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ABSTRACT

The modeling of the inpsiral and subsequent gravitational wave emission from
black hole binary systems has been a long outstanding problem in astrophysics and
relativity. Astrophysical models predict that most binaries will have low orbital
eccentricity by the time the gravitational wave emission enters the detection band of
ground based detectors, and significant success has been made by restricting attention
to the this limit, where the binary’s orbit is approximately circular. However,
exotic formation channels in globular clusters and galactic nuclei predict a small,
but non-negligible, fraction of systems will enter the detection band of ground-based
detectors with significant orbital eccentricity. In this thesis, we present new methods
of modeling eccentric binaries under the influence of gravitational wave emission,
focusing on two regimes: (i) the early inspiral of highly eccentric binaries, and (ii)
the late inspiral of generic eccentric binaries.
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INTRODUCTION

There has never been a more exciting era for gravitational wave (GW)
astrophysics. The advanced Laser Interferometer Gravitational Wave Observatory
(aLIGO) [85] has made the first detection of GWs [19], and along with the
advanced VIRGO detector [21], presented us with a new window through which
to observe the universe. These detectors will be joined in the coming years by
the KAGRA detector in Japan in 2018 [157], and the LIGO India detector in
2019 [158]. These instruments have already discovered the existence of black holes
(BHs) with masses not previously observed [10,16,17,19], restricted the event rates
of binary BH mergers [12, 12, 15], placed constraints on modifications to General
Relativity [13,18,181], and confirmed the hypothesis connecting kilonovae with binary
neutron star (NS) mergers [9,72,122,149]. In future observing runs, the aLIGO and
aVIRGO detectors are expected to become more sensitive, increasing their ability to
detect fainter signals and amplifying the scientific impact of these missions.

Thus far, the sources detected by ground-based interferometers have been
the late inpsiral and coalescence of binary systems comprised of compact objects,
specifically NSs and BHs. Over the past several decades, the following primary
picture of such binaries has emerged: by the time the orbit has shrunk enough that
the GWs emitted are in the sensitivity band of detectors, the binary will necessarily
have extremely small orbital eccentricity (e < 0.1). This is expected because
the quadrupolar nature of GWs makes them extremely efficient at circularizing
binaries that form with large orbital separations, such as the Hulse-Taylor pulsar [91].

Further, the aLIGO detectors currently cannot measure eccentricities below e ~



0.1 [54,90, 145].

In more recent years, however, this view has been challenged. Studies of dense
stellar environments, such as globular clusters and galactic nuclei, have shown that
more exotic formation channels could lead to a population of binaries with non-
negligible eccentricity (e > 0.1) that emit GWs in the sensitivity band of ground-based
detectors [23-25, 96, 99, 120, 126, 141, 161]. Close encounters between two compact
objects on unbound orbits could lead to dynamical captures, either through GW
emission or tidal friction, which could have eccentricities close to unity [99, 126].
Similarly, close encounters between multiple objects could form hierarchical triple
systems which, through Kozai-Lidov oscillations and other three-body resonances [23—
25,96, 120, 120,141,161, can drive the inner binary to high eccentricity.

Currently, ground-based detectors are registering ~ 3 — 5 events per year,
while plausible estimates of the event rates of the inspiral of compact object
binaries predict ~ 10 — 12 events per year in the very near future [5, 12, 14].
Based on our current knowledge of the formation channels of eccentric compact
binaries [23,24,26,96,100,121,126,141,162|, we might expect that one or two of these
events will enter the LIGO band with non-negligible orbital eccentricity. Although
expected to be rare [5], eccentric binaries could prove to be powerful probes of
astrophysical dynamics. Event rates of eccentric inspirals due to dynamical captures
have wide error bars, typically around two orders of magnitude [126]. Such large
error is primarily due to the unconstrained populations of compact objects within
dense environments [5]. Likewise, the tightening of binaries due to three-body
interactions in galactic nuclei are similarly uncertain [113]. Hence, the detection
of GWs from eccentric inspirals would provide information about the mass function
of black holes (BHs) and neutron stars (NSs) in these environments, allowing us

to probe astrophysics that has proven difficult to extract from electromagnetic



observations [125,136,144,182].

Another promising area of interest for eccentric binaries is testing Einstein’s
theory of General Relativity (GR). For highly eccentric binaries, the distance of closest
approach can be small relative to the semi-major axis of the orbit, leading to systems
with pericenter velocities greater than 10% the speed of light. At such high velocities,
the GW luminosity in the inspiral phase will typically be ~ (107% — 1073) Ly,, where
Ly, is the Planck luminosity. For comparison, a BH-BH, quasi-circular binary emits
radiation at < 107°L;, during the early phase of inspiral, increasing rapidly close to
merger and eventually reaching ~ 1072Lp, only at merger. As such, the GWs from
eccentric binaries could capture effects from the extreme gravity regime (i.e. where
gravity is dynamical, strong and non-linear) during many pericenter passages [108].

What is the best way to detect such events? The most efficient method, assuming
stationary and Gaussian noise, is matched filtering [4,6,7,22, 53,74, 159], provided
one knows accurately the shape of the expected signal. In this search strategy, a set
of theoretical models or templates are used to fit the data and extract the parameters
of the model. To construct such templates, precise knowledge of the dynamics of the
system generating the GWs is required. Inaccuracies in the templates can potentially
throw off detection or systematically bias the recovered parameters [77,138,172,176].
Currently, most matched-filtering searches use non-eccentric template families, which
could miss non-eccentric signals altogether if the orbital eccentricity exceeds 0.05 [88,
89].

One potential solution is to construct eccentric template families. Numerical
templates, calculated for example through the numerical solution to the post-
Newtonian equations of motion, are computationally expensive and can be affected
by numerical error in long evolutions. Analytic templates are, in principle, more

computationally efficient and provide deeper insight into the physical processes that
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control GW emission, but their construction is mathematically difficult. Post-circular
templates, valid in the small eccentricity limit, were developed in [173] and improved
in [88,118,148,150,151], but by construction they are only valid for small eccentricity
binaries.

For highly eccentric binaries, the GW emission resembles a set of discrete
bursts somewhat localized in time and frequency. These bursts are centered around
pericenter passage, where the orbital velocity is highest and where the binary spends
the least amount of time, and thus very little GW power is contained within each
individual burst. This issue alone makes matched filtering a rather impractical search
strategy for such GWs, but it is further compounded by the fact that there are
few, fully-analytic and accurate templates for highly eccentric binaries with which to
perform matched filtering computationally efficiently [87, 88].

A promising, though sub-optimal, method of detecting GWs from highly elliptic
binaries that relies less on accurate templates is power stacking [146]. If a set of
N bursts is found within a detector’s data stream, the power can be added within
each burst, with the amplification® of the signal-to-noise ratio (SNR) scaling as N'/4
(assuming all bursts have the same SNR.) Adding up the bursts in a sequence is
crucial because any one burst will likely be very weak (SNRs of 1-2), unless the
elliptical binary is absurdly close to Earth. Power stacking, however, only works if
one has prior knowledge of where the bursts will occur in time-frequency space.

Such a burst model was developed in [108] for tracking the bursts in time-
frequency space. In general, a burst model is one that treats the bursts as N-
dimensional objects in the detector’s data stream and tracks the geometric centroid

and volume of the bursts from one to the next as the binary inspirals. To do this, [108]

!The scaling with N is a result of the stacking of power rather than amplitude as done in matched
filtering.
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considered Keplerian orbits perturbed by quadrupolar gravitational radiation. We
will refer to this model as Newtonian in the sense that it is obtained from a
fully relativistic model expanded to lowest, non-vanishing order about small orbital
velocities and weak gravitational fields. The benefit of working in such a simplified
scenario was that it allowed for the exploration of whether such burst signals could
be used to test well-motivated deviations from GR with eccentric signals as a proof-
of-concept.

The ultimate goal, of course, is to create a model that is as accurate as possible
relative to the signals present in nature. The modeling of the coalescence of compact
objects in full GR is an exceedingly difficult problem, which has only been solved
numerically (predominantly for quasicircular binaries) in the past several years.
For eccentric binaries, numerical simulations in full GR are more computationally
expensive, and thus, to obtain only a few orbits at the desired numerical accuracy
requires much more computational time than that needed in the evolution of
quasicircular binaries. At least for the moment, the pure numerical modeling of
eccentric binaries over the last thousand orbits in full GR is currently an intractable
problem. On the other hand, we could work to extend the Newtonian burst model
by considering relativistic corrections to Newtonian dynamics.

The post-Newtonian (PN) formalism [42,59-61,104,131] allows for a systematic
treatment of v/c corrections to Newtonian dynamics, where v is the orbital velocity
and c is the speed of light. For bound binaries, the orbital velocity is connected to the
gravitational field strength through a Virial relation: a term of O(v?/c?) is comparable
to a term of O[GM/(Rc?*)], where M and R are the characteristic mass and orbital
separation of the system, and G is Newton’s gravitational constant. Hence, the PN
formalism for binaries is simultaneously a post-Minkowskian expansion, i.e. it is both

an expansion in v/c < 1 and an expansion in GM/(Rc?*) < 1. A term proportional
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to (v/c)?N relative to its controlling factor will be said to be of N PN order.

The PN formalism has had a wide range of success in the modeling of binaries
and their GW emission. At present, the GW emission from quasicircular binaries
has been calculated to 3.5 PN order [42] and to 4PN order in the effective one-body
Hamiltonian [70]. To leading order in the mass ratio, the radiation fluxes at spatial
infinity are currently known to 22 PN order [80], due to the formulaic nature of the
calculation. The PN corrections to Newtonian dynamics for eccentric binaries have
proven more difficult to calculate. Damour and Deruelle [67,68] found a Keplerian
parameterization of the solution to the 1PN order equations of motion in terms of
the eccentric anomaly w. This quasi-Keplerian (QK) representation was extended to
2PN order in [163] and to 3PN order in [112].

The QK parametrization must be enhanced to include dissipation if one wishes
to obtain accurate waveform models. This parameterization is a purely conservative
representation of the orbital motion of eccentric binaries, because the orbital energy
and angular momentum are assumed to be conserved. For eccentric binaries, the GW
energy and angular momentum fluxes have been computed to full 3PN order [28,31].
With these fluxes at hand and assuming small eccentricities (e < 0.1), Refs. [118,150,
151, 174] constructed time-domain and frequency domain waveforms to 2PN order.
Waveform templates also exist for higher eccentricity systems (e < 0.4), for example
through the hybrid time-domain x-model of [87] and the hybrid frequency-domain
model of [88]. These models, however are really not applicable to highly eccentric
binaries.

Although power stacking is far more robust to systematic mismodeling error
than matched filtering, it is still not immune [146], in particular when considering
the accuracy of GW fluxes. The latter provide a radiation-reaction force in the

PN formalism that forces the binary to inspiral, through the balance of the binary
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energy lost by the system to the energy carried away by GWs from the system.
In template based searches, inaccurate GW fluxes introduce errors in the Fourier
transform of the waveform through the stationary phase approximation used in the
post-circular extensions [173] of the so-called TaylorF2 waveform family [88]. In
power stacking searches, similar inaccuracies introduce an error in the evolution of
the orbital elements as the orbit osculates due to the emission of bursts, affecting the
time-frequency tracks of the burst model [108]. An accurate and complete treatment
of the GW fluxes is clearly essential to extend any PN template family, the post-
circular waveform family and the burst model to higher PN order.

In Ch. 2, we review the mathematical structures necessary to describe eccentric
binaries in GR, starting with the mathematical formulation of radiation reaction.
We discuss the generation of GWs through the time varying multipole moments of
the binary system and the separation of the fluxes of radiation into instantaneous
and hereditary contributions. In order to evaluate these, we present the QK
parametrization of eccentric binaries at 1PN order. For hereditary effects, one must
consider a Fourier decomposition of the multipole moments of the binary, which
completes this chapter.

With the description of radiation reaction in hand, Ch. 3 presents the problem of
evaluating hereditary effects for eccentric binaries and our solution for how to do this,
which is published in Classical & Quantum Gravity in [107]. We begin the chapter
with a discussion of the physical interpretations of the hereditary effects, and their
mathematical description in terms of hereditary integrals and enhancement factors.
The problem with evaluating hereditary effects for eccentric binaries relies on the
need to work with a Fourier decomposition of the binary’s multipole moments. In
this formalism, enhancement factors become infinite summations of Bessel functions

of the first kind, which do not lend themselves to resummation easily. In this chapter,
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we present the solution to the problem through asymptotic analysis and provide closed
form expressions for the hereditary enhancement factors.

Once we have analytic expressions for the tail enhancement factors, the
description of both the conservative and dissipative dynamics of eccentric binaries
in GR is complete to 3PN order. We thus have all of the ingredients necessary
to develop a model of the early inspiral of the highly eccentric binaries described
above. In Ch. 4, we present the details of the so-called burst model, used to track
the time-frequency centroids and volumes of the bursts as the binary evolves due to
GW emission. We begin with the simple case of eccentric GW bursts at leading PN,
or so-called Newtonian, order, before presenting the more complicated calculation up
to 3PN order. This chapter is based on the work published in Classical & Quantum
Gravity and Physical Review D [106,108].

The construction of models for the GW emission of compact binary systems
is not solely to detect such events, but to extract invaluable information about the
astrophysical and gravitational dynamics of these systems. One of these important
applications is to test GR, and as described above, eccentric binaries may provide
improved constraints on modified theories of gravity. In Ch. 5, we present the details
of a burst model in the parameterized post-Einsteinian formalism, which is published
in Physical Review D in [108]. We show how one can parametrize generic deformation
of the PN burst sequence due to generic non-GR effects, such as dipole radiation, and
discuss how well one could constrain these deviations using such a model.

Finally, as eccentric binaries inspiral, the system loses orbital eccentricity due
to the emission of GWs and is said to circularize. By the time the binary reaches
the last stable orbit and enters the merger phase, the eccentricity is expected to be
negligibly small. In Ch. 6, we present a detailed calculation of the behavior of the

eccentricity in the late inspiral, before the binary reaches the last stable orbit. We
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include the effect of the radiation reaction force, which allows us to work beyond the
usual orbit averaged approximation, and show that the eccentricity exhibits a strong
secular growth several orbital cycles before the last stable orbit. We discuss how this
behavior arises in a multiple scale analysis, and its possible impact on current and
future GW observations. This chapter is based on work that has been submitted for

publication in Physical Review Letters and may be found on the arXiv [105].
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ECCENTRIC BINARIES IN GENERAL RELATIVITY

The problem of modeling compact binary systems within GR has a rich
history, and eccentric binaries have proven particularly troublesome. Damour &
Deruelle [67,68] were the first to find an exact solution to the conservative dynamics
of eccentric binaries within the PN formalism. Their work, known as the quasi-
Keplerian formalism, was later adopted as the standard formalism for performing
any calculations of eccentric binaries in PN theory due to the physical peculiarities
that plagued other methods [103,131]. The dissipative dynamics, due to the emission
of GWs, were studied as early as 1964 by Peters to leading PN order [129]. The need
for high PN order calculations was not realized until much later. Currently, both
the conservative and dissipative dynamics, not including memory contributions, are
known completely up to 3PN [28,29,31,107,112], with limited results available at
4PN order [34,35,110,111]. This chapter provides a brief review of the dynamics of

eccentric binaries within the PN formalism.

Radiation Reaction in General Relativity

We begin by providing a review of the mathematical structure of the GW fluxes
and the machinery that is necessary to evaluate them, including a description of the

quasi-Keplerian (QK) parameterization and orbit-averaging.

Basics

Consider a binary of compact objects inspiralling due to the emission of
gravitational radiation. As the GWs propagate to spatial infinity, they extract orbital

energy, F, and angular momentum, L;, from the binary. The loss of orbital energy
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and angular momentum are given by the balance laws [41],

dE dL; N U .
— — _ = G'= G =G L 2.1
di 73, dt g 262]kg g ) ( )

where €3, is the three-dimensional Levi-Civita symbol, while P and G’* are the energy
and angular momentum flux due to the emission of gravitational radiation. Typically,
these quantities have two components. The first are the fluxes of energy and angular
momentum that reach spatial infinity, specifically P, and GZ*. The second occurs
in binary systems where at least one component is a BH, specifically the energy and
angular momentum fluxes through the BH’s horizon, Py and g;f [114]. However,
the fluxes through the horizon are typically small compared to the fluxes to spatial
infinity, and we thus neglect them here.

The energy and angular momentum fluxes to spatial infinity can be calculated

using the short-wave approximation [92,93,131],

1 .
Poo=g5m § B (B0l ) a9, (2.2)
—00
0l = = f R [ho T o kbl a0, 23

where hj; is a metric perturbation (away from Minkowski spacetime) that describes
GWs, tp =t — R is the retarded time of the binary, 0,, denotes a partial derivative
with respect to tg, and [ | corresponds to the anti-symmetrization of the appropriate
indices. The TT symbol indicates that hj; has been projected into the transverse

traceless subspace, using

1
Pijr = Py Pry; — 3 i Pt (2.4)
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where NNV; = [sinf cos, sinf sing, cosf] denotes the location of the source in the sky,
and () is the symmetrization of the corresponding indices.

In order to calculate what these fluxes are for the binaries under consideration,
we first need to compute hj;. Using the post-Minkowskian (PM) formulation [41,43,

131,154] to solve the relaxed Einstein field equations, hjj is given to all orders by

4 XK1 _ 200 . _
hik = > i [NHU]@ (tr) — H—lNL,Qeab(jvkb)L *(tr) (2.6)
=2

where Uy, and Vj, are the mass and current-type radiative multipole moments [43,
131,154]. The subscript L is shorthand notation for the multi-index L = iyiy...q;.
Formally, the summation on [ goes to infinity, but in practice it is truncated at some
PM order. Since the PM and PN formalisms are interconnected, the PM order of
truncation is typically taken to be the same as the PN order.

The radiative multipole moments Uy, and V;, which are functions of retarded
time, are related to the source multipole moments by matching the wave zone and the
near zone metric perturbations in an overlap or buffer region. For our purposes, the
most important multipoles are the mass quadrupole and octopole, and the current
quadrupole. As an example, the radiative mass quadrupole to 3PN order can be

broken down as follows [46-49, 78]

Uj = Ubst 4 Uiy gem (2.7)

where the instantaneous radiative mass quadrupole is related to the source multipoles
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by
. . 1® 5w e . @
U™ (tr) = Li + 7 Lacilis = o Lacilis = o L acilis + Seacilis )
2t .
s Wi — Wi - (2.8)
In this equation,

is the source mass quadrupole, J, is the source current dipole, W is the gauge
monopole moment defined in [49] and the <> brackets stand for the symmetric trace-
free (STF) projection. Similarly, the radiative mass octopole and current quadrupole

can be written in terms of the source mass octopole and the source current quadrupole

L = p/1 — 4n v o + O(1PN) (2.10)

Jix = py/1 —4n eab<jxk>xa’vb + O(1PN), (2.11)

respectively. In Eq. (2.7), the tail and memory radiative mass quadrupoles are related

to the source multipoles through

N © W 11
U () = 2M / dr I ity —7) {m (L> + ]
0

27’0 E
< © T 57 T 124627
202 dr I .(tgp — 7) |In? [ — “In|— 2.12
- /0 Lt =) [n (27’0) +70n(2r0> * 44100} » (212)
mem 2 * (3) (321
Btn) = =3 [ dr Locy(tn = Dt — 7). (2.13)
0

where M is the Arnowitt-Deser-Misner (ADM) mass [132] corresponding to the
total energy of the spacetime of the binary, and ry is a regularization factor that

drops out after performing the integration and computing an observable. The



14

contribution proportional to M in Eq. (2.12) is the 1.5PN! order tail term, while
the term proportional to M? is the 3PN order tail-of-tail term. Notice that although
the instantaneous contribution depends on the source multipoles evaluated only at
retarded time tg, the tail and memory contributions depend on the integrals of the
source mass quadrupole over the lifetime of the source, and thus, they are referred to
as hereditary terms.

Summarizing, the energy and angular momentum fluxes at spatial infinity can
be computed by simply performing the TT projection of h;j, in Eq. (2.6), with the
radiative multipole moments expressed in terms of the source multipole moment,
and inserting the result into Eqgs. (2.2) and (2.3) [28, 29, 31, 46-49]. Since the
radiative multipoles can be split into instantaneous, tail, and memory contributions,

we similarly split the fluxes as

7300 — P(i)l;st + ngils + Pon;em ’ (214)
goo — gci;st + g(t)eoiils T gg(l)em) (215)

and consider each of them separately. The instantaneous fluxes have been computed
previously for arbitrary eccentricity and to 3PN order in [28,31]. In Ch. 3, we compute

the tail and memory contributions to the fluxes to 3PN order.

Quasi-Keplerian Parametrization

The picture from the previous section is clear: the GWs emitted by a binary
system depend on the time varying source multipole moments, and thus, if we desire
to compute P, and G.,, we need to first calculate the orbital trajectories of the

binary components. We recall that to obtain the fluxes to 3PN order, we only need

'Recall that this corresponds to a term thats O(v3/c?) relative to the leading order term.
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the source moments to leading PN or Newtonian order, with the exception of the
source mass quadrupole, which must be calculated to 1PN order. For this reason, we
detail below the calculation of the orbital trajectories of the binary components also
to 1PN order, although this can easily be extended to higher PN order if needed.

We begin by describing our binary system in more detail. Let the two objects in
the binary have masses m; and msy. For simplicity, we work in an effective one body
frame where a body of mass m = m; + my sits stationary at the center-of-mass of
the binary, corresponding to the focus of an ellipse, and a smaller mass = mymsy/m
moves around the ellipse. We take the system to be orbiting in the xy-plane, so that
the orbital angular momentum is aligned with the z-axis. We take the longitude of
pericenter to be zero, so that pericenter is aligned with the positive x-axis. The radius
of the orbit r is the length of the line connecting p and m, with the true anomaly V'
being the angle between the positive x-axis and r. Figure 2.1 details this, as well as
the definition of the eccentric anomaly u, which is similar to the true anomaly only
defined in an elliptical coordinate system.

The QK parametrization [67,68,71,112,140,163] provides a solution to the PN
equations of motion that govern the orbital dynamics of the binary system by treating
the orbits as Keplerian ellipses in a suitably chosen precessing reference frame. There
are three equations that govern the solution to the equations of motion in the QK

parametrization. The first is the radial equation:

r=all — e cos(u)| , (2.16)

where r is the radius of the orbit, a is the semi-major axis of the Keplerian ellipse, e, is

the radial eccentricity, and u is the eccentric anomaly (see Fig. 2.1). The second is the
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Figure 2.1: Diagram of Keplerian elliptical orbits in an effective one body frame.
A point mass p orbits around a central mass m located at the focus of the ellipse.
The semi-major axis a, pericenter distance r,, and orbital angular momentum L are
constants of the orbit when radiation reaction is neglected. The orbital radius r is
the line connecting m and p, while the true anomaly V' is the angle from pericenter,
which is located along the x-axis, to . The eccentric anomaly u is the angle measured
from the x-axis to a line whose end points are the center of the ellipse and a point on
a circle that is concentric to the ellipse and of radius a, where the end point on the
circle is determined by a line parallel to the y-axis that passes through pu.

famous Kepler equation, which governs the time evolution of the eccentric anomaly,
{=wu— e sin(u) + O(2PN), (2.17)

where e; is the temporal eccentricity, £ = n(t —t,) is the mean anomaly, n = 27/P
is the mean motion where P is the orbital period, and ¢, is the time of pericenter
passage. Finally, the azimuthal equation governs the evolution of the orbital phase

(b?
¢ — ¢, = KV (u) + O(2PN), (2.18)

where ¢, is the longitude of pericenter, K is the periastron advance due to relativistic
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precession, and V'(u) is the true anomaly given by [29,69]

(2.19)

V() = u+ 2 arctan [ By sin(w) ]

1 — S, cos(u)

with

1—/1—¢2
ﬁ¢>=—e¢ (2.20)

Y
€

and e, the azimuthal eccentricity. At Newtonian order, all three of the eccentricities
in the QK parametrization reduce to the Newtonian orbital eccentricity and K =
1. Although the radial equation [Eq. (2.16)] is valid to all PN orders, Eqs. (2.17)
and (2.18) are only valid up to 1PN order. At higher PN orders, additional orbital
elements appear in these equations that have no Newtonian analog and couple to
higher harmonics of u and V.

The mass and current-type multipole moments depend on the orbital trajectory

x; and velocity v;. Within the QK parametrization, these are simply

xj = [r cos(¢),r sin(¢),0] , (2.21)
de’j
v = (2.22)

The trajectory x; can easily be expressed in terms of the eccentric anomaly through
Eq. (2.16), and (2.18)-(2.20). The orbital velocity v; requires us to calculate 7 and ¢,
which we now detail.

The presence of the various eccentricities can often complicate the analysis of
quantities in the QK parametrization, so we choose one to work with and express

all of the results in terms of it. The one most commonly used in the literature is e,
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(see [28,29,31,69] for example), which is related to e, and ey via

e = e [1 + g(s —3n)] , (2.23)

ep =€ [1+x(4—n)], (2.24)

with 7 = pu/m is the symmetric mass ratio. The expansion parameter in PN theory
for eccentric binaries is defined via z := (mw)??, with w = Kn; at 1PN order, the

PN expansion parameter becomes

g? 3.1 2 5 1
P o4 2.2
ree 1—63{ 1 12+et< 4+12)}’ (225)

where € = —2F/u > 0 is the reduced orbital energy. We work in the regime z < 1
and expand all expressions accordingly, truncating at 1PN order. The reduced energy

¢ is also related to the semi-major axis a of the orbit through

m €
=— |14+ - (=7 : 2.26
@=" + 1 (=7+n) ( )
Similarly, the mean motion n is
g3/2 - 7
=— |14+ =-(—-15+ ] . 2.2
" m 8 ( n) ( )

By combining Eq. (2.25) with Eqgs. (2.26) and (2.27), we can write a and n in terms

of z, specifically

(2.28)

x3/2 3
= 1-— . 2.2
" m < 1-— ef) (2.29)
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The last variable we need to relate to x is k, which is simply

b 3z

= 3 -
]__et

(2.30)

With all of the orbital variables expressed in terms of e; and x, we can write the
QK equations in terms of those variables and u, specifically r[e;, x; u], 7[e;, x; u], etc.
Starting with the radial equation from Eq. (2.16), we obtain

r= %[1 — ¢4 cos(u)] — ﬁ{6—2n+ef(—9+n)

+[18 — T + €7 (—6 + Tn)]e; cos(u) } (2.31)

The temporal equation in Eq. (2.17) is already expressed in terms of e; and u, so it
does not require any re-writing. To obtain 7, we begin by taking a time derivative of

Eq. (2.17), and solving for @ to obtain

n
| = . 2.32
R e; cos(u) (232)

We then apply the chain rule to Eq. (2.16) to obtain 7,

. _ 2_
P T e; sin(u) {1_1_{ ™+ e( 6—1—777)}.

2.33
1 —e; cos(u) 6 1—e? (2:33)

The same procedure can be applied to Eq. (2.18) to obtain

i 32 1= {1 N $(—4 +n)et [e; — cos(u)] } (2.34)

m [1 — e; cos(u)]? (1 —e?)[1 — e cos(u)]

With 7 and ¢ specified, it is straight forward to express v; and v? as functions of

u. This completes the calculation of all quantities necessary to evaluate the source
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multipole moments to 1PN order. We provide a detailed description of the QK

parametrization to 3PN order in Appendix D.

Averaging and Enhancement Factors

While we now have all of the expressions necessary in order to calculate the GW
fluxes, there is still one bit of mathematical machinery that we need to discuss. The
effect of radiation reaction is to induce changes in the orbital elements of the binary.
These changes can be broken down into secular effects, which describe monotonic
changes in the orbital elements, and oscillatory effects. The oscillatory effects are
typically small over one orbit, and thus one averages the fluxes over the orbital period

in order to extract the more important secular changes of the orbital elements [92,93]:

(P) = % /O b ()it (2.35)

(o) = % /O ’ Goo(t)dt . (2.36)

Further, the orbit-averaged fluxes are invariant with respect to radiation reaction
gauge transformations [131]. These averaged fluxes will, in general, still depend
on the coordinate system used to determine the conservative orbital dynamics. Of
course, this can be averted by writing the fluxes in terms of gauge invariants of the
conservative dynamics, such as the orbital energy and angular momentum, to make
the averaged fluxes completely gauge invariant. As a result, it is very straightforward
to obtain observables from the averaged fluxes, such as the amount of orbital energy
and angular momentum that is lost per orbit.

Before we move on, however, there is one important contention that we should
note about the above argument. As the eccentricity increases from the circular limit,

most of the GW power gets emitted during pericenter passage. Once we move toward
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the parabolic limit, nearly all of the power is emitted in a short burst around pericenter
and as a result, the timescale over which the orbit changes becomes much smaller than
the orbital period. This is significantly different from the case described above, where
the effect of radiation reaction occurs over a timescale much longer than the orbital
period. As a result, orbit averaging is not really suitable when the eccentricity is
sufficiently close to unity and the orbit averaged fluxes in Eqs. (2.35) and (2.36)
break down [102]. The eccentricity at which this occurs, however, is sufficiently close
to the parabolic limit that the averaged fluxes are still a very accurate approximation
of radiation reaction for a wide range of eccentricities. Indeed, we know this to be
true up to at least e; = 0.7, as can be seen from Figs. (12.3) and (12.4) in [131].
The end result of the averaging procedure for an nPN order term in the fluxes

generally has the form

39
Per) = Lpastny, f e, 237
(GLPN) = gmn%” 240 gn(en ) (2.38)

where p, and [, are rational numbers. When n = 0, we obtain the Newtonian
order fluxes, which were computed in [129,130]. The functions f,(e;,n) and g, (es,n)
are referred to as enhancement factors. In the circular limit (e; = 0), they are
typically defined to be equal to one, with the exception of the 3PN order enhancement
factors from the tail-squared and tail-of-tail terms, which are defined to be zero. As
we go toward the parabolic limit (e; = 1), the enhancement factors diverge, thus
“enhancing” the fluxes.

We would like to note that the above mentioned behavior is actually unphysical,
and that the term ”enhancement factors” is actually a misnomer. Naturally, there

isn’t an infinite amount of energy and angular momentum emitted in the parabolic
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limit as suggested by the nature of the enhancement factors. This behavior can be
understood by realizing that when taking the parabolic limit in the above discussion,
we held z fixed, corresponding to holding the semi-major axis fixed since z = m/a +
O(1PN). Now, recall that at Newtonian order a = r,/(1 —e;). As we increase e;, the
only way that the semi-major axis can remain fixed is if 7, decreases. However, there
is a lower bound on what r, can be in PN theory, specifically corresponding to the
last stable orbit. Thus, keeping x (or a) fixed as we increase e;, actually corresponds
to pushing the binary closer to the last stable orbit and the merger phase of the
coalescence. The divergence observed in the enhancement factors is simply due to
the coordinate separation of the binary components becoming zero at pericenter when
taking the parabolic limit in this way. In fact, this limiting behavior is also responsible
for the concept that, in general, eccentric inspiralling binaries spend less time in the
detection band of ground based detectors than their quasi-circular counterparts?.

A more reasonable way of taking the parabolic limit in these orbit averaged
expressions is to hold the minimum length scale of the orbit constant, or more
specifically, holding r, fixed as e, — 1. To understand this limit, it is useful to

consider an example case. Consider the leading PN order energy flux, specifically

(PX) =% 2 ( , >5f0 (e) (2.39)

1+73 2+gg
fO(e) (1 — 62)7/2 )

(2.40)

where we have truncated all PN quantities at Newtonian order. We now transform

2This concept is not wrong per se, only that it require the qualifier of the orbital frequency (and
thus semi-major axis) being the same between the two scenarios.
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from the semi-major axis to the pericenter distance using a = r,/(1 — e), obtaining

5
(PX) = %772 (?) Jole), (2.41)
oy (1= (14 e + Fet)

fole) =

i (2.42)

The new enhancement factor fy(e) now vanishes in the parabolic limit. This behavior
is still unphysical, since GWs are still emitted in a parabolic binary. However,
this behavior is more realistic when we consider that the definition of the orbit
averaged energy flux is (P) = AE/P, where AE is the amount of orbital energy
lost in one orbital period. For a generic orbit, regardless of whether it is bound
or not, AFE is finite, while for a parabolic orbit, P becomes infinite. Thus, from
this simple argument, (P) vanishes in the parabolic limit, which is precisely the
scaling we obtain when we express the orbit averaged energy flux in terms of r,.
From a physical standpoint, this corresponds to fixing the peak frequency of the
GW power spectrum, and as a result, eccentric binaries spend more time in the
detection band of ground based detectors. Ultimately, the choice of enhancement
factor, or of PN parametrization (i.e. x or r,), does not matter when computing
observable quantities, since the unphysical behavior of the enhancement factors does
not affect these quantities. We here work with the enhancement factors as defined
via Eqgs. (2.37)-(2.38), since these are the enhancement factors that typically appear
in PN literature.

The enhancement factors for the instantaneous fluxes can actually be evaluated
within the time domain by performing a change of variables in the averaging integral
from ¢ to u. The tail enhancement factors, on the other hand, cannot usually
be evaluated for eccentric binaries by using the source multipole moments in the

time domain due to the complicated structure of the hereditary integrals. The
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integrals can be done in the time domain for small eccentricities (e; < 1), but for
arbitrary eccentricities, one typically has to evaluate the source multipoles in a Fourier
series [29,50]. Finally, the memory enhancement factors, which only enter into the
averaged angular momentum flux, involves an integral over the time varying orbital
elements due to the presence of radiation reaction. In order to evaluate this, we would
have to solve the equations for (é;) and (&), which can be directly obtained from
Egs. (2.35) and (2.36). However, due to the stated issue regarding the inapplicability
of the orbit averaged procedure to sufficiently eccentric systems, such an approach

would eventually break down.

Fourier Decomposition of Multipole Moments

We here derive the Fourier decomposition of source multipole moments, which is
necessary in order to evaluate the tail terms in the fluxes. We begin by reviewing how
to perform the Fourier decomposition of the mass quadrupole to Newtonian order.
We then proceed to derive the Fourier decomposition of the mass quadrupole at 1PN

order.

Multipole Moments at Newtonian Order

Before we derive the 1PN Fourier decomposition of the mass quadrupole, it is
useful to review the Fourier decomposition at Newtonian order. At this order, the
mass quadrupole is simply given by Eq. (2.9), where z; is the trajectory of u for the
system in Fig. 2.1. The trajectory can easily be written in terms of the eccentric
anomaly using the results from our discussion of the QK parametrization.

The Fourier decomposition of the mass quadrupole at Newtonian order with
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respect to the mean anomaly ¢ takes the form
L= Y Te™, (2.43)

where we have truncated all expressions to leading order in x, used the fact that at

Newtonian order z = m/a and e; = e, and where the Fourier coefficients are given by
2
al ’
I] = / -_— jk(t)e_wz s (244)
@ Jo 27

with ¢ the imaginary unit. The integrals in the Fourier coefficients can be easily
computed using Eq. (2.17) to change the integration variable from ¢ to u, with e; = e,

and the integral representation of the Bessel function

2
du ;
i[pu—= sin(u)] _ J ) 2.45
| 5 (e) (2.45)

The necessary integrals that need to be evaluated are of the form

2w d ) ) 1
| reostquye e 2 ) + ()] (2.46)

0 27T 2

o du : —iplu—e sin(u 1
/0 %sm(qu)e 7 ) = 2% [Jp—q(p€) = Jpsq(pe)] (2.47)

where ¢ is a positive integer and 7 is the imaginary number.
There is one final step of simplification that will be crucial later on in Ch. 3:

to order-reduce the Bessel functions J,_,(pe) and .J,,(pe) by using the recursion

SRecall that the mean anomaly is related to the time variable ¢ via £ = n(t —t,), where n is the
mean motion and ¢, is the pericenter passage time.
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relation [127]

Toa(2) + Jor () = %”Jy(x) (2.48)

until we obtain the Fourier coefficients in terms of just J,(pe) and J,41(pe). We then
replace the J,11(pe) terms with the derivative of .J,(pe) with respect to its argument

through [127]

Ji) = Joa(@) = 2, (@), (2.49)

Ji(@) = =Jua (@) + = (@) (2.50)

The end result for the Newtonian Fourier coefficients of the mass quadrupole are

. _23—62 Jy(pe) +21—€2 Jy(pe)

Low = , 2.51
) 3 e P e p (251)
. 1—e?J 1J (pe
7, = oiy/T =@ | L= hlee) | 15T (2.52)
(p) € p e p
A 23 —2e? J, 1—e?J)(pe
7, = 2322850 1=¢ hbe) (2.53)
) 3 e P e P
. 2 J,
Izz =35 p(é)e) 5 (254)
@ 3 P
where we have introduced the reduced mass quadrupole
2
A x

which reduces to I;x = (ua?)~'I;, in the Newtonian limit.
When calculating the tail fluxes complete to 3PN order, one must also consider
the 2.5PN order mass octopole and current quadrupole tails. The procedure for the

Fourier decomposition of these multipoles, given by Egs. (2.10) and (2.11), is exactly
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the same at that presented above to Newtonian order. For completeness, we present

the Fourier coefficients for these two multipoles in Appendix A.

Mass Quadruple at 1PN Order

In order to complete the calculation of the fluxes to 3PN order, we need the
Fourier decomposition of the mass quadrupole at 1PN order. The calculation at 1PN
order is not as straightforward, due to the fact that relativistic precession modifies the
structure of the Fourier decomposition. We begin by computing the mass quadrupole
at 1PN order in terms of the eccentric anomaly u. To this order, the mass quadrupole
is

L, = pA(v, 1) 2 jtps + pr? Buejogs + 2uriCr o jvps (2.56)

where

29 29 m 5 8
A =1 2= 2 24z 9
(v,7) + [v <42 1417) + " ( + 77)} , (2.57)
11 11

6
=7 O=-

24 (2.58)

The first step is to write the mass quadrupole in terms of r, v, 7, gz.b, and ¢ which
can be done through Eqgs. (2.21) and (2.22). Although the variables r, v, 7, and é can

all be directly related to u using the results of Section 2, we instead split the orbital

phase ¢ into two terms: one with period 27 and one with period 27 K, namely
¢ =K+ W(L) (2.59)

where at 1PN order W = K (V —/). This allows us to separate the different harmonics
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of the precession terms using the "magnetic-type” index m [29], i.e.

2

Lp= Y Lpe™ (2.60)

m=—2 (m)

where k = K — 1. The coefficients in this expansion, in turn, can be written in terms

of STF tensors as

L= 1 M (2.61)
(m) (™) (m)
where
;o= Lz | oM 97 | 10776 N 22
= —ur-e -+ —
@z 4 7r 14 21 6
8m 2772 10irig 122
om _ 2.62
+77<7r 7 2 (262)
1 5m 1 :
I = 41— 20 4 — |02 417022
0 GW{ VI R
I (277%2 - 517%2) (2.63)
7 T 14 ’ '
and
1 Fi 0 1 0 0
Mjp=|- -1 0|, Mp=|- 1 0], (2.64)
(£2) (0)
- -0 - - =2

and all other coefficients vanish. We are now left with writing ( jE[ : and ([) in
2 0
terms of the eccentric anomaly u, which can be done straightforwardly in the QK

parametrization.

Before proceeding, let us discuss how to deal with the exponential terms in
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Eq. (2.62). The combination ¢ + W can be written as

C+W =0+ (14 k) (V —0)

= Veg;u) + K[V (ep; u) — u+ e, sin(u)] , (2.65)

where recall that V' is a function of es and not e;. In order to properly handle the
exponentials at 1PN order, we PN expand about & < 1 (which we are free to do since

k is directly related to z) to obtain

eFAEW) — F2V (o) 4 9jeE2V (Coit) [V (ey: ) — u + ey sin(u)] . (2.66)

The quantity k& can be replaced with its expression in terms of x without loss of
accuracy. The exponential prefactor now only depends on V', and it can thus
be immediately rewritten in terms of trigonometric functions. To 1PN order,
these expressions are still given by their Newtonian counterpart, except with the
replacement e — ey. After inserting these expressions into Eq. (2.66), we simply
write ey in term of e; using Eq. (2.24) and PN expand. For the 1PN terms in
Eq. (2.66) (i.e. the terms proportional to k) that depend on V', we can immediately
replace V' (ey; u) with V(e u), since any correction to this generates 2PN terms.
With this at hand, we can now calculate the magnetic type quadrupole moments
entirely in terms of u. Working with the reduced quadrupole moment of Eq. (2.55)

to 1PN order, we have [29]

(f)(:v,n;U) = {O?(U) +z {Oi(U) +77(IA1§(U) : (2.67)

By writing the moments in this way, we separate out the dependence on the system

parameters x and 7, and are left with functions solely of u. We proceed by Fourier
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decomposing the magnetic coefficients via

1) = 7 et 2.68
HOEDS (2:68)

where (a,b) € [0, 1] and the Fourier coefficients are given by

N 21 df
7% = / 1% (u) e7t (2.69)
0

(pm) 21 (m)

Most of these integrals can be easily computed using Eqs. (2.46) and (2.47). The only
terms that cannot be evaluated are those proportional to V' (es; u) — u, where V (es; u)
is given by Eq. (2.19) with the replacement e, — e;. As far as we are aware, there is
no closed-form expression for these integrals. We simply leave them as undetermined
integrals for the time being, and detail how to evaluate them when they appear in
the enhancement factors in Ch. 3.

After evaluating the Fourier integrals, we can once again perform the reduction
of order on the resulting Bessel functions using the recurrence relations in Eqgs. (2.48)-

(2.50). The end result gives the desired Fourier coefficients, specifically

g0 _ B [y 5y =@+ (152001 )]

(p,£2) 2e;p

Jp(pet)
p 1— 2 1— 2 :|
+ etp2 [ € :Fp< et)

. J
70— b(pe:) " [¢1512 — 222p + 2268p\/1 — €2 F T56p? £ 226p%\/1 — €2

bt2)  84e2(1—e2)p
_4pP + 4eBpP 4 ¢! (57p T 756p% + 4dp?\ /1 — &2 — 12p3)
+e? <i756 +333p — 1260p\/1 — €2 + 1512p% F 270p* /1 — €2 + 12p3)}

J! (pe
- plpet) [756 + 111p F 1134p+/1 — e + 378p?* — 113p*\/1 — e?

42¢,(1 — €2)3/2p3

+9p° F 2e5p° + ¢ (jzlllp +378p% — 232 /1 — 2 + 6p3>
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+é? (—756 F 222p £ 819p\/1 — € — 756p” + 136p™\/1 — €} F 6193)]

2m Al ]
+ ﬁ/ —e P [V (e u) — u] [£3ie] F diecos(u) Fi (—2 + e}) cos(2u)
—€)Jo

e /1— e sin(u) — 2/1 — €2 Sin(2u)] , (2.70)

A Jp(per)
1o [—14i14 V1= 2 — 12p% — 12642
(rs2) 3 463192 3 6p €t P €D

J (pe
te? (—17 +99py/T— &2 + 24p2)] L hlre) ) [3F67 +73py/1 — 2 T 6p?

42e4\/1 — €2p
T6elp? + ¢2 <:|:25 L8/ —e2 + 12p2>} | -

; 1 Jp(per) ; 75 — 19¢? 26¢,
700 — _—Zp AR 1 =D 7
(p.0) 3 pr (»,0) 42(1 — e?)p? b(per) + 2p L(pet)
= 17 e

o = T2 PP~ 31,7 2.72
(p0)  126p? b(per) 21p p(pet) (2.72)

which completes the calculation of the 1PN mass quadrupole. How to obtain the
Newtonian result in Eq. (2.51) from the above expressions may not seem obvious.
However, one simply has to go back to the separation of magnetic type precession
terms in Eq. (2.61), consider the (00) terms of the moments (:tIQ) and (.g), and take the
limits K — 0 and e¢; — e.

Let us conclude by summarizing the construction of the 1PN mass quadrupole
moment. The latter is given by Eq. (2.61) in terms of STF tensors and the magnetic
type quadrupole moment. The former are given in Eq. (2.64), while the latter is PN
decomposed in Eq. (2.67). The coefficients of this expansion are Fourier decomposed

in Eq. (2.68), with the Fourier coefficients given in Eqgs. (2.70)-(2.72). In the next

chapter, we will use these 1PN mass quadrupole in the 3PN part of the fluxes.
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HEREDITARY EFFECTS IN ECCENTRIC COMPACT BINARY INSPIRALS

Within the PN framework, the GW fluxes can be broken down into two
distinct sets — the instantaneous terms and the hereditary terms [42] — that represent
physically distinct processes. Consider a compact binary that inspirals due to GW
emission and an observer at spatial infinity. As the binary inspirals, the GWs
propagate along the curved spacetime generated by the binary and they are observed
at spatial infinity some retarded time later. To leading PN order, the GWs are,
however, treated as though they are propagating on flat spacetime. The instantaneous
flux describes the direct linear emission of GWs from the source at the instant
corresponding to the current retarded time. These terms depend on the time variation
of the binary’s multipole moments and enter the fluxes at integer PN orders.

Hereditary terms, on the other hand, are a result of the nonlinear nature of GR,
and they are labeled “hereditary” because they depend on integrals over the entire
past lifetime of the source. Hereditary terms can be further broken down into two
distinct subsets: the tail terms and the memory terms. The tail terms [29,37,38,43—
45,50, 135] describe how the time varying radiative multipole moments interact with
the curved spacetime of the binary, which to leading PN order is characterized by the
ADM mass of the system. This nonlinear interaction causes the waves to scatter as
they propagate, and since they are odd under time reversal, they enter the fluxes at
half-integer PN orders. Tail terms enter first at 1.5PN order relative to the leading
PN order instantaneous flux through a quadratic monopole-quadrupole interaction.
Similar tail terms also result from higher-order multipoles; at 3PN order, the so-
called “tail squared”, (tail)?, and tail-of-tails, tail(tails), terms enter the fluxes [39,
40] through cubic monopole-quadrupole interactions that describe double scattering

(i.e. the GWs scatter twice off of binary’s curved spacetime as they propagate to
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spatial infinity).

The second type of hereditary fluxes are the memory terms [30,40,45,62, 75,76,
155,168]. The GWs emitted by the binary are not simply waves that propagate along
a background spacetime, but they are themselves a source of spacetime curvature. As
a result, the GWs generate their own GWs as they propagate to spatial infinity. The
memory is also responsible for permanently changing length scales, for example, of
a ring of test particles or the arms of an interferometer (see e.g. [81,98] for a recent
discussion of the detectability of this effect in alLIGO.) The memory enters the fluxes
beginning at 2.5PN order relative to the leading PN order instantaneous flux through
the integral of derivatives of the quadrupole moment squared.

If we desire to create a model that is as accurate a representation of Nature as
possible, we must include the nonlinear tail and memory terms in the GW fluxes. As it
currently stands, the tail terms are only known numerically for arbitrary eccentricity
through infinite sums of Bessel functions [29]. Closed-form, analytic results are
available for small eccentricities as Taylor series. Other closed-form, analytic results
approximately valid at all eccentricities are available through Padé approximants [148]
or through the "factoring” of high-eccentricity terms [79]. The latter two methods
fundamentally rely on re-summing a Taylor series about small eccentricity, and thus
their accuracy can be problematic unless a sufficiently high number of terms in the
small-eccentricity expansion are kept.

The goal of this chapter is to find closed-form, analytic expressions for the
tail flux terms that are valid for arbitrarily eccentric compact binaries and to 3PN
order relative to the leading PN order instantaneous flux. As we shall see, this will
require the construction of superasymptotic and hyperasymptotic [51] series for the
tail fluxes. Within the orbit averaged approximation, the memory contributions are

small compared to those of the tail terms [107]. As a result, the oscillatory corrections
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to the memory, which vanish upon averaging, become the dominate contributions. In
order to properly account for the memory terms, one needs to abandon the orbit
averaged approximation and work within a multiple scale analysis along the lines
of [105,131]. However, these contributions are suppressed by 2.5PN order, and thus
would enter the fluxes at absolute 5PN order. Since we are only concerned with the
contributions to 3PN order, we do not consider the memory terms here.

The calculation of the tail terms begins with a Fourier decomposition in
multipole moments, as detailed in [29]. To compute the energy and angular
momentum fluxes to 3PN order, one requires the Fourier decomposition of the 1PN
mass quadrupole moment, which was first discussed in [29], but was presented in detail
for the first time in [107], and reviewed in Ch. 2. With the Fourier decomposition at
hand, one can then define the enhancement factors for each of the PN terms in the
fluxes. These enhancement factors depend on sums of the Fourier coefficients of the
multipole moments, which can be expressed in terms of the Bessel function .J,(pe;)
and its derivative with respect to the argument, with p the Fourier index and e; the
“temporal” eccentricity.

We re-sum the Bessel series expressions for all of the tail enhancement factors

to 3PN order by employing the uniform asymptotic expansion of the Bessel function:

Jp(per) ~ Kiys (§C3/2p> +0 (%) (3.1)
Jy(per) ~ Koy (gcg/%) +0 (}9) (3.2)

where K is the modified Bessel function of the second kind and ¢ is a known function
of ¢;. This asymptotic expansion is valid when p — oo, and in this limit, we can
replace the sums in the enhancement factors with integrals over the Fourier index.

These steps are fundamentally valid in the high eccentricity limit (e; ~ 1), so we
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expand the result of the integral about ¢ = 1 — ¢? < 1. Through comparison
with numerical PN results for the enhancement factors, we show that the resulting
series in € are asymptotic and that they can be truncated at very low order to
achieve an optimally-truncated, superasymptotic series [51], i.e. one that achieves
the minimum possible error relative to an “exact” numerical answer. We also show
that these optimally-truncated superasymptotic series can have their accuracy further
improved by matching them to small eccentricity expansion of the enhancement
factors, generating a hyperasymptotic series [51] with typical relative errors of < 1078
compared to numerical PN results at all eccentricities; the only exceptions are two
2.5PN order enhancement factors that are accurate to < 1074

The remainder of this chapter presents the details of the results discussed above.
The main results of this chapter are closed-form, analytic expressions for the tail terms
[Egs. (3.3)-(3.4), (3.16)-(3.23), (3.72)-(3.77), (3.84)-(3.85), (3.101)-(3.104), (3.108)-
(3.109), (3.114)-(3.119)] to 3PN order.

Energy & Angular Momentum Fluxes: Tail Effects

We begin by considering the tail energy and angular momentum fluxes. These
quantities involve integrals over the entire past history of the source, i.e. over the
source’s past light cone. This section presents the formal definition of these fluxes
and the orbit-averaged expressions in terms of enhancement factors that depend on

the Fourier decomposition of the multipole moments.
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Integral Definitions and Orbit-Averages

Let us begin by decomposing the tails terms in the energy and angular

momentum fluxes [see Eq. (2.14)-(2.15)] in terms of multipolar interactions:

prails _ pMQeail | (Pongowﬂ i POCOQtail) n (Pohé[Q(tail)Q I Pothtail(taﬂs)> ’ (3.3)
gails — gMQuail | (golxgoml n ggoQtail) X <g£2a11)2 n gggil(tails)> . (3.4)

The first terms in both equations, the so-called mass quadrupole tails, first enters at

1.5PN order relative to the leading-order instantaneous fluxes. The second terms, the

so-called mass octopole and current quadrupole tails, enter at 2.5PN order, while the

last term, the so-called tails-squared and tails-of-tails terms, enter at 3PN order.
The mass quadrupole tail, defined via'

g AM ... < () T 11
MQtail _ Jk t dr Ii.(t — 1 R — .

AM . | o (5) T 11
MQtail — zabLi ]a' t d I] t — 1 N —
gyt = 2 { 0 [ arPue=r) i () + 53

VT [l () + 5] } , 3.6

is a quadratic non-linear interaction between the source quadrupole moment and the

conserved mass monopole of the system, i.e. the ADM mass

M=m {1 - %m; + O(QPN)} | (3.7)

!'The quantity ro in the logarithm is a regularization factor that accounts for the zero point
of retarded time being different between wave-zone and harmonic coordinates [29, 50]; this
regularization factor is unphysical and it drops out of any calculation that deals with observables.
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The mass octopole and current quadrupole tails are

L AM @) oo (6) T 97
MOtail _ *7" Lo (t /d ]jkl t— 1 o i .
7D()O 189 ]kl( ) 0 T ( 7—) n QTO + 60 ) (3 8)
poaun _ G4M5 / 4 }SJ')’“(t— i (Z) + 7 (3.9)
9] - 45 Jk 0 g T QTO 6 ’ ‘
. oM ..~ |.. oo (6) T 97
MOtail __ 277 zabLi wi d Ijk t— 1 _ -
G = 5 € {Ijk/o T o) T
@ o () T 97
Loj(t) | drlF(t—7) |In| — | + — 1
i bjk()/o F It - 7) {n<2ro) +60} , (3.10)
goauit = M ) Gy / A g Ty i W
ST R A ’ 2rg) 6
© (4 T 7
—i—ij(t)/ dr ot —) () + 2| b (3.11)
0 27"0 6
while the tail-squared and tail-of-tails terms are
 AME ([ B -\ un’

MQ(tail)?_ dr I . (t — In| — — 12
P S [Cartae-n|n ()< 55| (3.12)
Lo AMZG) < T 57 (T 124627

MQtail(tails) __ I. I]k _ 1 20 —1] N
Po = Lik(t) /0 drI(t =) {n (zro) 50" \2ry) " aat00 |
(3.13)

. SM? . . . (4 T 11
MQ(tall)2 _ WbLA dr 1T ..(t — 1 o i
Goc 5 ¢ {/0 7 Lajlt = 7) |In o) T 12
o O T 11
Fo(t—7) |In [ —) + = 14
x{/o a7yt 7)[n(2m)+m]}, (3.14)

Az . e © 57 124627
gMQuail(tail) _ 227 ciab {Iaj(t) / drly(t —7) {m? (i) + 2n (i> + }
0

5 27’0 70 27’0 44100
) T 57 T 124627
(t drl (t—7) | [ — ) + 2n | — :
1 )/0 mla(t = 7) [n <2r0) M <2r0) * 44100}
(3.15)

The calculation of the energy and angular momentum fluxes to 3PN order
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requires the mass quadrupole tail term to 1PN order, but all other tail terms to
leading PN order. The former, in turn, requires the mass quadrupole moment to
1PN order, but all other multipole moments can be computed to leading PN order. In
particular, we can replace any eccentricity parameter appearing in these multipoles
by e, since PN corrections to these would enter at higher PN order. Similarly,
2PN order modifications to the orbital dynamics introduce corrections at 3.5 PN
order and higher, so they can also be neglected. Radiation-reaction in the hereditary
integrals can also be neglected because these effects enter at 2.5PN order in the orbital
dynamics, and thus they introduce modifications in the tail fluxes at 4PN order [50].

After orbit-averaging, the tail terms in the energy and angular momentum flux
take the form of Eqgs. (2.37)-(2.38) in terms of enhancement factors [29]. In particular,

the mass quadrupole tail terms are

. 39 428 178
(pMauily €n2x5 {47rx3/2g0(et) + mz®/? {—ia(et) + iﬁe(et)] } : (3.16)

. 39 ~ 428 178 -
<gthall> _ Emn2x7/2 {47'([1:3/2(10(6,5) + 71'1'5/2 |:_i04(et) + Hne(et)] } ) (317)

which depend on six enhancement factors: the first two [p(e;), ¢(e;)] come from
the Newtonian contribution to the mass quadrupole and enter at 1.5PN order; the
other four [a(e;), a(e;)] and [0(e;), A(e;)] come from the 1PN contribution to the mass
quadrupole and enter at 2.5PN order. The mass octopole and current quadrupole tail

terms are

. 32 16403

<Pol\;[0tall> — - 21,5 |: 5016 7T(]_ _ 4n)x5/2ﬁ(et):| , (318)
ai 32 T

(PLa) — i [_18(1 - 4n)x5/27(et)} : (3.19)
. 32 16403 >

<Q¥Otall> =5 mn?z"/? {Wﬂ(l - 477)x5/25(6t)} ; (3.20)
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al 32 T ~
(G¥) = —mn’a™? [E“ — dn)a®F(er)| (3.21)

which enter at 2.5PN order and depend on four enhancement factors: the first two
[8(e;), B(e;)] come from the mass octopole and the second two [y(e;), 7(e;)] come from
the current quadrupole. Finally, the tail-squared and tail-of-tails terms enter at 3PN

order and are given by

<7)<E<t)ail)2+tail(tails)> _ %772378 {—%X(Q)
<g£gaﬂ)2+taﬂ(taﬂs)> _ %mnlegﬂ {—%X(et)

which depends on two enhancement factors [x(e;), X(et)].

Tail Enhancement Factors

The tail terms of the orbit-averaged energy and angular momentum fluxes
depend on enhancement factors that must be evaluated to calculate how compact
binaries inspiral. These enhancement factors can be expressed as sums over the
Fourier components of the multipole moments. The enhancement factors that enter

the mass quadrupole tail terms are

1 & 5 i .
ple) =53 D PITHIP.  @le) = =5 Ly 0 T T (3.24)
p=1 (p) p=1 () @
00 2 oo
441 63 * ik
ale) = gy D PITEP — oomm——ye > Y 0 (s + 3m) I T,
3424(1—¢f) & 1 34241 — f) | £ o= I
21 =

* 7k * ik
I]Qli T3 +I](']18 T4
( @ (p) (@

, (3.25)

3424

p=1
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189; %
~ — zgk:L IOO IaOO
) =561 - o) Zp R
189; %
ka 00 +a00
p’(m+ s) I 7z
1712(1 B et msz:—sz; (p, s) (P, m)
215 >
bRy TS | T Tt 4 701 a0 (3.26)
1712 ; (pg () (pg (»)
9 — _i S 7 ZOO 2 21 - 7 Ill*z’jk‘ IOO*Ijk 3 27
(er) = 9813 1Tk | +—1424ZP ik Loo Lk L1 (3.27)
=1 () p=1 (p) @) (p) @

- 21 o 2l s o . "
ie,) = i Ik, ZPGIOO 7a00 1;€z]kLin6 IJQ(?I/?H —i—I}; 300

T = Lo ® @ o
(3.28)
Those that enter the mass octopole and current quadrupole terms are
2

3.29
¢) 49209 Zp ’ J’“‘ (3.29)

3 200 ijk 7 8 ab*
Bles) = —mﬁj LiZP Liw I; (3.30)

p=1 (@ (@
Ye) =4 "Il (3.31)
p=1 (p)

He) = =8ie"* Ly " p* TraTka™ (3.32)

=1 @ @

and those that enter the tail-squared and tail-of-tails terms are

et) 64Zp81n( )|Ijkl2 (3.33)

X( ) = _ieka Zp7ln( )I]a:zka . (334)
(p)
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In these expressions, a superscript asterisk stands for complex conjugation, ¢ is the
imaginary number, L is the unit orbital angular momentum, and €¢* is the three-
dimensional Levi-Civita symbol.

Let us now explain how these expressions are derived. Much of this was initially
done in [29], so we will not repeat the analysis here in detail, but rather sketch how
the calculation is done for the 1PN mass quadrupole tail term in the energy flux
(the mass quadrupole tail term in the angular momentum flux follows the exact same
procedure.) Following the notation of [29], the Fourier decomposition of the 1PN

mass quadrupole is

I Z Z Ijk szrmk)Z’ (335>

m=—2 p=—00 (pim

where the Fourier coeflicients are

Tk = 7 M*, (3.36)

(pm)  (pm) (M)

After taking time derivatives on [;(t) and inserting these into Eq. (3.5), one finds

o) 2
<PMQta11 Z Z p—i—mk q—l—sk) Ijk Ijk<€i[p+q+(m+8)k}5>

p,g=—0 ’ITL,S—*Q pm ) (q,S)
© 11
x| dre~itarshnt 1y () 4 = 3.37
/0 e "2 ) T 12 (3.37)

We have two integrals that we have to evaluate in this expression, the orbital

average and the hereditary integral. The orbital average is defined via

2
<€i[p+q+(m+s)k]€> :/ de cilpta+(m+s)kl (3.38)
0 27r

where (p, ¢, m, s) are integers. Normally, this would evaluate to the discrete Kronecker

delta, but the presence of k in the exponential complicates things. In general, k is
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not an integer and the end result will not take the simple form of a the Kronecker
delta. To evaluate the integral, we simply expand about k£ < 1, to obtain
mts _
e © P#F—q

(ePraton ity (3.39)

Y

l+in(m+s)k p=—q

The hereditary integral on the other hand is a little more involved. To evaluate
this integral, we rotate the mean motion into the complex plane using n = —iv.
By doing this, we replace the complex exponential in the hereditary integral with
a decaying real exponential, which regularizes the behavior of the integrand when
7 — 00. The integral can then be performed using an integral table or Mathematica.
To obtain the final answer, we rotate back using v = in and PN expand about k to

obtain

o0 A sk 1 k
[ e (1) = BE - L (12 [Paigute) — i ol +95)]
0

2rg q
(3.40)

where v = 0.5772... is the Euler constant.
The structure of the average of the exponential in Eq. (3.39) indicates that we
need to be cautious when evaluating the summation over p. For convenience, we write

the summation as

o) ! S
Z (¢ ratms)key Z m+¥s, + lim [1 +d7(m + s)k] + Z mts,
p——o0 e PHa e pm—ap1 P4

(3.41)
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The terms that depend on summations over p lead to terms in (PMQ@) of the form

k ~ mts T .
_ K Z Z Z P Tk IOO {551gn(q) —i[In(2n|q|ro) + 'yE]} ,
p+ q (p,m)(q s)

m,s=—2 q=—00 p=—00

(3.42)

2 o) o)
k

m—+ s ; ™ . .
-t Z Z Z PP Tk I]Q,S {551gn(q) — i [In(2n|q|ro) —i—’)/E]} ,

m,s=—2 q=—00 p=—q+1 p - q (» ’m)(‘LS)

(3.43)

but these vanish by noting that

2
> (m+s) T TR =0. (3.44)
m,s=—2 (p.m)(q,s)

The terms that depend on the limit lead to six different terms in (PMQ%i) after PN

expanding in x. The first of these terms is

Z Z q IOO Iég{ sign(q) — i [In(2n]g|ro) —i—”yE]} ) (3.45)

m,s=—2q=—oco (—¢ m) (¢,5)

Splitting the summation over ¢ into separate sums (over positive and negative values)
allows us to evaluate the sign function of ¢ individually in each sum. Next, we make
the transformation ¢ — —¢ in the sum over negative values, m — —m in the sum
over positive values, and s — —s in the sum over negative values. After regrouping

terms, we have

2 [e]
™ . .
Li=g- >, > 4| TP T+ Iy I
m,s=—2 q=1 (- 0 m)<q’) (a:m)(=¢:—5)
2 00

00 Jk 00 Jk
Ijk ZOO_Ijk Ioo

(—q,—m)(@:8)  (q,m)(—4,—3)

+1 Z Zq7

m,s=—2 q=1

[In(2ngro) + 5] (3.46)
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Taking m <> s in the second term in both of the square brackets, which we are
free to do since m and s run over the same values, makes the term proportional to
In(2nqry) vanish, as it must since it depends on the unphysical regularization scale

ro. Reconstructing the Fourier components via

) = Z . (3.47)

(9) m=—2 ( )
one finds
ﬂ' [oe)
L=~ > pTITRR, (3.48)
p=1 (»)

where we have replaced ¢ with p and used the fact that the mass quadrupole is a real

valued function, so the Fourier coefficients satisfy
Zj(.),? * = Zj(.),? . (3.49)
(p7m) (_p7_m)

The analysis of the remaining terms follows the exact same procedure. The

non-vanishing terms are

2 o)
L= an > 43+3m T (3.50)
_et nm,s—fQ p=1 p,m ) (p:5)
ng—z T\ + T | (3.51)
=1 (» (@ (») (p)
L= Z T Ts + T Ty (3.52)
p=1 (p) (@) (p) (@)

The remaining two terms vanish either directly from the simplification procedure or
due to the summations over m and s, just like S; and Sy did. To obtain the result
in Eq. (3.16), one simply has to regroup terms to obtain the desired enhancement

factors.
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Tail Fluxes: Resummation of Asymptotic Enhancement Factors

The enhancement factors are given in terms of infinite sums over the Fourier
components of the multipole moments, which is not a practical representation for
evaluation of a compact binary inspiral. In particular, if the binary is highly
elliptical, a very large number of terms would have to be kept to obtain an accurate
representation of the fluxes. This section details how to resum these infinite
sums through uniform asymptotic expansions. The truncation of these will lead
to superasymptotic series (i.e. an optically truncated asymptotic expansion), and
by correcting the behavior of these series at small eccentricity, we will arrive at
hyperasymptotic series. We conclude this section by comparing our resummed results

to numerically-evaluated tail terms in the fluxes.

Asymptotic Resummation Method for the Enhancement factors

The structure of the Fourier coefficients in Chapter 2 shows that they depend
on the Bessel functions J,(pe;) and J)(pe;). Sums that involve these particular Bessel
functions are referred to as Kapteyn series [160]. There are a host of techniques, both
exact and approximate, for re-summing Kapteyn series, many of which are detailed
in [123]. We focus on one particular method which relies on the asymptotic properties

of J,(per). The re-summation procedure is the following:

L. Replace the Bessel functions J,(pe;) and J) (pe;) in the tail enhancement factors

with their uniform asymptotic expansions.
II. Replace the summation over p with an integral.

IT1. Series expand the result of the integrals about e =1 — e? < 1.
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The first step requires the uniform asymptotic expansion of the Bessel functions

as p — oo [127], namely

1/4
Jp(per) = (1 iC 2)

Al (p*/3¢) ia Ai/ (P*%¢) & bkgg)] , (3.53)

&2 PRE Z e £
2 (1—e\ V! 2/3< o (0) | AT (P*%¢) = di(€)

Jy(per) = T ( A ) 4/3 Z P2/ Z | o (3.54)
¢ k=0 =0 P

which is valid uniformly for e; € (0,1), where Ai and Ai’ are the Airy function and

its derivative, and

€¢ 2

. 2/3
¢ = [gln (1_— Vl_et) - egl . (3.55)

We can replace the Airy functions with their representations as modified Bessel

functions of the second kind, specifically [127]

\[Kl/;»,( 3/2), (3.56)

Ail(z) = —%7}(2/3 (2 3/2) : (3.57)

The functions (ag, by, cx, d) are given by

2%
ap = Zu5(_38/2u2k_3 [(1 — ef)_l/z} (3.58)
s=0
2%k+1
b= —C 2 NG g [(1— €)1 (3.59)
s=0
2%+1
Cp = _<1/2 Z us<738/2,02k78+1 [(1 N 6?)71/2} (360)
s=0

2k
de =Y A Pug, [(1—ef) 7] (3.61)
s=0
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with the coefficients

6s+1

= As 3.62

p 61 (3.62)
1 2s—1

Ay = T2y [J@s+2i+1), (3.63)
e

and the functions u; and vy are defined as

/Ot dz (1 —52%) uy(z2), (3.64)

Lon(t) + —d“;ft) } . (3.65)

Are we justified in replacing Bessel functions by an expansion about p = oo?
The accuracy of typical Taylor series is usually very poor when evaluating the series
far from its expansion point. However, the series in question is asymptotic, and thus,
its properties are very different from standard convergent power series. Asymptotic
series generally approximate a function faster than a convergent power series provided
one keeps the right number of terms. This is sometimes summarized by Carrier’s rule:
“divergent series converge faster than convergent series because they do not have to
converge” [51]. What is meant by this is that we need only keep a few terms in the
asymptotic expansion to obtain a good approximation to the function in question
(but if we keep more terms than optimal, then the series will typically diverge).

For our purposes, this can be shown by comparing J,(pe;) with its asymptotic
expansion at different orders. Figure 3.1 shows the relative error between the Bessel
function and its asymptotic expansion, up to seventh order, using an eccentricity of
e; = 0.9. Observe that at sixth and seventh order, the accuracy of the asymptotic
series rapidly approaches machine precision for p > 30, while still being highly

accurate for values p < 30. Observe also that the series achieves a minimum error at
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sixth order and that going to higher order only results in worse accuracy. This is a
typical feature of divergent asymptotic series, which signals the order of an optimal
asymptotic expansion or a superasymptotic expansion for short. It is worth noting
that these properties change depending on the value of e;. The smaller e; is, the higher
the order in the expansion that is needed to obtain the superasymptotic expansion.
Further the value of p where the error becomes comparable to machine precision
is also dependent on e;. For the case considered in Fig. 3.1, the properties do not
change provided e; € (0.85,0.95), but one would need more (less) terms if one wished
to consider smaller (larger) values of the eccentricity. As we will show below, the
order to which we keep the asymptotic expansion of the Bessel function is not crucial,
provided it is high enough to allow for a robust calculation of the superasymptotic

expansions for the enhancement factors.

[T
| it

Relative Error
=)

{

o
T
o
=
el
—

[
2
a1

(=}
—
(=}
)
(=}
w
(=}
o
(=}

50

Figure 3.1: Accuracy of the uniform asymptotic expansion of the Bessel function
Jp(pet) as a function of p and for eccentricity e; = 0.9. Going to higher order in the
asymptotic expansion causes the series to become more accurate compared to the
Bessel function, but at sixth order in 1/p, the relative error achieves a minimum.

One may wonder whether one can replace the summations with integrals of the
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form
> - / dp, (3.66)
p=1 1

when the asymptotic expansion is formally only valid as p — oo. The Fourier
decomposition can be thought of as a way to modify circular orbits through the
introduction of epicycles of frequency w = np in such a way to generate an elliptical
orbit. If the eccentricity is small, then only a finite number of terms contribute to
the overall Fourier series. However, in the limit as ¢, — 1, an infinite number of
epicycles contributes. The spacing between consecutive values of the Fourier index
0p = 1 becomes infinitesimal in this limit and the summation collapses to an integral
without loss of accuracy. Hence, we are justified in taking the summation to an
integral provided we work in the high-eccentricity limit. This is the reason for the
third step in the re-summation procedure, i.e. expanding the result of the integral
about small eccentricity e = 1 — e? < 1.

A final issue of practice, not principle, is whether the integrals that are obtained
after replacing the sums can actually be evaluated in closed form. As it turns out,

the integrals take the form

| () (). (3.67)
1

where (a,b) are either 1/3 or 2/3. This structure occurs in all of the enhancement
factors except for those at 3PN order, which also contain a logarithmic term in the
integrands. In all cases, these integrals can be evaluated in closed form in terms of
hypergeometric functions with integral tables [83] or Mathematica.

The high-eccentricity expansion of the closed-form expression of these integrals
depends on the sign of n. At low order in the asymptotic expansion of the Bessel

functions [Egs. (3.53) and (3.54)] one typically generates terms with n > 0, but at
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sufficiently high order, terms with n < 0 are also generated. When n is positive,
the integrand resembles a Gaussian that peaks at a value p > 1, and the larger the
eccentricity, the higher in p the integrand peaks at, as expected from the epicycle
nature of the Fourier decomposition. In such a case, the lower n is, the higher order
in € the integrated result becomes, as shown in Table 3.1; this table also shows that
the leading-order in € behavior of the integrated result is independent of a and b.
When n is negative, the integrand peaks at p = 1 for all values of eccentricity,

and to leading order in 1/p, the integrand becomes

2 2 37D (a)I(b)
“In| 4 .32 2.3/2 )
p MK, (3C p) Ky (3< p) Apatb Rl CB/2) (@) (3.68)

where observe that the power of ( does not depend on n. Since ( is the only quantity
that contains any eccentricity dependence in the above expression, all n < 0 terms
contribute at the same eccentricity order. In fact, when e; ~ 1, ( ~ €, and the leading

order expansion in € of the integral is
= —n| 2 3/ 2 3/ —(3/2)(a+b)
dpp™" Ko | 3¢ | Ky | 3¢ ) ~ e : (3.69)
1

Thus, when n < 0, all terms with the same values of (a, b) in the asymptotic expansion
enter at the same order in ¢, effectively generating an infinite number of terms starting
at orders €2, e %2 and ¢!, depending on the term considered in the asymptotic
expansion. We refer to the lowest order in € at which this happens for a given term
in the asymptotic expansion as the breakdown order.

This might seem like an unsurmountable problem for the re-summation proce-
dure. The previous discussion, however, has left out a few important considerations
that ameliorate the problem. The first is that the above analysis neglected the pre-

factors of the integral in Eq. (3.67), which also depend on eccentricity. For the
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n=8 n=7 n=6 n=5 n=4

—27/2 0 12 212 -9 —15/2

Table 3.1: Leading order dependence on € = 1 — €7 of the integrals in Eq. (3.67) for
various positive powers of n.

enhancement factors being considered, these pre-factors take the breakdown order to
higher order in € [usually O(¢°), but sometimes higher order in € for example in the
3PN enhancement factor y(e;).] Thus, if we can obtain accurate superasymptotic
series expressions for the enhancement factors that terminate at an order lower than
the breakdown order, then we will not need to concern ourselves with this problem.
As we show in the next section, this is in fact the case for the enhancement factors
considered in this work.

A second argument for why this apparent problem is not present in practice is
the following. The uniform asymptotic expansion of the Bessel functions is actually
divergent, so at the breakdown order, the more terms one keeps, the worse the
approximation becomes. One could thus determine the superasymptotic expansion
by comparing the asymptotic approximation to a numerical result, thus finding the
optimal number of terms at the breakdown order that would need to be kept. As
said in the previous paragraph, however, one does not need to worry about this to
the order in € we work. For the analysis of the enhancement factors to 3PN order, it
is sufficient to cut the expansion of the Bessel functions in Eqs. (3.53) and (3.54) at

seventh order in 1/p (k = 3).
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Superasymptotic Enhancement Factors

The resummation method detailed above generates asymptotic series in € for
the enhancement factors that must be optimally truncated to obtain the best
approximation to the exact enhancement factors. The truncation of the asymptotic
series at its optimal order generates a superasymptotic series for the enhancement
factors. Let us then construct such superasymptotic series by first carrying out
a uniform asymptotic expansion of the Bessel functions to seventh order, then
performing the integrals over the Fourier index and series expanding the resulting
expressions about € < 1, and finally truncating the resulting asymptotic series in €
(at a given order in €) to compare them to the numerical enhancement factors and
determine the optimal truncation order.

The numerical enhancement factors that we compare the asymptotic expansions
to are computed by directly evaluating the Bessel sums numerically, thus breaking
from previous methods used in [29]. To do this, we define a numerical tolerance §

and mandate that for any enhancement factor E(e;),

EQ+1(€t)

) |5, 3.70
>2 , Eyfe) 870

where E, is the summand in the enhancement factors of Sec. 2 (see e.g. Eq. (3.24)).

For example, for ¢(e;),

3

q
paler) = Tog e (ger) [~3e00” +3(1+ %) = 3} (1+ 3¢°) + ¢ (1 + 9¢°)]
t
1—e?)g "
( —465) -J(;2(q€t) 1+ (1- ef)qﬂ ~ 1 Jq(qe:) T, (qer) [4— 7e2 + 36?] ‘
t t

(3.71)

We adopt 6 = 1071 for our computation. We have verified that these expressions are
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consistent with the data of [31].

Let us begin by comparing the numerical and the asymptotic series for the ¢(e;)
enhancement factor in Figure 3.2. Observe that the minimum error occurs when
truncating the series at O(e~2) for ¢; < 0.9 and O(e™!) for ¢, = 0.9. This change in
the order of the optimally truncated series can sometimes happen with asymptotic
series; in our case, however, the turnover occurs at a relatively small overall error
< 1078, and thus the difference generated by switching orders is negligible. As a

result, we choose the (p(e;) superasymptotic series to include terms up to O(e?) for

all values of e; < 1:

(e ) B 1 1328 B 992 n 33982
Psuper\€t) = T (%) T (g) 27(1 —e2)5  15(1 —e2)*  1575(1 —e7)?
1577 }

R — 3.72
1575(1 — €2)? (3:72)

Observe that although the superasymptotic series is most accurate when e; ~ 1 [with
an accuracy of O(1071)], it can be as accurate as 1072 — 10™* in the limit ¢; — 0, a
key property of asymptotic series.

This analysis can be repeated for the remaining enhancement factors to obtain
superasymptotic series. For the 1.5PN order enhancement factor for the mass

quadrupole tail in the angular momentum flux, we find

1 { 16 206 41
DT @) [L—e)72 151 —ef)52 " 35(1— e7)3/?

1
—%gazfjj;%jig} . (3.73)

Sbsuper (et) =

Notice that the powers of 1 — ¢? are half-integer powers, while the powers in ¢(e;)
are integer powers. This property occurs for all enhancement factors that enter

the angular momentum flux at half integer PN orders. Similarly, for the 2.5PN



| q)num(et) - (Pasym(et) | / (pnum(el)

10°

o4

—~
—
'
a

=
—
o

e T T

| 4o

10 [~ —O[(1 elz 1
E — O(1) g
-10 C I | I | I | I | ]
107, 0.2 0.4 0.6 0.8 1

&

Figure 3.2: Accuracy of the asymptotic series for the enhancement factor ¢(e;). The
relative error to numerical results increases as we go to higher order in the series, but
reaches a minimum at O [(1 — e?)7?]. The series can thus be optimally truncated at
this order, generating the superasymptotic series for ¢(e;).

enhancement factors coming from the mass octopole and current quadrupole tails, we

find
Bonm(er) = 1 7244800 39162880 16731136
TV (1) T (2) [49209(1 — €)S 147627(1 — €2)° T 114821(1 — €7)*
14146304 1052528 260144 (3.74)
574105(1 — e2)3 ' 1722315(1 — €2)2  2052425375(1 — €2) | '
(@) 1 1280 7808 97472 20368
super\€t) = - -
el T O T (@) (31— 2 9(1—ed)p | 175(1—e2)t  175(1— e2)?
113228 122
_ 3.75
+28875(1 — )2 625625(1 — €2) (3.75)
for the energy flux and
1 6732800 988160 2192128

Bsu er(e ) =
P T ()T (2) [147627(1 — €7)92  16403(1 — €7)7/2 T 114821(1 — €7)?/2
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40640 93424 576)
49209(1 — €2)3/2  31575775(1 — €2)1/2 :
e (€1) 1 640 512 6M8
super\€t) = —
el T T (T (2) 90— ) 51— )2 T75(1— )
1024 14 568
- 1—ef)'/? 3.77
525(1 — e7)3/? * 1375(1 — €2)1/2 + 56875( )| (3.77)

for the angular momentum flux. Notice that the optimal truncation order can change
when considering different enhancement factors, and recall that this optimal order
is here determined by comparing each of the asymptotic enhancement factors to
numerical factors, as explained in the (e;) case.

For the 2.5PN order enhancement factors that come from the mass quadrupole
tail, specifically [o(e;), @(e,)] and [A(e;), O(e,)], it is easiest to break each of them into
the distinct sums shown in Eq. (3.25) and (3.27), and consider the re-summation of
each summation individually. Let us consider [0(e;), 0(e;)] first, which can be split as

follows

9<€t) = 91(615) + 92(615) s (378)
é(et) = él(@t) + ég(€t> s (379)
0 I o IR”? 3.80
1(€t)——m p'l jk| (3.80)
p= (P)
21 7 | F11x ik 00* 7k
p= () @ () @
n 21 z ik T - 6700 7a00*
O1(e:) = 1494 € "L ZP iy Ty (3.82)
=1 (@ @
~ 21e * x
b(er) = — =€ L, Z 70 T 4 Tl 7 (3.83)
(® @ ®

The terms [6;(e;), 01 (e;)] are simply re-scalings of [p(e;), ¢(e;)] respectively, so the

superasymptotic expansions of those sums are simply re-scalings of Eq. (3.72)



56
and (3.73). We apply the re-summation procedure on [fs(e;),f2(e;)] to obtain
superasymptotic expressions for them. To obtain the superasymptotic series for

[H(Gt),é(et)], we simply combine the superasymptotics of the individual terms to

obtain
o (e 1 34240 132560 794314
super\€t) = -
P T ()T (2) [801(1—€f)  2403(1 —€)® | 46725(1 — €7)
R G U 465188 B 500627 (3.84)
140175(1 — €2)3 ' 7709625(1 — €2)2  334083750(1 — €2) ‘
o (e 1 4672 M52 119776
super\€t) = -
P T D (T (2) [267(1—€))92  89(1 —€)7/2 ' 46725(1 — €7)?/2
266 21
(3.85)

C2225(1 — e2)3/2 4450(1 — €2)1/2

Let us now consider [a(e;), @(e;)], which we can break down in a similar manner:

a(et) = 7 (6,5) -+ Oég(et) + 043<€t) s (386)
&(Gt) = 6[1(615) + 5[2(615) -+ O~é3(€t) 3 (387)
_ 0 2
ai(e) = g 4 pr 57| (3.88)
2 .
as(ey) = (45 4 3m)p® I% " T | (3.89)
3424 L—e¢f msz_:z ; F o o
2] — . .
as(e;) = —ﬁ P W T + I T3 | (3.90)
® ® @ @
189i e e
i (ey) = — o€ L Yy ptTh T 3.91
Oél(et) 856(1 . e%)e pzlp (‘17731 é;D) ) ( )
1892 *
aso(er) = ”kL p’(m+ s)I;, T (3.92)
1712 1—¢f msz:—Q pzl (p,s) (Pm)
213 - . .
Guler) = 1€ L 9" | T T+ T T (3.93)
p=1 (» @ (» @
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Like with [A(e;),0(e;)], the first terms [0y (e;), Gy(e;)] are once again re-scalings of
[o(er), @(e;)] and we thus do not need to apply the re-summation procedure again on
them. The second terms [as(e;), &a(e;)], however, do need to be resummed, and we
thus apply the same techniques discussed above.

The last two terms [as(e;), as(e;)] require some additional handling, since they
contain undetermined integrals involving V'(e;; u) —u [see e.g. Eq. (2.70)]. To evaluate
[as(ey), as(er)], we separate out the terms that do not depend on these integrals,
i.e. those with summands that are proportional to [.J,(pe;)?, J) (per)?, Jp(per) T, (pes)],

which we call [agl)(et), dél)(et)], specifically
(e = 3PP 1000 49162 4+ 30246t — 69360
as’(e) = 21el(1 — e2)3/? [ - e; + e; — 693e,
8Jp(pet)2p5
21ef
8J;§(p€t)2p3
Te2 /1 — é?

8(], e 2,5
+V/T=cF (-37+37¢8) | + 8L e P ) _ ) 115+ 2567 + 378/T— €7

+v/1— €2 (—111 + 222¢2 — 36l — 196?)} + (1—e2)*?[378

—378¢2 + /1 — e (—115 + 236?)} + (630 — 525¢2

21e?
288Jp(pet)J;(pet)p2 o 32Jp(pet)Jz’7(pet)p6 L2y
3 / 2 ( + et) + 21 3 ( et)
8.J,(pe;)J! (pe)p*
olper) J, (pee)p [—3024 + 5040¢? — 2016¢?
21e3\/1 — €2
+/1— €2 (448 — 603¢2 + 1036;1)] , (3.94)
) 144.J,(pe;)?p 2 8J,(per)?p?
(1) p\PCt 2 p\/ct 2 2 4
=P D9 — 2 E /T — €2 [—64 4 7062 + 5
as’(er) T —?) (—2+¢)) 38 e | + 70e; + 5e;
32.J 2pP 576.J" (pes)?
+/T— e (432 - 234¢3) | + B2 e’ (| _ ayrre _ ST0Tper)p
2le; e
32.J,(pey)?p° 16.7) (peq)*p? A

(1—e?)>? 4 (224 — 358¢} + 134e;

21e; 21e2\/1 — 2

8J,(per)J! (per) p
—V/1—e? (—1512 + 1197e,?)] + 7”6(5( f)_pggf/)f [—148 + 370e} — 240¢;
t t
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+18e) + /1 — €7 (2520 — 3864e] + 14496;*)}

32J,(pes)J! (pe;)p?
. p(p;i g(p p (_1154_244-378\/1 —ef) . (3.95)
€

Since these expressions are of the form of the other tail enhancement factors, we
simply apply our re-summation procedure to them and find their superasymptotic
expressions. The remaining terms, which we denote [a% (¢), @ (e;)], do contain
the undetermined integrals. Although these terms are complex, the enhancement

factors [a§2)(et),6z§2)(et)] are real valued. Hence the imaginary part vanishes upon

integration, and we are left with solely the real part, specifically

@, \_ 1207 Jp(per) [* B By sin(u)
Qg (6t) = m . du [1 €tCOS(U)] arctan T@os(u)

x {2(=2+ €})[e: — cos(u)]cos {p[u — e;sin(w)]} sin(u)

+(—1 4 €f)p[—3e; + descos(u) + (—2 + e} )cos(2u)]sin {p[u — e;sin(u)]} }

12p° ) (pey) 2" [ By sin(u) }
- du [1 — e;cos(u)larctan | —————
e/ 1 — €2 Jo | reos(u)] 1 — B cos(u)

x {4(—=1+ €})ple; — cos(u)]cos {p[u — e;sin(u)]} sin(u)

+[3¢; — descos(u) — (—2 + e;)cos(2u)]sin {p[u — e;sin(u)]}} | (3.96)
déz)(et) = _—jri?(i]p—(peegs /0 Wdu [1 — e;cos(u)| arctan {—1 ft;ﬁlzgzzu)}

x {8(=1+ €})’p[—e; + cos(u)]cos {p[u — e;sin(u)]} sin(u)

+(=2 4 €])[—3¢] + 4eicos(u) + (—2 + €] )cos(2u)]sin {p(u — e;sin(u)]}}

2T (per) [ B, sin(u)
+ W—et/(; du [1 - etcos(u)]arctan {TCOS(U)}

X {4[—e; + cos(u)]cos {n[u — e;sin(u)]} sin(u)

+p[3e} — decos(u) — (—2 + €7 )cos(2u)]sin {plu — e;sin(u)]}} . (3.97)
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To obtain analytic expressions for these terms, we follow the procedure of [79] and
begin by factoring out the high eccentricity dependence, which can be determined
by comparison to other 2.5PN order enhancement factors. For the energy flux, the
controlling factor is (1 —e?)~%, while for the angular momentum flux it is (1 —e2)=%/2.
After factoring out this dependence, we perform an expansion about ¢; < 1 to O(e}),

which allows us to evaluate the necessary integrals, and obtain approximants of the

form

o5 (er) (1A_<e;§)6 , (3.98)
a5 (er) = % (3.99)

where [A(e;), A(e)] are polynomials to O(e°). Finally, we perform a Padé re-

summation of the resulting polynomial in e; by writing

N
Am)en
APP(¢,) = —2znzo A7 (3.100)
L+ Amel”

and likewise for A(e;). We obtain Padé approximants of order (M, N) = (14, 16) for
each of these enhancement factors. We chose the order of the Padé approximants
such that they are the most accurate compared to numerical results given the order
we work to in the small eccentricity expansion. We list the coefficients of these Padé
approximants in Appendix B. To obtain the final superasymptotic expressions for

[a(ey), a(e;)], we simply combine all of the terms back together to find

e (er) = 1 77776 15904 300512
WD (O T (2) 3211 —€f)8 107(1—e)/2 T 963(1 — )P
19530 4871974 26952 111533

o7 = €2)9/2  56175(1 — e2)!  535(1 — €2)7/2 * 56175(1 — €2)3
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8313 . 2280749 4293
5350(1 — €7)%/2  6179250(1 — e7)2  294250(1 — 7)3/2
APD(et)
T2 3.101
Ta=ar (3.101)
Gorer(er) = 1 67688 4893 5996
TV T T (T (2) 1963(1—€2)%2 107(1—€2)t 107(1 — €3)7/2
L 38157 89699 877
1070(1 — €3)3 * 56175(1 —€7)%/2  2140(1 — })2
944 AFP(¢,)
102
T T605(1 - 63)3/2] (1= D)o (3.102)

Finally, we apply the re-summation procedure to the 3PN tail-of-tails and tail-
squared enhancement factors [x(e;), X(e;)] to obtain the following superasymptotic

expressions,

52745In(2)  52745In(3)

1 421543  52745vg
Xsuper(€t) = (1— ¢2)13/2 -

1536 1024 256 2048
158235In(1 — €2) 1 2777339 24717vp  24717In(2)
a 2048 } (1 —e2)11/2 {_ 5120 T 256 | 64
| 24717In(3) | 74151In(1 ef)] 1 {10449133 860657z
512 512 (1—e2)%2 | 30720 1536
86065In(2)  86065In(3)  86065In(1 — 2) 1 1090519
3% 3072 1024 } (1—e2)7/2 {_ 15360
789575 | T895In(2) | 355271In(3) | In(243) , 7895In(1 — ef)]
768 192 69120 86400 512
. [760247221 297yp  297In(2)  1024063In(3)
(1—e2)5/2 [ 275968000 1024 256 7096320
2521In(243)  891In(1 — €2) 1 568287127  71In(2)
17740800 2048 ] (1—e2)3/2 {67267200000 682500
1327283In(3)  19843In(243)  71In(768)
2882880000 221760000 5460000 }
1 4896210901  12270499In(2)  423525727In(3)
Ta—an {_ 4708704000000 | 24324300000 | 5448643200000

(3.103)

410009In(243) 122704991 (768)
139708800000 194594400000 |
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3465In(2)  3465In(3)

. 1 35583  3465vg
Xsuper(et) - (1 — 6%)5 -

512 256 64 512
10395In(1 — €2) 1 51359 465575 46550 (2)
a 512 } (1—e2)t l_ 512 256 64
4655In(3)  13965In(1 — e2) 1 47481 15157
LT 512 ] (1—e2)3 [1280 256
_1515In(2)  1519In(3) | In(243)  4545In(1 ef)]
64 512 640 512
1 53091 69y  69In(2)  3041ln(3)  In(243)
Ta—are [_ 22400 256 64 23040 1800

207In(1 — €?) 1 956569  In(2)  6269In(3)
512 } (1—e2) [_68992000 T 700 T 4435200
7061In(243) 1n(768)} | 15822507 553In(2)
22176000 5600 22422400000 6435000
_ 553In(3) | 553In(768)
51480000 ' 51480000

(3.104)

This completes the calculation of the superasymptotic expansion of the enhancement

factors.

Hyperasymptotic Enhancement Factors

The main concern with the superasymptotic series for the enhancement factors
is their relatively poor accuracy when the eccentricity is small, especially compared
to other methods for evaluating the enhancement factors. Post-circular methods, like
those in [79,148], give better accuracy when e, < 1, whereas the superasymptotic
series are better for ¢ = 1 — e? < 1. We can resolve this concern by producing a
hyperasymptotic series through a combination of the superasymptotic expansions we
already derived with the post-circular expansion of the enhancement factors in [79,
148]

Consider an enhancement factor FE(e;) with a superasymptotic expression

Eguper(et). The simplest way of improve the accuracy of the superasymptotic series
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in the small eccentricity limit is to consider the remainder functional

Eremainder(et) - E(et) - Esuper(et) . (3105)

To study the behavior of the remainder when the eccentricity is small, we create a

Taylor series of order N for the remainder by
6EN(et) = 7A;{:[Evlremainder(et) > (3106)

where 72\’ is a differential operator that generates the Taylor series. We could have
chosen a different representation for the remainder, such as a Padé resummation of
the resulting Taylor expansion, but as we will see below, a simple Taylor expansion
is sufficiently accurate and the most appropriate in the e, < 1 limit. With an
accurate representation of the small eccentricity behavior, we can then generate a

hyperasymptotic series for the enhancement factor E(e;) via
Enyper(€r) = Esuper(er) + BN (e1) . (3.107)

These hyperasymptotic expressions have two important properties: (1) they have the
right limiting behavior at small eccentricity and (2) we have analytic control over the
remainder.

Figure 3.3 compares the numerical ¢(e;) and the hyperasymptotic @pyper(€:).
Observe that the hyperasymptotic series is well-behaved in the small eccentricity
limit as expected, with a relative error that collapses to the level of the tolerance
0 in the circular limit. Further, the error can be increasingly improved by going to

higher order in e; in the remainder. The remainder functionals at twentieth order for
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[o(er), ¢(er)] are

5 (e) = 1 3427 +_62{2335 208456 }
9450 (HT(2) ~ [ 192 47250 ()0 (3)

64{42955 319561 } 66{6204647_ 2884936 }

“1 768 1575I(1)0(2) " 36864  47250(3HI(2)

¢ [352891481 1367347 10 [ 286907786543 61760
“ { 884736 _'945I(§)F(§)] K { 353894400 _'21r(§)r(§)}
1o [ 6287456255443 1208431 14 [5545903772613817
! { 4246732800 _'225r(§)r(§)} ! { 2219625676800
4758512 16 [422825073954708079 7558199
"525r(§)r(§)} “ { 106542032486400 525r(§)r(§)}

18 [ 1659160118498286776339 20596024

“ { 276156948204748800 _’945F(§)r(§)]

20 [ 724723372042305454448081 29987903
¢ - o3 (3.108)
82847084461424640000 945T'(H)T'(2)
3811 209 49751
0% (e) =1— ——— ot €] | o —
7 (e) 10500(Hr(2) T (32 21000 (DT ()
L [2415 574913 (6 [730751 23011

“1 128 8400T(1)I(2) "1 18432 160I(3)[(2)

s [10355719 326097 10 [6594861233 5191733

©l 147456 12800(3H)0(2)]  * [ 58982400  12800T'(1)I'(2)

612[23422887967_ 30732361 } 614[51535146547541
© | 141557760 51200(3)[(2) bl 221962567680
603727553 16 [16666910315347223 2603342599
__716800F(§)F(§)] “ { 53271016243200 2293760F(§)F(§)}
18 [ 8055842533080274417 20389261321
! { 19725496300339200 13762560F(%)F(§)1
20[1024885995293794354963 74113622297 }
)

| 1972549630033920000 393216000 ()T (2

(3.109)

Obviously, the more terms one keeps in the expansion of the remainder, the more
accurate the approximation will be at small eccentricity; in practice, how many terms
to keep will depend on the accuracy desired in this limit.

This procedure can be applied for the remaining enhancement factors through
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Figure 3.3: Comparison of the numerical results for ¢(e;) with its hyperasymptotic
series, @nyper(€t), at different orders in e;. The addition of the remainder improves
the accuracy at small eccentricity by about nine orders of magnitude.

3PN order. For the 2.5PN order enhancement factors, it is simplest to consider the

total 2.5PN order fluxes

; 32 8191 583

<zPZ<.)5PNtaﬂs> _ - 7”723:15/2 {—Ww(et) _ gné(et)] ’ (3.110)
e 32 8191 - 583 >

<g§55PNt 1 ) = - 7r172x15/2 [_ = U(e;) — 51 ng(@t)} , (3.111)

where the new enhancement factors ¢ (e;) and ((e;) are

13696 16403 112

¥l = igr )~ 55730 ~ gz (3112)
1424 16403 16

C(er) = _m9<et) + mﬂ(%) + T@’y(et) : (3.113)

The analogs (e;) and C(e;) have the same definitions as those above except with
[a(er),0(er), Bles),7(e)]. The superasymptotic expressions for these new enhance-

ment factors are simply the superasymptotics of the individual enhancement factors
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from which they are constructed. Applying the scheme to generate hyperasymptotic

expression for these new enhancement factors, we find the remainders
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Finally, for the 3PN order enhancement factors from the tail-of-tails and tail-

squared terms, we have to tenth order in e,
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One can easily extend these expressions to higher order in eccentricity, but then they
become quite lengthy.

For comparison, we display the relative error in all hyperasymptotic series
relative to the numerical enhancement factors in the two panels of Fig. 3.4. As
can be seen from Fig. 3.3 and Fig. 3.4, the error for the enhancement factors that we
were able to complete the superasymptotic analysis on are typically less that 10~® for
arbitrary eccentricity. The exceptions to this are the 2.5PN order enhancement factors
[1h(e;), ) (er)], which have relative errors of ~ [1 x 10745 x 1079 at ¢, = 0.95. The
reason for the poor accuracy in these enhancement factors is that the high eccentricity
dependence is very sensitive to [ozéQ)(et), déQ)(et)], whose re-summation does not follow

the usual procedure of obtaining superasymptotic expressions (and rather we had to

Padé a small eccentricity expansion for these).
Discussion

We have here constructed analytic approximations to all non-linear tail effects
in compact binary inspirals to 3PN order. We constructed superasymptotic and
hyperasymptotic series that are typically accurate to better than 107 relative to
numerical PN results, except for two 2.5PN factors that are accurate to better than

10~*. We have checked that the numerical calculation of the orbital phase with the
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hereditary fluxes prescribed through our analytic, closed-form expressions is within
double precision of the numerical phase obtained with the fluxes prescribed through
infinite Bessel sums. The advantage of these analytic approximations is not only that
they are accurate, but that they are controlled (meaning one can in principle go to
higher order in perturbation theory to obtain more accurate expressions) and they are
fast (meaning they can be directly evaluated without need for additional numerical
simulations).

With these analytic results at hand, we can now begin to consider the creation
of closed-form, analytic waveform models and burst models for GW data analysis of
binaries with generic eccentricity. These calculations would allow us to determine
more precisely whether the accuracy of the fluxes calculated here is enough for GW
data analysis or whether one needs to go to higher order in perturbation theory. To
do so, one would carry out a Bayesian parameter estimation study (whether using
waveforms and matched filtering or a burst model with an informative prior) to
estimate whether models constructed with analytic fluxes are efficient and faithful at
recovering numerical signals. Such an analysis would reveal, for example, whether the
posterior probability distribution obtained with models that use analytic fluxes biases
the recovery of parameters. One thing is clear, however, the analytic calculations
presented here have moved us one step close to the creation of generic models for the

GWs emitted in the inspiral of binary systems.
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Figure 3.4: Comparison of numerical results for tail enhancement factors with their
hyperasymptotic expressions for the energy flux (left) and angular momentum flux
(right). With the exception of the 2.5PN order enhancement factors [)(e;), 1(e;)],
the hyperasymptotic expressions are accurate to relative errors better than 10~% for
all eccentricities. For [1(e;),1(e,)], the relative errors at the last data point, which
is e; = 0.95 for these enhancement factors, are approximately [1 x 107%,5 x 1079,

respectively.
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ECCENTRIC GRAVITATIONAL WAVE BURSTS IN THE POST-NEWTONIAN
FORMALISM

In the previous chapter, we completed the calculation of the GW fluxes necessary
to model the inspiral of eccentric binaries. With these in hand, we may now proceed
to build a model of the GW emission from highly eccentric binaries. In general, a
burst model is one that treats the bursts as N-dimensional objects in the detector’s
data stream and tracks the geometric centroid and volume of the bursts from one to
the next as the binary inspirals. In this chapter, we present the details of how to
construct a burst model within the PN formalism [106, 108], which is currently the
only purely analytic model for highly eccentric orbits. We here focus on the inspiral
of highly eccentric binaries within the PN framework. The motivation for developing
a purely analytic model of the inspiral is the potential for the later construction of
phenomenological inspiral-merger-ringdown models, a quasi-circular version of which
played a pivotal role in the first gravitational wave observations by alIGO [11].
Here, we treat the bursts as two dimensional regions of excess power in a time-
frequency decomposition of a detectors data stream. We treat the bursts as boxes
with characteristic time and frequency widths, which allows for a discretization of
the time-frequency decomposition into tiles, with the burst being those tiles that
contain excess power [11,146]. We characterize the sequence of bursts using the
time and frequency centroids of the bursts, as well as the widths of the burst tiles,
or alternatively the volume of the tiles, used to capture a certain amount of power
within each bursts. These time-frequency observables are supplemented by a model
describing the orbital evolution of the binary as a set of discrete, osculating Keplerian
ellipses.

The PN burst sequence will be a parameterized deformation of the Newtonian
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order sequence. The deformations will scale with an increasing power of a particular
PN expansion parameter, which we choose to be the pericenter velocity v,. The

coefficients of a k/2-PN order term, which scales as v*, are then a set of functions

b
[Vk, Dk, Pr, Ri] which are dependent on the physical parameters of the compact binary
system. These functions correspond to the PN corrections to the rates of change of
pericenter velocity and time eccentricity, and the expressions for the orbital period
and pericenter distance, respectively. In this work, we neglect the spin of the compact
objects and work in a point particle limit, such that these functions are only dependent
on the time eccentricity e; and the symmetric mass ratio n. Hence, when working
to k/2-PN order, one needs 4k functions [Vi(e,n), Dr(es,n), Pe(es, ), Re(es, )] to

parametrize all of the PN defomations.

We parametrize the PN burst sequence in time-frequency space by

(t; —ti1)pn ~ S
Uty S0 "
o )
= 1 B e mivp) - X (vp) (4.2)
5tf’N . .
&ZkN = 1+ R(ewi, m;vp) - X (vp,) (4.3)
5}1\1 =1+ R(’”(et,i, 1 0p) - X (Vp,;) (4.4)

where (t;, f;) are the centroid of the bursts and (dt;,df;) are the width and height
of the tiles. We create the amplitude vector fields [15, ﬁ], whose components are the
functions [Py (es, 1;vp), Ri (e, m;v,)], which we further specify as implicit functions of
the PN expansion parameter v, since their form changes depending on the choice of

expansion parameter. The components of RGD are defined such that

(=1)

[1 + ﬁ(et, n;0p) - )?(vp)] =1+ é(’l)(et, n;vp) - )Z'(vp) , (4.5)
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where the equality = should be understood as working in the limit of v, < 1.
The state vector X (vp) contains the powers of v, that characterized each PN order

corrections, specifically X (vy) = (vp, V2

oy e v;;). Hence the dot products provide the

complete sum of all terms in a PN expansion up to k/2-PN order.

These time-frequency burst parameters, specifically (¢;, f;, dt;, 0 f;), are functions
of the symmetric mass ratio and the total mass of the binary, which are constant
in time, as well as the pericenter velocity v,,; and eccentricity e;; during each burst,
which are evolving in time under the influence of radiation reaction. Hence, we must
supplement the time-frequency sequence described above with the orbital evolution
of the binary. To do this, we apply an osculating approximation that assumes the
bursts are emitted instantaneously at pericenter, forcing the binary to move along a
discrete set of Keplerian ellipses that osculate onto one another. The parameters of

the ¢-th orbit will be functions of the parameters of the previous orbit, specifically

(Up,i - Up,i—l)PN =

= 1 i—1 ’ * X i— s 46

(Um _ Up,i—l)N +V(eri-1,1 vp) (vp, 1) (4.6)
Oer; — Oey,— - N

( €, €, I)PN =14+ D(et,i—h 7; Up) . X(Up,i—1> ) (47)

<5€t,i - 5€t,z‘—1)N

where we have introduced the two new amplitude vector fields []7, 23] In this work,
we provide explicit expressions for the amplitude vector fields Aoy, . = (P, R, V, D)
complete to 3PN order. Equations (4.1)-(4.4) and (4.6)-(4.7) provide the complete
PN burst model, which we use to calculate the burst model to 3PN order using the
results for Afy, .- The remainder of this chapter is dedicated to deriving the results

presented above.
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Constructing Burst Models

This section is dedicated to reviewing how to create a burst model and the
elements that go into such a model. We begin by reviewing the Newtonian burst
model and how it was constructed. We then describe a new method of constructing
burst models in general without any assumptions of the regime or theory of gravity we
are working in. This new method greatly simplifies the construction of burst models,

and will allow us to develop a completely generic GR PN model in the next section.

The Newtonian Burst Model

How do we construct a burst model? Recall that we defined a burst model as
a theoretical model prior to describe how the bursts evolve in time-frequency space.
Such a model would tell us how the centroid and the volume of the bursts evolve
in time and frequency from one burst to the next. But this evolution depends on
the orbital parameters of the system, which themselves are also changing in time
due to dissipative effects, such as the emission of GWs. Therefore, a complete burst
model must provide a one-to-one mapping between the evolution of the system’s
physical parameters and how the bursts evolve in time and frequency. This requires

the following ingredients:

I. Orbital Evolution: A mapping that prescribes the evolution of the orbital

parameters from one orbit to the next, including GW radiation-reaction.

I1. Centroid Mapping: A mapping that provides the time-frequency centroid of the
burst (¢;, f;), given the centroid of the previous burst (¢;_1, f;_1), in terms of

the orbital parameters of the system.

II1. Volume Mapping: A mapping that describes how the time-frequency volume of

the bursts changes from one to the next, in terms of the orbital parameters of
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the system.

Orbit Evolution Let us start by reviewing how the ingredients listed above can

be computed to leading (i.e. Newtonian) order, focusing first on ingredient I (the
orbital evolution). In Newtonian gravity, the orbital motion of two test particles
can be described though Keplerian ellipses, which are characterized by two conserved
quantities, the orbital energy E and the orbital angular momentum L. Alternatively,
one can parameterize any such orbit in terms of its pericenter distance 7, and its
orbital eccentricity e, which are related to ' and L at Newtonian order in a PN
expansion by

_M277 (1—e)
2ry,

L=mny/M3r,(1+e). (4.9)

where 1 = mymsy/M? is the symmetric mass ratio and M = m; +ms is the total mass

E= , (4.8)

of the system.

The burst model requires knowledge of how (E, L) or (rp,e) evolve from one
orbit to the next. Due to the nature of the emission of gravitational radiation in
highly elliptic systems, we may treat the problem as a set of Keplerian orbits that
change effectively instantaneously at pericenter, allowing the orbits to osculate onto

one another. Hence, we may write

Ei=FEi_ 1+ AE;;1), (4.10)

L’i == Li,1 -+ AL(i’ifl) 5 (411)

where AE(; ;1) and AL(; ;1) are the changes in orbital energy and angular momentum
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due to GW emission from one orbit to the next, and the labels represent which orbit
the above quantities are evaluated on. By “osculating orbits,” we mean that the
elements of the Keplerian orbit are constant throughout the orbit except at pericenter,
where they change drastically and the new elements define a new Keplerian orbit. In
this approximation, one thus treats the radiation, and all changes generated by it, as
arising instantaneously at pericenter.

In general, the total change in energy and angular momentum between times

T;_1 and T; due to GW emission is given by

T; .
AE(i:ifl) = / E (TZH 6, w) dt ) (412)
Ti-1
T; .
ALi-1) :/ L(rp,e,q)dt, (4.13)
Ti—1

where ¢ is the true anomaly, T;_; and 7; are the times of consecutive pericenter
passages, and the dot refers to derivatives with respect to time. At Newtonian order,
the GW energy and angular momentum fluxes, £ and L, are given, for example,
by Eq. (12.78) in [131]. The fluxes are functions of the orbital elements, which
are themselves functions of time through the true anomaly ¢. Thus, the above
definitions would have to be supplemented with the time evolution of v itself, namely
¢ (rp,€,1). In addition, since the fluxes depend on the true anomaly, they contain
gauge-dependent terms [131]. However, these terms vanish upon integration, leaving
AE(;;—1) and AL ;1) independent of the radiation reaction gauge.

To evaluate the integrals in Eqgs. (4.12) and (4.13), we perform a change of
variable from ¢ to the true anomaly, using dt = di/ w The new limits of integration
become ;1 and 1; = 1;_1 + 2m, or more simply [0, 27]. The orbital elements now

depend on the true anomaly rather than time, which simplifies the integrands, but

this is still not enough to evaluate them analytically. To do so, we use the fact that
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the orbits are osculating and the GW emission occurs instantaneously at pericenter,
which ensures that r, and e are constant everywhere except at closest approach. With

this, the integrals become

2T E . .

AE(i,i_l) _ / : (’I"pﬂ 1,64 17¢)d1/)7 (414)
0 ’l/} (rp,iflu €i—1, ’l/})
27( [ . .

ALy = / LUy o) g, (4.15)
0o (Tp,i—la €i—1, 1/J)

which can be evaluated analytically.
Alternatively, we can exploit the definition of orbital averaged GW fluxes to
rewrite these changes in a simpler way. The orbital averaged energy flux, for example,

is given by (E) = AE(;;—1)/ P, where P is the orbital period of the binary, and likewise

for the angular momentum flux. With this definition, we are free to write

Ei=FE_ 1+ P_1(E)i_1, (4.16)

Li = Li,1 -+ Pz'71<L>i71 . (417)

Indeed, we recognize the integral expressions in Eqs. (4.14) as simply the product
of the orbital period and (E);_; or (L);_; by definition. It might seem odd that
orbit averaged quantities appear in the above expressions since the GW emission is
happening mostly during pericenter passage, and thus smearing the emission over the
entire orbit would appear incorrect. However, this is purely a result of the definition
of the orbital averaged quantities, and has nothing to do with the nature of the GW
emission or the validity of the orbital averaged approximation for the systems we are
considering [102].

The orbital energy and angular momentum have a clear physical meaning, but

rp, and e allow us to straightforwardly visualize the geometry of the system that is
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generating the bursts (at least at Newtonian order). At this order, it does not matter
which set of quantities, (E,L) or (ry,e), we decide to use for the orbital evolution.
For the Newtonian model in [108], we decided to use (r,,e), so let us continue to do
so here. We need to solve the system given by Eqgs. (4.8) and (4.9) for the functionals
rp,(E,L) and e(E,L). To obtain the evolution of the pericenter distance and the
orbital eccentricity, we evaluate the functionals at the desired orbit, specifically
Tpi = Tp [Ei (Bic1, Li—1) , Li (Ei—q, Li—q)] and e; = e[E; (Ei—1, Li—1), Li (Ei—q, Li—q)).

Evaluating the functionals with Eqgs. (4.16) and (4.17) gives

597v2 (M O\ 121
i — i— 1 - 1 —5 i— y 418
T'p, T'pi—1 [ Y n (rml) ( + 936 € 1) ( )

857m/2 M O\ 1718
W\/_n 1— oei_1 |, (4.19)
12 1800

de; = de;_1 +
Tpi—1

where we have kept only leading-order terms in de = 1—e < 1 and in M/r, < 1inall
expressions (since we are working to Newtonian order). These equations recursively
describe how the orbit shrinks and circularizes as the binary inspirals, thus completely

describing the orbital evolution.

Centroid Mapping The second ingredient we need for any burst model is the

centroid mapping. The centroids of the bursts are given by the set (¢;, f;) at which
the bursts occur. What we desire is the mapping t,_; — t; and f;_; — f;. Since the
orbits are osculating, the time between bursts is trivially given by the orbital period

P to Newtonian order, which is given by

27rr2/ 2

P = M2(1—e)32°

(4.20)
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Thus to obtain the time mapping, we simply have to evaluate the orbital period at
the desired orbit,

t, =ti_1+

2m [Tp,i (Tpi-1, 56@'1)} G (4.21)

M2 | be; (rpi-1,0€i-1)
where the mappings 7, (1,:-1,0€,-1) and de; (r,;-1,0e;,_1) are given by Egs. (4.18)
and (4.19), respectively.

The fact that the bursts are separated by an orbital period can be seen more
generally by writing ¢ = ¢cons + ¢diss, where z/}cons is the conservative part coming
from Keplerian orbital dynamics, and ¢diss is the dissipative piece that comes from

radiation reaction. The time between successive pericenter passages, i.e. the orbital

2
0

The dissipative part contains terms that depend on the radiation reaction gauge,

period, is then

which vanish upon integration. Thus we are left with only the conservative piece of
¢, and by assuming the orbits are osculating and the GW emission is instantaneous,
this evaluates upon integration to the orbital period for an unperturbed, purely
conservative orbit. This does not mean that the orbital period is not evolving. GW
emission carries energy and angular momentum away from the binary that changes
the orbital period. The dissipative part of the above integral does vanish, but the
dissipative part of P, namely P, does not. The above result simply implies that
the time between pericenter passages is the orbital period of a Keplerian orbit, since
radiation reaction is happening rapidly around pericenter.

The GW frequency on the other hand requires knowledge of the Fourier

transform of the GWs emitted during each burst, the Fourier-domain waveform.
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From Fig. 7 in [156], the GW power is highly peaked around

1
27T7'GW ’

fow = (4.23)

where Tqw is the characteristic GW time, defined by

pericenter distance

TGW = (424)

pericenter velocity

At Newtonian order, the pericenter velocity is given by

vy = (| ML +e) (4.25)

and thus 7qw is

7”3/2

p

oW = ——— , (4.26)
[M(1+ )]

which roughly corresponds to the amount of time the system spends at pericenter.
This time is a functional of the pericenter distance and eccentricity; hence, to obtain
the frequency of the i-th burst f;, one simply has to evaluate the characteristic GW
time associated with the orbit (r,;,€;), where the mapping to the parameters of the
previous orbit are given by Eqgs. (4.18) and (4.19):

_ MY2[2— e (rpi1, 0ei1)]

27 [T’pﬂ‘ (Tp,i—la (561‘_1)]3/2

(4.27)

This completes the mapping of the time-frequency centroid of the bursts.
The prescription we provide for the frequency of the bursts is dependent on the

frequency domain waveform, or alternatively the GW power, peaking at Té\}v. This
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intuition comes from [156], where for parabolic orbits, and at Newtonian order, it
is shown that the GW power peaks roughly at Tg\%v. However, for circular binaries,
the power peaks at twice the orbital frequency, and it can easily be checked that the
prescription given above does not reproduce this result when e = 0. This implies that
there are uncontrolled remainders that depend on de that correct the above expression
to account for this. However, because we are working in the limit where de < 1, we

expect such corrections to be subdominant.

Volume Mapping The last ingredient we need is the volume mapping. The

bursts are not instantaneously emitted at pericenter and are not solely peaked at one
frequency. The emission is instead spread out over the full pericenter passage and
over multiple frequencies. To complete the burst model, we need to determine how
the time-frequency size of the bursts change from one to another. We may describe
the bursts as any two dimensional objects in time and frequency. For simplicity, we

choose to model the bursts as boxes with widths

ot = gtTGW (428)

of =& faw (4.29)

where & and &; are constants of proportionality that are chosen from data analysis
considerations. For example, one can choose these constants such that a desired
percentage of the GW power (90% for example) is contained in each box. More general
two dimensional objects, such as ellipsoids, could be used for this construction, but
boxes are the simplest. To obtain how these widths change from one burst to the

next, we simply have to evaluate Eqgs. (4.28)-(4.29) at the parameters of the orbit
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(Tpir€:):
sy &l (rpimy i) (4.30)
! M1/2 [2 — (56171 (pr’i*:l? 667:*1)]1/2
1209 _ Sp (1 ]2
5p, = SM2[2 = dei (rpim, b)) (4.31)

27 [Tpﬂ' (T‘pﬂ',l, 561',1)]3/2

Note that in the case of ellipsoids, the results are the same, but these quantities can
instead be interpreted as the semi-minor and semi-major axes of the ellipsoids. For a
realistic search, ellipsoids would actually be more appropriate choice since they are a
more accurate representation of the time-frequency structure of the bursts. However,
for the purposes of this work, this choice is irrelevant, as the goal is to characterize
the two dimensional objects via the scales in Egs. (4.30) and (4.31). This completes
the burst model at leading PN order.

In practice, the burst sequence given by iteration of Eqs. (4.18)-(4.19), (4.21),
(4.27), (4.30)-(4.31) must be terminated at some point. First, regardless of
eccentricity, when the pericenter separation approaches an effective inner-most stable
orbit, the binary will merge. If the eccentricity is still large at this moment, the
plunge/merger /ringdown could be modeled as the final burst, though it would have
different characteristics in the time-frequency plane than the fly-by bursts. For
orbits with large initial pericenter passage, the orbit can become sufficiently close to
circular before merger that the binary begins to emit high luminosity GWs essentially
continuously; i.e. in the burst model, the time-frequency tiles will begin to touch,
or even overlap if (&§,&y) are large enough. This is not a-priori a problem (see for
example [64]), though alternatively it may be more efficient at this stage to analyze
the rest of the inspiral with a traditional matched filtering algorithm, using small

eccentricity waveform templates.
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The Inverse Problem and Degeneracies

The parameter vector that describes the burst algorithms is A* = (¢o._._ n, fo...n,
dto...n» 0fo..n) for N bursts detected. That is, each burst is fully described by
4 parameters, thus leading to 4N pieces of information. However, an inspiraling,
eccentric orbit in GR to leading PN order (neglecting spins) is described by a much
smaller vector AS, = (M, n,eq,rp0). Given A%, the questions then are the following:

¢ . and what are the minimum number of bursts needed to

how do we map back to /\sys,

specify this inverse map uniquely, if it exists? Answers to practical versions of these
questions would require a more thorough analysis where detector noise is considered;
here we just give a simple counting argument, and caution about degeneracies if a
simple model, such as the one we use here, is employed.

Detection of the first burst provides four pieces of information, (t1, f1,dt1,df1).
The parameter t; is unrelated to any physical parameters. The parameter f; (for
example) depends on M, r,, and eg, so it can be used to infer one component of

)\a

&s- The parameters 0¢; and ¢ f; both depend on 7y, which in turn depends only on

f1; thus they do not provide independent information. If a second burst is detected,
four more pieces of information are obtained: (to, fo,0t2,df2). As before, measuring
one of (fy,0ts,df2) uniquely determines the other two, but now ¢, does depend on
the system parameters. Hence in principle we have two new independent pieces of
information from the second burst. Similarly for a third burst, but we know there are
at most four independent numbers in A here, and hence three consecutive bursts
should suffice to determine it.

This counting argument assumes there are no degeneracies amongst the param-
eters, which is not the case if leading PN order expressions are used to construct
the algorithm. In that case, there is a degeneracy between M, n and r,, and the

burst algorithm actually only depends on the physical parameters X‘Slys = (M, Ry, e),
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where M = Mn*/3 is the chirp mass and R = 7/ /M2 is the the leading PN order
expression for the radius of curvature of the binary. In principle two bursts would
allow complete determination of ngs. This reduced parameter dependence can be

seen most clearly if we expand the algorithm in both M/r, < 1 > de to find

e E o (22 )

fi = N 1+0 (%5(31)] : (4.33)
i—1

O0fi=dfii |14+0 (?:ng, 5ei_1>] , (4.35)

The situation is very reminiscent to degeneracies that arise in the stationary-phase
approximation to the Fourier transform of the response function for GWs emitted
during quasi-circular inspirals: the Fourier phase only depends on M to leading PN-
order, and not on both m; and msy independently. Of course, these degeneracies are

broken when going to higher PN order.

A Simplified Formalism

Ultimately, we are interested in a PN burst model at generic (presumably very
high) PN order. Building a generic order PN model by following the construction
above might at first seem like an intractable problem. To start, one would have to take
the orbital energy Epy and angular momentum Lpy at arbitrary order and invert these
expressions to obtain r,(Epn, Lpn) and e(Epy, Lpyn). Then, one would need to use the
energy and angular momentum fluxes to compute the evolution of the orbital energy
and angular momentum. From there, the pericenter and orbital eccentricity mapping

would have to be computed using the functionals r,; [E;(Ei—1, Li—1), Li(E;i—1, Li_1)]
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and e; [E;(E;_1, Li—1), Li(F;—1, Li—1)]. While this may actually be possible from a
mathematical standpoint, it will be very non-trivial to do so at arbitrary order. Thus,
in this subsection, we will instead seek a simplified formalism that is more practical
to implement.

The new method we seek must be more direct than the previous method
discussed, removing steps that are redundant and reducing the number of physical
quantities we need to work with. We begin by noting a number of assumptions that

we will use to simplify the analysis:

I. Osculating Orbits: Any changes in the orbital parameters will be modeled
as occurring instantaneously around pericenter passage, leaving the orbital

parameters constant throughout the rest of the orbit.

II. High Ellipticity: The orbits we consider are highly elliptical, so we define a

small parameter de; = 1 — e; and work perturbatively in the regime de; < 1.

ITI. PN Orbits: We will work within the PN framework, expanding all expressions

in the pericenter velocity v, < 1.

The first and second assumptions follow directly from the nature of the systems
we are considering. Note that in the second assumption we are now working with
the time eccentricity from the QK parametrization. The reason for this is that in PN
theory, there is no unique concept for the orbital eccentricity, as there are actually
three eccentricities that enter the QK equations of motion, specifically (e, e,, e,). All
three of these eccentricities reduce to the orbital eccentricity in the Newtonian limit,
but they are distinct quantities within PN theory. We choose to work with e; and will
express all quantities in terms of it. We discuss this in more detail in Appendix D.

The final assumption is new to this analysis and replaces the previous Newtonian

assumption. At Newtonian order, we worked with the pericenter distance r, as one of
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our physical parameters. We will now choose to work with the pericenter velocity v,
instead. This change is meant to put the computation more in line with the standard
PN formalism for quasi-circular inspirals, as well as to remove some difficulties that
result in there being terms that depend on half-integer powers of r, in the dissipative
sector. The mapping between the pericenter distance and velocity is given explicitly
to 1PN order in Egs. (D.17) and (D.19), with the 2PN and 3PN corrections given in
Egs. (D.35) and (D.36). With the above assumptions, any burst model requires the
three ingredients laid out in the Newtonian burst model.

Let’s start with the orbital evolution, where now we focus on the evolution of the
pericenter velocity and the orbital eccentricity. Rather than starting from the orbital
energy and angular momentum, we are free to write the velocity and eccentricity

mappings as

Upi = Upi—1 + AU, i1y, (4.36)

5€t,i = 5€t,i71 - Aet,(i,i—l) ) (4'37)

where Awp,;;-1) and Ae,;,;,—1) are the change in pericenter velocity and time
eccentricity between two successive orbits, and we have used the fact that de; = 1—e;
to write Ade; = —Ae;. These mappings are directly analogous to the mappings
of energy and angular momentum in our Newtonian model, given by Egs. (4.12)
and (4.13).

Expressions for Awvy, ;;—1) and Ae; ;;—1y can be found in exactly the same way

as in Egs. (4.14) and (4.15). We may thus jump ahead and directly write

27 rOp (Up,ifla et,ifla w> d

4.38
0 Y (Upi-1,€1i-1,7) v (4.38)

AUp,(i,zel) =
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2T . .
Aet’(m'—l) _ / e‘t (Up,z—la €ti—1, 77Z)) dw (439)
0 w (Up,ifla €ti—1, ¢)

where v, and é are the rates of change of pericenter velocity and orbital eccentricity.
These rates, once again, depend on the true anomaly and thus have gauge-dependent
terms arising from the GW sector. Upon integration, these terms vanish, except now
the above quantities are not necessarily gauge-invariant as they depend on the specific
coordinate system one chooses to do the PN calculation in.

To our knowledge, the expressions v, (v,, e;, 1) and é; (v,, e, 1) have not yet been
explicitly computed and would not be easy to compute, which would leave something
of a gap in constructing the orbit evolution for our bursts. However, we may once

again exploit the definition of orbit averaging and write Eqs. (4.36) and (4.37) as

Upi = Vpic1 + Pim1(0p)iz1, (4.40)

der; =0eri1 — Pro1(és)i—1 - (4.41)

The orbit averaged quantities (0,,) and (é;) can be easily computed from the orbital
energy and angular momentum and the corresponding fluxes, which are known to full
3PN order. We have thus completely constructed the orbit evolution for our burst
model.

We now focus on the centroid and volume mappings. Once again, we will treat
the bursts as boxes in time and frequency, and determine the mapping between the
centroids and widths of the boxes. The characteristic GW time is still given by
Eq. (4.24). In the Newtonian model, we used the expression v, (r,,e;) given by
Eq. (4.25) to write this time in terms of (r,,e;). Since we are now working with v,
instead of r,, we can invert the relationship between these two parameters to obtain

p (Up, €¢),which is given explicitly in Eqgs. (D.17)-(D.19) and (D.35)-(D.36), and write
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Taw in terms of (v, e;). Once this time is specified, we may define the characteristic
GW frequency by Eq. (4.23). The centroid and volume mappings follow the exact
same analysis as the Newtonian model, only parameterized by the pericenter velocity

rather than the pericenter distance. Hence, we may write

ti=ti1+ Ploy; (Vpic1,€i-1),eti (Vpio1,€ri-1)], (4.42)
fi= fow [Vpi (Vpiz1,€riz1), e (Vpiz1,€ri-1)], (4.43)
0t; = 0t [pi (Vpi-1s€im1) s €ri (Vpio1,eri-1)], (4.44)
0fi = 0f [pi (vpi-1, €ri-1) , €ri (Vpi-1, €ri1)] (4.45)

thus completing the last two ingredients we need for our simplified formalism.

A Generic PN Formalism

With the application of assumption I, we have constructed a purely generic
burst model through Egs. (4.40), (4.41), and (4.42)-(4.45) that applies in any theory
of gravity. We now seek to use this formalism to create a burst model at generic PN
order. We will provide explicit expressions for the burst model at 1PN, 2PN, and
3PN orders in Sec. 4.

The above considerations imply that, to construct our burst model, we need PN
expansions for four quantities: the orbital period, the pericenter distance, the rate of
change of pericenter velocity, and the rate of change of orbital eccentricity. We can

write these expansions to arbitrary PN order as

PPN = PN (v, e0) |1+ Plew ) - X(w)] | (4.46)

PN = (o) |14 Blenmivy) - X(wy)] (4.47)
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(FN) = () (vpre) [1+ Venmivg) - X ()] (4.48)

— —

(EN) = () (W) |1+ Blewsmivy) - X(wy)] (4.49)

with the Newtonian order quantities

2nM (1 4+ e 3/2
py_ 2 <1 _;) (4.50)
p
M(1
= MO +e) jet) ; (4.51)
Up
, 32 1—¢,)%?
@y =22 e oy, (4.52)

FMUP<1+€7§)15/2 N

, 304 4 (1—e)*? 121
Ny _ Y T 8\~ =) -e- 2
(é) = TR (15 )P 1+ 2015 ) (4.53)

13 7 37
Wnie) =1— e+ —e? — —¢)

We refer to the vector X as the PN state vector, which depends on the PN
expansion parameter. In our case, the PN expansion parameter is v, and the

components of X are simply X, = vl

. Furthermore, we refer to the vector fields
(ﬁ, ﬁ, \7, E) as PN amplitude vectors, which are functions of the orbital eccentricity
and the symmetric mass ratio. In Eq. (4.46)-(4.49), we have chosen to include a v,
label in the amplitude vectors to remind us that the functional form of its components
depends on the parameter one expands about, i.e. if we had chosen to work with the
x PN expansion parameter instead of v,, then the eccentricity and symmetric mass

ratio dependence of the PN amplitude vectors would be different. The dot products

between the state vectors and the amplitude vectors take the simple form

—

Aler, m;vp) - X(Up) = Z Ag(ee m; Up)v;]; (4.55)
k=2
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where A € (13, ﬁ, ‘7, E) We recognize the above expression as the summation of PN
corrections to the associated quantity. The summation index k acts as the PN order
of each term and starts at k = 2 corresponding to the corrections at 1PN order. The
components of ff, specifically Ay(eq,n), we then recognize as the coefficient of the
k/2-PN order term.

The components of the amplitude vectors (]37 ﬁ, \7, E) can be easily computed
from known PN quantities. As an example, consider the orbital period. This quantity
can be written as a function of the reduced energy ¢ and angular momentum j through
the equation P = 27 /n, where n is the mean motion, given to 3PN order by Eq. (348a)
in [42]. In turn, the reduced energy and angular momentum can also be written in
terms of the pericenter velocity and eccentricity, e(v,, e;) and j(v,, e;), which can be
inserted into the expression P(e,j) and expanded about v, < 1. The coefficients of
each power of v, are then the components of the vector field P,. We will provide
expressions for these components at specific PN orders when we construct burst
models at specific PN orders.

This generic PN order burst model in characterized by four amplitude vectors
fields A\py = (15, f_f, V, E), which characterize the PN corrections to the Newtonian
quantities. When working to k/2-PN order, we need 4k functions to fully specify the
model. Each of the PN vector fields is a function of the parameters of the system,
which we have written solely as functions of the eccentricity and the symmetric mass
ratio. This will be true at 1PN order, but at higher PN order, the functions can
depend on other physical parameters, such as the spins of compact objects, or the
equation of state of supranuclear matter when at least one of the binary components
is a NS.

The goal of this section will be to write the PN modifications to the Newtonian

mappings in terms of the set of PN functions Apy, = (P, Vi, Ry, Ey). We begin
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with the first ingredient, the orbital evolution, specified in our simplified formalism
by Egs. (4.40) and (4.41). In particular, we concentrate first on the evolution of
the pericenter velocity. By exploiting the definition of orbit averaging, we are able
to write the change in this quantity as P (9,), which is exactly the second term
in Eq. (4.40). Hence, to obtain the velocity mapping, we simply have to multiply
Eqs. (4.46) and (4.48) together and expand in v,. It is not difficult to see that our

expansion is a product of two sums that is equivalent to a double sum of the form

k=2 k=2
oo k-2
- Z Py Vi vy,
k=2 j=2
- (1%\7) X, (4.56)

where we have used the definition of the Cauchy product to rewrite the product of
the sums as the discrete convolution of two series. When k — 2 < 2, the convolution

is exactly zero. Using this result, we write the velocity mapping as
T - —
Upi = Upi—1 {1 + 577”2,171VN (deri-1) [1 +V (6€ri—1,m;0p) - X<Up,i—1)] } (4.57)

where the Newtonian term in this expression is

I PO P T
Vn(be) = %6 + %6 dey 325@ + 9656t , (4.58)
Vn(de
VN((Set) - N(l t) 6
(1= 3e,)
11
_ B —de; + O (de}) (4.59)
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and the new amplitude vector Vs
V(ber,m;v,) = V(Ser, m;vp) + P(Ser, m;vp) + P(Ser, myvp) o V(Ser,msvp), (4.60)

which should be expanded about de; < 1 by Assumption II. In the above expression,
the pericenter velocity is decreasing from one orbit to the next for highly elliptic
orbits at Newtonian order. We refer to this behavior as pericenter braking, which will
be explored in more detail later in this chapter.

We may follow the same procedure for the eccentricity mapping to find

85T - —
der; = 0eri 1+ 12 m)m 1Dx(deri-1) [1 + D(deri—1,m;0p) - X (Vi1 )} . (4.61)

with the Newtonian function

(1 —dey) (1 — 226e, + 220¢?)

Dy (de) = 425 425 :
(1 - Sbe)’
—14 e 0 (d¢7) , (4.62)

850

and the amplitude vector
D(bes, m;v,) = E(8eq, m;v,) + P(der, 3 v,) + P(Sey, m;0,) 0 E(Seg,m;0,) . (4.63)

We thus find that the PN amplitude vectors (17, 23) can be expressed in terms of the
known PN amplitude vectors (15, 17, E) The above expressions are purely generic
within the PN formalism, allowing them to be applied at any PN order.

Now, let us consider the second ingredient of the PN burst model: the centroid

mapping. The GW time is given in Eq. (4.24), while the pericenter distance is given
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in Eq. (4.47). We thus have that the GW time at arbitrary PN order is

M (2 — dey)

o L+ R(Ser,m505) - X (1)) (4.64)

TGW =

and the frequency mapping between boxes is

_ [Up,i (Up,zel, 561&,1‘71)]3
271'M [2 — 5€t,i (”Up’ifl, 56t,i71)]

X {]_ + ﬁ(_l) [561572‘(7’1,,1'_1, (561371'_1), n; Up] . X [Upﬂ' (Up,i—lu (5613’1'_1)]} s (465)

fi

where the functionals v, ; (v, ;—1,des ;1) and de; (v, -1, 0e; ;1) are given in Eqgs. (4.57)
and (4.61), respectively. The components of the amplitude vectors R are defined
recursively in Appendix C. The time mapping can trivially be constructed from

Eq. (4.46) via

27TM [2 — 56@,‘ (Up,i—h 56,571‘_1)]3/2

[Vpi (Vpim1,0€0i-1)]>  [Sers (vpi1, deri1)]*?

X {]_ + ﬁ [66,571‘ (Up7i_1, (56,572'_1) , N Up] : X [UZM' (Up,i—lu 5675’1‘_1)]} s (466)

ti=ti1+

which completes our calculation of the centroid mapping.

We have here not inserted Eqgs. (4.57) and (4.61) into Eqs. (4.66) and (4.65),
and re-expanded about the pericenter velocity being small to determine the time and
frequency of the bursts. The reason for this is that such an expansion results in a
significant loss of accuracy compared to numerical evolutions. This results from the

behavior of the orbital period in the burst model which behaves as

1 1

Y
32 5
6615,1' (5615,1‘71 + A Up i1

o (4.67)
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where A is a constant. Since both de; ;1 and v, ;1 are assumed to be simultaneously
but independently small, expanding such a function about only one of them would
impose an assumption on their ratio that is not justified.

Finally, we consider the volume mapping of the bursts. Once again, we treat the
bursts as boxes in time and frequency with widths defined by Eqs. (4.28) and (4.29).
Hence we simply have to evaluate these expressions within our PN formalism at

(vp, 1), thus obtaining

_ &M [2 - 5€t,z‘ (Up,i—b 5€t,z‘—1)]

0t;
[Upi (Vpi-1, 56t,z>1)]3
X {]. + ﬁ [56t,i(vp,i—1a 567371‘_1), n; Up] : X [UpJ‘ (Up,i—la 56}72‘_1)]} s (468)
5f = &r [Upi (Vpi—1, 561&,2‘71)]3

N 2r M [2 — 561571' (Up,ifla 567571',1)]

X {1 + R'(_l) [(56,571‘(7"1,’@‘_17 56,57@'_1), n; Up] : X [Up,i (Up,i—la 56t,i—1)]} . (469)

Not surprisingly, we see that one set of corrections, specifically the PN corrections
to the pericenter distance, are the PN corrections to the frequency and box size

mappings.

Example PN Burst Models

We have applied the fully general formalism of the previous section to PN
theory, developing a burst model at generic PN order. This arbitrary order model is
characterized by four amplitude vector fields Apxpuret = (13 , é, ]7, 13) , which can easily
be constructed from the PN corrections to the orbital period, pericenter velocity, and
rate of change of pericenter velocity and orbital eccentricity. These amplitude vectors

are dependent on the set of GR parameters that characterize the system, namely
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A2 = (des,m, ...). We will now apply this formalism to generate a few example burst
models at specific PN orders. There are multiple coordinate systems used to calculate
PN quantities. Two that are typically used within the literature are the ADM and
modified harmonic coordinates. We will choose to work within the ADM coordinates.
The expressions in modified harmonic coordinates can easily be obtained through the
appropriate coordinate transformations, which are given for example in Eq. (7.11)

in [28].

Burst Model at 1PN Order We begin by calculating the burst model to 1PN

order. Recall that the model has three ingredients: the orbit evolution, the centroid
mapping, and the volume mapping. We begin with the orbit evolution, which in our
generic order model is given by Egs. (4.57) and (4.61). There are no 0.5PN order
corrections to any of the quantities considered here, so the state vector has only one
component, specifically

X = (?). (4.70)

p

To achieve a burst model at 1PN order, we simply have to compute the 1PN functions
(V2,Dy).  The functions (Vy, D) are given in general by Eq. (4.60) and (4.63),

respectively. Setting k = 2, these functions become

Va(er, n;vp) = Val(er, m;0,) + Pa(er, n;0,) (4.71)

DQ((Seta 3 'Up) = EQ(etv n; Up) + P2(et7 m; Up) . (472)

where (Va, By, Py) are given in Appendix D. Working to O(de;), the orbit evolution

becomes

(v iU ,i—l)
(Zpi - ZpifSPNN =1 VQ((Set’i_h " Up)vgvi_l + o (U;i—l) (4'73)
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(5€t,z‘ - 5€t,i—1)

s g+ O 078
y? s0—1/N
with
137 44
(vpi = Upi—1)y = _%77@2@;1 [1 + 5561‘,,171 +0 (563,1‘1)1 (4.75)
857 791
(6eri — deri1)y = Knvf,,iq [1 + @6@@_1 +0 (éefﬂ.l)} (4.76)

251 8321 14541 98519
Va(deri—1,m;0p) = €ti—1 <

it — O(6e?,
104" " 2080 © 6760 135200) 00t

(4.77)
1017 4773 995393 602109
Dafderi-1,m3vp) = = 5o + 5o + 0z (14450077 - 340000) +0(06;.4).
(4.78)

Let us now consider the centroid mapping. The evolution of the time centroid

of the bursts is trivially given by the orbital period, so to 1PN order

t;, — ti_
ﬂ =1+ Py[be;(vpi-1,0€i-1),1;Vp] [Up,i(Vpi-1, 5€t,ze1)]2 +0 (U;l,i) )

(ti —tic1)y

(4.79)
with
(ti —tic1)y = PX (Upi, O€r;)
. 2r M [2 — (56,571‘(1)];7@‘—1, 6€t,i—1)]3/2 (4 80)
[Up,i(vp,i—h 5616,2'—1)]3 [5615,1'(%,@'—1, 5€t,i—1)}3/2 ’ .
3 3 5 3 ,
Py(Oeri,myvp) = 5 — 4 +0eei { =g+ | +O0(0eiy), (4.81)

where vy, ;(vpi—1,0€,-1) and de;;(vyi—1,0€,-1) are given by Eqgs. (4.73) and (4.74),

respectively.
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We now move onto the frequency centroid mapping, which is characterized by
the functions R,(jl). Using the recursion method is Appendix C, Rgfl) = —R,, and

the frequency centroid mapping becomes

fEN
W =1- R2 [(56,5,1'(7};)’1'_1, (5613’1'_1), mn; Up] [Upﬂ' (Up,i—la 561572‘_1)]2 + O(Uﬁ,z) (482)
with

[Up,i (Up,i—la 5€t,z’—1)]3

N = 4.83
fz 2m M [2 — (SGM' (Up7i_1, 66,571'_1)] ( )
7 5 5 ,
R2(5et,i, n; Up> = 4_177 — 5 — g?](set,i + 0(5615,@') . (484)

Finally, we focus on the volume mapping, which is trivially given by the same

corrections as the frequency centroid mapping:

oty

(;tN =1+ R2 [5615,1'(@1;72'_17 5em~_1), n; Up] [Up,z' (Up,i—h (561571'_1)]2 + O(Ufm) s (485)
Tk :

(5}‘N =1- R2 [56t,i<vp,i—1a 5€t,i—1)7 n; Up] [Up,i (Up,i—17 (36,5,@‘_1)] + O(Ufm) (486)

where we have defined

_ &M [2 - 5675,1’ (Up,z'—la 561&,2’71)]

oty :
[Up,i (’Up,ifb 531&,171)]

7

(4.87)

N &s [pi (Upi1, 0eri 1))
6fl 27TM [2 — (56,571‘ (Up,ifla 5615,1'71)] ( 88)

This completes the burst model at 1PN order.

Burst Model at 2PN Order Let us now calculate the burst model to 2PN order.

The state vector has three components corresponding to 1PN, 1.5PN, and 2PN orders,
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specifically
X = (02,030 (4.89)

P’ P’ TP

We begin by computing the orbital evolution in the burst model. To 2PN order, the

pericenter velocity and eccentricity mappings become

(Up,i — Up,i—1)2PN _ (Up,z‘ - Up,i—l)lPN
(Vpi = Vpi—1)N (Upi — Vpim1)N

+ Va(deri—1,m; vp)v;‘;vi_l + O(v;i_l) (4.90)

(5615,7; - 5€t,i—1)2PN o (5676,1’ - 5€t,i—1)1PN

(5€t,z‘ - 6€t,i—1)N B (5€t,z‘ - 5€t,z‘—1)N
+ Da(deri—1,m; Up)vé,i—l + O(U;i—l) (4.91)

+ Vs(det i1, m; Up)vg,ifl

+ Ds(deri—1,m; Up)vg,ifl

The Newtonian and 1PN order mappings do not change from the 1PN order model,
and they are given in Egs. (4.75)-(4.76) and Eqs. (4.73)-(4.74), respectively. Generally,

the 1.5PN order and 2PN order components of the amplitude fields are given by

Vs(er, 3 0p) = Va(er, m; vp) (4.92)
Ds(es, U;Up) = Es(es,m; Up) (4.93)
Vi(er,m;vp) = Valer, m5vp) + Paler, n;vp) + Valer, n; vp) Paler, n; vp) (4.94)
Dy(er, n;vp) = Ealer, n;vp) + Paler, n;0p) + Ea(er, n;vp) Paler, 03 vp) (4.95)

Using the results of Appendix D, we obtain

37123 100864+/3 )
555 T 1ag7s 0okt HO0), (4.96)

10624v/3  1098176/3 )
- | 4,
3835 T argys Ot T O, (4.97)

119432023 1213031 169 29330909 816679

2 4 ey
6289920 49920 128 1O (204422400 * 202800"

V3(5et,z‘—17 3 Up) =

D3(5€t,i71, Uk Up) =

V4(6et,i717 Uk Up) =
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68571 3/2
1160 n ) + O(det,i—1)7 (4.98)

130307750 _ 5863710 284687 , - 1o (45\/5 92 )

D 5 i—1,71) - - . -
1(0€ei-1,7:0p) = —eoene ~ Tossoo ' T Tosso " T 01 | 3o 16 "

26000488883 887490277 16138299 ,
+ €1

T 2013120000 46240000 7 1156000 "
+0(5e),), (4.99)

where we have used the results of [107] to evaluate the tail enhancement factors.

Next, let us consider the time centroid mapping, which at 2PN order is

(ti — ti—1)2pN _ (ti — tic1)1pN
(ti —tic1)N (ti —tic1)N

+0W?,), (4.100)

p7z

+ Pylbesi(Vpi1,0€ii 1), 15 0p)0pi(Vpi1, 0 1)

where the mappings v,;(vp;—1,06r,-1) and de;;(vy;_1,0€;,_1) are now given by
Egs. (4.90) and (4.91), respectively. There is no 1.5PN order correction to these
expressions, since P; = 0. This is a result of the fact that the orbital period comes
from the conservative orbital dynamics, and is thus symmetric under time reversal.
Once again, the Newtonian time centroid mapping and 1PN order correction do not
change from the 1PN order burst model. The 2PN order correction is characterized
solely by Pjy(es, n;v,), which is given in Appendix D. Expanding about de; < 1, we

obtain

61 T ea 1T 3 T 0%k

P4(5€t,z‘,77§vp) = - 32 16 g

225 | 237 39 5 <45\/§ 9v/2 >
135 115 7
+ by, (—— +—n+ —n2> +0(5€)). (4.101)

64 64 16

Finally, consider the frequency centroid and box size mappings, which at 2PN
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order are

f~2PN flPN 1)
+ R [0et.i(Vpi1,0€i-1), 15 Vp|Upi (Vp i1, 5€t,i—1)4 + O(U;i) ;

N
(4.102)
5PN PN .o
5;N = 5N + R4 [56t,i(vp,i—1a 5et,i—1)> n, Up]’l)p7i (Up,i—la 56,577;_1) + O(’Upﬂ) R (4103)
SF2PN 5 fIPN -
(J;}N = (J;}N + Ri 1)[5€t,i(vp,i717 deti—1),1; Up|Up.i(Vpi-1, 561&,1'71)4 + O(U;i) )

(4.104)

The Newtonian and 1PN order terms are the same as those in the 1PN order burst

model. Using the results of Appendix C, the field Rfl_l) is in general given by
Ri_l)(et#’]; vp) = —Ry(ey, m5vp) + Ra(er, n; Up>2- (4.105)

Applying the expressions for (Ry, R4) from D, we obtain

47 49 17 133 155 13
Atoese) = 35 + 1 i+ 0o (1 + g g ) + 0
(4.106)
_ 147 189 33 133 45 83
RSV (Sey; =— - — 2+ 0er | — — O(5e?,) .
4 ( 6t7 777’ Up) 16 16 n + 8 77 + et 64 6477 32 + ( et,’b)
(4.107)

This completes the burst model at 2PN order.

Burst Model at 3PN Order Let us now extend the burst model to the current

limits of our understanding of eccentric binaries within PN theory, i.e. to 3PN order.
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The state vector will now extend to vg , specifically

X = (02,03, 0%, 0%, 09) . (4.108)

p> Up> Vpr Upr Up
At 3PN order, the orbital evolution equations become

(Up,i - Up,ifl)SPN _ (vp,i - Up,iq)QPN
(Upi — Vpi-1)N (Upi — Vpic1)N

+ Ve(eri1,mvp)vs, 1 + O (vl ) (4.109)

(5615,1' - 5€t,z'—1)3PN _ (5615,1' - 5€t,z'—1)2PN
(5615,2‘ - 5€t,i71)N (5€t,z‘ - 6€t,i71)N

+ Ds(deri—1,m; vp)vgvi_l +0 (U;,i—1) . (4.110)

+ Vs(des i1, m; Up)“£,¢—1

+ D5 (deri—1,m; Up)vzii—l

The new functions [Vs, Vs] and [Ds, Dg| give the coefficients of the 2.5PN and 3PN
order corrections of the orbital evolutions. In terms of the components of the

amplitude vector fields [17, E, ]3], they are given by

Vs(es,m;0) = Vs(er, m5vp) + Valer, n;vp) Pales, m50) (4.111)
Ds(er,n;vp) = Es(er,n;v,) + Es(er, n;vp) Paler, m;v,) (4.112)
Vs(ew, m5vp) = Vo(er, m30p) + Poler, m30p) + Valer, n;vp) Paler, m5v)

+ Valer, m;vp) Pa(er, 13 0p) (4.113)
De(er,m;vp) = Egler, m;vp) + Poler, 3 0p) + Ealer, n;vp) Paler, n;vp)

+ Eyle, n;vp) Pale, m5v) (4.114)
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where we have used the fact that Ps(e;,n;v,) = 0= Ps(et,n;v,). Using the results of

Appendix D, we find for the 2.5PN order functions

Vs(deti—1,m;0p) = — 12%120225\/3 - 48?3;/377 + v + 1722?/656%2_1
i S
(4.115)
(sl o

(4.116)

where we have used the results of Ch. 3 [107] and neglected the 2.5PN memory terms.
The constants [vg, V1, po, p1] depend on the coefficients of the Padé approximants
created for the 2.5PN order tail enhancement factors [1(e;),%(e;)] in Ch. 3 [107].

The exact rational form of the coefficients are too lengthy to provide here. We simply

give their numeric values, which are

vy = 34.82829720, vy = —38.97374189, (4.117)

po = 11.90237615, p1 = —36.89484102, (4.118)

For the 3PN order functions, we find

Va6 ) 48102359171 . 38572 . 1177In(2) . 1177In(3)
€t,i—1,1;Vp) =
6\0€ti-1, 71 Up 402554880 128 64 256
(5083637r2 80844193) 3379743 , 543189
- 7

266240 * 430080 53248 * 13312 !
1690426235921 L 4883972
26166067200 8320

1177
— ——In(v), ;) + deri [
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746530In(2) | T46530In(3) (112025140 806842637
20800 83200 83865600 17305600 )
753350873 , 61283003 , 746539 . 3o
. . 1 c>(5 . ) ,
10383360 | sosas0 " szz00 )]‘+ Chi-1

p,’L—l

(4.119)

7318191053 105497  161249In(2)  161249In(3)

51609600 * 10880 * 27200 * 108800
(8119255961 1555617r2) 11789862391 , 9152141 ,
- n

91034030 1740800 36556300 | 87040
161249

64557/2 4120619+/2
108800

D6(56t,i—17 ;5 Up) =

ln(vz,i—l) + 56;,431

5120 217600

1237124/2 13437+v/2 11487739123
), e ), [ s

4096 2720 552960000
58057232 88744623In(2) L 887446231In(3) 639985247281
4624000 11560000 46240000 6991488000
1356726172 689800811001 . 1557091039 4
92480000 5178880000 g 18496000 g
88744623 "
_ 88744623, o 2 412
46240000 n(vp,l—l) + O<5et,l—1) ( 0)

This completes the orbital evolution to 3PN order.

The time centroid mapping at 3PN order becomes

(t; — ti—1)spN _ (t; — ti—1)2pN
(ti —ti—1)N (ti —ti—1)n

+ Pslberi(vpim1, 0erio1), m5 vplun, + O(v] ), (4.121)

where once again there is no 2.5PN order corrections since the orbital period comes
from the conservative orbital dynamics. The 3PN order function Fgs(e;, n;v,) is given

in Appendix D. Expanding about de; < 1, we obtain

P6(5€t,i7 777 Up) = ].28 32 128

(607\/5 123w2xﬂ2> 99v/2 2] [ 213 (591
— - n + (5€t’i

2821 (2123  3x? 1377 5 73 4 i |405V/2
_2%_+<H8+]6)n___ﬁ+"ﬂ7+&“ 128

128 1096 128 ! 32 " \128
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7, 599 3/2
+ 5018 )" n n° |+ O(de;”) . (4.122)

88572 1117 5 399 4
512 256

Finally, the frequency and box widths mappings at 3PN order are

f,3PN fZPN
7

f.N = }.N + R(g_l)[5€t,i(vp,i—17 5et,i—1>a 3 Up]vp,i(vp,i—la 5€t,i—1)6 + O(U;,i) )

(4.123)

SEPN 12PN
v = v + R6 [56t,i(vp,i—1a 5et,i—1)7 n; Up]’l)p7i (Up,i—la 567577;_1)6 + O(U;J s (4124)

otN otN
SF3PN 5 f2PN -
(J;}N = (J;}N + Ré 1)[5€t,i(vp,i717 deti—1),1; Up|Up.i(Vpi-1, 561‘,,1’71)6 + O(U;i) ;

(4.125)

where the functions Ré_l)(et, n;vp) is

RE (e, m;0y) = —Ro(er, m; vp) + 2Ra(er, 15 0p) Raler, m50,) — Raler m50,)* . (4.126)

Using the results in Appendix D, we obtain

305 3131  11x? 19 67 829
Re(Se,m;vp) = ——= + ( +— ) n——n*+ —=n" + e, {

32 192 ' 128 2 32 18
RS (deri,myvp) = 1;;5 - (14113;15 + 11127;2> + 9?7772 a %Tﬁ 0% {211—2589
B (%667 + 95717;2> n— 11—7:772 - %785773} +000e)?). (4.128)

This completes the burst model at 3PN order.



105

Properties of the PN Burst Model

With the burst model complete to 3PN order, we complete this chapter with
some results that describe properties of the model. We begin by discussing the
accuracy of the burst model when compared to numerical evolutions of the PN
radiation reaction equations. Finally, we discuss a previously unreported phenomenon

associated with the evolution of the pericenter velocity under radiation reaction.

Accuracy of the Burst Model

The burst model is meant to be an accurate representation of GW bursts emitted
by highly eccentric binaries in nature. Further, since this model is designed to be
used as a prior in data analysis for detecting such systems, it is paramount that we
characterize the accuracy of the model. The ideal test of such an analytic model would
be to compare the time of arrival and frequency of eccentric bursts from a numerical
relativity simulation to the those from the burst model. However, there are currently
no accurate numerical relativity waveforms for the highly eccentric systems considered
here. Even the second best comparison, the same as above but with accurate PN
waveforms, is also currently inapplicable due to the lack of such waveforms. With
the two most ideal tests out of reach, we are left with comparing the burst model to
the orbital evolution of binary systems (instead of their associated waveforms) under
PN radiation reaction. Such a comparison allows us to gauge the accuracy of the
approximations used to construct the burst model, as well as estimate the typical
error we can expect when comparing to physically accurate waveform models.

We begin by describing the method through which we obtain the numerical
evolution. Ideally, the equations we would want to numerically evolve are (é;)(v,, ;)

and (0,)(v,, e;). However, as we will explain in the next section, there is always a
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point (v,,e;) where (9,) = 0 during the inspiral, which numerical routines will have
difficulty integrating past. An alternative approach is to use a parameterization of
the equations that does not present this behavior, e.g. (é;)(z, ;) and (Z)(z,e;). The
expression for (é;)(x, e;) to 3PN order, neglecting memory contributions, is provided
in Egs. (6.18)-(6.19), (6.22), and (6.25) in [31]. To obtain the expression for (&)(z, e;)
to 3PN order, we follow the method detailed in Appendix D for (v,), which we
summarize here. We begin by obtaining an expression for x (¢, j) by inverting Eq. (6.5)
in [31]. We then take a time derivative and apply the chain rule, using the 3PN order
expressions for the energy flux [28] and the angular momentum flux [31]. We expand
the resulting expression in x to obtain (&)(z, e;).

For our numerical evolutions, we integrate the equations (&) (z, e;) and (é;)(x, e;)
including all of the instantaneous and tail contributions to 3PN order. For the tail
enhancement factors, we use the analytic expressions provided in [107] and Ch. 3.
The initial conditions for the evolutions are set to guarantee the initial eccentricity
is ;0 = 0.9 and the initial GW frequency is fawo = 10Hz, i.e. we use these initial
conditions to solve for the initial value of v, using fow(vp,€;), which is provided in
Appendix D. We then use the expression v,(z, et), which is obtained from the 3PN
extension of Eq. (D.13) with Eq. (7.10) in [28], to obtain the initial value of z. For
the three systems we study, a (1.4,1.4) M NSNS binary, a (1.4,10) M, NSBH binary,
and a (10,10)M, BHBH binary, the initial conditions are listed in Table 4.1. With
the initial conditions set, we numerically integrate the equations using the NDSolve

routine in Mathematica until we reach the time when

1/1—¢?
I 4.129
s 2 (3+€t) ’ ( )

which denotes the maximum value of x for which test particle orbits are stable around
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System  my[Mg] ma[Mg] ero To 1/xq
NSNS 1.4 14 09 7.35x107* 1360
NSBH 1.4 10 09 1.85x107% 541
BHBH 10 10 0.9 2.67x10"% 375

Table 4.1: Initial values of the PN expansion parameter x for the set of compact
binary systems studied. The values are obtained by requiring the initial GW frequency
to be 10Hz. The final column provides an estimate of the semi-major axis of the
binary, since a, = M/z + O(1) in PN theory.

a Schwarzschild black hole, i.e. we require that p > 2M (3 + ¢;), where p is the semi-
latus rectum of the orbit and we have used the Newtonian relation z = (M /p)(1—e?).
Beyond this point, we consider the inspiral to be formally over and to use the burst
model one would have to extend it to include merger and ringdown.

For the comparison to the burst model, we use z(t) and e;(t) to construct the
pericenter velocity as a function of time v,(¢), which we then use with the results
of Appendix D to obtain the orbital period and GW frequency as a function of
time, specifically P(t) and fgw(t). To compute the values of these in the burst
model to 3PN order, we start the model with the same initial conditions used for the
numerical evolution. Once (v,, €:0) are specified, all future (v, ,;, e ;) are determined
from Eqs. (4.109)-(4.110). From here, the orbital period and the GW frequency are
determined in the burst model from Eqgs. (4.121) and (4.123).

Figure 4.1 shows the orbital period and GW frequency as functions of time in
the burst model and the numerical evolution, as well as the relative error between the
two. The relative error increases as time increases, but typically the error remains

below 1% for the first one hundred bursts. The reason the error increases is twofold.
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First, the eccentricity decreases as the binary inspirals due to the loss of energy and
angular momentum by GW emission. The burst model uses an expansion about
de; < 1, and it is thus most accurate in this regime. This error can be improved by
going to higher order in de; within the burst model if one wishes.

The second reason for the increasing error is that as the binary inspirals, the GW
power becomes smeared over more of the orbit. As a result, the binary’s evolution
resembles less a set of discrete steps. The burst model, which is only valid when
de; < 1, hinges on the osculating behavior of highly eccentric orbits. This error
is more difficult to control, but one way of improving it would be to match the
evolution in the burst model to an evolution when the eccentricity is small. However,
in this paper, we are only interested in highly elliptic orbits where this matching is
unnecessary. Regardless, as the figure shows, the error between the burst model and
the numerical evolution is sufficiently small that we can begin to test the burst model

in idealized data analysis scenarios.

Pericenter Braking

Let us begin by recalling that within our generic PN burst model, the change of

pericenter velocity to Newtonian order is given by

, 320 o(1—e)?
) = 5 () + 01 (4.130
t

where the function Vi(e;) is

13 7 37
Wn(e) =1— —e + —é? 3

— —e;. 4.131
6 8 t 96€t ( )

Notice from Eq. (4.58), which provides Vy(de;), that to first order in de;, the

above expression is negative and v, is thus decreasing. This seems counterintuitive



109

& M

0.893 0.890 0.884 0.880 0.896 0.893 0.890 0.884 0.880
T T T

I \ \ 7 \
7/
PR g, v,=0.117,¢=0.896 4 ,
= P 1.04 - , N
08 o T — - — NSNS
vp:0.184, €=0.883 = = L — — NSBH i
5 T 1 = -—- BHBH
e o
& 06— — NSNS 4 T im -
e - - NSBH = ¥,=0.218,¢=0.794
= L ‘= BHBH 1 =
o v,=0.184,¢,=0883
041 — ---
1 —
>~ R ¥,=0.117, ¢,20.89
|~ | | |
R R 10°E ——t—+—
£ 1 g 4 F ) ]
= = 10" g E
2 1 2 E
g i E Sk i
&’ . 2 10 3 g
! | ! | | | 1 0—6 ¢ | | | 1
0 20 40 60 80 100 0 20 40 60 80 100

t/P(0) t/P(0)

Figure 4.1: Top panel: Comparison of the orbital period P and GW frequency fow
relative to their initial values as functions of time (in units of the initial orbital period)
in the burst model (circles) and the numerical evolution (lines). The values of the
pericenter velocity and time eccentricity next to each line provide the values during the
100th burst. The labels on the top axis give the value of the time eccentricity for the
corresponding time for the NSBH binary. Bottom panel: Relative error between the
burst model and the numerical evolutions for the orbital period and GW frequency.

considering what we know about quasi-circular binaries, i.e. as the orbital separation
r decreases, the orbital velocity v increases, since v and r are inversely related by
Kepler’s third law.

This behavior becomes more confusing when we consider the apocenter velocity
v,. Just as we can calculate (v,) using the method detailed in Appendix D, we may

also compute (0,). Following this method, and working to Newtonian order, we have

(1 . et>3/2
(1 + 6t)15/2

32

(Ba) = E%vﬁ Va(—e) + 0 (011) . (4.132)

Notice that this expression depends on Vy(—e;), which is always positive. The

apocenter velocity is thus always increasing as the binary inspirals, just as we
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would expect from quasi-circular binaries. As a result, the pericenter and apocenter
velocities have very different behavior depending on the eccentricity of the system.
Let us try to understand this counter-intuitive behavior. The function Vi(e;) is a
third order polynomial in eccentricity with an oscillating sign and with the coefficient
of the O(e;) term greater than unity. This means that there will be a critical point
ercrit Where the function is zero, (v,)(erait) = 0, and due to the aforementioned
behavior of the coefficients e; iy < 1. Let us solve for this critical point. To Newtonian

order we find
N 28 2 2672

cri o 141 Tam 5 41
Crarit = Crarit = 3= 770t A (4.133)
where we have defined
1/3
- (67770-+»222\/1399593> . (4.134)
The Newtonian expression for the critical eccentricity evaluates to el ~ 0.5557306.

Such a critical point also exists at 1PN order, except that now it is a function of the

mass ratio and the pericenter velocity:

Crerit = Cherit + Crons (1) Vh s (4.135)
where we have defined
1
€t (1) =

o (202 — 1950 — 8016) (0% — 400802 + 16064064)
[101 12970188463538176 2775205875922795266048

= 9583
149499372172271616 ~ 31076515350417788928
—+ o
0583
1150598736488448 11994925296964608\
+ - 9583 g
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+

(62455763578752 30800598698771712) 3
n— o

9583

( 383487115344 351826743539100) \
+ n+ o

9583
.\ ( 46179281106 35571374119917) . (9568041877
19166 37
175562247275) 5y (3887918n<_ 1917360308) - (5361277
19166 37 9583 111

558902 1738 361279 88 24149

+2W@>ﬁ+(1u”_2ww)£+(7ﬁﬂ+%ﬂﬁaﬂ (4.136)

This function evaluates to effX ~ 0.5557306 — (0.06536872n + 0.3457145)1)1%. The

t,crit

overall effect of the 1PN term is to decrease the value of the Newtonian critical point,

but there is no value of v, < 1 or n € (0,1/4) for which e; i = 0 at 1PN order.

— — —
N — 4»—*»¥*_, I
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Figure 4.2: Plot of the streamlines of (10*(v,),103(¢;)) at Newtonian order. The
arrows on the streamlines only indicate the direction of the flow, not the magnitude.
The red dashed line displays the value of the critical eccentricity where (v,) = 0 at
Newtonian order. Above the critical eccentricity, the streamlines point to the left as
shown in the burst model, while below, they point to the right, as is expected for
quasi circular binaries.

Why does this behavior occur physically? The answer to this question lies in
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Figure 4.3: Left: Plot of the streamlines of (10%(v,),10%(¢;)) at 1PN order. The
dotted line displays the value of the critical eccentricity where (0,) = 0 at 1PN order,
as determined numerically, while the dashed line is the same result at Newtonian
order. The solid line displays the analytic result of the critical eccentricity given
in Eqgs. (4.135)-(4.136). Right: A zoom in of the plot on the left for the region

v, = (0,0.35).

circularization. As the binary inspirals, energy and angular momentum are radiated
away in such a way that the orbital eccentricity decreases, making the binary more
and more circular. For quasicircular binaries, v, = v, + O(e;), but for highly-elliptic
binaries, v, > v,. As a highly-elliptical binary inspirals, v, and v, will approach
the same value since the eccentricity approaches zero. However, if the eccentricity is
above the critical value, the two velocities will not approach the same value if they
are both increasing initially. Instead, circularization causes pericenter to brake when
the eccentricity is above e; i, so that v, can approach v,. In fact, one can easily
show from Egs. (4.130) and (4.132), that v, and v, obey the following conservation

law at Newtonian order:

Wn(—et)(v,) — Vi(er)(q) = 0. (4.137)
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To further display this behavior, we plot the streamlines of ((v,), (&))" at
Newtonian order in Fig 4.2 and at 1PN order in Fig. 4.3. Notice that in both plots,
systems with values of (v,,e;) above the critical value of the eccentricity, which is
represented by the dashed line in Fig. 4.2 and the dotted line in Fig. 4.3, display the
pericenter braking behavior that appears in the burst model. On the other hand, the
pericenter velocity for systems below the critical eccentricity is always increasing.

This pericenter braking behavior is not a property of the burst model per se,
but rather it is inherited from the PN radiation-reaction equations. One may worry
that this pericenter braking behavior may disappear if treating the problem exactly
(for example, through a numerical treatment). The right panel of Fig. 4.3, however,
shows a zoom of the streamlines at small velocities, where we see that the braking
behavior persists. We thus conclude that it is unlikely that pericenter braking is an
artifact of the PN expansion.

Figure (4.3) also allows us to compare the critical eccentricity computed at
Newtonian order, at 1PN order and numerically. The latter is obtained by solving
the 1PN expression for (0,(e;)) = 0 to find e; ;1. As expected, the numerical inversion
disagrees with the 1PN expansion at high velocities. We notice, however, that the
1PN expression is closer to the numerical inversion than the Newtonian expression is.
If the numerical inversion is correct, then this implies the 1PN expansion of e; ¢,y given
in Eqgs. (4.135)-(4.136) has a larger regime of validity than its Newtonian counterpart.

Finally, it is important to note that while the pericenter velocity has this
unique behavior, the GW frequency and the PN parameter x are both monotonically
increasing, and the time eccentricity is monotonically decreasing, throughout the

inspiral of the binary. In the circular case, there is a one-to-one mapping between the

1We have rescaled the values of (v,) and (é;) in these plots to exemplify the behavior of the
streamlines. This does not changes the results of this section.
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orbital velocity and the GW frequency, and since the orbital velocity is a monotonic
function, so is the frequency. For generic eccentric inspirals, the frequency depends
on both the pericenter velocity (or alternatively z) and the time eccentricity in such

a way that it is also monotonic.
Discussion

We have constructed a generic PN order burst model. This model is character-
ized by four amplitude vector fields (]3, E, )7, ﬁ), which depend on the orbital period,
pericenter distance, and rates of change of pericenter velocity and orbital eccentricity,
respectively. While these quantities are not typically reported within the literature,
they can be easily calculated from the quantities that are. Thus, the formalism
presented here provides a formulaic means of generating burst models to any PN
order. We have then applied this formalism to calculate the burst model out to the
current limit to which we can compute PN quantities for eccentric binaries, i.e. 3PN
order.

One direction of future research is to relax some of the assumptions used to
develop this formalism. For example, we have approximated the compact objects as
non-spinning point particles, which is appropriate if we are considering non-spinning
BHs. However, BHs in the universe are generally considered to be spinning, while on
the other hand, NSs are not well approximated by point particles. NSs will typically
have small spins, however the inclusion of finite size effects and tidal perturbations
would be necessary to effectively model highly eccentric NS binaries. Further, if one
of the binary components is a BH, then not all of the GW power travels to spatial
infinity. Instead, some of the GWs travel through the horizon of the BH, increasing
its mass and spin throughout the evolution of the binary. With these considerations,

we can postulate that the generic PN formalism can be extended to include such
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effects by writing
A = App + Agpin + Aps + An + Appi (4.138)

where A € (]3, ﬁ, )7, 73) In the above, App represents the point particle terms,
computed here to 3PN order, ffspin are the corrections generated by the spins of the
compact objects, /YFS are generated by finite size effects of NSs, and Ay incorporates
the corrections from the GWs fluxes through BH horizons. The final term, ffppE
represents corrections due to modified theories of gravity [108], which we consider in
the next chapter.

One important question to address in the future concerns the most appropriate
equations one should use to obtain the numerical evolution of highly elliptic systems
under radiation reaction. In this work, we have used the orbit averaged equations
for (¢;) and (&). These equations are applicable when the GW emission is smeared
over the entire orbit and changes to the orbital elements are small on the timescale of
one orbit, as is the case in quasi-circular inspirals. However, for the highly eccentric
binaries considered here, the GW emission is concentrated at pericenter passage, and
changes to the orbital elements happen on timescales significantly shorter than the
orbital period. The evolution of such binaries will resemble a set of discrete steps from
one orbit to the next. Furthermore, it can be shown that when expressed in terms of
variables that are finite in the parabolic limit, the orbit averaged fluxes of energy and
angular momentum vanish for parabolic orbits. There is, of course, nothing special
about the parabolic limit, and binaries on parabolic orbits will still emit GWs, which
suggests a break down of the orbit-averaged formalism in this limit. Since the orbit
averaged equations are currently used prolifically in the literature, it is important to
determine how big of a deviation in observables is generated by considering evolutions

with and without orbit-averaging in the radiation-reaction force, and what set of
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systems in (fqw, ;) space are affected by this deviation. Such a study is currently
underway [102].

Another avenue for future research is to consider how the 3PN order burst model
aids in detecting highly elliptic binaries. In such a study, one would inject a waveform
generated by numerically evolving the binary under radiation reaction into a simulated
LIGO data stream. One could then perform an analysis to study whether the prior,
specifically the burst model, is sufficient to achieve detection of such a signal given a
particular noise model. One could also investigate the nature of posterior probability
densities of recovered parameters and determine if such a search is accurate enough
to perform parameter estimation on actual signals. With such a study completed,
a follow up study could be conducted to investigate the search strategy’s ability to
estimate deviations from the current model, such as those from modified theories of
gravity and to constrain the coupling constants of such theories. Such studies will be
crucial for understanding our ability to detect and perform important astrophysics

with eccentric GW signals.
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PARAMETERIZED POST-EINSTEINIAN FRAMEWORK FOR
GRAVITATIONAL WAVE BURSTS

The recent detections of GWs by aLIGO and aVIRGO have opened the door to
testing the dynamical and non-linear, strong-field regime of General Relativity (GR)
[165,178,181]. One characterization of this regime is a scenario where a source of
large spacetime curvature experiences sufficiently rapid acceleration (as measured by
a distant inertial observer) to produce gravitational wave (GW) emission approaching
the Planck luminosity L, = ¢°/G.

Vacuum GR has no intrinsic scale, so one could argue that there is nothing
particularly relevant about L, compared to any other unit-luminosity in some other
system of units. However, if one considers a particular GW emission process with
an energy scale E = Mc? (here M is the total rest mass of the binary) occurring
within a region of size R (here, the binary diameter), arguments based on the Hoop
Conjecture [153] suggest this can only exceed L, if cosmic censorship is violated.
Thus, in GR L, is a natural scale to expect the most radical phenomena of the theory
to occur. The most luminous GW sources currently observed, the final stages of the
merger of two black holes, reach luminosities of ~ 1072L,,.

High-eccentricity mergers may be ideal for testing GR in the dynamical strong
field regime, as, other parameters in the system being equal the peak GW luminosity
achieved in these systems is typically higher than in a quasi-circular inspiral.
Furthermore, although the integrated power radiated is comparable, more of it comes
from the high-luminosity regime in eccentric mergers—see for example Fig. 5.1. The
goal of this chapter is to lay a theoretical foundation to quantitatively address how
well highly eccentric binaries can constrain strong-field gravity.

Using GW observations of compact binary mergers, eccentric or not, to test GR
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Figure 5.1: Histogram illustrating the fraction of GW energy radiated as a function
of the GW luminosity in Planck units for an eccentric (black) and a quasicircular
(red) inspiral, computed using the Newtonian orbit plus quadrupole emission model
discussed in the text. The eccentric inspiral starts at an initial pericenter of 8M
and eccentricity of 0.99. The quasicircular inspiral starts at a separation of 800M,
corresponding to the same initial semi-major axis as the eccentric inspiral. Both
orbits are terminated at the innermost stable orbit at pericenter distance r, = (3 +
er)/(1+es)2M, with e; the “final” eccentricity before plunge. We have thus left out
the GW energy emitted during plunge, merger and ringdown, which in both cases
would contribute to the energy at luminosities of order 1073 to 1072L,. Observe
that while the quasi-circular inspiral emits radiation at all luminosities below this,
the eccentric inspiral does not emit energy below 107°L,, for the system considered,
concentrating all its power at higher luminosities.
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or search for deviations from its predictions is not a straightforward endeavor. One of
the problems lies with the reliance on theoretical templates of expected events to go
beyond mere detection and infer properties of the source. Any aspect of a detected
source not reflected in the template bank, whether due to modeling deficiencies within
GR, or problems with the theory itself, will lead to a misidentification of the source
as the best-fit member of the template bank, and by inference the theory used to
construct it.

This problem of fundamental theoretical bias in the GW detection endeavor
was the motivation for the development of the parameterized post-Einsteinian
(ppE) framework [177]. The basic idea is to begin with a class of sources (quasi-
circular, compact binary inspirals in the case of [177]) for which there is decent
evidence that GR predictions are sufficiently accurate for some fraction of events
to still be detected with GR templates. Then, one considers a set of “well-
motivated” plausible alterations to the theory—additional energy emission channels,
GW polarizations, new conservative terms that appear at high v/c in an effective
Hamiltonian description, examples from specific alternative theories, etc.—and how
these alterations imprint on the eventual observable (the response function in the case
of [177]). Following this exercise, one proposes a parameterized set of deformations
of the baseline GR observable, that capture the particular case studies considered for
specific values of the parameters, and reduce to the GR result in the appropriate limit.
After a putative detection of a source with GR templates, a follow-up study with ppE
templates could then be performed to either quantify the consistency of the event with
GR as the underlying theory, or give evidence for a correction to GR. Several studies
have since illustrated the efficacy of this approach (see e.g. 63,137,138, 181]).

We here adapt the ppE framework to highly-eccentric binaries, assuming a

power-stacking detection strategy. We follow the same procedure as that outlined
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above for the original, quasi-circular ppE framework, with the key difference that
the observable is now the set of parameters characterizing the burst sequence. As we
detailed in Ch. 4, each burst can be described by four numbers that specify the center,
width and height of a tile in the time-frequency plane, capturing a desired fraction
of the energy of the burst. In GR, the sequence of bursts is uniquely characterized
by the small set of parameters describing the “initial conditions” of the binary; to
leading, Newtonian order in a weak field expansion, these are the symmetric mass
ratio 7, the total mass M, the pericenter of the first encounter r,(, and the initial
orbital eccentricity eg.

A ppE burst-sequence for a given event is a parameterized deformation of the
GR burst sequence. Naively, this would require a ppE parameter for each of the 4N
parameters of an N-burst sequence. However, as with the original ppE, we restrict the
class of deviations to those that are well-motivated in the sense described previously.
Using a simplified model of the GR sequence to allow for an analytic study, we show
that only 8 ppE parameters suffice to capture a wide class of deformations. Physically,
these parameters correspond to deformations in the binary’s binding energy and
angular momentum (i.e. the conservative sector) and their rate of change (i.e. the
dissipative sector). We then postulate that this ppE deformation can be applied to
an arbitrarily accurate baseline GR burst sequence model.

To be more concrete, we propose the following burst algorithm, the first key
ingredient of which describes the properties of the GW emission coming from the 5

burst in the sequence:

]»{ GppE
t?pE = ti—l + AtiG,ifil(rp,ia 67;) |:1 + Qppp ( ) :| ’ (51)

T'pji

EppE
L+ Bope (TM) ] , (5.2)

fippE = fz‘GR(rpm ei)
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BppE
5t = tSR(r, 4, ;) [1 — Bovs (%) ] : (5.3)
Tp,i
M BppE
5 fPPF = SFER(rpasei) |14 Bope < ) ] : (5.4)
rp,i

Here (o5, B,,r) are ppE amplitude parameters, and (a,,z, b,,z) are ppE exponent
parameters. Equations (5.1)-(5.4) describe the centroid (t;, f;) and width (Jt;,df;) of
the i'" tile in time and frequency. The quantities with the GR superscripts denote the
pure GR values in the limit (ops, Bope) = (0,0), and AP (r,;,e;) is the function
giving the period of the orbit preceding the i*" burst in GR (see e.g. Egs. (4.21), (4.27),
and (4.30)-(4.31)).

The GR functions and ppE corrections in Eqgs. (5.1)-(5.4) depend on the
pericenter distance r,; and eccentricity e; of the corresponding orbit, however the

orbit changes from one burst to the next. Thus the second key ingredient to the

burst algorithm describes the mapping from the (i — 1) to the i orbit:

o (Ppie1, €i1) M\ ore
D,i p,e—1y ™1
=1+ ( ) ; 5.5
T (rpi1, €i1) PE\ it (5:5)
Aders”  (rpi1,€io1) M\ %re
N i 1\Tp =140, ( ) ) (5.6)
€ii1 (Tpi1,€i-1) Tpi-1

Here (Yppr, 0ppr) are ppE amplitude parameters, and (¢,,5,d,,z) are ppE exponent
parameters, and we have defined Ade;;—1 = e;_1 — e;. As before, the quantities with
a GR superscript represent the mappings in GR.

We only need 4 ppE amplitude parameters and 4 ppE exponent parameters
to characterize deformations to eccentric bursts. The number of parameters makes
sense, since such dynamical encounters are really controlled by only 4 quantities
to leading-order in a weak-field expansion: the binding energy, the orbital angular

momentum, the energy flux and the angular momentum flux. Deforming each of these
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relations through polynomials of the form €; (M/r,)%, for amplitude coefficients ¢;
and exponent coefficient e;, then leads to deformations to the GR burst sequence that
can only depend on 444 parameters. We also here calculate how the ppE parameters
of the burst sequence map to deformations to the binding energy, angular momentum
and fluxes, i.e. how (e, Bopes Voot Oppr) AN (s Dopis Coprs dpp) MAP t0 (€1, €3, €3, €4)
and (eq, eg, €3,¢€4).

Finally, we investigate two specific modified theories of gravity, develop burst
algorithms for them and determine whether they can be mapped to the above ppE
framework. In particular, we consider massless, Brans-Dicke (BD) theory [52, 164]
and Einstein-Dilaton-Gauss-Bonnet (EDGB) theory [170,179]. Both of these modify
the Einstein-Hilbert action through a dynamical scalar field, sourced by the matter
stress-energy tensor and by a certain combination of quadratic curvature invariants
respectively. Both of them lead to dipolar GW emission, which we calculate here for
the first time for non-spinning, eccentric inspirals. Such emission leads to a modified
burst algorithm, which we prove explicitly maps to the ppE deformations proposed

above.

Kepler Problem in the ppE Formalism

To begin, it is useful to consider the two body problem in modified theories of
gravity. Since we are interested in a ppE formalism for GW bursts, we will consider
parametrized deformations away from Newtonian gravity for simplicity, and assume
the orbits are Keplerian. For equatorial orbits, the corrections to the Newtonian

kinetic energy and gravitational potential within a modified theory of gravity may be
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written as

5T=%uiﬁﬁé(¥>b+ﬁﬁ(¥)1, (5.7)

5T = —g [a (%)] | (5.8)

where 1 is the reduced mass of the binary, (&, B ,7) are amplitude parameters that
depend on the coupling constants of the theory, and (a, b, ¢) € R that control the post-
Newtonian (PN) order of the modifications. With this potential, we now compute the
corrections to orbital quantities necessary to construct the ppE burst model, namely
the orbital energy, angular momentum, period, and pericenter velocity.

The modifications introduced above are reasonable when one is searching for
strong-field modifications to GR in the following sense. They must be proportional
to a variable that is small in the weak-field to be consistent with existing observations,
yet large in the strong-field to offer a chance to be detectable with GW observations.
A natural choice is the characteristic velocity of the system during emission, which
for an eccentric inspiral occurs at pericenter and is inversely proportional to the
pericenter radius. In fact, as we show in later, the above deformations capture the
leading order effects from certain modified gravity theories.

Let us begin by considering the Lagrangian for the binary within an effective
one-body formalism. At leading (Newtonian) PN order, the Lagrangian for equatorial
orbits may be written as £ = T — U, with T = (1/2)u(i? + r?¢?) + 6T and U =
—puM/r + 0U. This Lagrangian admits two conserved quantities associated with

stationarity and axisymmetry, specifically

L M’6+ L?
T\ 2412

1
E:§m2
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M s (%)] | 59)
L=’ |1+p <¥)b] , (5.10)

which we identify as the orbital energy and angular momentum. By studying the

turning points (7 = 0) of Eq. (5.9), and writing £ = Ex + 0F and L = Ly + 0L, we

find
SE 1. /M\*_ 1-/M\" -
E_N = —504 (E) g(ea a, 07 1) - Zﬁ (E) g(ea b7 ]-7 1) ) (511)
5L 1. /M\* 1= /M\" -

with the Newtonian energy and angular momentum (Ey, Ly) given in Egs. (5.2)

and (5.3) in [129], and

Sonma - AL (12

e 1+e

Now, let us consider the orbital period within our ppE formalism. In order to

do this, it is useful to parametrize the radius of the orbit as

p

= — 14
" 1+ecosy’ (5.14)

where p = r,(1+e) is the semi-latus rectum of the orbit and ¢ increases monotonically
by 27 from one pericenter passage to the next. The reason for this parametrization
is that, in general, any deformation to the Newtonian potential will cause the orbits
to precess [97], and as a result, the orbit will return to pericenter when ¢ = 27 +

O (M/r,). Using 1 to parameterize the orbit allows us to avoid complications from
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precession when computing integrals of the orbital dynamics.
To obtain the evolution equation for ¢, we insert the radial function of Eq. (5.14)

into Eq. (5.9) and solve for 1. The orbital period can then be computed by integrating

1! between pericenter passages. Following this procedure, we obtain Ty, = T, +

6T, where T, is given by Eq. (16) in [108] and

T

a b
0T, 1 (%) 7)1(6;&’1)+L5 <M> ’Pl(e;B,Z)

Té\r]b N 8_7Ta Tp 167 Tp

- ﬁ& (—)C%(e), (5.15)

Tp

with
N "
Pl(e,p,m—m/() 2(1+ec)
*[(L=epml—o@+e+eo)

+(1+e)P™(1+c)(2—e+ec)

—4(1+ec)™], (5.16)
_e2)3/2 o i
P2<e> = %/Ov dw(l +e C) 727 (517)

and (c, s) = (cost, siny).

Finally, consider the pericenter velocity. Pericenter corresponds to one of two
points with 7 = 0, so the velocity at this point is given by v, = ng.ﬁ evaluated at ¢ =
2nm, where n € Z. Evaluating this, we find v, = v)\+6v,, where o)} = [M (14-¢)/r,]'/?,

and

sv, 1_(M\" 1-/M\"
=16 (o) v (5) e 19
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with
Va()=1+(;2)& é[“(;i)a , (5.19)
Vﬁ(e)=4+{2—(1262ﬂ [1—(;2)17 (5.20)

This completes the calculation of the necessary orbital quantities for a burst model

in the ppE formalism.

Modeling Beyond GR

In this section, we use the Newtonian order GR burst algorithm developed
in Ch. 4 to construct a ppE generalization. We consider model-independent
deformations of GR that lead to modifications to the conservative dynamics of the

form

B Fu|14a (%H , (521)

w2 522

and modifications to the dissipative dynamics of the form

E = Fux {1 + 5 (T—]\jﬂ : (5.23)

1+46 (%)1 : (5.24)

where (Egg, Ler) are the GR orbital energy and angular momentum, while (EGR, LGR)

L = Leg

L:LGR

are the GR orbital energy and angular momentum flux. We may map from the new
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parameters (a, 3,,b) to the old parameters (&, B,a,b) via

—— — Eug, p/ Ma(l —€2) = Lgg, (5.25)

where 0E/Ex and 6L/ Ly are given in Egs. (5.11) and (5.12), respectively.

The post-Einsteinian corrections are parameterized by the amplitude coefficients
5\ = (a, 3,7, 6) € R and the exponent coefficients 6/ = (a, b, ¢, d) € Q. In principle,
the vector A* need not be constant, and in fact, it may be a function of other orbital
parameters, such as the eccentricity or spin. Nonetheless, if we focus only on small
GR deformations, and on orbits that are highly-eccentric, then d\* will be a constant
dependent only on the coupling parameters of the theory; we will work here to first-
order in §A?. On the other hand, §/* can have any magnitude, except that (a,b) > 0
if the GR corrections are to lead to well-behaved observables in the weak-field. If this
were not the case, then the spacetime that generates such corrections would not be
asymptotically flat. The subset (&, d) can be less than zero, as is the case in theories
of gravity with dipolar radiation.

One could parameterize GR deviations with a different functional basis, such as
natural logarithms, but a power-law basis is perhaps more natural, unless screening
is present. In the next subsection, we will investigate how these parameterized post-

Einsteinian corrections modify our burst algorithm; most of this analysis will closely

follow the work presented in Ch. 4.

Size of Tiles
The first ingredient of the algorithm is the size of the tiles, which is given by

the characteristic GW time, 722F defined in Eq. (4.24). In a modified gravity theory,

GW
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however, the periastron velocity is not the same function of (r,,e) as in GR, because
of the modification to the binding energy in Eq. (5.21). The corrected expression for

the pericenter velocity is given in Eq. (5.18), which then leads to

ooE 7‘,?;/2 ovy,
Tooy = —F——— [l — —| . (5.26)
M(1+e) Up N

The characteristic GW frequency, f&2¥, then follows straightforwardly from Eq. (4.23).

GW

The next step is to find the dimensions of the tiles. Using the same notation as

in Ch. 4, we easily find

5t = Gten [1 - 5&] , (5.27)
Up,N

§frE = g fen {1 + %} , (5.28)
Up,N

where 0t°" and § f°* are given by Eqgs. (4.30) and (4.31) respectively.

Mapping Between Tiles

We now seek to determine how the mapping between tiles is modified in our ppE
model. Just as in GR, we need to determine how the orbital quantities map from
one burst to the next: (7,;,€;) — (7pit1,€i+1). Let us begin by mapping the ppE
deformations of the energy and angular momentum to the pericenter distance and
eccentricity. Using the leading, Newtonian order expressions for Eqr and Lggr in a

weak-field expansion, we find

o= o0 (1 - V- 2EL)
{ 1—EL2— /1 —2EL? (M)ﬁ
X |1—= al =
(1—V1—2EL2)V1—2EL2 \1p
26 L2 5 <%>b
(1 —V1—=2EL2)V/1—2EL2 \1p
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+O(5A“5Aa)] : (5.29)
EL?
e -_— 2
V1-2EL {1+—1_25£2

x [a (%) +28 (%)b + (’)(6/\“5/\a)] } , (5.30)

where £ = —E/p and £ = L/M?.

The next step is to find how the energy and angular momentum evolve from one
burst to the next. We prescribe this evolution through the perturbative algorithm
described above Eq. (4.16). The ppE corrected energy and angular momentum flux
are given in Egs. (5.23) and (5.24) respectively, where we take Eqr and Lag to leading,
Newtonian order. We can then insert these expressions in Egs. (5.29) and (5.30) and

linearize in 6% and de;_; to find

TSEE(Tp,iflv 6171) =

59v/2 M\ 26 (M “oq44 M\
Tpi—1941— \/—TW 14— - —p
24 Tpi—1 59 Tpi—1 59 Tpi—1
85 [ M \° 144 M 121\/’ w M 2
_Efy dei_q
7ap,ifl rpz 1
ﬁ

rpz 1
1142 M\ 2352 b 1747 M \°
x |1+ e}
605 Tpi—1 Tpi—1 605 Tpi—1

2352 ( M \* MO
: ¢ 31
605 (rp,“) +0 (rp,u) ;0 1, 0A%0Aq | ¢ (5.31)
8527 M %2 M \*® M \°
AP (rpio1, €i-1) = 1-2
61,,@*1(7"27, 1,€i-1) 12 n (Tp,i1> [ Q (Tp,il) + 7y (Tp,i1> }

181v2r [ M\ L us (M a 4806 M\’
J— _a _— —
80 "\ 81\ ) T st

299 M \°© 480 M\
—Ta1 ) —0 de;q
181 Tpi—1 181 Tpi—1
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MO\t
( ) L8e2 AN, | (5.32)

rp,i—l

+0

where we have defined Adef?"; = 5elP* — de;_;.
As before, we can now construct the mapping between tiles. By combining the

above results, we find

5Tor 7y 5 7
P =t AR (1, €) {1 + #”5:; +0 (Mafw)} : (5.33)
orb\' p,2» 1
5 . .
fippE — fZGR(TP7i7 ei) |:1 -+ % -+ O (6>\a5)\a):| , (534)
D D,y ©1
PP = StSR(r i e;) {1 - —‘51}5(””?’ 6%') e ((mam] , (5.35)
Up (Tpis €)
OfFP = 0 fCR (10 e:) [1 i 2l | g (MM“)] , (5.36)
Up (rp,ir €:)

where AtF, f&F, 67" and f* are the GR mappings of Eqs. (4.21), (4.27),
and (4.30)-(4.31), respectively. Recall that these quantities are all implicit functions of
(rpi-1,€i—1), with the mapping (1, €;) = (rpi-1,€;—1) given in Egs. (5.31) and (5.32).
The time to the next burst is obtained by using the ppE-modified orbital period in
Eq. (5.33). The frequency to the next burst is given by the inverse of the ppE-
modified GW characteristic time in Eq. (5.26), while the size of the burst windows in

time-frequency space is given in Eqgs. (5.27) and (5.28).

A Parameterized-Post Einsteinian Burst Framework

The previous subsection inspires the ppE burst algorithm presented in Egs. (5.1)-
(5.6), where we have redefined the ppE amplitude and exponent coefficients. Notice
that we only need two sets of parameters in Eqgs. (5.1)-(5.4), (Qppp;Gppe) and
(Bops, bops), since the frequency of the next burst, the temporal and the frequency

ppE» YppE

sizes of the burst window are all controlled by a single quantity, the characteristic
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time Tqw.

The amplitude parameters (g, Bopr, Voprs Oppr) are, in principle, not only
functions of the coupling constants of the theory, but also functions of the eccentricity
of the i orbit. When working in the high-eccentricity limit, one can expand these
via

€ppi(€i) = Epp0 T Eppmde; + O (067) (5.37)

where €,,5(€;) is any of (ppe; Bopes Yopes Oppr); While (€,05.0, €-pr,1) are related constants.

One may wonder how the ppE parameters (e, Boprs Yoprs Oppr) and (G,

boors Copss dyps) i Eqs. (5.1)-(5.6) map to the deformations to the conservative and
dissipative dynamics in Egs. (5.21)-(5.24). The mapping between the parameters
depends on which sector is most dominant in PN theory, i.e. which coefficient

(a,b,¢ d) is largest. If one knows what the deformations in Eqs. (5.21)-(5.24) are,

one can then construct a one-to-one mapping between these and the ppE coefficients:

M BPPE 5T0rb
— =L .
() 107 o9
M oo ov
— =LO |2 5.39
() el] o
M CerE B 59\/_7r 21O M a+5/2 144/3 M b+5/2
oot \ Y 59 r 597\ 7,

29 99

e () -0 () (2]

where LO stands for the leading-order term in an M/r, < 1 expansion, which of

c+5/2 d+5/2
() () ] | (5.40)

course depends on the value of (a,b, ¢, d).

With this algorithm at hand, one can formulate the following tests of GR. Given
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a detection of N bursts, one obtains the observables (¢o_. n, fo...~, 0.~ fo.. ~). The
data should be completely described by the system parameters A% = (M, Ry, eo), the

sys
ppE amplitude parameters (.5, Bope, Yoprs Oppr) and the ppE exponent parameters
(@pprs Boprs Copi» dop ). Provided we detect enough bursts (i.e. N is large enough),
one should be able to study whether the data prefers a GR model, i.e. one with
(s Bopis Yopis Oppr) = (0,0,0,0), or not. As in the quasi-circular case, one expects
there to be degeneracies between the ppE parameters [63]. The extent to which
such degeneracies affect the tests of GR proposed here will be investigated in detail

elsewhere. One could of course also extend the ppE parameterization to include more

ppE coefficients, but this may dilute the strength of the GR tests.

Burst Models in Modified Gravity

In this section, we study GW bursts in two specific theories of gravity: EDGB
and BD theory. In particular, this will require the calculation of the binding energy,
angular moment, energy flux and angular momentum flux for eccentric inspirals, some
of which had not been calculated before. Such a study will allow us to determine the

efficiency of the ppE modifications to capture specific GR modifications.

Einstein-Dilaton-Gauss-Bonnet Gravity

EDGB is a quadratic modified gravity theory that modifies the Einstein-Hilbert
action through the product of a dynamical scalar field ¥ and the Gauss-Bonnet
invariant. The field equations for the metric and the scalar field are given for example
in [179]. Black hole and neutron star solutions were found in [128,179], while binary
systems were analyzed in [170,179]. This theory contains one coupling constant &,
with dimensions of length to the fourth power; the theory reduces to GR in the

limit & — 0. The strongest constraint on £ has been derived from observations
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of low-mass X-ray binaries in [169], namely ¢/* < 5 x 10° m. One of the most
important EDGB modifications to GR occurs when considering binary black holes,
which emit gravitational dipole radiation due to the excitation of the scalar field,
which induces —1PN order corrections [170]. For neutron star binaries, it is not clear
that gravitational dipole radiation is excited, so in the rest of this section, we will
consider only bursts emitted by systems where at least one of the binary components
is a black hole.

We begin by finding the leading-order contributions to the Newtonian gravi-
tational potential in EDGB. To do this, we consider a point particle moving in a

background spacetime of a non-rotating black hole in EDGB, which is given by

ds® = —f(r)[L + h(r)] dt* + % [T+ k(r)] dr® + r?dQ? (5.42)

where f(r) = 1 — 2M/r is the Schwarzschild factor, h(r) = [¢/3f(r)](M/r)*h(r),
k(r) = —[C/f(r)](M/r)?k(r), h(r) and k(r) are given by Egs. (10) and (11) in [180],
and ¢ = £/M* is the dimensionless coupling constant of the theory. The Lagrangian
for the test particle is given by £ = ji\/=g,,0°v%, where v = (1, dz? /dt) and we have
taken the mass of the particle to be the reduced mass of the binary. By performing a
PN expansion of this Lagrangian, we find the corrections to the potential and kinetic
energy to lowest order in ¢ and M/r to be

¢ (MY (o (MY

Matching this to Eq. (5.8), we have

et

. a=2, (5.44)

[oN]
Il
|
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I
[\

¥=-C¢, (5.45)

We do not consider the corrections to the potential that scale as ¢? for two reasons:
these contributions are higher PN order, and they do not admit the simple form
presented in Eq. (5.7) due to the nonlinearity of the Lagrangian. Neglecting these
terms does not affect the leading-order results presented in this section.

We may now directly apply the results of Egs. (5.11)-(5.12), (5.15), and (5.18)
to EDGB gravity. Below we provide expressions for the orbital energy, period, and

pericenter velocity for eccentric binaries in EDGB:

dFepcB ¢(l—e MY\®
-2 - 4

EGR 6 \1+e Tp ’ (5 6)
dLepg _i 3+ e? % 2 (5.47)
TTon  20teE\n) |
STEDGB ¢ /1 —¢ N (MY

T (1 . e) (1 VI e ) (r_,,) , (5.48)
i S S { s } (%)2 (5.49)

UER 12 (1 + 6)2 Tp . .

Let us now consider how the orbital energy and angular momentum change due
to radiation losses. When considering binaries where at least one of the components
is a black hole, the dominant radiation loss is due to scalar-field emission [see

e.g. Egs. (122) in [170] and (B23) in [171]]:

. 4 . . 4 .
EO = —p(DiD) LY = Fhey (DD (5.50)
where D' = q2% + g2} is an induced dipole moment, with q; 5 = m (¢ 2/ (473)]*/?
the scalar charges of the compact objects, (12 = & /m‘iQ, xzi,z the position vector

relative to the center of mass, and () stands for orbit averaging. The above expressions
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have already been angle averaged (i.e. integrated over solid angle at spatial infinity).

Carrying out the orbit average, we find

E® 5 o (I4+e)(1+3e?) (M)

= orCEDGB 3.2 | 37,4 \ o ’ (5.51)
EGR 96 1+ ﬂe + %6 p

L" 5 l+e (M\™

— = =8 ;p——— | = 2.52

where Egy and Ley are the energy and angular momentum flux in GR (58,129, 130],

and where we have defined Sgpgp = Cll/ - 21/2

. Notice that when m; = msy, then
Sepces = 0 and dipole radiation vanishes. We have checked that these results agree
exactly with those of [171] in the circular limit e — 0. For mixed neutron star-black
hole binaries, we set (1 = (g = f/m‘éH and (5 = (ns = 0.

We can then easily map between the EDGB deformations described above and

the ppE deformations of Eqgs. (5.21)-(5.24):

5y _[(l—e ¢ 34+¢2 5, (L4+e)(1+3e?)
EDGB — | & s Ta /1 1 \9 ne CEDGB 73 37 )
61+e 12(14¢€)2 96 1+ 5 + geet
9 a9 I+e
9 EDGB—1+§€2 )

(5.53)

and 00%pap = (3,2, —1,—1). Notice that dAEpsp are all functions not only of the
coupling constant of the theory (, but also of the eccentricity. Expanding to leading-

order in de < 1, we find

a ¢ ¢ 3 1
OAEpGB = 656’_E’£ %DGB?ESI?JDGB ) (5.54)

with remainders of O(de).

When considering GW bursts emitted by binaries where at least one of the
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components is a black hole, we then have all the necessary ingredients to construct
the burst algorithm within EDGB. Combining our results with Eqgs. (5.31) and (5.32)

and working to leading, PN order and to first order in de, we find

M

Tpji

2
e Atz‘(,;iPL(Tp,i, de;) [1 - géei ( ) +0 (¢, 66?)] g (5.55)

2
FEDGB _ szR<Tp,i’(5€i) [1 _ i < M ) o) (C2,56i)] 7 (5.56)

12 Tpi—1
EDGB _ ,GR ) ] £ M ’ 2 .
ot; = 8t (rpa, 0€;) |1+ + 0O (¢ 6e)) | (5.57)
’ 12 Tpi—1
EDGB __ 5 ¢fGRy,. . N £ M\’ 2 ¢
Sf; =01 (rpq, 0€;) |1 TAe + O (¢ 6e:) | - (5.58)
pyi—1

Recall that AtgfR, fOR, 6t8R, 6 fOR are functions of r,; and de;, which are related

to the parameters of the previous burst via

pe pr—1L1 ) 9 ,
=1 S O o€ 5.59
Tpit (Ppi1,0€i-1) 94 JEDGE (—rp,u) +0(¢% deim1)  (5.59)
A56ED%B (Tpi_1,0€i 1) 3 M\
SR sy~ Lt geSeoes () +O(Cder 5.60
A(Seffjl (pi-1,0¢€i-1) i 85 PP (rp7i—1> + (C € 1) (5.60)

where recall that Adef'?GP = defPP — de; 4.
Notice that the above EDGB modified burst algorithm maps exactly to the
ppE burst model of Eqs. (5.1)-(5.6). First, focusing on the temporal and frequency

mappings of the burst tiles, we see that

aPPE = 5667 a’ppE - 2’ /BppE - - - 2, (561)



137

For the eccentricity mapping, we find that
3 o2
5ppE = gSEDGB ) dppE =—1, (562)

since ¢ = —1 < a in EDGB. With this, it then becomes clear that

5V 27 _
—nS]?DDGB ’ Cope = 3/2 ) (563)

’YPPE = = 24

because 5/2 + ¢ = 3/2 in EDGB. We thus see that the EDGB burst model can be
mapped to the ppE model to leading-order in the EDGB deformation parameter.
As mentioned at the beginning of this subsection, one must be careful when
applying the above ppE corrections to systems that contain neutron stars, since
dipolar emission may be suppressed. Thus, in a mixed black hole-neutron star system,
only the black hole would emit dipole radiation. Although the scalar charges for
neutron stars have not yet been computed explicitly, it is expected that they will
introduce corrections that are higher PN order compared to the dipolar radiation
corrections described above when in presence of a black hole. This is why, when

considering mixed binary systems above, we set (, = (g = 0 and only consider the

effect of the black hole.

Brans-Dicke Theory of Gravity

BD theory [52] is a particular scalar-tensor theory of gravity that has been
extensively studied in the past (for a review, see e.g. [164]). In this theory, the
Ricci scalar in the Einstein-Hilbert action is multiplied by a dynamical scalar field ¢,
which has the effect of promoting Newton’s gravitational constant G to a function
of spacetime. The field equations for the metric and the scalar field can be found

e.g. in [52,164,166]. Neutron stars in BD theory have been found in [124,166]; black
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holes are not modified from their GR solution [73,86, 143]. Binary systems in BD
theory were studied e.g. in [166,175]. This theory possesses a dimensionless coupling
constant wpp; the theory reduces to GR in the limit wgp — o0o. The strongest
constraint on the BD coupling constant comes from tracking of the Cassini spacecraft,
which requires wpp > 4 x 10* [36]. One of the most important BD modifications to
GR is that the dynamical BD field induces dipolar emission of energy and angular
momentum, just as in EDGB. Unlike EDGB, however, the conservative dynamics are
not modified to leading PN order.

Let us then consider the rate of change of the binding energy and angular
momentum. Since the relation between the orbital period and the binding energy
in BD is unchanged from GR, we can easily calculate the luminosity through
T [Torn, = —%E /E. Using the leading PN order expression for T (the second

term in Eq. (2.26) of [166]), we can then find

B9 583 (g) (4ol +5e) (5.64)

E.. 48wsp 14 ;—262 + 3T

r 96

p

where we have linearized in 1/wpp, and we have defined Sgp = s2 — s1, with s1 2 the
star’s sensitivities. Alternatively, one can obtain the above by orbit averaging Eq.
(6.16) in [115], as we have checked explicitly. Observe that the modification to GR
is proportional to the difference of the sensitivities squared, which vanishes for black
hole binaries in which s; = 0.5 = s5. Similarly, for neutron star binaries, s; &~ s, and
the BD modification will be suppressed. For this reason, the largest BD modifications
will be produced by black hole-neutron star binaries.

Let us now focus on the rate of change of orbital angular momentum. To leading

PN order and again linearizing in 1/wpp, this quantity is controlled by the BD field
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via

1@ = “BD yiy <q5 (7 x ﬁ)z¢> R*dQ, (5.65)

8T R—oo 2

where 77 and R are the unit vector and distance from the center of mass to a field point
respectively, V and x are the flat-space, spatial gradient and cross-product operators
respectively (the latter of which is to be evaluated in the zZ-direction, normal to the
orbital plane) and the cosmological value of the scalar field is ¢9 = 1 + O(1/wpp).
Note that the above expression is both an angle average (the df) integral) and an

orbit average (the () operator). The far-zone solution for the scalar field is [166]

SepnM
—_= —2—— . .
¢ (JJBD R (n ,U) Y (5 66)

to lowest order in the relative orbital velocity v = Ty — x;’l, where recall that n is
the binary’s symmetric mass ratio, M is the total mass and - is the flat-space inner
product operator. Combining all of this and upon angle averaging, we obtain

: 282, nM>
L@ — it =1 bty 5.67
* < 3 WBD r3 ’ ( )

where L is the orbital angular momentum and r = |#y — ¥ is the orbital separation.

We now orbit average to obtain

LY 582 /M\7! 1
= 29D (2 te (5.68)
Lo 48 wpp Tp 1+ §62

to linear order in 1/wpp. One can show that prior to orbit averaging, E©) and L,(f)

satisfy

a Qorb
= 5.69
: (5.69)

1552 V1 — 2

In the above expression, £?) is given by Eq. (6.16) in [115] and Quy, is the orbital
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frequency. As in the case of E@) note that L,(f) is suppressed when considering

black hole or neutron star binaries, with the largest modifications arising from mixed
binaries.
We can now map the leading, PN order, BD modifications to the binding energy

and angular momentum to the ppE deformations of Eqgs. (5.21)-(5.24):

582, (1+e)(1+1e?) 582, 1
6>\aBD - 07 07 s BD ( 73)< 327 )7 s BD _'_76 5 (570)
48 WBD 1 + ﬂ62 + %64 48 WBD 1 + 562

and 0%, = (0,0,—1,—1). Once again, the dissipative sector corrections control
the dominant ppE modifications. Notice also that dA§ clearly depends on the
eccentricity, in addition to the BD coupling parameter. Expanding the above
expressions to leading-order in the high-eccentricity limit, we find

6 S, 183,

0Asp = 10,0 —_ —— 5.71
BD ) ’85WBD’9WBD 3 ( )

with remainders of O(de).
With the amplitude and exponent coefficients specified, we can now build the
burst algorithm in BD theory. We find that the functionals of the burst algorithm

are actually not modified from the GR result:

70 =t + AtFR (14, ;) (5.72)
fiBD = fiGR(Tp,i? 561) (573)
(57513]:) = (5tZGR(T’p?i, (561) (574)

5szD = 6fiGR(Tp,i7 662) (575)
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but the mapping (r,,de;) = (rp;—1,de;_1) is modified via

P (rpic1,0€;1) 521 S2 MO\ 32
"y BD
o 0 eih), (5.76
;z(:; (rpi-1,0€i-1) 12 WBDU (Tp,i—l) + O (wpp, dei1) (5.76)
€ii— l (7“ i— 17561' 1) 6 S]%D < M )‘1 o
T 35 wonn + O (Wpp, 0€i-1) 5.77
zz 1 (rp,z 17561 1) 85 WBD \Tp,i—1 ( BD 1) ( )

Thus the burst algorithm in BD theory does properly map to the proposed ppE
burst model. We find that

QppE = BppE =0, (5.78)

since there are no corrections to the orbital energy and angular momentum in BD

theory. Furthermore, from the pericenter and eccentricity mapping, we see that

5\/_7T SBD _
= - =3/2 5.79
7ppE 12 WBD CPPE / ) ( )
6 S2 -
oo = —= —22 Ay = —1 5.80
ppE T 85 WBD ppE ’ ( )

which is very similar to the results found in EDGB. This is due to both theories

having dipole radiation.

Projected Constraints

We here present a back-of-the-envelope calculation aimed at providing an order-
of-magnitude estimate of how well these eccentric burst algorithms could constrain
modified gravity theories. We stress that these are not rigorous projected constraints
in any way; true projections would require a full data analysis investigation using
Bayesian tools, which we leave to future work. We consider the variations in the time
and frequency mappings between boxes due to GR parameters and modified gravity
coupling constants.

Let us begin by recalling that the mapping between time-frequency windows
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in GR depends only on the vector A\ = (R, M,e). Let us further assume that
a sufficiently large number of bursts have been detected, such that in GR one could
estimate these parameters from these burst observations. In a modified gravity theory;,
the mapping between time-frequency windows will not only depend on A% but also on
Alor = (QppE; BopEs VopEs Oppr) as well as on (7, M, R) due to the (M/r,) dependence
[see Eq. (5.84)]. Therefore, a GW modification can be measured or constrained

provided A} p produced a modification to the time-frequency mapping that is at

least comparable to that introduced by A¢y, i.e.

(At i1, Afiie
>< ( ’5;(1 Ji 1)) SN - (5.81)
GR GR

S(Atii—1, Afiic1)
I

ppE

oA

ppE

Let us focus on the frequency mapping. One could also investigate GR deviation
in the time mapping, which will depend on a5 [Eq. (5.33)], Vpe [Eq. (5.5)] and 0,
[Eq. (5.6)]. Either way should lead to an order of magnitude estimate for the projected
constraint that is comparable. The frequency mapping can be obtained by combining

Egs. (5.2) and (5.5):

Afiicr = AfSR + AP (5.82)
23 MP/3 121
AfER =2 (1 + —56'1) (5.83)
10— 8/3 ? ’
12 R, / ; 230
23 B ,M5/3+2/3BPPE 3\/5 e M2/3E
AFE =10 | B /e o D
’ 12 R8/3+2/3bppE 4 R1+2/30ppE
i—1 i—1
]5 oysd,, 5/342/3dppE
_EdppE/r’ EW (5.84)
i—1
Using the values of the ppE parameters in BD and EDGB theory, we find,
182 2/5
agep LS Mo (5.85)

Gi—1 2 WBDp R2
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EDGB __ 13% /\/1772/5

ii-l = yOEDGB™ 13 (5.86)

The form of these modifications is identical, since to leading PN order, both theories
lead to a dipolar-type modification.

With this, we can now evaluate projected constraints from Eq. (5.81). This
requires that we calculate the variation of Af;;_; with respect to the coupling
constants of the theory. Recall that in BD the latter is 1/wpp, while in EDGB it
is just £&. The evaluation of Eq. (5.81) also requires us to multiply this variation by
ONEy and OA2 . The latter is simply 1/wpp in BD theory and ¢ in EDGB theory,
because their values in GR are zero.

We will consider the constraints that can be placed using the NSBH system
considered in Ch. 4, as it will have the largest dipole contribution of the three
systems studied there. This means that mys = 1.4My and mgy = 10M, which
then automatically means that n ~ 0.108 and M = 1.23M,. In BD, we choose
s1 = sgg = 0.5 and sy = snyg = 0.2; the sensitivity of neutron stars varies depending
on their mass and equation of state, but the value 0.2 is representative [166]. In
EDGB, we set (, = {ns = 0 since the corrections we have derived only apply to black
holes. We will also need to choose values for the orbital eccentricity and the radius of
curvature, which recall was defined as R = 7“2/ 2 /M2 We will here choose the initial
value of e and r, from Table 4.1, to calculate de and R.

In an optimal scenario, dA%, scales roughly as 1/pgr, where pgy is the signal-

to-noise ratio in GR, defined as

ot [ BeDE 57

where her(f) is the Fourier transform of the GW signal (i.e. the frequency-domain
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waveform) and S, (f) is the spectral noise density of the detector considered. For
our purposes, we will consider the Advanced LIGO detector, for which S, (f) is given
e.g. in Eq. (2.1) of [116]. To obtain the hgg(f), we use the method described in Ch. 4
to obtain the evolution of the orbit under radiation reaction. We then compute the
time-domain waveform using Eq. (11) of [156] and use FFTW to obtain A(f). For
the NSBH system considered, we set the distance to the source to be 600 Mpc, for
which we obtain pgr = 13.2, after approximately 3,650 bursts.

With this at hand, the right-hand side of Eq. (5.81) can be easily computed

using the data from Table 4.1. In EDGB, the best constraint is then

M N\, p -y
1/4<3 103 MBH < )
S ST YA ARG TSI A 0.108

R\ (a4
><(391]\4) <13.2> ’ (5.88)

while in BD theory it is

Sep \ 2 M —1/6 n o\ 1/10
> 103 [ == S
wp 2 10 ( 0.3 ) 1.230M, <0.108>

R\ pon\ 14
><(391M> (13.2) ' (589)

In both cases, the best constraint comes from using 6A%, = R. We should note that

pcr is not independent of the other parameters, namely (R, M,n). Thus, if one
changes the SNR significantly from the above scaling, the other parameters must also
be updated according to Eq. (5.87). These projected constraints are comparable to
current constraints in the EDGB case, but not better than current constraints in the
BD case. However, one should keep in mind that these projections are not rigorous

but rather upper limits, since they do not account for parameter covariances.
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Discussion

We have proposed ppE deformations of the GW burst sequences describing
highly eccentric compact object mergers, to allow for quantitative tests of dynamical,
strong-field GR if detections of such events are made with an excess power stacking
algorithm. The ppE model conveniently factors the mathematical description of
the burst sequence into the GR prediction multiplied by polynomial functions of
the inverse pericenter separation. These polynomials depend on eight parameters
in total—four amplitude and four exponent coefficients—which should capture the
leading order dynamics of a class of generic deviations from GR for non-spinning,
highly eccentric mergers.

With the ppE model in hand, given detection of an event, or a population of
events with the GR burst sequences, one can in principle quantitatively answer the
following questions: How consistent are the signals with GR as the underlying theory
governing the dynamics of the sources? If consistent with GR, what constraints can
be placed on the coupling constants of specific alternative theories whose leading order
deviations can be described by ppE parameters? If inconsistent with GR, what are
the most likely ppE parameters, and what then does this tell us about the underlying
theory? To see how effectively these questions could be answered in practice will
require (for example) a Bayesian analysis as carried out in [63,137,138] using ppE
templates for quasi-circular inspiral. Issues that need to be addressed here include
how well parameters (first GR, then ppE) can be extracted from a burst sequence
with models of detector noise, and how accurately the base GR burst sequence needs
to be modeled. It would also be interesting to see how much better, if at all, eccentric
mergers are versus quasi-circular inspirals to test GR.

Yet another interesting avenue for future research is to see whether a ppE-like
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approach could be adopted to extract finite size/matter effects from eccentric mergers
where one or both members of the binary are neutron stars. In other words, the
baseline “GR” component of the burst sequence would be the GR binary black hole
model, while the ppE component would characterize tidal deformations, the effects of
magnetic fields, the onset of disruption/merger, etc. One of the key pieces of physics
governing neutron star structure, namely the equation of state at nuclear densities,
is unknown, and properties such as the magnetic strength are expected to vary from
one neutron star to the next, which in either case necessitates the introduction of
additional parameters within the GR waveform model. If these effects can, at least
to leading order, be captured by ppE deformations of vacuum mergers, they could
automatically be searched for in a ppE analysis. Furthermore, this analysis would
make transparent what the degeneracies between putative deviations from GR and

finite body effects are.
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SECULAR GROWTH OF ECCENTRICITY IN THE LATE INSPIRAL

The analyses carried out in the previous chapters have focused on highly eccentric
systems during the inspiral phase. However, GWs will cause the eccentricity of the
binary to monotonically decay during the early inspiral phase of the coalescence.
Indeed, only the most relativistic systems will retain significant orbital eccentricity by
the time the binary reaches merger. Population studies have shown that most systems,
regardless of formation scenario, will likely have small eccentricity, specifically less
than e ~ 0.1, by the time the binary reaches the last stable orbit and merges. In this
chapter, we investigate the behavior of the orbital eccentricity during the end of the

inspiral phase and before binary systems reach the last stable orbit.

Radiation Reaction Force

In the PN approximation one solves the Einstein equations assuming small
velocities/weak fields, with radiation reaction, i.e. the back reaction of gravitational
waves on the orbital dynamics of the binary that leads to a decaying orbit, typically
included through an averaged balance law scheme [93]. The idea is that the averaged
rate of change of the orbital binding energy and angular momentum must be
balanced by the averaged rate at which gravitational waves carry energy and angular
momentum away from the system. Since radiation reaction causes secular changes in
the orbital dynamics on timescales much longer than the orbital timescale, one then
averages the gravitational wave fluxes over the orbital timescale [93] before solving
the balance law.

A more accurate picture of the inspiral and coalescence of binary systems can be
obtained through the radiation-reaction force, i.e. the force derived from the emission

of gravitational waves that forces the orbit to decay. At leading PN order, the relative
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acceleration between two bodies is @ = ﬁ\] + f;.g,pN, where fN = —(GM/r?*) @ is the
Newtonian gravitational force with M the total mass of the binary, and (r,7) the
radial separation between the two bodies and its associated unit vector, respectively.
The second term in the relative acceleration is the leading PN order, radiation-

reaction force, given explicitly in Eq. (12.208) of [131], specifically

- 8 M*

f2‘5PN:577F [RT”H—FSZ?], (61)

B 45N\ , (2 10 25\ M 75\ .,

R—(18+15a 4b>v —i—<3 3a+4b> " (25+25a 41))7’,
(6.2)

B 35 5 9 35 5\ M 35 15\ .5

S= (6+6a 2b>v +(2+6a 2b>r+<15+2a Qb)r,
(6.3)

In the above, ¥/ is the relative velocity of the binary, with 7 it’s radial component, and
(a,b) are gauge parameters describing the coordinate freedom one has in expressing
the dissipative part of the spacetime metric, and consequently, the radiation reaction
force. Some common choices for these parameters are the Damour-Deruelle gauge [66]
(a,b) = (—2/3,4/9), the Schéfer gauge [139] (a,b) = (—2/5,0), and the Burke-Thorne
gauge [55,56,117,152] (a,b) = (0,0). The problem of describing the inspiral of a binary
system due to GWs now reduces to solving the above two body problem.

One way of solving this is to use the method of osculating orbits [69, 131, 133],
a perturbative method of solving generic two body problems. In this method, we
take the solutions for the relative position and velocity of the binary to be the usual
Keplerian expressions, but promote the usual Keplerian constants of motion to be

functions of time, specifically

F=inltptt)],  U=un[tu®)], (6.4)
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where p® is the set of Keplerian parameters describing the orbit. For example, one
description is pu® = (p, e, f,w). We then require that 7=y and @ = @y + f, where
f is the perturbing force. Taking the necessary time derivatives results in the system

of equations
orn d
> AT o, (6.5)

ou® dt

Oy du® >
; alua dt - f7 (66)

which can be solved to obtain the equations for du®/dt. For the set u® = (p,e, f,w),
the osculating equations governing the evolution of these quantities under radiation
reaction are given in Eqgs.(12.223)-(12.224) of [131]. The two-body problem then
reduces to simultaneously solving the relative acceleration equation and the evolution
equations for the orbital elements.

Although these two methods to describe radiation reaction are distinct, they
agree upon orbit averaging the latter, exhibiting the same secular changes to the
orbit. The second method, however, allows us to also study the effects of radiation
reaction on an orbital timescale, which lead to oscillatory modifications that vanish
upon orbit-averaging. To illustrate this, Fig. 6.1 presents the temporal evolution of
the orbital eccentricity calculated by numerically integrating the radiation-reaction
equations given by the osculating orbits method (black line) and the orbit averaged
approximation (red dashed line) for an equal-mass binary and a binary with mass
ratio of my/my &~ 0.127. In all cases, we use the initial conditions (py, €y, wo, fo) =
(20GM/c?,107% 7, —), where p is the semi-latus rectum, e is the orbital eccentricity,
w is the longitude of pericenter, and f is the true anomaly, stopping the integrations

when the system reaches the last stable orbit for a non-spinning test-particle p =

(2GM/2)(3 + e).
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Figure 6.1: Temporal evolution of the orbital eccentricity relative to the orbital
timescale Ty, 0, obtained through the numerical evolution of the orbit averaged
(dashed lines) and the osculating orbit (solid lines) equations. The scales display
equal increments of the dimensionless semi-latus rectum p/M for each system.

The evolution in the osculating method displays oscillatory behavior on the
orbital timescale, while initially its secular change agrees with the orbit-averaged
approximation. However, later in the evolution, roughly when the binary’s semi-latus
rectum is p ~ 10-15M, corresponding to p ~ 103 km for a binary with total mass M =
60M, the osculating method produces a strong secular growth in the eccentricity,
which is opposite to what one obtains in the orbit-averaged approximation for
comparable-mass binaries. This behavior seems counterintuitive for comparable-
mass binaries, especially considering the wealth of literature on radiation reaction

in the PN formalism, in which the eccentricity is always decreasing. However, it
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is important to remember that PN results are always computed within the orbit-
averaged approximation. The radiation-reaction force is capturing effects beyond

oscillatory behavior that are not described in the orbit-averaged approximation.

Multiple Scale Analysis

To better understand this behavior, we consider a multiple scale analysis [33,103,
119,133, 134] of the leading PN order, radiation-reaction equations, following [131].
This analysis is valid provided Ty, < Trr, where Trgr = |p/(dp/dt)| is the radiation
reaction timescale and T, is the orbital timescale or simply the period of the orbit.
Instead of using the variables (p, e,w,t) with f the dependent variable, we choose to
work with (p, A,, Ay, t), where (A,, A,) = (e cosw, e sinw) are the components of the
Runge-Lenz vector, and with the orbital phase ¢ = f 4+ w as the dependent variable.
Working with these variables has the advantage of removing the e~! divergences in
(dw/df) and (dt/df), as can be see in Eqgs. (12.223c) and (12.224) of [131]. With
these variables, the Newtonian eccentricity can be easily reconstructed from e =
(A2 + A2)'2.

Let us then define a few dimensionless parameters to simplify the evolution
system. We let € = (81/5)(M/p*)*/%, p = p/p* and t = t/(p**/m)}/? [131], with
n = mymo/M? the symmetric mass ratio of the binary with component masses m;
and ms, and p* a representative length scale of the system. The osculating equations

then become

n=1

3
= —ep¥? {kg + Z k‘c" cos(ng) + k" sm(ngbﬂ } (6.7)
dAa:,y — ¢ p75/2 {

Z [k cos(ng) + k37 sin(ng)] } (6.8)
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ﬂ —_ p3/2

p [1+ Agcos(p) + A, sin(¢)] (6.9)

where the k-coefficients, which are given in Appendix E, are ¢-independent but do
depend on the components of the Runge-Lenz vector and two gauge parameters
(a,b). The evolution equations above do depend on the gauge choice, but this gauge-
dependence is unimportant when computing observable quantities. We have explored
analytically how these gauge parameters impact the secular growth described here,
and we have found that there is not enough gauge freedom to remove this effect.
Let us now carry out a multiple scale analysis by defining a “fast” variable ¢
and a “slow” variable ¢, i.e. ¢ = € ¢ with € < 1 the small parameter defined above,
seeking solutions of the form pu® = pl(¢, @) + € u(d, ) + O(€2), t = e 't_1(¢, ¢) +
to(d, d) + O(e), where u® = (p, Ay, A,). At orders O(¢) and O(e), the equations

become
Oy _
96 =0, (6.10)
Opg | Opd b
— 4+ — = (¢, , 6.11

which we solve order by order by first splitting the solution into a secular and an
oscillatory contribution pf§ = M?,sec(@ + 147 05 (9 ¢). Equation (6.10) then mandates
that pj = ugysec(é), i.e. the orbital elements are constants on conservative Keplerian
ellipses. We then use that puf and F* are periodic in ¢ to orbit average Eq. (6.11),
integrating out any oscillatory effects, which then yields a differential equation for

G secs SPecifically

dPoi 1
o pl?

0

[8+T(AZ,+A2)] . (6.12)
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dA,, Ao
dgEO - _24p5/2 [304 +121 (A2, + A2 ()] . (6.13)
dA Ayo
ﬁ = —24p5/2 304 + 121 (A2 + A2)] , (6.14)
dt_ at—y Po 82 (6 15)
dgb 1- Ai,o - AgZJ,O . '

This system is the same as the orbit-averaged equations obtained from applying the
balance laws to the gravitational wave fluxes, and moreover, it is independent of the
gauge parameters (a,b). Equations (7)-(8) can be combined with the definition of the
eccentricity in terms of the norm of the Runge-Lenz vector to obtain the leading-order
secular change of the orbital eccentricity, i.e. to obtain the classic result by Peters [129]
and the gravitational wave circularization of binaries. Thus, to leading order in €, the
secular evolution of the orbital elements is governed by the orbit-averaged balance
law formalism.

At this stage, we have not fully solved Eq. (6.11). Recall, that we split puf into

secular and oscillatory pieces, and apply this to Eq. (6.11) for u{, we have

dﬂl,OSC(Qba (5)

i F, 1y (9)] — (F)[u*(9)], (6.16)

where we have used the fact that dug/d¢ is given by the average of Eq. (6.11). We can

immediately integrate this to obtain the oscillatory contributions to u{, specifically

praw(6:8) =~z 3 L R IA@] sn(0) — K B@] eostn)} - 617
A(0.6) =~ > 1 (Kl sin(n0) — KGO costn) } - (619

n=

Notice that these functions are not independent of gg, but depend on it through

the purely secularly changing ug(é). The procedure described above can be taken
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systematically to any order in € by keeping higher-order terms in the expansion and
using the lower-order in € solutions.
We are here specifically interested in the evolution of the orbital eccentricity.

Expanding its definition in terms of the norm of the Runge-Lenz vector, we find

62 = [Am70((5)2 -+ Ay,o(qzz)2i| + 2¢ [Ax,0(¢)Am,1(¢7 ¢) + Ay,0(¢)Ay,1<¢v ¢)i|
€ [401(6.0)" + Ay1(6,6)” + 2450(8) An(6,6) + 24,0()4,2(0.9)| . (6.19)

keeping terms up to O(e?). In order to better understand the secular growth seen in
Fig. 6.1, it is instructive to study how each of these terms behaves as a function of
time. To do this, we will seek solutions to the equations obtained by the multiple scale
analysis in a low eccentricity limit. We will work to leading order in low eccentricity,
which is equivalent to working to leading order in the Runge-Lenz vector. We take
(Aso, Ayose0) = AMAzo, Ayo,€0) with X an order keeping parameter, and work to
leading order in \.

First consider the leading order equations, given by Egs. (6.12)-(6.15). It
is useful to use one of the functions (py, Az0,Ay0,t-1) as a proxy for the long

variable ¢. We choose A, for this, and obtain the equations duy/dA, o by taking

(dpo/dg)/(dAq0/d), specifically

dp, 12p,
= .2
dAzo 1940’ (6.20)
dA,o  Ayo
=== 21
dAz,O Aa:,O ’ (6 )
i _ 3P (6.22)

dAyo 384,40

The solution for A, (@) in terms of A,(¢) can be obtained immediately, using the
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initial conditions [A,(0) = ejcos(win), Ay 0(0) = emsin(wiy,)], specifically

Ayo(9) = Ago(d)tan(win) (6.23)

where wy, is the initial longitude of pericenter. This can be inserted into the remaining

two equations, which can be solved to obtain

A (gg) 12/19

7 x,0

Po(®) = Pin m] ; (6.24)
. p4 A O(Q.;) 48/19

t1(d) =354 1 m] ) (6.25)

where p;, is the initial value of py(¢). Similarly, we may obtain the relationship

between ¢ and A, o, by solving (dA, o/ dg)~1, specifically

5/ ~ 730/19
7 P A:c O(¢)
== <1 - | — . 6.26
¢ 20 €inCoS(Wip ) (6.26)

This completes the solution of the leading order MSA equations.

At first order in the multiple scale analysis, both secular and oscillatory
contributions enter the Runge-Lenz vector, and consequently, the orbital eccentricity.
To obtain the oscillatory terms, we have to insert the solutions to the leading order

equations into Egs. (6.17)-(6.18). Expanding these in the low eccentricity limit, we

obtain
ew | Auo(@ 17" |
P1osc = _3P13n/2 einC(;S(win)] (84 + 35a — 15b) sin(¢p — wyy ) , (6.27)
osc 8 Aac O(QE) —one .
Ao =— p?n/Q €inCC;S(win)] sin(¢) , (6.28)
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8

5/2
pir{

Am,O (Qg)

osc __
Ayp = €inCOoS(wj
m m

~30/19
)] cos(¢) . (6.29)

Obtaining the first order secular terms requires one to go to higher order in the
multiple scale analysis. We do not provide the results here, since they are rather
lengthy and unilluminating, and can straightforwardly be obtained by following the
methods given here. Their behavior in the low eccentricity limit is identical to that
of the oscillatory terms.

Several important features are present in this analysis. First, notice that
Ao =00"/") = Ay p, while A, 1 = O(W°/®) = A1 and A, = O(W'0/c'0) = A, ,.
This is because each new order in € is suppressed by the ratio of orbital timescale
to the radiation-reaction timescale, which is of O(v°/c®). Second, both A, and
A, are linear in the eccentricity, while all higher-order terms are independent
of the eccentricity. This is because to leading-order in e the is eccentricity e =
(A2, + A2 )12 Third, although terms linear in A, ; and A, (in the second line of
Eq. (6.19)), or linear in A, and A, 5 (in the third and fourth lines of Eq. (6.19))
contain oscillatory contributions that average out on the orbital timescale, terms
quadratic in A, ; and A, ; at O(e?) do not average out and produce secular growth in
the orbital eccentricity. Moreover, even the linear terms contain secular contributions
(AT, AyS) at O(e) that do not vanish and also contribute to the secular growth;
however, this contribution is smaller than that of the third line in Eq. (6.19). Finally,
notice that while p, ... depends on the gauge parameters (a,b) and can be gauge
transformed away;, AQISZZSC are gauge independent and thus cannot be removed via a
gauge transformation.

We thus arrive at the physical and mathematical reason for the secular growth

in the eccentricity shown in Fig. 6.1. The leading-order contribution to the orbital
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eccentricity, (A3, 4+ A2;), does indeed dominate for general initial eccentricities,
leading to a monotonic decrease in time, as expected from the work of Peters [129]
and subsequent work at higher PN order [31]. Eventually, however, this monotonic
decrease forces the eccentricity to be small enough that the leading-order (A2 ;+ A2 )
terms become smaller than terms higher-order in ¢, forcing the eccentricity to grow
monotonically. This occurs when O(A7,) = O(A; A1) = O(A7,) for any component
of the Runge-Lenz vector, which translates to e ~ v°/¢® because A7 ~ €2, A;gA;1 ~
e v°/c® and A7, ~ 0'%/c'%. Indeed, we see in Fig. 6.1 that the secular growth
starts when the eccentricity has decayed to roughly 1073, so inverting e ~ v°/c® this
would corresponds to a velocity of v ~ e'/°c ~ 0.25¢, which corresponds to a semi-
latus rectum of roughly 15M, matching the results shown in the Figure. Therefore,
when the eccentricity becomes small enough, the radiation-reaction force sources a
secular growth in the eccentricity that indicates a break down of the orbit-averaged

approximation.

Properties of Secular Growth

The secular growth of the eccentricity is dependent on the mass ratio, as can be
seen from Fig. 6.1. In fact, in our analysis, one can make the mass ratio sufficiently
small, such that the secular growth does not occur before the system reaches the last
stable orbit. Let us then refine our approximation for the critical velocity at which
the eccentricity of a binary switches from secular decay to secular growth, e ~ v°/c?,
by including the mass-ratio dependence. Doing so, we find that the critical semi-latus

rectum at which this occurs is

64 n 12/49 19/49 435 9
pCI‘lt (5 ein > pm 2888 ell’l (6 30)
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where p,, = p(¢ = 0) is the initial semi-latus rectum and we set p* = M. For the
systems we consider in Fig. 6.1, these correspond to p.; = 13.12 for the equal mass
case and p.,;, = 10.48 for the n = 1/10 case, which agrees with Fig. 6.1. If the critical
separation is smaller than the separation at the last stable orbit, then the secular
growth will not occur in the inspiral phase. Therefore, there is a separatrix in the

initial separation that defines where secular growth occurs in the inspiral, specifically

5 e\ /1 21315
=g 1 2 6.31
pm,sep 64 77 + 54872 61n ’ ( )

when we set p* = M. Figure 6.2 shows this separatrix for different symmetric mass
ratios, where the shaded regions correspond to areas where secular growth does not
occurs. Observe that if the mass ratio is sufficiently small, or the initial eccentricity
is sufficiently large, the growth does not occur before the last stable orbit.

The secular growth discovered here is mot an artifact of the multiple scale
expansion, or of the PN approximation, or of a gauge choice. Our multiple scale
analysis is valid when the ratio of the timescale is less than the value of the
expansion parameter, i.e. Ty, /Trr < €. We have verified numerically that this
inequality is satisfied in the entire domain for the systems in Fig. 6.1, reaching its
worst at the last stable orbit where Ty, /Trr ~ 0.2 and € = 0.4 for equal-mass
binaries. The PN approximation is valid provided the orbital velocities are small,
ie. v/c = GM/(rc?) < 1, but the secular growth begins to occur roughly when
v/c = 1/4-1/3. We have verified that the PN approximation is not the culprit of
the secular growth by including the first PN corrections to both conservative and
dissipative dynamics, namely fle and f?’,.g,pN [94].  When including these higher
PN order terms and numerically solving the osculating equations , we still find the

same secular growth in the eccentricity at late times, with the PN corrections only
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Figure 6.2: Separatrix between secular decay and secular growth for binary systems
of different symmetric mass ratio in the initial separation-initial eccentricity (pi,—€in)
plane. The shaded regions below each line corresponds to areas where secular growth
does not occur.

introducing a small modification. A non-averaged multiple-scale analysis, as that
of Egs. (6.10) and (6.11), is gauge dependent [117,131], but as can be seen from
Eq. (6.18), there is not enough gauge freedom to removed the secular growth found
here.
The secular growth of eccentricity has been observed in two other scenarios:
(i) Extreme mass ratio inspirals (EMRIs) and self-force calculations [27,65, 147],

and
(ii) Comparable-mass inspirals in the PN formalism of Lincoln & Will [103].

The secular growth we found here, however, is not the same as either of these two
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other phenomena previously observed. Regarding (i), the EMRI analysis employed
orbit-averaged radiation-reaction to evolve the inspiral, and as we explain here, the
secular growth we observed vanishes identically with orbit averaging. Furthermore,
the growth in eccentricity in the EMRI case scales as e n and occurs very close to
the ISCO, while the growth we see scales as €’n?, and becomes important well before
the ISCO is reached for comparable mass systems. Regarding (ii), Lincoln & Will’s
methodology (osculating Keplerian orbits with conservative 1PN and 2PN forces)
does not allow for a clean physical interpretation of secular growth because a circular
orbit in this formalism does not have zero Keplerian orbital eccentricity [131]. This is
why modern post-Newtonian calculations are performed in the quasi-Keplerian (QK)
formalism of Damour and Deruelle [67,68], in which circular orbits do correspond
to zero QK eccentricities. These modern calculations have shown that the QK
eccentricities monotonically decrease as the binary inspirals when orbit-averaging
radiation reaction [31]. Thus, the results of Lincoln & Will are a consequence of their
orbital parameterization and are unrelated to the secular growth found in this paper.

The implications of the secular growth found here are important both from a
fundamental physical and mathematical standpoint, as well as from an observational
standpoint. Physically and mathematically, our results suggest that the idea of a
circular or a quasi-circular orbit is a fiction. If we start with a circular orbit, e;, = 0,
the orbit will not remain circular through the late inspiral, and the eccentricity will
grow secularly, as can be seen in Fig. 6.3. This figure shows evolutions for the same
systems as those presented in Fig. 6.1, only starting with zero initial eccentricity,
ein = 0 to double-precision. This secular growth is in stark contrast to what one would
infer using the orbit-averaged approximation, where the orbit remains circular all
throughout the inspiral, and the coalescence is said to be “quasi-circular.” Currently,

full numerical relativity simulations made by the Simulating Extreme Spacetimes [101]
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collaboration may have enough resolution to confirm the secular growth, although its
existence in those simulations has not yet been verified. All statements about the non-
existence of circular orbits made here are absolutely distinct from the astrophysical
idea that complicated stellar dynamics in galaxies perturb a binary’s evolution away
from circularity; our results indicate that, even in complete isolation, binary systems

cannot remain circular in the late inspiral.
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Figure 6.3: Temporal evolution of the eccentricity for initially circular binaries (e;, =
0), obtained through the numerical evolution of the the osculating orbits equations.

Eccentricity has an observable effect on the GWs observed by detectors. For
a purely circular orbit, and at leading PN order, the waveform only contains one
harmonic with frequency twice that of the orbital frequency. For eccentric systems,

the waveform contains power in additional harmonics of the orbital frequency beyond
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just the second harmonic. Further, for sufficiently eccentric systems, the second
harmonic does not correspond to the peak harmonic of the GW power spectrum.
At leading PN order, it is the osculating Keplerian eccentricity e that governs this
extra harmonic structure. As we’ve discussed, the secular growth found here is also
independent of the choice of radiation reaction gauge. Putting all of this together
indicates that the secular growth in eccentricity should have an observable effect on
the GWs detected from eccentric compact binaries.

From an observational standpoint, our results have an impact on the extraction
of the eccentricity from future gravitational wave signals. The gravitational wave
observations made by the advanced LIGO and Virgo detectors have not yet been
sensitive enough to allow for a measurement of the eccentricity. But as these detectors
are improved to achieve design sensitivity and third-generation detectors are built,
a measurement of the orbital eccentricity will become a reality. The inclusion of
the secular growth of the eccentricity in waveform models for parameter estimation
studies may enhance our ability to measure the eccentricity. Such an inclusion is now
possible thanks to the analysis carried out in this paper, which then also allows for
a detailed data analysis investigation of the accuracy to which eccentricity could be

measured by future detectors. These ideas will constitute the basis of future studies.
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SUMMARY

In this thesis, we have set out to solve the problem of how to model the inspiral
and subsequent GW emission from eccentric binaries, focusing on two regimes: (i)
the early inspiral of highly eccentric binaries formed in dynamical captures and (ii)
the late inspiral of eccentric systems. The details of this modeling require a complete
understanding of radiation reaction in such systems. We began with an overview
of the mathematical structure of radiation reaction in eccentric systems. The flux
of GWs is governed by the time-varying multipole moments of the binary system,
which is well described within the PN formalism. These multipole moments must be
supplemented by an orbital parametrization of the binary. Within the PN framework,
this is done using the QK parametrization, which is known to 3PN order for eccentric
binaries. One complication that arises in the modeling of the conservative dynamics
of eccentric binaries is the solutions to Kepler’s equation, a transcendental equation
giving the relationship between time and the eccentric anomaly of the orbit. To
get around this, one works within a Fourier series decomposition of the multipole
moments, giving the multipoles as infinite series expressions, and completing the
description of radiation reaction of the binary.

The above description of the orbital dynamics creates a problem in the radiation
reaction of the binary, namely that the GW fluxes from the so-called tail effects
become infinite summations of Bessel functions. These expression do not lend
themselves to evaluation easily. Prior to the work presented in this thesis, one
either had to evaluate them numerically or work in a low eccentricity expansion.
These methods are not well suited if we desire to create analytic waveform models
of compact binaries with generic eccentricity. To that end, we provided a method

of resumming the GW tail effects in the energy and angular momentum fluxes in
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Ch. 3. This method relies on the uniform asymptotic expansion of Bessel functions,
and allows us to generate superasymptotic series for the tail enhancement factors. We
further showed how these superasymptotic expressions can be matched to analytic
results in the low eccentricity limit to obtain hyperasymptotic series. By comparing
our hyperasymptotic series to a numerical evaluation of the tail enhancement factors,
we found these expression to be accurate to more than one part in 10%, making these
currently the most accurate analytic expressions for the tail enhancement factors
known.

With these expressions in hand, we may now apply them to the creation of
analytic models of the GW emission of eccentric binaries to high PN order. In this
thesis, we focused on binary systems formed via dynamical capture in dense stellar
environments. These binaries will necessarily have high orbital eccentricity, and the
GW emission from these systems resembles a set of discrete bursts centered around
pericenter passage. One detection strategy for these events, although suboptimal, is to
use power stacking, whereby the power in each bursts in combined to amplify the SNR
of the individual bursts. To do this, we require an analytic model of where the bursts
will occur in the time-frequency space of our detectors. In Ch. 4, we developed such
a model, which we refer to as the burst model, within the context of GR. We began
by considering these GW bursts with the conservative and dissipative dynamics both
governed by only the leading PN effects. In this sense, we constructed a Newtonian
order burst model by characterizing each burst via a time-frequency centroid and a
two-dimensional time-frequency box. The time centroids of the burst are related by
the Newtonian orbital period of the binary, while the frequency centroids are related
to the peak of the GW power spectrum. The widths of the boxes may be chosen to
capture a certain fraction of the total power in each burst, and are proportional to

the pericenter passage timescale and the frequency of the burst. We found that these
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time-frequency parameters must be supplemented by a model of the orbital evolution
of the binary. We model the evolution of the binary by assuming that the GW
burst, and subsequently any changes to the orbital parameters, are instantaneous at
pericenter passage. This allows us to model the evolution of the binary as a discrete
set of Keplerian ellipses, and to map parameters of one orbit to those of the next
through the inclusion of radiation reaction. In this way, we developed a recursive
model for GW bursts from highly eccentric binaries at Newtonian order.

If we desire to use such a model for data analysis, then we would need the burst
model to be as accurate as possible compared to Nature. To that end, we extended
the Newtonian burst model into the PN formalism in Ch. 4. We showed that the
PN burst sequence is simply given by a parametrized deformation of the Newtonian
burst sequence, and developed a generic algorithm for computing the burst model at
arbitrary PN order. Since conservative and dissipative dynamics of eccentric binaries
are only known completely to 3PN order, we used this generic algorithm to develop a
burst model complete to this order. We further showed that this model is accurate to
better than ten percent when compared to numerical evolutions of the PN radiation
reaction equations.

As an application of what the burst model can tell us, we considered the case
of modified theories of gravity and our ability to constrain these theories with highly
eccentric binaries. To do this, we developed a ppE burst model by considering generic
modifications to the conservative and dissipative dynamics of eccentric binaries in
Ch. 5. The ppE burst model is then given by a parametrized deformation of the
GR burst model, and any modified theories of gravity can be captured by eight
parameters. We showed that this parametrization captures the deviation from
modified theories by considering two test case, namely EDGB gravity and Brans-

Dicke theory, and placed some projected constraints on the coupling constants of
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these theories.

Finally, as binaries inspiral, it is generally considered that the orbital eccentricity
will decrease monotonically in time. In Ch. 6, we computed the evolution of the
orbital eccentricity using the radiation reaction force at 2.5PN order and showed
that the eccentricity can experience secular growth during the last few orbital cycles,
before the binary reaches the last stable orbit and plunges. By working in a multiple
scale analysis, we showed that this growth comes from the nonlinear coupling of first
order oscillatory terms and higher order secular terms beyond the orbit averaged
approximation. Further, we briefly discussed the prospects of being able to extract
such an effect with future detections by ground based detectors.

The LIGO and VIRGO detectors have at last ushered in the era of GW
astronomy. As these detectors are improved, and are joined by detectors currently
under construction, the detection of eccentric binaries will become a reality. The
work in this thesis has moved us closer to such a detection, and the possibility of
extracting important information about the astrophysical and gravitational dynamics

of eccentric binaries.
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We here present the Fourier coefficients of the source mass octopole and current
quadrupole necessary to complete the re-summation of the 2.5PN enhancement factors
B(e;) and 7(e;). For the mass octopole, we have

A 3 J! (pe
Loyzw = —= (—565]?2 + 1063]92 + 6e> — 5ep2 — 106) p(p )
®) 5 pie’
3 4 2 Jp(pe)
-= (5¢* — 20e® + 15) % : (A1)
A ) . J!
Ty = — LT B(2568 — a50) 20
5 203
(p) p
- e2(15e*p® — 30e*p? — 6e? + 15p* + 30)M , (A.2)
5 pie3
- 1 J! (pe
Loy = = (—15€°p* + 30€*p? + 24€® — 15ep® — 30¢) pgp 3)
® O pPe
1 J,(pe)
+ 5(2064 — 65¢* + 45) ;263 , (A.3)
- 3i 3 J! (pe)
.’Z,;g;gy = g\/ 1— 62(106 — 156)%
3i (4,2 2,2 2 2 Jp(pe)
—i—g\/l—e(t’)ep — 10e”p” — 4e* + 5p +10)p37’ (A.4)
. 1 Jy(pe)  6.J(pe)
Loy = —=(5e® = 5) L2 — — Lo A5
®) 50¢ =) ep* 5 p° (A.5)
. 61 J, J! (pe
Izzy = —Z\/’l _ 62—p(p6) — im—p(p ) s (A6)
5 ep? 2
(p
and for the current quadrupole
. 1 J!
Tow = =V1 — @M’ (A.7)
w 2 p
Ty = ‘- 62)Jp(pe) . (A8)

w 2 pe
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The analytic expressions for the 2.5PN enhancement factors [oz:(f)(et), &ég)(et)]
that we obtain take the form

o2 (er) = H (B.1)
&) (e)) = —(1A — 6(52,) s (B.2)

where [APP(e,), AP (e,)] are Padé approximants of the form in Eq. (3.100). We here
display the non-zero coefficients of these Padé approximants. The exact fractional
form of the coefficients are too lengthy to show here, so we will display their numerical
value as given by Mathematica. For APP(e;), we have

AP =2517, AW = —542.748497072893

A® = —8106.76855568073 A®) = 8413.80043346759 ,

AU0 = _1797.84373379634 A2 = _645.518003878721 ,

A = 196.536287243258 , (B.3)
) = —2.73321354671152, Ay = 2.72445722875519 ,

) = —1.18148275600057, A = 0.198189499682584 ,

Apgy = —0.0052713663843431,  A(19) = —0.000104564833689961 ,

Ay = —0.00001735320614776194,  Agq) = —2.68866627647753 x 1076, (B.4)

Similarly, for APP(e,) we have

AP = 1428 AW = —3082.0825943902 ,

A©® = 1251.7504530861,  A® = 1534.29667420639,

AU = _1557.48894312597,  AU? = 474.00656591547 ,

A = _44.7331690120333 (B.5)
Apy = —3.15201862352255, Ay = 3.82292854565682

Ay = —2.22448315038514, A = 0.6262354256498,

Aoy = —0.0738364336330394,  A(19) = 0.0021699571134637 ,

Aqgy = 0.0000142157331173306,  A(16) = —3.8287501968869 x 107°.  (B.6)
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When computing the burst model to arbitrary PN order, we are often faced will

expressions of the form
(1 +) An:r;") , (C.1)
n=1

which need to be perturbatively expanded about < 1. In our PN burst model, v,
takes the place of x. The expansion of the above expression can be easily computed
term by term, but may not be expressible in terms of an arbitrary sum. We instead
define the coefficients as

o0

Z Almgn = (1 + f: Anx”) -1, (C.2)
n=1

n=1

where it is understood that we are working perturbatively in x. If one computes the
Taylor expansion and calculates the coefficients, one finds

1 1 2
,ﬁmz—m%+mzf)&—mm+gm+)@
1 2 3
L mim e )(ﬂzj m+3), (C.3)
where the coefficients (B, C,, D,,) are given by
n—1
By =Y AjAn,, (C.4)
q=1
n—1
Cn=> AyBn g, (C.5)
qg=1
n—1
D,=) ByB.,. (C.6)
qg=1

We have stopped the expansion at fourth order in z, but in principle there will also
be fifth order terms with coefficients FE,,, sixth order terms with coefficients F,,, etc.,
where (E,,, F,, ...) are expressible in terms of the coefficients above. Thus, while the
right-hand-side of Eq. (C.3) is not expressible as a closed sum, one can recursively
build the coefficients to arbitrary order.

As an example of how this works, consider the case where m = 1 and we truncate
at third order, i.e. the series only has coefficients (A, Ag, A3). So, the first order term
(n=1) is then

ATV = A +B - C+ ... (C.7)
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However, from Eq. (C.4)

0
By =Y AA_4=0 (C.8)
q=1

Likewise, all higher order terms, i.e. (C1, Dy, ...), will vanish, and thus at first order

Ag_l) = —A; as one would expect from a first order Taylor expansion. At second
order n = 2,

ATY = —Ay+ By — Gy + ... (C.9)

However, now the B coefficient doesn’t vanish, but the C' coefficient (and thus all
higher order coefficients) does vanish.

1
By=> AgAy = A} (C.10)
q=1
1
Cy=Y AByy=AB =0 (C.11)
q=1
So, the second order coefficient is Ag_l) = —A; + A2 Similarly, a calculation of

the third order coefficient gives A:(;I) = — A3z + 24, Ay — A3, Since we are working
perturbatively to third order in this example, we now truncate the series and all
higher order coefficients will be zero.

The expression in Eq. (C.3) can be written in a more compact form using the
notation of Ch. 4. Using the vector convolution o, we may write

ALm) — i (k_—ml> [(A’o)’f*%]n . (C.12)

k=1
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PN Vector Fields

We here give explicit expressions for the PN amplitude vector fields ( Py, Ry, Vi, Ex)
to 3PN order. We will provide an example calculation at 1PN order to show how to
obtain these functions. At higher PN order, we will simply give the results of the
calculation.

1PN Amplitude Vector Fields

We begin by calculating the 1PN corrections to the factors (P, Rs, Vs, E5). This
naturally amounts to finding the 1PN corrections to the orbital period, pericenter
distance, and rates of change of pericenter velocity and orbital eccentricity. Because
these are not quantities that are typically computed in the PN literature, we will
show explicitly how to calculate them from other known quantities.

Consider first the pericenter velocity and the orbital eccentricity as functions
of the orbital energy and angular momentum. Typically, PN quantities are written
in terms of the reduced orbital energy ¢ = —2F/u and the dimensionless orbital
angular momentum j = —2FL?/p3M?, where p is the reduced mass of the system.
The reason for this is that € and j do not depend on the coordinate system that one
chooses to do calculations in, i.e. they are coordinate invariant quantities. However,
we have formulated our burst model in terms of the pericenter velocity and orbital
eccentricity, so we need to determine the mappings (e,7) — (vp, €).

We start from the equations of motion that govern the QK representation, which
to 1PN order are [42]

r=a,(l—e.cosu), (D.1)

{=u—esinu, (D.2)

G i ZZ)W tan (g)] , (D.3)

The first of these is the radial equation of the elliptical orbit written in terms of the
eccentric anomaly u, where a, is the semi-major axis of the ellipse and e, is the radial
eccentricity. The second equation is Kepler’s equation, which relates the eccentric
anomaly to the mean anomaly through the time eccentricity e;. This equation is
itself a direct measure of time since ¢ = n(t —t,) where n = 27/ P is the mean motion
and t, is the time of pericenter passage. Finally, the last equation is the azimuthal
equation of the orbit, which relates the orbital phase ¢ to the eccentric anomaly
through the azimuthal eccentricity ey and the advance of periastron per orbit K. In
Newtonian gravity, K = 1 and we recover the Newtonian equations of motion, but at
1PN order K = 14 O(e). Thus a primary difference in the azimuthal motion at 1PN
order is the inclusion of the precession of periastron.

Another difference between Newtonian and 1PN orbits in the QK parametriza-
tion is the need for multiple ”eccentricities.” The latter are not actually separate

¢ — ¢p = 2K arctan
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physical quantities, but instead are a clever notational trick that allows the equations
of motion to take the same functional form as their Newtonian analogs!. In reality,
these eccentricities are related to the Newtonian expression for the orbital eccentricity,

which is just e = /1T — j, through [42]

g
r=/1—j+ ——— [24 — 45 + 5j(—3 : D.4
e J+8\/1Tj[ n+5j(=3+n)] (D.4)
g
—V1—j+— -8+ 8+ (177 D.5
J+8\/1Tj[ +8n + j( ), (D.5)

ey = \/1—j+8\/%[24+j(—15+77)]. (D.6)

In this paper, and in this Appendix, we choose to parameterize the motion in terms
of one of these eccentricities, specifically e;, and we define de; = 1 — e;. This choice
is arbitrary: one could easily construct the burst model in terms of e, or e4 or the
Newtonian e. With this choice, we now have one of the equations we need to determine
e(vp, e;) and j(v,, e;), specifically Eq. (D.5).

Let us now focus on the pericenter velocity. Since pericenter is the minimum
turning point of the orbit (+ = 0), we may write v, = r,¢(r = r,,). From Eq. (D.1),
we see that r is at a minimum when u = 0, specifically r(u = 0) = r, = a,(1 —e,).
Hence we are left with determining ¢(u). Taking the time derivative of Eq. (D.3), we
find

(D.7)

where 3 = /(14e4)/(1 —es). To find the expression for @, we take the time
derivative of Eq. (D.2) and solve for ,

n
= — D.8
Y 1 —eicos u ( )
We can now put all of this together to find v, to 1PN order:
1—e,
vy, = arnKﬁl —, (D.9)

This expression for the pericenter velocity is exact in the sense that we have
not performed a PN expansion in ¢ yet. To obtain v,(¢, j), we use Eqs. (D.4)-(D.6)
with [42]

£3/2

n=r 1+§(—15+77)] : (D.10)

I'Note that while this is true to 1PN order, the same cannot be said at higher PN order. At 2PN
order and beyond, Egs (D.2) and (D.3) pick up higher harmonics of the anomalies.



193
3e

K=1+—, (D.11)
J
M €
a, = — [1 + —(=7+ n)} , (D.12)
€ 4
and expand in ¢ to find
1257/ £3/25/2

Up

I-vI=)'(+vI=5)° -Ha-vI=) ' (1+vI=j)°
X {8 — 120+ (=11 +21n) + 23 — ) + /1 — j [8 — 120 + j(—17 + 11n)]} .
(D.13)

The last step before deriving the functions (P, Rs) is to invert Eqs. (D.5)
and (D.13) to find e(vp,e;) and j(v,,e;). This can be done very easily order by
order in € (or v,) to find

1— 2 54 3n+4 2(—3+9
8—1)5 [ [l_v_p +on + 77€t+€2t( + 77)} ’ (D.14)
1—|—6t 4 (1+€t)
V2 94+ e (=174 )
=(1—¢e?) |1+ -2 ¢ . D.15
i=( et){ T (1+e,)? ] (D.15)

We can now construct the functions P, and Ry, which recall we define via

P=PN(1+v] P), (D.16)
rp =1 (14+02 Ry) . (D.17)
The orbital period in the QK representation is given by P = 27 /n(e, j), with n(e, j)

given in Eq. (D.10). Inserting our expressions for e(v,, e;) and j(v,, ¢;) and expanding
about v, < 1, while keeping terms of relative O(vg), we find

21 + 3ne; + e2(—6 + )
P2(6t777) = 2(1 i et)g :

(D.18)

We may follow the same procedure for the pericenter distance, using r, =
ar(‘saj) [1 - 6,,,(5,]')]; we find

—6 4 21+ e,(—8 4 51) + e2(—6 + Tn)
R2(€t777) = 2<1+et)2

. (D.19)

The functions (V3, E5) require a bit more work, since we need to compute the
rates of change of pericenter velocity and time eccentricity. We may do this via the
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chain rule:
(8y) = av”éi’ & <_2;E>> - 6””(;2’ ) (%) , (D.20)
o=t (e (W)

where h = L/M is the reduced angular momentum, E is the energy flux, and L is
the angular momentum flux. The reason for replacing j with A in the expressions
[vp(e,7),ec(e,7)] is that j has a factor of the reduced energy hidden in it, which
needlessly obfuscates taking partial derivatives. Furthermore, the expression for i can
be computed directly and easily from L. The averaged energy and angular momentum
fluxes are given to 1PN order by [28,31]

. 32
<E> = —3772375 (IN +z Ile) (D22)
. 4
<L> = —3772Ml’7/2 (QN +x gle) (D23)
with the enhancement factors
1+ 2e? + et
= (D.24)
. 1 1247 35, (10475 1081 , (10043 311
= — ——n+e | — — —— e | ——— —
PN= ey U336 127\ etz 36 ) T\ T3se T 12
2179 851
6 _ 851 D.25
e (1792 57677)} ’ (D.25)
and
8 + Te?
On = w, (D.26)
Goo— L [ 1207 70 (3019 335\, (8399 275
PNT e | T a2 3T T T ) T (s 127
(D.27)

In the above, the PN expansion parameter z = (M)?/3

which is related to the reduced orbital energy by [42]

x:g{l—l—s(—%—l—%-ﬂ-%)}- (D.28)

The goal at this stage should be clear: we desire to write (¢,) and (é;) in terms of

, with © the orbital frequency,
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v, and e; instead of x and e;. The calculation is rather lengthy, but straightforward,
so we will simply detail the main steps here. The first step is to replace x with € in the
expressions for (F) and (L), working perturbatively in e. We then use the chain rule
combined with our new expressions for the fluxes in Egs. (D.20) and (D.21). Finally
we replace any instances of (e, h) with (v, e;) and expand in powers of v,. The end
result is

(0p) = (0) (vp, €0) [1 + 03 Valer, )] (D.29)
(&) = <éN>(vp,et) [1 + vf, Eg(et,n)} , (D.30)

where () and (€Y) are given in Egs. (4.52) and (4.53) with the replacement e — e,

and the PN functions are

1 19 1273 319 3887
e - ] (10,57

(1+e)? (1 — e, + Le? — 3¢ 177 336 211" 224

) _g 1507 o (ATIL 20605 (737 85923
6T t R 1T e )@ 641" 2688

. 407 _24149 o
5376

(
{543 14207 (14073 53717)

) 461&77
(

D.31)

Es(es, 76" 28 T -
2(€t 77) (1 +€t) (1 + ég}l % 76 il 2128

608 | 2128
121 421 95995 y
+—ein+ (—on— T

D.32
76 76 17024 32)

This completes the construction of the 1PN correction functions (P, Rg, Va, E»).

Amplitude Vector Fields to 3PN Order

We now provide the components of the amplitude vector fields (13, é, 17, E) to
3PN order. The derivation of the components follows the exact same procedure as
the previous section, so we will simply list the components, where recall we work in
ADM coordinates. For the orbital period, the non-zero components are

Pulenniv,) = 3(1 —e)(1+ 3e —e?)(5— 2n) N i
2(1+¢,)3/1 €2 8(1+e)
e (—23n* + 192 — 258) + € (=757 + 2421 — 186)

e} (—37n° + 42n) + €; (—21n* — 21n)] , (D.33)
(1—e)
Polenmvy) = 192(1 + ¢,)5y/1 — 2

+e; (3697 + 403207 — 424327 + 25920)
+e; (—1237%n — 20167 + 18560n — 12960)

1997 — 6

+
+

[1237%n + 11521 — 136647 + 8640
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+e; (80647* — 257761 + 21600) + ¢; (—17287° 4 5040n — 4320) |

1
e e L 11167%n — 1536n> — 2 9
* 192¢,(1 + €;)6 (=61 + e¢ (11167 — 15361 00887 + 2976)

+e; (783m°n + 6841 — 16260n” + 512647 — 38304)
+€; (396m°n + 3684n° — 31572n% + 562081 — 34128)
+e; (9m*n + 7320n* — 460567 + 771067 — 45936)
+e; (102481 — 314887 + 367081y — 20016)
+ep (4332n° — 5436n° + 2844n) + ¢/ (1764n° + 156n° — 228n)] . (D.34)
For the pericenter distance, the non-zero components are
3€t(1 — et)2(5 — 277) 1
Ry(ey,msv,) = +
a(ex, 15 vp) 21 + €,)? /1 _ €2 8(1 + ey
+e; (=21 4 184n — 206) + €] (—63n” + 1847 — 140)
+e; (=31n° 4 2n) + ¢/ (219> — 21n)] , (D.35)

€t(1—€t)2
Rg(ey,m;v,) =
o{c0,7: ) 192(1 + €,)5y/1 — &

+e; (—2880n° 4 106567 — 8640) + e} (1728n” — 50401 + 4320) ]

[437 — 30

[1237°n + 8641n* — 123687 + 7200

1
S — 501720 — 2112n% — 18041 — 2640
T 10261 1 e)0 [0+ e (5017 ! ! )

+e; (2797°n + 6601 — 147241 + 48952n — 30288)

+e; (267mn + 3300n° — 29508n* + 508881 — 27792)

+e; (9m%n + 6648n* — 40392 + 685847 — 39696)

+e; (9336n° — 26520n* 4 317047 — 16704)

+ef (4020n — 36361 + 2292n) + ¢/ (1764n° + 156n° — 228n)] . (D.36)

For (é;), we have

9857 (1 — e0)*(1 — ef)pe(er)

E3(et7 7’]’ Up) = 152(1 + 121 2) ) (D37)
304
By ) 1 1035 , 45819 n 1365463
€, 1);Vp) = -
4\€t, 15 Up (1 + 6t) (1 + ;,(2)111 2) 38 U 608 g 38304

L (3399, 20727
‘\ 76 T T 2108 "

9 (599243 9115835 13816637)

o132 " 17024 ' TH1072
¥y (82879 361097 5203>

603 5128 1 152
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07141 , 21541341 108773587
“ (304 30088 T 306432 )
L (10477 , 601943
T ( 304 T 17024 ")

300 7~ 10607 T 68096

V1i-é2 { 15 75
)

+(LH®(1+£§? 19773

8427 42135) (363 1815)

6 (15933 o 97941 3284783)}

e (247 = 60) +¢f (_'30477+‘ 608 3817 76

1533 7665
il ) B R D.38
e ( 502 1" 608 )} ’ (D-38)

m(1—e)3(1 — e2)o(er) __1083577_+ 10835_10835677
(1+e)2(1+ £2le?) 456 152 304

Es(et, m; Up) =

o (LT3, 10835N] (1= e)? [5569L
c\ o2 TR )| T+ ez 4256
| 19067y
D.
)] (D39

89789209 |, 4601 234009
(1—e)/1—¢f [ 17500+ 105 10(2) — Za0 In (3)}

Eg(ey,nv,) = Ke(e
6( ty 7] p) (1+€t)(1+ ég}l 2) ( t)
1
Pe(k) ek
M1—mu+ﬁ>u+£ig{gj (n)ey
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where vg = 0.577... is the Euler constant and the tail enhancement factors

[peler), ve(er), Co(er), ke(er)] are defined in [31]. The functions [P (n), S (n)] are
polynomials in 7, specifically
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where [@(e;), 1(e,), C(er), k(er)] and [B(e;), ¥(er), ((er), (e;)] are the tail enhancement
factors for the energy and angular momentum fluxes, respectively. These functions
are defined in [29,31], with analytic representations as functions of e; given in [107].

The polynomials [PS" (1), S (1), L,(e;)] are given as follows,
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This completes the amplitude vector fields to 3PN order.
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APPENDIX E

HARMONIC DECOMPOSITION OF THE RADIATION REACTION FORCE
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The equations governing the radiation reaction force within the osculating orbits
method may be decomposed in a harmonic decomposition, as given by Egs. (6.7)-
(6.8) in the main manuscript. We here provide the coefficients of this harmonic
decomposition. First, for dp/d¢, the coefficients are

ky =8+ T(AZ+ A2), (E.1)
kot = fQ (336 + 140a — 60b + (54 4 35a) (AL + A2) — 15b(AL + A2)] ., (B.2)
ho = 2(15 T 14a — 6b)(A2 — A2), (E.3)
ko® = 2(6 + 7a — 3b) Ay (AZ — 3A2), (E.4)
kot = ﬁ [336 + 140a — 60b 4 (54 4 35a)(AZ + A2) — 15b(AZ + A2)] ,  (E.5)
ko? = 30A A, (15 + 14a — 6b), (E.6)
kot = 2(6 1 Ta— 36)A,(3A2 — A2), (E.7)

Next, for dA,/d¢ we have

1
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kot = % {768 + 3A;(44 + 20a — 15b) + 5A3(60 + 44a — 15b)
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52 D
ki? = 54 [56 + 4a(7 + 26 A2 + 3A%) + A2(107 — 33b)
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Finally, for dA,/d¢, the coefficients are
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