M Made available through Montana State University’s Scholar\Works

MONTANA

STATE UNIVERSITY
LIBRARY

Measuring the effectiveness and efficiency of
simulation optimization metaheuristic
algorithms

Benjamin G. Thengvall, Shane N. Hall; Michael P.
Deskevich

Accessibility Disclaimer:

For a more accessible version of this document, please submit an accessibility request form through
the Montana State University Library website.



Journal of Heuristics (2025) 31:12
https://doi.org/10.1007/510732-025-09549-2

®

Check for
updates

Measuring the effectiveness and efficiency of simulation
optimization metaheuristic algorithms

Benjamin G. Thengvall'® - Shane N. Hall2( - Michael P. Deskevich'

Received: 25 January 2024 / Revised: 19 December 2024 / Accepted: 8 January 2025 /
Published online: 30 January 2025
© The Author(s) 2025

Abstract

Metaheuristic algorithms have proven capable as general-purpose algorithms for solv-
ing simulation optimization problems. Researchers and practitioners often compare
different metaheuristic algorithms by examining one or more measures that are derived
through empirical analysis. This paper presents a single measure that can be used to
empirically compare different metaheuristic algorithms for optimization problems.
This measure incorporates both the effectiveness and efficiency of the metaheuris-
tic algorithm, which is especially important in simulation optimization applications
because the number of simulation runs available to the analyst (i.e.. the run budget)
can vary significantly with each simulation study. Therefore, the trade-off between the
effectiveness and efficiency of a metaheuristic algorithm must be examined. This sin-
gle measure is especially useful for multi-objective optimization problems; however,
determining this measure is non-trivial for two or more objective functions. Additional
details for calculating this measure for multi-objective optimization problems are pro-
vided as well as a procedure for comparing two or more metaheuristic algorithms.
Finally, computational results are presented and analyzed to compare the performance
of metaheuristic algorithms using knapsack problems, pure binary integer programs,
traveling salesman problems, and the average results obtained across a diverse set
of optimization problems that include simulation and multi-objective optimization
problems.

Bd Shane N. Hall
shane halll @montana edu

Benjamin G. Thengvall
thengvall@opttek com

Michael P. Deskevich
deskevich@opttek.com

1 OptTek Systems, Inc., Boulder, CO, USA
2 Jake Jabs College of Business and Entrepreneurship, Montana State University, Bozeman, MT, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10732-025-09549-2&domain=pdf
http://orcid.org/0000-0002-7239-987X
http://orcid.org/0000-0002-5860-0311
http://orcid.org/0000-0001-7200-8560
mailto:deskevich@opttek.com
mailto:thengvall@opttek.com
mailto:shane.hall1@montana.edu
https://doi.org/10.1007/s10732-025-09549-2

12 Page2of21 B. G. Thengvall et al.

Keywords Binary integer program - Efficiency and effectiveness of metaheuristics -
Knapsack problem - Metaheuristic performance measures - Multi-objective
optimization - Simulation optimization - Traveling salesman problem

1 Introduction

Measures to compare the effectiveness and efficiency of optimization algorithms are
critical to determining the best methods to solve an optimization problem or class of
problems. Many real-world optimization problems require complex model formula-
tions with non-linear relationships and discrete decision variables. Exact algorithms
that guarantee an optimal solution when given a feasible problem instance can be
impractical even for simplified and/or relaxed models given the excessive execution
time of these algorithms. Moreover, the models are often impractical if there is great
uncertainty in the model parameters. Heuristic algorithms that relax the requirement
for optimality offer a practical alternative to exact algorithms (Arts et al. 2003 and
Reeves 1995). Likewise, simulations provide a means to model uncertainty in model
parameters, offering a practical alternative to pure math programming formulations
(Banks et al. (2009) and Law (2024)).

In the case of heuristic algorithms, the trade-off between finding very good solu-
tions eventually (effectiveness) and finding good solutions quickly (efficiency) must
constantly be balanced. Indeed, an enhancement to a heuristic, usually in the form of
a metaheuristic (Glover 1986), in order to find better solutions almost always requires
more computational overhead, which increases the time and memory to execute the
algorithm. Metaheuristic techniques have strategies that allow them to escape local
optima (solutions that are optimal for their immediate neighborhood) and search for
a global optimum (solutions that are optimal over the entire solution space). Meta-
heuristics have consistently demonstrated their effectiveness and efficiency when a
simulation is used to calculate the value of an optimization objective function (see
Fu (2015), Fu et al. (2005), Lee et al. (2013), and Swisher et al. (2000)). Figure 1
summarizes a metaheuristic approach to simulation optimization where the meta-
heuristic sends input values to the simulation model, which is then executed in order
to return output values back to the metaheuristic. In this paper, executing one set of

Optimization Model
Metaheuristic exploration of
simulation inputs
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Outputs Execute Simulation Model Parameters
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Fig. 1 Simulation optimization with metaheuristics
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provided inputs from the metaheuristic will be referred to as one simulation trial (or
iteration). This iterative cycle is executed until some stopping criteria is met and the
input values that maximize (or minimize) the simulation outputs is returned. For exam-
ple, a carwash owner may wish to determine the number of employees and service
lanes that maximize profit or minimize customer wait time. A viable approach is to
simulate the carwash with many different inputs (number of employees and service
lanes). record the outputs (profit and average wait time) and then select the inputs that
optimize the outputs.

In many practical applications of simulation optimization, executing the simulation
model is computationally expensive. See Evans etal. (2017), Hall et al. (2019), Kannon
etal. (2015), Onal et al. (2016), Ruane et al. (2023), Soykan and Rabadi (2022), Tekin
and Sabuncuoglu (2004), Wade (2019), and Zais and Laguna (2017) for real-world
simulation optimization applications. The number of simulation trials in Fig. 1 that can
be run is limited based on computational resources available and the computational
resources required for each trial. This computational limitation is aggravated further
when Monte Carlo replications are required for the simulation model. Therefore, an
analyst’s simulation run budget will vary for different studies and can be limited by
decision or analysis time, hardware, the number of optimization objectives, inputs
and outputs, or required precision. This dependence emphasizes the importance of
the trade-off between finding good solutions and finding these good solutions quickly.
Additionally, different metaheuristic approaches may require different computational
resources. A simple greedy approach may determine the next solution to evaluate
very, very rapidly. However, a more complex approach, say one in which a metamodel
is created to make response surface estimations, may take more time to choose the
next solution to evaluate. The methodology and procedures described in this paper
to compare algorithm effectiveness and efficiency can be applied in a similar manner
using iterations or execution time. Using simulation trials to track effort controls for
the many variables that dictate execution time and enables the comparison of meta-
heuristic algorithms between different researchers and across different computing
environments. However, for research in a controlled and standardized computational
environment, especially when comparing algorithms that have more variation in exe-
cution time as compared to the simulation models being optimized, the approaches
in this paper may be applied using execution time rather than simulation trials for
comparison.

Comparative measures that balance both the effectiveness and efficiency of a meta-
heuristic algorithm are especially important in simulation optimization applications.
In many cases, reported results provide only the global best, the best-known solution,
or the best solution found in a certain number of simulation trials. However, for a
general-purpose algorithm these measures alone are insufficient. What is needed is
a way to measure the best result obtained after any number of trials. Finally, it is
important to note that a primary benefit of simulation model optimization is the ability
to consider uncertainty. For stochastic simulations, replications are run and statistical
measures of goodness (i.e., mean, median, percentile, standard deviation, etc.) are
collected for each simulation trial. Commonly for simulation optimization problems,
mean output values are used to measure performance of the modeled system or pro-
cess. These same mean output values are used for metaheuristic algorithm solution
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comparison in this paper. A researcher should consider the variability in simulation
output values when considering how many replications to run at each trial point for
algorithm comparison. Confidence intervals around mean values can be constructed
based on the responses at each iteration, and in the figures that follow, one could cre-
ate bands rather than lines illustrating a chosen confidence width. Of course, these
confidence widths can be made arbitrarily small with enough replications performed
at each trial point. A researcher will have to carefully consider their desired accuracy,
the observed variability, and the best number of replications to run for a particular
analysis.

This paper presents a comparative measure that incorporates the effectiveness and
efficiency of a metaheuristic algorithm and examines this measure empirically. The
paper is organized as follows. Section 2 provides a review on comparative measures
in the metaheuristic literature. Section 3 discusses the limitations of the most common
effectiveness measure and presents a single measure that considers both effectiveness
and efficiency and provides the methodology for computing this measure. Section 4
provides illuminating computational results for different types of optimization prob-
lems, and, finally, Sect. 5 concludes the paper and discusses future research.

2 Literature review

This section discusses the common measures that are used to compare the effectiveness
and efficiency of metaheuristic algorithms and summarizes the related literature for
simulation optimization and multi-objective performance evaluation. It also briefly
reviews other approaches to simulation optimization.

Coffin and Saltzman (2000) describe two common approaches for evaluating an
algorithm’s performance: (1) theoretical analyses of worst-case and average case per-
formance expressed as a “big-O” asymptotic function of the problem size and (2)
empirical analyses of implementing the algorithm and measuring its actual running
time and solution quality for a selected set of problem instances. Hooker (1994) estab-
lishes a need to evaluate algorithmic performance empirically (or computationally)
versus worst-case or average-case deductive theoretical results because these results
offer little insight into how the algorithm will perform in practice. This is partic-
ularly true for metaheuristic algorithms where deductive theoretical results are not
particularly useful to the practitioner. Therefore, this paper demonstrates an empirical
analysis approach for comparing metaheuristic algorithms used for single-objective,
multi-objective, and simulation optimization problems.

Greenberg (1990) discusses the role of computational testing in reporting original
research results in operations research (OR) and computer science (CS). Metaheuristic
algorithms fit squarely in this OR-CS space because they, by definition, solve oper-
ations research problems using computers. Greenberg (1990) suggests the reasons
for computational testing are to demonstrate correctness, solution quality, computa-
tional speed, and robustness of an algorithm. Empirical comparisons of algorithms
in the literature primarily use measures that address these areas put forth by Green-
berg, especially solution quality and computational speed. See Laguna and Marti
(2005), Jacobson et al. (2005), Hall et al. (2008), Fuellerer et al. (2009), Singhal et al.
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(2011), Kumbharana and Pandey (2013), Antosiewicz et al. (2013), Melouk et al.
(2014), McNabb et al. (2015), Geyer et al. (2016), and Asih et al. (2017) for a sample
of research articles that empirically compare algorithm performance for metaheuristic
and simulation optimization methods. Many of these articles provide empirical studies
for computationally challenging optimization problems such as the Traveling Sales-
man Problem (TSP) and the related Vehicle Routing Problem (VRP). Finally, Barr et al.
(1995) presents a comprehensive list of attributes that are meaningful when comparing
heuristics such as fast, accurate, robust, simple, high-impact, generalizable, innovative,
revealing, and theoretical. The authors define these terms and provide several addi-
tional literature references that demonstrate these attributes. This paper emphasizes
the fast and accurate attributes given their supreme importance in practice.

Notable recent and related work in performance metrics for simulation optimiza-
tion and multi-objective methods is now summarized. Eckman et al. (2023a) presents
stochastic area under progress curves as a performance measure for comparing simula-
tion optimization algorithms for single-objective problems. Hunter and Ondes (2023)
analyze performance indicators for assessing exact algorithms for solving multi-
objective simulation optimization (MOSO) problems and emphasizes the challenges
in developing performance measures for MOSO problems. Audet et al. (2021) pro-
vide a comprehensive review of 57 performance indicators to measure the quality of
an approximate Pareto frontier, which includes a hypervolume indicator. This paper
extends the work of Eckman et al. (2023a), Audet et al. (2021), and Hunter and Ondes
(2023) with an implementation of the area under the progress curve performance mea-
sure for metaheuristic algorithms and provides a procedure for calculating this measure
and comparing multiple metaheuristic algorithm, which have proven effective in solv-
ing MOSO problems (see Hall et al. (2019), Melouk et al. (2014), and Wade (2019))
even if not to global optimality as explored in Hunter and Ondes (2023). Finally, com-
putational testing requires a broad set of test problems. Many online test suites exist
and offer researchers access to well-known problems (see Surjanovic and Bingham
(2024) for the Virtual Library of Simulation Experiments, Pasupathy and Henderson
(2006) for a motivation of the Simulation Optimization Library (SOL) (2024) test
suite, and Eckman et al. (2023b) for the most recent description of the SOL test suite).
The results provided in Sect. 4 rely on a custom test suite collected and developed by
OptTek Systems, Inc. that includes over 3000 single-objective, multi-objective, and
simulation optimization problems.

In addition to metaheuristic algorithms, common approaches to simulation opti-
mization also include brute force methods such as trial-and-error and enumeration
(Hall et al. 2024), design of experiments (Montgomery 2019), and derivate-free algo-
rithms (Conn et al. 2009 and Audet and Hare 2017). Brute force approaches are only
computationally tractable for problems with a small number of decision alternatives,
and hence, are less practical for real-world applications. Design of experiments is often
used to characterize simulation model sensitivities and behaviors and to develop sur-
rogate (or meta) models of the decision space. Surrogate models can be coupled with
metaheuristic or derivative-free algorithms to provide approximate solutions for sim-
ulation optimization problems. Common derivative-free algorithms use interpolation
and surrogate models to find good solutions to a related optimization problem.
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In summary, solution quality metrics generally measure how close the best objec-
tive function value found by the metaheuristic algorithm is to the best-known objective
function value for the problem instance. When comparing metaheuristics, the meta-
heuristic with the best solution quality is victorious. Therefore, solution quality is the
most common effectiveness measure for metaheuristic comparison. Likewise, compu-
tational speed generally refers to the running time of the metaheuristic algorithm. When
comparing metaheuristics, the metaheuristic requiring the least time is triumphant; and
hence, computational speed is the most common efficiency measure.

3 Comparative measure for effectiveness and efficiency

This section discusses the limitations of considering solution quality alone when eval-
uating a metaheuristic algorithm’s performance and presents a single measure that
considers both solution quality (effectiveness) and computational speed (efficiency).
Details for calculating this measure for single- and multi-objective optimization prob-
lems are provided, and, finally, a procedure for comparing two or more metaheuristic
algorithms is also presented.

3.1 Limitations of solution quality measure

There are two key limitations to considering solution quality alone. First, solution
quality gives no credence to the running time of each metaheuristic algorithm since
in most empirical research, each metaheuristic algorithm is run for some set time
and the algorithm that finds the best objective function value is determined the best;
however, determining this time can be difficult and often seems arbitrary. When com-
paring metaheuristic algorithms for general simulation models, the researcher has no
knowledge about how much time an analyst is willing to dedicate to finding a good
solution to their specific simulation optimization problem. Therefore, it is important to
have a comparative measure that rewards metaheuristic algorithms for finding the best
solutions possible at any point in their execution. For complex, practical simulation
models, the time spent in a simulation optimization process is generally dominated by
the time it takes to execute the requested simulation trials. That is, the metaheuristic
algorithm that generates simulation trials to execute takes a fraction of the time that
the simulation takes to execute. Therefore, measuring the quality of the best solution
found after any number of simulation trials is a way to compare results without having
to account for differences in the hardware on which the experiments were executed,
the complexity of the problem instance, or type and fidelity of the simulation model.
For example, simulation model execution times vary significantly with some models
performing a trial in seconds while other models take several hours to complete one
trial. Furthermore, as noted in Sect. 1, simulations are usually stochastic, and hence,
one trial often includes many Monte Carlo replications that measure the variation
in the simulation outputs (or objective function values in a simulation optimization
problem).
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Algorithm B

Algorithm A

Objective 2 (maximize)

Objective 1 (minimize)

Fig. 2 A pair of incompatible Pareto frontiers

Second, considering solution quality alone does not generalize to multi-objective
optimization problems which results in a Pareto frontier of solutions that are “equally”
good (Ehrgott 2000). Most simulation optimization applications are multi-objective in
nature since there are many simulations outputs that may be optimized. To illustrate,
consider the example in Fig. 2 that displays two estimated Pareto frontiers from two
different metaheuristic algorithms, Algorithm A (represented by the blue curve) and
Algorithm B (represented by the red line). The goal in this multi-objective problem is
to maximize Objective 2 and minimize Objective 1 (solutions which are up and to the
left are preferred), which means some Pareto solutions from Algorithm A are preferred
to many Pareto solutions from Algorithm B and vice versa. Therefore, two estimated
Pareto frontiers can, in general, be incomparable, which highlights the importance of
having a comparative measure that also applies to multi-objective problems. Further-
more, the Pareto front may change as better solutions are discovered, and hence, to
measure algorithmic efficiency and effectiveness, it is desired to have the best Pareto
frontier after any number of simulation trials.

3.2 Single comparative measure for effectiveness and efficiency

To define a single measure to compare metaheuristic algorithms, consider an opti-
mization problem O with p objective functions. Transforming O to a new optimization
problem O" with p 4 1 objective functions, where the additional objective function
is to minimize the simulation trials required to find a solution of a given quality for
optimization problem O overcomes the first limitation by accounting for run time.
However, the second limitation of comparing the quality of Pareto frontiers remains.

To address this second limitation, an “area under the curve” measure is proposed. As
motivation, consider a single-objective minimization problem. Adding the additional
objective to minimize the simulation trials (as a measure for computational speed) to
find a solution of a given quality, it is now a two-objective problem yielding a Pareto
frontier. Figure 3 shows an example of a hypothetical run of two different metaheuristic
algorithms, Algorithm 1 (red) and Algorithm 2 (blue).
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Fig. 3 Example areas for two metaheuristic algorithms

Initially, the blue algorithm (Algorithm 2) is finding much better solutions than the
red algorithm (Algorithm 1). However, given enough effort (as measured by iterations
or execution time), Algorithm 1 eventually finds better solutions than Algorithm 2.
Therefore, while neither algorithm strictly dominates the other, it is possible to compare
the two algorithms by comparing the area of the red region for Algorithm 1 with the area
of the blue region for Algorithm 2. The algorithm with the smallest area is deemed best
from a solution quality and computational speed perspective since this area provides
a composite metric that encompasses both criteria.

This measure can be calculated for any general optimization problem O, since any
objective function, f(x), to be maximized may be minimized using —f(x). In Fig. 3, the
objective function value is bounded below by zero; however, the area under the curve
measure can always be determined by selecting a suitable lower bound to ensure every
objective function value lies above this bound. Furthermore, this lower bound must
not be too small to obscure the variation between the algorithms. Using the smallest
known value, the true minimum value, or a lower bound found by solving a relaxation
of the optimization problem are viable options for a suitable lower bound for each
objective function.

For multi-objective optimization problem O with p > 2. the area under the objective
function values vs. run-time curve equates to computing the volume under a (p + 1)-
dimensional surface for problem O". Note the volume is a hypervolume when p >
3. While the computations are more complicated for volume and hypervolumes, the
interpretation is the same: an algorithm with the smallest area, volume, or hypervolume
is the best from a solution quality and computational speed perspective.

In a single-objective optimization, the area is the Riemann sum of the best-known
objective value at each trial. By definition, the sequence of best-known values is
monotonic (decreasing for minimization, increasing for maximization problems), and
the sum of the area of each rectangle is the “area under the curve measurement. The
rectangles do not overlap, making the area calculation straightforward. Computing
the (hyper)volume is non-trivial for p > 2. The (hyper)volume under the frontier
is a measurement of the non-dominated volume (which will be a cuboid) of each
frontier point which do not necessarily have monotonic behavior in all dimensions,
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and hence, the non-dominated region (or cuboids) of multiple frontier points may have
gaps resulting in missing volume and/or overlap and that volume must not be double
counted. To account for this, each pair of non-dominated cuboids (determined by
each frontier point) needs to be considered. For p > 2, a modified line-scan algorithm
presented by Shamos and Hoey (1976) is adapted for each objective in succession to
accumulate the non-dominated volume under the frontier.

Additional details for this modified line-scan algorithm follow and assume mini-
mization of objective functions with each objective function normalized to a [0. 1]
scale. The line-sweep algorithm in two dimensions (when p = 2) is first described to
show that it is identical to the Riemann sum of rectangles. This line-scan algorithm
is easier to visualize in higher dimensions if dominated volume is computed and then
this volume is subtracted from one (the total volume of the normalized bounding cube)
to get the non-dominated volume. By convention, let the x-axis be the first objective
function (denoted by O1) and the y-axis be the second objective function (denoted by
02). Further. let X = 1-01 and ¥ = 1-02, which are the complement axes for O1
and O2. The area under the curve in this coordinate system is the dominated volume,
Vp. and hence, the non-dominated volume, ¥yp = 1-Vp. For example, consider the
Pareto frontier consisting of the nine non-dominated points displayed together with
its complement axes X and Y as displayed in Fig. 4 and observe visually that Vap =
1-Vp.

The line-scan algorithm starts by sorting all non-dominated points in increasing
order by X such that X; < X; when 7 <. This is an O(N log(V)) operation for N
non-dominated points. The area under the curve is accumulated by scanning a line
from X to X7 as shown in the following pseudocode:

Fig. 4 Example 2-dimensional Pareto frontier with complementary axes
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Line-scan Algorithm (when p=2

Sort(X, ¥) sort the non-dominated points so they are in the order of increasing X
V=0 initialize dominated area
i=N start from the last non-dominated point
While i > 1 calculate the area between non-dominated points and add Vp
dr=X,— X find the width of the i rectangle
dy=Y; find the height of the i" rectangle

Vp = Vp + (dx*dy) accumulate the area of the i rectangle

i=i-1 increment to next rectangle.

Referring to Fig. 4, the line-scan algorithm can be visualized as a vertical line with
a height of dy starting at 0 and sweeping out an area between X;—X;_; (or a width of
dx) and accumulating the area of each Reimann rectangle.

This algorithm generalizes to p-objective functions. The pseudocode for three objec-
tive functions and complement axes X, ¥, and Z follows.

Line-scan Algorithm (when p=3)

Sort(X, Y, Z) sort the non-dominated points so they are in the order of increasing X

Vo=0 initialize dominated volume

i=N start from the last non-dominated point

While i = 1 calculate the area between non-dominated points and add Vp
de=Xi- Xy find the X-length scanned

sort the last non-dominated points so they are in the order of increasing Y

Sort(Y(i,...N) , Z(@,...,N))

Area =0 initialize the area of Y-Z plane

&=0 initialize the length of the swept line in Z dimension
j=N start from the last non-dominated point (as before)
While j > 1 calculate the area of the Y-Z plane

dy=Y,-Yu  find the Y-length swept
accumulate the Z-length swept
dz = max(d&, Z()))
accumulate the area of the Y-Z plane
Area= Area + (dy*dz)
i=ji-1 increment to next plane
accumulate the volume
Vp = Vp + (Area*dx)

i=i-1 increment to next cuboid.
The three-dimensional line-scan algorithm starts with a line scan from X to X

yielding a plane along the ¥ dimension creating a nested inner while loop. The sort
operation for ¥ and Z is only needed for the last non-dominated points from i to NV in
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the order of increasing ¥ making the inner while loop another line scan for ¥. Since
the algorithm performs the inner loop for each non-dominated point, the ¥ sort is done
by keeping the list sorted and inserting the new non-dominated point in O(log(V))
time resulting in an algorithm computational complexity of O(V? log(N)). As more
objective functions are considered (i.e., for p > 3), the line-scan algorithm can recur-
sively be generalized to p dimensions with an algorithm computational complexity of
O(N?~1 log(V)), which is computationally tractable to recompute for every simulation
trial when p is reasonably small. Fortunately, in practice, most multi-objective opti-
mization problems only have two or three objective functions since more objectives
make the analysis and interpretation of the Pareto frontier challenging.

Therefore, a procedure for comparing two or more metaheuristic algorithms using a
composite metric that captures both the effectiveness (solution quality) and efficiency
(computational effort) of the algorithms is as follows:

1. Run each metaheuristic algorithm A4;, i > 2, for T simulation trials (7 should be
enough trials to represent most practical applications). At each trial f < T when
a new best solution is found (a solution that has a better objective function value
than any previous objective function value or for multi-objective problems, a new
non-dominated solution), record new best solution and trial f.

2. Selectabounding (p + 1)-dimensional cube that encompasses every solution found
in step 1.

3. For each metaheuristic algorithm A;, compute the volume (or hypervolume), 7;,
using the line-scan algorithm described above between the Pareto frontier (includ-
ing the trial-of-solution objective) of all non-dominated solutions found by the
algorithm and the bounding cube in step 2.

4. (Optional) Normalize by the volume (or hypervolume) of the bounding cube,
V cube. in step 2, 1.e., Vi/V cupe for all i.

5. Define the metaheuristic algorithm 4; with the smallest volume ¥; (or ¥V;/V cupe)
as the best.

To conclude this section, it is worth noting that this measure and calculation
procedure is applicable to other exact or heuristic optimization algorithms whether
deterministic or stochastic. However, the tradeoff between solution quality and com-
putational efficiency is most relevant when the requirement for optimality is relaxed
which, by definition, applies to heuristics; and hence, different metaheuristic algo-
rithms can find very different solutions even when only minor changes in algorithmic
design exist. The focus of this paper on metaheuristic algorithms is based on extensive
empirical evidence that these types of algorithms are an effective solution method
for deterministic optimization problems, single-objective simulation optimization
problems, and MOSO problems. This paper also demonstrates a practical way for
metaheuristic and optimization tool developers to systematically evaluate if new mod-
ifications and improvements to their tools show promising results for a diverse set
of problem types of varying complexity. It is worth reiterating that analytic caution
is warranted when using this methodology for models that measure uncertainty in
output such as stochastic simulation models. In these cases when a statistic output
value is used for metaheuristic algorithm solution comparison, researchers and prac-
titioners should consider the variability in simulation output values when considering
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how many replications to run at each trial point for algorithm solution quality com-
parison. Confidence intervals around statistical output values should be constructed
based on the responses at each iteration and then used to determine if two solutions
are statistically different from one another.

4 Computational results

Using the single comparative volume measure just presented. this section provides
computational results for several different optimization problems that demonstrate its
value in comparing metaheuristic algorithms. These examples use a general-purpose
metaheuristic for simulation optimization called OptQuest (OptTek Systems 2024).
OptQuest is a commercially available simulation optimization library that is included
in many commercial simulation packages. This metaheuristic employs scatter-search
(Glover et al. 2000) and tabu search (Glover and Laguna 1997) techniques along with
several other solution generators depending on the characteristics of the problem pre-
sented (Laguna 2011). To test the robustness of this general-purpose metaheuristic, a
test suite of over 3000 problems consisting of simulation models and linear, integer,
combinatorial, and non-linear optimization problems is used. This metaheuristic is
routinely updated to address performance shortfalls found during testing and incor-
porate proven innovations published in the literature. When considering changes to
OptQuest, the performance of the updated metaheuristic, denoted the new metaheuris-
tic, is tested using the single volume measure presented in Sect. 3. Specifically, the
following examples compare the performance of the original metaheuristic, denoted
the old metaheuristic, with an updated new metaheuristic using the single volume mea-
sure. Once the normalized single volume measure is calculated for the new and old
metaheuristic (denoted Vi, and ¥ gjq. respectively), the percent improvement is cal-
culated (i.e.. (V014 — VNew)/V 014) and is used as the final measure of whether the new
metaheuristic outperforms the old metaheuristic. Note a negative percent improvement
implies the new metaheuristic does not outperform the old metaheuristic for the given
problem since Vg, > Void.

When considering changes to a mature algorithm that improves performance across
a wide variety of test problems, it is very difficult to find enhancements that improve
all test cases. As will be demonstrated in the next section, when just measuring the
best value found in a fixed number of trials, significant changes in performance can
be overlooked. Using this volume under the curve approach to measure algorithmic
changes offers a more holistic approach that considers the very important practical
necessity to find the best solutions possible after any number of simulation trials.

4.1 Knapsack problem examples

This example analyzes two multi-dimensional knapsack problem instances where, for
a given set of n items, each with a value v; and a weight w;, j = 1.2.....n, and m
knapsacks, each with capacity W, k = 1.2.....m, the objective is to select the number
of each item, x;, an integer, to place into each knapsack such that the total value is
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Fig. 5 Solution quality vs. computational effort for knapsack problem instances

maximized (i.e., ZLI vjx;) subject to each knapsack being within capacity (i.e..
Z"-=1 w;x; < Wi forall k = 1.2,....m). For these test cases, the objective function
valJ e is evaluated as the result of a simulation trial, such that these problems cannot
be solved directly as a mixed integer program.

Figure 5 shows the single measure comparison for two knapsack problem instances
drawn from the authors” test library. The y-axes in Fig. 5 (and for the following
computational figures) show the fraction of the distance from the best known solution
based on the range between the best known and worst known solutions. For example,
the y-axis for the left graph (problem instance 23) in Fig. 5 ranges from 0.0 to 0.6. The
x-axes in Fig. 5 (and for the following computational figures) show the effort budget,
normalized for each test case and displayed from 0 to 1. As discussed in Sect. 1, this
effort budget can represent iterations or execution time. The problem instance on the
left (problem instance 23) has 49 items and 5 knapsacks, whereas the problem instance
on the right (problem instance 157) has 18 items and 3 knapsacks. For problem instance
23, the old and new metaheuristic performed equally well early on, then for a period
the new metaheuristic outperformed the old, then for a period the old outperformed
the new, and then around 40% of the way through the test the new metaheuristic
found the best known solution which the old metaheuristic never found. Using best
solution value found, the new metaheuristic outperforms the old; however, using the
percent improvement in volume that considers solution quality and computation speed
(by effort budget), the old metaheuristic slightly outperforms the new metaheuristic.
For problem instance 157, both metaheuristics are initially equivalent, and the old
metaheuristic finds the best overall solution, but the new metaheuristic finds much
better solutions for large portions of the test. The new metaheuristic performs better
than the old metaheuristic on this test case with a more than 15% improvement using
the proposed metric for comparison. The values displayed above each graph in Fig. 5
(and for the following computational figures) display the values for New = V. Old
= Vy4. and Diff = the percent improvement = (Vo — Vew ) V o1d-

Generating these graphs also provides visual information to compare how algo-
rithmic changes impacted the best solution available after any level of effort. For
example, in problem instance 23 the old metaheuristic provided better performance
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Fig. 6 Solution quality vs. computational effort for binary IP problem instances

between about 12% and 38% of the effort budget, but the new metaheuristic found
a better overall solution. The visual depiction of the results may lead the researcher
to explore whether there is a way to combine the good early performance of the old
metaheuristic with the consistent improvement of the new metaheuristic.

4.2 Pure binary integer program (IP) examples

This example compares two pure binary IP instances where all decision variables are
required to be 0 or 1. As with the knapsack problems, the objective function value for
each test case is evaluated as the result of a simulation trial.

Figure 6 shows the single measure comparison for two pure binary integer program
instances. The problem instance on the left (problem instance 17) has 11 binary deci-
sion variables with 8 constraints, whereas the problem instance on the right (problem
instance 18) has 84 binary decision variables with 34 constraints. For problem instance
17, the new metaheuristic outperforms early in the test, but then the old metaheuris-
tic finds better solutions all the way until the end. However, both metaheuristics find
solutions very close to the best known solution very early in the search and so the final
distance in the performance metric is less than 0.2%. The results for problem instance
18 show that the new metaheuristic finds better solutions very early in the test and
outperforms the old metaheuristic throughout the test. The percent improvement in
volume for problem instance 18 over the test is approximately 4.7%.

4.3 Traveling salesman problem (TSP) examples

TSPs are ordering problems with a set of ¢ cities j = 1.2.....c. Distances or times
between all city pairs are provided and distances or times can be different each direction
between a pair of cities. For example, d1»> would represent the distance from city 1
to city 2 and d»; would represent the distance from city 2 to city 1. The goal is
to find the shortest circuit that visits each city once and returns to the starting city.
Vehicle routing problems (VRP) are generalizations of TSP problems where there is
a single depot, and multiple vehicles are used to create circuits starting and ending at
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Fig. 7 Solution quality vs. computational effort for TSP problem instances

the depot to visit all cities. Many custom metaheuristics exist for the TSP and VRP
due to their computational intractability with exact methods (see Glover and Laguna
(1997), Fuellerer et al. (2009), Singhal et al. (2011), Kumbharana and Pandey (2013),
McNabb et al. (2015), and Asih et al. (2017)).

Figure 7 shows the single measure comparison for two TSP problem instances.
Problem instance 9 has 9 cities with 362,880 solutions and problem instance 87 has
87 cities with more than 2.1 x 10132 solutions. For problem instance 9, the old meta-
heuristic outperforms very early in the test, but then the new metaheuristic finds better
solutions all the way until the end. The results for problem instance 87 show both
metaheuristics performing very similarly with the old metaheuristic slightly outper-
forming (with a smaller area) even though the new metaheuristic finds a better solution
at the very end.

4.4 Average performance results for a diverse problem set

These results show the average performance over a test suite of 60 different opti-
mization problems. This demonstrates an analysis that examines the robustness of
the metaheuristic algorithm by evaluating its performance on a broad collection of
optimization problems that include linear, integer, and non-linear problems. This col-
lection of problems is a diverse subset of the types of test problems used for internal
testing of the OptQuest metaheuristic.

Figure 8 compares the new and old metaheuristic average solution quality per-
formance across the test set of 60 problems. The results from the test problems are
aggregated so that fair comparisons can be made across the set. Specifically, the prob-
lems are aggregated into a mean performance metric for the new and old metaheuristic
by creating a new pseudoproblem where the value at each unit of effort is the mean
volume under the frontier computed across all problems at the same level of effort. As
discussed in Sect. 3.2, the objective values are normalized on [0, 1] between the best
and worst known values, so aggregating the mean volume provides a usefull mean per-
formance metric of the metaheuristic algorithm across all problems. When comparing
problems of varying complexity, some easier problems require less effort than others.
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In this case, a problem that requires less effort does not contribute to the mean for the
full effort shown on the x-axis. For example, if effort is being measured by iterations,
and two problems were run to 1000 iterations and one was only run for 500 iterations,
then the mean volume for the first half of the x-axis would be the mean of all three
problems, and then for the second half, the mean volume would be only the mean of
the two remaining problems. An alternative approach for aggregation is to extend the
iterations of the problem run for 500 iterations to 1000 by replicating the objective
value at iteration 500 for iterations 501 to 1000, but that tends to over-weight easier
problems that require fewer iterations. Once the pseudoproblems for the new and old
metaheuristics are created, the composite volume is computed as a function of effort
and the percent from best known as described above.

In a set of 60 problems, an algorithmic change can result in improvements to some
problems and worse performance in others. Using normalized, average behavior is
one way to determine if algorithmic changes lead to an overall improvement. In this
case, the old and new metaheuristic begin with near-identical performance, but the
performance of the new metaheuristic quickly diverges with the old metaheuristic
performing much better in aggregate across the test suite.

4.5 Results for multi-objective and simulation optimization problems

This section concludes the computation results by showing results for multi-objective
and simulation optimization problems. Figure 9 shows the average performance of
two different metaheuristic algorithms on two multi-objective problems. Both prob-
lem instances involve continuous variables and problem instance 27 also includes
constraints. The new metaheuristic starts by mapping out the problem space with a
bias towards diversification and the initial solutions are not very good compared to
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Fig. 9 Solution quality vs. computational effort for multi-objective problem instances

the old metaheuristic algorithm. However, the extra information gained in the diver-
sity search provides a better basis for the intensification phase of the metaheuristic
algorithm and the undominated area quickly shrinks yielding a better frontier more
quickly. Ultimately, both the new and the old metaheuristics converge finding the same
frontier, but the new metaheuristic algorithm converges more quickly, and hence, is
preferred.

When comparing metaheuristics algorithms across a set of multi-objective problems
instances, it is useful to look at the distribution of percent change to see if the new
metaheuristic algorithm is better for the entire set of problem instances. Figure 10
shows a histogram of percent improvement of the new metaheuristic algorithm versus
the old metaheuristic for 171 distinct multi-objective optimization problem instances.
The problem instances in this test set vary in the number of objectives (two and three
objectives), decision variables, and constraints. Of the 171 problem instances, the
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new metaheuristic algorithm has the same performance (0% percent improvement for
25 problem instances) or positive percent improvement (for 135 problems instances)
when compared with the old metaheuristic algorithm as shown in Fig. 9. These results
provide empirical evidence that the new metaheuristic algorithm is better.

Finally, when optimizing a simulation, a more computationally expensive simula-
tion may constrain the number of iterations that may be explored and finding a better
result more quickly is critical. Figure 11 shows the results for a simulation optimiza-
tion problem using a computationally expensive discrete-event combat simulation.
In this example, the simulation model executes a combat scenario to evaluate the
performance of a military system given different resources. The simulation model is
computationally expensive requiring several minutes to complete a single iteration.
The new metaheuristic algorithm starts off worse than the old metaheuristic but then
finds a better solution before the effort budget is exhausted.

5 Conclusion and future work

The objective of this study was to implement a single measure that incorporates the
solution quality (or effectiveness) and computational effort (or efficiency) of a meta-
heuristic algorithm that can be used to empirically compare it with other metaheuristic
algorithms for single- and multi-objective optimization problems. A review of the com-
parative measures within the literature and the limitations of using a simple solution
quality measure was also presented. Since metaheuristic algorithms have proven their
utility in simulation optimization and an analyst’s simulation run budget can vary sig-
nificantly with each simulation study, it is especially important to balance the trade-off
between the effectiveness and efficiency of the metaheuristics being used for simula-
tion optimization applications. Finally, this paper provided computational results of
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how the defined volume measure can be used to compare the performance of meta-
heuristic algorithms using knapsack problem instances, pure binary integer program
instances, traveling salesman problems, the average results across a diverse problem
set, and for multi-objective and simulation optimization problem instances.

As demonstrated in Sect. 4, the volume measure defined in Sect. 3 offers an intuitive
and direct way to quantify solution quality and computational effort in a single metric
and can be used to quickly assess the impact of changes to a metaheuristic algorithm.
Work is in progress to examine changes and enhancements that account for multi-
threaded implementations of a general-purpose metaheuristic algorithm. This research
will help quantify the benefits of high-performance computing for effectively and
efficiently solving complex simulation optimization problems.
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