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Abstract:

Except in special cases, exact tests of fixed effects in multivariate mixed models are not available.
Available approximate methods either apply techniques developed for balanced multivariate mixed
models or treat unknown variance components as known. The objectives of this study were to develop
a test for fixed effects in unbalanced multivariate mixed models and to examine the properties of the
test.

The proposed test statistic is a generalization of the Lawley-Hotelling trace statistic. The sampling
distribution of the test statistic was approximated by equating the first moment and a scalar function of
the second moment of the two quadratic forms which make up the test statistic to the corresponding
moments of two independent Wishart matrices. Four different scalar functions of the second moments
were used to obtain four approximations to the sampling distribution. The approximations yield
different critical values and, thus, give different tests. When the data are balanced, the test reduces to
the usual Lawley-Hotelling test. Approximate simultaneous confidence intervals for linear functions of
the fixed effects are given.

A Monte-Carlo study of the size and power of the proposed test was conducted. The model used in the
simulation was based on a data set comparing different breeds of beef cattle. Three covariance
structures for the random effects and seven effect sizes for the fixed effects were simulated. For each
data set, all. four versions of the proposed test were conducted. In addition, an exact test, obtained by
using a balanced subset of the data was made.

The Monte-Carlo based estimates of the size of the proposed test were within .003 of the nominal test
size of .05. The estimated power curves of the proposed test were well above the estimated power
curves of the exact test. The estimated power from the simulation agreed well with the computations
based on the approximation to the non-null distribution. There appears to be no reason to prefer one
method of approximating the distribution over another. Based on this simulation study, the proposed
test is superior to an exact test which uses a subset of the data.
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ABSTRACT

~

Except in special cases, exact tests of fixed effects in
multivariate mixed models are not available. Available approximate
methods either apply techniques developed for balanced multivariate
mixed models or treat unknown variance componénts as known. The
objectives of this study were to develop a test for fixed effects in
unbalanced multivariate mlxed models and to examine the properties of
the test.

The proposed test statistic is a generalization of the Lawley-
Hotelling trace statistic. The sampling distribution of the test
statistic was approximated by equating the first moment and a scalar
function of the second moment of the two quadratic forms which make
up the test statistic to the corresponding moments of two independent
Wishart matrices. Four different scalar functions of the second
moments were used to obtain four approximations to the sampling
distribution. The approximations yield different critical values
and, thus, glve different tests. When the data are balanced, the
test reduces to the usual Lawley-Hotelling test. Approximate
simultaneous confidence intervals for linear functions of the. fixed
effects are given. .

A Monte-Carlo study of the size and‘power of the.proposed test
was conducted. The model used in the simulation was based on a data
set comparing different breeds of beef cattle. Three covariance
structures for the random effects and seven effect sizes for the
fixed effects were simulated. For each data set, all four versions
of the proposed test were conducted. In.addition, an exact test,
obtained by using a balanced subset of the data was made.

The Monte-Carlo based estimates of the size of the proposed test
were within .003 of the nominal test size of .05. The estimated
power curves of the proposed test were well above the estimated power
curves of the exact test. The estimated power from the simulation
agreed well with the computations based on the approximation to the
non-null distribution. There appears to be no reason to prefer one
method of approximating the distribution over another. Based on this
simulation study, the proposed test is superior to an exact test
which uses a subset of the data.




CHAPTER 1 | |

INTRODUCTION

Multivariate mixed models arise in many animal science
experiments. In these experiments, it is often of interest to test
hypotheses involving the fixed effects. To illustrate some -problems
in the analysis of these experiments, a simple, reétrictive, exam;Ie
will be used. Later, a less festrictive,example will be used to
illustrate the options that are currentiy available for testing
. hypotheses involving fixed effects.

' Suppose thaé an experiment is to be conducted to determine the
effect on their lambs’ performance of different supplements given to.
ewes during gestation. Lamb performance wili be measured by bifth
weight and by weaning Weight. . The model could include a fixed effect
-for the supplement fed to the ewe‘and random effects for thé ewe
nested within supplement and for the residual associated with the
lamb.

Two questions which could be asked in this setting are 1) is
there any effect of supplemeﬁtafion on lamb performance and, more
-particularly, 2) do the supplements have any effect on the birth
weight of the lambs. o : .. ' : | : ' {

In the rest of the thesis, boldface capital letters will be used |

to denote matrices, boldface lower case letters will be used to i
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denote vectors and normal lower case letters will be used to denote

scalars.
’Model

The model, in matrix notation, assuming p supplements, q ewes,
and n lambs is given below: .

where

Y is an n x 2 matrix where the ijkth‘row contains the birth weight

and weaning weight of the kth lamb of the jth ewe that received

supplement i,
X is an n X p matrix relating the effect of supplement on the birth
and weaning weights of‘the'lambs,

B is a p X 2 matrix where the ith

row contgins effect of the
supplement i on birth weight and Weaﬁing weight,

Z; is an n x q matrix relating the effects of the ewes on the pirth
and weaning'weighté of the lambs,

U; is a q x 2 matrix where the 15th

row contains the effect of the
jth ewe receiving supplement i on the birth weight and weaning
weight of her lambs,

and

U, is a n X 2 matrix where the ijkth row contains the effect of the'

kth‘lamb of the jth ewe that received supplement i on its birth

weight and weaning Weightl

T=TvyT"
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In addition, U; and U, are assumed to be distributed independently of

each other. The rows of UH, for j=1,2, are independently'and

identically distributed multivariate normal with mean vector 0 and
covariance matrix VB: 2x2. The number .of ewes fed supplement i is
denoted by m; and the number of lambs produced by the jth ewe is

denoted by iy It is assumed that m; is greater than O for i equal

to 1 through p and e;; 1s greater than 0 for i equal.to 1 through p

s

J
and j equal to 1 through m;. . Therefore,
P'mi
n=23 . eij
'.i=1,j=1 :
The . two questions can nqw be written as hypotheses about the
"matrix of fixed effects, B. The first question, do the supplements

fed to the ewes have any effect on lamb performance, can be written

as follows:

Ho: CB = 0 versus Ha; CB # 0, o (1.2)
where
cC =1_- (1/p)J_,
p - (1/P),
IP is a p x p identity matrix;
-and

P

The second question, do the supplements have any effect on the birth

J is a p x p matrix of ones.

"weight of the lambs, can be written as,
Ho: CBa = 0 versus Ha: CBa # 0, (1.3
wherea = (10 ).

The question now, is how can the above hypotheses be tested. The
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options that are available depend on how much is known about the

structure of the model.
Known Covariance Matrices

In the case where the covariance matricés are known, exact tests
for both (1;2) and (1.3) are availéble. Rewriting (1.1) using.the
Vec operator yields . |

véc(Y',j = (X® -12‘)Vec(.B') + (2] ® Ip)Vec(U;') + Vec(U,'),

where Vec() is the usual Vec operator and ® is the Kroneckor operator

(Henderson ‘and Searle 1979). The distribution of Vec(Y') is given

.beldw

Vec(Y’).“—- Noo[ (X ® I,)Vec(B'), V |,
where V = (lel’ ® Vi) + (In ®-V2). From the distribution it can Be
séen that Vec(Y') can be described by a linear model with a known
covariance matrix. |
The best linear unbiased estimator (BLUE) of CB (Cﬁ) is‘given by

lVec(Y')'.

Vec(I_As'c') - (CeI)[(Xe L) ViXe )] [XRe L]V
In model (1.1) the generalized inverse can be replaced by an inverse,
because X is of full column rank. The likelihood ratio statistic for
testing (1.2) is |

Vec((Cﬁ)’)'{(C @ Inp[(Xe 12)’(V'1)(X ® 12)]'(C_® 12)'}'Vec((Cﬁ)'),

which has a noncentral chi-squared distribution with .

2(p-1) degreeé of freedoﬁ. The statistic for testing (1.3) is
Vec(CBa)* { (C ® a)[(X ® 1)V X ® 1,)]7(C @ a)') Vec(Cha),

whiéh has a noncentral chi-squared distributioﬁ with p-1 degrees of

freedomn.
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In general a chi-square statistic can be used to- test any
testable hypotheses abogt the fixed effect in a multivariate mixed
model when the relévaﬁﬁ covariance matrices are known.: The ﬁroglemg

is that it is unusual for the covariance matrices to be known.

Unknown Covariance Matrices

Univariate balapced data

In.the univariate case with balahced data, exact tests can often
be obtainéd when the covariance matrices are unknown by using the
ANOVA approéch (e.g. Searle 1971). Howevér, there afe hypotheses for
which the ANOVA method will not yield an exact test. In those cases
where the ANOVA method fails to yield an exact test there are two
alternatives. One ;}térnative is to develop an exact test using a
" subset of the available information (e.g. Khuri 1984, Seifert 1979).
The other alfernative is to.coﬁstruct:an aﬁproximate F-test using.
either Satterthwaite'’s (1941) 6flMeyer$ and Howe's (1971)
- approximation. |

.In the case where the Vi'é'are unknown and the data are

balanced, an exact test of (1.3) can still be obtained. Using that
part of (1.1) rélated'to the.birth weights of the lambs yields the

model

Letting y = Ya, b = Ba, u ﬁla and u, = U,a yields

y- Xb + Zlu1 +:u2, (1.4)

which is a univariate mixed model. The hypothesis (1.3) becomes

Hj: €b =0 vérsus H,: Cb # 0. (1.5)
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If the data are balanced, then m;=m for all i and ejj=e for all
i and j. Therefore, n = pme. Reordering the data if-necessary, the
. matrices X and Z1 can be rewritten as follows,
| X =,Ip‘® 1,1,
'énd | |

Zl =1 ® Im ® 1e

p
_where 1 isTamx1 vector of ‘ones.
The covariance matrix of y (V*) is
‘ o ) 2 2
_ -2 2
= (Ip ® Im ® qeal) + (Ip ® Im ® Ieaz)
Where'a% - a'Vla and‘a% = a'Vza. From Searle (1971), an F test of

(1.5) can be constructed by defining

551y’ Qqy
and
$89=y'Qoy
where
Q = ([1/(me)]T, @ I, @ T.) - ([1/(pme)]T, © Ty © I
and

Q = {(l/e)Ip ®IL ©J.) - {[1/(me)]Ip ®J ®J,}.
The random variable.

( F = [SSl/SSZ][P(m-l)/(P-})I
follows a noﬁcentral F distribution with ﬁ-l and p(m-1) degrees of
freedom. .

For balanced models, exact F tests fof many of the hypothesis of

interest can be constructed in a similar fashion. These ANOVA method

tests can be obtained by taking‘the chi-squared statistic divided by
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itg degrees of freedom that would be obtained if the covariance
matrix for theé data was known to be an identity matrix and dividing
by a mean square from an ANOVA table whose expectation equals the
expectation of the chi-square .statistic divided by its degrees of
freedom under the null hypothesis. When the data are bélanced this
mean square is‘the MINQUEO estimator of the éxpeétation of the chi-
squared statistic under the null hypbthesis (Seérle 1971, 1979).
However, there are many cases where éxact tests cannot be
constructed using the ANOVA method (Seifert }979). Exaét F tests
have been constructed for some of these situ;tions at the cost of
usiﬁg a subset.of the data (e.g. Khuri 1984;.Seifert 1979). The
subset methods involve taking.a linear transformation of the data’
partitioned in?é two subéets'of i;dependent random variables. Sums
of squares of the two subsets are taken to p;odqce two independent
" chi-square random variables fof’use in a F test. Thé tw; chi-square
‘raﬁdom variables can be written as quadratic fofms‘in the original
‘data. Except in caées where the ANOVA method produces an exaét F
test there is more than one possible set of linear tfansformations
that can be selected. Deﬁendiﬁg on which set of transformations are
used, different values of-ﬁhe:test statistic can be obtained. Where
there is a choice as to which set of transformations to use,
selection is made indépendently of the observed dependent variables.
The subset methods lack appeal in that two different experimenters .-

with the same data, model and hypotheses can arrive at different

conclusions using the same test procedure.
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In addition, approiimate F tests can be constructed using either
Satterthwaite’s (1941) or Meyers and Howe's (1971) procedure. As
with the ANOVA method ‘the approx1mate F tests are constructed. u51ng
the mean squares from an ANOVA table. They ‘differ from the ANOVA
method in that the numerator or fhe denbminator of the test statistic
ﬁay'¢ontain a linear fuﬁction of éhe mean squares.‘ The test

statistic 1is

-

f
= ( S c. MS )/( = c.MSi) (1.6)
i=1 i=k+1

*

where

F% is the fest statistic,

k is the number of.mean squares in the numerator,

f-k is the number of mean squares in the denominator,

i, i=1,..., f are known positive constants,

MS., i=1,...,f are mean squares from the ANOVA table and are
distributed independently as-'yi/mi times a chi-square random
variable with degrees of freédom.mi,

Vi i=1,...,f are ‘the expected‘values of MSi,

and the expected wvalue of the pume;ator is equal to the expected

value of the denominator when the null hypotﬁesis is true. As with

the_tést statistic from the ANOVA method, the nﬁmerator and
denominator are distributed indépendently of each other. 1In general
the test statistic does not have an F distribution because the
numerator and denominator are linear functions of chi-squared random
variables and are not themselves chi-square réndom variables. The

test statistic can be approximated by an F distribution.




9

Satterthwaite'su(¥941) approximation involves equating‘the first
twq moments of the numerator and denominator F* in (1.6)'With'two
independent dhiisquaré random variables times a .constant. The
formulas for the appfoximate degrees of freedom depehd on the unknown
7;'s. The degrees oflfreedom are then estimated using the Méi’s ig
place of the unknown 7v;'s.

Meyers and Howe's (1971) approximation involves equating the
approximate first moments of F* in (1.6) and its inverse with the
fifs£.moments of a F random variable and its inverse. The
.appréximaté fifst moments of F* and l/F* are obtaingé by means of a
Tayiér series expansion, The.firsf moment of a F.random;variable is
a function of the denominator degrees of free&om and the first moment
of thé inverse of a F ran&om'variable is a function of the numerator
‘.degree; of freedom. The formﬁlés fof the degrees of freedom depend
on the unknown first ﬁoments of the test statistié_and its inverse.

. A function 6f the MS;'s in the. denominator equal :to the expectation
of the test statistic and a funcfion of the MS;'s in the numerator
equal to the expectation of the inverse of the fest statistic are
found. The degrees of freedoms are then estimated using the_two
fﬁnctions of the MSi'é in place of the two unknown first moments.
Meyers and Howe's (1971) approximatioﬁ involves more'coﬁplex fbrmulas
than does Satterthwaite'g (1941) approximatioﬁ but, appears to yield

superior results (Davenport 1975; Mejers and Howe 1971).

Multivariate balanced data

When the ANOVA method or the subset methods produce an exact

test in the univariate case, then, as will be shown in chapter 2,




10

exact tests in the equivalent multivariate case can be constructed by
using the same matrices of the quadratic forms. Pavur (1987) gave
conditions under which'two-multi&ariate quadratic forms will bé
, distributed as independent central Wishart matrices. -Under a true’
null hypothesis, Pavur's conditions are satisfied in the multivariate
'model whenever they are satisfied in the eqﬁivalent univariate ﬁixed
model. The quadratic forms can, theréfore, be used in any of the
usual test statistics | Wi}k's Lambdé, Pillai’s tréce, Roy's maximum
root_teét,.or Lawley-Hotellings trace statistic] (Seber 1984).

Generalizations of the approximate tests can be constructed by
using the quadratic fprms‘bésed on the same matrices as those used in
the uni§ariate-approximate tests. Iﬁ‘a manner similar to
Sétterthwaite (1941), approxima;ions of the distribution of the test
stétistic‘can:be found b}-equating the first moments of the quadratic
forms to those of central Wishart matrices and gquéting a scalar
function bf.the second'momeﬁts of the quadratic forms to those of
central Wishart matrices. Tan.and Gupta (1983) approximated thé
distribution of a linear combination of independent central Wishart
matfices with positive coefficients by a ceptrai Wishart matrix.
Their approximation involved_equating'the first moment of the linear
combination of Wishart matrices with the first mément'of a Wishart
matrix ana'equating the determinant of the variance of the Vech of
?he linear combination of Wishart matricés with the determinént of
the variance of the Vech of a Wishart matrix.. The Vech operator is

described by Henderson and Searle (1979). They notédlfhat the .
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approximation could be used to produce approximate tests in balanced

multivariate mixed models.

,Unbalaﬁced data

Except in special cases; exact tests are not available for
. unbalanced data. Several differen£ approaches have been used to
address the problem of testing.fixed effects in the univariate
setting. 'Tke approaches include both exact and approximaté tests.
The exact methods either involve treating all the raﬁdom,effects,
gxcept the residual as fixed effects (elg. Thomsen 19?1; Wald 1941)
‘of using a subset approach (e.é. Khurivand Littell 1957). The
approximate ﬁethods.include trégting thelunknowh‘variances as known
(e.g. Henderson 1984; Hussein and Milliken 1978), performing the
analysis as if the data was balanced (e;g.nTietjenA1974), and
apfroximating the distribution ﬁsing a Satterthwaite type
approximation (é.g. Tan and Cheng 1984).
| "An exact test can sometimes be constructed by treating the
random effects as fixed effects and using the test as;ociated‘with
the cérresponding fixed effects model. 1In order for this approach to
work the hypothesis must only involve estimable functions of the
fixed effects in the corresponding fixed effects model. This |
approach was used by Wald (1941) and Thomsen (1975).

| Khuri and Littell (1985) developed an exact test for testing
main effects in an unbélénced two-way mixéd model by using a subset
approaéh similar to that used in balanced'mixgd models. The data was
transformed into twovindepenAentlgets of réndom variables. The first

set consisted of the cell means for each combination of the main

~
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effects. The second set consisted of the residuals obtained by

taking the difference between each of the observations and the

associated cell mean. Orthogonal contrasts were then taken of each

set. The orthogonal contrasts for the cell means were the usual ones
associated with the main effects and interactionl A final
transformation of the residuals was taken and the vector of
t?ansformed residuals was added to the vector of cont%asts‘associated
with the maiﬁ effects and interaqtidn toladjust for the.unequal
sample sizes. The vector of aaiustéd contrasts for main effects and
interaction was then used to produce sums of squares associated wiph
the main effects.and interactions. The sums of squares produced are

distributed as independent chi-équare random variables and can be

'used to produce exact F tests for the main effects. As with the

éubset;approaches used in balanced mixed models the resulting F test
depénds én the selection of ffansformations vhich are used. This-
procedure reduceé to the usual ANOVA procedure if the data are
balanced. The digtribution of the test statistic under the null
hypothesis dées not depend on which set of transformations was
chosen, assuming the selection is done independently of the data.
The resulting test statistics from both of the-exact procedures
are ratios‘of quadfatic forms in the original data. Usinglthe same

matrices of quadratic forms in the equivalent multivariate mixed

‘model exact multivariate tests can be obtained for testing main

effects in an unbalanced multivariate mixed model.
Approximate F tests can be obtained by treating the unknown.

variance components as known. The test procedure involves first
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obtaining estimates of the unknown variance components and treating

the estimated variance components as if they were: the true variance
components. The chi-square test statistic that would be.used if the
true variance components were equal to the estimated varianee
components ie calculated. An approximate critical value for this
test statistic is obtained Ey eSSﬁming tﬁat the true variance
componenfs were used. The procedure lacks appeal in that it does not
reduce to an exact test if the data are belanced and it is reasoneble
only if the estimated variance components are close to the true
variance components. This procedure was suggested by Hussein and
Milliken (1978) and Henderson (1984).

IAnother approach is to conduct the test as if the data are
belenced. An ANOVA table is coﬁstruéted from the data; In general,

with the data being unbalanced the sums of squares are no longer

~ distributed as independent chi-square random variables. By using the

"cofresponding sum of squares that would produce an exact F test if

the data were balanced an approximate F test can be constrﬁcted. An
approximate critical value is obtained by using the degrees of
freedom ffom the ANOVA table. If the data are balenced ehis
procedure produces an exact test. 'This procedure has the advantage

that it is ‘easier to implement than most of the other procedures and

" in certain cases appears to produce superior results (Tietjen 1974).

Another approach takes various linear functions of the sums of
squares to construct the numerator and denominator sums of squares
for an F test and then approx1mates the degrees of freedom using

‘Satterthwaite’s (1941) approx1mat10n (e.g. Tan and Cheng 1984). 1In
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multivariate mixed models Tan and Gupta’s (1983)Iépproximation of a
linear function of centfa1‘Wishért matrices can be used in place of
"Satté£thwaite}s (1941) approximation of a linear function of central
chi-square random variables. A‘proﬁlem With_using.Satterthwaite's.
(1941) approximation or ian and Guéta's (1983) approximation with
unb;lanced'data is that the approximations assumes that the quadratic
forms afe'independeht and ére distributed as either scalar multiples

~of chi-square random variables or Wishart random matrices. If the

data are unbalanced, these assumptions are often violated.

Objectives

The objectives of this study are to develop a test statistic
that can be used in unbalanced multivariate mixed models and to
examine the prdperties of the test statistic. _in particular, the

following will be obtained: an approximation- to the null

distribution, a proof that the p;éposed test is exact in the balanced

dése, and an approximation to thg power of the test under H,. In
addition, approximate'siﬁultaneous confidence intervals for the fixed
effects will‘be obtained. An example will be used to illustrate the
'teét procedurg. ‘A small Monte-Carlo study will be performed to

. determine the test size and to comparé‘the power of the test

‘procedure to an exact test.uéing a balanced subset of the data.
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CHAPTER 2
TEST PROCEDURE
Introduction

Unbalanced mixed models arise in many animal science
experiments. - In these experiments it is often of interest to test
hypotheses about the fixed effects. Except in certain special cases,
exact tests are not available in either uniyéri;te or multivariate
.uhbalanced'mixed models. Approximate tests procedures have been
developed for use in unbalanced mixed models, but eithef‘they apply
techniques developed for balanceq mixéd models or they treat unknown
Qariance components as known.

In this chapter I will describe a multivariate mixed model and
give a definition of a balanééd multivariate mixed model’. 'I will
présent a procedure for te;tiﬁg éertain hypotheses abouf the fixed
effects in.balanced multivariate mixed models. The tést procedure
for balanced multivariate mixed.médels will be developed by showing
that ‘the multivariate statistics analdgous to the ﬁnivariate F ratios
have the appropriate distributions. A geﬁeralizatioﬁ of the
multivafiate test for bélanced data will be developed for testing-
hypotheses about the fixed effects in a general multivariate miﬁed
model.’ For the generalized test; approximate nulliand non-null
distributions for the test statistics will be found by :extending

Satterthwaite’s (1941) results to multivariate quadratic forms.
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Simultaneous confiderice intervals for.thg fixed effects will also be

developed.
- Model

A multivariate mixed model can be written as follows:

r ]
Y=-Z=X.B; + % Z.U, (2.1)
R 51 3]
where
Y is an n by t matrix in which the kth column contains the kth3

dependent variable observed on the n individuals,
X; is an n by p; matrix relating the matrix of fixed effects B; to

the matrix of dependent variables Y,

B. is. a P by t matrix in which the kth column contains the ith fixed

effects for dependent variable k,
Z. is an bj.qj matrix relating the matrix of random effects U. to
the matrix of dependent variables Y,

and

U, isla'qj by t matrix in which the kth h

b column contains the jt

'random effects for dependent variable k.
The matrices of random effects are independently distributed as

: Vec(Uﬁ) ~'N(0,Vj ® Ij) where Ij i% qj/by qj identity ma?rix and V3 is

a t by t covariance matrix. Thus, the rows of Uj are independently

and idehtically distributed as N(O, Vj). The covariance matrices V.
are positivé semi-definite and V, is positive definite. The matrix
Z, is an n by n identity matrix. The Xi'and Zﬁ matrices can be less

than full column rank.




17
The hypothesis to be tested is represented as follows

H : AXB = 0 versus H,: AXB # 0

()
where A is an h by n matrix, X = | 50 ... I'Xr ], and B’ =
[ By f ... | B.' ]. This can be rewritten as

. Hy: CB=0 versus H;: CB#O .  (2.2)

where C = AX is an h by n matrix with rank m < h. To test this.
hypothesis a test statistic and critical value are needed. A
definition of balanced data will be given next along with a class of

"hypotheses for which exact tests do exist.
Balanced Data

Following Seifert (1979), a balanged mixed model will be defined
as a special'éase'of model (2.1), where thé Xi’sAand Z.'s have a

Kronecker structure.

Definition 2.1: A set of matrices Xl, v Xr’ Zl, R Zs are

said to have Kronecker structure if they can be written as’

' Xi = Gi(l) @ ..', ®Gi(a) for i = 1, « ey r
and
Zj = Gr+j(1) (2] . e @ Gr+j(a) for J = 1, «ese, S

where-Gk<f) = I or 1 of order S O is a known constant, 1 < f < a,

" and a is known. -

Univariate Tests

A univariate mixed model can be written as follows:

b + = Zou, C(2.3)
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wherg
Y is an n by 1 vector which contains the dependent variable observed
| -én the.n individuals,

X; is an n by p; matrix relating the vector of fixed effects b; to
the vector of the dependent variable 7y,

b; is a P; bx one vector containing the ith fixed effects,

_Zﬁ is an n by q; matrix relating the vectof of random gffects Pj to
the vector of thé dependeht variable Yy,

and -

h

u. is a qj by one vector containing the jt random effects.

J

The vectors of random effects are independently distributed as

u, ~ N(O;'Ijaﬁ) where I, is a q. by qj‘identity matrix and a? is the

J J J
variance of the jth random effects. The variances a§ are non-

2

ﬁega;ivg_and oq is positiVe.'

&odels (2.1) and (2;3) afe'said Ep be equivalent if fhe Xi’s and
Zj’s are the same iﬁ both models. The univariate hypothesis which is
equivalent to the multivariate hypothesis (2.2) is

Ho: Cb = Q versus Ha: Cb # 0 - (2.4)

where b’ = [ by’ | ... | b 1.
- When there is a single dependent variable, hypotheses can often
be tested using the ANOVA method. The ANOVA method involves taking a’

ratio of two quadratic forms. The numerator, or hypothesis quadratic

form, is obtained Ey taking the chi-squared random variable that

-would be used if the following was known to be true, ag = 1 and the
remainiﬁg a?'s = 0. The denominator, or error, quadratic form is the

MINQUEO estimator of the expectation of the hypothesis quadratié form
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“under the null hypothesis. Provided the hypothesis and error
quadratic forms are distributed as independent chi-squared random
variables the resulting test statistic has an F distribution. The
‘test statistic is
F=yQuw/yQy (2.5)

where QH and-QE are known matrices.

Mulpivariate Tests

Wheﬁ'hypqtﬁesis (2.4) éan‘be tested using thé tést statistic
(2.5) for the univariate model (2.3), then analogous tests can be
constructed for testing hypothesis (2.2) in the equivalent
mﬁltivariate model (?.1). The mqltivariate tests arg.found by
establishing that the Qy and Qp that produced independent chi-square
random vﬁriables in model (2.35 can ;lso be used to'pfoduce
,iﬁdebepdent Wishart random matrices in model (2.1).

Pavur (1987) showed that the conditions required for obt;ining
twovindependent éentral'Wishart random matfices are similar to those

required for obtaining two independent central chi-squared random

. variables. These results will be extended to the noncentral case,

~but first Theorem 2.1 will establish sufficient conditions for the
independence of - two multivériate quadratic forms. Theorem 2.1 Qill
be useful for establishing that two Wishart matrices are independent
and as. a framework for finding a quadratic form which is independept

of a given quadratic form.
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‘Theorem 2.1: Given Y in model (2.1), symmetric n by n matrices
Ql and Q of rank rl and r2 reépectively, and lejzj'Qz = 0 for
j;r+1,...,s, then Y”QlY and Y’QZY are independently distributed.
‘Proof: |

It willlbe useful to rewrite the quadratic forms Y'QiY for
"i=1,2. The matrices Ql and QZ can be written in diagonal form as
follows. |

Q; ~ B;D,P;’ | C(2.6)

where Pi'Pi =1

ri @nd D; is a ri'by ri nonsingular matrix.

Thé quadratic forms can now be written as follows
Y'Q;Y = Y'B,D.P, ‘Y.

The~qﬁadratic forms Y'QY and Y;QZY will be independent if it
can be established that‘Y'P1 and Y'P, are‘indepenagnt. That is, if
Vec(PI'Y) - (It ® Pl')Vec(Y) is independent of Vec(Pz’Y) =.

(It ® P2’)Vec(Y),'then Y’QlY is independent of Y'Q2Y. The matrices
-f'fl and Y'P, will be independent if the following holdg
(I, ® Pl')Var-[Vec(Y)](It ® Py) = 0. (2.7)

Condition (2.7) will be satisfied if

S
Z (T @ By') (V) @ 22, ) (I @ By) = 0
j=1
. S
- . - .zlvj ® P|'Z;Z;'P, -0
Jj=
| : 'Z.Z." - ;
| o = , VJ ® Py ZJZJ P, 0 for all J
1, , -1 .
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< Q ZﬁZﬁ'Qz = 0 for all j

QED.

In_Theorem.2.2, i£ will be shown that if in model (2.3) y'Qly
and'y'sz are iridependently distributed as noncentral chi-squared
" random variabies; theﬁ in model (2.1) Y’QlY and Y'Q2Y are )
'{ﬁdependently distributed as noncentral Wishart random matrices.

' Theprem 2.2 extends Pavur’'s (1987) results to handle noncentral
Wishart mattices. Using Theorem 2.2, if an exact'F tesf exists for

Ho: Cb

0 in model (2.3), then an exact test can be constructed for

Hd: CB'=0 in ﬁodel (2.1). Any of the usual test statistics f Wilk's

. Lambda, . Pillai’s trace, Roy’'s maximum root test or'Léwley-Hotelling's
trace statistic (Seber 1984)] can be used. A noncentral chi-squared
.éistribution with degrees_of freedom m and noncent£ality parameter ¢
._wili be denoted by x2(m,¢) (MéirheadAl982). A t dimensional

" noncentral Wishart distribution with degrees of freedom m, covariance

1

matrix @, and noncentrality matrix 0 ~® will be denoted by

V. (m,0,0718) (Muirhead 1982).

Théorem 2.2: If in model (2.3) y'Qy and y'Q,y are indepeﬁdently

2
i)

2 i —~ . 2 ! t 1=
y QJ'Y- @3X (mjf (1/“’j)b XQJXb) for j=1,2 ,

distributed, for all ¢ as

where mj'is the rank of Qj’ Qj is positive semidefinite,

wj is Positive, gnd’cij is tr(gjzizinj)/tr(Qj), ?hen in model (2.1)

Y”QlY and Y'Q,Y are independentlyfdistributed as
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. _1
YQ.Y ~ . . . ‘X'Q.XB) =
QJ 'Wt(mJ, 2 (QJ‘ )JB'X QJXB) for j=1,2

. J ’ ’
where
S
Q. =3 c,.V..
,'J i1 ij'i

"froof:
"~ From Theorem 2.1 Y'QY and Y'Q,Y will be distributed
ﬂiﬁdependeﬁtly, if_leiZi’Qz = 0 for all i. Independence of y’Qly‘end
¥Y'Qyy implies that Q1Var(y)Q2 = 0 for all a%. Expanding Vat(y)
‘yields: |
s
Q (= 2;2;'07)Q, = 0,
i=1
and .
2 Q1 i'§20§ = 0 for all a%.
i=1 .
This implies that QZ;Z;'Q, = 0 £or-all i." Therefore, Y'Q,Y and
Y'QZY are independently distributed.
| fhe matrix~Y’QjY will be disttibuted as a noncentral Wishart
iwith m degrees of freedom, covariance matrix Qj'
petaméter (Qj'l)B’X'QjXB;-if [Qj ® ﬂ'l]Var[Vec(Y')] is idempotent

and noncentrality

(Boik in press). The matrix QjVar(y)/wj is idempotent because
) y*ij/wj is a chi-squared random variable. This in turn implies that

ijer(y)Qj = Q.w,. Expanding w., and Var(j) yields

3“3 e Y
S S
3 Q.c. 2—EQZZ'Q.a?
i1 3 ij°1 AR B e 1

fer all a%.

Therefore, Qjcij and Q.ZiZ.'Q. must be equal. Using
~ this result, 1t will now be shown that [Q ® ﬂ ]Var[Vec(Y’)] is

idempotent, or equivalently that
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{%®%4pq%®%4wummwm%®%4Laﬁ)

Expénding Var(Vec(Y’)] in the right hand side of (2.8) yields

-1 e T -1 , -1
[Qj®nj JVar[Vec(Y')] [QJ®QJ ] "ifl[QjmJ ] [Zizi ®Vi] [Qj®ﬂj ]
S

-1 -1
= X .Z.Z.'Q. . .Q.
‘ i=1[QJlel QJ] ® [QJ_ VJQJ ]

-]_]

. |
: o -1

=% [Qici:] ® [0, lv.q,

, i=1[QJc1J] [y V50,

S 1
-3 Q, @ [, L, .v.q.
A B B S M v

_1]

s

- 0. -1 -

1

o -1
S Yy ey

QED.
Test Statistic

The Lawley-Hotelling test statistic used in the balanced case
can be generalizgd'for use in a general multivariate mixed model.
The Lawley-Hotelling test statistic consists of the trace‘of the
product of a hypothesis quadratic form and the inverse of an error
Quadratic form. Ignoring.a constant multiplier these quadratic forms
are distributed as independent.éentral'WiShart matrices ﬁith equal
expectafions when the null hypothesis is true.

The'proposgd test s;aﬁistic consists-of the trace of the product
of a hypothesié quadratic form and the inverse of an error quadratic

form. These quadratic'fofmé_will~be distributed independently with
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equai expectatioﬁs when the null hypothesis is:true. The null
'distribﬁtion will be approximated'by app%oximating the distribution
of the quadratic forms'by central Wishart distributions. The test
statistic can be Written as follows
| 12 e el (2.9)
‘where H is a hybothesis quadratic form in Y gnd E is an error
quadratic form in X,'bqth fo be‘defined later.
- The hypothesis quadrétic form will be the usual quadratic form
for testing the hypothésis AXB =0 in a multivariate mixed model |
|  Vee(Y) -~ ﬁnt( XB, I, ® I).
‘The matrix.H is defined as follows '
’ H = Y'Qy, (2.10)
where
Q = MyA' (AMyA) AN,
MX = X(X'X) X' is the éérpendicular projection operatbr onto the
column space of X, | ‘
AM. Y is the ordinary least squ;res estimator for AXB,
and
It ® (AﬂXAf) is the’ covariance matrix of AMXY‘if Vj = 0 for
j=r+l,...,s-1, and'vs'= it'
The matrix H can also be written as
| H = ﬁ'C‘[C(x'){)'c']'cﬁ . - (2.11)
. where

B = (X'X) X'Y is a least-squares estimator of B.

The expected value of H,‘under general Vj, is
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o s
E(H) = B'X'A'AXB + =

J er(2yZ;' Q) V5,

1
and when Ho.is true this reduces to

E(H[H  is true) = % £r (22 Qy)V; -
. j=1

The error quadratic form will be selected so that it is
distribﬁted‘indépeﬁdenfly of the hypothesistqdadfatic-form~and under
the.null hypothesis will have ?he'same expected value as the
hypéthesig quadratic form. Theorem 2.1 provides the necessary
-framework for guaranteeiﬁg that E is independent of H.

The matrix E is a,multivériate.MINQUEO type estimator‘of
'E(H1H° is true) and is defined és foliowé |

E-YQy, . (2.12)

where Qp is a symmetric matrix which satisfies the following

conditions:
(1) QgZ;Z;'MgA’ = 0 for j=1,...,s,
(2) X =0,

"(3) E(E) = E‘(H‘IHo is true),
and
(4) tr(Q%) is the minimum of'tr(Qz) fof all Q that satisfy the above

conditions.

Condition 1) guarantees the iﬁdependence of H and E by Theorem 2:1. .

Conditions 2),‘3); and 4) are the usual cbhditions for obtéining the
MINQUEO estimator of E(HIH° is true). The E matrix is the MINQUEO

estimator of E(HIH.0 is true) in the augmented model
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s

Y-wB +3 Z;0; (2.13)
j=r+l1 T
where
= [ X | ZyZ;'MgA' | ... | ZZ "MyA' ] is the augmenfed X matrix
and . ‘
BYr = [ B | B.,qy' | ... | B, ' ] is the augmented B matrix.

Conditions'l) and 2)'can be written as QEW'=0. Following Searle

(1979) and using model (2.13) QE can,bé written as

s
Qg —JZ rJ(I HW) .'(InfMW)’ (2.14)
where
T =[711 LI I ] 7'S.]'=I‘8r
§ = {tr(ZijIQH)},
o= (er g2y (T M 232 (T-M) T
and | '

My = W(W'W) W' is the perpendicular projection operator onto the

column space of. W.
MiNQUEb type estimafors of Vj, Vj, can be obtained by using ej in
place of &, where.ej is the jth

Distribution Under the Null
‘Hypothe51s ‘

To use the test statistic (2.9) to conduct a test, its
distribution under the null hypdthesis is needed. 1In general its

distribution will depend on the unknown covariance matrices. An

approximate null distribution will be ‘obtained using estimates of the

column of an n by n identity matrix.
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covariance matrices. The distributions of H and E under the null
hypothesis will be approximated by distributions of independent
éeﬁtral Wishart matrices, Wy and Wp having diséributiéns,
Wy ~ W (my, (1/m)@) and Wy ~ Wy (mg, (1/m5)a). o

The matrices H and E must be . positive definite or positive
"semidefinite with probabilitylclo;é to one in order for a Wishart
distribution to be a reasonable approgimation for the theif
distribution. ' Satterthwaite (1941) invdevelbping his_apprqximétion
'for‘the‘distribution of univariate quadratic forms also cautioned
against its use in céses where the quadratic form may be negative.
The H matrix will always be a positive semidefinite méﬁrix because Q
is a positive semidefinite matrix.. In general there is no guarantee
:that E will Be a positive semidefiﬁite'matrix. One'approach to
dealing with cases where E is not positive semihefiniée is to remove
enough traits from the énalysis~unti1 the.new E matrix is a positive
gemidefinite ﬁatrix. This apﬁroach will be taken here.

The d;stfibution for a genéral quadrétic form in'Y', Y’QY, can
be apﬁ£oximated by a cenfral Wishart distribution in several ways,
four of which will be examined here. The ith method involves equating
the first moment of Y'QY to the first momént‘of a central Wishart,
W&,.Having distributioﬁ

W, ~ W (ng, (1/m)Q).
The method; differ in which function of the second moments is used.

First Moment. Under the null hypothesis the expected valué of

QY is zero. . The expected value of Y'QY is
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s
E(Y'QYJHo is true) = 3

tr(Z.Z.' ..
Pt r( 525" QV;

s

‘The expected value of ﬁi is b. Equating E(Wi) to E(Y'QY) yields -

S . .
Q =.§ tr(Zj?j'Q)Vj. (2.15)

j=1

Theé E matrix was selected in such a way that its expected value was
~equal to the‘expected value of H under the null hypothesis. For Eoth
E ‘and ﬁ the covarignce matrix, 0, is equal to E(HIH; is trﬁe). The
MINQUEO type estimator of: @ is E.

Second Moment. fhe variance of Vec(Y’'QY) can be used to obtain
~ the degreeé of freedom to usé in the approximation. The'resglting
matrix is a t2 by £2 matrix, Eut only‘a‘scalar ﬁarameter.is needed.
Thereforé, a singlé valued function will be used to obtain an
approximate degrees of freedom. There are many possible functions

that could be used. Four different functions will be examined. They

are

fl(Var[Vec(YfQY)]) Var(tr(Y'QY)),

£, (Var[Vec(Y'QY)]) = Var(tr(¥'qua™l)),

£ (Var[Vec(Y'QY)]) ér{Var[Vec(Y'QY)]},

and

£, (Var [Vec(Y'Q¥) ]} tr{Vai[Vec(Y{QYn'l)]}.

The first function can be rewritten as follows

fliVar[Vec(Y’QY)]i Gar[tr(Y'QY)]
.

Var[ = (y;'Qy;)]

B £ § .
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"E]_COV(yi 'Qyi 1Yj 'Q}'J )

" where y; is the ith column of Y. From Searle (1971)

'Cov(yi'Qyi;yj'Qyj) can be rewritten as

Cov(y; "Q}'j_‘:Yj. 'Q}'J) tr[QCOV(yi:Yj ' )QCOV(Yj Y1)+

QCOV(}']'_ »YJ '.)’.QC'OV(YJ' ’)"i’ )]

Zt?[Q< : Y ak(l J))Q( : e ”f(l .

2 . . :th ' fo . .
whére Tk(1,3) 1s-the ij* element of Vi .Summlng over i and j and
bringing the summations over k and f to the outside yields

s s
fl{Var[Vec(Y Q) ]} = z 2tr(QZkZk QZeZ,' )tr(Vka)
k—l f=1 .
Applying the same function to W; yields
£, (Var[Vec(¥))]) = 2tr(0®)/m; .
- Equating fl(Var[Vec(Wl)]} t0»f1{Var[Vec(Y'QY)]} and solving for my

yields

' 2
m = tr(Q ). ! . (2.16)
s .. .8 .
> = tr(QZkZk QZeZ;! )tr(Vka)
k=1 £=1 -
In a similar fashlon an estimate for the degrées-of freedom can
‘be obtained from the second function by noting that the second
function involves a linear transformation of the t dependént

variables. Applying (2.16) to the transformed dependent variables.

- yields

my = . e ' . (2.17)
S
b z tr(QZka szzf Ytr (V" vfn
k=1 f=1
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The third function can be rewritten as follows

£4(Var[Vec(Y'QY)]). = tr{Var[Vee(Y'QY)])
B

X % Var(y:;'Qy.).

i=1 j=1 t

From Searle (1971), Var(yi'Qyj) can be rewritten as

Var(y;'Qy;) = tr[QCov(y;,y;')QCov(y; 50+

. tr[QCOV(Yi,Yi')QCOV(Yj,Yj')]

S s
. 2 2°
tr[Q( = ‘opeq 19)Q E ZeZotoR o )] +
N T C I PR 22 £(1,)

S S
2 2
ctr{Q( 2 "0 es 1)) Z ZeZolo% s 2y)]
_ k=1Zka kff{;) fq B £ TEGLD)

Summing over i and j and bringing the summations over k and f to the
outside yields

. s s .
f3(Var[Vec(Y'QD)]) = T 3 tr(QZ2% 'QZeZ¢' )

‘ k=1 f=1 ‘
[tr(VVp) + tr (V) tr(vp)].
‘Applying the same function to Wy yields

£4(Var[Vec(Wy) ]} = [tr(@®)+tr(2)?]/m,.

Equéting f3{Var[Vec(W3)]} to f3{Var[Vec(¥’QY)]} and solving for mq

yields
my = [tr(02)+tr(0)2]/( ; ; tr(QZ Z, 'QZeZe" )
. " k=1 f£=1
[tx(vkvf) +‘tr(Vk)tr(Vf)]}. (2.18)

In a similar fashion an estimate for the'degrees of freedom can
~ be obtained from the fourth function by noting that the fourth

function involves a linear transformation of the t dependent
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variables. Applying (2.18) ;o‘thg transforméd dependent variables
lyields » '
) "8 s :
m, = (t+ /(% = €r(Qz, 2, 'QZpZs' ) »
k=1 f=1 '
[tr(V aVe0) + tr(vknjtr(vfﬂ)]}. (2.19)
As was noted earlier the‘true values of Q2 and the Vi 's are

unknown and must be estimated to oﬁtain critical values. 'To obtain a
,critical value, the MINQUEO type estimates of the covariance matrices
‘will be used.  That is, E.will be substitﬁted‘for Q and Gk for Vk'
Thé fest statistic will have an approximatg Lawley-Hotelling
generalized T distribution Qitﬂ degreés of freedom obéained-by
substituting QH'in for Q for tﬂe numerator degrees of freedom and
substituting Qg in for Q for the denominagor degrees of freedom and
muitiplying the test:statiStip;by fhe numerator degrees of freedom.
Cleérly; if the test statistipltimes the numerator degrees of freedom
doés have a Lawl%y-Hotelliﬁg generalized T distribution, then the
four methods will all yield ;he same degreeé of freedqm and their
values will‘not depend on what positive definite matrices are
selected for Q and Vies aséuming thé’value of  is coﬁsistent with the

- selection of the Vk’s.

Distribution under the Alternative
- Hypothesis : '

Under the alternative hypothesis, the assumption that QHXB =0
" can no longer be made. The distribution of H will be approximated by
‘a’noncentral Wishart matrix, Wy, having distribution

Wy ~ Ve (my, (1m0, mya '),




32

The distribution for a general quadratic form in Y, Y'QY, can be
approximated by a noncentral Wishart &istribution in several %ays,
four of which will be examined here. As in the central case, each
'.method involves equating the first moment of Y'QY to the first moment
of a noncentral Wishart matrix; Wi, having distribution |

W - W (mg, (1/m)Q, m0 le)

with the additional assumption that the saﬁe Q is used fpf both the
hypothesis and error:quadfatic‘fqrms. As in the central ca;é, the -
ﬁéthgds aiffe? in thch functiéﬁ of the second'moments is uséd.

First Moment.‘ Under the alternative hypothesis the exfected
' value ofiQY is QXB.' Tﬁe expécted'valﬁe of Y'QY is

S
E(Y'QY) = =

J tr(Z;Z;'Q)V; + B X'QXB.

1
-The,expected value ﬁi is @ + &. Equating E(Wi) to E(Y'QY) apd using
(2.15) yields o
s

Q=13
j=1

tr(Z.Z.'Q)V.
x( 525 Q i
and
& - B'X'QXB.
Second Moment. The same four functions will be examined to.
obtain an‘approxiﬁate degrees of freedom for the hypothesis quadratic

form. The first function can be rewritten as follows

£y (Var[Vec(Y'QY) ]} -

Varftr(Y'QY)]

‘ s
Var[ = (yi'Qyi)]
i=1 .
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s s
=ifl’jflcov(yi'qyi:Yj'QYj).
From Searlé (1971, Cov(y;-L'Qyi,yj'Qyj) can be reW‘rittfen as
CoV(YiiQyi:Yj'Qyj) = 2tr[QCov(yi,y5')QCov(yj,yi()] +
' ni}QCOV§yj,yi')an +
pi’QCov(yj;yj')Qni +
uj'QCOV(yi,yi’)an +

”j. 'QCOV(yi :}’j ! )QI‘]_

B s 5
) 8 2 .2
= 2tr[Q( = "oy s sN)QU S ZoZo'0%, . o)) +
Bt ST C O DL <5 S D
s g 12
#i QU E BB, 5)) Qg
S 2 .
B'QCE A %y, 5)) e
. B S 2
py'QE BT, 1) Wy +

S
' L ' 2
B Q(kflzkzk Tk(i,§)) Wi

th

Where p; is the i~ column of the expected value of Y. Suﬁming over

1 and j and bringing the sums over k and f to the outside yields

s s -
1 (Var(Vee(Y'QUD) = 3 2 2er (@ Qe Y Er(MIE) +

S

T 2tr(B'X'Q%,Z, 'QXB)tr(V,) +
k=1

S
b 2tr(B'x'szzkaXBVk).
=1 _
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Applying the same function to‘W1 yields

fl{Var[Vec(Wi)]} = [2tr(02) + 2tr(®)tr(Q) + 2tr(0§)]/ml.
Equating fl{Var[Vec(Wl)]} to fl{Var[Vec(¥’QY)]} and solving for my
yields
m) = [tr(@®) + tr(®)tr(a) + tr(n@)j/

s s

,[kzl filtr(QZka'QZfo’)tr(Vkvﬁ) +

s :
Z tr(B'X'QZ, 7, 'QXB) tr (V) +
k=1

. 8 . .
= tr(B'X’'QZ,Z, 'QXBY,)]. _ " (2.20)
k=1

In a similar féshion an estimate-for the degrees of freedom can
vbe ébtéined frbm,the secon& function by noting the second function
involves a linear transformation of £ﬂe t dependent variables.
Apﬁlying (2.20) to the transformed dependent variables yields
my = [ t+ t-tr(.m-l) + tr(@ﬂ"l)]/ .

.. : .

[T 3 er(Qz2, 'z e (v tval) +
k=1 £=1 : .

s )
b tr(B'x'szZk'QXBn'l)tr(VkO"l) +
C k=1 : -

5 cr(B'X'Qz 7, 'axBa v o). (2.21)
k=1 - . ’

The third function can be rewritten as follows
f4(Var[Vec(Y'QY)]} = tr{Var[Vec(Y'QY)])

- s s

‘é > = Var(yi'Qyj).
i=1 j=1
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From Searle (1971), Var(yi'Qyj) can be rewritten as
‘Var(yi'Q}'j ),’ = tr[QCOV(Yi:Yj ')QCOV(yi,Yj 1+
tr[QCOV(_Yi 'Yy )QCOV(Yj Y5 1+
ﬂi'QCOV(Ystj')QFi +
Fj'QCOV(yi:yif)Qﬂj +

21‘]'_ ! QCOV(YJ' Y3 ! )QI‘J

L. S S
2 2
= tr{Q( =- Yo i s\)QU S ZoZo'o%, s (\)] +
. tr[Q( ; Zkzklalzc(i i))Q( ; ZfZ£'U%(. .))] +
k=1 - £=1 Js]
> 2
”i'Q(kflszk'ak(j,j))Q“i +
s 2
”j'Q(ﬁflzkzk'”k(i,i>)QFj +

L
! L 2
2431QCE BB, 3) Wy

Summing over i and j and bringing the summations for k and f to the
outside yields
" s 's_
f3{Var[Vee(Y'QV)]) = = 3 tr(QZ 2 'QZ;Zs' )
: k=1 f=1 _
[tr(VVp) + tr(V)tr(Vp)] + ‘ .

S
Z 2tr(B'X'QZ Z) 'QXB) tr(Vy) +
k=1 . ' .

. R
S 2tr(B'X'QZ Z 'QXBY, ).
k=1

Applying the same function to Wy yields
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£5(Var[Vec(W3)1) = [tr(0®) + tr(@)? + 2tr(®)cr(a) + 2tr (20)] /m,
Equating £5{Var[Vec(W;)]) to £,(Var[Vec(Y'QY)]) and solving for my
yielés -
m3 = [er(0?) .+ tr(@? + 2er(®)cr(@) + 2tr(an)]/
‘ s s
5 B e

[er(VVe) + tr(V)er(Ve)] +

s
Z 2tr(B'X'QZ 7, 'QXB) tr (V) +
=1 .

S .
= 2tr(B'X}QZka'QXBVk)]. ‘ , (2.22)
k=1 - ' - '

In a similar fashion, an estimate of the degrees of freedom can
be obtained from the fourth function by noting that the fouxth
function involves a linear transformation of the t dependent

variables. Applying (2.22) to the transformed dependent variables

yields
m, = [t +t2 4 2t-tr(§n'1),+ 2tr(§n'1j]/
S S ‘ '
‘e letr(qzkzk'QZfzf')‘
[er(va vty 4 £r(ﬁkn’1)tr(vfn‘1)] +
s o .
kilztr(n'x'qzkzk'qxnn'l)tr(vkn‘l) +
s : | |
% 2tr(B'X'Qz %, 'Qxa tya7l)). (2.23)

k=1
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Distribution when Q has Rank 1

When testing a hypothesi; where C has rank one, the resulting Qy
will also have'rank one. Theorem 2.3 will establish that-the matrix
Y'QY wili have an exact. Wishart disfribution, with a single degree of
freedom, whenever the rank of Q is equal to oﬁe. Ffom Theorem 2.3
the matrix. H will have an exact Wishart distributioh with a single
degree of freédom. Furthermore, the degrees 6f freedom for the
'ﬁUmeratof of the fest statistic, resulting from the approximations,
will also be one. |

Theorem 2.3: If a positive semidefinite matrix Q has rank one,
then in model (2.1) Y'QY is distributed as

Y'QY ~ W (1, oL, @ L)Bxqxe)

where

S
3 Q = 2 c.V

" Proof:

1

If [Q ® @ "]Var[Vec(Y')] is idempotent then Y'QY will be

1

distributed as W _(1, Q- (ﬂ'ljB’XVQXB) (Boik in press). The

idempotency condition is equivalent to [Q ® al

1

] =
[Q ® 0'1]Var[Vec(Y')][Q ® 2°7], because Var[Vec(Y’')] is positive
definite. Expanding Var[Vec(Y')] yields

s

1Q ® o lvar[Vec(¥)]Qe al]-2 [Qe a
- i=1

Nizyz; e villQe 0l

_1]

s ) .
- % [Qz;2,'q] @ lgaty. (2.24)

1=
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The matrix Q can be written as qq' where q is n by one matrix,
- because Q has rank one. The matrix QZiZi'Q can be written as

Qz;Z;'Q = 99'Z;Z;'qq’

qatr(q'Z;Z;'q)q’

qq'tr(qq’'Z;Z;")

It

Qtr(Qz;Z; )
= Qc;. (2.25)

Subétituting (2.25) into (2.24) yields

.
[Q ® 87 Var[Vec(¥')][Q @ a'l]- 2 Q @ (e e v.at)
_ . i=1 .
S
-Qe 1t s oy, D L
i=]1
~-qeal.

QED.

Simultaneous Confidence Intervals

Building confidence intervals for linear functions of the fixed
effects is dloéély tied t; testing hypotheses about linear functions
of the fixed effects. Associated with test statistit (2.9) is a'set
”of 51multaneous confidence intervals for linear functions of the form
A'Vec(CB) The confidence intervals will be found by maximiziné a
écaled function of A’Vec(CB) over all A. In constructing the o
confldence intervals it will be assumed that ‘the approx1mat10ns for
‘the null dlstrlbttlon of the test statistic are reasonable and that E
is positive def1n1te. | | |

The scaled function of A’Vec(CB) to be maximized is

6(B) = [A'Vec(CB)]z/{A'[E ® C(X'X)'C']A}l (2.26)
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.if E® C(X'X)"¢C Waé positive definite it would be a simple matter to
maximize (2.26). However, the rank of C (i.e., m) may be less ‘than
the number of rows in C (i.e., hs. It will be cbn?enient to
decdﬁpoSe C as o ¢
C = PR (2.27)
where | “
B is an h by m‘matrii such that P'P = I
.and - ] _ .
- R is én m by p matrix of_rank m.
Substituting (2.27) into .E ® C(X'X) C’ yields E ® PR(X'X) R'P'.
Expanding E ® PR(X'X) R'P’ yields |
E® CfX'X);C' = (Ie® P)Ee R(XfX)’R'](I é P'). (2.28)
Because C = AX, C(X’k)'c% hés fhe same rank as C and therefore
R(X’X)-R' is a positivé definite’matrix. Substituting (2.27) into
Véc(CB) yiélds.Vec(fRB5. Expaﬁding Vec(PRB) yields '
| | Vec(CB) = (I @ P)Vec(RB). (2.29)
Substituting (2.27) and- (2.28) into (2.26) yields
6(B) = [A"'Vec(RB)]2/(2*' [E ® R(X'X) R’ ]AY)  (2.30)
where A* = (I ® P')X. The matrix E @‘R(X'X)fR' is positive definite,
because E and R(X'X) R’ are'poéitive definite. From the Cauchy-
: Scﬁwarz‘inéquality, thé function 4(B) will be maximized over all \*
at A¥ = [E® R(XfX)'R’]'1Vec(RB) with a maxiﬁum value'of
max[§(B)] = Vec(RB)'[E ® R(X'X) R'] Vec(RB) (2.31)
(Seber 1984). This will be the maximum over all A, if a ) can be
Afound such that (I® P')Xx=[E ®'RkX’X)'R']'1Véc(RB). Because P was

selected such that P'P = I,
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A= (IeP)[EeRXY R ec(rn)
will maximize §(B) over all‘A. The maximum value of #(B) can be‘
~ written as |
max[6(B)] = Vec(RB)'[E'! ® [R(X'X) R'] !)Vec(rB).
Simplifying tﬁis yields
‘max[§(B)] = Vec(RB)'Vec({[R(X'X) R’'] 1RB(E™1))
Since Vec(A)'Vec(B) = tr(A’B) the méximum'value of 0(3) can bé
'-writteh gg. | |
| nax[0(B)] - tr(B'R’ [RX'X) "R’ ] 'RB(E"L)).

-1

Because P[R(X'X) R'] "P’ is a generalized inverse for C(X'X)-C', the

maximum value of §(B) becomes

1

max[ﬂ(B)] = tr{B'C'[C(X'X) C'] CBE ™} (2.32)

which is the proposed test statistic for testing H: CB‘= 0, if B was

substituted in place of B.

Simultaneous confidence intervals for A’B can be constfucted by
-'substituting (ﬁ --B) fof B in (#.26): Making this sgbstitutidn '
 yields |

0(£-B) =.{A'Vec[C(ﬁ-B)]]z/{A'[E‘® C(X'X)"C’']x}. (2.335
‘Because (2.32) is the maxiﬁum'value of 8(B) tﬁis implies that

| 0(E-B) < tr{(ﬁ-B)'C'[C(X’X)’C’]'C(ﬁ-p)}. C(2.34)
The right hand side of (2.34) will be distributed the same as the

2

null distribution of T“. Let Tza be the 100(1l-a) percentile of the

null distribution of T2. From (2.34) and the distribution of the

right hand side of  (2.34) the folléwing.result is obtained
2

Prob[§(B-B) < T,

: VAl =1la. (2.35)




41
Assuming E is positive definite and bringing the denominator of

(B-B). to the right hand side of the inequality yields
' 2

Probu'Vec[C(ﬁ-B')]2 <T° M[E® C(X'X) C']A: V A} = 1-a.
._Bringing-Vec(CB) to #hé'right hand side yields the follqwing‘IOO(l-a)
simultaneous confidence interval for A’'Vec(CB)
LB £ A'Véc(CB) S UB

where LB.is the lower bound of the confidence interval and is equal
to

LB = x'Vec(cﬁ) - (Tzax'[E ® C(X'X) C']A)"
and.UB is.the upper bound of the confidence inferval and is equal to

UB = A'Vec(CB) + (Tzax'{E'®'C(X’X)'C']A}%.

As with the proposed test statistic the reasonableness of the

. simultaneous confidence intervals depend on how closely the null

distributions of H and E follow a ceﬁtral Wisha¥t distribution and on

E being positive definite.

Examélg

Data collected on 37 célves born to mature Herefqrd.COWS in 1977
will be used fo illustrate an hypothesis tést of'fixed effects in an
unbalanced multivariate mixed.model. The data are presented in Table
1.: In this experiment Angué (A) aﬁd Simmental (S) bulis were mated
to mature Hereford cows. Weaning wéight and yeérling weight were
recorded as measures of the calves’ performance along with the
calves’ birth date, sire and sex. A complete description of the
experiment, from which this,gubset of data was taken, can be found in
Lawlor et al. (1954). Tﬁent§ one of the éalves were sired by 9'Angus

bulls and the remaining 16 of the calves were sired by 10 ‘Simmental
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bulls. The model for the dependent variables, weaning weight and
yearling weight is

3 2

/Y =% X.B; + 3 Z,U,, (2.36)
i=1 © " j=1J 3]

where

Y is a 37 by 2 matrix where the first column consists of the 37
weaning weights in pounds and the second column consists of the
37 yearling wéights in péunds, A

Xy is a 37 by 2 matrix consisting of ones and zeros with a one in the
first column if calf was sired by an Angus bull and a one in the
second column if the calf was sired by a Simmentalibuli,

B, is a 2 By 2‘matrix of breed effects,

. .X2 is a 37 by 2‘matrix consisting of ones and zeros with a ane in the

fi;st‘qolumn'if the calf is 5 female.(F) and a one in the secénd

column if the calf is a male (M), |

' B, is a 2 by 2 matrix of sex gffects,

Xy is a 37 by 1 matrix contaiﬁing the day of the year that the calf
was'born, | |

By 1s a 1 by 2 matrix containing the regression coefficients for

- birth date,
Z, is a 37 by 19 matrix of ones and zeros in which the ith'column
contains a one if the calf was sired by the ith sire,

Ul'is a 19 by 2 matrix containing the sire effects,

Z, is a 37 by 37 identity matrix,




Table 1. Weaning Weight and Yearling Weight Data fdr-Angusiand ‘

Simmental Sired Calves.
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Weaning  Yearling Sex of. Sire Sire Birth

Weight Weight Calf Breed ID Date -
540 1056 M A 6216 081
430 0728 F A 6216 110
375 0614 F A 6217 096
550 1062 M A 6217 072
475 0954 M A - 6219 - 074
485 0758 F A 6219 075
540 1034 M A 6220 081
. 465 - 0766 F A- 16220 102
485 1022 M- A 6221 082
510 0751 F A 6222 068
475 0687 F A 6222 092
475 1102 M A 6223 072
470 1044 M- A 6223 082
465 0706 F A 6223 082
540 1026 M A 6223 070
470. 1046 ‘M A 6223 094
410 0660 F A 6224 - 071
475 - 1028 M A 6224 093
. 465 0696 F A 6224 077
. 530 0815 'F ‘A 6229 075
445 0665 F A 6229 100
480 0766 F S 0003 079
475 0752 F S 0006 090
540 0772 F S 0006 093
435 0725 F- S 0008 091
540 1160 M S 0008 089
415 1095 M S 14 076
490 1058 M S 14 077
305 0709 F S 15 110
495 1046 M S SM39 095
470 - 0776 F S 0048 110
430 . 0930 M S . 0048 096
475 1030 M S 0048 091
- 470 1020 M S 1004 096
- 490 0990 M S 1004 116
360 0569 F S 8603 117
440 F S 8607 091

0670
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and’
_U2=is a,37 by 2 matrix of residuals.
The null hypétheéis to be tested is that the breed of the siré:
has ‘no éffect on' either the wganiﬁg ﬁeight or the yearling weight of
‘calves: The hypothesis quadratic form was constructed using equation

" (2.11) as follows

>
I

282.95 503.66
283.92 527.78
271.74 358.84

295.14 672.61

-1.03 . -1.73

C=(1-1000)

CB = (-.97 -24.12 )

H= |- 6.8 170.3

170.3 4236.5

¢

A
It should be noted that B is not unique, because B is not estimable.

However, CB is unique, because CB is estimable. The error quadratic

fdrm was constructed from equation (2.12) and yielded

E = | 1805.2 1430.0

.1430.0 2760.0

Substituting H and E into the test statistic (2i9) yielded.

% = 2.4441.
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To determine if tﬁese differences are statistically significant
approximate p-values are needed. These ﬁ-?alues along Wiﬁh‘th;
approximate degrees of freedom are presented in Table 2. Based on
this data set it cannot be concluded that the breed of the sire has
an effect An either the weaning‘weight or yearling weight of their

calves,

Table 2. Approximate Degrees of Freedom and P-values.

. Degrees of Freedom

Formula : Hypothesis Error p-value
2.16 1 : 14.558 .3485
2.17 1 ’ 14.802 .3476
2.18 1 © 14,615 . 3483
2.19 ' 1 14.838 3474

Balanged Déta_

When the data are balanced it can be shown that the proposéd
test is equivalent to the Lawley-Hotelling test statistic for
multivariate balanced data. The only diffg;ence between the proposed
test and the test for balanced data is that the proposed tégt uses a
MINQUEO type estimator for Q while the balanced data test uses the
ordinary MINQUEO estimator fof 1. Therefore, th; tests will ‘be the
.same if if can Be shown that the'MINQUEO‘type estimator for Q@ is the
ordinary MINQUEO estimator for Q Qhen the data are balanced.

The difference between the MINQUEO type estimator and the

ordinary MINQUEO éstimator is that the MINQUEO type estimator has the

condition that QW = 0 while the ordinary MINQUEO estimator has the
condition that QX = 0. If it can be shown that the column space of W
is thg same as the columh space of X, then the estimators and,

therefore, the tests are equivalent. Theorem 2.4 will show that the
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co;umn space of W and the column space of X are the same when the
data are balanced and therefore provide the necessary fréﬁewérk for
showing that for balanced data the MINQUEO type estimatof and the
ordinary MINQUEQO estimator are equivalent.

Theorem 2.4: If the ma;rices Xl, v Xr, Zl’ ces Zs have
Kronecker structure (Definition 2.1); then the column space of W and
the column space of X are the same.

Proof:

The matrix W can be partitioned as [Wb | Wy P W] where
WO = X and WE = Zij'MXA{ The column space of x is contained in the
column space of W because ¥ = X The column spgcenof'w will be
contained in the column space of X if the column sp&ce of Wﬁ, for

j=1,...,s is contained in the column space of X. This will be true

if Zij’X is contained in the column spacé of X. This will be true

if Zij'Xi, for i =1,...,r, is contained in the column space of Xi.
The matrix leZj'Xi can be'written as
’ = . A °
[Grr+j(1) ® ... ® g'r+j(a)1.

[65(1) @ -+ ® 614yl
a

"2 g (10 v (100 Ci(0 )+

The matrix ZEZﬁ'Xi will be contained in the column space of X, if
Gf+j(k)G'r+j(k)Gi(k) is contained4ip the polumn space of Gi(k)’ for

k=1,...,a. There are two possible values for Gi(k)’ I and 1.

If Gi(k) is equal to I, then Gr+j(k)G’r+j(k)Fi(k) is equal to
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’ Gi(k)Gr+j(k)G'r+j(k)Gi(k) and is therefore, in the colump space of
Sigo- o
1f Gi(k) is equel_to 1, the? the value of Gr+j(k) must be
éonsidgred, which also must be égual to I or li If Gf+j(k) is equal
to I, then Gr+j(k)G'r+j(k)Gi(k) is equal to Gi(k) and is therefore,
in. the cqlumn spéce 6f Gi(k)' If both Gr+j(k) and Gi(k) are equal to

1, then G

therefore, in the column space of Gi(k)‘ Therefore,

Grfj(k)G'r+j(k)Gi(k) is in the column spéce of Qi(k)' Therefore, W
is in the column space of X.

QED.
Conclusion

- The test developed: in thiS‘chapter provides an approximate
procedure for fésting fixéd‘effects in an.unbalanced multivariate
mixed model. 'Wﬁen the.data ére balanced the proposed test is exact.
Several differeﬁt approximations to both the null and non-null
distributions of the test gtatistic were developed. 1In addifion, an
example provided an illustration of hoﬁ the test is implemented.
Simultaneous confidence interyals based on the test statistic were

also constructed. In the next chapter, a Monte-Carlo study is

conducted in order to examine the accuracy of the approximation.
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CHAPTER 3
MONTE-CARLO STUDY

In the lasf chapter,'an approximate test was developea for
testing hypotheses about fixéd effects in a multivariate mixed model
.for unbalanced data. Four approximations to the null distribution of
the .test statistics were uged to obtain critical valﬁes; An exact
test can also be constructed fof testing'the same hypotheses. The
exact test is constructed by sélecging a balanced sﬁbspt of the full
data set. Two questions that‘arise are what are the t?ue sizes of
the appro%imate tests and how does the power of the appréximate test
éomparg to an exact test. A Monté-Cgrlo study was gonducted to

answer these questions.
Data Set

Model

To select a reasonable model for use in the simulation, data
from research comparing differeﬁt breeds of cattle were used. A
éomplete description of this experiment can be found in Lawlor et al.
(1984). From this data set a subset of the data was selected. This
subset contained the 76 calves.born to mature Hereford cows in 1977.
As in the examﬁle from the last chapter, weaning weight and yearling
weight were recorded as measures of the calf's performance along with

the calf’s birth date, sire and sex. The data on the 37 calves sired
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by Angus and Simmental bulls are presented in Table 1. The data on
the remaining 39.ca1ve§ sired by Polled Hereford (PH), Hormed
'Hereford (HH), and 1/2 Simmentdl-1/2 Hereford (SH) buils are
- presented in Table 3. The number of sires in each of the sire breeds
ranged from a minimum of four for the Horned Heref9rd to a maximum of
10 for the Angus.  The number of calves produced by a‘par£icu1ar sire
ranged from a minimum of one to a maximum of five with an average of
just over two calves per sire.- |
' The model for the dependent variables, weaning weight and

yeérling weight, is that of (2l36) with the addition of effects for

the three additional sire breeds and is presented below

3 2
Y=3%X.B, + 2 Z.U. . (3.1)
im0t g1

‘where

Y is a 76 by 2 matrix where the first column consists of the 76
'weaning weiéhts in pounds and the,gecond column consists of the
76 yearling weights in pounds,. |

X, is a 76 by 5 métrix consisting of ones and zeros with a one in the
first, secoﬁd, third, fourth’or fifth éolumn if éalf was sired
by an Angus, Simmental, Polled Hereford, Horned Hereford, or 1/2
Simmental-1/2 Hereford bull respectively,

B1 is a 5 by 2 matrix of breed effgcts,

X, is a 76 by 2 matrix consisting of ones and zeros with a one in the
first column if the calf is a female (F) and a one in the second
col;mn if the calf is a male (M),

- By, is a 2 by 2 matrix of sex effects,
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Table 3. Weaning Weight and Yearling Weight Data for Polled
Hereford, Horned Hereford, and 1/2 Simmental-1/2 Hereford
Sired Calves. ,

Weaning Yearling Sex of . Sire Sire Birth
Weight Weight Calf Breed ID: Date
440 0940 M PH 9501 083
570 1134 M PH 9501 084
450 0965 M- PH . 9501 078
480 1012 M PH 9503 092
470 0710 F PH 9503 107
470 | 0747 F PH 9503 073
505 . 1014 "M PH 9504 082
-450 . 0920 M PH 9504 109
415 " 0645 F PH 9505 088
" 425 0990 M PH 9505 105
415 0982 M PH 9505 106
380 0586 F - PH 9506 104
510 0750 F PH 9507 072
375 0621 F PH 9507 082
495 0968 - M HH 954 097
340 0948 M HH 954 093
405 0629 F HH 963 108
355 0909 M HH 963 097
425 0595 F HH 9001 090
445 1030 M HH 9002 076
580 1146 M HH 9002 087
545 0978 M SH 840 081
540 1066 M SH 840 090
475 1050 M SH 842 078
430 0715 F SH 842 083
370 0605 F SH 842 113
415 0629 F SH 843 114
" 425 0660 F SH 843 104
415 0650 F SH 843 096
400 0607 F SH 844 086
490 0738 - F SH 846 098
505 1024 M SH 846 098
405 0684 F SH 847 095
460 0701 F SH 847 102
390 - 0698 F SH 848 076
390 0568 F SH 848 084
- 490 0710 F SH 925 082
405 0651 F SH 925 103
425 0992 M SH 925 117
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X5 is a 76 by 1 matrix containing the day of the year th;t the calf
was born, ' |
By is a 1 by 2 matrix containing the regression coefficients for
birth date,
Z, is a 76 by 37 matrix éf ones and zéros in thch the 1%h column

contains a one if the calf was sired by the ith

sire,
U; is a 37 by 2 matrix containing the sire effects,

. Zy) is a 76 by 76 identity matrix,

and

U, is a 76 by 2 matrix of residuals.

Hypothesis Test

Two typesldf hypotheses that are of interest when comparing a
group of fixed effects are an omnibus hypo#heéis'and a paired
comparison hypothesis. An omnibus null hypothesis for the breed
effects wquld be that all five breeds have the sémé effect on weaning
weight and yearling weight. The C matrix for testing this hypothesis
, co,. is’

Co = [I5 - (1/5)d5 | Og 5 ] (3.2)
where op,q is a p by q matrix of zeroes. A paired compariéon null
hypothesis for breed effects would be that the Angus and Simmental

breeds had the. same effect on weaning weight and yearling weight.

The C matrix for testing this hypothesis, C_, is

c’
C.=[1-1000000]. _ (3.2)
The two hypotheses, Ho: COB = 0 and Ho: CCB = 0 where B' =
[ B ' | By’ | By’ ], were tested using the proposed test statistic

(2.9) and an exact test. The. exact test was constructed by using
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only the data on the firgt calf from each sire in the data set and
usiﬁg'the Lawley-Hotelling test statistic. The p-values and
- associated degrees of freedom of the tests are presented in Table 4,

‘The test comparing all five breeds produced a T2

2

of 2.9912 using the
proposed test and a T“ of 3.3879 using the exact test. The p-values
for both the approximate and exact tests were well above .05. The

2 of

tests comparing the Angus and Simmental breeds produced a T
2.4461 using the proposed test and ; T2 of 5.6983 using the exact
tesé. While the p-valqe for the proposed test was well aboye'.OS,
the exact test did produce a p-value of .0822, slightly above .05.
It should be ﬁoted that the exact test would produce different

results depending on which subset of the data was selected. 1In

addition the exact test used less than half the available data.

Iable 4. Degrees of Freedom and p-values for the Full Data Set.

. Formula Degrees of Freedom
Hypothesis. or Test Hypothesis Error p-value

Five Breed

2.16 3.999° 23.477 .2378

2.17 3.998 23.644 L2372

2.18 4,000 23.513 .2376

2.19 3.999 23.672 L2371

Exact 4 30 .1545

Two Breed

’ 2.16 1 28.730 .3220
2.17 1 29.258 .3225

2.18 1 28.825 .3219

2.19 1 29.314 .3215

Exact 1 30 .0822

Covariance Matrices

To select a reasonable covariance structure for the simulation,
estimated covariance matrices based on the data in Tables 1 and 3,

will be used. One method of estimating covariance matrices in
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multivariate mixed models is Restricted Maximum Likelihood (REML)
(Schaeffer et al. 1978). Eétimation.by REML guarantees that the
estimated covariance matrices wiil be positive definite or positive
§emidefiﬁite and therefore useful in the simulation. The estimated

covariance matrices are

_ 105 80
V. = .
1 80 91
and
2147 1727.
1727 3062

where Vl is the estimated covériance matrix associlated with the sire
'effects and V2 is the eétimated'covariance matrix associated with the
fesiduals. The estimated covariance matrices indicate that the
random effect associated with sire accounts for 6n1y a small portion
of the total variation, five peréent for weaning weight and three
percent for yearling weight. The small portion of the total
variation being accounted for would indicate that a considerable
amount of information could be lost by not using information on all
the calves produced by a sire. The estimated covariance matrices
also indicate that weaning weight and yearling weight are positively -

" correlated, .82 for the sire random effect and .67 for the residual.
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Simulation

Model

The model'(3.1).used.in analyzing the full data set above will
be used in the simulation. The two hypotheses Hj: C,B = 0 versus
Ha: Coﬁ # 0 and H;: C.B = 0 versus H,: C.B # 0 will be tested. The
: hypothesis-of no breed diffefences will allow a comparison of how the
differentitest procedures-perférm when testing a multiple degree of
freedom hypothesis. The hyfdthesis of no difference between the
Angus bulls and the Simmentai sulls will allow a comparison of how
the_test procedurés perform when tgsting a hypothesis invoiving a
single degree of freédom.

Seven fixed effect structures were simulated. All fixed effects
not associated with the breed effects were set to zero. All breed
effects were set to zéro except for the'effect of the Angus breed on
weaning weight. The effect of the Angus breed oﬁ weaning weight was

set at either 0, 5, 10, 15, 35, 70, or 105 pounds.

Covariance Matrices

Three sets of covariance matrices were used to examine the
effect that the covariénce_matrices have on both the size and the
' poWgr,of the test procedures. The three covariance structures that
were-simulated'ranged»fram two independently'distributed traits wifh
identical covariaﬁce structuré to two highlyAcbrrelated traits and
'afe preﬁented in Table 5. -

Covariance matrices representing an intermediate covariance

structure were obtained by using the REML estimates V; and V,.
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Table 5. Three Sets of Covariance Matrices.

Covariance Random Effects
Structure Sire Residual
Independence 98 0 ' 2604.5 0
. 0 98 . 0 2604.5
REML 105 80 2147 1727
80 91 1727 3062
Highly 106 96 1962 2426

Correlated 96 90 2426 3247

v'Covariance matrices representing two independently distributed trai;s
'wére oﬂtained by replacing tﬁe REML estimates by diagonal covariance
matrices with the.average of the two diagonal elements from the’REML
estimates,blaced on the diagonal.of their respective covariance
matfices. Covariance matfices representing highly correiated traits
were obtained by taking the singular value decomposition of the RﬁML
- estimates and replacing the matrix of.eigen values with a matrix
where the ratio of the largest to smgllest eigen vaiue was ten times
as large as the original ratio. In all three of the covariance
structures, the traces of the two covariance matrices were held
constant. Holding the trace constant resulted in the random effect
of sire accounting for about four percent of the total variation in
ail three covariance structures. The three covarianéé stfuétures
along with the seven different effect sizes produced the 21 designs

which were used in the simulation study.

Test Procedures
'Five test procedures for each of the 21 designs were considered.
All tests were conducted with a nominal test size of .05. The four

approximate test procedures used the test statistic (2.9) and
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differed only in whether they used (2.16), (2.17), (2.18) or (2.19)
to approximate the degrees of freedom. In computing E_l, a Cholesky
decomposition of E was taken. If any of the diagonal elements was
found to be very smali, zero, or negative,‘then the éorreéponding
rows and columns were removed from both E and H. If E was a negative
definite matrix, then the test statistic was set to zero. The fifth
fest is an exact test and uses only a subset of the data. The subset
was obtained by taking the first calf in the data set’produced by
each of the 37 sires. 'By-taking only one-calf from each sire, the
random effect forlsire can be combined with the residual and an exact
Lawle&-Hotelling test can then be madé on each hypothesis. The other
alternative tests were not coﬁsidered, becausé they eitﬁer were not
applicable (e.g. Khuri and Litfell 1987; Thomsen 1975; Wald 1941),
rgquired éood estimates of the variance components (e.g. Henderson
1984; Hussein and Milliken 1978), or based on procedures developed
fqr balanced dafé (e.g. Taq and Gupta 1983; Tietjen 1974). P-values
were calculated for each of the five tests using McKeon's (1974) F
approximation of the Lawley-Hotelling trace statistic’s cumulative

distribution function.

Simulation Trial

The number of runs for this study was set at 10,000 so that if
the true proportion was .05 then the standard error of the estimated
proportion would be .0022. With 10,000-runé, the maximum standard
error of the proportion would be fOOS and this would occur when the
true pr;portion,Was .5. The réndom effects for each of -the trials

were obtained by transforming normally distributed variates generated
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using Wichmann and Hill's (1982) uniform (0, 1) random number
generator and the Box-Mullef-polar transformation (Marsaélia 1962).

For each of the 21 designs, two separate sets of 10,006 runs
were generated. In the first set of 10,000 runs the full data set
was simulated and the four approximate tests were cérfied out on each
of the simulated data sets for a given design. In the second set of
10,000 runs only the subset of £hé data used in calculating the exact
test was simulated and the exact test was carried'out on each of the
simulated data sets for a given design. In addition, tﬁe number of
times that the error covariance matrix was found noé to be positive

definite was recorded for each set of 10,000 runs.

Approximate Power Curves:

"Four approximations of the power curves of the‘teét statistic
(2.9) were considered. The approxima?e power was caléﬁlated for each
of the designs where the effect sizZe was not zero. The
approximations differed in’whéther they usgd (2.19), (2.20), (2.21)
or (2.22) to approximate the degregé of freedom. The aéproximate
power calculations were'carried éut in two steps. In the first step,
approximate critical values were obtained for the three covariance
structures. The covariance'matrices were used in (2.16), (2.17),
(2218) or (2.19) to obtain the approximate degrées of'freedom. The
aéproximate'degrees of freedoms»were then used in Fujikoshi’s (1973)
approximation of the distributionvof'Lawley;Hotelling trace statistic
to obtain approximate critical values. In tﬁe sécond steﬁ, the
critical valués based on (2.16), (2.17), (2.18) or (2.19) were used

along with the noncentrality matrix, and covariance matrices to




58

obtain the approximate power using degrees of freedom obtained from
(2.19), (2.20),_(2.21) or (2.22), respectively. Fujikoshi'§ (1973)
apbroximétion was then used to.obtaiﬁ the approximate éower of the
test. | |

-Power curves were also calculated for the exact test. As with
the approximate test the power calculations were carried out in two
steps. In the first step, the critical value was obtained using the
degrees of freedom of thé test statistic; In the second,step; the
critical value was used along with the noncentrality matrix and the

degrees of freedom to obtain the power of the test.

Results and Discussion

The results of the simulation are presented in Tables 6 and 7.
The approximate standard errors for the test sizes are about .002.
There were no cases when E was not.poéitive definite. The
approximate size and power for.thé'proposed test along with the size
éﬁd_power of the exact test gré presented ianables 8 and 9.

The results for test size are all encouraging in that none were
farther than .003 from the nominal test size‘of .05. The test'size
results shguld be viewed Witﬁ some caution in that tﬁese results
apply to a specific design.

The four approximaté test procedures gave similar power curves,
indicating that there is little reason to select one method éver the
ofher for this partiéular design. The power curves for the exact
test were considerably lower than the power curves for the

approximate tests. The poor performance of the exact test may be due
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Table 6. Estimated Size and Power of Approximate and Exact Tests of

the Hypothesis of No Breed.Differences.

Covariance Difference in Approximate Tests Exact
.Structure Weaning Weight (1b) 2.16. 2.17 2.18 2.19 Test
Independence .
' 0 .051 .052 .052 .052 .048
> .054 .055 .055 .056  .052
10 .058 .058 .059 .059 .056
15 .073 .074 .074 .075 .059
35 .268 .270 .270 .272  ,131
70 .874 874 .874 .875 @ .478
105 .998 .998 .998 .998  .867
REML
0 .050 .050 .051 .051 .050
5 .051 .051 .051 .052 .051
10 .078 .079 '.078 .079  .066
15 .120 .119 .120 .120 .084
35 .580 .581 .582 .583  .265
70 .999 .999 .999 .999  .872
105 ' 1.000 1.000 1.000 1.000 .999
Highly _ '
Correlated 0 .048 .048 .048 .048 .050
5 .108 .109 108 .109. .076
10 .349 348 349 . .349  .1l64
15 .735 .733 .735 .735 .374
35 1.000 1.000 1.000 1.000 .994
70 1.000 1.000 1.000 1.000 1.000
105 1.000 1.000 1.000 1.000 1.000
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Table 7. Estimated Size and Power of Approximate and Exact Tests of

- the Hypothesis of No Breed Differences Between Angus and

_Simmental,
Covariance Difference in Approximate Tests Exact
Structure Weaning Weight (1b) 2.16 2.17 2.18 2.19 Test
Independence . -
0 .050 .051 .050 .051 .051
5 .054 .,055 .054 .055 .057
10 .071 .072 .071 .072 .056
15 .096 .096 .096 .096 .070
35 .328 .331 .330 .331 .173
70 .900 .901 .900 .902 .570
105 .999 .999 .999 .999 .909
REML .
’ 0 .049  ,049 .049 .049 .047
5 .057 .057 .057 .057 .058
10 .096 .097 .096 .097 .074
15 .159 .160 .159 .1ls61 .099
35 .663 664 ..664 .665 .337
70 .999 .,999 .,999 999 .905
105 1.000 1.000 1.000 1.000 .999
Highly
Correlated’ 0 .053 .053 .053 .053 .054
5 44 (144 144 (144 .084
10 434,433 433 434 .222
15 : .788 .787 .788 .787 459
35 1.000 1.000 1.000 1.000 .995
70 : 1.000 1.000 1.000 1.000 1.000
105 1.000 1.000 1.000 1.000 1.000
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Table 8. Approximate Size and Power of Approximate Tests and Size
and Power of Exact Tests of the Hypothe51s of No Breed
Differences.

Covariance Difference in Approx1mat10n Exact

Structure Weaning Weight (1b) 2.19 2.20 2.21 2.22 Test

Independence

0 .050 .050 .050 .050 .050
5 .053 .053 .053 .053 .051
10 .062 .062 .062 .062 .055
15 .078 .078 .079 .079 .062
35 .264 .264 .265 .265 .132
70 .869 .869 .869 .869 .482
105 1.000 1.000 1.000 1.000 .877
REML - :
0 .050 .050 .050 .050 .050
.5 .057 .056 .057 .057 .053
10 .078 .078 .078 .078 .062
15 .122 121 .122 .121 .079
35 .588 .585 .588 .586 .266
70 1.000 1.000 1.000 1.000 .872
105 1.000 1.000 1.000 1.000 1.000
Highly ‘ .
Correlated 0 .050 .050 .050 .050 .050
5 .105 .102 .105 .103 .074
10 .351 .336 .351 .338 .168
15 .733  .715 .733 716 .369
35 1.000 1.000 1.000 1.000 1.000
70 1,000 1.000 1.000 1.000 1.000
1.000 1.000 1.000 1.000 1.000

105
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and Power of Exact Tests of the Hypothesis of No Breed
Differences Between Angus and Simmental.

Covariance Difference in - _Approximation Exact
Structure Weaning Weight (1b) 2.19 2.20 2.21 2.22 Test
Independence
0 .050 .050 .050 .050 .050
5 .055 .055 .055 .055 .052
10 .070 .070 .070 .070 .059
15 .097 .097 .097 .097 .071
35 .339 .339 .339 .339 174
70 .900 .900 .900 .900 .569
105 1.000 1.000 1.000 1.000 .908
REML ;
' 0 .050 .050 .050 .050 .050
5. .061 .061 .061 .061 .050
10 .096 .096 .096 .096 .070
15 .160 .160 .160 .160 .097
35, .660 .661 .660 .661 .343
70 1.000 1.000 1.000 1.000 .905
105 1.000 1.000 1.000 1.000 1.000
-Highly )
Correlated - .0 .050 .,050 .050 .050 .050
‘ 5 .137  .137 .137 .136 .089
10 431 431 .431 L4311 .224
15 .788 .787 .788 787 456
35 1.000 1.000 1.000 1.000 1.000
70 1.000 1.000 1.000 1.000 1.000
105 1.000 1.000 1.000 1.000 1.000
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to the amouﬁt of information that was lost to obtain an exact fest.
If the variabili;y between sirés is large compared to the vafiability
betweeﬁ calves of thé same éire, theﬁ the difference between using
information on all the calves ‘froﬁ a sire and using information from
. just one calf from each sire should be small.

The estimated power curves obtained from the simulation agreed
well with the approximaté powef éurves.' The differenée between the
‘estiﬁated powef and the approximate power was never greater than
.iOZQ. There was also strong agreeﬁenf between the different
approximationsl_ The difference between the four different
approximations wég never greater than .018.

As ;he correlation increased, the power of each of the test
procedures also incre;sed. This was to be expected; because the
difference between the breeds was in a single-t&ai; and is reflected
in-the noncentrality parametér'(Table 10). The noncéntrality
barametéf‘is the nonzero eigen value of the noncentrality matrix
'dividedlby its degrees of freedom. The tests associated with
~comparing ‘just the Angus and Simmental sire breeds produced more
powerful tegté'thanithose which compared all five sire breeds. This
was a1so‘to be expécted, because a large component of the difference
between the breeds was présént‘in the Angus versus Simmental
contrast.

At least for the conditions studied, the approximate tests are
clearly superior to the ékact test which uses only a subset of the
data. There are cases when the approximate tests may not do as well

and a more.thorough study is needed to determine under what
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Table 10. Noncentrality Parameters of Approximate and Exact Tests.
Covariance Difference in All Breeds Two Breeds
Structure Weaning Weight Approximate Exact Approximate Exact

Independence :
0 0.00 0.00 0.00 0.00
5 0.03. 0.01 0.07 0.03
10 0.12 0.05. 0.29 0.13
15 0.27 0.11 0.65 0.30
35 1.45 0.61 . 3.55 1.61
70 5.80 2,45 14,21 6.43
105 ' 13.05 5.51 31.97 14.47
REML
: 0 0.00 0.00 0.00 0.00
5 0.07 0.03 0.16 0.07
10 0.26 0.11 0.64 0.29
15 0.59 0.25 1.45 0.65
35 3.23 1.36 7.90 3.57
70 12.90 5.44 31.60 14.28
105 ©29.03 12.23 71.11 32.14
Highly , : :
Correlated : 0 0.00 0.00 0.00 0.00
5 0.47 . 0.21 1.16 0.55
10 1.89 0.83 .'“ 4.65 2.19
15 4.26 1.88 *10.46 4.93
35 o 23.19 10.21 56.97 26.82
70 92.77 40.84 227.87 107.29

105 - 208.74 91.89 512.71 241 .41
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conditions the approximate test is appropriate.. The approximate
power ‘curves were very close to the estimated power curves from the
‘simulation. In addition, the question of what ﬁethod of
approximation is sﬁperior reﬁains opén.

Fof'some designs these approximate prbcedureé are not expected
to work as well. A design where approximate procedures may not work
well is a balanced three-way univariate mixed model’with all the main
effects and interactions are random except for one main effect which
is fixed. A Monte~Caflo study conducted by Hudéon and Krutchkoff

(1968) found that when using an approximate F test based on

Satterthawiate’s (1941) approximation, over seven percent of the test

statistics were negative in one case and the test size -in this case
was less than two percent when the nominal test size was five

percent.
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' CHAPTER 4
SUMMARY AND CONCLUSIONS

The objectives of this study were to develop a test statistic
that can be used in unbalanced'multivériate mixed models and to
"examine the properties of the statistic. In particular, the
following were obfained:ian approximation to the nﬁil distribution, a
proof that the propésed test is exact in the balanced case,.and an
;pproximation éo the power of the tést under H,. Iﬁ addition,
approximate simultaﬁeous confidence intgrvals for the fixéd,effects
were obtained. |

ﬁxcept in special cases, exact tests are not available for
testing hypotheses About‘fixed gffects in unbalahced’mixed models. A
variety of appfoaéhes have been taken to address the ﬁroblem of
testing fixed effects in unbalénced mixed models. Whén exact tests
have been developed, they are either for a restricted class of
hypotheses (e.g. Thomsen 1971, Wald 1941) or use-only a subset of the
available inférmation (e.g. Khuri and Littell 1987). The approximate
methods ﬁhat have been developed either treat the unknown variances
asnknown (e.g. Henderson 1984, Hussein and Milliken 1978) or apply
techniques developed for balanced mixed models (e.g. Tan and Gupta
1§84; Teitjen‘1974). '

A generalization of the Lawley-Hotelling trace statistic was

developed for use in testing fixed effects in a general multivariate
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mixed model. The Lawley-Hotelling trace statistic is the trace of
the product of a hypothesis quadratic'form and the inverse of an
e?ror quadratic form, Ignoriﬁg a constant multipliér, the two

quadratic forms are assumed to be distributed as independent Wishart

‘matrices with equal expectation under the null hypothesis. The

proposed test statistic differs from the Lawley-Hotelling trace
s;atistic by a constant multiplier and in general the quadrétic forms
are not distributed as Wishart mafricés.

The hypothesis quadratic form (H) used in the proposed test
statistic is the usual quadratic form for testing the null hypothesis
when the covariance matrix for the Qector of dependent Qariables is
known to be an identity matrix. The error quadratié form (E) used in
the proposed test statistic is a MINQUEO type estimatgr of the
expectation of the hypothesis quadratic form under the null
hypothesis. The MINQUEO type estimator differs from the usual
MINQUEO estimator in that a restriction is added to guarantee the
independence of the two quadratic forms.

To‘use the proposed test sfatistic, its distribution under the
null hypothesis is needed. In general, its distribution will depend
on.the unknown covariance matrices. The distributions of the two
quadratic forms, H aﬁd E, wefe approximated by the distributions of
two iﬁdependent Wishart matrices, Wy and Wg.

The distribution of the quadratic forms under the null
hypothesis was approximated by central Wishart matrices by equating
the first moments of H and E to the first moments of WH and WE'

respectively and equating scalar functions of the second moments of H
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and E to the same scalar functions of the second moments of Wy and
Wg, respectively. Four different scalar functions were considered.
The resulting approximations differed only in the degrees of freedom.
The approximations differ from previous methods in that the
assumption that the quadratic fo?ms are linear functions of either
independent chi-square random variables (Meyers and Howe, 1971;
Satterthwaite:194l) or independent Wishart matrices (Tan and Gupta
1983) is dropped. In general, the degfees of freedom resulting from
the approximations depend on the unknown covariance matrices. To
obtain a critical value, the MINQUEO type estimators of the unknown
covariance matrices are used in place of the unknown covariance
matrices.

To answer questions about the power qf the test statistic, its
" distribution under the alternative hypothesis is needed. The
distribution of E is the same under both fhe null and alternative
hypotheses. The distribﬁtion_of H, on the other hand, changes under
the alternative hypothesis. The distribqtion of H was approximated
by the distriﬁution of W,, a noncentral Wisharf matrix. As in the
central case, the first moments of‘H and Wy were equatéd as were
scalar functions of the second moments of H and Wy. As in the
‘central case, the approximations differed only in the resulting
degrees of freedom.

The proposed test statistic differs from the test statistics
that have Beeﬁ previously suggested in that the quadratic forms are
- based Boch on the full data set and the quadratics forms are

independently distributed. The approximations to the distributions
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of H and E differs from the approximations that have been available

.in that the quadratic forms no longer have to be linear functions of

independent Wishart mgtrices. The approximations of the
distributions of H aﬁd E by Wishart distributions are reasonable only
if H and E are positive definite‘or positive'semidefinite.a large
perceqfage of the time. |

Approximate simultaneous confidence intervals for linear

functions of the fixed effect were developed. The confidence

_intervals were based on the proposed test statistic and the

approximation of the null distribution of the test statistic.

It was shown that the proposed test statistic reduces to the
usual Lawley-Hotelling test statistic when the data are balanced.
The equivalence of the two tests was shown by noting’that thé only
diffgrence between the proposea test statistic and the Lawley-
Hotelling test statistic was tﬁat the proposed test statistic uses a
MINQUEO type estimator and the Lawley-Hotelling test statistic uses
the usuai MINQUEO estimator. It was shown that the MINQUEO type
estimator and.the us;al MINQUEO estimator are equivalent when’the
data are balanced.

| To examine the accuracy of the approximations.of the
distribution of the test statistic a Monte-Carlo study was carried
out. The model used in the simulation was based on a set of data
from research comparing different breeds of c;ttle. The data
consi;ted'of the weaniﬁg weight and yearling weight of 76 calves born
to métﬁre Hereford cows in i977,‘along'with the calves birth date,"

sire, and sex. The dependent variables in the model were the weaning
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weight and the yearling weight of the calf. ..The fixed effects in the
modgl were the breed of thé sire of the calf, the sex of the calf,
and the birth date of thé calf. The random gffects were the sire of
the palf and a residual. ‘ |

The simula?ion study employed three different covariance
structures and sevén different effect sizes of the fixed effects.
The two hypotheses which were tested were 1) did the breed of sire
have ény efféct on the dependent variables and 2) was there any
difference bet&een the Angus and Simmental bulls. Five test
procedures were éompared. The test érocedures included.the proposed
test with its p-value calculated using the four approximations and an
éxact test based on:a subset of the data. Becausé-there was no
. ‘guarantee that the préposed error quadratié formlwould be positive
definité, the nﬁmber_of times that the error quédratic form was not
positive definite was also reéorded. In addition tb the estimated
power and test sizes from the simulation, the power and test sizé of
the proposed tests were calculated using the approximations of the
distribution of the test statistic.. |

The results of the simulatidn were all very encouraging.‘ The
sizes of the approximate tesf.were all within .003 of the nominal
test size of .05. The estimated power of the approximate tests were
all within .020 of the power predicted from the aﬁproxima;ion of the
distribution of the test sta?istic. There was very iittle difference
in either the estimated power curves or in the appfoﬁimate power
curvest ﬁaéed on these results; there seems to be little reason to

prefer one of the approximations over the other.
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When comparing the proposed tests to the exact test, the

resulting power curve of the exapt test was consistently be}ow those
of the apprbximate tests. This diffgrence in power between the exact
test éﬁd the approximate test may not have held if the variability
associated with the sire of the calf constituted a larger portion of
the total‘yariation. In additioﬁ, these results apply to a
particulaf model and may not hoid‘in other situations.

| The-propésed test statistic is cléafly superior to an exact te;t
-based on a subset of the data, at least for thé condition§ studied.
There are cases where the approximate test will not do as well and a
more through stu&y is needed to determine when the approximate test
is aﬁpropriéte. The proposed test statistic offers advantages over
'approxiﬁafe tests that have‘Been évailable, in:that it tékes into
.éccount the unbalanéedness of the data. While‘tﬂe proposed test was
developed for muléiva:iate mixed models, it can also be applied to
univariate mixed models by noting that univariaté mixed models are

just a special case of multivariate mixed models.
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