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Abstract:

A method is presented for calculating the natural frequencies of vibration and the corresponding mode
shapes of an earth dam. The dam is treated as an elastic two-dimensional shear-wedge having arbitrary
boundaries which are fashioned to simulate the irregular foundation and abutments of a dam. A method
is also presented for calculating the general response of an earth dam to arbitrary motion of the
boundaries by superimposing the response of each mode.

The natural frequencies and mode shapes of a full scale dam are calculated and compared with the
natural frequencies and mode shapes obtained from vibration tests on the dam. The first six computed
natural frequencies are consistently higher than the observed frequencies by amounts varying from

11% to 25%. The general shape of the first four computed modes shows good agreement with the
observed modes along the crest of the dam but poor agreement in the lower regions of the dam. The
computed deflections are much larger than the measured deflections in the lower regions. This
discrepancy is attributed to the presence of strains through the thickness of the dam which were ignored
in the analytical investigation.
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ABSTRACT

A method is presented for calculating the natural
.frequencies of vibration and the corresponding mode shapes
of an earth dam. The dam is treated as an elastic two-
dimensional shear-wedge having arbitrary boundaries which
are fashloned to simulate the irregular foundation and

abutments of a dam, A method is also presented for calcu~-

lating the general response of an earth dam to arbitrary
motion of the boundaries by superimposing the response of
each mode., ' .

The natural frequencies and mode shapes of a full
scale dam are calculated and compared with the natural
frequencies and mode shapes obtained from vibration tests
on the dam. The first slx computed natural frequencies
are consistently higher than the observed frequencies by
amounts varying from 11% to 25%. The general shape of
the first four computed modes shows good agreement with
the observed modes along the crest of the dam but poor
agreement in the lower regions of the dam. The computed
deflections are much larger than the measured deflections
in the lower regions. This discrepancy is attributed to
"the presence of strains through the thickness of the dam
which were ignored in the analytical investigation,

—




Chapter I
INTRODUCTION

Earth dams are a commgn feature in today's industrislized
gociety., The extensive services renderéd are often irreplace=
able, and the potential destrﬁctuve power of a catastrqﬁhic
failure cen be enormous. Like manyvother structures, dams
are susceptible to failures which are caused by the shaking '
motion of the underlying foundations resulting from an earth-
‘quaké or é large explosion. The need for understanding the
.behavior of dams for the purpoée of.economically designing
safe, funcﬁional dams is gpparent;

Each year better relationshlps betweén seismic motion and
the resulting behavior of a dam are being established. The
growing Eody of knowlédge about the phenomonon governlng the
behavior of dams is made up of contributions by mahy research
engineers. Resulté of both experimental and‘analytical’inveskm
tigations contribute to this growing body of knowledge. The
purpose of.this investiéation.is to presént'an analytical .
method for caiculatihg some of the ma jor featureé of the

vibrational behavior of an earth dam.,




Chaptexr II
MATHEMATICAL REPRESENTATION OF AN EARTH DAM

Methods of Approach

A method which is applicable in one ﬁay or another to
nearly all‘engineering probléﬁs is tﬁe empifical method, This
method attempts to predict an svent on the basis of the
observed behavidr of siﬁilar events, The emplirical method
‘was used for the design of earth daﬁs long before other more
rational methods were avéilable. An example.of the methgd
used in its crudest form migh be as follows. If a particular
dam falls, then certéinly a stronger .design shouid be used on
'all similar dams. The empirical method in a more sophisticated
form céh be used to predict structural damage provided suffi-
cient data of similar events are available and the effects of
each governing parameter arelwell understood., The lack of
exbefimental data plus the unique problems associated ﬁith
~each dam limits the use of this method consideraﬁly as a design
tool. | | ' |

Ag a first approximation to the stresses in the dam

paused by ground motion, the dam and its foundation might be
considered to be completely rigid. The acceleration at each
point in the dam ﬁould then be the same as that of the féund-
“ation, and the force transmitted from the foundation to the

dam would be the product of the mass of the dam and acceler-
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ation of the foundation. The shear force at any height in
the dam would be the product of the mass above the level of
'the force and thé acceleration of the foundation, and the
shear stress at any height could then be calculated from the
shear forcé at that height, This approximation is nqt very
représentative of the actual behavior of a dam because neither -
completely rigid dams nor’completely figid foundafions exlist
in reality, and the acceieratiohs in an actual dam depend not
only bn.the.ground motion but also on the vibrational prop-
grtiés'of the dam and its foundation.

A more fatioﬁal approach to the-problem is to consider
that a dam responds to ground motion as a deformable.body.
‘The application of Newton's gecond law of motion to an
infinitesimal element of the dam, shown in Figure 1, results

in three general equations of motion:
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Figure 1: Infinitesimal Element of Material.
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where the " terms represent the stresses on the element of
Figure 1, f)'is the mass density, and U, V, and W, are the
displacements in the x, y, and z,,direction respectively.
The nine components of stress are reduced to six components

by substituting:

. o-xy = O—yx
Oxz = Ugx
G.yz = O-.zy

as required.for equilibrium of the element. . The remalining

six components of stress. are related to strain by Hooke!s

law:

Q-
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Where E 1s the modulus of elasticity, G 1s the modulus of
rigidity, and V)V is Poisson's ratio which relates E and G

as follows:

E =2 (141) G .

The relationship between stress and strain, as expressed

in equation (2), does nét allow for depéndency‘of E and G

on the direction of orientation; therefore, at this point

the assumption is made that the earth in a dam is isotropic.
'Sélving for stfess in terms of strain and substituting

into equatioﬁ (1) gives s general form for the equation of

motion in terms of displacement:

pe2 S 22[ Qe 2y

' e+ Sivy_ O
(5,5 ay[x o9 SEGL S
(8U+ w):l a [G(2:+g:)] az[)\e+2c;aw]-Pata B

00000000

‘9@9@@@1

where the volume engnsion, or dilatation,

[

ax Sy 3z’

and Lame's constant




The equations of mbtion, given ﬁy equation (3), along
wilth the apﬁropriate boundary<conditi6ns describe the behavior
of an isotropic.dam in ferms of displacement. Once the dis-

'placements are known, sfresses aré then determined by Hooke's
law. In the general case of a non-homogeneous dam experience
1nglf6undation motion due to an earthquake, E and G vary with
position within the dam, and at any point they may also vary
with fhé level of stréss and the number of stress reversals.
Due to the complicated nature of equation (3) and due to the
irregular boundaries of a dam, the possibility of expressing

the behavior in closed. form is indeed very remofe. In oxrder

to arrive at a feasible problem, many facﬁors whiéh complicate‘;-

the behavior of a vlbréting dan are assumed to have 6n1y a
small effect on tﬁe.total béhaviof'and are'thgrefore ignored,
Numérical methods tend to haﬁe an adVantage'over exact methods
for calculating behavior which includes the effeété of the
finer details of an actual dam. .

A numerical method for solving'the general equations of
motion might proceed as follows, The differentiél equations
of motion are replaced by a set of finite difference equations;
that is, the parameters of equations (ii and (2) are approx-

imated by a set of values defined at discrete points in the

4
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material, At some time t, the deflected shape of the dam and
the so0ll characteristics are known, and the distrlibution of
stresses is obtained from Hooke's law. The'three'cdmponents
of acceleration are then calculated from equatién (1). These
accelerations, acting for a small time step At, resulﬁ in the
- incremental disﬁlacements AU, Av, and AW which are calcul-
ated by any of the various numérical integration techniques.
The déflécted shape of thé-dem 1s then calculated at time t +
At vy superimposing AU, AV, and AW on the deflected shape
assoclated with time t. This stepping procedure 1is then re-
peated many hundreds or even many thousands of ‘times to obtain
the.dynamio behavior of an earth dam.

The advantages in a method of this type lie: in its
ablility to calculate response at highllevéis of stress, even
for stresses approaching failure.' The modulus of elasticity,
the modulus of rigidity, and the mass density can vary with
position, stress, aﬁq time, although the density will prob=-
ably vary only according to pésition in the structure. To
obtain a good approximation of the dam, the zone slze (tﬁe
distance between the discrete poiﬁts at which the parameters
are defined) must'be quife small,.but for reasons of stability,
the time step At must be less than the zone size divided by'

theAépeed'of a travélingiwave in the_me@ia(iz*,’ This. restric=

*THe &uperscripted numbers in brackets refer to references on
page . ' : o
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tion on the time intervael may limit the use of this method for
calculating response due to a 1ong—durat16n earthquake to ﬁhe
extent that more approximate methodstﬁll'be preferred.

Algso, the method does not provide as mucﬁ phyéical 1nsight
into the problem as would be desirable. It appears tﬁat this-
solution would offer l;ttle assiétance in answering relevant
questions such as: How is the compliance or stiffness:-of tﬁe
foundation related to the internal stresses in thé dam? How
would a sma11 change in geometry or soll characteristics ofzthe
dam affect the internal stressgs?' Methods which analyse the
dynamic béhavior of.earth dams in terms‘of natural fre&uencies
and mode shapes appear to offer more insight as to thé effect -

of each parameter on the total behavior,

As might be expected, a general numerical solution for the
nonlinear behavior of a thrée—dimensional dam poses an enormous
computing problem,_even for the largest digitél computers,
Methods which are less involved and therefore more feasible
resuit from simplifying the charaéteristicé of thg dam,

Often these simplifying assumptlions are based oﬁ little
more than intuition or,éngineering judgment;' Some assuﬁptions
that are commonly made tétsimplif& the analysis are as
foliowsﬁ‘ (1) Vibrations in one or (more commonly) two

direc¢tions can be ignored., (2) The response can be




considered to be linear; that is, strain is linearly dependent

on stress, (3) Energy dissipation can either bé ignored or
can be treated by viscous modal damping.® (4) The dam can be
analyzed as a homogeneous fill having an extremely simple

geometry.

Mathematical Model of an Earth Dam

. An approximate solution for the dynamic response of an -
earthfill dam is obtained by analyzing a simplified mathemat-
ical Iﬁodel° The characteristics of an earth dam that are
considered to be predéminately important dictate the modell
té be used.

_An earth dam is a thick, massive structure With side
slopes seldom steeper than 2:1, somewhat similar to a tapéred
cantilever beam-oriented in the vertical direcﬁion., Vibration
studlies of short thick cantilever beams indicate that bending
deflections are small in comparison to shear deflections (2),

This suggests that the analysis of an earth dem might be

gimplified by ignoring bending deflections. Motohiro Hatare::

aka (3) nas presented an approximate method for determining
the effect'of-bending on the first natural fréquency of an
elastic wedge repreéenting an infinitely long dam with a

straight crest; Hatanaka concludes that ignoring the effects

- #Viscous modal damﬁing is explalned later in Chapter III.
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of bending for an earth dam with a Poissén's ratio of 0.35
and side slopes of 2:1 will result in a fundamental frequency
which is too lafge by less than 10%, and for a dam with side
. slopes of 3:1, the.néturél,frequency will be 1n'error by only
about 2.2%. Teqhnically, these results do not fully indicate
~ the effect of bending on the dynamic behaviox of an actual.dam
bécausé the mofion of an actual dam 1is restrained by the abut-
ments. Actually the effect that beﬁding deflectiohs,have on
the natural frequenéies of the restrained dam are expected to
‘be even less than for thé infinitely long dam. At any rate,
bending defle&tions are expected to play a minor role in the
bghavibr of an earth dam and are theygfore lgnored in this
analysis. .

The geometry of the dam is approximated in the model by
a homogeneous truncated wedge with'énd and bottom boundaries
that can be fashioned to simulate the canyon walls.

The'three-dimensional dem is then reduced to a two-
dimensional mathematical model by aséuming that.the.relétive
motions:of points through the thickness'of the dam in the
upstream-downstrean direction are small, and therefore these
- relatlve motions are ignored. Also vertical and longitudinal
vibrations are ignored. Thus,'points.in the idealized model
used in this study have only one:degree of freedomﬁ trans-
verse motion of the eptire cross-section (rigid through*fhe

thickness). During an earthquake the amplitude of this
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~transverse motlion will probably overshadow all other amplié

tudes of motion., Nevertheless, small vertical vibratlons
and small transverse vibrations through the thickness of the

dém might play an important role in the failure of the dam,

. A more sophisticated application of the analytidal technique

used in this report which can include vibrations ‘in the
plane of a two~dimensional model 1s discussed later in the
chapter titled "Recommendations for Future Work", - |

The analysls 1s further restricted by considering only

linear response. To attempt to compute response at high

-levels of stress, the nonlinear characteristics of thé soil

would néed to be included in the analysis, resulting in a

much more Qomplexlpfoblem. Although the simplified linear

. approach cannot be.uéed when the dam is near failure, it

is valﬁable in predicting when and where ﬁon-linearities
first occur and possibly in estimat;ng the eitent of non-
linear behavior. .
This model is, admittedly, a crude representation of
an earth dam, 'However, it will be shown that the model ié'
adequate for predicting some of the major features of the

vibrational behavior of an aqtual dam,
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Chapter III
CALCULATING DYNAMIC BEHAVIOR

Cglculating Naetural Freguenclies and Mode Shapes

The next step in the solution is the determination of

" natural frequencies and modes of vibrations-of the'quel.

It is reasonable to expect further aiterations of the model
when a method of solution is decided upon. For example, if

an exact solution for the vibrations of the model is attempteél°
the irregular boﬁndaries will necessarily have to be extremely
simple. The most'applibable exaét'solution preéently évailable
anélyzes a model with rigid verf;cal ends and a rigid flat '
bottom. .This solution, by Ambraseys (&), is used as a check«:on
resonant frequencies obtaiﬁed by the numerical method useqfin

‘ this paper.

. In orde: to allow for arbitrary boundaries,'the model is"
analysed as a rectangular grid of masses interconnected by
shear resistaht springs as illustrated in Figuré 2, The mass-
spring grid is the result of considering the dam to be composed
of a finlte numﬁer of rectanguiar blocks of eérth,,shown in
Figure 3. Each point mass represents the mass of one block,
and each spring stiffness representé the shear stiffneés of

the earth between the point masses. For éase of computations,
all horizontal spacings betweén point masses are the same and.

all vertical spacings between point masses are the same;




SECTION A-A

Figure 2:

6 17 18
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Discrete Approximation of a Shear Dam

Elevation View




lrregular
abutments

1//// Ai,j !(bottom surface)

Flgure 3: Block of Earth Represented by a Point Mass.
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'The mdst common method for calculétiﬁg the natural
frequencles and the mode shapes for such a,mass—spring.system _
is probably a matrix techhique: The mass and spring character=-
istics of the dam are expressed in matrix form, [M] and [X],

and the fpllowing eigenvalue problem is sodlved:
[(w~l k] u = \U..

~The naturallfrequenoies are the square roots of the eigen-
values, )\n, and the eigenfunctions, U,, give the qué shapes.
Although this‘method 1s available, .an extension of Holzer's
Method is used here in order to investigate the'advantages
that the method might have for two-dimensional problems.

Holzer's Method was originally présgnted for a one-
dimensional system of masses connected in a chain-like fashion
by torsion springs (5). Later;Prohl and Myklestad extended the
method to one-~dimensional flexural membefs(éi?l Keightley '
then went one step further and applied the method to a two-
dimensional framework, vibrafing in the plane of“the framework:
(8). Thus, all previous work wiﬁh.the Holzer Method has 5een
restricted to systems with chain-like topoiog&,

In Holzer's scheme a system 1s assumed to be vibrating
sinusoidally at some angular frequency Cdi, with all points

moving in phase., If this assumed f:equency is a natural

frequency of the system, no external excitation 1s required
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for sustained motion. That is to say, the internal restoring
forces In the structure are of exactly the right magnitude to
cause the accelerations of all of the masses. Generally,
however, the assumed frequency is not a natural frequeney, in
which case steady-state external excitatlion is required at
some point to keep the system vibrating at the assumed fre-
quency. If a different frequency of vibration is assumed
say 0)2, it will be found that a different steady-state
.excitation is required thus establishing a trend for deter-
mining a frequency 603 which regulires less excitation than -
either Wq or'a)z. After refining the frequency a sufficient
number of times, a frequency aJn is obtained at which only a
negligible steady—state excitation is required to keep the
system vibrating; Thus a natural frequency is_located.

In the solution of the two-dimensional mass-spring
system of Figure 2,2ll points are assumed to be vibrating
in phase at a constant angular frequency a). The transverse
deflection Ui,j(t) of the mass point my g of Figure 2 is

expressed by;
where Ui j is the amplitude of transverse deflection of mi je

The first subscript standg for the row, location and the second

subscript for the column location of an element




The transverse acceleration ai J(t) can then be expressed
ot ’ ’ .

as follows:
e . =0 = = 0. . Sin 't~;-w"’u
1,3 T 4,37 T W Pag W = i,
where ﬁi i signifies the second derivative of Ui j with
L2 ' ! ? ’

respect to time. The sum of the external forces on m g
. . B ¥

can then be expressed:
) . ) 5 .
E:fQTFes on element (i,J) = Mg g8y 3= "My g WU o

Acting on each concéntrated mass are the transverse
shear forces applied by the four sheér spriﬁgs assoclated
with each concentrated mass. A shear spring represents the
shear resistaﬁce of‘fhe soil contained between two mass-ﬁoints;'
. By applying Hooke's law and adopting the sign convention that )
" the deflection Ui 3 into the paper 1s positive, and a shear h
force acting out of the paper on the mass point mi j of Figure
2 is. positive when located to the left of or below the mass, h
~and negative when located to the right of or above the mass,

the following equations can be Written°

U =U u +-—--—-————-— O’OO,..‘OOO.‘G".O‘dD.O 4
i,J i,J-1 AT G
1.3
A ' .G aAS
G ' ' i,

Vi'j= (Ui,j -Ui-]"j)—Zr . ovanonocooooooocen‘. 5
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r

Vi, 3+

c c | 2 o
1=V§.‘,j+vi,j-vi+1'j-wmi,3 Ui’j eeese 6

where vaj ils ﬁhe transverse shear in the horizontal spring
between my 5 and my 4.q, Vi 4 4a the transverse shear im the
vertical spring between my 4 and My_q,3° A{;j is the area of
the vertical surface common to the element of soil at (i,3)
and che element of soii at (i,3-1), and-Ag;j is the area of
the horizontal surface common to the element of soil at (1,))
and the element of soil at (i-1,3).. G is’ the modulus of
rigidity, and Ax and Ay are respectively the horizontal and
vertical distances between'mass points, |

Successive application of equations (4), (5) and (6)
lead to a step-by-step calculation of all the shears and
the deflectlons of the mass-spring grid, provided a sufficient
number of shears and deflections are known initially, If
‘the mass-spring system of Figure 4(a) is vibrating at. the
frequency cul and the shear force in each horizontal spring
connecting to the left abutment is zero except the shear in
the fourth spring which is unity, then the deflection of each';
mass point in column 1 is-determined by equatioﬁ”(h), and
. the shear in each vertlcal spring of coiumn 1 is determined
by equeticn (5) as shown in Figure 4(b). The shear in each
of the horizontal springs connecting column 1 to column 2 is
determined by equation (6). The deflection of every mess

point and the shear 'in every spring assoclated with column
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Figure 4: Mass=Spring Grid Illustrating the Step-by=Step
Procedure for Calculating Internal Shears and
Deflections.
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2 is ﬁhen calculated by the application of equations ), (5)
and (6) in a similar manner. Proceeding from left to right,
the deflectlon of every mass point and the shear in every ‘
spring in thé model are determined by~£he successive appli-
cation of equations (4), (5) and (6). |

In general the deflections computed at the extreme right
side of the net will not be zero, but for the trial frequency

0)1,'ﬁhe deflections are linearly dependent on Vﬁ‘l. That is
. L,

Ui,5 = C1,4 Vi1

U2,6 CZ’“’ V:lr“"l

Uz, g = C3 4 Vﬁ.i

2

Uy,7 = Cu b vy,

Us,7 = Cs,u Viy,g 00

.. where the-constents 01;4 are the deflections at the. extreme
right side of the net due to the unit shear force Vﬂ;l on the
left side of the net.

Now if Vr 4,1 is set to zero and V5 1 is assigned a shear
force of unity, and the same frequency oui is assumed, the
linear relationship between the right boundary deflections
and VX can be determined by suceessive application of

BT
equations (4), (5) and (6) as outlined for V# 1e Similarly
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the linear relationships between all of the left boundary
shears and the. right boundary deflections are determined

and %he following equatione resulb:

Uys) | -?1,1 °1,2 Ci;g C1,u 01;5ﬂ (v, 3\'

V26| .1 ?2,e Cztsﬁ 02;@ C2;5 V£;3
(U560 L 103, I,Ca;z ©5,5 3.4 O35 J V§;2> ee 7

Uy | 104,1 Ch,2 Cu,3 Cy, 04;5 Vﬁ;1

Usp] o |%.a S5z %53 Osu O, | v5.1

A | d N )

As disoussed earlier, the magnitude of external excit;

ation is used as a guide for locating: natural frequencies.
‘The qnly possibility for»external excitation is‘through the
movement of thepeints on the extreme right of’the'net since

no externalrdriving force heé been included in the procedure
up to this point. If quie.a'natural'Trequency, no exterral

xcitation is required to keep the systenm vibrating. and the
displacement of the right abutment, {U} of equation (7) must
be zero. Ignoring the trivial case of-ﬁﬂ = 0, this condition
requireslthat the'determiﬁant of [C¢] must be zeTo. In:general,
for arbirrary'chqice of (ui,'the'determinapt of [¢] is not '
‘zero, but it can'be used ae a.guide for»locating natural fre=

quencies. Thus if a diffefrent frequeney W, is assumed, and
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a new set of coefficients is obtained whose determinant is

different from the determinant associated with W - trend

1
is established for locating a freguency for Whichlthe deter-
minant of coefficients will be very small, The frequency

that results in a set of coefficlents with a zero determinant
is'a natural freqnency'of'the structure, That 1s to say the
system will have sustained'free vibration.

The mede’shape at the natural frequencylcun is'determined
by solving the linear nomOgeneous matrix equation (?i for the:
left boundary shears by asgigning one of the shears, say Vg;i,
a value of unity, thue normalizing the solution. These left
boundary shear values then lead to a step-by-step determination
of all the shears and deflections of the grid of Figure 4.
Often ié 1s desirable ‘to nornelize the mode shape so that the
max lmum displécement i1s unity. This can be accomplished by

dividing all sheafs and deflectlons by the maximum deflection

of the grid

General Response Due To Arbitrary.Boundafy Metden

The knewledge of the natural frequencies and their cor-.
resnonding mode shapes 1s used to determine the linear
response of an earth dam subjected to an arbitrary boundafy,
disturbance, The amplitude of respdnse is a. lineaf funection
of the amplitude of the boundary motion and is dependent on

the frequency spectrum of the boundary motion in g- more

L3l
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complicated mammer. The frequency components of the boundary
motion whichlare near the natural frequencies of the dam
.cause a larger amplification of response than frequency
components which are well away from any natural frequencies
of 'the dam,

A dam is generally quite a 1ong‘structure;.a lengtn inZK
excess of 1000 feet is not uncommon. In general,points along
the boundary of a dam which is experiencing a séismic distur-
bance do not have the same transverse motion at the same
instant of time., The importance of including the non-rigid
"boundary motion in the analysis is emphasized by the following
considerations: A shear wave which is traveling. at. 2 000
feet per second in the foundation rock adjacent to a dam is

considered. If the shear wave is traveling in a direction

which makes an angle-e with the crest of the dam, the ground

motion, which is perpendicular to the direction of wave
propagation, mekes an angle of 90° -© with the crest, shown
in Figure 5(a). The component of the seismic shear wave '
which excites the dam at its fundamental frequency, assuned
to be 5.0 cps,‘islconsidered; It should be noted that ground
notion at' a frequency of 5.0 cps 1s very common and therefore
is of particular 1nterest. This seismic wave, having a fre-
quency of 5.0 cps and traveling at 2,000 feet per second, has

a ware length L- = 400 feet, The effective wave length along

Yl
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the crest of tﬁe dam is L/cos €, shown in Figure 5(b). The
typlcal seismic ﬁave shown in Fligure 5 clearly iilustrates
the need for a method which can include the effects of non=~
rigid boundary moﬁion. | ‘

The responée of the dam to non-rigid boundary motion is
obtained by sube;imposing the response due. to the motion of
each boundary point separately. That 1s, each boundgry'point
1s to experience some arbitrary motion, and the.displaéement
response Of the éntire dam resulting from the motion of only
one boundary point af a time 1s calculated., These partial
solﬁtions are then added together in ‘the proper manner to
" achieve the effect of a traveling wave mo%ing across phé dam,
If a wave 1s moving from left to right across.the dam, as
‘shown in Pigure 5, the boundary point (or points) on the
extreme left of the dem experiences the motion of the wave
slightly before the other boundary points on the dam. The
boundary péint (or points) in column 1 of the hef,ishown in
Figure 4,.experiences‘the same motion as the extreme 1eft of
. the dam, except that the motion of column 1 lags b& a small
time step which depends on? the veloclity of the propagating
wave in the ﬁpderlying foundation fock, the approéch‘angle of
A the:traveling wave relative to the longitudinal axis of the
dam, and the hofizéhtal grid size of the net; shown'in Figﬁre

L"Q
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The displacement response of the dam due to the motion
of a particular boundary point can be'considered to be com=-
posed .of a,sﬁatic component and.a dynamic component, US and_
Ug. Both U, and U, are functlons of the horizontal and ver-
tical coordinate location on the dam, and the dynamic compo=-

nent is also a function of time. The static component serves

to satisfy the boundary conditions of the vibrating dam but

contributes nothing toward satisfying the differential equééf

tion'which governs the motion of the interior of the vibrating
dam., The dynamic component, on_ﬁhe otner hand, satisfiee the .
differentiél equation of motion for the interior of the"
vibrating dam, and oontrioutes nothing to the'boundaries of
the dam.  Thus the total.solution which 1s.composed.of a
static component and a dynamic component is fruly‘a solution
to the differential equation. of motion for the interior of
the dam and satisfies the boundary conditions of the dam. ,
The statically deflected shape of the dam resulting from
a unit deflection of the particular boundary point (i 3) is
designaped as Us(l,j). The two-dimensional Holzer Method is

used to solve this static problem, All of the bottom boundary,

points and the left boundary points, with the exception of
point (1,j), are assigned a zero deflection, and the right
boundary 1is considered to be detaohed from the right abutment.

At zero frequency the deflections at the extreme right of the
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grid are expressed in terms of left boundary shears as
described by equation (7) of the previous section. |

If the boundary point (i,j) which is assigned a unit
deflection is on the'right boundary, all of the right boundary
points appearing in equation (7) are assigned a zero deflec~
tion except the boundary point (i,3) which is assigned a unit
deflection. The left boundary shears corresponding to this
deflected shape are calculated directly from equation (7),
and the statically deflected interior ﬁ g(1,3) is calculated,
working from left to right, by the step-by-step procedure
previously described '

The procedure for calculating U (i j) is slightly
different when the boundary point (i,j) is not on the right
boundary. All of the left boundary sprinés are assigned a
~ zero shear and the bonndary point-(i,j) is assigned a unit
deflection. The deflections at the right of the grid due to
the unit deflection of the boundary point (i,j) are then
calculated by proceeding from the:deflected point (1,3) to
the right, using equations (&), (5) and.(6) as described
earlier. Now the deflections on the right boundary shesrs
are calculated from equafion (7) to exactly cancel the right’
boundary-deflections due to the unit deflection of the bound-
ary point (1,j). Starting with these left boundary .shears .
and working to the right across the grid, the statically -

ot
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deflected interior U (1 3) is calculated, '

The dynamic displacement response Ud(i j.t) due to the
motion of the particular boundary point (i,j) must satisfy
the differential équation of motion for the dam with tho-
geneous boundary cbnditions (zerovboundary defleétioné).

The generai golution to an inhomogeneous differential equa-
tion can always be expressed as a formal sﬁm over the eigen~
functiohs of the homogeneous equation by use of a Greén's
function. This fact allows Ug to be expressed as a linear

combination of the normal modes §, as rollows:
Ud_<iﬁjlt)=%cm(t) @m ‘ ev s s 000N ED 8

where cm(t)_is the participation factor of the mth—normal
| mode ¢, at time t. The modes §, are arranged according tQ’
frequency with @1 representing the_fundamental'mode shape. ‘
The total displacement Ut(i,j,t) of the interior.of the
dam dué to .the motion of the boundafy point (1.3),;expreséed

as the stétic component plus the dynamic component, is::
U (1,3,8) = B(4,3,t) U(1,]) + Ug(i,3,t)

where B(i,j,t) represents the transverse displacement of
‘boundary boint (i,3) expressed as a function of time. In

shorter notation}

Ut=BUS +§ncm @m.p ..ooeoeooooclo'é 9
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end total acceleration ﬁt of the interior of the dam isé

I°Q' X : .0 " ......

Ut=BUS+Z cm @m S0P eseenosse e 10

where Ut is the second derivative of Ut with respect to time,
The general form for the equation of motion for the

elastic dam is:
L(Ut) =PUt oco.oonoooloeoooooao 11

where L(Ut) 1s the elastic restoring force per unit volume -
and F)is the mass density. The linear operator L for a
dam which has a linear taper from the base to the crest is
" derived in Appendix A and has the-formE:

L(U )_G[8U+8a 'J;aU}'

Ax® v T Ay

Linearity of the operatbr L allows the restoring force to be
separated into a restoring force due to the dynamic component .
of defleotion and a restoring force due to the static. _compo=

nent of deflection as follows
-L(Ut)' = L(Ud) + L(U)

But the restoring force L(U ) 0 since the dam is not accel-

erating as the result of US, thus:
L(U‘b)= L(Ud) |

or making use of equation (8)
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L(Uy) = L( X ey &) .
m
or

L(Uy) =3 o Lldy, ).
But, the mode shape, ém' is defined by the relationship}
L(dy) = - w? &y
therefore, the élastic restoring force assumes the forms
, - - 2
L(UG) =3 epl- ) &) -

' gubstituting this form f‘ornL(Ut) into equation‘(il) along =
with Uy of equation (10) gives:
a (1] oo : .
% e (-pw, &) =pEB U, +§ e, &) .

or

. oo 2 A8
z- -(cm *+ wm-cm) oy = =B Uy -

Multiplying both sides by @ dV and .‘Ln’cegra’cing over the

volume, V, gives'

se 2 .
2 (e + ) f é ¢n ,Odv f @n PV il 12
Orthogonanity of the modes reciuires ‘ f @ﬁ: ¢, dV= 0 for
. Vv S
m ;é n (derivation given in Appendix B ) therefore, équation

(12) becomes.
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(&'n + wfl c,) j;’q)fl PAv = -8 j\" §, U P4V
or | .
| 2oy = Qp(t) 13
where . s
-Qr;(t) = -B_;fr $, Ug-Pav.
: fV q):l Melp dv

A more:appropriate ‘form for Q,(t) is

Q (t) = =B 2 U M. o :
T el @n s el 1l

2 * 000 0Q@Q 00
2 %p M4
el

where F)dV.is.replaced-by the mass of an element Mel of
Figure B'and the integral over the volume is replaéed by the
summation over all the elements. o

The paiticipation factor”cn of the nth norﬁal mode due
to the motion experienced‘by the particular 5oundary'point_
(1,3) can be calculated. from equation (13), since the equiv- .
alent forcing function Qn(t)'is expressed in terms of known
quantities by equation (14). It should be noticed that
equation (13).ié the equation of motion for the simple mass-

spring system of Figure 6 Witﬁ the viscous damping C omitted,

_Thus the contribution of the normal mode @ is equivalent to

1-L

the displagement response of a simple mass—spring system with
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Figure 6: Single Degree of Freedom System.
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the same natural frequency W, that is associated with ¢y
The foreing function @, (t) applied to the simple mass-spring
system differs from the acceleration B of the boundary point
' (1,3) by a constant which indicates the sensitivity of the
mode @n to accelerations of the boundary point (1,3),

In an actual structure the free vibrations resulting from
a boundary disturbance will dle out soon after the disturbance
stops. Equation (13) has no factor to dampen the solutlons;
therefore, the éélculated vibrations will not diminish wlth
time. This may result in a gross misrepresentation of the
contribution of each mode a few secondé'after the boundary
disturbance begins. To coﬁtrol this dumﬁlative error, modal
' damping is introduced, illustrated 5y the viscous damping
coefficient C appearihg in Pigure 6. Modél damping is the
result of considering the dam to havevonly viscous damping
which is acting inwsuch a manner that all damped modes have
the same shape as the Undémped modes, Experimental reéults
taken from Bouduet Dam (8) show some indication.that-this
hypotheticai concept of energy dissipation can give sultable
results at low levels of stress. . Calculated (undamped) mode
shapes are compared with measured_mode_shgpes later in the
section titled Dynamic Behavior of Bouquet Dam.,

The revised equétioh.for the participation factor c,, then

becomes: v . 2 SRR :
0n+ cn+wn°n=Q(t) oooo(.a'ooeoe 15

= {e!
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where M 1s the mass of the simple mass~spring‘system of Figure
6. The magnitudecﬁ‘c.ana M 'have no direct rélationship to
the physiqal dam, but their'ratio becomes meaningful when
written in the form, C = zékun, since g, the raﬁio of}C to
critical @ambing. caane measured experimentally. Equétion

(15) then becomes:

oo, e ' 2’ . * . . g
Cnf“‘z‘Cwn Cn‘l"wn 0n=Q(t)o : 60s0se0sgeds 0 16

W

It is emphasized that the damping is added to cause the f;ee
viﬁrations to diminish with time, but tﬁe natural frequenbies
‘and their correéponding mode shapes are calculated from an
undamped system. . . -

_ Arbitrafy bbundary motioh.will complicate the méthod for
solving equation (16) since Q(t) will also be arbitrary. An
analog computer might be used to solve the eqﬁation very
nicely., Considerable complicatiohs arise, however, in connect-
ing this portion of the solutiqn to the rest of the solution |
which is carried out by a diglital compﬁtef.‘ To .escape the
complications of the‘hybrid éomputer system, the general
solution of'gquation (16) is found by numerically integrating

Duhemel‘'s integralg
: ' £ : |
Gn(t) =‘[Qn(t') Hn(t-t') dtl‘ © Q0 C0PEPRPO0OO0O0SODCQ 17

Hn(t-t') is the Green's function of equation (16) which is .
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merely the response, Ch of ‘Figure 6, resulting from a force

.impulse'applied at time t? and is glven by}

W, (=) .
3 (bot7) = ¢ Q sin WN1-7 (5-1) ... 18
: 1~ g .

Substitutihg Hn(t-t') from equation (18) into equation (17)

and expanding glves:
. : ..gw t % é@u t o
. n ‘ n
T ' t t 4 ]
Cult) s 8, [smwdn { Coswdpt Q(tr) dat'

Tt ?;wnt'

'-Cos wdnt f

Sin Wy t' Q(t')dt] 19-
[e]

where .the notation Wan represents the damped natural

frequency ou \/1 C The expanded form of equation (19)
allows the integration to proceed by steps, that is'

(o]

i . b, _ o
f“ F(t,t') dt! =j‘ F(t',t') at? +‘£, F(t,t').dt' +owes 4
o . S 1 ‘

+f : F(t t')dt'

where thelintegrand F(t,t') is any arbitrary function of t
and t', The calculations involved in obtalning the value
cn'at,various deslignated fimes along a seismic disturbance L

are simplified:considerably by this cumulative integratioh
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relationship. The value c,(t;) is celculated from equation
(19) by numerically'performing the indicéted integration
from t=0 to t==t1.:'The value of the integrals thus obtained
can be used agaln to shorten the'calculétions for obtaining '
e, () where to>%, . . | »

The total displacément response due~t9'the.arbitrary
motion of the particulai boundary point (i,]) is now celcul~
ated by substituting c , from'equation (19), into equation
(9). The displacement responée due to the motion of each of
The other boundary points is determined in a similarAmannerj
and the results are superimposed to give the total displace-
ment respbnse due to the entire boundary disturbance, Thus.
it 1s possible that each point along the boundary may be
experiencing an arbitrary motion complétely’independént of

- the motion of the other boundary points. of moré=practical_

value however; each point along thé boundary may be experienc-— -

ing the same motion,'but the motion does not occur ét the
same time for each boundary point. The traveling-wave éffect
is achieved by assigning the motion of each boundary point
with the'proper_time lag relative to the motibnlbf some

reference point, say the extreme left of the dam.




Chapter IV
CALCULATED BEHAVIOR

Computer Code

A FORTRAN iI computer. code has been déveloPed’to compute
the linea:'response in the upstream-downstream direction of
aﬁ idealized earth dam‘experiencing arbitrary horizontal
boundary mqtion perpendicular to the longitudinal axis of
the dam.

The computer code is divided into the following‘stepsi

1., - The dam is subdivided into a iumpgd-mass system as
shown in Figure 2. | .

2. The natural frequenclies and their associated mode
shapes are calculated. |

3. .Thé displacement and the acceleration time'histories
of one point on the boundary'ére computed froﬁ‘a
digitized time history 6f veiocity which might
represent the.record of an earthquake or some other
seismic disturbance. The displacement,.veldcity,
and acceleration time histories of all the remaining
boundary points are then calculated from thelknown
(or-assumed);velocity of the traveling seismic waves
in the foundation rock adjacent to the dam and the
known (or agsumed) directlon that the waves are

traveling with respect to the dem.,
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"4, The total displacement response, due to the boundar&
motion éaléulated in step 3, is calculated at any
designéted tine, The average transverge-internal shear
stresses in the dam are then calculated from a linear

stress strain relationship.

A-check on the total code is accomplished by chécking
each step separately.l-steps (1) and (3) are both checked by
hénd calculations, and step (2) is checked by a comparison
with an exact so}ution, presented in the next éection. A
method for chéckipg the calculation carried out in.step'(h)

1s presented in Appendix C,

Mathematical ¢heck on Natural Frequencies and Mode Shapeé

Both a check on step (2) of the code and a feeling for
the effect of the'grid éize of the model are obtained by com=~
paring caléﬁlated naturél frequencies and mode.shapés with
the natural frequencles and mode shgpes obtéined from the
exact solution to the differential equation of motion for a
truncated shear Wédge with rigid wvertical ends and a}rigid
flat bottom, as presented by Ambraseys(u),

The differential equatién which deseribes the transverse
motion of‘the undamped shear wedge of Flgure 7, given previous-

1y by'equation'(ll).and derived in Appendix A, is:

re
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The boundary conditions associated With the wedge are~

=OatX=O,L . _oq?goooqogogceg‘ 21
=Oaty=H o'o.-oocaooole..o-oao 22’
Q-yz"—' aU Oaty ht esocceance 23

Ay

where L, H, and h! are shown in Figure 7. It should be
noticed that the natural frequencies and mode shapes obtalned
from the soluﬁion of equation (20) should exactly agree with |
the natural freéuencies and mode shapes calculate&.from é )
grid similar to the one pictured in Pigure 2 for the limit-
ing case of an infinitely fine grid.

The mgthqd_of,separation of variables is used to simplify
equation (20), i.,e. it is aséumed that,U(x,y,t) = X(x) Y(y)_
(L), Substituting this expréssion for U into equation (20)

and separating the variables gives:

[ ];

where the shear wave velocity of the material is gi%en by
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==\[G43. Since x%, 'y, and t are independent, the terms of
equafion (24) are also independent; and therefore, each in- !

dependent term must be a congtant., This leads to}
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S
where (UB end k° afe constants to be determined. Equation \

(25) gives:
‘T(t) =-.-_A Sin (Wt -OL); |
Simiiarly equation (26) gives:
x(%) - ¢ Sin kx + D Cos kX,

but equation (21) requires that D = 0 and k = rm where r 1s
. : L ‘
an integer which specifies the longitudinal modes of vibration.

Thus

X(x) = CSinzmx.
' L

;Equation (27) ié recognized as a zero order Bessel equaﬁion'

~with the general solution:
T(y) = & 35(By) + B L, (By)

where

B= [(w/s-)”é m"]é .
- L
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Equation (22) is satisfied by éssignipg '
At = Y (3H)

apd
B! = ~J,([3H) .

Equation (23) requires that

-YO(.IG'H) Jl(lgh') + JO(BH) Yl(.Bh') = 0 cesceenoe 28

This equation is satisfied only by discrete values of A?,

say,/gn, where n is an integer whibh.specifieé the vertical
| mode of Vvibration, | | \
)th'

The equation for the (n,r mode of vibration, which

1s of the form U,,. = Xr(x) Yﬁ(y) an(t), is then given byi
Uy = ‘Yo(lgnH> Jo(zgny) - Jo(lgnﬂ) Yo(lgny) .

Sin (rwx) Sin (w. _t-0OL) , ecaseeseseces 29
T nr : .

and the associated natural frequencies are given by;

N ORI I »
wnr-—S[Bn'{‘ (_1:]:_;!_1‘)] aoeoo.uoooeoeooooocu-'oaoo‘ 30

where the values [Qn are the zefés_of equation (28),
The effect that the length-to-height ratio has on- the

natural frequencies is of considerable importance, and
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therefore, é brief discussioﬁ of this.effect is presgnted. )
Ambraseys has shown that the fundamental frequency is essen-
tially independent of length for a length-to-height ratio
greater than 3(%). This can be interpreted from equation
(30) to mean [gi);>(n/L)z; and therefore, the term (w/L)
can be ignored. Although the assumption of an- infinite
length may give a>rea§oﬁably good estimate for the fundamen-
tal frequency, and a great reduction in the computations; the
infinitely long wedge will not provide & reasonable value for
the sécond to the lowest natural frequency, If [gz >>(m/L)?
then most probably [gij>(rn/L)2 where r may be as large .as
4 or'5 depeﬁding oh:the magnitude of the actual 1engfh-to-
height ratio. Thus, the correct second néturalifrequency is

gilven by _
- 2 3%
Wyp = S[,@l * (-zi?-)] .

For large length=to=height ratios, ., ., as weil_as J ﬁay

12 1

be only a few percent above the fundamental frequency,? and

therefore, of significant importance for cqmputing eafth:

quake response, '
Thé‘natural frequencies and mode shapes aré'calculated

for the simplé structure of Figure 7. A special'computer

code was programmed to calculate the zeros ([gn) of equation

(28), accurate to'eight digits. The -values [3n are then

substituted into equation (30) to obtain the natural frequen=,
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cies and into eqﬁation (29) to obtain the mode shapes.

The natural frequencles obtained from equétion (30) are
qompared with the natural frequencies obtained by the tWO=.
dimens;onal Holzer Mefhod in Table I. As might be expectéd
the finer grid shows better agreement with the bontinuous
system than the coarse grid. It is also worth noting that.,
natural freqﬁenciés obtained from.the lumped-mass systems
are always below the .corresponding natural frequencies
obtained from the dontinuous system, with beﬁter agreement
at the lower freguehcies. N

The information taken from Table I is helpful inideﬁer-
mining an appropriaté grid gize for an actual problem._ If
only the flrst few natural frequencles are of interest, good
accuracy can be achelved with a fairl& coarse grid of 10 rows-
and 10 columns. To get good accuracy for higher natural
frequenoiés a fTiner grid muét be used. If at a particular
natural frequency the horizontal mode has many node points
(r of equation (29) is 1arée) and the verticél mode has only
_one or two node points.(n is smalls, a large number of colﬁmns
.would then be gxpec?ed to improve the accuracy of thé natural
frequencies mdre than é large number of rows. For the fifst.
few natufal frequeﬁcies‘of'a dam ﬁith a large length-to-height
ratio, the best accurécy for the least amount of grid refine- |

ment is then achieved from a grid with many more columns than




" Table I

Comparison of the Natural Frequencies Obtéined by a Pinite -~
Element Approximation with the Exact Natural Frequencies for
. a. Truncated Shear-Wedge

ffequency - exact 1finite eiement approiimatioﬁ.
|designation |frequency b rows X 5 columns {10 rows x 10 coluimns
Zuhr (rad./sec) [frequency |7 error [frequency |% error
W, 4 39.970 39.387 1.6 | 39,840 .32
Wyo 67.517 63.650 ©5.73 | 66.543 1,44
oy 69.014'_ - 65.352 5.31| 68.391 .90
" Woys 187.885 < | 82,286 6.37| 86.707 1.3k
Wi 3 97.434 | 85.507 12.2 | |
Wsy 104,645 89.561 144
Was 112,510 99.303 i1.8
Wap 117.947 | 102.573 13.0
Wy, 128.070 98.191 23,4
Wss 137.282 | 116.668 15.0
Wy 139.883 111.180 | ~20.3 | _
W, 142,163 103.395 27.2 | 135.288 4,83
Wy, 152,221 114.850 24,5
g six natural frequencies have.been omitted
CU;M; 187.123 | 137.043 ‘ 26.7 | 176,475 5,69
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rows. For example the model which is used in the next section
for Bouquet Dam consists of a grid with 4 rows and 18 columns.

-The_first_three'longitudinal and the first three vertical
mode shapes‘whicﬁ are calculated from equation (29) are plotted
in Figures 8 and 9. Agreement between the mode shapes which
are calculated from the numerical grid cbnsistihg of 10 rows
and 10 columns and the exact mode shapes of equatioh (29) is
within 1% of the maximﬁm.displacement of the mode for the
first two horizontal modes and the first twolvertical modes..

It is interesting to note that the longitudinal modes are.

'simple”sine waves and the vertical modes are Bessel functions,

as igs seen from equation (29).

Dynamic Behavior of Bouguet Dam

A check of a different nature is.obtained by comparing
calculated natural frequencies and mode shapea of aﬁ,actual
dam with tﬁe behavior obtained by field measurements, The
purpose of this comparlison is to provide a knowlédge of the
effects that the many simplifying assumptlons have oﬁ the:
calculated behavior. With this knowledge future analytical
investigatlons can be effectively improved

A field investigation was conducted by W. O. Keightley(B)
to determine the dynamic characteristics of Bouquet Dam, near
Los Angeles, California. The major part of the dam, pictured
in Flgures 10 ahd'll, consiets of a compacted fill of sandy
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" clay., Bouquet Dam differs from the ldealized dam in several

respects: The fill is not homogeneous; the water content and
the overburden pressure both vary with depth, and hence; the
elastic properties and the density can be expected to vary:
with depth. A typical transverse cross section, Figure 10,
.contains several zopes.of graded material. Also, the cényon
walls are certainly not infinitely rigid as assumed in the

theofetical investigation. However, the idealized model

‘does posess'some.of the major features of the actusal dam;‘

The geometry, as seen in an elevétion view,.ié well represen-
ted by the grid, shown in Figu:e 11, Also, the anaiytical
investigation considers only deflectioris due to shear. It
is felt that this is in good agreemenﬁ with the type of
deflections obsérved on the dam,

A ghear wave'velobity répresentative of the entire fill
is very difficult to obtain; A shear wave veloclty of 1270
feet per second was measured through the thickness of Bouquet
Dam at a locatioﬁ about 28 feet below the level .of the cfest,
shoﬁn in Figure 10, A force impulse was applied onAthe down~
stream face of the dam, thus causing elastiq-waves_ﬁp.travél
through the dam, A geophone, sensitive-to motion in/ only one
direction, récorded a'signal of the impulse from a location in
a vertical weli about 132 feet from the point of the impulée:

By orienting the senéitive axis of the geophone in a horizon-
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tal direction meking an angle of 90° with the source, the
travel time for the shear wave was measured, and from this
measurement the shear wave velocity of 1270 feet per second
was calcuated,

To substantiate the measured shear wave velocity, geo=-
phones should be stationed_et intermediate distances,' This
would assure that the motion which was detected byltne geoF
phone was actually the shear wave following a straight peth
from the source and not a reflection of a wave from a plane
of discontinuity in the dam. Similar tests show a tendency
for the measured shear-wave velocity to increase slightly as
the magnitude of the-force impulse at the source increases,
thus placing another degreejof uncertainty on the measured
shear wave velocity,

Using the measured shear wave velocity of 127Q feet per

second and approximating the dam by a grid of 4 rows and 18

columns, shown in Figure 11, the natural frequencies and mode

shapes of the dam are calculated The first six computed'
frequencies,‘shown in Table 11, are consistantly higher than
the observed natural frequencies. The difference increases
from a factor of 11% for the Tfirst natural frequency to a
factor of 25% for the sixth natural frequency.

Due to the uncertainty of the measured shear wave vel-

ociﬁy, natural frequencles were also ‘computed using an

"




-Table II

Observed and Computed Natural Frequencies of Bouquet Dam.

Numbex Observed Computed Natural Frequencies

Finite-Element Model Shear-Wedge With

. Rectangular Boundaries

S=1270 fps. | S=1142 fps.|S=1270.fps, 8=1133 fps.
1" {2.23cpsl 2,48 2.23 2,50 | 2.23
2 |2.68 3.12 2.81 2.97 2,67
5 |3.13 3.71 3,30 3.62 3,14
5 3'87 1‘1'068 “'021 . 5.17 4.61
6 lu.10 | s5.12 L, 60 5.70 5.08
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adjusted shear wave velocity of 1142 feet per secohd.' This
ad justed value for the shear wave velocity was chosen to
cauge the éomputed.fundgmental frequency to agree exactly
with the‘observed fundamental frequency. Using the shear
wave velocity of 1142 feet per second, and the 4 by 18 grid,
the first six_cOmputed‘frequencies are compared with‘the
observed frequencies in Table.II; The computed frequencies
are again.consistently higher than the observed frequencies
by 0%, 4.9%, 6.7%, 4,1%, 8.8%, and 12.2% respectivély.
This indicates that certainly not all of the shortcomings
of the analytical method can be attributed to the'sﬁear

wave velocity.

It is of interest, at this point, to examine the natura; ,

frequencies obtained from the exact solution to the differen~
tial equatioh of motion for the ideallzed dam‘with-figid
vertical énds and a rigid flat bottom, as presented . in the
previous section; The rectanéular boundaries of the shear
wedge serve as a'brude approximation to the somewh%t,traﬁé-
zoidal boundaries of Bouquet Dam, shown in Figure 12. The
bottom boundary of the shear wedge is éssigned justxslightly
above the lowest point of the dem thus resulting in a 200
feet high truncated wedge (210 feet high to the apex of the
wedge ). The ends of the wedge are assigned, Withoﬁt'justf

ification, to cause the area of the wedge to be approximately
“the same as the area of Bougquet Dam as seen in the elevation
view of Figure 12, The vertical ends of the rectangular
wedge, located in this manner, result-in a wedge agproximately
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690 feet long.

Using the observed shear wave velocity of 1270 feet per'
- second, the first six natural frequencies of the rectangular
wedge are calculated from equation (30) and shown in Table II,
Surprisingly, the second and third natural frequencies show
better agreemenf with the observed frequencies thanvdo the
" second and third natural fréquencies which were computed ffom
the more refined finite-element model which fits the irregular
boundaries. However, this trend does not continue for the.'
higher natural frequencies. The fourth, fifth, and sixth
natural frequencies of the rectangular shear wedge héve
poorer agreement with the observed frequencies than do the"
corfésﬁonding natural frequencies compited from the.finite-
element model, |

The first six natural frequencies for the régtangular
shear wedge are again calculated from equation (BO)Tusing an
ad justed shear waﬁe veloclity of 1133 feet perAsecond. The
resulting natural frequencies are hlgher than thé observed
frequencies by 0%, =0.4%, +0.3%, 6.9%, 19.1%, and 23.9%, \
' The main reason for the divergence of the higher natural
frequencies of the rectangular wedge ffom the observed frequen-<
cies of the‘dam is probably'due to the crude geometric fit
of the somewhat trapezoidal dam by the'reétangular wedge.
' Certainly the two dissimilar geometrica would not be expected -

/
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' to result in the samenatural frequencies, The adverse effects
on the natural frequencies of the‘reotangular wedge which are
caused by the poor geometric fit appear to compensate almosgt
"exactly the adverse effects which are caueed by all other
sources of error in the ldeallized model for the first three
natural frequencies, thus resulting in surprisingly good
agreement between the first three computed natural frequencies
and the first three observed frequencies, The other sources
of error in the idealized model which are referred_to in the
previous sentence are common with the finite~element model of
. Figure 11 and are discussed later in this section,

" The pnxndure of choosing a shear wave velocitynwhich
causes the computed fundamental frequency to exactiy agree
with the'observed fundamental frequency results in nearly the
same wave velocity for the two different ideslized models.
This fact suggests an interesting and praoticable_method for
measuring the shear wave.veiooity of an earth‘dam.- ﬁather
than attempting to measure the shear wave velooitysdirectly,
perhaps the fundamental frequency could be measured more
accurately and with less effort. A good estimation of the.
shear wave velooity could then be determined from an‘analy-
tical method such as the one-desoribed here. It appears that
even the reotangular wed.ge approximation of the danm could

result in a good estimation of the shear wave velooity in this

I
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manner, '
The computed mode shapes of the finite-element model are
cémpared with the observed mode shapes of the. dam in Figure
13. The computed mode shapes are normalized to cause the
maximum computed deflection to agree with the maiimum observed
deflection for each mode. The figure shows measured deflec-
tion at three levels on the downstream face of the dam,
Line C is located about four tenths of the distance from the
base to the crest, and line B 1s located about seven tenths
of the distance from the base to the crest.
The computed shape of the crest shows surprisingly good
agreement with the observed shape for the fifst mode., The
second, third, and fourth computed modes exhibit the same
géneral patterns asg the observed modeé with the fourth modem
having the poorest agreement. Not all of the iack of agree=~
ment is attributed to the d'eficiencies of the analytical
work., The observed mode shapes may contain errors as the
result of @ifficulties whiqh are encoﬁntered in attempging
to measure pure mode shapes experiméntally. Also worth
noting are the small deflections which were observed near
the ends of the crest due to the elastic compliance of the
canyon walls, Assﬁming'that the observed deflections are
reliable for these extremeiy small measurements, the largest

displacement of the abutments at the level of the crest is
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about 74% of the maximum displacement‘of the crest}for‘the 
fourth mode. | |

Looking at the cross-=section of fhe'dam, also shown in
Figuré 13, the 6bserved shape shows poor agreement ﬁith the
computed shapé. Much smaller deflectlions were obgerved in
the 1ower'regions of the dam than were calculated., ?he
appearance of the-observeq vertical mode shapes migh? lead one
to believe tQat bending deflections play a majof rolé in fhe“
vibrational behavior of the.dam. Certalnly bending deflections
have some-effgot on the behavlor of a“dam,_but, as!@iscussed
earlier in Chaﬁter_II, it is félt that thé bending deflections
are very small compared to the shear deflections;

The mosf probable Teason fo; the large errors in the
caleulated deflections at the lower‘regions of the dam'stems '
from an assumption which wasg made‘to simplify the analytical
érocedure. It Was_assumed that there 1s no reiative;movement
of points through the thickness of the dam, .This aséumption .
allowed'the mass through the thickness to be collapsed into |
' concentrated elements of mass,thﬁs‘forming fhe gridnof Fiéure-
| xl. The calculated deflections actually represent fﬁe aver-
age deflectibns, of.the entire cross-section. The observed
deflections, on the other hand, were measured on the down-
stream face of the dam._ The quesﬁion then arises; Should

the two deflections, which are of a slightly different nafure,

Ll el di L H
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be expecfed to ag?ee?

According to Chopra and Cloﬁgh in their recent report on
| "Earthquake Resbonse of Homogeneous Eéfth Dams",(9) consider-
éblé differences in the deflections Qf the centefline of the
crosgs~section and ﬁhe face of the dam should be exbected, at
- least for the fundamental mode. The vibrations in Fhe plane
of the cross-section of an infinitely long dam Witﬁpsidé
slopes 3:1 (same as Bougquet Dam) have been compﬁtgd. The
results indicate that the centerline may have horizontal
deflections which are more than twice as great as the deflec~-
tions of the two faces of the dam for the fundemental mode.,
This information appears to explaln the excesslvely large
computed deflectioﬁs in the lower reglons of thé dam.

Many simplifying assumptions were made to redﬁce the
complicéted fhree-dimensional eafth dam to an idealized twom
dimensional lﬁmped-ﬁass systemn, Soﬁé of fhe major{ieasoné
that the behavior of the idealized mathematical modéi does
not exactly agree with the behavior of an actual dam are as
follows: |

1. Reliable soil characteristics of the dam aré'not

readily availablé., The effect of the shear wave

veiocity on the nafural frequencies is seen in Table II.

2, The dam is not actually homogeneous as assumed in

the‘analytical investigation. A method which;

A

arl treat




63—

variations in soil characteristics throughout the dam

i1s described later in the chapter titled "Recommendations

for Future Work".

3. All bending deflections have been ignored in the
idealized model, As discussed earlier in Chapter II,
(3) '

Motohiro Hatanaka estimates the fundamental freq-
uendéy will be too:large by.about 2.2% due . to neglecting
bending deflections, An investigation which 1s being
conducted to include the effects of bending as well as
shear is discussed in the- chapter titled "Recommehd- |

L ations for Future Work",

L, The observed mode shapes show sizeable deflections

of the canyon walls which were assumed to be rigid in the

idealized model, Preliminary work, not ineluded in thig

paper, indicates that the natural frequencies should
reduce by no more than about 3% if the elastic compl-
jance of the boundaries is included in the'study.

5. The stresses introduced by the sinusoidal force

applied to Bouquet Dam were very small and therefore

(8)-

‘well within the linear range : However .damping
does exist which could cause the observed behavior to
differ slightly from the undamped computed behavior°

3
The effeots that damping have on the mode shapes are
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difficult fo define. Modai danping ié, ofAcQurse,
assumed to repfeéent sultably the effects  of damping.
on the actual strﬁctﬁre as discussed earlier in Chapter

ITI.

6. 'Prbbébly mosf imﬁortant of all, the Qibrating physéc
ical dam ig actually a ﬁhree-dimensional phenomenon, -’
Each poiht in a vibrating-dam will, in geﬁeral, have
‘three components of motion, and‘the motlon of each comp=
onent 1s dependent on the motion of the other two comp-
onenﬁs as a result of Poisson's effect, Thus, ‘the ideal-
iééditWOﬁdimenéionalxébproachtéxplainedfin this paper

can never be expected to predict Ehe total behavior of

an earth dam during an earthquake, ﬁoyéver, some of

the major feabures of the vibrational 5eﬁavior of an
actual dam can be predicted, and perhaps the method will
be capable of prédictihg response which is quite rep-
resentative of the actual behavior of an earth dam. 1f the
method is further'refined.as_discussed in éhe section

titled "Refinements of the Model",




Chapter \
SUMMARY AND CONCLUSIONS

Summary

An analytical method for calculating some of the major |
features of the vibrational behavior of an earth dam.is pre=~
sented, The dam 1is coﬁsidered to consist of a homogeneous
. £ill situated in a rigid canyon with an erbitrary cross
section. Vibratipns'are restricted to motlion in the direction
transverse to the longitudinal axis, with no reletive motion
through the thickness of the dem.

A numerical solution for the idealized: dam is presented
The continuous system is replaced by a finite-element’system_,
whichtis composed of a grid of point masses interconnected by
shear-resistant springs. The natural frequencies and mode
shapes of this tWo-dimensional gsystem are coﬁputed by an
iterative technique which is an extension of the Holzer
Method for one-dimensional vibrating systems. ' ]

Natural frequencies and mode shapes are calculated for
a dam located in a rigid canyon With a rectangularzgross-.
sectionr The frequencles and mode shapes thuS'obteined are
compared with natural freeuencies and mode shapes determined
from the exact solution to Ehe differential equation of motion,
The fundamental frequency calculated by fhe two-dimeﬁsional
Holzer Method is 1.46% velow the exact fundamental frequency,
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when a coarse grid of 4 rows and 5 columns is used, but it is
only 0.33% below the exact fundamental frequency, when a

finer grid of -10 rows and 10 columns is used. Larger differ-

ences between the numerical and the exact natural fregquencies:

are observed for higher modes of vibration. The twentlieth
natural freguency is 26.7% below the exact value when the
grid-consists of 4 rows and 5 columns. This errorxr 1n'the
twentieth natural frequency is redueed to 5.7% wnen the finer
grid with 10 rows and 10 columns 1is used.. | ‘

The mode shapes of the finiteselement mode1~show good
agreement with the mode shapes of the continuous model which
are expressed in terms of trigonometric and Begsel functions.
The maximum error in the first,two horizontal modes and the
first two verfical modes is less than 1% of the largest de=-
flection in the mode when the grid with 10. rows and 10
columns is used,

Calculated: natnrai frequencies and mode shapes for
Bouquet Dam are compared with thetnatural frequencies and
mode shapes observed in a field investigation. 'The‘lowesﬁ
six computed natural frequencies, using the,unsubstentiated,
shear wave velocity measured on the dam of 1270 feet per
second, are consistantly higher Lhan the observed natural
frequencies, The difference increases from a factor of 11@
for the first natural frequency to a-factor: of 257 for the -

sixth natural frequency.
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The compﬁted mode shapes, which are meant to b§ rep-
resentative of the entire cross=section, are compared with
the observed mode shapes which were measured on the dovmstream
face of the dam, The computed deflections of the crest show
the same general shape as the observed deflections with sur-
prisingly good,agreemént for the first mode. The computed
' deflections ére more thHan twice as large as_the'observed
deflections in the lower regions of the dam., This discrep-
ency s attributed to the strains through the thickness of
the dam which were lgnored in the snalytical investigation. )
Recent work by Chopra and Clough(Q) indicates that the defl-
ections of the verticai axis of the cross~section are much -
larger than the défleﬁtions of'the‘two facés of - the dam for

" the lower‘regiohs of Ehe dam, This behavior causes the'

computed deflectlions (representatiﬁe of the integrated aver-

age of all the deflections through the thickness) to be'large;.-

than the observed deflections which were measured on the down=-
stream face of the dam,

A method for determining the shear wave veloclity of an
earth dam is proposed. The fundémental frequency of the daml
is experimentélly measured; An analytiéal iﬂvestigétion'then
locates the shear wave ?elocity'which causes the coﬁpﬁted
fundamental frequenc&,to exadtly agree with ‘the observed

fundamental frequency,ﬁthuSH6btaining¥a.good estimation of
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the effective shear wave velocity, representative of the
entire dam, The accuracy of the shear wave veloclity deter-
mined in this manner Wouid then depend on the‘sophiétioation
of the analytical method. Although the analytical method
described in this paper can not fully explain the behavior
of a vibrating earth dam,the methbd is sufficiéﬁtly reliabie

to obtain a good estimation of the shear wave velocity;' The -3 .

_knéwledge of thils shear wave velocity then allows for the
determination of the hlgher natural frequencles and modes
of vibration. '

A method is also presented for calculating linear response
of the 1Qealized dam sﬁbjectéd to an arbltrary boundary dist-
urbance. The method 1s general enough to inélude tﬁe effects
of a traveliﬁg wave which éauses nonrigid boundary motion.
Solutions to-saﬁple problems have been obtained using this
" method, but they have not been substantiated by an 1hdepend-
ept mefhod, and‘for this reason they are not presented in
this paper. A method for verifying the solutions is suggested

in Appendix C,

. Conclusions

The exact behavior of an earth dam cannot be computed
from a two-dimensional model, Approximating the dam by a
two-dimensional model is not an attempt to_avoid,facing up

to this fact,tbﬁb rather the two-dimensional approximation
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serves as a étepping gtone to the very difficult thrée-dimen-
sional problemn, Two-dimehsional techniques can also'offer a
reasonably good understanding‘of the vibrational behavior of
an earth dam for the purpose of improving_designs as well as
guérding against possible catastrophic faillures.

If a two~-dimensional approximation of the dam is to be:
used for the purpose of simplifying the enalytical method, the
question then arises: Which two-dimensional model can more .
closely represent the behavior of an actual dam? The model
used for this investigation, which lgnores vibrations through
the thicknesé of the dam, 1ls certainly one candidate for the ..
job. _
' Another feasible two-~-dimensional model is obtained by
considering.an ;nfinitely iong dam., The vibrations in the
plane of the crOSSeéection, in both the horizontal and the
vertical directlons, can then fe determined from this ideal-‘f
ized model, The one outstanding advantage of this.approach
is the direct relationshlp between the stresses,in:thé plane
of the cross~section ahd.oné very plausible mechanism-fpf |
fallure., If a‘slqughing of the earth on one of the faces of
the dam is congidered a likely cause for failure of the dam, -
the knowledge of the stresses in fhélblane of the cress-section
.wili certainly offer considerable insight of the failure of |
the dam. - | . |
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The method of representing a dam by an infinitely long
model appears to be representative of the behavior of an
actual dam for the first mode of vibration, but the method
daoes not.offer reasonable values for the higher natural fre-
quencies and mode shapes. This fact can be verified by sub-
stituting an infinite wvalue for L into the equations (29)‘and
(30) as discussed earlier, For exemple, if the length of the
truncated Wedge approximation of Bouquet Dam, shown in Filgure

12, is extended to infinity, the.first six natural frequenciles

are above the observed frequencies by bos5%, 101.%, 175.%, 224.%

283.%, and 339.% respectively. Also the higher modes computed
from an infinitel& long model do not resemble the shapes of
the observed modes. _ | |

The two-dimehsional model deseribed in the paper, on the
other hand, results in natural frequencies and mode shapes. : L
which show good agreement with the observed behavior°
However, the computed shear stresses on planes perpendicular
to the longitudinal axis of the dam do not appear to be
‘directly related to a likely mechanism for failure.

Perhaps the knowledge of the transverse accelerations of
the:dam, obtained from the two-dimensional-model described in
this paper, can be related to the mechanism for failure in .
which a mass of earth“sloughs off from the upstream.or down-

stream face of the dam in a future investigation. At any
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rate, an importanﬁ step toward understanding the behavior of
a vibrating earth dam is being,takeﬁ.- This step 1s completed
when an.analytical method 1is developed that can predict the-
behavior of an actual dam at 19% leveis of stress with good
reliability. The next step will then be to predict the

‘behavior of a dam at levels of stress approaching failure,




Chapter VI
RECOMMENDATIONS FOR FUTURE WORK

Refinements of the Model

In addition to the need for 1nveétigafing other méfhods
for calculating the dynamic behavior of structures, there is
" a need for further devélqpment of the finite~element approach,
used in this paper. An ‘idealized model is established to
represent the actual dam in as.many ways as posslble without
complicating the analytlcal method for calculating the behavior
of the model beyond the limlt of feasibility. Many simplifi-
cations were made to arrive at:the two-dimensional model used
in this report, Future work can predict behavior which wiil
more hearly repregent the behavior of an actual dam if a more
refined model is used. A few suggested refinements of the ;'

model are cited belows

1, Due to-insufficient knowledge of the actual soll
characteristics, the dam has bgen treated as a homo=-
geneous f£1ll, If the actual soil cheracteristics sre |
knaﬁn at each point of the dam, the two-dimensional
representation can allow for variations'pf theﬁsoil
characteristics in the plane of the grid. This refine-
ment Wi}lip;pve particularly beneficial for véryiné soll

characteristics in the vertical direction to account for

| 1 ]
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" variations in the water content of the soil and in the

overburden pressure with depth. It should be noted,;:
howevéf, that the soil characteristics assligned to each
point in the grid is actuglly’an”integrated average of
the characteristics through the thickness of the dam; ,

2. The finife—eleﬁént approximation of the dam 1is suf=-
ficlently general to allow for an 1rregularly.§haped end
abutments as well as a non-symmetric cross-section. The
finite-element model can be further refined to allow for
a non-linear taper of the faces of the dam., This refine-
ment will prove beneficial for fepresenting éh,earth dam
with a Qariable taper, as is often the case, TFilgure ié
shows that the'faée of Bouquet Dam actually chénges slope
near the bottom of the dam, although this dam was Tep-
resented In the analytical in&estigation by a model with

a linear taper over the entire helight,

3. Bending deflections are considered small in compar-
ison to the shear déflectioﬁs for anéarth dam with é

large ratio of base thickpess to height. A bétter rep-

_ reésentation of a dem, partioularly a dam with steep side
slopes, can be'achiéved.by analyzing a‘mddelnwhich includes
the effects of bending. In other words the dam is rep-

resented by a thick plate with a variable thickness. A
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model for a thin plate 1& described in a‘recent paper;b&
A, L, Yettram and H. M. Husain(lo?.. Mr J. K. Khanna, a
graduate student in Civil Engineering at.ﬂontana State
University, 1s presently éngaged in an invéstigétioﬁ.
which utilizes this model to include the effects of

behding as well as'shear in the analysls of an eartﬁ dam,

-, Additional knowledge about the vibrational behavior
'pf a dam can be gained from an anal&tiéal.study which
includes vibrations in the plane of the two-dimensional
grid. This more refined model would also'permit the
'analjsis of a dam which has a bend in the longitﬁdinal
exis. C. W. McCormick(11l) has described a model, con-
sisting éf a rectangular grid of.point‘masseg inters .
connectéd by straight elastic members which is papable'
-of fepresenting‘both diiatational and sheér distortions
‘in the plane of the grid. Another model for calculaping.
vibrations in the plane of the érid has been préséntéd.
by R. W, Clough(lz). |

Analyzing a dam with a Eend in the  crest would_bomplicate
the anaiytical method considgrably; At each point ﬁhére
the longltudinal axis bénds, the motion whicﬁtis trans=
verse’ to the plane of the grid om Qhe side of the bend .
has §ompon¢nfs in'both the transverse directiéﬁ“and the

longitudinal direction onthe other side of the bend,




~ Hence, in-plane vibrations must be studied as a pre-~
liminary step to analyzing a dam with a bend in the '

longitudinal axis.

5. Due to the complex nature of the compiiance of fhe
foundation under a structure, the foundation is generally
considered té be infiﬁitely rigid or else thé foundatlion
is assumed to consist of a system of elastic springs.

An approximation to the compliance of thg abutments:-of
theAdam can be gccomplished by placing a spriné at each
pointfoﬁ'the_boundary of Figure 2 where a shear spring
of the finite-element model attaches to the rigid bound-
ary. Preliminary work to appfoximate the. foundation-,
,comp;iance in Just this manner indicates that the tWOg;
dimensional Holzer Meﬁhod, used to palculate the naﬁural
. frequencies and- the mode shapes of the grid, is only.:
slightly more compiicatéd with elastic boundaries than
with rigid boun@gries.- The major_diffiqulty'encountered
is in determining the proper spring constant tq assign

to each spring along the boundary,

6., The physical dam diésipates energy internally as a
function of strain, and it radiates .energy externally. -
as a function of the amplitude of. the. boundary motion..

For low levels of strain, the structure is well repre-
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gented by a mass-spring grid with wviscous ddshpots
connected from eaéh mass point to a rigid suppﬁrt and
from each mass point to every other mass point. Even
1T a method for determining the dasglipob coefficilents
which would bést represent the dam could be found,
calculating the dynamic behavior of the gfid would be
rather difficult. If the damping results in motion
at a natural frequency in which all the points are
moving in phase, the configuration of damping is
referred to as modal damping; The use 6f a configur-
ation ofldamping other than the modal dampingfwhich is
used in this 1nvestigationlwill complicate the analysis

considerably.

At higher levelé of strain, the viscous dashpot method
of rgpresenting the internal energy dissipatioh cannot
be,justified. Excessive strain causes sliding Betwgén
indi&idual soil paiﬁicles, thus introducing an energy.
dissipation known as Coulomb or hysterétic'damping..
When this occurs the system ls-no longer 1ineé£; aﬁd
the ‘method of calculating respénse by superim?ésing
modes is no 1onger.valid; Each spring constaﬁt of the
mass-spring grid now depends on the state of stfess

and strain-end on the past history of strain,
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A general method for computing this nonlinear resgponse
is discussed earlier in Chapter II. The solution
proceeds by numerically integrating the equations of
motion for each poinf mags over small intervals of
.tine. Al%hough the method is applicable at high levels
of stress where fallure 1s imminent, computing problems
may arise for motion which contiﬂues for just a few
seconds as the result of the large number of calculations
which are required and the cumulative nature Qf the -
errors., Perhaps the problem of stability can be remedied
by computing response b& means of a less rigorous linear
method until nonlinesrities just start to ocetr, and
then the more general method which is applicable for
high levels of stress can be used to continue ﬁhe
solution into the nonlinear response where stresses are
critical, Computing response at‘high levels of stress
will require a major refision in the technliques used

in this investigation.
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APPENDIX A

Differential Eguation of Motion for a Shear Dam

The element of earth through the thickness of the dam,
.shown in Figure 14, is considered. Ignoring relative defle-
tions through the thickness of the dam, the differential
equation of motion is 6btained by summing the forces on the

element:

de dy Z az.U = 8Vv dx + avh dy- .Eenroicrauo'e'oe;o 31

éata Eax ' éay

where z is the thickness of the dam, P is the mass density, U
is. the transverse.deklectioﬁ of the element, V, is the total
force on the vertical face of the element, and vy, is the totai
‘force on the horizéntal face of the-element.. The forces on

the element are rélated to strain by Hooke's law as follows: .

v’ A --%%E z &y G E;z

du .. .. .0u.
3y T 5y

Substituting these values for V. and V, into equation (31)

i

1

a6 =4

ll

. gilves the general equation of motion-in terms of disgplace=-

G [0 e Q] ep B o

_é; ax ay ay ot®
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Figure 14: Infinitesimal Element of Soil Extending
Through the Dam,
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If the dam has a linear taper, z can be replabed by ¢y where
¢ is a constant, and if the dam is homogeneous, G can be
taken.outside the partial derivative Opé?atof.aﬁd‘the equation

of motion becomes:

'5[a=’u , O% +_317§_q:| _ 2% 33
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APPENDIX B

Orthogonallty of the Modes of Vibration of a Sheaxr Dam

If the tré.nsverse deflection U(x,y,t) is of the form:
U(x,y,t) = F(x,y) T(t)
- = F(x,y) Sin (wWt-&) ,

then equation (32) of Appendix A can be written:
—@—[Z.G —8—2 ] + —@-— [z G%—-—F-] = -zpwzF o
v

If W = Wy the nth natural frequency, then F(x,y) becomes the
‘n®h mode shape d, 1.e. )

SRR

gimilarly,

ARl AR

.Equation (34) is multiplied through by @m(iY and integrated

over the volume, similarly equation (35) is multiplied through

by @n_d_\_f ahnd integrated over the volume, The resulting inte-
p- . . _ ,

gral equatlons are then subtracted giiving:

G é?] - - prg én | s o‘o-o " aa3’+ ’-

]= -zpw;l $p ¢ ene ) 35




. ' o=
+ q)m a aq)n' a 6q’n
‘ - - |2z G + o——| Z —_— | 24V +
Ox Ox Oy y L
Vol, . -
NSRS Ga@m}@_[”@_ﬁ]} w -
z ax L ax ay ay‘ oL
Vol, °
+f(w; "'(.()arl) P@n @m dv ‘e c.aoo'acaoooooooo 36
Vol. | -
The left side is expanded by substituting dV = z dx dy and
integrating by parts'on X and y as appropriate, i.e.:
3
i?m a@n dy - - G a m@_%& dx dy
. < x ‘
evaluated _ ,
‘over X Vol,
dx - 8@ 8% dx dy
evaluated o a'y .ay
over y Vol.
&n 6@ | NE
jf dy + fz G ...-__a b Oy dx dy
evaluated ax /X
over X Vol,




LI L

Bl

-l z G @n aijm dx + . z G X2n a@ a@m ax dy
éay ) é5y
X evaluated :
' : over y Vol,

This expanded form is simplified by noting that the second
term and the sixth term cancel, also the fourth term and the
eighth term cancel, . The first and fifth terms vanish since
&, and &, are zero all éloﬁg the limits on x, 1.6, theﬁder
flections at the end abutments is zero, The third and -
seventh_terms vanish at the upper limit on y, because @ﬁ Tl:
and §, are both zero all along the bottom boundary of the;
dam, The lower limit on y also vanishes in the third and

seventh terms, because the shearing strain, EB@ , i1g zero

Oy

éil along the crest, Thus, the entire left side of equation
(36) vanishes, giving the desired form:

. .3 2 ' . : "
(wm -wn) fp@m @n dv- Oq o .

Vol, , ‘
for m # n, then w; # W2 and

fp@ i, av =

.Yol,
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APPENDIX C

Proposed Verification of Mode Superpoéition Calculat%ons

The calculations for general response, using the method
of superimposing mode shapes, need verification by an independ-
ent method, An independeﬁt method is proposed for the special
case of caiculating steady-state response resulting from
sinusoidal boundary motion. The same mass-spring model, shown
in Figure 2,'With 1rregulér_boundaries. 1s used for both .
methods.. The more genefal superpééition method is to be
checked by comparing the response of a particular'dam to a
sinusoidal boundary'disturbance, calculated by the super-
position method, with the response calqulated by the steady=-
state method,

The steady-state method for caelcéulating responée does
not makezuse of natural frequencies and mode shapésf When
“the ‘boundaries of:Fiéure'Z:experience steady-state sinus-
oidal motion at the frequency (J, each of the internal mass
poinfé is aléblvibrating at the frequency . When the points
albﬁg the bpundaries.have sinusoidal motion but are not
ﬁoviné,iniphasé'with each other, each internal mass éoint is
stiil_vibratiné at'ﬁhe frequépcy W, but in general it will
not be moving in'bhgse with its neighboring pointé., Thus,

the motion of the particulaf mass point (1,3) is givén by

Up,3(6) = &y 5 Sin (WE-dy j)
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where Ai,j is the amplitude of displacement of the point
(i,j), and the phase angle @i,j is the angle by which point
(1,3) lags some reference point,’say the extreme 1éft of the
crest. The phase angle & 1is introduced'to allow for'nonrigid
boundary motion in which points along the boundaries are not '
moving in phase, and it should not be nmisinterpreted as an
indication of damping, ' The accelerations of each mass-point

can then be expressed:
U(t) = =wP U(t)

regardless of. the phase angle (.,

The left and bottom boundary points of Figure 4(a) are
assigned the deflected shape assumed by the boundarles at a
designated time to. The right boundary is temporarily free.

A zero shear foroe is assigned toleach of the horizontal shear
strings on the extreme 1eft-of the grid; and the right bounde:
‘ary deflecfions,‘{Upi?}, are calculated by the step-by=-step
‘ procedure previously'doscribed% The right boundary displace=
ments {U( )} ’ of Pigure 4(a) have been expressed previously
as a 1inear oombination of left boundary shears in equation
(7) with the left and bottom boundary points assigned Zero
displaoement ' The right boundary displacements {ﬁ(l)} ue

Y
] ¢

¥ Although the Holzer Method has customarily been applied to
- gystems in which all points are vibrating in phase,icareful
study of" the equations show that they are applicable also to
systems in" which all points are vibrating at one frequency,
but not necessarily in phase,
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to left and bottom boundary displacements, when added to the
right boundary displacements {U(2)§, due to thé left boundery
shears, must give the actual displacements {U(a)} assﬁmed by
the right boundary points at the designated time to, thus:

| {U(l)} £ {U(z)}‘= {U(a)}°
But {U(?)-} = [c] {v} '

from equation 7, so the preceding equatlon can be written:

{v} [C].;'{U(a)} -{U(l)} . }3:?

The left boundary shears {V are calculated from equation
(37) since both {U(a)} and {U1)] are xnown. The total in-
ternal shear forces andldeflections are then calculated by
the step—by;step procedure of working across fhe grid from
left to right. ' | o
| A brief time later the boundaries assume a slightly
different distorted shape from which a new set of internal
shear forcés and deflections are calculated,‘ Résponse,
calculated in this manner at many differént time intervals
over one cycle of bdundary motion, givés a complete picﬁure
of the displacement response of the deam, . ///”_

The disblacement responsé'of the same grid éxper;;;zzﬁg
the same sinusoidal disturbance is then calculated by supex-

imposing mode sﬁapes. Even though the boundary distuitigg
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is sinusoidal, the solution obtailned by this methoq has a
transient component, The dam is initially at rest, and several
.cycles of boundary motion are required for the mokion of the
dam to reach & steady-state condition, depending on the
amount of modal damping that is essumed;' If no model damping
1s included, the respbnse never reduces to a steady-state con-
dition., On the other hand, if considerable modal damping is
assumed, the calculated response would necessarily show poor
agreement With the undamped response calculated by the steady=~
state method, particularly at frequencles near a natural fre-
quency for the'system.

The introduction of modal damping to reduce the transient
respoﬁse'to steady-state response.can offer only a qualitative
comparison of the two metheds, which may not be wvery conclu-
sive. A'conclusive quantitative comparison can be accom-
plished, however, by altering the superposition method
slightly. The proper initial conditions, as determined by
the steady-state solution, are assigned to each mass-point,
and the response due to‘the'sinusoidal boundary motion is'
then calculated by the superposition method, with no modal
.damping. If the total response of the dam, resulting from
the initial conditions and the boundary motion, agrees with
the response determined by the steady-state methbd,.a quan=

titative check hes been accomplished,.
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