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ABSTRACT

A fully Galerkin method in space and time is developed
for the second-order hyperbolic problem in one, two, and
three space dimensions. Using sinc basis functions and the
sinc quadrature rule, the discrete system arising from the
orthogonalization of the residual is easily assembled. ¢Two
equivalent matrix formulations of the systems are.given.
. One lends itself to scalar computation while the other is

more natural in a vector computing environment. In fact, it~
is shown that passing from one to the other is simply a
notational change. In either setting the move from one to

two or three space dimensions.does not significantly affect
the ease of implementation. Intermediate diagonalization of
each matrix representing the discretization of -a second
partial leads to the diagonalization of the overall system.
The method was tested on an extensive class of problems.
Numerical results indicate the method has an exponential
convergence rate for analytic and singular problems.
Moreover that is independent of the spatial dimension.




CHAPTER 1
INTRODUCTION

The general second-order, linear partial differential
egquation
(1.1) Auxx + Buxy + CuYy + Du, + Euy + Fu =G ,
where A, B, C, D, E, F, and G are functions of x and y only,
is classifiea at the point (x,y) via'theldiécriminate
(B2 — 4AC)(x,y). That is, when (B2 - 4AC)(x,y) is positive,
zero, or negativé the equation at '(x,y) is hyperbolic,
parabolic, or elliétic, respectively. The present chapter
reviews classical results for a purely hyperbolié, constant
coefficient problem correspondihg to A= -1, C =1, and
B = D = E = F = 0, Inéluding boundary and initial
conditions, the specific partial differential equation
examined is

utt(xlt) - uxx(x't) = G(xlt) (Xlt) € (011) X (Ol“’)

u(o,t) = u(1,t) =0 t 20
(1.2)

u(x,0) = £(x) : 0 <x <1

ut(x,O) = g(x) 0 <x =<1

This problem is referred to as a one-dimensional wave
equation since it models the displacement of a vibrating

string with initial displacement'fé initial velocity g, and

subject to an external force G.
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The equatiogz in (1.2) is representative of one of the
two hyperbolic canonical forms due to the absence of the
term u,,. In contrast, the distinguishiné feature of the
alternative canonical form 1is = that its only second-order
term is the mixed‘bartial Uy fhe change of Qariables‘
s =x + tand 7 = x - t transforms the equation in (1.2) to
(1.3) —4u., = G((§ + n)/2f (¢ - n)/2) |
' (§.7) € (0,2) X (-=,1)
It is well-known that the correct change -of variables is
found by solving two ordinary differential egquations which
depend on the discriminate. For a complete'discussion see
Farlow [1]. By integrating (1.3), restoring the variables X
and t, and applying " the initial and boundéry conditions,

d'Alembert expiicitly solved (1.2) [2j. His result of 1747

is
. 1 X+t
u(x,t) = E, f(x + t) + f(x - t) + f g(a)da
' X-t
(1.4)
t x+(t-B)
+ f G(a,B)dadBl
0 x-(t-p) |
where f, g, and. G are extended as odd periodic functions

when necessary.
The solution (1.4) is the sum of homogeneous and
particular solutions, uH(x,t) and uP(x,t), respectively,

where




1 X+t
(1-5) UH,E) o F(x+t) +F(x-t) + J g (a)da
and
t x+(t-p)
(1.6) up (x ,t) J G (a,p)dadp
x-(t-p)

From the form of the homogeneous solution, it is apparent
that uH at a fixed point (Xq,t0) depends only on the initial
conditions over the interval [xQ - tO, Xg + tQ] on the

X-axis. As a result [Xa - tQ, xQ + tQ] is called the
interval of dependence. The particular solution may be used
to find the domain of dependence shown by the shaded region
in Figure |1 below. The curves representing the change of
variables f and n are called characteristics of (1.2).
Notice that the characteristics cut the interval of

dependence out of the x-axis and define the domain of

dependence.

Xn + €

Figure The Domain of Dependence.

The significance of the domain of dependence is the
constraint it imposes on schemes used to numerically solve

the one-dimensional wave equation (1.2). This constraint is
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called the Courant-Friedrichs-Lewy (or CFL) condition [3].
A scheme which provides a ready illustration of the
condition is the centered finite difference method defined
explicitly by the difference equation
a.,n Ui,j = m2Ui+l,j-1 + Ui-I>j-1) + 22 " m2)Ui,j-i
Ui,j-2 + (AHO™ GXI"tI-1) -

Here Ui ”~ approximates u at (Xi,tj) = (iAx,jat) and

m = At/AX 1s the ratio of the stepsizes. A detailed
derivation of the time-marching scheme (1.7) 1is included in
Ames [4]- Stepping back in time determines the finite
difference gridpoints which influence Ui j (see Figure 2
below). These gridpoints blanket the numerical domain of
dependence outlined in Figure 2. The CFL criteria states
that a necessary condition for the convergence of (1.7) (as

At and Ax » 0) is that the numerical domain of dependence

must contain the analytic domain of dependence. This
requires m <1. The computational impact of restricting
m < 1 is briefly discussed in Chapter 4.

t. —

Figure 2. The Numerical Domain of Dependence for the
Explicit, Centered Finite Difference Method.
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The method of the present work satisfies the CFL
condition trivially. This technigue, called the Sinc-
Galerkin method, builds an appfoximate solution for (1.25
valid on the entire domain. The éppfoximaté is a truncated
generalized Fourier expansidn of basié eiements which are
tensor products of sinc functions composed with suitable
conformal maps. .The support of each. basis element is
(0,1) x {(0,») hence, -the metﬁod may bé termed a spectral
method and its numerical domain of dependence is ideﬁfically
the domain of tﬁe partial differential‘equation.

To ease the description of the Sinc-Galerkin method
applied tb (1.2), its counterpart for ordinary differential
equations is derived in Chaptér 2. ’Here the 5asis elements
'are single sinc functions composed with confo;mal maps. The
pertinent sinc function properties needed fo construct an
approximate solution are reviewed. Furfher,' it is shown
that when 2N + i basis functions are ‘uséd to define this
approximate, the obtimal exponehfial order of convergence,
O(e‘KJﬁ5, K‘ > 0, occurs even 1in the presence of
singularities. étenger‘{sj discusses a more general setting
than that considered'in'Chapter'z. The chapter closes with
the formulation of the discrete linear systemvﬁhose solution
specifies the approximate. This system is symmetric, a
result that Lund [6] has shown depends on the correct choice

of weighted inner product.

§
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Chapter 3 extends the Sinc-Galerkin method to (1.2)
(with £ =g = 0) end then further to the'enalogdus‘wave
equations in two and three space dimeneioﬁs. At this
writing, . the most common procedure -for solving partial
differential equations:with a semi—infinife tige:interval is
.a Galerkin discretization of the spatial domain‘with time
dependent coefficients. The resﬁ;t is a‘sysfem of ordinary
differential equations‘ ﬁsually solved via difference
fechniques. Botha and Pinder (3] develop Galerkin
discretizations of space using finite element basis
functions. In contraet, Gottlieb and Orszag (7] ﬁse
globally defined spatial basis elements. They show that in
space many of these spectral methods exhibit an exponential .
convergence rate. However, because Gottlieb aﬁd Orsiaé
consider only finite difference ﬁechniques for the temporai
domain, the time solution has finite-order aecuracy} 'They
acknowledge the ineompatibility of the error statement in
time versus space with the following remark:

No efficient, infinite-order accurate time-

differencing methods for variable coefficient

problems are yet known. The current

state-of-the-art of time-integration techniques

for spectral methods is far from satisfactory on

both theoretical and practical grounds...[7].
The point of view taken here differs from the two sources
just cited by carrying the Galerkin‘diseretizefjoh into the
time domain. Chepter 5 reports numerical "resﬁlte which

attest to the success of this notion.
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Besides developing the Sinchalerkin method, Chapter 3
introduces notation to facilitate the dengiption of the
resulting discrete s?stems. These systgﬁé are posed in two
algebraically equivélent.matrix férms. The choice of form
to use depends somewhat on available computing faciiitiés.
Chapter 4 discusses this topic along with'algorithms for thel
solution of the linear systems in either form.

The nine examples included in Chapter 5 are broken into
groups of three. Each gréup highlights a feature of the
Sinc-Galerkin method for préblems in éne, two, and three'
space dimensions. Fof instahqe, the first three examples

have analytic solutions while the second three have

combinations of both algebraic and logarithmic
singularities. The numericalvresults show that the rate of
convergence is not affected by this singular behavior. The

last three examples show the dramatic féauctiqn in the size
of the discrete system solved when  care is exercised in
parametér selections. Finally, each‘group indicates thaf
the asymptotic error O(e_KJﬁ3, K > 0, is attained

independent of the dimension of the wave equation.




CHAPTER 2

THE SINC-GALERKIN SOLUTION OF ORDINARY
DIFFERENTIAL EQUATIONS
The goal of this chapter is to derive the discrete Sinc-
Galerkin system necessary to build an approximate to the

‘solution of

Lf(x) = £"(x) + v(x)f(x) = g(x) " a<x<b
(2.1)
f(a) = £f(b) =0

valid on the interval (a,b). A symmetric matrix fo;mulation
for the sygtem can be posed and is, .ih faet,' easy to solve
numerically. The fesu;ting‘ apprqgimaté solution converges
to the true solution on (a,b) at the féte O(e'KJﬁB where K
is a positive constant and 2N + 1 basis functions are used
to build the approximéte. Further, the convergence rate is
_ maintained. in ‘the presence Of singularities (thé solution
has an unbounded derivative) on the boundary. To prove
these stétements a background in generai sinc fupction
theory is neéessary. Iﬁ partiéular, the foundation for the
error analysis' of the Sinc-Galerkin method is the error

associated with the truncated sinc quadratﬁre rule.




Interpolation on (==, =)

Numerical sinc function 'methods are rooted in E.T.
Whittaker's [Sj work concerning interpolation of a functién
at the integers. Rather than usiné well-known expansions
based on polyﬁamials, Whittaker sought ‘an expansioh'whose
properties are far more distinguished whén applied in the

proper setting. The foundation of the series is the sinc

function
. sin(nx)
(2.2) sinc(x) = — , X ER
nX ,
shown in Figﬁre 3 below. The resulting formal cardinal

series for a function f . is

[+

(2.3) Y £(k)sinc(x - k)
k=-w -

To generalize (2.2) and (2.3) to handle interpolation on any

evenly spaced grid define for h > O
= k
(2.4) s(k,h) (%) =,sinc(§;ﬁ__2>

and denote the Whittaker cardinal function by

@

(2.5) C(f,h)(x) = ) £(kh)S(k,h)(x)

—_——

whenever this series converges. In engineering literature

(2.5) is often called a band-limited series.
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Figure 3: S(O0,1)( = sine(x) , x E R.

With regard to using (2.5) as an approximation tool, two
important classes of functions must be identified. The
first is the very restricted class for which (2.5) is exact.
The second 1is the class of functions f for which the
difference between Ff and C(F,h) is small. J.M. Whittaker
[9] and McNamee, et.al. [10] accomplish this identification

task by displaying a natural link between the Whittaker

series and aspects of Fourier series and iIntegrals.

The Fourier transform for a function g 1is

(2.6)

A fundamental result of Fourier analysis is that if

gE L2(R) then g E L2 and g is recovered from g by the

Fourier inversion integral
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1 «© s .
(2.7) g(t) = 5= [ &(x)e 1xtax
2r ' :
For a select set of functions, the Paley-Wiener Theorem

shows that the inverse transform has compact support. Their

result is

Theorem (2.8): .If g € L2(R), entire, and there exist
positive constants A and C so that |g(w)| < Cexp{A|w]|} where
w &€ €; then
1 A
(2.9) gw) =27 | a(x)e
’ ' -A

—1xwdx

Showing that the sinc function satisfies the hypotheses of

Theorem (2.8) with A = n and C 1 is straightforward. An

elementary calculation gives

. 1T iww 1 -

(2.10) sinc{w) = ™ f e dx = — I x(—x,m)e
~% . -

hence, an immediate consequence of Theorem (2.8) is

ixtdt

TN ‘ '
(2.11) 5inc(%) = | sinc(t)e = X(=r,n) (X)

To accommodate the translated sinc function appearing in
(2.4), a change of variables in (2;10) ines

(2.12) S(k,h)(x) = [ sinc(E—i—i>eiXtdt-

—

T T T
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= ixg o,
=B e X(or/n, n/n) ()
for fixed real &. B
The support of the characteristic function in (2.12)
prompts the definition of a class of functions, called the

Paley-Wiener class, which is naturally associated with the

Whittaker series.

Definition (2.18): Let B(h) be the set of functions g such
that g € L2(R), g is entire, and lg(W){ £ Cexp{r|w|/h} where

wEZgZ.

Before the Whittaker function can be discussed, one result

is vital.

Theorem (2.14): If g € B(h) then g(w) = % f g(t)sinc<tgw)dt-

7
-

A proof of Theorem (2.14) is'found.in [10]. For

completeness the converse of Theorem (2.14) is

L]

. ' ' 1 . -
Theorem (2.15): If g € L2(R) then k(w) = i | g(t)sinc(EHE>dt
is in B(h).

Proof: Using Parseval's Theorem with the inner producf

©w

<f,g> = f f(t) g(t) dt establishes the growth estimate
for k. Application of Morera's Theorem proves entirety and

the Cauchy-Schwarz inequality yiélds k € LZ(R).
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The significance of all the preceeding work is

subsequent elegant theorem.

w©

in the

Theorem (2.16): If g € B(h) then g(w) = z ) S(k,h) (w)

k=-w

1 t - kh\.
where o = — f g(t)sinc(——ﬁ———>dt f g(kh).

fs 2

-0

Proof: The Paley-Wiener Theorem, the identity

(2.17) e-ixw _ B sin(fz) ) (-1)k & ,
k=-w '

and the uniform convergence theorem justify the ensuing

steps:
1 t/h i
g(w) = 5= | g(x)e1xWay
2n .
-r/h
R sxwy T/h - . eiknx
- sln<E—) [ R I -
. -n/h k=-= '
© k . -] |
_h (-1)"sin(rw/h) |1 A ikhx
T 2 — w+kn 2x [ gix)erdx
k=-o o - -
_h 2 (-1)®sin(xw/h) (—kh)
z 2 w + kb ¢
- k=~ ; e :
-3 g(kh)sinc(ﬂ—%—52> .

k=-w
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Hence for f £ B(h), f(w) = C(f,h)(w) TFfor all w £ p. Note
that this is a stronger result than originally sought. The
initial quest was for a class of functions such that the
Whittaker series was exact on R. An even stronger statement
is derived from Theorem (2.16) and the identity
I, if A=Kk

(2.18) 1 J S(k,h)(t)S(A,h)(t)dt =
0, if A~ K

that is,

Theorem (2.19): The set | S&k,h) ] is a complete

orthonormal set in B(h) [10]-

Unfortunately the set B(h) 1is extremely restrictive and
some relaxation is necessary iIf (2.5) is used as a practical
interpolatory tool. McNamee, et. al. [10] identifies a set,
here called BP(Dg), where C(f,h) is not exact but its
approximation to Ff is very good. In particular, the domain

of analyticity for BP(Dg) is Dg.

Definition (2.20): Dg = (z: z=x+ 1y, |yl <d £ R, d > 0}

Figure 4: The Domain Dg
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The class BP(Dg) is specified by Definition (2.21).

Definition (2.21): Bp(DS) is the set of functions f such

that
(2.22) £f is analytic in DS
a
(2.23) I [£(t+iy)|dy = 0(|t]®) as t = tw where 0 < a < 1,
Za : ' ' l

and for p = 1 or 2

NP(f,Dg) = lim ‘f CJ£(t + iy)|Pat | 1/P
y=d

-

(2.24)

f |£(t - iy)|Pat 1/9]

-0

<
The exact form of the error is given by Theorem (2.25).

Theorem (2.25): If £ E'BP(DS).then e(f)(x) = £(x) -
C(f,h) (x) where '

31n(nx/h) f(t-id)

€(f)(x) = T 2mi f ) (t- x—ld)31n[n(t id)/h]
(2.26) |
_ _ £(t+id) at
(t-x+id)sin[r (t+id)/h] |
Moreover, if f € Bl(DS):E B(Dg) then
| nl(f,Dg) N(f,Dg) |

(2.27)  He(£)l,

IA

2rd sinh(rd/h) _ 2rd sinh(rd/h)
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while if f € B2(DS) then

N2(f,Dg)
(2.28) he(EYN < :
2Jrd sinh(rd/h)
and
N2 (f,Dg)
(2.29)  lie(f)l,

s sinh(rxd/h)

For[a proof seé Stenger [11]. Worth noting, is that the
error sfatement of Theorem (2.25) is valid only on the real
line. Theorem (2.16), recall, appiiesjfo the complex plane.
However, the original goal was épprogimating_ on the real
line and Theorem (2.25).certainly satisfies that.

Of far greater interest is the order statement derived
from (2.27), {(2.28), and (2.29). As h =0 'sinh(nd/h) = o
hence, IIE(J‘E')Hm'2 <+ 0 independent of whether f EbBl(DS) or
Bz(DS). Moreover,'tﬁe rafe‘éf cbn&eréence is governed by
sinh(nd/h)ﬁ i.e., i/sinh(ﬁd/h) = O(exp(—xd/h)) aé hvﬂ 0.

Although the exponential convergenée rate is attractivg,
to be of practical impoftance it must bé maintained when
(2.5) is truncated. Denote the truncated Whittaker series

for a function f by

N
X - kh
2.30 C f,h = f(kh)si —
( ) M, N ) (x) E .( )51nc<. = )
k=-M T
where it is assumed C(f,h)(x) converges.
Theorem (2.31): If £ € BP(Dg) for p= 1 or 2, d >0 and

there exist poéitive constants o and B such that




(2.32) |£(x)| <L

then choosing

(2.33) 'N

and

(2.34) h (nd/(aM))*
gives

(2.35)
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where C is a constant dependent on f.

Proof:

that |f(x) - C(f,h)(x)| < L;e”"%/B for all x "€ R.

the triangle inequality

| £(x) - CM,N(fIh)(x)I

IA

1A

and (2.32),

if ®x € (-=,0)

if x € [0,=)

If - Cy x(f, M)l < C m¥% §~(ndag)%

From Theorem (2.25) there exists a constant L1 such

Using

(=]

Lye /B S |£(-kn)| + § |f(kh)]|

k=M+1" k=N+1
L,e /B 4 ) S e~akh S e Bkh
k=M+1 k=N+1
: —aMh - -BNh
Lle"fd/h + L | + =
: . ah Bh

Now if N and h are defined by (2.33) and (2.34), then

IA

|£0x) = Oy y(£,0) ()]

The choice of N and

errors. The truncation

Lle4<rdaM)¥ + L(

c ¥ o~ (mdaM)*%

aM

';(ndaM)%
rd © .

1 1)
—_— A =
« - B

h is dictated by'balancing asymptotic

errors for the lower and upper sums
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are of orders O(e"th) and O(e_BNh), respectively. Equating
these order statements gives N = aoM/B. Uéihg (2.33) is a
convenience to guarantee N is an inteéer. The choice for h
is deduced by eqqatjng "the truncation -epror order O(e'“Mh)
and the order of the interpolatioﬁ error O(e—”d/h). Hence,
truncating sums for coméutatiénai feasigility need not‘be-at
the expense of the expoﬁentiallconvergénce rate. This rate
carries over during the development of éhe éinc quadrature

rule.

Quadrature on (—«,«)

The interpolation results just reviewed are the
groundwork for the derivation,éf the sinc qﬁédfature rule on
the real line. As. with interpoléfion, the guadrature
formula involves infinite sums; hence, a primary task is
deducing the error cauéed by truncation. This leads to a
numerically practical means of estimating an integfal over
the real 1line. The use of conformal maps generalizés‘tﬁe
.sinc quadrature to alternative cﬁrvgs.'

A few preliminaries are: neééssary before stating the

quadrature theorem analogous to'Theorem (2f25).

1 ® - kh

Lemma (2.36): — sinc(f—————)dx =1 , h>0, ke€zZ
h \"n oS

o _iax el%20,  1m(zgy) > 0

e
dx = 2ri

Lemma (2.37): f _—
* 7 20 ‘ : 0 , Im(zy) <O

-
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Lemmas (2.36) and (2.37) are prpved using standard contour

integration.
Lemma (2.38): If £ € LI(R) then f’C(f,h)(x)dx = h z f(kh)
where h > 0 and k € Z.
Proof: By the integral test z |f(kh)| converges.
k=-w “

- kh @ - k
Since |f(kh)sinc<§—ﬁ———>| < |£f(kh)] ., z f(kh)sinc(g—ﬂ—f2>

. . il _ _

converges absolutely and, therefore, by the Weierstrass

M-test, uniformiy. Thus

Im C(f,h)(;)dx = fw E f(kh)sinc(f—i—ﬁﬂ)dx
= E f(gh) Im sinc(f—%—52>éx
k=-o -

h E f(kh)

St

These three lemmas along with. Theorem (2,25) provide the

background to prove the following.
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Theorem (2.39): If f € B(DS) = gl(Ds) then

-]

(2.40) I f(x)dx = h z f(kh) + o(f)
where

I e(f)(x)dx

-0

(2.41)  #a(f)

and

e~rd/h N(£,Dg)

(2.42) In(£)] 2sinh(rxd/h)

Here ¢(f)(x) and N(f,DS)‘ are defined in (2.26) and (2.24)
(with p = 1), respectively.

(=] o« «©

Proof: f e(f)(x)dx f(x)dx - J C(f,h)(x)dx

i
—

- - ) -

='I £(x)dx - h E £(kh)

-0 . k=—-oo

From the left hand side, using (2.26)

n(f) £(f)(x)dx

i
oy

_ . sin(zx/h)( * £(t-id)dt
f T 2ri I (t-id-x)sin(n(t-id)/h)
® f(t+id)dt

dx

" | {tFiam)sin(z(trid)/m)
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_ e "M erp(erig)el ™R ge-ia)e YR
21 sin(n(t+id)/h) . sin(x(t-id)/h) ) .
where Fubini's Theorem and (2.37) with a = x/h and
zg = t % id give the last eguality. ‘Bounding the last

expression leads to (2.42).

The result of Theorem (2.39) is that sinc dquadrature is
the familiar. trapezoidélvrule on‘the real line. ﬁéWever,
the rate of convergence for (2.40) is O(é_2“d/h) rather than
the usual 0(h2)'that is associéted with the trapezpidal rule
when f" is bounded. Sinc function properties lead to the
restriction £ € B(DS)' which, in. turn,:aécounts for thg
vast}y accelerated convergence faté.

As with interpolation, numerical practicality calls for
truncating the sinc qgquadrature, nee' trapezoidél, series,
Define the truncated trapezoidal series |

N
h z f(kh) , h > 0

k=-M

(2.43) Ty y(£f,h)

Analogous to Theorem (2.31) is Theorem (2.44).

Theorem (2.44): If £ € B(Dg), d > 0 and f satisfies (2.32)
for some positive constants a»and B, then choosing N and h
as in (2.33) and (2.34) gives .

o

(2.45) f f(x)dx - TM N(f,h)

—w
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IA

k,e"27d/b K g—aMh K _-pNh
a - : .

IA

c - (2ndaM)¥

where Kl' K, and C are Qonstants.

The proof follows in a like fashion to that of Theorem
(2.31f£ for greéfer détail see Stengér [12], [13] and Lun@
[6]. Once again selections for: N and h are motivated by
asymptotically balancing | errors.. Finally, note the
increased rate of convergence for éuadrature,

0(e-(2rdaM)*,

versus interpolation, O(e—(”d“M)x).

Interpolation and Quadrature on Alternative Arcs

The preceeding results.hold for X € (-w,). To be
useful in the setting of building a Sinc-Galerkin
approximate for the solution of a différehtial equation, the
results must be géneralized to élternatiye ihtervals.
Stenger [5] shows that cbnfofmél maps provide the means of
extension. ﬁis discussion is'briefly outiined hére with the
goal in mind the-statemenf of the éuadrature rule. l

Let D be a éimply: connected domain :and Dé be as in
Definition (2.20). Given a,b € aD'such that a # b, fhere is
a conformal map X: D = Dg.(see figﬁre,S) sétisfying
(2.46)  ¥(R) = X"L(R) =¥ | |

and




Figure 5: The Conformal Map X.

With respect to D, the following definition is similar to
(2.21).

Definition (2.48): Let B(D) be the class of functions such

that f is holomorphic on D;

(2.49) J  IfF@)dw

o(jt]ja) as t = =&
V (t+L)

where a G [0,1) and L

(iy: lyl < d) ; and

(2.50) N(CF,D) E lim inf f Jf(wdw] < =
CCDC-»9D X~

where C

is a simple closed curve in D.

Rather than developing 1interpolation and quadrature
rules for D from

scratch, two theorems provide a natural
link to the past work.
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Theorem (2.51): If ¥ is a conformal map of Ds onto the
simply connected dqmain D and if ‘'f € B(D), fhen 'E € B(Déi
where
(2.52)° F(w) = £(¥(w))¥Y'(w)

Also

Theorem (2.53): If X{ D = Ds is a conformal, one-to-one

and onto mapping then v = x~! is conformal.

Stenger [13] remarks on Theorem (2.51) while Theorem (2.53)
is a standard complex analysis result. Finally a revised

version of the exponential decay propérty (2.32) is needed.

Definition (2.54): Let f € B(D), X be a conformal map
satisfying thg conditions of Théépem (2.53), and' '

Tt €Ey = ¥(R) = x'l(R). Theﬁ f/k' is’ séid to decay
exponentiaily with réspect tbn X 'if there exist pqsitive

constants K, a and B such that

(2.55) £(t) < K sep(malX (e} 1) . = € "E .
X' (t) exp(-B|X(t)|) , © € vy
where |
v, = {z: z € ¥((-=,0)))
(2.56) o

v = {z: z € ¥([0,=))}.

Theorem (2.51) and Definition (2.54) suggest that the

conformal map is incorporated into the previous theorems and
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definitions quite 'easily. The interpolation and guadrature

rules that follow support this notion.

Theorem.(2.57): Let £ € B(D) and X: D7 Dg satisfy the
hypotheses of Theorem (2.53). Further, suppose £/X' decayé
exponentially with respect to X. If z € ¥ = ¥(R) = x‘l(R)
and zZ, = v(kh), k € Z, h > 0, then selecting N and h as in

(2.33) and (2.34), respectively, gives

N f(z,)
£(z) k) . /X(z)-knh
Xz 2 x'(zk)~31nc< h )
=-M '

X'(z)

K e_(“qu)%

N

where K is a constant independent of z.

Note that to interpolate £ rather than f/X', simply let F =
fX' and ‘substitute into (2.58) aésuming F satisfies the
hypotheses of Theorem (2.57). Equation (2.58) shows that
the rate of convergence for sinc interpolation on a curve ¥
remains O(e_(“d“M)g ). Similarly, the rate of convergence

for the sinc gquadrature rule is unchanged.

Theorem (2.59):
(a) If £ € B(D) and X, ¥, z, and Zy are as'in Theorenm.

(2.57), then fqr'h sufficiently small
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. . L@ £f(z,) :
(2.60) I f(z)dz - h '2 _T_E__ < Eif:gl e—2rd/h
y X' (zy) 1-e~d
. k="'m . ] .
= K2 eA—ZTCd/h-

(b) Further, if f/X' decays exponentially with respect

to X then
N f(z,) e
(2.61) f f(z)dz - h 2 -T—E—— < K e~2nd/h + X e_“Mh
o X (Zk) o

 k=-M
+ X e"BNh

(c) Pinally, if N and h satisfy (2.53) and (2.34),
resbectively, thén for some constant Q depénding
on f |
(2.62) K, e727d/h , X g-aMh X ooBNh ¢ ¢ o= (2ndaM)¥
Stenger [12] provides proofs of Theorems (2.57) and (2.59)
for centered sums, that 1is, M = N. Lund f6] expands on
these to handle M # N. Both of their proofs illusfrate the
rationale for the use of conformal maps; namely, under
suitable assumptions the maps are a means 6f trénsferring a
standard set qf résults from;Ds to various domains D. ‘Most

significant, is that conformality preserves the error.

N
N
;

.

Sinc—-Galerkin Method f

N
N\
The previous discussion is the backgroung necessary to

AN

approach the numerical solution of differential equations
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via the Sinc—Galerkin.'method. For the purposes of this
work, it is sufficient to e#amine the methdd appliéd_to a
specific class of differential equations. Hence; consider |
the second-order, self—adjointlboundary value. problenm

Lf(x) = £"(x) + vkx)f(x) = g(x) , a < x < b
(2.63) .

f(a) = £(b) =0
Let D be a simply connected domain with

(2.64) Y

{(x,y): a2a<x<b, y=0} CD

and . o -

(2.65) {(a,0), (b,0)}) C 2D

With regard to D, the Siné—Galerkin method to approximate
the solution of (2.63) is summarized as follows. Define the

set of basis functions {Si}N=—M by
(2.66) S;(x) = s(i,h) o X(x) , h >0

where X: D - DS is described in (2.46), (2.47), and Theorem

(2.53). See Figure 5. Next define the approximate solution
A N

fm by

N .
Y O£3Si(%) .om= M+ N+

in

(2.67) %m(x)
' ' i=-M

To determine the unknown coefficients, fi' orthogonalize the

residual with respect to the basis elements; that is,

0 (Lfm - o, Sp)

(2.68)

1E
'A
™
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Here, the inner product (-,:) is

b
(2.69) (u,v) =.I u(x)v(x)w(x)dg

a
where w is a weight'function yet‘to be specif;ed and the
guadrature rule used to evaluate the inner ﬁ?oduct is -
(2.61). The resulting discrete lineaﬁ system ié'"solved for
fi' -M <€ i € N. | | |

A genéral review of Galerkin methods is found in Botha

and Pinder [3]. Their discussion includes severél criteria

by which to judge the quality of a mefhod.-,These include:

(i) thelease of constructing the basis elements; (ii) . 'the
ease of évaluating the inner product; (iii) the ease of
solving the system; and (iv) the accuracy of the method.
With regard to thé Sinc-Galerkin ‘method,. the fifst is
demonstrated by (2.66) whilg the second .is.shown to depend
on the siﬁc basis elemeﬁts aha siﬁc gquadrature ruie. For
the third, it is shown that an adroit choice of weight
function leads 'to\a system which isneasily solved. Lastly,
the accuracy follows diféctly from Theorem (2.59);

‘ Stenger [5] thoroughly discusses w£= 1/%' and Lund [6]
introduces w = 1/(X')%;' Stenger's choice of weight  function
handles regular singular problems but ?ields a nonsyﬁmetric
linear systenmn. Lund{s we;ght function results; in a
symmetric lihear systeh whilelposgibly restricting ihe class
6f functions to wﬁich the method applies. The development

of the discrete system for a generai weight motivates the
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choice w = 1/(X')% as well aé addresses the questions raised -
in the previous paragraph.

Continuing witﬁ (2.68), for -M < p < N integrate the
inner product‘(f",sp) by parts twice to get

b .
0 = f f"(x)Sp(x)w(x)dx

a
b .
T+ j [v(x)E(x) - o(x)]Sp(x)w(x)dx

a

b .
= BT + I f(x){[sp(x)w(x)]" + v(x)Sp(x)w(x)}dx_

a

b .
| - I o(x)sp(x)w(x)dx

(2.70)
a

~

b. .
BT + [ £(x)

2
g .
[__2 s(p,h) o X(x)]- (X' (%)) %w(x)
dax o - . -

a

+ [j—x-S(p,h‘) ° x(X)] (X" (x)W(x) + 2X'(x)w'(x))
+ S(p,h) o X(x)(w"(x) + v(x)w(x))! dx
b : .
- j o(x)S(p,h) o X(x)w(x)dx
! o .

where BT is the boundary term '
: i b
(2.71) BT = {f'(x)sp(x)w(X) —.f(x{[sp(x)w(x)]'} la .

For now, BT is assumed to vanish. 'The exact assumptions
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governing BT = 0 are discussgd in Chapter 3 when specific
conformal maps are usgd. To apply the sinq qﬁadrature
(2.61) to (2.70)_sevefél suppﬁsitions are neceésary.‘ﬂfirst,
f[Spw]" satisfies the hypothese;'pf Theﬁreﬁ (2;59). éecond,
fvSpw and oSpQ are iﬁ B(D). It is unnecessary for fﬁspw/xl
apd aSpw/x' to decay expopentially with respect to x} This
ig because for g € B(D), ‘the quadfature rule (2.695 for g
integrated against the sinc yielés poinf évaluation. That
is, |

- b .
(2.72) I g(x)S,(x)dx = g(ph) + 0(e"*d/h,

a

To proceed, the following three identities are useful.

1, p': i
(2.73) S(p,h) o 'x(x)l = 5(0) = : ,
X=X 4 bl | o.p#i
Ta . (1) 0 , P =1
(2.74) h|— S(p,h)°x(x)l = 6,; = ,
dx’ X=Xi (_1)i"p
—ip P
and
42
hz[——— S(p,h) o x(x)]l
dX2 X=X 4
(2.75) ~12/3 , p =i
= 6(?) - .
P —2(-1)i7P ey
 (i~p)2? FPT

Applying the quadrature rule reéults to (2.70) yields
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f(xi)[ii

(2) xrv(x, .
- 6pi X (x3)w(x;)

(@)
0
LI et -

i=-M

+

1 5(1)<x“(xi)
h pi x'(xi)

v(xi)w(xi)>]
+

N o(xi)w(x

-3 5(0)
pi X' (xg)
i=-M . ~

w(x;) + 2w'(xia

(2.76)

5(0)

<wll(xi)
pi

X'(Xi)

4+

+ O(e

An equivalent matrix formulation is

i) —(ndaM)%)

Lo1(2) pxrw) + % 1(1) Dl:§;ﬂ + 2w"]

h2 . j
(2.77) : :
. D[w"-+vw] 2 - <2§>a

.xl‘ xl
where
(2.78) B = [f_y, £_yyq- . fN_l,'fN]T ,

_g(x_M)
g(X_pyq)

(2.79) D(g) = -

g(xy) |
- mxm
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Pl
(— 2 hn
-1 2 -2 2(-1)M
3 12 02 (m—1) 2
2 —n2 2 2(-1)m-1
1 12 3 12 (m-2) 2 ’
(2.80) = .
2(-1)™  2(-1)™"1 - -
| (m-1)2  (m-2)2 3
 mxm
and .
1(1) = (5(}))
pi
0 ' .y m-1
: 0 -1 1 Lt ® Bl
2 m-1
_4yMm—2
1 0 -1 ... ifil—f-
(2.81) . m-2
(_1)m"1 _ (_1)m~2 o

For an arbitrary weight function it is unclear how FQ‘
solve (2.77). In.particular, thé skew-symmetric nafure‘of
i(l) causes difficulties. It can be arguéd that as h » 0
1(2) jis the dominant matrix in . the system.. This is somewhat

satisfying in that r(2) is a symmetric, negative définite
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Toeplitz matrix whose spectra lies in the interval (-x2,0).
Lund's [6] notion is to consider.
n

(2.82) 2w+ 2w =0
X! '

or eqguivalently

" _2 1]
(2.83) =~ =%
X! w
Integrating both sides of (2.83) yields w = 1/(X')% and the

system now simplifies to

1 o 4 1 " v 1 |
(2) iy % ‘
I D((x')%) + D ‘ .+ > -
h? KQX')X> (X'Vﬁ X ]

= Dlo/(x")3/2]7

k2

(2.84)

Multiplying through by D(X') and factoring gives
(2.85) AF = D(o/(x")%)1

where

' 1 o1\ v 1
(2.86) A = D(x")|=1(2) 4+ DBK ) * ) : {p(x)
: n2 (x1)%  (x)¥ (xr)3/2

and

(2.87) F

D(1/(x") %) F

The matrix A is atreél symmetric, negative definite matrix;
hence, there exists an orthogbnai matrix'Q such that

(2.88) A = aaQT |

where A is the diagonal matrix of the eigenvalues of A.

Solving for ?,

(2.89) % = oa"tQTp(o/(x") %) T
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and, in turn, f is recovered vja
(2.90) = D((X")¥F .

In review, a symmetric goefficiept matrix for the‘self—
adjoint prqblem (2.1) is attained by selecting.w = 1/(*')%.'
The class of Qingular problemg thét w = 1/(x')55 handles
appears to be somewhat more restricted than if w = /X!

[6]. However, this statement is dependent on the méthod‘of
proof in ([6]. When w = 1/(x‘)% is known to apply to a
singular prqb;em, the rate of convergence remains

O0(exp(-KJSN)) where 2N + 1 basiS‘functioné‘are used.
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CHAPTER 3
THE SINC-GALERKIN METHOD‘FOR THE WAVE EQUATION

Various numerical methods for solving general second-
order hyperbolic problems can be found in the literature
[3]. Usually a scheme is first déyeloped for the classié

vibrating string problem

Lu(x,t) = utt(x,f) - uxx(x,t) é f(x.,t)
‘(X,t) € (Ofl)x('ol‘”)

(3.1) - :

u(o,t) = u(i1,t) =0 t € [0,x)

u(x,0) = u.(x,0) =0 x € [0,1]
Once this model problem' is investigated, several
generalizing routes are  possible. Among them are
adaptations to handle nonconstant -~ coefficients,
nonlinearities, or higher space dimensions. With regard to-

the Sinc-Galerkin method, the pfésent work examines higher
space dimensions. "In this chgpter the discrete linear Siné—l
Galerkin system for'(a.l) is derived in some detail aﬁd from
it a naturél extension to fhe linear systems for two and
three space dimensions is exhibited. -The actual solution of
the systems is postponed until.chépter 4.

A common procedure for solQing (3.1) is a Galerkin
discretization of the spatial' domain'with time dependent'

coefficients. This gives a system of ordinary differential
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equations typically solQed by difference techniques (0.D.E.
solvers) [14]. Draﬁbacks of fhis method include the
necessity to artificially truncate the time doﬁain and the
fact that the numerical sélution is ‘valid ohly- on a finite
time grid. In coﬁtrast,. the téchniqué of this work
impiements a Galerkin scheﬁe in time as well as space. The
success of the method is largely due toAthe choice of basis
elements; these‘basis eiements are.tensor pfoducts of sinc
functions composed with suitabie conformal- maps for the
intervals (0,1) and (0,«). The conférmal map for (0,«) is
thé means for ‘building‘ an approximate solution to (3.1)
valid on the infinite time domain. .

The structure of the discrete Sinc-Galerkin system is
computationally efficieﬁt, for'at 1east‘two reasons. As a
reéult of the identities (2.73) —"(2.75) and the sinc
quadrature rule (2.61), the coefficients of the uﬁknowns and
the consfant terms ére gasily .evaluated. Note . that thié‘
property is independent of the wéight function. A property
which is intimately connected to the selecfioh 6f_the weight
is the symmetry of the éystem; In'the présent chapter it is
showﬁ that a generélization’ of .w = 1/(;')% 1éads to a-
' symmetric lineark'system. Two mafrix formulations for the
discrete systém are givén. ‘The mofe conveﬁiént fofmu;ation
to implément is dependént oﬁ the computatidnal environment,

i.e. the available computer hardware.
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To determine the Sinc—Gaferkin approximate for the
solution of”(3.1) thé' fundamentél stepé usea in Chaﬁte£ 2
remain unchanged. ‘First, select a set of basis funqtions,
then using' these - basis funcfions défineA an appfoximéte
solution. The unknown 'coefficients appearing in the
approximate afe determined b&r'brfhogbnaliiing the residual
with respect to the basis elements.’ The orthogona;ization
is definedeith:a weight functipn.and evgluated by.means of
the guadrature rule (2.61).

To construct basis functions on the region
{(x,t): 0 < x< 1, 0 < f < m};' Easis functions on tﬁe
intervals (0,1) and (0,«) are built ‘and then their tensor

products are formed. So to begin, define the conformal maps

wn(r2)

(3.2) ¢(z)

and
(3.3) T (w) = An(w)

The map ¢ carries the eye-shaped region

(+==)
ar
, gll-—‘z

onto the infinite strip DS given by Definition (2.20).

(3.4) Dp = |z =x + iy: <4a s n/é;_

Similariy, the map 1 carries the infinite wedge

W

(3.5) D, = {w= 1t + is: |larg(w)| < d £ n/2}
onto DS' These regions are depicfed ip Figure 6.
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Figure 6: The Regions Dfi, Dw, and Dg .

The compositions

(3.6) S1(X) = S(i,hx) o 0(x)
and
QG-7D SJ( = SA.,ht) o T(YH)

define the basis elements for (0,1) and (0,°°), respectively
(see Figure 7 below). The "mesh sizes”™ hx and ht represent
the mesh sizes in Dg for the uniform grids

(Idx), &= < k < ©®, and (pht), -» < p < < The sine grid-
points xk 6 (0,1) in Dg and tp G (0,») in Dw are the inverse

images of the equispaced grids; that is,

(3.8) Xic = 0 1(khx) = e/ + KM%y

and
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Pht
tp = T“1(pht)
S(01D) o PR S(0,1) o T(D
Figure 7:

The Basis Functions Sq (X) and S*(t).

The Tfully Galerkin approximate

is now defined by
TMX “t
(3-1°) X N tix™"H) = - I

ULjS1(X)Sj 1)
I=-Mx J=-Mt

mX = MX + NX + 1

mt
The

Mt + Nt +

[
inner product used to orthogonalize the residual

is
dxdt
(3.11) u,v) J J u(x,t)v(x,t)
o- T"(D]*
v [0° COT* (D]
and may be viewed as the double integral
with w =

analogue of (2.69)
= 1/(X")%-

Direct development of the discrete Sinc-
Galerkin system for (3.1)

is obtained via



40

-M_, <k £ N
(3.12) 0 = (Li - £, s.8%) , x *
mxlmt k o -M < < N
' S t TP Tt
However, this procedure obscures the important parameter
selections needed to implement_fhe method.  The development -
of the  Sinc-Galerkin systems for the one-dimensional
problems
u'(t) = r(t) 0 <t < o
(3.13) : :
u(0) = u'(0) =0
and
u"(x)'= s(x) 0 < x <1
(3.14) ' .
u(0) = u(l) = 0

yields all of- the sinc matrices for the two-dimensional
problem while clearly disclosiﬁg the parametér sélections
just mentioned. o | . |
Beginning with (3.13), perform two integrationg by parts
in the orfhogonalization df Jthe'residual (see (2.70) for
detail). Oncé this"is dohé, 'éﬁply thé qua&fature ruie
(2.66) in Theorem (2.59) with'x repléced by * to get |

[ [u"(6) - r(0)1(s(Rhe) o T(H) (T (E)) Hhar

0

«©

[ w0)is(p.hy) o TOE) (T (£))7H) At
0 ' ' '

©

[ r(r)istp/hy) e T(t)(?'(t))_%}dt

(3.15)
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@

1 (2) 1 SOV x
he 5 ulty )<h2 553 " % b ) (11 (t5))

-r(tp)
- h + I+ I
forrggndz T

The second equality in (3.15) assumes the boundary term

(S(p.hy) o T(E) (T (£))7% u'(x)
(3.16) '

- [S(p/hy) o () (P (£)THT u(e)) |g
vanishes. Using the definitions of ¢ (3.3) and S(p,hy) ° 7T,
this is true as long as |

(3.17) lim u'(t) J‘/An(t) =0 ,

t=e

(3.18) lim u(t)/J¥€ = 6 ,
=0t

‘and

(3.19) lim u(t)/ (¥ « An(t)) = 0 .
e o

With regard to the last eqnality in (8.15), the nodes tp are

defined by (3.9) and the identity
(3.20) (11 (£))73/2 [(rr(e))TH)" = ~1/4

is utilized The 1ntegrals I and I, are explicitly defined
in [15] and represent the exact error terms in (2 60). From
Theorem (2.59), I, vanishes with order O(e” Fd/h) if

(3.21)  u(z)[S(p,hy) o (z) (1 (2)) %" € B(Dy)

while the same statement holds for Ir if

(3.22)  r(t){S(p.hy) o T(£) (P! (£)) %) € B(Dy)
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To truncate the infinite sum note that
u(t){S(p,hy) o T(E)(F'(t))7%)" behaves like u(t)(1'(t))3/2
near t = 0 and t = =. Hence, conditiqn (2.55) simpiifies to
£, e (0,1) |
(3.23)  ju(e)(r'(£))¥} s K | -

=0 , .t € [1,=)

for positive constants K, v, and 6.. Since (3.23) implies
(3.18) and (3.19) the only add1t1ona1 assumptlon necessary
for (3. 165 to vanish is (3. 17) Apply1ng the truncated

guadrature rule (2 61) to (3 15) ylelds

N
_ t 1 (2) 1 5190 (4 X
0 = ht' z u(t. )<h 2 opj . Z pj )(T (t ))
j=—M, _
(3.24) _ r(tp)
- ht + O(exp(—nd/ht))

1 3/2
(r' (03
+ O(exp(-vM¢hy)) + O(exp(-6Nhy))

If ht and N, are chosen by

(3.25)  hy = (xd/(vM))*%
and

Y
(3.26) Ny = |~ Mg + 1

then the errors are asymptotically balanced and the final

linear system is

Ne <__£_ (2) (0)

_ 1l . %
2 \pz'™3 T3 ?pj->.<T (€507 ulty)
J=-M¢ ‘ R

(3.27) 3/2 %
- T(ER)/(P(e)) 32 = o(exp(-(mamiy)®)) .

Therefore, if
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N ,
t . :
Z ujS(J’ht) o T(t) ., m, = Mt f Nt + 1

[=3S

(3.28) (t)

mt.
.=_Mt

is an assumed approximate solution of (3.13) then since

umt(tp) = u,, the discrete Sinc-Galerkin system for (3.13)

is defined by the left-hand side of .(3.27) with u(t;)

replaced by u - When p = —Mt,;..,Nf“ the matrix formulétion

j-
for (3.27) follows from (2.84). and reads_
(3.29) A D((1)¥d = p((r1)732 1T
where

1 (2) 1
3.30 = - =
(3.30) Ay — I 7 !

t o
and the remaining terms are defined by (2.78) and (2.79).
At is a real syhmetric, negative definite matrix. To

maintain these propertieé in the discrete system (3.29) the

change of variables

(3.31) % = D((*') %4

AN
leads to
(3.32) A, $ = D((r) % )T

where the matrix I

(3.33) A, = D(T')AtD(T')

t
The solution 3 is found via the procedure outlined in (2.88)
through (2.90).

Before considering (38.14) note that the selection ht in

(3.25) asymptotically balances the errér térms~exp(—nd/ht)

and exp(~thht) while the selection Nt in (3.26) baiances -
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the asymptotic errors exp(—ﬁNtht) and exp(—thht)f The
error term exp(—oﬁ ht) arises as a consequence of the”
inequality (3. 23) which assumes u(t) decays algebralcally at
infinity. For many  problems the solution- decays
exponentially as o B
(3.34) |u(t)(T'(t))?| <K e ® | te[1,x)
In this case, Lund [6] shows that the*ohoice

1- Y
(3.35) Ny = H; An Y Mhy + 1
significantly reduces ‘the size of the discrete systems
solved with no loss of accuracYJ | : :

The preceedlng dlscuss1on applied to (3 14) follows a
parallel development The map T is replaced by the map ¢ of
(3.2) (s1nce 9 is compatlble with the 1nterval (0 1)) and h
is substituted for ht’ Again orthogonallzlng the residual
and integrating by parts tw1ce renders - an eduatlon similar.
to (3.15) with a boundary term on (O 1) analogous to (3 16)

To guarantee the boundary term vanlshes 1t is assumed that

lim u'(x)fx lim u' (x)J“‘
(2:36)  xo0* Tn(m) ~ 17 T An(i-x)

Example 5.4 in Chapter 5 1llustrates a case where u' is
unoounded as x -~ 6+_ yet. (5.365 is satisfied. Further
discussion is included in that example. ' The exponentlal
decay condition'(z;ss) simplifies to

_ k‘? , X E (0,%)

(3.37)  Ju(x) (8" (x))%] = L -
. . N (1 - x)B , x € [%1)
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for positive constants L, a«, and B where f and X are

replaced by u(¢f)3/2 and ¢, respectively; Hence . the
selections ' —
‘ = %
(3.38) h, (rd/ (aMy))
and .
3.39 N, = *
(3.39) = EMX+1

result in the balanced asymptotic error rate .
0 (exp (- (rdaM)*%)).
Therefore, if

A M

t .
(3.40) umX = z uiS(l,hx) o ¢(x) ;o Mg = Mx + Nx + 1

i=-M,
is an assumed approximate splution of (3.14)° then the

discreté Galerkin system for the {u;} is given by

(3.41) AW = D((0') % s)T -

where the matrix

(3.42) A, = D(0')A,D(0")

and Ax is the same as At in (3.30) with ht replaced by hx'

As with At’ A

- is symmetric and negative definite. Further,

when Mx = N

_ D(¢')'is4 centrosymmetric. Thus since AX is

Toeplitz, A, is centrosymmetric. Finally, the vector W is
related to.the vector of unknpwns q by
(3.43) @ = p((e")*)F |

The separate one~aimensional problems servé to ideﬁtify

the matrices Ax and‘At,as well as disclosing the parameter

selections. Returning to the two-dimensional hyperbolic
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éroblem (3.1) and its approximaté solution (3.10), the
unknown coefficiénts {uij} a?e founa by ortﬁogonalizing the
residual. 'One ‘possible formulafion for the rééulting
diécrete Sinc—Galerkin syste@:is )

(3.44) AxV - VA, = G.

there the matrices At and Ax are identified in (3.33) and

(3.42). The m, X m, matrices V and G are defined by

(3.45) V = D((¢') %)up((r')*%)
and |
(3.46) G = D((¢')"%)FD((1')~ %)

where U and F are the m, X mg matrices which consist of the

j)' reépectively.

The form of (3.44) has two easily discerned mqfivatiéns.

coefficients {uij} for (3.10) and f(xi,t

One is that representing thé unkﬁowns as a"matrix is more
naturally suited to the orfhdgonali?ation procédure'an@
subsequent use of the sinc quadrétupé rule. . The secpnd
motivation is that transfofﬁing the qﬁknqwn matrix U by
(3.45) introduces the symmetric céefficieht maffices' Ax,and‘

A As a direct consequence of this symmetry, the~s§stem

t.
(3.44) is easy to sqlvé numérically.- Chaptep‘ 4 discusses
the solution technique at some length.

A second alternative for posing the discrete system

occurs when the unknowns are arrayed as a vector.  In some

-sense, representing {uij} as a vector versus a matrix is

purely a notational matter; however, the compufational

aspects of storing coefficient,matrices and numerically
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solving the discreté system can vé:y greatly depgnding on
whether {uij} is'regérded as a vectprvo: matrix.
Two background terms provide‘fhe'notatiohal maéhinery to
rewrité the discrete system'.pésed as iﬁ (3.44) a; aAgystem

defined with {uij}>as a vector.

Definition (3.47): Let A be an m X n matrix and B be a
P X ¢ matrix. The Kronecker or tensor product of A and B is

the mp x nqg matrix

B g =
| a113 alzB e e e e alnB
A @B = a,4B T @p,B . . . . a5 B
_?mlB agsB . . .. ?mnE_
The second term, concatenation, loosely refers to

representing a finite ordered array as a vector. Eﬁentually
concatenation is defined for an array with n-subscripts.

For now, a precise definition when there are one or two

- subscripts is sufficient. If b = (by), 1 < i< m, then the

concatenation of b is denoted

(3.48) co(b) = [by, by, ..., b 1T
Hehce, for a column vector 3,‘ co(g) = 3 while for a row
vector ?, co(?) = 7T, When B = (bij)' 1 £ i £ mand

1 < j < n, theﬁ co(B) is the mn x i vector
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i1)

[ co(b

i2)
(3.49) co(B) = . ’

co(b

_??(biql

which may be regarded as stacking the columns of a matrix.
Davis [16] includes a more thorough but slightly different
discussion of concatenation and"the Kronecker.product. In
particular, Davis défiﬁes concatenation as stacking the rows
of a matrix rather than'its columns. |

Besides the"notational apbaratus just iptréduced, the
following theorems ease the transition fq a sysfem whose

unknowns are represented as a vector.

Theorem (3.50): If A and B are matrices of identical
dimension, a and B afe scala;s, then

(3.51) co(ad + BB) = aco(a) + Bco(B)

Theorem (3.52): Let A, X, and B be matrices whose
dimensions are compatible with the product AXB. Then

(3.53) co(axB) = (BT @ A)co(X)

Proof: .Beginning with AXB, its ij-th element is
m n
k=1 A=1
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n m
= ) Paj ) ik *ka
A=1 k=1 :
The last line is brecisely‘(BT-Q A)co(X).
To apply Theorems (3.50) and (3.52), a more convenient

form of (3.44) is

(3.54) AxVImt - ImeAt = G

where ' Iq (¢ = mg,m,) is the g x g identity matrixf
Concatenating (3.54) and wusing the symmetry of At' the

discrete system admits the equivalent representation

(3.55) (I, © Ay - Ay @ I, )co(V) = co(G)

which is referred to as the Kroneéker sum form. The.

coefficient matrix

(2) - A - - N .
(3.56) B Imt @ A, A, ® Imx (Bij) » My < i,J S Ny
has an easily discerned block form. The square blocks Bij
have dimension m, X my, and are given by
‘ = 5(0) - - 4.
(3.57) Bij = bij Ax (At)ij Imx ’ Mt £ 1i,j s ?t
where (At)ij is the ij-th element of the matrix At. The

vectors co(V) and co(G) are related to U and F by

co(V)

co(D((8') %)upn( (1) %))
(3.58) ' ‘

(D((1')™%) & D((0') ¥)co(u)

and

(3.59) co(G) = {D((1')~%) 8 D((9') %)co(F)

From (3.58), it is evident that (3.55) is the matrix
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formulation which arises via a natural ordering of the sinc

gridpoints from left to right, bottom to top where (xi'tj)

follows (X tp) if tj > €, or if t5 = t,

The previous discussion may be generalized to the second

end X5 > Ky

order hyperbolic problems in two and three space.dimensions.
Explicitly, the problems considered are
Lu(x,y.t) = ﬁtt - 92y = f(x,v.t)

(x,7,t) € (0,1)2x%(0, )"

(3.60) ul =0 t € [0,=)
13(0,1)2 |
ul = ut| =0 (x,y) € [0,1]2

and
Lu(x,v.,z,t) = Upy ~ Vzu = f(x,v.,z,t)
(x,v.2z,t) € (0;1)3x(0,@)
(3.61) ul =0 t € [0,)
3(0,1)° '

u| = utl =
t=0 . t=0.

where (0,1)" and [0,11® (n = 2,3), respectively, are the

0 (x,v,z) € [0,1]°

open and closed n-dimensional unit cgbes.' The spatial
variables are all on the saﬁe interval as a matter of ease
rather than neeessity. .In particular, this simplifies the
construction of Dbasis elements on each spatial.interval
because the map ¢ (3.2) is used repetitively. ' Hence the
Sinc-Galerkin appquimate solutiohe' to:(3.60) and (3.61),

respectively, are
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N N Nt

~ _ X A4 i
(3.62) umx.my,mt(x'y’t) = z 2 Z uijgsijk(fo't)
' =My J=-My A=My
and
N -
umx,m.ylmzlmt(x'y'z’t) -
(3.63) N, Ny N, Ny
> S 5 Y . BijraSijra(¥.¥.2.%)
i=-M, J=-M, g=;Mz A=-M¢ -
where

| .
(3.64) ‘Sija(XIYIt) = Si(X)Sj(Y)SA(t) '

(3.65) Sy pa(X.¥.2,t) = S;(x)S;(y)S,(2)S(t)
(3.66) mq = Mq + Nq + 1 : g = x,y);,t '

and Sp (p = i,j.k) and Sz are given by (8.6) and (3.7). As

usual, the unknown coefficients {uijk} or {uijkk} are fouﬁd
by orthogonalizing the residual usiﬁg the weight'functibn
(3.67) wix,y,t) = 1/(¢'(x)¢'(y)T'(f)r%

for the thrée—dimensional p;oblem énd

(3.68) w(x,y,z,t) = 1/(®'(X)ﬁf(y)¢'(Z)T'(t))%

for the four—dimensional proﬁlém;

Analogous to the twd—dimensional case, the parameter -
selections‘ are. deduced froﬁ | séparatel one—dimensiona;
problemsf " The 'form of the one—dimehsional Qifferential
equations in y and z are.assﬁmed to be iiké éhaf of problem
(3.14). The choices for the y éafametgrs are ‘: '

= %
(3.69) hy (nd/(?My))

and
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: | K
(8.70) Ny = Ji= My + 1

based upon the assumption

5 'l Y € (0,%)
(3.71) ju(y)(2'(y))*] < L ‘
where L, ¢, and n are positive constants. With respect to

the z parameters, an assumption like (3.71) with ¢ replaced

by n and n replaced by v gives

(3.72)  hy, = (xd7(uM,))*

and

(3.73) N

i
. S My o+ 1

Zz

To 1list the 1linear systems for {uijk} and {uijkk)
additional notational devices are necessary. For U = (uij),
1 = .i's mand 1 € j £ n, U is represented as a matrix. To

view U(S)

i

(W;39)7 -1 s'i‘s m, 1 < j = n,‘and 1 <X < p, as
ija’e _ . . . , '

a matrix define

mat (U(3)) mat((u;2))

(3.74)

[co(uijl), c°(uij2)' ey co(uijp)]

Convenientiy, concatenating the arpay,q(3) is eduivalgnt to

concatenating the matrix; i.e., | o
co(uld)y = co((uz30))

co(uy4,)]

(3.75)

c°(uij2)

[e°Mayp)

co(mat(u(3)))
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A recursive definition suffices to generalize concatenation

for the n—subscripted‘array'U(n) = (u ).

iqig...ip!

1 <i,<m;, 1< j<n, as follows:

J J .
co(ul®)) = colluy, i,...1p,))
-
co(uiliz...i(n_l)l)
(3.76) = ©oYy,14p...4(p-1)2’
:co(uilizf..i(n_l)imn)

In turn, using (3.76) a recursive formula for.the matrix

" representation. is easily givén by -

mat(U(®)) = mat((uiliZ-__in))

co(u. :

(3.77) = [co(u; i1ig...i(p-1)2)"

1112...i(n_1)1)'

P co(uiliz.--i(n—l)mn)]

Hence, going from mat(U(#)) to co(U(n)) involyes unraveling
the last. index of U(M), These devices provide a convenient
means to compactly write thg systems for unknoﬁn
coefficients when. the'spatial‘ dimens;on is greéfér thén or
equal to twé. | | “

In two spatial Vériables, the system analogous to (3.44)
is | o | |

(3-78) {Imy®Ax+AY®Imx}mat(V(3)) - mat(v(3))At = mat(G(a))
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"My £ j < Ny, and -Mg <R < Ny

where for —Mx < i £ N v

X’ Y
mat(V(a)) = mat((vija))

(3.79) (3) Y
. = D mat(US))D((r)™F)
(3.80)  Dyy = D((2'(¥))7%) @ D((0*(x))7%)
and AY is the same as Ax in (3.42) with h, réplace@ by hy.

The matrix mat(G(3)) is aefined just like mat(V(a)) with

,U(3) replaced by F = (£(x3,74,ty)) where the point
(xi,yj;tk) is a sinc gridpoint. Adding a third,variabie
yields

ﬁ ‘ (4),
{Imsz ® Ax + Imz ® AY ®_Imx + Az ® Imymx}mat(v )

(3.81) S
- mat(v{4))a, = mat(c(4))
where '
(3182)' Tpg = Ip @ Ig
and for -M, < i < Ny, —M? < j < Ny, -M, < k £ N, and
-M, < R € Ny
mat(V(4)) = mat((v;s,0))
(3.83) , 13kk(4) VR
| = Doy mat(Ul))p(r)7H)
(3.84) Dy, = D((8'(2))7%¥) @ D((9'(y))7%) @ D((0'(x))7%) .

Zyx
The matrix A, is A, with h, replaced by h,, and

(3.85) mat(G{4)) =D mat (F)D((1')~%)

ZyX
where F = (f(xi,yj,zk}tk))} Note that in ' (3.78) and (3.81)
the coefficient matrices which multiply mat(V(j)),‘j = 3,4,
~on the left represent " the discretization of the Laplac;an
operators in (3.60) and (3.61), resbectivgly. Alternativg

definitions of mat(V{n)) can break up - the discretized

Laplacian in n-dimensions.
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The Kronecker sum form for tﬁe discrqte system in two
spatial variables is derived by concatehéfing‘ k3.7é). That
is, - . } -

co(G(3)) = co(mat(G(a)))

T e L

- Imymxmat(v(s))At]

= Ing @ {Ip, © By + A, © I, )co(mat(v(3)))
(3.86) : )
- AtT Q'Imymx co(mat‘V(a??)

= [Imt'® (Ip, © A, + Ay © Ip )
- A ©® Imymx] go(vf3))

Similarly, the vectorized version of (3.81) is

| [Imt © (Tnm, ® Ay + Iy, ® Ay @ In + A, @Iy, )

(3.87) .
_ vl(4),) - 4

Ae @ Iy, ]cogv )y = coa! ?)

By definition of concatenation, the grid is swept in a

natural ordering: first across the x-domain,then the v,

‘followed by thehz'(for (3.87)), and lastly through the

t-domain. A closer examination of this structure as well as

the solution is developed in the next chapter.
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CHAPTER 4

SOLUTION OF.THE DISCRETE SINC-GALERKIN SYSTEM

v

Classical‘Methbds

As mentioned in Chaptérs 1 and 3, typical Galerkin
schemes for fime‘ dependent partial differéntial equations
use a trial function which is a truncated expansion of basis
functions defined -over the spatial doméin ané having time
debendent dbefffcients. For instance, the form of a trial
function for (3.1) is

. » N
(4.1) G(x,t) = § c5(t)0;(x)

i=1 .
where {Bi}"_{=1 is complete in some function space containing
the true solution u(x,-). Orthogonalizing the residual with

respect to 9 1 £ 3j <N, 1leads to a system of ordinary’

i
differential equations in time. Thé literéture abounds with
algorithms to solve this type of system on a discrete,
truncated time grid [14}{ [17]. | |

| In contrast, the Sinc-Galerkin method defines the basis
functions on the entire spaCe—tiﬁe domain. The coefficignts
of the +trial function are now constants, hence a sysfem of

ordinary differential equations is exchanged for a system of

‘linear equations. Linear systems also arise when classic

\
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schemes such as finite differences or fini#e elements are
applied to (3.1) on a truncated fime doﬁain. Seyerallwellf-
established routines exist for the nuﬁerical solutibn of
these systems. In  iight of'dé&elopgd techniqﬁes such as
finite differences or ‘more' cammon qalefkin- methods, a
numerically feasible scheme which sol&es the discrete
systems (derived in Chaptér 3) is essenfial if the Sinc;
Galerkin method is to represent a viable alternative for
approximating solutions'of (3.1), (3.60), and (3.61)..

Conventional algorithms typically 'solve Jineaf systems
writteﬁ in the form B% = B where ﬁvis a vector of unknoné
and B is called thé coéffiéient mét:ix. In the present
setting'the discrete Sinc—~Galerkin systems (3.55); (3.86),

and (3.87) have the coefficient matriées

2) - - <
(4.2) B{2) = In, ® By — B ® I,

3) - -
(4.3) Bf ) = Tng © (Iny @ B + Ay @ I ) ~Ac @ Iy
and o )
‘ (4) = ‘
(4.4) B Imt ® {Imzmy Q Ay + Imz ® AY ® Imx

+ A, ® Imymx} ~ Ay @ Imzmymx ,

respectively. Table 1 lists the dimensions of'B(j)i
j = 2,3,4, and suggests a first consideration for a feasible
scheme -— machine storage. Methods"which 'require full

storage mode are often impractical in the setting of systems
arising from the numerical solution of partial differential

equations. This is certainiy true here. For example, if a




Table 1. Machine Storage Information for the Matrices B(J) and Béj).

Equation (3.55) (3.86) (3.87)
j- 2 3 4
Dimension éf B(j) mm Xmm mMMmMm X mmum mmmm X mmMDn
x t Xt Xyt Xyt Xyzt X z t

Nonzero elements
of g<3)

. Nonzero elements

of Béj)

Unknowns

' m_ + - + +m -2
mxmt(mx m, 1) mxmymt(mxl m . )
m mmm
Xt I
m.m mmm

mmmm (m +m +
Xy z t' x y

mz + mt - 3)

mmmmm
X ztt

mmmim
Xyzt:

84G
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coarse grid with m, = mY =m, =m = 10 is used B(4) has
order 104; i.e., 108 élements -must be stored of which
370,000 are nonzero. The'problem persists when B(2) has a

fine grid like m, = m; = 50. In this case B(Q) is
2500 x 2500; however, of the ﬁore:tﬁan six million elements
represented only 247,500 aré ﬂonzerd. Moreover, with regard
.to position the regularity of the nonzero eiemenfs suggests
the possibiiity of structure dependént algo:ithﬁs with
accompanying storage savings. | |

To put B(2) into pérspgctive, cqnsider the cbeffiqiept
matrix for the usual centefed finite aifference spheme.'
Assume the order of the Sinc-Galerkin method is Oke_Jﬁi) and
fhat the true solutiop of (3.1) 'gecaYS in time like e~ T,

When m, = 50, finite differences <call for an approximate

stepsize h = .02 to have an éxpected error of
0(h?) = o(e MX). ‘Further, the time domain should not be

truncated short of t = 8. This translates to 50 gridpoints
in the spatial domain and 400 steps in time. —Iterafing
requires the solution,‘at each time .step, of a tridiagona;
. system with 148 nonzero entries. For purposes of coﬁbarison
to B‘z), these systems can be combined into one large system
with 99,100. nonzero elements.‘ 'Therefore, based-oﬂ a count
of nonzero elements finite differences is a more viable
option than the presept.method. However, as demonstrétgd.in
Example 5.4, the O(e-Jﬁi)'cdhvergence for the Siné—Galerkin

method is maintained when the solution u of (3.1) is
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singular. Finite differences have no direct analogue
maintaining O(h2) convergence in the presence of
singularities.

The matrices occurring due to finite difference or
finite element solutions of partial differential equétions
are often solved via iterative methods‘precisely because the
methods can be coded to take advantage of well—structured,
sparse coeffﬁcient matrices [4]. Given the structnre of the
discrete Sinc-Galerkin systems (3.55), (3.56), and (3.87)
methods such as Jacohi, Gauss—Seidei, and SOR may, With some
modification, be Hpractical but they remain unexplored. {A
foreseeable modification is'that greater advantsge must be
taken of the structure of B(j) j'= 2,3,4, than just the
location of nonzero elements. Storlng oniy nonzero elements
of B(4) is troublesome (see.Table 1) | Flnally, ‘with respect
to convergence the success of an 1terat1ve method depends on
the spectrum of the 1terat10n matr1x in thls direction, a
detailed analysis of the spectrum of B(J) ‘j = 2,3,4, would
be useful; Whereas the author has done extensive numerical
work on the spectrum of B(2) the analytic argument
providing the proof of Conjecture (4.1i) below remains
elusive. o | | |

This chapter details two numerically viable methods
which solve the discrete Sinc-Galerkin systems derived in
Chapter 3. Both are direct methods that take advantsoe of

symmetry and block structure to reduce machiné storage as
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well as ease 1mplementat10n. The choice of technique is
somewhat dependent on available computing facilities. For

example, one algorithm is a modified block Gauss-Jordan
elimination routine. Although it is possible to implement

this method on a scalar machine, it is inherently suited to

vector machine architecture. The other algorithm is well-
suited to a scalar machine, in part, Dbecause it requifes
less machine storage than the block routine. Despite

needing less storage, the scélar machine available to the
author, a Honeyweil Level 66, remalns too small to implement
the method in three space dlmen51ons when

m, =m, =m, = mg = 8. 1In thlS 1nstance a supercomputer is

X Y
a necessity due to storage capabilities.

Solution of the Discrete System in One Spatial Variable

The discrete Sinc-Galerkin system (3.44) may be solved

X

as follows. . Since A and A£ are symmetric there are

orthogonal matrices Q and P so that

T =
(4.5) Q AXQ = Ay
and

T =
(4.6) P AtP = At

where Nyr Ny are diagonal matrices containing the

. Nx : Nt
e1genva1ues {(kx)l}l_ ~My and ((A )J}J— of Ax and At’

respectively. If the change of variables

(4.7) z = QTyp
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is made in (3.44) then the equation takes the form

(4.8) AgZ = Zhy = B
where
(4.9) H = QTP .

Ihe solution of (4.8), in component form, is given by

-M,, < i3 N
(4.10)  [(A); - (Ag)sdzzs = hyy .
3713 1] B .
3 My s J 5 Ny
where hij is the ij-th element of H. Once Z is determined.

from (4.10) the solution V of (3.445 is rééovered via'
vV = QZPT and, in turn, using (3.455 gives U. h

If (kx)i = (xt)3 for some indices i and j, the equafion
in (4.10) is inconsistéht. in thé array of exaﬁples listed
in Chapter 5 this matching of eigenvélues pever'opcurs. The

author believes the following:

Conjecture (4.11): a(Ax) n-U(At) = @ where o(A) denotes the

spectrum of A.

This is connected, so the author believes, to the different
nature of thelspectruﬁ‘oflLﬁ Fv;u" on compact ‘versﬁs éemir
infinite‘démains (see deBodr and Swa:té tlé])..'While none
of this has been ?roQéﬁ,:conﬁinuing anélyti& and-nﬁﬁepiqal
‘work supporfs the Yalidity of the conjecture; | |
Verifyiﬁg tﬁe- coﬁsiétenc&s of._the:”éystem pgsed as in
(3.44) is eqﬁiVélenfh to :'éhowing the mafrix-:B(?) is
nonsingular 'whiqh,' in turn, implies 'the7‘éxistenég of é

)

unique solution for the liﬁear equations (3.556). To
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establish the conngction a propgrty'of tensof products that
Davis [16] states is useful;'tﬁ;t is,.' | |
(4.12) . (a ® B)(C @ D) = (AC) ® (D)
assuming each product‘is défined. Using (4.12) and
transforming variébles in k3;55) via ‘
(4.13)  co(2) = (PT @ QT)co(v)
vields |

(4.14) {1

ne ® Ax - At ®:Imx}q9(2) = co(H)

where

" (4.15) co(H) = (PT @ QT)co(G)

Equation (4.14) shows that the eigenvalues of B(2) are given

-M, £ 1 <N

by all possible combinations of (kx)i - (xt)j, % %

-'_Mt < j = Ny Egqually significant 1is the fact that

diagonalization of’ B(?) is accomplished by two intermediate
diagonalizatibns of much‘smailer matfices. ) As a result,
B(2) need never be stored. indeed, if‘ﬁx'=‘mt; thellargesﬁ
array with respect to sto;agé ‘has’ mxm£ élements. This
product represeﬁts the number of unknqﬁn coefficieﬁts in tﬁe
trial function (3.10) (see Table i)., Finally, note.that
under the trénsformations (4.7)'and (4.13) the algorithms
solving (3.44) and (3.55), respectively, can be machine .
coded identically. |

An alternative method of solutipn for (3.55) is

described below. Consider the transformatiqn

co(ZD) co(QTV)

(4.16)

T
(Imt® Q )CQ(Y) .
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Rewriting (3.55) in terms of co(ZD) and multiplying through
by Imt ® Q ylelds

_(2) _ .
(4.17) BD co(ZD).— cq(HD)
where ' ‘
(4.18) B{2) =1 @A, -A_® I

D mt X t T mx
and

(4.19)  co(Hp) = co(QTe)

(2)

The matrix BD is a block'matrix all qf whose blocks are
diagonal matrices. Explicitly; if the blocks are called

BD(ij) then they are given by

4.20 B = 5(0) A - (A ),s I -M, < i,j <
( ) ‘D(ij) ij X ( t)JJ My t 1. ' Nt
where (At)ij denotes the ij-th element of A,. This improved

structure has come at the minor expense of only one

diagonalization of the m, X m# gymmetric, negafive definife
matrix Ax. MofeoVer, ,machiné sforagé'~ifof 352) is
considerably less than that needed to save-fhe ﬁonzero
elements of B(2) (see ,Téble i). "Block elimination
techniques.work extremelvaell on the system (4.17)‘as all
matrix inversions and multiplications afe perférméd on -
diagonal ‘matrices. After fhe elimination procedure the
solution is récoyered from co(V) = (Imt ® Q)co(ZD) = co(QZD)
from which U is found via U = D((Q')%)V D((T')%). |
Although block elimination techniques for 362) ﬁay be

performed on scalar machines, the structure of Bé2) is
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inhereptly suited to vectorized computation. A block Gaﬁss—
Jordan elimination routine solving (4.17) has been written
in éxplicit vector FORTRAN aﬁd implemented on the CYBER 205
computer. Ifs performance 'waélcbnéisteqt with the resufts

of the algorithm which diagonalizes both A_ and A

Solution of the Systems 'in Two and Three Space Variables

The algorithms detéiled in_ fhe previous Qecfion admit
ready extensions for application to tﬁg disqrete Sian
Galerkin systems arising ‘ffqm '(3.60) ahd (3.61). One
extension 1is actually an. assortment of‘methods‘utilizing
block techniques. The secopd is based on diagonalizing Ax'

A Ay, and A, (if it occurs in the system). The discussion

YI
begins with the second method.

AY and Az are symmetric hence there exist orthogonal

matrices R and S such that

T =
(4.21) R AYR Ay
and

T -
(4.22) S Azs = A,

where AY and A, are diagonal matrices containing the

eigenvalues of Ay and Az, respectively. Equations (3.86)

and '(3.87) may be transfqrmed‘usihg changes of variables
analogous to (4.13) as follows. Let z(3) " (zijk) and
7(8) = |

(zijkk)' —MX £ i =< Nx’: —MY < 3J .S NY' "'M‘ <k <N

—Mt_s A =< Nt} be defined by _

(4.23) co(z(3)y = (pT @ RT & QT)co(vi3))
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end -
(4.24) co(z(4)) = (¢ & sT o R” o QT)co(v(4)}
where Q and P are glven by (4 5) and (4 6), respectively.

Rewrltlng (3. 86) in terms of 2(3) ylelds

- 3
[Imt ® (In, © Ay + Ay ® Iy ) ~Ag0I my ]co(z( ))
(4.25) .
‘ = (pT @ RT ® q )co(G(3))
while (3.87) in terms of 2(4) becomes

[Imt ® {Imzmy® Ax +¢Im2-® AY Q Imk + A, Q.Imymx}

L S (4) .. 1 ‘ |

(4.26) : At ® Im mymx]°9(zx;)) | o B

If the arreys,H(a) = (hsas,) and.H‘4) = (hy kk)'

iji

My < i< Ny, My < § s Ny, My <k <Ny, Mg <A <N, are
~ given by ' |

“f,:(4.275 Lco(®)) = (T & RT @ QT)co(a(?))

‘and | | ' 

(4.28) co(u{4)) = (pT & sT o RT & Q¥)co(c(4))

then the solutions of (4.25) and (4.26), respectively, are

(4.29)  [Og)g + (g)y = Ovgdglzggy = byg

and

(4.30) t(xk)i + (ky)j + (Al = (AdplZi5ea = Pygea -

As in (4.10), the possibility exists that (4.29) or (4.30)
is inconsistent. Again this never happene for the examples

discussed in Chapter 5. The author believes in the validity
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of the analogue of Conjectufe (4.11) fof'(4.29) énd (4.30).
That is, based Qn- the ‘array of exampies fested, if the
spatial domain is. compécf wﬁile thé temporal is-semi—
infinite then, with respeci tc<thé sinc diécfetization the

spectrum of the discretized Laplacian is disjoint from the

spectrum of Ag. Assuming the conjecture is valid, the
unknown coefficients uijk in the expansion (3f62) are
recovered from (4.29) via (4.23) and (3.79). Similariy,

(4.30) may be transformed using (4.24) followed by (3.83) to
give {uijkk} appearing in the trial function (3.55);'

One item femains to cohpletely specify the algorithm.
When solving the éystem éé above thelmatrix—vector ppodﬁcts
which occur are highiy étructured.. iaking advantagg of that

structure allows the products to be determined while

retaining use of three and four -subscripts. For instance,
suppose X = (Xijk)’ 1 <is<m 1% j = n,.1 < k < p;
A= (aj5), 1 < i, <m 3 = gbij), 1 <1i,j £ n; and
¢ = (c;5), 1 si,j $p. The product (C @ B @ A)co(X) is
defined by '
[(C @ B ® A)co(}f)]ijk

p n m
(4.31) = z Ckt 2 bis z ir ¥rst

t=1 T os=1 r=1
where [ ]ijk indicates the_ijk—th element. Sim;larly, if
A, B, and C are as before; X = (xijkk){ 1 <3i<m,.

1<j<n 1<ks<p, 1528 <q;andDd= (dy5), 1< 14,5 < a;

then (D ® C ® B ® A)co(X) is given elementwise via
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[(D:@ cC©®B® A)qo(x)]ijkk

Qs X

o d p
(4.32) =Y v ) ir ¥rstv
: v=1 t= 1

H~~~8

'n
°kt ) Pjs’
s=1

1 r

Hence, the code needed tp‘evaluéte‘the,vector co(H(s)) or
co(H(4)) is merely a set of nested loops. ﬁikewise,.
recovering the trial function coefficients from z(3) ana
z(4) is equally simple. |
Note that the diagonalization pf éx’ Ay' Ay, and A,
(when it occurs) is the definifive cﬁarécteristic of the -
algorithm just - described. | Igdéed, when these
diagonalizations are carried'out, the pumerical solution of
the linear systems pésed' as in (3.86) and (3.87) -is
indistinguishable from the numerical sqlution‘of (3.73) aﬁd
(3.81), respectivelyf Furthér, fhé chief attributes of this
method for the'numerical' solution of‘ the'aiscpgtg systems
are a direct consequence of fhe Qiagonaliiations. The
first, implementation easé, ié establishea 5y thg preceeding
discussion. The sécond- is the minimal'machjne storage
needed. The maximum array size required to solve (3.35) is
mxmymt while for (3.87) it is mxmy@zmt kseé Tablé 1). These
values represent the number of unknown cpefficients
occurring in thé trial function and, ééAsuch, also give the
minimum array siée needed.. Hence, witb regard to machine
storage, it is not poséible to do better than this method.
The remgining claSs of algorifhms is only briefly

mentioned as it has yet to be implemented. The
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distinguishing trait of the class is' that at least one of

Ay, or A (if it occurs) remains

the matrices Ax, A =

Yl
undiagonalized. Here A£ will not be diagonalized. As an
example, the change of variables ‘

(Img

(4.33) - co(z{3)) @ RT @ QT)co(v(3))

transforms (3.86) to

3) 3)y = T T 3).
(4.30)  BE3) co(zf®)) = (1, @ BT @ QT)co(s!?))
where
(4.35) Bl =1, @ (In, ® Ay + Ay @ T ) = Be @ Iy

563) is a block matrix all of whose biocks are diagopal
matrices. Therefore, one appropriate choice of solution is
a. block Gauss-Jordan eliminatisn routine; However, a
complication arises due to the added space dimension. That
is, eithér the block routine must be written. to handle
unknowns with three subscriéts of the array ofAunknOWns must
be adapted to two subscripts. In thé lstfer_case,‘the blosk
routines used to solve (4.17) sbu;d be applied although,
they may not take advaptage of ail vectorization possible.

The dilemma is compounded for the system

4 o {4)y = T T T (4)
(4.36) B{#) co(z{*)) = (1, ® s @ R" 6 Q oo (6! )
where
B{4) = 1__ @ (I @ A, + I B A, 8 I
D mt Mz My X mz Y mx
(4.37)

Ay O Ig ) = By @ Tyopon,

and
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(¢.38) co(zf{%)) = (im£ o sT o RT @ oT)co(v(4))

Here the array of unknowns has four subscripts.

To further cloud the picture; the manner in which the
transformed coefficieﬁt matrices are stérea 'may depend on
the transformation. In "parficular, if only .Ax is
diagonalized the pesulting transformations of B(s)_ and B(4)
require more storage in terms of nonzero elemeﬁtg than the"
matrices 363) and'Bé4) (see.Table 1).

Diagonalizing the matrices Ay, Ay, L and possibiy A,
appears the easier rﬁute in the setting qf problems (3.1),
(3.60), and (3:61) but the author believes that block
techniques are more widely appliéable. For insfanceL the
,inclusioh in the partiél differential equation ‘of lower
order terms and/or nonconstant coefficient; may discourage

diagonalization of the entire coefficient matrix.
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CHAPTER 5
NUMERICAL EXAMPLES OF THE SINC-GALERKIN METHOD

The space—timé Sinc-Galerkin method for (3.1), (3.60),
and (3.61) was tested oh a large.élaés ofrprobiems whose
known solutions exhibit differing beﬁaviprs. ~ Choosing
problems with known solutions a;léws for a more complete
error evaluation. With _regard- to érrqr, considerable
numerical success is evideﬁt for ail problems; hence, the
nine examples reported herein are selected to highlight

characteristics of the scheme. In addition the sample of

nine breaks into three groups of three where within a group

a given characteristic-is illustrated for problems in one,

two, and three space dimensions.

Examples 5.1 - 5.3 and 5.7 - 5.9 display a first trait;

" that is, optimal parameter selections for - an expected

convergence rate resuit in a'discrete system of minimuﬁ size
for the Sinc-Galerkin method. Moreovér, symmetry of the
discrete.syspem is maihtained for any chpipe of paramgters
(see-Exampies 5.5 - 5.9). ‘A charaqterisfic .coﬁmoﬁ to éach
of the nine examples'is tﬁat the‘nuﬁerical solution (3.16),
(3.62), or (3.63) fdepending on space dimensiénflis global.
In particular, by employing the conformal'map T(t) = An(t)

the approximate solution is valid on the infinite time
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interval. Another significant property is éxhibited by
Examples 5.4 - 5.6 whose sblutionsA.are singular lon-their
respective boundaries. With respect to implementatioﬁ (that
is, parameter selections), the Sinc-Galerkin .method for
these singular problems proceeds'in the‘same fashion as for
the ané;ytic examples; Referring to the'ﬁrder statemepfs
folloﬁing (6.7), the rate of-cbpvergence of the method is}
governed by the Lip a class to wﬁiph the solutioﬁ belgngsf—
not the dégree of singularity of the sqlution.'

Perhaﬁs the most distinéuisﬁed feature of the Sinc-
Galerkin method, indeed of sbect;al methédé in general, i;
the potential exponential con&ergenée rate [7]. Forlﬁfoblem
(2.1) this convergence is establiéhed anaiytically.
Specifically, a direct consequeﬁce df Theorem (2.59) is tﬁat
if 2N + 1 basis functions are 'used -to- construct an
approximate solution of (2.1) thén the brdef O(exp(fKJﬁ));

K > 0, holds uniforﬁly for both analytic and singular

problems. With respect to problems (3.1), (3.60), and

(3.61) and their‘respecfive apprqximateé (3.10), (3.62), and
(3.63), it' is easy to establish thg exponential convergence
rate on the sinc grid. . An anaiytic ’éxtensiop to uniform
exponential convergence in muitiple dimensions does not
currently exist. Argumenfs based on apalytic funqtion
theory (see Chapter é for'the &evelopmentjin ane variab;e)
lead directly to proble@s iﬁ functions of several complex

variables. Alternatively, arguments based on the
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devélopment as in Stehger [5].are complicatgd by the form of
Green's functions in higher diménsioné. -Tﬁé author'bélieveé
that the exﬁoﬁential canvergénce.'réfe of the'Sihc—Galerkin
méthod (indicated in-thé discuséioﬁ following '(5.1é)).doe§
hold uniformly in higher dimensioné. ﬁnfortunafe}y, the
vdeﬁelopment of analytic tools to'verify this cénvergenpe has
not kept pacé with the development‘and numerical testing of
the methods. . |

Since block techniques for the problems in two and three
space dimensions have yet‘ to be implemented, the fesulfs
reported are for th? systems solved via all possible
diagdnalizations. When feasible the code was ruﬁ on a
Honeywell Lével 66,compﬁter using a doubié  preciéion'ANS
FORTRAN-77 compiler. For larQe systems érisipg frﬁm the
discretization of (3.60) or (3.61) the. array. of ﬁnknowﬁs
exceeds the méximum array size allowed on fhe scalar machine
mentioned. Hence,.these systems weré solved with- the same
code run. on.a CRAY XMP/48 qsing'a sinélé precision CFT.141
compiler. Single precisiop on the CRAY XME/45 is'equivalent
to double precision on mﬁst scalar machines. Indeéd, the
CRAY XMP/48 reproducea thél error fesulfs éf'smallernﬁouble.
precision Hdnéywell runs.. | |

Withr regard to ﬁroblems in one space dimension, the
maximum absolute error betweeh the numeriéal aéproximafion,
Uipo apd the frue soiution, u(xi,tk), at tﬁé sinc'éfidpoints

was determined and reported as
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(5.1)  ME{P (- = m?zluik'¥ w(xg,ty)

where h is the stepsize associated with x. Similarly, for
the problems in two and three space dimensions, the maximum

errors - are

(2) = -

(5.2) "Eu. (il = T?xluijg u(xi,yj,ta)l
: ijA . .

and
(5.3)  NELS) () = maxjuggpa - w(Xg.¥5eZeetl) ]

u ijka TIRA S TTITIITTKIATE
respectively, whgre uijk and ﬁijka are  numerical
approximates of the true values u(xi,yj,tk) and

u(xijyj,zk,tk). The notation .ddd-v represents .ddd x 107V,

To implement the method in one space dimension, assume

the solution u(x,t) of (3.1) satisfies

(5.4)  |u(x,t)] < MxOt% (1-x)B+% ¢y+¥% -0t
for some positive a«, B, ¥, and 6. As a consequénce of (5.4)

there exist constants K and L such that

t¥Y  , t € (0,1)
(5.5) lal(x,t) (4 (£))¥%] < x ;

et |t e [1,=)
and

X(x ’ x € (01%)

(5.6) lu(x,t) (6" (x))*%] < L .

(1-)F ox e 1%,1)
hold uniformly for (x,t) € (0,1) x (0,«). These conditions

taken in light of fhe One%dimensibnal problems (3.13) and
(3.14), respectively, motivate the parameter seléctibns for

the approximate
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A N, N

t
(5.7) umX’mt(x,F) = Z'. z uiAS(i,hX)f¢(X)S(R,ht)oT(t).

m,, Mx + Nx + 1
me = Mg o+ Np o+ 01
Recall that the asyﬁptotic errors for thé qne—dimgnsional
problem (3.13) are O(exp(—nd/ht)i, O(eXP(‘VMtht)); éhd
O(exp(—ﬁNtht)) (see (3.24)). ThéSe depend on the growth
bound (3.23) which is analogous to (5.5). Similarly the
asymptotic errors aséociated with the spatia; problem.(3.14)
are Q(exp(—nd/hx)), O(exp(—@bex)), an§ O(exp(—BNxhx). .Once
Mx is chosen, balanciné the asyﬁptétic errors for the one-
dimensional éroblems with respeét to O(exp(—aMxhx))

determines the following stepsizes and summation limits:

(5.8)  h, = n/(2aM,)*

where the angle‘d in FPigure 6 is taken to be /2,

1 &
(5.9) Ny = Jg M v Y
(5.10) ht = hx ,
and
o
(6.11) Mt = ; Mx + 1

Assuming the solution. of (3.1) decays exponentially in time,

a smaller value of N,

. 1 a
(5.12) Nt = E; An g Mxhx + 1 ’
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may be chosen (see Lund [6]). Note that when had M, or bl Mx

is an integer these are the values_used for Nx and Mt’
respédti&eiy. The additional +1 appea;ing in (5}9), (5.11),
and (5.12) guarantées‘that ail the appropfﬁatelgrrqrs are at
least O(exp(—aMxhX)). . |
Parameter selections for the approximate in two or three
space dimensions are deduced via the samé notion of
balancing ésymptotic errors. . Hénce, if the" solution

u(x,y,tf of (3.60) satisfies

(5.13)  |u(x,y,t)] < RxO"% (1-3)BH% g% (1-y)7HE (¥4 08
then the additional stepsize hY and summation limits MY and
NY for the approximate (3.62) are given by
(5.14) hY = hX p
(5.15) _ |la + 1

. My : My, '
and

. ,

. = fI— +
(5.16) Ny " Mx. 1
Similarly for (3.61), assuming the solution u(x,vy,z,t)
satisfies
(5.17)  |u(x,v,2,t)| < Kw(x,y, t)z8*¥% (1-z)V+%
whege h - '

(5.18) .w(x,y,t) = x O+ (l—x)ﬁf% yit% (I—Y)QT% tyfg o—0t !
then the remaining parameters for the Sihc—Galerkin

approximate (3.63) are
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(5.19) h, = h ’

Z X
(5.20) Mz = — MX + 1 p
and

I«
(5.21) Nz = ; Mx + 1

For all examples in one or two space dimensions a
sequence of runs with Mx ='4, 8, 16, and 32 is reported. 1In
three space dimensions a run corresponding to Mx = 32 is not
currently possible, even on the CRAY 'XMP/48, due to the
considerable machine storage needed for the arra§ of
unknowns. With reépect to él; nine examples, whenever an
error result is reported from a CRAY XMP/48 run a * appears
to the left. This * also indicatesr that the run was too
.large to perform on .the Honeywell machine available.to fhe
author. | | |

In all cases reporfed, Mt > Nt (see (5.12)), which
yields a much smallef discrete systenm thén thg choice of Ny
given by (3.26). The chéice Mt = N£ or that given by (3.26)
fesulfs in larger matrices with'no gorreséonding increase in
accuracy. Worth npting is fhg#‘aé a‘consequence df the map

*(t) = An(t), the sinc g;idppints in time become qguite

large. Recalling (3.9), th eNFhF . In all of the

following results the selection M, = 16, fér exémple,.leads

to a choice of N, that yields tNt = ea(f7§5%) = 10.55. A

/
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large number of iterations is typically required to
approximate the solution for a t of éimilar magnitude when
using time-marching schemes. Hence, in comparison, the
Sinc-Galerkin method requires much smaller systems to‘attain
the same accuracy as finite differences (see.the discussion
féllowing Examples 5.7 - 5.9). | |

The parameter a = % is common to all nine examples hence

the stepsize h = h n/(2aMx)% and the asymptotic error

X
O(exp(—aMxhx)) are the same throughout this chapter. As a .
result; these values are not included in every table.
Computationally the asymptotic rate (whiéh for 4= r/2 is

O(expt—aMxhx]) = 0(exp[—n/(2aMx)%]) is cohsistently attained

at the sinc gridpoints.

Exponentially Damped Sine Waves

Example 5.1: Damped sine wave in one-dimension. .

Lv(x,t) = vip(x,t) - vxg(x,t).

' = {2 + (2 - 4t + (1 + 12)t?)e " Yysin(nx)
v(o,t) = v(1,t) ; 0
v(x,0) = sin(rx) , vt(x,O) =0

This problem is transformed to the form (3.1) wvia
u(x,t) = v(x,t) - sin(rxx), which yields

Lu(x,t) (2 - 4t + (1 + nz)t2)eftsin(nx)

u(0,t) = u(l1,t) = 0

u(x,0)

ut(x,O) = 0

The analytic solution is u(x,t) = t2e—tsin(nx). The
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parameters (see (5.4)) are a =38 = 1/2, y.? 3/2, and 6 = 1.
Table 2'display§ the méximum absolgte error =’alt the sinc
gridpoints for thé éequehce Mx = 4, 8,’ 16, énd 32;
Additiqnally a column with asymptotic error is gi?en..,Since
« = B, M, =N "~ In this case the sum on i in (5.7) is

referred to as '‘a centered sum. The sum on R/in (5.7) is a

noncentered sum, as commonly happens when using (5.12).

Table 2. Numerical Results for Example 5.1.

M, N, M, N, h HEél)(h)H Asymptotic Errqr

4 4 2 1 1.57080 .378-1 .432-1

8 8 3 2 1.11072 .253-1 .118-1

16 16 6 3 .785640 .905-3 .i88~2

32 32 11 4 .5565636 .320—3 .138-3
Example 5.2: Damped sine wave in two-dimensions.

Lﬁ(x,y,t) = (2 - 4t + (1 + 2n2)t?)e'tsin(nx)sin(ny)
ul =0 l

13(0;1)2
= ut‘ = 0 R

|
t=0 t=0

where, recall, (0,1)® refers to tbe open n-dimensional unit
cube. The analytic solution ié o -

u(x,y,t) = t2e_tsin(¢x)sin(ny), hence the pa?ameters are

o =p=¢=n=1/2, vy =23/2, and 6 = 1. Table 3 iisté

HE&Z)(h)H, the maximum absolute error at the sinc
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gfidpoints. Note that the result corresponding. to MX 32

was obtained on the CRAY XMP/48 as‘indicated by the *.

Table 3. Numerical Results for Exémple 5.2,

" o pE(2)
M, N, MY NY M Ny HEZ;“7 (h) 1l
4 4 4 4 2 1 .813-1
8 8 8 8 3 , 2 .760-~1
16 16 . 16 16 6 3 .387-3
32 .32 32 32 11 4 *.45}—3
Example 5.3: Damped sine wave in three-dimensions.

Lu(x,y,z,t) = (2 - 4t + (1 + 3x2)t?)e Ysin(xx)sin(ry)sin(nz)

u' = 0
3(0,1)3
ul = utl =0 . {
t=0 t=0
The true solution u(x,y;z,t) = t2e'tsin(nx)sin(ny)sin(nz) is

the three-dimensional analogue of the previous two -
solutions. The results for this problem are given in Table

4.

 aml T
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Table 4. Numerical Results for Example 5.3.
My o Ny My N, M N Mg N ELS) (n)
4 4 4 4 4 4 - 2 1 .325-0
8 8 . 8 8 8 8 3 2 *,123-1

16 16 16 16 16 16 6 3 *,451-3

With respect +to Examples 5.1, 5.2, and 5.3, the maximum
absolute value of the true solution is the same. Table 5
indicates that there is no consistent difference in the

error results for the various space dimensions.

Table 5. Numerical Results for the Damped Sine Wave.

M, h e (e ne{2 e nel3) ()i Asymptotic
: : ) Error

4 1.57080 .378~-1 .813-1 .325-0 .432-1

8 1.11072- .253-1 .760~-1 *¥.,123-1 .118-1

16 ~78540 .905-3 .387-3 *,451-3 .188-2

32  .55536  .320-3 = *.451-3 o .138-3
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Singular Problems

Example 5.4: A singular problem in one space dimension.

. at? | et

Lu(x,t) = (3 - 12t + 4t?) x An(x) - ——| 7%

u(o,t) = u(1,t) =0

u(x,0) = ut(x,O) = 0 |
The true solution for this problem is |
u(x,t) = t3/2e"t X An(x). The solution is:a;gebraically
singular at t = 0 and logarithmically singular at x = O.
Although u, is unbounded at x = 6, coﬁdition (3;36) is

satisfied. Further, deépite the differéqt ﬁharacter'bf the
singularities the method requires no modification with
regard to implementation. For a = f = % and v = 6 = 1,.the
stepsize is again h = hX = hy = n/(Mx)% and the asymptotic

rate shown in Table 6 is achieved, despité' the presence of

~ singularities.

Table 6. Numerical Results for Example 5.4.

M N, M Ne . NE{YMm)I Asymptotic Error
4 4 2 1 .321-2 .432-1
8 .8 4 2 .405-2 : L118-1
16 16 8 3 .852-3 .188-2

32 . 32 16 4 .767-4 .138-3

%
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In facﬁ, comparing Tables 6 and 2, this prqblem has slightly
smalier errors with a‘ minor incréése .in .the nﬁmber 6f
gridpoints near t = 0 due to the'algebraic.singularity.. The
logarithmic singularity' affecfs-ngither. the perfqrmance'of

the method nor the system size.

Example 5.5: A singular problem in two space dimensions.

Lu(x,vy,t) = (3 - 12t + 4t2) X kn(x)y An(vy)
'2[ y X, -t
u' = 0
3(0,1)2
ul = ut‘ = 0
t=0 t=0

The true solution for this prqblem,

u(x,t) = t3/2e~t x an(x)y An(y), exhibits the same algebraic
singularity at t = O‘as the previous example. ‘In additiqn,
_the solution is singular on the spatial béundary. If
anything, the difficulties appear. more severe heré than in
'E#ample 5.4; however, the errors shoﬁn in TablelYAare
siightly better'thén thosé,in Table 6. The paramefers used

are a = 8 = ¢ =n=%and v =06 = 1.
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Table 7. Numerical Results for Example 5.5.

. N . o S (2
M,, N,, My Ny M, Ne IE{2) (n)yi
4 4 4 4 2 1 .221-2
8 - 8 .8 4 2 . .370-2
16 16 - 16 16 8 3 - .235-3
32 32 32 32 16 4 * . 530-4

Example 5.6: A singular problem in three space dimensions.

Lu(x,y,z,t) = )(3 - 12t + 4t?) x An(x)y An(y)z An(z)

- 4t2[:§E An(y)An(z) + gf An(x)Aan(z)

: -t
Xy e
+ > An(g?kn(y)]g i

t=0

The true solution is

u(x,v.z,t) ‘= t3/2e"t b 4 kn(x)y kn(y)z An(z) and, with the
addition of p = v = %, the bafameters are identiqél to those
in Example 5.5. Table 8 lists thé.results for the preéent
example while Table 9 includes the errors for eéch éf the

singular problenms.
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./‘

Table 8. Numerical Results for Example 5.6.

R
My N Mg N, M, Ny Mg N HES) (myu
4 4 4 4 4 4 2 1 .354-2
8 8 8 8 8 8 4 . 2 *,286-3
16 16 16 16 16 16 8 3 *.405-4

Table 9. Numerical Results for the Singular Problems.

M, h el (myn 1E{2 (yn E{3) (n)n Asymptotic
Error
4 1.57080 .321-2 .221-2 .354-2 .432-1
; . .
8 1.11072 .405-2 .370-2 *,286-3 .118-1
16 .78540 .852-3 .235-3 *,405-4 .188-2
32 .55536 .767-4 *,530-4 ——— .138-3

For runs corresponding to Mx = 8 and 16 the error associated
with Example 5.6 is almost a full decimal place befter than
the singular examples in one and' two space dimensions.
Moreover,‘ this improvement occurs despife the gfeater
singularity of- the problem, ..No ‘such analogué exisfs when

using finite differences.
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Problems Dictating Noncentered Sums in All Indices

Example 5.7: Noncentered sums iﬁ one space dimension.
Lu(x,t) = {(2 - 4t + t2) x (1 - %)% - 6t?(2 - x)(2x - 1))e” ¢t
w(0,t) = u(i,t) =0 '

u(x,0) = ut(x;O) = 0

The analytic solution of this problem is

a(x,t) = t2e k(1 —.3)3. The parameter selections a = 1/2,
B =5/2, v = 3/2, and b % 1 dictate noncentered sums in both
space and time (M, # N, and My # Ny) ﬁs shown with the

errors in Table 10. Again h = h, = hy = n/(Mx)x..

Table 10. Numerical Results for Example 5.7.

M, Nx- M, Ne "E&l?(h)ﬂ ' Asymptotic Error
4 1 2 1 .237-2 .432-1
8 2 3 .2 ~ .208-2 ' .118-1
16 4. 6 = 3 .707-4 .188-2
32 7 11 4 . 237—4 .138-3

Even thpugh there are three-fourths fewer gridpoints in
the region % < x < 1, the same asymptotic rate exp(—Mxhx/Z)
is predicted. In comparison to Examples 5.1 and 5.4'the

results are better even with the smaller system size. This
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is because the convergence rate of the Sinc-Galerkin method

is governed by the asymptotic behavior of the solution.

Example 5.8: Noncentered sums in two space dimensions.
Lu(x,y,t) = 10{(2 - 4t + t2) x (1 - x)? y2(1 - y)
- 2t2[3(1 - x)(2x - 1)y%(1 - y) .

+ x(1 —»x)3(1 - 3y)]}eft

=0

The solution of this problem,

u(x,y,t) = 10t2e"tx(1 - x)3 y2(1.— v), vyvields the parameter
selections « = 1/2, B = 5/2, § = 3/2, n = 1/2, ¥ = 3/2, and
6 = 1. As a resu;t of these parameter selections the sums
appearing in the approximate (3.62) are all noncentered. A
mofe complete discussion of hgw émall this SYSfem is in
comparison to a fiﬁite diffe?ence solution follows the next
example. Note that the multiplicative factor of 10
appearing on the right— hand side of the problem was chosen
so that the solution was of éhe same order of magnitudé as
the previous example. ‘Table 11 gives the results for the

current example.’
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Table 11. Numerical Results for Example 5.8.

' - e (2
M, N, My Ny My N, IE{2? (n)
4 1 2 - 4 .2 1 .805-2
8 2 3 8 3 2 .489-2
16 4 6 16 6 3 .867-4

32 7 11 32 11 4 *,682-3

. Example 5.9: Noncentered sums in tﬁree space dimensions.
Lu(x,y,z,t) = 100{(2 - 4t + t?)x(1 - x)3%2%2(1 - y)23(1 - 2)?
- 2t2[3(1 - x)(2x - 1)v%(1 - v)z3(1 - z)?
+ x(1 - x)3(1 - 3y)28(1 - 2)2

+ x(1 - x)3y%(1 - y)(102% - 1222 + 3z)])et

t=0

The analytic solution of this problem is
u(x,vy.,z,t) = 100t2e7tx(1 - x)3 y2(1 - y)zs(l -, z)?.
Analogous to the factor of 10 in Example 5.8, the factor of

100 is a magnitude adjustmeht. The parameters a = 1/2,

B

6

5/72, ¢ = 38/2, n =1/2, w=15/2, v =3/2, v = 3/2, and

1 yield the summation parameters appearing in Table 12.
The composite error results for Examples 5.7 - 5.9 are given

in Table 13.
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Table 12. Numerical Results for Example 5.9.

' S g(3
My N MY Ny Mz Ny My N, “Eé ) (h) 1l
4 1 2 - 4 1 2 2 1 .395-2
8 2 3 8 2 3 3 2 *,389-3
16 4 6 16 4 6 6 3 *,313-4

Table 13. Numerical Results for Problems Dictating
Noncentered Sums in All Indices.

1 2 3 ' i
M,, h ne{D) oy nef?) (myn wEf®) (h)1 Asymptotic
. Error
4 1.57080 .237-2 .805-2  .395-2 .432-1
8 1.11072 .208-2 .489-2 *,389-3 .118-1
16  .78540 .707-4 .867-4 *,313-4 .188-2

32 .556536 .237-4 *.682-3 ———— .138-3

The 1last three examples illustrafe how the parameter
selections described by (5.8).— (6.12), (5.14) - (5.16), and
(5.19) - (5.21). minimize the expenditure of computational
effort for the Sinc—Galerkiﬁ method. This also increases
the method's :competitiveness with’respect to alternativeé
like finite differenceé; As disbussed ip Chapter 4, one
measure of competitiveness is thé number of nonzeroc elements

in the coefficient matrices. For instance, the asymptdt;c
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error .corresponding to runé ‘using Mx = 16 is .188-2.
Maintaining this error when uéing- finite diffefences
requires a stepsize hep - .04 and iteration of fhe time
domain to at leasf t = 6.3. This translates to 25
gridpoints on any -of the spatial intervals and 158 steps in ‘
time. Solving the finite differehcé .scheme as one system
vields a matrix with- 674,200.nonzero ‘elements fof'Example
5.8 and 21,595,000 for Example §.9. Their corresponding
Sinc-Galerkin matrices have 251,160 and 5,294,060 nonzero
entries. This evideﬁce- supports‘ Stenger'é {13] stafement
that the computational efficiency of the ‘Siﬁc-Galerkin
mefhpd becomes more apparent in higher dimensions. Furthe;}
the author notes that the computational savings exhibited
herein are, in large péft, due to including the time domain

in the Galerkin érocedure.
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