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ABSTRACT

Testing structural equation models, in practice, may not always go smoothly, and
the solution in the output may be an improper solution. The term improper solution
refers to several possible problems with model estimation. Improper solution involves
boundary estimates or exterior estimates, such as Heywood cases. Improper solution

can be found in the output even without an error message.
The dissertation achieves the following goals: develop a stable algorithm to gener-

ate proper estimates of parameters, and the stable algorithm would be robust to data
set variability and converge with high probability; use statistical theory to construct
confidence intervals for functions of parameters, under non-normality and equations
were derived in this thesis for computing confidence intervals; and use statistical
theory to construct hypotheses tests, such as the goodness-of-fit tests and model
comparison tests to determine the number of factors, structure of A and structure of
®, especially under non-normality.

Based on the large simulation results, it can be demonstrated that the inference
procedures for the proposed model work well enough to be used in practice and
that the proposed model has advantages over the conventional model, in terms of
proportion of proper solutions; average success rates and coverage rates of upper
one-sided nominal 95% confidence intervals, lower one-sided nominal 95% confidence
intervals, and two-sided nominal 95% confidence intervals; and average of the ratios
of widths of two-sided nominal 95% confidence intervals.



CHAPTER 1

INTRODUCTION

1.1. Introduction

British psychologist Charles Spearman is commonly credited with the initial devel-
opment of factor analysis. He used this technique in his 1904 article [1] to determine
whether a general intelligence unobserved variable underlies individual performance
on tests. Even though Spearman’s belief in a single unobserved variable gave way
to solutions with several unobserved variables, the purpose of factor analysis has
remained the same. The primary goal of factor analysis is to explain the covariances
or correlations among observable variables y in terms of fewer unobservable variables
called factors f, where y = (y1 v2 --- v,), f = (f1 fa -~ f,)/, and p > ¢. Like the
observable variables y, the factors f vary from individual to individual; but unlike the
observable variables y, the factors f can not be observed. The factors are underlying
latent variables that generate y. Factor analysis also is considered to be a dimension

reduction technique because ¢ is less than p.

Example. The scores of a sample of 220 boys were collected on the 6 school subjects:
1. Gaelic, 2. English, 3. History, 4. Arithmetic, 5. Algebra, and 6. Geometry. The

following correlation matrix, Ry, is taken from Table 6.1 in Lawley and Maxwell [2].



Gaelic English History Arithmetic Algebra Geometry
1 0.439 0.410 0.288 0.329 0.248
0.439 1 0.351 0.354 0.320 0.329
0.410 0.351 1 0.164 0.190 0.181
Ry, = - (M
0.288 0.354 0.164 1 0.595 0.470
0.329 0.320 0.190 0.595 1 0.464
0.248 0.329 0.181 0.470 0.464 1

It seems that Ry, suggests two groups of variables: {Gaelic, English, History} and
{Arithmetic, Algebra, Geometry} based on the correlation strength in Ry,,. Accord-
ingly, it is expected that the correlations among the 6 variables can be explained well

by 2 factors. This example is discussed again in § 1.3.2.

1.2.  Factor Analysis Model

In factor analysis, the components of y are modeled as linear combinations of
factors f, plus an error term €. The basic factor analysis model can be written as
follows:

y=p+Af +e (2)

where y is a p x 1 random vector of responses for a single subject, p is a p x 1 vector
of fixed population means, A is a p x ¢ matrix of fixed factor loadings, f is a ¢ x 1
random vector of latent factor scores for the same subject, and € is a p x 1 vector of

random deviations.



The assumptions made for factor analysis model (2) can be expressed concisely

using vector and matrix notation:

E(f) =0, Var(f)=®, E(e)=0, Var(e)=W",

P | B |

0 6y - 0 ()
¥ =dag(¥)=| |, and Cov(f,€e) =0,

0 0 - 1

where diag(-) is defined in Table 56. Accordingly, the variance of y in factor analysis
model (2) is

> X Var(y) = AVar(H)A' + & = A®A' + 0. (4)

Note that ® in (4) is a correlation matrix of f. If ® is a covariance matrix, then 3
is not identified because identifiability of 3 depends on the structural equation model
defined in (4). Specifically, let A be any nonsingular ¢ x ¢ matrix. Then A®A’ =
(AA) (A7'®@A) (AA), and A~'®A’"! is a covariance matrix whenever ® is a
covariance matrix. Special cases for A include diagonal matrices, orthogonal matrices,
and matrices that are proportional to I,. The latter two preserve structural zeros in

A in confirmatory factor analysis, where confirmatory factor analysis is discussed in

§1.4.

In the following sections, exploratory factor analysis and confirmatory factor anal-

ysis are discussed, which are two major approaches to factor analysis.

1.3. Exploratory Factor Analysis

Exploratory factor analysis (EFA) is used to uncover the underlying structure
of covariances or correlations among a set of variables. The researcher’s a prior:

assumption is that any variable could be associated with any factor. Therefore, EFA



allows all loadings in A to be free to vary. In EFA, equation 4 can be written as
Y = A®:d:A + ¥ = AT AY + U, where A* = A®z. Consequently, in EFA,
without loss of generality, Var(f) = ® can be taken to be an identity matrix I, which

implies uncorrelated factors. After letting ® = I, (4) can be simplified as
Var(y) =X = AVar(f)A' + & = AN + 0. (5)

In § 1.3.3, it is shown that rotation can induce nonzero correlations among the factors.
In such cases, ® no longer is an identity matrix I,. The covariance matrix X in (5)
can be written as X = 3(6), where 0 is a vector of parameters. There are many ways
to parameterize X. For example, let 8 = (6 in)’, where 0 = vec A, 0,, = diag(¥),
and vec is as in Table 56. Accordingly, A = A(6,) and ¥ = ¥(0,,). However, if the
structural equation model is not identifiable, then there is difficulty in doing inference.
For example, if 3(60;) = 3(63) and 6; # 05, then it can not be determined whether
the true value of the parameter is @, or 0,. Before estimation can be discussed, it is

necessary to discuss parameter identification.

1.3.1. Identification

A family of distributions can be written as {f(y;0), V y € Y and 6 € O}, where
f(y; @) is the pdf or pmf of y, ) is the support set of y and @ is the parameter space.
Note that ) is the set of values that a variable y can take for which f(y;0) > 0 and
© is the set of values that a parameter can take. For instance, ) of the Bernoulli

distribution is 0 and 1 and © of the Bernoulli parameter is the interval (0, 1).

Casella and Berger [3] defined identifiability as follows: a parameter 8 for a family
of distributions {f(y;0), V y € Y and 6 € O} is identifiable if distinct values of 6

correspond to distinct pdfs or pmfs, that is,

{f(y,@l):f(y,eg), v yGy and 0166 for 221,2} :>01:02.



Casella and Berger’s [3] definition for identifiability can not be applied here because

neither pdfs nor pmfs are specified in (3).

Bollen [4] gave a definition of identifiability in terms of a general structural equa-
tion model (). Bollen’s definition can be rephrased in the following manner: a

structural equation model is identified if
{2(01) = 2(02) and 91 €O for i= 1,2} — 01 = 92. (6)

Furthermore, the parameter vector € in () is said to be identified if and only if the
structural equation model 3(8) is identified.

Anderson and Rubin [5] provided a few theorems on necessary conditions and
sufficient conditions for ¢dentification of A. For instance, Theorem 5.1 on page 118 of
Anderson and Rubin [5] stated that a sufficient condition for identification of ¥ and
A up to multiplication on the right by an orthogonal matrix is that if any row of A is
deleted, there remain two disjoint submatrices of rank g. Also, Theorem 5.6 on page
120 of Anderson and Rubin [5] stated that a necessary condition for identification of
A is that each column of AA has at least three nonzero elements for every nonsingular
A. According to the Lemma on page 160 of Vinograde [6], if A; and Ay are p X g,
then Aj A} = Ao A} if and only if A; = A»Q, where Q € O(q) and O(+) is defined in
Table 57.

Theorem 1. [Adapted from Bartlett [7], 1950, Page 84]. Assume that the p x g
matrix A has rank q and that A is identified up to orthogonal rotation. Then, A can

be parameterized as A(0y), where dim(0y) = pqg — q(q — 1)/2 and Oy is identified.

All proofs of theorems and corollaries in this thesis can be found in Appendix B.
In the remainder of this thesis, it is assumed that A is identified up to orthogonal

rotation.



The parameter 8 of A is said to be identified in the EFA model if the following

relation holds:
{A(BAI)A(BM)’ = A(H)\Q)A(O)Q)/ and 0)‘2. €0, for 1= 1,2} EESS 9)\1 = OAQ,

where ©, is the parameter space of 0.

Anderson and Rubin [5] wrote that one way to identify 8y is to choose an or-
thogonal matrix Q such that Q A'TTAQ = A* WP 'A* is diagonal, where Q € O,
and A* = AQ. If the diagonal elements are distinct and arranged in descending
order, then 0y o vec(A*) is identified. As a result, A* needs to satisfy the constraint
/\*;\Il_l)\; = 0 for all i # j, where A} is the i*" column of A. Hence, A* is subject
to (g) constraints. This leaves pq — <q

2
in A* because the dimension of 8, = vec(A*) is pg x 1. This implies that A* can be

) = pq — q(q — 1)/2 identified parameters

parameterized, at least locally, in terms of pq — ¢(q — 1)/2 identified parameters.

1.3.2. Estimation

To estimate the p x p population covariance or correlation matrix 3 = 3(6), one
can let @ represent an estimator of the parameter vector 6 in 3:(0). The estimator 6
is chosen to minimize a function that measures the discrepancy between the sample
covariance matrix S and X with respect to 6. These functions are called discrep-
ancy functions and are denoted by F(X,S). A discrepancy function is a numerical
value that expresses how well 3(80) reproduces the observed data. The parameter
estimator, é, for a given structural model, ¥(0), is generally selected to make a
discrepancy function as small as possible. Browne [8] gave a detailed discussion on

discrepancy functions. The following properties of discrepancy functions were adapted

from Browne [8]:

(1) F(£(),8) > 0;



~J

(2) F(X(0),8) =0 if and only if X(0) = S;
(3) F(X(),8) is a continuous function of S and (8).

There are two commonly used discrepancy functions:

(a) F(2(8),S) = tr{[S — 2(0)]S'}*> and -
(b) F(£(),S) = tr[£7'(6)S] + In [£(8)| — p — In S|,

where tr(+) is defined in Table 56. Discrepancy function (a) in (7) is called the Gen-
eralized Least Squares (GLS) discrepancy function. This yields a scale-free method.
Discrepancy function (b) in (7) is called a maximum likelihood (ML) discrepancy
function. This measure also is scale-free and, when y is multinormally distributed,
leads to efficient estimators in large samples. Joreskog and Goldberger [9] showed
that discrepancy function (b) can be viewed as an approximation to discrepancy
function (a). Browne [8] wrote that if @ is identified and () is continuous, then
all estimators, 6, obtained by minimizing the discrepancy functions F(3%(8),S) are
consistent.

Consider the sample correlation matrix, Ry,,, given in (1), where p = 6. If there

are ¢ = 2 factors, then the factor analysis model can be written as follows:

n H1 A1 A2 €1

Y2 25) Ao1 A2 €2

Ys M3 A1 Asg i €3
= + +

Ya ! A1 Ag f2 €4

Ys Hs As1 o Asz €5

Ye He A6l A6z €6



The following estimates for A and % without rotation are generated through

factanal in R.

0.5533  0.4286 0.5102
0.5682 0.2883 0.5941
—~ 0.3922 0.4500 ~ 0.6437
A, = and v, = , (8)
0.7404 —0.2728 0.3773
0.7239 —0.2113 0.4314
0.5954 —0.1317 0.6282

where f]no = jAXnOJAX;w + \ilno. The estimates in (8) are obtained by optimizing the
log likelihood assuming multivariate normality of € in (2), which is equivalent to
minimizing the discrepancy function (b) in (7).

Based on the above structure of Kno, it is hard to identify the natural groupings
of variables. In § 1.3.1, it is discussed that A can be replaced by ./A\Q, where Q € O,.
In order to find a factor loading structure that is easier to explain, rotation of the

factor loading matrix can be used to achieve this goal.

1.3.3. Rotation

According to the rotation criteria discussed on page 372 to page 385 in Rummel
[10], major substantive rotation criteria involve simple structure, parsimony, factorial
wvariance, hypothetical structure, partialling and casual exploration. In some sense,
all those criteria are designed to make the structure of A as simple as possible, with
most elements of A either close to zero or far from zero, and with as few as possible
of the elements taking intermediate values.

Rotation of A to a simple structure typically involves optimizing a function of the
rotated loadings over the family of orthogonal or oblique rotations. The function to

be optimized is called the criterion and is denoted by L£(A*). Detailed discussions



of oblique rotation and orthogonal rotation were given by Browne [11], Browne and
Cudeck [12], and Bernaards and Jennrich [13]. After rotation, factor analysis model

(2) can be written in the following form:
y=p+Af+e=p+ATT 'f+e=p+ Af +e¢ (9)

where T is a nonsingular rotation matrix, A* = AT is the rotated loading matrix,
£* = T~ 'f is the rotated vector of factor scores and Var(f*) = T~1(T)"" = (T'T) ! =

®. Typically, the rotation matrix T is subjected to either of two constraints:
(a) T is a ¢ X ¢ nonsingular matrix and (T'T)~! is a correlation matrix, or
(b) T € O, where O, is defined in Table 56.
The rotation in (a) is called oblique rotation whereas the rotation in (b) is called

orthogonal rotation.

1.3.3.1.  Oblique Rotation: Under oblique rotation, the variance of y in factor

analysis model (9) is
S =AT(T'T) '"T'A + ¥ = A*PA* + ¥, (10)

where A* = AT and ® = (T'T)"! is a correlation matrix. Note that the factor

correlation matrix, ® # I,, which implies that the factor scores, f, are correlated.
For oblique rotations, the quartic loss criterion in Carroll [14], the linear com-

ponent loss criterion in Jennrich [15], and the modified component loss criterion in

Jennrich [15] can be used. A matrix representation of the quartic loss criterion was
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given by Boik [16] as follows:

p q
LIAY) = Ry [tr(AY AP + ko Y (el A"A™el)” + k3 > (e¥A” Ared)?

i=1 j=1

+k4ZZA*4 = (A QX)W @A), where A" =vecA*
=1 j=1 (11>

4
W = Z kiWi, Wi =1Tp,, Wp= qu[veC(Iq)VGC/(Iq) ® Lo p]B/

pq’
=1

W3 =By[La, ® VeC(Ip)VeC/(Ip)]B Wi=Lyng, By=LcK,,&I,

-
tr(-), K, 4, Lo, are defined in Table 56, and &y, ..., k4 are chosen to emphasize different
aspects of the rotated loadings. Clarkson and Jennrich [17] listed the choices of ky,
ks, ks and k4 in (11) that lead to various oblique rotation criteria, such as quartimin
criterion by setting k1 = 0, ko = 1, k3 = 0 and k4 = —1 in (11). The modified
component loss criterion can be written as L(A*) Z h(|A\;]) , where A! is the ith
component of A* = vec A* and h is a component loss function. The component loss
function h, for example, could be defined as h(|A]) = |A|.

Boik [18] showed that the optimally rotated factor loading matrix A* = AT

necessarily satisfies

Do

E(A*);A*’(Iq ® A7) [Iq2 — Lz (2 @ L)] Ay =0, (12)

q q

where Ay = > > (ef@el) e :¢* xqlg—1), hs=qlg—1), fas; = (¢ —1)(j —
=1 j#i

1) +i—I(i > j) and e! is defined in Table 56. Define O as O ' vec A* and

define @4 to be the vector that contains the g(¢ — 1)/2 components in the upper
triangle of ®. If the optimizer of £(A*) is unique, then @+ is identified. There are
pqg+q(qg—1)/2 —q(¢ — 1) = pqg — q(q — 1)/2 identified parameters in A* and ®,
because dim(0x+) = pq, dim(0,) = ¢(¢—1)/2 and A* = AT is subject to the ¢(¢—1)

constraints in (12).
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Oblique rotations may turn the factor loadings A into a simple structure that are
easily interpreted. However, the resulting factors are correlated. Oblique rotation is
a transformation in which axes do not remain perpendicular. Technically, the term
oblique rotation is a misnomer, because rotation implies an orthogonal transforma-

tion.

1.3.3.2.  Orthogonal Rotation: If the matrix T in factor analysis model (9) is an

orthogonal matrix, then it is called an orthogonal rotation. Specifically,
y=p+Af+e=p+ATTf+e=p+ A" +¢€ (13)

where T € O,, A* = AT, £* = T'f, and Var(f*) = Var(T'f) = T'T =1, In
orthogonal rotation, the factor scores, f, are uncorrelated. Furthermore, orthogonal
rotation avoids the issue of interpreting the matrix of factor intercorrelations because
Var(f*) =1,.

For orthogonal rotations, Clarkson and Jennrich [17] listed the choices of ky, ks,
ks and k4 in quartic loss criteria (11) that lead to various orthogonal rotation criteria.
An example of a component loss criterion is to set ky =0, ks =0, k3 =0 and ky = 1
in (11), which is called the quartimax criterion. The quartimax rotation maximizes

P a
a criterion of the form L(A*) = Z Z Ay, where Ay, is the jth component of A*.

i)
i=1 j=1
Boik [18] showed that the optimal orthogonal rotation matrix A* = AT necessarily

satisfies

D

coanaer g ® AT)2N;As =0, (14)

=1 q
where A, = Z Z (ef@ef) e]};'ij: ¢* % [q(g—1)/2], ha = q(qg — 1)/2 and fo,;; =

i=1 j=i+1
&2@_1) +i. Define Oy as Oy < vec A*. If the optimizer of L(A*) is unique,

then @+ is identified. There are pg — ¢(q — 1)/2 identified parameters in A* because

dim(@x+) = pg with the ¢(¢ — 1)/2 constraints in (14).
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Let

q
(lij)=A, and h}=) 1}, for i=1,...p, (15)
j=1

where h? is the communality of the i*" variable and is the proportion of the ‘!
variable’s total variance that is accounted for by all the factors.

Thus far, A can be rotated obliquely as well as orthogonally. All the rotation
criteria tend to give equal weight to variables having very low communalities and
those having near-unity communalities. Kaiser [19] corrected for this tendency by
dividing each factor loading within a given row of the factor structure by the square

root of the communality of that variable.

1.3.3.3. Kaiser Normalization: Kaiser normalization can be applied to any ro-

tation criteria. For orthogonal rotations, it consists of finding the optimal ¢ x ¢
orthogonal matrix T such that the rotated row-standardized loadings are simple,

where the rotated row-standardized loadings are elements of
D2AT, (16)

where D = Diag[diag(AA’)], Diag(-) and diag(-) are defined in Table 56. After the
optimal matrix T is found, then the loadings are restandardized by premultiplying
by D/2.

For oblique rotation, T in (16) is a ¢ X ¢ nonsingular matrix instead of an or-
thogonal matrix, and (T'T)~! is a factor correlation matrix given in (10), where
(T'T)~* # 1,. Kaiser normalization is not used when factors are not rotated because
premultiplying D'/? to D~/2A in (16) does not affect the structure of A.

Note that the diagonal elements of D in (16) are communalities, which are de-
fined in (15). The communality, h?, remains constant under orthogonal and oblique

rotations for e =1,...,p.
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Most statistical computer programs, such as, SAS, R and Matlab, provide options
for several different rotation criteria, such as varimax, quartimax and quartimin, with

options to choose Kaiser Normalization.

A simpler structure of the loading matrix A, in (8) can be achieved by orthogonal
rotations or oblique rotations. The following estimates are obtained in R by imposing

the normal varimax criterion and the quartmin criterion with Kaiser normalization.

0.2347 0.6593 0.0563 0.6692
0.3229 0.5493 0.1901 0.5179
—~ 0.0875 0.5904 - —0.0875 0.6373
Avarimam = and Aquartmin - ) (17>
0.7706 0.1697 0.8129 —0.0483
0.7235 0.2125 0.7465 0.0146
0.5724 0.2103 0.5772 0.0590

where Kwrmm is the estimate for A under the varimax rotation and Kquartmm is the
estimate for A under the quartmin rotation. Note that under the quartmin rotation,

the factor correlation is no longer I, instead the estimate for ® is as follows:

~ 1.0000 0.5161
(ﬁquam‘min = . (18)
0.5161 1.0000

Based on Kqum.tmm in (17), the first 3 variables, {Gaelic, English, History}, have
large loadings on factor 2 and small loadings on factor 1, whereas the last 3 variables
{Arithmetic, Algebra, Geometry} have large loadings on factor 1 and small loadings
on factor 2. This result is consistent with the initial guess of two groups of variables
based on the correlation strength in Ry, of (1).

Thus far we have concentrated on EFA. In EFA, a factor typically influences all
observed variables and the number of factors is not necessarily determined before the

analysis. Although rotation can be used to achieve a simpler structure for loadings
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A, there is no prior structure for A. In contrast to EFA, confirmatory factor analysis
(CFA) seeks to determine if the number of factors and the loadings conform to what

is expected on the basis of theory or experience.

1.4.  Confirmatory Factor Analysis

The researcher’s a prior: assumption is that each factor is associated with a spec-
ified subset of variables. Therefore, there is a prior structure for A. Specifically,
the number of factors is set by the analyst, whether a factor influences an observed
variable is specified, and some factor loadings on observed variables are fixed to zero
or some other constant, such as one. More constraints than needed for identification
are imposed. In CFA, rotation is not necessary because factor loading matrix A
already has a simple structure and A already is identified.

Under CFA, in factor analysis model (2), factor scores have distribution f ~ (0, ®),
where @ is the correlation matrix of the common factors. In CFA, the covariance of

y in (2) can be written as
Var(y) =X = APA' + P, (19)

where there is a prior structure for A.

In short, CFA requires a detailed and identified initial model. In later sections of

this dissertation, results and inferences are made based on CFA.

1.5. Solution Issues

Classify parameter estimates 0 as follows:

(a) a proper or interior estimate: 0 € ©, where © is an open set,

(b) a boundary estimate: 8 € ©, but 8 ¢ ©, where © is a closure set, and
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(¢) an exterior estimate: 6 ¢ ©.

Both (b) and (c) are called improper solutions.
For instance, © for the Bernoulli parameter is (0,1). If @ of the Bernoulli param-

eter is 0 or 1, then it is called a boundary estimate defined in (b). If 8 ¢ [0, 1], then

it is called an exterior estimate defined in (c).

Negative unique variance estimates are called Heywood cases [20]. A Heywood
case is improper because it yields an exterior estimate. However, not every im-
proper estimate is a Heywood case. For example, correlation estimates greater than
one in absolute value are exterior estimates, but they are not Heywood cases. Any
non-positive eigenvalue estimates of a covariance or correlation matrix are exterior

estimates, but not Heywood cases.

Improper solutions have many causes. In the following section, the possible con-

ceptual and empirical reasons for improper solutions are reviewed.

1.5.1.  Causes of Improper Solutions

(1) Improper solutions may be caused by sampling fluctuations in combination with
a true parameter value close to the boundary of proper region (Bollen [4] and
Driel [21]). Rindskopf’s [22] examples show how small factor loadings, factor
correlations near zero, and factor correlations near one can lead to improper

solutions.

(2) Inappropriateness or misspecification of a model can cause improper solutions
(Bollen [4] and Driel [21]). Model specification depends on the researcher’s
substantive knowledge and is specific to each problem (Bollen [4]). In some

cases, there does not exist any factor analysis model that fits 3 (Driel [21]).
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If a model is not identified (unidentified model), then it can cause an improper
solution (Driel [21]). Anderson and Gerbing [23] suggested three or more vari-
ables per factor to decrease the chances of improper solutions. This suggestion

agrees with Theorem 5.6 of Anderson and Rubin [5] for parameter identification.

Outliers or influential observations can lead to distorted measures of association
among the observed variables, which in turn affects the parameter estimators
(Bollen [4]). Tt is wise to check for outliers before using a sample covariance
matrix, particularly when the number of observations is small. Of course, the
cause of the outliers should be sought. In one example given by Bollen [24],

improper estimates were eliminated after outliers were dropped.

Boomsma [25] and Anderson and Gerbing [23] found that small sample size is
associated with the occurrence of improper solutions. Anderson and Gerbing
[23] recommended a sample size of 150 or more to decrease the chances of

improper solutions.

To illustrate the problem of improper solutions, 1000 random samples of sizes

N =

100, 200, and 500 were generated from a multivariate normal distribution, that

iid

is, y; ~ MVN(0,%), for i = 1,..., N, where y; is a p x 1 random vector. Let

b —

of ®,

I'ATY, where @® is the factor correlation matrix, I' is the matrix of eigenvectors

and A are the diagonal matrix of eigenvalues of ®. Recall that 3 can be written

as X = APA' + ¥, where & =T AT".

Design ¥ in the following manner:

A=07xI,®13); &= <51 [(q—61)/(qg — 1)] x 1q_1> ; A = Diag(d);

Y1 =1,(1/va); Y2 €N T=(v17) % =051x13; and ¢ =4;
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where 07 is the largest eigenvalue of ® and is given the value of 2, 3, 3.5, and 3.9 in
the simulation. In Table 1 and Table 2, the percentages of improper solutions out
of 1000 random samples were recorded in EFA and CFA at N = 100,200, and 500.
Also, in Table 3, the percentage of improper solutions were recorded in CFA by using
a model to set the smallest 3 eigenvalues of ® to be homogeneous. A list of possible
models for eigenvalues of ® can be found in Table 4 of Chapter 2.

In this example, when the largest eigenvalue ¢, increases, the other smallest eigen-
values are getting close to 0, that is, the true eigenvalues are close to the boundary.
Consequently, the percentage of improper solutions increases. Also, note that when
sample size increases, the percentage of improper solutions decreases. Compare Ta-
ble 2 to Table 3, the percentage of improper solutions in Table 3 is far less than the
percentage of improper solutions in Table 2. Especially, the percentage of improper
solutions for @ is essentially zero in Table 3. This result suggests that fitting structure
to A has reduced improper solutions and eliminated the improper solutions for ®. In

Chapter 2, there is a detailed explanation on parameterization of eigenvalues of ®.

1.5.2.  Existing Strategies

To distinguish among the first three reasons for improper solutions listed in §
1.5.1, sample fluctuation, model misspecification and unidentified model, Driel [21]
used a confidence region of unique variance based on the estimated standard error
for the exterior estimate. Driel [21] listed three types of confidence regions of unique

variance as follows:

(1) positive values were within the confidence region constructed around the ex-
terior estimate. In this case, the improper solution was interpreted as being

caused by sample fluctuation,
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Table 1: Percentage of Improper Solutions in EFA

01 | N | Heywood Cases | N | Heywood Cases | N | Heywood Cases
2 | 100 0.5% 200 0% 500 0%
3 | 100 4.1% 200 0% 500 0%
3.5 | 100 9.8% 200 2.8% 500 0%
3.9 | 100 16.7% 200 7. 7% 500 3.2%
Table 2: Percentage of Improper Solutions in CFA
Heywood Cases and Improper Solutions
01 | N | Heywood Cases | Improper Solutions for ® for ®
2 | 100 0.5% 0% 0%
200 0% 0% 0%
500 0% 0% 0%
3 | 100 0% 0% 0.5%
200 0% 0% 0%
500 0% 0% 0%
3.5 | 100 0% 0% 16%
200 0% 0% 1.4%
500 0% 0% 0%
3.9 | 100 0.1% 0.1% 88.3%
200 0% 0% 79.5%
500 0% 0% 55.4%

Table 3: Percentage of Improper Solutions in CFA with model fitting for A

Heywood Cases and

Improper Solutions

01 | N | Heywood Cases | Improper Solutions for ® for
2 | 100 0.1% 0% 0%
200 0% 0% 0%
500 0% 0% 0%
3 | 100 0% 0% 0%
200 0% 0% 0%
500 0% 0% 0%
3.5 | 100 0% 0% 0%
200 0% 0% 0%
500 0% 0% 0%
3.9 | 100 0% 0% 19.9%
200 0% 0% 9.1%
500 0% 0% 1%
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(2) the confidence region constructed around the exterior estimate did not include
any positive values. In this case, there may not exist any factor analysis model

that fits the data,

(3) the confidence region was much larger in one direction than in the others. In
this case, the cause of the improper solution may result from an unidentified

model.

Bollen [24] described a multidimensional outlier screening device, explained the role
of outliers in generating improper solutions and recommended that analysts screen
data for outliers before estimating a factor analysis model.

When improper solutions occur and the model is not believed to be misspecified,
one can use equality or inequality constraints to force the estimate to be proper.
Lawley and Maxwell [2] suggested that when a Heywood case is encountered, the
corresponding unique variance should be set to zero or some very small value, and
the parameters of the model can be estimated again. Lee [26] pointed out that
fixing nonpositive variance estimates at zero is not perfect, especially when more
than one Heywood case is encountered. Lee [26] also provided an artificial example
to illustrate that estimates produced by using inequality constraints are better than
estimates produced by fixing nonpositive estimates at zeros. To prevent Heywood
cases, Bentler and Weeks [27] fixed unique variances at one and estimated the linear

coefficients. To be more specific, consider the following factor analysis model:
y = p+ Af + Dge, (20)

where D, = Diag(ay, g, as, - -+, o) and Var(e) = ¥. Conventionally, D, is defined
to be I, and W is estimated. In contrast to the above usual practice, Bentler and

Weeks let ¥ = I, and D, is estimated. Accordingly, Var(Dy€e) = DoI,Dy =
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: 2 2 2 2
Dlag<a17 Qg, A3, ", Oép).

As the estimate of each unique variance is equal to the
square of the estimated unique factor loading, it is constrained to be nonnegative.
Rindskopf [28] used Bentler and Weeks approach in a variety of other situations

besides Heywood cases, such as constraining parameters to be greater than a specified
value or imposing ordered inequalities.

Thus far, existing strategies for avoiding improper solutions have been heavily
concentrated on the Heywood case, which refers to a negative estimate of unique
variance W. However, in the structural equation model (4): ¥ = APA’ + ¥, an
improper solution also could be an exterior estimate of factor correlation ® (e.g. a
negative estimate of an eigenvalue or a correlation estimate out of range). To ensure
an interior estimate of unique variance ¥ does not guarantee all the other estimates

of the components of 3 are proper.

Bentler and Jamshidian [29] discussed the issue that factor correlation estimates
of ® can be improper. Bentler and Jamshidian [29] obtained estimates of A, ® and
¥ by minimizing the maximum likelihood discrepancy function under constraints
on eigenvalues of ®. The maximum likelihood discrepancy function Bentler and
Jamshidian [29] used is F'(X,S) = trace(X7'S) —In|X~'S| — p, which is the discrep-
ancy function (b) in (7). The constraints Bentler and Jamshidian [29] used were to set
all the eigenvalues of ® to be non-negative. From the examples given in Bentler and
Jamshidian [29], it can be concluded that Bentler and Jamshidian [29]’s approach
allows boundary estimates. Specifically, one or more eigenvalue estimates can be
0. If one or more eigenvalue estimates of ® are 0, then factor correlation matrix
® is no longer full rank, therefore, one of the factors is linearly dependent on the
others, which can cause interpretation problems. In Bentler and Jamshidian [29],

the numerical solution was provided; but no standard errors for the estimators were
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given. Also, none of asymptotic theory for the discrepancy function was provided,

therefore, no tests, such as goodness of fit tests, can be performed.

After surveying existing strageties for avoiding improper solutions, it is worth-
while to investigate how existing programs handle improper solutions. The following
discussion is based on the most current available versions of the two program packages
R-2.15.1 [30] and SAS(STAT 9.2). These two packages are examined with respect to

estimates of ® and W.

1.5.3. Factor Analysis Programs in R and SAS

First, the sem package [31] in R can be used to estimate EFA and CFA parameters.
Specifically, the EFA model can be specified using the factanal( ) function with various
orthogonal and oblique rotation options. The argument lower in factanal( ) sets the
lower bound for estimates in ¥ to be 0.005 by default, where 1) is given in (3). The
GPFoblq( ) function in the GPArotation package can be used to obtain the rotated
loadings matrix and the covariance matrix of the rotated factors based on an initial
loadings matrix and a given rotation criteria. The CFA model can be specified using
the specifyModel() function. But no options in specifyModel() are provided so that

estimates for @ or W are proper.

Secondly, PROC CALIS or PROC FACTOR in SAS can be used to fit the EFA
model, but only PROC CALIS can be used to fit the CFA model. In PROC FAC-
TOR, the option HEYWOOD|HEY sets any communality greater than 1 to 1, where
communality is defined in (15). When a communality equals 1, the corresponding
uniqueness is 0. This means that HEYWOOD|HEY in PROC FACTOR allows im-
proper estimate 0, although it prevents Heywood cases. In PROC CALIS, either
the LINEQS statement or the FACTOR statement can be used to estimate EFA

or CFA parameters. No option is mentioned in the LINEQS statement regarding
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any constraint for estimates of ® or W. The option HEYWOOD|HEY under the
FACTOR statement in PROC CALIS constrains the unique variance estimates to
be nonnegative, which prevents Heywood cases, but allows improper estimates 0. In
summary, neither PROC FACTOR nor PROC CALIS provides options to constrain
estimates for ® and ¥ to be proper. MacCallum [32] provided a discussion on SAS,
BMDP, and SPSS, with respect to how, and whether, those packages treat improper
estimates of ® and Heywood cases. Nevertheless, SAS should be used with caution

for factor analysis because SAS allows improper estimates of ® and W.

In Chapter 5 of this thesis, examples are given to demonstrate proper estimates
generated by R and SAS, and also examples are given to demonstrate improper esti-

mates generated by R and SAS.

In closing, none of the existing strategies or computer packages discussed here
completely eliminate improper solutions in factor analysis, which leads to the purpose

of this dissertation.

1.6. Dissertation Outline

The goal of the present dissertation is to provide a solution such that all the
estimates of the components of X are proper, which includes proper estimates of

eigenvalues of ®. The following includes the tasks of the present dissertation:

(1.) Develop statistical theory to perform hypotheses tests, such as goodness of fit
and model comparison tests to determine the number of factors, structure of A

and structure of ®, especially under non-normality of responses.

(2.) Develop statistical theory to compute confidence regions for functions of pa-

rameters, under non-normality of responses.
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(3.) Develop a stable algorithm to estimate parameters, which would be robust to

data set variability and converge with high probability.

(4.) Apply to real data sets and compare to conventional methods.
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CHAPTER 2

MODEL AND PARAMETERIZATION

2.1. Model and Parameterization

In this chapter, principal component models are applied to confirmatory factor
analysis. Parameterizations of factor loadings and unique variances are presented.
A parameterization of eigenvalues and eigenvectors of the correlation matrix among

factors also is given.

2.2.  Embed Principal Component Structure into CFA

In Chapter 1, the basic factor analysis model, y = p+ Af + €, was given in (2). In
this model, the p x p covariance matrix of y in (4), is ¥ = A®A’+ ¥. To embed the
principal component structure into CFA, one can write the ¢ x ¢ factor correlation
matrix ® in diagonal form: ® = I'AT", where A = Diag(dy,--- ,0,) is a matrix of
eigenvalues ® and I' = (v,,--- ,7,) is a matrix of eigenvectors of ®. Then, the p x p

covariance matrix X can be written as follows:
3 = ATAT'A' + . (21)

Let 6y, 65, 0, and 6,, be vectors of unknown parameters. The quantities, A, A,
I' and ¥ are parameterized as functions of 6y, 65, 6, and 6, such that A = A(6y),
A = A(65), T =T(65,0,) and ¥ = ¥(6,). The parameters are arranged in a vector,
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0:
N dim(6y) 1
6 dim(6, %
I ., where (65) N
o, dim(6,) Vs
Oy dim(6y) Vs

and dim(+) stands for the dimension of vector. Define v as v = vy + v + v3 + 4. For
notational convenience, rewrite 6 as @ = (6, 0, 05 0,) = (6 6; 6, 6,), where
0; has dimension v; x 1.

An example for derivative notations of this thesis is given next. Let W be a

matrix function of @. Derivatives of W with respect to @ are denoted as

pn dt W e g W
wié 80 ’ W;61,6; 801 ® 802’ (22)
def PW

D®

= d so forth.
W00 — 50 500,000, and so for

2.3. Parameterization of CFA Model

2.3.1. Parameterization of Factor Loadings A

The structure of factor loadings A can be divided into two parts, one part is known
and the other is unknown. In CFA, the known part of A comes from prior knowledge.

Let A = vec(A) with dim(A) = pg x 1. The structure of A can be expressed as
)\ = W1L1 + Wge)‘, (23)

where W and Wy are known design matrices of full column-rank, L; is a known
vector and 6y is an unknown vector with dim(6y) = v;. Typically, the components
of Wi and W, are 0’s and 1’s. Without loss of generality, the matrices W; and W,

can be assumed to satisfy WiyW7 = 0. A proof is as follows:

A == W1L1—|—W20)\
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= HL,W,L; + (I, — H))W,L, + W16,
because Wy = HyW; + (I, — Hy)W,, where Hy = ppo(W5)
= (I, — Hy)W;L; + W05

= W'L; + W,6;,

where W* = (I,, — Hy)Wy, 05 = 6, + (WLW,)'"WIW, Ly, WL,W* = 0 and ppo(+)
is defined in Table 56.

It follows from (23) that the parameter vector Ox can be expressed as Oy =
(WLW,) " 'WEA.

For example, suppose that the factor loading matrix A is

1 0
0.73 0.22
0.81 0.38

0 1
0.27 0.90

0.13 0.77

Assume that the values at coordinates (1,1), (1,2),(4,1) and (4,2) in A are known

and that the remaining eight values in A are unknown. The matrices Wy, L; and
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W, in (23) are the following:

1 0 00 00 0 0O 0 0

0 0 0 O 1 0 000 OO

0 0 0 O 01 0 0O0O0TO0OTO 0.73

0 010 00 0 O0O0O0OTO0TO 0 0.81

0 0 0 O 1 001 0O0O0O0GO 0.27
W, — 0 0 0 O L — 0 W, — 0001 O0O0O0O0 and 6y 0.13

01 0 0 0 00 0 O0O0O0TO0TO 0 0.22

0 0 0 O 1 000 O0T1O0O0TGO0 0.38

0 0 0 O 000 O0O0OT1TO0TO0 0.90

0 0 01 00 0 O0O0O0TO0TO 0 0.77

0 0 0 000 O0O0OO0OT1FPO0

0 0 0 O 000 O0O0O0OO01

Note that the columns of W that correspond to 0 in Ly can be dropped. Also, column
permutations of W; and Wy and row permutations of L; and 6y are allowed because
W,L; = W,P|PL; and W0, = W,P,P,0,, where P; and P, are permutation
matrices.

The first three derivatives of A with respect to 6y are

D" =w, D% =0, and D¢ =0

) )
;04 ;605,05 PgXVi) ;65,6565 (24)

3.
PGX VY

2.3.2. Parameterization of Eigenvalues of ®

Arrange the eigenvalues of the factor correlation matrix ® into a ¢ x 1 vector
6 = diag(A), that is, A = Diag(d), where diag(-) and Diag(-) are defined in Table
56. Note that
q q

q
vec(A) = vec (Z e?@e?) => (el@el)s;=> (el @el)els =Ly 0,
=1

j=1 j=1
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where e? and Ly, are defined in Table 56. It follows from L/21,qL217q = I, that
0 = Ly, , vec(A).

It is assumed that the g-vector of eigenvalues, 9, is a differentiable function of 6y,
where 65 is a vy X 1 vector of unknown parameters. Furthermore, § = §(65) must
satisfy 1,6 = ¢ because tr(®) = q.

Table 4 provides a list of possible structures for eigenvalue parameterizations.
Structure la to structure 3b were proposed by Boik [33]. From structure 1b to 3b, if
there are no constraints imposed on §, then &; is equal to 5. Otherwise, the parameter
&; is an implicit function of G5, which can be shown by the implicit function theorem
and also was described by Boik [34]. In general, the relationship between 65 and &;
depends on the constraints imposed.

For structure 1la, structure 1b and structure 4, Ts is a known full column-rank
design matrix with dimension ¢ X ¢o and ® is defined in Table 56. For structure 2a to
structure 3b, Ty and Ty are known full column-rank design matrices with dimension
q X q1 and q; X @g, respectively. In Table 4, each of C; : ¢ X r. and ¢cg : 7. x 1 is a full
column-rank matrix of known constants and stated dimensions.

Structure 4 is written as follows:

&1
§=To&" =To(§0&) =T | 1 |, (25)

&1
where the design matrix Ty has no negative entries. It follows that all entries in &
are non-negative. Furthermore, ® is non-negative definite. Structure 4 in Table 4
is motivated by Bentler and Weeks’ [27] idea on how to parameterize nonnegative
unique variances in ¥. For the remainder of this section, all the discussions are based
on structure 4 in Table 4. Structure 4 is used in §5.2.2.1, which is used to generate

nonnegative eigenvalue estimates for ®.
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Table 4: Eigenvalue Structures for Correlation Matrices

Optional Requirements on
Structure for 6 Constraints T, Ty & C,
1T, # 0
Jh 5 WC/| =1/ and
la. TQ&; C’1(5 = Cp h,CO —q ! g
rank(C|Ty) = r.
1:1T2 =0
1b. 1, + Ty&; Cid =co Ci1,=0
rank(C|Ty) = r.
1;T; #0
qT1 expe{ T2&;} , 1’ T, =0
2a. Cd=c a
1£]T1 exp@{TQQS} 1 0 rank(C’Tl) =r.
C=C;—-1,4'¢
1T, £0
T T q
2. 1q - expot T2£5} C/ Ino () = 1 T, =0
7 T1expe{ Ta&s} rank(C|Ty) = .
1T, #0
o, 4T1expe{ Toks} : 9 \ _ i 7é_
c. — Ci Ino T | =c 1, T2 =0
1/ T expe{ T2&;} ki

rank(C|Ty) =,

3a.

qexpo{T; expo[T2&]}

1/ expo{ T} expo[T2&]}

1;T1 =0
rank(C|T) = r.

qexpo{T; expo[T2&]} , 1) 1T, =0
3b. CiIn =c N
1 expo{Trexpo[To&s]} 1 B[+ O rank(CyTy) =7,
T5 has non-negative
entries
4. Ty C'6 = cg Sh 5 W'C} = 1/ and

h/C() =q
rank(C|Ty) = 7.
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Let m = (m; my ... my) be the vector of eigenvalue multiplicities, where
k

Zmi = ¢. The multiplicity of a eigenvalue is the number of times of this eigen-
i=1
values appears in §. For example, if § = (1.5 1.5 1 0.5 0.5), then m = (2 1 2)’. The

parameterization in (25) allows arbitrary eigenvalue multiplicities.

The design matrix T, in structure 4 can be used to model linear relationships
among 01, ...,0,. One can manipulate the structure of T to obtain structures as

follows:

(1) If the distinct eigenvalues are unordered, then Ty can be written as

k k
Ty, = EB 1,,,, where Zm, =q.
i=1 i=i

(2) If all eigenvalues are ordered from large to small with ¢ = 3 and m = 15, then

T, can be written as

1 11
To=111 0
1 00
(3) If all eigenvalues are ordered from large to small with ¢ = 4 and m =

/
(2 1 1> , then Ty can be written as

1 11

1 11
T2:

110

1 00

From structure la to structure 3b, Boik [33] provided expressions for first, second,
and third derivatives of & with respect to 6s. First, second and third derivatives
of structure 4 are given in Theorem 2, which can be used for point estimation and

statistical inferences, such as interval estimation in Chapter 4.
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Theorem 2. [Adapted from Boik [35], Supplement, 2009, Theorem 13, Page 15]. Let

0 be parameterized as structure 4 in Table 4. Define Dgs and Ws as

D, def Diag(&;) and Wy def ClngDg‘;- (26)

Assume that Cy has been chosen such that the r. X g matric Wg has full row-rank.

Write the singular value decomposition of W as follows:
W; = UsDs Vg, where
Us € O(re), V5= <V5,1 V(w) € O(g2), (27)
Vsi € O(qa, 1), Ds= (Dé’l Orcx(qzrc)> , and D5, € D (r.).

Then,

a. the parameter & can be written as & = Vins + VaOs, where ng = V&, 05 =
V55, Vi= Vs, and Vo = V5,

b. the parameters mg and & are implicit functions of 05. Therefore, Ong /005 and
0&;/005 exist;

c. [Original result|. the first three derivatives of & with respect to 05 can be written

as follows:
Dfsg;z)g,og = 2T, (I, — Pg,) (V4% V3)', and

(3) _ (2) ay \’
Dioor60 = 2T2 (I, — Py,) (Dga;eg,eg * D§6?9c§> J.,, where

DV =V, D

-1 (1)
&0, Dg P <D

) — / ) ! .
Do = ~Dgs &6 " eg) , Pg = D W Ci Ty,

(1
&
* s the Khatri-Rao column-wise product, J,, and IN,, are defined in Table 56
and DT (r.) is defined in Table 57; and
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d. [Original result]. Pg; is a projection operator.

The notation used in Theorem 2 is consistent for the remainder of the thesis,
unless otherwise specified. The following Theorem 3, Theorem 4, Theorem 5 and
Corollary 5.1 provide relevant properties of Dfsl;éé and 65 and assume that Wy has full
row-rank.

Theorem 3. [Original result]. Let § be parameterized as structure 4 in Table 4.

1

Suppose that the q X qo design matriz Ty has full column-rank. Then Da-()ag has full

column-rank if and only if & ; # 0 fori=1,2,...,q.

Theorem 4. [Original result]. Let § be parameterized as structure 4 in Table 4. If

Dgl,()% does not have full column-rank, then @5 is not identified.

Theorem 5 below provides discussions on the dimension of 6.

Theorem 5. [Original result]. Let § be parameterized as structure 4 in Table 4. If

T2 has full column-rank and & ; # 0 fori=1,2,...,q, then

a. The dimension of Os is Vo = qa — 1¢

k k
b. A special case of part a: if Ty = @ 1, and Z m; = q, then v, =k —r,.

=1 =1

Corollary 5.1. [Original result]. Let § be parameterized as structure 4 in Table
4. If To =1, no entry in & is 0, Cy = 1, and ¢y = q, then Vi = &//&'E;,
R(V2) =N(&'), 05 =0 and v, = q — 1.

For structure 4 in (25), if there are one or more values in & that are 0, then the
dimension of & needs to be modified so that &, # 0 for © = 1,2,...,¢o and the
structure of Ty needs to be modified accordingly. The reason for these modifications

is as follows: if &, # 0 fori = 1,2, ..., gz is not satisfied, then Dfsl;z)(§ does not have full
1)

56! does not have full column-rank,

column-rank by Theorem 3. Furthermore, if D
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then 65 is not identified by Theorem 4. Therefore, if there are one or more values in
& that are 0, then the corresponding column of Ty should be removed and & should

be modified accordingly. This is illustrated by the following example.

Example. Suppose that

111 & G+&+6
To=|1 1 0| and & = [ ¢, |, then 6 = T2&™* = €2 4 £2 . (28)
100 & &

If &3 =0 in (28), then

G+8& 11 ‘
0 = To&%% = T3, = 42|, whereTy=[1 1| and & = ; . (29)
2
& 10

For the above example, Ty and & are modified to be T3 and &5, respectively.
Given there is only one constraint, 156 = 3, imposed for § = T5&%?, the dimension

05 is v = 1 by Theorem 5.

2.3.3. Parameterization of Eigenvectors of ®

The parameterization of eigenvectors of ® is adapted from the eigenvector pa-
rameterization in Boik [34]. Boik’s eigenvector parameterization [34] is based on the
trivial equality I' = I,I', where I' is a matrix of eigenvectors of ®. Let I'g be a ¢ X ¢
orthogonal matrix in a small neighborhood of I', which means I' &~ I'y. The identity
matrix I, can be written as I, = T'oI'j. Then I' = I,T' = I'(\I{T. Let G = I'{T
and note that G € O(g). It follows that G ~ I, because I' =~ I'y. To develop a
parameterization for I', the matrix I'y is treated as known whereas G is treated as
unknown and is parameterized locally near G = I,. The above approach employs

the implicit function-based parameterization approach in Boik [18]. The assumption
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that the matrix I'y is treated as known is not made in Chapter 3 when parameter

estimation is discussed.

By orthogonality, G is subject to (g + 1)/2 constraints. If each eigenvalue has
multiplicity 1, then G can be parameterized using at most g(¢ — 1)/2 parameters.
These g(q — 1)/2 parameters correspond to the ¢(¢ — 1)/2 elements in the upper
triangle of G. To be consistent with the previous notation, let m = (m; mg - -+ my)’

be the vector of eigenvalue multiplicities, where Zle m; = q. The columns of G can

be partitioned as follows:

G:<G1 G, - Gk). (30)

gxXmi  gXxXma gxXmyg

Accordingly, the diagonal form of ® can be rewritten as follows:

k
& = TAI' = [,GAGT) = Y ToGsiL,,GT,
i=1

k k
i=1 i=1

where Q; € O(m;).

(31)

Note that the correlation matrix, ®, depends on Gj solely through G;G) =
G;Q;Q;G). If any eigenvalue multiplicity exceeds one, say m; > 2, then the columns
of G; can be rotated to annihilate the m;(m; — 1)/2 elements just above the main
diagonal of G;. Specifically, the orthogonal matrix Q; that annihilates entries in G;

can be computed using the QR decomposition:
G, = Q;R;, (32)

where Q; is orthogonal and R; is upper triangular. Based on (32), it can be concluded
that
G;Q; =R, (33)
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where R is lower triangular. Thus, the m;(m; — 1)/2 elements in the upper right-
hand corner of G; have been annihilated. Accordingly, the m;(m; —1)/2 elements in
G;Q; above the main diagonal of G can be arranged to be zeros through permutation.

Furthermore, the number of remaining parameters in G is

k
Vi :q(q—l)/Q—Zmi(mi—l)/Qz %(qQ—m’m). (34)

Let 6 be a parameter vector of length 13, whose components correspond to the
non-annihilated elements that are above the main diagonal of G. Let n* be an implicit
function of 07*, whose components correspond to the ¢(¢+1)/2 elements that are on or
below the main diagonal of G. For example, if ¢ = 4 and the vector of multiplicities

ism = (1 3), then G can be written as follows:
mo| 05 05, 05
il w00 _(

G, Gz). (35)
ny | ms Mae O

4x1 4x3

ny | Me M3 Mie

In Boik [34], vec G was written as

g © ec G = An) + A0, where dim(A,) = ¢ x vj,

2q—jG-1 . 36

q+1)
2 T

q
A=Y Y e, n= T

j=1 i=j

fij =

and A, is a known indicator matrix. These matrices satisfy AJA; =1 for i = 1,2;
Alg =nj; Ayg = 6; and AjA,; = 0. Also, note that dim(A;) = ¢ x qlg+1)/2. In

addition to G € O(q), G must satisfy
el'®el! =1, fori=1,...,q, (37)
where ® = I'/GAG'T| and A = A(J). Equation 37 can be reduced as follows:

el'®el! =1, fori=1,...,q—1, (38)
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because d is parameterized to satisfy 1,6 = q. Let ® = {¢;} for i € {1,2,...,q}
and j € {1,2,...,q}. Besides orthogonality, Boik [34] expressed these additional

constraints as 1,8 = ¢ and

(bll - ¢qq

C; vec(®) = 72 _ bo =0, (39)

Plg-1)(g—1) — Paq

where C3 = Ly (K, K= (I,.1 — 1q_1)', and Ly, 4 is defined in Table 56. Accord-
ingly, imposing (39) reduces the number of identified parameters in G by g — 1.

Similar to the approach described in Boik [34], the expression of vec G can be
written in the following manner: let V € O(vj) such that V = (V3 V,), dim(V3;) =
vi X (q—1), dim(Vy) = vi X v3, vr3 = v — (¢ — 1) and ViV, = 0. The equality
0, =VV'0, = (V3V;+ V,V)) 8] implies that

g = vec G = (Al A2V3) ’I’],Y + A2V407 = Al?’]%l + A2V3’I’],Y,2 + A2V497, (40)
where g is defined in (36), n, = (0}, 7,,)", M1 =1, My = V36,7, and 6, = V,6].

Thus far, there are two constraints imposed on (65, 8,), GG’ = I, and C} vec(®) = 0.

Theorem 6 is needed for deriving Theorem 9 results.

Theorem 6. [Boik [35], Supplement, 2009, Theorem 1, Page 60]. GG’ =1, &
D; vec (GG’ —1,) = 0.

By Theorem 6, the two constraints imposed on (65, 6) can be written as follows:

D] vec (GG’ — 1)
h(n,:65.64) — ~o. (a1)
C, vec(®)
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The following results, which were provided by Boik [18], are useful for later compu-

tations.
(a) DJA; =T+, (b) AiD;A; = Ky A, and (c) AiD;vecI = vecIp,
2
(42)

where A; and A, are defined in (36). Theorem 7 and Theorem 8 are constructed
for the use of later theorems. Theorem 7 is given first because Theorem 8 needs the

result from Theorem 7.

Theorem 7. [Boik [35], Supplement, 2009, Theorem 1, Page 61]. Define W, as

def

W, = C;(TA®T)2N_ Ay, (43)

where Cj is defined in (39), Ay is defined in (36) and N is defined in Table 56.
Assume the 1y, x v3 matric W, has full row-rank, where r, = ¢ — 1 and vj is defined

in (34). Write the singular value decomposition of W, as follows:
W, =U,D, V., where U, € O(r)
Vo= (Vo Vi) €008, Vo€ 003m), (aa)
D, = (D%1 Orkx(ugrk)) , and Dy 1 € DF(ry).

Choose V3 to be any matriz whose columns form a basis for R(W,’Y), then the matriz

Oh(m,;05,0,)/0,|
neighborhood of G = 1.

is nonsingular and m., is an implicit function of (s, 6,) in a

For the remainder of the thesis, assume that W, has full row-rank and V3 form
a basis for R(W,). Theorem 8 is needed for later theorems, such as Theorem 9 and

Theorem 10.

Theorem 8. [Boik [34], 2003, §2.3, Page 683]. G =I,<=#6, = 0.
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First, second and third derivatives of vec 3 with respect to @ are needed when
estimating parameters and conducting statistical inferences. First, an expression for
the first three derivatives of vec G in (40) with respect to 6., evaluated at 6, = 0

and I'y = I, must be found, which are given in Theorem 9.

Theorem 9. [Boik [33], Supplement, 2010, Theorem 29, Page 84]. The first three
derivatives of vec G in (40) with respect to 6, evaluated at 6, =0 and 'y =T, can

be written as follows:

D(gl;, = 2NIA,V,,
D), = [(Ip—Py) AiDT, ; + 2N A, W, Cy(T @ T)[L, ® vec' (A) @ I,]]
(1) ()
X (Dg;e4 ® Dg;%) , and
D‘””;Mb,4 = — [2NIA,WICy(T @ D[, ® ved(A) @ 1] + (I — P,) A\ DI, ,}

X

<K Dgg)elel ®D( )JQI V3

where Py = ZNjAQWng (TA®T), D, 1,5, Ja1.0,, NqL are defined in Table 56 and

W,;“ is the Moore-Penrose inverse of W, .

Theorem 10. [Adapted from Boik [33], Supplement, 2010, Theorem 29, Page 84].
Assume that W, has full row-rank and Vi3 = V,1. The derivatives of vec G in (40)

with respect to 05 and 6, evaluated at 8, = 0 and I'y =T, can be written as follows:

! 1)
D, = —N,A;W;Cy(T @T)Ly,Djy,,
@ @ "

Dg;og,eg = (Iq -P,)A DqI; 3 (Dg;% ® Dg o )

+ QNjAQWng[F ® ved' (A) @ T (D(gl;;g ® D(gl;;é)

— N AW, C4(T @)L D),

— ANLAWICLIT @ ved(I,) @ T](Loy D)

1)
50, © Doy N

(2) B 1) 1)
D — (I — P,) A, DY (Dg;%@)Dg;%)

g:65,6, 9793
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+ 2N AW YT @ ved'(A) @ T) (DY, @ DY), )
- 2N;A2W$Cg[r @ ved'(I,) @ T)(La1 Dy, @ DY),
DSZ,(;,%% = -1, ) AIDT o + 2N A, W C4[T @ ved'(A) @ T}
X (K D" 39,9, ®D( ) Jo1u,
— 2N AW CY[T @ ved'(I,) @ T
X [(K DY), 4 @ Loy Dy 2)5) + <L21 DYy © DSZ)(S)] To1 0
+ 2N AW CY[T @ ved' (I,) ® ved'(I,) @ T
x (DL ® Lo DYy @ DY) [(Kiyp @ L) + (L, @ 2N,,)
_ N;Agchg(r @ T)Lo1 Dy 0
Diyoe = —{(lz—Py) AiDT 5+ 2NJ AW C)T @ vec(A) © T}

2 1
X <K D( )9/9/ X D( > J21 \Ual3 + (K%QD(g;)Béﬂé ® D(g,)%)]

— 2N, AW CY[T @ ved'(I,) @ T

% | (KaaDgager @ LoDy ) Javemws + (LaraDiiy © Dy )|
+ 2N, AW C4[T @ ved (I;) ® ved'(1,) @ T
x (D(gl;«z)a' ® L21,qD(1)0/ ® D > I 0
and
D’ ;= —{(Ip P ADJT, 5 + 2Ny A, W) 4T @ vec(A) @ T}
X [(K‘I’quz{;ﬁ; ® D(gl;)%) (IV2V2 +L,® KVS,VS) (D(lé’ ® Dg o y)]
— AN AW CH[T @ ved'(I,) © T Loy, Dy © D2 )

+ 2N AW CY[T © ved' (L) ® ved'(I,) @ T

% (D(l)/ ® L21 qD(IO/ ® D(gl@/> (KV3:V2 ® IV3) )
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where Py, = 2NqLA2W7+C'§3 (TA®T), I3, Ja1.u,, Nj are defined in Table 56, Wj
is the Moore-Penrose inverse of Wa, Ja1 00, = Kigug oy + L, @ Koy pyand J3, . =

Il/%ljg + KV27V2 ® Il/3'

Theorem 10 is based on the results from Theorem 29 on page 84 in the supplement
of Boik [33]. Certain substitutions are made for the use of this thesis. The proof is
similar to that of Theorem 9 and is omitted. The derivative expressions in Theorem

10 were checked numerically.

2.3.4. Parameterization of Unique Variances ¥

Define the diagonal entries of the unique variances matrix ¥ by ), that is, ¢ =
diag(WP).

Table 5 provides a list of possible structures for 1. Structure la to structure 4b
were proposed by Boik [35]. From structure la to structure 4b, Boik [35] provided
expressions for first, second, and third derivatives of @ with respect to 0{# and dis-
cussed how to obtain initial guesses for &, 6y and 1. From structure 1b to 3b, if
there are no constraints imposed, then & is equal to 6. Otherwise, the parameter
&, is an implicit function of @y, which can be shown by the implicit function theorem
and also was described by Boik [34]. In general, the relationship between 8, and &
depends on the constraints imposed.

For structure 1la, structure 1b and structure 5, Ty is a known full column-rank
design matrix with dimension p X p, and © is defined in Table 56. For structure 2a to
structure 3b, T3 and T, are known full column-rank design matrices with dimension
p X p1 and p; X po, respectively. The structure of structure 5 in Table 5 is motivated
by Bentler and Weeks’ [27] idea on how to parameterize nonnegative unique variances

in .
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Table 5: Eigenvalue Structures for Unique Variances

Optional Requirements
Structure for ¥ Constraints on T3, T, & C;
o 1, # N(T))
la. Taly Ci9p = <o rank(C|Ty) =1,
- 1, ¢ A(T)
1b. T4&, 1‘11 = ¢y rank(C'Ty) =1,
b C=C, - L,
/
2a. Tyexpe{Ts&,} Clp = ¢ 1,  N(T3)

rank(C}Ts) =1,

2b T3 eX]Z)@{T4£,¢,}

1, & N(T%)
rank(C|Ts) =1,

1, ¢ N(T%)
- T3 expe{ T2, } Clp . 1, € N(T))
Ut 1/ T3 expe{ Ta&y} tre 0 rank(C'T3) =1,
C= Cl — 1pC6
1, € A/(T)

da. & expo {T; expo [T25¢,2} ¥

rank(C|T3) =1,

4b. 01/,71 exXpo {T?) €XpPo (T4€'¢') }

1, € N(T3)
rank(C|Ts) =1,

5. Tagy?

All entries in Ty
are non-negative
rank(C|Ty) =1,
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Structure 5 is examined in details because this structure is new. The structure is

written as follows:

P = T4€$2 =Ty 0&) =T, : ) (45)

£¢2

P2
where the design matrix T4 has no negative entries. It follows that all the eigenvalues
in 7 are non-negative. Accordingly, the factor correlation matrix ¥ is guaranteed
to be non-negative definite. The design matrix T, in (45) is used to model linear
relationships within ¥ and manipulate multiplicities of 7. In § 2.3.2, examples can be
found regarding the structures of Ty in structure 4 and multiplicities of ¢. Examples
regarding the structure of T, and multiplicities of 1 are omitted because of the
similarity between the parameterization of eigenvalues of ® and parameterization of

eigenvalues of W.

First, second, and third derivatives of structure 5 are used for point estimation
and statistical inferences, such as interval estimation. Expressions for the derivatives
for structure 5 are given in Theorem 11. The structure of Theorem 11 is adapted
from Theorem 13 of Boik [35].

Theorem 11. [Original result]. Define D, and Wy, as

def

D;, < Diag(,) and Wy = C{T,D,. (46)

Assume that no entry in 54, is 0 and C; has been chosen such that the r, X py matrix

W, has full row-rank. Write the singular value decomposition of Wy, as follows:
Wy, = U,D,V,,, where
Uy € O(rp), Vy= (le Vw,g) € O(p2), (47)

Vy € O(p27rp>7 Dy, = (Dw,l Orpx(pzrp)> , and Dy, € D+(TP)'



43

Then,

a. the parameter &, can be written as &, = Vin, + Va6, where n, = V1§,
0¢ = Vé&p, V1 = V¢71, and V2 = V¢,2;

b. the parameters m,, and &, are implicit functions of 6y,. Therefore, 8n¢/80{b and
D&,/ 00y, exist;

c. the first three derivatives of 1 with respect to 6y, can be written as follows:

D)y =2TiDg, D), = 2TuD;, Vo,
Dij)g/ 0, = 2T, (Ip2 — P&p) (V5 % V'Q)/, and
ng)o’ o0 = = 2T, ( P5¢> (Dgp)/e’ o (52:%>/J1,4, where
Diyg, = Vi Dijage, = ~DgPe, (D *DLy) + Pe, = Dy WICIT,

x 1s the Khatri-Rao column-wise product, J,, and N,, are defined in Table 56
and D™ (r,) is defined in Table 57; and

d. Pﬁw 1S a projection operator.

The proof is similar to that of Theorem 4 and is ommited. The derivative expres-
sions in Theorem 11 were checked numerically. Relevant properties of DE;,)% and 0,
are given in Theorem 12, Theorem 13 and Theorem 14. Theorem 14 is given below

regarding the dimension of 6.

Theorem 12. [Original result]. Suppose that the p X po design matriz T4 has

full column-rank. Then Dgpl)% has full column-rank if and only if &,; # 0 for

i=1,2,...,ps.

Theorem 13. [Original result]. If D), does not have full column-rank, then 0y is

P 9'
not identified.
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Theorem 14. [Original result]. If Ty has full column-rank and &,; # 0 for i =

1,2,...,ps, then

a. The dimension of Oy is vy = pa — 1)

k k
b. A special case of part a: if Ty = @ 1, and Z m; =p, then vy =k — rp,.
i=1 i=1

Theorem 11, Theorem 12, Theorem 13 and Theorem 14 are quite similar to The-
orem 2, Theorem 3, Theorem 4 and Theorem 5, respectively. Therefore, the proofs
of Theorem 11, Theorem 12, Theorem 13 and Theorem 14 are omitted. The notation
used in this section is consistent for the remainder of the thesis, unless otherwise
specified.

For structure 5 in (45), if there are one or more values in &, that are 0, then
the dimension of &, needs to be reduced so that §,; # 0 for i = 1,2,...,py and the
structure of T4 needs to be reconstructed. One can refer to Theorem 12 and Theorem

13 for reasons.

2.3.5. Derivatives of vec 3 With Respect To 0

Let o = vec X, where X is the p X p covariance matrix defined in (21). Recall that
6 is defined as be @ = (6 6; 6, 6,) and v is defined as v = (1 v, v3 vy)’. Deriva-
tives of o with respect to @ are needed when estimating parameters and conducting

statistical inferences. Accordingly, Theorem 15 is needed.

Theorem 15. [Original result]. First, second and third derivatives of o with respect

to Oz, 05, 0, and Oy, evaluated at G = 1,, are listed as follows:

Dl = 2N,(AD @ T,)Wy,
D) = 2N,(ATA® AT)DY), + (AT @ AT)Ly; ;DY
Dy = 2N,(ATA®AT)DL,,



D@

n’ ol
06,605

! ! !
:6.,65,6}

45
1
L21,pDEp;)%’

2N, (I, ® ved'(®) @ L] [K; g W2 ® W,
AN,[A ® ved'(I,) @ LN, (T @ T')

{[(a®1,)D), +1/2L1, DY, | @ Wa 1,

80,

AN,[A ® vec'(I,) © L] [Nq(I‘A @T)DY), @ wg} ,

0p2><1/11/4a
2N, [AT ® vec'(I,) @ AT] (Lgl,qufgé ® D;;g)zNyz

2N,(ATA @ AT)D?)

;05,65

1 1
ON,[AT ® vec'(A) @ AT] (D<g L, @D )

6 &:65

(AT ® AT)Ly ,D)

605,65’

2N,(ATA @ AT)D?)

;0.,0;

ON,[AT ® vec'(A) @ AT] (D(g{;,4 ® DS}%)

1 1
2N, [AT ® ved'(I,) ® AT <D(g;z;7f ® L217qD<(s;¢)9(§> ’

0p2 XUoly )

2N, (ATA ® AT)D"?)

£:0,0,

2N,[AT @ vec'(A) @ AT (D), © DL, ).
0p2 51304

L21,pD£/i)9;p,% ’
02,3,

2N [, ® VeC/(Iq) ® VeC/(Iq) ® Ip](qu,q2 g

{ [2Nq(FA ® DY

(1)
;65 + (]‘_‘ ® I‘)LQLqDé;QJ & Ip2q2}

(I, ® K, ;W3 ® W),

AN, [I, ® Vec/(Iq) ® VeC/(Iq) ® Ip](qur,q2 g
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Nq(FA ® F>D( ) ® Ip q? } (IV3 ® Kp,qW2 ® W2) )

0

p2x vy

4N, [A @ ved' (I,) @ L] [N,(T' @ T')A ® Wy, where
—[I, ® vec'(A) @ 1] <D(gl;39, ® DS.;)

[, & vec'(I,) @ 1] (Lay,, DYy @ DYy, )
(A®1,)DE,,
N, [T, @ ved'(T,) @1,] (DL, @ Lot Dy, ) +1/2La1 Dy 4
4(Kuy, L2 ) NJJA @ ved' (1)) @ L] [NJ(T' @ T')B ® Wy,

(A®1,)D?)

1 1
0,0, [, ® ved'(A) @ 1] <ng 39, ® D(g;%)

L, ® vec(I,) ® 1] (L21 Dy @D )

0u10504 5

N[A @ved (1) @ L] { [NrAaT)IDY, | & W, ]

4N, [A @ ved'(I,) @ 1]

{[Nr @vee'(a) o T](DL), 9 DY, )] @ W)

0u1vs0s5

0,,.2,

2N, (AT ® AT)C, where

L, ® ved(I,) ® vec'(I,) © 1] (Dg by @ Lo Dy @ DY )
(Kuywe @ 1L,) + (I, ® 2N, )]

L, ® vec (A) @ 1] (KMD(Q) o © DY) ) Jo1

[I, ® vec'(I,) ® 1]

|(KyD @ Lo DYy, ) + (LoDl @ DYy )| o1,

(3) (3)
(A® Iq)Dg;gg,gé,gé + 1/2L21»qD5;0L;,0g,0(;’
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365,656,

3)
Da;%eg,og

D(3)

:6,0.,6!

6,6,

D(3)

Y
0'01/0 o,

47

2N, (AT @ AT)E, where

1, vee'(A) @ 1,] (Ky D g 9 DLy ) Koy + Ty 9 Ko )
[, @ vec'(I,) © 1) Ky Dy o @ La1 DYy, )

(Koyvsn + 1, @Koy )

(A®I )D(?’;,B P I, ® vec'(I,) @ vec'(I,) ® 1]

(DY), @ Loy DYy, @ DY) Lz, + (Ko @1,,)|

1, @ vec'(A) @1, (KyyDE) 0 © DY, )

1
I, ® ved'(I,) ® Iq](Lm,qus;()ag,eg ® Dy 39 )
01/221/47

2N, (AT ® AT)F, where

1, @ vec(I,) @ L,](La1 ;D @ DL )

1, ®ved(A) ® 1] (Dyy © D2y ) + (A L,)D
[I, @ vecd'(I,) ® vec'(I;) ® 1] <D(12,, ® L217qD((51;3% ® Dgg)

(KV37V2 ® IV3)

01/21/31/47

01/21/27

2N, (AT ® AT')D, where

[I, ® ved'(A) @ 1] (KMD(Z) 1o @ D( ) ) J21,

(3)
(A®L)Dgg 0
0V§V47
01/31/27
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3)
D'
:6,,6,,0,,

3)
- L21 D(
P14:6,,0,,6,,

where the derivatives of 8, g and v with respective to 5, 6, 6y respectively were
giwen in Theorem 2, Theorem 10, Theorem 9 and Theorem 11 and O,y represents a

matrix of zeros with dimension a X b.

Derivatives of o with respect to @ can be re-assembled from derivatives with
respect to {@;}]_; by using the elementary matrix, E;,, which is defined in Table 56.

The first derivative of o with respect to 0 is

4
(1) def Ovecd (1) (1) (1) (1)
Da;el 90 (Da;f’i DU;Bé Da’;e' D ZDU 0 (48)

The second derivative of o with respect to 0 is

2
(2) dif 8 vecy . (2) /
Do- 00 " 90 2060 - Z Z Da-e’ﬁ; (Ei,l/ ® EjJ/) : (49)

The third derivative of o with respect to 0 is

4 4

3 def PvecX 3

DST;)e)/,o/,e/ = 00 00 200 - E : § : E :D( )9' 0 o' Ei, ®E;, ®El~w)/' (50)
i=1 j=1 k=1

2.4. Alternative Parameterization of CFA Model

In earlier sections, X is written as X = APA’ + ¥, where ® is a g x ¢ factor
correlation matrix. An alternative parameterization of X is introduced next in order
for use in Chapter 3. Define ®, as a ¢ X ¢ factor covariance matrix. Define A, as a
p X q factor loading matrix in this alternative parameterization of 3. That is, 3 can

be rewritten as

S =ADAN + T (51)
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2.4.1. Parameterization of Factor Loadings A,

Recall that the structure of A in (23) can be divided into known and unknown
parts. That is,
VGC(A) = W1L1 + WQG)\.

Similarly, the structure for vec A, can be expressed as
vec A* = Wl*Ll* + WQ*O)\*7 (52)

where Wy, and W, are known design matrices of full column-rank, Ly, is a known
vector and 6, is an unknown vector with dim(6y) = v,;. Typically, the components
of Wy, and Wy, are 0’s and 1’s. Without loss of generality, the matrices W1, and
W, can be assumed to satisfy W, Wy, = 0 and W, W,, = 1. A proof similar to
the proof of W), Wy, = 0 has been shown in § 2.3.1.

The structures of Wy, and W, in (52) are different from the structures of W;
and Wy, in (23). Specifically, any entries in A of (23) corresponding to diagonal values
of ® are considered unknown because diagonal entries of ® are fixed at 1. However,
any entries in A, of (52) corresponding to diagonal values of ®, can be considered
known or unknown because diagonal entries of ®, are not fixed. This is illustrated

by the following example.

Example. Consider the following structures for A,, A, ®, and ® that satisfy
APAN = AP AL

1 0
0)\*1 0
0. 0 Op.1 Oyp.
A, = e , D= e , A= A*[Dlag(q)*>®(05)]7
0 1 Op.3  Opso
0 0)\*3

0 0)\*4
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and & = [Diag(®,)°"Y]®, [Diag(®,)°09)].

where Ox.1, Oxi2, Oxiz, Oxsa, Opi1, Op2 and Oy,3 are unknown parameters, ®, is a

covariance matrix, ® is a correlation matrix, ® and Diag(®.) are defined in Table

56.

In A,, 1’s and 0’s are considered known and the other entries are considered

unknown. Accordingly, Wi,, Ly, and Wy, in vec A, = W, Ly, + Wy,0,, can be

written as
10 0 00O
0 0 1 0 0
0 0 0100
0 0 0000
0 0 0000
Wi = Y L = : , Wa, = Poul , and Oy, =
0 0 1 0000
0 0 0000
0 0 0000
01 0000
0 0 0010
0 0 0001

0)\*1
0)\*2
0)\*3

9)\*4

(53)
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The structure of A can be written as follows:

01 O
0. O
A 0xs O |
0 Ox
0 Oxs
0 Ox

where Ox1, Ox2, Ox3, Oxa, G5 and @56 are unknown because A = A, [Diag(®, )]

and Ox.1, Oxi2, Oxris, Oria, O and Oy,0 are unknown parameters.

Accordingly, W1, Lq, and W5 in vec A = W L; + W30, can be written as

100000

o o o O
o o o O
o o o O

W is empty, L; is empty, Wy =

010

o o o o o o o o o o o
o o o o o o o o o o
o o o o o o o o o

o

o

o

0 01

There are more parameters in 6 than in 6, because

A, ®. A/, and diagonal entries of ® are fixed at 1.

, and 0y =

O
O

0)\4
O

A needs to satisfy A@A’ =
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For instance, if

0.8485
0.57 0.4837
0.22 0.72 0.35 1.0000 0.2708 0.1867
O\ = , P, = ,then & = and 0y =
0.90 0.35 2.32 0.2708 1.0000 1.5232
0.98 1.3708
1.4927

The parameterization of eigenvalues of ®, is the same as the parameterization of
eigenvalues of ® in § 2.3.2. Define I', as a matrix of eigenvectors of ®,. One can
write the ¢ x ¢ factor covariance matrix ®, in diagonal form: ®, = I',AT",. The

parameterization of eigenvectors of ®, is discussed in the following section.

2.4.2. Parameterization of Eigenvectors of ®,

The parameterization of eigenvectors of ®, is similar to the parameterization of
eigenvectors of ®. The structure of the following discussion is adapted from Boik
[35]. Boik’s eigenvector parameterization [35] is based on the trivial equality I, =
I,I'.. Let I'yy be a ¢ x ¢ orthogonal matrix in a small neighborhood of I',. This
implies that I', ~ I'yy. The identity matrix I, can be written as I, = T',cI"}, and
it follows that I', = I,I', = I, I, )I"s. Let G, = I )T, and note that G, € O(q).
It further follows that G, ~ I, because I'y = I'yy. To develop a parameterization
for Iy, the matrix T'yy is treated as known whereas G, is treated as unknown and
is parameterized locally near G, = I,. The above approach employs the implicit

function-based parameterization approach in Boik [18].
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In Boik [35], vec G, was written as

g ¥ vecG, = An,., + Ag0,., where dim(6,.) = v, dim(Ay) = @ x vj,

q q

o (55)
A=) D (efwehel, h= Q(q;r 1)7 fi = (2¢ Jg(] 1) i

=1 i=j
and A is a known indicator matrix. These matrices satisfy AJA; =1 for i = 1,2;
Alg. = n,.; Asg. = 0,.; and AJA; = 0. Recall that in § 2.3.3, G in (30) needs to

satisfy not only G € O(q), but also (37):
el'®e! =1, fori=1,...,q,

where ® = I'yGAG'T| in (31) is a correlation matrix. Unlike G, G, only needs to
satisfy G, € O(¢). Furthermore, g, is only a function of €., not a function of 65.
Accordingly, dim(6,,) # dim(6,) because dim(6,.) = v; = 3(¢*> — m'm), given in
(34), and dim(6y) = v3 =v; — (¢ — 1).

Derivatives of o with respect to 6., are needed when estimating parameters and

conducting statistical inferences. Accordingly, Theorem 16 is needed.

Theorem 16. [Boik [35], 2010, Theorem 4, Page 13|. The first three derivatives of

g. in (55) with respect to 6,., evaluated at 0., = 0, can be written as follows:

(1 _ 1
D,y = 2NjA,,
(2) o Iy (1) 1)
Dy . = ADL, (DLl ©DL, ), and
(3) _ 1/ (2) (1)
Dy o0, = —A1D I (vaqu*;o4*,04* ®Dg*;e4*> a1

where 1,3, D, and Js;,, are defined in Table 56.

For notational convenience, define 8, as
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where 6;. = 6; and 0. = 6,. Rewrite 0, as 0, = (0., 0., 0., 0.) =

6y, 65 6, 6,,), where 0,; has dimension v,; x 1. Define v, as

Uy = Vg1 + Vo + Vi3 + Vig. (57)

The first derivative of o with respect to 0 is

4
(1) det Ovecd () (1) W po )= W)
D"?B,* Y (DU;OX* D, 063, D, o; DG;%* - ZDG;GLiEivV*' (58)

'y*

The second derivative of o with respect to 0 is

*17

@  def O%vecX @) ,
Pooo. = 507000, ZZDU 0.0, Biv. @ Eju.) . (59)

The third derivative of o with respect to 0 is

3 4 4 4
(3) def 0’vecX .
D v oo " 56006 508 ~ 2o 2o 2 Pow o0, Bive @B @B,
* * * =1 j=1 k=1
(60)
The expressions for p! 9/ D(2)0, 0, and D© 9, o 9’k are the same with DS_)G/,
*1) EXRl *]7 * "
D(Q)g/ o and D 0, 0,0, in Theorem 15, except that pU 9,, D(%)%e, and D(?’e, 0.0, in
Theorem 15 are replaced by D o’ D(;)o' o and D 9, o o 10 Theorem 16. Note
85 * 9 Uy Uy 85 Ay %0 Ly s Uy ke

that all the derivatives of g, with respect to 85 are 0 because g, is not a function of

0s.
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CHAPTER 3

PARAMETER ESTIMATION

3.1. Parameter Estimation

In this chapter, the method of Lagrange multipliers is applied to obtain a con-
strained minimizer of a loss function F(3,S). Boik [33] gave details on the Lagrange
multipliers approach. The loss function used in this chapter is the discrepancy func-
tion (b) in (7) given in §1.3.2. Derivations of this loss function with respect to
6 = (6, 6; 6, 0,) are obtained in this Chapter. The interest of this chapter
is to estimate X, where ¥ = ATAIVA’ + ¥ was given in (21). Specifically, the goal
of this chapter is to find a minimizer of the loss function, i, under the constraints
that estimators, jAX, 3, T and \Tl, are proper and eigenvalues of 3, namely SZ for

1=1,...,q, are nonnegative.

3.2. Loss Function

Generate a random sample Y of size N

where y; is a p x 1 random vector of observed responses for a single subject for
i=1,2... N.

Recall that the factor analysis model (3) in § 1.2 for y; is
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where

E(fz) = O, Var(fl) = ‘I), E(F,l) = 0, Var(el-) = lIl,

Y 0 -0 0
0 ¥y - 0

¥ =diagy = , and Cov(f;, €;) = 0.
0 0 -

Note that the factor loading matrix A does not vary across all N observations.

The factor analytic model for Y is
Y =XB+FA'+E, (62)

where X is an N x d known matrix of constants, rank(X) = r,, B is a d X p matrix

of fixed regression coefficients, F is an N x ¢ matrix of random latent factor scores

h

whose i*" row is f/, A is a p X ¢ matrix of fixed factor loadings, and E is an N X p

matrix of random errors whose i*?

row is €;. Assume thaty; inY, fori=1,2,..., N,
are independently distributed with common positive definite covariance matrix 3,
where ¥ = A®A’ + ¥. Also, assumed that r, = O(1). These assumptions hold for
the remainder of the thesis, unless otherwise specified.

Further, E[F] = Onyxq E[E] = Onyp, E[Y] = XB, Var(vecF) = & ® Iy,
Var(vecE) = ¥ @ Iy, Var(vecY) = £ ® Iy, Cov(vecF,vecE) = 0, and

p; = Elyil = E[Y'e]'] = (XB)'e;", (63)

where el is the i™ column of Iy and is defined in Table 56.

Let S be the p x p sample covariance matrix. If y; i N(p, %) fori=1,2,..., N,

then A & (N —r;)S ~ W,(N —r,,3). Accordingly, the probability density function

of A is

|A|7n‘g‘1 67% tr(AxD—1)

[Z[2273T,(5)

fa(A;X) =

, (64)
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n p(p—1) n i—1
where n = N =, and T (3) = v [T, T [3 - £52].

Accordingly, the log likelihood function can be written in terms of S as follows:
1(6;8) = —g tr(SX 1) — gln |2| + Constants, (65)
where 8 = (6, 6; 6 0,)". The maximum likelihood (ML) discrepancy function,
F(X,S)=tr(Z7'S) +In|X| —p—In]S|, (66)

is the discrepancy function (b) in (7) given in § 1.3.2. It is apparent that maximizing
1(6;S) in (65) is equivalent to minimizing F'(X,S) in (66).
Define DS;Z, as follows:

OF(,8)

D\, = .
Fi0 00 G=I,

Note that DI(;I.E, = 0 can and will be used as an estimating function whether or not

Vi S N(p, X) is satisfied. If y; S N(u, X) is satisfied, then the maximum likelihood

estimator is a solution to Dl(pl;)g = 0. In general, a solution to DS}, = 0 is an estimator,

but not a maximum likelihood estimator. Lemma 1 and Lemma 2 provide useful

properties for simplifying expressions.

Lemma 1. Let A be ar x s matriz and B be a s X r matriz. Some useful results are

the following.
(a.) [Searle [36], 1982, Theorem 2, Page 333] tr(AB) = vec/(A’) vec(B).

(b.) [Searle [36], 1982, equation 39, Page 337] 0In(|A])/dy = tr [A~ (DA /dy)| for

symmetric and non-symmetric A, where A is a r X r matrix.
(c.) [A Useful Result] dvecx~1/00" = — (Z71 @ X71)dvecX /06 .

(d.) [A Useful Result] 9 (2! @X71)/00 = — [ @ ved (7)) @ 271
< (D ©1s) - Ky (57 @ vec(= ) © 57 (DL, 0K,,.).
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(e.) [A Useful Result] dvecx™1/00 = — (I, @ X' @ X71) 0vecX /0 6.

f.) [A Useful Result] Loy ,Li, = Las, and L), Loy, =I,, where Loy, is as Table
P21.p P 21,p P P P
56.

Lemma 2. [Brewer [37], 1978, Table I and II on Page 773 and Table IV on page 776
and Supplement of Boik [34], 2003, §6.5.2 ].

12285 — (X 5 Y) + (I, @ Kpny) (2% @ X) (Lo K,.,),
where X ism xn, Y isqgXr and Z is s X t;

2 % = (H) LeY)+ L eX)(5).

where X ispxmn, Y isnxq andZ is s X t;
3. vec(ABC) = (C' ® A) vec B;
4. (ABC®D)E =[A® (vecC') ® D] (vecB' ® E) ;
5. (A®BCD)E = [A® (vecD) ® B] (E ® vec C)
6. AB=K,,(B®A)K,,., where A isr xcand B isp x q ;
7 Ky Ker =L
8 Ki.=K.1 =1

First, second and third derivatives of F/(3,S) in (66) with respect to € are are
given in Theorem 17. These derivatives are needed for point estimation and statistical

inferences.

Theorem 17. [Adapted from Boik [34], 2003, Page 689, & Supplement, Page 26].
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(a.) The first derivative of F(3,S) in (66) with respect to 0, evaluated at G =1,

15 as follows:

def 0F(%,S) — _pWr (' @=) vec(S - %)

D) ,
Fi0 00 lg=1, ;0

where DS)B, is gien in (48).

(b.) The second derivative of F(X,S) in (66) with respect to @ and 0', evaluated at

G =1, is as follows:

def (92F(E, S)

)
0.6 00200
= D, (z'ex)DY, +2D1) [ e =S - =)= DY),

(2
DF;

G=I,

- DY, Lo (= oS ) ve(S - )],

where D , = dvec (D(Q)

2 o .
0.6 0;9/70/’p2y’ 1/) and ny;)e’,e/ is given in (49).

(c.) The third derivative of F(X,8S) in (66) with respect to 8', " and 6, evaluated

at G =1, is as follows:

D& w __OF(ZS)
F:0',0'.0 00 00 ®00|c=1,

/
= —4[(z@vestex DY, | (DY), @ DY), )N,

2 _ — 1
+ 2, {Le[Ees ) DY, IN,

1o -1y pD 1 @
+ [(E ® X )DU;0/:| DU;G’,B'

- 2fwee[(zen D), e (=t ez ) DY}
x (I, ®K,,®L) [IV © D), @ vee(S — 2)}

/
— 4 [(E’l Rvecx ' ® E’l) DS)G,}

X {Dt(J'l,)H/ ® Np [Ip ® (S — Z)E_l] D(l) }

o0’

— DY, o [Le® (27 @57 vee(S — X))
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+ D%, (LeT ' @vee X @ x)
x |(1@Dl, )N, @ vee(s - =)

/
+ 2 [(2_1 Rvecx ' ® E_l) D(l.) ,} [Df;)o',o' ® vec(S — 2)} ,

o;0
2 3 3
where D( )070/ - dVeC (D((T;)O/ﬂ/,pQVy V); DET;)B,070’ - dVeC (D((J_;)0176/79/7p2]/27 V>7
1 2 3 o
Dfﬂ)g,, DEJ';)GI,O" and ny;)o’,e’,e/ are giwen in (50).

Also, define DI(TS-)O o g 045

) 4t OPF(E,8)
000" 902060 ®00 la=1,’

(3
DY

3  _p®
and D060 = Dr.or 070

Four algorithms are discussed in the following sections. Each of these algorithms
can be used to obtain an estimate of (@) that minimizes F(X,S) in (66). The
first algorithm is called a modified Fisher Scoring algorithm based on a correlation
parameterization of ®. The second algorithm is called a modified Fisher Scoring
algorithm based on a covariance parameterization of ®,. The third is the Lagrange
multiplier algorithm based on a parameterization of ®,. Recall that ® is defined as
a a q X q factor correlation matrix and ®, is defined as a a g x ¢ factor covariance
matrix in Chapter 2. The last algorithm is called the 4-step procedure, which uses
the second and the third algorithms. For notational convenience, [(0;S) in (65) is
written as [(0) and F'(3,S) in (66) is written as F'(@) in the remainder of this thesis.

Initial guesses for A,, ®, A, &, ¥, A, T and I', are needed for the above iter-

ative procedures. Therefore, a discussion on how to obtain these initial guesses are

presented first.
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3.3. Initial Guesses

Initial guesses for ®,, A,, ® and A are discussed by order because the latter

one(s) are based on the former one(s).

3.3.1. An Initial Guess for ®,

Theorem 18 below supports the claim that the measured variables in y can be

ordered such that the first ¢ variables are influenced by one and only one factor.

Theorem 18. [A Well-Known Result]. Rewrite A, as A, = (AY  A*'), where A*
is a q X ¢ nonsingular matriz. Without loss of generality, A} in A, = (A} A*’)/ can
be replaced by a q X q identity matriz 1, so that A, = (I, A;')’, where A% is p1 X q
with py = p —q.

In confirmatory factor analysis, there is a prior structure for A,. Consequently,
there is a prior structure for A3 by Theorem 18. Therefore, the measured variables
in y can be ordered such that the first ¢ variables are unifactorial; that is, they are

influenced by one and only one factor. Then, y can be specialized to
y=pup+ f* +e (67)

Furthermore, define x and z as follows:

x & w, + 1+ €., and
(68)
2%, + A+ ey,
where x is ¢ x 1, zis p; x 1, p/ = [u, p,] and € = [€}, €].
It follows that
X I,
y = =p+ " +e. (69)
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The structure of (69) is adapted from Bentler [38]. Partition ¥ as

¥, 0
U= , (70)
0 U,

where W, is a ¢ X ¢ diagonal matrix and W, is a p; X p; diagonal matrix.

In Bentler [38], 3 was written as

2:1::1: Emz
5 = , (71)
EZCE EZZ
where Y40 = ®, + Uy, 3., = AJPAY + Uy, 3., = AP, and &, = Var(f*). It
follows that

Y. = Ezm(ﬁ*_lzlzw + ‘Il2> (72>

which is from Bentler [38].
Let S be a p x p sample covariance matrix obtained from a sample of size N.

Partition S as

S(Bm SQZZ
S = : (73)
Szm SZZ
Accordingly, equation 72 implies
S..~S..®.7'S., + U, (74)

Theorem 19. [An Application of a Well-Known Result]. Define Oy, as Oy, =
vech(®, ") and Oy, as Oy, ' diag (¥y), where vech(®,™ ') and diag (¥,) are as

in Table 56. Assume that S., and S, are matrices of constants.
(a.) The approzimate generalized least squares (GLS) estimator of Op. is
~ ~ -1 ~
Bs. = (X107 X12)  X|,0" vecS... (75)

~ -1 ~ ~
where X5 = |:Ip% - L21,p1 (Lél,plﬂ_lIQl,m) L/Ql,plg_l] (Szac ® Szw) Dq} Q=
S..®8S.., D, and Ly, ,,, are defined in Table 56.
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(b.) The approzimate ordinary least squares (OLS) estimator of Op. is
4. = (X1, X15) " X, vecS,., (76)
where X, = (Iﬁ - Lml) (Ss0 ® S.2) D,
Let <i>* be the initial guess for ®,. From Theorem 19, ;I\>* can be obtained from
®, = (dvech b,,) " (77)

The eigenvalues of ®, are checked because the covariance matrix ®, is restricted to
be positive definite. If one or more eigenvalues of ®, are nonpositive, the following

steps can be used.

Step 1. Let x,,;, be the minimum of the eigenvalues of :I\J* and let x,,4, be the maximum

of 0 and —2x,,ip-
Step 2. Generate a diagonal matrix, A, whose diagonals are ,,4,.

Step 3. Replace D, by ®, + A. The modified matrix, o, + A, is considered as the

initial estimate for ®,.

3.3.2.  An Initial Guess for A,

Recall A, is defined as a p x q factor loading matrix based on ®.. Denote an initial
guess for A, by A.. By Theorem 18, the structure of A, = (I, A3 contains two
parts, one known and the other unknown. The structure for vec A} can be expressed
as

vec A; = WiL] + W30,., (78)

where W7 and W3 are known matrices of 0’s and 1’s, L] is a known vector, and 8.

is unknown.
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Example. Consider the following hypothetical loading matrix A,:

0

0
1

o O

0.98

, where ¢ = 2 and Aj =

0.57
0.22
0
0

0
0
0.90
0.98

In A%, 0’s are considered known and the other entries of A3 are considered unknown.

Accordingly, W7, L, W3 and 6y, can be written as

W7 is empty, L7 is empty, W =

It follows from ¥,, = Aj®, that

1 0 0

o o o o o o o

o o o o o o

oSO O o O O

0
0
0
0
0
0
0

1

, and 6y, =

0)\*1
BA*Q
0)\*3

0A*4

Sie & AP, = vec S, & (. ®1,) vec (A]).

Combining (78) and (81) gives

vecS,, & (<i>* ® Ip) WL + (<i>* ® Ip> Wioy, —

vec S,y — (213* ® Ip) WL ~ (cﬁ* ® Ip) Wibh.,

where ®, is the initial guess for ®,.

0.57
0.22
0.90
0.98

(82)

Now consider (82) as a linear regression model, the approximate ordinary least

squares estimator of @, is

Ox, = (X'X) " Xy,

(83)
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where X = <<f>* ® Ip> W3 and y = vecS,, — <<f'* ® Ip> WiL;.

Recall the structure for vec A, is expressed as vec A, = W1, Ly, + Wy,0y, in (52),
where Wy, and Wy, are known matrices of 0’s and 1’s with the constraints that
Wi, Wi, = 0 and Wi, W,, =1 Ly, is a known vector, and 6y, is unknown. It

follows that the estimator of A, can be obtained by
.//i* = dvec <W1*L1* + Wg*a)\*> y (84)

where dvec is as in Table 56. Note that the structures of W, and W, in this section
are based on a factor covariance matrix ®,. If ® is restricted to be a factor correlation
matrix, then the structures of Wy, and Wy, are modified accordingly. Details on this

modification were discussed in Chapter 2.

3.3.3.  An Initial Guess for ®

Denote the initial guess for a factor correlation matrix ® by ®. Define D as

~ 101/2
Dg = Diag ([diag(@*)] ) It follows that
d_D1d D!
& = D;'®.D", (85)
where the diagonal entries of ® are 1’s and ®, was given in (77).

3.3.4. An Initial Guess for A

Denote the initial guess for a factor loading matrix A by A and the initial guess

for 6y by 5)\. It is trivial that
APA = AP, A (86)

If follows from (85) and (86)
(87)
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where A, was given in (84).
Note that A is calculated based on a factor correlation matrix ®. It follows from

W/2W1 = 0 and W/2W2 = I that
Oy = (WL,W,) "W/ vec A (88)

where vec A was given in (87).

3.3.5. An Initial Guess for &

Denote the initial guess for ¥ by U and W is computed by
TU=S-—A®A (89)

Initial guesses for A, I" and I', are discussed next in § 3.3.6, § 3.3.7 and § 3.3.8.

3.3.6.  An Initial Guess for A

The supplement of Boik [33] gave initial guesses for 85, § and A under all struc-
tures in Table 4 except structure 4. The initial guesses for 85,  and A under structure
4 are provided in this section. The following discussion is composed of three subsec-
tions, (1), (2) and (3). The initial estimate for & is given in subsection (1). The
initial guesses of G5, d and A are given in subsection (2). The discussion on solving

for the implicit parameter 1;(6s) is given in subsection (3).

(1) The initial estimate for & is obtained in this subsection. Denote the g-vector
of eigenvalues of o by £, where ® is an initial guess for ®. The approach of

obtaining ® is discussed in § 3.3.3.

Define &, as &, o & ©&;. The structure of structure 4 in (25) can be rewritten

as follows:

o (5&) = T2€6t7 (90)
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where T is a known full column-rank design matrix with dimension g x ¢, and
has non-negative entries. The ordinary least squares estimator, say E&t, that

minimizes SSE(&s,) = [€ — Ta&s,) [€ — Ta&s,), is
& = (TyTy) ' Te. (91)

The value of /é(;t is used to obtain a starting value for &. Denote this starting
value for & by E(;’O and E&,o is used in the iteration procedure discussed next.
First, the following modification for E& in (91) needs to be executed so that all

elements of &, are positive:

Evats = &1+ 1), (92)

where /éét,adj is the adjusted value of E«su k= 1T, (é;t + 1q2b>, and b =
max <0, —1.25 min(é;t)) The multiplier in b, —1.25, can be adjusted and the

~

value of k will change accordingly. Accordingly, &, is computed as follows:

~ ~©0.5

56,0 - fat,adj~ (93)

The Gauss-Newton algorithm is employed to minimize the non-linear least

squares loss function

SSE(&) = [£— 6(&)]' [€ — 0(&)] (94)
with respect to &. Note that the constraint C}§ = C|T£5” = ¢ is ignored in
(94).

Taylor expansion is used to linearly approximate d (§). That is, d (&) can be

written as follows:

5(&) =6 (&) +55 L (6-8). (95)
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where 06(&;)/0 &

2, = 2T, Diag <EJ> Replace d (&) in (94) by the right-

hand-side of (95) and (94) can be rewritten as follows:

-5(&) - 5p0@) (6 —ZJ)}/ t-5(8) - 5p0e)  (6-8)).

It follows that

&-&~(XX) X [e-6(&)].
R— / —_— - A
whete X = 06(6)/0&]|, . = 2T:Diag (55)
Accordingly, at (7 + 1)th iteration, the estimate for & is updated by
Eiv1 =&+ s (XIX)) ' X((€-3)), (96)

where 8; = & (EJZ), X; = 2Ty Diag (EJZ) and «; € (0,1]. The value of Ea,o in
(93) is used as a starting value for (96). The value of «; is chosen to ensure that
SSE (&) in (94) decreases at each iteration. The updating procedure is repeated
until convergence. Accordingly, an initial estimate of & is obtained and denote

this initial estimate by /é(;,est.

In this subsection, the Gauss-Newton algorithm is employed with the constraint

C’1T2£5®2 = cp. The initial guess for 05 is obtained as a minimizer of
SSE(85) = £~ 8(85)] € — 8(65)] (97)
with respect to 85. Note that & = Vims + V205 and n; satisfies
C16 = CI Ty [(Vims + Vabs) © (Vins + Vabs)] = ¢

for fixed @5, where the matrices V; and Vs, are given in Theorem 2.

The procedure of linearizing the non-linear least squares loss function (97) is

similar to the procedure used for estimating &. Approximate the non-linear
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least squares loss function, (97), as follows:
0

o (@) - o], (6-8)| -6 (@) - ;700

which yields the normal equations in the algorithm.

05 —0; <0§ B 55)] ’

At the (i + 1)™ iteration, the estimate of 65 is updated as

/0\571'_;,_1 = /0\571' + a5 (X;XZ)il X; (E - /(i), where /05570 = Vé%&,est? (98)

8, =0 (&;J), X; = 05(65)/06;]

5 =05

— 9T, Diag (Vl,iﬁé,i + VQ,Z-EM) V., and
a; € (0,1]. The value of 7, is computed based on /0\571-, which is discussed
in the next subsection. The matrices V;; and V,; are the updated matrices
V; and V, computed based on Ew,l) through Theorem 2, where wal) =
V17(i,1)ﬁ57(i,1) + Vg,(i,l)a;,(i,l) is substituted for & in Theorem 2. The value
of v is chosen to ensure that SSE(6s) in (97) decreases at each iteration. An

initial guess for 65 is obtained after convergence and denote this initial guess

by /éﬁ,im'-

Furthermore, denote E(;Z at asﬁ»m- by E(; Accordingly, the initial guess for 4,

say Sim, is computed by

~

Oini = T <EJML2 © Esz) . (99)
Denote the initial guess for A by A and A is as follows:
A = Diag(8,n:), (100)

where Szm is given in (99).

The following subsection addresses how to obtain ﬁ&i for given 5571-, Vi, and

V2,7L-
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(3) The constraint,

def

C(ns) = C T2 [(Vims + V205) © (Vins 4 V20s)] — co = 0, (101)

is considered to be a function of ns, given a fixed vector 65 and fixed matrices
Vi € O(¢g2,7) and Vo € O(q2, 92 — ). The detailed computation for V; and

V, are given in Theorem 2.

Equation 101 is expanded in a Taylor series around the i** iteration guess for

N5, Msi, that is,

_ ) _
0 = C(ns) = C(7s,;) + o Cms)| (s — W) (102)
s 5" 5
It follows that
a 71
i | cm)| | e (109
s M5 ="15,;

The initial guess for 9, is to set 95, = V’IEJ, where E; is the current estimate

of &;.
A modified Newton-Raphson update for 75, is
a _1
I T W =T (104)
M5 =115,

~

where o; € (0,1], 0C(ns)/0n; = 2T, Diag(s ;) V1 and /ész = Vins,; +

775=?75’j

V0.

The value of «; is chosen so that /C'(7;)C(n;) decreases at each iteration.

The following discussion on how to obtain an initial guess for I' is adapted from

the supplement of Boik [33].
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3.3.7.  An Initial Guess for T

Denote the orthogonal matrix of eigenvectors that corresponds to the ordered
eigenvalues of P by f‘o, where ® is the initial guess for ®. The discussion on how to

obtain @ can be found in (85) of § 3.3.3. Define ® as
®, = [LAT), (105)

where A is the initial guess for A and is given in (100). Note that A is not the
eigenvalues of ® and </I;0 is not necessarily a correlation matrix. Therefore, fo is not

a suitable initial guess for T'.

The following discussion on the modified AS 213 algorithm is used to obtain an
initial guess for I' and this discussion is adapted from Lin and Bendel [39]. The

algorithm AS 213 successively generates (¢ — 1) orthogonal matrix P; so that
®, =P, P, s...P,P &P P,. . .P P, (106)

is a correlation matrix having the same eigenvalues as ®,.

The general form of P; presented in Lin and Bendel [39] is as follows:

I, 0 0 0 O
0 ¢ 0 s O
P=10 o0 I, 0 0], (107)

0 —s 0 ¢ O

0 0 0 0 I,
where I; are identity submatrices for j = 1,2,3, ¢ = cos(f) and s = sin(#). Each P,

in (106) is an elementary rotational matrix of the form:

P.=|o0o 1, of, (108)
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where I is an identity submatrix, ¢ = cos() and s = sin(6).

Define ZI\>1 as </I\>1 = P1</I\>0P'1 and define </I\>Z as </I;, = Pi:I\)i_lP; fori =1,2,...,q—1.
Let o and v be the smallest and largest diagonal elements of (/I\)i—l and choose P; such
that the locations of the diagonal elements ¢ match the locations of o and ~. Let
be the element of ®;_; corresponding to the element of s in (108). The rotation angle
6 in c and s of (108) is chosen so that the smallest diagonal element of P, is set equal

to one, that is,

a cos®(6) + vsin®(0) + Bsin(20) = 1. (109)
Equation 109 is equivalent to

1-— %(a +7) — %(a — ) cos(260) = B sin(20). (110)

To solve equation 110, a quadratic equation in the variable cos(26) is obtained

when both sides of equation 110 are squared. Two solutions to (109) are

cos—] (fB+\/2B:f4AC> cos—] <737\/23274Ac)

where A = (a—9)2/4+4 §2/2, B = —2[1— (a+7)/2)(a—7)/2, C = [1—(a-+7) /2>~ 2
and the signs of #; and 65 are indeterminate. The choice between 6, and 6 is discussed

in the following modified AS 213 algorithm.

Step 1 At the k' iteration, denote the smallest and largest diagonal components of i\)k

by (073 and Yk where ‘/I\)k = f‘kﬁf‘;{ and f‘k = Pkf‘k—l‘

Step 2 Denote the value of 3, 6; and 6 in (111) at the k™ iteration by S, 6 and a4,
respectively. The sign of 6, is determined based on if (109) is not satisfied,

and so is the sign of 0.
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Step 3 At the k™ iteration, let Py, be the value of Py, in (108) computed based on
01 Let Pyo be the value of Py in (108) computed based on 6, . Let fk+1,1
be f‘k+1,1 = Pk+1,1fk and let fk+1,2 be fk+1,2 = Pk+1,2fk-

Step 4 Define SSE; as SSE; = vec (:I\)kﬂ,l — </IS> Vs vec (ZI;kHJ — </I\>) and define
SSE, as SSE, = vecd <$k+172 — </I\>> Vs vec (‘5“1,2 — &’), where &’kﬂ,l =
fk+1713f;€+171, &)kﬂ,g = f‘kﬂ,gﬁf‘;ﬁm, and Vg is a positive semi-definite ma-

trix.
Step 5 Choose f‘kﬂ,l over IA“kH,Q if SSE, < SSEs.

Step 6 Iterate Steps 1-5 for k=1,...,q— 1.

In Step 4, the parameters can be estimated by ordinary least squares. That is,

one choice for Vg can be chosen as an identity matrix. Another choice for Vg is
N -1
Vo = E, (E%E,) E, (112)

where E, = Y9257 el (el el N, u= (2¢—1—8)s/2+t—q N,
is defined in Table 56, Q = U(® ® ®)U’, and U = L» — (I, ® ®)Lyy,. The
q(q — 1)/2 x ¢* matrix E, in (112) is constructed so that E,vec® is a vector that
contains the ¢(¢ — 1)/2 factor correlations below the main diagonal of ®.

The choice for quipE; in Vg of (112) is based on the asymptotic variance of
vec R, where R is the sample correlation matrix. By equation 158 in the supplement

of Boik [33], it showed that if the multivariate normality is satisfied, then

E,%E, < lim Var [ynE, vec(R)] = 2E,U(® @ ®)U'E,, (113)

n—oo
where U =12 — (I, ® ®)Lyy ,.
Accordingly, Qs in (112) is obtained through replacing ® in (113) by P. Although

the choice for Vg in (112) is not based on the asymptotic variance of vec(®), it is a

sensible choice because the goal is merely to compute an initial estimate of T'.
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3.3.8.  An Initial Guess for T,

Denote the orthogonal matrix of eigenvectors that corresponds to the ordered
eigenvalues of :I;* by f*, where {I\J* is the initial guess for ®,. The discussion on how
to obtain :I\J* can be found in (77) of § 3.3.1. An initial guess for T, is f‘*

The following sections present four algorithms as mentioned before. They are
a modified Fisher Scoring algorithm based on a correlation parameterization of ®,
a modified Fisher Scoring algorithm based on a covariance parameterization of ®,,
the Lagrange multiplier algorithm based on a parameterization of ®, and the 4-step

procedure.

3.4. A Correlation Parameterization-Based Algorithm

Before a modified Fisher scoring algorithm based on a correlation parameterization

of ® is discussed, a description of the Newton-Raphson algorithm is presented.

3.4.1. Newton-Raphson Algorithm

Denote the estimate of @ after the i*" iteration by /9\, Denote the minimizer of
F(8) by 6, which is the maximizer of [(#). Expand F(8) in a Taylor series around
0 = 0,. That is,

F(6) = F(8:)+(6 8Dy +

0_0. 0_ 0.2
oo 0000 (0 —0:2). (1)

where the expressions of D}l% and D o are given in Theorem 17. The equation

114 can be written as

F(0) ~ F(8,) + (6 — 6,)D{!) 6-86,). (115)

)

. and define Hy as Hy = —2D 2

F~)9 o'| ., which
(

0=0;

Define g4 as g5 = —ng(fl;é‘e p

is called the Hessian matrix. To find the vector @ that minimizes F 0), ignore the
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remainder and take the derivative of (115) with respect to 6 and set it to zero.

Specifically,

It follows that
0~0,— Hgilgéz,. (116)
The left-hand-side of (116) becomes the new guess and the procedure is repeated.

That is,

6i+1 = b\l — HilgéZ (117)

Iteration continues until convergence. Examine remainder in (114), o <H@ - @H2>, if
the original guess is far from the minimizer of F'(@), then the Taylor series expansion

is not accurate. Accordingly, the algorithm may not converge.

3.4.2. Fisher Scoring Algorithm

The Newton-Raphson algorithm does not require that F(8) be a log likelihood
function. F(@) could be a function that contains no random variables. The Fisher
scoring algorithm is applicable specifically if F'(0) is a log likelihood function. Define
Iy as

Iy = —E [Hy|, (118)

which is called Fisher’s information matrix. Define Iéi as Iéi = 1Iy| . The Fisher

7

scoring algorithm (named after R.A. Fisher) replaces H; by —I, .
Based on (117), the corresponding Fisher scoring procedure can be summarized

as

~

01 =0, +1;"g;. (119)
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After plugging the expressions of Dfpl;)g and D@ into (119), it follows that

F:0,0'

. ~ N -1 N N
0:1 =0, + [ijg,; (21- ® zi) ij}e/i] D), (zi ® zi) vec (s - 2i> . (120)

where il =X <§l>

Both the Newton-Raphson algorithm and the Fisher scoring algorithm described
above need to be modified to work with the implicit parameterization used in this
thesis. A modified Fisher scoring algorithm is discussed in the following section. The
modified Fisher scoring algorithm (MFSA) is based on the modified Newton algorithm

in Boik [18] and the modified Fisher scoring algorithm in Boik [34].

3.4.3. MFSA Based On a Parameterization of ®

The modified Fisher scoring iterative procedure consists of six steps:

Step 1 Compute initial guesses for _/AX, 3, T and ¥. Denote these guesses by JAXU =
A(a)\,o), 30 = A(b\,;,o), fo = 1“(5570,5%0) and \Tlo = \Il(b\d,,o). An algorithm to

obtain initial guesses was given in § 3.3.

Step 2 Denote the estimate of ¥ after the ' iteration by

NN N Ny~

. . SO N/ R
Step 3 Set 6,; = 0 and set 0, = (9;\1 9(;71» 0 0;,1> . Use (120) to update 8; as
follows:
; 7 W (5 as) D ] B (S es) S
0., =0, +a|D (zi ® Ei) p", | DY (2@- ® zi) vec (S . 2i> ,

.’ /
a;0; o;0;

where a € (0, 1] and DS-)e’. was given in (48). This is not the traditional Fisher

scoring algorithm because /0\%,- is not updated not from iteration to iteration.

Instead, éw- is set to zero and updated from zero in each iteration.



7

Step 4 Use (40) in Chapter 2 to compute G (557”1, @,m) based on the updated /0557”1
and /éw-ﬂ from the previous step.

~

Step 5 Compute A = A </é)\,i+1>7 Ai—i—l = A (55,i+1>7 f‘i—l—l = fiG (66,2'—4-17/0\7,13—}-1)
and \/I\’i—l-l — 0 <§¢,i+1) based on the updated éz’+1 from Step 3.

Step 6 Iterate Steps 2-5 until convergence.

Note that the modified Fisher scoring algorithm discussed in this section is based
on a correlation parameterization of ®. The correlation parameterization of eigenval-
ues and eigenvectors of ® was given in Chapter 2. Two covariance parameterization-
based algorithms are presented next. One is called the modified Fisher scoring al-
gorithm based on a covariance parameterization of ®, and the other is called the
Lagrange algorithm based on a Parameterization of ®,. The relevant discussion on

the parameterization of eigenvectors of ®, was provided in Chapter 2.

3.5. Covariance Parameterization-Based Algorithms

3.5.1. MFSA Based On a Parameterization of ®,

Recall that the quantities, A, and ®, are parameterized as functions of 6y, and
0., respectively. That is, A, = A,(6r.) and &, = ®,(6,.). Theorem 20 below

provides expressions that are useful for the modified Fisher scoring algorithm.

Theorem 20. [Original result].

Dy = MNASSTIW,
D((Tl;)edl)* = (A*®A*)Dq7

1 1
Dy, = LeipDiygy,
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For notational convenience, write a 8" as 6" = (87" 65’ 03)' = (6, 6,. 6,.),
where 87 has dimension v} x 1. Derivatives of o with respect to 8* can be re-assembled
from derivatives with respect to {0; ?:1 by using the elementary matrix, E; .-, which
is defined in Table 56.

The first derivative of o with respect to 8™ is

3
(1) et Ovecd [ ! o\ 1)
Dygr = g = <D§,}% D), D] }%) = > DUy Ei,.. (121)
=1

The modified Fisher scoring algorithm discussed in this section is used to obtain
estimates for A,, ®, and ¥ that minimizes F'(3,S) in (66). This modified Fisher

scoring iterative procedure consists of the following six steps:

~

Step 1 Compute initial guesses for jAX*, ®, and ¥. Denote these guesses by K*O =
A(a)mo), </I;*0 = <I>*(§¢*70) and \/I\IO = \Il(/05¢,0). An algorithm to obtain initial

guesses was given in § 3.3.

Step 2 Denote the estimate of X after the ' iteration by

~

Ak -~ ~ -~ ! ~ %
Step 3 Set 6, = (9;“ 0;*#- 0;Z> . Update 6, as follows:

A

. ~ -l -1 1 .
0,.,=0,+ta [Df,l;)éw (Ei & Ei) D,(,l;)m,} D,(,l;)é»_ﬁ, (Ei X EZ-) vec (S — Ei> ,
where a € (0, 1] and DS;)O:/ is given in (121).

Step 4 Compute K*i—&—l = A, (/O\A*,i—l—l), ‘/I\)*i—i—l = ¢’*(§¢*,¢+1) and \/I}H—l - ¥ <§¢,i+1>

based on the updated éi“ from Step 3.

Step 5 Iterate Steps 2-4 until convergence.
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Note that this modified Fisher scoring algorithm is based on the covariance parame-
terization of ®,. The relevant covariance parameterization of eigenvalues and eigen-

vectors of ®, was given in Chapter 2.

The Lagrange multipliers algorithm (LMA) provides an alternative method to
solve constrained optimization problems. It can deal with both equality and inequality

constraints.

3.5.2. LMA Based On a Parameterization of ®,

3.5.2.1.  An Introduction on LMA: The Lagrange multipliers method for nonlin-

ear optimization problems with equality constraints can be formulated as

minimize L(0)
(122)
subject to z(0) =0,

where 0 = (01,6, ,0,) is the variable vector, L : R® — R and z : R" — R™ are

given functions, z(0) = (21(0),22(0), -+ , 2,(0))" is the constraints function vector

and m < n.

The Lagrangian function @ : R"" — R is defined as

Q(0.¢) = L(6) +('z, (123)

where ¢ = ((1,(s, ++ ,(n) is called an m-vector of Lagrange multipliers. Equation
(122) and equation (123) are from Dimitri [40].
The solution to (122) satisfies

0Q _

T 0, wherew = (6" (). (124)

Equation 124 gives a necessary condition for € to be a solution to (122).
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3.5.2.2.  Application of Lagrange Algorithm: The application of the Lagrange al-

gorithm is adapted from Boik [33]. Define the (¢—1)-dimensional constraints function
z(0,) as
z(0,) = C'Lj, ,vec ® = C' diag(®), (125)

where 6, = (65, 65, 6., 0,,,) with C a full column-rank matrix that satisfies R(C) =
N(1;). Note that C'1, = 0 because R(C) € N(1;). The equality constrained

optimization problem can be written as follows:

minimize F(0,)
(126)
subject to z(6,) =0,
where F(0,) = trace(SE ") + In|X|, as defined in (66).

The constrained minimizer of F(6,) is a solution to

% =0 for 0, and ¢, where w = (0., ¢)', Q= Q(w) = F(8,) —¢'z(0,) (127)

and ¢ is a (¢ — 1)-vector of Lagrange multipliers.

Theorem 16 in Chapter 2 is used for covariance parameterization-based algorithms,

such as the Lagrange multipliers algorithm based on ®,.

Derivatives of the (¢ — 1)-dimensional constraints function z(6,) in (125) are pre-
sented next for the use of the Lagrange algorithm. Theorem 21 uses the results from

Theorem 16 for derivatives of z(6.).

Theorem 21. [Original result]. First and second derivatives of the (¢ — 1)-
dimensional constraints function z(0.) in (125) with respect to Ox., 05, 6. and

0y, evaluated at G, =1, are listed as follows:

Dgg;\* = Oq—1><1/*17
D) = CL,(PG®TG)Ly DY) = C'Ly (I ©T)Ly DY),
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D, = CLy 2N, (TGA®T)D, =2CLy (TA@T)D.), .
Dy = Optxuns
Dy o = Oyt
Di?;g*,eﬁ* = Og-1xvaivass (128)
Dor.o = Ortxvava
D% o, = O txvmvi
ng’;é*ﬂg* = CL, (TG& FG)LQLqD@g oy = C'Liy (T @)Ly, qD5)9 g1
Df;, o = —2C'Ly, [T ® ved (1) ® T (D(g )0’ ® Ly qDE;12y>
D;2;1;*,95* = Og—1xv.avis
Df%e,* — 2C’L’2Lq(FA®I‘)Df;*)’04*ﬁ,
— 2C'Ly, [T ®ved(A) @ T (DQ{% @D, )
Df;we,* = 04-1xvigvn,, and
D% o = O v
where DU *70, and D *’04*704* were given in Theorem 16.

Derivatives of z(8,) with respect to 6, can be re-assembled from derivatives with
respect to {O*j}§:1 by using the elementary matrix, E; .., which is defined in Table

56.

The first derivative of z(0,) with respect to 6, is

() det 92(0.) _ () (1) (1) (1)
DZ?BL o 00 o Dz;eﬁ* Dz;Bé* Dz ;6. Dz 6. ZDZ ;0% : (129)

1 ryk

The second derivative of z(0,) with respect to 6, is

4 4
(2) def /
Daoon = ae' ®80' ZZJ 1Dz 0.0, (Biv. ©Ej. ). (130)

=1
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3.5.2.3.  LMA Based On a Parameterization of ®,: For notational convenience,

define D}l;z,*, Dl(fé o and DF 29, 0.0, &5
p) det OF (2, S) p@ it PF(ES)
30+ 00, lc=1, 0.0 90,200 la=1,’ (131)
and DY dof PrE,S)
F0..0.0 90" 200" ®00,la=1,
where F'(X,S) is given in (66). The expressions for DS,}, : Dg; o, and DF 0 0 0, ATC
the same with the expressions provided in Theorem 17, except that pU )9,, Df)e' o

and D® e’ o9 Are replaced by D(l)e,, Df}el o and D® 9; 00 The expressions for
D(l)g,, Df;)eg,o’ and D® 0;’9;79, were given § 2.4.2.

The following structure on Lagrange algorithm is adapted from details on La-

grange algorithm in the supplement of Boik [33]. Denote the vector of parameter

-~/

estimates after ¢*" iteration of the Lagrange algorithm by @; = (0\;1 CZ> . Define

D(l)A and DQ 5o a8 follows:

] L )
z(0,)
(132)
N N (2) =/ 2) 1)/
p® def A A B DF;éﬂ, 5, I, ® Ci)Dz’ém~; _Dz’é’n
Qi — |~ 4 - ’
Aisr A _DS;/_ 0(g—1)x(g-1)
O _plm (2) N ) (1) (1)
where DF;éM- = Dy, 6.0, DF 6.6, = DF;G*’G,* 0.0, and DZ;A;L_ DZ;B,* oo

The Newton update of w; at iteration i + 1 is

-1
Gin=8i- Dy o] Dy (133)

where Dgg and Dé?)A _, is defined in (132). Furthermore, the modified Newton

update is

-1
G =@ —a DY | DY (134)
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The following theorem provides an expression for the modified Newton update of

@;, which is used in the Lagrange algorithm.

Theorem 22. [Boik [33], 2011, Details on Lagrange Algorithm, Theorem 1, Page
3]. Assuming that a solution to the Lagrange equations in (127) exists in which
the Lagrange multipliers are finite and the required inverses exist, one solution (the

Moore-Penrose solution) to (134) yields the following modified Newton update,

~ é*(iJrl) /é*z - OZDSZ;‘Z(/@\*D
Wit1 = | = R T
C(i+1) ¢ (1—a)

=~ NN EN =~ -1~ ’
B (PYAE) B

1)+ ~ o~~~ o~ N~ (D(l) _Kz‘,lqu();_Z(/é*i)>7
D o |:Il,* — Ai,llFZJ_ (Fi‘ A@HF%) FZJ':| %

F;é*; i

where ﬁ,ﬁlf‘; is the full-rank SVD (D(%J, ﬁz € 0(q—1), ]3, € Df(qg—1), i'*\‘z €

O* (¢—1)), ¢—1 =rank (DQ;,), v* is defined in (57), Dg(); and F+ are defined

it 2

in Table 56, and O(v*,(q — 1)) is defined in Table 57.

A proof of Theorem 22 is omitted because it is provided on page 3 in details on
Lagrange algorithm of Boik [33]. The Lagrange algorithm iterative procedure consists

of six steps:

Step 1 Compute initial guesses for K*, 3*, f* and \/I\'* Denote these guesses by Ko =
A@)\*,o); A, = A(/éé*,o); Ty = F(@.,*’O) and Wy = \Il(/0\¢*70). An algorithm to

obtain initial guesses is given in § 3.3.6.

Step 2 Denote the estimate of X after the ' iteration by

N AN N ANy~

‘A + U,

7

Step 3 Set 8., = 0 and set 0,, = (6, 6;, O 01’/,*)/. Use the result in Theorem

-~

22 to update 6.;. Note that 0,.; is set to zero and updated from zero in each

iteration.
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~

Step 4 Use equation 55 in § 2.4.2 to compute G (9.,*7”1) based on the updated /057*7”1
from the previous step.

Step 5 Compute Kz‘—i—l = A </0\>\*,i+1>7 £i+1 =A <§6*,z’+1>7 fi+1 = fiG (57*,¢+1) and

-~ ~

v, =W (@p*,iH) based on the updated 9*(i+1) from Step 3.
Step 6 Iterate Steps 2-5 until convergence.

In each iteration of the Lagrange algorithm, the (¢ — 1)-dimensional constraints
function z(0,) = 0 is not necessarily satisfied. Therefore, the updated estimate for
@, in each iteration is not necessarily a correlation matrix. However, the estimate

for @, satisfies properties of a correlation matrix when convergence occurs.

3.6. The 4-Step Procedure

The purpose of the 4-step procedure is to obtain optimal proper estimates for A,
A, T and ® that minimize F(X,S) in (66) with no program failure. The 4-Step

Procedure consists of the following 4 steps:

Step 1. Compute initial guesses ./AX*, @, and ¥. The strategy on how to obtain those

initial guesses can be found in § 3.3.2, § 3.3.1 and § 3.3.5.

Step 2. Apply § 3.5.1: Modified Fisher Scoring Algorithm Based On a Covariance Pa-

rameterization of ®, using K*, ®, and .

Step 3. Use estimates for A, ® and ¥ obtained through Step 2 to compute initial
guesses IAX, 3, T and W. The details on how to obtain those initial guesses can

be found in § 3.3.4, § 3.3.6, § 3.3.7 and § 3.3.5.
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Step 4. Apply § 3.5.2: Lagrange Multipliers Algorithm Based On a Parameterization of
®, using /A\, 3, T and . Accordingly, the optimal estimates for A, A, I'" and

® that minimizes F'(3,S) in (66) can be obtained.

In Step 2, the estimate for ®,,, EI\Z'*, is non-negative definite, but not necessarily positive
definite. This means that one of the eigenvalues of &3* can be a boundary estimate,
where a boundary estimate is defined in § 1.5. Therefore, it is necessary to proceed to
Step 3 and Step 4, where A is parameterized in order to avoid improper eigenvalue
estimates. Parameterizations of A are provided in § 2.3.2. When Step 4 is finished,
all the estimates for A, A, I' and ¥ are proper. Accordingly, the estimate for the

factor correlation matrix ® = I'AI is proper as well.
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CHAPTER 4

ASYMPTOTIC DISTRIBUTIONS OF ESTIMATORS

In this chapter, asymptotic distributions of estimators under the assumption of
finite fourth-order moments are given. As a special case, simplifications are given
under normality. First-order accurate confidence intervals and hypothesis tests are

conducted.

4.1. Theoretical Background

In order to establish asymptotic distributions of estimators, related theorems are
established first.
Theorem 23. [Slutsky’s Theorem|. Let t,, be a random p x 1 vector that satisfies
t, It asn — oo, where t is a random p x 1 vector. Suppose that a,, is a random

kx 1 vector and that B,, is a random k X p matrix that satisfy a,, PR 2 and B, prob B,

where a is a k X 1 vector of constants and B is a k X p matriz of constants. Then

1. an—i—Bntnﬂa%—Bt

2. a, + B, B AL B, if k=p and B~ ewists.

A proof of Theorem 23 is given on page 127 of Sen and Singer [41]. The follow-
ing delta method can be used to obtain asymptotic distributions for differentiable

functions of asymptotically normal statistics.
Theorem 24. [A Well-Known Result].

(1.) If g is a continuous function and t, s t, then g(t,) st g(t).

(2.) If g is a continuous function and t,, Pro} t, then g(t,) proy g(t).
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A proof of Theorem 24 is given on page 124 of Rao [42].

Theorem 25. [Delta Method]. Let t,, be a random px 1 vector with asymptotic distri-

dist

bution \/n(t, —0) — N(0,€). Suppose that £(t,,) is a vector-valued differentiable

function. Then
dist

v [f(t,) — £(6)] — N[0,D(6)Q2D(0)],

where D(0) = % o
no|g,=

A proof of Theorem 25 is given on page 136 of Sen and Singer [41].

4.2.  Asymptotic Distributions of Estimators

Recall in § 3.2, the model for Y, (62), is
Y =XB + FA'+E,

where X is an N x d known matrix of constants, rank(X) = r,, B is a d X p matrix

of fixed regression coefficients, F is an N x ¢ matrix of random latent factor scores

h h

whose i*" row is f/, and E is an N X p matrix of random errors whose i*" row is €. It

is assumed that y; in Y, for ¢ = 1,2,..., N, are independent, and r, = O(1).
Theorem 26. [A Well-Known Result]. Let Hy be the projection operator that projects
onto R(X) along N(X'), that is, Hy = ppo(X) = X (X'X)” X', where ppo(:) is
defined in Table 56. Then, HyX = X, Hy = H), and rank(Hy) = tr(Hy).

A proof of Theorem 26 is given on page 386 and page 433 of Meyer [43] and page
370 of Schott [44]. By Theorem 26, it is readily shown that rank(Hy) = rank(X)
because rank(X) = rank(H,X) < rank(Hy) < rank(X).

Theorem 27. [Asymptotic Distribution of \/n(s — o)|[Muirhead [45], 1982, Theorem
1.2.17, Page 19]. The model Y = XB + FA’' + E can be rewritten as

Y = XB +Z, (135)
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where Z = FA' + E is an N x p matriz of random errors with E[Z] = Oy, and
Var(vecZ) = ¥ ®@1y. Denote the i™ row of Z by z, and assume that z; ~ (0,X) with
finite fourth moments, where ¥ = APA + W,

The asymptotic distribution of \/n(s — o) is

dist

V(s — o) 2% N(0, ), (136)

where s = vecS, o = vec X, Q = E[z;z, ® z;2)] — o0’, and S is the p X p sample

covariance matriz.

This assumption made for z; in Theorem 27 holds for the remainder of the thesis,

unless otherwise specified. Denote the diagonals of Iy —Hy by {ci} Y, ¢ o SN,
N N

and denote the entries in Hy by {hi;};%,,_,. Examine h;; as follows:

! !
hi = e Hyel = eV H H,el' because H, = H H,

—h'h; where h; = HyeV (137)
N N

o 2 _ 12 2
j=1 J#i

Further, (137) implies that
N N N
Wy <hi, Y hi <Y hy, and Y bl =0(1), (138)
=1 =1 =1

because S, hy = tr (Hy) and tr (Hy) = rank (H,) = 7, = O(1) by Theorem 26.

Examine ¢; as follows:

N

N

, 2

c = Zci = Z [efv (In — Hx)eﬂ

i=1 i=1
N

N ! 2 ! ! 2
=Y (e He) =) {1 - 26N el + (o) Hye)) ]
=1

=1

(139)

N N
=N—2tr(H)+ > hi=N-2r,+» h}
i=1 i=1

= N+0(1)+0(1) =n+0(1),
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because tr (Hy) = rank (Hy) =r,, N =n+1r,, r, = O(1) and (138).
It can be concluded from (139) that

Tim (%) — lim {LO“)} ~ 1. (140)

n
From equation 12 of Boik [46], the variance of y/n(vecS — vec X)) is

Q, ¥ Var [Vn(s —o)] = a [E (ziz; ® 2,2;) — 00| + <1 - %) 2N, (2@ %), (141)

n

where s = vecS and o = vec X..

It can be shown that €2 in Theorem 27 can be obtained through €2,, as follows:

lim 2, = lim {2 [E (ziz; ® z;2;) — oo’ + (1 — ﬁ) 2N,(X ® 2)}
n—>00 n—oo L 1 n
= [E(zz; ® z;z,) — oo'] lim (C—l) + 2N, (X ® X) lim (1 — C—l)
n—oco \ N n—00 n

= Q because of (140).

Let €, be a consistent estimator of €,. That is, Q, and Q, are asymptotically
equal in distribution, or, Q, - Q, = 0p(1). Equation 10 in Boik, Panishkan, and

Hyde [35] provides an expression for €2,,, that is,

—ss'+(s—0o)(s— o), (142)

where z; = Y'(Iy—H,)e), Y is given in (62), e is defined in Table 56, H, = ppo(X),
& = vec Y, and ¥ minimizes F(X,S) in (66).

Corollary 27.1. [Asymptotic Distribution of y/n(s — o) Under Normality|[Magnus
and Neudecker [47], 1979, Corollary 4.2, Page 394 and Muirhead [45], 1982, Corollary
1.2.18, Page 19]. Assume that z; S N(0,X), where 2, is the i*" row of Z in (135).
The asymptotic distribution of \/n(s — o) is

dist

V(s — o) 5 N(0, Q). (143)

where s = vecS, o =vecX and Q =2N, (X ® X).
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Theorem 28. [Asymptotic Distribution of v/n(6—8)][Browne [48], 1974, Proposition
6, Page 13 and Browne [49], 1984, Proposition 2, Page 67]. Let 0 be the minimum
discrepancy estimator of @ in F(3(0),S), where F(3(8),S) is given in (66). Assume
that 0 is a consistent root of F(X(0),S) and rank(DS;)e,) = v, where DS;)O, is given

in (48). The asymptotic distribution of \/n(0 — 0) is

V(6 — 6) =% N(0,Qy),

-1

where Qg = ALQAg, Ag = (X '@ 2DV

Oy DYy (5 tes D, | and

o0 ’
Q = E 2z, ® 2;2,] — o0’ is given in Theorem 27.
The assumptions made in Theorem 28 hold for the remainder of the thesis, unless

otherwise specified. Define 2y, as

def

Qﬂ,n = AIOQnAl% (144)

where €, is defined in (141), and Ay is defined in Theorem 28. Note that g in

Theorem 28 is 29 = lim,,_,oc 2o,

Corollary 28.1. [Asymptotic Distribution of 1/7(6 — 8) Under Normality][Browne
[49], 1984, Proposition 5, Page 76]. Assume that z; S N(0,X), where z. is the i*®

row of Z in (135). Then the asymptotic distribution of \/n(0 — 0) is

V(0 — ) L5 N(0, Q),

-1

where g = 2 [DS;)GI, (Elex DS;)G,

Recall that in Chapter 2, A, 4, and v are defined as A = vec(A), § = diag(A)
and 1 = diag(W¥), respectively. Let 3\\, 3, T and 1/5 be estimators of A, §, I" and %, re-
spectively, that minimize F'(3(0), S), where F/(3(8),S) is given in (66). Accordingly,
asymptotic distributions of /(X — A), V(8 — &), y/nvee(T —T') and /n(¢ — 1)

are presented next.
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Theorem 29. [Asymptotic Distribution of v/7(A — A)][Original result]. The asymp-
totic distribution of \/n(A — A) is

Vax =) % N0, D) B, QE, D\

AO’ )\0/)

where Dg\l;)gi

I, =(E,, E, Es, E,) dm(E;,)=v xv; and Q¢ is given in Theorem 28.

is given in (24), Eq,, is the 15 submatriz of

Theorem 30. [Asymptotic Distribution of Vn(é — 0)][Original result]. The asymp-
totic distribution of \/n(8 — &) is

~

V(8 — 8) <% N(0, D), By QE, DS ),

where Eo,,, is the 2" submatriz of I, = (E1,, Es,. Es,. Ei.), D(l_), 1S given in
V2 W1 V2 3 R 5:0;

Theorem 2, dim(E;,,) = v X v; and ¢ is given in Theorem 28.
Theorem 31. [Asymptotic Distribution of /n Vec(f‘ — I')][Original result]. The

asymptotic distribution of v/nvec(I' —T) is
Vnvee(T —T) &% N(0, Ags, Q0Aj, ).

E/

3,v3

where Ag, = (I, @ T) (D( )E,, +D!

QORI ~ 1)
5.0 852,05 ), Dé;eg s gwen in Theorem 2, Dg;%

gH/
is given in Theorem 9, Es,, is the 3" submatriz of I, = (E1,, Es,, Es,, Ei.,,),

dim(E;,,) = v x v;, and Qg is given in Theorem 28.

Theorem 32. [Asymptotic Distribution of \/ﬁ(zz —1))][Original result]. The asymp-
totic distribution of \/ﬁ(lAb — ) is

dist, M y
\/_(¢ d)) (O D'l,b 9’ E, QGE4,VD¢;912>a

where By, is the 4" submatriz of I, = (E1,, Es,, Es,. Eui.,), D(l,) , 1S given in
V1 1 V2 V3 V4 ;6]

Theorem 11, dim(E;, ) = v x v; and Qg is given in Theorem 28.
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4.3. Confidence Intervals for Functions of Parameters

Define 7, T, pY D(l)A,, D(l)A,, A, and ﬁgn as
T30 o;0 ’

0"
def ~ def A 1) def aT 1) def aT
T = T(e)J T = T(0)7 D‘(r;)el = 80” D_(’_;)é’ - W O:é,
(1) def OO _def (A—l A_1> 0 [ (1) (A—l A—l) (1) ]‘1
DI U A (S7es D DY (s es DY |

(145)

and ﬁgm dof A’éﬁnAé, where 7(0) is a b—vector of functions of parameters, 0 is the

minimum discrepancy estimator and a consistent root of F'(3(8),S), S and €, are
given in (142). Assume that derivatives of 7(0) up to order 3 exist and are continuous

in an open neighborhood of .

Suppose that 7 = 7(8) in (145) is a scalar-valued function. Define 7} as
T, < Vn(F - 7)/6, (146)

where 62 = D(l.)@),ﬁe,nD(llg, and ﬁgm is defined in (145). According to Theorem 6 on

page 127 of Boik, Panishkan, and Hyde [35], it can be concluded that

dist,

T, — N(0,1) as N — oo, where T, isdefinedin (146),

Fr,(t) = P(T, <t) = ®(t) + O(n~'/?), (147)
r(t) ™ S Fr () = P(T, <0) = (1) + O(n™7)

where ®(t) and ¢(t) are the standard normal cumulative distribution and probability

density functions. That is,

P [M < za] =a+0(n'?), (148)
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where z, and z;_, are the 100(«) and the 100(1 — o) percentiles of the standard

normal distribution, respectively. It can be derived from (148) that

~

Or

O lm 2 Za} = P[r < (7 = 20,/Vn)] =1—a+0(n™?), and

~

@ P[P o = P2 (- st ] = 1-a 0,

(149)
Further,
P [(f_ _ Zl_a/QﬁT/\/ﬁ) <7< (71— Za/Qé-T/\/ﬁ)}
= P[1 < (T = 2ap207 /1)) = P [T < (T = 21020+ /V1)] (150)

=[1—a/2+ 0 ?)] - [a/2+ 0 *)] because of (149(4))
=1—a+0m™h).

Based on (149) and (150), the 100(1—a)% confidence intervals for 7 are as follows:

(a) (=00, 7T —240./v/n), (b) (F—2_40+/v/n, o00), and
(€) (F— 21—ap0+/V/N, 7= zap26+/\/n).

(151)

A definition for the m'™ order accurate confidence interval (L, U) for 7 is as follows:

P(L<7<U)=1-a+0(n"m?), (152)

where the nominal probability is 1 — a. Accordingly, the confidence intervals in (a)
and (b) of (151) are first-order accurate and the one in (c¢) of (151) is second-order

accurate.
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4.4. Discrepancy Test

Suppose a test of Hy : @ € ©, against H,, : 8 € ©,, is desired, where @,N O, = (.

Define O, vy, v,, éo, éa, ﬁ]o, ﬁ]a, and X? as follows:

®=0,UB,, y=dim(0)), v,=dim(0,),

D

6y = argmin F(X,S), 6, =argmin F(X,S), 3, =32(6,), X,=3(
CECH IEC)

and X2 =n|F(%,8) - F(Z,,9)|,

a)> (153)

where F'(X,S) = trace(SX ) +1n || —p—In [S]| is the discrepancy function defined in
(66), F(20,S) and F(3,,S) are defined as F(X, S) in which 3y and 32, is substituted
for 3.

4.4.1. Asymptotic Distribution: Normal Population

If y; in (61) satisfies y; ad N(p, %) fori=1,2,..., N, then (N —1,)S ~ W,(N —
T, 2) and the probability density function of (N —r,)S was given in (64). Accordingly,

the log likelihood function can be written as follows:
n n
1(X;S) = —3 tr(SX) — B In|X| + Constants. (154)

The generalized likelihood ratio (LR) test statistic is

~

2 [150;8) - l(ﬁ)a;S)] —n [F(EU,S) - F(EG,S)] - X2, (155)

where 1(30;S) and [(3,;S) are defined as [(2;S) in (154) in which 3, and 3, is
substituted for 3. Wilks” Theorem in [50] established that under some fairly general
regularity conditions,

X2 I 2 as n — oo, (156)

Va—10

provided that Hy is true. Further, for a size « test, Hy is rejected if X? > X%_a%_m.



95

4.4.2. Asymptotic Distribution: Non-normal Population

Recall that in §4.2, the model Y = XB + FA’ 4 E is rewritten as Y = XB + Z.

% (0,%) with finite fourth

In this section, it is assumed that the i** row of Z, z;
moments, and rank(X) = r, = O(1). The sample covariance matrix S is no longer
assumed to follow a Wishart distribution. The following Theorem presents the null

distribution of X? when the assumption for normality of y; is not made.

Theorem 33. [Adapted from Boik, Panishkan, and Hyde [35], 2010, Page 131].
Consider a test of Hy : 0 € Oq against H, : 6 € ©,, where @y N O, = 0. Suppose
that under Hy, constraints are placed on @ € O, where @ = Oy U O,. If Hy is

true, then, by construction, there exists a value 8y € Oqy and a value 8, € © so that

3(00) =%(0,) =X and 0, = g(0y). Assume that

(a.) Oy and 0, are consistent roots of F(3(0),S), where 6y and 8, are defined in
(159);

(b.) rank(DS,)%) = vy and rank(D(l) ) = V,, where fol,) = pW¥

o6/, 0, — T o0

n
’ DO‘;G{I o

0=00
pY , and DS)O, is given in (48); and
0=0

a0 |, ;

(c.) the p* distinct elements in z;z, have a positive definite covariance matriz. That

is, Var|[vech(z;z})] is positive definite, where vech(z;z,) is defined in Table 50.
Define p*, H,, A,,, Py, and P, as follows:
p=plp+1)/2, H, = (D;Dp)_lD;n Ay = D;’QDP’

-1
P, =D [ij?;, (='ex DY ] DV (='@=Y), and (157
Yo "o

;0 o360}

P, = DS) [D(l)' (2 lex) pW

-0’ -0’ .0’
790, 0-70(1 0'79(1

-1
| pon (e,
where Dy, is a p* X p* duplication matriz defined in Table 56, and Q = E (2,2, ® z,z}] —
oo’ is given in Theorem 27.

Then,
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(1.) Define vy as vq = v, — vy, where vy = dim(®y) and v, = dim(®). P, — Py is

a projection operator and rank (P, — Py) = v,.

(2.) A, is positive definite and can be diagonalized as A, = U,V U, where U, €
O (p*), V, = Diag(vy,va,...,0,+), and v; > 0 fori=1,2,... p*. Define Vil,/2
as V;/Q = Diag(y/v1,1/V2, .., /Up) and Azl,/2 as All,/2 = Uszl,/QU;. Then,

A;,/Q 1s positive definite.

(3.) Define A as A = A/H, [L(Z1 @271 (P, — Po)| H/A? and define J as
J= %Q (X 1@ X)) (P, — Py). The nonzero eigenvalues of A is the same as

the nonzero eigenvalues of J and A can be diagonalized as A = UVU’, where

U is a p* X vy semi-orthogonal matriz, {v;},*, are the nonzero eigenvalues of

A, and V = Diag(vy, ..., v,,).

(4.) Given Hy is true, X*> =n [F(f]o, S) — F(2., S)] can be written as

1
X = V(s —o) (S @) (Pe—Po)vals — o) + O,(n"2).
dist, o iid
(5.) Given Hy is true, X2 <% Zviwf, where w? ~ x3 fori=1,...,vy.
i=1

All the assumptions made in Theorem 33 hold for the remainder of the thesis,

unless otherwise specified.

Corollary 33.1. [Adapted from Boik, Panishkan, and Hyde [35], 2010, Page 131].
Consider a goodness-of-fit test of Hy : @ € ©y. Assume that the p X p sample

covariance matriz S is invertible. The test statistic for the goodness-of-fit test is
X? =nF(%,8),

where F(X,8) is defined in (66), and 2y is defined in (153). Reject Hy, for large
vy

values of X2. Furthermore, the asymptotic null distribution of X2 is X2 2% Z vw?,
=1



97

where X* = L\/n(s — o) (@271 (12 — Po)y/n(s — o) + Op(n_%% va = p(p +

1)/2 — vy, andw?ﬁgxf fori=1,... vy

Corollary 33.2. [Adapted from Boik, Panishkan, and Hyde [35], 2010, Page 131].
Provided that v; = v for all i, the Satterthwaite approzimation [51] to the null distri-
bution of X2 is

lim cXQrbec,

where ¢ = tr(J)/tr(J?), X? = n[F(f]o,S) — F(EQ,S)], [ = [tx(D)]*/tx(I?), and
J= %Q (X1 @ X)) (P, — Py). Reject Hy for large values of cX?.

4.5. Browne’s Residual-Based Test Statistic

Boik, Panishkan, and Hyde [35] presented Browne’s [49] residual-based statistic for
the test of Hy : @ € O against H, : 8 € ©,, where ©gN®, = (). The purpose of this
section is to provide Browne’s residual-based statistic and to prove its asymptotic null
distribution is X?,d, where vy = 1, — 1y is defined in Theorem 33. The notations used

in the following theorems are consistent with the notations used in earlier sections.

Theorem 34. [Adapted from Boik, Panishkan, and Hyde [35], 2010, Page 131].
Consider a test of Hy : 0 € ©q against H, : @ € ©,, where @y N O, = 0. Suppose
that under Hy, constraints are placed on @ € O, where ® = Oy U O,. If Hy is

true, then, by construction, there exists a value 8y € Oy and a value 8, € O so that

23(00) = Z(oa) =3 and ea = 9(00)
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Define Pg g, Pp,, 13370, f)B,a; and SSE(@O) as follows:
-1
1O (pOr W (1)
Pro=Dog, (Da;%QZ Da;%) D000

-1
Py, =D, (DU, D0, ) DUy o

;0! ;0

-1
10 (pO GO W &+
Pyo =D (D , QnDa;é{]) D, O

% \ "o » (158)
Py, = DS;)é; <DS;ZQQZDS;)§;> ij'l;)ﬂf:lﬁj;’
SSE(0) = n(s — &)’ (Lp — Ppy)(s — &), and
SSE(6a) = n(s — 5a) @ (L2 = Pra)(s — 7).
where Dy, = DL, oo D, = Dy oo D = Dy ot D), =
D{(Tl;)e, obs’ nyl;)o’ is given in (48), &t and ﬁf{ are the Moore-Penrose generalized

inverses of §,, and ﬁn, respectively, S, is defined in (141), Q, is defined in (142),
Go = vecYy, G, = vecY,, and Xy and 3, are defined in (153). The Moore-
Penrose generalized inverses of 2, and ﬁn can be written as Dp(D;QnDp)_lD;) and
Dp(D;SAlnDp)_lD;, respectively.

Browne’s residual-based statistic is
SSEp = SSE(0,) — SSE(8,,), (159)

where SSE(8) and SSE(6,) are defined in (158). Reject Hy, for large values of SSE .

Gwen Hy is true, SSE g sy Xid, where vy = v, — 1y, Yy and v, are defined in (153).

4.6. Wald Test

Consider a test of Hy : 7(0) = 7 against H, : 7(6) # 7, where 8 € © and 7(0)
is a b—vector of functions of parameters defined in (145). According to Theorem 5 in

Boik, Panishkan, and Hyde [35], based on Theorem 28, it can be concluded that

Vin(# — 1) S5 N(0,Q,), (160)
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where Q, = Ds_l,)e,ﬂgD(Tl,);,, Dg_l,)e, is defined in (145), and Qg is defined in Theorem
28.
Define 2, as Q. , = DSL,QOWDS);,, where g, is defined in (144). Note that

QT = hmn—>oo QT,n

Assume that Q! exists, define Qy as
Qw =n(T — 7o), (7 — 7o), (161)

where ﬁ;}l = D(l.)é,ﬁgynD(l.)aj,, D(l.g, and ﬁg’n are defined in (145).
By (160), Theorem 1.3.6 part (1) on page 10 of Christensen [52], and Slutsky’s

Theorem 23, it can be concluded that
Qw =5\, (162)

because tr (2;3,9-,,) = tr(L,) = b and Q-1 is a consistent estimator of Q). The

T,n

result in (162) is from Boik, Panishkan, and Hyde [35].
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CHAPTER 5

ILLUSTRATION

To demonstrate the 4-step procedure from this thesis, four different data sets are
used. These data sets are from Levy [53], Ostrom [54], Bentler and Jamshidian [29]
as well as Byrne and Shavelson [55]. For each data set, a comparison table is provided
with respect to the results generated under the same constraint fit by three software
routines, SAS, R and the 4-step procedure. For notational convenience, denote the

4-step procedure by 4SP in the remainder of this thesis.

5.1. Levy’s Data

The data from Levy [53] corresponds to an investigation into the perceived quality
of life of United States residents. The 2164 participants were asked to rate their
satisfaction with respect to 15 variables. These 15 variables are city to live in (vy),
neighborhood (vs), housing (v3), life in USA (vy), education (vs), useful education
(vg), job satisfaction (v7), spending spare time (vs), health (vg), standard of living
(v10), saving and investments (v11), friends (vq2), marriage (v;3), family life (v14) and
life in general (v15). From these ratings, a correlation matrix has been calculated.
Based on the result of the goodness-of-fit test in Srivastava [56] on page 441, three
factors seem adequate for this data set. Overall, for Levy’s data, N = 2164, p = 15,
and ¢ = 3.

An identical model, fit by SAS, R and 4SP, is described by listing all of the
constraints imposed on A, ® (T and A), and W. This model used for Levy’s data is
called Levy Model I.
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5.1.1. Levy Model I

5.1.1.1.  Constraints Imposed On A: The structure of A is chosen in the follow-

ing manner: factor 1 has loadings only on vy, vs, vs, vy; factor 2 has loadings only
on vy, vg, U7, Vg, Vg; and factor 3 has loadings only on wvyg, vi1, v12, V13, V14, V1s.

Therefore, A has the form
3
A=EPA;, (163)
i=1
where @) is defined in Table 56, A; = (A1 Ay A3 A1), As = (A5 A6 A7 Ag Ag)’, and
Az = (Ao Aix A1z Ais Aug Aas)'

5.1.1.2. Constraints Imposed On ®: Structure la in Table 4 is chosen for the

eigenvalues of ®, where structure la is Ty& with 156 = 3. The matrix Ty for

structure la can be any 3 x 3 nonsingular matrix. For example,

1 00 111
To=10 1 0 or To=1|11 0]. (164)
0 01 1 0 0

According to (37) in Chapter 2, ® satisfies ef'@e? =1, for i = 1,2, 3, equivalently,

diag(®) = 13. The corresponding 8 is provided in Table 6.

5.1.1.3. Constraints Imposed On W: The diagonal entries of W are uncon-

strained. In 4SP, structure la in Table 5 is chosen for 1), where structure la is
¥ = T4&,. The matrix Ty is chosen to be an identity matrix with dimension p = 15,

allowing unrestricted entries in ).

5.1.1.4. Fit by SAS, R and 4SP: Denote the estimated value of F(X,S) by

F(X(),S) in the remainder of this thesis, where F(2(8),S) = tr(S[2(0)]) +
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Levy Model I Fit By | SAS R iSP
2.3686 2.3686 2.3686

5 0.5453 0.5453 0.5453

0.0862 0.0862 0.0862

F(%(6),8) 0.7210 0.7210 0.7210

In |2(8)| — p — In|S|. Table 6 is comparing the values of 5 and F(%(8),8) for Levy’s
data. The estimates for A, d and W generated by SAS, R and 4SP are identical up
to the fourth digit. The F(X(8),S) produced by SAS, R and 4SP are identical up to

the fourth digit.

To generate the identical estimates in 4SP as shown in Table 6, the following
structures for ® and W can also be used. In Table 4, structure 4 can be chosen
for the eigenvalues of ®, where structure 4 is T»£€5? with 156 = 3. The matrix T,

for structure 4 can be any 3 x 3 nonsingular matrix with non-negative entries. For

example,
100 111
To=|0 1 0| or To=|11 0f- (165)
00 1 100

Structure 5 in Table 5 can be chosen for v, where structure 5 is ¥ = T4£$2.

For illustration purposes, a diagram for Levy Model I, based on the graphviz graph
visualisation software (Gansner [57]) and the output from the sem package [31] in R
is given in Appendix C, where v; is defined in Section 5.1 for i = 1,...,15 and lam;

in the diagram of Appendix C corresponds to \; given in (163) for ¢ = 1,...,15.
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5.1.2.  Other Analysis and Model Fits in 4SP

To illustrate the flexibility of 4SP, two different models, Levy Model II and Levy
Model 111, are used. In those two models, the constraints imposed on A and ¥ remain

the same as those of Levy Model I.

5.1.2.1.  Constraints Imposed On d in Levy Model II: In Levy Model II, all en-

tries in § are constrained to be positive and decreasing. Structure 2a in Table 4 is

used to parameterize §, and is given as

. 3T1 eXPQ{Tg&}
]_ng eXp@{TQE(;} '

The matrices T; and Ty corresponding to structure 2a are

100 111
Ti=|0 1 0| and To=|1 1 0. (166)
00 1 100

It follows from structure 2a in Table 4 that 146 = 3. The corresponding values of 5

and F(X(0),S) are provided in Table 7.

5.1.2.2.  Constraints Imposed On é in Levy Model III: In Levy Model III, the

constraints that are imposed on d are motivated by the structure of 3 from Table 6.
Structure 2a from Table 4 is used to parameterize § so that all the entries in § are

positive and exponentially decreasing. The matrices T; and T, are

1 00 1 2
T,=10 1 0 and To=11 1. (167)
0 01 1 0

The corresponding values of 8 and F (2(8),S) are provided in Table 7.
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Levy Model I | Levy Model II Levy Model III
constraints 156 =3 150 = 3 and 150 =3 and 0
for & d is positive is positive and
and decreasing | exponentially decreasing
R 2.3686 2.3686 2.3717
o 0.5453 0.5453 0.5160
0.0862 0.0862 0.1123
F(%(0),8) 0.7210 0.7210 0.7228

Table 7 is comparing the values of §and F (2(9), S) under Levy Model I, IT and
IIT using 4SP. 4SP is the only program used to fit Levy Model II and III because
no existing commands in SAS or R can be used to impose the constraints on § in
Levy Model II or III. Levy Model I produces A, A, T', ¥ and F(X(),8) that are
identical as those of Levy Model II. Levy Model III has a larger discrepancy function
value, because the exponentially decreasing model is not as good a fit as the other
two models.

The following Theorem justifies the reasoning of why Levy Model I produces a
F(32(6),S) that is identical with that of Levy Model II.

Theorem 35. [Original result]. Let A = A(6y), & = ®(605,0,) and ¥ = ¥(6,,),
where dim(A) = p x ¢, dim(®) = g x ¢ and dim(¥) = p x p. Let 3(0) =
APA' + U represent a p X p covariance matriz, where @ = (0, 6; 0; 01;)’

and dim(0) = v. Write 3(0) as 3(0) : R — RP*?. Define ©; as ©; =

{9‘2(9) —ABA + T and diag(®(65,6,)) = 1q} and @, as @, = {9 () =

APAN +T¥ and P(65,0,) is a correlation matrix}. Define 3y as ¥y : ©; — RP*P
~/

and By as By : Oy — RPP. Let 0, = (8, 6, O

~t
1 6,,) be the minimizer of

~l N

F(£.(0),S) and 0, = (8, 6, 6

Y2

®(651,0.,) is a correlation matriz, then F(X1(01),8) = F(22(85),S).

9;2)’ be the minimizer of F(32(0),S). If
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The following sections provide examples for when the estimate of § is improper.

The relevant models to avoid improper solutions are also discussed.

5.2. Ostrom’s Data

Ostrom [54] used the multitrait-multimethod matrix procedure of Campbell and
Fiske [58] to compute a 12 x 12 correlation matrix. There were 189 subjects who
participated in this study. There were three traits: the affective (¢1), the behavioral
(t2) and the cognitive component (¢3). And there were four methods: Thurstone
scale/equal-appearing intervals (m;), Likert scale/summated ratings (ms), Guttman
scale/scalogram analysis (mg3) and self-rating (my4). Accordingly, there were 12 vari-
ables listed with their sequential trait (¢;) and method (m;) designation along with 4
method factors. Ostrom’s data [54] can be studied by a CFA model, with N = 189,
p =12, and q¢ = 4.

The identical model fit by SAS, R and 4SP is described by listing all of the
constraints imposed on A, ® (I' and A), and ¥. Denote this identical model for

Ostrom’s data by Ostrom Model 1.

5.2.1. Ostrom Model I

5.2.1.1.  Constraints Imposed On A: The structure of A is chosen in the follow-

ing manner: factor 1 has loadings only on tym;q, tamy, t3my; factor 2 has loadings
only on tyms, tams, t3me; factor 3 has loadings only on tymg, tams, t3ms; and factor

4 has loadings only on tymy, tomy, t3my. Thus,

4
A=Pa; (168)
i=1
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where @ is defined in Table 56, A1 = ()\1 )\2 /\3)/, A2 = ()\4 )\5 /\6)/7 Ag = ()\7 /\8 /\9)’,
and A4 = ()\10 )\11 )\12)/.

5.2.1.2. Constraints Imposed On ®: The diagonal entries of ® are restricted to

be 1’s. That is, diag(®) = 14. To constrain diag(®) = 1, in 4SP, structure la in
Table 4 is used to parameterize §, where structure la is § = T9& with 1,6 = 4. The

matrix Ty can be given as

T, = (169)

o o O
o
—
o

The corresponding d is provided in Table 8.

5.2.1.3.  Constraints Imposed On ¥: The diagonal entries of W are uncon-

strained. In 4SP, structure 1a in Table 5 is chosen to parameterize @, where structure
la is ¥ = T4&,. The matrix T, is chosen to be an identity matrix with dimension

p = 12; therefore, all entries in 1 are unrestricted.

5.2.1.4. Fit by SAS, R and 4SP: Table 8 is comparing the values of 5 and

F(%(8),8) for Ostrom’s data. It shows that SAS, R and 4SP generate identical
estimates for A, ®, ¥ and F(2(8),S) under Ostrom Model I. One estimated eigen-

value, 3, is negative (—0.0142), which violates a property of a correlation matrix.
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Table 8: Comparisons of the values of 8 and F(3(8),S) under Ostrom Model I
Among SAS, R and 4SP

Ostrom Model I Fit By SAS R 4SP
3.8304 3.8304 3.8304
3 0.1527 0.1527 0.1527
0.0311 0.0311 0.0311
—0.0142 —0.0142 —0.0142
F(X(0),S) 0.3982 0.3982 0.3982
Furthermore, the estimate for ® is
1.0000 0.9699 1.0072 0.8896
s 0.9699 1.0000 0.9911 0.8741
1.0072 0.9911 1.0000 0.9248
0.8896 0.8741 0.9248 1.0000

(170)

A correlation of 1.0072 in ® is improper and further analysis is conducted to deal

with this issue.

5.2.2.

Further Analysis and Model Fits

There are two different models, Ostrom Model IT and Ostrom Model III, discussed

in the following sections. In both models, the constraints imposed on A and ¥ remain

the same as those of Ostrom Model 1.

0.2.2.1.

Constraints Imposed On § in Ostrom Model II: Bentler and Jamshid-

ian [29] suggested to constrain all entries in § to be nonnegative, that is, ¢; > 0 for

i=1,...,4, where § = (01 Jy 3 d4)". In order to reproduce Bentler’s constrained

solutions in 4SP, structure 4 in Table 4 is used to parameterize §, where structure 4
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isd = T2§5®2 with 178 = 4. The matrix Ty corresponding to this structure is

T, = . (171)

The corresponding values of ®, & and F (2(0),S) are provided in Table 9.

5.2.2.2.  Constraints Imposed On § in Ostrom Model III: A new structure for §

is motivated by the structure of 5 in Table 8. Structure 2a from Table 4 is used to
parameterize d so that the largest eigenvalue, §;, is unrestricted and /3 = d3/4.

Hence, the structure of Ty is

T, = . (172)

The corresponding values of EI;, 3 and F (2(9),8) are provided in Table 9. For
convenience, denote this new model by Ostrom Model III.

Table 9 is comparing the values of ®, & and F(X(8),S) under Ostrom Model II
and III. In Ostrom Model II, one eigenvalue in J is 0.0000; therefore, ® has rank
3 and one of the factors is linearly dependent on the others. A discrepancy value
of 0.4003 produced by Ostrom Model III in 4SP is slightly larger than the 0.3992
produced by Ostrom Model II. However, unlike Ostrom Model II, 5 and @ produced

by Ostrom Model III in 4SP are both proper.



109

Table 9: Comparisons of ®, 8 and F(3(8),S) for Ostrom Model 11 and 111

Ostrom Model 11 Ostrom Model II1
1.0000 0.9691 0.9949 0.8887 1.0000 0.9711 0.9905 0.8891
(/I\) 0.9691 1.0000 0.9832 0.8741 0.9711 1.0000 0.9809 0.8740
0.9949 0.9832 1.0000 0.9176 0.9905 0.9809 1.0000 0.9147
0.8887 0.8741 0.9176 1.0000 0.8891 0.8740 0.9147 1.0000
3.8156 3.8119
5 0.1529 0.1533
0.0315 0.0292
0.0000 0.0056
F(%(0),8S) 0.3992 0.4003

5.3. Bentler’s Example

Bentler and Jamshidian [29] provided a nine variable (vy,...,v9) and three factor
model. The hypothetical A,, ®,, § and ¥ in Table 10 are also from Bentler and
Jamshidian [29]. Recall that ®, is defined as a covariance matrix and A, is defined
as a factor loading matrix in the alternative parameterization of ¥ of Chapter 2.
The hypothetical ®, in Table 10 is an improper factor covariance matrix because one

factor variance in ®, (—1.46) and one eigenvalue of ®, (—1.88) are negative.
Accordingly, the hypothetical covariance matrix is computed by X = A, ®, A+,

which is
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Table 10: A Table of A, ®,, § and ¥ for Bentler’s Example

4.9700
—0.8322
—0.3212

0.8800
X =1 0.7920
0.8624
0.9600
1.0176

0.2112

The vector of eigenvalues of X is

—0.8322
5.9556
—0.1831
0.5016
0.4514
0.4916
0.5472
0.5800
0.1204

1.00 0.00 0.00
0.57 0.00 0.00
0.22 0.00 0.00
0.00 1.00 0.00
A.| ]0.00 0.90 0.00
0.00 0.98 0.00
0.00 0.00 1.00
0.00 0.00 1.06
0.00 0.00 0.22
—1.46 0.88 0.96
@, | | 0.88 1.48 0.94
0.96 0.94 1.00
o | (262 029 -1.88)
v Diag(6.43 x 19)
—0.3212 0.8800 0.7920 0.8624 0.9600
—0.1831 0.5016 0.4514 0.4916 0.5472
6.3593  0.1936 0.1742 0.1897 0.2112
0.1936  7.9100 1.3320 1.4504 0.9400
0.1742  1.3320 7.6288 1.3054 0.8460
0.1897 1.4504 1.3054 7.8514 0.9212
0.2112  0.9400 0.8460 0.9212 7.4300
0.2239  0.9964 0.8968 0.9765 1.0600
0.0465 0.2068 0.1861 0.2027 0.2200

1.0176
0.5800
0.2239
0.9964
0.8968
0.9765
1.0600
7.5536
0.2332

0.2112
0.1204
0.0465
0.2068
0.1861
0.2027
0.2200
0.2332
6.4784

. (173)

!/
<12.7315 3.7105 7.1152 6.4300 6.4300 6.4300 6.4300 6.4300 6.4300)-

Therefore, ¥ is a covariance matrix because ¥ is symmetric and its eigenvalues are

non-negative. In the following section, the hypothetical A,, ®, and ¥ in Table 10

are reproduced given the covariance matrix 3. Denote the model used to recover the

exact A,, ®, and ¥ in Table 10 by Bentler Model I.
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5.3.1. Bentler Model I

5.3.1.1.  Constraints Imposed On A,: The structure of A, is chosen in the fol-

lowing manner:
3
A =EPA; (174)
i=1

where @ is defined in Table 56, A1 = (1 A1 A2)’, Ag = (1 A3 \y)’, and Az = (1 A5 Xg)'.
Note that factor 1, factor 2 and factor 3 have fixed loadings on vy, v4 and v; at 1,

respectively.

5.3.1.2.  Constraints Imposed On ®,.: ®, is constrained to be symmetric.

5.3.1.3. Constraints Imposed On W: The diagonal entries of W are constrained

to be identical. Structure la in Table 5 is chosen for 1, where structure la is ¥ =

T4£¢. The matrix T, is chosen to be a vector of 14.

The modified Fisher Scoring algorithm based on the covariance parameterization
of @, is applied to generate the estimates for A,, ®,, d and ¥. The generated K, ZI;, 5
and W are the same with the hypothetical A,, ®,, § and ¥ in Table 10, respectively.
Under Bentler Model I, F(X(8),8) is 0.

Marsh [59] suggested analyzing a covariance matrix with factor variances fixed and
denote this process by the fixed factor variance parameterization. Specifically, this
process was done by fixing the factor variance of each factor to be 1 and estimating

all the factor loadings. Bentler and Jamshidian [29] provided a solution based on

Marsh’s suggestion. Denote the corresponding model by Bentler Model II.
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5.3.2. Bentler Model 11

5.3.2.1.  Constraints Imposed On A: The structure of A is chosen in the follow-

ing manner. Factor 1 has loadings only on vy, vy, vs; factor 2 has loadings only on

vy, Vs, Vg; and factor 3 has loadings only on v7, vs, vg. Thus,

A=PA; (175)

where A1 = ()\1 )\2 )\3),, A2 = ()\4 )\5 )\6)/7 and A3 = ()\7 )\8 )\9)/.

5.3.2.2. Constraints Imposed On ®: The diagonal entries of ® are restricted to

be all 1’s and ® is constrained to be symmetric.

5.3.2.3.  Constraints Imposed On ¥: The diagonal entries of ¥ are uncon-

strained.

Relevant estimates of jAX, ‘/I;, 8 are provided in Bentler and Jamshidian [29] and
are also given in Table 11.

For notational convenience, denote the Lagrange multipliers algorithm based on
a parameterization of ®, by LMA for the remainder of the thesis. In the following
section, Bentler Model II is fit by LMA. The purpose is to compare the solution

generated in LMA to the corresponding solution in Bentler and Jamshidian [29].

5.3.2.4. Bentler Model IT in LMA: In LMA, structure la in Table 4 is used to

parameterize 8, where structure la is d = T with 146 = 3. The matrix T,

corresponding to this structure is

To=|0 1 0]- (176)
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In LMA, structure la in Table 5 is chosen to parameterize v, where structure la

is ¥ = T4&,. The matrix Ty is chosen to be an identity matrix with dimension p = 9.

The values of A, ®, & and F(2(0),S) generated in LMA under Bentler Model 1T
are given in Table 11. Those values are similar to the corresponding values provided
in Bentler and Jamshidian [29]. However, ® is an improper correlation or covariance
matrix in either solution. The discrepancy value of 0.0336 produced in LMA is smaller

than the discrepancy value of 0.0342 based on the solution in Bentler and Jamshidian

[29].

Table 11: Comparisons of A, ®, § and F(2(6),8) for Bentler Model II

Bentler Model 11
In LMA In Bentler and Jamshidian [29]
0.3148  0.00 0.00 0.34 0.00 0.00
0.2103  0.00  0.00 0.22 0.00 0.00
0.0859  0.00 0.00 0.09 0.00 0.00
R 0.00 1.2261 0.00 0.00 1.24 0.00
A 0.00 1.1047 0.00 0.00 1.12 0.00
0.00 1.2019 0.00 0.00 1.22 0.00
0.00 0.00 1.0183 0.00 0.00 1.05
0.00  0.00 1.0790 0.00 0.00 1.12
0.00 0.00  0.2245 0.00 0.00 0.22
R 1.0000 2.5783 3.2946 1.00 2.34 2.99
P 2.5783 1.0000 0.8264 234 1.00 0.75
3.2946 0.8264 1.0000 2.99 0.75 1.00
R 5.6078 5.18
] 0.1998 0.27
—2.8076 —2.45
F(=(0),8) 0.0336 0.0342
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5.3.3.  Other Analysis and Model Fits in 4SP

There are two different models, Bentler Model IIT and Bentler Model IV, discussed
in the following sections. Each model is fit by 4SP in an attempt to produce a proper

estimate for ®.

5.3.4. Bentler Model III

5.3.4.1.  Constraints Imposed On A: The constraints imposed on A remain the

same as those of Bentler Model II. The corresponding values of A are provided in

Table 12.

5.3.4.2.  Constraints Imposed On ®: In Bentler Model III, the constraints that

are imposed on § are motivated by the structure of J as seen in Table 11. Structure
2a from Table 4 is used to parameterize 8, so that all the entries in é are positive and

exponentially decreasing. The matrices T; and Ty are

100 1 2
T.=10 1 0 and To= |1 1. (177)
0 01 1 0

The corresponding values of ® and ¢ are provided in Table 12.

5.3.4.3.  Constraints Imposed On W: The constraints imposed on ¥ remain the

same as those of Bentler Model I. That is, the diagonal entries of ¥ are constrained

to be identical. The corresponding values of U are provided in Table 12.
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Table 12: Comparisons of _/A\, :I\J, 5, ¥ and F(E(é), S) for Bentler Model IIT and IV

Bentler Model 111 Bentler Model IV
0.6081 0 0 0.5947 0 0
0.3466 0 0 0.3390 0 0
0.1338 0 0 0.1308 0 0
R 0 1.2748 0 0 1.2409 0
A 0 1.1473 0 0 1.1168 0
0 1.2493 0 0 1.2160 0
0 0 1.1029 0 0 1.0248
0 0 1.1690 0 0 1.0863
0 0 0.2426 0 0 0.2255
R 1.0000 0.8934 0.9191 1.0000 0.8848 0.8848
P 0.8934 1.0000 0.7223 0.8848 1.0000 0.8848
0.9191 0.7223 1.0000 0.8848 0.8848 1.0000
R 2.6927 2.7696
0 0.2785 0.1152
0.0288 0.1152
v Diag(6.0546 x 19) Diag(6.1229 x 19)
F(%(0),8S) 0.1151 0.1243

5.3.5. Bentler Model IV

5.3.5.1. Constraints Imposed On A: The constraints imposed on A remain the

same as those of Bentler Model II1.

5.3.5.2. Constraints Imposed On ®: Structure la as illustrated in Table 4 is

used to parameterize §, so that m = [1 2], where m is the vector of multiplicities of

d. The matrix T is
10

To=10 1|- (178)

0 1
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5.3.5.3. Constraints Imposed On W: The constraints imposed on ¥ remain the

same as those of Bentler Model III.
Bentler Model 1V is fit by 4SP. The estimates for A, ®, §, ¥ and F(X,S) are
provided in Table 12. In SAS and R, in order to parameterize § with m = [1 2|, the

following theorem is utilized.

Theorem 36. [A Well-Known Result]. Let A be a g X q correlation matriz. If A is

compound symmetric, then the multiplicity of an eigenvalue of A is 1 or q — 1.

In SAS and R, ® is parameterized as a compound symmetric matrix. This is
equivalent to parameterizing & with m = [1 2]' by Theorem 36. The estimates

generated by SAS and R are identical to those generated by 4SP in Table 12.
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CHAPTER 6

SIMULATION

The purpose of the simulation is to examine the properties of the proposed infer-

ence methods discussed in Chapter 4 when sample size is finite. In this chapter, both

conventional models (CM) for confirmatory factor analysis used in R [30] and pro-

posed models (PM) introduced in this thesis are employed. The following simulation

results are provided:

(1).

2).

proportions of proper estimates for ® and ¥ under conventional models and

proposed models, respectively;

average coverage rates of upper one-sided nominal 95% confidence intervals,
lower one-sided nominal 95% confidence intervals, and two-sided nominal 95%

confidence intervals, regarding

(a) nonzero elements in A, distinct non-unit elements ®, and distinct diagonal

elements in W, respectively, under conventional models; and

(b) nonzero elements in A, diagonal elements in A, identified elements in T,

and distinct diagonal elements in ¥, respectively, under proposed models;

. average of all the ratios of widths of two-sided nominal 95% confidence inter-

vals, between proposed models and conventional models, regarding (a) nonzero

elements in A, and (b) distinct diagonal elements in W, repectively;

. empirical test sizes of goodness-of-fit tests for conventional models and proposed

models;

. empirical test sizes of model comparison tests, comparing proposed models with

conventional models.
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Both (4) and (5) above are performed using Browne’s Residual-Based Test in Theorem

34 and the Satterthwaite approximation in Corollary 33.2.

Further discussions are given on the advantages and disadvantages of employing

proposed models, compared to conventional models, in terms of (1), (2), and (3) listed

above, are given. Analysis on the closeness between 1 — « and average coverage rates

in (2); and the closeness between o and empirical test sizes in (4) and in (5) are

provided.

6.1. Data Generation

Recall that the factor analysis model (3) in § 1.2 for y; is
yi = p; + Af; + €,

where

P 0 0
0 by 0

¥ = diag) = , and Cov(f;, €;) = 0.
0 0 - 4,

YN

where y; is a p X 1 random vector of observed responses for a single subject.

thousand trials were conducted for N € {50,300}.

One
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Population parameter values in ¥ = A®A'+W¥ = ATAIYA'+W for the simulation

study are listed as follows, where p =9 and ¢ = 3.
1. A=05x% (I, ® 13);

2. (a) &; = (300/111 30/111 3/111)", A, = Diag(é,),
0.5641 —0.7071 —0.4264

I'' = 105641 07071 —0.4264 |,
0.6030 0 0.7977
1.0000 0.7297 0.9101
¢, =T1A I = [0.7297 1.0000 0.9101 | ;
0.9101 0.9101 1.0000

(b) 82 = (2.86 0.07 0.07)', Ay = Diag(és),
0.5774 —0.4082 —0.7071

[y = {05774 0.8165 0 :
0.5774 —0.4082 0.7071
1.00 0.93 0.93
P, =A% = 093 1.00 0.93|;and
0.93 0.93 1.00

3. W, = Diag(1p,) = Diag(0.0324), and ¥, = Diag(v,) = Diag(0.9025).
In 2(a), 6, follows structure 2a from Table 4 with

1 0 0 1 2
T.=10 1 0 and To=11 11, (179)

0 01 10
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Table 13: Population Model I, II, IIT and IV

Population Model 1 ¥ =AP AN+ ¥, = AT A TNA + 9,
Population Model IT | 3y = A®; A’ + ¥y = AT A TVA + T,
Population Model III | 33 = A®;,A' + ¥ = AT A TN + Wy
Population Model IV | 3, = A®PyA' + Uy = ATHLATLA + W,

so that all the entries in 8, are positive and exponentially decreasing. In 2(b), s

follows structure 4 from Table 4 with m = [1 2" and

To=10 1]. (180)

In 3, ¥; and ¥, both follow structure 5 in Table 5 with T, = 19 so that all
diagonal entries in W, or W, are positive and homogeneous. The values of ¢, and 1,
are chosen so that the communality at ¢, = 0.0324 is 0.8853 and the communality
at 1, = 0.9025 is 0.2169, where the communality is defined in (15).

According to the different parameter values listed above, population models for
3,2 =APAN +¥ = ATAI'A'+ P, can be classified into four categories as in Table
13.

The random vectors f; and €; were sampled from the five distributions in Table
14 with assigned ® and W for Var(f;) and Var(e;), respectively.

To generate independent f; and ¢;, or uncorrelated but not independent f; and ¢;,

use
f;
= Qz;, (181)
€;

where Q is an orthogonal matrix, z; are iid and the entries of z; are either N(0, 1),

Unif(—\/g, \/5), or centered and scaled x3. To create independent vectors, Q in
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Table 14: Five Distributions

Distribution Description
Distribution 1 f; and €; are independent;
and are sampled from multivariate normal distribution;

Distribution 2 f; and €; are independent;

and were sampled from uniform distribution;
Distribution 3 f; and €; are independent;

and were sampled from x? distribution;

Distribution 4 f; and €; are uncorrelated but not independent;

and were sampled from uniform distribution;
Distribution 5 f; and €; are uncorrelated but not independent;

and were sampled from x? distribution.

(181) is set to be Q = I,1,; for non-independence, the columns of Q are normalized

coefficients of orthogonal polynomials.

The following section gives a table of fitted models, both conventional models and

proposed models, to Population Model I, II, III, and IV, respectively.

6.2. Model Fitting

The detailed parameterizations for A, A, I', and ¥ in proposed models are pro-
vided in Chapter 2. In conventional models, the parameterization for A, is provided

in Section 2.4.1 and the parameterization for ¥ is provided in Section 2.3.4.

The parameterization for ® in the conventional models is
vec(®) = vec(I,) + 2N,L'6,, (182)

where L is the ¢(q — 1)/2 x ¢? strictly lower triangular elimination matrix (§6.5 in
Magnus [60]). Thus, dim(68,) = 3. If ® is compound symmetric, then in conventional

models ® is parameterized as
vec(®) = vec(Iy) + 2N;L'1 41y /260. (183)

Accordingly, dim(6s) = 1. Denote the following models as follows:



Model a.

Model b.

Model c.

Model d.

Model e.

Model f.
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the saturated model; the saturated model parameterized as vec(X) = D,6,,
where 6, = (D,’D,) 'D, vec(¥) = vech(X) and D, is defined in Table 56.

Corollary 33.1 includes more details about the saturated model.

conventional model; symmetric structure for ® parameterized as in (182), and
homogeneous structure for ¥, which is parameterized as structure la in Table

conventional model; symmetric structure for ® parameterized as in (182), and
heterogeneous structure for 1, which is parameterized as structure la in Table

5 with T, = To:

proposed model; structure 2a in Table 4 for § with

1 00 1 2
T.=|0 1 0 and To=1|1 1],
0 01 10
and structure 5 in Table 5 for @ with Ty = 1,;
proposed model; structure 2a in Table 4 for § with
1 00 1 2
T.=10 1 0 and To=1|1 1],
0 01 10

and structure 5 in Table 5 for ¥ with T4 = Iq;

conventional model; compound symmetric structure for ® parameterized as in
(183), and homogeneous structure for 1, which is parameterized as structure

la in Table 5 with T4 = 1g;
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Table 15: Model Fitting for Population Model I, I1, IIT and IV

Conventional Models Proposed Models
Population Model 1 Model b and Model ¢ Model d and Model e
Population Model II Model b and Model ¢ Model d and Model e

Population Model IIT | Model b, Model ¢, Model f and Model g | Model h and Model i
Population Model IV | Model b, Model ¢, Model f and Model g | Model h and Model i

Model g. conventional model; compound symmetric structure for ® parameterized as in
(183), and heterogeneous structure for v, which is parameterized as structure

la in Table 5 with Ty = I;

Model h. proposed model; structure 4 from Table 4 for § with T; =[ |, m = [1 2] and
10
T2 = 0 1];
0 1

and structure 5 in Table 5 for @ with T4, = 14; and

Model i. proposed model; structure 4 from Table 4 for § with Ty =[ ], m = [1 2] and
10
T2 = 01 )
0 1

and structure 5 in Table 5 for ¥ with T4 = I,.

Table 15 provides fitted model, both conventional models and proposed models, to
Population Model I, II, III, and IV. The notations are consistent with the notations

listed above.

For notational convenience, fitted models to Population Model I, Model b, Model
¢, Model d and Model e, are denoted by Ib, Ic, Id, and Ie. Likewise, fitted models to
Population Model II, Model b, Model ¢, Model d and Model e, are denoted by IIb,
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ITc, I1d, and Ile; fitted models to Population Model 111, Model b, Model ¢, Model f,
Model g, Model h and Model i, are denoted by IIIb, Illc, ITIf, I1Ig, I[1Th and IIIi; and
fitted models to Population Model IV, Model b, Model ¢, Model f, Model g, Model h
and Model i, are denoted by IVb, IVc, IVf, IVg, IVh and IVi.

6.3. Simulation Results

Simulation results that include: (1) proportions of proper estimates; (2) average
coverage rates; (3) average mean ratios of the width of two-sided CI; (4) empirical
test sizes of goodness-of-fit tests; and (5) empirical test sizes of model comparison

tests, are discussed according the five distributions in Table 14 at N = 300.

6.3.1. Proportion of Proper Solutions

Table 16, Table 17, Table 18, Table 19, and Table 20 display the proportions of
proper solutions by fitting conventional models, Ib, Ic, IIb, and Ilc, and by fitting
proposed models, Id, Ie, IId, and Ile. Under Population Model I, both conventional
models and proposed models generate 100% proper solutions; under Population Model
II, proposed models generate much higher proportions of proper solutions, compared
to conventional models. Note that improper solutions in the R package sem can be
due to a failure to converge (Fox, [31]). In this thesis, if the sem package [31] in R
provides a solution, then the solution is classified as a proper or an improper solution.
The solution is counted as a failure to converge only when R stops and no solution is

provided.
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Table 16: Proportions of Proper Solutions, Improper Solutions and Failure to Con-
verge under Population Model I and II at N = 300 Distribution 1: Multivariate
Normal

Population Model I Population Model II
CM PM CM PM
Ib Ic Id Ie 1Tb Ilc I1d ITe

Proper Solutions 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.4210 | 0.4500 | 0.9060 | 0.8980
Improper ¥ 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0940 | 0.0000 | 0.0000 | 0.0000
Improper ® 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.4850 | 0.5500 | 0.0000 | 0.0000
Improper ¥ and & | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Failure to Converge | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0940 | 0.1020

Table 17: Proportions of Proper Solutions, Improper Solutions and Failure to Con-
verge under Population Model I and IT at N = 300 Distribution 2: Uniform

Population Model 1 Population Model II
CM PM CM PM
Ib Ic Id Ie IIb IIc I1d ITe

Proper Solutions 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.4380 | 0.4870 | 0.9060 | 0.9090
Improper ¥ 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0740 | 0.0000 | 0.0000 | 0.0000
Improper ® 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.4870 | 0.5130 | 0.0000 | 0.0000
Improper ¥ and & | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0010 | 0.0000 | 0.0000 | 0.0000
Failure to Converge | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0940 | 0.0910

Table 18: Proportions of Proper Solutions, Improper Solutions and Failure to Con-
verge under Population Model I and II at N = 300 Distribution 3: x?

Population Model I Population Model II
CM PM CM PM
Ib Ic 1d Ie 11b IIc I1d ITe

Proper Solutions 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.4690 | 0.4640 | 0.9290 | 0.8790
Improper ¥ 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.1130 | 0.0000 | 0.0000 | 0.0000
Improper ® 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.4140 | 0.5360 | 0.0000 | 0.0000
Improper ¥ and & | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0040 | 0.0000 | 0.0000 | 0.0000
Failure to Converge | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0710 | 0.1210
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Table 19: Proportions of Proper Solutions, Improper Solutions and Failure to Con-
verge under Population Model I and II at N = 300 Distribution 4: Uniform, f; and
€; are uncorrelated but not independent

Population Model I Population Model II
CM PM CM PM
Ib Ic Id Ie IIb Ilc IId Ile

Proper Solutions 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.4450 | 0.4910 | 0.9310 | 0.9260
Improper ¥ 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.1030 | 0.0000 | 0.0000 | 0.0000
Improper ® 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.4510 | 0.5090 | 0.0000 | 0.0000
Improper ¥ and & | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0010 | 0.0000 | 0.0000 | 0.0000
Failure to Converge | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0690 | 0.0740

Table 20: Proportions of Proper Solutions, Improper Solutions and Failure to Con-
verge under Population Model I and II at N = 300 Distribution 5: x?, f; and €; are
uncorrelated but not independent

Population Model I Population Model 1T
CM PM CM PM
Ib Ic 1d Ie ITb Ilc I1d ITe

Proper Solutions 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.3760 | 0.3980 | 0.8920 | 0.8730
Improper ¥ 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.1130 | 0.0000 | 0.0000 | 0.0000
Improper ® 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.5100 | 0.6020 | 0.0000 | 0.0000
Improper ¥ and & | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0010 | 0.0000 | 0.0000 | 0.0000
Failure to Converge | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.1080 | 0.1270

6.3.2. Success Rate and Coverage Rate

Success rate and coverage rate are defined as follows:

the number of Cls that capture the true parameter
success rate = - ,
the total number of trials

and (184)

the number of ClIs that capture the true parameter

coverage rate = ,
& the total number of trials that generate proper solutions

where a confidence interval is computed only if a proper solution is attained.
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Under Distribution 1: Multivariate Normal, Table 21, Table 22, Table 23 and
Table 24 contain average success rate and average coverage rate of nominal 95%
upper one-sided confidence interval, lower one-sided confidence interval and two-sided
confidence intervals.

Under Distribution 2: Uniform, Table 25, Table 26, Table 27 and Table 28 contain
average success rate and average coverage rate of nominal 95% upper one-sided confi-
dence interval, lower one-sided confidence interval and two-sided confidence intervals.

Under Distribution 3: y2, Table 29, Table 30, Table 31 and Table 32 contain aver-
age success rate and average coverage rate of nominal 95% upper one-sided confidence

interval, lower one-sided confidence interval and two-sided confidence intervals.

Under Distribution 4: Uniform, f; and €; are uncorrelated but not independent,
Table 33, Table 34, Table 35 and Table 36 contain average success rate and average
coverage rate of nominal 95% upper one-sided confidence interval, lower one-sided
confidence interval and two-sided confidence intervals.

Under Distribution 5: x?, f; and €; are uncorrelated but not independent, Table
37, Table 38, Table 39 and Table 40 contain average success rate and average coverage
rate of nominal 95% upper one-sided confidence interval, lower one-sided confidence
interval and two-sided confidence intervals.

Average success rate is averaging all the success rates for nonzero elements in A,
distinct non-unit elements in ¢, all the elements in §, identified elements in -, and
distinct elements in 1, respectively. Similarly, average coverage rate is averaging all
coverage rates for nonzero elements in A, distinct non-unit elements in ¢, all the
elements in 9§, identified elements in -, and distinct elements in ), respectively.

Overall, under Population Model I, there is not much difference between con-
ventional model and proposed models, in terms of success rates and coverage rates.

Under Population Model II, proposed models generate much higher success rate than
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conventional models, overall. However, under Population Model 11, there is not much

difference in coverage rate between proposed models and conventional models.

6.3.3. Average of the Ratios of Widths of Two-Sided CI

The ratio for nonzero elements in A and distinct elements in 1 is computed as

follows:

widths of two-sided CI from PM
io of widths of -si I= ) 1
ratio of widths of two-sided C widths of two-sided CI from CM (185)

Accordingly, average of the ratios of widths of two-sided confidence intervals is
averaging all ratios computed for nonzero elements in A and distinct elements in 1),

respectively. Note that all the two-sided CI is of nominal 95%.
Based on Table 41, Table 42, Table 43, Table 44, and Table 45, under Population

Model I and II, proposed models generate slightly narrower confidence intervals than
conventional models on average, for elements in A and 1. The only exception is
under Population Model II, Model ¢ (conventional model), generates slightly narrower

confidence intervals than Model e (proposed model).

6.3.4. Empirical Test Sizes for the Goodness-of-fit Test

The empirical test size (ETS) is the proportion of simulation rejections when the

null hypothesis, Hy, is assumed to be true.

6.3.4.1. Two Ways to Compute ETS: There are two way to compute empirical

test size (ETS), which are listed as follows:

the number of rejections

ETS1 = :
the total number of proper solutions
BT — the number of rejections, improper and failure solutions'

the total number of trials
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Table 46, Table 47, Table 48, Table 49, and Table 50 provide ETS1 and ETS2
for the goodness-of-fit test. The Satterthwaite’s approximation procedure generates
empirical test sizes that are closer to the nominal test size of o = 0.05 compared to
Browne’s test procedure, overall. However, under Model IIb and Model 11d, Browne’s
test procedure generates ETS1 closer to a = 0.05 than the Satterthwaite’s approxima-
tion procedure. Under Population Model I, there is not much difference between ETS1
and ETS2. But under Population Model II, ETS2 is much higher than a = 0.05, es-
pecially those under conventional models, because of the high proportion of improper
solutions from the conventional models.

In Table 46, Table 47, and Table 48, the titles of those tables are shortened in
terms of the specific names of Distribution 1, Distribution 2, and Distribution 3. As
defined earlier in Table 14, Distribution 1 is a multivariate normal distribution with
f; and €; are independent; Distribution 2 is a uniform distribution with f; and €; are

independent; and Distribution 3 is a x* with f; and €; are independent.

Table 21: Average of Success Rates under Population Model I at N = 300 Distribution
1: Multivariate Normal

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9319 0.9553 0.9393
Model b (¢) 0.9657 0.9303 0.9467
M Model b (¥) 0.9400 0.9620 0.9470
Model c (A) 0.9319 0.9556 0.9410
Model c (¢) 0.9640 0.9307 0.9463
Model c (v) 0.9226 0.9678 0.9408
Model d (A) 0.9334 0.9546 0.9418
Model d (9) 0.9453 0.9573 0.9497
Model d () 0.9520 0.9527 0.9489
PM Model d (v) 0.9400 0.9590 0.9510
Model e (A) 0.9330 0.9539 0.9423
Model e (9) 0.9430 0.9577 0.9500
Model e (v) 0.9507 0.9510 0.9462
Model e (v) 0.9217 0.9670 0.9424
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Table 22: Average of Success Rates under Population Model IT at N = 300 Distribu-
tion 1: Multivariate Normal

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.4048 0.3922 0.3976
Model b (¢) 0.3870 0.4147 0.4013
M Model b (¥) 0.3720 0.4170 0.3930
Model ¢ (A) 0.4309 0.4212 0.4240
Model c (¢) 0.4087 0.4460 0.4250
Model c (7)) 0.4104 0.4377 0.4196
Model d () 0.8676 0.8538 0.8602
Model d (9) 0.8743 0.8717 0.8757
Model d () 0.8368 0.8423 0.8133
PM Model d (v) 0.8140 0.8880 0.8470
Model e (A) 0.8584 0.8488 0.8514
Model e (9) 0.8657 0.8630 0.8620
Model e () 0.8250 0.8306 0.7970
Model e (7)) 0.8286 0.8700 0.8442

Table 23: Average of Coverage Rates under Population Model I at N = 300 Distri-
bution 1: Multivariate Normal

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9319 0.9553 0.9393
Model b (¢) 0.9657 0.9303 0.9467
M Model b (v) 0.9400 0.9620 0.9470
Model c (A) 0.9319 0.9556 0.9410
Model c (¢) 0.9640 0.9307 0.9463
Model c (7)) 0.9226 0.9678 0.9408
Model d () 0.9334 0.9546 0.9418
Model d (9) 0.9453 0.9573 0.9497
Model d () 0.9520 0.9527 0.9489
PM Model d (v) 0.9400 0.9590 0.9510
Model e (A) 0.9330 0.9539 0.9423
Model e (9) 0.9430 0.9577 0.9500
Model e () 0.9507 0.9510 0.9462
Model e (v) 0.9217 0.9670 0.9424
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Table 24: Average of Coverage Rates under Population Model IT at N = 300 Distri-
bution 1: Multivariate Normal

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9615 0.9316 0.9443
Model b (¢) 0.9192 0.9850 0.9533
M Model b (¥) 0.8836 0.9905 0.9335
Model ¢ (A) 0.9575 0.9360 0.9422
Model c (¢) 0.9081 0.9911 0.9444
Model c (7)) 0.9121 0.9726 0.9323
Model d () 0.9576 0.9424 0.9495
Model d (9) 0.9650 0.9621 0.9665
Model d () 0.9236 0.9297 0.8977
PM Model d (v) 0.8985 0.9801 0.9349
Model e (A) 0.9560 0.9452 0.9482
Model e (9) 0.9640 0.9610 0.9599
Model e () 0.9187 0.9249 0.8875
Model e (7)) 0.9227 0.9688 0.9401

Table 25: Average of Success Rates under Population Model I at N = 300 Distribution
2: Uniform

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9466 0.9596 0.9542
Model b (¢) 0.9657 0.9227 0.9410
M Model b (v) 0.9360 0.9580 0.9480
Model c (A) 0.9478 0.9583 0.9532
Model c (¢) 0.9643 0.9227 0.9393
Model c (7)) 0.9374 0.9624 0.9467
Model d () 0.9480 0.9568 0.9533
Model d (9) 0.9393 0.9560 0.9487
Model d () 0.9430 0.9423 0.9391
PM Model d (v) 0.9360 0.9620 0.9480
Model e (A) 0.9482 0.9573 0.9538
Model e (9) 0.9380 0.9543 0.9450
Model e () 0.9423 0.9429 0.9366
Model e (v) 0.9383 0.9621 0.9471
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Table 26: Average of Success Rates under Population Model 1T at N = 300 Distribu-
tion 2: Uniform

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.4238 0.4080 0.4149
Model b (¢) 0.3993 0.4353 0.4167
M Model b (¥) 0.3830 0.4370 0.4130
Model ¢ (A) 0.4684 0.4550 0.4592
Model c (¢) 0.4347 0.4837 0.4590
Model c (7)) 0.4496 0.4723 0.4607
Model d () 0.8711 0.8516 0.8583
Model d (9) 0.8730 0.8733 0.8750
Model d () 0.8310 0.8372 0.8019
PM Model d (v) 0.8190 0.8950 0.8570
Model e (A) 0.8679 0.8580 0.8606
Model e (9) 0.8757 0.8707 0.8720
Model e () 0.8272 0.8347 0.7947
Model e (7)) 0.8486 0.8781 0.8644

Table 27: Average of Coverage Rates under Population Model I at N = 300 Distri-
bution 2: Uniform

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9466 0.9596 0.9542
Model b (¢) 0.9657 0.9227 0.9410
M Model b (v) 0.9360 0.9580 0.9480
Model c (A) 0.9478 0.9583 0.9532
Model c (¢) 0.9643 0.9227 0.9393
Model c (7)) 0.9374 0.9624 0.9467
Model d () 0.9480 0.9568 0.9533
Model d (9) 0.9393 0.9560 0.9487
Model d () 0.9430 0.9423 0.9391
PM Model d (v) 0.9360 0.9620 0.9480
Model e (A) 0.9482 0.9573 0.9538
Model e (9) 0.9380 0.9543 0.9450
Model e () 0.9423 0.9429 0.9366
Model e (v) 0.9383 0.9621 0.9471
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Table 28: Average of Coverage Rates under Population Model II at N = 300 Distri-
bution 2: Uniform

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9675 0.9315 0.9472
Model b (¢) 0.9117 0.9939 0.9513
M Model b (7)) 0.8744 0.9977 0.9429
Model c (A) 0.9619 0.9343 0.9430
Model c (¢) 0.8925 0.9932 0.9425
Model c (7)) 0.9231 0.9699 0.9459
Model d () 0.9615 0.9399 0.9474
Model d (9) 0.9636 0.9639 0.9658
Model d () 0.9172 0.9241 0.8851
PM Model d (7)) 0.9040 0.9879 0.9459
Model e (A) 0.9548 0.9439 0.9467
Model e (9) 0.9633 0.9578 0.9593
Model e () 0.9100 0.9182 0.8742
Model e (v) 0.9335 0.9660 0.9510

Table 29: Average of Success Rates under Population Model I at N = 300 Distribution
3: 2

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9028 0.9652 0.9243
Model b (¢) 0.9597 0.9180 0.9350
M Model b (¥) 0.9300 0.9620 0.9550
Model c (A) 0.9033 0.9664 0.9232
Model c (¢) 0.9597 0.9160 0.9327
Model c (v) 0.8873 0.9780 0.9131
Model d () 0.9000 0.9637 0.9193
Model d (9) 0.9253 0.9447 0.9257
Model d () 0.9446 0.9411 0.9341
PM Model d (v) 0.9330 0.9650 0.9550
Model e (A) 0.9014 0.9643 0.9204
Model e (9) 0.9257 0.9410 0.9270
Model e () 0.9441 0.9416 0.9361
Model e () 0.8868 0.9783 0.9129
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Table 30: Average of Success Rates under Population Model 1T at N = 300 Distribu-
tion 3: x?

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.4376 0.4438 0.4387
Model b (¢) 0.4127 0.4653 0.4350
M Model b (¥) 0.4070 0.4650 0.4220
Model c (A) 0.4406 0.4367 0.4369
Model c (¢) 0.4193 0.4600 0.4373
Model c (7)) 0.3970 0.4580 0.4137
Model d () 0.8689 0.8906 0.8780
Model d (9) 0.8903 0.8783 0.8810
Model d () 0.8396 0.8458 0.8000
PM Model d (v) 0.8070 0.9150 0.8520
Model e (A) 0.8369 0.8349 0.8343
Model e (9) 0.8450 0.8410 0.8403
Model e () 0.8003 0.8072 0.7653
Model e (v) 0.7636 0.8658 0.7936

Table 31: Average of Coverage Rates under Population Model I at N = 300 Distri-
bution 3: 2

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9028 0.9652 0.9243
Model b (¢) 0.9597 0.9180 0.9350
M Model b (7)) 0.9300 0.9620 0.9550
Model c (A) 0.9033 0.9664 0.9232
Model c (¢) 0.9597 0.9160 0.9327
Model c (7)) 0.8873 0.9780 0.9131
Model d () 0.9000 0.9637 0.9193
Model d (9) 0.9253 0.9447 0.9257
Model d () 0.9446 0.9411 0.9341
PM Model d (7)) 0.9330 0.9650 0.9550
Model e (A) 0.9014 0.9643 0.9204
Model e (9) 0.9257 0.9410 0.9270
Model e () 0.9441 0.9416 0.9361
Model e (v) 0.8868 0.9783 0.9129
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Table 32: Average of Coverage Rates under Population Model IT at N = 300 Distri-
bution 3: y?

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9330 0.9462 0.9353
Model b (¢) 0.8799 0.9922 0.9275
M Model b (¥) 0.8678 0.9915 0.8998
Model c (A) 0.9495 0.9411 0.9416
Model c (¢) 0.9037 0.9914 0.9425
Model c (7)) 0.8556 0.9871 0.8915
Model d () 0.9353 0.9586 0.9451
Model d (9) 0.9584 0.9455 0.9483
Model d () 0.9037 0.9104 0.8611
PM Model d (v) 0.8687 0.9849 0.9171
Model e () 0.9521 0.9498 0.9492
Model e (9) 0.9613 0.9568 0.9560
Model e () 0.9105 0.9183 0.8707
Model e (v) 0.8687 0.9850 0.9028

Table 33: Average of Success Rates under Population Model I at N = 300 Distribution
4: Uniform, f; and €; are uncorrelated but not independent

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9424 0.9576 0.9477
Model b (¢) 0.9610 0.9293 0.9380
M Model b (7)) 0.9420 0.9610 0.9570
Model c (A) 0.9432 0.9571 0.9479
Model c (¢) 0.9603 0.9317 0.9373
Model c (7)) 0.9316 0.9656 0.9444
Model d () 0.9000 0.9637 0.9193
Model d (9) 0.9407 0.9560 0.9453
Model d () 0.9489 0.9511 0.9499
PM Model d (7)) 0.9450 0.9630 0.9530
Model e (A) 0.9431 0.9572 0.9480
Model e (9) 0.9387 0.9523 0.9427
Model e () 0.9472 0.9492 0.9478
Model e (v) 0.9317 0.9649 0.9451
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Table 34: Average of Success Rates under Population Model 1T at N = 300 Distribu-
tion 4: Uniform, f; and €; are uncorrelated but not independent

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.4237 0.4168 0.4218
Model b (¢) 0.4080 0.4393 0.4250
M Model b (¥) 0.3870 0.4430 0.4090
Model c (A) 0.4689 0.4619 0.4663
Model c (¢) 0.4473 0.4860 0.4647
Model c (v) 0.4513 0.4769 0.4649
Model d () 0.8870 0.8823 0.8869
Model d (9) 0.9027 0.9013 0.9027
Model d () 0.8558 0.8661 0.8309
PM Model d (v) 0.8230 0.9130 0.8690
Model e (A) 0.8839 0.8810 0.8820
Model e (9) 0.8983 0.8920 0.8963
Model e () 0.8473 0.8553 0.8166
Model e (v) 0.8600 0.8992 0.8780

Table 35: Average of Coverage Rates under Population Model I at N = 300 Distri-
bution 4: Uniform, f; and €; are uncorrelated but not independent

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9424 0.9576 0.9477
Model b (¢) 0.9610 0.9293 0.9380
M Model b (7)) 0.9420 0.9610 0.9570
Model c (A) 0.9432 0.9571 0.9479
Model c (¢) 0.9603 0.9317 0.9373
Model c (7)) 0.9316 0.9656 0.9444
Model d () 0.9448 0.9576 0.9478
Model d (9) 0.9407 0.9560 0.9453
Model d () 0.9489 0.9511 0.9499
PM Model d (7)) 0.9450 0.9630 0.9530
Model e (A) 0.9431 0.9572 0.9480
Model e (9) 0.9387 0.9523 0.9427
Model e () 0.9472 0.9492 0.9478
Model e (v) 0.9317 0.9649 0.9451
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Table 36: Average of Coverage Rates under Population Model IT at N = 300 Distri-
bution 4: Uniform, f; and €; are uncorrelated but not independent

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9521 0.9366 0.9478
Model b (¢) 0.9169 0.9873 0.9551
M Model b (¥) 0.8697 0.9955 0.9191
Model c (A) 0.9550 0.9407 0.9498
Model c (¢) 0.9111 0.9898 0.9464
Model c (7)) 0.9192 0.9713 0.9468
Model d () 0.9527 0.9477 0.9526
Model d (9) 0.9696 0.9681 0.9696
Model d () 0.9192 0.9303 0.8925
PM Model d (v) 0.8840 0.9807 0.9334
Model e (A) 0.9545 0.9514 0.9525
Model e (9) 0.9701 0.9633 0.9680
Model e () 0.9150 0.9237 0.8818
Model e (v) 0.9287 0.9711 0.9482

Table 37: Average of Success Rates under Population Model I at N = 300 Distribution
5: x2, f; and €; are uncorrelated but not independent

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9097 0.9688 0.9263
Model b (¢) 0.9547 0.9157 0.9283
M Model b (7)) 0.9350 0.9690 0.9510
Model c (A) 0.9108 0.9680 0.9260
Model c (¢) 0.9523 0.9180 0.9250
Model c (7)) 0.9099 0.9731 0.9324
Model d () 0.9142 0.9660 0.9258
Model d (9) 0.9280 0.9473 0.9307
Model d () 0.9471 0.9449 0.9460
PM Model d (7)) 0.9310 0.9670 0.9480
Model e (A) 0.9147 0.9659 0.9281
Model e (9) 0.9260 0.9457 0.9297
Model e () 0.9460 0.9429 0.9459
Model e (v) 0.9086 0.9727 0.9322
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Table 38: Average of Success Rates under Population Model 1T at N = 300 Distribu-
tion 5: x2, f; and €; are uncorrelated but not independent

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.3596 0.3519 0.3560
Model b (¢) 0.3533 0.3720 0.3627
M Model b (¥) 0.3240 0.3740 0.3450
Model c (A) 0.3817 0.3713 0.3754
Model c (¢) 0.3630 0.3933 0.3787
Model c (7)) 0.3517 0.3882 0.3667
Model d () 0.8464 0.8483 0.8473
Model d (9) 0.8737 0.8723 0.8740
Model d () 0.8193 0.8248 0.7910
PM Model d (v) 0.7920 0.8780 0.8260
Model e (A) 0.8307 0.8281 0.8243
Model e (9) 0.8497 0.8447 0.8447
Model e () 0.7970 0.8038 0.7672
Model e (v) 0.7872 0.8527 0.8119

Table 39: Average of Coverage Rates under Population Model I at N = 300 Distri-
bution 5: 2, f; and €; are uncorrelated but not independent

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9097 0.9688 0.9263
Model b (¢) 0.9547 0.9157 0.9283
M Model b (7)) 0.9350 0.9690 0.9510
Model c (A) 0.9108 0.9680 0.9260
Model c (¢) 0.9523 0.9180 0.9250
Model c (7)) 0.9099 0.9731 0.9324
Model d () 0.9142 0.9660 0.9258
Model d (9) 0.9280 0.9473 0.9307
Model d () 0.9471 0.9449 0.9460
PM Model d (7)) 0.9310 0.9670 0.9480
Model e (A) 0.9147 0.9659 0.9281
Model e (9) 0.9260 0.9457 0.9297
Model e () 0.9460 0.9429 0.9459
Model e (v) 0.9086 0.9727 0.9322
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Table 40: Average of Coverage Rates under Population Model II at N = 300 Distri-
bution 5: x2, f; and €; are uncorrelated but not independent

upper one-sided CI | lower one-sided CI | two-sided CI
Model b () 0.9563 0.9359 0.9468
Model b (¢) 0.9397 0.9894 0.9645
M Model b (¥) 0.8617 0.9947 0.9176
Model c (A) 0.9590 0.9330 0.9433
Model c (¢) 0.9121 0.9883 0.9514
Model c (v) 0.8836 0.9754 0.9213
Model d () 0.9489 0.9510 0.9499
Model d (9) 0.9794 0.9780 0.9798
Model d (v) 0.9185 0.9246 0.8868
PM Model d (v) 0.8879 0.9843 0.9260
Model e (A) 0.9515 0.9486 0.9443
Model e (9) 0.9733 0.9675 0.9675
Model e () 0.9129 0.9207 0.8788
Model e () 0.9017 0.9767 0.9300

Table 41: Average of the Ratios of Widths of Two-Sided CI at N = 300 Distribution
1: Multivariate Normal

A P

Id VS Ib 0.9856 | 0.9880
IId VS IIb | 0.9927 | 0.9616
Ie VS Ic 0.9858 | 0.9982
Ile VS IIc | 1.0091 | 1.0004

Table 42: Average of the Ratios of Widths of Two-Sided CI at N = 300 Distribution
2: Uniform

A P

Id VS Ib 0.9817 | 0.9802
IId VS IIb | 0.9933 | 0.9329
Ie VS Ic 0.9821 | 0.9969
ITIe VS IIc | 1.0094 | 1.0003
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Table 43: Average of the Ratios of Widths of Two-Sided CI at N = 300 Distribution
3: 2

A P

Id VS Ib 0.9918 | 0.9960
IId VS IIb | 0.9902 | 0.9895
Ie VS Ic 0.9918 | 0.9995
Ile VS IIc | 1.0194 | 1.0026

Table 44: Average of the Ratios of Widths of Two-Sided CI at N = 300 Distribution
4: Uniform, f; and €; are uncorrelated but not independent

A P

Id VS Ib 0.9935 | 0.9895
IId VS IIb | 0.9935 | 0.9442
Ie VS Ic 0.9937 | 0.9982
Ile VS IIc | 1.0104 | 1.0004

Table 45: Average of the Ratios of Widths of Two-Sided CI at N = 300 Distribution
5: x2, f; and €; are uncorrelated but not independent

A P

Id VS Ib 0.9716 | 0.9858
IId VS IIb | 0.9903 | 0.9775
Ie VS Ic 0.9713 | 0.9985
Ile VS IIc | 1.0081 | 1.0003

6.3.5. ETS1 and ETS2 for Model Comparison Test

Empirical test sizes for model comparison tests were computed in two ways for
Browne’s test and the Satterthwaite’s approximation version. Browne(2) and Sat-
terthwaite(2) are computed based on the algorithm discussed in §5.3 in Boik [34],

whereas, Browne(1) and Satterthwaite(1) are computed based the output generated
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under conventional models and proposed models, without further calculation, by as-
suming Hy is true.

Table 51, Table 52, Table 53, Table 54, and Table 55 provide ETS1 and ETS2
for Model Comparison Test. Under Population Model I, Browne’s test procedure
and Satterthewaite approximation procedure both generate ETS1 close to a = 0.05,
especially, for the comparison between Model Ie and Model Ic, ETS1 are very close
to each other and are close to @ = 0.05. Under Population Model II, ETS1 are
much lower than o = 0.05. Under Population Model I, there is not much difference
between ETS1 and ETS2. But under Population Model II, ETS2 is much higher than
a = 0.05, especially those under conventional models, because of the high proportion
of improper solutions from the conventional models.

In Table 51, Table 52, and Table 53, the titles of those tables are shortened in
terms of the specific names of Distribution 1, Distribution 2, and Distribution 3. As
defined earlier in Table 14, Distribution 1 is a multivariate normal distribution with
f; and €; are independent; Distribution 2 is a uniform distribution with f; and €; are

independent; and Distribution 3 is a x? with f; and €; are independent.

Table 46: ETS1 and ETS2 for the Goodness-of-fit Test at N = 300 Distribution 1

ETS1 Population Model 1 Population Model I1
CM PM CM PM
Ib Ic 1d Ie ITb Ilc 11d Ile
Browne 0.0740 | 0.0650 | 0.0850 | 0.0650 | 0.0428 | 0.0511 | 0.0596 | 0.0423
Satterthwaite | 0.0500 | 0.0510 | 0.0520 | 0.0550 | 0.0333 | 0.0533 | 0.0375 | 0.0445
ETS2 Population Model 1 Population Model 11
CM PM CM PM
Ib Ic Id Ie ITb IIc 11d ITe
Browne 0.0740 | 0.0650 | 0.0850 | 0.0650 | 0.5970 | 0.5730 | 0.1480 | 0.1400
Satterthwaite | 0.0500 | 0.0510 | 0.0520 | 0.0550 | 0.5930 | 0.5740 | 0.1280 | 0.1420
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Table 47: ETS1 and ETS2 for the Goodness-of-fit Test at N = 300 Distribution 2

ETS1 Population Model 1 Population Model 11
CM PM CM PM
Ib Ic Id Ie ITb IIc 11d Ile
Browne 0.0720 | 0.0690 | 0.0730 | 0.0650 | 0.0731 | 0.0986 | 0.0740 | 0.0726
Satterthwaite | 0.0400 | 0.0500 | 0.0400 | 0.0470 | 0.0548 | 0.0575 | 0.0497 | 0.0561
ETS2 Population Model 1 Population Model II
CM PM CM PM
Ib Ic 1d Ie ITb Ilc 11d Ile
Browne 0.0720 | 0.0690 | 0.0730 | 0.0650 | 0.5940 | 0.5610 | 0.1610 | 0.1570
Satterthwaite | 0.0400 | 0.0500 | 0.0400 | 0.0470 | 0.5860 | 0.5410 | 0.1390 | 0.1420

Table 48: ETS1 and ETS2 for the Goodness-of-fit Test at N = 300 Distribution 3

ETS1 Population Model 1 Population Model 11
CM PM CM PM
Ib Ic Id Ie ITb IIc 11d ITe
Browne 0.0630 | 0.0400 | 0.0640 | 0.0400 | 0.0725 | 0.0474 | 0.0872 | 0.0410
Satterthwaite | 0.0200 | 0.0360 | 0.0210 | 0.0350 | 0.0277 | 0.0172 | 0.0344 | 0.0353
ETS2 Population Model I Population Model I1
CM PM CM PM
Ib Ic Id Ie ITb IIc 11d ITe
Browne 0.0630 | 0.0400 | 0.0640 | 0.0400 | 0.5650 | 0.5580 | 0.1520 | 0.1570
Satterthwaite | 0.0200 | 0.0360 | 0.0210 | 0.0350 | 0.5440 | 0.5440 | 0.1030 | 0.1520

Table 49: ETS1 and ETS2 for the Goodness-of-fit Test at N = 300 Distribution 4:
Uniform, f; and €; are uncorrelated but not independent

ETS1 Population Model 1 Population Model I1
CM PM CM PM
Ib Ic Id Ie ITb IIc 11d ITe
Browne 0.0680 | 0.0570 | 0.0720 | 0.0570 | 0.0629 | 0.0428 | 0.0655 | 0.0443
Satterthwaite | 0.0330 | 0.0420 | 0.0360 | 0.0400 | 0.0337 | 0.0387 | 0.0440 | 0.0443
ETS2 Population Model 1 Population Model I1
CM PM CM PM
Ib Ic 1d Ie ITb Ilc 11d Ile
Browne 0.0680 | 0.0570 | 0.0720 | 0.0570 | 0.5830 | 0.5300 | 0.1300 | 0.1150
Satterthwaite | 0.0330 | 0.0420 | 0.0360 | 0.0400 | 0.5700 | 0.5280 | 0.1100 | 0.1150
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Table 50: ETS1 and ETS2 for the Goodness-of-fit Test at N = 300 Distribution 5:
Y2, f; and €; are uncorrelated but not independent

ETS1 Population Model 1 Population Model 11
CM PM CM PM
Ib Ic 1d Ie I1b Ilc 11d 1le
Browne 0.0840 | 0.0710 | 0.0890 | 0.0710 | 0.0771 | 0.0477 | 0.0673 | 0.0458
Satterthwaite | 0.0230 | 0.0330 | 0.0190 | 0.0270 | 0.0213 | 0.0302 | 0.0235 | 0.0275
ETS2 Population Model I Population Model 11
CM PM CM PM
Ib Ic 1d Ie I1b Ilc 11d 1le
Browne 0.0840 | 0.0710 | 0.0890 | 0.0710 | 0.6530 | 0.6210 | 0.1680 | 0.1670
Satterthwaite | 0.0230 | 0.0330 | 0.0190 | 0.0270 | 0.6320 | 0.6140 | 0.1290 | 0.1510

Table 51: ETS1 and ETS2 for Model Comparison Test at N = 300 Distribution 1

ETS1 Browne(1) | Satterthwaite(1) | Browne(2) | Satterthwaite(2)
Id VS Ib 0.0590 0.0540 0.0610 0.0490
Ie VS Ic 0.0530 0.0540 0.0530 0.0540
IId VS IIb 0.0077 0.0026 0.0077 0.0026
Ile VS IlIc 0.0144 0.0024 0.0192 0.0048
ETS2 Browne(1) | Satterthwaite(1) | Browne(2) | Satterthwaite(2)
Id VS Ib 0.0590 0.0540 0.0610 0.0490
Ie VS Ic 0.0530 0.0540 0.0530 0.0540
I1d VS IIb 0.6120 0.6100 0.6120 0.6100
Ile VS IlIc 0.5890 0.5840 0.5910 0.5850

Table 52: ETS1 and ETS2 for Model Comparison Test at N = 300 Distribution 2

ETS1 Browne(1) | Satterthwaite(1) | Browne(2) | Satterthwaite(2)
Id VS Ib 0.0520 0.0440 0.0520 0.0410
Ie VS Ic 0.0430 0.0360 0.0430 0.0350
IId VS IIb 0.0120 0.0000 0.0120 0.0000
Ile VS IlIc 0.0198 0.0066 0.0176 0.0066
ETS2 Browne(1) | Satterthwaite(1) | Browne(2) | Satterthwaite(2)
Id VS Ib 0.0520 0.0440 0.0520 0.0410
Ie VS Ic 0.0430 0.0360 0.0430 0.0350
I1d VS IIb 0.5890 0.5840 0.5890 0.5840
Ile VS IlIc 0.5550 0.5490 0.5540 0.5490
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Table 53: ETS1 and ETS2 for Model Comparison Test at N = 300 Distribution 3

ETS1 Browne(1) | Satterthwaite(1) | Browne(2) | Satterthwaite(2)
Id VS Ib 0.0540 0.0540 0.0530 0.0500
Ie VS Ic 0.0590 0.0490 0.0610 0.0530
I1d VS IIb 0.0605 0.0135 0.0583 0.0112
IIe VS IlIc 0.0313 0.0241 0.0337 0.0265
ETS2 Browne(1) | Satterthwaite(1) | Browne(2) | Satterthwaite(2)
Id VS Ib 0.0540 0.0540 0.0530 0.0500
Ie VS Ic 0.0590 0.0490 0.0610 0.0530
I1d VS IIb 0.5810 0.5600 0.5800 0.5590
IIe VS IIc 0.5980 0.5950 0.5990 0.5960

Table 54: ETS1 and ETS2 for Model Comparison Test at N = 300 Distribution 4:

Uniform, f; and €; are uncorrelated but not independent

ETS1 Browne(1) | Satterthwaite(1) | Browne(2) | Satterthwaite(2)
Id VS Ib 0.0660 0.0610 0.0660 0.0580
Ie VS Ic 0.0640 0.0580 0.0660 0.0580
I1d VS IIb 0.0143 0.0024 0.0143 0.0024
Ile VS IlIc 0.0129 0.0043 0.0151 0.0086
ETS2 Browne(1) | Satterthwaite(1) | Browne(2) | Satterthwaite(2)
Id VS Ib 0.0540 0.0540 0.0530 0.0500
Ie VS Ic 0.0590 0.0490 0.0610 0.0530
I1d VS IIb 0.5810 0.5600 0.5800 0.5590
IIe VS IlIc 0.5980 0.5950 0.5990 0.5960

Table 55: ETS1 and ETS2 for Model Comparison Test at N = 300 Distribution 5:

Y2, f; and €; are uncorrelated but not independent

ETS1 Browne(1) | Satterthwaite(1) | Browne(2) | Satterthwaite(2)
Id VS Ib 0.0760 0.0620 0.0780 0.0550
Ie VS Ic 0.0690 0.0590 0.0680 0.0600
I1d VS IIb 0.0309 0.0000 0.0309 0.0000
Ile VS IlIc 0.0279 0.0084 0.0306 0.0084
ETS2 Browne(1) | Satterthwaite(1) | Browne(2) | Satterthwaite(2)
Id VS Ib 0.0760 0.0620 0.0780 0.0550
Ie VS Ic 0.0690 0.0590 0.0680 0.0600
11d VS IIb 0.6550 0.6440 0.6550 0.6440
Ile VS IlIc 0.6510 0.6440 0.6520 0.6440
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6.4. Conclusion and Future Work

Based on the large simulation results, it has demonstrated that the inference pro-
cedures for the proposed model work well enough to be used in practice and that the
proposed model has advantages over the conventional model, in terms of proportion of
proper solutions; average success rates and average coverage rates of upper one-sided
nominal 95% confidence intervals, lower one-sided nominal 95% confidence intervals,
and two-sided nominal 95% confidence intervals; and average of the ratios of widths

of two-sided nominal 95% confidence intervals.

Future work includes the algorithm used in this thesis becomes more robust to
the data variability so that the convergence rate for the proposed models is higher
than the current convergence rate. It is also likely to write a similar program as the
one used in this thesis in R so that the programs used in R become robust as well.

Also, future work includes constructing models and inference procedures for fitting

confirmatory factor analysis models to correlation matrices.
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Table 56: Matrix Functions

Function Definition
tr(A) trace of the square matrix A
diag(A) vector of diagonal components of the square matrix A
Diag(v) diagonal matrix whose diagonals are the components of v
dim(M) dimension of a vector, matrix, or vector space
vec(M) vector obtained by stacking the columns of M
dvec(M;a, b) | a x b matrix U that satisfies vec(U) = vec(M),
where dim(vec M) = ab
vech(A) A = A’; the vech of A is the vector obtained by stacking
the distinct elements in the columns of A (i.e. that are
on and below the main diagonal) into a single vector.
dvech(a) symmetric matrix A that satisfies vech(A) = a
(M)*" r'h order Kronecker product of M with itself;
eg, M) =MeaMeM
® direct or Kronecker product
k
b direct sum, e.g., @Ai = Diag(A1,As, ..., Ay)
i=1
® elementwise operator
1, p X 1 column of ones
el elementary vector, i column of I,
E;a elementary matrix, j* submatrix of
Ip = (El,a E2,a Ec,a>7 dim(Ej,a) =p X ay,
the components of a = (a; as a.)
are positive integers, and p = 1la
| I, ® vec(I,) ® I,
P
Loryp Z () (ef/)@)r
i=1
D, p? x p(p + 1)/2 duplication matrix
K. ab X ab commutation matrix
N, (L2 + Kpp) /2
N;Jf (Ip2 - Kp,p) /2
Joip K, ), + (Ip & 2Np)
SVD(B) singular value decomposition: SVD(B) = UDV’
B+ Moore-Penrose generalized inverse of B
ppo(X) a projection operator that projects onto R(X) along N(X'),

ppo(X) = X (X'X)” X'
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Table 57: Matrix/Vector Spaces and Basis Sets

Set/Operator Definition
O(p) set of all p x p orthogonal matrices
O(m) set of all p x p orthogonal matrices with structure
BDlag ({QZ ?1:01)7 where Qz € O(mz)> ?;01 m; =p
and m; is a positive integer
O(p,q) set of all p x ¢ semiorthogonal matrices, where p > g.
D*(p) set of all p x p diagonal positive definite matrices
R(B) vector space generated by the columns of the matrix B
N(B) null space (kernel) of the matrix B
Ft any a X (a — ry) matrix whose columns are a basis for

N (F'), where dim(F) = a x b and rank(F) = r;
open neighborhood of the matrix B
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APPENDIX B

PROOFS OF THEOREMS 1-35 AND LEMMA 1
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B.1. Proof of Theorem 1

Theorem 1. [Adapted from Bartlett [7], 1950, Page 84]. Assume that the p X q
matrix A has rank q and that A is identified up to orthogonal rotation. Then, A can
be parameterized as A(0y), where dim(0y) = pq — q(q_2—1) and @y is identified.

Proof: [Proof With Advisor’s Help|. If rank(A) = q, then there exist ¢ rows of A that
are linearly independent. Without loss of generality, assume that the first ¢ rows of
A are linearly independent. If this is not the case, then the rows of y, w, A and €

can be permuted so that the first ¢ rows are linearly independent.

Partition A as A = (A, AL, where Ay is a q x q nonsingular matriz. Let
QR = A be the QR factorization of A, where Q € 0,4, R is an upper triangular
matrix (also called right triangular matriz), the diagonal components of R are positive

and Oy is defined in Table 57. This factorization is unique because Ay has full rank.

R/Q/ R/ R/
Write A as A = = Q = Q’, where B = A,Q.
Ay A2Q B
def V*(R)

Define 8y as 0 =

, where v*(R) contains the @ components in the

vec(B)

upper triangle of R and dim[vec(B)] = (p — q)q. The dimension of 0 is pqg — @

because dim(0y) = dim(v*(R)) + dim(vec(B)) = @ +(p—q)qg =pq — @. The

first part of the proof is now finished because dim(6y) = pq — ale=l)

2
The second part of the proof is to show that A(Ox,)A(0x,) = A(Ox,)A(0y,) =

0)\1 - 9)\2.
R’ R’ R'R R'B
Write AN as AN = QQR B)= (R B) =
B B BR BBF
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R'R;, R,B R,R, R,B,
If A(Bx,)A(0x,) = A(0x,)A(8y,), then =
B.R, BB B,R, BB,

Note that R1R; and RYR, are each the unique Cholesky factorization of the positive
definite matriz in the upper left hand corner of AN'. It follows that Ry = Ry. It is

true that By = By because B1Ry = B3Ry and Ry is nonsingular. It can be concluded
that O, = 0, and 0y is identified. ]

B.2. Proof of Theorem 2

Theorem 2. [Adapted from Boik [35], Supplement, 2009, Theorem 13, Page 15]. Let
0 be parameterized as model 4 in Table 4. Define Dg; and W as

def def

D¢, = Diag(&) and Ws = CTyDg;.

Assume that Cy has been chosen such that the r. X g matric Wg has full row-rank.
Write the singular value decomposition of Wg as follows:

W; = UsDs Vg, where

Us € O(re), Vs= <V5,1 V5,2> € O(g2),

Vsi € O(qa, 1), Ds= (Dé’l Orcx(qzrc)> , and D5, € D (r.).

Then,

a. the parameter & can be written as & = Vims + VaOs, where ng = V&, 05 =
V55, Vi= V51, and Vo = Vo,

b. the parameters mg and & are implicit functions of 05. Therefore, Ong /065 and
0&;/005 exist;
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c. [Original result|. the first three derivatives of & with respect to 05 can be written

as follows:
(1)
D5795 2T2D§5D5& 9/ = 2T2D£5V2,
Dy g = 2Ts (I, — Pgg) (Vo x V3, and
3) _ ) ay
Da;eg,og,eg = 2T, (qu — Pgé) (D€5 0L0! DE&%> J.,, where
D( == V D(2) = —D 1P D( ) D(l)/ ! P — D W+C,T
&9 2 5056 5 T \Veso0 * Pesior )+ Tés es W C1 1o,

x 15 the Khatri-Rao column-wise product, J,, and N,, are defined in Table 56
and D (r.) is defined in Table 57; and

d. [Original result]. Pg; is a projection operator.

Proof: [Independent Proofs of (a) (b) and (d)][Proof of (¢) With Advisor’s Help] The
structure of (26) and (27) are adapted from Theorem 13 in the supplement of Boik
[35]. Results of part a and part b were given in §2.4 of Boik [34] and the corresponding

proofs are given below.

a. The parameter & can be written in as follows:

& = VsVsés
Vs
= (V5,1 V5,2) &
Vs.2
= V51V;5:& + V52 V506

= V,Vi& + Vo Vigs

= Vins + Vabs,
where ng = V&, 05 = V5&, Vi = V51, and Vo = Vs

g2
b. By the definition of ®, § = T9(& © &) = T Z (egzﬁge?e?&;), where e is
defined in Table 56. B
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Ezamine the matriz of derivatives ﬁ(C’lé —Co):

0 0
L (Cs-cy) = LT
a,’,’é(clé CO) 877501 2(€6®£6)

a q2

= O, (elgelels;)
015 i=1

9 & :
= 5T € (Vims + Vabs)'elel (Vi + V:0)|
0 i=1

q2

;0
= 20T, { (Virts + Vabs)'elel 0 (Vi + Vzew}
i=1 [

q2
= 20T, ) [ei'h (Vimgs + Vo65)'efe;*V,
i=1
g2 ,
= 2C|T, Z (e?g’;e?eg?) A\’
i=1

= 2W5V1.

Note that if Wg does not have full row-rank, then one or more linear functions
of the restrictions C|d = co are non-informative and can be deleted.

By the singular value decomposition of Wg, one can write 2WgV1 as follows:

2W;V, = 2UsD5 V4V, = 2UsD;5 Vi, V) = 2UsD;s, V; V= 2UsDs 1.

It follows that Us and Ds; are nonsingular because Us € O(r.) and Ds; €
D*(r.). Therefore, the matriz of derivatives 0 (Cd — co)/Idng is nonsingular.
By the implicit function theorem (Callahan [61], 2010, Corollary 6.13, Page
207), the parameter n is an implicit function of @5 and Ony/005 exists. It also
follows that the parameter & is an implicit function of 05 and 0&;/005 exists

because & = V1ms + V205.
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c. The first deriwative of & with respect to 5 can be written as
v _ 9
DJ;Hé - a 06 (55 © éé)

q2

= 2T, Z ( qQSe"?equé;e/)

i=1

= 2T,Dg D).

All derivatives of C|& with respect to 05 are O for all O5 in the parameter space

because C10 = ¢y YV 05 € Os. It follows that

c,Dl) = 0 —CiTy(& © &) = 2C| T,De, DY

o = 5] = 2W,;D ), = 0

&,
— Wi (ViD}), + V2 ) =0

= W;V, D 0/ =0 because W5V, = UsDs 1V Vy =0

(1)

— Dn5'0’ = 0 because WsV1 is nonsingular
EAt)

:>D =V,

559’

The second derivative of & with respect to Os can be written as

@ _ 0 (1)
Da;og,eg - 3062T2D56D§5 6}
q2 )
1
— oT, 21: Dl (L, @D, )| + 21,04 DL,

a2
- 2T2Zeg2 [( q2D£6 96) © ( qZDgS 95)] +2T2D§5D£¢5 ;05,05

_ () @ )
— 9T, (Dw, Dga,,,,) +2T,D, DY,

= 2T2 (V/ * V,) + 2T2D§6D€6 0/05
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It follows that

CiDyy g = 2C1Ts (Vi V3)' + 20| ToDg Dy = 0
because C|D 22),05 = 0 for all Os in the parameter space.

— 201 Ts (V # V3) + 2WsDg s = 0
— 2C, T, (V+ V) + 2W5V1D£7)9,0, =0
— Dy = —VIWS C T2 (V) # V)
— D% o0 = — Wo C1T2 (Vy V5
= Dy = ~Dg'Pg (DY + DYy )
— D), = 2T (1, ~ DgDg'Pg; ) (Vi + V)’

— Diyy g = 2T (I, — Pgg) (Vi V).

The third derivative of & with respect to @5 can be written as

3) 0
Dsoeer = 980,

q2 _
_ 2 a3 ) q 1 )
oS e [(¢9a) (00
i=1
q2
+ QTQZe;,D ( q2Dé(;)9 0/) ® < QZD;;)Q;) [IVQ ®I(1,27,,2)}

q2 -
+ QTQZe;'D < Q2Dg)0> ® ( Q2Dg)0/ ,)

)
+ 2T,DgDY,

/
— 2T, (Dge,e, DS@) (I, ® 2N,,)

4+ 2T (D DU 510 )’
2\ 756 T 50565

+ 2T,D DY

{2T2 (DL, * Dg);,> +2T,D, D

é(; 05 96:|

65 06 06 96
_ (2)r @Y 1y @
— o, l(DQ e, * Digy ) (L, ©2N,,) + (DY, *Dg&%%ﬂ

3)
212D Desioja0r
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where Dﬁa oL0,0, CON be computed by the following steps. It follows that
/
C D5 0,040, — 2C| T, <D€6)e' o, Dgﬁ;) (L, ® 2N,,)
1y 2y
120! T, (DQ <D, ) +2C{TsDg DYy 51y = 0
because C} D 5' 6L6; = = 0 for all Os in the parameter space.
— T, (D2, «+DY ) (L, ® 2N,,)
2 55 9’ 96 56.9/ 12] 12]
+o,1, (DY, « D2 ) + W;D® ~0
142\ Pegor * Pesiora 05 0’9 6, —
/
— C\T, <D Oy Dg)_’e/> (L, ® 2N,,)
1y (2
+C{ T, (DY), + DY) 0505) +WsViDY g =0
—
3) _ 2y W\ W p@r Y
D, o0, = ~V1Ws Ci'T [(Dﬁa o * D) (1o, © 2N, 4 (Dl < DG }
—

(3) (2 WY W, p@ Y
D ;= ~Ws T | (D + D) (102N + (D« D )|
—

(3) -1 (2) @ (2) '
DYy 00 = ~Dg Pes l(DQ i * Dy ) (L, @2N,,.) + (D, + DL ) }

® 1 @y )
— D), gy = 2T [Iq2 ~ DD, PQ] (D g * DM;) I,
(3) _ (2) ay )
— D)oo = 2T (I, — Pg;) (Dg&%% x Dgé;eé) J,,.

The first three derivative expressions were checked numerically.
d. It is true that Peg is a projection operator because
[Pg]" = (D Wy C{Ty) (Dg W, CITo)
= DQW;W(;W;C’ITQ

= Dg(sVV(;r CiTy because W5 WsW; = W
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B.3. Proof of Theorem 3

Theorem 3. [Original result|. Let § be parameterized as model 4 in Table 4. Suppose

that the q < qo design matriz Ty has full column-rank. Then D((sll)gé
if and only if &, # 0 fori=1,2,...,q.

Proof: [Independent Proof]. First, suppose that & ,; = 0 for some i € {1,2,...,¢},

has full column-rank

then Wsef? = C|TyDgef* = 0 = UsD51Vie” = 0. Therefore, ef? € N(V}) =
R (V) = e = Vb for some nonzero vector b. By Theorem 2 part c, Dfsl;;é =
2T2D§5V2. Accordingly, Dg(),éb = 2T2D§5V2b = 2T2D55e32 = 0, which implies Dfsl;éé
does not have full column-rank.

Second, suppose that & ; # 0 fori =1,2,...,q2. Let w be a vector such that Dgl;ééw =
0:>2T2D€6V2W = 0:>D§6V2w = 0 because Ty has full column-rank = Vow = 0

because Dg; has full column-rank = w = 0 because Vy has full column-rank. Now

it can be concluded that DY

56! has full column-rank. O

B.4. Proof of Theorem 4

Theorem 4. [Original result]. Let § be parameterized as model 4 in Table 4. If Dgl,;é

does not have full column-rank, then @5 is not identified.

Proof: [Proof With Advisor’s Help|. Suppose that D((sl;;é does not have full column-
rank, then &, = 0 for some i € {1,2,...,q} by Theorem 3 —=Wse{* =
CiTyDgef* = 0 = UsDs 1 Vie” = 0=e” € N(V]) = R (V2) = €{° = Vb for

some nonzero full column-rank vector b.
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Note that & = 0= e®'¢; = bV, (Vins + Vabs) = 0 by Theorem 2 part a
=b'6s = 0 because VLV, = 0 and ViV, =1,,_, =65 = (I,,_,, — Hy) 05 where
Hy, = ppo(b) = b(bb')"'b’. Accordingly, & can be written as & = Vins + Vo5 =
Vins + Vo (I,—r, —Hp) 05 = Vins + V305 = Vins + V(05 + ba), where Vi =
Vs (Iy—r. — Hy) and « is arbitrary because Vib = 0. It follows that 6(05) = d(6y),
where 05 # Os. By the definition of identification provided in § 1.5.1, 65 is not

identified. O

B.5. Proof of Theorem 5

Theorem 5. [Original result]. Let § be parameterized as model 4 in Table 4. If To

has full column-rank and & ; # 0 fori=1,2,...,q, then
a. The dimension of Os is vy = qg — 7¢
k k
b. A special case of part a: if Ty = @ 1,,, and Z m; = q, then v, = k —r,.
i=1 i=1
Proof: [Independent Proof].

a. By Theorem 3, D((sl.;é has full column-rank because To has full column-rank and
&7 0 fori=1,2,...,q2. The dimension of 65 is equal to the number of the

columns in Vo because Dfsl,‘)% = 2T2D56V2 and Dfsl. has full column-rank. The

=
R

number of the columns in Vg is g — r. by Theorem 2. Therefore, vy = qa — 1.

k
b. ng@lmiiqzzkiw:k—rc. ]

=1

B.5.1. Proof of corollary 5.1

Corollary 5.1. [Original result]. Let 8 be parameterized as model 4 in Table 4. If

Ty =1, no entry in & is 0, C; = 1, and ¢y = q, then Vi = &//&'&, R(Va) =
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N(&'), 0s =0 and v, = ¢ — 1.
Proof: [Proof With Advisor’s Help|. If To =1,, C; = 1, and ¢y = ¢, then

W; = C|T,Dg, = 1,Dg, = &/,

where Wg is a 1 X g row vector. Accordingly, the singular value decomposition of Wy

as follows:

W; =& =UD\Vy,

where Uy = 1, Dy = \/&'&;, and V, = &//&'€;. It follows that Dy = \/&/& = V4
and Vi = &/\/&'& = &/+/q because C|6 = 1;Iq€5®2 = &', co = q, and C}8 = cy.
It follows that V& = 0 because Vs = <V5’1 V5,2) € 0(q) and R(V2) = N(&').
Accordingly, s = 0 because Theorem 2 part a that s = V,&. By Theorem 5 part b,

vy =q— 1. [

B.6. Proof of Theorem 6

Theorem 6. [Boik [35], Supplement, 2009, Theorem 1, Page 60].
GG’ =1, <= D,vec(GG' - 1,) = 0.
Proof: [Independent Proof].
(=) If GG’ =1, then vec (GG' —1,;) = 0. Furthermore, D, vec (GG’ —1,) = 0.

(<=) If D)vec(GG’ —1;) = 0, then D,(D;D,) "D, vec (GG’ —1,) = 0. It follows
that N, vec(GG' —1,) = 0. Accordingly, vec(GG' —1,) = 0, because GG’ — 1,

18 symmetric.
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B.7. Proof of Theorem 7

Theorem 7. [Boik [35], Supplement, 2009, Theorem 1, Page 61]. Define W, as

W, € C, (TA @ T) 2N A,,

where Cj is defined in (39), Ay is defined in (36) and N is defined in Table 56.
Assume the 1, x vy matric W, has full row-rank, where r, = ¢ — 1 and v3 is defined

in (34). Write the singular value decomposition of W, as follows:
W, =U,D, V), where U, € O(r1)
Vy = <V~y,1 V7,2> € 0(3), Va1 € 0O(vs,75),

By = (D’YJ OTkX(V;:_Tk)) , and D, € D+(rk)-
Choose V3 to be any matrix whose columns form a basis for R(W,’Y), then the matriz

O(m,:65.0,)/0m
netghborhood of G = 1.
Proof: [Proof With Advisor’s Help]. The structure of (44) is adapted from §18 in the

is nonsingular and m., is an implicit function of (s, 6,) in a

supplement of Boik [35].
Write G as in (40) and define H as

o4 Ohi8.8) (DA DY
on,  le= C4TA®T)A; Ci(FA®TI)A,V;
H,;, Hj
= 2 )
H; Hoy

where H11 = D(;Al, H12 = DéAQVg, H21 = Cé(FA X F)Al and H22 = Cé(]__‘A X
F)AQVg. Then,

a®+3q—2

‘H‘ = 2 2

Hy, — Hleﬂlle

Hll
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q* +3q — 2 y > +3q—2
2 2
)cg(rA @T)A,Vs — C4(TA ® T)A;D/A,V

because dim(H) is

a®+3q—2

= 2

Iq(q+1)
2

because DA, = Iq<q2+1> in (42) part (a)

> +3q—2
2

C4(TA®T)(A, — AD/A,)V;y

q>+3q—2
2

_ CL(TA ®T)(L: — Kq,q)A2V3’

because A1DjAy = Ky Ay in (42) part (b)

> +3q—2
2

CLTA® I‘)ZNjAQVg‘

q>+3q—2
2

W, V|,

Note that if W, does not have full row-rank, then one or more linear functions of the

restrictions h(n,; 65,0y) in (41) are non-informative and can be deleted.

It follows that V3 = W_B, where B is nonsingular, because columns in Vs form
a basis for R(W,) and W, has full column-rank. Accordingly, W, V3 = W, W_B is
nonsingular because W‘YW*/Y 1s nonsingular. Therefore, H is nonsingular.

By the implicit function theorem, if H is nonsingular, then m, is an implicit
function of (65, 0,) in a neighborhood of G = 1. Note that T’y = I'«=G =1, because
G=TI|I. O]

B.8&. Proof of Theorem &

Theorem 8. [Boik [35], Supplement, 2009, Theorem 1, Page 61]. G = I,<=6, = 0.
Proof: [Proof With Advisor’s Help]. First, suppose that G = 1,. In (36), Ay =

?:1 f:j (ej- ®ef) e}‘i’j, where h = q(q—;U and fi; = W + 1. Examine

AjAlveceG = A A vecl,

q q

LYY (o)l 33 e (el et e,

j=1 i=j m=1n=m
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= ZZZZ e! ®e!) efnm(eq’@)eq’)vecl

7j=1 i=7 m=1n=m

¢ 4 q q
- Z Z Z Z (e(J]' ® e?) L= fom (el @ el) vec I,

7j=1 i=j m=1n=m

q q
= Z Z (e?@el) (e @el') vecl,
=1 iy
because fij = fom = m =7j and n =1

= ZZ q®e Vec eq'Ie ZZ e ®e

7j=1 1=j5 7j=1 i=j
q

q

_ 1 & ol _ 167" —

= E (ej ® ej) vec 1 = E vec (ejej ) = vecl,
Jj=1 J=1

= vecG,

1 if
0 otherwise
It can be concluded that when G = 1I,, vecG = A;AlvecG. It follows that

where the indicator functions 1,—, are defined as 1, = {

0, = Ay(vecG) = A (A A vecly) = (A5A) Al vecly = 0 because AA, = 0 and
Ah(vecG) = 0] given in (36). Accordingly, 6, = 0 because 6, = V,07 defined in
(40).

Second, suppose that 6y = 0. Letm, ; = A} vec(I,) and ny2 =0, then, G =1, because
A Al vec(ly) = vec(ly). Accordingly, G =1, is a solution to h(n,;0s,6,) = 0. By
Theorem 7, m, = (n,, M.,,)" is an implicit function of (6s,0,) because W has full
row-rank and V3 form a basis for R(W.). This implies that G = 1, is the unique
solution h(n; 05, 6,) = 0 when 6, = 0. O

B.9. Proof of Theorem 9

Theorem 9. [Boik [33], Supplement, 2010, Theorem 29, Page 86]. The first three

derivatives of vec G in (40) with respect to 6, evaluated at 6, =0 and 'y =T, can
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be written as follows:

DL, = MNA.
DY,y = [ = Py) ADIT,, + 2N7 AW CH(T @ T[T, @ vec'(A) 1,
X <D(gl;3% & D(gl;a) , and
D;?é4,94,94 = —{2N; AW CYT @ D), ® ved (A) @ I] + I,z — Py) A\ DL, }
% (KoaDy o @Dy ) Jonss

where Py = ZNQLAQW;FCQ (TA®T), D, 1,3, Jo1,4,, NqL are defined in Table 56 and
W is the Moore-Penrose inverse of W,

Proof: [Independent Proof]. Denote the derivatives of ., ; for j = 1,2 with respect to

Jro Py TH]’Y’Y’Y

0., evaluated at (T'y =T, 6, = 0), by Ds;ly).-e.’/ Di) 00 and D o o g For fized

Vi, j=1,2in (40), the deriwatives of g can be written as
j
(CI,)D(I),—AD 0/+A2-\/3D 9,—|—A2\/4,

(c) Dg;eg,e;ef = A D(g) o+ AsVaD]”

0/ 9/ 0/ 0/ 9/ .

Recall h(n,; 05,0,) in ({1), where
D] vec (GG’ — 1)

h(n‘y? 057 0’7) = =0.
C;, vec(®)

It follows from the two constraints in h(n,; 65, 0,) that
0°D; vec (GG’ — 1) 0°C% vec(®)
®s ®s
06)) 08))
where s = 1,2, 3.

—0 V 6,eN(0) and -0 VYV 6,eN(0),

It is shown that expressions for the derivatives of the constraints, evaluated at

(Lo=T,60,=0) or (G=1,), are

(a) DD} 39 =0, Cé(FA@F)D(gl;B%:O;
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@) O o) _
() DD, — DT (Dg; 2D )fo,

2;0.,6,, 99,3 e, 20,

CLT®T) {(A @1,)DY), , — [1,® ved (A) @ 1,] (Dg},4 DY ) } —0; and

.0’
g;0,

() DD, . + DT (KMD@ ® D“;Q)%) Jor =0,

.0’ A’ n’ .0 o’
g79'y79'770'y q q73 g79'y?97 g

CyT &T) x (188)

{(A ® Iq)D(gi)%%% + [I; @ ved'(A) @ 1] (Kq,qu.)%% ® D(gl&) J21,y3} =0,

where Ja1 ., is defined in Table 56.
®  p@

A short proof for (188) is given before the expressions for Dg'@" Y
"y "y

and
764

D(gi)%%% are derived. The following proofs uses G(6y = 0) = 1,,.
188(a):
/ /
oD, vee é(;f —L) D;(G ©1,)DY}, + Dj(I, ® G)K,, DL,
= DI(G® Iq)Dgf% + DK, (G ® Iq)D(gl;Z,v,
= 2D(G® Iq)DS;B% because DK, , = D,
oD, Vecé(;/G’ -1, _ 2D;D(gl.2), 0
Y &y=0 o
%&C(q’) o = GiTAeT) D;;W, +CK,,(TA®T) Dg;,4
= 20N, (TA®T) Dy,
— 2C,(TA®T) Dg}%
because Cy = K'Ly, , and Ly, N, = Ly, ,
=0
188(b):

*D] vec (GG’ — 1)
(06,)"
o |20(G 2 1,)DY), |

= 5 —= based on (188a) result




188(c):

1 1 2
O°D] vec (GG’ — 1) 0 [2[)/1/ (Kq,qDé;Zg @Dy, ) +2D)(G @ IQ)D(g;
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IG®I
2D <—,q) (I,,s ® D“.Z,) +(GeIL,)DY, ,
807 g;0, "y
(1) 1)
2DI 5 <K‘1"1Dg;9§ @ Iq2> (Il’?’ © Dg?eé)
(2)
2D(;(G ® IQ)Dg;O,;,Q,/Y
(1) (1) (2)
2DI 5 <K‘1"1Dg;9§ ®© Dgﬂé) +2D(G el )Dg;%@é
9°D] vec (GG’ — 1)
22 _
o)™ oo
(2) (1) (1)
QDéDg;eé,eé +2D,0 5 (Kq’quﬂ’, ® Dg%%)
() (1) (1)
2D;DL), 5 — 2D, (Dg;ew, ® Dg;(,v,)
1 _ (1)
because ququ;oé = —Dg;%
0
0?C vec(®)
00r) lror
2C, (TA ®T) DS;M
204 [P @ vec'(A) @ T] (KDY, @ DL, )
2C,T@)(A® Iq)D(gZ;Q,a;
20T @ D)L, & ve' () 9 1] (K, Dy, @ DLy )

2C,(T @ T) x

{(A ® Iq)D(;;)% — Ly @ ved(A) ® 1] (D(gl;t)% ®© D(gl%‘)%)}

0

.n/
q-q,3 26,

(96

)
1 !
0.6,

06,
based on (188b) result
(1) (1)
= 2D'T 0 (Kq’quﬁé@Dg;@é)
o T 06,




172

1 2
+ 2D (KMD() ® D )

.Q’ ! /
99,3 g:6; 6.,

+ 2D/(G®1,)DY)

.0’ o o
g:6.,6.,0,,

based on (188b) result

2 1
— 20T, (K, Dg) o @ DLy ) +2D]T, K,

a'q,3 g:0.,6, g6, 1

2 1
X <D€g,)0479,(/ ® vaqD(g;é,;) (IVS ® Kl/g,l/3)

D on® 3)
+ 2DIT, (KMDg;G4 ® Dg;%eﬁ +2D,(G @ 1,)DY)

To simply the expression further, examine NI} ;K g2 g2

NI K = Ny(I @ (veeL) @ 1) Kpe go
q

Le) (fwel)al,

=1

q
= N, (e ol ®e!)

=1

q
= N, Z [(Kl,q ® Kq1) (Iq el ®el® Iq) (Kgq ® Kq,q)]

=1

q
LY (f®e)al,
=1

= NqI;,3 (Kq,q ® Kq,q) .

= NqKq,q Kq27q2

= Nq (Kq,q & Kfm)

Further, DT, ;K2 2o =D/ o (K, , ® K, ).

qq,371479 9793
: : ®3
Now continue to simply 8°D] vec (GG’ —1,)/(0¢d.) "

D] vec (GG’ — I,
(06,)"
- o1, (KDY, , @D, )

.’ ! .0’
q-q,3 g,BA/,HW g,O,Y

2 1
+2DIT K (ng o @Ky gD ;>4> (L, ® Koy )

+ 2DT (KMD“) ® D?

) (3)
99,3 g0, g;Bf/,Oé) + 2D;<G ® IQ)D

.0’ o' n!
g70779—y?9f7

q-q,3

B (2) (1) (2) (1)
= 2DI, <Kq,qu;0:/,a; ® Dg;@,;) + 2D;Ii173 <K‘1"1Dg;9§,04 ® Dg;‘%)

1 2
X (Ly @ Kyy) +2D)T) Kz g2 (DL, @Ky DY) )
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+ 2D/(G®1,)DY)

60,0,
_ 9D @ )
- DT, (Kq,qu;gw4 ® Dg;%)

2 1
+ 2D, (K, DY, o @ DY ) (T, © Ky )
(

(2 1)
+ 2D (KaaD e © D) Ko
©
* QD‘;(G @l )Dg;e4,9;,94
= 3) (2) (1)
— 2D)(G&1,)DL), oy + 2D, (KyyDE) o @Dy ) ot

where Ja1 ., is defined in Table 56. It follows that
O°D] vec (GG’ —1,,)

(3) (2) (1)
2D(;Dg;0/ a0 + 2D/I/ <Kq’qu;0'/y’0'/y &® Dg;&/y) J21,l/3

(a 0;)@3 97:0 - '~ Oy Oy q q73
= 0
83(3% VeC(‘I)) (3)
)7 Inor — BT EDACTLDgg 0, +
Y

2C(F @)1, @ vec'(A) @ 1]
(quqD(Q) 2 DW > J210,

-0’ 6’ .0
glefy:ay gve-y

= 0

Now, the proof for (188) is finished. Those results are used for the rest of the

proof. It follows from (42), (187a) and (188a) that

2D;D(gl;3% =0 = ijjl;% = —D;.AQV'?,DS;;94 ~ DAV, =
D(g?e4 = —AlD;AQV?,DSjQ;% - A1D;A2V42N;A2V;,,,D§jj2;94
+A2>V3D§7132;6,4 + AV,
= Dg;4 = ?,N;AQV?,DS;;6,4 +2NLALV,
C,(TA®T) DS}O4 =0= C,(TA®T) 2NjA2V3DSj2;% +2NIA, V| =0

Recall that

W, = C;(TA®T)2N,A; and SVD(W,) =U,D,V, =U,D,, V. ,.
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Let V4 = V49 so that W,V = 0. It follows that
C;(PA®T)Dy, = W,V;D) , + W,V,=0=D,’ , =0,

because Wy V3 has full rank.
The first deriative of vec G = g in (40) with respect to 6., evaluated at 6, = 0

and T'y =T, can be written as follows:

p®

1
g 0/ 2Nq A2V4 )

because DY 9/ = 2NLA V3D ! + 2NLA2V4
It follows from (42), (187[)) and (188b) that

(2) 2)
DY oo = DD, — DA VDY
1 1 2 ,
— D(“ 0.0, — DqI;?, (D;;;/ ® ng;)§) D;A V3D( : o0 USing (188b)

— Cg(r ©T) (AL, [QNLA ViD? o+ A DqI; , (Dglj,/ ©Dy, )|
—CLT @)L, ® vec (A) ® L] (D 4 @D 0/> ~0
— W,V;D? , , +C,(PA®T)AD]T,, (DY, @D, )
AN I‘)[Iq @ved(A) & 1,] (DY, @D, ) =0
— D, iU [W,ViD? , , + Cy(TA & T) A\D]I,, (DY, 2 DY), )|
DU/ Cy(T @ I‘)[Iq @ ved(A) ® 1] (D(gl;f% ® D‘g{f%) ~0
— DY, 5 +DIUC,(TA & T) AD]L,, (DY, @ D), )
_D;}U:,cg(r ® D)L, @ ved(A) @ 1] (ng% ® D‘g{f%) ~0
because SVD(Wy) = U, D, V! | and V,; = V3

— DY, = ViWS G e )T, @ ved(A) @ 1] (DL, DL, )

265,60,
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~V,WIC}, (TA®T) A DT, (D(l) ® D(g%;)

.0/
99,3 g:0,

because SVD(W.5) = V4 Dy 171U and VAW = DU

The second derivative of vec G = g in (40) with respect to 6., evaluated at 6, = 0

and L'y =T, can be written as follows:

D® =

g:0.,0, @2

P.) A, DT (D(” ®D(1)>

.0/ .0/
99,3 g;0, g;0,

+ INFAWICT @ T)[I, @ ved'(A) @1 (D(gl;‘)% ® Dgz%)

= [Tz —Py) ADII s + 2N, A, W C4(T' @ I)[I, ® vec'(A) ® L]]

q,

« <D(1) ®D(1) >’

.0/ .n’
g;0, g;0,

2
because D' ,;l
g7 ’y

and P, o 2N, AW Cy (TA®T) is a projection operator.

Also, it follows from (42), (187c) and (188¢c) that

_oNL ) M o p _
o = N:AVDE o+ ADT (DU, @ DL, ). VaViWS = W,

q-q,3

fojl;mw = D;D;fgw% - D(;AQV;J,DE]?’;;GW,’%% using (187c)
- D;331;94,9§,9; - _D;I/q,:% (Kq,qD(gQ;.)%o; ® D(gl;)ﬂ,;) T21,0 = DéA2V3Dq(73W),2;a;,e4,e4
using (188c)

— DY) oy =2NLAVDY o~ ADIT (K D DY) o

— W,ViD¥ oy — Cy(TAST) ADIT, , (KD o @ DU ) Jons

L CT @ T, ® ved (A) ® L] (Kq,qu% ® Dggé) Jorsy =0  using (18c)

—

DU, [W,VsD® o — C (PA ©T) ADT, s (Ko Dy p DL, ) Jor]

+D; U {cg(r @ D)L, @ ved (A) @ 1] (1<q,qD§;,w4 ® D;;;) JQLVS} ~0
— DV

n o ol
1,265,656,

DU { G @ D)L, @ vee! (A) @ 1] (KD g © Dyl ) Jovas = 0

— 2 1
DU (PA @ T) AL (K, Dy @ DLy ) Tovss

q
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because SVD(Wy) = U, D, V! | and V1 = V3

1
= DY 4y o = ViWSC, (PA & T) ADJT, ; (K DY) @D, ) a1,

~VEW {cg(r ® D)L, @ ved(A) @ 1] <K DY, 5 © DL, ) Jor. }

because SVD(W.) =V, 1Dy 'U and VEW.F =D, U,

where Jo1 ., s defined in Table 56.
The third derivative of vec G = g in (40) with respect to Oy, evaluated at 6y = 0

and T'y =T, can be written as follows:

3 2
DY) o = (g =Py ADL, (KDY, , @ DY) Jar,
— 2N AW CY(T @ T)[I, ® ved (A) @ 1]
X <K D( )910/ ®D( )J21 V3

= — {2N; AW CYT @ D), @ ved (A) @ I] + I,z — Py) A\ DL, }

X

<K DY), @D, )J21 s

1 (3)
0000 — 2N A V3D

el

—ADT (K Dy o © Dy )J21 vy

®)
because D I

2:65.,6,.6,,

The derivative expressions in Theorem 9 were checked numerically. 0

B.10. Proof of Theorem 10

Theorem 10. [Adapted from Boik [33], Supplement, 2010, Theorem 29, Page 84].
Assume that W, has full row-rank and Vs = V4 1. The deriatives of vec G in (40)

with respect to 05 and 6y, evaluated at 8, = 0 and I'y =T, can be written as follows:

1 1
D) = —NyAW;Cy(T @ T)Ly, Dy,
(2) _ (1) (1)

DC)y = (I —Py) ADT,, (DY), @ DY) )

+ 2NFAWSCYI @ ved (A) ® T (D(gl;i;g ® DQ%)
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~ NIA,WICy(T @)Ly, DY)

5;9g,eg

— AN, AW, C[T ® vec'(I,) @ T](Lo1 4Df, ® DY) N,

@  _ EOJPRNGY

Dy = (p—P)A DqI;?,(D ,©D! 04>
+ ANFAWSCYT @ ved(A) 2 T)(DY), @ DY, )
- 2Nin2W,Y+C§,) T ® vec'(I,) @ T|(La1 ;D @ D(gl;,)
3
D = —{(Ip —Py) AiDIT, 4 + 2N A, W CLT @ ved (A) @ T}

X (Kq,qu;ég,eg ® Dz(;le)9’> J21,0,

— 2N, AW C4[T ® ved'(I,) ® T

x| (KeaD Ly @ LoDy, ) + (LoDl g @ DL ) | i,

+ 2Ny AW CL[T @ ved'(I,) ® vec'(I,) @ T

< (Dl @ LDy =D,)

X [(Kiyw, ®L,) + (L, ® 2N, )]

— Ny AW, Cy(T @ T)Loy (D o0
D) = —{(Iz - P,)ADI, , + 2N A, W C4[T @ vec'(A) ® T}
x (quD o @D ) Iat, + (KyqDEyyy @ DY ) |

— 2N, AW C4[T ® ved'(I,) ® T

2 1

x (K D, 5 @ Ly D} 9,> It mme (L21 Dy @ ng}%)]

+ 2N AW CL[T @ ved'(I,) ® ved'(I,) @ T

. <D(g 39’ ® Loy qus 2)’ ® D( ) T2,

and
DY), = —{(Ip - P,)ADI, ; + 2N A, W C4[T @ vec'(A) ® T}
1 2
. {<K D" ; 0 D)) [z + 1, 0K, | - (DU, @D, )}

— INJ AW CYIT @ vec!(I,) @ T)(Lay  Df), @ Dgo, o)
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+ 2Ny AW CL[T @ ved'(I,) ® ved'(I,) @ T

1 1 1
x (D(g;f% @ Loy Dy, @ Dﬁg;@ (Ko ©L,,)

where P, = 2N(ILA2W,Y+C§ (TA®T), L3, Ja1.us, Nj are defined in Table 56, W
is the Moore-Penrose inverse of Wa, Ja1 00, = Kipug oy + L, @ Koy pyand J3, . =
Lz, + Ki o @ L,

Proof:  Theorem 10 is based on the results from Theorem 29 in the supplement of
Boik [33]. Certain substitutions are made for the use of this thesis. The proof is

similar to that of Theorem 9 and is omitted. The derivative expressions in Theorem

10 were checked numerically. [

B.11. Proof of Theorem 11

Theorem 11. [Original result]. Define D, and Wy, as

D, o Diag(§,) and Wy, o C’1T4D5¢.

Assume that no entry in &, is 0 and Cy has been chosen such that the r, X py matriz
Wy, has full row-rank. Write the singular value decomposition of Wy, as follows:
Wy, = U,D,V,,, where
Uy € 0(r), Vi = (VW vW) c O
Vy1 € O(p2,7p), Dy = (Dw’1 Orpx(pz—rp)) , and Dy; € D*(r,).
Then,
a. the parameter &, can be written as &, = Vin, + Vi, where n, = Vi§,,

0¢ = Vé&p, V1 = V¢71, and V2 = V¢,2;

b. the parameters m, and &, are implicit functions of 6. Therefore, dn,/ 891’!, and
0€,/06,, exist;
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c. the first three derivatives of 1 with respect to 6y, can be written as follows:

(1)
Dw o = 2T4D§¢D o = 2T4D§¢,V2;

&pi%

Dy g = 2Ts (L, = Pe, ) (Vo= Vi)', and
(3) _ () Y
Dy g = 2T (T — P, ) (D% 0, % D)o, ) Juas where
o _ _ -1 ar -
D)y = Vo, DLy g =Dy P, (Di)y xDVy ), Py, =D, WCIT,,

x s the Khatri-Rao column-wise product, J,, and N,, are defined in Table 56
and D™ (r,) is defined in Table 57; and

d. Pgd) 1S a projection operator.

Proof:  The proof is similar to that of Theorem 2 and is ommited. The derivative

expressions in Theorem 11 were checked numerically. [

B.12. Proof of Theorem 12

Theorem 12. [Original result]. Suppose that the p X po design matrix T4 has
full column-rank. Then DE;)% has full column-rank if and only if &,; # 0 for
1=1,2,...,ps. Proof: See proof of Theorem 3. [

B.13. Proof of Theorem 13

Theorem 13. [Original result]. If DE;_)% does not have full column-rank, then 6y, is

not identified.
Proof: See proof of Theorem 4. ]
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B.14. Proof of Theorem 14

Theorem 14. [Original result]. If T4 has full column-rank and &, # 0 for i =

1,2,...,p9, then

a. The dimension of Oy is vy = pa — 1),

k k
b. A special case of part a: if Ty = @ 1,,, and Z m; = p, then vy =k — rp,.
i=1 i=1

Proof:  See proof of Theorem 5. ]

B.15. Proof of Theorem 15

Theorem 15. [Original result]. First, second and third derivatives of o with respect

to Oz, 05, 0, and Oy, evaluated at G =1, are listed as follows:

D), = 2N,(A® DLW,
D!}, = 2N,(ATA® AT)D}}, + (AT ® AT)Ly DS,
ij;{% = 2N,(ATA® AT)D{, b
ij;% = Ly,D 1/}9/
Df;)og,eg = 2N,[I, ® ved'(®) @ I)] [K,, ;W2 ® W],
DY)y = ANJA®ved(I,) LN, T)
X { [(A ® Iq)D(gl;‘)%, +1/2L5 4 59,} ® W2}
DY, = ANJA®ve(I) 2 1,) [Nq(FA ©T)DY), @ wz} ,
Df;)%e; = Op2xuyu;
Do = 2NJAT ®ved'(I,) @ AT)(L1 ,Df), ® DY) )2N,,

+ 2N,(ATA ® AT)D(), ,,

— 2N,[AT ® vec'(A) @ AT (D(gl;ég ® DS;Q;)
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2
(AT @ AT)La1 ;DY)

2N,(ATA @ AT)DY, ,
ON,[AT ® vec'(A) @ AT] (D o @ DL, )

2N, [AT @ vec'(I,) @ AT] (DY, @ Lz DYy, )
0p2 %1045

2N,(ATA © AT)DY,
2N,[AT @ vec'(A) & AT](DY), @ DY), ),
0p2 %5045

L1, Dy o1

0

P23

2N, [I, ® vec'(I,) @ ved (1) @ L)) (K. g2 @ L)

{ [2Nq(I‘A @T)D{), + (I © )Ly DY 39,} ® Ipzqz}
(L, ® K, W, @ Wy),

4N, (I, @ ved'(I,;) @ vec'(1;) @ L) (K, 42 ® L)
[Nq(I‘A @T)DY,, © IW] (L, ® K, , W2 @ W),
0425120, 5

4N, [A ® ved (I,) @ L] [N,(T @ T)A ® Wy, where
—[I, ® vec'(A) ® 1] (D(le, ® DS;,)

L, ® vec(I,) ® L] <L21,qu;;Z)(§ ® Dﬁg;gé)
(A®1,)Dy,
N,[L,  vec'(L,) @ L] (Dgf% ® LQLQD;{)%) +1/2L1 Dy .
4(Kyyrp, L2 ) N JA @ ved' (1) @ L] [N,(T' @ I')B ® Wy,

(A©1,)DY), — I, @ ved(A) ©1,] (DY), @ D))
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'n!’ n’
;0,640

o

182

1 1
L, ® vec(I,) ® L] (Lgl,qu;}% ® Dﬁg}%) ,
OV1V2V47
4N, [A @ ved'(I,) @ L]
1 1
N, [(PA ©T)DY), 4 — [T @ ved'(A) © T (D;;f94 ® D‘g;f%)} © W,

Olll v3vgo

0,2,

2N, (AT ® AT')C, where

—[I, ® vecd'(I,) ® ved'(I,) @ 1] (D(gl;z,é ® LquDg;é ® Dg%)
(Ko ®1,) + (I, ® 2N,,)]

T, ® vec'(A) 1] (K, D2 o 9 DL ) T,

[I, ® vecd'(I,) ® I

[(K D@

1 2 1
£:046; ® Loy qus 39’) + <L21,qD¢(s;.)9§,eg ® D(g;)0é>:| J21,0,

(A@L)Dy g+ 1/2La1 Dy

2N, (AT @ AT)E, where

1, & ve'(A) @ 1) (Ky D) o @ DLy ) Koo + Ty © Ko )
1, @ ved'(T,) @ 1,] (KDY g @ Lot D,
(Koovg o + 1, @ Ky 1)

(AT )D(gse’e L0, I, ® vec'(I;) @ vec'(I,) ® 1]
(DY) @ Lot DY) 0 DL ) [Ty + (Ko, ©1,,)]
L, ® vec' (A) ® L] (Kq,qD(?}g, e Dg,;,)
I, ® vec'(I,) @ I,)(Ly ;DY) P D(gle,)
0,2

2%

2N, (AT @ AT)F, where



3
D, )e;b 0.0,

D(3)

/
a'OwOwO

3)
D'
o:6.,6.,6),

183
1, ® ved'(I,) @ 1] (L1, Dily, © DL )

(2) 3)
® Dg,B 0,;) (A ® IQ)Dg;Bé,G,’Y,G,’Y

I, ® ved'(A) ® Iq](D( )9,

[, & vec'(I,) @ ved' (1) @ 1,] (DY, © LoDy, © DY, )

Y

(KVS,VZ ® IV3)

2 1
1, @ vec(A) @ 1] (K, DY), @ DY) )

g;

Lz + (L © Koy |
OV2V3 V4

0,,.2

vovy)

2N, (AT ® AT')D, where
1, ved(A) @ 1,] (K D, D! ) Totwy + (ART)DY, o0,

0,2

7128

0

V33

3)
Ly, D!
P 4,0,,0,,6,,

where the derivatives of 6, g and v with respective to 5, 6., 6y respectively were

gwen in Theorem 2, Theorem 10, Theorem 9 and Theorem 11 and O, represents a

matriz of zeros with dimension a X b.

Proof:  The derivative expressions in Theorem 15 were checked numerically. [

B.16. Proof of Theorem 16

Theorem 16. [Boik [35], 2010, Theorem 4, Page 13]. The first three derivatives of

g, in (55) with respect to 6., evaluated at 0., = 0, can be written as follows:

D(l)

g* 9';*

- 2N(J]_A2,

D® - AD, (DY, @D, ), and

8+:0]..6.. 7793 o«
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() — (@) ()
Dg*e' 6.6, —ADL (K D 367,60, ®D )']21'/3

oy 7743 yo by

where 1,3, D, and Jo1,, are defined in Table 56.

Proof: The proof is omitted because it is similar to the proof of Theorem 9. [

B.17. Proof of Theorem 17

Theorem 17. [Adapted from Boik [34], 2003, Page 689, & Supplement, Page 26].

(a.) The first derivative of F'(3,8S) in (66) with respect to 0, evaluated at G =1,

is as follows:

awt OF(X,S)

D)
Fi0 00 lc=1,

= —Df,)ef (E_l ® E_l) vec(S — X)),
where D ), is gien in (48).

(b.) The second derivative of F(X,S) in (66) with respect to @ and ', evaluated at
G =1, is as follows:

def 82F(E, S)

D(2) )
30,8 00® 00 |lg=1,

= D (='ex)DY, +2D) (e n (S - 2)=7'| DY)

o0’

— DY, [Le(EZ ") vec(S - 2)],

where D¢(72~)0 o = dvec (Df_)e, o DV V) and D.(f-)e’ o 15 given in (49).

(c.) The third derivative of F(X,8S) in (66) with respect to 8', ' and 6, evaluated
at G =1, is as follows:
D® def PF(E,S)
Fi0'.6',0 00 200 ®00I|c-=1,

/
- 4 [(2—1 @veex e ) D, | (DY), @ DY, )N,

+ % (Le[Etes D, IN,
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+ (=t ez )DY,] DE,.,
- 2fvec[(z"en DY, e (=t ez ) DY}
x (L, ®K,,®L,) [L, @D, @ vee(S — 2)}

— 4 [(E_l @vecX '@ X DS}@’},

x {Dl, eN Lo - )= DY), }

— DY), o [L:® (27 @57 vee(S — X))

+ 4D, (LeE ' @vee X @x)
x [(L@Dl), )N, @ vec(s - =)

+ 22t evees o) DY,] D2, @ vee(s - )],

o0 o0 .0’
where Df.)e g = dvec (D((f_)e, o DV y), Df-)e 0 = dvec (Df)e, U R e 1/> ,
DS,)B,, Df,)o, s and DS’,)G, o o are given in (50).

3
Also, define D}(7~0 oo 05

w OPF(Z,S)

D(3) .-
0,660 90 ® 00 ®00 |lg=1,
(3) _n®
and Dy o o0 = Dy g/ 6
Proof: [Independent Proof|. The expressions of Dlg;é, D;f; o and Dgl), o' o 0 Theorem

17 can be easily derived from the results provided by Boik [34]. For completeness, the

relevant proofs for those results are given below.

(a.) By Lemma 1 part (a), it can be concluded that tr(SX~!) = vec’Svec X!, By

Lemma 1 part (a) and (b), it can be concluded that

Oln ]2| _1 15Dy 1 ox
_ 127 ) = » .
90, tr ( B Qi) vec vec a0,

Accordingly,
Oln|X _0vec™
86|V | e’ 00
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Ezramaine

OF(%,8) 0
00

; [tr(ST7) + In %]

@
SZESS

0
_ —1
= 59 tr(SX ) + 50 In|X|

= ; (ved’SvecE ) +

Q

0
ael ln |E‘

0 In |X|

<))
S2ASS

= (Vec’S vec E_l) +

06 00’
,Ovecx™t 9
= vec'S 50 +80’1n|2|

P P
= —vec'S (E_l ® 2_1) 8;600/ + Vec’E_l%

using Lemma 1 part (c).

The first derivative of F(X,S) in (66) with respect to 0 is as follows:

(1) OF(%,S) OF(%,8)\’
DF;H = T a9 “\T ap

00 00
o OvedX -1 dvec'X .
= 58 (E XX )VecS+ 50 vec X

ovecd’® , _ ovec'> , B

== 50 (21®21)Vecs+ 50 (21®21)Ve02
_ _OveeE ('@ %) (vecS — vec D)

00
= _D,(;l;)e,v' ('@ =) vec(S - ),

where DS,)O, is given in (48).

(b.) Examine

p@ _ PF(ES) 0 (IF(SS)
ree T 90200 06 06

- 2 (— {avedz (27" @2 vee(S — 2)})

00 00
0%ved’™ _ _
= 30506 L@ (E"'eX ") vee(S — X))

_ Oved® [8(21 ® 31

50 50 } [I, ® vec(S — X)]
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ovec'¥ 4 1\ [OvecX
+ 55 (= 'ex )(80’>

= DY I,e(Z'ex ) vec(S - 2]

00,0’
(1) 0 (2_1 (024 E_l)
- DO';G’ |: 06

¢ Dz ezl

} L, ® vee(S — %)

= D L (E!'eS ) ve(S - 2]

00,0’
+ DY [ @ ved (37 & 571 (DL, @ vee(S - )|

+ DK, [57 @ ved(57) 0 57!] [DL, @ vee(S - )]

;0 o0’
+ DY (2—1 ® 2—1) pW
;0 ;0
using Lemma 1 part (d)

= DY Lo (= 'ex ) vec(S - 2]

00,0’

+ QDS,)O,, [ @ved (T @ X7 [D(l) ® vec(S — Z)]

;0

+ D (=9 n7!) DY)

o0’
1y _ @y
because D 55 K, , = D g,

- DETI;)GI' (2_1 ® E_l) DS;)O'

+ 2D (2 en (S - )57 DY),

)

- D,(,Q;)(;ﬂ/ L ®(EZ o) vec(S—%)].

The second derivative of F(X,S) with respect to @ and 0’ is as follows:

D(2)

— (2)
F0.60 — K,:D

—-D®
F;G’,QKVJ =D

F.0'.0
= D) (z'ex )DL, +2D (B e X (S- 2= DY,

o0’

~ DY, Lo (E " en ) vec(S — )]

where v = v+ 15+ 13+ 1y, D& o = dvec <D(2)/, 0,,p2V, 1/) and Df,) 1S given

;0 ;0 0,0’
in (49).
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(c.) Based on the result from part (b), it is necessary to go through the following

steps before deriving the expression for Dl(T 000"

Part 1
0 —D (='ex ") D)
00’ ;6
- b, {Le (= ez )D), [}
- 2]z evwesex DY, (DY, @ DY) (189)
+ [z e=DY,| DY, ,
using Lemma 1 part (d), Lemma 2 (2) and DS;)GI,K = fol)el,
Part I
h {-DZ, Lo (=" @x)vec(s - D)) }
00
— _Daeoe’ [L:® (T @X7") vee(S — )]
+ DEj oK, [(2—1 =)Dy oI ] (I, ® Ky,)
+ 2D, (LeS ' '@ves ' ex™)
[(1@D, ) Ky, @ vee(s - =)
using Lemma 2 (2) and (7)
= —DY) o [L:® (27 @57 vee(S — )]
+ b, {Le|=es)D], [} K,, (190)
+ 2D, (L oS '®@vees '@ x!)
[(1@D, ) K,y @ vee(s - )] .
Part 111

opl [ 2 (5 e w)| et s -9 (1LeDl,)
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using Lemma 2 (2)

—2D) 27 @ved (=) © 57 (D), @ 1 )
1oL -3 (LoD,

2D £ @ ved (871 © 7] (DS}B, ® Kp,p>
Lol (S-%)5"] (I,, ® ij}o,)

using Lemma 1 part (d) and DS;)//Kp,p = D‘(Tl;)gl/
—2D), (B @ved (B @ 57

D, 1,052 (1o D))

2D (B @ ved (X7 @ 27

{ply oK, L6 -z} (LeD),)
—2D, (B @ ved (37 @ B7]

(P, @ Lo -=)= DY, |

2D (27 @ ved (E7) @ B7]
)

!/

~4[(z@veez @3 DY, |

(Pl eN, I, (s -3, |

0
06

2D (27 e x) { (I, ® ved'S' @ Ip)}

L 2 D), @ vec(S - 3)]
_ B Ovecd X1
2D,(,-1;)9,’ (E 1 ) 1) (11 & KZLLD) {W & Ip2

(L, © K,s,) [I,, @D, @ vee(S — z:)]

2, (= o =) {[(Le = e =) D)

/
5| @IPQ}

(L K,s,) [IV © D), © vee(S — 2)]

|

(191)
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using Lemma 1 part (e)
= -y (5 ex ) {ved (5 o= DY, | @1,
x (1, ®Kp,) L @ DY), @ vec(S - 3)|
using Lemma 2 (3)
= 2{fec[(zes)DY, | e1p] [(2 ez DY, |V
x (I, @Kp,) [L @ D), @ vec(S - 3)|
= 2fwc[(z"es DY, e (= ez ) DY}
X (L ©K,, ®1,) [T, DL, @ vee(S — X)) (192)

The above results in (191) and (192) are useful for the following derivation

result.
55 {20 (2 o35 - )= DY, }
- g {2 e -2 D), }
- O {epl (5 e (s- )=, )
- QDS;)GI’GI LeZ @veE™ ® 2_1)/ [Iu ® DS;)e’ ® vec(S — 2)}

|
W

(= @veestox ) DY |

o0’

x {D}, eN, [, (8- =)= DY, |

~ 2@ levestexs Dl |

0';0’_ KP27P2 <D( ) @ DS,)9/> KV,UKZ/,V

1
;0

/
- 2{vec[(zoz)D]), | @ [(= @ =) DY, [}
X (IpV ® Kp,p ® Ip) [Iy X DS;)G/ ® VeC(S — E):|

/
+ 2[(= " @ves oz ) DY, | DY,

® vec(S — 2)}
using equation 191 and Lemma 2 (1), (2), (5), (8)
;0,0 o0’

— 2D LY '@veeX ' ® 2_1)/ [L, 2D vec(S — 2)}

— 4 [(Z*I @vecE ' ® Zfl) D(l_) }/

o0’
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1 — 1
x {Dl, eN, L2 (s-)="D]), }

/
- 2[(= " @ves oz ) DY, | (DY, DY, ) K.,

/
- 2 {vec [(2—1 ® 2—1) DS;)B’] ® [(2—1 2 E_l) DS;)O’} }
X (L, ©K,, ®1,) |1, @ DL, @ vee(S - 3)]

o

o0’

+ 2[(Z ' @vees @) D)

o0

o ®vec(S - 2)} (193)

using Lemma 2 (7).

Part IV The derivation results in (189), (190) and (193) given in the previous parts

, 3
composes the expression of Dl(p;i),ﬂ,ﬂ.

 PF(E.S)
F00.00 902060 @00|a-1,
_ 0 [D(l)l (= les) p® }

o L0 o)
+ % {-DZ, Lo (=" @x ) ve(s - D)}
+ aae’ {QD% [El'eX i(S-2)2 ] ij;)o,}
— 4 [(2*1 Dvec S @ D) ijfg,}, (DS}Q, ® DE};,) N,

+ % L e[z ez ) D], [N,

-1 O 'p@
+ |:(E ® % )DG;9,:| DU;G',O’

- 2{vec[(= ez ) DY, ] o[z e DY,V

X (L ©K;p @) [L, ® DS)e' ® vec(S — 2)]

i

- [ ewentos oy, |
<« {DoweN Lo - 2= D], ]

— DY o [Le® (Z7 @57 vee(S — X))

+ 4D (L,eS 'eves o)

X

(1@DY, )N, @ vee(S - =)
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+ 2[(2 RvecX '@ X~ )D >]'[Df,)0,0/®vec(s E)]

;0

using the expressions given in (189), (190) and (193),

where D( 0. = dvec (Df;)e/’g,,p%, V),

3) — ®3) 2,2 (1) (2)
Da;e,o,e’ = dvec (DJ;O’,B/,B”p v ,1/), DD_;Q/, Da;ef,eH and D 0, oo are
given in (50).
Lastly, notice that D(339 P Kl,ngg, o 0¥z = Df(;?za’,e',e' O]

B.18. Proof of Theorem 18

Theorem 18. [A Well-Known Result]. Rewrite A, as A, = (AY  A*')', where A’
is a q X ¢ nonsingular matriz. Without loss of generality, At in A, = (A} A*')/ can
be replaced by a q X q identity matriz 1, so that A, = (I, A;’)/, where A% is p1 X q
with p1 = p —q.

Proof: [Independent Proof]. Notice that Ai™' exists because A} is a nonsingular

matriz. Eramine

A* A
Af = | e= [T (At E

A* A*
A*A*_l A*A*—l

_ 1431 AN = 14\ £
A*Aifl A*Aifl

- L £
Aj

where Ay = A*A™" and £ = AIE.
It follows that A, = (A A*)" can be written as A, = (I, A3 provided that
f* = At O
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B.19. Proof of Theorem 19

Theorem 19. [An Application of a Well-Known Result]. Define Oy, as Oy =
vech(®, ") and Oy, as Oy, ' diag (¥y), where vech(®, ) and diag (¥,) are as

in Table 56. Assume that S., and S, are matrices of constants.

(a.) The approximate generalized least squares (GLS) estimator of Oy, is

—~ —~ —1 —~
0,. = (X’MQ‘IXL2> X' 0 veeS,,,

~ 1 ~ ~
where X, 5 = {Ip% — Lo, (L’217PIQ*1L21,p1> L;LMQI] (Ss0 ® S20) Dy, O =

S..®8S.., D, and Ly, are defined in Table 56.
(b.) The approzimate ordinary least squares (OLS) estimator of Oy, is
aﬁ* = (X/1.2X1.2)_1 XiavecS,.,
where X9 = (Iﬁ — L22’p1) (Szz ® Sz2) D,
Proof: [Proof With Advisor’s Help].

(a.) It can be concluded that vec @, = Dy0p, and vec Wy = Loy, 0., because Oy, =
vech(®;!) and 0, = diag (¥5), where D, and Loy, are defined in Table 56.

It follows from (74) that

vecS,. & (S.e ® S.e) vec @, 4 vec Uy, (194)

Accordingly, equation 194 can be written as

vec Szz ~ (Szw & Szm> Dngg* -+ L21,p10'¢12' (195)

Equation 195 is a linear regression model because S,, is treated as a matrix

of constants. Specifically, in (195), vecS., is a vector of response variables,
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(Sze ® Szz) Dy and Lgy,, are treated as model matrices, and Op. and Oy, are

parameter vectors.

The following approzimate generalized least squares estimator of O, 5¢*, 18
based on definition 6.2 on page 187 of Hocking [62].
~ ~ -1 ~
0, = <X’1.QQ_1X1_2> X!, 0 vecS,., (196)
~ -1 ~ ~
where X0 = {Ip% Ly, (Lgl,plﬂ—le,pl) L;Lplﬂ—l] (Sse ® Sze) Dy, O =
S:2 ®8S.., D, and Ly, ,, are defined in Table 56.

Note that §¢* is not a conventional GLS estimator because the model matriz

X2 and the weight matriz Qin (196) are treated as matrices of constants.

Based on part (a), let Q= Ip%. The approximate ordinary least squares estima-
tor of Og, 1is
Op. = (X ,X19) " X, vecS,., (197)

where X9 = [Iﬁ — Loy, (L’QLIDILQLIQI)_1 L’QLPI} (Szz ® S.e) D,. From Lemma
1 part (f), X12 can be simplified as X9 = (Iﬁ — LQQJ,I) (Szz ®S:)D,. O

B.20. Proof of Theorem 20

Theorem 20. [Original result].

(1)
Dl = 2N,(A.2. @ L)W,,
DY), = (A.®A)D,

W (1)

DG;%* o LQLPDIP;%*'

Proof: The derivative expressions in Theorem 20 were checked numerically. [
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B.21. Proof of Theorem 21

Theorem 21. [Original result]. First and second derivatives of the (¢ — 1)-
dimensional constraints function z(0.) in (125) with respect to Ox., 05, 6. and

0y, evaluated at G, =1, are listed as follows:

Dy = Oy iy,
D,, = CL (NG ®@TG)Ly, Dy = C'Ly (T @)Ly Dy,
D,y = CLy 2N, (TGA®T)D, =2CLy (TA@T)D.), .
Dy = Optxws
S;;*,e;* = Og—1xvarvars
Dy o = Oy tvaavn:
DSZ,M* = Oy txvnrns
Dy o = CLy (TG ®TG)Ly Dy o = C'Liy (T © T)Lay Dl o
DY) 4 = —2CL [T @ved(L)@T] (DY), ©Lu,DY,,),
Df()a{b*,eé* = Og—1xviavia
D%*ﬂ, = 2C'L, (TA® P)D(i{%%
~ 20y, [T @ ved(A) 2 T](DY, @DV, ).
D%&,*ﬂé* = 0y—1xvsrns, and
DCy o = O tavnaras
where DV *70, and D *,04*’04* were given in Theorem 16.

Proof:  The proof is omitted. The derivative expressions in Theorem 21 were checked

numerically. [
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B.22. Theorem 22

Theorem 22. [Boik [33], 2011, Details on Lagrange Algorithm, Theorem 1, Page
3]. Assuming that a solution to the Lagrange equations in (127) exists in which
the Lagrange multipliers are finite and the required inverses exist, one solution (the

Moore-Penrose solution) to (134) yields the following modified Newton update,

Ry — — z;0
Clir) ¢;(1—a)

= L NVEN = -1~ ’
B (B AR B

— D(l)A - ;&1 D(l)jr /é*z )
o D(l)f/ {Iu* . :&“1]’5\‘# (f*'&nf*) 1]?,#/} ( Fi0.; 11 z;eﬁ-z( ) ’

z;0,;
where U;D;F} is the full-rank SVD( ) U c0(g—1), D, eDr(g—1), F; €
Ow* (g—1)), ¢—1=rank <Di_;,_>, v* is defined in (57), D / and FL are defined
in Table 56, and O(v*,(q — 1)) is defined in Table 57.

B.23. Theorem 23

Theorem 23. [Slutsky’s Theorem]. Let t,, be a random p X 1 vector that satisfies
t, Dt asn — oo, where t is a random p X 1 vector. Suppose that a,, is a random
kx1 vector and that B,, is a random k X p matriz that satisfy a,, % a and B, @) B,

where a is a k X 1 vector of constants and B is a k X p matriz of constants. Then

1. a, + B,t, a+ Bt

2. a, + B, I a4+ B~ 't, if k =p and B~ exists.

B.24. Theorem 24

Theorem 24. [A Well-Known Result].
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(1.) If g is a continuous function and t, D4 ¢, then g(ty) sty g(t).

(2.) If g is a continuous function and t,, proy t, then g(t,) proy g(t).

B.25. Theorem 25

Theorem 25. [Delta Method]. Let t,, be a random px 1 vector with asymptotic distri-
bution v/n(t, — 0) sty N(0, ). Suppose that £(t,,) is a vector-valued differentiable
function. Then

Vrlf(t,) —£(8)] =% N [0,D(6)Q,D(8)],

where D(0) = ag(tt,") :
nlt,=0

B.26. Theorem 26

Theorem 26. [A Well-Known Result]. Let Hy be the projection operator that projects
onto R(X) along N(X’), that is, Hy = ppo(X) = X (X'X)™ X', where ppo(X) is
defined in Table 56. Then, HyX = X, Hy = H), and rank(Hy) = tr(Hx).

B.27. Proof of Theorem 27

Theorem 27. [Asymptotic Distribution of \/n(s — o)|[Muirhead [45], 1982, Theorem

1.2.17, Page 19]. The model Y = XB + FA’' + E can be rewritten as
Y =XB +7Z,

where Z = FA' + E is an N x p matriz of random errors with E[Z] = Oy, and

Var(vecZ) = X ®@1y. Denote the i™ row of Z by z, and assume that z; s (0, %) with

finite fourth moments, where ¥ = A®PA + W,
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The asymptotic distribution of \/n(s — o) is

dist,

V(s — o) = N(0,9Q),

where s = vecS, o = vec X, Q = E[z;z, ® z;2)] — o0’, and S is the p X p sample
covariance matriz.

Proof: [Proof With Advisor’s Help|. The proof of Theorem 27 is composed of two

dist

parts, Part I and Part II. Part I is to show that \/nvec (n *Z'Z — ) — N(0,)

dist

and Part 11 is to show y/n(s — o) — N(0,) based on part I, where n = N — r,
and rank(X) = r,.

Part I: Consider the p* x 1 vector (z; @ z;) S (vec X, Q) fori=1,...,N, where =
Var (z; ® z;) and examine
Q= Var(z;®2z;) =E[(2:®2)(2,®2)| —Ez ®%|E |z @z
= E |2z, ® 2;7;] — (vec X)(vec'X)
= E[ziz, ® 2;2)] — 00’ < o0, because (198)
vec [E (z:z] ® z;2;)] = E {vec [(z; ® 2;) (z; ® z;)'] }
=E(z;®2 ®2;Q2z) < 0.

By the multivariate central limit theorem on page 48 of Shao [65], if the p* x 1

vector (z; @ z;) S (vec X, Q) fori=1,..., N with < oo, then

1 N dist
VN (N 2; (z; ® z;) — vec 2) 4 N(0,Q), (199)

where vec X = [1/N SN (z® zz)} and Q = E [z,Z; ® z;z)| — o0’.
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Part I is completed by examining /nvec (n"'Z'Z — X) as follows:

N

Vvnvec (n'Z'Z — X)) =/n [% Z (z; ® ;) — vec X

i=1

Mz

because vec (Z'Z) (z; ® z;) (200)

=1

VA [N
R

Z(zl®z)—vec2
nNZ,:1

r. = O(1). Similarly, it can be shown that limn_mo% = lim,_ oo "J;” =
lim, o (14 Z) = 1.

Based on (200), it can be concluded that

N
1S 1 1S
Vnvee (n'Z'Z - x) &5 VN (NE (2 © 2;) —vec2> I N(0,Q),

i=1

(201)
by Slutsky’s Theorem 23.
Part II: The p x p sample covariance matriz S can be computed as follows:
S=n"'Y(I-H,)Y =n'XB+2%Z)(I-H,)(XB+7Z)
where  Hy = ppo(X)
1 B'X'(I- Hy)XB + B'X'(I - H,)Z]
“1Z/(1 - H,)XB + Z'(I1 — H,)Z)] (202)

=n'Z'(1-H,Z
by Theorem 26

=n'Z'72 —n'ZH,Z.
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Factor Hy as Hy = UU’, where U € O(N,r,) and O(N,r;) is defined in Table

57. Then ZZHZ = T'T, where T = U'Z. It can be concluded that
E (vecT) = E [vec (U'Z)] = vecE (U'Z) =0 because E(Z) =0, (203)
203
and Var (vecT) = Var[(I, @ U)vecZ] =¥ ®1,_,

because U'U =1, and Var(vecZ) = ¥ ® Iy. Furthermore,

E(|T-ET)’) = E(|T|’) because E(T)=UE(Z)=0
= E(vedTvecT) because ||T|* = vec'TvecT
= E(ved'TL,, vecT)
= tr (I, Var (vecT)] + E' (vecT) I, E (vecT)
= tr[L,, (E®L.)]+0 xL, x0
because of (203)

= tr(X)tr(L,) =r . tr (%), and

VE(IT-EMI?) = Vretr(3)=0(1),
because r, = O(1) and tr (X) is fized. Accordingly, T = O,(1) because T —
E(T) = O,(1) and E(T) = 0.
Based on S in (202), write \/n(s — o) as
Vn(s — o) =+/nvec (n'Z'Z —n"'ZH,Z - X)
=/nvec (n'Z'Z - %) — y/nvec (n"'Z'H,Z)
= vnvec (n'Z'Z — £) —n? vec (T'T)
because Z'H,Z =T'T (204)
=Vnveec (n'Z'Z - £) —n120,(1)
because T = O,(1)

=Vn(n'Z'Z - 2) + 0,(n"'?),
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because n~Y20,(1) = O,(n~Y/?).

Therefore, \/n(s—a) and \/nvec (n"'Z'Z — X) are asymptotically equal in dis-

tribution by Slutsky’s Theorem 23. From the result in Part I that

Vn(nT'Z'Z - %) disty N(0,9), it can be concluded that \/n(s — o) dist
N(0, Q). u

B.27.1. Proof of corollary 27.1

Corollary 27.1. [Asymptotic Distribution of \/n(s — o) Under Normality|[Magnus
and Neudecker [47], 1979, Corollary 4.2, Page 394 and Muirhead [45], 1982, Corollary
1.2.18, Page 19]. Assume that z; S N(0,X), where z. is the i'" row of Z in (155).
The asymptotic distribution of \/n(s — o) is

dist,

V(s — o) = N(0,9Q),

where s = vecS, o =vecX and = 2N, (X ® ).
Proof: [Independent Proof]. Based on the proof provided in Theorem 27, the proof
of Corollary 27.1 is completed by providing the expression of {2 under z; S N(0,X).

Denote z; by z in this proof for notation convenience. Accordingly, the moment gen-

erating function of z is M,(t) = 2 where t: p x 1.
Examine
aj\gi(t) _ 0 (%;;Et) e%t/zt _ Zte%t/zt
O? M, (t) L d(3t'St) 1,
z — » st/3t I » 2 t'3t

im0t (vecX)e2" =" + (I, ® Xt) pn

= (vec E])e%tlz'c + (2t ® Xt) ezt St
P M, (t :

0t ® 8t<®>8t’ = L@ (veeX)Je> (Ip @ et Zt)

5’ (Zt ® 21:) lt'Et
T o (I” we )

T L (St S 'S (I,, ® e%t’zt)
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= (vecE)t'E (Ip ® e%t/2t>
H(Z 2 2t) + K, (T @ St))] (Ip ® e%t’Zt)
+(Ste Tt t'S <1p ® e%t'ﬁt)

= [(vec D' 42N, (T @ Tt) + (Tt @ Tt) t'Y)

% (Ip 2 e%t’Et)
O M, (t)
t®RIt® It ® ot

[(vee ) (ved'S) + 2N, K, (£ ® )] (1p2 ® e%t’2t>
H(E9St) + K, (S0 St)] (Ip ® e%t’ztt’2>
1 (St © St) (ved'S) <Ip2 ® e%m)

+[(vec Z)t'E 4+ 2N, (X @ Tt) + (Xt @ Xt) t'Y]

X ([t’z (Ip 2 e%t’ﬁt)] 2 Ip) ,

where N, = 1 [L» + K, ).
Evaluate 9*M,(t)/(0t @ 0t @ 0t/ @ Ot') at t = 0 yields

!/ !/ 84Mz(t) /
E[z:z; ® z;z;] = T B IL0It B OF leeo — (vec X)(vecd'E) + 2N, (X @ X).

Accordingly, 2 = E [2,2; @ z,z;] — (vec X)(ved’Y) = 2N, (X ® X). O

B.28. Proof of Theorem 28

Theorem 28. [Asymptotic Distribution of v/n(6—8)][Browne [48], 1974, Proposition
6, Page 13 and Browne [49], 1984, Proposition 2, Page 67]. Let 0 be the minimum
discrepancy estimator of @ in F(3(0),S), where F(X(8),S) is given in (66). Assume
that 0 is a consistent root of F(X(0),S) and rank(DS;)O,) = v, where DS;)O, is given

in (48). The asymptotic distribution of \/n(0 — 0) is

dist,

V(6 — 6) = N(0, ),
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-1
where Qy = ApQAg, Ag = (S @ =)D, DY) (5 e DY, |, and
Q = E[z:z; ® 2;2]] — o0’ is given in Theorem 27.

Proof: [Proof With Advisor’s Help]. Define D FO o0, 05 DFO 0.0, = DFO 0.0

’
0=0,

where D) o is defined in Theorem 17 and 6, = a0+ (1 — )0 for some o € (0,1).

F0.0'
Ezpand DF;Z,‘G s in a Taylor series about 6 = @, where DS;Z, is defined in Theorem

17. It follows from 0 is a solution to Dl(ml;)e =0 that

1
= 0=Dpy + D% 40— 0)+ 5D 44 [(9 —0)® (0 - e)] . (205)

where D 399, s defined in Theorem 17.

Accordingly,

N 1 ~ o
D) = {Dl(f;)eﬂ/(ﬂ —6)+ 3D 0101 [(e —0)® (0 - e)] } :

1 A A
Do) — — {Dlgg) o+ 5050 0001 |1 © (0 0)] } (6-6); and  (200)
. 1 R -1
(0-6)=— {Dﬂ o T §D§§391 0.6, [IV ®(6- 9)} } Drp
That 1s
R 1 . -1
V(@ - 6) = - {foi; o T 3D0, 01,010 ® (6 - 0)]} VnDyy, (207)

where DY) = DY (271 @ £71) vee(S — X).
Note that

D(Q)

F;0,0’

1)
- Dae’ (2 ® 3" )Dz(ye’
+2D07 [87 @ B7(S - 2)=7| Dy,
’ (208)

_per

opo L ©(ETT@T ) vee(S—%)]  and

(2) _ ) - - (1)
L (DF;0,0’> - Da;O’ (E ' ® X 1) DG’;G/'

Based on (208), it is readily shown that

Vec(Déz_)e o) — E [Vec <D}2é 0’)} = A Matriz of Constants X (s — o). (209)
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It can be concluded from (209) that
DJE“Q;Z’,B/ —E [ngz;)e,of} = Op(n_1/2>a (210)

because s — a = O,(n~/?) by Theorem 27.

Similarly, based on the expressions of D Feo’ o and E(D(?f)

0.0 gr) i Theorem 17,

it can be concluded that

D®

3
F0,0',0' E(D

F;3979,79,) = A Matriz of Constants x [I2 ® (s — o)], (211)

where [Lz @ (s — a)] = O,(n~Y2) because s—a = O,(n~Y?) and 1,2 is fized. Further,
DY) o = B, 0 ) + Op(n12) = O(1) + O,y(n~'%) = 0,(1) based on (211).

dist

Note that 0; = 08 + (1 — )0 = (0 — 0) + 0 == 0 by Slutsky’s Theorem 23 because

€ (0,1) and 6 — 0 = op(1). Further, by Theorem 24, it can be concluded that

D (3) ﬂ D (3)

dist, . (3) o
.01.0,,0/ 0.0 o because 01 — 6. That is, Dy = 0,(1).

Accordingly, (207) can be written as follows:

~

-1
V(@ -0) = {D(2) o T 505y 0 0 L @(9—9)]} VnD{,

1
2
= —[B(DE,,) +0p(n ) + Op(1)0 (1)}_1\/5]319;39

because (210) , D) = 0,(1), and 6 — 8 = 0,(1)

F;01 9' 9'

- _[e(p® Op(n~3 ] /ap®
I o0 ) T p(n”2) + op(1) nDyg.g,

- —[e(D? | vaDY)
I % + 0p(1) nDrp.g,

F

m\/

by Slutsky’s Theorem 23.
-1
Ezramine lim,,_, ., Var { [—E (D}f; 9')} \/ﬁDl(wlfg} as follows:

—1
lim Var { [-E(D}?L 9)} \/HDS%}

n—oo

= lim Var { [ij}g, (="' ez ijfg/] - D) (37 @ X7 Vi vec(S — 2)}

n—oo
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Y
- {(21 ©x)p)), DYy (5 ex ), | 1} Q x

o0’ o0’

1
(2_1 ® 2_1) DS;)G' |:D<(j,)9/' (2_1 ® E_l) DS,)G'}

— ALQA,,
—1
where Ag = (X7 @ X71) DS_)G, [DS_)O/, (Etex ) DS.)G,] , and 2 is given in The-
orem 27.

By Slutsky’s Theorem 23 and Theorem 27, it can be concluded that

V(0 — ) L5 N(0, Q), (212)
: @ \]17° (1) /
where Qg = lim,,_,», Var [—E (DF;O’G,H \/EDF;G = A QA,. O

B.28.1. Proof of corollary 28.1

Corollary 28.1. [Asymptotic Distribution of /n(6 — 8) Under Normality][Browne

[49], 1984, Proposition 5, Page 76]. Assume that z; S N(0,X), where z, is the i*®

row of Z in (135). Then the asymptotic distribution of \/n(0 — 6) is

P dist,

V(0 — 0) = N(0,Qp),

-1

where Qg = 2 [DS_)GI, (E1lex D

o0’

Proof: [Independent Proof]. From Theorem 27.1, under z; S N(0,X), @ =

IN, (S ® ).

The expression of g in Theorem 28 can be simplified as follows:

Qo = A,QA,
— AN (EeR) (S lex ) DY, DY (s les-yp® ]
- ] P( ® ) ( ® ) ;0 ;0 ( ® ) ;0

-1
_ & 1y —1 —1\ (D)
— ApN,DY, DY (57 ex) DY, |

-1
= 2A:9D¢(71;)0’ |:D¢(71;)6;’ (271 ® 271) D(l) ]

o0’
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because N, vec 3 = vec X and NPDS;)G/ = ON,o /00" = 00 /06" =

= 2[D (2 ex DY, DY (5 ez DY,
« DY (= ez )DL,
= o[ (s ez D,
]

B.29. Proof of Theorem 29

Theorem 29. [Asymptotic Distribution of N A)][Original result]. The asymp-
totic distribution of \/ﬁ(X —A) s

Vax =) 5 N(,D) E; QE, D)),

Ae' 26,
where Dg\l;)gg is given in (24), Eq,, is the 13 submatriz of
I =(E, E., Es, E,) dm(E;,)=v xv; and Q¢ is given in Theorem 28.
Proof: [Independent Proof]. By Theorem 28 and Delta Method Theorem 25, it is

readily shown that

~

Vax =) % N(0,D) E| QE,, D

AO’ )\0/)

because Oy = E 0. O

B.30. Proof of Theorem 30

Theorem 30. [Asymptotic Distribution of Vn(é — 0)][Original result]. The asymp-
totic distribution of \/n(8 — &) is

V(3 — &) =5 N(o, DS;O,E' QyE, VDfle,)

where Eo,, is the 2" submatriz of I, = (E1,, Es,. Es,., Ei.,), D(l.), 1S given in
2 V1 2 3 N2 35;6}

Theorem 2, dim(E;,,) = v x v; and ¢ is given in Theorem 28.
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Proof: [Independent Proof]. By Theorem 28 and Delta Method Theorem 25, it is

readily shown that

~

V(8 — 8) <% N(0, D), By QE, D)),

because 05 = E 0. N

B.31. Proof of Theorem 31

Theorem 31. [Asymptotic Distribution of \/nvec(I' — T')][Original result]. The

asymptotic distribution of \/nvec(' —T') is
Vnvec(T —T) 2% N(0, Ag;, Q0Ap, ).

where Ag, = (1,®T) (Dfs yEL,

+ D(g 39, E; ,/3> Dfsl;();é is given in Theorem 2, D(gl;g%
is given in Theorem 9, Eg ., is the 34 submatriz of I, = (E1,, Eop, Esu Eyy,),
dim(E;,,) = v x v, and g is given in Theorem 28.

Proof: [Independent Proof]. Recall that in Chapter 2, G(65s,0,) = I'\T", where I';
1s i a small neighborhood of T'. Let G be the estimator of G such that T = I‘(A},
where T minimizes F(X(6),S). For notational convenience, denote (65 0') by 05,

~ o~/

and (05 0) by 557, where 05 = E!

) 2.5 6, and 0 is the minimizer of

9,6, =E,,
F(2(6),S). Note that vec(T') = vec(T'G) = (I, @ T') vee(G) = (I, @ T")g(0s,), where
g(6s,) = vec(G).

The Taylor series expansion of g(0sy) about 05 = 05 and @, =0 s

5(6m) = 800 + 5 (80— 0n)

2 -~ ~
+ 550, oo L(On—0m)] @ [(Bn-0n)]

where 0*g/ <8 65, @ 50371> is 0°g/ (063, ® 00s,) evaluated at s, = abs, + (1 —

(213)

a)0s, for some a € (0,1).
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Examine 9°g/ (8 0&7 ® 30(;7) as follows:

g 0 Df), D]
/ / / ;0/ ;0/
005, @005, 005 L &% &% (214)
_ (2) (2 (2) (2) . .
= [Dg;eg,eg Dg;%% Dg;f);,eg Dg;%%] = A Matriz of Constants

where the expressions for D(;) D® and D(;L, o are given in Theorem 9 and
) WPy

5057 T 656,
Theorem 10.

Note that 05, = s, + (1 — a)Bs, = a(Bs, — 0s,) + b5, I 05, by Slutsky’s
Theorem 23 because o € (0,1) and 4/9\57 — 05y = 0,(1). Further, by Theorem 24,
g/ (8 9&71 ® 89&7) st g/ (8 9!;7 ® 80('57) because 9571 st 0&7. Accordingly, it
can be concluded that 9*g/ (0 65, ® 80&71> = 0,(1).

Further,

Vvnvec(T —T)

= (1, @)V [g0s) - (6s))
805 g0,

- (I,®7T) [D‘”

* (Iﬁﬁr) aegwa;ga 0, Vit (0= 0,) | & [V (05, — 03,

65 — 65
— (I,®7T) [D(gl;;é Dg}%} Jn ; +0,(n"%)
0
3

because 0*g/ (8 0(’;71 ® 60(’;71> =0,(1) and +/n (557 — 057> = 0,(1)
= I,® r)D;{;g\/ﬁ(éé —6;) + (I, ® P)Dg}%\/ﬁ@ —0) 4 0,(n" %)

= (I,®7T) [D“) E.

g;0; " 2,v2

- 1
+ Dy B, Vi - 0) + Oy(n 2,

where p

. . . 1 . . .
w18 given in Theorem 9 and D(g_‘)g, 15 given in Theorem 10.
"y Ehe)
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By Slutsky’s Theorem 23, Delta Method Theorem 25, and Theorem 28, it is readily

shown that
dist

Vnvee(T —T) =% N(0, Ags, Q0Ap. ),

where Agy = (1,®T) (Df; E, +D" g

)
;65 2,v2 g;@,; 3,v3

> and Qg is given in Theorem 28. [

B.32. Proof of Theorem 32

Theorem 32. [Asymptotic Distribution of \/ﬁ(;b —p)][Original result]. The asymp-
totic distribution of \/n(¥ — ) is

~ dist 1 1
Vi — ) 24 N(o, Dij);)%E;’l,QgEL;,uDip;)o;),

where By, is the 4™ submatriz of I, = (E1,, Eou, Es,, Eyu,), DE;.)% 1S given in
Theorem 11, dim(E;,,) = v x v}, and Qg is given in Theorem 28.

Proof: [Independent Proof]. By Theorem 28 and Delta Method Theorem 25, it is

readily shown that

-~ dist 1 1)

because Oy, = Ej 0. O

B.33. Proof of Theorem 33

Theorem 33. [Adapted from Boik, Panishkan, and Hyde [35], 2010, Page 131].

Consider a test of Hy : 0 € ©q against H, : @ € ©,, where @y N O, = 0. Suppose

that under Hy, constraints are placed on @ € O, where ® = Oy U O,. If Hy is

true, then, by construction, there exist a value 8y € Oy and a value 8, € O so that

3(0y) =3X(0,) =X and 0, = g(6y). Assume that

(a.) By and O, are consistent roots of F(X(0),S), where 8, and 8, are defined in
(153);
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1 1 1 1 1
(b.) rank(DfT;)%) = 1y and rank(Dfn)et,l) = v,, where ny;)eg, = DE,;)Gz 6y’ DE,;)% =
Dc(rl;)g, omp.’ and DS;)e’ is given in (48); and

(c.)

The p* distinct elements in z;z;; have a positive definite covariance matriz. That

is, Var|[vech(z;z})] is positive definite, where vech(z;z,) is defined in Table 50.

Define p*, H,, A,, Py, and P, as follows:

p*=p(p+1)/2, H,=(D,D,)"'D,, A,=D,QD,

-1
P, =D [ij?;, (='ex)DY } D, (E'e =), and
Yo "o

;0 o360}

P, =D, [P, (5 ez DY, ] D, (5 en),

;0!

where Dy, is a p* x p* duplication matriz defined in Table 56, and Q@ = E 2,2, ® z,z}] —

oo’ is given in Theorem 27.

Then,

(1.)

(2.)

(3.)

Define vy as vq = v, — 1y, where vy = dim(©y) and v, = dim(0®). P, — Py is

a projection operator and rank (P, — Py) = v,.

A, is positive definite and can be diagonalized as A, = U,V, U, where U, €
O (p*), V, = Diag(vy,va,...,vp+), and v; > 0 fori=1,2,... p*. Define V?l,/2
as Vll,/2 = Diag(y/v1,1/V2, -, /Up) and A,l,/2 as A;,/Q = Uszl,/QU;. Then,

Azl,/2 1s positive definite.

Define A as A = All/2Hp L (ETeE (P, - Py H;A,l)ﬂ. The nonzero
eigenvalues of A is the same as the nonzero eigenvalues of

QL E! o) (P, —Py)]| and A can be diagonalized as A = UVU’,

Vq

where U is a p* X vy semi-orthogonal matriz, {v;},2, are the nonzero eigenvalues

of A, and V = Diag(vy,...,v,,).
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(4.) Given Hy is true, X*> =n [F(ﬁ?o, S) — F(3., S)] can be written as

X? = %\/ﬁ(s —o) (T =Y (P, — Po)vn(s — a) + O,(n"2).

vq
: : dist, iid :
(5.) Given Hy is true, X2 ==Y ww?, where w? ~ 3 fori=1,... v
i=1

Proof: [Proof With Advisor’s Help].

(1.) Note that

_ p2 _ p2 0 _pwn (96
P,=P,, Py,=P, Da;% - Df’%"fw (806)
because 8, = g(0y), and

1) (e PO RO (s p® 1T Ry
D 0} (E 1®2 1) Da';Hfl |:Da';0"1 (2 1®2 1) Da';@fli| DU-O’

o; a

96, 4 (-1 o sy YD [P (-1 o =1y D | ()
= (a_oo) Da;@{l (E ' ® 3 1) DU'H' |:Da';0('1 (E ' ® 3 1) Da"@':| Da"ﬂ'

8 0/ (1)/
— (ZZe)pW)r
( 8 00 ) o30a

= pW . (215)

;0
Based on (215), it can be concluded that PoP, = Py. Further, P,Py = Py
because Py = P2 and Py (P,Py — Py) = 0.

Accordingly,
(P, — Py’ =P, +P,— PP, — P,P, =P, — P, (216)

That is, P, — Py 1s a projection operator.

By 4.5.12 on page 220 in Meyer [43], rank(Py) = rank(D(l) ) = vy and

o0

rank(P,) = rank(D(l)

o9r) = Va. Note that P, and Py are projection operators

because P, = P2 and Py = PZ. By Theorem 26,

tr(Pg) = rank(Po) = vy and tr(P,) = rank(P,) = v,. (217)



(2.)

(3.)
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Further, rank(P, — Py) = tr(P, — Pg) = tr(P,) — tr(Py) = v, — vy = vy because

P, — Py is a projection operator.

It is readily shown that Var[vech(zz;)] = H, Var [vec(z;z})] H,, = H,QH, be-
cause Q2 = Var [vec(z;z,)| as shown in (198) of Theorem 27. By the assumption

that Var[vech(z;z})] is positive definite, H,QH is positive definite.

Let t be any p* vector, note that A, = A}, where A, = D,QD,, and

t'At = t'(D,D,)(D,D,) 'A,(D.D,) "' (D,D,)t
(218)
=t'(D)D,) [H,QH,]| (D, D,)t >0
for all t # 0, because H,Q¥H is positive definite. Thus, A, is positive definite.

By Diagonability Theorem on page 284, Lemma 3 on page 307, and § 11.6 prop-
erty (c) on page 290 in Searle [36], A, can be diagonalized as A, = U,V, U
where U, € O (p*), V,, = Diag(vy,vq,...,0p), and v; > 0 fori=1,2,... p"

By the definition of A}D/ ® it can be concluded that A}g/ ® is positive definite be-

cause A;/Q:All/? and \/v; >0 fori=1,2,...,p".

Denote 3 (X' @ X71) (P, — Po) by B and H;A;,/Q by C. Accordingly, A can
be written as A = C'BC. Note that N,©2 = N, E [z,z} ® z;2}] — N,oo' =

because N,(z; @ z;) = z; ® z; and K, ,0 = o. Further,
C'CB = H,D'QD,H,B = N,ON,B = ON,B = (N,2)'B = OB.

Accordingly, the nonzero eigenvalues of A are the same as the nonzero eigen-

values of QB because A = C'BC and 2B = C'CB.

Eramine

rank(A) = rank [H, ('@ X™") (P, — Po)H,]
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= rank[D, (X' @ X7") (P, — Py)D,]

Y]

rank[N, (7' @ 371) (P, — Po)N,]
because N, = D,(D/D,)~' D/
and Theorem 2.10. (a) in Schott [{4] saysrank(A) > rank(AB)
— rank[(27 © 57 N,(P, - Po)N)
because (E'@ TN, =N, (Z'ox)
= rank[N,(P, — Po)N,] because (E7' @ X7") has full rank

= rank(P, — Py),

because N,DV, = D and ('@ )N, =N, (S @ ).

Further, it can be concluded that rank(A) = rank(P, — Py) = vy because

rank(A) < rank(P, — Pg) and rank(A) > rank(P, — Py).

By Theorem 4.9 in Schott [44], the number of nonzero eigenvalues of A is

rank(A) = vy, because A = A’ is diagonalizable. Further, A can be written as
A =UVU', (219)

where U is a p* X vq semi-orthogonal matriz, {v;}.%, are the nonzero eigenvalues

of A, and V = Diag(vy,...,v,,).

For notational convenience, rewrite F(3y,S) and F(2,,8) in (155) as F(6y)

and F(@a), respectively. Define Dﬁ(ﬂl;z,o and Dz(f-éo o, 05 follows:

o _ (2) D
Dyg, = Drg 0—60 and  Dgg, g = Dpg o 9=,
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where Dé, 0 and DY) oo Gre defined in Theorem 17. Given that Hy is true, then,

by (205), (208) and (210) in Theorem 28, it can be concluded that

A

Vn(0y — 6o)

—[E(D), o)1 [VIDL, | + 0pn )

-1 (220)
@y -1 -1y (1) -1 ~1
705 (E ® 3 ) Da;96:| Da;96 (E ® % ) \/H(S - 0')

+ Op(n_%).

Given that Hy is true, expand F(éo) m a Taylor series around 90 = 60y as

follows:

F(0,)

F(0,) + (80 — 80) Dy, + 500 — 00) Dy, 60 (00 — 60)
L (3) ;
§<00 — 60>/DF;0/,9' 0 -6, (00 - 00)®2

F(6)) — Vil — o) (57 ©57) Pyvinls — o)

V(0o — 00)DE), o [Vi1(By — 00)] + Oy )
F(6y) ——viils — o) (57 ©3) Pyvn(s — o)
o [V(B0 — 80) | B, 4 )ViBo — 80)] + Oyn%) by (210)
F(680) — - viils — o) (7 @ 37') Poi(s — o)

S Vils — o) (87 @ 57 Povils - o) + Oy(nd) by (208)
F(0,)

Viils — o) (£ 0 1) Pyvii(s - o)

1
2
Op(n”32), (221)
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where D)

o o o 15 given in Theorem 17, 61 = by + (1 —«)8y, and (90 —0,)%?

1s defined in Table 56.
Given that Hy is true, F(6y) = F(0,) because X(6y) = X(0,) = X. The
expansion of F(éa) can be conducted in a similar manner as shown above and

A

the expression for F(0,) have the same form as those under Hy, except that P,

1s substituted for Py. That is,

F(0,) = F(6,) - %\/ﬁ(s —o) (T @S ) Pa(s — o)+ 0,(n"7). (222)

Further, based on (221) and (222), given that Hy is true,
X2 =n [F(éo) — F(éa)] can be written as

X2 = %\/ﬁ(s o) (S @) (P, — Po)vals — o) + Op(n3).  (223)

The proof for part (5.) is adapted from the proof of Theorem 5 on page 9 in the
supplement of Boik [34].
Define z as z o A;l/ZD]’D\/ﬁ(s — o), where z is a p* X 1 random vector.It can

be concluded that D,H,\/n(s — o) = \/n(s — o). Further,
H/ A’z =H/D\/n(s — o) = D,H,\/n(s — o)

= N,Viils — o) = vVals - o),

(224)

because D,H, =N, and K, ,(s — o) =s — 0.
Ezamine \/n(s — o) [1/2(Z' @ X7 (P, — Po)] /(s — o) in X? of (223) as
follows:
Vi(s—o) [1/2(E7' @3 (P, — Po)| V(s — o)
=2/APH, [1/2(Z7' @ 27) (P, — Po)| HLAY %2 by (224) (225)

=7 Az by the definition of A in part (3.).
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dist

By Theorem 27, \/n(s — o) — N(0,Q), where Q = E[z;z, ® z;z]] — o0o’.
Denote U'z by w, where U is defined in part (3.). By Slutsky’s Theorem 23, it
dist

can be concluded that w — N [0,1,,] because z O N (0,1,+). Accordingly, it

1s readily shown that
Fw) =5 T (w), (226)
i=1

where f(w) is the probability density function of w, and the probability density
function of w; is standard normal distribution, N [0, 1], fori=1,...,v,.

Further, by definition 4.6.2. in Casella and Berger [3], w; S N(0,1), fori =
1,...,vq. By definition 3.1.3. in Muirhead [45] and Theorem 4.6.5. in Casella

and Berger [3], w? S 2 fori=1,... va.

By (219) and (225), given that Hy is true, X? in (223) can be simplified as
X% =72'Az+ 0,(n""?) = 2ZUVU'z 4 0,(n /%) = w'Vw + O, (n"1/?). (227)

Further, by Slutsky’s Theorem 23, (226) and (227), the null distribution of X?
18
. vd
X2 553 " g, (228)
i=1

2

iid .
where w? ~ x3 fori=1,...,vy. ]

B.33.1. Proof of corollary 33.1

Corollary 33.1. [Adapted from Boik, Panishkan, and Hyde [35], 2010, Page

131]. Consider a goodness-of-fit test of Hy : 0 € ©qy. Assume that the p x p sample

covariance matrix S is invertible. The test statistic for the goodness-of-fit test is

X% =nF(%,8),
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where F(X,8) is defined in (66), and 2 is defined in (153). Reject Hy, for large
7}

values of X2. Furthermore, the asymptotic null distribution of X? is X2 dist Z vw?,

i=1

where X* = Ly/n(s — o) (Z1 @271 (12 — Po)y/n(s — o) + Op(n™3), va = p(p +

1)/2 — v, and w2 X x2 fori=1,...,v,.

Proof: [Proof With Advisor’s Help|. In the goodness-of-fit test, a saturated model for

3 is unconstrained. Accordingly, the number of parameters under a saturated model,

Vg, is p(p+1)/2, because vec(X) = D, vech(X) and dim(vechX) = [p(p+1)/2] x 1.

Under a saturated model,

P, ~ DY, [0, (3w n)l,] Dl (57w,

;0!

can be simplified as N, which can be shown by the following four steps.

step 1.

step 2.

step 3.

It can be concluded that R(N,) = R(D,) and N(N,) = N(Dj) because
N, = ppo(D,) that projects onto R(D,) along N'(D,), where R(:) and N(:)
are defined in Table 57.

Show that R(D}, ) = R(D,).
It can be concluded that R(DS‘)G, ) € R(N,) because DS.)O, = NPDS,)O, . Further-
more, R(DS,)G, ) =V, = p(p+1)/2 = rank(N,).

Thus, R(DS;)%) =R(D,) by R(N,) = R(D,).

) = R(N,) because rank(D(l)

;0!

Show that N (ij?;, (=@ 2—1)) — N(D).

For any vector u € N'(N,), Nyu = 0. Thus, DS;)O/; (T !'@X ) N,u = 0.
Note that DS,)GI, (E'@X ) Nyu = DS_)O/, (Et'®@ X Yu, because DS_)G/, =
DSA)(;, N, and N, ('@ X)) = ('@ X )N,. It can be concluded that
DY (B @Su = 0. Thus, N(N,) C N(Df,lj;é (2—1®2—1)>. Pur-

;0!

thermore, N(N,) = N(D(l)/ (E_1®E_1)> because rank(N,) = p(p +
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1)/2 = rank(D\},) = rank(D\}, ('® X)), Therefore, N'(D) =
N<D5r)e' (Tl X )) because N'(Np) = N'(Dy,).

Show that P, = IN,,.

Note that P, projects onto R(D 0,) along N<D(19/ (Z e )) It can
be concluded that P, projects onto R(D,) along N'(D;), because R(Dal)e,) =
R(D,) and/\/( 9, (T e X% )) = N(Dy). Furthermore, P, = N,, because

N, = ppo(D,) is unique.

The following proof is divided into two parts. The first part is to derive the ex-

pression of the test statistic X?; and the second part is to derive the asymptotic null

distribution of X2.

Part I Provided that the model for & is saturated, set DY )9 0 to obtain the minimum

discrepancy estimator of ¥ in F(X,S), 2 where D )9 1s defined in Theorem

17. That s,

1
Dig

yWWa

=D (T @27 vee(S — =) = 0.

This means that vec(S —3X) € /\/( 00, (T 1lex- )) By the result shown
in step 3. that N(N,) = ,/\/'(Dl(j;)g/:1 (E*1®E’1)), it can be concluded
that vec(S —X) € N(N,). Therefore, N,vec(S —X) = 0. Furthermore,
vec(S — X) = 0 because N, vec(S — X) = vec(S — X). Thus, if the model for

Y. is saturated, then > =5.

Accordingly, the discrepancy test statistic X* defined in (153) is
X?=n|F(%,8) — F(S,S)| =nF(%,8),

because F(S,S) = 0. Based on the definition of X?, Hy is rejected for large

values of X?.
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Part Il Based on part (4.) in Theorem 33, given Hy is true,

X2 =n [F(f]g, S) — F(,, S)] can be written as

1

X2 = Ex/ﬁ(s —o) (T'eX ) (L —Po)vn(s — o) + O,(n72),

because P, =N, (s —o)N, = (s — o),
and (X 1@ XN, =N, (T teX™).

vd
Accordingly, the asymptotic null distribution of X? is X2 st Zviw?, where
i=1
va=pp+1)/2 -1, andw?lﬂxfforizl,...,yd. (]

B.33.2. Proof of corollary 33.2

Corollary 33.2. [Adapted from Boik, Panishkan, and Hyde [35], 2010, Page 131].
Provided that v; = v for all i, the Satterthwaite approzimation [51] to the null distri-
bution of X? is

lim cX2~Xf,

n—yoo
where ¢ = tr(3)/tx(J2), X2 = n[F(2,S) — F(%,,8)], f = [tx(3)]%/ tx(I?), and
J=1Q(Z1'®X ™) (P, —Py). Reject Hy for large values of cX?
Proof: [Proof With Advisor’s Help|. By part (5) in Theorem 33, given Hy is true,
x2 45 iviw?, where w2 XS X2 fori=1,... v

Gz’ve;z:lthat v; &= v for all i, suppose that there exist ¢ and [ such that

limy, o0 cX 20X, then it can be concluded that

2 _
nh_{](f)loE (cX?) (chl ) =f, and

Vg
nh_)rrolo Var(cX*) = Var <CZ vzw2> 2f. (229)

=1

To solve ¢ and f, (229) can be expanded as follows:

Vq Vq Vq
E (cZ’umﬁ) = chiE () = chi x1=ctr(J),
i=1 i=1 i=1
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Vg Vg
2f = Var <CZ viwf) =c? (Z v? % 2) = 2¢% tr(J?), (230)
i=1 i=1

because w? S y2, S v = tr(J), and Y7t v = tr(J?). From (250), it can be
concluded that 2ctr(J) = 2¢% tr(J?), furthermore, clctr(J?) — tr(J)] = 0. Thus, ¢ =
tr(J)/ tr(J?) and f = [tr(J)]?/ tr(I?), because f = ctr(J) and f > 0. O

B.34. Proof of Theorem 34

Theorem 34. [Adapted from Boik, Panishkan, and Hyde [35], 2010, Page 131].Con-
sider a test of Hy : @ € ©q against H, : 8 € ©,, where Oy N O, = (. Suppose
that under Hy, constraints are placed on @ € O, where ® = Oy U O,. If Hy is
true, then, by construction, there exist a value 8y € Oy and a value 8, € O so that
3(6) = X(6.) = X and 6, = g(6o).

Define P, Pp, 13370, 133@, and SSE(@O) as follows:

1

Py, =DV (D(l)' ;D)

-1

(1) m \!
P - Da ;07 ( ;0. Q:Da 9'> DO'G’
w) Dod

NS (1)/ +
Ppo = Da;gé ( Q D! 0! DU 96
-1
S (D) O 3+ M O+
PB,G - Do’;éfl (Da';élen D0'§9a> D”;é{lﬂn’

SSE(8y) = n(s — &) (I, — Ppo)(s — 60), and

SSE(8,) = n(s — &,)'Q (e — Pp,)(s — 64),

M _ pld M _ i ®m _ p 1
’LUheT’e ]:)0_;0‘/3 - Da.;el 0:90} DJ;B(’I - DO’;BI 9:007 DO’;é(’) o D0'§9, ezéo’ DU’;éa -
Dg)g, g’ fol;)e, is given in (48), QF and Q. are the Moore-Penrose generalized

—VYa

inverses of 2, and ﬁn, respectively, 2, is defined in (141), Q, is defined in (142),
Go = vecYy, G, = vecY,, and Xy and 3, are defined in (153). The Moore-
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Penrose generalized inverses of 2, and ﬁn can be written as Dp(D;QnDp)*lD; and
Dp(DgﬁnDp)*lD;, respectively.

Browne’s residual-based statistic is
SSEp = SSE(0,) — SSE(8,,),

where SSE(8y) and SSE(6,) are defined in (158). Reject Hy, for large values of SSE .

Giwen Hy is true, SSE g sy de, where vy = v, — vy, Yy and v, are defined in (153).

Proof: [Proof With Advisor’s Help]. Let M = Dp(D;ﬁnDp)*lD;. According to the
definition of Qy, in (142), it is true that
Q, = O,N,=N,Q,
M, = D,(D,Q,D,)"'D/Q,N, =D,(D,Q,D,)'D,Q,D,H, =N, and
QM = N,Q,D,(D,,D,)"'D, = H,/D,Q,D,(D,Q,D,)"'D, = N,
where H,, is defined in (157) and N, = D,H, = Hp’D;. Furthermore, it can shown

that M is the Moore-Penrose generalized inverses of ﬁn as follows:
(1.) MQ,M = N,M = N,D,(D/2,D,)"'D/ = M,
(2.) Q.MQ, = N,Q, =Q,.
(3.) <M§n> ~ N, = MQ,, and
(4. (ﬁnl\/[)/ ~ N, = Q,M.

The proof for Dp(D;QnDp)’lD;, is the Moore-Penrose generalized inverses of €2, is
similar to the above, and therefore omitted.
Given that Hy is true, expand \/n(s — o) in a Taylor series around éo =0y as

follows:

V(s — &)
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~ n - o
= V(s — o) ~ DY, V(B — 6;) - %(eo - 90)’fo;{9,9,( (@) — o)

0=0,

because o(0y) = o(0,) = o given that Hy is true

= Vn(s—o)

- DS;)% [DS;)(;() (Zex) nyl;)eg] h DE,—I;Z() (E @) Vals — o)+ Oy(n~2)
because of (220)

V"6, 6,/D? (8 — 60)

T 0’;0,9’ 0=0,
n. .z /
— Vils - o) - Poviils - o) - (8 - 6,D
760~ 60)DY) 5| V(B — 8) + Oy(n )

= (I:—Po)vn(s—0o) — ﬁ o,
= (I —Po)vn(s — o) +0,(n"2)  because v/n(By — 0y) = O,(1),

(6o — B0) + O, (n"?)

0=01

where Df,)e o 15 defined in Theorem 17, and 6, = by + (1 —a)8y.
Provided that Hy is true, the expansion of \/n(s—&,) can be conducted in a similar
manner as shown above and the expression for \/n(s — &,) have the same form as

Vn(s — ), except that P, is substituted for Py. That is,
V(s — 3,) = Lz — P,) /(s — o) + Oy(n 7). (231)
Define By and B, as

BO = (Ip2 — Po)/ Q+ (Ip2 — PB,O) (Ip2 — Po) s and

n

B, = (I:—P,) Q! (I,:—Pg,) (L —P,), respectively.
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Provided that Hy s true, by Slutsky’s Theorem 23,

SSE(80) <% n(s — o) (Lz — Po) @ (T2 — Ppg) (Lz — Po) (s — o)
=n(s— o) Bo(s — o),
SSE(8.) < n(s — o) (Lz — P.) @ (Lz — Pp,) (e —Po) (s — o) (232)
=n(s—o)Bu(s— o), and
dist

SSE 5 = SSE(0y) — SSE(8,) <% n(s — o) (By — B,) (s — o),

dist dist

where SSE(@Q) and SSE(QQ) are defined in (158), 133,0 — Ppy and f’B,a — Pp,
because ﬁn s a consistent estimator of €1,,.
To derive the asymptotic null distribution of SSE'g, simplifications of By and B,

1s needed. To simplify B and B,, it helps to realize that

P2B,0 =Ppo, PQBﬂ =Pp,, PpoPy=P, Pp,P,=P,,

Q Ppo=PyQ,, QPp,=Py Q2 Pp,Ppo=Pgy, (233)

00,
and PpoPp. = Ppy, because 8, = g(6y) and ijl;)% = DS;)% <80'0) ;
where Py and P, are defined in (157). Furthermore, it can be shown that

(Pga— PB,O)2 =Pp,—Ppy,
[QF (Pp,—Ppo) Q] =Qf (Ps, — Ppo) Q (234)
and tr [QF (Pp. —Ppo) Q] = v, — vy = va,

as follows:

(Ppa— PB,o)2 = PQB,Q —Pp.Ppo—PpoPr.+ P2B,o

[ (Ppo—Ppo) Q] = Qf (Ppo.—Ppo) Q) (Pp.—Ppo) Q
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= (Ppo—Ppo) Q' QQ (Pp,—Ppo)Q
because Q;Pp o, = P Q7 and Q Ppo =Py Q)
= (Ppo—Ppo) Q) (Pp.—Ppo)Q
= Q) (Ppo—Pgp) (Ppa—Ppo) 2
= Q' (Pp,—Ppo)Q
because (Pp,—Ppo)’ =Pp,—Pgo
tr [QF (Ppo —Ppo) Q] = tr[(Pp.—Ppo) Q0]
= tr(Pp.—Pgyo)
by the definitions of Pp, and Pp
= tr(Pp,) —tr(Pgy)
= rank (Pp,) —rank (Ppy)
because Ph, = Pp, and Ph,=Ppy
= Uy — I

= Uy,

because v, = rank (P,) = rank (Pp,P,) < rank(Pp,) < rank(DS;)g(,l) = v, and
vy = rank (Pg) = rank (P ¢Py) < rank (Ppy) < rank(DS.)%) = 1.
Simplifications of By can be obtained by using the above results through examining
By = (I, — Po) Q (I — Pgy) (I: — Po)
- Qz (Ip2 - PB,O) + [QZPB,OPO - Q:{P()}
+ [Po4 Py — PoQt] + [PoQ Py — PiQ Py 0Py
(235)
=) (I:—Ppo)+0+0+0

t (L2 —Ppyg), similarly,
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By (232) and (235), given Hy is true, it can be concluded that
SSE = SSE(60) — SSE(0,) 5 n(s — ) (Ppa — Ppo) (s — o).

Furthermore, by Theorem 1.3.6 part (1) on page 10 of Christensen [52], Theorem 27,

and (234), it is readily shown that the asymptotic null distribution of SSEg is

SSEp T \2

IZN

B.35. Proof of Theorem 35

Theorem 35. [Original result]. Let A = A(60y), ® = $(65,0,) and ¥ = ¥(6,),
where dim(A) = p x ¢, dim(®) = ¢ x ¢ and dim(¥) = p x p. Let $(0) =
APA + W represent a p X p covariance matriz, where 8 = (65 65 6, 6,)
and dim(0) = v. Write 3(0) as 3(0) : R¥ — RP*?. Define ©; as ©; =
{9‘2(0) — AN + U and  diag(®(65,6,)) = 1q} and O as O, = {0)2(9) —
APAN +T¥  and P(65,0,) is a correlation matrix}. Define 31 as X1 : @7 — RP*P

N

and Xy as By 1 Oy — RP*P. Let 6, = (é)l\l 9(;1 0,
F(£.(0),S) and 0, = (8, 6,, O

Y2

9;1)’ be the minimizer of
/ 9;2)’ be the minimizer of F(32(0),S). If
®(6y,, 971) is a correlation matriz, then F(X1(01),S) = F(24(05),S).

Proof: [Independent Proof]|. If @(951,971) is a correlation matriz, then there exists
6, € ©, such that $1(0,) = $5(0,). Accordingly, F(£1(01),S) = F(24(8,),S). By
the definition of ©1 and O, 22(92) 1s obtained under stricter constraints to minimize
F(%,8) than $,(0,). Therefore, F(31(81),8) < F(22(05),8). It can be concluded
that F(£1(01),S) = F(24(02),S) because 0, is the minimizer of the discrepancy
function F(£5(0),S) and F(32(8,),S) < F(X2(02),S). O

Proof of Lemma 1
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Lemma 1. Let A be ar x s matriz and B be a s X r matriz. Some useful results are

the following.
(a.) [Searle [36], 1982, Theorem 2, Page 333] tr(AB) = vec/(A’) vec(B).

(b.) [Searle [36], 1982, equation 39, Page 337] OIn(|A])/dy = tr [A~' (DA /Dy)] for

symmetric and non-symmetric A, where A is a r X r matrix.
(c.) [A Useful Result] dvecx~ /00" = — (X1 @ X71)dvecX /06 .

(d.) [A Useful Result] 9(X7 '@ X71)/06 =
. — Ly (p®
Bl @ved(E ) oS (Da;e, ® I,,Q)
~Kpp B @ved(S7) @ 571 (DY), @ Ky, ).

(e.) [A Useful Result] dvecx1/00 = — (I, @ X' @ X71) dvecX /0 6.

f.) [A Useful Result] Lo L), = Loy, and L, Loy, = L,, where Loy, is as Table
P 21,p P 21,]3 P 14 P
56.

Proof: [Independent Proof].

(a.) Partition A in terms of its rows and partition B in terms of its columns. That

18,

51
a,
A= and B = (b1 b, br) ;
a./
where a; and b; are s x 1 wvectors for i = 1,...,r. Accordingly, tr(AB) =

T
E /
i=1
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It follows that vec'(A’) vec(B) = Zagbi because
i=1

a by

!/ a2 / !/ b2
vec(A)=| |, vec(A)=(a, a, .- a.| and vec(B)=

a, b,

Therefore, tr(AB) = vec'(A’) vec(B).

(b.) Searle [36] showed that the derivative of the log determinant of a matriz with

respect to a scalar can be written as In(|A])/dy = tr [A~! (OA/0y)].

(c.) It is follows that

dvec(X7'%) Ovecx ™! 1y OvecX

because vec (X71E) =vecl, = (X @ L,)vec X = (I, ® X71) vec X.

dvecx ™! . 1y OvecX
= 5 =—(Z'ex) 50

(d.) Examine

E'ex) = Loved,@X ") (veeX ' @ L,)
= Ky (Z_l ® 2_1) Kpp

K,, (I, ® vedL, ® &7") (vec ' @ K,,,) .

Accordingly,
I(Ztex™)

00
Ovec X1
- Loved,ex ) (% ® Ip2>
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Ovec X!
K;p (Ip ® VeC/Ip ® 3" ( Va o ® Kp,p)

~(Levee, @3 ) (T o= ) DY, @ L]

)
(
K,, (I, @ vecT, @ 37) (7' @ =) DY), @ K, |
- (Levec,® ) (57 @ 37) @1 (DY, @ 1)
)

K,, (I, @ vel, 2 7) [(Z' @ 2! @ I:] (DU;O, ® Kp,p)
~Leved,ox ) 3 e (3 eL,) 8 L] (DY, @ 1)
K,,(,eved, o2 ) [5 e (2 @L,) @1, (ij}g, ® Kp,p)
—[Zoved(Z ) x] (ij;),,/ ® Ip2>

K,,[Z " @ved (S @ 27 (ijfe, ® Kp,p> .

(e.) It is follows that

dvec (X71X) dvecx ! dvecX

=0=(I,®X¥®IL,)

+(LeoLox™)

00 00 00

because vec (X71X) =vecl, = (X @ L,)vec X = (I, ® X71) vec X.

(f.) Finally,

Ovec ! B
00

OvecX
00

-Lex'ex™

p p

/ _ p p p! p p! p!
Loiply, = Z (ef ®ef) e Zei (e @el’)
j=1 i=1
p

= D _(fae)) (e wel)
j=1
= L227p.

/ _ p/ P’ p p p/
LQLPLQLP = E e e ® e, E (ej ®ej)e]
J=1
_ E :ep P

bS]
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APPENDIX C

DIAGRAM FOR LEVY’S DATA
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lamit= 0LES0ET

W10

W1

larmiz2=0.952

W12

larm3=0.47572

lamide 052217

W13

larmiS=0.73257

W14

W15

W5

lami7=0.25177

lami= 071621

W1

larmiz=0.7 13

lamiz=0.65125

larre=0.48013

Wi
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