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Abstract:

This study is an analysis of "the state of stress existing around a given crack in a biaxially-stressed,
two-dimensional, elastic solid containing a system of cracks. Photoelasticity was used to define the
stress condition around both a multiple-crack system used in the major study and around a single crack
used in the minor study. This minor study was an experimental and analytical analysis of the stress
conditions around a single crack. This information was used to analyze the experimental data obtained
from the multiple-crack study.

Several characteristics of the specific multiple-crack systems studied were observed. The largest
difference between principal stresses always occurred at the ends of the cracks. These end stresses were
probably increased by decreasing the crack’s radius of curvature, increasing its length, or orienting the
cracks at about 60 degrees with the major applied stress. The end-stress magnitude was a function of
both the sum of and the difference between the applied stresses. When the applied stresses were equal,
the stress fields were symmetrical about the cracks and the end-stress magnitudes were probably
proportional to the applied stresses. Changes in the stress fields due to changing the crack patterns are
complex.

The results of the entire study are intended to provide part of the background information necessary for
determining stress conditions in real fractured or jointed media.
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ABSTRACT

This study is an analysis of the state of stress existing -around a
given crack in a biaxiallj~stressed; two-dimensional, elastic -solid-
containing a system of cracks.. Photoelasticity was used to define the
stress condition around both-a multiple-crack system used in the .major"
study -and’ around a single.crack used in the minor study. This minor
study was an experlmental and analytlcal analysis of the stress COﬂdltlonS’
around a single -crack.. This- information was used to analyze the experi-
,-meqtal data obtalned from the mult1p1e~crack study.

Several characterlstlcs of .the Sp@lelC multiple~crack systems
- studied. were observed. , The 1argest difference. between principal stresses -
alwdys occurred at the ends of the cracks., These end stresses were
probably increased by decreasing the crack's radius of curvature, increasing

. its length, or orienting the cracks at about 60 degrees with the major

-~ applied stress. The end-stress magnitude was a function of both-the. sum-
~of"and the differércé between the applied stresses. When the: applled ‘
.stresses. wére equal, the stress fields were symmetrlcal about . the .cracks
“and the end-stress magnltudes were probably proportional to the applied
,stresseso Changes in the stress. flelds due to changlng the crack patterns
- are complex. : : .

The results of"the entire study-are 1ntended to provide part of the
- background 1nformat10n necessary for determlnlno stress condltlons in real

fractured or JOlnted medias S . . R




CHAPTER T
" INTRODUCTION
Background'

This project was inspired by*the very real and'complex problems -
-

i associated with determlnlng “the strength of fractured or jointed materlals:

These types of materlals have been dealt ‘with for many years by mlnlng

englneers Who de51gn tunnels and shafts, but recent developmeuts in opeh~

pit m1n1ng and nuclear excavatlonihavemgreatly increased 1nterest in
thefsubjecto | |
The‘U.S:_Army'Engineer.Watermays Experlment'station has been conducting:}’
a major study to develop a general method for analyzing slopes forMGd‘by_A
nuclear,explosions.under the'study'name, ”Enéineering Properties of ‘
Nuclear Craters” (1968) This’ study deals w1th the problems assoc1ated

with both loose and 1ntact rock slopes,- The Bureau of.Mlnes in conjunc~

.tlon with the Kennecott Copper Corporstlon made a study of a 51m11ar

problem, deslgnlng an economlcal slope modlflcatlon for the Klmbley Pit

-at Ely, Nevada. (Results of thls study -consist of four. 1nd1v1dual reports..

by Robert H. Merrlll Wilson Blake, Perry N. Halstead, and Dav1d W

Wiscarver, all of which were publlshed in 1968 and are avallable by reprlnt

from uhe 8001ety of Mlnlng Englneers of AIME ) These proJects and others

deallng w1th both slope stablllty (Terzaghl 1962) and structural stablllty“
(Coodman, 1967) have ‘one common, problem, jointed materlal

. Several- dlfferent methods are used for flndlng the stablllty of a-

" slope or structure, but all require determlnlng ‘the strength of the

materials and the mode of failure, The mode cf. fallure commonly assumed

is shear. Terzaghl (1962) uses thls mode in presentlng a technique For -




g ,
evaluating the?strength of intact rock siopes that is similar to his-
method for analyzing eoil elppés° o
In the p?esent study, hoﬁever, ﬁo mode pf failure:islchosen because
the aﬁthor is hot copvinéed tﬁat'any_ene.failufe mode controls for all
applicable systems. The probleﬁ dealt with here is determiniﬁg the stress .-
conditions impesed upén e_matepiai by the presence of'crecks; Any “

extension of this-information.may allow finding the strength.of a fractured

material based on the prbperfies“of the parent material and the cfack o

' pa‘ttern°

For the case' of a real materlal the amount, orlentatlon and typ°s of

joints and fractures must be known prlor to analysls. MethOdS*fOT

'determlnlng thls information on a statlstlcal basls have been dev1sed by

'.Klaus (1962) Aho (1960), and, others, aad the parent materlal's physlcal

pr0pert1es can be found by conventlonal 1aboraiory means . Thls says that,

methods are presently known for collectlng the supportlng data to solve the"

. real problem regardless ofawhether.or.notygood,technlqueS'are avallable:h..

for using .this information.

- Object and Scope

The puypese of this pfoject is to analyze the state of stress in a

“two-dimensional solid containing multiple-crack systems. A real fractured
medila is much foo:qqmplex te,lend‘itself to analysis; so a simplified,

2 Well—contrblled system must be adopted. Real uroblems exist in thfee

dlmenslons, but here, the analysis is done in- two dlmenslons to reduce the
complexity of the experimental and analytleal studies, The field of

research is narrowed still further as each crack considered is entlrely
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' surrounded by intact material, and the crack faces are not in contact -

with each other,

The problem that 1s left after all the slmpllflcatlons have been made

seems rather simple compared to the real problemq However when one learns :
"that the plate with a single dlscontlnulty'ls considered to be-aﬂrelatlvelyv

- complex problem -with few, if any, satisfactory solutions,.the multiple-'

crack problem even in the Slmpllfled form As very formidable indeed.
Because so little 1nformat10n about the stress condltlons around a slnglen
crack is avallable, thls study'has to.be 1ncorporated w1th the maln N
problem, | |

The author chose to use a three~nhase study ‘of the problemo Firstl

an analytlcal study of a 51ngle crack based on a solutlon presented by

Dure111 and Murray (1943) was. carrled out to define slgnlflcant stress

parameters and to obtain 1ndlcatlons of how the parameters ;nfluenced the' '

:stress field. . -Second, a photoelastic study was ¢onducted to give exper=

imentaluindication of how the singlemcrackﬁparameters behared;.:The.“'

' analytlcal and experlmental concluslons were correlated and used ‘as .the

51ngle-crackvcharacterlstlcsu- Thlrd, a photoelastlc study 01 multlple—
crack patterns was conducted, and the results were analyzed in the_llght;—

of the single-crack characteristics.




'CHAPTER IT
ANATYTICAL STUDY OF SINGLE CRACK

Method of Approach

An analytlcal approach to the problem of a single crack in a loaded
plate may be made by using the solutlon to the problem of an elllptloal
discontinuity in a loaded :Lnflnlte_plateo -By allowing the ellipse’ to
approach the dimensions of a real crack, the ellipse solution becomes the
crack solution, Several'authors present solutlons to the elllpse problem
(Wang , 1953, Tlmoshenko and LesSells, 1925, ete. ) however ‘many of these o
solutions exist in unclear forms or are for cases of un1ax1al.load1ng
only. " Durelli and Murray (1943) present a general solutlon wﬂlch is clear
and quite adaptable to this type of study, consequently, thelr form was - -
_ohoseno» The soTutlon 1tse1f is credlted to an Engllshman, Co E Inglls (1913),.
o The general solutions..for stresses presented (DurelLJ and Murray, 1943)
ere.complex infinite series that would be Very’difficult to ev'aluate°
However, if several assumptions are made, a relatively simple eqoation is
" obtained that allows study of the rostacritical.regionsai Those,assumptions
are: |

1. The_largest.stress~conceptrations in the fieldﬂaro;nd a
_orack oocﬁr on the boondary'of.the crack, (This is confirmed
by e%perimental results;) |

2. . The crack exlsts in an infinite plate snd is 1oaded‘by
uniform normal stresses applied on boundaries'that are
mutually‘perpendioular.ﬁ

3e The’larger applied stress acts in ; direction that ﬁakes

- : ,
an angle (O with the major axis of the cradck..
; i e i .
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.4. The length of the crack is very iarge~compared to the
width, . | o
5. Tﬁe plate containing the crack acts as .a true elastic
.méférial;' o
6. . The edges of the crack are notlin'contact with each
other§
7. An assumption .th;t_ is :melie.d'-by the choice of the
coordinate s&steﬁ is that fhé”sffess ?éftefn is symméﬁ%icél
.abéut tﬁe major axis of thé ellipgé.

No restrictién:is piaced oﬁ the type of failuré because, at thé craék
boundary, only normal stresses-paréllél td:the edée'exist on avboundary
eleﬁento fhe stresses on éll otﬁef planés ﬁay.be found by:simply
multiplying this stress by the appropriate value from a Mohr's cirdle
relationéhip° | |

Definition of the Solution

Priqr.to_presentatiqn;of the solutiqnito be sﬁudieq, an explanation :
of the coordinate system is in orders: The following long Quotatioﬁ |
taken airectly from the paper by Durelli and Murray (1943)'be5£ describes
the coordinatg-syﬁtém used: | |

The mathematical analysis for the elliptical
discontinuity is simplified by the use of elliptical.
coordinates, According to-this system each point in-
a plane can be represented in terms of the coordinates,
~CL -and UV, whose values in.the cartesian system correspond
to, :
¢.cosh &L cos V _
¢ sinh . sin V ' 1)

X
Y

. For conditions such that (L equals a constant these may
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be expressed as

¥ -+ 72

¢? cosh? CL -02 sinhZC‘L‘

i
[IRY

whlch represents a family of confocal elllpses with a
distance of 2c between the foci.

For conditions such that IJ equals a constant there
results .

X2 . y2 =1

c? cos? U c? sin2 U

which corresponds to a family of confocal hyperbolae,
orthogonal to the previous ellipses.

Every point represented by "x" and "y" in the cartesian
system is the intersection between an ellipse and hyperbola
of the elliptical system whose corresponding coordinates
will be. L and U (Figure 1). At first this system may
seem unduly complicated, however, it has the advantage that
the boundary of an elliptical discontinuity can be given
by holding one of the parameters, CL, constant,

The parameter U 1is also known as the eccentric angie
of ‘the ellipse. It can be determined for each ellipse
( €. eguals a constant) in a simple manner by using the
major and minor auxiliary circles of the ellipse as
indicated in Figure 2.

If one thinks of the detall of the stress distribution
and considers corditions at some point in the field then -
it is an easy matter to visualize a small rectangular
particle whose center is on the interssction of a confocal
ellipse and hyperbolae and whose sides are parallel to the
tangents at the point of intersection. Such an element is
shown in Figure 3.

Since this study is concerned with the region bordering the crack,

(2)

(3)

Tnglis! general solution takes the particular form shown by Durelli and

Murray (1943)

o, " G I—CQ) sinh 20 + -5 [cos 2,/ 2@_0 .c‘<.>s, 2 (C;E—.._U)] |

cosh ZCV ~ cos 2U

" where
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Cﬁ_i major app;ied principal stress,
O = minor applied principél stress,
= st?egses on the eleﬁent defined in-Figﬁre 3,
Cléj = the elliptical coordinates of any point,
C%b = the coordinate that is constant along the
edge’ of the crack,
Qﬁ = angle between the crack and direction of the
major applied stress.

Haviﬁg the solution cﬁmpletely defined, one can now look at the
modifications for the problem ét hand. -First, thé ranges of some of tﬁe
terms .in the CGJ equation may be defined by applying the assumption>
" that the crack's length is large compared to.its width, The ellipse
information derived in Appendix A providés the felationship between
crack length~to-width ratio and'CQjo

Q,_ = sim-1 b ‘
RN Crs | *
If Ya" is much larger than "b", then.Cks i;’approximateiy_equéi-to'
sinh~1 b/a, where b/a is very small compared to one., Table I shows that
for smallC%D, 'C%)is approximately equal to sinh C%D from which one
concludes tha£ CHD is approximately equal to E/a, where B/a is very sﬁall
compared to one,

Study of the Crack Boundary Solution

As the equafion for 'CRJ is simplified by applicable assumptions

and approximations, one is allowed to look at how C?J varies with Jlocation

on the crack edge, orientation of applied stresses, crack size and crack
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TABIE I. VAILUES OF FUNCITIONS
- FROM HANDBOOK OF MATHEMATICS BY ABRAMOWITZ (1964)
20,
2CL sinh 2C¢ cosh 2( - ©
o) “o sh 20, °
0.0000 0,000000000 1.000000000 1.000000000 -
0.0001 0.000100000 1.000000005 1.000100005 "
0.0010 0.001000000 1.000000500 1.001000500
0.0100 0.010000167 1.,000050000 1.010050167
0.1000 0.100166756 1.005004168 . 1.105170918
1.0000 1.175201194 1.543080635 2.718281828
shape. These variables will be studied in the following three phases:
1q Let[CE, éﬁé and QB vary while other variables are treated
as"con‘stén'ts°
2, Iet the ratio a/b vary while all other variables are held
constant (vary crack shape).
3.. Let "a% vary while the ratio, a/b as well as all other

variables, are held constant (vary crack size).

Variation of Crack Orientation and ILoads! Magnitudes

Consider the two terms comprising ¢~ in the form

G = @] +.C,) sinh 2Q

G -a) [Cos ZCIJD S EH0 cos 2(@5‘ -U)]

cosh 2L - cos 2V
where, from Table I for very small 2Clo

cosh 2{% = 1
O
2o

- (slightly larger),
=~ 1 | {(slightly larger),
J.Sinh.ZClO = 0 (slightly lérger),
such that the first term becomes |

@ + ) O

(1+) = cos 2V

cosh ZCLO - cos 2V

(Term One)
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where V is arbitrary so that cos 2V can have. .any vslue between plus
one and minus one. In general, this term will be small (excluding the
' case when cos 2U approaches one), The second term becomes
@ - gy)|eos 2= (1) cos 2¢0-1)] . (Tem Tuo)
(1+) - cos 2V |

 Immediately, two cases have become apparent: when 0y equals oy and when

gl does not equal (TZ.,

CIf Gi ‘eciuals U, then

= 01 +g3) (0+)
(1+) - cos ZU

‘which says O"Lwill have significant values only if (1+) -~ cos 2V
-approaches zero and where, in turn, 2U approaches Zero or 2"T This
says O‘_{'} is 1ndependent of (,7/ and is maximum at the- ends of the crack
where U equals.zero or ’T'.. Mso, G_—U_:Ls directly proportional to

- O+ G5) at all p01nts. (Consider only the range of U from zero to T,
because that is the total range of U according to this coordinate P
system. )

IfJj is not equal to sz, the first term behaves as it_dinl above;
however, the total O, value includes the se-c.ond term.whic.h does not aet »
as 1r1i'celyD Looking at Term Two independently from Term One Iﬁay permit
- ] evaluation of the effect of the value of -CI'/). _.Variation of, Term Two's
value with respect to (Jj - 0“2) is obvioisly a 'dir_ect' proportionality,
but the (/5 and ?,I; effects are not jxmnediately_-'apparent. Cons'equeni:ly,_ '
-Figure 4 is used to show @he nature of these v'ariationso |

The curve connecting maximum M (M is defined by Figure 4) values
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for constant U's allows ,predic;cion of the C'?S value that gives the
absolute méximum stress contribution from Term Tm‘roo By fitting a curve
through 'galcglated points, the equation Tor >this curve was found £o be
M equals sec 2DOO¢‘. The qb angle between'_zero and ’}’T/Z that makes M maxi- -
mum is 45 degrees. A second conclusion drawn from Figure 4 is that for Term
Two, I~rla-XiIT1'LJIYl é’éresses oc;c‘:ur- a.Lt'the ends of“ the crack (U equals'z.,ero anci )
for all values of C}.’). | .
~ The effects of Térms One and Two can -be combined only in the Ilight
of certain gualifying remarks. First, cdmpression stresses are considered
to be positive and tension stresses hegatiw.reol The largest cpmpre‘ssive
stress or most compressive stress is'q; the smaller compressive stress
or 'I.TlO.S't tensile st‘re:ss :'L‘s\'G'z, Therefore, by £his convel1tiqn (Oi -Oé) |
will always be positive, but (OI + (:"32” ) may be of either sign., The Term
One coefficient of (O’i + O;)'”is sinh ZCLO/(:L - cos 2V) which is always
positive; and the coefficient of (O‘i - Oé) in Term Two is M which varies -
in-gign. For ax:b'itrary -, nothing can be. cénciudeci. a‘t-)ou‘t the cofabination ’
of Term One with Term Two because of the sign variation., However, both
these.terms independently indicate that the largest stress cqnqentration;
occur at tile ends of -the J‘craok regardless of the value of ¢a For this
reason, the points where 1 equals zero and ‘7T will be- stu&ied -iln.more
dgtail"o |
For U equals éer"o,' the equation for GU (Equation(4)) ‘hecomes
_.ezCLo)

_ . . . /'
Crv = (61 + Uz)_ sinh 2(10 + @1 - (‘é) -cos’ 2D - ()

T -
cosh 2 o 1
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From Table T it is seen that for ZCLO in the range of 0,00t, sinh 2(Clg
is very nearly equal to (GZCIO - 1). This relationship may be shown raore
analyblcally by an algebralc manlpulatlon. By £hé aéf initior; of the_ |
hyperbollc sine | |

s:th ZG.O = le.'ZCLO - e~'2<:l’-O .

2

Forming a least common denominator gives

sirh 20, = Lﬂ’?
O 2Cl
. Ze O-
and f actoriné leaves
sirh 20y = (6220 - 1) (%o, 4y . NN
262Clo

When .ZC,O becomes very Qmall Table T shows that eZOO approaches one. |
This says the remaining term in Equation (7), (ezao+ 1)/26?0'0, also =
approaches one, That leaves.

sinh 2Qey = 2o 1, ' (8)
(See Figure 5 ,for; a graphical éomparison c;f_sinh 2(]0 and,(ezqo - 1) o'ver- .
the range of ZCO shown in Table I.,) Making the substitution of sinh ZCLQ .
for (1 - e CLO) in Equation (6) gives

@] +T,) sim 205+ @ -T,) cos zd)(_smh 20)

CT'U
' cosh 2l - 1
or :
. 17 | - :
T, =.[<o; +q) - cos 2@, N L e N A
, _ cosh ZCL@ -1 S

The varlatlon of G:U with respect to C],’) is P@ressed by
G + ) - cos zdxo - ).
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The remaining term will be explored later to show ( variation with
respect to cﬁange in crack size and shape. | | |

It has already been shown that for any given{fy éndijz; Termé One ;
and Two, independently, givé maximumn stresé confribution when U equals
zero. Therefore, if their contributions are added with like sign when'ﬁ
equals zero,'the abosluté maximum stress magnitude occurs. The'sigh will
be that of «31 +(j"2)0 The Term One cpntribution is represented by @51-+{72) :
and the Term Two contribution is represented by (U] -(jé) cos Zgb;~as
all other terms are factérable'° The minimum valuélof stfess at U equals
zero for given(j and U, values will occuf when €ji-+(jé) and jS'-(jé)
are added with opposite signs. The value for the combinafion will have
the sign of the.iarggr (thét is, laréer in absoluté vaiuejo‘ The ogly Wg&.-
that the sign be£ween «jz +(j§) and'(CTi —(jé) can be varied is by piéking
QSSuch that cos qu changes sign. Any values of [cos 2q5|>less.thah one
will not give maximum or minimum valuesiofCFi); consquehtly, for these
conditions QB must be either zero or.7T/2,' l
| Perhaps one of the most important observations is that, if(jé is a
te;sile s{fess; then it is also poégible for(ji}—to-be é-tensile'stresso
A stress c@ndition of this type would be particularly important if it
occurred in a material such as.rock, where the tensilé streﬁgth is much
‘sméllef than the_éompressive strength. This may mean that in rock any of
three types of failure are possible: compressive,'tensile or shears

:The other. point. of interest on the crack is ﬁhefe'1} equals T,

Equation (4) becomes
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o= O +0p) simh 20, + (@ -(f3) cos 2 - %0 08 2(¢h - T)
' cosh ZC%D -~ cos 21T ,

but .cos 277 equals one and cos{2(D> - 277):is equal in sign and magnitude
to cos 2965 consequently, the argument is reduced to that of U eguals:
zero. This says .the .stress condition described by ) equals zero applies .

‘to both ends of the crack.

~Variation of Crack Shape
When.the length of a crack is changed with respect to its width,
the shape undergoes' a change that may be related by the elliptical
paraméters, "a" and "b". Consider what will happen to the stress at U
equals zero if the crack becomes longer with respect to its width, but
all other factors are held constant. This says, although "b" is already
small with respect to "a%, if becomes even smaller. Since
"L = sinh~l b/a,
: c -
-C%Dwill decrease as this change occurs,
The expression developed previously that isolated the_ClO effect
upon O is
U " -
g-v =K | sinh 20,
h 200 -~ 1]
| o 200 - 1]
where K (K is equal to[(O{ +C\‘é) - COoS 2C/>(C’1 -CTZ)]) is now held constant,

(10)

Substituting the definition for cosh_ZCRD and sinh ZCIO into this equation
~and simpiifying} éiyes an expression thathﬁakes obvious ﬁﬁe_effect of
chaﬁging CQD. | .
sinh 20l = 3(e20o. o72%0y -
cosh ZCRQ -1 %KeZClO + e~dOL 2)
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sinh ZCLQ = ehCLg‘; 1
cosh ZCQD -1 équo +-1 - 282C1o

) ';ir;h 200 = (20 4 4) (’62@0:“,1) o
cosh 2Qy -1 (200 _ 1) (eA10 - 1) .-

(11)

H

As CIO decreases, eZCbQ decreases toward one and the value sinh.ZC%D/ ;l
(cosh ZC%D- 1) increases (SeevFigure 6); CXD increases.

' The shape of this crack maﬁ also be defiﬁed in terms of the lenéth
and the radius of curvature at the ends., William Gerberich (1962} states.
that for an internal crack the principal stress difference is approximately
proportional to the minus one~fourth root of the radius of cﬁrvature. |
A~cofrespohdiﬁg relationship based upon the assumptions previdusly,sﬁated
in this paper will how.be'derivéd,

The expression for radius of curvature at the ends of'thgjpyagk,

f), as derived in Aﬁpendik B,-is

p = bz/a;

Substituting f} into sinh.C%} equals b/a gives
sinh CL = L/b,
smay =)
and - .
so that .

sinhCLO. %\ /pa/a =~ CLOO

The expression for {7 can now be written

U =.K 92C10-+ 1
'eZCLO 1

where (éZCiO - 1), as shoﬁn in Equation (8), is approximately equal to

sinh ZCiO.which is in turr approximately equal to ZF%SQJ Alsc, that same .
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section shows that (eZCLO + 1) is approximately equal to two. If the
: ‘substitutioh of Cl.oﬂ_equals \//?)-a—/a- :'Ls_ carried out, the OTU sxprssston may
then be written as | | _ .
CHJ = (KJF5£} ~ | ‘ (12)
'which says (O] U is proportional to the minus one~half ‘power of radius of
curvature at the ends of- ths crack, This 'é@réssioﬁ agrees with Gerberich's
(1962) conclusion about how the prihci-pa_l stress differences .VA"ary', with
respect to radius. of ~curvature change, 'a,round a si‘ngle-edged crack (exterhal.
' chack)n |

This last éxpi‘ession for O— - (Equation (1é))'not only-sh,ows how CTU
varies’ with respect to radlus of curvature ({“) when length (a) is held‘

1%

constant but also shows that CT
'square root of length as length increases.

increases in direct, proportlon to the

Variation of Crack Size

When the.erack size is varied without lchangingr its shape, the ratio
a/b remaihs constant. while "a' -varies. The only te-rm‘-in. G:U that: refiects -
this type of gha‘nge :'LS'-CL('D; Since CLO équals sj.n.h'-'i b/a .and b/a rema;lns
cl:',‘onstant, Ctotehains constant and the stress CF'_U will be unchanged by
varying "a", .This means that the mag‘nitude of‘#:j": ‘is unchanged for all
_points in the plate; if the crack changes size but not shapé' and if all
other variables are-held cohstan,ta”‘

Summary of the Analytical Observations

The following observations can be made concerning the variation of C)fu
w:Lth variation of C_il ) and C,b

1. The maximmn G"U valuvs alw ya occur at the enus of the
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crack. (Here, maximum.means largest‘tensile or largest com-
pressive stresses occurring in the region of the ¢racke )

2 Stress,CT , is directly'propdrtiohal to
@ +T,) - cos 2] -CT).

3. When the applied stresses are equal, Cﬁb is 1ndependent ofgp
and is directly proportional to twice the applied stress.

4. The absolute maximum value of C;} occurs when (U] - CEQ
is added w1th like sign to +(jé), and the 51gn of C%)
is the same as that of sz +f’é)d '

5. The minimum values of(ﬁi} at the ends of the érack oceur
when (Ji ~ 2) is added with unlike sign to ] + 05),

© and the sign of.C§)'will be the same as that of the term
having the larger absolute value, _

6, Maximum and‘minimpﬁ stresses will occur at the ends of the
crack when the crack is either paréllel or pgrpen@iqular
(=0, 7/2) to the direction of the largest applied
stress. .

7, If one of.the applied stresses is a tensile stress;CT
may be'é tensile stress, dependipg o’ the value ofcj}o

The following observations cén be made concerning ng as ﬁhe grack
‘'size and shape are varied: |

1. -Changing‘the crack's size without changing its shape~doés
‘not'alter the stress ﬁagﬁitude or distfibuﬂion; . »

' 2. If the length of the crack is held constant, 0, 1s divectly

"~ proportional to the minus one-half power of tbe'radius of




-17=
curvature at the ends of the crack.
3. If the radius of cur#ature of the crack is held constant,
' Cjiiis’direcfly proportipnai to the square root éf tﬁe.

length.




CHAPTER ITIT
LABORATORY RESEARCH

The laboratory approach to this problem was dictated by the available
analytical apﬁroaohés and the assﬁmptibns_méde £herein, Consequently,
a plane model of linearly elastic material loaded by uniform stresses on
mutualiy perpendicular edgesnwas chosen., Since high stres; gradients were
expected in some portioné of the model and the shape of stress patterns
were of interest, a photoelastic study using birefringent plastic was ﬁadee
This provided continuous stress patterrs throughout:the model aﬁd sfress |
magnitudes ;t the crack bouﬂdarya-

Brief Explanation of ‘Photoelasticity

A detailed expianation of photoelasticity and the physical pfinciples
involved was found in several,sources. Coker and Filon (1957) gave'what
was probably the most rigorous treatment of the subject, while Frocht (1948)

also gave quite a complete explanation. The author found that, for his -

purposes, Durelli and Riley's Introduction to Photomeéhanics (19651
presented £he_simplest, most direct explan;tion of phqtoelasticity;

| -When polarized light passes through a stressed birefringenﬁ:ﬁatérial
and is viewed through an analyzer, fringe pétterns'may'be seen. If‘the
light is circqiarly polarized and monochromatic, the batterns fhat appear
(called isochromatics) are a function of the difference between the
principal stresses. In other words, each line represents a continuous locus
6f‘poin£s Wwhere the maximum shear stress at each point on the locus is
constant; The nuﬁber of fringes existing beétween a point of zero maximum
shear stress and a point of non-zero maximum shear stress is called tﬂe

fringe order. If the fringe order is known (found by simply counting the
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fringes), then-the maximum shear stress at that point may be found by applying
the sfress—optic law which, in two~dimensionél form {(Durelli and Riley,
1965), is |
n=Ct (O] -

A A

where ) . - - ;
‘n = fringe order,:
C = relative stress~optic coefficient which is a characteristic
~of fhé,biréfringent'material and is foundﬁéxperimentaliy,
X= wavélength of the light,
t o= thickneés4of the bifefringent matefial;’
qu.CE;?ﬁaX = gecondary principal strésses and secondary’maxiﬁum shgar
| ‘ stress assoclated with the direction of light' propagation.
In this study'only'the magnitudes of stresses ac£ing along the é?ack
boundary are of interest, because stre;ses at other points canjnot be
correlated with analyﬁical resultso_‘The‘boundéryfelemeht stresses may be.
directly related to fringé order, because the 'shear stresses and the
principal stress acting normal‘td thé~boundary are zero. This says tﬁat
the principal stress acting parallei‘to the boundqry-equals twice the

maximum shear stress at that point.

The Models_snd Model Material

| | The model selected:ﬁas ab by'6‘byr%-in°.plastic, planengimulating
model of ”Hysél 4290 Epoxy Resin." Iimitations. of the optical equipment .
availablevcontrolled the mddel size, and the analytical solution dictated

the plane shape. "Hysol 4290 Epoxy Resin" was chosen as the model material
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because it had a relatively high proportional limit (7000 psi), low stress
fringe value (30 psi-in./fringe), and good machinaﬁility,

Crack'Pattérng

A standard crack (See Figure 7) was used‘for the major study so that
"the effects of crack orientation and influences of multiple cracks on a»:
given crack's stresses could be isolated, Basically, two categories'of
cracks were tested: single cracks and multiple-crack systems, The single-~
crack models consisted of the standard crack cut in the center of the blate
and oriented at various angles with the plate edges (See Figure 8a). - The |
multiple-~crack syétems and their variations are shown in Figure 8, b, c
and d. The central crack wasAcqnsidered to be représentative of the
standard crack surrounded by an infinite field of cracks, or at least to
indicate h§W'the presence of other cracks influenced the stress of a giveﬁ
crack,

Minor sfuaies were- carried out to show variation of stress magnitudes
as a function of crack shape. .The models for these -studies consisted of ... :
the standard 6 By 6 by ¥ ine pléte with a single crack in the cen£ero |
The crack shape was modified by increasing the length while holding the end
radius constant for one case, and changing tﬁe end radius while holding the
length constant for the other case.-

A model of a prism#tic beam was used as a calibration device to-

determine the physical properties of ﬁheﬂplastic?

Constrqcﬁion of Models _
The "Hysol 4290" was purchased in sheets 24 by 24 by % in. and covered

with masking tape to prevent scratching of ‘the surfaces during sawing. .
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These large sheets were marked and sawed with a band saw into six-inch
squares. Cirgular cuts were madgnat eaéh'corner so.that the final
configuration was that shown in Figure 9. These last cuts were unwanted
ﬁoaifications that were made necessary by the geometry of thé 1oadiﬁg
device., After cutfing was completé and the saw marks were removed by
filing, the’models were annealed to remove residual stresses.:

The second phase of preparation involved cutting the cracks. The
crack pattern was scribed on the model surface and holes were drilled‘at
the center of each.crack, A jeweler's sawblade was inserted into the hole
and the crack was sawed in the proper orientation radiating qutward from
the hole. Then holes were drilled at each end to.provide .a controlled
radius of curvature. The model was annealed again to remove mosf 6f thé
machining stresses created around the crack. | |

Because of "edge effect," the second phase of moael construction,
cutting the crack, was befformed one day before the test on that model was
to be run. When é freshly cut surface was exposed to-air fér a.period of
fime, fringes appeared at the edge and progressed slowly into the plastic.
These fringes, called "edge effect," could not be removed by annéaling, and
they distorted £he temporary patterns due to loading. The crack provided
free edges that were important points of study and therefore had to be
free from "edge effect.” However, the médel boundaries, which were also
free surfaces, were outside.the field of study; consequently, there, the
edge effects”.did no harm,

" The Apparatus

The apparatus used in this study consisted of commercially-manufactured-
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optical and photographic equipmeht, and "home-made! model-loading devices.
Other standard laboratory equipment was used to calibrate the loading |
devices. | | | |

Loading Machine

The initial phase of this study invoived designing and constructing
a machine that would apply a uniform compressive stresé along the edges
of a 6 by 6 by + in., plate, Dr. R;L:~Sanks, a Montana State University
-faculty member, suggested the ﬁeags éf‘loading which was finally adopted.
A flexible hose confaining a fluid under pressure was confined on three
sides by a loading frame,-and.on the_fouyth side by the edge to be loaded.
The result was that. the fluid pressure was applied to the model edge by
way of'the flexible rubber hose,

Since a condition of biaxial loading was'desired, two independent
sources of fluid pressure were necessary, .These sources were the pressure
chambers of two hydraulic jacks (See Figure 10), The jacks were jacked
against large springs to. create a load.on t£e Jjack piston, This load
forced the pistonﬂinto the pressure chamber, inducing a fluid pressure
that was proportional to the load. Because of fhe linearity of the spring
force with fespegt to displacement, the force and consequently the fluid
. pressures were directly proportional £o the piston displacemént.. The
springs were included so that when jackiné occurred,‘the change in
chamber pressure would be gradﬁal instead of instantaneous,

Copper. tubes were used to tap the fluid préssure from the pressure
chambe? and cénduct it to a standard gage ﬁhere thé pressure was méasﬂred.
From there, two rubber tubes, confined in an'outer copper tube, ran from

each gage to the loading frame where the tubes were then confined by the
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frame and model‘(See Figure 11). Wheh fluid was forced into the hoses,

they tried to expand, but no space was ‘available for expanslon SO pressure

was created and applied to the surfaces bounding the hoseé°

Bach pair of hoses from the:same gage applied an equal stress on.

opposite edges of the model. The result was a loaded modél that was

always in static equilibrium and did not move during the loading process.

A biaxial condition was obtained by‘pressurizing\both sets of hoses, and
since the hoses.were flexible, negligible shearvstfesgés were aﬁplied as
loads. -

The corners were' cut out of the ﬁodels to,proviﬁe space féf the hose

end-caps and spacers., Spacérs were required to prevent hose collapse
LG8 1Y q P

_.at intersections and to keep the hose confined at all points. Whenever

gaps occurred around a préssurized hose, the rubber would bulge and even-
tually ruptures

A second ioading:machine was devised for calibrating the birefringent

pléstic. This machine consisted -of a frameAthéﬁ supported a-six~inch -
plastic beam on two fulcrums, and had'guides for moveable load-applying

fuleruns. Weights were plaéed on the moveable fulcrums so that a condition-

of pure bending was induced in the beam (See Figure 12)., Calibration was:

agcom@lished by counting the fringes between two points of known étress
(the neutral axis and the gxtreme-outer fiber) and applying the stress-

optic law. (See Appendix C).

-+ Polariscope and Camera-

The polariscope and accessories were standard laboratory equipment

(see Figure 13). A.merdury vapor lamp with green and yellow filters
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produced a monochromatic light . that radiated'from a vertical. filament

" The light was collected and concentrated at a p01nt by a short-focal—length

lens. A light dlffuser was. placed at the p01nt of llght concentratlon s0

that the filament 1mage was obllterated and a fleld of- unlformly"lntense L

- light was produced. Thls unlform fleld acted as a llght source that was

ecollimated by a second lens and projected through polar01d lenses.:d
The . first lens Was‘the polarlzer which produced plane-polarigzed light.
Then the lightwwas,circularly polarized by a quarterfane‘flate and tassed
through the model to a second quarterawave plate} -Here thehlight was
restored to_the_plahe—polarized<state and rotated ninety degrees from thev
origihal polarization. All-the light.that was retarded (b& the model)

an integral multiple of the wave length was passed through the analyzer

"to produce an 1mage of green llght Iaght that was retarded an integral -

.multlple of one-half the wave.length (O 5, 1.5, 2 5, etc ) was blocked by

the analyzer to produce»an image that was black° All other- degrees of -

' retardatlon produced:- images :that Were some- shade between green and black..

' This combination of polaroid lenses produced a light fieLda

Two long-focal-length lenses were_used to magnify the'models‘image;
then it was projected into a commercial portrait camera for viewing and
photographing.

Laboratory Procedures '

Two of the procedures used in this study'requirefa'certain amount of
explanatlon because their accuracy had a. direct Bearing on the quality
of the experlmental results, Slnce callbratlon of the loading machine

was continuouS'throughout'the model-testlng 0perat1on? these two procedures
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were tied together.

Calibration of Fquipment

Calibratiqn‘pf the loadiﬂg machine consisted of relgting;ihé stress
applied along a model's boundaries to a reading on the bresSure gage.»
This correlation was done indirectly by felating loads aﬁpiiéd.to}the.steel
coupon shown in Figure 14 to strains eiperiehded4by its sﬁrain gages as ;,
recorded by a strain indicator., Then the coupon wés placed‘in the model-
loading machine and loaded to give é relafiohship‘ﬁetween strains and
preséure;gége readings (See.Figure 155a The load~-strain, and the étrain-
 gage data were equated to give Load veféus‘éége-readings:data which was
then reduced to applied stress versﬁs pressure-gage readings.. (The applie&
stress was based 6n the 6 by % in, area, not the 4.85 by%‘in° area. )

Part of the applied stress-was due to compression of thétﬁressure_
hoses by the loading frame.‘.This portion of fhe stréss simply added to the
stress due to the fluid pressure; however, the_”hose-compressidn stress" -
varied with the age of the rubber hose, For this feason, the graphical
representation of applied stress veréus'prgssure~gage readingé»COHSisted
of a family of paréllel.curves (See Figure 16). Eaéh‘curve was labeled
with a strain reading which showed.the-amount of strain_induced inlthe
coupon by bolting it into the loading frame. Priar to eaéh fe;f, the
coupon was bolted into the frame and the strain was-read}' With this
_information the applicable curves were selected and “the tqﬁt was ready to
- begin., |

Testing Procedure

The gage readings corresponding to applied stresses of ZOQ, 400 and’
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- 600 psi were read from the‘curves for both éages; and the nodel uas_bolted‘
into the loading frame. Pos1t10n1ng of the optlcal equlpment was’checked
"and. a name tag 1nd10at1ng the model number and loadlng was stuck to the
modelo ‘The desired loadlng wa.s applied, thejcamera was focused, end a
picture was teken.' Another name tag Wss then;stuck to the model and the - -
procedure was repeated. ‘ _

" After all the loading combinations for a'modellwere'photographed,
*the negatives were developed and pictures were medep"These pictures.
. constituted -the enperimental'daté that was to be analyzeds - o

Experimental Source of Errors

. The major: obstacle in production ofnexperimental data, thathwouldj
correlate with the analytlcal predlctions‘made was the crack shape° For
-reasons of prectical model production, the crack ﬁaé not:even{a good
~ approximation of an ellipse; consequently, experiméntel results were
assumed to be‘éood qualitatively, but not especially good'quantitativelf.

 The assumption that the cracks‘existedAin an infinite plate undoubtedly -
affected some of the results, This‘effect Was'apparent where the‘Stress
patterns extended outslde the test reglon, but no;duant1tat1ve est_mate of
.the error could ‘be made.,

The loadlng-machlne calibration procedure was a multlple souirce of
error° Most unpredlctable was the effect of the pressure hoses on applled
‘~streSSes°‘ A s1light varlatlon in the sizes and shapes of the models meant
“that the.amount they compreSsed the«pressure hoses Wouldhvary; yeu thls‘,
varlatlon had to be neglected because ‘hose pressure was always measured by

the’ steel coupon, Even though the hoses probably'dld not apply'a perfectly '
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uniform stress, stress patterns.of'loaded‘plates with no cracks showed
a uniform field of Iight over the test area; so uniforfiity was.no problem,
The machine caiibration also allowed for a poséible accumulatiéh of
error due to the fdllowing;‘ the sfrain gagés not beiﬁg én fhe neutral A,‘
axis of the coupon; not using the exact gage factor for the strain gages;
making efrors in readings; and using an uncalibrated "SoilmTesf" loading
machine.

TLoad creep, a consequence of the loading-machine systeﬁ, required that
fhe load applied be slightly higher than the desired load and thaf the .-
pilcture be taken when the desired load was passed. .Anoﬁher‘problem arose
when a hose broke during a test. A new hose was installed, but time did
not always allow recalibration of the loading frame., ’ |

The models were not all the same thickness énd the plastic caiibration
varied with time. These variables were evaluated in Appendix C and taken
into account in the analysis. | |

AT the-errors mentioned, other than.crack-shape, uﬁdoubtédly ha&l_:
cértain influences on the experimental results, However, these érrors‘were
judged to be small relative to those -errors due to crack shape and-tp.the
Anability fo'count frinées precisely; for these reasons, the errors are npﬁ-
stated in numerical terms.,

Interpretation of Experimental Single~Créck Results

The experimental data interpreted in this section is the set of
isochromatic ﬁhotogréphs dealing with single cracks. *EAch of the four
models was loaded with the combinations listed in columns one .and-two of

Table II. A photograph of each model under each léading combination was
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TABIE TT. LOADING COMBINATIONS FOR MODELS TESTED

(1) (2) (3) | )
Model Top Model Side Major Applied Stress Minor Applied Stress

psi psi oo - psi . psi
400 _ 0 ' L0oo -0
400 ' 200 400 200
400 400 L0Q - ‘ - boo
400 600 600 ' L.00

0 400 ' —— ‘ —
200 - boo : — ——

600 400 ' —— ' —

£aken so that the array of results représented cracks-orienﬁed at angieé

of 0, 15, 30, 45, 60, 75, and 90 degrees with the major applied stress,

and under the loading .combinations listed in columns three and four of
Table IT. The presentation of experimental reéults is made in thes light of

the analytical assumptions and conclusions pre#iously stated and the crack

used is assumed to behave similarly to a real crack.

QObservations about Assumptions

Only one of the assumptions méde in tﬂé analyticai presentation
seems to-be in error. The stress patterns are not always symmetrical about
the crack, The only conditions that produce axially symmetrical'Stress
patterns are: (1) where the crack is parallei or perpendicular to the app]ied'

stress, and (2) where the applied stresses are equal,

Observations.about Loading and Crack Inclination

| A11 stress patterns show that the ﬁighest fringe gradienf occurs at -
the end of the crack, -In this study only the isochromatics were obtained,’
and they do not indicate whether the gradient is toward increasihg.maximum

shear stress or decreasing maximum shear stress. However, intuition and
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experience tell one that a crack propagates from itself; which means the-
failure-causing stress at the point of propagation is‘larger thanjﬁhe stresses .
in.the-field around.the craek In additiom,:-a crack propagates from 1ts end,
which means the highest strese around a crack occurs at or near, that end.
Using this reasoning, one can conclude that the fringe order is hlghest _
at the end of the crack; therefore, slnce CY on the. crack is dlrectly _
proportlonal to the frlnge-order, (?ifls maximun at-the ends:of'e ereck°
This experimental data cehfirmsAonly the case'when.ci and(ﬁé are compreSSivef
stresses.

. Enlarged photographs of the single~crack medels Were-analyeed to:
obtain the variations in stress due to crack orientation:and applied
etreee@ These results are shown as the solid lines on fﬁe grabﬂs’in
Figures 17 and 18, The long-dashed lines -in these same‘figureS_are the
correspending anelytical_reeulps based- on Equationu(9):~aﬁd the short- '
dashed 1ines'are‘based on‘EQuation (4). The crack propertles were cal—

'culated ‘'on the basis of the derlvatlons apbearlng in Appendlces A aad Bo
A graphical comparison of "experimental data and analytlcal‘data
(See Figure.17) ehows that for all sets of data, CEJ increasesjasjgb
increasee from zero toward ninety degrees. Experimental resﬁlts indicateu‘
that the maximum CF occurs when.qb is around. 75 degrees, whlle the ’
equatlons predict maximum stresses when gb is nlnety degreese Thls f
difference in}maximpms may be due to experi@ental érrors, -or it may be -
an indication that the analytical solutions.do not’ predict, the correct |
stress conditioﬁs. Regardless of which observefion is‘eceepted; one:cah

conclude that when the applied stresses are compressive,”the minimﬁm C%j"
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occurs when qb is zero. Eigure 17c illustrates another relationship
between applied and induced stresses. Fo¥'both experimental and analytical
data, when(?i equals}ﬁ“, the stress(ﬁgj is independent of qb and is directly
proportlonal tocaf

Figure 18 is used to show why the analytical curves and the experimental
curves in Figure 17 are not more closely related quantitatively. Graphs
a, ¢, e, g, and 1 illustrate that for all values afqb, the agreement
between experimental and analytlcal results is poor wheniﬂé is much smaller
than G or nearly equal toCT' Fhrthermore; expermmental.CfD’s decrease or
remain constant as G, approaches CE, While.analytical C%J‘s always,increase
for the same changeo Graphs b, d, £, h, and j indicate tﬁat wheén (CTi ~C$é)
is held constant, the experimental end anaiytical solutions diverge for all
values of qb as (cri +<jé) increases; but they both indicate that (ID increases,
These variations may mean that the realtionships contaieing(ji,(jé amiqb
'ere not good in general, but give good sclutions for the case when(ji/CE is
one-half, |

Observations about Crack Shape

A test was conducted to study the variation ef Cﬁ; at the end of.a
~crack with:respect to radius of cur&ature at that point. This test consiefed
_of uﬁiaxially'loading a model containing a one-half inch crack and cﬁanging
_ the ra&iﬁs of curvature.while the applied stress Wae held.censfant. The -
.variation in radius was 0.010, 0,014, and 0,020 inches. ‘

The resuiis ﬁefe assumed to be incenclusive because such a small
variation in curvature resulted in a small.change in frinée order, and the

fringes could not be counted accurately. Also, the crack shapé or deviation’
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from the proper érack shape probéﬁly changed the proportiénality somewhat.,
However, the results as plotted in Figure 19 indicate that Cﬁjvis inversely
proportional to the one-fifth power ofiF). This agrees quite ﬁell with .
Gefberich (1962) who stated Cﬁ)js inversely proportionél to the one~ - ‘
fourth power of f)n | |

,The proportionality between crack length and'(jiiwas studied by
holding the applied stress and radius of.curvature constant while changing
the length. Only one such test was conducted, but gince the variation was
quite large (%, 1, and 1% in.) -and the length was easily controlled, thg
results-weré assumed to have been falr. According to the analyticallyw
derived relationship, (Ti)sbould be proportiﬁnal to the square root of ‘
length. The data plotted in Figure 20 agrees with this proportionality,

but more supporting data is required before the conclusion .can be verified.




CHAPTER IV
STUDY OF MULTIPLE-CRACK SYSTEMS
The graduvation in study from a singlé—crack to a multiple~crack
system is not a simple one, For instance, to the author's knowledge, no
analytical solutions of this specifié problem exist today and probably few,
-~ if any, numerical.solutions exist. No attempt at obtaining an analytical
solution is made in this study; only suggeétions éf how to approach the
,préblem are presented.

Analytical- Approach

At first glance one may assume that SUperpoéiﬂion of several single—_-
crack éolutions would give a good solution. _Héwever, these solutions are
only good'for a single crack in an infinite plate. When a second créck is -~
introduced, the boundary conditions, from which both these soiutions
were obtained, are changed sa that the individual solutions are no longer
valid forvthe individual cracks. This means that when one tries to super- .
impose two such solutions, he invalidates both solutions just by the act
of superposition. How much in error these solutions become is a‘question
that must be answered before this method can be completely dismissed. Before
this error can be evaliated, a general solution for the strésses at‘all
points in the plate must be known. This brings one back to the problem of
first finding a good general solution to the single»prack problem,

The ‘single~crack solution studied in this paper is not geﬁeral enough
to be used in the evaluation of superpdsition, and obtaining the constants:’
required to compiete Inglis! (Durelli and Muffgy, 1943) general solution
is. a problem too iarge to be solved in a study such as this one. ‘Further—i

more, it has been shown that Inglis'! solution applies only for specific
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loading conditions. For this reason one méy wish to choéose some other
solution for evaluation, Limitations in the scope'éf this study prevéntl
extensive study of other solutions, and therefore do ﬁét permit evaluation
of the superposition technique. |

A numericai method that may be quite applicable to.the solution of
this problem is the finite element approacil° Zienkiewicz {(1967) étaﬁes
that the method has an almost limitless scope of applicability in dealing
with practical probléms. Fﬁrtherﬁore, problems involving-anisotropiq |
materials, thermal stresses, of body forces may bé solved withﬂrelaﬁive'
‘ease.

The presence of discontinuities, such'as cracks which cause high stress
gradients, requires that a large number of elements be used for géod feéults
in those regions. The complexity of the multiple-crack problem would‘
probably require such a large number of elements that the accuracy of the
solution would be dictated by the computing facilities used. Because of the -
fléxibility of the finite element approach, it may be one of the better
methods of solving this problem, especially if ahisotropic'materials are
being aﬁalyieda |

Another method for solving this problem is the-elécﬁrica} analogue,
Redshaw and Rushton (1958) used this method to solve the problem of a.~
single crack .in a uniaxially-loaded thin plate. According to their
article, resﬁlts obtained by ﬁhe.eleétrical analoéue appeared to be
-reasonabié and agreed With thé‘available analytical results, They
considered the major limitation of this technique to be its inébility to

represent the infinite stress at the crack ends. This problem would
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probably be partially eliminatéd in the case of a real crack becauée no
infinite stresses could exist. Use of a continuous grid may also eliminate -
this shortcoming of the electrical analogue;‘

Experimental Approach and Results:

The experiﬁentalrapproach to the multiple~crack~problém was eiactly ‘
the same as the approach to the‘single~crack problem,'ekcept; here,
systems-of the standard crack wére'tested. A1l the equipmeﬁt and procedures
used in this portion of the study were the same as thése described in
Chapter III.

The systems of cracks showm in Figﬁre 8b are studied to show the
effects of qS, o] and(jé variations Qn the isochromatic pattefns. _The
other crack systems (See Figure 8c and d) arekused to givé some indication
of how pattern variation causes changes in f?inée patterns and gradients.

" This indication is obviously éupefficial because complete treatment of this
aspect is a large projéct in itself. -The effect of cfack-shape change is

not studied and neither is the effect.of créck size, although both»coﬁdition;
are discussed later.

- Obtaining fringe orders anywhere on the picture; is iﬁpossible:‘
because, due to the limited field of illumination, the outer regions of the-
“test field which contain a known fringe order.fall outside the pictﬁres.

For this reason, trends in stress changes must be studied ﬁy way of fringe‘
gradients, |

Since no analytical solutions have been found fér'thié problem, the
experimental results constitute the only éolutions. No,compéfison of .

experimental and analytical results (as is done for ‘the single-crack
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problem) is possible for the multiple-crack problem., Furthermore, just
intérpréting the isochromatic pictures requires a cerﬁain ;mount of insight
. into the Eehavior of stresses aropnd the individual cracks. Beéause no
. other results are évailable, this insight must Be gleaned from the single—z
‘crack observations stated previously.

Certain conditions of loading produce‘isochrométic patterns that are
axially symmetripal with respeét to the central drack. Data observation
showslthat these conditions éccur when the crack axis is parallel or
perpendicular to the majog‘applied stress for all combinations of loading,
and for all crack orientations when(}i equalé{jé. (These are‘theusame
conditions that produced symmet£ical isochromatic patterns in the éingle-
crack fests.) A1l othef loadings and crack orientations préduced unsym-~
ﬁetrical pétterns. | e

As in the single-crack fringe patterns, high fringe_gradients occur
at the crack ends, Baséd on single-craék observations, these gradients
probably indicate that the highest fringe ;rders, éhd consequently the
largest stresses, occur near the ends of the cracks. For any given set of .
compressive loads, the highest gradients occur when g5 is in the range of
45 to 75 degrees (See Figure 21). For'qg‘s_decreasing from 45 to‘zero‘degrees,‘
the. gradients drop to nearly zero, while forth's approaching 90 degrees, the
gradients dfop to abéut éO per cent of the maximum. This indicates that for
this crack pattern and the range of loads used, the maximum stresses occur
When-q5 is abéuf 60 degrees.

The observations about.loéding variation as related to strésé con-
ditions are inconclusive and may apply.only_ﬁo the épecifiC'models and

loadings used. Stress gradients,.and probably stresses, seem to be a
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function of both the sum of and the difference between the applied stresses.
When the major applied stress is held constant and the minor applied:stréss.
is increased,'the crack end-stress gra&ients decrease_(See‘Figuré-22).
When the difference between the applied stresses is held constant and
both are increased, the stress gradients increase. This relationship is
analogous to the same conditions for the single~crack situation. In
addition, when CE equals O

2
of qb Jjust as was the case for the single crack.

the stress gradients appear td be independent

From thé brief study conducted here concernlng the change of stress

. field with the change of the crack pattern, one can only conclude that the
change is complex. The complexity seems to 1ncrease,when two systems of
cracks are.superpositioned. The effects of using unequal-~length cracks

in a system was not studied.

Analysis of Reéults

Consideration of an individual crack's parameters when the crack is
‘ only one of é'system is made without the aide of experiméntal datéq.'The
influence of crack shape on the crack end-stress is probably .somewhat
similaf to the corresponding influences in the single-crack case. For
instance, under a condition of constant applied loads to the system, -
decreasing the radius of curvature at the ends woul& tend to increase the
stress at those points.

The effect of size change, however, is‘probably”much.différent'than
that same influence on the single crack. . For a single crack, changing the
crack size‘dpes‘nothinguto chaége the stress field; but for a system of

cracks where the crack center points are fixed, Iength change Undoubtedly' '
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is an important factor. Here the di;tance between cracks and the percentage
of continuous material are functions of the crack length., Two factors
probably tend to increase the crack end--stress és the:iengths are increasedr:
1) for a given system of loading applied to each crack, -increasing the
length withogtvchanging the radius of curvature at the ends increases the =
end stress in some proportion to therlength; 2) for a given system of
crack centers, increasing the crack lengths decreases the amount of.
materiallsupporting the load and increases the stresgeso : |

Summary of Observations

The observed and implied factors that influence the end stresses

acting on a_given crack in a system of cracks may now bersumma;c'iz.edo In
a systgm of cracké gubjected to é compressi#elloading field, the maximum
stresses occur near the énds of the cracks. ’These stresses are increased
by decreasing the radius of curvature, lengthening.the cracks, or orienting
the cracks at about 60 degrees with the major applied stress. The'stfess-
magnitude is'a function of both the éum of and the‘differencé between the
applied stresses. When(31 equals O,, the stress fields areISymmetrical,
independent of qs, and propoftional to some function of(jio Chapges in
stress fields due to changing,c;ack patterns are complex -and not easily
analyzed. A

| The'ﬁultiple—crack problem may be approached.analyticélly, nﬂmeriqally,.
or experimentally. Due to the complexify of‘some crack systems, an experi-
mental approach similar to.the'one presénted here maynbe the best'wa& to
obtain results, while relatively simplé systgms can prgbably be solved

~ numerically. -
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SUGGESTIONS FOR FURTHER  STUDY

Comple# erack s&stems cannot be analyzed diréctly by ﬁsing the results
of this study, but the information obtained should prove valuable as a
background for extended study. In addition sevefal‘specific areas requiring
further study have been pointed out.

With the advent and common use of digital computérs, numerical problem
soluﬁions which were formerly unobtainable are now becoming commonplace.
This procedure in the finite element form appears to be a promising method
of attack. Another numérical type of.solutioﬁ can be found with the
electrical énalogueo These and. probably other numerical techniques
unknown to the aufhor may be-some of the better ways to solvé the specific

_problem studied in this project, | |
. 'The methoé of superposition of single-crack. solutions may warrant

extended study for problems where the crack patterns are quite open and
the intercrack influences are small, Validation or invalicdation of this
- technigue can come only through further stﬁdyo
) Areas requiring further study that stem from thé.limitatiops of this
préject can be ‘divided into those related to the single;arack s&stem anq
thosé related to the multiple—crack system, Fof‘the'single crack more
expe?imental data concerning the influencés of radius-of-curvature chaﬁge
and crack—length change on the stress field is needed, |

- Much more experimental information about the parameters of multiple--
crack systems is needed. An expanaed fogm of the study described earlier
could be used to find the variation in.stress magnitudes with respect to '

loading and .crack orientation., Expansion in another form could provide
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data about the stress changes in a stresé figld‘caused by changing the
crack shapé and size while holding the system constanto' Combinétions 6f
various iengths of cfacks-and various stress patterns.heed evaluatioho'

The general problem created by éracks and joints is so complex and
covérs such a large écope that many more areas than those presented here '
could be covered in research projects. The<suggested aréas of study

described pertain only to the specific problem encountered in this project.




Figure 2, Eccentric angle of an ellipse: U is the eccentric angle
for the point N. The two dotted circles ars the major and
minor auxiliaries of the ellipse.
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Figure 11, Model and hoses in loading frame.

Figure 12, Beam-loading machine,

o




G
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Figure 15. Steel coupon in the model-loading frame,
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' APPENDIX A
‘The development of the interrelationship of tirle elliptical parameters
defined in Figure 3 is shown here. From Durelli and Murray (1943);
.x = ¢ cosh(l cosl/ |

and

]

v = ¢ sinhl sin¥

. where the boundary conditions are:

1) aty

0, x

a and Cl.:C?_,O , U= 0;

2) aty=b, x=0and O :CLO, =""T/2.
Substituting the boundary conditions for x and y gives
a =c cosh Cl | (1
o)

and

b

n

¢ sinh Ci,o. ’ (2)

Squaring both Equationé (1) and (2) and subtracting b2 from a? gives

2 ]
2 . .’b2 = c2 coshz{l, - sinh L
@] ) Oj'

and by the identity, cosh.ZC(.o - sinixztlo- =1,

c ;-‘%m. ’ ‘ (3)
Substituting ¢ from Equation (3) into Equation (2) zives an expression.
for CLO:'Ln terms of a énd b, ‘

T : .
(Il = sinh b .
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APPENDIX B
The relationship between the radius of curvature, f}, of an ellipse

and the parameters a and b is derived here. The equation for radius of

curvature is

p = [i + (y];ig ?72‘ ,

and the equation of the ellipse being studied is

£+yi=1

a2 b2
or . '

y = E\/a.,é-—- X N

a
where
y' = - bX.,‘
a2 - X2

_and

" :l -~

o[ 1 2 ﬂ}
a ‘\/az - X2 (aZ - X2)3f2
Substituting: y' and y'" into fj gives
[ (n.jfwgﬁxﬁ?
Pﬁ: 1 -}:‘,:"é\’az -

b (aZ _‘ 2) + XZ L
'; (a2 - X2}3/2 (32 _ XZ)B/Z )

)23/2 -

and simplification leaves

When the condition that x equals a is substituted into fD’ the relationship

bétwegh radius'of-burvature at the end and the elliptical pérameters is




obtained,

5

pi

By combining the results of Appendix A with those obtained here, ZC%D

for the standard crack may be calculated.

= .50

= 014

=\/,0070 = ,0837
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APPENDIX C

The model—méterial calibration was done by counting the fringes
between points of known stress conditionS‘ana correlating the friﬁge
order with maximum shear - stress.-.The relationship between these two
quantities is expressed by the stress-optic law (See Chapter III). -Known -
conditions of stress in a beam in pufe bending occur at the.neutral axis
where tﬂe maximum shear stress is zero and at the extreme fiber where the
maximum shear stress equals one-half the normal stress. Table I summarizes
the calculation of >\/c from:the equation

>\/0f‘= £ - G3)/n.

TABLE I. CALCULATION OF PLASTICS SENSITIVITY

Date Beam Trial  Section Moment Normal Fringe
Modu}ous Stress  Order "'>\/c
int #in psi psi~in/fringe
Oct. 1 i 1 0.007874 ~ 6.25 794 6.0 36,9
2 0.007874 12.50 1588 11.8 37.5
Jan. 14 1 1 0.007874 = 12,50 1588 9.7 Ls,7
2 1 0.010560 15.00 1420 8.5 L6 4

A linear graph of }i/c versus time was plotted and the >\/c value
that applied to each model was picked from the curve. Then the thickness
effect of each model was taken into account and the stress-fringe values

were calculated in Table II.
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TABLE IT. CALCULATION OF SHEAR-FRINGE VALUES

Model" ' >\/CI' Thickness - Fringe. Values
psi-in/fringe in, psi/fringe
1 38 . 0.265 , 287
2 39 0.26k | _ 295
3 41 0.273 . C 301
L by 0.265 309
5 L2 0.261 322
6 L2 0.261 322
7 he - 0.280 300
8 43 ' 0.261 330
9 43 0.259 332
10 43 0.281 , 306
11 © Lk - 0.263 T 335
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