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ABSTRACT

In this thesis, we broadly examine collective behaviors in various social and
biological contexts. Aggregation, for instance, is a natural phenomenon that occurs
in a variety of contexts; it is observed in schools of fish, flocks of birds, and
colonies of bacteria, among others. This behavior can be found in some agent-based
models, where it is typically assumed every pair of individuals interact according
to a simple set of rules. In the first half of this thesis, we study a particular,
well-understood aggregation model upon relaxation of the assumption that every
individual interacts with every other. We review prior results on this topic —
when the underlying structure of interactions is an Erdds—Rényi graph. Seeking
to incorporate community structure into the network, we establish the analogous
problem under a class of networks called stochastic block graphs; a particular aspect
of the system’s metastable dynamics is explored upon varying the graph’s connection
densities. Finally, we evaluate the potential to leverage this system’s dynamics in
order to recover community structure (given a known graph as input).

In the second half of this thesis, we similarly explore the aggregate behaviors
of synchronization and desynchronization, appearing in diverse settings such as the
study of metabolic oscillations and cell behaviors over time, respectively. Previous
studies have leveraged a model in which repressilator entities are connected by
a diffusive quorum sensing mechanism; these have shown (numerically) that the
complex composition of observable behaviors depends upon the insertion point of
the upregulating protein in the feedback loop. We rigorously prove a version of this;
for negative feedback, negative signaling (Nf-Ns) systems we find only a unique stable
equilibrium or a stable oscillation is possible. Additionally, we observe (numerically)
the complex multistable dynamics that arise when a positive signal is included in the
feedback loop and characterize this shift as a saddle node bifurcation of a cubic curve.
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INTRODUCTION

Networks play an integral role in describing and understanding myriad complex
systems in the sciences; they have been used to explain flocking behavior in starlings
[38], chasing dynamics in predator-prey interactions [4], the spread of epidemics [23],
and the effect of personal relationship structures on the formation of gangs [21].
Coupled with powerful results in fields such as graph theory, networks grant us a
window into understanding how we interact with one another and how that affects
our state in the broader group.

At its heart, a network consists of a collection of individuals (nodes) with a
prescribed set of interactions (edges). Individuals can be biological units, such as
birds, fish, bacteria, humans, and so on, but they can also be inanimate — web pages
on the Internet, for instance. Interactions, similarly, can take many forms, but are
usually some exclusive behavior or quality between pairs of individuals (something
that can definitively be assigned one pair at a time). Among fish, birds, and the like,
this interaction structure connects members of the same social group; an individual
animal is connected to those who directly influence its behavior. In social networks,
humans are linked to those whom they are friends with, such as colleagues from work.
A web page is connected to other web pages through hyperlinks.

These interactions are generally first thought of in the binary sense: existence or
absence thereof. In this case, the structure of individuals and edges can be recorded
in a 2D structure, an adjacency matrix, in which a given index pair represents a
grouping of two individuals, and the entry (0 or 1) whether or not there exists a link

between them. Sometimes, this network is interesting in itself, and matrix theory



2

may reveal important aspects of its structure that lie hidden beneath the surface.
The original PageRank algorithm [24], for instance, accepts this foundation of web
pages and hyperlinks to define an adjacency matrix, which for the entire Internet is
an enormous collection of data, and leverages theory relating to the spectra of such
matrices to extract a single vector (the PageRank vector) that can be thought of as
representing the probability a surfer, following links at each step at random, will end
up at a given site as time evolves [24, p. 5]. This plays a vital role in the search engine’s
determination of the relative “importance” of websites for search engine rankings.

In certain applications, the network is simply a surrogate for a grouping of
inhomogeneous individuals, each attached to a subset of the system’s agents, with a
prescribed response to changes in some measurable aspect of their identity, their state
vector. This is particularly the case with biological networks, for instance designer
cells with levels of quantities (enzymes, proteins, and the like) that can be stimulated
or inhibited, and affect the concentrations of other quantities at the cellular level.
Here, the interaction structure between comparable units is the focus rather than
network structure alone.

At other times, interaction potentials are layered atop a rich node and edge
structure. Agents may interact with each other in a pairwise sense; provided there
is an edge between two units, a given function describes (for instance) how the
individual’s state evolves as a function of its state relative to its attached partner’s
state. In collections of fish, individuals (fish) might be connected to other individuals
by social group; this defines the system’s network. In addition to that, a simple set

of rules are followed:
1. Don’t get too close to other fish. If you do, move away.

2. Don’t stray too far from other fish. If you do, move closer.
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Each fish, in trying to maximize its own utility through its interactions with other
individuals, gives rise to complex, large-scale dynamics (schooling) that seem as
though they must be guided by a central conductor.

In this work, we present two unrelated projects along these lines; we categorize
each under the broad banner of “Dynamics on networks.” In Chapter 2, we look at a
familiar ordinary differential system, describing the evolution of aggregation behavior
in e.g. fish, birds, bacteria and the like, and examine its dynamics when its pairwise
interactions occur (or not) according to an underlying, random network. The network
we use is particularly interesting, as it is broad enough to allow for inhomogeneities
between certain individuals. As an example, individuals within a friend group are
rather likely to see each other as friends, while a pair of individuals from different
friend groups are considerably less likely to.

In Chapter 3, we study a coupled cellular circuit [15]. Here, the structure of
connections and relationship between agents across such links creates oscillatory and
(at times) synchronous behavior, either as a concerted effort to address a threat, or
as a way to consistently vary some necessary output relative to a waxing and waning
need. As alluded to before, the individuals are qualitatively different; each represents
a protein and mRNA concentration pair that affects the other protein/mRNA pairs
in a unique way. A final quantity is allowed to diffuse through the cell and medium
outside the cell, indirectly allowing each cell’s intracellular quantities to affect those of
neighboring cells. This network structure is intriguing because it represents a sort of
multiscale network (unlike that of Chapter 2). On the large scale, cells interact with
cells due to the free motion of an autoinducer quantity. On the small, intracellular
scale, proteins interact with other proteins as a result of defined relationships.

Our ultimate goal throughout this work is to depict some of the unique ways

networks can be used to model real-world phenomena. We build upon the previous
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literature in several ways — either through generating new knowledge from present
systems or extending extant systems to new applications. We characterize the
behavior of solutions to these, taking care to connect such dynamics back to the
structure of the original networks, where possible. Finally, we identify possible veins

along which future research may take place.
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SWARMING ON BLOCKS

Introduction

Aggregation is a type of macroscopic behavior observed in myriad biological
systems; for example, it is seen among flocks of birds and schools of fish. This
behavior is most readily reproduced in the broad class of first-order “aggregation
models.” Such models describe the motion of individuals, where it is assumed agents
interact with the collective according to a set of pairwise rules. Even a simple set of
assumptions — like agents attract over great distances and repel over small distances
— can generate these complex arrangements of individuals on the large scale.

The most basic aggregation models often assume all-to-all interactions; that is,
each particle affects and is affected by every other particle in the system. One such
model is the following, wherein individuals are coupled through an interaction kernel,

F

dx; T
5= NZF l; — @) ——L (2.1)

|$z |

where the z; : R — R? describe a particle’s position as a function of time ¢ > 0 and
fori e [N]:={1,2,...,N}.

We take a brief detour to contrast these first-order models with other descriptions
of swarming behavior like Cucker-Smale (C-S) [6]. Letting z; and v; be the position

and velocity coordinates of the " particle, the C-S model is as follows:

dZL’Z’

dt = U, (22)
N

dUi A

i NZ (|z; — xi])(v; — vy), (2.3)

fort > 0,4 € [N], A > 0 a coupling strength, and ) an interaction kernel between pairs
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of agents. Of course, the form of the C-S model (2.2)-(2.3) is very reminiscent of the
aggregation equations (2.1), though the former come with the added sophistication
of the coupling parameter and allow for changes in phase (momentum in movement
of the flock over time). That is, such equations allow for a more diverse array of

observable behaviors.

Preliminaries

We return to the aggregation equations (2.1). To exhibit certain behaviors
(though, at this point, we have not yet established behaviors of interest), we may
impose simple restrictions on F. One such requirement is for this function to be
“weakly repulsive-attractive.” This denotes F'(0) = 0 (to ensure self-interactions are
neutral to system behavior), F(r) > 0 for small r, and that F(r) < 0 for large r.
The last two requirements amount to a statement that particles repel each other over

short distances and attract each other over large distances. We note the following:
Proposition 2.0.1. Suppose y € R4, x € RV*4 F: R4 — R*. The equations (2.1):

1. form a gradient system for integrable F'; that is, there exists ® so that (2.1)
can be written as

x = -Vo(x),

2. are isotropic, in the sense that the magnitude of the component forces of (2.1)
do not depend on direction, or

CL’Z'—Z'j

|z — 2]

|- )

\—ﬂm—%m
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3. are tnvartant under translations; that is, letting

N ——
_ —]
y, X Z:: (ly |y_x,

il

we have

g(y+Oé,X+1N®&):C<y,X),

where 1y is the length-N vector of ones, a € R?, and ® denotes the vector

outer product.

Remark 2.0.2. The latter property 2.0.1-3 yields a natural equivalence between
solutions:

X(t) ~y(t) <= Ja € R : 2;(t) = yi(t) + a  Vt,i (2.4)

One such kernel function that satisfies our aforementioned restrictions on F' (to

exhibit collective behaviors), used in [35], is the piecewise linear
F(r) =min(kr,1—7r), r>0 (2.5)

for kK > 0. We stress this form of F' is not meant to be seen as wholly descriptive of
all possible repulsive-attractive kernels, but rather it is a particularly simple example
of one that can lead to the macroscopic behavior of aggregation (that is, a nontrivial
equilibrium state).

In this system and with such a function, it is well-established (cf. [29], cited
in [35]) that solutions may tend to steady states consisting of many clusters; a cluster
denotes a configuration of the system’s IV particles into a finite number of locations in

space. For the given choice of F' and system dimension d = 1, we observe a two-cluster
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Figure 2.1: A plot of solutions x(¢) to the all-to-all connected equations (2.1) with
kernel F' as in (2.5). We used uniformly random initial conditions on [0, 1] and took
the repulsion parameter £ € {0.25,0.8,1}.

steady state of the form

-1/2 1 <i<|[N/2
Ti(t) = / e (2.6)
1/2 : |[N/2]+1<i<N
Here, we use the bold X to denote the steady state (2.6) across all particles
i = 1,2,...,N; note also that the specific form of (2.6) arises from our typical

usage of random, uniformly-distributed initial conditions for a given trajectory, x.

Accordingly, we ask the following question.

Question 1. How does a trajectory x near X, in the sense (for some given quantity,
d>0)
[%(0) = x(0)]| <4,

evolve ast — oo ?

To answer Question 1, we first define stability in the asymptotic sense (cf. [2,
p. 24]).

Definition 2.0.3. (Asymptotic stability). A trajectory x°(t) is said to be asymptoti-

cally stable if there exists a dmax Such that, for § < dmax and a trajectory x(t) satisfying
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|x(to) — x°(t0)]| < 0, we have lim;_, ||x(t) — x°(¢)|| = 0.
In other words, any sufficiently small perturbation of an asymptotically stable

trajectory vanishes as ¢ — oo. With the terminology 2.0.3 in hand, we recall this

important fact ( [10], as cited in [35]):

Theorem 2.0.4. Let x; : R — R denote (for i =1,2,...,N) the location of particle

i at time t, given by the all-to-all aggregation equations (2.1):

dCL’Z‘ Ty — Ty

1 N
= N F(lz; — x;) 2L

with F : [0,00) — R defined by F(r) = min(kr,1 —r).
Then, the two-cluster steady state (2.6) is asymptotically stable for 0 < k < 1

(up to equivalence under translations (2.4)), and it becomes unstable as k > 1.

As the system (2.1) is translation invariant, we take Equation (2.6) as a
representative for all similar (in the sense of Equation (2.4)) two-cluster steady state
solutions.

In Figure 2.2, we revisit the character of the force I as a function of the repulsion
parameter k. An increase in k directly increases the rate of change (with respect to
) of the repulsive force for small r; the rate of change of F(r) for large r (repulsive
and, for r large enough, attractive) is, of course, fixed at —1. Up to a rescaling of
the variable r, Equation (2.5) adequately characterizes a piecewise linear function
with a zero at r = 1 and any slope for the upward and downward components, as k
can simply be chosen to match the ratio of upward to downward slope. Further, s
determines the critical value for r at which the domains of the piecewise’s components

overlap; by a simple calculation this is at
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Thus, on the interval [0, 1], we have F(r) — 1 — r in a pointwise sense as £ — 07.
This form of F', particularly the location of its zeroes at r = 0 and r = 1, allows for
many of the “clustered” steady states we observe. The derivative of each particle’s
position is a mere average, weighted by the presence or absence of an edge between
the aforementioned particle and other system particles. Accordingly, if all single-pair
forces are zero (due to all individuals coexisting at two locations, separated by one),
then this derivative must equal zero and we are in equilibrium. We do, however,
mention that values of x > 1 can allow for clustered states that occur at distances

not coinciding with zeroes of F' (see Figure 2.1).

0.5
£ =01
£ =05
k=1
0 -
T
€3
051
1 L L L
0 0.5 1 1.5 2

r

Figure 2.2: A graph of F(r), taking the repulsion parameter x € {0.1,0.5,1}.

The piecewise-linear form of F is, of course, convenient for computation and some
analysis. For instance, suppose we are examining (2.7) on some small perturbation
of the two-cluster steady state, where half the system’s particles are centered at
an average of —1/2 and the other half are centered at an average of 1/2; that is,
x; = —1/2+¢ fori < N/2 and z; = 1/2 + ¢; for i > N/2 (for small € + 7). Then,
for large N, linearity of the expected value operator [27] implies the particle-particle
average of (2.7) (of the form - F'(r)) can instead be replaced with the kernel evaluated

at the average particle-particle distance. This will be useful (later) to perform some
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analysis on a substitute equation in center of mass coordinates.

Graphs and Random Graph Generation To more precisely model real-world

systems like starling flocks (in which individual starlings consider the relative positions
of a selection of nearest neighbors when adjusting their position relative to the
flock [38]) or voters’ policy positions (where input is gathered from a sparse network
of friends, family, and colleagues), it is necessary to adjust the typical assumption of
all-to-all connectivity. As such, the standard aggregation model is replaced by the
aggregation model on a network. This underlying network may be fixed (or not) with
respect to time, sparse or densely connected, and may have one of the many different
sets of structural properties generation methods like Erdés—Rényi, nearest neighbor,
and Watts-Strogatz imbue them with.

To accommodate this need, we first define some preliminary concepts.

Definition 2.0.5. (Graph). A graph (also: network) is an ordered pair, G = (V, D);

the set V. C N are the nodes, and the set D CV x V are the edges.

Each edge in D is a two-element, ordered subset of V', which we can think of
as a starting point and an ending point. Graphs can be undirected or directed; an
undirected graph conveys a certain degree of symmetry, as an (7, j) edge can exist if
and only if a (j,7) edge exists. Finally, a weighted graph supplements this organization
with a list of weights, wherein each edge receives an additional value representing the
“strength” of the link.

In this chapter, we concentrate on unweighted and undirected graphs.

Definition 2.0.6. (Adjacency matriz). Let G = (V, D) be an unweighted graph on
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N nodes. Then the adjacency matriz E € {0, 1}NXN is given by the following:

1 : (i,j)eD

0 : (i,j)¢ D

E(i,j) =

Accordingly, from this point on we use E(i,j) = 1 or E(i, j) = 0 interchangeably

with the existence (or not) of the edge (7, ) in D, respectively.

Remark 2.0.7. If a graph G is undirected, then its corresponding adjacency matriz,

E, is symmetric (ET = E).

In easing the assumption of all-to-all connectivity in (2.7), one might imagine
replacing a fully-connected graph, in which E is the matrix of ones, with one generated
in the following manner: instead of connecting each distinct pair of particles with
probability 1, we would independently connect them with probability p, for 0 < p <
1. This simple random method of graph generation is the Erdés—Rényi approach.

Specifically,

Definition 2.0.8. (Erdés—Rényi graph) Let N = |V| be the number of nodes and
p € [0, 1] represent an independent, pairwise probability of connection between nodes.

The edges of the graph G are then sampled randomly, according to

1 with probability  p,
61']' ==
0 with probability 1 — p,

for1<i,57 < N. We denote a graph generated in this matter by G ~ ER(N,p).

If an undirected graph is instead desired, we only sample the entries of the
adjacency matrix, E*, above and including the main diagonal. That is, e;; is

determined by Definition 2.0.8 for ;7 > i, and the remaining entries are filled in
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via the restriction e;; = e;;. Numerically, we generate the full (symmetric) adjacency
matrix by

E=E"+(EY)" - diag(E"),

where E™ is the sampled top half of connections and diag(E™") is the matrix containing
only the entries of ET along the main diagonal. Finally, though the meaning is the
same, it is our convention to use ey;; rather than e;; to denote the ¢, j entry of the
adjacency matrix E. This is to explicitly stress the dependence of the network (and

thereby the aggregation equations (2.7)) on the number of system particles, N.

Aggregation on Erd6s—Rényi Graphs

We summarize the key research questions of [35] here.

Question 2. How do key dynamical features of the system (2.1) change as we adjust
p within [0,1] and multiply the interaction kernel by en;;? Do stable cluster states
lose stability as we decrease p, and do other states gain stability? Do solutions remain

close to the solution under the all-to-all connected system?

The corresponding system used by the authors in [35] is (2.1) weighted by the

existence of graph edges.

Definition 2.0.9. (E-R aggregation model). Let x; : R — R (for i =1,2,...,N)
denote the position of particle i at time t and F the interaction kernel of (2.5).
Further, suppose the graph G ~ ER(N,p) defining the interaction topology is
undirected, unweighted, and generated initially (att = 0) but fized in time. Then, the
aggregation equations (E-R) are given by

dz; 1< T; — T

pn :Nzeij(m—%D]x,_; ' (27)
A ) 7

J=1
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Again, p is treated as a parameter that changes the output system (2.7). Yet,
one may observe that this result isn’t deterministic; it is, for instance, possible
(though exceedingly unlikely for large N) to generate the all-to-all connected graph
— represented by a matrix of 1’s — with a p < 1. It has been established ( [10,17],
as cited in [35]) that the all-to-all graph can consist of a two-cluster state, stable if
0 < k < 1. Despite this, we may initialize (2.7) with a thousand different networks by
the same parameter p and discover not a single one yields a stable two-cluster steady
state! Hence it is clear that the classical stability of Definition 2.0.3 fails us. Indeed,
for any p and finite N it may be possible to achieve both stable and unstable results

across many runs. Thus, we require a modified definition of stability:

Definition 2.0.10. (Asymptotic stability almost surely (E-R)). Denote by x(t) the
two-cluster steady state (2.6) of (2.7). We say x(t) is asymptotically stable almost
surely if

P{x(t) is asymptotically stable: G ~ ER(N,p)} — 1
as N — oo.

In this sense, for fixed p, (2.6) is asymptotically stable almost surely if the
proportion of generated graphs leading to an unstable two-cluster state in (2.7), each
weighted by its probability of being generated, gets vanishingly small as N tends to
infinity. In Figure 2.3, we provide a picture summary of the large-N dynamics of
(2.7), taking G ~ ER(N, p).

Interestingly, under this choice of network, the following result was proven in [35].

Theorem 2.0.11. Let F' be defined by (2.5) for 0 < k < 1. Then the steady state

(2.6) to the system (2.7) is asymptotically stable almost surely if

log®? N
pz¢ N ( )
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Figure 2.3: Dynamics of the aggregation model (2.7) on a simple random graph
(for various probabilities of connection between pairs of particles, p and N = 500
particles). Note the apparent destabilization of the two-cluster state as p is decreased.

for some € > 0. The steady state (2.6) is asymptotically unstable almost surely if

(2.9)

for some € > 0.

The threshold (2.9) is greater than, and reminiscent of, the log N/N scaling
yielding a connected or disconnected Erdés—Rényi graph, implying that connectivity
of the network is necessary but not sufficient to attain a stable two-cluster state (2.6).

As noted in [35], the system (2.7) can be interpreted in any dimension R, d > 1
without any modification. We simply let each z; be a function from R to R¢, as such:;
both sides of the equation (2.7) make complete sense if x; is a d-dimensional vector
quantity rather than a scalar. Additionally, we make the following modification to

the kernel F from (2.5):

F(r)=min(ar +b,1—7r), a>0,b€[0,1]. (2.10)
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Figure 2.4: A plot of 2D aggregation dynamics with N = 500, using the altered
interaction function (2.10). The probability of connection between pairs of particles,
p, is specified on top of each panel; the interaction function’s parameters, a and b,
are specified on the left. Again, note the apparent deterioration of the stable state as
p— 0.

We determine the domain’s overlap r value of the function (2.10) to be

1
Ca+ 1

(2.11)

Te

hence the added parameter, b, uniformly increases output F' values, relative to
(2.5), across all r < r. for r. as in (2.11). Such a change does not appear to add
any noteworthy complexity to the 1-dimensional system but allows for interesting
structures in higher dimensions. We provide some examples in Figure 2.4.

In the top panels of Figure 2.4, we see a clear analog of the 1D clustered
state (2.6). On the left, our system’s particles arrange themselves into four groups,

separated in space and with particles belonging to the same group sharing the same



17

location in R? as t — oco. On the right, decreasing the probability of connection of
the underlying network eventually destabilizes this state, though it still persists in
an approximate sense. In the bottom panels, we see a much more complicated stable
structure that does not have a clear analog in the 1D system. As p is decreased this
state destabilizes immediately, and all that remains for small p is a loose ring around
a grouping of particles. The analysis of equilibria like those in the top row (those
that permit an analytical description for a range of p near 1) is the subject of papers
like [36].

In this chapter, we first develop a more general choice of network topology
than the basic Erdés—Rényi approach. Specifically, we seek to directly encode the
latent community structure observed in many natural and human systems (like
individuals’ political affiliation relative to the party line, networks of friends, family,
and colleagues, and the like). In such systems, we can often separate individuals
into communities, wherein there is a homogeneous structure in connectivity among
“in-members” that is markedly different from those connections between members of
different groups. This desire motivates our development and usage of the stochastic
block model to generate networks.

With this framework in hand, we then apply it to the 1D variant of system
(2.7). We deviate from typical treatments of similar problems in a fundamental way;
we focus on a specific sort of metastable dynamics rather than classic linear stability
of equilibria. We look to assess how communities, well-separated in space at one point
in time, then evolve as t — oco. To do this, we first introduce a convenient change
of coordinates. Rather than dealing with communities in terms of their individual
members, separately, we represent each with a single variable — a “center of mass.” We
then show this bit of information is connected to the system’s metastable dynamics

in a fundamental way, leveraging accurate approximations (in certain regimes) and
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heuristic arguments to relate the system to a simple, “competing timescales” problem.
Last, we offer a novel application of our aggregation equation’s dynamics to the field

of community detection.

The Stochastic Block Model

We again note that, as seen in Figure 2.3, the system (2.7) sorts (within a
certain parameter regime) particles into clusters separated in space — in the sense
that each z;, i = 1,2,..., N tends to one of a finite number of locations. Motivated
by this observation, we seek a class of graphs that can be directly imbued with such
cluster structure. That is, we want to specify different probabilities of connection
between and within groups of particles in our random graph. As a simple application,
this will allow us to represent a network in which two groups are densely connected
amongst themselves, but sparsely connected between groups (for example, networks
of friendships between two “cliques” of individuals).

To accommodate this need, we adopt one of the simplest methods that generates

such graphs — the stochastic block model. We define this below:

Definition 2.0.12. (Stochastic block model). Let N and k be positive integers
representing the number of vertices and planted communities, respectively. Let P be a
k-by-k symmetric matriz with entries valued in [0, 1] (the probabilities of connection).
Let the Cy,Cy, . .., Cy denote the community set partitions of {1,2,3,...,N}. X, the
community labeling vector of length N, is determined as follows: forv € C; (for some
J)

X, = . (2.12)
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Then the graph G is drawn from SBM(N,C, P) if, independent of other vertex pairs,

1 with probability — P(X;, X;),
enij = (X, %) (2.13)
0 with probability 1 — P(X;, X;).

We write G ~ SBM(N, C, P) for short.

As in [35], we only consider undirected network topology — each connection is
symmetric. Appropriately, we only sample the entries above the main diagonal of the
adjacency matrix E. The bottom half of the matrix is then filled in via equating it
to the matrix transpose, ET = E. Self-interactions are irrelevant to the equations
(2.7) (as F'(0) = 0), so the value of the entries along the main diagonal of E have no

impact on the system. By convention, we thus set all diagonal entries F(i,i) = 0.

Remark 2.0.13. We note that, if the probability matriz P = ply, for some 0 <p <1

and 1y, the k-by-k matriz of ones, then

SBM(N,C, P) = SBM(N,V,p) = ER(N,p),

in the sense that P {e;; = 1} = p under all three methods and for any i, j.

This is intuitive; there is no distinction between the particles inside and outside
a given community. Accordingly, we recover the Erd6s—Rényi network structure on
a graph of N particles with probability parameter p. This reveals the stochastic
block model structure as a simple gluing of k£ Erdés-Rényi graphs together at a
between-community link density prescribed by the off-diagonal entries of P. Thus
the connectivity threshold for graphs generated by the stochastic block model method

can be described analogously.
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Proposition 2.0.14. Let G ~ SBM(N,C, P) be a randomly generated stochastic
block network on k communities, with N particles, and with probabilities of connection
specified by the kx k matrix P. Additionally, assume the proportion of system particles
belonging to each community remains fixed, that is
G :
lim | |:a, i=1,2,...,k (2.14)

N—o0

for some a € (0,1). Then, G is connected almost surely as N — oo if, for each

1 <i <k, there exists a (i) > 1 such that

. log N
P 2.1
and for each j # i we have
P(i,j) > ¢ (2.16)

for some 6 > 0.
Proof. Denote by G; = (V;, D;) the subgraph of G containing only nodes from C; and
edges between members of C;. That is, V; = C;, and

Dz:{(x7y) € DZI’,yE O’L}

By [9] and due to (2.15), G;,i = 1,...,k is almost surely connected as N — co. By
(2.16),
P{(z,y) €eD:2e€CiyecC;} =01 —0
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for each 1 <1i,j5 <k and as N — oo. Hence, letting

Dij={(z,y) € D:x€Cyy ey},

‘/;J:{xEV:({x}XV)ﬂDm%@},

we have that

G = (U gi) U <U (Vz’,j,Di,j)>
i i#]

is connected almost surely in the large N limit. As Dz C Dg, then G is connected

almost surely. ]

The conditions (2.15)—(2.16) are, of course, equivalent to requiring each “Erdds—
Rényi subgraph” be connected and for there to be at least one connection between

the community subgraphs. We incorporate this network topology into the equations

(2.7).

Definition 2.0.15. (SBM aggregation model). Let x; : R — R (fori=1,2,...,N)
denote the position of particle i at time t and F the interaction kernel of (2.5).
Further, suppose the graph G ~ SBM(N,C, P) defining the interaction topology is
undirected, unweighted, and generated initially (at t = 0) but fized in time. Then, the

aggregation equations (SBM) are given by

= — enii F(|zi — 2]) —.
dt N &N Wy —

(2.17)

Hence, without respect to network topology, the equations (2.17) are precisely
the same as (2.7); we are seeking to ascertain the additional complexity imposed on
those equations under a different method of network generation.

Last, we note here and explain more in detail later that the choice of the
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Figure 2.5: Left panel: a representative example of a network generated from the
stochastic block model method. Here, we have N = 400 particles (equally distributed
to each of the four communities). Probability parameters: py, = 1/10 and poy =
1/2000. Right panel: a pixel picture of the adjacency matrix of a stochastic block
network generated from the same probability parameters but on N = 100 particles
(each community: 25 particles).

parameter k is deeply enmeshed with the dynamics of the system (2.7). As a rule
of thumb, the system (2.7) can only tend toward stability as x — 07, and toward
unstable behavior as k — 17, in the sense that we can find a stable state like (2.6) (in
the asymptotic sense) for x ~ 0 that destabilizes as kK — 17, but not necessarily vice
versa. We characterize the reason for this shift in a later section. Unlike the case in
which our network topology is a simple Erdos—Rényi graph, we also provide a simple
basis of reasoning for the system attaining stability asymptotically almost surely (in
the limit as N — oo) for a particular threshold value of x that may, perhaps, be
greater than unity. For the given network structure, this suggests a clean division

between stability and instability as a function of the system’s probability parameters.
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Methods

Before presenting our results, we begin with a discussion (and justification) of
our methods used in generating them. Unless otherwise specified, in this chapter we
take networks on N = 200 nodes for the purpose of simulation. Our deterministic
system has a considerable amount of inherent variation — not only in the form of initial
conditions, but also in the individual equations themselves (as the ey;; coefficients
change for the network). Indeed, one of the ways in which the ey;; coefficients can
change most drastically in system (2.7) is through changes in community size. If our

connectivity structure is set so that

Pin - Z:j

pout : Z#]

and piy, > pout, then there will likely be a rather large difference in the resulting
system if we specify, say, many small communities versus a handful of large ones.
This will be the case even without regard to initial conditions.

We would like to pick NV to be very large; this would reduce the magnitude
of variation in the nodes’ degrees relative to N itself. For example with N = 200
and a connection probability p for all particle-particle pairs close to 0 (like p = 0.2),
one standard deviation is about 14% of the mean in total number of connections.
For N = 2000, one standard deviation is about 4.5% of the mean in total number
of connections. As we increase N, the degree of each particle is increasingly likely
to cluster near its mean; assuming links are generated independently, this implies
that each #; (being an average of individual interactions) increasingly clusters near a
mean, as well. This is more or less a restatement of de Moivre-Laplace theorem, which

qualifies the convergence of the binomial distribution to the normal distribution with
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mean 4 = np and variance o2 = npq as N — oo [27, pp. 62-63]:

Theorem 2.0.16. (De Moivre-Laplace Integral Theorem). Let 0 < p <1, ¢=1—p,

and C* the binomial coefficient from k choices of a set of n elements:

n!
ck = .
" (n—k)EK!
Also, let
P, (k) = Cyptq" ™",
Py(a,b] = > Pu(np+zy/npq).
a<x<b
Then,
P,(a,b] L 24z -0 —
su n a7 —— e Xz 5 n .
—oogafbgoo V21 Ja

Accordingly, the random impact of generating adjacency matrices as we have
described is mitigated in the asymptotic limit, as N — co. Of course, N can be small
in many real-world instances of networks; in such cases, we are unable to fine-tune
N, and must accept (and manage) the system’s stochastic behavior.

When we do have control over N, we must balance our desire to pick it very large
with the increasing computational demands of doing so. The two main ways a larger
N expands our computing load are in increased processing time and increased memory
utilization. Directly, a larger N increases processing time through repeated evaluation
of the equations (2.7) for each particle z;. Each equation consists of roughly N floating
point operations, and there are N equations, hence we would expect computational
complexity to scale like O(N?), at least. That is, magnifying N from 200 to 2000 may
increase the time it takes to resolve the equations (2.7) nearly 100-fold! Additionally,

our code makes heavy use of MATLAB’s meshgrid to fully realize the N? possible
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F(r) values over all z; and x; pairs; this is done to leverage MATLAB’s efficient
parallelization of basic matrix operations for rapid computation of the equations (2.7).
As such, large values of N will quickly begin to stress the limits of conventional, end-
user memory and necessitate a different coding approach.

The coefficients ey;; are randomized as described in the beginning of this section,
with initial conditions for the x; at time ¢ = 0. Though certain graph topologies
(cf. [3]) allow for the adjacency matrix E to vary as a function of time, this introduces
unnecessary complexity into our system and as such is beyond the scope of this
chapter; accordingly, E does not change over time during a single run, only between
initializations. Practically, this assumption is eminently sensible due to the fact that
many of the real-world networks we have cited are static in time; one’s network of
friends, for instance, does not change much outside certain large life events (new job,
moving to a new area, changed relationship status). Initial conditions for the z; —
denoted by z¥ = z;(0) — relay large separations between communities, meaning an
initial separation is chosen (often S = 200 here), and particles are seeded so that, on
average, particles from one community are at an initial distance of S from particles

of the next community. With two communities, our initial state is

—S/24+U(-1/2,1/2) : 1<i<|CY
S/24+U(-1/2,1/2) : |C1]+1<i<N

A small, uniform random variable on (—1/2,1/2) has been added to the initial
condition; this random component is to avoid seeding sparsely-connected particles
in equilibrium at t = 0 (as £(0) = 0).

A note on our choices of parameters for evolution of (2.7): as we are only
concerned with undirected graphs, the relevant information to take from P (and more

directly, the adjacency matrix E) lies on the main diagonal or above. With M total
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communities, this is a total of (M? + M) /2 entries, which grows rather quickly — like
M? — as M gets large. As such, the difficulty in collecting and presenting data makes
managing larger community numbers rapidly unfeasible. We escape the grasp of this
problem in two key ways: first, by only considering dynamics on two communities,
and second, by varying the main diagonal (“inner”) entries and off-diagonal (“outer”)
entries as two groups, where each element varies in lockstep with the others. In the
first instance, the choice of only two communities is natural, as the prevalence of a
two-cluster steady state for a large range of repulsion parameters x lends itself to this
perspective. Additionally, as the sums in (2.7) can be split into pairwise, community-
to-community interactions, there is inherent, general value in knowing how shifting
system parameters can affect transitions in the two-community case. Additionally,
as we will see under the next subsection, “Dynamics unfolding on communities,” the
behavior of the system (2.7) is rich and complex despite the simplification.

In the second instance, the advantage of such an approach is that it reduces P

to a two-parameter family of matrices:

Pin - Z:]

Pout - Z#]

where p;, and poy are probability parameters in [0,1]. Of course, this is only a
minor simplification (and thus a minor potential loss of information) for M = 2,
as we supplant 3 parameters with 2 parameters, but it is much larger as M — oo.
Yet, we suspect that even such simplifications do not blur the complexities of our
system much. It is one of our ultimate goals in this chapter to try to connect the
attracting nature of the two-cluster steady state with a simple ratio of a pair of these
probabilities. Allowing these other elements of P to vary independently, as such, may

only change our position relative to a threshold in a way that can be expressed as a
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change in probability ratio.

Generally, we evolve the equations (2.7) in time with the simple, first-order,
forward Euler method. We note the equations (2.7) are not stiff; accordingly, the
superior stability properties of implicit or multistep Runge-Kutta schemes are not
necessarily desirable when considering their greater cost in computation. Similarly,
our limited need for higher-order truncation error leads us away from higher-
order methods upon considering their greater cost in computation (cf. [19] for a
consideration of these and other issues). We evolve our solution from previous
timesteps by taking a step of size At, two steps of size At/2, and then applying
Richardson extrapolation [39] to the result to attain an estimate of our local truncation
error. This number allows us to automatically choose a step size so that at ¢,.
we have a local truncation error that does not exceed a certain tolerance, €.
Accordingly, this adaptation of Euler’'s method lets us navigate intervals where the
actual solution is changing rapidly in time with a small At, while taking great leaps
across time when the actual solution is not changing rapidly in time. We do note
that for particular applications where direct control over our step size is necessary —
for example, later discussion on the system’s convergence timescales — we revert to
forward Euler with a fixed At step size.

As data must be presented over a large number of initializations (due to the
inherent variance in graph structure due to Definition 2.0.15), we have only found it
practical to evolve (2.7) with a moderately-sized N rather than one much larger (like
N = 2000). This mitigates the processing advantage of a smaller N while retaining
any advantage in memory utilization, as runs can be performed and data stored
separately. Generally, to visualize our data we simply average it across initializations
at a given set of parameters; this can be especially useful if the underlying outputs of

interest vary linearly with inputs. For example, one of the most prevalent pieces
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of information we provide throughout the chapter is “center of mass” data per
community; later we will see that differences in centers of mass between communities
acts as a “sorting number” that tells us what proportion of particles from one
community get mixed with particles from the other community. A difference of 0
implies 50% of a community ends up mixed in with another community, a difference
of 1 implies no sorting occurs, and this varies in a linear way between. An average
difference of 0.50, then, would indeed suggest that 75% of a community (on average)

is mixed in with the other community.

Dynamics Unfolding on Communities

We revisit the aggregation model on stochastic blocks (2.17) of Definition 2.0.15:

= — ENij Ty — Xj|)7—,
dt Nj:l Nig J ‘.CL',L'—.CCJ'

with

F(r) = min(kr,1 — 1)

for k > 0. Recall the ey;; are edges drawn from a stochastic block graph on /N nodes,

G ~ SBM(N, C, P). We seek to answer the following:

Question 3. 1. How do the full particle dynamics of (2.7) change as the graph’s

outer connection probability varies?

2. How can we reduce the dimensionality of the system (2.7) to more readily describe

its large-N dynamics?

3. Finally, what is the complete picture of (2.7)’s dynamics as the inner and outer

connection probabilities vary jointly?
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Figure 2.6: A space-time plot of the aggregation model (2.17) on a stochastic block
network with two communities; p;, = 0.8 is fixed, but outer connectivity (pout)
varies. Lines of the same color represent trajectories of particles from the same
community. Here, p;, = 0.8 throughout. Parameters: x = 0.5, N = 200 particles
(equally distributed to both communities).

We explore the first part of Question 3; Figure 2.6 depicts the nonlinear dynamics
of (2.7) as P varies. Typically, though there is no particular justification beyond ease
of presentation, we vary the diagonal entries P; (which represent the probability of
two particles from the same community being connected) under the restriction that
P,; = Pj; for each i, j and vary the off-diagonal entries — the outer connectivities —
freely. In the two-community case, this allows us to present our results as a function
of two rather than three variables. Later in the chapter, we show that for 0 < k < 1,

the threshold for stability requires a significantly larger inner connection probability
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relative to the outer connection probability. Motivated by friend groups, professional
relationship networks, and the like, we note that these structures often exhibit
dense connections between same-group members and relatively sparse connections
otherwise. Accordingly, it is instructive to pick P large and then let P;; (for each
i # j) vary continuously from (0, 1) to observe how the relative sparsity of between-
community connections changes the system’s behavior.

We traverse Figure 2.6 in increasing pou. When poy = 0, we observe (for
1<i,j <N)

Xi#Xj:>eij:O'

Accordingly, the particles of each community tend to, independently, a respective
two-cluster state. Next, as the outer connection probability is increased to pou; = 0.2,

we see mixing take place, meaning there are some i, j for which

|ZEZ'—(L’J‘| — 0

despite 1, j belonging to different communities. However, this seems to occur over a
much larger timescale than the previous panel and without, perhaps, the asymptotic
stability of the underlying two-cluster state (2.6). As we increase this probability
again to powt = 0.5, we find our trajectory tending to the two-cluster state, so that
there appear to exist x € C,y € Cy with |x — y| — 0 as ¢ — oo. Finally, as the
outer connection probability is increased again, to p,, = 0.65, the sample trajectory
still tends to the two-cluster state, Z, although we no longer observe mixing behavior.

Based on these observations, we presume the following:

Conjecture 1. Let py, > log N/N be fized, with 0 < k < 1 and N the number of

system particles. Assume initial conditions for the x; respect community structure;
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that s, for any i,j with X; # X,
2,(0) = 2, (0)] > 1.

Then the aggregation model (SBM) of Definition 2.0.15 undergoes the following

qualitative changes in behavior as poy, € [0, 1] varies. For some v, > 0,

o If Pout/Pin > 7, then x(t) tends to the unmixed two-cluster state (up to

translations), X, = (Z; )i, with high probability:

—1/2 s 1eCy
1/2 1 ey

e If § < Pout/Pin < 7, then x(t) tends to a mixed two-cluster state (up to

translations), X,,, with high probability:
X = T (Xy)

for some permutation ™ € Sy satisfying w(i) = j for some i € Cy and j € Cs.

Center-of-Mass Coordinates

We continue towards our goal by providing an answer to the second part of

Question 3.

Definition 2.0.17. (Center-of-mass coordinates for the aggregation equations (SBM)).
Let G ~ SBM(N,C, P), and let k = |C| be the number of components of our partition
toV. Let

n; = |Cy| .
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Then m;, the center-of-mass coordinate corresponding to community i, is given by

mi = - > @ (2.19)
keC;

Additionally, we define the system’s center-of-mass coordinate by

1 N
my = Zxk (2.20)

k=1

Given the Definition 2.0.17, we prove some basic facts relating to these center-

of-mass coordinates.

Proposition 2.0.18. Let the center-of-mass coordinates, m;, to the aggregation model
(SBM) of Definition 2.0.15 be defined as in Definition 2.0.17. Then, the following

statements are satisfied.
1. Conservation of mass: dmg/dt =0 for all t.

2. Specifically, if k = 2, |Cy] = |Cy|, and mo(0) = 0 (that is m1(0) = —m2(0)),

then mq(t) = —mo(t) for all t.
Proof. For the first statement, let G' be the function from (A.1) in Appendix A:

. r; — X
G(j, k) = enjuF (|lz; — ) —L—2

| — el
Given the definition (2.20) and the derivatives of xj in the equations (2.7), we find

dmg

1
dt N

> Gk j)

N
k=1 j=1

:% G(k,j)+ > Gk, j) +G(j, k))-

j=k >k
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Given G(j,k) = —G(k,j) (established in Appendix A) and G(j,j) = 0, the first
statement follows.

For the second statement, assume the first statement holds. Then the definitions

(2.19)—(2.20) and |Cy| = |Cy| imply

dm d
mo =2 (my +mg) = 0= d_to :2&(m1+m2).
In particular,
d
T (my +mgy) =0, forallt. (2.21)

We conclude
td
ma(t) + malt) = (ma(8) + ma(8) + (ma(0) + ma0) = [ (ma(®) + ma(0) .
0
where equality of the first and second quantities is due to the assumption m;(0) +

m2(0) = 0. As, directly, the third quantity is equal to zero due to (2.21), the result

in the Proposition follows. O

Corollary 2.0.19. The second statement of Proposition 2.0.18 implies, if

lim my (1) = =P + 54,

t—o0 2 2

then

. : 1, 1,
— lim my (t) = tliglo ma(t) = 54 + o

t—00
In particular, if each x; tends to +£1/2, then x — m(X), where X is the two-cluster

steady state (2.6) and 7 is a permutation in Sy.

The result of Corollary 2.0.19 suggests the only attracting two-cluster state is a

permutation of x.
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Remark 2.0.20. Note that, upon substitution of the aggregation equations (2.7) into
(2.19), we find

dmZ dzy, — T
e S el ) e

keC; =1 ]’

However, the formulation (2.22) is not immediately useful for solving the
aggregation equations (2.7) due to its x coupling. Still, we note the difference between
the centers of mass of a community pair is a simple and useful “sorting number”
that, under some reasonable parameter assumptions, indicates how well-mixed two
communities are. To see this, assume we have an equal number of particles converging
to one of two locations (separated by 1). Again, let p denote the proportion of
first-community particles at, say, « = —1/2, while ¢ = 1 — p is the proportion of
first-community particles tending toward the second location (x = 1/2). If the two
communities have an equal number of particles, and since (by assumption) we have an
equal number of particles in each cluster location, this implies the second community
has ¢ and p of its particles at the first and second locations, respectively. A simple
computation gives us the difference between centers of mass of d = 2p — 1. Hence, as
expected, d = 1 implies total separation of communities and d = 0 implies perfectly
mixed communities.

Assuming Conjecture 1, the validity of the sorting number immediately and
clearly holds over a large swath of parameter space. As Figure 2.6 suggests, the two-
cluster state — mixed or not — tends to only lose its broad ability to attract when py,
greatly exceeds poy. Hence the assumption that particles tend to one of two locations

is sound provided this is not the case (as t — 00). We formalize our argument here.

Proposition 2.0.21. Let x be a trajectory of the aggregation equations (SBM) of

Definition 2.0.15. Additionally, assume x — m(X) for some w € Sx, where Sy is the
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permutation group on N elements and X is the two-cluster steady state (2.6). Then,

the sorting number

5= tlgglo |ma(t) — ma(t)| (2.23)
satisfies the following:
1. We have s =1 if and only if x tends to the unmized state (2.18) as t — oco.
2. We have s = 0 if and only if x tends to the perfectly-mized state ast — oo: for

some S, T C Cy satisfying SUT = Cy and |S| = |T| = C/2,

€S =T, =—-1/2,
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Figure 2.7: A numerically-simulated bifurcation graph of our model in terms of
(Pins Pout); the color bar indicates the value of the sorting number, s, as in (2.23).
Parameters as in 2.6. Left panel: po. € [0.1,1], right panel: po. € (0,0.2]; in both,
pin € (0,1]. Results averaged over 100 runs with point-source initial conditions about
-100 and 100. Adjacency matrices generated randomly but with specified proportions
of connectedness. Observe that the color bars in the left and right panel are not
equivalent.

We now seek to describe the system’s dynamics in terms of inner and outer

connection probabilities. In Figure 2.7, the center of mass equations are examined in



36

place of (2.7); that is, though we still solve the full model (2.7), we use the center-of-
mass coordinates (2.19) for visualization. Here, we record each community’s center of
mass when we have determined each particle has settled into an approximate steady
state (at a large time value, t = T'). Our observations from the numerics depicted
in the left panel of Figure 2.7 are summarized in Result 1, a partial validation of

Conjecture 1.

Result 1. Let the repulsion parameter, k, and the number of particles, N, be fixed.

Ezperimentally, we find there exist a,b so that

1. pim < apout + b Zmplzes

By Proposition 2.0.21, this suggests the unmized state (2.18) is attained with

high probability ~ 1.

2. Pin = APout + b Zmplzes
(M (T) — ma(T)| # 1,

suggesting the unmixed state is not attained with high probability ~ 1.

We discuss each of these in turn. For Result 1-1, choosing an inner connection
probability below the threshold value of apgy; + b led to, averaged over many (100)

runs, an average mean difference of

|mi(T) — mo(T)| =~ 1. (2.24)

Over these runs, the maximum value of the above quantity (2.24), similarly, did not

exceed 1, hence we can conclude each run yielded an approximate value of 1. For T’
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large, we interpret that as an approximate statement regarding
dfinal = tlgglo imy (t) —ma(2)],
the actual value each community tends to. In our simulations, provided
Din, Dout > log N/N,

we did not observe a difference in centers of mass near 1 without x appearing to
tend to x. Accordingly, we arrive at Result 1-1. Of course, Result 1-1 suggests little
information is lost asymptotically by passing the system in x to a simple, two-particle
interaction in mq, mq, which will motivate our later discussion of a “center-of-mass
approximation.” Our interpretation of Result 1-2 follows directly from Proposition
2.0.21-1. We are careful to avoid suggesting Result 1-2 implies a mixed state is
attained with probability not near zero, as the later discussion of the right panel of
Figure 2.7 will illustrate.

As a side concern, our results also indicate (pin, Pout) pairs at which

Given the smallest value possibly attainable by such a quantity is zero, again this
implies m(7T") — mo(T) ~ 0 over a proportion of runs close to 1. Assuming the
two-cluster state attracts these trajectories, this would indicate the system attains
a nearly perfectly-mixed state with high probability. However, individual runs over
these pairs, such as the one that yielded the p,,c = 0.2 panel of Figure 2.6, suggest
such an assumption may be premature. In some of these cases, we observe trajectories

tending to banded steady states, for which there exist i such that |z; — x;| # 0 for
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any j.

The Transition Between Mixed and Unmixed States In both panels of Figure

2.7, we have added a bold dashed line to emphasize the threshold between regimes.
In the left panel, where po,; > 0.2, the line distinguishes the area in parameter space
in which our initial states tend to the community-separated, two-cluster state with
high probability. For (pout,pin) pairs lying to the right of the line, particles tend
to remain well-separated in space from initial states where this is true as t — oc.
For pairs lying to the left of the line, particles mix between communities to varying
degrees. We note that, in this later regime and for p;, especially large relative to pout,
communities approach near-complete mixing; that is, for communities of equivalent
size, half of each community’s particles tend to each cluster location as ¢t — oco. In
the lower-outer-connectivity case (right panel), the line splits the pictured region in
parameter space into an area in which the two-cluster, albeit mixed, state prevails
(pairs to the right of the line) and an area in which a degenerate state consisting of
more than two clusters dominates. We explain the origins of this phenomenon later.

We stress the importance of community-separated initial conditions here. We
are largely concerned with metastable dynamics in this case rather than classic
(linear) stability. Specifically, we want to determine the tendency of particles to
sort themselves into clusters upon initialization at a large distance. One application
of this, later, is in using this information to determine community structure based
upon observed, real system behavior; this applies provided the system obeys our
simple aggregation laws and we begin to observe particle pairs at very small or very
large distances.

As such, the general tendency reflected in Figure 2.7 for smaller p,, values

to result in larger community-to-community separations in centers of mass — to the
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right of the well-mixed (deep blue) portion of the graph — does not indicate that
the two-cluster unmixed state (2.18) approaches stability in the sense of Definition
2.0.3. Instead, it just indicates that, with high probability, it is attractive enough
to draw in particles seeded from our particular set of initial conditions: communities
individually clustered tightly, but at extremely large distances from one another. A
more standard numerical treatment would examine relatively small perturbations of
the two-cluster state for numerical stability.

We move on to discussing the bifurcations in Figure 2.7. The intuition for the
phenomenon observed here arises from the following fact: for a kernel F(r) as in
(2.5), the tendency of a connected, two-particle system is clearly to converge to a
fixed distance of 1. The system of N particles, for N large, is governed by many such
interactions. We now imagine two communities seeded at a given distance apart, with
particles from either community being tightly grouped. An abundance of connections
between these two communities — large outer connectivity probability — is a strong
attractive force between the centers of mass when r is large, and is a repulsive force
otherwise. The resulting system dynamics rely on the “push” and “pull’ between
these two tendencies. For large inner and outer connectivities, the tendency of each
community to split into two clusters is mitigated by the repulsive/attractive forces
of the neighboring community. Yet, as the outer connectivity decreases, the latter
force becomes weaker, so that particles from one community can join other nearby
communities.

As it appears in the figure, the transition between these two behaviors appears
rather sharp. We refer to the location of the shift as pous = pe(pim) for each inner
connection probability, p;,. We note that this formulation, strictly speaking, only
makes sense on average, not on a run-to-run basis. For a graph randomly generated

from a given edge probability or edges randomly picked from a required proportion of
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connections, it is possible that variance in the graph structure may lead to a number
of behaviors. That is, even if we record p.(1) = 0.68, generating a graph with a
finite number of nodes from the inner/outer probability pair of (1,0.65) could lead to
the entirely separated state. In some sense, then, our proxy for the limiting p.(pin)
strongly relates to the centers of mass picture. If the average separation found over
a large number of runs is close to 1, then we can infer an individual run has a high
probability of being separated. Thus, it is acceptable to include that inner/outer pair

in the separated regime.

System Behavior for Very Small p,,; For completeness, we here include a similar

panel for extremely low connection probabilities in Figure 2.7. Somewhat surprisingly,
we observe yet another change in the centers of mass; they begin to tend upward to
a large (greater than 1) separation. This is perhaps an artifact of a low average-p
state when x = 0, that is when there is only attraction and repulsion imposed by the
second piece of (2.5) over large distances. In that case, it is possible to find a solution
close to a “four-cluster” steady state, with each cluster separated by a distance of 1
from the next, despite the existence of only two communities.

We offer some additional precision to this claim below.

Definition 2.0.22. (Outer-connected and outer-disconnected community subsets).
Take G = (V, D) and let C1,Cy be a partition of V.. We define the outer-connected

and outer-disconnected subsets of community i, respectively C;. and C; 4, as follows:

Ci,c = {'U € Cl . El’U/ §é Cl = (U,U/> S D} (225)

C@d = {U c CZ Yo' ¢ Cz > (’U,U/) ¢ D} (226)

Remark 2.0.23. Clearly, (2.25) and (2.26) imply C; = C; . UC;q fori=1,2,... k.
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The sets of Definition 2.0.22 are directly used to specify the four-cluster steady

state x4(t) = (;4(t)), where

r
—3/2 S Ol,d,
—1/2 S Cl,c’
1/2 1 E 0276,
3/2 1€ CQ,d-

\

(We do observe that particles in C; 4 can also coexist with particles in C; . at £1/2,
respectively.) This is well-defined due to Remark 2.0.23. We next show it is actually

a solution of (2.7).

Proposition 2.0.24. Let G = (V, D), with suitable outer-connected and outer-
disconnected sets, C; . and C; 4, as in Definition 2.0.22. Then, the four-cluster steady

state (2.27) is a solution to the aggregation equations (2.7).

Proof. Take t arbitrary, and let G be the function of Appendix A (as in (A.1)):

. Ty — Ty
G(Z,]) = eNijF(|$i — ijl)—‘x _ []jJ’ .
i J

Supposing i € Cy 4, then j € Cy 4 implies G(4,7) = 0, as |z; — ;| = 0 by definition
(2.27). It j € C ¢, then G(7,7) = 0 due to F(|z; — z;|) = F(1) = 0 by the definition
of F' from (2.5). If j € Cy. U Cyyq, then G(4,5) = 0 as en;; = 0 due to definition of
the outer-disconnected subset from (2.26).

Supposing i € C, then j € Cy 4 implies F(|z; — z;]) = F(1) = 0. If j € Cp,
then |z; — z;| = 0. If j € Cy, then F(|z; — x;]) = F(1) = 0. Finally, if j € Cyg4,
then the definition (2.26) again implies ey;; = 0. In all four cases, we must have
G(i,j) = 0. Repeating the logic above for i € Cy, or i € Cy4, the Proposition
follows. 0
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Remark 2.0.25. Note that we can infer the difference between two communities’

centers of mass given the state (2.27):

3|C 1Cy.| 3|C 1[0
31Coal | L]Cocl | 3|C1al | 1]|Ci|

2 [Co] 2 |Col 2 |Ch] 2 |Ch]

[my — may| = (2.28)

It is clear from Definition 2.0.22 that |C; 4/|Ci| — 1 (for each i) implies |C; .| /|C;| —
0. Accordingly, (2.28) yields

|m1 — m2| — 3.

Conversely, as (for each i) |C; .

/|Ci| = 1, then |Ciq|/|Ci| — 0. Accordingly (2.28)
yields

|m1 — m2| — 1.

A difference of |my —ms| = 3 is thus what we expect to see as outer connections
become sparse, that is O(N). Broadly, Remark 2.0.25 reveals the familiar two-
cluster state as a simple evolution from the four-cluster state; while the disconnected
component exists, particles are layered into four clusters equidistant from each other.
As the number of outer connections grows, the disconnected component and thus the
associated cluster at £3/2 loses members to the connected cluster at the closer-to-0
values of +1/2, respectively. Thus |m; —ms| moves closer to 1. Once nothing remains
of the disconnected components, the associated state is simply the two-cluster state,
x, and |my — mg| = 1.

We provide a plot of a trajectory converging near the state (2.27) in Figure 2.8
for illustrative purposes; every trajectory tending to the position we have labeled with

C;. or C; 4 (for some i) belongs to that respective set. We ask a natural question:

Question 4. As a function of the system’s parameters, how do trajectories near the

four-cluster steady state x4 evolve ast — oo ?
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Figure 2.8: A plot of a trajectory tending to the 4-cluster state (2.27) as t — oc.
Trajectories of particles from the outer-connected and outer-disconnected subsets of
each community, C; . and C; 4, ¢ = 1,2 are labeled.

We assume the system’s outer connection probability is sufficiently small for the
state to exist meaningfully, with C; 4 # 0. That is, we have | Doyt | = O(N). Note also
from the right panel of Figure 2.7 that such a state appears to not heavily depend on
Pin, hence we focus on the repulsion parameter, s alone.

In Figure 2.9, we provide a sample plot of numerical trajectories of the
aggregation equations (2.7) with N = 200 particles. We use a sufficiently small
Pout Tor the four-cluster steady state to exist. We consider the centers of mass of each

community’s connected/disconnected component; for i = 1,2, let

|cm 2

J€Ci .

Mid E:xj

l jGC

Then, define

e =max (|my. —miqg— 1|, |mac —my. — 1|, |mag — ma. —1|). (2.29)
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We use the quantity (2.29) as a quick measure of the deviation between low-poyt
trajectories to (2.7) and the four-cluster steady state (2.27). Varying x € [0,1], we

offer a few discrete observations for x in this range:

k=0 k=0.25

1800

1600

o 1400
£

1200

1000

800

2 A1 0 1 2 -2 0 2 2
X

Figure 2.9: A plot of the degenerate 4-cluster state under different repulsion strengths,
k. Note the shadow of the four-cluster steady state remains as « is increased, though
the clusters become wider bands as « is increased.

o For k =0, we find € = 0.03; that is, each cluster’s center of mass strays no more
than 3% past the prescribed separation of 1 from the next. Of course, in this

case we expect such a difference to approach 0 as t — oo.
e For k =0.25, we find € = 0.04.
o For kK = 0.5, we find € = 0.12.

« For k =0.99 (not depicted in Figure 2.9), we find € = 0.12.

The last result above is interesting, as this value of  is very near the critical threshold
for instability of the two-cluster state in the all-to-all aggregation equations (as per
Theorem 2.0.4). In attempting to answer Question 4, our numerical results (though
not exhaustive) are suggestive of a s threshold before which € is very nearly zero,
and past which € increases more rapidly as a function of x (though it remains small

relative to 1). Accordingly, as we see limited deviation from the predicted location of
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each center of mass regardless of k, we believe the centers-of-mass difference (2.28)
for the four-cluster steady state (2.27) can be used to well-approximate the actual
centers-of-mass difference limy; ., [m(t) — mz(t)| in this regime of probability values.

For what probabilities are we assured either a disconnected component or the
absence of one? The thresholds for connectedness within Erdés-Rényi clusters
are well-established. For connectedness between communities — in the sense that
each particle from each community has at least one link to a particle from the
other community, we establish some simple probabilities. For a given particle, the
probability of having at least one link to a particle from the other community is the
probability of having no links, subtracted from unity. Here, X; denotes the random

variable for particle z;’s degree. Thus, for a particular outer probability pout,

P{X;>0}=1-P{X;=0}

=1- (1 _pout)|cj|-

Hence,

P {ﬂXi > 0} = (1= (1 = poun)&N) . (2.30)

These yield the following result:

Proposition 2.0.26. Suppose we have two equivalently-sized communities to par-
tition V, that is |C1| = |Co| = N/2. Then, the community C; of the graph
G ~ SBM(N,C,P) almost surely (as N — 00) has an empty outer-disconnected

component, C; 4, if there exists a 0 > 0 such that

log N
Pout > (2 4+ ) O]gv . (2.31)
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Conversely, if there exists a 6 > 0 such that

log N

pout<(2_6) N )

(2.32)

then the graph G almost surely has a nonempty outer-disconnected component, C; 4.

Remark 2.0.27. Though we omit a rigorous proof, the observation of Proposition

2.0.26 stems from recalling

1 N
. o _ -1
i <1 N) c

Aslog N < N, we substitute poy, = (2 + 6)log N/N and replace

N/2
(1 _ )N/2 —(1— (24 9)log N / ~ N-(2+0)/2 _ 1
pout - N ~ - N1+5/2 .
Then, the limait
1 N/2

tends to one (indicating each particle almost surely has one link to the other community
as N — o0). Upon replacing 6 with —3, we find the limit (2.33) tends to zero
(indicating at least one particle almost surely has no links to the other community as

N — 00).

The scalings (2.31) and (2.32) of Proposition 2.0.26 are, of course, suggestive of
the classic Erd6s—Rényi result. There, it was found that for an simple random graph
of N nodes, the sharp threshold for connectivity was centered about log N/N. Of
course, our stochastic block graph (in the easiest case) is simply a gluing of two Erdds—
Rényi graphs of size N/2, in the sense that connections within each community have

uniform density (on average). Accordingly, the threshold for connectivity in each,
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independently, scales like 2In(N/2)/N. Noting In(N/2) = In(N) — In(2) and that
In(2) < In(V), they must share the same (sharp) threshold as for the classic Erd6s—
Rényi graph. In this capacity, the scaling for connectivity between communities
is precisely that of the threshold for connectivity within communities; this aspect

remains the same despite the added structure of the stochastic block graph.

The Location and Character of the Transition Point In this section, we seek

to describe how the location of the transition point between mixed (with high
probability) and unmixed states (2.18) varies as our system parameters vary.
Particularly, motivated by Figure 2.7, we attempt to describe how varying inner
probabilities affects the location of this point. We also vary the system’s repulsion
parameter, k, to show how that affects the transition point. We begin with a suitable

definition.
Definition 2.0.28. (Transition point). Let G ~ SBM(N,C, P), where C is a fized
two-community partition of {1,2,..., N} and

Pin Pou
P= '

Pout  Pin

for P, Pous € [0,1]. Additionally, define the aggregation system in terms of center-
of-mass coordinates through (2.22). Then the transition point, an ouler connection

probability value denoted pow = pe. satisfies

Pe = SUP [Pout : Pg {|m1(t) —ma(t) < 1|} =1]. (2.34)

Of course, for finite N any graph G is possible with finite (though perhaps

extremely small) probability, hence the Definition 2.0.28 bears no fruit. Additionally,
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even for probability values for which we are guaranteed an unmixed state (2.18),
integration error in our numerical scheme often leads to a cluster separation of ~
1, but not exactly 1. Accordingly, we replace the exact requirement (2.34) with a
small tolerance, €, and infer probabilities via an average of |m(T) — ms(T')| values
over many runs, varying (pi, Pout) throughout [0, 1] x [0, 1] and realizing graphs G ~
SBM(N, C, P) at each pair a large number of times.

In Figure 2.10, we offer a slice of the full bifurcation diagram 2.7. For illustrative
purposes, we have fixed the inner probability at p;, = 0.8; our graphs have N = 200
with evenly-sized communities. For each data point, we have run the system to large
time, T, recorded |my (1) — mo(T')| for each run, and then averaged these values over
many graph realizations of G ~ SBM(N, C, P). For Figure 2.10, we have additionally
decomposed the difference in centers of mass data into its two parts, m(7T") and
ms(T'), to emphasize the prior point of Proposition 2.0.18-2; here, we noted that
my(t) = —ma(t) for all time ¢ provided |C}| = |Cy] and m4(0) = —my(0).

For k = 0.5, we notice a rich set of behaviors for the slice.

o We see, for pous > pe, values of
dpinal = |1 (T) — ma(T)]
very mnear 1, indicating the unmixed state (2.18) is attained with high
probability.

o For pou € (pe — 6,p.) (here § < 1 is a certain small number), the quantity dgpna

attains values less than one, and it changes rapidly in this region as a function

Of Pout-

o There appears to be a “midpoint,” which we here denote as p,,, satisfying
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Pm = pe/2. Near this value, dgn, attains a minimum.

center of mass

/

pout = pc

-1

0 0.2 0.4 0.6 0.8
outer connectivity

Figure 2.10: A slice of the full bifurcation graph of Figure 2.7 at p, = 0.8.
Note the symmetry in the center-of-mass data about x = 0 and the critical outer
connection probability at which the unmixed state (2.18) is no longer attained with
high probability.

We explore how the character of these slices changes as x is varied first. In
Figure 2.11, we illustrate the effect of x on the crucial behaviors mentioned above.
Specifically, we take pi, = 0.8 (as in the slice Figure 2.10), x € [0.5,1], and pou €
[0.2,1] on an evenly-spaced grid. Each data point comes from the averaged results
of 100 initializations of G ~ SBM(N, C, P) with a given py,, pout pair. A summary of
our experiment’s results, is provided below in Result 2 with an associated depiction

for k € {0.5,0.7,0.9} in Figure 2.11.
Result 2. Throughout our regime of tested parameter values for k, we find:

o All else being equal, the location of the transition point, p., is an increasing

function of k.

e For fized pw, the smallest value of dgna attained is generally an increasing

function of k.
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Figure 2.11: A plot of limy_,o [m1(t) — ma(t)| (estimated at large t) as a function
of pout- Various repulsion strengths x € {0.5,0.7,0.9} and an inner connection
probability of p;, = 0.8 were used.

Result 2-1 is an intuitive one, and we provide a more detailed heuristic argument
for it in Appendix D. However, we briefly summarize such arguments here. For
the unmixed two-cluster state (2.18) to attract, inner-community repulsive forces
(dictated by the value of k for a nearly-converged trajectory and, indirectly, by pi,)
cannot be so strong as to overwhelm the outer-community repulsive forces (indirectly
determined by po.). Hence, a secular increase in s increases such inner-community
repulsive forces, and, accordingly, increases the requirement on our outer forces of
connection to compensate and retain attraction. For N — oo, this balance may be

simply expressed as

RPin = Pc,

which explains why we would expect to see the transition point vary not only as
an increasing function of k, but a linear function (for p;, fixed, or vice versa, as a
linear function of py, for k fixed). For finite IV, though, variance in the connection
structure of G appears to erode this relationship. For particularly high values of k
(depicted in Figure 2.11: k = 0.9), the transition point location, p., may even exceed

the inner probability of connection. This occurrence, of course, would run contrary
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to our oft-stated assumption that outer connection structure is sparse relative to
inner connection structure, hence such s values with natural choices of probability
parameters may only lead to mixing-type behaviors with high probability.

Next, we focus on Result 2-2. Here, we notice that larger values of x tend

to result in larger minimum dg,, values over a fine grid (with grid points in pgyid),

defined by
1-— Pmin
Ngrid .

pgrid(i) = Pmin + (Z - 1>Ap7 Ap - (235)

Typically, ngiq > 100 in (2.35). Assuming trajectories are still attracted by the
two-cluster state (2.6), Proposition 2.0.21 implies our system’s particles tend to less
well-mixed states (as t — oo) for larger values of k. In this sense, values of x closer
to 1 perhaps limit the extremes of behavior in our system; there are less suitable
(Pin, Pout) Pairs for unmixed states and nearly perfectly-mixed states.

Of course, we cannot necessarily interpret the dg,. values attained from small
Pout Values or k & 1 in the same way as those gathered from s not near 1. This is
due to our observation that, for p;, = O(1) and  not close to 1, a permutation of
(2.6) appears to be broadly attracting even for relatively small p,y; conversely, for
Kk & 1, it is our experience that a permutation of (2.6) attracts for a much smaller
set of outer probability values or over a much longer timescale. Accordingly, as per
Proposition 2.0.21, we suspect the implications of dg,. as a “sorting number” are
relevant to the former case but not necessarily the latter. However, as our experience
indicates, asymptotic destabilization of (2.6) tends to lead to trajectories like the
Pout = 0.2 (top-right) panel of Figure 2.6 over long stretches of time. In this case, we
do not observe sorting as a binary phenomenon (particle tending to one of two fixed

locations in space as t — 00) unless we loosely re-interpret cluster 1 and 2 as, for
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instance,

Cr={ieV :z(T) <median(x)},Cy = {i € V : 2;(T) > median(x)},

Under this interpretation, a trajectory like the top-right panel of Figure 2.6 (persisting
for all time) would be nearly perfectly-mixed, as about one-half of each community’s
particles fall to the left of the median at time T'; yet we still observe a value of
dinal > 0. We must keep this in mind to avoid treating dg, as a sorting number
in regions of parameter space in which a permutation of the two-cluster state (2.6)
does not attract our initial states with high probability or in which such a state
is attracting over excessively large convergence times (that is not captured by our
numerical scheme).

We return to our previous discussion of Figure 2.7. Of particular interest to
us is the location of the transition point, p.; again we refer to our modification of
Definition 2.0.28. How does it change as we adjust our within-community connection
probability? To answer this numerically, we simply traverse each slice in fixed py,
over the poy grid (2.35) until we find a probability associated with a center-of-mass

separation notably less than 1. That is, for a certain e tolerance,

ﬁc(e) = max {pout € Pgrid - Czﬁnal <1- 6} . (236)

As error in our numerical integration scheme leads to slight deviations from a cluster-
to-cluster separation of 1, even for parameters for which the unmixed state (2.18)
is assured, we use the parameter € in (2.36) to incorporate this error. Our data for
N = 200 and x = 0.5 is presented in Figure 2.12. We have fit the data to a linear
curve; note the extremely tight linear relationship between p. as a function of p;,. The

curve’s coefficients, a = 0.637 and b = 0.1019 directly correspond to the coefficients
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mentioned in Result 1.
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Figure 2.12: A plot of the estimated value of the transition point, p.. Note the clear
linear relationship of input to output; we have highlighted this by fitting the data to
a linear equation.

We explore this in the context of sorting behavior in Figure 2.13. To align this
more closely with the full graph in both inner and outer connection probabilities of
Figure 2.7, we reverse the axes of Figure 2.12 to match. Given a (pi, pout) lying on

the curve in Figure 2.12, our results suggest:

e an increase in the ratio of py,/pous Will lead to mixed two-cluster states m(X) for

some w € Sy with probability not near zero;

o a decrease in the ratio of py,/pous Will lead to an unmixed two-cluster state (2.6)

with high probability.

The inner community connectivity also changes the behavior of the masses’
centers in another important way; a higher inner-community connectivity limits the

disorder of system behavior over time. We quantify this effect here.

Definition 2.0.29. Let x € RY. Then the Euclidean norm of x (or 2-norm for

short) is

Ixlle = \fa%+ a3+ + 2%
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Figure 2.13: A plot of the qualitative shift in behavior (with high probability) as the
transition point curve in (pout, pin) is crossed. Data is the same as in Figure 2.12.

We use Definition 2.0.29 to define a quantity representing a community’s spread:

Definition 2.0.30. For convenience, we let C’Z be the wvector of length n; = |Cj|
containing elements of the partition arranged in ascending order. Also, define the

vector Xc,
ve,(j) = = (Ci()) -

Then, the inner-community distance of community C; at time t, denoted o(C;)(t), is
o (Ci)(t) = [lwe, (t) — mi(t)Ln, |2, (2.37)

where my; is the center-of-mass coordinate for community i of Definition 2.0.17 and

1,, = (1,1,...,1) is the length-n; vector of ones.

(3

Clearly, (2.37) is equivalent for any ordering of the partition.

We explore the maximum inner-community distance observed (numerically) for
fixed pi,, as a function of pyyi. As before, at each (pin,pous) pair, we initialize the
adjacency matrix/starting positions of the particles and then evolve the system until

large T'. For each run, we record the maximum computed value of o(C;)(t) over our
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grid of time values. Our results are presented in Figure 2.14.

150

0 1000 2000 3000 4000 5000
Figure 2.14: A plot of the maximum inner-community distance (2.37) over a

large time interval. Legend denotes py, € {0.1,0.2,0.3,0.4,0.5,1}. The z-axis is
outer community connectivity (out of 10000 possible connections). Non-probability
parameters as in Figure 2.6. Results averaged over 100 runs with point-source initial
conditions at —100 and 100 and random adjacency matrices A.

We summarize our experience here.

Result 3. On average, for all system parameters other than pi, fized, the maximum
computed value (in time) of o(C;) is a decreasing function of pw at each pou

connectivity value.

This occurs somewhat disproportionately for large po.¢ rather than small poy
— to the point where, as we see in Figure 2.14, an inner connection probability of 1
leads to nearly-indistinguishable values of o(C;) across pou; not near zero. For smaller

values of py,, it appears o(C;) attains a maximum and then decreases as pou; — 1.

System Convergence Times In Figure 2.15, we illustrate some average total

convergence times over many values of py, and poys.

Definition 2.0.31. The total system convergence time, teonytot (to tolerance €) is

defined by

oo tor = inf{t: lim |z;(t) — 4(2)] < € Vi}.
Z— 00
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Of course, in practice we eschew the infimum of Definition 2.0.31 for a minimum
over a fine grid of time values and replace the infinite-time limit with a system state
at very large T

Again, we have included a dashed line to indicate our separation of parameter
space into unmixed (with high probability) and generally mixed states; this is the

threshold from Result 1. We observe:

1. For pouw > pe(pin), trajectories likely tend to an unmixed state. In this case,

individual particles rapidly tend to one of two cluster locations, separated by 1.

2. For pout < pe(pin), trajectories often tend to mixed states. In this case, feony tot

is relatively large.

Changing the balance of these probabilities in a way that leads to mixing thus
increases tconv,tot-

Holding our other parameters constant, we can reduce the likelihood of attaining
an unmixed state in two countervailing, independent manners: by decreasing pou; or
by increasing py,. The latter affects convergence time more indirectly, simply by
upsetting the balance between short- and large-distance repulsive forces to enable
mixing. The former does this, as well, but also elongates the first observed timescale;
decreasing p,, reduces the initial strength of repulsion between communities’ centers
of mass (which for large S tends to be the dominant force). This is clear from (2.7),
particularly upon splitting the equations into an “inner” and “outer” component (the
force exerted upon a community by its own particles and by the other community’s
particles) in (2.43)—(2.44). A smaller value of p,: has no effect on the inner force
(2.43), yet it increases (on average) the outer force (2.44).

The graph 2.15 suggests, interestingly, that increasing p;, only tends to increase

the system’s convergence time if doing so takes us nearer to the given threshold; this
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Figure 2.15: A plot of total convergence times (see Definition 2.0.31) as a function of
inner and outer probabilities of connection. Each data point comes from an average
of 25 runs.

should match our intuition. Increasing py, from a point where the two-cluster unmixed
state is attained with high probability (as indicated in Result 1) may drive the system
into mixing behavior, elongating the overall timescale to converge, but increasing
Pin again from this point tips the scales further in favor of mixing — small-distance
repulsion — over the chief resistance to mixing, long-distance repulsion. Hence, it is
difficult to predict the effect of increasing p;, on the system’s convergence without
first knowing where we are in relation to the critical “transition point” threshold.
Decreasing pou, on the other hand, tends to have a nearly universally neutral-to-
increasing effect on t.on,. The direct channel it affects convergence through is a
simple lengthening of the community-wide timescale, but as we shall explore later in
this subsection, the increase we observe there cannot explain all, or even much, of the
increase. Accordingly, we conclude that decreases in poy, unlike p,, tend to extend
the mixing timescale regardless of our location in (pin, Pout) Space.

We now seek to decompose the data of Figure 2.15 into two key components
in order to offer a heuristic for the existence of a transition point between the two-

community unmixed state (2.18) (in which particles remain separated by community)
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and a mixed variant (in which particles from different communities may coexist at a
single location in space) here. To do so, we introduce two quantities: tcony,1(Pins Dout: €)

and teony,2(Pins Dout; €). We define them as follows.

Definition 2.0.32. Let G ~ SBM(N,C, P) with N,k fized, |C| = 2, and ¢ > 0.
Additionally, suppose X is a solution to (2.7) with associated center of mass coordinates
my, my as in (2.19). Let

Ty, = {t clim |zi(t) — 2i(2)| < e} :

Z—00

Tos = {t: |mu(t) — ma(t)| <1+ €}

Then, the 1-community and 2-community time quantities, tcony,1 and teony,2 are defined

by

teonv.1 = inf (ﬂ TM) : (2.38)

1€Cy,
teonve = 1inf | [ Tai |- (2.39)
ie{1,2}
Remark 2.0.33. Numerically, we replace the limit of Definition 2.0.32 with a
function evaluation at large t — that is we assume

Z—00

In words, (2.38) is a measure of the time taken for a single colony (with external
edges removed) to converge. Similarly, (2.39) is a measure of how long, for initially
well-separated colonies, to arrive within a small tolerance of the ordered equilibrium

separation of 1.
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Figure 2.16: A full-particle plot for p,,, = 0.55 and p;, near the critical transition
point threshold. The inner connection probability is increased past the threshold in
the right panel.

In Figure 2.16, we show this effect of increasing p;,. We generate plots
from identical initial conditions x(0) and &, only changing our (pi, pout) pair from
(0.9,0.55) to (1,0.55). The network generated from each pair is very dense, though the
latter pair yields a fully-connected inner connection structure. Moreover, each pair
is obviously well outside the regime in which unmixed dynamics dominate. The pre-
mixing timescale, tcony,2, is virtually unchanged. While this can change with p;,, we
will see later that this change is limited on very dense graphs. The mixing timescale,
the other component of t.ny1, is considerably reduced from the first (smaller p;,)
initialization to the second (fully-connected) one.

Intuitively, we see the stochastic block structure in (2.7) as contributing two
basic, generalized forces to its dynamics. The first, which the quantity fcony,1 hopes
to capture, is the tendency of a given colony to split itself into the two-cluster steady
state independent of other forces; this was observed, for instance, in the first panel of
figure 2.6. In a sense, underlying each colony itself is an Erdés—-Rényi structure, and
this quantity communicates the contribution of that structure to the ordered behavior.

Second, the quantity fcony2 communicates the tendency (on the macroscopic scale) of
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two colonies to draw in and repel each other based on the specific kernel F(r). Our
kernel forces a separation of 1, of course.

As a heuristic argument, the reason we might expect dynamics such as those
seen in Figure 2.7 is this: for a high proportion of connected pairs of particles inside
a single colony (pi, large), the inner-community forces dominate. Thus, tcony 2 Ought
to be small relative to tcony,1. As the inner and outer-community timescales — teony,1
and tcony2, respectively — are not comparable, long-term behavior of the system is
dictated primarily by the two-community center-of-mass dynamics. That is, particles
that begin separated in space are able to remain separated in space. As we decrease
the strength of the bonds repelling and attracting particles within a single community;,
the single- and two-community timescales begin to equalize, in the sense that tcony,1 =~
teonv,2. We surmrise the long-term, macroscopic dynamics are governed by a mix of
the two.

In Figure 2.17, we explore this idea numerically. To generate the right panel, we

midpoint transition
34 T T T T T T
32t 16
(o] 30 I (o]
“>" . 14 +
528 g
+5 26 +
e data 12t e data
24r tconvj = 0~8t0011\/31 1 tconvj = ~2430tconv,1 +5.9040
22 : : : 10 * * * *
20 25 30 35 40 45 20 25 30 35 40 45
t(:onv,l tconv,l

Figure 2.17: A plot of the approximate relationship between t.ony 1 and teony,2 at the
computed value of the transition point and midpoint. Data points generated from an
average of 25 runs each and for varying py, € [0.7, 1].

traversed the bifurcation slices (for fixed p;,) like Figure 2.7 until we determined the
first pout value at which |my(t) —ma(t)] = L < 1—¢, indicating a loss of metastability

of the unmixed two-cluster state (2.18). Note that we only considered relatively
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large pi, slices, particularly those in the range [0.7,1]. This is due to the generally
degenerate small-p behavior (emerging from, among other factors, greater variation
in network structure). We then recorded these critical probability values. For the
left panel, as a simple estimate for the poy; value at which lim; . |mq(t) — mo(t)| is
smallest, we simply took each transition point pair (pi,,p.) and halved the second
coordinate to yield (pi,,p./2); accordingly, we referred to this pair as the midpoint.
Given the general structure of slices like Figure 2.7, it is a reasonable assumption
that a great degree of mixing would likely occur at such a pair. For each panel, at
this point, we generated random matrices with the prescribed connectivity values and
determined fcony,1 and teony,2 in the manner of Remark 2.0.33. To minimize variability,
we performed this many (25) times and averaged our o,y results over these runs.
As we can see, our heuristic offers a potentially useful characterization of the
system dynamics provided p;, is not near zero. Despite the relationship not being
entirely tight and the fact this link deteriorates as our connection probabilities tend to
zero, there still appears to be a clear disparity in the relative sizes of tcony,1 and teony 2

at the midpoint and at our computed value for the transition point comparatively.

Result 4. Let teony and teony2 be as in Definition 2.0.32. We refer to powt = pe(Pin)
as the transition point at a given inner probability value and pow, = pe(pin)/2 as the

midpoint. Letting py, vary, we find

1. Midpoint: there is an approzimately linear relationship between teony 1 and
teonv,2; that is,

tconv,2 - Cltconv,l + ca.

Moreover, our numerics find c; = 1, so that teony,1 and teony,2 are comparable in

size.

2. Transition point: there is an approximately linear relationship between teony 1
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and teony 2; that is,

tconv,Z = dltconml + d2'

Moreover, our numerics find ¢y = 0, so that the quantities are not comparable

in magnitude.

As the quantities feony1 and teony,2 appear comparable in the region in (pin, Pout)
leading to the greatest probability of observing mixing behavior, we presume this
indicates the relative importance of each component of the system’s dynamics — large-
scale convergence of centers of mass and particle-particle behaviors over relatively
short distances. Conversely, past the transition point of Result 1, the quantities
teonv,t and teonv,2 appear to not be close in size, perhaps indicating the relative
importance of one over the other. Of course, the unmixed state (2.18) lends itself to
a characterization of being dominated by such large-scale behaviors; accordingly, we
surmise the convergence of independent clusters to a separation of 1 dominates the
scope of behaviors observed near this point. We do note, however, that while there
is some uncertainty surrounding the precise location of this critical point, we believe
the t.ony quantities to vary continuously near it, and thus a relationship similar to
that expressed in Result 4 should hold if we are reasonably close in our estimation
of the point. The link between these quantities, though very suggestive in the left
panel of Figure 2.17, would likely be even tighter (that is, ¢; would be closer to 1) if
we located a (pin, Pout) pair at which the sorting number |my(T") — mo(T)| (for large

T') is even smaller.

Center of Mass Approximation

In this section, we revisit the center-of-mass approach used for Figure 2.7. Our

goal is one of dimensionality reduction; we seek to (at least in an approximate
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sense) replace the system of N equations with a system of M < N equations while
still retaining some of the descriptive power of the original system. As established
previously, center of mass coordinates are rather convenient in describing the broad
behaviors of mixing or converging to a community-separated state, hence we use
them here. Clearly, representing the system in center of mass coordinates represents
a significant reduction in complexity — going from a system of N equations to a
system of |C| equations, where |C| is simply the number of communities we have
established in the stochastic block model. As is our general practice in this chapter,
|C is typically 2.

We reiterate our previous definition of the center-of-mass coordinate system.

Definition 2.0.34. (Center-of-mass coordinates for the aggregation equations (SBM)).
Let G ~ SBM(N,C, P), and let k = |C| be the number of components of our partition
to V. Let

n; = |C;l.

Then m;, the center-of-mass coordinate corresponding to community i, is given by

where m; and msy are the centers of mass of communities 1 and 2, respectively.
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Remark 2.0.35. Suppose my < ma, with |v; — z;| > (1 + x)~" for all i € C; and
j € Cy. Additionally, suppose ni/N — py and ny/N — po. After a Taylor expansion

(see Appendiz A), mi(t) and my(t) admit a first-order approximation

dmy  nap (my —ma)(1 — |my — mal) nop
~ = _ 1 — 2.41
dt N |my — me| N (14 (1 = m2)), (241)
dmg  nmap (mg —ma)(1 —[my —ma|)  mp
~ =21 — 2.42
dt N |my — me| N (L (= m2)), (242)

where ~ refers to an asymptotic relationship as N — 0.

Of course, in the event ny/ny — 1, then ny/N and ny/N both tend to 1/2, and
our approximation to my, mq satisfies m; = —ms.

At first glance, the previously-mentioned restriction might seem like a rather
strict requirement to impose on our system’s many (in the limit N — oo) particles.
Yet, as our experience of Result 1 tells us, this condition appears to be met in a large
swath of parameter space. With Result 1 in hand, we expect this approximation to be
extremely accurate for relatively high probabilities of connection between communities

— that is, for (pin, Pout) pairs satisfying

Pout > APin + b

for some a,b < 1. Intuitively, this requirement is necessary for the dynamics of (2.7)
to preserve initial separations of particles (with different community belonging) in
space.

In Figure 2.18, we offer a representative glance at observed center-of-mass data
versus the predictions of our approximation scheme. We look at two initializations
from probability parameters (pin, Pout), one with poys > p. and one with pouy < pe.

Y

The former occurs in the “unmixed regime,” while the latter occurs in the “mixed”
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regime.
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Figure 2.18: z-axis position, y-axis time. Solid lines represent trajectories of each
community’s center of mass; dashed lines represent our first-order approximation to
the communities’ centers of mass. Left to right: outer connectivity (pou) of .5, .65,
respectively. Parameters are as in Figure 2.6.

The equations (2.41)—(2.42) relate the system (2.7) to a simpler system of only
two agents: one located at the mean of those particles from the first community,
the other at the mean of those particles from the second community. The equations
(2.41)—(2.42) are well-understood. Predictably, if m1(0) # m2(0), the two masses

tend to a separation of |m; — my| = 1, with

d

a (m1 - m2) = Kp (m1 - mz)

for some constant K.

Result 5. Let m = (my, ms) and m = (my, my) be trajectories of our center-of-mass
equations and approrimate center-of-mass equations, respectively, defined by (2.19)
(for system (2.7)) and (2.41)—(2.42). Additionally, let p. = pin be the threshold value
defined in Result 1.

Then, for (pin, Pout) With pows > Pe, we find m to be an accurate approximation
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to m with high probability, meaning

Imi(t) —my(t)| <6, i=1,2

for some 6 < 1 and for all t.

That this is the case for large ¢ is clear; the approximate equations (2.41)—(2.42)
yield a center-of-mass separation, invariably, of 1. Result 1 suggests |m; — mgy| — 1
with high probability for p,. > p.. Hence, for sufficiently large ¢, we have |m; —m;| —
0 (though we have included a small error, likely the result of our first-order integration
scheme, in the above). We see Result 5, straightforwardly, in the right panel of Figure
2.18.

For pout < p. (outer connection probabilities less than the critical threshold
value), we find ourselves in the mixed regime described in Result 1. Accordingly, the
small-r interactions we have discarded in our approximation are no longer negligible;
as |my — ma| does not tend to 1, there must be a non-vanishing subset of Cy, Cy for
which particles from the first tend to the same location as some particle from the
second over time. Clearly, if |[m; —ms| /4 1, the approximate masses, m; and 1y will
prove to be rather inaccurate as t — oo.

We turn our attention to the left panel of Figure 2.18. Interestingly, we observe

the following.

Result 6. Let m = (my, ms) and m = (mq, My be trajectories of our center-of-mass
equations and approrimate center-of-mass equations, respectively, defined by (2.19)
(for system (2.7)) and (2.41)—(2.42). Additionally, let p. = pin be the threshold value
defined in Result 1.

Then, for (pin, Pout) With pows < Pe, we find m to be an accurate approximation
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Figure 2.19: Left panel: full particle model; right panel: centers of mass (solid line)
with approximation (colored, dashed line). Same colors denote same community
membership. Horizontal dashed line is ¢ value at which centers-of-mass separation of
1 is attained. Parameters: (pi, pout, k) = (0.8,0.5,0.5).

to m with high probability for small t, meaning there exists a T' such that
|mi(t) —m(t)] <6, i=1,2

for some d < 1 and for allt <T.

In this sense, Result 6 indicates the center-of-mass approximation accurately
captures the initial, convergence-of-communities timescale, even in the regime with
small poyt relative to py,. We illustrate this point by examining a representative plot of
the full particle model (2.7) in Figure 2.19. To generate this figure, we initialize (2.7)
with well-separated initial conditions, and probability parameters such that p,, <
Pe(pin); that is, generally (pin, pous) pairs for which we expect to not see trajectories
tending to an unmixed state with high probability. In the left panel, we plot the state
of each particle, x;, over time. In the right panel, we plot centers of mass analogous
to Figure 2.18.

As we can see, each community initially appears to partition itself into two

halves, such that those particles belonging in the left half tend to the smaller of the
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two cluster locations as ¢ — oo. Conversely, those particles belonging in the right
half tend to the larger of the two cluster locations as t — oo, at a distance of 1
from the smaller cluster. In the center-of-mass plot, we see this an interval (0,7)
on which m/(t) is generally large relative to m}(¢) on (T, 00). That is, the centers of
mass rapidly converge to a certain separation, at which point mixing behavior begins
in earnest.

If we consider individual particle behavior as the result of two competing forces,
repulsion from nearby particles and attraction to far-away particles, then the latter
point is easy to deduce. Initializing both communities at a large separation with a
small deviation from the community’s center of mass, the dominant interactions are
determined by the kernel function, F'(r); it is those interactions of a given x; with other
x; such that |z;—x;| > 1. For sufficiently small ¢, more pointedly, between-community
interactions are all of this type; this is due to the fact that |x;(0) — x;(0)] > 0if 4,5
belong to different communities.

The attractive force being the dominant one, again, holds for large separations.

Let F(r) be as given previously in (2.5),

F(r)=min(r,1—7r), r>0.

Note that F' is bounded above (by 1), with this value being attained at r = r;
additionally, F' is unbounded below. Hence, given (2.7) can be additively decomposed
over each pairwise interaction, a sufficiently large initial separation must lead to (with
high probability) a dominant outer-community force relative to the inner-community

force. This is due to

(S1+S2),
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where

r; — T
Si=2_ > ant e —wl) i, (2.43)

JEC; keC; |25 =
r; — Tk
JEC: k¢C; J F

That is, S is the force component exerted upon the community’s center of mass by its
own particles, while Sy is the force component exerted upon the community’s center
of mass by other communities’ particles. As |z; — x| for j, k € C; can be made as
small as desired at ¢t = 0, and |z; — x| for j € C;, k ¢ C; can be made as large as
desired, this point is clear.

Of course, as each community’s particles creep closer to each other, the
community-community separation diminishes, bringing the short-distance repulsive
forces more in line with the large-distance attractive forces. The particles find
themselves at a lull in the stream’s current, as at some point, the repulsion induced by
F among particles of the same community is of the same order, and then much larger,
than attraction between members of different communities. Hence we eventually
expect mixing behavior to prevail. As a loose estimate (motivated by Figure 2.19),
we posit this occurs when |m; — msy| ~ 1. Note the intersection of the approximate

center-of-mass curves with the data; we find

M (t) = ma(t)] = |ma(t) —ma(t)] ~ 1

at roughly t ~ 20 (in this case). Before this point in time, our approximate center of
mass curve accurately captures the actual motion of the centers of mass, as particles
in each cluster move in tandem towards an average separation of 1. For ease of

comparison, this critical time value is included as a dashed horizontal line on the
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figure.

It is only after this time value that the centers-of-mass data, m deviate
significantly from the estimated centers of mass, m. Hence, despite the inability
of the approximate mass solutions to even loosely resemble the actual solution for
large ¢t and over probability pairs with pout < pe(pin), We still believe it to be useful
in assessing the order of the macroscopic, community-wide timescale to then infer
when sorting behavior is likely to occur. This feeds into our general interpretation of
the system (2.7) as lending itself to a decomposition into large-scale (convergence of
centers of mass) and small-scale (mixing) behaviors across certain swaths of (pin, Pout)

space.

Estimating System Convergence Times

We now seek to connect our discussion in the previous section — on convergence
times — with the approximation presented in this section. To do that, we compare,
for various tolerances €, values for the t..,, quantities (achieved by numerical
integration) — what we call the actual data — with those obtained by the center-
of-mass approximation. In the latter case, we denote the quantities as feony-

To do this, we examine the equations (2.41)—(2.42). As they represent a simple,
first-order system, we can solve them precisely for m;, i = 1,2 (see Appendix B).
With exact solutions for the m; in hand, we now set |my(t) — mq(t)| = 1 + €, where
again € represents a convergence tolerance — how close we desire our centers of mass
to be to a separation of 1. This is necessary to achieve a finite value, as a simple
two-particle system initialized at a distance other than 1 converges to this distance
in the limit ¢ — co. By solving this equation for the critical ¢, we attain the value at
which we determine convergence of the two communities up to a certain tolerance;

necessarily, this quantity will be a function of the tolerance e.
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Remark 2.0.36. We approzimate the quantity teony2 of (2.39) with the following:

~ €
teony 3 €5 =1
e ==t () iy

where € is a separation tolerance, S is the colonies’ initial separation, and p is the

communities’ outer probability of connection.

We initialize our system with a fixed inner connection probability p;,, letting
Pout Vary between a small value (here, poy; = 0.2) and all-to-all connectivity, pout = 1.
We take the separation value ¢ € {0.1,0.05,0.01}, and assume very well-separated
initial conditions like S = 200. The two components of each panel of Figure 2.20 are

then the following:

1. At each € and for fixed S, a plot of feony2(p), Where this quantity is defined as
in (2.0.36).

2. A plot of teony 2, defined as in (2.39), through evolution of the equations (2.7)

until a recorded my, my separation of 1 (within given e tolerance).

At each tolerance, there appears to be modest error in our approximation
throughout the chosen outer connection probabilities poy; € [0.2,1]. Despite this,
the approximation generally appears to qualitatively represent the data accurately.

According to (2.0.36), for fixed € and initial separation s,

tconv,2 - O(l/p)v

which is borne out by the data and qualitatively resembles the relationship down to
excessively small e.
Interestingly, the relationship holds for outer connection probabilities throughout

0 < p < 1. We stress this point: even for (pi,,pout) pairs in the mixed regime
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Figure 2.20: x-axis pow, y-axis approximate time to converge (within specified
tolerance). Inner-connection probability is 0.8 throughout.

described in Result 1, the time taken for the colonies to converge is adequately
described by this O(1/p) quantity. To some extent, this is a restating (and numerical
validation) of our prior heuristic assumption; for ¢t < t ~ teonv,2, the behavior of
the system is dominated by the two-colony, macroscopic dynamics. For t > ¢, the
two-colony dynamics are overwhelmed by the “mixing” dynamics of inner-colony
connections.

Naturally, one might want to know how tightly f.onv 2 clusters around t}onv,g
as our inner connectivity varies; each panel of the three-panel figure we provided
had p;, = 0.8 fixed. Accordingly, we attempt to compute the difference between

approximate and actual t.ony 2 over a wide range of (pin, Pout) values.
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Definition 2.0.37. We define the error in replacing teony,2 with fconv,% v, by

V(pimpouta E) = ’]Eg [tconv,Q(E)] - tconV,Q(pout7 6)

, (2.45)

where the expected value is over all such G ~ SBM(N,C, P) for a given probability

pair (P, Pous) and number of particles, N.

We estimate the expected value in Definition 2.0.37 by averaging tcony,2 over a
large number of network initializations. We depict our results in Figure 2.21. As our

experience indicates,
1. v generally remains small even as py, varies, provided po,; is not near zero.
2. For pi, &~ 1 or pous ~ 1, we find v = 0.

Referencing 2.20, the errors we see here in Figure 2.21 tend to be small relative to
'ECOHV,% less than 10%. However, in our sample run, v begins to experience more
pronounced variation as poy; — 0.27, particularly with higher values as p;, — 0,
as well. As the approximate fconv’g is fixed with respect to the inner probability of
connection, we infer that the larger errors are indeed the result of greater variation
in the actual convergence time quantity, teony 2.

What is the source of such variation? For most starting points on the plot in
Figure 2.21, it is difficult to say. However, the sector of large errors for both p;, and
Pout SMall is suggestive of a different threshold than the usual one we have given. Here,
we believe the large errors come from the general loss of attraction of even a mixed
variant of state (2.18). As seen in Figure 2.3, a decrease in the size of our system’s
probability parameters leads to variants of the two-cluster states that only converge
nearby; these exhibit a broad elongation in our system’s community-to-community

and sorting convergence timescales. The former timescale is perhaps not represented
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Figure 2.21: A plot of the absolute error in replacing the exact value of t.on, 2 With
the approximation f..ny 2 over a wide range of inner and outer connectivities. Here,
we used a convergence tolerance of € = 0.05.

properly as (pin, Pous) — 0 and piy, ~ pout, as provided k is not close to zero, the
short- and long-distance forces are, indeed, comparable. This stands in contrast to
the implicit assumption made in estimating t}om,,g — that the short-distance forces
could be neglected.

However, as we first observe in the ¢ = 0.01 panel of Figure 2.20 the approximate
quantity fconvg begins to poorly capture the data throughout the interval po, €

[Dmin, 1] as € = 01, We explore why this is the case.

Remark 2.0.38. Note that, for any fized outer connection probability p, and initial

separation S

lim fmnv,g = lim —ln< ‘ ) = 00,
e—0F e—0+ S—1

Of course, Remark 2.0.38 is essentially just a restatement of the fact that any
two-particle system, initially seeded at a separation other than that prescribed by the
kernel F'(r), only tends to the prescribed separation in the infinite-¢ limit. Yet, in

terms of actual data, Figure 2.20 suggests, for outer connection probabilities satisfying

0 < Pmin < Pout < Pmax < 1 for some particular py;, and pyayx (as in the threshold of
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Result 1), that

lim tconv,Q =L< oQ,
e—0t

where L potentially depends on po,. This is because, assuming po.; is chosen
sufficiently small for the pair (pin, pous) to yield mixed states with high probability, like
suggested in Conjecture 1, we must tend to a community-to-community separation of
less-than-one in finite time. The mixed variant of (2.18) from Conjecture 1 attracting

such initializations leads to

lim |my(t) —ma(t)] = L < 1.
t—o0

~

By the definition of the limit, there exists a point in time, say t = T (as a function
of Pout), where ||m; —mo| — L| < (1 — L)/2 for all t > T'. In particular, this implies

|my —my| < 1 for all t > T. Hence

as |my —ma| <1 <1+ € for any e > 0.

Accordingly, this result shows that the estimated quantity will begin to deviate
significantly from actual ¢cony 2 as tolerances e limit to zero. Hence the quantity is
only useful as a close approximation and cannot be interpreted as a function with
eventual limit (as € — 07) of tcony2. As such, we should set e small (so that the
approximation is useful) but not very near zero.

Perhaps surprisingly, for similarly small ¢ we observe a more egregious error
in our approximation; in the supplied figure for ¢ = 0.01, around py,, ~ 0.65, we
observe a “blip” in our data that is not at all captured by the approximation. The

quantity #eony.2, of course, is monotone decreasing on p € (0,1). What is the source
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Figure 2.22: Plot of tcony2 Over a mesh of inner/outer connection probabilities and
k = 1/2. The solid line denotes the curve fitted to the “transition point” data in
Figure 2.12. Results averaged over 10 runs with point-source initial conditions for
each community at + = —100 and x = 100, respectively. Separation tolerance of
e = 0.005.

of this artifact? While it is possible it originates from small errors in our first-order
ODE integration scheme, the location of its starting point is strongly suggestive of
another dynamic; it appears to come from the p.,; threshold at which we cross into
highly-unmizred communities. We explore this below.

In Figure 2.22, we see a surface plot of teony2 for many (pim,pout) pairs.
Throughout most of the region, we observe a clear trend; for fixed p;,, as we decrease
Dout, teonv,2 decreases steadily with it. However, as we observed in our discussion of
the previous figure, such a low tolerance creates a unique phenomenon between the
two extremes of poy € [0.2,1]. We see a band of large teony 2 values that, for fixed piy,
exceed the values observed for nearby lesser values of p,.. Hence, for such a small
tolerance, teony,2 is not monotone decreasing, as it appeared to be when € was larger.

Of particular interest to us is where this perhaps unexpected behavior begins.
In our p;, = 0.8 slice presented previously for e = 0.01, we saw the “blip” occur at

Pout = 0.63, thus we posit it is related to the nearby threshold between mixed /unmixed
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Figure 2.23: Plot of .y, 2, emphasizing the “blip” properties near the transition
point. Here p;, = 0.8 and k = 1/2, with initial conditions point-source at x = —100

and x = 100 for the two communities, respectively. Results averaged over 10 runs.

regimes. As such, we take the curve previously fitted for our transition point data,

Pe = .637pi, + 1019,

and plot it alongside the surface. Here, we see the fitted curve — which tightly fit the
data for the location of the transition point between mixed and unmixed regimes for
various py, — accurately captures the onset of the “blip”. That is, for fixed py,, the
function value p.(pin) appears to be near the smallest value of poy for which teony 2 is
increasing (as a function of py, and for small €).

Another question that arises in our analysis of Figure 2.20 is how the “blip”
changes as e changes; we are especially interested in changes in its amplitude and
location as ¢ — 0%. To establish an acceptable initial answer to this question, we
fix pin, = 0.8 and generate curves like those in Figure 2.20 for many different, small €
where the existence of the “blip” has been already established. We superimpose these
plots in a single figure to see their similarities and unique differences.

The two key pieces of information we infer are the following (offered without

rigorous proof).
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Conjecture 2. Let p. = p.(pin) be the threshold value of Result 1. At each (Pin, Pout)
pair, suppose G ~ SBM(N,C, P) is fized.

1' FOT Pout < De;,

lim teony2 = L
e—0t

for some L (depending on the probability parameters).
2. For values of pout > Pe, however, teonya — 00 as e — 0.

Remark 2.0.39. The conclusions of Conjecture 2 show the error in approrimating
teonv,2 With fconv,g, as in Definition 2.0.37, grows without bound if pow > pe (with high

probability) and remains bounded if powy < Pe-

This is something we argued before; in the unmixed regime, communities only
tend to a separation of 1 in the infinite limit as ¢ — oo, hence the aforementioned
quantity must grow to infinity, as well. What is notable here is the magnitude of the
curve’s maximum at each €; we observed a rough doubling upon multiplying € by 1/4.
Conversely, the prediction of our approximation (fconm) suggests the quantity grows

approximately like In((S' — 1)/€)/p as € — 07 — much more slowly.

Alternate Avenues of Analysis

To compensate for the system (2.7)’s challenging randomness — in the sense that
every initialization yields not only different initial conditions but a different system,
with a different network structure — we are aware of two avenues of attack. The first,
as we mentioned toward the start of this chapter and as utilized in [35], is to leverage
the theory of spectra of random matrices to establish areas in our parameter space
for which the remaining eigenvalues (non A = 0, recall the system is translation-

invariant in continuous time) of the linearized system tend to values less than one
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in magnitude, with probability approaching 1 in the limit as N — oo. This is the

)

notion of “almost surely asymptotically stability,” and in a sort of nod to the Law
of Large Numbers, the variance in matrix structure is evened out as we take further
samples (N — o0). In our case, we suspect successive linear transformations of £
might isolate the components of its block structure, leading to several independent,
individual problems that are on the level of the complexity of those seen in [35], [36].
Of course, each block of our model has homogeneous connection structure, being
generated from a single probability parameter P(i,j) (for some i, j); thus each can
be thought of as representing an Erdés—Rényi graph itself.

An alternate approach has been suggested and developed in [22]. Here, again
we consider our system in the asymptotic N — oo limit, but instead of analyzing the
tendency towards or away from stability of each ordinary system in the sequence, we
relate this sequence of systems to a single partial differential equation. That partial
differential equation can then be examined and linearized around the relevant solution
for its behavior, and that behavior can be related back to our solution of interest to
the ordinary differential system.

Specifically, we formally interpret (2.7) as a Riemann sum and let N — oo.
To see this, for labeling purposes we imagine infinitely many particles in one-to-one
correspondence with the entire unit interval [0, 1]. Then ¢(z,t) : IxR — R represents
the spatial coordinates of the particle corresponding to x € [0, 1] at time ¢. The inner

terms (excluding e,;;) of (2.7) of the form

dl‘i 1 Ty — Ty
TN > eniF(lzi — o — 1

then resemble function evaluations of ¢(x,t). The coefficient in front of the sum

reveals these as evaluations over a uniform partition — sub-intervals of [0, 1] of length
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1/N. Hence, in the limit, we have the following equivalence:

Lj
N—oo N £ |z, — ]

i 1 ZF(’% _ xmL — /0 F(lo(z,t) — o(y,1)]) ¢(x,g — ¢(yaz) dy

for ¢ as given before.
What do we do about the network term, e,;;? Graph limits offer a possible
answer. To motivate this, we examine the pixel pictures of a succession of stochastic

block graphs.

Definition 2.0.40. The pizel picture of an undirected and unweighted graph on N

nodes, I'n(z,y), is a symmetric, {0, 1}-valued function on 1 x 1 defined by

i—1 j i i—1
FN(.CIZ',y) :eNij on {T,N) X |:1—N,1— N )

foralli,j.

We plot a few of these in Figure 2.24 for our stochastic block model; inner/outer
probabilities are fixed, total connections vary (as specified), and graphs are randomly
generated for each picture.

Clearly, the limit of I'y does not exist in a pointwise sense, provided the various
probabilities that define the stochastic graph are neither 0 or 1, we expect to attain
both 0 and 1 at any (z,y) infinitely many times in the limit as N — oo; that is, the
enij are not definite values, but rather they define the probability of seeing a 0 or 1
at a given set of coordinates (z,y). However, the limit of I'y exists as a density; for

small enough € > 0 and (zo,%) € (0,1) x (0,1), we have

N—oo =

To+e€ Yo+e€
lim / Iy dzdy = €P(i, ),
0 Yo



Figure 2.24: Pixel pictures of random networks with the specified number of total
particles and two evenly-sized communities. Generated with an inner connection
probability of 0.5 and an outer connection probability of 0.01. Note these appear to
be converging to a block structure with uniform density in each block.
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where P is the square matrix of connection probabilities, m denotes its number of
rows/columns, and (i, j) are such that (z¢,yo) € [%, #) x [1— T%, 1-— %] This last
line defines the graph limit, W (x,y) — a symmetric, piecewise constant (in the case of

the stochastic block model) function on I x I. Appropriately, we note the following.

Remark 2.0.41. Let G ~ SBM(N,C, P) be a graph generated from the stochastic

block model, with C' = (Cy,Cy) and |Cy| = |Cs|. Then, define the graph limit W (zx,y)

by
P(1,1) (z,y) €10,1/2) x (1/2,1]
W(e.y) = P(1,2) (z,y) € (1/2,1] x (1/2,1]
P(2,1) (z,y) €10,1/2) x (0,1/2]
P(2,2) : (z,y) € (1/2,1] x (0,1/2]

Of course, we take P(1,2) = P(2,1) in Remark 2.0.41, as the underlying graphs
in the sequence are undirected. We note we have no coherent way of defining W (z, y)
along the boundaries of these pieces in the interior of the unit square. However,
W (z,y) is used as a density — integrated over measurable subsets of I x I. As a subset
of I x I, these boundaries (the union of a finite number of line segments) have zero
measure, hence it does not matter what we define W (x, y) to be here. For convenience,
we can set W (x,y) = 0 along these segments.

Thus, in the limit N — oo, we arrive at the PDE

9¢

w0 = [ WenF(otn o o) 22000 a2

where again ¢ : Ix R — R, W(z,y) is as given previously, and F(r) = min (kr,1 —r)
for 0 < Kk < 1. To what extent this represents a limit, i.e. in ordinary differential
systems tending to this partial differential equation, is beyond the scope of the chapter

and is explored in depth in [22].
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At this point, we may now seek to explore the linear stability, in (2.46), of the
two-cluster steady state analog to the ordinary system (2.7) as N — o0o. We choose

the piecewise constant ¢,(z,t) as follows:

—-1/2 : 0<2<1/2
¢s(,t) = (2.47)
172 : 1/2<z<1,

We may think of this solution as half of the particles (the first piece) are valued at
¢ = —1/2 and half of the particles (the second piece) are valued at ¢ = 1/2. We
surmise that (2.47) satisfies (2.46), as d¢/0t = 0 for any (z,t) (the supplied solution
is fixed in time). On the right-hand side, and for any z,y, t, we have |¢(z,t) — ¢(y, t)|

as an element of {0,1}. Hence

F(|gs(x,t) — ¢s(y, 1)) =0

uniformly on I x I x R. Accordingly, the integral on the right-hand side of (2.46) is
Z€ero.

Our natural question concerns how a small perturbation of (2.47) evolves in
time. For this, we suppose ¢(x,t) = ¢s(z,t) + ((x,t) for ¢ small. Upon substitution

into (2.46), we have

a@é();c,t) 4 8(59? t) :/O W (z,y) (F(Ir(z,y,tm%) dy. (2.48)

for r(z,y,t) = ¢s(x,t) — ds(y,t) + ((z,t) — ((y,t). We first consider 0 < x < 1/2. For
0 <y < 1/2, the terms in the parentheses (2.48) evaluate to x(((z,t) — ((y,t)). For
1/2 < y < 1, they evaluate to —({(x,t) — ((y,t)). Next, we consider 1/2 < z < 1.

For 0 < y < 1/2, the terms in the parentheses (2.48) evaluate to —({(z,t) — ((y,t)).
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For 1/2 < y < 1, they evaluate to x({(x,t) — ((y,t)). Splitting the integral in half

and using this information, we arrive at, for 0 < z < 1/2,

1

1/2
=A mM@W%ﬁWW@—Z#m@@ﬂﬂMﬁNy (2.49)

9¢(x, 1)
ot

For 1/2 <z <1, we have

1

1/2
:—A m&@ﬁ—d%m@+[#mMWMPﬁ@ﬁNy(%®

At this point, it would be necessary to attempt to assess how the perturbations
¢ evolve in time. Typically, we would seek solutions ¢ to (2.49)—(2.50) that are
proportional to e*e®; that is, such solutions are exponentially growing (or decaying)
modes of certain waves in the spatial dimension. Of course, for linear stability we
are interested in whether or not the suitable eigenvalues, A, are all negative, decaying
modes, as this would signify such perturbations vanish in time.

Though we did not pursue this analysis further, additional research may be
focused on continuing along these lines to leverage continuum limits of ordinary
differential systems on networks to make broad statements about their regions of
linear stability/instability (cf. also mean field approaches like [5]). Our concerns
with such an approach here were as follows: the dynamics of (2.7) lead to the two-
cluster steady state, in which half of our system particles are grouped around, say,
x = 0 and half of our system particles are grouped around = = 1. If we label the
particles, in order, with the first half being those at = 0 and the second half being
those at = 1, then in passing the system to the continuum limit, it seems as though
we cannot avoid representing the two-cluster steady state (finite V) as a discontinuous
function, as seen. This causes our linearization to be thought of in a piecewise sense

(see after (2.48)), and the applicability of the methods presented in [22] is unclear in
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such a case. We can perhaps view (2.47) as a limit of sigmoid-like curves, but again
it is unclear as to how that can be related back to the finite-N equations from the
presented framework.

More crucially, our plots of solutions to (2.7) depict complex, highly-nonlinear,
and often seemingly chaotic (see: small p) behavior. Accordingly, we feel it is rather
likely the continuum limit (2.46), should we complete the analysis, would point to
a perhaps unconditionally-stable steady state. In this case the complicated behavior
we see, from the threshold into mixing of the two-cluster state, the greater degree
of sorting behavior as poui/pin falls, and the low-p degeneracy of the four- (and
possibly more) cluster states, all results from introduced nonlinearities. In a word, the
continuum linearization would tell us very little about the system as a whole, and it
would tell us nothing about the network structure-dependent phenomena (described
in Result 1) endemic to every level of the system (2.7) away from the steady state
trajectories.

Finally, we note that our general concern in this chapter of the thesis is not
with stability of the cluster states per se. Rather, we are interested in a sort of
metastability of such states over large initial separations. We have expressed this in
the single question, “to what extent do the dynamics of (2.7) preserve large initial
separations between communities?” Accordingly, though we have referred to the
more classic stability of these states at times, our numerics tend to be cast within
the framework of this metastability. Communities are seeded from large separations
rather than thin random profiles on, for instance, [0, 1] or small perturbations of
the two-cluster state. While the more classical PDE methods of [5,22] or assessing
eigenvalues of the linearized system as a function of the probability parameters would
be useful in determining how the latter solutions evolve in time, they are considerably

less useful toward achieving the goal we expressed in Question 3. For these reasons,
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we decided against such analyses, but future examination along these lines could help

paint a fuller picture and would be a more direct extension of [35].

Application: Community Detection

In this section, we seek to answer the question

Question 5. Can we leverage the dynamics of the system (2.7) to detect communities

among a stochastic block network?

We first review the necessary preliminaries.

The development of the theory of networks has granted us much insight into
many natural and social systems. One of the most recognizable features of real-world
networks is community structure; this term generally refers to the self-arrangement
of a network’s nodes into homogeneous units. Within each unit, edges between
pairs of vertices are dense, while they are relatively sparse between communities.
The homogeneous nature of such units often allows their behavior to be considered,
one at a time, separate from other units. Accordingly, there is appreciable value
in understanding complex systems via first identifying their key components —
communities.

Henceforth, we refer to community detection as the problem of determining a
network’s community structure given various other pieces of information. On an N-
node graph, we typically think of such a problem in the following context: we accept
an adjacency matrix E as input, and generate a partition C of {1,2,3,..., N} in
return. Fach component of the partition then represents a distinct “community,”
insofar as there is a significantly greater edge density between in-member interactions

versus out-member interactions.
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Disappointingly, as noted in [11], such a problem is often not well-defined
despite its broad, accessible appeal. Even the most fundamental building blocks
we have referred to here — a partition of nodes into homogeneous communities — have
definitions that shift from application to application and algorithm to algorithm.
This imprecision creates clear problems of inconsistency, and there are often many
perfectly valid ways of remedying such concerns. While we attempt to define such
vital components of an algorithm in a clear way, there is always a certain degree of
freedom that potentially affects the algorithm’s end result.

We note it is absolutely central for any algorithm suitably efficient for the data
at hand; that is, it should use an amount of computer resources not in excess of
those available for the task itself. In modern computing structures, the two main
bottlenecks for completing the reading and transformation of a large data set are the
computer bank’s processing power and its available memory. The former determines
how quickly an algorithm’s sub-tasks can individually be completed, while the latter
determines the proportion of the data set the computer can have readily available
to work on at any point in time. For large real-world networks, e.g. the entire
Internet’s collection of nodes (web pages) and edges (hyperlinks), the latter cost
can be prohibitive due to repetitive reading and writing of small proportions of the
network into memory.

Typically, the computational complezity (net computing time) of an algorithm is
expressed in terms of a network’s vertices, N. For most algorithms it is not possible
to do this precisely, thus estimated bounds for “worst” or “best-case compute time”
growth are established instead. These tend to be expressed in big-O notation, defined

as follows.

Definition 2.0.42. Let f,g : N — R*. Then, f = O(g) as N — oo if and only if
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there exists an Ny € N and C € R* satisfying

f(N) < Cg(N) if N > N, (2.51)

Hence, in the context of Definition 2.0.42, a statement like teom = O(N¥)
indicates the scalability of an algorithm to large networks. An O(N3) algorithm may
suffice for a given purpose on a small network of N = 100 nodes, but our computing
load would grow like a factor of 1000 even upon extension to a modestly large network
of N = 1000 nodes!

Upon addressing some of the inherent inconsistencies of community detection, we
try to proceed in a coherent way. Our first goal is a suitable definition of community.
Glancing at Figure 2.25, there is an undeniable difference in structure between inner-
and outer-community nodes and edges. To wit, one might suggest (as in [11]) that if
C is a subgraph of our graph G, with N. and N as their respective cardinalities, then

the difference lies in each block’s inner and outer cluster densities, defined by

inner edges in C

Oint(C) = NN, —1)/2 (2.52)
outer edges from C
0et(C) = — N - N (2.53)

In (2.52), the denominator represents the number of possible edges between nodes
x,y € C, whereas in (2.53) the denominator represents the number of possible edges
between nodes z € C and y ¢ C. For C to be a suitable community, we expect d;, to
be sufficiently large relative to gy .

Of course, if our network is generated via the stochastic block model method,
where communities are explicitly placed into the network, then the problem of

community detection is to simply accept the network’s adjacency matrix E as input
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and then determine the communities originally specified for the generating algorithm

to build the network. As such, recall our definition of a stochastic block network:

Definition 2.0.43. (Stochastic block model). Let N and k be positive integers
representing the number of vertices and specified communities, respectively. Let P be a
k-by-k symmetric matriz with entries valued in [0, 1] (the probabilities of connection).
Let the Cy,Cy, . ..,Cy denote the community set partitions of [N]. The community

labeling vector of length N, X, is determined as follows: for v e C; (for some j)

X, = J.

Then the graph G is drawn from SBM(N,C, P) if, independent of other vertex pairs,

1 with probability — P(Xy, X;),
ENij =

0 with probability 1— P(X;, X;).

We write G ~ SBM(N, C, P) for short.

Accordingly, in this we are aware of which nodes are connected to which other
nodes, but we seek to group these nodes in a way that is consistent with the
assumption that there is a potentially different probability of an edge existing if
both endpoints belong to the same community as opposed to different communities.

Despite our consistent definition of “community,” our variant of this problem,
as we have framed it up to this point, can often not be traced back to a single
solution. That is, it may be impossible to determine the original partition of nodes
into communities, or it may only be possible to partially recover this partition without
further information. It is clear our level of certainty depends heavily on the number
of sampled, possible connections — rising steadily as IV rises — and on the in- and out-

degree disparities between elements of each community. As a simple example, consider
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Figure 2.25: Pixel pictures of networks generated from probability parameters p;, =
0.8 and poy; = 0.5. Note the clearly discernible difference in inner/outer connections
in the right panel (large N), unlike the left panel (small N).

the networks of Figure 2.25 (pixel pictures shown). Both networks were generated
from the same probability parameters and have two equivalently-sized communities.
In the left panel, the total number of nodes (N) was taken to be 10; in the right
panel, this number was taken to be 100.

Figure 2.25 makes a strong case that our certainty in community detection
depends greatly on (among other factors) the total number of sampled inner/outer
connections. It is a hopeless task to try to determine the original partition of nodes
that led to the pixel picture in the left panel; indeed, we could interchange any
number of the N = 10 particles and result in a figure with no discernible difference in
community structure, as with N = 10 particles we would require a large disparity in
inner and outer connection densities. The main mechanism at work here stems from

the fact

Oijn = B(N - 1apin>

Ci,out = B<N7 pout)
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where the first line refers to the random variable representing particle x;’s inner degree
and the second line its outer degree, and B(n, p) is the binomial distribution on n trials
with probability parameter p. Recalling such a variable has mean np and standard

deviation /npq (here ¢ = 1 — p), we have

Tin V Npin(l _pin>

~Y

Hin Npin
Oout _ \/Npout (1 - pout)
Nout Npout

where the ~ above refers to an asymptotic equivalence — that is, tending to the same
limit as N — oo. In this sense, how tightly the average particle’s in- and out-degree
clusters around its mean scales like 1/v/N as N — oo (here small values of N, of
course, indicate tighter clustering). For N = 10, this “clustering coefficient” is roughly
17% and 31% (of the mean) for a particle’s in- and out-degree; compare this to 5%
and 10% for N = 100.

This is evidenced in Figure 2.25. There is no clear difference between the top-left
(inner) quadrant of the graph and the top-right (outer) quadrant of the graph despite
the large disparity between p;, and poy; in fact, we calculated a ~ 25% chance of
a given particle having the same in-degree (out of 4) as out-degree (out of 5)! This
probability for N = 100, on the other hand, is nearly indistinguishable from 0. While
it is certainly possible to generate a graph like the right panel of Figure 2.25 with, say,
Pin < Pout, it is exceedingly unlikely, hence we can be reasonably certain our partition
is sound and pi, > Pout-

We continue along towards answering Question 5 here. We recall system (2.7)
has the potential to sort groups of particles with sufficiently large differences in

inner/outer edge density, as depicted in, for instance, Figure 2.6 and argued in Result
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1. Thus, we would like to leverage the dynamics of this system to detect communities

among a stochastic block network.

Definition 2.0.44. Take G ~ SBM(N, C, P) as a graph generated from the stochastic

block process. Additionally, assume

1> P(i,i) > P(i,5) > 0

for each i,7 = 1,2,...,k and i # j. Then, community detection refers to the
problem of recovering the community labeling vector of Definition 2.0.12, which assigns

a positive integer corresponding to a node’s community belonging to each node 1 =

1,2,...,N.

Again, while group identity in some practical contexts is not binary (an
individual can be a member of two or more friend groups, for instance), we only
look for a disjoint partition of nodes into communities. This is also a restriction of
the generating algorithm of our model.

A dynamics-based algorithmic approach confers a number of immediate benefits.
First, as the method leverages the dynamics of a system of ODEs to obtain more
broad, categorical information than precise quantitative data, a simple first-order
method (like Euler with a large forward time step) should be generally sufficient.
Second, in using a simple numerical scheme to evolve a system of ordinary differential

equations, our algorithm is elementary to code, implement, and understand.

An Aggregation Dynamics-Based Algorithm

To illustrate a sample method, we first generate a stochastic block graph, at
random, given specified inner and outer community connectivities (below: 0.8 and

0.55, respectively) and evenly-sized communities from a system size of N = 500.
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Given such a network, we restate our objective: to arrive at a reasonable partition of

nodes into communities. We follow Algorithm 2.1 to do this.

Algorithm 2.1: Aggregation Dynamics-Based Algorithm

Parameters: n,us, tana, S, At, N

Input: E = (e;)

Output: C’l, Cy

1:

2:

10:

11:

12:

13:

14:

15:

Initialization j = 1,27, =4 (-S/2,5/2), i=1,...,N
while j < npy,s do

C1,Cy =10

x; = agg (x;-1) {Run (2.7) with x = 0 until tg,a }
for 1 <7< N do

if x;; < median;(x;) then

Cy=Cyu{i}

T ;= —95/2

else

Cy = Cy U {i}

z; =S5/2

end if

end for

j=i+1

end while

That is, we initially seed all particles randomly, run the system (with £ = 0)

until a small time value, at which we split the data into two halves about the median.

These are our estimates for the community partitions C; and C5. Then, we re-seed

these groups of particles at a large separation, and repeat the process.
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Typically, we choose S > 0 in Algorithm 2.1. The intuition behind this is as
follows: as there is no repulsion over short distances, the only force exerted on each
particle is what it feels over large distances (r > 1). To ensure that each particle
is initially guided by the forces exhibited by a large subset of the system’s particles,
we must pick S to be large. As a particularly degenerate example, if we take S to
be 1, any initialization is stable by picking the repulsion parameter x = 0. For T,
with no repulsive force running counter to the attraction over large distances, the
system tends towards steady state rapidly. Under our myriad choices of parameters
and initial conditions, we invariably found T ~ 10 to be sufficient.

What is the computational complexity of such an algorithm? Under a simple
forward Euler timestep and even for N rather large, this is somewhat cheap to
compute. The heavy lifting above comes from repeated evaluations of the system
(2.7), where

. . df . . .
Uit = U + o (Ui, Uf,...,U}) At (2.54)

(here Uij refers to the approximate solution to z; at timestep j and f represents the
right hand side of (2.7)). Each component of f’ consists of a sum over N terms, where

each term of the sum includes (for dimension d = 1):
1. Computation of |z; — ;| =~ 1 FLOP
2. Computation of F(r) ~ 1 FLOP
3. Computation of (z; — z;)(|z; — ;)™ ~ 1FLOP.

Hence, the total computational cost of one such evaluation (2.54) is approximately
3N?2. Multiplying this figure by the total number of algorithmic evaluations necessary,
we conclude our total cost is approximately 3(fgna1/At)nieN? operations, or rather

it grows like an O(N?) quantity, for short. We do note that if the existence of many
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Figure 2.26: The first two iterations of our algorithm on a network generated from
(Pin, Pout, V) = (0.8,0.6,500). Note the rapid, near-complete recovery of community
structure.

zeroes in (2.7) can be assumed, it is perhaps more accurate to phrase this as an
O(M) (where M is the total number of edges of G); however, if we make the standard
assumption that inner-community edge structure is dense, then the total number of
edges of G will grow like N2,

We present the results seen in the first two iterations of a sample run in Figure
2.26. After the first iteration, we correctly identified ~ 66% of our system’s particles
and the remaining 34% were misidentified. Per the algorithm, we reseed these
estimated groups into two clusters and follow by running the code again. Interestingly,
in the second run (after the good first approximation), we then correctly grouped
98% of the system’s 500 and only misidentified 2%. We surmise this rapid, accurate
convergence of the method should occur where the difference in mean connections of

a particle with other particles from community 1 relative to those from community
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2 is not likely to be near zero. This is in contrast to tighter cases like p;, = 0.8 and
Pout = 0.65 that would likely lead to results little better than 50%, even after many
runs.

We also include graphs of the communities’ centers of mass. In the corresponding
graph in the top panels, communities converge to a separation of nearly zero
(indicating much mixing has occurred between particles of the two communities);
there is still, however, a small separation that allows us to collect more of one group
than the other upon splitting the cluster in half. In the bottom panel, the two reseeded
clusters rapidly converge to a separation of 1, provided particles have been grouped
accurately. This is precisely the prediction of our centers-of-mass approximation, and
this offers a useful litmus test for “convergence” of the algorithm.

Where possible, we attempt to frame our discussion of community recovery as
in the literature (cf. [1], pp. 9-10). We present the authors’ definition of a partition’s

agreement here verbatim:

Definition 2.0.45. (Agreement). The agreement between two community vectors
x,y € [k]" is obtained by mazimizing the common components between x and any

relabeling of y, i.e.,

Alw,p) = max - " 101 = w(y1), (2.55)

where Sy, is the group of permutations on [k].
Accordingly, in the asymptotic limit (letting N — 00), this allows us to define

recovery strengths for an algorithm X = X (G). We borrow from [1], providing two

for our purposes:

Definition 2.0.46. Suppose G is a graph generated from the symmetric stochastic

block model with number of nodes N, connection probabilities P, and community



97

055 06 065 07 075 08 085 09 095

0.2 0.4 0.6 0.8 1
Pin

Figure 2.27: A surface plot of accuracy of the community detection algorithm over
(Pin, Pout) space. Note the sharp transition between near-complete resolvability and
mere chance.

labeling vector X.  Suppose X represents an algorithm’s output (an estimated

community partition) from the given input, G. Then
e Strong recovery: P {A(X, X)=1- 0(1)} =1-o0(1),
e Weak recovery: ]P’{A(X, X)> a} =1-o0(1),a € (0,1).

Strong recovery implies the size of the set of misidentified particles tends to 0 as
N — o0, while weak recovery implies the actual versus estimated partition agreement
tends to the constant proportion of «.

In Figure 2.27, we present data on the accuracy (agreement) of our method over
a large range of inner and outer connection probabilities. Throughout the figure, we
used the following parameters: S = 1000, tgna = 25, At = 0.1 (i.e. 250 timesteps
per iteration). As the system (2.7) has no explicit time dependence outside that
through the x;, only the number and size of the timesteps is relevant, not, per
se, nominal starting or ending time ¢. For each initialization, we considered the
algorithm complete after 5 iterations; at each (pin,pous) pair, we ran the code 20

times and averaged our accuracy results over these runs. To determine agreement of
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the generated partition C with the actual partition C, we apply the formula (2.55)
after the final iteration. Here, the single vertical bars denote standard set cardinality.
We observe that the definition of A includes a maximum over all permutations in Sy
because it is not possible for us to determine the actual, original labeling that was
supplied to generate G; we must be satisfied with a correct partitioning, in the sense

that

i # j,v € Cy,v' € C;implies X, # X,

We may still have X, # X, despite this, and as such we allow for an interchanging

of community labels across all N vertices.

Result 7. Let X, = T(G,) denote the output of the previously established algorithm for
a giwen initialization of G (corresponding to the unknown X ) and fixred N. Further,
denote by A the agreement between the given two vectors averaged across the r =

1,2, ..., Neuns initializations. Experimentally, we find there exist ¢, d so that

1. pin > pout + d implies

suggesting A(X,, XT) ~ 1 with high probability ~ 1.

2. Pin < CPout + d implies
A (X, X) A1,

suggesting A(XT,XT) ~ 1 with probability % 1.

Result 7 should remind us of Result 1, though the particular thresholds (c,d
values) are distinct. Again, we have an approximately linear relationship between
inner and outer connection probabilities; (pi,, Pout) on the side with py, > pous lead to

agreement values near 1, indicating a successful run of the algorithm. On the other
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side, agreement values are not near 1; in fact, they appear to approach 0.5 as we take
pairs further from the given threshold. This indicates the algorithm is little better
at recovering our community partitions than blind guessing. We believe it may be
possible to obtain better results (particularly very near the threshold) by adjusting
the algorithm parameters S, tg,.1, At, and the number of iterations — particularly the
last three items in this list to take more iterations and more timesteps per iteration
— but we generally expect the threshold to remain in place. On the same token, it
is also possible the algorithm could be made more efficient, either by taking larger
and fewer timesteps or fewer iterations without sacrificing accuracy. As this is an
algorithm intended to illustrate a point rather than be used practically, we do not
explore the preceding points in detail.

Additionally, we believe the threshold of Figure 2.27 (of course suggestive of
the transition between metastability and mixing in the two-cluster steady state of
earlier sections) depends heavily on N. As particles are seeded randomly (at a large
separation, S) and we ignore repulsion over short distances, these particles tend to
converge to the cluster they are most attracted to. Hence, the answer to the problem
of strong recovery (as N — oo) via the algorithm is the same as the answer to the
question “for what NV is the in- to out-degree ratio large for the average particle, with
high probability?” Provided p;, is large relative to pou, the number y grows with
increasing probability as N does (see the start of this section). We show this point in
Figure 2.28, leaving the algorithmic parameters the same, though fixing p;, = 0.8 and
examining the algorithm’s agreement as N varies (depicted for N € {50,100,250}).
The character of the threshold remains intact, though for this much larger N we see
a considerably less stringent threshold for resolvability. This is consistent with the
spread coefficient % decreasing like 1/ VN as N — oo, as less variation around a

particle’s mean in- and out-degree implies the ratio of these degrees is more likely
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Figure 2.28: A plot of algorithmic accuracy as a function of p, with p;, = 0.8
and N € {50,100,250}. Note the location of the threshold at which near-complete
resolvability becomes impossible as N varies.

0.5

to be nearer to pin/pout- Again, we stress that for probability values not satisfying
the above restrictions, we suspect rather weak recovery — of agreement o ~ 0.50 — as
N — o0.

The previous numerical results and some additional work in Appendix D lead

us to the following conjecture, offered without rigorous proof:

Conjecture 3. Let X = pi/Pou be fized, and let G ~ SBM(N,C, P) be a graph

randomly generated via the stochastic block model.

1. For x > 1, our algorithm offers strong recovery of G’s community partition in
the limit N — oo. That is, there exists a set of algorithmic parameters for

which strong recovery is attained.

2. For x < 1, our algorithm only offers weak recovery (with o = 0.5) in the limit

N — oo.

The caveat expressed in Conjecture 3—1 is important; indeed, by our calculations,
a pair such as (P, pous) = (0.4,0.2) with N = 200 resulted in a network structure

where communities could be fully resolved after 500 iterations, though not after 50
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iterations. In contrast, Conjecture 3-2 indicates no algorithm parameter values can
be used to attain weak recovery with v > 0.5 or, of course, strong recovery.

The previous example illustrates the utility of our method for community
detection. It is a novel approach, relying only on the dynamics of our system to sort
particles appropriately. This confers an obvious advantage: it is easy to program
and understand, and we are able to leverage well-established ordinary differential
system solvers and theory to obtain results. Additionally, as we have learned from
the previous discussion of topny 2, the time for communities’ centers to converge to an
approximate distance of 1, beginning to “branch off” and mix, scales like a small ¢, S-
dependent multiple of 1/p. Hence, as long as p is supposed to not be prohibitively near
zero, we require only a small amount of timesteps per run of the algorithm. This is
commonly the case in many real-world instances of stochastic block model-like graphs,
but it may pose a large problem in the method for graphs where between-community

connections are rather sparse.

Discussion

In this work, we present an in-depth treatment of the behavior of a familiar
aggregation model in one dimension. We have established this model over a particular
random network topology — the stochastic block model — which consists of a block
structure of preset Erdos—Rényi “communities” with prescribed inner and outer link
densities. Like other research, we are interested in the aggregation dynamics of the
equations (2.7), though we deviate from this similar literature by focusing on the
system’s so-called “metastable dynamics.” That is, we follow particle trajectories
initialized from very well-separated positions, by community. This can be likened to
a model of political processes, in which groups of individuals with disparate opinions

(at one point in time) coalesce or split on key, contentious topics.



102

Our results suggest the metastable dynamics of (2.7) follow a discernible and
predictable pattern; we point to Figure 2.6 for illustration. In our stochastic block
structure, we let the probability of links between particles of different communities
(Pout) vary from 1 to 0. Accordingly, for high p.u, we see a preservation of the
communities’ initial separation as time passes; a particle that evolves from a position
very different from another particle will tend towards a cluster location with the same
description as t — 0o. As we decrease the proportion of connections drawn between
communities, this eventually becomes untrue. When % Pout becomes sufficiently small
relative to the inner probability of connection, p;, — the parameter specifying the
density of links between particles from the same community — initial separations are
not always preserved between pairs of particles. That is, two particles that begin at
a great distance apart may tend toward the same position as t — oo. We refer to
this phenomenon as communities “mixing.” As we decrease poy; further, this mixing
behavior deteriorates, as particles are no longer likely to tend to a finite number of
positions in R as t — oo.

Where appropriate, we have noted the dependence of these results (jointly) on
the 1D repulsion parameter, x, and the number of system particles, N. However, in
several instances we have taken the opportunity to vary k, as well; in these cases,
we observe that choosing a different x € [0,1] does not change the nature of our
qualitative results. We still find similar areas in (pin, Pout) Space where mixed and
unmixed states prevail, and a rather sharp threshold dividing these behaviors. This,
of course, is our expectation, given that we characterized many of the important shifts
in system behavior as a simple less-than versus greater-than relationship between
Pin/Pous and the reciprocal of the repulsion force, 1/x. Hence, even where we have not
explicitly presented results with various s, we believe their general nature is reflective

of a wide range of k values. A more systematic numerical approach may be necessary
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to assess the precise nature of k on our variant of system (2.7), though we again
note this has been carried out on the extremely similar Erdés—Rényi structure in [35]
and [36].

Following our exploration of the full particle model (2.7), we convert the system
into center-of-mass coordinates by community. We then show the resulting solution
curves accurately relay the extent of mixing occurring. This is due to the center-
of-mass coordinate communicating the exact proportion of particles at each cluster
location (assuming the multi-cluster state is stable). In Figure 2.7, we explore our
parameter space in terms of inner and outer connection probabilities, plotting the
center-of-mass difference as an output. This plot reveals a fairly sharp threshold
that divides our parameter space into two regions: one in which mixing occurs with
very high probability, and one in which mixing occurs with very low probability.
Moreover, this threshold is a simple, linear relationship of inner and outer connection
probabilities. We offer a similar plot for very low average probabilities of connection,
p, and show the threshold between degenerate, widely unstable behavior and pure
mixing behavior follows a similar relationship between py, and poy. It is interesting
and revealing that, despite the prohibitive dimensionality and complex behavior of
the full N-particle model, the system’s dynamics can be described rather simply (at
great reduction in dimension) upon changing to a new coordinate system.

In Equations (2.38) and (2.39), we define two quantities to communicate the
rate at which Equations (2.7) tend to equilibria as ¢ — oo and for various parameters
and network structure. We re-frame the behavior of this system in the context of a
“competing timescales” problem by decomposing its behavior into two qualitative
phenomena. The first behavior is the community-wide motion of particles to a
prescribed (by F'(r)) separation of 1; the second behavior is the microscopic, particle-

to-particle interaction of mixing, in which each particle tends towards one of two final
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positions as t — co. The quantities we define in this section are associated with these
behaviors. We surmise the ratio between these two timescales must be drastically
different in the region of parameter space near the transition from unmixed behavior
to mixed behavior — relative to the point at which the greatest degree of mixing
occurs. As we see in Figure 2.17, this ratio changes at a rate nearly four times as
large near the former point; also, the two quantities near either point follow a very
nearly linear relationship. Appropriately, it should thus be possible to predict where
we lie on the bifurcation “slice” of Figure 2.10 (or, rather, whether or not we are near
a transition point or a (pi, Pout) Pair at which a high degree of mixing occurs) by
examining the ratio of these two quantities.

In the section that follows, we develop an approximation to the center-of-mass
coordinate equations (2.22) through basic Taylor expansions and the assumption that
particles belonging to different communities are seeded with well-separated initial
conditions. This allows us to eliminate the strict x; dependence of the m equations.
We find this approximation is accurate throughout the “unmixed” regime, that is
those systems for which p.y is sufficiently large relative to py,; see the right panel of
Figure 2.18 for a representative plot. Even in the “mixed” regime, for which it poorly
approximates the overall qualitative behavior of the system, the approximation closely
captures the first timescale (see Figure 2.19), referenced previously — the motion of
communities to a fixed separation, prior to mixing behavior. Hence, it provides a
useful characterization of at least one essential component of our system’s dynamics.
This suggests for small ¢, up to a certain ¢y = f¢ony,2, the dominant force influencing
each particle’s behavior originates from the particle’s interactions with “outsiders,”
particles from different communities. In this sense, the relevant component of the
adjacency matrix, E, is thus the entries that lie outside the main (block) diagonal.

After this point in time, our results suggest the dominant force comes from each
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particle’s inner-community interactions, and correspondingly, the key components of
E are the entries along the block diagonal.

Finally, we close with an application to the field of community detection. Noting
that, for various choices of probability parameters p;, and pg,, our system guides
particles to final positions that preserve community-to-community separations, we
suppose the equations (2.7) can be leveraged to separate groups of particles with
a sufficiently different inner/outer connection density. In Figure 2.26, we show the
results of a sample run of our algorithm — using successive runs of these equations
(with reseeding of system particles at each step) to iteratively obtain a likely partition
of the system’s N nodes into appropriate communities. Further, the systematic
numerical results shown in Figure 2.27 depict, as long as poy is small relative to
Pin, We can attain near-complete recovery of the original community structure. The
implication of Figure 2.28 is this requirement is increasingly relaxed as N — o0, to the
point where the aforementioned maximum value of poy; (for near-complete recovery)
tends to py,. For outer connection probabilities much larger than this value, however,
we can do little better than guessing, attaining about 50% accuracy in community
recovery. In future research, it would perhaps be beneficial to explore how such
an algorithm compares (in terms of accuracy and computational complexity) to more
standard methods of community detection on stochastic block networks; among these

are treatments of the subject like [1].
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Introduction

Cellular populations need to communicate to facilitate joint, synchronous
responses to outside stimuli or to produce a sustained rhythmical output. There
has been strong recent interest in mechanisms by which such populations achieve
and maintain synchrony. Typically intracellular proteins promote the production
of signaling molecules. These diffuse in the extracellular spaces to provide a
communication mechanism for the cellular aggregate. When cells use the signaling
molecule to sense density of the cell population and use this information to up-regulate
their gene expression, such communication is referred to as quorum sensing, and the
signaling molecule is typically referred to as an autoinducer. Many such quorum
sensing mechanisms have been discovered and modeled. Of particular interest is the
emergence and loss of synchronized behavior when the cell density, or some other
relevant parameter that characterizes the size of the population is changed.

De Monte et. al. [7] studied glycolitic oscillations in yeast both experimentally
and theoretically. They observed the loss of population wide oscillations as the density
of the cell decreased. They found that the loss of synchronous oscillations was not the
result of de-synchronization of individual oscillators and that below a certain density
threshold all cells stopped oscillating and entered a steady state. They called this
transition dynamic quorum sensing.

Taylor et. al. [30] studied transition to synchronization in a large population
of chemical oscillators (modeled by Belousov-Zhabotniskii equations) as a function
of population density in low stirring rate and high stirring rate regimes. These
correspond to low and high transport rates of the signaling species, respectively.
They found that the transition to synchrony is different in these two cases. While

at a high stirring rate, the transition is gradual and oscillators are recruited to the
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synchronized pool gradually. Conversely, at a low stirring rate the emergence of
synchrony is sudden at a certain density.

In this paper we study the emergence of oscillations and complex dynamics in
variants and generalizations of a synthetic biology model first introduced by Garcia-
Ojalvo et. al. [12]. Their model consists of a repressilator coupled to a quorum
sensing module from Vibrio fischeri. Each cell in the aggregate is equipped with
a three gene network that admits autonomous oscillations and is connected to a
Vibrio fischeri module that produces and responds to a diffusible autoinducer Al. The
transmembrane transport of the autoinducer is assumed proportional to the difference
between the aggregate average and the local concentration. In their model only
TetR promotes the autoinducer. This feedback can produce stable steady behavior,
and both synchronous and asynchronous oscillations [26]. However, when a different
network protein promotes the autoinducer, much more complicated dynamics can
occur. Ulner et. al. [34] and Koseska et. al. [18] examined the dynamics of small
cell aggregates when C'I promoted the autoinducer. Such systems exhibit complex
multistable behavior. Although synchronous steady and oscillatory states are also
possible, much of the aggregate behavior is a mixture steady and oscillatory states.
All of these behaviors depend greatly on parameter values and the number of cells
N.

Here we present a unified approach for categorizing and analyzing all such
models. In the aforementioned studies, cells had a K = 3 gene network, and
one protein () promoted the autoinducer S. We illustrate three such networks in
Figure 3.1. When ) = A the dynamics are simple in the sense that the N = 1
system has a unique equilibrium (Figure 3.1(a)). For N > 2 we show that two
Hopf branches emerge, one of which is dependent on the quorum sensing parameter

g. Since such systems have a unique equilibria, we can show the aggregate remains
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(locally) monostable between synchronous equilibria and synchronous periodic orbits.
We prove the majority of these results for a much larger class of Nf-Ns (Negative
feedback - Negative sensing) models having n genes. Such models are defined in
Section 2 and have a unique synchronous equilibria which can destabilize only by a
Hopf bifurcation. Lastly, we numerically demonstrate that for one such model only
the quorum or ¢g-dependent Hopf branch (H Bj) has emergent stable period orbits (cf.
Figure 4,5).

(a) (b) (c)

|
A
L
2
|
A

MONOSTABLE BISTABLE BISTABLE

Figure 3.1: Schematics for three different K = 3 repressillator circuits. In each circuit
A=TetR,B = CI,C = Lacl and a different protein 2 € {A, B, C'} upregulates the
diffusive signal S. This autoinducer S upregulates C' in all networks. When Q = A
the network dynamics are monostable (simple). Otherwise, the network dynamics
can be bistable (complex).

Aggregate dynamics are very different when other proteins {2 promote the
autoinducer in the repressilator model. We show that, when Q = CI or Lacl
(Figure 3.1(b)-(c) with Q = B, C') the existence of equilibria in the aggregate depends
only on knowing the roots of a single scalar function whose root locus is cubic shaped.

Such is the case in many bistable systems. In this case we show the saddle node
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bifurcations define parameter sets where the aggregate is either monostable or has a
huge numbers of equilibria. Koseska et. al. [18] numerically demonstrated (N =5
cells) how these equilibria also lead to numerous new Hopf bifurcations and hence
prolific multistability.

In Section 2, we define both the Garcia-Ojalvo et. al. [12] and Nf-Ns models.
The latter model generalizes the former but can have an arbitrary number of genes n.
Both are shown to have a Jacobian with a special block structure. In Section 3, we
exploit this block structure to show the stability of synchronous equilibria depends
only on one (2n+ 1) degree polynomial where n is the number of genes in the model.
Noteably, the stability is independent of the number of cells V. In Section 4, we prove
the Nf-Ns system has a sole (synchronous) equilibria that can only destabilize via a
Hopf bifurcation. Since the Garcia-Ojalvo et. al. [12] model is an Nf-Ns system the
same results hold. For the former model we additionally show only two Hopf branches
exist and only the quorum sensing dependent one is stable. In Section 5 we then show
that for the Q = B,C ! feedback cases the system may have multiple equilibria. In
this bistable case, a systematic description of all such equilibria is given in terms of

a "consistency” condition.

Cyclic Feedback Models with Quorum Sensing

Most recent repressillator models incorporating quorum sensing [7,18,26,33, 34,
37] are variations or simplifications of the model due to Garcia-Ojalvo et al. [12]. In all
these studies, either TetR (A) or C'I (B) promotes the production of the autoinducer
involved the quorum sensing. When Tet R promotes the autoinducer, the resulting

dynamics are relatively simple (monostable case). However, when C'I promotes the

Lor CI and Lacl, respectively



112

autoinducer, the dynamics can be very complex (bistable case). We cast all models
into a general construct more amenable for local analyses and helpful for making
simple generalizations regarding network dynamics.

We first define the model of Garcia-Ojalvo, Ellowitz and Strogatz [12] who
studied a synthetic gene network which included quorum sensing for synchronization.
A subsequent numerical bifurcation study can be found in Potapov et al. [26]. The
model network illustrated in Figure 3.2 has two basic parts. One is a sub-network
of three genes that repress each other in a cycle. Each gene is modeled by two
variables, one representing abundance of mRNA and the other abundance of the
corresponding protein. Specifically, the gene lacl expresses its protein Lacl, and
LaclI inhibits transcription of the gene tetR. The protein TetR expressed by the gene
tetR inhibits transcription of the gene cl. Lastly, protein CI, expressed by the gene
cl, inhibits transcription of the gene lacl, thus completing the cycle. Every protein
competes with polymerase for binding sites on a promoter and in this way inhibits
the transcription from DNA to the corresponding mRNA. Therefore, as more protein
is produced, less mRNA of the subsequent gene is produced. The other part of the
network is another gene, luxl, up-regulated by tetR protein, produces protein LuxI
which synthesizes a small molecule known as an autoinducer Al. This autoinducer
(acylated homoserine lactone) can diffuse freely through the cell membrane and the
extracellular medium. The combination of AI and a second protein (LuxR) will
activate transcription of the gene lacl. Therefore, the mRNA (lacI) dynamics are
different from the other two mRNA. Under these and other assumptions the equations
describing the protein and mRNA concentrations in the i cell in a collection of N

cells are:
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b = —a + B(C) (tetR)
A = _BA;, + Ba (TetR)
b = b+ B(A) (cI)
B — BB, + B, (1) (31)
P —e; + B(B)+T(S) (lacl)
¢ = _BC, + Be (Lacl)
N
Si = —(ko+m)S; + /fslAiJrn—]\g;Sj (AT)
where
®(2) = 1fz"
() = 1K+sz

are the assumed nonlinearities for transcription feedback by the proteins and
autoinducer. The system (3.1) models the network in Figure 3.1(a). Inhibitory
feedback within the network occurs through the bounded and decreasing function
®(z). Conversely, the positive autoinducer feedback occurs through I'(z) which is
bounded and increasing. Below we generalize the model above in several ways. Most
notably, some monotonicity properties on ®(z) are relaxed resulting in what will later
be defined as the Nf-Ns model. But for numerical calculations we use (3.1) with ®(z)
and T'(z) defined above as are used in preceding studies [12, 18,26, 33, 34].

A lowercase convention is used to indicate mRNA concentrations whereas upper-

case indicates their associated protein. Thus, a; is the (tetR) mRNA concentration
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Figure 3.2: A synthetic gene network in F. Coli proposed by Garcia-Ojalvo J et
al. [12]. The left portion of the network is the standard repressilator model. The right
side includes a TetR mechanism for autoinducer (AI) production. The autoinducer
passively diffuses into extracellular regions which enables quorum sensing in a cell
collective.

in the i-th cell and A; is the associated (TetR) protein concentration. The (all to
all) coupling between cells is evident in the last term of S;. In (3.1) the parameter
1 is the permeability of the cell membrane to the autoinducer S;. The quorum
sensing parameter ¢ € (0,1) is derived from a quasi-steady state approximation to

the equation for extracellular autoinducer concentration S, :

ds.
dt

N
= _kseSe + kaigr (S - Se) s S' = %ZSZ .
=1

Such an approximation yields

= Eaige _ Pe
kse + kdiff kse + Pe

which is roughly proportional to cell density p. when p. < kg [12]. Thus, at low cell
densities, ¢ is small while at large densities ¢ is near unity.

To completely define our more general Nf-Ns model, we first generalize the
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intracellular network of Garcia-Ojalvo et. al[12]. Instead of a network of K = 3 genes
we consider a general cycle of K = n genes in cell i. We continue to represent each
gene j by two variables X; (representing mRNA concentration) and x; (representing

protein concentration)

.I.'j = —Cj.Tj—l-(I)j(Xj_l) (32)
Xj = bjmj_anj s jzl,,n—]_

The indices are considered modulo n and so z is identified with x,,. Without loss of

generality we assume that the feedback from the autoinducer affects variable x,,

By = —cpmn + Pp(Xnt) L 0(S) (3.3)

X, = byxy, —anX,.

In (3.2)-(3.3), all the constants a;,b;, ¢; are assumed to be positive and I'(.S;) is any
positive, bounded and increasing function of the autoinducer concentration .S; in cell
i. The functions ®;(z) need not be the same but must be positive, bounded and
monotonic. In particular, ®;(z) may be either increasing or decreasing. This should
be contrasted to the model (3.1) where ®;(z) = ®(z) for all j = 1,2,3 and all ®;(z)
were decreasing.

We examine the effect of differing autoinducer feedback mechanisms on the
global dynamics of the quorum. Specifically, we examine the system above, where

the synchronizing signal is placed at a different position in the loop.
_ N
Si = —(kao + 7)Si + kaQ + ”—]\f’ YOS . Qe{XiXe.. Xa)  (34)
i=1

As depicted in Figure 3 there are two feedback loops in the system (3.2)-
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(3.4). The first, internal feedback loop consists of Xi,..., X, and interactions
described in (3.2) and (3.3). The second, quorum sensing feedback loop consists
of X1,Xo,.... X = Q,5;,X,,. The quorum sensing loop couples the cells in the

system together. We now associate a sign to each loop.

X, =

Figure 3.3: A schematic of the Nf-Ns system which generalizes the standard
represillator model. The system has n genes and therefore 2n nodes along the
perimeter cycle, see (2.2)-(2.4). The synchronizing signal Q@ = X} can occur at
different positions in the perimeter cycles. We require that the number of negative
feedbacks along the perimeter cycle is odd (8 = —1) and also that the number of
negative feedbacks along the left loop that includes Q — S — x,, is odd (& = —1).

Definition 3.0.1. Let §; = sgn®;. Let

a:=T11"6;, fB:=1%,0;, where k is the index such that X; = Q.

We say that the internal loop has a negative (positive) feedback if & = —1 (& = 1)

respectively. We say that the coupling loop has a negative (positive) feedback if f = —1
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(B = 1) respectively.

Note that this definition of negative and positive feedback agrees with the
standard definition for cyclic feedback systems [13,14,20]. Theory developed in these
papers shows that negative feedback systems with sufficiently high gain [31,32] admit
a stable periodic orbit, while positive feedback systems do not. Since we are interested
in synchronization of stable oscillations, we will restrict ourselves to @ = —1 i.e. the
case when the internal loop is negative. Clearly, the repressilator studied in [12] falls

into this category.

Definition 3.0.2. We say that the system (3.2)-(3.4) is a negative feedback system

with negative sensing (Nf-Ns system) if @ = —1 and = —1.

Given our preceding definitions, the number of genes n, the monotonicity of
each ®;(z) and the index k defining Q in 2 = X, all affect the parity parameters &
and 3 in Definition 2.1. For instance, in the repressilator model (3.1) one can choose
Qe {X1, Xy, X3} = {A4, B,C} for the feedback to the autoinducer but only for Q = A
is the system Nf-Ns.

Ultimately, we seek to understand the dynamics of N identical Nf-Ns cells. To
be more explicit we let ¢ index each cell. Then, the state of each cell is given by

x; = (28, Xt 2 Xa, ... 2t X S;).
Thus, X ; is the dependent variable for the 5 mRNA in cell i. As was previously

defined, S; is the autoinducer concentration in cell i. With these definitions we may

now state the main result of our paper in the following Theorem.

Theorem 3.0.3. Let (3.2)-(3.4) be an Nf-Ns system with N identical cells. Then
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1. There exists a unique equilibrium E that is symmetric i.e., there exist X'j,fj

and S such that X! = X;, 2% =1;,8; =S foralli=1,...,N.
2. Fquilibrium E can loose stability only through a Hopf bifurcation.

3. There are exactly two such Hopf bifurcations. One depends on the quorum

sensing parameter q. The other does not.

4. A branch of synchronous periodic orbits emerge from the q-dependent Hopf

bifurcation.

5. The q-independent Hopf bifurcation does mot have a branch of synchronous

periodic orbits.

Our results explain and significantly generalize numerical observations reported
in the literature. The system (3.1) with Q@ = A was studied in [12]. In their study,
the quorum sensing index as defined in Definition 3.0.1 is 3 = —1, and they found
only symmetric oscillations in their numerical examinations of the Nf-Ns system.

However, when 2 = B as in [18,33,34], CI promotes the autoinducer and the
quorum sensing index B = 1. The resulting dynamics are significantly different.
The numerical studies demonstrated the existence of synchronous and asynchronous

oscillations as well as the coexistence of stable equilibria and periodic orbits. This

seems to indicate that the systems with negative feedback (& = —1) but a positive
quorum sensing loop (B = 1) are capable of bistable behavior. Later we shall
demonstrate numerically for the repressilator model [12] that when Q = C, the

quorum sensing loop is positive and the system can exhibit bistable behavior.

General Framework

In what follows, we assume cell to cell homogeneity in intracellular dynamics.

Such models can be cast in a simple general framework. To do so recall the state of
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each cell is given by

X’L(t) = (‘rzlv X{v J}'g, Xév s 717;7X;7 S’L) S IRI
where [ = 2n + 1.
In the model (3.1), I = 7, while in other repressilator model studies [ = 3 [37].
But in our general model (3.2)-(3.4) we have [ = 2n + 1 where n is the number of

genes. Then the state of the quorum of N cells is given by

X = (x1,Xs,...,xy)7 € RM

When the inter-cell coupling ¢ = 0, the intracellular chemical kinetics is represented
by

dXi
dt

= f(xi; 1) (3.5)

for some function f and parameters pu. Cell to cell homogeneity is reflected in the
fact f(x) is the same for each cell 7 in (3.5).
For quorum models where auto-inducers sense extracellular averages (¢ # 0) an

additional term needs to be added to (3.5):

= f(xip) + Ox (3.6)
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for some C' € IR™™!. Then the N-cell model is

f(xi;p) + Qx
%:F@mﬁz ﬂm@+gx (3.8)
f(xn;p) + Qx

For appropriately defined f(x;p) and Q, the models in [12,18,33,34] and our general
model (3.2)-(3.4) can all be written as (3.8). The form of (3.8) also results in linearized
systems having a very specialized structure. In general the linearized system about
X(t) is

dz

— = DF(X)z (3.9)

where DF(X) is the Jacobian of F' in (3.8) evaluated at X. For equilibria x =
(X1,Xg,...,Xy)7 is constant and F(x) = 0. And, for the coupling (3.7), we may

represent this Jacobian in the block form

A+ C C C

) c  A+C ... C
DF(X) = | ‘ ‘ (3.10)
C C ... Ay+C

where A; = Df(X;). Further note that when the equilibrium is synchronous, all the X;
are the same, so that A; = A for all i = 1,2,... N. All of these observations are true
regardless of the chemical kinetics imposed via the function f, the number of cells IV,
the number of relevant intracellular concentrations and the number of auto-inducers

which sense extra-cellular averages.
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Stability of Synchronous Equilibria

In this section we derive linear stability criteria for synchronous equilibria X.

The Jacobian of the linearized system (3.9) has the block structure:

A+C C ... C
) cC A+C ... C
DF(x) = (3.11)
| C C ... A+C

where A4,C € IR, Tts spectrum is then determined by the following theorem. Our

proof is similar to the analysis in Pecora and Caroll [25].

Theorem 3.0.4. The characteristic equation of M = DF(X) is
P\ = QMNRN)Yt=0 (3.12)
where Q(A) and R(X\) are the characteristic polynomials of the matrices A+ NC' and

A, respectively.

Proof. We first note that the block symmetric matrix M = DF(X) can be written

compactly as the matrix direct product:

M=I®A+1®C (3.13)

where I € IR™¥ is the identity matrix, 1 € R is the matrix of ones and
A,C € R™. Since the eigenvalues of 1 are N with multiplicity 1, and 0 with
multiplicity N — 1 there exists a diagonalizing matrix S such that 1 = S~ DS where
D = diag(N,0,0,...,0). Next, we define T = S~!' ® I where I, € R™ is the
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identity matrix. Noting that [ is invariant with respect to similarity transformations,

it is readily seen in Lemma 3.0.6 that

M=T"'"MT=IA+DxC .

Given D, the block diagonal matrix M’ has one block A+ NC and N — 1 blocks A.

Therefore,

det(M) = det(A+ NC) det(A)N!

To find the characteristic polynomial P(\) of M one merely replaces A by A — Al to

get

P(X) = det(M — \)
= det(A+ NC — ) det(A— )N !

= Q(\) RN

where Q(A) and R()) are the characteristic polynomials of A+NC and A, respectively.

O

Remark 3.0.5. Our result can be recast as an instance of a Master stability
function [25] which is applicable to any type of symmetric coupling. To see this

we rewrite (3.6) in the form

= g(x;; 1) + Rx (3.14)
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where R is a constant matriz with the block structure

1-N~Cc ¢ ... C
c  (1-N)C .. C
R = _ (3.15)
C C (1- N)C
and
g(xis ) = f(xi5 ) + 2x
with ) )
NC 0 0
0 NC 0
Z:
I 0 0o ... NC’_

While form (3.14) clearly shows that the diagonal x1 = ... = XN is invariant since

Rx = 0 on diagonal, the form (3.6) has an advantage that it moves the quorum

parameter representing cell density q into the coupling term Q. In particular, we can

rewrite the equation (3.4) as

. nq
Si = —ksoSi + kaQi —n(1 —q)Si + N <(1 B g Sj)
J7F

where the first 3 terms are parts of function g(x;) and the last term is part of the

coupling matriz R.

Lemma 3.0.6. Given the definition of M, S and T in Theorem 3.0.4

T'MT=1I1A+DxC .
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Proof. First note that the diagonalizing matrix S of 1 is:

We now use the distributive and mixed-product properties of the Kronecker product

given T = S~ @ Ig:

MT

1

0 0
—1 0
0 -1

I®A+1®C) (S ®Ik)
IA)(S'elx)+1eC) (S ®Ik)
(IS ® (Alg) + (1S Y ® (Clk)

STleA+15teC

In a similar fashion one uses 77! = S ® I to expand

T'MT = (S®Ig)x (ST'@A) +(S®Ik)(1S'®C)=I®A+D®C

Lemma 3.0.7. Let Ao (Ar) be a root of Q(N) (R(N\)) and let vg (vg) be the

corresponding eigenvector of A+ NC (A)

(A + NC)UQ = )\Q?JQ

AUR = )\R’UR.



125

Then

1. the vector vq = (vg,vg, . ..,vg)" where v repeats N times is an eigenvector of

(3.11) with eigenvalue \g.

2. the vector vg := (Vg,Vr,...,vg)] where v repeats N times is NOT an

eigenvector of (3.11) with eigenvalue \g.

Proof. Result (1) follows directly by multiplying DF(z)vq with DF(Z) defined in
(3.11).

To show (2) observe first that

DF(Z)vg = (v,v,...,u)’  where u = Agvg+ NCug.

Note that if we show that vg & C, then vg is not an eigenvector of DF'(Z), which is
the statement (2).

We will now show that vg € C'. Since C' has the unique non-zero element in the
lower right corner, this is equivalent to show that the last component of vg is non
zero [vg|ans1 # 0.

Assume, by contradiction, that [vg]e,+1 = 0. We show that if (A — Agl)vg =0
and [vg]onr1 = 0, then vg = 0. Since vg is perpendicular to the last row of A, and
this row has only two nonzero elements in column 2K and the last column 2n + 1,
our assumption [vg]z,+1 = 0 implies [vg]oxr = 0. Next, consider the 2K-th row of
A which is also perpendicular to vy and has only two non-zero entries in columns
2K — 1 and 2K. Then [vg]ox = 0 implies [vg|ox—1 = 0. Realizing that each row of
A, except the row 2n — 1, has two entries, the same argument sequentially establishes

that [vg]; = 0 for all i. 0
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Remark 3.0.8. The first result of Lemma 3.0.7 implies that the eigenspace at the
Hopf bifurcation at \g = iw s invariant under symmetry group Sy generated by
relabelling of the oscillators. By the equivariant Hopf bifurcation theory [16, 28], for
every isotropy subgroup X C Sy x St with a two dimensional fived point space, there
will be a small amplitude periodic orbit emanating from the equilibrium having ¥ as
their group of symmetries. Since the two dimensional real eigenspace corresponding
to A\g = ww is invariant under Sy x {1}, this theory guarantees existence of a branch
of synchronous oscillations. Which of these branches of periodic orbits will be stable
depends on delicate analysis of higher order terms of the nonlinearities, see [8].

On the other hand, the second result of Lemma 3.0.7 implies that the loss of
stability of synchronous equilibrium through Hopf bifurcations where A\g = iw is a root
of R(\) will lead to oscillations which will not be synchronous since the eigenspace at
the Hopf bifurcation is not not invariant under Sy symmetry. In this case different

cells will oscillate with either different amplitudes, or different phases.

At this point we may make one very important observation. The stability of any
synchronous equilibria is independent of the number of cells N. If the autoinducer
sensing terms contain only average terms such as % ZZ]\LI S; then it is not hard to see,
given how C' is defined, that neither A+ NC nor A depend on N. Consequently, for
models defined by (3.6), the stability of synchronous states and the possible emergence

of oscillatory solutions from them have nothing to do with the number of cells.
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Nf-Ns Model

We now focus on the Nf-Ns model where @ = f = —1 in Definition 3.0.1. Again,

the state variable for cell 7 is

X; = <x17X17x27X27 cee 75Un7Xn7 S’L)

A superscript is used to index the cell while subscripts index the gene number. These
conventions will be retained in subsequent calculations. Also, lowercase x denote the
mRNA, uppercase X denote proteins and S the autoinducer. Then, the quorum state
X = (x1,X2,...,xy)" € R®*DY and the model (3.2)-(3.4) can be written in the

compact form
dx
— = F(x; 3.16
= = Flxp) (3.16)
for an appropriately defined F'.

Again, by convention we will let overbars denote equilibria as in F'(X) = 0 where

X = (X,%o,...,%xy5)7T.

Our ultimate goal is to understand how and under what
circumstances synchronous oscillations might emerge in the genetic network.
In the next section, we prove the Nf-Ns model has a sole (synchronous) equilibria

which can be parametrized explicitly in terms of the equilibrium value of x,.

Afterwards we prove such equilibria can only destabilize via Hopf bifurcations.

Existence and Uniqueness of Synchronized Equilibrium

In this section we show the only positive equilibria of the system (3.2)-(3.4) are

synchronous:

ii:(‘T:laXlaxZaX%--'7xn7XTL7S) ’ V’LIl,Q,N <317)
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for some positive x1, X1, 22, Xo,...,2,, X, and S.

Theorem 3.0.9. Suppose ®;(z) are monotonic for j = 1,2,...n and that I'(z) is
monotonically increasing. Further suppose there exists constants a, ki and Ko such

that
i) ®;(2) >0, ®;(0) >a>0 and ®;(z) < Ky for all z>0 forall j =1,2,...n.
ii) T'(z) >0 for z >0 and I'(z) < ky for all z >0

then (3.2)-(3.4) has a unique positive equilibria X which is synchronous.

Proof. From the form of the equations (3.2)-(3.4) it is evident that

. b;: .
X;——][E;
a;
and
7 ]' 7
x :_(I)j(Xjfl)
Cj
Let
Wy(2) = y(2)
z) = ——®,(z
J asc; j
Then

X;: - \IJJ‘(X;—Q-

Using this we observe that we can write for all ¢

_ b,
X’Zi_ = \Ijk @) \Ilk—l o \Ill(&—xn) = H(.Tn)

n

. b,
XZLfl - \Iln—l o \I/n—Q © \Ijl(a_xn) = G(xn> (318)

n
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Next note S; = 0 implies

where the i-independent average 2 in (3.19) is:

XN
S= 2 S;
Solving for S; we find

where the parameters defining S; are both positive and do not depend on i:

k1 Yo = nq
’ 77—+_I€SO

71:77+k50

Collectively, using the equation

0=i' = —cpr’ + &, (X ) +T(S))

and plugging in expressions from (3.18) we find that all 2! must be roots of the same

function:

F(z) = 9,(G(x)) + T'(mH(x) +7S) — cp.

We now show F(x) has a sole root for each S > 0 in which case all 2!, equal the

same root x, and all equilibria of (3.1) are synchronous. First we note that because

2When the equilibria % is synchronous, S; = S for all i
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of the assumptions of nonnegativity, for all S > 0 we have
F(0) = ,(G(0)) + T'(v1H(0) + 705) = L(705) > 0.
Then since

lim (®,(G(z)) + D(mH () +7%S) — cpr) < im Ky + Ko — ¢

T—00 T—00

it is apparent F'(x) < 0 for z sufficiently large. Thus F(z) has a root. This root is
unique since F' is a monotonically decreasing function.

To see this we first observe that the sign of the derivative

d n / -
sgn %(QJn(G(x)) =2, @ = a.

Similarly, the sign of the derivative of the second term

d d _
sgn — (D(yH(z) +7S5)) = sgn Msgn %H(aﬁ) =p

since sgn I'" = 1 by assumption. Since in Nf-Ns systems both @ = § = —1, F(x) is

decreasing and has a sole positive root for each S > 0. a
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Equilibria Destabilization for a General Case

Given Theorem 3.0.4 the stability of x will depend only on the spectra of A and

A+ NC, which differ only in the lower right single element. We define

[ e, 0 0 0 0 ... ®(x,) 0 _
by —a; 0 0 0 .. 0 0
0 Dh(x1) —co 0 0 ... 0 0
0 0 by —as 0 ... 0 0
Ac = 0 0 0  Dy(xy) —cz ... 0 0 (3.21)
0 0 0 @ (rp1) —cn 0 IV(S)
0 0 0 0 0 —a, 0
0 ka 0 0 0 0 —C

whose characteristic polynomial is

P\ =det(Ac—N) . (>0,

In matrix A, we placed kg in the second column - this correspond to k = 1 where
variable X7 is involved in the quorum sensing feedback loop. For general k£ the number
ks; will be in the column 2k.

Then if we define

G=ko+(1—0q)n ) Go=Fks+1n
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the respective characteristic polynomials of A + NC' and A in Theorem 3.0.4 are:

Q\) = Py(A)
R<>‘) = PCQ()\)

where (; < (3 and only Q(\) depends on the quorum sensing parameter g. It therefore
suffices to examine roots of the polynomial P(\).

The sparsity of A; helps in the computation of Pr(\). We let M, ; be the sub-
matrix obtained by deleting the i row and j column of Ay = A; — AI. Then the

Laplace expansion of A, about the last row yields:

Pe=—(A+C) |[Mayq1241] — kst [ Moy 2k

where k is the index of the variable X} which is involved in quorum sensing loop.
We first indicate computation of |Ma41941]. This minor has elements only on
the two diagonals of the matrix: the main diagonal, and the lower diagonal, into which
we include the element ®}(z,) in the upper right corner of My 41 941. This structure
implies that there are exactly two nonzero products in the determinant calculation

that multiply elements along these two diagonals. Therefore

|M2l+1,2l+1| = H?:1(_Ci —A)(—a; — A) — H?:lbimlzlq’;

= I (64 A)a A - alT b, @) (3.22)

where in the last equality we used definition of a.
The calculation of the term |May419x| is more involved since we will need to
discuss its dependence on k. We perform the calculation on the matrix (3.21) where

k = 1; we then make few remark on the general case. Note that there is unique nonzero
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element in the second row of My 2; SO every nonzero term in the determinant must
contain the entry b;. Expanding around pivot b; in turn forces selection of ®(z,) as
the next pivot in the first row.

For general k, an analogous process forces selection of (in order)

/ / /
bk7 (I)kfla bk—17 k717"'7bla (I)l'

After this backward sweep, we go back to the example (3.21) and expand the matrix
forward along the diagonal from column 2. In the row 3 we need to expand around
(—co — A), which then forces (—ay — A). It follows that in order to get a nonzero

product we need to expand along the diagonal elements

(—ca —N),(—ag = A),...(—cpo1 — N), (—a_1 — ).

However, the only nonzero element in the last column of My 5 is IV(S). Therefore,
in order to ensure nonzero product in the determinant we need to pivot on I''(S) and,
finally, include b,,.

Therefore, for general k we have

[ Marir6] = T'(S)bn (IS (=i = A)(—a; — A)) T il @

= T'(S)by (75} (ci 4+ A)(a; + A)) ITE b, 110 @ (3.23)

(2

Note that since

& = sgnlli_, @ = sgn(I[2) DT, @) = sgn(I[Z) ;)
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and @ = B = —1 in the Nf-Ns case, we have

el > 1.

Using these results we compute P(\) = —F:(\)

PA) = A+ QI (e + N(a; + A) + pr(A+ ) + po (75 (e 4+ M) (a: +A)) - (3.24)

where

pr = —alLL bl &3] > 0

pr = PLkal’(S)b,IIE b1 @k TV(S) > 0

Note we negated P, to remove several minus signs. Again, all parameters are positive.
Importantly, this implies

PA) >0 , VYA>0

for all positive model parameters p. This means that regardless of parameter values
i, the Jacobian DF(X) can not have positive real eigenvalues . Consequently,
destabilization of equilibria can occur only as a result of a Hopf bifurcation. In
so much as we are interested in the emergence of oscillations we next seek to locate
such Hopf points.

We rewrite (3.24) in the following way

P(A) = (A+O"(A) + pi] + p2p* (V) (3.25)

where

p*(A) =12 (e + A)(ai + A).
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To find Hopf point loci, we exploit the fact that P(\) defined in (3.25) depends

linearly on p; and py. At Hopf points A = iy, y € IR so the two equations

Re (P(iy)) = Pi(y,p1,p2) =0 (3.26)

Im (P(iy)) = Pay,pr1,p2) =0 (3.27)

represent a solvable linear system whose solution (py, p2) is parametrized by the local

frequency y.

Synchronous Osciallations - B

& s .
4t i
3 L =
Stable Sync. Equilbria
2 L ,
1 L .
0 | | | | L | |
0 0.5 1 1.5 2 2.5 3 3.5 4

Figure 3.4: Shows the loci of Hopf curves H Bof the repressilator model [12] derived
by solving the system (3.26)-(3.27) for ( = (;,i = 1,2. The blue HB; curve is the
locus of Hopf points that depend on the quorum sensing parameter ¢. In contrast,
the red H B, curve is the locus of Hopf points that do not depend on ¢. Above H B,
the sole (synchronous) equilibria is unstable (shaded region). For (pi, p2) below this
curve, the sole equilibria is stable. Parameter values needed to compute Hopf curves
are (53, kso, ks1,m,q) = (1,1,0.01,2,0.2).

We demonstrate this procedure for finding Hopf loci on the Garcia-Ojalvo et

al. represillator model [12] which belongs to the Nf-Ns class of models. The results
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of these calculations are used in Figure 4 to plot the two Hopf Loci curves defined
by ¢ = (;,i = 1,2. In addition to these two curves (3.26)-(3.27) was solved using
A = x + 1y for various positive x values. Such curves correspond to locations within
the (p1, p2)-plane where the sole equilibria are unstable (shaded region). For the

parameters used in Figure 4 we observe:

e Only the Hopf locus H B; separates regions of equilibria stability. Moreover,
only this curve depends explicitly on ¢ through {; = kg + (1 — q¢)n. The
destabilization of the equilibria at H By occurs at smaller p; values than those
on HBj as py is increased (k = 1,2). Thus, in this sense and this case, the
quorum sensing mechanism causes an early onset of system oscillations (H By

and H B, coincide when ¢ = 0).

o The Hopf locus HB; corresponds to roots of polynomial (Q(\) which by
Remark 3.0.8 corresponds to birth of synchronous oscillations i.e oscillations

that are identical in each cell.

We conclude this section by noting the emergence of Hopf points in other model
parameters can also be found but must be located numerically. One such result is
shown in Figure 5. Two analogous curves for H By and H By are shown in the («, 3)-
plane. In the inlay, a bifurcation diagram of the A; component versus « for § =1
and N = 2 cells is shown. The emergence of periodic orbits (and their stability) is
clearly evident. Lastly, note that for each o the model has at most one (synchronous)
attractor. As a reminder it is for this reason we refer to this class of models as

monostable.
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Figure 3.5: Shows Hopf Bifurcation loci in an N = 2 cell model. The criticality of

the Hopf bifurcations is indicated in the inlay for § = 1. For all o shown the model is

monostable. Parameter values used were (n, m, k, ks, 1, ks1,q) = (2,1,25,1,2,0.01,1)

Bistable Models

In this section we analyze the effects of different positive feedback mechanisms
for the quorum sensing. When the system is not Nf-Ns, multiple equilibria are possible
and the dynamics can be much more complicated. We illustrate such possibilities on
two simple variants (see Figure 3.1) of the repressilator model (3.1) of Ojalvo [12].
In the original model [12], tetR (2 = A) provided positive feedback. Alternately,
in [18,33,34] it was assumed cl provided the feedback (€2 = B). In this case, the sole

change to the model was the second term of the auto-inducer equation. For clarity,
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these two models are defined by

a = —a; + () (tetR)
A = —BA + Ba (TetR)
by = —b; + P(4)) (cI)
(3.28)
Bz — _ﬁBz + Bbz (CI)
C; = —BC; + B (Lacl)
where, when 2 = B, the autoinducer equation is
: n4q a
= —(k i+ ka B + — s 2
Si = —(keo +1)S; + ko +N;S (3.29)
When €2 = C, the autoinducer equation is:
: n4q =
Si = =(kao +m)S; + ka Ci + ; S; (3.30)

Note that we use the lower case variable names a;, b;, ¢; in (3.28) for time dependent
protein concentrations. This should not be confused with the use of the same letters
as parameter names in the generalized Nf-Ns models.

At least for (3.29), such minor differences were shown to profoundly change
the behavior of the network. Here we seek a unified theory to provide a partial
explanation of such differences. Firstly we use the same procedure outlined in
Section 3 to determine equilibria values. Regardless of whether A, B or C provides
positive feedback

a; = P(¢;) b = ®*(cy)
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Then, at equilibrium,

Si = m®(a) + %S
Si = m®*(c;) + 7S

Si = mc+%S

in which case ¢; must be the a root of (respectively)

F,(c) = ®*@)+T(m®(c) +795) —c¢
Fy(c) = ®3(c) +T(m®*(c) +79) — ¢
F.c) = 9*(c)+D(nc+7S) —c

(3.31)
(3.32)

(3.33)

(3.34)
(3.35)

(3.36)

In all three cases ®3(c) — ¢ is an initially (strictly) positive decreasing function which

is negative for all ¢ sufficiently large. Thus the monotonicity properties of F, are

relegated to those of the second (middle) term of F,. In Theorem 3.0.9 we proved

F!(c) < 0 for all ¢, a fact which depended on the argument of I' being a decreasing

function of ¢. As a consequence, F, had a sole root and only synchronous equilibria

were possible. Synchronous equilibria are also possible in the other cases.

equilibria have S; = S for all ¢ where from (5.4)-(5.9) we deduce

S = 7P(c¢)
S = ~®*(c)
S = e
where
1
f)/z

I—7%

Such
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and c is any root of

F,(c) = ®*@c)+T(y®(c)) —c
Fy(c) = @%(c) +T(v9%(c)) — ¢

F.(c) = ®*c)+T(yc)—c

respectively. In Figure 6 we show graphs of Fy(c) and F.(c) for various S values
demonstrating bistability is possible for both mechanisms. In both cases, F,(¢; S) =0

for three distinct roots

c=a(S),e(S),e(S) . Se(S.,Sy)

The red curves in Figure 6 show the saddle node bifurcations of F(¢; S) = 0, namely
S =S_and S = S;. Ounly for S € (S_,5;) can F,(¢;S) = 0 have three roots.

Consequently, the associated systems have three synchronous equilibria ¢; = ¢(S5),

kE=1,23.
Additional asynchronous equilibria may exist but they must satisfy a consistency
condition. To define this condition we note system equilibrium are uniquely

determined by:

C = (Cmy (5),Cmy (), ... Cmpy (9)) , my € {1,2,3}

For this illustration we consider the case where C' provides the positive feedback to

the autoinducer so that S; satisfy (3.30). Then, adding (3.33) in 7 = 1,2,--- N and
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Figure 3.6: Shows plots of Fy(c; S) (left) and F.(c;.S) (right) for various values of au-
toinducer concentration S. In both cases, saddle-node bifurcations are evident (red).
For S € (S_, S, ), both functions have three roots. Otherwise, Fj, and F, have single
roots. Parameter values the B-feedback in a) were u = («, 5, K, n,m, ks, ks1,m,q) =
(216,0.1,25,2.6,1,1,0.01,2,0.3). For C-feedback the parameter values were p =
(e, B, kym,m, ks, ks1,1,q) = (216, 1.0,55,2.6,2,15,0.6,2,0.4)

dividing by the number of cells N we find S must be equal to the average
Ny _
S:"}/ - 01<S)+— C2(5)+— C3(S) EA(Nl,Ng,N3)<S> (337)

where Ny is the number of components with ¢ (S). Alternately, if B provides the

autoinducer feedback, averaging (3.32) yields the consistency condition

Ny Ns

5= (5 #@(s)+ 3 # @) + 5 2 @) = Avan() (339

In Figure 7 we show a plot of A(S) versus S for N = 3 cells and all permutations
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Figure 3.7: Asynchronous equilibria with B feedback. Shows a plot of A(S) for all
different (N7, N2, N3) values versus S (straight line). The S values at intersection
points are the only S values possible for (all) equilibria.

of (N1, Na, N3). Since B provides the autoinducer feedback, the consistency condition
(3.38) defines A(S). Then, each intersection point in Figure 6 corresponds to a value
of S at which the system has an equilibria. Recalling S is the average autoinducer
concentration at equilibria, the individual cell equilibria values S; are most generally
not the same. Intersections above with the bold lines indicate the three possible
synchronous equilibria. All others are asynchronous. We see in Figure 7 that many
of these (dashed lines) also undergo saddle node bifurcations. Regardless, given
(3.38), the S values of all intersection points lie within (S_,S;). Additional Hopf

bifurcations which emerge from these new equilibria must also occur for S within this
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same interval. It is therefore of great interest to understand when such intervals exist

and how broad they are.

300 - - . . .

250

200

S 150

100

50

0 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2

Figure 3.8: Numerical continuation of the interval (S_,S,) illustrated in Figure 3.8.
As the parameter « is decreased the interval disappears in a cusp bifurcation when
S_ = 5,. At low « the system is monostable. Parameter values for the computations
were (1 = (a, 3, k,n, m, kso, ks1,7,q) = (%,0.1,25,2.6,1,1,0.01,2,0.3).
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In Figure 8 we show the numerical continuation of the interval I = (S_, S5, ) as
a function of the activation parameter o. The interval width decreases with o and
ultimately disappears in a cusp bifurcation at o = a*. Consequently, the system
becomes monostable for o < a*. For a > a* there are a multitude of asynchronous
equilibria as predicted in Figure 7. One example showing this is presented in Figure 9
where model parameter values are set to those in Figure 7 while varying the quorum
sensing parameter ¢q. Even though the number of cells N = 3 is small there are
numerous stable and unstable branches of equilibria, as well as saddle node and Hopf

bifurcations. Numerical studies show such bifurcation diagrams to be typical of the

bistable B feedback variant (Koseska et. al. [18]).

250

14

Figure 3.9: B, versus quorum sensing parameter ¢ for a > a* value where multi-
stability is possible. Multiple stable (solid) and unstable (dashed) equilibria branches
are shown. Saddle node (squares) and Hopf bifurcation (circles) points are numerous
even in this N = 3 cell computation.
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Conclusion

The major contribution of this paper is development of mathematical theory
that starts to explain why there are substantial differences in global behavior of
diffusively coupled cyclic feedback systems. We define Nf-Ns (negative feedback,
negative sensing) systems where the global behavior is characterized by a unique
(synchronous) equilibrium which can destabilize only via a Hopf Bifurcation. These
results apply to models with n genes and do not depend on the number of cells N in
the quorum. Moreover, since the Garcia-Ojalvo et. al. [12] repressilator model with
quorum sensing is an Nf-Ns system, the same results hold true for it.

The proof of the stability of equilibria in such systems relied heavily on Theorem
3.1 which effectively block diagonalizes the Jacobian. In Theorem 3.1 the associated
characteristic polynomial P(\) = Q(A\)R(A\)N¥~! > 0 hence the (unique) synchronous
equilibria can destabilize only via a Hopf bifurcation. The polynomial Q(\) depends
on the quorum sensing parameter ¢ whereas R(A) does not. The (sole) imaginary
roots of these polynomials characterize two fundamentally different types of Hopf
bifurcations. Using symmetry arguments we show that only from one of these, called
H By, can a branch of synchronous oscillations emerge.

Our analysis also leads to a new method of numerically computing Hopf
bifurcation branches in such models. We applied this method to locate these branches
for a coupled repressilator model [12], which is one particular example an Nf-Ns
system.

In Figure 4, the loci for the Hopf bifurcations in the (py, p2)-parameter space was
found for the Garcia-Ojalvo et. al. [12] model. There the Hopf branch H B, divides
the space into two regions, one where only the synchronous equilibria is stable and one

where only the emergent oscillations are stable. Thus, the system is only monostable.
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We also note that the Hopf locus H B; separating different regions of stability ® was
the only branch whose position in the parameter space depends on the quorum sensing
parameter ¢ and the emergent periodic orbits represent synchronous oscillations.

In Section 3 we examined K = 3 variants of [12] with Q@ = B and Q = C
providing feedback to the autoinducer. As these variants were not Nf-Ns systems,
multiple equilibria are possible. For both variants, the existence of system equilibria
reduced to finding roots of a scalar function F,.. For some parameter values F,(S) had
a cubic shape allowing for multiple equilibria. This is clearly evident in Figure 6a)-b)
where multiple roots exist only for S € (S_,S,) where S is the average autoinducer
concentration S. Individual system equilibria are neatly portrayed in Figure 7 as
intersection points. Such points yield the S values where equilibria must satisfy
respective consistency conditions.

Though no analytical results for equilibria stability were presented, subsequent
numerical results in Figure 8 indicate that two or more such equilibria can be stable
and coexist. It is for this reason such systems are referred to as bistable. In reality
such systems are multi-stable and can have a plethora of Hopf and saddle node
bifurcations as well as synchronous and asynchronous equilibria. In these cases the
global dynamics are extremely complicated and have numerous different (asymmetric)
stable solutions. These are hard to categorize since their basins of attraction are not
known apriori (see Ulner et. al. [34] and Koseska et. al. [18] for a couple of examples
of studies in this regard). We should stress that such systems are also subject to
threshold behavior, as with other bistable systems. For instance, in Figure 8 we
demonstrate that interval (S_,S;) of S for which the system has multiple equilibria
disappears in a cusp bifurcation at a = o*. For a < a* the system is monostable and

complex system dynamics can therefore exist only if a > o*.

3of equilibria and periodic orbits
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It remains an open question as to why there is such a fundamental difference in
the behavior of Nf-Ns and Nf-Ps systems, i.e., those where the diffusive coupling is
mediated through a positive loop. This paper presents an extension of work done more
than two decades ago that characterized global dynamics of both positive and negative
feedback systems [13,14,20]. While the numerical results suggest that the complete
characterization of the global dynamics of Nf-Ps systems may not be possible, our
results on monostability of Nf-Ns systems represents a first step in characterization

of global dynamics of these systems.
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APPENDIX A

DERIVATION OF LIMITING EQUATION
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In this section of the Appendix, we seek to establish the limiting equations from
Remark 2.0.35, seen in (2.41)—(2.42).

We provide some work here for the two-community case, but we will note that

it extends in an obvious way to three or more communities. First, by definition of m;

dml- . 1 dl’j
dt n; 2,0, dt
1 a T
— Tk
= Nn, Z (ZeNijﬂ% $k|)m)
Z:EjECi k=1

For a particular i, we split the inner sum into two components; the first is the sum
over indices belonging to C;, whereas the second is the sum over all other indices —

the ones not belonging to C;. With two communities, this yields

dmy 1

- - E (s — Tk

dt Nny = ( eni (|2; $k|) T — T
T; 1

X
+z%wmm%—g,

:CkEC1 | J ’ Z‘kECQ | $k|
dm 1 x
e s 3 (3wl B X e - )
7’L2 ijCQ xk€C1 $k Z‘kECQ ] .Tk

Next, we offer a remark that simplifies this sum a bit.

Remark A.0.1. For each community C; and an undirected graph (enj), it is the

case that

Z Z enjiuF'(|z; — xk|)’ | =0,

T eC; xeC;

so that

dt ~ Nn Z Z enjel (|2 = x’f‘)‘ T |
¢ :L‘jEC»; 2, ¢C; k

To see the first point, define (for fixed N) a function G : Z N ([1, N] x [1, N]) —

G, k) = enjiF (| — ) 22—t (A1)

].7: — x|
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The arguments of the function G(j, k) are skew symmetric, in the sense that G(k, j)
is the negative of G(j, k), as

Tp — T —(r;—x
LT o Flla — o) S )

G(k,j) = eng F(|op — x5) =—-G(j, k),

|21, — 4] |zj — ]

where equality of the eyy; and eyj arises due to the underlying network being
undirected, and thus the graph being symmetric (E7 = E). Hence the sum in the

remark can be rewritten as

YN GGR =D GG+ D, Gk +Gk.j).

z;€C; xp€C; z;€C; xz;,2,€C;,j#k

Clearly, both terms are zero — the second due to the above fact. The conclusion in
the Remark follows immediately.

First, as is most relevant to the system (2.7) used in the first chapter of this
dissertation, we present arguments for the limiting system when its dimension is
d = 1. To do this, suppose we have x; € C; for some 7,j. For all such & so that
zy ¢ Cy, let us additionally suppose that |z; — 2| > (14 k)~! for all time ¢. In this

event, for all &

W (1= (z; — > T,
Glj, k) = e ( (zj — x1)) Lj = Tk

enjk ((vp —x5) = 1)+ x5 < 2%

Now, for fixed

Y GU.k) = (N = ny)meany, (G(j, k) — (N — n,)E(G(j. k)

zpgC;

by the Law of Large Numbers as N — 0o. Since the ey, are generated independently
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of the value of F', we have
. v
E(G( k) = E(enj) E (F(’%' - xk!)#)
j — T
= pE (F(z; — xx))

= pF (E(z; — zx)) = p (1 = (z; = E(z1))),

assuming (without loss of generality) that z;—x;, > (1+k)~' > 0, where the equalities
in the last line come from linearity of the expected value.

Let us now suppose we have a simple two-community system, with n; particles
in the first community and n, particles in the second community. Assume also that

for all z; € Oy, xy, € Cy, we have x, — z; > (1+ £)~'. Then

dmes 1
— ~ 1—(z; — E
at "~ Ny ijECQ (mp(1 = (25 — Ecya)))
nip np

~ B (1~ (B (2) — By (1)) = 22 (1= (my — )

Conversely, m; differs by a minus sign and a coefficient of nop/N rather than nyp/N.
Often we imagine each community’s relative size as fixed in the limit N — oo; if both
communities are equivalently sized, then these coefficients are +1/2, respectively.

Note that this work can be generalized to R?, for d > 2. If we let
z
®(z) =F(|Zl)m, (A.2)
we then would like to expand (A.2) about m; — my. As before, we typically assume
the absolute value of this difference is large enough so that it exceeds the overlap

region in the domain of F(r). That is, we assume |m; — ma| > L;Z For d = 2 below,

we let appropriate superscripts denote the components of ® and z, and M, and M,
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denote the first and second components of M = m; — my, respectively.

(e ) ),
(e ) -,

Though considerably less concise than our usage in Equations (2.41)—(2.42),
this offers similar value to the system for d = 2 and, more broadly, analogs for
d > 2. We note that in higher dimensions, for which many-clustered stable states
are prevalent, we may desire an approximation of Equation (2.7) with more than two
clusters. We suggest, though it is beyond the scope of our work here, that this can be
accomplished by decomposing the interaction terms of this equation by community,
and then expanding each about m; — m;, for an appropriate community index ¢ and

7, respectively.
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APPENDIX B

COMPUTATION OF CLOSED-FORM SOLUTION FOR M;, T = 1,2.
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In this section of the Appendix, we seek to establish an explicit solution for the
limiting equations of Remark 2.0.35.

Here, we consider the equations (2.41)—(2.42):

dm n

T A ma)),
dm n
-

Note that this is a linear, first-order system in m = (my, my)’. We rewrite the above

in the form m = Am + f:

dmi

nap
N N N
— = m +
dt nip  _mp nip
N N N

We set the characteristic equation |A — AI| = 0 and solve for A to find the
eigenvalues A\; = 0, Ao = —p(ny + ny)/N = —p. Then, we find our eigenvectors by
determining the nullspaces of A — A1 and A — A\o1, respectively:

1 —n2/n1

1 1

Our homogeneous solution is thus my,, = CjeMix; +Cye??!x, for arbitrary constants
C;. To find our particular solution, we substitute a constant vector into the system

to determine

0
1

Mpary =

Combining these into a general solution, we have
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As a result, it is the case that

Vm@%ﬂ%ﬁﬂzl+@em(%&&):1+em<N@)_
1

ny

If we initialize 1, and 7y at a separation of S, this implies Cy = (S — 1)ny /N, which
forces the difference between approximate centers of mass to be 1+e77*(S—1). Hence,

|ma(t) — ma(t)| = 1 + € where
e (S—1)=e
Equivalently, this is satisfied for

t:—m<si1)m.

Again, we stress that € € (0, S — 1] is the separation tolerance — how close we desire to

get to a difference between centers of mass of 1, S € (1,00) is the initial separation,

and p € (0, 1] is the outer connection probability between communities.
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APPENDIX C

COMMUNITIES OF DIFFERENT SIZE
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Throughout this work, we have generally assumed all communities are sized
equivalently; this was indeed a simplifying assumption. Even with the bare minimum
of two communities, allowing each community’s size to vary independently is like
adding another parameter v = |C}]/|Cs| (the community-to-community size ratio)
to the system. Still, to cover all our bases, we offer a brief look into how varying
community sizes may affect the dynamics of the system (2.7).

To do this, as a heuristic we consider the motion of a single particle p. This p
is subject to an average of forces, generated from its interactions with the system’s
many other particles, stemming from each cluster’s center of mass, and weighted by
the number of particles at the cluster. As such, the direct impact of increasing the
proportion of our particles at one cluster location, thereby decreasing the proportion
of system particles at the second, is to increase the relative strength of the force felt
from the first cluster while diminishing the force felt from the second. This occurs
because the averaging that occurs in (2.7) will more heavily weight particles in the
first location. Hence, an increase in the ratio 7 increases the repulsion exhibited
by the kernel F' over short distances and decreases the repulsive force over long
distances, provided the particle is immediately adjacent to the first cluster to begin
with. Provided this shift in the balance of first and second cluster forces eventually
results in the first dominating, it is thus clear that this secular increase in community
size can only drive the system away from stability.

We illustrate this point with a simple example; we take both inner and outer
connection probabilities to be 1 (yielding the system in which every particle interacts
with every other particle) and x = 1/2. We allow ~, the first-to-second-community
size ratio, to vary between 1 (communities of the same size) and 10 while holding
N = 200 fixed. Clearly, the proportion of system particles in the first and second

community, for a given -, must satisfy
¥ 1

n=—, Tog=—7.
P+l 2Tyl
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As 7;N for i = 1,2 need not be an integer, there is some imprecision here. However,
we conclude it is negligible; the smallest value of 7; is attained when v = 10. Here,
75 = 1/11, and rounding in either direction so that we achieve an integer value of
particles leads to an effective proportion of either 0.09 or 0.095 — both rather close
to 1/11 = .0909.... The relative error here would of course decrease as N — oo.
Finally, we run the system until we determine it has converged and record the ultimate
separation between each community’s centers of mass, providing us with valuable
information on the degree of mixing that has taken place. We present the data

below.

1 Gesmememn O data
—"equal clusters" sorting
"1/k multiple" sorting

final A,, value

2 4 6 8 10
5
Figure C.1: A plot of community 1 to community 2 size ratio () against the difference
in centers of mass at large ¢ (Amgpa) with two approximation schemes. All-to-
all connections were used for the network structure; that is, £ = 1yy. Initial
conditions were a small uniform noise profile atop the point-source initial conditions
with community 1 being placed at *+ = —100 and community 2 being placed at
x = 100; results for each data point were averaged over 100 such initializations.

Repulsion parameter k = 1/2.

As seen here, the unmixed two-cluster state appears stable up to the precise
threshold of v = 2. This occurs when the size of the first community is two times
the size of the other community. The location of this “bifurcation” is as we might
expect: the stable state can only destabilize if the repulsive small-r force overwhelms
the repulsive large-r force. As each particle p is connected to every member of both

clusters, the bifurcation we are referring to here occurs when the cluster-to-cluster



164

size ratio exceeds + (in this case, 2).

After this point, we surmise the clusters equalize their masses as t — oo. This
seems to, in practice, imply the larger cluster sheds particles to the smaller cluster
until the two are equivalent; this is because (from the perspective of a particle near
the larger cluster), the repulsive force of the larger cluster overpowers the repulsive
force felt from the smaller cluster — at least assuming the particle is fully connected
to both.

Hence, if we have 73 = /(7 + 1) of the total system particles at the first cluster
location and 7, = 1/(y + 1) at the second, we seek «, a proportion of total system
particles to subtract from cluster 1 and add to cluster 2. Clearly, a must satisfy the
following equation to bring the clusters into equilibrium:

ol 1

ﬁ—a:ﬁ—l—a.

Solving for «, we find a shift of particles from the first to second cluster of a@ =
(v —1)/(2y + 2) is necessary.

If the aforementioned assumption holds, our next question is perhaps “how does
this affect the center of mass separation, |mi(t) — ma(t)|, as t — co?” Without loss
of generality, we assume the first and second cluster locations are at x = 0 and x = 1,
respectively. Correspondingly,

. a(y+1 .
P12 = ¥ ;P2 =1,
Y
are the proportions of particles belonging to community 1 and community 2 at the

second cluster location (respectively). As such, m; — P12 and mg — pog = 1. We

find that
-1 _ ~v+1

(1) = (1) = 1= = >

after some simplification, denoting this quantity Amgu,.. As we take v € [1,00)

(v = 1/2, for instance, is equivalent to v = 2 with a relabeling of communities 1 and
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2), the quantity Amgy,, is monotone decreasing over its domain, attaining a maximum
of 1 at v = 1 — same-size communities — and tending to 1/2 as 7 — oo, that is when
the second community becomes vanishingly small relative to the first community.

Upon reflection, it might seem like the more logical assumption is that the larger
community bleeds particles until a |C}|/|Cs| size ratio of 1/k is met. This is indeed
because the maximum ‘load” the larger cluster can bear is that of 1/ the particles of
the smaller community. For instance, if kK = 1/2, then short-distance repulsive forces
from F' are half as strong as long-distance repulsive forces. As the motion of each
particle is a simple average of all individual forces, then the first community retains
and gains stability by shedding as many particles as it needs to — in the latter case,
up to a ratio of 1/k.

If we carry out the same process as before to find Amg,. we will instead set

v/(y+ 1) + a equal to 1/k times (1/(y + 1) + «). This leads to

vk —1
(v+1)(k+1)

which yields

1 1<y <o,
Arrnﬁnal = (1) 1
v(Kk+1) > K

Note that the first piece of this equation arises from the observation that the first
community need not lose any particles if v < 1/k.  We plot this relationship (solid
line) in the same figure. Of the two schemes — which we denote as “equal clusters”
sorting and “1/k multiple” sorting — only the latter captures the threshold between
stability of the unmixed state and instability thereof (evidenced by the difference
between centers of mass remaining at 1 until v = 1/k). However, after this point it
is woefully inadequate, appearing to capture the rate of change in Amg,. well for ~

large but not its magnitude. Of course, under this assumption

1
lim Amgny = ——,
~—00 final k+1
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which is equivalent to 2/3 if k = 1/2. Conversely, while the “equal clusters”
assumption implicitly posits the unmixed two-cluster state as never attractive when
v # 1 (which is obviously not the case here), within some error it captures the rate of
change in Amg,, and remains close to these actual values as v gets large. It appears
to share a common limit of % as v — 00, additionally; for v = 100 and parameters as
before, except for N = 1000, the (averaged) actual and approximate values of Amgya

are both within 1% of 1/2.
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APPENDIX D

HEURISTIC FOR NECESSARY CONDITION FOR STABILITY OF UNMIXED

TWO-CLUSTER STATE
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We offer an explanation for the stability (resp. instability) of the two-cluster
steady state (2.6) with no mixing. Recall the definition of F' (in the system with
dimension d = 1) in (2.5):

F(r) =min (kr,1 —1).

Again, it is typically assumed that x > 0, so the first piece is used when r <
(k +1)7! < 1, and the second is used for r > (k + 1)~!. Somewhat informally,
we consider the behavior of a single particle relative to a small perturbation of the
aforementioned state (2.6). We denote this particle by p, and the two clusters’ centers
of mass at time ¢ by my(t) and my(t), respectively. Without loss of generality, we
also assume my (t) < mq(t) for all time ¢.

Of course, the clusters often contain many particles, yet we need not assume
they are all precisely at m; or ms. Provided the particles in each cluster do not
stray too far from the center of mass at time ¢, we may pass the cluster-interaction
terms to a simple expected value computation over the total p-to-m; and p-to-ms
interactions. Using C and Cy as a partition of our node set into the two clusters,

this is the condition that

p—mz| < (k+1)7" , dieCy

p—az| > (k+1)" , jeC

The particle p feels a repulsive force k-proportional to its distance from a particle
located at my. As F(1 —r) = r for this p, it feels a repulsive force 1-proportional
to the same distance and directed away from a particle located at my. Given this, a

straightforward computation yields (here ¢ is the index of the particle p, the a;; are



169

generated independently, and > ; aij is large)

P —
Z ai F(lp - fﬂj’)‘_—x],l ~ kp(p —m),
CCjECl p J

where a = > ; @ij- We perform the same computation with the second cluster to find

> awF(p = ail) -~ —Bp = m)

:EkGCQ |p o

1
=

where 8 = >, a;. Hence p is attracted to the stable first cluster provided % <
What if, for instance, p is on the “outside” of my, so that p < my; < my? In this
case, p is repelled k-proportional to its distance from a hypothetical particle located
at my. Similarly, F(1 + r) = —r implies p is attracted (1-proportional to this same
distance) to a particle located at my. Again, as the balance of forces is identical to
the previous case, we arrive at p being attracted to the stable first cluster provided
the same inequality holds.

An important part of the above heuristic was that > ;aij is large. Again we
are motivated by the idea of the Law of Large Numbers; if, for instance, ¢ > ; @ij 18
small, that is there are very few nonzero terms in a particular row sum, then ) ; ijT;
may be a rather poor asymptotic approximation to ¢m;. Unfortunately, in this case
our logic above falls through, as it obviously would not make sense to replace the
weighted sums over each community’s particles with a simpler quantity only dealing
with the community’s center of mass. In practice this caveat does not seem to hold
much relevance; when we are trying to ascertain whether or not a particle will be
attracted to the nearer community (stable), or shoot off in the direction of the other
community, we consider a small perturbation of the steady state solution. Hence the
perturbation can always be restricted sufficiently small so that individual particles do
not deviate beyond a prescribed distance from the center of mass; even here a “loaded
die” selection of particles on one of the extreme ends of the community will have a

center of mass resembling that of the broader community.
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How do we reconcile ¢ and 8 with the parameters p and ¢ used for inner and
outer connection probabilities? The above characterization offers a useful litmus test
for a given, initialized system with random matrix A already specified; our more
general question relates to the likelihood of randomly arriving at a stable system
given probabilities p, q. To properly frame this question, we first define two random
variables: X, to be the number of links between p and the first cluster, and Y, to
be the number of links between p and the second cluster. As the existence of each

link is independent of all other links, it is clear that

P, =y == ()= (D) - v

Accordingly,
N No
PAeX, <=3 Y PAX, — Y —u) —a
=0 y=[kz]

If, for simplifying purposes we assume Ny = Ny = N/2, we believe this probability
to converge to 1 if kp/q < 1 and to 0 if kp/q > 1 (as N — oo). Though we do not
have numerical estimates that would undoubtedly be useful here, we illustrate with
an example. Suppose (P, pouws) = (0.8,0.4), so that p/q = 2. In Figure D.1, data
points belonging to different curves represent different N € {50,100, 250, 500, 1000},
and we consider the above probability as a function of k. We stress that this curve is
the probability a given particle has inner/outer connection density in excess of 1/k.

There is an obvious threshold here. Recalling that pi, /pows = 2, we expect there
to be a shift in a behavior at k = 0.5; that appears to be what we observe in Figure
(D.1). For k values less than 0.5, we see

lim a(k,N) = 1. (D.1)

N—oo
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Figure D.1: A plot of a, the probability a given particle has an inner/outer connection
density not exceeding 1/k, as a function of k. Here, (pin, Pous) = (0.8,0.4) and N €
{50, 100, 250, 500, 1000} .

For k values in excess of 0.5, we see

A}l_r)léo a(k,N) = 0. (D.2)
(D.1) and (D.2) suggest that, given x so that 1/k < pi/pout, the steady state (2.6)
cannot be asymptotically a.s. stable as N — oo, as (with probability tending to 1),
there will exist a particle with inner-to-outer connection density exceeding 1/x. In
this case, stronger near-repulsive forces relative to far-repulsive forces will push this
particle away from the cluster it has been seeded at and towards the other cluster.
Hence oo — 1 appears to be a necessary (though perhaps not sufficient) condition for
stability of this state.

For a (possibly) sufficient condition, we require all of the system’s N particles
to obey the given condition. Note that, with two even communities of N/2 particles,
this is simply the N*® power of the previous figure’s probability quantity. In Figure
D.2, we explore this value, denoted p = p(k, N), as a function of large N values, for
several fixed, equivalently-spaced k.

We observe that each of the p slices in fixed x resemble a roughly sigmoidal shape

— they are monotone increasing in N, with a lower bound of p = 0 for small N, an
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Figure D.2: A plot of the probability all N particles have an inner/outer connection
density not exceeding 1/k as a function of N, for (pi,, pouws) = (0.8,0.4) and various x
(listed).

upper bound of p = 1 for large N, and a thin band connecting the two in between. As
Kk increases, the p slices shift to the right (in V), with little apparent effect otherwise.
AS K = Pin/Pout, this shift (note the log scale on the N-axis) increases at a seemingly
above-linear relationship, hence if k£ & pi,/pout, excessively large N values may be
necessary to attain p ~ 1 and thus stability of the steady state (2.6). Although it is
not depicted, we also note that tested values of k > 0.5, even those =~ 0.5, resulted in
near-zero probabilities for even modestly large N.

As a final, brief aside, we suggest more extensive results along this vein may
lead to a characterization of the bifurcation threshold observed in, e.g., Figures 2.6
and 2.12. Again taking p;, = 0.8 for illustrative purposes, observe that p,, = 0.6 is
on the “mixed” side of the threshold, while p,,; = 0.65 is on the “unmixed” side of
the threshold for N = 200. Appropriately, our estimation for p(x, N) = p(0.5,200)
with the latter outer probability is 0.96 — near 1. Our estimation for p at the smaller
Pout value (on the “mixed” side) is 0.04 — near 0. This implies we have crossed the
threshold at which p’ is large somewhere in between, and thus we might suspect the

threshold between mixing and well-separated behaviors for (2.7) lies in between.
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