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ABSTRACT

Pulsar timing arrays monitor millisecond pulsars to detect gravitational waves with
nanohertz frequencies. They provide valuable information about various astophysical
processes inaccessible to electromagnetic observations. In particular, they could shed light
on unsolved problems related to the formation and evolution of supermassive black holes.
We present several new methods which will help us fully realize the detection potential of
pulsar timing arrays. We explore how the large collection of supermassive black hole binaries
in the Universe can appear as a stochastic gravitational wave background, and how it might
also result in a few individually detectable binaries. We describe a new method to efficiently
search for such individual binaries, and also how we can detect multiple binaries in the
presence of the confusion noise from the stochastic background. Finally, we introduce a
new approach to search for generic gravitational-wave bursts, which enables us to hunt for
unexpected new types of sources on the nanohertz gravitational-wave sky.
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CHAPTER ONE

INTRODUCTION

Einstein’s theory of general relativity is the modern description of the gravitational

force, which passed every observational test we ever conducted. One of its predictions

is the existence of wavelike perturbations of spacetime traveling at the speed of light

called gravitational waves (GWs). Their first direct observation was achieved by the

Laser Interferometer Gravitational-Wave Observatory (LIGO), which detected GWs from an

inspiralling binary black hole system in 2015 [1]. Since then, LIGO has observed GWs from

dozens of compact binaries [2], which are now used to study a diverse array of phenomena

in astrophysics.

Pulsar timing arrays (PTAs) offer a different GW detection method. They monitor

a collection of millisecond pulsars looking for the signature of nHz GWs in the arrival

times of radio pulses. There are three major PTA efforts around the globe: the North

American Nanohertz Observatory for Gravitational Waves (NANOGrav, [3]), the European

Pulsar Timing Array (EPTA, [4]), and the Parkes Pulsar Timing Array (PPTA, [5]). These

collaborations share their data and analyze combined datasets as part of the International

Pulsar Timing Array (IPTA, [6]). Both individual PTAs and the IPTA recently reported

evidence for a common red noise process seen in their datasets [7, 8, 9, 10], which could

potentially be the first sign of a stochastic GW background (GWB). The only way to

definitively distinguish a GWB from other noise sources common to all pulsars is to

measure the characteristic correlations between the signal in different pulsars. The expected

correlation as a function of the angular separation between two pulsars is described by the

Hellings–Downs curve [11], which predicts positive correlation at small and large angular
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separations and anticorrelation at moderate angular separation. Currently, there is no

evidence for such correlations, but if the observed noise process is indeed due to the GWB,

the correlations are expected to emerge within the next few years [12]. With the imminent

detection of low-frequency GWs, PTAs will undergo a similar transition as LIGO: we will

soon be able to use them not only to detect GWs, but also to answer exciting questions

in astrophysics. This thesis presents new methods to understand and search for various

GW signals in the nHz frequency band. These will help us realize the full potential of the

emerging field of PTA astrophysics.

The most promising sources in the nHz frequency range monitored by PTAs are

supermassive black hole binaries (SMBHBs). The vast majority of these result in the

emergence of a GWB, while the few brightest binaries could be detected individually. In

Chapter 2 we explore realistic simulated datasets using synthetic catalogs of SMBHBs based

on the Illustris cosmological hydrodynamic simulation [13]. We show how such a realistic

GWB is different from a simple isotropic Gaussian background with a power-law spectrum.

We also investigate how the confusion noise from the background affects the prospects of

individually detecting SMBHBs.

While the GWB provides information about the overall population of SMBHBs,

detecting GWs from an individual SMBHB would allow us to study that particular system

in detail, and could also allow for multi-messenger studies. The intrinsic GW waveform of

individual SMBHBs is relatively simple, because most of them will not evolve appreciably

during the observational timespan of PTAs. However, the way they appear in the data can

be quite complex, which makes it challenging to effectively sample the large parameter space

involved. In Chapter 3 we present an improved method to search for individual binaries,

which represents a substantial speedup compared to previously used methods. This allows

for more efficient parameter exploration, and potentially for carrying out analyses that were

previously computationally prohibitive.
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As PTAs get more sensitive, they will be able to individually detect GWs from multiple

SMBHBs. However, we do not know a priori how many SMBHBs should be modeled

individually, and how many can be described collectively as a GWB. In Chapter 4 we present

a new approach that uses a trans-dimensional Markov chain Monte Carlo (MCMC) algorithm

to find the number of individual sources most preferred by the data. This methodology

enables us to search for an unspecified number of individual binaries in the presence of a

GWB, and assess the influence of these two models on each other. This will be crucial in

understanding how the presence of individual sources can bias the parameter estimation of

the GWB, and vice versa.

Detecting SMBHBs can be extremely valuable in understanding their formation and

evolution. However, detecting an unexpected source would have an even larger impact on our

understanding of astrophysics, as it was demonstrated many times throughout the history of

astronomy (e.g. the cosmic microwave background, gamma-ray bursts, soft gamma repeaters,

or fast radio bursts). So it is worthwhile to search for previously unimagined sources that

may emit GW bursts with unknown morphology in the nHz band. There are several searches

targeting such unexpected sources at higher frequencies using LIGO data. In Chapter 5 we

present new methods to search for such generic burst signals in PTA data. The signal is

modeled with a collection of sine-Gaussian wavelets, where the number of wavelets is searched

over using trans-dimensional MCMC techniques. We similarly model noise transients that

may occur in individual pulsars. Whether the data prefers the coherent signal model or the

incoherent noise transient model will determine if we detected a GW burst. In addition,

these methods can also be used to search for previously undiscovered noise transients in the

data.
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2.3 Introduction

Pulsar timing arrays (PTAs) probe gravitational waves (GWs) with frequencies between

a few and a few hundred nanohertz (nHz) by continuously monitoring millisecond pulsars (for

a review see e.g. Refs. [14, 15]). The NANOGrav collaboration recently found evidence for a

low-frequency stochastic process common to all pulsars in their 12.5-year dataset [16]. The

three other PTAs also all found evidence for such a common red noise process (International

Pulsar Timing Array (IPTA) [10] , EPTA [8], PPTA [9]). It is possible that these results are

the first signs of a stochastic gravitational-wave background (GWB), but at this point none

of the above analyses found strong evidence for Hellings-Downs (HD) spatial correlations

that are the tell-tale sign of a gravitational background. However, this is not surprising

given that the power in cross-correlations is about an order of magnitude less then the total

power of a GWB. This means that we can expect to detect a common process before we

detect the HD correlations between pulsars (see e.g. Ref. [12]). Upcoming PTA datasets will

decide whether this red noise process is the GWB or not.

Once a firm detection of the GWB is established, the next task will be to identify its

origin. The theoretically most favored source of a GWB at nHz frequencies is an ensemble

of inspiralling supermassive black hole binaries (SMBHBs, see e.g. Refs. [17, 18, 19, 20]).

However, there are several other proposed processes that can form such a low-frequency

GWB, like cosmological phase transitions [21], cosmic strings [22, 23], primordial black

holes [24], inflation [25], etc. These models all have different predictions for the spectral

shape of the common signal, which presents the possibility of distinguishing these models.

However, definitively identifying the source of the GWB based solely on its spectrum will

be challenging given the large uncertainty in both measurement [12] and model predictions.

Thus any additional predictions of these models beyond their spectra could be useful in

determining the source of the GWB.



7

In this paper we explore various properties of realistic GWBs from SMBHBs, some

of which might help distinguish that scenario from others. As we will see, most of these

properties rely on the fact that an SMBHB-based GWB is built from a finite number of

sources. The general question of when the signal from a finite collection of individual sources

becomes effectively stochastic was investigated in Ref. [26], while the effects of the finite

population on the detection prospects of the GWB have been studied in Ref. [27]. Here we

are instead focusing on how these effects can help us discern the origin of the GWB. Our

simulations are using synthetic SMBHB catalogs based on the Illustis cosmological simulation

[28]. We introduce and validate a method that can rapidly produce simulated PTA datasets

from millions of SMBHBs by modeling the large majority of the sources as a GWB and

directly simulating the few brightest binaries in each frequency bin (see Section 2.4). We

use this simulation method to investigate how the central limit theorem breaks down for

such an SMBHB population (see Section 2.5.1), how the finite number of sources can lead

to anisotropic GWBs (see Section 2.5.2), and how the variance of the HD correlations is

affected by the properties of the SMBHB population (see Section 2.5.3). We also explore the

detectability of individual binaries in the presence of a GWB by calculating the distribution

of signal-to-noise ratios (SNRs) of the brightest binaries in multiple realizations (see Section

2.6). We summarize and offer concluding remarks in Section 2.7.

2.4 Simulation methods

2.4.1 SMBH population model

Our simulations are based on synthetic catalogs of the SMBHB population represen-

tative of the entire observable universe. These are derived from the Illustris cosmological

hydrodynamic simulations (see e.g. Ref. [29]) by modeling small-scale astrophysical processes

in a post-processing step. This treatment accounts for environmental effects relevant to

binary hardening like dynamical friction, stellar scattering, drag from a circumbinary disk,
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and GW emission (for more details see Refs. [28, 30, 20]). The collection of mergers observed

in the Illustris simulation volume can be resampled multiple times to create new realizations

of a simulated catalog of SMBHBs for the entire past light-cone of the observer.

Figure 2.1 shows the distribution of the source-frame chirp mass (M), the luminosity

distance (dL), and the observer-frame GW frequency (fobs) of such a simulated dataset of

SMBHBs. Here we applied a lower frequency cutoff at (15 year)−1, corresponding to the

observational timespan we consider in this paper and the observational timespan of the

upcoming NANOGrav 15-year dataset. This particular realization has about 207 million

binaries. Note that the number density is dominated by low-frequency, low-mass, faraway

systems.

2.4.2 Isotropic GWB plus bright binaries

The timing residuals in a PTA dataset at observing epochs ti can be written as:

r(ti) = rn(ti) + rGW(ti), (2.1)

where rn describes residuals due to every noise source, while rGW is the contribution of GWs.

In case of a population of N SMBHBs producing GWs in the observable universe, one can

write:

rGW(ti) =
N
∑

j=1

sj(ti;θj), (2.2)

where sj is the timing residual response to the GW signal from the jth binary, which is

described by the parameters θj = {M, dL, fobs, θ, ϕ, ι, ψ,Φ0}, where θ and ϕ parametrize the

location of the source on the sky, ι is the inclination of the binary’s orbit, ψ is the polarization

angle, and Φ0 is the initial phase of the GW signal (for an explicit expression of sj(ti;θj) see

e.g. Eq. (10) in Ref. [31]). While Eq. (2.2) is a valid description of the total GW signal, it is

impractical both for data analysis and for simulating signals. In terms of data analysis, this
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Figure 2.1: Distribution of binary parameters in the simulated SMBHB catalog we use.
The distribution was artificially cut off below observer-frame GW frequencies of (15 year)−1,
which would not be observable with the 15 year observing timespan considered here. Vertical
dashed lines indicate the median value of each parameter.

model has 8N parameters, which are practically impossible to explore in the realistic case,

where N ∼ O(106 − 108). In terms of simulating PTA datasets, individually calculating the

response of millions of binaries becomes a computationally expensive task.

We will show that both of these problems can be averted by expressing the total

contribution to the residuals as:

rGW(ti) = rGWB(ti, h
GWB
c ) +

Nfreq
∑

k=1

M
∑

j=1

s
(k)
j (ti;θj), (2.3)
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where rGWB is an isotropic Gaussian stochastic background with the characteristic strain

spectrum hGWB
c , Nfreq is the number of frequency bins considered, and s

(k)
j is the binary with

the jth largest characteristic strain in the kth frequency bin. The second term in Eq. (2.3)

loops over all Nfreq frequency bins and directly adds the contribution of the M brightest

sources in each bin. We set hGWB
c in each frequency bin based on the remaining SMBHBs

as:

hGWB
c (fk) =

√

√

√

√

Nk
∑

j=M+1

[

(hc)
(k)
j

]2

, (2.4)

where Nk is the total number of binaries in the kth frequency bin, fk is the central frequency

of that bin, and

(hc)
(k)
j = h

(k)
j

√

f
(k)
j Tobs (2.5)

is the characteristic strain of the jth brightest source in the kth frequency bin, Tobs is the

total observation time, f
(k)
j is the observer-frame GW frequency of that source, and h

(k)
j is

the sky and polarization averaged GW amplitude [18]:

h
(k)
j =

8√
10

(GMobs)
5/3(πfobs)

2/3

c4dL
, (2.6)

where Mobs = (1 + z)M is the observer-frame chirp mass. Note that Eq. (2.4) determines

hGWB
c by summing up the square of the characteristic strain for all binaries except the ones

directly modeled in Eq. (2.3). This is justified by the fact that when summing up sine-waves

of a given frequency with random phase offsets, the expectation value of the total amplitude

squared is given by the sum of the squares of individual amplitudes. This approximately

still holds in this scenario, where the frequencies of sources in the same frequency bin is

approximately the same.

This method of describing a realistic background by an idealized isotropic Gaussian

GWB and a sum of the few brightest sources can be used for both data analysis and
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simulation. The BayesHopper 1 algorithm uses this approach to search for multiple individual

SMBHBs in the presence of a GWB [32]. In this paper we use this approach to efficiently

create realistic simulated datasets. Note that for data analysis purposes, the ideal number of

SMBHBs to model individually is dictated by Bayesian parsimony. However, for simulating

signals we want to make sure that all the relevant details are captured, so we add more

binaries directly than strictly necessary, and than what can be picked up by data analysis.

To validate the use of this description for rapidly simulating realistic GWBs, we simulated

800 realizations of a GWB by directly simulating all binaries (as in Eq. (2.2)) and also by

simulating a GWB and 1000 outlier SMBHBs in each frequency bin (as in Eq. (2.3)). Figure

2.2 shows the median power spectral density (PSD) for both methods. The 90% credible

intervals are shown as shaded bands. Both methods produce spectra with a significant

variance over realizations, but both their median values and 90% credible intervals show good

agreement. Note that the two peaks correspond to frequencies of 1/year and 2/year, where

the timing model fit introduces extra power. The agreement between the PSDs produced

by the two methods show that they result in statistically equivalent frequency content. In

Sections 2.5.1 and 2.5.2 we show that after removing the brightest binaries, the remaining

signal satisfies the assumption of Gaussianity and statistical isotropy as well.

2.5 Properties of a realistic GW background

In this section we explore how various characteristics of the background are affected

by the fact that there is a finite number of sources contributing to it. We investigate the

spectrum of the GWB in Section 2.5.1, we test for statistical isotropy in Section 2.5.2, and

quantify the variance of the HD correlations in Section 2.5.3.

1Publicly available at: https://github.com/bencebecsy/BayesHopper

https://github.com/bencebecsy/BayesHopper
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Figure 2.2: Comparison of individually simulating all binaries (red) and simulating a
stochastic background and one thousand SMBHBs in each frequency bin (green). We show
the median and 90% credible intervals over 800 realizations as solid lines and shaded regions,
respectively.

2.5.1 GW spectrum

In the canonical description of a GWB arising from an infinite number of circular

SMBHBs evolving purely through GW emission, the characteristic strain spectrum can be

described as a power-law with a spectral index of -2/3, i.e. hGWB
c ∼ f

−2/3
obs [33]. The spectrum

arising from a population of SMBHBs differs from this simple spectrum (see purple dots

and dashed line in Fig. 2.3). The difference is most striking at high frequencies, where

the population-based spectrum has a lower amplitude than the power-law model. This is

due to the fact that the power-law model counts non-physical contributions from fractional

sources [34]. The population-based spectrum also exhibits significant fluctuations at high

frequencies. Fig. 2.3 also shows the spectrum when we exclude the brightest 1/10/100/1000
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binaries in each frequency bin 2. We can see that as we exclude more binaries, the scatter in

the spectrum decreases. This suggests that by setting M ≳ 100, the resulting spectrum is

not dominated by a few bright binaries anymore. Note that as we remove more binaries, the

spectra in Fig. 2.3 terminate at lower frequencies, because at higher frequencies we removed

all the binaries.

Figure 2.3: Characteristic strain spectrum for all binaries (purple) and for various numbers
of the brightest binaries removed (different shades of green). We also show a power-law
spectrum for reference (dashed gray line).

To quantify how much hGWB
c is dominated by a few sources at a given frequency, we look

at the minimum number of binaries contributing at least 90% of hGWB
c at a given frequency

(N90). Figure 2.4 shows the median N90 value over 20 realizations. We show this for the total

population and also for populations where we removed the topM = 1/10/100/1000 binaries.

The total number of binaries in each frequency bin is also indicated. While the bulk of the

2This corresponds to setting M = 1/10/100/1000 in Eq. (2.4)
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GWB signal is built up from O(103) binaries at the lowest frequency bins, it is dominated by

less than 10 binaries above about 100 nHz. This is expected from our qualitative assessment

of the spectra in Fig. 2.3, where we have seen an increased scatter at high frequencies. We

can also see that as we remove the brightest binaries from the population, the effective

number of binaries contributing to the GWB increases. Note that as we remove more and

more binaries, we can reach a limit where we are removing a significant fraction of the total

number of binaries, and thus removing more binaries actually decreases N90. See e.g. “-1000”

and “-100” lines around 40 nHz in Fig. 2.4). We also show the frequencies where the total

number of binaries reach 100 and 1000 (vertical dashed lines). Note that the “-1000” and

“-100” lines approach these horizontal lines, indicating the point where we remove all the

binaries in the given bin.

Figure 2.4 illustrates why modeling a realistic background as a GWB and a few

individual sources is well motivated. Modeling all the binaries as a GWB is not justified, since

the background level for the full population is dominated by a few sources at high frequencies,

so the central limit theorem breaks down. However, if we only consider the population with

hundreds of the brightest binaries removed, the background level is determined by a large

(≳ 100 − 1000) number of binaries, so treating it as a Gaussian background is a good

approximation. In this case the non-Gaussian nature of the background is modeled by

adding the brightest binaries as individual sources to the full signal (see Eq. (2.3)).

2.5.2 Statistical isotropy

In the simplest description, it is also usually assumed that the GWB exhibits statistical

isotropy. However, this is not expected to be true for realistic backgrounds. SMBHBs are

hosted by galaxies, which cluster into galaxy clusters, so nearby galaxy clusters can result in

an overabundance of nHz GW sources in a particular sky location. In addition, SMBHBs can

produce anisotropy even when they are uniformly distributed in volume, if a small number
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Figure 2.4: Number of binaries contributing 90% of the total strain in each frequency
bin (N90). We show this for the whole dataset (purple) and for datasets with the top
1/10/100/1000 binaries removed (different shades of green). We also show the total number
of binaries in each bin (Ntot, gray histogram). Vertical dashed lines indicate frequencies
where the total number of binaries reach 1000 and 100. Note that the lines for the datasets
without the top 1000/100 asymptote to the corresponding vertical lines, indicating frequency
bins where we remove a large fraction of the binaries.

of them dominate the nHz GW sky. This is in stark contrast with a GWB of primordial

cosmological origin, which would be perfectly statistically isotropic, so the origin of the

GWB can be firmly established by detecting anisotropy [35]. Indeed, there are numerous

methods to search for signatures of anisotropy in the GWB [36, 35, 37, 38, 39, 40], and by

some estimates PTAs might be able to detect anisotropy just a few years after detecting the
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Figure 2.5: Angular distribution of the characteristic amplitude in the frequency bin with
64.4 nHz< fobs <66.5 nHz. We show sky maps for all binaries (first row), and with 1/10/100
brightest binaries removed (2nd/3rd/4th rows). The left column shows the raw maps, while
the right column shows the maps reconstructed with the same range of angular scales as was
used for the anisotropy test (1 ≤ ℓ ≤ 6). Only the maps with 10 and 100 binaries removed
passed the isotropy test in this example. The monopole term was subtracted from each map.
Note the changing scale of the colormaps, which we forced to be symmetric around 0.
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isotropic component of the GWB [41].

In our modeling we assume a uniform in volume distribution of sources. This means

that the following results on anisotropy can be taken as a lower limit, since the effect of

local inhomogeneities would further increase the level of anisotropy. To model the angular

distribution of GW power, we pixelate the sky using the HEALPix framework [42]. Since

this produces equal-area pixels, randomly assigning each SMBHB to a pixel is equivalent to

distributing them uniformly on the sky. We carry out our analysis independently for each

frequency bin. For each pixel, we sum up h2c values of all the binaries assigned to that pixel,

resulting in a discretized function of sky location h2c(Ω).

Figure 2.5 shows that distribution for a particular realization at the frequency bin

between 64.4 nHz and 66.5 nHz. This frequency bin has a total number of 20,077 binaries.

The different rows show maps with different numbers of the brightest binaries removed.

For each of these we show both the raw map of hc(Ω) (left) and a reconstructed map with

angular scales restricted to those used for the anisotropy test described below (right). Note

that the mean amplitude has been subtracted to better show the fluctuations. We allow the

colorscales to be different for each sky map, but force it to be symmetric around 0. This

particular example shows a highly anisotropic distribution due to a few brightest binaries

dominating the sky, but as more and more of the binaries are excised, the remaining GWB

gets more and more isotropic. By the time we remove the top 10 binaries, the GWB sky map

restricted to large angular scales is visibly indistinguishable from an isotropic distribution.

This is similar to the findings of Ref. [43], where they found that the map can be made more

isotropic by removing the brightest source (see their Fig. 2).

To quantitatively assess the statistical isotropy of maps like those shown in Fig. 2.5,

we follow the formalism introduced in Refs. [44, 45]. This method was used to test the

statistical isotropy of the cosmic microwave background using data from the Wilkinson

Microwave Anisotropy Probe [46]. We start by decomposing our maps in terms of Y m
ℓ
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spherical harmonics:

hc(Ω) = hc(θ, φ) =
ℓmax
∑

ℓ=0

ℓ
∑

m=−ℓ

amℓ Y
m
ℓ (θ, φ). (2.7)

The amℓ coefficients can be used to compute the bipolar power spectrum, κℓ as defined in

Eq. (1) of Ref. [46]. After subtracting the contribution expected from an isotropic map

(Eq. (14) of Ref. [44]), κℓ has an expectation value of 0 for all ℓ ≥ 1 under statistical

isotropy. The variance can also be analytically computed (Eq. (17) of Ref. [44]), so one can

test for statistical isotropy by checking if κℓ are consistent with zero within their theoretical

variance.

We calculate κℓ for 1 ≤ ℓ ≤ 6, which corresponds to probing angular scales larger than

30◦. The cut-off at ℓ = 6 is motivated by the angular resolution sensitivity forecasts from

Ref. [41]. We apply a Gaussian low-pass filter on the amℓ values as defined in Eq. (5) of

Ref. [46] with ls = 20. This ensures that there is no spectral leakage affecting the analysis.

A key difference between our analysis and the one presented in Ref. [46] is that we do not

use the theoretical variance of κℓ to decide if a map is isotropic or not. Instead, we compare

the measured κℓ values to κℓ values calculated from Niso realizations of a simulated isotropic

map with the same angular power spectrum. We call a map statistically isotropic if the

measured κℓ values are within the maximum and minimum κℓ from the truly isotropic maps

for all ℓ. This procedure allows us to set the false positive and false negative probabilities

of our test by choosing the value of Niso. As discussed below, we perform multiple trials of

this test, so we want to make sure that anisotropic maps rarely pass the test by chance. We

choose Niso = 5, which results in the false positive and false negative rates reported in Table

2.1. Note that increasing Niso would further decrease the probability of anisotropic maps

passing the test at the cost of fewer truly isotropic maps passing it.

We performed κℓ-tests on all four maps shown on the right column of Figure 2.5. The

maps with all binaries and with the single brightest binaries removed failed the test, and are
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Table 2.1: False negative and false positive probabilities of the anisotropy test with Niso = 5.

Isotropy test result Pass Fail

Truly isotropic map 57% 43%

Truly anisotropic map3 12% 88%

thus not consistent with being statistically isotropic. The maps with 10 and 100 binaries

removed passed the test. It is instructive to compare the maps in the left and right columns.

Based on the raw maps we might say that even the map with 10 binaries removed is not

isotropic. However, the maps on the right correspond to what the κℓ-test actually sees. It is

evident even in those large angular scale features that the first two maps are dominated by

a few sources. Note in particular that these maps are highly asymmetric around their mean

values resulting in the lack of dark blue colors. However, once we remove the 10 brightest

binaries, the map is consistent with statistical isotropy up to ℓ = 6. This example reinforces

our previous qualitative assessment that removing the few brightest binaries makes the GWB

more isotropic.

We can ask how many binaries one needs to remove to get a background consistent with

statistical isotropy. To answer that we start with a κℓ-test on a map with all binaries, and

remove binaries one at a time until we reach a statistically isotropic map. We call the number

of binaries removed to achieve this Nrem. We repeat this procedure over all frequency bins

and multiple realizations (see Fig. 2.6). We can see that there is a trend of needing to remove

more binaries as we move to higher frequencies. Figure 2.6 also shows the number of binaries

with an amplitude within a factor of three of the brightest binary in the population that

achieved statistical isotropy, Ntop(33.3%). We can see that we typically reach isotropy when

there is more than ∼ 10 binaries with comparable amplitudes. This is consistent with the fact

that at ℓ = 6 there are 13 different spherical harmonics, so once there are ≳ 10 comparable
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sources randomly placed on the sky, we cannot distinguish that from an isotropic sky. Note

that at the highest frequencies Nrem ≃ Ntot, where Ntot is the total number of binaries in

each frequency bin. This is because in our procedure we set Nrem = Ntot if we cannot achieve

statistical isotropy with any value of Nrem. This is a similar feature to the one in Fig. 2.4,

where removing more binaries does not get us closer to a true stochastic background when

Ntot is small to start with. We also show the expected value of Nrem assuming all maps

are isotropic, E[Nrem]isotropy = 0.89, which is based on the false negative probability of 43%

reported in Table 2.1. We can see that at the lowest frequencies, the median value of Nrem is

consistent with this expectation value, suggesting that these maps tend to be isotropic even

without removing any bright binaries. Note that the expected value of Nrem assuming every

map is anisotropic is ∼ 60 and thus not expected to affect the results.

2.5.3 Variance of the Hellings-Downs curve

It can be shown that an isotropic, unpolarized, Gaussian GWB produces residuals that

are correlated between pulsar pairs, and the amount of correlation between pulsar i and

pulsar j is described by the HD curve [11]4:

Γij =
1

2
− 1

4
xij +

3

2
xij ln(xij) +

1

2
δij, (2.8)

where the term with δij encodes correlations due to the pulsar terms and it vanishes when

looking at different pulsars, and xij is defined as:

xij =
1− cos γij

2
, (2.9)

where γij is the angular separation between pulsars i and j. It has been shown in Ref. [47]

that Eq. (2.8) not only holds for GWBs, but also for a quasi-constant frequency continuous-

4Note that we follow the normalization convention where Γii = 1.
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Figure 2.6: Minimum number of sources removed to achieve statistical isotropy based on the
κℓ-test with ℓ between 1 and 6, Nrem(1 ≤ ℓ ≤ 6). We show the median and 68% credible
interval of Nrem over 30 GWB realizations. We also show the number of binaries with an
hc within a factor of 3 of the brightest binary in the frequency bin, Ntop(30%). Note how
statistical isotropy is reached when Ntop(30%) ∼ 10. The black line shows the total number
of sources in each frequency bin. The dashed horizontal line shows the expected value of
Nrem if all maps are isotropic and removals are only due to the false negative probability of
our test (see Table 2.1).
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wave (CW) signal from an individual SMBHB.

While Eq. (2.8) predicts the expectation value of the correlations as a function of γ,

individual correlations can have a significant variance (see Ref. [48] and references therein).

It has been suggested that the way the variance varies with angle might be used to distinguish

between primordial and astrophysical sources of the GWB [48].

There are two sources of that variance that are present even in idealized noise-

free observations, which we can call pulsar variance and cosmic variance, following the

nomenclature of Ref. [48]. Pulsar variance arises from the fact that individual correlations

can depend not only on γ, but also on three other angles describing the position of the two

pulsars on the sky. Once we average over those three additional angles the mean correlations

follow Eq. (2.8), but individual correlations can be significantly different. It is clear that

having a large number of pulsar pairs, one can in principle average out the pulsar variance.

Cosmic variance refers to statistical deviations from Eq. (2.8) in a given realization of the

GWB. Unlike pulsar variance, we cannot average out cosmic variance, since we only have

one universe to make observations of.

To quantify the variance of the HD correlations, we performed three different

simulations, each with 100 realization:

(i) GWB: a true stochastic background with a characteristic strain amplitude of 1×10−15

measured at fobs = 1 year−1 and spectral index of -2/3;

(ii) CW: GW signal of an individual SMBHB with fixed amplitude,M = 109 M⊙, fobs = 10

nHz, and nuisance parameters drawn randomly from uniform distributions;

(iii) Population: realistic GWB simulated as in Eq. (2.3).

For these simulations we use the sky location of pulsars in the NANOGrav 15-year dataset,

and simulate evenly sampled observations over 15 years with a 30 day cadence and with no
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noise. From the resulting rk(ti) residuals at times ti in pulsar k we calculate the correlation

between each pulsar pair as:

Ckl =
1

Nobs

Nobs
∑

i=1

rk(ti)rl(ti), (2.10)

where Nobs is the number of observations per pulsar. We also introduce:

Ĉkl = Ckl
(

1

NPSR

NPSR
∑

k=1

Ckk
)−1

, (2.11)

which normalizes Ckl with the auto-correlation terms, so that it follows the same convention

as Eq. (2.8).

Figure 2.7 shows the mean and 1-σ region of Ĉkl as a function of γ. The means follow

the expected HD curve for all three simulations. We also show the theoretical variance

for a purely stochastic background from Ref. [48], and for a single CW with pulsar terms

from Appendix A based on results from Ref. [48]. We can see that our results are in good

agreement with these predictions. In particular, the GWB curve follows the prediction for an

isotropic Gaussian background perfectly. The Population simulation also follows the shape

of the same theoretical curve, but with a slightly lower variance at all angles. This constant

shift is most likely due to its different spectral properties, which influence the normalization

between the mean and the variance of the correlations (cf. Eqs. (C16) and (C23) of Ref. [48]).

This also seems to suggest that our realistic GWB behaves more like an idealized GWB

than a single CW in this regard. The CW simulations also show some agreement with

the corresponding theoretical predictions. In particular, these correctly predict that a single

source has less variance than a GWB at large angles, but more at small angles. The deviation

can be explained by the anisotropic distribution of pulsars on the sky, since they agree very

well for a simulation with isotropically distributed pulsars (see Appendix A).

The 1-σ bounds we see in Fig. 2.7 include both pulsar and cosmic variance. To combat

the pulsar variance one can take the mean correlation in a set of angular separation bins. In
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Figure 2.7: Variance of inter-pulsar correlations over 20 angular separation bins. We show
results for an idealized GWB, a single CW source, and a realistic population-based GWB.
We also show the theoretically expected mean and variance of the correlations under different
assumptions. The small discrepancy between the theoretical and simulated CW curves is
due to the anisotropic distribution of pulsars used for the simulation (see Appendix A).

the limit of large number of pulsars, such an averaging should factor out the pulsar variance,

so the only source of variance is the cosmic variance (assuming noiseless observations). To

test this scenario we analyzed the same simulations as above, but instead of calculating

the variance of individual correlations, we first took the mean of the correlations in each

realization, and then calculated the variance of those means over all realizations. The results

are shown in Figure 2.8. We also show the same theoretically expected variances as in
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Fig. 2.7. In addition, solid gray lines indicate the cosmic variance (Eq. (G10) in Ref. [48]). As

expected, the variance of the correlations is drastically reduced by the binning and averaging

procedure. However, the variance is still larger than the cosmic variance at some angular

separations. This is due to the finite number of pulsar pairs available for averaging in our

simulations. Also note that the results from our three simulations are all consistent with

each other within their statistical uncertainty in this averaged representation.

Figure 2.8: Variance of the mean correlations over 100 realizations. We show results for
an idealized GWB, a single CW source, and a realistic population-based GWB. Besides the
same theoretical curves as in Fig. 2.7, we also show the theoretical variance from cosmic
variance only [48]. Note the different vertical scale compared to Fig. 2.7

Figures 2.7 and 2.8 only show the first and second moments of the distributions of



26

correlations. However, one advantage of our direct simulation approach over analytical

calculations is that we can easily produce the full distribution of correlations. To that end,

we show the distribution of the deviation from the HD curve both with and without binning

in Figure 2.9. We can see that the binned correlations show a consistent distribution for

all three of our simulations. This is not surprising given that their means and variances

are indistinguishable, as we have seen in Fig. 2.8. As expected, the individual correlations

show a significantly wider distribution. We can also see that while the population-based and

idealized GWB simulations show almost identical distributions, the histogram is significantly

different for the simulations with an individual CW signal. As it was previously pointed out in

Ref. [47], the overall distribution of correlation deviations has a heavier tail for a stochastic

background then for a single CW source. Also note that the distribution of individual

correlations shows significant non-Gaussian features.

2.6 Prospects for distinguishing individual binaries

Our method of modeling realistic backgrounds is also uniquely suitable to study

detection prospects of individual binaries in the presence of a stochastic background. By

setting M = 1 in Eqs. (2.3) and (2.4) we can separate the single brightest binary and the

rest of the GWB in each bin. Thus we can take into account the confusion noise coming from

the GWB itself, along with the white and red noise in each pulsar. Then we can calculate

signal-to-noise ratios (SNRs) for those outlier sources as (see e.g. Eq. (219) of Ref. [49]):

SNR = (s(t;θ)|s(t;θ)), (2.12)

where s(t;θ) is the CW signal in question, and we define the inner product on residuals as:

(a|b) = aTC−1b, (2.13)
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Figure 2.9: Histogram of deviations from the HD curve for all three simulations we performed.
The bottom panel shows the mean and 90% credible interval for the distribution of all
individual correlation values. The top panel shows the distribution of mean correlation
values calculated in each angular bin and each realization.

where C is the noise covariance matrix that takes into account white and red noise in each

pulsar and a stochastic background based on Eq. (2.4) with M = 1. We calculate inner

products using the ENTERPRISE software package [50].

2.6.1 Variance of SNR over extrinsic parameters

The SNR can have a significant variance even when we fix the intrinsic parameters of

the source. These are due to effects of extrinsic parameters: inclination angle, polarization

angle, initial phase, and two angles describing the sky location of the source. To explore the
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effect of these on SNR, we focus on a particular binary with fixed amplitude/distance, chirp

mass, and GW frequency, and calculate the distribution of SNRs over extrinsic parameters.

Figure 2.10 shows this binary on the hc–fobs plane (orange dot). We also show the GWB

spectrum for this particular realization (blue histogram), and the single brightest binary in

each frequency bin (blue dots). Note that we chose our binary to be the one that produces

the highest SNRs in this realization. We use a simulated dataset based on the properties of

pulsars in the NANOGrav 12.5-year dataset [51], and we extend the observation time to 15

years, as it was done in Ref. [12].

Figure 2.10: GWB spectrum in a particular realization (blue histogram) and the brightest
binary in each bin (blue dots). The binary we focus our attention on is indicated by the
orange dot.

Figure 2.11 shows the distribution of the median SNR over the sky for this particular

source. We also show the location of the pulsars in our simulated array as red stars. The
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sizes of the stars are scaled by a rough estimate of the sensitivity of the pulsars defined as:

Sensitivity ∝
(

Nobs
∑

i=1

1

(∆ti)2

)1/2

, (2.14)

where ∆ti is the nominal TOA error of the ith observation. Note that this simple expression

reproduces the expected scaling both with the number of observations (∼ √
Nobs) and with

the TOA errors (∼ 1/∆ti). We can see in Fig. 2.11 that the sensitivity on the sky shows

a dipolar structure, where one gets SNRs almost a factor of four higher in one direction

than the antipodal direction. This is in agreement with the highly anisotropic upper limits

found by the search for individual binaries in the NANOGrav 11-year dataset [31]. The

reason for this is the highly anisotropic distribution of NANOGrav pulsars, which tend to

be concentrated around the galactic center.

Figure 2.11: Distribution of the median SNR over the sky for a particular source. Red stars
indicate the locations of pulsars in our array (based on the NANOGrav 12.5-year dataset,
see Ref. [51]), with their sizes corresponding to their sensitivity as defined in Eq. (2.14). The
black cross indicates the sky pixel with the highest median SNR.
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Figure 2.12: Distribution of SNRs for a particular source. The top panel shows the overall
distribution (gray), along with histograms restricted to the half of the sky centered on the
most sensitive sky location (red), and the antipodal point (blue). The bottom panel shows
how SNR correlates with the orbital inclination (ι). The coloring indicates each source’s
angular distance from the most sensitive sky location (see black cross in Fig. 2.11).
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The top panel of Figure 2.12 shows the distribution of SNRs for this particular source,

marginalized over all external parameters. There is a significant variance in the SNR, with

the 95% credible interval ranging from 0.8 to 4.9. We also show the distribution restricted

to the more and less sensitive hemisphere, which we define relative to the most sensitive sky

pixel marked with a black cross in Fig. 2.11. This shows that the sky location significantly

contributes to the variance of the overall distribution. While most other extrinsic parameters

do not show a clear correlation with SNR, the well-known effect of the inclination angle (ι)

appears here as well. This is evident from the strong dependence of the GW amplitude

on ι (see e.g. Eq. (13-14) of Ref. [31]). The bottom panel of Figure 2.12 shows the 2-

dimensional distribution of cos ι and SNR. Sources with face-on orientation (cos ι = ±1)

produce significantly higher SNR values compared to edge-on systems (cos ι = 0). We

also color-code the points on this panel with the source’s angular distance from the most

sensitive sky location marked in Fig. 2.11. We can see that orbital inclination and sky

location represent the majority of the SNR variance. This means that PTAs are more likely

to first see an individual SMBHB with approximately face-on orientation, located in the part

of the sky where our PTA is most sensitive towards.

2.6.2 Expected properties of the highest-SNR SMBHB

We are interested in the expected properties of the CW signal that will first be

detectable. To find those, we create 15 thousand realizations of a realistic GWB made

up from 150 realizations of the SMBHB population with 100 different random extrinsic

parameters each. We use a simulated PTA based on the NANOGrav 12.5-year dataset

extended to a 15 year timespan [12]. Thus the following results can be treated as pessimistic

predictions for the upcoming NANOGrav 15-year dataset, since we do not take into account

the improved timing precision and the addition of new pulsars. For each realization we find

the individual binary with the highest SNR looking through all the frequency bins. Figure
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2.13 shows the location of these best sources on the hc–fobs plane, color-coded with their

corresponding SNR. We also show the spectrum of the GWB for all realizations. We can

see that the best sources are concentrated at moderate frequencies. The lack of high-SNR

sources at higher frequencies is due to the white noise in the dataset, which has hc ∼ f
3/2
obs .

Note that a large fraction of the best sources lie below the characteristic strain spectrum

of the GWB, which act as a noise source here. This is possible due to the fact that the

SNR not only depends on hc, but also on extrinsic parameters as we have seen in Section

2.6.1. Selecting the best source over all frequencies preferentially selects sources with the

most favorable sky locations, inclinations, etc, thus resulting in significant SNRs even if the

source has hc < hGWB
c .

Figure 2.14 shows the 1 and 2-dimensional marginal distributions of the detector-frame

GW frequency and chirp mass, luminosity distance, inclination angle, and the SNR for the

best sources over 15 thousand realizations. The median fobs is ∼ 6 nHz, the median chirp

mass is ∼ 5 × 109 M⊙, and the median luminosity distance is ∼ 1.5 Gpc. This suggests

that we will most likely first see a CW source at moderate frequencies with a very high

chirp mass at a considerable distance. This is different from the common expectation of

first seeing a nearby source (see e.g. Ref. [43]). Note however that this conclusion might

be affected by the fact that our model does not include the local clustering of galaxies, and

assumes a uniform-in-volume distribution instead. The distribution of cos ι is significantly

different from the flat distribution corresponding to isotropic inclination distribution. This

is due to the increased SNR for face-on systems (see Fig. 2.12). The probability of the best

source being within 30◦ of face-on is ∼ 26% for the whole population and ∼ 36% for the

SNR > 5 subpopulation (compare with ∼ 13% for the isotropic distribution).

We can also see on Figure 2.14 that the median SNR is 2.0, which is not expected

to be detectable. However, there is about a 8% chance to get a source with SNR > 5.

Depending on the details of the detection algorithm used, those might be detectable, which
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Figure 2.13: Location of the best sources on the hc–fobs plane over 150 realizations of the
binary population with 100 random extrinsic parameters each (15 thousand in total). The
color of each dot indicates the SNR of the best source in the particular realization. Note
that the color scale was capped at SNR=5 for better visibility. We also show the GWB
spectra for each realization in blue. Sources can have significant SNRs even if they are below
the characteristic strain spectrum for the GWB if they have favorable extrinsic parameters
(e.g. sky locations and inclinations).

is an interesting prospect for the search for individual binaries in the upcoming NANOGrav

15-year dataset. We also show histograms for these high-SNR sources in red. We can see

that they largely follow the same distribution for fobs, M, and dL as all realizations. The

same analysis extended to a 20 year timespan yields similar fobs, M, and dL values, a median

SNR of 4.0, and SNR > 5 in about 32% of the realizations.

Note that another reason why these predictions are pessimistic is that we only check

the binary with the highest hc in each bin. In principle, binaries with lower hc can end up

producing the highest SNR signals. This means that by not taking those into account, our
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Figure 2.14: Distribution of the detector-frame GW frequency and chirp mass, luminosity
distance, inclination angle, and the SNR of the best source over 150 binary population
realizations with 100 realization each (15 thousand in total). Dashed lines and quoted values
correspond to the 5th/50th/95th percentiles. Gray histograms show all realizations, while red
histograms show only those where the best SNR is higher than 5 (∼ 8% of all realizations).

SNR distributions are biased low. On the other hand, these results do not marginalize over

the uncertainty in the astrophysical models used for the SMBHB populations, which could

have a large effect on these results. We will incorporate these additional details in a future
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study to provide more robust predictions for future PTA detection prospects.

2.7 Conclusion and future work

In this paper we presented a new approach to efficiently simulating realistic PTA

datasets by modeling the signal as a combination of an isotropic Gaussian GWB and a

few of the brightest binaries modeled individually. This produces datasets consistent with

the naive method of directly modeling all binaries in a fraction of the time. We used this

simulation technique to explore various properties of realistic PTA datasets. We show that

the datasets are dominated by a small number of binaries at high frequencies, resulting in

the well-known lack of GW power compared to a simple power-law model (see e.g. Ref. [34]).

We test these datasets for statistical isotropy and find that they can be made isotropic by

removing the couple brightest binaries at all except the highest frequencies. We calculate

the mean and the variance of the spatial correlations in our simulated datasets and find good

agreement with analytical results presented in Ref. [48].

Our methodology also allows for calculating SNRs of any binary in our datasets. We

use that to calculate the distribution of the SNR of the brightest source over realizations

for a simulated PTA based on the NANOGrav 12.5-year pulsars with time spans extended

to 15 years. These calculations account for both pulsar noise and the confusion noise from

the GWB. We find that the brightest binary tends to have moderate GW frequency, high

chirp mass, large distance, and nearly face-on orientation. The median SNR of the brightest

source is 2.0, and about 8% of the realizations produce a source with SNR higher than 5.

These SNR values are pessimistic estimates for the upcoming NANOGrav 15-year dataset,

since they do not take into account any potential improvements of the timing model solutions

or the addition of new pulsars relative to the 12.5-year dataset. However, they rely on a

particular model of the SMBHB population, which might introduce biases. If we further

increase the observing timespan to 20 years, the fraction of realizations producing a binary
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with SNR greater than 5 increases to about 32%, and the median SNR increases to 4.0.

We also calculate the SNR distribution for a given binary over different values of their

extrinsic parameters (sky location, inclination and polarization angle, initial phase). We

find that these parameters can have a significant effect on the SNR. The sky location and

the inclination angle are particularly impactful parameters, as they can change the SNR by

a factor of 2− 4.

The methods presented in this paper will continue to be useful tools to understand the

interplay between the stochastic background and individual sources. In the future, we plan

to incorporate different models of the SMBHB population, allowing us to produce simulated

datasets using different assumptions about SMBHB formation and evolution. The software

used for this paper was made to be compatible with the holodeck software package, allowing

us to use any SMBHB population model developed there. That will also allow us to make

our detection prospect predictions marginalized over astrophysical uncertainties. In addition,

we also plan to run PTA detection pipelines on realistic datasets produced by the methods

presented here. In particular, analyzing such datasets with the QuickCW5 pipeline [52], would

allow us to make more accurate predictions than the simple SNR calculations presented in

this paper. We also plan to analyze such datasets with BayesHopper to investigate how

PTAs will be able to detecting multiple individual sources in the future [32].

5Publicly available at: https://github.com/bencebecsy/QuickCW

https://github.com/bencebecsy/QuickCW


37

ACKNOWLEDGEMENTS

The authors thank Stephen Taylor and Nihan Pol for providing access to software used

in Ref. [12] to create simulated datasets based on measured noise properties of NANOGrav

pulsars. We thank Chiara Mingarelli for feedback on the manuscript. We also thank Bruce

Allen and Joseph Romano for useful discussions about the variance of HD correlations. We

appreciate the support of the NSF Physics Frontiers Center Award PFC-1430284.

Software: healpy [53], HEALPix [42], ENTERPRISE [50], corner [54], Numba [55, 56]



38

CHAPTER THREE

FAST BAYESIAN ANALYSIS OF INDIVIDUAL BINARIES IN PULSAR TIMING

ARRAY DATA

3.1 Contribution of Authors and Co-Authors

Manuscript in Chapter 3

Author: Bence Bécsy
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3.3 Introduction

Gravitational waves (GWs) with nHz frequencies can be probed by monitoring the time-

of-arrival (TOA) of radio pulses emitted by millisecond pulsars. The primary targets of these

pulsar timing arrays (PTAs) are GWs from supermassive black hole binaries (SMBHBs).

These can potentially be recovered from the data individually, or one can detect a stochastic

GW background (GWB) emerging from the ensemble of all SMBHBs in the observable

universe (for a review, see e.g. [15]).

All three major PTA experiments recently detected a common red noise process: the

North American Nanohertz Observatory for Gravitational Waves (NANOGrav [7]); the

European Pulsar Timing Array (EPTA [8]); and the Parkes Pulsar Timing Array (PPTA

[9]). The International Pulsar Timing Array (IPTA) also found strong support for such a

signal in the combined dataset from these regional PTAs [10]. A common red noise process

is expected to be the first sign of the GWB [57, 12]. There remain alternative explanations,

which can be ruled out if we observe the Hellings-Downs correlations characteristic of a GWB.

Assuming the signal is due to the GWB, we expect to see a clear sign of these correlations

within the next few years [12].

The detection of GWs from the brightest individual SMBHB is expected to happen

not long after the confident detection of the GWB (see e.g. [58, 59]). Searching for GWs

from individual SMBHBs is especially important since they will provide direct evidence

of SMBHBs emitting GWs, unlike the GWB, which in principle could come from other

GW sources (e.g. cosmological phase transitions [60]). An individually resolved SMBHB

would also provide a unique opportunity for joint electromagnetic and GW observations

(see e.g. [61]). Several searches for individual SMBHBs have been carried out in the past,

resulting in upper limits on the amplitude of GWs from SMBHBs [62, 63, 64].

Numerous analysis techniques have been developed to search for and characterize GWs
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from individual SMBHBs (see e.g. [65, 66, 67, 68]). Fully Bayesian methods tend to be

computationally intensive due to the large parameter space that needs to be explored, and

because the unevenly sampled datasets and heteroscedastic (non-stationary) noise rule out

the fast Fourier domain methods used in the analysis of ground-based GW detectors (see [69]

and references therein). This problem will further intensify as our datasets get larger, and

as we try to incorporate more complicated signal models, like eccentric binaries [70, 71] or

multiple binaries [32]. In this paper we present a method that can significantly speed up such

Bayesian analyses by separating shape parameters, which determine the morphology of the

GW signal, from projection parameters, which only affect how the signal is projected onto the

line-of-sight of each pulsar. Our new technique enables exploration of projection parameters

(most of which are nuisance parameters) at practically zero cost. Due to the large number

of projection parameters, this results in a significant speedup of the overall analysis. This

method is implemented in the QuickCW software package 1. Note that this approach is similar

to the F-statistic method introduced in Ref. [72], but instead of analytically maximizing over

certain parameters, we numerically marginalize over them, thus keeping the analysis fully

Bayesian. There are also similarities with the techniques presented in Ref. [68], where the

likelihood function is either maximized or marginalized over the pulsar phase parameters.

The paper is organized as follows. In Section 3.4, we review the traditional formulation

of the individual source signal model and introduce the alternative formulation allowing

for the rapid exploration of projection parameters. In Section 3.5, we describe sampling

methods that can be used to maximize the advantage brought about by the new likelihood.

We validate these methods by analyzing various simulated datasets (Section 3.6) and the

NANOGrav 11-year dataset [73, 62] (Section 3.7). We conclude and outline possible future

directions in Section 3.8. Throughout this paper we use units where G = c = 1.

1Publicly available at:https://github.com/bencebecsy/QuickCW

https://github.com/bencebecsy/QuickCW
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3.4 Fast likelihood

In this section we review the effect of GWs from a circular SMBHB on PTA residuals,

and we describe an alternative formulation of the signal model allowing for the separation of

shape and projection parameters. The latter shows several similarities with the F-statistic

(see e.g. [74, 75, 76, 77, 72]). However, we keep all parameters of the signal free, instead of

maximizing over some of them as is done in the F-statistic analysis.

The emitted GW signal can be written as 2:

hab(t, Ω̂) = e+ab(Ω̂) h+(t, Ω̂) + e×ab(Ω̂) h×(t, Ω̂) , (3.1)

where Ω̂ is a unit vector from the GW source to the Solar System barycenter (SSB), h+,× are

the polarization amplitudes, and e+,×
ab are the polarization tensors. The polarization tensors

can be written in the SSB frame as:

e+ab(Ω̂) = m̂a m̂b − n̂a n̂b , (3.2)

e×ab(Ω̂) = m̂a n̂b + n̂a m̂b , (3.3)

where Ω̂, m̂, and n̂ are orthonormal vectors defined as:

Ω̂ = − sin θ cosϕ x̂− sin θ sinϕ ŷ − cos θ ẑ , (3.4)

m̂ = sinϕ x̂− cosϕ ŷ , (3.5)

n̂ = − cos θ cosϕ x̂− cos θ sinϕ ŷ + sin θ ẑ . (3.6)

The response of a pulsar to the source is described by the antenna pattern functions F+ and

2Note: the following notation follows the sign convention of the ENTERPRISE software package, which is
slightly different than the conventions usually used in the literature
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F×:

F+(Ω̂) =
1

2

(m̂ · p̂)2 − (n̂ · p̂)2
1 + Ω̂ · p̂

, (3.7)

F×(Ω̂) =
(m̂ · p̂)(n̂ · p̂)
1 + Ω̂ · p̂

, (3.8)

where p̂ is a unit vector pointing from the SSB to the pulsar. The effect of a GW on a

pulsar’s TOAs can be written as:

s(t, Ω̂) = F+(Ω̂) ∆s+(t) + F×(Ω̂) ∆s×(t) , (3.9)

where ∆s+,× is the difference between the signal induced at the pulsar and at the Earth (the

so-called “pulsar term” and “Earth term”),

∆s+,×(t) = s+,×(tp)− s+,×(t) , (3.10)

where t is the time measured at the SSB and tp is the corresponding time at pulsar p. From

geometry, we can relate t and tp by:

tp = t− Lp(1 + Ω̂ · p̂) , (3.11)

where Lp is the distance to the pulsar.

For a circular binary, at zeroth post-Newtonian (0-PN) order, s+,× is given by:

s+(t) =
M5/3

dL ω(t)1/3
[

sin 2Φ(t)
(

1 + cos2 ι
)

cos 2ψ

+2 cos 2Φ(t) cos ι sin 2ψ] , (3.12)

s×(t) =
M5/3

dL ω(t)1/3
[

− sin 2Φ(t)
(

1 + cos2 ι
)

sin 2ψ

+2 cos 2Φ(t) cos ι cos 2ψ] , (3.13)
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where ι is the inclination angle of the SMBHB, ψ is the GW polarization angle, dL is the

luminosity distance to the source, and M ≡ (m1m2)
3/5/(m1+m2)

1/5 is a combination of the

black hole masses m1 and m2 called the “chirp mass.”

The evolution of the frequency in the Φ(t) phase terms can be kept fully general, or

Taylor expanded to leading order in the first time derivative of the orbital angular frequency,

ω̇. The signal in pulsar pi can be rewritten as (cf. eq. (3.9)):

si(t, Ω̂) =
4
∑

j=1

σ4(i−1)+j(Ω̂, Ae, ι, ψ,Φ0,Φi)S
4(i−1)+j(t), (3.14)

where the filter functions, S4(i−1)+j(t), are defined as:

S4(i−1)+1(t) = [ω0/ω(t)]
1/3 cos 2Φ(t) ,

S4(i−1)+2(t) = [ω0/ω(t)]
1/3 sin 2Φ(t) ,

S4(i−1)+3(t) = [ωi/ω(tpi)]
1/3 cos 2Φ(tpi) ,

S4(i−1)+4(t) = [ωi/ω(tpi)]
1/3 sin 2Φ(tpi) , (3.15)

where the prefactors in front of the trigonometric functions take into account the slight

change in amplitude due to the frequency changing within the observational timespan. The

reference frequency of the Earth term is denoted as ω0 = ω(t0), while ωi = ω(t0−Lpi(1+Ω̂·p̂i))

is the reference frequency of the pulsar term in pulsar pi. The time-dependent angular

frequency is given by:

ω(t) = ω0

[

1− 256

5
M5/3ω

8/3
0 (t− t0)

]−3/8

. (3.16)
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The phases in eq. (3.15) are given by:

Φ(t) = Φ0 +
1

32
M−5/3

[

ω
−5/3
0 − ω(t)−5/3

]

,

Φ(tpi) = Φi +
1

32
M−5/3

[

ω
−5/3
i − ω(tpi)

−5/3
]

. (3.17)

Note that while the initial phases Φi and Φ0 are not independent parameters, we treat them

as independent since the current uncertainties in the pulsar distances are so large that it

is practically impossible to phase connect the Earth and pulsar terms. The first two filters

are for the Earth term, and are the same for all pulsars (but they are sampled at different

discrete times due to the different observing schedules for each pulsar). The coefficients σk

are given by:

σ4(i−1)+1 = −Aeω
−1
0

[

cos 2Φ0(1 + cos2 ι)(cos 2ψF+
i − sin 2ψF×

i )−

2 sin 2Φ0 cos ι(sin 2ψF
+
i + cos 2ψF×

i )
]

,

σ4(i−1)+2 = −Aeω
−1
0

[

sin 2Φ0(1 + cos2 ι)(cos 2ψF+
i − sin 2ψF×

i ) +

2 cos 2Φ0 cos ι(sin 2ψF
+
i + cos 2ψF×

i )
]

,

σ4(i−1)+3 = Aiω
−1
0

[

cos 2Φi(1 + cos2 ι)(cos 2ψF+
i − sin 2ψF×

i )−

2 sin 2Φi cos ι(sin 2ψF
+
i + cos 2ψF×

i )
]

,

σ4(i−1)+3 = Aiω
−1
0

[

sin 2Φi(1 + cos2 ι)(cos 2ψF+
i − sin 2ψF×

i ) +

2 cos 2Φi cos ι(sin 2ψF
+
i + cos 2ψF×

i )
]

, (3.18)

where Ae = M5/3d−1
L ω

2/3
0 and Ai = M5/3d−1

L ω
2/3
i . Note that Ai are not independent

parameters, since they are uniquely determined by Ae, ω0, and ωi. The log likelihood can

be written as:

logL = −1

2
(δt− s|δt− s)− 1

2
log det(2πC) , (3.19)
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where:

(a|b) = aTC−1b . (3.20)

Here C = N + TBT T , where N is the white noise covariance matrix, T is the design

matrix for the timing model, red noise and jitter noise, and B is the prior matrix for the

hyperparameters of those (see e.g. [15]). Using the Woodbury matrix identity, we can express

the inverse of C as:

C−1 = (N + TBT T )−1 = N−1 −N−1TΣ−1T TN−1 , (3.21)

where Σ−1 = B−1 − T TN−1T . Using the four filters we have:

logL = −1

2
(δt|δt)− 1

2
log det(2πC)

+

4Np
∑

k=1

σkN
k − 1

2

4Np
∑

k=1

4Np
∑

l=1

σkσlM
kl , (3.22)

whereNk = (δt|Sk),Mkl = (Sk|Sl), andNp is the number of pulsars in the array. Computing

these inner products is the expensive step. The inner products have to be recomputed each

time the noise model or the shape parameters of the signal (see Table 3.1) are updated.

Note that while the vast majority of the off-diagonal terms in Mkl are zero, the per-pulsar

quadratures and pulsar-Earth cross terms will not vanish since the data is un-evenly sampled

and the orbital periods are generally not integer sub multiples of the observation time. The

band-diagonal structure of the Mkl mean that it can computed and stored in an array of

size 10Np, rather than the naive (4Np)
2. Note that in the presence of correlated noise

between different pulsars (e.g. a stochastic GW background), inner products will include

cross-terms between pulsars. Appendix B describes how the cross terms can be avoided,

thereby maintaining the factorized form of the likelihood and the band-diagonal structure

of the Mkl matrix.
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Table 3.1: List of shape and projection parameters and their numbers as a function of the
number of pulsars (Np).

Shape parameters Projection parameters

(4 + 3×Np) (4 +Np)

θ, ϕ, fGW, M, Lpi , γpi , ARN,pi ι, Ae, Φ0, Ψ, Φi

For a fixed set of noise parameters and shape parameters, we can compute the likelihood

for any set of projection parameters (see Table 3.1) in essentially zero time. See details of

how we can take full advantage of the speedup by an implementation relying on Numba

in Appendix C. This increased speed allows us to fully marginalize over these projection

parameters by performing a large number of MCMC updates of just these parameters.

If we are only interested in the Earth term, the sky location could also be marginalized

over without needing to recompute the inner products. The pulsar terms ruin this separation

of variables since the pulsar time tp from eq. (3.11) depends on the sky location.

We can see from eq. (3.16) that the initial angular frequency at each pulsar is given by:

ωi = ω0

(

1 +
256

5
M5/3ω

8/3
0 Lpi(1 + Ω̂ · p̂i)

)−3/8

. (3.23)

Note that the Earth term and pulsar term can be quite different since:

256

5
M5/3ω

8/3
0 Lpi = 10.16

( M
109M⊙

)5/3

×
(

ω0

2π/yr

)8/3(
Lpi

1 kpc

)

. (3.24)

On the other hand, the Earth term frequency only changes by a small amount during an

O(10) year observing span so long as the systems are not very heavy or the current frequency
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is not too high since:

256

5
M5/3ω

8/3
0 t = 0.031

( M
109M⊙

)5/3

×
(

ω0

2π/yr

)8/3(
t

10 yr

)

. (3.25)

3.5 Metropolis-within-Gibbs sampling

With the new formulation of the likelihood in eq. (3.22) the computational burden is

highly dependent on which parameters we try to update. Since calculating the likelihood at

new projection parameter values is significantly faster than calculating it for a new set of

shape parameters, we propose more updates in projection parameters. We achieve that by

employing a Metropolis-within-Gibbs sampler (see [78] and references therein), where the

sampler completes a block of projection parameter updates (in this case typically O(103))

before attempting a shape parameter update. The Metropolis-within-Gibbs sampler allows

us to sample projection parameters extremely well with practically no additional cost.

In order to optimize the mixing in shape parameters, we also use a technique called

Multiple Try MCMC (MTMCMC, see e.g. [79, 80]). The idea of MTMCMC is that one

can propose N different points, select one of them based on some importance weights, and

accept or reject the new sample based on an acceptance probability which depends on the

likelihood at all N proposed points. With N = 1, one recovers the Metropolis-Hastings

algorithm, while as N → ∞, we draw independent samples from the posterior. Variants of

MTMCMC where the trials can be drawn from different distributions or can be correlated

were introduced in [81, 82].

We apply MTMCMC for the shape parameter updates in our Metropolis-within-Gibbs

sampler as follows. Let us denote the parameters of the MCMC chain at the ith iteration
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as:

θi =
{

θ
(s)
i ,θ

(p)
i

}

, (3.26)

where θ
(s)
i are the shape parameters and θ

(p)
i are the projection parameters at the ith

iteration. We determine the next sample, θi+1, using the following algorithm:

1. Draw a set of new shape parameters θ(s) from the proposal q(s)
(

θ
(s)
∣

∣

∣
θ
(s)
i

)

.

2. DrawN different sets of projection parameters, θ
(p)
(1) , ...,θ

(p)
(k), ...,θ

(p)
(N), from the proposals

q
(p)
k

(

θ
(p)
(k)

∣

∣

∣
θ
(p)
i

)

.

3. Randomly select θ(j) =
{

θ
(s),θ

(p)
(j)

}

, according to the probability mass function:

p(θ(j)) =
L(θ(j))

∑N
k=1 L(θ(k))

. (3.27)

4. Form N auxiliary samples:

Θ(k) =















{

θ
(s)
i ,θ

(p)
(k)

}

if k ̸= j

θi if k = j.

(3.28)

5. Set θi+1 = θ(j) with probability:

min

(

1,

∑N
k=1 L(θ(k))

∑N
k=1 L(Θ(k))

)

, (3.29)

otherwise, set θi+1 = θi.

Note that eqs. (3.27) and (3.29) only depend on the likelihood values and not on the proposal

densities, because we only employ symmetric proposal distributions. We can see that if

N = 1, eq. (3.29) reduces to the usual Metropolis-Hastings acceptance probability. Also note

that since we are selecting the proposed projection parameters, θ
(p)
(j) , according to eq. (3.27),
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as N → ∞ we are drawing independent samples from the conditional likelihood at the new

shape parameters, L(θ
(p)
(j) |θ(s)). At this large N limit, we can also interpret the acceptance

probability in eq. (3.29) as comparing the likelihood at the new and old shape parameters

marginalized over the the projection parameters.

To ensure the new set of shape parameters is not rejected due to the lack of an

appropriate set of projection parameters, we use a fairly large number of trials (typically

N = 10, 000). A large number of projection parameter trials increases acceptance of shape

parameter proposals with little additional cost due to the comparatively cheap evaluation of

the likelihood at different projection parameters. For the shape parameter proposals, we use

a mix of Fisher proposals, differential evolution proposals, and prior draws. At a given step

we only update a specific set of parameters: (i) the four common parameters (sky location,

chirp mass, frequency); (ii) pulsar distances; (iii) red noise parameters. For the projection

parameter proposals, we always have one trial keep its original projection parameters. This

gives a good chance of accepting the new shape parameters even if for some reason the large

number of trials with perturbed projection parameters would land on low-likelihood places.

For the rest, we draw each projection parameter independently using an optimal jump scale

determined by the second derivative of the likelihood in that direction. If the optimal scale

is larger than a threshold, we do a draw from the prior instead. Switching to prior draws

ensures that when a parameter’s value is not well determined we do a prior draw resulting

in good exploration. Details about the implementation of the new likelihood function and

the sampler can be found in Appendix C.

In general, MTMCMC algorithms provide better mixing at the cost of additional

likelihood evaluations needed in eqs. (3.27) and (3.29). MTMCMC methods are particularly

well suited to our new method, because the extremely cheap evaluations of the likelihood for

different projection parameters give us the benefits at little additional cost.
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3.6 Results with simulated data

To test and illustrate the performance of the new methods described above, we analyzed

several simulated datasets. To gauge expected runtimes realistically, all our datasets are

made to resemble the latest publicly available dataset of the NANOGrav collaboration, the

NANOGrav 12.5-year dataset [3]. They all contain the same 45 pulsars with the same timing

solution and same observation properties (epochs, observing frequencies, TOA errors) as the

real dataset. We simulated white and red noise in all pulsars according to the best-fit

parameters found for the real observations. The typical runtime on a dataset of this size and

complexity was a few days on an AMD Ryzen Threadripper 3970X 32-core processor.

In addition to white and red noise, we added three different signals to our dataset

to test our analysis in different interesting scenarios: a slowly evolving signal which has

comparable frequencies in the Earth term and the pulsar terms (see Dataset 1 in Table

3.2 and Section 3.6.1.1); a rapidly evolving signal where the Earth and pulsar terms have

significantly different frequencies (see Dataset 2 in Table 3.2 and Section 3.6.1.2); and a low-

SNR marginally detectable signal at the most sensitive sky location and frequency, which is

meant to represent the kind of signal we are most likely to detect first (see Dataset 3 in Table

3.2 and Section 3.6.1.3). We also analyzed a dataset without any signals to test how the new

pipeline can produce upper limits if no significant GW sources are found (see Section 3.6.2).

3.6.1 Detection analyses

3.6.1.1 Slowly evolving signal We first analyzed a signal with a relatively low chirp

mass and frequency (see Dataset 1 in Table 3.2) resulting in only slightly different Earth

term and pulsar term frequencies (cf. eq.(3.24)). We chose the amplitude of the signal to

achieve a moderate SNR of 10.4. Fig. 3.1 shows how the square of the SNR (a good proxy

3Note that dL is not an independent parameter we fit for. It is completely determined by Ae, fGW, and
M.
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Table 3.2: List of parameter values for simulated datasets. Red noise parameters and pulsar
distances were set to the official values from the NANOGrav 12.5-year dataset [3]. The GW
phase at each pulsar was determined from Φ0, the light travel time to each pulsar, and fGW.

θ ι ϕ fGW Ae M Φ0 Ψ dL
3

Dataset 1 π/3 1.0 4.5 8 nHz 5× 10−15 5× 108 M⊙ 1.0 1.0 7.5 Mpc

Dataset 2 π/3 1.0 4.5 20 nHz 1× 10−14 5× 109 M⊙ 1.0 1.0 320 Mpc

Dataset 3 2π/3 0.5 4.5 8 nHz 2× 10−15 1× 109 M⊙ 2.0 1.5 60 Mpc

for detectability) is distributed among the 45 pulsars in the array. The highly heterogeneous

distribution means that only 3/10/23 pulsars are responsible for 50/90/99% of the total

SNR2. There are two reasons for this: (i) the pulsars in the array have a wide range of

observation timespans and timing precisions, since they correspond to the real pulsars in the

NANOGrav 12.5-year dataset; (ii) pulsars in favorable sky locations can incur significantly

higher SNRs compared to pulsars in “bad” sky locations. This imbalance in SNR might

suggest that one can arrive at similar results by only using a small subset of the pulsars.

However, even pulsars with negligible SNRs can contribute to parameter estimation, since

they can rule out some parts of the parameter space where they would be able to reach a

higher SNR. Also, one cannot know a priori which pulsars could be neglected, since even a

less precisely timed pulsar can have a relatively high SNR if it happens to be in a favorable

sky location for a particular source.

Fig. 3.2 shows the one-dimensional and two-dimensional marginal distributions of the

8 signal parameters common to all pulsars. Blue lines and dots indicate the true values of

parameters, while green horizontal lines show the prior distribution for each parameter. The

true values of parameters lie within the bulk of the posterior for all parameters. As expected

given the slow frequency evolution of the signal, the chirp mass distribution is largely

unconstrained, with only the largest values being ruled out as they would have resulted
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Figure 3.1: SNR2 values in datastreams of each simulated pulsar for slowly a evolving signal
(Dataset 1 in Table 3.2). Horizontal dashed lines indicate the minumum number of pulsars
needed to reach 50/90/99% of the total SNR2.

in a detectable frequency evolution. The amplitude is highly correlated with a number of

nuisance parameters, most notably the inclination angle (ι), emphasizing the importance of

effectively sampling these. Some parameters show a highly complex, multimodal posterior,

which makes the sampling of those parameters particularly challenging. Some of the intricate

structure (especially in sky location) is due to the uneven distribution of pulsars on the sky,
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Figure 3.2: Corner plot of parameters common to all pulsars for the slowly evolving signal
(SNR=10.4, Dataset 1 in Table 3.2). We show the posterior with black, the prior with green
and the true values of parameters with blue. Contour lines represent the 1/2/3-σ levels in
two dimensions, which correspond to 39.3%/67.5%/86.5% credible regions.
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which results in highly variable sensitivity over the sky.

It is also interesting to examine the posterior distribution of some of the pulsar-specific

parameters, and their correlations with some of the common parameters. Fig. 3.3 shows the

pulsar distance and pulsar phase distributions for four selected pulsars, and their correlations

with the four common shape parameters. We selected PSR J1713+0747 and PSR J1909-

3744, as these are two of the most precise pulsars in the array and they exhibit high SNRs for

this signal (4.45 and 3.25, respectively). We also show posteriors for PSR J1918-0642, which

is a good example of a pulsar with a moderate SNR of 2.72, and for PSR J2234+0944 which

has a negligible SNR of 0.03. We can see that accordingly, the posterior of the GW phase

at PSR J1713+0747 and PSR J1909-3744 are highly peaked, while they are less informative

for PSR J1918-0642 and PSR J2234+0944. Note that some of the pulsar term phases are

correlated with the sky location parameters (θ and ϕ). We can also see that at high values of

M, that also shows a correlation with the pulsar phases. These are due to the fact that we

parametrize the initial phase at each pulsar as the sum of the Earth term phase, the phase

collected during propagation from Earth to the pulsar, and the corresponding Φi parameter.

Since the projected distance to the pulsar changes with sky location, the pulsar phases must

be corrected as we change the sky location. Similarly, changing the chirp mass changes the

phase accumulated between the Earth and the pulsar, so Φi needs to be adjusted.

3.6.1.2 Fast evolving signal The next signal we analyzed has higher frequency and

chirp mass than the previous one (see Dataset 2 in Table 3.2), and thus shows a significant

frequency evolution between the Earth and pulsars, and it even starts to show a non-

negligible evolution within the 12.5-year observing timespan (see eq. (3.25)). The total SNR

is 13, with a highly heterogeneous distribution within pulsars. 50/90/99% of the total SNR2

comes from just 2/13/28 pulsars. We show the distribution of the eight parameters common

to all pulsars in Fig. 3.4. Unlike in the slowly evolving case, the observed frequency evolution
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Figure 3.3: Corner plot of four common shape parameters and selected pulsar distances and
phases for the slowly evolving signal (SNR=10.4, 1 in Table 3.2). We show the posterior
with black, the prior with green and the true values of parameters with blue. Contour lines
represent the 1/2/3-σ levels in two dimensions, which correspond to 39.3%/67.5%/86.5%
credible regions.
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Figure 3.4: Corner plot of parameters common to all pulsars for the fast evolving signal
(SNR=13, Dataset 2 in Table 3.2). We show the posterior with black, the prior with green
and the true values of parameters with blue. Contour lines represent the 1/2/3-σ levels in
two dimensions, which correspond to 39.3%/67.5%/86.5% credible regions.
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results in an informative chirp mass posterior. This moderate-SNR source results in a chirp

mass measurement with a 1-σ error of ∼10%. Given the high correlations between M and

cos θ, the chirp mass measurement precision can be further improved if the sky location of

the source can be fixed. This can be done e.g. if the host galaxy can be identified through

electromagnetic observations (see e.g. [83, 84, 85]). The intricate multimodal structure we

have seen for the slowly evolving signal in Fig. 3.2 is much less prominent for this quickly

evolving signal. Many of the one-dimensional marginal distributions we see in Fig. 3.4 are

close to being Gaussian, and only Φ0 and Ψ show a multimodal structure. This reduction in

the complexity of the posterior distributions is due to the fact that the frequency evolution

breaks some of the degeneracies present in the signal model when the evolution is negligible.

We show the posterior distributions of phases and distances for four selected pulsars,

and their correlations with the four common shape parameters in Fig. 3.5. We show these

for the same four pulsars as in Fig. 3.3. For this signal, they have the following SNRs: 8.3

for PSR J1713+0747, 5.42 for PSR J1909-3744, 2.17 for PSR J1918-0642, and 0.41 for PSR

J2234+0944. In this example, the GW phase at PSR J2234+0944 perfectly recovers its prior.

Similarly to Fig. 3.3, we also see correlations between the pulsar phases and sky location

or chirp mass. In addition, we see that pulsar phases can also be correlated with the GW

frequency and pulsar distances. These have similar explanations as discussed above.

3.6.1.3 Marginally detectable signal We also analyzed a marginally detectable signal

with a total SNR of 4.3, with 50/90/99% of the total SNR2 coming from 3/12/22 pulsars

(see Dataset 3 in Table 3.2). The sky location and frequency (fGW = 8 nHz) of the signal

were chosen so that it roughly corresponds to the most sensitive part of the parameter space

(see Section 3.6.2) and thus represents a typical signal we might expect to detect first. We

have also chosen a moderate chirp mass (M = 1× 109 M⊙), which is heuristically what we

are most likely to detect, since higher chirp mass systems have higher GW amplitudes, but
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Figure 3.5: Corner plot of four common shape parameters and selected pulsar distances and
phases for the fast evolving signal (SNR=13, Dataset 2 in Table 3.2). We show the posterior
with black, the prior with green and the true values of parameters with blue. Contour lines
represent the 1/2/3-σ levels in two dimensions, which correspond to 39.3%/67.5%/86.5%
credible regions.
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are also more rare. This combination of fGW and M results in a signal with a relatively low

amount of frequency evolution.

Fig. 3.6 shows the one-dimensional and 2-dimensional marginal posterior distributions

of the common parameters for this signal. For most of the parameters, the posterior

distributions are not significantly different from their respective priors. The main exceptions

are fGW and Ae, both of which have a posterior peaked at the true location of the parameter.

The posterior for fGW also has non-negligible support over the entire prior range. Ae values

significantly higher than the true parameter are ruled out, however, the posterior has support

extending to the lower prior boundary, indicating the low significance of the signal. Note

that the posteriors for the sky location and inclination parameters also show some deviation

from the priors, but they are not particularly peaked around the true parameter values.

These analyses illustrate the expected progression of a GW detection from an individual

SMBHB as we gather SNR over time. We expect to first see a peak emerging in the posteriors

of fGW and Ae, while basically recovering the priors of other parameters. These other

parameters will start to have more informative posteriors as we gather more SNR (as we

have seen on Figs. 3.2 and 3.4). The expected sequence of parameter constraint improvement

will be important to keep in mind as we transition from placing upper limits to claiming

detections. In Section 3.6.2, we also investigate how the upper limit can be affected by a

marginally detectable signal.

3.6.2 Upper limit analysis

If no significant GW candidates are found, we can place upper limits on the amplitude of

GWs from individual SMBHBs. Such an analysis poses slightly different challenges, because

one needs to effectively explore the whole prior range in many parameters. Exploration of

the full parameter space is required to ensure we gather a sufficient number of independent

samples to get an accurate estimate of the upper limit as a function of different parameters.
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Figure 3.6: Corner plot of parameters common to all pulsars for marginally detectable signal
(SNR=4.3, Dataset 3 in Table 3.2). We show the posterior with black, the prior with green
and the true values of parameters with blue.
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To test the performance of our pipeline in such a scenario, we analyzed a dataset similar to

those discussed above, but with no GW signal added.

Fig. 3.7 shows the upper limit on log10Ae as a function of log10 fGW for this simulated

dataset. We also show the number of independent samples in each bin on the log10 fGW–

log10Ae plane. The upper limit is calculated by binning the samples in log10 fGW and finding

the 95th percentile of the amplitude in each bin. As expected, the dataset is most sensitive

around 8 nHz (log10 fGW ≃ -8.1). At lower frequencies, we lose sensitivity due to the red

noise present in the pulsars. At higher frequencies, we are progressively less sensitive due

to the fact that we measure the integral of the GW signal. We also have particularly low

sensitivity at fGW = 1/yr due to the degeneracy with Earth’s orbital period introduced

when we convert the observed TOAs to the SSB. Note that there is a peak in the posterior

at (log10 fGW, log10Ae) ≃ (-7.9, -14.7). The peak corresponds to a noise fluctuation being

fitted with the GW model in this particular realization.

Even a pure noise dataset can exhibit features akin to marginal GWs. To investigate

this feature, we analyzed a dataset with the same properties but a different random seed

used for the noise realizations. Fig. 3.8 shows the upper limit as a function of frequency for

this dataset. We can see that while that peak does not show up in the alternate realization,

other similar features appear at different parts of the parameter space. Candidate detections

would need to be vetted with a full suite of cross-checks beyond the scope of this paper

before a detection could officially be claimed. One possible approach is to reanalyze the

dataset many times, while setting the sky location of the pulsars to random positions on the

sky. This sky scrambling would be the same as currently used for the GWB [86, 87], and

since it destroys the coherence of the signal, it could be used the build a null distribution.

Comparing the non-scrambled result with the null distribution gives a false alarm probability

of the candidate. The dramatic speedup provided by our method significantly reduces the

expense of conducting such reanalyses, which will help improve the robustness of future
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Figure 3.7: GW amplitude upper limit as a function of GW frequency (red line). We
also show the number of independent samples on the log10 fGW–log10Ae plane. The
vertical dashed line indicates the frequency of 1/yr, where we expect a significantly reduced
sensitivity.

Figure 3.8: Same as Fig. 3.7, but with a different noise realization. Note that bumps in the
upper limit due to noise fluctuations appear at different random frequencies.
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candidate vetting.

We also investigated how the upper limit changes in the presence of a marginal GW

signal. Fig. 3.9 shows the amplitude upper limit as a function of log10 fGW for Dataset 3

from Table 3.2. As a comparison, we also show the upper limit we get from the dataset with

no signal. We can see that the upper limit around the true frequency of the signal is elevated

by almost an order of magnitude, even though the true amplitude is right at the level of the

original upper limit. Note also that even this low-significance signal is much more prominent

than the peak we have seen on Fig. 3.7 due to the noise fluctuation.

Figure 3.9: Same as Fig. 3.7 but in the presence of a marginally detectable signal at
log10 fGW ≃ −8.1. The red solid line shows the upper limit we get from analyzing this
dataset, which is elevated around the signal compared to the original upper limit shown by
the pink dotted line. The white cross indicates the true parameters of the signal.

Fig. 3.10 shows the frequency-marginalized upper limit we can place on log10Ae as a

function of sky location. There is more than an order of magnitude difference between the

upper limit we can place towards the most and least sensitive sky location. The variable

sky sensitivity is due to the fact that the pulsars in the NANOGrav 12.5-year dataset have
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a highly non-isotropic distribution on the sky. Such anisotropy is expected for any pulsar

timing array, because there are more pulsars towards the galactic center than in the antipodal

direction.

Figure 3.10: Upper limit on log10Ae as a function of sky location. Red stars indicate locations
of the pulsars in the array.

3.7 Results with real data

To validate our new methods with real data, we analyzed the NANOGrav 11-year

dataset. Fig. 3.11 shows the GW amplitude upper limit we get with QuickCW as a function

of the GW frequency in red. We also show the official NANOGrav result in green [62].

Overall, there is good agreement between the two over the whole frequency range. Note that

the official results show the amplitude upper limit at a set of fixed fGW values, while our

results show the upper limit at frequency bins with non-negligible width. Thus we do not

expect perfect agreement between the two results, especially where the upper limit is quickly

changing with frequency. To illustrate this, we also plot our results using narrow frequency
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bins around the fixed frequencies used in the official NANOGrav analysis (pink markers).

We can see that at several frequencies, these are in better agreement with the official results

(e.g. around fGW = 1/yr). However, even these narrow frequency bin results show some

discrepancy at the lowest frequency bin. We think this is due to a bug that was recently

found in the so called empirical distribution proposals, which were used in the official analysis

[62]4. The bug resulted in a small overestimation of the red noise in some pulsars, which in

turn meant that the upper limit on Ae was underestimated at low frequencies, where there

is a strong correlation between the red noise and the individual binary models.

Figure 3.11: GW amplitude upper limit as a function of GW frequency for the NANOGrav
11-year dataset analyzed by QuickCW (red), and as reported in Ref. [62] (green). We also
show our results using narrow frequency bins centered at the fixed frequencies used in the
official NANOGrav analysis (pink).

4Note that this issue was recently resolved here: https://github.com/nanograv/enterprise_

extensions/commit/3a17943dddfa005867cdbaa960d4e72b747eb373

https://github.com/nanograv/enterprise_extensions/commit/3a17943dddfa005867cdbaa960d4e72b747eb373
https://github.com/nanograv/enterprise_extensions/commit/3a17943dddfa005867cdbaa960d4e72b747eb373
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Allowing the GW frequency to explore the entire prior range has several advantages over

running at a set of fixed frequencies. Especially at frequencies where the upper limit changes

quickly, a fixed frequency analysis cannot fully explore parameter space and artificially

underestimates the uncertainty in the upper limits. Varying the frequency also streamlines

the analysis, since we only need a single run instead of dozens. A potential issue is that we do

not get the same number of samples at all frequencies. Excessive focus on a particular set of

frequencies is sub-optimal, since if we require a fixed level of convrgence in each frequency bin,

the overall runtime is determined by the frequency bin with the least number of samples. To

optimize the sampling, we could apply a pseudo-prior on fGW, which down-weights regions

with many samples based on a pilot run. The pseudo-prior would then ensure a more

uniform number of samples at all frequencies while preserving good mixing. The undesired

bias from the presude-prior can be canceled in post processing by reweighting the posterior

samples. This technique is similar to umbrella sampling [88], and the pseudo-prior used

when calculating Bayes factors with the product space method [89].

3.8 Conclusion

In this paper, we presented a new formulation of the likelihood function (see eq. (3.22)),

which results in a significant speedup of a Bayesian search for individual SMBHBs in PTA

data. Our formulation does not apply any new approximations, and recovers the canonical

likelihood within numerical errors. This is achieved by separating the parameter space to

shape parameters and projection parameters. Precalculating inner products for a given set of

shape parameters allows cheap exploration of the projection parameters, thus speeding up the

entire analysis. We demonstrated the performance using a new analysis pipeline employing

the new likelihood in a Metropolis-within-Gibbs sampler with multiple-try MCMC.

These methods will drastically reduce the computational cost of searches for individual

sources in upcoming PTA datasets, and improve the tractability of achieving a well-converged



68

analysis as the size of datasets increases. Since all the latest PTA datasets show evidence for

the presence of a common red noise process [7, 8, 9, 10], we plan to incorporate that in our

model as well. This would appear as an additional red noise term in the T and B matrices

defined below eq. (3.20), and would introduce two additional parameters to sample over,

which describe the amplitude and spectral slope of the common red noise. This addition

would not significantly change how the fast likelihood methods presented in this paper work.

If the upcoming PTA datasets will show evidence for this common process being correlated

between pulsars, we would ultimately want to include those correlations in our model as

well. In Appendix B we outline how such correlations could be incorporated into the fast

likelihood framework we presented in this paper. The implementation of that addition will

be presented in future work.

These methods will also make more sophisticated analyses computationally feasible.

In particular, we plan to extend these methods to work with BayesHopper [32], a pipeline

proposed to search for multiple individual sources simultaneously. We also plan to work

on implementing similar methods for a search for eccentric SMBHBs and a search for non-

Einsteinian polarization modes from SMBHBs [90]. It might also be worthwhile to extend

these methods to sine-Gaussian wavelets in an effort to speedup BayesHopperBurst [91], a

pipeline to search for generic GW bursts in PTA data.
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4.3 Introduction

Pulsar Timing Arrays (PTAs) are designed to detect gravitational waves (GWs) in the

nanohertz regime by looking for signatures of a GW signal in the pulse arrival times of

regularly observed millisecond pulsars (see e.g. [14]). Currently there are three major PTA

projects: the North American Nanohertz Observatory for Gravitational Waves (NANOGrav,

[92]), the European Pulsar Timing Array (EPTA, [4]), and the Parkes Pulsar Timing Array

(PPTA, [5]). These groups collaborate under the aegis of the International Pulsar Timing

Array (IPTA, [6, 93]).

The dominant GW sources in the frequency band of PTAs are expected to be

supermassive black-hole binaries (SMBHBs). The collection of these SMBHBs is expected to

give rise to a stochastic gravitational wave background (GWB), which has been searched for

in previous PTA datasets (see e.g. [94, 95]). The scarcity of SMBHBs in the local Universe

can introduce anisotropy in the GWB [96, 97, 98, 99], which makes the standard isotropic

searches sub-optimal, thus requiring changes to those standard algorithms [100, 101, 102].

In addition, some of the brightest sources might be individually detected as so called

continuous waves (CWs), referring to the fact that the frequency of GWs from an SMBHB

does not change appreciably during the observation time of PTAs. While it is more likely

that PTAs will detect the GWB before detecting any CW signals [58], searches have been

carried out resulting in upper limits on the possible amplitude of CWs (see e.g. [103, 104]).

In the context of the Laser Interferometer Space Antenna (LISA, [105]), it has been

shown that removing the brightest sources results in a Gaussian background from the

unresolved sources [106]. For PTAs, it has been shown that removing the brightest CW

signal significantly reduces the anisotropy of the GWB [99]. Describing a signal as either a

collection of individual components or as a stochastic background has been considered in the

context of a toy model using a pair of co-located LIGO [107] detectors and a signal formed
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from multiple sinusoids [108]. The study considered three different models: i) a collection

of sinusoidal GWs; ii) a Gaussian stochastic GWB; iii) the combination of i) and ii). It

was found that model iii) was almost always preferred, despite the fact that the dataset was

generated with the assumption of model i). This is because of the natural parsimony of

Bayesian statistics preferring a model with fewer parameters even if it fits the data slightly

worse. Non-Bayesian methods have been proposed to search for multiple CWs in PTA data

in [109, 110].

These previous studies motivate a joint search for CWs and an isotropic GWB. Here

we present a method for such a search using Bayesian inference and a trans-dimensional

Reversible Jump Markov Chain Monte Carlo (RJMCMC) sampler [111]. RJMCMC methods

are used in other GW data analysis problems as well, like the detection of unmodeled

transient GWs in LIGO data by the BayesWave algorithm [112], and the detection of galactic

binaries in LISA data [113, 114, 115, 116]. Such a sampler is able to explore a parameter

space of varying dimension, allowing it to decide what to include in the model based on the

data. In our case it can turn the GWB component on or off, and can also change how many

CWs are in the model (including the possibility of zero CWs).

The paper is organized as follows: Section 4.4 introduces the models we use to describe

our PTA dataset and how our RJMCMC sampler explores the whole parameter space

including different model dimensions. Section 4.5 presents the results of analyzing various

simulated datasets, which we carried out to assess the performance of our algorithm. We

provide our conclusions and discuss future work in Section 4.6.

4.4 Methods

In this section, we discuss our signal and noise model, and introduce the RJMCMC

sampler we developed to explore the variable-dimension parameter space in question.
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4.4.1 Models

We use the enterprise1 software package for handling the pulse time-of-arrival (TOA)

data and for calculating the likelihood for our Bayesian analysis. Timing models were

produced by libstempo2, which is a python wrapper for the tempo23 timing package. After

applying the timing model, we get a set of timing residuals for each pulsar. We model the

ith residual in the kth pulsar as:

δtki =
∑

l

Mkilδξkl + nki + gki + ski(θ), (4.1)

where δξkl is the offset between the true timing model parameters and their best fit

parameters, andMkil is the design matrix, which represents a timing model linearized around

the best fit parameters. nki is the noise present in the TOAs, gki is the contribution of the

isotropic GWB, while ski(θ) describes the response to CWs, where θ is the set of parameters

describing the CWs. From these four components, three of them are modeled directly

(see following subsections), while the timing model component is analytically marginalized

over [117]. In the following sections we supress the i index to simplify the notation.

4.4.1.1 Noise model The noise in the TOAs is assumed to be Gaussian, uncorrelated

between pulsars, and it can be decomposed in the kth pulsar as:

nk = nWN
k + nRN

k , (4.2)

1https://github.com/nanograv/enterprise
2https://github.com/vallis/libstempo
3https://bitbucket.org/psrsoft/tempo2/

https://github.com/nanograv/enterprise
https://github.com/vallis/libstempo
https://bitbucket.org/psrsoft/tempo2/
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where nWN
k is the white noise (WN) and nRN

k is the red noise (RN) in the kth pulsar. We

model the covariance matrix of nWN
k as:

CWN
k,ij = E2

kWij, (4.3)

where Ek is the “EFAC” parameter from TEMPO2, and W = diag σ2
i , where σi is the nominal

uncertainty of the ith TOA. We used a uniform prior on each “EFAC” value in the range of

[0.01, 10]. This is a simplified version of the WN model commonly used in PTA data analysis

(see e.g. [118]), which can be extended easily if we want to analyze real PTA data.

To model nRN
k , we follow the procedure commonly used by NANOGrav (see e.g. [103]).

We describe the RN power spectral density (PSD) with a power-law model:

PRN
k (f) =

(

ARN
k

)2
(

f

fyr

)−γk

, (4.4)

where ARN
k is the RN amplitude, and γk is the spectral index in the kth pulsar, while

fyr ≡ 1/(1yr). We use 30 frequency bins spaced linearly between 1/Tobs and 30/Tobs, where

Tobs is the total observation time. Note that 30/Tobs is smaller than our Nyquist frequency,

but we only need to model RN at low frequencies, because WN will dominate at higher

frequencies. Since the simulated datasets used in this study (see Section 4.5) does not

include RN, including it in the model is only motivated by the fact that it is similar to

the GWB model (the difference being in the correlations, see Section 4.4.1.2), so it will

provide a competing model. This motivates us to simplify the RN model by requiring it

to be a common red process for all pulsars, i.e. ARN
k = ARN and γk = γ for all k. This

assumption will simplify our modeling, and speed up sampling, but can be easily relaxed

in the future when analyzing actual PTA data. We used a uniform prior on the amplitude

ARN ∈ [10−18, 10−13] and the spectral index γ ∈ [0, 7].
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4.4.1.2 GWB model The timing residuals resulting from a GWB are described by a

Gaussian process, which is correlated between pulsars, and described by the following cross-

power spectral density:

SGWB
kl (f) = Γkl

(

AGWB
)2

12π2

(

f

fyr

)−γ

, (4.5)

where Γkl is the overlap reduction function characterizing the correlations between the kth

and lth pulsars. In our case, where we consider an isotropic GWB produced by SMBHBs,

the overlap reduction function is given by the Hellings and Downs curve [119]. AGWB is the

amplitude of the GWB, and γ = 13/3 is the expected spectral index of the GWB [120, 121],

which we keep fixed in our analysis. However, our analysis can be easily extended to vary γ.

We use the same 30 frequency bins as for the RN. We used a uniform prior on the amplitude

AGWB ∈ [10−18, 10−13].

4.4.1.3 CW model In the kth pulsar, we model multiple CW signals as:

(4.6)sk(t;θ) =

NCW
∑

m=1

[

F+(θm, θk, ϕk)∆s
+
k (t;θm) + F×(θm, θk, ϕk)∆s

×
k (t;θm)

]

,

where NCW is the number of CW sources included in the model, θm are the parameters

describing the mth CW source, F+,×(θm, θk, ϕk) = F+,×(θGW
m , ϕGW

m , θk, ϕk) are the antenna

pattern functions given e.g. by Eq. (7) and (8) in [103], where θGW
m and ϕGW

m are spherical

coordinates of the mth CW source, while θk and ϕk are spherical coordinates of the kth

pulsar. ∆s+,×
k is the difference between the metric perturbation at the Earth (“Earth term”)

and at the kth pulsar (“pulsar term”). Due to different pulsar distances, the pulsar terms

do not add up as coherently as the Earth terms, so for simplicity, we only include the

Earth terms in this study. Pulsar terms can be easily included in our analysis, with the

expense of a few additional parameters we need to sample. This simplifications makes

∆s+,×
k (t;θm) = −s+,×(t;ACW, ω

GW, ι, ψ,Φ0), where s
+,× are the + and × polarization Earth
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terms given by:

(4.7)s+(t) =
ACW

ωGW

[

− sin(ωGWt+2Φ0)
(

1+ cos2 ι
)

cos 2ψ− 2 cos(ωGWt+2Φ0) cos ι sin 2ψ
]

,

(4.8)s×(t) =
ACW

ωGW

[

− sin(ωGWt+2Φ0)
(

1+ cos2 ι
)

sin 2ψ+2 cos(ωGWt+2Φ0) cos ι cos 2ψ
]

,

where ACW is the GW amplitude, ωGW = 2πfGW is the GW angular frequency, ι is the

inclination angle, and ψ is the polarization angle, and Φ0 is the initial orbital phase of a

CW source. We can see that our CW model is described by 7 NCW parameters, and the

parameters of a single source are θm = {ACW,m, f
GW
m , ιm, ψm,Φ0,m, θ

GW
m , ϕGW

m }. We used a

uniform prior on the amplitude ACW ∈ [10−18, 10−13], the frequncy fGW ∈ [3.5 nHz, 100 nHz],

the polarization angle ψ ∈ [0, π], the initial phase Φ0 ∈ [0, 2π], and the cosine of the

inclination angle cos ι ∈ [−1, 1]. We also used a uniform on the sky prior resulting in a

uniform prior on ϕGW ∈ [0, 2π] and on cos θGW ∈ [−1, 1].

4.4.2 RJMCMC

As described in Section 4.4.1, the number of parameters in our model is:

N(NCW, NGWB) = NRN +Npsr + 7NCW +NGWB, (4.9)

where NRN = 2 is the number of parameters used to describe RN, Npsr is the number of

pulsars in the array, which corresponds to the number of parameters used in the WN model,

NCW ∈ [0, Nmax
CW ] is the number of CWs included in the model, where Nmax

CW is the maximum

number of CWs allowed, and NGWB = {0, 1} indicates if a GWB is included or not. The

GWB is described by only one parameter, AGWB, because we fix γ = 13/3. Note that NCW

and NGWB are allowed to vary, so the dimensionality of our parameter space is not fixed.

We use a uniform prior on both NCW and NGWB.
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To sample this variable-dimension parameter space we implemented an RJMCMC (also

called trans-dimensional MCMC, see e.g. [111, 122, 123, 124]) sampler called BayesHopper4,

which treats NCW and NGWB as free parameters allowing to sample the full parameter space.

In the rest of this section, we describe different components of this algorithm.

Note that a similar data analysis problem arises in the context of LISA, where one needs

to model a collection of signals from tens of thousands of galactic binaries (see e.g. [113, 114,

115, 116]). As a result, the sampling techniques we use show many similarities to those used

in [116].

4.4.2.1 Fisher matrix proposals To achieve good mixing within a given model, we use

a proposal based on the Fisher information matrix, defined as:

Γij = −∂i∂j ln p(d|θ), (4.10)

where p(d|θ) is the likelihood, and ∂i indicates partial derivative with respect to θi. We

calculate Γij every few hundred iterations numerically, since it is changing as we move around

in the parameter space. If p(d|θ) is exactly Gaussian, Γij gives the inverse of the covariance

matrix, but the proposal works well even for non-Gaussian distributions.

When attempting a Fisher matrix based step, the proposed (i + 1)th sample is given

by:

xi+1 = xi + ξej, (4.11)

where ej is the jth normalized eigenvector of Γ−1
ij , and ξ ∼ N (0,∆2

j), where ∆j is the jth

eigenvalue of Γ−1
ij . We choose j randomly for each proposed step. If the target distribution is

not too different from a multivariate Gaussian, this proposal is practically a draw from the

marginal distribution along a principal axis, thus we get optimal acceptance and mixing of

4https://github.com/bencebecsy/BayesHopper

https://github.com/bencebecsy/BayesHopper
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the chain. We find that in this application, the posterior distributions around the maximum

are close enough to being Gaussian that this proposal results in very good mixing.

4.4.2.2 Global proposal using the Fe-statistic The CW model has 7 parameters, some

of which are very well constrained. This means that starting from a random point in the

parameter space, it takes many iterations to find the maximum of the posterior using our

Fisher matrix based proposal (or any local proposal). This is especially problematic in an

RJMCMC such as this, because the sampler might only spend a few hundred samples in one

model before changing the number of parameters, so the sampler should converge quickly.

To help with convergence we introduce a global proposal based on the Earth-term F -

statistic (Fe, see [125]). Fe is the CW likelihood ratio analytically maximized over h, Φ0, ψ,

and ι. As such, it only depends on fGW, θGW, and ϕGW, and gives a good idea of how likely

it is to have a CW source at a given frequency and sky location. Figure 4.1 shows Fe for the

dataset with an ACW = 7.08 × 10−15 simulated CW signal used in Section 4.5.2. Note how

Fe peaks at the true sky location and frequency of the simulated CW source, and that its

spread is relatively small compared to the whole range of parameters. This indicates that by

using Fe as a proposal we can greatly improve convergence, since we will effectively always

propose a CW source to the close proximity of the true parameters. This results in at least

two orders of magnitude improvement in convergence speed. The maximized values of h, Φ0,

ψ, and ι can also be calculated. These can be used to construct informed proposals for these

parameters too, however currently we draw those parameters from their prior distributions.

4.4.2.3 Trans-dimensional proposals The most important proposal in our RJMCMC is

the one changing NCW or NGWB. We handle these separately, so we have a proposal which

adds or removes a CW signal, and one which adds or removes the GWB from the model. For

the GWB adding proposal we draw the GWB amplitude from the prior, while for adding a

CW we use Fe described above in Section 4.4.2.2. For removing a CW, we randomly select
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Figure 4.1: Global proposal for the dataset with an ACW = 7.08×10−15 simulated CW signal
used in Section 4.5.2. Left: Fe marginalized over sky location showing the PDF of proposing
a given value of log10 f

GW. Right: Fe at the true frequency. Positions of the simulated source
and pulsars in the array are indicated by the blue circle and red crosses, respectively. Note
how strongly Fe concentrates around the true sky location and true frequency of the CW
source, indicating that it is much more efficient as a proposal than just drawing sky location
and frequency from a uniform distribution.

one of the active CW sources to take out from the model.

In practice, these trans-dimensional proposals are much like the within-model ones, with

the exception that one should make sure that the proposal densities and priors are properly

normalized. While for within-model proposals, an overall normalization of these cancels

out in the acceptance probability, having an error in normalizations in a trans-dimensional

proposal can lead to biasing our posteriors on NCW or NGWB. To make sure that is not the

case, we performed prior recovery tests, i.e. we set the likelihood to a constant and checked

if we recover the priors. BayesHopper passed all such tests.
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4.4.2.4 Parallel tempering Parallel tempering [126] (also called Metropolis-coupled

MCMC or replica exchange) is commonly used in MCMCs to help explore a multimodal

distribution, and it also helps mixing in RJMCMCs (see e.g. [112]). We run multiple chains

in parallel, with the ith chain using a modified likelihood of p(d|θ)1/Ti , where Ti is the

temperature of the ith chain. A geometrically spaced temperature ladder is commonly used,

where Ti = ci, and c is a constant usually chosen to be between 1.2 and 2. The chains with

higher temperature can explore the whole parameter space more easily, and by proposing

swaps between chains adjacent on the temperature ladder we help the mixing of the first

chain. Eventually, we only record samples from the first chain which has a temperature of

1, because that is the only chain that actually samples from the posterior.

We have found that parallel tempering is essential for exploring different values of NCW.

It results in significantly more NCW changing steps in the T = 1 chain than our dedicated

trans-dimensional proposal (see Section 4.4.2.3). This is especially true for high signal-to-

noise ratio (SNR) sources, where it gets hard to let go of a source once the sampler locks

onto it. However, a dedicated trans-dimensional step is still needed to effectively explore

different NCW values at higher temperature chains. This is because parallel tempering can

only change NCW at a given temperature to its value at an adjacent temperature. E.g. if

a given NCW value is not present throughout the temperature ladder, parallel tempering

cannot introduce it, but the trans-dimensional proposal can.

4.4.2.5 Trans-dimensional post processing for multiple CWs At the ith iteration, the

sampler models the dataset with NCW,i CWs and labels them CW1, CW2, ..., CWNCW,i
.

However, sources with the same label at different iterations do not necessarily correspond to

the same physical source, e.g. CW2 from iteration i = 2 might not correspond to the same

physical source as CW2 from iteration i = 1, but might correspond to the same physical

source as CW4 from iteration i = 5. To produce Bayes factors and posterior distributions
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for unique sources, we need a post processing step, which looks through all the samples,

identifies individual sources and associates samples with these identified sources. Our post

processing procedure works as follows:

1. We scan through all the samples and find the one with the highest likelihood (Li).

Within the sample with the highest likelihood, we calculate the change in the log

likelihood if the given source (labeled by j) is turned off (∆ lnLi,j). The source with

the highest ∆ lnLi,j will be our reference source, denoted with h̄.

2. We scan through all the sources in all samples and calculate our distance measure

between each source (h) and the reference source, defined as:

D(h̄,h) =
(

h̄− h|h̄− h
)

, (4.12)

where (a|b) is the noise-weighted inner product between a and b, defined as:

(a|b) = a
TΣ−1

b, (4.13)

where Σ is the post-fit noise covariance matrix of the PTA. We then associate sources

to the reference source, if D(h̄,h) > D̂. The optimal value of the D̂ threshold can be

determined knowing that [127]:

D(h̄,h) ∼ χ2
D−1, (4.14)

where D = 7 is the number of signal parameters. To make sure we include all

samples corresponding to a given source, we can take the 99.9th percentile of the

χ2
D−1 distribution, which sets D̂ ≃ 25.

3. We repeat (i) and (ii) with already assigned sources excluded until all sources are
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associated with a physical source. We skip any reference source with SNR< 5, since

even if h = 0, D(h̄,h) = (h̄|h̄) = SNR2, so with a reference source below an SNR of

5, all low SNR samples would be associated together.

This procedure results in a number of identified physical sources, each with n̄CW source

samples associated with them. Comparing n̄CW to the total number of independent samples,

we can calculate Bayes factors with the RJ method (see Section 4.4.2.6) for each physical

source. Analyzing the set of n̄CW source samples for each identified source, we can perform

source-by-source parameter estimation.

4.4.2.6 Calculating Bayes factors An RJMCMC algorithm provides a natural way of

calculating Bayes factors between different models, by comparing the time the sampler spent

at each model. So the Bayes factor between model A and B is given by:

BFA−B =
nA

nB

, (4.15)

where nA and nB are the number of independent samples from model A and B, respectively.

We will refer to this method of calculating Bayes factors as RJ method. It works well

if 0.01 ≲ BFA−B ≲ 100, but otherwise the sampler spends most of the time in one of

the models and the estimation becomes unreliable. This can be remedied by the prior re-

weighting method, i.e. by introducing an artificial prior such that nA ≃ nB. The ideal prior

can be determined from a pilot run, and the final result can be corrected for this artificial

prior. This method theoretically allows us to calculate Bayes factors of any magnitude, but

in practice it only helps a few orders of magnitude, beyond which multiple pilot runs may

be needed to find the ideal value of the artificial prior. The statistical uncertainty of BFA−B

can be estimated by assuming that nA and nB follow a Poisson distribution.

The Bayes factors between models A : {NGWB = 1} and B : {NGWB = 0}, or for
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A : {NCW = 1} and B : {NCW = 0} can also be calculated using the Savage-Dickey density

ratio (SD method). The Bayes factor in this case is given by:

BFA−B =
p(A = 0|A)

p(A = 0|d,A)
, (4.16)

where A is the amplitude parameter of model A, such that A = 0 is equivalent of model

B, p(A = 0|A) is the prior at A = 0, and p(A = 0|d,A) is the posterior at A = 0. In

practice, the posterior of A is only available as a histogram from posterior samples, and

we approximate p(A = 0|d,A) with the lowest amplitude bin5. This also means that we

have to decide what bin size to use, which will affect our estimation of BFA−B. The smaller

the bin size is, the closer we are to truly measuring the posterior at A = 0, but the fewer

independent samples we have in the lowest bin. Another issue arises as BFA−B gets higher,

because p(A|d,A) will peak at a non-zero value of A, and it will tail off at low values of A

providing very few samples in the lowest bin. A solution to that is doing “zoom-in” reruns

[128], where we rerun the sampler with a reduced prior range on A. The rerun will provide

more samples at the lowest bin, and we can apply a correction to the Bayes factor, because

we know the fraction of samples falling into the reduced prior range from the first run. This

procedure can be repeated multiple times, until we get a sufficient number of samples at the

lowest bin. The statistical uncertainty on the SD Bayes factor can be estimated by assuming

that the number of independent samples in the lowest bin follows a Poisson distribution.

4.5 Results

We tested BayesHopper on different simulated datasets to demonstrate its capabilities.

All datasets correspond to a simulated pulsar timing array with 20 pulsars at random sky

5Note that technically our prior does not include A = 0 (see Sections 4.4.1.2 and 4.4.1.3), but the lower
limit is typically much smaller than the bin size, so the error introduced by this is much smaller than the
effect of having a finite bin size.
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locations (see red crosses on Figure 4.1) and the same white nose level of σ = 0.5 µs for

each pulsar. Our datasets does not include RN. All pulsars of the simulated dataset were

observed for 10 years, evenly spaced at every 30 days. We added different signals to this

dataset to test different parts of our algorithm. First, we looked at datasets with only a

GWB (see Section 4.5.1) or only a single CW in them (see Section 4.5.2). Our results for

a dataset with three CWs is presented in Section 4.5.3. Finally, Section 4.5.4 describes our

analysis of a dataset with both a GWB and three CWs in it.

4.5.1 Stochastic background

We simulated a GWB with different amplitudes resulting in 7 datasets. We ran

BayesHopper on these datasets in GWB-only mode, i.e. allowing NGWB to be either 1 or 0,

but requiring NCW = 0. We then calculated the Bayes factor between the NGWB = 1 and

NGWB = 0 models, denoted as BFGWB, using both RJ and SD methods described in Section

4.4.2.6.

Figure 4.2a shows BFGWB as a function of the amplitude of the simulated GWB (AGWB).

Bayes factors obtained using Savage-Dickey density ratio are labeled with red, while Bayes

factors calculated using RJMCMC methods are blue. Error bars indicate 90% credible

intervals obtained by methods described in Section 4.4.2.6. Note that BFGWB calculated

with the RJ method, our primary method of calculating Bayes factors in an RJMCMC, are

consistent with the ones calculated using the SD method, which is widely used in analysis

of pulsar timing arrays.

For the two highest amplitude GWBs, our BFGWB calculated using the SD method is

consistent with it being infinity. This is due to the fact that for high-amplitude signals,

we get an increasingly small amount of samples at the lowest AGWB bin, which is where

the SD method estimates the Bayes factor. In this case, even after applying the “zoom-in”

procedure described in Section 4.4.2.6, we still only get a few samples in the lowest amplitude
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(a) (b)

Figure 4.2: (a) Bayes factors for a GWB signal for different levels of the background. Bayes
factors obtained using Savage-Dickey density ratio are labeled with red, while Bayes factors
calculated using RJMCMC methods are blue. Note that the two methods give consistent
results. Error bars indicate 90% credible intervals obtained by methods described in Section
4.4.2.6. The dashed line shows a fit in the high SNR regime using the theoretical scaling
described by (4.19). (b) Recovered values of AGWB as a function of the injected values
present in the dataset. Medians and 90% credible intervals are shown for each dataset. The
dashed line indicates perfect recovery, i.e. where the injected and recovered amplitudes are
the same.

bin, which is consistent with being zero at the 90% credibility level, so the resulting Bayes

factor is consistent with infinity. One can do multiple “zoom-in” reruns to remedy this, but

we decided not to carry out those, since our SD Bayes factors are just a secondary product

meant to be a sanity check of our RJ Bayes factors.

To check if the BFGWB values we get are consistent with what we would expect for

a GWB observed by a pulsar timing array, we derive the theoretically expected scaling of

BFGWB with AGWB, and compare it to our results. Using the Laplace approximation the
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Bayes factor can be written as:

lnBF = lnLmax + ln [p(θML)Vpost] , (4.17)

where Lmax is the maximum likelihood ratio, and the second term is the Occam penalty,

where p(θML) is the prior at the maximum likelihood parameters, and Vpost is the posterior

volume. Note that if p(θ) is uniform in all parameters, then the second term in (4.17) is just

the logarithm of the ratio between posterior and prior volumes.

For the GWB model, the maximum likelihood ratio is given by lnLmax = ρ2/2, where

ρ is the optimal statistic SNR [129]. The scaling of ρ2 with AGWB is given by [130]:

ρ2(AGWB;α) = α

[

2F1

(

2, γ−1; 1 + γ−1;−12π2fγPWN

A2
GWBf

4/3
yr

)

f

]fmax

f=fmin

, (4.18)

where α is a constant independent of AGWB, 2F1 is the ordinary hypergeometric function,

γ = 13/3 is the spectral slope of the GWB, and PWN = 2σ2∆t is the PSD of the white

noise, where ∆t = 30 days is cadence. fmin = 1/Tobs is the minimum, while fmax = 30/Tobs

is the maximum frequency used in our GWB model (see Section 4.4.1.2). In case of a fixed

spectral index GWB model, we only have one parameter, so in the high SNR regime, the

Occam penalty terms will not depend strongly on AGWB, so we will assume they are constant.

So we expect the Bayes factor to be given by:

lnBFGWB ≈ ρ2(AGWB;α)

2
+ a, (4.19)

where a is a free parameter describing the AGWB-independent contribution from the Occam

terms. Note that this expression has two free parameters, a and α from (4.18).

In Figure 4.2a we fit the highest 4 BFGWB values from the RJ method with this expected

relation. We can see that (4.19) fits the results well, indicating that the Bayes factors we
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get are consistent with the theoretical expectations.

Figure 4.2b shows the median recovered AGWB values with their 90% credible intervals

as a function of the injected amplitude value present in the dataset. We can see that as AGWB

increases the recovered value approaches the true value, as expected when we transition from

an upper-limit type of result to a detection. We can also see how the relative uncertainty on

AGWB decreases as the injected amplitude (and thus the SNR) increases.

4.5.2 Single continuous wave

We added a single CW signal to our dataset with different amplitudes (ACW), resulting

in 8 different datasets. Other parameters of the source were kept fixed throughout these

datasets, and were the same as for source #1 in Table 4.1. We ran BayesHopper on these

datasets in CW-only mode with Nmax
CW = 1, i.e. we fixed NGWB to be zero, and allowed NCW

to be either 0 or 1. Then, we calculated Bayes factors between the NCW = 1 and NCW = 0

models, denoted as BFCW, with both RJ and SD methods described in Section 4.4.2.6.

Figure 4.3a shows BFCW as a function of ACW, both for RJ (blue) and SD (red) methods.

Error bars indicate 90% credible intervals obtained by methods described in Section 4.4.2.6.

Note that BFCW calculated with the RJ method, our primary method of calculating Bayes

factors in an RJMCMC, are consistent with the ones calculated using the SD method, which

is widely used in data analysis of pulsar timing arrays.

To check if the BFCW values we get are consistent with what we would expect for a

CW signal observed by a pulsar timing array, in the following we derive the theoretically

expected scaling of BFCW with ACW, and compare it to our results. The general expression

of a Bayes factor is given by (4.17). For the CW case, lnLmax = SNR2/2. For slowly varying

priors, and large SNR, the posterior volume can be approximated as Vpost ≈ (det(Γ/2π))−1/2,

where det(Γ) is the determinant of the Fisher information matrix, which scales with the SNR

as det(Γ) ∝ SNR2D, where D = 7 is the model dimension. Since SNR ∝ ACW, we get the
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(a) (b)

Figure 4.3: (a) Bayes factors of a CW signal for different injected amplitudes. Bayes
factors obtained using Savage-Dickey density ratio are labeled with red, while Bayes factors
calculated using RJMCMC methods are blue. Note that the two methods give consistent
results. Error bars indicate 90% credible intervals obtained by methods described in Section
4.4.2.6. The dashed line shows a fit in the high SNR regime using the theoretical scaling of
BFCW from (4.20), where we find A∗ = 1.07 × 10−15 and κ = −5.7. The good fit indicates
that the Bayes factors we get are consistent with the theoretical scaling. (b) Recovered
values of ACW as a function of the injected values present in the dataset. Medians and 90%
credible intervals are shown for each dataset. The dashed line indicates perfect recovery,
i.e. where the injected and recovered amplitudes are the same.

following theoretical scaling of the CW Bayes factor:

ln BFCW ≈ 1

2

(

ACW

A∗

)2

−D ln

(

ACW

A∗

)

+ κ, (4.20)

where A∗ fixes the scaling between amplitude and SNR and κ is a constant.

Figure 4.3a shows the fit to BFCW using the scaling described by (4.20). We can see that

the scaling fits well in the high SNR regime, indicating that our Bayes factors are consistent

with the theoretical expectation.
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Figure 4.3b shows the median recovered ACW values with their 90% credible intervals

as a function of the injected amplitude value present in the dataset. We can see that as ACW

increases the recovered value approaches the true value, as expected when we transition from

an upper-limit type of result to a detection. We can also see how the relative uncertainty on

ACW decreases as the injected amplitude (and thus the SNR) increases.

4.5.3 Multiple continuous waves

In this section we analyzed a single dataset, where we added 3 different CW sources.

Parameters of the three source are given in Table 4.1. We analyzed this dataset by

BayesHopper in the CW-only mode, with Nmax
CW = 10, i.e. we fixed NGWB to be zero, and

allowed NCW to vary between 0 and 10, with a uniform prior on NCW.

Table 4.1: Parameters of simulated CW signals.

Source number fGW [nHz] ACW [10−15] θGW φGW Φ0 ψ ι SNR

#1 8 7.5 π/3 4.5 1.0 1.0 1.0 8.6

#2 20 16.4 2π/3 1.0 0.5 0.0 0.8 7.0

#3 60 34.1 π/6 2.0 0.0 1.2 0.3 6.9

We used the post processing procedure described in Section 4.4.2.5 to identify physical

CW sources, and calculated the Bayes factors for each of those. Figure 4.4 shows BFCW

for each identified source, with the inset showing fGW − ACW posterior samples for each

source. We can see that the source separation algorithm does a fair job separating the

sources, and that the posterior coincides with the true values of fGW and ACW marked with

× symbols. Note that the three most significant sources identified correspond to the three

simulated CW signals added to the dataset. As expected, the BFCW values we get for these

increase with the SNR of the simulated signal. The most significant source not associated

with an injected source has a Bayes factor slightly below 1. We re-analyzed the dataset
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with a different realization of the WN, and found that this source disappeared, but another

source with similar significance appeared. This suggests that this source corresponds to the

sampler trying to fit some noise fluctuation with the CW model, and it is reassuring to see

that we slightly disfavor it being a real CW signal.

Figure 4.4: Bayes factors of different CW sources found by the source identification post
processing step. Inset shows the distribution of fGW and ACW for each source, with true
parameter values of the simulated sources indicated by × symbols. Note that the three
simulated CWs (see Table 4.1) were clearly found with BFCW increasing with simulated
SNRs.

4.5.4 Stochastic background and continuous waves

To assess how the GWB model in itself affects the CWmodel, we first analyzed the same

dataset as in Section 4.5.3, but allowing the sampler to also vary NGWB, instead of setting it

to zero. We have found that the three simulated signals have BFCW values consistent with

the CW-only run. So in this particular case, including a GWB signal in the model does not
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seem to affect our results for the CWs. This is not surprising, since we only have three CW

sources, all of which are relatively strong. We expect the effect of the GWB model soaking

up CW sources to play a stronger role when many low-SNR CWs are present.

To test BayesHopper on a dataset with both CWs and a GWB in it, we used the sources

described in Table 4.1 and we also added an isotropic GWB signal with AGWB = 3.98×10−15.

The GWB amplitude is near the threshold level identified in Figure 4.2a, and in the combined

search yielded a Bayes factor of BFGWB = 5.18+4.82
−1.99. Figure 4.5 shows the identified sources

with their BFCW values and fGW−ACW posterior samples. The three most significant sources

are still the three simulated CWs, similarly to what we have seen in Section 4.5.3, but their

significance changed considerably. While the Bayes factor of source #2 stayed about the

same, source #1 and #3 show a significant decrease in their Bayes factors. For source #1,

this can be explained by the increased level of the noise at low frequencies due to the GWB.

This explanation is also consistent with the fact that the ACW posterior extends to much

lower values for the dataset without GWB (compare inset figures of Figure 4.4 and 4.5).

Source #3 is at much higher frequency, where the increase in the noise level due to the

GWB is negligible. However, it was already a low-significance CW source, so in this case we

think that the decrease in BFCW can be explained by the fact that the GWB model might

be able to partially fit the contribution of source #3, which might be statistically preferred

over the more complex CW model.

We have seen that the significance of CW sources can be affected by the presence of

a GWB. To investigate whether CWs can affect the significance of GWBs, we analyze 2

datasets: one with no CWs and a GWB with AGWB = 3.98× 10−15, and one with the same

GWB and the three CWs described in Table 4.1. We analyze both of these datasets with

two settings: one where our model can only contain a GWB signal, and one where it can

contain a GWB signal and up to 10 CW signals. Table 4.2 shows the BFGWB values we get

for each of these runs. We can see that when no CWs are present in the dataset, it does
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Figure 4.5: Bayes factors of different physical CW sources found by the source identification
post processing step (see Section 4.4.2.5). Inset shows the distribution of fGW and ACW for
each source, with true parameter values of the simulated sources indicated by × symbols.
This dataset includes a simulated GWB with AGWB = 3.98×10−15 and CW sources described
in Table 4.1. Note that only the moderate-SNR source at moderate frequency remained
significant, while both the high-SNR source at low frequency and the moderate-SNR source
at high frequency is unfavored when a GWB of this level is present.

not matter if we include CWs in the model or not, we get BFGWB ∼ 1 in both cases. If

CWs are present in the dataset and we include them in our model, we get a slightly higher

BFGWB ∼ 4. This is consistent with the fact that BFCW decreased when we included GWBs,

because part of the CW signals can be fit with the GWB model. Finally, if CWs are present

in the dataset, but we do not model them, we see an even higher increase in the GWB

significance (BFGWB ∼ 120) indicating that in this case the GWB model tries to fit as much

of the CW signals as it can. Figure 4.6 shows posterior distributions of AGWB for the same

runs. We see again that the GWB model takes some power from the CWs, increasing the
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significance of the GWB, and decreasing the significance of the CWs. Note that the change

in the recovered amplitude is consistent with the bias we see in Figure 4.2b.

Table 4.2: Dependence of BFGWB on CWs. BFGWB values are shown for four different runs.
Each dataset included a stochastic background with AGWB = 3.98 × 10−15, and datasets
reported in the second column also included the 3 CW signals from Table 4.1. All runs
included a GWB in the model, and runs reported in the second row also allowed for CW
signals.

CWs not in data CWs in data

CWs not in model 1.018+0.067
−0.063 124+35

−23

CWs in model 1.00+0.14
−0.12 3.9+3.6

−1.5

4.6 Conclusion

We have presented BayesHopper, an RJMCMC algorithm for jointly searching for

isolated CW sources and an isotropic GWB in PTA data. We have tested it on various

simulated datasets, and have found that for the CW-only and GWB-only datasets it delivers

results consistent with methods currently used in the PTA community. For datasets with

multiple CWs in them, we have illustrated that an additional post processing step is needed

to identify physical CW sources from the MCMC samples, and introduced a method which

can separate these sources by finding the maximum likelihood parameters of sources and

comparing it to other source parameters in the samples. For the full problem of analyzing

a dataset with both a GWB and multiple CWs in it, we have seen some examples of how

the CW and GWB models interact. While we have seen that allowing to fit for a GWB

when no GWB is present does not change the CW results (at least in the one case we looked

into), we have seen that the significance of CW sources can decrease in presence of a GWB

because of two different reasons: i) the GWB increases the noise level, which can make a

CW source at low frequency insignificant; ii) sometimes the GWB model can partially fit
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Figure 4.6: Posterior distribution of AGWB for four different runs. Each dataset included a
stochastic background with AGWB = 3.98×10−15. Blue histograms show results for a dataset
with only this GWB signal, while red histograms are for a dataset that also included the 3
CW signals from Table 4.1. Solid lines show results for runs where we allowed the sampler
to include CWs in the model, while dashed lines represent runs where we did not allow the
sampler to include CWs in the model. We see that the GWB model absorbs some power
from the CWs. The BFGWB values obtained for these runs are reported in Table 4.2

the CW signal, and having only 1 parameter, it can be preferred by the Bayesian analysis’

natural parsimony, even if it provides a worse fit than the CW model, especially if the CW

source had low-SNR to start with. This interaction between the GWB and CW models is

what makes such a joint analysis interesting and worthwhile, and we plan to investigate such

interactions in greater depth in upcoming studies.

Beyond being the first implementation of a joint analysis of CWs and a GWB in PTAs,

BayesHopper is also the first algorithm which can calculate Bayes factors of a CW or a

GWB based on an RJMCMC, instead of the Savage-Dickey density ratio method. It would
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be beneficial to run BayesHopper on real PTA data, to provide an independent measurement

of the Bayes factors.

Work is currently underway in testing BayesHopper on a realistic cosmological

simulation [59], where the GWB is not manually added as an isotropic background, but

instead builds up from simulated BBHs in the Universe. This will provide a more realistic

test of the algorithm, since the astrophysical background is expected to be built from a

collection of individually unresolvable CWs. Indeed, the “true” model of the PTA dataset

would be just a large collection of CWs, but due to the parsimony of Bayesian inference, a

model with fewer parameters including a few CWs and an isotropic GWB will be preferred

(see e.g. [108]). Such a study on realistic simulations will prepare us for analyzing real PTA

datasets with our full model including multiple CWs and a GWB. Such an analysis of the

NANOGrav 12.5-year dataset is planned for the near future.

We are also planning to build on the RJMCMC engine developed for BayesHopper

to create a PTA version of the BayesWave [112] algorithm, which is used to search for

unmodeled transient GWs in the data of ground-based interferometric GW detectors. This

would only require changing the sinusoidals in our CW model to Morlet-Gabor wavelets used

in BayesWave, and we would be in a position to search for unmodeled transients in PTA

data.
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5.3 Introduction

The detection of nanohertz gravitational waves (GWs) is the main objective of pulsar

timing arrays (PTAs). These large scale experiments regularly monitor a collection of

millisecond pulsars to achieve this goal (see e.g. [14]). The three major pulsar timing

arrays currently operating are the North American Nanohertz Observatory for Gravitational

Waves (NANOGrav, [3]), the European Pulsar Timing Array (EPTA, [4]), and the Parkes

Pulsar Timing Array (PPTA, [5]). In addition, there are emerging PTA efforts in India

(InPTA, [131]), China (CPTA, [132]), and South Africa (SAPTA, [133]). These project are

collaborating under the International Pulsar Timing Array (IPTA, [6, 93, 134]) consortium.

The most promising GW sources in the nHz regime are supermassive black hole binaries

(SMBHBs). These can be detected through observing their collective effect as a red noise

process with quadrupolar correlations between pulsars (see e.g. [7]). The most massive and

nearby of these SMBHBs might also be detectable individually (see e.g. [62]). It has also

been proposed that these two searches can be carried out simultaneously, thus accounting

for any interaction between the two types of signatures [32]. Searches have also been carried

out for bursts with memory [135], i.e., a permanent deformation of spacetime after a violent

astrophysical event, like the merger of two black holes.

In this paper, we focus on searching for generic GW transients (a.k.a. GW bursts)

in PTA data. The subject has been studied extensively in the context of ground-based

interferometric GW detectors, where many different algorithms are in use [112, 136, 137,

138, 139, 140] and several searches have been carried out throughout different observing

runs of the LIGO [141] and Virgo [142] detectors [143, 144]. The detection problem of GW

bursts has also been considered for space-based detectors [145].

In the PTA context, no analysis of real data has been carried out so far. However,

several methods have been suggested, including an analytical Bayesian framework [146],
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a Bayesian nonparametric approach [147], and a frequentist search working in the time-

frequency domain [148]. Ref. [149] suggests a possible improvement by considering the

coherence between the pulsar terms, which appears in some cases. In this paper we present

BayesHopperBurst1, a Bayesian search for GW bursts in PTA data, which is based on a

trans-dimensional Reversible Jump Markov Chain Monte Carlo (RJMCMC) sampler [111,

122] akin to that used in the BayesWave algorithm [112] to search for and reconstruct GW

bursts in the data of ground-based GW detectors. The work described in this paper is the

continuation of that presented in [150], where the authors used similar methods to model

noise transients in PTA data. One promising source of nHz GW bursts are parabolic (or

highly eccentric) encounters of two SMBHs, which can occur in a hierarchical triple system

of SMBHs [151]. Cosmic string kinks and cusps can also produce GW busts in this frequency

range [152].

The paper is organized as follows. In Section 5.4 we describe the methods employed by

BayesHopperBurst including the model used to describe transient signals and the sampling

techniques that enables it to effectively explore the parameter space. In Section 5.5 we

perform various injection tests, demonstrating that BayesHopperBurst recovers a wide

variety of signals and noise transients. In Section 5.6 we analyze a simulated dataset similar

to the latest NANOGrav data release [3] to make a prediction of what we can expect from

analyzing the real dataset. In Section 5.7 we analyze B1855+09 from the NANOGrav 9-year

dataset [153] to demonstrate our algorithm’s noise transient modeling capabilities on real

data. Finally, we offer concluding remarks in Section 5.8.

1https://github.com/bencebecsy/BayesHopperBurst

https://github.com/bencebecsy/BayesHopperBurst


102

5.4 Methods

In this section, we introduce the model used to describe signals and noise transients

with arbitrary morphology, and we provide some details of the sampling techniques

employed to efficiently explore the resulting high-dimensional parameter space. We use

the enterprise2 [50] software package for handling PTA data and calculating the likelihood

used in our Bayesian analysis. Timing models were produced by libstempo3, which is a

python wrapper for the tempo24 timing package. We also make use of the la forge5 [154]

package for some of our figures.

5.4.1 Model

The model we use to describe our dataset has many similarities with the one used

in the BayesHopper algorithm. The only fundamental difference is that the collection of

sinusoids are replaced by a set of “signal” wavelets coherent across detectors and a set of

“noise transient” wavelets which only appear in a given pulsar and describe transient noise

features in the data. In this section we give a brief description of the model and focus on

differences between BayesHopper and BayesHopperBurst. More details can be found in [32].

Consider a PTA consisting of N pulsars. The ith residual in the kth pulsar of the array

is modeled as:

δtki =
∑

l

Mkilδξkl + nki + gki + wki(θs) + vki(θn), (5.1)

where δξkl is the offset from the best fit value of the lth timing model parameter, and Mkil is

the design matrix, which represents a timing model linearized around the best fit parameter

values. nki represents all noise processes unique to each pulsar, while gki is the contribution

2https://github.com/nanograv/enterprise
3https://github.com/vallis/libstempo
4https://bitbucket.org/psrsoft/tempo2/
5https://github.com/Hazboun6/la_forge

https://github.com/nanograv/enterprise
https://github.com/vallis/libstempo
https://bitbucket.org/psrsoft/tempo2/
https://github.com/Hazboun6/la_forge
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of an isotropic stochastic GW background (GWB) which is correlated between different

pulsars. The contribution of the transient GW signal is represented by wki(θs), while that

of incoherent transient noise features is described by vki(θn), where θs and θn represent the

parameters describing the GW signal and the transient noise respectively.

5.4.1.1 Transient noise model The contribution of noise transients to the timing residual

(vki(θn)) is modeled as a sum of sine-Gaussian (Morlet-Gabor) wavelets:

vki(θn) =

Mk
∑

j=1

Ψ(tki;λkj), (5.2)

whereMk is the number of wavelets used in the kth pulsar, tki is the ith observing time of the

kth pulsar, and λkj is the parameter vector describing the jth wavelet in the kth pulsar, which

is related to the full parameter vector as θn = (M1,λ11, ...,λ1M1
; ...;MN ,λN1, ...,λNMN

), and

the wavelets are defined as:

Ψ(ti;λkj) = Ae(t−t0)2/τ2 cos(2πf0(t− t0) + ϕ0), (5.3)

where A is the amplitude, t0 is the central time, τ is the characteristic duration, f0 is

the central time, and ϕ0 is the initial phase. We can see that a single wavelet can be

described by 5 parameters, i.e. λkj = (A, t0, τ, f0, ϕ0). We use Morlet-Gabor wavelets as

they have the compelling property of having the smallest time-frequency area allowed by

the Heisenberg–Gabor limit [155]. Other functions, such as shapelets [156], might be better

suited to certain types of signals, so we plan to investigate using them in the future.

5.4.1.2 Signal model In order to impose the proper coherence between pulsars, in the

signal model we model the GW waveform itself as a sum of wavelets, and then project that

onto the pulsar lines of sight taking into account the corresponding antenna factors. Since
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PTAs are sensitive to the time integral of the metric perturbation, we introduce:

H+,×(t) =

∫

h+,×(t)dt, (5.4)

where h+,× are the usual components of the metric perturbation corresponding to plus and

cross polarized GWs. We model H+,×(t) as:

H+(t) =
N
∑

j=1

Ψ(t; t0,j, f0,j, τj, A+,j, ϕ0,+,j), (5.5)

H×(t) =
N
∑

j=1

Ψ(t; t0,j, f0,j, τj, A×,j, ϕ0,×,j), (5.6)

so that the two polarizations have independent amplitude and initial phase, but t0, f0, and

τ are common parameters. This simplification will not affect the generality of our model,

but helps in efficiency by reducing the number of parameters. Then a rotation around the

propagation direction is allowed, which introduces the transformation:

H̄+(t) = H+(t) cos(2ψ)−H×(t) sin(2ψ), (5.7)

H̄×(t) = H+(t) sin(2ψ) +H×(t) cos(2ψ), (5.8)

where ψ is the polarization angle. Then the timing residuals are formed with the use of the

antenna pattern functions:

wki(θs) = −F+(Ωk,ΩGW)H̄+(tki;λ
′)− F×(Ωk,ΩGW)H̄×(tki;λ

′), (5.9)

where Ωk = (θk, ϕk) and ΩGW = (θGW, ϕGW) are the sky location of the kth pulsar and the

GW source, respectively. F+,×(Ωk,ΩGW) are the antenna pattern functions, and λ
′ contains

the internal parameters of the GW signal.
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Note that eq. (5.9) assumes that only the Earth term (see e.g. [157]) contributes to the

signal. This simplification can be justified as follows: The time difference between the Earth

and pulsar terms is given by

∆t = L(1− cos β) ≈ 50 yr

(

β

10◦

)2(
L

1 kpc

)

, (5.10)

where L is the distance to the pulsar, β is the angle between the pulsar and the GW source

sky location, and for the second equality we made an approximation valid for small β (which

is where we can get the smallest delays). We can see that for typical millisecond pulsar

distances of 1 kpc and observing campaigns not longer than a few decades, we will not see

the pulsar term signals unless the sky location of the GW source is within a few degrees of a

pulsar. Even if that happens, it will only appear in that single pulsar, so it can be modeled

as a noise transient.

Note that pulsar term signals from GW bursts with no Earth term observed will appear

as noise transients in our dataset. For an array with Np pulsars, these correspond to an

effective observation time Np times larger than the actual observation time. However, the

signal-to-noise ratio (SNR) of a pulsar term signal is a factor of N
1/2
p lower compared to the

Earth term signal, since it appears in just a single pulsar. This smaller SNR corresponds to

a decrease in the observable volume by a factor of N
3/2
p . As a result, we expect that the rate

of pulsar term bursts will be a factor of N
1/2
p lower than Earth term bursts, corresponding

to a factor of 7 for the 45 pulsars in the NANOGrav 12.5-year dataset. Pulsar term signals

can also be coherent between two (or a few) pulsars, but for an array with a few tens of

pulsars, the expected rate of such events are even lower [149].

5.4.2 Sampler

As described above, the dimensionality of our model depends on whether the GWB is

turned on or not, and also on how many wavelets are used in the signal and the transient
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noise model. A GWB can carry 1 or 2 parameters depending on whether the spectral slope

of the power-law model is fixed or varied. Each noise transient wavelet carries 6 parameters

including the 5 internal parameters plus an “external” parameter indexing which pulsar

the noise transient belongs to. The signal model has 3 external parameters common to all

wavelets (sky location and polarization angle) plus 7 internal parameters for each wavelet.

To sample this variable-dimension parameter space we use an RJMCMC sampler called

BayesHopperBurst, which not only gives posterior distributions on the model parameters,

but also on the number of different components included in the model. BayesHopperBurst

uses many of the proposals developed for BayesHopper such as Fisher matrix proposals,

parallel tempering and trans-dimensional proposals. The description of these can be found

in [32]. We also need a global proposal to help convergence, however the one used in

BayesHopper is specific to continuous wave sources, so instead we use a global proposal

based on the τ -scan, which we describe below.

The τ -scan is defined as:

T ({xi}; t′0, f ′
0, τ

′) =

Np
∑

i=1

|(xi|Ψc,i)i|2+|(xi|Ψs,i)i|2, (5.11)

where xi is the time series in the ith pulsar, Np is the number of pulsars in the array, (.|.)i
is the noise-weighted inner product in the ith pulsar, Ψc,i = Ψ(A = Āi, t0 = t′0, f0 = f ′

0, τ =

τ ′, ϕ0 = 0) is a “cosine wavelet” and Ψs,i = Ψ(A = Ā′
i, t0 = t′0, f0 = f ′

0, τ = τ ′, ϕ0 = π/2) is a

“sine wavelet”, where Āi and Ā
′
i are normalization constants chosen for each pulsar so that

(Ψc,i|Ψc,i) = (Ψs,i|Ψs,i) = 1.

By calculating T for various t′0, f
′
0, and τ ′ values on a grid, we can get a 3D map

showing where the data has some excess power. To determine the necessary spacing between

grid points so that they properly cover the parameter space, we calculate the match (M)

between two neighboring wavelets and require that it is above some threshold, e.g. M > 0.9.
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The match between two waveforms (h and h′) is defined as:

M =
(h|h′)

√

(h|h)(h′|h′)
, (5.12)

where (.|.) =
∑Np

i=1(.|.)i is the array-wide noise-weighted inner product. M is normalized

so that −1 ≤ M ≤ 1, where M = 1 indicates that h and h′ are exactly the same, while

M = −1 means there is a perfect anticorrelation between them. We can approximate M for

two wavelets close to each other as [112]:

M = 1− 1

4τ̄ 2
(∆τ)2 − 1

2τ̄ 2
(∆t0)

2 − π2τ̄ 2

2
(∆f0)

2, (5.13)

where ∆ indicates the difference in the given parameter between the two wavelets and τ̄ =

(τi + τj)/2 is the average τ between the two wavelets.

We can then require that the mismatch (1−M) when moving only one of the parameters

be less than 0.1. This implies:

∆ ln τ ≤
√

2

5
, (5.14)

∆t0 ≤
τ√
5
, (5.15)

∆f0 ≤
1√
5πτ

. (5.16)

We see that the τ layers should be logarithmically spaced with each layer having a τ value

maximum exp(
√

2/5) ≈ 1.9 times larger than the previous one. Time and frequency should

be linearly spaced, with the spacing depending on the τ of the given layer. One can always

choose to make the spacing finer, but that results in increasing computational costs.

Figure 5.1 shows the τ -scan calculated for a white noise burst signal (see Section 5.5.1)

with central time and frequency marked with the white crosses. Here we use 5 layers with
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different τ values. We can see that as a result of the τ -dependent time and frequency spacing,

pixels at higher τ values are more elongated in time but narrower in frequency (resulting

in the same time-frequency area). We can see that the τ -scan clearly lights up around

the injected signal indicating that, after proper normalization, this provides an excellent

proposal. Indeed, we find that including this proposal speeds up convergence by multiple

orders of magnitude, even though the remaining parameters of the wavelet are drawn from

their priors. This proposal is also used when proposing to add a new signal wavelet, which

makes it possible to have a reasonable acceptance rate for these complicated jumps.

A variant of the τ -scan proposal is used for noise transient wavelets. For these we create

a τ -scan for each pulsar only using the data for the pulsar in question. These are not only

used to draw f0, t0 and τ values for the wavelet, but also to draw which pulsar to put in the

wavelet based on how much excess power is in each pulsar.

5.5 Tests on simulated data

To test BayesHopperBurst we analyze a few different simulated datasets. All the

datasets in this section correspond to a simulated PTA with 20 pulsars at random sky

locations. Each has been observed for 10 years every 30 days, has the same constant white

noise level of 0.5 µs and no red noise. We add different kinds of GW signals and noise

transients to this base dataset. In Section 5.5.1 we show results for datasets only containing

GW signals and not noise transients; in Section 5.5.2 we look at a scenario with no GW

signals but noise transient in many pulsars of the array; while in Section 5.5.3 we look at a

few examples of how BayesHopperBurst can deal with datasets containing both GW signals

and noise transients.
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Figure 5.1: Tau-scan map for a simulated white noise burst signal with central time and
frequency marked by the white crosses. Note how the map peaks around the true time-
frequency location of the signal, suggesting that such a proposal will help finding the signal
quickly.

5.5.1 Signal without noise transients

First we look at a dataset with a GW signal that consists of two sine-Gaussian wavelets

that are close to each other in the time-frequency plane. This can be considered as one of the

easiest signals to reconstruct, since it matches our model, i.e., we can perfectly reconstruct
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such a signal with two signal wavelets. Figure 5.2 shows the reconstruction of this signal in

one of the pulsars in the array. We can see that BayesHopperBurst uses no noise transient

wavelets and two signal wavelets most of the time, as expected. We can also see that the

reconstructed signal matches well the injected GW signal. Note that while Figure 5.2 only

shows the reconstruction in a particular pulsar, the projection of the signal in the datastream

of other pulsars can be significantly different. The reconstructions for all 20 pulsars in the

array are shown in Figure D.1, indicating similarly accurate waveforms in all pulsars. To

quantitatively characterize the goodness of fit throughout the whole array, we calculate the

match between the median reconstructed signal and the injected signal, which we find to be

0.96. The SNR of the simulated signal is 17.9, which we define as SNR =
√

(hinj|hinj), where

hinj is the waveform of the simulated (or injected) signal.

The next dataset contains a white noise burst (WNB), which is produced from a white

noise time series by applying a Gaussian window both in time and frequency. The variance

of the white noise sets the amplitude of our WNB, while the windowing determines its

time-frequency location and spread. While a WNB is similar to a sine-Gaussian wavelet in

that it is also well localized on the time-frequency plane, it has a more complicated time

dependence. This also means that a WNB cannot be perfectly reproduced by a finite number

of sine-Gaussian wavelets, so the number of wavelets used will be determined by the trade-off

between getting an increasingly better fit and paying an Occam penalty for each additional

wavelet included.

Figure 5.3 shows the reconstruction of a WNB signal. We can see that BayesHopperBurst

uses a single wavelet to fit the majority of the signal, while low-amplitude parts of the signal

are missed. This also leads to a lower match between the median reconstructed signal and

the injected signal (0.812) compared to the previous example, even though it has a slightly

higher SNR of 18.3. This suggests that BayesHopperBurst performs slightly worse for a

WNB signal compared to sine-Gaussians. Note however that if we take into account the
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Figure 5.2: Reconstruction of a signal consisting of two sine-Gaussian wavelets (SNR = 17.9)
in one of the pulsars in the array. The reconstruction is more precise than one would expect
by looking at the spread of data points because the reconstruction is based on data from
all 20 pulsars in the array. The match between the median reconstructed waveform and the
injected waveform is 0.96. The inlet plot shows the histogram of the number of wavelets
used both in the signal and the noise transient model. We can see that BayesHopperBurst
uses two signal wavelets and no noise transients as expected.

uncertainty in the linearized timing model (orange band on Figure 5.3), the reconstruction

is consistent with the injected GW signal at the 90% confidence level.

One of the potential sources of GW bursts in the PTA band are SMBHBs on parabolic

or highly eccentric orbits. Here we analyze the simulated signal from a parabolic encounter

of two SMBHs. We calculate the waveform from eq. (4-3) of [146]. Beyond being a potential

astrophysical source, parabolic SMBHBs are also a good test of the algorithm, because they

are not elliptically polarized, so BayesHopperBurst must use its flexibility to fit two very

different waveforms for the plus and cross polarizations.

Figure 5.4 shows the waveform reconstructed by BayesHopperBurst for an equal mass
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Figure 5.3: Reconstruction of a white noise burst signal (SNR = 18.3) in one of the pulsars of
the array. The match between the median reconstructed waveform and the injected waveform
is 0.812. We can see that parts of the signal are modeled by the linearized timing model.
The inlet plot shows the histogram of the number of wavelets used both in the signal and
the noise transient model. We can see that BayesHopperBurst uses a single signal wavelet
to model the WNB.

SMBHB on a parabolic orbit with a total mass of M = 2× 109M⊙, an impact parameter of

b = 60M , at a distance of 15 Mpc, with an SNR of 16.8. Unlike wavelets or WNBs, these

parabolic encounter waveforms have a significant low-frequency component. We can see that

the linearized timing model can fit this component with a quadratic function by changing

the period and period derivative parameters of the timing model. The high-frequency (and

high-amplitude) part of the signal is reconstructed by a single wavelet. The match between

the median reconstructed signal and the injected signal is 0.956.
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Figure 5.4: Reconstruction of a parabolic BBH signal (SNR = 16.8) in one of the pulsars
of the array. The BHs have equal masses of 109M⊙, and are on an orbit with an impact
parameter of 180M⊙ at a distance of 15 Mpc. The match between the median reconstructed
waveform and the injected waveform is 0.956. We can see that the low-frequency part
of the signal is modeled by the linearized timing model, while the high-frequency part is
reconstructed using a single signal model wavelet, as can be seen on the inlet plot showing
the histogram of the number of wavelets used.

5.5.2 Multiple noise transients

We have seen that BayesHopperBurst is able to reconstruct GW bursts in the presence

of Gaussian noise. In this section, we test if it can correctly identify incoherent noise

transients. We consider four different datasets: i) with a single pulsar containing a sine-

Gaussian noise transient; ii) with 3 pulsars containing the same noise transient; iii) with 10

pulsars (half the array) containing the same noise transient; and iv) all 20 pulsars containing

the same noise transient. Having the same noise transient in many pulsars can be considered

a worst case scenario for discriminating signals and noise transients. It is virtually impossible

to have such a situation by chance alignment of incoherent noise transients, but it provides
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a good test case. Note that even if all the pulsars have the exact same noise transient,

in principle, that can be distinguished from a coherent GW burst, because there is no sky

location and polarization that would result in the exact same waveform (with the same

amplitude) in each pulsar.

Figure 5.5 shows the histogram of the number of wavelets used in the signal model

and the noise transient model for each of these datasets. We can see that for the first three

datasets we are recovering the correct model of having 1/3/10 noise transient wavelets and

no signal wavelets. For the dataset with all the pulsars containing the same noise transient

we instead see that BayesHopperBurst is using a single signal wavelet and 12 to 15 noise

transient wavelets. This can be understood as a result of the inbuilt parsimony of Bayesian

statistical analysis. As noted above, there are no such external parameters that could result

in the exact same amplitude in the datastream of all the pulsars. However, one can use

the signal model to account for noise transients in a few pulsars, and use noise transient

wavelets to model the rest. A single-wavelet signal model has 10 parameters, while each

noise transient wavelet has 5 parameters. Thus such a solution could be statistically favored

if the signal model can account for noise transients in more than two pulsars. Looking at the

number of noise transient wavelets used, we can see that in this example the signal model is

able to mimic the residuals from up to 8 noise transients.

5.5.3 Signal and noise transients

We have seen how BayesHopperBurst can reconstruct signals or noise transients. In

this section we test it on datasets containing both signals and noise transients to see how it

is able to distinguish between the two. First we analyze a dataset containing a signal and a

noise transient in one of the pulsars, both of which have sine-Gaussian waveforms but with

significantly different t0, f0 and τ parameters. We produce two versions of this dataset with

different amplitudes: i) with signal SNR of 26.8, and noise transient SNR of 10; ii) with
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Figure 5.5: “Discrete violin plot” of number of wavelets used in signal and noise transient
model for datasets with the exact same noise transient present in a different number of
pulsars. We can see that when the noise transient is present in not more than half of the
pulsars, the model is correctly identified. However, when the noise transient is present in
all the pulsars, the sampler instead turns on a signal model and finds a sky location which
takes care of most of the signal and fits the rest with noise transient wavelets.

signal SNR of 8.9, and noise transient SNR of 5. The reconstructions for these datasets are

shown in Figure 5.6. We can see that both the signal and the noise transients are correctly

identified and reconstructed for the higher amplitude case, and we find M = 0.994 between

the injected and recovered waveforms. For the lower amplitude case only the signal has been

found with a moderate match of 0.87. Note however that both the relatively lower match

value and the fact that no noise transient has been found are consistent with the significantly

lower SNRs of both signal and noise transient in this dataset.

In the next example, we create a dataset with a sine-Gaussian signal (SNR = 16.1) and a

noise transient (SNR = 10.8) in one of the pulsars with the exact same waveform as the signal.

This can be considered a worst case scenario, since BayesHopperBurst can only rely on the

coherence of the signal when trying to distinguish GW signal and noise transient. We make
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(a)

(b)

Figure 5.6: Reconstruction of signal and noise transient well separated in time. In the case of
high amplitudes (a), both signal (SNR = 26.8) and noise transient (SNR = 10) are accurately
reconstructed resulting in a match of 0.994 between the median reconstructed and injected
waveforms. In case of low amplitudes (b), only the signal (SNR = 8.9) is reconstructed
by BayesHopperBurst with M = 0.87, while the noise transient (SNR = 5) is found to be
insignificant. This is not surprising given the low SNR of the noise transient.
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two versions of this dataset with the noise transient being in two different pulsars. Figure 5.7a

shows the reconstruction for the case where the noise transient is in a pulsar far away from

the GW source on the sky as shown by the sky location posterior map (see Figure 5.7b). We

can see that both the waveforms and the sky location is accurately reconstructed in this case

(M = 0.98). However, having a noise transient in a pulsar that lies close to the true GW

source sky location results in no significant noise transient reconstructed (see Figure 5.7c).

Instead, BayesHopperBurst fits the data by changing the sky location slightly to account

for the effect of the noise transient (see corresponding skymap in Figure 5.7d). Since the

noise transient is in one of the pulsars closest to the GW source on the sky, the location of

the GW source can be changed slightly in a way that it can account for the noise transient

in that pulsar but not change significantly the projection of the signal in other pulsars. This

reconstruction results in a match of 0.96, which is only slightly lower than the previous

example, even though it is not using the true model.

5.6 Upper limit predictions for the NANOGrav 12.5-year dataset

In a follow-up study, we plan to use BayesHopperBurst to search for nHz GW bursts in

the NANOGrav 12.5-year dataset [3]. To assess the sensitivity we might expect from such an

analysis we run BayesHopperBurst on a simulated dataset made to resemble the NANOGrav

12.5-year dataset and used in [12]. The dataset has been made using the properties (timing

parameters, white and red noise parameters) of pulsars and observational time stamps from

the NANOGrav 12.5-year dataset. Note that the red noise parameters are derived by filtering

out a common red noise process, so that they truly characterize pulsar intrinsic red noise. To

reduce computational costs the residuals are epoch averaged. More details on this simulated

dataset can be found in [12].

This dataset does not contain any GW bursts, so by running BayesHopperBurst on

it we can set upper limits on the amplitude of generic GW transients. We consider these
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(a) (b)

(c) (d)

Figure 5.7: Reconstruction of a dataset with a sine-Gaussian GW signal (SNR = 16.1) and a
noise transient (SNR = 10.8) with the exact same waveform. Both noise transient and signal
are correctly reconstructed when the noise transient is in a pulsar far away from the GW
source on the sky (a-b). However, when the noise transient is in a pulsar close to the GW
signal location, the effect of the noise transient can be accounted for by slightly changing
the sky location of the GW without affecting the signal in other pulsars (c-d).
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upper limits to be indicative of the upper limits we might expect to get from running on the

real NANOGrav 12.5-year dataset assuming we do not find any significant GW candidates.

Figure 5.8 shows the uppper limits we get from this simulated dataset as a function of central

time (t0) and central frequency (f0) defined e.g. by equations (8a) and (8b) in [158], which

coincide with the parameters used to describe the wavelets if only 1 wavelet is used. We

quote these upper limits in terms of the root-sum-squared strain amplitude defined as:

hrss =

√

∫ ∞

−∞

[h2+ + h2×] dt =

√

√

√

√

∫ ∞

−∞

[

(

dH+

dt

)2

+

(

dH×

dt

)2
]

dt. (5.17)

To produce this plot we calculate t0, f0 and hrss for each sample from our MCMC. Then we

bin the samples based on a grid on the t0–f0 plane, and in each bin we calculate the 95th

percentile of the hrss samples from that bin, which we quote as the 95% upper limit.

A clear trend from Figure 5.8 is that the upper limit decreases as we move to later

times. This is because the array contains more and more pulsars as time goes on, which

greatly improves the array’s sensitivity. In addition, we see drastic improvements in the

second half of the dataset, which can be explained by the improved backends used after

∼7.5 year and a high-cadence observing campaign, which started at ∼8.5 year (see e.g. [3]).

We can also see that the sensitivity decreases at the temporal edges of the dataset, which

is due to the fact that waveforms with a central time near the edges will have a significant

portion that lies outside of the observational time span of the dataset. The worst sensitivity

in the analyzed time-frequency region is achieved at very high frequencies and very early

times. This is due to the fact that there are less than 10 pulsars observed at those times.

There is also a slight increase in the upper limit around the frequency corresponding to a

period of 1 year (log10 f0 ≃ −7.5), where PTAs are known to be less sensitive due to the sky

location fitting in the timing model.

The best sensitivity is achieved around t0 ≃ 10 years and f0 ≃ 8 nHz at an amplitude
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Figure 5.8: Upper limit on the root-sum-squared strain amplitude (hrss) as a function of
central time (t0) and central frequency (f0) based on a simulated dataset made to resemble
the NANOGrav 12.5-year dataset [12]. The most sensitive time-frequency location is at
around 10 years – 8 nHz where we get an upper limit of hrss ≃ 5 × 10−11 Hz−1/2, which
corresponds to ∼ 40M⊙c

2 emitted in GWs at a fiducial distance of 100 Mpc.

of hrss ≃ 5 × 10−11 Hz−1/2. This can be converted into the minimum GW energy that can

be detected at a fiducial distance using e.g. equation (4.2) of [159]. We get that at a fiducial

distance of 100 Mpc we are sensitive to sources emitting an energy of more than ∼ 40M⊙c
2

in GWs.

Note that we use a uniform prior on the wavelet amplitude which pushes up the

amplitude values resulting in a conservative upper limit. However, as we also allow the

sky location to change, and the distribution of the pulsars is highly anisotropic, this also

pushes the sampler to the least sensitive sky locations where the highest amplitude signals can

remain hidden. This means that the sensitivity at the best sky location could be significantly
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better than the value quoted above. On the other hand, in this run we fix the red noise

parameters in each pulsar to the true values due to computational constraints. This in

principle could make our upper limit estimates overly optimistic as it does not take into

account any covariances between the red noise and GW burst signal models. However, since

the red noise only dominates at the lowest frequencies, we do not expect this to have a drastic

effect at the most sensitive time-frequency location reported above. In addition, even while

fixing the red noise parameters to their true values, we still allow the realization of the red

noise to vary, which can accommodate some covariance between the signal and red noise

models.

5.7 Single-pulsar test on real data

Real data can bring complications compared to simulated data like uneven sampling,

temporal gaps in the datastream, chromatic effects, etc. To test how BayesHopperBurst can

handle these complications we run it on a single pulsar (B1855+09) from the NANOGrav 9-

year dataset [153]. We show the epoch-averaged residuals from B1855+09 in Figure 5.9a

along with the reconstruction of the linearized timing model and the red noise model.

Figure 5.9b shows the epoch averaged residuals corrected with the median timing and

red noise model. These indicate a transient feature around 55000 Modified Julian Date

(MJD), which is reconstructed by the noise transient model also shown on this figure. Note

that although we show the epoch-averaged residuals for plot clarity, our analysis used all

individual residuals.

We can see in Figure 5.9 that BayesHopperBurst adjusts the timing parameters such

that some features of the data were smoothed out while others were amplified. Then it

used a few wavelets to correct those amplified features. In particular, we can see that the

observations made at different frequencies at the same epoch are sometimes inconsistent in

the original dataset. One can correct that by changing the value of the dispersion measure
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(a)

(b)

Figure 5.9: Waveform reconstruction for B1855+09 from the NANOGrav 9-year dataset.
(a) shows the original epoch-averaged residuals along with the reconstructed timing model
and red noise model realizations. (b) shows the epoch-averaged residuals corrected by the
median red noise and timing model realizations, along with the noise transient reconstruction
from BayesHopperBurst. The latter suggests that there is a noise transient in this dataset
around MJD 55000. Note that there is a strong covariance between the presence of the noise
transients and DMX parameters.
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parameter (DMX, see e.g. [153]) for that epoch, but that will result in a net residual in

both observations. The legacy analysis thus cannot do that, since it cannot account for

transient noise features. On the other hand, BayesHopperBurst can change the dispersion

measure values and model the resulting noise transient with a collection of wavelets. Thus,

our analysis suggests that there is a noise transient in this dataset. Such a noise transient

was not found before, since the canonical analysis does not model noise transients and their

presence can be masked by inflating the white noise parameters. In fact, BayesHopperBurst

only finds the noise transient when we allow the white noise parameters to vary, so that it

can lower their values compared to the canonical analysis.

Based on Figure 5.9, it might look like that the feature around 55000 MJD fitted by

the noise transient model was introduced by the similar feature with opposite sign in the

timing and red noise model. Note however that the linearized timing model introduces

perturbations around timing model parameters previously determined by an analysis which

does not allow for unmodeled noise transients. Such an analysis will try to adjust its free

parameters to model out any noise transients present in the dataset. Our results indicate

that if we introduce a model for noise transients, the Bayesian analysis prefers to undo that

timing model adjustment, and instead model the feature with the dedicated noise transient

model.

5.8 Conclusion

We have presented BayesHopperBurst, a Bayesian algorithm to search for nHz GW

burst using PTA data, by modeling them as a collection of sine-Gaussian wavelets, where the

number of wavelets is found by a trans-dimensional RJMCMC sampler. We demonstrated

how it can reconstruct signals with a wide range of morphologies, and also how it can

distinguish between coherent GW burst and incoherent noise transients that may occur in

the datastream of some pulsars.
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In the near future, we plan to use BayesHoperBurst to carry out the first ever

search for generic GW bursts in the nHz frequency regime using the NANOGrav 12.5-year

dataset. In preparation for that we analyzed a simulated dataset similar to the NANOGrav

12.5-year dataset and made predictions on the sensitivity we might expect from such a

search. To demonstrate that BayesHopperBurst is capable of dealing with the additional

complications arising when analyzing real data, we analyzed a single pulsar (B1855+09)

from the NANOGrav 9-year dataset.

In addition to searching for generic GW bursts, an algorithm like BayesHopperBurst

could also be a useful tool for analyzing transient noise features in the datastream of single

pulsars as illustrated in [150]. We are planning to further explore the potential of such an

approach in a follow-up study. Systematically analyzing a large collection of pulsars will

also help us better understand the covariances we have seen in Section 5.7 between transient

noise, DMX, and red noise models.

Important areas to investigate in future studies are further development and optimiza-

tion of BayesHopperBurst. One particularly interesting direction would be experimenting

with different types of functions in our signal and noise transient models (e.g. shapelets [156]),

which might be more suited for certain signals or noise transients.
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CHAPTER SIX

CONCLUSION

Pulsar timing arrays offer a new way of observing the Universe through nanohertz

gravitational waves. They will provide astrophysical information complementary both to

electromagnetic observations and to high-frequency gravitational waves observed by ground-

based interferometric detectors. In particular, this frequency band is expected to contain

signals from binaries of the largest supermassive black holes residing at the center of

essentially all galaxies. Thus pulsar timing arrays have the potential to help us understand

how these black holes form and evolve through cosmic time. To make best use of this new

discovery space, we need a good understanding of how different GW signals appear in our

data and how we can optimize our algorithms to robustly find and characterize these sources.

In Chapter 2 we explored how the collection of hundreds of millions of supermassive

balck hole binaries affect pulsar timing array datasets. The vast majority of these sources

will be too faint to be detected individually, but they will combine to form a stochastic

gravitational-wave background. In addition, the few brightest binaries might have a

strong enough signal to be detected individually. We studied realistic datasets based on

synthetic catalogs of supermassive balck hole binaries that holistically model the overall

signal and include both of these contributions. We showed that such datasets exhibit several

differences compared to the simple model of an isotropic Gaussian stochastic gravitational-

wave background with a power-law spectrum. These are due to the finite number of binaries

dominating the signal, which results in the breakdown of the central limit theorem. These

effects can be used to discern the origin of the gravitational-wave background, since other

astrophysical processes, which produce the background in the early universe, would result in
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a perfectly isotropic and Gaussian background. Thus detecting an individual binary or the

anisotropy of the background would be evidence for the background originating from black

hole binaries. We also make predictions about the detectability of individual binaries in the

presence of the confusion noise from the stochastic background for a simulated pulsar timing

array based on the NANOGrav 12.5-year dataset with a timespan extended to 15 years.

We find that about 8% of the realizations produce a source with signal-to-noise ratio higher

than 5, which might correspond to a detectable signal depending on the details of the data

analysis used. These can be taken as pessimistic estimates for the upcoming NANOGrav

15-year dataset, since they do not take into account any potential improvements of the

timing model solutions or the addition of new pulsars relative to the 12.5-year dataset.

This shows that while the chances are relatively low for the upcoming NANOGrav 15-year

dataset, we might not be that far away from detecting gravitational waves from an individual

supermassive black hole binary (the probability of a source with a signal-to-noise ratio larger

than 5 increases to about 32% at 20 years).

To make such a detection possible we presented a new Bayesian search for individual

binaries, which results in a significant speedup compared to the methods currently in use (see

Chapter 3). Our formulation does not apply any new approximations. Instead, the increased

efficiency comes from separating the parameter space to shape parameters and projection

parameters. Precalculating inner products for a given set of shape parameters allows cheap

exploration of the projection parameters, thus speeding up the entire analysis. These

methods will drastically reduce the computational cost of searches for individual sources

in upcoming pulsar timing array datasets, and improve the tractability of achieving a well-

converged analysis as the size of datasets increase. They will also make more sophisticated

analyses computationally feasible, like searching for eccentric binaries, or simultaneously

searching for multiple binaries.

As our datasets improve, we can also expect to be able to detect multiple individual
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binaries. In preparation for that, we described the first method to jointly search for

multiple individual supermassive black hole binaries and an isotropic stochastic background

in Chapter 4. We use a trans-dimensional Reversible Jump Markov Chain Monte Carlo

sampler to explore models with different numbers of binaries and with or without a stochastic

background. We found that the significance of individual sources can decrease in presence

of a stochastic background both because it increases the noise levels at low frequencies, and

because the stochastic background model can partially fit the signal of the individual sources.

This highlights the importance of such joint analyses, which will be important in the future

to avoid biasing the parameter estimation of the stochastic background by the presence of

an individual binary, or vice versa.

In addition to signals from anticipated sources, such as those from supermassive black

hole binaries, some previously unimagined sources may emit gravitational wave bursts with

unknown morphology in the nanohertz frequency band. To find these potential sources we

introduced a Bayesian algorithm to search for them using pulsar timing array data (see

Chapter 5). We model signals as a collection of sine-Gaussian wavelets, where the number

of wavelets is found by a trans-dimensional Reversible Jump Markov Chain Monte Carlo

sampler. We demonstrated how it can reconstruct signals with a wide range of morphologies,

and also how it can distinguish between coherent gravitational-wave signals and incoherent

noise transients that may occur in the datastream of some pulsars. This algorithm will be an

invaluable tool not only to carry out the first search for unmodeled signals in the nanohertz

frequency band, but also to search for and mitigate potential noise transients present in

pulsar timing array datasets.

The next decade will bring a confident detection of nHz GWs, opening a new window

onto the Universe. In this thesis, we presented several new methodologies which will help us

realize the full detection potential of the emerging field of low-frequency GW astronomy.
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APPENDIX A

VARIANCE OF SPATIAL CORRELATIONS WITH DIFFERENT NORMALIZATIONS
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In this appendix we explore how the variance of the HD correlations from a single
binary depend on the way we normalize the correlation values. We reproduce some results
of Ref. [48] and derive formulae for the case with a different normalization used in Section
2.5.3. We compare these results with simulations for a CW signal in a simulated PTA with
an isotropic distribution of pulsars.

A.0.1 Without pulsar terms
From Eq. (A31) of Ref. [48] the mean HD correlation for a binary with a given inclination

(ι) and GW amplitude (A) is:

µ =
A2

16

[

1 + 6 cos2 ι+ cos4 ι
]

µu(γ), (A.1)

and neglecting pulsar terms the variance is:

σ2 =
A4

256

[

1 + 6 cos2 ι+ cos4 ι
]2
σ2
u(γ) +

A4

512

[

sin8 ι
]

σ2
c (γ). (A.2)

We can average these over cos ι ∈ [−1, 1] to get (see Eq. (A32) of Ref. [48]):

µaverage =
A2

5
µu(γ), (A.3)

and:

σ2
average =

71A4

1260
σ2
u(γ) +

A4

1260
σ2
c (γ). (A.4)

We normalize these so that µaverage = µu, which implies A2 = 5 and:

σaverage =

√

355

252
σ2
u(γ) +

5

252
σ2
c (γ). (A.5)

This is appropriate if we normalize the correlation values globally over all realizations.
However, if we normalize the correlations realization by realization, then we need to normalize
Eq. (A.1) before averaging. We thus require A2/16 [1 + 6 cos2 ι+ cos4 ι] = 1, which implies:

σ2 = σ2
u(γ) +

sin8 ι

2 [1 + 6 cos2 ι+ cos4 ι]2
σ2
c (γ). (A.6)

If we average this over cos ι ∈ [−1, 1], we get:

σaverage =

√

σ2
u(γ) +

1

4
ασ2

c (γ), (A.7)

where α = 4 + π − 3π/
√
2.

Figure A.1 shows the comparison of simulation results with Eqs. (A.5) and (A.7).
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The simulation normalized per realization seems to match Eq. (A.7) really well. The one
normalized globally generally follows Eq. (A.5), but deviates at small and large angles.

Figure A.1: Variance of HD correlations from a CW simulation without pulsar terms and a
simulated PTA with isotropically distributed pulsars. We also show the theoretical variance
with two different averaging.

A.0.2 With pulsar terms
If we include pulsar terms, the mean correlation is unchanged, but the variance becomes

(cf. Eq. (B10) of Ref. [48]):

σ2 =
A4

256

[

1 + 6 cos2 ι+ cos4 ι
]2
σ2
u(γ)−

3A4

512

[

sin8 ι
]

σ2
p(γ)+

A4

(

3

512

[

1 + 6 cos2 ι+ cos4 ι
]2

+
5

1024

[

sin8 ι
]

)

σ2
c (γ). (A.8)

Averaging this over cos ι ∈ [−1, 1] gives (see Eq. (B11) of Ref. [48]):

σ2 =
71A4

1260
σ2
u(γ)−

3A4

1260
σ2
p(γ) +

109A4

1260
σ2
c (γ). (A.9)
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Plugging in A4 = 25 gives:

σaverage =

√

355

252
σ2
u(γ)−

5

84
σ2
p(γ) +

545

252
σ2
c (γ). (A.10)

This is the average standard deviation if we normalize correlations globally, over many
realizations. Alternatively, we can express A from Eq. (A.1) and plug into Eq. (A.8) before
averaging. This gives:

σ2 = σ2
u(γ)−

3 sin8 ι

2 [1 + 6 cos2 ι+ cos4 ι]2
σ2
p(γ)+

(

3

2
+

5 sin8 ι

4 [1 + 6 cos2 ι+ cos4 ι]2

)

σ2
c (γ). (A.11)

Averaging over cos ι ∈ [−1, 1] gives:

σaverage =

√

σ2
u(γ)−

3

4
ασ2

p(γ) +

(

3

2
+

5

8
α

)

σ2
c (γ). (A.12)

Figure A.2 shows simulation results (both with global normalization and per realization
normalization) and Eqs. (A.10) and (A.12). We can see that both match well with the
appropriate simulation.

Figure A.2: Variance of HD correlations from a CW simulation with pulsar terms and a
simulated PTA with isotropically distributed pulsars. We also show the theoretical variance
with two different averaging.
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APPENDIX B

FAST LIKELIHOOD IN THE PRESENCE OF CORRELATED RED NOISE
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A red noise process can be modeled using a pseudo Fourier basis F, made up of a
collection of sines and cosines at a discrete set of frequencies with amplitudes a [160]. The
log likelihood then becomes:

logL = −1

2
(δt− s− F · a|δt− s− F · a) . (B.1)

The usual approach is to marginalize over the a’s analytically. If we assume the signal is not
correlated between pulsars, eq. (B.1) can still be evaluated pulsar-by-pulsar [161]. However,
the per-pulsar factorization breaks down if we intend to model a GWB with Hellings-Downs
correlations between the pulsars [162]. This would significantly increase the cost of the CW
analysis since the Mkl matrix would become dense.

Another approach is to use a method similar to what we are proposing for individual
SMBHBs and to the methods presented in Ref. [163]. For simplicity let us ignore the
individual sources for now and focus on the GWB. Expanding the log likelihood we have:

logL = −1

2
[(δt|δt)− 2a ·P+ a ·Q · a] , (B.2)

where P = (δt|F) and Q = (F|F). Note that the vector P is much smaller than the vector
F. The vector F is a vector of vectors, made up of the time samples for the sines and cosines
at each frequency and for each pulsar. After the inner products have been done, the P is
a collection of numbers, one each for the sine and cosine at each frequency in each pulsar.
The matrix Q has rows and columns that follow the pattern of the vector P. To simplify
the discussion, consider a single frequency f , and label the a such that a(2i−1) are the cosine
terms in pulsar i and a(2i) are the sine terms. Our hyper-prior for the a is such that each ak
is drawn from a Gaussian distribution with variance S(f) and correlations given by:

E[a(2i−1)a(2j−1)] = HijS(f)

E[a(2i−1)a(2j)] = 0

E[a(2i)a(2j)] = HijS(f) , (B.3)

where Hij is the Hellings-Downs correlation between pulsars i, j. More schematically we can
write E[akal] = φkl where the entries of φkl are given by (B.3). The posterior probability
distribution for a can then be written as:

p(a|δt, S) = e−
1
2
(δt|δt)

√

det(2πC)det(2πφ)

×eakPk− 1
2
akalQ

kl− 1
2
akal(φ

−1)kl . (B.4)

The next step is to marginalize the p(a|δt, S) over a to produce the marginal likelihood
p(δt|S). This marginalization can be done analytically since the expression for p(a|δt, S) is
a multi-variate Gaussian. The end product is the new likelihood for the power at frequency
f . Notice that all the inner products were done pulsar by pulsar. We have a factorized
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likelihood. Unlike in the usual analysis where the marginalization is done before computing
the inner products, by performing the marginalization after the per-pulsar inner products
have been done we avoid any cross terms. The analysis still “knows” about the correlations,
without actually having to cross-correlate the data between pulsars.

Note that the inner products P and Q have to be recomputed every time the noise
model is updated. The red noise can be treated like the GWB, but just with a diagonal
correlation matrix, so P and Q only have to be recalculated for white noise updates. The
white noise inner products could be computed for some discrete set of values for each pulsar,
then a joint marginalization across the white noise in all the pulsars could be done using a
lookup table.
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APPENDIX C

IMPLEMENTATION IN PYTHON USING NUMBA
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The new formulation of the likelihood and the associated sampler is implemented in the
QuickCW package. QuickCW relies on the ENTERPRISE software [50], which uses Python, so it
was a natural choice to implement QuickCW in Python as well. To overcome the inherent speed
limitations of Python, we use the Numba software package [55, 56], which is a just-in-time
compiler capable of generating fast machine code from Python syntax. This is particularly
important, as in the new formulation of the likelihood, the computational cost after the
inner products have been precomputed consists of a small number of simple multiplicative
and additive operations. As a result, run times are dominated by Python-specific overheads
if we do not use Numba.

Table C.1 shows representative runtimes of the old and new likelihood for different
scenarios. We carried out these tests on an AMD Ryzen Threadripper 3970X 32-core
processor. We tested on three different simulated datasets: one made to resemble the
NANOGrav 12.5-year dataset (same as used for all other results in this paper); one with
double the number of pulsars and TOAs as the NANOGrav 12.5-year dataset; and one with
five times as many pulsars and TOAs as the NANOGrav 12.5-year dataset. The latter two
were used to show how performance will change in the future as the PTA datasets grow in
size.

Table C.1: Runtimes of old likelihood and different components of the new likelihood for
various representative datasets made by multiplicating a dataset made to resemble the
NANOGrav 12.5-year dataset (NG12.5)

NG12.5 2 × NG12.5 5 × NG12.5
# of pulsars 45 90 225
# of TOAs 410,064 820,128 2,050,320

Old likelihood GW update 300 ms 610 ms 1500 ms
Old likelihood red noise update 120 ms 210 ms 630 ms

New likelihood1 0.016 ms 0.020 ms 0.029 ms
GW shape parameter update2 90 ms 220 ms 770 ms

Pulsar red noise update 180 ms 400 ms 1300 ms

For each of these datasets we timed the execution of the old likelihood for randomly
drawn GW parameters and randomly drawn red noise parameters. We can see in Table C.1
that these take a different amount of time. The variation is due to the fact that ENTERPRISE
caches some of its internal function calls, so when the red noise is changed, some parts of
the likelihood can be reused from before, which results in different execution times. We
also tested the new likelihood formulation in a scenario when only projection parameters
are changed. We can see that for the dataset resembling the NANOGrav 12.5-year, this
is ∼20,000 times faster than the old likelihood. We also timed the recalculation of the

1With fixed shape parameters
2Common parameters or pulsar distances
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inner products, which is necessary when the shape parameters are updated. We can see that
recalculating the filters for a new set of shape parameters is still about a factor of three faster
than the old likelihood. The speedup is due to a combination of algorithmic optimization
and the speedup we get with Numba. If GW parameters are updated, the Nk and Mkl needs
to be recomputed using the updated Sk, but one can use C−1 from memory. However, when
the red noise parameters are updated, Sk remains the same, but an updated C−1 needs to be
used. As we can see in Table C.1, this results in the red noise updates being more expensive.

The results for larger datasets show that runtimes for the old likelihood roughly scale
linearly with the number of pulsars and TOAs. Evaluating the new likelihood at given
shape parameters scales slower than linear, resulting in less than twice as long runtimes for
the 5 times larger dataset. On the other hand, shape parameter updates scale faster than
linear, resulting in about a factor of 8 slower evaluation for the 5 times larger dataset. Note,
however, that we optimized the pipeline for a dataset like the NANOGrav 12.5-year, so the
performance for larger datasets might be sub-optimal.
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APPENDIX D

WAVEFORM RECONSTRUCTION IN ALL PULSARS
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In Section 5.5, we only show the waveforms reconstructed in a single pulsar (see
Figures 5.2, 5.3, 5.4, 5.6, and 5.7), but it is also interesting to look at how the signal appears in
different pulsars. Figure D.1 shows the simulated data and the reconstructed signal in all 20
pulsars of the array for the injection with two sine-Gaussian wavelets (cf. Figure 5.2). While
the amplitude and waveform of the signal appearing in datastreams of different pulsars are
significantly different, BayesHopperBurst consistently reconstructs the signal in each pulsar.
This is not surprising given that we employ a coherent signal model which uses information
from all the pulsars to constrain the waveform of the signal.
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Figure D.1: Reconstruction of a signal consisting of two sine-Gaussian wavelets in all 20
pulsars in the array. This result is from the same dataset for which the reconstruction in
pulsar #3 is shown in Figure 5.2. For more details see the caption of Figure 5.2.
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