of finite order then 5

has a system of generators Which'are-all”periodic.t However,
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if H is tors1on—free, then H 1s 1nf1n1te cycllc and there-
fore 1nd1cable. Hence B is almost 1ocally 1ndlcable | |
3. G ls not_almost locally ;ndlcable.. G is not indl;'“
cable, as'we showed in Example 3.1.. However G is finitely-
generated'and'has no system of generators'whlch-are~all‘
periodic ThlS follows from the fact that perlodlc elements “
fof the generallzed free product of ‘two groups are congugates
. of perlodlc elements in the factors [8, p 208] If a is a
_product of perlodlc elements, then, s1nce A 1s torslon-freel'
a hust be in the. normal subgroup, BG, of G generated by B |

But if o is the homomorphism‘of G onto Z deflned-by X =

2
o = O'andvap = 1, then B is contained in the kernel,of 0]
and thus B® is contained in Kerp. -But a is not in the ker-

nel and Hence is not in BY.

Therefore‘G‘is not periodi-
cally generated, and, since G is not indicable, G 1s not

almost locally indicable.//

We return to cons1deratlon of Baumslag S Theorem 3 4
whlch deals with the generalized’ free products of f1n1tely-
generated torsion-free nllpotent groups. We first. state

the follOW1ng.result.‘

Proposition 3.4. If G is locally nilpotent, then G is

almost locally indicable.
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3399;' If ¢ (G) is the torsioo éubgrOup'ef G*-then'
T(G) 1s a locally nllpotent group all of Whose elements are
- perlod;cw Hence every subgroup of'r(G) 1s perlodlcally- |
generated and.non-lndlcable. 'Thus-r(G) is almost 1ocally
indicable, Fdrther,"G/r(G) is a locally nilpotehtttorSion-‘,
- free group which ie‘locallf indicabie by Proposition 211é.

Thus by Proposition 3:3, G is almost locally indicable.// &

We prove the following generalization of Theorem.Sght-

Theorem 3.6. If A and-Biare 1ocallyenilpoteﬁtgtouﬁs.m
and U is finitely-generated, then (A*B;U)-is almost 16ca11y"d
indicable. | | | . ' ‘ : . “

‘ Proof. Let’Hlbe a finitely—generated subgroup of
(A*¥B;U) and 5up§ose H is not'periodicaliy-generated;'fif
the free part of H (82, p; 17) is non-tiivial% then H has a
free factor group and is therefore indicable'by Propoei-
tions 2.3 and 2.1, ]

If the free part of H.is trivial, then H is equal to a
tree product. Now U 1is finitely—generated and nilpotent,

SO every subgroup of U is finitely- geﬁerated‘ Hence the.
.amalgamated subgroups in the tree product H are flnltely-.,
generated. - Thus by Propertles Sl and SS of tree products,

H is a tree product of flnltely many flnltely generated
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"groups; Further, these groups are 1somorph1c 0 subgroups

::of the 1oca11y nllpotent groups A and B and are thereby

;l_n11P0tent Therefore, by Propos1tlon 2. 6 the vertlces of ppﬁ-“iﬁs“w

HZ;H are 1nd1cab1e 1f and only 1f they are 1nf1n1te. Slnce‘:g,-;u.ﬁ'

"fifH 1s not perlodlcally generated at 1east one - of the ver—"

L 'If A

\tlces of H must be 1nf1n1te.f We prove that H is 1nd1cab1e Q.~.

by 1nductlon on the number, n,’of vertlces 1n H.th'
If n = 1 then H is 1somorph1c to a Subgroup of A or.B;
so H is an 1nf1n1te flnltely generated nllpotent group and'
1s,hence“rnd1cab1e.
| ‘Suppose such a group‘is indicable if‘its humber 5f"ﬁ
aVertices is less than n. | |
. NOW-suppose thas 1 vertices;.Al, A23 ..., A | Chooseh'F'
fan extremal vertex, say A -l Whlch is JOlned by an edge to'
“exactly one other vertex. Then the vertlces Al’ coes A ”l
form a subtree and’ hence generate thelr tree product Hn l-

eens A ‘are all flnlte, then, by Lemma 2. ; H 1

1’ n-1
‘1s not 1nd1cable._ However the amalgamated subgroup U

| corresponding to the edge Whlch connects A to the subtree o

'Hn 1 must also be flnlte since 1t is a subgroup of one of

h‘:the vertlces of Hoiqe Therefore U is not 1ndlcable Fur—ﬂ

'.-ther,'s1nce not all. the vertlces of H are flnlte, A must

. be infinite and ‘thus indicablé. Now by property T3 of. tree.:::iflr'l




'””'products, 0 is equal to the free product of A and Hy,

i'with°'
U amalgamated,- Hence by Lemma 3 2 His 1nd1cable. fiff"'
. some vertex rn H -1 is 1nf1n1te, then, by the 1nductron _‘?=[
1-rhypothe81s, Hnéi is 1ndmcable, 1o by Theorem 3 3 H s 1n_tii
.dlcable.uh o N . '""
Thus if H is a flnltely generated subgroup of G whlchf

. 1is not perlodlcally generated then H-is’' 1ndlcab1e.‘ Hence3u-

'G is almost 1ocally 1ndlcab1e //




CHAPTER 4

INDICABILITY TN WREATH PRODUCTS

4 1. Preliminaries. In deflnlng the Wreath product B

of a group A by a group B, we employ the constructlon ot a
.semidirect product. For the reader s conven;ence we in-

clude some remarks on this constructlon.. For-further'dee

-}“talls, see Scott [12]

Let G ‘and H be groups, and 6 a homomorphlsm of -H 1nto

the group of. automorphlsms of»Ga The semldlrect product P

1of G by H whlch reallzes 0 1s deflned to- be the set of all

‘ordered palrs (g,h) with g 1n_G, h in H, P‘ls,a_group under
| the‘following operation: (gl’hl)(gQ’ 2) =
(gl[(gg)(h )1,hqh5). It is not dlfflcult to show “that’ P
contalns subgroups G and H 1somorph1c to G and H respec-

*
tlvely, which have- the follow1ng propertles. -G ;s normal

1n P P is generated by G and H s and G nH =‘E. If'we

- identify G and H Wlth these subgroups G and H s we may

:drop the ordered palr notatlon. Then each element of P hasu-3
a unlque representatlon of the form gh Wlth g in. G h in H,

and the element,(g)(he) of G 1s naturally 1dent1f1ed w1th
1

the element gh = hgh -1 of'G . Hence the operatlon in P‘
. . -1 h’ o
is defined by-(glhl)(gghz) = glhlggh1 hlh2 = glg2l hqh,.

We will adhere largely t0 the notation of Peter

Neumann [11] in our d1scuss1on of standard Wreath products
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of groups. Let A and B be groups. Then one’ may‘v1ew the
.Cartesian power of A, A hHBAb’ Where Ab = A for each b
in B, as the set of all mappings of B 1nto‘A. To simplify.
notation, let & = A% Multiplication in K is defined
coord1nate~w1se-—that is, if f and g are elements of AB
then (fg)(b) = f(b)g(b). Now B may be 1dent1f1ed with a ;
‘group of automorphlsm of K as follows;. For b 1n B £ in K
let fb denote the image of f under the automorphlsm asso¥
ciated with b Where £P (6) = f(Bb ); It-ls eas1ly‘ver1—‘.“-
'fled that the mapping that takes £ to fb is an automor- Q
'phlsm of K. Hence we may form‘the semidirect product of Kr .

by B. This group, denoted A Wr B = W, is called the

:, unrestricted (standard) wreath product of A by B.

To construct the restrlcted Wreath product let ‘
K = (B), the direct power of A. That is, 1f we define,
for f in K, the set o(f) = {seB| f(s) £ 1] to be.the

support of f then K conslsts of those f in K for Whlch

o(f) is a finite set ' Now s1nce K 1s a characterlstlc sub—,'
group of K, each element of B 1nduces an automorphlsm of K‘
and We may form the semldlrect product of K by B. The

group obtalned is denoted by W= A wr B and is called the

restricted (standard) wreath product of A by B.
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In the case of the restrlcted wreath product A wr.B

" we flnd the follow1ng map useful Choose a llnear orderlng ~
" on (the Set) B. (Thls is p0581b1e by the axiom of ch01ce )
We may deflne a mapplng T K——#A by (f)w (f)f(b), Where

ﬁthe product is ordered by the orderlng on B Slnce o(f) 1s

W‘7f1n1te, this product is allowable and hence T 1S a well—

deflned mapplng of K onto A The follow1ng propertles of

o the mapplngﬂ-are ea51ly verlfled

Lemma b1, (1) (fg)w = r<-f".>"7% (e)r _ (moa &1).
S e ()

(111) () = (,,f)w‘.. (mod A").

=

.By Lemma 4 1 then, 1f A 1s Abellan, T 1s a well deflned
Teprmorphlsm of K onto A | |

We also have need of . the follow1ng lemma.,

Lemma 4 2 [10] If @ 1s an. eplmorphlsm of A onto a

'group A then there ex1sts an eplmorphlsm o of A Wr B onto v

A Wr B with the following propertles._-- |
'ﬁ(ij o> restrloted to Wi A wr B is an eplmorphlsm onto

. A wr B.

(i1) @ restrlcted to Ab is equal o [ for each b 1n B

(iii) @ restrloted to B is the 1dent1ty mapplng.
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Proof'_ Define (fb)o = f“b' Where £1(p) ='<f(g))¢, andj‘f

: b'-= b. It is easy to verlfy that @ deflnes a homomorphlsm S

'Wlth the de81red propertles //

'h-z | Indlcablllty in Wreath Products. Both W and W
are exten81ons of a group by the group B Hence‘by-Prope—}-‘
sition 2.1, if B is indicable, then both W and Weere'ihdiw
cable. In the case of the.restricted-wreath product; Wep

prove the following theorem.

'Theorem 4.1, The restrlcted wreath product of A by B

is 1ndlcab1e 1f and only if either A or B 1s 1nd1cable.ﬂ
~ Proof. If B is 1nd1cab1e, then by the remarks above
W is 1ndlcab1e.' If A is 1ndlcab1e, then there ex1sts an
- epimorphism‘@ of A ontO'Z Hence oy Lemma 4 1 there ex1sts.
an epimorphism ® of A wr B onto Z wWr B° Now the mapplng
'W:Z( )——>Z is a Well deflned homomorphlsm 51nce Z 1s _
Abelian. We extend 7 to-a mapplng W:Z wWr B——>Z~by defining.
(£b)7r = (£)me T isluell—defineu by the uniQuenese of rep-
resentauion of elements of W and the following eimple
computation verlfles that 7 is, in fact, a homomorphlsm°

-1 -1 -1
(fb)(gC)W (te

I

ve)7 = (28" Ir = (D)r(s” )7 =
(Er(er = ()7 (e0)7.

Further, the mapplng T is an., eplmorphlsm because 1t extends

ll




s phlsm of" W onto Z, so W is 1ndlcable.

"“perlodlca,

o theorems, W/KB’ = KB/KB’ = (KB')B/KB' = B/KB‘nB = B/B'
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the eplmorphlsm T Hence the comp031tlon @W 1S an eplmor—'P.'

Conversely,‘suppose W 1s 1nd1cable. Slnce W is gene

. erated by K and B, by Lemma 2 1 elther X- or B 1s 1nd1cable.;.
By Prop051tlon 2, 2, K 1S 1nd1cab1e 1f and only 1f A 1s 1n—‘-
'dlcable Hence if B is not 1ndlcab1e then A must be FJU

1nd1cable 7/

Our reSulﬁe concerning indicability in the unreetric;

- ted wreath product are somewhat less comprehen51ve due to

the 1ntractab111ty of the Carte51an power. However we.are

able to characterlze 1ndlcablllty when B is flnlte or not

'. Theorem 4 2, If B is not perlodlc, then the unrestrlc—

ted wreath product of A Dby B 1is 1nd1cable 1f and only 1f B
:1s 1nd1cable. | | ' o ]
Proof. . Peter' Newmann [11] showed that if B contains

~at least one element - of infiniﬁe'or&er'then every-element

of_ﬁ_is.a commutator. Thus K is contalned in: W' and hence :

' 'KB"ie contained\in'W" But by fundamental 1somorphlsm

ISo W/KB' 1s Abellan and therefore we must have W' contalned

"_ 1n'KB'. Hence-KB’.ls equa.l to:W¥,;and we have W/W’ 1somor—~“‘
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phic to B/B'. By'Proposition"2°4, therefore, W is.indioeble

if and only if B is indicable.//

‘Theorem 4.,3. If B is finite,lthen the unrestricted
wreath product:of A by B is indicable if- and only'if"A is’
indicable. ' | . |
' : S B W (BY

~Proof. If B is finite, then A~ = A7/, so“the unre-
strlcted Wreath product A'WrB 1s equal to the restricted
'wreath product A wr B, and the result follows by '

.Theorem h.1, //

Ir'B*is:infinite and periodic.and 2B is not indicable,
then clearly A Wr. B cannot be 1ndlcable. Henoe, for
example, if A is of bounded exponent or lelSlble, Wis not‘
1ndlcable. It appears to be non-tr1v1al to find an example\'
of an indicable wreath product where nelther A nor B is -

'1nd1cable.

4,3, Local Indlcablllty in Wreath Products. We:now

turn our - attentlon to local. 1nd1cab111ty in wreath products.-
Us1ng the stronger 1nher1tance propertles of local 1ndlca—
_'blllty, We. prove the follow1ng comprehen81ve theorem and

corollary.

Theorem 4.4, The unrestricted wreath product of'A by




‘H:e 1hdlcab111ty of W/K B 1mp11es that of T by Prop051--'

T 1nd1cable.

‘~,l3property of 1ocal 1hd1cab111ty as subgroups of W _ Con—

. B ‘L-Ll:'l
B is 1oca11y 1hd1cab1e if and only 1f A and B are both

locally 1nd1cable.

Proof. A and B-are 1deht1f1ed Wlth subgrcups of W
:Hehce, by Propos1tlon 2. 9, 1f W 1s: locally 1hd1cable, theh

'usboth A and B are 1ocally 1nd1ca.ble° Conversely, suppose A

‘;;and B are locally 1hd1cable.; By Prop051tlon 2 10 K a

‘-Cartesiah power-of A, is locally'lhdlcable. Thus the - 1oca1h'

:ptloh 2 8. //
Corollarx. The restrlcted wreath product of A by B 1si'
1ocally indicable if and only if-A and B are both 1ocally

Proof, “If W is :Lnd:Lca.ble, theh A and B :therlt the

,versely, 1f A ahd B are locally 1hdlcable, then W is 1hd1—
cable by Theorem 4 b, and hehce the subgroup W 1s locally
“,1ndlcable //




CHAPTER 5
. TOPICS FOR FUTURE CONSIDERATION

5.1, The Class of Groups Which Are Indlcable Through—

out. . Higman observed that, since free groups are 1nd1-
cable and since’ every subgroup of a free group is free,

free groups are 1nd1cable throughout We note that
finitely-generated tors1on—free nllpotent groups are also
indicable throughout since every. non—tr1v1al subgroup of _
such a group 1ls. again a flnltely-generated tor51on-free,_
nilpotent group and hence is 1ndlcable°. What sort of char—;'
”aeterization'may be obtained for'groups Whlch are 1nd1cable
lthroughout? TIs it true that an Abellan group is 1ndlcable
throughout if and only if it 1s free Abellan? (For example
it is known that an infinite Cartesian product of infinite
‘cyelic groups is not free. Is such a group indicable

‘throughout?)

5.2 Generallzed Regular Products of Two Groups. Let T

G = (A*B U) be the generalized free product of A and B with

the subgroup U amalgamated. Then T4, B] denotes the nor—
mal closure in G of the subgroup generated oy all the com-
'mutators of the form [a,b] where a 1s an element,of A and
b is an element of B. Iflp is a'homomorphism.of G onto a

group P such that the kernel of ¢ is contained in [A,B]G
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' then P is called a generallzed regularpproduct of A and B .

with U amalgamated Generallzed regular products were . -.

llntroduced by Wiegold [13] and varlous aspects of thelr:
B structure and propertles have been cons1dered by such
'group theorlsts as B B Je T Allenby, R.' J. Gregorac, andf
'B. H. Neumann. | _' . =
We note thet if P is the image'of (A*B U) under the
homomorphlsm @, then we have Kero c [4, B] < G'. Hence' _
" there ex1sts an eplmorphlsm of.G/Kerm P onto G/G' ..Thus
P is 1nd1cable if and only if G is indicable. |
- Regardlng local 1nd1cab111ty, we obtaln the follow1ng :
rather‘spe01allzed.result whlch relates-local 1nd1cab111ty o
‘in a generalized regular product to local indicability in
' the generalized free product | |

Theorem-5.l° 'If A and B are groups, U 1s central 1n '

A and B, and if some generallzed regular product of A and B
with- U amalgamated is- locally 1nd1cable, then the generall-a_
zed free product G (A*B U). is locally 1nd1cableoh

Erggi. Let P be a locally 1nd1cable generallzed regu—I
lar product, and let g: (A*B,U)——%P-be the canonical map .-
' Then Kerp < [A,B] a..Wlegold tl3]'has shown that
[A,B]G-n A = F = fA,B]G.n‘B.“Hencel[A,B]G is a free group

'[5, p. 243], so Kemp is free and therefore locally indi




. "
cable. Thus, since P = (A*B;U)/Kero ig lOCally,indioable3

we have (A¥B;U) looal‘ly indica-ble oy :Propo's'ition :2.,8.//

Can thls‘theorem be generallzed to an ., arbltrary amal-“
gamatlon9 What other. relatlonshlps between local lnd1—~
-cablllty in generallzed regular products and local 1ndlca—
blllty 1n generallzed free products mlght be found9 In
light of the results in Chapter 3, it would be natural to
begln by cons1der1ng generallzed regular products in Whlch :

the factors are finitely-generated nilpotent groups.
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