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ABSTRACT

In this dissertation we study the effect of spin-precession on gravitational waves
emitted by quasicircular compact binary systems. In their most generic configuration,
compact objects in a binary system are subject to interactions between the spin and
the orbital angular momenta. These interactions give rise to precessional effects that
add rich structure to the emitted gravitational waveforms. We study this spin-induced
structure with an emphasis on extracting the information it encodes. In particular, we
construct gravitational wave models that accurately capture spin-precessional effects.
We then use them to study how much information relevant to astrophysics and nuclear
physics we can extract from future observations of gravitational waves from compact
binary coalescences.
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INTRODUCTION

The recent discovery of gravitational waves (GWs) has been heralded as one

of the most important scientific achievements of the last decades. The study of the

Universe in the GW spectrum, known as gravitational wave astronomy, promises

to illuminate electromagnetically inaccessible phenomena as well as compliment

conventional studies. Probably the most promising source of GWs –as well as the

subject of the first detection– is the coalescence of compact objects such as black

holes and neutron stars. When two compact objects inspiral under the influence

of gravitational radiation, they exhibit an interesting feature: their spin angular

momenta interact and cause the binary to change orientation in space, an effect

known as spin-precession. The complexity of spin-precessing renders it difficult, yet

important, to study owing to its influence on the GW emitted.

In this dissertation we study spin-precession, how it affects the GW emitted, and

what we can learn by detecting such a wave. We first construct appropriate templates

that can be used for the detection of GWs from spin-precessing binary systems as well

as for extracting information about them. We, then, put these models to the test and

study the quantity and quality of information we can extract about Nature by spin-

precessing binary systems. We find that accurately accounting for spin-precession

can improve the measurement of the system’s masses and spins by up to an order

of magnitude. Finally, we study what future GW observations can reveal about the

internal composition of neutron stars, information pertaining to the yet-unknown

equation of state of supranuclear matter.

The rest of this thesis is organized as follows. In Ch. 2, we describe spin-

precession within the framework of General Relativity (GR). In Ch. 3, we discuss GW

templates, their role in GW detection and characterization, as well as the difficulties
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of constructing a template bank for spin-precessing compact binaries. In Ch. 4, we

describe a first attempt to construct spin-precessing templates that apply to slowly

spinning compact binaries. In Ch. 5, we derive a spin-precessing template bank that

is valid for generic compact binaries. In Chs. 6 and 7, we describe how the use

of spin-precessing templates enhances the relevant astrophysical information we can

extract from GWs. In Ch. 8, we study the implications of spin-precessing templates

on extracting information that is applicable to nuclear physics. Finally, in Ch. 9 we

summarize and conclude.

Chapters 4, 5, 6, 7, and 8 are based on my original work; this work has been done

in collaboration with a number of researchers. Chapters 4 [62], 5 [61], 6 [59], and 7 [60]

have been carried out in collaboration with Dr. Antoine Klein, Prof. Nicolás Yunes,

and Prof. Neil Cornish. Chapter 8 [64] has been carried out in collaboration with

Dr. Kent Yagi, Dr. Antoine Klein, Prof. Nicolás Yunes, and Prof. Neil Cornish.

All the work described in this dissertation has been either published or submitted for

publication in peer-reviewed journals. My participation in all the above projects has

been extensive. I am the first author in all the publications and I carried out the
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SPIN PRECESSION IN GR

The stellar mass quasicircular compact binaries ground-based detectors advanced

LIGO (aLIGO) and advanced Virgo (AdV) have already started detecting are highly

relativistic systems; close to the final coalescence the binary components orbit each

other with velocities exceeding half the speed of light and the gravitational field

changes rapidly. These extreme conditions are ideal testbeds for a very interesting

relativistic phenomenon with no Newtonian analogue: in GR every form of energy

gravitates, implying that not only matter, but also the flow of matter affects the

spacetime geometry. In the case of compact binaries, the evolution of the system and

the GWs it emits depend not only on the masses of the bodies, but also on their spin

angular momenta.

Spin is ubiquitous in Nature; under the influence of a generic perturbation any

astrophysical system will rotate even if the initial state was perfectly spherically

symmetric. When massive stars give birth to neutron stars (NSs) or black holes

(BHs) through supernova explosions, the newly-born remnant typically spins rapidly

even if the progenitor was spinning slowly. This is possibly due to asymmetries in

the supernova explosion inducing a “kick” on the remnant causing it to rotate [203].

At a fundamental level, the physics at play is the same as that which causes a soccer

ball or a pineapple to spin after kicked.

The spin angular momenta of the components of a compact binary system will

not necessarily be aligned with the orbital angular momentum. For example, consider

an isolated binary system of two stars with spins aligned with the orbital angular

momentum. The most massive star will first fill its Roche lobe and transfer mass to the

companion before going supernova. The compact remnant (BH or NS) receives a kick

spinning it up [203] and tilting the orbital plane, since the kick’s direction is typically
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correlated with the spin of the exploding star [226,227]; the various angular momenta

become misaligned [101,118]. Eventually, the second star also fills its Roche lobe and

the binary enters a common envelope phase. In this phase, the angular momenta

could partially align through tidal effects. But, again, the phase ends with the star

going supernova and endowing the binary with a kick that spins the remnant up and

typically tilts the orbital plane, misaligning the angular momenta yet again [101,118].

Few mechanism exist that could prevent misalignment or re-align the spins of

compact binary components with the orbital angular momentum. One possibility is

if the supernova kicks are in the orbital plane, i.e. perpendicular to the spin angular

momentum, such that the orbital plane is not tilted [118]. This possibility is remote,

with models and data suggesting that the kick is actually aligned with the spin angular

momentum [119,226,227]. A mechanism for re-alignment is through torques exerted

by a circumbinary accretion disk on BH binaries [45]. Such disks, however, are only

expected in galaxy mergers of supermassive BHs, whose GWs would be outside the

sensitivity band of aLIGO and AdV. Finally, we note that the binary might undergo

spin-orbit resonances during its evolution [193]. These resonances, however, do not

align the spins with the orbital angular moment, but rather maintain certain special

(“resonant”) configurations [99–101,121,193].

Compact binaries with significant spins that are also misaligned with the orbital

angular momenta are qualitatively different from non-spinning binaries. The various

spin-orbit and spin-spin interactions they exhibit have been the focus of extensive

theoretical study in the past decades, leading to an ever improving framework to

analyze and incorporate spins in GW science. Largely following the treatment of [43]

and [174], we provide a brief description of that framework here.
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Post-Newtonian Theory and Spin

To date, no exact analytic solutions exist to the two body problem in full GR.

A number of perturbative approaches with generally distinct (though sometimes

overlapping) regions of validity have been developed and tested. In the context of

compact binaries, the post-Newtonian (PN) formalism has been shown to be extremely

successful at describing systems that are not too close to coalescence. PN theory

treats the gravitational field as Newtonian plus small corrections which for compact

binaries means that the characteristic velocities are small compared to the speed

of light and systematically solves the Einstein equations as an expansion in small

velocities. Results obtained in this framework are Newtonian to leading order with

corrections that are inversely proportional to the speed of light.

Single Body

Before we describe the complicated PN dynamics of compact binaries, we

examine a single spinning body as a way to acquire some intuition on the effect

of spin on the spacetime. Within the PN approximations, a straightforward –though

lengthy– calculation gives the spacetime metric at x close to single spinning body of

mass M and spin angular momentum 3-vector S at a coordinate system where the

body is at rest and at the origin

g00 = −1 +
2

c2

GM

r
− 2

c4

(
GM

r

)2

+O(c−6), (2.1)

g0j =
2

c3

G(x× S)j

r3
+O(c−5), (2.2)

gjk =

(
1 +

2

c2

GM

r

)
δjk +O(c−4), (2.3)
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where we employ the usual convention that latin indices run through {1, 2, 3} denoting

space coordinates and greek indices run through {0, 1, 2, 3}. In the above expression c

is the speed of light, G is the gravitational constant, r = |x|, and bold-faced symbols

stand for vectors.

The metric is obtained by solving the Einstein equations perturbatively under

the assumption of weak fields to second order. The metric is comprised of a part

corresponding to the usual Minkowski metric of flat spacetime, a first correction

corresponding to Newtonian gravity, and a second correction being the first pure

relativistic effect we encounter in PN theory, usually referred to as 1PN. That means

that it is of O(c−2) relative to its leading order controlling factor.

A test body of mass m and 4-velocity uα = (c,u) will follow geodesics of this

spacetime, described by the Lagrangian

L = −mc
√
−gαβuαuβ

= −mc2 +
1

2
m(ṙ2 + r2θ̇2 + r2 sin2 θφ̇2) +

GMm

r
− 2GmS sin2 θφ̇

c2r
+O(c−2), (2.4)

where for simplicity we only keep Newtonian and spin terms and assume the spin is in

the z direction and S ≡ Sz. The overdot indicates the usual derivative with respect

to time.

In the above Lagrangian φ is a cyclic coordinate, implying the conservation of

h ≡ ∂L

∂φ̇
= mr2 sin2 θ

(
φ̇− 2GS

c2r3

)
. (2.5)

The conservation of h means that zero angular velocity and zero angular

momentum are not equivalent. A test particle starting from rest at infinity and

falling towards a spinning body will acquire an angular velocity even though it has



7

no angular momentum. This effect is known as dragging of inertial frames and gives

an idea of how spacetime and its geodesics are “dragged along” by rotation.

Quasicircular Compact Binary

The equations of motion of a quasicircular compact binary can be computed

in the PN framework through the energy-momentum conservation law and with

knowledge of the appropriate PN metric from the Einstein equations. Carrying out

this calculation we get the relative acceleration of the two binary components with

masses (M1,M2), spins (S1,S2), relative velocity v, relative position r = rn, and

total mass m in the barycentric frame

a = a[0PN] + a[1PN] + a[SO] + a[SS] +O(c−4), (2.6)

where

a[0PN] = −Gm
r2
n, (2.7)

is the well-known Newtonian gravitational acceleration,

a[1PN] =
Gm

c2r2
(3− η) v2n, (2.8)

is its first relativistic correction with η ≡ M1M2/m
2, and a[SO], a[SS] are the spin-

orbit (linear in spin) and spin-spin (quadratic in spin) contributions respectively

a[SO] =
G

c2r3

{
3

2
(n× v) · [3σ + 4S]n− v × (3σ + 4S)

}
, (2.9)

a[SS] = −3Gm

c2r4

[
(Ŝ1 · Ŝ2)n− 5(Ŝ1 · n)(Ŝ2 · n)n+ (Ŝ1 · n)Ŝ2 + (Ŝ2 · n)Ŝ1

]
.

(2.10)
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In the above expressions we have defined σ ≡ (M2/M1)S1+(M1/M2)S2, S ≡ S1+S2,

Ŝ1 ≡ S1/M1, and Ŝ2 ≡ S2/M2.

Spin Evolution

With these results at hand, we can derive an evolution equation for the binary

components’ spins. In GR, the spin of body A in the center-of-mass frame is

SA =

∫
A

ρ∗x̄× v̄ d3x̄, (2.11)

where the integration is carried over a volume enclosing only body A, x̄ and v̄ are

position and velocity in the center of mass frame and ρ∗ ≡ ρ
√−g, where ρ is the

mass density, and g the metric determinant.

The evolution of spin can then be obtained through

dSjA
dt

= εjpq
∫
A

ρ∗x̄p
dv̄q

dt
d3x̄, (2.12)

where εjpq is the Levi-Civita symbol. The quantity dv̄q/dt is similar to the acceleration

derived in Eq. (2.6) and the integral of Eq. (2.12) can be solved by a calculation similar

to the one that led to Eq. (2.6). A final lengthy calculation reveals that in the case of

quasicircular compact binaries, the evolution of the spin of body A when interacting

with body B is given by

dS̄A
dt

= (ΩA[SO] + ΩA[SS])× S̄A (2.13)
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with

ΩA[SO] ≡ 2ηGm

c2r2

(
1 +

3MB

4MA

)
n× v, (2.14)

ΩA[SS] ≡ Gm

c2r3

[
3(S̄B · n)n− S̄B

]
, (2.15)

describing spin-orbit and spin-spin interactions respectively.

The spin-precession equation (2.13) has been written in terms of S̄A =

SA + ∆SA/c
2, where ∆SA are PN corrections that arise from the bodies internal

interactions, as well as from external interactions with its environment. The internal

interactions take the form of total time derivatives that are moved from the right-

hand side of Eq. (2.12) to the left-hand side. The external interaction corrections are

chosen such that S̄A corresponds to the spin vector measured in a non-inertial frame

that is moving with the body (proper or comoving spin). In the following chapters

we will study GWs from spinning compact binaries, in a framework that has been

developed in terms of S̄A. For simplicity, we will drop the bar and call S̄A “the spin

of body A”.1

Equation (2.13) describes the evolution of the spins in a compact binary system.

Its form implies that the magnitudes of the spins remain constant while they precess

around the vector ΩA[SO] + ΩA[SS].

1Besides the definition of the comoving spins, additional freedom remains in the selection of the
frame in which we define the world line of the body’s center of mass. The choice of this frame
is known in the literature as supplemental spin condition and it affects the equations of motion,
but leaves the comoving spin and the spin-precession equations of this section unaltered. For the
equations of motion of the previous section, and specifically Eq. (2.9), we employ a representative
world line that tracks the body’s center of mass in a global inertial frame.
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Orbit-Averaged Spin Evolution

Neglecting the effects of radiation reaction which cause the orbit to shrink (in a

PN sense, these effects are of higher order) the motion of the binary can be divided

in two parts: orbital motion, evolving by Kepler’s law on a timescale of

Torb ∼ r3/2 ∼ v−3, (2.16)

and precessional motion, evolving on

Tpr ∼ |ΩA[SO]|−1 ∼ r2

v
∼ v−5. (2.17)

Since Torb/Tpr ∼ v2 � 1 in a PN sense, we can average over the fast orbital motion

and obtain the orbit-averaged spin-precession equations

dS̄A
dt

=
2ηGmv

c2r2

(
1 +

3MB

4MA

)
L̂× S̄A −

3Gm

2c2r3
(S̄B · L̂)L̂× S̄A +

Gm

c2r3
S̄B × S̄A.

(2.18)

where L is the orbital angular momentum of the system, and L̂ its direction. Notice

that when the spins are aligned with the angular momentum the above differential

equation becomes trivial and there is no precession. The misalignment of the bodies’

spins with the orbital angular momentum is essential for the system to be precessing

and indeed this is the astrophysically expected scenario, as argued at the beginning

of this chapter.
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Finally, we can derive an equation for the evolution of L by noting that in the

absence of radiation reaction the total angular momentum needs to be conserved

dL

dt
= −dS̄A

dt
− dS̄B

dt
. (2.19)

Equations (2.18), (2.18) with A ↔ B, and (2.19) form a system of 9 coupled

differential equations for 9 unknowns and prescribe the evolution of all angular

momenta of a binary system in the absence of radiation reaction. In Chapters 4

and 5 we will include radiation reaction and solve the spin-precession equations in

order to construct waveforms for spin-precessing, quasicircular compact binaries. In

some cases we will include PN corrections, or express the equations in alternative, yet

equivalent, forms. We will, therefore, state which precise form of the spin-precession

equations we are studying in each chapter and why.
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SPIN-PRECESSING GW TEMPLATES

Quasicircular compact binaries emitting GWs in the sensitivity band of second-

generation ground based detectors such as aLIGO [68,108] and AdV [5] will have spins

with arbitrary magnitudes and directions, though the spin of NSs will typically be

smaller than that of BHs1. Such GWs are very different from those emitted by non-

spinning binaries or binaries with spins aligned with the orbital angular momentum

for the reason described in Chapter 2: spin-precession.

When spins are misaligned with the orbital angular momentum, all angular

momenta precess about the total angular momentum, causing the orbital plane to

precess too. This induces amplitude and phase modulations in the GWs, for example

through the changing inclination angle of the system relative to the line of sight.

As an example, in Fig. 3.1 we plot the scaled leading PN order amplitude for spin-

precessing, spin-aligned, and nonspinning GWs as a function of the GW frequency.

The precessing waveform amplitude is qualitatively different from the nonprecessing

ones, something that is also encountered in the GW phase. The latter is more

important from a data analysis point of view, but more difficult to visualize, so we

have plotted the amplitude only. Accurately modeling precessional modulations can

be important for detection and parameter estimation of GW sources [59,60].

GWs with such rich and complex structure are double-edged swords: on the

one hand, this structure can encode new information about the source and break

degeneracies in parameter estimation (see Chapter 7); on the other hand, this intrinsic

complexity comes at the cost of an increased difficulty to model these waves. First,

the temporal evolution of the orbital phase depends on the angular momenta, which

1In this thesis, we only consider quasicircular binaries since radiation reaction tends to circularize
systems formed with eccentricity before they enter the detectors’ sensitivity band [171].
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Figure 3.1: Leading PN order amplitude of a spin-precessing (black solid), a spin-
aligned (green dot-dashed), and a nonspinning (blue dotted) GW as a function of
the GW frequency f (twice the orbital frequency) scaled by f 7/6 and the luminosity
distance of the source DL.

themselves satisfy certain precession equations, increasing the overall complexity of

the differential system. Second, precession introduces mathematical catastrophes

when computing the Fourier transform of the GWs: degenerate critical points in

the orbital phase, where the first and second time derivatives vanish, violating the

assumptions of the standard stationary phase approximation2 (SPA) and rendering it

non-applicable [125]. This second point is important since aLIGO and AdV work

with frequency-domain models for which data analysis is simplified and sped-up

significantly3.

Accurate modeling of GWs is important for detection and crucial for parameter

estimation with ground-based detectors, since the expected signals could be deeply

buried in the detector noise. The optimal strategy for extracting known signals from

2The SPA is the leading-order term in the asymptotic expansion of a Fourier integral through
the method of steepest descent [37,84].

3This is because for stationary noise the noise covariance matrix is diagonal in the frequency
domain, but not in the time domain.
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noise is by fitting waveform models to the interferometric data and minimizing the

residual. Obtaining some parametrized waveform model and using it to filter the data

is therefore essential for recovering the optimal signal-to-noise ratio (SNR)

SNR2 = 4

∫ |h̃(f)|2
Sn(f)

df (3.1)

from the signal. In this expression Sn(f) is the detector’s spectral noise density

and h̃(f) is the GW expressed in the Fourier-domain. The efficiency of this method

relies on the accuracy of the waveform model, with parameter estimation placing

more stringent requirements on the accuracy of the models used. Inaccuracies in the

models can lead to missed signals or systematic errors in the extracted parameters.

This has motivated the construction of waveform models for coalescing compact

binaries. During the inspiral, the binary can be modeled with the post-Newtonian

formalism, an expansion in small characteristic velocities and weak gravitational

fields [43]. When the binary components are not spinning or when their spin is

aligned/anti-aligned with the orbital angular momentum, the equations of motion

have been derived and solved up to 3.5PN order4 including radiation reaction due to

GW energy loss. When the spins are misaligned with the orbital angular momentum,

the orbital equations of motion and the precession equations have been derived to

2.5PN order. In this case, a closed form solution has not been obtained due to the

complexity of the differential system.

To this day, four main representations of GWs from spin-precessing compact

binaries exist. The first representation is based on the fact that the precession

equations admit a closed-form analytic solution when only one object is spinning [18–

4A term is of APN order is proportional to (u/c)2A relative to its controlling factor, where u is
some characteristic velocity and c the speed of light.
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21]. The ensuing motion is simple precession and the resulting waveform is ideal

for BHNS systems [144]. The second representation is based on the effective-one-

body formulation of the general relativistic two-body problem [53, 75]. The resulting

waveform is ever improving through fits to numerical relativity simulations [166,210]

and describes the full coalescence, albeit at the expense of prohibitive computational

cost. The third representation utilizes a coordinate frame in which precessional effects

are minimized [49, 191] to compute a simpler waveform and map it back to the

source frame [190, 192]. This approach applies to the full binary coalescence and

the waveform was found to be sufficiently good for detection, but could introduce

parameter biases in parameter estimation [107].

The final representation of GWs from inspiraling spin-precessing systems is

through a multiple scale analysis (MSA) [37], a well-known mathematical technique

to solve differential systems that have distinct characteristic scales by expanding

in the ratio of these scales. For the problem at hand, the orbital timescale is

much shorter than the precession timescale, which in turn is much shorter than

the radiation reaction timescale. These waveforms are constructed so that they are

purely analytical, and thus computationally inexpensive, but also so that they can be

systematically improved by carrying out calculations at higher order in perturbation

theory. Reference [124] implemented such a perturbative framework for compact

binaries with spins almost aligned with the orbital angular momentum, but of

arbitrary magnitude. In this dissertation, we first apply MSA to slowly spinning [62]

systems and show the resulting waveforms to be accurate representations of NSNS

inspirals, both for detection and parameter estimation [59,60,64]. We then solve the

same problem but for generic precession [61] and construct a waveform that is an

accurate representation of generic compact binary inspirals of arbitrary masses and

spins.
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In the next two chapters we construct first a GW template valid for slowly

spinning binary components and then one valid for arbitrary binary parameters.

Throughout, we use geometric units where G = c = 1 and employ the following

conventions:

• Vectors are written in boldface, with components A = [Ax, Ay, Az] and

magnitude A. Unit vectors are denoted with a hat, e.g. Â.

• The masses of the two binary components are mA, with {A,B} ∈ {1, 2}, the

total mass M ≡ m1 +m2 is set equal to 1, the mass ratio is q ≡ m2/m1 < 1, the

symmetric mass ratio is η ≡ m1m2 and the mass difference is δm = m1 −m2.

• The Newtonian orbital angular momentum of the system is L, the spin angular

momentum of each body is SA, and the total angular momentum is J = L +

S1 +S2. The dimensionless spin parameter of each object is χA ≡ SA/m
2
A with

A ∈ {1, 2}.

• The orbital angular frequency in a frame fixed to the orbital plane is ω, while

the PN expansion parameter we use is v ≡ ω1/3 = ηL−1.
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GW TEMPLATES FOR SLOWLY SPINNING BINARIES

NSs will take a long time to evolve into the sensitive band of ground-based

detectors; by then, they are expected to be old, cold, slowly spinning, and with

orbits that have circularized. Accurate predictions of the range of eccentricities

and spins expected is currently lacking, but estimates suggest values smaller than

0.1 in dimensionless units [106]. This is why the modeling of NSNS inspirals has

so far been restricted to mostly quasicircular systems that are nonspinning or have

aligned/antialigned spins are are thus not precessing.

In this chapter we propose a new template family that fits in the analytical

class for quasicircular inspiraling compact binaries, whose spin angular momentum is

arbitrarily oriented, but small relative to their mass. This family is ideal to efficiently

model precessing NSNS inspirals for detection and parameter estimation purposes.

The waveforms are obtained through MSA, which allows us to accurately solve the

precession equations in the time domain, and the SPA method, which allows us to

model the Fourier transform of the waveform. Such a procedure is a direct application

of the general framework of [124] but for a different physical system.

The time-domain waveforms are obtained by expanding the differential equations

describing precession in the dimensionless spin parameters, which then leads to

a separation of time scales that is amenable to MSA: the differential system is

reexpanded in the ratio of the precession to the radiation-reaction time scales and

solved order by order. We thus obtain an analytic solution to the precession equations

for the orbital and spin angular momenta as a bivariate expansion in the dimensionless

spin and the ratio of the precession to the radiation-reaction time scales. We work

here to first order in both expansion parameters, but the formalism can easily be

extended to higher order. An analytic approximation for the time evolution of the
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momenta then leads to an analytic time-domain waveform that accurately models the

precession of the spin and orbital angular momenta.

The resulting, analytic, time-domain waveform contains pieces of different PN

and spin order. Clearly, the zeroth order in spin terms are the dominant contribution

to the waveform, since we are expanding about small dimensionless spin. The

nonspinning terms in the waveform are a “background solution” to which we find

spin perturbations; we will try to model this background as accurately as possible. In

particular, the nonspinning orbital frequency evolution equation is modeled to 3.5PN

order with mass-ratio corrections and up to 5.5PN order in the test particle limit.

We solve this equation to 8PN order, which artificially extends the series beyond its

formal expansion order, so that any differences between our analytic and numerical

frequency evolution are exclusively due to spin. We also include nonspinning PN

corrections to the time-domain waveform amplitude up to 2.5PN order.

The first-order-in-spin terms in the waveforms are perturbations to the non-

spinning waveform background and we model them by expanding in the ratio of the

precession to the radiation reaction time scale. We model the spin-orbit precession

equations to 2PN order and include first-order-in-spin terms in the frequency evolution

equation up to 4PN order with mass ratio corrections. Such precession effects

introduce corrections in the waveform phase starting at 3PN order.

The second-order-in-spin terms are even smaller perturbations to the nonspin-

ning background, which we will not systematically include here. For example, the

spin precession equations contain spin-spin interactions that we will ignore when

analytically solving for the angular momenta. However, we will keep them in the

frequency evolution, since they lead to better agreement between our analytical results

and numerical solutions. This results in the inclusion of a 2PN second-order-in-spin

term in the waveform phase that is evaluated assuming the spins are time independent.
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Evolution of the Spin and Orbital Angular Momentum

In this section, we solve for the time evolution of the spin and orbital angular

momentum as a series in the dimensionless spin parameters and the ratio of the

precession to the radiation reaction time scales. We begin by expanding the precession

equations in small spin magnitude. We then solve them by order in this perturbation

parameter. At linear order in spin, we solve the precession equations using MSA.

We conclude with a comparison between the numerical solution and the analytic

approximation to the evolution of the angular momenta.

Precession Equations and the Small Spin Expansion

In the PN approximation, the equations that govern the evolution of the orbital

angular momentum L and the spin angular momenta Si averaged over one orbit

are [28, 48]

L̇ = ω2

2∑
n=0

ηnω2n/3
[
C(n)

1 S1 + C(n)

2 S2

]
×L− 3

2
ω2[(S2 · L̂)S1 + (S1 · L̂)S2]× L̂

− kL , (4.1)

Ṡ1 = ω2

2∑
n=0

C(n)

1 ηnω2n/3L× S1 + ω2

[
1

2
S2 −

3

2
(S2 · L̂)L̂

]
× S1 , (4.2)

Ṡ2 = ω2

2∑
n=0

C(n)

2 ηnω2n/3L× S2 + ω2

[
1

2
S1 −

3

2
(S1 · L̂)L̂

]
× S2 , (4.3)
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where we have defined

k =
1

3
a0ω

8/3

[
1 +

11∑
i=2

(ai + bi lnω)ωi/3

]
, (4.4)

C(0)

A = 2 +
3

2

mB

mA

, (4.5)

C(1)

A = 3
mA

mB

+
35

6
+ 4

mB

mA

+
9

8

m2
B

m2
A

, (4.6)

C(2)

A =
27

4

m2
A

m2
B

+
31

2

mA

mB

+
137

12
+

19

4

mB

mA

+
15

4

m2
B

m2
A

+
27

16

m3
B

m3
A

, (4.7)

where (A,B) ∈ {1, 2}, A 6= B and ω is the orbital frequency of the binary, with

coefficients (ai, bi) given in Appendix A of [62].

The evolution equation for L contains two types of terms that are valid to

different PN orders: conservative and dissipative terms . The dissipative ones are all

contained in the last term of Eq. (4.1), which changes the magnitude of L, and

governs the GW frequency evolution. The conservative terms [the Si-dependent

terms in Eq. (4.1) and all terms in Eqs. (4.2)-(4.3)] describe spin-spin and spin-orbit

interactions to 2.5PN order. These terms do not change the magnitude of L, but

only its direction. We work to the highest PN order known (3.5PN) in the spin-orbit

interactions [48]. However, since we are carrying out a small spin magnitude analysis

we keep here only the leading order spin-spin interaction terms (2PN). We will later

ignore this term when deriving an analytic solution for the angular momenta, but

include it in the numerical solutions we will compare against, to show that indeed

such a term can be neglected.

The evolution of the magnitude of the angular momentum, and thus, the

frequency evolution, is controlled by k, which is given in Eq. (4.4) by a sum taken to

5.5PN order. The coefficients (ai, bi) listed in Appendix A of [62] are known to 2.5PN

order including all spin terms, to 3.5PN to linear-order in spin [48] and to 22PN order
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in the test particle limit neglecting spins and BH absorption terms [97,158,199,209].

Since the evolution of nonspinning binaries acts as a background upon which we

perturbative expand in χ1,2, we will model the former very accurately, keeping

nonspinning terms in (ai, bi) to 3.5PN order with η corrections and to 5.5PN order

without all η corrections. To linear-order in spin, we keep terms in (ai, bi) up to

4PN order, while to quadratic-order we keep terms up to 2PN order. We express the

evolution equation (and its solution later on) in terms of (ai, bi), so that higher-order

PN corrections can be easily incorporated in our analysis by simply modifying these

coefficients, when higher PN order terms become available in the future.

For those astrophysically realistic NS binaries that are expected to be detected by

advanced ground-based detectors, the dimensionless spin parameter is not expected

to exceed χA ∼ 0.1 [106]. We can, therefore, define the book-keeping parameter εs as

a way to count powers of χA. When working to leading order in εs, we can neglect

the spin-spin interactions in Eqs. (4.1)-(4.3), which leads to the precession equations

L̇ = ω2

2∑
n≥0

ηnω2n/3
[
C(n)

1 S1 + C(n)

2 S2

]
×L− kL , (4.8)

Ṡ1 = ω2

2∑
n≥0

ηnω2n/3C(n)

1 L× S1 , (4.9)

Ṡ2 = ω2

2∑
n≥0

ηnω2n/3C(n)

2 L× S2 . (4.10)

where the coefficients C(n)

i are given in Eqs. (4.5)-(4.7). In Eq. (4.8), we can rewrite

L̇ = L
˙̂
L + L̇L̂ to separate precession effects from radiation-reaction effects. The

magnitude of the spin angular momentum is conserved due to the particular choice

of variables [48] (also see the discussion of Chapter 2).
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The precession equations will be solved as a function of the independent variable

v, a PN expansion parameter defined by

v ≡ ω1/3 = η L−1 , (4.11)

The radiation-reaction equation for the magnitude of the orbital angular moment

allows us to write an evolution equation for v

v̇ =
a0

3
v9

{
1 +

11∑
i=2

[ai + 3bi ln(v)] vi

}
, (4.12)

where the coefficients (ai, bi) are the same as before. Just like velocity or angular

frequency, our PN expansion parameter is time dependent, approaching v ∼ 0.3 by

the end of the inspiral.

Having set up the problem, the remainder of this section solves Eqs. (4.8)-(4.10)

perturbatively in χA. To do so, we perturbatively expand all quantities in εs:

A =
N∑
n=0

εns A
(n) , (4.13)

where A is any of L, S1 or S2, while A(n) is a term proportional to (χA)n. Equa-

tion (4.13) is nothing but the mathematical definition of the small-spin expansion,

where we will here work to O(εs), i.e. to N = 1.

Zeroth-Order-in-Spin Solution

To this order, the NSs’ spin angular momenta vanish:

S(0)

1 = 0 , S(0)

2 = 0 . (4.14)
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while the orbital angular momentum evolves according to

L̇(0) = −k(0)L(0) , (4.15)

This equation implies that the angular momentum does not change in direction, but

only shrinks in magnitude due to radiation reaction.

We then work in a coordinate system that is adapted to the problem at hand

by choosing ẑ = Ĵ(0). Since J is evolving at higher orders in εs, the ẑ axis of the

frame will not remain aligned with J at later times. However, to O(ε0s), Ĵ
(0) is not

evolving, and thus, ẑ = Ĵ (0) = L̂(0). With this choice of coordinate system, Lx and

Ly simply vanish to this order.

The ẑ component of the orbital angular momentum satisfies the equation

L̇(0)=−a0

3

µ8

L(0)7

{
1+

11∑
i=2

[
a(0)

i +3b(0)

i ln
( µ

L(0)

)] µi

L(0)i

}
, (4.16)

where recall that L(0) is the magnitude of the orbital angular momentum to order

O(ε0s) and the coefficients a(0)

i = ai(SA = 0). Since all the coefficients are constant,

we can directly integrate the above equation, invert the PN expansion, and obtain

L(0) as a function of time. We rewrite Eq. (4.16) in terms of the PN parameter v(0),

related to L(0)
z through Eq. (4.11), namely,

L(0)

z =
η

v(0)
, (4.17)

and solve this equation to obtain

v(0) = ζ

[
1 +

11∑
i=2

v(0)

i ζ
i +

11∑
i=6

v`,(0)

i ζ i ln (ζ) +
11∑
i=8

v`
2,(0)

i ζ i(ln ζ)2 +O(v12)

]
, (4.18)
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where we have defined the function of time

ζ ≡
[

3

8a0(tc − t)

]1/8

, (4.19)

with tc the time of coalescence. The PN coefficients (v(0)

i , v
`,(0)

i , v`
2,(0)

i ) can be obtained

from Appendix B of [62] by setting SA = 0. Combining Eq. (4.18) with Eq. (4.17)

completes the solution for the time evolution of all angular momenta to O(ε0s).

As explained before, this solution keeps terms beyond 3.5PN order, even though

the evolution equation is formally only known to that order. We do so to minimize the

difference between the numerical solution to the evolution of the angular momentum

and the analytic approximation in Eq. (4.18) in the nonspinning case. In fact, taking

this series to 5.5PN order guarantees that the frequency to time mapping is accurate

to roughly 10−2 Hz during the entire inspiral (from 10Hz up to 400Hz, where finite

size effects become important [112,148,180]). Doing so will allow us to isolate any spin

precession effects cleanly. Ultimately, however, we will be interested in the frequency-

domain waveform, which can be constructed without knowledge of Eq. (4.18).

First-Order-in-Spin Solution

To this order, the orbital and spin angular momenta evolve according to

L̇(1) = v6

2∑
n=0

ηnv2n
[
C(n)

1 S
(1)

1 + C(n)

2 S
(1)

2

]
×L(0) − k(0)L(1) − k(1)L(0) , (4.20)

Ṡ(1)

1 = v6

2∑
n=0

ηnv2nC(n)

1 L
(0) × S(1)

1 , (4.21)

Ṡ(1)

2 = v6

2∑
n=0

ηnv2nC(n)

2 L
(0) × S(1)

2 , (4.22)
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where L(0) is given by Eqs. (4.17) and (4.18). The above equations are easy to

decouple: we first use Eqs. (4.21) and (4.22) to solve for S(1)

1 and S(1)

2 , and we then

substitute these solutions into Eq. (4.20) to solve for the orbital angular momentum.

Solution for the Spins Without loss of generality, we focus on S(1)

1 ; the solution

for S(1)

2 can be obtained by an exchange 1↔ 2. In term of its components, Eq. (4.21)

can be written as

Ṡ(1)

1,x = −v6

2∑
n=0

ηnv2nC(n)

1 LS(1)

1,y , (4.23)

Ṡ(1)

1,y = v6

2∑
n=0

ηnv2nC(n)

1 LS(1)

1,x , (4.24)

Ṡ(1)

1,z = 0 . (4.25)

which we rewrite as

dλ(1)

1

dφ1

= iλ(1)

1 , (4.26)

where we have defined

λ(1)

1 = S(1)

1,x + iS(1)

1,y , (4.27)

and the new independent variable

dφ1

dt
= v5µ

2∑
n=0

ηnv2nC(n)

1 . (4.28)

The combined spin evolution equation can now be integrated directly. Doing so,

decoupling Eq. (4.27) and using exchange symmetry, we are led to the solution

S(1)

1,x = S(1)

1,x(0) cosφ1 − S(1)

1,y(0) sinφ1 , (4.29)

S(1)

1,y = S(1)

1,y(0) cosφ1 + S(1)

1,x(0) sinφ1 , (4.30)
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S(1)

1,z = S(1)

1,z(0) , (4.31)

S(1)

2,x = S(1)

2,x(0) cosφ2 − S(1)

2,y(0) sinφ2 , (4.32)

S(1)

2,y = S(1)

2,y(0) cosφ2 + S(1)

2,x(0) sinφ2 , (4.33)

S(1)

2,z = S(1)

2,z(0) , (4.34)

where φ2 is defined by Eq. (4.28) with 1 ↔ 2. This solution amounts to a simple

harmonic oscillator with precession frequency φ̇A.

To complete the calculation, we must solve Eq. (4.28) for the phase angle φA.

Doing so, we find as an expansion in v

φA

C
(0)
A

= φ0,A −
η

a0v3

[
1 +

8∑
i=2

φi,Av
i +

8∑
i=3

φ`i,Av
i ln v +O(v9)

]
, (4.35)

with A ∈ {1, 2}, where the coefficients φi,A are given in Appendix C of [62] and φ0,A

is a constant of integration picked such that φA(t = 0) = 0 to satisfy Eqs. (4.29-4.34).

One could include higher-order PN terms in this expansion. However, we find that

truncating it at 4PN order is sufficient to obtain an accurate time-domain waveform

phase, i.e. higher-order PN terms induce phase corrections that are smaller than those

induced by neglected terms of O(ε2s).

In principle, the coefficients (ai, bi) that appear in Eq. (4.35) are given in

Appendix A of [62] with all spins set to zero, since φi,A should be kept to O(ε0s).

However, we will here use the full expressions in Appendix A of [62] for the coefficients

(ai, bi), with the spin couplings βi and σi evaluated at the initial spin and orbital

angular momenta L(t = 0) and Si(t = 0). The solution obtained with this

substitution differs with the initial O(ε0s) solution by terms of O(ε2s), and is thus

equally valid. In practice, we find that using these coefficients leads to better
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agreement between the analytical approximation and the numerical solution of the

orbital phase.

Solution for the Orbital Angular Momentum The evolution equation [Eq. (4.20)]

contains terms that change on two different time scales: a radiation-reaction time scale

Trr and a precession time scale Tpr. The former is associated with the last two terms

in Eq. (4.20) and it is defined by

Trr ≡
v

v̇
∼ 1

η
v−8 , (4.36)

while the latter is associated with the first two terms in Eq. (4.20) and it is defined

by

Tpr ≡
1

ω2L
∼ 1

η
v−5 . (4.37)

The ratio of these time scales is Tpr/Trr ∼ v3, which suggests one should use MSA to

solve Eq. (4.20).

We define a new bookkeeping parameter εp that counts powers of (Tpr/Trr) and

expand all quantities in a bivariate series

A =
N∑
n=0

M∑
m=0

εns ε
m
p A

(n,m) , (4.38)

where A is any of L, S1 or S2, while A(n,m) is a term proportional to χn1,2(Tpr/Trr)
m.

Of course, A(0,m) ∀ m has already been obtained in Eq. (4.18).

In MSA, all quantities must be assumed to depend on all independent time

scales, and thus,

A(n,m) = A(n,m)(t, τ) , (4.39)
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where we have defined the long time scale

dτ = εp

(
Tpr

Trr

)
dt . (4.40)

The differential operator of Eq. (4.20) is then

d

dt
=

∂

∂t
+ εp

(
Tpr

Trr

)
∂

∂τ
. (4.41)

The solution for L(1,0) is more easily obtained if we work with the total angular

momentum instead. The latter is defined by J (1) = L(1) + S(1)

1 + S(1)

2 to O(εs), and

satisfies the equation

J̇ (1) = −k(0)L(1) − k(1)L(0) . (4.42)

This last equation can in turn be expanded in εp to obtain a bivariate series. Now we

can proceed to solve Eq. (4.42) order by order in εp.

To zeroth order in radiation reaction we have the simple partial differential

equation

∂J (1,0)

∂t
= 0 , (4.43)

the solution to which is

J (1,0) = [J (1,0)

x (τ), J (1,0)

y (τ), J (1,0)

z (τ)] . (4.44)

J (1,0)(τ) is a functions of the long time scale changing over the radiation-reaction time

scale, but remaining constant on a precession time scale. Its functional form can only

be determined by going to next order in εp.
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To O(εp), the evolution equation for the total angular momentum is

∂J (1,1)

∂t
+
Tpr

Trr

J (1,0)

∂τ
= −k(0,1)L(1,0) − k(1,1)L(0,0) , (4.45)

where L(1,0) is to be understood as shorthand for J (1,0)−S(1,0)

1 −S(1,0)

2 . Equation (4.45)

is a differential equation for J (1,1)(t), whose solution will grow linearly (a behavior

that characterizes a resonance) if sourced by a t-independent term. We eliminate

such t-independent terms by requiring that

Tpr

Trr

dJ (1,0)
x (τ)

dτ
= −k(0,1)J (1,0)

x (τ) , (4.46)

Tpr

Trr

dJ (1,0)
y (τ)

dτ
= −k(0,1)J (1,0)

y (τ) , (4.47)

whose solution is

J (1,0)

x = J (1,0)

x (0) exp

[
−
∫
k(0,1)

(
Trr

Tpr

)
dτ

]
= J (1,0)

x (0) exp

[∫
L̇(0,1)

L(0,1)
dt

]
,

= J (1,0)

x (0)
L(0,1)

L(0,1)(0)
= J (1,0)

x (0)
v(0,1)(0)

v(0,1)
, (4.48)

and J (1,0)
y is obtained by replacing x↔ y. Collecting all the results and imposing the

initial conditions ẑ = Ĵ(0), the solutions for L(1,0)
x and L(1,0)

y are

L(1,0)

x = −S(1)

1,x(0) cosφ1 + S(1)

1,y(0) sinφ1 − S(1)

2,x(0) cosφ2 + S(1)

2,y(0) sinφ2 , (4.49)

L(1,0)

y = −S(1)

1,y(0) cosφ1 − S(1)

1,x(0) sinφ1 − S(1)

2,y(0) cosφ2 − S(1)

2,x(0) sinφ2 . (4.50)
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The z component of the orbital angular momentum to first order in the spins

can be obtained in the following way. First, we notice that

v ≡ η

L
=

η

Lz
+O(ε2s) . (4.51)

Therefore, to this order we have

Lz = L(0)

z + εsL
(1)

z +O(ε2s) =
η

v
+O(ε2s) . (4.52)

We can further improve on the solution for v as a function of time to O(εs)

by revisiting its evolution equation. Equation (4.12) depends on the PN coefficients

(ai, bi), which in turn depend on the spins only through combinations SA · L̂ and

SA ·SB. The spin-spin terms are of O(ε2s) and can thus be neglected, while the spin-

orbit terms are constant to O(εs). We can then substitute SA ·L̂→ SA,z in Eq. (4.12),

treat all the PN coefficients (ai, bi) as constant and integrate to obtain

v = v(0) + εsv
(1) +O(ε2s) = ζ

[
1 +

11∑
i=2

(
v(0)

i + εsv
(1)

i

)
ζ i +

11∑
i=6

(
v`,(0)

i + εsv
`,(1)

i

)
ζ i ln ζ

+
11∑
i=8

(
v`

2,(0)

i + εsv
`2,(1)

i

)
ζ i(ln ζ)2 +O(ε2s, ζ

12)

]
. (4.53)

Recall that (v(0)

i , v
`,(0)

i , v`
2,(0)

i ) are those in Appendix B of [62] with SA = 0, while the

new coefficients (v(1)

i , v
`,(1)

i , v`
2,(1)

i ) are those in Appendix Bs of [62] that are linear in

SA.

However, as in Eq. (4.35), we will here include higher-order terms in εs to

improve the mapping between frequency and time. The coefficients (v(0)

i +εsv
(1)

i , v
`,(0)

i +

εsv
`,(1)

i , v`
2,(0)

i + εsv
`2,(1)

i ) will be replaced by those in Appendix B of [62] but with

(ai, bi) coefficients evaluated at the initial spin and orbital angular momenta L(t = 0)



31

and SA(t = 0). As before, this replacement adds terms of O(ε2s) and higher to the

precession phase that improve the accuracy of the analytical solution.

Summary of Results

The final solutions for the orbital angular momentum to first order in spin are

Lx = εs {−S1,x(0) cosφ1 + S1,y(0) sinφ1 − S2,x(0) cosφ2 + S2,y(0) sinφ2}+O(ε2s, εp) ,

(4.54)

Ly = εs {−S1,y(0) cosφ1 − S1,x(0) sinφ1 − S2,y(0) cosφ2 − S2,x(0) sinφ2}+O(ε2s, εp) ,

(4.55)

Lz =
Mµ

v
+O(ε2s) , (4.56)

while for the spin angular momenta we find

S1,x = εs [S1,x(0) cosφ1 − S1,y(0) sinφ1] +O(ε2s) , (4.57)

S1,y = εs [S1,y(0) cosφ1 + S1,x(0) sinφ1] +O(ε2s) , (4.58)

S1,z = εsS1,z(0) +O(ε2s) , (4.59)

S2,x = εs [S2,x(0) cosφ2 − S2,y(0) sinφ2] +O(ε2s) , (4.60)

S2,y = εs [S2,y(0) cosφ2 + S2,x(0) sinφ2] +O(ε2s) , (4.61)

S2,z = εsS2,z(0) +O(ε2s) , (4.62)

The phase angles φA are given explicitly in Eq. (4.35) in terms of v, which is given

explicitly as a function of time in Eq. (4.53). Both of these equations depend on the

coefficients (ai, bi) which are given in Appendix A of [62], with [L(t),SA(t)]→ [L(t =

0),SA(t = 0)].
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Numerical Comparison

We can now show that the bivariate, analytic solution found above is indeed

an accurate representation of the full numerical solution. By the latter, we mean

the numerical solution to Eqs. (4.1)-(4.3), with k given by Eq. (4.4). Notice that

these equations contain spin-spin interactions, i.e. terms of O(ε2s) that are neglected

in the analytic solution of the previous sections. We use an adaptive Cash-Karp,

fifth-order Runge-Kutta method to solve these equations [55]. We have performed

convergence tests to guarantee that the numerical error introduced by the integrator

is well controlled and not visible in any of the figures we show.

For the comparisons to follow, we choose a particular system with the following

properties:

Test System:

• m1 = 1.4M� and m2 = 1.6M�, which then implies η = 0.2489, δm = −0.067;

• χ1 = 0.1 and χ2 = 0.1, which then implies S1 ≈ 0.196M2
�, S2 ≈ 0.256M2

�;

• ŜA(0) = (cosφSA sin θSA , sinφSA sin θSA , cos θSA), where (φS1 , θS1) = (π/4, 17π/24)

and (φS2 , θS2) = (π/3,−π/6).

• The source is located at polar angles (θd, φd) = (π/3, 2π/3) in the detector

frame.

The orbital angular momentum ranges from about 29M2
� at 10 Hz to 8.5M2

� at

400 Hz, which implies SA/L� 1 during the entire inspiral. This system experiences

approximately 55 precession cycles from 10Hz to 400 Hz, while accumulating∼ 14, 500

cycles of GW phase. We choose the integration constants in the analytic solution such

that the quantities compared agree at 10 Hz. Although we choose a particular system

for the figures to come, the results are representative of all systems we investigated.
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Figure 4.1: Numerical solution (solid black curve) and analytical approximation (red
dashed curve) to Lx (top) and S1,x (bottom) as a function of the GW frequency f
(twice the orbital frequency).

Figure 4.1 presents the numerical (black solid curve) and analytical (red dashed

curve) approximation to the x component of orbital (top) and spin (bottom) angular

momentum of NS 1 as a function of the dominant GW frequency (twice the orbital

frequency) in units of Hz. The y components present similar behavior. The analytical

result tracks the numerical solution closely, coming out of phase by the end of the

inspiral. This analytic solution is dramatically better than that which assumes these

components simply vanish, as is done when one neglects precession and uses a spin

aligned/antialigned approximation. The analytical approximation can, of course, be

improved if taken to next order in εs.

Figure 4.2 shows the numerical (black solid curve) and analytical (red dashed

curve) approximation to the z component of the spin angular momentum for NS 1

(top) and NS 2 (bottom) as a function of the GW frequency in Hz. Both solutions

start at the same initial value, but the analytical approximation remains constant,

while the numerical one oscillates. The amplitude of this oscillation is of O(ε2s), which
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Figure 4.2: Numerical solution (solid black curve) and analytical approximation (red
dashed curve) to S1,z (top) and S2,z (bottom) as a function of the GW frequency.

for this system is of O(10−2); the solutions can only be improved by going to next

order in spin.

The top panel of Fig. 4.3 presents the numerical (black solid curve) and

analytical (red dashed curve) approximation to the z component of the orbital angular

momentum as a function of GW frequency. The analytical approximation is so

accurate that it cannot be distinguished from the numerical result. For this reason, the

bottom panel of Fig. 4.3 shows the absolute value of the fractional difference between

the numerical and the analytical result, again as a function of GW frequency. The

fractional error never exceeds one part in 103.

The construction of time-domain waveforms also requires a mapping between

time and frequency. The top panel of Fig. 4.4 shows the numerical (solid black curve)

and analytical approximation (red dashed curve) to the evolution of time as a function

of GW frequency in Hz; the bottom panel of this figure shows their difference. Again

the analytical result tracks the numerical one to a precision better than a few times

10−4.
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Figure 4.3: Top: Numerical solution (solid black curve) and analytical approximation
(red dashed curve) to Lz (top) as a function of the GW frequency. Bottom: Fractional
difference of numerical and analytical Lz as a function of GW frequency.
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Figure 4.4: Top: Numerical solution (solid black curve) and analytical approximation
(red dashed curve) to t(f). Bottom: Absolute value of the difference between the
numerical and analytical times as a function of GW frequency.
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Time-Domain Waveform

Given the approximate analytical solution to the orbital angular momentum

derived in the previous section, we can now construct an analytical approximation to

the time-domain GW response function. We begin by defining the basic ingredients

that go into the waveform construction. We then derive analytic approximations to

the waveform phase, and mode-decompose the response function. We conclude with a

comparison between the analytic approximation to the time-domain waveform phase

and the phase derived from a numerical solution.

Basics

Let N̂ = [Nx, Ny, Nz] be a unit vector that points in the direction of the center

of mass of the compact binary relative to the detector. The time-domain response

function in the long wavelength approximation can then be written as a sum of

harmonics [43]

h(t) =
∑
n≥0

(F+hn,+ + F×hn,×) , (4.63)

hn,+ = An,+(ι) cosnΦ + Bn,+(ι) sinnΦ , (4.64)

hn,× = An,×(ι) cosnΦ + Bn,×(ι) sinnΦ , (4.65)

where n ∈ N is the harmonic number, the inclination angle is

ι ≡ arccos
[
L̂ · N̂

]
, (4.66)

the antenna pattern functions are given by

F+ =
1

2
(1 + cos2 θN) cos 2φN cos 2ψ − cos θN sin 2φN sin 2ψ , (4.67)
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F× =
1

2
(1 + cos2 θN) cos 2φN sin 2ψ + cos θN sin 2φN cos 2ψ , (4.68)

ψ is the polarization angle

ψ = tan−1

(
L̂ · ẑ − (L̂ · N̂ )(ẑ · N̂ )

N̂ · (L̂× ẑ)

)
, (4.69)

and θN , φN give the location of the GW source on the sky.

The precession of the orbital angular momentum, i.e. of the orbital plane, has

two main effects on the waveform [21]:

(i) the inclination and the polarization angles become time dependent and;

(ii) the reference frame used to define the orbital frequency in the orbital plane,

L̂× N̂ , is no longer constant in time.

These effects will induce corrections to the waveform phase, as well as amplitude

modulations. We investigate these effects below.

Waveform Phase

The waveform phase can be decomposed as follows:

Φ = Φorb + δφ , (4.70)

where Φorb is the orbital phase and δφ is a precession correction, induced by the

changing reference frame. We will refer to the latter as the Thomas precession phase.

The orbital phase can be computed directly from

Φorb =

∫
ω dt =

∫
v3dv

v̇
= φc −

3

5a0v5

[
1 +

16∑
i=2

Φorb

i vi
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+
16∑
i=5

Φorb,`
i vn ln v +

16∑
i=12

Φorb,`2

i vi(ln v)2+O(v−17)

]
, (4.71)

where φc is a constant of integration (the so-called phase of coalescence) and the PN

coefficients (Φorb
i ,Φorb,`

i ,Φorb,`2

i ) to 8PN order are given in Appendix D of [62]. As

before, we extend the series here to 8PN order, so that when spins are zero, the error

between this analytical phase and the numerical solution is negligibly small. Doing

so will allow us to isolate any dephasings induced by spin.

The Thomas precession phase δφ satisfies the differential equation [21]

δφ̇ =
1

L

L · N̂
L2 −

(
L · N̂

)2

(
L× N̂

)
· L̇ . (4.72)

Reference [124] found a uniform asymptotic expansion to the solution of this equation

to O(εs), which works both when N̂2
x + N̂2

y = O(εs) and when N̂x = O(εs) = N̂y,

namely

δφ(1) = −N̂z arctan

[
N̂xLz − Lx
N̂yLz − Ly

]
+O(ε2s) , (4.73)

where recall that N is constant but L varies on a precession time scale as given by

Eqs. (4.54)-(4.56).

We here improve on this solution by including the O(ε2s) secular growth of δφ.

To do so, we first expand Eq. (4.72) to O(ε2s). The O(ε2s) term depends on the L and

SA solutions found in Eqs. (4.54)-(4.62), and after expanding it in SA,x/Lz � 1 �

SA,y/Lz and averaging over a precession cycle, we find

〈
δφ̇(2)

〉
=

1

4π2

∫ 2π

0

∫ 2π

0

δφ̇(2)dφ1dφ2 =
1

2

φ̇1

L2
z

S2
1,⊥(0) + 1↔ 2 , (4.74)
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where we have defined S2
1,⊥(0) = S1,x(0)2 +S1,y(0)2. We can conveniently rewrite this

as

〈
d

dv
δφ(2)

〉
=

2∑
n=0

ηnv2nC(n)

1

2η
S2

1,⊥(0)
v7

v̇
+ 1↔ 2 , (4.75)

Solving this differential equation to 1PN order, we obtain the O(ε2s) secular correction

〈
δφ(2)

〉
= − 5

64
S2

1,⊥(0)
1

η2

1

v

[
C(0)

1 +
(
a2C

(0)

1 − ηC(1)

1

)
v2
]

+ 1↔2+O(ε3s) . (4.76)

The constant of integration can be absorbed in the constant φc introduced in

Eq. (4.71). We empirically find that it is sufficient to keep terms up to 1PN order in

this secular approximation, relative to numerical solutions.

The final expression for the Thomas phase δφ is then the sum of Eq. (4.73) and

Eq. (4.76):

δφ = δφ(1) + ε2s
〈
δφ(2)

〉
+O(ε3s) . (4.77)

This expression, of course, is missing the nonsecular evolution of δφ(2), but this cannot

be computed without knowledge of the evolution of the angular moment to O(ε2s).

We will see later that even without these nonsecular terms, Eq. (4.77) is an excellent

approximation to the numerical Thomas phase.

In order to calculate the GW signal that will be measured by a ground-based

detector on Earth, we need to work in a frame attached to the arms of the detector. We

choose the ẑd axis to be perpendicular to the detector plane and the x̂d and ŷd axes to

be aligned with the detector’s arms. The subscript d denotes the detector frame, while

the subscript s denotes the source frame (see e.g. Fig. 1 in [21]). In this frame, the

position of the binary in the sky is given by N̂d = [sin θN cosφN , sin θN sinφN , cos θN ].

In order to transform vectors from the source frame to the detector frame, we assume
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that the binary is oriented in such a way that its total angular momentum at t = 0

in the detector frame is given by Ĵd(0) ≡ [sin θ0 cosφ0, sin θ0 sinφ0, cos θ0]. Then, the

rotation matrix relating the frames is

Rd→s =


cos θ0 cosφ0 cos θ0 sinφ0 − sin θ0

− sinφ0 cosφ0 0

sin θ0 cosφ0 sin θ0 sinφ0 cos θ0

 (4.78)

We apply this matrix to rotate Nd into Ns and ẑd into ẑs when computing the

polarization angle and the Thomas precession angle.

Mode Decomposition

The analytical approximations to the Fourier transform that we will employ

require that we cast the time-domain response function in the following form

h(t) = A(t)eiΦGW(t) , (4.79)

where A(t) is a slowly varying amplitude and ΦGW(t) is a rapidly varying phase.

Therefore, we must express all the terms that vary in the orbital or the precessional

time scales in terms of exponentials. This includes Φorb, δφ, ι, and ψ because

Φ̇orb ∼ O(v−3), δφ̇ ∼ ψ̇ ∼ ι̇ ∼ O(v−6) , (4.80)

and

Φ̈orb ∼ O(v−11), δφ̈ ∼ ψ̈ ∼ ϊ ∼ O(v−11) . (4.81)

We leave in the amplitude only terms that vary on the radiation reaction time scale.
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Expressing the Φ dependence of hn(t) in Eq. (4.63) and the ψ dependence of

antenna pattern functions in Eqs. (4.67) and (4.68) as exponentials, we find [124]

hn,+ =
1

2
(An,+ − iBn,+) einΦ + c.c. , (4.82)

hn,× =
1

2
(An,× − iBn,×) einΦ + c.c. , (4.83)

F+ =
1

2
(AF + iBF ) e2iψ + c.c. , (4.84)

F× =
1

2
(BF − iAF ) e2iψ + c.c. , (4.85)

where c.c. stands for complex conjugate. The amplitudes

AF ≡
1

2
(1 + cos2 θN) cos 2φN , (4.86)

BF ≡ cos θN sin 2φN , (4.87)

depend only on the slowly varying sky-location angles (θN , φN). The amplitudes

(An,+,An,×,Bn,+,Bn,×) depend on the rapidly varying ι which we also express in

terms of complex exponentials.

Combining all these results and expanding all terms in a Fourier series we

obtain [124]

h(t) =
µv2

DL

∑
n≥0

∑
k∈Z

∑
m=±2

hn,k,m(t) , (4.88)

where DL is the luminosity distance and

hn,k,m(t) = An,k,m(θ, φ)eiΦ
GW
nkm(t) + c.c. , (4.89)



42

where we have defined

ΦGW

nkm(t) ≡nΦorb(t) +nδφ(t) +nΦlog(t) +kι(t) +mψ(t), (4.90)

and

Φlog(t) ≡
(
6− 3ηv2

)
v3 ln v. (4.91)

This last term arises when converting certain log-dependent amplitude terms into

phase terms [22] and from now on it will be included in Φ = Φorb + δφ + Φlog. The

slowly varying amplitudes are given in Appendix E of [124] to 2PN order, while

Appendix F of [62] presents the 2.5PN contribution.

Numerical Comparison

We now compare the analytical approximate waveform response of Eq. (4.88) to

a numerical one. The latter is computed by numerically solving Eqs. (4.1)-(4.3) for

the momenta, with k given by Eq. (4.4), and then inserting these into the response

function of Eq. (4.63). The numerical solutions are obtained with the same numerical

algorithms discussed previously. Moreover, for the comparisons to follow, we will

choose the same test system as before. Additionally, we choose (θN , φN) = (π/3, 2π/3)

for the polar angles of the line-of-sight unit vector in the detector frame, and (θ0, φ0) =

(2π/3,−2π/3) for the total angular momentum at t = 0 in the detector frame. Finally,

we align the waveform time offset so that the phases agree at fGW = 10 Hz. As

already explained, this system is representative of a variety of other systems studied;

we postpone a more detailed population study for later.

Figure 4.5 shows the dominant (n = 2) harmonic of the total waveform phase as

a function of the GW frequency in Hz. The bottom panel shows the phase difference

in radians as a function of the GW frequency. The analytical approximation tracks
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Figure 4.5: Dominant harmonic of the total waveform phase (top) and phase
difference (bottom) in radians as a function of GW frequency in Hz, computed
numerically (black solid curve) and analytically (red dashed curve).

the numerical solution to better than 0.3 radians over 9× 104 radians of evolution in

the phase. The error is a combination of a secular drift of the mean, superimposed

with an oscillation; we shall see below that all of this error is induced by different

O(ε2s) effects, which could be recovered if our calculation was carried out to next

order.

Figure 4.6 shows different pieces of the dominant (n = 2) harmonic of the

waveform phase as a function of frequency (top panels), together with the dephasing

between analytical and numerical expressions. The top-left plot shows the orbital

phase in radians, which is by far the dominant contribution to the total phase.

The analytical approximation tracks the numerical result to about 2× 10−2 radians.

The oscillatory features of the phase in Fig. 4.5 are due to the Thomas phase, the

inclination angle and the polarization angle, shown in the top-right, bottom-left and

bottom-right plots respectively. In all cases the analytical approximation tracks the

numerical solution accurately, with dephasing of order a few times 10−2. The Thomas

phase, in addition, presents a secular drift, which we can see is accurately matched
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Figure 4.6: Different pieces of the dominant harmonic of the total waveform phase
(top panels) in radians and phase difference (bottom panels) in radians and as a
function of GW frequency in Hz, computed numerically (black solid curve) and
analytically (red dashed curve). These pieces include the orbital phase (top left), the
Thomas phase (top right), the inclination angle (bottom left) and the polarization
phase (bottom right).
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by the analytical approximation due to the correction in Eq. (4.76). We have verified

that these errors scale with spin squared, as expected from the fact that the analytic

approximation does not consistently account for all O(ε2s) effects.

Frequency-Domain Waveforms

In this section, we construct an analytical approximation to the Fourier

transform of the approximate time-domain response function found in the previous

section. We begin by defining the basic tools needed and then we apply them to

the approximate time-domain response function of Eq. (4.88). We conclude with

a comparison of this analytical frequency-domain waveform to the discrete Fourier

transform (DFT) of the numerical time-domain waveform used in the previous section.

Basics

Having expressed the time-domain waveform in the desired form, i.e. as a

product of a slowly varying amplitude and a rapidly varying phase, we can now

Fourier-transform it. The technique that we are going to use is the SPA [37], where

the Fourier transform

h̃(f) =

∫
h(t)e2πiftdt (4.92)

is computed by taking into account only the part of the integrand where the integral

accumulates the most.

We rewrite the Fourier transform of Eq. (4.92) as a sum of harmonics

h̃(f) =
µv2

DL

∑
n≥0

∑
k∈Z

∑
m=±2

h̃n,k,m(f) , (4.93)
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where

h̃n,k,m(f) =

∫
An,k,mei(2πft+nΦ+kι+mψ)dt+

∫
A∗n,k,mei(2πft−nΦ−kι−mψ)dt . (4.94)

These integrals are dominated by the regions where the phase is stationary, i.e. where

the argument of the exponential is nearly constant. Otherwise, the integrand oscillates

rapidly and the integral cancels out by the Riemann-Lebesgue Lemma [37]. Given

this and the symmetry properties of Fourier transforms of real signals, the first term

of Eq. (4.94) is subdominant for positive frequencies and can be neglected.

The SPA replaces the argument in the exponential of Eq. (4.94) by a Taylor

expansion about the stationary point tSP defined by

2πf = nΦ̇(tSP) + kι̇(tSP) +mψ̇(tSP) . (4.95)

This approximation works provided the amplitude varies much more slowly than the

phase:

∣∣∣∣∣Ȧn,k,mAn,k,m

∣∣∣∣∣� ∣∣∣nΦ̇ + kι̇+mψ̇
∣∣∣ . (4.96)

In the SPA, one must invert Eq. (4.95) to obtain a relation for the orbital

frequency, or equivalently the PN expansion parameter v, as a function of the Fourier

frequency f . When precession is present, an exact inversion is not possible because

Eq. (4.95) is transcendental. We can, however, take Eq. (4.80) into account and

approximate the inversion by setting

vSP

n =

(
2πf

n

)1/3

≡ vn , (4.97)
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which is an excellent approximation to the location of the stationary point. We have

investigated perturbative corrections to Eq. (4.97) due to precession effects and found

that these have a very small effect on the Fourier domain waveform. In fact, this effect

is much smaller than other errors already contained in the time-domain waveform.

Waveform Families

With all of this at hand, the full SPA to the Fourier transform of Eq. (4.92) is

h̃FSP(f) =
ηv2

DL

∑
n≥0

∑
k∈Z

∑
m=±2

AGW

n,k,m(f) ei Ψnkm(f) . (4.98)

The decomposed Fourier amplitude is

AGW

n,k,m(f) =

√
2π A∗n,k,m∣∣∣nΦ̈orb

n + nδφ̈n + nΦ̈log
n + kϊn +mψ̈n

∣∣∣1/2 , (4.99)

where A∗n,k,m(vn), Φ̈orb
n = Φ̈orb(vn), δφ̈n = δφ̈(vn), Φ̈log

n = Φ̈log(vn), ϊn = ϊ(vn) and

ψ̈n = ψ̈(vn) are to be evaluated at the stationary point of Eq. (4.97). These second

time derivatives are presented explicitly in Appendix E of [62].

The decomposed Fourier phase is

Ψnkm(f) = Ψnonprec

n − nδφn − kιn −mψn , (4.100)

where the nonprecessing Fourier phase is given by

Ψnonprec

n (f) ≡ 2πftn − nΦorb

n − nΦlog

n + δΨn −
π

4
. (4.101)

The time-frequency function tn is given in Appendix G of [62], the orbital phase Φorb
n

in Eq. (4.71), and the log-phase term Φlog
n in Eq. (4.91) all as a function of v. The
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Thomas phase δφ is given in Eqs. (4.73), (4.76) and (4.35), while the inclination

and the polarization angles are given by Eqs. (4.66) and (4.69) respectively, all as a

function of L̂. The angular momentum is given in Eqs. (4.54)-(4.56) in terms of φ1,2,

which in turn is given in Eq. (4.35) as a function of v. All of these expressions must

be evaluated at the stationary point v = vn of Eq. (4.97), which is why we included

an n subindex.

The nonprecessing Fourier phase can be simplified to

Ψnonprec

n (f) = 2πftc − nφc − nΦlog

n + δΨn −
π

4
+

3n

256η
v−5
n

×
16∑
i=0

[
Ψi + Ψ`

i ln vn + Ψ`2

i (ln vn)2
]
vin +O(v17) , (4.102)

where tc is the time of coalescence, φc is the phase of coalescence, and the coefficients

(Ψi,Ψ
`
i ,Ψ

`2

i ) are given in Appendix H of [62] for convenience. As before, recall that

formally, the sum in Eq. (4.102) is consistent only up to 3.5PN order, but we here

artificially keep terms up to 8PN order, so that any dephasings found when comparing

to numerical waveforms are induced purely by spin-precession effects.

The SPA phase correction δΨn is the first subleading modification to the SPA

condition, i.e. to Eq. (4.96). This term arises by retaining the third time derivative in

the Taylor expansion of the argument of the exponential in Eq. (4.94). Reference [84]

calculated this correction to leading PN order for the n = 2 harmonic in the

nonspinning case. We have here extended this to 3PN order beyond leading for

arbitrary harmonic number:

δΨn =
184

45 n
η v5

n

[
1 +

61

46
a2 v

2
n +

89

46
a3 v

3
n +

(
123

46
a4 −

131

184
a2

2

)
v4
n

+

(
−175

92
a3a2 +

163

46
a5

)
v5
n +

(
147

46
b6 +

627

46
b6 ln vn +

233

368
a3

2 −
225

92
a4a2
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−227

184
a2

3 +
209

46
a6

)
v6
n

]
. (4.103)

This phase correction improves the agreement between our SPA waveforms and

numerical ones for nonspinning systems by as much as an order of magnitude at low

frequencies. One could include spin corrections to this equation that, for example,

arise from the secular correction to the Thomas phase in Eq. (4.76). We have

empirically found, however, that these effects are much smaller than O(ε2s) errors

already contained in the time-domain waveform approximant.

The nonspinning ingredients that go into the SPA phase in Eq. (4.100) are

artificially of higher PN order than what one is allowed to formally keep. For example,

tn = t(vn), Φorb
n = Φorb(vn) and Ψnonprec

n = Ψnonprec(vn) are kept to 8PN order. As

already discussed, whenever possible we keep all such nonspinning ingredients to

8PN order so as to minimize the dephasing for nonspinning inspirals between our

SPA waveform and the DFT of the time-domain numerical waveform. Indeed, we

find that keeping terms up to this order reduces the dephasing to O(10−5) radians in

the nonspinning case. Therefore, any dephasings we show next for spinning systems

are exclusively due to spin-precession effects and not due to any disagreement between

the SPA and numerical waveforms for the backgroung nonspinning motion.

Restricted PN SPA Now that we have an analytical understanding of the full

SPA waveform, we can apply some further approximations to simplify the waveform

family. A typical approximation is the restricted PN one, where one retains only the

leading-order PN terms in the Fourier amplitude, but includes all known PN order

terms in the Fourier phase. We calculate this waveform here.
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The restricted PN approximation amounts to retaining only the n = 2 term in

the sum of Eq. (4.98), namely

h̃RSP(f) =

√
π∣∣∣Φ̈orb

∣∣∣ ηv
2

DL

ei(2πft−2Φorb−2Φlog+δΨSP−π
4

)

2∑
k=0

∑
m=±2

A∗2,k,m

∣∣∣∣∣1 +
δφ̈

Φ̈orb
+
k

2

ϊ

Φ̈orb
+
m

2

ψ̈

Φ̈orb

∣∣∣∣∣
− 1

2

e−i(2δφ+kι+mψ) . (4.104)

where Φ̈orb is to be substituted with its leading-order PN value Φ̈orb = 96ηv11/5, v

is to be evaluated at v2 as given in Eq. (4.97), and we have eliminated the subindex

n, since all quantities here are to be evaluated at n = 2. To leading PN order the

amplitudes A∗2,k,m are given by Eqs. (E14)-(E16) of [124] with v = 0. Notice that,

even though we can safely ignore Φ̈log ∼ v19, we cannot expand the square root in the

second line of Eq. (4.104) because Φ̈orb is of the same PN order as δφ̈, ϊ and ψ̈.

We can rewrite the above in the more suggestive form

h̃RSP(f) = hnonprec(f) hprec(f) , (4.105)

where we have defined the nonprecessing contribution

hnonprec =

√
5

96
π−2/3η

1/2

DL

f−7/6eiΨ
nonprec
2 (f) , (4.106)

and the precession correction

hprec(f) = e−2iδφ

2∑
k=0

∑
m=±2

A∗2,k,me−i(kι+mψ)

∣∣∣∣1 +
5

96η
v−11

(
δφ̈+

k

2
ϊ+

m

2
ψ̈

)∣∣∣∣−1/2

,

(4.107)
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where the second time derivatives of the phases are given in Appendix E of [62], we

have used that Φ̈orb = 96ηv11/5 to leading PN order and ignored Φ̈log again, since it

is subdominant. The Thomas phase, the inclination angle and the polarization angle

can be found in Eqs. (4.73), (4.76), (4.35), (4.66) and (4.69). The amplitudes An,k,m
can be found in Eqs. (E14)-(E16) of [124] with v = 0. The nonprecessing phase

is given in Eq. (4.102) with n = 2 evaluated at v2 = (πf)1/3 with the coefficients

(Ψi,Ψ
`
i ,Ψ

`2

i ) given in Appendix H of [62].

Applicability of the SPA

Both the restricted and full SPA waveform families defined above rely on the

assumptions of the SPA being valid. In particular, these solutions require that the

first nonvanishing time derivative of the argument of the exponential in Eq. (4.94) be

the second time derivative. If this is not the case, then the denominator in Eqs. (4.99)

or (4.104) would vanish and the SPA amplitude would diverge. When this is the case,

a more sophisticated approximation to the generalized Fourier integral is required,

such as the method of steepest descent and uniform asymptotics [37,124].

Whether the second time derivative of the phase vanishes or not depends

sensitively on the system considered. The parameters that affect this the most for

small spin systems are the angles associated with N̂ and those associated with L̂.

Indeed, as we can see in Appendix E of [62], Φ̈orb, δφ̈, ϊ, and ψ̈ are all of the same

PN order. However, Φ̈orb is of O(ε0s), whereas the others are of O(εs). Furthermore,

Φ̈orb is always positive whereas the others oscillate around zero. Thus, for the second

time derivative of the phase to vanish, a factor of O(ε−1
s ) has to multiply δφ̈, ϊ, or ψ̈

in order for these phases to be comparable to Φ̈orb. By looking at their expressions,

we can see that this is the case when the angle between N̂ and L̂ is of O(ε−1
s ).
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To verify this scaling, we carried out a set of Monte Carlo studies by randomizing

over all parameters, except for the dimensionless spin parameters that we kept equal

for both NSs and fixed for each run. The left panel of Fig. 4.7 shows the probability

that the SPA will break down as a function of the spin parameter. For systems with

χA < 0.1, this probability is smaller than 0.2%. This is because the SPA breaks only

when large amounts of precession are present. In particular, the SPA breaks when N̂

and L̂ are coaligned, so that the system wobbles the most as seen from the detector.

This can be seen on the right panel of Fig. 4.7, which shows the probability the SPA

will break as a function of the square of the cosine of the inclination angle, where we

have fixed both χA and ι. For systems with the angle between N̂ and L̂ larger than

4◦, this probability is less than 2%.
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Figure 4.7: Probability that the SPA fails as a function of the dimensionless spin
parameter of the system (left) and as a function of the squared of the cosine of the
inclination angle (right).

We should note that the systems for which the SPA would break down are

precisely those that could lead to a coincident short gamma-ray burst (short GRB)

and GW observation. One of the possible progenitors of short GRBs are NS mergers.

The electromagnetic observation of such a GRB would require N̂ and L̂ to be almost

exactly aligned or antialigned. In both cases, the SPA waveforms constructed here

and elsewhere in the literature may be ineffective at extracting a GW signal. However,
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we know in advance which systems will have a failing SPA, and thus, an analysis using

our waveforms could switch to the full numerical solution in this (rather small) corner

of parameter space. The degree to which this is feasible and effective will be studied

in a data analysis framework elsewhere.

Numerical Comparison

Having constructed a full and restricted analytical SPA model for the Fourier

transform of the analytical waveform response we now compare it to the purely

numerical waveform. The two former ones are given by Eqs. (4.98) and (4.105)

respectively. The latter is computed by first applying a window function to

the numerical, time-domain waveform, then discretizing this waveform and finally

computing the Fourier transform using the FFTW routine. We ensure that the

number of points used in the discretized waveform time series is large enough that

the Nyquist frequency is at least 5 times larger than the highest frequency of interest

in our analysis.

We use a Tukey function, with parameters such that the window varies from zero

to unity between fGW,1 and fGW,2 remains unity until fGW = 500 Hz and then falls off

to zero between fGW = 500 Hz and fGW,3, where fGW is the frequency of the dominant

harmonic, at twice the orbital frequency. We choose the frequencies fGW,1 and fGW,2

to be 8.5 Hz and 9.5 Hz respectively when studying waveforms that only include the

n = 2 harmonic, or 19/7 Hz and 20/7 Hz, respectively, when studying ones that

include all harmonics1. The window goes to zero at fGW,3 which corresponds roughly

to twice the orbital frequency of a test particle in the innermost stable circular orbit

of a Schwarzschild BH with mass equal to the total mass of the test system. We

1When including all harmonics, a smaller starting frequency is required, so that the highest
harmonic is included at the beginning of the frequency band, i.e. at 10 Hz.
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could have chosen a different maximum frequency, but this would not have changed

the results we will show in this section. We investigated a variety of filters, including

the Planck-taper function of [154], but found that a Tukey window with the above

parameters is optimal for minimizing spectral leakage inside the frequency regime of

interest.

For the comparisons that follow, we choose the same test system as before,

which is representative of all systems considered, and concentrate on the frequency

region (10, 400) Hz. We stop all comparisons at 400 Hz because (i) finite size effects

cannot be neglected beyond that frequency and (ii) most of the SNR is contained in

this frequency region for binary NS coalescences. The alignment of the time-domain

waveforms at 10 Hz does not guarantee alignment in the frequency domain. We have

freedom to choose the phase and time of coalescence to perform such an alignment.

However, in this section, we will present the waveforms as they are, i.e. without

aligning them in frequency space. This implies that the errors shown here are an

overestimate of the inaccuracies in our waveforms, i.e. they are conservative.

Dominant Harmonic We begin by focusing on waveforms that contain only the

PN dominant harmonic n = 2. The numerical waveform will then be the DFT of

Eq. (4.88), keeping only the n = 2 harmonic. The full SPA waveform is similarly given

by Eq. (4.98), keeping only the leading-order n = 2 harmonic, while the restricted

SPA is given by Eq. (4.105). Notice that the restricted SPA waveform is less accurate

than the full SPA waveform because the former keeps only the leading-order PN terms

in the amplitude of the SPA Fourier transform.

The left panel of Fig. 4.8 shows the difference in Fourier phase between the

DFT and either the SPA (solid black curve), an SPA Fourier phase that assumes

aligned spins (dot-dashed green curve), or an SPA that sets all spins to zero (dotted
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Figure 4.8: Left: Fourier dephasings between the DFT and either the SPA waveform
(solid black curve), a spin-aligned SPA waveform (dot-dashed green curve), and a
nonspinning SPA waveform (dotted blue curve), together with a reference line (thick
red curve) at 1 rad, as a function of frequency on the bottom x axis, and accumulated
time-domain GW phase on the top x axis. Right: DFT (solid black curve), full SPA
(dashed orange curve), restricted PN SPA (dashed red curve), spin-aligned SPA (dot-
dashed green curve), and nonspinning SPA (dotted blue curve) Fourier amplitudes.

blue curve)2. The bottom horizontal axis shows the GW frequency, while the top

axis shows the accumulated GW phase in the time domain. A horizontal line (thick,

solid red curve) at 1 rad is also shown for reference. While the aligned-spin and the

nonspinning SPA phases build dephasings of O(103) rads very quickly, the new SPA

waveform of this chapter remains in phase to better than 0.4 rads in ∼ 105 rads of

GW evolution. This dephasing is dominated by the error in the t(v) function, i.e. the

error in the time inversion is roughly 0.2 milliseconds at 400 Hz (see Fig. 4.4), and

thus, the error in 2πft(f) ≈ 0.5 rads at 400 Hz.

The right panel of Fig. 4.8 shows the Fourier amplitude multiplied by (DLf
7/6) as

a function of GW frequency in Hz for the DFT waveform (solid black curve), the full

SPA waveform (dashed orange curve), the restricted PN SPA waveform (dashed red

cube), the spin-aligned SPA waveform (dot-dashed green curve), and the nonspinning

2The latter two waveforms are well-known in the literature [24, 175], and they can be obtained
by setting either the spin angular momentum to be aligned with the orbital angular momentum or
the spins to zero in Eq. (4.105). In either case there is no precession.
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Figure 4.9: Phase difference as a function of GW frequency in Hz. The solid
black curve corresponds to the test system with equal spins of χ(1) = 0.1, while
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χ(2) = χ(1)/2 = 0.05 and χ(3) = χ(1)/4, respectively. The latter are multiplied by a
factor of (χ(1)/χ(2))2 = 4 and (χ(1)/χ(3))2 = 16.

SPA waveform (dotted blue curve). The latter two are flat since these waveforms

neglect precession altogether. Both the restricted and the full SPA waveforms can

capture the precession amplitude oscillations present in the DFT amplitude. The full

SPA amplitude, however, does better than the restricted one. Both the restricted

and the full SPA amplitudes, however, dephase with respect to the DFT amplitude

after roughly 35 cycles of precession oscillations. This dephasing could be eliminated

if we extended our results to include all O(ε2s) effects. In practice, this dephasing will

induce a systematic error in the determination of spin parameters, but we expect this

systematic error to be small.

Figure 4.9 verifies that the error contained in the SPA waveform indeed scales

with spin squared. This figure shows the Fourier phase difference as a function of

GW frequency between the DFT and either the restricted SPA waveforms with equal

spins of χ(1) = 0.1 (solid black curve), χ(2) = χ(1)/2 = 0.05 (red dashed curve) or

χ(3) = χ(1)/4 = 0.025 (blue dotted curve). The differences computed for the χ(2)
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and χ(3) systems were multiplied by a factor of (χ(1)/χ(2))2 = 4 and (χ(1)/χ(3))2 = 16

respectively. If the uncontrolled remainder in the SPA is of O(ε2s), we would expect

these phase differences to roughly lay on top of each other; Fig. 4.9 verifies this

expectation. Notice that the restricted SPA waveform contains errors of O(εs) in the

waveform amplitude because of the truncation of Φ̈ at leading PN order. Therefore,

we do not expect the same scaling to be true for the Fourier amplitude of the restricted

SPA.
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Figure 4.10: Dephasing between the DFT Fourier phase and the SPA (solid black
curves), the spins-aligned SPA (dot-dashed green curves) and the nonspinning SPA
(dotted blue curves), for systems with dimensionless spins of 10−1 (thicker) and 10−3

(lighter).

Figure 4.8 suggests that nonspinning and spin-aligned SPA waveforms are

inadequate for parameter estimation of precessing and spinning inspirals, but is there

a sufficiently small value of χ1,2 for which this would not be the case? Figure 4.10

investigates this question by plotting the dephasing between the DFT and either

the SPA (solid black curves), the spin-aligned SPA (dot-dashed green curves) or the

nonspinning SPA (dotted blue curves) waveforms, for systems with equal spins of 0.1

(thicker curves) and spins of 10−3 (thinner curves). Only when the spins become
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smaller than O(10−3) does the dephasing of the spin-aligned or nonspinning SPA

waveforms become comparable to 1 rad. This suggests that parameter estimation

systematics would be introduced if we used spin-aligned waveforms to analyze

precessing signals when the dimensionless spin magnitude of the latter exceeds 10−3.

Full Waveform We now focus on waveforms that include all harmonics and PN

amplitude corrections. The numerical waveform will then be the DFT of Eq. (4.88),

keeping all known modes, i.e. up to n = 7. This then implies that numerical solutions

to the time evolution of the angular momenta must be started at sufficiently low

orbital frequency, such that the highest harmonic (n = 7) contributes at 10 Hz. The

full SPA waveform is similarly given by Eq. (4.98), keeping all known harmonics,

while the restricted SPA is again given by Eq. (4.105).

Figure 4.11: Left: difference between the full DFT and SPA Fourier phases (solid
black curve) as a function of GW frequency in Hz, together with a reference line
(thick red curve) at 1 rad. Right: full DFT (solid black curve), full SPA (dashed
orange curve), and restricted PN SPA (solid red curve) Fourier amplitudes.

The left panel of Fig. 4.11 shows the difference between the full DFT and SPA

(solid black curve) Fourier phases as a function of GW frequency in Hz. For reference,

we include a horizontal (thick red) curve at 1 rad. The dephasing is still roughly 10−1

rads, as we found earlier when looking at a single harmonic.
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The right panel of Fig. 4.11 shows the full DFT (black solid curve), the full SPA

(dashed orange curve) and the restricted SPA (solid red curve) Fourier amplitudes,

normalized to f 7/6DL, as a function of GW frequency in Hz. The inset shows a zoom

to the region close to 10 Hz. This figure presents a number of interesting features.

First, the full DFT and SPA amplitude curves are thick. This thickness is not due to

numerical noise, but rather due to the beating of higher harmonics that induce high

frequency oscillations. This feature is not present in the restricted SPA amplitude, as

this neglects higher amplitude harmonics all together. Second, the average of the full

DFT Fourier amplitude tends to decrease with frequency. This feature is captured

by the full SPA amplitude, because it includes high PN order effects that induce this

trend. The restricted SPA amplitude, however, cannot recover this trend, since it

retains the lowest PN order terms only. Third, in spite of not perfectly matching the

full DFT waveform, the restricted SPA amplitude does a superb job at catching the

initial oscillations of the full DFT up to roughly 100 Hz. This is important because

most of the power accumulates between 10 and 100 Hz for NS binary inspirals.

Data Analysis Comparisons

In this section we perform a more detailed data analysis comparison for a variety

of different systems. This comparison will be based on the faithfulness measure,

namely

F ≡ maxtc,φc
(h1 | h2)√

(h1 | h1) (h2 | h2)
, (4.108)
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where h1,2 are different waveforms with the same physical parameters. The inner-

product is defined in the usual way:

(h1 | h2) ≡ 4<
∫ fmax

fmin

h̃1h̃
∗
2

Sn
df , (4.109)

where <[·] is the real part operator, (fmin, fmax) are the boundaries of the detector’s

sensitivity band, Sn is the detector’s spectral noise density, and h̃ denotes the

Fourier transform of h. Given this definition, the fitting factor FF is nothing but

the faithfulness maximized over all template parameters, which then implies that

FF ≥ F .

We concentrate here on NS binary inspirals, and thus, on sources suitable for

detection with ground-based instruments, such as LIGO. When calculating overlaps

through Eq. (5.79), we choose fmin = 10 Hz and fmax = 10 kHz, with observation

times of about 3× 105 seconds since the lowest harmonic evolves from forb = 10/7 Hz

to coalescence. We here employ an aLIGO noise curve given by [69]

Sn(f) = 10−49

{
f̄−4.14 − 5

f̄
+ 111

[
1− f̄ 2

(
1− 1

2
f̄ 2

)](
1− 1

2
f̄ 2

)−1
}
, (4.110)

where we have defined the dimensionless frequency f̄ = f/(215 Hz). We use a Tukey

window in all our waveforms. The Tukey window is sufficiently slowly varying that

we can include it in the amplitudes of our SPA waveforms.

The image of the faithfulness measure is in the interval [−1, 1]; it quantifies how

well waveforms agree with each other, with unity representing perfect agreement. All

integrations are done numerically, with errors of O(10−5); thus, we consider that a

match of F = 0.9999 is consistent with unity. Conventionally, a fitting factor about

97% is generally considered to be sufficient for detection. Therefore, a faithfulness of
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98% certainly implies a fitting factor of at least 98%, which is also good enough for

detection.

The faithfulness measure will be evaluated using a full DFT waveform as the

signal and either the full SPA or the restricted SPA as the template. That is, the

full DFT waveform will be our reference waveform, to which the other two template

families will be compared.

Before proceeding,we add one last word of caution. Faithfulness comparisons are

conservative because the match is not maximized over physical parameters, such as

the total mass, mass ratio, spin magnitudes, or angles. Higher matches would indeed

be obtained if we allowed the templates to have different physical parameters from

the signal, as one does in parameter estimation. Such higher matches, of course, will

come at the cost of a systematic bias in the recovered parameters.

Instead of working with a particular system, we perform a Monte-Carlo simu-

lation with 1000 points in parameter space, with all system parameters randomized,

except for the dimensionless spin magnitudes, which will be set to be equal to each

other and constant along each run. We consider systems with individual masses in

the range (1.2, 2) M�, appropriate for NSs, with a flat distribution in log space. The

distribution of unit vectors is chosen to be uniform on the sphere.

Figure 4.12 shows the median match and 68% (1σ) interval regions between the

full DFT-full SPA waveform (red solid curve), the full DFT-restricted SPA waveform

(green dot-dashed curve), the full DFT-full spin-aligned SPA waveform (blue dashed

curve), and the full DFT-full nonspinning SPA waveform (magenta dotted curve) as

a function of spin magnitude χA. The faithfulness of the new precessing waveform

families is above 99% for all systems with χ < 0.1, which is dramatically better than

the faithfulness when using spin-aligned or nonspinning templates. In fact, this figure

suggests that the latter two could introduce serious systematic errors in parameter
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Figure 4.12: Mean faithfulness of the full SPA family (red, solid line), the restricted
PN SPA family (green dot-dashed line), the full spin-aligned SPA family (blue
dashed line) and the full nonspinning SPA family (red dotted line) against numerical
waveforms for 1000 different systems with randomized parameters. The shaded areas
show the faithfulness regions for 68% of the systems considered. For reference, the
black solid line corresponds to a faithfulness of 97%.

estimation. The performance of the full and restricted SPA families is very similar

because their difference is dominantly due to odd amplitude harmonics, which are

proportional to the dimensionless mass difference, a small number for binary NSs.

This results in higher harmonic corrections being unimportant when the faithfulness

reaches F & 0.999.

Apart from the spin magnitude, he faithfulness might also depend on other

parameters. The two that are perhaps most important are the component masses;

in this case, m1 and m2 have a rather limited range because we are considering NS

binaries. Figure 4.13 presents contour plots of the faithfulness in the (m1,m2) plane

for systems with equal dimensionless spin magnitudes of 0.04 (left panel) and 0.1

(right panel). We considered 1000 systems with all parametrized randomized, except

for the spin magnitudes. The value of the faithfulness at any given point is the median

value inside a circle centered at that point with radius 0.1M�. The faithfulness is

largest along the equal-mass symmetry line where precession is suppressed.
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Beyond the Early Inspiral

The starting frequency of our numerical comparisons corresponds to the

beginning of the LIGO sensitivity band, but the ending frequency (400 Hz) does not

correspond to the end of this band or to the merger frequency. Rather, it corresponds

to the frequency at which finite-size effects can no longer be neglected [112,148,180].

In this section we summarize how such effects could be taken into account, extending

the waveforms obtained here beyond 400Hz.

The finite-size effects give rise to two types of deformations: (i) multipole and,

(ii) tidal. The former are described by the NS’s multipole moments, which measure

how much the object is deformed away from sphericity. The latter are caused by the

companion’s external field and they are quantified by the tidal Love number [42, 77,

110] that characterizes the deformability of the NS.
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The leading-order multipole effect is the quadrupole one which is an O(ε2s) effect

entering the GW as a 2PN phase correction given by [157,172]

δΨQ
n =

75n

256vn

(
Q1

m2
1m2

+
m1

m2

χ2
1

)[
3
(
Ŝ1 · L̂

)2

− 1

]
+ 1↔ 2 , (4.111)

where recall that vn = (2πf/n)1/3 and n is the harmonic number. In the above

equation, QA is the quadrupole moment of each binary component3. In principle

there are higher-order multipole deformations that affect the waveform phase, but

these are proportional to higher powers of spin, and thus, negligible.

On the other hand, the tidal deformations caused by the gravitational field of

the companion, will result in a 5PN phase correction [95]

δΨλ
n = − 9n

32η

(
1 + 12

m2

m1

)
λ1v

5
n + 1↔ 2 , (4.112)

where λA is the tidal Love number of the Ath binary component. Corrections to the

above equation up to 2.5PN can be found in [78,222].

Even though we can use Eqs. (4.111) and (4.112) to minimize the error induced

by the point-particle approximation, we still cannot extend the region of validity of

inspiral PN waveforms beyond a certain frequency. For sure one cannot use simple

inspiral waveform beyond the frequency at which the two NSs touch. This contact

frequency can be approximated by that at which the NS’s separation is equal to the

sum of their radii, neglecting tidal deformations. In Table 4.1 we give an estimate

of that frequency for our test system for various equations of state (EoS). For all

EoS considered here, the regime we study can be considered as the early inspiral,

3As in Ref. [239], QA is normalized such that Eq. (4.111) gives the contribution to the phase
from deviations of the quadrupole moment from the BH value.
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EoS R1(km) R2(km) f(Hz)

APR [12] 12.2 12.2 1425
SLy [87] 11.4 11.6 1553

LS220 [135] 12.7 13.4 1292
Shen [196] 14.5 14.9 1089

Table 4.1: Frequency at which the separation of the two NSs is equal to the sum of
their radii for various EoS.

where finite-size effects have not yet started to have an observable signature in the

waveforms.

Beyond this frequency the system enters the highly nonlinear and dynamical

merger phase, the outcome of which is still rather uncertain [15,90,102,115,122,142,

200]. Depending on the EoS and the mass ratio, the merger remnant might be a

hypermassive NS, which then collapses to a BH, or it could simply collapse directly

to a BH. In either case, nonlinear dynamics play an important role and would have

to be mimicked in some phenomenological way if one wishes to construct an effective

analytical template.

Conclusions

In this chapter we compute computationally inexpensive, analytical waveforms

for spinning binaries with small spins. We do so by first obtaining an analytic

perturbative solution to the spin precession equations and, then, by analytically

Fourier transforming the resulting time domain waveform. The waveform family

presented here is a definite step towards modeling spinning binaries and constructing

waveforms that can be used for parameter estimation. Figure 4.12 has explored how

efficient this waveform family is by calculating the faithfulness between full numerical
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waveforms and analytical ones, but a full data analysis parameter estimation study

is left for Chapter 6.

The waveform family computed in this chapter fails to capture the strong

precession effects induced by rapidly spinning compact objects with arbitrary spin

orientations, like BHs. Astrophysical BHs can easily have dimensionless spin

magnitudes larger than 0.1, thus violating our small spins approximation. One could

extend our calculation to next order in O(εs) and study whether the extended solution

is now accurate enough to model moderately spinning BHs. Instead of improving the

small-spin model presented here, in Chapter 5 we present a GW model that is valid

for arbitrary spins magnitudes and orientations.
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GW TEMPLATES FOR GENERIC BINARIES

In this chapter we utilize two recent breakthroughs to construct waveforms for

spin-precessing systems with arbitrary spin magnitudes and orientations with MSA.

The first breakthrough in the modeling of generic spin-precessing binaries was

by Kesden, et al. [99, 100, 121]. Neglecting radiation reaction, the authors found an

exact solution to the precession equations that govern the evolution of the orbital

and the spin angular momenta of the binary. By identifying certain constants of

the precessional motion, they were able to express all angular momenta as functions

of the total spin magnitude, which satisfies an ordinary differential equation. We

here solve this differential equation analytically and obtain an exact solution to

the precession equations in the absence of radiation reaction. We then use MSA

to introduce radiation reaction perturbatively as an expansion in the ratio of the

precession to the radiation reaction timescale. With this at hand, we obtain time-

domain waveforms in terms of the parameters of the system only.

The second breakthrough in the modeling of generic spin-precessing binaries was

by Klein, et al. [125], and tackles the failure of the SPA. The authors introduced the

shifted uniform asymptotics (SUA) method where the waveform is decomposed into

Bessel functions, the Fourier integral is evaluated term by term in the SPA, and then

resumed using the exponential shift theorem. The result is a closed-form analytic

expression for the gravitational wave in the frequency domain as a series of time-

domain waveforms evaluated at shifted stationary times. Unlike previous approaches,

both the time- and frequency-domain waveforms that we obtain are valid for arbitrary

mass ratios, arbitrary spin magnitudes and arbitrary spin orientations.

Closed-form expressions for the waveforms have several advantages. From a

theoretical standpoint, analytic solutions shed light on the physical processes at play,
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the structure of the resultant signal, and the transition through different resonant

states. From a practical standpoint, analytic solutions are in general faster to

evaluate, avoiding costly numerical integrations and discrete Fourier transforms.

Estimating the computational gain from closed-form, analytic expressions relative to

numerical ones is not straightforward since it depends heavily on the implementation.

However, the closed-form, analytic frequency-domain waveforms computed here has

the potential to be much faster than any numerical waveform, while still encompassing

all precessional effects.

Spin and Angular Momentum Evolution

A quasicircular binary system consisting of generic spinning compact objects

is subject to spin-orbit and spin-spin interactions that force all angular momenta to

precess. Averaging over one orbit, the precession equations governing the conservative

evolution of the orbital and spin angular momenta are [28,52,211]

˙̂
L =

{(
2 +

3

2
q

)
− 3

2

v

η

[
(S2 + qS1) · L̂

]}
v6
(
S1 × L̂

)
+

{(
2 +

3

2q

)
− 3

2

v

η

[(
S1 +

1

q
S2

)
·L̂
]}

v6
(
S2 × L̂

)
+O(v7), (5.1)

Ṡ1 =

{
η

(
2 +

3

2
q

)
− 3v

2

[
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]}
v5
(
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)
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v6
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(5.2)

Ṡ2 =

{
η

(
2 +
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)
− 3v

2

[(
1

q
S2 + S1

)
·L̂
]}

v5
(
L̂× S2

)
+
v6

2
S1 × S2 +O(v7).

(5.3)

Radiation reaction drives the evolution of the magnitude of the orbital angular

momentum, leaving the magnitude of the spin angular momenta unaltered to

our current knowledge of the PN expansion and ignoring all energy and angular
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momentum flux through BH horizons [63, 173]. The magnitude L is related to the

evolution of the orbital frequency ω, and the PN expansion parameter v, leading to

v̇ =
v9

3

1∑7
n=0 [gn + 3g`n ln(v)] vn

. (5.4)

The coefficients {gn, g`n} are functions of the symmetric mass ratio and inner products

of the angular momenta, given in Appendix A of [61].

Equations (5.1)-(5.3) describe the conservative dynamics , while Eq. (5.4)

describes the dissipative dynamics . The former models the spin-spin and spin-

orbit interactions, that change only the direction of L,S1 and S2. We use only

the leading PN order expressions in each interaction1. We do not use higher PN

order corrections because the spin-spin and spin-cubed terms have not been fully

calculated for generic precessing orbits yet [46, 178]. In principle, we could have

included the spin-orbit corrections. However, as explained later, our solution makes

use of a certain quantity [177] that is conserved by the leading-order in spin-orbit and

spin-spin interactions precession equations. If we use partial precession equations

(including spin-obit but not spin-spin corrections) it is not clear if we can modify this

quantity to remain conserved. Once the spin-spin and spin-cubed terms have been

fully calculated we can revisit this problem.

The dissipative dynamics govern the GW frequency evolution by changing the

magnitude of the Newtonian orbital angular momentum L = η/v. This equation is

known to 2.5PN order in all spin interactions [178], 4PN in linear-in-spin terms [44,

47, 48, 92, 150, 178] and 22PN order in the point particle limit, neglecting spins and

BH absorption effects [97, 158, 199, 209]. In our analysis we keep terms in Eq. (5.4)

to 3.5PN order since this is the highest complete PN order, ignoring spin-spin terms.

1Spin-orbit corrections can be found in [48,94], spin-spin in [46], and spin-cubed in [149].
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In this case, we can easily include partial PN terms in radiation reaction to make the

evolution more accurate. When the 3PN spin-spin term has been fully calculated for

precessing orbits [46] we can include it in our model.

Conservative and dissipative equations evolve on distinct timescales. The former

evolve on the precession timescale

Tpr ≡
|S1|
|Ṡ1|

∼ v−5, (5.5)

while the later evolve on the radiation reaction timescale

Trr ≡
v

v̇
∼ v−8. (5.6)

The ratio Tpr/Trr ∼ v3 is small in the inspiral and thus a natural expansion parameter.

Recently, Kesden et. al. [121] found an exact solution to the precession equations

[Eqs. (5.1)-(5.3)] ignoring radiation reaction [Eq. (5.4)]. This solution can be

used to “precession-average” the full precession equations with radiation reaction

(analogously to orbit-averaging). The final precession-averaged equations depend only

on quantities that vary on the radiation reaction timescale, and can be numerically

integrated with a larger step size [100].

Here we take a different approach. Rather that precession-averaging Eqs. (5.1)-

(5.3) and numerically accounting for Eq. (5.4), we make explicit use of the fact that

Tpr/Trr ∼ v3 to solve the precession equations analytically. We use a perturbation

theory technique known as multiple scale analysis and treat radiation reaction as a

slowly-evolving perturbation on top of precession. This approach allows us to find a

solution to the full set of Eqs. (5.1)-(5.4) as an expansion in Tpr/Trr.
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Analytic Solution to the Precession Equations without Radiation Reaction

Ignoring radiation reaction, the precession equations can be solved analytically

by making use of certain conserved quantities of the system. Below we review and

complete the solution first presented in [121].

A precessing binary has a total of 9 degrees of freedom arising from the 3

components of 3 Newtonian vectors (L,S1,S2). The precession equations lead to 7

conserved quantities, reducing the degrees of freedom to 2. Of the remaining degrees

of freedom, one is associated with the choice of a coordinate system, while the other

corresponds to a dynamical quantity that changes with time. This dynamical quantity

is chosen to be the magnitude of the total spin angular momentum S = |S1 + S2|.

The conserved quantities are λ ≡ (S1, S2, L, J, Ĵ , ξ): the magnitudes of the spin

angular momenta, the magnitude of the total angular momentum, the magnitude and

direction of the total angular momentum, and the mass weighted effective spin [177]

ξ ≡ (1 + q)S1 · L̂+ (1 + q−1)S2 · L̂. (5.7)

In the effective-one-body formalism, ξ corresponds to the projection of the spin

angular momentum of the body at the center of mass onto the orbital angular

momentum. Once the system is allowed to evolve under radiation reaction, S1, S2,

and ξ are still conserved, while L, J and Ĵ evolve on the radiation reaction timescale.

In the remainder of this section we use these 7 conserved quantities to

geometrically solve for the 9 components of the angular momenta as a function of

S in a specific coordinate system. We then complete the solution for the angular

momenta as a function of time by solving a differential equation to determine S(t).
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Precession in a non Inertial Frame

The identification of Ĵ as a conserved quantity suggests a coordinate frame

where ẑ = Ĵ (see Fig. 5.1). We further pick the x− y plane to be precessing around

ẑ (a non inertial frame), following the precession of the orbital angular momentum

which is chosen to be in the x− z plane, at an angle

cos θL = Ĵ · L̂ =
J2 + L2 − S2

2JL
, (5.8)

from the ẑ axis. This allows us to express L as

z

y

x

~J

~L

~S
θL

~S1

~S2

θ′

φ′

φz

Figure 5.1: Initial configuration of the angular momenta in a non inertial frame
precessing around ẑ.

L(S;λ) = L [sin θL, 0, cos θL]. (5.9)

The total spin angular momentum then is

S(S;λ) = J −L = [−L sin θL, 0, J − L cos θL]. (5.10)
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In another frame with ẑ′ = Ŝ, ŷ′ = ŷ, and x̂′ = ŷ′× ẑ′, we define angles (θ′, φ′)

(see Fig. 5.1) such that

S′1 = S1[sin θ′ cosφ′, sin θ′ sinφ′, cos θ′]. (5.11)

Using the definition of ξ given in Eq. (5.7) we get

cos θ′ = Ŝ1 · Ŝ =
S2 + S2

1 − S2
2

2SS1

, (5.12)

cosφ′=
(J2 − L2 − S2)[S2(1 + q)2 − (S2

1 − S2
2)(1− q2)]− 4qS2Lξ

(1− q2)A1A2A3A4

, (5.13)

where

A1 =
√
J2 − (L− S)2, (5.14)

A2 =
√

(L+ S)2 − J2, (5.15)

A3 =
√
S2 − (S1 − S2)2, (5.16)

A4 =
√

(S1 + S2)2 − S2. (5.17)

In the original unprimed system

S1(S;λ) = R(ŷ, θS)S′1, (5.18)

where R(ŷ, θS) is a rotation around ŷ by an angle θS and

cos θS = Ŝ · Ĵ =
J2 + S2 − L2

2JS
. (5.19)
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Once we have S1 in the original unprimed system, then

S2(S;λ) = J −L− S1. (5.20)

Equations (5.9), (5.18), and (5.20) determine the angular momenta in a non inertial

frame as a function of S up to the sign of sinφ′, which we will tackle shortly.

At this point, the various orbital angular momenta have been written in a non

inertial frame in terms of S using purely geometrical arguments. The evolution

equation of S can be derived from Eqs. (5.1)-(5.3):

(
dS2

dt

)2

= −A2
(
S6 +BS4 + CS2 +D

)
. (5.21)

where the coefficients A,B,C,D depend only on quantities that change on the

radiation reaction timescale. Their explicit form is given in Appendix B of [61].

The roots of the polynomial on the right-hand side of Eq. (5.21) have a simple

interpretation. When S2 is equal to one of the roots, its derivative is zero. Therefore,

two of the roots are the maximum S2
+ and the minimum S2

− of S2. The third root S2
3

does not correspond to any physically interesting scenario; in fact, it is negative for

most systems2.

Making explicit use of the roots of the polynomial, we can rewrite Eq. (5.21) as

(
dS2

dt

)2

= −A2(S2 − S2
+)(S2 − S2

−)(S2 − S2
3). (5.22)

2In the most generic case, a third order polynomial with real coefficients can have complex roots.
However, we argue that this is an unphysical scenario. Unless two of the roots are real, S2 will
increase or decrease with no bound. If two roots of a third order polynomial with real coefficients
are real, then the third root must be real too.
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The solution to this equation is

S2 = S2
+ + (S2

− − S2
+) sn2(ψ,m) (5.23)

where sn is a Jacobi Elliptic function (see Section 16 of [4] for a detailed introduction

to the Jacobi Elliptic functions, and [51] for a physics-oriented approach), ψ is its

phase, and m ∈ [0, 1]. When m = 0, sn reduces to a sine, while for m = 1 it gives a

hyperbolic tangent. The period of S2 is 2K(m), where K(m) is the complete elliptic

integral of the first kind. The phase and the parameter m are given by

dψ

dt
=
A

2

√
S2

+ − S2
3 (5.24)

and

m =
S2

+ − S2
−

S2
+ − S2

3

. (5.25)

Clearly, this solution requires that S2
+ 6= S2

3 , which is almost always the case because

S2
+ and S2

3 are defined to be the largest and smallest roots respectively. The only

possible case when S2
3 = S2

+ is when S2
+ = S2

−, but then S2 is constant in the first

place and there is no precession. The phase ψ can be obtained by noticing that ψ̇ is

constant if we ignore radiation reaction, so that

ψ =
A

2

√
S2

+ − S2
3 t. (5.26)

The final ingredient we need in order to have a complete expression for all angular

momenta as function of time in a non-inertial frame precessing around ẑ is the sign
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of sinφ′. Equation (5.11) implies that

sign(sinφ′) = sign(S1 · y′), (5.27)

which after some algebra can be shown to be equivalent to

sign(sinφ′) = sign
[
(L̂× S1) · S2

]
= sign

(
−dS

2

dt

)
= sign [sn(ψ,m)cn(ψ,m)] ,

(5.28)

where cn(ψ,m) is another Jacobi Elliptic function and in the last equality we have

used Eq. (5.23).

Precession in an Inertial Frame

All angular momenta so far have been expressed in a non inertial frame that

precesses around Ĵ . An Euler rotation of L,S1, and S2 around ẑ by some angle φz

and substitution into the precession equations yields [121]

dφz
dt
≡ Ωz =

J

2M
v6

{
1 +

3

2η
(1− ξv)− 3(1 + q)

2qA2
1A

2
2

(1− ξv)
[
4(1− q)L2(S2

1 − S2
2)

−(1 + q)(J2 − L2 − S2)(J2 − L2 − S2 − 4ηLξ)
]}
. (5.29)

The precession angle φz changes on the precession timescale through S and on

the radiation reaction timescale through J and L. We recast it in the form

φ̇z
J

= a+
c0 + c2 sn2(ψ,m) + c4 sn4(ψ,m)

d0 + d2 sn2(ψ,m) + d4 sn4(ψ,m)
, (5.30)

where a, the di’s and the ci’s are quantities that evolve on the radiation reaction

timescale only. Their explicit form is given in Appendix B of [61]. Now φ̇z can be
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integrated exactly in the absence of radiation reaction to give

φz
J

= Aφ
ψ

ψ̇
+ iBφ

F [i sinh−1 (sc(ψ,m)), 1−m]

ψ̇
+ iCφ

Π[nc, i sinh−1 (sc(ψ,m)), 1−m]

ψ̇

+ iDφ
Π[nd, i sinh−1 (sc(ψ,m)), 1−m]

ψ̇
, (5.31)

where ψ̇ is given by Eq. (5.24), F is the elliptic integral of the first kind, Π is the

elliptic integral of the third kind, and sc is a Jacobi elliptic function. The quantities

Aφ, Bφ, Cφ, Dφ, nc, nd are functions of {a, ci, di}, and they are constant in the absence

of radiation reaction. They are given in Appendix B of [61].

This concludes the solution to the precession equations in the absence of

radiation reaction in a frame where Ĵ = ẑ. In summary, at some initial time:

• The orbital angular momentum L is given by Eq. (5.9), which depends on the

angle θL given in Eq. (5.8). The latter depends on S, which varies on the

precession timescale as described in Eq. (5.23);

• The spin angular momentum of the heavier body S1 is given in Eq. (5.18),

which depends on the angle θS given in Eq. (5.19) as well as on S′
1 given in

Eq. (5.11) in terms of the angles (θ′, φ′) of Eqs. (5.12) and (5.13). All of these

depend on S, which again is described by Eq. (5.23);

• The spin angular momentum of the lighter body S2 is given by Eq. (5.20), which

depends on L and S1 described above.

The full precessional motion of these angular momenta in an inertial frame is obtained

by rotating them around ẑ by φz, given in Eq. (5.31).
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Addition of Radiation Reaction

The exact solution to the precession equations obtained in the previous section

is valid only in the absence of radiation reaction. The problem of including radiation

reaction admits a perturbative solution owing to its two distinct timescales: radiation

reaction unfolds on a much longer timescale than precession. This natural separation

of timescales allows us to treat radiation reaction as a slow perturbation of the more

rapid precession, a technique formally known as multiple scale analysis [37].

In MSA, every quantity is expanded in the ratio of the two distinct timescales.

In our case, we expand in the ratio of the precessional timescale Tpr to the radiation

reaction timescale Trr; radiation reaction is a 1.5PN effect on top of precession. This

is not the first application of MSA to the precession problem. In fact, the precession

equations we started with are orbit-averaged, which would be the first term in an MSA

expansion about the ratio of the fast orbital timescale to the precession timescale.

Choice of an Inertial Frame

The precession solution of the previous section was built around the assumption

that Ĵ is conserved and aligned with ẑ. Our first task when adding radiation

reaction is to check whether this remains true. If it does, then the functional form

of Eqs. (5.9), (5.18), and (5.20) holds, since they were derived solely on geometrical

arguments.

Radiation reaction does not strictly conserve the direction of the total angular

momentum. However, it has been argued [21] that in the context of simple precession

(S2 = 0) the variation of Ĵ in a precession cycle averages out. Here we show that

this is approximately true for generic precession as well.
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Equations (5.1)-(5.3) imply

J̇ = L̇L̂, (5.32)

and after some algebra we can rewrite this as

˙̂
J =

L̇

JL
L− J̇

J2
J . (5.33)

Averaging over φz we find

〈
J̇x

〉
φz

=

〈
L̇

J
sin θL cosφz

〉
φz

, (5.34)

〈
J̇y

〉
φz

=

〈
L̇

J
sin θL sinφz

〉
φz

, (5.35)

〈
J̇z

〉
φz

= 0. (5.36)

This averaging induces an error in
˙̂
J that is O(Tpr/Trr), or

˙̂
J − 〈 ˙̂

J〉φz ∼ v3. At this

order, we can treat L̇ as a constant, since the spin couplings in Eq. (5.4) first enter

at O(v3). They are therefore of the same order as the averaging error, and can be

neglected.

Working to this order we have

〈
J̇x,y

〉
φz
∼ 〈sin θL cosφz〉φz

∼
〈√

1−
(
J2 + L2 − S2

2JL

)2

cosφz

〉
φz

. (5.37)
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Since L ∼ O(v−1), J ∼ O(v−1), and S ∼ O(v0), a PN expansion yields

schematically

〈
J̇x,y

〉
φz
∼ 〈cosφz〉φz+ v2

〈
S2 cosφz

〉
φz

+O(v4). (5.38)

The first term vanishes, while the second is of higher PN order and we neglect it.

This situation is different from simple precession. In the latter the averaging out of

˙̂
J is exact, while here it requires a PN expansion. We therefore expect this result to

become less and less accurate as the binary approaches merger.
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Figure 5.2: (Top Panel) Comparison between the numerical PN and the analytic
components of the total angular momentum as a function of the GW frequency for
the NSNS (Top Left), the BHNS (Top Right), the BHBH (Bottom Left), and the
HSNSBH (Bottom Right) system of Table 5.1. (Bottom Panel) Fractional error
between the magnitude of the total angular momentum obtained numerically and
analytically.
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NSNS BHNS BHBH HSNSBH

m1 1.6M� 10M� 10M� 10M�
m2 1.4M� 1.4M� 5M� 1.4M�

cos θL 1 1 1 1
φL 0 0 0 0

cos θ1 0.5 0.5 0.5 0.5
φ1 1.2 1.2 1.2 1.2
χ1 0.08 0.7 0.7 0.7

cos θ2 0.7 0.7 0.7 0.7
φ2 2.5 2.5 2.5 2.5
χ2 0.1 0.1 0.6 0.6

Table 5.1: Parameters of the systems we use for comparisons of our analytic solution
to the numerical solution to the PN precession equations. All parameters are defined
at 50Hz and in a frame were the orbital angular momentum is aligned with the z axis.
The angles θL and φL are the polar angles of L, while θA and φA are the polar angles
of SA in a frame were the z axis is aligned with the orbital angular momentum.

The above calculation implies that 〈 ˙̂
J〉φz = 0; radiation reaction changes the

magnitude of J while leaving its direction approximately constant. The components

Jx and Jy are expected to oscillate with an amplitude much smaller than Jz without

exhibiting any secular growth. Figure 5.2 tests the validity of this statement. We

select 4 systems with typical parameters as expected for NSNS, BHNS, BHNS,

and HSNSBH binaries (see Table 5.1) and plot the components of J obtained by

numerically solving Eqs. (5.1)-(5.4) as a function of the GW frequency f . In all cases

Jx and Jy are at least 2 orders of magnitude smaller that Jz and oscillate around 0,

with no signs of secular growth.

Based on this result we can build a solution to the precession equations including

radiation reaction in the inertial frame introduced in the previous section. That is, we

neglect any variation in the direction of Ĵ and align it with ẑ. This choice of frame

automatically means that the functional form of Eqs. (5.9), (5.18), and (5.20) for the
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orbital and spin angular momenta respectively is still valid, since they were derived on

purely geometric arguments. On the contrary, any quantity that was derived based on

Eqs. (5.1)-(5.3) needs to be revisited and recalculated by taking Eq. (5.4) into account.

This involves the remaining 5 conserved quantities of precession (S1, S2, L, J, ξ),

Eq. (5.22) for the magnitude of the total spin angular momentum, and Eq. (5.30)

for the precession angle.

Constants of the Precessional Motion

In principle, the constants of the precessional motion need not remain constant

when radiation reaction is invoked. The magnitudes of the two spin angular momenta

S1 and S2, and the mass weighted effective spin ξ remain constant under radiation

reaction to the PN order we work here and ignoring horizon absorption. The

magnitude of the orbital angular momentum L is updated by definition through

L = η/v. The magnitude of the total angular momentum J depends on L and also

changes under radiation reaction. The evolution equation for J averaged over one

period of S(t) is [121]

〈
dJ

dL

〉
pr

=
J2 + L2 − 〈S2〉

pr

2JL
. (5.39)

This can be integrated exactly to yield

J2 = L2 +
2c1

η
L− L

∫ 〈S2〉
pr

L2
dL, (5.40)

where here and in what follows J is approximated by its precession average, and c1

is an integration constant. As we will show below, 〈S2〉
pr

is constant when ignoring
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high-order PN effects, and the integral of Eq. (5.40) can be calculated to give

J2 = L2 +
2c1

v
+
〈
S2
〉

pr
+O(v). (5.41)

The quantity 〈S2〉
pr

can be computed from Eq. (5.23):

S2
av≡

〈
S2
〉

pr
=

1

m

[
(m− 1)S2

+ + S2
− +

E(m)

K(m)

(
S2

+−S2
−
)]
, (5.42)

where K(m) and E(m) are the complete elliptic integrals of the first and second kind

respectively. PN expanding S2
+ and S2

− around their initial value we find

S2
± = S2

±,0 +O (v) , S2
3 = O

(
v−2
)
, (5.43)

which together with Eq. (5.25) yields

m = O
(
v2
)
, (5.44)

and

S2
av =

1

2

(
S2

+,0 + S2
−,0
)

+O
(
v2
)
. (5.45)

In the above expressions S2
±,0 are the roots computed from the initial conditions.

Combining the result for J obtained here and keeping Ĵ aligned with ẑ, our

analytic approximation for the total angular momentum is

J = [0, 0, J ]. (5.46)
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To verify that this approximate J stays close to the numerical PN solution we plot

it in Fig. 5.2 as a function of the GW frequency for our three study systems. The

analytic Jx and Jy are identically zero, so we omit them. The bottom panel shows the

fractional error in the magnitude of the total angular momentum when approximated

by Eq. (5.41). The maximum discrepancy in the magnitude J is of O (10−2) in those

particular examples indicating both that Eq. (5.41) is accurate and that setting Jx

and Jy equal to zero is justified.

Magnitude of the Total Spin Angular Momentum

Once radiation reaction is included, Eq. (5.22) for the magnitude of the total

spin angular momentum needs to be solved with MSA. We first explicitly separate the

timescales by writing S2(t) = S2(tpr, trr), where tpr denotes variation on the precession

timescale, while trr = εtpr denotes variations on the radiation reaction timescale, with

ε a bookkeeping parameter.

Expanding S2 as

S2(tpr, trr) =
∑
n≥0

εnS2
n(tpr, trr). (5.47)

and substituting this expression into Eq. (5.22), at leading order in ε, we recover

Eq. (5.22) for S2
0(tpr, trr) with the time derivative taken on the precession timescale

tpr:

(
∂S2

0

∂tpr

)2

= −A2(trr)[S
2
0(tpr, trr)− S2

+(trr)][S
2
0(tpr, trr)− S2

−(trr)][S
2
0(tpr, trr)− S2

3(trr)].
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The solution to this differential equation is similar to Eq. (5.23), except that quantities

that were previously constant are now promoted to functions of trr:

S2
0 = S2

+(trr) +
[
S2
−(trr)− S2

+(trr)
]

sn[ψ(tpr, trr),m(trr)], (5.48)

where S2
+(trr), S

2
−(trr), and m(trr) now depend on time through L(trr) and J(trr).

The angle ψ(tpr, trr) satisfies

dψ

dt
=
A(trr)

2

√
S2

+(trr)− S2
3(trr). (5.49)

where we keep terms of O (ε) by taking the derivative with respect to t rather than

tpr. We can integrate this equation using a PN integration, i.e. expanding it in powers

of v and integrating term by term. The result is

ψ = ψ0 −
3g0

4
δmv−3

(
1 + ψ1v + ψ2v

2
)
, (5.50)

where ψ0 is an integration constant, and the constants ψ1, ψ2 are given in Appendix

C of [61]. We find that expanding Eq. (5.50) to relative 1PN order suffices.

We test this solution for S in Fig. 5.3 by plotting the numerical PN, analytic,

and hybrid magnitude of the total spin angular momentum S as a function of the GW

frequency for the 4 systems we study. The hybrid S is obtained through Eq. (5.48)

but with a numerical solution to Eq. (5.49). For all systems, the amplitude of S shows

excellent agreement with the numerical PN results, which is controlled by the roots

S2
+ and S2

−. For the NSNS and BHBH systems, the analytic phase ψ also shows very

good agreement with the numerical PN result, although the dephasing for the BHNS

and HSBHNS systems is about 2 cycles. However, both systems are dominated by the

spin of the BH, making the motion close to that of simple precession; the variation
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Figure 5.3: Comparison between the numerical PN, the analytic, and the hybrid
magnitude of the total spin angular momentum as a function of the GW frequency
for the NSNS (Top Left), the BHNS (Top Right), the BHBH (Bottom Left), and the
HSNSBH (Bottom Right) system of Table 5.1.
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in S is very small as demonstrated by the scale of the y axis of the right panels of

Fig. 5.3 and this dephasing should not affect the emitted waveform considerably.

On the other hand, the phase of the hybrid S is always in excellent agreement

with the numerical solution, indicating that if we do indeed need an improved solution

in the future3 we can obtain it by carrying out the expansion of Eq. (5.50) to higher

order.

Precession Angle

The final quantity that needs to be recalculated to account for radiation reaction

is the precession angle. Its derivative, given in Eq. (5.30), depends both on the

precession and the radiation reaction timescale, so it requires a MSA treatment.

We write

dφz
dt

= Ωz[S(t), L(t), J(t)] = Ωz[S(tpr, trr), L(trr), J(trr)], (5.51)

and expand the precession angle as

φz(tpr, trr) = ε−1φz,−1(tpr, trr) + φz,0(tpr, trr) +O (ε) . (5.52)

The reason φz includes a term of O (ε−1) is because the binary precesses even in the

absence of radiation reaction.

Solving Eq. (5.51) order by order in ε, we find to O (ε−1)

1

ε

∂φz,−1

∂tpr

= 0 , (5.53)

3For example, if and when LIGO’s sensitivity increases, so will its requirement for more accurate
waveforms.
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which means φz,−1 = φz,−1(trr). To next order, we find

∂φz,−1

∂trr
+
∂φz,0
∂tpr

= Ωz(tpr, trr) , (5.54)

and averaging over tpr we find

dφz,−1

dtrr
= 〈Ωz〉pr

(trr), (5.55)

where we set 〈∂φz,0/∂tpr〉pr
= 0 to cancel secular terms. Equation (5.55) can be solved

with a PN integration. Going back to Eq. (5.54) we get

∂φz,0
∂tpr

= Ωz(tpr, trr)− 〈Ωz〉pr
(trr). (5.56)

Integrating the first term on the right hand side of Eq. (5.56) we recover Eq. (5.31) for

φz in the absence of radiation reaction. Integrating the second term is straightforward.

The full solution for φz is then

φz = φz,−1 + φz,0 +O(ε), (5.57)

where

φz,−1 =

∫
〈Ωz〉pr

(trr) dtrr, (5.58)

φz,0 =

∫
Ωz(tpr, trr) dtpr −

∫
〈Ωz〉pr

(trr) dtpr. (5.59)

The meaning of each term in the MSA expansion is clear. The first term φz,−1 is

averaged over the fast (relative to radiation reaction) precession timescale, and then
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integrated over radiation reaction. The next term φz,0 is a first order correction to

this precession averaging.

Leading Order MSA The leading order MSA term is defined in Eq. (5.55) which

to first order in ε is equivalent to

〈
dφz
dt

〉
pr

= 〈Ωz〉pr
. (5.60)

The average of Ωz can be obtained by taking the difference between Eq. (5.31)

evaluated at ψ = 0 and at ψ = 2K(m), where recall that K(m) is the complete

elliptic integral of the first kind. However, for reasons explained in Appendix A, we

prefer to use Eq. (5.30) and find an alternative way of calculating
〈
φ̇z

〉
pr

. We write

φ̇z
J
− a ≡ φ̇red.

z =
c0 + c2 sn2(ψ,m) + c4 sn4(ψ,m)

d0 + d2 sn2(ψ,m) + d4 sn4(ψ,m)
⇒

[d0 + d2 sn2(ψ,m) + d4 sn4(ψ,m)]φ̇red.
z = c0 + c2 sn2(ψ,m) + c4 sn4(ψ,m)⇒

d0

〈
φ̇red.
z

〉
pr

+ d2

〈
sn2(ψ,m)φ̇red.

z

〉
pr

+ d4

〈
sn4(ψ,m)φ̇red.

z

〉
pr

= c0 + c2

〈
sn2(ψ,m)

〉
pr

+ c4

〈
sn2(ψ,m)

〉
pr

where on the third line we average over precession.

Unfortunately, no closed form expressions exist for 〈 sn2(ψ,m)〉
pr

and 〈 sn4(ψ,m)〉
pr

for arbitrary m. We can, however, calculate these averages as an expansion in m� 1

since, as already discussed, m ∼ O(v2). We could in principle retain high order in m

terms in this expansion, but in practice we find that working to leading order in m

suffices. Expanding the above expression to leading order in m� 1, we find

d0

〈
φ̇red.
z

〉
pr

+ d2

〈
φ̇red.
z sin2 ψ

〉
pr

+ d4

〈
φ̇red.
z sin4 ψ

〉
pr

= c0 +
1

2
c2 +

3

8
c4 ⇒
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d0

〈
φ̇red.
z

〉
pr

+ d2D2

〈
φ̇red.
z

〉
pr

+ d4D4

〈
φ̇red.
z

〉
pr

= c0 +
1

2
c2 +

3

8
c4 ⇒〈

φ̇z

〉
pr

= J
(
a+

c0 + 1
2
c2 + 3

8
c4

d0 + d2D2 + d4D4

)
, (5.61)

where we have defined

D2≡

〈
φ̇red.
z sin2 ψ

〉
pr〈

φ̇red.
z

〉
pr

=

〈
c0+c2 sin2 ψ+c4 sin4 ψ
d0+d2 sin2 ψ+d4 sin4 ψ

sin2 ψ
〉

pr〈
c0+c2 sin2 ψ+c4 sin4 ψ
d0+d2 sin2 ψ+d4 sin4 ψ

〉
pr

, (5.62)

D4≡

〈
φ̇red.
z sin4 ψ

〉
pr〈

φ̇red.
z

〉
pr

=

〈
c0+c2 sin2 ψ+c4 sin4 ψ
d0+d2 sin2 ψ+d4 sin4 ψ

sin4 ψ
〉

pr〈
c0+c2 sin2 ψ+c4 sin4 ψ
d0+d2 sin2 ψ+d4 sin4 ψ

〉
pr

. (5.63)

The quantities D2 and D4 are functions of v and can be calculated exactly. For

reasons explained in Appendix A we do not wish to use these full expressions, but

rather we keep the quantities D2 and D4 constant and set them equal to their leading

PN order expressions.

We can now integrate the right hand side of Eq. (5.61) by first PN expanding

it. However, we find it more convenient to factor J out of 〈Ωz〉pr
and PN expand

the remaining terms. We do so to avoid artificial divergences in the small mass ratio

limit arising from expanding around essentially η/v; see Appendix A. We, then, have

to perform an integral of the form

φz,−1 =

∫
J

ξ3

5∑
n=0

〈Ωz〉(n) vndξ, (5.64)

where the coefficients 〈Ωz〉(n) are given in Appendix D of [61]. This integral can be

directly calculated to give

φz,−1 =
5∑

n=0

〈Ωz〉(n)φ(n)
z + φ0

z,−1, (5.65)
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where φ
(n)
z are functions given in Appendix D of [61] and φ0

z,−1 is an integration

constant.

Correction to MSA The first-order correction to MSA is given in Eq. (5.59). The

solution to the first integral is Eq. (5.31) where we set m = 0. The second integral is

trivial since 〈Ωz〉pr
does not depend on the precession timescale tpr, and the result is

〈Ωz〉pr
tpr. In that expression, we choose for convenience to substitute tpr = ψ/ψ̇.

Collecting all the elements together, the correction to the precession phase is

given by

φz,0 =
Cφ

ψ̇

√
nc

nc − 1
arctan

[
(1−√nc) tanψ

1 +
√
nc tan2 ψ

]
+
Dφ

ψ̇

√
nd

nd − 1
arctan

[
(1−√nd) tanψ

1 +
√
nd tan2 ψ

]
,

(5.66)

where ψ̇ is given in Eq. (5.24), ψ is given in Eq. (5.50) and Cφ, Dφ, nc and nd are

functions of v given in Appendix B of [61].

Comparisons In Fig. 5.4 we plot the numerical PN and analytic solutions for φz

with and without the MSA corrections. The small oscillations of the numerical PN

phase are reproduced by the analytic phase with MSA corrections. These oscillations

are more pronounced for the NSNS and BHBH systems where both spins contribute

significantly to the dynamics. The bottom panel shows the error in the precession

phase with and without MSA corrections.

Building the Waveform

Using the solution for the angular momenta described above, we can calculate

an analytic time-domain waveform for generic precessing binaries. The gravitational

wave signal emitted by a precessing binary system as observed in an interferometric
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Figure 5.4: (Top Panel) Comparison between the numerical PN and the analytic
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detector is [21,24,43,49,144]:

h(t) = F+h+ + F×h×, (5.67)

where

F+ =
1

2

(
1 + cos2 θN

)
cos 2φN cos 2ψ − cos θN sin 2φN sin 2ψ, (5.68)

F× =
1

2

(
1 + cos2 θN

)
cos 2φN sin 2ψ + cos θN sin 2φN cos 2ψ, (5.69)

are the antenna pattern functions, h+,× are the GW polarization states, (θN , φN) are

the polar angles of N̂ in a frame tied to the arms of the detector with ẑ′ the normal

to the detector plane, and ψ is given by

ψ = arctan


(
PN Ĵ

)
· ẑ′(

N̂ × Ĵ
)
· ẑ′

 , (5.70)

where PN acts as a projection along N̂ .

The polarization states can be decomposed into a spin-weighted spherical

harmonic basis [24,49,144]

h+ − ih× =
∑
l≥2

l∑
m=−l

H lm(θs, φs)e
−imΦ, (5.71)

where

Φ = φorb − 3v3(2− ηv2) ln v , (5.72)
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and (θs, φs) are the spherical angles of N̂ in a frame where Ĵ is along the z-axis, φorb

is the orbital phase, and

H lm = hlm
l∑

m′=−l

Dl
m′,m(φz, θL, ζ)−2Ylm′(θs, φs), (5.73)

where the amplitudes hlm(ι) can be found in [43], Dl
m,m′ are the Wigner D-matrices,

sYlm are the spin-weighted spherical harmonics, the angles θL and φz are the spherical

angles of L̂ in the same frame as θs and φs are defined, and ζ satisfies ζ̇ = φ̇z cos θL.

In order to solve for ζ we can employ the same techniques as for φz, namely MSA.

An explicit expression for ζ is given in Appendix F of [61].

The above prescribe a waveform h(t) in the time domain. To compute its Fourier

transform, we use the shifted uniform asymptotics method devised in [125] and write

h̃(f) =
√

2π
∑
m≥1

Tme
2πiftm−mΦ−π/4

∑
l≥2

kmax∑
k=−kmax

ak,kmax

2− δk,0
Hlm(tm + kTm), (5.74)

where tm and Tm are defined by

2πf = mΦ̇(tm), (5.75)

Tm =
1√

mΦ̈(tm)
, (5.76)

Hlm =
1

2
(F+ + iF×)

l∑
m′=−l

hlmDl
m′,m(φz, θL, ζ)−2Ylm′(θs, φs)

+
1

2
(F+ − iF×)

l∑
m′=−l

hl,−mDl
m′,−m(φz, θL, ζ)−2Ylm′(θs, φs), (5.77)
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and the constants ak,kmax satisfy the linear system

(−i)p
2pp!

=
kmax∑
k=0

ak,kmax

k2p

(2p)!
, (5.78)

for p ∈ {0, . . . , kmax}. In this expression, Eq. (5.75) expresses the stationary time tm

as a function of the frequency f . For a static detector, Hlm depends on time (and

thus on frequency) only through φz, θL, and ζ.
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Figure 5.5: (Top Panel) Amplitude of the GW including only the dominant (` =
2,m = 2) harmonic as a function of the GW frequency for the numerical PN and
analytic SUA waveforms for the NSNS (Top Left), the BHNS (Top Right), the BHBH
(Bottom Left), and the HSNSBH (Bottom Right) system of Table 5.1. The reference
amplitude |h̃ref | is the numerical PN SUA amplitude at 50Hz. (Bottom Panel) GW
dephasing between the numerical PN and analytic SUA waveforms.

Figure 5.5 compares the frequency domain GWs for the 4 systems of Table 5.1

using only the leading (` = 2,m = 2) harmonics of Eq. (5.74). The two waveforms
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are computed with the numerical solution to the PN precession equations and with

the analytic solution described previously. Both waveforms are Fourier-transformed

with SUA, allowing us to assess the effect of our new analytic solution to the GW

amplitude and phase. The agreement between the wave amplitudes is excellent over

a wide range of frequencies, while the dephasing between the two waveforms never

exceeds 0.3rad, even for our BHBH system. This figure serves as a first indication of

the accuracy of our model to accurately capture generic precessing features in GWs.

Waveform Comparison

In order to have a more complete picture of our waveform’s ability to model

generic systems, we carry out a Monte Carlo study randomizing over the 15 parame-

ters describing a quasicircular compact binary waveform. For the randomization, we

draw the components’ masses form a flat distribution in log space between [1, 2.5]M�

for NSs and [2.5, 20]M� for BHs, while the components’ spin magnitudes are uniformly

distributed in [0, 0.1] for NSs and [0, 1] for BHs. We selected seemingly low black hole

masses in order to select systems for which the inspiral part is the most important.

Indeed, those are the ones for which the accurate modelling of the precession effects

are the most challenging, due to the increased number of precession cycles that low

masses entail. All directions (spin, sky location, orbital angular momentum) are

drawn uniformly on a unit sphere. The phase of coalescence is assumed to be uniform

in [0, 2π], while the time of coalescence and the distance are fixed at 105 seconds and

100Mpc respectively.

The large number of systems simulated can only be analyzed through some

appropriate and efficient statistic; we use the faithfulness (or match) defined as

F ≡ max
tc,φc

(h1 | h2)√
(h1 | h1) (h2 | h2)

. (5.79)
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The faithfulness is calculated between two waveforms h1 and h2 with the same physical

parameters, but maximized over any un-physical parameters: the time tc and phase

φc of coalescence. As such, it is a good estimator of a model’s suitability for parameter

estimation. The faithfulness always falls between −1 and 1, with the latter indicating

perfect agreement between the waveforms.

Unlike fitting factors4, selecting a value for the faithfulness that is ‘good enough’

is not straightforward. The nominal fitting factor threshold of 0.965 corresponds to

a 10% drop in detection rates. On the other hand, a faithfulness threshold should be

translatable to a requirement about parameter estimation accuracy: the systematic

mismodeling error should be smaller than the statistical measurement error. The

latter depends on the signal-to-noise ratio (SNR) of the signal, while the former does

not, meaning that any faithfulness threshold should take the strength of the signal

into account. In Appendix F we calculate the faithfulness threshold as a function of

the SNR and find that for an SNR of 10(25)[50], a faithfulness of 0.96(0.9936)[0.9984]

suffices for accurate parameter estimation. Led by the SNR of the first detected GW,

we set our faithfulness threshold to 0.994.

In our study h1 is a waveform calculated by numerically solving the precession

equations, while h2 uses our new analytic solution. Both waveforms are Fourier-

transformed with the SUA method, justified by [125] where it was shown that SUA

induces a negligible loss of faithfulness compared to a discrete Fourier transform. The

use of SUA in both waveforms allows us to isolate the effect of our new solution: any

mismatch is solely caused by the solution to the precession equations described in

this paper.

4A fitting factor is the faithfulness maximized over all model parameters, quantifying a model’s
suitability for detection.
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The inner product in Eq. (5.79) is defined in the usual way

(h1 | h2) ≡ 4<
∫ fmax

fmin

h̃1(f)h̃∗2(f)

Sn(f)
df , (5.80)

where fmin = 10Hz is aLIGO’s lower frequency cutoff, fmax is the frequency that

corresponds to an orbital separation of 6M , and Sn(f) is aLIGO’s design zero-

detuning, high power noise spectral density [201].

Figure 5.6 shows the distributions of 1 − F for 4 sets, each containing 10, 000

systems. The first 3 sets contain systems with masses and spins corresponding to

NSNS, BHNS, and BHBH systems respectively. The fourth set contains an additional,

less astrophysically motivated but useful to test our model in the most challenging

setting, type of system where both masses were drawn from a log-flat distribution

ranging from 1M� to 20M�, and both spin magnitudes uniformly distributed in [0,

1]. We study 2 different types of waveforms: full waveforms (FWF) contain all the

known harmonics in Eq. (5.74), while restricted waveforms (RWF) contain only the

dominant (` = 2,m = 2) harmonic.

The agreement between our analytical waveform and the numerical PN one

is excellent for a wide range of parameters. In the NSNS case we find that only

0.06%(0.3%) of the systems have a faithfulness below the 0.965(0.994) for both

waveforms, while for BHNS systems, this number is 0.33%(1.6%) for both waveforms.

The percentage of systems below the nominal faithfulness threshold is increased

to 1.85%(10.4%) (RWF) and 1.85%(10.7%) (FWF) in the case of BHBHs and

1.14%(9.2%) (RWF) and 1.26%(9.9%) (FWF) for the 4th generic set. This increase

is not unexpected, since, precessional feature are more pronounced, and hence more

difficult to model, when the spins are large and the masses different.
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Figure 5.6: Distribution of 1− F for NSNS (Top Left), BHNS (Top Right), BHBH
(Bottom Left) and the 4th generic set containing all masses and spins (Bottom
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The majority systems with faithfulnesses below 0.96 are explained by the

effect described in Appendix A. For them the orbital angular momentum becomes

approximately (anti)aligned with the total spin angular momentum at some point in

the evolution of the systems. In this case the PN expansion of Eq. (5.61) becomes

ill-defined. Our specific choice for the values of D2 and D4 in Eqs. (5.62) and (5.63) to

some extent ameliorates this problem, yet it does not fully solve it. We have explored

many choices for D2 and D4, some leading up to 8% of systems with faithfulnesses

below 0.96 in the BHBH case. The particular values for D2 and D4 we employ in our

model [Eqs. (A.3) and (A.4)] yield the best results among all the values we tested.

The remaining low F systems for which S and L do not become (anti)aligned all are

approximately edge-on (L ·N ∼ 0), a configuration which maximizes precession and

causes small inaccuracies in the model to become noticeable.

Besides systems with very low faithfulnesses, we also encounter a number of

systems with overlaps between 0.96 and 0.994, which can be modeled accurately only

for low SNR signals. The unfaithfulness of these systems can be attributed to the

various approximations we have used in our model construction: PN inaccuracies in ψ

(Eq. (5.50)), PN or MSA inaccuracies in φz, the total angular momentum e.t.c. The

analytic nature of our waveform model allows us to track all these approximations and

study how they influence model accuracy, while having a clear-cut way to improve

them if a more faithful waveform model is required in the future. This is, perhaps,

the most attractive feature of having analytic control over complicated processes like

spin-precession.

Conclusions

We have constructed the first closed-form fully analytic GW template in the

frequency domain that can accurately model quasicircular systems of generic masses,
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spin magnitudes, and spin orientations in the inspiral phase. We expand the exact

solution to the precession equations in the absence of radiation reaction derived by

Kesden et al. [121] to include radiation reaction using elements from multiple scale

analysis. This allows us to derive the first closed-form time-domain GW model valid

for generic inspirals. We then use the method of shifted uniform asymptotics to

transform this waveform from the time domain to the frequency domain.

The resultant waveform is ideal for extracting parameters from generically

precessing quasicircular inspirals as demonstrated by a Monte Carlo study of 40, 000

system; only 0.8%(5.4%) of them had a faithfulness with a numerical PN waveform

that solves the precession equations numerically below 0.965(0.006). The remaining

inaccuracies of our model can be mapped back to specific assumptions we made

while solving the spin-precession equations including radiation reaction. Analytical

understanding of all these assumptions and the elements that enter our waveform

construction enable us to improve the accuracy of our model if deemed necessary

when more sensitive GW detector networks become available.
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DETECTION AND PARAMETER ESTIMATION OF GWS FROM

SPIN-PRECESSING BINARIES

In this chapter, we study the performance of various analytical frequency-domain

templates for detection and parameter estimation of GWs from spin-precessing,

quasicircular, compact binary inspirals. We begin by assessing the extent to which

nonspinning, spin-aligned, and the new (analytical, frequency-domain, small-spin)

double-precessing frequency-domain templates constructed in Chapter 4 can be used

to detect signals from such systems. For effective, dimensionless spin values above

0.2, the use of nonspinning or spin-aligned templates for detection purposes will result

in a loss of up to 30% of all events, while in the case of the double-precessing model,

this never exceeds 6%. Moreover, even for signals from systems with small spins,

nonspinning and spin-aligned templates introduce large biases in the extracted masses

and spins. The use of a model that encodes spin-induced precession effects, such as the

double-precessing model constructed in this dissertation, improves the mass and spin

extraction by up to an order of magnitude. The additional information encoded in

the spin-orbit interaction is invaluable if one wishes to extract the maximum amount

of information from GW signals.

Introduction

The recent detection of GWs highlights the importance of efficient data analysis,

a nontrivial task for signals that are deeply buried in detector noise. The most efficient

way to extract and analyze such signals is through template filters: analytical or

numerical models for the response of the detectors to impinging GWs. The templates

are functions of a parameter vector ~θ that characterizes the GW emitting system,

and its position relative to the Earth. Parameter estimation consists of finding the
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components of ~θ that best fit the signal, as well as their error. Not surprisingly, the

efficiency of such an analysis is highly dependent on the accuracy of the template

model itself [74, 186].

Having established the accuracy of the analytical, small-spin, double-precessing

model (in this chapter, we will refer to it as just double-precessing) relative to a purely

numerical PN model in Chapter 4, we now study how good the former is at detecting

and estimating the parameters of signals in noise. The double-precessing model is

expected to be able to recover more information from precessing signals, because it

can capture the amplitude and phase modulations induced by precession, and thus,

break degeneracies that are present in the absence of precession. We find that this is

indeed the case: the precessing model breaks degeneracies between the mass ratio and

the spin magnitudes [73], allowing for a much better estimation of both quantities, by

up to an order of magnitude. The improvement in parameter estimation is such that

the precessing model can distinguish between NSs and BHs in the mass gap, even

for nonspinning signals [60]. This result is in contrast to the conclusions one would

arrive at if using spin-aligned templates that lack precession effects [106].

The idea that spin precession can significantly improve parameter extraction is

by no means new. Vecchio [218] was the first to show that spin-precession effects

improve parameter extraction in the context of LISA sources. The restricted 1.5PN

simple-precession model he considered [21] was later extended to 2PN order through

numerical PN waveforms by Lang and Hughes [131], who reached similar conclusions.

Klein et al. [126] included higher harmonics and showed that parameter extraction

was further improved. Concerns that binaries in gas rich environments tend to have

partially aligned spins, prompted Lang et al. [132] to study partially aligned models;

they found that restricting precession degrades parameter extraction significantly, but

the inclusion of higher harmonics improves extrinsic parameter extraction again. A
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similar result was recently found by O’Shaughnessy et al. [161]. In another recent

paper, Vitale et al. [223] performed an extensive search of the parameter space and

found that parameter extraction is improved when precessional effects are maximized,

i.e. when the binary is observed edge on. The results of this and the following chapter

verify the above results and further demonstrate that the more accurate double-

precessing model improves detection rates and parameter estimation for NS binaries

so much so that it enables distinguishing between NSs and BHs and measure NS

spins. The above comparison excludes the numerical PN templates, since they are

slower by about a factor of 102 or more than the double-precessing model [125], a fact

that makes them prohibitive for parameter estimation studies.

Regarding detection, we study the efficiency of nonspinning, spin-aligned and

double-precessing templates at detecting a numerical PN model of GWs emitted by

generically precessing, spinning binaries with arbitrary spin magnitudes. We address

this by calculating the so-called fitting factor [see Eq. (6.4)]: the normalized, noise-

weighted inner product [see Eq. (6.2)] between a model and the signal, maximized over

all template parameters. Such a measure is ideal to estimate how good a model is at

recovering as much of the signal as possible at the expense of distorting the recovered

parameters. This measure is above 98%, corresponding to a 6% drop in detection

rate, when using the spin-aligned and the small-spin, double-precessing templates for

all NS binaries with astrophysically realistic spins [147]. In the spin-aligned model,

however, this large fitting factor comes at the expense of large biases in the extracted

masses and spins. Binary BHs can have much larger spin magnitudes than NSs, and

thus, the nonspinning and the spin-aligned models reach fitting factors above 98%

only for χA < 0.4. The double-precessing model reaches fitting factors above this

threshold for all χA < 1, at the expense of large parameter biases.



105

We then consider the efficiency of these templates in parameter estimation,

focusing on spin detectability and the accuracy in parameter extraction. In particular,

we study what SNR and what injected spin parameter we can claim that a NS binary

signal was produced by spinning NSs. If we can claim the signal corresponds to

such a spinning binary, we can then address how well the spin magnitudes can

be measured, again as a function of SNR and injected spin parameter. We tackle

these questions in a Bayesian framework [69, 70, 140, 185, 186], where we inject a

small-spin, double-precessing signal and search for it through Markov-Chain Monte

Carlo (MCMC) methods with either a spin-aligned template or a small-spin, double-

precessing template. Such MCMC methods allow us to not only find the best fit

parameters ~θbest, but also to construct their posterior probability distribution, as well

as to determine which template model is best supported by the data.

One may be concerned that the small-spin, double-precessing template should

not be used to estimate the statistical accuracy with which parameters can be inferred

or alternative models distinguished, given that for higher spin values there will be

systematic bias when recovering the true GWs we expect from nature. However, as

we show in Appendix B, systematic and statistical errors are independent for small

model deviations. Thus, the analytic double-precessing model can be used for reliable

Bayesian inference and model selection.

The first parameter estimation question we tackle is that of spin detectability,

which is a model selection problem [1, 80, 104, 136]: given a signal, we wishes to

determine which of two competing models (“the signal was produced by a spinning

binary” versus “the signal was produced by a nonspinning binary”) is best supported

by the data. We address this problem by calculating the Bayes factor (BF), which

provides an estimate of how well a model fits the data compared to another model.

Since we are dealing with nested models (models which reduce to each other when
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a subset of their parameters ~θ acquire certain values), the BF can be calculated

through the Savage-Dickey density ratio [221]: the ratio of the prior to the posterior

evaluated at vanishing spins. We find that the data prefer the small-spin, double-

precessing model over the nonspinning model at dimensionless spin magnitudes larger

than roughly 0.02 for SNR 10 with aLIGO [60] and 0.01 for SNR 30 with LIGO3 [6].

On the other hand, use of the spin-aligned model increases the spin detection threshold

to roughly 0.05 and 0.02 respectively.

The second parameter estimation question we address is that of accuracy in

parameter extraction. Given a small-spin double-precessing signal, we determine the

best-fit parameters and their 1-σ confidence region (the smallest area in parameter

space that contains 68% of the posterior weight) for either a spin-aligned or a

double-precessing model. We find that the small-spin, double-precessing templates

can measure masses and spins roughly 1 order of magnitude better than spin-

aligned templates. This is because even a small amount of precession is sufficient to

greatly deteriorate the likelihood of a double-precessing template, while a spin-aligned

template cannot access this extra structure. This structure breaks degeneracies

between the mass ratio and the spin magnitudes, allowing for a better measurement

of both quantities. We show that these result are insensitive to the specific choice of

spin priors: uniform over spin magnitudes and uniform over spin orientations on a

2-sphere. The improvement in parameter estimation is so dramatic that one should

be able to distinguish between NS binaries and BH binaries purely from the detection

of GWs during the inspiral phase. We expand on this last point in Chapter 7.

Waveform Models

We consider BHBH binaries and NSNS binaries with masses m1 and m2 (where

m1 ≥ m2) and spin angular momentum magnitudes S1 and S2 respectively in
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adiabatically evolving, quasicircular orbits in the inspiral phase. GWs emitted from

such a system induce a signal on ground-based detectors described by the parameter

vector

~θ =(M,m, cos θN , φN , DL, cos θL, φL, tc, φc, cos θ1, φ1, χ1, cos θ2, φ2, χ2), (6.1)

where M = (m1m2)3/5/(m1 + m2)1/5 is the chirp mass, m = m1 + m2 is the total

mass, cos θN and φN are sky location angles, DL is the luminosity distance, cos θL

and φL are angles that describe the direction of the initial orbital angular momentum

vector, cos θA and φA are angles that describe the direction of the initial spin angular

momentum vectors, with χA = SA/m
2
A the dimensionless spin magnitude, for the Ath

binary component. All angles are measured in a geocentric frame [16].

We consider five different waveform models: one that is purely numerical; two

versions of the analytical, small-spin, double-precessing model; one version of the

analytical spin-aligned model; and one version of the analytical nonspinning model.

When considering detection, we use the numerical PN model as the signal and the

other four models as templates. When considering parameter estimation, we use one

of the double-precessing models as the signal, and a subset of the other analytical

models as the template. We describe each of these models below.

Numerical PN model . This model is constructed by first solving the most

accurate PN spin-precession equations numerically (see e.g. [62, 124]), and then

Fourier-transforming the numerical PN time-domain response function through a

discrete Fourier transform. We stress that this model is constructed by solving PN

ordinary differential equations numerically, similarly to the SpinTaylorT4 [1, 54], or

effective-one-body models [53,75]. Therefore, we regard it as a numerical PN model, in

contrast to the closed-form analytical models we describe below, and the full numerical
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relativity based models of [10,85,165,188]. Sometimes in the literature this model is

referred to as ‘semianalytical’.

Double-precessing models [62]. The precession equations are solved by separating

the three intrinsic time scales of the problem: the orbital time scale, which is much

shorter than the precession time scale, which is much shorter than the radiation-

reaction time scale. The resultant orbital precession equations are then expanded in

χA � 1 and in the ratio of the different time scales. Such a multiple-scale analysis

treatment results in an analytical solution for the temporal evolution of the orbital

and the spin angular momenta, valid to first order in χA and in the ratio of the

precession to the radiation-reaction time scale. This solution can then be used to

construct a time-domain response function that is Fourier-transformed through the

stationary-phase approximation [84, 245]. The model was constructed in Chapter 4

of this thesis and comes in two versions:

(i) Full, double-precessing: both the Fourier amplitude and phase are kept to high

PN order [see Eqs. (105), (106), (107) of [62].]

(ii) Restricted, double-precessing: the Fourier amplitude is kept only to leading PN

order, while all known PN corrections are kept in the Fourier phase [see Eqs.

(98), (99), (100) of [62].]

Restricted spin-aligned model . This waveform is constructed by assuming the

spin angular momenta are exactly aligned with the orbital angular momentum. Such

an alignment prevents the system from precessing, thus rendering the spin-precession

equations simple to solve [43]. One then solves the evolution equation for the orbital

frequency and phase through a PN expansion, which allows the construction of a time-

domain response function. The latter is Fourier-transformed through the SPA. We

here consider a restricted model, where only the leading PN order term is kept in the



109

Fourier amplitude, while the Fourier phase is kept to 3.5PN order. The performance

of these templates has been studied in numerous papers [1, 7, 41, 106]; most of them

conclude that, even though spin-aligned templates might be good enough for detection

of NSNS binaries, they lead to large biases when used in parameter estimation.

Restricted nonspinning model . This waveform is derived assuming that the

binary components have no spin angular momenta. The temporal evolution of

the orbital frequency is obtained analytically through a PN expansion, which is

then used to construct a time-domain response. The latter is Fourier transformed

through the SPA. We here focus on a restricted version of this waveform, where

we keep the Fourier amplitude to leading PN order, but the Fourier phase is

kept to 3.5PN order. Such waveforms have been studied extensively in the

literature [11, 23, 143, 156, 162, 184, 194, 219], mainly as detection templates, despite

their inherent inability to measure spins.

When studying parameter estimation, we will be in part interested in the errors

associated with the extraction of parameters. There are two main types of errors

in parameter recovery: systematic errors and statistical errors. Systematic errors

are associated with a shift in the peak of the posterior distribution of the recovered

parameter away from the injected value; such errors can be produced by inaccuracies

in the template model. Statistical errors are associated with the inherent width of

the posterior distribution; such an error is produced by the signals possessing a finite

SNR. As we show explicitly in Appendix B, systematic and statistical errors are

independent to first order in the inaccuracies of the model, and thus, we will study

them separately.

When studying systematic errors, we will randomize over all model parameters,

while when focusing on statistical errors, we will select a few characteristic systems.

By doing so, we isolate the effects of SNR, injected spin parameter and detector
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m1 m2 χ1 χ2 cos θN φN ι κ

1 1.43 1.23 * * -0.11 3.71 63◦ 30◦

2 1.43 1.23 0.04 0.04 -0.11 3.71 63◦ *
3 * * 0.04 0.04 -0.11 3.71 63◦ 30◦

4 * * 0 0 -0.11 3.71 63◦ 30◦

Table 6.1: Summary of the systems used in the parameter estimation analysis.
The masses are in units of solar masses, ι is the angle between the orbital angular
momentum and the line of sight at GW frequency 70Hz, and κ is the opening angle
between the orbital angular momentum and the total spin angular momentum again
at 70Hz. The asterisk denotes the parameters that are varied.

(aLIGO or LIGO 3) on parameter recovery. The three systems we work with are

characterized by the parameters in Table 6.1.

Detection

In GW astronomy, there are two measures that estimate the extent to which

two models are similar to each other: the faithfulness and the fitting factor [76]1 .

Both measures depend on the noise-weighted inner product between two models for

the response function, h1 and h2:

(h1 | h2) ≡ 4<
∫ fmax

fmin

h̃1(f)h̃∗2(f)

Sn(f)
df , (6.2)

where the overhead tilde stands for the Fourier transform, <[·] is the real part

operator, (fmin, fmax) are the limits of integration, and Sn(f) is the detector’s spectral

noise density; we here use the high-power, zero-detuned Sn(f) of aLIGO [201].

The faithfulness is a measure of how good a template is at recovering a signal

with the same parameters, and thus, how efficient the model is at parameter recovery.

1The faithfulness was defined and discussed in Chapter 4. We repeat part of this discussion here
for completeness and to emphasize its relation to the fitting factor.
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It is defined as

F ≡ maxtc,φc
(h1 | h2)√

(h1 | h1) (h2 | h2)
, (6.3)

where the inner product is maximized only over the time of coalescence tc and the

phase of coalescence φc.

The fitting factor is a measure of how good a template is at recovering a signal

regardless of biasing parameter recovery. It is defined through

FF ≡ max~θ
(h1 | h2)√

(h1 | h1) (h2 | h2)
, (6.4)

where the inner product is maximized over all parameters. In general, the highest

FF is achieved between models h1 and h2 that have different parameters.

In order to obtain reliable estimates for these two measures that are independent

of the specific system considered, we create a random distribution of systems through

Monte Carlo (MC) methods. The mass distribution is chosen to be flat in log space,

with boundaries chosen depending on the class of system considered: for NS binaries,

we choose the range [1, 2.5]M�, while for BH binaries, we choose the range [5, 10]M�.

All vector directions are chosen uniformly on the sphere. We present our results as

a function of the symmetric dimensionless spin parameter χs ≡ (χ1 + χ2)/2 since it

gives a measure of how applicable the small-spin approximation of Chapter 4 is for the

particular system studied. Below we study BH binaries separately from NS binaries,

since the latter are expected to have comparable masses and small spin magnitudes,

while the former are not.
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NSNS Binaries

NS binaries that enter the sensitivity band of ground-based detectors are not

expected to have large spin magnitudes. This is because although NSs can be spun

up by accretion, they spin down due to magnetic breaking. By the time they have

spiraled into each other sufficiently to be emitting GWs detectable by ground-based

detectors, their spin magnitudes are not expected to exceed χA = 0.2 [147]. This fact

makes NSNS binaries an ideal candidate for the small-spin, double-precessing model

of Chapter 4.
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Figure 6.1: Median faithfulness (left panel) and median drop in detection rates
(right panel) between a numerical PN waveform and a full double-precessing waveform
(magenta dot-dashed line), a restricted double-precessing waveform (blue dotted line),
a restricted spin-aligned waveform (green dashed line), and a restricted nonspinning
waveform (red sold line) for NSNS binaries as a function of the symmetric spin. The
shaded areas give the 1-σ confidence regions and the black solid line represents the
98% threshold. In the case of detection rates this threshold corresponds to the loss
of 6% of all events.

Figure 6.1 shows the faithfulness and (one minus the cube of) the fitting factor

for NSNS binaries between the numerical PN model and all the analytic models, as

a function of the symmetric dimensionless spin parameter. Since the recovered SNR

of a source scales as the fitting factor, 1 − FF3 gives an estimate of the reduction

of the volume accessible to the detectors due to model inaccuracies. In other words,

when the fitting factor drops, the source needs to be closer to earth to give the same
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SNR value and be detectable. For this reason we interpret 1 − FF3 as the drop in

overall expected detection rates of aLIGO/AdV, which are highly uncertain to begin

with [3].

Each point in χs is computed by averaging over 2000 random systems (600 for

the full double-precessing model due to computational restrictions) with masses in

[1, 2.5]M�. The lower limit of integration is fmin = 10Hz, the frequency at which

GWs enter the aLIGO band. The upper limit of integration is fmax = 400Hz, while

the system is still in the inspiral phase, in order to avoid finite size effects that enter

above this frequency [112,148,180].

Three primary conclusions can be drawn from these plots. First, the faithfulness

stays above the nominal 98% threshold when using the double-precessing models for

all spins considered, while it drops below this threshold for the nonspinning and

spin-aligned system above χs = 0.02. This indicates that only the double-precessing

models can be considered as reliable parameter estimation templates. Second, the

fitting factor is above the 98% threshold, corresponding to a loss of event rate smaller

than 6%, for all models. As expected from previous results, the nonspinning and the

spin-aligned models can serve as detection templates for slowly spinning systems, like

NS binaries. Third, we find similar fitting factors when using the restricted and the

full double-precessing models. This implies that the restricted model is sufficient for

parameter estimation studies.

Comparing the two panels of Fig. 6.1 we see how the spin-aligned and

nonspinning templates are able to distort their parameters to achieve a better overlap

with the numerical PN model. In Fig. 6.2 we plot the bias that such shifting induces on

the chirp mass, the total mass, and the absolute value of the effective spin parameter

[the symmetric spin combination projected onto the orbital angular moments; see

Eq. (6.12)]. Clearly, if the nonspinning or the spin-aligned waveforms are used for
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parameter estimation, the resulting parameter bias will be significant (about an order

of magnitude larger than from the double-precessing models), and the systematic error

will most likely dominate the total error.
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Figure 6.2: Median parameter bias for the chirp mass (top left), the total mass (top
right), and the absolute value of the dimensionless effective spin parameter (bottom)
for full double-precessing waveforms (magenta dot-dashed line), restricted double-
precessing waveforms (blue dotted line), restricted spin-aligned waveforms (green
dashed line), and restricted nonspinning waveforms (red sold line) for NSNS binaries
as a function of the symmetric spin parameter.

BHBH Binaries

Unlike NSs, there is no astrophysical reason to limit the spin magnitude of BHs

(other than cosmic censorship, χ ≤ 1). One may thus expect the small-spin, double-

precessing model of Chapter 4 to perform badly when attempting to detect highly

spinning signals. However, we find this not to be the case, due to the ability of the

double-precessing model to shift its 15 parameters in order to recover as much of the

signal as possible.
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Figure 6.3: Median faithfulness (left panel) and median drop in detection rates
(right panel) between a numerical PN waveform and a full double-precessing waveform
(magenta dot-dashed line), a restricted double-precessing waveform (blue dotted line),
a restricted spin-aligned waveform (green dashed line), and a restricted nonspinning
waveform (red sold line) for BHBH binaries as a function of the symmetric spin. The
shaded areas give the 1-σ confidence regions and the black solid line represents a value
of 98% (corresponding to a 6% drop in detection rates).

Figure 6.3 shows the faithfulness and (one minus the cube of) the fitting factor

for BHBH binaries between the numerical PN model and all the analytic models

as a function of χs. Each point in χs is computed by averaging over 6000 random

systems (1100 for the full double-precessing model due to computational restrictions)

with masses in [5, 10]M�. The lower limit of integration is again set at fmin = 10Hz.

However, since GWs emitted by BHs do not have any finite size effects, we extend the

integration to the frequency corresponding to GWs emitted by a test particle at the

innermost stable circular orbit (ISCO) of a Schwarzschild BH, i.e. fmax = 6−3/2/(πm).

For spins larger than about χs = 0.3 the faithfulness drops below 98%; a first

order expansion in the spins seems inadequate in capturing the strong precessional

effects present in binaries with large spins. However, if the waveforms are allowed to

adjust their parameters to fit the signal, they perform significantly better in detecting

sources with large spin magnitudes. The right panel of Fig. 6.3 shows the drop in

detection rates for all analytical models. Now the double-precessing waveforms obtain

overlaps greater than 98% for all dimensionless spin magnitudes. The nonspinning
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and spin-aligned templates perform adequately for spins only up to 0.3 and 0.4

respectively. Clearly, the two double-precessing models are the only reliable detection

templates for highly spin-precessing BHBH binaries of all models considered here.
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Figure 6.4: Median parameter bias for the chirp mass (top left), the total mass (top
right), and the effective spin (bottom) for full double-precessing waveforms (magenta
dot-dashed line), restricted double-precessing waveforms (blue dotted line), restricted
spin-aligned waveforms (green dashed line), and restricted nonspinning waveforms
(red sold line) for BHBH binaries. The shaded areas give the 1-σ confidence regions.

The large difference between faithfulness and fitting factor shows that even

the double-precessing waveforms have to adjust their parameters significantly to

achieve high overlaps with the numerical PN waveforms. Figure 6.4 shows the

bias in the chirp mass, the total mass, and the absolute value of the effective spin

[Eq. (6.12)]. The bias induced by using double-precessing templates is about an order

of magnitude smaller than that incurred when using nonspinning or spin-aligned

templates. Nonetheless, even the double-precessing templates induce a significant

bias, making them unsuitable for parameter estimation of BHBH binaries [1, 216].
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Likelihood as a Function of Mass

Maximizing the fitting factor reduces to maximizing the likelihood [the impor-

tance of which will become more evident when we carry out parameter estimation;

see also Eq. (6.8)]. The efficiency of any maximization algorithm is highly dependent

on our understanding of the behavior of the likelihood surface, allowing us to propose

better jumps that find the peak and explore it more efficiently. It is, therefore,

important to study how precession affects the likelihood surface.

Figure 6.5 shows the log of the likelihood maximized over the time of coalescence,

the phase of coalescence, and the luminosity distance as a function of the chirp mass

(left panel) and as a function of the total mass (right panel) for a BHBH system with

M = 7.23M�, M = 16.8M�, and χ1 = χ2 = 0.5. The left panel shows a strong

preference for the injected value; it is unlikely that a different chirp mass will be

recovered. Indeed, when we studied parameter biases in Figs. 6.2 and 6.4, we found

that the chirp mass is biased by about 0.01% for NSNS binaries and 0.3% for BHBH

binaries, depending on the spin of the injection.
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Figure 6.5: Log likelihood as a function of the chirp mass (left) and of the total mass
(right) for a BHBH system. The vertical dashed lines correspond to the injected
values M = 7.23M� and M = 16.7M�.
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On the other hand, the right panel of Fig. 6.5 shows a completely different

dependence of the likelihood on the total mass. We see that the log of the likelihood

presents a series of peaks with comparable heights. Therefore, as the other parameters

in the model are varied from their injected value, one of the secondary peaks might

become the primary one, resulting in a higher fitting factor. In fact, this is the case

for the system presented here. The injected value for the total mass corresponds to

the first peak around M = 16.8M�. However, the recovered, or best fit, value for the

total mass corresponds to the second peak at around M = 16.9M�. By appropriately

adjusting its parameters, the template model managed to find a better fit to the

signal than by using the signal’s parameters, resulting in a fractional systematic error

of about 0.5% for the recovered total mass. This is also verified by the top, right

panel of Fig. 6.4.

The series of peaks in log likelihood suggests that to map the likelihood surface

sufficiently one should propose jumps between peaks, so that the Markov chains do

not get stuck in a local maximum. To do so, we used the log likelihood as a function

of the total mass maximized over tc, φc and DL as an additional jump proposal, where

all other parameters were held fixed, and the new total mass point was drawn from

this distribution through rejection sampling. These jumps ensure that all peaks are

explored adequately and the one with the maximum likelihood is selected.

An interesting consequence of the behavior of the likelihood surface is related to

the theoretical bias [74]. The latter is defined as the mismodeling error in parameter

recovery induced by inaccuracies in the template model, e.g. due to truncation of the

PN series. One semianalytic estimate of this error can be obtained by modeling the

likelihood surface as a single peak of finite width [74]:

∆thθ
i =

(
Γ−1(θtr)

)ij
(∂jhSPA(θtr) | hDFT(θtr)− hSPA(θtr)) , (6.5)
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where hDFT is the true signal (in our case, the numerical PN model), hSPA is the

“incorrect” template that is used (in our case, any of the analytical models), and

(Γ−1)
ij

is the inverse of the Fisher information matrix

Γij = (∂ih | ∂jh) , (6.6)

where ∂i denotes differentiation with respect to the ith parameter. All quantities are

evaluated at the injected parameters θtr.
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Figure 6.6: Real bias (blue dotted line) and theoretical bias (magenta dot-dashed
line) for the chirp mass (left panel) and the total mass (right panel) for a BHBH
binary as a function of the injected spin. The shaded regions give the 1-σ confidence
intervals.

This estimate of the mismodeling error due to theoretical bias is indeed

approximately correct when the likelihood surface is single peaked, but it can grossly

underestimate the biases when the surface is multipeaked. Figure 6.6 shows the

real error, as estimated from the posterior distribution, and the mismodeling error,

as estimated with Eq. (6.5), for the chirp mass (left panel) and the total mass

(right panel) as a function of the injected χs, given a BHBH binary signal. For the

total mass, Eq. (6.5) (roughly the width of the first peak) underestimates the true

bias (roughly the distance between peaks) by an order of magnitude. As a further
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verification of this, we restricted the total mass range around the primary peak of the

log likelihood and found that the real bias agreed with the theoretical bias.

Parameter Estimation

Parameter estimation in the Bayesian framework gives the posterior belief that

a certain model with a parameter vector ~θ describes the data d. The posterior

distribution is calculated through Bayes’ theorem

p(~θ|d) =
p(d|~θ)p(~θ)
p(d)

, (6.7)

where p(~θ|d) is the posterior belief, p(~θ) is the prior belief on the parameters, p(d)

is the evidence (here, an irrelevant normalization factor), and p(d|~θ) is the likelihood

that data d were produced by a model with parameters ~θ. For the prior, we choose

uniform distributions in the allowed region of parameter space. In GW studies, the

likelihood is the noise model, which we here assume to be Gaussian and stationary

p(d|~θ) ∼ exp

[
−1

2
(s− h | s− h)

]
, (6.8)

with s the detectors’ output and h the template model. The 15−dimensional posterior

distribution is sampled though an MCMC algorithm. The posterior distribution for

each parameter is then obtained by marginalizing over all other parameters.

Unlike in the previous section, where we were interested in maximizing the

likelihood to recover the maximum overlap between the signal and the model, we are

now interested in the likelihood surface itself. For that reason we use the restricted

double-precessing waveform as the signal and recover it with the spin-aligned model

and the double-precessing model as templates. A very wide likelihood surface results
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in poor parameter extraction, while a peaked likelihood results in small errors for the

recovered parameters.

Henceforth, we assume GW detections with the following three-detector network

configurations: (i) two aLIGO detectors and one AdV detector with network SNRs

of 10 and 20, and (ii) three detectors with the LIGO3 noise model [6] and SNRs of

30 and 60. We concentrate on observations of the characteristic systems described in

Table 6.1.

Furthermore, since we are dealing with NS binaries, we stop our analysis at a

GW frequency of 400Hz in order to avoid finite size effects [112,148,180]. Extending

our analysis beyond this frequency would only serve to strengthen our results for

the following reasons: (i) for a given GW source at a fixed distance, the inclusion of

the late inspiral, plunge and merger, increases the SNR, which leads naturally to an

improvement in parameter estimation; (ii) the finite size effects that NSs experience

can provide useful information in mass extraction and distinguishing between NSs

and BHs; and (iii) electromagnetic counterparts from the merger phase can aid in

differentiating between NSs and BHs. Thus, from this standpoint, our parameter

estimation results could be thought of as conservative.

Distinguishing between
Nonspinning and Spinning Binaries

Given a GW detection, a particularly important follow-up question is whether

the signal was produced by a spinning binary or not. In this section, we address

this issue by examining whether the restricted, double-precessing model can be used

to distinguish between spinning and non-spinning signals. We do so by calculating

the Bayes factor, in the case of uninformative flat priors the betting odds, in favor

of the spinning model. If the BF is less than one, then the non-spinning model is
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preferred and we cannot conclude from the data that the binary components have

nonzero spin magnitudes.

When considering nested models, i.e. models that reduce to each other when a

subset of the parameters in one of them acquire certain values, the BF reduces to the

Savage-Dickey density ratio, which is given by

BF =
p(χ1 = 0, χ2 = 0)

p(χ1 = 0, χ2 = 0|d)
, (6.9)

the ratio of the prior belief that the spins were zero to the posterior belief that

the spins are zero. In Appendix C, we derive this result for models that differ by

multiple parameters, some of which do not contribute to the likelihood unless others

are nonzero, e.g. the spin angle parameters do not matter if the spin magnitude is

zero.

Although the prior can be easily evaluated at (χ1, χ2) = (0, 0) since it is uniform,

the posterior is much more difficult to calculate. As already mentioned, the process

of determining the 2D posterior p(χ1, χ2|d) involves marginalizing over all other

parameters. This is done by dividing the (χ1, χ2) space into bins of size dχ1 = dχ2

and counting how many times the Markov chains visit each corresponding bin. The

value of the posterior at (χ1 = 0, χ2 = 0) is proportional to the number of samples in

the first bin (0, dχ1, 0, dχ2).

Clearly, the result depends sensitively on the number of bins used, or equiva-

lently, on the size of each bin. There are two main sources of error in this calculation.

If the size of the bins is too small, there will not be enough samples in each of them

to give a statistically reliable result, i.e. there are large root n errors, where n is the

number of samples in the bin. A very large bin size, on the other hand, will result in

an inaccurate estimate of the value of the posterior at (χ1, χ2) = (0, 0).
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In order to reduce root n error, we need more samples in the first bin, which

we achieve through a two-stage analysis. In the first stage, the pilot run, we obtain

N1 samples from the full posterior distribution. Given that, one can estimate the

rectangle (0, χmax
1 , 0, χmax

2 ) that contains n1 samples (n1 chosen to be ∼ 10% of

N1). In the second stage, the focused run, we carry out an analysis with a flat

prior in (0, χmax
1 , 0, χmax

2 ) and a zero prior elsewhere, effectively forcing the chains

to visit points close to zero spin magnitude, and thus reducing the statistical root

n fluctuations. The focused run results in a total of N2 points, n2 of which are in

(0, dχ1, 0, dχ2), where recall that dχ1 = dχ2 is the size of the bins. Figure 6.7 gives an

illustration of this procedure. The value of the normalized 2D posterior at vanishing
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Figure 6.7: Example 2D scatter plots for χ1 − χ2 for the pilot run (main plot) and
the focused run (inset) to illustrate the two-stage analysis. The red box in the pilot
run indicates the size of the region (0, χmax

1 , 0, χmax
2 ) of the focused run. This region

contains ∼ 10% of the total points of the pilot run.

spins is then

p(χ1 = 0, χ2 = 0|d) =
n2

N2

n1

N1

1

dχ1dχ2

, (6.10)
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while the fractional error from this procedure can be estimated through

√
1

n1

+
1

n2

. (6.11)

Having ensured that there are enough samples in the first bins, we still need to

choose a bin size that provides an accurate estimate of the value of the posterior at

zero spin magnitude. We do so by plotting the posterior in the first bin (0, dχ1, 0, dχ2)

as a function of the bin size dχ1 = dχ2. From this plot, we choose the points {bi}

that satisfy the two following requirements: (i) the bin size is not comparable to the

injected spin value and (ii) there are at least 30-50 samples in the first bin. Each

point has an error bar {bmin
i , bmax

i } calculated through Eq. (6.11). The BF is, then,

given by the average of these points with an error bar {min(bmin
i ),max(bmax

i )}. The

convergence of this procedure, and the accuracy of the error estimates, were checked

by performing multiple runs with different random number seeds for a few examples.

These multiple runs produced consistent results, with a spread in values that agreed

with the error estimates.

Before we can discuss distinguishability between spinning and non-spinning

systems, we must understand how spin enters the waveform templates. For systems

with similar component masses, spin first enters through the effective spin parameter

χeff =
~χ1 · L̂+ ~χ2 · L̂

2
. (6.12)

Not surprisingly, this is the parameter that can be extracted most accurately, just like

the chirp mass is measured more accurately than the symmetric mass ratio. In this

case, however, a measurement of χeff only provides information about the component

of the spin angular momentum along the orbital one. Measuring the perpendicular
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Figure 6.8: BF as a function of the injected effective spin between nonspinning and
spinning models for System 1 of Table 6.1 and for spin-aligned (black) and double-
precessing (red) templates, assuming an injection with SNR 10 (solid) and 20 (dotted)
in an aLIGO-AdV network (left) and SNR 30 (solid) and 60 (dashed) as seen by
LIGO3 (right).

components of the spin angular momentum would require measuring the cone of

precession, which is difficult with the SNRs expected with aLIGO.

We tackle the distinguishability of spinning and non-spinning systems as a model

selection problem [69, 80, 104, 185, 212]. We inject system 1 of Table 6.1, where we

vary χ1 = χ2 and recover it with the double-precessing and the spin-aligned model.

Figure 6.8 shows the BF between non-spinning and spinning models as a function of

the χeff for the aLIGO/AdV system (left) and for LIGO3 (right). BF > 1 indicates

that the data favors the spinning model. For the same SNR the double-precessing

template correctly identifies the signal as produced by a spinning source at a lower

value of χeff than the spin-aligned model, while both models correctly identify a non-

spinning signal (χeff = 0 case).

The effective spin parameter is the appropriate variable to use when studying

spin detectability. This is because it is χeff which enters to leading PN order in the

evolution of the GW phase. We can demonstrate the validity of this argument by

calculating the BF in favor of the spinning model as χeff is increased in two different
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Figure 6.9: BF as a function of the injected effective spin between nonspinning and
spinning models with double-precessing templates, where the effective spin has been
updated through a change in the spin magnitudes (red lines, System 1 of Table 6.1)
and a change in the spin angles (blue lines, System 2 of Table 6.1). The injected
signal has a SNR of 10 (solid lines) and 20 (dashed lines) and is measured by aLIGO.

ways: (i) by increasing the value of the injected dimensionless spin parameters χ1 = χ2

(System 1 in Table 6.1), and (ii) by decreasing the angle between the spin and the

orbital angular momenta (System 2 in Table 6.1). Figure 6.9 shows the BF in favor

of the spinning model for the double-precessing model calculated in both ways. Both

approaches give similar results, demonstrating that the model depends indeed on χeff

and not on the individual spin magnitudes and orientations.

Accuracy of Recovered Parameters

The double-precessing model can break degeneracies between the spins and the

masses, improving the accuracy of mass extraction significantly, as compared to

the spin-aligned model. This phenomenon has deep implications for astrophysical

inference with ground-based detectors and merits further discussion and explanation.

We do so in Chapter 7. Here we focus on another aspect of the double-precessing

model: its ability to measure spins.
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Once the components’ masses have been accurately recovered (see the following

chapter), what is left is recovering the spin magnitudes themselves. We quantify

our belief on the recovered, effective spin parameter by estimating the minimum

interval in the χeff space that contains 68% of the posterior distribution. This interval

corresponds to the 1-σ confidence region for a Gaussian distribution. Figure 6.10

shows the value of χeff at the peak of the posterior for System 1 of Table 6.1 as a

function of the injected effective spin value for signals detected with aLIGO (top

panels) and LIGO3 (bottom panels) with the double-precessing model (left panels)

and spin-aligned model (right panels) and SNR of 10 and 20 for aLIGO, and 30 and

60 for LIGO3. We indicate the 68% confidence area with shaded regions.

As expected, the distributions are peaked closer to the injected value and the

error bars decrease as the SNR increases. The error bars always include the injected

value. For an aLIGO detection with a SNR of 10, one could determine χeff with a

confidence of about ±0.02. The use of spin-aligned templates deteriorates this by an

order of magnitude; the error in χeff is now about ±0.2. We find similar results for

signals detected by LIGO3. This time, the double-precessing model can place error

bars of about ±0.01 at SNR 30, while the spin-aligned model achieves an accuracy

of about ±0.1 only at the same SNR. For the same model the accuracy is essentially

independent on the injected spin value, and depends mainly on the SNR value.

Conclusions

In this chapter we carried out a full Bayesian study of the performance of various

analytical templates for detection and parameter estimation of double-precessing,

compact binary inspirals. We considered the usual nonspinning and spin-aligned

models, as well as the new analytical (small-spin), double-precessing model we

constructed in Chapter 4.
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Figure 6.10: Maximum posterior value for effective spin for System 1 of Table 6.1 as
a function of its injected value. The top panels correspond to a signal measured by
aLIGO, while the bottom ones are for LIGO3. The left panels show signals recovered
with the double-precessing templates, while the right ones with the spin-aligned ones.
The shaded regions indicate the minimum interval that contains 68% of the posterior
distribution. The black dashed line indicates χeff = 0, while the black solid line gives
the χeff = χinj

eff curve.
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We found that even though the non-spinning and spin-aligned models can be

used for the detection of NSNS binaries (symmetric spin parameters up to 0.2),

they are inadequate for BHBH binaries (arbitrary symmetric spin parameters).

Furthermore, they induce mismodeling biases that make any use of them for

parameter estimation purposes prohibitive. On the other hand, the spin-precessing

model can achieve fitting factors above the 98% threshold for all symmetric spin

values and lead to a reduction of the systematic bias in mass and spin of at least

an order of magnitude [126, 131, 218, 223]. This enables us to use it for parameter

estimation of NSNS binary systems.

The parameter extraction analysis is carried through a search of the likelihood

surface with a MCMC technique, which is better suited for sampling complicated and

weak signals than Fisher information matrix estimates [26, 27, 159, 183, 214, 215, 217,

224]. We find that the double-precessing template can not only lead to the detection

of spins, but also to the measurement of the effective spin parameter to high accuracy

compared to an alternative spin-aligned model.

The results presented here demonstrate the importance of precessional effects

in the analysis of precessing systems, even when the spin magnitudes and angles

are small. Failure to accurately include them will lead to a significant loss in the

volume accessible to GW detectors. Given the already low detection rates expected,

such a reduction might lead to erroneous astrophysical conclusions. Apart from

the detectability issue, the use of precessing templates in data analysis can lead to

answers to many astrophysically important questions, like mass and spin distributions

of astrophysical objects.
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BREAKING THE BH–NS DEGENERACY

The GW signals from compact binary merger events can be used to study the

mass and spin distribution of stellar remnants, and provide information about BH

horizons and the material properties of NSs. However, it has been suggested that

degeneracies in the way that the star’s mass and spin are imprinted in the waveforms

may make it impossible to distinguish between BHs and NSs. In this chapter we show

that the precession of the orbital plane due to spin-orbit coupling breaks the mass-

spin degeneracy, and allows us to distinguish between standard NSs and alternative

possibilities, such as BHs or exotic NSs with large masses and spins.

Introduction

The final stages of the inspiral and merger proceed differently for BHs and NSs,

and in principle, this should allow us to identify the make-up of the system from

the GW signal alone. However, the number of GW cycles in the signal and the

aLIGO/AdV sensitivity fall off rapidly with increasing frequency, meaning that there

is very little information past ∼ 500 Hz (less than 2% of the SNR). Probes of BH

physics and the equation of state of NSs will likely require multiple detections [79,80].

An electromagnetic counterpart to the GW signal, such as a short-hard gamma-ray

burst or an associated kilonova/macronova emission [155], would indicate that at

least one of the bodies was a NS, but beaming effects or the luminosity of the signal

may make detecting a counterpart difficult for the majority of mergers [2,3]. Absent

a counterpart, we must rely on the early inspiral to extract information about the

make-up of the binary, which poses a challenge since finite size effects are completely

negligible during inspiral [180]. All we have to go on to decide the composition of the

binary are the values of the masses and spins inferred from the inspiral signal.
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General arguments based on stability and causality limit the mass and spin of

NSs to the range M ∈ [0.1, 3.2]M� for the mass and χ ∈ [0, 0.7] for the dimensionless

spin magnitude, χ ≡ |~S|/M2, where ~S is the spin angular momentum [134,182,236].

Realistic equations of state yield a tighter mass range M ∈ [1.0, 2.5]M�. The observed

range of masses and spins is somewhat tighter [134, 164]: M ∈ [1.0, 2.0]M�, χ ∈

[0, 0.3]. The old NSs that merge are expected to have spun down by magnetic breaking

to the point where the maximum spin is much lower, χ . 0.05, than in the general

NS population [147]. Furthermore, the standard isolated NSNS binary formation

scenario ensures that after every common envelope phase (that tends to align the

spins) follows a supernovae kick that misaligns the spins (unless the kick is in the

orbital plane, though there is evidence that this is not the case [119]). Thus, we

adopt the definition that normal NSs seen by aLIGO/AdV have M ∈ [1, 2.5]M� and

χ ≤ 0.05, and term NSs with larger masses or spins exotic. Einstein’s theory of

gravity allows BHs to have spin in the range χ ∈ [0, 1] with any mass. X-ray and GW

observations have identified stellar remnant BHs with M ∈ [3.6, 36]M� and χ ∈ [0, 1].

There is currently some debate as to the existence of a mass gap between NSs and

BHs [36, 91, 163], but for the purpose of determining whether a normal NS could be

misidentified as a BH or an exotic NS, the existence of a gap is moot.

The PN approximation can be used to construct a model of the GWs emitted

during inspiral. The combination of such a GW model with a model for the instrument

response yields templates for the signals as seen by the detector. Subtracting

the model from the data produces a residual, and demanding that the residual is

consistent with a model for the instrument noise defines a likelihood function. From

this function and our prior knowledge we can derive a posterior distribution for the

model parameters that are consistent with the observed data. It often happens that
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there are strong correlations between these parameters, limiting our ability to measure

each parameter individually.

Recent work [106] has suggested that the correlation between mass and spin [72,

73] may make it impossible to distinguish between a NSNS binary and a NSBH or

a BHBH binary. This result hinges on a simplified waveform model that assumes

that the spin and orbital angular momenta are perfectly aligned, and thus, spin-

orbit induced precession [28,48] is absent. However, we have no reason to expect the

spin and orbital angular momenta to be aligned in stellar remnant binaries. Indeed,

the NS binaries observed at much longer orbital periods are far from aligned and

are precessing [50, 113, 228]. It has been hypothesized [25, 106] that spin precession

would not significantly alter the conclusions drawn using spin-aligned waveforms. We

have tested this hypothesis and found, as first suggested by [72], that spin precession

adds additional richness to the signals that almost completely breaks the mass-spin

degeneracy, producing an order-of-magnitude improvement in the extraction of the

individual masses and spins, which allows us to distinguish between NSs and BHs.

We show that normal NS binaries will not be mistaken for BHs or exotic NSs, but we

cannot rule out the possibility that some exotic NSs or low mass/low spin BHs may

be misidentified as normal NSs.

Methodology

We employ Bayesian inference [1, 70, 140, 212] to quantify the astrophysical

information can be extracted from a GW detection. In particular, when comparing

models, we compute the Bayes Factor, which is the ratio of the evidence for one

model to that for another. We compute BFs through MCMC techniques, as described

by [1, 70, 140]. We consider only the inspiral phase, from 10 Hz up to 400 Hz, at

which point NS tidal deformations can no longer be neglected; extending the analysis
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beyond 400Hz would only strengthen the results obtained here. With these tools, and

assuming a GW detection, we address the following questions:

1. Can we distinguish between NSNS binaries and low-mass, small-spin NSBH

binaries only by the inspiral portion of the waveform?

2. Is the mass uncertainty large enough to lead to a false detection of astrophysi-

cally “exotic” NSs?

To answer these we need a waveform template that accurately models the

GWs emitted during the quasicircular inspiral of spin-precessing, compact binaries.

Previous studies were limited to spin-aligned or antialigned systems [25,106], as until

recently, these were the only systems for which fast, closed-form frequency domain

waveforms were available (numerical time-domain templates are available, but their

high computational cost limits their utility, see the discussion in [59]). However, we

derived an analytical model for precessing systems in Chapter 4 of this dissertation

using elements of MSA [62, 111, 124] (see also [144]) and the SPA method [84, 245],

leading to small-spin double-precessing templates.

Each GW model incorporates spin effects in a different way and has, thus, a

different spin prior. For the double-precessing model, we use uniform priors on the

spin magnitudes and uniform priors on the unit sphere for the spin angles. For the

spin-aligned model we again use uniform priors on the spin magnitudes, but delta

functions about (anti)alignment with the orbital angular momentum for the spin

angles. Clearly, the prior used in the double-precessing case is the most generic one

since it assumes the least amount of prior information about the signal. Furthermore,

a prior favoring spin alignment is not supported by astrophysical data. All the models

use uniform priors on the masses.
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Distinguishing between NSs and BHs

We simulated four non-spinning signals based on System 4 of Table 6.1 and

recovered them with non-spinning, spin-aligned [9, 24, 132, 175], and the double-

precessing models [62]. Figure 7.1 shows a 2D scatter plot of points in the (m1,m2)

plane (with m1 ≥ m2) that belong in the 90% probability quantile of the posterior

distributions. The points are clustered along lines of constant chirp mass, with the

extent of the lines determined by how well the dimensionless, symmetric mass ratio η

is determined. For waveforms with spin, the degeneracy between spin and mass ratio

enlarges the 90% confidence region.
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Figure 7.1: Scatter plot showing points from the 90% probability quantile in (m1,m2)
for non-spinning signals with different masses of SNR 10 extracted with non-spinning
(turquoise), spin-aligned (black), and double-precessing (red) templates. The injected
masses are given on the top-left of each posterior. The posteriors overlap from the
equal mass boundary to the short lines that cut across the scatter plots indicating the
separation between the different posteriors in the direction orthogonal to the chirp
mass. The use of double-precessing templates leads to more accurate mass extraction
that spin-aligned templates.

How well the mass ratio can be measured depends on the particular model

used. Non-spinning templates lead to the smallest spread in the recovered masses,
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but at the cost of large systematic biases when one considers astrophysical realistic

spin-precessing signals. Spin-aligned templates measure the mass ratio with a larger

spread, due to degeneracies between masses and the spins. The inclusion of spin-

precession partially breaks this degeneracy, translating into an improvement in the

accuracy of the mass extraction that resembles what one would obtain with non-

spinning templates. Similar results are shown in the left panel of Fig. 7.2 for the

spin-prcessing System 3 in Table 6.1 at SNR 10. The right panel of Fig. 7.2 gives the

90% probability quantile in the (χm,m1), where χm ≡ (m1χ̂1 ·L̂+m2χ̂2 ·L̂)/(m1+m2),

for one of the systems of the left panel. The results obtained for spin-precessing

injections are stronger than for nonspinning ones.
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Figure 7.2: (Left panel) Same as Fig. 7.1 for System 3 of Table 6.1, but without
the non-spinning template. (Right panel) Scatter plot showing the 90% probability
quantile in the (χm,m1) plane for the (1.36, 1.34)M� system from the left panel. The
mass-spin correlation is far more pronounced for the spin-aligned model (black) than
for the double-precessing (red) waveform model.

Figures 7.1 and 7.2 demonstrate that the use of the double-precessing model

results in a significantly improved parameter extraction accuracy even for nonspinning

injections. This might seem counterintuitive, because one may expect that increasing

the dimensionality of the parameter space without increasing the complexity of

the data (as is the case with the nonspinning injection) deteriorates measurement

accuracy. Indeed, we find this to be the case when using the spin-aligned model to
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extract a nonspinning signal; the two extra spin parameters, the spin magnitudes,

introduce degeneracies with the individual masses that degrade the accuracy of mass

extraction.

Following that reasoning, one may expect that the double-precessing model

would perform even worse, since it has four more parameters than the spin-aligned

model: the spin angles. This is not the case for the following reason. The spin angles

offer the model more ways to leave the region of parameter space where the mass-

spin degeneracies are more pronounced. When this occurs, the likelihood calculated

between the signal and the double-precessing model deteriorates severely, leading to

the rejection of the proposed jumps that have large masses.

-1 -0.5 0 0.5 1
χeff

0.0001

0.001

0.01

0.1

1

10

Pr
io

r D
en

si
ty

Aligned
Precessing

Figure 7.3: Prior distribution for the effective spin for the priors we have used in
the two different models: uniform spin magnitudes and uniform priors on the unit
sphere for all direction angles for the precessing model (solid line), and uniform spin
magnitudes for the aligned model (dotted line). In the range of interest [−0.5, 0.5] the
priors differ by less than a factor of ∼ 3− 4, demonstrating that it is not a difference
in priors that results in the increased measurement accuracy of the double-precessing
model.
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The tendency of the double-precessing model to leave the mass-spin degenerate

region of parameter space is not a result of the choice of prior. In the spin-aligned

case, we chose uniform priors on the spin magnitudes in the range [0, 1]. In the

double-precessing model, we chose uniform priors on the spin magnitudes in the range

[0, 1] and uniform priors on the unit sphere for all direction angles. To determine

the influence of these choices on our results we imposed the precessing χeff prior

on the spin-aligned model. We, indeed, found that the results of Fig. 7.2 are not

noticeably modified, demonstrating that it is not the choice of prior that enhances

the performance of the double-precessing model. This result should not be surprising

if one compares the two priors. Figure 7.3 shows the prior distribution for χeff for

the two models considered here. The two priors on χeff show the same qualitative

behavior in the region [−0.5, 0.5], the range of interest here (see also the right panel

of Fig. 7.2).

If this behavior cannot be attributed to the prior, it must be attributed to the

likelihood: the extra freedom in the spin orientation of the precessing model makes

it less likely for systems with large masses or spins to match the signal. Figure 7.4

illustrates this through the dephasing between one of the systems of Fig. 7.1 and a

system whose mass and spin magnitude are in the 90% probability quantile of the

spin-aligned model but not in that of the precessing one, for different angles between

the total spin and the orbital angular momentum. The dephasing induced by the spin-

aligned model is below 1 radian for a wide range of frequencies [20, 400]Hz despite the

high value of χ2, a manifestation of the mass-spin degeneracy. On the other hand,

the double-precessing model results in a large dephasing, and hence a low likelihood

bad fit, which breaks the mass-spin degeneracy.

The fact that even a very small transverse spin can have such a big effect on

data analysis can be understood as follows. Spin-alignment introduces a very strong
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Figure 7.4: Phase difference between the nonspinning system (m1,m2) =
(1.36, 1.34)M� of Fig. 7.1 and a system that belongs in the 90% probability quantile
of the spin-aligned model with (m1,m2) = (2.51, 0.79)M� and (χ1, χ2) = (0.04, 0.82)
(black line). Keeping the masses and the spin magnitudes of the second system fixed,
we misalign the spins and plot the phase difference between the initial nonspinning
system and the new precessing system for 40◦ (red line), 80◦ (green line), and 120◦

(blue line) between the total spin and the orbital angular momentum at 10Hz.

correlation between the masses and the spins. As a result, the parameter covariance

matrix is nearly singular. The near singularity of the covariance matrix means

that very small changes in the waveforms can have significant effects on parameter

estimation. Even the small amount of precession expected for NS binaries is sufficient

to alter the mass-spin correlation and lead to very different parameter estimation

results.

These results indicate that the increased accuracy we achieve with the double-

precessing model is not a consequence of our choice of parameter priors, but rather

it is due to the likelihood itself and its dependence on the precession features of

the signal. The latter offer more ways for the double-precessing model to produce

large mismatches with the injected signal, when it has to select the additional four

spin angle parameters. As a consequence, the large-spin/large-mass points tend to
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give lower likelihoods. The double-precessing model prefers to stay in the region

of parameter space that fits the injected parameter, rather than wander off into

these regions of lower likelihood. Effectively, in non-precessing models, a change in

mass ratio results in a change of the rate of monotonic increase in the phase and the

amplitude of the GW. The same can be achieved through a change in spin magnitude,

due to the mass-spin degeneracy. On the other hand, precessional effects introduce

phase and amplitude modulations that cannot be reproduced by a change in mass

ratio.

Distinguishing between Normal and Exotic NSs

Imagine we have detected a GW produced by a NSNS binary. The double-

precessing model has enabled us to correctly identify it as consisting of NSs. But, are

the remaining parameter uncertainties enough to lead to an erroneous inference that

we have detected a NS with parameters outside those expected from astrophysical

models? We define a normal NS binary as one with m1,2 ∈ [1, 2.5]M� and χeff ∈

[−0.05, 0.05] and an exotic NS as one that is not normal. We could have chosen

different values for the boundaries in m1,2 and χeff, but these are consistent with

current astrophysical considerations, and the results would not qualitatively change if

we picked other values. Notice that a χeff in that range does not guarantee χ1,2 ≤ 0.05,

due to the effect of the projection along the orbital angular momentum. Nonetheless,

a detection of a system with χeff ≥ 0.05 would unambiguously imply that the system

possesses at least one χ ≥ 0.05.

Figure 7.5 shows the BF in favor of the exotic NS model for a precessing signal as

a function of χeff for different SNRs using the double-precessing model. Regardless of

the SNR of the signal, a normal NS is always recovered as such. There exists, however,

a window in parameter space (signals with SNRs of 10 and χeff ∈ [0.05, 0.07]) that
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Figure 7.5: BF in favor of the exotic NS model as a function of the effective spin for
different SNR values. The simulated signal is produced by System 1 of Table 6.1.

could lead to the characterization of the system as normal, when in reality it was

exotic.

Conclusions

We showed that the inclusion of spin-precession in waveform templates breaks

the degeneracy between the system’s individual masses and spins, and allows us

to distinguish between NSNS binaries and low-mass, small-spin NSBH or BHBH

binaries. Moreover, even for signals with modest SNR, we can distinguish between

“normal” and “exotic” NSs. These results open the door to population studies with

the first GW detections, as well as coincident studies between the electromagnetic

detection of short gamma-ray bursts and GWs. Indeed, if such a coincident

observation is made, being able to identify the source from purely GW observations

as a NS binary, a mixed binary or a BH binary would prove invaluable.

The results presented here are subject to several assumptions. First, the noise

is assumed to be stationary and Gaussian, while in reality this may not be the case.
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Proper noise modeling along the lines of [71, 141] will help to restore performance

to levels close to the ideal case. Second, calibration errors and non-stationary drifts

in the noise spectrum should be marginalized over, but these mostly impact the

amplitude parameters, and only have a small impact on the spin measurement. Third,

the waveform model inaccuracies do not affect our estimates of the statistical errors

at leading order [59], so our conclusions will apply to more accurate waveform models.

This is not the first time that parameter extraction is greatly improved when a

more detailed model is used. Initial studies on the projected bounds of the graviton

mass and the Brans-Dicke coupling parameter [189,229,230,232] assumed nonspinning

signals. The introduction of aligned spins in the models brought along degeneracies

that degraded the bounds by about an order of magnitude [41]. However, Stavridis

and Will [204] and Yagi and Tanaka [238] showed that the inclusion of precessional

effects in the models can bring the bounds back to almost their nonspinning values.
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PROBING THE INTERNAL COMPOSITION OF NSS WITH GWS

GWs from NSNS inspirals contain information about the as yet unknown

equation of state (EoS) of supranuclear matter. In the absence of definitive

experimental evidence that determines the correct EoS, a number of diverse models

that give the pressure inside a NS as function of its density have been constructed by

nuclear physicists. These models differ not only in the approximations and techniques

they employ to solve the many-body Schrödinger equation, but also in the internal

NS composition they assume. We study whether GW observations of NSNS binaries

in quasicircular inspirals up to contact will allow us to distinguish between EoSs

of differing internal composition, thereby providing important information about

the properties and behavior of extremely high density matter. We carry out a

Bayesian model selection analysis, and find that second generation gravitational wave

detectors can heavily constrain EoSs that contain only quark matter, but hybrid stars

containing both normal and quark matter are typically harder to distinguish from

normal matter stars. A gravitational wave detection with a SNR of 20 and masses

around 1.4M� would provide indications of the existence or absence of strange quark

stars, while a SNR 30 detection could either detect or rule out strange quark stars

with a 20 to 1 confidence. The presence of kaon condensates or hyperons in neutron

star inner cores cannot be easily confirmed. For example, for the EoSs studied here,

even a GW signal with a SNR as high as 60 would not allow us to claim a detection of

kaon condensates or hyperons with confidence greater than 5 to 1. On the other hand,

if kaon condensates and hyperons do not form in NSs, a GW signal with similar SNR

would be able to constrain their existence with an 11 to 1 confidence for high-mass

systems.
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Introduction

With the main goal of the advanced detectors already achieved, the scientific

community has started shifting focus to an even more interesting endeavor: What

can we infer about Nature from GW observations?

One interesting possibility is linked to finite-size effects that NSs experience

because they are extended bodies with structure. When objects with a finite size are

subjected to the tidal field of another object their multipole moments are affected in

a way that depends on the EoS – for barotropic fluids, a relation between pressure

and density– of their matter. The densities encountered in NS interiors are extremely

high; in the inner core they even exceed nuclear densities. In this high density regime,

laboratory experiments and observations have still to provide a definitive answer

on the correct EoS. We, therefore, study whether GWs can be used to answer the

following question: Given the detection of the NSNS quasicircular inspiral, can we

use finite-size effects to learn about the EoS of the extremely dense NS interior [78,

88,89,95,103,112,134,233]?

To leading order, finite-size effects cause the quadrupole moment tensor of a star

Qij to be affected by the tidal field tensor of its companion Eij through Qij = −λEij.

The constant of proportionality λ is called the tidal deformability and it is a function

of the mass and the EoS. This tidal interaction causes NSs to be distorted during

the inspiral phase and torn apart before merger. By the ‘inspiral phase’ we define

the evolution of the binary up to an orbital separation of six times the total mass

or contact, whichever comes first. The plunge and final collision after this orbital

separation is called the ‘merger phase’. Since this merger is expected to happen

at high frequencies of O(103)Hz, where the detector noise is likely to dominate, we
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here focus on the better modeled inspiral part1. The PN waveform, in fact, becomes

less accurate near the merger [93, 225, 241]. For nonspinning NS binaries, a more

accurate waveform is available using the effective-one-body (EOB) approach [40]. In

this study, we consider precessing NS binaries as we will explain in more detail below.

Since the EOB waveform for precessing NS binaries is currently unavailable, we use

the double-precessing PN waveform of Chapter 4.

In the PN framework, the first finite-size effect enters the waveform at 2PN order

in the GW phase through spin corrections to the quadrupole moment of the objects

Q1,2 [172], and here we also include the 1PN correction to this [235]. Then, at 5PN

order and above, the tidal deformabilities λ1,2 enter the phase directly [78, 93, 95,

112, 222, 241]. All these parameters are EoS-dependent, however, two of the authors

showed that their interrelation is approximately EoS-independent [239,240]. A lot of

work has been put into understanding and extending this result [29,56,57,81–83,109,

123,133,145,151,152,168,170,195,237,242,243], in particular to include higher-order

multipole moments and tidal deformabilities [65,170,205,234,236]. We can therefore

use the Love-Q relation to choose Q1,2 in favor of λ1,2 or vice versa from the GW

phase.

The problem of the detectability of finite size effects with gravitational waves has

gathered a lot of attention in recent years. Initial studies, based on quantifying the

differences between waveforms with different EoSs or on a Fisher information matrix

analysis [78, 112, 127, 128, 153, 169, 179, 180] suggested that aLIGO has the potential

of providing useful information on the NS EoS. However, due to the expected low

signal-to-noise ratio (SNR) in aLIGO detections and due to the strong correlations

1A number of studies have examined the possibility of determining the EoS from the merger
phase (see [128] for an example). However, in the absence of a full and accurate template bank of
merger waveforms, it is not clear how one would perform a full data analysis study.
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between the different GW parameters, the applicability of a Fisher study, and the

conclusions derived from it, is limited [66,162,183,215].

For this reason, several Markov-Chain Monte-Carlo (MCMC) [70, 140] studies

have recently been carried out in order to address EoS detectability in a more robust

way in the context of Bayesian inference. The first such study was performed by Del

Pozzo et al. [79], which showed that a few tens of detections of moderate brightness

can be combined to provide strong constraints on the EoS, though this result seems

to be highly dependent on the mass distribution of the sources [8]. Wade et al. [225]

studied the effects of systematic and statistical errors in EoS extraction, while Lackey

and Wade [130] employed a more realistic parametrization of the EoS and agreed that

a few bright sources can determine the EoS of NSs.

With the exception of [79] and [8], all previous work mentioned above consisted

of parameter estimation studies, where the tidal deformability is treated as a system

parameter and searched over with an MCMC analysis. Any EoS that predicts a value

of the deformability within the recovered uncertainty is compatible with the results of

the MCMC. Any EoS that does not fall in the deformability error bars can be ruled

out. We choose a more direct approach here and compare the different EoS models

directly, an approach known as model selection. In the latter, the EoS itself, instead

of the tidal deformability is treated as an independent parameter of the system and

the analysis allows the data to select which EoS is preferred. Our study is unique in

that we use this tool to perform a comprehensive study on whether we can extract

important physical information about the composition of NSs, such as the existence

of exotic species.

The different EoS models proposed in the literature differ not only in the NS

composition they assume, but also in the approximate schemes they employ to solve

the many body Schrödinger equation. These approximate schemes include approaches
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such as the variational method [167], Skyrme-Hartree-Fock (SHF) models [202],

Brueckner-Hartree-Fock (BHF) models [86], and relativistic mean field (RMF)

theory [197,198]. The NS internal composition might be that the EoS is constructed

solely with normal matter (neutrons n, protons p, electrons e, muons µ), or it may

contain kaon condensates (K), hyperons (H), pion condensates (π), or quark matter

(Q).

Determining that 2 EoSs with the same composition but different approxima-

tions are distinguishable will not result in any new information about Nature. On

the other hand, determining that 2 EoSs with different compositions and different

approximations are distinguishable must be treated with caution. Can we claim that

the difference between the EoSs we detected is due to their actual physical differences,

or due to their distinct mathematical approaches? In order to avoid this obstacle, we

compare EoSs that employ the same, or as similar as possible, approximations and

differ only in their internal composition.

For example, consider an EoS, which contains normal matter, and is constructed

with the variational method2, and another EoS, which is also constructed with the

variational method, but includes both normal matter and hyperons. When we perform

a comparison on these 2 EoSs, we are essentially comparing a hyperon EoS and a

hyperonless EoS. The result of this comparison can directly be translated to physical

information. If the hyperon EoS is preferred, we have detected hyperons in NS cores

assuming one of the 2 EoSs is correct. If the hyperonless EoS is preferred, we have

constrained hyperons in NS cores.

At this stage one may reasonably object: Could we confuse a hyperon EoS

constructed with one method with a normal matter EoS constructed with a different

2Refer to Appendix A of [64] for a description of all EoSs used here along with their physical
content and approximation schemes.



147

method? This concern can be alleviated by performing a large number of comparisons.

Concluding that a hyperon EoS constructed with one method is preferred over a

normal matter EoS with the same method is not enough. We need to find as many

pairs of EoSs that have been constructed with a variety of different methods and

compare all of them. This approach (i) ensures we have not confused the effects of

internal composition and approximation schemes, and (ii) provides us with insight on

how hyperons, or other particles, affect EoSs in general. Effectively, by comparing

many pairs of EoSs, we ‘average out’ any effect coming from how each pair of EoSs

is constructed and isolate the effect of the common difference between the 2 EoSs of

all pairs i.e. the exotic matter.

Another aspect in which our analysis generalizes previous studies is that for the

first time we include spin-precession both in our simulated signal and in the templates.

We use the fully analytic double-precession model, derived under the assumption

that the binary components have small spins. This turns out to be an excellent

approximation for NSs in the LIGO band, as their dimensionless spin parameter (the

spin angular momentum over the mass squared) is not expected to exceed ∼ 0.1 [147].

The inclusion of spin-precession in the templates is crucial.In Chapter 7 we

showed that allowing for the systems to precess around the orbital angular momentum

can break degeneracies between the masses and the spins, improving mass extraction

by about an order of magnitude. This improved mass determination is directly

translated to better λ extraction, making EoSs easier to distinguish. This is because

in the context of model selection, it is the EoS that is a GW parameter, and not λ,

which is determined through a relation of the form λ(m,EoS).

The main results of our analysis are summarized below.

We find that advanced detectors will be able to place strong constraints on the

existence of quark stars comprised solely of quark matter. Given the EoSs available
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today, a NSNS binary with masses in the (1.2, 1.5)M� range with SNR = 30 can

effectively rule out strange quark stars, or make a positive detection of them. We,

furthermore, argue that even for the plausible EoSs constructed in the future, there

exists some mass ∈ (1M�, 1.8M�) where quark stars are distinguishable from normal

matter NSs.

The prospects of detecting or ruling out hybrid NSs including both normal and

quark matter are worse. If the strong interactions between quarks are close to those

predicted by a perturbative analysis [96] and the transition between nuclear and quark

matter phases happens around twice the nuclear saturation density, the detection of

a (1.4, 1.35)M� NS binary with SNR 30 − 40 could provide significant evidence of

whether quarks form in NS interiors. However, if the strong interactions are weaker,

aLIGO will not be able to reach confident conclusions.

It is unlikely that aLIGO will be able to claim a detection of hyperons or kaons,

since that would require high masses and SNR & 60. The detection of hyperon or

kaon condensates in NS interiors requires high mass stars, since it is only at these

high masses that you encounter densities large enough for these condensates to form.

This poses a significant problem; the importance of finite size effects is reduced with

increasing mass since λ decreases with increasing mass. Moreover, most NSs are

expected to have masses around ∼ 1.4M�, rarely reaching the 2M� required for

hyperons and kaons detection. We therefore conclude that it is unlikely that aLIGO

will be able to positively identify hyperons or kaons in NSs. On the other hand, if

hyperons and kaons are not formed in NS interiors, aLIGO could place constraints

on their existence.

Our analysis suggests that aLIGO can distinguish between models that differ at

low central densities, like normal matter EoSs and EoSs containing quark matter. In

order to probe the high density regime we need SNRs higher than what aLIGO is
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likely to achieve. This is due to the fact that high mass systems (i) present smaller

finite size effects, and (ii) have masses close to the maximum mass allowed, which

causes some interesting effects related to the prior boundary.

Among the various noise configurations aLIGO can be tuned to, the optimal

for EoS determination is the default Zero-Detuned, High-Power (Zero-Det., High-P)

one [201]. Tuned configurations include the NSNS Optimized (NSNS Opt.) and the

High Frequency (High F.) ones; both perform in an inferior way when it comes to EoS

extraction. In the case of NSNS Opt. this is due to its low sensitivity at frequencies

above 600Hz, when it is exactly at these frequencies that finite size effects are more

prominent. As far as High F. is concerned, its improved sensitivity is limited to a very

narrow frequency range around 103Hz. This fact coupled to its worsened sensitivity

at low frequencies makes High F. unsuitable for EoS studies. We conclude that in the

high frequency regime we are interested in, the Zero-Det., High-P. noise curve has the

overall higher sensitivity and more accumulated SNR.

Stacking, i.e. combining multiple low SNR sources, might improve the results

obtained here, but it might also lead us to erroneous conclusions about the true EoS.

We find that when the SNR is low our results can be dominated by prior information,

rather than any new information we get from the GW data. This could lead to

each individual low SNR binary system providing some confidence, but in favor of

the wrong EoS. Stacking all these systems will inevitably lead to great confidence in

favor of the wrong EoS. We emphasize that stacking must always be treated with

caution.

As far as the spin of the bodies is concerned, we find that the magnitude of the

injected spin angular momentum has a negligible effect on our results, provided that

the templates allow for spin precession. This is in agreement with Ref. [60], where the

order-of-magnitude improvement in mass extraction was achieved over spin-aligned
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templates even for nonspinning systems, as long as spin-precessing templates were

used in the recovery of the signal.

Model Selection

Model selection in the Bayesian framework requires an explicit statement of

the models compared. In this section, we describe in detail the models we use, as

well as our methodology when comparing them. We describe the Bayes factor, a

quantity that assesses which model is preferred by the data, and give an overview of

our simulated signals. We conclude this section with a brief discussion of the power

of stacking signals versus detecting a single loud signal.

Bayesian Inference

In the context of Bayesian inference, the probability that a hypothesis H1 is

correct given some data d is [70, 140]

p(H1|d) =
p(H1)p(d|H1)

p(d)
, (8.1)

where p(H1|d) is the posterior belief in the hypothesis after the data has been

analyzed, p(H1) is the prior belief based on all information we have before analyzing

the data, and p(d) is the probability of the data, an unimportant normalization

constant in our case. The evidence p(d|H1) is given by an integral over the parameters

of the model θ

p(d|H1) =

∫
dθ p(θ|H1) p(d|θH1), (8.2)

where p(θ|H1) is the prior information on the model parameters, and p(d|θH1) is

the likelihood, where ln p(d|θH1) = −1/2 (s− h| s− h) in Gaussian noise, with s the

signal, h the template model and ( ·| ·) the noise-weighted inner-product [70,140].
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When we have to select between 2 competing hypotheses, we compare their

posterior beliefs through the odds ratio (OR), defined by

O =
p(H1|d)

p(H2|d)
=
p(H1)p(d|H1)

p(H2)p(d|H2)
. (8.3)

The OR is the ‘betting odds’ of H1 compared to H2 and includes the both prior belief

in each hypothesis and any new information that is extracted from the data. These

two contributions can be separated by defining the Bayes factor

BF =
p(d|H1)

p(d|H2)
, (8.4)

which includes only the data contribution to the OR. A BF > 1 means that H1 is

supported better by the data, while a BF < 1 means that H2 is preferred. In the

case of uninformative priors, i.e. p(H1) = p(H2), the OR equals the BF. For this

study, we choose to work with the BF instead of the OR because we are interested in

whether the data lends more support to some hypothesis over another, irrespective

of our prior beliefs in them. Of course, once we can confidently quantify our prior

belief in a hypothesis, we can trivially go from the BF to the OR.

Working with the BF, however, has one major problem: we cannot draw the

same conclusions about two different pairs of hypotheses that have the same BF. For

example, consider the problem of whether a given GW signal is better described by

GR or by a modified gravity theory. In this case, we have a strong prior belief in

favor of GR, given the many successes of experimental relativity [231,246]. We would

therefore require very large BFs in favor of the modified gravity hypothesis to claim a

detection of a deviation from GR. On the other hand, if we are interested in whether

the signal is better described by one of two competing EoSs, we do not have such
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strong prior beliefs in favor of any of the models. That means that we would not need

such large BFs to claim that we have identified the correct EoS of Nature, provided

we remain agnostic about the two EoSs.

For this reason, it is crucial that we explicitly define what we mean by “a BF

that is large enough” on a problem by problem basis. As we will discuss later in this

section, we work with models for which we do not have strong experimental prior

knowledge. Therefore, we adopt the Jeffreys scale of interpretation of BFs [117] to

define how significant a BF is. When BF < 1 it is negative, for 1 < BF < 3 it is

barely worth mentioning, for 3 < BF < 10 it is strong, for 10 < BF < 100 it is very

strong, and finally for BF > 100 it is decisive. This is in contrast to the analysis

of Refs. [69, 185–187], which dealt with tests of GR, where BFs around 100 were

considered strong and not decisive, given the strong prior in favor of GR.

In order to calculate the BF between two models, a number of different

techniques can be used: thermodynamic integration [140,220], nested sampling [220]

and reverse jump, Markov chain-Monte Carlo [70]. Here, we employ the third

technique which requires promoting the model to a parameter of the Markov chains.

Then, the BF is given by

BF =
time the chains spend in model 1

time the chains spend in model 2
, (8.5)

with error bars calculated with the technique suggested in [71].

Models

Our models represent GWs emitted in the late inspiral of NS binaries assuming

GR is correct from the time they enter the LIGO band until the NSs come into contact,

or their separation becomes six times the total mass, whichever comes first. The
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difference in the models will only be in the finite size effects they include. Comparison

between these models can be viewed as traditional parameter estimation, only now the

model itself is an extra discrete parameter. In parameter estimation, the waveform

of a NS binary inspiral with a circular orbit depends on the following parameters3:

θPE = {m1,m2, θN , φN , DL, θL, φL, tc, φc,S1,S2, λ̄1, λ̄2}, (8.6)

while in a model selection study the template depends on the parameters

θMS = {m1,m2, θN , φN , DL, θL, φL, tc, φc,S1,S2,EoS}, (8.7)

where mi are the component masses, (θN , φN) give the sky location of the source,

DL is the luminosity distance, (θL, φL) give the direction of the orbital angular

momentum, (tc, φc) are the time and phase of coalescence respectively, Si ≡

χim
2
i (sin θi cosφi, sin θi sinφi, cos θi) are the spin angular momentum vectors of each

binary component, with χi := |Si|/m2
i the dimensionless spin parameter, and

λ̄i ≡ λi/m
5
i are the dimensionless tidal deformabilities. The two parameter sets

are equivalent, since knowledge of (m1,m2,EoS) from θMS can be used to construct

the quantities λ̄1(m1,EoS) and λ̄2(m2,EoS) in θPE.

The EoS is what defines a model. For some EoS the model predicts a GW

with θPE and λ̄1,2 as a function of (m1,2,EoS) for (m1,m2) ≤ Mmax(EoS), and no

GW otherwise. The quantity Mmax(EoS) is the maximum NS mass that can be

stably supported, given an EoS. For the GW template itself, we will use the small-

spins, double-precessing waveform. We use an extended version of these templates by

3In this argument, we encode the EoS dependence through the dimensionless tidal deformabilities
λ̄1,2; the argument goes through if one uses any other quantity to parametrize tidal deformations.
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EoS Composition

AP4 [12], SV [138], SGI [138], SkI4 [181]
DBHF(2)(A) [120], MPa [244], G4 [129] n, p, e, µ

GA-FSU2.1 [105], Shen [197,198]

SGI-YBZ6-SΛΛ3 [137], NlY5KK∗ [120],
SkI4-YBZ6-SΛΛ3 [137] n, p, e, µ, H
MPaH [244], H4 [129]

SGI178 [138]
SV222 [138] n, p, e, µ, K

GA-FSU2.1-180 [105]

ALF4 [13], ALF5 n, p, e, µ, π, Q

SQM3 [176] Q (u, d, s)

Table 8.1: Classification of EoSs with respect to internal composition. The first
cluster corresponds to EoSs with normal matter. The second and third clusters
include hyperons and kaon condensates respectively. The last two rows list EoSs that
include quark matter.

adding finite-size effects at 2 and 3PN order (due to the quadrupole moment) [172,235]

and at 5 PN order and higher (due to tidal deformability effects) [78, 95, 112, 222].

More specifically, we include tidal terms that depend on the ` = 2 electric tidal

deformability λ up to 7.5PN order given in [78]. We also include the contribution

from the ` = 2 magnetic tidal deformability σ2 at 6PN order and the ` = 3 electric

tidal deformability λ3 at 7PN order [234]. We further take into account the leading

correction to the adiabatic approximation entering at 8PN order that depends on

the ` = 2 f-mode frequency f2 of a NS [95, 112]. σ2, λ3 and f2 can approximately

be expressed in terms of λ thanks to the universal relations found in [58, 234]. In

addition, we use the Love-Q relations [239,240] to rewrite the quadrupole moment in

terms of the tidal deformability.
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Which EoS models should we allow the data to select from? There is a great

number of EoSs available in the literature, varying both in the type of matter they

consider (quarks, hyperons, kaons, muons, pions, neutrons, protons, electrons), and in

the approximation schemes used to construct the EoS. We can classify the EoSs by the

type of matter they employ; the subset of EoSs discussed in this study are presented

in Table 8.1. The EoSs in each of these categories differ in the approximation schemes

used to solve the many-body Schrödinger equation.

Given the great variety of EoSs, how should we carry out a model selection

study? Could we select a characteristic set of models, perhaps chosen by looking at

how the λ̄−m relations behave for a set of EoSs? Figure 8.1 shows these relations for

a few of the EoS listed above. Notice how the normal matter EoSs (AP4, Shen) form

a band in the λ̄−m space that contains both SQM3 (consists of pure quark matter)

and H4 (contains hyperons). This lack of clustering with respect to the internal

composition classification in the λ̄−m space indicates that comparing arbitrary EoSs

will not produce physically meaningful results. For example, say we concluded that

AP4 (red solid line) is distinguishable from H4 (black, dot-dashed line). Can we

claim that hyperons are detectable from GW observations? The answer is no; there

is another normal matter EoS (Shen, turquoise dotted line) much closer to H4 than

AP4. Unless we compare Shen to H4 too, we cannot claim detectability of hyperons.

Another possibility would be to compare each model against every other model

simultaneously, but (i) the computational cost would be prohibitive, and (ii) it is not

clear what physical question such a comparison would address. Comparing models

within each category that differ only in the approximation scheme used to calculate

the EoS is analogous to comparing post-Newtonian models for the GWs emitted in the

inspiral of compact objects. In the end, all of such models are only approximations to

the exact solution of Nature. Instead, we are interested in specific physical questions
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Figure 8.1: Dimensionless tidal deformability as a function of mass for a number of
EoSs with very different physical contents. The lack of clustering in the λ̄−m space
shows that we cannot perform model selection with all EoSs simultaneously.

regarding the internal composition of NSs. To do so, we will choose pairs of EoSs that

are as similar as possible (using the same approximation schemes), but differ only in

the matter degrees of freedom. In this way, we can directly translate distinguishability

between models into distinguishability between physical scenarios.

Signal Injections

Whether the data can distinguish a given EoS model over another depends

strongly on the particular signal detected. The parameters that affect EoS

distinguishability the most are the two masses, the distance to the source, which

effectively controls the SNR, and the EoS itself. We therefore simulate different

signals with various values for these parameters. For the remaining parameters we

select the following injection values: (cos θN , φN) = (−0.105, 3.705), (cos θL, φL) =

(0.801, 3.216), (tc, φc) = (1, 024 s, 4.461), (cos θ1, φ1) = (0.774, 2.248), (cos θ2, φ2) =

(0.968, 5.311), and (χ1, χ2) = (0.04, 0.04). All parameters have been randomly chosen

so that they do not lead to any ‘special’ orientation of the binary (face on, edge on
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etc.). We have also performed simulations with other dimensionless spin magnitudes

and found that the spin has a very small effect on EoS distinguishability.

The initial misalignment of the spin and the orbital angular momenta means that

the system will undergo precession [21]. Indeed, with these choices of parameters, the

angle between the orbital angular momentum and the total spin angular momentum

is ∼ 30◦. Spin precession is modeled through the small-spins, double-precession

approach of Chapter 4, which has been shown to be highly accurate for modeling

NS binaries in Chapter 6. This approach is valid in the inspiral phase only, since it

is based on a post-Newtonian expansion. The signal is thus modeled with the same

approach as the templates that define the EoS models.

The approximations used to describe the orbital motion in the small-spins,

double-precession approach are only valid up to a given frequency. We thus carry

out our analysis up to min(fISCO, fc(EoS)), where fISCO is the Keplerian frequency at

r = 6(m1 +m2) [35,213] and fc is the contact frequency, that at which the separation

of the two bodies is equal to the sum of their radii. Although Mandel et al. [146]

showed that terminating the waveforms at a certain frequency can affect the results

through the addition of artificial information, our cutoffs are at such high frequencies

that they are not expected to affect the results.

Even though the particular noise realization in the detector at the time the GW

passes through will have an effect on parameter extraction, we do not inject noise in

our analysis. Given that it is impossible to predict the noise instance, the best we can

do is average our results over multiple noise realizations. However, Nissanke et al. [160]

showed that such averaging is equivalent to zero injected noise in the signal. Sampson

et al. [185] showed that a given noise realization causes the likelihood to shift as a

whole, without significantly changing its shape (Fig. 4 of [185]), suggesting that the

integral of the likelihood (the evidence) is minimally affected by noise fluctuations.
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This picture, however, does not hold for poorly constrained parameters, like the

ones studied here, where the posterior extends over a large fraction of the prior

volume [215,225].

Of course, the noise curve of the detector does play a very important role in the

calculation of BFs, through the noise-weighted inner product in the likelihood [70].

We will mostly adopt the zero-detuned, high-power noise spectral density of the

advanced detectors [201], though we will explore other choices later. The specific

form of the likelihood we use assumes that the noise in the detectors is stationary

and Gaussian [see below Eq. (8.2)], neither of which is strictly true. Cornish and

Littenberg, however, have shown how to model the non-Gaussian features [71], and

deal with the nonstationarity of the noise [141], leaving us with only the modeling of

the stationary, Gaussian noise component.

When recovering the parameters, we use a uniform prior in (0.1, 3)M� for the

masses, a uniform prior on the sphere for all directions, a uniform prior in (0, 1) for

the dimensionless spin magnitudes, and a uniform prior in the log of the distance.

All prior ranges are selected such that they are wide enough to not affect our results.

Stacking vs High SNR

In reality aLIGO will probably reach physically interesting conclusions by

combining information from multiple detections, rather than by waiting for a very

loud one. Along those lines, one would argue it makes more sense to stack a sufficient

number of moderate SNR sources rather than study the BF as a function of the SNR.

Our results, however, suggest that stacking should be performed with caution.

For low SNR detections we find 2 rather counterintuitive effects: (i) it is possible

for the wrong model to be preferred over the correct one, and (ii) it is possible for the

correct model to be preferred less and less as the SNR increases (see Appendix D).
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The first effect is not new; it has already been encountered in the context of comparing

models with different dimensionality [69], where it takes the form of an Occam Penalty

on the more complicated model. The second effect is perhaps less familiar: why would

it be that, as the signal strength increases, the data fails to increasingly support the

correct model? The answer to this question and the root cause of these effects can

be traced down to sharp cutoffs of the prior distribution.

When computing BFs, we must compare models with different maximum masses.

In fact, most of the time the difference is rather large, with one model allowing NSs up

to ∼ 2M�, while the competing model going up to ∼ 2.5M�. When the injected mass

is close to the maximum allowed mass and the SNR is sufficiently low, the posterior

distribution is affected by this cutoff. In order to understand and visualize this effect,

we construct a simple 1−D model in Appendix E. In the context of this simple model

we explain both the effect on the BFs that favor the wrong model, and the BFs that

decrease with increasing SNR.

These results show that stacking many weak sources is not necessarily equivalent

to a single bright source. When each new observation is informative, i.e. the likelihood

dominates over the prior, then the data will prefer the correct model and BF > 1.

In that case, adding the extracted information from this observation will push the

analysis in the right direction, and eventually, we will recover the same results as from

a single loud event. On the other hand, if the observation is not informative and the

result is prior dominated rather than likelihood dominated, the wrong model might

be preferred and BF < 1. In that case, adding this observation in the stack will lead

the analysis in the wrong direction: a large number of weak observations that favor

the wrong model will build confidence in the wrong conclusion.

The above results suggest that stacking must be treated with caution. For

sufficiently high SNR events, the posterior will be narrow enough that it will not
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be affected by the maximum mass cutoff. In this case, one recovers the expected

result: the correct model is preferred and it is preferred more and more as the signal

strength increases. However, if the signals are of lower SNRs, the observations may

not be informative, and then, the final cumulative result may be largely influenced

by the prior and not by the new information contained in the signals.

Comparing EoSs

Our goal is to study whether GW detections of inspiraling NSs can be used to

learn about their interior composition and in particular, whether they contain kaon

condensates, hyperons, and quark matter. To do so, we need to isolate their respective

effects in the EoSs. We accomplish this by comparing pairs of EoS models that are as

similar as possible, but differ only in the inclusion of one of these particles. Appendix

A of [64] provides a comprehensive classification of all the EoSs we use in this section.

Kaon Condensates

We first address the question of whether NSs with kaon condensates in their

inner cores leave an observable signature on inspiral GWs. To do so, we choose

3 pairs of EoSs constructed with (i) the Skyrme-Hartree-Fock (SHF) scheme, (ii)

relativistic mean field (RMF) theory, and (iii) the SHF scheme including three-nucleon

interactions (TNI). Each pair consists of one EoS with a kaon condensate and one

without.

Kaon condensates could emerge in stars at high central densities and, therefore,

kaon models differ from kaonless ones only for NSs with sufficiently high masses.

This makes the extraction of physical information from these systems more difficult

than that for low-mass systems for 3 reasons. From a data analysis point of view,

systems with masses close to the maximum allowed mass will suffer from the edge
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effects described in Appendix D, making it more difficult to get likelihood-dominated

results. From a physical point of view, NSs with high masses have smaller values of

λ̄, as seen in Fig. 8.1, making finite-size effects less relevant in the GW phase. From

an astrophysical point of view, NSs with masses around 2M� are expected be rare.

As we will show below, we find that if kaon condensates indeed form in the inner

core of NSs, they will be hard to detect with the signals expected from aLIGO. On

the other hand, if condensates do not form in NSs, then loud aLIGO signals may be

able to establish this with a high mass detection.

Models The 3 pairs of models we compare are constructed with different

approximations.

1. SHF models [138]: SV( kaonless)/ SV222 (with kaons).

2. RMF theory [105]: GA-FSU2.1 (kaonless)/ GA-FSU2.1-180 (with kaons).

3. SHF models + TNI [138]: SGI (kaonless)/ SGI178 (with kaons).

The results of comparison (3) are very similar to the results of comparison (2),

so we will only present pairs (1) and (2). Figure 8.2 shows the mass-radius relation

for the EoSs we present. This figure suggests that kaons affect the properties of only

the most massive NSs. The pairs of circles, triangles, and squares indicate the values

of the masses in the injected signals of our analysis.

Bayes Factor Figure 8.3 shows the BF in favor of the kaon model of each pair

(left panel) and the kaonless model of each pair (right panel) as a function of the SNR

of the signal. The different lines correspond to the different injected masses indicated

by the blue symbols in Fig. 8.2. We always plot the BF in favor of the correct

(injected) model. Any BF > 1 in the left panel means that we correctly detected
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Figure 8.2: m-R relation for the EoS pairs that test kaons: The black lines correspond
to SV (solid) and SV222 (dotted), which are constructed through SHF models.
The red lines are for GA-FSU2.1 (solid) and GA-FSU2.1-180 (dotted), which are
constructed through RMF theory. The presence of kaons causes the kaon model of
each pair to differ from the normal matter model for high masses. The pairs of similar
blue symbols indicate the component masses we use in our analyses.
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Figure 8.3: BF in favor of the kaon models (left) and the kaonless models (right) as a
function of the SNR for different injected masses given in the brackets. BFs are always
quoted in favor of the correct (injected) model. For example, the black dotted-dashed
curve labeled “SV222 (1.4,1.35)” in the left panel means that the injected model is
the SV222 EoS with the NS mass (1.4, 1.35)M�, and H1 = SV222 and H2 = SV in
Eq. (8.4). BF > 1 in the left panel means that we correctly detected the presence
of kaons inside the NSs, while that in the right panel means that we correctly ruled
out such a presence of kaons. The kaonless models give higher BFs than the kaon
models, making it easier to establish that NSs do not have kaon condensates than the
opposite.
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the presence of kaons in the interior of the NSs, while any BF > 1 in the right panel

means that we correctly concluded that there are no kaons in their interiors.

As first suggested by the mass-radius plot, Fig. 8.3 confirms that in order to

detect the presence of kaons on NS EoS we need a high mass system. The lowest

mass system (m1 = 1.4M�,m2 = 1.35M�) gives BFs that are consistent with 1, in

agreement with the m−R relation. For large SNRs, as we increase the injected masses

we recover BFs that correctly favor the kaon model (left panel) and correctly favor

the kaonless models (right panel).

At low SNRs, however, we encounter BFs that incorrectly disfavor the kaon

models on the left panel of Fig. 8.3. This is because the injected masses are very close

to the maximum mass allowed by the correct model. When an injected parameter

is closer to the edge of the prior than the width of the posterior, the posterior has

to be cut off (see Appendices D and E). In our case, the injected masses are close

enough to the maximum mass of the kaon models that these models “lose” some chain

points because the models simply cannot produce such high mass systems. What the

kaon models are in fact trying to do when the mass is above their maximum allowed

mass is match the GW signal with pure Gaussian noise. How this affects the BF is

clear from Eq. (8.5). Recall that the BF in favor of SV222, for example, is equal to

the number of times the chains visited this model, divided by the number of times

they visited the competing model SV. When SV222 has an abrupt cutoff close to the

injected masses, a lot of the chain points will be disfavored because the model fails

to produce a signal for these values of the masses. This leads to the chains visiting

the SV222 model less, and in the end a BF that does not favor the correct model.

This indicates that when we have BFs favoring the wrong model, we are in a

regime where it is mostly the prior that dominates our results. Obviously, the results

in this regime do not offer new physical information and cannot be used to claim that
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we constrained the EoS. For example, imagine we detected a (1.99, 1.95)M� system

at SNR 30 and we want to claim something about the presence or absence of kaons in

the system. If we choose to test whether GA-FSU2.1 or GA-FSU2.1-180 fit the data

better, we will recover BFs in favor of the kaonless model GA-FSU2.1 regardless of

whether kaons are actually present or not. The data coming from such a system can

clearly not be trusted to give the correct result.

For the case studied here, the kaon model comparison starts to become

likelihood-dominated (BF > 1) when the SNR & 40 in the SV/SV222 case, and

when the SNR is somewhere above 60 in the GA-FSU2.1/GA-FSU2.1-180 case. A

detection of a (2.05, 2)M� system at SNR = 40 and above will lead to a strong BF in

the Jeffreys scale in favor of the kaonless model for a kaonless injection. On the other

hand, for a kaon injection, the SNR needs to reach 60 and above in order to obtain

strong BFs. For lower mass systems, the BFs are lower, and barely worth mentioning

in the Jeffreys scale.

Hyperons

Moving on to the study of the detectability of hyperons in the inner cores of NSs,

we select 5 EoSs constructed with (i) RMF theory, (ii) a nonrelativistic Brueckner-

Hartree-Fock (BHF) approach, (iii) a relativistic BHF approach, (iv) and (v) a SHF

approach. Each pair consists of one EoS with a hyperon in the inner core and one

EoS without.

Hyperons, much like kaons, affect the EoS of only the most massive NSs, since

they form at the very highest central densities. For that reason, the results of this

section are very similar to the previous one on kaons: we find that aLIGO can

constrain the existence of hyperons in NSs, but detecting them will be much harder.

Models The models we use to determine hyperon detectability are the following.
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1. RMF theory [129]: G4 (hyperonless)/ H4 (with hyperons).

2. Nonrelativistic BHF models [244]: MPa (hyperonless)/ MPaH (with hyperons).

3. relativistic BHF models [120]: DBHF(2)(A) (hyperonless)/ NlY5KK∗ (with

hyperons).

4. SHF model : SGI [138] (hyperonless)/ SGI-YBZ6-SΛΛ3 [137] (with hyperons).

5. SHF models : SkI4 [181] (hyperonless)/ SkI4-YBZ6-SΛΛ3 [137] (with hyperons).
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Figure 8.4: m-R relation for the EoS pairs that test hyperons: The black lines
correspond to G4 (solid) and H4 (dotted), which are constructed through RMF theory.
The red lines are for Mpa (solid) and MPaH (dotted), which are constructed through
the nonrelativistic BHF method. The presence of hyperons causes the hyperon model
of each pair to differ from the normal matter model for high masses. The pairs of
similar symbols indicate the component masses we use in our analyses.

The results of comparisons (3), (4) and (5) are very similar to the results of the

MPa and MPaH comparison, so we will not present them here. Figure 8.4 shows

the mass-radius relation for the EoSs for which we will present comparisons. Clearly,

hyperons affect the EoS of only the most massive NSs, exactly like kaons. The pairs

of symbols indicate the masses we inject.
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Figure 8.5: BF in favor of the hyperon models (Left) and the hyperonless models
(Right) as a function of the SNR for different injected masses. BFs are always quoted
in favor of the correct (injected) model. We conclude that it is easier to constrain
hyperons than detect them. A similar result was reached in the case of kaons as
shown in Fig. 8.3.

Bayes Factors The results of our analysis are presented in Fig. 8.5, which shows

the BF in favor of the hyperon models (left) and the hyperonless models (right) as

a function of the SNR of the injected signal. The message of this plot is clear if

we take into account the reasoning presented in the previous section. In the G4-H4

comparison for the hyperonless comparison at low SNR (below 40), we encounter the

effect of the wrong model being preferred over the correct one. On the other hand,

in the MPa-MPaH comparison, this continues to hold until the SNR = 60. This

indicates that it is the prior (and more specifically the maximum mass of the hyperon

model) that dominates our results and not the likelihood. When the SNR exceeds 40,

we start extracting interesting information from the comparison. Assuming hyperons

do not form in NS cores, a (1.95, 1.9)M� detection with SNR = 40 and 60 will give

a strong and very strong indication in the Jeffreys classification of the nonexistence

of hyperons respectively. On the other hand, if hyperons do form in NS cores, then a

signal with SNR = 60 would only provide strong evidence, as the BFs do not exceed

7.
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Quark Matter

Unlike kaon condensates and hyperons that can only exist in combination with

normal matter, quark matter can form both with and without normal matter. In

the first case we have hybrid NSs with EoSs of the ALF [13] type that have quarks

formed after a certain transition density. The second case results in quark stars [176]

comprised solely of quark matter.

The EoSs of pure quark stars differ from normal matter EoSs even at low

densities, making it possible for aLIGO to detect or rule them out. On the other

hand, hybrid normal/quark matter EoSs are constructed by stitching the nuclear

matter EoSs in the low density regime to quark matter ones in the high density

regime, with appropriate phase transitions in between. Therefore, they reduce to

normal matter EoSs at low densities. The transition density nc and the strength of

the strong interactions c determine how much the hybrid EoS differs from the normal

matter EoS it is stitched to. The constant c is predicted to be c ∼ 0.37 [96] by a

perturbative calculation. When c is close to this value and the transition from a

nuclear matter to quark matter happens at around twice the saturation density, we

find that hybrid EoSs might be distinguishable from normal matter EoSs for signals

with SNR ∼ 30− 40.

Hybrid EoSs In order to study hybrid normal/quark matter stars we select EoSs

of the ALF family [13], the normal matter part of which are based on AP4 [12]. All

EoSs include ordinary matter, while the ALF EoSs also include pions and quarks

in the inner core4. The left panel of Fig. 8.6 shows the mass–radius relation for

4In principle, we should treat pions as a separate particle, like kaons and hyperons. However, we
are not aware of any EoS model that includes only pion condensates and predicts a maximum NS
mass above 2M�.
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Figure 8.6: (Left) m-R relation for the hybrid EoSs and the nuclear matter EoSs they
are based on and compared to: AP4 (solid black), ALF5 (dashed black), GCR (solid
red), and ALF-GCR (dashed red). The pairs of similar symbols denote the injected
masses. The larger the value of the strong interactions, the larger the deviation
between the normal matter and the hybrid EoS. (Right) BF for the ALF5/AP4
comparison (black lines) and the ALF-GCR/GCR comparison (red lines) as a function
of the SNR for different injected masses. BFs are given in favor of the correct model
denoted in the legend. When the strong interactions between the quarks are close
to the value predicted from perturbative calculations, it is possible to distinguish
between normal and hybrid NSs.

ALF5 and AP4. ALF5 has (nc, c) = (2n0, 0.4), where n0 = 0.16 fm−3 is the nuclear

saturation density.

We also constructed new hybrid star EoSs (GCR-ALF) by stitching the nuclear

matter GCR EoS constructed in [98] to the same quark matter EoS as the ALF

family. The m-R relation for a GCR-ALF EoS with (nc, c) = (2n0, 0.35) is shown

again in Fig. 8.6, together with the corresponding nuclear matter GCR EoS with the

symmetry energy of Esym = 33.8MeV. We have also chosen different values for n0, c

and Esym and found that the difference between the nuclear matter and hybrid EoSs

are typically even smaller than the one in Fig. 8.6.

The right panel of Fig. 8.6 shows the BFs we recover for the ALF5/AP4

(black) and the ALF-GCR/GCR comparison (black) as a function of the SNR for

different values of the masses. The only case we find where the hybrid EoS could be

distinguishable from the normal matter one is for masses around 1.4M�. A SNR ∼ 30
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detection with such masses can provide strong BFs in the Jeffreys scale if we compare

ALF5 to AP4. However, if we compare ALF-GCR to GCR we recover smaller BFs.

We also find that we recover similar results when comparing hybrid stars and a normal

NS regardless of which one is the correct star of Nature. This is different from the

kaon and hyperon cases studied before, where we obtain more conclusive BFs when

kaons or hyperons are not present in NSs. Of course, if the true hybrid EoS of Nature

contains weaker strong interactions between the quarks, the prospects of detecting a

hybrid star reduce even further.

Quark Stars Our final study case is SQM3 [176], an EoS that contains no normal

matter at all, but rather it is constructed solely with quark matter. Comparing it

to a normal matter EoS amounts to comparing normal NSs to strange quark stars.

Although the latter have already been heavily constrained [14], it is still interesting to

study the bounds aLIGO could place on them. However, it is not clear what EoS we

should compare SQM3 to. Throughout our analysis, we compare EoSs that contain

exotic matter to the EoS that we obtain if we remove the exotic matter, but change

nothing else in how it is constructed; this is precisely how we defined EoS pairs. In

the case of SQM3, if we remove the quarks there is no matter left, so there is no

normal matter counterpart that can form a pair with a strange quark star.

For that reason and in order to arrive at conservative conclusions, we will

compare SQM3 to AP4 [12], a reliable EoS that has both not yet been ruled out by

observations and leads to NSs that are the most similar to SQM3 quark stars in the set

of EoSs we considered. The left panel of Fig. 8.7 shows the mass–radius relation for

SQM3 and AP4, along with symbols that indicate injected masses. Being the softest

EoS in the set of non-ruled out EoSs we considered, the AP4 mass-radius relation

is the farthest to the left in Fig. 8.7 and thus the closest to the SQM3 one. Other
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Figure 8.7: (Left) m-R relation for SQM3 and AP4. The pairs of similar symbols
denote the injected masses. (Right) BF in favor of AP4 (black) and SQM3 (red) as
a function of the SNR for different injected masses. BFs are given in favor of the
correct model. aLIGO will be able to place strong constraints on the existence of
strange quark stars, both detecting them if present in Nature or strongly disfavoring
their existence if not.

normal matter EoSs are stiffer than AP4, predicting larger radii for the same mass,

which leads to m − R curves even farther away from SQM3 than AP4. As we show

below, AP4 is already clearly distinguishable from SQM3, and thus, distinguishing

between SQM3 and other stiffer normal-matter EoSs would be even easier.

Clearly, SQM3 is very different from all other EoSs studied here; its m − R

relation differs qualitatively from normal matter EoSs, and we thus expect it to be

distinguishable. Observe that SQM3 fails to produce a 2M� NS, though it is still

consistent with the current observational bound on the maximum NS mass [17] within

a 2-σ statistical error. Of course, it is possible that the star observed in [17] is simply

a NS, and not a quark star, without necessarily ruling out the existence of the latter.

We have thus decided to study whether aLIGO can distinguish between strange quark

stars and normal NSs. If all compact stars that aLIGO sees are NSs or BHs, then

this would build confidence for the nonexistence of quark stars.

The right panel of Fig. 8.7 shows the BF in favor of AP4 (black) and SQM3

(red) as a function of the SNR of the signal for different mass combinations. The
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really high BFs we recover indicate that aLIGO will be able to both detect strange

quark stars if they exist or provide very strong evidence for their nonexistence. For

example, the detection of a (1.4, 1.35)M� system with SNR = 20 results in strong

BFs in the Jeffreys scale in favor of the correct model. For even brighter sources, or

less massive systems, we recover very strong or even decisive evidence in favor of the

correct model of Nature, be it strange quark stars or normal NSs.

We have argued that the results given above represent the worst case scenario

when comparing quarks stars to normal NSs, given the reliable normal matter EoSs

available today and not yet ruled out by observations. But what if nuclear physicists

construct a viable EoS that is softer than AP4? Even in this scenario, we can make

some claims based on the unique shape of SQM3. Revisit the left panel of Fig. 8.7 and

notice that between 1.8M� and 1M� the radius SQM3 predicts increases by about

2km. A normal matter EoS that is softer than AP4 will, roughly speaking, have a

similar shape to AP4, but it will be shifted to the left in the m − R plane. Even in this

case, there will exist some mass between 1M� and 1.8M� where the difference between

the radius of a quark star and a normal NS is at least 1km. Our results indicate that

typically a radius difference around 0.5km is about enough for distinguishability for

this type of study, provided the mass is not close to the maximum mass allowed. We

can, therefore, claim that even if a softer than AP4 EoS is constructed, it will still be

distinguishable from SQM3 for some value of the mass between 1 and 1.8M�, given

an SNR around 30, depending on its exact shape.

Edge Effects

So far, we have injected signals with masses for which both models can produce

a NS (or a hybrid star or a quark star). In the case of hyperons and kaons, we saw

that the large value of the masses required to tell EoS models apart are close to the
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maximum mass of the exotic matter model. Low strength signals are greatly affected

by this maximum mass cutoff. Here, we examine the case where one of the two objects

can only be supported by the model that predicts the higher maximum mass.

1.9 2 2.1 2.2 2.3
m1(Mo.)

1

10

B
F

Figure 8.8: BF in favor of SV (a kaonless EoS) compared to SV222 (a kaon EoS) as
a function of m1 for m2 = 1.9M� with SNR= 30.

We revisit the pair SV-SV222 and fix the SNR to 30 and the mass of the smaller

NS in the binary to 1.9M�. We inject signals constructed with SV and in Fig. 8.8 we

plot BF in favor of the correct model as a function of the NS mass of the larger star

m1. The maximum mass supported by SV222 is ∼ 2.11M�. When both simulated

masses can be supported by the wrong model, then we find BFs that are only barely

worth mentioning in the Jeffreys scale in favor of the correct model. However, when

m1 > 2.11M� the BF in favor of SV starts increasing and it diverges around m1 =

2.35M�. At this point, the chirp mass of the system is so large that it cannot be

matched by a system with both masses below 2.11M�. Beyond this point, SV222

cannot produce any systems with the correct chirp mass of the injected signal.

To illustrate this transition we plot the 2−D scatter plot of the chain points

in the m1 − m2 plane in Fig. 8.9 for m1 = 1.92M� and m1 = 2.34M�. The red
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Figure 8.9: 2D Scatter plot in the m1 −m2 plane for injected masses m2 = 1.9M�
and m1 = 1.92M� and m1 = 2.34M�. The red box indicates the injected masses and
the vertical line gives the maximum mass SV222 can support.

boxes mark the injected masses and the vertical line is the maximum mass SV222

can support. The scatter plots have support only along constant chirp mass lines.

For m1 = 1.92M� most points fall on the left of the vertical line, and SV222 can

provide a good match for them. However, as we increase m1, more and more points

move beyond SV222’s maximum mass, resulting in BFs that favor it less and less

(recall that the BF, as given in Eq. (8.5), is the ratio of the points in SV222 over the

points in SV). When m1 = 2.34M� only a small number of points can be supported

by SV222, and we recover very strong BFs in favor of SV. If we increase the mass

even more, no points fall on the left of the vertical line, and the BF goes to infinity.

Noise Curves

Apart from the Zero-Det., High-P. noise configuration, there are a few other

tuned noise curves for aLIGO [201]. Among them, the NSNS Optimized configuration

gives the optimal SNR for a NSNS coalescence, while the high frequency one achieves

the best sensitivity around 1000Hz. Figure 8.10 shows these 3 noise curves. The NSNS
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Opt. noise curve is tuned to give the highest SNR by reducing the noise levels around

(60−500)Hz, however this comes at the expense of higher noise in the kHz region. The

finite-size effects that we are looking for manifest themselves at frequencies above 400

Hz, suggesting that NSNS Opt. is suboptimal for EoS determination. On the other

hand, the High F. configuration has the lowest noise in a small window around 103Hz,

but it is clearly inferior for lower frequencies. This loss of SNR at low frequencies

makes its suitability for EoS studies questionable.

10 100 1000
f(Hz)

10-23

10-22

St
ra

in
 (1

/H
z1/

2 )

Zero Det, high P.
NSNS Opt.
High Freq.

Figure 8.10: Sensitivity curves of various aLIGO configurations. The High-Freq.
optimized curve (blue dashed line) is very sensitive in a small window around 1000
Hz, but it has much higher noise at lower frequencies. The NSNS Opt. noise curve
(red dotted line) has slightly lower noise at frequencies below 600 Hz, but much higher
noise above this. EoS effects become important at frequencies above 400 Hz.

Figure 8.11 demonstrates how the standard High-P., Zero-Det. configuration is

the optimal noise curve for measuring the EoS both for systems of constant SNR (top

panel) and for systems at the same distance (bottom panel). We plot the BF for a

system with the same parameters (apart from the distance in the top panel) achieved

with the 3 noise configurations. In the constant distance case, NSNS Opt. achieves

the best SNR value while High F. has the worst, as expected. In both cases, the

lower high-frequency noise of the Zero-Det., High-P. configuration together with its
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low-enough noise at lower frequencies outperforms both tuned configurations in EoS

extraction. This is another manifestation of the effect discussed in [187]; when we are

looking for an effect that appears only at certain frequencies, it is not the total SNR

that matters, but the SNR accumulated in those frequencies.

3

3.5

4

4.5

5

B
F

NSNS Opt Zero Det High F

3.5

4

4.5

5

B
F

Constant SNR

Constant Distance

SNR 22SNR 32

SNR 30

Figure 8.11: BF for the same system with the different aLIGO noise curves. In the
top panel we keep the SNR constant, while at the bottom panel we keep the luminosity
distance constant. The SNR to which this distance corresponds with each noise curve
is indicated in the plot. In both cases, the Zero-Det., High-P. configuration gives the
highest BFs at these distances and SNRs, making it the optimal noise curve for EoS
studies.

Conclusions

In this chapter we studied whether future GW data from the advanced, ground-

based detectors will allow us to learn about the internal composition of NSs. We find

that aLIGO can efficiently distinguish between NSs with EoSs that differ at relatively

low to moderate central densities. This is the case, for example, for EoSs that model

just pure quark matter. If the NS is a hybrid of normal and quark matter, higher

SNR values are required, as well as relatively strong interactions between the quarks.

On the other hand, aLIGO will not be able to efficiently distinguish between NSs with
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EoS that differ only at high central densities. This is the case, for example, for EoSs

that model normal matter and those that include a hyperon or a kaon condensate in

the inner core. In this case, aLIGO would require a very loud detection to be able to

discern between normal and exotic matter NSs.

Our results could be improved if an accurate description of the merger, where the

finite size effects are more prominent, is included in the GW models. For example, the

effect of hyperons and strange quark matter on GWs from merging NS binaries have

been studied e.g. in [115] and [32] respectively. However, NS mergers always occur at

kHZ frequencies5, where the detector sensitivity is lower and it is the inspiral phase

that falls in the most sensitive frequency band. Moreover, to this day, no complete

template bank of NSNS mergers exists. It would be interesting to study how much

information can be extracted from the merger phase, and how this could aid EoS

determination by carrying a full inspiral-merger analysis.

As a side note, we find that the aLIGO noise configuration that maximizes the

gain of relevant physical information about NS EoS is the standard Zero-Detuned,

High-Power one. This is perhaps contrary to the belief that a high-frequency tuned

noise configuration would do best. The reason why the Zero-Detuned, High-Power

configuration does better is that the finite-size effects that depend on the interior

composition of the stars accumulate from roughly a few hundred Hz all the way up

to merger, and not in a narrow band in the kHz range. Of course, these effects are

much smaller at hundreds of Hz than at contact, however, the noise configuration

that accumulates the most SNR when finite-size effects are non-negligible is the Zero-

Detuned, High-Power one.

5The NS merger frequency cannot be pushed arbitrarily low since the NS mass cannot exceed
roughly 3M� by causality.
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The above picture could, again, be altered if the merger was included. Numerical

relativity studies [30–34,38,39,67,114–116,206–208] have shown that the EoS leaves an

important imprint in the merger and post-merger phases in the form of resonant-like

features in the Fourier GW amplitude due to oscillations of hypermassive NSs. For

such features that spike in a very narrow band, it may be that a high-frequency tuned

noise curve would be best. As of today, it is unclear how much physical information

could be extracted from such very high frequency features.

In our study we attempted to focus on physical questions of model selection as

opposed to analyzing all possible EoSs constructed. There may exist other interesting

physical features of NS interiors, other than the ones studied here, that might be

worth investigating. To discover what other features would be interesting to measure,

a stronger synergy between the GW and the nuclear physics community should be

encouraged.



178

SUMMARY

The era of GW astronomy has just begun and the possibilities for interesting

physical inferences seem endless. In this dissertation we studied one such interesting

possibility – that of detecting GWs from spin-precessing compact binaries. Interac-

tions between the spins of the binary components cause the orbital plane to precess in

space inducing modulation in the amplitude and the phase of the emitted GW. These

modulations add rich structure to signals seen by second generation ground-based

detectors and carry a lot of information about the underlying physics that governs

the GW source.

Our first task was to construct GW models that could be used to detect and

characterize such spin-precessing binaries. We constructed two such models: one

that is valid for binaries with slowly spinning components (Chapter 4), and one that

captures precessional effects from generic binaries (Chapter 5). Both models were

shown to be accurate within their region of validity inducing small systematic errors

when used for parameter estimation.

Precessing GW models require that we first solve the spin-precession equations,

a system of 10 coupled ordinary differential equations that govern the evolution of

all angular momenta of a compact binary system. In the absence of gravitational

radiation the spin-precession equations are reduced to 9 coupled ordinary differential

equations. We solved this simplified system first as an expansion in small spin

magnitudes and then generically. We then perturbatively accounted for radiation

reaction employing elements of MSA due to radiation reaction evolving on a longer

timescale than precession. This resulted in solutions to the spin-precession equations

that were valid for the early inspiral, where this separation of timescales is more

robust.
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GW data analysis is significantly simplified in the frequency domain, hence

Fourier-transforming waveforms is an essential step of GW modeling. In the case

of our small-spin GW model, the traditional SPA is valid, allowing us to approximate

the Fourier integrand by its value at the stationary point – the point were its phase

is not varying rapidly. The situation is different for our generically precessing GW

model; the SPA has long been known to not be valid for highly precessing systems. In

this case, the SPA is generalized to the SUA, which approximates the Fourier integral

by a series of time-shifted waveforms approximated in the SPA.

With accurate GW models that are not plagued by systematic errors at hand,

our second task was to study physical inference from spin-precessing sources. We

first assessed the performance of our small-spin model in the detection of GWs. We

found that for slowly spinning sources, as expected for NSs, non precessing waveforms

could detect the majority of the signals. This picture changes for sources displaying

significant precession, as expected for binaries containing BHs; failure to account for

any type of precession in the models used for detection would lead to the loss of a

large fraction of sources (see Chapter 6).

The need for precessing models is even more pronounced if we want to measure

the parameters of the source. Our spin-precessing models only suffer from small

systematic errors in their region of validity, while all non precessing models are

inadequate for parameter estimation of precessing sources. The need for precessing

models is not only due to the large systematic errors of the non precessing ones. We

have found that the inclusion of spin-precession in GW models leads to a significant

reduction in the statistical errors of the parameters as well (see Chapter 7).

The degeneracy between the mass ratio and the spin magnitudes has long been

known to deteriorate measurement of both. Using our new spin-precessing model we

show that precession largely breaks this degeneracy leading to order-of-magnitude
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improvements in both mass and spin extraction. The improvement is such that it

allows us to correctly characterize the GW source as consisting of NSs or BHs based on

mass estimates only and without any information from matter effects (see Chapter 7).

The final study we carried out for this thesis concerns these matter effects that

are present when the GW source contains at least one NS. The specific way the GW

is altered by matter effects depends on the still-unknown EoS of extremely dense

matter. Measurement of such a GW could provide nuclear physicists with invaluable

information. In Chapter 8 we studied how much information we can extract about the

nature of the constituents of NS matter. We conclude that second generation ground-

based detectors can provide information about the presence or absence of particles

formed at relatively low densities/energies. Higher density effects are harder to detect

with aLIGO-type detectors, however partial information can still be extracted in this

regime.

In general, this thesis is divided into two interconnected but logically distinct

parts; quality of extracted data from spin-precessing binaries and physical information

extracted from the data. In the first part, we construct accurate models for extraction

of minimally biased physical parameters from GW data produced by spin-precessing

sources. These parameters could be of unprecedented importance for physical

inference. The second part of this thesis deals with this issue. We have selected

interesting questions from astrophysics and nuclear physics and assessed the extend

to which these questions can be answered by spin-precessing GWs. The hopefully

not-so-distant detection of a spin-precessing GW source will allow us to apply the

results of this thesis.
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JUSTIFICATION OF THE φZ CALCULATION
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The precession-averaged 〈φ̇z〉pr given in Eqs. (5.61)-(5.63) is exact. In principle,

we could calculate D2 and D4 as functions of v, substitute them in Eq. (5.61), and

carry out a PN expansion and integration to obtain 〈φz〉pr
= φz,−1.

Though this approach should work, in practice we run into 2 considerable

problems. Firstly, the resulting φz,−1 is ill-behaved in the small mass ratio limit,

despite never having assumed comparable masses. Secondly, φz,−1 diverges when, at

any point in the evolution of a precessing system, the total spin angular momentum

is (anti)aligned with the orbital angular momentum. We stress that this does not

mean that S is approximately (anti)aligned with L all the time; a brief moment of

(anti)alignment suffices.

Both issues are not caused by real physical divergences in Ωz. Firstly, at no point

did we assume comparable masses. The second issue is more subtle. It might be true

that the denominator of Ωz vanishes if S and L are (anti)aligned. However, the binary

(and φz) is well behaved at the moment of (anti)alignment since the numerator of Ωz

vanishes too, leading to a 0/0 type situation1.

We argue that even though Eq. (5.61) is well behaved in both the small mass

ratio and the (anti)alignment between S and L limit, the same need not be true for

its PN expansion. Consider the following function2

h(x;h2, h1, h0) =

√
h2

2

x2
+
h1

x
+ h0, (A.1)

and its expansion around x = 0

hexp(x;h2, h1, h0) =
h2

x
+

h1

2h2

− h2
1 − 4h0h4

8h3
2

x+O(x2). (A.2)

1We have verified that this is the case both analytically and numerically.
2The similarity between our toy function and J given in Eq. (5.41) is not accidental.
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Clearly, h(x) is finite as h2 → 0. However, hexp(x) is not, and the h2 → 0 limit

is worse and worse as we keep more terms in the x expansion.

This is exactly the situation we encounter with Eq. (5.61) both in the small

mass ratio limit, and in the approximate S and L (anti)alignment limit. Fixing the

small mass ratio limit is straightforward: we identify the problem as originating from

expanding the J multiplying the entire right hand side of Eq. (5.61), and factor it

out. This is the reason behind the form Eq. (5.64) has.

The second problem is more complicated. We can still identify the terms that,

when expanded, cause the limit when S and L are (anti)aligned to be problematic.

However, if we do not expand them, we can no longer perform the integral of

Eq. (5.64). Using this fully expanded 〈φz〉pr
causes 5% of the systems studied here

to have faithfulnesses below threshold.

In light of this, we tried a number of alternative, approximate methods for

calculating 〈φz〉pr
. We discovered that if we keep the terms D2 and D4 in Eqs. (5.62)

and (5.63), our results are greatly improved by about an order of magnitude: only

0.8% of the systems are below the faithfullness threshold. We examined a number of

different definitions for D2 and D4, from using their initial value as given directly from

Eqs. (5.62) and (5.63) to retaining different orders in a PN expansion, but evaluated

at the initial time. We found out that these methods give comparable results, so we

choose, for simplicity, to set D2 and D4 equal to their leading PN order:

D2 →
cp −√cpcm
Rmη2

, (A.3)

D4 →
cp(cp −√cpcm)

R2
mη

4
−
√
cpcm

2Rmη2
, (A.4)

where cp, cm, Rm are defined in Appendix D of [61].
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We expect this problem to be solved if we consistently PN expand both (D2, D4)

and the roots S2
+, S

2
− (see Appendix D of [61]). The complexity of the roots’ expansion

poses some serious problems in this calculation and we here opt for the approach

described above and the partial resummation of the roots explained in Appendix

D of [61]. This approach yields satisfactory results for the waveform precision

required for aLIGO (see Fig. 5.6), but can be improved if need be through expansions

appropriate for these systems, like a small misalignment between S and L expansion.
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SYSTEMATIC AND STATISTICAL ERROR
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In practice no waveform model will be a perfect match to the signals produced

by Nature. The mismatch between the true signal and the theoretical model leads to

a systematic error in parameter recovery. On top of that, parameter extraction also

suffers from statistical errors arising from noise in the detectors. The systematic errors

correspond to a deterministic, while the statistical errors correspond to a random

displacement away from the signal manifold. To leading order, for nearby waveform

families, the two types of error are independent. Let us assume we have two waveform

models h1 and h2 that are qualitatively the same, so that we can write

h2 = h1 + δh, (B.1)

where δh is small in the sense (δh|h)� (h|h) and (δh|δh)� (h|h).

The statistical error on the extracted parameters for either model can be

approximated through the Fisher information matrix

Γij = (h,i|h,j) . (B.2)

To leading order in the waveform mismatch we have

Γ2ij = Γ1ij + (h1,i|δh,j) + (δh,i|h1,j) . (B.3)

The correction terms will be small if the derivatives of δh are also of order δh. To see

this is indeed the case, we let h1 be the most accurate PN model we can construct

(the numerical PN one) and h2 be the double-precessing model of [62]. The difference

between the two models is that the latter misses corrections of O(χ2), and thus, δh
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is of 1.5PN order. To see this, write the waveforms as

h1 = AeiΦ1 , h2 = AeiΦ2 , (B.4)

assuming the amplitudes are the same, since they do not have a large impact from a

data analysis point of view. Then,

δh = A(eiΦ1 − eiΦ2) = A(eiΦ1 − eiΦ1+iδΦ) ∼ −AeiΦ1iδΦ, (B.5)

and its derivative is

δh,i ∼ −AeiΦ1iδΦ,i + AeiΦ1Φ1,iδΦ. (B.6)

Since all the derivatives are with respect to the parameters, they do not change the

PN order of the terms. Therefore, δh,i ∼ δh and Γ2ij ' Γ1ij.

We also present a numerical demonstration of the above result by computing

the entries of the Fisher matrix for the two waveform models (the numerical PN

and the analytical double-precessing one), evaluated at the same parameters. We

do so for the eight physical parameters of interest: the chirp mass M, the total

mass m, and the six spin parameters (θ1, φ1, χ1, θ2, φ2, χ2) and a system with

(m1,m2, χ1, χ2) = (7.4M�, 6M�, 0.5, 0.5). The mismatch between the numerical PN

and analytic waveform, 1− F , for this system was 0.043. The ratio of the entries for
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the two matrices Γanij /Γ
num
ij is



1.01 1.02 1.05 1.06 1.01 1.01 0.97 1.04

1.02 1.03 1.06 1.08 1.02 1.02 0.99 1.05

1.05 1.06 1.09 1.11 1.05 1.04 1.01 1.08

1.06 1.08 1.11 1.12 1.07 1.06 1.03 1.09

1.01 1.02 1.05 1.07 1.01 1.01 0.98 1.04

1.01 1.02 1.04 1.06 1.01 1.00 0.96 1.03

0.97 0.99 1.01 1.03 0.98 0.98 0.94 1.01

1.04 1.05 1.08 1.09 1.04 1.03 1.01 1.07



. (B.7)

As expected, the fractional difference in the Fisher matrix entries is of order

the mismatch. The similarity of the corresponding entries of the Fisher matrix

demonstrates that the mismatch between the numerical PN and the analytical

waveform has little effect on the statistical errors calculated here.
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HIGHER-D SAVAGE DICKEY DENSITY RATIO
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Let M1 be a simple model nested in the more complex M2. Suppose that the two

nested models have a common set of parameters ~λ. M2 has additional amplitudes ~A

and angular parameters ~θ. The likelihood for the more complex model p(d| ~A, ~θ, ~λ,M2)

reduces to the likelihood of the simpler model p(d|~λ,M1) when ~A = ~0. In other words,

the angular parameters only affect the likelihood when the amplitude parameters are

nonzero. The evidence for the simpler model is

p(d|M1) =

∫
p(d|~λ,M1)p(~λ|M1)d~λ, (C.1)

and the evidence for the more complex model is

p(d|M2) =

∫
p(d| ~A, ~θ, ~λ,M2)p(~λ, ~A, ~θ|M2)d~λd ~Ad~θ. (C.2)

The posterior density for model M2 is then

p(~λ, ~A, ~θ|d,M2) =
p(d| ~A, ~θ, ~λ,M2)p(~λ, ~A, ~θ|M2)

p(d|M2)
. (C.3)

Now consider the situation where p(~λ, ~A, ~θ|M2) = p(~λ)p( ~A)p(~θ) and p(~λ|M1) = p(~λ).

The marginal posterior density for model M2 over ~λ is then

p( ~A, ~θ|d,M2) =

∫
p(~λ, ~A, ~θ|d,M2) d~λ, (C.4)

and

p( ~A = ~0, ~θ|d,M2) =
p(d|M1)p( ~A = ~0)p(~θ)

p(d|M2)
, (C.5)

where we have used p(d| ~A = ~0, ~θ, ~λ,M2) = p(d|~λ,M1). Going a step further, we

can marginalize over the angular parameters to arrive at p( ~A = ~0|d,M2) =
∫
p( ~A =
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~0, ~θ|d,M2)d~θ which yields

p( ~A = ~0|d,M2) =
p(d|M1)p( ~A = ~0)

p(d|M2)
. (C.6)

We then see that the BF between models 2 and 1, defined as B21 = p(d|M2)/p(d|M1),

is given by the Savage-Dicke density ratio

B21 =
p( ~A = ~0)

p( ~A = ~0|d,M2)
. (C.7)
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APPENDIX D

BAYES FACTORS AND PRIOR CUTOFFS
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The NSNS Optimized noise curve has higher noise levels at high frequencies

than the Zero-Detuned, High-Power one. Therefore, as far as EoS determination is

concerned, the likelihood calculated with a NSNS Opt. noise curve does not contain a

lot of information in the high-frequency part of the waveform where finite-size effects

become important. Calculating BFs in a regime where it is not the likelihood, but the

prior that dominates the results can lead to an interesting and rather counterintuitive

effect: BFs that initially decrease with increasing SNR. In other words, as the signal

strength increases, the correct model is preferred less and less.

10 20 30 40 50 60
SNR

1

1.5

2

2.5

3

3.5

4

B
F

Zero Det, High P.
NSNS Opt.

Figure D.1: BF in favor of SV compared to SV222 for the system with masses
(1.95, 1.9) with the Zero-Detuned, High-Power sensitivity curve (black) and the NSNS
Optimized curve (red). For high SNR values, where the likelihood dominates, the
detuning curve gives higher BFs. For lower SNR values with the NSNS Opt. curve,
we encounter the counterintuitive effect of decreasing BFs with increasing SNR values.

Figure D.1 shows the BF in favor of SV compared to SV222 for the (1.95, 1.9)M�

system calculated with the Zero-Det., High-P. curve (black) and the NSNS Opt. curve

(red). The black line is the same as the black dashed line of Fig. 8.3. The red line

presents some rather interesting behavior. At low SNR, the BF decreases with the
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Figure D.2: 2D Scatter plot in the m1 −m2 plane for SNR 10 (black) and 40 (red)
with the NSNS Opt. sensitivity curve and with the same system as in Fig. D.1. The
vertical line denotes the maximum SV222 mass. Any points on the right of this line
necessarily correspond to the SV model.

SNR, while after SNR = 40 it starts increasing, like one would expect. In order to

understand this effect, consider Fig. D.2, where we plot the 2−D scatter plot of the

chain points in the m1 − m2 plane for the system used in Fig. D.1, analyzed with

NSNS Opt., and SNR 10 (black dots) and 40 (red dots). The vertical line indicates

the maximum mass the competing model SV222 can support. This maximum mass

is a hard cutoff on the prior mass of SV222; no system with masses higher than the

maximum mass can be produced by SV222, and the model reduces to noise. This

effectively means that SV222 has no posterior weight in that region, and all these

points correspond to SV.

As the SNR increases the posterior width decreases. At SNR = 40 there are

very few points above the mass cutoff. That means that with increasing SNR SV222

suffers less and less from this cutoff in its mass prior. This explains why the BF in
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favor of SV decreases as we increase the SNR. Of course, at some values of the SNR

the differences between the models will start dominating over the prior cutoff, and

the BF will again start increasing with the SNR. Figure D.1 shows that in this case

this is true for SNR > 40.
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APPENDIX E

TOY MODEL
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To demonstrate the rather counterintuitive effect of BFs that favor the wrong

model, or decrease with the SNR, we construct a simple toy problem, thus obtaining

a more robust explanation of these effects than the 2-D scatter plots presented in the

previous appendix. Imagine we receive N data points from a very simple signal that

obeys d(f) = f and we try to match it with two competing 1−D models h1(f) = af

and h2(f) = af 1.5, where a is the parameter of the models. The likelihood for model

i is

Li =
1√
2πσ

exp

{
−

N∑ [d(f)− hi(f)]2

2σ2

}
. (E.1)

The parameter σ is the standard deviation of the data; in GW language, it is 1/SNR.

Clearly h1 is the correct model and L1 is maximized when a = 1. On the other hand,

h2 cannot fit the signal perfectly; L2 is maximized for a = 1.12 with a residual that

depends on σ.

Now imagine that the two models have different prior ranges for the parameter

a. In the case of h1 we have a ∈ (0, 2), while h2 allows a ∈ (0, 2κ), where κ is

an arbitrary number. The evidence for each model is proportional to its likelihood

integrated over the range of parameter a, while the BF in favor of h1 (the correct

model) is the ratio of the two evidences. Figure E.1 shows the BF in favor of h1

as a function of the SNR (= 1/σ) for three different values of κ. The case κ = 1

corresponds to 2 models with the same parameter prior range, while κ = 0.7 and

κ = 1.4 are similar to comparing EoS models with different maximum allowed mass.

More specifically, κ = 0.7 corresponds to the case where the wrong model has the

smaller prior range (the right panels of Figs. 8.3, 8.5, and Fig. D.1), while κ = 1.4

corresponds to the case where it is the correct model that has the smaller prior range

(the left panels of Figs. 8.3 and 8.5).
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Figure E.1: BF in favor of h1 as a function of the SNR for κ = 1 (red), κ = 0.7
(black), and κ = 1.4 (green). The effect of the BF decreasing with increasing SNR is
present in both κ = 1 and κ = 0.7 cases, but it is more pronounced in the case where
the two models have a different parameter range. As the SNR increases all three lines
tend to coincide. This is because the likelihood becomes more and more peaked, and
at some value of the SNR the limits of integration stop affecting the integral of the
likelihood.



220

The κ = 1.4 case is easier to understand. The likelihood of the wrong model h2

is integrated over a larger parameter region a ∈ (0, 2.8) than the correct model where

a ∈ (0, 2). When the SNR is low and the models are not very different from each

other, this can lead to a larger evidence for the wrong model. As the signal strength

increases the differences between the two models will start dominating the evidence

and the correct model will end up being preferred. Indeed we find that for SNR & 2

the BF favors the correct model h1.

0 0.5 1 1.5 2
a

0

0.25

0.5

0.75

lik
el

ih
oo

d

h1, SNR=0.5
h2, SNR=0.5
h1, SNR=1
h2, SNR=1
h1, SNR=2
h2, SNR=2

Figure E.2: Likelihood for the correct model (solid lines) and the wrong model
(dotted lines) for different values of the SNR. The black vertical line shows the cutoff
in the parameter prior range when κ = 0.7. The likelihood for the wrong model does
not peak at the injected value of a = 1 and it is not a Gaussian.

Both κ = 0.7 and κ = 1 lead to BFs that decrease with increasing SNR, however,

this effect is more pronounced in the κ = 0.7 case and it extends to higher values

of SNR making it easier to identify. When κ = 1, one might expect the Laplace

approximation to the evidence to be reliable since the posterior width on a is smaller

than the prior range. However, this is not the case: the likelihood for h2 is not a
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Gaussian, and it is this small deviation from Gaussianity that we see as a decreasing

BF. To visualize this effect, in Fig. E.2 we plot the likelihood for h1 and h2 for different

values of SNR. For low SNR values the likelihoods are essentially the same and BF

= 1. However, as the SNR increases the area under the red dotted line is larger that

the area under the red solid line, leading to a small decrease in the BF in favor of h1.

Clearly at sufficiently high SNR the correct model will prevail and the BF will start

increasing in favor of h1.

When κ = 0.7 the effect of BFs that decrease with SNR is stronger and persists

for higher values of SNR. Revisit Fig. E.2 and keep in mind now that the evidence for

the wrong model is obtained by integrating the likelihood up to the black vertical line.

As the SNR increases, the likelihood for h2 is more peaked on the left of the vertical

line, which means that the area permissible by the prior cutoff increases. This leads

to an increase of the evidence of h2 and a BF in favor of h1 that decreases. Clearly

at some point the differences between the models will overcome this effect, and the

correct model will prevail. For our toy model this happens when SNR & 2.
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APPENDIX F

FAITHFULNESS REQUIREMENT
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The agreement between two waveforms h, h̄ with parameters ~λ is measured in

terms of the faithfulness F

F (h, h̄) =
(h|h̄)√

(h|h)(h̄|h̄)
. (F.1)

In the high SNR regime, a typical waveform sample from the posterior distribution

function [220] is given by

h̄ = h+ h,i∆λ
i +

1

2
h,ij∆λ

i∆λj + . . . (F.2)

where the ∆~λ = ~λ− ~λ0 are described by the multivariate normal distribution

p(∆~λ) =
√

det(Γ/2π)e−Γij∆λ
i∆λj/2 , (F.3)

with Γij = (h,i|h,j) and ~λ0 are the true parameters. Treating the ∆λi as small and

expanding we get

F = 1− 1

2
gij∆λ

i∆λj + . . . (F.4)

where

gij =
(hi|hj)
(h|h)

− (h|h,i)(h|h,j)
(h|h)2

. (F.5)

Using E[∆λi∆λj] = Cij ' Γ−1
ij , we find

E[F ] ' 1− (D − 1)

2 SNR2 , (F.6)

for the expectation value of the faithfulness, where D is the dimension of ~λ. The factor

of D comes from CijΓij ' δii = D and the factor of −1 from the (h|h,i)(h|h,j)/(h|h)2
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removing the dependence on the overall amplitude of the waveform, thus reducing

the dimensions count by one.

The expected value of the faithfulness in Eq. (F.6) describes the impact of

statistical errors. In deciding how accurate a waveform model needs to be, we should

at a minimum demand that the systematic errors from mis-modeling are smaller than

the statistical errors. If we wish to model spin-precessing binaries with D = 8 intrinsic

parameters for systems with SNRs up to 50 then the modeling unfaithfulness should

be below 8/5000 = 0.0016 (there is no −1 for just intrinsic parameters, the amplitude

is extrinsic). For and SNR of 25 we obtain the faithfulness requirement of 0.994 that

we used in Ch. 5.

To calculate the variance, it is easier to work with the unfaithfulness, 1 − F .

The expectation of the square is given by

E[(1− F )2] =
1

4
gijgklE[∆λi∆λj∆λk∆λl]

=
1

4
gijgkl

(
CijCkl + CikCjl + CilCjk

)
' 3(D − 1)2

4 SNR4 (F.7)

Thus

var[1− F ] =
2(D − 1)2

4 SNR4 (F.8)

This shows that the average fathfulness is slightly less than 1-σ from a perfect

faithfulness (σ/
√

2 to be precise). This agrees with what we see when computing

the distribution of the match from MCMC waveform samples. The distribution is

not Gaussian, and has a larger tail toward small values of the match.
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An alternative derivation of the faithfulness requirement makes direct use of the

posterior distribution function in the case of uniform priors

p(~λ) ∼ e−
(d−h|d−h)

2 , (F.9)

where d is the data. The peak of the posterior, evaluated at the best-fit parameters

is

p(~λbf ) ∼ e−
(d−hbf |d−hbf )

2 ∼ e−
(d|d)+(hbf |hbf )−2(d−hbf )

2

∼ e−
SNR2+SNR2−2SNR2 FF

2 ∼ e−SNR2(1−FF), (F.10)

where FF is the fitting factor, or the faithfulness maximized over all model parameters.

The posterior on the true parameters is

p(~λ0) ∼ e−
(d−h0|d−h0)

2 ∼ e−SNR2(1−F), (F.11)

From Eq. (F.3) we can calculate the value of the multidimensional posterior 1−σ

away from the best-fit parameters

p(~λ1−σ) ∼ e−
Γij∆λi∆λj

2 ∼ e−
ΓijC

ij

2 ∼ e−
D
2 , (F.12)

Assuming that the model can fit the data perfectly for some parameters (an

assumption that will lead to a conservative faithfulness threshold) we set FF=1 and

requiring that the true parameters are less than 1− σ away from the best-fit ones we

find

1− F < − D

2SNR2 , (F.13)
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where D is the number of parameters whose measurability is affected by the model

inaccuracy. For spin-precessing models with 8 intrinsic parameters, D = 8.

This derivation translates the results of [139] that were written in terms of

requirements on the GW amplitude and phase to requirement on the faithfulness.
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