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Abstract:

Extremal properties, characterizing weakly A-valent principal functions FO* and F1” defined on planar
bordered Riemann surfaces, are developed. The A-valent principal functions are constructed by using
Sario’s linear operator method. The extremal properties derived are analogous, in a rather natural way,
to those of the univalent principal functions FO and F1 of Sario. Such extremal properties characterize
the A-valent principal functions in a class much larger than the class of weakly A-valent functions. The
class consists of functions A-valent near the border and near a fixed interior point, with the valence
being arbitrary elsewhere.

The principal function FO™\ is shown to be the A-th power of the univalent function FO. The function
FO™\ then has the geometric property of being a weakly A-valent radial slit disk mapping. The
functional extremized by F1°A is slightly different than the expected one. It does reduce to the expected
one, however, when the class of competing functions is taken to be a smaller class consisting only of
properly normalized A-th powers of univalent functions.
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ABSTRACT

Extregal properties, characterizing weakly A-valent principal
functions ¥, and defined on planar bordered Riemann surfaces,
are developed. The A-valent principal functions are constructed by
using Sario's linear operator method. The extremsl properties derived
are analogous, in a rather natural way, to those of the univalent princi-
pal functions F, and Fq; of Sario. Such extremal properties characterize
_the A-valent principal functions in a class much larger than the class of
weakly A-valent functions. . The class consists of functions A-valent near
the border and near a fixed interior point, with the valence being arbit-

rary elsevhere.

. The principal function F% is shown to be the A-th power of the
univalent function Fy. The function F% then has the geometric property
of being a weakly A-valent radial slit disk mapping. The Tunctional
extremized by F% is slightly different than the expectéd one. It does
reduce to the expected one, however, when the class of competing functions
is taken to be a smaller class consisting only of properly normalized A-~th

powers of univalent functions.




INTRODUCTION

L. Sario has ﬁsed linear operators to establish the existence of
certain udivalent canonical meppings of planar bordered Riemann surfaces
W onto slit disks [ 6 ]. These mappings F and F ;, called principal
analytic functions, are formed from principal harmonic funcﬁions, which
themselves are constructed b& applying the linear operator method of [ 5#];
The singularity function s, which plays a'central role in the linear
operator method, is defipea neér the border y. as the flux function Sy
which is constant on Y with flux 2x there, while near a fixed iﬁterior
point & it is equal to .log ]z - f. By exhausting the p}anar bordered
surface W, one constructs the mappings FO and F:L of W onto a slit
pléne disk, with radial or circular slits, possibly degenerate, removed.

In this investigation, we study the éxtremal properties of A-th
principal functions fg and Fi which result when the singularity functibﬁ
s is taken to be s? near YT and X log |z - & l"near £ . Here ;? '
is constant on T with a flux of 2rx)A . In a manner similar to [6 1 the
canonicél maps Fﬁ and Fi are constructed. These maps were first shown
to be Ath powers by Nickel [4h;] and hence their géometric properties
are completely understood. Namely, they are weakly A-valent slit disk
mappings. In a manﬁer different from [ 4 j, it will be shown by using

derived extremal properties that Fg is the A-th power of -FO. The

A .
similar property for Fl- is not proved here because it is needed to
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|
derive an extremal property for Fl'. _ i |
|
i
I

andicontdins important theorems

Chapter I is introductory byfnature

and definitions used in the sequel. | .
- : .'

In Chapter II, we con51der a plandr bordered Rlemann surface W
t

of infinite connectivity. It is. assumed that W has one 1solated compact
border compment ¥ and a p01nt € e Int Wf to be held fixed in our discus-

sion. The surface W is approximated by én!incréasing sequence of compact

bordered Riemann surfaces {: }' 5 each of finite connectivity and each

A
the analytlc functlpns Fon and F

' F of

containing Y and £ . On Wﬁ

are constructed. Among a class of ﬁormaliZed ahalytic functions
[ l '

l

w , F A maximizes the functlonal : ;

n on . s
211}\ log r(F) +' (F)

! !

i

and F-A' minimizes
in . ' |
| ) sy . l .
2x) log »(F) - A(F) - %/B log |F. " 4 arg F.
A - T
. i ! j
Here r(F) represents the radius of the image of ¥ under F and A(F)

is the complementary logarlthmlc area. ,f ;
In Chapter III it is then shown by u51né the Reductlon Theorem
(Sario [ 8 ]) that the extremal property holdeiln ohe.llmlt for the limit
A deviation formule isxderived- from which it is established

of [ 6 ]. The

'1
" function F

that Fﬁk is the }.-th power of the unlvalent functlon F ‘
i

geometrlc properties of F may be 1nferred from those of F .
cher extremal proper=

In fact,

Féh is a weakly A\ ~valent radlal sllt dlsk mapplng.

ties of F;\ are also derived. . ff .

! ' .
. { 1




It is shown in Chapter IV that the ext?emal property holds in
l ' . .
the limit Lor the limit function F& + Sario's Reduction Theorem could

not be applied and an argument based on the éonvergence of certain

. Dirichlet integrals is used. One additionallextremal property is also

established.

Such extremal properties characterize the Mvalent principal
| .

functions in a much larger class of functions. Namely, this class of
functions consists of functions which are 2A-valent near ¥ and & . ‘There

are no further restrictions. Co
. . ‘ S
. ‘ P i




CHAPTER I

PRELIMINARIES

Important definitions and theorems used throughout this discourse

are listed in this chapter.

8 1. Basic properties of Riemann surfaces.

Definition. A Riemann surface (bordered Riemann surface) is a

connected Hausdorff topological space W together with a covering V by
open sets O and a family :Q of mappings ¢ satisfying the following
properties: |

1. Eéch P € § is a homeomorphism of an O € V onto an open set-
of thé complex plane (closed upper half plane).

2. Every 0 € V is the domain for some ¢ € @ .

: — - . o o]
3. 1T Ol and O2 a?e the domains of @1 and @2 then @2 @1
is a directly conformal mapping of @ (Ol N 02).
We will denote a bordered Riemann surface by W and W will be its

interior, which is itself a Riemann surface.

Definition. The border of a bordered Riemamn surface W is that
set of poinits belonging to W whigh is mapped into the‘?eal axis by some
e .

A bordered Riemann surface W is known to be orientable, and hence

the border has a positive as well as a negative direction.
t
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Definition. Let C be an arbitrary Jordan curve on a Riemann
Surface W. The surface is calledlglanar if whenever each p on ¢ bhas
a neighborhood N such that if N - C is composed of two components,
then W - C 1is composed of at . least two components. That is to say, if

C locally separates W then it alsoc separates W.

‘Definition. A real-valued (complex-valued) function Ff on W is

called harmonic (analytic) if the functions £ o * are, where they are

defined, harmonic (apalytic) in the usual sense, for all @ ¢ O.

Definition. An exhaustion of a Riemann surface W is a sequence
-{Wﬁ}* of compact bordered Riemann surfaces satisfying:
v o< .
1. Iﬁl Vﬁr+1
2. The boundary of ﬁ£ consists of a finite number of disjoint

analytic Jordan curves.

5. EBach component of W - Wh. is relatively non-compact.
b, W =U yw
n
The sets Wh will be referred to as "approximating surfaces.”

Ilet 1 and v be harmonic functions on a compact bordered Riemann

surface W . Then Green's Fformula may be expressed as
) [ Cngrg # g oy = oy ueme = fygans
W . : C .

 where B(W) is the border of . W and dux is the conjugate differential.
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The left side of (1) is the mixed Dirichlet integral for the surface W

and is denoted by DW( U, v). Green's formula may also be éxpressed as

/:;(W)udv-% - vdu % = 0.

For functions p, harmonié on Int W, but possibly not defined on
B(W), \/‘;i pdpx is understood as lim A (W) pdpy. Here 5; denotes
the border of an approximating surface Wn and is homologous to Bi

We shall be concerned with an important solution of the Dirichlet

boundary value problem for a Riemann surface. Such is called a flux

function and is defined in the following manner. Iet ¢ e a border
component of a éompact bordered Riemann surface W . In addition,

let o' De a curve contained in -the interior of W' which is
homologous to ¢ . Denote the region bounded by o and o' by (o).

In N(o ) letﬂ w solve the following boundary value probleﬁ; namely,
w = 0 on 6, W =1 ono', and W is bsrmonic in N(o). A flux

function for a neighborhood of ¢ is defined as:

A
5. = (em/fg dwx) W.
Evidently, s}(; has flux 2x\ , is constant on o', Oon o , and harmonic

in N( o).~

§ 2. Normal linear operators on a Riemann surface.

Definition. G is a regular region of an open Riemann surface W

if (1) G is relatively compact, (2) G and its exterior have a common

boundary which is a 1-dimensional analytic submanifold, and (3) all
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components of W - G are non-compactm
Now let K be any compact set contalned in W and let u be a

function harmonlc on its camplement. ' It is p0531ble to enclose K Wlth
a regular reglon G with a pos¢tively oriented boundary B . The flux of

u  will be denoted by h/; du.*. That this 1s 1ndependent of the choice

l E’ P 5 ’
of G 'is a consequence of Green's formula. As descrlbed above, p wxll

' !
be said to represent the ideal boundary of W,i The border of a compact

bordered Riemann surface W trivially represents the ideal boundary 54
of ﬁ, while Uﬁ.: where B. are the borden componenﬁsof an exhaustlng
i l 1 .

Wn » represents the ideal boundary of the Rlemann surface W
. ' l i

Definition. . W' o is a regulaﬁly embedded open.set of the open

| =
Riemann surface W 4if the 1nterlor and exteflor of W are distinguishable

!
in the following sense W' and its ekterlor have the same boundary and

this boundary is a 1-dimensional submanlfold. gr |
. ) i

Let © be‘the boundary of a regular}y emb%dded;oﬁen set W'. with
compa.ct complemens, We denote by L an opera%or whose doﬁain consests of
the set of contlndous real-valued functlons:on Cland whose range is the
. set of functions harmonlc on W and contlnuous Lh W L In addition,

, e " o

L has the followihg properties: g
. L(f) ;.—."f on C. | |
2. Lch,fi + ey f2) = cl;ELfl %, <y ﬂfg
5. T = 1. - BT !
b, If £ 5 0, then If 2.0. || | '
5

fs a(Le)x = o.
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Here B represents:" the ideal boundary! of W. Such an operator is called

a normal lincar operator. : "

Some lmportant examples of nonnal linear operators are the prinCipal

operators Lo and L of [ 2 1. For a given f!‘ on o P Lof solves the

boundary value problem in W witha vanisning normal derivative on B(wW).
i ' ’ .
To define L we let Uf be the solution of the 'boundary value pro'blem

with boundary values £ on & -and Oon B .: Let W be the harmonic

function which has boundary values O on. oc and'l on B . Then Llf.-

is defined by the equation

.V Lf = Uf - (fB d(Uf)a( / L/;dw* W.

Obsexrve that Llf equals f ond and lS constant on B W1th vanishing

l

i

flux there. . ' : o

: : i Co
A third example is the operator *, re:f’erred to as the operator
. . ; .
associated with a removable Singularity If A' is a parametric disk
. ]. ,
centered at a point & of W and £ is a continuous real—valued :E‘unction

defined on the boundary & of A, then I*f :|.s harmonic on A, continuous on
. vl ;
' ol I 1

A,andequaltofona. | . Pl "R

In general, W' need not be :conne:ct:ed. ‘We can therefore consider

separatine;; W' into a finite number of cl'iséjoint sets W'i with boundary
di . Let :L‘ ‘be "the restrictions o:i' ,f'-;‘ t:oOdi ;jand suppose that an operator
Li is defined on each W'i o Then'; we can; defi:ne a.new operator. L on W'
by setting Lf = Lifi' Such an'ope:rator "L is called the direct sum of

R I
the operators Li . . |




o
The following linear operator theorem (Ahlfors and Sario [ 2 ])
is used To construct harmonic functions which will play a key role in

this investigation.

Theorem. Iet W be an open Riemann surface and ‘L a normal linear
operator defined with respect to a regularly embedded open set We w
where W' has compact complément. If s is harmonic on W' and continuous
Sn W wifch vanishing flux, then there exists a function p harmonic on |
W satisfying on ' P -5 .= .L(p - 8). The function p is uniquely

determined to within a constant.

That is to say, p modulo s has the properties of L on W,

§ 5. 'The Reduction Theorem.

Let {Wn} be an exhaustion of the open surface W, and {fn}

be a sequencce of functions such that ,fn is harmonic (a.nalytic) on Wn.

Definition. {fn} converges on compact sets of W if for every
compact set. KX © W, there exists an N such that {fn ;n 2 N} \

converges uniformly on K.

Definition. {fn}is a normal family on W when every sequence

of -i T }‘ contains a subseguence which converges on compact sets of W.
n - . . -

A well known sufficient condition for a family of analytic functions
{ fn} to be normal is the following. If for every compact set K, there

exists a constant M and an integer N such that f,fn(z)l < M for all

P




-10-
n>N and all z ¢ K, then {fn}' is a normal family.
Let {Wn} be an exhaustion of W and let C and Cn for each n

be classes of functions with domains W and wn respectively. In addition,

let m and mn be functionals deflned on W and Wn.

Reduction Theorem (Sario [ 8 1). Suppose that the functionals m

and m, satisfy the following conditions with respect to the classes C
and C_:

n

1. n(f) = Lim mn(f). |

2, If W <¢W_ and if fe C_ then £|. e C_. The same must

m n n Wy m

be true if Wn is replaced by W and C_ by C.

3. If {fk} is a seduence of functions in Cn and if {fk}
converges uniformly to f € Cn then mn(fk) converges to mn(f).

k., There exists a function £, € C, such that f minimizes the’
functional m among all f e Cn'

. n £ .

5. For k&n and feC, mk(f) ?mn(:f‘) | |

6. The family of minimizing functions mentioned in (%) is a normal
family with the limiting functions belonging to C.

Then any limit function £ o= l%m fn minimizes m among all :f‘ € C,

and the value of the minimm is mn(f) = Lim mn(fn).




CHAPTER TI |

EXTREMAL: PROPERTIES OF HARMONIC'AND ANALYTIC

FUNCTIONS ON APPROXIMATING SURFACES

Consider a planar bordered 'Riemann su_:f':f'ace: W orf inf;inite connecti~
Vl‘tj and having one compact 'border ccmponent' v o IIn order to describe
the remalnlng part of the boundary of W, we recall tha.t such a surface can
be embedded in a Riemann sphere S (Ahlfors 'clz.nd Sari‘o [2]). with respect
to this embedding, it is assumed that no poi;m of T is a limit point of
points belonging fo any other boundary compc;heni';s. ':SuchAa border compo-
nent is called "isolated". Also, .i’c? is assu-z.ned that the surface W -V
is open in 82. We flx a point £ belonglng to the 1nter:.or- of W-T .

‘ 2
Operations in W such as Int, 'boundary, etc.;l, are rei_‘erred to S in the

following.

It is known that such a surface W ca.’n be exhausted by a sequence

of compact bordered suxrfaces { }, each of flnlte connectivity and each

containing ¥ and & . Furthermore » W CW and W = gw . Evidently,
T is one border component of ﬁ . Denote the remalnlng border components
by {31, 52, coey ﬁk( ) and for convenlence set fi ? .Si.

In this chapter we propose to develqp extremal properties of certain
harmonic and analytic functions defined on ‘the approximating surfaces Wn.

i

i
i l'1

s 4 . Construction of hamonic:f‘uﬁctions:'bn approximating surfaces.

Using Sario's linear operator method desdribed ih [5], the har-

monic functions _-p g\n and Pj?\n W:Lll be constructed on each of the -

! i
t

' l ] I .
. ¥ [
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aporoximating regions Wh. The singularity fungﬁion 8§ will be taken to be
X log IZ—EI in a neighborhood of & , identically zero in neighborhoods of
the Bi, and equal to the singularity function s? near Y-- :he singularity
function s? is that function which has flux equal'to 2o Note that the
total flux of's is zero.

The direct sum of the linear operators Ii near v, Ib near each Bi,
a.n(iLL-)e near £ , with an applicatién of the linear operator method, yields
the A-th harmonic function Poﬁ up to a constant. The function Poﬁ is nor-
malized at E.so as to get property ii) of Hn( L) satisfied. Here, L¥ is
the operétor associated with the class of harmonic functions having a
removable singularity aﬁ E . Thekréklharmonic function pli is derived
from the same direct sum of operators with the exception that L1 is used
near eéch ﬁi' |

The functions Poi ana Piﬁ possess the necessary propertiés required
to belong to a class of harmonic functions Hh( A) which will be defined in

}\. .
the next section. In addition, the function Pon has its normal derivative

&p A

A
on _ . A . .
- rullie 0 on each Bi’ while p ., is constant on each 6i.Wlth flux
A ' C . ]
B dPlﬁ* = 0. These functions will be seen to satisfy certain extremal
i :

properties.

§ 5 . Extremal properties of harmonic functions on approximating surfaces.

The extremal properties that the A-th harmonic functions are -to

enjoy afe with respect to classes of functions defined as follows:
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Definition. H_ (M) .is the set of functions p(z) which are har-
monic on W -§ while satisfying i: ) p(z ) = const. = ¢(p) for zey and
f dpx = 2mA , @nd ii.) the f‘unctlon h(z) _p(z) - AMog |z-£| has a

harmonic continuation to & with h( E,) o.

A

The ha.rmon_-’;i.c functions p - and P, 'belong +to the class H (x) A

lemma that is essential in obtaining their extrema.l properties will first

be stated and prol'ved.

Lerma 1. iIf O is the -border of a _pa',rametric disk about & , with

orientation induced by the surface W , then'for every p and ge H (1) we
' : - !

have f 5 padsx = qdpx = O ! ' ‘

i !

i ; _
Proof. Addlng and subtract bll’lg the same term we have

() oo -atn = [fyo0) csi - alemals -

Since the function p-q has a removable 51ngular1ty at £ , it has a single

valued conJquate and, upon us:.ng an, 1ntegrat10n ’by parts , the right hand

side of (1) may be written as ! -
fa(P q) dc.u +: (o- ‘1))@ ag -

But’ this is equal to Imfa(P—Q,) a&Q - where P p -+ ipx and Q= q+ igq % -
The functions P and @ are multiple valued but the function P-Q is single

valued. Using property ii.) of H, (}») together W1th Cauchy‘s Integral
|
1 J i

Formula this can be seen to be zerQ.- ;
1

The extremal property that po};l possesses is .stated in the following

theorem. ) o Co i




~Th= 8

Theorem 1. Among all pe Hﬁ( A) the fUnctlon p A maximizes the
functional @n(p) = 21 Ac(p) - U/% PAPx » The value of the maximum is
: : : n ,
2xn cfp k). The deviation of this;functional from its maximum is Dy (p-p l)
on O - n on

and the maximizing function is unique.

Proof. By Greents formula we have

% (p~po}1;) _=ﬂ,u5 (p-p x) d (p-poﬁ)* .

. A
But since p and P, € Hh( A), b/; (Pi@ ) [;! (P'P ) * = 0.

1k
N 1
i

Green's formula then becomes i :

A | Y x [ a A
(2) qﬁ (P-Pon) = u/%n PApy +u/%n Pon d Pon:* --u/én Pop Px + P dPyx -
. I :

The second term of tgf right hand express1on vanlshes because the normal

p .
on \ ﬁ

derivative 5 < 0 on For the same reasond[g pdp K* = O.

Therefore we change its sign and upon applying Green's formula obtain for

[
yud Pon PPy -+

Here © is the border of a parametric%diék A &bout 'k with orientation

the last term of (2) the expression |

induced by WHA. By lemma 1.) the contribution of & to this integral is O.

Using property i.) of Hh(ih) the part due toﬁy is 2x) CY<P;2) - 22n c(p).
. - i : :
Collecting all of these contributions we obtain the formula

(5) 2xrelol) - By (o) = 2 ¢ (8) - [ vam -
Since an(p-pgg) 20 we have the desired extremal property. The deviation

- AL :
is clearly Dﬁn(p—pon). . o




s

As for the uniqueness of the maximiiing fﬁnctidn, suppose another

function pl maximizes the functioﬁal Then the dev1atlon Dg (p P, ) =0

and hence pl - pog = C (constant). But by the normallzatlon at £, C =0
' A

1
and p~ = pon'

The function plg possesses an extremal pfoperty similar to that of
on’ but the fuﬁctional thaet it extremizes differs from the one originally

anticipated, which was 2 c(p) +L/é DADK -+ |
0 .

\ ' !
Theorem 2. The function P i minimizes 'the functional

R . l
v (p) = amxc(p) +! fg pdpac - fg P, dpx.
among all p € Hh(k). The minimum value 1s, 2x\ c(p ) The deviation from

this minimum is Dy (p - pln) and the mlnlmlzlng function is unique.
. n . . '

Proof. We have by using Green's Théorem?

; A
DWn(P‘P )~ﬂug(p-p ) adp - e,
As in Theorem 1 the contribution of T to the 1ntegral is 0, and we write

Dw(pp /;pdm+_/;p dp*—Apdp*-pdpx
-fgp aps » |

Since p is constant on each ﬁ and the'flux a pli% = 0 on each Bi
i LY

the second term in (h) venishes. qpon applying Green's Theorem agailn,

! i
| .
!

the third term may be written as

. -
AL A
U/;U5 Pap % - Pin d_?*'
By lemma 1. the contribution of 8 to the Fbove integral is O and, using

' ' A
property i.) of Hh(x), this reduces to,an.c(p) - 27\ c(pln). Hence, (4)

1

s
errm—ye - o




becomes

A Mo L ; A
-+ - - = . - e
(5) am: e(p ) . Dwn (p-p_,) Aotk 0(p): + fﬁn pdpx ZfB P, dp*.
- ; ‘ ; n
1 I H
Since D- (p-p ) 2 O we have the desired result. The uniqueness of the
', H !
minimizing runctlonal follows exactly as the argument ‘used in Theorem 1.

¢ i
! : |
§ 6. .Extremal pbroperties of analytic functions:on approximating surfaces.
. l i .

1

The classes of functions in which thé A-th analytic functions are to

enjoy their extremal properties axe ﬁefinedlas fbllowé:.

Definition. A (l) is the class of functlons F analytic on Wn
such that the following properties are satlsfled -

i.) JF(Z)I = r(f) = copst.ffor z e Withi/; darg F= 2n\.

ii.) F has a A-th order zero at .k & . |
. : |

iii.) 1_i_1€ f(z)/(z-g )>‘ =. 1

Some interesting connections between the classes H (l) and A (k)

t

are expressed in the follOW1ng theorem. ' { i

Theorem 3. If F e A (3) then log: ] e € H, (x) Furthermore,'the
A-th analytic functions Fbi' = exp (pon + 1P, *) " and - F = exp(p +i p 'x)
L
{

belong to Ah(l).

|

Proof. The function log ‘FJ will be harmonic on Wh -t provided
F &£ 0 on Wh - £ . An application offthe aréﬁment principle gives the

number of zeros Z, on Wy as
1

o = ’EET}/;(WQ) d arg F f -{U/\ d arg F + L/; d arg F }‘- X.

Hence, the only place where F = O on W iis at £

Z
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Now F has a l-th order zero a.t £ so -:that ?near ‘§ 5 (z) = (Z—E. )
a(z) wvith ¢ (£) # 0. By the normallzatlon condltlon iii.) of A (l) it
| follows tha'l:-G( g ) = .1 . Hence, the i"urlctljon h(z) mentioned in property
ii.) of H () may ve written as h(z’) = 1o=gi'lFl f- Moglz- €| = 1ogla(z)].
A sufflclent condlt:u.on for h(z) to ;'be hamonlcally extende.ble is that

Jip (z- &) h(z) 0. This is satisfied and furthermore, by continuity

|
considerations,' the extension takes 'the _proper vé.lue O since %})}g h(z) =

log ,G( g )[ = 0. Property ii.) of H (}\ ) is therefore satisfied and

R i
property i. ) is readily checked.. _ "
. |

i

g
]
I

1 -
We prove the second part of Theorem 5 for F }\ and omit the analo-
: | .
gous proof for F_ }‘. We must “see tha't F}‘ = exp (p + i p}‘*) is defined

as a function. The multiple valued congugate functlon p>‘ % has periods

1

k .
fdp>‘. = 2xX and /;_dp * = 0 foreachl rTha'blstosay,i'b

h
has a perlod of 2N and we ha.ve F deflned as, a function. Here, Fon

is normalized by setting hx, the congugate ;of the ‘continuation for

A ‘ . o A
Poy " A log Jz - E.J, equal to zero at & . The mapping JE‘H1 is normali-

7

zed in a similar manner. We have IF (z)

A ! .x' o , :
for z € 7, andk[r d arg F =/; d;pon—x =: 27:2\: . Using property ii.)

X A
- exp (Pon<.z)) = const.

of Hn(l ), properties ii.) and iii. ) of A (?\) ma.y be obtained.

|
!

Theovrem 3 leads us to the following extrema.l" properties for Fon
\ ! | L ' '
and Flr}; stated below in Theorems 4. and 5.!  |.
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A
Theorem _lt The function Fo unlquely max:Lmlzes the functional

2x\  log r(F)‘ j; log ]F] a arg F

among F eAn()» ). The meximum is 210\ log r(F and the deviation from
T A .! .,' ‘
the maximum is DWn(log ’F/Fon[ ). . !_

A N :
Proof. We have log IF l = p a.nd according to Theorem 1. this
maximizes the functional 2rrl c(p) _/’B pdpx :And by Theorem 3., if
LA L
T eA (?» ), L,hen log [F| € B ( }») Hence, kon maximizes the functional
2%\ log »() -~ L/jB log |F| d argF among all F & An(}x ). The deviation is
n . “ , S

. - }\. . . }\' ' . 7/

Dy, (tog [Fl - 208 B | ) = Dy (log [F/F D).

Uniqueness is argued as in Theorem 1. l
' . i . !

]
i

| T
In an analogous manner the following theorem expressing the extremal

. A S 5
property for Fln may be proved. : i H

A ' . . :
Theorem 5. The function F:Ln uniquely minimizes the functional

2nh log »(F) + ﬁ log ]F]d argh - 2/;; log ]Fll};]darg F
. s "

¢

among F € A (A). The minimum is 2xM log r(F ) and the deviation frcm the

1
1

minimum is DW (1log ]F/F ' .
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CHAPTER III

EXTREMAL PROPERTIES OF THE FIRST! K—TH,PRINCIPAL

HARMONIC AND ANALYTIC. FUNCTIONS
o

Extremal properties for surfaces of 1nf1n1te connec01v1ty which

generalize t he results of Chapter II Wlll be derlved 1n thls chapter, with

the main tool used being Sario's Reductlon Theorem [8]

8§ 7 . BExtremal properties of the'firsf X-th principal hermonic function.

Let W be a planar bordered Riemahn?surface and {?%}' an exhausting

set as described.in Chapter II. ' ; !
l .

h

Lemma, 1. The family {?2;} is a normal family on the surface W - E.

Proof. Because p2£ = log IFOQ l,'it suffices to show that the

family {?1'}-is normal. A well known sufficieﬁt condition for normality
i ¥

of a family {é;} of analytic functions on a'region is that the functions,

for sufficiently large n, be unifor@ly bounded, on every compact subset of

the region. -
|

Let X %be an arbitrary compact set coﬂtained in W and choose N
large enough such that K < W. Denote by A(E;h, Wy) the quantity

:/éN log ]Foil d arg Foz' for néiN.w This is a;hon—negative quantity; for
: 4

consider the Dirichlet integral over the surface Wh - N whose orienta-

T
it
o0

tion is induced by W. Then

A : A py : A
&, - .
(1) o _Dﬁn_ WN(log lFonl) = j;nleg ‘?on la ?rg Foo * A(Fon,WN).
. b o ’ ‘Z




_go_

The first integral of (1) is zero and A(F >0, 'Hence we have

N) ;
(2)  2x log r(Fon) £ 2n) log r(F ) + A(F wl\;) £ 27 log r(F&}}).
The last inequality results from the extremal_theoremgfor the funotion

F‘ﬁ on WN. It must be noted that the expressépn in the middle is the
functional given in the extremal theorem (Theorem L. of Chapter II). Thus
the r(F ) are bounded. for all n s N; An appllcatlon of the argument
principle yields ,F (z)l r(F ) for z ¢ W' To see this, suppose there
is a 2, € W with v, = F (zo) such that ’W l?’r(F ) Then, there is o

change:11uho argument of the function: F (z) o around'each of the cycles
¥ and B for every i. Therefore, by the argument pr1n01ple, the functlon
EB (z) - w_ has no zeros on W, i.e.,, ' the value Wb is; assumed by F_ A for
no z € W . Hence, -{ }- for n 2 N 1s unlformly bounded on every compact
subset and is therefore a normal famllj on Wq

We let p be some limit of the normal famlly '{ o;} Later, we
will see tha there is exactlJ one suoh p . The functlon p is referred
to as the "first" Ath principal harmonlc functlon to distinguish it from
the functilon pl which has an analogous development ‘

The Reduction Theorem will be used to develop an extremal property

for p in the class of functions deflned as follows

Definition. H(A ) is the class of functionsﬁp which are harmonic

on W - £ and satisfy the properties:




|
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i.) »(2) e(p) = const. for z eY with/;, dpx =‘ 2.

p(z) - A log llz -] ha,s a harmonlc continuation

ii.) hiz§

il

“with h( £) =0, T

f
N ' LI |
The function P, does oelongD to H(}\) A lemma that is needed to

insure the existence of certain 1ntegrals 1s stated and proved below.

Lemma 2. If mn<n the 1neg_ua11uy \/;5 pdp* éfé pdpx holds for
Y n

allp e X (}L). ' . " !

Proof. Consider the surface :Wn - gwm, w,:vjith orientation induced by

W. The Dirichlet integral of p on this sfurfac':e is non-negative and we

have

0 £ DW S, B = \/% ;E‘ pdp* \/;n pdpx ~'\/%m pdp*e

n
In the following, J; pdp* is to be understood as llm _/;3 pdp*,

the existence of the limit being gua,ranteed by the monoton1c1ty of such

integrals as shown in lemma 2. This defin;lltion.is independent of the ex-

: . | | ‘
haustion {Hn } as can be seen by applying. Green's Theorem.

Theorem 1. The function p uniq_uely' maxim:izes the functional
d(p) = 2 c(p) . - ﬁpdpﬂ among all D€ H(x) - The maximum is

27\ c(pg) and the deviation from this maxn.muml is given by DW(P - po) .

.Proof. It will be showm v1a the Reductlon Theorem that pk mininiizes

the functional -@(p) = -2x: c(p) + \/; pdp*. Then it will follow that

pg maximizes the functional § .
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The functional ~ ® satisfies - § (p) = Lim [ @n(p{] the existence
of the llmlt being 1nsured.by the monotonicity of the 1ntogralsk/; pdp¥%, '
as proved in lemma 2. The restrictions of functions defined on surfaces
Wﬁ bglong to the class Hn(A ) Tor n£m . The same may be said of func%ions
defined on W. Condition 3.) is satisfied because of standard theorems on
interchange of limits. The extremal theoreﬁ for pi% fulfills the require-
ments of 4.). Lemma 2.) provides us with the monotone property of the
functionals —@ﬁ, while tﬁe requirements of 6.) are met by lemma 1. Thus

the functional @ is maximized by pg with the maximum being Lim @n(Po;j =

2n c(pg).

As for the deviation formula, consider the function P, = pk +

o
l .
e(p—p ) which belongs to H(X ) for arbitrary €. The value it gives the

functional Q

(3) @ (po) = o C(p}‘) fgp dp_ M+ oa o€ - /;5 (p-p ) d(P'P};)*;
which is a quadratic polynomial in € with an the coefficient of the € term.
The integral in the last term is precisely Iwn(p-Pg)

Now suppose tw(p—pg) = Lim qﬁn(p-poh) is finite. The finiteness
of qﬁ(p—pz ) @etermines the finiteness of the integrals\/épdp* and
k_/;I%\'d. p;L* as can be seen by using the triangle inequality for Dirichlet
integrals on surfaces W - A, where A is a parametric disk about £. Upon
setting € = 1, consider taking liﬁits on both sides of (3.): In view pf

the preceding remarks, each term with the possible exception of a  possesses

a finite limit. Therefore so does a, - Denote this limit by a. Taking
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limits of (3) we obtain :
) T (e) = @(p> + ale - (pip)).

But according to the first part of uhlS theorem Q (p ) has a maximum when

€ = 0. Therefore its derivetive w1th respect to € evalvated at ¢ = O
must vanish, i.e., a = 0. The desired deviation formula results when
€ = 1 is substituted into (&). ; o i

It Dw(p-p ) is 1nf1n1te, then the trlangle 1nequallty for Dirichlet
integrals on surfaces W - A can be used to show that [} (P) ' is
infinite as well. The deviation formula holds in' the sense that both sides

are infinite. i
t B | )

The unlqueness of the max1mlzlng functlon follows exactly as in the

proof of the extrémal theorem in the fJﬂlte case. A consequence of the

uniqueness of the maximizing IUnctlon is the fact that po is the only

limit of the normhl family {?oé} . This compleﬁes the proof of Theorem 1.
. : o , :
An analytic function Fﬁ will be defined,in an analogous manner to
S S W : . :
that of Fon’ i.e., Fz- = exp (po ﬁ c P *?, ?@e function Fz will be
referred to as the "first" Xi-th pr@ncipal'analytic function to distin-
; A |
guish it from another principal function F?;.

1

§ 8 . Extremal Properties of the First A-th Principal Analytic Function

The extremal property of the function pﬁ';leads immediately to the
extremal property for the A-th principal anelytic funcﬁion FA

A class of competlng analytlc functlons is deflned on W as follows:

\'\

Definition. A (a ) is the class of functlons F analytlc on W and
i

i
!

I

f




i

!
J
satisfying the properties: : |
i) | F(z)] = »(F) = cons:t. for izey Withj} darg F =

I

ii.) T has a A-th order zero :at E. |
s A : b

. . b - i l Ii
iii.) ]Zni%F(Z)/(Z gy = 1. 3
The function F 5 already deflned a.'!Love 5 belongs to the class A( 1).

The gquantity ﬁlog 7| darg, F, denoted by A(F), is understood as

ﬁ log JF] a arg F

Theorem 2. Among Fe A( ?\) the :E‘metlonal an log r(F) + A(F) is
uniquely maximized by the function F - The max1mum 1s 2xA log r(F )\) and

the deviation from the meximum is D_ (log ,F/Fl]

Proof. If F e A(M) then log I7l < Hl( k).' 'T:he_ argument used in
Theorem 4 of the preceding chapter jleldS the result

An important corollary characterlzlng Fc}; as a ‘}»-th power of the
univalent function FO of [6], i.e.f , the principai 'Efun.ction corresponding
to A= 1, will now be drawn from Theorem 2. | .: |

x . .' '. -
Corollary 1. The function F ' is the A-th power of the univalent

function FO .

Proof. It is first observed that [FO( ‘z)j\ belongs to .A(l ¥.
Because of the unigqueness of the mé,x:u:nizing :fi‘mcti:on in Theorem 2, it only
remains to be seen that the dev:Latlon DW(log l (F (z) /F (= ] ) = O.
For convenience, denote by :[‘(z ) the analytlc :f‘unctlon (F (Z) )/F (2

with a removable s:.ngularlty at E.; By Green's Theore_m




Do (Log | £ )'= fuﬁlog lfl dargf

The contlbuulon of 7. to the :Lntegral is O. Now
(5) o ¢ D '(log lel) = ﬁloglfl dargf = Jﬁm_/g loglflaargf

{
Let £ (z) = (Fom:( Z))v}‘/ F ( Z-). The famlly{ }13 a narmal family
with a limit being f. Therefore, :Lnterchanglng limits and integration, the
right hand side of (5) may be m:-:.tten, in the sense of iterated limits, as

.lrt‘{_m r-“r|1']>;m »/;n log ]f l darg f and we have

(6) Dy (1og |£]) = Lim llm\/é log lf | d arg £ = O.

Considering the Dirichlet integral of log lfﬂll over: the surface Wm - Wn 5

we obtain
é o . = N . ) - ' | ' ‘ '.o
(7) 0 DWm~Wn( log}fm[ ) L/%ml?g I:f'mild argfm fﬁn log}: fml d arg Ty

The first integral is O and we have .

(8) ﬁ‘ log Ifml d arg fm L 0 for every m & p.

Thus, taling iterated limits of (8),! ;e obtaln

(9) Lim lmj; log lf , dargf & O:

Combining (6) and (9) the desirved resul'L Ds (logffl = 0. This

completes the proof of Corolla.ry 1.

A consequence of this corullary is the fa.0u ‘that F is a weakly

A ~valent radial slit mapping of W 1n1,o a dlSC in the following sense:

:f .
;1 !

Definition: ' The mapplng F( ) is called weakly A-valent if for




ee b L
each ¥ ¢ T(W), the set ¥~ (w) consists of at most A points z € W, and for
some w e F(), the set o (w) consists of .exactly A points. A weakly A-

valent mapping F(z) 'of W into the point set S is called a radial slit

mapping of W into 8 if each component: of the ‘set {w € S;: P (w) contains

- — - d
at most A-1 points z ¢ W} is a radlal sllt or p01nt
Two corollaries sta.t:mg 0T her extremal propertles o:E‘ F will be
drawn. Def:.ne a class of If\lnColOnS ‘3 (}\) Whlch is a subclass of A(l) and

differing from A(X) in that A(F) = 0 for each F e F(x).

Corollary 2. "The fu.nctlon . has tne property

By < = =T
Proof. ILet F'e %(1). The A(F) > 'o nd’

2n) log 2(F) ¢ 2milog r(F) + A(F) é§ énx’log r(Fg).

.

The last 1nequallty is the eytremal property of F . fHence‘ the result.

Define a class of funct:.ons E (2) def:c.ned on W and. differing from

"3 (A) only in thé condition |F(z)| f= const. on‘ Y is dropped.

Corollary 3. 'The function 7 l has the extfreme.l‘ property

R B I G(Z )| =' r(r

Proofs Suppose there is a f‘unctlon ¢ e ﬂ ()\) wn.uh pin la(z)] =
T >r(F}‘) Let W'i be the simply connected reglon enclosed by G(y).

Choose a funcm.on ® belong:.ng to the class’ of unlvalent functlons A1)

defined for W' and consider the d:Lsk of ra.dlus ewhlch is the image of

W under 9. Iet C be the circle, con’calned entlrely in TN , having radius
r and center at 0. TLet M be the maximum v;e,],_ue of ](9 (z)] for z e C.
By Cauchy's estim_ate for the deriva'ti've of e.n analYtic'fUnction we have
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o (o) £ MA. The normalization condition iii.) of A(1) implies that
¢ (o) =1 and we have r4M. Because M€ we have p>r(F;‘ ). The
function Qe G "belqngs to F(A) and we have-!'af" contré.diction to Corollary't.
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CHA.PTER Iv

EXTREMAL PROPERTIES OF THZB SECOND }\-.-TH PRINCIPAL
HARMONIC AND ANALYTIC FUNQTIO\TS ' T ,
In this chapter extremal prope:rties o:.f'I certain A~th principal fune-

tions on W will befderived.

§ 9 . The extremal property of the second }li-th principal hé,rmonic function.

First, a few prbperties of the' :f‘unctié:ns p }\1 are developed Whiéh are

A

needed to obtain the normality of the family: {pln'
L 1.. If m>n, th 5 }\d:l' £ 0
CIMNa, Je- m= 1'1, en ' Bn .‘pom lpom-)\- ]— '.
Proof. By lemma 2 of Chapter i3 | I

’ ) i :

: s H P

A ) - YRR

L/% Pog & Por* _v\/f; pom;d P! 1= O?

n . m - . il B : ‘

—_—

Temma 2. The sequence‘ {c'(pog )} iéfa .de!crea.s;ing sequence.

" Proof. Let m=n . Using the extremal property for p we have -
— on

Y : i A
and c(p ) = 2r c(po. fﬁ P, dp = 27c>~ c(p ).

The last 1neq_ua.11'ty follows from: lemma 1. .5 ! ' '

l : i
Lemma, 3. The fanily { } is a normal famlly on W - k.

' ' A
Proof. It suff:.ces to show phe fam:.ly { } ‘normal 'because P =

log iF f For an arbitrary compact set ; K conta:.ned in W chose N

large enough such that K ¢ Wl\rt Us:.ng the extremal property on W for

N ' '

py

Fon we write for n =N
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A A ' A
X log rFFln ) . 2n log r(Fon ) 2n ) log r(roN ).

The last inequality follows from lemma 2. upon noting that iog r(F023
= c(pgh){ Thus the r(FlnA) are uniformly bounded for n = N. An appli-
catién of the argument principle as in lemma 1. of Cﬁapter IIT provides
us with IF1§.<Z), < r(Flgj) for z € K. Therefore, {%&;}-'for n 2N
is wniformly bounded on the compact set K. We infer that {%g;}-is a
normal family.

We denote by pj’ a limit of the family {%1;}- . Such a function

will be referred to as the '

'second"  A-th principal harmonic function.

Due to the extra term of the functional %h of Chapﬁer iI, the Reduction The-.
orem was not able to be applied. Namely, it is not known whether the
functional is an increasing one or not: A sequence of lemmas involving

convergence of Dirichlet integrals is needed to obtain the extremal theorem

A
for pl

A
Lemma, 4. For the functions p,, We have the relation

, Y
im Br (Pln TP ) = o
n
) A ' A
Proof. According tol 4] the function F (z) = (P2) )" where
Fz = .exp (pj’ + i pz%) and F_  is the univalent principal function of
- ) A A
[ 61, corresponding to the case A= 1. Thus we have D L = log] Fl] =

Y o S
= . . . . - 1 - }\‘ .
A log 'Flj }.pl leevlse, for the functions p,, Ve have P, = P

The concern for these properties is manifested in the following equation:

A . A 2 ' .
(1) DV% (Pl - P, ) =X Dy& (Pi - Pln)'




The restriction of N to Wn-' beioﬁgs to; the class {p} of [ 6 ]

] ; l !
kel ~ 4 : = P .= 0 . . is i
ecause ﬁi P * J{;i d arg PJ,. :O; foz.'; each Bi This is a

conseguence of the univalence of F

l' By ' lemma. 2. of [6] , i.e., the

extremal theorem for Pi'n , we have i
(2) DWn (o, -») = ?n(Pl) - (v )

in

where @ = is.the functional 2w c(p) 4 ﬁ pd;pec - The functional @

and the family { } satisfies the condltlons of the Reduction Theoren.

The functional ‘CP(p) is defined as llm ﬂ) (p) a.nd we ha.ve via the Reduction

14 = 1 :
Theorem Lim (Pn(pln) 0 (pl - Taking llml"tES of (2) we obtain
. ' i,
Lin DW (pl. - Pin) = 0. Eguation (1) then yields the result.

- ! [ i

Lemma 5. If p e H(A) eand D:W _A (p) is finite, where A is a

o as . . ; ‘b« _
parametric disk about &, then Iim Dwn _ A( 1n p s, ‘p) = O.
Proof. According to the Cauchy-Schwarz inequality for the mixed

{
!

Dirichlet integral we have o '

) A 2 .; A
(DW - A (Pln - P > P) ) = Dwn - A(Pln ' Dw A

Using lemma 4. and noting theé :E‘lnlteness of Dw A‘(p) the right hand side
has the limit O. Therefore, the left s:Lde must also, . and the proof is

t

complete. ' : o




If A is & parametric disk about & Wwe have the following lemma, .

Lemma G. Ir Dy _ A.(p) is flnlte then llm DWn (P n’ )

exists for each P € H(l), and is equal to - w A(P 3 p)

Proof. The linearity of the mlxed lelchlet 1ntegral furnlshes us
| N |

A Ny i X

(3) Dy _ A (Pln' ,®) - B - o (w5 ) = D I (p,, = Py> P)-

' .l ﬂ

By lemma 5.) the right hand side of (3) tends t0i0. The proof will be

complete if the'sequence {%ﬁ . (p 2 p)}'possesses a: llmlt It will be

established Lhat this sequence is Cauchy The Cauchy -Schwarz inequality
o '

supplies us with } 3

- - I ‘

) (05 (", p) )% ¢ Dy o <>' <>
W~ W \Py - W W P w-w IR
.m n : m . ’n , ;

The existence of Lim D (p) for eahh b eiH(k); impiiés that each of the

terms on the right hand 31de of (h) ican be made small for suff1c1ently

I
large m and n. Thus the desired sequence is Cauchy, ‘and in view of previous

' P i [
. o i i

remarks the result is establlshed - P
' Co

A corollary of this lemma is later used in establishing g deviation
: ; : ! 1 ; '
formula,. , ; P !
’ ; o i
Corollary 1. If Dy _ A.(P); is flhlte,?thenl Lin th(p—pln) =

A
Dﬁ(P-Pl) .




Proof. It suffices to prove'the foha

disk A about § removed from each of the surfaces Wﬁ and W. Due to
l . i ‘
the quadra ic character of the Dlrlchlet 1ntegral we may write

R S AT X
(5) DWh— A.FP B pln) - DWh— A(P).i- 2§Dﬁh-‘A-‘P’ ?1n) N DWn- A(Pln)°

i i

We consider taking limits of (5). The Limit o} the fifst term .on the right

side s Dy _ (p), while according to:lemma 6 the mlddle term has the

limit -2 Dﬁ _ A(p, pl). The trlangle 1nequallty for Dlrlchleu 1nuegrals'

is used to write i

i
i

e 5 - By G € 3 a0 ¢ 3y ko

n
The last inequality follows from the fact thafsthezDinichlet integral is an
increasing function of the region.’ By lemma hi the right hand side of (6)
approaches O with increasing n. . Hence, the term Dw AKP ) possesses
the limit Dﬁ - A
‘character of Dﬁ (p—pi), the result is establlshed.

(pi) After teking limits of (5) and using the guadratic

Now it can be seen that Jchelfunct‘ional'E 5
¥ (o) = "Jf SR Jff A
Y (@) 2mne (p) + e pdps’ ~ 2 5 P G

has a limit on n. The second term'of the functional possesseS'a'limit

because of the monotone property for such 1ntegrals as proved in lemma 2

f

of Chapter IIr. If Dw AKp) is, flnlte, then lemma 6. furnishes us with




"35 -

the existence of Lim DW A.(P ,EP), and this implies the existence

of the limit of the last term of the functional. Lerma 6. also furnishes
us with the value of the limit, that being ‘/; pi dpx . When D A(_p)
is infinite, the triangle inequality,.as in equation’ (6) of Corollary 1.
with p in the role of :p}L there, implies that Lim D=(p A p) 1is
1 ; : T WY in
infinite as well. .By equation (5) oijhaptef.II
A X A
U = 5 - 0 -
v, ) amh e(pyy) A (o - 2)

and we have that 1%m Wn(p) is 1nf1n1te as’ Well Therefore we define a

new functional ¥ by V(p) = Lim . ¥ (p)

Theorem 1. The function p unlquely mlnlmlzes the functional

¥(p) = 2m C(P) ¥ k/é pdp%'é— k/; P, dp%

among all p € H(A). The minimum velie is 2ﬁk c(pi) and the deviation -
from this value ié Dsy (p - pi). »
[
Proof. The extremal property?of P, 9\5 fufnishes us with

(p) for each p € H(k) ?assing to the limit we obtain

]
|
[
i

21 c(plﬁ) £ v

n
25 c(pi) £ v (@). Using the facté that: pk = lpi andl/;p dp % = 0,
. l i
it follows that v (p ) = 2m C(pk) Hence the minimim property of

pi . As for the deV1atlon recall the eqpatlon (5) from Chapter IT, namely

y = D= (p~ ; 2,:3 1. : .
Y n(p) Dw (p Pln) P27 c(pln) ByACorolkiry 1. to lemma 6. the

. e me et e
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limit of the term D- (p -~ p x) is D= (p -'pl) providing D~ v (p)
Wy in W 1 W o= A
is finite. Hence, if DWﬂA(P) is Tfinite, we obtain the desired deviation

formula after passage to the limit of the above expression for Wh(P)- If

W-A

De , (p) is infinite, then so is Dr (p - pi). The use of the triangle
inequality for Dirichlet integrals obtains this fact. Therefore, the devia~

tion formula holds in the sense that both sides'afe infinite.

8§ 10. Extremal properties of the second A-th principal analytic function.

We define the function .Fi as exp (pi + i pi*) where pi* is
normalized so as to get h*(lg) = 0. Here, hx(£&) is the harmonic conti-
nuation of pi - log |z - éI; The function Fi belongs to the class A(A)
and for each Fe A(A) we have log|F| belonging to H{(A). These remarks
together with Tﬂeorem 1 establiéh, in a manner analogoﬁs to the proéf of

Theorem 2 of Chapter III, the following theorem.

Theorem 2. The A-th principal function Fi uniquely minimizes the
functional
2\ log »(F) + \g: log|F| 4 argF - hA; loglF?l d arg ¥
among all f&nétions F belonging to thée class A(A). The minimum value is
21 log r(Fi) and the deviation from this value is DW‘(logIFy/Fi]).
It.should be remarked that :Fi is a weakly A-valent cirgular slit
disk mapping. This is é consequencé of Fﬁ being a A-th power of the
univalent function Fl which is proved in [ 4] . This could not be proved

. ‘ \ 2
-here since the fact was used to derive the extremal property of Fl .
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A corollary exhibiting another extremal property of Fi will be

dravm from Theorem 2. Denote by B(F) the quantity

'\/; log {Fﬁ darg P - %/g log ]Fii d arg F.

Define a class of functions 3 (A) which is to be a subclass of Ah(k)

with the additional restriction that B(F) £ O.

Corollary l.' The function Fi has the extremal property

min r(F) = »(F).
F) . L

Proof. Iet F e 3(A). Then

2nh log r(F) 2= 2mn log v(F) +. B(F) 2 2mn log r(F_f_‘).

The last inequality is the extremal property of Fz . Hence the result.

It i3 an open question whether F? has a min—max extremal property
similar to that of Corollary 2. of Chapter ITI. A proof similar to the
proof there would be complete 1if it could be éstablished that the function
®o G belongs to the élass F(A). Here G is a function assumed to be

in zj (A) with §%§ | a(z) [— = r< r(Fi) .
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