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Abstract:
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vj-values greater than or equal to a fixed element in a group of which Gj is a subgroup. An
approximation theorem is given which enables us to choose elements x in D with appropriate vj-values
for j=1,...,n, even though the valuations are not necessarily independent. Then, we can find the prime
ideals in D whose images are dense in D/a.

Using the valuation structure of D, we obtain a characterization, in terms of a sequence of finite
products, of an arbitrary element f in the complete quotient ring of D/a.

An example is given of a homomorphic image of a Prufer domain with a non-trivial complete quotient
ring.
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ABSTRACT

Let D be a Prlfer domain and let ¢ be a homomorphism
of D.. We investigate the complete quotient rlng of D/a, -

where the kernel @ = @, M ...Ma, of ¢ is an irredundant

primaxry decomp051tlon. The homomorphism ¢ is extended in

such a way.that D may be taken as a semi-local Priifer do-

main. Then, D 1s the intersection of the localizations

DPl,...,DP of D,'Where Pj is the radical of aj and each
. n o

p. is a valuation ring with valuation Vj and valuation

7 d .
group Gj‘ Each &j-consists of elements in D with vj—values

D

greater than or equal to a fixed element in a group of
which Gj is & subgroup. An approximation theorem is given

which enables us to choose elements x in D with appropriate
vj—values for j=l,...,n, even though the valuations are

not necessarlly 1ndependent Then, we can find. the prlme
ideals in D whose images are dense in D/@.

Using the valuation structure of D, we obtaln a

characterization, in terms of a sequence of flnlteproducts,-

of an arbitrary element f in the complete quotient ring of
D/e.

An example is given of a homomorphic image of a
- Prifer domain with a non-trivial complete quotient ring.
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CHAPTER I

In (1], Boisen and Larsen showed that the homomorphie'

image of a Prlifer domain is a Prifer ring. Their work
prompted an investigation of other properties possessed.by
homomorphlc 1mages of Prilifer domains. In this paper; we
take the homomorphlc image of a Priifer domain, Where the
kernel of the homomorphlsm has a certa1n'spec1f1ed,form,
and look at its complete quoﬁient'riné. Before presenting.
the main'body of material,'we reriew the concepts mentione
ed aboVe,-introduce.ddditional ohes, and prove a few re-
sults needed later. |

Throughout the paper,'all rlngs are commutatlve and

héve 1dentity 1.

Definition 1.1l: A subset S of a ring R is multiplicatively

closed .if_s1 < 8, € S,Whenever both si and sz'are in 8.

If P 1s a prlme 1dea1 of a rlng R, then R\P is multl-
pllcatlvely closed .
‘ For S a multlpllcatlvely closed set of a ring R, 1et
T = {(x,8)[x ¢ R, 8 ¢ 8, Just as,lh constructing Q, the.
rationals, from Z, the integers, by taking equiveiehoe
classes in'hhe set {(u,v)|u,ve Z, v # 0}, we geﬁ'equiva—.h

lence classes in T by defining an equivalence relation
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~"as follows: (x,s) ~ (x',s8') if there is an elemen£
t in S such that t(sx' - s'x) = 0, -The equivélenge class
of (x,s) in T is written as x/s, just as, in @, the

equivalence class of (1,3) is written as 1/3. Then,

T, = T/~ becomes a ring by.défining:

Il

x/8 +'y/t tx+sy/st

x/s o y/t =-xy/st
The foregoing construction leads to three important
cases:
(&) If S is the set of regular elements (ron zero-
divisors) in a ring R, then S is multiplicatively closed,.

and T* ié denoted by K and called the total quotient ring.

of R. If R is a domain, then K is the (classical) =~
quétiénﬁ field of R. But, R need not be 5 domain, so that
the cOnstructién,applies to an arbitrary commutative ring.
Since 1 is a reguiar element, R 1s émbedded in its total
quotient ring by r - r/Ll. |

(b) If P is a prime ideal of a ring R,.then S = R\P
is mulﬁiplicatively closed, and T* is denoted by RP and

called the localization of R to P. For R a domain, R is

_embedded in R In general, there is an epimorphism from

P°




3.
(c) If Pl”"’Pn are distinct prime ideals of‘R,

n
then R\Lji=l P.

5 is a multiplicatively closed set in R.

Here, T* may be denoted by R .
. UPi

Definition 1.2: A fractional ideal of a ring R is a-sub-' 
set A of the total quotient ring K of R such that:

(i) A is an R-module. |

(i1) There is a regularlelement d in R_such that.

dA C R.

Each ideal I of R is fractional, since

1+« I=1ICR for 1l regular in R.

Definition 1.3: A fractional ideal A of a ring R is

invertible 1f there 1is a fractional ideal B of R such that

AB = R, where

AB = {55

=1 aibilai € A, b,

i ¢ B, ke Z, k> 0},
An inVertible fractional ideal 1s always finitely

generated, but the converse?is,not always true.

Definition 1.4: A domain R is a Priifer domain if each non-

zéro finitely generated'fractional ideal of R is invertible;

Definition 1.5: A valuation ring,is an integral domain V

with thoe property that if A and B are ideals of V, then. -

either A € B.or B C A.




i

The theorems and exercises of Chapter IV in Gilmer
[3] give about.forty conditions equivalent to R being a

Priifer domain. One of the conditions is:

Theorem 1.1: A domain R is Priifer if and only if for

P
valuation ring. [Theorem 22.1, (1), p. 276, ibid].

every proper prime ideal P of R, the localization R, is a

Definition 1.6: An ideal I in a ring R is regular if it

contains a regular element.

Definition 1.7: A ring R is a Priifer ring if every

finitely generated regular ideal in.R is invertible.

Valuations are an essential part of much of the work
that follows. We introduce the concep£ after a prelimin-

ary definition.

Definition 1.8: An ordered abelian group G is an abelian

n o n

group on which there is given a total ordering < such
that if a, B, vy ¢ G and o g_B, then.d + y < Bty

The additive group of real numbeys is an ordered
abolian group.

For G an ordered abelian group,:let {0} be a set ;
whose sole elemént is not in G. Let G* = G U {w}; for

a, B e G*, define
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thelr sum in G if o, B ¢ G

OL_l_ﬁ:'<>oj.foa=ooorﬁ='oo

Defining o < « for all g ¢ G¥, G* becomes an ordered semi-

group: 1if a, B, vy € G¥ and o { B, thena +vy < B + .

Definition 1.9: Let K be a field. A valuation on K is-a
mapping v from K onto G*,'where G is an ordered abelian

group, such that:

(1) %(a) = o 1f and only if a = O;

(ii) v(ab) = v(a) + v(b) for all a, b ¢ K;

(1i1) . v(a+b) > min{v(a), ﬁ(bj} for all a; b e K.

An important result connects valuations and valuation

rings:

Theorem 1.2: Let V be a valuation ring‘with quotient fieid
K. Then, there is a valuation v oﬁ K such that
V = {éla e K, v(a) Z_Q}. [Proposition 5.13, b. 108, Lafsén‘
and McCarthy [5]].

We néxt develop the ﬁotionléf thé'complete“quotient

ring of a ring Ro -

Dofinition 1.10: An ideal A in a commutative ring R is

‘dense if rA = O implies. r = O for all r e R,
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An immediate consequencé.of Definition-l.ld is that

" . the intersection of dense ideals is dense.

Definition 1.11: A fraction is .an element F of Homy(A,R),

where A is a dénse:ideal of R (F is a group homomorphism
of A into’R'for'which F(ar) = F(a)r for all a e-A and for .
all r ¢ R); A is called the'domain'of F.

To motivate the next definition, we note that in con=
structing @ from Z, 2/4 is a .”fral,ct_ion” with domain 4Z,
mapping 4Z to Z; 3/6 has domain 6Z-and maps 6Z to Z; 2/4
and 3/6 are eéuivalent in that they agree on the inter;
'secfion of their_domains:‘l225 both map 12Z to Z. Hence,
2/L ahd,3/6 belong to the same.equiVaiehce class‘of'

"fractions", the class denoted by.1/2,

1
and A2, respéctively;'we 1et.F1 Q'Fg if and only if-Fl and
F, agree on the intersection of their domains:

Definition 1.12: For fractions F and F, with domains A

Fi(a) = Fy(a) for all ae Al(")AEf
Denoting the class of ffactiqns by ¥, 6 is an
. equivalence relation and partitions F into équivalence"

- glasses.




S
Theoren 1.3: For R a commutative ring,

(F, 0, 1, =, +, +,)/6 = Q(R) is a commutative rlng, called

the complete ring of guotlents of R.  [Proposition l, P.
'38 Lambek [4]7. | | .
Letting £ = [F] be the equlvalence class of the
fraction F in Q(R), R is embedded in Q(R) by the mapping
r [r/1]. The ‘mapping is a monomorphlsm since r/l agrees
~with 0/1 on-a dense ideal A only if rA = O and hence,
r = 0. For each non zero- lelsor a of R, the ideal aR is
dense in R. Then, for r ¢ R, the "cla881cal" fractlon

:r/a € Hom;

r(aR, R) is -defined by:

(r/a)(as) = rs, 8 e R

. Theorem 1.4: The equivalence classes [r/a], r ¢ R, a not

a zero-divisor, comprise a subring of Q(R), called the

classical ring of quotients of R:'Qcﬁ(l{)o [Proposition 2,
'Pe 39, Lambek .[4]]. - '

As expecﬁed; the classical }ing of Quotienﬁs of a
ring ‘R is identical to the total quetient ring of R.
| Collecting resﬁlts,‘we have for an arbitrarycommu-

tative ring R that .

'3 ; Q,, (R) Sa(R).
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To better illustrate the éoncept of a complete

quotient ring, we look at two examples: .

- (a) . Since all non-zero elements of Z are non zero-
divisors, Z 2 Qg (Z) = Q(Z) =Q, Q being the rational

numbers.

'-.(b)‘.iet R be the collection of all finite and co-
finite subsets of some infinite set, say Z. Then, R is a
Booledn.ring‘with operations of symmetric-diffefence and
intersectibn, whererz =1 and § = 0. ILet g be the collec-
tion of all finite subsets of Z; 0 1s a dense maximal
‘ideal of R, Further, R itself is dense. We define frac-
tions for R as follows:

If L is a finite or cofinite subset of Z, then

L ¢ Hom.(R,R), where L(V) = LNV for V e R.

R
However, if L is neither a finite nor a cofinite sub-

set of Z, then L(V') = LN V' need not be in R for V' co-

finite in R. For example, let L = 2Z (the even integers), .

and let V' = Z\{0,1,2}. Then, LV' = 2Z\{0,2) ¢ R.

. Therefore, for L in the power set of Z but not in R, we
mus£ restricﬁ the domain of L to g, thus ensuring that

L e HomR( |
tion" L, we get Q(R) = P(Z), the power set of Z.

a,R). Identifying the subset L with the "frac-.
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ALl elements of R, except Z itself, are zero-
divisors: for Ve R, VM ¢(V). =@ = 0, where ¢(V), the
complement of V, is in R by definition. Since R has only
one regular element, all elements-of‘ch(R) have thé_form
E/Z =.E/l for E ¢ R. Then, ch(R) = R, E - E/1 being an
isomorphism. By construction, R # P(Z), and it follows
that R = ch(R)‘é Q(R). [R. Gilmer [3a]].

.We thus have one example each of a trivial and .a non-
trivial:compleﬁe quotient ring. in the'wqu that follqws;
we show that certain homomorphiq imagés of Pfﬁfer domains
have nbn-trivial complete quotiént rings.

Tor T e Q(R), let the domain of f be
dom,f = dom f = {X ¢ R]fi e-R}? and let the range of f be

R

raan

Il
Il

ran f = f£(dompf).

Lemma 1.5: If f ¢ Q(R) and dom £ S P, where P is a mini-

mal prime idéal of a ring R, then dom f +.ran £ C P.

Proof. Using Proposition 12, p. 73,.Bourbaki [2], if P

15 a minimal primé;énd x is in P; thén‘theré is an elé@ent
5 in R\P and a positive_integér z such that sx® = 0. There~
fore, for x ¢. dom 'f C P,'we.héve sx.Z = 0, where é.and 7 are
és stated above, 'Since f e HﬁmR(A,R) for some dense ideal

A of R, fsx” =0 = s(fx)Z ¢ P, Then, P a prime idealland
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s ¢ P imply that (£fx)Z ¢ P." Continuing this reascning,
fxve.P, and ran £ & P since x ié‘én arbitrary element in .
dom f. Hence, dom T + ran £ C P, for P a minimal prime
ideal of R. | |

(End of Lemma 1.5)

If ¢ is a homomorphism 5f a ring R and I i1s an ideal
in R,'wé'write o (I), the.image or extension of T in ¢(R),
as I°. For J an.ideal in ¢(R), the contraction of J in.R
is 3¢ = {a e Rl¢(a) e J}. Throughout the paper, we use
Zariski ahd Samuel [6] as a source for properties of ex-

. tensions and contractions.

. Definition 1.13: For A and B ideals in a ring R, let

A:B ={x|xe RABx € A}.
The following lemms provides a useful relationship
between the kernel of a homomorphism of a domain D and

ideals in D and their extensions in ¢(D).

Lemme, 1.6: Let ¢ be a homomérphism‘from a domain D .onto a
ring R, with K the kernel of ¢. For an ideal A of D,

K:A = K if and only if A% is dense in R.

Proof: =>: Let K:A =K and sﬁppoée that A is not dense

in R. Then, for some T # 0 in R, we have that TA® = 0.
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This is ‘equivalent to ¢(r)¢(A) = 0 = ¢(rh) for r ¢ K in D, =
where ¢(r) = r. Hence, rA CK and r ¢ K:A. But, r ¢ K’
implies that K(; K:A, a contradictionn Thus, A® is dense

in R.

<=: Let A be dense in R and assume that K‘; K:A

(K € K:A always holds). . Therefore, there is an element
s ¢ K:A\K for which sA CK. Since s ¢ K, wé have that
“$(s) # 0 in R. ' But, sA CK implies that |

d(sA) = ¢(s) « ¢(A) = ¢(s) « A° =0 in R. So, A® is not
dense in R, a contradiction.‘ We conclude that K = K:A.

(End of Termma 1.6)

Definition 1.14; Let @q,0..,8, be primary ideals with

assoclated prime ideals Pi = J&f, 1 =1,c605n. The inter-.

section &lfﬁi..cfflan of the &i's 1s a primary representa-

tion or a primary decomposition and is sald to be

irredundant if:

(1) No &i,éohtains the intersection of the others: -
&j-z,m-i;éj a -
(ii) The @5 have distinct associaﬁed prime'ideals:

i # Pj fo? i# 3.
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Definition 1.15: The prime ideals Pis...,P, are isolated

if Py 2 Pj for 1 # j.

We will study‘the homomorphic image of a Prifer
domain‘where the“kernel of the homomorphism has an
irredundant primary decompoéition. The Prﬁfer‘domain
property insures that the prime ideals associated with the

kernel are isolated;

Lemma 1.7: Let fj?=l @; be an irredundant primary decom- .
position in a Prifer domain D, Let P, = J&ig 1= 1,u0e,5h0

Then, Pl”"’Pn are isolated prime ideals.

Proof: Consider the primary ideals éi’ &j in D and the
associated prime ideals Pi’ Pj“ Without loss of general-
ity, assume that Pi < Pj' Then,'&i + &j c Pj’ Since D is
a Priifer domaip and @ + @ # D, by pp. 130-1, Larsen and
McCarthy [5], @y S @ or @, C @;. But, this is a contra-
diction to¢A1?;l @; being an irredundant primary decompo-
sition. Therefore, P, £ P

- (End of Lemma 1.7) -




CHAPTER TII

Let D -be a Prifer domain and let ¢ be a homomorphism

of D. Let K, the kernel of ¢, have an irredundant primary

s n . - .
decomposition f\i_l @ whero P, = J@i. Each D\P; is

multiplicatively closed, and, hence, F\?=l (D\Pi) is

_ . . : o~n- . n "
multiplicatively closed. But, (Wi=l (D\Ei) = D\k)izl P .
Therefore, we form the intersection of local rings
fWDP.,JWhich,_by Proposition 17(c), P. 93, Bourbaki [2], is
L - : - ‘
equal to D . We investigate a homomorphism of D
PO Pup, . | Py

which is related to the homomorphism ¢ of D.

Lemma 2.1: The homomorphismro from D onto D/K can be. ex-

tended to a homomorphism y from D ,p onto Qéﬂ(D/K),'where,

i .
for a e D and b ¢ D\AJ_?zl P;, we define p(a/b) = ¢(a)/p(b)s

D ~—————§DLJP1

e\ 1

D/K —————;ch(D/K).

© Proof: We must show that if b e DNU P, P., then ¢(b) is

regular in D/K. But, clearly, K:b =K for b ¢U §=1~Pi’
Therefore, (¢(b)) is dense in D/K by Lemma 1.6, and ¢ (b)

is regular in D/K.
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* The natural mapping i is onto: let b € D such that
¢(b) is regular in D/K. Then, (¢(b)) is dense in D/K
and K:b = K by Lemma 1l.6. Equivalently,
NE ai:b =Ni, e
b eﬂf.lel @

| 4on Q
g Assume that b gLJizl Pi? Since

1 implies that ¢(b) = 0, which is certainly not’

regular, b e(\?zl &i is impossiblé. Since each &j is

_ Pj-primary, there exists minimal kj'e ZT such that

b Jea, Letting N = max{k,,....k.} > 1, we have
J 1 n’ =

N

b e ey for all i, but pi-L 4 @, for at least one j, by

definition of N. Therefore, bN_l_¢fA\?=1 @;. But,

_N-1

n L . N-1 | n
b € fﬁ1i=1.&i. b, since Db - b =D €~fa‘i=l @,.
Therefore fﬁin .a % NY _a a contradiction | Thus
s i=1 %10 # g %40 ! ° >

if ¢(b) is regular, then b e DNU P, .
Hence,'for'a, b € D and ¢(b) regular, a/b € Dyp. »

u(a/b) = ¢(a)/¢(b), and p is onto.

(End of Lemma 2,1)

Now since D is a Priifer domain, each Dp » 1 =1,..0,n,
. : i '
. . . . n . :
is a valuation domain. Since K = {”\izl &i is an

irredundant decomposition, each Pj-= J&jﬂ J=1,00.,n, i8

isolated, by'Lemma 1.7, Then, by Proposition l?(a),ip. 93,

Bourbaki [2], the isolated prime. ideals Py of D extend to
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maximal ildeals Pj °'D(JPi of DLJPi; This leads us tg the

following:

Lemma 2.2: Let D be a domain with isolated prime ideals

PysoessP3 E =.' DUPi = mDPi is the domain with maximal
' - . — * .
ildeals PlE Pl,...,PnE

maximal ideal in DP.’ 1= 15..,,n;" Then, Pf = Pif"}E,
i ,

li

Pé. Let Pi be the unique

1=1,se05n, Further, if &§ is a P;-primary ideal in E,
then there exists a Pi-pfimary ideal @} in D such that

- : : 1.
a¥ = &i(ﬁ E. In fact, this relation is a one-to-one order
preserving correspondence between P%-primary ideals 'in E
and Pi—primary ideals in DP .

s

Proof: We have the following diagram:

> P¥% - > PL

" P,
J

a J o .
D——MDy = DUPi——-—>DPj = (DUPi)P§ E

)

where | extends D to the 1ocalization.DkJP and €y extends
"DkJPi to the 1ocaliz§tion (DKJPi)P§'. By Proposition 17(b), .
p. 93, Bourbaki [2], D, 'is canonically .isomorphic to

Py

(DLJP-)P* (as indicated in the,diagram),,vThen,
| i7d ‘ .
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e, . : '
<P§) J = P55 letting ¢ be the contraction from Dy  to

J
DKJPi"We get:-

(1) 9 = (px 9) 9 - (px) 39 = px,
J J J

. c. ) .
So, P¥ = (P} J = Py E. Since j is an arbitrary sub-

script from 1 to n, this gives us the first result in
Lemma 2.2,

To show the one-to-one order preserving cofrespohdehce
bétWeen primary ideals, we cite Zariski and Samuel [6] and
its material on extensions and contractions of ideals.
Hence, for j betweén 1 and n, if\g? is a P§-primary ideal |
,in E, then there is a P&-primary ideal &5 in DPj fof which .
a§ = &3(3)3, and thevcbrrespondence between the @?'s and
the &5‘5 is one-to-one.

(End of Lemma 2.2)

In light of the aforementioned lemmas and in order to
study the complete quotient. ring of D/&,‘We may assume the
extension:

D-———f——éIkJP

;

/e ——> Q) (D/a).
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'In the following, D = Dy, =)D, will be a semi-local
, 1 1 '

Priifer domain with maximal ideals Pise.:,P , and the
homomorphism ¢ of D. has kernel @ =lﬁ]?;l @;, an irredund-
ant primary decomposition, where Pj-= JE;. Since

D = DLJPi,'We have D/@ = Qcﬁ(D/&). Eagh DPJ has unique
maximal ideal Pj,'where Pj = P&fW D by Lemma 2. Denote
arbitrary Pj—primary ideals'ip b by %j and arbitrary P&—“

" primary ideals in D by‘$5° Since Dp is a valuation
' ‘ J J
domain, we take Vj to be the valuation from DP to the
. : J
valuation grouplGj (by Definition 1.9). Let Bﬁ be the

P

intersection of all Pj—primary ideals in Dy ;rﬁ\ﬁi = Bﬁa
Before proceeding to another lemma, we need two

definitions.

Definition 2.1: Leﬁ G be an ordered abelian group. A sub-
group H of G is isolated if for each a » O in H,

OB L a forces B ﬁo be 1in H.

Definition 2.2: An ordered group is of rank one if its

only isolated subgroups are itself and O.

Lemma 2.3: Let B&land GJ be given as above, where

Bj # P& (that is, there are P&-primary‘ideals %3 not‘equal_-
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to Pﬁ). Then, there is a rank one.ordered group Hj é_Gj
which ceorresponds to B3 in a natural way, where Hj is.

isomorphic to an additive subgroup of the reals.

Proof: By Theorem 5.11 (3), p. 106, Larsen and McCarthy

[5], the intersection B& of all Pj—primary ideals of Dy
, : - J
is a prime ideal in DP and there are no prime ideals of
. J _
DP properly between Bﬁ and'P&.° Thus, we have
J
1 S a1t ¢ pr G
Bj?é%j“Pj?éDPj

for all Pj-primary ideals mj in DP , With vj the valuation .
: J

on Dy . By Theorem 5.17, p. 111, ibid., there exists a ‘
J
one-to~one order reversing correspondence between isolated

subgroups of Gj_and P roper prime ideais of DP :
' - J

1S a1 c p1 & |
SIECF Bt I

t

U

s

] P 0 .

By Definition 2.2, since there are no prime ideals of DP
. | , ) j
properly between B& and P&,'we have that Hj is a rank one
ordered group. Then, using Propoéition 5.15, p. 110, ibid., .

Hj is isomorphic to an additive subgroup of the reals.
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Hence, we take Hj < R. ,Byithe construction in the proof

of Theorem 5.17, pp. 111-2, ibid., |

B& = {x e Dp lvj(x) 4 Hj}. ‘This gives us the exact nature
_ 5 ,

of the correspondehce between Bj and Hj'

(End of Lemma 2.3)
. Note: If P is the only Pg—primary ideal in DP', then
T
B& = Pé and Hj = 0. We exclude this case from the follow-
ing discussion,
For B3 # Pﬁ, since Hy is an additive subgroup of the
‘reals, we can find a concise representation for each

P.°
.

as above, there are elements vy in $5\35 such that

P&-primary ideal ﬁé in D Since Bj i 8L and Bj is given

J

Vj(y) ‘€ HJ

3'NB! such that v,(x) < vs(y). Since H, is an isolated

. For x ¢ Bé, suppose there is an element v in

subgroup of G (see Definition 2.1), Vj(X) e Hy, a contra-
diction. Therefore, for arbitrary x in Bﬁ, vj(x) > vd(y)~
for all y ¢ %5\B3. Because of the total ordering fbr‘vj,

%3 must have one of two forms:

either 35 = ykzjst{x'e Dlevj(x) Z_Vj(y)}}
, J
or ‘ 8L = U {xe Dp|vi(x)> v.(y)3 .
' -y e 8L S o

J
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Since HJ is an addltlve subgroup of the reals, let

ry = 1nf{v (¥)|y e Bj}. Then, either |
' 33 ={x ¢ DPJIV (x) > T, } or $j_= Ex-e'D %Lv (x)‘} 1&}. ’
If'r g H , then {x € DPblvﬁ(X) > r, } = {x € DPJIV (x) > r=};'
: fﬁ is when rj e'H& that the two sets differ. - o
Further, enythlng of the form &5 = {x € DPJIVJ( ) > T, }
?or.@j = {x € Dlevj(x) > r;} .must,be Pt-primarya Teke an |

arbitrary'element'zJ in. Pj, where vy (z ) = &5 >, 0. If

71, € @Y already, we have nothing to show. If 'z, e'Ph\@h

dJ J : J J’°
' theh gy € HJ, and, by the Archlmedean property offthe reals,
there is a posrt;ye 1nteger nJ such that nag > rj. " There-
‘fore; ' '
hj' '

vj(zj ) =y e vj(r ) = ny . g5> Iy and

;:éj e @,

Py

Hence, &3 is ngprimary,
We are now able to charaeterize the primary ideals &

@ in the irredundant primary decomposition
n - e . ‘ y e
r\i=1 @; = Ker ¢. Since @j lS.Pj primary -in D,.hy Lemme

2.2 there is a.Pj—primary ideal &j in DPU such that -
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Q. = éﬁfﬂiD.‘3From above, there exists a real'number'
r. é-Hj'for'Whlch either &5' {X € DP lv (x) > I'} or
. : . ’ J.
1 , .
dj fx.e DPJLVJ<X) >.Ij}' Hence, either .
.{x.e.prvj(r).zirﬁ} or Qj‘f‘{r € DIVj(r) >'r3}sd‘lf

Il

ez PJ.l, "_t_hen: ry ;é 03 if @y = PJ.,V then rJ.‘ =_‘o. and

o
Il

‘ {x e Dlvj(xi > 0}, since vj(x) = 0 only if x-is a:unlt

1nHDPj° o |

In subsequent work we will 1nvest1gate Q(D/&), the‘
complete quotient ring of D/&, where @ = 1”\? 1 T For
this work, we w1ll need a theorem which will enable us to
-choose elements 1n D with approprlate valuatlons.‘ Some

, prellmlnary materlal is needed

o befinition 2. 3}: The rank of the order group of a valuatlon

.'ﬂls called the rank of that valuatlon.

For each ordered group GJ assoclated w1th the local

'domaln DP » one. of four cases holds

Case la: Gj has'no rank one subgroup since Pj'has'no:-:‘
'iproper.primary ideals;'thét iS,'&j.iS'

y forced to beﬁPj.
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Case 1b:. G; has a rank one subgroup H, (P has
:proper primary 1deals), but &j 1s_chosen'

:}'to be ‘equal to Pjo

Case 2: : Gj_has afrankfone.subgroup“Hj and

J ‘:

. Case 3: Gj has a rank one subgroup'Hj and Hj L Z,: -
| 'Where Qj = {x ¢ D]v.(x) > In}. )
‘. Case A:KI:GJ has a rank one subgroup H and H é Z

where &J {x € Dlv (x) > T, }

J
and 4, &J is properly contalned in PJ

"In Cases la ahd 1b, @, = {X.e Dlv ( ) >”O},. In Cases 2,]3;iff“

' Let Cases 2 3, and. 4 hold for = l,,.o,y and let
“Cases la and lb hold for i = y+l,...,n°; With thls agree- ._.
, ment, H 1s a rank ‘one subgroup of G for 1= 1,900,7, ’..U
:whlle G may or may not have a rank ohe subgroup for.* '

_.«,+1,“.,n.‘,. Recall that D = DUP = Ia DP > Where ;

7By = e e G (,'-D,)lvi(x)' 3 03_-,{ ?«nfl

=_{x e,Qf (D)]V.(x) S OJ.VZWe?noW”state end“prouelthe“;“ s
: theorem on valuatlons, a varlant of Theorem 18 (

'wapprox1matlon theorem), pp0 45 6 Zarlskl and Samuel [6]
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. Theorem 2.4 (The Abproximation Theorem):' Let D be a'seﬁi—
local domain With maximal ideals Pl"°"Pn' Let Vi
i=1,...,0, be valuations of the field Q) (D) with

valuation groups.Gi corresponding to DP . Let Hi be rank
i

‘one subgroups of Gi, i=1,...,y. Let u; € D for
i1=1,...,n and a; € Hi, Qs > 0, for 1 = 1,...,y. Then,

there is an element u e Qéﬂ(D) such that

(a) - vi(u-uy) = ai, 1 =1,0004y
(b) vi(u-ui) = 0, 1.=4+l,.0.,p
(C) Vi(u-‘ui> > O’ j. = p+l,...,n.

Proof: It is sufficient to prove the fbllowing: _glven

any positive integer m there is an x in ch(D)'such that:

vi(x-ui) >.m, 1= 1,ceesy

(1)

Vi(X-ui> > O’ i ='y+l’.o.,n-

To see this, assume that (1) has already been shown. Then, .
since thc'ai, i= 1,...,y,'have been chosen, and since Hy |
1s an additive subgroup of the reals, there exists a
positive integer m for which m > ai for each i = lyceesyo .
Recalling that valuations are onto maps, there are

elements x, in Qcﬂ(D) such that:
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rV:.L(xi) = 04, 1= 1,00,y
{vi(xg) = 0, 1 = y+l,000sp
Lvi(xi)‘>' 0, 1= ptl,ece,h.-

By assumption, there is an element y in Qcﬂ(D):such that: -

(y"X ) > m, 1= 1.;""_-:"\/'
(y-x )'> 0, i =ytl,..isn.
Sinece y = (y—x ) + Xy and v, (y— 1) > m> a; = V&(ki),'we

-.get that v, (v ) = V. 5 (%4 ) = ai, 1 =:i,.;.,y. For

i= y+l,.a.,p, vi(xi) = 0 and v, (y—x ) > 0 together 1mply
that v, (y) = O. Similarly, for i'= ptl,eeo,n, Vi (%) > O
. and v, 5 (y-xy ) > O glve us that v, (y) > 0. '

Let x be an element_satlsfylng inequalities”(i) and,
' let U =X+ y. Then, u - ui'; (x-ui)_+ V. For .

i ;‘l,f,.,y, vl(ﬁ) =a; < m é_vi(iﬁui);thefefore; |
'(u—u ) =V, (y) = 0O and_ﬁesatisfies reletions (a) FOr.‘
:}1 = y+1,.o.,p, V., (x— ) > 0. andivx(t) = O together 1mply o
that v, (u-uy) =0, and u satlsfles relatlons (b) For -

il=,p+1,,.0,n,:‘,(u—u ) > 0 I‘ollowc from v ( ~u, ) > 0 and

'Vi(y) >”O Hence, u satlsfles relations (c).,

We now prove (1), Slnce D is a semi-local domaln

w1th max1ma1 1deals Pl,...,P ) there is an element 9 ¢ P,

il
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such -that vi(9i> > O arid vj(ei) = 0 for j ¥‘i. ‘Letting
”1“2.91"'91-19i+1"°9n"We get that vi(nij = 0 and

Vi(nj> > O for i # j, 15 & Lyoes,n. Replacé thé'elementsj

R by ~the follqwipg‘elements xi:

' Then, it is sﬁi}l_true'that vy (As)

)\,V: 1 i=l,...;,l'1.

R l N nl+...+nh ’

i

. | 0 and vi(}j) > p i
i # 3, but, in addition, the image of Ly under the

Nl R D1 2 1
canonical mapping DPi.+ DPi/Pi 1s 1+ Pi. ﬂenge,

vi(xi—l)_> 0, 1 the identity in Qcﬁ(D)' Recallipg tbat”.
me H; C0G; and v (uy) » O, fix a positive integer L for-

which:

. L o« vi(ng-1) + Vi(ui),z_m, i = Lseeosy |
(2) ' o

:L"b Vi(xi-l) + vi(uy) > 0, 1 =y+l,...,0

~and, ‘

r'L: . vj_(xi) t vy (-u.i):‘>_‘-“m,."i.".;é. 33‘.1"%;*-1,.;;,93'
R SR I PO

J 1

Lo vi(hg) +vs(up) > 0, 1 F g, 1= 1,0

¥ j = 'y+1, . é-'.,l'l . B
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Consider the elements £; of Qcﬂ(D>:

L .
ﬁi =1 - (l-xi) s 1 = 1,...,00.
' L
Then, vi(éi—l) =1 . vi(l—xi) > L . vi(l—xi) for

i=1,...,0n. 8o, by (2):
() vylug(85-1)]
| = Vi(ui) + Vi(ﬁi-l)

>m=L e v, (0-1) + L« vy(lay) =m, 1= 1,0..,y;

and.,
(5) v, [ug (6;-1) ]

> =L o« vy (A1) + L - vy (1-ny) = 0, 1 = y+ls...,0.
Now, €, = x% . g(xi),‘where g is a polynomial'with.

.coefficients in D. Hence, if i # J for i,j = 1l,...,0,
we have

- L
Vj(éi) = Vj(Xi . g(li))

= v, 03) + vy (0y)
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Theréfore,. by (3):

| (6) vj(u;'gi{")ﬂe i) & vy(Eg)

> m - I’f jj(xi) +. L. e ?j(Xi>;f

=m, for i ="1,...,n and_j = 1,..

" and.,

fori=1l,...,n and j = y+l,{..,no -

’I,Sét:x-i ulél toeee + unén; thén,,it-follows immediéteiy \

from (L), (5);'(6>, and’ (7) thatvk‘saﬁisfieé inequﬁiities”" :

(1),

(End of Theorem 2.4).

ey

“Note: If'w, =0 for i ='1,.,.,n and a; ¢ H; is given,

','then-theiapproximation'theorem“guarantees the 'existence

" of an element u-in.QCz(ﬁ)for'Which::
(b) vi(u)-=~ 0, "i‘;'y+l,;..,p

(¢) vi(u)> .0, 1 =p+l,.e.in.

_. A1l applicationé:bf'the approkimatidh theofem'Will beiéf}_:_ 

this‘form.f‘='

For Case #,'Wé get the’féllowihg important result.
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:Theorem'é.B: Let_p, @5 Vi and Hj'te given as above,
'where Py = \/ES.‘.  Then, PJ? 'is:dense in D/a if ‘and only .if_'
-theme'is a neel.number'rj such .that

&j = fxné DLVx(x) Z_rj, rjug ﬁ;}, and‘Hj,isfnbt diScfete,'

Proof - =>: Let Pb be dense in D/& and suppose that

{x € DIv (x) > T, }, r > O, T. € HJ By the

".J i

approx1matlon theorem there 1ls an element a in Q. ( ) -such

. that.

Yj(a) ¥_rj

ﬁVi(a.) =d;i> I'i_, i # j; i= 1,.0-0"7 .

Vi(a):> O, i‘# j; i'= 7+1,¢qo;n.'
since a ¢-&j.' L _:if o L

Let p be an arbltrary element of the prlme 1dea1 PJ

t.Then, Vs (p) > 0 and v (p). P O, i # J, since p € D - Dp-
.. :L

Il

O ryen = 'J<a> Fvye) > ry
"So: '
T vi(a) + V.(p) > Tl: i % Je

e

v.(ap)

NOte FOT l = 7+l,ooogn, T

;= 03 in the above and sub- . -

f.sequent work, ‘we will use thls shortened form.'
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Therefore, ap € @ and a € &:PJ.. But, &:PJ. 7:_2 @ since

a ¢ @. Hence, by Lemma 1.6, PJe. is not dense in D/a, a
‘contradiction. With P? dense in D/@, we must conclude

that @, = v, e
at e, {x e DIVJ(X)ZI‘J]

We then ask: Can @ have- this form and Hj be dis-

crete? If Hj is discrete, then &J. = {x e Dlvj'(x) 2 Ty

rJ. > 1}. TUse the approximation theorem to pick

‘a ¢ D\@ such that
v, =r, -1
va(a) rJ |
Vj_(a').> Ly i#351= 13°'°:n-.'

Let p be an arbitrary element in P;. Then, Vj(p) > 1 and

v;(p) > 0, 1 # J, the latter holding since p ¢ D.

vj(ap)

It

'vj(a.) + vj('p) >_ ry=1l+1-= ry

Then: :
v, (ap) = v;(a) + v;(p) > ris 1 # 3o

- and we get ap ¢ ‘@. Therefore, aPJ. C @ and a € c"e:P‘J.\(io
So, &:Pj ;2 @ and P? 18 not dense in D/@. Equivalently,

if P$ is dense in D/g, then Hy is not discrete.

J J
H. is not discrete. To prove that E? is dense in D/g, we

<==: Assume that &J. ={X € Dlvj(x) > r., T. € Hj}_,.'where

take. an arbitréry element a ¢ D\@ and show fqhat.a £ &:PJ..
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Two cases arise: -

. Case (i ' Let Vs (a) =8 € HJ, since HJ is not dlscrete

'there 1s an element t e HJ for- whlch s< t < rj. 'By the

'approx1matlon theorem, choose an element Z € PJ such'that.

vj(z) =t -8>0

O, 1 # J»

<
}_l- .
"N
1

Then, -

s.+3(t;s) =t <.f

vj_<eyz>"=,%rj<a> + vy(2)
v.(az)"

-Sihce'vJ(az) < rJ, we get that az ¢ D\&, and, hence,_

I}

vﬂ(a) + t.(z)" vi(a), 1 # j.:ﬁ

Lo

a P
;!aJ

. Case. ii" Here, a e &J, and hence, s1nce a e D\a, there

is ak, 1 < k < n,'such that a ¢ @ T

.-

&K {x e DIVK(X) > Tk}: then vk(a) < Tpe It

@k, {x € Dlvk(x) > rk}, ‘then vk(a) < Iy . We Will:worh
"w1th the first form, the argument for the second form
'-be;hg slm;lar. By the approx1matlon theorem there 1s an

h"elemeht z in Pj such that:
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.er(z) >'O :
{}Vk<%).% 0
- ij_(zl) =0, 1 #'j:k°_.

.Thgn, vk(az) = v, (a) + vk(g)y=‘vk(a)-< e Now, in DPK,

vif X € B, an idéal,’and vk(y) > v (%), then v e B. There—

fore, since vk(az): v (a), az e @, if and only if a e @)

'k
where, by Lemma 2.2, @k is the Pk-prlmaryildeal in D

k.’
PK‘ |

-:corresponding-to @, in D (@ = &k{°1D) But, a é &k’ SO
that az ¢ ¢ and az é Q@ ' Hence, for a { @, we have :
az ¢ (2 Since @ =@y M ees f\@ ne We then get az ¢ @.

‘uWith 7 € PJ, this means that a ¢ a: PJ.

'Thus,.by gases (1) and"(ll), @:Py =@ and'Pjvis\dénse.v
 in D/a. -

(End- of Theorem 2,5)

Sinée'we can féassign subsdripts if neceééary5'with-
out loss of generallty, we will work with the follow1ng

cla581f1catlon of the 4 s, k = 1,..,,n

k"
(1) For k f 1:qfoéT; QK:% {x e Dlvk(x)fz-rk{
T 70 T e RE

case U primaries.’
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T % O, 1y € R}{ :

case 3 primaries._
(111)  For k = e+1,...?%/, @ = {x ¢ Dv(x) 2 7,

rk_é_ 2, vy (%) 5 rk..e. LY

case 2 primaries,

Al

(iy) For k = y+l,...,n, @ =[x D"._V.,k’<x).'> 0 = 1)

| ‘ = PK:
case 1 primaries,
Inzparﬁicdlar,.ﬁhe Case'41rank;one'subgroups,l

Hl""’H% are‘hot discrete.,

. Corollary: to Theorem 2.5: .Since H seeesH  are not dis-
. . oL T .
~crete, D/&@ is dense and any ideal:.of the.form

 Pi1(W ﬂ“’{vaiZ’,l g_ll,.ao,}ﬂ 337’ 1s.dense‘1n_D/@‘°
‘Furthermore; no dense. ideals are properly coptained in'-'

CETM oM ES, and BN ... N ES is the unique minimal

‘dense ideal in D/@.

Proof: Since D/g has an identity; it musﬁ_be'dense‘in'it-"‘

va-sélf..'As Jjust .shown in Thebrem 2°5;.since Hi,;oo,H% aré
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.not discrete, Pi;,;;,E? are'ell'dense~in D/@.'.Then'bf '

Lambek [47, p. 37, each ideal of the form

1 -ty

P2 N...N P; s L g_ilé...,iz < n, including”:
L. N e, is dense in D/@.
Now, it is true that
(P m .-a'm P ) =. le --o_m.P:o Then_, 'We take an ideal :
I in D such’ that o '
”@# #Prﬁu.Q%=ﬂxeDWMM>O,k=lpuﬂ;
vz(x) > 0, 4 =1+Ll,cu.,n},
‘and show that @:IZ ¢ (that is, I° is not dense -in D/@)-
: To accdmplish this, we must know how the valuations'on
elements 1n I differ from the valuatlons on elements in

.P m ® 0 0 mP
t.Lemma 2. 63 SﬁppeSe there ekiSt elements xi.in'I such that
v, (%) ds arbltrarlly small for 1 < 7 and s (x ) = 0 for
--LA > T'. ' l:[lhen’ I = P m c ® 0 m P .

Proof of Lemma 206: Letlz be an arbitrary.eiement in
e oo ME_. Th'en,’ v, (2) =83y > Ofor 1-{ 7, and .~ |
vj(z) > 0 for i> Te By assumption,”there are elements,xit'

fin.I such that
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O < vy (x) < sy 1T,
vi(xi} =0, 1> T,
: Byﬁthe'approximation theorem,'there.exiSt elements
.jl,...;yh‘é.D'sﬁch'ﬁhat:
L vy (yy) =0
(y )‘> max{sl,.»-ss Yo 3 # 1,:
( ;) =0

Il

(&) For'i = l,.u.,T,

(b) For i é'r+l,..;,n;'

Now, we look{gt X1¥q * oo + XV = Zl XJyJ. For
-1 from 1 to T: '

vi(xjyj) é.vi(xi)-f Vi<yj) > 0 +1max£sl,...,st] %855

“ﬁ'3~ - R J 41

;Vi(xiyi) =:vi(xi)j+ vi(yi) <'si + 0 = Sy
Thereﬂore; (Z X, y ) = min {v. (%.745)) < 855
A A M I R LE A

sincexvi(xiyi) < Vi(xjyj) for j # % and 1'¢ 7. For l-f?om;

o+l to'n:

V1 (X J)'.= vi(%g) + vi(yjj'> Iﬁ_Z_QQ,J.#_i,“

'Vi(xiyi)jﬁlvi<xi> * Vi(yi> = o.




: no oy _ L SO
Therefore, vi(zjl ijj) = ) m1n<.n‘{vi(xjyj)} =0,

since Vl(x.y.) < v.(x. .) for j # i and 1> t. Hence,
. by construection, We have that v, (Z:l 5 J) g_v ( ). for -

= l,c.-,r-lo

Let B be the ideallgenerated'by zf *375. Then BC I

dd
i=15...,n, we have z ¢ B C I.. Thus, P1{W ..O{W E =T,

Cgan n o . . . n
. ennee Zl'x.y_ ¢ I. - Since v, (37 Xy ) < Vs (z) for

. sincé z is an arbitrary element in'Pl(W g;;{ﬁ LA
(End of Lemma 2.6)

: Continuing'the proof of the-cofollefy, by Lemma 2.6,

since.I is properly contained in PN eeo M E{,,either:

- (1) for some j between 1-and T » VJ(X) st be

bounded away from O for all X in I or.i

. (ii) for some j between'f+1“and n,ﬂvj(x) must be .

greater than O for.all x in T. . .

That is, 1f. (1) holds, there 1s a p031t1ve sJ in R

such that. v. (x) > SJ

(x) > o) for all x in D.

for all x in D3 if (i1) holds, then -

For (L) two cases arlse for s > 0., 3 between 1

and T :
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(ia) ry é_éj .

Sindg.Hj is hot Qiscreté fbf‘j.betweepvl and T, We;usgl
the~approximgtion'theorem totget-éﬁ element z ¢ @ such that

.O“<.§j(2)i< rj

' Vi(z) > ris 1A J.

Thenq,for_afbitrary xe I:

VJ'(ZX)'= VJ(Z) + VJ'(-X) > SJ' 2. I.-'J‘ .

vi(zx)' . g >'?i,.i £ j.n

Therefore, zx e @ and z ¢ @:IN@.
ib) 0.< B. < r.
(ip) 0.< 85 < 7y

Apply the apprbximation theorem to get an element.
7 ¢ @ such that | |
Ty oy < vyE) <ry
vy (2) >'rif 1#3.
- So, for arbitrary xe It
(. (2x) =v,(2) + vi(X) S (r.-s.) + 8. = 7.
[rlex) =v(2) 4 vy(x) > (rymsy) + sy = 1y

RGO ,‘>:?i’ 1 A3
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" Hence, zx € @ and z ¢ &:i\a- |
Now, note that for k = 6+1,...,y,
@ ={xe D]vk(x) > rk, vk(x), ry e‘Z } can be ertten as.

{x € Dlvk(x){> - 1, k(x)', r' e Z ). Then, for each k

“k
from'r+l,.o.,n, @, has the form {x € D[vk(x) > rK}, where

_rk‘= 0 for k' = v+l,°..,n.

For (11), use - the approx1mat10n theorem “to get an |

element Z ¢ .@ such that
v .. =1,
[r3(2) =7, |
vi(2) > 75 1 # 3
Then, for arbitrary x e I:
V., + v, T
v, (zx) .= vy (2) 736 > g )
(zx) . L > ris 1 # G
Therefore, ZX'e~&”and z € @:I\G.
From each case we conclude that ‘@:I % @ and’ I is not . -

.dehse in D/& by Lemma 1.6,

Suppoqe there is an ideal B in D/& such that -
0BG (P m..omP )'e P ﬂ.g.ﬂP  Then, there 1s
-an ideal T in D such that @ % I .(P1(W ..m{WZEf)b' |

= P N, ..{(W P 5 and 1° = B, By what we haveAabove,&I?.='B.




| 38 |
.ie.not“dense ianV&; Therefore,.P fW ...f? P is a’
Amlnlmal dense ideal in D/@.
' Finally, we will show that PPN Leo MBS s the -
- minimal dense ideelzin D/e@. Assume that J 1s an 1dea1 in:
D such. that J€ is dense in D/&. gince D is. seml 1oca1
-'With'maximal ideels Pl,.;.,Pn, J must be‘contalned in one‘
or more of the P 's, But, if Jc P for i between'r+l and
n, then P 'is dense, a contradlctlon (by Deflnltlon 1. 10

if AGB and A is dense, then B must be’ dense) ,Hence, J

can only,be contained in some or all of P_,o,,,P . With-. ©
. o o o €12 T St

out 1oesiof generality, 1et J < Pi,.;.,Pﬁ, Whiie'J_

3 ¢ P +l,...,P o If J 74 Py m .«+ M P, then either:
(i) ' for:sdme ] between:l:and u,.vj(x) is bounded
away from O for all x in J; or:

(ii) for some J between 7+1 and n, v .(x) must be .

greater than O for all X 1n Je .

L We then proceed as: above to show that J is not dense 1n
D/ap. If J ~-P (ﬁ ...fW PL, then~P N °.oﬂ-P €. J and

P M ...(W P 1p the mlnlmal dense 1dea1 in. D/&oi

(End of - the Corollary to
| | Theorem‘2°5);




CHAPTER IITI

As 1n the previous chapter, D is a semi-lécal Prifer

domain'with maximal ideals Pi""’Pn’ ¢ is a homomorphism

of D with kernel @ = f”\?;l Q an irredundant primary

i
decomposition where Pj = JEE, and‘D/a'=_QC£(IV@).

Earlier'ﬁe considered four cases for Gj’ a; to
whether or not 1t possesses-a rank one subgroup. In light
of Theorem 2.5, we return to these cases, relatihg_them

to dense ideals for the purpose of investigating Q(D/a).
Cases la and 1lb: @ = Pj = {x ¢ Dyvj(x)‘> 0}; by
Theorem 2.5, P?

is not dense in D/@. -
Case 2: :Hjig Z; by Theorem 2.5,-P§ is not dense in
D/a.
Case 3: Hj‘é Z and a@; = {x € Dlvj(x) > rj}; by

Theorem 2.5, P? is not dense in D/a.

- Case U Hj % Z and @y = {x € Djvj(x)jz'rj}; by -

e

Theorem 2.5, Pj is dense in D/@.-

In what will follow concerning the complete‘quotient _
ring of D/g@, we are interested in the order grdup Gj if

P? is dense in D/@.
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By the Corollary to Theorem 2.5, PN e N Ef is the
minimal dense ideal in D/@. Letting A = P e..ME,

we have A® = PifW e Rf. Then, recall the following

classificaﬁion of the &K'S’ K =1,...,0:

(a) For K = lyeeests @, = {x € Dlyk(x) > s Ty # O,
r. e R: case 4 primaries corresponding to

prime ideals in the dense ideal AS.

(b) For k =1+1l,...,0, @, = {x e Dlvk(x) > Ty,

r. # 0, r. € Rl : case 3 primaries.
(c) For k = 0+l,.00,7, @) = {x e D]VK(x)jz_rK,
X re > 2, VK(X), r. € Z}: case 2 primaries where
H = Z.

(d) For k = y+l,...,n, &g_; (x ¢ Dlvy(x) > 0 =1,

= P :. case 1l primaries.,
If x ¢ D, let X be the image of x under the canonical .

map D -~ D/a.

'Lemma'3{1: Let @ = &lrﬁ ;o.r“men, with D given as before. -
If x,x' ¢ @, and if x = X' in D/e, then v (%) = vk<xi),

k fixed.

Proof: If x,x'wg @, then E;ET'#'a in D/@. Then, for
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X =X', we have x + @ = x' + @, or
- 1 = g C
x-x'ea=1@eM..MNea <

&Ko So:

If k is one of l,.cve51 Or O+l,.00,y, then x = x' ¢ @ C @,
implies that v (x-x') > . | |
If k is one of 7+l,e..,0 Or y+l,...,0, then

x - x' ¢ @ C@ implies that Vi (x=x") > 1.

Hence, vy (x-x') > r for all k.

If v, (x) # v, (x'), then both v (x) 2 Ty and
vk(x') > r, since v, (x-x') = min[vk(x),vk(X')} 2 Ty
But then, both x and x' are in @, a contradiction. There~
fore,‘vk(x) = VK(X')'for fixed k.

(End of Lemma 3.1)

Now, if £ e Q(D/@), then domf is a dense 1dea1 in D/a.
Since A° = P (W cee M P is the minimal dense ideal in D/@,

domf 2 A® for arbitrary f in D/Q.

Theorem 3.2: Let f ¢ Q(D/@) be given. For
E e domf 2 AS, let ¥ = fX, where y is a preimage of 7.
Then, if there is a k, 1< k< n, such that vk(y) < VK(X)

we must have X ¢ &k
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Proof: First, if k is one of y+l,...,n, then
@y = {z e Dlvi(z) > 0}. Let v, (y) < v, (%) for k one of
ytls...5n. Then, since ¥y ¢ D, v, (¥) > O, and v (¥) < vk(x)
implies that VK(X) > O. But, this means that x € @

Next, suppose that k is one of 1,...,y. Then, if

VK(y) < v (%), we have that x e (y) in DPK; and, hence,

there is an element b DP such that x = bky,_since D

k
is a valuation demain. And, v (x) = vk(bky) = V) (by) +

Kk €
PK

vk(y), 80 that.vk<y) < vK(x) implies that VK(bK) > O. By

the approximation theorem, Theorem 2.4, there is an

element b' in Qcﬁ(D) such that

v (P') = v (b)) > O
Vj.(b!) > 0, J = 19°-°_3-n9 J 7é K3

and, b' ¢ D. Now, for j = 1;...,y (including the fixed k),
@ # Py, and there exists a positive integer a4 -such that

q; ° vj(b') > r

3 since Vj(b') > 0. Therefore, .

QL a .
vj(b’ J),> rj, and b! € &j. For j =y+l,..05n, @, = P

j)

and vj(b') > O implies that b' € @ Let

M = max(ql,...,qy). Then, be e'&j.for all j =1,.00.,0,
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or b ¢ g = &lfﬂ ...{“1&n. So, -5 in D/@. . Since

Vj(b')> O forj = l,ooo,’r’ b, 6 A and

r————

BT ¢ A° C domf. Therefore, pr ¥ ¢ domf and

5=xr"1%g

——

0
1M

hence, f b7 is nilpotent in D/a.

Since v, (b') = v, (b, ), there is a unit U, in DPk
such_thaﬁ b, = ub', where Uy, = ak/Bk’ apsby € D\P, .

Then, x/y = by =-(ak/BK) .« b!' din DPK,
or: BKX = akb'y in D. Therefore, in D/g,

[

>
>,
=l
I
Q]
g
<l

I
=]
Q]

=y

H
o'

A'3
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——

Therefore, we have shown.ﬁg:E =0 and,.hence,

Fi— e . | ~
Py X € @.. Since B e D\PK,"We have that B ¢ PE and

5 4 P (P belng prime in D/&) :But, then, X e &E,

since &k is Pk-prlmary. Therefore, X ¢ &k’ as was to be
shown.

(End of Theorem 3.2)

Equlvalently, 1f there is a k, 1 <k < n, and there

is an element x ¢ @y where X ¢ domf, then

v (¥) 2 v (x), where y = fx.

Corollary to Theorem 3.2: Let f e Q(D/&) be given. Then,

for each k from 1 to y, there exists an element XK € domf

such that yk(yk)jz_vk(x ) s Where yK ka.

Proof: Fix k between 1 and y. Suppose that for all
elements X in domf, we have that vk(y) < vk(x),'where

¥ = £fX. Then, by Theorem 3.2, X ¢ @, for all X in domf.
Therefore, A% = P M ... M B C domf C a7, or, '

equivalently, A = Pl(W oo ) Et ce We will now show

.'K‘

that A C @ implies that @, must equal PK‘ Assume the

contrary: &k ; Pk‘ Then, by the approximation theorem,
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there is an element c € QCE(D)'such that:
0 < vy (e) < 1y
Vj(c) > 0, J#k.

Hence, c € PlfW eee M E_ s but e ¢_&k, a contradiction to
P1(W e M P C &k._ So, @ = P .. But thlg, in turn,
contradicts the condition that for k = 1,...,y we have
&K'i PKQ Thus, for our fixed k, there must exist an
element X, e domf such that Vi (V) > v (%), where

Vi = kao

(End of the Corollary)
Note: For k = y+l,ce.,n, if VK(XK)'= 0, then, automatical-

17> vi(¥y) 2 v (%), where j, = fx .

Theorem 3.3: Let X, x* ¢ domf 2 A®, where ¥ = f£x and

¥ = fx¥, and where y and y* are respective preimages of
¥ and y¥ under the map D - D/@. Then, if there exists a
k, 1 < k ¢ n, such that x, x*¥, y, y* ¢ @, we must have

v (¥*) = v (x%) = v (V) - v (%). ‘That ié, the difference
v (¥) - VK(X)'iS invariant for all pairs <X,y> associated’

with £, where x,y ¢ @ -

Proof: For x,x* ¢ @ > Theorem 3.2 implies that

Vi (¥) > v (x) and v (y*) > v, (x*) for fixed k, 1 < k< n.
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Therefore, v, (y) - v, (x) > O and v (¥%) = v (x*) > 0 for
the fixed k. If k lies between 1 and y, we may assume R
without loss of generality that VK(X) g_vk(x*) and

x* € x.D . Therefore, there exists c é D such that
. Pk; > Kk PK :

x* = cKX. And: VR(CR)'ZVO- By the approximation theorem

there exists c' ¢ ch(D> such that:
VK(C') = VK(CK) > 0
VJ.(C‘) Z_O_, j = l’ol'l_’n, J %Ko
And, c' € D. Now, Sincevvk(c') = v (c,), there exists a

. . v i - 1 . = .
unit u, in Dy such that ¢ = u.c', where u, /By for

Py

Qs E’k € D\ PK‘

k

% /% = = ' in * = '
So, x*/x Cy (ak/Bk)c in PPK’ and B, x a, xc

in D. Then,. since By e D/&¢ and X* e domf, we have that
Ek X¥ ¢ domf. Similarly, since ak'ET e D/& and

X ¢ domf, we have that EK'E ¢’ ¢ domf. But,

B X* = axc'. Hence, ﬂ§k§¥ = fi EE c’, and Ek§¥ =.E£ET'§.

Since, for the fixed k, Bky*_¢'ak and

a 'y % @, we have vk(gKy*) = vk(dkc'y)by Lemma 3.1; hepce

'VK(BKK) + VK(SI*). = VK‘(QK) + VK<C') + vk(y)o

But, v

(B,) =0 and v, (a,) = 0. Therefore,
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v (%) = v (e') + v (v)
= v (cy) + v (¥)
v (e ).

So, v (x*) + v (¥) = v (x*y)

I

Vk(ckxy) -
= v (%) + v (c,y)
= v (x) + v (¥%).
Hepce, Vi (¥%) = v (x*) = v () - v (X), k between 1 and v,
and the vk—difference for f is invariant for all
X, X* ¢ domf\\ai for which we also have y, y¥ ¢ &E, k
between 1 and v. .
For k between v+l and n, if x, x* ¢ @, then

'vk(x) = 0 and v, _(x¥) = 0. But, by hypothesis, y, y* ¢ @,

k
and, therefore, VK(Y) = 0 and vk(y*) = 0., Hence,

v (¥%) = v (x*) =0 = v (y) - VK(X)“for k between y+1 and
n.
Therefore, letting the &K-différence vk(y) - VK(X) be
represented by vk[f],‘we have that vk[f] is invariant for

all pairs <X,¥> associated with f, where X, y ¢ @ -

(End of Theorem 3.3)
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We come now to a fundamental theorem characteriéing
all elements in Q(D/@). Later, we will get a sharper
result, one stating a hecessary and sufficient condition

for an element to be in Q(D/&).

Theorem 3.4: Let £ e Q(D/@), where @ ., @, and D are
given as before, Then, there is a,pbsitive integer N,

elements a and cN'in D, and a sequence of elements
< °§=N in'D such that:
(lI1 -1 5 )e. a X, where v(x) > 1/1
for k = lyecosTo

Proof: Let £f% 0 be an element in Q(D/e). Pick a positive

integer~W such that 1/W < min {r
K=1,.°.,T

k}' Pick a sequence

<z >z>w in D/e such-that O < VK( ) < 1/4 and

V.

k(xﬂ) for k = 1,..;;r, and Vk(xz) = 0 for

Vi (¥p4n) <
k =T+l,...5,0. This is possiblé, using the approximation
theorem, since H13;.9,H% are not discrete (the latter by
Theorem 2.5). Further, for' g Z_W? 1et_§2 = fxz,
is a preimage of.§2 under the map D - D/@. Note that by

where yz

our choice of valuations, xz'¢ @, for 4 > W and

K=1,.O.,n;
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Lemma 3.5: Let ¢ and d be elements of D, where ¢ # O in
D/@, such that v, (c) < v, (d) for .k = 1,...,n. Then,

there is an element s in D for which d = sc.

Propf‘of_Lemma 3.5: Since VK(C) g_vk(d) for k‘é Tyeee,h,

d e (c) in D, .- Therefore, there exists s, € D, such
. PK K PK

that d = s, c, where VK(sk)jz_O, k=1,.e.,00. Let g # h be
two arbitrary subscripts taken from 1 through n. Since
s,c =d=sc in Qcﬂ(D),'we_have that (sg—sh)c = 0. Then;

c # 0 in D/@ implies that ¢ # O in D. Therefore, sg-é

.
must be O, or sé = Bye Since g and h are arbitrary,

S = eo0. = 8. for-skte DPkg call this common element s.
Then, s € Dy M eoe M Dp =D and d = sc in D.

1 n
' (End of Lemma 3.5)

Lemma 3.6: Let <X be given as above. Then, since.

N |
fgé’@, there is a positive integer M such that for each
L > M, there must exist a k, dependent on 4, 1< k< n,

such that fxﬂ.g @y e

Proof of Lemma 3.6: Assume the contrary: for all positive
integerS.M there are an infinite number of subscripts
4 > M such that fx, =0 for all k = 1,...,n. Then for an

)/
arbitrary positive integer M and for arbitrary
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X € domf, v, (x) > O for k = 1,...,7. Therefore, pick
1> M such that v, (x) > 1/1 for k = 1,...,7, and where
-fﬁi =0 (the 1atter by hypothesis). Then, by choice of
the elements in <Eﬂ>ﬂZW’ we have |
v (x) > /1> 1/3 >-vk(xj) for k = 1,...,t and j» i.. For
K =7T+l,e0.,0, Vk(x)?_ 0 = vk(xj). Applying Lemma 3.5,

there is an element Sj in D such that x = Sij°

Since fEﬁ = 0. for some j > i, by assumptiocn,

[
!
I

X = fijj =8y . f&% = 0. Then, since X is arbitrary,
f= 0, a contradiction,

(End of Lemma 3.6)

We are now able to show a relationship between f

and successive elements in the sequence-<§i>£>ww

Lemma 3.7: If v, 4 @, for a fixed k, 1 ¢ k ¢ n, then we

must have Va1 é @)

m T i f{x
Proof of Lemma 3.7: By construction o <x2>£2w,
Ve (®) 1) < V(%)) for k = 1,i.°;r, and
vk(x£+1) =0 = Vk(xg) for k =t+l,...,n. Therefore, by

Lemma -3.5, there exists sz in D such that

X, ='Sz . ¥z+l :|_.n-D° Supposehthgt yﬂ+1 € &K fpr a fixed
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k. Then:

— _ _—— - = . — .e
fxﬁ = SEX£+1 sz fx£+1 € &k’

. — = e , .
s:mpe fxﬂﬂ_ = Yy € @ by agsumptlon. So, Y, € Qs &
contradiction. Hence, if g ¢ @ ., we must have that-
Y41 4 @, k fixed..

L}

(End of Lemma 3.7)

Corollary to Lemma 3.7: If Yy 4 @, for a fixed k, then
Vi Z @ for'gll m> fe

For a given k, L < k< n, we may have the following
conditions arise, where fxX, = yz, still referring to the

)/
sequence <X

z>z2W‘

(ia) v, ¢ ék; for all § > W. .

(ib) There exists a positive integer M., M > W,

such that yl"“”yMK-l € &k." but yMk; 4 Qe

(ii) v, € '&1.{ for all 4 > W.

For condition (ib), the Corollary to Lemma 3.7 guarantees
that if there is a positive integer Mk for which

yMk ¢ @, then y ¢ @, for all m» M, k fixed.
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Let N* = max {M_,W}.
<k<n

Then, for a fixed k, 1 < k < n, one of two conditions

must h ' i X T o T . s .
ust hold regarding <XZ>32N*’ where §, = fX,; either:
(1) v, ¢ ¢, and thus ?z ¢ (ff:, for all g > N*;

or

(11) Yy € @ and thus ?z € &E, for all 4 > N#*,

Since £ 0, condition (:L) must hold for at least one k.
Further, for each g 3 N¥, x, ¢ @ k = 1,...,0, since
N* > W ' '

If k lies between 1 and ¢, without loss of generality
we will let condition (i) hold for k = 1,...,5, and we

will let condition (ii) hold for k = g+lsccestT s

Then, let & = {k|1 ¢ k < n, k satisfies condition
(1)}, and let- M= {k|1l < k < n, k satisfies condition (ii)}.

Hence, {l,...,6} €S &£ and {s+l,00.51) S M.

By Theorem 3.3, for k ¢ £ we have that

VeWpaa) m V(i) = We(y) - vie(3y) = i [€] < xy for all

4 > W¥; that is, the v -difference v, [f] is invariant for .

all g > N*,
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We are now able to say how 1afge we want N to be
(see the statement of Theorem 3.4). ILet Y be a positive

integer.such that

1/Y < min <{min {r_ - v, [f]}, min {r )}
IKk<t {ke& K ‘K kel ®

and then let N = max {N¥,Y}.
Kkn -
Upon picking the sequence <§i>£>N>W’ we fixed the
elements'xﬂ in-D,IEz in D/&@, and §2 in D/@. Fortk'g £,

the yffs are bound by Theorem.3.3 to satisfy the VK-dif- '

ference property. But, for ke M the yz's are not fixed

at this point. That is, for k e M, we may replace Y, by

yé provided that-ﬁz = §k = fX .  So, for k e M, we will

'go
use an inductive argument to show -that the yz's may be

chosen such that both

(1) v (V) = Vie(Zpe1) > ve(y,) - v ()
and | ‘
(2) - ie(Tgae) - Vk("cmz) = (Ve (Tpp1) = V(% 49))

> Vk(yz+1) - VK(X£+1) = (Vk(yz) - VK(XE)),
where v, = fx, for all 4 > N. That is, not only do we
want the successive vk-differences to be larger, but we

also want each difference to exceed the preceding one by
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" by an ever increasing amount. Thus, letting

d, and

V(7)) = vi(x,) = d,, we want both dyy1> 4,

d d

41 = ¢, for g > N. Note: (2) may be

e T Yy 2
rewritten in the form:
(2") Vk(y2+2) > 2Vk(y2+1) - Vk<y2).+ ?k(xﬁ+2)

- EVK(XZ+1)'+ vk(xz);
Now, let yﬁ = Vye. Suppose for N« g < L and for

k ¢ M we have chosen,yé such that:

(3) (@) ) > vwja)s
(1) vie(w)) > 2w () y) = vi(w)_p) + vielx,)
| - 2vk_(x'£_1) + vk.(xﬂ_z.)g
(111) X, = JT. | |

Note: The second part of the assumption only appliés

when / > N + 2.

To show that there is an element yi'which.satisfies

conditions (3), we will need to use the approximation

theorem to guarantee the eéxistence of certain elements z

and z' such that z + z!' is a unit. However, without
additional work this cannot be done now, since it is -

- possible for j, Jj' e M that some proper prime ideal of
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‘ DP coincideS'with a proper prime ideal of DP
j R

: J'
Vs and V4 are dependent valuations.

Let yi_l = y for convenience of notation. Then, by
definition of M, y ¢ P, for all j e 9l Define:

’

P[i] =-Pi for 1 ¢ £;

1P... = M P for j e M, where P is a prime
[J1
. ye P ideal in D. -

Since D is a Prufer domain,.DP is a valuation domain for
J‘ N .
each j e M by Theorem 1.1l. Hence, by Definition 1.5, the

P.
order preserving correspondence of Lemma 2.2, the prime

ideals in D are linearly ordered, and, by the one-to-one

ideals P defining Py, are linearly ordered. Then, it
follows immediately that P[j] is a prime ideal of D

containing y. We then form the localization Dp for
| . (31
j.e M, and DPj Q'DP[j] since P[j] C Pj' “For i ¢ &£,

p: .- DNote that if some proper prime ideal of DP
i [1] : ‘ -
containing y is also a prime ideal of_DP;', j#3', then
L) J .
crp.end Dy =Dp -
L P P

Prg1=7f

That is,
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By Theorem 1.2, let VI3 be the valuation on ch(D)

determined by'DP . Therefore, if DP = DP for
[J1° [J] [J']

Js §' € M, the valuation v[j]-is identical to the valuation

Vrjr1e As in Chapter IT, We'let_G[j] be the valuation

‘group corresponding to v..,. Next, let D' = .M D .
(3] k=l,...,n “[k]

Since D C D', D' is a'Prﬁfer'domain. By Lemma 2.2, D' is a.
' semi-lccal domain with maximal ideals P[ij', K = 1)0ea,n.
Further, P D' =P D' if and only if P., .- = P.. ., 1o
> “Ik] [k']" v (K] 7 F[k']
Hence, for j, j' e I, PryqD' = P[j,]D* if and only if
il

P[j] = P[j']’ but, for i, i' e £, P[i]D' # P[ ]D' since

» We have that

P[i] # P[i']'_ Since y € P[j].; P[j]DP[j]

v[j](y) > 0 for all q.e )18

We then claim that, for each k from 1 to n, either

v[k](y) = Q‘of there is a rank one ordered subgroup H[K]
of G[k].such that v[k](y) € H[k]' Let
H ={he G there 1s & positive integer
(] = 1B € Gpyglthe P ger d
such that h < q - v[k](y)},

where v[k](y) > 0. Then, H[k] is an isolated subgroup of
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G[k] containing v[KJ(y), and H[k] # 0 for k e M sinqe
v[K](y) > O for k e M, Assume that Hpgy is not of rank’

one, Then, there is an 1solated subgroup H* of G

[k] k)
Awhere 0 Z H?k]' Hpppe And, v£k](y) i‘H[k]. By Theorem:
5.17, p. 111, Larsen and McCarfhy [5], there is a one-to-
one order féveréing,corréspoﬁdence between isolated sub-

groups of. G and proper prime ideals of D . There~
[e] =% T FIx]

fore, we have

B' S P. D S
3 I # [LI{] P[k] # Pk
P 70

where B! = {c e'DP[ [V[k]( ) ¢ ka]} is a prime ideal in
DP[k]. Then, y € B' since v[k](y) 4 H[k]‘ By Lemma 202,
there is a prime ideal B of D such that B = B' M D And

| B‘; P[k]e But then, since y € D and y € B', it follows

that y ¢ B Z Pryjs @ contradiction to the definition of
P[k]n Therefore, H [k] is a rank one ordered subgroup of
G[kjv As in Chapter IT, H[k] is isomorphic to an additive

subgroup of the real numbers,
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Now, since we are seeking an element yi that

satisfies conditions (3), it suffices to show that such

an element satisfies the inequaiity
VK(yi) > 2 .« v (y7_q) for gach J e M This is true be-

cause

2 (ia) = (V) + VK(XL> - 2v(xpg)
+ VK(XL_zj
= 20 (T]0) = (nip) - vielxg))
= (elxpg) = ve(xr)) - Vk<iL—l)

< QVK(YJ—L_]_) .-
For V[K](y) > 0, by definition of H[k]’ there are

elements z in DP[K] such that v[k](z? > 2v[k](y). In
particular, this is true for k ¢ 9. So, define

r ‘ .
@, D' if k ¢ £;

C[K] = <{z ¢ D'Iv[k](z) >-2V[K](Y).

- gv[K](yi_l)}if ke M

=P, . for 4, 3 then V... is identical to
L Pryp = Prgry for Js ' e My then vpq -

o oa = Crayae S0, leb CrpcseaesC be the
131 2% Cra1 T Craryr PO 1R Oy e enoCrig 1 PO
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distinct sets defined abové:' ¢ C
_ : A ' [Ki] # EKJ
if ki # kj. Then, for ki # Kj'we'will show “that

C + C = D',
SCRIRY -
By definition, either
c ={zeD|v 2) > o, ]
[k, ] ey 1070 2
or
Cre 1 = (2 e D' vy 1(2) > o )
[k; ] [k ] ;) 2
Wy not infinite, and either
i .
C ={z e D'|v (z) > w, }
[k ] [Kj]" }cj
or » ‘
— 1
Criy1 = (2 e Plvp g () > o b

J J

K

®. not infinite. We will consider
J _

C[K ]I=-{zre D'Iv[Ki](z)'ijKl}

1 .
and

C

1l

[k.]

{z e D'|v '(z) > w, }
J (k5] k

j .

(proofs for the other cases are analogous).

] if and only -
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Since H[k] is a rank one subgroup of G for all -

(k]

k= 1,..050, by -the approximation theorem there are

elements z, z' in D' such that
Vi 1(2) > @ 5 Vi 1(2) = 0,
[k ] k2 k] -

_ 0
v[KW](Z) ? for

: J

v[ki](Z') =0, V[Kj](zl) >.('DKJ: : K‘W %‘Kigk'..

Vi z') =0
Then, z € C[ki],_z'-e_c[kj], and:

) - ‘ .
v[ki](z+zﬁ) = min{v[Ki](z), v[Ki]KZJ)] = 0,

since O = v[lki](zr)( v[ki](z)5 |
v[Kj](.£+z-v) = min{v[kj']('z), v[kj](z')}':“oé .
‘i . eince o - v[k_;j](z) < v[ij(z‘); |
v[K%j(Z+?') = ﬁin{vtkw](z),"v[KW](zr)] = o, 

:Since 0 = v[gw](z') < V[KW](Z)

L fOI‘ KW % k.i_, Kjo
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Therefore, z + z' is a unit in D'. But,
L. o= D! A
]+ Crg.qp = D' fof

z +z' e C + Cp, <3 hence, C
| ey 1 " Crxy ) [y ;

Ki.¢ KJ‘.

Next, let fX; = ¥y, for y; e D. We will show that yp

may be replaced by yi,-where yi satisfies conditions (3)-.

Ky

Define =z for ki = kl,...,km as follows:

yy, 1f k; L
i O if k. ¢ M.

i

83 + €pp 4 =D F . L, '
ince Q[Ki] 'C[Kj] D' for k, # kJ, and since the
Chinese Remainder Theorem is equivalent to D' being a-
Priifer domain (pp. 307-10, Gilmer [3]), in D' we can

solve the éystem of congruences

for yi.

For k. ¢ M, z, = 0 and v (z,, ) = ». Hence,
i Ky [kiJ ke ‘

Z, e Cr. 7 and yi==2z,_ (Cr. 1) imply that y! ¢ C .
ky [k, ] L by UKy ] L [k, ]

Therefore,
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() O8> 2 vy jrhy) for by e

by def;nltlon of C[Ki].

Now, for j e I, Viy7 can be written as a composite

of valuations, since we have the following:

Here, gJ is a group homomorphlsm from G to- G[J] Hence,

V[j] = gj ° Vs for each j ¢ M
By (4}, v.. vi) > 2v, v for k., ¢ M We
Y ('>: [ki]( L) [ki]( L-l) 5

would like to show that vki(yi) > 2vki(yi_l);_ Suppose not:

. 2
Vki(yi) < gvki(y]!'_.-l) = Vki(yi—l)°

Then,
B, (T, 1)) < i O, (1324),
or '
. ‘l [2 . . 1 .
Uik, 1OL) < V[ki]SVL-,l)_ =2 v 30

a contradiction. Therefore,
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Vk.i(yi) > 2vki(y£,_l) for k; e M,

Ky < kg < Ko

| If k € M, where k # gi,fsuch,that'P[k] = P[ki], then
"v[k] is identicgl‘ to v[Ki] and v[Ki](yi) > -EV[ki](yI'J—l)
implies that ' ‘
1
_ v[k‘_](yL) > Qv[k](yi_l)
or |
VK(Yi) > _2Vk(yi_1)°

Hence, vk(yi) > -2vk(y£_1) for all k ¢ M Now we must show
that y; is in D, For k e¢ M, vk(yi) > 2vk(yi_l) > 0, and,
for k e £, v (y{) = v[k](y]!_') > 0, Thus, v (v1) > O for
all k = 1,...,0, and yi € D. Then, for all k ¢ M, since
vy (v1) > 2v, (¥{_q)> we have shown that there is an element

yi in D such that
(v (vi) > v (v )
k\L kMWI=-1

(5) S vi(rh) > 2v (vi1) - V(v p) + ve(xg)

. T 2wy (2 1) + V(X o).
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6L

.To complete the induction step, we must show that
—_ == _ R L
vi, = fX; = y;. For k e £, yi== yL(C[k])’ where y; = Zy

~and ¢ = @,D'. Hence, y] - yy € @D' for k e £. TFor

[k] k
. ! —

k e M, V= O(C[k])’ where @, D' ,2 C[k] Therefore,
yLe C[k]
M So, yL - ¥y, € €D' for k ¢ M We thus have

— 1 - 1 = T 1 o
yi, = ¥y, € @D M... f\&nD = e@D'. But, yi, = ¥, € D
since yi,lyL € D; hence yi - ¥1, € @D' M D =@. Therefore,

?I'- ii =0 in D/@, or ?E = Vi

Slnce each yZ for 4 > N may be replaced by yz such
that condltlons (3) are satlsfled to simplify subsequent
work we ‘shall assume that the yz's already satlsfy

conditions (3).

So, for k € Mand for all 4 > N, we have

K(yﬂ+l) > Vk(yz)
and .
Vie(Tpap) > 2V (¥y11) = 7 (3y) + v z+2)

) + v (x

- 2v (x £)°

4+1

But, Vk(xﬂ+l> g_vk(xﬂ) for all k ¢ M, so that

_VK( z+1) k( ) Hence,

@, D'; but, y; e ak C @, D' by the definition of
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(6) - V() mve(xy) <3y a) - (3 )
for k € Mand for all 4 » N. This is the first of two
results"which'weZWished to show for k ¢ M,

Combining (6) with what we have previously shown for
ke £, we get:
(1) welyy) = (%) < (T a) - vie(Xy )
for all k = 1,...,0.
Next, if k € 3, then
Ve (Tpa) > 2Ty 1) - V() F (g 0) |
- EVK(XI,H) + VK(Xz) |
implies that
(8) vie(pao) = (X p0) = (Me(Fgyq) = wie(xy49)) >
Vie(Tpa) = Ve(®giq) - (ve(yy) - vie(xg))

 for all 4 » N. This is the second of the two desired

' results for k e I,

For each k' ¢ £, the difference

VK(yz) - VK(Xﬁ) = v [f] is independent of g, £ > N, by |

" Theorem 3,3. By the approximaﬁion_theorem, there is an
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element a in D.such that:

Il

v (a) = v [f], ke &

V‘K(a) =0, ke WM.

y4

':fﬂ = fiﬂ- in D/&@, as above.

Let x, be a fixed element irn the sequence <X£>£>N‘, and let

For k e &, vk(yz) - VK(X)@) = Vk[f] = Vk(a)}- and ' - |

vk(yﬂ) = v (a) + VK(Xﬂ) =.vk(ax£),_ For

k e {5Jlr1,o.'.,-x_} I v, (x,) < 1/2 and vi(v,) - v (x,) >
|

rK. - 1/86> 0 = vk(g) (by choice of N). For all other.

k e M, frsince'\/‘]&(a):_;: 0, VK(X[, ) = 0, -and vkh(yz) > 0, we

have 0 < v (y,) - V(%)) = v (y,) - v (a) - v(x,)
D | = vk(yﬁj - v (ax, ).

Hence, vk(yﬂ) > VK(axz) for all- k e M.

Then, since vk(-yﬁ) > vk_(axﬂ) for all k = 1,...,n,

by Lemma 3.5 there is an eiement c, in D such that -

4

y, = cjax,. Sincey, e @, and vk(a)A.= 0 for

ke {g+l,c0.51) C M, we have
(9.) I 'Vk(yﬂ) = Vk(cg) + Vk(x[) > r, for all f > N.

. For all other k e M, v, (a) = O and vi(x,) = 0, so that
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Vi (v,) = v (c,), and hence ¥, € @, implies that

, (vk(yz) = v (c;) 2 r, for k = 6+l,...,y and
4 for all g > N;
(10) _ =7 |
vie(v,) = v(e,) > r for k =t+l,...,6 or
L k = y+l,...,n and for all 4 > N,

Note that vk(cz) = 0 for k ¢ £ since VK(yg) = vk(agg), anq

that v, (c,) > O for k.e IM since vie(7,) > v (ax,).

Now, for each 4 > N, we have:
(11) Y, = cjax, and ¥,.q = Cp 48X, 40

Since VK(yz)_f VK(X£> g_vk(yz+l) - VK(Xz%l) for all k,
1l < k< n, we have '

ne(eg) = o) - ela) = w(xy)
.i Ve (ypqa) = V(@) = v (3 0) = (e, q)-

‘Therefore, by Lemma 3.5, there is an element bz in D such

that:

(12) by, =¢cpiq-

For k & £, v, (c,) = v(c, 1) =0 and v (b,) = 0. For '

k ¢ M, by line (6), vk(cz) < VK(C2+1) and VK(bg) > 03 and,

for k e M, by line (8)’-Vk(bz+l) > Vk(bz) for all 4 > N,
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= bye

N+l ~ POy Cpge T P

Then, c NA1CN4L = bN+leCN’ and,

in general,

f=1

c, = (HJ=N bj)CN’ 4 >N.

For arbitrary X ¢ domf 2 A%, we are now able to
obtain an expression for fX. Pick i-> N such that
v, (x) > 1/1 fo? k =1,...,0. Then VK(XQ‘> /1> v (xy)
for k = 1,...5t and v (x) > v (x;) = 0 for k = t+1l,...,n.

Hence, by Lemma 3.5, there is an element 85 in D such

that x. = s.X..

1 1
So,‘ff = fgiiﬁ = Ei o fii
-5, - 7
=8, o cya X; 1ine (11)
= 5, (135 B5)5E %
(13) FE = (ng;l B)CE %

since X = S:X,. Note: If i = N, then fx = Cy& Xo

(End of Theorem 3.4)

The foregoing proof contains some results which -are
hot claimed in the.statement of Theorem 3.4. Thus, an

attempt at a converse of Theorem 3.4 will require a -




69
‘refinement of the statement of the theorem.
 In Lemma 3.7, we have shown that for all £ > N
there exists Sy e-D such thap'xz =8 * Xp,q. Therefope,

for the fixed f in Q(D/@), we have for all £ > N:

cya X, =y,: line (11)

line (11)
=B X Xy =8y e Xy
Hence, c,a X, = ¢, .a X, for £ > N, or (cy1-cp)a %, = 0.
Thus , (c£+1—c£)ax£ € @ = &lfW ..gfﬁﬁﬁn, and.:

. :
vk(c£+l-cﬂ) > T - vk(a) - vk(xz)

for k = 1,...,7 or k = 9+1,.;.,y;

Vi(y1mey) > 1 - ve(a) = v(x))

L : for k = 1+l,...,6 OF k = y+l,...,0.




70

Now, for k'e {1,...,5) €&, VK(XZ> < 1/8 and
VK<C£+1_-C£) > rp - v (a) - VK<X£) > 1 = v [f] - 1/4 > 0
_for all g }_ N, by definition of N. For
ke (6+l,0c.5t} C I VK(Xz) < /8, _vk(a) = 0, and
vk(c£+l—c£) 2 T - 1/4 > 0 for all g > N, by definition of
N. For ke {r+l,....,y} N&, v, (x;) = 0 and
v (a) = v [f] < r ., So that
VK(C£+1-C£) > r. - v (a) - VK(Xg) =r. - v,(a) > O for all"
£ > N. For ke {r+l,...,y} NI, V’K(Xz) = 0 and v, (a) = O;
hence, VK(CE+1—C£) 2 T, > O for all 4 > N. Finally, for
ke {y+tl,...,n}, VK(Xﬂ) =0, vk(a) = 0, and r = 0, so that
‘VK(cﬂ+l-c£) > 1. - v (a) - VK(X,Z) = 0 for all g > N.
Therefore:

(14) Vi(Cp4q=Cy) > O for all 4 » N and k = 1,...,0.

L 4

‘have that bﬂcﬂ =.c£+l. ‘Therefore,

Now, for all £ > N, let a, = b, - 1. By (12), we

b,e, - c, =c¢C

L4 y/ L+l I

- Cy and c,a, = Cg(bg - 1) = Chel T Gy
For k e &£, yk(cﬂ) =0 and vk:(,cf,_+l"cz) = Vk(cg(b‘z -‘1))I

= v, (a,). Thus, for k e &, by (14), we have Vk<ag) > 0
for all g > No o
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For k € m@'vk(bﬂ) > 0 and Vk(az) = Vk(bz ~ 1) = O?
since v, (~1) =0. e

Let f ¢ Q(D/@). Then, for arbitrary X ¢ domf 2 AS
such that v, (x) > 1/i for i 3 N and k = 1,...,r, where
LAY and M are partitions of {i,.o.,n},‘where:
1< 6T, Where s < 6 < y< nif ¢ and v exist,'ﬁhere a,
¢y € Ds and using (9) and (10), we have the following

alternate representation for (13):

= _ oi=1
(15) fx =Ty

where, for k ¢ &,

(l+aj)6ﬁ5 X,

VK(CN) = 0,
for kK e {lyeeess} & &£,

Vk(aj) > rk_- vk(a) -'l/j > 0,
for ke 8\{1sesess) s

VK(aj> > Ty = Vk(a)a
for k ¢ M,

0« vk(1+aj) < vk(l+aj+l)
for k ¢ {6‘!‘1,9093’5} Qﬂn,

o | o |
v (ey - H§=N (1+aj)) > T - l/z for all j » N,
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for ke {0+l,...,y} C WM,

4-1 : C
VK(CN . I[J - - (]__+aj)) > 1 for all 4 > N,

and for k e {1+l,...,0)} Lf{y+1,...,n} C M,

J=1 , ,
vk(c - Iy (}+aj)) > r, for a;l L2 N
We now wish to show that anything of form (15) is an

element of Q(D/g).
(1) f is well-defined:

For s a positive integer, if v (%) > 1/1 for 1 5 N
and k = 1,...,T, then v, (x) > 1/i+s. Hence, we must -

show that

1-1 — == i
T3y (l+a Jeyd X = g Cy@ X
i-1
J=N

i+s=-1

Let e =11 J =N

(1+aj)¢ ax - 1% (1+a.)cax.

3)en
(a) For ke &,

v (e) = k(CN) + vy (a) + VK(X) +
| 1+s 1

v (Ioy (Wa))[L - (1+a )

(16) = VK(CN) + v (a) + v (x) +

i1, it+s-1 o
VK(HJ=N(l+aj)) Ve[ - Ty (1+aj}].

- For k € {;,..9,5} c L, VK(CN) = 0 and vk(aj) >
ry - vk(a) - 1/3> 0 for j = N,o.,,i+s-l° Hence,
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edel : _i4s-
v (I555(1+85)) = v (1) = 0. Then, g =1 - 1775 M (14a.) =

+ veo + a

+oao ° Y . ©oco . .
8 T 8y T a %141 1 & +s-1

1 i4+s-1 1

Since Vk(aj) > 0 for J

Il

1,0..,1""5"1,

v.(8) > min {vi.(a;)}. Therefore, there is an
;j=j.,coo_,j.+s-l J .

1nteger Wies O L W £ 8-1, such:that
v, (&) > . (a1+w ) > re - vk(a) - l/1+wk

Continuing from (16), for k e'{l,...,a}

1+s 1
3=

Z_VK(a) + vk(x) + vk(ai+ﬁk)

vi(e) = v (a) + v (x) + v [1 - T (l+a )]

> vk(a) 4+ 1/1 + ry - vk(a) - 1/i+'wK
2 Ty» Since WKZ_ O,

Similarly, for. k € &\ {1lscecs6]}» vk(e) > Ty Theréfqre,'
ee (M a |

ke® © _
(ﬁ) For k e WM, vy (I 3+S l(l+a )) > 0, and hence
v, [1 - H§:§_1(1+aj)] = v, (1) = 0. Then,

v (e) = v (ey) + vk(a) + 7 (%)

1+s 1

i <1+aj>1

+ VK(H (1+a )) + v [L - T
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= v (cy) + 0 + v (x) + VK(H3;§(1+33)) + 0
= VK(X) + VK(CN . H§;§(1+aj))'

Then, fOI’ k:. € {6+l,oo-‘)T} gm,
v (x) + v (cy - (1+a )) > 1/i + re = i/1 =71,
since we are assumlng the representatlon in (15). For

{9+1,°..,7} Ciﬁn

._.l ’
vk(x) + VK(CN e H3=N(l+a )) > ry.

J

For ke {t+1l,0..,6} U {y+l,...,n}) € M,

i-1 '
VK(X) + v (e - HJ=N(l+aj) > ry.
Therefore, e e () @) -
kel
Combining (a) and (b), we get e e . N &, = @.

i k=l,.:.,0
Hence, € = 0 in D/@, or :

1-1 o= _i4s-l S
HJ N(1+a )c a X - TSy (}+aJ)cNa X in D/g, or
J (1+aa)—ﬁa X = H3+§ l(l+a. )E a E, as was to be

shown. Therefore, f iS'well-defined.
(i1) Let vy (xq) > 1/i; and v, (x5) > 1/12 for all
k=1,...,t, Where il’ 12 are positive integers,
. . - = ) e
i, 15 > N, and where Xqs X5 € domf 2 A”. Let

1= max{il,ig}. Then:




= ., = R [
T(xy + x5)

Let v, (x) > 1/i' for all k = 1,...,7, whére i' is a
positive integer, i' » N, and where X ¢ domf 2 A®. Iet
z ¢ D be arbitrary. Then, Vk(z) > 0 for k = 1L,.0.,1, and

T (2x) = v (2) + v (x) > 1/1' for k = 1,..0,7.

—— itel  je—y
So: fZ X =mt ot (l+aj)c az X

J=N N
. R T
=2z « Iy (l+aj)cNa X
=z « f X.

By (i) and (ii), £ e Q(D/a).

Expanding upon Theorem 3.4, using the representation
in (15), and letting & = a .'cN,'we may now state the
main theorem with a bit more clarity. .

Theorem 3.8: Let D be a semi-local Priifer domain, let
@, T, Pk’ @y s and res k=1,..0,0n, be given as in Chapter
II, and let AS = Pirﬁ e Rfo Then, £ is an element of

Q(D/@) if and only if there is a positive integer N, sub-
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sets £ # ﬁ and Mof {1,...,n}, an inﬁeger 5 v;rhere-
1< _<_'I.’, integers o and y (if they ekist) where
'r. <8<y <. n, .an élement d in D, and a sequence of ele-

Lo} . .
ments <a‘j>j=N in D such that
o il e
fx = IIJ.=N(l+aJ.)d.x, |
where x e domf 2 .Ae,‘v'k(x) > 1/i

l for k = 1,“..,1, and where,

for kK € {l,eee56} € &,
VK(a.J.) > r - vk(d) - 1/3i> 0,

.for k e £\§{1,;.-,5],

vk-(aj) > r = v (d),
for k e 91,

0 < Vk;(l+aj) < vk(l+a,j+l)’

for k € {+lsceast} C M,

o I[ﬁ."l

Sy M=y

v (1+aj)).> r - 1/f for all g > W,

i
for k e {9-!'—1-;...,3/} cCm,

v (e - I[g;lz\LT(l+aj)) > 1) for all 4 > N,
and for k e {T+l,...,0} U (y+l,...,0} C 9,
| £-1

vi(ey e Hj=N(1+aj)) > r for all 4 > N.




(4
Little is known about condiﬁions under which
domf + ranf = domf for f ¢ Q(R), where R is an arbitrary
commutative ring. Lemma 1.5 shows that if domf_g P,
where P is a minimal prime ideal in R, then
démf + ranf C P. By the nature of the expression for fx

in Theorem 3.8, howeﬁer,'we caﬁ state the following:

Cofoliarz to Theorem 3.8: For f e Q(D/@), we have
domf + ranf = domf C D/e.

Proof: ILet X be an arbitrary elehent‘of domf,'wheré

VK(X) > 1/i for k = 1l,...,7. Then since

H3;§(1+aj)a e D/@ and since domf is an ideal in D/g, we

have that
[H3;§(1+aj)aj§ = fx € domf.
Hence,
ranf & domf
and

domf + ranf = domf C D/@.

(End of the Corollary)




~CHAPTER IV

In Chapter III, we have given o necessary and suf-
ficient condition for an_.element f to be in the complete
quotient ring of D/&@, where D ié a Prifer domain, pro-
vlided that @ is an irredundant primary decomposition. We
"now give an example of a homomorphic image of a Priifer
domain R which has a non—trivial‘complete'quotient ring.
That is,'with'é thé kernel of the homomorphism, we will

show that
| R/@ = Qcﬂ(R/&) Z Q(R/e).

The following is a version of Example (6), pp. 390-

391, Bourbaki [2]:

Let T =R anq let F be an orbitrary field. Let
r, = Rﬁ\v){o} and let C be the" semi-group algebra of r,
~over F. By definifion, C is an F-algebra with basis
<xd>der+,and‘multi?licétion givon'by XaXB =‘Xa+53 and, C
is an integral domain. An arbitrary element of C has the
form Zaaaxq, a finite sum. Let K be the quotient field

of C: K = ch(c)°
Define v:K - I' U {eo]} Dby

= min (o) - min B),

V(Zaaaxa/ZﬁbeB) miy o
' : o B
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where V(O) —.w; By Definition 1.9, v is a valuation on
K. Let R = {plp € K and v(p) > 0}, R being the valuation
ring of v. Then, R is a Priifer domain. Further, R is a

local domain with its unique maximal ideal being
= {p é-R[v(p) > 0} .
Tet @ = {p e Rlv(p) > 1}; @ is an M-primary ideal of R,
and, by Theorem 2.5, M® is dense in R/@. By the Corollary
to Theorem 2.5, M® is the only dense ideal in R/@. Since
units are the only regular elements in R/@, R/G@ = Qe (R/@) .
Using Theorem 3.8, let d=1, N=2, and £=(1}, &nd

joy 10 R such that ay = xq_ 1/J//l X11/50

Note that v(a ) =1 - 1/j. Then, since £—{1}, an element

choose {a >

f% 0 in Q(R/@) is determined such that

£X 'IH? é (1+aj)§ = y for v(x)j> 1/n, X ¢ domf = M.
n-1 ,'
Now, HJ -5 (1+aj) =Ll+a, + ... a4+ ap8g f as8y +

coe T as el A, 4. But,

I

v(ag) + v(a3)

1 -1/2 +1 - 1/3 ,

v(a2a3)

1l

=2-_5/6> 1,
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and agag = 0, Similarly, Eil ceo 5& = 0 for
' , Kk
213 < .o <1 < n-1, k> 2. Therefore,

Nn-1 je———y . = = _
Ty=p (1+aj) =Ll+a, +... +3a

|
=i
,.|_
g
|
~
h®
+
e
ol
a
1
PO
~
3
1
}_l

Hence, for x ¢ dom £, v(x) > 1/n, we get

N
fxr— LS (1+aj)x = (Zj=0 Xj/j+l)x°

We will show that the element f in Q(R/&) cannot be

in R/e@, and hence Q(R/@) properly contains R/@.

If £ ¢ R/@, then there is an element e e -R such that

f =e. Hence, fX = € X for x an arbitrary element in

. | ) _ | |
dom £ = M. Then, e = 26d6X6/EGSGXC’ where O ¢ v(e) < 1.

Since £5£ 0, v(e) 3> 1 (e = 0) is impossible. If
v(x) > 1/n, then

— n=2 — - = =
fx = (Zj=o Xj/j+l)x = e X,
and
' n-2 — ——
(1) (ijo Xy /941 " e)x = 0,
or
2

n-2 — _. % =
(Zj=o X5 /541 [26d6x6/;as0x6])x 0.
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. ' -‘2 ’ N . .
Let = 5% Y jaiq = '
dn T F320 *3/541 [Zadaéb/zosoxo]

_ n-2 _ . ; .

= [(Zj=o Xj/j+l)(zcsoxc) - Zédﬁxa]/zgscxa.
Two cases arise for e:
() 0< v(e)< 1

Here, min (5) > min (o),

d6%0 SO#O
and, ‘, ‘
-min[(.‘zlr.l—2 Xssa0) (8.8 x.) =~ Sid x ] = in’(c)
j=0 73/j+1/ o 0”0 666 s Ao
: o
n-2

-since V(Zj=O,Xj/j+l) = 1. Therefore,

v(q. ) = min (o) - min (¢) = O for arbitrary n. So, for

n)_ 8,70 55#0

"X e dom f such that 1/n < v(x) < 1, we get

- x) = v(q,) + v(x) = v(x) < 1. Therefore,

an . X # 5, a contradiction to (1).

(b)) v(e) =0

il

Here, min (s§) =min (o). We look at the expression
_ d6%0 SO%O :

02 = =\ = O Y .
(Zj=o X5 /541 " e)x = 0 for‘arb;trary n., There are ?wo

possibilities:
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(1) Z?;g Eﬁ/j+l - € =0 for. some fixed nj-
. — _ on=2 = |
that is, e = Zj=0 Xj/j+1'

Let x = x, where 1/n+l < o < 1/n. Then X € dom f and

fX = e x implies that

n-1 = — _ gn-2 = -
(%320 *3/5400% = (B30 X3/5:2)%
or - ' '
(1 + Xl/2 + oo + Xn—l/n)x
= (l + X1/2 + oo-o + Xn-Z/n-l)x’
or '
(1+Xl/2+ooo+ n_l/n-l-xl/g—_-o.
=~ Xpo/n-1)E = 0s.
or
, *p-1/n ° X = O
Therefore,
(2) V(Xn-l/n ° X) _>_ lo

But, V(kn-l/n) = n-1/n =1 - 1/n and v(x) < 1/p° So,

V(Xn-l/n) + v(x) <1 -1/n+ 1/n =1, a contradiction to

). -
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.. n-2 —
(1) 2500 *3/5

—_— n-=2 —
e # Z,j=o Xj/j+l for all n.

- e #0 for all n; that is,

First, (ii)implies that v(q,) < 1 for all n. But,
we need v(q ) bounded away from 1 for all n. We may
choose n sufficiently large, say n > M, so that no term
in (Xn—2/n-1) . (Zoso—xo) appears in Zédaxa" Then, v(q,)
remains fixed for n> M and equals v(qy,). Therefore, |

there is a positive integer s > M such‘that
v(qn) <1-1/s, n> M. Let x = X, where
1/s+1 < a < 1/s. Then, X ¢ dom f and
3) = 05Yz . V¥ -%%

S J=0 “3/3+1
implies that v(dg,q %) = v(qg,4) +' v(x)

< 1-1/5+1/s = 1,.

a contradiction to (3). | '

Therefore, there is no element e ¢ R for which
e = f, We must conclude that £ ¢ Q(R/@)\ R/@a, or, since

R/e = Q,(R/a), T e Q(R/&)\Qcﬂ(B/é)a so,

fl

R/& = Qg, (R/a) Z Q(R/@). Letting @ be the kernel of a
homomorphism of R, we have an example of a non-trivial

complete gquotient ring of a homomorphic image of a
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Prifer domain.

A natural extension of the work in Chapters IT and
IIT would be a characterization of the complete quotient
ring of D/& for an arbitrary kernel ¢ of a homomorphism
of a Priifer domain D. A uniformity can be defined on a
valuation ring. "Then, it appears that the complete
‘quotient ring of a homomorphid image.of a valuation ring
'can be characterized using the uniformity. A reduction
from an arbitrary Prifer domain to a'semi-local Prifer
~domain is accomplished in Chapter II. The techniques of
Chapter III might be applied in the characterization‘of
the complete quotient ring of a homomorphic image of a
semi-local Priifer domsin D, without the condition that
the kernel be an ilrredundant pyimary decompositiono"ﬂow-
ever, the characterization of the elements would no |
longer be in tefmsfof products, but would most 1likely be
in the form of convergence with respect to the uniformity
on D determined by the uniformities on the individual

valuation rings.
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