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ABSTRACT

The  gravitational many-body parameterized post-Newtonian  (PPN)
Lagrangian for compact ' celestial bodies is. extended to second post-
Newtonian order and is constrained to exhibit the invariances observed  in
nature -- generalized Lorentz invariance, the  strong equivalence principle,
and the isotropy of the gravitational potential. - These invariances are
imposed on the Lagrangian using an empirical approach which is based on
calculated observables rather than through formal procedures  involving
post-Newtonian approximations of transformations. When restricted in this
way, the Lagrangian possesses two free parameters which can be related to
light-deflection experiments and the effect of an environment of _proximate
matter on such experiments, o - L




| PARAMETERIZED POST-NEWTONIAN FORMALISM

Introduéti_‘on

Since ~the advent of special‘ relativity 1n the. early part of this
century attempts have been made to develop gravitational theories which
incorporate the principles_. of relativity. At the same time, these theories
have been subjected to ever-more precise  experimental testing. Since the
gravitational  interaction ‘is- much weaker than the other" fundamental
forces, it is difficult to - find ‘system‘s‘ whlch provide information .- ‘about‘ the
full nature of the interaction. Thus, the m'ajoﬁty of testing is conﬁridnly
performed in weak-field . systems in which the relaﬁvistic corrections  to
classical gravity are treated as perturbations oﬁ Newtquian gravity. - The
solar - system is an cxam'pl?e( of such a system since the gravitational
potén‘tvi‘al“s are small, and the velocities of the' planets are 'much less than
the speed of light. The first post-Newtonian (PN) .approximation« to a
theory of gravity, in which only the leading. terms in an expansion of the
relativisitic ~corrections are considered, -has "bxe_en sufﬁcient for analyzing
solar System experiments. A wide class of theories can ‘bé : handled
‘siniultan‘eously "in the PN approximation since the . various thebries differ
oniy in their e){pansion coefficients. . The parameterized post-Newtonian
- (PPN) formalism treats  the | expansion coefficients as phcnomenOIOgical
parameters to be detenﬁmed by observation.  In recent for.m, the PPN
formalism =~ uses an expansion in terms of _-thé 'weak;fieid variables of a

many-body Lagiangian—.
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Observations made up to ‘the present are accurate enough to
determine the first order PPN parainefers | to about ‘one part in 103
(although some observations aéhieve greater accuracy and affect the
- second order parameters. to about ten. percent). The evidence indicates
- that thé gravitational  interaction  obeys certain  invariances such as-
Lorentz invariance, the strong equivalence principle, and isotropy. At
order (1/c?)  corrections to  Newtonian ,gra\'rity these invariances are
sufficient to determine the structure of the interaction up to ‘vthe freedom
of one PPN parameter, and that one pafamcter is fit by observations of
~ the 'defeleeti'on of light by the g-ravitat:ional‘ field of the sun. To aid in
the development and analysis of ‘the next geherat’ion of | ‘ex-perin.lents' which
move beyond the 1PN order, this work exémines_ the consequences of
applying the obsérved invariances to sécond post-Newtonian order (1/c?),
by requiring observables calculated from the 2PPN Lagrangian to exhibit
the various invariances. The result of this is that the second PN order
gravitational interaction is determined up to Lthe freedom of one new
second order PPN parameter if the. ,interact"ion" conforms to all invariances
observed at the first post-Newtonian ‘order.,, _If the strong equivalence
principle is abandoned at second order, thén | there ' remain five partially
und¢tqﬁnhied pq:alneters which ‘arev» r'elated‘ '»tc‘). rescaling effects of an
envirbmhen.tal v.distribut-ion of matter  on deﬂéction of light experiments,
perihelion ﬁrecession experiments, .and‘ Newton’s - éonstant G. Thﬁs, these
invariances .a,rc shown to strongly restrict the general structure of | the

gravitational interaction.
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Historical Development

The niost successful theory | of g-favity is .t-he t‘-ﬁe’ory_ of ,general-' '
vreliativ.i'ty_ developed by Einstein. When  first publ“i’s-‘hed‘,‘ it . was ‘ShO‘WI‘l to
correctly predict the preceséion of the perihelion of ‘Mercury. | Shortly
after its publication, gener’al. -relativity met two other tests: the.
.deﬂection | of starlight by the. gravitational field of the sun, and the
gravitational redshift of spectral lines from the companion of Sirius. In
these three classical tests the 150st-Newtonian predictions of general
relativity were confirmed at limited levels of ‘.accujra‘c'y,A ~ The perihelion
| prece‘ssidn of Mercury is the highest accuracy test, buf it reliés on the
-éssumPtion that the sun has negligible quadrupole moment. “The precision
of these measurements was 'high enough to permit testing | of relativistic
gravity at 1PN order, but insufficient at higher orders.

As the precision of experimental  measurements increased and new
techrﬁques and experiments developed, it haé become possible  to
‘experi.mentally question  the aissunip‘t—ions and postulates‘- that lead ‘tov
generall relativity: Wh_at constraints ‘d‘o‘ observations ilnpdse on the
gravitational interaction? This question was posed by Dicke in a very
general form with few és’s_umptic)ris about the form o_f‘ the - gravitational
theory (Dicke, 1964). Through analysis of particle physics and redshift
experiments within the Dicke framéwork, the evidence indicated that a
relativistic theory of gravity shoul relate gravity to a ‘symmetric, $second
rank tensor (the ‘nvae,t-ri.c), and thé divergence of the -streés-eﬁergy tensdr
~ with respect to this metric must be zero (Thorne and “Will 1972). These
two conditions can be interpreted as requiring spacetime to possess a

metric field, that local Lorentz frames follow geodesic paths, and the
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- special relativistic laws of physics are valid in these local ‘Lorentz ’fxvames.

Theories which fulfill these conditions are known as metric theories of

gravity.

These theories can be easily generalized émce the metric is relied
on to describe “the motions -of test bodies, (and, until recently? © most
- experimental data were analyzed “under the test’ body limit) -- differences
in the metric field fof given sourcels‘ serve to. disti‘nguish between
alternative meﬁic theories of gravity. ~ The | .ge’neral form ‘o‘f “.the metric

field is described by the PPN formalism. In ‘this case, the metric is

expanded beyond its Minkowskian form in terms of small - ‘«quéntitieé’ E

characterizing the system being analyzed. The ﬁoeffici‘en‘ts whic_h anse in

thé expansion are then determined by observation. This technique was

first employed by Eddington (1922) for the restricted - spherically

symmetric static ‘case and was applied to  the - 'two ,s_tandard solar 'Syst,em.

tests of gravity -- light deflection and the precession of the permeliioh_. of
Mercury. Eddington took the ‘met.ric' field -exterior to a- sphencally
symmetric static body and expanded it in powers of l/fr to the "necessary‘

order; the coefficients arising from this expansion ‘being constrained by

observational data.  This approach was later used by Robertson (1962) and

Schiff (1962, 1967). - Schiff ‘i'ntrodu'ced‘  metric te'n;nsv‘ which iileprporated -

rotational motion of ‘the central body. Nordtvedt extended the formalism
to more generally include multiple mass sources which were each
permitted general motion (Nordtvedt 1968), and it was extended to include

perfect ﬂﬁid sources by Will (1971). The PPN formalism as develéped "by

Nordtvedt and Will in the late sixties and early seventies has a' systematic. -

foundation and is treated as a "theory of _theories” in its own right apart
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from SpeCl.fIC relativistic field theones of grav1ty put forward by various

authors (Nordtvedt and Will 1972, Will and Nordtvedt 1972, Wl]l 1981)
PPN Formalism

The PPN formalism was vde\}eloped for use in .C-;tihe aoalysis of
gravitational systems such as ‘the solar system .in which the gravitational
potentials are weak and the _coordinaté threeﬁelocitiés of matter are
small compared to the speed of light. Coordinates are chosen so that the
metric  becomes  Minkowskian at - large dlstances from .the ‘system.
Expansion variables for the metric are dimensionless énd take’ the
following form: |

dr, GM.l

Vi—.--‘=—‘1 and U_ - - . ‘ - ‘ (1)
edt |r-r|c | ‘ .

These have an' "order of smallness" based upon the power of c¢ that
appears in the denominator, so v, is Q(l), Uij is  0O(2), ‘and the time

coordinate ‘(ct) is O(-1). To expand the lino element:

_gaﬁdxadxﬁ
to order O(2), g is expanded- to 04), g, to O(3), and gab' to 02). In

units where G=c=1, the general expansion to O(2) is:

80 =1 - ZZU 1+ (1/2+’Y+0L /2+l; )v + C_,l(v alr ))2 _ | (2a)
o+ (o, e bo,(w (r )2 - a, oc)wv] o

+ 2BZUU 2« zrs+§2)ZUU
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(1/2)2U.[(4y+3+a =0 +E v+ (1-0r, C1 v -(rr"ri))(rf\ff‘i)a

1e]
2
i

_ +(ec 20 )w + Zocz(w (r- r))(r- r)“] . (2b) |
g, =-(1 + 2XU)s S (2c)

where "X" implies a summation over all bodies, and w is the velocity of
the ' coordinate system ' relative . to some preferred 1nert1al frame". A

‘ gauge choice has been made to elumnate terms of the fonn

| ~dv, I |
8goo = Z‘Ui[a(-?}(:r-ri)) + b(w-(rf\ri))(vi.(l.-{\l.-i,))]
dt

ég, = ZUic(rf\ ri)‘-‘-(rf\ri)b

The perfect fluid metric uses the expansion variables:

dx . ‘ _
vV =— p = total mass-energy density

dt : A ‘
P, . = rest mass-energy density .tij = components of the stress tensor

which appear in the following potentials:

: ‘p(x',t)dx’ ‘Jpl(vr.(x_xr))zdxl
- ;A= | —

Ux,t) = - ;
|x-x’] [ x-x’|3
P v'2dx [ p'Udx’ p'H’dx
(19.1 = <I)2 = | —— D, =
Ixxl Ixxl _ lx-xl lxxl
f p’(v’-("x—x’))(x-x’)a [p vad-x’
[x-x"|3 I xx']
=-—— |xx|dx+6U
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where IT = P-pJp, and p = (1/3)tii. To O(2) the perfect fluid metric

is:
oo = 1-2U+2BU%- 2p12+0,+L )@, + A (3a)
= 2ByH-2B+ )@, + (1+L) D, + 3(1HL YD,
+ (04 =t,=0)W U + e, W WPU, - (20,700 )WV
£, = UDE3+o -0+ )V, + (1+0,~0 )W, + (0 20)w U} (3b)
+ oczwaab ' |
g, =-1+270)8 . o (3c)
The terms:

, . . ' [ p'p"(Xf-X')'(X-X") d_xrdx//
dg , =aw'W_+b —
o Ix-x] | x-x"|3

8g, =cU

ab

have been eliminated by gauge choice.
The post-Newtonian approximation to most any metric theory of

gravity can be- repreSented by this PPN metric for patticular choices of

the parameters. In the ‘“standard" relativistic theory of gravity--
general relativity -- the parameters ai_re: ¥=1, B=1, and all others are’

zero. The physical interpretations 'of the parameters can be foun'd‘ 1n Will
and Nordtvedt (1972) or Misner, Thorne, and Wheeler (1973).

The PPN metric is used to calculate the value of ‘observables in
existing, proposed, and Thypethetical experiments, and these caleulated
values are' compared with obs,ervétionsi . The calculated .value of an
observable will generally depend upoh' the. PPN parameters, so comparison

with experiment serves to constrain = acceptable values for the PPN
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parameters. A specific metric | theory is compared Witﬁ exPe;ime’nt by
calculating the post-Newtonian approx;imét-ion to the metric for the
particular .t-heory using a standard  Einstein-Infeld-Hoffmann . type
perturbative approach and reading off the values of the PPN _parameters.v‘
- Those theories whos'e- PPN parameters are outside of the ranges set by
experiment can be rejected. -

The PPN metric formalism has become a Valuable‘."tool for . comparing
métric‘ theories with - eéxperiment ‘aljd observation, and deéigm'ng ‘new'
experiments. But it is useful only for ‘énalyzing the dynamics of a system
in. which bodies have weak internal gravity which can be treated
p.er'turbat'ively.' In geﬁeral, pulsars aﬁd other exotic objects d(‘)‘ not szitisfy
this © condition since they possess strong iﬁternal gravity “which 1s best
treated non-perturbatively. To describg fhe dynamics of -these compact
celestial bodies, a PPN Lagrangian formalism was developed by Nordtvedt

- in 1985.

PPN Lagrangian For Compact Bodies

For any theory of gravity which is. derivable from a Lagrangian, it
is assumed that there exists an 'effe‘_ét-iVe“ many-body' Lagréng-iah which
describes the positional motion of celestial bodies .(com_paét‘ bodies and
regular bodies, as well as test bodies). If thé matter is considered to be
concentrated into a finite number of bodies whOse internal dynamics are
frozen (or negle¢ted) and whose deviatibhs from sphericity are negligible,
then the matter Vafiébles (degrees of fr,eédom) : reduce to the cdordinate
trajectories for each body, ri(f), wh'ich are related to the motion of each

body, but a-priori have no precise physical meaning. The effects of the




gravitational field on the matter is expresSed‘ in terms of a generalized
effective potential which is a function of interbody coordinates and. time
derivatives of the. body trajectories. ~As an example of lhow this 'prOCeed's,
consider a  metric theory of gréwity “ derivablé from a Lagrangian of the

form:
£ =iyt " ‘ — ) )

where £G 1s the part tltat contains no ﬁtattef var_iables and £NG contains
only matter variables and the metric field -(T‘horne __197,3). "The matter
variables are reduced to the trajectories of each body, riCt). The . metric.
_can, in the spirit of the PPN formalism, be i expressed in terms of the
‘matter varibles, ‘and therefore £ya cén ‘Be. expressed. entirely 1n terms ‘o'f :
the ‘tfajector'i‘ies_r, ‘higher  time derivati-ves‘ of ‘t-he_‘ trajecterlies‘, ahd vaﬁOﬁs'
interbody ‘c,‘ouvp'.ling‘ i'parameters; ‘The " field equations for ,‘ any other fields
associated  with gravity can be solved in terms ef the matter variables, S0
this procedure applie's to £, as well vw‘it-hj an effective many-body

Lagrangian thereby resulting:

J£d4 = JL(ri,vi,ai, - )dt S | 5

Since no “ partieular ‘theory is ‘assq;med,' then an : ‘.exptmsion‘ abeut' the
© Newtonian Lagrangian can be constructed .‘(if "the vpotenti‘als and velocities
ate weak) in which the expansion coefficients are considered PPN
parameters. This expansion is the PPN .» Lagr_angian which - describes a

broad and general class of theories of gravity.
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Unlike test bodies, compact bodies do not generally .follow geodesics
so that a metric-based expansion procedure is inadequate for describing
the motion of such bodies. On the other hand, a Lagrangiahabased'
expansion provides the. equations of motion for con—ipact bodies as well as
yielding the PPN metric from which the equations of motioﬁ for test
‘bodies are calculated. | It also provides a _méahé "of incorporating
conservation 1aws and of imposing the invaLriénc;‘_e’s which  observations
require; and finally it gives precise meaning to--- the coordinate trajectories
r(t) by defining distances through analysis 6f actual and "gedanken"

experiments.
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CONSTRAINING TECHNIQUES

Preferred Frames

Various  astronomical  observations indicate  that tl;e - gravitational
interaction exhibits no preferred inertial fréme effe.cts‘ and that there
exists energy-momentum and angular momentum conservation. The o and
- parameters in equations (2) and (3) silgnal‘ preferred frame effects - and
the féilure; | -‘.of | conservation of energy-momentum. . Certain types of
preférred frame theories are in conflict with measurements. of the time
-dependénce of the period of the binary ‘pulisar (1913+16) (Taylor and
Weisberg, 1982). More genera]ly; pulsar period measurements _(Nordt-vedt
1987b) imply that I.‘Ol.l | < 105, and analysis of the alignment of the sun’s
spiﬁ axis with the angﬁl‘ar momentum of the ‘solar. system ‘(No-rdtVedt,
i987a) gives |o¢2 | < 107. Data from observed -perihelrion shifts (Nordtvedt
and Will, 1972) forces | o, l < 107. Lagrangian based metri._c ,theofies of

gravity must have (Lee et. al., 1974):
'(1/2)(;1 = CZ‘ = _(3/2)C4 = CW’ and C3 =0

where Cw is a parameter introduced by Will (1973) to include Whitehead’s
theory of gravity in the PPN met(r_ic.‘ Earth-tide experiments (Warburtdn
énd Goodkind, 1976) have shown Cw to be less \than 103, while the sun’s
spin axis history implies (g, < 107 (Nordtvedt 1987a),. |

In addition to restriCting preferred frame effects‘; .these. observations

indicate a further invariance -- isotropy. Since they were made on
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systems which were = in an environment of external = matter, the
environment of distant matter 'must not produce preferred frame or

anisotropic effects. ~ For example, the solar spin  axis ‘obsevr.vat'io‘n takes

place in the presence of the galaxy. The rest frame of the gal_aky could |

define a preferred frame and its. concentrated matter could -produce
anisotropic  effects by picking out a preferred dirgctiori, ~ Since the

galactic gravitational potential has a (di,lnensionle‘ss‘ value of 5 x 107 at

the location of the solar system which is comparable to the restriction

placed on o,
‘order in its potential.  Because the Newtonién ‘i,nter'acti(')r"l has been shown
to be 'isotrdpic ‘to  2 x 10‘1‘3‘ (Nordwédf ‘1;98'7‘a),' aﬁi's'ot.ropic _effects can be
eliminated to second order in the gaiactic potchtial. | ‘ x

Since the experimental support for ‘the : absence of ,prefeﬁéd framé
or anisotropic effects is so decisive, it is efficient to reétrict ‘thé freedom
in the PPN Lagranglfan to 'elim'inatg such effects befo,re_. _.it‘ .is-_ used to
represent the general gravitational interaction. = Procedures that eliminate
preferred frame effects which are independent of | the 0utside ‘eny‘i‘ronn-len;t

are classed as "Lorentz Invariance" constraints (LI), while those which

eliminate preferred ~ frame effects produced by the distant eﬁvirpnment are

classed as "Generalized Lorentz Invariance” constraints (GLI).  Anisotropic

effects can also be eliminated in the context of the GLI constraints,

- while the wuse of a Lagrangian to describé the gravitational interaction

automatically insures that conservation laws are valid = (including angular .

momentum if there is intrinsic ‘isotropy = -- no universal = preferred

direction.)

the galaxy does not induce preferred frame effects to first -

K TR N § SN VS —
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The Lagrangian

The PPN Lagrangian‘ represerits thé dynamics  of many celestial
bodies in the limit  that gravitational ‘radiation .is negligible (or perhaps
the half retarded tﬁne, half a_diranced fime result from the underlyiﬁg.
field theory). The internal structure of each body is frozen so. that the
dynamics of each 'bo‘dy is described solely by a trajectory degree of
freedom, 'ri(t).’ The Lagrangian takes the form of a 3-space -scalar
function of the trajectories and their ‘time‘ H derivatives. To'. at least the
second order of post-Newtonian apprbxhnation,' the accelératiOns ~and
higher derivatives of position can be removed from the Lag‘rahgiaﬁ via
coordinate transformations which, in effect, push these _.terms into the
~ next higher order of approximation (Damour and Schifer 1985).  Without .
loss of generality, . the La‘g,rang'ian‘ : 1n some preferred ine_rtiél_ frame can
therefore be considered as a function ‘of inner prbducts mqf ‘intcrbody

~ distances and body velocities:

L(rij,vif vj,vi- rij)

and is required to be time-reversal symmetric.
Lorentz Invariance Constraints

Preferred frame effects are ﬁr.esent in observational phenomena if a
measurable quantity, such as period of revolution or periastron precession
for a binary system, etc. allows an observer to determine the motion of a
gravitational system with respect ‘to a - preferred inertial rest frame. The
gravitational Lagrangian is structured SO as to exclud'e preferred frame

effects by the following procedure:  two distant inertial observers -- one
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at rest with respect to the preferred frame, and the other at rest with
respect to a system which is moving at uniforrn velocity 'w with respect
to the preferred frame -- make measurements on the systern using their
clocks and | rulers. 'Since- ‘their clocks - and rulers are in grav1ty-free
inertial frames, their measufements are related to each other by the
'L'orentz transfonnations For - example, if both observers measuré the
period of orbit for a bmdry systern the per-iod measured by one ."obscrver
will “bev tu,nev dilated - wheri compared with the  other obsé.rver’s‘
measurement.  If the Lagrangia_n‘ is to be consistent with observation, the
calculated values ‘of ~observables in one frame should i)e the Lorentz
transform of the values calculated  in ‘anothe‘r frame. Thus, the Lorentz
Invariance of the Lagrangian 1n thvis‘ "work is “base‘d‘ on the behavior of
calculated obéewables rather thaﬁ a formal 'Ypos.t-Galilean"' traﬁsf_onhation
(Chandrasekhar and Contopoulos 1967) of the Lagrangian itself.

For any planar system with w normal to the plane of ‘the '_system,
the body trajectories defined by both observers will differ only by a time
dilation scale factor. Any measm‘rabl‘eﬁ quantity -calculated from : the
Lagrangian for such a system will simply rescale by ‘a factor ‘of‘ (1-w?)12
in. the time dependcn.ce of the quantity. This is guaranteed if the
acceleration function for any body in the system obeys - | |

a, (l’1J VJ(l WZ) 1/2+w) (1 w2)a (rlj VJ) o | | k (7)

where 'ri]Q and v, are those planar values in the rest frame of the system

- and w-v=wr,=0. If the Lagrangian is written. as:

L(r,v) = -ZM@(1- v2)1/2+U(yr1J v)
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the equations of motion for body i are:

1 | dU d 9U .
8, =—( vf)lf2 | ———— (1v2) (v a)v
‘ or; dt avi ‘ |

Defining:
‘f(rij,vj(l—w2)1/2+W) =f

for any funcfion f gives:

{ o :,j-:'aUdaU"'.:
a’ =—— (v w2) 12 ————
' M(I) L or, dt av

- (v vya))y, + Loy 2 wsova v+ CLowy S
The constraint:

a'= (l-wz)ai

" requires:
[oU d au 77 -' 0U.d U ] " -
— ———— | - MOAvY (v a)v,
ar dt- av ‘ dr, dt E)vi : :
Noting that:

d 9

dt ov, dt v,

- Mi(I)(1-vf)'f’(z(v;z‘ui)vi |

forces the Lagrangian to obey:

d 9 | It o ;‘ - -
[ ———(ZM(I)(I V2)1/2) ] =[ —-—(ZM (I)(l V2)1/2) (1_W2)1/2:
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JToLdaoL 1’ [oLda ] '
— - e (1-W2)1/2.
' Bri dt avi 4 - ari dt E)vi

This can be implemented by requiring:

1 5 )

L(r,v(1-w)¥2 + w) = Ly, v)(L-w)'?2 ' | . (102)
and:
JdL d oJL ‘
or, dt dv, - |
The last constraint (eq. (IOb)) can be related to a moré e_mpiricaI'
constraint on bound two-body dynamics. Motion with respect | to a

preferred universal framé could be detected if | the plane of orbit of a

two-body system were seen to precess about some direction in space (its

velocity with . respect to the preferred | frame).  Such an effect would
~ appear, for example, as a precession of the - sun’s spm axis | relative  to
.the -orbital angular momentum of the solar system (Nordtvedt 1987). A
cénstra,int is imposed on the Lagrangian | by - examining an orbit whose

plane is to first approximation normal to the preferred frame vél_()city W,

- but" which is perturbed in .the direction of w The angular ;dependenc‘e_ of .

- the 15erturbation must be identical (up to a phase differeﬂce) with the

angular dependence of the unperturbed orbit if no precession is to occur. |

The perturbation equations are obtained through the equations of motion
deri.ved from the Lagrahgian. ' |

It ‘one.: of the fb'odics" is* much less . rrilass‘ive‘ than ‘t-he.j‘ ‘cher, _: the
' ingrangién can be written:

L{r,v,w)
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" where. l‘lzﬁr, - V=v+w, and . v,=w. df this assumpti’on‘ is' abaridoned,. the .

clatity of the argument is hidden by notational complexity, but no

additional information is gained.) Let:

oL , ,
— = Fv+Gr+Kw
ov
oL o
— = Hr+Gv+Jw
or
where:
oL oL 1 dL oL
F=2 — G=—0y), H=——, J= —,
‘ aVZ a(v-'r) r or a(Wl')

(11a)
(11b)
JL

K=———!.
dwv)y

The conserved quantity associated with the motion around Wis:

oL
rx —

J:Fﬁ-(rxv);_ "
ov .

[=% [

Specializing to the unperturbed orbit, wit-h wr=w-v=0 and -using  polar

coordinates so that:

o d 1 d
[= I-Z.OFO, and — = — —
dt r°F a8

with

Fo = F(’l‘,v,w)' with wv = wr = 0.

Define:
1 d . d -
us —, u= —u, u= --—u, and
r do do
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so the equations of motion:;
JL d JL
o dt d
are:
HF, G o |
u+u” = +—  and —K' =T
P m . F ,

‘Let %r = ‘'z be the perturbation, with the perturbation equations coming

from

L 4 JdL
W | ———|=0
or dt ov I

with ®v =z and #r = z. Defining:

- dJ

F [ a ( oK ) [ or
f"+f= — —|2z2 — - |z —
‘ 23 dt 0z o I, v\ oz o

+z — +z — | } (12)
oz oz |, )

.to- first order in z and % The re,ciuirment éf, "no.'ipfécession determines the
structure of K Vand‘ J in order that equation (12) haé ~a solution z(8) for
which f(0+2m)=f(0). However, the structure of -J and K can be determined
from the unperturbed equation éf motion if one .aﬂov{/s for»‘ uniform, in-
| then ‘the

D’

plane drift of the system.  Let the drift velocity be v

Lagrangian beéomes:




evaluated at w'r = wv, = wv = (. Since x = V

. Vp appear in the'Lagrangian as W+vp,,

SR 9 T S 2
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L(r,v,w+vD)

with r,=r,v =v+w+vD? and v,=w+vy. For W v=w-r=w-vp=0, the .

- equations of motion give:

d | .
—K(r,v,w+ D) -‘J(r,v,w+vD)
dt ‘
— O D e g
Forx= vpr and x = Vv, this is: | |
a( k| x| Y ( @ @}y .
—x —}+x —| |= |2 —|+x — | |=0 S ¢ ) )
dt ax‘o aX 0 ‘ ax‘o aX o ) -

to first order in x where:

9K | OK(r,v,wtvp)

D

OJK | dK aJ a9F |
. - ‘, — | - |- a'nd o
| oz | . oz | oz |, = oz |,
are identical to
JK . JK . aJ Y
1 - l" R K and - |
Jx o ox I, ox iy o ox o

' Thefef‘ore_, the stmctﬁre of K and J must be such that -equation (13) is

" identically Solved‘ for . any function of . fh_e .-fo.lm f('e):a'r‘ - where ‘a is a

constant vector. Thus, e'quatio'n (12) is:

f"+f=0




20
which automaﬁcally ‘insures no :preccssioxn_l’ of the orbital p1ane.4 “Therefore,

requiring equation (10b), which is

is equivalent to requiring no precession of . tﬁc plane of 'a ‘tv's.fo—'l‘)dc'l'y‘ orbit
“about the system’s velocity with respect to a prc_:ferréd frame.

These two constraints are sufficient to détcrmine ‘.'mos_‘t' of f_he
expansion  coefficients m the . Lagrangian, . 't-he' exceptions ‘béi;ig those
coefficiénts‘ wﬁich multiply “ terms of ‘the form of ‘a‘ .vc_lo,city‘_ 'diffe.rénce‘

between two bodies. Such terms cannot be constrained by LI constraints. - -

Generalized Lorentz Invariance Constraint

The environment can affect thé internal .dynaxnics of an otherwise
isolated system if the value of the Varioﬁs - mass parameters, coupling
parameters, or PPN parameters in the Lagréﬁg’i‘an are rescaled ‘beéai,me of
the proximity of matter. For example, at the Newtonian i‘level‘ of

approxirnation, a free body has the Lagrangian:
L=MO®) + 12MPOv]

with M(I)(O)=M(I)(2). . If the rest mass, MM,  depends ﬁpon the
environment differently than the khaeti¢ ‘ipertial mass, M(@D)®, thes; two
masses will not in general be equal and the Lagrangian will not obey the
LI constraint eq. ‘(lv()a). The dependence _of the parameters ‘in 'the_
Lagrangian on the environment must be examined 1n 0rdér to eliminate

these kinds of preferred frame effects. Generalized Lorentz invariance




(W] |

21

constraints accomplish this by determining the environmental dependence
of low order Lagrangian parameters in terms of higher order parameters.
“and forcing a "rescaled” Lagrangian to obey the LI constraints. |

The environment is ‘brought into © gravitational . - phiysics by considering
a distribution of bodies which has a cluster of bodies - the reduced
- system - and one or more bodigs located far from the -cluster whicfl are
called spectator bodies (Nordtvedt 1985). The influence of the spectator
bodies on the réduced system plays the role of environment modification,
and the spectator bodies can be inél-uded or excluded from analys‘is‘ of the
reduced system. If a Lagrangian is: WIitten for '“thel. entire system “‘
(spectators plus the reduced“ vsyst,,e‘r‘n), the coordinates ar:e‘( such that the
metric becomes Minkowskian far from the total sj;stem. waever, if a
Lagrangian is written for the reduced system alone, different | coordinates
are used so that the ‘metr.-ic becomes Minkowskian at some intermediate
region between the spectators and the reduced 'systeni which is yet far
from the reduced system. By analogy, this is similar ‘to énalyzing the
_Earth-Moon‘ system without - refefence, ‘to the sun by chobsing coordinates
which a freely falling in the sun."s gravitational field. The environmental
dependen¢e s incorporéted intol the reduced Lagrangian by writing the '
Lagrangian for the entire system, changing the coordinates to those
appropriate to the reduced system and neglecting that part‘ of the

Lagrangian which does not depend upon the bodies in the reduced system:

- I PR '. '(_‘I‘ "-I
L‘REDUCEDdt =L EN"T‘]REdt L SPECTA"‘FORdt

The reduced Lagrangian must then satisfy the LI constraints (egs. 10a,b).

This procedure is the generalized Lorentz invariance constraint. In
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addition, the observed  isotropy of the Newtonian interaction must be

preserved in L0 oo,

The Strong Equivalence Principle .

Lagrangians which’ satisfy ‘both the LI and ‘tﬁe GLI éonétrajnts show
no preferred frame effects, it do not thereby ;vnecessarily bbey _ the
strong equivalence principle. _'(SEP), LWhich is an additional constraint--
that the‘ ‘ 'oﬁfcome of any exp“erir‘hent (gravitational or 'non-:griayvitatiqﬁél);'” be
independent of environment. If the SEP holds, all PPN parametérs_ and
coupling parameters in the Lagrangian must - be ihdepcndej:nf. of ' the
. environment.  In the language of the GLI ‘c'onstraint, the ﬁ ré_du_ced
’ Laérangian must retain no _referénée .to the ‘-spf':ﬂcta‘tor bodies. | :Iniliosmg
the SEP further ‘const-rains the PPN parameté_rs,. and “ therefore- re_‘d‘ucevs" the

variability or freedom in the PPN Lagrangian.
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SECOND ORDER INTERACTIONS
The PPN Lag;angian to Second Order

| | The recent analysis of the alignment of the sun’s spin axis with
respect to. the " angular- momentum of the solar system constrainé 0’(.2 to a
part in 1‘67 (Nordtvedt 1987a). The 1PPN Lagrangian ‘- is ,‘insufficient for
analysis of such phenomena since the appropriate solar and environmental
variables are of order 10'6. The accuracy of measurement in eXperimentél
gravity -ha,s reached a threshold at which the PPN formalism can usefully
be extended to second post-Newtonjan (2PPN) order. Following the
procedure outIihgd in Chapter One, the general 2PPN Lagrangian is given

by:

L= LOD L 100 4 [ @61 4 1 (N+2)

where L&D is of order (c)z,' L™ of order (I/c)d, L&D of  order
(1/c)?, and. L™ of order (1/c)*.  Since empirical evidence suggests that
the gravitational interaction shows no preferred fr‘a‘m,eu effects and is
isotropic, the Lagrangian is restricted to reflect this invariance. The
additional conseqliences of invoking the strong eqpiizaléhcc principle at
| either first or‘secon‘d order are also explored. | | |

The  Lorentz Invar‘iance and  Generalized Lorentz  Invariance

constraints have already been ilnpbsed on the first order Lagrangian by
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both the Newtonian potential and . 1PN corrections fo the Newtonian
potential. This restricted Lagrangian will be used when ‘_the invariances

are imposed on L&*2):
L = - IM@OQ - 1/2)v2 - (1/8)v;)

o1 '
+ (UDE — I - AV Pvev v PO P
Y AMOMOE)]

rij,k

+ (ABHE

Tilik

where I, is a Newtonian coupling pai‘ameter between bodies i and j, T.

i ‘ ijk
is a three-body coupling parameter, and Yy and B are PPN parameters.
The Newtonian coupIihg parameter . reduces to products. of appropriate . .
masses under the test body limit of one or two of the bodies.

The general expansion of L& is:
LN+2) - ' Z(l /1 6)Mi(6)(1)vi6 - ‘, (14)

+ X [A D)+ APGE Y + ADER YT
| + AP @y) + AP @) + AL + AP @) |
+ A @ P+ A O )@ F]
S | i
+ Z— [a;r B,y + B, PV + B O v) + B W)
" B, (v, )" + B, O, Fv, ) |
+ (2, v)B vy r-ij;)' + Bij(s)("j? )

PR VNP () PRI
+ (@, V)BT (v + B (v T))

W10 D202 Oy 2vov) 4 C Dy -v)2
. -i--Cij \A +Cij_ Vv Cij \A (v, Vj)""'cij (vi_vj)

+ (i PC 2 + €O+ CPDvpv)
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+(v £ )(v )(C <8>v2+c <9>(v V) _

(10) 4 106y Py (A2 N N2 Ay
+ G100 +Cij(‘ iy + e P

+ 2

[a; A D+ asA (2)

i +Bijk(1 +B, (2)v +B1Jk(3)(v v) + By vy

. @, O @. OOy v Dy
vy Cijk VitV Cijk v+ V; ‘C-ijk Vit Cijk‘ v, ]

My @

5 ijkl . i'kl :
+ X2 + X

rl]rlkrﬂ rrjr_]krkl

The coefficients are coupling parameters which incorporaté the 2PPN

parameters, source strengths, and scalar functlons of the mterbody Vectors.

The accelerations and higher derivatives of r are removed by- a coordinate
transformation -combined with the addition of the tofal time derivative of a
function to the Lagrangian The most general transformatlon wh1ch can be
applied to the Lagranglan at th1s order without changmg the coordmates, '

at lower orders is given by: ‘

r”=r. + or.
1 1 1

_ with.

— [ (o Ov? + o, Dv2 + o <3>(v V) + o <4>(v ) +a <5>(v )2
M (6) ; )¢ ®) !
+ oc.. (v.‘-r ..)(v.-r ..) + ec.‘. : (ai- l"ij) + ocij (aj- r.ij))

+v (e, (S’)(v]l llj) + o (10)(v )

+ v AT + o <12)(v T, ))

+(ec..(13)fn.+Qc..(14)a.)r..] o
1_] 1 b1 1y )
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_ 1
+-Z ~ [o.
Ry M(I)

Jk(ls)rJ + 0Ly . (ls)r o)

+ 3

oty (16) an,
[o, ik "g + ocJ rjk]

I JkM (D

and the addition of the total time derivative of:

Q= Z—— [y + gy @y 2+q Do v>+q D7

i-ij

L + g, O v P
o+ r..z(q..(6)(a.-v.) + q..(7)(a.-v;) +q, O ru))
+ (g, <9>< r)+q <1°><v T »]

11] S ||

o+ E"'—"‘ [qijk.(ll)(vx )+ 9 (12)(" ) * 9% k(13)(vk Fyl

The coordinates used” in our form of L&D are almost universally

employed in first post-Newtonian analyses of ‘gravity, but at 'second‘ order,

" no consensus has been reached. in the choice of coordinates. This

transformation proves to be very useful  in comparing specific theories

expressed in spe01f1c gaﬁges to the 2PPN Lagrangian obtained in. this work.

The Lagrangian in the new representation diffe'rs_ from the original by:

o - dQ

L' =L+ ZM@(v;8v) Z (r 8r +—

| dt
1J, ’

. where 8v : d(8r )/dt and 81 8n -8r By choosmg partlcular values for

L R A R

the parameters 1n 61‘ and Q, unwanted terms in the Lagranglan can be

eliminated, or a-partlcular gauge can be selected. -
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Before unposmg the LI and GLI constralnts on the Lagranglan it is

- useful to separate L(N+2) into two pleces - a "lmear-fleld"_ (LF) piece

which is linear in the potentlals, ,an'd a "non-linear" ‘(NL) piece containing

the rest:

¥+2)_ \ |
LI ot . .

where

Lyp o<—V* and Ly, o—v?and —.

The LI and GLI constraints can be lmposed on- L(LF) without reference to

L. . and the calculations" mvolved in imposing these constraints on

(NLy

L are greatly sunphfled when the preferred frame effects have been'.

(NL)

remoVed from ‘L(LF_).

The Linear-Field Lagrangian

After the acceleratlon terms have been removed wrth the approprrate

coordinate choice, the linear-field Lagrangian becomes

(LF)

Lyp = ZMOQ/I6VS L s

1 | | N ~
"y A Q¢ VA 2y 2y 2 Oy 24v 2) (v @y -v)2
+ (DL — AP + APV + ARG ) + AV

I

+ BB )£ + Bij@)((vi-‘Fij)Zvj‘2+(vj-.{s\ij)2vi2)
+ B..(3)((v.-.:A..)-2+(v.-1"\..)-2)(v.-v.)
+ (v, f, DT )(B <4>(v 2+v?) + B, <5>(v v)
+ c..(1>((v.-v,.) - ..)4 + c..<2>(v.-\. ij)z(vj-n‘ ij)2
+ ¢, )3(v RS RN
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where the coefficients Aij(“), Bij(“),’ and. Cij(") are 2PPN  coupling
parameters ' between bodies i and j.  If one of the bodies is considered to
| ‘have negligible internal gra‘xti‘ty so that its matter content is described by
a single xhass parameter M (its energy' content in a metric theory), these
parameters define mass parameters for the other body (Nordtvedt 1985)
For example, in simple Newtonian gravity the analogous couplmg parameter
s GM (G)M Q). In the limit that body i becomes a test body, its mass
can be factored out leavmg GM (G) The generalization of the test body
limit in post-Newtonian grav1ty is called the non-compact limit, thus:
X.® : ' F o

lim —= x®M ™) lim 2= GM(G)

NCj Mj NC] Mj
where X ® s any lmear-fleld coefflc1ent and x® g the PPN parameter.
associated with that coefficient. The terms mvolvmg only the velocity
difference -(vi-vj)“ have been identified at the. outset to facilitate
imposition of the LI and GLI constraints.

The LI constraints are imposed first by requiring equation (10a) to

- hold, yielding: _
MO®D = M(D)
AP LA B LA @ = (18T
ij i 1]
24, 424, ® = ~(L+PMOM(D + (1/4)1“
B.?4+B ®: =0
ij o
R B L p @ = 1/
2B, + B, = (/4T

while requiring equation (10b) gives:
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AL = (3/2)(1+MOMD - (5/3)L
2B, -B,® = (1/2)(1+7)Mi(I)Mj(I) - (1/8)T,
3BO+C® =0 -

j y '
c,?+2¢c® = 3/8)T;

These two standard constraints provide eight equations, but there are.
nine coefficients to be constrained under imposition of LI - Thus, an "in-
plane w" constraint is required to fully determine  this | part‘ of ‘the
Lagrangian.  The simplest procedure “which accomplishes ‘thi‘s' involves the
trajectory of an unbound bod‘y as it is deflected by a larger mass.

In a scattering experiment, the initial conditions measured far from
the larger méss’ are the impact parameter, b, and the initial velocity, \Z

The final velocity, Ve is the outcome which is also measured far from the

' scatter‘in’g‘ cénter. Since the initial conditions and the ' outcome of this ‘

“experiment are all measured in the asymptotic gravity-free region, the

final velocity as a function of v, and b can be used as the observable
quantity and the LI -constraining techniqu,f‘:s of Chapter Two emplojyed‘.
To linear. order in the potential of the -scattering center, the final
velocity is Calqulated by integrating the ‘ac_celeration of a .’body' along its
undeflected -t;rajectory, giving the final velocity as a 'function of the

initial conditions and the velocity of the scattering center:
vf=vf(b,‘vi,-vs).

For simplicity, the velocity between the two observers is assumed to be
normal to the initial velocity (w'v=0) and lies in the plane of the system
which is defined by the trajectory of the deflected body and the location

of the scattering center (which is assumed to have a much larger mass
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- than the deflected body). For an E obseiver at -rest with respect to the

scattering center, this LI constraint requires:
vi(b(L-wh 2 v (1-wH2 + w,w) = (1 + Wy 0))  (Wv(0) + v;(1-wD + w)

where vf(0)=vf(b,vi,0) and \A and b are measured in the rest frame of the

system. Imposing this constraint yields:
c,®=0.
1

These nine constraint equations now determine all the parameters
which  could produce preferred frame effects independent of the

environment:

AP = DMOM®D+ OB,

>
~~
)
[

- GRYA+IMOM® - (/BT

ALY = 21+PMOMD + G4

B, ¥ = -(U2A)MOM® + (1/8)T

B® = I+)MOM®) - (/2T

C,® = GBIy

B® =0 B® =0 @ =0

The three remaining undetermined parame'ters‘ are coefficients of térms

involving velocity differences only:

_— »nS Wv vt 2B Oty v V20vov )2 o € Divov )P
81—‘ - (]-/2)Z r [A.l_] (vi VJ) +B1J ((v1 VJ) rl_]) (‘i ‘J) + C)._] ((vl VJ) rl_]) ]

and reqﬁire use of the GLI constraint.
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To impose the GLI constraint on-‘ the Lagrangian at this ‘ordt_er, the
spectator bodies are assumed at rest ‘and  their rescaling' effects kept to
first order 'in the potentials. At some intermediate regionn beiween the
reduced system and the spectator _bodies the metric is rescalg:d to first
order in the .spectator’s potentials. The metric nqedeci__ for  rescaling comes
from the lPPN' Lagrangian and is given by (Nordtvedt 1985)
. M(G)

o S 8
g—(')o =1-?ZR

and g =- [1 +2% —1;—._[(1+7)MS(I) -M(G)] ]aéb (16)

s s

The coordinate rescaling which puts this metric into Minkowski form is:

t = 't(go .)1/2

O

and

H
Il

(g, "2

Following the procedure outlined in Chapter Two, the reduced Lagrangian

gives:

MAIY =M@ + L— BA, D +B VR + D@ R
Vil R _ |
T - AMOMD + MOMG) -

but we have from previous work (Nordtvedt 1985):

1 :
MO =M@ + Z— MDMLG) - T).

Imposing the LI constraints on this Lagrangian requires:

AL +BOE Y + V@Yt = DA+ IMOMO - AT,




VIR VU R L]l g

32

which forces:

AL = (1/2)(1+y)Mi(1)Mj(I) - (I8)T,
B® =Cc® =0
1) 1} .

The 2PPN linear-field Lagrangian is then::

- IM@ - (12)v] - B - (1/16)v )

-1 | '
FADL —LA - A2 +v2-vv)

I.. ,

3 - (1/8)(vi4+y4- vJ +(v +v, 2)v vy - 2y v)2
- U2 F v R = (1/4>(v +v - 4vpv))
(3/8)(v.-1/‘\;.)2(v. ..)2)

+(1+Y)M OM@v;-v, )2(1 @2, )(V ))

i 1_]

+(1/2)(v +v4 (v +v2)v V)l

if it is to sho'w 1o preferred frame effects “even in the presence of
spectators, i.e. if it is to have generahzed Lorentz invariance.

The metnc can be found by wusing thlS Lagrang1an to obtain the
equation of -mofion for a non-compact test body and comparing this with a
geodesic equation, and ‘identi-fyih_g‘ ‘the ;ﬁetric’ ' components. In some
coordinate syste‘ms'- this procedure  cannot be . - imp‘l'emented but = convenient
coordmates can be chosen Wthh put the Lagranglan for a test body 1nto_

the CXpllClt form of a 11ne element (proper time mterval)

( - ) | dx® dXB 1/2 .
o [l ==

The needed transformation is:
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i

8 5r§ =X (U2AIMOMD-G/BT )y - 20v:r)v)), an
r,. M.(I) -11 U SRR A _

i

combined with the addition of the total time derivative of:

Q= -2 — (U2)A+PMDMO-GRT (v - (vyr v ) - (18)
. I.. .
1

to the Lagrangian. The Lagrangian is altered by:

L= (1L —[-GRT@v v - (v vy + R R )G v D)
! * VPV

 UDPMOMO@Y] - 2 vy 46 8 )0 ) v D)

1)
N2, 2 AN N2 2
+ (vi I ij) \ +(vj rij) Vv )]

and gives the "linear-field" line element for a metric:

g,, =1 -2X% —[M©G)I-1/2)v-(1/8)v") + (L+MDvAL+1/2v )]

1

1 . ‘ :
Z— [U2MG)U+A2WAv (v PR - 2014pMDA+12)v2)v]

I, .
1 ‘ o

aq
[«
S

i

(1-2Z —M©GY1+GAYv2-(v:F)%)
| — M€

L (MDA R PNDS

99‘9
=y
1

. 1 ,

29\ M (G VAPV P LR v ) 4 NN ARVAVAFA

—(1/2)2 —r—[Mi(G)(vJ.l;vi - (vi ') i).(vil i ,ivi) + (3/4)(vi -|v-~(vi I i) b1 f i)
- ALIMMEE, - (R V)T

When written in _'~the.s:c-=;"‘ "metrie” coérdinates, the '-'Lag«rang»ian_” does - not

satisfy. the constraint imposed in equation (10b) since the coordinate
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transformation ’intr-oduces body-dependerit coordinate_ alterations in the
direction of . any uniform velocity which is added té ‘all bodies of the
system. . |

The linear-field Lagrangian has now been constrained to show no
préferred frame effects, and as a result it- has been uniquely determined in
terms of PPN pafaxneters already pfesent ln the first order Lagrangian.
Gené;‘alized Lorentz itiVariané;z implies that -there." 'di%é no new degrees of
freedom“ (i.e. _PPN‘ parameters) in- the linearized grc;vitqtional interactioﬁ at
the 2PN level. This _consfrai‘ned Lagrangian can néw “ B.e used in imposing

the LI and GLI constraints on the non-linear Lagrangijan.

The Non-Linear Lagrangian

The nén—linear part of the '2PPN Lagraxjgian' includ.es‘ three and four
body interactions. It is . therefore possible thqt the expéhsion coefficients
in a general L(NL)? c;an ‘be‘ mbre corhplex than . din}ensionl'ess numbers; they
can be scalar functions of the multiple interbyod»ym vectbrs ‘(rij). The

general acceleration independent non-linear Lagrangian can be written:

L '=21

P Wu2 g @y2, @ @2
(NL) [ v+ e v+ W vy

I..T.
Uik Oy v - Oy . Wy @Dy .
¥V Vie g VYt i Vi Vi
+ VAt vij-Bijk- Vi vﬂF-Bjkj-yik
+ 'vi-.(,ijk- v, + v, C i Vi F viij.ijkT (|
+Z ij | + Z vl_?
Ir.I. I, Y.L T

ijfik i ijjkkl
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where Aijk, B‘ijk? (’ijk’ and Dijk are. .matnces built from out‘er_-f Products‘ of

the interbody .unit vectors whose matrix elements are dimensionless scalar

functions of the interbody vectors. Similarly “I’ijk(“), I,

ik and Qijkl are

such scalar functions. The coordinate freedom:

‘ D 1 e} | 1 ) 3. 1 @) (3)
r/ o=rF 4+ (o, .+ o, e )+ ——(oc T +oc r,)
i i 1' r M (I) 1Jk ij ikj ik ‘ M. (I) Jik Cij jik . jk
i Jk ‘
eliminates some of the Lagrangian terms, leaving:
- (2) Lo @y . ;
L(NL) \ + ‘I’ Vi Vi lI’. iV Vi | (19)

Litc
lj +vA v+v B Vi +v:kB1kJ i

+vC v+vL v+v‘D A

rl_]rlkrﬂ rqr_]krkl

The coefficients have the following symmetries in their indices:

(€8] — ). - nT .
T =Wag s Ay =A e = Dlag
Mgy = Wiy Qijkl = Qu

and Aijk and Bijk are symmetric matrices. Each of the - matrix - parameters

can be expressed as a sum of four "basis" outer products as:

= (E)TANFA : (STARA @ , A
A = By Tyl + Ayt Py 7 Agk ('t uc + D)
= GSTARA (CATARA Gy A A
By =By Tyl t By T g B 0yl + )
= Opp O PN + . Opp O ®p P
Cie = Cye Tyl + Gy Tyl Cijk Tifac - Gy Tl
D. =D. Off,. + D, OF + D, OF + D, Of f

ik T ik i i ki ~ik ik ijk ij ik . ik Uik ij
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with Aijk(z),“ Dijk(z) and Dijk(3) symmetric under interchange of j and k.

~ The coefficients - are non-linear coupling parameters and also define

various reduced coupling parameters in the non-compact limit of one or
more of thc‘ bodies. In general, the non-linear cdupling parameters are
functions of the locations of all three bodies  as ‘well‘ ‘as the matter
content 6f, e'ach;. body . and therefore the rcducéd ‘parameters rétain
information .about the location of a body even after thé information of its
matter content has been removed by taking the noh—compact limit.  The
notation of an underlined subscript is introduced to indicate which body is

taken to the non-compact limit -- for example:

A= -i lim A, .
M, nNai

Since é reduced coup‘ling ,'prar-ameter still depends" on thc location of ‘any

non-compact bodies, their indices are kept, although its dimension has

been reduced by ‘a power of [M] for each r"zOn—-compad body -- e.g.

Ai_jk(l) has dimension [M]? since a]l dependence on the matter content of

body i has been removed. In the limit that all bodies become non-

compact, there remain the "bare" coupling parameters:

Xk = ™.

where Xijk(“'):“ fepr_e‘sents any of the three-body parameters. The bare

coupling paralhefers for the four-body coefficients are:

Huid_ = fijkl.(n) and Qu& = fijld(w).
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When the ndn—i‘inear‘ metric .‘fiel‘d : g a‘B(l) is calculated the reduced
coupling parameters will appear in .the source potentrals and thus includes
their depenrlence on the metric field variable (r). A test ‘body placed at
r, necessarily taken to the noh—compact limit, will provide this

information. The index

indicates the use of a generic test body, .so
that X_ij(r) = Xt_ 1_] ‘with r, = r.
Imposing the first LI constraint ‘(eq. (10a)) en " this ‘Lagr'angian‘
gi.\res: | | . |
Py =BT, (20)
Since \Ilijk(l)is " merely a constarrt, it ‘simp‘lifies the imposition of the

second LI constraint (eq. (10b)) which is the primary reason for the

gauge choice adopted for 'LCNL). The second LI constraint requires: | |

! ) rur‘]k o '
Cyu? =Wy - L L p | (212)
5 M@
' I T.T., ‘
Cu® =+ LIaDATM®D - (1/8) 25 (21b)
L _ M(I) o :
Ca? =G =0 . - (o)
Ayl =amc® | ()
Ap? =0+, @) | (21e)

The remaining coefficiente, ‘I’ijk@), Bijk_, and ng’ multiply terms which
depend only on interbody velocities and therefore ecannot be fixed by the
LI c'on‘straints The Lagrangian fulfllhng equations (20) and (21) will
show no preferred frame effects in the absenee of spectator matter. -

" The GLI constraint is imposed on L(NL) in a two step process.  The

Lagrangian’s body kinetic terms (which persist in the absence of gravity)
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must be examined to S'e_c'ond order in the spectator potentials if »new
This requires‘ knowledge of the

constraints are to be placed on L(NL),

(NL)
evaluate g, at second - order in the potentials, the “non-linear Lag:rangiaﬁ_

metric (in particular g.) to this order. ‘Since L., is needed to

| should be. as‘ fully const_ra’ihed{ as “pos'sible before this constraint s

appIied‘.' Thus the GLI constraint is most effectively applied to Loy by
first analyzing ‘the two-body interaction terms and then applying the
'conétr_.aining techniques to the kinetic terms. |

.Tl-le GLI constraint requires that the reduced Lagrangian Eatisfy- the

LI constraints: - ‘when‘ ‘W,‘r-itten in - the rescaled coordinates, élthough not
" necessarily in the etandard gauge 'c_)f L®D  The spectators :-ﬂiemseIVes :

allow a further gauge frf_eedem using tﬁe positions of the - spectators

relative to the reduced system. The GLI constraint is therefore applied

to L(N) by finding the reduced Lagrangian" in the rescaled coordinates
“and requmng this to have the same form as the IPPN Lagranglan (modulo
a gauge transformatmn) The gauge transformatlon needed is:

1

(oclsrl + 8,0, ROR)
rRM(I) pyoEA

or, = p

‘where Oy and "Bijk_ are dunens1on1ess scalar fuhctions -of nfij? and R“'s.

Th1s modifies the two-body mteractlon terms in the Lagrang1an by
=2 M.(I)v.-é‘iv..‘
1 1 1
The two-body interaction terms in the Lagr—ang—ién mﬁ__st haVethe form of:

L= (1/2)2 —[I"' (1 (1/2)(v +v -V, v +(v r )(v )))
By o O D),v)?]
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whefe '1"';].‘, ,'M'i.(I), L and G are -.tlhle ‘véiues of thosé _parémétérs which
‘have been _réséaled' by the ngw‘ -enviromﬁent which -no.w. .iiiciudes the
spectator Eodie's. Except for vy, all of these parameter rescaiings' have
already - been - determined through imposing the GLI constraints on the

IPPN Lagrangian and are (Nordtved 1985):

Iy =T, + 2% — [T MO+ (1-28)T, +T. )]
y U R if s s jis
‘ . 1
MM =M@D+2 —MOMG)-T,)

G =G+ —[I+)MD + 2(1-2B)M (B)]

s

where G=1. R_e_qdir-ing the equality:

LREDUCED=L+8L
givés:

ERCES O = apEMO @)
i S - N | S
B,+B, - = "(172.)(1+Y)Fist(T)f\ij’!"\ij%(1/2)[(1/2)"5)(Fijsff’jis)l)ﬁsﬁs. ‘ (23)

R, (TI. T R
+(1/16) —T, (—‘s - - \I((f‘\ij-ﬁs)ﬁsﬁs+(f'\ijﬁs+ﬁsf’\ij)).
I M@ M@ ) N

It also defines how Y is rescaled in the presence of proximate matter: B

W-p= -2 = [2(HDHNM D) + M(G) + (1-28)M,(B)-(T /MD+T, /M(D)
- 12T M@OMOMD)) - (12128 T )MOMD

ijs  jis

ijs

o (O O-8 2B 4B )R DT D OTR ) /MOMD]  (24)
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Since (y "—y) must be inde’pendeht of the redu‘ced system body ‘coordinates

l/’\i, an additional constraint on the structure of B,, D. and ¥ P is
. ijk ijk ijk
obtained:

¥, (2)+‘I’ 2. [2(B +B. )+(DT D )] F= MM(I)M (I) (29

ijs " jis’

where A is a numerical parameter and A is a mass parameter.  Equations
- (22), (23) and (25) do not actually provide “.specifi‘c values for the
~ parameters ‘I’ijk@) and BIJk because * these _parametets ~are  given “in the .
- limit that |r-R | ~[r-R |~R. | |

| In order to‘ impose the GLI constraint ’at second order in the
“spectators’ potentials, the metr-ic must be obtalned to .that = oider. The
"metric" coordinates A(eq‘s. 17 and - 18) Wthh put L into the -‘ fjonh, of a

line element also change the non-lmear Lagranglan by:

L = -2 s
oy = -(1/2) - 3 (T ory)
‘ ij

which is:
| I_‘ijlﬂik A A 2 A ’ A
L= (1L — AT M@m-3 LB [P v - 207 PO PT
1,2 Mo ) T |

In these coordinatés, the Lagrangian is of | the form .qf | a iinc ' eIentent, but
it does not provide a metric which is diagonal -for non-moving bodies--
‘consequently the coordinate change associated with the reduced Lagrangian
will not be a simple epordinate ~rescaling. _Hosvever; an’ additional

coordmate change puts the metric into a dlagonal form:
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O, = 22— (0., +B, Yoy T 2 - B I+ Vo Ty ) (26)
i ik ik ik : ik ij jik jk ‘
r1_]1.1k]'v‘[1(1) rlerle(I) ) '
where ocljk, qu’ and T 2T€ defined by:
d A i oA e W 3 |
114 -(;—— (vij-rij) - r—(vl.k-r & ! Oy = ((1/2)C..- -Cy ; )(v.;-n:.) 27 |
ik 3 3
-qu( )(v1_] lk) ( )(vlk 1_])
(4 '
7 —— (v Py ‘J , ' = 9P (1) 1&)) .
2 L & vyt ; — (v uc) Iﬁijk = 2By, (vt )B1Jk (vyT lk) (28)
ik _ 1 2 A
a - 1]k( )(vlk 1J) 1_]k( )(V r]k)
e by g | Wy o) | -
2 a (Vi Ty - ‘r—‘(vik'rik? A =Dy Dt @9

R O D\ 3)
_+2B‘ikj (V'ik* ij)+B (v e lk)

In "metric" coordinates, the non-linear part of the Lagrangian is:

. 1 | -
L(NL) = Z'IT [((1/2)"[3)1—‘1k(].-(l/Z)(V12+(V1' '/‘\11)(V3'f\11)+(v1'{'\1k)(vk' {'\]k)))
e r, I, Flk '
+(1/8) — ’(I) (R P BV £ DV B )67 £ £

T
+ 2(vi-rik)(vjk‘l’ik))

ik

- (1/2) - DT MOXEy lk)vz 2v; £y
I.
a + 270 )

(2)
+20cuk(v -V, v)+15ukv1J +2‘I’ vJv yljk i Vik
I, Q.
< ikl . o ikl
X2y X
L¥atn Tl
where
- v‘ij‘ Ti, A A oA A
T =T 8 L NV
Hijkrﬂijld+ K20, aq By Yo + - [3kﬂ)rij oyt —rfykﬂrijrkl) (30)

Mi(I) 5 ' W Y




42
symmetrized under interchange of J,k, and 1. To reduce the ‘size_ .of ‘the
metric, the term-wise synimetry under interehaﬁge of body labels. in the
. sums over bodies in the metric has not been retained, (although the sums

themselves ‘are still mdependent of the labelling ch01ce) In this form, the

metrlc is:
8o =1 - 22— [M(G)(1-(1/2)v;? (1/8)v4)+(1+v>M(I>v2(1+(1/2)v2>] 6D
- 22;_;[((1’2)‘5)’%3 -(1/2)Mi(G)Mj(G)(1-(1.-—(3/4) ‘ %(ﬁ-nﬁ»vﬁ
o A+PMOMG)(1+(1/2) ;f—(r?i-rﬁ»vf |
| - 2% PRviv)+8 w2 -y ;vl v]

L1 | _
- 4E— (2B (-1 2+ F v R 0))

Ir.. -
ii ‘ r
+ (1/4)(1+y)Mi(G)M @ (v -2(V £ )(V £, )+2(V1 11)("1] T 1J))
1‘
-Mi(G) A
- )Ty - M) (AP} f PP - 6 A0
1‘
2R ) )
+ o v +eL (v -V, v)+(1/2)L’»l_Jv1
o+ (1/2)Bij_(vi2-vj2--vi'vj) -, Pvev - Ol
ARy ey - (2 e Be]
- zZ @ ~(VD-PAMG) +  —IT,
k L.r.I. ik
1 1_]
2 5 o 2 - |
+—— (@, — (VDB + —-rrgrijk

xirjrjk iijjk
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Bon = - 2— [I/DMG)YA+U2WAVv AR - 214pMDA+A/2vDv]  (32)
T, ~
- Z— = (/2P (v )P
rirj yr1 1V 1
- IMOMOGV1+14A)  —E A )R,
I
24 ! 7 T,
B2 — R+ = (v Ff)
T. B P
J ‘ : J
‘ . : :
+ +MOM@) vt — (GIAV P -U2)v PO - 200 v,
' I, ’ -
+2¥ Y Oy, - 28 v, + 0 # V]
- Z— [ 12)(W2D-BN v PR,
Ir. :
Y r,  M(G) .
+ (1/16) —T,, —— (£ £ )V, )+6(v £, )+2(v P )F.
I. 1) M, I 1 1) 1 1 1 1 1 1 1
ij -
T.
- (1/2) i—(1+'y)‘l“-ij((vi-f*\ij)+(vi-f\i)f-\i) -0 v +F, Py
ij .
¥y Ovev) - B, + 2) 4, )]
gy = - 8(L- 25 —[MG)I+BRYv (v D) S G
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I,
- (HYMOAHL2) 2R

- 22— (U2~ - (U2MGM(G) + (L+)MIDM(G)

rirj ‘ ‘
S 208 gty
1 _ o, M(G)
+ 42— [ = (U2)(L2)-P)X, - (3/8) —T, ——(FF))
Ity - , © MO P

T,
+ — (12U F) - 2%, P +8, D)

I..
y
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= 22— M)AV, + BBV PR,

- (1/4)(v.-'f'\;)(v.f'\.+{'\.v ) _
- (12)(1-+PMIX, A ~(v; i )(vr A+ v))]

1 ii
If the s'p’ectators’. ‘inqtion is negligiblé, the appropriate co\brdinatei
change for second order rescaling is:
t=t(g,,)"” and r'=r(-g,)'”

where

g, =1-25 — M(G) 22-— (/2B -(1DMGMOG)] -42——((1/2)—13)?»’

i . 1_] | I'I'J

B = - By 22 — [Mi(G) - LIMD]

5

- 22—[((1/2)—[3)% - I/2)MOM, (G)+(1+Y)M HM(G)

L . 20‘_11'3_11“"7_11]- L |
L 1 | . M@,
+ AL —[-(UDA2-PN, - BB —T —("ieé‘ij)
Ik | , ' 5 M)
I, . .
A r.@ L) - 2% @4,
+ = A2)(HPLFF - 28, @ +8, D)
1_]‘

The reséaling of the kinetic terms in the reduced'Lagréngian- are then:
, B
MO0 =MD+ Z—MODMG)T,)
s

iss’

+ ZE R[((1/2>-B)<M (DA _T,.)
= + M, (GOMDM(G)- <1/2><M <G>r‘ M (G)r D)

SlS

+ Z—— [(1—213)(M ON T, )]
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and

MOM  =M®D+ X—MOMG)T,)
- :

+ Z—— [((1/2)-[5)(M (I)?» L) - 4(M (I)oc -0, )

iss’ 1 SS iss’
§ S

+ (ML(G)-2(149)M, ,(I))(M-'(I)M LG)I) -

- 2(M(DB, -B, ) + 2(M, LDy,

iss’ iss® iss’ 'Yiss’)]

T,
Z— Gr4) —(R Ro) — MOMG)T,)
R R M (D) :

+AMOY, P-¥ P

b 2(M (I)Bﬂ s” SlS )]

Generalized Lorentz invariance requires:

MOD = MO,
50, ' o !
(M (I)Bl SS _BISS ) (M (I) 'Yl ss’ —rYlSS ) B Z(M (I) al ss’ alSS ) ) (34)
- (M @MOMG)T,)
and | |
AMDY -2 D) - 2MDBy B | 35)
» ‘ ‘Rs r«’ | .
= (1-2B)MDN, .r‘m )+1(314) —®RR,) — IMOMG) T
- Rss’ 7 Mé D

A further constraint is the  requirement that the Newtonian

interaction remain isotropic in the presence of speetators. This restricts
the form of the bare coupling parameters. If the rescaled Newtonian

parameter (I"‘ij) is to be isotropic to second order in the . spectators’
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potentials, then’ 3(IT, HT.. )+2sz " avd 2(9 AQ)  must be.

ijss’ _]1ss sijs® -+ - ijss’ ‘ jiss®
independent of the body coordmate "",' - Imposmg 1sotropy on the 1PPN

' coupling parameter @ k) to first order in the spectators’ potentlals forcesf

‘ijks4-(1/2)(§2jﬂ(s+ﬂmjs+§2 kjls) to be mdependent. of the Ilocation of
all four bodies. The mnon-compact limit of these expressions will be wused

later, so we here define:

=F IR R)RR )RR )] 6o

3AT,, AT, )29 .,
ijss jiss SL}S ‘ .
2AQ, A ) =G IRRIRR )RR ] 37)

‘where FSS, Iand G, are coupling fuh¢tions hivolving_ only 'thel spectators,

and:

3T, + (1/2)(.(.211_s Qi+ @y, + Q) = HM(H) (38)

where H is a numerical parameter, ‘ind'epcndent of the body locations and
M (H) is the mass associated with that parameter.
Although specific values of the PPN parameters ‘I’ijk(z)‘, Bijk sand

Dijk

have not been -gi"ren, the two constraints (egs. 34 and 35) provide
cohst-raints on two of these parametérs in  their geéneral form (uniike
equations "('2‘_2)_,' “ (2'3)' and (25) which von,ly.. ;gi‘ve limiting values). The
gravitationai ' interaction v_vhich shbws . DO preferred  frame effects  is

described by the 2PPN parameters:

and

3}
Tl]k Buk’ 'Yl_]k’ 1_|k1’ Tk
which are subject to the constraints given by . equations ‘(34-38). Since

. the Newtonian -gravitational interaction has been -shown to be isotropic to

a part in 10'® and the sun’s potential is of order 106, the 2PPN coupling
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paramefers '(Hijkl and Qijkl) must - produce ‘is,.otropi'c resc_aliﬁg ton ‘a‘bout'. ten.
percent. The 2PPN paranieterfs are related to the environmental rescaling
of the 1PPN parameters Y and B and the gravitational constant G. The
rescaling of y is given in equation (24) and the rescalings of B and G |
are: | |

B'-B) = -2 E—‘[((1/2)-B)(MS(G)-2(1+Y)M’S(I)') + HM(H)] Gy

s

1 .
(G-G) = ZR—_ [A+PM,D) +2(1-28)M (B)] _ (40)

S

+Zi— l{[(1-|-{y)MS,(I)(MS(G)-(1/2)(1+y)Ms(I)+2( 1-2B)M_(B)) + F_,

s s i |
+ Za_ss, + B_‘ss, - y_ss,].
+T— [ =T () - ———)RR,)
RR, L R, - 16 M)

+ Ts_s’( )+(1/2)B s_s’+G"ss’

The Strong Equivalence Priﬁcip’ le

The strong equivalence principle constrains the PPN Lagrangian to be
independent of an environment of spectators. When applied .vt'o the Lorentz

invariant 1PPN Lagrangian, the SEP requires (Nordtvedt 1985):
4p-3-y=0 | @1

which has been observationally verified to a part in 10°. The SEP has. the
weakest 'exp.e,rimental support of  any of the invariances discussed

previously. Because there is no decisive evidence that it must hold at
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second PN order, the. second order consequences of nnposmg the SEP to
1PN order will be discussed before it is applied to the 2PPN Lagranglan |
If the SEP is valid only to IPN order, then equation (41)‘ is sati‘s_fiéd”
and therefore the Newtonian and 1PPN couPlﬁig ‘parameters reduce to
products of inertial masses. This requires that the linear-field 2PPN

coupling parameters be similarly reduced, so that:

X, =x"MOMO

with :

A = 382 b =GR <@ =38
a® = ((5/8)+) b9 = /2y |
i@ = (I8)+(3Y2)
D =

~((5/4)+2Y).

* ‘The non-linear parameters ‘I’ M, Al_]k’ and C , must be:

v, = (1/8)(1+¥)M-(I)M-(I)M ®
C, D = (U8 - (e )E FIMDMOM, @
Cy” = (GRHUDNa /1y )MDM, (I) «

n 1
Ay =-2C O

@ = .4 @
AP = (PO,

The constraint ‘eqﬁati(.)ns required by GLI become:

EREE A (1/2)(1+’Y)M.(I)M'(‘I)M @ - (42a)
B, B = -(1/8)(1+y)(4| ﬁR)M OMDOM, (1) o (d2b)
(MLDB, By - ALY, Vi) = - 2<M L RN
IMME, PP @) - 2MDB, B, =0, @
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“and the rescalings of G, v, and B are:

L1 | |
(G'-G) = -ZE[(1/2)(1-Py)(1+37)MS(I)MS,(I)- F =200 B 4y ]~ (43a)

s s

o1 R
+Z— [ R—f‘«1/8)+(v/‘2))Ms<r>Ms,<r)cﬁ R,

RsRss’ sS .
| + TS;S'(2)+(172) B s.s’+Gss7 :I
o | | |
a=n= LMD +IA]) | @by
L1 » | , -
®-B) = -Z — [AAI420M D) + HM,ED]. | (43c)

If the SEP holds at 2PN order, then the rescalings of 'G, Y and B

must vanish, so:

M, = —(149PMD L @)
F, = 120M)IBYMOMM - 20 B o+ | (44b)
G, = (IB)AHPRR IR R ) +2¥ OB . (44c)
H =

-(1/4)(1+7)(1+2y) - ‘ ‘ (449)

and M;(H) = MS(I). These give lilniting constraints on the free  parameters
remaining after Lorentz invariance.  Since the inert-iai mass is rescaled to

third order in the spectators’ potentials by:

MO = 22— MDA, (1) ~ TF_, . + MOM(G)-T,)M_(G)M,.(G)
o R ' = .

4
‘ss’s’ iss’s'
g s g
iss

+ (2B M M (G)-(1DT ), (12T, M ()]
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+Z— M@V,

s s’ ss"

(@) - Q,

s ISS

+ (2B MOV, M, () (1/2>r‘ X, -(1/2>1“m ‘,(G))]

+Z——— MOIT, ,,—II ‘] 

sis’s" s1s )
s ss 'ss"
+ [M( ) “iss’s" 1ss s“]'
) s “ss’ s "

and the SEP requires M'(I) = M(I), then:

H'jndr = M(DIT Jl‘ d
Qui. =MD .

Taking the non-compact limit of various spectators gives:

Dy = f@MOMOMOM®O
Q= E@MOMOMOM).

If it is further assumed that the four-body gravitational interaction

© is simple, i.e.:

f’ijkl‘(n’) :  = T

then équafions (44b-d) can be solved, giving:

= (U3B)[A+)(GA12Y) - Qf 0+ (B)-F )] ; (45a) -

= (ALY + (VDS @)+ B)FF ()  (sb)
@F (0 (B ) - 2f, (EONL, (B)= (@50

UDAMEHSY + UBYLHNR R IR R,
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which requires the combination 2f (O ss‘,(B)v-f (D) to be a

. numerical parameter:

2f (06)+f sBH (M)=0.
Furthermore, the funct10na1 dependence of (f +B)- 2f (‘I’(z))) must be:

ABYI+H5RR IR-R ).

This leaves only Ve witﬁ no restrictions. Thus, under the thosition ‘of
'_the strong: equiyalence principle and simplicity of Hijid and“' Qijkl', the
number of free parameters in the ‘2PPN. Lagrangian reduces to two - v
and y i where v, it is defined in equation (29). Al other parameters and
bare couplmg functions are at least partially fixed by equations {(42) and
(45). |

The de-Bodv Lagrangian

For many applications of this Lagrangian, the system under analysis
will be a tvs)oﬁbody system, in which case the coupling paraineters ‘of the
non-linear part of the Lagrangian all reduce to numerical pafarneters. The

two-body limit of the non-linear Lagrangijan (eq. 19) is:

1
= (1) 2
Lowy = L2 BT, + ¥, 0,
+V A122 v+ 2v. (,122 Vot vy, (ZB122 122).‘?12]
1
[H1222 "112_12]3 & 14—-)2,

and the cooﬁdinate transformation which diagenalizes the metric .(eq. 26)

becomes:
1
or, = (201, 5, +B, 5 —Y,90) + (B —7 )Ir
1 M(I)Z 122 122 1122 211 211
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with: o . _
— ) 1 oY 3 sl P —_ - /\‘ ; A
S = -(1/A)(C 15, P+2€ )), and By gy = (/D (2B, 4D, ) T
If these new coordinates are adopted and Y ,, is defined to be Bior V100
then the non-linear Lagrangian is: |
Loy = (2B, + P50 - (1/2)C
r

1
ML) Wy,
©)
122 v, (v, r)

(3))(v -V v2) +Y

122 122 122V 12

+(C (1)+2C

122
+ 5 [y + (FizMr(I')),((l/ Z)Ciz'z(l)+C122(3)'¥122))

+ (5 - MY, D1 L Fle2
The LI constraints give:
€, 142€,,,® = (1/2)-B)T 5, - (1/8)«1“12)2/M (I))+((1+v)/2) 12 2(I)

When both spectators are taken to the non-compact 1imit, the applicable

GLI constraint (eq. 34) requires: .
20(M(V)-M) = B-U/2)ME-MD) - YM(G)- M) +9/8)MD-M(GF /M),
where Y122‘ = DMI(D)’. | If the strong equivalence principle is imposed at

1PN order only, then:

Cp, <1>+2C 2 = (1/16)(O+10pM, DM, @)

Y, = oM, (DM, @Y%,

and the non-linear Lagffangian is:

. MlM 2
L = — [((1/2)-15)(1 (1/2)V v, - (v P, ) + v v

“(NL)
: - (IO - vy v, - 2(vy v, )
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1

¥ ;3_‘[1_['122,2 Q0] +1e32,

where

IV}, = Thjpy, + (0 /MDXA/ 2)‘01‘22(1‘)""-@1--22‘(3)"!.'122_) |
Qo =Qp5,- (T,MD)HY,, ;.

When the SEP is imposed to 2PN order, the parameters H'1222— and

9’1212 are given by:
_ - PN Ty
Il 00 = TM DM,
’ — 2N (T2
| Qppp = MDD M,(D)
with:

™ = (UL + (O/161H5V8) ~ 0]
© = ~(LA)(L)(457) ~ (OB)HSV4) +2v],

leaving only two parameters, y and . .

~ Experiments are now being designed to exploit new teéhnology to
perform solar system tests of gravitation to second order. - Along with
continued observation of the binary ‘puls’arr,- fature experimental  gravity
will provide tighter limits on the observed' values of the PPN parameters.

It is important that these experiments most effectively probe the

~ gravitational interaction. This work has explored the 2PN ' gravitational

interaction via a 2PPN many-body Lagrangian expansion. 'The freedom in
the nature of the 'interactiori, (represented by 2PPN pa’.ramétérs in the

Lagrangian) is restricted by the imposition of - several empirically based -
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invariances Hon the .observables calculated from the .'Lagrangia_n. "The
initial freedom of twenty-one gauge independent .parameters in the QPN
expansion is reduced to two partially determined parameters and three
free pararueters under a generalized Lorentz invariance ' 'whieh requires
that no preferred frame effects be detected in a system whlch may be in
an environment of spectator matter. Thrs invariance is supported by
observation to an accuracy ranging from a part in 1()5 to one. in 107,
When the isotropy of the first order static grav-rtattonal mteractron is
also requlred (which is supported to a part in 1013), two of the remammg
three  free . parameters are par_trally restricted. The four partially
determined parameters are futher constrained by the imposition of | the‘
strong equlvalence principle to 1PN order whrch has been confirmed to a
tenth of a percent, Although at 2PN order the evrdence for the SEP 'is
minimal 'and of order ten percent for :1sotropy, these two invariances are
also imposed on the Lagrangian and further ‘restr:ict three of the ‘partially
determined parameters wh11e fixing two of them with the assumptron of a
simple scalar form for the four-b.ody. parameters. ~ The Lagranglan whlch‘ .

fulfills all of these invariances has the form:

L =- ZMx1 (VR - A8 - aneny

+(1/2)Z " 1 A2+ v - vw) |
rij A rvtovdy 2 (v, 2(v v)2
- (1Y
- 3/8)(v; QJ> (R

+ ANy, DA - (1/2)(v, F, )(v f, »

i i

+(1/2)(v +v4 (v +v2)v v))]

)(1 (1/4)(v +v2 4v; v))
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MMM, .
+ 2 2B - WGP+ PP D+ DV
rijrik :
+(1/8) (v )(v . )+2f k(oc)(v A v)
Ty .
- (2f k(‘I’(Z)) f, k(B))v + (2f k(l11<2>) DIV v lk]
MMM, M.
: Z——————k—l-(l/3)[(1+7)((3/4)+2v) o]
ij ik il
MMM, M,
- 2R L yt4yeasy) + (1/2)6‘]
i Jk-l_d

The parameters f. k(oc) k(ﬁ), and £, k(y) are defined by:

. ' 1‘
- [(1/2)((1/2)-B) - (1/16) k1 F 0+ — (GBI F
T

ik L

Ofijk(a) ij " ij

r,
R (EO P (RS RS (R (A

‘ rik 5 |
08, ® = 12028, Oy, f U)—Bljk(?’)(vu 0Dy Oy F)-D Py f
Of, @ = AP, F)-Dy Py, f 1k)+2B P05 By Oy )

where

6='  d .;( ri( £.) "
I d_ 1] 1_] 1‘ Vie' Ui/ i

ik

The parameters ‘I’ijk@) and Bijk are constrained to satisfy:

v O P = A2UHMMM,
BBy = (UAA+PMMMRR,
AA | = _(1+Y)2M @D = Y (2)+\11 (2)

s

[Z(B +B.. )+(DT +D.. )] r "

ijs jis ijs 7 jis

£y
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For comparison, the- 2PN Lagrangiah for géneral reléfi\}ity can be found in
Dainour and Schifer ( 1'985),. aithough it is expressed in a diffe;f:nt gauge.

The partialiy restricted parameters 1n the many;body Lagrangian are
‘not known exactly because the. additional complexity intro,_ducéd‘ by three
bodies allows the ‘paral'hete,rs‘ in the non-linear ‘Lagrangian to be functions
of  the interbo.dy‘ _\}echré and ;fhué " the GLI constrdints can .only give
limiting - values of the pafametérs’j ‘flinct;‘i_cmal* form. In ,thé t{vo'-bod'y"
Lagranéian, this corhplexity : disapéears, a]loWing - the ". two-body
. counterparts to the partially restricted parameters to be fully determined.
~The two-body Lagrangian has only two free :iaarzéinetérs; v (introduced at‘
1PN order) and v | (which first appears af 2PN ‘erciler), Cif it vrefelects all of
the invariances discussed in this work. bo;npéris'on of the two-body
Lagrangian with the equivalent general chl‘.ativ‘ity ‘Lagrangian given by
~ Grishchuk and ~ Kopejkin (1986) reveals that Cthe -‘g.eneral‘ r.el‘at‘ivivty‘ ,‘;,amg'*-
| for v is (47/16).‘ "~ The ‘spheﬁcal‘l'y‘ 'syrrlrnétrié, “»s‘tétic lhct;r-ic | .éxPandqd .to

2PN order depends on the new PPN parameter v:

M M? R &
g,=1-2—+ (3+'y)/2—; - [(3/v8,)rk{77/4)+(47'2/3)—(21)/ 3)]*—3;
o r - ro
M M2
g, = -0,[1+ 2y——[(13/8)+(11y)/4 — 20] =],
- E | S
and therefore could = be “de-t_ermined in "s,écond‘ order 1light deflection
' ekperimcnts. - | | | . B |
"If the SEP does not hold at the 2PN order, then " the remaining
| 2PPN 'pa"rameters measure the rescaling of "t-h,e‘ Newtonian and 1PPN

parameters:
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@-G)= -Z—[I2)I+PABYMOM, D - F,’ - 200 B 4y ]

1 R |
oy [ —(IBHVDM,OM,ORR )
+ \PS_S"(Z)!F(I/Z) Bs_s’+GSS, :I |

L1 - -
G-y =-X - [(1+9)°M D +AA ]

| L |
®-8) = -ZR—.— [(1/4)(1+7)(14+27)M (D) + HM (H)].

s
Observational evidence for the" SEP is fairly weak at‘ seéon", order. Since
the linear-field Lagrangian is completely determined without invoking the
SEP, this work shows that the most interesting physics "in future studies
of the gravitational interaction at second post-Newtonian order will be
found in .experim.ents which probe systems with strong gravitational
potentials in which the consequénees ‘of 2PN order dynamics of bodies or

light rays are measurabi'e.
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