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Abstract:
A method is presented for calculating the natural frequencies of vibration and the corresponding mode
shapes of an earth dam. The dam is treated as an elastic two-dimensional shear-wedge having arbitrary
boundaries which are fashioned to simulate the irregular foundation and abutments of a dam. A method
is also presented for calculating the general response of an earth dam to arbitrary motion of the
boundaries by superimposing the response of each mode.

The natural frequencies and mode shapes of a full scale dam are calculated and compared with the
natural frequencies and mode shapes obtained from vibration tests on the dam. The first six computed
natural frequencies are consistently higher than the observed frequencies by amounts varying from
11% to 25%. The general shape of the first four computed modes shows good agreement with the
observed modes along the crest of the dam but poor agreement in the lower regions of the dam. The
computed deflections are much larger than the measured deflections in the lower regions. This
discrepancy is attributed to the presence of strains through the thickness of the dam which were ignored
in the analytical investigation. 
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ABSTRACT

A method is presented for calculating the natural 
frequencies of vibration and the corresponding mode shapes 
of an earth dam. The dam is treated as an elastic two- dimensional shear-wedge having arbitrary 'boundaries which 
are fashioned.to simulate the irregular foundation and 
abutment's of a dam. A method is also presented for calcu­
lating the general response of an earth dam to arbitrary 
motion of the boundaries by superimposing the response of 
each mode.

The natural frequencies and mode shapes of a full 
scale dam are calculated and compared with the natural 
frequencies and mode shapes obtained from vibration tests 
on the dam. The first six computed natural frequencies . 
are consistently higher than the observed frequencies by 
amounts varying from to 25$. The general shape of 
the first four computed modes shows good agreement with 
the observed modes along the crest of the dam but poor 
agreement in the lower regions of the dam. The computed 
deflections are much larger than the measured deflections 
in the lower regions. This discrepancy is attributed to 
the presence of strains through the thickness of the dam 
which were Ignored in the analytical investigation.



Chapter I 
INTRODUCTION

Earth dams are a common feature In today's industrialized 
society. The extensive services rendered are often irreplace­
able , and the potential destructuve power of a catastrophic 
failure can be enormous. Like many: otheir structures, dams 
are susceptible to failures which are caused by the shaking 
motion of the underlying foundations resulting from an earth­
quake or a large explosion. The need for understanding the 
behavior of dams for the purpose of economically designing 
safe, functional dams is apparent. '

Each year better relationships between seismic motion and 
the resulting behavior of a dam are being established. The 
growing body of knowledge about the phenomenon governing the 
behavior of dams is made up of contributions by many research 
engineers. Results of both experimental and analytical invest" 
tlgations contribute to this growing body of knowledge. The 
purpose of this investigation is to present an analytical . 
method for calculating some of the major features of the 
vibrational behavior of an earth dam.



Chapter II
MATHEMATICAL REPRESENTATION OF AN EARTH DAM 

Methods of Approach1
A method which is applicable in one way or another to 

nearly all engineering problems is the empirical method. This 
method attempts to predict an event on the basis of the 
observed behavior of similar events. The empirical method 
■was used for the design of earth dams long before other more 
rational methods were available, An example of the method 
used in its crudest form migh be as follows. If a particular 
dam fails, then certainly a stronger design should be used on 
all similar dams. The empirical method in a more sophisticated 
form can be used to predict structural damage provided suffi** 
cient data of similar events are available and the effects of 
each governing parameter are well understood. The lack of 
experimental data plus the unique problems associated with 
each dam limits the use of this method considerably as a design 
tool.

As a first approximation to the stresses in the dam 
caused by ground motion, the dam and its foundation might be 
considered to be completely rigid. The acceleration at each 
point in the dam would then be the same as that of the found­
ation, and the force transmitted from the foundation to the 
dam would be the product of the mass of the dam and acceler­
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ation of the foundation. The shear force at any height in 
the dam would be the product of the mass above the level of 
the force and the acceleration of the foundation, and the 
shear stress at any height could then be calculated from the 
shear force at that height. This approximation is not very- 
representative of the actual behavior of a dam because neither 
completely rigid dams nor completely rigid foundations exist 
in reality, and the accelerations in an actual dam depend not 
only bn the. ground motion but also on the vibrational prop­
erties of the dam and its foundation.

A more rational approach to the problem is to consider 
that a dam responds to ground motion as a deformable body.
■The application of Newton’s-second law of motion to an 
infinitesimal element of the dam, shown in Figure I, results 
in three general equations of motion;

Scrxx + dojyx + d%x ... p d >
dx, dy : dx F d ta

SjIxy + dTyy + ^jIzy =. pS!v
dx dy ' Sz 1 d ta
Scrxz + d£>z + d£zz ., p d jf
dx Sy Sz : d ta



Figure Is Infinitesimal Element of Material.
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where the CT terms represent the stresses on the element of 
Figure 'I, p  Is the mass density, and U , V, and W, are the 
displacements in the x, y , and z, direction respectively. 
The nine components of stress are reduced to six components 
by substituting:

as required for equilibrium of the element. The remaining 
six components of stress.are related to strain by Hooke * s 
law:

CTxy “ 0"yx 
CTxz = CTzx
CTyz = CTzy

d x

9 y  3 x  G
I CTxy 
G

du + dji = I  a Xz 
3  z 3 %  G

I1 crXZ 
G

0 e e o D » e e e » e e o o e e 6 e » » o o e - .
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where E is the modulus of elasticity, G is the modulus of 
rigidity, and V  is Poisson's ratio which relates E and G 
as follows:

E = 2 (1+y) G •

The relationship between stress and strain, as expressed 
in equation (2), does not allow for dependency of E and G 
on the direction of orientation; therefore, at this point 
the assumption is made that the earth in a dam is isotropic.

Solving for stress in terms of strain and substituting 
into equation (I) gives a general form for the equation of 
motion in terms of displacements

In-[Xe+ i/x.e + 2 G j +dv
d r

d_
dz

d_rG/a y +dwT| +d _ r0/ d v +d w n  +d,rXe+ 2G&-, <Al A*Xl a„L VA„ A„/J a! QiJ ",dxL vdz 3xyj dyL  ̂dz . 3y
I:

where the volume expansion, or dilatation.

0  ta

,d!s
dt=

dv + dw
S y  3 «  ’

and Lame’s constant
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\ _ J£E _ 2 VG ■
A (1+ I/) (1-2 Z/) ~ (1-2 Z/)

The equations of motion, given by equation (3)» along 
with the appropriate boundary•conditions describe the behavior 
of an isotropic dam in terms of displacement. Once the dis­
placements are known, stresses are then determined by Hooke * s 
law. In the general case of a non-homogeneous dam experienc­
ing foundation motion due to an earthquake, E and G vary with 
position within the d^m, and at any point they may also vary 
with the level of stress and the number of stress reversals. 
Due to the complicated nature of equation (3) and due to the 
irregular boundaries of a dam, the possibility of expressing 
the behavior in closed form is indeed very remote. In order 
to arrive at a feasible problem, many factors which complicate _ 
the behavior of a vibrating dam are assumed to have only a 
small effect on the total behavior and are therefore ignored. 
Numerical methods tend to have an advantage over exact methods 
for calculating behavior which includes the effects of the 
finer details of an actual dam.

A. numerical method for solving the general equations of 
motion might proceed as follows. The differential equations 
of motion are replaced by a set of finite difference equations; 
that is, the parameters or equations (I) and (2) are approx­
imated by a set of values defined at discrete points In the
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materlal, At some time t, the deflected shape of the dam and 
the soil characteristics are known, and the distribution of 
stresses is obtained from Hooke’s law* The three components 
of acceleration are then calculated from equation (I). These 
accelerations, acting for a small time step At, result in the 
incremental displacements Au, Av, and A W which are calcul­
ated by any of the. various numerical integration techniques.
The deflected shape of the dam is then calculated at time t + 
A t  by superimposing Au, Av, and A W on the deflected shape 
associated with time t. This stepping procedure is then re­
peated many hundreds or even many thousands of times to obtain 
the dynamic behavior of an earth dam.

The advantages in a method of this type lie: in its 
ability to calculate response at high levels of stress, even 
for stresses approaching failure. The modulus of elasticity, 
the modulus of rigidity, and the mass density can vary with 
position, stress, and time, although the density will prob­
ably vary only according to position in the structure. To 
obtain a good approximation of the dam, the zone size (the 
distance between the discrete points at which the parameters 
are defined) must be quite small, but for reasons of stability, 
the time step At must be less than the zone size divided by 
the speed of a traveling wave in the mectia^)*. This.restric­

tive superscripted numbers in brackets refer to references on page .



tion on the time interval may limit the.use of this method for 
calculating response due to a long-duration earthquake to the 
extent that more approximate methods:will be preferred.

Also, the method does not provide as much physical insight 
into the problem as would be desirable. It appears that this ■ 
solution would offer little assistance in answering relevant 
questions such as: How is the compliance or stiffness of the
foundation related to the internal stresses in the dam? How 
would a small change in geometry or soil characteristics of the 
dam affect the internal stresses? Methods which analyse the',3 '' i
dynamic behavior of earth dams in terms of natural frequencies 
and mode shapes appear to offer more insight as to the effect •. 
of each parameter on the total behavior.

As might be expected, a general numerical solution for the 
nonlinear behavior of a three-dimensional dam poses an enormous 
computing problem, even for the largest digital computers. 
Methods which are less involved and therefore more feasible 
result from simplifying the characteristics of the dam.
Often these simplifying assumptions are based on little 
more than intuition or engineering judgment. Some assumptions 
that are commonly made to simplify the analysis are as 
follows: . (I) Vibrations in one or ..(more commonly) two 
directions can be ignored. (2) The response can be
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considered to be linear; that is, strain is linearly dependent, 
on stress, (3) Energy dissipation can either be ignored or 
can be treated ,by viscous modal damping.* (4) The dam can be 
analyzed as a homogeneous fill having an extremeIy simple 
geometry.

Mathematical Model of an Earth Dam
An approximate solution for the dynamic response of an • 

earthfill dam is obtained by analyzing a simplified mathemat­
ical model. The characteristics of an earth dam that are 
considered to be predominately important dictate the model 
to be used,

An earth dam is a thick, massive structure with side 
slopes seldom steeper than 2:1, somewhat similar to a tapered 
cantilever beam1 oriented in the vertical direction.. Vibration 
studies of short thick cantilever beams Indicate that bending 
deflections are small in comparison to shear deflections (2). 
This suggests that the analysis of an earth dam might be 
simplified by ignoring bending deflections. Motohiro HatanV-' 
aka (3) has presented an approximate method for determining 
the effect of bending on the first natural frequency of an 
elastic wedge representing an infinitely long dam with a 
straight crest, Hatanaka concludes that ignoring the effects

*Viscous modal damping is explained later in Chapter III.



— 11 —
of bending for an earth dam with a Poisson's ratio of 0.35 
and side slopes of 2:1 will result in a fundamental frequency 
which is too large by less than 10^» and for a dam with side 
slopes of 3:1, the natural frequency will be in error by only 
about 2.2%, Technically, these results do not fully indicate 
the effect of bending on the dynamic behavior of an actual dam 
because the motion of an actual dam is restrained by the abut­
ments. Actually the effect that bending deflections have on 
the natural frequencies of the restrained dam are expected to 
be even less than for the infinitely long dam. At any rate, 
bending deflections are expected to play a minor role in the 
behavior of an earth dam and are therefore ignored in this 
analysis.

The geometry of the dam is approximated in the model by 
a homogeneous truncated wedge with end and bottom boundaries 
that can be fashioned to simulate the canyon walls.

The three-dimensional dam is then reduced to a two- 
dimensional mathematical model by assuming that the.relative 
motions of points through the thickness of the dam in the' 
upstream-downstrean direction are small, and therefore these 
relative motions are ignored. Also vertical and longitudinal 
vibrations are ignored. Thus, points in the idealized model 
used in this study have only one degree pf freedom: trans­
verse motion of the entire cross-section (rigid through1' the 
thickness). During an earthquake the amplitude of this .
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transverse motion will probably overshadow all other ampli­
tudes of motion. Nevertheless, small vertical vibrations 
and small transverse vibrations through the thickness of the 
dam might play an important role in the failure of the dam.
A more sophisticated application of the analytical technique 
used in this report which can Include vibrations in the 
plane of a two-dimensional model is discussed later in the 
chapter titled "Recommendations for Future Work".

The analysis is further restricted by considering only 
linear response. To attempt to compute response at high 
levels of stress, the nonlinear characteristics of the soil 
would need to be,included in the analysis, resulting in a 
much more complex, problem. Although the simplified linear 
approach cannot be used when the dam Is near failure, it 
is valuable in predicting when and where non-linearities 
first occur and possibly in estimating the extent of non­
linear behavior.

This model is, admittedly, a crude representation of 
an earth dam. However, it will be shown that the model is 
adequate for predicting some of the major features of the 
vibrational behavior of an actual dam.



Chapter III
CALCULATING DYNAMIC BEHAVIOR

Caloulatlnp; Natural Frequenoles and Mode Shapes
The next step in the solution is the determination of 

natural frequencies and modes of vibrations' of the model.
It is reasonable to expect further alterations of the model 
when a method of solution Is decided upon. For example, if 
an exact solution for the vibrations of the model is attempted, 
the irregular boundaries will necessarily have to be extremely 
simple. The most applicable exact solution presently available 
analyzes a model with rigid vertical ends and a rigid flat 
bottom. This solution, by Ambraseys (4), is used as a check.on 
resonant frequencies obtained by the numerical method used' In 
this paper. ■

In order to allow for arbitrary boundaries, the model is 
analysed as a rectangular grid of masses interconnected by 
shear resistant springs as Illustrated in Figure 2* The mass­
spring grid is the result of considering the dam to be composed 
of a finite number of rectangular blocks of earth, shown in 
Figure 3« Each point mass represents the mass of one block., 
and each spring stiffness represents the shear stiffness of 
the earth between the point masses. For ease of computations, 
all horizontal spacings between point masses are the same and. 
all vertical spacings between point masses are the same.



Figure 2: 
Discrete Approximation of a Shear Dam
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Figure 3: Block of Earth Represented by a Point Mass.



The most common method for calculating the natural 
frequencies and the mode shapes for such a.mass-spring system 
is probably a matrix technique: The mass and spring character­
istics of the dam are expressed in matrix form, [M] and [K], 
and the following eigenvalue problem is solved:

[IT1 K] U = Xu . .

The natural frequencies are the square roots of the eigen­
values, Xn, and the eigenfunctions, Un , give the mode shapes. 
Although this method is available,,an extension of Holzer1s 
Method is used here in order to investigate the advantages 
that the method might have for two-dimensional problems.

Holzer1S Method was originally presented for a one­
dimensional system of masses connected in a chain-like fashion 
by torsion springs e Later Prohl and Myklestad extended the 
method to one-dimensional flexural members ̂  Kelghtley 
then went one step further and applied the method to a two- 
dimensional framework, vibrating in the plane of the framework 
(8). Thus, all previous work with the Holzer Method has been 
restricted to systems with chain-like topology.

In Holzer8S scheme a system is assumed to be vibrating 
sinusoidally at some angular frequency , with all points 
moving in phase. If this assumed frequency is a natural 
frequency of the system, no external excitation is required

-16-



for sustained motion. That is to say, the internal restoring 
forces in the structure are of exactly the right magnitude to 
cause the accelerations of all of the masses. Generally, 
however, the assumed frequency is not a natural frequency, in 
which case steady-state external excitation is required at 
some point to keep the system vibrating at the assumed fre­
quency. If a different frequency of vibration is assumed, 
say Wg, it will be found that a different steady-state 
excitation is required, thus .establishing a trend for deter­
mining a frequency which requires less excitation than • 
either CO1 or GOg• After refining the frequency a sufficient 
number of times, a frequency COn is obtained at which only, a 
negligible steady-state excitation is required to keep the 
system vibrating. Thus a natural frequency is located.

In the solution of the two-dimensional mass-spring 
system of Figure 2, all points are assumed to be vibrating 
in phase at a constant angular frequency CO. The transverse 
deflection Ui ^(t) of the mass point m^^j of Figure 2 is 
expressed by: ■ ....'

' -  *

Ui j = ^i j Sin

where Ui j is the amplitude of transverse deflection of m ^  ̂ . 
The first subscript stands for the row location and the. second 
subscript for the column location of an element.

-17-
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The transverse acceleration a^ ^(t) can then be expressed 

as follows:
* * 3 2j ™ U^  ̂ — CO Sin COt — — CO j

# #where  ̂ signifies the second derivative of  ̂with 
respect to time. The stun of the external forces on m^  ̂
can then be expressed:

Z  forces on element (i,j) mi,j aI,j " ^  Ui,j °

Acting on each concentrated mass are the transverse 
shear forces applied by the four shear springs associated 
with each concentrated mass. A shear spring represents the 
shear resistance of the soil contained between two mass points, 
By applying Hooke * s law and ..adopting the sign convention that 
the deflection j into the paper is positive» and a shear 
force acting out of the paper on the mass point m^  ̂ of Figure 
2 is positive when located to the left of or below the mass, 
and negative when located to the right of or above the mass, 
the following equations can be written:

Fi, j “ Ui»j-1 +
aL j G

**»*.#»*«»**@*##0*0***

G A
X j (U1.3

i, j
Ay



6Vl,j+1 = j + Vl,j “ vI+1,j ~ ^  ml,j ul,j ....

where V^j is the transverse shear in the horizontal spring 
between nnd,  ̂  ̂j is the transverse shear in the
vertical spring between j and ^ ^  is the area of
the vertical surface common to the element of soil at (I,j) 
and the element of soil at (i,j-1), and A®  ̂ is the area of 
the horizontal surface common to the element of soil at (I,j) 
and the element of soil at (i-l,j). G is'the modulus of 
rigidity, and Ax and Ay are respectively the horizontal and 
vertical distances between mass points.

Successive application of equations (4), (5) and (6) 
lead to a step-by-step calculation of all the shears and 
the deflections of the mass-spring grid, provided a sufficient 
number of shears and deflections are known initially. If . 
the mass-spring system of Figure 4(a) is vibrating at. the 
frequency and the shear force in each horizontal spring 
connecting to the left abutment is zero except the shear in 
the fourth ,spring which is unity, then the deflection of each 
mass point in column I is determined by equation (4), and 
the shear in each vertical spring of column I is determined 
by equation (5) as shown in Figure 4(b). The shear in each 
of the horizontal springs connecting column I to column 2 is 
determined by equation (6). The deflection of every mass 
point and the shear in every spring associated with column

-19-
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Figure 4: Mass-Spring Grid Illustrating the Step-by-Step
Procedure for Calculating Internal Shears and 
Deflections.
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2 is then calculated by the application of equations (4), (5) 
and (6) in a similar manner. Proceeding from left to right, 
the deflection of every mass point and the shear in every 
spring in the model are determined by the successive appli­
cation of equations (4), (5) and (6).

In general the deflections computed at the extreme right 
side of the net will not be zero, but for the trial frequency 
CO1, the deflections are linearly dependent on 1. That is

ul,5 = cI,4 ^4,1

u2,6 = C2,4 ^4,1 

= 03,4 ^ 1

U4,7 = ^4,4 vS 5I

^ „ 7  =

where the constants C1 ^ are the deflections at the, extreme 
right side of the net due to the unit shear force vj£ 1 on the 
left side of the net.

■ Now if 2 is set to zero and 1 is assigned a shear 
force of unity, arid the same frequency CO1 is assumed, the 
linear relationship between the right boundary deflections 
and . can be determined by successive application of 
equations (4), (5) and. (6) as outlined for 1. Similarly
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the linear relationships between all of the left boundary 
shears and the, right boundary deflections are determined , 
and the following equations result: ■.

0I1I 01,2 ci,3 0I1It 0I15

-u2;6

'4,7

5,7

> =

C2,l C2,2 C2,3 C2»4 C2,5

3,1 c3,2 c3,3 c3,4 g3,5

c4,1 c4,2 c4,3 C4„4 c4f5

C5,l C5,2 c5,3 C5,4 c5,5

v3,2

< 1

5,1

As discussed earlier, the magnitude of external .excit­
ation is used as a guide for locating-natural frequencies^
The only possibility for external excitation is'through the 
■movement of the points on the extreme right of the net since 
no external driving force has been included in the procedure 
up to this point. If D 1 is a natural frequency, no external 
excitation is required to keep the. system vibratingv and the 
displacement of the right abutment, ^Uj of equation (7)., must 
be zero. Ignoring the trivial case of {v} - 0, this condition 
requires that the determinant of [c] must be zero. In .general  ̂
for arbitrary choice of D 1, the determinant of [c] is not 
zero, but it can be used as a guide for locating natural fre-' 
quenoies. Thus, if a different frequency D 2 is assumed, and
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a new set of'coefficients is obtained whose determinant is 
different from the determinant associated with C O a trend 
is established for locating a frequency for which.the deter­
minant of coefficients will be very small. The frequency 
that.results in a set of coefficients with a zero determinant 
is a natural frequency of the structure. That is to say the 
system will have sustained free vibration.

The mode'shape at the natural frequency CUn is determined 
by solving the linear homogeneous matrix equation (?) for the 
left boundary shears by assigning one of the shears, say ^, 
a value of unity, thus normalizing the solution. These left 
boundary shear values then lead to a step-by-step determination 
of all the shears and deflections of the grid of Figure 4.
Often it is desirable to normalize the mode shape so that the 
maximum displacement is unity. This can be accomplished by 
dividing all shears and deflections by the maximum deflection 
of the grid.

General Response Due To Arbitrary Boundary Motion
The knowledge of the natural frequencies and their cor-, 

responding mode shapes is used to determine the linear 
response of an earth dam subjected to an arbitrary boundary, 
disturbance. The amplitude of response is a linear function 
of the amplitude of the boundary motion and is dependent on 
the frequency spectrum of. the boundary motion in q .more
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complicated manner. The frequency components of the boundary 
motion which are near the natural frequencies of the dam 
.cause a larger amplification of response than frequency 
components which are well away from any natural frequencies 
of the dam.

A dam is generally quite a long structure; a length in 
excess' of 1000 feet is not uncommon. In general, points along 
the boundary of a dam which is experiencing a seismic distur­
bance do not have the same transverse motion at the same 
instant of time. The importance of including the non-rigid

■ - Iboundary motion in the analysis Is emphasized by the following 
considerations: A shear wave which is traveling, at.2,000
feet per second In the foundation rock adjacent to a dam is 
considered. If the shear wave is traveling in a direction 
which makes an angle •©■ with the crest of the, dam, the ground 
motion, which is'perpendicular to the direction of wave 
propagation, makes an angle of 90° --0- with the crest, shown 
in Figure 5(a). The component of the seismic shear wave 
which excites the dam.at its fundamental frequency, assumed 
to be 5,0 ops, is considered. It should be noted that ground 
motion at'a frequency of 5.0 cps is very common and therefore 
is of particular interest. This seismic wave, having a fre­
quency of 5.0 cps and traveling at 2,000 feet per second, has 
a wave length L- = 400 feet. The effective wave length along
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Figure 5: Plan View of an Earth Dam Showing Seismic
Waves Approaching at an Oblique Angle.
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the crest of the dam Is L/cos 0, shown in Figure 5("b). The
typical seismic wave Shoxm in Figure 5 clearly illustrates
the need for a method which can include the effects of non-

, 1rigid boundary motion.
The response of the dam to non-rigid boundary motion is 

obtained by superimposing the response due. to the motion of 
each boundary point separately. That is, each boundary point 
is to experience some arbitrary motion, and the displacement 
response of the entire dam resulting from the motion of only 
one boundary point at a time is calculatedThese partial 
solutions are then added together in the proper manner to 
achieve the effect of a traveling wave moving across the dam. 
If a wave is moving from left to right across the dam, as 
shoxm in Figure 5» the boundary point (or points) on the 
extreme left of the dam experiences the motion of the wave 
slightly before the other boundary points on the dam. The 
boundary point (or points) in column I of the net, shoxm in 
Figure 4, experiences the same motion as.the extreme left of 
the dam, except that the motion of column I lags by a small 
time step which depends on: the velocity of the propagating
wave in the underlying foundation rock, the approach angle of 
the traveling wave relative to the longitudinal axis of the 
dam, and the horizontal grid size of the net, shoxm An Figure 
4.
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The displacement response of the dam due to the motion 

of a particular boundary point can be considered to be com­
posed of a.static component and a dynamic component, Ug and 

. Both Ug and are functions of the horizontal and ver­
tical coordinate location on the dam, and the dynamic compo­
nent is also a function of time. The static component serves 
to satisfy the boundary conditions of the vibrating dam but 
contributes nothing toward satisfying the differential equa--~ 
tion which governs the motion of the interior of the vibrating 
dam. The dynamic component, on. the other hand, satisfies the. 
differential equation of motion for the interior of the 
vibrating dam, and contributes nothing to the boundaries of 
the dam. ' Thus the total solution which is composed.of a 
static component and a dynamic component is truly a solution 
to the differential equation, of motion for the interior of 
the dam and satisfies the boundary conditions of the dam.

The statically deflected shape of the dam resulting from 
a unit deflection of the particular boundary point (i,j) is 
designated as Ug(i,j), The two-dimensional Holzer Method is 
used to solve this static problem. All of the bottom boundary, 
points and the left boundary points, with the exception of 
point (i,j), are assigned a zero deflection, and the right 
boundary is considered to be detached from the right abutment. 
At zero frequency the deflections at the extreme right of the
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grid are expressed In'terms of left boundary shears as 
described by equation (7) of the previous section.

If the boundary point (i,j) which is assigned a unit 
deflection is on the right boundary» all of the right boundary 
points appearing in equation (7) are assigned•a zero deflec­
tion except.the boundary point (i,j) which is assigned a unit 
deflection. The left boundary shears corresponding to this 
deflected shape are calculated directly from equation (7)» 
and the statically deflected Interior Ug(i,j) is calculated* 
working from left to right, by the step-by-step procedure 
previously described.

The procedure for calculating Ug(i,j) is slightly 
different when the boundary point (I,j) is not on the right 
boundary. All of the left boundary springs are assigned a 
zero shear and the boundary point (I,jj is assigned a unit 
deflection. The deflections at the right of the grid due to 
the unit deflection of the boundary point (i,j) are then 
calculated by proceeding from the deflected point (i»3) to 
the right, using equations (4), (5) and (6) as described 
earlier. Now the deflections on the right boundary shears 
are calculated from equation (7) to exactly cancel the right' 
boundary deflections due to the unit deflection of the bound­
ary point (i,j). Starting with these left boundary shears 
and working to the right across the grid, the statically
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deflected interior Ug(ItJ) is calculated.

The dynamic displacement response (I,j »t) due to the
motion of the particular boundary point (I,j)-must satisfy 
the differential equation of motion for the dam, with homo­
geneous boundary conditions (zero boundary deflections).
The general solution to an inhomogeneous differential equa­
tion can always be expressed as a formal sum over the eigen­
functions of the homogeneous equation by use of a Green’s 
function. This fact allows to be expressed as a linear 
combination of the normal modes as follows:

Ud(l,j,t) = %  cm (t) §m ...........  8
. m

where c^(t) is the participation factor of the m**1 normal 
mode at time t. The modes §m are arranged according to 
frequency with representing the fundamental mode shape.

The total displacement Ut(i„j»t) of the Interior of the 
dam due to the motion of the boundary point (i, j), -expressed 
as the static component plus the dynamic component, is::

Ut(i,j,t) = B(i,j,t) Ug(i,J) + Ud(i,j,t)

where B(i,j,t) represents the transverse displacement of 
boundary point (i,j) expressed as a function of time. In 
shorter notation:

Dt * B U s + 2  °m $m •m
•  o o » O d e e •  •  •  » 9



-30-
and total acceleration of the interior of the dam is:

i?t = s’ Ds + 2  =m $mm
where Û . is the second derivative of with respect to time.

The general form for the equation of motion for the 
elastic dam is: ....... ....

Xj(U^,) ™  ^ t  • * 6 . a e e e e » * 6 e e e e 9 e *  1 1

where L(U^) is the elastic restoring force per unit volume ■ 
and p  is the mass density. The linear operator L for a
dam which has a linear taper from the base to the crest is

.derived in Appendix A and has the form:;

d au + d au •. I  d u 'L(Ut) = G
-dxa 0ys y 0y.

Linearity of the operator L allows the restoring force to be 
separated into a restoring force due to the dynamic component , 
of deflection and a restoring force due to the static, compo­
nent of deflection as follows:

L(Ut) = L(Ud) + L(Us)

But the restoring force L(U ) = 0 since the dam is not accel-s •
erating as the result of U , thus: ' ■

L(Ut)= L(Ud)

or making use of equation. (8)
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L (Ut) = L( 2  Cm $m )

L(Ut) = %. cm L($m) . _m
But, the mode shape, $m , is defined by the relationships

L($m ) = - :

therefore, the elastic restoring force assumes the forms

L(Ut) = 2  cm (" ojB $m) *

Substituting this form for L(Û .) into equation (11) along 
with U*t of equation (10) gives:

' . - \

S  ( \  + W = ,om ) Im = - B  Us .
151

Multiplying both sides by |n dV and Integrating over the 
volume, V, gives:

2  («m + =B ) /  §m $n pdV = -B /  Usp4V ..... 12

Orthogonanity of the modes requires / <$ ' <$ dV = O forJv m n

m . n  (derivation given in Appendix B ); therefore, equation 
(12) becomes:
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/V §n uspav

or
13

where
Qn(S) = -B /  Jn Ug pav

/ 7 « n W «
A.more!appropriate-form for Qn(t) is

14

where p dV is replaced- by the mass of an element of 
Figure 3 and the integral over the volume, is replaced by the 
summation over, all the elements.

to the motion experienced by the particular boundary point 
(i, j) can be calculated from .equation (13), since the equlv- . 
alent forcing function Qn(t) is expressed in terms of known 
quantities by equation (14). It should be noticed that 
equation (13)-is the equation of motion for the simple mass­
spring system of Figure 6 with the viscous damping C omitted.
Thus the contribution of the normal mode § is equivalent to 

cr:;-,'..-"' . .
the dls,pl^p^^nt response of a simple mass-spring system with

The participation factor cn of the n ^  normal mode due



Force = Mn Qn(t)

%
/77777777777777777777'

Figure 6: Single Degree of Freedom System
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the same natural frequency COn that is associated with §n .
The forcing function Qn(t) applied to the simple mass-spring 
system differs from the acceleration B of the boundary point 
(i,j) by a constant which indicates the sensitivity of the 
mode $n to accelerations of the boundary point (i,j).

In an actual structure the free vibrations resulting from 
a boundary disturbance will die out soon after the disturbance 
stops. Equation (13) has no factor to dampen the solutions; 
therefore, the calculated vibrations will not diminish with 
time. This may result In a gross misrepresentation of the 
contribution of each mode a few seconds after the boundary 
disturbance begins. To control this cumulative error, modal 
damping is introduced, illustrated by the viscous damping 
coefficient C appearing in Figure 6. Modal damping is the 
result of considering the dam to have only viscous damping 
which is acting in such a manner that all damped modes have 
the same shape as the Undamped modes. Experimental results 
taken from Bouquet Dam (8) show some indication that this 
hypothetical concept of energy dissipation can give suitable 
results at low levels of stress. . Calculated (undamped) mode 
shapes are compared with measured mode shapes later in the 
section titled Dynamic Behavior of Bouquet Dam.

The revised equation for the participation factor c„ thenn
becomesi

C n  ^  ^ n  C O n  ^ n  —  Q  ( b ) . e e e e e e e e . e  1 5
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where M is the mass of the simple mass-spring system of Figure
6. The magnitude of C and M 'have no direct relationship to
the physical dam, but their ratio becomes meaningful when
written in the form, Q = 2FiOy., since T, the ratio of: C toM o n .
critical damping, can be measured experimentally. Equation 
(15) then becomes:

♦ ♦. 
°n * 2 cn + aJn Q(t) a o •  o *  a o a a e a a e a e 16

Itis emphasized that the damping is added to cause the free 
vibrations to diminish with time, but the natural frequencies 
and their corresponding mode shapes are calculated.from an 
undamped system.

Arbitrary boundary motion will complicate the method for 
solving equation (16) since Q(t) will also be arbitrary. An 
analog computer might be used to solve the equation very 
nicely. Considerable complications arise, however, in connect 
ing this portion of the solution to the rest of the solution 
which is carried out by a digital computer. To.escape the 
complications of the hybrid computer system, the general 
solution of equation (l6) is found by numerically integrating 
Duhamel1S integral:

t/
°n(t) = Z V t'I Hn I*-*'>

Hn(t-t‘) is the Green1S function

dtr .......... .

of equation (16) which is

17
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mere Iy the response, cn of Figure 6, resulting from a force 
.impulse' applied at time t1 and is given by:

— £Vx) (t—t1) ____
H (t-t») =s e ' b n______ Sin .... 18

Substituting H^Ct-t’) from equation (18) into equation (17). 
and expanding gives:

cK (t) =■ a.-CaiUt rslntjClnt CosCOfl t* Q(t') dt'

V  Coon t'
“Cosa)dnt / e SinCO^t1 Q(t«)dt»o

where .the notation CO^n represents the damped natural 
frequency' . The expanded form of equation (19)
allows the integration to proceed by steps, that is:

F(t,t‘) dt» + f2 F(t,t') dt» +-
Jbi

+

+ fn ' F(t,t«) ̂ t'

where the integrand F(t,tf) is any arbitrary function of t 
and t*. The calculations involved in obtaining, the value 
cn at. various designated times along a seismic disturbance 
are simplified considerably by this cumulative integration
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relationship. The value c^(t^) is calculated from equation 
(19) by numerically performing the indicated integration 
from t = 0 to t = t^.' The value of the integrals thus obtained 
can be used again to shorten the calculations for obtaining 
cn(t2) where t2>t .

The total displacement response due to the arbitrary 
motion of the particular boundary point (i,j) is now calcul­
ated by substituting c^, from equation (19)* into equation 
(9). The displacement response due to the motion of each of 
the other boundary points is determined in a similar manner, 
and the results are superimposed to give the total displace- ■ 
meht response due to the entire boundary disturbance. Thus 
it is possible that each point along the boundary may be 
experiencing an arbitrary motion completely independent of 
the motion of the other boundary points. Of more: practical. 
value however, each point along the boundary may be experienc­
ing the same motion, but the motion does not occur at the 
same time for each boundary point. The traveling-wave effect 
is achieved by assigning the motion of each boundary point 
with the proper time lag relative to the motion of some 
reference point, say the extreme left of the dam.



Chapter IV 
CALCULATED BEHAVIOR

:

■Conrputer Code
A FORTRAN II computer, code has been developed to compute 

the linear response in the upstream-downstream direction of 
an idealized earth dam experiencing arbitrary horizontal 
boundary motion perpendicular to the longitudinal axis of 
the dam.

The computer code is divided into the following steps:
1. • The dam is subdivided into a lumped-mass system as

shown in Figure 2*
2. The natural frequencies and their associated mode 

shapes are calculated.
3. The displacement and the acceleration time histories 

of one point on the boundary'are computed from a 
digitized time history of velocity which might 
represent the-record of an earthquake or some other 
seismic disturbance. The displacement, velocity, 
and acceleration time histories of all the remaining
boundary points are then calculated from the known!
(or assumed) velocity of the traveling seismic waves 
in the foundation rock adjacent to the dam and the 
known (or assumed) direction that the waves are 
traveling with respect to the dam.
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4, The total displacement response, due to the boundary 
motion calculated in step 3» is calculated at any 
designated time. The average transverse- Internal shear 
stresses in the dam are then calculated from a linear 
stress strain relationship,

A'.check on the total code is accomplished by checking 
each step separately. Steps (I) and (3) are both checked by 
hand calculations, and step (2) is checked by a comparison 
with.an exact solution, presented In the next section. A 
method for checking the calculation carried out in step (4) 
is presented in Appendix C. .

Mathematical Check on Natural Frequencies and Mode Shapes
Both a check on step (2) of the code and a feeling for 

the effect of the■grid size of the model are obtained by com­
paring calculated natural frequencies and mode shapes with 
the natural frequencies and mode shapes obtained from the 
exact solution to the differential equation of motion for a 
truncated shear wedge with rigid vertical ends and a rigid 
flat bottom, as presented by Ambraseys( .

■ The differential equation which describes the transverse 
motion of the undamped shear wedge of Figure 7, given previous­
ly by equation (11) and derived in Appendix A, is:



w  ■■

of d!u +<& + I  A l ,  p<3fu.
- dx3 3y3 y dy-* dt3

20

The boundary conditions associated with the wedge are $

U =s 0 at x = 0* L 21
U S= 0 at y = H 22

CTyz = = 0 at y = h ? . 23

where L, H, and h* are shown in Figure ?„ It should be 
noticed that the natural frequencies and mode shapes obtained 
from the solution of equation (20) should exactly agree with 
the natural frequencies and mode shapes calculated from a 
grid similar to the one pictured in Figure 2 for the limit­
ing case of an infinitely fine grid.

The method of separation of variables is used to simplify 
equation (20) „ i.e. it is assumed that U(x,y,t) == X(x) Y(y) 
T(t), Substituting this expression for U into equation (20) 
and separating the variables gives:

where the shear wave velocity of the material is given by

equation (24) are also independent; and therefore, each in­
dependent term must be a constant. This leads to:

Y dy3 Y Y ayj T dt3
I dfY.+ I I'dY = I d f T

Since x, y, and t are independent, the terms of



25I = ,CO8'* T dt3

IflsX = - k= , 26
X dxa .

and '
dsY ,1 dYSrr Fay n_3 CU3= k "T= • • O O • 27

where CO2 and k3 are constants to. he determined. Equation 
(25) gives:

T(t) = A Sin (COt -a).

Similarly equation (26) gives':

X.(t) * C Sin kx -h D Cos k x ,

but equation (21) requires that D = O  and k = rrr where r is
Xj

an integer which specifies the longitudinal modes of vibration.
Thus '

X(x) = C Sin rrr x .
L

"Equation (2?) is recognized as a zero order Bessel equation 
with the general solution:

Y(y) = A» J0(/3y) + B ’ Y0(^y)
where

/? (W/S) - rrr
L

3'
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Equation (22) is satisfied by assigning 

A* = Y0(/?H)

and

B' = -J0(,6'K) .

Equation (23) requires that

-Y0(/?H) J1(/3hM + J0(^H) Y1(/5h») = O ......... 28

This equation is satisfied only by discrete values of 
s a y . w h e r e  n is an integer which specifies the vertical 
mode of vibration.

The equation for the (n,r)^ mode of vibration, which 
is of the form Unr = Xr(x) Yn(y) Tnr(*)» is then given by;

°nr = Yo(/3nH> V & r )  - Jo<4nH’ 1O ^ n=rI • .
L  - - ■

Sin (rrrx) Sin (CU t-OC) , ...... ....... 29L Hr

and the associated natural frequencies are given by;

30

where the values are the zeros of equation (28).
The effect that the length-to-helght ratio has on the 

natural frequencies is of considerable importance, and



Figure 7: 
Truncated Shear-Wedge
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therefore, a brief discussion of this effect is presented.

* »

Ambraseys has shown that the fundamental frequency is essen4- 
tially independent of length for a length-to~height' ratio ■ 
greater than 3^ ^ • This can be interpreted from' equation 
(30) to mean 0 ^ »  (rr/L)8; and therefore, the term (tt/L) 
can be ignored. Although the assumption of an infinite 
length may give a reasonably good estimate for the fundamen­
tal frequency, and a great reduction in the computations, the 
infinitely long Wedge will not provide a reasonable value for 
the second to the lowest natural frequency. If » ( tt/L)3 
then most probably >  (rrr/L)8 where r may be as large as 
4 or 5 depending on the magnitude of the actual length-to- 
height ratio. Thus, the correct second natural frequency is 
given by

For large length-to-height ratios, CU^2 as well as may
be only a few percent above the fundamental frequency,, and 
therefore, of significant importance for computing earth­
quake response.

The natural frequencies and mode shapes are calculated 
for the simple structure of Figure 7. A special computer 
code was programmed to calculate the zeros (y£̂ n ) of equation 
(28), accurate to eight digits. The values are then 
substituted into equation (30) to obtain the natural frequen-
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cies and into equation (29) to obtain the mode shapes.

The natural frequencies obtained from equation (30) are 
compared with the natural frequencies obtained by the two- 
dimensional Holzer Method in Table I. As might be expected 
the finer grid shows better agreement with the continuous 
system than the coarse grid. It is also worth noting that 
natural frequencies obtained from the lumped-mass systems 
are always below the ..corresponding natural frequencies 
obtained from the continuous system, with better agreement 
at the lower frequencies.

The information taken from Table I is helpful in deter­
mining an appropriate grid size for an actual problem. If 
only the first few natural frequencies are of Interest, good 
accuracy can be acheIved with a fairly coarse grid of 10 rows 
and 10 columns. To get good accuracy for higher natural 
frequencies a finer grid must be used. If at a particular 
natural frequency the horizontal mode has many node points 
(r of equation (29) is large) and the vertical mode has only 
one or two node points (n is small), a large number of columns 
would then be expected to improve the accuracy of the natural 
frequencies more than a large number of rows. For the first 
few natural frequencies of a dam with a large length-to-height 
ratio, the best accuracy for the least amount of grid refine­
ment is then achieved from a grid with many more columns than



Table I

Comparison of the Natural Frequencies Obtained by a Finite - 
Element Approximation with the Exact Natural Frequencies for

a Truncated Shear-Wedge

f r e q u e n c y
d e s i g n a t i o n

' e x a c t  
f r e q u e n c y

f i n i t e e l e m e n t a p p r o x i m a t i o n ,
4  r o w s  x  ' 5  c o l u m n s 1 0  r o w s  x  1 0  c o l u m n s

^ n r ( r a d . / s e c ) f r e q u e n c y /  e r r o r f r e q u e n c y Z  e r r o r

OJ11 39.970 39.387 1 . 4 6 39.840 .32
l0IZ 67.517 63.650 5.73 66.543 1 . 4 4

. cdZl 6 9 . 0 1 4 65.352 5.31 68.391 . 9 0

^22 87.885 ' 82.286 6.37 86.707 1.34
6J13 97.434 85.507 12.2
OJ31 1 0 4 . 6 4 5 89.561 ■ 1 4 . 4

(Ni

3 112.510 99.303 1 1 . 8 .
( X )32 117.947 102.573 13.0

^3-v-i
3 128.070 98.191 23.4

^33 137.282 116.668 15.0
G 0 2 4 139.883 1 1 1 . 1 8 0 ' 20.3 _

ojLn 142.163 103.395 27.2 135.288 4.83'
■ ĉ 2 152.221 1 1 4 . 8 5 0 24.5

s i x  n a t u r a l f r e q u e n c i e s h a v e  b e e n  o m i t t e d

187.123 137.043 26.7 176.475 5.69
I



rows. For example the model which is used in. the next section 
for Bouquet Dam consists of a grid with 4 rows and 18 columns.

The first three longitudinal and the first three vertical 
mode shapes which, are calculated from equation (29) are plotted 
in Figures 8 and 9• Agreement between the mode shapes which 
are calculated from the numerical grid cbnslsting of 10 rows 
and 10 columns and the exact mode shapes of equation (29) is 
within 1% of the maximum displacement of the mode for the 
first two horizontal modes and the first two vertical modes.
It is interesting to note that the longitudinal modes are 
simple' sine waves and the vertical modes are Bessel functions, 
as is seen from equation (29).

Dynamic Behavior of Bouquet Dam
A check of a different nature is obtained by comparing 

calculated natural frequencies and mode shapes of an actual 
dam with the behavior obtained by field measurements. The 
purpose of this comparison Is to provide a knowledge of the 
effects that the many simplifying assumptions have on theI I
calculated behavior. With this knowledge future analytical 
investigations can be effectively improved.

A field investigation was conducted by W. 0. Keightley(G) 
to determine the dynamic characteristics of Bouquet Dam, near 
Los Angeles, California. The major part of the dam, pictured 
in Figures 10 and 11, consists of a compacted fill of sandy
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Figure 8: 
First Three Horizontal Mode Shapes
of a Truncated Shear-Wedge
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second mode

third mode
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Plan View



Figure 9; 
First Three Vertical Mode Shapes of a Truncated 
Shear-Wedge.

Vertical Cross-Section
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clay. Bouquet Dam differs from the idealized dam in several 
respects: The fill is not homogeneous; the water content and
the overburden pressure both vary with depth, and hence, the 
elastic properties and the density can be expected to vary 
with depth. A typical transverse cross section. Figure 10, 
contains several zones of graded material. Also, the canyon 
walls are certainly not infinitely rigid as assumed In the 
theoretical investigation. However, the idealized model 
does posess some of the major features of the actual dam:
The geometry, as seen in an elevation view, is well represen­
ted by the grid, shown in Figure 11, Also, the analytical 
investigation considers only deflections due to shear. It 
is felt that this is in good agreement with the type of 
deflections observed on the dam,

A shear wave velocity representative of the entire fill . 
is very difficult to obtain. A shear wave velocity of 1270 
feet per second was measured through the thickness of Bouquet 
Dam at a location about 28 feet below the level.of the crest, 
shown in Figure 10. A force impulse was applied on the down­
stream face of the dam, thus causing elastic waves to travel 
through the dam. A geophone, sensitive to motion in only one 
direction, recorded a signal of the impulse from a location in 
a vertical well about 132 feet from the point of the impulse. 
By orienting the sensitive axis of the geophone in a horizon-



Figure 10. 
Cross-section of Bouquet Canyon Dara
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Elevation View of Bouquet Cany 
Showing Finite-Element Approxi:
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tal direction making an angle of 90° with the source, the 
travel time for the shear wave was measured, and from this 
measurement the shear wave velocity of 1270 feet per second 
was calcuated.

To substantiate the measured shear wave velocity, geo­
phone s should be stationed at intermediate distances. This 
would assure that the motion which was detected by tfye geo­
phone was actually the shear wave following a straight path 
from the source and not a reflection of a wave from a plane 
of discontinuity in the dam. Similar tests show a tendency 
for the measured shear wave velocity to increase slightly as 
the magnitude of the force impulse at the source increases, 
thus placing another degree' of uncertainty on the measured 
shear wave velocity.

Using the measured shear wave velocity of 1270 feet per 
second and approximating the dam by a grid of 4 rows and 18 
columns, shown in Figure 11, the natural frequencies and mode 
shapes of the dam are calculated. The first six computed 
frequencies, shown in Table II, are consistantly higher than 
the observed natural frequencies. The difference increases 
from a factor of 11% for the first natural frequency to a 
factor of 25% for the sixth natural frequency.

Due to the uncertainty of the measured shear wave vel­
ocity, natural frequencies were also computed using an



■Table II

Observed and Computed Natural Frequencies of Bouquet Dam.

Number Observed Computed Natural Frequencies
Finite-Element Model

-
Shear-Nedge With 

Rectangular Boundaries

S=1270 fps. S=I142 fps'. S=1270;fps. S=Il33 fps.

I' 2.23 jcps. 2.48 . 2.23 2.50 ' 2.23
2 2.68 . 3.12 .2.81 2.97 2.67
3 3.13 3.71 ,3.34 3.62 3.14
4 3.62 4.19 3.77 4.34 • • 3.87
5 3.87 4.6 8 4.21 5.17 4.6l
6 4.10 5.12 4.60 I . 5.70 5.08
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adjusted shear wave velocity of 1142 feet per second. This 
adjusted value for the shear wave velocity was chosen to 
cause the computed, fundamental frequency to agree exactly 
with the observed fundamental frequency.. Using the shear 
wave velocity of 1142 feet per second, and the 4 by 18 grid, 
the first six computed.frequencies are compared with the 
observed frequencies in Table II. The computed frequencies 
are again consistently higher than the observed frequencies 
by 0%, 4,9$». 6.'7$, 4,1$, 8.8$, and 12.2$ respectively.
This indicates that certainly not all of the shortcomings 
of the analytical method can be attributed to the shear 
wave velocity.

It is of interest, at this point, to examine the natural 
frequencies obtained from the exact solution to the differen­
tial equation of motion for the idealized dam with'rigid 
vertical ends and a rigid flat bottom, as presented,,in the
previous section. The rectangular boundaries of the shear

:wedge serve as a crude approximation to the somewhat trape­
zoidal boundaries of Bouquet Dam, shown in Figure 12. The 
bottom boundary of the shear wedge is assigned just.slightly 
above the lowest point of the dam thus resulting in a 200 
feet high.truncated wedge (210 feet high to the apex of the 
wedge). The ends of the wedge are assigned, without just­
ification, to cause the area of the wedge to be approximately 
the same as the area of Bouquet Dam as seen in the elevation 
view of Figure 12. The vertical ends of, the rectangular 
wedge, located in.this manner, result in a wedge approximately: i,



Figure 12: 
Cross-Section and Elevation View of Bouquet
Canyon Dam Showing Truncated Shear-Wedge 
Approximation.

compacted
fill

shear wedge approximation

Cross-section at Station 3+50
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Station numbers

>I Elevation View
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690 feet long.

Using the observed shear wave velocity of 1270 feet per 
second, the first six natural frequencies of the rectangular 
wedge are calculated from equation (30) and shown in Table II. 
•Surprisingly,' the second and third natural frequencies show 
better agreement with the observed frequencies than do the 
second and third natural frequencies which were computed from 
the more refined finite-element model which fits the irregular 
boundaries. However, this trend does not continue for the.
thigher natural frequencies. The fourth, fifth, and sixth 
natural frequencies of the rectangular shear wedge have 
poorer agreement with the observed frequencies than do the 
corresponding natural frequencies computed from the finite- 
element model.

The first six natural frequencies for the rectangular 
shear wedge are again calculated from equation (30) using an 
adjusted shear wave velocity of 1133 feet per second. The 
resulting natural frequencies are higher than the observed 
frequencies by 0$, -0,4%, +0.3%, 6.9%, 19.1%, and 23.9%.

The main reason for the divergence of the higher natural
frequencies of the rectangular wedge from the observed frequen
cies of the dam is probably due to the crude geometric fit
of the somewhat trapezoidal dam by the rectangular wedge.
Certainly the two dissimilar geometries would not be expected 

/ '• H

i:i



to result in the same natural frequencies. The adverse effects 
on the natural frequencies of the rectangular wedge which are 
caused "by the poor geometric fit appear to compensate almost 
exactly the adverse effects which are caused by all other 
sources of error in the idealized model for the first three 
natural frequencies, thus resulting in surprisingly good 
agreement between the first three computed natural frequencies 
and the first three observed frequencies. The other sources 
of error in the idealized model which are referred to in the 
previous sentence are common with the finite-element model of , 
Figure 11 and are discussed later in this section.

• The procedure of choosing a shear wave velocity which 
causes the computed fundamental frequency to exactly agree 
with the observed fundamental frequency results in nearly the 
same wave velocity for the two different idealized models.
This fact suggests an interesting and practicable method for 
measuring the shear wave velocity of an earth dam. Rather ' 
than attempting to measure the shear wave velocity directly, 
perhaps the fundamental frequency could be measured more 
accurately and with less effort, A good estimation of the

• i
shear wave velocity could then be determined from an analy­
tical method such as the one described here. It appears that 
even the rectangular wedge approximation of the dam could 
result in a good estimation of the shear wave velocity in this

-58-
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manner.

The computed mode shapes of the finite-element model are 
compared with the observed mode shapes of the. dam in Figure 
13. The computed mode shapes are normalized to cause the 
maximum computed deflection to agree with the maximum observed 
deflection for each mode, The figure shows measured deflec­
tion at three levels on the downstream face of the dam.
Line C is located about four tenths of the distance from the 
base to the crest, and line B is located about seven tenths 
of the distance from the base to the crest.

The computed shape of the crest shows surprisingly good 
agreement with the observed shape for the first mode„ The 
second, third, and fourth computed modes exhibit the same 
general patterns as the observed modes with the fourth mode 
having the poorest agreement. Not all of the lack of agree­
ment is attributed to the deficiencies of the analytical , 
work. The observed mode shapes may contain errors as the 
result of difficulties which are encountered in attempting 
to measure pure mode shapes experimentally. Also worth 
noting are the small deflections which were observed near 
the ends of the crest due to the elastic compliance of the 
canyon walls. Assuming that the observed deflections are 
reliable for these extremely small measurements, the largest 
displacement of the abutments at the level of the crest is
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Figure 13: Computed Mode Shapes Compared with Observed
Mode Shapes.
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about of the maximum displacement of the crest for the 
fourth mode.

Looking at the cross-section of the dam, also shown In 
Figure 13, the observed shape shows poor agreement with the 
computed shape. Much smaller deflections were observed in 
the lower regions Of the dam than were calculated. The 
appearance of the observed vertical mode shapes might lead one 
to believe that bending deflections play a major role in the 
vibrational behavior of the dam. Certainly bending deflections 
have some effect on the behavior of a dam, but, as discussed 
earlier in Chapter II, it is felt that the bending deflections 
are very small compared to the shear deflections.

The most probable reason for the large errors in' the 
calculated deflections at the lower regions of the dam stems 
from an assumption which was made to simplify the analytical . 
procedure. It was assumed that there is no relative1 movement 
of points through the thickness of the dam. This assumption 
allowed the mass through the thickness to be collapsed into 
concentrated elements.of mass,thus forming the grid of Figure 
11. The calculated deflections actually represent the aver­
age deflections, of the entire cross-section. The observed 
deflections, on the other hand, were measured bn the down­
stream face bf the dam. The question then arises: Should
the two deflections, which are of a slightly different nature,
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be expected to agree?
According to Chopra and Clough in their recent report on 

"Earthquake Response of Homogeneous Earth Dams",(9) consider­
able differences in the deflections of the centerline of the 
cross-section and the face of the dam should be expected, at 
least for the fundamental mode, The vibrations in the planeI ' '
of the cross-section of an infinitely long dam with side 
slopes 3$I (same as Bouquet Dam) have been computed. The 
results indicate that the centerline may have horizontal 
deflections which are more than twice as great as the deflec­
tions of the two face s of the dam for the fundamental mode. 
This information appears to explain the excessively large 
computed deflections in the lower regions of the dam.

Many simplifying assumptions were made to reduce the 
complicated three-dimensional earth dam to an idealized two-

I 1
dimensional lumped-mass system. Some of the major reasons 
that the behavior of the idealized mathematical model does 
not exactly agree with the behavior of an actual dam are as 
follows:

1. Reliable soil characteristics of the dam are not 
■ readily available. The effect of the shear wave
velocity on the natural frequencies is seen in. Table II.

2. The dam is not actually homogeneous as assumed in 
the analytical investigation. A method which ,can treat
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variations in soil characteristics throughout the dam 
is described later in the chapter titled "Hecommendations 
for Future Work",

3* All bending deflections have been ignored in the
Idealized model, As discussed earlier in Chapter II,

(3)Motohlro Hatanaka estimates the fundamental freq­
uency will be top large by,.about 2,2% due . to neglecting 
bending.deflections. An investigation which is being 
conducted to include the effects of bending as well as 
shear is discussed in the chapter titled "Recommend-

■ * 1 I "

ations for Future Work",

4. The observed mode shapes show sizeable deflections
of the canyon walls which were assumed to be rigid in the 
Idealized'model. Preliminary work, not included in this 
paper, indicates that the natural frequencies should
reduce by no more than about y% if the elastic compl-

!lance of the boundaries is included in the study,

5, The stresses introduced by the sinusoidal ^qrce
i . 'applied to Bouquet Dam were very small and therefore

(8 Vwell within the linear range . However,.damping 
does exist which could cause the observed behavior to

1 . .differ slightly from the undamped computed behavior,
- ' - .1.1The effects that damping have on the mode shapes are



difficult to define. Modal damping is, of Course, 
assumed to represent suitably the effects of. damping, 
on the actual structure as discussed earlier in Chapter 
III.

6. Probably most Important of all, the vibrating phys­
ical dam is actually a three-dimensional phenomenon. ■ 
Each point in a vibrating dam will, in general, have 
three components of motion, and the motion of each comp­
onent is dependent on' the motion of the other two comp­
onents as a result of Poisson’s effect. Thus, the ideal­
ized: two-rdlmenslonal. approach -explained in this paper 
can never be expected to predict the total behavior of 
an earth dam during an earthquake. However, some of

V-

the major features of the vibrational behavior of an 
actual dam can be predicted, and perhaps the method will 
be capable of predicting response which is quite rep­
resentative of the actual behavior of an earth dam. if the 
method is further refined as discussed in the section 
titled "Refinements of the Model".



SUMMARY AND CONCLUSIONS
Chapter V

Summary
An analytical method for calculating some of the major 

features of the vibrational behavior of an earth dam.is pre­
sented. The dam is considered to consist of a homogeneous 
fill situated in a rigid canyon with an arbitrary cross 
section. Vibrations are restricted to motion in the direction 
transverse to the longitudinal axis, with no relative motion 
through the thickness of the dam.

A numerical solution for the idealized- dam is presented. 
The continuous system is replaced by a finite-element system . 
which is composed of a grid of point masses interconnected by 
shear-resistant springs. The natural frequencies and mode 
shapes of this two-dimensional system are computed by an 
Iterative technique which is an extension of the Holzer 
Method for one-dimensional vibrating systems.

Natural frequencies and mode shapes are calculated for 
a dam located in a figid canyon with a rectangular cross- 
section. The frequencies and mode shapes thus obtained are 
compared with natural frequencies and mode shapes determined
from the exact solution to the differential equation of motion.

'
The fundamental frequency calculated by the two-dimensional 
Holzer Method is l.k-6% below the exact fundamental frequency,
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when a coarse grid of 4, rows and 5 columns is used, but It Is 
only 0.33X below the exact fundamental frequency, when a 
finer grid of 10 rows and 10 columns is used. Larger differ­
ences between the numerical and the exact natural frequencies 
are observed for higher modes of vibration. The twentieth 
natural frequency is Z6.,7% below the exact value when the 
grid consists of 4 rows and 5 columns. This error in the 
twentieth natural frequency is reduced to 5*7% when the finer 
grid with 10 rows and 10 columns is used,.

The mode shapes of the finite-element model show good 
agreement with the mode shapes of the continuous model which 
are expressed in terms of trigonometric and Bessel functions. 
The maximum error in the first two horizontal modes and the 
first two vertical modes is less than lX of the largest de­
flection in the mode when the grid with 10 rows and 10 
columns is used.

Calculated natural frequencies and mode shapes for 
Bouquet Dam are compared with the natural frequencies and 
mode shapes observed in a field investigation. The lowest 
six computed natural frequencies, using the unsubstantiated , 
shear wave velocity measured on the dam of 12?0 feet per

I

second, are.consistantly higher than the observed natural 
frequencies. The difference increases from a factor of IlX 
for the first natural frequency to a factor of 25X ■■ for the 
sixth natural frequency.
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The computed mode shapes,■ which are meant to "be rep­

resentative of the entire cross-section, are compared with 
the observed mode shapes which were measured on the downstream 
face of the dam. The computed deflections of the crest show 
the same general shape as the observed deflections with sur­
prisingly good, agreement for the first mode. The computed 
deflections are more than twice as large as the observed 
deflections In the lower regions of the dam. This discrep­
ancy is attributed to the strains through the thickness of
the dam which were Ignored in the analytical investigation.

(?)Recent work by Chopra and Clough indicates that the defl­
ections of the vertical axis of the cross-section are much 
larger than the deflections of the two faces of the dam for 
the lower regions of the dam. This behavior causes the 
computed deflections (representative of the integrated aver­
age of all the deflections through the thickness) to be larger 
than the observed deflections which were measured on the down­
stream face of the dam.

A method for determining the shear wave velocity of an 
earth dam is proposed. The fundamental frequency of the dam. 
is experimentally measured. An analytical investigation then 
locates the shear wave velocity which causes the computed 
fundamental frequency to exactly agree with 'the observed 
fundamental frequency, rthus1'obtaihing.--a good estimation of
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the effective shear wave velocity, representative of the 
entire dam. The accuracy of the shear wave velocity deter­
mined in this manner would then depend on the sophistication 
of the analytical method. Although the analytical method 
described in this paper can not fully explain the behavior 
of a vibrating earth dam,the method is sufficiently reliable 
to obtain a good estimation of the shear wave velocity„ The I 
knowledge of this shear wave velocity then allows for the 
determination of the higher natural frequencies and modes 
of vibration.

A method is also presented for calculating linear response 
of the idealized dam subjected to an arbitrary boundary dist­
urbance. The method is general enough to include the effects 
of a traveling wave which causes nonrigid boundary motion. 
Solutions to -sample problems have been obtained using this 
method, but they have not been substantiated by an independ­
ent method, and for this reason they are not- presented in 
this paper. A method for verifying the solutions Is isuggested 
in Appendix G.

Conclusions
The exact behavior of an earth dam cannot be computed 

from a two-dimensional model. Approximating the dam by a . 
two-dimensional model is not an attempt to avoid.facing up 
to this fact, but rather the two-dimensional approximation
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serves as a stepping stone to the very difficult three-dimen­
sional problem. Two-dimensional techniques can also offer a 
reasonably good understanding of the vibrational behavior of 
an earth dam for the purpose of improving designs as well as 
guarding against possible catastrophic failures.

If a two-dimensional approximation of the dam is to be: 
used for the purpose of simplifying the analytical method, the 
question then arises: Which two-dimensional model can more
closely represent the behavior of an actual dam? The model 
used for this Investigation, which ignores vibrations through 
the thickness of the dam, is certainly one candidate for the 
job.

Another feasible two-dimensional.model is obtained by 
considering an Infinitely long dam. The vibrations in the 
plane of the cross-section, in both the horizontal and the . 
vertical directions, can then be determined from this ideal­
ized model. The one outstanding advantage of this approach 
is the direct relationship between the stresses.in the plane 
of the. cross-section and one very plausible mechanism for 
failure. If a sloughing of the earth on one of the faces of 
the dam is considered a likely cause for failure of the dam, • 
the knowledge of the stresses in the plane of the cress-section 
will certainly offer considerable insight of the failure of 
the dam.



The method of representing a dam by an infinitely long 
model appears to be representative of the behavior of an 
actual dam for the first mode of vibration, but the method 
does not offer reasonable values for the higher natural fre­
quencies and mode shapes. This fact can be verified by sub­
stituting an infinite value for L into the equations (29) and 
(30) as discussed earlier. For example, if the length of the 
truncated wedge approximation of Bouquet Dam, shown in Figure 
12, is extended to infinity, the first six natural frequencies 
are above the observed frequencies by ^,5%» 101.Xe 175*%* 224.% 
283.%, and 339»% respectively. Also the higher modes computed 
from an infinitely long model do not resemble the shapes of 
the observed modes.

The two-dimensional model described in the paper, on the 
other hand, results in natural frequencies and mode shapes ... , 
which show good agreement with the observed behavior.1 i
However, the computed shear stresses on planes perpendicular 
to the longitudinal axis of the dam do not appear to be 
directly related to a likely mechanism for failure.

Perhaps the knowledge of the transverse accelerations of 
the. dam, obtained from the two-dimensional model described in 
this paper, can be related to the mechanism for failure in . 
which a mass of earth ..sloughs off from the upstream. or down­
stream face of the dam in a future investigation. At any
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rate » an Important step toward understanding the "behavior of 
a vibrating earth dam is being taken.• This step is completed 
when an analytical method is developed that can predict the 
behavior of an actual dam at low levels of stress with good 
reliability. The next step will then be to predict the 
behavior of a dam at levels of stress approaching failure.



Chapter VI
RECOMMENDATIONS FOB FUTURE WORK

Refinements of the Model
In addition to the need for investigating other methods 

for calculating the dynamic behavior of structures, there is 
a need for further development of the finite-element approach 
used in this paper. An idealized model is established to 
represent the actual dam in as many ways as possible without 
complicating the analytical method for calculating the behavior 
of the model beyond the, limit of feasibility. Many simplifi­
cations were made to arrive at the two-dimensional model used 
in this report. Future work can predict behavior which will 
more nearly represent the behavior of an actual dam if a more., 
refined model is used. A few suggested refinements of the ,, 
model are cited belows

I. Due to insufficient knowledge of the actual soil 
characteristics, the dam has been treated as a homo­
geneous fill. If the actual soil characteristics are 
known at each point of the dam, the two-dimensional 

! representation can allow for variations of the soil
, characteristics in the plane of the grid. This refine­
ment will prove particularly beneficial for varying soil 
characteristics in the vertical direction to account for
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variations in the water content of the soil and in the 
overburden pressure with depth. It should be noted, 
however, that the soil characteristics assigned to each 
point in the grid Is actually an Integrated average of 
the characteristics through the thickness of the dam.

2. The finite-element approximation of the dam is suf­
ficiently general to allow for an irregularly shaped end 
abutments as well as a non-symmetrie cross-section. The 
finite-element model can be further refined to allow for 
a non-linear taper of the faces of the dam. This refine­
ment will prove beneficial for representing ah. earth dam 
with a variable taper, as is often the case. Figure 12 
shows that the face of Bouquet Dam actually changes slope 
near the bottom of the dam, although this dam was rep­
resented in the analytical investigation by a model with, 
a linear taper over the entire height.

3. Bending deflections are considered small in compar­
ison to the shear deflections for an earth dam with a 
large ratio of base thickness to height. A better rep­
resentation of a dam, particularly a dam with steep side 
slopes, can be achieved by analyzing a model., which Includes 
the effects of - bending. In other words the dam is rep­
resented by a thick plate with a variable thickness. A
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model for a thin plate is described in a recent paper by 
A. L. Yettram and H, M. Husain^®). Mr J e K e Khannaf ' a 
graduate student in Civil Engineering at Montana State 
University., is presently engaged in an investigation 
which utilizes this model to include the effects of

|bending as well as shear in the analysis of an earth dam,

4. Additional knowledge about the vibrational behavior 
of a dam can be gained from an analytical study which 
includes vibrations in the plane of the two-dimensional 
grid. This more refined model would also permit the 
analysis of a dam which has a bend in the longitudinal 
axis, C, W e McCormick(Il) has described a model, con­
sisting of a rectangular grid of point masses intern ,, 
connected by straight elastic members which is capable 
of representing'both dilatational and shear distortions ; 
in the plane of the grid-. Another model for calculating 
vibrations in the plane of the grid has been presented 
by R e We Cloughd2).

Analyzing a dam with a bend in the- crest would complicate 
the analytical method considerably, At each point where 
the longitudinal axis bends, the motion which is trans­
verse 'to the plane of the grid on qne side of the bend • 
has components in both the transverse direction and the 
longitudinal direction on the other side of the bend.



L

-75-

Hence, in-plane vibrations must be studied as a pre­
liminary step to analyzing a dam with a bend in the 
longitudinal axis.

5. Due to the complex nature of the compliance of the 
foundation under a structure, the foundation is generally 
considered to be infinitely rigid or else the foundation 
is assumed to consist of a system of elastic springs.
An approximation to the compliance of the abutments: Of 
the dam can be accomplished by placing a spring at each.. 
point on the boundary of Figure 2 where a shear spring, 
of the finite-element model attaches to the rigid bound­
ary. Preliminary work to approximate the. foundation .. 
.compliance in just this manner indicates that the two- 
dimensional Holzer Method, used to calculate the natural 
frequencies and- the mode shapes of the grid,' is only.. : 
slightly more complicated with elastic boundaries than 
with rigid boundaries. ■ The major difficulty encountered
is in determining the proper spring constant to assign 1
to each spring along the boundary.

6. The physical dam dissipates energy internally as a 
function of strain, and it radiates energy externally.,.
as a function of the amplitude of.the. boundary motion. ■ 
For low levels of strain, the structure is well repre-
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sented by a mass-spring grid with viscous dashpots 
connected from each mass point to a rigid support and 
from each mass point to every other mass point. Even 
if a method for determining the daahpot coefficients 
which would best represent the dam could be found, 
calculating the dynamic behavior of the grid would be 
rather difficult. If the damping results in motion 
at a natural frequency in which all the points are 
moving in phase, the configuration of damping is 
referred to as modal damping. The use of a configur­
ation of damping other than the modal damping which is 
used in this investigation will complicate the analysis 
considerably.

At higher levels of strain, the viscous dashpot method 
of representing the internal energy dissipation cannot 
be. justified. Excessive strain causes sliding between 
individual soil particles, thus introducing an energy, 
dissipation known as Coulomb or hysteretic'damping. . 
When this occurs the system is no longer linear,’ and 
the method of calculating response by superimposing 
modes is no longer valid. Each spring constant of the 
mass-spring grid now depends on the state of stress 
and strain and on the past history of strain.
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A general method for computing this nonlinear response 
is discussed earlier in Chapter II. The solution 
proceeds by numerically Integrating the equations of 
motion for each point mass over small intervals of 
time. Although the method is applicable at high levels 
of stress where failure.is imminent, computing problems 
may arise for motion which continues for just, a few 
seconds as the result of the large number of calculations 
which are required and the cumulative nature of the ■- 
errors. Perhaps the problem of stability can be remedied 
by computing response by means of a less rigorous linear 
method until nonlinearities just start to occur, and 
then the more general method which is applicable for 
high levels of stress can be used to continue the 
solution into the nonlinear response where stresses are 
critical. Computing response at high levels of stress 
will require a. major revision in the techniques used 
in this Investigation.1
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appendix A

Differential Equation of Motion for a Shear Dam
The element of earth through the thickness of the dam,

■ shown in Figure 14, is considered. Ignoring relative defle- 
tions through the thickness of the dam, the differential 
equation of motion is obtained by summing the forces on the 
element:

P dx dy z 3 3U _ 3  Vv + 3 Vh dy ... 31
3 t a 3 x  3 y

where z is the thickness of the dam, p is the mass density, U 
is- the transverse, deflection of the element, Vv is the total 
force on the vertical face of the element, and V^ is the total 
force on the horizontal face of the element. The forces on 
the element are related to strain by Hooke's law as follows: .

3uVy = AyG g - z dy G 3]
d:

z dx G 3 u  . 
3 ?

Substituting, these values for Vy and V^ into equation (31) 
gives the general equation of motion in termp of displace­
ment:

Z G 3 l, + d _ F-1G d u "
- d y Oy-J

= z P 3 3i 
d t ‘
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Figure 14: Infinitesimal Element of Soil Extending
Through the Dam.
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If the dam has a linear taper, z can be replaced by cy where 
c is a constant, and if the dam is homogeneous, G can be 
taken outside the partial derivative Operator and the equation 
of motion becomes:

G
P

+ a * u + i c>u"
S y 3 y d y J

33



APPENDIX B

Orthogonality of the Modes of Vibration of a Shear Dam
If the transverse deflection U(x,y»t) is of the,form:

U(x,y,t) = F(x,y) T(t)

= F(x,y) Sin (Wt-OC) ,

then equation (32) of Appendix A can be written:

—82-

d _
d x

_ d p + 3 _ "z G ̂z G —
U X d y O y  J

- z p  W  F

If W =  w n» the n^h natural frequency, then F(x,y) becomes the 
nth mode shape §n i,e.

d _
3  x

rz .G d i n ] + d _ r2 0 d s i
t Ux J d y 4 UyJ - zP ^ n  $n «s i 3^

similarly.

d [2 G 3Sml + d rzG d$ml
3x L dx J dy L dy J zP K  Sm 25

Equation (3^) is multiplied through by and integrated
over the volume, similarly equation (35) is multiplied through
by §n dV and integrated over the volume. The resulting Inte- 

z
gral equations are then subtracted giving:

V
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Vol.

L  0 a i l + d_
dx J 3y

Z G
dy

dV +

I 8
Z 1 d:Vol,

L g dial + d L  G d*m I
• dx - 3y dy J

dV ss

+ J  (U)m -coV P $n dV ..
Vol.

The left side is expanded by substituting dV = z dx dy and 
integrating by parts'on x and y as appropriate, i*e. :

+ I z G  In 9 $ n
d:

: y

dy ■
evaluated 
over x

z G Sfmdfn dx dy
d x  3:

Vol,

+ ft Z G
3  ̂ n
3 y

evaluated 
over y

—  dx dy

Z G $n d!i3 evaluated 
over ±

+ I z G

Volt

S i B  'dis dx dy3 x 3 x



G $n 3 K  dx
dy

X evaluated 
over y Vole

This expanded form is simplified by noting that the second 
term and the sixth term cancel„ also the fourth term and the 
eighth term cancel, . The first and fifth terms vanish since 

and |n are zero all along the limits on x, l,e. the de­
flections at the end abutments is zero. The third and ' 
seventh terms vanish at the upper limit on y , because V- 
and |n are both zero all along the bottom boundary of the 
dam. The lower limit on y also vanishes in the third and 
seventh terms, because the shearing strain, 3 $  , is zero

all along the crest. Thus, the entire left side of equation
'  ' I(36) vanishes, giving the desired form:

(W% f p dv = °-
J Vol.

for m ^ n, then ^ GU^ and

d y
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APPENDIX C

Proposed Verification of Mode Superposition Calculations
The calculations for general response» using the method 

of superimposing mode shapes, need verification by an independ 
ent method. An independent method is proposed for the special 
case of calculating steady-state response resulting from 
sinusoidal boundary motion. The same mass-spring model, shown 
in Figure 2, with irregular boundaries, is used for both . 
methods. The more general superposition method is to be 
checked by comparing the response of a particular dam to a 
sinusoidal boundary disturbance, calculated by the super­
position method, with the response calculated by the steady- 
state method.

The steady-state method for calculating response does 
not make use of natural frequencies and mode shapes,'.' When 
the,boundaries of Figure 2: experience steady-state sinus­
oidal motion at the frequency CU , each of the internal mass 
points Is also vibrating at the frequency CU* When.the points 
along the boundaries have sinusoidal motion but are not 
moving, in--phase with each other, each internal mass point Is 
still vibrating at the frequency CU , but in general it will 
■not be moving in phase with its neighboring points. Thus, 
the motion of the particular mass point (I,j) is given by

U1 ̂  (t) * A1 Sin (CUt -Cllf j) ,
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where  ̂ is the amplitude of displacement of the point
(i,j), and the phase angle Ctif j is the angle by which point 
(i,j) lags some reference point, say the extreme left of the 
crest. The phase angle CC is introduced to allow for nonrigid 
boundary motion in which points along the boundaries are not 
moving in phase, and it should not be misinterpreted as an 
Indication of damping. The accelerations of each mass-point 
can then be expressed;

’U(t) = -CO3 u(t)

regardless of. the phase angle CL.
The left and bottom boundary points of Figure 4(a) are

assigned the deflected shape assumed by the boundaries at a
designated time t0. The right boundary is temporarily free.
A zero shear force is assigned to each of the horizontal shear
strings on the extreme left of the grid, and the right bound-.

f (I)"?ary deflections, 4U |, are calculated by the step-by-step 
procedure previously described*, The right boundary displace­
ments , of Figure 4(a) have been expressed previously
as a linear combination of left boundary shears in equation 
(7) with the left and bottom boundary points assigned zero 
displacement. The right boundary displacements ju^ ^ | , due

* Although the Holzer Method has customarily been applied to 
systems in which all points are vibrating in phase ,jucareful 
study of the equations show that they are applicable also to 
systems in-'which all points are vibrating at 6ne frequency, 
but not necessarily in phase.
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to left and bottom boundary displacements, when added to the 
right boundary displacements due to the left boundary
shears, must give the actual displacements assumed by
the right boundary points at the designated time t0, thus:

+ {u(2)j .

But {u(2)} = [c] (v)
from equation 7, so the preceding equation can be written:

{v} [G] >'{u(a)} - {u(1)} • ......... . 3

The left boundary shears j are calculated from equation 
(37) since both -jûa^ and are known. The total in­
ternal shear forces and deflections are then calculated by 
the step-by-step procedure of working across the grid from 
left to right.

A brief time later the boundaries assume a slightly 
different distorted shape from which a new set of internal 
shear forces and deflections are calculated. Response, 
calculated in this manner at many different time intervals 
over one cycle of boundary motion, gives a complete picture
of the displacement response of the dam. --

The displacement response of the same .grid experiencing 
the same sinusoidal disturbance is then calculated by super­
imposing mode shapes. Even though the boundary disturbance
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is sinusoidal, the solution obtained by this method has a 
transient component. The dam is initially at rest, and several 

. cycles of boundary motion are required for the motion of the 
dam to reach a steady-state condition, depending on the 
amount of modal damping that is assumed,'' If no modal damping 
is included, the response never reduces to a steady-state con­
dition. On the' other 'hand, if considerable modal damping is
assumed, the calculated response would necessarily show poor'
agreement with the undamped response calculated by the steady- 
state method, particularly at frequencies near a natural fre­
quency for the system.

The introduction tif modal damping to reduce the transient 
response to steady-state response, can offer only a qualitative 
comparison of the two methods, which may not be very conclu­
sive. A conclusive quantitative comparison can be accom­
plished, however, by altering the superposition method 
slightly. The proper initial conditions, as. determined by 
the steady-state solution, are assigned to each mass-point, 
and the response due to the sinusoidal boundary motion is 
then calculated by the superposition method, with no.modal 
.damping. If the total response of the dam, resulting from

' - . r

the initial conditions and the boundary motion, agrees with 
the response determined by the steady-state method, a quan­
titative check has been accomplished.
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