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ABSTRACT

Rare-earth-doped crystals have been used for optical signal processing and
storage applications. In this dissertation, their potential for quantum computing
applications is explored. In one quantum computing scheme, information is stored in
nuclear spin states and this information is then processed by using optical pulses through
the coupling of these nuclear spin states to a common electronic level. To implement this
scheme, nuclear spin states and coupling of these nuclear spin states to a common
electronic level is required. Preliminary work in rare-earth materials like Pr** and Eu®*
has shown promising results regarding their suitability for quantum computing
applications. One particular problem with these materials is that their transition
wavelengths are only accessible with dye lasers. These lasers are inherently unstable, and
currently few available systems exhibit the stability required for quantum computing
applications.

An alternative choice was to investigate other rare-earth ions like thulium.
Thulium has a transition wavelength that can be accessed with diode lasers, which are
commercially available, easy to stabilize, and compact. This dissertation is based on our
investigations of Tm**:YAG for quantum computing applications.

Investigations involved a detailed characterization of the material. Nuclear spin
states, in Tm*":YAG, were obtained by applying an external magnetic field to the sample.
First, interaction of an external magnetic field with the thulium ions at various sites in the
crystal was analyzed. This analysis was used to measure the magnetic anisotropy in the
material. These results show that it is possible, with the suitable choice of the magnetic
orientation and the site in the crystal, to build a working 3-level guantum system.

In the demonstration of single qubit operations in Tm*":YAG, we first
theoretically studied the effect of Gaussian spatial beam on the single qubit operations.
Later on, we experimentally prepared a single isolated ensemble of ions in the
inhomogeneously broadened absorption profile of the medium. This single isolated
ensemble of ions was used as a test-bed to implement the single qubit operations. We also
isolated two ensembles of ions in the inhomogeneous absorption profile of the medium.
The interaction between these two isolated ensembles of ions was also studied.
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CHAPTER ONE

INTRODUCTION

The main purpose of this work is to investigate the rare-earth-doped material,
Tm**:YAG, for its suitability in quantum computing applications. These investigations
include characterizing the thulium-doped crystal and tailoring the operating conditions
for quantum computing applications. This work provides enhanced insight into the
material properties and suitability of the material as a test-bed for implementation of
basic quantum computing schemes. In this chapter, an introduction to classical and

guantum computing and the dissertation outline are presented.

Classical Computing

Classical computing and its implementation in modern computers started with the
groundbreaking work by A. M. Turing in 1936 [ (1)] when he developed an abstract
model of a programmable computer. This programmable computer is known as a Turing
machine in honor of this pioneer of modern computer science. He also developed the
notion of a universal computing machine that can simulate any other computing machine.
Turing showed that an algorithm can be implemented in this universal Turing machine to
perform a task. In general, any algorithmic process can be implemented using a universal
Turing machine. This assertion is known as the Church-Turing thesis, in honor of Turing

and Alonzo Church, another pioneer of modern computing [ (2)].
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In the modern era, progress achieved in computer hardware has been phenomenal.
The rate of computer hardware growth was predicted by Gordon Moore in 1956 and is
known as Moore’s law. Moore estimated that computing power will double for constant

cost roughly once every two years.

NUMBER OF TRANSISTORS ON A CHIP
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Figure 1. Growth of components on a computer chip per year.

Current growth in hardware has followed Moore’s law (Figure 1), but it is
believed that hardware growth will cease to follow Moore’s law as conventional
fabrication techniques encounter the problem of stacking increased number of
components on a computer chip. One way to increase the computing power without using
additional resources on the computer chip is to use a different computing technique: one
that is more efficient in using the available computing resources.

In an efficient computing technique, the resources needed for computing grow

polynomially with the size of the problem. On the other hand, in the case of an inefficient
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programming technique, computing resources grow exponentially with the size of the
problem. The conventional computation model defined in the Church-Turing thesis can
still be applied with a slight modification.

In mid-1970s, the Church-Turing thesis faced a new challenge. At that time it was
discovered that probabilistic algorithms are more efficient than the deterministic
algorithms. In probabilistic algorithms, the solution is not a definite answer; rather it
determines the probability of a certain outcome. This led to another modification in the
Church-Turing thesis: “Any algorithm process can be simulated efficiently using a
probabilistic Turing machine.” This prompted many to think that there may be some
other computation model that can be used to simulate any physical system. This line of
thinking prompted using a computational model based on the laws of physics [ (3)]. Since
these laws of physics are best described in quantum mechanics, this led David Deutsch in
1985 to propose the “Universal Quantum Computer” that was based upon the principles

of quantum mechanics [ (4)].

Quantum Computing

The building block in quantum computing is called a qubit, and any 2-level
system can serve as a qubit. The lower energy level, |0> , of the two levels can be thought
of as the “0” state of the qubit, and the higher energy level, |1), of the two levels can be

thought of as the “1” state of the qubit. This definition of a qubit is analogous to the

definition of a classical bit where information is stored as 0’s and 1’s.
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However, a qubit, in addition to these two states, can also exist in a superposition

of these two states. Thus, in general, a qubit state will be a|0)+b|1) , where a and b

are complex numbers. A qubit is best described by a coherent superposition of two states.
This property of the qubit lies at the heart of quantum computation. This means that a
qubit is performing two parallel computations at any given time. If there are two
interacting qubits, then each qubit can exist in the superposition of four states. Thus, it
can perform four parallel computations at any given time. The computation power of a
guantum computer thus increases exponentially with the increase in the number of qubits.
To realize the full potential of the superposition state of the qubits, one has to use special
algorithms, sometimes called quantum algorithms, which incorporate quantum
parallelism. Currently few quantum algorithms exist, thus limiting the use of quantum
computation [ (5), (6), (7), (8), (9)]. Apart from the scarcity of efficient quantum
algorithms, there is also the challenging task of building a practical quantum computer. A
physical system has to fulfill certain conditions in order for it to be considered a
candidate for quantum computer hardware. These conditions are described in the next

section.

Quantum Computing and DiVincenzo Requirements for a Physical System

David DiVincenzo put forward five basic requirements for a physical system. The
physical system has to fulfill these conditions to be considered for quantum computing
applications [ (10)]. These conditions are

1. Ascalable physical system with well-characterized qubits.
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2. The ability to initialize the state of the qubits to a simple initial state, such as
000...).

A coherence time much longer than the gate operation time.
4. A “universal” set of quantum gates.
5. A qubit-specific measurement capability
The first condition requires the preparation of a qubit that has two well

characterized states, for example, two spin levels of a spin % particle, the ground and
excited states of an atom/molecule/ion, or two distinct polarization states of a single
photon.

The second condition requires that the state of a qubit can be controlled, so that it
can be initialized to a known value before the start of computation.

The third condition deals with the ability of the qubit to store information without
much loss. This requires the qubit to have minimal contact with the environment, but it
should also be able to interact with other qubits, as per condition 4, and with the
measurement apparatus, as per condition 5. Condition 3, coupled with conditions 4 and 5;
highlights the fundamental difficulty in building a quantum computer.

A quantum gate can be thought of as a unitary transformation that acts on a qubit
and transforms its current state to a new state. A set of quantum gates will be universal if
any unitary transformation of a qubit state can be realized by combinations of these
quantum gates.

A number of physical systems are being investigated by others in order to assess
how well they fulfill these requirements. They include Nuclear Magnetic Resonance
(NMR) [ (11)], lon traps [ (11)], Superconducting circuits made with Josephson junctions

[ (11)], Linear optics quantum computing [ (11)], Solid state (quantum dot and spin
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qubits) [ (11)], Cavity quantum electrodynamics (Cavity QED) [ (11)], and Neutral atoms
[ (11)]. The Roadmap document, [ (11)], describes each approach and compares progress
for implementation of quantum computing in each physical system for each of the
DiVincenzo criteria [ (10)]. The reader is referred to this document and further references
in it for greater detail on these systems.

Reference (11) also includes new approaches for quantum computing
applications, one of which is called the spectral hole-burning approach in rare-earth-
doped crystals. Rare-earth-doped crystals rate favorably against the five requirements
outlined by DiVincenzo. In the rare-earth-doped crystals, dopant ions are randomly
distributed, with each dopant residing in a unique, shielded environment. This
inhomogeneously broadened absorber, at low temperature, can provide a significant
number of potential candidates for qubits. In the current study, the thulium-doped
material, Tm*":YAG, is investigated for its application in quantum computing as outlined

in the next section.

Dissertation Outline

The dissertation is divided into two main parts with the first part dealing with the
material characterization of Tm**:YAG and the second part giving results for ensemble
selection for qubit preparation and implementation of single qubit operations on this
selected ensemble in Tm**:YAG.

The dissertation starts with the basic theory necessary for characterizing the

material. Note that, two main techniques are employed to characterize the material: one
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uses the coherence effects in the medium while the other relies on absorption
spectroscopy.

In Chapter 2, results for coherent transient effects arising from coupling of the
optical field with the two and three levels are summarized. These results provide the
framework needed to investigate the material’s coherence properties. In Chapter 3,
theoretical results for hyperfine splitting in a spin 2 system are presented and transition
probabilities for various transitions are defined.

Chapter 4 includes the experimental results for characterization of the material.
The characterization of the material for quantum computing applications essentially
required us to optimize the conditions for cross-transition probabilities, the population
lifetime of hyperfine levels, and the hyperfine coherence time. The theoretical results in
Chapter 3 are used extensively to characterize the material for these three parameters.
First, we characterize the hyperfine splitting for Tm** ions at different sites in the
thulium-doped crystal. Characterizing the hyperfine levels includes a study of the
population lifetime of these levels and variation in the population lifetime with the
orientation of the applied magnetic field. We also investigated the splitting of hyperfine
levels for ions at different sites. Results from Chapter 3 are also used to study the
transition probabilities for ions at these sites for different magnetic field orientations.
These results mapped the hyperfine splitting and transition probabilities for ions at
different sites in the crystal. We also studied the effect of the misalignment of the applied
magnetic field on the hyperfine splittings and the transition probabilities. Various decay

rates for the material were modeled theoretically, and this model was used to
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experimentally study these relaxation mechanisms in the material. The effect of the
sample temperature on these relaxation parameters was also studied. Later, we
experimentally investigated the hyperfine coherence times for ions at different sites in the
crystal and for various orientations of the magnetic field.

Introductory work describing the relevant theory for a single qubit operation is
given in Chapter 5. It deals with the single qubit operation under ideal conditions and also
extends the operation to non-ideal conditions. These non-ideal conditions include non-
uniformity in the optical beam intensity. Predictions for operations on a single qubit for a
Gaussian spatial optical beam are also presented.

In Chapter 6, a method to select an ensemble of ions for demonstrating a single
qubit operation is described. This was followed by a description of this method for
implementation in the experiment. This method provided us a selected ensemble of
selected ions. The properties of this ensemble were studied using coherence and
absorption spectroscopy. The selected ensemble of ions was used as a test-bed to
implement the basic qubit operations. Experimental results from these single qubit
rotations were compared with the theoretical predictions for the uniform and non-uniform
(Gaussian) excitations. Finally, two ensembles at two different locations in the absorption
spectrum of the medium were selected. The interaction between these two selected
ensembles was investigated using photon echo experiments.

In Chapter 7, a summary of all the results is presented. This chapter also contains
the future directions, one should pursue to implement the multi-qubit operations in

Tm*":YAG.
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CHAPTER TWO
COHERENT INTERACTION OF LIGHT WITH MULTI-LEVEL SYSTEMS
Introduction

A guantum computing scheme relies on the multi-level system. In the multi-level
system some levels are used to store and manipulate the population and the other levels
are used to store and manipulate the coherences in the system. The detailed information
regarding the system will be presented in Chapter 6. In this chapter, we consider the
interaction of such a multi-level system with an optical field. The primary purpose here
is to describe the interaction of an optical field with two and three optical levels in 2- and
4-level atomic systems. The description is carried out using the density matrix formalism
with the introductory theory presented in the next section. When an optical field,

E, = XE, cos(wt — kz ), interacts with these systems, it not only redistributes

population but it also creates coherences in the system [ (12)]. In density matrix
formalism, the population density of each of these energy levels is given by the diagonal

elements of the density matrix, and the optical coherence in the system is given by
(u) = Trace(pou) (2.2),
where u is the transition dipole matrix and p is the density matrix.

In an inhomogeneously broadened medium, the macroscopic polarization consists
of contributions from atoms/ions at different detunings. Therefore, the macroscopic

polarization for such a system will be



P(t.2)= [ (u)g(a)da (22,
where A is the frequency detuning, and g(A) is the line shape of inhomogeneous profile

such that [ g(a)dA =1.

The output optical field from the medium can be obtained from the Maxwell equation

_o_ . 1 0% - 1 0°
VxVxE, .t Z)+_6? E,...t2)= T at—ZP(t, z) (2.3),

where ¢ is the speed of light in a vacuum and ¢, is the permittivity of free space.

Equation (2.3) is quite complicated and has no analytical solution in general, but it is
possible to get an approximate result for the special case considered here. Here, we
consider a case for which macroscopic polarization, P, is solely created by an incident
field, E, . If the amplitudes of the incident fields, the polarization, and the output field are

slowly varying in time, then the total optical field emitted from the system is given by [

(12)]

E,(t,L)=(E, +&,)cos(wt —kL)+ &, sin(ewt —KL) (2.4),
ol . ol .
where ¢, (t,L)= - e P.(t—%) e, (t,L)=- e P.(t- %),
0 0

P(t,L) = %[P, cos(wt — kL) + P, sin(wt —kL)], and L is the length of medium.

For this particular case, if the macroscopic polarization, P, is given, then the
reradiated field can be easily calculated using equation (2.4). Thus, the focus in the rest of

the chapter will be to find the macroscopic polarization for different systems. This in turn
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involves finding density matrices for these systems. Note that the population

redistribution manifests itself as a change in the absorption profile of the medium.

Interaction of a Single Pulse with a 2-Level System

First consider a 2- level system as shown in Figure 2. The wave function in the

l0)= @ and [1) = @ basis is written as y(t) = @:8} .

01

Figure 2: A 2-Level System

The evolution of this state of the system is governed by the Schrodinger equation as

.. 0
in—y(t)=How () (2.5),

where H,is the Hamiltonian of the system and, for a 2-level system, is given as

0 O . . .

H,="% , Where ho,,is the energy difference between the two levels. For this
Wy

situation it is straightforward to solve the Schrodinger equation (2.5) and thus find the

evolution of the system. In this case, each level will oscillate in time with an oscillation

frequency @, .
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Now, if this system interacts with the external electric field via dipole interaction,
then the Schrodinger equation will also have an interaction term, and the system

evolution in time will be given by the Schrodinger equation as

.. 0
lhg—ty/(t):(Ho +H, )y (1) (2.6),
where H, is the interaction Hamiltonian  and is  given by
0wy )
H, =- E, cos(w, t + o). Here the external field,
Hyy O

E(t)=E,cos(o t+¢)fort>t, and E(t)=0fort<t,, is assumed parallel with the
dipole moment and E,is constant in time; u,, is the coupling of the two states and is
assumed real, i.e. u,, = ug,, [Note, if w,, is assumed complex, then it just introduces a

phase factor]; w, is the laser frequency; and ¢ is the phase of the laser pulse. In this

discussion, the optical coherence decay, the population decay, and the propagation effects
are ignored.

In order to solve the Schrodinger equation (equation (2.6)), the wave function is

transferred to a new frame that is rotating with the laser frequency as w'(t)=e"w(t),

0 O
where A= ( j . Therefore, the Schrodinger equation in the new frame will be
o,
H 8 ! ! !
'hal// (t)=H"vy'(t) (2.7),

where H' =™ (H, + H, —rA)e ™.
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Using the rotating wave approximation and ignoring terms oscillating at twice the

0 —Zogl?
H =h i
Qy

i ' where
——e’ A

laser frequency in equation (2.7), we get

E

A=w,-o, and Qu=%5%. In the new frame, H' is independent of time. Thus

equation (2.7) can be solved and the wave function would be l//'(t) = e_-Ttl//'(O)- Here
—iH (1
u=e ' (=) can be written as
S HS
u(Q,,t—t,,A,p)=Se " " 'S
_e A(tzto) CcOoS (Q(tz tO))+ i%sin (Q(tz—to)) 1 %0 ei(p Sin (Q(tz—to))
i 22 g0 gin (200)) cos (Q(t W)} j Asin (20%))

(2.8),
where the matrix S diagonalizes H'and @ = /a2 + A?. Therefore, the density matrix

is

plt=ty)= 2.9),

ph(t>t,)=-iQ.e" (Q cos(““‘t

Po(t=1,)=iQe™ (Qcos(g(t t0)) iAsin(@))sin(@)/Qz,

pl(t>1,)=Q2sin 2(@)/92 , the initial population is in the ground state, and

no initial coherences are present in the system.
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Next, we use the results given in this section and present the results for interaction

of a single optical pulse and multiple optical pulses with a 2-level system.

Rabi Oscillations

We follow the derivation given in [ (12)] and consider the interaction of a single
pulse with a 2-level system. We use equations (2.9) and (2.1) to obtain the coherence
created in a 2-level system with a single optical pulse as

—io t

(1) = ulpse™™ + pioe™™)

=—pu %(Q sin (Q(t —t, ))sin (@, t — @)+ iAsin? (Q(tz‘t(’))cos (o t - go))
(2.10),

First, consider the case when an optical field is interacting with atoms/ions on

resonance i.e., A=0. In this case, the optical field coherently drives the population
between ground state and excited state with frequency€2,. This frequency is often

referred to as the resonant Rabi frequency, owing its name to I. I. Rabi who first
calculated the results to describe the magnetic field interactions with the nuclear spin
systems [ (13)].

For the case where each ion/atom in the system is occupying a unique
environment and ions/atoms in the material are randomly distributed with the energy
level of each ion perturbed by the residual strain of the crystal, the absorption profile of
the system is typically Gaussian. For this case, the macroscopic polarization can be

obtained from equation (2.2) by using the expressions for the absorption profile of the
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system, J (A )= L—e _(ﬁ)z , and the coherence in the system, is given by

Ay

equation (2.10). Resultant integral in equation (2.2) is easy to evaluate if low bandwidth
excitation, i.e., the bandwidth of the pulse is smaller than the inhomogeneous broadening
of the system, is considered. For this case, the absorption profile of the system is assumed
to be flat, and the second term in (2.10) will integrate to zero as it is an odd function of
the detuning, A . Then the surviving term in equation (2.2) will be the in-quadrature
component, Ps, of macroscopic polarization and is given by [ (12)]

(to)

\/;Qa) Y
YRS T 3,(Q,(t-ty) (2.11),

Ay

I:)s(tZtO)=

where Jo is the first order Bessel function and T, depends on the bandwidth of the

excited ions and on the inhomogeneous dephasing time of the material.
The output intensity from the system will be

) (=)
|(t2t0):%c8055+5h2190“%e T3 (Quft-1,))

0

(2.12),

where c is the speed of light in a vacuum and g, is the permittivity of free space.
The result in equation (2.12) is valid for an optical field with spatially uniform

intensity and it can be generalized to an optical beam with a Gaussian intensity profile as

[(12)]

JrhalQue, 1
+ e —1t,
Ao (t - to ) (2.13),
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where Wy is the full width of 1/e maximum of intensity, lo = ceo(Eo)?/ 2, and J; is the first

order Bessel function.

Free Induction Decay (FID)

Now we follow derivations in references [ (14), (12)] and present the response of
the system after it was excited with an optical pulse. In the free induction decay study, the
system is first excited with an optical field. The evolution of the ensemble of ions/atoms
in the system is studied at a later time. Therefore, in the FID study, the evolution of an
ensemble of atoms/ions is studied after the field is turned off. The optical free induction
is very similar to the NMR free induction decay that was first observed by Hahn in 1949 [

(15)]. Following the derivations in [ (14), (12)] we present the results for two cases.

FID after the Interaction with a Short Optical Pulse: In this case, a short optical

pulse of duration = =t, —t, and Rabi frequency o, such thatz " >Aand Q,>A s
applied to the system starting at t = to. Therefore, in this case, the inhomogeneous
broadening of the system is assumed to be smaller than the bandwidth of the pulse. Hence
the detuning is neglected during the pulse and the density matrix, using equation (2.8),

just after the pulse will be

plt=t,)=ulQy.t, —t;,A=0,0=0)p'(t =t,)u"(Q2,t, —t;,A=0,9 = 0)
(2.144).

The system is now allowed to evolve freely, and the evolution of the system at a later

time t > 1, will be given by
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p(t>1)=u(0t-t,A0)0(t=t)u"(0t=t-1,,A0) @i

where U~ is the Hermitian conjugate of U.
The macroscopic polarization can be calculated using equations (2.1, 2.2) and the
expression for the Gaussian absorption profile of the system. In this case, the in-phase

component, Pc, will vanish and the in-quadrature component, P, will be given by

(t_te ) A%

- T - (t_te )2 1
P(t>t)ocpue ™ e sin(Q,7) (2.15).
In this case, the decay of the FID signal will depend on the combination of the

bandwidth, A,, of the sample being excited, and the material coherence time, T,, as

shown in Figure 3.

......... T,=20ps Ap=10kH=z

T,=20ps A =500kH=z

Free Induction decay after the pulse (3. u.)

L 1 1 1 g 1 L
1a 15 20 25 20 35 A0 45 =]
time sl

Figure 3: FID after excitation with a short laser pulse with dephasing, detuning, and
population decay neglected during the pulse.
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The plots in Figure 3 show that the FID signal from the system having a
narrowband absorption profile, given by dotted line, will last longer than the FID signal
from the system having a broadband absorption profile with the same material dephasing
time, T,. Therefore, the FID signal provides a tool to characterize the inhomogeneous

width of the ensemble of ions.

FID after the Interaction with a Long Optical Pulse: Now consider the interaction

of a 2-level system with a long optical pulse such that the system is in a steady state at the
end of the pulse. In the case of steady state, the elements of the density matrix reach a
constant value and do not change with time. In this case, again following the derivation in
[ (12)], the in-phase macroscopic polarization will vanish and the in-quadrature

component will be
1- )8 ’ (2.16),

where T =1+ Q2T,T, , T, is the coherence time of the system, T, is the population

decay time of the system, and the inhomogeneous profile of the system is assumed to be
flat. Equation (2.16) shows that the decay of the coherent emission is exponential and it

depends on the combination of the coherence time and the population decay time.

Interaction of Two Brief Pulses with a 2-Level System

In the previous section, results for the interaction of one pulse with a 2-level

system were presented and relevant phenomena arising from the interaction were briefly
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discussed. Here, the interaction of two brief pulses with a 2-level system is presented. In
this discussion, the pulses are considered to be sufficiently brief so that the detuning and
any other decay processes (coherence decay and population decay) during the pulse are
ignored. In this study we again follow the derivation given in references [ (14), (12)].
The first brief pulse is assumed to be applied around time t,, from t; tot;".

Assuming that the initial population is in the ground state and there are no coherences in

the system, the density matrix just after the pulse can be written from equation (2.9) as

plt=tr)= cosz(i—l) —i0.5e'” sin (6, )
i0.5e ' sin (6, ) sin 2 (%) @17

where 6, =Q,7,, 7, =t -t  is the duration, ¢, is the phase of the pulse, and it is

assumed that Q, >A, 7, <<T,, and 7, << A™. The coherence created in the system

with pulse 1 is given by the off diagonal elements of the density matrix in equation

(2.17). After the application of pulse 1, the system will evolve in time and the density

matrix at time t >t, will be

r(t >t ) e_(t-tl)T COSZ(%) _ i0.5€i¢1 Siﬂ(@l)e_m(t_tl)
p —e | |
U losemsino)e n(e)

(2.18).

Now apply a second pulse of pulse area 8, and phase ¢, from t, tO t2+. Then the

density matrix just after the second pulse will be

p'lt=1)=(u(Q,r,,A=0,0,)p't=t; Ju"(Q,7,,A =0,0,)) (219
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where the detuning and the coherent dephasing during the pulse are neglected because the
pulse duration, 7, =t, —t,, is assumed to be smaller than the coherence time and
T, < (A’l).
The interest here is to find the output field created by the interaction of two
optical pulses applied to the system at different times. As noted earlier, the reradiated
field from the system can be obtained using off diagonal elements of the density matrix.

Therefore, just after the second pulse, the off diagonal element of the density matrix will

be

cos (9, )sin (0, ) &'
(t2-t1)

pilt=t;)ce | —sin(6,)sin?(%)e e tyizea)

. _ (2.20),
+5in (6, )cos 2 (4 ) (=)o

where 6, =Q,7,, 7, is the duration, and ¢, is the phase of the second pulse.

The coherence set-up by these two optical pulses in the system will dephase and

the coherence at a later time will be

cos (6, )sin (0, )e'rz 120t

— sin (6, )sin 2(Q_Z)e—iA(t—th+t1)+i(2(p2—(pl)
2

+ sin (6, )cos Z(QTZ)e—iA(t—tl)nqol

_(t-n)
put>t)oce ™

(2.21).

The analysis of the evolution of coherence, equation (2.21), in the system at a
later time shows that the second term in p;, (t > t,) will perfectly rephase at t = 2t, —t,

independent of the detuning of the individual atom/ion in the system. Hence, the coherent
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emission from the system will yield an optical echo at this rephasing time, which is

usually called the 2-pulse echo [ (12)].

Interaction of a Single Optical Pulse with Three Levels in a 4-Level System

Consider a 4-level system as shown in Figure 4. The theory of the electric field
interaction with a 4-level system is well-known, and for a detailed description the reader
is referred to the literature in references [ (16), (17)]. Here we will just present relevant
results from these references. Consider Figure 4, where levels 3 and 4 are optically
coupled to level 1 or level 2, while there is no direct optical coupling between levels 3

and 4 or levels 1 and 2. Consider an optical pulse given by

E(t)= E,cos(w, t+¢,) forp, =0andt, <t<tS and zero elsewhere such that

T, =t —t, <|col—co2|fl. Thus, another case, where 7, =t  —t; >|col—a>2|fl, is
discussed in the next section. Note in this case the bandwidth of the excitation pulse is
smaller than the energy difference between levels 1 and 2. This single optical pulse will
excite three levels in the 4-level system. Again, decay processes in the material and the
dephasing time during the pulse are ignored and this problem is solved using similar

techniques, as in the case of a 2-level system [ (16)].
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Figure 4. A V-type system in a 4-level system and few marked optical transitions. All
optical transitions are not marked for simplicity.

W, (A,

This optical pulse will create coherence not only between the optical transitions
but also between levels 3 and 4. Assume that the initial population is in level 1. Then the
coherence created between levels 3 and 4 with this single optical pulse is given by the
matrix element of density matrix in the reference [ (18)] as

Pia (t =t ) = (2.22),

E . .. . ..
where 0, = (12 + 1 i%(tf —tl’), A=w, -, U is transition dipole for transition

from level 1 to level 3, and u,, is the transition dipole for transition from level 1 to level
4. Note that the coherences created between optical transitions are similar to those given
in equation (2.9) and those cases are not discussed here. Here the aim is to discuss the

coherence created between non-optical transitions.
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Note that a single pulse can only create a coherence between levels 3 and 4, as
given in equation (2.22), if both of the optical transition dipoles are non-zero. In the
laboratory frame, the coherence between levels 3 and 4 after the pulse 1 will be [ (18)]

- 20
o sin 2(%) o010, )t-t)
2 2
Mg + Hig

P34 (t > tl): Mg Hq, € (2.23),

!
where T, is the coherence time for coherence between levels 3 and 4. In this case,

dephasing and detuning during the pulse are ignored as 7, <T, and 7, < A™.

The coherence given in equation (2.23) is the maximum if the applied pulse has
pulse area 7. Note that levels 3 and 4 are not optically coupled. Therefore, we cannot
optically detect the coherence given in equation (2.23).

In order to probe this coherence and detect an optical signal, the Raman forward
scattering method is used [ (16), (19)]. In this method another narrowband optical pulse
with the bandwidth smaller than the separation between levels 3 and 4 is applied between
any of the optically allowed levels. First assume for our calculations that the optical pulse
is applied between levels 1 and 4. Then this optical pulse will convert the non-optical
(RF) coherence to the optical coherence. Using this method, the macroscopic polarization

created in the system for optimum, 6, = =, first pulse will be
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‘u124‘u123 e_[tthl] Sm[ 2 (t t, ) Eeiwz(t—Tf)'Fi%(t—Tf)
F’B(Al,t > tf)oc (N124 + les) Azl + Qg /] [

+ C.C.
(2.24),
where A is the detuning defined earlier, E, is the amplitude, and €2, is the Rabi

frequency of the second optical pulse. Here, the second pulse is assumed to start just after

the end of the first pulse.

The reradiated field obtained from equation (2.24) will have frequency ®, while
the frequency of the second pulse is @, . Thus, the total field will be the sum of these two

fields, and hence, a beat note of frequency w, —w, will be observed. This beat signal is

often referred to as a coherent Raman beat or quantum beat signal and is often used to

measure Stark splitting, hyperfine splitting, etc. [ (20), (21)].

Optical Rephasing in a 4-Level System with Multiple Optical Pulses

In the previous section, the FID signal from the interaction with a single optical
pulse was used to explore the coherences in a 4-level system. In the current section
multiple pulses are used to study the coherences in the 4-level system. Here we follow the
derivation given in the reference [ (22)]. The interaction of multiple optical pulses with a
4-level system can result in the rephasing phenomenon similar to the case in the 2-level

system. In current section we present the results and conditions to observe a rephased
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signal, known as Raman echo, from a 4-level system using three optical pulses. Later
limitations on the rephasing with the three optical pulses are presented. We present a
well-known alternate technique [ (23)] to achieve a perfect rephasing with more than
three optical pulses. The disadvantage in using the co-propagating beams is discussed and
a modified scheme to avoid the problem with the detection of the coherence, is also
presented.

Consider the level diagram in Figure 5. Here, the optical pulses do not couple
simultaneously to three levels. Instead each pulse couples to just two optically allowed
transitions in the 4-level system. In Figure 3, some optically allowed transitions are
marked with transition frequencies @, and w,. Since each pulse interacts only with two
levels at a time, the effect of a single pulse (ignoring detuning during the pulse and decay
processes in the system) can be calculated using the results given for the interaction of
the optical field with a 2-level system. Therefore, the density matrix will be the same as
in equation (2.8) and the evolution matrix for a 4-level system, where an optical pulse is

applied between levels 1 and 3, can, in general, be written as [ (22)]

U3 (Qor Ty, Ay, (01)
cos(22 )4 & sm(%) 0 ige™ sin(22 )
—_a 2 0 1 0 (2.25),

|Q°1e"”13|n(91“) 0 cos(QlTl) =t sm(QlTl)
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where E,(t)= E,, cos(mw, t + ¢, )fort; <t <t and zero elsewhere, T, =t -t

1

E :
: Qm:%, A=o,—-w;, O, =,92% + A2, and ¢, is the phase of the laser

pulse.
Now, consider the particular case of an application of the first pulse that is
resonant with levels 1 and 3, at t =t, . We ignore detuning and any other decay processes

during the pulse. Therefore, the density matrix just after the pulse will be

p'(t =t ): Ui,s (Q 71,0, 0 )p'(t =1 )UI—>3 (Q 71,0, @1)(2-26)1
where p’(t =t ) is the density matrix of the system just before the application of the
optical pulse.

The density matrix will evolve after the first optical pulse and the evolution will

be given as
p'(t > tl): Up (A11A21t - tl)p,(t = tl )UTD (A11A21t - tl) (2.27),
where u, is the evolution matrix governing evolution of the system just after the optical

pulse and is given by [ (22)] as

1 0 0
_ _ —iA,(t-t,)
Up(A, A, t—t )=]0 e 0 .28
O O e—iAl(t—tn)

where A, =w, —o, and A, =w, —w,, . Here it is assumed that the detunings for both

optical transitions are not correlated.
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Figure 5: A A-type system in a 4-level system and few marked optical transitions. All
optical transitions are not marked for simplicity.

Now we use equations (2.25-2.28) to obtain the density matrix element that gives
the coherence between levels 1 and 3 at a later time for the case where levels 1 and 2 are

equally populated, as

t-t1

P1s (t >t )oc e_(“)(sin 6, )e'eialit) (2.29),
where A, =0, -, , 6, =QOl(tf -t ) is the pulse area, w, Iis the frequency of the

optical beam from the center of level 1 to the center of level 3, and ¢, is the phase of

pulse 1. Note that coherence dephasing (equation (2.29)) is very similar to the case of a 2-

level system (see off diagonal elements in equation (2.9)). Maximum coherence between
levels 1 and 2 is created if 8, = 5 and thus this fixes the pulse area of pulse 1.

Now at time t =t , another optical pulse resonant with levels 2 and 3 is applied.

The evolution matrix for this case will be [ (22)]
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Uy 3 (Qoz Tor Ay, @2)

1

0

0

Y0 cos2d2))+ i g—isin(gzgfz)

icze™ sin(2:Lz))

)

0

icze' sin(2Lz))

cos(22))—j & sin( %L

—
SN——

where Ez(t)z E,, COS (a)th + (pz)for t, <t < t, and zero elsewhere,

E .
T, =t -1, Qp =%, A, =0, -0, , Q, =% + A% ,and @, is the phase of

the laser pulse.

The density matrix of the system just after pulse 2 will be

p'(t = t;): Us s (Qoz 1 72,0,0, )p'(t = t;)uz_)3 (Qoz 72,0, @2) (2.31).
Pulse 2 transfers coherence between levels 1 and 3 to the coherence between
levels 1 and 2, as given in equation (2.31). Thus the evolution of the system just after the

second pulse will be given by
pllt>t,)=up (A, A, t—t,, A )p'(t =t Ju; (A, A, t—1,) (2.32)
Thus, using equation (2.32), the coherence between levels 1 and level 2, for t >t,, just

after the application of pulse 2, is

t-t1

! (t St )OC e_(“)(sin (%))e—i((pz—(pl)JriAl(tz—t1)+iA2(t—t2)

(2.33),
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where T, is the coherence time, A, =(w, — @, ), 6, =Qy,(t; —t, ) is the pulse area of
pulse 2, w,, is the frequency of optical beam from the center of level 2 to the center of
level 3, and ¢, is the phase of pulse 2.
For maximum coherence (see equation (2.33)) between levels 1 and 2, pulse 2
needs to have pulse area 7. Note that the coherence has an extra dephasing term that

depends on the inhomogeneous broadening of the non-optical levels (levels 1 and 2). To

detect this coherence optically, another optical pulse is needed. If this pulse is applied
from t=t; to t=t; between levels 1 and 3, then this pulse will transfer the coherence

between levels 1 and 2 back to levels 2 and 3. Afterwards, the coherence between levels 2

and 3 will be given by the following density matrix element

_((t;;l))(Sin (93 )) o i(0at02 it (ttytp 11 )it (1)

pilt>1,)oce (2.34),

where 0, = Ql(t:;r —t, ) is the area, ¢, is the phase of pulse 3, and optimal areas of

pulse 1 (73) and pulse 2(x) are used to obtain the maximum coherence in the system. It

IS not possible to achieve perfect rephasing with just three optical pulses in a system that

has non-correlated transitions. In the case of a system with uncorrelated transitions, the
detunings A,and A, are independent of each other and thus the coherence in equation
(2.34) will not rephase for any time for non-zero A,and A,. The detailed discussion,
about the detunings A,and A,, is given in Chapter 4.

However, perfect rephasing in a case similar to the one considered here was

achieved experimentally with six co-propagating optical pulses [ (23)]. In that case a
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series of six optical pulses with optimized pulse areas (the pulses areas creating the
maximum coherence in the system) were applied, alternating between optical transitions
as shown in Figure 6. Following the scheme outlined in reference (23), the coherence

between levels 1 and 3 after pulse 6 will be

Prs (t > 14 )

_ﬂ) . . .
oC @ (Té e'(906+€05—2€04+€03+€02—€01)HA2(t—te—t5+2t4—t3—t2+t1)*'Al(te—z'[ﬁtz)
(2.35),

where @, ¢,, @5, ¢,, @5, and ¢, are phases of six pulses, t, ,t,,t;,t,,t., and t, are

positions in time of each pulse in the sequence of six pulses.

)
c A
[¢B)
=
® | Pulse 1(n/2) Pulse 3(rt) Pulse 5 (n) 6-pulse echo
L
Q)] H H H A

t1 t3 ts

«—> “—><—> “——>

ta tasz ts4=ls3 t21
Pulse 2 () Pulse 4 () Pulse 6 ()
2 o -
t2 t4 t6 w tlme
tso=14-12 tea=te-14=142

Figure 6: A six pulse sequence to achieve a rephasing in a 4-level system to measure
the coherence between non-optical levels.
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The perfect rephasing of coherence in the system was achieved by choosing the
appropriate timing of these six pulses. Now if we analyze the equation (2.35), it shows

that the perfect rephasing will occur at a time t =t +t, -t with t, =2t, —t,. The

rephase

phase of the rephased radiation, also called the 6-pulse echo, will be

Prephase = Ps + P5 — 20, + @5 + @, —¢,. The rephased radiation will be emitted in the

direction, k, which depends on the propagation direction of each pulse in the

rephase !

sequence and is given by k... =k +k,—2k, +k;+k, -k, where k,i=1.6,

rephase
represent the propagation directions of these pulses. Note that if all pulses are co-
propagating then the rephased radiations will be emitted in the same direction as the
pulses. However, in general the direction of rephased radiation may not be the same as
any of the propagation directions of the pulses.

Note that in calculating the coherence given in equation (2.35), optimized pulse
areas were used. These optimized pulse areas not only create the maximum coherence to
produce the 6-pulse echo but also null out other possible coherence signals. However, for
practical implementation of this scheme, a laser beam is used and its spatial profile is
typically Gaussian unless converted to a uniform intensity beam using spatial beam
shaper [ (24)]. In most experimental implementations, it is not possible to get rid of all
the non-uniformity in the beam intensity. Therefore, in the case of co-propagating optical
beams there is always a chance of interference between 6-pulse echo and the echoes
produced by other optical pulses in the sequence. This is especially true if the intensities

of the beams have Gaussian spatial profiles. For example in the case of non-uniform co-

propagating optical pulses, equation (2.35) contains additional terms with each term
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rephasing at different times. In these additional terms there is one term from pulses 1, 3,
and 5 that rephases exactly at the same time as the 6-pulse echo. This will contaminate 6-
pulse echo signal..
However, the contamination of the 6-pulse echo signal from unwanted echoes can
be avoided by choosing appropriate propagation direction of each pulse in the 6-pulse

echo sequence. If two different propagation directions are chosen such that the

propagation direction for pulse 2 is IZZ and the propagation direction for all other pulses is
k,, then the 6-pulse echo will propagate along k, and the 3-pulse echo from pulses 1, 3,

and 5 will propagate along k,. This will thus give us an unadulterated 6-pulse echo

without any contamination by other echo signals. In the next section we describe another

technique that is also used in certain cases to study the coherence in multi-level systems.

Interaction of Temporally Overlapped Pulses with a 4-Level System

A different technique can be used to excite a 4-level system [ (25), (26)]. Here we
summarize the results in reference [ (25)]. To study the Raman echo phenomenon,
narrowband double frequency pulses are used. This technique has some advantages in
terms of isolating the desired signal from the unwanted signals. In this section the
interaction of multiple bi-frequency pulses with a 4-level system is discussed and
conditions are presented for achieving the maximum rephased signal, i.e., the Raman
echo.

The analysis is very similar to the case of interaction of a single pulse with a 4-

level system, and those results can be used here. First consider a bi-frequency pulse of a
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duration 7 containing frequencies,, and ,, such that the bi-frequency pulse satisfies
the condition of two photon resonance with levels 1, 2, and 3 as shown in Figure 7. Now

ignore the phase of each pulse and consider interaction of this pulse at time t =t with the

system having transition frequencies , and @, as shown in Figure 7.

=14
@ Jey=[3

@,

N

W,

g2
[ 9)=(2)

Figure 7: A 4-level system with marked optical transitions.

In this analysis both lower levels (levels 1 and 2) are assumed to be equally
populated. The detuning during the pulse and any decay processes, coherence and

population decay, during the pulses’ duration are ignored. This pulse creates the
coherence between levels 1 and 2. The coherence at a time t >t, is given by the density

matrix element [ (25)] as

' _(%) Q Q H 12 A, (t-t,
prt>t )oce ﬁ sin 7 (%) t-%) (2.36),

where A, = (w, — o, )~ (@, — @y ), Q, is the Rabi frequency of the pulse resonant with

levels 1 and 3, Q, is the Rabi frequency of the pulse resonant with levels 2 and 3,
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0, =4Q2+Q27z, is the pulse area and 7, is the duration of the pulse with
sz —a)1|71 <7 <T2). Equation (2.36) gives the maximum value of the coherence for

0, =r andQ, =Q,. Here we choose the area of the first pulse such that we have the
maximum coherence in the system (equation (2.36)). Later, at time t=t, we apply a
second bi-frequency pulse of duration 7, containing frequencies w,, and w,, , such that

the bi-frequency pulse satisfies the condition of two photon resonance with levels 1, 2,
and 4 as shown in Figure 7. Again the coherence between levels 1 and 2 at a later time,

t>t,, will be

P1,2 (t > tZ)OC %e_(Tz’l)(ZeiAl(t—tz) + eiAl(t_tl) + eiAl(t_2t2+t1)> (2.37),

where A, = (0, — o, )- (a)4L - a)SL) and the area of the second pulse in the sequence is 7
with the same Rabi frequencies for each frequency in the pulse. Note that the equation
(2.37) implies that there is a time, t =2t, —t,, when the last term in equation (2.37) will
perfectly rephase for all detunings A,. To probe the coherence at the rephasing time, a
single frequency pulse with frequency w, is used, which converts the coherence
between levels 1 and 2 to the coherence between optical levels 2 and 3. This coherence
produces an optical field with the frequency w,, which is observed as a beat signal on the

detection pulse as discussed previously. Note that in this scheme, both bi-frequency
pulses are shifted in frequency and are separated in time. The application of this scheme
in the context of avoiding the temporal overlap of the Raman echo and the 2PE will be

discussed in Chapter 4.
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Summary

We summarize the results for the coherence phenomena resulting from the
interactions of various optical fields with 2- and 4-level systems. These results provide
theoretical tools that will be used to characterize the material later in Chapter 4. It was
noted that the interaction of a single optical pulse with two optical levels can be used to
obtain information about the characteristics of the ions. This provides a useful method in
measuring the bandwidth of the ensemble of ions. This method can also be used to
measure the state of an ensemble of ions, which will be discussed in Chapter 5. The
phenomenon of the 2-pulse echo, arising from the interaction of two time-delayed pulses
with two optical levels, will be used to study the coherence properties of the material and
of the selected ensemble of ions.

We also presented the results for interaction of a single optical pulse with three
levels in a 4-level system. In this case, an expression for the coherent Raman beat was
presented. Later, results for the interaction of multiple optical pulses with two levels in a
4-level system were also presented. It was noted that, for the general case where the
detunings of the energy levels are uncorrelated, perfect rephasing with three optical
pulses may not be possible. In such a system, a modified pulse sequence containing six
optical pulses can be used to achieve perfect rephasing in a 4-level system. Finally,
another method to achieve perfect rephasing in 4-level system is presented. This method

uses bi-frequency pulses to achieve perfect rephasing in a 4-level system. Results of these
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studies will be extensively used in Chapter 4 to study the hyperfine coherence time in a 4-

level system.
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CHAPTER THREE

SPECTRAL HOLE BURNING AND ENERGY LEVEL STRUCTURE OF THULIUM
IONS IN A YTTRIUM ALUMINUM GARNET HOST (YAG)

Introduction

Rare-earth-doped crystals at low temperatures (less than 4K) exhibit a narrow
absorption line for each individual ion in the crystal. The rare-earth ions, like Pr** and
Eu®* doped into a host material like Y;SiOs, which have very weak magnetic
fluctuations, can have a 100Hz line-width at low temperatures (less than 2K) [ (27), (28)].
The line-width of each absorption line measured in Tm** doped in YAG can be as narrow
as 4kHz [ (29)]. In rare-earth-doped crystals, each dopant ion occupies a different
environment in the crystal. Thus, the frequency of each dopant ion will be slightly shifted
from the neighboring dopant ion. Therefore, in the material absorption spectrum, there
are a range of frequencies within which a material can absorb light. The width of the
material absorption spectrum is called the inhomogeneous width while the width of
absorption spectrum of each ion is called the homogeneous width. The inhomogeneous

width is due to the random shifts introduced by the inhomogeneous static environment.

Spectral Hole Burning

One technique used to probe the material absorption is known as spectral hole
burning [ (30), (31), (32)]. In hole burning, as the name suggests, a spectral hole is

burned with a narrowband laser in an inhomogeneously broadened medium by burning
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away or modifying the ground state population at a specific frequency in a spectral
window in the medium.

Spectral hole burning phenomena can be divided into two broad categories. One
is known as a 2-level saturation hole burning, and the other is known as a multi-level
persistent hole burning. In saturation hole burning, a resonant field excites the population
from the ground state to the excited state. The resultant saturation of the absorbers creates
a spectral hole in the absorption profile at that frequency. The hole lifetime in this case is
limited by the excited state lifetime. In the case of persistent hole burning, the population
of absorbers at the laser frequency is removed from the resonant two levels and is stored
in a non-resonant storage level. The lifetime of the spectral hole in this case can be much
longer than the lifetime of the excited state. Initially, the phenomenon of saturation hole
burning was observed in NMR [ (33)] where the spin lattice relaxation was studied. Later
on, the phenomenon of saturation hole burning was also observed in an optical system
with a HeNe laser [ (34)]. The first solid state system investigated using saturation hole
burning technique was ruby. In this system, the ruby laser was used to study the cross
relaxation parameters in ruby [ (35)]. Observation of the phenomenon of persistent hole
burning in organic mixed crystals with a dye laser opened a new door for the analysis of
other temperature dependent parameters [ (36)]. The spectral hole burning technique is
also used to measure magnetic moments, Stark coefficients, temperature dependent line-
widths, and relaxation times [ (37)].

The first rare-earth ion studied using a spectral hole burning technique was Pr*

doped in LaFs [ (38)]. The main reason for studying Pr** was the availability of dye lasers
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to match the transition wavelength in the material. Later, diode lasers made it possible to
study other rare-earth ions, such as Tm**. The spectral hole burning technique was
successfully used in Tm*" doped in LaF; to study the relaxation parameters and Stark
coefficients [ (39)]. In this dissertation the hole burning technique is used to characterize
rare-earth ions (Tm**:YAG) and it is also used to select the ensemble of ions for qubit

preparation.

Enerqgy Level of the Tm**:Y AG without the External Magnetic Field

Rare-earth ions such as Pr¥*, Eu*" and Tm®" doped into crystals have been
extensively studied for optical signal processing [ (40), (41), (42), (43)] and more
recently for quantum computing applications [ (44), (45), (46)]. All of these rare-earth
ions have an even number of electrons in their partially filled f shells and exhibit long
optical coherence times [ (27)]. The reason for long coherence times between f-f
transitions is due to the nature of optical dephasing in these ions. The f-f transitions are
very well shielded from the environment. One mechanism limiting the dephasing is
magnetic in nature [ (29)]. The dephasing in these materials is usually due to magnetic
spin fluctuations of the host ions. Thus, the rare-earth ions doped in a host with very
weak magnetic moment can have long coherence times [ (47)]. In the case of thulium-
doped in YAG, experimental data has shown that the fluctuating nuclear spin fields of
aluminum ions contribute towards reduction in the coherence time [ (29)].

Preliminary studies for quantum computing applications in Pr** and Eu®" have

shown promising results [ (48), (49), (50)]. However, one problem with these systems is
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the transition wavelengths. Transition wavelengths in both of these materials can only be
accessed with dye lasers, and these lasers are notoriously hard to stabilize, without
elaborate apparatus, to the level of stability needed for quantum computing applications.
Currently, very few systems exist in the world that can achieve the kHz stability required

for quantum computing applications.
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Figure 8: Energy level structure of Tm** [ (39)] without an external magnetic field. Here
transition at 793nm and decay from excited state to the intermediate level are marked.

On the other hand Tm** has an f-f transition at 793nm that can be accessed with
the commercially available diode lasers. These diode laser systems are cheap, compact,
and can be easily stabilized to sub kHz line-width with the spectral hole locking

techniques [ (51)]. The transition of interest between the lowest crystal field level of
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ground state multiplet, *Hs, and the lowest crystal field level of an excited state multiplet,
3H,, in Tm** ion doped in YAG is shown in Figure 8.
Now consider the interaction of a narrowband laser with levels *Hg and *H, in
Figure 8. Then the hole burning spectrum from the medium will be similar as given in
Figure 9. Note that there will be just the absorption change at the burning frequency. The

hole burning spectrum provides a tool for absorption spectroscopy of the medium.
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Figure 9: Simulation of the hole burning spectrum for a 2-level system. The horizontal
axis is referenced with respect to the burning frequency.

Now again we switch back to the task at hand. Our aim for the material study is to
optimize the conditions in Tm**:YAG for quantum computing applications. Most of these
schemes require more than two accessible levels. In these schemes, usually the hyperfine

structure is used to store the qubit. But the Tm**:YAG has no hyperfine structure at zero
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applied field external magnetic field. In the next section we give an overview of a method
for obtaining appropriate hyperfine structure in the Tm**:YAG by applying an external

magnetic field.

Energy Level of the Tm**:Y AG with the External Magnetic Field

Here we skip details about the structure of the crystal and description of thulium
ions at different sites in the crystal. The detailed treatment is given in Chapter 4. Here we
just note that if Tm** doped in YAG is placed in the external magnetic field, then each
electronic level splits into two spin states, and the degeneracy in the spin states is lifted.
This creates a hyperfine structure that can be used for qubit storage in quantum
computing applications. Hence, the external magnetic field gives us a 4-level system in

Tm**:YAG as depicted in Figure 10.
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Figure 10: Selected energy levels of Tm:YAG with the external magnetic field
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In an earlier study, the hyperfine structure in Tm**:YAG has been used as a way
for long term population storage for signal processing applications [ (52)]. Our aim is to
tailor a 3-level system within the 4-level Tm**:YAG system for quantum computing
applications. Before we present the quantitative analysis for the interaction of magnetic
field with Tm**:YAG; we first consider an interaction of a narrowband laser pulse with
the 4-level system. In this case even though the burning pulse is resonant with two levels
in the 4-level system, it will result in a change in the absorption at other frequencies as
well. The hole burning spectrum of such an interaction is shown in the Figure 11. The
hole burning spectrum shows the absorption changes at nine different frequencies due to
population redistribution among hyperfine levels.

0.4

02
0
02z
04
06
08

1t ]

1.2 4

Change in material absorption (Acl)

-1.4 4

_1 -E 1 1 1 1 1
-40 -30 -20 -10 0 10 20 30 40

Frequency (MHz)

Figure 11: The hole burning spectrum from a 4-level system. Again the horizontal axis is
referenced with respect to the burning frequency.
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Here the absorption changes, due to the burning frequency, at OMHz and at other
frequencies, are marked relative to the burning frequency. Note the hyperfine splittings
[Figure 10] and the locations of the changes in absorption in the hole burning spectrum
[Figure 11]. This hole burning spectrum can also be used to obtain the values for the
hyperfine splittings in the medium. We can also use this hole burning spectrum to study
the relaxation dynamics of the 4-level system. Now we qualitatively analyze the
interaction of a magnetic field with Tm**:YAG.

For qualitative analysis, consider the general Hamiltonian in the presence of an

external magnetic field as [ (53), (54)]

HA:lﬁFl+HACFJ+lHAHF+HAQ+HAEZ+HANZJ (3.1),

~

where ﬁF, is the free ion, I—]CF is the crystal field, ﬁHF is the hyperfine interaction, H,
is the nuclear-electric quadrupole interaction, H, is the electron Zeeman interaction,

and H,, is the nuclear Zeeman interaction in the Hamiltonian.

The first two terms in the Hamiltonian, equation (3.1), are dominant terms, and
they determine the structure of electronic levels while other terms have much smaller
contribution to the energy level structure. The Eigen-functions obtained using the first
two terms are used to obtain the hyperfine splitting and the splitting due to magnetic
interaction. In the case of Tm*:YAG, for zero external applied magnetic field, the
hyperfine interaction and magnetic effects appear in second order. The quadrupole
interactions also vanish in Tm*:YAG, as thulium is a spin % system. Therefore, the

effective Hamiltonian is comprised of the last four terms in the total Hamiltonian [ (37)]
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Heff = yaﬂ Balﬂ (32)1
op=(x.y.2)

(03, [n)(n |3, 0)

, is the nuclear
> E-E 9x(9,)

where y,, = =gty =29, 1A 50 Ay = A

(electronic) g-value, #N(#e) is the nuclear (electronic) Bohr magneton, A,is the
hyperfine coupling constant, J is the total angular momentum, |n> are the crystal field
levels with |0> being the lowest level, | is the nuclear spin, and B is the applied
external magnetic field. The effective Hamiltonian is [ (53), (37)]

He =7:B,1, +7,B,1, +7,B,1, (3.3),
where y_ =-0, 4y —29,;1.A,, give principal values of the gyromagnetic tensor along
the principal axis.

For a spin % system, the spin Hamiltonian (equation (3.3)) in |-1), |+ %) basis
can be written as

_E( —7; BOz }/XBOX +i}/yBOyj (34)’
Y x

Hy = .
g 2 BOX _I}/yBOy V. BOz

which  shows that for y, B, —iy B, =0, the external magnetic field,

B, = (BOX, Boy BOZ), will be parallel to the z-axis and there will be no mixing of spin

states in the energy levels for ground and excited states.
However, note that if the magnetic field is not parallel to the z-axis, i.e.,

¥«Box —17,By, #0, then there will always be mixing in spin states. Thus the energy

Eigen-states and energy Eigen values will be
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E.)=a|+3)+a,|-3) (3.5),
B ) =ag|+3)+a,|-3) (36),
where  a, = (E-7.By,) o = 7xBo—17,By, o = xBo—17,By,
2 ' J2E(E-y,B,,)’ * J2E(E+y,B,,)’
E+y,B, E E
a, = % E, =+, B =— and E= (/78] +7]B;, +77B],)

Since Tm®* is a spin % system, for the general orientation of the magnetic field,
each of its electronic level will split into two sub-levels as shown in Figure 10, and the

energy differences for excited and ground state manifolds will be

2

0° = (Ei - Ef): \/(75 Box )2 + (7;503/ )2 + (75 BOZ) (3.7),

2

59 =(E7 -E%)= (2B, +(7B,, ] +(r7By,) (3.8),
where index e denotes the excited state and index g denotes the ground state.

Thus instead of absorption at a single frequency as is the case in Figure 8, there
will be a possibility of optical absorption at four distinct frequencies as shown in Figure
10. The absorption probabilities at these frequencies are directly related to the probability
of cross-transition between any of the two electronic energy levels.

Note that the optical field cannot flip the spin; i. e., cross-transition probability is
zero for pure spin states. In the current situation, each spin state is mixed, as can be seen
in equations (3.5, 3.6), and this makes the transition probability non-zero for cross-

transitions in thulium. The transition probabilities are defined as

2

R, ocKEf

y\ Ef} (3.9),




47

2

(3.10),

R, o« KEE M

E?)

where R,, =R__, R,_=R_,, and u is the optical transition dipole. In the next chapter,

-

the transition strengths [(3.9-3.10)] and hyperfine splittings [(3.7-3.8)] for thulium ions at

different sites in the YAG crystal are studied using the spectral hole burning technique.
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CHAPTER FOUR
CHARACTERIZATION AND OPTIMIZATION OF THULIUM IONS IN A YTTRIUM

ALUMINUM GARNET HOST (YAG) FOR QUANTUM COMPUTING
APPLICATIONS

Introduction

In this chapter, thulium-doped YAG is investigated for building a 3-level system
where a qubit can be stored and manipulated. The storage space for the qubit is provided
in the two levels of the thulium hyperfine manifold of either the ground state or the
excited state. The operation on the qubit is implemented by the optical pulses that couple
these two hyperfine levels to a common electronic level. The hyperfine structure of
Tm**:YAG is obtained with an applied external magnetic field.

The objective of the analysis in this chapter is to optimize conditions for qubit
storage and manipulation in the system. Therefore, there are three main objectives. One is
to optimize the conditions for the optical coupling of the two hyperfine levels with a
single common level (known as a Aor V system as shown in Figure 12). The second
objective is to optimize the conditions for long term population storage in the hyperfine
levels. And the third is to optimize the conditions in the material for long term coherence
storage in the hyperfine levels. The first objective is critical for the storage and
manipulation of the qubit. The second objective plays a critical role for the selection of
the ensemble of ions for the qubit preparation. The third objective provides the optimal

conditions for the storage time in the hyperfine levels for the qubit.
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Figure 12: Two different 3-level systems for quantum computing applications. Here the
cross-transition is given by R.., and the direct transitions are given by R..and R...

The organization of this chapter is as follows. First, the details of the experimental
set-up and the introduction about the material are presented. Then, the basic theory given
in Chapter 3 is used to identify the hyperfine splittings from the thulium ions at each site
in the crystal. In order to optimize the coupling of the two hyperfine levels with the
common electronic level, we need to optimize the cross-transition probabilities. The first
step to achieve this goal is to use the basic theory and find the probabilities of optical
transitions between each level for the thulium ions at all different sites in the crystal. The
definition for the transition probabilities is the same as was defined in the reference (55).
The cross-transition probabilities critically depend on the magnetic anisotropy in the
medium. The magnetic anisotropy in the medium was determined by measuring the
components of the gyromagnetic tensors. We initially used the theoretical results of
reference [ (55)], for the values of components of the gyromagnetic tensors to gain

insight into the cross-transition probabilities for the thulium ions at different sites in the
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crystal. The theoretical results in the reference [ (55)] also provided us with the estimate
for the hyperfine splittings for thulium ions at different sites in the crystal. The effects of
the misalignment of the magnetic field on the transition probabilities and the hyperfine
splittings are also presented. This background knowledge was applied to the experimental
results to study the hole burning spectra from the medium.

The components of the gyromagnetic tensor were measured by mapping the
hyperfine splitting for various orientations of the magnetic field. The mapping was
obtained using the spectral hole burning experiment. In the recent experimental study, the
hole burning technique was used and the y-components of the gyromagnetic tensors were
obtained [ (56)]. Partial information was gained about the other components (x and z) of
the gyromagnetic tensors [ (56)]. Our hope in the experiment was to gain more
information about the x, and z components of the gyromagnetic tensors by using the full
mapping of the hyperfine splitting and the magnetic field orientation. These two
components (x and z) of the gyromagnetic tensor are important because they significantly
affect the transition probabilities for the thulium ions at each site. The information gained
from these measurements was used to select the orientations of the magnetic field for the
optimal transition probabilities. In Tm**:YAG optimal orientations of the magnetic field
are being studied. The optimal orientations of the magnetic field are chosen as the

orientations for which the direct [R,,,R__] and cross-transition [R, ,R_,] probabilities

are comparable to each other.
The second objective was to maximize the population lifetime of hyperfine levels.

To fulfill this objective, we investigated the population lifetime of the hyperfine levels for
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two optimal orientations. This task will maximize the population lifetime of the hyperfine
levels. Previous results indicate that the population lifetime of the hyperfine levels for the
thulium ions in the crystal can be more than a second [ (52)]. Recently, the population
lifetime of the hyperfine levels was again measured for a non-optimal orientation of the
magnetic field, and more than a minute of population lifetime of hyperfine levels was
observed [ (57)]. In both of these experiments, the population lifetime of hyperfine levels
was measured by observing the decay of the central hole. Those past studies have drawn
contradictory conclusions about the population lifetime of the hyperfine levels and its
dependence on the strength of the magnetic field. In one study, the lower applied
magnetic field resulted in a longer population lifetime of the hyperfine levels [ (52)],
while in the other study, the opposite was true [ (57)]. Thus, our goals were to observe
the decay of the absorption features arising specifically from the interaction of the ions at
each site in the crystal and to investigate both claims of the past investigations [ (52),
(57)]. This method should provide direct and unambiguous results for the population
lifetime of both excited and ground state hyperfine levels. We also investigated the
dependence of the population lifetime on the orientation of the magnetic field. This
investigation should also shed the light on the population lifetimes of hyperfine levels for
ions at different sites in the crystal and their dependence on the local environment in the
crystal and orientation of the magnetic field.

In the next step, two optimal orientations of the magnetic field were selected for
the investigation of the coherence time of the hyperfine levels. This investigation will

choose the orientation of the magnetic field for the maximum coherence time as required
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by one of the objectives outlined earlier. In this study, two different methods were used to
explore the hyperfine coherence time. This study will provide information about the
hyperfine coherence time for ions at different sites in the crystal and also about the
dependence of the hyperfine coherence time on the orientation of the magnetic field.

In this chapter, a theoretical model describing the population excitation and
relaxation in Tm*":YAG is also developed. This model describes the relaxation
mechanism in thulium under an applied magnetic field. The theoretical results of the
model in conjunction with the time-dependent experimental data for the spectral hole
burning experiment will be used to obtain the excitation and relaxation parameters. This

theoretical model will also be used to tailor the medium for qubit preparation.

Sample and Experimental Set-up

For all of the characterization experiments, 0.1% atm. doped thulium in YAG was

used and was vapor-cooled in a liquid helium cryostat.

Magnetic Field and the Design of the Helmholtz Coil

The static magnetic field was supplied with a home-made Helmholtz coil. The
Helmholtz coil is often used to provide the uniform magnetic field over the interaction
region in the crystal. The Helmholtz coil consists of a parallel pair of two identical
circular coils, where the separation between the two coils equals the radius of the coil.
The windings on these coils are such that the current flows through both coils in the same
direction. The winding of the coils and the separation between the coils result in a

uniform magnetic field in a large volume between the coils. The resultant uniform
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magnetic field is along the common axes of the two coils. The strength of the magnetic
field is directly proportional to the number of turns on each coil and the applied current.

In the current design, the heat generated from each coil and the efficiency of the
cooling system dictated the maximum number of turns for each coil. Thus, the current
design has 50 layers of 14 turns for each coil that amounts to 700 turns for each coil. The
design of the coil was based on the design being used by the Cone Lab in Physics, MSU,
Bozeman. The outer radius of the cryostat has restricted the inner radius of each coil to
about 60mm. The current system can handle a maximum current of about 7.5 A in each
coil without overheating. However, the typical operating current was about 5 A, well
below the maximum current. The data set in Figure 13 shows the measured values of the
magnetic field along the common axes of these two coils at the midpoint between the
coils for the applied current in each coil. The measured data set for the magnetic field
was obtained using a Hall probe. The Hall probe was borrowed from the Idzerda Lab in
Physics, MSU, Bozeman. The diameter of the sensitive area of the Hall probe was
4.8mm. Thus, the uncertainty in the position was +2.4mm in the data for Figure 14. The
data set in Figure 13 shows a linear dependence on the magnetic field with the applied

current varying as B, =(80.82+0.83)l Gauss, where | is the current in amperes in

each coil.
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Figure 13: Experimental values of the magnetic field along the common axis of two coils
at the midpoint between two coils.

The inhomogeneity in the magnetic field is measured using the position-
dependent measurements of the magnetic field. We again used the above-mentioned Hall
probe. The biggest error in these measurements was the uncertainty in the position, and in
this case, the uncertainty in the position was +2.4mm. The data set in Figure 14 shows
the magnetic field and its dependence on the position. In the first part of this experiment,
the current in each coil was fixed, and the magnetic field was measured as a function of
the distance from the midpoint between the coils along the coil axis. The normalized
measurements of the magnetic field along the axis of these coils are shown in Figure 14
as stars. This data set shows that the magnetic field is fairly uniform over +20mm with

the maximum change in the magnetic field about 0.3% over £10mm .
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Figure 14: Magnetic field as measured with the magnetic probe at different positions
away from the midpoint at the common axis between coils.

In the second part of the experiment, the magnetic field is traced along the radial
direction in the plane containing the midpoint between the coils. The data for this part of
the experiment again show the uniform magnetic field with the maximum change in the
magnetic field about 0.3% over the 0—-10mm distance from the midpoint in the center.

This set-up thus provided a homogeneous (+0.3%) magnetic field over the sample

interaction length of <20mm. The vertical and the horizontal positioning of the

interaction volume were maintained to be within +10mm of the center of the coil.
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The Stabilized Laser Source, RF Electronics, and the Detector

The laser source used in all the experiments was a New Focus Vortex Laser, an
external cavity diode continuous wave laser operated at 793.380 nm. The output from the
laser was amplified with an Eagleyard semiconductor tapered amplifier. The tapered
amplifier, when driven at 1.5A, provided a 13dB gain to the input laser power at 793nm
at room temperature. A maximum output laser power of 500 mW was obtained on
amplification.

The frequency of the laser was stabilized to 10kHz over a second with the spectral
hole locking [ (51)]. In the spectral hole locking, the Pound-Drever-Hall locking
technique [ (58), (59)] is used to stabilize the frequency of the laser by locking the
frequency of the laser to the spectral hole instead of locking the laser to the high finesse
cavity. This method provides a frequency stabilized laser with 10kHz drift in the laser
frequency over a second [(50)].

The phase, the amplitude, and the temporal duration of each optical pulse were
controlled digitally using two acousto-optics modulators (AOM 1, AOM 2). Each
acousto-optic modulator was driven by an arbitrary waveform generator (Tektronix AWG

520). Each AOM had a center frequency of 125MHz with 40 MHz bandwidth.
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Figure 15: Experimental set-up for spectral hole burning, free induction decay, and
photon echo experiments

The output signals were detected with a Thorlabs amplified silicon detector,

PDA155, of 50 MHz bandwidth and 2.5x107*" W/+/Hz noise equivalent power (NEP) at
793 nm. Each data set was collected with a four channel digital oscilloscope (Tektronix
TDS 3054) having 500 MHz bandwidth and 5 GS/s maximum sample rate. The complete

experimental set-up is shown in Figure 15.

The Alignment of the Optical Beam and the Magnetic Field

In this experiment, the optical beam was kept parallel to the optical bench, which
contains all the optics. The level of the optical table was checked with a bubble level, and
it was found to be leveled with the floor (earth) within the accuracy, 0.1mm/M or
+0.006°, of the bubble level [ (60)].

Here, we investigate the misalignment introduced in the experimental set-up due

to the misalignment of the optical set-up and due to the misalignment of the Helmholtz
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coil. This analysis will provide us the upper bound on the misalignment in the
experimental set-up. Later, we will see that any misalignment in the experimental set-up
is insignificant as compared to the error in the axes of the crystal. We start with the
polarizer. It was calibrated using a polarized beam, with the zero on the dial marking the

horizontal polarization with respect to the optical table. The dial on the polarizer has

markings 1.0° apart and thus has 0.5° error for polarization of the optical beam. The
optical beam was aligned to propagate along the [L—10]direction of the crystal with the
polarization of the optical beam oriented in the (1-1 0) plane. The plane (1 -1 0) was
perpendicular to the optical table. The alignment of the optical beam in the required
orientation was achieved by overlapping the incident beam on the (1-10) plane with the
reflected beam from the surface of the (1 -1 0) plane (the front surface of the crystal).

In the experiment a 1 mm diameter optical beam was overlapped with the back
reflected beam. The maximum separation between the two beams was 0.5 mm at a 600

mm distance away from the front surface of the crystal. This misalignment introduced an

error of about0.02° in the tilt of the optical beam with respect to the (1 -1 0) plane of the
crystal.

Another factor contributing to the error in the optical beam alignment is the
position of the optical beam with respect to the optical bench. In order to quantify the
error, the vertical position of the optical beam was measured with respect to the optical
table before and after the crystal. The two positions were 1200 mm apart and the

difference in the vertical positions of the optical beam at these two locations was 0.5 mm.

This introduced an additional uncertainty of 0.02° in the beam tilt with respect to the
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optical table and the magnetic field axis. Thus, the total error in the alignment of the
optical beam with the [L-10] direction was 0.03°. This error is too small to have any

significant effect on the measurements and can be ignored.

Another possible source of an error is in the centering of the optical sample at the
midpoint between the two Helmholtz coils. The magnetic field from the Helmholtz coils
is uniform around the midpoint, as shown in Figure 14. Thus, this error analysis will help
in establishing the inhomogeneity of the magnetic field being experienced by the optical
sample. The error discussed earlier was critical in establishing the interaction of the
optical and the magnetic fields with the thulium ions at various sites in the crystal, as
interactions of these ions critically depend on the direction of the applied optical and
magnetic fields. The inhomogeneity in the applied magnetic field usually contributes to
the inhomogeneous broadening of the hyperfine levels.

In the experiment, our aim is to have minimal effect from the inhomogeneity in
the magnetic field. This can be achieved by centering the beam at the midpoint between
the coils of the Helmholtz coil, which will make the inhomogeneity in the applied
magnetic field negligibly small, +0.3% (Figure 14). Results (Figure 14) for the mapping
of the magnetic field around the midpoint show that the magnetic field has less than 1%
inhomogeneity in the magnetic field for 20 mm radius around the midpoint.

In the drawing in Figure 16, the Helmholtz coil will have negligibly small
inhomogeneity, + 0.3% , in the applied magnetic field in the spherical region of radius

10mm centered at (60mm,60mm,25.90mm). In the laboratory, we were able to adjust the
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Helmholtz coil around the cryostat so that the sample is within 1mm of an ideal vertical

height, 25.90mm , the height needed for the uniform magnetic field.
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_ \ -+ 60mme— i
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0,0,0)mm  X-axis Bottom coil
z-axis Cryostat

Figure 16: Helmholtz coil as arranged around the cryostat for application of uniform
magnetic field to the sample in the cryostat.

The vertical position of the optical beam passing through the crystal was
measured with reference to the upper surface of the bottom coil, and the height of the
Helmholtz coil is adjusted to achieve the required height of 25.90 mm. However, the
horizontal adjustment was tricky as there was less room to maneuver the Helmholtz coil
around the cryostat. Note that the distance between the inner surface of the coil and the
closest point of the outer surface of the cryostat is 10mm. The design of the optical mount
was such that the sample, and hence the optical beam, were not centered in the optical

window. This resulted in our inability to align the optical beam exactly at
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(60mm,60mm,25.90mm). In the end, the optical beam was 5.0 mm away from the center
in the plane containing the midpoint between the coils. Thus, the sample was centered at
(55mm,55mm,25.90mm). These two errors introduced less than 1% inhomogeneity in
the sample, as can be seen from the data in Figure 14.

Now consider an error in setting up the Helmholtz coil along the normal to the
optical table. The heights of the two coils in the Helmholtz coil were adjusted with
respect to the table so that each coil is parallel with each other, and they are also parallel
to the table. The error in these adjustments is the error in measuring the heights. The
smallest division (Imm) on the scale defined the error in our measuring the heights.
Therefore, this measurement error will introduce +0.06° error in the alignment of the
magnetic field. This error again is small as compared to the error in determining the
crystal axis which may be +3° or more. The crystal manufacturer, Scientific Materials,
Bozeman, MT, quoted +3° error in measuring the plane of the crystal axis for the
cutting.

In our alignment procedure, we also used the bubble level in measuring the level
of the polarizing beam cube. This polarizing beam cube was used to calibrate the dial on
the polarizer. The bubble level was also used to measure the level of the optical table.
The accuracy of these levels is about 0.1 mm/M [ (60)]. Thus, the error introduced in the
polarizer dial will be less than a degree. The accuracy of the bubble level was also
measured. The bubble in the bubble level moved 2.0 mm from the center with 1.0°

inclination from the level surface. Thus, the error in the analysis is less than 1° —2°,
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The Crystal Structure of YAG

The host material is yttrium aluminum garnet (YAG),Y3Als01,. The host has
cubic space group symmetry with eight formula units per unit cell as shown in Figure 17
[ (61)]. The yttrium ions, Y**, occupy c sites in the crystal, which have D, local
symmetry. The aluminum ions, AI**, are found in two different sites, a and d, in the
crystal. The aluminum ions at a-site experience the crystal field of C3; symmetry, and the
aluminum ions at d-site experience a crystal field of S, symmetry. When Tm** is doped
in YAG, it substitutes for some of the Y** in dodecahedral sites and experiences the same
crystal field of D, symmetry.

llo llO
42 42

Tetrahedral Site

Yttrium o

Aluminum ©

Oxygen O

Dodecahedral Site

Octahedral Site

Figure 17: One octant of the unit cell of YAG lattice is shown [ (61)].
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Since thulium ions reside in the c-site with D, symmetry, it is instructive to focus
on the c-sites in the crystal. In garnet (YAG) crystal there are twenty-four c-sites in a unit
cell. These c-sites are divided into three groups with eight c-sites in each group. One of
these three groups has a local z-axis parallel to a <001> axis of the crystal. Each of these
groups of eight sites is further subdivided into two groups. The axes of these two groups
are rotated 90° from each other with the common z-axis, as shown in Figure 18. These six
groups, with each group containing four sites, are called six magnetically inequivalent

sites.

The Electronic and the Magnetic Dipole Directions in the Crystal

In Tm**:YAG, the electronic levels are non-degenerate, as the crystal field lifts
the degeneracy in the electronic levels. These non-degenerate electronic levels, known as
Stark levels, are hundreds of GHz apart [ (62), (63)]. In these transitions between Stark
levels, the lowest crystal field level of the ground multiplet, *Hs(1), and the lowest crystal
field level of the excited multiplet, *H4(1), are 793nm apart. This transition is accessible
with diode lasers and is the focus of the study in this dissertation.

The transition at 793nm is an f-f transition. An f-f optical transition is not allowed
in first order, but in this case, due to wave function mixing with 5d levels, the transition
rule is relaxed, and thus, the f-f transitions here are weakly allowed. As the thulium ion
has partially filled a 4f shell with an even number of electrons, it is called a non-Kramer

ion [ (64)].
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Six crystallographically equivalent, but orientationally inequivalent, sites are
pictured in Figure 18. They occupy D,-symmetry sites; the electronic and magnetic

transition dipole necessarily will be along either of the local axes (X, y, z) of the site [

(65)].

Figure 18: Trivalent thulium ions at different sites in YAG crystal. Each site is assigned
a unique local axis which is related to the crystal axis. The axes are identified using
Miller indices, where square brackets refer to directions and angular brackets to axes, as
is defined on page 132 of Ref. [ (66)]. Picture is reproduced from Sun, et. al.[ (67)].
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For this case, Gruber, et. al. [ (62)] noted that the magnetic transition dipole
between electronic levels is much weaker than the electric transition dipole. Note that no
two types of the sites have the same local axis. Thus, the ions at each site will have a
unique transition dipole orientation. In the case of Tm**:YAG, the directions of electric
transition dipoles are studied, but there is still ambiguity about the exact direction of the
electric transition dipoles [ (67)]. The results in reference (67) show that the transition

dipoles lie along the local x or y-axes for these sites.

Interaction of Thulium lons with the Optical Field

For the current analysis the electric dipole is considered to lie along the y-axis in
the local frame, which is a reasonable choice as both (x or y) directions are equivalent.
We follow the approach given in reference [ (67)]. If the electric field lies in the (1-10)

plane and makes an angle 6. with the <001>, then ions at each site in the crystal will

interact with the electric field and contribute to the Rabi frequency as Q, = A %

where £, is the transition dipole moment for ions at a particular site and i =1,2,3,4,5,6. In
this case, the Rabi frequency for ions at each site will be different as given below

QI(QE): 0
QZ(QE):QO|Sin (HE)|

0.,00)- G ) cos 0, )| @)

Q,,0:)= 3% (Sinng ) cos (6¢ )J
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where each index corresponds to the ions at a particular site in the crystal, as shown in
Figure 18, Q, = % u 1s the magnitude of the electric transition dipole moment, and

E, is the magnitude of the electric field.
It can be seen from equation (4.1) that the interaction of ions with the electric
field can be switched on or off by the choice of the direction of the applied optical field.

For example, Q,(6; ) is zero whend, =0°, Q,,(6;) is zero, when 6, =-54.7356° ,

orQs,5(0E) is zero when 6. =54.7356°. This is an important property and will be used to

identify ions at each site in the crystal.

Now we will modify the results in the equation (4.1) and consider a few degrees
tilt in the crystal axis. This is important to consider, as in our analysis, a few degrees tilt
in the crystal axes will have a significant effect on the interpretation of the spectral hole
burning data. Thus, we assume that the electric field is not in the (1-10) plane and,
instead, is tilted such that it makes a tilt angle 6, with the (1-10) plane. In this case, the
electrical field interacting with the medium will be
E(0, .0, ) - EO[\lﬁ(cos(QtE Jin(0,)+5in(0 )X+~ (cos(0 Jsin(0 )-sin(0 ) +cos(0¢ o0 )z”j

(4.1a),
where ()2 Y, 2) are crystal axes as defined in Figure 18.

The interaction with the electric field given in equation (4.1) will be modified,

and the resultant expression will involve a tilt angle, 6, . This will cause a non-zero

interaction of the optical field with ions at site 1. The modified expressions for the

interaction of thulium ions at each site with the optical field will be
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Q,(0c.,0 )=Q,lsin (0 )

Q,(0c .0, )= Qofsin (0¢ )eos (0 )

0,(0..0, )= 323 (sin (0 )COS% )-sin (0 ) 0. )cos (0, )

Q,(0: 0:)="72 (sin (6 Jeos (5’5 )=50 O ) | cos (0, Yeos (0, ) || (41D)
0,(0,.0, )= 3% (sin (0 )COS% )+sin (0 ) (0, )cos (0, )

0, (0,,0, )= 3% (sin (6 )cos (j% )+sin (0 ), oo (0, )cos (0, )

Now we will consider the interaction of the magnetic field with the thulium ions at

these sites in the crystal.

Interaction of Thulium lons with the Magnetic Field

Recall that in a qubit the information is stored in the hyperfine levels. Thus, in
order to use the hyperfine structure for ions at certain sites in Tm**:YAG, we need to
characterize the hyperfine structure of ions at these sites in Tm*":YAG. For
characterization of hyperfine splittings, recall the general form of the Hamiltonian given
in equation (3.3). It was mentioned in Chapter 3, that, due to the external magnetic field,
the degeneracy in the energy levels is lifted, and the resultant level structure is shown in
Figure 10 (Chapter 3). Thus each electronic level of each thulium ion in the crystal will
split into two sublevels. The hyperfine splitting will be the same for magnetically
equivalent ions and will be different for magnetically inequivalent ions for a general

orientation of the magnetic field. Taking into account the cut of the sample used and the
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mounting scheme for the sample, we restrict our analysis to the situation where the
magnetic field is in the (1 -1 0) plane or the magnetic field is tilted from the (1-10) plane.
First, consider an external magnetic field in the (1 -1 0) plane making an angle 6,
with the <0 0 1> axis. The ions at each site in the crystal will experience a magnetic field

in their local coordinates as

B, (6 )= B, (sin(6; ).0,cos(6; ) (4.2),
g2 (95 ) =B, (0’ Sin(es )’ COS(QB )) (4.3),
B,s(05)= %(%23) +cos(0, )—%2’3) +¢0s(6y ), sin (0, )j (4.4),
B,s(6:)= %[— —Sirl/(% ) +cos(6, ),——Sirl/(gB ) cos(6y ),sin (0, )j (4.5).

This magnetic field will interact with ions at all six sites and induce hyperfine
splitting in each electronic level of these ions. The hyperfine splittings for ions at each

site are obtained using equations (3.7, 3.8) and equations (4.2-4.5) as

529(05,770,729, 720 )= By (22 sin(8, ) + (129 cos(0, ) (4.6),
559 (0, 72%, 720 759 )= By (12 sin(0, ) + (2 cos(d, ) 4.7),
o8 (es,y:’g,y;’g,y:mBoJo.s[[y:’g[s"j%%cos(eB>]] oot )| sin(eB»Z}

(4.8),

52805, 75% 730 720 )= Bo\/o.f{(y:’g [S”}z) ~cos(d, )]] - (y;’g [Si”j% ). cos(o, )]] + (2 sin(o, ))ZJ
(4.9).
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where numeric indices correspond to the ions in crystallographically equivalent and
rotationally/magnetically inequivalent sites, while indices e andg correspond to the
excited and the ground states, respectively.

For this particular orientation of the magnetic field, ions at sites 3 and 5 are
magnetically equivalent, with the same hyperfine splitting (cf. equation (4.8)). Similarly,
ions at sites 4 and 6 are magnetically equivalent (cf. equation (4.9)) and, thus, have the
same hyperfine splitting. The ions at other two sites, sites 1 and 2, are not magnetically
equivalent, and their hyperfine splittings are not the same.

Therefore, for this particular magnetic field orientation, there are four
magnetically inequivalent groups of ions. However, this statement is not true if the
magnetic field is not in the (1-10) plane. If the magnetic field is not in (1-10) plane but

instead is in a plane that is tilted from the (1-10) plane with a tilt angle 6,; with respect

to the plane (1-10), then the expressions in equations (4.2-4.5) for the magnetic field

experienced by ions at different sites of the crystal will be modified as
B| (95 O ) = (B(GB O ) )A(l ))A(l + (B(GB O ) 9| ) 9l + (B(GB O ) 2| )2| (4.10),
where (X,,9,,Z, ) represents the orientation of the local axis for each site in the crystal, as

defined in Figure 18, with |1 =1,2,3,4,5 and the external applied magnetic field is

L

8(0,.0, )= BO( - (eos 0, )5 (0,)+ sin 0, )X + %(cos (0, )sin (6, ) sin (8, )V + cos (8, )cos (6, )ij’

where ()Z Y, Z ) represents the crystal axis as defined in Figure 18.

The hyperfine splittings for ions at all six sites can be obtained using equations

(3.7, 3.8) with the magnetic field given above. In this case, the hyperfine splittings will be



70

5e (e 75 72000,00 )= (1B, f + (7B, F +(r8, f (4.11),

2 2 2
5.9(73#3,73,95,9m)=\/(7SB.X) +yes, f +(iB,) (4.12),
where B, with 1 =123,4,5 and m=x,y,z are components of the applied magnetic

field in the local frame of each site in the crystal.

Measurement of the Magnetic Anisotropy in the Medium

Introduction

Now we have basic expressions for the interaction of thulium ions at different sites
in the crystal with the optical and magnetic fields. The next step will be to map the
hyperfine splittings for thulium ions at each site in the crystal. Note that the hyperfine
splittings (4.11-4.12) depend on the strength and the orientation of the magnetic field.
These hyperfine splittings also depend on the components of the gyromagnetic tensors.
Therefore, in order to measure the magnetic anisotropy in the medium, we need to map
the hyperfine splitting for different orientations of the magnetic field. Before we proceed
to the experiment, we will first review the recent theoretical results [ (55)]. The relevant

definitions of the terms used later in the dissertation are also given.

Theory

Following the analysis in [ (55)] we define the cross-transition probabilities for
ions at each site. Now we use the equations (3.9, 3.10) and write the expressions of the

cross-transitions for thulium ions at each site in the crystal as
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2 2

R™ (75'9 ' 75'9 737,05, 0g ) =R« ‘(alg )* c + (blg )* dy

= ‘(clg ) aj + (d ¥ ) by

(4.13),

and the probability for direct transition for ions at each site will be

2 2

R~ (759 175'9 , 75'9 05,0 ) =R o ‘(alg )* ale + (blg )* ble

= ‘(c,g Jdg+(co)de

(4.14),

where

't = (_ Ve By +iyy By )/\/(Zélg'e (5|g'e +7,°B, ))1 b?* = \/(é‘lg'e +7.°B, )/(25|9'6)1

¢t = (7xg'e B, — i7/3'e B, )/\/(25|g'e (5|g'e ~7:°By, »1 d’® = \/(é‘lg'e -7."B, )/(25|9'6)1
and 1=12,345,6.
Now following the earlier analysis [ (55)], we define the cross-transition ratio

with respect to the direct transition as

R™ (739 ) 7;9 V305,04 )

++(,, e e e (415)’
RI (yx'g ’ yy'g ’ yz'g ’QB ’ QtB )

R (7/39 : 7/5'9 77°,0g,0g ):

where 1=123456.

Now we analyze the results for the cross-transition ratio in equation (4.15) for
ions at each site in the crystal. First, we plot the cross-transition ratio as a function of the
orientation of the magnetic field for thulium ions at each site in the crystal. In this plot,
theoretical estimates for the components of the gyromagnetic tensor in the reference (55)
are used. The approach adopted here (equation (4.15)) to compare the cross-transition

probability, Rﬁ'*’(yj'g,yi‘g,yf'g,HB,HtB), with the direct transition probability,
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R™ (yf'g,y;"g,yf'g ,HB,HIB), only makes sense if the direct transition probability is non-

zero for all the orientations of the magnetic field.

In order to investigate the direct transition probability dependence on the
orientation of the applied magnetic field, we first plot the normalized direct probability as
a function of the orientation of the magnetic field in Figure 19. Results in Figure 19 show
that the direct transition probability changes with the orientation of the magnetic field
with the maximum decrease being less than 20%. Note that the direct transition

probability is non-zero for all the orientations of the magnetic field.

ions at site 1
—-—--ions at site 2
———iong at sites 3, 5
--------- ions at sites 4, 6
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Figure 19: Theoretical plot for direct transition probability for ions in the Tm**:YAG at
different sites in the crystal. In this plot the theoretical values, [ (55)], of the components

of the gyromagnetic tensor for the ground state, 7 ° = (18.9,559.6,11.2)MHZTes.a, and the
excited state, 7° =(22.3,75.2,6.3)4,, , manifolds are used in equation (4.13).
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As the direct transition probability is non-zero for all the orientations of the
magnetic field, we are justified in analyzing the cross-transition ratios as defined in the
equation (4.15). The theoretical results in Figure 20 for cross-transition ratios as a
function of the magnetic field orientation show that even though ions at sites 2, 4, and 6
have equal interaction with the electric field, their cross-transition ratios are not the same.
This plot also shows that the magnetically equivalent sites, e.g., ions at sites 4 and 6, have
similar cross-transition ratios, and the magnetically inequivalent sites, e.g., ions at sites 2

and 4, have quite different cross-transition ratios.

ions at site 1
—-—--ions at site 2
— — —ions at sites 3.5
--------- ions at sites 4 B

0.25 ; ; ;
5
i
i
02t Lt -
(11
Lo
Py
= 045} oyt .
[ Yoyl
[un]
< R
o ! ! 1_
= o) b
\ ! |: | -'!
¥ | |
nosh /b 5
¥ P
e ey e e e
-150 -100 &0 0 &0 100 150

fagnetic field angle from <001= in degrees

Figure 20: Theoretical results for cross-transition ratios for ions at various sites in
Tm**:YAG and their dependence on magnetic field orientation. The values chosen for
7 ©9 are the same as in Figure 19.
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If the magnetic field is not confined in the (1-10) plane, and is instead tilted, then

the cross-transition ratio R, (;/j'g N ,QB,QB) will be modified, as ions at sites 3 and

5 (ions at sites 4 and 6) will not be magnetically equivalent.

In our experiment, it is quite possible to have +3° misalignment of the plane, as

this is the accuracy quoted by the manufacturer of the crystal (Scientific Materials,

Bozeman, MT). Now, if we assume an approximately 3° misalignment of (1-10) plane,
then the cross-transition ratios will be modified as shown in Figure 21. The results in
Figure 21 show that the orientations for maximum cross-transition ratios will be shifted,

and ions at all the six sites in the crystal will be magnetically inequivalent.

ions at site 1
—-—--ions at site 2
— — —ions at site 3
—+ —ions at site 5
--------- ions at site 4
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Figure 21: Theoretical results for cross-transition ratios for ions at various sites in
Tm**:YAG and their dependence on magnetic field orientation. The components of
gyromagnetic tensors are the same as in Figure 19. The magnetic field is tilted from

(1-10) plane, with the tilt angle as 9, = 3°.
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These theoretical results in Figure 21 also show that the ions at site 1 will have a
non-zero cross-transition ratio instead of a zero cross-transition ratio as was the case for a
zero tilt with the magnetic field in the (1-10) plane. Another interesting feature is the
maximum value of the cross-transition ratio for ions at site 1. The results in Figure 21
show that ions at site 1 will have the highest cross-transition ratio for quite a wide range
of the magnetic field orientations. A question one might ask is, why not select the ions at
site 1? The answer lies in the fact that ions at site 1 have almost zero hyperfine splittings
for these particular orientations (Figure 22), thus making this choice not suitable for

quantum computing applications.
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Figure 22: Theoretical results for the hyperfine splittings for ions at all six sites in the
crystal when an external magnetic field of hypothetical 1 Tesla is applied to the sample.
The plot uses the theoretical values (55) of the components of the gyromagnetic tensor

for the ground state, 7 ¢ = (18.9,559.6,11.2)M-4, .., and the excited state,
7¢ =(22.3,75.2,6.3)M1 .., manifolds in equation (4.13).



76

Before we proceed to the experiment, consider the hyperfine splittings for these
two cases, the one involving a zero tilt and the other involving a 5° tilt in the orientation
of the magnetic field from the (1-10) plane. One can use equations (4.11-4.12) and plot
the hyperfine splittings for thulium ions at all these six sites in the crystal. First, assume
that the magnetic field is restricted in the (1-10) plane. For this case, results in Figure 22
show that the ions at sites 2, 3, 4, 5, and 6 have higher hyperfine splittings in the ground
state manifold and smaller splittings in the excited state manifold. The hyperfine
splittings for ions at site 1 is the smallest (22MHz/Tesla (maximum value of the
hyperfine splittings)) for both of the manifolds and ions at site 2 have the largest
splittings among all the ions (550 MHz/Tesla (maximum value of the hyperfine
splittings)). Now if the magnetic field is not restricted to the (1-10) plane, but is tilted a
few degrees from the plane, then the results plotted in Figure 23 show that the ions at site
2 still have the largest hyperfine splitting, and the ions at site 1 have the smallest
hyperfine splitting among all the thulium ions at different sites in the crystal. Also note
that ions at all the six sites have different hyperfine splittings, and the ions at sites 4 and 6

(ions at sites 3 and 5) are no longer magnetically equivalent.
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Figure 23: Theoretical results for hyperfine splittings for ions at all six sites in the crystal
when an external magnetic field of 1 Tesla is applied to the sample. Here, the magnetic
field is not restricted to (1-10) plane and is tilted from the plane by tilt angle, 6, fixed at

3°. The values of the components of the gyromagnetic tensor are the same as in
Figure 22.

Thus, the hole burning spectrum for the case when the magnetic field is restricted
in the (1-10) plane and for the case when the magnetic field is tilted will be quite
different. In general, the hole burning spectrum will depend on the tilt angle (orientation
of the magnetic field) and the strength of the magnetic field. To analyze the effect of the
tilt angle on the hole burning spectrum, consider the excitation of the medium with an

optical pulse of bandwidth 500kHz that is interacting with the ions at sites 4 and 6. The
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simulation results of the spectra for the cases of zero tilt and 3° tilt are given in Figure 24.
The analysis of these particular spectra shows that the shift in the excited state splittings
is not large enough to see another peak. On the other hand, the difference in the hyperfine
splittings in the ground state for ions at each site is twice as large as compared to the
bandwidth of the excited ions. Thus, the double hump appears in the absorption features

for the ground state hyperfine splittings in the spectrum in Figure 24 for 3° tilt.
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Figure 24: Simulation of the hole burning spectrum of the ions at sites 4 and 6 for the
orientation, 6, =34°, of magnetic field giving maximum hyperfine splittings with an
applied magnetic field fixed at 567 Gauss. The spectrum shows that the widths of
absorption features other than at 0, = &, are increased, as double humps appear for these

absorption features which signify contributions from ions at two different sites in the
crystal.
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The important insight gained in this analysis will be used to study and interpret
the hole burning spectra obtained experimentally. The analysis in this section will be
extensively used to identify the ions at different sites in the crystal, to identify the
orientation of the crystal, and to approximate the orientations for optimal cross-transition

ratios.

Experiment

The experimental set-up for the anisotropy measurement was the same as given in
Figure 15. The sample, 0.1% atm. Tm*":YAG crystal, was mounted on a rotating mount
(the sample rotating mount, the Helmholtz coil, and the cryostat were provided by the
Prof. Cone’s Lab) in the cryostat, and it was vapor-cooled to 4+0.5K with liquid
helium. The external magnetic field was kept fixed at 175 Gauss during the experiment.
The crystal was rotated along the [-1 1 0] axis of the crystal, and the propagation
direction of the laser beam was kept aligned along the [-1 1 0] axis of the crystal. The
polarization of the electric field was oriented such that the optical field addresses ions at
sites 2, 4, and 6 equally and does not interact with the ions at sites 1, 3, and 5 in the

crystal, as noted in equation (4.1).
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Figure 25: Experimental results for the hole burning spectrum obtained for the
Tm**:YAG sample at 4+0.5K . A fixed magnetic field of 175 Gauss applied to the
sample. The orientation of the sample with respect to the magnetic field was varied in (1 -
1 0) plane by rotating the sample in that plane. The optical field orientation was fixed
along the [111] direction.

The hyperfine splittings in the ground and the excited states as a function of the
magnetic field orientation are mapped using the experimental hole burning data. In this

experiment, five repetitions of a narrowband pulse of 100 us duration and 1ms repetition

time were applied to the medium. The medium was 0.1% atm. Tm**:YAG sample and
was vapor-cooled to 4+0.5K with the liquid helium. The sample, after the excitation
with the pulse, was scanned with a weak broadband chirp having 20MHz bandwidth and

500 ws duration. This slow and weak chirp allowed us to map out the spectrum of the
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medium without changing the absorption profile of the medium as was mentioned in the
hole burning technique (Chapter 3). The optical beam, in this experiment, was not
focused in the medium, which allowed us to obtain a better signal-to-noise ratio for the
output signal from the medium. The spectrum for each magnetic field orientation was
collected as shown in Figure 25. In this experiment, the strength of the magnetic field
was fixed at 175 Gauss. Thus, for 3° misalignment of the magnetic field, the maximum
difference for hyperfine splittings for ions at sites 4 and 6 (ions at sites 3 and 5) will be
500kHz. In the current spectral hole burning data, we were unable to resolve the peaks
with this frequency separation. The positions of the absorption features, other than at the
burning frequency, 0 MHz, were measured using data in Figure 25. The resultant

experimental data (circles) are shown in Figure 26.
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Figure 26: Experimental data (circles) and theoretical results (lines). The components of
the gyromagnetic tensor for the ground and the excited state manifolds are obtained by
fitting experimental data using equations (4.11-4.12) for different values of the
components of the gyromagnetic tensor.

We used the data in Figure 26 to find the experimental values for the components
of the gyromagnetic tensors. The process of finding the components of the gyromagnetic
tensors is as follows. The theoretical (equations (4.11-4.12)) results for the hyperfine
splittings for ions at each site are fitted to the experimental data. The values for the

components of the gyromagnetic tensors for the ground and the excited states, giving us

the best fit with trial and error to the experimental data, are plotted (lines). During the
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fitting process, it is anticipated, based on the theoretical results, that y-components of the

gyromagnetic tensors will be dominant. Thus, for the initial fit, y;9,y;° are set to zero

X

and y.9 is varied in equations (4.11-4.12). This provides us with an initial estimate for
the components of the gyromagnetic tensors. Later, ;/§'g is kept fixed, and other

components, y:¢,y>9, are varied in equations (4.11-4.12), and the best fit to the

X
experimental data with the trial and error is obtained.

The major error in this experiment is due to the misalignment in the orientation of
the magnetic field. We estimated the angular error due to the misalignment in the
magnetic field orientation to be about +5°. The value of this error was based on the
combination of the data provided by the manufacturer of the crystal and the limit in the
resolution of the experimental data. Thus, fit by trial and error (solid lines) to the

experimental data gives us the values for the components of the gyromagnetic tensor for

the ground state (y) =480+4Mi,, y?! =13+6M,, v, =42V .) and the

excited state (y; = 95+1M4 ., ¥, =25+ 6ML ., y; =5+ 34%). Note that, there is a

Tesla
large uncertainty in the x and the z components of the gyromagnetic tensors. The
uncertainty is particularly large in the z components of the gyromagnetic tensors. The
uncertainty arises from the relative size of the components of the gyromagnetic tensors
and the difficulty in obtaining the data for very small cross-transition ratio and for small

splittings with the hole burning experiment.
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Components | 3(whg ) |y 9 (W5 ga) | 72 ("esa) 75 (*ohesa) 75 (M4 egia)] 75 (M5 eqia)
of g-tensors

Theory 559.6 18.9 11.2 75.2 22.3 6.3

[ (55)]

Experiment 403+3 8213

[ (56)]

Experiment | 480+ 4 13+6 4+2 95+1 25+6 5£3

Table 1: The components of the gyromagnetic tensors for the excited state and for the
ground state manifolds.

The value for the y-component of the gyromagnetic tensor for the ground state,
480 MHz/Tesla, obtained here is smaller than the predicted value, 559.6MHz/Tesla,
while the y-component of the gyromagnetic tensor for the excited state, 95MHz/Tesla, is
a bit higher than the predicted value, 75.2MHz/Tesla [ (55)]. The error in these
experimental data is due to the uncertainty in the orientation of the magnetic field and the
calibration of the magnetic field value for the Helmholtz coil. In recent experimental

measurements [ (56)], the values for the y-components of both the ground state,

yy =403+ 3%, and the excited state, y; =82+ 345, were smaller than the values of

Tesla ! Tesla !

these components obtained in our experiment. The difference in the y-components of the
gyromagnetic tensors in the two experiments may be attributed to the difference in the
calibration of the applied external magnetic fields. This can be seen from the same
percentage difference, 17%, for both the ground and the excited states components of the

gyromagnetic tensors in two experiments. This implies that either we are underestimating
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the strength of the applied magnetic field, or earlier investigation has overestimated the
strength of the applied magnetic field. In the experimental investigation in reference (56),
the values for other components of the gyromagnetic tensor were not given, and only the
combinations of x and z-components were obtained. In our experiment, we were able to
put some constraints on the x and z-components even though error in these values is
large.

Now we revisit the cross-transition ratios and study their dependence on the
orientation of the applied magnetic field using the experimental values of the
gyromagnetic tensors. Using equation (4.15), one can plot the cross-transition ratios for
ions at each site in the crystal with the experimentally-obtained values of the components
of the gyromagnetic tensors. The results of that plot are shown in Figure 27.

First, consider thulium ions at site 1 in the crystal. These ions have the maximum
cross-transition ratios of 0.042+0.04, which have large error bars and their lower value
is well below the predicted value of 0.03 (cf. theoretical results in Figure 20). The reason
for the large difference in the predicted and the experimental values for the cross-
transition ratios for ions at site 1 is its strong dependence on the alignment of the
magnetic field, as can be seen from the results in Figure 21. Thus, minor misalignment in
the orientation of the magnetic field causes significant change in the cross-transitions for
ions at site 1.

There is no significant difference in the maximum cross-transition ratios for ions

at sites 3, 4, 5, and 6, with the maximum estimated to be 0.26+0.06. The theoretically
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predicted value of the maximum cross-transition ratios for these ions is 0.24 (cf.
theoretical results in Figure 20) which is in excellent agreement.

The experimental results give the maximum cross-transition ratio for ions at site 2
as 0.15+0.04. The theoretically predicted value of the cross-transition ratio for ions at
site 2 is 0.12 (Figure 20). Note that for ions at site 2, the theoretically predicted result
gave a value smaller than the mean value obtained from the experimental result. It is
important to note that the experimental results just give the range of possible values for
the cross-transition ratios, and in this case the theoretically predicted value happens to fall
in the lower end of the experimental results.

The error bars in these measured values of the cross-transition ratios are due to the

error in measuring the components, (;/j'g,;/j'g,;/f'g), of gyromagnetic tensors. The error

bounds on components of gyromagnetic tensors give us the maximum and the minimum
possible values of the cross-transition ratios. It is interpreted that the theoretical values of
cross-transition ratios fall within the error bound of the experimental values of cross-
transition ratios.

Now we can use these experimental results for the components of the
gyromagnetic tensors and estimate the orientations of the magnetic field that can give us

the optimal cross-transition ratios for thulium ions at a particular site in the crystal.

The Magnetic Field Orientations for Optimal Material Performance

The results of the cross-transition ratios in Figure 27 show that ions at sites 3, 4, 5

and 6 have the highest cross-transition ratio of 0.26+0.06 for particular orientations of
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the magnetic field. For example, the highest values of the cross-transition ratios for ions

at sites 3 and 5 can be accessed by aligning the magnetic field along 6, =50°, or
0, =60°. While the highest cross-transition ratios for thulium ions at sites 4 and 6 can be

accessed by aligning the magnetic field along 6, =-50°, or 8, =—60°. Similarly, the
maximum cross-transition ratios for ions at sites 1 and 2 can be accessed by aligning the
magnetic field along a particular direction. Also note that the ions at site 2 have the
second highest and the ions at site 1 have the third highest cross-transition ratios.

Our goal here is to optimize the conditions in Tm**:YAG for quantum computing
applications. One quantum computing scheme requires that the candidate material should
have an efficient coupling of the two hyperfine levels to a common optical level. Thus,
one needs to choose the orientation of the magnetic field and ions at the site in
Tm**:YAG that give the highest cross-transition ratios. Now we use the results in Figure
27 and identify the orientations of the magnetic field and corresponding sites that fulfill
above mentioned requirement that requires an efficient coupling of a single optical level
to the two hyperfine levels. We can identify that ions at either sites 4 and 6 or sites 3 and
5 will be good candidates for the quantum computing applications for a particular
orientation of the magnetic field. Another interesting magnetic field orientation, 6, = +2°
, Is the one giving the maximum cross-transition ratio, about 0.14, for ions at site 2.
However, the cross-transition ratio for ions at site 1 is 0.042+0.04, which is too small to
be useful for quantum computing applications. The small cross-transition ratio coupled
with the very small hyperfine splittings for ions at site 1 render them not useful for

further exploration.
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Figure 27: Theoretical cross-transition ratios for ions at various sites in Tm**:YAG and
their dependence on magnetic field orientation. In this plot, our experimentally-obtained
values of gyromagnetic tensors are used in equation (4.15).

In the current study it seems sufficient to focus attention on the ions at sites 3 and
5 or the ions at sites 4 and 6. The experimental results in Figure 26 and Figure 27 show
that the orientations of the magnetic field that provide the highest cross-transition ratios
for ions at a particular site are also the orientations for the minimal hyperfine splittings
for ions at that particular site. Thus some sort of balance needs to be achieved so that

there is reasonable hyperfine splitting and reasonable cross-transition ratios for ions at

that particular site. The minimum hyperfine splitting, 6,°, needs to be bigger than the
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bandwidth of the pulse, r;l, being used to address ions in the medium, with 7, <T,,

where 7 is the pulse duration and T, is the material dephasing time. If a pulse with

1.0MHz Rabi frequency and 500nsduration is used to excite the system, then the
minimum splitting, 6,°, needs to be more than 2MHz. For the current set-up in the lab, a

peak magnetic field of 567 Gauss can be achieved without overheating the Helmholtz
coils. Thus, the ions at site 1 and all the orientations for ions at other sites where
splittings more than 2MHz cannot be achieved with a 560 Gauss magnetic field are ruled
out. In the current study, we explored two different orientations of the magnetic field. In
one orientation, the magnetic field was aligned along the orientation giving close to the
maximum cross-transition ratio for ions at sites 4 and 6. We say “close to” because at the
maximum cross-transition ratio, the hyperfine splittings are too small (less than 1MHz)
for the available magnetic field in the lab. In the second orientation, the magnetic field
was aligned to the direction of the near maximum cross-transition ratio for ions at site 2.
Therefore, in the current study only, two orientations of the magnetic field, one giving
near maximum cross-transition ratio for ions at sites 4 and 6, and other giving near

maximum cross-transition ratios for ions at site 2, are explored.

The Hyperfine Splittings and the Interacting Thulium lons

The theoretical calculations, equations (4.11-4.12), show that all the hyperfine
splittings change linearly with the applied magnetic field. This section presents the
experimental results for the hyperfine splittings for ions at different sites for the

orientations of the magnetic field giving the maximum cross-transition ratios for ions at
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these sites (Figure 18). This analysis will also help to accurately identify the orientation

of the crystal.

Experiment

The experimental set-up in Figure 15 was required to measure the hyperfine
splittings. In this experiment, the hole burning technique is used to map the hyperfine
splittings and their dependence on the value of the magnetic field in 0.1% atm.
Tm*:YAG.

The sample was vapor-cooled to 4+0.5K and the optical field was aligned along
the particular orientation needed to address ions at that particular site. For example, the
optical field was aligned along the [111] direction to address ions at sites 2, 4, and 6.
Similarly, other alignments of the optical field were chosen to address ions at other sites
in the crystal. There is always some error in the alignment of the optical field, and in this
case, the polarizer in conjunction with the half-wave plate was used to align the optical
field along the particular direction in the (1-10) plane. The accumulated error due to the
polarizer and half-wave plate misalignment was about +0.7°, for collimated normal
incident beam. This amount of the misalignment in the orientation of the optical field
should not affect the experimental results presented here. The value of the hyperfine
splittings should not be affected due to this misalignment. The results in equations (4.11-
4.12) show that the values of the hyperfine splittings depend critically on the magnitude
and the orientation of the magnetic field. The hyperfine splittings are independent of the

orientation of the optical field.
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The magnetic field for the sample was supplied with the Helmholtz coils. In this
experiment, the magnetic field was varied from 0 Gauss to 567 Gauss. In this experiment,
the medium, Tm**:YAG, was excited by repeatedly applying an optical pulse of 100 u s
duration with a repetition rate of 1kHz. The spectrum of the medium was obtained by

scanning the medium after 200 s with broadband of 40 MHz bandwidth and 500 s

duration chirp.

Tm3HYAG Crystal mount
Vertical
<11-2> 4

*
>
I
2 1

—
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Figure 28: The geometry of the Tm**:YAG crystal and the home-made mount for the
crystal.
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Figure 29: Positions of the crystal mount for various orientations.
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The geometry of the crystal and of the home-made mount is shown in Figure 28.

To study the ions at site 2 in the crystal, the magnetic field should have been oriented in

0

the direction giving the maximum cross-transition ratio for ions at site 2, i. e., 8; = -2

but our home-made mount limited us to a direction of 6, =-5° +1° (Figure 29 (right

side)) which does not give the maximum cross-transition ratio. However, the cross-

transition ratio for ions at site 2 is still non-zero.
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Figure 30: Experimental data (squares, diamonds, stars, circles, triangles, and crosses)
showing hypefine splittings for 6, = —5°. Lines are the theoretical results for hyperfine
splittings for ions at each site with 6, = —15° obtained using equations (4.11-4.12) and
experimentally calculated components of the gyromagnetic tensor.
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The experimental data set in Figure 30 shows the linear dependence of the
hyperfine splittings on the magnitude of the external magnetic field for both the excited
and the ground states. For this particular orientation of the crystal, the cross-transition
ratio is non-zero for ions at sites 2, 3, 4, 5, and 6, and by repeatedly applying the
excitation pulse, we were able to see contributions from ions at all these sites.

All the absorption features in the hole burning spectrum are plotted and matched
with the expected results using equations (4.11-4.12). Here, the experimentally-
determined values of the components of the gyromagnetic tensors were used. In the
fitting routine, the orientation of the magnetic field was varied, and a match to the
experimental data was obtained for certain orientations of the magnetic field. The match

gave us the correct orientation of the magnetic field. In this case, the theoretical results

for the hyperfine splittings matched with the experimental data for 6, =—-15° +1° and
zero tilt angle, 6, =0. This means that the actual orientation of the crystal is about 10°

off from the nominal orientation.

Now each data set is fitted to a line with the assumption of equally weighted error
in each data point using a least square fit routine in Matlab. Each fit gave more than 99%
confidence for a linear fit to the data. This linear fit to experimental data gave us the
hyperfine splitting for ions at site 2 for the ground state as (115.854_r1.5)MH%eS,a and for
the excited state as (23.45i 0.90)MH%es,a. The experimental results for the hyperfine
splittings compare well with the predicted splitting for ions at site 2. The predicted result
for the hyperfine splitting for the ground state is 116.44 MHz£ . and for the excited state

is 23.98MHz .. For ions at sites 4 and 6, the experimental result for the hyperfine
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splitting for the ground state is (237.60+3.20)MHz. . and for the excited state is
(49.254_r1.8)MH%es,a. The predicted hyperfine splitting for ions at sites 4 and 6 for the
ground state is 239.35MHz2 . and for the excited state is 47.82MHy ... Now, for ions at
sites 3 and 5 the experimental values for the hyperfine splittings for the ground state is
(370.34+2.5)Mrz, . and for the excited state is (71.10+1.5)MHz. ... The predicted
hyperfine splitting for ions at sites 3 and 5 for the ground state is 371.20MHz... and for
the excited state is71.10MHz .. The experimental and the theoretical values for the

hyperfine splittings agree very well within the error bounds of the experimental results.

05 = _150 52e (MH%esla) 59?,5 (MH%esla 5:,6 (MH%esla) 529 (MH%esla) 53?5 (MH%esla) 549,6 (MH%’GSIa)
Theory 23.98 71.10 47.82 116.44 371.20 239.35
Experiment | 23.45 71.10 49.25 115.85 370.34 234.6

+0.9 15 +1.8 *1.5 £25 +3.2

Table 2: The fixed orientation, 6, = —15°, of the applied magnetic field and the
hyperfine splitting values for thulium ions in YAG.

In the second experiment, the sample is positioned such that the cross-transition
ratio is the maximum for ions at sites 4 and 6, i. e., 6, =120°. Our orientation was
0, =115° +1°(Figure 29 (left)) which is 5 degrees off from the orientation for the

maximum cross-transition ratio. This misalignment did not affect our analysis since ions
at sites 4 and 6 still have the highest cross-transition ratios among the ions at all other

sites in the crystal for this orientation. The experiment was repeated as described before,
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and the data was collected for different values of the magnetic field. The data set in
Figure 31 also shows that the hyperfine splitting linearly changes with the strength of the
applied magnetic field. Again, an equally weighted error in each data point is assumed
and a Matlab routine (APPENDIX A) based on least square fit is used to fit a line to the

experimental data.
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Figure 31: Experimental data (circles and stars) showing hypefine splitting for the
orientation giving 6, =115°. Lines are plotted using theoretical results in equations

(4.11-4.12) for 6, =125°.
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Each least square fit gave more than 99% confidence for a linear fit to the data,
and the values for hyperfine splittings in the ground and the excited states were obtained.
This linear fit to the experiment data (circles, stars) using the least square fit in Matlab
(APPENDIX A) gave us the desired hyperfine splitting. For ions at site 2 (sites 3 and 5),

the difference between the hyperfine splitting in the ground and the excited states,
8345 — 0545, Was obtained as (277.29+2.5)mr7 . However, we could not get separate
values for the hyperfine splittings for the excited and the ground states. Inability to get

data for these splittings was due to the weak cross-transition ratios for ions at these sites

for this particular orientation of the magnetic field. The predicted value for the difference

in the hyperfine splittings, 6,5 — 8,45, for ions at sites 2, 3and 5 is 278.44MH . and
for excited state splitting, J;,5, is 79.515MH .. The predicted values for 6° —5°are

well within the experimentally-obtained values for 6% —5°. The experimentally-

measured hyperfine splitting for the excited state for ions at sites 4 and 6 is
(15.3011.30)““%95,61. The predicted value for the hyperfine splitting for ions at sites 4 and
6 in the excited state is16.70MHz .. For ions at sites 4 and 6, the predicted value for
hyperfine splitting for the ground state is 16.3MHz . which we could not obtain
experimentally. A possible reason may be the fast population relaxation for hyperfine
levels. The reason for the fast relaxation is the small splitting for ions at sites 4 and 6 for
this orientation. The small splitting could be more prone to the environment. In the
current case, the random flip-flop of spins due to aluminum in the host crystal and

phonon coupling can shorten the population lifetime of these hyperfine levels. The
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population lifetimes of the excited and the ground hyperfine levels may be different due
to the difference in the wave functions for these hyperfine levels. Again, the experimental
results for excited state splitting agree very well with the predicted results for the

hyperfine splittings.

Op = 125° (529,3,5 - 52e,3,5 XMH%esla) 5:,6 (MH%esla)
Theory 278.44 16.70
Experiment 277.29+25 15.30+1.3

Table 3: The fixed orientation, 6, =125°, of the applied magnetic field and the hyperfine
splitting values for thulium ions in YAG.
In another measurement, the crystal was oriented along 6, =-65°. Again, the hyperfine

splitting is obtained by monitoring the hyperfine splitting versus the magnetic field. The
experimental data (triangle, circles, diamonds, and stars) are shown in Figure 32. The
theoretical results are matched with the experimental data by varying the orientation of

the magnetic field. In this orientation, again, the theoretical results matched with the
experimental data for 6, = -50°. This again implies that the orientation of the crystal
axis is more than 10° off from the nominal direction. The linear fit to the experimental
data using the least square fit in Matlab (program given in APPENDIX A) gave us the
hyperfine splitting for ions at site 2 for the ground state as (370.96J_r13.77)MH%eS,a and for
the excited state as (72.26 J_rl.O)MHZTeS,a. The predicted hyperfine splitting for ions at site 2

for the ground state is 365.95MHz . and for the excited state is73.67MH¥, .. The
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experimental results give the hyperfine splittings for ions at sites 3 and 5 for the ground
state as (327.17 +2)Mriz, . and for the excited state as (65.60+1)V.,.,. The predicted
hyperfine splittings for ions at sites 3 and 5 for the ground state as 328.30MHz . and for
the excited state is66.53VHz .. All the experimental data for the hyperfine splittings

agree with the theoretically predicted results within the error bounds. The error in the

splittings may be due to the error in the orientation of the applied external magnetic field.
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Figure 32: Experimental data (triangles, diamonds, stars, and circles) showing hypefine
splitting for the orientation of the magnetic field along 6, = —65°. Lines are the

theoretical results obtained using 6, = —50°in equations (4.11-4.12).
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Oy =—50° 85 (M5 855 (M) 85 (M4 ) 575 (M%)
Theory 73.67 66.53 365.95 328.30
Experiment | 72.26+1 65.60+1 370.96+13.77 | 327.17+2

Table 4: The fixed orientation, 6, = —50°, of the applied magnetic field and the
hyperfine splitting values for thulium ions in YAG.

Again, our inability to get any data for ground state splitting for ions at sites 4 and
6 may be attributed to the fast population relaxation for the hyperfine levels in the excited
state and the ground state manifolds. Another point that needs mention is the difference
in the orientation of the crystal versus the orientation obtained by matching the
experimental data for the hyperfine splitting with the theoretically predicted results for
the hyperfine splittings. The difference in the orientation of the magnetic field is about
10°. The hyperfine splitting data indicate that the orientation of the (1-10) plane is within
the accuracy quoted by the manufacturer. However, the errors in the orientations of the
other planes are not within the accuracy of 3°. In the rest of the dissertation, we will quote
the orientations obtained by matching the experimental data for the hyperfine splittings

with the predicted theoretical results for the hyperfine splittings.

The Hole Burning Spectrum and the Interacting Thulium lons

Introduction
Here, the results of the effect of the optical field orientation on the hole burning
spectrum are presented. This method provides another technique to identify ions at

different sites in the Tm**:YAG crystal. Analysis of the theoretical results in equation
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(4.1) shows that the optical field does not interact equally with the thulium ions at various
sites in the crystal. The property of unequal interaction with the optical field can be used
to identify ions at different sites in the medium contributing to the absorption in the hole
burning spectrum. The results from the equation (4.1) just deal with the direct optical
transition, and it is possible to have maximum direct transition strength and zero cross-
transition ratio. This is important because in the hole burning spectrum, apart from the
absorption feature at the burning frequency, all other absorption features critically depend

on the strength of the cross-transition ratio.
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Figure 33: Theoretical plot for absorption strength of ions at different sites contributing to
the absorption features in the hole burning spectrum. The magnetic field is along the
direction that is -15 degree away from <001>. The results are obtained with the
experimental values of the gyromagnetic tensor.
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Careful analysis of the results in Figure 27 shows that for the orientation of the
magnetic field along 6, = 6,, =-15°and 6, =0°, the cross-transition ratios for ions at

each site in the crystal have non-zero values. Now, define the absorption strength for ions
at each site as the combination of the cross-transition ratio and the interaction with the
optical field. Then, use equations (4.1, 4.15) and write the absorption strength, 1S, of
ions at each site as

19, (7% 75 757,060 )= Ry (175 72%., 0,05 )0 (0, 0 ) (4.16)
where 1 =1,2,3,45,6.

Now, we use the equation (4.16) to plot the absorption strength for ions at each
site. The resultant plots are shown in Figure 33. Results show that there are certain
orientations of the electric field for which the absorption strengths for ions at sites 3, 4, 5,
and 6 are non-zero. Therefore, there is a possibility to see the contributions from ions at
sites 3, 4, 5, and 6 in addition to the contribution from ions at site 2. Note that for these
particular orientations of magnetic and electric fields, there is no possibility to see any
contribution from ions at site 1. The ions at site 1 have zero absorption strength with the
optical field as given by equation (4.1) for all the orientations of the optical field in the

(1-10) plane.

Experiment

The experimental set-up for the identification of ions at different sites in the
crystal was the same as given in Figure 15. The sample, 0.1% atm. Tm*":YAG, was

vapor-cooled to 4K, and the hyperfine structure was obtained with the external magnetic
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field. A pulse sequence similar to the one discussed in the previous section, containing a
burning pulse and a very weak scanning chirp pulse, was used. The sample was mounted
along 6, =—-15°. The fixed magnetic field of 560 Gauss was applied to the sample. As
mentioned earlier, if the optical field is aligned along the [111] direction, then most of the
contribution in the hole burning spectrum, other than at the burning frequency, will be
from ions at sites 4 and 6. This is due to the fact that they have a much higher cross-

transition ratio for these particular orientations of magnetic and optical fields.
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Figure 34: Experimental results showing the hole burning spectrum from ions at different
sites in the crystal. Here the 560 Gauss magnetic field was aligned along 6, = —15° £1°
relative to <001> and the orientation of the electric field was varied in the (1-10) plane.
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In the experiment, the direction of the optical field was varied in the (1 -1 0) plane
using the polarizer. The hole burning spectra for different orientations of the optical field
were collected. The spectra presented in Figure 34 show the contribution from ions at
sites 2, 3, 4, 5, and 6. lons at each site were identified using the results of full rotation of
the electric field and the values of the hyperfine splitting for this orientation of the
magnetic field (Figure 22). The results shown in Figure 34 confirm that, for the electric
field orientation along the direction that is 55° away from the <111> direction, the ions at
sites 2, 3, 4, 5, and 6 have non-zero coupling. The ions from these five sites contribute to
the change in the absorption at the position other than at the burning frequency in the hole
burning spectrum (Figure 34). Thus, we can clearly identify the contributions from

thulium ions at each of these sites.

Population Lifetime of the Hyperfine Levels at 4K

Introduction

We now focus on another parameter, the population lifetime of the hyperfine
levels, for the optimization of the conditions in the material for quantum computing
application. We will see later in the dissertation that the population lifetime plays a
significant role in the ensemble selection for the qubit preparation. In this experiment, the
hyperfine structure in Tm**:YAG is obtained by applying a 400 G magnetic field. In
order to measure the population lifetime of hyperfine levels, the medium is first excited
with a laser pulse, and the population relaxation in the hyperfine levels is monitored at

different times. The population in the hyperfine levels is monitored by scanning the
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medium with a weak chirp laser pulse. The scan of the absorption with the weak chirp
provides the hole burning spectrum. The hole burning spectrum gives information about
the absorption change due to the ions at various sites in the crystal. Note that the
absorption change, apart from the absorption change at the burning frequency, is unique
to ions at each magnetically equivalent site in the crystal. Thus, the time-dependent scan
of the medium, after the burning pulse and tracking of the each individual absorption
feature, can provide us with the population lifetime of each site in the crystal.

In the previous experiments [ (52), (57)], the population lifetime was measured by
monitoring the absorption change at the burning frequency. However, that particular
absorption change is usually due to thulium ions at multiple sites in the crystal. If the
population relaxation between the hyperfine levels for these ions at multiple sites is not
the same, then multiple decays might be observed, thus complicating the assignment of
the hyperfine population lifetime to ions at any particular site in the crystal. In our
approach, as we are monitoring the absorption change particular to ions at a certain site in
the crystal, the assignment of the population lifetime to the ions at each particular site

will be straightforward.

Experiment

The experimental set-up was the same as outlined in Figure 15. In the first

experiment, the Tm*": Y AG sample with 0.1% atm. thulium was positioned in the cryostat
so that 8, = —15° +£1°. This direction roughly corresponds to the highest cross-transition

ratios for ions at sites 4 and 6 in the crystal while ions at other sites have smaller non-zero

cross-transition ratios. Any residual interactions of the laser field with ions at sites 1, 3,
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and 5 were turned off by choosing the appropriate direction of the optical field, which in
this case was along [111]. The sample was vapor-cooled with the liquid helium to 4K,
and the spectral hole burning technique was used to measure the population lifetime of
hyperfine levels. Any accumulation effects from the prior pulse were avoided by setting
the trigger rate on the arbitrary waveform generator (AWG) to 0.25Hz.
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Figure 35: Experimentally-measured population relaxation between hyperfine levels for
ions at sites 4 and 6 in the crystal. The crystal was oriented along 6, = -15° £1°. Least

square fits, shown as straight lines to the experimental data sets (circles and squares),
gave us the hyperfine population lifetimes.
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Figure 35 shows the data for the log of the spectral hole area of different
absorption features in the hole burning spectrum and corresponding probe time. Here, the
decay of the change in the features from ions at sites 4 and 6 are shown. The data set
shows the linear dependence on the log scale of the spectral hole area with the probe
time. Thus, the decay of each absorption feature in the hole burning spectrum is a single
exponential. For this orientation, the population relaxation time between hyperfine levels
of the excited state manifold is 28.5+0.5ms. The population relaxation time for the
ground state manifold is 114+ 9ms.

In the next experiment, the crystal is oriented such that 8, =125° +1°, as this
direction corresponds to the direction of the maximum cross-transition ratios for ions at
sites 4 and 6 with the minimal cross-transition ratios for ions at other sites (2, 3, and 5).
The orientation of the optical field was adjusted such that the interactions with ions at
sites 1, 3, and 5 are turned off. So the focus will be on ions at sites 2, 4, and 6. In this
case, even though ions at sites 4 and 6 have the highest cross-transition ratios, we were
unable to get data for the population lifetimes for the hyperfine levels for these ions. The
reason, as mentioned earlier is the fast population relaxation for ions at sites 4, and 6.
However, we were able to get the population relaxation time for ions at site 2. Recall the
experimental data for the hyperfine splitting for ions at site 2 in the crystal (Figure 31).
Note that, the data for hyperfine splitting in the excited state is absent in that hyperfine
splitting data. As mentioned earlier, the ions at site 2 have a minimal cross-transition
ratio, and any absorption change in the hole burning spectrum attributed to ions at site 2

is mostly due to the accumulation. For this orientation of the magnetic field, we were
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only able to monitor the absorption change at the burning frequency and the absorption
change atd, —&, from ions at site 2 in the crystal. This still provides an unambiguous

population lifetimes for the hyperfine levels of ions at site 2 because other ions (ions at
sites 4 and 6) contributing to the absorption change at the burning frequency have shorter
population decay times (~ 20 ms). Now, we proceed to the experimental results.

In this experiment, we again avoid any accumulation effects from the prior pulse
sequence by setting the trigger rate on the AWG to 0.25 Hz. The experimental results
(circles and squares) for the time-dependent measurements of the absorption scan are
plotted in Figure 36. The results in Figure 36 show the log plot of the spectral hole area at
different probe times. It can be seen that the spectral area has a linear dependence on
logarithmic scale on the probe time. This again implies that the population decay process
is a single exponential. The population relaxation times for relaxation between hyperfine
levels of electronic ground state and the electronic excited state manifolds are obtained
using the least square fit to all the data sets in Figure 36. The lines are fitted to the data
using the least square fit. The least square fits give relaxation time for ground state

manifold as 1157+ 34ms and for excited state manifold as 822 +12ms.
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Figure 36: Experimentally-measured population relaxation between hyperfine levels for
ions at site 2 in the crystal for a fixed magnetic field orientation at 6, =125° +1°. The
least square fits represented by lines to the data sets (circles and squares) gave us the

hyperfine population lifetimes.

Note that the hyperfine population lifetime in this case is significantly higher than
in the previous case. This means that the population lifetime of hyperfine levels critically
depends on the orientation of the magnetic field. These results also imply that the phonon
interaction is anisotropic. Thus, as far as population lifetime is concerned, this orientation
is clearly superior. Further investigations were carried out to study the effect of a sample

temperature on the population relaxation rates for these two orientations.
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Population Lifetime of the Hyperfine Levels at 5K

For practical applications, it is always desirable to have a minimal effect of
temperature on the system. Using both orientations, 6, =125° and 6, =-15°, of the

magnetic field, the effect of the sample temperature on the population lifetime is studied.
In this experiment, the external magnetic field used to obtain the hyperfine structure in
the medium is kept fixed at 400 Gauss, and the sample temperature is increased from
4+0.5K to 5+0.5K.

The population lifetime of the hyperfine levels is expected to decrease with the
increase in sample temperature. The goal here is to find how much reduction in the
population lifetime is caused by the increase in the sample temperature. The major effect
contributing to the decrease in the population lifetime is the phonon coupling. As the
temperature of the sample is increased, there are more phonons available that can couple
to the hyperfine levels. This results in an increase in the population relaxation rate

between the hyperfine levels [ (68), (69), (70),].
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Figure 37: Experimentally-measured population relaxation between hyperfine levels at
5+ 0.5K for ions at sites 4 and 6 with crystal oriented at, = -15° +1°. The
experimental data (circles and squares) and the least square fits to these data sets are lines

giving us the hyperfine population lifetimes.

In this experiment, the same technique as described above was used to obtain the
experimental data for population lifetime measurements for two orientations of the
magnetic field. Experimental data (circles and squares) in Figure 37 show the area of
each absorption feature measured at a different probe time for ions at sites 4 and 6. The
decay times for the ground state, 14+0.4ms, and the excited state, 11.30+0.4ms,

manifolds are about the same. These relaxation times of these hyperfine levels are about
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the same as the relaxation time, 12ms, of the intermediate electronic level. The hyperfine
lifetimes are considerably shorter than the measured population lifetime at 4K for the
same orientation of the magnetic field (6, = —15° £1°for ions at sites 4 and 6).

In the second experiment, the crystal orientation with respect to the external
magnetic field is adjusted such that the cross-transition ratios are highest for ions at sites
4 and 6, in the medium, with the largest splitting for ions at sites 2, 3, and 5. In this case,
the magnetic field is oriented such that 6, =125° £1°, and the hyperfine population
lifetime was measured for ions at site 2. Again, we could not observe any absorption
features for ions at sites 4 and 6. We could only obtain the population lifetimes of
hyperfine levels for ions at site 2. Again, one expects to see an increase in the relaxation

rate between the hyperfine levels in the ground state and in the excited state manifolds.
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Figure 38: Experimentally-measured population relaxation between hyperfine levels at
5K for ions at site 2 with crystal oriented along the direction6, =125° £1°. Each
experimental data is shown as a point (circle and square). The least square fit to the

experimental data sets are represented with lines. These lines were used to obtain the
hyperfine population lifetimes.

The experimental data (circles and squares) for this case are shown in Figure 38.
The absorption features again decayed as a single exponential. The least squares fit were
used to extract the population lifetime for the ground and the excited state hyperfine
manifolds. In this case, the population relaxation time between the ground state hyperfine

levels was decreased to about 310+ 33ms, which is still much higher than the population

lifetime observed for ions at sites 4 and 6 at this temperature. For excited state hyperfine
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levels a population lifetime of 237 +14.50ms was observed which is also higher than the
population lifetime observed for ions at sites 4 and 6 at this temperature.

We have described the relaxation mechanism in the hyperfine levels for ions at
different sites in the crystal. Now, the aim is to model the full relaxation dynamics in
Tm**:YAG and measure the relaxation parameters governing the excitation and
relaxation just after the excitation pulse. The theoretical description and application of the

relaxation model is described in the next section.

Modeling the Relaxation Dynamics in the Medium

Introduction

In the previous section, it was shown that the population relaxation times for the
hyperfine level in the ground state manifold are reasonably long (>100ms at 4K). The
corresponding orientations of the magnetic field also have non-zero cross-transition
ratios. The population relaxation time can be increased further by lowering the sample
temperature. Thus, there is a possibility of a working with a 3-level system for quantum
computing applications.

Now, the focus will be to directly measure the cross-transition ratios for these
orientations and also to measure the other relaxation parameters shown in Figure 39. The
mapping of the relaxation and excitation parameters in Tm**:YAG will also help us
decide the best method for ensemble selection during the qubit preparation process. Thus,
the goals of this investigation are twofold. One is to theoretically model the relaxation

dynamics for the system given in Figure 39. The second goal is an experimental
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investigation of the excitation and the relaxation parameters for the orientation of the

magnetic field that will give us the maximum cross-transition ratios.

Tm**YAG

\“%z 3
E5

1

"H (Lh =

5 Excited state hyperfine levels

Intermediate hyperfine levels
5

Ground state hyperfine levels

"H0) /

Figure 39: Energy level diagram of Tm**:YAG with an external magnetic field applied to
the sample at 4K showing the hyperfine levels.

A recent theoretical (55) study predicted that it is possible to get non-zero cross-
transition ratios in Tm**:YAG for certain orientations of the magnetic field. Later, the
cross-transition ratio was experimentally-measured [ (57)] for a certain orientation of the
magnetic field. In the current study, we not only measure the cross-transition ratio, but
we also measure other relaxation parameters. The results in Figure 20 show the
orientation of the magnetic field and the corresponding cross-transition ratios for thulium
ions at different sites in the crystal. There are three particularly interesting magnetic field

orientations that predict maximum cross-transition ratios for ions at sites 2, 3, 4, 5, and 6.
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In the current experimental study, the results are presented only for one of the
orientations of the magnetic field. However, the theoretical framework can be applied to
study any other orientation of the magnetic field.
In this section, we first present the theoretical framework governing the relaxation

dynamics. In the experiment, we align the crystal with respect to the magnetic field along
the orientation 6, = —15° £1°, giving us a non-zero cross-transition ratio for ions at sites

4 and 6. We apply the theoretical model to the spectral hole data from the experiment and

obtain the excitation and the relaxation parameters for the system in Figure 39.

Theoretical Model

In the spectral hole burning measurements, the medium is first excited. Then, the
relaxation of the excited population is mapped by monitoring the absorption profile of the
medium at different times using another weak chirp pulse. Thus the focus of the
theoretical study will be on three basic mechanisms: the population excitation, the

population relaxation, and the probing of the absorption profile of the medium.

Excitation with a Narrowband Pulse: As noted earlier, in Chapter 3, each thulium

ion will have four possible optical transitions for excitation and relaxation as an external
magnetic field is applied to the medium. In these four optical transitions, two optical
transitions will be allowed, and the other two will be weakly allowed due to some mixing
of the spin states. Now, we assign the value g, for the transition dipole moment for
optically allowed transitions and the value g, for transition dipole moment for weakly

allowed optical transition for each ion in the medium.
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Consider the excitation of energy levels in the medium in Figure 39 with a
narrowband optical pulse at time t=0, such that the bandwidth and the Rabi frequency of

the excitation pulse are smaller than the smallest hyperfine splitting in the group of ions
being addressed, i.e., (Tp,g%)>>m(§—5), as shown in Figure 40. In this calculation,
p ey

we ignore any relaxation process during the pulse. In other words, the population
relaxation time for these levels is assumed to be much larger than the duration of the

applied pulse. Figure 40 shows the coupling of a narrowband optical pulse at ©, with the

energy levels in the sub-group of ions A, B, C, and D for thulium ions at sites 4 and 6.

L=

g

[ —

lon (A) lon (B) lon (C) lon (D)

Figure 40: Sub-group of ions considered for the analysis. Here, o, = 0,, ®, = @, + 9,
, Wy =, +0,, 0, isthe hyperfine splitting for the excited state, and &, is the

hyperfine splitting for the ground state for each ion. In this figure, for simplicity,
other possible optical transitions are not shown.
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For a medium with a small absorption, i.e., aL <<1, the population density for

each level after the excitation will be (cf. Figure 39 for labels)

n, = nIO(lecos@ )
n
=7 (4.17),
n, =0
nO
—(1—cosé,
1 (1—cosb,)
n, = nZ°(1+cos(9 )
n
k :70 (4.18),
nO
—(1-cos@
1 (1—cosh, )
n,=0
n
n, :?0
_No
N =7, (1+cosé,) (4.19),
n,=0
nO
—(1-cosé
1 (1-cosé,)
_No
N, ==, (1+cosh,) (4.20)
n, =%°(1—cos(9u)
n,=0
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where n, is the initial population before the pulse was applied, with equally populated

ground state hyperfine levels, and where 6,, 6, are the pulse areas defined as

9_,ua

. e(t)dt, 6, =% e(t)dt.

N
O ey

N
O ey

In the next section the evolution, from these initial populations, of this excited

system will be discussed.

Relaxation Dynamics of the Excited Population: In this section, the relaxation

dynamics of the excited population given in equations (4.17-4.20) is modeled. Note that
the population excitation and relaxation in this system involves cross-transitions, as can
be seen from equations obtained after excitation with a narrowband pulse and which will
also be evident from the results for the relaxation dynamics.

Several pathways for relaxation of the excited ion are shown in Figure 39 where
all short-lived relaxations are ignored and only the long-lived levels are considered. It is
assumed that the cross and direct transition probabilities are independent of the particular
hyperfine state. They only depend on the particular electronic state involved. Explicitly,
in the modeling of the relaxation dynamics, it is assumed that direct, R, and cross, R,,
relaxations from level 4 to the ground state levels 1, 2 are equal to the direct and cross

relaxations from level 3 to the ground state levels 1, 2. Similarly direct, R,, and cross,
R,, relaxations from level 4 to the intermediate levels 5, 6 are equal to the direct and
cross relaxations from level 3 to the intermediate levels 5, 6 and also direct, R, and

cross, Ry, relaxations from level 5 to the ground state levels 1, 2 are equal to the direct



119
and cross relaxations from level 6 to the ground state levels 1, 2 as shown in Figure 39.
We assume that the relaxation rate between the ground state hyperfine levels is given by
Kk, and the relaxation rate between excited state hyperfine levels is given by «; .

If we assume that the population density in each level is n,,i =1.--6 (cf. Figure

39), then the population density in each level after some time later, t >0, will be

described by

d 1

d_tn3 =x,(n, - n,)- (fjns (4.21),

d 1

d_tn4 =-x,(n, —n,)- (me (4.22),

—n, =x,(n, —n )+ =tn, + 2 n4+—5n5+&n6 (4.23),
1 1 3 T3

d 2 1 6 5

—n, =—k,(n, —n, )+ =2n, +=Ln, + =N, +—>n, (4.24),

dt 1 1 3 3

inS:&nﬁ&n‘l— L n, (4.25),

dt T, T, T,

in6 :&n4+&n3— L Ng (4.26),

dt T, T, T,

where T, is the population lifetime of the excited state and T, is the population lifetime

of the intermediate level.
Equations (4.21) and (4.22) can be solved and the population in levels 3 and 4

will be
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n,(t)= £((n,0)+ 1, (0))~ (n,(0)~n, (0)e ** Je =
n, (1) =2((n,(0)+ ny(0))+ (n, (0)-n, (0))e 2)e =

where a, = (Tij
1

Subtracting equation (4.25) from (4.26) we get

d
a(ne _ns): az(n4 _ns)_as(ne _ns)

R, -R
where a, = (%j and a, = (Tij
1 3

Adding equations (4.25) and (4.26) yields

d
a(ne + ns): a4("]4 + ns)_as(ne + ns)

where a, = (@j

1
Subtracting equation (4.23) from (4.24) we get

d
dt

where a, = [ Rl_; R, j as = (@j
1 3

Adding equations (4.23) and (4.24) gives

d
a(nz + nl): a7(n4 + n3)+ as(ne + ns)

_(nz _nl): _2K2(n2 _n1)+a5(n4 _n3)+ ae(ne _ns)

(4.27)

(4.28)

(4.29),

(4.30),

(4.31),

(4.32),
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Equations from (4.29-4.32) can be solved exactly and the resultant expressions

will be

<ne<t>+n5<t>>=(<ne<o>+n5<o»+( d j<n4<o>+n3<o»(1—eW)jeast @39,

a, —a,

<n6<t>—n5<t»={<ne<o>—n5<o>>+(%j<n4<o)_n3<o»(1_e<a1+zf«1as>t )j

(4.34),
(n, @)+ n, ()= (n,(0)+n,(0))
; [(n6(0)+ 0. (0))+ [ o J(n4(0)+ ng(O))J(l— eui)  (439)

[ e 0,0 n - o)
(n,(0)-n,(0))
(n,(t)-n,(t)= +((n6(0)—n5(0))+(a1+2aJ( .(0)-n (0))](( 2 2))(1 )

+(( a, a,a, j(n4(0)—n3(0))(1—e(a1+2K12K2)t)

a, + 21(1) (a1 + 2K, - 2K, )(a1 + 2K, — a3)

—2K,t

@D

(4.36).

Results obtained here provide a complete description of the relaxation processes
governing the population decay. The results given here have six independent parameters.
These independent parameters will be measured experimentally using the spectral hole

burning technique.

Scanning the Medium with a Weak Chirp Pulse: The relaxation parameters are

measured experimentally using time-dependent measurements. In this technique, the
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excited medium is scanned at different times with a weak broadband chirp pulse. Each
scan with the chirp will provide the absorption profile of the medium. The scanned
absorption profile will give the information about the population in each level at a certain
time. This, in turn, will be used to study the relaxation dynamics of the medium. The
broadband chirp pulse will interact with all four levels of these four ions (A, B, C, and D)
in the medium as it scans the medium.

Therefore, the absorption for each transition, as measured with a weak broadband

chirp pulse, will be

oy ()= o 2 ), ()=, ()i =12 =341 1) =1.2m(= [)=3,4,

4+ Hi
where o is the absorption cross-section, and w; are the dipole matrix elements, and they
are either u, for allowed transitions or x, for weakly allowed transitions, and n,(t) is
the population of each level at time, t, as given by the equations (4.27, 4.28, 4.33-4.36).

The total absorption for each transition will be «(t)= > o;(t). The absorption

i=1,2:j=3,4

change as compared to the initial absorption can be obtained as Aca(t)=Y_ e (t)—a(0)

where a (0)= on, is the absorption of the medium in a fully relaxed state. The

. . A
normalized absorption can be calculated as ﬂ.

a(O)
Now, consider all of the transitions for ions A, B, C, and D in Figure 40 in the
sub-group of ions that are excited with a narrowband laser pulse at o, . It is important to
consider all the transitions for the analysis, as population relaxation in the medium

involves all of these transitions. In Figure 40, the transitions at w, +4J,,0, +J, for
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these four ions are shown, where hyperfine splitting for upper electronic levels is &, and
hyperfine splitting in lower electronic levels is 6, for each ion. There are also other

transitions at @, -95,,0, —6,,and o, i(ég iée) that are not drawn in Figure 40.

These transitions will be considered for the study of population relaxation in the system.
Therefore, for each excitation, there are nine possible transitions for which an absorption
change would result and, hence, nine absorption features in each scan. However, note that
the strength of these absorption features will critically depend on the transition dipole for
each transition.

Now using the energy level diagram in Figure 40 for four types of these ions,

the absorption profile at nine different frequencies will be

a<wo,t>=a[[ o 0-ntt0) b -2 1 2 ](nf<t>—ns<t>)+(nf<t>—n§<t>)]

Hy + g ul+ul
(4.37),
alo, -5, +5e),t):c{ I zj(n;(t)_n;(t)) (4.38),
My + My
alw, - (5, 59),t):c{ 2“5 zj(nf(t)—nf(t)) (4.39),
My + My
alw, -5.,t)=0 Zui : (n;\(t)_n;\(t))+[ 2“”2 Zj(ng(t)—ngf(t)) (4.40),
Hy + Hy U+
o=, [ < ot 0-nt )| Joet0-nt ) (@41,
Hy + Uq o+ s

alwy +5,.t)=of |2 (nlB(t)—nf(t))+[ “ zj(nf(t)—nf(t)) (4.42),
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a<wo+5g,t):a[[uu+u ]( (0)-nc )+ [ s ]( > 1) no(t))] (4.43),
#00+ 6, -5 )0 |0 ©-nf ) (44
w0y +6, 40000 02002 ) (4.45).

Analysis of the Theoretical Results: First, we will examine a simple case. We

assume that the burning pulse is applied at t =0~ and the medium is scanned at t =0"

such that the population decay from the upper electronic levels can be neglected. Then

the absorption change for the transitions w, + (5, -5, ) and o, + (5 +8, ) will be zero.

9
However, transitions at other frequencies will result in an absorption change with

Aa(w,,t=1,)<0, Aa(w,+5,,t=t,)<0, and Aalw, +5,,t=t,)<0. Therefore, just after the

e g
burning pulse, there will be five absorption features. These absorption features will
appear as a reduction in the absorption at these frequencies in the hole burning spectrum.
These features are usually called holes in the absorption spectrum as there are fewer ions
left who can absorb light at these particular frequencies. However, in general, there will

be a change in absorption at nine different locations in the hole burning spectrum.

It should be noted that there are twelve variables«,,«,, ., 1,,R,,R,, Ry, R,,Rs, Ry s
T,, T,. However, these twelve variables are not independent. They reduce to nine

independent variables and still pose a significant challenge to measure experimentally.
The number of these variables can be further reduced by noting the electronic upper state

lifetime, T, = 0.6ms, and the intermediate state lifetime, T. =10ms, for Tm*":YAG [ (71),
1 3
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(72), (51)]. Therefore, unknown variables are further reduced to seven variables, which

will be measured using the experimental data as described in the next section.

Experimental Results for Excitation and Relaxation Parameters at 4K

The experimental set-up is the same as given in Figure 15. For this experiment,
the orientation of the rectangular crystal of 0.1% atm. thulium-doped in YAG is chosen

such that the cross-transition ratio is the highest for ions at sites 4 and 6, ie.,
0, =-15° +1°. The sample length was chosen to give an absorbance of 0.5, and the

sample was cooled to 4+0.5K. The magnetic field was fixed at 400 Gauss. Time-
dependent population changes in the hyperfine levels of the electronic ground and excited
state manifolds were measured by monitoring the change in absorption at different times.
The method used here is very similar to the technique used to measure the population
lifetimes of the hyperfine levels of the excited and the ground state manifolds.

In the previous experiment, the excited medium was scanned after most of the
population between electronic levels was relaxed. The population relaxation process
between hyperfine levels was measured. In the current experiments, the population
relaxation is monitored just after the burning pulse. In the previous experiments, it was
shown that at 4+0.5K , the population relaxation process between hyperfine levels is
much slower than the population relaxation between electronic levels. Therefore, the
population relaxation, between the hyperfine levels for the time scale being considered

here, is neglected. Therefore, it is assumed that x, = 0,and x, =0 and the unknowns are

further reduced to five independent variables. The hyperfine structure has &, = 2.0MHz
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and 6, =10.0MHz for the current orientation (6, =-15° +£1°) and the strength (400
Gauss) of the magnetic field.

In the experiment, a narrowband (bandwidth = 100kHz) burning pulse excites the
medium at the transition frequency w,. At the later time, the absorption profile of the
medium is mapped using a weak chirp pulse of 20MHz bandwidth. The scanning weak
chirp pulse does not modify the absorption profile of the medium. The data set is
collected for the absorption features at frequencies w,, @, +J,, and o, + 5. The signal-
to-noise ratio of the absorption data for the absorption features at other frequencies was

too small to yield any useful information. Normalized absorption for each absorption

feature is shown in Figure 41 with each point obtained at a particular time.
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Figure 41: Experimental measurements of absorption change at a sample temperature of
4+ 0.5K . Theoretical results (lines) are obtained using equations (4.37 and 4.40 - 4.43).
Now, we compare the experimental data set with the theoretical results, and the

particular values of unknown parameters are obtained. But before we proceed to that

. . . . 2 R
comparison, we first define the new variables g-__#« _R _&, and rg =—>

ﬂ5+ﬂ:,r21_R1’43_R3 R5
. These parameters, combined with R,, make up the five independent variables. The
experimental data set is fitted to the theoretical results (4.37, 4.40, 4.41, 4.42, and 4.43)

with the assumption that direct population relaxations between the hyperfine levels are

ignored.
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The unknown parameters, g,R,,r,,,r,,,and r,, in the theoretical results (4.37, 4.40,

4.41, 4.42, and 4.43) are varied until a match with the experimental results is obtained.

Note that the variation in the excitation parameter, g, changes the relative sizes of the
absorption features at w,, w,+5, ,and o, +s, and at initial time t =0. Therefore, in the

initial run, only the excitation parameter is varied, and the other four relaxation
parameters are set to zero. This run gives an initial value for the excitation parameter.
Later, other relaxation parameters are varied. It was noticed that each parameter has a
strong contribution at different times. Note that, initially, r,, has a higher contribution
than that of the other relaxation parameters. Thus, the systematic variation of these
relaxation parameters with trial and error provides the best fits to the experimental data.

The best fit, lines in Figure 41, to the experimental data are obtained with g =0.155 + 0.015
, R,=0.21+0.01, r, =02+005, r,=07+0.2, and ry =0.7+0.2. Note that there is a
significant error in the values of r,, and ry. The error in these two parameters has no
significant effect on other parameters, especially the excitation parameter g .

These results show about 75% of the total population decay through the
intermediate levels. The population is essentially randomized in the manifold of
hyperfine levels of the intermediate electronic state. In the case of direct relaxation, 84%

of the population follows the direct relaxation path and decays back to the same hyperfine

level. Note that the value of the excitation ratio, 1L agrees very well with the ratio of

relaxation value, r,,, for the direct relaxation, and it is also consistent with the results

plotted in Figure 20. Recently, the excitation parameter was measured by another group
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using a different approach, and a smaller value for the cross-transition ratio was obtained
[ (56), (57)]. The difference in these values may be due to some misalignment of the
direction of the magnetic field. Another possibility may be that the other group might
have measured the value of the cross-transition ratio for ions at site 2 instead of ions at
sites 4 and 6. Note that the ions at site 2 have a lower cross-transition ratio than the ions
at sites 4 and 6. Another interesting result is the one that shows that 75% of the total
population decays through the intermediate levels. The value we obtained is significantly
different than the value, 54%, obtained without the application of the external magnetic
field [ (71)]. The next step would be to study how the excitation and relaxation

parameters change with the sample temperature.

Experimental Results for Excitation and Relaxation Parameters at 5K

In this experiment, the effect of the sample temperature on the previously
measured excitation and relaxation parameters is studied. The full solution of the rate
equations is used, as the relaxation time between hyperfine levels is comparable to the
decay time, T,, of the intermediate level to the ground state. In the experiment, the
external magnetic field value, 400 Gauss, and other experimental parameters were similar
to the previous case. The difference here is the sample temperature, which is increased
from 4+05K to 5+0.5K. Again, the experimental data is analyzed using unknowns in

equations (4.37, 4.40, 4.41, 4.42, and 4.43) with the relaxation rate between hyperfine

levels set to the experimentally measured value of izmsfl(cf. population lifetimes of
1

hyperfine levels in the earlier section). Similar approach as outlined in the previous
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section is adopted to compare the experimental data with the theoretical results in (4.37,
4.40, 441, 442, and 4.43). The experimental (diamonds, circles, and squares) and

theoretical (solid, dashed, and dot-dashed lines) results are shown in Figure 42.
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Figure 42: High sample temperature, 5+0.5K , time-dependent measurements for spectral
hole burning experiment, points, and the theoretical results obtained using equations

(4.37,4.40, 4.41, 4.42, and 4.43). The magnetic field orientation was 8, = —15° +1°, that
gave the highest cross-transition ratio for ions at sites 4 and 6.

The theoretical results (lines) are matched by trial and error to the experimental
data (diamonds, circles, and squares in Figure 42) with the process outlined previously.

The match provides the values for excitation and relaxation parameters as g =0.13+0.02,

R, =0.21+0.01, r, =0.2+0.05, r,, =0.7+0.2, and ry = 0.7 £0.2. The excitation parameter
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obtained here falls within the error bars of the previous results. Hence, it can be said that
there is no significant change in the excitation parameter as expected. Note again that

there is a significant error in the values of r,, and r, . Again, the error in these relaxation

parameters has no significant effect on the other parameters, especially the excitation
parameter g . These results again show that 75% of the total population decays through
the intermediate levels. Again, it shows that the population is randomized in the manifold
of the hyperfine levels of the intermediate electronic state. Again, for direct relaxation,
84% of the population decays back to the same level following the direct relaxation path.
This concludes the study of the medium for excitation and relaxation dynamics. The next
step would be to experimentally explore the hyperfine coherence time for this medium

(TM*:YAG).

Experiments to Explore the Hyperfine Coherence Time

In the previous experimental data, it was shown that dipole strength for cross-
transition is about 0.45 times the dipole strength for direct transition, as = 0.155. As
such it makes an ideal choice for tailoring a 3-level system from Tm**:YAG for quantum
computing applications [ (73), (74), (75)].

Now the hyperfine coherence time is explored to optimize the 3-level system for
quantum computing applications. This study will allow us to select the best orientation to
store the qubit in the hyperfine levels. In this study, first, the coherence between
hyperfine levels is created using optical or RF pulses. Then, the coherence is probed at

different times. These time-dependent measurements are used to measure the coherence
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time. There are generally two different methods used to measure the hyperfine coherence
time. One method involves a combination of optical and radio frequency pulses [ (76),
(77), (78)] while the other method uses just optical pulses [ (79), (23)].

The method used in this dissertation to measure coherence time involves only
optical pulses. In the case of all optical pulses, the simplest scheme involves three optical
pulses where the first two optical pulses create coherence between hyperfine levels, and
the third pulse probes the coherence [ (79)]. This scheme was successfully implemented
in the atomic-Yb vapor [ (80)]. However, this scheme fails to create perfect rephasing if
there is inhomogeneity in the hyperfine levels as was seen in equation (2.34). The
medium considered here is Tm**:YAG with the magnetic field applied along the direction
giving the highest cross-transition ratio for ions at sites 4 and 6.

In the first experiment, a pulse sequence involving three optical pulses with
optimized pulse areas, 6, =057,6, =x,and9, =z was implemented as shown in Figure
43. In this case, we were unable to observe an echo, suggesting that there is enough

inhomogeneity in the hyperfine levels that it prevented any rephasing at a later time as

was discussed in equation (2.25).
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Figure 43: Three pulse sequence for hyperfine coherence time measurements.
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To circumvent this problem, we need to use more than three optical pulses as
suggested in the discussion of Chapter 2 following equation (2.35). This method was
successfully implemented recently in another rare-earth-doped crystal containing Eu®* [
(23)]. We repeated the experiment using six optical pulses with the optimized pulse areas
0,=057, 0,=n, O,=m, 0,=n, 6, =, and 6, =x with all pulses propagating
collinearly as described in Chapter 2. These six pulse sequence produced an echo signal
at the rephasing time. The decay of this rephased signal suggested a single decay on the
order of the optical dephasing time. But the experiment was inconclusive in establishing
whether the observed echo was a 6-pulse echo or a 3-pulse optical echo from pulses 1, 3,
and 5, as the rephasing time is the same for both rephased signals.

The ambiguity in the measurement arises because, in the case of six collinear
optical pulses, the spatial and the temporal location of the 6-pulse echo and the 3-pulse
echo is the same. One technique to spatially isolate two signals is to choose propagation
directions of six pulses such that two rephased signals are spatially isolated. Note from
the results in equation (2.35) that the rephased signal from the six pulse sequence will
propagate in the same direction as the propagation direction of the second pulse in the 6-
pulse echo sequence with the other pulses in the sequence propagating collinearly in
another direction. This scheme thus makes unwanted rephased signals, especially 3-pulse

echo from P4, P3, and Ps, spatially isolated from the desired 6-pulse echo signal.
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We did not implement the technique involving non-collinear six pulses in the lab.
This should be the next step for the exploration of the hyperfine coherence time.

However, we implemented another technique which is described in the next section.

Excitation with Temporally Overlapped Bi-Frequency Pulses

The method implemented in the experiment to explore the coherence in the hyperfine
levels involves two bi-frequency pulses. This technique has been successfully
implemented in Tm*":YAG to measure the hyperfine coherence time [ (26)]. In this
method, two bi-frequency pulses separated in time with each pulse satisfying the two
photon resonance condition are used to create a Raman echo as explained in Chapter 2.
The two main advantages with this set-up are:

1. The Raman echo can be isolated from other unwanted signals, i.e., 2-pulse echo,
by the appropriate choice of the frequency of each pulse in the Raman Echo
sequence as shown in Figure 44.

2. It has the ability to drive transitions in a system that has a low cross-transition
probability [ (25)].

P
T Detection pulse Ps
o . ) fime
72 Raman Echo
ST | —
o Ps o time
wn+oe H ———
0 P4 time
,+0g+0e H ——
time

Figure 44: Sequence with two bi-frequency pulses used to study hyperfine coherence
in the medium and for hyperfine coherence time measurements.
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The complete pulse sequence for the experiment is shown in Figure 44, and the
experimental set-up is shown in Figure 15. The optical signal is detected as a beat note
using a detection pulse as given in equation (2.37). To avoid the frequency dependent
shift in the position of each optical pulse, each AOM in the set-up was used in a double
pass configuration. The output beams from AOMs were coupled to a single mode optical
fiber, and the beam was focused to a 100 um spot in the crystal. The polarization of the
beam was adjusted so that the optical field is only addressing ions at sites 2, 4, and 6 as
discussed earlier. The sample was cooled to 2K by pumping the LHe in a vapor-cooled

cryostat. The magnetic field was aligned along 6, = -15° +1°, and its strength was fixed

at 200 Gauss.
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Figure 45: Fast Fourier transform (FFT) of an experimentally-obtained beat signal. The
signal was obtained with two bi-frequency pulses using the pulse sequence given in
Figure 44.

The resultant beat signal was detected with a 50 MHz detector. In the experiment,
the frequency of each pulse was adjusted, as shown in Figure 44, and all the unwanted
signals at the Raman echo location were avoided. The two bi-frequency pulses were 5 us
long and the Rabi frequency was 640kHz. The detection pulse was considerably weaker
with a 20kHz Rabi frequency and 10us duration.

The amplitude of the FFT signal of the beat signal is plotted in Figure 45 for
5MHz hyperfine splitting in the ground state. The decay of this beat amplitude is shown
in Figure 46, which gives a hyperfine coherence time of (68i 6)us for the least square fit
to the experimental data (circles). This value for the hyperfine coherence time is about

the same as the optical coherence time [ (29)]. This is encouraging for qubit storage in the
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hyperfine levels with the optical pulses as required for “all optical” quantum computing

schemes.
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Figure 46: Decay of a Raman echo obtained from a Raman echo using two bi-frequency
optical pulses as given in Figure 44. The least square fit (solid line) to the experimental
data (circles) was used to obtain the hyperfine coherence time.

In order to achieve longer storage time in hyperfine levels for Tm**:YAG, more
experimental explorations are needed to figure out the orientation of the magnetic field
that can give a longer hyperfine coherence time. Note that in Figure 46, we did not have
error bars on the data. The reason, for not including the bars, is the lack of the data for

each point. In this experiment, the fluctuations, due to the vibrations from the mechanical

pump directly connected with the cryostat, in the amplitude of the signal resulted in a



138
very low signal to noise ratio. It was meaningless to include the error bars with the
insufficient data set for each point. Therefore, this experiment should be repeated with
the apparatus that is well isolated from the external vibrations. In the next section, one of
our explorations for the hyperfine coherence for another orientation of the magnetic field

is presented. This exploration involves using a coherent Raman heterodyne technique.

Observation of a Coherent Raman Beat Signal

The coherent Raman beats (CRBs) were first observed experimentally in
molecular vapors [ (20)]. The CRBs were later also observed in the rare-earth, Pr, doped
crystal [ (21)]. Later, the coherent Raman beats were used to study the relative oscillator
strengths of optical transitions in the rare-earth ions [ (81)]. Apart from the detection of
CRBs with all optical pulses, another method used a combination of optical and radio
frequency pulses to detect the coherent Raman beats [ (76)]. Later, the CRBs were
extensively used to study rare-earth ions, Pr, Eu, and Tm doped crystals [ (82), (83), (84),
(85), (78), (86), (18), (87), (88), (89)]. In the current scheme, we used all optical pulses
and studied the material properties of Tm**:YAG. In a recent study of Tm*":YAG, the
CRBs have been observed [ (89)]. Our aims in this experiment were to use the CRBs and
estimate the coherence time and also to identify the ions at different sites contributing to

the CRBs.

Experiment: The same sample of 0.1% atm. thulium-doped in YAG was used.
The sample was vapor-cooled to 4K with a Janis cryostat system, and a static magnetic

field was provided with the home-made Helmholtz coils. The New Focus laser at
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793.380nm was amplified, and the frequency was stabilized with the spectral hole
locking technique [ (51)]. The basic experimental set-up is shown in Figure 15. In this
experiment, the sample is aligned such that the cross-transition ratio is the highest for
ions at sites 4 and 6, i.e., 6, =125° +1°, where the splitting for ions at each site is shown
in Figure 31. The pulse sequence used and the energy levels addressed during the

experiment are shown in Figure 47.
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Figure 47: Pulse sequence applied to the medium for observing the coherent Raman
beats in TM:YAG.

In the experiment, a strong pulse of 1MHz Rabi frequency and 1us length was
used to create the coherence in the 4-level thulium with the hyperfine levels obtained
with the external magnetic field. A second very weak optical pulse of 200kHz Rabi
frequency and 100 us in length was used to probe the coherence as shown in equation

(2.24).
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Figure 48: Experimental data for the coherent Raman signal observed at different
magnetic fields from ions at sites 4 and 6. Each trace represents the Fourier transform of
a beat signal at a different magnetic field.

Data were collected for various values of the magnetic fields, and the amplitude
of the FFT signal of the beat signal is shown in Figure 48. Data from the beat signal were
used to obtain the hyperfine splittings. In the FFT signal of the beat signal (Figure 48),
there are two peaks for each value of the magnetic field. The second signal is
comparatively weak, and it does not seem to correspond to any value of splitting for ions
at different sites in the Tm**:YAG crystal. However, if we assume that it is due to a

misalignment of the magnetic field, then this is only possible if the magnetic field is not
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in the (1-10) plane and is tilted a few degrees from this plane. In the current experimental

set-up, a misalignment of the magnetic field by a few degrees is quite possible.
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Figure 49: Experimental data (circles) for hyperfine splitting as obtained using coherent
Raman beat with8, =125° +1°. Theoretical results are represented by lines and are

obtained using 6, =125° and tilt angle 6, =5°in equations (4.11-4.12). Experimental
data give the hyperfine splittings for the excited state as (15.70i 0.20)MHZTesla for ions at
site 6 and (14.60 +0.15)MH,.. for ions at site 4.

Now, we assume the misalignment in the magnetic field and plot the theoretical
results for the hyperfine splittings for ions at sites 4 and 6. The results for the hyperfine
splittings (circles) obtained using CRB data match with the theoretical results (dotted,

solid, dashed, and dot-dashed) for hyperfine splittings for a 5° misalignment in the
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orientation of the magnetic field, as can be seen from Figure 49. Therefore, each peak in
the FFT signal of the CRB data corresponds to ions at two different sites in the crystal.
The results in Figure 49 also show that each peak in the FFT signal of the CRB data
corresponds to the value of the hyperfine splittings for the excited state manifold. Note
that, the experimental value for the hyperfine splitting obtained here agrees very well
with the hyperfine splitting in the excited state manifold obtained with the spectral hole
data. However, in the spectral hole data, the resolution was not high enough to observe
the hyperfine splittings from ions at two different sites in the crystal. In other words, we
were unable to resolve the 5° misalignment in the orientation of the magnetic field with
the spectral hole burning data for 9, =125° +1°.

Note the strength of each signal in Figure 48. The strength of each signal is not
uniform for different values of the hyperfine splittings. Now, we plot the strength of the
signal from one of the two sites observed for each value of the strength of the magnetic
field. The data for the strength of each signal for the corresponding hyperfine splitting is
shown as a circle in Figure 50. The non-uniformity in the strength of the FFT signal of
the CRB signals can be explained by taking into account the finite duration of the strong
excitation pulse (pulse 1). The pulse 1 has a 1MHz bandwidth and its Fourier transform is
a “sinc” function with the nulls located 1MHz apart. The solid line in Figure 50 shows
the theoretical results for the strength of the FFT of the beat signal and is obtained by
taking into account the bandwidth of the excitation pulse. The theoretical results (solid

line) for the strength of FFT of the beat signal agree very well with the experimental
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results (circles) for the strength of the FFT signal of the beat signal as can be seen in

Figure 50.
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Figure 50: Experimental data (circles) and theoretical results (solid line) for the amplitude
of the FFT signal in Figure 48. The plot shows the dependence of the signal amplitude on
the separation of hyperfine energy levels in a 3-level system being excited with a 1us
long m-pulse. The probe pulse was 100us long and about 50 times weaker than the
excitation pulse.

The coherent Raman beat together with the results obtained using equation (2.23)
show that, not only the cross-transition ratio is non-zero, but there is also a coherence

created by pulse 1 in the hyperfine levels of the excited state manifold. The estimate from

the data also shows that the coherence time between hyperfine levels is > 20pus.
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The experiment was not successful in observing any beat signal from the
hyperfine levels of the ground state manifold. There are a few reasons that may be
preventing the observation of any beat signal from the hyperfine levels in the ground state
manifold. One is the inhomogeneity in the hyperfine levels, which is much higher in the
hyperfine levels of the ground state manifold than in the hyperfine levels of the excited
state manifold. Another reason is that, in order to observe a coherent Raman beat signal
from the hyperfine levels of the ground state manifold, the excitation pulse will be
exciting all four levels instead of only three levels. This can result in the cancellation of a
coherent Raman beat signal, as was the case in Europium-doped yttrium orthosilicate [
(90)].

Conclusions

First, magnetic anisotropy in Tm**:YAG was experimentally measured. The
anisotropy measurements were used to measure the cross-transition ratio of ions at
various sites in the crystal. These measurements were also used to map the hyperfine
splittings for thulium ions at different sites in the crystal. The selection of various sites in
the crystal was achieved by controlling the polarization of the interacting optical field.
The polarization control was used to identify and distinguish the contributions in the hole
burning spectrum from thulium ions at different sites in the crystal.

The orientations of the magnetic field that give the highest cross-transition ratios
for ions at different sites in the crystal were identified. These orientations were further
selected to optimize other parameters such as population lifetime and the coherence time

of the hyperfine levels. The spectral hole burning technique was used to measure the
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population lifetime for hyperfine levels. The population lifetimes of hyperfine levels, for
different sites in the crystal and for different orientations of the magnetic field, were
measured. The population lifetime of hyperfine levels for ions at site 2 in the crystal was
measured to be more than a second at 4K. The cross-transition ratio of ions at site 2 was
very small for this orientation of the magnetic field. However, another orientation of the
magnetic field gave us more than 100 ms population lifetime of the hyperfine levels for
ions at sites 4 and 6. The cross-transition ratio of ions at sites 4 and 6 was reasonable,
about 0.155, for this particular orientation of the magnetic field.

A theoretical model was developed to study the relaxation dynamics in the
system. This theoretical model in conjunction with the spectral hole data was used to
experimentally measure the excitation and relaxation parameters for Tm**:YAG. This
technique directly measured the cross-transition ratio for one orientation of the magnetic
field. The cross-transition ratio results demonstrated that there is a possibility of a 3-level
system that could be used for qubit storage and manipulation. The theoretical model
developed here will be used in Chapter 6 to investigate the material for an ensemble
selection for qubit preparation.

Later, the hyperfine coherence times for the orientations of the magnetic field,
giving the highest cross-transition ratios, were experimentally studied. This study, to
probe the hyperfine coherence time, includes the use of the photon echo and the coherent
Raman beat techniques. These studies revealed that the hyperfine coherence time (>
20us) is about the same in magnitude as the optical coherence time (35ps). It is likely

that the hyperfine coherence time is limited by the spin-spin interaction of the host ions,
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especially those of the aluminum. Aluminum has a strong magnetic moment [ (91)] and
can induce random flip-flops on the thulium spin states. These interactions can shorten
the hyperfine coherence time for certain orientations. Therefore, there may be some other
orientations in the crystal that might have longer hyperfine coherence times. The point is
reinforced when we look at the rare-earth ions like Eu** and Pr**, which exhibit
extremely long optical and hyperfine coherence times. These materials are usually doped
into materials, such as Y,SiOs, which have weak magnetic moments [ (92), (93), (94),
(95), (27), (28), (96)]. This led Wang [ (29)] and co-workers to investigate the 0.1% atm.
Tm** :Y,Si,0; in which the host (Y2Si,O;) has a low nuclear magnetic moment. In this
study, an optical coherence time of 23ps, at 2K, was obtained, which is lower than that of
Tm**:YAG, 70us [ (29)], at the same temperature. This study also showed that the
coherence time was strongly temperature dependent, and it was limited due to the short
fluorescence lifetime, 68us [ (97)]. The hyperfine coherence time was not measured in

the study [ (97)].
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CHAPTER FIVE

QUANTUM COMPUTING: THEORY FOR SINGLE QUBIT OPERATIONS

Introduction

In quantum computing, the information is stored in a qubit, which is analogous to
the *bit’ in classical computing. A qubit can be represented by a 2-level quantum
mechanical system. The quantum algorithms are usually implemented by applying the
unitary operations on these qubits. These unitary transformations can be constructed by
applying a specific sequence of pulses using optical or magnetic fields [ (98)]. One such
scheme, known as the geometric quantum computation, suggests using the geometric
phase rotations to construct the unitary transformations and, hence, quantum logic gates [
(99)]. This scheme presents an attractive option because the geometric phase depends on
the geometric path and is independent of the details of the path [ (100)]. In this scheme,
relative phases of the optical pulses are used to construct the geometric phase gates.
Extensive theoretical treatments exist for the implementation of the geometric phase
rotations to construct the unitary operations in NMR [ (101), (102)], trapped ions [ (103)],
neutral ions [ (104)], optical systems [(105)], and superconducting nanocircuits [ (106)].
Experimental demonstrations to construct the quantum logic gate using the geometric
phase rotations have been successful in NMR systems [ (99)], trapped ions [ (107)],
superconducting nanocircuits [ (106)], and rare-earth ions doped crystals [ (108)].

In this chapter, relevant theory for the experimental demonstration of a single

qubit operation in rare-earth-doped crystals is presented. We follow the derivation given
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in the reference [ (98)]. In the first part of the chapter, we use a uniform intensity beam
and present the method to realize the geometric phase gate in rare-earth-doped crystals. In
the later part, we investigate the effect of non-uniformity in the laser beam on the
geometric gate operations for single qubit rotations. These are relevant investigations
because the intensity of the laser beams is usually non-uniform (Gaussian spatial profile).
This spatial non-uniformity in the intensity of the laser beam results in a non-uniform
interaction with the ions at different spatial locations in the rare-earth-doped crystal. The
non-uniformity in the beam intensity cannot be solved completely by using a spatial
beam shaper [ (24)] or by expanding the beam size and using only the uniform core of the
beam. This problem was not addressed in the earlier demonstration of one of the two
rotations of the Bloch vector using the geometric phase [ (108), (109)]. In these
demonstrations, the effect of these rotations as a phase change on the echo was measured.
This measurement alone is not sufficient to analyze the effect of non-uniform interaction.
We will see later that non-uniform interaction contribute to the degradation in the
operation fidelity. Here, the operation fidelity is the measure of the difference between
actual state of the qubit and the desired state of the qubit after the quantum operation. In
the end of the chapter, we analyze the fidelity of the quantum operation for uniform and

non-uniform excitations.

Bloch Sphere and Pure State

In Bloch vector formalism, the qubit state on the Bloch sphere is represented by

the position of the Bloch vector on the Bloch sphere. This can be seen by revisiting the 2-
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1
level system as shown in Figure 51, where the ground state |0) =(0J and the excited

0 .
state |1> = (J are defined in a z-basis.

Wy

9

Figure 51: A 2 —Level system

Now if we imagine a qubit is in a state |(//> then the position of the qubit on the
Bloch sphere will be given by the position vector as
=00 vy02, )= (Kl ) v V). (v 2w ) (5.1),

where X, Y and Z are Pauli operators and are defined as

K3 o) oo, 7= ° ] --ilaiol- o). em

2= 3)-al-oel

These Pauli operators can be thought of as different operators for a qubit. These
operators can map any arbitrary state of a qubit on a Bloch sphere. In order to get a one-

to-one mapping of a qubit state on a Bloch sphere, we consider an arbitrary qubit state as

v )= (oly M[o)+ (@lw »IL) (5.2),
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where ‘(<0|1//>12 and ‘(<1|y/>12are the probabilities of finding the atom/ion in the ground,

|0), and the excited, |1), states, respectively. A point on the Bloch sphere can, in general,

be specified by a position vector defined as

r =(x,.y,.2, )= (cos(p)sin(6)sin(p)sin(6),cos(9)) (5.2a).
/
oy -l
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Figure 52: The Bloch sphere with different states of a 2-level system mapped on the
sphere.

One can use equation (5.1) to find the qubit state that corresponds to the Bloch
vector in equation (5.2a). Using equation (5.1) and (5.2), one finds that
O]y )Xalw ) + (0w )) (2w )= cos (p)sin (0)

=iy )Xy ) +i0]w ) (@fy )= sin (p)sin (@) (5.3).
=y )Xoy ) + (v )) (v )= cos (@)

Solving the above system of equations, one obtains the following values

((ofy ))= e sin (22), ((1|w))=cos (%)
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Thus, the qubit state would be
ly ) =sin (¢5)e'|0)+ cos (95)|1) (5.4).
The result in equation (5.4) shows that any arbitrary state of a 2-level system can
be mapped on a Bloch sphere. Thus, each point on a Bloch sphere can be thought of as a
state of a qubit which is analogous to mapping the polarization on the Poincare’s sphere.

The idea of mapping a polarization of light on the sphere was conceived by Henri

Poincare in about 1892.

Bloch Sphere and Mixed State

In the previous section, the results for mapping a pure state of a 2-level system
onto the Bloch sphere were presented. However, in physical systems, the state of the
system is a mixed state rather a pure state. We follow the density matrix formalism and

present results for mapping a mixed state onto the Bloch sphere.

Density Matrix Formalism

The density matrix formalism is useful in studying the system in a mixed state.

First, we define the density matrix in terms of the Eigen-states of the system as

p= ; pij|Wi><Wj ‘ (5.9),

where p;; is the probability of finding the system in a particular state, and |l//i> is the

state of the qubit. Note that the expectation value of an operator is defined as

<é> =Trace (ﬁé) (5.6).
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Therefore, using equation (5.6), position operators will have the following

expectation values:
<)€ > = Trace (A)? )= r,
<\f> = Trace (/S\f)z r, (5.7).
<i> = Trace (/32 )= r,

Equation (5.1) can be modified for a mixed state/ensemble, and thus, the position

of the Bloch vector on the Bloch sphere will be
r,o=(r (X )1 (Y )7r (52)) (5.8).
The evolution of the density matrix in time can be obtained from the following

equation
0 - i [~ .~
—p=-—|p,H 5.9),
vl - [p ] (5.9)

where H is the Hamiltonian of the system.
In order to show that any mixed state of a 2-level system can be mapped to the

Bloch sphere, we first write the density matrix as

A (poo Po
p =

P P j = P11|1><1| * P |1><0| + p01|0><1| + poo|0><0| (5.10).

Using equation (5.10) and the Pauli matrices, the expressions in equation (5.7)

can be written as

<)€>= Trace (A)?)z r.=pPw+ Pa
YA>=Trace (AYA)

PN

ry = —i(p01 ~ P ) (5.112).

i> = Trace (AZA)

PSS

N,=0Pu — Pow
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To show that (rx,ry,rz) can be mapped onto a unit sphere, we calculate the
following:
4T+ =4p0py — 2P0 Py + P+ P = (Tr(p))® —4det(p) (5.12).

Note det(p)> 0 in the above expression, and write

%((Tr (p)) - (rx2 +r)+r] ))2 0
= (rx2 +r]+ rf)ﬁ (T (p))
= (r2 y2+rf)§1.

T
Thus, we have a mixed state mapped onto a unit sphere. However, if |r|2 =0 then the

state is maximally mixed, and the analogy of mapping a state on a unit sphere breaks
down.
Again, we use equation (5.12) to find the degree to which a state is mixed, as

described. First we rewrite equation (5.12) as
|r|2 +1=1+4py P10 — 2P P11 + pfl + pgo.
Now we use the identity that (Tr(p))* =1 and write
" +1=(py + Poo)* +4Po1P1o — 2P0 Prs + P2 + Pl

After simplification and rearranging terms, we get |I’|2+l=2Tl’(p2), which gives

|r|2 +1

Tr(p2)= > and it describes the measure of a mixed state that will be 1 for a pure

state and 0.5 for a maximally mixed state.



154

Evolution of the Bloch Vector of a 2-Level System

The basic theory dealing with the evolution of the Bloch vector of a 2-level
system without any external interaction with the system is presented here. Consider the

Hamiltonian, Ho, for a 2-level system as

Ho = 7i(@,]|0)0] + o, |1)(1]) (5.13).

It is useful to write this Hamiltonian in terms of the Pauli operators as

~ O, —WDy 2z W, +WO, ~ . . . .
H, =h[ L 5 07+ 5 g IJ. The last term in the expression can be ignored as it only

causes global phase shift. Thus, the Hamiltonian for a freely evolving 2-level system will

become

H, =h%2 (5.14),

where o, = o, — o,.
The task then is to find how Pauli operators, which are related to the components

of the Bloch vectors, evolve under the Hamiltonian, Ho. Since any operator evolves as

~ imt ~ 7i&t
O(t)=e " O(0) " , the evolution of the Pauli matrices for a freely evolving system

will yield the following expressions for these matrices [ (98)]
X (t)= X (0)cos (wyt)—Y (0)sin (w,t) (5.15),
Y(t)= —X (0)sin (@ t)+Y (0)cos (w,5t) (5.16),

Z(t)=2(0) (5.17).
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This result shows that, without any external field applied to the 2-level system,
the Bloch vector of the system will precess about the z-axis with a precession frequency

of w,,, known as the Larmor Precession first observed in NMR Systems [ (110)].

Interaction with the Optical Field and Evolution of the Bloch VVector

In the previous section, the well-known formalism for Bloch vector evolution

without any interaction with an external field was presented. We now discuss the
interaction of a 2-level system with an external electric field, E, that is resonant with two

levels, [0) and |1). Now we ignore any decay processes in the medium and write the

Hamiltonian for this system as H = I—A|0 + I:|,, where I—A|0 is the Hamiltonian given in

equation (5.14), and ﬁ, is the interaction Hamiltonian given as ﬁ, :—ﬁE, where ﬁ IS
the transition dipole moment operator. Inthe |0) and |1) basis, it can be written as
A= g |0)|+ @y, [1)0| (5.18),
where iy, = (0|a|1), Gy, = 1|E|0), g = {0|@]0)=0,and
iy = (]t =o.
Using equations (5.14) and (5.18), with the definition of the Pauli operator X,

and an expression for the optical field E = E, cos (a) t+ go), fort, <t<t/,and zero

elsewhere, one can write the Hamiltonian as
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~ R A .
H = oul - E cos (@t + ¢ )(u|L)(0] + [ 0)(1])

b = %wmi — pE, cos (ot + )X

(5.19),

where e, is the frequency, ¢ is the phase, and E, is the amplitude of the applied optical

field. Here we have assumed that the dipole is parallel to the applied field such that

p-Ey = pE,.
Now we choose a rotating frame and use the rotating wave approximation
(RWA). Then the Hamiltonian, in equation (5.19), in the laser frame during the laser

pulse can be written as

H' = h[%f - %()2 cos(p)+Y sin ((p))j (5.20),

where A = w,, — o, is the detuning from the laser frequency and Q, = ”E% is the Rabi

frequency.

The Hamiltonian in equation (5.20) in the z-basis can also be written as

l:l,:_hQO 0 e"
2 lee 0 (5.21).

The choice of the laser frame and RWA allows us to write the Hamiltonian in an

equation (5.20) which is independent of time. The evolution of the Bloch vector can be

—iS’lHT'S(t—tO) 71 ) .
l S, where S diagonalizes

found by using the evolution operator u(t >t,)= Se
the Hamiltonian in equation (5.21). We consider the case when the detuning during the

pulse can be ignored, i.e., (Qo,r*1)>>A, where 7 is the pulse duration. The explicit
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expression for the evolution matrix governing the evolution of the 2-level system just

after the optical pulse will be

u(0,¢)=( costs) - fsin(3 ein (5.22)

isin(2)e™  cos(2)
where ¢ is the phase, 8 =7 is the pulse area, and 7 = (to+ —t(;) is the duration of the

pulse being applied.

Therefore, the Pauli matrices after the application of an optical pulse will be
X (r) = (cos ? (£) + sin 2(2)cos (2¢))X (0) + sin 2(£)sin (2¢ )V (0) + sin (0)sin (¢ Z (0)
(5.23),
Y (z) = (cos2() - sin 2(£)cos (2¢ )V (0) + sin 2(£)sin (2¢)X (0) - sin (6 )cos (¢ )Z (0)
(5.24),
Z ()= —sin (8)sin (p )X (0)—sin (8 )cos (¢ )Y (0)+ cos (6)Z (0) (5.25).
where 8 =Q,7 is the area of the optical pulse and 7 is the duration of the pulse as
defined earlier. Note that the position of the Bloch vector on the Bloch sphere depends
not only on the pulse area but also on the phase of the optical pulse. In geometric
guantum computing schemes where the relative phase of the laser pulses is used, it is this
phase that is being exploited to construct robust unitary transformations [ (108), (109)].

In the next section, we present the results showing the relations between components of

the Bloch vector and coherent emission from the system.
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Coherence in the Medium and Components of the Bloch Vector

The position of the Bloch vector on the Bloch sphere is detected using the
coherent emission from the sample. In this section, a brief introduction is given that
shows the relationship between the coherent emission from the system and the
components of the Bloch vector. First, we use equation (5.6) and write the coherence in

the medium as
{fi)y=Trace (p1) (5.26),
where [ is the transition dipole moment and is defined in Chapter 2.
The coherence in a 2-level system in the laser frame will be
()= u((po + pyp)eos (@,t)+i(py — py )sin (1)) (5.27).
Using the expression for the Pauli matrices and the expression for the ensemble

averages in equations (5.7), one can write the coherence in the system as
(i)= u(<x >cos (0, t)- <Y >sin (a)lt)) (5.28).
Thus the in-phase component of the coherent emission will give the x-component

of the Bloch vector, while the y-component of the Bloch vector is given by the in-

quadrature component of the coherent emission.

Single Qubit Operations Using the Geometric Phase Rotations

The mapping of the state vector on the Bloch sphere shows that any state of a 2-
level system can be mapped with two parameters. In other words, there are two basic

rotations that can be used to construct any arbitrary rotation of the Bloch vector. These
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two rotations are the Bloch vector rotation about the z-axis and the Bloch vector rotation

about either the y-axis or the x-axis.

The Bloch Vector Rotation about the Z-axis

The rotation matrix for achieving rotation, 6, about the z-axis can be written as
_i8

z . . .
e 2 and in the z-basis can be written as

2

To show the effect of this rotation on a system in an arbitrary initial state, we start
with a system in a state |y ) = sin (%5)e'?|0) + cos (%5)|1), which corresponds to the
position vector on the Bloch sphere T, = (cos (¢ )sin (6 ) sin (¢ )sin (6 ), cos (6)).

Then, the new state of the system, after the rotation about the z-axis, will be

1'% >’ = sin (%)e'“*?)|0)+ cos (¢5)[1), and the position of the new state on the

Bloch sphere will be
' = (cos (¢ + & )sin (0),sin (¢ + 5 )sin (6 ), cos (6)),
which shows explicitly the rotation, ¢ , of the new state about the z-axis.

The aim here is to achieve the rotation about the z-axis with an optical pulse or a
combination of optical pulses. In other words, we want to find an evolution operator that
matches the rotation matrix in equation (5.29). Note that the evolution operator for a
single optical pulse in equation (5.22) cannot be matched with the rotation matrix in the

equation (5.29) for any values of the pulse area or the phase. However, if the detuning is
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present, then the detuned ions/atoms will rotate around the z-axis. In the current study,
resonant ions are being considered; thus, the Bloch vector will not rotate around the z-
axis for these ions with a single optical pulse. Therefore, we need to look for an
alternative. One option is to decompose the rotation matrix, R, , governing the rotation

about the z-axis into sub-rotation matrices as

el .
R —|€® 0 |_| 0 e*} 0 e*
z 5 P ) (5.30)
2 4 4

Now we compare the sub-rotation matrices in equation (5.30) and the evolution
operator in equation (5.22). The comparison shows that the rotation about the z-axis can
be achieved by using two evolution matrices instead of using a single evolution matrix.
Therefore, the Bloch vector of the resonant ions can be rotated around the z-axis using
two optical pulses. Consequently, two successive pulses with the pulse areas of each
pulse, =, and the phase difference, n—6/2, will rotate the Bloch vector of the resonant

ions the required amount, d, around the z-axis.

Detection of the Bloch Vector Rotation about the Z-axis: In order to measure the

Bloch vector rotation, a measurement technique similar to the one outlined for a qubit

state measurement [ (98)] is used. We consider the initial position of the Bloch vector on
the Bloch sphere as , = (<>€ ( )> <YA ( )> <i © )>) Now we apply the pulse

sequence needed for the realization of Bloch vector rotation around the z-axis. Then, the

components of the Bloch vector after the pulse sequence will be
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<>€ > = (cos (6 ))<>€ (0 )> —sin (5 )<YA (0 )> (5.31),
<YA> = (cos (5)) <YA (0 )> + sin (6 )<>€ (o )> (5.32),
(Z)=(Z(0)) (5.33),

where the initial Bloch vector is known and can be prepared using optical pulses.
Therefore, the coherent signal just after the pulse sequence can be written, using
equation (5.28), as
() = u[((cos(@)) (X (0)) sin(5) (¥ (0)) eos (wyt) - (cos(s)) (¥ (0)) + sin(5) (X (0) s (1))
(5.34).
If, initially, the population is in the ground state, and the initial state is prepared

with a ©t/2 pulse of zero phase, then the coherent signal in equation (5.34) will be

()= u((=sin (5 ))cos (@,t)+ ((cos (& )))sin (1)) (5.35).

The in-phase and in-quadrature components of the signal in equation (5.35) will

give the rotation angle of the Bloch vector. But this coherent signal will dephase, and it
can be rephased using another optical pulse. Now if the coherent signal in equation (5.35)
is rephased using a m-pulse of zero phase, then the rephased coherent signal gives rise to
a photon echo [ (111)], which is similar to the spin echo [ (112)]. This coherent rephased

signal will be
(f1) = u((=sin (5))cos (1)~ ((cos (6)))sin (a,t)) (5.36).
The coherent echo signal in equation (5.36) provides a measurement for the

detection of the rotation angle of the Bloch vector. Note that the Bloch vector rotation

angle is twice the phase of the control pulse sequence. Note that the measurement of the
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phase of an echo provides a direct measurement of the rotation of the Bloch vector. The

pulse sequence needed to realize the measurement scheme is given in Figure 53.

Control
P pulses P2

H C1(0) C 2 (n-8/2) H Echo
D 7Y

] »
- o v time

A 4
\

Figure 53: A pulse sequence to rotate and detect the rotation of the Bloch vector
around the z-axis.

The Bloch Vector Rotation about the Y-axis

The second of the two rotations needed to construct any single qubit gate for the
Bloch vector rotation is described here. In this rotation, the aim is to find a pulse

sequence that can rotate the Bloch vector around the y-axis.

vy
. In the z-

0
iz
2

The rotation around the y-axis for an amount, d, can be written as e

basis, the rotation can be written as

|2 -
2 2

This rotation will rotate the Bloch vector of the resonant ions to a new position on the

Bloch sphere, and the coordinates of the new position will be

= ((cos(0)sin(5)+ cos(8)sin (0 )cos (¢)),sin (¢ )sin (&), (cos (6 )cos (5 ) - sin (€)sin (5 ) cos (¢)))
where  the initial  position of the Bloch vector is given as

I = (cos(p)sin(6)sin (¢ )sin (6),cos(0)). If we choose the initial Bloch vector in the
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x-z plane, then the new position of the Bloch vector will be ' = (sin(6 + §),0,cos(6 +5)),

which again explicitly shows the rotation around the y-axis.

The Bloch Vector Rotation about the Y-axis with a Single Optical Pulse: Recall

the evolution matrix in equation (5.22) and the rotation about the y-axis, equation (5.37).
Note that this rotation of the Bloch vector can be achieved with a single optical pulse. If a
single optical pulse of phase -0.5% is applied to the Bloch vector, then this pulse will
rotate the Bloch vector of resonant ions around the y-axis. The angle of the rotation will
be given by the area of the applied optical pulse. One drawback of this technique is the
reliance of the rotation on the exact pulse area of the optical pulse. This technique thus
requires perfectly matching the pulse area for the correct required rotation around the y-
axis. Any spatial variation in the intensity across the interaction volume will
compromise the operational fidelity, and thus, the operation will not be robust. The
rotation of the resonant ions around the y-axis with a single optical pulse can be detected
using a similar technique as outlined in the previous case. The details for this case are

presented in the next section.

Detection of the Bloch Vector Rotation about the Y-axis: Let us consider the

initial  position of the Bloch vector on the Bloch sphere as
F, = (<>Z (0 )> <\f (0 )> <i (0 )>) Now we apply the single optical pulse to achieve the

Bloch vector rotation around the y-axis. The Bloch vector, after the application of a

single optical pulse of pulse area 8 and phase —0.5z, will be
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(X)=cos (0)(X (0)) - sin (0)(Z ) (530,
V)= (Y (0)) (5.39),
(Z)=sin 0)(X 0)+ s (0)(Z 0) (540,

where the initial Bloch vector is known and can be prepared using optical pulses. Note
that the rotation angle of the Bloch vector in this case is the same as the pulse area of the
pulse.

The coherent signal just after the first pulse can be written, using equation (5.28),

as

() = u(((cos @)X X (0)) —sin (0XZ (0)))eos (w,t)~ (¥ (0)) Jsin (@,1)) (5.4,

If the initial state of the system is prepared such that population is in the ground
state, and there are no coherences present in the system, then the coherent signal in

equation (5.41) will be

(1) = pu((sin (9))cos (o)) (5.42).

Note that the signal in equation (5.42) is in-phase with the laser (by definition

phase is zero) but is in-quadrature with the pulse being applied. The coherent signal in
equation (5.42) can be rephased using a m-pulse of zero phase as is usually employed for

the observation of photon echoes. Then, the rephased coherent signal will be

()= u((sin (9))cos (w,t)) (5.43).
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This coherent echo signal provides a measurement for the rotation angle of the
Bloch vector. The pulse sequence needed to realize the measurement scheme is given in
Figure 54.
Control pulse

Ca(m/20 i
ch ) ﬂ Echo oc u sin (6 )cos (w|t)

to1 1 time

Figure 54: A pulse sequence used to rotate and measure the rotation of the Bloch vector
about the y-axis for a single pulse case.

The Bloch Vector Rotation about the Y-axis using the Geometric Phase: Another

option is to use a geometric phase and apply a controlled rotation about the y-axis. The
expectation is that this method will be robust and will be less influenced by intensity
fluctuations compared to the single pulse case. In order to see how the rotation of the

Bloch vector around the y-axis can be realized using a geometric phase, we write the

decomposition of rotation matrix, Ry, as

- cos(2) sin(@)) 1(1 i) o @)1 i
" losin(@) cos(2)) 2ili 1)le® o Jli 1) G4

The decomposed rotation matrix shows that there are three sub-rotations which
can be realized using three optical pulses having appropriately chosen pulse areas and
phases. For this specific decomposition, pulse 1 needs to be a /2 pulse with zero phase,
pulse 2 needs to be a © pulse with +6/2 phase, and pulse 3 needs to be a w/2 pulse with

the zero phase to accomplish & rotation of the Bloch vector around the y-axis.
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Detection of the Bloch Vector Rotation about the Y-axis using the Geometric

Phase: The detection scheme and the analysis are similar to the case for the Bloch vector

rotation with a single pulse. Initially the Bloch vector on the Bloch sphere is given by a

position vector as r, = (<)2(0)>,<\?(0)>,<2(0)>). If the system is in the ground state and

there are no coherences in the system, then the position of the Bloch vector will be
M, = (0,0,—1). Suppose that the first pulse in the sequence of pulses needed to rotate the
Bloch vector around the y-axis is applied. Since this pulse has pulse area /2 and phase
zero, it will rotate the Bloch vector to a new position given by a new position vector,

r. =(0,1,0). The second pulse of pulse area = and phase n+3/2 will rotate the Bloch
vector to the new position, T, = (sin(5),—cos(5),0). The last pulse of /2 pulse area and

zero phase will rotate the Bloch vector to the position T, = (sin(6),0,cos(5)). We recall
equation (5.28) and the position of the Bloch vector and write the coherent emission just

after this pulse sequence as (/1) =pu(sin(5)cos(at)). Note that the coherent emission in this

case is similar to the case of the Bloch vector rotation around the y-axis with a single
optical pulse. The coherent signal will dephase after the pulse with a dephasing time that
depends on the inhomogeneous broadening of the sample and the material dephasing
time. However, this signal can be rephased using a technique often used to obtain a spin
and an optical echo as noted in earlier cases. Thus, another w-pulse of zero phase is

applied to rephase the coherences, and the rephased coherent signal is obtained as

(i) = ullsin(®)cos(en).
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This coherent echo signal again provides a measurement for the magnitude of the
Bloch vector rotation. The pulse sequence to detect the rotation angle is given in Figure

55.

Ca(nr+0/2) P2 Echo ~ p sin(8) cos(awtt
C1(n/2,0)| | | |Ca(n/2,0) H p sin() cos(ot)
) L1 > t > time

Figure 55: A pulse sequence to rotate and detect the control rotation about the
y-axis of the Bloch vector with relative phase control of the optical pulses.

Excitation with the Gaussian Spatial Beam for Single Qubit Operations

As noted in the previous sections, the specific rotation of a Bloch vector requires
a certain pulse sequence with definite pulse areas and a relative phase. In the case of
excitation with a beam having a Gaussian beam profile, the area of the beam and, hence,
the pulse area varies across the beam. This means that the ions in different spatial
locations in the beam will experience different pulse areas. Thus, the spatially-distributed
ions will also have spatial distributions in their Bloch vectors after the excitation with the
Gaussian spatial beam. In this section, the effect of non-uniformity in the intensity of a
beam profile on the Bloch vector rotations is analyzed. In this study, it is assumed that the
intensity profile of the beam profile follows a Gaussian profile. The effect of the
inhomogeneity in the optical beam in the context of rotation with the geometric phase has
not been studied before. The aim here is to study the dependence of each rotation on the

beam profile. Assume that the center of each pulse has the pulse area needed to impart



168
correct rotation. This means that the ions interacting with the center part of the beam
follow theoretically predicted results for the Bloch vector rotation. Thus, the pulse area

for such a pulse can be written as

6.(r) o 0,8 (r"] (5.45),
where 6,; is the pulse area of i" pulse at the center of the beam and T, is the 1/e width of

the field.

The Bloch Vector Rotation about the Z-axis

Recall the pulse sequence needed to rotate the Bloch vector around the z-axis.

Now consider beams that have pulse areas 6, (r), and 6,(r) for the rotation of the Bloch

vector around the z-axis. Now we apply the rotation matrix in equation (5.30) and write

the detected echo signal for this case as

Echo o (— f, (x )sin (i—j+ f,(x)sin (5 )J cos (@ ,t)

+ {— 9,(x)- g,(x)cos (i—j+ gz(x{cos (i—j}zjsin (0 ,1)

where the pulse area of each of the control pulses in the center of beam is &, X in units of

(5.46),

ro is the partial width of the beam, and f, (x) f, (x) go(x), g (x) and gz(x) are

positive-valued functions and can be tabulated for known x as outlined in APPENDIX B.
Note that if the echo phase is measured, it will not give the rotation angle, ¢, and thus,

will have an error in the rotation angle.
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Figure 56: Theoretical results for the Bloch vector rotation around the z-axis using optical
pulses having Gaussian spatial beam profiles.

We analyzed the theoretical results further by plotting the components of the
Bloch vector for various values of x. In the first plot, we looked at the relation between
the actual rotation angle used and the angle of the rotation imparted with the Gaussian
spatial beams. The theoretical results in Figure 56 show that the central part of the
Gaussian beams is imparting the correct rotation. However, as we move away from the
center, the actual rotation imparted by the Gaussian beams differs significantly from the
value of the rotation angle used in the control pulses. Thus the ions at different spatial

locations in the system undergo a rotation with the different rotation angle.
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Figure 57: Theoretical results show the components of the Bloch vector for rotation
around the z-axis. Here, areas at the center of the uniform intensity and the Gaussian
spatial beam are assumed to have ideal values of the pulse areas needed to impart the
correct Bloch vector rotation about the z-axis.

Now we need to analyze the rotation axis for ions at different spatial locations in
the system. This can be analyzed by plotting the theoretical results for components of the
Bloch vector. The z-component of the Bloch vector in Figure 57 shows that the ions at
the center of the Gaussian spatial beams rotate along the correct axis (i.e., the z-axis in
this case). However, the ions interacting with the off-center part of the Gaussian beams

have nonzero z-components. This means that ions at these spatial locations do not rotate

along the z-axis. Therefore, we will have a range of spatial distribution for the rotation
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axis. The other two components (x and y) of the Bloch vector for rotation with the
Gaussian spatial beam also differ significantly from the results of the rotation with the
uniform intensity beam. This led us to believe that the rotation of Bloch vector using the
Gaussian spatial beam introduces error, not only in the axis of the rotation, but also in the

rotation angle.

The Bloch Vector Rotation about the Y-axis

The Bloch Vector Rotation with a Single Optical Pulse: Now we consider the

rotation of the Bloch vector around the y-axis where a single pulse is needed to realize
the rotation. In this case, instead of using a pulse with uniform intensity, a pulse having a
Gaussian spatial profile is applied to the Bloch vector. Consider a pulse with the pulse
area Q(r) that follows a Gaussian profile given in equation (5.45). Then, the echo from

the pulse sequence for the Bloch vector rotation about the y-axis will be
Echo o (0.55i(6)- 0.55i(ge " ))cos (a,t) (5.47),

where @ is the pulse area of pulse 1, x (in unit of r,) is the beam width selected, and

Yo
Si(yO ) = I SinT(")dy. Results from equation (5.47) show that the echo intensity does not
0

follow a sinusoidal relation as predicted by the excitation with the uniform intensity

beam, but, instead, follows a complicated function (the plot is shown in Figure 58).
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Figure 58: Theoretical results show the dependence of the echo intensity on the pulse area
at the center of the beam of the control pulse when the medium is excited with a pulse
having a uniform spatial profile (solid line) and Gaussian spatial profile (dotted line) for
the Bloch vector rotation around the y-axis.

Figure 58 shows the dependence of echo intensity on the pulse area of the first
pulse. As in this case, the rotation angle of the Bloch vector rotation is the same as the

area of pulse 1; it again shows deviation of results in a Gaussian spatial beam from the

uniform intensity case as the rotation angle of the Bloch vector increases.

The Bloch Vector Rotation about the Y-axis Using Geometric Phase: Now, if the

geometric phase is used to realize a controlled rotation of the system about the y-axis, and
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each pulse in the sequence has a Gaussian spatial intensity profile, then the detected echo

signal will be

Echo o (hl(x)sin (i—)— h, (x )sin (5 )J cos (o 1)

+{ko(x)— k, (x )cos (i—)— kz(x(cos (z—)Jz]sin (o ,t)

where detuning and any other dephasing mechanism during the pulse are ignored, pulse

(5.48),

areas of control pulses in the center of beam are ©/2, wt, ©/2, X (in units of ry) is the partial
width of the beam, and h, (x), h,(x), k, (x), k, (x), and k,(x) are positive-valued

functions and can be tabulated for known x as outlined in APPENDIX C.

The amplitude of the detected echo in Figure 59 is normalized to the maximum
value of the echo for each data set. Figure 59 shows that the detected echo deviates from
the usual sinusoidal dependence as the rotation angle increases. This is again attributed to
the fact that the rotation angle varies across the beam profile of the Gaussian beam with

only the center of the beam giving the desired rotation of the Bloch vector.
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Figure 59: Theoretical results for the detected echo power for the Bloch vector rotation
around the y-axis. The echo power strongly depends on the spatial profiles of the control
pulses.

Now we plot the components of the Bloch vector for rotation about the y-axis
using the excitation pulses having a Gaussian profile. The theoretical results in Figure 60
are obtained using a Gaussian model outlined in APPENDIX C. First, we analyze the y-
component of the Bloch vector, as in this case, we are using the pulse sequence to rotate
the Bloch vector around the y-axis. The theoretical results in Figure 60 show that the ions
interacting with the center part of the Gaussian beams rotate the Bloch vector around the

y-axis. However, the ions interacting with the off-center parts of the Gaussian beams

undergo a rotation around the axes that are spatially distributed. Note that in this case, the
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x-component was responsible for the rephased signal (echo signal) for the uniform
intensity beams. The x-component of the Bloch vector in Figure 60 shows significant
deviation as we move away from the center of the Gaussian beams. Thus, again, we have

an error in the rotation axis and an error in the rotation angle for this case as well.
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Figure 60: Theoretical results show the components of the Bloch vector for rotation
around the y-axis. The areas at the center of each control pulse are (w/2, &, ©/2) as
required by the sequence for ideal Bloch vector rotation around the y-axis (Figure 55).
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Qubit State Measurement and the Operation Fidelity

In order to measure the operation fidelity, a framework is needed to measure the
state of the qubit, as the operation on a qubit changes the state of the qubit. The operation
fidelity then will be a comparison between the initial state and the final state. Where the
final state can be mapped with the state measurement process described below. The
procedure to measure the state of a qubit is well understood, and we follow the derivation
given in [ (50), (98)]. Here, a qubit is represented by the ensemble of ions whose state can
be controlled with the optical pulses. Consider an ensemble of ions whose initial state is

given by the Bloch vector as
F(0)=((X(0)).(Y(0)).(Z(0))) (5.49).
Now if we know the components of the Bloch vector, then we know the state of
an ensemble. Thus, the process described here is used to measure the components of the

Bloch vector. Now, if a measurement is made just after preparing the state of the

ensemble as given in equation (5.49) by measuring the free induction decay., The
measurement will provide the in-phase with the laser signal as <>2(0)> and will provide
the in-quadrature with the laser signal as <\f(0)> The system is excited some time later

with a m-pulse of zero phase. This pulse rotates the Bloch vector around the x-axis on the

Bloch sphere. At the rephasing time, another measurement of the in-phase component

provides <>2(0)> while the in-quadrature component provides <\f(0)> At the same time,

another n/2-pulse with zero phase that is partially overlapped with a rephased signal is
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applied, and the free induction decay is measured after the pulse. This time, the

measurement of the in-phase component of the laser will give <>2(0)> and the in-

quadrature component will give <2(0)> Thus, the Bloch vector is completely specified

and so is the state of the ensemble. This procedure was successfully adopted to measure
the state of the ensemble [ (50)] and can be adopted for the operation fidelity
measurements. As mentioned earlier, the process fidelity will then be the comparison
between the experimentally-measured state after the qubit operation and the theoretically-
predicted state of the qubit after the qubit operation.

Thus, for this case, the operation fidelity is defined as [ (113)]

3= Ry Ry Ry Rog i Ry o) (550,
where Ry = (Rop ) (Voo ) (Za ) Rucary = ( Kooy ) (Vo )+ (o)) [Roon| <1, 2

R

<1 represents the position of the Bloch vector on the Bloch sphere.

exp

Degradation of the Operation Fidelity for Single Qubit Operations

We theoretically analyze the operation fidelity using equation (5.50). Here we
compare the rotations of the Bloch vector using a uniform intensity beam and rotation of

the Bloch vector using the Gaussian spatial beams. Thus, we start with the same initial

state of the qubit. In one case, the final state, R of the qubit is obtained after the

uniform ?

rotation of the qubit using the pulse sequence, with each pulse having a uniform intensity

across the beam. In another case, the final state, R of the qubit is obtained after the

Gaussian’

rotation of the qubit using the pulse sequence, with each pulse having the Gaussian beam



178
profile. Therefore, the fidelity, S(r) of the operation is obtained using results in equation
(5.50). Note that the uniform intensity beams give us the desired rotation around the
desired rotation axis. The operation fidelity for this case will be unity (perfect rotation).
The degradation of the operation fidelity is defined as the difference in the
operation fidelities of the qubit operation with the Gaussian spatial and the uniform
intensity beams integrated across the Gaussian spatial profile. Thus, the degradation of

the fidelity due to intensity variation across the beam will be

]9 rdre _[é] (1-3(r))
= z (5.51),
et
!J' rdre

(43)

where 3(r) is the fidelity of the operation as defined in equation (5.50) and r, is the 1/e

width of the Gaussian spatial beam.

Operation Fidelity for the Bloch Vector Rotation about the Z-axis: Recall the

pulse sequence given in Figure 53 that rotates the Bloch vector around the z-axis. Now,
we use that pulse sequence and calculate the components of the Bloch vector for uniform
excitation and non-uniform (spatial Gaussian) excitation. Then, the operation fidelity for
each case will be given by equation (5.50). Now, we obtain the degradation in the
operation fidelity using the formula in equation (5.51). The results are plotted in Figure
61 for the degradation in the operation fidelity. The results show that the degradation in

the operation fidelity depends on the rotation angle of the Bloch vector. Results show



179
that the degradation in the operation fidelity is more than 12% for all rotation angles. The

degradation in the operation fidelity is within 12% to 15% for all rotation angles.

Fidelity degradation

-1 -0g -0 04 -0.2 u] 0.2 0.4 0.6 0. 1
rotation angle, &, (m

Figure 61: Theoretical results [(5.50), (5.51)] for the fidelity degradation of the z-axis
rotation of the Bloch vector with control pulses having Gaussian spatial profiles.

Operation Fidelity for the Bloch Vector Rotation about the Y-axis: In this case,

we analyze the degradation of the operation fidelity when the pulse sequence in Figure 55
for the rotation around the y-axis is applied to the ensemble. We again use the operation
for uniform excitation and non-uniform excitation using the formula in equation (5.50).
Again, the degradation of operation fidelity is calculated using formula (5.51). The
theoretical results for the degradation in the operation fidelity are plotted in Figure 62. It
again shows degradation in the operation fidelity for all rotation angles. The degradation
in the operation fidelity again is negligibly small for a rotation angle of £0.27 . The
degradation in the operation fidelity increases with the rotation angle. For this case,

degradation in the operation fidelity reaches a maximum of about 12%.
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Figure 62: Theoretical results [(5.50), (5.51)] for the fidelity degradation of the y-axis
rotation of the Bloch vector with control pulses having Gaussian spatial profiles.

The results for the degradation in the operation fidelity imply that, for non-uniform
excitation, the operation fidelity will be less than 80%. Thus, a modified pulse sequence

recently suggested may be the best option for high fidelity qubit operations [ (114)].
Conclusions

A review of the well-known results shows that any pure and mixed state of a 2-
level system can be mapped onto the Bloch sphere. Thus, a change of the state of a 2-
level system amounts to a change in the position of the Bloch vector on the Bloch sphere.
Review also shows that the position of the Bloch vector depends not only on the area of
the applied pulse but also on the phase of the laser pulse. In the later part of the chapter,
optical pulses with certain phases and areas were used to predictably change the Bloch

vector position on the Bloch sphere. An experimental framework was presented to realize
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the two basic rotations of the Bloch vector on the Bloch sphere. Any other rotation on the
Bloch sphere can be realized using these two basic sets of rotations. A detection scheme
using the two pulse photon echo was presented.

The effects of the non-uniformity in the intensity of the laser beam on the rotation
of the Bloch vector were calculated. This is an important investigation since the intensity
in the laser beam typically follows a Gaussian profile. In rare-earth quantum computing,
an ensemble of ions that is being excited has ions that are usually spatially distributed.
Thus, their interaction with a Gaussian beam will result in different positions of their
Bloch vectors on the Bloch sphere. The theoretical results for a single qubit operation
presented in this chapter will be helpful to analyze the experimental results in Chapter 6.

The effects of the non-uniformity in the beam intensity were further analyzed by
analyzing the operation fidelities of single qubit operations. It was noted that the
degradation of the operation fidelity for the case of non-uniform excitation is significant
for all Bloch vector rotation angles. Therefore, the operation fidelity of the qubit
operations obtained using the Gaussian spatial beams will be significantly lower than

those obtained using uniform intensity beams.
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CHAPTER SIX

QUANTUM COMPUTING: EXPERIMENTAL DEMONSTRATION

Introduction

In this chapter, the experimental results for the ensemble selection and the
operation on a single qubit in the thulium-doped crystal are presented. The experiments
discussed in this chapter involve an ensemble of ions that contains only those ions that
can be addressed uniformly with the optical field. For experimental demonstrations using
this selected ensemble of ions, we will follow the scheme mentioned earlier where
geometric phase gates can be constructed by application of the laser pulses with the
definite areas and phases [ (109)]. We experimentally demonstrate that the geometric
phase gate can be implemented in such an ensemble of ions. An earlier demonstration of
one of the two basic rotations was accomplished in the inhomogeneously broadened
medium without selecting an ensemble of ions [ (108)]. In this chapter, the experimental
demonstration of a single qubit operation involves the implementation of a Bloch vector
rotation scheme on the selected ensemble of ions. At the end of the chapter two
ensembles of ions were selected. The interaction between two selected ensembles was

measured using photon echo experiments.
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lon Selection for a Single Qubit Preparation

Introduction

Since the aim of this chapter is to demonstrate the operation on a single qubit with
the laser pulses, the ensemble of ions needed to be selected with the following special
properties. First, the laser pulse should be able to address all the ions in the ensemble
with a single Rabi frequency so that the Bloch vector for each ion in the ensemble is
rotated the same amount on the Bloch sphere. In our theoretical treatment for a single
qubit rotation, the detuning during the pulse was neglected. This treatment can only be
justified if the inhomogeneous spectral width of the selected ensemble is smaller than the
bandwidth of the pulse used to address the ensemble. Therefore, the Rabi frequency and
the bandwidth of the optical pulse need to be higher than the spectral width of the
ensemble of ions. Note that the rare-earth-doped crystal, (Tm**:YAG), considered here,
has a multi-GHz bandwidth. This means that a laser pulse of multi-GHz Rabi frequency
and bandwidth is required to address all ions in the medium uniformly. Therefore, a
different approach is needed to realize the qubit operation in the thulium with the laser
pulses. This approach involves selecting an ensemble of ions with a reasonable spectral
width.

The first experiment to produce a narrowband ensemble of ions in the
inhomogeneously broadened absorption profile of the medium used “zero area” pulses [
(115)]. This technique was successfully implemented to select a narrowband ensemble of
ions and provided the basic idea for selecting an ensemble of ions in the rare-earth-doped

crystals. We did not choose to implement this technique in our experiment. This
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technique was not suitable for our purpose, where significant spatial inhomogeneity in
the optical field is present and the optically dense (aL~3.0) material is considered.
However, our goal is to implement another technique that was also successfully
implemented in other rare-earths ions [ (116), (117)]. This technique accomplishes the
task of selecting an ensemble of ions in two steps. In the first step, a spectral window in
the inhomogeneous absorption profile of the medium is emptied by optically pumping
ions to the long-lived levels. In the second step, another optical pulse is used to burn an
ensemble of ions with the desired characteristics back in the trench. We have chosen this
technique because this technique does not require exact pulse areas and is well-suited for
cases where significant spatial inhomogeneity is present and optically thick material is
considered. In this scheme, the population is stored in other energy levels with the
population lifetime of these population storage levels being much longer than the time
scale of the experiment. This means that the selected ensemble can be considered long-
lived for the duration of the experiment. In this technique, the bandwidth and the number
of ions in the selected ensemble can be varied by varying the parameters of the burn-back
pulse. In the case where selected ensemble of ions have low absorption length, i.e.,
al<<1, the Rabi frequency will not be significantly affected by the absorption in the
medium. For this case, the optical pulse with Rabi frequency and bandwidth greater than
the spectral width of the selected ensemble will address all the ions in the ensemble
uniformly.

Now we consider the important parameters needed to implement this technique in

Tm**:YAG. The most important parameter is the population lifetime of the storage level.
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If we consider Tm**:YAG energy structure without the applied magnetic field, we note
that the longest population lifetime available is about 12 ms. In that case, about 90% of
the total population will be stored in the long-lived storage level, and there is no
possibility of removing the remaining population from the frequency trench. However, if
the external magnetic field is applied to the sample, then the hyperfine levels have a
population lifetime in excess of 100ms at a 4K sample temperature. The population
lifetime can be further increased by decreasing the temperature of the sample. Thus, the
unwanted population can be stored in these long-lived levels. Now, we investigate
options available for implementation of this scheme in Tm*":YAG. The important part of
this requires emptying a trench in the inhomogeneously broadened absorption profile of
the medium. We, first, theoretically investigate the effect of the pumping pulse on the
population in each energy level in Tm*":YAG after the application of the external

magnetic field.

Theoretical and Simulation Results: We have previously demonstrated that a

secant pumping chirp pulse (equation (6.1)) can invert almost all, 80%, of the ions
absorbing light at that frequency in an optically thick sample of Tm**:YAG [ (118)].
Thus, the preferred choice for the current implementation will be the secant pumping

chirp pulse given in equation (6.1):
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(6.1),

where the time duration of the secant edge, To is 4 ps, the chirp bandwidth, B. is 5MHz,
the chirp time, T¢is 5us, and Te = 0.5 us was used in the experiment.

Now we present the theoretical investigation for pumping the medium with the
secant pumping chirp pulse. In simulations with the theoretical model given in Chapter 4,
we assume that this chirp inverts the 80% of the population for the direct transition and
find the effective pulse area, 8,, for direct transition for thin medium approximation.
This effective pulse area, 6, , and experimentally-measured value of the cross-transition
ratios are used to find the effective pulse area, 6, = (u, /u, )0, , and hence the population
inversion for the cross transition (cf. Equations (4.17-4.20)). Note that the goal is to
implement this scheme in the experiment where the orientation of the magnetic field is
along 0, =-15° £1°(the orientation of a high cross-transition ratio for ions at sites 4 and
6 in the crystal). Thus, in this study, we use all the relevant experimentally-measured
parameters for this orientation of the magnetic field.

Now, we apply the first secant pumping chirp pulse with a center frequency o

and bandwidth B such that Bc< &4. The interaction of the pump pulse at mo with various
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ions in Tm**:YAG is shown in Figure 63. We start with the situation where both of the
ground state hyperfine levels are equally populated and consider each ion in the group of
ions in Figure 63. The population in each level for each ion in Figure 63 can be tracked
using the theoretical model given in Chapter 4. For all ions, most of the population in the
excited state will decay away after 1ms, as the lifetime of the excited state is 0.6ms [ (71),
(72), (51)]. The experimental data in the spectral hole burning study in Chapter 4 shows
that most of the population, about 75%, will decay to the intermediate level, and the rest
will decay back to the ground state manifold. Now, we allow the excited population to
decay and apply a series of these secant pumping chirp pulses to the medium. The pulse

sequence is shown in Figure 64. We track the population in each level for all ions in

Figure 63.
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Figure 63: The energy level of ions being addressed with a secant pumping chirp pulse to
empty a frequency spectrum around wo in Tm**:YAG. The hyperfine structure is obtained
with an external magnetic field of 440 Gauss which gives hyperfine splitting in the
ground state of 11MHz and hyperfine splitting in the excited state of 2MHz



188

—— repeat “N” times <«—

Pump chirps at ®
N

\ 4

> i >
i — > .
t=1ms  tpone=1ms time

<
<

Figure 64: A pulse sequence to empty a spectral trench in the inhomogeneous
absorption profile of Tm*":YAG.

First, we consider the interaction of the secant pumping chirp pulse with the
population in ion A. Simulation results are given in Figure 65. As the secant pumping
chirp pulse is applied with a repetition rate of 1kHz, the population in ion A is pumped
from level 1. The pumped population initially accumulates in levels 2, 5, and 6. As the
secant pumping chirp pulse is repeatedly applied to the medium, the population
accumulates in level 2. In the meantime, population in the other levels depletes. The
population in each level reaches a steady state after about twenty-five repetitions of the
secant pumping chirp pulse. Note that level 1 is completely empty after about fifty

repetitions of the secant pumping chirp pulse.
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Figure 65: Theoretical results for the population in each energy level for ion A after a
1ms decay from the Nth secant pumping chirp pulse as a function of the number of
repeated secant pumping chirp pulses.

Now we track the population in levels for ion B. The population in various levels
for ion B shows very similar distribution after a few repetitions (Figure 66), as was the
case for ion A. The only difference in this case is the rate of population depletion in level
l. In the case of ion B, the rate of population depletion is faster than that of ion A. The
reason for the faster population depletion in level 1 is the strength of transition being

pumped. The transition strength in the case of ion B is higher than that of ion A. In the

case of ion B, the secant pumping chirp pulse is pumping the allowed transition, while in
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the case of ion A, the secant pumping chirp pulse is pumping the weakly allowed
transition. Again in the case of ion B, after fifty repetitions most of the population is

stored in level 2.
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Figure 66: Theoretical results for the population in each level for ion B after a 1ms decay
from the Nth secant pumping chirp pulse as a function of the number of repeated secant
pumping chirp pulses.

We now consider the population dynamics in various levels for ion C as multiple
repetitions of the secant pumping chirp pulse are applied. Simulation results are given in
Figure 67. Level 2 of ion C is being pumped with the secant pumping chirp pulse, and

this transition is an allowed transition. Thus, the population depletion rate for level 2 is

the same as in the case of ion B, but is faster than that of ion A. Again, initially,
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population accumulates in level 5 and level 6. The system reaches a steady state after
about twenty-five repetitions of the secant pumping chirp pulse. Most of the population is
removed from level 2 and is stored in level 1 after fifty repetitions of the secant chirp

pulse (Figure 67).
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Figure 67: Theoretical results for the population in each level for ion C after a 1ms decay
from the Nth secant pumping chirp pulse as a function of the number of repeated secant
pumping chirp pulses.

For ion D, levels 2 and 3 are resonant with the secant pumping chirp pulse, and

this is a weakly allowed transition. Simulation results in Figure 68 show the population in

each level for ion D. In this case, the depletion of the population in level 2 is expected to
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be slower. The rate of the population depletion will be similar to that of the case of ion A.
The results for ion D follow a similar trend as was the case for ion A, as expected. Again,
for this case, after fifty repetitions of the secant pumping chirp, the population from level

2 is removed and is stored in level 1 as shown in Figure 68.
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Figure 68: Theoretical results for the population in each level for ion D after a 1 ms decay
as from the Nth secant pumping chirp pulse as a function of the number of repeated
secant pumping chirp pulses.

Thus, with the chosen secant pumping chirp pulse sequence, we have managed to
remove the population from the certain region in the inhomogeneously broadened

absorption profile of the medium. The removed population is stored in the hyperfine level

that is outside the region of interest. The population lifetime for the ground state
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hyperfine levels is about 100 ms at 4K, as measured in Chapter 4. Thus, the population
decay between hyperfine levels can be ignored for the time of the experiment.

Another scheme recently proposed pumping the population from the excited state
®H, to the intermediate level *F, with another laser at 1500 nm [ (119)]. This scheme will
still need to store population in hyperfine levels and will introduce considerable
complexity to the system. In our experimental demonstration, we did not use a second
laser.

Now, using the results of the simulation (Figure 65-Figure 68), we can estimate
the number, N, of secant pumping chirps needed to empty a trench in the
inhomogeneously broadened absorption profile of the medium. Note that if the chirp
sequence in Figure 64, with N=50, is applied to these levels in Figure 63, then an empty
trench can be obtained in the absorption profile of the medium. Before we implement this

scheme in the experiment, we first describe the experimental details.

Material and the Frequency Stabilized Laser Source

For all the experiments presented in this chapter, thulium-doped in YAG with
0.1% atm. thulium concentration supplied by Scientific Materials Corporation, Bozeman,
MT was used. The peak absorption at 793nm for this concentration is ~0.19/mm. The
length of the sample was 20mm. In order to access the transition in the material, a
commercial external cavity diode laser from New Focus Vortex laser was used. This
diode laser provides us with about 12 mW of laser power, which is insufficient for this

experiment. The laser was amplified using a commercial tapered amplifier chip from
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Eagleyard. The amplifier chip was custom-mounted. This set-up provided us sufficient
power for the experiment, about 300mW. The diode laser was frequency stabilized using
a spectral hole burning locking technique [ (51)] giving a stability, typically, of about

20kHz over 1ms. The stabilization scheme was the same as described in Chapter 4.

Experimental Set-up

The experimental set-up is shown in Figure 69. Most of the components are
similar to those shown in Chapter 4, Figure 15. We have an elaborate detection scheme in
this experimental set-up. The elaborate detection scheme is needed because in this
experiment, it is required to measure both the phase and the amplitude of the optical
pulse. In order to achieve phase and amplitude detection, a heterodyne detection scheme
is followed. In this scheme, the laser beam from an amplified frequency stabilized laser
source is divided into two beams using a beam splitter with almost 90% of the light used
for the experiment and the rest going to a reference beam. The beam used for the
experiment goes through two acousto-optics modulators (AOMs), a half-wave plate, a
polarizer, and the sample. The reference beam passes through a half-wave plate, a
polarizing beam cube, and another half-wave plate. This arrangement for the reference
beam allowed continuous control over the power and polarization of the beam. Both

beams were combined at a 50/50 beam splitter.
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Figure_69: Experimental set-up for qubit preparation and demonstration of singlgq/ubit
operations.

In the experiment, an arbitrary waveform generator (AWG) provided the radio
frequency (RF) source at 210MHz for AOM 1, and the beam with its frequency up-
shifted 210MHz from the laser frequency was fed to AOM2. Again, an RF signal from
AWG at 120 MHz was used to drive AOM2, and the final beam from both AOMs was 90
MHz up-shifted from the laser beam. This beam was then directed to the sample in the
cryostat with a beam waist in the sample of about 100 um. Another acousto-optics
modulator, AOM3, after the sample, allowed us to block the strong signal in the pulse
sequence and provided an output beam that was up-shifted 10MHz from the reference
beam.

The polarization of the reference beam and the overlap of the two beams at 50/50
beam splitter were adjusted to get maximum amplitude modulation. This beat signal was

fed to two amplified silicon detectors (Thorlabs PDA 155) of bandwidth 50 MHz for
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balanced detection. Theoretical and experimental analyses show a reduction in noise with
the balanced detection scheme as compared to the case of detection with a single detector
[ (120), (121), (122), (123)].

The output from each detector was combined in a beam splitter/combiner and then
was filtered with 10MHz band pass filter of 3MHz bandwidth. The beam
splitter/combiner in the current system takes two inputs from both the detectors and
imparts a phase of 180° on one input and then combines both the inputs to give one
output signal. The resultant signal from the beam splitter/combiner was amplified. The
output from the beam splitter/combiner and the local oscillator signal at 10MHz were fed
into Mini-circuits’ 2FMIQA-10D 1&Q detector. This detector provided two outputs with
one in-phase output, I, and another in-quadrature output, Q, with the provided local
oscillator signal. These two outputs were used to measure the amplitude and the phase of

the signal.

Experiment Results for the Ensemble Selection

In the experiment, a sample of Tm**:YAG with 0.1% atm. thulium and a material
absorption length of 2.87 was vapor-cooled with the liquid helium to 4K. Here the
absorption length was smaller than the peak absorption of 3.8, as the laser was detuned
from the center of the absorption line. The magnetic field was kept fixed at 400 Gauss.

The sample was positioned in the direction with the magnetic field for the highest cross-

transition ratio for ions at sites 4 and 6, i.e., 6, =—15° £1°with the <001> direction. The

strength, 400 Gauss, and the orientation, 6, =—15° +1°, of the magnetic field provided
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us the hyperfine structure in Tm*:YAG. The excited state splitting for this case was
2.2MHz, and the ground state splitting for this case was 11MHz.

A secant pumping chirp pulse, given in equation (6.1), of 5SMHz bandwidth
centered around -11MHz was repeatedly applied to the medium. The power of the secant
chirp pulse was the equal to the power of a single frequency pulse having 1MHz Rabi
frequency. The chirp rate was set to 1MHz/1us. The chirp with similar parameters can
invert 80% of the population for the optically allowed transition in Tm**:YAG [ (118)].
In the experiment the secant pumping chirp pulse is repeated fifty times at a repetition
rate of 1kHz as suggested in Figure 64. The absorption in the medium was probed with a
40MHz/500us weak probe chirp. The absorption spectrum after the repeated application
of the secant pumping chirp pulse, as measured with the probe chirp, is shown in Figure
70.

The scale on the vertical axis in the absorption spectra in all proceeding
experimental results was obtained as follows. First the material’s initial absorption

length, a,L, was experimentally measured using the absorption measurement. In the next
experiment, the medium was scanned with a 40MHz/500us probe chirp. This
measurement gave us I, = I,e™*". In the next measurement, fifty secant pumping chirps
as demanded by Figure 64 were applied to the medium and the medium was again
o

scanned with the weak probe chirp. This second measurement gave us I, =1,

Using these two measurements, the absorption spectrum was obtained as

al =a,L—-In(1,/1,)=~In(1,/1,).
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Note that the bandwidth of the emptied trench is higher than the bandwidth,
5MHz, of the secant pumping chirp pulse. The broadening in the edge of the trench in the
spectrum is due to the overlap of side hole spectra with the spectrum of secant pumping
chirp pulse. The experimental result for the absorption spectrum of the medium in Figure
70 agree very well with the simulation results in Figure 65 - Figure 68 as both results

show that the medium is nearly transparent around -11MHz with 5MHz bandwidth.
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Figure 70: Experimental results for the spectrum of the medium at 4K. The spectrum
shows the emptied trench of 5MHz width in the inhomogeneously broadened absorptive
medium. The initial absorption in the medium was «,L = 2.87.

The ions in the emptied trench, shown in Figure 70, around o, = -11IMHz were

selected by burning ions back in the trench. The burn-back pulse was used to select an
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ensemble of ions in the trench [Figure 70]. This burn-back pulse at «, +J, is applied to

the medium after the coherences in the medium have dissipated. The pulse sequence to
achieve that objective is shown in Figure 71. The burn-back pulse at o, +J, interacts
with ions C and D (Figure 63) and two other sets of ions. Apart from ions C and D, the
contributions of the two other sets of ions lie outside the region of interest. However, the
burn-back pulse does not interact with ions A and B (Figure 63). Therefore, the
contributions from ions other than ions C and D are ignored, as those contributions lie

outside the region of interest, i. e., the trench atw, = -11MHz . Thus, the burn-back pulse

pumps the populations from ions C and D back into the trench at o, .

repeat N times

Pump chirps at a, i
v W Burn back cAblrp at wy+og

A 4

>

> « 7 e
t=1ms t,q= 401S time

<

Figure 71: A pulse sequence to select an ensemble of ions. Here 4 is the hyperfine
splitting for the ground state manifold. An ensemble of ions is selected in the emptied
trench using a burn-back pulse after N repetitions of the broadband pump chirp pulse.

In the experiment, a 20 us long narrowband burn-back chirp of bandwidth
500kHz centered around w, +&, =0MHz was applied to the medium. This burn-back
pulse burned ions back at @, = -11MHz in the emptied trench. The experimental results

in Figure 72 show the spectrum of the medium after the secant pumping chirp and the

burn-back pulses are applied to the medium. Note that the absorption feature at OMHz is
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broader than the bandwidth of the burn-back pulse. The broadening of the main feature at

OMHz is due to the excitation of ions at other sites, in this case ions at site 2, that have

splitting such that &; < &, ,, for the experimental settings of the strength, 440 Gauss, and

orientation, 6, =-15° +£1°, of the applied magnetic field. In this case, thulium ions at
site 2 in the crystal have 1MHz excited state splitting. Another factor contributing to the
broadening at OMHz is the stray light affecting the zero level of the signal and, hence,
giving a wrong normalization factor for the data. However, the broadening of the feature

at o, +5, =0MHz does not affect the results presented here.
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Figure 72: The spectrum of the medium after the application of the pulse sequence in
Figure 71. The spectrum shows burned back ions at @, = -11MHz in the emptied

trench with a burn-back chirp applied at o, + 5, =0MHz.
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In the current experiment, the inhomogeneous width of the selected ensemble of
ions was about0.5MHz , which is the same as the bandwidth of the burn-back chirp. The
ions in the selected ensemble can be addressed with a single Rabi frequency using a
moderate power laser. Note that the bandwidth of the burn-back ions can always be
adjusted by choosing the bandwidth of the burn-back pulse. The correlation between the
bandwidth of the burn-back pulse and the bandwidth of the selected ensemble of ions was
experimentally verified. We noted that the peak of the selected ensemble of ions drops
with the drop in the bandwidth of the selected ensemble of ions for constant power and

chirp duration.

repeat N times  «— Burn back chirps at og+3g

Pume chlrps\a‘t g / n-pulse at o
< = »> 4% 4—/;» t' >
t=1ms twait=40us twait=40us ime

Figure 73: A pulse sequence used to initialize the selected ensemble of ions to the lowest
energy Eigen-state for the demonstration of single qubit operations

Note that, these ions in the selected ensemble in Figure 72 are not in the ground
state, as is shown by the negative absorption change in the spectrum in Figure 72.
However, these ions in the selected ensemble of ions can be initialized to any state using

a laser pulse. An optical pulse having Rabi frequency > 500kHz and duration < 2us will

address all the ions in the selected ensemble in Figure 72 uniformly. Now, a single =-
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pulse satisfying the conditions for uniform excitation of all ions in the trench is applied to
the ensemble at o, = -11MHz . The sequence of pulses needed to initialize the ions in
the ensemble is given in Figure 73. The spectrum of the medium, after application of the
sequence in Figure 73 is shown in Figure 74. In this spectrum, the selected ensemble of
ions has a positive absorption, which signifies that the ions are in the lowest energy

Eigen-state.
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Figure 74: The transmission spectrum from the medium shows the burned back ions in
the lowest energy Eigen-state in the emptied frequency. Since the number density of
0.1% thulium-doped in YAG is 10* ions/cm?, the laser pulse of bandwidth > 0.5MHz
with a spot size of about 100pm will be interacting with about 10" ions over a 20mm
long sample.



203
Thus, we have successfully initialized the selected ensemble of ions to the lowest
energy state. This also suggests that the optical pulse was addressing all the ions in the
ensemble uniformly. This experimentally demonstrates that it is possible to address the
selected ensemble of ions uniformly. This experiment verifies that our calibration of

aL=0 was accurate.

Characterization of the Selected Ensemble of lons

Uniform Excitation of the Selected Ensemble of lons

First, the inhomogeneous width of the selected ensemble of ions was measured by
scanning the medium with a weak chirp pulse. The experiment was designed to show that
an ensemble of ions can be addressed with a single Rabi frequency. This experiment
involves the excitation of the selected ensemble with the pulses having definite pulse
areas. The experimental results presented in Figure 74 have already demonstrated to
some extent that the ions in the selected ensemble can be excited with a single Rabi
frequency, as a single 7 -pulse was able to invert all the ions in the selected ensemble. In
the case discussed here, a series of w-pulses are applied to the selected ensemble. The ion
selection process was the same as described in Figure 71. Since the selected ensemble has
a 500kHz width, a pulse with Rabi frequency and bandwidth > 500kHz will be able to
address all the ions in the selected ensemble with a single Rabi frequency. The sequence
of the pulses is shown in Figure 75, and the experimental implementation for selecting an

ensemble was described earlier in the text.
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Figure 75: A pulse sequence used to characterize the selected ensemble of ions for its
interaction with the optical field.

In the experiment, a sample of 0.1% atm. Tm**:YAG was vapor-cooled in the
cryostat with liquid helium to 4K. The selected ensemble, similar to the one given in
Figure 74, was addressed first with a m-pulse having a Rabi frequency 1.3MHz and
duration 400ns. The resultant transmission spectrum of the probe pulse reflects the state
of ensemble as shown in the Figure 76 (left). The spectrum indicates that almost all the
ions are excited uniformly, and these ions are now in the excited state, as indicated by the
negative absorption of the selected ensemble. A second =-pulse with the same parameters
as the first m-pulse was applied to the ensemble, and all the ions in the ensemble were
brought back to the ground state (Figure 76 (right)) as indicated by the positive
absorption of the selected ensemble. These results show that it is possible to address all
the ions in the selected ensemble with a single Rabi frequency. This shows that all the
ions in the selected ensemble of ions can be addressed uniformly. Thus, the ions in the
ensemble can form a qubit for the implementation of quantum operations. We were
unable to tailor a single 2x pulse that can address all the ions in the ensemble uniformly

because of the power limitations.
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Figure 76: The selected ensemble, in Figure 74, after it was addressed with a single -
pulse (left) and two w-pulses (right). Each r-pulse has a Rabi frequency 1.3MHz at the
center of the Gaussian spatial beam, and its pulse width was 400 ns.

Optical Coherence Time of the Selected Ensemble of lons

The material coherence time for the optical transitions for Tm**:YAG has been
studied [ (29)]. The measurements for the material coherence time in reference (29) have
shown that de-coherence in the material for optical transitions at a low temperature, 1.5K,
is due to the spin fluctuations of nuclei in the host material. Thus, it was anticipated that
the coherence time of the selected ensemble in Figure 74 will be the same as the material
coherence time. This was experimentally verified by measuring the coherence time of the
selected ensemble shown in Figure 74. We used the 2-pulse echo technique to measure
the coherence time. In this technique, an interacting pulse creates the coherence in the
medium at time t;. The macroscopic coherence in the medium dephases, as each ion in
the medium evolves in time according to its detuning from the laser frequency. However,
a second interacting pulse at a later time t, can rephase the coherence. This second pulse
reverses the frequency of the evolution of each interacting ion in the medium.

Consequently, a perfect rephasing in the medium gives a coherent signal at 2*(t,-t;). This
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rephased signal is called a 2-pulse echo (2PE). Note that the maximum rephased signal

can be obtained if the area of the first pulse is 7%, and the area of the second pulse in the

2PE sequence is 7. The coherence in the medium is usually measured by measuring the

strength of rephased signal at different times. The strength of this 2PE and the separation

_4t2% 2
e

between the two pulses in 2PE sequence are related as lecho = [ (112)], where

t, =(t, —t,) and T, is the material dephasing time. Thus, time-dependent measurements

of the echo intensity will provide the material dephasing time.
In this experiment, the 0.1% atm. Tm**:YAG sample was vapor-cooled to 4K.

Here, the first pulse in the 2PE sequence has pulse area %, and 250ns, duration while the

second pulse in the 2PE sequence has pulse area 7~ and 500ns duration. The Rabi
frequency of each pulse was fixed at 1MHz. We first measured the background level in
the emptied trench (Figure 70) by applying the 2PE sequence in the trench. We did not
get any detectable echo signal from the background ions in the emptied trench. This
means that the contribution from the background ions in the trench will be negligible in
the echo signal for 2-pulse echo. This is another verification that the background is truly
at aL=0. The results in Figure 77 (dotted line) show a 2-pulse echo signal just from the
background ions in the emptied trench. The results in Figure 77 (dotted line) show that
the medium is nearly transparent in the trench. This means that the 2PE sequence will
probe the coherence of the selected ensemble. Now, we apply the 2PE sequence to the
ions in the selected ensemble given in Figure 74. An example of a 2-pulse echo signal

from the ions in the selected ensemble in Figure 74 is shown as a solid line in Figure 77.
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Note that the width of a 2-pulse echo signal is about 2us, which is much longer than the
width of the two pulses used to create coherence in the ensemble. However, the width of
the echo signal is about the same as the inverse width of the selected ensemble in Figure
74. The correspondence between the two widths provides an alternate way of measuring

the spectral width of the selected ensemble.

Intensity (. u.)

twwo pulse echo
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Figure 77: The dotted line is the 2-pulse echo signal from the background ions in the
trench in Figure 70. The solid line is the 2-pulse echo signal from the selected ensemble
of ions in Figure 74. The vertical scale in the plot is shifted to show two signals.

Now we vary the delay between two pulses in the 2PE sequence and record the
intensity of the echo signal. The data for the echo intensity and corresponding delay is

plotted in Figure 78. The data set in Figure 78 shows that the echo decays exponentially

with the delay between two the pulses in the 2PE sequence. The exponential decay of the
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echo gives the material coherence time of (35+0.70)us. This value of the material
coherence time is about the same as the coherence time obtained using the full

inhomogeneous profile of the medium at 4K [ (29)].
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Figure 78: Experimental results for the measured echo intensity as a function of the delay
between the two pulses in 2PE sequence. The least square fit to the experimental data

gives a coherence time of (35+0.70)us at 4K.

Now we know the basic characteristics, including the line-width, the coherence
time, and the peak absorption of the selected ensemble. The next step will be to use this

selected ensemble of ions as a test-bed and implement the single qubit operations.
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Single Qubit Operations Using an Ensemble of lons

The selected ensemble of ions, as per Figure 74, is used to demonstrate two basic
rotations of the Bloch vector, as discussed in Chapter 5. The experimental demonstrations
of the Bloch vector rotation of the selected ensemble were performed using 0.1% atm.
Tm**:YAG. The experimental set-up and the detection system are the same as given in
Figure 69. In all the experimental demonstrations, the selected ensembles of ions were
similar, as shown in Figure 74, with a fixed bandwidth 0.5MHz and peak absorption 0.3.
Before we implement the single qubit operation on the selected ensemble of ions, we first

present the results for the calibration of our detection system.

Calibration of the Detection System

Detecting the Phase of a Laser Pulse: Initially the stability of the detection scheme

was tested with a single laser pulse that was not interacting with the medium. The phase
of the laser pulse was varied using an arbitrary waveform generator (AWG), while the
amplitude of the pulse was kept fixed. The in-phase and in-quadrature components of the
signal were detected using the 1 & Q detection scheme, as outlined earlier. The error in
the measured phase versus the input phase sets the lower limit on the error in our

detection scheme. We postulate that the error is due to the vibrations in the system.
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Figure 79: The calibration results of the phase detection set-up used to
measure the phase of an optical signal. The lower plot shows the residual
error in each measurement with a maximum error of about 0.03r.

The results in Figure 79 show the measured phase is in quite good agreement with
the input phase. We varied the power of the optical pulse, and a series of single shot
measurements were performed to calibrate the detection system. The standard deviation
in the phase detection of all those single shot measurements was 0.013z . The calculated
signal-to-noise-ratio (SNR) of about 640 would predict a root mean square of 0.0125x.
There are a few other possible sources of the excess phase error in this measurement. One

source of error in the measurement is the jitter in the clock of the RF source used for local
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oscillator. Other possible sources may be the vibrations in mirrors, thermal noise. This
experiment defines the error inherent in our detection system, which will always be

present in our phase detection measurements.

Detecting the Phase of the 2-Pulse Echo: In another experiment, the performance

of the phase detection set-up was tested by detecting the phase of the 2PE in a coherent
transient experiment. In this case, 0.1% atm. Tm**:YAG was vapor-cooled to 4K, and the
two pulses required by the 2PE sequence were applied to the selected ensemble, shown in
Figure 74, whose inhomogeneous width was 500kHz. The pulse length of each pulse in
the 2PE sequence was 500 ns, and powers of both pulses were optimized to give a
maximum 2-pulse echo signal. In the experiment, the phase of pulse 2 was fixed at 0 and
the phase of pulse 1 was varied.

Theoretical results show that for such a pulse sequence, the phase of the 2-pulse
echo changes linearly with the change in the phase of pulse 1. Experimental results
(circles) in Figure 80 show that the phase of the 2-pulse echo changes linearly. The
spread in data points in the experimental data is attributed to a low signal-to-noise ratio.

This can be seen by considering only the additive noise in signal, n(t), and its influence
on the phase error, @ (t), as n(t)+ A'(t)cos(wt +¢,) = A, cos(o,t + ¢, + ¢, ) where
@y << o, is the laser frequency, A'(t) is the amplitude of the signal, A,(t) is the
measured amplitude of the signal, and ¢, is the phase of the signal. To the first order,
A'(t) does not affect the phase noise and the root mean square of the phase noise, o, ,

can be written as
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This result shows that, the root mean square of the phase noise will be higher for the case
that has a lower SNR.

Now, we analyze the results for 2PE experiment in Figure 80. Note that the
measurements (Figure 80) for 2PE experiment indicate that the error is much higher in
these measurements as compared to the inherent error in the phase detection system
(Figure 79). The standard deviation in the phase measurement for single shot
measurements for four different experimental data sets are 0.13x, 0.12%, 0.097x, and
0.08xw, while corresponding SNR for these data sets are 100, 180, 250, and 270. These
data show that the lower SNR corresponds to the higher phase error in the measurements.
The SNR in these data sets are lower than the case in Figure 79 for which the SNR for the
data set (640) was higher. Other possible sources of error are jitter in the mirrors, thermal
noise, and also vibration of the sample in the cryostat. The error due to the laser
instability was discounted, as the frequency of the laser was stabilized using the spectral
hole locking technique [ (51)]. This locking technique gave us the frequency stability of
the laser about 20kHz over a millisecond. The stability of the laser was confirmed by
burning a 20kHz and scanning the medium after a millisecond. This provided us a higher
frequency stability of the laser than the required stability, 100kHz over 1ms, in the laser

at 4K.
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Figure 80: Experimental results (circles) of phase detection system for the 2PE sequence.
Here, the phase of the second pulse in the 2PE sequence was fixed, and the phase of the
first pulse was varied. The circles represent six single experimental acquisitions; the solid
line is the expected theoretical result. The bottom plot shows the error in the experimental
data compare to the theoretical result.

Now we use the single experimental acquisitions and find the average results for
the measured phase of the echo in the 2PE experiments. The results of such an average
are shown in Figure 81. The results show that the error in the averaged data is reduced.
The reduction in the error for this case implies that the error is random. This discounts the
possibility of a systematic error in the detection system. The standard deviation in the

phase measurements is 0.098rw, as calculated from the averaged data in Figure 81. The

higher standard deviation in the phase measurements for the 2PE experiment is attributed
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to lower SNR for this case, as compared to the case when a single detection pulse was
used (cf. Figure 79).
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Figure 81: The average (circles) of the experimental data in Figure 80 and the expected
theoretical result (solid line). The bottom plot is the comparative error.

Now, we implement the single qubit operation in the selected ensemble and use

the well-characterized detection system for the measurements.

Demonstration of the Bloch Vector Rotation about the Z-axis

The selected ensemble of ions used for the demonstration of the two Bloch vector
rotations is shown in Figure 74. We first present the results for the implementation of

rotation about the z-axis. As explained in Chapter 5, this rotation can be detected by



using a photon echo experiment. All characteristics of the selected ensemble are the same
as outlined previously (Figure 74). The optical pulse sequence required to detect the
rotation of the Bloch vector is outlined in Figure 82, while the experimental procedure for
the detection of the phase and the amplitude of the optical signal has been explained
earlier in the text. Each pulse in the sequence has a 1MHz Rabi frequency at the center of
the beam, each =-pulse was 500 ns long, and each =/2 pulse was 250 ns long. The phases
of all pulses, except the control pulse C,, were set to zero. The phase of the control pulse

C, was varied from 0 to =, and the phase of the echo was measured using the 1&Q

detection scheme.

Selected group of
ions
(FWHM=0.5MHz)
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P1 C1(0)_C2(n—5/2) P2

Echo

time

v

Echo o u(cos (w t)sin ( §)+sin (wt)cos( §))

Figure 82: The pulse sequence to demonstrate the geometric rotation about the z-
axis. Here C; and C; are the control pulses of area = and phase difference n—5/2. Py
and P, are part of the detection pulses, with areas =/2 and = and zero phases.
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Figure 83: The experimental demonstration of the geometric rotation about the z-axis.
The rotation angle was measured through photon echoes. The solid line is the expected
theoretical results, and the experimental data points are six single acquisitions of the
experiment taken on different days with no averaging performed on each data point.

Note that the phase of the detected echo changes linearly with the rotation angle
for this rotation as explained in Chapter 5. The data (points) for each single experimental
acquisition are presented in Figure 83. The experimental data (points) in Figure 83 show
that the phase of the detected echo signal changes linearly. The experimental data (points)
also compare favorably with the theoretically-predicted phase of the echo (solid line) as

shown in Figure 83. However, the error in each of the single experimental acquisitions is

significant. The standard deviation in the phase measurement for single shot
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measurements for four different experimental data sets are 0.13mw, 0.14x, 0.17%, and
0.18x, while corresponding SNR for these data sets are 150, 100, 86, and 80. These data
show that the lower SNR corresponds to the higher phase error in the measurements, as
expected. Again, in this case values of SNR, for all the data sets, are lower than the case
in Figure 79 for which the value of SNR (640) was higher. In this case, we again average
the data in all six single experimental acquisitions. The results of the average are shown
in Figure 84. The results again show the reduction in the error in the experimental data.
The results of the average show that there is no systematic error in the detection system,
and the error is random, which is due to a low signal-to-noise ratio (SNR). The standard
deviation of the experimental results for phase measurements from the theory is

calculated to be 0.15x for an average of 6 experimental acquisitions.
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Figure 84: The averaged experimental data (circles) showing the phase of the detected
echo for the rotation about the z-axis. The expected rotation angle is represented as a
solid line. The error bars in the lower plot show deviation from the expected value of the
rotation.

Now, the fidelity of the rotation about the z-axis is calculated with the definition
given in equation (5.50). The results, in Figure 61, for degradation in the operation
fidelity suggest that fidelity degradation, for Gaussian spatial beam, will be within 13%
to 15%. Thus, the single qubit operation with the Gaussian spatial beam results in, at

most, 85% operation fidelity. In the current experiment, we could only measure two

components (x and y) of the Bloch vector and could not measure all three components of
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the Bloch vector. This means that we cannot measure the actual fidelity of the operation.
However, we can estimate the operation fidelity as described next. We first assume that
there was no change in the initial z-component of the Bloch vector (not a good
assumption, but it can provide a rough estimates on the operation fidelity); then we can
use equation (5.50), and the fidelity of the operation can be estimated. The results for
such a calculation are plotted in Figure 85. Data in Figure 85 show about 60% operation
fidelity for small rotations, and essentially, after a 0.2z rotation, we can not call it a

rotation about the z-axis (error in the rotation axis).
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Figure 85: Estimate of the fidelity of single qubit operation for rotations around the z-axis
using equation (5.50).

The results of this experimental investigation reinforce the conclusion drawn in

Chapter 5, that the uniform intensity beam or a modified pulse sequence similar to the
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one suggested recently [ (114)] is required for high fidelity quantum operation. Now in
the next section, we experimentally investigate the second of the two rotations of the

Bloch vector.

Demonstration of the Bloch Vector Rotation about the Y-axis

In this section, the rotation of the Bloch vector around the y-axis is investigated
using two different techniques. As noted in Chapter 5, the direct rotation of the Bloch
vector around the y-axis for a selected ensemble can be realized with a single laser pulse.
In the current notation it can be seen that an optical field with a phase -r/2 can rotate the
Bloch vector around the y-axis. In this case, the rotation angle of the Bloch vector is
given by the pulse area of the optical pulse.

Later, the rotation of the Bloch vector around the y-axis for a selected ensemble is
realized with geometric phase involving multiple pulses, where the rotation angle of the
Bloch vector is controlled by the relative phases of the optical pulses.

Finally, these two techniques of realizing the Bloch vector rotation around the y-
axis will be compared. Both of these methods are implemented on the identical ensemble
of ions, as given in Figure 74. The experimental set-up is similar to that depicted in

Figure 69, with the detection system explained earlier in the text.

Bloch Vector Rotation about the Y-axis with a Single Optical Pulse: Here, the

experimental results for rotation of the Bloch vector with a single optical pulse are

presented. The pulse area, @, is expected to be the rotation angle of the Bloch vector.
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In the experiment, the maximum Rabi frequency for the available power, 300mW,
and beam size, 100um, was about 1MHz at the center of the Gaussian spatial beam.
The rotation of the Bloch vector is detected by using a second pulse of pulse area
7 and zero phase. The pulse area of the first pulse (a control pulse) was varied by
changing the duration of the pulse. The area of the detection pulse, pulse 2 in the
sequence (Figure 86), was fixed with a 1MHz Rabi frequency at the center of the

Gaussian spatial beam and 500 ns duration.

Selected Control pulse
group of ions Ci(-n/2,6) P,
(FWHM=0.5 H H Echo o usin (0 )cos (a)lt)
MHz)
A,

time

Figure 86: A pulse sequence to realize and detect the rotation around the y-axis with a
single control pulse, C;.

The intensity of the detected echo for a uniform intensity beam is expected to be
sin® @, as shown by the solid line in Figure 87. Experimental results (squares) in Figure
87 show the detected echo intensity as a function of the area of pulse 1. The theoretical
results are obtained by noting that the Bloch vector rotation angle, & , and the pulse areas,
0, are the same as defined in Chapter 5. The theoretical results obtained using equation

(5.47) and the experimental data are normalized to the maximum echo power.
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Figure 87: Intensity of the experimentally-detected echo after the Bloch vector
around the y-axis with a single optical pulse. The experimental (circles) and
theoretical results (solid and dot-dashed lines) are normalized to the maximum echo
power.

The experimental results (circles in Figure 87) deviate significantly from the
theoretically predicted results for the uniform intensity beam after the rotation angle of
about 0.5m. However, these experimental results match pretty well with the theoretically-
predicted results (dot-dashed line) for the Gaussian spatial beam (dotted line) up to the
Bloch vector rotation angle of ©t. Again, after r rotation, the experimental results start to
deviate from the Gaussian beam model. The reason is that the area of the pulse being
used to drive the Bloch vector is not uniformly addressing all of the ions in the ensemble.
The reason for this is the way the area of the driving pulse is increased. There are two
ways the area of a pulse can be increased (decreased); one way is to increase (decrease)

the Rabi frequency, and the other is to increase (decrease) the duration of the pulse. The

best option is to increase the Rabi frequency of the pulse and keep the condition for the
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uniform excitation of ions in the ensemble fulfilled. However, limited power is available
in the laboratory. In the laboratory, the maximum available laser power and the beam size

gave us 1MHz Rabi frequency. Note that the estimate for the transition dipole moment,

5.03x10*'esu-cm, agrees with the data obtained earlier [ (67)]. Thus, the available
option is to increase the pulse duration in order to increase the pulse area. As the duration
of the control pulse is increased, the bandwidth of the control pulse is decreased. This
causes the non-uniform interaction of the control pulse with the ensemble of ions. In the
current experiment, the pulse was unable to uniformly address all ions in the ensemble
when its duration was greater than 2000 ns. Therefore, the control pulse, with the pulse
area > 4, was unable to uniformly address all the ions in the ensemble. Therefore, the
experimental results significantly deviate from the theoretical results in Figure 87 for
higher duration control pulse. Therefore, it may be practical to use a technigque to rotate
the Bloch vector that is less dependent on the laser power. In the next section, we will

focus on the rotation of the Bloch vector around the y-axis using the geometric phase.

Bloch Vector Rotation about the Y-axis Using the Geometric Phase: The rotation

with a single pulse, described earlier, is simple, but it suffers from drawbacks. One
drawback in that case is the dependence of the rotation of the Bloch vector on the exact
pulse area of the control optical pulse. The other drawback is the need for higher laser
power to uniformly address the ions in the ensemble. As discussed earlier, another way to
achieve this rotation is to use the relative phases of the optical pulses as is required for

rotation using geometric phase.
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In the experimental implementation of this scheme, again, the ensembles of ions
having similar characteristics, as given in Figure 72 and Figure 74, were used. Recall, the
results in Chapter 5. Note that, three pulses with pulses areas /2, w, and /2 and phases
0, m+d/2, and 0 are needed to rotate the Bloch vector around the y-axis. The pulse

sequence for rotation and detection using an ensemble of ions is given in Figure 88.

Sre(;?ft%oll‘ ions C2(n+0/2) P i
?FW&M:O.S C1(0)TTC3(0) 2 Echo oc usin( 8 )cos(w,t)
MHz) H

time -

Figure 88: A pulse sequence used in the experiment to demonstrate the Bloch vector
rotation around the y-axis. Here, the control pulse sequence has pulses C;, C,, and Cs,
while P, is the detection pulse.

In the first experiment, an ensemble of ions initially in the excited state with the
identical characteristics, as in Figure 72, is selected. Each ©/2-pulse in the sequence has a
1MHz Rabi frequency and 250 ns duration. Each m-pulse in the sequence has the same
value of Rabi frequency as the ©/2-pulse and the duration of each m-pulse was twice as
long as that of the n/2-pulse. Again, we use the photon echo technique to detect the effect
of the Bloch vector rotation around the y-axis. For the uniform intensity beam, the
theoretical results for the expected echo power are given by the dotted line in Figure 89.
The experimental results (circles) for the detected echo power in Figure 89 show
significant deviation from the theoretical results for the uniform intensity beam. This
means that rotation angle for the Bloch vector rotation is not the same for these two

cases. The analysis in Chapter 5 has shown that this is to be expected. Now, we compare
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the theoretical results (solid line in Figure 89) for excitation with the Gaussian spatial
beam having the pulse areas at the center of each Gaussian beam as n/2, =, and =/2 with
the experimental data (circles in Figure 89). For Gaussian spatial excitation, the
theoretical results were obtained using equation (5.48). These theoretical results, (solid
line in Figure 89) for excitation with Gaussian spatial beam, agree very well with the
experimental results (circles in Figure 89). This means that the rotation of the Bloch
vector obtained in the experiment is similar to the rotation with the Gaussian spatial
beam. The experimental data and the theoretical results were normalized using a Bloch
vector rotation of -w/2. Error in the normalization of the data point was +0.01while the
SNR in this experiment was about 2000. Note that, the theoretical results and the

experimental data were normalized independently.
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Figure 89: Results for the rotation about y-axis with the control pulse sequence when the
selected ensemble was initialized to the excited state. Results show the measured
intensities of the detected echo and their dependence on the rotation angles for the Bloch
vector rotation around the y-axis. Each pulse in the sequence has ideal intensities

(m, /2, m) at the center of the Gaussian spatial beam.

In the second measurement, an ensemble of ions initially in the ground state was
selected. This ensemble has similar properties as that of the ensemble of ions in Figure
74. Again, the same pulse sequence, as described in the previous case was applied to the
selected ensemble. Here, the selected ensemble of ions is initialized to the ground state.
The experimental (circles) and theoretical results (dotted and solid lines) are presented in

Figure 90. These results again show that the expected change in the echo intensity for the

uniform intensity beam does not agree well with the experimental results as expected.



227
However, the Gaussian beam model (equation (5.48)), with the same parameters as were
used in the experiment, shows a good agreement with the experimental results. Therefore,
the rotation of the Bloch vector in the experiment can be characterized with the Gaussian

beam model given in Chapter 5.

--------- Theoretical results for excitation with uniform intensity beams
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Figure 90: Results for the rotation about y-axis with the control pulse sequence when the
selected ensemble was initialized to the ground state. Results show the measured
intensities of the detected echo and their dependence on the rotation angles for the Bloch
vector rotation around the y-axis. Each pulse in the sequence has ideal intensities

(m, /2, ) at the center of the Gaussian spatial beam

Again, for this case, the theoretical results in Chapter 5 for the degradation of the
operation fidelity show that the degradation in the operation fidelity will be about 12%

(Figure 62). Now, if the phase error and the intensity fluctuation are taken into account,
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then the degradation in fidelity will be even higher. Therefore, the operation fidelity for a
single qubit operation will be even lower than 88%. This suggests that the uniform
intensity laser beam or the modified pulse sequence [ (114)] is needed to reduce the

degradation in the operation fidelity.

lon-lon Interaction

In the previous section, it was demonstrated that an ensemble of ions can be
selected with the characteristics required for a single qubit. The next step would be to
select two ensembles, with each ensemble having the same characteristics as a single
ensemble. These selected ensembles should be able to communicate with each other in a
controlled fashion. This kind of communication can be used to build the two-qubit
quantum gates, like the controlled NOT (CNOT) gate [ (124), (125)]. The main
requirement of this communication is that one must be able to turn on or off the
communication between the qubits as desired.

One way to control the interactions between the two ensembles of ions is to use
the effect of the excitation induced frequency shift (EIFS) [ (124), (126)]. Excitation
induced frequency shift was first observed in NMR systems, where the precession of the
spin of ions was affected by the excitation of the spin of neighboring ions [ (127)]. Later,
EIFS was also observed in many rare-earth-doped crystals [ (128), (129), (130), (131),
(132), (133)]. Controllable excitation induced frequency shift was also demonstrated in

Pr¥*, Nd*, and Eu®* doped in Y,SiOs [ (134)].
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In EIFS, as the name suggests, if one ensemble is excited from its initial state,
then this influences the neighboring ensemble, which usually manifests itself as a change
in the resonant frequency of the neighboring ensemble. As the optical field excites an
ensemble of ions, it essentially changes the environment of the neighboring ions; this
causes their resonant frequencies to shift. The phenomenon of EIFS is governed by the
dipole-dipole interactions between the ions [ (28)].

In the case of an inhomogeneously broadened ensemble, like rare-earth-doped
crystals, each ion in the ensemble has a different transition frequency due to its unigque
local environment. In EIFS, if an ion in the local environment is excited, then the
resonance frequency of the neighboring ion is shifted. The EIFS depends on the ion
concentration, bandwidth of the excitation pulse, intensity of excitation pulse, and the
local separation between the ions.

There are two techniques being used to measure the excitation induced frequency
shift. In one technique, first, an ensemble of ions is selected with an inhomogeneous
width comparable to or smaller than the anticipated increase in the inhomogeneous width
due to the excitation induced frequency shift. The comparison of the inhomogeneous
widths of the selected ensemble of ions with and without excitation of the neighboring
selected ensemble of ions provides a direct measure for the change in the inhomogeneous
width due to the excitation induced frequency shift [ (126)]. In another technique, the
decay of the photon echo, from the selected ensemble of ions with and without excitation
of the neighboring selected ensemble of ions, is measured [ (128), (129)]. The idea that

the echo dephasing time is influenced by the instantaneous spectral diffusion was
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developed by Mims [ (135)]. Note that, in the 2-pulse echo sequence, if the excitation
pulse is applied before the two pulses in the echo sequence, then there will be no excess
dephasing in the echo, as the detuning during dephasing and rephasing time is exactly the
same. However, if the perturbing pulse is applied between the two pulses in 2PE
sequence, then there will be excess dephasing in the echo, as the detuning during the
dephasing and rephasing times is not be the same. Therefore, the comparison of the
amplitudes and the decays of the echo in each case will provide information about the
excess dephasing in the material due to the EIFS. This technique is more sensitive and
can be useful in a material where the excitation induced frequency shift causes small
dephasing. The earlier investigations of EIFS were motivated to minimize the dephasing
caused by EIFS [ (128), (129), (130), (131), (132), (133)], as demanded for optical
processing and storage applications. However, recently, it has been proposed to put EIFS
to use in quantum computing applications for building the multi-qubit quantum gate [
(124), (125)]. These proposed schemes in rare-earth-doped crystals use the EIFS caused
by dipole-dipole interaction to achieve entanglements between two qubits. Recently, the
EIFS caused by the dipole-dipole interaction was successfully used to implemented the
controlled NOT gate in rare-earth ions, Eu** [ (48)]. The main advantage of these
schemes, that use dipole-dipole interaction, is that the dipole-dipole coupling in rare-earth
materials is generally stronger than the spin-spin interaction. Therefore, the dipole-dipole
interaction between selected ensembles of ions does not strongly affect the coherence in
the hyperfine levels. Hence, the coherence time for the hyperfine levels remains the same,

and the state of the qubit remains well-isolated. In order to consider the EIFS to
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implement in the multi-qubit operation in Tm**:YAG, we need first to quantify the effect
arising from the EIFS in Tm*":YAG.

The results from previous studies indicate that the broadening due to the
excitation induced frequency shift (EIFS) for 0.1% atm. Tm**:YAG is about 1.2kHz per
excitation density of 10®cm™ [ (136)], and the broadening due to the EIFS for 0.5% atm.
Tm**:YAG is about 3kHz per excitation density of 5x10“cm™ [ (126)]. In our
experimental study, we will study the interaction specifically between two selected
ensembles and quantify the interaction between these two ensembles. This should provide
information for interaction between the ensembles of ions to implement the multi-qubit
operation in Tm**:YAG. Therefore, the first step was to select two ensembles of ions in

the inhomogeneously broadened absorption profile of the medium (Tm**:YAG).

The Selection of Two Ensembles

Introduction: The method to select two ensembles of ions employed here is
similar to the one explained in the case of a selection of a single ensemble. First, a secant
pumping chirp pulse creates a trench in the inhomogeneous spectrum of the medium by
pumping almost all of the ions to the long-lived hyperfine level, as described in the
beginning of this chapter. After the pumping secant chirp pulse, two burn-back pulses,
instead of a single burn-back pulse, are applied to the medium. These two pulses are
separated in frequency and time. These two pulses burn ions back from the
inhomogeneous profile of the medium at two different frequency locations in the emptied

trench. The pulse sequence to implement this scheme is given in Figure 91.
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repeat N times  «— Burn back chirp at w+8,+2MHz
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Figure 91: A pulse sequence to select two ensembles of ions in the inhomogeneously
broadened absorption profile in Tm:YAG.

Experiment: The material parameters in this experiment were identical to those
used to select a single ensemble of ions in Figure 74. The main differences are described
below. In this experiment fifty repetitions of a 10MHz secant pumping chirp pulse were
applied to the medium with a repetition rate of 1.0kHz, as shown in Figure 91.

Each burn-back pulse in the sequence of two burn-back pulses has a 500kHz
bandwidth. The other parameters of these burn-back pulses were similar to those used for
the single burn-back pulse for the single ensemble selection. These two burn-back pulses
have center frequencies that are 4MHz apart. The temporal separation between these two
burn-back pulses was 40us as shown in Figure 91.

The resultant absorption spectrum of the medium showing the two selected
ensembles of ions after the application of the pulse sequence is shown in Figure 92. Note
that in this case, the emptied pit is not flat, which is due to some population relaxation
between the hyperfine levels. The relaxation between hyperfine levels can be minimized
by lowering the sample temperature and thus increasing the relaxation time between the

hyperfine levels. In the current experiment, the sample was cooled to 4K. It would be
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better to decrease the sample temperature further. However, note that in the absorption
spectrum (Figure 92), each selected ensemble still shows up as a negative absorption

peak. This means that the population for these selected ensembles is in the excited state.
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Figure 92: The experimentally-measured absorption spectrum of the material after
excitation with the pulse sequence in Figure 91. The experimental result demonstrated the
isolation of the two ensembles at 4MHz apart in the inhomogeneous absorption profile of
the medium with the ions in each ensemble in the excited state.

Note that in this experiment, two narrowband, 500kHz, burn-back pulses having

center frequencies w, =@, +5, +2MHz and o, = o, +5, —2MHz were applied to the

medium. Another choice would be to use narrowband (500kHz) burn-back pulses with

center frequencies at o, =w,+06,+0MHz and o, =w,+5,-4MHz, and the

experimental results obtained here will still hold. The condition on choosing the center
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frequencies of the burn-back pulses is @, +6, —0.5B, <w; < @, + 5, +0.5B,, where i,
iI=1 and 2 are the center frequencies of burn-back pulses and B, is the bandwidth of the
secant pumping chirp pulse having a center frequency ,. In this experiment, the

bandwidth of the secant pumping chirp pulse was 10MHz; therefore, the condition on the

choice of the center frequencies of the burn-back pulses was easily satisfied.
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Figure 93: The experimentally-measured absorption spectrum of the material. The results
demonstrate the initialization of the two selected ensembles (ensemble 1 and ensemble 2)
of ions to the ground state.

Now, the two selected ensembles in Figure 92 are initialized to the ground state

with the application of two = pulses instead of a single = pulse. The two & pulses, having
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center frequncies w, =®,+45,+2MHz and o, =w,+5,-2MHz and satisfying the

conditions of uniform excitation of the two selected ensembles, are applied. Note that,
each m pulse initializes the corresponding ensemble to the ground state as can be seen
from the positive absorption of each selected ensemble (Figure 95). The experimental
result for the absorption spectrum of the medium after the initialization of both selected
ensembles of ions is shown in Figure 93. Note that the two selected ensembles in 10MHz
pit (Figure 92) have broader pedestals. The broader pedestal, in each selected ensemble
of ions, is due to the background ions being excited with the inverting =-pulse of 2MHz
bandwidth. Note that, the spectral width of the pedestal for each selected ensemble is
broader than the spectral width of each selected ensemble of ions. However, the spectral
width (about 2MHz) of each pedestal is comparable to the bandwidth of the inverting -
pulse. This indicates that the inverting w-pulse is indeed exciting the background ions in
the 10MHz trench. As mentioned earlier, the effect from the background ions can be
minimized by further lowering the sample temperature. However, in our investigations
we used these two selected ensembles of ions and studied the interaction between these

two selected ensembles of ions using the photon echo technique.

Interaction between Two Selected Ensembles

Introduction: In this section, an ensemble is excited with an optical field, and the
change in the inhomogeneous broadening of the neighboring ensemble is measured using
a 2PE sequence. The idea employed here is similar to the one employed in rare-earth-

doped crystals in the earlier studies [ (128), (129)]. In our study, the experiment is
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performed using two selected ensembles of ions instead of the full inhomogeneously
broadened absorption profile [ (136)]. Author could not find a study in Tm**:YAG where
two selected ensembles of ions were used to study the EIFS. First, two spectrally-
separated (about 4MHz) ensembles of ions (Figure 93) are prepared. The ions in both of
these selected ensembles in Figure 93 can be addressed uniformly using a moderate
power laser. In this experiment, the Rabi frequency and the bandwidth of each pulse in
the 2PE sequence were also kept higher than the spectral width of each selected ensemble
of ions. Similarly, the Rabi frequency and the bandwidth of each pulse in the excitation
sequence were kept also higher than the spectral width of each selected ensemble of ions.
The pulses with these characteristics were able to uniformly excite all the ions in their

respective ensembles, and they did not excite the ions in the neighboring ensemble.

Experiment: In this experiment, the set-up was similar to the one given in Figure
69, with only difference in the detection system. For this experiment, the 1&Q detection
system was not needed, and instead, the intensity of the optical field was detected. In the
first experiment, the 2PE was applied on one selected ensemble of ions, while no
perturbing pulse was applied to the neighboring ensemble. This experiment enabled us to
measure the coherence time of the selected ensemble using the same process as described

earlier in the chapter. The measured coherence time was (35 0.70)us (circles in Figure

95) and is the same as measured earlier for the single selected ensemble of ions. In the
second experiment, the 2PE is applied on one selected ensemble of ions, and the

perturbing pulse was applied on the neighboring ensemble of ions as shown in Figure 94.
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The time between the perturbing pulse and the pulse 1 in the 2PE sequence was such that

t,, = 0.5t,,.
nt/2-pulse n-pulse
D D Echo

1= -15MHz AN

<> » id
t2]_ t21 tlme

Perturbing pulse n-puﬁ

o= -11MHz .

T’ time

Figure 94: A pulse sequence used to measure ion-ion interaction. Each pulse has a 1MHz
Rabi frequency. The =/2-pulse has 250ns duration, and the r-pulse was twice as long in
duration. The perturbing pulse was always kept in the center of the 2PE sequence, and
echo decay was measured as a function of the delay between the two pulses in the 2PE
sequence.

Again, the coherence time of the selected ensemble is measured for this case by
varying t,, and measuring the 2-pulse echo intensity. In this case, again, the echo
intensity exponentially decreased with an increase in the separation between the two
pulses in the 2PE sequence. The measured coherence time in this case was (30i0.40)us
(asterisk in Figure 95), which is smaller than in the case not containing any perturbing
pulse. Since the 2PE decay is exponential, most of the contribution in the excitation
induced frequency shift is due to the diagonal interactions between the two ensembles,
and the off-diagonal interactions are negligible [ (132)]. This decrease in the coherence
time is attributed to the excess dephasing caused by the broadening caused by the
excitation induced frequency shifts of individual ions. The contribution of the EIFS in the

excess dephasing can be calculated [ (135)] as AT, = l(i_LJ, where T2 is the

T, T,



238
coherence time without any perturbing pulse and T, is the coherence time with the
perturbing pulse. The number density of ions excited that contribute to EIFS, Ay , for

0.1% atm. Tm*":YAG and 100% excitation, can be calculated as

Cexcited /
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where p, =1.39x10"cm*is the density of thulium ions in YAG, T, =20GHz is the
inhomogeneous line-width, I, ., =2MHz is the bandwidth of the excitation pulse,
a(a)) is the Gaussian line shape of the inhomogeneously broadened medium, and
e (@) 1S the line shape of the selected ensemble, including the pedestal in Figure 93.
Therefore, in the current case, the EIFS will amount to (1.7 +0.3)kHz per 10"*cm™ ions

excited.
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Figure 95: The experimentally-measured decay of the 2-pulse echo as a function of the
delay between two pulses in the 2PE sequence.

Results obtained here give a higher excitation induced frequency shift than quoted

earlier, 1.2kHz per 10°cm™ ions excited [ (136)]. This leads us to believe that we are
not measuring the correct background level of the ions in the selected ensemble, and the
emptied pit might have a higher number of ions than that of our estimate.

Now, we consider the current schemes proposed for two qubit operations that use
the EIFS [ (114), (124)]. These schemes can be divided into two categories: one scheme
in reference [ (124)], after qubit distillation, uses a single pulse in each single qubit

quantum gate for the two qubit controlled NOT gate. The other scheme, in reference [
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(114)], after following a slightly modified distillation scheme, uses composite pulses in
each single qubit quantum gate for the implementation of the controlled NOT gate. The
scheme in reference [ (124)] requires that the EIFS should be large enough so that the
broadening of the selected ensemble due to the EIFS should be larger than the width of
the ensemble. Current experimental investigations of EIFS in 0.1% atm. Tm*":YAG show
that it is not possible in 0.1% atm. Tm**:YAG to implement the scheme in reference

(124) as the broadening due to the EIFS is too small, and the distillation process in the

scheme [ (124)] will not leave enough ions (at least 5x10”°cm™) for the implementation
of a meaningful two-qubit operation. The scheme can only be implemented in Tm**:YAG
if we can significantly increase (more than 50 times) the excitation induced frequency
shift (EIFS). Therefore, there is very little hope to implement the scheme involving a
single pulse [ (124)] in 0.1% atm. Tm*":YAG or in 0.5% atm. Tm**:YAG.

However, the composite pulse scheme [ (114)] requires the EIFS only to be larger
than the homogeneous line-width of the material ions. This scheme offers a hope for
implementation of a two qubit operation in Tm**:YAG, which has a homogeneous line-
width of 5kHz at 2K [ (29)]. The estimated radiative line-width would be 10kHz. This
scheme was successfully implemented in the europium doped yttrium orthosilicate for the
demonstration of a controlled NOT gate [ (48)]. A similar scheme using the geometric
phase can be implemented in which each m-pulse is replaced with three pulses of total
pulse area 2n [ (108)]. The operating temperature can be increased by increasing the
EIFS. Experimental results indicate that the EIFS is three times higher for 0.5% than for

0.1% atm. in Tm*":YAG [ (126)]. Further studies are needed to investigate the EIFS and
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its dependence on thulium concentration in YAG. Additional research is also needed to
investigate the dependence of the homogeneous line-width on the thulium concentration

in YAG.

Conclusions

It is shown that an ensemble of ions, required to implement the qubit operations,
can be prepared using a spectral hole burning technique. A single ensemble of ions was
obtained by storing the unwanted ions in the long-lived hyperfine level and then burning
back ions with desired characteristics. It was demonstrated that the selected ensemble of
ions can be addressed uniformly with the optical pulses. This selected ensemble provided
us with the test-bed for the implementation of a quantum operation using the geometric
phase technique. However, the problem of preparing a completely isolated ensemble
remains, as the current pumping and burn-back schemes fail to completely eliminate ions
in the background. In these schemes, there will always be some fraction of the ions in the
background as some stored ions will always relax back. In our study of single qubit
operation, the contribution of the background ions to the signal was negligible.

The selected ensemble of the ions was characterized using spectral hole burning
and photon echo techniques. The optical coherence time of the selected ensemble was
measured to be the same as the material coherence time. It was also demonstrated that the
ensemble can be initialized using the appropriate optical pulses.

Two basic qubit operations for the Bloch vector rotation were applied on this

selected ensemble, and the photon echo technique, as outlined in Chapter 5, was used to
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detect the effect of these rotations. The analysis of these results for a single qubit
operations shows that the Gaussian beams are not suitable for high fidelity quantum
operations. A uniform intensity beam or a modified pulse sequence is needed for high
fidelity qubit operations.

Preliminary experimental results for investigations of the interaction between two
selected ensembles for the application of two-qubit quantum operations were also
presented. In order to study the interaction between two ensembles, we isolated two

ensembles of ions in the inhomogeneously broadened absorption profile of Tm**:YAG.

The broadening due to EIFS in 0.1% atm. Tm*:YAG was about (1.7 +0.3)kHz per

10 cm™ ions excited. It is noted that the broadening due to EIFS in 0.1% Tm*":YAG is
smaller than the widths of the interacting ensembles. Based on these observations, it is
concluded that method in the reference (124), which requires greater broadening due to
EIFS than the widths of the two ensembles cannot be implemented in 0.1% atm.
Tm**:YAG to build two-qubit quantum gate. However, an alternate method, that requires
the broadening due to EIFS to be greater than the homogeneous line-width of the material
ions and involves composite optical pulses, can be used to implement to build two-qubit

quantum gate [ (114), (108)].
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CHAPTER SEVEN

SUMMARY

Investigations have been carried out to study the suitability of rare-earth-doped
crystals, specifically Tm**:YAG, for quantum computing applications. Even though
thulium is a spin ¥ system, it still poses a significant challenge for characterization due to
the presence of thulium ions at magnetically inequivalent sites in YAG. Adjustment in
the polarization of the optical field was used to selectively address various ions in the
crystal. The control on the optical polarization selection and the confinement of the
magnetic field in the (1-10) plane resulted in distinct ions at three different sites in the
crystal. In that case, ions at two different sites were magnetically equivalent. The ions at
third site were magnetically inequivalent with ions at the other two sites.

Our initial spectral hole burning experiment provided us with the experimental
data for calculating the magnetic anisotropy in the medium. This allowed us to map the
cross-transition ratios for various orientations of the magnetic field and for ions at
different sites in the crystal. Two magnetic orientations yielding high cross-transition
ratios for ions at certain sites were selected for further investigations. It was also noted
that the hyperfine splittings for these particular orientations of the magnetic field were
accessible with the available magnetic field.

In further analysis, the spectral hole burning technique was used to experimentally
measure the population lifetimes of hyperfine levels for these two orientations. In the

case where cross-transition was high, the population lifetime of hyperfine levels in excess
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of 100 ms was measured. For ions showing negligibly small cross-transition ratio, the
population lifetime of hyperfine levels in excess of 1s was observed. The difference in
the population lifetime of hyperfine levels for these cases was attributed to the different
coupling of thulium ions with the host’s (aluminum) spin for these two orientations of the
magnetic field. It was noted that the population lifetime of hyperfine levels for ions at
different sites strongly depends on the orientation of the magnetic field.

The dynamics of the relaxation parameters were also modeled theoretically.
Time-dependent measurements using the spectral hole burning technique provided us
with the experimental data, which was used in theoretical results to map out relaxation
dynamics. This measurement also provided us with the direct measurement of cross-
transition ratio, about 0.15. The theoretical model employed for exploring the cross-
transition ratio and other relaxation parameters for one orientation of magnetic field can
also be used to explore other magnetic fields’ orientations as well. The theoretical model
for relaxation dynamics developed in Chapter 4 also helped us to prepare the isolated
ensemble of ions for quantum computing applications.

Later on, two different techniques were used to probe the coherences between
hyperfine levels. Again the two orientations of magnetic field giving us high cross-
transitions were used for hyperfine coherence time explorations. One method involves
using a coherent Raman beats experiment. The estimated coherence time, using
experimental results of this experiment, was greater than 0.020 ms at 4K. The results for
the hyperfine splittings from this experiment also agreed very well with the results

obtained using the spectral hole burning experiment. We also positively identified the
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contributions in the coherent Raman beat signal from the ions at two different sites in the
crystal. The second experimental method uses two bi-frequency pulses, with each pulse
satisfying two photon resonance conditions. The beat signal was obtained using the
Raman forward scattering technique. The decay of the beat signal was used to measure a
coherence time of 0.070ms at 2K. The coherence time was found to be the same as the
optical coherence time. It was noted that the coherence time is limited due to induced
spin flip-flop by the aluminum in the host crystal.

In Chapter 5 we first summarized the basic theory for implementing the single
qubit operation in rare-earth-doped crystals. It was noted that if the optical field’s
intensity is not uniform, then the fidelity of the qubit operation will be 10-20% lower.
Therefore, a uniform intensity beam is critical for the high fidelity qubit operations.

In Chapter 6, the insight gained from the material characterization allowed us to
select the best possible strategy for demonstrating the quantum operation on a single
qubit. First step to demonstrate a single qubit operation involved the selection of an
isolated ensemble of ions that can be addressed uniformly with the optical pulse. Using
the theoretical model and relaxation parameters, it was shown that the best option
involves the storing the unwanted population in one of the hyperfine levels. This can be
seen from the fact that the population lifetime of hyperfine levels is about 10 times higher
than any other storage level in the thulium. The population storage in the long-lived level
reduced the leakage of unwanted ions in the emptied pit. This allowed us to create a pit
with zero background. The zero background is important for isolating the ensemble of

ions. The isolated selected ensemble is the pre-requisite for high fidelity quantum
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operations. The ensemble of ions of required spectral width was selected by burning back
ions in the empty pit from other spectral location in the inhomogeneously broadened
absorption profile of Tm**:YAG. We used photon echo to characterize the ensemble of
ions in the pit. Any contribution in echo signal from unwanted ions in the background
was not measurable, thus suggesting an insignificant effect on the signal from these
unwanted ions. A series of optical pulses were applied to the selected ensemble. These
pulses were able to address the ensemble of ions uniformly across their spectra, though
Gaussian beam profile resulted in the non-uniform excitation across the beam profile.
This provided us with the test-bed to investigate the single qubit operations. It was also
shown that the selected ensemble was initialized in the desired state through the
application of a series of optical pulses. The optical coherence properties of the selected
ensemble were probed using the photon echo technique. The value of optical coherence
time for the selected ensemble was the same as the material coherence time (35us at 4K).

The single qubit operations, as defined in Chapter 5, were applied to the selected
ensemble of ions. Two basic single qubit operations were studied and the fidelities of the
operations were analyzed. The experimental results show that the phase of the detected
echo for the Bloch vector rotation about the z-axis was not affected by the non-uniformity
in the beam but the fidelity of the operation was still affected. The experimental results
for the Bloch vector rotation around the y-axis show that the amplitude of the detected
echo follows the theoretical result predicted by the Gaussian model. Since the Gaussian

beam is driving the Bloch vector, the fidelity of the single qubit operation is lower as was
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predicted in Chapter 5. It was concluded that a uniform intensity beam or modified pulse
is required for high fidelity quantum operations.

Finally, two ensembles at two different frequencies in the inhomogeneous
absorption profile of the medium (Tm**:YAG) were selected. In this case, the unwanted
ions in the background were significantly higher. The problem of unwanted ions in the
background can be reduced by lowering the sample temperature, since the population
relaxation rate between the hyperfine levels critically depends on the sample temperature.
However, in general for this ensemble selection scheme, it is impossible to get rid of all
the unwanted ions. These two selected ensembles of ions were used to study the ion-ion
interaction. The 2-pulse echo technique was used to measure the broadening due to EIFS
in 0.1% atm. Tm*:YAG as (1.7+0.3)kHz per 10°cm™ ions excited. Two different
methods, in context of implementing a two-qubit quantum gate in Tm**:YAG, were
discussed. It was noted that the method in reference (124) can not be used to implement
the two-qubit quantum operation in 0.1% atm. Tm**:YAG as the EIFS results in a much
smaller broadening than the widths of the selected ensembles. However, an alternate
method, which requires the broadening due to EIFS to be greater than the homogeneous
line-width of the material ions, can be used to implement the two-qubit quantum

operation [ (114), (108)].
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Future Directions

Based on our exploration of thulium for suitability as a test-bed for basic quantum
operation, it is possible to build a V-system in Tm**:YAG. However, in order to tailor a
A—system, one has to come up with a new technique to store unwanted ions. It is possible
to demonstrate a system with three or maybe four qubits in Tm*:YAG. In order to
achieve these goals, one has to improve or modify the following:

1. Selection of the Isolate ensemble of ions

a. Use material with a preselected ensemble of ions, i.e. use
Stoichiometrically doped materials [ (137), (138)].

b. Improve existing enabling techniques i.e. use lower temperature or
use other orientation of the magnetic field that gives longer
population lifetime.

2. Interaction between ensembles of ions

a. Improve ensemble selection technique so that ensemble bandwidth
is homogeneous line-width limited. Then use the Stark effect to get
an inhomogeneously broadened ensemble [ (139)].

b. Implement composite pulse sequence for CNOT demonstration [
(114)].

c. Increase the thulium concentration.

d. Search other host material for thulium that can provide higher
excitation induced frequency shift.

3. Investigate other host material for thulium with weaker/zero magnetic
interactions with the thulium ions.

It is tempting to implement quantum operation in thulium because it has the
convenient transition that can be accessed with commercially available diode lasers. Thus

one option would be to investigate new host material for thulium that can provide an
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environment for thulium such that it has higher cross-transition ratio, longer coherence
time and longer population lifetime of hyperfine levels, and also have about 5 to 10 times

higher ion-ion interaction than in Tm**:YAG.
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APPENDIX A

FITTING ROUTINE USED TO OBTAIN LINEAR FIT TO THE DATA
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% FITTING ROUTINE USED TO OBTAIN LINEAR FIT TO THE DATA
%This routine takes the experimental data and provides a linear fit to the data
% it also gives the standard error in the fitting parameters

N=length(data(:,1)); % length of data set need to be analyzed
xD=data(:,1); % independent variable obtained from the experimental data
yD=log((data(:,4))); % dependent variable obtained from the experimental data
P1D=polyfit(xD,yD,1); % Linear fit to the experimental data
x1=min(xD(;,1))-10:0.01*xD(1,1):max(xD(:,1))+10; % assign range to the figure
y1=P1D(1)*x1+P1D(2); % Line obtained using least square fitting parameters from the
%experimental data
ypred=polyval(P1D,xD);% predictions
dev=yD-mean(yD);% deviations - measure of the spread in the data
SST=sum(dev."2);% total variation in the data
resid=yD-ypred;% residuals - measure of mismatch with data
SSE=sum(resid."2);% variation NOT accounted with the linear fit model
normr=sqrt(SSE);% residual norm% the 2-norm of the vector of the residuals

% for the fit
Rsq =1- SSE/SST % R2 Error The closer that Rsq is to 1, the more completely

% the fitted model "explains” the data.

chi2=sum((yD-P1D(1)*xD-P1D(2))."2); % goodness of the fit
S=N;
Sx=sum(xD); %sum of the independent variable in the data points
Sxx=sum((xD)."2);%sum of the squares of the independent variables in the data points
Sy=sum(yD); %sum of the dependent variable in the data points
Sxy=sum(xD.*yD); %sum of the product of independent and dependent variable in the data points
Delta=Sxx*S-Sx.*Sx; %N time the square of the standard deviation of the independent variable
a=P1D(2);b=P1D(1);
sig_a=sqrt((chi2/(N-2))*Sxx/Delta);% standard error in measuring the slope
sig_b=sqrt((chi2/(N-2))*S/Delta); % standard error in measuring the intercept
plot(xD,yD,'sk'x1,y1,'--k")
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APPENDIX B

MATLAB CODE FOR ROTATION AROUND Z-AXIS WITH THE GAUSSIAN
SPATIAL BEAMS
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%MATLAB CODE FOR ROTATION AROUND Z-AXIS WITH GAUSSIAN SPATIAL BEAMS

% In this case it is assumed that medium is optically thin dephasing phenomena during the pulse
%are ignored

%This routine calculates the in-phase and in-quadrature components of the coherent signal after
%medium is excited with Gaussian spatial beams

%Beam sequence is the sequence required to get Bloch vector rotation around z-axis

%The input parameters are the phases, amplitudes in units of pi, at the center of the Gaussian
%beam, and 1/e width of the field of the Gaussian beam

%output from the routine is the in-phase and in-quadrature components of the coherent signal

l=sqrt(-1);

Syms x;

syms phi thetal theta? theta3 theta4 phi2 r real;

% pulse areas of pulse 1 is thetal

% pulse areas of pulse 2 is theta2

% pulse areas of pulse 3 is theta

% pulse areas of pulse 4 is theta5

% control phase is phi2
u(1,1)=cos(x/2);u(2,2)=cos(x/2);u(1,2)=I*exp(I*phi)*sin(x/2);
u(2,1)=I*exp(-I*phi)*sin(x/2);% evolution matrix for evolution of the Bloch vector due to each pulse
rho(1,1)=1;rho(2,2)=0;rho(1,2)=0;rho(2,1)=0;%initial population
rhol1=subs(u*rho*inv(u),{x,phi},{ thetal’,0});% density matrix after pulse 1
rho22=subs(u*rho11*inv(u),{x,phi},{'theta2',0}); %density matrix after pulse 2
rho33=subs(u*rho22*inv(u),{x,phi},{'theta3','phi2});% density matrix after pulse 3
rho44=subs(u*rho33*inv(u),{x,phi},{'thetad’,0}); % density matrix after pulse 4
r0=1.0; %1/e width of the field for Gaussian spatial beam

a=1.0% area in units of pi or pi/2 at the center of Gaussian beam
rho441sG=subs(rho44(1,2) {thetal} {a*pi/2*exp(-r"2)});
rho442sG=subs(rho441sG(1,2) {theta2},{a*pi*exp(-r"2)});
rho443sG=subs(rho442sG(1,2) {theta3},{a*pi*exp(-r"2)));
rho44sG=subs(rho443(1,2),{thetad} {a*pi*exp(-r'2)});

%Coherence created in the medium with Gaussian spatial beams

% rho44pG=subs(rho44(2,2)-rho44(1,1) {thetal,theta? theta3 thetad}

% f{a*pil2*exp(-r'2),a*pi*exp(-r'2),a*pi*exp(-r'2),a*pi*exp(-r'2)});

Y%population change after excitation with Gaussian spatial beams
InPhaseG=real(rho44sG);%in-phase component of the coherent signal
InQuadG=imag(rho44sG);%in-quadrature component of the coherent signal
InPhaseGD=simplify((int(InPhaseG*2*r,r,0,r0))/(int(exp(-r*2)*2*r,r,0,r0)));%in-phase component of
%the coherent signal detected at detector
InQuadGD=simplify((int(InQuadG*2*r,r,0,r0))/(int(exp(-r"2)*2*r,r,0,r0))); %in- quadrature
%component of the coherent signal detected at detector
powerG=simplify(InPhaseGD."2+InQuadGD."2); % %detected Echo power
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APPENDIX C

MATLAB CODE FOR ROTATION AROUND Y-AXIS WITH THE GAUSSIAN
SPATIAL BEAMS
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%MATLAB CODE FOR ROTATION AROUND Y-AXIS WITH GAUSSIAN SPATIAL BEAMS

% In this case it is assumed that medium is optically thin dephasing phenomena during the pulse
%are ignored

%This routine calculates the in-phase and in-quadrature components of the coherent signal after
%medium is excited with Gaussian spatial beams

%Beam sequence is the sequence required to get Bloch vector rotation around Y-axis

%The input parameters are the phases, amplitudes in units of pi, at the center of the Gaussian
%beam, and 1/e width of the field of the Gaussian beam

%output from the routine is the in-phase and in-quadrature components of the coherent signal

%Rotation around y-axis with Gaussian spatial beams
l=sqrt(-1);

syms x;syms phi thetal theta2 theta3 theta4 phi2 r real;
% pulse areas of pulse 1 is thetal

% pulse areas of pulse 2 is theta?

% pulse areas of pulse 3 is thetad

% pulse areas of pulse 4 is theta5

% control phase is phi2

% rotation angle is delta=-2+2phi
u(1,1)=cos(x/2);u(2,2)=cos(x/2);u(1,2)=I*exp(I*phi)*sin(x/2);
u(2,1)=I*exp(-I*phi)*sin(x/2);%Evolution matrix for evolution of the Bloch vector for evolution due to
%each pulse
rho(1,1)=1;rho(2,2)=0;rho(1,2)=0;rho(2,1)=0;

%initial population
rholl=subs(u*(rho*inv(u)),{x,phi}{thetal’,0});

% density matrix after pulse 1
rho22=subs(u*(rhol1*inv(u)),{x,phi},{'theta2’,'phi2});
%density matrix after pulse 2
rho33=subs(u*(rho22*inv(u)),{x,phi},{ theta3',0});

% density matrix after pulse 3
rhod4=subs(u*rho33*inv(u),{x,phi}{thetad’,0});

% density matrix after pulse 4

r0=1.0; %1/e width of the field for Gaussian spatial beam

a=1; % pulse area in units of pi or pi/2
rho441sG=subs(rho44(1,2),{thetal} {a*pi/2*exp(-r"2)});
rho442sG=subs(rho441sG(1,2) {theta2},{a*pi*exp(-r'2)});
rho443sG=subs(rho442sG(1,2) {theta3},{a*pi/2*exp(-r"2)));
rho44sG=subs(rho443(1,2),{thetad} {a*pi*exp(-r'2)});

%Coherence created in the medium with Gaussian spatial beams

% rho44pG=subs(rho44(2,2)-rho44(1,1) {thetal,theta? theta3 thetad},
% {a*pil2*exp(-r"2),a*pi*exp(-r'2),a*pil2*exp(-r'2), a*pitexp(-r'2)});
%population change after excitation with Gaussian spatial beams
InPhaseG=real(rho44sG);%in-phase component of the coherent signal
InQuadG=imag(rho44sG);%in-quad component of the coherent signal
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InPhaseGD=simplify((int(InPhaseG*2*r,r))/(int(exp(-r"2)*2*r,r)));
% in-phase detected signal at the detector
InQuadGD=simplify((int(InQuadG*2*r,r))/(int(exp(-r"2)*2*,r)));
%in-quadrature detected signal at the detector

PowerG=simplify(InPhaseGD."2+InQuadGD."2); %detected Echo powe



