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vj-values greater than or equal to a fixed element in a group of which Gj is a subgroup. An
approximation theorem is given which enables us to choose elements x in D with appropriate vj-values
for j=l,...,n, even though the valuations are not necessarily independent. Then, we can find the prime
ideals in D whose images are dense in D/a.

Using the valuation structure of D, we obtain a characterization, in terms of a sequence of finite
products, of an arbitrary element f in the complete quotient ring of D/a.

An example is given of a homomorphic image of a Prufer domain with a non-trivial complete quotient
ring. 
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ABSTRACT

Let D be a Priifer domain and let '0 be a homomorphism 
of D.. We investigate the complete quotient ring of D/e, 
where the kernel e = ... O  fl of 0 is an irredundant
primary decomposition. The homomorphism 0 is extended in 
such a way.that-D may be taken as a semi-local Prufer do­
main. Then, D is the intersection of the localizations 
Dp ,...,Dp of D, where P . Is the radical of 0. and each 

I . rn ■ . ■ J J
Dp is a valuation ring with valuation v . and valuation
■ J - J .
group G.. Each 0 . consists of elements in D with v.-values J J -  J
greater than or equal to a fixed element in a group of ■ 
which Gj is a subgroup. An approximation theorem is given
which enables us to choose elements x in D with appropriate 
Vj-values for j=l,.„.,n, even though the valuations are
not necessarily independent. Then, we can find- the prime 
ideals in D whose images are dense in D/0.

Using the valuation structure of D, we obtain a 
characterization, in terms of a sequence of finite products, 
of an arbitrary element f in the complete quotient ring of 
D/0.

An example is given of a homomorphic image of a 
Prufer domain with a non-trivial complete quotient ring.



CHAPTER I

In [1], Eoisen and Larsen showed, that the homomorphic 
image of a Priifer domain is a Priifer ring. Their work 

prompted an investigation of other properties possessed.by 
homomorphic images of Priifer domains. In this paper., we 

take the homomorphic image of a Prlifer domain, where the 

kernel of the homomorphism has a certain specified.form, 

and look at its complete quotient'ring. Before presenting 
the main body of material, we review the concepts mention­

ed above, introduce additional ones, and prove a few re­

sults needed later.

Throughout the paper, all rings are commutative and 

have identity I.

Definition 1.1: A subset S of a ring R is multiplicativeIy

closed .if. s]_ * s2 e S. whenever both s^ and. Sg are in S .

If P is a prime ideal of a ring R, then RSP is multi- 

plicativeIy closed.

, For 8 a multiplicatively closed set of a ring R, .let . ' 

T = { (x,s)Ix e R, s e S]o Just as, in constructing Q , the. 

rationale, from Z, the integers, by taking equivalence 

classes In the set { (u,v) | u,v e Z, v ^ 0} , we get equiva-. 

Ience classes in T by defining an equivalence relation
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as follows: (x,s) ~ (x',s') if there is an element

t in S such that't(sx' - s'x) = O c The equivalence class 

of (x,s) in T is written as x/s, just as, in Q, the 

equivalence class of (1,3) is written as 1/3. Then,

T*.= T/~ becomes a ring by defining:

Jx/s + y/t = tx+sy/st 
Ix/s o y/t = xy/st

The foregoing construction leads to three important 
cases:

(a) If S is the set of regular elements (non zero- 

divisors) in a ring R, then S is multiplicativeIy closed,, 

and T* is denoted by K and called the total quotient ring. 

of R. If R is a domain, then K is the (classical) ' 

quotient field of R. But, R need, not be a domain, so that 

the construction applies to an arbitrary commutative ring. 

■Since I is a regular element, R is embedded in its total 

quotient ring by r r/l.
(b) If P is a prime ideal of a ring R, then S = R\P 

is mu.ltipIicativeIy closed, and T* is denoted by Rp and 

called the localization of R to P. For R a domain, R is 

embedded in Rp . In general, there is an epimorphism from

R. to Rp .
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•(c) If ... ,Pn are distinct prime ideals of R, 

then R \ U P^ is a multiplicativeIy closed set in R„
Here, T* may be denoted by •

Definition 102: A fractional ideal of a ring R is a sub- '
set A of the total quotient ring K of R such that:

(i) A is an R-module.

(ii) There is a regular element d. in R such that 
dA C r .

Each ideal I of R is fractional, since 
I '• I = I C r for I regular in R.

Definition 1.3: A fractional ideal A of a ring R is

invertible if there is a fractional ideal B of R such that 

AB = R, where

AB = { aI^iIaX G A, b^ e ■ B, k. s %, k. > 0} „

An invertible fractional ideal is always finitely 

generated, but the converse'.is not always true.

Definition 1.4: A domain R is a Prufer domain if each non­

zero finitely generated fractional ideal of R is invertible

Definition 1.5: A valuation ring, is an integral domain V

with the property that if A and B are ideals of V, then, 

either A G B  or B C A 0



4

The theorems and exercises of Chapter -IV in Gilmer 

[3] give about.forty conditions equivalent to R being a 

Prufer domain. One of the conditions is:

Theorem 1.1: A domain R is Prufer if and only if for

every proper prime ideal P of R, the localization Rp is a 

valuation ring. [Theorem 22.1, (I), p. 276, ibid]. '

Definition 1.6: An ideal I in a ring R is regular if it
contains a regular element.

Definition 1.7: A ring R is a Prufer ring if every
finitely generated regular ideal in - R is invertible. '

Valuations are an essential part of much of the work 

that follows. We introduce the concept after a prelimin­

ary definition.

Definition 1.8: An ordered abelian group G is an abelian

group on which there is given a total ordering " such 

that if a, (B, 7 e G and a <[ p , then a -1- 7 < (3 + 7 .

The additive group of real numbers is an ordered 

abelian group.

For G an ordered abelian group, . let {00} be a set 

whose sole element is not in G. Let G* = G U  [w]; for 
a, P e G*, define
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a + p their sum in G if a, p e G 
Co if a = co or p = 'oo

Defining a ^  co for all a e G*^ G* becomes an ordered, semi­

group: if a, p, -y e G* and ot <[_ p 3 then a + 7 < .p + 7 .

Definition 1.9: Let K be a field. A valuation on K is- a

mapping v from K onto G*3 where G is an ordered abelian 
group3 such that:

(i) v(a) = 00 if and only if a = Oj

(ii) v(ab') = v(a) + v(b) for all a3 b e Kj

. (iii) . v(a+b) >_ min{ v(a) 3 v(b)} for all a3 b e K.

An important result connects valuations and valuation 

■ rings:

Theorem 1.2: Let V be a valuation ring with quotient field

K. Then3 there is a valuation v on K such that 

V = { a|a e K 3 v(a) ^  0). [Proposition 5.133 p. IOS3 Larsen 

and McCarthy [5]].

We next develop the notion of the complete quotient 

ring of a ring R. '

Definition 1.10: An ideal A in a commutative ring R is

dense if rA = 0 implies, r = 0 for all r e R.
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An immediate consequence of Definition 1.10 is that 

the intersection of dense ideals is dense.

Definition 1.11: A fraction is .an element F of H ohlr (A5R) ,

where A is a d,ense ideal of R (F■ is a group .homomorphism 

of A into R for which F(ar) =- F(a)r for all a e A and. for . 

all r e  R) A is called the domain' of F =

To motivate the next definition, we note that in con­

structing Q. from Z 5 2/4 is a "fraction" with domain 4Z5 

mapping 4Z to Zj 3/6 has domain 6Z ■ and maps 6%  to Zj 2/4 

and 3/6 are equivalent in that they agree on the inter- ' 

section of their domains: 12Zj both map 12% to' Z. Hence5 

2/4 and.3/6 belong to the same equivalence class of 

"fractions"5 the class denoted, by. 1/2 =

Definition 1=12: For fractions F^ and Fg with domains A^

and. Ag5 respectively, we let. F^ 9, F2 if and. only if F^ and

F0 agree on the intersection of their domains:^ ,
F-L(a) = F2 (a) for all a e A^ H  Ag.

Denoting the class of fractions by Or5 Q is an 

equivalence relation and partitions Or into equivalence

classes.
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Theorem 1.3: For R a commutative ring,

(8'-', 0 , I, +, • S)/Q = Q(R) is a commutative ring, called 

the complete ring of quotients of R. • [Proposition I, p. 
38, Lambek [4]].

Letting f = [F] be the equivalence class of the 

fraction F in Q(R), R is embedded in Q(R) by the mapping 

■r-> [r/1]. The mapping is a mohomorphism since r/l agrees 

with 0/1 on a dense ideal A only if rA = 0 ,  and hence, 

r = Oo For each non zero-divisor a of R,. the ideal aR is 

dense in R« Then, for r e R,•the "classical" fraction 

r/a e Hom^(aR, R) is defined by:

(r/a)(as) = rs, s e R.

Theorem 1.4: The equivalence classes [r/a], r e  R, a not

a zero-divisor, comprise a sub ring of Q(R), called the. 

classical ring of quotients of R: Q (R). [Proposition 2, 

p. 39j Lambek [4]].

As expected, the classical ring of quotients of a 

ring -R is identical to the total quotient ring of R.

Collecting results, we have for an arbitrary commu­

tative ring R that .

R e Qcj(R) C  Q ( R ) .  - .
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To better illustrate the concept of a complete 

quotient ring, we look at two examples: .

. (a) . Since all non-zero elements of Z  are non zero- 

divisors, Z  p  Q (Z) . = Q(Z)' = Q ,  Q  being the rational 

numbers.

.(b) ■ Let R be the collection of all finite and co- 

finite subsets of some infinite set, say Z'„ Then, R is a 

Boolean ring with operations of symmetric difference and 

intersection, where Z = I  and 0 = 0 .  Let a be the collec 

tion of all finite subsets of Zj a is a dense maximal 

ideal of R. Further, R itself is dense. We define frac­

tions for R as follows:

If L is a finite or cofinite subset of Z, then 

L e H oiilr (R5R) , where L(V) = LPi V for V e R .

However, if L is neither a finite nor a cofinite sub 

set of Z, then' L(W) = L P V  need not be in R for V 1 co­

finite in R. For example, let L = 2Z (the even integers) 

and let V  = Z\{0,1,2) . Then, L P - V  = 2Z\{0,2) Y  R. 

Therefore, for L in the power set of Z  but not in R, we 

must restrict the domain of L to a, thus ensuring that 

L e Hohlr (a,R). Identifying the subset L with the "frac­

tion" L, we get Q(R) ^ P(Z), the power set of Z.
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All elements of R, except Z  itself, are zero- 
divisors: for V e R ,  VPi e(V). ='0 = 0, where e(V), the

complement of V, is in R by definition. Since R has only 

one regular element, all elements-of Q (R) have the form 

E/Z = E/1 for E e R .  Then, Q (R) ^ R, E E/l being an 

isomorphism. By construction, R ^ P(Z), and it follows 

that R s Q (R) p  Q(R). [R. Gilmer [3a]].

.We thus have one example each of a trivial and .a non­

trivial complete quotient ring. In the work that follows, 

we show that certain homomorphic; images of Prufer domains 

have non-trivial complete quotient rings.

For f e Q(R), let the domain of f be 

domRf = dom f = { x e R | f x e K ] ,  and let the range of f be 

ranRf = ran f = f (dom^f).

Lemma 1.5: If f e Q(R) and dom f C P5 where P is a mini­
mal prime ideal of a ring R, then dom .f + ran f C P.

Proof. Using Proposition 12, p. 73j .Bourbaki [2], if P 

is a minimal prime, and x is in P, then there is an element 

s in R\P and a positive integer z such that sxz = Q. There- 

fore, for x q. dom f C p, we have sx = 0,. where s and z are 

as stated above. Since f e Hom^(A5R) for some dense ideal 

A of R, fs x z = 0 =  s(fx)z e P. Then, P a prime ideal and
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s ^ P  Imply that (fx)z e P.' Continuing this reasoning, 
fx e P, and. ran f E P since x is an arbitrary element in 

dom f . Hence, dom f + ran f £ P, for P a minimal prime 
ideal of R.

(End of Lemma 1 0 5)

If 0' is a homomorphism of a ring R and I is an ideal 

in R, we write 0(1), the image or extension of I in 0 (R), 

as I0o ' For J an ideal in 0 (R), the contraction of J in-R 

is Jc = { a e R|0 (a) e J). Throughout the paper, we use 

Zariski and Samuel'[6 ] as a source for properties of ex­

tensions and.contractionsc

Definition 1.13: For A and B ideals in a ring R, let

A:B = (x|xe R A  Bx CA).

The .following lemma provides a useful relationship 

between the kernel of a homomorphism of a domain D and 

ideals in D and their extensions in 0 (D).

Lemma 1.6: Let 0 be a homomorphism from a domain D onto a

ring -R, with K. the kernel of 0 . For an ideal A of D,

K:A = K if and only if Ae is dense in R.

Proof: — > : Let.K:A = K and suppose that A is not dense

in R. Then, for some r ^ 0 in R, we have that rAe- = 0.
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This' Is equivalent to 0(r)0(A) = 0 = 0 (rA) for r / K in D, 
where 0 (r) = r. Hence, rA C K and r e KrAa But, r / K 
implies that K K:A, a contradiction. Thus, Ae is dense
in R.

< = :  Let Ae be dense in R and assume that K ^  KrA

(K £ KrA always holds). .Therefore, there is an element

s e KrA\K for which sA C K. Since s / K, we have that

0 (s) 5̂ 5 in R . ' But, sA C K implies that

0(sA) = 0 (s) • 0(A) = 0 (s) . Ae = 0 in R. So, Ae is not

dense in R, a contradiction. We conclude that K = KrA.

■ ' (End of Lemma 1.6)

Definition 1.14r Let QI5 ,Qn be primary ideals with

associated prime ideals i = ,n. The inter­

section Q^ A  .o c P) Qn of the Q^'s is a primary representa­

tion or a primary decomposition and is said to be 

irredundant if r

(i) No Q^ contains the- intersection of the others:

i^j ai'

(ii) The Q^ have distinct associated prime ideals: 

P1 ^ Pj for i A  j .
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Definition 1.15: The prime ideals are isolated
if P, 2 P, for i ^ j.

We will study the homomorphic image of a Prufer 

domain where the kernel of the homomorphism has an 

irredundant primary decomposition. The Prufer domain 

property insures that the prime ideals associated with the 

kernel are isolated.

Lemma 1.7: Let Pii?^ he an irredundant primary decom-r.

position in a Prufer domain D= Let P^ = i = I5.. „. ,n.

Then5 P^5...5Pn are isolated prime ideals.

Proof: Consider the primary ideals Q .5 a . in D and the
J

associated prime ideals P .5 P.. Without loss of general-
I  J

Ity5 assume that P. C p Then5 Q . + Q . C p Since D is
-L J J J

a Prufer domain and a. + Q . ^ D5 by pp. ISO-I5 Larsen and-L <3
McCarthy [5]j Q1' £ g or a . Qa. .  But5 this is a contra- 

diction to P  a^ being an irredundant primary decompo­

sition. Therefore5 P. ^  P ..I  J

(End of Lemma 1.7) ■



CHAPTER II

Let D be a Priifer domain and let 0 be a homomorphism 

of D. Let K 3 the kernel of 0 3 have an irredundant primary- 

decomposition Q^ 3 where P^ = Each. D\P^ is

multiplicativeIy closed, and, hence, Pi (DNP^) is

multiplicativeIy closed. But,' P 9 _ ^  (D\P^) = D \ U P^. 

Therefore, we form the intersection of local rings 

P D p ,.which, by Proposition 17(c), p. 93, Bourbaki [2 ]., is
. i

equal to We investigate a homomorphism of D ^

which is related to the homomorphism 0 of D.

Lemma 2.1: The homomorphism 0 from D onto D/K can be.ex­

tended to a homomorphism p, from D'^jp onto Q (D/K), where,
i

for a e D and b e D \ U  Pp, we define |i(a/b) = 0 (a)/0 (b) s

4  DUP.i
. 9

D/K > V D/K>

Proof: We must show that if b e D \ U  Pp, then 0(b) is
regular in D/K. But, clearly, K:b = K for b / U  p_p Pp° 
Therefore, (0(b)) is dense in D/K by Lemma 1.6, and 0(b) 
is regular in D/K.
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* The natural mapping \x is onto: let b e D such that

0(h) is regular in D/K. Then, (0(b)) is dense in D/K
and K :b = K by Lemma 1.6. Equivalently,

H  ~ ̂  QjL« Assume that b P^. Since
h e l̂ i=I ei implies that 0 (b) = 0, which is certainly not
regular, b e q is impossible. Since each a  ̂ is

P .-primary, there exists minimal k e  Z + such that J J
k

b u e a Letting N = maxf.k^,... ,kn) > I, we have

bN e a. for all i, but bN**‘L ^ a .  for at least one j, by

definition of N 0 Therefore, b^~^ ^ O  a^. But,

b ^ ^ e  a.:b, since b^~^ = b = b^ e P  ■? n a . .i=l i 5 i=l i

Therefore, P  a^:b P  a^, a contradiction. Thus,

if 0(b) is regular, then b e  D \ U  P^.

Hence, for a, b e D and 0(b) regular,, a/b e D^j'p ,

\i (a/b) = 0 (a)/0 (b), and p is onto.

(End of Lemma 2.1)

Now since D is a Prufer domain, each Dp , i = l,...,n,
n iis a valuation domain. Since K = P  a^ is an

irredundant decomposition, each P . -=TaP, j =.I,...,n, is
J * J

isolated, by Lemma 1.7. Then, by Proposition 17(a), p. 93,

Bourbaki [2], the isolated, prime, ideals P . of D extend to
J
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maximal ideals Pj- - Dyip of D ^ lp . This leads, us to the 
following:

Lemma 2.2: Let D be a domain with isolated.prime ideals

P-̂5 . j,Pn3 E = D y p  = PiDp is the domain with maximal
i i

ideals PpE = P^yooojPnE = P*. Let PJĵ be the unique 

maximal ideal in Dp j  i = Ij o o o jU . " Thenj P* = Pj P  Ej

i = Ij oo o jU 0 Further, if Qf is a Pt-primary ideal in Ej

then there exists a P^-primary ideal in Dp such that
i

Qi6- = Ql P E 0 In fact, this relation is a one-to-one order 1 1 -
preserving correspondence between Pt-primary ideals in E-

and Pi-primary ideals in Dp

Proof: .We have the following diagram:

LI
P*

4 PD.\
pi

4» Pj

DU P — ^ DP. - (D UP. ̂ Pt 5 J i <]]’

where i extends D to the localization.D. and e. extends
u p i -

D^jp to the localization (Dl̂ lp )p*» By Proposition 17(b) 
i i j

p. 935 Bourbaki [2], Dp is" canonically isomorphic to
J ' •

(DpP ■)p't ^as Dedicated in the diagram). Then,
I I
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(Pj) J = Pj; letting Cj be the contraction from Dp to

J
d U p . ̂ we Set:

So, P3

e • c . e . c .
; (P* J) J = (p*)

Pj Pl E. Since' j is an arbitrary sub­

script from I to n, this gives us the first result in 
Lemma 2.2.

To show the one-to-one order preserving correspondence

between primary ideals,■we cite Zariski and Samuel [6 ] and

its material on extensions and. contractions of ideals'.

Hence, for j between I.and n, if et is a P*-primary ideal .
s- J J

in E, then there is a P 1.-primary ideal Q in Dn for which ■J J -L .
a* = a T. P  E, and the correspondence between the a^’ s and J J J
the a ' s is one-to-one.'

(End. of Lemma 2.2)

In light of the aforementioned- lemmas and in order to 

study the complete quotient, ring of D/a, we may assume the 

extension:

D

D/a

» DU P

Ii(D/a).
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In the following, D = D, =Pl D13 will be a semi-local

Prufer domain with maximal ideals .„;,Pn , and the' 

homomorphism 0 of D has kernel a = P  ̂ =1 ^i, an irredund­

ant primary decomposition, where P . = 7e~'. Since
J

D = D^jp , we have D/a = (D/a). Each Dp has unique
1 C 1 d

maximal ideal P'., where P . = P'. P  D by Lemma 2. Denote
J J J

arbitrary P.-primary ideals in D by s . and arbitrary P'.-.
.1 J J

primary ideals in Dp by 3 . Since Dp is a valuation
j J j

domain, we take v. to be the valuation from Dp to the
. P  d

Valuation group G . (by Definition 1.9) -> Let BI be theU J
intersection of all PPprimary ideals in Dp : P  s = B'..

u .  ̂' J  J

Before proceeding to another lemma, we need two

definitions.

Definition 2.1: Let G be an ordered abelian group. A sub

group H of G is isolated if for each a 0 in H,

0 < p .< a forces p to be in H .

Definition 2.2: An ordered group is of rank one if its

only isolated subgroups are itself and 0 .

Lemma 2.-3: Let BI and G . be given as above, where
J J

B 1. / P'. (that is, there are P'.-primary ideals S', not equal J J  J J *
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to Pj). Then, there is a rank one-ordered group < G . 

which corresponds to BI in a ' natural way, where H .. is -
U J

isomorphic to an additive subgroup of the reals.

Proof: By Theorem 5.11 (3), p. 106, Larsen and McCarthy

[5 ] 5 the intersection BI of all P'.-primary ideals of D
5  ■

is a prime ideal in Dp and there are no prime ideals of
J

Dp properly between B'. and Pi. Thus, we have 
J J J

5  9 c 5  5  =Pj

for all P I-primary ideals 0 I in Dp , with v. the valuation
3 ■ 3 3 3

on Dp . By Theorem 5.17, p . Ill, ibid., there exists a
j

one-to-one order reversing correspondence between isolated 

subgroups of G . and proper prime ideals of Dp :

bP  f h ; dP1

0 .

By Definition 2.2, since there are no prime ideals' of Dp
J

properly between Bi and. PI, we have that H . is a rank one<J J J
ordered group. Then, using Proposition 5.15, p . H O ,  ibid., 

Hj is isomorphic to an additive subgroup of the reals.
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Hence, we take H < R . By the construction in the proof 
t>f Theorem 5.17, pp. 111-2, ibid.,

B' = (x e Dp |v.(x) / H.}. This gives us the exact nature <J <J J
of the correspondence between BI and H..u J

(End of Lemma 2.3)'

Note: If P'. is the only P '.-primary ideal in Dp , thenJ J ■ - P j
BI = P'. and H. = 0 .  We exclude this case from the follow-J u U
ing discussion.

For B'; ^ P'., since H . is an additive subgroup of the J J  J
reals, we can find a concise representation for each

P'.-primary ideal in D . Since B'. ^ ® a n d  B'. is givenJ J - t " ^  J z J J, , Jf
as above, there are elements y in SBl1XBli such thatJ J
v.(y) e H.. For x e B'., suppose there is an element y in J J  J
SB 'XE'. such that v .(x)- < v .(y). Since H . is an isolated J . J . J J J
subgroup of G. (see Definition 2.1), v.(x) e H., a contra- J . J J
diction. Therefore, for arbitrary x in B'., v .(x) > v. (y) ■J J  J
for all y e SB 1XB'.. Because of the total ordering for v„., J J  J
SBj must have one of two forms:

either SB' = . U  (x e' Dp |v.(x) ^  v.(y)},
J y e s - '  J J

J

SB' = U  {x e Dp |v..(x) > v.(y)}. 
' J ■ y e SB'. j J J

or



Since H . is an additive subgroup of the reals, let ■
J .

r . = inf{ v . (.y) | y e S '.} . Then, either j . j j
= {x e Dp -I v.(x) r .} or 2'. = {; x e Dp |. v (x) > r .}

J - j .  d J . j  J J

If rj / Hj., then {x e Dp J v j-(X) > r̂ .} = {x e Dp J v j-(X) > r̂ jj'
J J

it is when r .. e 'H. that, the two sets differ. .
J J -

Further, anything, of the form Q'. = (x e Dp |v.(x) >_ r .)
J J . J .1 ■ , J

or Gl = { x e Dp■ |v.(x) > r .) must.be P '.-primary. Take an
J -t J J U J

arbitrary element z . in PI, where v.(z .) = g . >. 0. If
 ̂ J U J U J >

Zi. e S '. already, we have nothing to show. If z. e P'.\s 
J J  J J J .

then g. e H.., and, by the Archimedean property of the reals, 
u J •

there is a positive integer n. such that n.g. > r .. There­

. 20

fore,
n . .

nd . Vj (Zj)- = Hj

• J J. ' J ■

■g . > r . -anHJ J

n. • '
•zj - .6 i:>  . -

Hence, Q '. is PX-primary.J . J . •
We are how able to characterize the primary ideals ■■

& . in the Irredundant primary decomposition J

n . n ft • = Ker 0 , Since Q . is P .-primary in D, by Lemma X—J- I J J

2.2 there is a. P'.-primary ideal S ', in Dp such that
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aj' = ^  ' From above,, there exists a real number

r. e -H. for which either a ' = {x e D | v. (x) r.} or .
J J J j  ̂ . J

Q = {x e Dp ■ I v . (x) > r .} . Hence, either '
■. J J ' J
a . = {x . s. D|v.(x) >_ r .} or a . = {x e D| v .(x) > r .}'■« ' If 
• u V <J (J u J

Q n- 5  P., then r . ^ 0; if a. = P .y then r . = 0 and
U J . J J J ■

Q - = C x e  DI v . (x). > 0} ,' since v .(x) = 0 only if x is a unit 
J -  J . . . J .

in Dp o
' 3 /

In subsequent work, we will investigate Q(I)Za'), the

complete quotient ring of D/a, where a = D ^  -, a - . Pori=i- i
this, work, we will need, a theorem which will enable ,.us- to 

choose elements in D with appropriate. valuations." Some 

preliminary material is needed. . .

Definition. 2.3.:' The rank of the order group of a valuation

is called the rank of that valuation.

For each ordered group .G-. associated with the local.
- J , • "

domain Dp' , one. of four cases holds:
'-1I ;

Case la: G- has no rank one subgroup since P. has no,• J . J .
proper primary ideals; that is, Q..isJ .
forced to be P... . . ■ - . J-



Case lb:. G . has a rank one subgroup . H . (P .• has J . J J
-proper primary Ideals) 5 but a . is chosen/ ■ , - J'

■ to be equal to P . :-J

Case 2: G . has a rank one subgroup H . and
. J • J
H . ■= Z. • '

J-

. Case 3: G . has a rank one subgroup H . and H . ^ Z 3■<j- J J • .
where a . = (x g D| v . (x ) > r .} .J u . v.

‘ Case 4: ; G . has ' a rank one , subgroup H .. and H . ^ Z 5

where a . = {x e D|v.(x) >_ r .} . . .J J J

' In Cases la and Ib5 a . = (X e. D|v.(x) > 0} In Cases S5 .3,' J' . J ;
' and 4 5 a . is properly contained in P .. '■ ' .

Let Cases'S5 35 and. 4 hold for i ' = ■ I 5.... 5y and let 

Cases-la-and lb hold for i =■ ̂ H-I5... 5n. ' With this agree- . 

ment5 .is- a rank .one subgroup, of G^ for i = l5 ...5̂ 5l 

while G. may or may hot have: a rank one subgroup for. .-- 

I = y +-15»o. 5h.. Recall- that D =' D l m  = H  Dp 5 where .'
' V f i ' • i ' '' .

Dp, =.{x e Qcjii (D) I V1 (X) > OJ 5 and ' . . .

P1 =. {x e Qcj, (D) I V1 (X) > 0) . We. now state and prove the'' .,

■ theorem on valuations, ' a variant of ■ Theorem Io-' (an I' 

approximation - theorem) 5 pp„. 45-6,. Zaris.ki and'Samuel [6 ].' f
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Theorem 2.4 (The Approximation Theorem): Let D be a' semi­
local domain with maximal ideals Let
i = I, . . . ,ns be valuations of the field'-Q (D) .with
valuation groups.G . corresponding to Dp . Let H. be rank.tn i
one subgroups of G^ 5 i = I , ^ . Let u^ e D for 

i “ I.?*®* j-O. and e j ^i ^^ for i — Ij... . Then^
there is an element u e (D) such that

(a) V 1 ( U - U 1 )  -  C X 1 J I — l ^ e e e  5̂

(b) V 1 ( U - U 1 )  = Oj a.»» . 
i—1 +Il•H

(c ) V 1 ( U - U 1 ) ■ > Oj i = p +1 j... ,n.

Proof: It is sufficient to prove the following: given

any positive integer m there is an x in Q, (D) such that:

(I)
rV1 (X-U1 ) :>- m, 

V1 (X-U1) > Oj

i — I j o • . jy

I = y +1j...j n .

To see this, assume that (I) has already been shown. Then 

since the ou j i = I j... ,y j have been chosen, and since H1 
is an additive subgroup of the reals, there exists a 

positive integer m for which m > ou for each i = !,...,y. 

Recalling that valuations are onto, maps, there are 

elements X1 in (D) such that:
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g Il O 1 , i = I ,  . o . ,7

.V1 (X1 ) = 0, i = 7+I, „ ,p

AMH>H O Vi
 . i = p + 1 , c.« e ,n

By assumption, there is an element y in (D) ' such that: 

V1 (Y-X1 ) > m, ■ 'i' = !,.-../y'

V1Cy-X1) > 0, ' i =7+1, o».,n. :

Since y =. (y-x.) +. X1 and V1Cy-X1) >. m > a± = V1 (X1), we 
get that V1Cyj '= V1(X1) = Ct1, i =. I,. e. ,7 . For 
i = 7 +1,.0.,p, V1(X1) = 0 and V1Cy-X1) > 0 together imply • 
that V1Cy) = 0. Similarly, for. i' = p+l,..0,n, V1(X1) > 0 
and V1Cy-X1) > 0. give us that V1Cy) >, Oe

. Let x be an element satisfying inequalities (I) and 

let U = X  + y. Then, u - U1 = (X-U1) + y. For' 

i ='I, c.. ,7 , ’ V1 Cy) = Ct1 < m < V1 (X-Ul); therefore,

V1 (U-U1 ) ^ V1 Cy) .= Ct1, and u. satisfies relations' (a). For 

i = 7 +I,'. e.. ,p , V1 (X-U1 ) > 0 ,and- V1Cy) = 0' together imply 

that V1 (U-U1) = 0 ,  and u satisfies relations (b). .For 

I '=. p'll,... e ,n, V1 (U-U1 )' > 0 follows from V1(X-U1 ) > 0 and-. 

v±(y) > ’0* ' Hence, u satisfies relations (c)„

We now prove (I). Since D is a semi-local domain 

with maximal, ideals P1,...,P . there is an element 0 . e P.,nL XX .-L JL •
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such that V1 (S1) > O and V-(S1 ) = O for j ^ i. 'Letting

rI1 '.= 9I- • •e±-ie±+\’ e e6H5 we set that vI^i) = 0 ana 
v^(rIj) > 0 for i ^ jj i,j = l,...,n. Replace the' elements 
T̂1 by the following elements X1 :' ■

V- '• X1 ■ Ti1+.. .-h]n a l3...9n.

Then5 It Ts still true that V1 (X1 ) = 0 and V1 (Xj) > 0 if.
i ^ j5 but5 in addition, the image of X 1 under the.

canonical mapping -Dp -> Dp /P^ is I + PI. Hence5 •
i i . -

Y1 (X1-I) > O 5 I the identity in Q .(D). Recalling that 

m e- H1 C .G1 and v^(U1) >  O5 fix a positive integer.L for- 

which: '

r L i•H>H T) Al+ m 5 i — I5...
(2) ' '

vi(xi'I) + V1 (U1 ). >
5

VL 1 O5 i =.7 +l5.... 5n ‘.

and j

L' 7'(Xi) + Vj(U1 ) V.m, i y, J f i  ='I,. .. 5n;

j = T5 ..... ,7 .

' L • V j ( X 1 ) +. V j ( U 1 ) > O5 i V  V  i = T5... 5n;

j - 7.+15...5n .
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Consider the elements of Q1 .(D):

I1 = I - (I-X1)11, i = l,...,n.
Then, V1(I1-I) = L • Vi(l-X^) >_ L . V1(I-X1) for 
i = lj...5n. So, by (2):

(4) ■ V1Cu1(S1-I)] . . .
=  V1 ( U1 ) +  V1 ( S1- I )

>_ m - L • V1(X1-I) + L • V1(I-X1) = m, i I, . . . ,y 5

and,

(5) V1 Cu1 (I1-I)]

> -L • V1 (X1-I) + L • V1 (I-X1) = 0,. i = 7 +1,... ,n.

Now, I1 = X1 • S(X1 )5 where g is a polynomial with 

• coefficients in D. Hence, if i ^ j for i,j = l,...,n. v

we have

v ■ (X1 • S(X1))

Vj(X1) + Vjfg(X1))

L . Vj(X1) + Vjfg(X1))

> L • V-(X1) .
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Therefore>. by (3):• "

(ey ■ ■ Vj (U1 ) + Vj (I1 ): : . :

Vj (X^) +■ L. • (y^)

-= m, for i ■= 5n and. j = T5.. . j '
arid 5

(7) ; vj (uT^l) ^ “L * vJ (^i) .+ L • Vj (X1 ) = O5

for I = I,...5n and'j = y+T5...5n« '■'■■■'

..Set'x-= u^l^ +.'••• + UnIn J then,, it follows immediately 
from (4), (5), (6), and'(7) that x satisfies inequalities

U). ■ . :: : : :
(End of Theorem 2.4)

Note: If' W  0 for i =' I , . 5n and e is given,

then the' appro^imation theorem guarantees the existence 

of an element u in Q (D) for which': . • ,

(a) V1 (U) = U1 , . i '= I,...5y

(b) V1 (U)-=. 0, I '= 7+1, .. .,p'

(c) -V1 (U) > . 0,. i ="p+l,... ,n. .

All applications of the approximation theorem will be .of. 

this'form. -

For Case 4, we get the following important result.
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Theorem' 2.5: Let Dj Qj v .5 and. H. be given as above,
where Pj. = /o?. Thenj P® is dense in D/q "if and only if
■there is a real.number r. such .that

■ J ■Q1 = {x. .e Djvi(X) > r ., r. e H.}. 5 and' H . is. not discrete.
Cl ' U J J - .  J J -

Proof: = >  : . Let-P? be dense- in d/6 and suppose that

■Q. = (x e Dj y. (x) > r.)J -r ..> O j r . e -H..- By the.
. J - J  J J J -  J .

approximation theorem there is an element a.in Q (D) such 
that:

y.ta) = JTj ■

Y V 1 (a) = O1 > r±J i ^ i = Ijloej7

Vj (a) > Oj i ^ j; i = 7+1,.... ,n. ■

Thenj a. e .Dp for all i = lJ...Jn and a e Dj but. a V  Q 
i .

since a / 8 .. /
J "

' Let p be an' arbitrary element of the prime ideal P.. 

.Thenj v . (p) > O and V1 (P) ^  Oj i / Jj since p c D Q D p.
-"i

So:
' V j ( a p )  =  V j ( a )  +  V j (p) > rj •

1̂ (ap) = v± (a) + V1 (P) > ^jj i / j.,

Note:' For i =. y+l,... ,n, rc'= O; in the above and sub­

sequent work, "we will use this shortened form.
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Therefore, ap e a and a e a :P.. But, a:P. 2 a since

J J /
a / a. Hence, by Lemma 1.6, is not dense in D/a, a

J
contradiction. With P® dense in D/a, we must conclude

J

that a. = {x e D I' v . (x ) >_ r.}«U eJ <3
We then ask: Can a. have this form and H . be dis-

crete? If H . is discrete, then a . = fx e Dlv.’(x) > r ., 

r . >_ I) . Use the approximation theorem to pick 

a e D\a such that

fvj(a) = - I

V1 (a) > P1 , i / j; I = l,...,n.

Let p be an arbitrary element in P.. Then, v . (p) I and 

Vi (P) >_ 0, i / j, the latter holding since p e D.

Then:
[Vj(ap) = Vj (a) + Vj (p) > rj - I + I = rj 

J i (aP) = Vi(a) + Vi (P) > r\, i /

and we get ap e a. Therefore, aP. C a and a e a:P.\a«U J
So, a :P . Y a and P^ is not dense in D/a. Equivalently, 

J ' J
if P® is dense in D/a, then H . is not discrete.

< =  : Assume that a . = (x e D|v . (x) ^  r ., r . e H whereJ J J J J
H is not discrete. To prove that P? is dense in b/e, we 
J ■ J. .

take, an arbitrary element a e D\a and show that a / a:P..
0
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Two cases arise: ■

(i) Vj(a) < Tj

(ii) vj (a) >

Case (i) : Let v . (a.) = S e H . ;  since H . is not discrete

' there is an element t e H . for'which s < t < r .. By theJ - J - . '
approximation theorem, choose an element Z e P- such that

J ■'

"v. ( z ) = t - s > 0
. '-

.V1 (Z) = 0 ,  i ^  j*

Then,

V . (az)' = v . (a) + v . (z) = s +: (t-s). = t < r . ■J J  J J . J
V1 (az) = V 1 Ca) + V1 (Z) = V 1 Ca), i ^ j.

■ Since' v . (az) < r . 'we get that az e D\e , and, hence,
o -  U ' '

a / Q :P,c " -
.. i

■ Case (ii): Here, a e. <S ., and hence, since a e D\q ," there
: • . 3

is .a k, I < k < n,. such that a / G, * If

ak = {x e Dlvfc(X) > rfc), then vfc(a) .< Z1fc. ; If -

Q1Jc .= (x e D| v^(x) > Ujc) ; then v^a) < r. . .We will: work

with the first form,' the argument for the second form 

being similar. By the approximation theorem there is an

element z in P . such that: ■ ■ '
. - - J  1 . ■



31, Vz)> 0 ■ \ ■;
V-Vk(Z) = O  ■

■ V . (z) = 0, i ^ j,k.

■ Then, Vfe(az) = vk (a) + vk (z).. = vk (a) < rk. Now, 'in Dp ,
• ^

if x 6 B 5 an ideal, and Vfc(y) >_ Vfc(x), then y. e. B. There­

fore, since vk (az) = vk (a), az e Q̂ . if and only if a e gl, 

where, "by Lemma 2.2, q ' is the Pl-primary ideal in Dp -

corresponding to Qk in D (Q'k = Q.̂  Pi D). But, a pQ^,. so

that az g Q̂ . and az / Qk . Hence, for a Q , we have :

az ^ Qk. Since Q = Q ^ P  ... P  Q^, we then get:az / q .

With z e P this means that a $Pq :P..
. . J J \

'■ Thus, "by cases (i) and' (ii), Q :P. = Q and P® is ,denseJ -  J
in D/a.

(End- of Theorem■2.5)

Since we can reassign subscripts if necessary,, with­

out loss of generality, we will work with the following • 

classification of.the Qk 's, k ='l,...,n.

(i) For k = I,. o. , T Q k '= { x e  Dj Vfc(x) r'k,

'rk V  °» Tk g « >  .
case K primaries.'
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(ii) For k - t .+1, ... ,6, Sk =.'{x e D| vk (x) >

. ^ R):' ,
case- 3 primaries.

(iii) For k = 9+1,... ,7, Sfc = {x e Djvfc(X) >_ rfc3

="k.> 2, vfc(x), rfc e Z
case 2 primaries. •

(iv) For k = 7+1,... ,n, Qfc = {x e Djvfc(X) > 0 = r^)

, " ' - - V -
case'I primaries.

In particular, .the Case 4 rank one subgroups /.

H-̂., ...,Hfc are not discrete. , .

Corollary-to Theorem 2.5: -Since H1,...,H are not dis-

crete, D/e is dense and any ideal.of the.form

.P| O  ... Pl P®. ,. I <_ î ., ...,I^ is dense in D/s. '

Furthermore^ no dense, ideals are properly contained in'

P® Pi .V. P  P^, and. P® P  ... P  P® is the.-unique minimal 

dense ideal in D/d. ,

Proof: Since D/a has an identity,- it must be dense in it­

self.. As just shown in Theorem 2.5,.since H15...,H are
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• not discrete, P®,.. .",pj are all' dense in D/a.' Then by ■ 
Lambek [4], p. 37  ̂ each ideal of the form

P? Pl ... Pl P? , I < I1,...,!' < n, including' •
I ■ i  ̂ “  .

P^ P  ... P  Pe, is dense in D/a =

Now, it is true that

(Pj P  .... o • P  P^)e = P® P  ... P  P®. Then, we take an ideal 
I in D such that
a I P1 P  ... P  P. = {x g' DI vlc(X) > 0, k = I,... ,t •

Vg.(x) ^ 6, 4 = T+l,...,n) , y . ,
and show that a:I p a (that is, I® is not dense in D/a).

To accomplish this, we must know how the valuations' on 

elements in I differ from the valuations on elements in

P, P  ... P  P .■ I ; T •

.Lemma 2.6: Suppose there exist elements Xj- in' I such that

V1 (X1) is arbitrarily small for i <(_ t and V1 (X1 ) = 0 for

I. > ■ t-. ' • Then, I = P1

Proof of Lemma 2.6: 

P-, P  ... P  P . Then 

v. (z) >_ 0 for i > T.. 
in I such that

P  ... P  P .■ T ■

Let z be an arbitrary.element in 

, V1 (Z) = S1 > 0 for i- <2 T , and ,
■ By assumption," there are elements X1
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fo < Vj.(x^) < S^, I < T.

Iv1 (Xi) = o, i > T. '

By the approximation theorem, there exist elements 

•••Jyn e D snch that: .

V ( Y 1 ) = 0
(a) For i = I,... ,t ,

^V1^ y .) > max{ S1,...,si

(P) For i = t +1,...,n,i
V1 (Y1 ) = 0

W  > rI5 3 ^ le.
Notat, we look at X1Y1 + „. „ + x_ŷ .

i from I to T :

) = ' v i ( X;j )  '+ V1 (Y j ) > 0 + max{ S1 ,

i

V1(X1Y1) = V1(X1) + V1(Y1) < Sj. + 0 = S1..

Therefore, V1(S1 Xyyj) min { v. (x .y.)} < s ., 
I < J < n 1

since V 1(X1Y1) < V1 (XjYj) for j ^ I. and i'.< t. . For 

t +1 to’ n:

vXfxJyJi = vXfxJi + vXfyJi > rJ > 9» j •"

B 1fxIyXi = vXfxXi + vXfyXi = °- ■

, j V  i;

For

V  S- eV

I- from-
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Therefore, v. (2^'x.y.) = min', {v . (x.y.)) -=0,-

I < J < n 1 J-J

since V1 ( X ^ 1) < v^(x.y.) for j / i and I > r . Hence,, 

hy construction, we have that v. ( 2 ? x.y.) v. (z). for '

Let B be the ideal generated by Z? x.y.. Then B C I
J J1 ' ;

since Z^ x.y e 'I. - Since v. (2? x.y.) < v..(z) for -L. J . d I X J- 0 —  I. y
i = I,. o. ,n, we have z e B c I. Thus, Bn H  ... H  P = T,

since z is an arbitrary element in'Pn Pi ... Pi P . 'i T
(End of Lemma.2.6)

■ Continuing the proof of the- corollary, by Lemma 2.6, 

since-1, is properly contained in Pn P  ... P  P .either:

- ■ (i) for some j between I and t , v .(x) must be
O

■ ■ bounded away from 0 for all x in I; of:

(ii) for some j between t '+I and n, .Vj(x) must be .

.■ greater than 0 for.all x in I.

That, is, if. (T) holds, there is a positive s. in Fl
• ' , J

such that.Vj(x) > s . for all x in' Dj if (ii) holds, then. -

v . (x) •> 0 for all x in D.
J

For (I), two cases arise for s . > 0, j.between I
J-

and T : • ' -
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(ia) < s.

Since Hj is not discrete for j between■I and t  ̂ we.use, 

the approximation theorem to get an element z / a such that

0..< v,(z) < r.
• '

• ' Vi (Z) > r±, i ^ j.

Then, for arbitrary x e I:

'v.(zx).= v.(z) + V.(x)> s. > r.

Vj(zx) > T1,. i ^ J.

Therefore, zx e Q and. z e Q :I\a e '

(ib) 0 . < s . < r .
J , J

Apply the approximation theorem to get an element, 
z <jt Q such that

'rj - ej-'< vj (z) '< rj
.V1 (Z) > T1, I -/- j.

So, for arbitrary x e I: . . . .

'Yi(ZX) = V1(Z) + Vj (x) > (ru-Sj) + Sj = rj.
; J X .. ■. J
V1 (ZX)' > Z1, i ^ j
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Hence3 zx e '6 and z e a :I\a•

Now3 note that for k =. e+l3... ,7 3 

ek = fx G d I vk (x ) >. r^s e ^  } can be written as.

{x e D| vk (x) > rk - I3 vk (x)3 r^'e Z  ).- Then3. for each k 

from t +13 . c. 3n3 Qk has the form {x e D|vk (x) > rk) 3'where 

rk = O for k' = 7+l3«,.. 3n. ■ '

. For (Ii)3 -use the approximation theorem to get an 

element z / Q such that .

. H f 2)' = h

- Iv1 (Z) > r13 i / j.

Then3 for arbitrary x e I: ,

CVj(zx).= Vj(z) + Vj(x) > r/

V 1 (Zx) . ; >' r13 i ^ j. .

Therefore3 zx" e Q and z e Q :I\Q.

From each case we conclude, that/Q :I Q and Ie is not. 

dense in D/q by Lemma l e6.

Suppose.' there is an ideal B in D/q such that , .

O p  B ^  (P1 Pi- .. o P) )e- = P^ P  .». P  P^. Then3 there is ' 

an ideal I in D such that q p  I. (P1 P  .... P P ^ ) C ■

= P1 P  .... P  P^ 3 and. Ie = B. By what we have above., .'Je. =' B.
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.is not" dense in D/a;. Therefore, P® D  ... Pl-P® is a. T
minimal, dense ideal in D/a

Finally, we' will show that P^ P  ... P  PJ is the • 

minimal dense ideal.in D/a. Assume that J i s .an ideal in- 

D such.that J is dense in D/a. Since D is semi-local 

with maximal ideals P^,...,P^, J must be contained in one 

or more of the .P1 1Se But, if J C p^ for i between. t +P and 

n, then P1 is dense, a contradiction (by Definition I.10, . 

if A C B and A i-s dense, then B must be dense). Hence, J 

can only,be contained in some or all of P^,...,P . .With-- 
out loss of generality, let J C P1,...,P , while JX - \x
J %  P , T,... ,P . ■ .If J 5  Pn P  ... P P  , ■ then either:. M-+1 T r I M- ■ '

(i) for some j between I and |_i,. v . (x) is bounded, 

away from 0 for all x in J; or:

(ii) for some j between t +1 and n, v. (2c) must be '. ■ '. 
greater than 0 for all x in J. . ...

We then proceed as above to show that J is not.dense in'

D/a. If J = Pn P  ... P  P , .then Pn P  ... P  P c J and :• - I1 x T ,
P1 P ... P  P® 'is' the minimal dense ideal in. D/a.

• (End of the Corollary to

. • Theorem 2.5)



CHAPTER III

As in the previous chapter, D is a semi-local Priifer

domain with maximal ideals P^,...,P , 0 is a homomorphism
of D with kernel Q = O  Q^, an irred.und.ant primary
decomposition where P . = Ve-X  and D/q - = Q (D/e).

J v J Q jL
Earlier we considered, four cases for G ., as to 

whether or not it possesses a rank one subgroup. In light 

of Theorem 2,.5j we return to these cases, relating them 

to dense ideals for. the purpose of investigating Q1 (D/q ).

Cases la and lb: Q . = P . = {x e D|.v.(x) > 0} ; by
J J  J

Theorem 2.5, P® is not dense in D/q . 'J
Case 2: 'H. s Z; by Theorem 2.5, Pj is not dense in 

D/q .

Case 3: Hj ^ Z  and 0 j = Cx 6 D ! vj(x ) > rj} i ^y
Theorem 2.5, P® is not dense in D/q .

J

- Case 4':. H . Z and. Q . = {x e D|v.(x) r .} ; by ■
J J J J

Theorem 2.5, Pj is dense in D/Q.

In what will follow concerning the complete quotient

ring of D/q , we are interested, in the order group G . if
J

P® is dense in D/q . •
J
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By the Corollary to Theorem 2.5., P® Pi . Pl Pe is theX T
minimal' dense ideal in D/a. ' Letting A = Pn P  ... P  P .X T
we have Ae = P® P  ... P  P^. Then, recall the following 

classification of the g 's, k = l,...,n:.

(a) For k = I,...,T a A fc- = {x e D|v^(x) ^  rfc,- rfc / 0,
r^ e R}': case 4 primaries corresponding to

prime ideals in the dense ideal A®.

(b) For k = t +1, .. = ,6, Qk = {x e D| vk (x) > rfc,

rk ^ 0, rfc e r] : case 3 primaries.

(c) For k = 0+1,. c. ,y, Q fc = {x e D|yk (x) > rk,

, rk >_ 2, vk (x), rk e Z} : case 2 primaries where

Hk s z -

■ (d) For k = 7+1,... ,n, Q k = {x e' D| vk(x) > 0' = rj 

= Pk :. case I primaries.

If x e D, let x be the image of x under the canonical 

map D -> D/a .

Lemma 3.1: Let Q ■= P  ... P  Q^, with D given as before.

If x,x' / Qk and if 5c = X r in D/q , then vk (x) = vk(xr ), 

k fixed.

Proof: If x,x' . / Qk, then 55,5?" / 0 in D/q . Then, for
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x = x ' 5 we have x '+Q = x' + Q, or 

x - X 1 e Q = Q1 O  - 6n So:

If k is one of or 0+l3...3-y3 then x - x 1 e S C g ^
implies that v^(x-x') >_ r^.

I f k i s  one of T+l3...,8 or 7+!,.e.3n3 "then 

X - X 1 e 6 C implies that v^(x-x') > r. .

Hence3 v^(x-x') rfc for all k. ■

If Vfc(X) £ Vk (X1)3 then both vk (x) >_ rk and 

Vk(x') > since vk(x-x') = min{vk(x)3vk(x')) rk.
But then3 both x and x' are in Qk3 a contradiction. There­

fore, vk (x) = Vk (Xt)" for fixed k.

(End of Lemma 3.1)

Now3 if f e Q (D/Q )3 then domf is a dense ideal in D/a. 

Since Ae = P® O  „. . Pl is the minimal dense ideal in D/a3

domf 2 A e for arbitrary f in D/a.

Theorem 3.2: Let f e Q,(D/a) be given. For

x e domf 2 Ae3 let y = fx3 where y is a preimage of y.

Then3 if there is a k3. I k <̂_ n 3 such that vk(y) < vk(x) 

we must have x e Qk « • ' ̂
5
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Proof: First, if k is one of 7+1,...,n, then

<$k = { z e Dlvfc(Z) > 0) . Let vk (y) < Vfc(X) for k one of 
7+1,...,n. Then, since y e  D, vfc(y) 0, and vfc(y) < vfc(x) 
implies that vfc(x) > 0. But, this means that x e <2fc.

Next, suppose that k. is one of I, ...,7. Then, if 

vfc(y) < vfc(x), we have that x e (y) in Dp ,' and, hence,

there is an element h, e Dp such that x = b, y, since Dp
K K pk

is a valuation demain. And, vfc(x) = vfc(hfcy) = Vfc(Dfc) +

vfc(y), so that vfc(y) < vfc(x) implies that Vfc(Dfc) > 0 .  By

the approximation theorem. Theorem 2.4, there is an

element D 1 in (D) such that

vfc(D') = Vfc(Dfc) > 0
<
V^ (b') > 0, j = l,...,n, j ^ k;

and, D ' e D. Now, for.j = I,..0,7 (including the fixed k),

Q . ^ P., and there exists a positive integer q. such that 
J J J

q . » v.(D') > r ., since v.(D') > 0. Therefore,.
J J  U J

qn. Q1
v . (b1 J) > r ., and D 1 J e Q .. For j = 7+1,... ,n, a. = P.,

J J '  J J J

and V-(Dt) > 0 implies that D ' e a .. Let 
J J

M - max(qfc,...,q^). Then, D 1̂ e  aj for all j = l,...,n.
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or b'M e e = Q1 H  ... n  Qn . So, b ,M = 0 I 

Vj. (b') > 0 for j = I,. e. yr , b ' € A and 

E r e A e C domf. Therefore, b ,M g domf and

0 = fM 0

= fM b ,M

= (f

hence, f F r is nilpotent in D /a .

Since v^(b') = v^(b^), there is a unit ufc in Dp 

such.that b^ = u^b', where Ufc = a^/p 

Then, x/y = b^ = (ak/pfc) • b' in Dp ,

k " "k" ' "k - "k/Pk* e D\Pk.

or: = (%kb'y in D. Therefore, in D/e,

ELX = F F T  y

akb ' f x

= x akfb',

since Fr e Ae c domf.
Hence, F  = p^™1 F  F ^ F r

= F  ak (fFr)M = F,

since (fFr)M = O and F x  = x F f F r.
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Therefore, we have shown x = 0 and, hence, 

x 6 ek* ^ince P fc e D\P^, we have that / P® and

^k ^ Pk (Pk being .prime in D/a). But, then, x g a^, 

since Q® is P®-primary. Therefore, X e  afc, as was to be 

shown.

(End of Theorem 3.2)

Equivalently, if there is a k, I < k < n, and there 

is an element x / a w h e r e  x e domf, then 

v^(y) >_ vk (x), where y = fx.
Corollary to Theorem 3.24 Let f e Q (D/a) be given. Then, 

for each k from I to y, there exists an element x^ e domf 

such that vk (yfe) >_ vk (xk), where yk = fx̂ ..

Proof: Fix k between I and y. Suppose that for all

elements x in domf, we have that vk (y) < vk(x), where 

y = fx. Then, by Theorem .3.2, x e ak for all x in domf. 
Therefore, Ae = P® H  ... H  Pj C domf C or, 

equivalently , A = P^ Pl .o. Pi P̂  C @k . We will now show

that A C Qk implies that ak must equal Pfc. Assume the

contrary: ak ^  Pk. Then, by the approximation theorem.
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there is an element c e Q .(D) such that: 

fO < v^(c) <

[Vj(C) > O5 j ^ k .

Hence5 c e P-̂ Pl ... Pl Pf 5 but c / S^ 5 a contradiction to 
P1 P  ... P  Prr C Q^. So5 = Pfc. But this5 in turn5 
contradicts the condition that for k = I5 ...,7 we have

Ĉ  Thus5 for our fixed k5 there must exist an
element Xfc e dom'f such that vfc(yfc) v^(x.)5 where

yk = fxk'
(End of the Corollary)

Note: For k =y+l 5 (,..5n5 if v^(x^) = O5 then5 automatical
ly, v,.(yk) > Vk(Xk), where yk fxk .

Theorem 3«3: Let x5 x* e domf 2 Ae5 where y = fx and

y^ = fx*5 and. where y and y* are respective preimages of 

y and y* under the map D -> D/q . Then5 if there exists a 

k5 I < k, < n 5. such that x 5 x*5 y 5 y* / Q^5 we must have 

Vk(y*) - v.(x*) = vu(y) - v^(x). That is5 the difference 

Vfc(y) - vk (x) is invariant for all pairs <(x5y> associated 

with f5 where x 5y ^ g,.

Proof: For x 5x* / Q^5 Theorem 3.2 implies that

v^(y) > Vfc(X) and v^(y*) > v^(x*) for fixed k5 I < k < n.
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Therefore, v^(y) - v%(x) > 0 and v^(y*) - v^(x*) > 0 for
the fixed k. If k lies between I and 7, .we may assume . 
without loss of generality that Vfc(x) < v.(x*) and ' ' 
x* e x Dp . Therefore, there exists c. e Dp such that

x* = cfcx. And: v^Cc^) >̂. .0. By the approximation theorem 
there exists c' e (D) such that:

"vfc(c) = vfc(cfc) ;>. 0
<
Vj (c') 0, j = I,... ,n, j ^ k.

And, c' e D. Now, since Vfc(Ct) = vfc(cfc), there exists a 

unit ufc in Dp such that cfc = UfcC t, where ufc = a fc/pfc for

a k’ p k e DX pk-

So, x*/x = cfc = (a fc/Pfc)c 1 in Dp , and P fcx* = U fcXct
• . k.

in 'D. Then,. since Pfc e D/($ and x* e domf, we have that

P fc x* e domf. Similarly, since U fc'c1" e D/($ and

x e domf, we have that U fcX c t e domf. 'But,

P fcx* = U fcXct . Hence, fp"fc5c* = fufcx F r, and F fcN* = .UfcF r y.

Since, for the fixed k, p fcy* ^ Qfc and 

UfcC y  i afc, we have vfc(pfcy*) = vfc(ufcc ty)by Lemma 3.1; hence

^k(Pk) + VfcCy*) = Vfc(Ufc) + Vfc(Ct) + Vfc(y).

But, Vfc(Pfc) = 0 and vfc(ufc) = O 0 Therefore,
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. V y*) = V c') + vk(y) .
= vk(ck) + vk(y)

= V cKy)-
So, vk(x») + vk (y) = vk(x*y)

= Vk(OkXy)

= vK(x) + vK(cKy)
= vk(x) + vk(y*).

Hence, vfc(y*) vk(x*) = Vfc(y) - vfc(x), k between I and 7 , 
and the v^-difference for f is invariant for all 
3c, 5c* e domf \ 6 ® for which we also have y, y* / q ®, k 
between I and 7 .

For k between 7+1 and n, if x, x* 4 ($k, then 
vk(x) = 0 and vk(x*) = 0. But, by hypothesis, y, y* 4 #k 
and, therefore, vk(y) = 0 and v. (y*) = 0. Hence, 
vk(y*) - vfc(x*) = 0 = v.(y) - v.(x) for k between 7+1 and 
n.

/

Therefore, letting the v^-difference vk(y) - vk(x) be 
represented by vfc[f], we have that Vfc[f] is invariant for 
all pairs <(3c,y)> associated with f, where x, y gf' g .

(End of Theorem 3.3)
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We come now to a fundamental theorem characterizing 

all elements in Q(DzZti)« Later, we will get a sharper 

result, one stating a necessary and sufficient condition 
for an element to be in Q(D/ti)o

Theorem 3.4: Let f e Q(DzZti), where tî., ti, and D are
given as before. Then, there is a positive integer N, 

elements a and c^ in D, and a sequence of elements

<(bj)» in D such that:
_ j-i ______
fx = (n J=N ) cNa where vfc(x ) > 1Z1 

f or k = L, . o o ,T c

Proof: Let f ̂  O' be an element in Q (D/ti), Pick a positive

integer W such that 1/W < min (r }. Pick a sequence
k=l,. 0. ,T

< ^ > i>w in D/ti such that 0 < Vfc(Xg) < l/g and

vk(xi+l) < vk(xi ) for k = and vfc (x^) = 0 for

k = i + 1 n . This is possible, using the approximation 

theorem, since H^,...,H. are not discrete (the latter by 

Theorem 2„5). Further, for' ;>_ W, let y = fx , where y
Xj Xj  Xj

is a preimage of y^ under the map D D Z t i . Note that by 

our choice of valuations, x. X tifc for  ̂>_ W and

n.k = I5 • ° • 5



Lemma 3.5: Let c and. d be elements' of D, where c" ^ 0 In '
D/a,, such that vk (c) < v (d) for.k = l,.„.,n. Then, 

there Is an element s in D for which d = sc.

Proof of Lemma 3.5: Since vk (c) < v.(d) for k = I,„„„,n, 
d e (c) in Dp .- Therefore, there exists s, e Dp such'

that d = s^c, where vk (s.) >_ 0, k = I,.... ,n. Let g / h be
two arbitrary'subscripts taken from I through n. Since

SgC = d = S^c in Qc^(D), we have that (Sg-8^)0 = 0. Then,
c / 0  in D/a implies that c / 0 in D„ Therefore, Sg-s^

must be 0, or s. = s^. Since g and h are arbitrary,

= .=. - S ^  for s^ e Dp J call this common element s,
k

Then, s e  Dp O  „0. Dp = D  and d = sc in D.
I ^n

(End of Lemma 3.5)

Lemma 3.6: Let ^ be given as above. Then, since

f 0, there is a positive integer M such that for each

i >_ M, there must exist a k, dependent on £ , I <_ k <_ n,
,— . osuch that fXg / ak «

Proof of Lemma 3.6: Assume the contrary: for all positive

integers M there are an infinite number of subscripts 

I > M such that fxf = 0 for all k = l,...,n. Then for an 

arbitrary positive integer M and for arbitrary

49
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x 6 domf,, Vĵ (X) > 0 for k = l5.../r. Therefore, pick 

i > M such that Vfc(x) > l/i for k = I,...,?, and where 

= "0 (the latter by hypothesis) . Then, by choice of 
the elements in we have

vk (x) > l/i > 1/j > Vk (Xj) for k = and j >_ i. ■ For

k = T+l,...,n, vk (x) > 0 = vk(Xj). Applying Lemma 3.5, 

there is an element s. in D such that x = s.x..

■ • Since fx. = 0 for some j >_ i, by assumption, 

fx = fs.x. = s. o fx. = O 0 Then, since x is arbitrary, 

f =  0, a contradiction.

(End of Lemma 3.6)

.We are now able to show a relationship between f 

and successive elements in the sequence <(Xg)>̂

Lemma 3«?: If y^ / @k for a fixed k, I <̂_ k n, then we

must have y^+1 / Qfc.

Proof of Lemma 3.7: By construction of

vk^x^+l^ < vk(x».) for k = 1,..0,t , and

Vk (X^i) = O  = vk (x.) for k = t +1, ... ,n. Therefore, by

Lemma-3.5, there exists s. in D such that

x^ = ŝ  • X ^ in D 0 Suppose that y^+1 e Sk for a fixed
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fc. Then:

1S  = fiisi+i “ S  +i e «k»

since fx^+1 = 7g+1 e a® by assumption. So, y. e Sfc, a

contradiction. Hence, if y. / a^, we must have that 

y^+l / Sfc, k fixed.

(End of Lemma 3=7)

Corollary to Lemma 3 = 7: If yt <t Qfc for a fixed k, then

ym ^ 6k for a11 m  ̂°

For a given k, 1<( k<[_ n, we may have the following 

conditions arise, where fx̂ , = y^ , still referring to the

sequence .

(ia) y. / for all I >_ W=- .

(ib) There exists a positive integer Mfe, > W, 

such that Y1J-• ° ̂ y^-iL e Qfc,. but y ^  / (Sfe.

(ii) y^ e Qk for all £ ^  W 0

For condition (lb), the Corollary to Lemma 3=7 guarantees 

that if there is a positive integer for which '

yMfe ^ aK3 then ym ^ Qk for a11 m k. k fixed.
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. Let N* = max (Mk5W) .

' l<k<n K

Then5 for a fixed k5 I < k < n 5 one of two'conditions' 

must hold regarding where = fx 5 either:

(i) y_g i S^5 and thus y 4 a^  for all  ̂>_ W*j 

or
(ii) Ijli e Q^5 and. thus y e q ®5 for all H ^  N*.

Since f O 5 condition (i) must hold for at least one k. 

Further5 for each & ^  N*5 x / Qfc5 k = I5...5n 5 since 

N* ^  W.

If k lies between I and r 5 without loss of generality 

we will let condition (i) hold for k = I5 „ e 5s 5 and we 

will let condition (ii) hold for k = 5+I5»„./r.

Then5 let j£ = { k | l < k < ^ n 5 k satisfies condition 

.(i)}5 and let-911= (k|l<[ k<( n5 k satisfies condition (ii)} . 

Hence5 {I5 <... 5d) £ £  and (5+I5-... 5t ) c 9E .

By Theorem 3.3, for k e £ we have that 

vk(yi+l) - vk<xi+l) “ vIc(Sri ) - Vk(Xi ) = VkEf] < rk for all 
i >. H*; that is5 the v^.-difference v̂ .[f ] is invariant for • 
all £ 2. N*o ' '
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We are now able to. say how large we want N to be 

(see the statement of Theorem 3.4). Let Y be a positive 
integer such that

f Il/Y < min <min {r, - v, [f.]j , min {.rv} > 
l£kgr |ke£ . kem K

and then let .N = max {N*,Y} .
l^k&n

Upon picking the sequence we fixed the

elements x^ in D5 x^ in D/s 5 and. y. in D/s. For k e <£5 

the Yg's are bound by Theorem-3.3 to satisfy the v^-dif- 

ference property. But5 for kg 31% the y^'s are not fixed 

at this point. That Is5 for k e SHl5 we may replace y\ by, 

yj provided, that yj = y^ = fx^ . . So5 for k e 9%, we will 

use an inductive argument to show that the y\ 's may be 

chosen such that both

w -  vk(^+i) - vk(xi+i) > vU y e) - vk(xD j

and

(2) M̂ +s).- vk(xj+a) - (Tk(y<+i) - vk(x<+i))
> - V 3W  - (vk(y<) - V xD

where y\ = fx^ for all I ;>_ N. That is5 not only do we . 

want the successive v^-differences to be Iarger5 but we 

also want each difference to exceed the preceding one by
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by an ever increasing amount. Thus, letting 

vIc (ŷ  ) - Vk ) = dg, we want both d^+1 > d and

+2 - +1 ̂  S + l  - for  ̂ Note: (2) may be

rewritten in the form:

t2 ') V W  > 2V W  - W  + vk(x<+2 )

- 2vk(xj+l).+ vk(xj)-

Now, let yjj = y^. Suppose for N <  ̂ < L and for 

k G 9H we have chosen yj such that:

(3) (I) V y j ) > V W

(ii) V yJ )■> 2vk(yj-l) ’ vk(yi-2) + V x6)
- 2vk(x^-i) + V x eV ;  .

(iii) = yj-

Note: The second part of the assumption only applies
when  ̂^  N + 2.

To show that there is an element y£ which satisfies 

conditions (3), we will need to use the approximation 

theorem to guarantee the existence of certain elements, z 

.and z* such that z + z ’ is a unit. However, without 

additional work this cannot be done now, since it is 

possible for j, j ' e 3K that some proper prime ideal of
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Dp coincides with a proper prime ideal of D, That is,

v . and v., are dependent valuations.
O J

Let = y for convenience of notation. Then5 by-
definition of %  y  e P . for all j e 9R. Define:

P j-p j — Pĵ  for i e

P
CJ ] Pl P for j e 3% where P is a prime 

PCPj
ye P ideal in D.

Since D is a Prufer domain,.Dp is a valuation domain for
J

each j e 9U by Theorem 1.1. Hence, by Definition 1.5, the 

ideals in Dp are linearly ordered, and, by the one-to-one
J -

order preserving correspondence of Lemma 2.2, the prime 

ideals P defining Pj-jj are linearly ordered. Then, it 

follows immediately that Pj-jj is a prime ideal of D 

containing y. We then form the localization Dp for
• - m

j e SR, and Dd C Dd since P r . C P - For i e JE,
pj  . p CJ ] LJ] J

[i]
Note that if some proper prime ideal of Dp

containing y is also a prime ideal of .Dd , j ^j ' ,  then

p m  _ P [p ] and d P cj1 D
P[j ' I
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By Theorem 1.2, let v ^ j  be the valuation' on Qp  ̂(D) 

. Theri
m

determined, by Dp . Therefore, if Dp - _p
hg

= Dy for
[ J]  p CJ1] .

J y J ' e 311, the valuation v^. j  is identical to the valuation 

As in Chapter II, we let Gj-jj be the valuation

n'group corresponding to Vp.n. Next, let D' =
J k=l,..0,n ^ [k]

Since D C D*, D ’ is a Prufer domain. By Lemma 2.2, D' is a

semi-local domain with maximal ideals Pj-^D1, k = !,...,n.

Further, P ^ y D 1 = P ^ 1-jD1 if and only if P ^ y  = Pj-^l j.

Hence, for j, j ' e 9% P^. ̂ D1 = P̂ .', ̂ D1 if and only if

P j-j -j = Pj-j , j, but, for i, i' e £, P^-jD’ ^ P^p , yD' since

P [i] ^ p [i» ]• Since y e P^. ̂ C p . ̂ Dp , we have , that
C j  ]

V [j] ^ 0 for aP1 j e %

We then claim that, for each k from I to n, either 

Vj.k -j(y) = 0 or there is a rank one ordered, subgroup H ^ ^

.of such that V rk1 (y) e H rkl. Let[k] W

H [k] = (b e there is a positive integer q

such that h < q • v [-k j (y)3 s
where v j-k j(y) > 0. Then, H j-̂ -j is an isolated subgroup of
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G [k] containing (y), and ^ 0 for k 6 3E since
V|-k]'(y) > 0 for k e 9R» Assume that H rirl is not .of rank[k]
one. Then, there is an isolated subgroup Hftl of G rtl,Lk J L kJ
where 0 p  p  H ^ y  And, (y) / h^ ] *  ' By Theorem-

5.17, p. Ill, Larsen and McCarthy [5], there is a one-to- 

one order reversing correspondence between isolated sub-

. There-groups of Gj-̂ j and proper prime ideals of Dp 

fore, we have .

B ' 5  p M 1V 1 5  Dh k ]

[k]

I
' HTk] ?  °»

where B' = {c e Dp lv [k](c) / Hfk]^ is & prime ideal in
[k]

D13 . Then, y e B 1 since v rtl(y) / Hftl. By Lemma 2.2, .
r [k] LKJ- LKJ

there is a prime ideal B of D such that B = B' Pi D. And 

B “p But then, since y e D and y e  B', it follows

that y e B ̂  P ^ y  a contradiction to the definition of

P|-k j. Therefore, H j-̂ -j is a rank one ordered subgroup of

Gj-^y As in Chapter II, H j-^j is isomorphic to an additive

subgroup of the real numbers.
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Now, since we are seeking an element y ' thati-J

satisfies conditions (3), it suffices to show that such 
an element satisfies the inequality

vfc(yy > 2 . vk (y£_1) for each j e 91L This is. true be­
cause

2vk<yL-i) - V y f s )  + vk(xL ) - Svk(xL - i ) . ■

+ vk<xL-2)

= 2V s rL-I) - ( W a )  - vk(xL-a))

- '(Sk(xL-I) - ^k(xL)) - Sk(xL-I)

< 2Sfc(SrL-I) * *

For v rkl (y) > 0, by definition of , there are[k]
elements z in Dp such that v rkl(z) > 2vrkl(y).[̂k] Lk-I Lk-J
particular, this is true for k e 31L So, define

[k]

QkD 1 if k e

{z e D' I v^](z) > 2v^j(y) .

If P [J]

= 2v[k ] (yL-I^j lf k-e m.

Pj-J1-J for j, j ' e 91L, then Vj-j -j is identical to

v Cd' ] [j] Cj-jj j* So, let C j-. - j C|-k j be theand C
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distinct sets defined, above 

if k .. Then, for k^ /

0 Cfc1 ] + c Ckj I = D '-

By definition, either

C j - { z £ D1|v

^[k-] ^ C[k.] lf and only
k . we will show that

or

■ c Cfc1 ] “ {z 6 “ 'iv Cfc1 ](z) >

co. not infinite, and either 
I •

c [k .] = fz 6 D 'iv [fc.](z) > m k.)l J j l J , J
or

c[k ] = {z e D M v [k ](z) > Ok n 
J J J

co not infinite. We will consider .k_*

c Cfc1 ] = (z 6 D,|v[k1 ](z)

and

c [k.] = fz 6 D ’lv[lt ](z) > m ki)
J I J '

(proofs for the other cases are analogous).
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Since H ^ ^  is a rank one subgroup of G ^ ^  for all 

k = I3..„^n5 by-the approximation theorem there are
e laments z, Z 1 in D 1 such that.

v [k1 ](z) > m k,5 v C k U (zJ
) = o,

V

v Ikw I(z)> 0 for
<

v Ck1 Icz') = 0, ) > ™ kj, ■ kw ^ h A j

< v Ikw Icz') =:°

Then, z e 0 Ck1 I5 z ' e Cj-Jc j, and:

v [k1 ](z+z') = mint V 1̂ 1(z), v [ki ](z ')3 = 0J

since 0 = v Ck1 Icz') < v Iki ](%); .

v [k.]<z+z''J
) = min{ Vj-̂  ̂ 0 ); v [kj] (Z')] = 'o, ■

4 since 0 = v Ckj Icz) < v Ckji (%');

vIkw ](Z+Z') = min{ Vr,L’ W j(Z)’' X ] (z1)) = 0,

.since 0 = v I V cz') < v Ikw ](z)

for 1S, k-jj, k^ o
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Therefore, z + z 1 is a unit in D 1. But, 
z +-Z1 e C[k.] + C [k .]3 hence  ̂ c[k.] + C[k. ] “ D ' for J I #1
v y  kr

Next, let fx-̂  = S7Jj ^or e D. We 'will show that

may he replaced by y£,- where y£ satisfies conditions (3)„

Define z^ for k^ = k^,...,km as follows: 
i

V l if k. e £

0 if k. e 911 .i

Since - -j = D' for k^ ^ kj, and since the
i d

Chinese Remainder Theorem is equivalent to D 1 being a 

Prufer domain (pp. 307-10, Gilmer [3]), in D' we can 

solve the system of congruences

IyL =  V c Ck1 R
for y^.

For k_ e SM, Zfĉ = 0 and v [k. ] (zk. ) ~ 00' Hence, 

zK1 5 cCk1] and H =  zk1(C[k1]) lm»ly that yL 6
Therefore,
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(4) v Ck1 J(yL) > 2 • v [k1 ](y£-i) for ki E ^

by definition of C r, . ■LK1 J

Nowj for j e SE, V j-j ̂ can be written as a composite 

of valuations, since we have the following:

Here, gj is a group homomorphism from ct to .G^.-j <, Hence, 

V j-j -j = gj o Vj for each j e 91L

By (̂ f) 5 v [k. ] 2v[k. ] ̂ yL-l^ ^or ^i 6

would like to show that v̂ . (y£) > 2v^^ • Suppose not

(yp < a v ^ t y ^ )  =

Then,

Sk1 K 1 (yL)) K k 1 K 1 (yLU))'

v Ck1J(yL) < yCk1J(yL-I) .=■ 2 - y[k..](yL-l)' .i J L i

a contradiction. Therefore,
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(y-f.) > 2vIs1 (yL-I) for ki e

kI < kI I  k^'

If k e 9% where k ^ k^, such that P [k] p Ck1 P  then

'v[k] ls Identical to v[k_ j and v[k^ ( y y  > 2v[k
implies that

. v [k](yf.) ^ Sv[k](yi-i)
or

V yL ^ 2V yL-I)-

Hence, v^Cyfj) ^ 2vk(yL-l) for a -̂*- k e 9% Now we must show 
that y£ is in D 0 For k e 9H, vk.(y£) > 2v^(y^_^) > 0, and, 

for k s £, vk (yy = v ^ ^ y ^ )  > 0, Thus, vk (y£) > 0 for

all k = l,...,n, and y£ s D. Then, for all k e 9% since

Vk Cyfj) > 2vJsCyfj j) 5 we have shown that there is an element

y-t in D such that

vk(yi) > vk(yL-i)

(5) V yP  >  Svk<yL-l) - vk(yL-a) + vk(xL>

- 2yk(xL-l) + vk<xL-2)-V.
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.To complete the induction step, we must show that 

yj = fxL = yL . For k e y £ =  yL (Gj.fc-j),' where yL = 

and = AfeD 1. Hence, y^ - yL e SfeD 1 for k e £. For

k e 911, y £ =  5 w^ore SfeD 1 2 ^[k]* Therefore,

yL e C[k] - QkD '  ̂ but, yL e Sfe C SfeD 1 by the definition of 
So, y£ - y^ e SfeD 1 for k e 91L - We thus have

yL “ yL 6 aIn ' n  - • • n  SnD' = SD1 . But, y£ - y'L e D ' 
since y-̂ , yL e D; hence y£ - yL e SD' Pi D = s . Therefore, 
yj - yL = O in D/S, or yj~ = y^.

Since each y„ for £ N may be replaced by y' such

that conditions (3) are satisfied, to simplify subsequent

work we shall assume that the y 's already satisfy
£

conditions (3).

So, for k e 911 and for all I >_ N, we have

Xk(^+i) > vk ( ^ )
and

\ ( y I+s) > 2\(yj,+1) - \(yji) + yk (x£+2) .

- 2V 3W  + vk(x< ) •
But, Vfe( X ^ 1) < vfe(x.) for all k e 911, so that '

" ^ ( ^ + l )  "^k(Xg). Hence,
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(6) V yi) " vk(^) < V W  - yt(x«+i) ■

for k e 9K and for all i > N. This is the first of two 

results "which w e ' wished to show for k e 91L

Combining (6) with what we have previously shown for 
k e we get:

(7) M ye).- vk(xP  < - vk(^+i)

for all k = I,...,n.

Nexty if k e' 3%, then

vk(yj+2) > 2V W  - V yP  + V W

- 2V 3W + W

implies that

(8) V W  - V k ( X ^ 2 ) - (vk (y<+1) - V xi+l)) >
vk(yj+i) - V 5W  - ( W  - vk<xh)

for all  ̂>_ N. This is the second of the two desired 

results for k e 91L

For each k e JBj the difference 

VfcCy^) - vk (x^) = vk [f] is independent of I, £ ^  N j by 

■ Theorem 3.3. By the approximation .theorem, there is an
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element a in D .such that: ‘

'vk (a) = vfe[f], k e £
<
yk (a) = 0, k e 911 .

Let be a fixed element in the sequence ^ > and let
Yg = fx ■ in D/e, as above.

For k e £, vk(yi) - Vfe(Xi ) = vfe[f] = vfe(a).,. and
vk(yj)r vkV) + Vfe(Xi) = Vfe(SXi). For
k e (6+1, - • .5t ) S 9% Vfe(Xi ) < 1/0 and vjs.(y£ ) - vk (x.) >i .
rk “ > 0 = vk(a) (by choice of N). For all other .

k e 9% since vk (a) .= 0, vk(x.) = 0, and vk(y.) >. 'O5 we 
have 0 < Vfe(Te) - Vfe(Xj) = Vfe(Ti) - vfe(a) - Vfe(Xf)

v  = vk( ^ ) - v^ axe )-

Hence5 \ ( y £ ) > vk(ax.) for all k e 91L

Then5 since \ ( y £ ) 2. vk (ax ) for all k = I5... 5n5 

by Lemma 3*5 there is an element c. in D such that •• 

y£ = cj ax^ . Since y. e @k and vk (a) = 0 for 

k o {s+l5. o. 5t j C 911, we have

(9) ^k(^) " ^"k(^) + ^k(^) ^k ^  ^  -8 N-
For all other k e 9E, vk (a) = 0" and vk (x ) = O5 so that
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Vfe(Tg) = vk (cg), and hence y ^ e  Sfc implies that

(io X

Vk (Ti ) = Vk (Ci ) > rfc for k = e+l,...,7 and 
for all £ ;>_ N;

Vk (Ti ) = Vk (Ci ) > rk for k = T+l,...,e or

x k = .7+1, . o. ,n and. for all  ̂>_ N.
Note that Vfc(Ci ) = 0 for k e £  since Vfc(Ti ) = vfc(ax ) ̂ and. 

that Vfc(Cg) > 0 for k.e 311 since vfc(yi ) > vfc(ax.).
Now, for each i > N, we have:

(11) y, = ^axi and yi+1 = c ^ a x ^ .

Since VfcCyg).- Vfc(Xj) <  vfc(yJ+1) - Vfc(Xjti) for all k, 
I ^  k ^  n,. we have.

vk<ch  = - vIcCa) - vk(x«>

vk(yf+l) - vk(a) - vk(xf+l) = vk'(cj+l)-

Therefore, by Lemma 3.5, there is an element "b in D such 

that:

(!S) ^ c j = Cgti.

For k e £, Vfc(Cg) = vfc(ci+1) = 0 and Vfc(Lg) = 0. For 

k e Sfl9 by line (6), Vfc(Cg) < vfc(ci+1) and vfc(bg) > 0; and, 

for k e 91̂  by line (8), .vfc(bi+1) > vfc(bg) for all i >_ N.
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Then,, cN + 1 Cy^  bN+lcN+l “ ^ + I bNcK5 and^
in general5

cZ = (%j=N bJ^cN 5 £ > N *

For arbitrary x e domf 2 Ae 5 we are now able to 
obtain an expression for fx. Pick i >_ N such that 
vfc(x) > l/i for k = I, ,T. Then Vfc(x) > 1/i > Vy(X1) 
for k = I,... ,T and v. (x) Vy(X1) = 0 for k = T+l3 .. . 5n. 
Hence, by Lemma 3°5j there is an element S1 in D such 
that x =  sj[xi*

So, fx = fs".x. = s’. . fx.5 i i  i i

- =X •

= "S1 « c.a X1 : line (1 1 )

- =1(4:« v  v
(13) ■ fx = (4:« ) v 5
since X = K, X. . Note: If i = N, then fx = c"ya x

(End of Theorem 3.4)

The foregoing proof contains some results which are 

hot claimed in the statement of Theorem 3.4. Thus, an 

attempt at a converse of Theorem 3.4 will require a '
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refinement of the statement of the theorem.

In Lemma 3.7, we have shown that for all I >_ N 
there exists ŝ  e D such that X̂  = ŝ  • Therefore
for the fixed f in Q(D/a), we have for all i > N:

c^a Xg = : line (1 1 )

= Sg . IXj+i

= Sg - Fg+i
i

= L  • L + i ®  L +i: llne (H)

“ 9 + i s 9 : xj = 8e • Xi + r

Hence3 c^a Xg = F g^ a  Xg for  ̂ N 3 or ('Cg+n-^g )a Xg = 

Thus3 (c£ +j_~c£ )aXg e Q = Q1 Pl .. „ Pl a 3 and:

vk(c<+i-c9  ^  rk - vk(a) - vk<xh

for k. = l3...3x or k = e+l3 . . .

vk(ci+i-c9  > rk - vk(;a) - vk<x9

for k = T+I3 ... se or k = 7 +l3... 3nt
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Now, for k'e (!,...,g) S &, < lA  a.nd

vk(cj+x"cO  5x rk - vk<a) - vk(x̂ ) > rk - V fI - 1A  > P 
for all I >_ N, by definition of N. For 

k £ C d "tl 3 •»• } £ 3K} v̂ .( I/$ , v̂ . (a) = 0, and

Y^ cjl+±~c  ̂) rJt " V i  > 0 for all i ;>_ N, by definition of ■ 

N. For k e {t +I, ... 37} O  £3 vii(x<g) = 0 and. 
vk(a) = vk [f] < rk3 so that

Vk<^+1-CF  r  rk - vk<a) - Vfe(Xi) = rk - Tfe(a) > 0 for all ' 
i >_ N. For k G {t +I, 0.. 37} Pl 911 3 Vk(x.) = 0 and vk(a) = Oj 
hence3 ^k(Cm -Cg) > rfc > 0 for all i > N. Finally, for 

k G {7+I3 • • • Sn) 3 vk(xg) = 0, vk(a) = 0, and rk '= O5 so that

> rk.- vk(a) - Vk(Xg) = 0 for all i ^  N.

Therefore:

(V) Vk (C i-Cg) > 0 for all i >_ N and k = l,...,n.

Now,. for all i >_ N, let â  = b - I. By (12), we
have that b.Cj, = +1. Therefore,

*tci

1 O = Oi+1 - Ci, and CiOi - Ci(I)i - !) = î+1 ~ Cg -

For k s Vk(Cg) = 0 and vk(Cg_^-Cg) = yk(Cg(bg - I))

= vk(a^). Thus, for k g £, by (V),. we have vk(a.) > .0 
for all i > N.
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For k e 3% 'v^(b^) > 0 and Vfc(Og) = vfc(bf - I) = 0, 

since vfc(-l) = 0 .

Let f e Q(D/a). Then, for arbitrary x e domf 2 Ae 

such that vfc(x) > l/i for i ;> N and k = I,. =. /r , where 

0 and 31% are partitions of {.1,. 0. ,n), where'

I 6 T , where t < 0 < 7 < n if. e and 7 exist, where a, 

C^ e. D, and using (9) and (10), we have the following 

alternate representation for (13):

(15) fx = n J=N (1+aj)V  x, 
where, for k' g <£,

VR (CN ) = 0 ,
for k e (I,...,5} C S 3

vfc(aj) > rfc - vfc(a) - l/j> 0, 

for k -e ju\ {I,... ,6) ,

vk(af  > rk - vk<a)’ 
for k e 31%,

■° < vk(1+af  < vk(1+aj+i)

.VlcCaj = 0,

k G { 6 +1,... ,T) c 91% ^

vfc(cN . nj“N (Itaj)) > T fc - 1/0 for all I ^  N,

for
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for k .e { 0+1 j „ ,7 } C 911 5

vk(cK * 11J-In  ̂ 1+aj ^  ^  rk f or ■a11  ̂ ^
and for k e '{t +I5,.. ,6} U  {7 +1 ,...^} C 3%

vk('cN ' 11J-In (1+aj)) > rk for a11 i N.
We now wish to show that anything of form (15) is an

element of Q (D/a).

(i) f is well-defined:

For s a positive integer5 if v.(x) > 1/i for i N
and k = I5... ,T5 then v.(x) > l/i+s. Hence5 we must ■
show that

n j"=N (^+aJ") cNa x = j"=N (^+aj*) cNa x * .

Let e — ̂ j=N (^aj")cNax ~ ĵ1=N (l+a^) ĉ .ax.
(a) For k e JB5

^k(G) = ^ ( 0%) + v%(a) + v^(x) +

■ vk (n^N - n J S '1 (1+aa')])

(16) = vk(cN) + vk(a) + vk(x) +

vk (n J = N ^ +aJ ̂  + vF 1̂ " n j=i (1+aj) ]-

For k e {l5...5a} Q &9 vk(ĉ ) = O and vk(a.) > 
rk “ vk(a) - 1ZJ > 0 £or J = N5...5i+s-le Hence5
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v^(n )) — v^(l) - 0. Thenj g - I - H ^(1+a .)J=i ■ x J

ai + 000 + ai+s~l + aI * ai+l + + ai e 0 e aH-S-Ie
Since vk (a.) > 0 for J = !,...,i+s-I,

^(S) > min { vk (a )} . Therefore5 there is
J=IjC jITS-I J

integer Wfcj 0 ^  w. S - I j  such that

■ V s )  > ^k(aI4-Wk) > rk - vk(a) - l/i+Wfe- -

Continuing from (IS)j for k e '{Ij...,5} C £,

-vk(e) = V a) + vk<x ) + ^kf1 - n J S " 1 T +aH

k  vk (a) + vk (x) + V a 1-Wk)

> V, (a) + 1/i + r. - vv (a) - l/i+w.

an

I  rfeJ since wfc ̂

Similarlyj for. k e £ \ {  IjeeejS), vk (e) > r,. Thereforej ' 
e e Pl QlrO

(Td) For k e 9% vk (n^ (I+aJ)) > °5 and hence 

vk [l - IIj 2 ™ 1 (1+aj) 3 = vk(1)' = 0e - Then5

^k(G) = ^k(CN) + ^k(a) + ^k(x)

+ vk(n J=N(1+aj)) + Vk ^  - n j=i™1(1+aj)]



= Vk(Cra)i + o + V k ( X )  +  Vk  (n J z J ( W a j ) )  +  O 

vk (x ) + vk (cra * n J=N(1^aJ))*
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Then, for k e { g +1, ... ,-r} C 3% ,

(x ) + (cN * jzzy ( ^ 4/i + rk “ i/-*- =

since we- are assuming the representation in (15). For 
k • = { 0+1, o.. ,7} £ 3E ,

vk(x ) + vk^cN ° n j" =N(^+aJ )) rk*

For k e {t +1, «.. ,0) U  {7+1,.,. ,n) C 911 ,

vk(x ) + vk^cN * n j=N(1+aj) > rk*

Therefore, e e Pl Q1 .
ke9H k

Combining (a) and (b), we get e e P  Q fc = Q
k=l,. 0 0,n

.Hence, e = 0 in D/q , or

^j=^(4t&j)c^a x - H (l+aj)cj(fa x F/q , or

nJ=N(I+aJ)cNa x = n J =n ""̂  (̂ +aJ ̂ ĉ Na x-> as was. to be
shown. Therefore, f is well-defined.

(11) Let Vfc(X1) > !/I1 and vk(x2) > I A 2 for all 
k = 1,...,t , where I1, 1*2 are positive integers,
I1, Ig >_ N, and where X1, X2 e domf D Ae. Let 
I = max(i1,i2}. Then:
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f (X1 + xg) ^  ̂cNa ^ l  + x2^

'= - i - 1

n J = K ^ +aJ ̂ cNa xI + n J = N ^ +aJ ̂ cNa x2

= fx^ + fXg.

Let V fc(X) > 1/i1 for all k = I,. .. 5t 5 where I' is a 
positive integer, i ' N, and where x e domf D Ae.' Let

z e D he' arbitrary. Then, vfc(z) >_ 0 for k = I,... ,T , and
v..(zx) = vfc(z) + Vfc-(X) > 1/1' for k = 1,...,T .

__   w  -j *    ___  
So: fz x = n . ,T (l+a.)c,Ta z xJ=InI x J z N-

= z e (1+aj)^Na ^

= Z  • f X.

By (i) and (ii), f e Q(D/q ).

Expanding upon Theorem 3.4, using the representation 

in (15), and letting d = a • c^, we may now'state the 

main theorem with a bit more clarity.• •

Theorem 3.8: Let D be a semi-local Prufer domain, let

Q , T , Pfc,- Qfc, and rfc, k = l,...,n, be given as in Chapter

II, and let Ae = Pe Pl ... Pi Pe0 Then, f is an element of

Q,(D/Q ) if and only if there is a positive integer N, sub-
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sets £> -4 0 and 311 of {I, «„. ,n} an integer 5 where 

I < 6 < T , integers e and 7 (if they exist) where 

T < S < 7 < n, an element d in D, and a sequence of ele 
ments D such that

fx = Hj^(ITaT) d x,

where x e domf 2 Ae, v, (x) > l/i 

for k = 15 0.. ,T , and where, 

for k e {I,...,5) C £,

- Vk(d) - 1/j > 0,

. for k e £ \ {  I,... ,5} ,

vk(aj) > rk -

for k e 3E,

0 < v^(l+&j) < Vk(l+aj+]_),

for k e (6+1,... 5t } C 311,

vk^cN ° ^ j=y( )  )• /■ “ 7/  ̂ for all  ̂ N,

for k e { 6+1,... ,7} C SR-,

■ vk^cN * j=]\[(̂ +aj)) s,ll ^ N,

and for k e (t +1, ... ,0} U  (7+1,... ,n}. C 3R , 

vk(cN 0 n J=N^ 1+aj ^  > rk for a11  ̂^  N -
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Little is known about conditions under which 

domf + ranf ■= domf for f e Q(R), where R is an arbitrary 

commutative ring. Lemma 1.5 shows that if domf C P 3 

where P is a minimal prime ideal in R 5 then 

domf + ranf C p. By the nature of the expression for fx 

in Theorem 3.S5 however, we can state the following:

Corollary to Theorem 3.8: For f e Q(D/a)5 we have

domf + ranf = domf C d/Q.

Proof: Let x be an arbitrary element of domf5 where • 

Vk (X) > 1/i for k = I5... 5t . Then since

IIj_^(l+aj)d e D/a and since domf is an ideal in D/a5 we 

have that
*i w~] __ __ _

[H T(l+a.)d]x = f x e domf.

Hence5

ranf C domf

and

do.mf + ranf = domf C D/a „

(End of the Corollary)



CHAPTER IV

In Chapter III, we have given a necessary and suf­

ficient condition for an .element f to be in the complete 

quotient ring of D/6, where D is a Prufer domain, pro­

vided that 6 is an irredundant primary decomposition. We 

now give an example of a homomorphic image of a Prufer 

domain R which has a non-trivial complete quotient ring. 

That is, with e the. kernel of the homomorphism, we .will 

show that

R/@ = Qcj(RZa) ^  Q(RZa).

The following is a version of Example (6), pp„ 390- 

391j Bourbaki [2]:

Let R = R  and let F be an arbitrary field. Let

F + = R+ U  (O) and let C be the semi-group algebra of r +
■over F. By definition, C is an F-algebra with basis

^x^aeF ' and multiplication given by x^x^ = x^ 5 and, C
is an integral domain. An arbitrary element of C has the

form 2 a x , a finite sum. Let K be the quotient field a a cr
of C: K = Q^g(0).

Define v:K -* F U  {oo} by

R saW V p 31P) min (a) -
a/°

min .(p),
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where v(0) = ». By Definition I.9, v is a valuation oh ' 

K 0 Let R = {pI p e K and. v(p) 0) , R being the valuation 

ring of v. Then3 R is a Prufer domain, Further3 R is a 

local domain with its unique maximal ideal being

M = {p e- R| v(p) > 0} .

Let 6 = {p e R|v(p) >_ I) j e is an M-primary. ideal of R 3 

and3 by Theorem 2.53 Me is dense in R/a, By the Corollary 

to Theorem 2.53 Me is the only dense ideal in R/a. Since 

units are the only regular elements in R/e3 R/a = Qc^ (R/a),

Using Theorem 3.S3 let d=l3 N=23 and £={ 1}3 and

1 = xl-l/j-
Note that v(a .) = I - 1/j, Then3 since £={ I) 3 an element 

f 0 in Q (R/a) is determined such that

choose /a .)> .x Jz J = in R such, that a. - V j /

11S
Now3 n n-lj=2 

+ a0

(1+a.)x J

(1+aj) =

aU-Ic

= y for v(x) > l/n3 x e domf = Me,

: I. + Ug + ,, • + ^ t agUg + Uga^

But3

+

v(aga^) = v(a2) + v(a^)

■= v (xl-l/2/1) + v (xl-l/3/1) 

. = I - 1/2. + I - 1/3 .

= 2 - 5/6 > I3



8o

and apaq = 0. ' Similarly, a. ...a. = 0  for
J I . 1Ic

2 <_ i-̂  < o o „ < < n-1 j k >_ 2. Therefore,

(Ifaj)'= T  + a2 + Sh^1

= 1 + xl/2 + ••• + xn-2/n-l
n-2 - 
j=0

Hence, for 3c e ' dom f, v(x) > 1/n, we get 

fx = n j=2 (Ifaj)X = (2j=0 xjy j+1)x.

We will show that the element f in Q1(RZa) cannot be 

in E/a, and hence Q(R/a) properly contains R/a.

,If f e R/g, then there is an element e e -R such that

f = e. Hence, fx = e x for x an arbitrary element in

dom f = Mee Then, e = 2 d x / s s x ,  where 0 < v(e) < I.6 6 6 a o o y \ j ^

Since f 0, V(e) I fe = 0) is impossible. If

v(x) > 1/n, then

fX = (SjZo Xj/j-kl)* = e x,
and

(I) ' 5 j/j+1 - e)x = C,

or

- ’ - Xj/j+1 - [ V P V ^ V ^ ])S =
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Let Xj/j+i -

n p
= [(Zj=o ^ j + i ) ( V V V  -

Two cases arise for e: •

(a) O < v (e)■ < 1

Here, min (g) > min'(a), 
d ĵ O sO o

and,

minC (Zj=O xj/j+l) (2CtsCxC^ “ Z6 dS X6 ̂ = min (a),S' fu o
n—2.since v(2j."0 x j/j+i ) = I. Therefore,

v(q ) = min (d) - min (a) = 0 for arbitrary n, So, for
. V 0 " s^ 0

x e dom f such that l/n < v(x) < I, we get 

v(qn • x) = v(qn) + v(x) = v(x) < I. Therefore, 

qn . x ^ O’, a contradiction to (I).

(b) v(e) = 0

Here, min (5) = min (a). We look at the expression
V 0 . sâ °

(z":‘ xj “ W x = for arbitrary n- There are two

possibilities’:
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that is, e" =

- e O for.some fixed n;

vn-2 x ,
J=O j'/j+l*

Let x = xa where 1/n+l < a < l/n. Then x e dom f and 
fx = e x implies that

,n-l —
(sJ=S *3/i+x)* - (sU

or

(I + X1Z2 + ... + xn.1/n)S

= (I + XlyZ2 + ... + xn„2/n-l)x ’ 
or

(I + Z^/g + . . . + Xn̂ lyZn - I - XlyZ2 - ...

- xn-2/n-l>x = °> 
or

*n-l/n ° % =
Therefore j,

(2 ) v (xn-l/n • x ) ^  I- ' .

But3 v (xn_i/n) = n-i/n = 1  - l/n and v(x) < l/n. So3

v (Xn-l/n) + v (x ) < I “ l/n + l/n = I3 a contradiction to

(2).
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(ii) Z j xj/j+i ""e ^ 0 for ,all n; that is,

e ^ Xj/j+i for all n.

First, (ii) implies that y(q ) < I for all n. But, 

we need v(q^) bounded away from I for all n. ¥e may 

choose n sufficiently large, say n >_ M, so that no term

1% (xn-2/n-l) " (^o appears in ZgdgX^. Then, v(q^)
remains fixed for n >  M and equals v(q^). Therefore, 

•there is a positive integer s > M such that 

v(q ) < I - 1/s, n >  M. Let x = x where

1/s+l < a < 1/s. Then, x e dom f and

(3) fx = (2? ^  V d + l ) *  ° ® 5
implies that v{qB+1 x) = v(qs+1) + v(x)

< I - 1/s + 1/s = I,.

a contradiction to (3)«

Therefore, there is no element e e R for which 

e" = f. We must conclude that f e Q(R/($ )X  R/e, or, since

R/8 = Qcj(R/G), f E Q(RZG)XQcj(RZa). So,

R/q = Qc^ (R/e) ^  Q(R/a). Letting Q be the kernel of a 

homomorphism of R, we have an example of a non-trivial, 

complete quotient ring of a homomorphic image of a
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Priifer domain.

A  natural extension of the work in Chapters II and 

III would be a characterization of the complete quotient 

ring of D/a for an arbitrary kernel 0 of a homomorphism 

of a Prufer domain D. A uniformity can be defined on a 

valuation ring. Thenj it appears that the complete 

quotient ring of a homomorphic image.of a valuation ring 

can be characterized using the uniformity. A reduction 

from an arbitrary Prufer domain to a semi-local Prufer 

domain is accomplished in Chapter II. The techniques of 

Chapter III might be applied in the characterization of 

the complete quotient ring of a homomorphic image of a 

semi-local Prufer domain D j without the condition that 

the kernel be an Irredundant primary decomposition. ' How­

ever J the characterization of the elements would no 

longer be in terms' of products, but would most likely be 

in the form of convergence with respect to the uniformity 

on D determined by the uniformities on the individual 

valuation rings.
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